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A cantilever beam test specimen of a viscoelastic material, which is sourced from the hydroxy-terminated polybutadiene (HTPB)
propellant, has been made. �e traditional experimental modal analysis (EMA) is performed using the SIEMENS TESTLAB
software to obtain the �rst six orders of modal frequencies based on the Poly MAX method, thereby determining the frequency
range associated with the frequency domain analysis. �e relaxation modulus of this viscoelastic material is �rst measured using a
thermo-viscoelasticity analyzer (DMA); subsequently, the relaxation modulus is adopted to �t the 19-parameter Prony series of
conformational models that characterize this viscoelastic material. Sinusoidal frequency sweep is then conducted on the SIEMENS
TESTLAB platform, and the corresponding measured signals are obtained. Using the �nite element method, a transient analysis
simulation of the experimental conditions is performed. �e dynamic response of this viscoelastic material under sinusoidal
frequency sweep is evaluated by comparing it with the experimental data. It is observed that the overall acceleration peak error and
the �nite element simulation result are less than 3%.�is study veri�es that the obtained static constitutive equation (19-parameter
Prony series) can describe the dynamic responses at low frequencies (<80Hz).

1. Introduction

�e propellant grain of a solid rocket motor is regarded as a
typical viscoelastic material. When viscoelastic materials are
subjected to simple loading conditions, the subsequent
deformation process changes with time and the recovery
process after unloading is delayed. �erefore, the stress in
such a material is not only related to the strain at that time
but also to the entire change history of strain. During the
recovery process, the one-to-one correspondence between
stress and strain no longer exists, and the material undergoes
creep and relaxation. �erefore, elucidating the creep or
relaxation function of a viscoelastic material has become an
important tool to describe its model parameters [1], which is
also software friendly. Hui et al. studied the �tting of the
shear relaxation modulus function of viscoelastic materials,
while exploring the relaxation modulus of a viscoelastic
prototype based on Maxwell model [2]. Xu et al. put forward
a data �tting method according to a Prony series based on

the static tension relaxation experiment and linear visco-
elasticity; subsequently, they implemented isokinetic
stretching and the relaxation experiment to assess their
method [3]. �is method also works very well in �nite el-
ements. Miller et al. used the conventional method of testing
the propellant under uniaxial tension, and the double
cantilever beam mode was used to test the propellant in a
thermo-viscoelasticity analyzer (DMA); they proved that
when the results of the two methods were similar, DMA
required less materials, exhibited lower variability, and
showed insensitivity to the applied strain [4, 5]. He used the
�nite element method to simulate and analyze the two-di-
mensional axial deformation of viscoelastic components, the
in¢uence of the viscoelasticity of the material on the model,
and viscoelastic behaviors under cyclic loading [6, 7]. A
�nite element model of asphalt pavements consisting of the
Burgers model is presented, where the HTPB propellant was
modeled as a viscoelastic material in �nite element simu-
lations [8].Wang adopted the �nite element method to study
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the viscoelastic responses of buried pipe-type conductive
asphalt pavements under moving loads; they implemented a
method to convert the constitutive model of viscoelasticity
of asphalt mixtures into a Prony series [9, 10]. Zhao et al.
calculated the unit response equations associated with three
kinds of responses of typical asphalt pavement structures;
subsequently, they analyzed the viscoelastic responses of the
pavement structure under a semisinusoidal pulse load by
using Boltzmann superposition principle [11]. )e influence
of driving speed on three kinds of viscoelastic responses was
also determined. )e study indicated that the unit response
equation could be accurately expressed by a Prony series,
and its parameters could be determined using a configu-
ration method. Wang and Zhang derived the viscoelastic
integral-type incremental constitutive equation and its re-
cursive formula (expressed by Kirchhoff stress and Green
strain) using a Prony series, thereby proposing a finite el-
ement incremental superposition method for calculating the
dynamic response to a 3D viscoelastic deformation [12].
Yuan and Sun derived the viscoelasticity constitutive
equation of resin (expressed by a Prony series) and set the
component material parameters of the model [13]. Shi et al.
established the viscoelasticity constitutive model of a Kelvin-
like body, which was compared with the classical Prony
series model [14, 15].

