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A strategic decision-making technique can help the decision maker to accomplish and analyze the information in an efficient
manner. However, in our real life, an uncertainty will play a dominant role during the information collection phase. To handle
such uncertainties in the data, we present a decision-making algorithm under the single-valued neutrosophic (SVN) environment.
The SVN is a powerful way to deal the information in terms of three degrees, namely, “truth,” “falsity,” and “indeterminacy,”
which all are considered independent. The main objective of this study is divided into three folds. In the first fold, we state the
novel concept of complex SVN hesitant fuzzy (CSVNHEF) set by incorporating the features of the SVN, complex numbers, and the
hesitant element. The various fundamental and algebraic laws of the proposed CSVNHEF set are described in details. The second
fold is to state the various aggregation operators to obtain the aggregated values of the considered CSVNHF information. For this,
we stated several generalized averaging operators, namely, CSVNHF generalized weighted averaging, ordered weighted average,
and hybrid average. The various properties of these operators are also stated. Finally, we discuss a multiattribute decision-making
(MADM) algorithm based on the proposed operators to address the problems under the CSVNHF environment. A numerical
example is given to illustrate the work and compare the results with the existing studies’ results. Also, the sensitivity analysis and
advantages of the stated algorithm are given in the work to verify and strengthen the study.

1. Introduction

The multiattribute decision-making (MADM) method is one
of the efficient methods to solve the decision-making
problems by considering the different experts, their pref-
erences, and alternatives. The chief objective of this problem
is to address the best alternatives, when the information
related to them is accessed under the vague and imprecise
information. In other words, the decision-making strategy
aims to grow the chance of the benefits and reduce the

chance of the cost during the decision-making procedure for
simplifying genuine life dilemmas. Since its appearance, a
huge number of people have worked on decision-making
strategies under the presence of a crisp set. However, in
several situations, it is very complicated to provide the in-
formation related to the objects in terms of precise number,
due to the involvement of the uncertainties in the data. To
reduce the loss of data during the process, in 1965, Zadeh [1]
firstly put forward the theory of fuzzy set (FS), by extending
the range of the crisp set (which is {0, 1}) to the unit interval.
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Due to this beneficial work, a lot of space was created for a
decision maker to make a beneficial decision from the family
of alternatives. After the successful presentation of the FS
theory, a huge number of individuals have described it in the
circumstance of different places [2]. As ambiguity and
complexity are involved in every region of life, in the
presence of these dilemmas, it is very complicated for ES to
survive with the old mathematical structure (covered only
truth grade (TG)). In several cases, several experts have faced
a lot of data in the arrangement of “yes” or “no,” which is
very complex for FS to resolve. To reduce the level of the
deficiencies and worries, Atanassov [3] changed the shape of
FS and put forward the well-known shape, called intui-
tionistic FS (IFS). IFS is the modified technique of FS, which
includes two different terms, called TG T (u) and falsity
grade (FG) F (u) with a satiable and strong character in the
shape of 0 < ¥ (u) + F (u) < 1. IFS is a different structure from
the mathematical structure of FS to switch uncertain data. By
taking advantage of the IFSs, several studies have been
conducted by various scholars such as interval-valued IFSs
[4], distance measures [5], circular IFS [6], and so on.

In the IFSs, each element is characterized with two
degrees, truth and falsity, to access the information. How-
ever, in several real-life situations, very complex ambiguity is
encountered during processing the information, and hence
under the consideration of these dilemmas, it is very
complicated for IFS to survive with the old mathematical
structure (in terms of TG and FG only). In other words,
sometimes several experts have faced a lot of data in the
arrangement of “yes,” “abstinence,” and “no,” which is very
complex for IFS to resolve. To reduce the level of such
deficiencies, the fundamental mathematical structure of the
neutrosophic set (NS) was put forward by Smarandache [7].
NS is one of the massive dominant and reliable techniques
which can easily determine the solution to every complicated
problem that occurs in genuine life dilemmas The concept of
NS is extended to the single-valued NS (SVNS) and its
corresponding operators [8] by the researchers. Since its
appearance, scholars have studied it under different envi-
ronments. For instance, in [9], the authors have defined the
Dombi weighted aggregation operators for the collections of
SVNSs. In [10], the scholars put forward the Bonferroni
mean operators for SVNS. In [11], the authors put forward
the COPRAS method for SVNS. For more details about the
study on NSs, we refer the readers to [12-17] and their
corresponding references.

In all the studies listed above, almost all the studies were
conducted by considering only the real component of the
grades of the element. However, the periodic nature of the
rating of the expert is not considered in the decision-making
process. To address it completely, there is a need to express
the rating of the expert from real interval [0, 1] to the unit
disc in the complex plane. This idea was highlighted by
Ramot et al. [18] in 2002 who presented the concept of
complex FS (CFS). In CFS, each object is identified with two
degrees TG and FG under complex domain such as t'e”™
where t', 6, € [0,1] represent the real and amplitude terms
of the expert rating. It is clearly seen that CFS can handle the
vague information with one or two sorts of data in the shape
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of singleton terms. Some application of the CFS towards the
decision-making process is summarized in [19]. Again, the
scope of the CFS is limited as it considers only the truth
degree and fails to consider the falsity degree at the time of
the execution. For instance, if some expert diagnosed data
like “yes” or “no” and each has two possibilities, then CFES is
very complicated for diagnosing the solution of the above
scenario. To reduce the above complications, Alkouri and
Salleh [20] proposed the complex IFS (CIES), which includes

the two different terms, called TG (t'¢?™) and FG

(f 'eiznef') in the shape of complex numbers with proficient

and  well-known characteristics 0<t +f <1 and
0<6, + 0 <1. To handle problematic and unseen situa-
tions, a huge number of people have employed the above
theory in different regions, for illustration, the study in [21]
includes the distance measures constructed under the CIESs,
while the study in [22] includes the information measures
constructed under the CIFS. Further, CIFS theory has been
widely applied in different categories such as aggregation
operators [23], group theory [24], and generalized geometric
operators [25].

Since CIFS theory is able to deal only with “yes” or “no”
decision in the form of degrees TG and FG, it is unable to deal
with the term “abstinence.” For this, a structure of complex
NS (CNS) was proposed by Ali and Smarandache [26] by
considering the independent membership grades of “yes,”
“abstinence,” and “no” over the unit disc of complex plane.
The structure of CNS is easily implemented in every region of
life which includes ambiguity and awkward sort of data. In
order to flexibly share preferences, Torra [27] came up with
the idea of hesitant fuzzy set (HFS), which allowed agents to
provide multiple membership grades for a specific alternative-
criterion pair. By this, the issue of hesitation was handled
effectively. Related to MADM problems, several researchers
have addressed the problem by using HFS features. For in-
stance, Rodriguez et al. [28] investigated an interesting review
on HES models and its usage in MADM models. Xu and Zhou
[29] identified a problem with HFS and designed a consensus
building model by considering multiple experts for a specific
alternative-criterion pair. In [30], the authors defined the
similarity measures based on complex HES and stated their
application to pattern recognition.

