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Tis paper proposes a discrete-time overlapping decentralized guaranteed cost control algorithm via state feedback. Based on the
inclusion principle, a structure system is decoupled into multiple subsystems, and the discretized subsystems’ controllers are
designed by using the guaranteed cost control algorithm. Finally, the subsystems’ controllers are contracted into overlapping
controllers of the original system, and the design of the control system is completed.Tis control method is introduced to the civil
engineering feld to solve the seismic control problem for discrete-time systems of building structures with uncertain parameters.
Te numerical analysis of the nine-story building structure model with uncertain parameters is carried out. Te results show that
the proposed control method can still efectively reduce the seismic response of discrete-time system when the structural pa-
rameters are uncertain, and the control efect is similar to the centralized control strategy; at the same time, the sampling rate and
data transmission speed of the system are improved to ensure the reliability of the system. It illustrates the feasibility and
efectiveness of the presented approach.

1. Introduction

Te problem of real-time feedback control of control sys-
tems has been in focus for a long time [1–3]. A complete
structural vibration control system generally consists of
actuators, controllers, and sensors. Te performance of the
control system is determined by the real-time and accurate
information transfer between these devices. Te use of
wireless transmission technology to replace traditional cable
transmission can efectively improve the real-time perfor-
mance of system information transmission and reduce the
cost of control system [4]. Te emergence of advanced
technologies, such as the wireless networked control systems
(WNCS), digital computers, and micro controllers, pro-
motes the popularization and application of control system

in practical engineering [5, 6]. Te corresponding control
force can be calculated in real time through the feedback
information of each sampling, which is then converted into
an analog signal in the form of a step function that is applied
to the structure in the real-time feedback control system. In
essence, the measurement information and input control
force in the system are discrete-time, rather than the con-
tinuous-time function required by the continuous-time
control algorithm [7]. Te control algorithm designed by
discrete-time method is more in line with the actual situ-
ation of the controlled system. Terefore, it is particularly
necessary to study the structural vibration control of dis-
crete-time systems. Paul et al. [8] proposed a novel discrete-
time sliding mode control in order to attenuate the bidi-
rectional vibrations of building structures, comparing the
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fuzzy sliding mode control with conventional controllers,
which was found to be the most efective in mitigating bi-
directional and torsional vibrations. Kemerli et al. [9]
proposed the design and implementation of the discrete-
time sliding mode controller with a hybrid control strategy
according to Gao’s reaching law and variable rate reaching
law and conducted simulated experiments with a 5-story
building under seismic excitation; the results show that
better results were achieved in terms of controller energy
consumption and structural response compared to Gao’s
controller. Demir et al. [10] studied a method to stabilize the
static output feedback (SOF) of a discrete-time linear time-
invariant (LTI) system by using a small number of sensors.
Gómez et al. [11] discussed the active control of building
structures subjected to tridirectional earthquake excitation,
for which there is no available mathematical model, the
discrete-time hysteretic nonlinear model was developed, and
use the pole-placement design to control the building
structure in bidirectional with vertical and torsional efects.
Tey performed a two-story building prototype to verify that
the controller worked better than other horizontal and
torsional actuators. Te centralized control strategies are
mostly used to suppress the vibration response of multi-
degree-of-freedom structures in previous studies. Although
it can obtain good control efects, there are also disadvan-
tages such as long feedback time and poor stability of the
system. Terefore, the decentralized control strategy is with
the advantages of fast data transmission and less feedback
delay and strong system reliability received extensive at-
tention from researchers [12–15]. Liu et al. [16] proposed
decentralized state feedback control based on substructure
(S-DSFC) algorithm. A numerical study of a 6-story plane
frame under seismic excitation indicated that both the
substructure and the whole structural system could have
better control and stability compared with the traditional
decentralized control method. Fadhilah et al. [17] used the
information from its own subsystem and other subsystems
based on the interconnection to design decentralized con-
trollers. Te bilinear matrix inequality (BMI) problem is
solved by the homotopy method, and the decentralized
controller is found to have better attenuation of centralized
disturbances compared to the state feedback controller by
two numerical example simulations. Palacios-Quiñonero
et al. [18] introduced a high-performance decentralized
controller for vibration control of large building structures.
A 35-story building is used as a research object to verify the
fexibility and efectiveness of the decentralized control
strategy. Experimental results show that the controller re-
mains structured despite severe integration constraints.
Aboudonia et al. [19] proposed a passive-based control
scheme for discrete-time systems in which the control
synthesis and operation are decentralized. Te study chose
appropriately cost functions for control, resulting in con-
trollers that may lead to closed-loop behavior similar to
LQR, then considering local conditions to ensure local
passivity of all subsystems which implies asymptotic stability
of the whole system. Zhu et al. [20] developed a control
method of decentralized predictor based on large-scale
systems with large input delay, and two methods for the

