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In this paper, the Riemann–Liouville fractional integral of an A-fractal function is explored by taking its vertical scaling factors in
the block matrix as continuous functions from [0, 1] to R. As the scaling factors play a signi�cant role in the generation of fractal
functions, the necessary condition for the scaling factors in the block matrix is outlined for the newly obtained function. �e
resultant function of the fractional integral is demonstrated as an A-fractal function if the scaling factors obey the necessary
conditions. Furthermore, this article proposes a fractional operator which de�nes the Riemann–Liouville fractional integral of an
A-fractal function for each continuous function onC(I,R2), whereC(I,R2) is the space of all continuous functions from closed
interval I ⊂ R to R2. In addition, the approximation properties such as linearity, boundedness, and semigroup property of the
proposed fractional operator are investigated.

1. Introduction

Simple �gures such as circle, triangle, rectangle, and square
can be easily described in Euclidean geometry. However,
naturally existing intricate geometric shapes such as tree
branches, snow �ake, Romanesco broccoli, and pine cones
could not be described using Euclidean geometry. So to
address this issue, Barnsley introduced the “fractal geome-
try.” Fractal objects are statistically the same regardless of the
scale at which they are seen. �e complexity of the objects
can be measured using fractal dimension which is not re-
quired to being an integer, and it is congruent with the idea
of spatial dimension. Fractal geometry o�ers a powerful tool
in approximation theory, called the fractal interpolation,
which is introduced by Barnsley using iterated function
system as a class of functions to interpolate the given data set
[1]. A unique attractor of a certain, special type of iterated
function system produces the graph of the fractal interpo-
lation function. Initially, Barnsley worked on a�ne fractal
interpolation functions using a�ne transformations. Later
on, more general transformations apart from a�ne ones

have been explored to construct quadratic fractal interpo-
lation function, α-fractal interpolation function, hidden
variable fractal interpolation function, and so on, for more
details see [2–15]. Beyond the approximation theory, fractals
are also compiled with various �elds such as graph theory
[16, 17] and fractional calculus [18, 19]. One of the trending
applications of fractals is the fractal robotics, and it has the
potential to revolutionize the technologies in an entirely
di�erent way which has never been witnessed earlier. �e
usage of fractal robotics is not limited to the defence
technology, medical application, and space application but
also includes several domains of science, see for more details
[20].

Recently, a novel fractal function known as hidden
variable A-fractal function has been introduced by blending
α-fractal function and hidden variable fractal interpolation
function in [21]. �e hidden variable fractal interpolation
functions are developed with an aim to extend the class of
one-dimensional fractal functions to higher dimensions by
introducing the “hidden variables.” �e class of functions
generated is more diverse since their values continuously
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influence on all of the hidden variables, namely, the coef-
ficients of the possibly high-dimensional affine maps that
determine the function. Chand and Kapoor in [22] have
presented the coalescence hidden variable fractal interpo-
lation function to approximate both self-affine and nonself-
affine functions. +e α-fractal functions are constructed to
approximate the given one-dimensional continuous func-
tion. +e difference between the α-fractal function and the
A-fractal function is that the former depends on the scaling
factor α and approximates the given one-dimensional
continuous function whereas the later depends on the block
matrix [A] containing both free variables and hidden var-
iables, and it approximates the given two-dimensional
continuous function by generating a family of R2-valued
continuous functions. +erefore, to approximate the given
R2 valued continuous function f , the hidden variable
A-fractal function f[A] is used, and for the proper choice of
parameters in the block matrix A, the fractal function
preserves certain characteristics such as regularity and
monotonicity of the original function f . It is a better fractal
interpolation function for getting more flexible and ap-
pealing curves which may be self-referential or nonself-
referential. To this end, the following questions have mainly
motivated us to investigate the fractional integral of an
A-fractal function.

Question 1: Can the fractional integral be implemented
on the A-fractal function? If so, what is the resultant
function?
A fractal operator based on the A-fractal function is
investigated in [15]. A natural question that arises from
[15] is as follows.
Question 2: Is it possible to propose a new operator
based on the Riemann–Liouville fractional integral of
an A-fractal function?

In literature, many authors have applied various kinds of
fractional calculus to different types of fractal functions and
have presented novel results. In [23], the box dimension of
Weyl–Marchaud fractional derivative of linear fractal in-
terpolation functions is explored. In [18], the authors have
demonstrated that there is some linear connection between
the order of the fractional derivatives and the dimension of
the graph of Weierstrass function. Liang and Zhang have
explored the relationship between the order of the Rie-
mann–Liouville fractional calculus and the box dimension of
the fractal interpolation function in [19]. Different fractal
interpolation functions (FIFs), such as linear FIF, quadratic
FIF, hidden variable FIF, and α-FIF, and their
Weyl–Marchaud fractional derivatives are examined in [24].
In [25], a new fractal-fractional (FF) operational matrix for
orthonormal normalized ultraspherical polynomials has
been examined. In [26], the rogue wave solutions and the
dark wave solutions of Ivancevic option pricing model are
constructed. +e rogue wave solutions of the Ivancevic
option pricing model are obtained via trial function method,
and the dark wave solutions of Ivancevic option pricing
model are obtained via tanh method. +e fourth-order
nonlinear Boussinesq water wave equation, which illustrates

the spread of long waves in shallow water, is explored in [27].
In [28], the Riemann–Liouville fractional integral for the
α-fractal function is examined by choosing the vertical
scaling factors as variables along with the investigation of the
boundedness and linearity of the fractional operator of the
α-fractal function. For more information, the reader is
recommended to see [29–33]. Hence, the fractional integral
can be evaluated over the A-fractal function by choosing the
scaling factors as continuous functions. +e main contri-
bution of the present study is to investigate the Rie-
mann–Liouville fractional integral (simply denoted as R-L
fractional integral) of an A-fractal function. Furthermore, it
is showed that the R-L fractional integral of an A-fractal
function with variable scaling factors is the generalization of
the R-L fractional integral of an A-fractal function with
constant scaling factors. In order to answer question 2, a
fractional operator has been proposed based on the R-L
fractional integral of an A-fractal function. Besides, some of
its approximation properties are explored.

+is paper encompasses the following. Section 2 sum-
marizes the basic definitions required for the paper. Section
3 is devoted to investigate the R-L fractional integral of an
A-fractal function with variable scaling factors. In Section 4,
a fractional operator is proposed based on the R-L fractional
integral of an A-fractal function, and its analytical properties
such as linearity and boundedness and its algebraic property
such as semigroup property have been investigated.+e final
remarks of this paper are provided in Section 5.

2. Preliminaries

+e generation of affine fractal interpolation function,
α-fractal function, hidden variable fractal interpolation
function, and the hidden variable A-fractal function is de-
scribed in this section. In addition, the R-L fractional in-
tegral of a continuous function is defined in brief.

Consider the set of interpolation data

xm, ym(  ∈ I × R: m � 0, 1, . . . , N , (1)

such that x0 <x1 < · · · < xN determines a partition of the
closed interval I � [x0, xN]. In order to find the continuous
function f: I⟶ R satisfying f(xm) � ym, ∀m �

0, 1, . . . , N, an iterated function system is constructed by
considering the following special type of affine
transformations:

wm

x

y
  �

am 0

cm dm

 
x

y
  +

em

fm

 , (2)

with the constraints

wm

x0

y0
  �

xm− 1

ym− 1
 , wm

xN

yN

  �
xm

ym

 , m � 1, 2, . . . , N.

