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In this paper we derive subordination and superordination results regarding the Atangana–Baleanu fractional integral applied to
multiplier transformation and we give several di�erential sandwich-type theorems. �en, we apply the Atangana–Baleanu
fractional integral to extended multiplier transformation on the class A∗ζ of normalized analytic functions and we derive strong
di�erential subordination and strong di�erential superordination results regarding the extended new operator and we give the
corresponding di�erential sandwich-type theorems from the �rst part of the paper.

1. Introduction

Atangana–Baleanu fractional integral operator presents
particular importance due to its nonsingular Mittag–Le�er
kernel which allows for this operator to be used in many
branches of applied mathematics for development and study
of mathematical models which involve it. Disadvantages of
the traditional fractional-order derivatives incorporating
power-law kernel or exponential kernel have been overcome
by introducing the new fractional derivative and the asso-
ciated fractional integral with Mittag–Le�er kernel. Mit-
tag–Le�er function is more suitable in expressing natural
phenomena than the power function or exponential func-
tion. It appears naturally in several physical problems and
the �eld of science and engineering. Hence, Atanga-
na–Baleanu fractional derivative and the associated Atan-
gana–Baleanu fractional integral operator are involved in
many applications such as modelling groundwater fractal
�ow, viscoelasticity, and probability theory.

�ere are many articles showing the importance of
Mittag–Le�er function in fractional calculus. A variety of
fractional evolution processes presented as being governed

by equations of fractional order, whose solutions are related
to Mittag–Le�er-type functions are presented in [1]. A
comprehensive survey on the role of the Mittag–Le�er
function and its generalizations in fractional analysis and
fractional modelling as well as highlights on the history of
the Mittag–Le�er Function can be read in [2]. Other aspects
regarding the importance of the Mittag–Le�er function in
the framework of the Fractional Calculus starting with the
analytical properties of the classical Mittag–Le�er function
and continuing with the main applications of the Mit-
tag–Le�er function are presented in [3].

Caputo fractional derivative used in de�ning Caputo
fractional integral operator has he disadvantage that the
power kernel generates a singularity at the end point of the
interval. To eliminate this problem, at �rst, Caputo and
Fabrizio [4] introduced a new nonsingular fractional de-
rivative with exponential kernel. Atangana and Baleanu
improved the Caputo–Fabrizio fractional derivative with
nonsingular kernel and de�ned Atangana–Baleanu frac-
tional derivative with nonlocal and nonsingular kernel using
the generalized Mittag–Le�er function. �e Atanga-
na–Baleanu fractional derivative is a generalization of the
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Caputo–Fabrizio derivative. Another extension of the
Caputo fractional derivative involving the generalized
hypergeometric type function is introduced in [5].

)e investigation presented in the present paper is re-
lated to new applications of Atangana–Baleanu fractional
integral applied to multiplier transformation introduced in
[6]. In that paper, a new class of analytic functions was
introduced and studied using the operator obtained as a
combination of Atangana–Baleanu fractional integral [7]
and multiplier transformation [8].

In this paper, a new approach is considered and the
operator introduced in [6] is used for studies related to the
theories of differential subordination and differential
superordination. )e operator was considered due to its
properties already proved in studies regarding geometric
function theory. It was previously applied for introducing
new classes of analytic functions, so it is natural to consider
the idea of using it in another direction of study in geometric
function theory: obtaining new strong differential subor-
dinations and superordinations. Classical differential sub-
ordinations and superordinations are first considered and
sandwich-type results are obtained. )is approach is seen in
recent papers such as [9–11]. )e basic definitions and
notations related to those theories are presented in Section 2
of the paper and the original results are contained in Section
3.

Next, the special case of strong differential subordi-
nations and superordinations is considered, inspired by
recent outcome regarding those theories [12–14]. )e
known results used in the study are presented in Section 4
of the paper. In Section 5, the Atangana–Baleanu frac-
tional integral applied to extended multiplier transfor-
mation on some interesting classes defined particularly for
strong differential subordinations and superordinations is
used for establishing new results regarding the two the-
ories and sandwich-type results are stated by combining
them.

2. Differential Subordination
and Superordination-Background

)e usual definitions and notations regarding the theories of
differential subordination [15] and differential super-
odination [16] are recalled in this section.

H(U) represents the class of analytic functions in
U � z ∈ C: |z|< 1{ }. Two remarkable subclasses of H(U)

are

H(a, n) � f ∈H(U): f(z) � a + anz
n

+ an+1z
n+1

+ . . . , z ∈ U ,

(1)

where n is a positive integer and a is a complex number, and

An � f ∈H(U): f(z) � z + an+1z
n+1

+ . . . , z ∈ U , (2)

with A � A1.
We expose below the notions of differential subordi-

nation and, respectively, differential superordination:
)e analytic function f in U is subordinate to the an-

alytic function g in U, denoted f≺g, if there exists an

analytic Schwarz function w in U, with the properties
|w(z)| < 1, for all z ∈ U, w(0) � 0 and f(z) � g(w(z)), for
all z ∈ U. When the function g is univalent in U, the dif-
ferential subordination is equivalent to f(U) ⊂ g(U) and
f(0) � g(0).

Consider h an univalent function in U and
ψ: C3 × U⟶ C. If the analytic function p in U verifies the
second order differential subordination

ψ p(z), zp′(z), z
2
p″(z); z ≺h(z), z ∈ U, (3)

then p is a solution of the differential subordination. A
dominant of the solutions of the differential subordination is
the univalent function q for which p≺q for all p satisfying
(3). )e best dominant of (3) is a dominant q for which q≺q
for all dominants q of (3).

Consider h an analytic function in U and
ψ: C2 × U⟶ C. If p and ψ(p(z), zp′(z), z2p″(z); z) are
univalent functions and p verifies the second order differ-
ential superordination

h(z)≺ψ p(z), zp′(z), z
2
p″(z); z , z ∈ U, (4)

then p is a solution of the differential superordination (4). A
subordinant is an analytic function q for which q≺p for all p

satisfying (4). )e best subordinant is an univalent sub-
ordinant q for which q≺q for all subordinants q of (4).