delay compensation were proposed: the backstepping-based
partial diferential equation (PDE) approach and the re-
duction-based ordinary diferential equation (ODE) ap-
proach. Ten, the Lyapunov-based dispersion analysis is
proposed under the two prediction methods. Te proposed
methods are shown to be efective through two benchmark
examples of coupled cart-pendulum systems when the input
delay of the stabilization system is too large without pre-
dictor. Warsewa et al. [21] proposed a method for designing
decentralized and distributed observers that can be used for
the monitoring and control of large-scale adaptive struc-
tures. In scenarios where redundancy and decentralization
are important, it provides a valuable approach for designing
new types of observers for intelligent structures.

However, the above literature did not consider the ex-
istence of parameter uncertainty in the structural system
when studying the system vibration control problem. Tis
uncertainty can have a negative impact on the performance
of the controlled system, so the infuence of this uncertainty
needs to be considered in the design of the controller. Te
guaranteed cost control algorithm provides an efective way
to solve this class of control problems, and the method
allows a defned upper bound on the performance index of
the systemwhile also ensuring its robust stability [22]. Zhang
et al. [23] studied the guaranteed cost control problem for a
kind of nonlinear discrete-time-delay system. A complete
Lyapunov-Krasovskii function was constructed based on the
Lyapunov matrix. Te usefulness of the theoretical results is
illustrated by presenting an example. Chen et al. [24] paid
attention to the guaranteed cost control problem for a class
of fractional-order (FO) uncertain linear systems with time-
delay parameter uncertainties with norm-bounded. By using
the linear matrix inequality (LMI) method and FO Razu-
mikhin theorem, two design methods of guaranteed cost
controllers with independent time delay and their guaran-
teed cost are given. Two numerical examples are studied to
verify the efectiveness of theoretical formulas. Qi et al. [25]
also studied the guaranteed cost control problem for a class
of uncertain fractional-order (FO) linear systems with time-
delay parameter uncertainties with norm-bounded by the
linear matrix inequality (LMI) method and the FO Razu-
mikhin theorem. Aiming at the admissible uncertainty, a
time-delay and order-dependent design method with
guaranteed closed-loop stability and cost are proposed.
Chen et al. [26] analyzed the main infuencing factors of the
higher-order CSI efect.Tese include the input frequency of
the control voltage, the uncertainty of the structural pa-
rameters, and the control gain. In addition, a new time-delay
compensation controller based on the guaranteed cost
control (GCC) algorithm is proposed to consider multilevel
higher-order CSI efects. Li et al. [27] proposed a state
feedback controller based on guaranteed cost control (GCC)
algorithm according to a Lyapunov stability theory and
linear matrix inequality (LMI) method. A ten-story frame
with AMD system is analyzed. Te results show that the new
controller can efectively suppress the dynamic response of
high-rise buildings with parameter uncertainty.

Te paper studies the discrete-time system with uncertain
parameters and proposes the overlapping decentralized
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guaranteed cost control algorithm based on state feedback.
Taking a 9-story building structure under earthquake action
as the research object, frstly, the guaranteed cost control
equations in the discrete-time domain are derived considering
the existence of uncertainties in the parameters of mass,
damping, and stifness of the structural system [27, 28]. Te
system is extended and decoupled using the inclusion prin-
ciple and then discretized, and subcontrollers are designed
with guaranteed cost control algorithms. Finally, the con-
traction principle is applied to form the overlapping con-
troller of the original system. Te numerical analysis results
show that the control method proposed in this paper can
suppress the dynamic response of the structure well, and its
control efect is comparable to that of the traditional cen-
tralized control strategy, which illustrates its efectiveness.

