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Most nonlinear difference equations have exact solutions that are not always possible to obtain theoretically. As a result, a large
number of researchers investigate several qualitative aspects of difference equations in order to predict their lengthy behavior. The
goal of our research is to obtain the solutions of a tenth-order difference equation U,,, =U, U, U, /U, U, 5(+
1+U,,U,5U,_ ), n>0, where the initial values are positive real numbers. Stability and periodicity are also investigated.

1. Introduction

Solving the difference equation is one of the problems that is
difficult to determine the solvability. The aim of this study is
to solve difference equation of the tenth order and solve four
specific cases of the following difference equation:

_ Un—9Un—5Un—1
1~ >
" Un—7Un—3 ( 1+ Un—9Un—5 Un—l)

U n>0, (1)

where the initial conditions U_q,U_4,U_,,U_,U_5,U_,,U_3,
U_,,U_,,U, are the arbitrary positive real numbers. We also
provide some properties of solutions such as periodicity in
two cases and stability in the other two cases. Difference
equations are used in a variety of probability problems such
as hypergeometric, binomial, and poison distribution. Dif-
ferential equations are related to difference equations in the
same way that discrete mathematics and continuous
mathematician are related. Difference equations are of
importance to computer scientists for a variety of reasons.
For example, when estimating the cost of an algorithm in
big-O notation, converting a difficult differential problem to

a nearly equivalent difference equation is the first step in
solving. The study of asymptotic stability of nonlinear ra-
tional difference equations of high order is a difficult but
rewarding task. It is particularly beneficial for analyzing the
characteristics of mathematical models using different ap-
plications such as biological systems. The main topic in study
is that the difference equations theory has been the as-
ymptotic behavior of rational form of difference equation.

In addition, various nonlinear trends in science and
engineering can be modeled by this type of equation, and the
solution of this type of equation provides a prototype for the
development of theory [1]. In the literature, many applica-
tions theories’ differences equations have been investigated.
El-Dessoky [2] investigated the behavior properties of the
solutions of the rational difference equation:

WU, U,
ntl = aUn s (2)

U .
cU,_,+dU,_,

Ghazela et al. [3] researched the analytic qualities of
sixth-order difference equations:


mailto:abdulqadeerkhan1@gmail.com
https://orcid.org/0000-0003-0894-8472
https://orcid.org/0000-0002-8330-8910
https://orcid.org/0000-0002-0278-1352
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2022/5242325

bUn—5

Upy =—— 12—
U, LU, s +d

(3)

Al-Matrafi and Al-Zubaidi [4] achieved global and local
stability and forms of positive periodic solutions for two
types of recursive equations:

b, U
Uy =aU, | + —=t 4
n+l ayv, CUn,4 _ dUn—G ( )

Exploring some properties of the behavior of solutions
appropriate to the class of recursive equation:

— aU + bUn— 1 Un—3

U e }
n+l n-1 CUn_3 _ dUn—S

(5)

was the prime objective for Alayachi et al. in [5]. Sadiq and
Kalim [6] studied solutions, equilibrium points, and peri-
odicity of four types of difference equations:
[]n—ZO

U,,= .
" 414U, U, 13U,

(6)

Elsayed in [7] was able to get the solutions to this dif-
ference questions:

Un Un—Z Un—4

= (7)

U .
" U, U, (£ 12U0,U,,U,.,)

For more articles in this direction, we refer the reader to
[8-14] and references cited therein.