(3)

+e parameters am, cm, dm, em , andfm in the system are
all reals, and dm is the free parameter, called the vertical
scaling factor such that |dm|< 1.
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Now, using the above affine maps, the affine fractal
interpolation function is constructed as follows: for the given
data set (1), the affine maps wm are defined by wm(x, y) �

(Lm(x), Fm(x, y)) where Lm: I⟶ Im (� [xm, xm− 1]),

∀m � 1, 2, . . . , N are the N bicontinuous maps defined by
Lm(x) � amx + bm satisfying the Lipschitz condition of
order 1. +e continuous maps Fm: X ⊂ I × R⟶ R are
defined by Fm(x, y) � dmy + qm(x), and for sm ∈ (0, 1), Fm

are contractions in the second argument,

Fm x, t1(  − Fm x, t2( 


≤ sm t1 − t2


, (4)

where x ∈ I, t1, t2 ∈ R. +e system

X; wm: m � 1, 2, . . . , N , (5)

determines an iterated function system (IFS). Let H(X) be
the metric space of all nonempty compact subsets of X with
respect to Hausdorff metric. +e Hutchinson map
W: H(X)⟶H(X) is defined by W � ∪N

m�1wm(B∗), for
any B∗ ∈H(X). Banach fixed point theorem guarantees the
existence of the unique invariant set A∗ � W(A∗) which is
called the attractor of the IFS. Let C(I) �

g: I⟶ R|g is continuous, g(x0) � y0, g(xN) � yN} and ρ
be the sup norm on C(I). Now, an operator T is defined on
(C(I), ρ) by

(Tg)(x) � Fm L
− 1
m (x), g L

− 1
m (x)  , (6)

the fixed point of the operator, say f satisfying the equation

f(x) � Fm L
− 1
m (x), f L

− 1
m (x) , (7)

is called the affine fractal interpolation function (AFIF)
associated with the IFS (5).

2.1. Hidden Variable Fractal Interpolation Function.
Generalize the data set (1) as (xm, ym, zm) ∈ I× R2: m �

0, 1, . . . , N} by including a set of real parameters zm  (see
[9]). +e hidden variable FIF is constructed by defining the
IFS as

I × R
2
; wm: m � 1, 2, . . . , N , (8)

where

wm(x, y, z) � Lm(x), Fm(x, y, z)( ,

Lm(x) � amx + bm,

Fm(x, y, z) � αmy + βmz + pm(x), cmz + qm(x)( .

(9)

Here, pm(x) and qm(x) are continuous functions, the
parameters αm and cm are the free parameters, and βm is the
constrained parameter which are chosen such that |αm|< 1,
|cm|< 1 and |βm| + |cm|< 1. +e functions Lm and Fm satisfy
the following join-up conditions:

Lm x0(  � xm− 1,

Lm xN(  � xm,

Fm x0, y0, z0(  � ym− 1, zm− 1( ,

Fm xN, yN, zN(  � ym, zm( .

(10)

By the IFS theory, (8) has a unique invariant set G, called
the attractor of the IFS (8) and which is the graph of the
function f: I⟶ R2 satisfying f(xm) � (ym.zm), for all
m � 0, 1, . . . , N. +e first component f1 of the R2-valued
function f � (f1, f2) is called the hidden variable fractal
interpolation function which is not self-affine, and the
second component f2 is called the fractal function which is
self-affine.

For the sample set of interpolation data
(0, 10, 10), (20, 40, 20), (70, 80, 90), (90, 10, 40){ }, choose the
scaling parameters αm � 0 · 2, βm � 0 · 4, cm � 0 · 5, for
m � 1, 2, 3. Figure 1 represents the hidden variable fractal
interpolation function f1, and Figure 2 illustrates the graph
of the fractal function f2.

2.2. α-Fractal Function. For approximating the given con-
tinuous function f: I⟶ RA2, its corresponding α-fractal
function is defined as follows. When the continuous func-
tions qm are chosen as

qm(x) � f°Lm(x) − αmb(x), (11)

where b: I⟶ R is a continuous function such that b(x0) �

f(x0) and b(xN) � f(xN), b≠f, and αm � α1, α2, . . . , αN 
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Figure 1: First component of f � (f1, f2), the hidden variable
fractal interpolation function f1 with scaling parameters
αm � 0 · 2, βm � 0 · 4.
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Figure 2: Second component of f � (f1, f2), the fractal function
f2 with scaling parameters cm � 0 · 5.
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is the scale vector.+en, the function satisfying the following
functional equation,

f
α
(x) � f(x) + αm f

α
− b( °L− 1

m (x) , ∀x ∈ I, m � 1, 2, . . . , N,

(12)

is called the α-fractal function, simply known as α-FIF. For
more details of α-fractal function, the interested reader can
refer to [10, 11, 14].

2.3. Hidden Variable A-Fractal Function. +is subsection
presents the construction of an A-fractal function corre-
sponding to the continuous R2-valued function [15, 21]. A
continuous function f: I⟶ R2 is uttered in order to elicit a
whole family of fractal functions f[A] parametrized by a
specific block matrix A � [Am], m � 1, 2, . . . , N with

Am �
αm βm

0 cm

 , take a note of the fact f[A] � f when

A � 0. Consider the partition x0 < x1 < · · · <xN of I and the
data set D � (xm, f1(xm), f2(xm)): m � 1, 2, . . . , N . In
the IFS I × R2; wm: m � 1, 2, . . . , N  defined in (8), con-
sider the special case,

pm(x) � f1°Lm(x) − αmb1(x) − βmb2(x), qm(x)

� f2°Lm(x) − cmb2(x),
(13)

where b � (b1, b2) ∈ C(I,R2) fulfills b(x0) � f(x0) and
b(xN) � f(xN). In this approach, the fixed point of the IFS
shown in (8) is the graph of the continuous vector-valued
function f[A] � (f1[A], f2[A]) that obeys the following
functional equation:

f[A](x) � f(x) + Am(f[A] − b) L
− 1
m (x) , x ∈ I, m � 1, 2, . . . , N.

(14)
+is function f[A] is known as the (hidden variable)

A-fractal function of f with respect to the partition
x0 <x1 < · · · <xN and the base function b. +en, the
components f1[A] andf2[A] of f[A] fulfill

f1[A](x) � αmf1[A]L
− 1
m (x)

+ βmf2[A]L
− 1
m (x) + pm L

− 1
m (x) ,

f2[A](x) � cmf2[A]L
− 1
m (x) + qm L

− 1
m (x) .

(15)

+e functions f1[A] andf2[A] are nonself-referential
and self-referential functions, respectively. For any choice of
the block matrix A and for any choice of the base function b
satisfying the above-mentioned conditions, it is observed
that f[A](xm) � f(xm), ∀m � 0, 1, . . . , N. Hence, the
function f[A] can be called as the fractal generalization of
the continuous function f .

When the parameters in the block matrix are taken as
continuous functions from [0, 1] toR, then the (15) becomes

f1[A](x) � αm L
− 1
m (x) f1[A]L

− 1
m (x)

+ βm L
− 1
m (x) f2[A]L

− 1
m (x) + pm L

− 1
m (x) ,

f2[A](x) � cm L
− 1
m (x) f2[A]L

− 1
m (x) + qm L

− 1
m (x) .

(16)

Definition 1 (see[34]). +e R-L fractional integral operator
of order μ> 0 with a≥ 0 for a continuous function on [a,∞)

is defined by the following expression:

I
μ
af(x) �

1
Γ(μ)


x

a
(x − y)

μ− 1
f(y)dy, (17)

where Γ(μ) � 
∞
0 e− uuμ− 1du. Consider the hidden variable

A-fractal function corresponding to the data set
(xm, ym, zm): m � 0, 1, . . . , N . +e following is valid for
any μ ∈ (0, 1)

I
μ
x0

f1(x) �
1
Γ(μ)


x

x0

(x − t)
μ− 1

f1(t)dt, (18)

I
μ
x0

f2(x) �
1
Γ(μ)


x

x0

(x − t)
μ− 1

f2(t)dt. (19)

Equations (18) and (19) are called the R-L fractional
integral of f1 and f2

��
b2

√
− 4acdefined at the initial point x0

with I
μ
x0f1(x0) � I

μ
x0f2(x0) � 0.