Miller and Mocanu [16] obtained conditions for h, q and
ψ such that the following implication

h(z)≺ψ p(z), zp′(z), z
2
p″(z); z ⇒q(z)≺p(z). (5)

holds.
)e Riemann–Liouville fractional integral ([17]) is in-

troduce by the relation

RL
c I

v
cf(z) �

1
Γ(])


z

c
(z − w)

]− 1
f(w)dw,Re(])> 0. (6)

)e extended Atangana–Baleanu integral ([18])
AB
c Iv

zf(z) is introduce by the relation

AB
c I

v
zf(z) �

1 − ]
B(])

f(z) +
]

B(])

RL
c I

]
zf(z), (7)

for any ] ∈ C, z ∈ D/ c{ }, where c is a fixed complex number
and f an analytic function on an open star-domain D

centered at c.
)e multiplier transformation ([8]) I(m, α, l)f(z) is

introduced by the relation

I(m, α, l)f(z) ≔ z + 
∞

k�2

1 + α(k − 1) + l

1 + l
 

m

akz
k
, (8)

for f ∈ A, m ∈ N∪ 0{ }, α, l≥ 0,
We applied Atangana–Baleanu fractional integral for c �

0 to multiplier transformation and we obtained a new op-
erator ([6]):

Definition 1 (See [6]). )e Atangana–Baleanu fractional
integral related to the multiplier transformation I(m, α, l)f

is defined by the following equation:
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AB
0 I

v
z(I(m, α, l)f(z)) �

1 − ]
B(])

I(m, α, l)f(z) +
]

B(])

RL
0 I

v
zI(m, α, l)f(z), (9)

where f ∈ A, ] ∈ C, m ∈ N∪ 0{ }, α, l≥ 0, z ∈ D/ 0{ }. After a simple calculation, this operator has the following
form:

AB
0 I

v
z(I(m, α, l)f(z)) �

1 − ]
B(])

z +
]

Γ(2 + ])B(])
z
]+1

+
1 − ]
B(])



∞

k�2

1 + α(k − 1) + l

l + 1
 

m

akz
k

+
]

B(])


∞

k�2

1 + α(k − 1) + l

l + 1
 

mΓ(k + 1)

] + k + 1
akz

k+]
,

(10)

for the function f(z) � z + 
∞
k�2 akzk ∈ A.

We will use the following known results to prove our
subordination and superordination results from the next
section.

Definition 2. Reference [15] Q is the set of all analytic and
injective functions f on U/E(f), with

E(f) � ζ ∈ zU : lim
z⟶ζ

f(z) �∞ , with the property

f′(ζ)≠ 0 for ζ ∈ zU/E(f).

Lemma 1 (See [15]). Consider the univalent function q in U

and θ, ϕ analytic functions in a domain Dq(U) with ϕ(w)≠ 0
for w ∈ q(U). Let Q(z) � zq′(z)ϕ(q(z)) and h(z) �

θ(q(z)) + Q(z). Q is supposed to be starlike univalent in U

with the property Re(zh′(z)/Q(z))> 0 for z ∈ U.
If p is an analytic function such that p(U)⊆D, p(0) �

q(0) and

zp′(z)ϕ(p(z)) + θ(p(z))≺zq′(z)ϕ(q(z)) + θ(q(z)). (11)

then p(z)≺q(z) and q is the best dominant.

Lemma 2 (See [19]). Consider the convex univalent function
q in U and θ, ϕ analytic functions in a domain Dq(U) . Let

ψ(z) � zq′(z)ϕ(q(z)) starlike univalent in U and
Re(θ′(q(z))/ϕ(q(z)))> 0 for z ∈ U.

If p(z) ∈H[q(0), 1]∩Q, with p(U)⊆D and
zp′(z)ϕ(p(z)) + θ(p(z)) is an univalent function in U and

zq′(z)ϕ(q(z)) + θ(q(z))≺zp′(z)ϕ(p(z)) + θ(p(z)). (12)

then q(z)≺p(z) and q is the best subordinant.

3. Differential Subordination
and Superordination

)e first subordination result involving Atangana–Baleanu
fractional integral applied tomultiplier transformation given
in Definition 1 is the following theorem.

Theorem 1. Consider the analytic and univalent function q

in U with q(z) ≠ 0, for all z ∈ U and
(AB
0 Iv

z(I(m, α, l)f(z))/z)n ∈H(U), f ∈ A, m ∈ N∪ 0{ },
α, l≥ 0, n> 0, ] ∈ C, z ∈ U/ 0{ }. Let zq′(z)/q(z) a starlike
univalent function in U,

Re
2a

d
(q(z))

2
+

b

d
q(z) + 1 −

zq′(z)

q(z)
+

zq″(z)

q′(z)
 > 0, (13)

for a, b, c, d ∈ C, d≠ 0, z ∈ U and

ψ]
m,α,l(n, a, b, c; z) ≔ a

AB
0 Iv

z(I(m, α, l)f(z))/z( 
n ∈H(U)(I(m, α, l)f(z))

z
 

2n

+ b
AB
0 Iv

z(I(m, α, l)f(z))

z
 

n

+ c + dn
z

AB
0 I

v
z(I(m, α, l)f(z)) ′

AB
0 I

v
z(I(m, α, l)f(z))

− 1⎡⎢⎣ ⎤⎥⎦.

(14)

If the differential subordination

ψ]
m,α,l(n, a, b, c; z)≺aq(z)

2
+ bq(z) + c + d

zq′(z)

q(z)
, (15)

is satisfied by q, for a, b, c, d ∈ C, d≠ 0, then we obtain the
following differential subordination
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AB
0 Iv

z(I(m, α, l)f(z))

z
 

n

≺q(z), z ∈ U, (16)

and the best dominant is q.

Proof. Set p(z): � (AB
0 Iv

z(I(m, α, l)f(z))/z)n, z ∈ U, z≠ 0
and differentiating it, we obtain

p′(z) � n
AB
0 Iv

z(I(m, α, l)f(z))

z
 

n− 1 AB
0 I

v
z(I(m, α, l)f(z)) ′

z
−

AB
0 I

v
z(I(m, α, l)f(z))

z
2

⎡⎢⎣ ⎤⎥⎦

� n
AB
0 Iv

z(I(m, α, l)f(z))

z
 

n− 1 AB
0 I

v
z(I(m, α, l)f(z)) ′

z
−

n

z
p(z).

(17)

We obtain zp′(z)/p(z) � n[ z(AB
0 Iv

z(I(m, α, l)

f(z)))′/AB
0 Iv

z(I(m, α, l)f(z)) − 1].
Let θ(w): � aw2 + bw + c and Q(w): � d/w, it is easy

to verify that θ is analytic in C, ϕ is analytic in C/ 0{ } and
ϕ(w)≠ 0, w ∈ C/ 0{ }.

