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-e Pythagorean fuzzy soft set (PFSS) is the most influential and operative tool for maneuvering compared to the Pythagorean
fuzzy set (PFS), which can accommodate the parameterization of alternatives. It is also a generalized form of intuitionistic fuzzy
soft sets (IFSS), which delivers healthier and more exact valuations in the decision-making (DM) procedure.-e primary purpose
is to extend and propose ideas related to Einstein’s ordered weighted geometric aggregation operator from fuzzy structure to PFSS
structure. -e core objective of this work is to present a PFSS aggregation operator, such as the Pythagorean fuzzy soft Einstein-
ordered weighted geometric (PFSEOWG) operator. In addition, the basic properties of the proposed operator are introduced,
such as idempotency, boundedness, and homogeneity. Moreover, a DM method based on a developed operator has been
presented to solve the multiattribute group decision-making (MAGDM) problem. A real-life application of the anticipated
method has been offered for a capitalist to choose the most delicate business to finance his money. Finally, a brief comparative
analysis with some current methods demonstrates the proposed approach’s effectiveness and reliability.

1. Introduction

MAGDM is considered the most appropriate technique to
find the most acceptable alternative from all possible al-
ternatives, following standards or attributes. Traditionally,
it is assumed that all information for accessing options
based on features and their corresponding weights are
expressed in precise numbers. On the other hand, most
decisions are made when goals and constraints are usually
uncertain or unclear in real life. Zaheh [1] introduced the
fuzzy set (FS) model to cope with the specified scenario,
making progress in multiple scientific and technical fields.
In traditional set theory, the elements of a set can be 0 or 1,
but in FS, the degree of membership ranges from 0 to 1.
Atanassov [2] extended the perception of FS and developed

the notion of the intuitionistic fuzzy set (IFS), which deals
with the uncertainty considering the membership (MG)
and nonmembership (NMG) grades. Xu [3] protracted the
IFS and introduced novel aggregation operators (AOs) for
IFS. Wang and Liu [4] proposed some AOs for IFS based on
Einstein operations and established a multiple attribute
decision-making (MADM) approach using their presented
operators. Atanassov [5] established the notion of interval-
valued IFS and discussed some essential operations with
their properties.

IFS is an influential idea, and various scholars have
considered it since its development. However, the leading
concept of IFS has some shortcomings; for example, if the
sum of membership and nonmembership degree is 1, then
IFS cannot deal with such scenarios. To overcome such
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complications, Yager [6] introduced the PFS, the most
generalized form of IFS. Rehman et al. [7] proposed some
AOs for PFS and discussed its properties. -ey also planned
a DM approach using their developed AOs. Rehman et al. [8]
offered a Pythagorean fuzzy ordered weighted geometric AO
with necessary possessions. Wang and Li [9] introduced
a MADM approach for PFS using Bonferroni mean AOs.
Garg [10] established some novel AOs for PFS, considering
the interaction based on Einstein operations.

-e abovementioned models and their conforming DM
approaches have been familiar and used by specialists in
numerous areas. But these models cannot accommodate the
parameterized values of the alternatives. Molodtsov [11]
developed the concept of soft sets (SSs) and discussed some
fundamental operations with their desirable properties. Maji
et al. [12] prolonged the notion of SS and stated various
elementary operations with its features and utilized it to
solve DM complications [13]. Maji et al. [14] combined SS
and IFS to grow IFSS and introduced necessary operations
with their properties. Zulqarnain et al. [15] introduced the
technique for order of preference by similarity to ideal
solution (TOPSIS) procedure for interval-valued IFSS
employing correlation coefficient (CC). Zulqarnain et al.
[16] proposed the robust AOs for the intuitionistic fuzzy
hypersoft set. -ey also constructed an MCDMmodel using
their developed operators to solve DM issues. Zulqarnain
et al. [17] proposed the TOPSIS method for intuitionistic
fuzzy hypersoft set based on CC to resolve MADM prob-
lems. Garg and Arora [18] prolonged the IFSS and projected
the generalized AOs for the IFSS.

Several scholars protracted SS ideas by engaging the
crucial sorting of FSS. Peng et al. [19] progressed the con-
dition of MG + NMG ≤ 1 to MG2 + NMG2 ≤ 1 of IFSS and
established the PFSS with basic operations and possessions.
Athira et al. [20] planned the entropy measure for PFSS.
Siddique et al. [21] proposed some novel operations for PFSS
and established a DM process based on a score matrix.
Naeem et al. [22] stretched the concept of PFSS to linguistic
PFSS and presented some necessary operations with their
possessions. Riaz et al. [23] protracted the PFSS to m polar
PFSS and developed the TOPSIS technique to resolve the
multicriteria group decision-making (MCGDM) problem.
Zulqarnain et al. [24] introduced the Pythagorean fuzzy soft
Einstein-ordered weighted average operator of PFSS and
established the DM technique based on the operator de-
veloped by them. Zulqarnain et al. [25] introduced some
novel operational laws for PFSS and settled some AOs for
PFSS. Zulqarnain et al. [26] developed the TOPSIS method
for PFSS based on CC and used their planned approach to
resolve the MADM problem. Zulqarnain et al. [27] offered
some novel operational laws for PFSS considering the in-
teraction and developed the interaction AOs for PFSS. -ey
also presented an MCDM technique using their proposed
interactive AOs. Garg [28, 29] introduced several Einstein
AOs under the PFS environment and established the DM
techniques based on settled operators to resolve complex
difficulties.-e existing Einstein AOs and Einstein-weighted
ordered AOs are just a weighted Pythagorean fuzzy argu-
ment. -ese PFS Einstein AOs cannot accommodate the

parameterized values of alternatives. To overcome the above
shortcomings, we focus on developing some novel Einstein
AOs for PFSS.

To solve these shortcomings, we indicated the finest
alternate with PFSS. Pythagorean fuzzy soft numbers sup-
port to conform with inexact statistics in the difficulties of
everyday life. In this study, the PFSS operator and steering
mechanism of PFSEOWG are based on the assumption of
Pythagorean fuzzy soft number (PFSN). -erefore, com-
pared to IFSS, IFS, and FS, it is better to maintain inaccurate
and imprecise information flexibility. -e core objective of
this article is to focus on the development of the new AO for
PFSS. It is expected that the operational laws of the proposed
operations will be followed to solve the DM problem, and
numerical example will be used to prove the effectiveness of
the introduced DM method. -e main benefit of the pro-
posed operator is that the proposed operator can reduce the
number of IFSS and fuzzy soft set (FSS) operators under
certain confidence limits. -e rest of the research is ordered
as follows: Section 2 discusses fundamental concepts such as
FS, IFS, PFS, SS, FSS, IFSS, and PFSS. In Section 3, we settled
the PFSEOWG operator. Section 3 also discusses some
desirable properties of the suggested operator. Section 4
develops the MAGDM method based on the proposed
operator and provides a numerical example for selecting the
most suitable vehicle. In Section 5, a comparison with some
popular methods has been given. Section 6 gives the
conclusion.

2. Preliminaries

-is section contains some basic definitions, such as SS, IFS,
PFS, IFSS, and PFSS, which will form the following man-
uscript’s structure.

Definition 1 (see [11]). Let X be a universal set and N �

t1, t2, t3, . . . , tm􏼈 􏼉 be the set of attributes and Ω is a mapping
such as Ω:N⟶ KX, where KX represents the subsets
collection of X. -en, (Ω, N) is called a SS over X.

