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In this study, we investigate the almost sure exponential stability (ASES) and the exponential stability in the p-th moment (ESPM)
with respect to part of the variable of conformable stochastic systems (CSSs) by using the Lyapunov methods and the stochastic
calculus techniques. In the last section, we illustrate our results with a theoretical example.

1. Introduction

Many deterministic phenomena were described by the
differential equations. Taking into account the random
phenomena, formally one must take into account the
“stochastic perturbed term,” which transforms the equations
into stochastic differential equations (SDEs).

The Caputo derivative and Riemann-Liouville deriv-
ative do not verify the chain and Leibniz rules, which
sometimes prevent us from applying these derivatives to
some physical problem with the standard Newton de-
rivative. Recently, in [1], the authors invented the new
fractional derivative called “conformable integral and
fractional derivatives.” This well-known derivative sat-
isfies the chain and Leibniz rules.

In fact, according to the special characteristics of the
fractional derivative (which is different from the property of
the classical derivative), the compatibility of the stochastic
integral and fractional integral encounters many difficulties.
Fractional integrals contain singular integral terms, which
makes it difficult to calculate its numerical solution and
estimate its asymptotic solution. Taking into account all the
considerations, we present conformable stochastic differ-
ential equations.

In particular, the asymptotic behaviour and the stability
theory of the solution of ordinary stochastic systems, con-
formable fractional-order stochastic  systems, and

deterministic systems were investigated by many researchers
(see [2-6]).

In the last decades, it has established its effectiveness as
an essential tool in many real-world applications, such as
physics [7], biology [4, 8, 9], and control theory
[2, 3, 5, 10-14]. In fact, Neirameh in [4] proposed a new
method to find exact solutions of the general biological
population model. By using the trial solution algorithm and
the complete discrimination system, Odabasi in [9] has
proved the existence of the exact solutions of the biological
population model. Using the fixed-point method, Das in [2]
showed the controllability and the existence of mild solution
for a class of nonlinear systems. On the other hand, Younus
et al. in [14] investigated the observability of linear time-
invariant control systems.

In the last years, the stability analysis of conformable
systems was investigated by many researchers. In [2, 3, 12],
the authors studied the stability of the solution of con-
formable deterministic systems. In the literature, there is a
few work about the stability of the solution of conformable
stochastic systems (see [5, 6]). On the other hand, in many
real-world phenomena, such stability is sometimes too
difficult to be satisfied. Consequently, the concept of partial
stability (see [15-20]) has been presented, and the Lyapunov
technique, as an important tool, has been utilized to study
the stability with respect to part of the variable in various
real-world important phenomena. To the best of our
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knowledge, there is no existing paper on the stability with
respect to part of the variables of CSSs. In [17, 19], the
authors studied the partial asymptotic stability in the
probability of ordinary stochastic differential equations by
using the Lyapunov methods. In our paper, we will extend
the results in [17, 19] to the case of nonlinear conformable
systems and we will investigate the ASES and the ESPM with
respect to part of the variable.

In our paper, we investigate the partial ESPM and the
partial ASES. In this sense, our results present a complete
generalization of the work [17].

The main contributions of our paper are as follows:

(i) Study the partial ASES and the partial ESPM of CSSs
under some new criteria

(ii) Different from the previous results in [17], taking
into account the influence of the conformable
fractional derivative in the partial stability theory
make our results more general

This paper is organized as follows. In Section 2, we recall
some basic notions. In Section 3, we investigate the partial
ESPM and the partial ASES of CSSs. In Section 4, we study
the exponential instability in the p-th moment with respect
to all variables of CSSs. In Section 5, we illustrate our theory
with an example.

2. Preliminaries

In this section, some basic results are presented.