Also, by setting Q(z) � zq′(z)ϕ(q(z)) � dzq′(z)/q(z)

and h(z) � θ(q(z)) + Q(z) � aq(z)2 + bq(z) + c+ dzq′(z)/
q(z), we get that Q(z) is a starlike univalent function in U.

We obtain

h′(z) � 2aq(z)q′(z) + bq′(z) + d
q′(z) + zq″(z)( q(z) − z q′(z)( 

2

(q(z))
2 ,

zh′(z)

Q(z)
�

zh′(z)

dzq′(z)/q(z)

�
2a

d
(q(z))

2
+

b

d
q(z) + 1 −

zq′(z)

q(z)
+

zq″(z)

q′(z)
.

(18)

We obtain that

Re
zh′(z)

Q(z)
  � Re

2a

d
(q(z))

2
+

b

d
q(z) + 1 −

zq′(z)

q(z)
+

zq″(z)

q′(z)
 > 0.

(19)

In this condition we can write

ap(z)
2

+ bp(z) + c + d
zp′(z)

p(z)
� a

AB
0 Iv

z(I(m, α, l)f(z))

z
 

2n

+ b
AB
0 Iv

z(I(m, α, l)f(z))

z
 

n

+ c + dn
z

AB
0 I

v
z(I(m, α, l)f(z)) ′

AB
0 I

v
z(I(m, α, l)f(z))

− 1⎡⎢⎣ ⎤⎥⎦, (20)

and by using (15), we obtain

a(p(z))
2

+ bp(z) + c + d
zp′(z)

p(z)
≺a(q(z))

2
+ bq(z) + c + d

zq′(z)

q(z)
.

(21)

Applying Lemma 1, we get p( z)≺q(z), z ∈ U, equiva-
lently with (AB

0 Iv
z(I(m, α, l)f(z))/z)n≺q(z), z ∈ U and the

best dominant is q. □

Corollary 1. Suppose that (13) holds. If

ψ]
m,α,l(n, a, b, c; z)≺a

1 + Az

1 + Bz
 

2
+ b

1 + Az

1 + Bz
+ c + d

(A − B)z

(1 + Az)(1 + Bz)
,

(22)

for m ∈ N∪ 0{ }, α, l≥ 0, n> 0, ], a, b, c, d ∈ C, d≠ 0,
−1≤B<A≤ 1, with ψ]

m,α,l(n, a, b, c; z) defined in (14), then
AB
0 Iv

z(I(m, α, l)f(z))

z
 

n

≺
1 + Az

1 + Bz
, z ∈ U, (23)

and the best dominant is 1 + Az/1 + Bz.

Proof. Considering q(z) � 1 + Az/1 + Bz, when
−1≤B<A≤ 1 in )eorem 1, we obtain the corollary. □
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Corollary 2. Suppose that (13) holds. If

ψ]
m,α,l(n, a, b, c; z)≺a

1 + z

1 − z
 

2c

+ b
1 + z

1 − z
 

c

+ c +
2 dc z

1 − z
2 ,

(24)

for m ∈ N∪ 0{ }, α, l≥ 0, n> 0, ], a, b, c, d ∈ C, d≠ 0, 0< c≤ 1,
where ψ]

m,α,l(n, a, b, c; z) is defined in (14), then
AB
0 Iv

z(I(m, α, l)f(z))

z
 

n

≺
1 + z

1 − z
 

c

, z ∈ U, (25)

and the best dominant is (1 + z/1 − z)c.

Proof. Corollary follows by taking q(z) � (1 + z/1 − z)c,
0< c≤ 1, in )eorem 1.

)e first superordination result is the following theo-
rem: □

Theorem 2. Consider an analytic and univalent function q

in U with the properties q(z)≠ 0 and zq′(z)/q(z) is a starlike
univalent function in U. Suppose that

Re
2a

d
(q(z))

2
+

b
q(z) > 0, fora, b, d ∈ C, d≠ 0. (26)

If (AB
0 Iv

z(I(m, α, l)f(z))/z)n ∈H[0, n]∩Q and
ψ]

m,α,l(n, a, b, c; z) is a univalent function in U, with
ψ]

m,α,l(n, a, b, c; z) defined in (14), then the differential
superorodination

aq(z)
2

+ bq(z) + c + d
zq′(z)

q(z)
≺ψ]

m,α,l(n, a, b, c; z). (27)

implies the following differential superordination

q(z)≺
AB
0 Iv

z(I(m, α, l)f(z))

z
 

n

, z ∈ U, (28)

and the best subordinant is q.

Proof. Consider p(z): � (AB
0 Iv

z(I(m, α, l)f(z))/z)n, z ∈ U,
z≠ 0.

Let θ(w): � aw2 + bw + c and ϕ(w): � d/w, it is easy to
verify that θ is an analytic function in C, ϕ is an analytic
function in C/ 0{ } with ϕ(w)≠ 0, w ∈ C/ 0{ }.

When θ′(q(z))/ϕ(q(z)) � q′(z)[2aq(z) + b]q(z)/d, it
yields that
Re(θ′(q(z))/ϕ(q(z))) � Re(2a/d(q(z))2 + b/dq(z)) > 0,
for a, b, d ∈ C, d≠ 0.

We get

aq(z)
2

+ bq(z) + c + d
zq′(z)

q(z)
≺ap(z)

2
+ bp(z) + c + d

zp′(z)

p(z)
. (29)

Applying Lemma 2, we get

q(z)≺p(z) �
AB
0 Iv

z(I(m, α, l)f(z))

z
 

n

, z ∈ U, (30)

and the best subordinant is q. □

Corollary 3. Suppose that (26) holds. When
(AB
0 Iv

z(I(m, α, l)f(z))/z)n ∈H[0, n]∩Q and

a
1 + Az

1 + Bz
 

2
+ b

1 + Az

1 + Bz
+ c +

d(A − B)z

(1 + Az)(1 + Bz)

≺ψ]
m,α,l(n, a, b, c; z),

(31)

for m ∈ N∪ 0{ }, α, l≥ 0, n> 0, ], a, b, c, d ∈ C, d≠ 0,
−1≤B<A≤ 1, with ψ]

m,α,l(n, a, b, c; z) defined in (14), then

1 + Az

1 + Bz
≺

AB
0 Iv

z(I(m, α, l)f(z))

z
 

n

, z ∈ U, (32)

and the best subordinant is 1 + Az/1 + Bz.