2. The First Case:
U == Un—9Un—5Un—1/U1’l—7UVl—3 (1 + Un—9 U?’l—5
Un—l

n

The aim of this section is studying the solutions form of the
particular case:

_ U, U, sU, n=0,1 (8)

U bl
i Un—7Un—3 (1 + Un—9Un—5Un71)

Theorem 1. Assume that (U,),>_, are solutions of difference
equations. Then, forn =0, 1,2, ..., we see that all solutions of
equation (8) are given by the following formulas:

A= (1 + 6KAEI)
TS (1 + (6k + 2)AEI)

Uppog =

GITi=) (1 + (6k + 3)AET)
[T/t (1 + (6k + 5)AEI)

Uigns =
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B[} (1 + 6kBF))

U = b
1208 T o1+ (6k + 2)BE))
H[ Tz (1 + (6k + 3)BE))
Uiana = =1 ,
T2 (1 + (6k + 5)BF))
U Clli (1 +(6k + AED)
T TN (1 + (6k + 3)AET)
U o1+ (6k + ) AED)
U (1 + (6K + 6)AED)
U.. DIl (1+(6k+ DBF))
12076 T TN (1 + (6K + 3)BE))
U~ JTTZ (1 + (6k + 4)BF))
2T (1 + (6k + 6)BE))
U - E[T}=s (1 + (6k + 2)AEI)
1205 T L (1 (6k + 4)AED)
U __ AEITTC(1+ (6k + 5AEI)
T CG (1 + AED[ s (1 + (6k + 7)AEI)
U= FITZy (1 + (6k + 2)BF])
12n-4 = Z;(l)(l + (6k + )BE))
BFJTTiZ8 (1 + (6k + 5)BF
Ulania = JHieo O + (6k + 5)BF)) 9)

DH (1+ BED[TiZ (1 + (6k + 7)BF])
where U y=A, Ugy4=B U,=C, U,=D, U, =E,
U,=FEU.=GU,=HU, =1IandU, = J.

Proof. For n =1, the result holds. Now suppose that n>0
and that our assumption holds for n — 1, that is,

ATTiZ2 (1 + 6KAEI)

U B — bl
P (1 + (6k + 2) AET)
~ GITZa (1 + (6k + 3)AEI)
120n-15 [T (1 + (6k + 5)AEID)
B[ T (1 + 6kBF))
Ulan20 = =53 (1 '
oo (1 + (6k + 2)BF]J)
U HITZ(1+ (6k + 3)BE))
1214 T2 (1 (6k + 5)BE))
 C[Ti= (1 + (6k + 1)AEI)
12n-19 Hz;g (1 + (6k + 3)AEI) >
ITT525 (1 + (6k + 4)AED)
U12n—13 =

[17=2 (1 + (6k + 6)AEI)
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DHZ;é (1 + (6k + 1)BF)) Now, we find from equation (8) that
TT422 (1 + (6k + 3)BF))

U _ JTTi= (1 + (6k + 4)BE])
P22 (1 + (6k + 6)BF))

12n-18 =

E[Tp= (1 + (6k + 2)AEI)

120717 702 (14 (6k + 4)AEI)
U _ AEIT]}= (1 +(6k + 5)AEI)
2T CG (1 + AED[IZ (1 + (6k + 7)AEI)
U _ F[T3Z5 (1 + (6k + 2)BFJ)
2710 022 (1 + (6k + 4)BFT)
BFJTT/Z (1 + (6k + 5)BF))
Ulan-10 = o) . (10)
DH (1 + BF))[ ;=5 (1 + (6k + 7)BF])
U12n—9 — U12n719U12n715U12n711

U12n717U12n713 (1 + U12n719U12n715U12n711)

 CITis (1 + (6k + DAED/TTZs (1 + (6k + 3)AEDNG]Tjg (1 + (6k + 3)AED/C[ 5 (1 + (6k + 5)AEDAEIT g (1 + (6k + 5)AED)/GC (1 + AEDTT|_s (1 + (6k + 7)AEI)
N ETTioa (1 + (6k + 2)AED/Tjos (1 + (6k + 4)AEDIT (s (1 + (6k + 4) AED/TTja (1 + (6k + 6) AEI)

1
. (1+CITj= (1 + (6k + DAED/TTizg (1 + (6k + 3)AEDGT Ty (1 + (6k + 3)AED/TTjg (1 + (6k + 5) AETAEITT g (1 + (6k + 5) AED)/CG (1 + AEDNTjZ (1 + (6k + 7)AEI))