From the above listed literature, we noted that the several
researchers have utilized the advantages of CIFS, HFS, NS,
and CNS to address the problems related to the MADM.
However, it is noted that all these theories are unable to
handle some uncertain cases which occur during accessing
the decision-making problems. For instance, if a person
made committee, for laptop enterprise, which consists of ten
members, the head of this committee would like to choose
the suitable laptop according to the feasibility and suitability.
To get the best one, each committee member provides their
opinions about different laptops in terms of their prices and
name of the model. As the model and price of the laptop
change frequently over time, there exist a lot of uncertainties
during the execution. Under such circumstances, it is dif-
ficult to access the information using several existing sets. To
address it completely, in this article, we have presented an
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extension of the NSs by keeping the features of hesitant set
and complex membership degree and defined the novel set
named as complex single-valued neutrosophic hesitant fuzzy
set (CSVNHES). The idea behind this set is to address the
ambiguity in the data when it is arranged in the form of “yes,”
“abstinence,” and “no” under the complex domain. In the
presented set, each element is characterized with three in-

dependent hesitant degrees, namely, TG (e’ ), abstinence

(a'é'), and FG (f "), over the unit disc of complex plane
with the conditions 0<t'+a'+ f' <3 and + where
0<t',a’,f'<1 and 0<0,,6,,0, <2. After managing the
information under such features and to state more infor-
mation about it, we define various operational laws and study
their characteristics. To explore about the laws, we stated
several weighted averaging operators to aggregate the col-
lective information into a single one. Additionally, we state a
MADM algorithm to explain the working of the proposed
work and demonstrate it with the help of numerical examples.
The major advantages of the proposed set are that several
existing theories are considered as a special case of the
proposed one. For instance, by removing the components
6y,0,,0; during the information phase, the proposed set
reduces to SVNS. On the other hand, when we set
6, =0y =0, then the set reduces to CHFS. Similarly, when
we set 0 = 0 and all other degrees as a single number, then it
reduces to CIFS. Finally, when we consider all the degrees in
the form of singleton set, then the proposed CSVNHES re-
duces to CSVNS, while when we set 0, = 6, = 0 o= 0, then
the set reduces to SVN hesitant fuzzy set.

In this paper, the main contribution of the present work
is summarized as follows:

(1) To present a new concept named as CSVNHES to
address the uncertainties in the data and hence
describe their algebraic and operational laws.

(2) To initiate several generalized averaging operators,
namely, CSVNHF generalized weighted averaging,
ordered weighted average, and hybrid average,
denoted by CSVNHFGWA, CSVNHFGOWA, and
CSVNHFGHWA, respectively

(3) To discuss the MADM technique under the presence
of stated work. Also, to show the flexibility of the
stated operators, several important results and their
properties are also elaborated.

(4) A numerical example is given to illustrate the work
and compare the results with the existing studies’
results. Also, the sensitivity analysis and advantages
of the stated algorithm are given in the work to verify
and strengthen the study.

The rest of the work is organized as follows. In Section 2,
we revise various prevailing concepts like FSs, CFSs, NSs,
SVNSs, CNSs, HFSs, generalized weighted averaging
(GWA), generalized ordered weighted averaging (GOWA),
generalized hybrid averaging (GHA) operators, and their
operational laws. In Section 3, we analyze the fundamental
theory of the CSVNHEF setting and described its algebraic

laws. In Section 4, we define the various generalized oper-
ators, namely, CSVNHFGWA, CSVNHFGOWA, and
CSVNHFGHWA. To show the flexibility of the diagnosed
operators, several important results and their properties are
also elaborated. In Section 5, a MADM algorithm is stated
and illustrated with numerical example. Sensitivity analysis
and advantages of the work are also presented to verify and
feasibility of the theory. Section 6 draws the conclusion of
our study.

2. Preliminaries

In this section, some prevailing concepts are revised. Let X,
T (u), A(u), and F (u), be fixed set, TG, abstinence, and FG,
respectively.

Definition 1 (see [1]). The FS is initiated by
F:{(u,?(u))}, 1)
ueX
where 0<F(u)<1.

Definition 2 (see [18]). The CFS is initiated by
N = { (u, "F(u))}) 2)
ueX
where F(u) =t'e%
0<6,<2.

with the conditions 0<t' <1 and

Definition 3 (see [7]). The NS is initiated by
N < { (u, T(u),A(u),F(u))}

ueXx (3)

with the conditions 0" E¥(u)+ A(u) + F(u)E3* and
0™ ET (1), A(u), F(u)E1*. Further, n = {T(u),A(u),F(u)}
represents the NN (neutrosophic number).

Definition 4 (see [8]). The SVNS is initiated by
N { (u,T(u),A(u),F(u))},

4

ueX )
with the conditions 0<¥(u)+ A(u)+ F(u)<3 and
0<F(u),A(u),F(u)<1. Further, n={F(u),Au),F(u)}
represents the single-valued neutrosophic number (SVNN);
simply, we write n = (F, A,F).

Definition 5 (see [26]). The CNS is initiated by

N :{(u,?(u),A(u),F(u))}, 5)

ueX
where F(u) = ¢, A(u) = a'e®%', and F(u) = f’e’ef' with
the conditions 0 <t'+a'+ f'<3* and

0" <0y +0, +0p<6", where 0 <t',a',f'<1* and
07 <6,,0,,0, <2*. Further, n={F(u), A(u), F(u)} rep-
resents the complex neutrosophic number (CNN); simply,

. ; ; i0
we write n = (F,AF) = (t’e’er’,a/elaa’,f'el ).



Definition 6. (see [27]). A HES is initiated by
E ={(u, hg (u)): where hy (u) is a finite subset of [0,1]}, (6)

is called HFS, where h = hg (u) is called hesitant fuzzy el-
ement (HFE).

Definition 7 (see [27]). Let h, hy, and h, be three HFEs with
y > 0. Then,

(1) hyoh, = Htlehl,tzehz{tl +1, — ity
(2) hy®h, = Htleh tzehz{tltZ}'

3) h = Hteh ty

(4) yh =Ll - Q1 =)}

Definition 8 (see [8]). The generalized weighted average
(GWA) operator is given by GWA: Q" —

" 17y
GWA (n,n,,...,n,) = <Z w,»n}’) , (7)
i=1

where Q) represents the family of all positive integers with
y > 0. Further, the welghted vector is denoted and defined by
W= (wl,wz,...,w) w; € [0,1], where Y| w; = 1.

Definition 9 (see [8]). The generalized ordered weighted
average (GOWA) operator is given by GOWA: Q" —

" 1/y
GOWA (ny,n,,...,n,) = <Z w,»noy(i)> , (8)
i=1

where Q represents the family of all positive integers with
y>0and n,; is the ith largest term of n;, i.e., 1,y <1y (;_y)-
Further, the welghted vector is denoted and defined by

W= (wl,wz,...,w) w; € [0,1], where Y| w; = 1.

Definition 10 (see [8]). The generalized hybrid weighted
average (GHWA) operator is given by GHWA: )" — :

1/y
n
GHWA (n,,n,,...,n,) = <Z w,-noy(,-)> , 9)
i=1

where Q represents the family of all positive integers with
y>0 and no(,' is the ith largest term of n;, i.e., n (,; Mo (i1
where n; = nw;n;. Further, the welghted vector is denoted

and deﬁned by w= (W, W,,... w) w; € [0 1], where
W =1, and w:(wl,wz,...,w) w; € [0,1],

Yiiw=1

3. Proposed CSVNHFS

In this study, we explored two sets named as CSVNSs and
CSVNHESs and their algebraic laws.

