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In this work, we consider the stochastic fractional-space Kuramoto–Sivashinsky equation using conformable derivative. �e
Riccati equation method is used to get the analytical solutions to the space-fractional stochastic Kuramoto–Sivashinsky equation.
Because this equation has never been examined with space-fractional and multiplicative noise at the same time, we generalize
some previous results. Moreover, we display how the multiplicative noise in�uences on the stability of obtained solutions of the
space-fractional stochastic Kuramoto–Sivashinsky equation.

1. Introduction

Fractional di�erential equations (FDEs) have become the
subject of many investigations due to their widespread oc-
currence in numerous applications in �nance, chemistry,
control theory, engineering, biology, physics, systems’ identi-
�cation, and signal processing. In the literature, fractional
derivatives and integrals are discussed in numerous ways, for
instance, the Caputo, Riesz, Grunwald–Letnikov, and Rie-
mann–Liouville. �e majority of them are di�erentiated by
fractional integrals, and as a result, they obtain nonlocal
properties from integrals. Heredity and nonlocality are well-
known features of these ideas [1], which are important in many
domains and are not precisely equal to old style New-
ton–Leibniz calculus. �ese derivatives no longer follow the
Chain Rule, the Product Rule, or the Quotient Rule for de-
rivative operations. Recently, a few authors introduced the
concept of local fractal derivatives (LFD). Kolwankar and
Gangal [2] developed a kind of LFD by allowing an upper or
lower limit for the Riemann–Liouville derivative technique.

While, Khalil et al. [3] proposed a new fundamental idea and
kind of fractal derivative LFD called conformable local fractal
derivative (CFD), whosemajor attributes are similar to Newton
derivative and can be used to solve local fractal-type di�erential
equations more e�ciently.

Many papers have been written about some features of
fractional di�erential equations, such as methods for explicit
and numerical solutions, the existence and uniqueness of
solutions, and solution stability [4–6]. One of the most
signi�cant topics in FDEs is the search for the exact solutions
of FDEs. �erefore, many e�cient and powerful approaches
have been presented to get the exact solutions of FDEs, such
as the fractional Riccati subequation method, the Adomian
decomposition method, the (G′/G)-expansion method, the
exp(−ϕ(ς))-expansion method, the tanh-sech method, the
modi�ed Kudryashov method, the fractional modi�ed trial
equation method, the Jacobi elliptic function method, and
the sine-cosine method [7–29].

On the contrary, stochastic di�erential equations (SDEs)
are very important for modeling many physical phenomena in
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different areas including environmental sciences, physics,
oceanography, engineering, and biology [30–32]. In particular,
SDEs are used to explain all dynamical systems in which
quantum effects are either ignored or can be considered as
perturbations. 'ey can be thought of as an extension of
dynamical systems theory to model with noise. 'is is a sig-
nificant extension since real systems cannot be entirely isolated
from their environments, and therefore, this external stochastic
effect is always present.

'e importance of investigating FPDE models with
stochastic impacts appears to be greater. To the best of my
knowledge, very little study has been done to find exact
solutions to fractional SPDEs, for example, [33–37].
'erefore, it is very important to consider FDEs with some
random force. Here, we consider the following the space-
fractional stochastic Kuramoto–Sivashinsky equation
(SFSKSE) in the sense of Atangana’s conformable derivative:

dψ + ψD
α
xψ + pD

2α
x ψ + rD

4α
x ψ dt � ρψ dβ, (1)

where ψ(x, t) is a real stochastic function, Dα
x is a con-

formable derivatives [3] of order α, p and r are nonzero real
constants, β(t) is the Brownian motion and it relies only on
t, and ρ is a noise intensity.

'e Kuramoto–Sivashinsky (KS) (1), with ρ � 0 and α � 1,
can be used to demonstrate long waves at the interface between
two viscous fluids and unstable drift waves in plasmas, as well as
Benard convection in an elongated box in one space dimension.
Also, it is used to control surface roughness in sputtering-grown
thin solid films, amorphous film generation, and step dynamics
in epitaxy.Many authors have been obtained the exact solutions
of KS via various methods such as the truncated expansion
method [38], the modified polynomial expansion method
[39–42], the tanh method, and the extended tanh method [43],
the (G′/G)-expansion [44], the perturbation method [45], the
tanh-cothmethod [46, 47], the homotopy analysis method [48],
and the Painlevé expansions methods [49]. 'e exact solutions
of SFSKSE (1) have been discussed in [50, 51].