AGCEITT{Z (1 + (6k + 1)AED/GC (1 + AED[TZ: (1 + (6k + 7)AEI)
EITTjZ (1 + (6k + 2)AEN/[ 1= (1 + (6k + 6) AED)(1 + AGCEIT[;g (1 + (6k + DAED/GC (1 + AENT;= (1 + (6k + 7)AEI))

Uigng =

B A[Tjo (1 + (6k + 1)AED)/ (1 + AEDTT; ¢ (1 + (6k + 7)AEI)
" TTise (1 + (6k + 2)AED/[Tj (1 + (6k + 6)AED(1 + AEITT}; (1 + (6k + DAED/ (1 + AED[ e (1 + (6k + 7)AEI))

~ A/(1 +(6n - 5)AEI)
T TIZ2 (1 + (6k + 2)AED/TTA2 (1 + (6k + 6)AED) (1 + AEI/ (1 + (61 — 5)AEI))

A
TTios (1 + (6k + 2)AED/TT}g (1 + (6k + 6)AEI) (1 + (6n — 5)AEI + AEI)

Uigug =

A
12 (1 + (6k + 2)AED/TTL2 (1 + (6k + 6)AET) (1 + (61 — 5)AEI + AEI)

_ ATTiS, (1 + 6kAEI)
102 (1 + (6K + 2)AEI)

UlanISUIZVlfMUlanIU
UlanlﬁU]anIZ (1 + U12n718U12n714U12n710)

Uigng =

_ DITiSs (1 + (6k + 1)BE))/Ti—g (1 + (6k + 3)BF))H[ Tjg (1 + (6k + 3)BE])/[Tj=5 (1 + (6k + 5)BF))BFJ[ 15 (1 + (6k + 5)BF])/DH (1 + BF))[Tjg (1 + (6k + 7)BE])
N FITize (1 + (6k + 2)BE)/Tie (1 + (6k + 4)BE))J T Trce (1 + (6k + 4)BFN)/Tj=s (1 + (6k + 6)BFJ)

1
. (1+ DIz (1 + (6k + DBFN/[ T (1 + (6k + 3)BF/)H[ [5g (1 + (6k + 3)BF)/[ T4 (1 + (6k + 5)BFJ)BFJ[[jg (1 + (6k + 5)BFJ)/DH (1 + BF)[ [} (1 + (6k + 7)BF]))

~ DH BFJT[{Z (1 + (6k + 1)BF])/DH (1 + BEN)[ T2 (1 + (6k + 7)BF])
T FJTI2 (1 + (6k + 2)BF))/TT12 (1 + (6k + 6)BEJ)(1 + BFJTTjZ (1 + (6k + 1)BEJ)/ (1 + BE)[Tizg (1 + (6k + 7)BF]))

B BITp=s (1 + (6k + 1)BF])/ (1 + BEN[T}=¢ (1 + (6k + 7)BF])
" TTise (1 + (6k + 2)BED/TTie (1 + (6k + 6)BEN)(1 + BEITTie (1 + (6k + 1)BE])/ (1 + BEN[Tica (1 + (6k + 7)BFJ) )

_ B/ (1 + (6n - 5)BF])
T2 (1 + (6k + 2)BF))/[T1=2 (1 + (6k + 6)BFJ) (1 + BFJ/ (1 + (61 — 5)BFJ))’

B
TT722 (1 + (6k + 2)BFN)/TTp=e (1 + (6k + 6)BFJ) (1 + (61— 5)BF]J + BF])

Uiang =

B
"I (1 + (6k + 2)BF )12 (1 + (6k + 6)BE]) (1 + (61 — 5)BF] + BFJ)