+e R-L fractional integral of f1 and f2 defined at the
end point xN, with I

μ
xN

f1(xN) � I
μ
xN

f2(xN) � 0, is given as
follows:

I
μ
xN

f1(x) � −
1
Γ(μ)


x

xN

(x − t)
μ− 1

f1(t)dt, (20)

I
μ
xN

f2(x) � −
1
Γ(μ)


x

xN

(x − t)
μ− 1

f2(t)dt. (21)

3. Fractional Calculus on A-Fractal Function

In this section, by choosing the scaling factors as variables,
the R-L fractional integral of an A-fractal function is
demonstrated as an A-fractal function under certain
conditions.

In the following theorem, the scaling factors are chosen
as continuous functions for the A-fractal function, and its
R-L fractional integral is examined with the presumed initial
conditions y0 � 0 and z0 � 0.

Theorem 1. Let f[A] be the A-fractal function with variable
scaling factors corresponding to the interpolation points
(xm, ym, zm) ∈ I × R2: m � 0, 1, . . . , N . If max
(a

μ
m‖αm‖∞, a

μ
m‖βm + cm‖∞): m � 1, 2, . . . , N < 1, then

Lm(x), F1m[A](x, y, z) 
N

m�1 and Lm(x), F2m[A](x, z) 
N

m�1
generates (I

μ
x0 f)[A](x) � ((I

μ
x0f1)[A](x), (I

μ
x0f2)[A](x)),

where
F1m[A](x, y, z) � a

μ
mαm(x)y + a

μ
mβm(x)z + pm(x),

F2m[A](x, z) � a
μ
mcm(x)z + qm(x),

(22)

with 
N
m�1 a

μ
mαm(xN)≠ 1, 

N
m�1 a

μ
mcm(xN)≠ 1, and y0 � 0,

z0 � 0, for m � 1, 2, . . . , N
��
b2

√
− 4ac,
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pm(x) � ym− 1 + f1[A]m,μ(x) + a
μ
mI

μ
x0

f1°Lm(x) − aμmαm(x)Iμx0b1(x) − aμmβm(x)Iμx0b2(x),

qm(x) � zm− 1 + f2[A]m,μ(x) + a
μ
mI

μ
x0

f2°Lm(x) − aμmcm(x)Iμx0b2(x),

ym � 
m

i�1
f1[A]i,μ xN(  + a

μ
i αi xN( yN + a

μ
i βi xN( zN + a

μ
i I

μ
x0

f1°Li xN(  − aμi αi xN( Iμx0b1 xN(  − aμi βi xN( Iμx0b2 xN(  

yN �


N
i�1 f1[A](i,μ) xN(  + a

μ
i βi xN( zi + a

μ
i I

μ
x0

f1°Li  xN(  − a
μ
i αi xN(  I

μ
x0

b1  xN(  − a
μ
i βi xN(  I

μ
x0

b2  xN(  

1 − 
N
i�1 a

μ
i αi xN(  

,

zm � 
m

i�1
f2[A]i,μ xN(  + a

μ
i ci xN( zN + a

μ
i I

μ
x0

f2°Li xN(  − aμi ci xN( Iμx0b2 xN(  ,

zN �


N
i�1 f2[A]i,μ xN(  + a

μ
i I

μ
x0

f2°Li xN(  − aμi ci xN( Iμx0b2 xN(  

1 − 
N
i�1 a

μ
i ci xN( 

.

(23)

Proof. +e R-L fractional integral of f1[A] is given by

I
μ
x0

f1[A] Lm(x)(  �
1
Γ(μ)


Lm(x)

x0

Lm(x) − t( 
μ− 1

f1[A](t)dt �
1
Γ(μ)


xm− 1

x0

xm− 1 − t( 
μ− 1

f1[A](t)dt

+
1
Γ(μ)


xm− 1

x0

Lm(x) − t( 
μ− 1

− xm− 1 − t( 
μ− 1

 f1[A](t)dt +
1
Γ(μ)


Lm(x)

xm− 1

Lm(x) − t( 
μ− 1

f1[A](t)dt.

(24)

Here, take ym− 1 � 1/Γ(μ) 
xm− 1

x0
(xm− 1 − t)μ− 1f1[A](t)dt

and f1[A]m,μ(x) � 1/Γ(μ) 
xm− 1

x0
((Lm(x) − t)μ− 1− (xm− 1 − t)μ− 1)

f1[A](t)dt. By using the variable transformation t � Lm(u)

in the third term and the functional (16), the following
equation is generated

I
μ
x0

f1[A] Lm(x)(  � ym− 1 + f1[A]m,μ(x) +
am

Γ(μ)


x

x0

a
μ− 1
m (x − u)

μ− 1 αm(u)f1[A](u) + βm(u)f1[A](u) + pm(u)( du

� ym− 1 + f1[A]m,μ(x) +
a
μ
m

Γ(μ)


x

x0

(x − u)
μ− 1αm(u)f1[A](u)du

+
a
μ
m

Γ(μ)


x

x0

(x − u)
μ− 1βm(μ) × f1[A](μ)du

+
a
μ
m

Γ(μ)


x

x0

(x − u)
μ− 1

f1°Lm(u) − αm(u)b1 − βm(u)b2(u)( du.

(25)
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Now, using the Leibniz rule for fractional integral, the
following is obtained:

I
μ
x0

f1[A] Lm(x)(  � ym− 1 + f1[A]m,μ(x) + a
μ
m 

∞

k�0

v

k
  I

μ+k
x0

f1[A](x)  D
k
x0
αm(x) 

+ a
μ
m 

∞

k�0

v

k
  I

μ+k
x0

f2[A](x)  D
k
x0
βm(x)  + a

μ
mI

μ
x0

f1°Lm(x)

− a
μ
m 

∞

k�0

v

k
  I

μ+k
x0

b1(x)  D
k
x0
αm(x)  − a

μ
m 

∞

k�0

v

k
  I

μ+k
x0

b2(x)  D
k
x0
βm(x) 

� ym− 1 + f1[A]m,μ(x) + a
μ
mαm(x)I

μ
x0

f1[A](x) + a
μ
mβm(x)I

μ
x0

f2[A](x)

+ a
μ
mI

μ
x0

f1°Lm(x) − aμmαm(x)Iμx0b1(x) − aμmβm(x)Iμx0b2(x)

� a
μ
mαm(x)I

μ
x0

f1[A](x) + a
μ
mβm(x)I

μ
x0

f2[A](x) + pm(x)

� F1m x, I
μ
x0

f1[A](x), I
μ
x0

f2[A](x) .

(26)

Denote pm(x) � ym− 1 + f1[A]m,μ(x) + a
μ
mI

μ
x0f1°Lm(x)−

a
μ
mαm(x)I

μ
x0b1(x) − a

μ
mβm(x)I

μ
x0b2(x). Now, consider the

R-L fractional integral of f2[A] of order v,

I
μ
x0

f2[A] Lm(x)(  �
1
Γ(μ)


Lm(x)

x0

Lm(x) − t( 
μ− 1

f2[A](t)dt

�
1
Γ(μ)


xm− 1

x0

xm− 1 − t( 
μ− 1

f2[A](t)dt

+
1
Γ(μ)


xm− 1

x0

Lm(x) − t( 
μ− 1

− xm− 1 − t( 
μ− 1

 f2[A](t)dt

+
1
Γ(μ)


Lm(x)

xm− 1

Lm(x) − t( 
μ− 1

f2[A](t)dt.