Our aim of this study is to employ the Riccati equation
method to establish the analytical solutions of SFSKSE (1).
'e obtained solutions given here generalize previous re-
search, such as those discussed in [43, 47]. 'e influence of
multiplicative noise on these solutions is also explored. 'is
is the first publication that we are aware of which has found
the exact solution to SFSKSE (1) in the sense of Atangana’s
conformable derivative.

'is study will be formatted as follows. We give the def-
inition of conformable fractal derivative (CFD) and Brownian
motion in Section 2. In Section 3, the wave equation for
SFSKSE (1) is attained, while in Section 4, we use the Riccati
equation method to get the analytical stochastic solutions of
SFSKSE (1). In Section 5, we show several graphs to observe the
influence of the multiplicative noise on the SFSKSE solutions.
Finally, we give the conclusions of this study.

2. Preliminaries

In this section, we state the definition of the CFD and
Brownian motion. Also, we state some features of the CFD.
First, we define the CD as follows.

Definition (cf. [3]). Define the CFD of ϕ: (0,∞)⟶ R

of order α ∈ (0, 1] as

D
α
xϕ(x) � lim

κ⟶0

ϕ x + κx
1− α

  − ϕ(x)

κ
. (2)

Theorem 1. Let ϕ, g: (0,∞)⟶ R be differentiable and,
also, α be differentiable functions; then, the next rule holds:

D
α
x ϕ°g( (x) � x

1− α
g′(x)ϕ′(g(x)). (3)

In the following some features of the CFD,

(1) Dα
x[c1ϕ(x) + c2g(x)] � c1D

α
xϕ(x) + c2D

α
xg(x), c1,

c2 ∈ R
(2) Dα

x[C] � 0, C is a constant
(3) Dα

x[xc] � cxc− α, c ∈ R
(4) Dα

xg(x) � x1− αdg/dx

In the next definition, we define Brownian motion β(t).

Definition 1. Stochastic process β(t) t≥0 is called a Brow-
nian motion if it satisfies

(1) β(0) � 0
(2) β(t), t≥ 0, is continuous function of t

(3) β(t) − β(s) is independent for s< t

(4) β(t) − β(s) has a Gaussian distribution with mean
0 and variance t − s

3. Wave Equation for SFSKSE

To get the wave equation of SFSKSE (1), we utilize the
following wave transformation:

ψ(x, t) � ϕ(η)e
ρβ(t)− 1/2ρ2t( ), η �

λ
α

x
α

+ ct, (4)

where ϕ is the deterministic function. Differentiating (4)
with regards to t and x, we obtain

dψ � cϕ′ +
1
2
ρ2ϕ −

1
2
ρ2ϕ e

ρβ(t)−1/2ρ2t( )dt

+ ρϕe
ρβ(t)−1/2ρ2t( )dβ ,

D
α
xψ � λϕ′e ρβ(t)−ρ2t[ ], D

2α
x ψ � λ2ϕ′′e ρβ(t)−ρ2t[ ],

D
3α
x ψ � λϕ‴e ρβ(t)−1/2ρ2t( ), D4α

x ψ � λ4ϕ‴e ρβ(t)−1/2ρ2t( ),

(5)

where +1/2ρ2ϕ is the Itô correction term. Inserting (4) into
(1) and using (5), we have

cϕ′ + ϕϕ′e ρβ(t)− 1/2ρ2t( ) + pϕ″ + rϕ‴ � 0, (6)

where we put c � c/λ, p � λp, and r � λ3r. Taking expec-
tation on both sides, we have

cϕ′ + ϕϕ′e− 1/2ρ2t
E e

ρβ(t)
  + pϕ″ + rϕ‴ � 0, (7)
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where ϕ is the deterministic function. We note that
E(eρβ(t)) � eρ

2/2t, where β(t) is Normal standard distribution
and ρ is a real constant. Now, (7) has the form