The complete probability space is denoted by
{Q,F, (F§)ss0, P}, where {Fs}s., is a filtration satisfying the
usual conditions. W (8) is an m-dimensional Brownian
motion defined on {Q,F, (Fy)s5 0, P}. The set of R"-valued
Fs-adapted processes {w(a)}t«ks is denoted by Z*([t,s],
R") such that 'ft [y (8)[°dd < 00 a.s. Let B ([~y,0];R") de-
note the set of functions y from [—y, 0] to R" that are right-
continuous and have limits on the left. € ([-y,0];R")
is equipped with the norm |yl =sup_,5-ly ()| and
[m| = VmTm for any m € R". The set of all F,-measurable
bounded € ([-y,0];R")-valued random variables
v={v(x): —y<x<0} are denoted by ‘Eb ([=y,0]; R").
Let L2 ([-y,0];R"), § >0, denote the set of all Fy-mea-
surable, € ([-y,0];R")-valued random variables
®={0(k): —-y< KSO} satisfies sup_,YSKSOEI(D(K)I2 < 00.

Definition 1 [21]. The conformable derivative (CD) of a
function G: [®,00) — R is defined by

G(8+d(8-0)"")-G(d)

o = i (1)
TG (0) dlﬂlo ] ,
for all § >0, a € (0,1), while
ToG(®) = dlgo +T oG (6). (2)

Definition 2 [21]. The conformable integral (CI) of a
function G: [®,00) — R is defined by
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)
15G(8) = j@ (- ©)'G (O, 3)

for all >0, a € (0,1).

Lemma 1 [21]. Let G € C([0,00),R) and 0 <a< 1. Then,
V4 > @, we obtain

TA14G(8) = G(d). (4)

Lemma 2 [22]. Let a € (0,1), vy, v,, G, ve R, and the
functions G, G,: [0,+00) — R such that TG; () exists
on (0,+00) fori=1,2. Then,

(i) Tg (U1G1 +0,Gy) = TG +v,TeG,
(ii) Tgv =

(iii) T (G1G2) =G, T§G, + G,T§G,

Remark 1. Let G: [©,00) — R" such that TG (8) exists
on (0, 00). Then, TgGTG((?) exists on (®, co) and

TG 'G(0) = 2G(8) TG (9), Vo>a. (5)

Definition 3 [3]. The conformable exponential function is
defined by

£ (1,6) = expf v
B, (1,0) = exp(v - ), (6)

where a € (0,1) and v € R.

Remark 2. Since the conformable derivative has no spatial
characteristic for the fractional derivative, we can directly
explicit the solution of the system, evaluate the numerical
solution, and approximate the error of the asymptotic
solution.

3. Main Results

Consider the following CSS on [d,, 00), for any y € (1/2,1):

dw (6
T} y = hs, (6.9) + 95,(8. ) ”,

(7)
¥ (80) = yor

where the initial condition y, = (y,» yoz)T € R x RF, with
d+k=n, which is independent of  W(.),
y=(y) €RIXRE ks (0): [8),00) x R" — R,
8y >0, and ¢4 () [§p,00) x R* — R" are continuous.
Suppose that by and ¢, are smooth enough, i.e., satisfying
the Lipschitz and the growth condition to ensure the ex-
istence and the uniqueness of a global solution of system (7)
(for more details, see Theorem 4.3 in [6]).
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Definition 4. We call that an R"-valued stochastic process
y(-) is a solution of (7) if y(6) is continuous, Fs-adapted,
and
B . 3 1
y(8) =yo+ L hs, (L y (D) (1= 8,)* dl + L o, (L y (D) (1= 8 AW (), 8 € [8y, ). (8)
Ely, O <&y (8,)|'E (&, (8-8,)), V828,20

Definition 5. Let p > 0. System (7) is said to be y,-ASES, if I @F <&l (o) K ( ) 0 (10)

there exist positive constants ¢; and c, satisfying, for any
y(8,) € RY,

1 O <erly (008, (e (8- 8y)),  V¥828,20.  (9)

Definition 6. [16]. Let p>0. System (7) is said to be
y,-ESPM, if there exist positive constants &, and &, satis-
tying, for any y(§,) € R”,

Remark 3. Note that, in Definition 7, when p = 2, system (7)
is said to be y,-exponentially stable in mean square
(y,-ESMS).

