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�e unsteady �ow of Williamson �uid with the e�ect of bioconvection in the heat and mass transfer occurring over a stretching
sheet is investigated. A uniform magnetic �eld, thermal radiation, thermal dissipation, and chemical reactions are taken into
account as additional e�ects. �e physical problem is formulated in the form of a system of partial di�erential equations and
solved numerically. For this purpose, similarity functions are involved to transmute these equations into corresponding ordinary
di�erential equations. After that, the Runge-Kutta method with shooting technique is employed to evaluate the desired �ndings
with the utilization of a MATLAB script. As a result, the e�ects of various physical parameters on the velocity, temperature, and
nanoparticle concentration pro�les as well as on the skin friction coe�cient and rate of heat transfer are discussed with the aid of
graphs and tables. �e parameters of Brownian motion and thermophoresis are responsible for the rise in temperature and
bioconvection Rayleigh number diminishes the velocity �eld. �is study on nano�uid bioconvection has been directly applied in
the pharmaceutical industry, micro�uidic technology, microbial improved oil recovery, modelling oil and gas-bearing sedi-
mentary basins, and many other �elds. Further, to check the accuracy and validation of the present results, satisfactory con-
currence is observed with the existing literature.

1. Introduction

�e complicated and fast processes in heavy machinery and
small gadgets have created a serious problem of thermal
imbalance. Various extraneous techniques, such as �ns and
fans, have been employed, but their utility is limited due to
their large size. In 1995, Choi and Eastman [1] introduced
nano-sized particles mixed in the �uid called nano�uid,
which has more capacity for heat transfer as compared to
�uid without nano-sized particles. Nano�uid has attained
impressive consideration because of its huge applications in
the �elds of technology and engineering. Das et al. [2]
discuss recent and future applications of �uids containing
nano-sized particles. Turkyilmazoglu and Pop [3] examined

the thermal and mass transportation in�uences on some
natural convection streams of unsteady MHD nano�uids
with the e�ect of radiation taken into account. Khan et al. [4]
used the shooting method analyzed �ow features of Wil-
liamson nano�uid in�uenced by variable viscosity
depending on temperature and Lorentz force past an in-
clined nonlinear extending surface and also via graphically
discussed the variable viscosity, mixed convection, Brow-
nian motion, Lewis number, Prandtl number, Sherwood
number, and Nusselt number. Sui et al. [5] introduced the
Cattaneo-Christov model with double di�usion to analyze
the signi�cance of slip velocity, Brownian motion, ther-
mophoresis, mass, thermal transportation, and variable
viscosity in the stream of Maxwell upper convected
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nanofluid over an extending surface using HAM. Izadi et al.
[6] investigated the numerically thermogravitational con-
vection of micropolar MHD nanofluid having thermal ra-
diation and a magnetic field past a porous chamber in the
presence of an elliptical heated cylinder.

Aman et al. [7] investigated the effects of a magnetic
field, heat transfer, and slip conditions on the flow of MHD
incompressible and viscous fluid through a converging/di-
verging medium. Hsiao [8] described the flow property of a
2-D electrically conducting micropolar nanofluid past an
extending permeable surface with the magnetic field, mass,
thermal transportation, viscous dissipation, and MHD ef-
fects taken into account. *e significance of chemical re-
action, heat source, viscous dissipation, thermal radiation,
suction, and magnetic field on mixed convection flow of
hydromagnetic Casson nanofluid through a nonlinear
extending porous medium has been discussed by Ibrahim
et al. [9]. Fatunmbi et al. [10] examined the reactive stream of
micropolar MHD fluid through a permeable extending sheet
having effects on concentration and thermal slip boundary
conditions. Hayat et al. [11] studied the flow features of
third-grade electrically conducting MHD nanofluid over a
stretching sheet in the presence of activation energy,
chemical reaction, convective boundary, and magnetic field
effects. Mousavi et al. [12] described a novel combination of
theoretical and experimental models that provides dual
solutions for Casson hybrid nanofluid flow caused by a
stretching/shrinking sheet. Jabbarpour et al. [13] investi-
gated the issue of stable general three-dimensional mag-
netohydrodynamics stagnation-point boundary layer flow
via an impermeable wavy circular cylinder using an alu-
minum-copper/water hybrid nanofluid as the working fluid
and boundary conditions of velocity slip and temperature
jump. Izady et al. [14] scrutinized the development of the
Falkner-Skan problem is the flow of an aqueous Fe2O3-
CuO/water hybrid nanofluid across a permeable stretching/
shrinking wedge.