2. Mechanical Model of Building Structure with
Uncertain Parameters

Considering the uncertainties of the mass, damping, stif-
ness, and other parameters of the building structure system,
the motion equation of the structure under seismic exci-
tation is obtained:
(M + ΔM) €x (t) +(C + ΔC) _x(t) +(K + ΔK)x(t) � Ds €xg (t) + Buu(t),

(1)

where M, ΔM represent the mass matrix and variation
matrix of the structure, respectively; C, ΔC represent the
damping matrix and variation matrix of the structure, re-
spectively;K, ΔK represent the stifness matrix and variation
matrix of the structure, respectively; x, _x, €x represent the
displacement, velocity, and acceleration vectors, respec-
tively; Ds, Bu represent the position matrices of the external
excitation and actuator, respectively; €xg represents the ex-
ternal excitation vector; and u represents the actuator
control force vector.

Te structural form of the corresponding parameters in
(1) is

M � diag m1, m2, . . . , mn􏼈 􏼉,

C �

c1 + c2 − c2

− c2 c2 + c3 − c3

− c3 c3 + c4 − c4

· · · · · · · · ·

− cn− 1 cn− 1 + cn − cn

− cn cn

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

K �

k1 + k2 − k2

− k2 k2 + k3 − k3

− k3 k3 + k4 − k4

· · · · · · · · ·

− kn− 1 kn− 1 + kn − kn

− kn kn

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

Ds � − (M + ΔM)[1]n×1,

Bu �

Bu( 􏼁i,i � 1, 1≤ i≤ n,

Bu( 􏼁i,i+1 � − 1, 1≤ i< n,

Bu( 􏼁i,j � 0, else,

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

ΔM � αδMM,

ΔC � βδCC,

ΔK � cδKK, (2)

where α, β, c represent the rate of change of the mass,
damping, and stifness; and δM, δC, δK are the unknown
matrices of corresponding dimension. From the literature
[29], we can obtain

(M + ΔM)
− 1

� M− 1
+ Δ1M,

Δ1M � − αM− 1
􏼐 􏼑δM I + αδM( 􏼁

− 1
.

(3)

Te state-space model is transformed by (1):
_Zp(t) � Ap + ΔAp􏼐 􏼑Zp(t) + Bp + ΔBp􏼐 􏼑u(t) + Ep €xg (t),

(4)

where

Ap �
0 I

− M− 1K − M− 1C
⎡⎢⎢⎣ ⎤⎥⎥⎦,

Bp �
0

M− 1Bu

⎡⎢⎢⎣ ⎤⎥⎥⎦,

Ep �
0

− [1]

⎡⎢⎢⎣ ⎤⎥⎥⎦,

Zp(t) �
x

_x
⎡⎢⎢⎣ ⎤⎥⎥⎦,

ΔAp �
0 0

− ΔMK − ΔMC

⎡⎢⎢⎣ ⎤⎥⎥⎦,

ΔBp �
0

Δ1MBu

⎡⎢⎢⎣ ⎤⎥⎥⎦,

ΔMK � Δ1M(K + ΔK) + M− 1ΔK,

ΔMC � Δ1M(C + ΔC) + M− 1ΔC,

ΔAp ΔBp􏼐 􏼑 � DpFp
Ep1 Ep2􏼐 􏼑.

(5)

We defne a new state vector:

Z(t) � TZp(t). (6)
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Te transformation matrix [22] T can be expressed as
follows:

T �

T1,1 � 1,

T2,n+1 � 1,

T2i− 1,i− 1 � − 1, T2i− 1,i � 1, 1< i≤ n,

T2i,n+i− 1 � − 1, T2i,n+i � 1, 1< i≤ n,

Ti,j � 0, else.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

(7)

Te equation of state after conversion can be expressed
as

_Z(t) � (A + ΔA)Z(t) +(B + ΔB)u(t) + E€xg (t), (8)

where
A � TApT

− 1
,

B � TBp,

E � TEp,

ΔA � TΔApT
− 1

,

ΔB � TΔBp.

(9)

3. Guaranteed Cost Control Method for
Discrete-Time Systems

Taking the sampling periodΔT � 0.02s, the continuous-time
system (8) is discretized to obtain the state-space model of
the discrete-time system,

Z(k + 1) � (A + ΔA)Z(k) +(B + ΔB)u(k) + E€xg (k), (10)

where A, B are constant matrices, and ΔA,ΔB are its cor-
responding unknown matrices; Z(k) ∈ Rn represents the
state vector of the system; and u(k) ∈ Rm represents the
control vector of the system. It is assumed that the uncertain
matrices can be expressed as follows:

ΔA ΔB􏼂 􏼃 � DF E1 E2􏼂 􏼃, (11)

where D, E1, E2 represent the matrices of known constants
with uncertain information. F ∈ Ri×j is the unknown matrix
satisfying the following condition:

FTF≤ I, (12)

and it can be time-varying.
A performance indicator is defned for system (10):

J � 􏽘
∞

k�0
ZT

(k)Q∗Z(k) + uT(k)R∗u(k), (13)

where Q∗,R∗ are the given symmetric positive defnite
weighting matrices.

