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Statistical methodologies have wider applications in exercise science, sports medicine, sports management, sports marketing,
sports science, and other related sciences. These methods can be used to predict the winning probability of a team or individual in
a match, the number of minutes that an individual player will spend on the ground, the number of goals to be scored by an
individual player, the number of red/yellow cards that will be issued to an individual player or a team, etc. Keeping in view the
importance and applicability of the statistical methodologies in sport sciences, healthcare, and other related sectors, this paper
introduces a novel family of statistical models called new alpha power family of distributions. It is shown that numerous properties
of the suggested method are similar to those of the new Weibull-X and exponential type distributions. Based on the novel method,
a special model, namely, a new alpha power Weibull distribution, is studied. The new model is very flexible because the shape of its
probability density function can either be right-skewed, decreasing, left-skewed, or increasing. Furthermore, the new distribution
is also able to model real phenomena with bathtub-shaped failure rates. Finally, the usefulness/applicability of the proposed

distribution is shown by analyzing the time-to-event datasets selected from different football matches during 1964-2018.

1. Introduction

In the practice of healthcare [1], reliability [2], education [3],
hydrology [4], management [5], metrology [6], and sports
sciences [7], statistical modeling and predicting real-life
events are very crucial. Numerous statistical models (tra-
ditional/classical and modified distributions) have been
suggested to model data in these sectors.

In the recent era, the development of generating new
families of statistical models has received considerable at-
tention [8]. Recently, Alzaatreh et al. [9] introduced an
interesting method, namely, the T-X approach, to update the
distributional flexibility of the existing models. The DF
(distribution function) K (y;®,E) of the T-X method is
given by

F[G(y;@)]
K(y;(D,E)zj v(t;T)dt, (1)

a

where the function F[G(y;®)] fulfills some certain con-
ditions (for details, see [9]). In equation (1), G(y;®) is a
baseline DF with parameter vector ® and v(t;E) is the
probability density function (PDF) of the parent model with
parameter vector ®@. Corresponding to K (y; ®, E), the PDF
k(y; ®,E) is given by

d
k(y; ®,T) = <ldyF[G(y; ‘D)]}Y{F[G(y;q))]}- (2)

Most of the exponential type distributions belong to the
class defined in equation (1). Some implemented functions
of F[G(y; ®)] are provided in Table 1.

Recently, Ahmad et al. [19] implemented the T-X ap-
proach and introduced an interesting method, namely, a
new Weibull-X (NWei-X) family, to update the distribu-
tional flexibility of the classical or modified distributions.
They introduced the NWei-X family by using F[G(y; ®)] =
—-log(1-G(y;®))/1-G(y;®) in equation (1) with
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TaBLE 1: Some used functions of F[G(y; ®)] via the T-X method.

S. no. F[G(y; D)] Range of T Members of T-X family
1 G(y; D) [0, 1] [10]

2 —log (G (y; D)) (0, 00) [11]

3 —log[1 -G(y;D)] (0, 00) [12]

4 —log[1 - G*(y; D)] (0, 00) [13]

5 G(y; D)/ 1-G(y; D) (0, 00) [14]

6 —log(1-G(y; D)/eC P (0, 00) [15]

7 —log (1= G (y; ®)/B°V®) (0,00) [16]

8 —log(1-G*(y; D)/eC" 1P (0, 00) [17]

9 —log(a(1 -G*(y; D))o - G*(y; D)) (0, 00) [18]

10 —log(1-G(y;®))/1-G(y;D) (0, 00) [19] (implemented)
11 —log (G (y; ®)/1 -G (y; D)) (—00,00) [20]

12 log (~log[1 - G (y; ®)]) (<00, 00) 21]

v(t;B) = at* e ", where v(t;E) is the PDF of the one-
parameter Weibull model with parameter vector 2 = a. The
DF of the NWei-X family is given by