3.1. Complex Single-Valued Neutrosophic Fuzzy Set (CSVNEFS)

Definition 11. The CSVNFS is initiated by
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N (u, T (u), A(u), F (u)) (10)
ueX ’
where F(u) = t'e%, A(u) =a'e’  and F(u) = f’eief’ with

the conditions 0<t' +a’ + f'<3and 0<6, + 0, + 0y <6,
where 0<t',a’, f'<1 and 0<6,,0,,0p <2. Further, u =
{F (u), A(u), F(u)} represents the complex single-valued
neutrosophic fuzzy number (CSVNEN). Symbolically,

n= (:F,A,F) — (t/elerr a/eler fl 19 )

Definition 12. Let n, = (F|, A, F,) = (1", aje®, flen
and n,= (F,,A,,F,) = (tz'e’gfz aje’®, f1e°)  be  two
CSVNFNs with p > 0. Then,

1(6: +0r

6,6,
@) nl ®n2 - ( (tl + tz tit))e b2, (ajay)
al a2/27'r) (f f ) Of Hf /27r))
(2) ny®n, = ( (]t PP (al + a, - a,a,)
O 9a19a2/2” (f1 f2 f f2 i(05+0 - f(;? /2n))_
y 1

(3) yn, = ((1 _ (1 _tlr)y)6127r(1 (1-6, /27r)y)) a)
1y if",
flye ).

Y i0 )
@) nl = (t e 1, (1= (1—a))e? = 0% 2mm), (1 -
(1- fll)y) (1= (1—9frl/2n)y)).

Theorem 1. Let n, = ("FI,AI,F ) = (tl'e’e‘l al'e“q“l flien)
and ny= (F,,A,,F,) = (tse%, ale, f1e°2) be two
CSVNEFNs with y, y,,y, > 0. Then,

(1) ny@&n, =n, d&n,.

(2) n,®n, =n,®n,.

(3) y(m®ny) = yn, @ yn;.

(4) Y1”1 ®y,1; = (Y1 +y)m.

(5) nl ®n) = (n,en,)".

(6) nl' ®n> = n,

Proof. It can be easily derived, so we omit it here. O

Definition 13. Let n= (t'e’afx a'e’eﬂ f’e’efx) be CSVNEN.
Then,

$00 = (64 (L-a)+ (1= £) +3(8,+(1-8,)
+(1-6,))}

is called the score function (SF), and the accuracy function
(AF) is defined as

1 ! ! ! 1
sla-tyederye(1-0) 0, 0,).
(12)

(:F1>A17F ) -

i0
nz = (:Fz, AZ)FZ) = (tzlel rza

(11)

H(n) =

If we considered the two CSVNFNs », =

(tle"s, a'e'eal f1e®)  and

i
aye’ fze fz) then

(1) If S(ny) >S(n,), then n, > n,.
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(2) If S(n;) < S(ny), then n, <n,.
(3) If S(n;) = S(n,), then n; = n,.

(1) If H(n,;) > H (n,), then n, >n,.
(2) If H(n,) < H (n,), then n; <n,.
(3) If H(n,) = H (n,), then n; = n,.

3.2. Complex Single-Valued Neutrosophic Hesitant Fuzzy Set
(CSVNHES)

Definition 14. The CSVNHES is denoted and defined by

(13)

N ][ (u,?(u),A(u),F(u))})
ueX

where F(u)={t=t'eiteFw} A

(u) = {a =a'e% a e A(u)}, and F(u) = {f = f'eiefl/
f € F(u)} with the conditions 0<max(t')+max(a’)+
max(f')<3 and 0<max(6,)+max(6,)+ max(fo) <6,
where 0<t',a’, f'<1 and 0<6,,6,, 0y <2. Further, n =
{F (u), A(u), F(u)} represents the CSVNHFN; simply, we

. 10 i0 i0
write n = (F, A,F) = (t'e% ,a’'e%, f'e"7).

Definition  15. Let n, = (F, A, F)) = (t]e"1,ale,

fle) and n%h = (F,, Ay, F)) =(t1e®, ale®, £1e%%) be two
CSVNHEFNs. Then,
1) mun, = (F,UT,, A NA,F NF,) =
(tive)e %, (ainag)e! i)
(finf e s '

() mnny, = (F,nT,, A\ UA,, FLUF,) =
(t1ALy)e" %0
(ajvay)e! %)
(Fivfpe

Definition 16. Let n, = (F,, A, F,) = (t{e%, ale%, flen)
and n, = (F,,A,, F,) = ()%, ale®, f1¢%%) be two

CSVNHENs with y > 0. Then,
1) men,=(F,0F,,A|0A,, F,®F,) =

Utiet, aen,, fier,,
teF), a,€A,, fren,
0, +0,—

, , i 1[ 2
( t+ty— )e ( 9t16[,2/27r )) (al’az')ei(e“ig“é/m

tit
(fllle)el(ef/lefrz/zrl)

2)men,=(T,©F,,A,®A,,F,®F,) =

H tge:Fl’a,lEA]’fVIEF]
1T, ae . feF,

( O; + 0, )

i ! ,— ! ' 1

(tlltzl)ez(e,le,z/zn)’ ( a, +, a’2 )e 6a19u2/2n
a,a,

( f{+, f/z’— )e( 0.0 /21
fle
(3) Y= Ht1,5¥1’“1,€A1»f,1€F1( (1 B (1 - tll)y)

. ya)g ’ a)g
2 (1- (1-6,/2m)") 'y i6, i0',
e W0 a e, fllen).

Y o_ 1y 0"
4) m = Ht;e‘Fl,a;eAI,f'leFl< tle s, (1-(1-ay))
ei271(1— (1_9‘7’1 /27_[))/) (1 _ (1 _ fll)y)eiZH(l— (1—0fr1/271)1/))‘

Theorem 2. Let n, = (T, A, F,)) = (t/e'%,ale", fer)

and n, = (F,, A, F,) =(tse', ase’®, f1er)  be  two
CSVNHFNs with a positive real number y,y,,y, >0. Then,
(1) nydn, =n, dn,.
(2) n,®n, =n,Qn,.
(3) y(n, &ny) = yn, ®yn,; 1/2.
(4) yimy @myy; = (y; +y2)ny.
(5) n’f@ng = (m, ®eny).

(6) nl' @nl> = n"",

Definition 17. Let n= (tieiefi, a;eie‘*’i, f;eigfi) be CSVNHEN.
Then,

(14)
Is called the SF, and the AF is denoted and defined by

1(/1¢ A DA e A
H(n)=g{ ;Z(l_ti)J’BZ“ﬁ;zfi
i=1 i=1 i=1

(15)

AR T 1’36 1V0
+5 QZ(_ﬁ)+B;“’i+;;ﬁ '

i=1

If we considered the two CSVNHFNs n; = (T, A, F,) =
(tl'gie'i, ale, fl'eiefi) and n, = (F,,A,,F,) = (tz,ele‘/l,

i0
ase @2, fre 1'2), then



(1) If $(ny) > $(ny), then n; >n,.
(2) If S(n;) < S(ny), then n, <n,.
(3) If S(n;) = S(n,), then n; = n,.
(1) If H(n,) > H (n,), then n; >n,.

(2) If H(n,) < H (n,), then n, <n,.
(3) If H(n,) = H(n,), then n; = n,.

4. Some Aggregation Operators
Based on CSVNHFSs

In this section, we propose new aggregation operators called
CSVNHFGWA operator, CSVNHFGOWA operator, and
CSVNHFGHWA operator to aggregate the CSVNHFNs
effectively. Throughout the paper, X represents the fixed set
and the weighted vector is denoted and defined by
©= (W, @y ...,w,) ,w; € [0,1], where Y7, w; = 1.

1/1’> i27r<
[l

Proof. (1) First, we have proven that

-)V)“”')e ( E
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Definition 18. The CSVNHFGWA operator is given by
CSVNHFGWA: " —

17y
n
CSVNHFGWA(nl,nZ,...,nn)=<Zwiniy> ,  (16)
i=1

where Q) represents the family of all CSVNHFNs with y > 0.