Definition 2 (see [30]). Let X be a collection of substances,
then a PFS A over X is defined as

A � t, aA(t), bA(t)( 􏼁|t ∈ X􏼈 􏼉, (1)

where aA(t), bA(t): X⟶ [0, 1] represents the MG and
NMG functions, respectively. Furthermore, 0≤ aA

(t)2 + bA(t)2 ≤ 1 and I � 1 − a(t)2 − bA(t)2 is called degree
of indeterminacy.

From the above definition, we can see that the only
difference lies in the condition, that is, in IFS, what we deal
with is the state 0≤ aA(t) + bA(t)≤ 1 and I � 1−

aA(t) − bA(t), whereas in PFS, we have condition
0≤ aA(t)2 + bA(t)2 ≤ 1 and I � 1 − aA(t)2 − bA(t)2.

Definition 3 (see [14]). Let X be a universal set and N be set
of attributes and Ω is a mapping such as Ω:N⟶ IKX,
where IKX is a collection of intuitionistic fuzzy subsets.
-en, (Ω, N) is named an IFSS over X.
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(Ω, A) � t, aA(t), bA(t)( 􏼁|t ∈ A􏼈 􏼉, (2)
where aA(t), bA(t) : A⟶ [0, 1] are MG and NMG func-
tions respectively with 0≤ aA(t) + bA(t)≤ 1 and A ⊂ N.

Definition 4 (see [14]). Let (Ω, A) and (Ω, B) be two IFSS.
-en, some basic operations for IFSS are defined as follows:

(1) (Ω, A) is said to be an intuitionistic fuzzy soft subset
of (Ω, B). If A ⊂ B and aA(t)≤ aB(t), bA(t)≥ bB(t)

for all t ∈ A.
(2) Complement of (Ω, A) is denoted by (Ω, Ac) and is

defined as

Ω, A
c

( 􏼁 � t, bA(t), aA(t)( 􏼁|t ∈ A􏼈 􏼉. (3)

(3) Union of two IFSS is defined as follows:

(Ω, A)∪ (Ω, B) � t, max aA(t), aB(t)( 􏼁|∀t ∈ A􏼈 􏼉. (4)

(4) -e intersection of (Ω, A) and (Ω, B) can be defined
as follows:

(Ω, A)∩ (Ω, B) � t, min aA(t), aB(t)( 􏼁|∀t ∈ A􏼈 􏼉. (5)

Definition 5 (see [19]). Let X be a universal set and N be set
of attributes and Ω be a mapping such as Ω:N⟶℘KX,
where ℘KX is a collection of Pythagorean fuzzy subsets.
-en, (Ω,N) is called a PFSS over X.

(Ω, A) � t, aA(t), bA(t)( 􏼁|t ∈ A􏼈 􏼉. (6)

where aA(t), bA(t): A⟶ [0, 1] represents the MG and
NMG functions, respectively, with 0≤ aA(t)2 + bA(t)2 ≤ 1,
degree of independency I � 1 − aA(t)2 − bA(t)2, and
A ⊂ N.

-e PFSN can be expressed as Hij � aij, bij for readers’
convenience. Zulqarnain et al. [25] presented the score and
accuracy functions for PFSN such as

S Hij􏼐 􏼑 � a
2
ij − b

2
ij, (7)

where S(Hij) ∈ [−1, 1]. Sometimes, score function cannot
differentiate the PFSNs. For example, let
H11 � 0.3162 , 0.4472 and H12 � 0.5477, 0.6324, then equa-
tion (7); we have S(H11) � −0.1 and S(H12) � −0.1. So, it is
difficult to decide which alternative is most suitable in this
case. An accuracy function has been developed to overcome
the limitations mentioned above.

A Hij􏼐 􏼑 � a
2
ij + b

2
ij, (8)

where A(Hij) ∈ [−1, 1]. -e following comparison laws
have been presented for PFSNs.

(1) If S(Hij)> S(Rij), then Hij >Hij.
(2) If S(Hij) � S(Rij), then

(i) If A(Hij)>A(Rij), then Hij >Rij.
(ii) If A(Hij) � A(Rij), then Hij � Rij.

3. Einstein-Ordered Weighted Geometric
Operator for Pythagorean Fuzzy Soft Set

-e subsequent section will develop the Einstein-ordered
weighted geometric operator for PFSS with some funda-
mental properties.

Definition 6. Let Hij � (aij, bij) be a collection of PFSNs,
where (i �1, 2, . . ., n) and (j �1, 2, . . ., m), then the Py-
thagorean fuzzy soft Einstein-ordered weighted geometric
(PFSEOWG) operator is defined as

PFSEOWG H11, H12, . . . , Hnm( 􏼁 � ⊕mj�1Jj ⊕
n
i�1OiHr(i)s(j)􏼐 􏼑,

(9)

where Oi and Jj represent the weight vectors such that
Oi > 0, 􏽐

n
i�1 Oi � 1 and Jj > 0, and 􏽐

n
j�1 Jj � 1 and r, s are

permutations of (i �1, 2, . . ., n) and (j �1, 2, . . .,m) such that
Hr(i−1)j ≥Hr(i)j and His(j−1) ≥His(j)∀i, j.

Theorem 1. Let Hij � (aij, bij) be a collection of PFSNs,
where (i �1, 2, . . ., n) and (j �1, 2, . . ., m), then the ag-
gregated value obtained by equation (9) is given as

PFSEOWG H11, H12, . . . , Hnm( 􏼁 � ⊕mj�1Jj ⊕
n
i�1OiHr(i)s(j)􏼐 􏼑

�

�����������������������

2􏽑
m
j�1 􏽑

n
i�1 a2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲

�������������������������������������������������

􏽑
m
j�1 􏽑

n
i�1 2 − a2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

+ 􏽑
m
j�1 􏽑

n
i�1 a2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲 ,􏼪

·

����������������������������������������������������

􏽑
m
j�1 􏽑

n
i�1 1 + b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

− 􏽑
m
j�1 􏽑

n
i�1 1 − b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲

�����������������������������������������������������

􏽑
m
j�1 􏽑

n
i�1 1 + b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

+ 􏽑
m
j�1 􏽑

n
i�1 1 − b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲 􏼫,

(10)

whereOi andJj represent the weight vectors such that Oi > 0,
􏽐

n
i�1 Oi � 1 and Jj > 0, and 􏽐

n
j�1 Jj � 1 and r, s are

permutations of (i �1, 2, . . ., n) and (j �1, 2, . . ., m) such that
Hr(i−1)j ≥Hr(i)j and His(j−1) ≥His(j)∀i, j.
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Proof. We will prove it by using mathematical induction.
For n� 1, we get Oi � 1.

PFSEOWG H11, H12, . . . , Hnm( 􏼁 � ⊕mj�1JjHr(1)s(j)

�

����������������

2􏽑
m
j�1 a

2
r(1)s(j)􏼐 􏼑

Jj

􏽱

����������������������������������

􏽑
m
j�1 2 − a

2
r(1)s(j)􏼐 􏼑

Jj
+ 􏽑

m
j�1 a

2
r(1)s(j)􏼐 􏼑

Jj

􏽱 ,􏼪

·

�������������������������������������

􏽑
m
j�1 1 + b

2
r(1)s(j)􏼐 􏼑

Jj
− 􏽑

m
j�1 1 − b

2
r(1)s(j)􏼐 􏼑

Jj

􏽱

�������������������������������������

􏽑
m
j�1 1 + b

2
r(1)s(j)􏼐 􏼑

Jj
+ 􏽑

m
j�1 1 − b

2
r(1)s(j)􏼐 􏼑

Jj

􏽱 􏼫

�

������������������������

2􏽑
m
j�1 􏽑

m
j�1 a2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲

�������������������������������������������������

􏽑
m
j�1 􏽑

m
j�1 2 − a2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

+ 􏽑
m
j�1 􏽑

m
j�1 a2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲 ,􏼪

·

�����������������������������������������������������

􏽑
m
j�1 􏽑

m
j�1 1 + b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

− 􏽑
m
j�1 􏽑

m
j�1 1 − b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲

�����������������������������������������������������

􏽑
m
j�1 􏽑

m
j�1 1 + b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

+ 􏽑
m
j�1 􏽑

m
j�1 1 − b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲 􏼫.