Defnition 1. For system (10) and the performance index
(13), if there is a matrix G and a positive defnite symmetric
matrix P such that for all nonzero Z(k) and all uncertain
matrices satisfying equation (12), we have

ZT
(k) A + BG + DF E1 + E2G( 􏼁􏼂 􏼃

TP A + BG + DF E1 + E2G( 􏼁􏼂 􏼃Z(k)

− ZT
(k)PZ(k) + ZT

(k) Q∗ + GTR∗G􏼐 􏼑Z(k)< 0.

(14)

Te control law u(k) � GZ(k) is called a quadratic
guaranteed cost control law with a performance matrix P for
system (10).

Lemma 1 (see[30]). It is assumed that Yc, Dc, Ec are the
known matrices and Yc is symmetric, then

Yc + DcFEc + ET
c F

TDT
c < 0. (15)

For all uncertainmatrices F satisfying FTF≤ I, if and only
if there exists a constant ε> 0, such that

Yc + εDcD
T
c + ε− 1ET

c Ec < 0. (16)

Theorem 1 (see[31]). If u(k) � GZ(k) is a guaranteed cost
control law with performance matrix P for system (10) and
performance index (13), then the closed-loop system

Z(k + 1) � A + BG + DF E1 + E2G( 􏼁􏼂 􏼃Z(k), (17)

which is quadratically stable for all allowed uncertainties and
the corresponding closed-loop performance index values
satisfy the following form:

J≤ZT
0PZ0. (18)

Theorem 2 (see[31]). For system (10) and performance index
(13), if the following optimization problem
min

ε,X,W,Y
Trace(W),

s.t.(i)

εDDT
− X AX + BY 0 0 0

(AX + BY)
T

− X E1X + E2Y( 􏼁
T X YT

0 E1X + E2Y − εI 0 0

0 X 0 − Q∗( 􏼁
− 1 0

0 Y 0 0 − R∗( 􏼁
− 1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

< 0

(ii)
X I

I W
􏼢 􏼣> 0,

(19)

which have an optimal solution (εopt,Yopt,Xopt,Wopt), then
u(k) � YoptX− 1

optZ(k) is the optimal quadratic guaranteed
cost control law of system (10), and the corresponding upper
bound of system performance is J∗ � Trace(X− 1

opt).

Proof: According to Defnition 1, there exists a quadratic
guaranteed cost control law u(k) � GZ(k) for system (10). A
matrix inequality holds if and only if there exists a matrix G
and a symmetric matrix P> 0 such that for the allowed
uncertain matrix F, the following matrix inequality holds:

A + BG + DF E1 + E2G( 􏼁􏼂 􏼃
TP A + BG + DF E1 + E2G( 􏼁􏼂 􏼃

− P + Q∗ + GTR∗G< 0.

(20)
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By the Schur complementary property of matrices, (20)
can be equated to

− P− 1 A + BG + DF E1 + E2G( 􏼁􏼂 􏼃

A + BG + DF E1 + E2G( 􏼁􏼂 􏼃
T

− P + Q∗ + GTR∗G
⎡⎢⎣ ⎤⎥⎦< 0.

(21)

We defne the matrix

Π �
− P− 1 A + BG

(A + BG)
T

− P + Q∗ + GTR∗G
⎡⎣ ⎤⎦. (22)

We convert (21) to

Π +
D

0
􏼢 􏼣F 0 E1 + E2G( 􏼁􏼂 􏼃 + 0 E1 + E2G( 􏼁􏼂 􏼃

TFT
D

0
􏼢 􏼣

T

< 0.

(23)

According to Lemma 1, the matrix inequality (23) holds
for all matrices F that satisfy FTF≤ I. If and only if there
exists a constant ε> 0 such that

Π + ε
D

0
􏼢 􏼣 DT 0􏽨 􏽩 + ε− 1 0

E1 + E2G( 􏼁
T􏼢 􏼣 0 E1 + E2G( 􏼁􏼂 􏼃< 0,

(24)

then

εDDT
− P− 1 A + BG

(A + BG)
T

− P + Q∗ + GTR∗G + ε− 1 E1 + E2G( 􏼁
T E1 + E2G( 􏼁

⎡⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎦< 0.

