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In this article, we propose some weaker orthogonal (7, F¢)— type of contraction mappings in the setting of metric spaces endowed
with an orthogonal relation, as well as certain sufficient criteria for the existence of fixed points for this class of mappings. To
establish all of our results in the manuscript, we just used Wardowski’s strictly increasing property. Using the aforementioned
results as an application, we demonstrate that the Volterra type integral equation has a solution and is stable in the Hyers-Ulam-

Rassias-Wright sense.

1. Introduction

Gordji et al. [1] recently introduced the idea of orthog-
onal sets and extended the Banach contraction principle.
They also demonstrated how their findings can be used
to ensure the existence and uniqueness of solutions to
first-order differential equations. Using Wardowski’s
F-contraction notion [2-4], numerous studies showed
the existence of fixed points (see [5-18]). The purpose of
this study is to improve the concept of Wardowski’s
contraction in metric spaces that are not complete in the
sense of Gordji et al. [1]. In the context of a metric space
equipped with an orthogonal relation, we describe some
weaker orthogonal (7, Fq)- type contraction mappings.
For this class of mappings, we also employ strictly in-
creasing properties to construct some necessary re-
quirements for the presence of fixed points. This, we feel,
is a significant improvement over many previously
published findings. We also enrich this paper with a
nontrivial example. We use the aforementioned results to
show that the Volterra type integral equation has a so-
lution and is stable in the Hyers-Ulam-Rassias-Wright
sense.

Definition 1.1 (see [1]). Let 7 be anonempty setand L bea
binary relation defined on #' x%'. (%', L) is called an
orthogonal set (O-set), if L satisfies the following condition:

there exists g, € %" such that (for all g € 7', g, L &) or
(forall ¥ e 7', ¥ Lg,).

Example 1.2. Let 7" = [3,00). Define p 1 n if and only if
p<mn.Itsclear that3 L nappliestoalln € # and (7, L)is
an O-set.

More fascinating examples may be found at [1].

Definition 1.3 (see [1, 19]). A sequence {g,,}, is referred to
as a strongly orthogonal sequence (SO-sequence) if (for all
nleN;p, L, or (forall n,l eN; g, Lp,).

If (for all m e N, g, Lg,,,,) or (for all n e N,g,.,, L ©,),
the sequence {(,},. is referred to as an orthogonal se-
quence (O-sequence).

Definition 1.4 (see [1, 19]). Let (%', L) represent an O-set,
(7', §) a metric space, and (7,9, L) an orthogonal metric
space (OMS). A mapping g: % — '’ is said to be strongly
orthogonally continuous (SO-continuous) at g € 7/, if we
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have g (p,) — g(), for each SO-sequence {g, } in 7" with
©, — . Inaddition, g is called SO-continuous on 7" if g is
SO-continuous for each p € 7.

A mapping g: W — W is called orthogonally con-
tinuous (L-continuous) at g@e? if we have
g(p,) — g(g), for each O-sequence {p,} in 7 with
©, — - A mapping g is also called 1 -continuous on 7" if
g is L -continuous for each p € 7.

Every continuous mapping is clearly 1 -continuous,
while the opposite is not true (see [1,19]).

Definition 1.5 (see [1, 19]). A self mapping T: #" — W on
an orthogonal set (7', L) is called L -preserving if g, L ¢0,,
then T'(g,) LT (p,). Also, T: W — W’ is called a weakly
L -preserving if ¢, Ly, then T(g,)LT(p,) or
T (g,) LT (y).

Every L -preserving mapping is clearly weakly L -pre-
serving, but not the other way around (see [1]).

Definition 1.6 (see [19]). If every Cauchy SO-sequence is
convergent, then an OMS (%, 6, 1) is called strongly or-
thogonally complete (SO-complete).

Every complete metric space is clearly SO-complete,
while the converse is not true (see [19]).

2. Fixed Point Results

Here, first we introduce some weaker orthogonal
(1, Fg)-type contraction mappings in the context of an
incomplete metric, as defined in [1,19], and then construct
fixed points of mappings meeting such a class of
contractions.

For the purpose of simplicity, we’ll suppose that an
expression -00.0 has the value —oo.

We refer to § as the family of all functions
F: (0,+00) — R that satisfy:

For every p,, ¢, >0, g, >, implies F (p,) > F (p,).

So there are both lim, _,  _F(p,)=F(p,-) and
lim((Jl . @F((@l) = F(p,+) for all p, € (0, +00) because it is
known from mathematical analysis that the following is true
for all g, € (0,+00) (see [20])

F(p,~) <F(p,) <F(g,+)- (1)

Remark 2.1. Consider F: (0,+00) — R to be a strictly
increasing function. Then there are following two possible
outcomes:

(1) F(0+) = lin% F(p) = —0c0
p—0"
(2) F(0+) = limo F () = m, for some m € R (for more
p—0"
details see [18,20,21]).

As a result, each strictly increasing function
F: (0,+00) — R fulfils one of the two conditions either (1)
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or (2) (see (Aljanci¢ [21] Proposition 1, Section 8)). War-
dowski’s second and third requirements are thus
unnecessary.