Proof. Taking q(z) � 1 + Az/1 + Bz, −1≤B<A≤ 1 in )e-
orem 2, we obtain the corollary. □

Corollary 4. Suppose that (26) holds. If
(AB
0 Iv

z(I(m, α, l)f(z))/z)n ∈H[0, n]∩Q and

a
1 + z

1 − z
 

2c

+ b
1 + z

1 − z
 

c

+ c +
2 dc z

1 − z
2 ≺ψ

]
m,α,l(n, a, b, c; z),

(33)

for m ∈ N∪ 0{ }, α, l≥ 0, n> 0, ], a, b, c, d ∈ C, d≠ 0, 0< c≤ 1,
with ψ]

m,α,l(n, a, b, c; z) introduced in (14), then

1 + z

1 − z
 

c

≺
AB
0 Iv

z(I(m, α, l)f(z))

z
 

n

, z ∈ U, (34)

and the best subordinant is (1 + z/1 − z)c.

Proof. Corollary follows taking q(z) � (1 + z/1 − z)c,
0< c≤ 1, in )eorem 2.

)eorem 1 combined with )eorem 2 give the following
Sandwich theorem. □

Theorem 3. Consider q1, q2 analytic and univalent functions
in U with the properties q1(z)≠ 0, q2(z)≠ 0, for all z ∈ U,
and zq1′(z)/q1(z), zq2′(z)/q2(z) are starlike univalent
functions. Consider q1 satisfies (3.1) and q2 satisfies (3.5).
When (AB

0 Iv
z(I(m, α, l)f(z))/z)n ∈H[0, n]∩Q and

ψ]
m,α,l(n, a, b, c; z) introduced in (14) is an univalent function

in U, then

aq1(z)
2

+ bq1(z) + c + d
zq1′(z)

q1(z)
≺ψ]

m,α,l(n, a, b, c; z),≺aq2(z)
2

+ bq2(z) + c + d
zq2′(z)

q2(z)
,

(35)

for m ∈ N∪ 0{ }, α, l≥ 0, n> 0, ], a, b, c, d ∈ C, d≠ 0, implies

q1(z)≺
AB
0 Iv

z(I(m, α, l)f(z))

z
 

n

≺q2(z), z ∈ U, (36)

and the best subordinant is q1 and the best dominant is q2.
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Taking q1(z) � 1 + A1z/1 + B1z, q2(z) � 1 + A2z/1
+B2z, where −1≤B2 <B1 <A1 <A2 ≤ 1, we get the following
corollary.

Corollary 5. Suppose that (13) and (26) hold. If
(AB
0 Iv

z(I(m, α, l)f(z))/z)n ∈H[0, n]∩Q and

a
1 + A1z

1 + B1z
 

2

+ b
1 + A1z

1 + B1z
+ c +

d A1 − B1( z

1 + A1z(  1 + B1z( 
≺ψ]

m,α,l(n, a, b, c; z)≺a
1 + A2z

1 + B2z
 

2

+ b
1 + A2z

1 + B2z
+ c +

d A2 − B2( z

1 + A2z(  1 + B2z( 
,

(37)

for m ∈ N∪ 0{ }, α, l≥ 0, n> 0, ], a, b, c, d ∈ C, d≠ 0,
−1≤B2 ≤B1 <A1 ≤A2 ≤ 1, with ψ]

m,α,l(n, a, b, c; z) defined in
(14), then

1 + A1z

1 + B1z
≺

AB
0 Iv

z(I(m, α, l)f(z))

z
 

n

≺
1 + A2z

1 + B2z
, (38)

hence the best subordinant is 1 + A1z/1 + B1z and the best
dominant is 1 + A2z/1 + B2z.

Corollary 6. Suppose that (13) and (26) hold. When
(AB
0 Iv

z(I(m, α, l)f(z))/z)n ∈H[0, n]∩Q and

a
1 + z

1 − z
 

2c1

+ b
1 + z

1 − z
 

c1

+ c +
2 dc1z

1 − z
2 ≺ψ

]
m,α,l(n, a, b, c; z)≺a

1 + z

1 − z
 

2c2

+ b
1 + z

1 − z
 

c2

+ c +
2 dc2z

1 − z
2 , (39)

for m ∈ N∪ 0{ }, α, l≥ 0, n> 0, ], a, b, c, d ∈ C, d≠ 0,
0< c1, c2 ≤ 1, where ψ]

m,α,l(n, a, b, c; z) is introduced in (14),
then

1 + z

1 − z
 

c1

≺
AB
0 Iv

z(I(m, α, l)f(z))

z
 

n

≺
1 + z

1 − z
 

c2

, (40)

hence the best subordinant is (1 + z/1 − z)c1 and the best
dominant is (1 + z/1 − z)c2 .

4. Strong Differential Subordination
and Superordination-Background

Consider the classH(U × U) of analytic functions in U × U,
where U � z ∈ C: |z|< 1{ } and U � z ∈ C: |z|≤ 1{ }.

In [20] the following classes were introduced connected
to the theory of strong differential subordination:

A
∗
nζ � f ∈H(U × U): f(z, ζ) � z + an+1(ζ)z

n+1
+ . . . , z ∈ U, ζ ∈ U ,

(41)

with ak(ζ) the holomorphic functions in U for k≥ 2, for n �

1 we denote this class with A∗ζ , and

H
∗
[a, n, ζ] � f ∈H(U × U): f(z, ζ) � a + an(ζ)z

n
+ an+1(ζ)z

n+1
+ . . . , z ∈ U, ζ ∈ U , (42)

for a ∈ C and n ∈ N, ak(ζ) the holomorphic functions in U

for k≥ n.
We remind the notion of strong differential subordi-

nations defined by J. A. Antonino and S. Romaguera in [21]
and developed by G. I. Oros and Gh. Oros in [22].

Definition 3 (See [22]). )e analytic function f(z, ζ) is
strongly subordinate to the analytic function H(z, ζ) if there
exists an analytic function w in U, with |w(z)| < 1, w(0) � 0
and f(z, ζ) � H(w(z), ζ) for all ζ ∈U. It is denoted
f(z, ζ)≺≺H(z, ζ), z ∈ U, ζ ∈U.