Hayat et al. [15] described the impact of second-grade
magnetized nanofluid and the characteristics of mass and
heat transfer due to stretching sheets using convective
boundary conditions. Goud et al. [16] examined stagnation-
point magnetohydrodynamics flow past an extending sur-
face because of a slip boundary and thermal radiation.
Srinivasulu and Goud [17] calculated mass and thermal
transport in aWilliamson nanofluid stream past a stretching
surface with convective boundary and magnetic field effects.
Khan and Nadeem [18] scrutinized the rotating stream of
Maxwell nanofluid with activation energy and double dif-
fusion through stretching sheets influenced by centrifugal,
thermophoresis, and Coriolis forces.

Bioconvection describes the phenomenon in which
living microorganisms denser than water swim upward in
suspensions.*ese microorganisms pileup in the layer of the
upper surface and, because of this pileup, the lower surface
becomes less dense than the upper surface and the distri-
bution of density becomes unstable due to the microor-
ganisms falling into it, and phenomena of bioconvection
occur. Bioconvection has applications in biological systems
and biotechnology, such as purifying cultures, enzyme

biosensors, and separating dead and living cells [19]. Raees
et al. [20] examined the unsteady stream of bioconvection-
mixed nanofluid containing gyrostatic motile microorgan-
isms through a horizontal channel. Siddiqa et al. [21] nu-
merically studied the bioconvection flow of nanofluid having
mass and thermal transportation along with gyrotactic
microorganisms through a curved vertical cone.

Abbasi et al. [22] introduced the bioconvection stream of
viscoelastic nanofluid because of gyrotactic microorganisms
past a rotating extending disc having zero-mass flux and
convective boundary condition and also described the re-
latable parameters’ influences on velocity, temperature, local
density, Sherwood number, and Nusselt number in detail.
Chu et al. [23] developed the Buongiorno model to analyze
the stream of 2-D MHD bioconvection third-grade fluid
along an extending sheet with the significance of motile
microorganisms, activation energy, thermophoresis diffu-
sion, Brownian motion, chemical reaction, and magnetic
field taken into account. Henda et al. [24] examined the
magnetized bioconvection flow of third-grade fluid past an
extending cylinder with thermal radiation, activation energy,
and a heat source. *e effects of thermophoresis and
Brownian motion are also discussed. Khan et al. [25] applied
the numerical method bpv4c to a scrutinized stream of
viscous bioconvection nanofluid through multiple geome-
tries with heat flux, cross-diffusion, and Cattaneo-Christov,
as well as Brownian motion, thermophoresis diffusion, and
concentration gradients.

Because of its importance in engineering and industrial
processes, non-Newtonian fluids compel researchers to
investigate the phenomena of mass and heat transport.
Shampoos, jelly, sugar, honey, human blood, pulps, and
other non-Newtonian fluids are examples. Williamson fluid
is also a category of the fluid model that is pseudo-plastic.
Pseudo-plastic fluids have applications in the engineering
and industrial fields, such as food processing, blood cells,
photographic films, and inkjet printing. Li et al. [26] ex-
amined the combined effects of MHD and magnetic field on
the stream of Williamson nanofluid through exponentially
extending permeable sheets with heat generation/absorp-
tion. Hamid [27] investigated the influence of Brownian
motion and thermophoresis onWilliamsonMHD nanofluid
flow through a wedge using the zero-mass flux and con-
vective boundary. Rasool et al. [28] scrutinized the Buon-
giorno model to discuss the flow behavior of reactive
Williamson MHD nanofluid because of Brownian motion
and thermophoresis over a nonlinear permeable sheet.
Kumar et al. [29] introduced viscous dissipation, thermal
radiation nonlinearly, joule heating, and magnetic field to
analyze the stream of Williamson nanofluid past an
extending sheet influenced by chemical reactions. Shateyi
and Muzara [30] analyzed a thorough and detailed study of
the incompressible conductive Williamson nanofluid on the
extending permeable sheet. Ali et al. [31] investigated the
effects of thermal diffusion, thermal radiation, and MHD on
the time-dependent flow of a Maxwell nanofluid past an
extending geometry using FEM.