The ~ CSVNHFN is of the form
n = (te'%, ale, e (i=1,2,...,n).

i0,. ‘9“'_ ‘Baf_ .
Theorem 3. Let n; = (tie" tae %, fie"4) (i = 1,2,...,n) be

the family of CSVNHFNs with y>0. Then, consider the
concept of CSVNHFGWA operator, and we get
CSVNHFGWA (n,n,,...,n,).

1y
Hufﬂ,.<1—<eﬁ/zn>y>”f)
i=1

(17)

1_<1_ li“-[ff”f(l -(1- edi/zn)y)“"> >

BN

L1 (1 - (8fi2m)")"

i

)

aea(1-(1- G“Q/Z”Y)wi) (18)

Mper(1- (- 9f§/2”)y)wi>

=1
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We utilize the mathematical induction on n to proof  Case 1. If we considered n =1,
equation (18). O

y _ —a y 1271( l—Gur]/Zn)
o = 1 (t)'e ( ) (1 (1 1)) ( ) )

tervacanfiefi\ (1= (1= f{))eizn(1-(1-6p/27))
(1 (1=(e)")" )llﬂ(l (-(2))") (19)
wn! = 1 (1 —(1-(a) )w 2l (1 9 l/271)y)

tieT.aie A fief,

(
(1 _(1 (fl)))’)“’ eth(l (1 0 /2n)y) '

It is true for n = 1. Case 2. If n = k is right, then

(1—11%(1-@;)@%);%( T o))

T R o
<k 0(-0-7) )"> (T () ))
i=1 fiefi

=

I
—_

agA;

Then, we checked for n =k + 1, and we get

(1 _ (1 _ (thrll)y)wkﬂ)eiZﬂ(1—(1—(0tj;+1/271)y)“'k+1)

Y\ “k+
Wpii My = il (1-(1- akﬂ,)y)wkueﬂﬂ(l—(l-9%/271) )| (21)

t €T »a €A > €F
ket ket ket et fkﬂl k1!

(1-(1= oy l-0tn o))

and
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k+1

;winiyz k
<1—H (-

(1 (1= (al/ﬁl)}’)wkn)ei(l—(l—(ea’kH/Zn)y) ki), o

[l (1= (1= (fra)7)")e O (- Crkeaa) ),
’eAk+1>f

tk+l, eTﬁ“’“kH k+l, EFk*l

(1 _(1 - (tl,c+1)y)wkﬂ)ei(1‘(1—(et’k+1/2ﬂ)y)“k+1))

<1 TTue-a-ay” >(H U, 00

k+ . ~ k+l (L Y
) <1‘ﬁu(1—<ff)y)‘“">e’2”<l [T e -2y

k+1 onl 1 k+1 ’ o
<1 —H 1 (1 —(t;)y)w,)ez (1 Hizll_[t‘.gi,(l (%42m)") >

It is true also for n = k + 1, so it is true for all n. Now, we have

i=0

L i2m - / o ! “ >
CSVNHEGWA (n,,n,,...,n,) = <Z w,-ni> = (1 ~ ﬁ 1 (a{)w’>ez <1 ] Ha,¢Ai( a1/2n) > ) (23)

Hence, the result is completed. Theorem 4. Let n=mn; (i=1,2,...,n) be the family of
Next, we state some properties for CSVNHFGWA  CSVNHFNs with y>0. Then, CSVNHFGWA (n;,n,,
operator. LN, =0
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Proof. If n = n;, then Hence, the result is completed. O
; 1y
CSVNHFGWA (n,n,,...,n,) = Z wm}') Theorem 5. Let n; = (te'%, ale", f1e/) (i = 1,2,...,n) be
i=1 the family of CSVNHFNs with y>0. If n;>nj, then
”y CSVNHFGWA (1, 1y, . .., 1,)
) (24) > CSVNHFGWA (1,1}, .. .,n.). (29)

Proof. We considered n; >ny, that is, t;>t],a;<d., fi< f!
and 6,>6,,0,<0,,0 < 0 . for all 4; then, firstly we prove for
membership grades such that

i=1 teT,
1y
" i271( L[t’,e?i(l - (Gt'ri/Zﬂ)y)w’> . 1y i2n(1— L[t"e'ﬂ(l - (Gﬁ/zﬂ)y)w,)
<[TH(-@y)e \= (1 -T1 1 —<t;>Y)w'> co
i=1 tF, i=1 fie T,
" 1y
" 1y i271<11_[ I_L',e'ﬂ(l - (6;,/271)}/) )
(r-TT ey ) e\
i=1 e ¥,
(26)
Similarly, for falsity and non-membership grades, we get
oy (T, () )
n in| 1-( 1-T]0, 11, 1-(1-6;/2n )
(1—(1— (1—(1—a§)y)wi> )e e A
i=1 de A,
€ ) y 0 (27)
n v i2n<1<1 i 1-(1-6)2n w’) )
< 1—(1— (1-(1-4 V)‘”*) )e 1 A( ( )) ,
i=1de Ai
and
/ " iy 1
(-(-11 <1_<1_f;y)w")w)eﬂﬂ(l—(l—nl1ufisFi<1-<l-ef.,/zn>y> )
i=1 f;eF
(28)

) <1 _<1 SIPINCEE f@f)y)w">W>ei2”<l'<l'“71 (o))
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Hence, we combine the above equations such that

Uy i2n

e

)

1y
(1 [T10 (1~ (9f§/2”)y)w[> ’
i=1

=

Mathematical Problems in Engineering

(29)

S n J\? w; 1y i27'r<1— | Ha’ié
[ECFETNIAR
i=1 di‘fAi
1y
y ) n 1 0 ) Y\
n EANANA WA Wl Hf,ng,- -\ fil2m
(e () ) )
i=1 fi ¢F
" 1y " 1/y n 1y
So, <Z w,-ocy> < <Z w,n?) < <Z wiﬂy> . (33)
CSVNHFGWA (n,,n,,. . .,n,) 30) =1 = =
30 . .
> CSVNHEGWA (n],n;, . .., n)). This implies that
. " 1y
Hence, the result is completed. O a< <z w,»ﬂ}’) <B (34)
Theorem 6. Let n, = (i'% ale’®, fie®)(i=1,2,...,n) be o
the family of CSVNHFNs which lies between max and min ie.,
operators with y > 0. Then, )
min (n,n,, . ..,n,) < CSVNHFGWA (n,n,,...,n,)
min (1,1, . ..,n,) < CSVNHFGWA (n,,n,, . ..,n,) (35)
(31) <max(n,ny,...,n,).
<max(n;,ny,...,n,).
Hence, the result is completed. O
Proof. We k that = mi Moy d
ri)of ¢ o . at a=min(m,n, m) an Remark 1. The aim of this study is to discover the particular
p = max(n;,n,,...,n,); then,
cases of the presented approach.
a <CSVNHFGWA (n,,n,, . ..,n,) <p. (32)

Then, we get

(1) If y — 0, our proposed work will be reduced to
CSVNHF weighted geometric operator:
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n

n i27r< | I_Lrié ;i(f)tri/zfr)w’)
(M) A
i=1 €T,

B

Il
—~
=
~—

kS

Il

" ; | - [T, A (1- 6,27)"
CSVNHFWG (1,15, ..., 1,) )" (1—HH (1_ac)“’f>e < acall =% )> - (36)

i=1 deA,

fatte]

) < } e (1= efé/2n)“’">
(1—1_[ 11 (l—fi)w‘)e -

i=1 fgF;

(2) If y=1, our proposed work will be reduced to
CSVNHF weighted averaging operator:

i=0

0 @;
n " ir| - | | LI, A.( a,-/271) >
CSVNHFGWA (n,,n,,. . .,n,) :<Zwini> = (1_ 1 (a;)“”>e < i e - 37

If y = 2, our proposed work will be reduced to CSVNHF
weighted quadratic averaging operator:

CSVNHEGWQA (1, 1y, . . .,n,)

172
. 0 2\
12 i2m| 1- H]—It';¢T7<1 —( t,-/271) ) ,
i=1

n 1/2 " 1/2 i271<1—<1_ H, 1_(002/27_[)2 w[>1/2>) -
<Zw> ) (1_<1‘H I (1_(1_(2;)2)%) ) [T ea( ) ) )|

(- o-0-py) UL eoc ) )

i=1 fi¢F;

B

. 1/y
Definition 19. The CSVNHFGOWA operator is given by CSVNHEGOWA (n,n,, ...,n,) = Z"-’i”y(‘) . (39)
CSVNHFGOWA: Q" — Q =
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where Q) represents the family of all CSVNHFNs with y >0
and n,; is the ordered CSVNHFNs which is an ascending
ordered (AO) or descending ordered (DO) i.e., 1, ;) < 7, (;_y).
The ~ CSVNHEFN is of the form
n, = (te%ae’, fie%) (i=1,2,...,n).