In service, hydroxy-terminated polybutadiene (HTPB) is
subjected to dynamic loading caused by flight and trans-
portation vibrations as well as other environments [16]. It is
quite important to determine the short-term and long-term
adverse effects of these vibrations on the propellant.
Baqersad et al. analyzed the characteristics of vibration
response under random excitation [17]. )e neural network
was adopted to predict the displacement response, and the
interval modeling technique was used to construct the
damage index. )e damage time was determined, and the
cantilever beam model was simulated [18]. Zhu and Deng
conducted the dynamic response analysis of the cantilever
beam with cracks by using the finite element method, and
the life of the structure was analyzed [19]. In addition, many
scholars have also done a lot of research on solid pellets of
HTPB [20–23].

)e previous research only studied mechanical prop-
erties under static or dynamic conditions, and there were
relatively few research studies on the combination of static
and dynamic. In the past, the dynamic model of HTPB
propellant was very dependent on frequency (including high
and low frequencies), so it was difficult to obtain an accurate
dynamic model.)e fundamental frequency of a solid rocket
motor plays a very important role in all vibration fre-
quencies.)e fundamental frequency of a solid rocket motor
is generally around 80Hz, so it is very meaningful to study
the vibration at low frequencies. )is study focuses on the
application of the static model of HTPB propellant to the
dynamic response at low frequencies, combined with the
accuracy of the dynamic model, and avoids the cumbersome
acquisition of the dynamic model. )e study starts from the
basic theory of viscoelasticity and expresses the relaxation
modulus as a Prony series to determine the constitutive
equation of this viscoelastic material. )en, a sine sweep

frequency excitation was conducted to verify that this
constitutive equation can be applied in the low-frequency
dynamic response.

2. Constitutive Equation

2.1. Equipment for the Relaxation Experiment. An advanced
dynamic thermomechanical analyzer (EPLEXOR8) devel-
oped by German GABO has been used in this study, as
shown in Figure 1. )e instrument is equipped with two
upper and lower driving systems, and the static and dynamic
forces are provided by two independent systems. )e in-
strument exhibits a good driving control ability and accu-
racy, while the test data demonstrate satisfactory
repeatability.

2.2. Sample Preparation and Experimental Method. )e
viscoelastic material is sourced from the HTPB propellant
(butyl propellant), which is composed of 68% ammonium
perchlorate (AP), 11.3% hydroxy-terminated butadiene
(HTPB), 17% aluminum powder (Al), and small amounts of
curing agent, plasticizer, and process additive; AP, HTPB,
and Al function as an oxidizer, an adhesive, and a metal
combustion agent, respectively. )e HTPB propellant is one
of the commonly used solid propellants in rocket weapons.

)is paper obtained the HTPB propellant from China
Aerospace Science and Industry Group Sixth Research In-
stitute, as shown in Figure 2. More than eighteen specimens
with dimensions of 1.5mm× 3.5mm× 7.5mm are obtained
using a special cutter.)ree specimens for each temperature.
According to the Aerospace Industry Standard of the
Ministry of Aeronautics and Astronautics of the People’s
Republic of China QJ2487-93 [24], the tensile experiments at
rate of 500mm/min and the relaxation modulus are cal-
culated using a DMA since the DMA calculated the relax-
ation modulus using the measured data, as shown in
equation (1). Accordingly, the constitutive model of visco-
elasticity, which is characterized by the relaxation modulus,
has been established. )is study adopts the constitutive
equation acquisition method according to the Aerospace

Figure 1: Advanced dynamic thermomechanical analyzer (DMA).

2 Mathematical Problems in Engineering



Industry Standard of the Ministry of Aeronautics and As-
tronautics of the People’s Republic of China QJ2487-93.
Under the working conditions of solid engine transportation
and storage, the temperature range it is subjected to is about
−40 to 70°C [25, 26]. )erefore, in case of any discrepancy,
the experimental conditions can be considered accounta-
ble.where E(t) is the stress relaxation modulus at moment
(t) (MPa), F(t) is the relaxation force at moment t(N), ε0 is
the initial constant strain (%), and A0 is the specimen initial
cross-sectional area (mm2).

After the experiment is carried out according to Table 1
and calculations are performed using equation (1), the re-
sults are obtained and represented in Table 2.