-1 - > "
K(y;A)=1—eXPH oig(-lc((;%;p))) } 3)

a>0,y €R,

where A is a parameter vector. The expression K (y; A) can
also be written as

H(y; ®) )}
1- G(y; @) ’ (4)

a>0,y €R,

K(y;A)=l—eXP{

where H (y;®) is the CHF (cumulative hazard function)
associated with DF G (y; ®).
In terms of CHF M (y;A), the DF W (y; A) of the ex-
ponential type distributions is defined as
W (y;8) = 1-e M0,

yeR,

(5)

where M (y; A) must fulfil certain conditions as given below:

(i) M(y;A) is a nonnegative, differentiable, and in-
creasing function of y.

(ii) limy_>_00M(y; A) — 0, and limy_,OOM (y; D)

— 00.

The traditional exponential, Rayleigh, Weibull, and other
extended lifetime distributions belong to the class defined in
equation (5) (see [22]). In link to equation (5), the PDF
w(y; A) is given by

w(y; A) =m(y; A)e MO,

(6)
yeR,

where d/dyM (y; A) = m(y; A).

Here, we introduce an additional parameter in equation
(5), by replacing the exponent term with « to propose a very
flexible family by the DF

W(y;4) = 1-a MO,
a>l,ate y€R.

(7)

For a =e, the DF in equation (7) becomes similar to
equation (5). The function M (y;A) fulfills the conditions
given in (i) and (ii). As it is quite clear that

0<W(y;A)<1, (8)

for clarification, let

1-a MUY =0, (9)

lim, W (y;A) =lim, _(

1-a MUY =1 (10)

lim, W (y;A)=lim, . (

Hence, using the results obtained in equations (9) and
(10), we observed that the function W (y;A) defined in
equation (7) is a proper DF. The expression in equation (7)
is very interesting and can be useful to generate new
statistical models belonging to the T-X family of
distributions.

Now, we introduce the proposed family called new alpha
power (NAPow) family by using
W (y;A) = -log(1 -G (y; @))/1 - G(y; D) in equation (7).
The DF of the NAPow family is given by

W(y;A)=1- o los(-GLi@NI-Gy:®) o Late y€R.
(11)
The DF in equation (11) can also be written as
W(y;A) =1 - HOPNCH®) sy ate,ye R (12)
Corresponding to W (y; A), the PDF w(y;A), SF (sur-

vival function) S(y;A)=1-W(y;A), and HF (hazard
function) h(y;A) = w(y; A)/1 - W (y; A) are given by
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FIGURE 1: A visual display of W (y;A) and S(y; A).
1 ;D)1 +H(y; ®@)] _ ®)/1-G (v:
w(y;A) = (loga)g (y; @) [ 2(% )]a HO@N-G®) o1 aeyeR,
(1-G(y; @)]
S(y;A) = o HOGO-Gi®) o ate, y€R, (13)
1 ;@) [1+H(y; @
h(y;A):(ogoc)g(y ) 2(}/ )]’“>1,“¢e)yeR’
(1-G(y;®)]
respectively. respectively.

Due to an extra parameter in the place of the exponent
term in equation (7), the NAPow family delivers greater
flexibility.

2. A New Alpha Power Weibull Model

Here, we discuss a special member of the NAPow family
called new alpha power Weibull (NAPow-Weibull) model.
The NAPow-Weibull model is introduced by using the DF of
the Weibull (two-parameter) distribution as a parent model.
A random variable Y has the Weibull model, if its DF
G(y; D) is given by

G(y;®) =1 —e

y20,¢>0,9>0,

(14)

where @ = (¢, ¢). Corresponding to G(y;®), the PDF
g(y; @) is given by

90y ®) = goy*le ",

y>0,¢>0,9>0.

