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/e designed load of most quasi-zero stiffness (QZS) isolators is constant. /e isolation performance will drop sharply once the
load changes. A novel QZS isolator that can adapt to variable loads is proposed in this paper to improve the range of application of
the isolator. /e isolator is designed by paralleling the electromagnetic spring (ES), which provides negative stiffness, and the
pneumatic spring (PS), which provides positive stiffness. /e positive and negative stiffness can be adjusted by changing the
pressure and coil current, which provides the possibility for the isolator to adapt to variable loads. /is paper derived the
conditions for the isolation system to obtain QZS characteristics, proposed the dynamic model of the isolation system, derived and
verified the analytical expressions of the amplitude-frequency response and force transmissibility (FT), and discussed the change
of FTand displacement transmissibility(DT) under different loads. /eoretical analysis shows that changing the pressure and coil
current in the same proportion can maintain the superior low-frequency isolation performance when the load changes, thanks to
the preservation of the QZS characteristics of the system after adjusting the pressure and coil current. Finally, the simulation
results fg and isolation frequency band over the linear isolation system and PS isolation system. Furthermore, the proposed
isolator can be adjusted online.

1. Introduction

Vibration is pervasive in the engineering field, and various
instruments and equipment are constantly disturbed by
vibration from the base or other dynamic loads. At present,
linear vibration isolators are widely used in aerospace, ve-
hicles, and other engineering fields to reduce vibration harm.
However, the linear isolator only works in the range of more
than

�
2

√
times the natural frequency of the system according

to the vibration theory. /e only way to broaden the iso-
lation frequency band is to reduce the stiffness of the system,
which will result in poor static supportability and system
stability. /erefore, some novel isolation systems have been
continuously developed and upgraded to solve these in-
herent contradictions, such as the isolator with inerter-based
damper and the quasi-zero stiffness (QZS) isolator. /e
inerter has a negative stiffness effect, which can be used to
reduce the natural frequency of the system [1]. Nakamura
et al. [2] proposed an electromagnetic inertial mass damper

(EIMD) composed of a ball screw and a generator, and the
shaking table test results verified the vibration control
performance of the structure. /en, Wang et al. [3] carried
out simulation experiments on a five-story building using
seismic records and the results show that the EIMD can
significantly improve the seismic performance of the base-
isolated structure. Reference [4] verified that the base-iso-
lated structure with attached tuned mass damper inerter has
a smaller displacement peak by carrying out a shaking table
test. However, the negative stiffness generated by inerter
increases with the increase of external frequency, so it is
difficult to coordinate low-frequency isolation performance
and high-frequency response [5]. /e QZS isolator com-
posed of positive and negative stiffness mechanisms has
drawn much attention of researchers due to the high static
support capacity and low dynamic stiffness, which can
overcome the above-mentioned shortcomings.

/ere are many methods to obtain QZS, and a typical
way is combining two oblique springs with vertical springs
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in parallel [6–10]. Gatti [11] arranged four linear springs
inclined and symmetrically for vibration isolation. Inspired
by the structure of the bionic limb, Zhao et al. [12] combined
three pairs of oblique springs with vertical springs in parallel
to form a novel QZS isolator. Subsequently, the cam-roller-
spring mechanism [13–15] was further studied. Recently,
Wang et al. [16, 17] combined the diamond-shaped negative
stiffness structure and inertial dampers to design a new type
of inertial-based QZS isolator, which has good nonlinear
stiffness characteristics and mass amplification effects and
can achieve superior vibration isolation performance. In the
past decade, magnets have gradually become the focus of
research topics due to their noncontact and nonfriction
characteristics [18–21]. Furthermore, the coil winding is
used instead of the magnet to improve the controllability of
the isolator [22–25]. Liu et al. [26] formed a new nonlinear
isolator by arranging the electromagnetic spring (ES)
symmetrically on both sides of the central axis of the vertical
linear spring, which can realize QZS with the appropriate
current. Yuan et al. [27] combined a linear ES with a linear
spring in parallel to form a new type of QZS isolator, which
can be adjusted online under large excitation. Pu et al. [28]
arranged the coaxial coils and magnets in multiple layers to
expand the adjustable area of negative stiffness. Jiang et al.
[29] obtained a good isolation effect by connecting the air
spring and ES in parallel. In addition, other structures such
as a circular ring [30], disc springs [31], a rope structure [32],
flexible rods [33], and an X-shaped structure [34] can also
obtain QZS characteristics.