Example 2.2. Let functions F,,F,, F5: (0,+00) — R de-
fined by:

M) F,(p) = -1/~/p>

(2) F,(p) = Ing,

(3) F5(p) = p + Ing,

Then F,,F,,F; € &, for all p>0.

To begin, we'll require the following result, which is an
orthogonal metric space extension of [22].

Lemma 2.3. Let {p,} be a SO-sequence in an OMS
(W, 6, L) such that

hmn*wroo(s([@n’ @n+l) =0. (2)

If a SO-sequence {p,} is not a Cauchy SO-sequence in W,
then there is >0 and two sequences of positive integers
{m (D)} and {n (1)} such that n(l) >m(l) >1 and the following
SO-sequences tend to € when | — + oo:

5(%;(1)’ pn(l))’ 5(@m(1)) pn(1)+1)’ 5(@”(1)—1) pn(l))’

(3)
‘S(Pm(l)—p pn(l)ﬂ)’ p(pm(l)+l’pn(l)+l)'

Proof. If {p,} is not a Cauchy SO-sequence, then there exist
&> 0 and two sequences of positive integers {#n(I)} and {m (I)}
such that

n()>m(l)>1, 5([@;1(1)) Pn(z)-1) <eg 5(@m(z)’ Pn(l)) e, (4)
for all positive integers I. To prove (4), assume that
g :{m € N: thereexists m () > 1, d(xm(,),xm) >¢e, m>m(l) >l}.
(5)

Obviously, &, # & and £,CN. Then by the well-ordering
principle, the minimum element of E; exists and denoted by
n(l), and clearly (4) holds. Then

€< 5(Pm(1)’ (@n(l)) < 5(Pm(1)’ @n(l)—1) + 5(%(1)—1’ Pn(l))

(6)
<e+ 5(%(1)71’ @na))-
Using (2), we conclude that
liml_)+oo6(pm(l), pn(,)) _— (7)

Further,
5(Pm<l>’ Pn(l)) < 5(Pm<1)’ Pn(l)ﬂ) + S(Qn(zm’ Pn(l))~ (8)
as well as

5(§’m(1)’ pn(l)ﬂ) = 5(K’m(1)’ K’n(l)) + S(K’n(l)s K’n(l)+1)~
9)

Taking the limit/ — + co and using (2) and (7), we get
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liml*wroo&(pm(l)’ Pn(z)n) =g (10)
Also,

5(((3m(1)+1a Pn(l)ﬂ) < ‘S(K’m(l)w @m(z)) + 5(K9m(z)a Pn(z)u)-
(11)

6(80"(1)’ @m(Z)) < 5(@;«(1)’ (@n(zm) + 5(@;«(1)“) Pm(z)+1)~

(12)
Now, from (11) and (12) it follows that
lEvr?oo 5(Wm<1)+1’w(l)+1) =¢". (13)

On the same lines, we can prove that the remaining two
sequences in (3) tend to &*. O

In this paper the function F: (0,+0c0) — R will be
strict increasing and F (0+) = —00.

The following assumption is required in our results. Let
T: W — W be a self mapping on a SO-complete OMS
(7,6, L).

Property: ©there is a SO-sequence {g;} € 7" defined by
o1 = Txg = T, for an orthogonal element g, € 7
with g, L T, or T, L, such that g, — " € #" and
©1 L @1 OF @, Loy foralll,m € N, then g; L " orp* L g,
for all I e N.

Definition 2.4. Let T: W — W be a self mapping on an
OMS (7w, L,0) if there exist functions
7: (0,400) — (0,+00) and F € &, such that for all
©1> 0, € W with p, 1 g, satistying the following hypotheses:
(c1) 6(Zg,, Tp,) >0,
(c2) liminf__ ,.7(q) >0, for all £>0,

either o
(c3) 7(8 (1> 9,)) + F(6(Zg,, T,)) < F (8 (g1, 0,))
or

(c4) 1720 (g, Tg,) < 8 (g, g0,) implies 7(5(gp,,p,)) + F
(6 (g1, Typ,)) < F (8 ()5 102))-

or

(c5)  1(0(g1>9,)) + F(6(Zp1, T,)) <F(M (15 0,))s
where

M (p;, 0,) = max{d ([@pg’z)’ 8 (g, s@’l)i 8 (g, Tpy),
5(@12’ Tg,) + 6 (02, Tg1)/2, 0 (T 01, 401) + 6 (T7g0y, Ty, )/2,
3(T'01, T, (T, 0,), 0 (T, Tpy))

(respectively, M (g,,,) = max{d(gp,,,), 0 (g0, Te,)
8(0, T0,), 8 (012 Tp0,) + 6 (g0, Tpp))/2)).

< is called an orthogonal (7, Fg)-contraction if it sat-
isfies (c1)-(c3).

< is called an orthogonal (7, Fg)-Suzuki type contrac-
tion if it satisfies (c1), (c2), (c4).

< is called a generalized orthogonal (7, Fg)-contraction
(respectively, weak orthogonal (7, Fqy)-contraction) if it
satisfies (c1), (c2), (c5).