(15)

Corresponding to G (y; @) and g (y; @), the HF h(y; ©)
and CHF H (y; ®) are given by

h(y; @) = gpy” ™,
y>0,¢>0,9>0,

(16)

H(y;®) = 9y*,7>0,$>0,¢>0, (17)

Using H(y;®) =¢y? and G(y;®)=1-¢" in
equation (12), we get the DF W (y;A) of the NAPow-
Weibull model, given by

¢
W(y;8)=1-a ",
y>20,0>0,9>0,a>1,a#e¢,

(18)
where A = (a, ¢, ).
Corresponding to W (y; A), the SF S(y;A) is given by

S(id)=a @
y>0,0>0,9>0,a>1,a#e.

(19)

A visual display of W(y;A) and S(y;A) for
a=11,¢=16, and ¢ = 1.9 is presented in Figure 1.
In link to W (y; A), the PDF w(y; A) is given by

89

w(y;A) = (loga)pgpy” ™' (1 + ¢y’ )a” """,
y>0,¢>0,9>0,a>1,a#e.

(20)

In Figure 2, a visual illustration of w(y; A) is presented
for i) @ =12,9=0.9,¢ =15 (red line), (ii) a =1.9,¢ =
0.9,¢ = 0.7 (green line), (iii) « = 1.1,¢ = 0.9, ¢ = 2.1 (blue
line), and (iv) « = 1.1,¢ = 0.1, ¢ = 4.1 (gold line).

Furthermore, in link to W (y; A), the HE h(y; A) is given
by

h(y;A) = (log@)ppy® ' (1+¢y?),
y>0,0>0,9>0,a>1,a#e.

(21)
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FIGURE 2: A visual illustration of w(y; A) for different values of «, ¢, and ¢.

Some graphical sketches of h(y;A) are provided in
Figure 3. The plots of i (y; A) in Figure 3 are obtained for (i)
a=15¢=0.1,¢ = 3.8 (blue line), (ii) « =2.5,9 =0.7,¢ =
0.08 (green line), and (iii) « = 9, ¢ = 0.4, ¢ = 0.8 (red line).

3. Estimation

Here, we derive the estimators (&, @, ) of the parameter
(a, @, ¢) of the NAPow-Weibull model with PDF w(y; A).
Consider a RS (random sample) say Y;,Y,,...,Y, from
PDF w(y;A). Then, corresponding to w(y;A), the log
likelihood function A(A) is

P
A(4) = plog(loga) + plog¢ + plogg + (¢ — 1) Y logy,

v=1

P P
+9 ) yb+ ) log(1+9y?) (22)
v=1

v=1

P
-9 Z yfe‘”y‘f (log ).

v=1

The partial derivatives of A (A) are given by

P

% (4= (logtx)oc _g ;yfew?’
E)L(A)zﬂJriy%ri ,Vf (23)
% = E ()

- (loga)iyfe‘”f [1+9x0].

=t

;;MA) = ‘:;+glogyv + @i (log )y} + soim

~ (log @)y i (log y,)ye”" (1 + py?),

- (24)

respectively.

The estimators of &, ¢, and ¢ can be obtained by solving
0/0aA (A) = 0, 0/0pA(A) = 0, and 9/0PA (A), respectively.
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FIGURE 3: A visual illustration of h(y; A) for different values of a, ¢, and ¢.
4. Data Analyses 7.8400, 7.8400, 7.8400, 7.8400, 7.8400, 8.0864, 8.1424, 8.1760,

Here, we show the applicability of the NAPow-Weibull
model by analyzing two datasets. These datasets are taken
from the sports sciences.