For most QZS isolators, the new equilibrium position of
the isolation system will deviate from the set working po-
sition once the load changes, and the stiffness of the system
will no longer be close to zero, which causes the isolation
performance to drop sharply. /is paper proposes a novel
QZS isolator composed of the pneumatic spring (PS) and ES
that can adapt to different loads to solve the problem. /e
isolator has high static support capacity and near-zero dy-
namic stiffness when pressure and coil current are applied.
Similarly, the isolation system can maintain the QZS
characteristics under different loads by adjusting the pres-
sure and current of the isolator.

2. Model of the QZS Isolator

/eQZS isolator composed of load, ES element, PS element,
and base is shown in Figure 1(a), where the ES is sym-
metrically arranged on both sides of the central axis of the
PS. In addition, the isolator also includes sleeves, com-
pression nuts, guide posts, connecting rods, stud bolts,
connectors, and other components.

/e ES element is the negative stiffness mechanism of the
QZS isolation system, which comprises a pair of coil
windings and a ring magnet arranged coaxially. /e coil
winding and the ring magnet are attracted to each other
when the current is applied to the coil winding, which
thereby generates the required negative stiffness. /e coil
windings are fixed by a compression nut. /e ring magnets
on both sides are connected by a stud bolt to ensure that
their movements are synchronous. /e coil winding and the

ring magnet are installed in the sleeve, and the ring magnet
can slide vertically in the sleeve. /e PS element is the
positive stiffness mechanism of the isolation system, which is
composed of a cylinder with two chambers and a piston rod
and is used to support the load. Both ES and PS are fixed on
the base./e connector connects the ES, the PS, and the load
to ensure that the ring magnet, the piston rod, and the load
have the same movement.

/e traditional QZS isolator is mainly composed of a
linear spring and a nonlinear negative stiffness mechanism,
and the stiffness is difficult to adjust. It can be known from
Section 3 that the electromagnetic force of ES and the re-
storing force of PS have nonlinear characteristics, and the
negative stiffness produced by the ES and the positive
stiffness produced by the PS can be controlled by adjusting
the coil current and pressure. /erefore, the parallel com-
bination of ES and PS can not only achieve QZS to reduce
the natural frequency of the system and reduce the effects of
external vibration on the isolated object but also maintain
the nonlinear characteristics. /e current direction of the
coil winding and the magnetizing direction of the ring
magnet are shown in Figure 1(b)./e isolation system can be
equivalent to a single degree of freedom (SDOF) system in
the vertical direction due to the ring magnet and the piston
rod only moving along the vertical direction. /e equivalent
model is shown in Figure 1(c).

3. Statics Analysis of the QZS Isolator

3.1. Calculation of the Electromagnetic Force and PS Restoring
Force. /e filament method [35] is applied in this study to
calculate the attractive force generated by the energized coil
winding and the ring magnet./e principle of this method is
to regard the magnet and the energized coil windings as
multiple Maxwell loop currents, calculate the attractive force
between any pair of loop currents, and finally superimpose
and sum the attractive forces to get the electromagnetic force
of the ES./e calculation process of the filament method has
been described in detail in References [26, 27], so it is
omitted here. /e electromagnetic force generated by the ES
is given by

FES � FCM + FDM, (1)

where FDM and FCM represent the attractive force pro-
duced by the ring magnet and the upper and lower en-
ergized coil windings, and the specific expression is given in
Appendix.

/e expression of negative electromagnetic stiffness is
obtained by differentiating Equation (1) as follows:

KES �
dFES

dx
. (2)

/e calculation method of electromagnetic force men-
tioned above requires the elliptic integral, which will lead to
complicated calculations. A polynomial fitting approxima-
tion is used for Equation (1) to make the result more in-
tuitive and simplify the calculation. /e approximate
expression is as follows:
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FES � ax
3

+ bx i, (3)

where a and b are the fitting parameters, i is the coil current,
and x is the magnet displacement.

Figure 2 shows the electromagnetic force calculated by
the filament method and the polynomial fitting results. /e
parameters involved are listed in Table 1.