CSVNHFGOWA (n;,n,, . ..,n,),
i=1 teT;
CSVNHF/GOWA (n,n,,...,n,) = 1
<1 [T (="
i=1 fieF;
Proof. Straightforward. O

Theorem 8. Let n; = (te'%, ale', fie®%)(i=1,2,...,n) be
the family of CSVNHFNs with y > 0. Then,

CSVNHEGOWA (1,15, . . .,1m,) = 1. (41)

Proof. Straightforward. O

Theorem 9. Let n; = (£, ale’®, fie®) (i = 1,2, .., n) be the

family of CSVNHENs with y>0. If n;>ny, then

CSVNHFGOWA (1,1, ...
(42)

Proof. Straightforward. O
Theorem 10. Let n, = (ti'%, ale’®, fie'%) (i =1,2,...,n) be
the family of CSVNHENs which lies between max and min
operators with y > 0. Then,

min (n,,1n,,..,n,) < CSVNHFGOWA (n,,n,, .. .,n,)

). (43)

<max (n;,n,, ...

o e{eflstee)
(o)

<1‘ 19 A_(1—<a;>y>w"> ‘

,n,) > CSVNHFGOWA (n],n,,...,n,).

Mathematical Problems in Engineering

Theorem 7. Letn; = (tie'%, ale™, fie'®) (i = 1,2, ..,n) be the
family of CNHFNs with y > 0. Then, considering the concept of
CSVNHFGOWA, we get

>

1y
1y i271<1— ]_[a’,.eA,.(l - (Qdi/Zﬂ)y)w’> (40)

=1

>

e i=1 ,

>1/V i2n<1— ﬁ I—[f,EF,-(l - (gfii/ZTE)V)wi>

Proof. We know that «=min(n,n,,...,n,) and
p = max(n,;,n,,...,n,); then,
a < CSVNHFGOWA (n;,n,, .. .,n,) <. (44)
Then, we get

M=

1/y n 1y " 1y
< a),»(xy> < <Z winz(i)> < <Z w,-/)’y> . (45)
i=1 i=1 i=1

This implies that

1/y
n
a< (Z winz(i)> <p. (46)
i=1

That is,

min (n,,n,,..,n,) < CSVNHFGOWA (n,,n,, .. ., n,) )
<max(n;,ny,...,n,).
Hence, the result is completed. O

Remark 2. The aim of this study is to discover the particular
cases of the presented approach.

(1) If y — 0, our proposed work will be reduced to
CSVNHF ordered weighted geometric operator:
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i=1

i2n< ]_[t’igTi(etU(i)/Zﬂ)wi>
e

Y
e
=
—
D‘ﬂ:
N
£
N~

B

n

CSVNHEGOWA (ny, 1y, ....n,) = [ | (n0y)"" = <H 1 (o '))w,>e‘z”<i1 [Le.,(6a0)/27) > . (48)

i=1

B

m( ]—[fieF,-(efou)/z”)M)
e i=1

~/
—=
=
—~
-
o
N
£
N——

(2) If y=1, our proposed work will be reduced to
CSVNHF ordered weighted averaging operator:

CSVNHFGOWA (1,15, . .,1,) = ﬁ(no(i))“f = <1£[ 1l (a ('),)w,>e“2”<il [Lie(0a,(/27) > . (49)
i=1 o(i

(3) If y =2, the proposed work will be reduced to
CSVNHF ordered weighted quadratic averaging
operator:

" .. i2n<1_[ HfieTi(eto(i)/zﬂ)w’>’
1—<. I (tow) '>e o

CSVNHFGOWA (n;,n,,...,n,) = <i wino(i)> = |- <1£[ 1 (a (‘),)wl>ei2n< | HﬂliEAi<6ao(i)/2ﬂ) > s
i=1 o(i
n

; . i2n< | Hf;EFi(Gfo(i)/zﬂ)wi>’
1—<H 11 (fooy) '>e B

i=1 fieF;

Definition 20. The CSVNHFGHWA operator is given by CSVNHFGHWA (n,,n,, .. .,n,) =
CSVNHFGHWA: Q" — Q:
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where Q) represents the family of all CSVNHFNs with y >0
and 71, ;) = nW;n; i.e. o < Mg 1)- The CSVNHEN is of the
form n, = (t;-elgf'i, ae't, i) (i=1,2,...,n).  Where

w; = L.

o(i

>

i=1

CSVNHFGHWA (n,,1n,, ...

[

1

)

n Uy i2n

[

1 teT;

1

T, —(t;a))Y)""') e

B

(1
1 (1-(1-dy
a;€A;

i

=1

(-
(-1

i=1 f;€F

Proof. Straightforward. O

Theorem 12. Let n, = (fie'%, ale’®, fle'%) (i = 1,2,...,n) be

the family of CSVNHENs with y > 0. If n;>ny, then

CSVNHFGHWA (1, 1y, . . .,1,) )
>CSVNHFGHWA (n],n,,...,n,).

Proof. Straightforward. O

Theorem 13. Let n, = (fie', ale’®, fle'®) (i =1,2,...,n) be

the family of CSVNHENs which lies between max and min
operators with y > 0. Then,

min (n,,n,, . ..,n,) < CSVNHFGHWA (n;,n,,...,n,)
<max(n;,n,,...,n,).
(54)
Proof. We know that «=min(n,n,,...,n,) and
B = max(n;,n,,...,n,); then,

ry
)y L
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i@; 1 i6

Theorem 11. Let n, = (tie"t, ake™, f;»eiel‘x)(i =1,2,...,n) be
the family of CSVNHFNs with y>0. Then, considering the

concept of CSVNHFGHWA, we get

1y
<‘- [T (1 - <eﬂo<i>/zn>y>w”>
i=1

1y
n P\ Wi
gea(1-(1- 0 20)) ) ) 52
i=1
1y
n P\ Wi
Hf,'»EF;<1 B <1 B efa(il)/2n> > > >
i=1
a< CSVNHFGHWA (1, n,, ..., 1,) <. (55)
Then, we get
" 17y n 1/y . 1/y
Z wa' | < Z W) < Z wp') . (56)
i=1 i=1 i=1
This implies that
» 1/y
as (zwing@> <p (57)
i=1
That is,
min (ny,n,,..,n,) < CSVNHFGHWA (n,,n,, ..., n,) (58)
<max(ng,ny,...,n,).
Hence, the result is completed. O

Remark 3. The aim of this study is to discover the cases of
the presented approach.