_ B[Tio (1 + 6kBE))
L1+ (6k + 2)BF))
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U12n—17U12n—13U12n—9
U12n—15U12n—11 (1 + U12n—17U12n—13U12n—9)
_ E[TiS (1 + (6k + 2)AED/TTiCs (1 + (6k + 9 AEDITTiCs (1 + (6k + ) AED/TTiZs (1 + (6k + 6) AED AT}y (1 + 6kAED/TTiZy (1 + (6k + 2)AEI)
GITYZ (1 + (6K + 3)AED/TZ2 (1 + (6k + 5)AEDAEIT[1=2 (1 + (6k + 5)AEI)/CG (1 + AED[ T2 (1 + (6k + 7)AEI)
y 1
(1 + E[T32 (1 + (6k + 2) AED/TTpo8 (1 + (6k + 4)AEDIT =2 (1 + (6k + 4)AED)/TT;—2 (1 + (6k + 6)AET)A] ;=4 (1 + 6k AED)/ T/} (1 + (6K + 2)AEI))

Uipn7 =

~ TT42s (1 + 6KAED/ (1 + (61 — 4) AED[ ]2 (1 + (6k + 6) AEI)
[T (1+ (6k + 3)AED/C(1 + AED[Tig (1 + (6k + 7)AEI)(1 + AEITTjy (1 + 6kAED)/ (1 + (61 — 4) AED[ s (1 + (6k + 6)AEI) )

B 1/(1 + (6n — 4)AEI)
T TIE2 (1 + (6k + 3)AED/C(1 + AED[TEZ2 (1 + (6k + 7)AEI) (1 + AEI/ (1 + (61 — 4)AEI))

- C(1+AEI)
T2 (1 + (6K + 3)AED/TTZ2 (1 + (6k + 7)AED) (1 + (61 — 4)AEI) + AEI)

_ CITio (1 + (6k + DAED)
" TIE (1 + 6k + 3)AED)

U12n—16U12n—12U12n—8
U12n—14U12n—10 (1 + U12n—16U12n—12U12n—8)
_ FITZ (1 + (6k + 2)BEDTT1=e (1 + (6k + 4)BF))JTTie (1 + (6k + 4)BFT)/TTj=e (1 + (6k + 6)BFJ)B] [{=s (1 + 6kBF))/[ ;=5 (1 + (6k + 2)BFJ)
HIT{o (1 + (6k + 3)BE))/Tf=5 (1 + (6k + 5)BFJ)BFJ T4t (1 + (6k + 5)BFJ)/DH (1 + BF)[Tj=s (1 + (6k + 7)BFJ)

Uizns =

y 1/<1 . FITp22 (1 + (6k + 2)BE]) JTTi2 (1 + (6k + 4)BFJ)

n—1 n-1
B| | kBF | | k BF
Tz (1 + (6k + 4)BFJ) [I;j= (1 + (6k + 6)BF)) koo {1+ ORBET)/] [ (1 + (6K +2) D)

~ T4 (1 + 6kBFJ)/ (1 + (61— 4)BF)[1=¢ (1 + (6k + 6)BF])
[T (1+(6k + 3)BE])/D (1 + BFD[ T (1 + (6k + 7)BE])(1 + BFJT T}y (1 + 6kBE])/ (1 + (61— 4)BEN[Tig (1 + (6k + 6)BF]))

~ 1/(1 + (6n — 4)BFJ)
" TI722 (1 + (6k + 3)BFT)/D (1 + BEN[I}=2 (1 + (6k + 7)BFJ) (1 + BFJ/ (1 + (61 — 4)BFJ))

_ CTT; (1 + (6k + 1)BFJ)
T TIh(u+ (6k + 3)BE))