/e principle of the PS is to use the pressure difference
between the upper and lower chambers to support the load.
/e restoring force of the PS when the pressure is applied is
given by

Fp � plAl

hl

hl − x
 

λ

− puAu

hu

hu + x
 

λ

, (4)
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Figure 1: /e QZS isolator. (a) Structural model (partial section view); (b) ES and PS; and (c) equivalent model of the isolator.
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where pu and pl are the pressures of the upper and lower
chambers, and the definitions and values of other parameters
in Equation (4) are shown in Table 2.

3.2. Realization of the QZS Isolation System. /eQZS isolator
is obtained by paralleling the ES and PS. /e restoring force of
the isolation system when the isolator bears the load mg can be
written as

FQZS � plAl

hl

hl − x
 

λ

− puAu

hu

hu + x
 

λ

+ 2 ax
3

+ bx i − mg.

(5)

/en, the stiffness and the first derivative of the stiffness
of the isolation system are, respectively, as follows:

KQZS �
dFQZS

dx
� plAlλhl

λ 1
hl − x( 

λ+1 + puAuλhu
λ 1

hu + x( 
λ+1 + 2 3ax

2
+ b i,

KQZS
′ � plAlλhl

λ
(λ + 1)

1
hl − x( 

λ+2 − puAuλhu
λ
(λ + 1)

1
hu + x( 

λ+2 + 2 × 6axi.

(6)

/e position of the system in a stable state is set as the
working position of the isolator, that is, x � 0. /e distances
between the ring magnet and the upper and lower coil
windings are equal at this time; thus, the electromagnetic
force is zero and the load is completely borne by the PS,
which can be written as

plAl − puAu � mg. (7)

/e stiffness of the isolation system is zero at the working
position of the isolator, and the following equation can be
obtained:

KQZS � plAlλ
1
hl

+ puAuλ
1
hu

+ 2bi � 0. (8)

/e first derivative of the stiffness is set to zero to make
that the minimum stiffness of the isolation system in a
balanced state is zero; thus, it can be written as follows:

KQZS
′ � plAlλ(λ + 1)

1
hl

2 − puAuλ(λ + 1)
1

hu
2 � 0. (9)

/e QZS condition of the isolation system can be ob-
tained from Equations (7)–(9) as follows:

pl �
mg

Al 1 − hu
2/hl

2
 

, pu �
mg

Au hl
2/hu

2
− 1 

, i � −
1
2b

mg
λ

hl − hu

 .

(10)

/e pressure and coil current are selected by Equation
(10) once the load is determined, and the system can obtain
the QZS characteristics.

It can be seen from Equation (10) that the pressure and
coil current to achieve QZS characteristics are related to the
height of the upper and lower chambers; thus, the design and
selection of the height of the chamber are essential for the
isolation system. Figure 3 shows the change of the force-
displacement curve and the stiffness-displacement curve of
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Figure 2: Calculated electromagnetic force and fitting results under different currents.
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the isolation system when the height of the upper chamber
changes from 24mm to 28mm with an interval of 1mm.
Note that the total height of the upper and lower chambers is
60mm. /e height of the lower chamber, the pressure, and
coil current of the QZS isolation system vary with the height
of the upper chamber.

Figure 3 illustrates that as the height of the upper
chamber decreases, the force-displacement curve and the
stiffness-displacement curve of the isolation system are
smoother, and the dynamic stiffness near the equilibrium
position is smaller, so the isolation performance is better.
/e height of the upper chamber is set to 25mm due to the
limitation of the minimum pressure of the chamber and the
maximum current of the coil. In addition, the advantage of
the nonlinear stiffness of the isolation system can also be
found in Figure 3. /e dynamic stiffness of the system is
close to 0 and almost unchanged when the displacement of
the isolated object is small and within 5mm near the
equilibrium position, which can achieve superior low-fre-
quency isolation performance. On the contrary, the system
stiffness increases rapidly to ensure the support capacity of
the isolator and avoid the risk of collision when the deviation
from the equilibrium position is large.