Let 7 (8, y) € C**([§,, +0o[xR", R,). By It6 formula
(see [6]), one has the following: for § > &,

TLW (0,5) = LOT (6,) + T, (B )y, (0,9) T (1)
A7 (8, y) = LYW (8, ) (6 - 8,) '8+ 7, (8, y)5, (8, ) (8 = 8, )~ AW (), (12)
where
LYW (8, 9) =W 5(8,y) (8= 8) *+ W (8, y)hs, (8, y) + %trace[%o 0’ ,, (8, y)bs, (8, ) (8= 8, )], (13)
50,9 = P (5,3,
%(M)—(W( ) (5,3),. W(yn 2200} )) (14)
W, (0,y) = (E’Zi‘a‘;” (. y))m.

Theorem 1. Let p be a positive constant. Suppose that there
exist positive constants o, a,, and o. Assume that there exist
W (8, y) € CH*([8y, +0o[xR",R*) such that

(i) ayly, 1P <w (6, y)< 0‘2|)’1|p; V (0, y) € [0y, +0o [xR"

(ii) L2 (8, y(8)) < —
a1y, (O)IF, V (8, y) € [[8), +oo [xR"

Then, system (7) is y,-ESPM.

Proof. Let y,# 0 be fixed and denoted by y (8) the solution
of system (7). For each | y,| <d, the stopping time is denoted
by o, such that

0,4 = inf{8>8y; |y (&) > d}. (15)
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It is easy to see that 0; — co as d — oo. By Itd’s
formula, we obtain for § >4,

(2 (0na - 80) o (9na y (00a)) = 7 (80 5(00)

oy
v Ex(ﬁ, (1—60))(1 -50)“[%7/(1, y) + L2 (1, y D) |dl (16)
8 2 [2%)

[o4

Aoy
+ J EX(%, (I- ao)) (1= 8.y, (L y (D)ps, (1 y (D)W (D).
2

8 a

. 5 _
Using that M (6) = _[30 & (as/ay, (I=3¢)) (I = ¢)* ' M (8,) =0 (see [23]) and taking the expectation on both
‘W/y(l,y(l))gbao(l,y(l))dW(l) is a local martingale with sides of (16), we obtain

E<:X<z_z (0no, — a(,))%/(amd, y((SAad))> =9 (8, y(8,))

(17)
Snay a Ja
+ E(L EX(;’ (1- 80)> (I-68,) 1[063‘7/0,)/(1)) + EiuW(l,y(l))]dl).
0 2 2
By conditions (i) and (ii), one has
_ [«
“1E<5X<a_3> (0o, - 50)>|y1 (5/\‘7d)|P>
2
(18)
_ [«
< E(:X<a—3, (6no, - 80))W(8A0d, y((S/\ad))) < (x2|y(80)|P.
2
Letting d — 00, then Theorem 2. Let p>2/2x — 1. Suppose that (20) holds and

there is a positive constant M such that for all

“1E<EX<Z_Z’ (6~ 80)>|y1 (6)|P) 8 “zly((so)lp' (19) (0, y) € [8, 00) xR

P P P
E|h; (6, +E S, <ME|y, (O (21)
Hence, we can derive that | 60( )’1)' |¢5°( y1)| |y1 l
Hy OF <22, -0 Jy @), @0 Then ystem (715 ,-ASES
1 2
Therefore, system (7) is y,-ESPM. O O Proof. Let y,#0 be fixed. It follows from (20) that there

exists positive constants &, and &, such that

Remark 4. It is necessary to give the relation between Ely, (9)F < SIPE (<& (5—6 V8> 8. >0.
equation (20) and the y,-ASES to make our result more |y1 | _€1|y( 0)| X( S ) s

interesting. (22)
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From ([23], p. 178), for any t,, t,, t; >0, we have
(t +ty + 1) < [3(t, Vi vts)]P <3P (Ve VeD ) <32 (¢ + o] + £,

Letd =1,2,3,... By system (7), we can derive that, for
0y +d—-1<8<06,+d,

Sy+d-1

§ 8
718 =y, (8 +d 1)+ jﬁ e by D) (1= 00) j gs, (L y1 (D) (1= 8,)" "dw (D).