E(t) �
F(t) 1 + ε0( 

A0ε0
, (1)

)e changes in the structural relaxation of viscoelastic
materials are dependent on the variations in production
temperature and the life of their structures. If the change in
temperature is extremely significant, it tends to alter the
mechanical properties of the material. To ensure that the
testing time does not become significantly long or short
with temperature, it is necessary to obtain the logarithm of
the temperature offset coefficient. Meanwhile, Ts is the
reference temperature taken as 20°C, and isotherm curve of
log(E(t)Ts/T) vs. logaT corresponding to each test tem-
perature T is shown in Figure 3. Translate each isothermal
curve along the abscissa to 20°C of isothermal abscissa
displacement value which is logaT. )e specific method
used can be found in the abovementioned standard [27]. In
this way, the time-domain range of the equivalent relax-
ation modulus can be far more than 2–1800 s.

2.3. Fitting of Constitutive Equation. After fitting the above
isothermal curve family, the relaxation modulus curve is
obtained by using the temperature offset.

)e formula [28–33] used for Prony series fitting (as
shown in Figure 4) of the relaxation modulus is as follows:

E(t) � E0 +  Ei exp
−X

ti

 , (i � 1 ∼ 9), (2)

where Ei is the transient modulus of the material and ti is the
Prony lag time constant. All the 19 parameters are shown in
Table 3.

In this way, the constitutive equation of this viscoelastic
material is developed.

3. Sinusoidal Frequency Sweep

)e sinusoidal vibration test is divided into fixed fre-
quency test and sweep frequency test, and the sweep
frequency test is divided into linear and logarithmic
frequency sweep modes. During the test, the frequency is
always constant, that is, the constant frequency test.

7.
5m

m

3.5mm THICKNESS:1.5mm

Figure 2: Experiment specimens.

Table 1: Relaxation modulus test conditions.

Temperature (°C) Stretching speed (mm/min) Initial constant strain (%) Preload (N) Relaxation sampling time (s)
−40, −20, 0, 20, 40, 70 500 5 2 2, 4, 8, 20, 40, 80, 120, 200, 400, 600, 1000

Table 2: Relaxation modulus at various temperatures.

T (°C)/t (s) −40 −20 0 20 40 70
2 16.01 7.50 5.67 4.12 3.94 3.30
5 13.51 6.38 4.87 3.63 3.49 2.92
8 12.39 5.88 4.51 3.41 3.28 2.74
10 11.89 5.65 4.34 3.31 3.19 2.66
15 11.03 5.26 4.06 3.13 3.02 2.52
25 10.03 4.81 3.73 2.92 2.82 2.35
50 8.82 4.26 3.33 2.66 2.58 2.14
80 8.09 3.92 3.08 2.49 2.42 2.01
100 7.76 3.77 2.97 2.42 2.35 1.95
200 6.83 3.34 2.65 2.20 2.15 1.78
250 6.55 3.21 2.55 2.13 2.08 1.73
500 5.76 2.84 2.28 1.94 1.90 1.57
800 5.28 2.61 2.11 1.82 1.79 1.48
1000 5.07 2.51 2.03 1.77 1.73 1.43
1500 4.70 2.34 1.90 1.67 1.64 1.36
1800 4.55 2.27 1.84 1.63 1.61 1.33
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During the test, the frequency that changes with time is
the frequency sweep test, and the vibration level in the
frequency sweep test is a function of the frequency. )e
frequency sweep test is divided into linear frequency
sweep and logarithmic frequency sweep according to the
type of frequency change. Linear sweep frequency change
is linear; log sweep frequency change is logarithmic.

3.1. Sinusoidal Frequency Sweep Set-Up. )e sinusoidal
sweep vibration test excites the test piece by continuously
changing the vibration frequency in a certain frequency
range, according to the prescribed vibration magnitude. )e
rate of change of the vibration frequency is called the
scanning rate.

)e relationship between the excitation frequency (f),
testing time (t), and scanning rate (β) is expressed in the
linear frequency sweep as follows:

df

dt
� β(constant). (3)

In logarithmic sweep, it is expressed as follows:

d(inf)
dt

� β(constant). (4)

)e starting frequency of the vibration test is recorded as
f0, and the starting time is recorded as t0. Using equation (4),
the relationship between the real-time frequency and t of the
logarithmic sweep test is

f � f0 × e
β t− t0( ). (5)

A relatively simple functional relationship is observed
between f and t during the linear frequency sweep test and
the logarithmic frequency sweep test. Herein, the frequency
scanning mechanism in sinusoidal frequency sweep test is
known, and the starting time t0 is defined by the data
collector. Furthermore, the excitation frequency at any time
can be calculated according to the frequency scanning
mechanism by using t0 only.