(11)

For m � 1, we get Jj � 1.

PFSEOWG H11, H12, . . . , Hnm( 􏼁 � ⊕ni�1OiHr(i)s(1)

�

���������������

2􏽑
n
i�1 a

2
r(i)s(1)􏼐 􏼑

Oi

􏽱

��������������������������������

􏽑
n
i�1 2 − a

2
r(i)s(j)􏼐 􏼑

Oi
+ 􏽑

n
i�1 a

2
r(i)s(1)􏼐 􏼑

Oi

􏽱 ,􏼪

·

�����������������������������������

􏽑
n
i�1 1 + b

2
r(i)s(1)􏼐 􏼑

Oi
− 􏽑

n
i�1 1 − b

2
r(i)s(1)􏼐 􏼑

Oi

􏽱

�����������������������������������

􏽑
n
i�1 1 + b

2
r(i)s(1)􏼐 􏼑

Oi
+ 􏽑

n
i�1 1 − b

2
r(i)s(1)􏼐 􏼑

Oi

􏽱 􏼫

�

�����������������������

2􏽑
n
i�1 􏽑

n
i�1 a2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲

�������������������������������������������������

􏽑
n
i�1 􏽑

n
i�1 2 − a2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

+ 􏽑
n
i�1 􏽑

n
i�1 a2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲 ,􏼪

·

���������������������������������������������������

􏽑
n
i�1 􏽑

n
i�1 1 + b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

− 􏽑
n
i�1 􏽑

n
i�1 1 − b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲

����������������������������������������������������

􏽑
n
i�1 􏽑

n
i�1 1 + b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

+ 􏽑
n
i�1 􏽑

n
i�1 1 − b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲 􏼫.

(12)

So, equation (9) is true for n� 1 and m� 1.
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Suppose that equation (9) holds for n� δ2, m� δ1 + 1
and for n� δ2 + 1, m� δ1

⊕δ1+1
j�1 Jj ⊕

δ2
i�1OiHr(i)s(j)􏼐 􏼑

�

������������������������

2􏽑
δ1+1
j�1 􏽑

δ2
i�1 a2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲

��������������������������������������������������

􏽑
δ1+1
j�1 􏽑

δ2
i�1 2 − a2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

+ 􏽑
δ1+1
j�1 􏽑

δ2
i�1 a2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲 ,􏼪

·

�����������������������������������������������������

􏽑
δ1+1
j�1 􏽑

δ2
i�1 1 + b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

− 􏽑
δ1+1
j�1 􏽑

δ2
i�1 1 − b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲

������������������������������������������������������

􏽑
δ1+1
j�1 􏽑

δ2
i�1 1 + b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

+ 􏽑
δ1+1
j�1 􏽑

δ2
i�1 1 − b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲 􏼫,

⊕δ1j�1Jj ⊕
δ2+1
i�1 OiHr(i)s(j)􏼐 􏼑

�

������������������������

2􏽑
δ1
j�1 􏽑

δ2+1
i�1 a2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲

���������������������������������������������������

􏽑
δ1
j�1 􏽑

δ2+1
i�1 2 − a2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

+ 􏽑
δ1
j�1 􏽑

δ2+1
i�1 a2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲 ,􏼪

·

������������������������������������������������������

􏽑
δ1
j�1 􏽑

δ2+1
i�1 1 + b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

− 􏽑
δ1
j�1 􏽑

δ2+1
i�1 1 − b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲

������������������������������������������������������

􏽑
δ1
j�1 􏽑

δ2+1
i�1 1 + b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

+ 􏽑
δ1
j�1 􏽑

δ2+1
i�1 1 − b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲 􏼫.

(13)

Now, we prove equation (9) form� δ1 + 1 and n� δ2 + 1

⊕δ1+1
j�1 Jj ⊕

δ2+1
i�1 OiHr(i)s(j)􏼐 􏼑

� ⊕δ1+1
j�1 ⊕

δ2
i�1OiJjΗr(i)s(j)􏼐 􏼑 ⊕δ1+1

j�1 JjOi+1Hr δ2+1( )s(j)􏼒 􏼓

�

������������������������

2􏽑
δ1+1
j�1 􏽑

δ2
i�1 a2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲

��������������������������������������������������

􏽑
δ1+1
j�1 􏽑

δ2
i�1 2 − a2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

+ 􏽑
δ1+1
j�1 􏽑

δ2
i�1 a2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲􏼪

⊕

�����������������������

2􏽑
δ1+1
j�1 a

2
r δ2+1( )s(j)􏼒 􏼓

Oδ2+1

􏼠 􏼡

􏽳

�����������������������������������������������������

􏽑
δ1+1
j�1 2 − a

2
r δ2+1( )s(j)􏼒 􏼓

Oδ2+1

􏼠 􏼡

Jj

+ 􏽑
δ1+1
j�1 a

2
r δ2+1( )s(j)􏼒 􏼓

Oδ2+1

􏼠 􏼡

Jj

􏽳
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�

�����������������������������������������������������

􏽑
δ1+1
j�1 􏽑

δ2
i�1 1 + b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

− 􏽑
δ1+1
j�1 􏽑

δ2
i�1 1 − b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲

�����������������������������������������������������

􏽑
δ1+1
j�1 􏽑

δ2
i�1 1 + b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

+ 􏽑
δ1+1
j�1 􏽑

δ2
i�1 1 − b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲

⊕

��������������������������������������������������������

􏽑
δ1+1
j�1 1 + b

2
r δ2+1( )s(j)􏼒 􏼓

Oδ2+1

􏼠 􏼡

Jj

− 􏽑
δ1+1
j�1 1 − b

2
r δ2+1( )s(j)􏼒 􏼓

Oδ2+1

􏼠 􏼡

Jj

􏽳

��������������������������������������������������������

􏽑
δ1+1
j�1 1 + b

2
r δ2+1( )s(j)􏼒 􏼓

Oδ2+1
􏼠 􏼡

Jj

+ 􏽑
δ1+1
j�1 1 − b

2
r δ2+1( )s(j)􏼒 􏼓

Oδ2+1
􏼠 􏼡

Jj

􏽳 􏼫

�

�������������������������

2􏽑
δ1+1
j�1 􏽑

δ2+1
i�1 a2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲

����������������������������������������������������

􏽑
δ1+1
j�1 􏽑

δ2+1
i�1 2 − a2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

+ 􏽑
δ1+1
j�1 􏽑

δ2+1
i�1 a2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲 ,

�������������������������������������������������������

􏽑
δ1+1
j�1 􏽑

δ2+1
i�1 1 + b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

− 􏽑
δ1+1
j�1 􏽑

δ2+1
i�1 1 − b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲

��������������������������������������������������������

􏽑
δ1+1
j�1 􏽑

δ2+1
i�1 1 + b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

+ 􏽑
δ1+1
j�1 􏽑

δ2+1
i�1 1 − b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲 􏼫

� ⊕δ1+1
j�1 Jj ⊕

δ2+1
i�1 OiΗr(i)s(j)􏼐 􏼑. (14)

So, it is valid for m� δ1 + 1 and n� δ2 + 1. □

Example 1. Let R � R1, R2, R3􏼈 􏼉 be a set of decision makers
with weigh vector Oi � (0.1, 0.3, 0.3, 0.3)T, who want to
decide a bike under the set of attributes
A � A1 � fuelmilage, A2 � speed per hour, A3 �􏼈

price, A4 � comfort level, A5 � design} with weight vector
Jj � (0.2, 0.2, 0.2, 0.4)T. -en, (H4×4, A) � (aij, bij)4×4 is
given as