Sindhu and Atangana [32] discussed the framework to
model the efficiency and functionality lifespan of electronic

2 Mathematical Problems in Engineering



equipment with reliability analysis. Rehman et al. [33]
discussed time-censored data and statistical inference for the
Burr type X distribution in an accelerated life testing design
using a geometric process. Shafiq et al. [34] simulated an
effective statistical distribution to examine COVID-19 death
rates in Canada and the Netherlands. Sindhu et al. [35]
studied modelling of COVID-19 data using an expo-
nentiated transformation of the Gumbel Type-II distribu-
tion. Shafiq et al. [36] scrutinized artificial neural network
optimization of Darcy-Forchheimer squeezing flow in a
nonlinear stratified fluid under convective conditions. Shafiq
et al. [37] studied numerical and artificial neural network
models to estimate unsteady hydromagnetic Williamson
fluid flow on a radiative surface.

In most of the previous studies, the bioconvection of an
unsteady Williamson nanofluid was rarely studied. *e key
aim of the current work is to examine the behavior of
bioconvection impacts on Williamson MHD nanofluid
transportation over an extending permeable sheet with the
insertion of gyrotactic auto-motile organisms to avoid
possible settling of nano entities. *is investigation is rel-
evant to high-temperature nanomaterial processing tech-
nology. Actually, common base fluids bear low thermal
conductivity and thus, lose their practical importance.
Nanoparticles may improve thermal transport in emerging
sophisticated heat exchanger electronics. Bioconvection is
presumed to inhibit the sedimentation of nano entities. *e
connotation of such meaningful attributes can be a useful
extension and the results can be utilized for the desired
effective thermal transportation in the heat exchanger of
various technological processes.

2. Problem Formulation

Here we consider the flow of non-Newtonian Williamson
nanofluids on the wall of sheet stretches with velocity Uw �

cx/(1 − at) along the x-axis and y-axis taken to be normal,

where c> 0 is the rate of stretching along the x-axis. B
→

�

(0, B0, 0) denotes the magnetic field applied to the flow
region and acts in the y-direction. A mild diffusion of
microorganisms and nanoparticles is set in the non-New-
tonian base fluid. *ermal radiation is considered and
bioconvection takes place because of microorganism’s
movement as shown in Figure 1 [38]. *e fluid velocity
component for two dimensional flow is u, v the temperature
is T, nanoparticle concentration is C, and microorganisms
density is N. *e appropriate governing equations are given
[30, 31, 39].
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Figure 1: Geometry of the problem [38].
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with the boundary conditions
u(x, 0) � Uw,

v(x, 0) � Vw,

T(x, 0) � Tw,

C(x, 0) � Cw,

N(x, 0) � Nw,

u⟶ 0, T⟶ T∞, C⟶ C∞,

N⟶ N∞, asy⟶∞,

Tw(x, t) � T∞ +
cx

2ϑ(1 − at)
2
T0,

Cw(x, t) � C∞ +
cx

2ϑ(1 − at)
2
C0,

Nw(x, t) � N∞ +
cx

2ϑ(1 − at)
2

N0,

(6)

where c⩾0. T0(0⩽T0⩽Tw), C0(0⩽C0⩽Cw), and
N0(0⩽ N0⩽ Nw) are the reference temperature, concentra-
tion, and bioconvection, respectively.

Roseland approximations [30],
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where σ∗ is the Stefan-Boltzmann constant and k1 is the
mean absorption coefficient. Applying Taylor’s series, we
have T

4≃4T
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Consider the following similarity transformation
[30, 39]:

η �

���
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y,
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f(η),

θ(η) �
T − T∞

Tw − T∞
,

ϕ(η) �
C − C∞

Cw − C∞
,

χ(η) �
N − N∞

Nw − N∞
.

(9)

With the velocity components given by u � zψ/zy and
v � − zψ/zx where ψ is the stream function.

Dimensionless momentum equation:
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Dimensionless energy equation:
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Dimensionless concentration equation:

1
Sc
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Sη
2

 ϕ′ + 2S − f′ − c( ϕ � 0. (12)

Dimensionless bioconvection equation

χ″ + LbPrfχ′ − LbPrf′χ − Peσϕ″ + χϕ″ + χ′ϕ′ � 0. (13)

*e corresponding boundary conditions becomes

f(0) � fw,

f′(0) � 1,

ϕ(0) � 1,

χ(0) � 1,

f′(∞)⟶ 0, f″(∞)⟶ 0, θ(∞)⟶ 0,

ϕ(∞)⟶ 0, χ(∞)⟶ 0.

(14)

*e flow characteristics which are of engineering sig-
nificance are the skin friction coefficient, the local Nusselt
number, and the Sherwood number, which are defined,
respectively:
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τw

ρU
2
w

,
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Upon applying the necessary expressions for τw, qw, and
jw, we get the following:
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Cf � Re− 1/2
x f″(0) + Wef′

2
(0) ,

Nux � − Re1/2x 1 +
4R

3
 θ′(0),

Shx � − Re1/2x ϕ′(0).