(25)

Multiplying the matrix on the left side of the above
equation left and right by the matrix,

I 0

0 P− 1􏼢 􏼣, (26)

respectively. We can obtain

εDDT
− P− 1

(A + BG)P− 1

P− 1
(A + BG)

T
− P− 1

+ P− 1 Q∗ + GTR∗G􏼐 􏼑P− 1
+ P− 1 ε− 1 E1 + E2G( 􏼁

T E1 + E2G( 􏼁􏽨 􏽩P− 1
⎡⎢⎢⎣ ⎤⎥⎥⎦< 0. (27)

Let X � P− 1,Y � GP− 1 and we get

εDDT
− X AX + BY

(AX + BY)
T

− X + XQ∗X + YTR∗Y + ε− 1 E1X + E2Y( 􏼁
T E1X + E2Y( 􏼁

⎡⎣ ⎤⎦< 0. (28)

By the Schur complementary property of matrices, (28)
can be equated to

εDDT
− X AX + BY 0

(AX + BY)
T

− X + XQ∗X + YTR∗Y E1X + E2Y( 􏼁
T

0 E1X + E2Y − εI

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
< 0.

(29)

Ten,

εDDT
− X AX + BY 0

(AX + BY)
T

− X + YTR∗Y E1X + E2Y( 􏼁
T

0 E1X + E2Y − εI

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

−

0

X

0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
− Q∗( 􏼁

0

X

0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

T

< 0.

(30)

Applying the Schur complementary property of matri-
ces, we get

εDDT
− X AX + BY 0 0

(AX + BY)
T

− X + YTR∗Y E1X + E2Y( 􏼁
T X

0 E1X + E2Y − εI 0

0 X 0 − Q∗( 􏼁
− 1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

< 0.

(31)

Ten,

εDDT
− X AX + BY 0 0

(AX + BY)
T

− X E1X + E2Y( 􏼁
T X

0 E1X + E2Y − εI 0

0 X 0 − Q∗( 􏼁
− 1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

−

0

YT

0

0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

− R∗( 􏼁

0

YT

0

0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

T

< 0.

(32)

By applying the Schur complementary property of
matrices again, it is found that (32) is equivalent to the
constraint (i) in problem (19).
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For the constraint (ii) in problem (19), it is equivalent to
W>X− 1 > 0 by the Schur complementary property of ma-
trices. So, the minimization of Trace(W) guarantees the
minimization of Trace(X− 1), then it is the minimization of
the upper bound of system performance. Since the objective
function and constraints in problem (17) are convex func-
tions of the variables, problem (19) is a convex optimization
problem so that a global minimum can be achieved. Te
proof is obtained by Teorem 2. □

4. Overlapping Decentralized Control
Method for Discrete-Time Systems

Consider the following state-space model of a linearly
continuous-time-invariant system:

S: _Z(t) � (A + ΔA)Z(t) +(B + ΔB)u(t),

y(t) � CyZ(t),

􏽥S: _􏽥Z(t) � (􏽥A + Δ􏽥A)􏽥Z(t) +(􏽥B + Δ􏽥B)􏽥u(t),

􏽥y(t) � 􏽥Cy
􏽥Z(t),

(33)

where Z(t) ∈ Rn, 􏽥Z(t) ∈ R􏽥n represent the state vector of the
system S and system 􏽥S, respectively; u(t) ∈ Rm, 􏽥u(t) ∈ R􏽥m

represent the input vector of the system S and system 􏽥S,
respectively; y(t) ∈ Rl, 􏽥y(t) ∈ R􏽥l represent the output vector
of the system S and system 􏽥S, respectively;A,B,Cy, 􏽥A, 􏽥B, and
􏽥Cy are n × n, n × m, l × n, 􏽥n × 􏽥n, 􏽥n × 􏽥m, and􏽥l × 􏽥n dimensional
matrices, respectively. n≤ 􏽥n, m≤ 􏽥m, l≤􏽥l. Based on the
inclusion principle, system S is extended to obtain system 􏽥S,
then

􏽥A � VAU + MA,

􏽥B � VBQ + NB,

􏽥Cy � TCyU + LC,

Δ􏽥A � VΔAU,

Δ􏽥B � VΔBQ,

(34)

where MA, NB, LC are the corresponding compensation
matrices.