We are now ready to provide our first outcome.

Theorem 2.5. Let E: W — W be a L -preserving, an
orthogonal (7, Fg)-contraction and satisfy Property @ on a
SO-complete OMS (%',6, L) (not necessarily a complete
metric space). Then T has a unique fixed point.

Proof. Let @, € 7 be such that g, L T(p,) or Ty, L @,.
Take p,: =Tg, @0 = T, = T7@,. In this manner, we
define a SO-sequence {g,} in 7 by g,,, = Tp, = T '@,
for all n € NU{0}.

If g, = g,,; for some [ e NU{0}, then g, = g,,; = T,
So, we take @,#@,.;> and y,=0(@.1-0,) =
6(Zp,,Tp,_;), for all neN. As T is an orthogonal
(7, Fg)-contraction, for every n € N, we obtain

T(S(Pn’ Pnfl)) +F (8 (C’an’ C’zpn—l)) <F (8(Pn’ @n—l))'
(14)

Therefore, 7(y,_;) + F(y,) <F(y,_;), for every n>1.
From (c2), ¢>0 and n, € N exist, with 7(y,,) > c for all
n>n,. As a result, for all n>n; we have

¢+ F (Y1) ST(1) + F (Y1) <F (y,)- (15)

As F €, sequence {y,} is strictly decreasing and
converging to some A >0, for all n>n,.
Taking n — + o0 in (15), we get

¢+ F(A+)<F(A+). (16)

which is a contradiction and hence y, — 0.

Now we must demonstrate that {p,} is a Cauchy SO-
sequence. Assume, on the other hand, that {p,} is not a
Cauchy SO-sequence. Putting (o, = (9,,,1> 92 = () in (c3),
we have

(8(may €n ) + F(8(ZOmay Teouay)) < F(8(0ma: 0n)) )
(17)
It implies that
(8(0mw» @) + F(8(@mayet ©ncyen))
< F(8(gm> 0a))
Since the SO-sequence {g,} is not a Cauchy SO-se-
quence, by Lemma 2.3, we have §(p,,q)»©,:) and
O (@115 Pn(y+1) tend to €7, as I — + co.

Now, using (18) and (c2), there exist ¢>0 and [, € N
such that we get

(18)

c+ F(‘S(Pm(oﬂ»@na)ﬂ)) < T((S(@m(l), gan(,)))
+ F(‘S(Pm(l)wm(l)u)) (19)
<E(8(0mws £nn))-

whenever [>1;. That is,

c+ F(‘S(@m(l)w @nam)) <F(8(p,, (D0, (D)), (20)
for I>1,. Taking | — + 00, in the last relation, we get

c+F(e")<F(). (21)



which contradicts to our assumption. This establishes
that the SO-sequence {p,,} is a Cauchy SO-sequence. Since
W is SO-complete, there exists g* € # such that

lim,__ o0, = 0.

By using our other assumption,
©n = T = T'o L™ or " L, =T, =T, Us-
ing (c3), we get

(8 (@ ")) + F(6(Zp,, Tp™)) < F(3(p0°))

or 7(8(g,n ")) + F (8 (01> Tge")) < F (8 (g 07)).
Using (c2) and Feg, we obtain
0,1, 2" ) <0 (p,,0"). Taking n— +o00, we get

" = Tp*, that is p* is a fixed point of T.

Now we’ll show that p* is the only unique fixed point of
<. Suppose that y* is another fixed point of T with y* # p*.
By our choice of g, g,Ly* or y* Ly, Since T is
1 -preserving, we have T (g,) L T (p*) and T (g,) L T(y*)
or T(p*) LT (p,) and T(y*) L T(g,). Therefore,

T(8(p"y")) +F(8(p">»")) =7(8(p">»"))
+F(8(Zp",Ty")) (23)

<F(3(p"y"))-

which is a contradiction as 7(J (p*, y*)) > 0. Hence p* =
y* and T has a unique fixed point.

Now, we give the following result on (7, F¢)-Suzuki type
contraction which is related to the generalization and the
improvement of Theorem 2.5. O

Theorem 2.6. Let : W —> W be a L-preserving, an
orthogonal (71, Fg)-Suzuki type contraction and satisfy
Property @ on a SO-complete OMS (W', 8, L ). Then T has a
unique fixed point.

Proof. On the similar lines of Theorem 2.5, we may assume
that y,, = 6 (9,1, 0,) = 0 (ZTp,» T,,_,) >0, for all n € N.

Since T is an orthogonal (7, F¢)-Suzuki type contrac-
tion, for every neN, we have 1/26(p,,,,,) = 1/26
(9, Z,) <8 (0, ©,11)- So from (c4), we get

T(é\(@n’ @n—l)) +F (8((‘?'@11’ EZ:@n—l)) <F (6([071’ @n—l))'
(24)

Therefore, we have 7(y,_,)+ F(y,)<F(y,_;), for all
n € N. Now, using the similar comments in Theorem 2.5, we
get y, — 0.