Remark 1. Reference [22] (i)When f(z, ζ) is analytic in U ×

U and univalent in U, for all ζ ∈U, Definition 3 is equivalent

to f(U × U) ⊂ H(U × U) and f(0, ζ) � H(0, ζ), for all
ζ ∈U.

(ii) When f(z, ζ) ≡ f(z) and H(z, ζ) ≡ H(z), the
strong subordination is the usual subordination.

To obtain the strong differential subordinations results
we need the following lemma:

Lemma 3 (See [23]). Consider the univalent function q in
U × U and θ, ϕ analytic functions in a domain Dq(U×U) with
the property ϕ(w)≠ 0 for w ∈ q(U × U). Let
Q(z, ζ) � zqz

′(z, ζ)ϕ(q(z, ζ)) starlike univalent function in
U × U and h(z, ζ) � θ(q(z, ζ)) + Q(z, ζ) with
Re(zhz
′(z, ζ)/Q(z, ζ))> 0 for z ∈ U, ζ ∈U.
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When p is an analytic function such that p(U × U)⊆D,
p(0, ζ) � q(0, ζ) and

zpz
′(z, ζ)ϕ(p(z, ζ)) + θ(p(z, ζ))≺≺zqz

′(z, ζ)ϕ(q(z, ζ))

+ θ(q(z, ζ)).
(43)

then p(z, ζ)≺≺q(z, ζ) and the best dominant is q.

)e notion of strong differential superordinations was
introduced in [24] as the dual notion of strong differential
subordination.

Definition 4 (See [24]). )e analytic function f(z, ζ) is
strongly superordinate to the analytic function H(z, ζ) if
there exists an analytic function w in U, with the properties
|w(z)|< 1, w(0) � 0 and H(z, ζ) � f(w(z), ζ), for all ζ ∈U.
It is denoted H(z, ζ)≺≺f(z, ζ), z ∈ U, ζ ∈U.

Remark 2. Reference [24] (i) When f(z, ζ) is analytic in
U × U, and univalent in U, for all ζ ∈U, Definition 4 is
equivalent to H(U × U) ⊂ f(U × U) and H(0, ζ) � f(0, ζ),
for all ζ ∈U.

(ii) When f(z, ζ) ≡ f(z) and H(z, ζ) ≡ H(z), the
strong superordination is the usual superordination.

Definition 5. Reference [25] Q∗ is the set of analytic and
injective functions on U × U/E(f, ζ), with

E(f, ζ) � y ∈ zU : lim
z⟶y

f(z, ζ) �∞ , with the property

fz
′(y, ζ)≠ 0 for y ∈ zU × U/E(f, ζ). Q∗(a) is the subclass

of Q∗ with f(0, ζ) � a.
To obtain the strong differential superordinations results

we need the following lemma.

Lemma 4 (See [23]). Let q the convex univalent function in
U × U and ],ϕ analytic functions in a domain Dq(U×U). Let
Re(θz
′(q(z, ζ))/ϕ(q(z, ζ)))> 0 for z ∈ U, ζ ∈U and ψ(z, ζ) �

zqz
′(z, ζ)ϕ(q(z, ζ)) starlike univalent function in U × U.
When p(z, ζ) ∈H∗[q(0, ζ), 1, ζ]∩Q∗, such that p(U ×

U)⊆D and θ(p(z, ζ)) + zpz
′(z)ϕ(p(z, ζ)) is univalent

function in U × U and

zqz
′(z, ζ)ϕ(q(z, ζ)) + θ(q(z, ζ))≺≺zpz

′(z, ζ)ϕ(p(z, ζ))

+ θ(p(z, ζ)),
(44)

then q(z, ζ)≺≺p(z, ζ) and the best subordinant is q.

)e multiplier transformation was extended in [26] to
the class of analytic functions A∗nζ defined in [22].

Definition 6 (See [26]). )e multiplier transformation
I(m, λ, l): A∗ζ⟶ A∗ζ is introduced by the following infinite
series:

I(m, λ, l)f(z, ζ) ≔ � z + 

∞

j�2

1 + λ(j − 1) + l

l + 1
 

m

aj(ζ)z
j
, (45)

for f ∈ A∗ζ , m ∈ N∪ 0{ }, λ, l≥ 0.

We extend the Riemann–Liouville fractional integral
([17]) for a function f ∈ A∗ζ by the relation

RL
c I

v
zf(z, ζ) �

1
Γ(])


z

c
(z − w)

]− 1
f(w, ζ)dw,Re(])> 0, (46)

and also the extended Atangana–Baleanu integral, for a
function f ∈ A∗ζ , denoted by AB

c Iv
zf(z, ζ), by the following

equation:

AB
c I

v
zf(z, ζ) �

1 − ]
B(])

f(z, ζ) +
]

B(])

RL
c I

v
zf(z, ζ). (47)

We extend the operator defined in [6] given in Definition
1 for a function f ∈ A∗ζ .

Definition 7. )e Atangana–Baleanu fractional integral re-
garding to the extended multiplier transformation
I(m, α, l)f(z, ζ) is defined by

AB
0 I

v
z(I(m, α, l)f(z, ζ)) �

1 − ]
B(])

I(m, α, l)f(z, ζ)

+
]

B(])

RL
0 I

v
zI(m, α, l)f(z, ζ),

(48)

for f ∈ A∗ζ , m ∈ N∪ 0{ }, α, l≥ 0, ] ∈ C, and any z ∈ D/ 0{ }.
Making an easy computation, we obtain the following

form for this extended operator:

AB
0 I

v
z(I(m, α, l)f(z, ζ)) �

1 − ]
B(])

z +
]

Γ(2 + ])B(])
z
]+1

+
1 − ]
B(])



∞

k�2

1 + α(k − 1) + l

l + 1
 

m

ak(ζ)z
k

+
]

B(])

∞

k�2

1 + α(k − 1) + l

l + 1
 

mΓ(k + 1)

] + k + 1
ak(ζ)z

k+]
,

(49)

for the function f(z, ζ) � z + 
∞
k�2 ak(ζ)zk ∈ A∗ζ .

Using this operator, new strong differential subordina-
tions and superordinations results are obtained in the next
section.