(27)

Here, take zm− 1 � 1/Γ(μ) 
xm− 1

x0
(xm− 1 − t)μ− 1f2[A] (t)dt

and f2[A]m,μ(x) � 1/Γ(μ) 
xm− 1

x0
((Lm(x) − t)μ− 1−

(xm− 1 − t)μ− 1) f2[A](t)dt. By using variable transformation
t � Lm(u) in the third term, one can obtain

I
μ
x0

f2[A] Lm(x)(  � zm− 1 + f2[A]m,μ(x) +
am

Γ(μ)


x

x0

Lm(x) − Lm(u)( 
μ− 1

f2[A] Lm(u)( du

� zm− 1 + f2[A]m,μ(x) +
a
μ
m

Γ(μ)


x

x0

(x − u)
μ− 1

cm(u)f2[A](u)du

+
a
μ
m

Γ(μ)


x

x0

(x − u)
μ− 1

f2°Lm(u) − cm(u)b2(u)( du

� zm− 1 + f2[A]m,μ(x) +
a
μ
m

Γ(μ)


x

x0

(x − u)
μ− 1

cm(u)f2[A](u)du

+
a
μ
m

Γ(μ)


x

x0

(x − u)
μ− 1

f2°Lm(u)du −
aμm
Γ(μ)


x

x0
(x − u)

μ− 1
cm(u)b2(u)du.

(28)
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Applying the Leibniz rule for fractional integral,

I
μ
x0

f2[A] Lm(x)(  � zm− 1 + f2[A]m,μ(x) + a
μ
m 

∞

k�0

v

k
  I

μ+k
x0

f2[A](x)  D
k
x0

cm(x) 

+ a
μ
mI

μ
x0

f2°Lm(x) − aμm 

∞

k�0

v

k
  Iμ+k

x0 b2(x)  Dk
x0cm(x) 

� zm− 1 + f2[A]m,μ(x) + a
μ
mcm(x)I

μ
x0

f2[A](x) + a
μ
mI

μ
x0

f2°Lm(x) − aμmcm(x)Iμx0b2(x)

� a
μ
mcm(x)I

μ
x0

f2[A](x) + qm(x)

� F2m x, I
μ
x0

f2[A](x) .

(29)

Denote qm(x) � zm− 1 + f2[A]m,μ(x)+ a
μ
mI

μ
x0f2°Lm(x)−

a
μ
mcm(x)I

μ
x0b2(x).

As a result, an A-fractal function’s R-L fractional integral
is also an A-fractal function. Take x � xN and Lm(xN) � xm

in the following equation:

I
μ
x0

f1[A] Lm(x)(  � ym− 1 + f1[A]m,μ(x) + a
μ
mαm(x)I

μ
x0

f1[A](x) + a
μ
mβm(x)I

μ
x0

f2[A](x)

+ a
μ
mI

μ
x0

f1°Lm(x) − aμmαm(x)Iμx0b1(x) − aμmβm(x)Iμx0b2(x).
(30)

Hence,

ym − ym− 1 � f1[A]m,μ xN(  + a
μ
mαm xN( yN + a

μ
mβm xN( zN + a

μ
mI

μ
x0

f1°Lm xN( 

− a
μ
mαm xN( I

μ
x0

b1 xN(  − a
μ
mβm xN( I

μ
x0

b2 xN( .
(31)

+e system of equations ym � y0 + 
m
i�1(yi − yi− 1) yields

ym � 
m

i�1
f1[A]i,μ xN(  + a

μ
i αi xN( yN + a

μ
i βi xN( zN + a

μ
i I

μ
x0

f1°Li xN(  − aμi αi xN( Iμx0b1 xN(  − aμi βi xN( Iμx0b2 xN(  . (32)

By substituting m � N, the previous equation provides
yN as follows:

yN �


N
i�1 f1[A](i,μ) xN(  + a

μ
i βi xN( zi + a

μ
i I

μ
x0

f1°Li  xN(  − a
μ
i αi xN(  I

μ
x0

b1  xN(  − a
μ
i βi xN(  I

μ
x0

b2  xN(  

1 − 
N
i�1 a

μ
i αi xN(  

. (33)

Take x � xN and Lm(xN) � xm in the below equation to
determine the new data set (xm, zm): m � 0, 1, . . . , N .

I
μ
x0

f2[A]  Lm(x)(  � zm− 1 + f2[A]m,μ(x) + a
μ
mcm(x)I

μ
x0

f2[A](x) + a
μ
mI

μ
x0

f2°Lm(x) − aμmcm(x)Iμx0b2(x). (34)

+erefore,

zm − zm− 1 � f2[A]m,μ xN(  + a
μ
mcm xN( zN + a

μ
mI

μ
x0

f2°Lm xN(  − aμmcm xN( Iμx0b2 xN( . (35)
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+e equation zm � z0 + 
m
i�1(zi − zi− 1) yields

zm � 
m

i�1
f2[A]i,μ xN(  + a

μ
i ci xN( zN

+ a
μ
i I

μ
x0

f2°Li xN(  − aμi ci xN( Iμx0b2 xN( ).

(36)

By substituting m � N, the previous equation provides
the end point zN as follows:

zN �


N
i�1 f2[A]i,μ xN(  + a

μ
i I

μ
x0

f2°Li xN(  − aμi ci xN( Iμx0b2 xN(  

1 − 
N
i�1 a

μ
i ci xN( 

.

(37)

It is important to check the join-up conditions of
Fm(x, y, z). First,

pm x0(  � ym− 1 + f1[A]m,μ x0(  + a
μ
mI

μ
x0

f1°Lm x0(  − aμmαm x0( Iμx0b1 x0(  − aμmβm x0( Iμx0b2 x0( ,

pm x0(  � ym− 1,

pm xN(  � ym− 1 + f1[A]m,μ xN(  + a
μ
mI

μ
x0

f1°Lm xN(  − aμmαm xN( Iμx0b1 xN(  − aμmβm xN( Iμx0b2 xN( ,

(38)

when pm(xN) is compared with (31), one can obtain

pm xN(  � ym − a
μ
mαm xN( yN − a

μ
mβm xN( zN. (39)

In the same way, the endpoint conditions of qm can be
verified.

Hence, +eorem 1 has demonstrated that the R-L
fractional integral of an A-fractal function with the pre-
determined initial conditions y0 � 0 and z0 � 0 is also an
A-fractal function for the new data set (xm, ym, zm):

m � 0, 1, . . . , N}. □

Remark 1. +eorem 1 generalizes the R-L fractional integral
of an A-fractal function with constant scaling factors when
its integral is defined at the initial point. +at is, suppose the
vertical scaling factors in +eorem 1 are taken as constants

and if |Am
′|< 1 where Am

′ � a
μ
m

αm βm

0 cm

  with 
N
m�1 a

μ
mαm ≠

1, 
N
m�1 a

μ
mcm ≠ 1, and y0 � 0, z0 � 0, then the following

result is obtained for m � 1, 2, . . . , N,

pm(x) � ym− 1 + f1(i,μ)[A](x) + a
μ
m I

μ
x0

f1°Lm (x) − a
μ
mαm I

μ
x0

b1 (x) − a
μ
mβm I

μ
x0

b2 (x),

qm(x) � zm− 1 + f2(i,μ)[A]N(x) + a
μ
m I

μ
x0

f2°Lm (x) − a
μ
mcm I

μ
x0

b2 (x),

f1[A]m,μ(x) �
1
Γ(μ)


xm− 1

x0

Lm(x) − t( 
μ− 1

− xm− 1 − t( 
μ− 1

 f1[A](t)dt,

f2[A]m,μ(x) �
1
Γ(μ)


xm− 1

x0

Lm(x) − t( 
μ− 1

− xm− 1 − t( 
μ− 1

 f2[A](t)dt,

ym � 
m

i�1
f1[A](i,μ) xN(  + a

μ
i αi yN + a

μ
i βizN + a

μ
i I

μ
x0

f1°Li  xN( 

− a
μ
i αi I

μ
x0

b1  xN(  − a
μ
i βi I

μ
x0acb2  xN( , − a

μ
i αi I

μ
x0acb1  xN(  − a

μ
i βi I

μ
x0acb2  xN( ,

yN �


N
i�1 f1[A](i,μ) xN(  + a

μ
i βizN + a

μ
i I

μ
x0

f1°Li  xN(  − a
μ
i αi I

μ
x0

b1  xN(  − a
μ
i βi I

μ
x0

b2  xN(  

1 − 
N
i�1 a

μ
i αi 

,

zm � 
m

i�1
f2[A](i,μ) xN(  + a

μ
i cizN + a

μ
i I

μ
x0

f2°Li  xN(  − a
μ
i ci I

μ
x0

b2  xN(  ,

zN �


N
i�1 f2[A](i,μ) xN(  + a

μ
i I

μ
x0

f2°Li  xN(  − a
μ
i ci I

μ
x0

b2  xN(  

1 − 
N
i�1 a

μ
i ci

.