3.3. Applicability of the QZS Isolation System for Variable
Loads. /e proposed isolator can adapt to variable loads by
adjusting the pressure and coil current. It can be seen from
Equation (10) that changing pl, pu, and i proportionally can
maintain the QZS characteristics of the systemwhen the load
mg changes. Note that the adjustment process is to first

adjust the pressure so that the working position of the
isolation system remains unchanged, and then adjust the
current to make the negative stiffness generated by the
electromagnetic force match the positive stiffness, thereby
maintaining the QZS characteristics of the system. For the
proposed isolator, the adjustment process and method to
deal with the increase and decrease of load are the same, so
this article only discusses the situation that the load
increases.

In order to analyze the influence of load changes on the
static characteristics and dynamic response of the isolator
more clearly, the parameter β is used to represent the
multiple of the load increase. For the case of m � 5kg,
pl � 0.204Mpa, pu � 0.124Mpa, and i � 1.12A, Figure 4
shows the change of the force-displacement characteristics
and the stiffness curve of the QZS isolation system when the
loadmg increases 1 + β times. It can be found that as the load
gradually grows, the balanced position of the system remains
unchanged, and the stiffness of the system almost remains
unchanged near the equilibrium position and increases
slightly on both sides away from the balanced position.
/erefore, it can be considered that the proposed QZS
isolator can still maintain the working position and QZS
characteristics under variable loads, which broadens the
applied range of the isolator. Certainly, if the load changes
sharply, the range of QZS of the isolator will be greatly
reduced, which will lead to a decrease in isolation
performance.

3.4. Approximation of Force-Displacement Characteristics of
the Isolation System. /e Taylor polynomial is used in this
study to approximate the restoring force of the isolation
system at x � 0 to simplify the calculation.

Figure 5 illustrates that the approximate restoring
force and stiffness are relatively consistent with the ac-
curate value near the equilibrium position, but the de-
viation is large on both sides. On the side of the
equilibrium position, the error between the accurate value
and the fifth-order Taylor polynomial is 1.9%, and the
error between the accurate value and the seventh-order
and ninth-order Taylor polynomials does not exceed 0.3%,

Table 1: Parameters of the ES.

Parameter Unit Value Definition
R1C mm 11.8 /e inner radius of the coil winding
R2C mm 49.2 /e outer radius of the coil winding
R1M mm 13 /e inner radius of the ring magnet
R2M mm 40 /e outer radius of the ring magnet
HC mm 36 Height of the coil winding
HM mm 32 Height of the ring magnet
z mm 15 Distance between ring magnet and coil winding
J T 1.35 Magnetization of the ring magnet
NRC — 55 /e number of radial turns of the coil winding
NHC — 50 /e number of axial turns of the coil winding
NHM — 80 /e number of axial turns of the ring magnet
N — 2750 Turns of the coil winding
i(C) A 1 /e coil current
μ0 H/m 4π × 10− 7 /e vacuum permeability

Table 2: Parameters of the PS.

Parameter Unit Value Definition
hu mm 25 /e height of the upper chamber
hl mm 35 /e height of the lower chamber

Au mm2 412.3 /e cross-sectional area of the upper
chamber

Al mm2 490.9 /e cross-sectional area of the lower
chamber

λ — 1.4 Gas variability index

Mathematical Problems in Engineering 5



as is shown in Figure 6. However, higher-order approx-
imation leads to more complicated calculations and
longer calculation time. /erefore, as a trade-off, a sev-
enth-order Taylor polynomial is selected to approximate
Equation (5), which can be written as

F � f1x + f2x
2

+ f3x
3

+ f4x
4

+ f5x
5

+ f6x
6

+ f7x
7
,

(11)

where f1, f2, f3, f4, f5, f6, and f7 are Taylor polynomial
coefficients.
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Figure 3: (a) /e force-displacement curve under different hu. (b) /e stiffness-displacement curve under different hu.
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4. Dynamic Response of the QZS Isolator

4.1.Amplitude-FrequencyResponseunderHarmonicExcitation
Force. /e dynamic model of the QZS isolation system is
equivalent to an SDOF system with stiffness K and
damping c in the vertical direction as is shown in
Figure 1(c). When the harmonic excitation force Fe cos(ωt)

(Fe and ω are the amplitude and frequency of the excitation
force) is applied to the load at the balance position, and the
restoring force of the isolation system adopts the ap-
proximate force of Equation (11), the equation of motion is
given by

m €x + c _x + F � Fe cos(ωt). (12)
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Figure 5: Taylor polynomial approximation: (a) approximation of the restoring force; (b) approximation of the stiffness.
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Transforming Equation (12) dimensionless form, which
can be written as