Te system S is extended and decoupled into L

substructures after eliminating the connection blocks
[32]:

􏽥S(i)

D : _􏽥Zi(t) � 􏽥Aii + Δ􏽥Aii􏼐 􏼑􏽥Zi(t) + 􏽥Bii + Δ􏽥Bii( 􏼁􏽥ui(t),

􏽥yi(t) � 􏽥Cy􏼐 􏼑
ii
􏽥Zi(t), i � 1, 2, . . . , L,

(35)

where 􏽥Aii, 􏽥Bii represent the known constant matrices. Δ􏽥Aii,
Δ􏽥Bii represent the unknown matrices of uncertain param-
eters in the model and have the following form:

Δ􏽥Aii Δ􏽥Bii􏽨 􏽩 � 􏽥Di
􏽥Fi(t) 􏽥Ei1

􏽥Ei2􏼂 􏼃, (36)

where 􏽥Di, 􏽥Ei1, 􏽥Ei2 represent the matrices of known constants
with uncertain parameters. 􏽥Fi(t) represents an unknown
matrix, and 􏽥F

T
i (t)􏽥Fi(t)≤ I.

Taking the sampling period ΔT � 0.02s, the continuous-
time system (35) is discretized, then

􏽥S(i)

τ : _􏽥Zτi(k + 1) � 􏽥Aτii + Δ􏽥Aτii􏼐 􏼑􏽥Zτi(k) + 􏽥Bτii + Δ􏽥Bτii( 􏼁􏽥uτi(k), 􏽥yτi(k) � 􏽥Cy􏼐 􏼑τii
􏽥Zτi(k), i � 1, 2, . . . , L.􏼚 (37)

According to Teorem 2, the controller design of the
discrete-time model of the subsystem is carried out to obtain
the state feedback gain matrices 􏽥Gi of the subsystems, which
represented the state feedback gain matrices of a block
diagonal:

􏽥G � diag 􏽥G1,
􏽥G2, · · · , 􏽥GL􏽮 􏽯. (38)

Te overlapping controller can be obtained by trans-
forming the gain matrices 􏽥G based on the contraction
principle [32]:

G � Q􏽥GV. (39)

5. Example Simulation and Analysis

Taking the 9-story Benchmark steel structure model (as
shown in Figure 1) as the simulation example, the plan and
elevation of the structure can be seen in literature [33, 34].
Te static coalescence method is used to reduce the order of
the original fnite element model, which reduces the degrees
of freedom of vertical vibration and rotation and only retains
nine translational freedoms of the original structure. Te

-ui+1 (t)

-u2 (t)

-u3 (t)

u1 (t)

u2 (t)

ui (t)

u9 (t)

-u9 (t) u8 (t)
m8

m9

m2

mi

m1

xg

Figure 1: Structural model of the 9-story building.
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corresponding parameters of the structure are listed in
Table 1 [34]. Te damping of the structure is Rayleigh
damping, assuming the damping ratio of the frst two orders
of vibration is 0.02. Each layer of the structure is equipped
with a drive using the interlayer drive method. Te external
excitation is a horizontal seismic load. Te El Centro seismic
wave (NS, 1940) is selected, peak acceleration is 3.0 m/s2,
duration is 30 s, and sampling step is 0.02 s.

Te maximum variances that exist for the mass, damping,
and stifness of the structure are considered to be ±10%,

±15%, and ±15%, respectively. Te equation of motion for
uncertain parameters structural system under earthquake is
shown in (1), and (2) are ΔM � αM, ΔC � βC, ΔK � cK.
M, C, K represent the nominal mass, damping, and stifness
matrices of the structure, respectively. Te corresponding
uncertain parameters in (5) can be expressed as

ΔAp � DpFpEp1,

ΔBp � DpFpEp2,

Dp �

0 0

− M− 1 − M− 1

⎡⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎦

18×18

,

Fp � δ[I]18×18

Ep1 �

β − α
1 + α

K 0

0
c − α
1 + α

C

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

18×18

,

Ep2 �

0

α
1 + α

Bu

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

18×9

.

(40)

δ is an uncertain real scalar, |δ|≤ 1.
For the discrete-time system of building structure with

uncertain parameters, the discrete-time system state feed-
back overlapping decentralized guaranteed cost control
method (Dis. Overlap.) and the discrete-time system state
feedback centralized guaranteed cost control method (Dis.