(40)

8 Mathematical Problems in Engineering



+e following theorem explores the R-L fractional in-
tegral of an A-fractal function with the prescribed condition
yN � 0 and zN � 0.

Theorem 2. Let f[A] be the A-fractal function with variable
scaling factors corresponding to the interpolation points
(xm, ym, zm) ∈ I × R2: m � 0, 1, 2, . . . , N . If max (a

μ
m

‖αm‖∞, a
μ
m‖βm + cm‖∞): m � 1, 2, . . . , N}< 1, then Lm(x),

F1m[A](x, y, z)}N
m�1 and Lm(x), F2m[A](x, z) 

N

m�1 generate
(I

μ
xN
f)[A](x) � ((I

μ
xN

f1)[A](x), (I
μ
xN

f2)[A](x)) where
F1m[A](x, y, z) � a

μ
mαm(x)y + a

μ
mβm(x)z + pm(x) with

F2m[A](x, z) � a− v
m cm(x)z + qm(x), with 

N
m�1 a

μ
mαm

(x0)≠ 1, 
N
m�1 a

μ
mcm(x0)≠ 1 and yN � 0, zN � 0 for

m � 1, 2, . . . , N

pm(x) � ym − f1[A]m,μ(x) + a
μ
mI

μ
xN

f1°Lm(x) − aμmαm(x)IμxNb1(x) − aμmβm(x)IμxNb2(x),

qm(x) � zm − f2[A]m,μ(x) + a
μ
mI

μ
xN

f2°Lm(x) − aμmcm(x)IμxNb2(x),

ym− 1 � − 
N

i�m

f1[A](i,μ) x0(  − a
μ
i αi x0( y0 − a

μ
i βi x0( z0 − a

μ
i I

μ
xN

f1°Li x0(  + aμi αi x0( IμxNb1 x0(  + aμi βi x0( IμxNb2 x0( ,

y0 �
− 

N
i�1 f1[A](i,μ) x0(  − a

μ
i βi x0( z0 − a

μ
i I

μ
xN

f1°Li x0(  + aμi αi x0( IμxNb1 x0(  + aμi βi x0( IμxNb2 x0(  

1 − 
N
i�1 a

μ
i αi x0(  

,

zm− 1 � − 
N

i�m

f2[A]i,μ x0(  − a
μ
i ci x0( z0 − a

μ
i I

μ
xN

f2°Li x0(  + aμi ci x0( IμxNb2 x0(  ,

z0 � −


N
i�1 f2[A]i,μ x0(  − a

μ
i I

μ
xN

f2°Li x0(  + aμi ci x0( IμxNb2 x0(  

1 − 
N
i�1 a

μ
i ci x0( 

.

(41)

Proof. From (18), consider the Riemann–Liouville fractional
integral of f1[A],

I
μ
xN

f1[A] Lm(x)(  � −
1
Γ(μ)


xN

Lm(x)
Lm(x) − t( 

μ− 1
f1[A](t)dt

� −
1
Γ(μ)


xN

xm

xm − t( 
μ− 1

f1[A](t)dt

−
1
Γ(μ)


xN

xm

Lm(x) − t( 
μ− 1

− xm − t( 
μ− 1

 f1[A](t)dt

−
1
Γ(μ)


xm

Lm(x)
Lm(x) − t( 

μ− 1
f1[A](t)dt.

(42)

Here, take ym � 1/Γ(μ) − 
xN

xm
(xm − t)μ− 1f1[A](t)dt

and f2[A]m,μ(x) � 1/Γ(μ) 
xN

xm
((Lm(x) − t)μ− 1− (xm − t)μ− 1)

f1[A](t)dt. By using variable transformation in the third
term as t � Lm(u), the above equation is modified as

I
μ
xN

f1[A] Lm(x)(  � ym − f1[A]m,μ(x) −
am

Γ(μ)


xN

x
Lm(x) − Lm(u)( 

μ− 1
f1[A] Lm(u)( du. (43)
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Using the functional (16), the following equation is
generated:

I
μ
xN

f1[A] Lm(x)(  � ym − f1[A]m,μ(x)

−
am

Γ(μ)


xN

x
a
μ− 1
m (x − u)

μ− 1 αm(u)f1[A](u) + βm(u)f2[A](u) + pm(u)( du

� ym − f1[A]m,μ(x) −
a
μ
m

Γ(μ)


xN

x
(x − u)

μ− 1αm(u)f1[A](u)du

−
a
μ
m

Γ(μ)


xN

x
(x − u)

μ− 1βm(u)f2[A](u)du

−
a
μ
m

Γ(μ)


xN

x
(x − u)

μ− 1
f1°Lm(u) − αm(u)b1(u) − βm(u)b2(u)( du.

(44)

Now, using the Leibniz rule for fractional integral

I
μ
xN

f1[A] Lm(x)(  � ym − f1[A]m,μ(x) + a
μ
m 

∞

k�0

v

k
  I

μ+k
xN

f1[A](x)  D
k
xN
αm(x) 

+ a
μ
m 

∞

k�0

v

k
  I

μ+k
xN

f2[A](x)  D
k
xN
βm(x)  + a

μ
mI

μ
xN

f1°Lm(x)

− a
μ
m 

∞

k�0

v

k
  I

μ+k
xN

b1(x)  D
k
xN
αm(x)  − a

μ
m 

∞

k�0

v

k
  I

μ+k
xN

b2(x)  D
k
xN
βm(x) 

� ym − f1[A]m,μ(x) + a
μ
mαm(x)I

μ
xN

f1[A](x) + a
μ
mβm(x)I

μ
xN

f2[A](x)

+ a
μ
mI

μ
xN

f1°Lm(x) − aμmαm(x)IμxNb1(x) − aμmβm(x)IμxNb2(x)

� a
μ
mαm(x)I

μ
xN

f1[A](x) + a
μ
mβm(x)I

μ
xN

f2[A](x) + pm(x)

� F1m x, I
μ
xN

f1[A](x), I
μ
xN

f2[A](x) .

(45)

Here, denote pm(x) � ym − f1[A]m,μ(x) + a
μ
mI

μ
xN

f1°Lm(x)− a
μ
mαm(x)I

μ
xN

b1(x) − a
μ
mβm(x)I

μ
xN

b2(x). +e R-L
fractional integral of f2[A] of order v is given by

I
μ
xN

f2[A] Lm(x)(  � −
1
Γ(μ)


xN

Lm(x)
Lm(x) − t( 

μ− 1
f2[A](t)dt

� −
1
Γ(μ)


xN

xm

xm − t( 
μ− 1

f2[A](t)dt

−
1
Γ(μ)


xN

xm

Lm(x) − t( 
μ− 1

− xm − t( 
μ− 1

 f2[A](t)dt

−
1
Γ(μ)


xm

Lm(x)
Lm(x) − t( 

μ− 1
f2[A](t)dt.