€x + 2ζ _x + f1x + f2x
2

+ f3x
3

+ f4x
4

+ f5x
5

+ f6x
6

+ f7x
7

� Fe cos(Ωτ), (13)

where x � x/hl, ωn �
����
K/m

√
, ζ � c/2mωn, F � F/Khl,

f1 � f1/K, f2 � f2hl/K, f3 � f3hl
2/K, f4 � f4hl

3/K,
f5 � f5hl

4/K, f6 � f6hl
5/K, f7 � f7hl

6/K, Fe � Fe/Khl,
Ω � ω/ωn, τ � ωnt, _x � dx/dt � hldx/dt � ωnhldx/dτ �

ωnhl
_x, and €x � d2x/dt2 � ωn

2hld
2x/dτ2 � ωn

2hl
€x.

/e harmonic balance method (HBM) is applied to solve
Equation (13), and the form of the system response is as-
sumed as x � A cos(Ωτ + θ). /e following equation can be
obtained by making the coefficients of the cos Ωτ and
sin Ωτ terms on both sides of Equation (13) equal after
substituting x � A cos(Ωτ + θ) into Equation (13):

−AΩ2 + f � Fe cos θ,

−2ζAΩ � Fe sin θ,
 (14)

where f � f1A + 3/4f3A
3 + 5/8f5A

5 + 35/64f7A
7.

/en the amplitude-frequency response equation of the
isolation system can be derived as follows:

−AΩ2 + f 
2

+(−2ζAΩ)
2

� Fe
2
. (15)

Figure 7 shows the amplitude-frequency curves obtained
from Equation (15) under different parameters. It can be
observed from Figure 7(a) that as the excitation amplitude
grows, the response amplitude curve shifts to the upper right

as a whole, and the jump frequency increases. However, the
effect of the damping ratio on the response amplitude curve
is the opposite. As the damping ratio increases, the jump
frequency of the system decreases or even disappears in
Figure 7(b). /erefore, a small damping ratio or a large
excitation amplitude will make the nonlinear behavior of the
system response more apparent, which is detrimental to the
isolation performance of the system.

/e analytical solution of Equation (15) is obtained by
the first-order harmonic approximation. /e numerical
analysis of Equation (13) is performed simultaneously to
verify the efficiency of the analytical solution. /e result of
the comparison of the analytical solution and the numerical
solution is shown in Figure 8. Note that the method used in
the numerical analysis is the forward frequency sweep and
the backward frequency sweep of the Runge–Kutta method.
It can be observed from Figure 8 that the amplitude-fre-
quency responses obtained by the Runge–Kutta method and
HBM are consistent in the high-frequency area, and the
solution of the numerical method is larger than that of the
analytical method in the low-frequency area. /is is because
the response of the isolation system in the low-frequency
area is more complex, including not only the first-order
harmonic but also the high-order harmonics and even chaos.
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/e complex components of the system response are
revealed by studying the amplitude spectrum and phase
trajectory diagram of the system response under different
frequency ratios to further verify and explain the results
shown in Figure 8, such as Ω1 � 0.1, Ω2 � 0.4, Ω3 � 0.8, and
Ω4 � 2. Figures 9(a) and 9(b) illustrate the amplitude
spectrum and the phase trajectory diagram of the isolation
system response when Ω1 � 0.1. It can be observed that the
amplitude spectrum includes not only the first-order har-
monic but also a variety of super-harmonic components,
and the phase trajectory diagram is complex. /erefore, the
numerical solution is slightly different from the analytical
solution. As shown in Figures 9(c)–9(f ) when Ω2 � 0.4 and
Ω3 � 0.8, the amplitude spectrum shows that the system
response is mainly composed of the first-order harmonic
and smaller second-order and third-order harmonics, and
the phase trajectory diagram is a closed curve, which il-
lustrates that the system has a single period motion. It can be
found from Figures 9(g) and 9(h) that the system response
only includes the first-order harmonic when Ω4 � 2, and the
results obtained by the Runge–Kutta method and HBM are
consistent. Although there is a deviation between the ana-
lytical solution and the numerical solution in the low-fre-
quency area and the ultra-low-frequency area, the jump
phenomenon of amplitude-frequency response can be ob-
served through the analytical solution, and the unstable
solution of the system can also be obtained.