H4×4, A( 􏼁 � ⌈(0.5, 0.8) (0.7, 0.5) (0.4, 0.6) (0.7, 0.4)

(0.5, 0.6) (0.9, 0.1) (0.3, 0.7) (0.4, 0.5)

(0.4, 0.8) (0.7, 0.5) (0.4, 0.6) (0.3, 0.5)

(0.3, 0.7) (0.6, 0.5) (0.5, 0.4) (0.5, 0.7)

⌉.
(15)

First, we find the associated ordered position matrix by
using the score function, which is

H4×4, A( 􏼁 � ⌈

(0.7, 0.4) (0.7, 0.5) (0.4, 0.6) (0.5, 0.8)

(0.9, 0.1) (0.4, 0.5) (0.3, 0.7) (0.5, 0.6)

(0.7, 0.5) (0.4, 0.6) (0.3, 0.5) (0.4, 0.8)

(0.6, 0.5) (0.5, 0.4) (0.3, 0.7) (0.5, 0.7)

⌉,

(16)

as we know that

PFSEOWG H11, H12, . . . , Hnm( 􏼁

�

�����������������������

2􏽑
m
j�1 􏽑

n
i�1 a2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲

�������������������������������������������������

􏽑
m
j�1 􏽑

n
i�1 2 − a2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

+ 􏽑
m
j�1 􏽑

n
i�1 a2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲 ,􏼪

����������������������������������������������������

􏽑
m
j�1 􏽑

n
i�1 1 + b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

− 􏽑
m
j�1 􏽑

n
i�1 1 − b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲

�����������������������������������������������������

􏽑
m
j�1 􏽑

n
i�1 1 + b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

+ 􏽑
m
j�1 􏽑

n
i�1 1 − b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲 􏼫,

PFSEOWG H11, H12, . . . , H44( 􏼁

6 Mathematical Problems in Engineering



�

�����������������������

2􏽑
4
j�1 􏽑

4
i�1 a2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲

�������������������������������������������������

􏽑
4
j�1 􏽑

4
i�1 2 − a2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

+ 􏽑
4
j�1 􏽑

4
i�1 a2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲 ,􏼪

����������������������������������������������������

􏽑
4
j�1 􏽑

4
i�1 1 + b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

− 􏽑
4
j�1 􏽑

4
i�1 1 − b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲

����������������������������������������������������

􏽑
4
j�1 􏽑

4
i�1 1 + b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

+ 􏽑
4
j�1 􏽑

4
i�1 1 − b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲 􏼫,

�

��������������������������������������������������������������������

2
(0.49)

0.1
(0.81)

0.3
(0.49)

0.3
(0.36)

0.3
􏽮 􏽯

0.2
(0.49)

0.1
(0.16)

0.3
(0.16)

0.3
(0.25)

0.3
􏽮 􏽯

0.2

(0.16)
0.1

(0.09)
0.3

(0.09)
0.3

(0.09)
0.3

􏽮 􏽯
0.2

(0.25)
0.1

(0.25)
0.3

(0.16)
0.3

(0.25)
0.3

􏽮 􏽯
0.4

⎡⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎦

􏽶
􏽴

������������������������������������������������������������������

(1.51)
0.1

(1.19)
0.3

(1.51)
0.3

(1.64)
0.3

􏽮 􏽯
0.2

(1.51)
0.1

(1.84)
0.3

(1.84)
0.3

(1.75)
0.3

􏽮 􏽯
0.2

(1.84)
0.1

(1.91)
0.3

(1.91)
0.3

(1.91)
0.3

􏽮 􏽯
0.2

(1.75)
0.1

(1.75)
0.3

(1.84)
0.3

(1.75)
0.3

􏽮 􏽯
0.4

+ (0.49)
0.1

(0.81)
0.3

(0.49)
0.3

(0.36)
0.3

􏽮 􏽯
0.2

(0.49)
0.1

(0.16)
0.3

(0.16)
0.3

(0.25)
0.3

􏽮 􏽯
0.2

(0.16)
0.1

(0.09)
0.3

(0.09)
0.3

(0.09)
0.3

􏽮 􏽯
0.2

(0.25)
0.1

(0.25)
0.3

(0.16)
0.3

(0.25)
0.3

􏽮 􏽯
0.4

􏽶
􏽵
􏽵
􏽵
􏽵
􏽵
􏽵
􏽴

,􏼪

�����������������������������������������������������������������

(1.16)
0.1

(1.01)
0.3

(1.25)
0.3

(1.25)
0.3

􏽮 􏽯
0.2

(1.25)
0.1

(1.25)
0.3

(1.36)
0.3

(1.16)
0.3

􏽮 􏽯
0.2

(1.36)
0.1

(1.49)
0.3

(1.25)
0.3

(1.49)
0.3

􏽮 􏽯
0.2

(1.64)
0.1

(1.36)
0.3

(1.64)
0.3

(1.49)
0.3

􏽮 􏽯
0.4

−
(0.84)

0.1
(0.99)

0.3
(0.75)

0.3
(0.75)

0.3
􏽮 􏽯

0.2
(0.75)

0.1
(0.75)

0.3
(0.64)

0.3
(0.84)

0.3
􏽮 􏽯

0.2
􏼔

(0.64)
0.1

(0.51)
0.3

(0.75)
0.3

(0.51)
0.3

􏽮 􏽯
0.2

(0.36)
0.1

(0.64)
0.3

(0.36)
0.3

(0.51)
0.3

􏽮 􏽯
0.4

􏽶
􏽵
􏽵
􏽵
􏽵
􏽵
􏽴

(1.16)
0.1

(0.01)
0.3

(1.25)
0.3

(1.25)
0.3

􏽮 􏽯
0.2

(1.25)
0.1

(1.25)
0.3

(1.36)
0.3

(1.16)
0.3

􏽮 􏽯
0.2

(1.36)
0.1

(1.49)
0.3

(1.25)
0.3

(1.49)
0.3

􏽮 􏽯
0.2

(1.64)
0.1

(1.36)
0.3

(1.64)
0.3

(1.49)
0.3

􏽮 􏽯
0.4

+

(0.84)
0.1

(0.99)
0.3

(0.75)
0.3

(0.75)
0.3

􏽮 􏽯
0.2

(0.75)
0.1

(0.75)
0.3

(0.64)
0.3

(0.84)
0.3

􏽮 􏽯
0.2

􏼔

(0.64)
0.1

(0.51)
0.3

(0.75)
0.3

(0.51)
0.3

􏽮 􏽯
0.2

(0.36)
0.1

(0.64)
0.3

(0.36)
0.3

(0.51)
0.3

􏽮 􏽯
0.4

􏼫.

0.4923 , 0.5743 (17)

3.1. Properties of PFSEOWG Operator

3.1.1. Idempotency. Let Hij � (aij, bij) be a collection of
PFSNs, where (i �1, 2, . . ., n) and (j �1, 2, . . ., m). If
Hr(i)s(j) � H11 are identical, then

PFSEOWG H11, H12, . . . , Hnm( 􏼁 � H, (18)

where Oi and Jj represent the weight vectors such that
Oi > 0, 􏽐

n
i�1 Oi � 1 and Jj > 0, 􏽐

n
j�1 Jj � 1.