5. Strong Differential Subordination
and Superordination

Similar to the results from Section 3 we get the following
results for the extended operator given in Definition 7:

Theorem 4. Consider the analytic and univalent function
q(z, ζ) in U × U with q(z, ζ)≠ 0, for all z ∈ U/ 0{ }, ζ ∈U and
(AB
0 Iv

z(I(m, α, l)f(z, ζ))/z)n ∈H(U × U), f ∈ A∗ζ ,
m ∈ N∪ 0{ }, α, l≥ 0, n> 0, ] ∈ C, z ∈ U/ 0{ }, ζ ∈U. Suppose
that zqz

′(z, ζ)/q(z, ζ) is starlike univalent in U × U. Let

Re
2a

d
(q(z, ζ))

2
+

b
q(z, ζ) + 1 −

zqz
′(z, ζ)

q(z, ζ)
+

zq
′′
z2(z, ζ)

qz
′(z, ζ)

⎛⎝ ⎞⎠> 0,

(50)

for a, b, c, d ∈ C, d≠ 0, z ∈ U/ 0{ }, ζ ∈U and
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ψ]
m,α,l(n, a, b, c; z, ζ) ≔ � a

AB
0 Iv

z(I(m, α, l)f(z, ζ))

z
 

2n

+ b
AB
0 Iv

z(I(m, α, l)f(z, ζ))

z
 

n

+ c + dn
z

AB
0 I

v
z(I(m, α, l)f(z, ζ)) 

z
′

AB
0 I

v
z(I(m, α, l)f(z, ζ))

− 1⎡⎢⎣ ⎤⎥⎦. (51)

If the strong differential subordination

ψ]
m,α,l(n, a, b, c; z, ζ)≺≺a(q(z, ζ))

2
+ bq(z, ζ) + c + d

zqz
′(z, ζ)

q(z, ζ)
,

(52)

is satisfied by q, for a, b, c, d ∈ C, d≠ 0, then we get the strong
differential subordination

AB
0 Iv

z(I(m, α, l)f(z, ζ))

z
 

n

≺≺q(z, ζ), z ∈ U, ζ ∈ U, (53)

and the best dominant is q.

Proof. Define p(z, ζ): � (AB
0 Iv

z(I(m, α, l)f(z, ζ))/z)n,
z ∈ U, z≠ 0, ζ ∈U. Differentiating it with respect to z, we get

pz
′(z, ζ) � n

AB
0 Iv

z(I(m, α, l)f(z, ζ))

z
 

n− 1 AB
0 I

v
z(I(m, α, l)f(z, ζ)) 

z
′

z
−

AB
0 I

v
z(I(m, α, l)f(z, ζ))

z
2

⎡⎢⎣ ⎤⎥⎦

� n
AB
0 Iv

z(I(m, α, l)f(z, ζ))

z
 

n− 1 AB
0 I

v
z(I(m, α, l)f(z, ζ)) 

z
′

z
−

n

z
p(z, ζ).

(54)

)en, zpz
′(z, ζ)/p(z, ζ) � n[z(AB

0 Iv
z(I(m, α, l)f(z,

ζ)))z
′/AB
0 Iv

z(I( m, α, l)f(z, ζ)) − 1].
Let θ( w): � aw2 + bw + c and Q(w): � d/w, it is easy

to verify that θ is analytic in C, ϕ is analytic in C/ 0{ } and
ϕ(w)≠ 0, w ∈ C/ 0{ }.

Also, by setting the starlike univalent function Q(z, ζ) �

zqz
′(z)ϕ(q(z, ζ)) � dzqz

′(z, ζ)/q(z, ζ) in U × U and
h(z, ζ) � θ(q( z, ζ)) + Q(z, ζ) � a(q(z, ζ))2 + bq(z, ζ) + c +

dz qz
′(z, ζ)/q(z, ζ), we get hz

′(z, ζ) � 2aq(z, ζ)qz
′(z, ζ)+

bqz
′(z, ζ) + d(qz

′(z, ζ) + zq′
′
z2(z, ζ))q(z, ζ) −

z(qz
′(z, ζ))2/(q(z, ζ))2 and zhz

′(z, ζ)/Q(z, ζ) � zhz
′(z, ζ)/dz

qz
′(z, ζ)/q(z, ζ) � 2a/d(q(z, ζ))2 + b/dq(z, ζ) + 1 −

zqz
′(z, ζ)/q(z, ζ) + zq′

′
z2( z, ζ)/qz

′(z, ζ).
We obtain that Re(zh

z
′(z, ζ)/Q(z, ζ)) � Re(2a/d(q(z, ζ))2 + b/dq(z, ζ) + 1 − zq

z
′(z, ζ)/q(z, ζ) + zq′

′
z2( z, ζ)/qz

′(z, ζ))> 0.

We can write. a(p(z, ζ))
2

+ bp(z, ζ) + c + d zpz
′

(z, ζ)/p(z, ζ) � a[
AB
0 I

v
z(I(m, α, l)f(z, ζ))/z]

2n
+ b[

AB
0 I

v
z(I

(m, α, l)f(z, ζ))/z]n + c + dn[z(
AB
0 I

v
z(I(m, α, l)f(z, ζ)))z

′/
AB
0 I

v
z(I(m, α, l)f(z, ζ)) − 1].

Taking account the strong differential subordination
(5.3), we get a(p(z, ζ))2+ bp(z, ζ) + c + dzpz

′(z, ζ)/p(

z, ζ)≺≺a(q(z, ζ))2 + bq(z, ζ) + c + dzqz
′(z, ζ)/q(z, ζ).

Applying Lemma 3, we obtain p(z, ζ)≺≺q(z, ζ), z ∈ U,
ζ ∈U, which is equivalently with (AB

0 Iv
z(I(m, α,

l)f(z, ζ))/z)n≺≺q(z, ζ), z ∈ U, ζ ∈U, and the best dominant
is q. □

Corollary 7. Suppose that (50) holds. When

ψ]
m,α,l(n, a, b, c; z, ζ)≺≺a

ζ + Az

ζ + Bz
 

2

+ b
ζ + Az

ζ + Bz
+ c + d

(A − B)ζz

(ζ + Az)(ζ + Bz)
, (55)

for m ∈ N∪ 0{ }, α, l≥ 0, n> 0, ], a, b, c, d ∈ C, d≠ 0,
−1≤B<A≤ 1, with ψ]

m,α,l(n, a, b, c; z, ζ) defined in (51), then
AB
0 Iv

z(I(m, α, l)f(z, ζ))

z
 

n

≺≺
ζ + Az

ζ + Bz
, z ∈ U, ζ ∈ U, (56)

and the best dominant is ζ + Az/ζ + Bz.