−cϕ′ + rϕϕ′ + pϕ″ + qϕ‴ � 0. (8)

Integrating (8) and putting the constant of integration
equal zero, we obtain

rϕ‴ + pϕ′ +
1
2
ϕ2 + cϕ � 0. (9)

4. The Analytical Solutions

To find the solutions of (9), we apply the Riccati equation
method. Consequently, we acquire the analytical solutions of
SFSKSE (1). Assume that the solution of SFSKSE (9) is

ϕ � 
N

ℓ�0
aℓχ

ℓ
, (10)

where χ solves

χ′ � χ2 + b, (11)

where b is a constant will be determine later. Balancing ϕ2
with ϕ′′′ in (9), we can calculate the parameter N as follows:

2N � N + 3. (12)

Hence,

N � 3. (13)

From (13), we can rewrite (10) as

ϕ � a0 + a1χ + a2χ
2

+ a3χ
3
. (14)

Inserting (14) into (9) and using (11), we have the next
polynomial with degree 6 of χ as

60ra3 +
1
2
a
2
3 χ6 + 24ra2 + a2a3( χ5,

+ 6ra1 + 3pa3 + 54bra3 + a1a3 +
1
2
a
2
2 χ4,

+ 2pa2 + 40bra2 + a1a2 + ca3 + a0a3( χ3,

+ pa1 + 8bra1 + 63a3rb
2

+
1
2
a
2
1 +ca2 + a0a2 + 3a1a3b χ2,

+ 16a2b
2
r + 2a2bp + a0a1 + ca1 χ,

+ ca0 + 2a1b
2
r + 6a3b

3
r + a1bp + a

2
0  � 0.

(15)
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Figure 1: 'e plots of (27) with α � 1.
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Equating each coefficient of χk (k � 6, 5, 4, 3, 2, 1, 0) by
zero, we get the following set of algebraic equations:

60ra3 +
1
2
a
2
3 � 0,

24ra2 + a2a3 � 0,

6ra1 + 3pa3 + 54bra3 + a1a3 +
1
2
a
2
2 � 0,

2pa2 + 40bra2 + a1a2 + ca3 + a0a3 � 0,

pa1 + 8bra1 + 63a3rb
2

+
1
2
a
2
1 + ca2 + a0a2 + 3a1a3b � 0,

16a2b
2
r + 2a2bp + a0a1 + ca1 � 0,

(16)

ca0 + 2a1b
2
r + 6a3b

3
r + a1bp + a

2
0 � 0.

(17)

Solving these equations by using Mathematica, we get
the following cases.

First case is

a0 � −c, a1 � −
60p

19
, a2 � 0, a3 � −120r, and b � 0. (18)

Since b � 0, then the solution of (11) is

χ(η) �
−1
η

. (19)

According to (14), the corresponding solution of trav-
elling wave (9) is

ϕ(η) � −c +
60p

19
η− 1

+ 120rη− 3
. (20)

Hence, the analytical solution of SFSKSE (1) is

ψ1(x, t) � e
ρβ(t)− 1/2ρ2t)( )

· −c +
60p

19
λ
α

x
α

+ ct 

− 1

+ 120r
λ
α

x
α

+ ct 

− 3
⎡⎣ ⎤⎦.

(21)

Second case is

a0 � −c, a1 � −
60p

19
, a2 � 0, a3 � −120r, and b �

p

76r
.

(22)

Since b � p/76r, then the solution of (11) is

0 2
4 6

8 10

Time ʹʹtʹʹ
0 2

4 6
8 10

Time ʹʹtʹʹ

0 2
4 6

8 10

Time ʹʹtʹʹ
0 2

4 6
8 10

Time ʹʹtʹʹ

10

3

2

1

0

-1

-2

5

0

Space ʹʹxʹʹ

10

2

1

0

-1

-2

-3

5

0

Space ʹʹxʹʹ

10

5

0

-5

-10

-15

5

0

Space ʹʹxʹʹ

10

20

15

10

5

0

-5

5

0

Space ʹʹxʹʹ

×1010 ×1011

×1011×1010

ρ = 0, α = 0.5 ρ = 1, α = 0.5

ρ = 2, α = 0.5 ρ = 3, α = 0.5

So
lu

tio
n 

ʹʹv
ar

ph
iʹʹ

So
lu

tio
n 

ʹʹv
ar

ph
iʹʹ

So
lu

tio
n 

ʹʹv
ar

ph
iʹʹ

So
lu

tio
n 

ʹʹv
ar

ph
iʹʹ

Figure 2: 'e plots of (27) with α � 0.5.
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χ(η) �
�
b