(11)
Also, we can prove the other relations. The proof is Then,
complete.
st
hr (ra S, ts u, V) = - >
Theorem 2. Equation (8) has a unique equilibrium point uv (1 +rst)
U = 0, which is nonhyperbolic. rt
hS (r) S, t; u, V) = -\
uv (1 + rst)
Proof. To obtain equilibrium points of (8), rs
hy (1,8, t,u,v) = ——, (15)
7 uv (1 +rst)
U=—— . (12) rst
—) =3 h, (r,s, t,u,v) = ———,
U (1+U ) ul ) v (1 +rst)
t
Thus, h,(r,s, t,u,v) = _%-
\ , \ uv” (1 +rst)
U(1+U)=U,
( ) Therefore,
U(1+0°-1) =0, s
s h,.(U,U,U,U,U) =1,
U =0.
hy(r,s,t,u,v) =1,
Hence, U =0 is the equsilibrium point of equation (8). h,(U,U0,0,0,0) = 1, (16)
Define a function h: (0,00)” — (0, 00), such that
; h,(r,s, t,u,v) = -1,
rs
h > ,t, > = (4 hW(U.U.U.U.U = —
(r,s,t,u, ) (7o) (14) h,(U,U,U,U,0) = -1.
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It follows the characteristic equation given by

D e e ) (17)
Hence,

A=V 42 -2+ X -1=0. (18)

Clearly, A = 1 is one root of equation (17). Therefore, the
equilibrium point is nonhyperbolic.

We provide numerical examples for equation (8) in
order to confirm the results of this section.

Example 1. Assume the initial conditions are U_q =7,
Ug=15U,=9 U,=5U,=10,U_ =8, U, =16,
U_,=10,U_, =6, and U, = 11 (Figure 1).

Example 2. Suppose that U_q = 0.1, U_4 =0.2, U_;, = 0.3,
U, =04, U.,=05 U,=01, U,=02 U,=03,
U_, =0.4, and U, = 0.5 (Figure 2).

3. Second Case:
Un+1 == Un—9Un—5Un—1/Un—7Un—3
( 1- Un—9Un—5Un—1)

The solutions to difference equations
Un—9 Un—S Un— 1

Uﬂ = >
+ Un—7Un—3 (1 - Un—9Un—5Un—l)

n=0,1,..., (19)

are investigated in this section.

Theorem 3. Assume that {U,}. g are solutions of difference
equations. Then, forn =0,1,2, ..., we see that all solutions of
equation (19) are given by the following formulas:

ATy (1 — 6kAEI)

U = >
2T (1 - (6K + 2) AET)
U - GIT}Zy (1 - (6k + 3)AEI)

2T T (1 - (6k + 5)AED)
B[y (1 - 6kBF))
Uins = -1 >
T4, (1 - (6k + 2)BF))
U HIT}— (1 - (6k + 3)BF])
22T (1 - 6k + 5)BF))
U - CITi=s (1 - (6k + 1)AEI)
T TR (1 - (6k + 3)AET)
U - ITTZ (1 - (6k + 4)AEI)
P (1 - (6K + 6)AET)
U DT (1 - (6k + 3)BFJ)
20 e (1 - (6k + 1)BF))
U.. =T (1= (6k + 9)BF))
12n

T (1 - (6k + 4)BF))’

plot of U (n+1)=(U (n-9)*U (n-5)*U (n-1))/
((U (n-7)*U (n-3))*(+1+(U (n-9)*U (n-5)*U (n-1))))
16 T T T T T T T T

14 + E

10 H E

U (n)

0 10 20 30 40 50 60 70 80 90

FIGURE 1: The solution of equation (8) when U_4 =7, U_g =15,
U,=9U,=5Uy=10U,=8U,=16U,=10,U_, =6,
and U, = 11.

plot of U (n+1)=(U (n-9)*U (n-5)*U (n-1))/
(U (n-7)*U (n-3))*(+1+(U (n-9)*U (n-5)*U (n-1))))

0.5
0.45
0.4 |
0.35
0.3

= 0.25
0.2

0.1

0.05

0 500 1000 1500
n

FIGURE 2: The local stability of equilibrium point of equation (8)
when U,=01, Ug=02 U,=03, Ug=04, U,=05
U,=01,U,=02U,=03U_, =04, and U, = 0.5.