Then,

§
@<l @rd =D+ [ s (o )-8, d

Hence,
P » 5 . .
1 O <3y, (8 +d - 1)| +3p< [0 Jr @] a-ay dl)
) . )
3 Is 95, (D) (=80 dwW D) -
Therefore,

sup |)/1(6)|‘Ds3p|)/1 (80+d—1)|p
Oo+d—1<8<8,+d

Sy+d a0\
([ o ofu-aya)

+3F sup
So+d—1<0<,+d

g p
RGOS %)X‘ldwm‘ '

Taking the expectation of (27), we obtain

5
[ @)a-s) awa)
Sy+d-1

(23)

(24)

(25)

(26)
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o op, borfernea-or

So+d—1<0<8y+d

» So+d . »
tIE L+d,1lhso(l,y1(l>)|(z-ao) dl .

5 p
[ sy )=o) awa >

+3F E( sup
Sy +d-1

Sy +d-1<0<6y+d

Using (22), we have Define
Ely, (8 +d - 1) <&y (8)|'E, (-E,d - 1)) (29)

So+d p
I, = E(J |hs, (1 y, ()| (1 - 50)X1dz> . (30)
So+d-1
8 _1 p
L=E[ s j 05, (1 3, (D) (1 - 8,)" dW(Z)‘ (31)
Sot+d-1<8<8,+d | Sp+d—1
In view of (21) and (22) and the Holder inequality,
-1 p-1
So+d Pf;( 1) So+d P
I < 1-6,) P=1 di J Elns (1 y, ()| dl
SR (.7 s eroa)
(" B @y
<L E ,
1 (Jaom_l | 5 )’1())| ) (32)
) So+d » . » So+d
<if [ EnoPasMa @) [ (6 (6= 8
otd— otad-

SLf_le1|)’(8o)|pEX (=6 d - 1),

where L, = p— 1/yp — 1[dXP~VP~1 — (d — 1)k~ VP71,

On the other hand, by (21) and (22), the Bur-
kholder-Davis-Gundy inequality and Holder inequality, we
derive that
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So+d ) 26 1) P2
I < ®pE<J5 e |¢60 (Ly, (l))| (I-8,)"" dl)
2 -1 p-2/2
So+d % So+d P
<® 1-8) P~2 4| E j Ly, )
£ Jao+d—1 (1=3) ( Sy +d-1 ‘%0( yil ))| ) (33)
<@, jw |65, (b y, ()|l
R So+d-1 0\ 01
< ®pL§_2/2M£1 |)/ (60)|PE‘X (_52’ d- 1)’
where L,=p-2/p(2y-1)-2  [dP D22 _ (d-
1)P@=1D=27"2] and @, > 0 which only depends on p. Using
(29)-(33) and in view of (28),
E[ sup |y (8)|"} <378, |y (80)|'8, (~&pnd — 1) [1+ M(LY +©,L577)]. (34)
So+d—1<8<8,+d
Let v € (0,¢,(¢)) be arbitrary, then Chebyshev theorem
yields that
P{ sup |)’1(5)|P5£1|)’(60)|P5x (_(52 _U)’d)}
So+d—1<0<8,+d
g (& -v,d) 35
SL};E sup [y, (9)] (35)
&y (&) 8y +d—1<0<8,+d
<3P8, (& - v,d)8, (-&,d - 1) [1+ M(L{" +0,L57°7)].
SetVy=E, & -, d)E, (=¢&,,d - 1). It is obvious to see ~ which completes the proof. O

that V; ~ E, (-v,d).
By the Borel-Cantelli lemma, there exists d, = d, (@)
such that for all @ € O and d >d,,, we obtain
sup 4 |)’1 (5)|P < §1|y(60)|PEx (-(& - v),d), as

Sy +d—1<0<5y+

(36)
which implies that, for § € [§, +d — 1,8, +d) and d € N*,
1 O <& [y ()] E, (<8, - v).d),  as. (37)

Letting v — 0, we deduce that, for any § € [§, +d —
1,0, +d) and d € N7,

|y1 (6)|p < 51')’(50)|pg‘x (<8 (0-8))),  as., (38)

Remark 5. We can see here the importance of Theorem 2 to
make the relation between y,-ESPM and y,-ASES, which
means that under condition (21) the y,-ESPM implies
y,-ASES.

4. Exponential Instability in the p-th Moment

This section is devoted to presenting a sufficient condition
that guarantees the exponential instability of system (7) in
the p-th moment. The interest of this section is to provide the
importance to prove the instability of system (7) in the p-th
moment with respect to all variables before showing the
partial stability in our example in Section 5.