Proof. Taking q(z, ζ) � ζ + Az/ζ + Bz, −1≤B<A≤ 1 in
)eorem 4, we obtain the corollary. □

Corollary 8. Suppose that (50) holds. When

ψ]
m,α,l(n, a, b, c; z, ζ)≺≺a

ζ + z

ζ − z
 

2c

+ b
ζ + z

ζ − z
 

c

+ c +
2 dc ζz

ζ2 − z
2 ,

(57)

for m ∈ N∪ 0{ }, α, l≥ 0, n> 0, ], a, b, c, d ∈ C, d≠ 0, 0< c≤ 1,
with ψ]

m,α,l(n, a, b, c; z, ζ) defined in (51), then
AB
0 Iv

z(I(m, α, l)f(z, ζ))

z
 

n

≺≺
ζ + z

ζ − z
 

c

, z ∈ U, ζ ∈ U, (58)

and the best dominant is (ζ + z/ζ − z)c .
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Proof. Corollary follows by using )eorem 4 for
q(z, ζ) � (ζ + z/ζ − z)c, 0< c≤ 1. □

Theorem 5. Consider the analytic and univalent function q

in U × U with the properties q(z, ζ)≠ 0 and zqz
′(z, ζ)/q(z, ζ)

is starlike univalent function in U × U. Suppose that

Re
2a

d
(q(z, ζ))

2
+

b
q(z, ζ) > 0, fora, b, d ∈ C, d≠ 0. (59)

When (AB
0 Iv

z(I(m, α, l)f(z, ζ))/z)n ∈H[0, n, ζ]∩Q∗

and ψ]
m,α,l(n, a, b, c; z, ζ) defined by (51) is an univalent

function in U × U, then the strong differential
superordination

a(q(z, ζ))
2

+ bq(z, ζ) + c + d
zqz
′(z, ζ)

q(z, ζ)
≺≺ψ]

m,α,l(n, a, b, c; z, ζ),

(60)

implies the strong differential superordination

q(z, ζ)≺≺
AB
0 Iv

z(I(m, α, l)f(z, ζ))

z
 

n

, z ∈ U, ζ ∈ U, (61)

and the best subordinant is q.

Proof. Denote p(z, ζ): � (AB
0 Iv

z(I(m, α, l)f(z, ζ))/z)n,
z ∈ U, z≠ 0, ζ ∈U.

Set θ(w): � aw2 + bw + c and ϕ(w): � d/w it is easy to
verify that θ is an analytic function in C, ϕ is an analytic
function in C/ 0{ } with ϕ(w)≠ 0, for w ∈ C/ 0{ }.

Because
θz
′(q(z, ζ))/ϕ(q(z, ζ)) � qz

′(z, ζ)[2aq(z, ζ) + b]q(z, ζ)/d, it
follows that Re(θz

′(q(

z, ζ))/ϕ(q(z, ζ))) � Re(2a/d(q(z, ζ))2 + b/dq(z, ζ))> 0, for
a, b, d ∈ C, d≠ 0.

It yields

a(q(z, ζ))
2

+ bq(z, ζ) + c + d
zqz
′(z, ζ)

q(z, ζ)
≺≺a(p(z, ζ))

2

+bp(z, ζ) + c + d
zpz
′(z, ζ)

p(z, ζ)
.

(62)

By Applying Lemma 4, we get

q(z, ζ)≺≺p(z, ζ) �
AB
0 Iv

z(I(m, α, l)f(z, ζ))

z
 

n

, z ∈ U, ζ ∈ U,

(63)

and the best subordinant is q. □

Corollary 9. Suppose that (59) holds. If
(AB
0 Iv

z(I(m, α, l)f(z, ζ))/z)n ∈H[0, n, ζ]∩Q∗ and

a
ζ + Az

ζ + Bz
 

2

+ b
ζ + Az

ζ + Bz
+ c

+
d(A − B)ζz

(ζ + Az)(ζ + Bz)
≺≺ψ]

m,α,l(n, a, b, c; z, ζ),

(64)

for m ∈ N∪ 0{ }, α, l≥ 0, n> 0, ], a, b, c, d ∈ C, d≠ 0,
−1≤B<A≤ 1, with ψ]

m,α,l(n, a, b, c; z, ζ) defined by (51), then

ζ + Az

ζ + Bz
≺≺

AB
0 Iv

z(I(m, α, l)f(z, ζ))

z
 

n

, z ∈ U, ζ ∈ U, (65)

and the best subordinant is ζ + Az/ζ + Bz.

Proof. Taking q(z, ζ) � ζ + Az/ζ + Bz, −1≤B<A≤ 1 in
)eorem 5, we obtain the corollary. □

Corollary 10. Suppose that (59) holds. If
(AB
0 Iv

z(I(m, α, l)f(z, ζ))/z)n ∈H[0, n, ζ]∩Q∗ and

a
ζ + z

ζ − z
 

2c

+ b
ζ + z

ζ − z
 

c

+ c +
2 dc ζz

ζ2 − z
2 ≺

≺ψ]
m,α,l(n, a, b, c; z, ζ),

(66)

for m ∈ N∪ 0{ }, α, l≥ 0, n> 0, ], a, b, c, d ∈ C, d≠ 0, 0< c≤ 1,
where ψ]

m,α,l(n, a, b, c; z, ζ) is defined in (51), then

ζ + z

ζ − z
 

c

≺≺
AB
0 Iv

z(I(m, α, l)f(z, ζ))

z
 

n

, z ∈ U, ζ ∈ U,

(67)

and the best subordinant is (ζ + z/ζ − z)c.

Proof. Corollary follows taking q(z, ζ) � (ζ + z/ζ − z)c,
0< c≤ 1, in )eorem 5.