 EJTj, (1 - (6k + 2)AEI)

U - )
TR (1 - (6k + 4)AET)
_ AEI[[}Z, (1 - (6k + 5)AEI)
(1 - AED [Ty (1 - (6k + 7)AEI)
FIT}=5 (1 - (6k + 2)BF))
Ulon-4 = 1 X
[Ti=y (1 - (6k + 4)BF])
_ BFJTI}=5 (1 - (6k + 5)BF))
12n+2 —

(1= BFD)[TiZ (1 - (6k + 7)BF])
(20)



where U_g=A, Ug4=B, U,=C, U4,=D, U=E,
U,=FU,;=GU_,=HU_=Iand U, =].

Proof. The proof is identical to the method to prove The-
orem 1.

Theorem 4. Equation (19) has a unique equilibrium point
U = 0, which is nonhyperbolic.

Proof. To obtain equilibrium points of equation (19),
3

U= (21)
U(1-7)
Thus,
T(1-0) =0T,
U'(1-T'-1) =0, (22)

U’ =o.

Hence, U = 0 is the equilibrium point of equation (19).
Define a function h: (0,00)° — (0, ), such that

rst
h(r,s, t,u,v) = ————. 2
(rss,t,1,7) uv (1 — rst) (23)
Then,
st
h (r,s, t,u,v) = ————,
' uv(1 - rst)?
rt
h (r,s,t,u,v) = ————,
¢ wv(1 - rst)?
rs
h,(r,s,t,u,v) = ——, 24
‘ uv(l - rst)2 (24)
rst
h, (r,s,t,u,v) = —5———,
“ wv(1 = rst)
rst
h,(r,s, t,u,v) = ——5———.
Y M (1 —rst)
Therefore,
h (U,0,0,0,0) = 1,
hy(r,s,t,u,v) =1,
h,(U,U,U,U,0) =1, (25)
hu (r) S, t) u, V) = _1)
b (U,0,0,0,0) = -1.
It follows the characteristic equation given by
PR Ly Ly L R S} (26)
Hence,
AV -+ -1=0. (27)

Mathematical Problems in Engineering

Clearly, A = 1 is one root of equation (26). Therefore, the
equilibrium point is nonhyperbolic.

Example 3. We consider the present numerical example for
equation (19) for confirming the results of this section where
the initial conditions are U_y =4, U_g=12, U_, =6,
Ueg=2U,=8U,=3U,=11,U,=5U_ =2, and
U, =7 (Figure 3).

Example 4. We provide another numerical example for
equation (19) with initial values U_4=0.1, U_¢4=0.2,
U,=03, U,=04, U ;=05 U,=01, U,=02,
U_,=03,U_ =04, and U, = 0.5 (Figure 4).

4. Third Case:
Un+1 == Un—9Un—5Un—1/Un—7Un—3 ( -1- Un—9
Un—SUn—l )

The goal of this section is to obtain the solutions form of the
particular case:

Un—9 Un—SUn—l

U,, = ,
+ Un—7Un—3 (_1 - Un—9Un—5Un—1)

n=0,1,....

(28)

Theorem 5. Every solution {U,}.. o of equation (28) is
periodic with period twelve, and it is in the form

{A,B,C,D,E,F,G,H,I,], AET ) BE ,]»
CG(AEI +1) DH (BFJ +1)
(29)
or
Uizng = A
Uipns =B,
Uign7 =G
Uians =D,
Uions = E,
Uina = F,
U12n—3 =G, (30)
Uiona = H,
Un1 =1
Un =1,

U AEI
2041 7 CG(AEI + 1)

U ~ BFJ
2nt2 = DH(BFJ + 1)
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12

10

plot of U (n+1)=(U (n-9)*U (n-5)*U (n-1))/
(U (n-7)*U (n-3))*(+1-(U (n-9)*U (n-5)*U (n-1))))

10 20 30 40 50 60 70 80 90
n

FiGure 3: The solution of equation (19) when U_g =4, U_g = 12,
U,=6U¢=2U,=8U,=3U,=11,U,=5 U, =2,

and U, =7.