(46)

Here, take zm � 1/Γ(μ) − 
xN

xm
(xm − t)μ− 1f2[A](t)dt

and f2[A]m,μ(x) � 1/Γ(μ) 
xN

xm
((Lm(x) − t)μ− 1−

(xm − t)μ− 1)f2[A](t)dt. By using variable transformation in
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the third term as t � Lm(u), the above equation is modified
as

I
μ
xN

f2[A] Lm(x)(  � zm − f2[A]m,μ(x) −
am

Γ(μ)


xN

x
Lm(x) − Lm(u)( 

μ− 1
f2[A] Lm(u)( du. (47)

Using the functional (16), the following equation is
generated:

I
μ
xN

f2[A] Lm(x)(  � zm − f2[A]m,μ(x) −
am

Γ(μ)


xN

x
a
μ− 1
m (x − u)

μ− 1
cm(u)f2[A](u) + qm(u)( du

� zm − f2[A]m,μ(x) −
a
μ
m

Γ(μ)


xN

x
(x − u)

μ− 1
cm(u)f2[A](u)du

−
a
μ
m

Γ(μ)


xN

x
(x − u)

μ− 1
f2°Lm(u)du +

aμm
Γ(μ)


xN

x
(x − u)

μ− 1
cm(u)b2(u)du.

(48)

Now, using the Leibniz rule for fractional integral,

I
μ
xN

f2[A] Lm(x)(  � zm − f2[A]m,μ(x) + a
μ
m 

∞

k�0

v

k
  I

μ+k
xN

f2[A](x)  D
k
xN

cm(x) 

+ a
μ
mI

μ
xN

f2°Lm(x) − aμmI
μ
xN 

∞

k�0

v

k
  Iμ+k

xN b2(x)  Dk
xNcm(x) 

� zm − f2[A]m,μ(x) + a
μ
mcm(x)I

μ
xN

f2[A](x) + a
μ
mI

μ
xN

f2°Lm(x) − aμmcm(x)IμxNb2(x)

� a
μ
mcm(x)I

μ
xN

f2[A](x) + qm(x)

� F2m x, I
μ
xN

f2[A](x) .

(49)

Here, denote qm(x) � zm − f2[A]m,μ(x)+ a
μ
mI

μ
xN

f2°Lm(x)− a
μ
mcm(x)I

μ
xN

b2(x). As a result, an A-fractal
function’s R-L fractional integral is also an A-fractal

function. Put x � x0 and Lm(x0) � xm− 1 in the following
equation:

I
μ
xN

f1[A]  Lm(x)(  � ym − f1[A]m,μ(x) + a
μ
mαm(x)I

μ
xN

f1[A](x) + a
μ
mβm(x)I

μ
xN

f2[A](x)

+ a
μ
mI

μ
xN

f1°Lm(x) − aμmαm(x)IμxNb1(x) − aμmβm(x)IμxNb2(x).
(50)

+erefore,

ym − ym− 1 � f1[A]m,μ x0(  − a
μ
mαm x0( y0 − a

μ
mβm x0( z0 − a

μ
mI

μ
xN

f1°Lm x0( 

+ a
μ
mαm x0( I

μ
xN

b1 x0(  + a
μ
mβm x0( I

μ
xN

b2 x0( .
(51)
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+e equation ym− 1 � yN − 
N
i�m(yi − yi− 1) yields

ym− 1 � − 
N

i�m

f1[A]i,μ x0(  − a
μ
i αi x0( y0 − a

μ
i βi x0( z0 − a

μ
i I

μ
xN

f1°Li x0( 

+ a
μ
i αi x0( I

μ
xN

b1 x0(  + a
μ
i βi x0( I

μ
xN

b2 x0( .

(52)

By substituting m � 1, the previous equation provides
the initial point y0 as follows:

y0 � −


N
i�1 f1[A](i,μ) x0(  − a

μ
i βi x0( z0 − a

μ
i I

μ
xN

f1°Li x0(  + aμi αi x0( IμxNb1 x0(  + aμi βi x0( IμxNb2 x0(  

1 − 
N
i�1 a

μ
i αi x0(  

, (53)

take x � x0 and Lm(x0) � xm− 1 in the following equation to
determine the new interpolation data (xm, zm):

m � 0, 1, . . . , N}.

I
μ
xN

f2[A] Lm(x)(  � zm − f2[A]m,μ(x) + a
μ
mcm(x)I

μ
xN

f2[A](x) + a
μ
mI

μ
xN

f2°Lm(x) − aμmcm(x)IμxNb2(x). (54)

+us,

zm − zm− 1 � f2[A]m,μ x0(  − a
μ
mcm x0( z0 − a

μ
mI

μ
xN

f2°Lm x0(  + aμmcm x0( IμxNb2 x0( . (55)

+e equation zm− 1 � zN − 
N
i�m(zi − zi− 1) yields

zm− 1 � − 
N

i�m

f2[A]i,μ x0(  − a
μ
i ci x0( z0 − a

μ
i I

μ
xN

f2°Li x0(  + aμi ci x0( IμxNb2 x0(  . (56)

By substituting m � 1, the previous equation provides
the initial point z0 as follows:

z0 � −


N
i�1 f2[A]i,μ x0(  − a

μ
i I

μ
xN

f2°Li x0(  + aμi ci x0( IμxNb2 x0(  

1 − 
N
i�1 a

μ
i ci x0( 

.

(57)

It is important to check the join-up conditions of
Fm(x, y, z). First,

pm x0(  � ym − f1[A]m,μ x0(  + a
μ
mI

μ
xN

f1°Lm x0( 

− a
μ
mαm x0( I

μ
xN

b1 x0(  − a
μ
mβm x0( I

μ
xN

b2 x0( .
(58)

When we compare pm(x0) with (51), we can obtain

pm x0(  � ym− 1 − a
μ
mαm x0( y0 − a

μ
mβm x0( z0,

pm xN(  � ym − f1[A]m,μ xN(  + a
μ
mI

μ
xN

f1°Lm xN( 

− a
μ
mαm xN( I

μ
xN

b1 xN( 

− a
μ
mβm xN( I

μ
xN

b2 xN( 

� ym.

(59)

Similarly, the endpoint conditions of qm can be verified.
+eorem 2 clearly shows that the function I

μ
xN

f[A]

fulfills the endpoint conditions Fm(x0, y0, z0) � (ym− 1,
zm− 1) and Fm(xN, yN, zN) � (ym, zm). Hence, the R-L
fractional integral of an A-fractal function with the pre-
determined conditions yN � 0 and zN � 0 is also an
A-fractal function corresponding to the new data set
(xm, ym, zm): m � 0, 1, . . . , N . □

Remark 2. +eorem 2 generalizes the R-L fractional in-
tegral of an A-fractal function with constant scaling
factors when its integral is defined at the terminal point.
+at is, suppose the vertical scaling factors in +eorem 2
are taken as constants and if |Am

′|< 1 where

Am
′ � a

μ
m

αm βm

0 cm

  with 
N
m�1 a

μ
mαm ≠ 1, 

N
m�1 a

μ
mcm ≠ 1,

and yN � 0, zN � 0, then the following result is obtained
for m � 1, 2, . . . , N:

12 Mathematical Problems in Engineering



pm(x) � ym − f1(m,μ)[A](x) + a
μ
m I

μ
xN

f1°Lm (x) − a
μ
mαm I

μ
xN

b1 (x) − βma
μ
m I

μ
xN

b2 (x),

qm(x) � zm − f2(m,μ) A[ ](x) + a
μ
m I

μ
xN

f2°Lm (x) − a
μ
mcm I

μ
xN

b2 (x),

f1[A]m,μ(x) �
1
Γ(μ)


xN

xm

Lm(x) − t( 
μ− 1

− xm − t( 
μ− 1

 f1[A](t)dt,

f2[A]m,μ(x) �
1
Γ(μ)


xN

xm

Lm(x) − t( 
μ− 1

− xm − t( 
μ− 1

 f2[A](t)dt,

ym− 1 � − 
N

i�1
f[A](i,μ) x0(  − a

μ
i αi y0 − a

μ
i βiz0 − a

μ
i I

μ
xN

f1°Li  x0(  + a
μ
i αi I

μ
xN

b1  x0(  + a
μ
i βi I

μ
xN

b2  x0( 1 ,

y0 �
− 

N
i�1 f1[A](i,μ) x0(  − a

μ
i βiz0 − a

μ
i I

μ
x0

f1°Li  x0(  + a
μ
i αi I

μ
x0

b1  x0(  + a
μ
i βi I

μ
x0

b2  x0(  

1 − 
N
i�1 a

μ
i αi 

,

zm− 1 � − 
N

i�1
f2[A](i,μ) x0(  − a

μ
i ciz0 − a

μ
i I

μ
xN

f2°Li  x0(  + a
μ
i ci I

μ
xN

b2  x0(  ,

z0 � −


N
i�1 f2[A](i,μ) x0(  − a

μ
i I

μ
x0

f2°Li  x0(  + a
μ
i ci I

μ
x0

b2  x0(  

1 − 
N
i�1 a

μ
i ci

.