Proof. We know that PFSEOWG

PFSEOWG H11, H12, . . . , Hnm( 􏼁

�

�����������������������

2􏽑
m
j�1 􏽑

n
i�1 a2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲

�������������������������������������������������

􏽑
m
j�1 􏽑

n
i�1 2 − a2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

+ 􏽑
m
j�1 􏽑

n
i�1 a2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲 ,􏼪

·

����������������������������������������������������

􏽑
m
j�1 􏽑

n
i�1 1 + b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

− 􏽑
m
j�1 􏽑

n
i�1 1 − b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲

􏽑
m
j�1 􏽑

n
i�1 1 + b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

+ 􏽑
m
j�1 􏽑

n
i�1 1 − b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj
􏼫.

(19)
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As Hr(i)s(j) � Hij, so

�

��������������������

2 a
2
ij􏼐 􏼑

􏽐
n
i�1 Oi􏼠 􏼡

􏽐
m
j�1 Jj

􏽶
􏽴

��������������������������������������������

2 − a
2
ij􏼐 􏼑

􏽐
n
i�1 Oi􏼠 􏼡

􏽐
m
j�1 Jj

+ a
2
ij􏼐 􏼑

􏽐
n
i�1 Oi􏼠 􏼡

􏽐
m
j�1 Jj

􏽶
􏽴 ,􏼪

·

����������������������������������������������

1 + b
2
ij􏼐 􏼑

􏽐
n
i�1 Oi􏼠 􏼡

􏽐
m
j�1 Jj

− 1 − b
2
ij􏼐 􏼑

􏽐
n
i�1 Oi􏼠 􏼡

􏽐
m
j�1 Jj

􏽶
􏽴

�����������������������������������������������

1 + b
2
ij􏼐 􏼑

􏽐
n
i�1 Oi􏼠 􏼡

􏽐
m
j�1 Jj

+ 1 − b
2
ij􏼐 􏼑

􏽐
n
i�1 Oi􏼠 􏼡

􏽐
m
j�1 Jj

􏽶
􏽴 􏼫

�

����
2a2ij

􏽱

��������������
2 − a

2
ij􏼐 􏼑 + a

2
ij􏼐 􏼑

􏽱 ,

�����������������
1 + a

2
ij􏼐 􏼑 − 1 − a

2
ij􏼐 􏼑

􏽱

�����������������
1 + a

2
ij􏼐 􏼑 + 1 − a

2
ij􏼐 􏼑

􏽱􏼪 􏼫 � aij , bij � H.

(20)
□

3.1.2. Boundedness. Let Hij � (aij, bij) be a collection of
PFSNs, where (i �1, 2, . . ., n) and (j �1, 2, . . ., m), where Oi

and Jj represent the weight vectors such that Oi > 0,
􏽐

n
i�1 Oi � 1 and Jj > 0, 􏽐

n
j�1 Jj � 1. If

Hmin �min(Hr(i)s(j)) and Hmax �max(Hr(i)s(j)), then
Hmin ≤PFSEOWG (H11, H12, . . ., Hnm)≤Hmax.

Proof. Let f(x) �
��������
2 − x2/x2

√
, x ∈ ]0, 1], then

(d/dx)(f(x)) � − 2/x3
��������
x2/2 − x2

√
< 0. So, f(x) is de-

creasing function on ]0, 1].
As amin ≤ ar(i)s(j) ≤ amax, ∀i, j, so f(amax) ≤f

(ar(i)s(j))≤f(amin) and
������������
2 − a2max/a2max

􏽰
≤

����������������
2 − a2r(i)s(j)/a

2
r(i)s(j)

􏽱
≤

�����������

2 − a2min/a2min

􏽱

.
Let Oi and Jj represent the weight vectors such that

Oi > 0, 􏽐
n
i�1 Oi � 1 and Jj > 0, 􏽐

n
j�1 Jj � 1, then we have

⇔

����������������������

􏽙

m

j�1
􏽙

n

i�1

2 − a2max
a2max

􏼠 􏼡

Oi

⎛⎝ ⎞⎠

Jj

􏽶
􏽴

≤

�������������������������

􏽙

m

j�1
􏽙

n

i�1

2 − a2r(i)s(j)

a2r(i)s(j)

⎛⎝ ⎞⎠

Oi

⎛⎜⎝ ⎞⎟⎠

Jj

􏽶
􏽴

≤

����������������������

􏽙

m

j�1
􏽙

n

i�1

2 − a2min
a2min

􏼠 􏼡

Oi

⎛⎝ ⎞⎠

Jj

􏽶
􏽴

⇔

����������������������

2 − a2max
a2max

􏼠 􏼡

􏽘
n

i�1

Oi⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

􏽘
m

j�1
Jj

􏽶
􏽵
􏽵
􏽵
􏽵
􏽴

≤

�������������������������

􏽙

m

j�1
􏽙

n

i�1

2 − a2r(i)s(j)

a2r(i)s(j)

⎛⎝ ⎞⎠

Oi

⎛⎜⎝ ⎞⎟⎠

Jj

􏽶
􏽴

≤

���������������������

2 − a2min
a2min

􏼠 􏼡

􏽘
n

i�1

Oi⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

􏽘
m

j�1
Jj

􏽶
􏽵
􏽵
􏽵
􏽵
􏽴

⇔

�������������

1 +
2 − a

2
max

a
2
max

􏼠 􏼡

􏽶
􏽴

≤

����������������������������

1 + 􏽙
m

j�1
􏽙

n

i�1

2 − a2r(i)s(j)

a2r(i)s(j)

⎛⎝ ⎞⎠

Oi

⎛⎜⎝ ⎞⎟⎠

Jj

􏽶
􏽴

≤

������������

1 +
2 − a

2
min

a
2
min

􏼠 􏼡

􏽶
􏽴

⇔
����
2

a
2
max

􏽳

≤

����������������������������

1 + 􏽙
m

j�1
􏽙

n

i�1

2 − a2r(i)s(j)

a2r(i)s(j)

⎛⎝ ⎞⎠

Oi

⎛⎜⎝ ⎞⎟⎠

Jj

􏽶
􏽴

≤
����
2

a
2
min

􏽳

⇔

����

a
2
min
2

􏽳

≤
1

�����������������������������������

1 + 􏽑
m
j�1 􏽑

n
i�1 2 − a2r(i)s(j)/a

2
r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲 ≤

����

a
2
max
2

􏽳

⇔amin ≤

�����������������������������������
2

1 + 􏽑
m
j�1 􏽑

n
i�1 2 − a2r(i)s(j)/a

2
r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽶
􏽴

≤ amax

amin ≤

�����������������������

2􏽑
m
j�1 􏽑

n
i�1 a2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲

�������������������������������������������������

􏽑
m
j�1 􏽑

n
i�1 2 − a2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

+ 􏽑
m
j�1 􏽑

n
i�1 a2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲 ≤ amax.

(21)
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Let g(y) �
�����������
1 − y2/1 + y2

􏽰
, y ∈ ]0, 1], then

(d/dy)(g(y)) � −2y/(1 + y2)2
�����������
1 + y2/1 − y2

􏽰
< 0, which

shows that g(y) is decreasing function on ]0, 1]. So,
bmin ≤ br(i)s(j) ≤ bmax.