(1) If y — 0, our proposed work will be reduced to
CSVNHF hybrid weighted geometric
(CSVNHFHWG) operator:
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n w
n 2| 1- H Hti, eT{(Gtro(i)/2T[) '
g \Wi i=1
< (to(z)) )e 5
i=1 t; €T,
n w
L w, i2m - ! 1- 06, 2 )
CSVNHFGHWA (ny,n,,...,m,) = [ [ (Fi,)) " = n o) T\ 1:[ [, eA,( iy 20
1- 1 ; e !
i=1 ; ( 0(1)) >
i=1 deA;
n w;
n . w i2m| 1- L | L[fi,EFi<1 - eflo(i)/2ﬂ>
-1 (1=Fow)™ Je
i=1 fi'eF,
(59)
(2) If y =1, our proposed work will be reduced to
CSVNHF hybrid weighted averaging
(CSVNHFHWA) operator:
n (o [T 0=
1- , (1 — t(’)(l)) ! e i=1 5
i=1 teT;
1 i / 0. /2 )
CSVNHFGHWA (n,n,,...,n,) = ZWirlo(i) = z w, 2ﬂ<1_1[]—[aiEA,-< iy 20 )
i=1 , (1 - aa(i)) e >
i=1 agA;
n , <HHf,EF< u()/ZT[) >
(fow)™ e
i=1 fieF
(60)
(3) If y =2, our proposed work will be reduced to
CSVNHF hybrid weighted quadratic averaging
(CSVNHFHWQA) operator:
CSVNHFGHWQA (n,,n,, .. .,n,)
n 1/2 1271<1 HL[[’ET( ( t0(1/2ﬂ) ) i)
=TT 1 (1 —(ta(i;)z) e
i=1 teT;
" n N 12
N -6, 61
= (Z"Wﬁ@) = n 1- E[Hu EA( (1 6110(,')/27-[) ) > > ( )
i1

-IT,

=1 die A

1 i

((
(-

i

=

-] 1

=1 fie

Ty

(1 —(1-d)) )w> 2>et2n<l<
((f))>><<

2

erF
i=1

12

(-(r- ef.o,m/my)""') )
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5. Proposed MADM Method

The decision-making strategy aims to grow the chance of the
benefits and reduce the chance of the cost during the de-
cision-making procedure for simplifying genuine life di-
lemmas. Several people have worked on decision-making
strategies under the presence of a crisp set. In several sit-
uations, it is very complicated to study the decision-making
strategy considering fuzzy sets because they have covered a
lot of possibilities. Inspired by the MADM technique, we will
employ it here in the presence of the proposed works.

5.1. Decision-Making Algorithm. During the decision-
making process, ambiguity and complexity always occur in
our day-to-day life. This study aims to employ the decision-
making strategy in the presence of proposed works. For this,
consider a finite number of alternatives X = {u,u,,...,u,,}
and attributes C = {c,¢,,...,c,}. To evaluate each alter-
native under each attribute, we a351gn a weight vector for
attribute as w = (w;, @,,...,,)" , Y, w; = 1. Experts are
invited to evaluate each alternative A; and give their pref-
erences in terms of the CSVNHF information
n; = (t,-j,aij,fij) (1,j=1,2,...,n) for criteria Cj where

{tij = tij’-eieffi/tij € T(u)}, {aij = ai}eie“"}/ a;j € A(“)} and
p 16,
{fij = fie Vil fi; € F(u)},

and FG . Then, the following are the steps summarized to
find the best alternative(s).

Step 1: collect the data in the shape of the CSVNHF
setting and summarize them in the form of the matrix
called as decision matrix.

gives the TG, abstinence grade,

Step 2: normalize the collective information, if needed
by using the following equation.

s for benefit criteria,
D(rij) = ( ip7ij fl]) or benefit criteria -

(fi]-, ajjs tij), for cost criteria.

Step 3: aggregate the collective information by using
stated operators. For instance, utilize equation (7) to
aggregate the information T into

r, = (te, ae’, fier). .

Step 4: compute the crisp value for each number r;
t'e%, ale’®, fie/) by using the following equatlon

Mathematical Problems in Engineering

If for any two indices, $(r;) values are equal, then
compute accuracy degree as

H(ri):é{<li(l—t

i=1

ﬁ /

ml»—‘

SEMICERE TN

; z >}-

(64)

Step 5: rank the alternatives based on the crisp values
and get the beneficial optimal.

5.2. Illustrated Example. To illustrate the working of the
above stated algorithm to the decision-making process, we
consider a numerical example which can be read as follows.

Consider a decision-making process related to the se-
lection of the best enterprise for the investment. Since the
market always shows an up and down phases at a regular
interval of time, the decision maker will always look for the
desired option for the investment. After deep analysis of the
market scenario, an investor selects the following four po-
tential options, considered as an alternative, which are
characterized as

(1) A;: invest in the local market.

(ii) A,: invest in the southern Asian market.
A2
(iii) A,: invest in the northeastern market.
A3
iv) A,: invest in the European market.
A4

To access all these alternatives deeply, we have taken the
following three attrlbutes with attribute weights taken as
w = (0.5,0.4,0. 1)

(i) C,C,: economic growth.
(ii) C,: profit in the long term.
(iii) C5: social political impact analysis.

Then, the following steps of the stated algorithms are
implemented to find the best alternative as follows.

Step 1: a senior expert from the market sector is hired for
accessing the given alternatives under each attribute.
Their corresponding rating is summarized in Table 1

Step 2: as all the criteria are of benefit types, there is no
need for normalization.

Step 3 w1th attribute  weights  taken as
w = (0.5,0.4,0. 1) , utilize CSVNHFGHA operator as
stated in equation. (52) to aggregate the information for
y=1

Step 4: the score values of all the aggregated numbers
(as obtained from Step 3) are calculated, and their
results are summarized in Table 2 along with the
ranking order.
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TaBLE 1: CSVNHEF generalized aggregation operator decision matrix.
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Data representations

G

G

(0.7)ei‘2(0‘9)
(0.5)61:2 (0.4)
0. 7)ei 2(0.7)

(0.6) 2(087)

(0.77)e i.2(0.8)
(0.78)e i.2(0.81)
(0.79)e i.2(0.82)

(0 83)61 2(0.67)

0.13 612(046)