The first dataset consists of seventy-eight (78) obser-
vations and represents the waiting time duration till the first
goal was scored in different football matches during
1964-2018. The first sports dataset is given by 14.00, 14.00,
13.00, 13.00, 12.00, 12.00, 12.00, 12.00, 12.00, 12.00, 12.00,
11.00, 11.00, 11.00, 10.80, 10.69, 10.12, 10.00, 10.00, 10.00,
10.00, 9.90, 9.60, 9.55, 9.00, 9.00, 9.00, 9.00, 8.70, 8.30, 8.10,
8.10, 8.00, 8.00, 8.00, 8.00, 8.00, 8.00, 8.00, 7.80, 7.70, 7.69,
7.66, 7.42, 7.30, 7.27, 7.22, 7.00, 7.00, 7.00, 7.00, 7.00, 7.00,
6.00, 6.00, 6.00, 6.00, 6.00, 6.00, 6.00, 5.00, 5.00, 4.00, 4.00,
4.00, 3.90, 3.69, 3.60, 3.57, 3.55, 3.17, 3.00, 3.00, 2.80, 2.80,
2.56, 2.20, 2.10.

The second dataset consists of seventy-six (78) obser-
vations and is also taken from the sports sciences. The
second dataset also represents the waiting time duration till
the first goal was scored in different football matches. The
second dataset is given by 2.3520, 2.4640, 2.8672, 3.1360,
3.1360, 3.3600, 3.3600, 3.5504, 3.9760, 3.9984, 4.0320, 4.1328,
4.3680, 4.4800, 4.4800, 4.4800, 5.6000, 5.6000, 6.7200,
6.7200, 6.7200, 6.7200, 6.7200, 6.7200, 6.7200, 7.8400,

8.3104, 8.5792, 8.6128, 8.6240, 8.7360, 8.9600, 8.9600, 8.9600,
8.9600, 8.9600, 8.9600, 8.9600, 9.0720, 9.0720, 9.2960,
9.7440, 10.0800, 10.0800, 10.0800, 10.0800, 10.6960, 10.7520,
11.0880, 11.2000, 11.2000, 11.2000, 11.2000, 11.3344,
11.9728, 12.0960, 12.3200, 12.3200, 12.3200, 13.4400,
13.4400, 13.4400, 13.4400, 13.4400, 13.4400, 13.4400,
14.5600, 14.5600.

The complete information about these datasets can re-
trieved at https://en.wikipedia.org/wiki/Fastest_goals_in_
association_football.

We fit the NAPow-Weibull and three other models
(competitive models) to these datasets. The SFs of the
competitive models (i) Weibull (Wei), (ii) exponentiated
Weibull (Exp-Wei), and (iii) Kumaraswamy Weibull (Ku-
Wei) are given by

F(y7¢,¢) =1 _e‘/’yv”

y20,9>0,¢>0,
N (25)
F(y;</),¢,h)=1—(1—e“”y> ,

y>0,90>0,4>0,4, >0,
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FIGURE 4: The graphs of BP, hist, and TTT corresponding to the first sports dataset.
TaBLE 2: The values of &y, J)MLE, @MLE’XIMLE’ and XZMLE using the first sports dataset.
Model AyLe aMLE Pk Amie AaMLE
NAPow-Weibull 5.5958622 1.9570176 0.0053182 — —
Wei — 2.8122548 0.0023228 — —
Ex-Wei — 2.4055880 0.0064325 1.1416816 —
Ku-Wei — 1.9164566 0.0075747 1.6756171 4.1447374
TaBLE 3: The IC measures of the NAPow-Weibull, Wei, Exp-Wei, and Ku-Wei models using the first sports dataset.
Model AIC CAIC BIC HQIC
NAPow-Weibull 397.9690 398.2933 405.0392 400.7993
Wei 398.9563 399.1163 406.6697 301.8431
Exp-Wei 400.1195 400.4439 407.1897 402.9498
Ku-Wei 437.1103 437.6582 446.5371 440.8840
In link to the first sports dataset, (i) the values of
Lk Q1> Porre> Pasrps Mrre and Ay of the NAPow-Weibull,
F(y; o4, A5A,) =1 _(1 e W“’) ! i Wel Exp-Wei, and Ku-Wei models are obtained in Table 2,
(26) (ii) the values of the IC measures of the fitted models are
$20,0>0,¢>0,1,>0,1,>0, reported.m Ta'ble 3, and (iii) the values of the g-o-f measures
are provided in Table 4.
respectively. Furthermore, for the first sports dataset, the (i) estimated