4.2. Force Transmissibility. /e force transmissibility (FT) of
the isolator is defined as the amplitude ratio of the force
transferred to the base to the excitation force and is an
important index to evaluate the ability of the isolator to
reduce the interference of the external dynamic load.
According to the dynamic model, the force transferred to the
base is given by

fj � 2ζ _x + f1x + f2x
2

+ f3x
3

+ f4x
4

+ f5x
5

+ f6x
6

+ f7x
7
.

(16)

/e amplitude of fj can be obtained by substituting x �

A cos(Ωτ + θ) into Equation (16) as follows:

Fj �

������������

(2ζAΩ)
2

+ f
2



. (17)

/e FT of the QZS isolation system in the form of the
decibel is as follows:

Tf � 20lg

������������

(2ζAΩ)
2

+ f
2



Fe

⎛⎜⎜⎝ ⎞⎟⎟⎠. (18)

/e numerical analysis is implemented to verify the
analytical result of Equation (18). Now the FTof the isolation
system is redefined as the energy transmissibility; that is, the
ratio between the root mean square (RMS) of the energy
transferred to the base and that of the excitation energy in a
period is given by

Te � 20lg

��������������

Ω/2π 
2π/Ω
0

fj
2
dτ



�����������������������

Ω/2π 
2π/Ω
0

Fe cos(Ωτ) 
2
dτ

⎛⎜⎜⎜⎝ ⎞⎟⎟⎟⎠, (19)

Figure 10 shows the numerical and analytical solutions
of the FT. It can be observed that the numerical solution and
the analytical solution are in good agreement, and the jump
frequency of the analytical solution is also verified. However,
the numerical solution is slightly larger than the analytical
solution in the low-frequency area, which is caused by the
complexity of the response.

/e initial isolation frequency and peak FT of the linear
system and QZS system in Figure 10 are

�
2

√
ωn, 20.04 dB and

0.856ωn, 18.68 dB, respectively. /erefore, this also shows
that the linear system only works in the range of more than�
2

√
times the natural frequency of the system, and the QZS

system can achieve better isolation performance as long as
the external frequency is greater than the jumping fre-
quency. In addition, the FTof the QZS system is smaller than
that of the linear system in the high-frequency area.
/erefore, it can be considered that the proposed QZS
system has a lower initial isolation frequency and better
isolation performance than the linear system.

4.3. Force Transmissibility under Variable Loads. /e system
can obtain QZS characteristics and superior low-frequency
isolation performance by choosing the appropriate pressure
and coil current when the load is mg. Once the load in-
creases 1 + β times, the existing QZS isolator cannot take
effective measures to cope with the situation, which will lead
to poor isolation performance. For the proposed QZS iso-
lator, the deviation of the new stable position from the
working position is x0 when the load increases, and the
equilibrium equation of the isolation system can be written
as

m €x + c _x + F x + x0(  � Fe cos(ωt) + βmg. (20)
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Figure 8: Analytical solutions and numerical solutions of the
amplitude-frequency response (ζ � 0.05, Fe � 0.05).
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Select the previous parameters to compare the isolation
performance of the proposed QZS isolator under different
loads. Figure 11 shows that the increase of load causes the FT
curve of the isolation system to move to the right, which
shortens the isolation frequency band and reduces the low-
frequency isolation performance. /e reason is that the new
balance position of the isolation system deviates from the set
working position due to the change of load, which leads to
the increase in the dynamic stiffness of the system. /e QZS
isolator will no longer have the advantage of low-frequency
vibration isolation when the deviation is large.

Figure 12 shows the FTof the QZS isolation system after
adjusting the pressure and coil current. /e peak FT in-
creases slightly and the FTcurve shifts slightly to the right in

the jump frequency range when the load increases, while the
FT remains unchanged in other frequency ranges. /us, the
conclusion can be drawn that the FT of the isolation system
remains unchanged. /e isolation system still maintains
superior low-frequency isolation performance under dif-
ferent loads, which is difficult to achieve for most QZS
isolators.