(16)

*e basic discretization methods are FDM (finite dif-
ference method), FVM (finite difference method), and FEM
(finite element method). However, the computational cost
and time of these methods are much higher for the deter-
mination of the unknowns, but the Runge-Kutta method is
cost-effective and efficient. *e Runge-Kutta method is
widely used to solve ordinary differential equations. Runge-
Kutta (R-K) methods with shooting techniques have been
widely utilized for the solution of flow problems. *is
method with the shooting technique is a powerful scheme
for solving ODEs. In short, the Runge-Kutta method solves
the boundary value problems adequately, rapidly, and
precisely. *us, the relative simplicity and low computa-
tional cost have made this numeric scheme widely applied in
the nonlinear analysis of applied science.

3. Results and Discussion

*e physical meanings of the final nondimensional for-
mulation of time-dependent MHD flow of Williamson
nanofluid due to the stretch of a horizontal sheet in the
presence of bioconvection and chemical reaction along the
boundary constraints are solved numerically as described in
the above segment. It is because inherent nonlinearity and
coupling make the boundary value problem difficult to yield
an exact solution. *e pertinent parameters are varied in an
appropriate range to reveal their influence on dependent
variables for the concentration of nanoparticles, fluid
temperature, microorganism distribution, and fluid velocity.

Table 1: Comparison of CfRe(1/2)
x (skin friction coefficient) -f″(0) with variation of magnetic parameter M when fw , λ , Nr, Rb, We,S� 0.

M Ali et al. [31] using FEM Our results using R-K
0.0 1.0000080 1.0000084
0.2 1.0954458 1.0954460
0.5 1.2247446 1.2247449
1.0 1.4142132 1.4142136
1.2 1.4832393 1.4832397
1.5 1.5811384 1.5811388
2.0 1.7320504 1.7320508

Table 2: Comparison of NuxRe− (1/2)
x (Nusselt number) − θ′(0) values for Prandtl number Pr and other parameter fw , λ , Nr, Rb,S, Ec, Nb,

Nt,R, We,M, δ2 � 0.

Pr Mabood and Shateyi, [40] using FDM Ali et al. [31] using FEM Our results using R-K
0.72 0.8088 0.8086339299 0.808834203980
1.00 1.0000 1.0000080213 1.000008368634
3.00 1.9237 1.9236777221 1.923678653470
10.00 3.7207 3.7206681683 3.720671163991
100.00 12.294051659 12.294081083857
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To ensure the validation of the numeric procedure, current
results are compared with those in the existing literature as
limiting cases. �e comparative output for skin friction
factor − f″(0) is shown in Table 1. For the present case and
those of Ali et al. [31]. Table 2 contains present results for
Nusselt number − θ′(0) when compared with Fazle and
Shateyi [40] and Ali et al. [31]. A comparison of the results as
depicted in these tables indicates acceptable agreement to
validate this numeric procedure.

�e velocity plot in Figure 2 depicts the slowing velocity
of the �uid as the mass suction attributed with fw is in-
creased. From Figure 3, the impact of magnetic parameterM
on the Williamson nano�uid velocity function is observed.
�e velocity of the �ow seems to be reduced signi�cantly
when M(0.1≤M≤ 0.3) is increased. �e opposing force,
known as the Lorentz force, inhibits the �ow.

As shown in Figure 4, increasing the mixed convection
parameter λ causes the �ow velocity to increase tof′(η).�e
sketches of velocity f′(η) as drawn in Figure 5 indicate the
slowing pattern of the �ow for buoyancy ratio parameterNr.

(T̃w − T̃∞) is the reciprocal of the buoyancy ratio parameter.
In the boundary layer regime, buoyancy e�ects are decreased
to better display the �ow.

�e progressive value of the radiation parameter Rd
causes a signi�cant increase in the temperature �eld θ(η) in
Figure 6. �e greater Rd means a strong radiation mode of
heat transfer which helps to raise the temperature.