Now we must demonstrate that {g,} is a Cauchy SO-
sequence. Assume, on the other hand, that {g,} A is not a
Cauchy SO-sequence.

So by Lemma 2.3, we have &(g,,q)»g,:) and
S (©Omy+1> Pn(y+1) tend to €7, as I — + oo.

Therefore, it follows that there is some I, € N such that
1728 (0,, 1> Pn1y+1) < O (Q 1> @npy)> for all I € N with [>1.
Then, by substituting g, = ,, ), 0, = @, in (c4) for [},
we have
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(8(may €ny)) + F(8(T0mw» Tonay)) < F(8(0may nr) )
(25)

It implies that
(8(@mwr ©u)) + F(O(Omayer> @nier)) < E(8(@may 0a0)) )
(26)

Now, using (c2) and (26), there exist c>0 and [, € N
such that we get

ot F(‘s(pm(l)+1>5’n(l)+1)) S T(‘S(@m(n’ @n(z)))
+F(5([@m(1)+1)[@n(l)+1)) (27)
SF(a(pm(l)’pn(l)))'

whenever [>1,. That is,
ot F(a(“’m(l)w pn(l)ﬂ)) < F(S(Pm<l>r (Qn(z)))- (28)
for [>1,. Taking ] — + oo in the obtained last relation, we
get
c+F(e")<F(e). (29)
which contradicts to our assumption. This establishes

that the SO-sequence {g,} is a Cauchy SO-sequence. Since
W is an SO-complete, there exists * € 7 such that

lim g, ="

n—-+00
Now, we claim that for all n € N,

1 N 1 .
50(00 T0,) <8 (000" )or > 8(Tp, Tp0,) <8(Tgo”):
(30)

Now, again we supposee that there is some m € N such
that

1 % 1 *
50O T0) 2 0(0 07) 01 S (T2 T0) 28 (Tp,o)-

(31)
Therefore, 280, 0%) <60, T,,) <6 (0, 00°) + 6
(p*, Zp,,). It implies
(P 107) <8(", T,). (32)
It follows from (31) and (32) that
(P ") <0(p", T, S%ﬁ(%m, g, (33)

Since 1/26 (p,,,, Tg,,,) <0 (x,,, Tx,,), T(8(,,» T,,)) + F
(8(Zp,,, T?0,)) <F(8(p,» Zp,,). Using (c2), we get
F(8(Zp,,T0,)) <F(Z(,,Zp,,)). Hence by using
property of F, we get

(0, T2, ) < 8 (01 o). (34)

It follows from (31), (33) and (34),
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(0, T01) <8 (@ T) <0 (0 07) + 8 (0", T0,)

< % S(Spm, ‘lzpm) + %S(Qipm, ‘,Zzgam)

= (T T'0m)»
(35)

which is a contradiction. Hence (30) holds.

By our assumption, g, =Zp, ; =I"p,Lp" or
" L, =%, =T, So from (30) and (c4), for every
neN, either 7(8(p,,p"))+F(0(Zp,,Tp*))< F(6(p,,
), or T(8(g,10") + F(8(T20,, T N <F  (8(0pun>
©*)) holds. Also, we can rewrite it as

70w ) + FO (g T < FQlpwpor

T(8(@n1>0)) + F (0 (00120 T0")) SF (8 (001007))-

Further, using (c2) and F € §, we get

8 (0,41 Tp") <O (0, 907 ) 010 (0,112 Tp") <A (P01, 07)-
(37)

Taking n — + 00, we get p* = Tp* in both the cases.
It is easy to see the uniqueness of a fixed point of . [

Theorem 2.7. Let T: W — W be a L -preserving, gen-
eralized orthogonal (1, F)-contraction and satisfy Property
© on a SO-complete OMS (%', 6, L). Then T has a unique
fixed point.

Proof. On the similar lines of Theorem 2.5, we may assume
that y, = §(g,.1>©,) = (T, Tp,_,) >0, for all n e N.

Since T is a generalized orthogonal (7, Fy)-contraction,
for every n € N, we get

T((S (@n’ pn—l)) + F(a(spn’ spn—l)) < F(M (pn’ pn—l))'
(38)

where

2 2

(01> 0ni1) + 0 0(04150,1) + 0
M(@n’pn—l):max{(s(pn—l’pn)’(s((@n—l’(@n)’8(pn’pn+l)’ (p Lo 1) > (p Ll 1) ’a(pnﬂ’pn)’(s(pnﬂ’g"n)’o}

8(@11—1’ pnﬂ)}

= max{S(pnl,pn),8((0n’ ©rr1)> B

< max{a(pn—l’ pn)’ 6(@11’ pn#—l)}'

It is clear that
max{(S(pn_l, pn)’ 6(@n’ pn+l)} = 6(‘0n—1’ [@n)’ otherwise we
get a contradiction.

Therefore, 7(y,_;) + F(y,) <F(y,_;), foralln € N. Now,
using the similar comments in Theorem 2.5, we get y,, — 0.