Definition 7. Let p>0. The solution y(8) = (y, (8), ¥, ()
of system (7) is called exponentially unstable in the p-th
moment, if there exist positive numbers &, and &, satisfying,
for any y(§,) € R”,

Ely(®IP2& ]y (8,)|"E, (&, (8- 8)));

If p=2, system (7) is exponentially unstable in mean
square.

V6>3,>0. (39)

Remark 6. In order to show the importance of Theorem 1,
we cite the following theorem.
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Theorem 3. Let p be a positive constant. Suppose that there
exist positive constants a,, o, and o,. Assume that there exist
W (8, y) € C*([8y, +0o[xR",R*) such that
(i) ay[ylP < (8, y) <ay|ylP, V(8 y) € [8), +0o[xR"
(ii) 3‘5‘)%(8 y(8) = — asly (0)IF, V (8, y) € [8y,+00
[XR”

Then, system (7) is exponentially unstable in the p-th
moment.

Proof. Proceeding as the proof of Theorem 1, we have

E(:x<z—j (8nc, — a(,))%/(amd, y((S/\Jd))) =W (84, y(8,))

Snoy
+ E(J
%
By conditions (i) and (ii), one has

[«
(sz(:X(“—j, (8na, — 50))| y(8/\ad)|P)

zE(E ( , (0Aa; — ))W(S/\ad y(é/\ad)))

(41)

20‘1|J’(‘So)|P~

Letting d — oo, thus
azE<5X<ZZ', (6- 8O)>|y(8)|p>2ocl|y(80)|p. (42)
Therefore, we can obtain

B2z, (-2 0-0) Jy@f. @)

Finally, system (7) is exponentially unstable in the p-th
moment. O

Remark 7. The instability analysis of Theorem 3 is based on
the Lyapunov function 7 (8, y). It is worth pointing out that
the instability Theorem 3 can also handle the cases of
conformable stochastic functional differential equations and
conformable neutral stochastic functional differential
equations.

5. Example
Consider the following CSS:

(40)

2 (2 0-00 )a- 00| By 2w ayap |ar)

dW (5)

T5,y1(8) = hy (8, ) + ¢, (8, 9)

(44)

dw, (8
T 3, () = 1y (6,9) + (8, ) 2”,

where x € (1/2,1], y(8) = (y,(8), ¥,(8)) € R2,
¥(89) = ¥o = Vo1> Yor)> and {Wi((?)}ie{l’z} are one-dimen-
sional Brownian motions. Let

hy (8, y) = =2y, (O)(1+y5(9)),

hy (8, y) = y,(9),

l-x
—= (45)
¢, (8, y) = y,(9) \/2(1"’)’;(5))(8‘80) 2,

,—‘ 1-X
¢, (8, y) =2y, (8)\11 )}2(6)(‘S 50) 2.

We will show that system (44) is exponentially unstable
in mean square with respect to all variables.

Let 7 (8, y) = y + y53.

Thus,

2| <7 (8, y) <2|y’|, (46)

LYW (8,y(9) =2(y1 (9 +y5(9)) 2 -2y (). (47)

Consequently, by Theorem 3, system (44) is exponen-
tially unstable in mean square.

Now, set 7', (8, y) = y2.

Then,
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Vi<W (8, y) <27, (48)

LYW (8, y(8) = -2y (O)(1+ y3(8)) < 257 (9).  (49)

Then, a; =1, a, = a3 =2, and p = 2. Therefore, all as-
sumptions of Theorem 1 are satisfied. Therefore, system (44)
is y,-ESMS.

6. Conclusion

This paper investigated conformable stochastic systems
which include the conformable fractional derivative and the
Brownian motion.

Using the Lyapunov method and some classical sto-
chastic calculus techniques like Itd’s formula, we prove the
ASES and the ESPM with respect to part of the variables of
conformable stochastic systems. Finally, an example has
been presented to show the interest of our results. Also, there
are some pending questions to be solved in future work, for
example, the partial stabilization of an unstable conformable
neutral stochastic functional differential equations.
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