Hence, g( bmax) ≤g(br(i)s(j))≤g(bmin),

⇒

�������

1 − b
2
max

1 + b
2
max

􏽶
􏽴

≤

����������

1 − b
2
r(i)s(j)

1 + b
2
r(i)s(j)j

􏽶
􏽴

≤

��������

1 − b
2
min

1 + b
2
min

􏽶
􏽴

. (22)

Let Oi and Jj represent the weight vectors such that
Oi > 0, 􏽐

n
i�1 Oi � 1 and Jj > 0, 􏽐

n
j�1 Jj � 1, -en, we have

⇔

����������������������

􏽙

m

j�1
􏽙

n

i�1

1 − b2max

1 + b2max
􏼠 􏼡

Oi

⎛⎝ ⎞⎠

Jj

􏽶
􏽴

≤

�������������������������

􏽙

m

j�1
􏽙

n

i�1

1 − b2r(i)s(j)

1 + b2r(i)s(j)

⎛⎝ ⎞⎠

Oi

⎛⎜⎝ ⎞⎟⎠

Jj

􏽶
􏽴

≤

����������������������

􏽙

m

j�1
􏽙

n

i�1

1 − b2min

1 + b2min
􏼠 􏼡

Oi

⎛⎝ ⎞⎠

Jj

􏽶
􏽴

,

⇔

���������������������

1 − b2max

1 + b2max
􏼠 􏼡

􏽘
n

i�1

Oi⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

􏽘
m

j�1

Jj

􏽶
􏽵
􏽵
􏽵
􏽴

≤

�������������������������

􏽙

m

j�1
􏽙

n

i�1

1 − b2r(i)s(j)

1 + b2r(i)s(j)

⎛⎝ ⎞⎠

Oi

⎛⎜⎝ ⎞⎟⎠

Jj

􏽶
􏽴

≤

���������������������

1 − b2min

1 + b2min
􏼠 􏼡

􏽘
n

i�1 Oi

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

􏽘
m

j�1

Jj

􏽶
􏽵
􏽵
􏽵
􏽴

,

⇔

������������

1 +
1 − b

2
max

1 + b
2
max

􏼠 􏼡

􏽳

≤

����������������������������

1 + 􏽙

m

j�1
􏽙

n

i�1

1 − b2r(i)s(j)

1 + b2r(i)s(j)

⎛⎝ ⎞⎠

Oi

⎛⎜⎝ ⎞⎟⎠

Jj

􏽶
􏽴

≤

������������

1 +
1 − b

2
min

1 + b
2
min

􏼠 􏼡

􏽳

,

⇔
�������

2
1 + b

2
max

􏽳

≤

����������������������������

1 + 􏽙
m

j�1
􏽙

n

i�1

1 − b2r(i)s(j)

1 + b2r(i)s(j)

⎛⎝ ⎞⎠

Oi

⎛⎜⎝ ⎞⎟⎠

Jj

􏽶
􏽴

≤
�������

2
1 + b

2
min

􏽳

,

⇔

�������

1 + b
2
min

2

􏽳

≤
1

��������������������������������������

1 + 􏽑
m
j�1 􏽑

n
i�1 1 − b2r(i)s(j)/1 + b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲 ≤

�������

1 + b
2
max

2

􏽳

,

⇔
�������

1 + b
2
min

􏽱

≤

��������������������������������������
2

1 + 􏽑
m
j�1 􏽑

n
i�1 1 − b2r(i)s(j)/1 + b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽶
􏽴

≤
�������

1 + b
2
max

􏽱

,

⇔
����������

1 + b
2
min − 1

􏽱

≤

�����������������������������������������
2

1 + 􏽑
m
j�1 􏽑

n
i�1 1 − b2r(i)s(j)/1 + b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj
− 1

􏽶
􏽴

≤
����������

1 + b
2
max − 1

􏽱

,

⇔
����

b
2
min

􏽱

≤

�����������������������������������������
2

1 + 􏽑
m
j�1 􏽑

n
i�1 1 − b2r(i)s(j)/1 + b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj
− 1

􏽶
􏽴

≤
����

b
2
max

􏽱

,

⇔bmin ≤

�����������������������������������������
2

1 + 􏽑
m
j�1 􏽑

n
i�1 1 − b2r(i)s(j)/1 + b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj
− 1

􏽶
􏽴

≤ bmax,

bmin ≤

����������������������������������������������������

􏽑
m
j�1 􏽑

n
i�1 1 + b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

− 􏽑
m
j�1 􏽑

n
i�1 1 − b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲

����������������������������������������������������

􏽑
m
j�1 􏽑

n
i�1 1 + b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

+ 􏽑
m
j�1 􏽑

n
i�1 1 − b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲 ≤ bmax.

(23)

Mathematical Problems in Engineering 9



Let PFSEOWG(H11, H12, . . . , Hnm) � H.
-en, inequalities (21) and (23) can be written as
≤ a≤ amax and bmin ≤ b≤ bmax,

-us, S (H) � a2 − b2 ≤ a2max − b2min � S (Hmax) and S
(H) � a2 − b2 ≥ a2min − b2max � S (Hmin).

If S (H) < S (Hmax) and S (H)> S (Hmin), then we have

Hmin <PFSEOW H11, H12, . . . , Hnm( 􏼁<Hmax. (24)

If S (H) � S (Hmax), then we have a2 � a2max and
b2 � b2max. -us, A (H) � a2 + b2 � a2max + b2max �A (Hmax).
-erefore,

PFSEOWG H11, H12, . . . , Hnm( 􏼁 � Hmax. (25)

If S (H) � S (Hmin). -en we have a2 − b2 � a2min − b2min,
a2 � a2min, and b2 � b2min.

-us, A (H) � a2 + b2 � a2min + b2min �A (Hmin).
-erefore,

PFSEOWG H11, H12, . . . , Hnm( 􏼁 � Hmin. (26)

Hence, Hmin ≤ PFSEOWG ((H11, H12, . . . ,

Hnm)≤Hmax. □

3.1.3. Homogeneity. Prove that PFSEOWG (H11, H12, . . . ,

Hnm ) � z PFSEOWG (H11, H12, . . . , Hnm )for any positive
real number z.

Proof. Let Ηij be a PFSN and z> 0. T, then we know that

zHij �

������

2 a
2

􏼐 􏼑
z

􏽱

��������������

2 − a
2

􏼐 􏼑
z

+ a
2

􏼐 􏼑
z

􏽱 ,

�����������������

1 + b
2

􏼐 􏼑
z

− 1 − b
2

􏼐 􏼑
z

􏽱

�����������������

1 + b
2

􏼐 􏼑
z

+ 1 − b
2

􏼐 􏼑
z

􏽱 .􏼪 􏼫

(27)

So,

PFSEOWG � H11, H12, . . . , Hnm( 􏼁

�

�����������������������

2􏽑
m
j�1 􏽑

n
i�1 a2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲

�������������������������������������������������

􏽑
m
j�1 􏽑

n
i�1 2 − a2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

+ 􏽑
m
j�1 􏽑

n
i�1 a2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲 ,􏼪

·

����������������������������������������������������

􏽑
m
j�1 􏽑

n
i�1 1 + b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

− 􏽑
m
j�1 􏽑

n
i�1 1 − b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲

�����������������������������������������������������

􏽑
m
j�1 􏽑

n
i�1 1 + b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

+ 􏽑
m
j�1 􏽑

n
i�1 1 − b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏽲 􏼫

���������������������������

2􏽑
m
j�1 􏽑

n
i�1 a2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏼠 􏼡

z
􏽳

�����������������������������

􏽑
m
j�1 􏽑

n
i�1 2 − a2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏼠 􏼡

z
􏽳

+ 􏽑
m
j�1 􏽑

n
i�1 a2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏼠 􏼡

z
,􏼪

·

�����������������������������������������������������������

􏽑
m
j�1 􏽑

n
i�1 1 + b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏼠 􏼡

z

− 􏽑
m
j�1 􏽑

n
i�1 1 − b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏼠 􏼡

z
􏽳

�����������������������������������������������������������

􏽑
m
j�1 􏽑

n
i�1 1 + b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏼠 􏼡

z

+ 􏽑
m
j�1 􏽑

n
i�1 1 − b2r(i)s(j)􏼐 􏼑

Oi
􏼒 􏼓

Jj

􏼠 􏼡

z
􏽳 􏼫

� zPFSEOWG H11, H12, . . . , Hnm( 􏼁

(28)

□
4. Multiattribute Group Decision-
Making Approach

-is section develops a DM technique to resolve the
MAGDM complication using our proposed PFSEOWG
operator and a numerical example.