Now we must demonstrate that {g,} is a Cauchy SO-
sequence. Assume, on the other hand, that {g,} A is not a
Cauchy SO-sequence. So by Lemma 2.3, we have

M(Pn(l)’@m(l)) = max{ S(K’n(l)’Pm(l))) 5(@;«(1» pn(l)ﬂ)’ 5(Pm(1)’ K’m(l)+1)>

5(Pn<1)+2’ Em1)+1 )’ 5(Pn<1)+2’ Em ) )» 5(K’n(1)+2> Fmam) }

Using Lemma 2.3, we have lim;__,, .M (g, @mq) =
e >0.
Now, taking | — + 00, using (40) and (c2), there exist
¢>0 and [; € N such that we get
c+F (") <F(¢"), (42)
which contradicts to our assumption. This establishes
that the SO-sequence {p, } is a Cauchy SO-sequence. Since

(39)

+

O(@mapnw) and 8(@, 41> @nps) tend to €, as
I — +o00.

Putting @, = ©,)> 02 = P in (c5), we have

(8(0n Omay)) + F(8(Znp Tmay)) < F(M(@0 €m0 )
(40)

where

5(%(/)’%«(1)”) + S(KM(I))F”(I)H) 6(pn(l)+2’ @n(z)) + 5(@n(1)+p@m<1)+1)

> >

2 2

(41)

W is-complete, there exists such that

lim,, . co0n = 0"
By using our assumption, g, = T, | = T"p, L* or

" L, =T, =T, Using (c5), we get

T/

(8 (")) + F(8(Tp,» Tp™)) < F(M (g, ))or

. . . (43)
(0, 07)) + F(0 (0> T ) <F(M (0, 07))-



where M (g, 0") = max {8(g,,°),8 (9, 0u01)-0 (g7
"), 8 (0,0 F") + 8(0" 0,1)/2: 0 (020 0) + (02 T
©°) 2,0(©n12> ©ni1) 0 (©i20 07> 0 (010100 T}

Now taking n — + 00, using (c2) and F € §, we get
" = Tp*, thatis p* is a fixed point of . It is easy to see that
©* is a unique fixed point of Z. O

Remark 2.8. Every weak orthogonal (7, Fg)-contraction is a
generalized orthogonal (7, F¢)-contraction. So Theorem 2.7
is also true if we take weak orthogonal (7, Fq)-contraction.

3. Consequences of Fixed Point Results

In this section, we discuss some of the ramifications of the
preceding section’s findings.

First, we’ll illustrate how our findings allow us to for-
mulate coupled fixed point theorems in O-complete or-
thogonal metric spaces using our results. The following
definition emerges first.

Let G: W x W — W be a given mapping. We say that
(91,0,) €W xW is a coupled fixed point of G if
G(py>0,) = 9, and G(,, ;) = ;.

Our result is based on the following simple lemma which
tells a coupled fixed point is a fixed point (see Samet et al.
[23]).

Lemma 3.1. Let G: W X W — W be a given mapping.
Define the mapping :Y =W xW —Y =W xW by
T (91> 102) = (G(g1, ) G (0, 01)), for all
(p1,0,) € W x W Then, (9,,,) is a coupled fixed point of
G if and only if (p,,,) is a fixed point of <.

Theorem 3.2. Let G: W' x W — W  be a self mapping on a
SO-complete OMS (#',6, L). Assume the following as-
sumptions are true:

(i) there exists T: (0,+00) — (0, +00), such that for all
X, y,u, v € W with x L y,uLv, liminf, _,..7(q)>0,
for all t>0, §(G(x,y),G(u,v))>0,

T(8((x, y), () + F(8(G(x, ), G (u,v)))

(44)
<F(8((x, y), (w,v))),

where F € §,

(ii)) G is L -preserving,

(iii) If there exist SO-sequences {x,},{y,} € W defined by
Xpe1 = G('xn’ yn) = Gnﬂ ('xO’ }’0):
Ye1 = Gy, x,,) = G™(y,, x,) for orthogonal ele-
ments  xg, ¥, € X with (xy, ¥o) LG(xq, yy) or
G(xp, y9) L (X9, ¥9)> such that y,— y* €W,
Xy — X" € Wﬂ”d)’nl)’ml Oryn+lJ-yn’ an-anrl
or x,,; Lx,, foralln,l € N, then x,, L x* or x* L x,,
y,Ly* or y* Ly, forallneN.
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Then G has a coupled fixed point.

Proof. Here take (Y =% x W', ) is SO -complete OMS.
Define the mapping Y —Y by

T 0,) = (G(1:02), Gy, 001)),  for all  (py,0,) €
W x W . From (44), we have

T(8(&m) + F(8(T (& 1) <F(8(& 1), (45)

for all &€= (¢,,¢,),1= (4,,%,) €Y. So using Theorem 2.5,
we get the result. O

Remark 3.3. On the same lines of Theorem 3.2, we can prove
other coupled fixed point results.

We get the following result by taking 7(q) = >0 in
Theorems 2.5 and 2.6.