4.4. Displacement Transmissibility under Variable Loads.
/e analytical expression of the displacement transmissi-
bility (DT) of the QZS isolator is derived to evaluate the
ability of the isolator to reduce the vibration interference
from the base when the load changes. As is shown in
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Figure 1(c), the absolute displacement of the isolated object
in the vertical direction is y when the excitation displace-
ment xj � Xj cos(ωt) is applied to the base. /en the dy-
namic equation of the isolation system is given by

m€u + c _u + f1u + f2u
2

+ f3u
3

+ f4u
4

+ f5u
5

+ f6u
6

+ f7u
7

� −m €xj ,

(21)

where u � y − xj is the relative displacement of the isolated
object.

Transforming Equation (21) dimensionless form, which
can be written as

€u + 2ζ _u + f1u + f2u
2

+ f3u
3

+ f4u
4

+ f5u
5

+ f6u
6

+ f7u
7

� XjΩ
2 cos(Ωτ), (22)
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Figure 10: /e force transmissibility of the QZS system and the linear system (ζ � 0.05, Fe � 0.05).
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Figure 11: /e force transmissibility of the QZS isolation system under different β (ζ � 0.05, Fe � 0.05).
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where u � u/hl and Xj � Xj/hl. Other parameters in-
volved in Equation (22) are the same as those in Equation
(13).

/e form of the response solution is assumed as follows:

u � A cos(Ωτ + θ). (23)

/e following equation can be obtained after substituting
Equation (23) into Equation (22):

−AΩ2 + f � XjΩ
2 cos θ,

−2ζAΩ � XjΩ
2 sin θ.

⎧⎪⎨

⎪⎩
(24)

/en the amplitude-frequency response equation of the
system is written as follows:

−AΩ2 + f 
2

+(−2ζAΩ)
2

� XjΩ
2

 
2
. (25)

/e absolute DTof the isolation system is defined as the
ratio of the absolute displacement of the isolated object to
the excitation displacement, which can be expressed in
decibels as follows:

T d � 20lg
|x|

xj





⎛⎝ ⎞⎠ � 20lg
u + xj





xj





⎛⎝ ⎞⎠ � 10lg
A
2

+ Xj
2

+ 2 XjA cos θ
Xj

2
⎛⎝ ⎞⎠. (26)

/e deviation of the new stable position from the
working position is u0 when the load increases, and the
equilibrium equation of the isolation system can be written
as

m€u + c _u + F u + u0(  � −m €xj + βmg. (27)

Figure 13 shows the DTof the system without taking any
measures when the load increases 1 + β times. Note that the
isolation system has the effect of isolation only when T d < 0.
It can be observed from Figure 13 that the DT curve of the
system bends to the right and the peak transmissibility is
large when ζ � 0.05 and Xj � 0.1. /is is due to the non-
linearity of the isolator, which can be reduced or eliminated
by increasing the damping ratio. As the load increases, the
DT curve changes significantly, which is manifested as the
curve moves to the right by a large margin and the initial

isolation frequency increases, and the ability of the isolator
to reduce the vibration interference from the base drops
greatly. Similar to the change of FTunder different loads, this
is caused by the increase in the dynamic stiffness of the
system as the load increases. /e problem of the decrease of
the isolation performance due to variable loads is common
and difficult to solve for most QZS isolators.

/e proposed QZS isolator can reduce the damage
caused by variable loads by changing the positive and
negative stiffness. /e DT curve after adjusting the coil
current and pressure is shown in Figure 14. It can be found
that the jump frequency of DT increases slightly when the
load increases, which shortens the isolation frequency band
slightly. However, the curve remains almost unchanged in
other frequency ranges. /is is because the proportional
change of pressure and coil current keeps the working
position and QZS characteristics of the isolator unchanged.
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Figure 12: /e force transmissibility of the QZS isolation system after adjusting the pressure and coil current (ζ � 0.05, Fe � 0.05).
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Although the increase in the load will still change the iso-
lation performance, this change is small or even negligible
compared to the change of the isolation performance before
the measures are taken. /erefore, it can be concluded that
the isolation performance of the proposed QZS isolator
remains almost unchanged under variable loads.

5. Time-Domain Simulation of the
Isolation System

/e response displacement of the load is simulated in the
time domain to evaluate the isolation performance of the
isolation system when the harmonic excitation displacement
Xj cos(Ωτ) is applied to the base.