)e yellow bench on the left is a self-made test bench (as
shown in Figure 5), which is rigidly connected to the ground
with bolts. A vibration exciter is placed on the test bench.
)e SIEMENS TESTLAB host is on the left, behind the
exciter; a domestic amplifier is observed on the right, which
controls the amplitude of signal amplification.

)e figure on the right shows the clamping state of the
viscoelastic cantilever beam. )e size of the cantilever beam
is 150mm∗ 40mm∗ 1mm. For the sinusoidal vibration
test, in view of the large operation error caused by the cutting
of the specimen and the position of the sensor, only one
specimen was made. From left to right, five sensors from the
PCB Company are observed, of which No. 1, 2, 3, and 4 are
accelerometers and No. 5 functions as a force sensor as well
as an accelerometer (distributed upper and lower). )e force
sensor model is PCB-208C01, and the measurement range is
0 to 0.4448KN. )e accelerometer model is PCB-356A15,
and themeasurement range is 0 to 490m/s2.)e force sensor
is located at the source of the exciting vibration; therefore,
the data it records can be considered a standard of the input
exciting force. )e clamping device is rigidly connected to
the viscoelastic cantilever beam specimen, the test bench,
and the ground.

3.2. Analysis of Experimental Modal. Select the 6 S-point
marks that are relatively stable in the steady-state diagram,
where the S-point mark indicates that the mode appears at
this position, and then use the PloyMAX method to modal
identification of the 6 S-points to obtain the corresponding
sixth-order modal as shown in Figure 6.

After the test and calculation in SIEMENS TESTLAB
itself, sixth-order modal frequencies are obtained [34–38]
(Table 4).
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Figure 4: Master curve of relaxation modulus based on Prony
series.
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Although the continuum theoretically has an infinite
number of natural frequencies, in many cases, we only care
about low-order natural frequencies or specific-order

natural frequencies. )is is because the lower the natural
frequency, the easier it is to be stimulated by the outside
world. In addition, combined with the transportation and
storage conditions of the propellant, the maximum fre-
quency of the sinusoidal frequency sweep experiment is set
at 80Hz.

3.3. Sinusoidal Frequency Sweep Test. In the SIEMENS
TESTLAB, the maximum frequency is set at 80Hz, while the
bandwidth, spectral line, resolution, capture time, and
number of cycles are 80Hz, 1024, 0.0781250Hz, 10 s, and 30,
respectively. Subsequently, the sinusoidal frequency sweep
experiment is carried out. Since No. 5 acts as an

Figure 5: Vibration test bench.
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Figure 6: Steady-state graph based on Polymax.

Table 4: Sixth-order modal and frequency table.

Order Frequency (Hz) Damping ratio (%) Participatory
method

1 8.08 3.35 PolyMAX
2 17.30 3.75 PolyMAX
3 85.31 2.98 PolyMAX
4 148.04 4.22 PolyMAX
5 169.60 4.55 PolyMAX
6 238.06 3.97 PolyMAX

Table 3: Parameters of Prony series fitting.

i 0 1 2 3 4 5 6 7 8 9
Ei (MPa) 0.301 6.512 4.291 2.572 1.455 1.203 0.550 0.604 0.054 1.348
ti (s) 10–3 10–2 10–1 100 101 102 103 104 105
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accelerometer and a force sensor, the force data can be read
in SIEMENS TESTLAB; these data are obtained after
rectangular windowing and used as the reference input
values for transient structure analysis. According to the
results of the test measurement, the measured maximum
force value is 5.90N (as shown in Figure 7).

4. Finite Element Simulation and Analysis

)e realization of finite element simulation is based on
Workbench. Workbench is a collaborative simulation en-
vironment proposed by ANSYS to solve the heterogeneous
problem of CAE software in the process of enterprise
product development. )e left end of the viscoelastic can-
tilever beam is constrained by a fixed end, which is realized
with a self-made fixture. At the right edge is a concentrated
load (infinitely close to the edge). )e geometric model is
realized by using the drawing function of the software
[39, 40]. )e length, width, and height of the cuboid model
are 150, 40, and 10mm, respectively. In the finite element
simulation of viscoelastic materials, Prony series are mainly
used to express its constitutive equation. )e density of this
material was measured to be 1700 kg/m3, and Poisson’s ratio
was 0.495. All the elements are categorized according to their
hexahedral solids. In the finite element method, the number
of meshes is 64000 and the number of nodes is 281621. On
this basis, the calculation shows good convergence. As
observed, the maximum strain (as shown in the left in
Figure 8) is 0.14681 and the maximum displacement (as
shown in the left in Figure 8) is 0.17182m.