Corollary 3.4. Let T: W — W be a self mapping on a SO-
complete OMS (W', 5, L ). Assume the following assumptions
hold:

(i) there exists some 3>0, such that for all p,,0, € W
with p, Lg,, §(Zp,, Tw,) >0,
P+ F(0(Tp1,T,)) <F(O(p102)),  (46)

or
1 _
55(@1’ Tg,) <3(py, 0, )implies B

+F(8(Zp1, Tp,)) <F (8 (g1 02))-
(47)

where F € §,
(ii)) T is L -preserving,
(iii) Property ©.

Then T has a unique fixed point.

The following outcome is a direct result of Corollary 3.4.

Corollary 3.5. Let T: W — W be a self mapping on a SO-
complete OMS (W', 5, L ). Assume the following assumptions
hold:

(i) T is L -preserving,

(ii) Property ©,

(iii) there exists some f3;>0, i = 1,2,3,4,5 such that for
all w0, €W with p, L, (T, Tp,)>0,
(1728 (x, Tx) < 6(g,¢0,)) any of the following
contracting conditions are true:
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Bi +8(Tp1, Tpy) <0 (015 02)5
1 1
b 5@ ) 3l
Bs - NENE S 0 (Zp1> Tp,) < 8(Tp1, Tpo,) - L;
3 (Zp1> Tpoy) (01> 102) (48)
1 1
Bs+ ;

1

< —
1— 8 (ToTe) = _ (o)

1

+ <
[;5 e 5 (‘zlﬁpzpz) _ 66 (‘zpl,‘zpz)

In each of these circumstances, ¥ has a unique fixed
point.

Proof. 'The proof follows directly from Corollary 3.4, as each

functions F,(y) =y, F,(y)=-1/y, F;(y)=-1/y+7y,
F,(y)=1/1-¢ and Fs(y)=1/e7? —¢, where
y =d(x, y) >0 is strictly increasing on (0, +00). O

For 7(s) = >0 in Theorem 2.7, we have the following
result.

Corollary 3.6. Let T: W' — W be a self mapping on a SO-
complete OMS (W', 5, L ). Assume the following assumptions
hold:

(i) there exists some 3> 0, such that for all p,,0, € W
with @, Lg,, 6(Tp,, Tp,) >0,

B+ F(8(Zgp:, T,)) <F (M (py,,))s (49)

B 6*8(91@2) _ 65(91{32).

whereM (@,,0,) = max{ (g1, 92), 0 (g1, Tg0y ), 8 (g0,
T(,), 0 (g1, Tge,) + 6 (95, Tg0,)/2, 6 (T7g0y, 401) +
8(Tp,, Tp,)/2,8(F*
01, T1), (220, 0,), 6 (T2, T,)}. and F € F,

(ii) T is L -preserving,

(iii) Property ©.

Then T has a unique fixed point.

Corollary 3.7. Let E: W — W be a self mapping on a SO-
complete OMS (W', 5, L ). Assume the following assumptions
hold:

(i) T is L -preserving,
(ii) Property &,
(iv) there exists some f3,>0, i =1,2,3 such that for all

010, € W with p, L p,, §(Tgp,,Tp,) >0, the fol-
lowing contractive conditions hold

B +0(Zpy, T,) <M (91, 0,);

,3 1
? 8(%@1, s(@2)

ﬁ3 _ el/B(‘lpl,sz) + eﬁ(slﬂpgpz) <

where M (g, ©,) = max{d (g,,), 0 (©;» T,), 8 (0> Tg,),
0 (1> F,) + 8 (05> Tg01)/2, 6(52@1’ ©1) + 5((32@1’ T,)/2,
8(Tp;, Tp1), 6 (201, 10,), 6 (T201, T,

Then in each of these cases T has a unique fixed point.

Proof. 'The proof immediately follows from Corollary 3.6, as
each functions F,(y)=7v, F,(y)=-1/y+y, and
Fy(y) = —€'" +¢¥, where y=d(x,y)>0 is strictly in-
creasing on (0, +00). O

+06(Zp, Tp,) <M (Typy, Tp,) +

1
]V[([Qppz)7

_ el/M (e102) + eM(KJl’WZ)’

(50)

Taking F(y) = Iny, y >0 as a result of Corollary 3.5, we
get the following result.

Corollary 3.8. Let : W — W be a self mapping on a SO-
complete OMS (W', S, L ). Assume the following assumptions
hold:

(i) there exists some 3>0, such that for all @,,0, € W
with @, L,, 6(Zp,, Tw,) >0,

8(2@1,‘lp2)§e7ﬂ8(pl,p2), (51)



where F € §,
(ii) T is L -preserving,
(iii) Property ©.

Then the mapping < has a unique fixed point.

Corollary 3.9. Let T: W — W be a self mapping on a
complete metric space (W', 5). Assume that there exists some
B>0, such that for all ., p,€W, < satisfies
0(Zp;, Tp,) >0,

B+ F(8(Zpy1, Tp,)) <F(8(01>02)), (52)

where F € §. Then the mapping T has a unique fixed point.