U (n)

3.5
3L
25
21
1.5+
1}
0.5
0
-0.5
1k
-1.5

plot of U (n+1)=(U (n-9)*U (n-5)*U (n-1))/
(U (n-7)*U (n-3))*(+1-(U (n-9)*U (n-5)*U (n-1))))

x1013

200 400 600 800 1000 1200 1400 1600 1800 2000
n

FIGURE 4: The local stability of equilibrium point of equation (19)
with U,y=01, Ugz=02, U,=03, Ug=04, U,=0.5,
U,=01,U,=020U,=03U._ =04, and U, = 0.5.

where U_y=A, Ug=B, U_,=C, U4,=D, U =E,
U,=FU;=GU_,=HU_=LandU,=].

Proof. From n =1,

Uigno1 = 4
Ulzn20 = B,
Uizn-19 =G
Uizn1s =D,

Uion-17 = Es

Uizn16 = Fs

Uign15 = G,

Uion-1a = H,

Uigp13 =1

Un-12 =15

U, - AL
2n-11 7 CG(AEI + 1)

BFJ]

Up1o = ———oo——.
12n-107 " DH (BFJ +1)
From equation (28), we see that

UlZn—19U12n—15U12n—11

U 9 =
1 U12n—17U12n—13 (_1 - U12n—19U12n—15U12n—11)
- CG (-AEI/CG (AEI + 1))
" EI(-1-CG(-AEI/CG(AEI +1)))
= A)
U12n—8 — UlZn—lSUIZn—MUlZn—lO

- DH (-BFJ/DH (BFJ + 1))
"~ FJ(-1- DH (-BFJ/DH (BFJ +1)))

:B,

U12n—17U12n—13U12n—9

U12n—16U12n—12 (_1 - U12n—18U12n—14U12n—10)

U =
12n-7 U U U U U
12n-15% 12n-11 ( 1 12n-17% 12n-13 12n79)

- AEI
" G(-AEI/CG(AEI + 1)) (-1 — AEI)
= C,

U _ UlZn—16U12n712U12n—8

12n-6 —
g U12n—14U12n—10 (_1 - U12n—16U12n—12U12n78)

- BE]
~ H(-BFJ/DH (BE] + 1)) (-1 — BEJ)
= D)

U12n—5 — U12n—15U12n711U12n—7

~ G(-AEI/CG(AEI + 1))C
" IA(-1-G(-AEI/CG(AEI + 1))C)

:E)

U12n—14U12n—10U12n—6

U12n—13U12n—9 (_1 - U12n—15U12n—11U12n—7)

U =
12n-4 = 17 U U U U
12n-12U120-8 (-1 120-14U120-10U 1206)

- H (-BFJ/DH (BFJ + 1))D
" JB(-1- H(-BFJ/DH (BFJ +1))D)

:F)

(31)
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plot of U (n+1)=(U (n-9)*U (n-5)*U (n-1))/
s (U (n-7)*U (n-3))*(-1-(U (n-9)*U (n-5)*U (n-1))))

16 +

14

12

10 H

U (n)

0 10 20 30 40 50 60 70 80 90

n
FiGure 5: The solution of equation (28) with period twelve when U_q =8, U_¢=16,U_, =10, U_(=6,U_s=11,U_, =9, U_5 =17,
U,=1L,U_ =7 and U, = 12.

plot of U (n+1)=(U (n-9)*U (n-5)*U (n-1))/
(U (n-7)*U (n-3))*(-1-(U (n-9)*U (n-5)*U (n-1))))

05t I

0 10 20 30 40 50 60
n

F1GURE 6: The solution of equation (28) with period six when initial values satisfies the conditions in Theorem 6, thatareU_o = 1,U_¢ = 2,
U,=3U;¢=4U,=-06667,U_,=-025U_,=1,U,=2U_ =3 and U, = 4.