(60)

4. Formulation of Fractional Operator

A fractional operator for the A-fractal function on the space
of R2 valued continuous functions is formulated in this
section. In addition, some properties such as linearity,
boundedness, and semigroup property of the fractional
operator are discussed.

Definition 2. From Remark 1, the function I
μ
x0 f[A] denotes

the R-L fractional integral of A-fractal function of order v.
+e fractional operator of A-fractal function

F
μ
[A]: C I,R

2
 ⟶ C I,R

2
 

f↦I
μ
x0
f[A],

(61)

is defined by

F
μ
[A](f(x)) � ym− 1 + f1[A]m,μ L

− 1
m (x)  + a

μ
mαmI

μ
x0

f1[A] L
− 1
m (x)  + a

μ
mβmI

μ
x0

f2[A] L
− 1
m (x) 

+ a
μ
mI

μ
x0

f1(x) − a
μ
mαmI

μ
x0

b1 L
− 1
m (x)  − a

μ
mβmI

μ
x0

b2 L
− 1
m (x)  + zm− 1 + f2[A]m,μ

L
− 1
m (x)  + a

μ
mcmI

μ
x0

f2[A] L
− 1
m (x)  + a

μ
mI

μ
x0

f2(x) − a
μ
mcmI

μ
x0

b2 L
− 1
m (x) ,

(62)
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for all x ∈ Im, m � 1, 2, . . . , N. In a similar way, the frac-
tional operator of A-fractal function can be defined such that

it provides the function I
μ
xN
f[A] for any given two-di-

mensional continuous function f .
+e linearity of Fμ[A] in (62) is verified as follows:

F
μ
[A](rf) � rym− 1 + rf1[A]m,μ L

− 1
m (x)  + a

μ
mαmI

μ
x0

rf1[A] L
− 1
m (x)  + a

μ
mβmI

μ
x0

rf2[A] L
− 1
m (x) 

+ a
μ
mI

μ
x0

rf1(x) − a
μ
mαmI

μ
x0

rb1 L
− 1
m (x)  − a

μ
mβmI

μ
x0

rb2 L
− 1
m (x)  + rzm− 1

+ rf2[A]m,μ L
− 1
m (x)  + a

μ
mcmI

μ
x0

rf2[A] L
− 1
m (x)  + a

μ
mI

μ
x0

rf2(x) − a
μ
mcmI

μ
x0

rb2 L
− 1
m (x) ,

F
μ
[A](sg) � sym− 1 + sg1[A]m,μ L

− 1
m (x)  + a

μ
mαmI

μ
x0

sg1[A] L
− 1
m (x)  + a

μ
mβmI

μ
x0

sg2[A] L
− 1
m (x) 

+ a
μ
mI

μ
x0

sg1(x) − a
μ
mαmI

μ
x0

sb1′ L
− 1
m (x)  − a

μ
mβmI

μ
x0

sb2′ L
− 1
m (x)  + szm− 1

+ sg2[A]m,μ L
− 1
m (x)  + a

μ
mcmI

μ
x0

sg2[A] L
− 1
m (x)  + a

μ
mI

μ
x0

sg2(x) − a
μ
mcmI

μ
x0

sb2′ L
− 1
m (x) .

(63)

+is easily gives Fμ[A](rf + sg) � rFμ[A](f)+
sFμ[A](g). Hence, Fμ[A] is a linear operator.

In the following theorem, by taking the base function as
the composition of two functions L and f , the bound of the
fractional operator is evaluated.

Theorem 3. If b� Lf , where L:Lip(C(I,R2))⟶
(C(I,R2)), then the fractional operator Fμ[A] is bounded.
Moreover,

F
μ
[A](f)

����
����∞ ≤ ‖A‖1 J

2‖A‖1

1 − ‖A‖1
(1 − ‖L‖) + 3  − ‖L‖ ‖f‖∞,

(64)

where Id is the identity operator and J � (xN − x0)
μ/μΓ(μ).

Proof. For the operatorFμ[A](f), the sup norm is given by

F
μ
[A](f)

����
����∞ � I

μ
x0
f[A]

�����

�����∞

≤max1≤m≤Nsup

ym− 1 + f1[A]m,μ L
− 1
m (x) 



 + zm− 1 + f2[A]m,μ L
− 1
m (x) 





+a
μ
m αm

����
���� I

μ
x0

f1[A] − I
μ
x0

b1  L
− 1
m (x) 



 + a
μ
m βm

����
���� I

μ
x0

f2[A] − I
μ
x0

b2  L
− 1
m (x) 





+a
μ
m cm

����
���� I

μ
x0

f2[A] − I
μ
x0

b2  L
− 1
m (x) 



 + a
μ
m‖ I

μ
x0

f1 + I
μ
x0

f2 (x)




⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

≤max1≤m≤N Am

����
����1sup

ym− 1 + f1[A]m,μ L
− 1
m (x) 



 + zm− 1 + f2[A]m,μ L
− 1
m (x) 





+ I
μ
x0

f1[A] − I
μ
x0

b1  L
− 1
m (x) 



 + I
μ
x0

f2[A] − I
μ
x0

b2  L
− 1
m (x) 



 + I
μ
x0

f1 + Ix0
f2 (x)





⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭

� ‖A‖1sup
ym− 1 + f1[A]m,μ L

− 1
m (x) 



 + zm− 1 + f2[A]m,μ L
− 1
m (x) 





+ I
μ
x0
f[A] − I

μ
x0
b  L

− 1
m (x) 



 + I
μ
x0
f(x) 





⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭
.

(65)

Here, ‖A‖1 � max1≤m≤N |αm|, |βm| + |cm| ≤ 1 . +e R-L
fractional integral of a continuous function I

μ
x0f(x) is

bounded by J‖f(x)‖∞, where J � (xN − x0)
μ/vΓ(v) (refer to

Lemma 2.1 in [34]). Furthermore, ‖ym− 1 + f1[A]m,μ
(L− 1

m (x))‖∞≤ (xm− 1 − x0)
μ/vΓ(μ)‖f1[A]‖∞, similarly

‖zm− 1 + f2 [A]m,μ(L− 1
m (x))‖∞≤ (xm− 1 − x0)

μ/ vΓ(μ)

‖f2[A]‖∞. +us, the above inequality is simplified as

≤ ‖A‖1
xm− 1 − x0( 

μ

vΓ(μ)
‖f[A]‖∞ + J‖f[A] − b‖∞ + J‖f‖∞ 

≤ ‖A‖ 2J‖f[A]‖∞ + J ‖f‖∞ − ‖b‖∞(  .

(66)

Since ‖f[A]‖∞ ≤ (‖A‖1/1 − ‖A‖1 ‖Id − L‖ + 1)‖f‖∞, refer
[15], then

≤ ‖A‖1 2J
‖A‖1

1 − ‖A‖1
Id − L

����
���� + 1 ‖f‖∞ + J ‖f‖∞ − ‖Lf‖∞(  

≤ ‖A‖1 2J
‖A‖1

1 − ‖A‖1
‖f‖∞ − 2J

‖A‖1

1 − ‖A‖1
‖L‖‖f‖∞ + 3J‖f‖∞ − ‖L‖‖f‖∞ 

� ‖A‖1 J
2‖A‖1

1 − ‖A‖1
(1 − ‖L‖) + 3  − ‖L‖ ‖f‖∞.