(
(0.
(.
(0.45 612(056)
(0.54) 612(065)
(
(
(
(

Al 12(0.45) ( (0.84)"> 4 ) ( )
( o205 ) 085)2%) 0. SS’Q’ZZZ:
(0.67)e"2*%® (0.56)e iz(o79) 0.89)e iz(oas)
(0.65)>*” (0.56) etZ(O 69) 0.67) 612(0 88)
(0.14)e i.2(0.56) (0.67)e 0.47)e
(0.45)e i.2(0.93) (0.77)e i.2(0.56) (0.58)e i.2(0.69)
( (0.56) e’z(“S) ) ( (0. 34)ez2(089) ) ( 0. 67)e'2(°49) )
(0. 78)e’2(° 7°) (0.56)¢">*7®) (0.68)¢"> %
(0.67)e i.2(0.88) (0.67)e i.2(0.77) (0.59)e i.2(0.58)
A, ( 0. 6)612(0 5) ) ( 0. 92)612(066) ) ( 0. 39)612(067) )
(0 7)e12(0 7) (O 57) 1.2(0.45) (0 49) .2(0.34)
0.8 ezz (0.3) (0.67)e i.2(0.45) 033)ez2(055)
( 0.6) 612(067) ) ( 0.56)e i.2(0.79) > ( 044)erz<065) )
0. 6)e’ 2(0.56) 0. 45)e1 2(0.57) 0. 45)@' 2(0.77)
12(045) (0.68)¢ i.2(0.85) (0. 45)et2(068)
( 045 12(045)> ( 0.86) 12(048)> ( (0.46)e 12(048)>
(0.45) i.2(0.45) (0.58) i.2(0.84) (0.67)e i.2(0.46)
(0. 76)6'2(023) (0.66) £2(049) (0.5) 812(045)
A, ( (0.5) 2(0-43) > ( 12(067) ) ( (0. 39)612(067) )
12(0 45) 0. 57 i.2(0.36) 0. 49)612(0 67)
0. 54 ezz(o .64) 0. 67)812(0 56) 0. 56)8’2(0 57)
( (0 65 612(057) > ( (0 45 612(067) ) ( (0 45 812(045) )
0. 46)6’ 2(0.74) 0. 33)ez 2(0.34) (0.67)¢"2(03)
12(045) (0.8) 612(067) (0. 35)ez2(048)
( 0. 56 i.2(0.78) ) ( 2059 > ( (0.67)e i.2(0.49) )
(0.46)e i.2(0.46) (0 9) 12(063) (0.38)e i.2(0.51)
(0.6)6'2 (0.9) (o. 66)612(09 (0. 52)812(065)
A, ( (O.7)ei‘2(0‘2) ) ( 0.78)e i.2(0.88) ) ( 0. 53)ez2(0 75) )
(O.S)ei'z (0.3) 0. 89 1.2(0.45) 0. 54)6’ .2(0.85)
(0.4)ei'2(0‘47) (0.56) £2(0.69) (0.86) £2(0.75)
( (0.5)61‘.2(0‘49) ( (0.57)612(&67) ) ( (0.87) 812(0 73) )
(0.45)61'.2(0.59) (0.68)61'.2(047) 0. 74)et .2(0.71)
Tasie 2: Ranking results of the CSVNHFESs. 5.3. Comp'ar'ative An'alysis. To compare the study with the
several existing studies, we compare the performance of the
Alternatives Score function Rank existing algorithms in [20, 21, 26, 31-34] under different
A S(A)) =0.467 4 environments. The result corresponding to each method is
A, $(4;) = 0515 2 listed in Table 3. It is clear that from Table 3 that A, is the
&3 $(43) =0.524 1 best alternative identified by all existing methods and the
Ay S(A,) =0.478 3

Step 5: based on the score values, we rank the given

alternatives as

2Ry 28424,

(65)

and found that A; is the best one for this suitable job.

proposed method. Although the ranking result is same by all
the methods, the proposed MADM algorithm has several
advantages over such existing studies.

To highlight such things, we summarize the character-
istics of the stated method over the existing ones in Table 4. It
is seen from this table that proposed method in this paper is
more generalized than the existing methods. Also, it is clear
that the proposed concept is more general and reliable than
IFS [3], CIFS [20], CNS [26], and NS [7], and all are
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TaBLE 3: Comparative study with the existing methods.
Method Score values Ranking results Best alternatives
Ali and Smarandache [26] Cannot be calculated No No
Alkouri and Salleh [20] Cannot be calculated No No
Garg and Rani [31, 32] Cannot be calculated No No
Rani and Garg [21, 33] Cannot be calculated No No
Beg and Rashid [35] S(A)) =0.66,5(A,) =0.71, $(3) = 0.72,$(A,) = 0.67 A2 A >A > A A,
Torra [27] S(A) = 0.573,$(A,) = 0.601, $(3) = 0.603,S(A,) = 0.579 A=A, >A,>A, A,
Beg and Rashid [35] S(A)) =0.47,5(A,) =0.52, $(3) = 0.53,$(A,) = 0.49 A;>2A,>A > A A,
Proposed method S(A;) =0.467,S(A,) = 0.515, $(3) = 0.524,§(A,) = 0.478 A;>A,>A > A A,

TaBLE 4: Characteristic comparison between proposed work and existing methods.

Flexible according

Ability to Ability to capture  Ability to handle to decision Superior Dealing hesitant

Methods integrate information using  two-dimensional makers characteristic of kind of
information complex numbers information the ideas information
preferences
Atanassov [3] Yes No No No No No
Alkouri and
Salleh [20] Yes Yes Yes No No No
Garg and Rani
(31, 32] Yes Yes Yes No No No
Rani and Garg
21, 33] Yes Yes Yes No No No
?;r]l arandache Yes No No Yes Yes No
Ali and
Smarandache Yes Yes Yes Yes Yes No
(26]
Proposed work Yes Yes Yes Yes Yes Yes
TaBLE 5: Impact of the parameter y on the ratings.

Parameter y Score values Ranking
y=1 S(A,) = 0.467,$(A,) = 0.515, S(A,) = 0.524,$(A,) = 0.478 AzA A 2A
y=4 S(A,) = 0.496,$(A,) = 0.539, $(A,) = 0.545,$(A,) = 0.518 A=A, >A, > A
y=10 S(A,) = 0.522,$(A,) = 0.566, $(A;) = 0.571,5(A,) = 0.553 A=A >A A
y=15 S(A)) = 0.531,$(A,) = 0.57, $(A;) = 0.58,$(A,) = 0.56 A=A, >A, > A
y =20 S(A,) = 0.536,$(A,) = 0.584, $(A,) = 0.588,S(A,) = 0.57 AyzA 2 A, 2A

considered as special cases of CSVNHFS. For instance, by
taking y = 1 in the proposed work, the stated method re-
duces to CSVNHFWA operators, and if y =2, then our
proposed work is reduced to CSVNHFWG.

5.4. Sensitivity Analysis of the Parametery. In this section, we
examined the influence of parameter y on to the decision-
making process. For this, we vary the value of the parameter
y from 1 to 20 (by taking arbitrary values) and implement
the steps of the proposed algorithm on it. The final score
values and the ranking order for each value of y are recorded
and listed in Table 5. Also, we have listed some special cases
of the proposed operators with y in Remarks 1-3. From this
investigation, we noted that as we increase the value of y, the
score value corresponding to each alternative increases
which shows the optimistic nature. Decision makers can
select the suitable value as per their choice by seeing the

overall score value of each alternative. From the above
analysis, we conclude that the proposed strategies are more
unrivaled and more broad than existing work.

6. Conclusion

The main contribution of this paper is discussed below.

(1) A novel concept of CSVNHES is defined in the paper
by incorporating the features of SVN, hesitant, and
complex sets. The idea behind this set is to address
the ambiguity in the data when it is arranged in the
form of “yes,” “abstinence,” and “no” under the
complex domain. In the presented set, each element
is characterized with three independent he51tant
degrees, namely, TG (t'e%"), abstinence (a'e’® ), and
FG (f'é %), over the umt disc of complex plane with
the conditions 0 <¢t' +a +f'<3and 0<6, +6, +
6 <6 where 0<t',a',f'<land 0<6,,6, ,er <2.
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(2) The fundamental properties and the operations of
the stated set are investigated. Also, it is analyzed that
the proposed CSVNHES is the generalization of the
existing sets such as IFS [3], CIFS [20], CNS [26], and
NS [7].

(3) By taking the features of the CSVNHES, we defined
generalized weighted average (CSVNHFGWA), or-
dered weighted (CSVNHFGOWA), and hybrid
weighted averaging (CSVNHFGHWA) operators to
aggregate different pairs of the given information.
Some of their basic properties are also discussed.

(4) A MADM algorithm based on the stated operators is
presented by using the features of CSVNHES and
illustrated with the numerical examples.

(5) To determine the supremacy and efliciency of in-
vestigated operators, we utilized the advantages,
sensitive analysis, and geometrical expressions of the
proposed work to discover the dominance of the
elaborated approaches.