Because the Prandtl number is inversely proportional to
thermal di�usivity, a higher value decreases the degree of
temperature θ(η) as shown in Figure 7. Signi�cant rising
behavior of θ(η) is observed in Figures 8 and 9 with in-
creased values of Brownian motion parameter Nb and
thermophoresis parameter Nt. �e fast random motion of
nanoparticles characterized by larger Nb is responsible for
enhanced heat transfer to raise θ(η). Similarly, the higher Nt
means a greater thermophoretic e�ect, which moves the
nanoparticles from the hotter regime to the colder one and
increases the thermal distribution.
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Figure 13: Influence of Pr on χ where M � 0.5, fw � 0.5,

Nb � 0.1, Nt � 0.1, Le � 1, Rb � 0.1, We � 0.1, pe � 1.0.
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Figure 9: Influence of Nt on θ where M � 0.5, fw � 0.5,
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Figure 11: Influence of Sc on ϕwhere M � 0.5, fw � 0.5, Nb � 0.1,
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In Figure 10 shows the rising behavior of concentration
ϕ(η) indirect relation to the unsteady parameter S. Figure 11
displays the decrement in ϕ(η) due to the larger value of
Schmidt number Sc. *e larger Schmidt number means less
mass diffusivity to decrease ϕ(η). From Figure 12, the
significant reduction of microorganisms’ distribution
function χ(η) is attained against improved inputs of bio-
convection Lewis number Lb, which is reciprocal to the mass
diffusivity of microorganisms. As seems from Figure 13,
Prandtl number Pr causes the microorganism’s distribution
to decline. *e bioconvection Rayleigh Rb is responsible for
giving a direct increment to χ(η) as demonstrated in Fig-
ure 14. As it seems in Figure 15, the larger values of the Peclet
number Pe cause the microorganism’s distribution to
decline.

4. Conclusions

*eoretical and numeric analysis for the magnetohydro-
dynamics of Williamson nanofluid owing to sudden
stretching in a horizontal sheet has been presented in this
communication. On the physical field, namely, velocity,

temperature, concentration, and microorganism distribu-
tion, the effects of the emerging parameters are enumerated.
Significant outcomes are summarised as follows:

(i) *e velocity, temperature, concentration, and bio-
convection parameters are boosted with λ, Rb, Nb,
and Nt.

(ii) *e velocity, temperature, concentration, and bio-
convection parameters reduce with Nr, Lb, and Pe.

(iii) *e conclusion of nanoparticles characterized by
parameters Nb and Nt shows an increment in the
temperature profile. Also, the parameters due to
bioconvection have a significant influence on the
flow of fluid.

(iv) Further, a study can be carried out with an incre-
ment in volume fraction and a non-Newtonian base
flow of fluid.

(v) Validation of significant findings and results is
debated in Section 3. In the results, satisfactory
concurrence is observed when compared with
existing literature.

Nomenclature

S � a/c: Unsteadiness parameter
fw � v0/

��
cϑ

√
: Suction/injection

parameter
M2 � σB0(1 − at)/ρa: Magnetic parameter
R � 4σ∗T3

∞/kK: *ermal radiation
parameter

Sc � ϑ/D: Schmidt number
Lb � α/Dn: Bioconvection lewis

number
Pe � dWc/Dn: Peclet number
σ � N∞/Nw − N∞: Bioconvection

parameter
Pr � μcp/K: Prandtl number
c � Kr(1 − at)/c: Chemical reaction

parameter
Ec � U

2
w/cp(Tw − T0): Eckert number

We � ΓUw

���������
c/ϑ(1 − at)


: Weissenberg number

λ � (1 − C∞)βg(Tw − T∞)2l/U2
w: Mixed convection

parameter
Nr � (ρp − ρf)(Cw − C∞)/β(1

− C∞)ρ(Tw − T∞)

:

Buoyancy ratio
parameter

Rb � (ρm − ρf)( Nw − N∞)

/β(1 − C∞)ρ(Tw − T∞)

:

Rayleigh number of
bioconvection

Nt � τDT(Tw − T∞)/ρT∞: *ermophoresis
diffusion

Nb � τDB(Cw − C∞)/ρ: Brownian factor
Re: Reynold’s number
T: Fluid temperature
Tw: Wall temperature
T∞:

Rb = 0.2, 0.7, 1.2, 1.6
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Figure 14: Influence of Rb on χ where M � 0.5, fw � 0.5,

Nb � 0.1, Nt � 0.1, Le � 1, Pr � 1.1, We � 0.1, pe � 1.0.
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Figure 15: Influence of Pe on χ where M � 0.5, fw � 0.5,

Nb � 0.1, Nt � 0.1, Le � 1, Pr � 1.1, Rb � 0.1, We � 0.1.
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Temperature far away
from the plate

u: Velocity component
along x direction

μ: Dynamic viscosity
]: Kinematic viscosity.
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