Table 1: Parameters of 9-story Benchmark steel structure model.

Number of layers 1 2 3 4 5 6 7 8 9
Mass (105 kg) 10.1 9.89 9.89 9.89 9.89 9.89 9.89 9.89 10.7
Stifness (108N/m) 1.87 4.72 4.27 3.83 3.44 3.01 2.26 1.97 1.67
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Figure 2: Te design of 9-story structure controller. (a) Centralized controller. (b) Overlapping controller.
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Figure 3: Te peak structural interstory displacement (ΔM� 0,
ΔC� 0, ΔK� 0).
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Central.) are used for numerical analysis. Te design of the
controller is shown in Figure 2.

According to the design steps of overlapping decen-
tralized control method described in Section 4, the 9-story
structure is overlapped and decomposed into 2 substruc-
tures, and the overlapping part is chosen as the ffth layer,
then the two decoupled subsystems are 􏽥S

(1)

D � [1, 2, . . . , 5]

and 􏽥S
(2)

D � [5, 7, . . . , 9]. After performing discretization, the
discrete-time subsystems 􏽥S(1)

τ and 􏽥S(2)

τ are obtained. Te
corresponding weighting matrices can be expressed as
follows:

􏽥Q
∗
1 � 9.0 × 104I10,

􏽥R
∗
1 � 10− 6I5,

􏽥Q
∗
2 � 4.0 × 103I10,

􏽥R
∗
2 � 10− 6I5.

(41)

We can get 􏽥εi, 􏽥Yi, 􏽥Xi, 􏽥Wi by solving the linear matrix
inequality according to Teorem 2, then the state feedback
gain matrix of the subsystem can be found, which can be
expressed in the form of a block diagonal matrix
􏽥Go � diag[􏽥Go1,

􏽥Go2]. Te gain matrices of the original system
Go � Qo

􏽥GoVo are obtained based on shrinkage principle and
linear transformation.
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Figure 4: Te peak structural interstory displacement
(ΔM=+0.10M, ΔC=+0.15C, ΔK=+0.15K).
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Figure 7: Acceleration time-history curves (ΔM=+0.10M,
ΔC=+0.15C, ΔK=+0.15K).
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Figures 3–5 show the comparison of the peak interstory
displacement responses of the structure with uncertain
parameters using uncontrolled (Uncontrolled), discrete-
time overlapping decentralized guaranteed cost control
method (Dis. Overlap.) and discrete-time centralized
guaranteed cost control method (Dis. Central.).

It can be seen from Figures 3–5 as follows: (1) when the
errors of structural parameters are ΔM� 0, ΔC� 0, and
ΔK� 0, the interstory displacement control efect of discrete-
time centralized guaranteed cost control method (Dis.
Central.) is 64.11% ∼ 78.16% with an average control rate of
70.89%; the interstory displacement control efect of dis-
crete-time overlapping decentralized guaranteed cost con-
trol method (Dis. Overlap.) is 69.26% ∼ 85.34% with an

average control rate of 79.09%. (2) When the errors of
structural parameters are ΔM�+0.10M, ΔC�+0.15C, and
ΔK�+ 0.15K, the interstory displacement control efect of
discrete-time centralized guaranteed cost control method
(Dis. Central.) is 62.06% ∼ 74.32% with an average control
rate of 67.75%; the interstory displacement control efect of
discrete-time overlapping decentralized guaranteed cost
control method (Dis. Overlap.) is 65.32% ∼ 82.84% with an
average control rate of 76.07%. (3) When the errors of
structural parameters are ΔM� − 0.10M, ΔC� − 0.15C, and
ΔK� − 0.15K, the interstory displacement control efect of
discrete-time centralized guaranteed cost control method
(Dis. Central.) is 67.42% ∼ 81.65% with an average control

Uncontrolled
Dis. Overlap.

A
cc

el
er

at
io

n 
(m

/s
2 )

0 5 10 15 20 25 30
–8

–4

0

4

8

Time (s) 

Figure 8: Acceleration time-history curves (ΔM=−0.10M, ΔC=−
0.15C, ΔK=−0.15K).
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rate of 73.87%; the interstory displacement control efect of
discrete-time overlapping decentralized guaranteed cost
control method (Dis. Overlap.) is 72.34% ∼ 87.65% with an
average control rate of 81.58%. From the above data, it can be
seen that the proposed control method can achieve good
control efects under the existence of uncertainty in struc-
tural parameters, and the average control rate of interstory
displacement under each working condition is better than
the centralized control strategy. Te efectiveness and ap-
plicability of this method are illustrated.