Theorem 6. Every solution {U,}.°

Ui20-13U121-0U 1205 of equation (28) is

Uppps = . o L
203 7 o U sans (1= U 13U 10U 125 ) periodic with period six, and it is of the form
TAE {A,B,C,D,E,F,A,.. .} (33)
"~ (-AEI/CG(AEI +1))C (-1 - IAE) iff
=G, A =G,
B=H,
U _ Uizn-12U120-8V 1204
12n-2 = -
Uszn10U 1206 (-1 = Usgp 12U120- U 120-4) C=1L (34)
JBF D =],

~ (“BFJ/DH (BFJ + 1))D (-1 - JBF) AEI
- H. (32) BFJ = 2.
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plot of U (n+1)=(U (n-9)*U (n-5)*U (n-1))/
(U (n-7)*U (n-3))*(-1+(U (n-9)*U (n-5)*U (n-1))))

18

16

14 |

12 +

10 H

U (n)

0 10 20 30 40 50 60 70 80 90
n

F1GURE 7: The solution of equation (35) with period twelve when

Uoy=8U4=16U,=10,U =6U,=1LU,=9,U =17,

U,=11,U_ =7 and U, = 12.

plot of U (n+1)=(U (n-9)*U (n-5)*U (n-1))/
((U (n-7)*U (n-3))*(-1+(U (n-9)*U (n-5)*U (n-1))))

35F i

25 F E

U (n)
[\S]

|

0 10 20 30 40 50 60
n

F1GURE 8: The solution of equation (35) with period six when initial
values satisfies the conditions in Theorem 8, that are U_q =1,
Ug=2 U,=3 Ug=4, U,;=06667, U, =025 U,=1,
U,=2U_,=3and U, =4.

Example 5. We present numerical example for equation (28)
for illustrating the results of this section where the initial
conditions are U_4=8, U, 4=16, U_, =10, U, =6,
U.=1,U,=9U,=17,U,=11,U_, =7 and U, =
12 (Figure 5).

Example 6. For confirming the results of this section, we
consider numerical example for equation (28) where the
initial conditions are U =1, U_4=2, U_; =3, U =4,
U, =-0.6667,U_,=-025U,=1U,=2U_ =3and
U, = 4 (Figure 6).

9
5. Fourth Case:
Un+1 == Un—9Un—5Un—1/Un—7Un—3 ( -1+ Un—9
Un—SUn—l
The solutions to difference equations
Un—9Un—5Un—1
U.., = ) =0,1,...,
i Un—7Un—3 (_1 + Un—QUn—SUn—l) !
(35)

are studied in this section.

Theorem 7. Every solution {U,} o of equation (35) is
periodic with period twelve, and it is in the form

AEI _ BF] B
CG(AEI-1) DH(BFj-1) "7

(36)

{A,B,C,D,E,F,G,H,I,],+

where U4y=A, Ug4=B, U_,=C, Ug4=D, U,=E,
U,=FU.=GU,=HU_ =1 andU, = .

Proof. The proof is identical to the method to prove The-
orem 5.

Theorem 8. Every solution {U,}. o of equation (35) is
periodic with period six, and it is in the form

{A,B,C,D,E,F, A, ...} (37)
iff
A=G,
B=H,
c=1,
D=J, (38)
AEI =2,
BF] =2

We provide numerical examples of equation (35) for
confirming our results.

Example 7. Assume that the starting conditions are as
follows: U_g =8, U_g=16, U_, =10, U_4=6, U_; =11,
U,=9, U,=17, U,=11, U,=7, and U,=12
(Figure 7).

Example 8. Let the initial conditions be given by U_ =1,
Ug=2 U,=3 Ug,=4, U.=06667, U_, =0.25,
U;=1,U,=2,U_ =3,and U, = 4 (Figure 8).

6. Conclusion

This research discussed the structure and behavior of so-
lutions for four special cases of equation (1). In the second
and third sections, we proved the stability of the equilibrium
point. In the fourth and fifth sections, we obtained the
periodic solutions to the equations with periodicity twelve.
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In addition, we studied the conditions of existence of the
periodic solutions with period six.
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