4.1. Proposed Approach. Let S � S1, S2, S3, . . . , Ss􏼈 􏼉 be the
set of s alternatives, W � W1 , W2 , W3, . . . , Wr􏼈 􏼉 be the set

of r experts (decision makers), and N � t1 , t2 , t3, . . . , tm􏼈 􏼉

be the set of m attributes. Let weighted vector of experts
W(i � 1, 2, 3, . . . , r) be O � (O1,O2,O3, . . . ,On)T such that
Oi > 0, 􏽐

n
i�1 Oi � 1. Let weight vector of attributes ti (i �

1, 2, 3, . . . , m) be J � (J1,J2,J3, . . . ,Jn)T such that
Jj > 0, 􏽐

n
j�1 Jj � 1. Team of experts Oi(i � 1, 2, 3, . . . , r)

consider the alternatives Si(i � 1, 2, 3, . . . , s) for attributes in
the form of PFSNs such as F � (Hij)n∗m � (aij, bij)n∗m,
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where 0≤ aij, bij ≤ 1 and 0 ≤ a2ij, b
2
ij ≤ 1 ∀i, j are given in

Tables 1–5.
We will apply the proposed PFSEOWG operator to solve

the MAGDM problem, which has the following steps:

Step-1: obtain decision matrices F � (Hij)n∗m for al-
ternatives relative to attributes in the form of PFSNs.
Step-2: find the associated ordered position matrix by
using the score function.
Step-3: by using the normalization formula, normalize
the decision matrix to convert the rating value of cost
type parameters into benefit type parameters.

Mij �
H

c
ij � bij, αij􏼐 􏼑 cost type parameter,

F � Hij􏼐 􏼑
n∗m benefit type parameter.

⎧⎪⎨

⎪⎩
(29)

Step-4: use the developed PFSEOWG operator to ag-
gregate the PFSNs Hij for each alternative
S � S1, S2, S3, . . . , Ss􏼈 􏼉 into the decision matrix Hij.
Step-5: calculate the score values of H for all alterna-
tives by using equation (7).
Step-6: select the alternative which has the maximum
score value and examine the ranking.

4.2. Numerical Example. Suppose a rider has to choose
a bike, and he has five alternatives such as S1, Jawa Perak t;
S2, KTM 390 Duke; S3, Honda CBR 250R; S4, Bajaj Avenger
Cruise 220; and S5, Royal Enfield Himalayan. -ere are
four considered attributes, according to which rider
must have to take decision such as t1, size; t2, com-
patibility; t3, maintenance; and t4, aesthetics, with the
weight vector J � (0.2, 0.2, 0.2, 0.4)T. Here, t1, t3 are
cost type parameters and t2, t4 are benefit type pa-
rameters. Businessmen hire a team of four experts
Or(r � 1, 2, 3, 4) for decision-making with the weight
vector O � (0.1, 0.3, 0.3, 0.3)T.

Step-1: according to the expert’s opinion, Pythagorean
fuzzy soft decision matrices for all alternatives are given
in Tables 1–5.
Step-2: according to experts’ opinions, the ordered
Pythagorean fuzzy soft decision matrix for finding all
alternatives is shown in Tables 6–10.
Step-3: because t1 and t3 represent the cost type pa-
rameters. -erefore, the normalized ordered Pythag-
orean fuzzy soft decision matrix is obtained using the
normalized formula in Tables 11–15.
Step-4: the proposed PFSEOWG operator was applied
to the acquired data, and then we obtain the opinions of
decision makers on each alternative in the form of
PFSNs such as H1 � 0.3203, 0.8382, H2 � 0.4912,

0.6112, H3 � 0.4675, 0.5801, H4 � 0.5421, 0.6512, and
H5 � 0.4821, 0.5994.
Step-5: use the score formula H � α2ij − b2ij to calculate
the score values for all alternatives.

H H1( 􏼁 � −0.5999,

H H2( 􏼁 � −0.1322,

H H3( 􏼁 � −0.1179,

H H4( 􏼁 � −0.1301,

H H5( 􏼁 � −0.1068.

(30)

Step-6: after calculation, we get the ranking of alternatives
H(H5)>H(H3)>H(H4)>H(H2)>H(H1). So,
S5 > S3 > S4 > S2 > S1.

Hence, the best alternative is S5.

5. Comparative Studies

It is compared with some existing PFS and PFSS to dem-
onstrate the efficiency of the anticipated model.

Table 1: PFS decision matrix for S1.

t1 t2 t3 t4

O1 (0.8, 0.5) (0.7, 0.5) (0.6, 0.4) (0.7, 0.4)

O2 (0.6, 0.5) (0.9, 0.1) (0.7, 0.3) (0.4, 0.5)

O3 (0.8, 0.4) (0.7, 0.5) (0.6, 0.4) (0.3, 0.5)

O4 (0.7, 0.3) (0.6, 0.5) (0.4, 0.5) (0.5, 0.7)

Table 2: PFS decision matrix for S2.

t1 t2 t3 t4

O1 (0.7, 0.5) (0.8, 0.5) (0.6, 0.4) (0.8, 0.4)

O2 (0.6, 0.3) (0.9, 0.2) (0.8, 0.3) (0.7, 0.5)

O3 (0.5, 0.4) (0.6, 0.5) (0.6, 0.3) (0.3, 0.6)

O4 (0.7, 0.4) (0.6, 0.4) (0.7, 0.5) (0.5, 0.7)

Table 3: PFS decision matrix for S3.

t1 t2 t3 t4

O1 (0.7, 0.5) (0.7, 0.4) (0.6, 0.4) (0.8, 0.4)

O2 (0.6, 0.6) (0.9, 0.1) (0.6, 0.3) (0.4, 0.5)

O3 (0.8, 0.3) (0.7, 0.2) (0.6, 0.5) (0.4, 0.5)

O4 (0.7, 0.6) (0.3, 0.5) (0.4, 0.5) (0.5, 0.6)

Table 4: PFS decision matrix for S4.

t1 t2 t3 t4

O1 (0.8, 0.5) (0.7, 0.5) (0.7, 0.4) (0.6, 0.4)

O2 (0.6, 0.4) (0.8, 0.1) (0.7, 0.3) (0.4, 0.7)

O3 (0.7, 0.4) (0.7, 0.5) (0.6, 0.4) (0.3, 0.5)

O4 (0.6, 0.3) (0.6, 0.3) (0.8, 0.5) (0.5, 0.6)

Table 5: PFS decision matrix for S5.

t1 t2 t3 t4

O1 (0.6, 0.5) (0.6, 0.5) (0.6, 0.4) (0.5, 0.4)

O2 (0.6, 0.4) (0.8, 0.1) (0.8, 0.3) (0.7, 0.5)

O3 (0.6, 0.4) (0.7, 0.3) (0.6, 0.4) (0.6, 0.5)

O4 (0.7, 0.4) (0.7, 0.5) (0.4, 0.5) (0.5, 0.8)
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5.1. Advantages of the Proposed Method. -e predictable
procedure is practical and reasonable; we have an in-
novative approach under the PFSS setting over the
PFSEOWG operator. Our expected model is more talented
than conventional structures and can carry the most

progressive values in MAGDM difficulties. -e merger
model is multipurpose and familiar to accommodate po-
tential variations, involvement, and efficiency. Different
models have specific ranking measures, so there are in-
cidental alterations among the grades of the projected
technique to be reasonable based on their deliberations.
Based on this scientific study and estimation, we now
accomplish that the consequences attained from standing
approaches are impulsively associated with hybrid struc-
tures. In addition, due to some prosperous environments,
numerous hybrid assemblies of FS and IFS have to convert
infrequently for PFSS. -us, it is a modest method to
combine inadequate and inexact information in the DM
technique. -erefore, our planned technique will be more
competent, more significant, improved, and healthier than
the numerous other mix structures of FS. Table 16 shows
the characteristic analysis of the anticipated technique and
some current models.