(67)
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Hence, the bound of Fμ[A] has been computed.
Now, for the collection of fractional operators, the

composition operation with the fractional orders k, l> 0 for f
on C(I,R2) is given by

I
k
a I

l
af  � I

k+l
a f . (68)

Note that, if f ∈ C(I,R2) and k, l> 0, then
Ik+l

a f ∈ C(I,R2) (refer, [35]). +e succeeding theorem il-
lustrates that the collection of fractional operators forms a
semigroup for some fractional orders μ1, μ2 > 0. □

Theorem 4. 5e collection of fractional operators of order
μ> 0, Fμ[A]: C(I,R2)⟶ C(I,R2)  forms a semigroup
with respect to composition operation; that is,

F
μ1F

μ2[A](f) � F
μ2F

μ1[A](f). (69)

Proof. For the R2 valued continuous function f defined on
the closed interval I and for some fractional orders μ1, μ2 > 0,

F
μ1F

μ2[A](f) �
a
μ1+μ2
m αm

Γ μ1( Γ μ2( 


x

x0

(x − t)
μ1− 1


t

x0

(t − u)
μ2− 1

f1[A] L
− 1
m (u) dudt

+
a
μ1+μ2
m βm

Γ μ1( Γ μ2( 


x

x0

(x − t)
μ1− 1


t

x0

(t − u)
μ2− 1

f2[A] L
− 1
m (u) dudt

+
a
μ1+μ2
m

Γ μ1( Γ μ2( 


x

x0

(x − t)
μ1− 1


t

x0

(t − u)
μ2− 1

pm L
− 1
m (u) dudt

+ ym− 1,μ1+μ2 + f1[A]m,μ1+μ2 L
− 1
m (x) 

+
a
μ1+μ2
m cm

Γ μ1( Γ μ2( 


x

x0

(x − t)
μ1− 1


t

x0

(t − u)
μ2− 1

f2[A] L
− 1
m (u) dudt

+
a
μ1+μ2
m

Γ μ1( Γ μ2( 


x

x0

(x − t)
μ1− 1


t

x0

(t − u)
μ2− 1

qm L
− 1
m (u) dudt

+ zm− 1,μ1+μ2 + f2[A]m,μ1+μ2 L
− 1
m (x) ,

F
μ1F

μ2[A](f) �
a
μ1+μ2
m αm

Γ μ1( Γ μ2( 


x

x0

f1[A] L
− 1
m (x)  

x

u
(x − t)

μ1− 1
(t − u)

μ2− 1dtdu

+
a
μ1+μ2
m βm

Γ μ1( Γ μ2( 


x

x0

f2[A] L
− 1
m (u)  

x

u
(x − t)

μ1− 1
(t − u)

μ2− 1dtdu

+
a
μ1+μ2
m

Γ μ1( Γ μ2( 


x

x0

pm L
− 1
m (x)  

x

u
(x − t)

μ1− 1
(t − u)

μ2− 1dtdu

+ ym− 1,μ1+μ2 + f1[A]m,μ1+μ2 L
− 1
m (x) 

+
a
μ1+μ2
m cm

Γ μ1( Γ μ2( 


x

x0

f2[A] L
− 1
m (x)  

x

u
(x − t)

μ1− 1
(t − u)

μ2− 1dtdu

+
a
μ1+μ2
m

Γ μ1( Γ μ2( 


x

x0

qm L
− 1
m (x)  

x

u
(x − t)

μ1− 1
(t − u)

μ2− 1dtdu + zm− 1,μ1+μ2 + f2[A]m,μ1+μ2 L
− 1
m (x) .

(70)
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Substituting t � u + v(x − u), one can get the following:

F
μ1F

μ2[A](f) �
a
μ1+μ2
m αm

Γ μ1( Γ μ2( 


x

x0

f1[A] L
− 1
m (u) (x − u)

μ1+μ2− 1

1

0
(1 − v)

μ1− 1
v
μ2− 1dvdu

+
a
μ1+μ2
m βm

Γ μ1( Γ μ2( 


x

x0

f2[A] L
− 1
m (u) (x − u)

μ1+μ2− 1

1

0
(1 − v)

μ1− 1
v
μ2− 1dvdu

+
a
μ1+μ2
m

Γ μ1( Γ μ2( 


x

x0

pm L
− 1
m (u) (x − u)

μ1+μ2− 1

1

0
(1 − v)

μ1− 1
v
μ2− 1dvdu

+ ym− 1,μ1+μ2 + f1[A]m,μ1+μ2 L
− 1
m (x) 

+
a
μ1+μ2
m cm

Γ μ1( Γ μ2( 


x

x0

f2[A] L
− 1
m (u) (x − u)

μ1+μ2− 1

1

0
(1 − v)

μ1− 1
v
μ2− 1dvdu

+
a
μ1+μ2
m

Γ μ1( Γ μ2( 


x

x0

qm L
− 1
m (u) (x − u)

μ1+μ2− 1

1

0
(1 − v)

μ1− 1
v
μ2− 1dvdu

+ zm− 1,μ1+μ2 + f2[A]m,μ1+μ2 L
− 1
m (x) 

� a
μ1+μ2
m αmI

μ1+μ2
x0

f1[A] L
− 1
m (x)  + a

μ1+μ2
m βmI

μ1+μ2
x0

f2[A] L
− 1
m (x) 

+ a
μ1+μ2
m I

μ1+μ2
x0

pm L
− 1
m (x)  + ym− 1,μ1+μ2 + f1[A]m,μ1+μ2 L

− 1
m (x) 

+ a
μ1+μ2
m cmI

μ1+μ2
x0

f2[A] L
− 1
m (x) 

+ a
μ1+μ2
m I

μ1+μ2
x0

qm L
− 1
m (x)  + zm− 1,μ1+μ2 + f2[A]m,μ1+μ2 L

− 1
m (x) 

� F
μ1+μ2[A](f).

(71)

It is clear that Fμ1+μ2[A](f) ∈ C(I,R2). Hence, the
collection of fractional operators Fμ[A]: C(I,R2)⟶

C(I,R2)} forms a semigroup. Furthermore,

F
μ1F

μ2[A](f) � F
μ1+μ2[A](f) � F

μ2+μ1[A](f)

� F
μ2F

μ1[A](f).
(72)

+erefore, the fractional operator of an A-fractal func-
tion defined using the R-L fractional operator is clearly a
bounded linear operator. Furthermore, the collection of
fractional operators configures a semigroup. □

5. Final Remarks

+is paper discusses the fractional integral of an A-fractal
function, and its vertical scaling factors are the parameters in
the block matrix and have been taken as continuous functions
in order to broaden the diversity of the fractal function. +e
questions discussed earlier in this paper have been interpreted
apparently.+e R-L fractional integral of an A-fractal function

is examined to address the first query. It is shown that the
resultant function is again an A-fractal function when the
norm of the block matrix satisfies a certain condition. Fur-
thermore, the second query has been clarified by proposing a
new fractional operator which associates each R2 valued
continuous function to its R-L fractional integral of an
A-fractal function.+e linearity and the bound of its norm are
discussed. Besides, the semigroup property is illustrated for the
collection of fractional operators.

Many of the real-world experimental functions such as
electrical signals, EEG signals, weather patterns, and stock
indices are complex and rarely exhibit a sensation of
smoothness in their patterns. To model such intricate signals,
nondifferentiable interpolants are needed. Owing to the ir-
regular and self-similar nature of the fractal functions, the
aforementioned signals can be reconstructed, and their
properties can be studied efficiently. Fractal functions are
presently being received considerable attention in various areas
such as Earth sciences, medical sciences, and other sciences.
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Among the various fractal functions, A-fractal functions are
very unique as they are a blend of hidden variable fractal
interpolation functions and α-fractal functions; hence, they
offer more flexibility in the approximation of several nonlinear
signal patterns appearing in the science and engineering fields.
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