√
tan(

�
b

√
η)if b �

p

76r
> 0 (23)

or

χ(η) � −
���
−b

√
tanh(

���
−b

√
η) if b �

p

76r
< 0. (24)

'en, the solution of (9) in this case is

ϕ(η) � −c −
60p

19
�
b

√
tan(

�
b

√
η) − 120r(

�
b

√
)
3tan3(

�
b

√
η)

(25)

if b � p/76r> 0 or

ϕ(η) � −c +
60p

19
���
−b

√
tanh(

���
−b

√
η)

+ 120r(
���
−b

√
)
3tanh3(

���
−b

√
η)

(26)

if b � p/76r< 0.
'erefore, by using (4), the analytical solution of SFSKSE

(1) is

ψ2(x, t) � e
ρβ(t)−1/2ρ2t( ) −c −

60p

19
�
b

√
tan

�
b

√ λ
α

x
α

+ ct  

−120r(
�
b

√
)
3tan3

�
b

√ λ
α

x
α

+ ct  

(27)

if b � p/76r> 0 i.e., p/r> 0) or

ψ3(x, t) � e
ρβ(t)−1/2ρ2t( )

· −c +
60p

19
���
−b

√
tanh

���
−b

√ λ
α

x
α

+ ct  

+120r(
���
−b

√
)
3tanh3

���
−b

√ λ
α

x
α

+ ct  

(28)

if b � p/76r< 0 (i.e p/r< 0).
'ird case is

a0 � −c, a1 �
270p

19
, a2 � 0, a3 � −120r, and b �

−11p

76r
.

(29)

Since b � −11p/76r, then the solution of (11) is

χ(η) �
�
b

√
tan(

�
b

√
η)if b �

−11p

76r
> 0 (30)

or

χ(η) � −
���
−b

√
tanh(

���
−b

√
η) if b �

−11p

76r
< 0. (31)

Hence, the solution of (9) is
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Figure 3: 'e plots of (35) with α � 0.5.
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ϕ(η) � −c +
270p

19
�
b

√
tan(

�
b

√
η) − 120r(

�
b

√
)
3tan3(

�
b

√
η)

(32)

if b � −11p/76r> 0 (i.e., p/r< 0) or

ϕ(η) � −c −
270p

19
���
−b

√
tanh(

���
−b

√
η)

+ 120r(
���
−b

√
)
3tanh3(

���
−b

√
η)

(33)

if b � −11p/76r< 0 i.e., p/r> 0).
'us, the analytical solution of SFSKSE (1), by using (2),

is

ψ4(x,t) � e
ρβ(t)−1/2ρ2t( ) −c −

60p

19
�
b

√
tan

�
b

√ λ
α

x
α

+ ct  

−120r(
�
b

√
)
3tan3

�
b

√ λ
α

x
α

+ ct  

(34)

if b � −11p/76r> 0 or

ψ5(x, t) � e
ρβ(t)−1/2ρ2t( )

· −c +
60p

19
���
−b

√
tanh

���
−b

√ λ
α

x
α

+ ct  

+120r(
���
−b

√
)
3tanh3

���
−b

√ λ
α

x
α

+ ct  

(35)

if b � −11p/76r> 0.

Remark 2. If we put ρ � 0 and α � 1 in equations (27), (28),
(34), and (35), then we get the same solutions of equation (1)
that are stated in [43, 47].

5. The Influence of Noise on the
SFSKSE Solutions

Here, we show the influence of multiplicative noise on the
solutions of SFSKSE (1). Fix the parameters c � r � p � −1.
We display some of a graphical representation for various
values of ρ (noise intensity). To plot the solution ψ1(t, x) and
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ψ2(t, x) defined in equations (27) and (35), we use the
MATLAB tool as follows.