To figure out the flexibility/applicability of the fitted
models (NAPow-Weibull, Wei, Exp-Wei, and Ku-Wei)
using these two datasets, certain IC (information criteria)
such as (i) AIC [23], (ii) BIC [24], (iii) CAIC [25], and (iv)
HQIC [26] are considered. In addition to the IC, three g-o-f
measures (goodness-of-fit measures) such as (i) Cra-
mer-von Mises (CM) test statistic, (ii) Anderson-Darling
(AD) test statistic, and (iii) Kolmogorov-Smirnov (KS) test
statistic are also considered. Besides these seven statistical
quantities, the p value of the fitted models is also derived.

4.1. Data Analysis Using the First Dataset. In this section, we
apply the NAPow-Weibull in comparison with the Wei,
Exp-Wei, and Ku-Wei models to the first dataset taken from
the sports sciences. The summary measures of the first sports
dataset are given by minimum =2.100, 1st quartile = 6.000,
median =7.900, mean=7.729, 3rd quartile=10.000,
maximum = 14.000, variance = 9.428, standard
deviation = 3.070, and range = 11.900. Corresponding to the
first sports dataset, the plots of hist (histogram), PB (box-
plot), and TTT (total time test) are provided in Figure 4.

DF, (ii) estimated SF, (iii) PP (probability-probability), and
(iv) QQ (quantile-quantile) plots of the NAPow-Weibull
model are sketched in Figure 5. Corresponding to the first
sports dataset, the plots of the fitted DF and SF of the
NAPow-Weibull model are obtained using the functions
W (y; ®) and S( ¥ d)) respectlvely The mathematical ex-
pressions of W (y; @) and S(y; @) are given by

0 0053182y1.957017650.0053132;;19570175

W (y;®) = 1-5.5958622"" ,

(27)
y 20,
L& _0'0053182y1.957017660.0053182)/1'9570176
S(y; D) —05.5958622 > (28)
y>0,
respectively.

4.2. Data Analysis Using the Second Dataset. In this section,
we again implement the NAPow-Weibull distribution in
comparison with the Wei, Exp-Wei, and Ku-Wei models to
the second sports dataset. The summary measures of the
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TaBLE 4: The g-o-f measures of the NAPow-Weibull, Wei, Exp-Wei, and Ku-Wei models using the first sports dataset.
Model CM AD KS p value
NAPow-Weibull 0.081915 0.553162 0.087655 0.5867
Wei 0.103879 0.694736 0.104210 0.3653
Ex-Wei 0.122746 0.802127 0.133150 0.1259
Ku-Wei 0.130764 0.849605 0.117310 0.2333
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FiGure 5: The estimated DF, SF, PP, and QQ plots of the NAPow-Weibull model corresponding to the first sports dataset.
second sports dataset are given by minimum =2.352, 1st ~ _ 20873601 ,0.0033880y%0873601
¢ sp e 8 Y W (y; ®) = 1 — 53674304 00033880y BT
quartile=6.720, median=8.680, mean=28.472, 3rd (29)
quartile=11.116, maximum = 14.560, variance=10.792, y=0,
standard deviation=3.285, and range=12.208. Corre-
sponding to the first sports data, the plots of hist, PB, and ~ - 2.0873601,0.0033380y% 0873601
b & " S P S(y; @) = 5.3674304 ©0033880yTHSTELT
TTT are presented in Figure 6. (30)

Corresponding to the second sports dataset, (i) the
values of @y > Pair s Pz A a0 Ay of the NAPow-
Weibull, Wei, Exp-Wei, and Ku-Wei distributions are
provided in Table 5, (ii) the values of the IC measures of the
fitted models are presented in Table 6, and (iii) the values of
the g-o-f measures are reported in Table 7.