Proof. Define a binary relation on %" by p, L g, if and only
if {8(Zgp,, ZTp,) > Oimpliesp+ F(5(Zgp,, Tp,))<F (8(p,,

Since T satisfies (52), we have g, L g,, for any fixed
©o € 7" and for all p, € 7. Thus (7', L) is an O-set and it
is easy to see the O-completeness of 7. Furthermore, < is
1 -continuous, L -preserving and T satisfies (46). Hence
using Corollary 3.4, we get the result. O

Example 3.10. Let %" = [0,12] with usual metric 8. Define
the binary relation L on % by g, Ly, if xy < (g,Vg,)
where ©,Vgp, = p,orp,. Then (7,4, L) is O-complete
OMS. Define the mapping T: # — % by

%, 0<gp,<3
T, = (53)
0, ¢,>3.

Let g, L g,. We may assume that @, 0, <,, without loss
of generality. Then the following cases are satisfied:

Case 1. If p, =0 and 0<g,<3, then Ty, =0 and
T, = ©,/3.

Case II. If p, = 0 and ¢, >3, then T, =0 = Tp,.

Case III.
T, = 0,/3.

If p,<2 and p,<3 then T, =g,/3 and

Case IV. Ifp, <2 and g, >3 then g, — , >,, T, = ©,/3
and Ty, = 0.

From all these cases, we obtain [Ty, — T, <1/3|p, -
©,| for all g, ¢, € 7" with p, L p,.

It is easy to see that ¥ is L -preserving and L -con-
tinuous. Also 0 is a fixed point of the mapping <.

Remark 3.11

On the lines of Corollary 3.9, we can easily say that
our results extend the corresponding results of [2-4, 12,
15, 18].

Our results are more general than the results of many
researchers (see [2-4, 12, 14, 18] and references cited
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therein) as we use only strictly increasing condition of
Wardowski’s function. Our theorems are, therefore,
legitimate generalisations of Wardowski’s fixed point
theorem.

4. Applications

The application of the acquired results is demonstrated in
this section.

4.1. Solution of Volterra type Integral equation. Here, we
show how to apply the existence of a fixed point for
(7, F¢)-contractions can be applied to the following Vol-
terra type equation:

@ (t) = J; K(t,s,p(s)ds+b(t), t el (54)

where I = [0,T], T>0, &: IXIXxR — R, b: I — R.

The following assumptions must be made in order to
obtain our claims:

(A1) b, & are SO-continuous functions.

(A2) there is a strictly increasing SO-sequence («a,,)
satisfyingay = 0,a,> 1, &, — «t,_; <1, @, — + oo such that
for all s, € T and g, p, € R such that |, — @, | < &’ with
@, L, defined by 0, >, or g0, >, and ne N, we
have

18 (650) - K(bs@)| <

n —tay,

o

1 +an((xn_‘xn—l) o _P2|.

(55)

Let 77" = C(I) be a complete normed linear space, which
contains all continuous functions g: I — R that have
Bielecki’s norm: [lpll = sup e™ ‘| (£)].

We're now in a positi®h to state our initial conclusion on
existence.

Theorem 4.1. If (A1) and (A2) hold, the nonlinear integral
problem (4.1) has a unique solution in W .

Proof. Define the operator A: W — W' as
t
(40 = [ KRtspEdstb@per. (56
0

A solution of the (54) will be a fixed point of the operator A.
Define the orthogonality relation 1 on % by
01 L, =, (D, (1) 2, (t) or g, (), (t) >, (t) for all
01,0, € X, t € I, in order to satisfy all of the requirements of
Theorem 2.5.
Consider 7: (0, +00) — (0, +00) of the form

—t+a, 0<t<a,
7(t) = (57)

“t+a,q,  <t<a, nx2

Here A is L -preserving. For each ,,¢, € X with
©, L, and t € I, we have
t

(Ap,) (1) = J K(t,sp0,(s))ds+b(t)>1. (58)

0
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It follows that [(Agp,)(H)][(Ap,) ()] = (Ap,)(t), so (s) = @, (s)| <e’sup...e *|o, (s) = g, (s)| < e’ <e"ax .
(g () L (Ap) (). i1 (5) = 0, ()| < €*supere°Jpoy (5) — gy ()] < €', <7,
Next we claim that A is orthogonal (7, Fg)-contraction. (59)
Take a function F(t) = -1/t, t>0. Fix n>2 and take any Therefore, we get
©1 0, € X with g, L, such that a, , <lp, - g,l<e'a,.
Take note that for each s € I, we get
t
l(Apl) (®) - (Ap.) (t)l = J(Jﬁ (ts,01 () = K (5,05 (5))|d5
(60)
< o, n—t(xnjt| (s) - ()|d tel
1+ Xy (‘xn - “n—l)c 0 ol 2891% .
Next, we see that 1+ |p, —g,l(a,—lg, -l <
1+a,(a, —a, ), and since a,,;>1, —sa,,, < —s for all
s € I. Hence, we have
t
(Apy) (1) - (Ag,) (1) < n o o J li01 (5) = o, (s)|ds
Ll - @ll( -l —gal) o
= O e o Jt 1 (5) — o, (s)|e” ™+ e ds
L+er = g2l (o, = o1 - 2] 0
“nllpl _‘02” —ta Jt sa
< e | emds 61
Ul =l -ea)” o o
“n”pl _WZH e—tot,, 1 ta,
1+, - Wz”(“n _”@1 - Pz”) Fnt1
_ %o ~ oo ama) L
L+er = o (@ o - ) et
o) Zl
Using the properties of sequence {a,,}, we get $(0,12) = ) (63)

ler - .
1 +|l@1 - 92”(% _“@1 —

e”'|(Ap,) (1) - (Ag,) ()] < el

)