In Figures 1–4, the surface is not flat when the noise
intensity is equal to zero, as shown in the first graph in the
tables. When noise appears and its strength grows
(ρ � 1, 2, 3), the surface is becoming more and more flat
after minor transit behaviors. Due to the multiplicative noise
effects, this implies that the solutions of SFSKSE (1) are
stable.

6. Conclusions

We have provided different analytical fractional-space sto-
chastic solutions of SFSKSE (1) via the Riccati equation
method in this study. In addition, some results such as those
presented in [43, 47] were expanded and improved. 'ese
types of space-fractional stochastic solutions can be
employed to describe a wide range of fascinating and dif-
ficult scientific phenomena. In the end, we applied the
MATLAB package to produce some graphical representa-
tions to show how the stochastic term affects SFSKSE (1)
solutions.

Data Availability

All data used to support the findings of the study are
available within the article.

Conflicts of Interest

'e authors declare that they have no conflicts of interest.

Authors’ Contributions

All authors contributed equally to the writing of this paper.
All authors read and approved the final manuscript.

Acknowledgments

'is research was funded by Scientific Research Deanship at
University of Ha’il, Saudi Arabia, through project no. RG-
21046.

References

[1] V. V. Uchaikin, Fractional Derivatives for Physicists and
Engineers, Springer, Berlin, Germany, 2013.

[2] K. M. Kolwankar and A. D. Gangal, “Fractional differentia-
bility of nowhere differentiable functions and dimensions,”
Chaos: An Interdisciplinary Journal of Nonlinear Science,
vol. 6, no. 4, pp. 505–513, 1996.

[3] R. Khalil, M. Al Horani, A. Yousef, and M. Sababheh, “A new
definition of fractional derivative,” Journal of Computational
and Applied Mathematics, vol. 264, pp. 65–70, 2014.

[4] J. T. Edwards, N. J. Ford, and A. C. Simpson, “'e numerical
solution of linear multi-term fractional differential equations:
systems of equations,” Journal of Computational and Applied
Mathematics, vol. 148, no. 2, pp. 401–418, 2002.

[5] F. Ghoreishi and S. Yazdani, “An extension of the spectral Tau
method for numerical solution of multi-order fractional
differential equations with convergence analysis,” Computers

& Mathematics with Applications, vol. 61, no. 1, pp. 30–43,
2011.

[6] Y. Zhou, F. Jiao, and J. Li, “Existence and uniqueness for -type
fractional neutral differential equations,” Nonlinear Analysis:
Ieory, Methods & Applications, vol. 71, no. 7-8, pp. 2724–
2733, 2009.

[7] W. Deng, “Smoothness and stability of the solutions for
nonlinear fractional differential equations,” Nonlinear Anal-
ysis: Ieory, Methods & Applications, vol. 72, no. 3-4,
pp. 1768–1777, 2010.

[8] L. Galeone and R. Garrappa, “Explicit methods for fractional
differential equations and their stability properties,” Journal of
Computational and Applied Mathematics, vol. 228, no. 2,
pp. 548–560, 2009.

[9] A. M. A. El-Sayed and M. Gaber, “'e Adomian decompo-
sition method for solving partial differential equations of
fractal order in finite domains,” Physics Letters A, vol. 359,
no. 3, pp. 175–182, 2006.

[10] S. Zhang and H.-Q. Zhang, “Fractional sub-equation method
and its applications to nonlinear fractional PDEs,” Physics
Letters A, vol. 375, no. 7, pp. 1069–1073, 2011.

[11] S. M. Guo, L. Q. Mei, Y. Li, and Y. F. Sun, “'e improved
fractional sub-equation method and its applications to the
space-time fractional differential equations in fluid me-
chanics,” Phys. Lett. A, vol. 376, no. 2012, pp. 407–411, 2012.

[12] W. W. Mohammed and N. Iqbal, “Impact of the same de-
generate additive noise on a coupled system of fractional space
diffusion equations,” Fractals, vol. 30, no. 1, Article ID
2240033, 2022.

[13] H. Zhang, “New application of the. expansion method,”
Commun. Nonlinear Sci. Numer. Simul, vol. 14, pp. 3220–
3225, 2009.