In link to the second sports dataset, the (i) estimated DF,
(ii) estimated SF, (iii) PP, and (iv) QQ plots of the NAPow-
Weibull model are presented in Figure 7. Corresponding to
the second sports dataset, the plots of the fitted DF and SF of
the NAPow-Weibull model are obtained via the expressions
W (y; ®) and S( ¥; D), respectively. For the second sports
dataset, the mathematical expressions of W (y;®) and
S(y; ®) are, respectively, given by

y>0.

4.3. Discussion. In this section, the NAPow-Weibull model
was applied to two datasets taken from the sports sciences.
The first dataset consists of seventy-eight observations and
was taken from the sports sciences. The NAPow-Weibull,
Wei, Exp-Wei, and Ku-Wei models were applied to these
data. Based on the IC measures, it is observed that the
NAPow-Weibull was the best model. Furthermore, it is also
observed that the Wei model was the second-best competitor
in terms of the IC measures, whereas the Exp-Weibull model
was observed to be the second-best model based on the p
value.
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FiGure 6: The plots of BP, hist, and TTT corresponding to the second sports dataset.
TasLe 5: The values of @y g, Pyrrps @MLE,XIMLE, and XZMLE using the second sports dataset.
Model i Prie Pumre Anie AMie
NAPow-Weibull 5.3674304 2.0873601 0.0033880 — —
Wei — 2.7001948 0.0023373 — —
Ex-Wei — 2.1687800 0.0106778 1.5569487 —
Ku-Wei — 1.1827705 0.0898311 3.8295433 3.1540636

TaBLE 6: The IC measures of the NAPow-Weibull, Wei, Exp-Wei, and Ku-Wei models using the second sports dataset.

Model AIC CAIC BIC HQIC

NAPow-Weibull 396.5795 396.9128 403.5717 399.3739
Wei 397.8422 398.0066 402.5037 399.7052
Exp-Wei 401.9609 402.2943 408.9531 404.7554
Ku-Wei 407.2465 407.8099 416.5695 410.9724

TaBLE 7: The g-o-f measures of the NAPow-Weibull, Wei, Exp-Wei, and Ku-Wei models using the second sports dataset.

Model CM AD KS p value
NAPow-Weibull 0.085418 0.618361 0.086839 0.6153
Wei 0.129871 0.872488 0.126340 0.1766
Ex-Wei 0.170103 1.092799 0.128460 0.1627
Ku-Wei 0.223717 1.383692 0.141980 0.0933
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FIGURE 7: The estimated DF, SF, PP, and QQ plots of the NAPow-Weibull model corresponding to the second sports dataset.
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The second dataset consists of seventy-six observations
and was also taken from the sports sciences. Again, the
NAPow-Weibull, Wei, Exp-Wei, and Ku-Wei models were
applied to the second sports dataset. Based on the IC and
g-o-f measures, it is again observed that the NAPow-Weibull
was the best competitor than the Wei, Exp-Wei, and Ku-Wei
distributions.

5. Final Remarks

In this article, a new family, that can be used as an alternative
to a NWei-X family, is introduced. Numerous distributional
properties of the new family are obtained. There are several
advantages of using the proposed family. First, a very simple
approach was proposed to modify the existing distributions
by adding an extra parameter. Second, the proposed method
can be useful to introduce new distributions belonging to T-
X family. Third, the existing distributions having a closed-
form of DF were extended. Furthermore, a special model
(NAPow-Weibull) of the new alpha power family was
studied. Some graphical behaviors of the PDF and HF of the
NAPow-Weibull model were obtained. Finally, two appli-
cations were discussed to illustrate the NAPow-Weibull
distribution. Based on the findings using these two datasets,
it is shown that the NAPow-Weibull model was an ap-
propriate model for dealing with the data in sports and other
related sciences.
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