Figure 15 shows the dimensionless response displace-
ment of the load when Xj � 0.1 and Ω� 1, 2. For Ω� 1, the
RMS of the load response displacement is 4.66 times the
RMS of the excitation displacement when there is no current
in the coil, and it decreases rapidly to 10.01% once the coil is
excited by the current of 1.12A. For Ω� 2, the RMS of the
load response displacement decreases from 35.01% of the
RMS of the excitation displacement to 5.39% after the coil is
excited by the current of 1.12A. /e change of the response
displacement of the system indicates that the dynamic
stiffness near the balance position of the system decreases to
close to 0 and the natural frequency decreases after the coil
current is applied, which improves the isolation
performance.
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Figure 13: /e displacement transmissibility of the QZS isolation system under different β (ζ � 0.05, Xj � 0.1).
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14 Mathematical Problems in Engineering



Figure 16 shows the response displacements of the PS
isolation system, the proposed QZS isolation system, and the
linear isolation system when Xj � 0.1 and Ω� 0.5, 1, 1.5, 2.
/e response displacement of the PS system is almost the
same as that of the linear system. However, the response
displacement of the PS system is smaller due to the nonlinear
characteristics of the PS when Ω� 1.

For Ω� 0.5, the proposed QZS system has already
exerted the isolation effect, and the RMS of the load response
displacement is 24.74% of that of the excitation displace-
ment. However, the RMS of the load response displacement
of the PS system and the linear system is 133% of that of the
excitation displacement. It can be observed from Figure 16
that the proposed QZS isolation system always maintains
better isolation performance, which appears as a smaller
response amplitude and a lower isolation frequency.

6. Conclusion

/is paper proposes a design of the QZS isolator that can
adapt to different loads with parallel ES and PS. /e re-
storing force of the isolation system is derived, and three
decisive parameters for realizing QZS characteristics are
obtained. /e adjustment method to adapt to variable loads
is given. /e restoring force of the isolation system is ap-
proximated by the seventh-order Taylor polynomial and the

HBM is applied for the dynamic analysis of the system.
/eoretical research shows that as the load increases, the FT
and DT raise and the isolation performance decreases
rapidly without taking anymeasures. However, changing the
pressure and coil current in the same proportion to maintain
the working position and QZS characteristics of the system
can lessen the application limits of the isolator. /e time-
domain simulation results show that the system response
displacement decreases greatly when the coil winding is
excited by the current, and the proposed isolator has ap-
parent advantages in response amplitude and isolation
frequency band over the linear system and PS. Verifying the
ability to adapt to variable loads of the isolator through
experiments is a crucial work in the future. A control
strategy of adjusting the current is also needed in the fol-
lowing work, which can enhance the accuracy of the ad-
justment results and ensure that the isolator reaches the QZS
state.

Appendix

Here, the specific expression of the electromagnetic force
calculated by the filament method is given. /e attractive
forces produced by the ring magnet and the upper and lower
energized coil windings are as follows:
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Figure 16: Dimensionless response displacement of different systems under different Ω: (a) Ω� 0.5; (b) Ω� 1; (c) Ω� 1.5; and (d) Ω� 2.

Mathematical Problems in Engineering 15



FCM � 

NRC

j�1


NHM

q�1


NHC

s�1

μ0i1i2zC(qs)k1C

4
�������
R1Mr(j)

 2K k1C(  −
2 − k1C

2

1 − k1C
2 E k1C(  

− 

NRC

j�1


NHM

q�1


NHC

s�1

μ0i1i2zC(qs)k2C

4
�������
R2Mr(j)

 2K k2C(  −
2 − k2C

2

1 − k2C
2 E k2C(  ,

FDM � 

NRC

j�1


NHM

q�1


NHC

s�1

μ0i1i2z D(qs)k2 D

4
�������
R2Mr(j)

 2K k2 D(  −
2 − k2 D

2

1 − k2 D
2 E k2 D(  

− 

NRC

j�1


NHM

q�1


NHC

s�1

μ0i1i2z D(qs)k1 D

4
�������
R1Mr(j)

 2K k1 D(  −
2 − k1 D

2

1 − k1 D
2 E k1 D(  ,

(A.1)
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(A.2)

Among them, j is the jth turn in the radial direction of the
coil winding, q is the qth turn in the axial direction of the
ring magnet, and s is the sth turn in the axial direction of the
coil winding.
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