(62)

By considering the supremum with respect to t in the
aforementioned  inequality, = we  get  orthogonal
(7, Fg)-contraction. For n = 1, the calculations are the same.
The proof comes to a finish with the Theorem 2.5. O

4.2. Hyers-Ulam-Rassias-Wright Stability. In fixed point
theory, generalization of Ulam stability [16,24] has piqued
the interest of various scholars (see [25-27]). In this section,
we will look at the Hyers-Ulam-Rassias-Wright stability of
the integral (54).

The following series representation defines the Wright
function (see [28]):

=T (ol + k)’

for 0> —1,k>0,z € R. It is an entire function of order
1/1 +o.

If (54) meets the following criteria, it is called Hyers-
Ulam-Rassias-Wright stable:

for each £>0 and for every solution g € %/, there is a
constant § > 0 satisfying
<ed(o,k; 2). (64)

‘p(t) - JO K (5, 0(s)ds - b (1)

there exists some v € 7 satisfying v(t) L g (t) and
t
v () = j K (t,5,v(s))ds + b (), (65)
0
such that

lv - pl < 8¢ (0, K; 2). (66)
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Theorem 4.2. The fixed point problem Ag =, where
(Ap) (1) = Io K(t,s,p(s)ds+b(t),p € W, is Hyers-Ulam-
Rassias-Wright stable, under the hypothesis of Theorem 4.1.

Proof. On the account of Theorem 4., we guarantee a
unique 5 € 7 such that p; =Ty; = Ioﬁ(t s, 95 ()
ds+0b(t), that is, ;€ forms a solution of

p(t)=Ap(t) = Io K(t,s,p(s))ds+b(t). Let ¢>0 and
@) € 7 be an e-solution, that is,
t
o7 — A | =|p] () - jo K(t,s,0; (5))ds + b ()| <e¢ (0, %; 2).
(67)

Using Theorem 4.1, we have

o> — 1| =|Ap; - e1] <|Ap; - Apr| +|Ap; - 1]

—-T * * (68)
<e Alpz - | + ¢ (0, k; 2), for some A > 0.

Therefore, |5 — 1 <1/(1 - Ae™ e (0, k; 2) = ded (0, k; 2),
where § =1/1 -1e”">0. As a result, the (54) is Hyers-
Ulam-Rassias-Wright stable. O

4.3. Differential equations. We'll now show that the differ-
ential equation below has a solution:

2y(y+ 1)y =Qy+ 1’2t + % (t ), (69)

where y is evaluated ateacht, &: [-a, a] X [-a,a] — R"is
SO-continuous, «>0 has a positive solution in
C* ={¢ € C: £>0}, where C is a subset of the Banach space
W of continuous functions &: [-f, 5] — R, 0< < a, with
the supremum norm C: = {{ € X: £(0) =0, €] < a}.

Define the orthogonality relation L on C* by x L y if
and only if x(t)y(t)=x(t) or x(t)y(t)>y(t) for all
te[-aal.

The (69) can be simplified in the following form

2y(y+1)y'
2y +1)°

Further, we obtain

=2t + % (1 y). (70)

2 [f "2y s+ 1)
¢ +.L)?(&)45Dd5—-JO—?E;R;;IEST—y(skk

[PV 2v(v+1)
B Jo 2v + l)zdv (71)
BP0

- 2y () + 1

To satisty the hypotheses of Theorem 2.5, we demon-
strate that the operator Ay: =y—3y*2y+1=y*+y/
2y + lisan orthogonal (7, F¢)-contraction on C* for 7(s) =
1/s+1 and F(s) = -1/s, s>0.

For every y,x e C* withx Ly or yLx and t € [-a,a],
we have
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(1+2xy+y+x)|x—yl
1+2y+2x+4xy

|Ax — Ayl = (72)
Here, we found |x — y| <y + x + 2xy, which, when com-
bined with the fact that a function t—1 —¢/1 + 2¢,£t >0, is
decreasing provides the following

M—yH14x—yu

Ax - Ay|<
|Ax = Ayl 1+2|x -yl

(73)

Further, using the increasing function t—t (1 +1¢)/(1 + 2t),
t >0, we get

sup |x(t) - y(t)|<1 - sup |x(f) - y(f)')
e te[0.a] te[0,a]
lAx - Ayll< 1+2 sup |x(1) = y(1)]

te[0,a]

_ (I+lx = yIDllx = ¥l
L+2x—yl
(74)

Now, if Ax+ Ay, we get operator A is an orthogonal
(7, Fg)-contraction for 7(s) = 1/(s + 1) and F ((s)—1/s, s > 0.
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