)eorem 4 combined with )eorem 5 give the following
Sandwich theorem for the extended operator. □

Theorem 6. Consider the analytic and univalent functions q1
and q2 in U × U with the properties q1(z, ζ)≠ 0, q2(z, ζ)≠ 0,
for all z ∈ U, ζ ∈U, and z(q1)z

′(z, ζ)/q1(z, ζ),
z(q2)z
′(z, ζ)/q2(z, ζ) are starlike univalent functions in

U × U. Consider that q1 satisfies (50) and (59) is satisfied by
q2. When (AB

0 Iv
z(I(m, α, l)f(z, ζ))/z)n ∈H[0, n, ζ]∩Q∗ and

ψ]
m,α,l(n, a, b, c; z, ζ) defined in (51) is an univalent function in

U × U, then
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a q1(z, ζ)( 
2

+ bq1(z, ζ) + c + d
z q1( z
′(z, ζ)

q1(z, ζ)
≺≺ψ]

m,α,l(n, a, b, c; z, ζ)≺≺a q2(z, ζ)( 
2

+ bq2(z, ζ) + c + d
z q2( z
′(z, ζ)

q2(z, ζ)
, (68)

for m ∈ N∪ 0{ }, α, l≥ 0, n> 0, ], a, b, c, d ∈ C, d≠ 0, implies

q1(z, ζ)≺≺
AB
0 Iv

z(I(m, α, l)f(z, ζ))

z
 

n

≺≺q2(z, ζ), z ∈ U, ζ ∈ U,

(69)

and the best subordinant is q1 and the best dominant is q2.

For q1(z, ζ) � ζ + A1z/ζ + B1z,
q2(z, ζ) � ζ + A2z/ζ + B2z, with −1≤B2 <B1 <A1 <A2 ≤ 1,
we obtain the following corollary.

Corollary 11. Suppose that (50) and (59) hold. If
(AB
0 Iv

z(I(m, α, l)f(z, ζ))/z)n ∈H[0, n, ζ]∩Q∗ and

a
ζ + A1z

ζ + B1z
 

2

+ b
ζ + A1z

ζ + B1z
+ c +

d A1 − B1( ζz

ζ + A1z(  ζ + B1z( 
≺≺ψ]

m,α,l(n, a, b, c; z, ζ)≺≺a
ζ + A2z

ζ + B2z
 

2

+ b
ζ + A2z

ζ + B2z
+ c +

d A2 − B2( ζz

ζ + A2z(  ζ + B2z( 
,

(70)

for m ∈ N∪ 0{ }, α, l≥ 0, n> 0, ], a, b, c, d ∈ C, d≠ 0,
−1≤B2 ≤B1 <A1 ≤A2 ≤ 1, with ψ]

m,α,l(n, a, b, c; z, ζ) defined
by (51), then

ζ + A1z

ζ + B1z
≺≺

AB
0 Iv

z(I(m, α, l)f(z, ζ))

z
 

n

≺≺
ζ + A2z

ζ + B2z
, (71)

hence the best subordinant is ζ + A1z/ζ + B1z and the best
dominant is ζ + A2z/ζ + B2z.

Corollary 12. Suppose that (50) and (59) hold. If
(AB
0 Iv

z(I(m, α, l)f(z, ζ))/z)n ∈H[0, n, ζ]∩Q∗ and

a
ζ + z

ζ − z
 

2c1

+ b
ζ + z

ζ − z
 

c1

+ c +
2 dc1ζz

ζ2 − z
2 ≺≺ψ

]
m,α,l(n, a, b, c; z, ζ)≺≺a

ζ + z

ζ − z
 

2c2

+ b
ζ + z

ζ − z
 

c2

+ c +
2 dc2ζz

ζ2 − z
2 , (72)

for m ∈ N∪ 0{ }, α, l≥ 0, n> 0, ], a, b, c, d ∈ C, d≠ 0,
0< c1, c2 ≤ 1, where ψ]

m,α,l(n, a, b, c; z, ζ) is defined in (51), then

ζ + z

ζ − z
 

c1

≺≺
AB
0 Iv

z(I(m, α, l)f(z, ζ))

z
 

n

≺≺
ζ + z

ζ − z
 

c2

,

(73)

hence the best subordinant is (ζ + z/ζ − z)c1 and the best
dominant is (ζ + z/ζ − z)c2 .

6. Conclusion

A previously introduced operator given in Definition 1 as
Atangana–Baleanu fractional integral applied to multiplier
transformation is used for obtaining new differential sub-
ordinations and superordinations. )e theorems stated and
proved in Section 3 of the present paper concern differential
subordinations and superodinations involving Atanga-
na–Baleanu fractional integral applied to multiplier trans-
formation for which the best dominant and best subordinant
are given, respectively. Considering specific functions with
known geometric properties as best dominant and best
subordinant, respectively, corollaries are obtained for each of
the new theorems. Further, in Section 4, Atangana–Baleanu
fractional integral is applied to extended multiplier trans-
formation and a new operator is given in Definition 7 con-
sidering special classes of functions considered in the study of

strong differential subordination and superordination theo-
ries. Using this newly introduced operator, strong differential
subordinations and superordinations are obtained in Section
5 and the best dominant and best subordinant are provided,
respectively. Using particular functions in the positions of the
best dominant and best subordinant, corollaries are stated for
each theorem.

As further directions of study in which the results
presented in this paper could be used, we mention the
possible adaptation of the operators to quantum calculus
following the line of research proposed in [27, 28] and
having in mind the comprehensive presentation of fractional
q -calculus given in [29].

Also, Atangana–Baleanu fractional integral applied to
extended multiplier transformation could be used for in-
troducing and studying new classes of univalent functions
just as Atangana–Baleanu fractional integral applied to
multiplier transformation was used in [6].
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[19] T. Bulboacă, “Classes of first order differential super-
ordinations,” Demonstratio Mathematica, vol. 35, no. 2,
pp. 287–292, 2002.

[20] J. A. Antonino and S. Romaguera, “Strong differential sub-
ordination to Briot-Bouquet differential equations,” Journal of
Differential Equations, vol. 114, no. 1, pp. 101–105, 1994.

[21] G. I. Oros and G. H. Oros, “Strong differential subordination,”
Turkish Journal of Mathematics, vol. 33, pp. 249–257, 2009.

[22] G. I. Oros, “On a new strong differential subordination,” Acta
Universitatis Apulensis, vol. 32, pp. 243–250, 2012.

[23] S. S. Miller and P. T. Mocanu, “Briot-Bouquet differential
superordinations and sandwich theorems,” Journal of
Mathematical Analysis and Applications, vol. 329, no. 1,
pp. 327–335, 2007.

[24] G. I. Oros, “Strong differential superordination,” Acta Uni-
versitatis Apulensis, vol. 19, pp. 101–106, 2009.
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