)e accelerations measured at the five points (by
sensors No. 1 to No. 5) using the SIEMENS TESTLAB are
exported and compared with those determined using finite

element simulation. In the time domain, the simulated and
measured accelerations at point 1 coincide well for the first
7 s; however, the overall simulated acceleration from 7–10 s
is slightly smaller than the measured acceleration. )e
measured peak acceleration is 20.39m/s2, simulated peak
acceleration is 20.88m/s2, peak acceleration error is 2.4%,
and the simulated and measured peak accelerations appear
at about 8 s. )e simulated and measured accelerations at
point 2 coincide well, and the peak acceleration also ap-
pears at approximately 8 s. )e measured peak acceleration
is 48.59m/s2, simulated peak acceleration is 49.70m/s2, and
peak acceleration error is 2.28%. )e simulated and
measured values at point 3 do not coincide that well as
those at point 2; however, both appear at 8 s. )e measured
peak acceleration is 59.50m/s2, simulated peak acceleration
is 59m/s2, and peak acceleration error is 0.84%. At point 4,
a good match is observed between the simulated and
measured accelerations in the first 4 s, which becomes
slightly worse from 4 to 8 s; however, the values still exhibit
a reasonable match. )e measured peak acceleration is
45.58m/s2, simulated peak acceleration is 45.53m/s2, peak
acceleration appears at 8 s, and peak acceleration error is
0.10. At point 5, the measured peak acceleration is 41.82m/
s2, simulated peak acceleration is 43.00m/s2, and peak
acceleration error is 2.82%; the simulated peak acceleration
appears at 9 s, which coincides with the time when the
measured peak acceleration appears. Among the measured
accelerations at the five points, the maximum acceleration
of the cantilever beam appears at point 3 (59.50m/s2) and
the minimum acceleration of the cantilever beam appears
at point 1 (20.38m/s2). )e maximum simulated acceler-
ation of the cantilever beam appears at point 3 (59m/s2.
)e minimum acceleration appears at point 1 (20.88m/s2),
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Figure 7: Measured input force values at point 5.
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Figure 8: Strain and displacement contour.
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and the simulated and measured values correspond well as
shown in Figure 9 and Table 5.

In terms of the time domain, the peak errors of the
simulated and measured values at the five points are all
smaller than 3%. Furthermore, the peak accelerations also
correspond well in the time domain.

5. Conclusion

)is study carries out an experimental and simulation
analysis on a viscoelastic cantilever beam, which analyzes the
dynamic responses under dynamic conditions. )e fol-
lowing conclusions are obtained:

(1) When the viscoelastic cantilever beam is sinusoidally
excited, the maximum acceleration of the entire
viscoelastic cantilever beam appears at the third
point (the middle point), while the maximum

acceleration of other linear materials appears at the
fifth point (movable endpoint), and the two are the
smallest. )e accelerations all occur at point 1 (fixed
endpoint), and the reason for this difference is that
viscoelastic materials experience a combination of
viscosity and elasticity when they are sinusoidally
excited.

(2) In the sinusoidal excitation experiment, by mea-
suring the acceleration response of the viscoelastic
cantilever beam at points 1, 2, 3, 4 and 5, it is ob-
served that the overall acceleration peak error and
the finite element simulation result are less than 3%.
)e time-domain correspondence is satisfactory.)e
19-parameter Prony constitutive equation can ac-
curately describe the dynamic response of visco-
elastic materials at low frequencies (<80Hz).
)erefore, the use of the 19-parameter Prony series
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Figure 9: Measured and simulated accelerations at points 1 to 5.

Table 5: Maximum measured and simulated accelerations.

No. Maximum measured acceleration (m/s2) Maximum simulated acceleration (m/s2) Relative error of simulation (%)
Point 1 20.39 20.88 2.40
Point 2 48.59 49.70 2.28
Point 3 59.50 59.00 0.84
Point 4 45.58 45.53 0.10
Point 5 41.82 43.00 2.82
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method to describe viscoelastic materials is still one
of the most effective methods in simulation.

Future work will continue to study the dynamic response
of viscoelastic material cantilever beams under random
vibration.
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