Figures 6–8 show the comparison of the acceleration
time-history curves of the structural top foor with uncertain
parameters under uncontrolled and discrete-time over-
lapping decentralized guaranteed cost control method (Dis.
Overlap.). It can be seen from the fgure that the proposed
decentralized control method can efectively reduce the
acceleration response of the structure when the structural
parameters are uncertain.

Figures 9 to 11 show the comparison of the maximum
control force of the structure with uncertain parameters
using the discrete-time overlapping decentralized guaran-
teed cost control method (Dis. Overlap.) and discrete-time
centralized guaranteed cost control method (Dis. Central.).
It can be seen from the fgure that the output values required
by the two control methods are within the range of the
controller. Specifcally, except for the overlapping layers, the
control force required for each layer of substructure 1 is
slightly greater than that of the centralized control method,
and the control force required for each layer of substructure
2 is less than that of the centralized control method, in the
case of comparable control efects. Te reasons are as fol-
lows: (1) the overlapping decentralized guaranteed cost
control method divides the original structure into two
substructures which reduces the dimensionality of system.
(2) Each substructure controller in the overlapping decen-
tralized control strategy is controlled independently and
works in parallel. Te overlapping layer acts as a connecting
layer between two substructures, and the control force is
infuenced by both substructures. (3) Due to the existence of
overlapping layers, substructure 1 and substructure 2 are
similar to the relationship between the upper and lower
foors. Terefore, the control force of substructure 1 in-
creases while the control force required for substructure 2
decreases, while the control efect is guaranteed to be
constant.

6. Conclusions

Tis paper combines the overlapping decentralized control
strategy and the guaranteed cost control algorithm and then
proposes an overlapping decentralized guaranteed cost
control method for discrete-time systems. Te proposed
method is frst studied numerically with a nine-story pa-
rameters uncertainty building example. Te following
conclusions can be drawn from the present study:

(1) Te discrete-time overlapping decentralized guar-
anteed cost control algorithm based on state feed-
back proposed can achieve satisfactory control

results under the uncertainty of the controlled
structural parameters. It shows that the method is
suitable for solving the vibration control problem of
building structural systems with uncertain
parameters.

(2) Te overlapping decentralized control strategy has a
better average control rate of interlayer displacement
compared with the centralized control strategy under
the condition of comparable controller output,
which illustrates the efectiveness and feasibility of
the proposed method.

(3) Te overlapping decentralized control method re-
alizes the dimensionality reduction of large systems.
In low-dimensional systems, the transmission speed
of signals is rapid, the data processing is efcient, and
the computational cost is low, which provides an
efective idea for solving the vibration control
problems of complex systems.
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[3] Ö. Şahin, N. G. Adar, M. Kemerli et al., “A comparative
evaluation of semi-active control algorithms for real-time
seismic protection of buildings via magnetorheological fuid
dampers,” Journal of Building Engineering, vol. 42, Article ID
102795, 2021.

10 Mathematical Problems in Engineering



[4] B. D. Winter and R. A. Swartz, “Wireless structural control
using stochastic bandwidth allocation and dynamic state
estimation with measurement fusion,” Structural Control and
Health Monitoring, vol. 25, no. 2, Article ID e2104, 2018.

[5] M. C. Vásquez and R. Katebi, “New constrained predictive
PID controller for packet dropouts in wireless networked
control systems,” IFAC-PapersOnLine, vol. 51, no. 4,
pp. 811–816, 2018.

[6] H. Su, H. Zhang, X. Liang, and C. Liu, “Decentralized event-
triggered online adaptive control of unknown large-scale
systems over wireless communication networks,” IEEE
Transactions on Neural Networks and Learning Systems,
vol. 31, no. 11, pp. 4907–4919, 2020.

[7] S. Shi, Z. Shi, Z. Fei, and Z. Liu, “Finite-time output feedback
control for discrete-time switched linear systems with mode-
dependent persistent dwell-time,” Journal of the Franklin
Institute, vol. 355, no. 13, pp. 5560–5575, 2018.

[8] S. Paul, W. Yu, and X. Li, “Discrete-time sliding mode for
building structure bidirectional active vibration control,”
Transactions of the Institute of Measurement and Control,
vol. 41, no. 2, pp. 433–446, 2019.
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