[14] A.-M. Wazwaz, “A sine-cosine method for handlingnonlinear
wave equations,” Mathematical and Computer Modelling,
vol. 40, no. 5-6, pp. 499–508, 2004.

[15] W. W. Mohammed, “Approximate solutions for stochastic
time-fractional reaction-diffusion equations with multipli-
cative noise,” Mathematical Methods in the Applied Sciences,
vol. 44, no. 2, pp. 2140–2157, 2021.

[16] W. W. Mohammed, “Modulation equation for the stochastic
swift–hohenberg equation with cubic and quintic nonline-
arities on the real line,” Mathematics, vol. 6, pp. 1–12, 2020.

[17] K. Khan and M. A. Akbar, “'e exp(&minus;Φ(ξ))-expansion
method for finding travelling wave solutions of Vakhnenko-
Parkes equation -expansion method for finding travelling
wave solutions of Vakhnenko-Parkes equation,” International
Journal of Dynamical Systems and Differential Equations,
vol. 5, no. 1, pp. 72–83, 2014.

[18] R. Hirota, “Exact solution of the Korteweg-de Vries equation
for multiple collisions of solitons,” Physical Review Letters,
vol. 27, no. 18, pp. 1192–1194, 1971.

[19] N. Iqbal, R. Wu, and W. W. Mohammed, “Pattern formation
induced by fractional cross-diffusion in a 3-species food chain
model with harvesting,” Mathematics and Computers in
Simulation, vol. 188, pp. 102–119, 2021.

[20] A. Haidar and A. H. Sulaiman, “An extended Kudryashov
technique for solving stochastic nonlinear models with
generalized conformable derivatives,” Communications in
Nonlinear Science and Numerical Simulation, vol. 97, Article
ID 105730, 2021.

[21] A. Haidar and A. H. Sulaiman, “Analytical manner for
abundant stochastic wave solutions of extended KdV equation
with conformable differential operators,” Mathematical
Methods in the Applied Sciences, Accepted, 2021.

Mathematical Problems in Engineering 7



[22] A. Haidar and A. H. Sulaiman, “Exact solutions of space-time
local fractal nonlinear evolution equations: a generalized
conformable derivative approach. Exact solutions of space-
time local fractal nonlinear evolution equations: a generalized
conformable derivative approach,” Results in Physics, vol. 17,
Article ID 103135, 2020.

[23] W. Malfliet and W. Hereman, “'e tanh method: I. Exact
solutions of nonlinear evolution and wave equations,” Physica
Scripta, vol. 54, no. 6, pp. 563–568, 1996.

[24] X.-F. Yang, Z.-C. Deng, and Y. Wei, “A Riccati-Bernoulli sub-
ODE method for nonlinear partial differential equations and
its application,” Advances in Difference Equations, vol. 2015,
no. 1, pp. 117–133, 2015.

[25] H. Bulut, H. M. Baskonus, and Y. Pandir, “'e Modified Trial
Equation Method for Fractional Wave Equation and Time
Fractional Generalized Burgers Equation,” Abstract and
Applied Analysis, vol. 2013, Article ID 636802, 8 pages, 2013.

[26] M. Eslami, B. Fathi Vajargah, M. Mirzazadeh, and A. Biswas,
“Application of first integral method to fractional partial
differential equations,” Indian Journal of Physics, vol. 88, no. 2,
pp. 177–184, 2014.

[27] N. Taghizadeh, M. Mirzazadeh, M. Rahimian, and M. Akbari,
“Application of the simplest equation method to some time-
fractional partial differential equations,” Ain Shams Engi-
neering Journal, vol. 4, no. 4, pp. 897–902, 2013.

[28] S. M. Ege and E. Misirli, “'e modified Kudryashov method
for solving some fractional-order nonlinear equations,” Ad-
vances in Difference Equations, vol. 2014, no. 1, p. 135, 2014.

[29] Y. Pandir, Y. Gurefe, and E. Misirli, “'e extended trial
equation method for some time fractional differential equa-
tions,” Discrete Dynamics in Nature and Society, vol. 2013,
Article ID 491359, 13 pages, 2013.
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