5.2. Comparative Analysis. To confirm the effectiveness of
the proposed method, we compared the results obtained
with some existing techniques in the PFSS setting. All results
are summarized in Table 17. In this work, a new aggregation

Table 6: Ordered PFS decision matrix for S1.

t1 t2 t3 t4

O1 (0.8, 0.5) (0.7, 0.5) (0.6, 0.4) (0.7, 0.4)

O2 (0.6, 0.5) (0.9, 0.1) (0.7, 0.3) (0.4, 0.5)

O3 (0.8, 0.4) (0.7, 0.5) (0.6, 0.4) (0.3, 0.5)

O4 (0.7, 0.3) (0.6, 0.5) (0.4, 0.5) (0.5, 0.7)

Table 7: Ordered PFS decision matrix for S2.

t1 t2 t3 t4

O1 (0.7, 0.5) (0.8, 0.5) (0.6, 0.4) (0.8, 0.4)

O2 (0.6, 0.3) (0.9, 0.2) (0.8, 0.3) (0.7, 0.5)

O3 (0.5, 0.4) (0.6, 0.5) (0.6, 0.3) (0.3, 0.6)

O4 (0.7, 0.4) (0.6, 0.4) (0.7, 0.5) (0.5, 0.7)

Table 8: Ordered PFS decision matrix for S3.

t1 t2 t3 t4

O1 (0.7, 0.5) (0.7, 0.4) (0.6, 0.4) (0.8, 0.4)

O2 (0.6, 0.6) (0.9, 0.1) (0.6, 0.3) (0.4, 0.5)

O3 (0.8, 0.3) (0.7, 0.2) (0.6, 0.5) (0.4, 0.5)

O4 (0.7, 0.6) (0.3, 0.5) (0.4, 0.5) (0.5, 0.6)

Table 9: Ordered PFS decision matrix for S4.

t1 t2 t3 t4

O1 (0.8, 0.5) (0.7, 0.5) (0.7, 0.4) (0.6, 0.4)

O2 (0.6, 0.4) (0.8, 0.1) (0.7, 0.3) (0.4, 0.7)

O3 (0.7, 0.4) (0.7, 0.5) (0.6, 0.4) (0.3, 0.5)

O4 (0.6, 0.3) (0.6, 0.3) (0.8, 0.5) (0.5, 0.6)

Table 10: Ordered PFS decision matrix for S5.

t1 t2 t3 t4

O1 (0.6, 0.5) (0.6, 0.5) (0.6, 0.4) (0.5, 0.4)

O2 (0.6, 0.4) (0.8, 0.1) (0.8, 0.3) (0.7, 0.5)

O3 (0.6, 0.4) (0.7, 0.3) (0.6, 0.4) (0.6, 0.5)

O4 (0.7, 0.4) (0.7, 0.5) (0.4, 0.5) (0.5, 0.8)

Table 11: Normalized ordered PFS decision matrix for S1.

t1 t2 t3 t4

O1 (0.5, 0.8) (0.7, 0.5) (0.4, 0.6) (0.7, 0.4)

O2 (0.5, 0.6) (0.9, 0.1) (0.3, 0.7) (0.4, 0.5)

O3 (0.4, 0.8) (0.7, 0.5) (0.4, 0.6) (0.3, 0.5)

O4 (0.3, 0.7) (0.6, 0.5) (0.5, 0.4) (0.5, 0.7)

Table 12: Normalized ordered PFS decision matrix for S2.

t1 t2 t3 t4

O1 (0.5, 0.7) (0.8, 0.5) (0.4, 0.6) (0.8, 0.4)

O2 (0.3, 0.6) (0.9, 0.2) (0.3, 0.8) (0.7, 0.5)

O3 (0.4, 0.5) (0.6, 0.5) (0.3, 0.6) (0.3, 0.6)

O4 (0.4, 0.7) (0.6, 0.4) (0.5, 0.7) (0.5, 0.7)

Table 13: Normalized ordered PFS decision matrix for S3.

t1 t2 t3 t4

O1 (0.5, 0.7) (0.7, 0.4) (0.4, 0.6) (0.8, 0.4)

O2 (0.6, 0.6) (0.9, 0.1) (0.3, 0.6) (0.4, 0.5)

O3 (0.3, 0.8) (0.7, 0.2) (0.5, 0.6) (0.4, 0.5)

O4 (0.6, 0.7) (0.3, 0.5) (0.5, 0.4) (0.5, 0.6)

Table 15: Normalized PFS ordered decision matrix for S5.

t1 t2 t3 t4

O1 (0.5, 0.6) (0.6, 0.5) (0.4, 0.6) (0.5, 0.4)

O2 (0.4, 0.6) (0.8, 0.1) (0.3, 0.8) (0.7, 0.5)

O3 (0.4, 0.6) (0.7, 0.3) (0.4, 0.6) (0.6, 0.5)

O4 (0.4, 0.7) (0.7, 0.5) (0.5, 0.4) (0.5, 0.8)

Table 14: Normalized ordered PFS decision matrix for S4.

t1 t2 t3 t4

O1 (0.5, 0.8) (0.7, 0.5) (0.4, 0.7) (0.6, 0.4)

O2 (0.4, 0.6) (0.8, 0.1) (0.3, 0.7) (0.4, 0.7)

O3 (0.4, 0.7) (0.7, 0.5) (0.4, 0.6) (0.3, 0.5)

O4 (0.3, 0.6) (0.6, 0.3) (0.5, 0.8) (0.5, 0.6)
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operator, the PFSEOWG operator, is recommended to fuse
indicative information and then use the score function to
evaluate the classification of alternatives. Also, if only one
parameter is assumed instead of one, then the PFSS theory
becomes easier in PFS. -erefore, PFSS theory is a general
form of PFS theory. Consequently, it is true that based on the
above facts, the operator proposed in this work is more
robust, more reliable, and more successful.

It is also a suitable tool for outrageous wrong and er-
roneous information in the DM procedure. Compared with
contemporary approaches, the benefit of the intended
technique and associated dealings is to avoid implications
based on detested reasons. So, it is an appropriate tool for
merging erroneous and imprecise data in the DM.

6. Conclusion

-e PFSS is more operative than IFSS and PFS because they
resolve incomplete and uncertain information using MG
and NMG. AO is a mathematical tool that actively reduces
fuzzy numbers to a single fuzzy number.-is paper develops
the novel AO for PFSS, such as the PFSEOWG operator. In
addition, some basic properties are also proposed, such as
the idempotency, homogeneity, and boundedness of the
developed PFSEOWG operator. Moreover, a DM technique
has been offered to resolve the complications of MAGDM
using the projected operator. A comprehensive mathe-
matical illustration is prearranged to choose the best bicycle
for the rider to confirm the effectiveness of the recognized
technique. A comparative analysis with some existing
methods is introduced. Finally, based on the results ob-
tained, the planned method has been determined to be the
most feasible and successful for the MAGDM problem.
Future research focuses on developing more decision-
making methods, such as Einstein’s hybrid AOs in the PFSS
environment, using other operators. We are confident that

these significant growths and prospects will help consider
organizational research areas centered on the world’s
climate.
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