In the future, we will try to implement the application of
the stated algorithm and extend it to different fuzzy envi-
ronments [35-42].

Data Availability

No data were used to support this study.

Conflicts of Interest

The authors declare that they have no conflicts of interest.

Acknowledgments

This study was supported by the Research Supporting
Project King Saud University, Riyadh, Saudi Arabia. (RSP-
2021/389).

References

[1] L. A. Zadeh, “Fuzzy sets,” Information and Control, vol. 8,
no. 3, pp. 338-353, 1965.

[2] J. A. Goguen, “L-fuzzy sets,” Journal of Mathematical Analysis
and Applications, vol. 18, no. 1, pp. 145-174, 1967.

[3] K. T. Atanassov, “Intuitionistic fuzzy sets,” Fuzzy Sets and
Systems, vol. 20, no. 1, pp. 87-96, 1986.

[4] S. Liu, W. Yu, F. T. S. Chan, and B. Niu, “A variable weight-
based hybrid approach for multi-attribute group decision
making under interval-valued intuitionistic fuzzy sets,” In-
ternational Journal of Intelligent Systems, vol. 36, no. 2,
pp. 1015-1052, 2021.

[5] H. Garg and D. Rani, “Novel similarity measure based on the
transformed right-angled triangles between intuitionistic
fuzzy sets and its applications,” Cognitive Computation,
vol. 13, no. 2, pp. 447-465, 2021.

[6] K. Atanassov and E. Marinov, “Four distances for circular
intuitionistic fuzzy sets,” Mathematics, vol. 9, no. 10, 2021.

[7] F. Smarandache, A Unifying Field in logics. Neutrosophy:
Neutrosophic Probability, Set and Logic, American Research
Press, Champaign, IL, USA, 1999.

19

[8] P. Liu, “The aggregation operators based on Archimedean
t-conorm and t-norm for single-valued neutrosophic num-
bers and their application to decision making,” International
Journal of Fuzzy Systems, vol. 18, no. 5, pp. 849-863, 2016.

[9] J. Chen and J. Ye, “Some single-valued neutrosophic Dombi
weighted aggregation operators for multiple attribute deci-
sion-making,” Symmetry, vol. 9, no. 6, 2017.

[10] G. Wei and Z. Zhang, “Some single-valued neutrosophic
Bonferroni power aggregation operators in multiple attribute
decision making,” Journal of Ambient Intelligence and Hu-
manized Computing, vol. 10, no. 3, pp. 863-882, 2019.

[11] H. Garg and Nancy, “Algorithms for possibility linguistic
single-valued neutrosophic decision-making based on CO-
PRAS and aggregation operators with new information
measures,” Measurement, vol. 138, pp. 278-290, 2019.

[12] H. Garg and Nancy, “New Logarithmic operational laws and
their applications to multiattribute decision making for sin-
gle-valued neutrosophic numbers,” Cognitive Systems Re-
search, vol. 52, pp. 931-946, 2018.

[13] P. Liu and L. Zhang, “Multiple criteria decision making
method based on neutrosophic hesitant fuzzy Heronian mean
aggregation operators,” Journal of Intelligent & Fuzzy Systems,
vol. 32, no. 1, pp. 303-319, 2017.

[14] L. Q. Dat,N. T. Thong, L. H. Son et al., “Linguistic approaches
to interval complex neutrosophic sets in decision making,”
IEEE Access, vol. 7, Article ID 38917, 2019.

[15] S. Iryna, Y. Zhong, W. Jiang, X. Deng, and J. Geng, “Single-
valued neutrosophic set correlation coefficient and its ap-
plication in fault diagnosis,” Symmetry, vol. 12, no. 8, 2020.

[16] J. Wang, X. Tang, and G. Wei, “Models for multiple attribute
decision-making with dual generalized single-valued neu-
trosophic Bonferroni mean operators,” Algorithms, vol. 11,
no. 1, 2018.

[17] H. Wang, F. Smarandache, Y. Zhang, and R. Sunderraman,
“Single valued neutrosophic sets,” Review of the Air Force
Academy, vol. 10, 2010.

[18] D. Ramot, R. Milo, M. Friedman, and A. Kandel, “Complex
fuzzy sets,” IEEE Transactions on Fuzzy Systems, vol. 10, no. 2,
pp. 171-186, 2002.

[19] P. Liu, Z. Ali, and T. Mahmood, “The distance measures and
cross-entropy based on complex fuzzy sets and their appli-
cation in decision making,” Journal of Intelligent & Fuzzy
Systems, vol. 39, no. 3, pp. 1-24, 2020.

[20] A.M.D.]J.S. Alkouri and A. R. Salleh, “Complex intuitionistic
fuzzy sets,” AIP Conference Proceedings, vol. 1482, no. 1,
pp. 464-470, 2012.

[21] D. Rani and H. Garg, “Distance measures between the
complex intuitionistic fuzzy sets and their applications to the
decision-making process,” International Journal for Uncer-
tainty Quantification, vol. 7, no. 5, pp. 423-439, 2017.

[22] H. Garg and D. Rani, “Some results on information measures
for complex intuitionistic fuzzy sets,” International Journal of
Intelligent Systems, vol. 34, no. 10, pp. 2319-2363, 2019.

[23] H. Garg and D. Rani, “Novel aggregation operators and
ranking method for complex intuitionistic fuzzy sets and their
applications to decision-making process,” Artificial Intelli-
gence Review, vol. 53, no. 5, pp. 3595-3620, 2020.

[24] M. Gulzar, M. H. Mateen, D. Alghazzawi, and N. Kausar, “A
novel applications of complex intuitionistic fuzzy sets in
group theory,” IEEE Access, vol. 8, Article ID 196085, 2020.

[25] H. Garg and D. Rani, “Generalized geometric aggregation
operators based on t-norm operations for complex intui-
tionistic fuzzy sets and their application to decision-making,”
Cognitive Computation, vol. 12, no. 3, pp. 679-698, 2020.



20

[26]

(27]

(28]

[29]

(30]

(31]

(32]

(33]

(34]

(35]

(36]

(37]

(38]

(39]

(40]

(41]

M. Ali and F. Smarandache, “Complex neutrosophic set,”
Neural Computing and Applications, vol. 28, no. 7,
pp. 1817-1834, 2017.

V. Torra, “Hesitant fuzzy sets,” International Journal of In-
telligent Systems, vol. 25, no. 6, pp. 529-539, 2010.

R. M. Rodriguez, L. Martinez, V. Torra, Z. S. Xu, and
F. Herrera, “Hesitant fuzzy sets: state of the art and future
directions,” International Journal of Intelligent Systems,
vol. 29, no. 2, pp. 495-524, 2014.

Z. S. Xu and W. Zhou, “Consensus building with a group of
decision makers under the hesitant probabilistic fuzzy envi-
ronment,” Fuzzy Optimization and Decision Making, vol. 16,
no. 4, pp. 1-23, 2016.

T. Mahmood, U. Rehman, Z. Ali, and T. Mahmood, “Hybrid
vector similarity measures based on complex hesitant fuzzy
sets and their applications to pattern recognition and medical
diagnosis,” Journal of Intelligent ¢ Fuzzy Systems, vol. 40,
no. 1, pp. 625-646, 2021.

H. Garg and D. Rani, “A robust correlation coefficient
measure of complex intuitionistic fuzzy sets and their ap-
plications in decision-making,” Applied Intelligence, vol. 49,
no. 2, pp. 496-512, 2019.

H. Garg and D. Rani, “Novel aggregation operators and
ranking method for complex intuitionistic fuzzy sets and their
applications to decision-making process,” Artificial Intelli-
gence Review, pp. 1-26, 2019.

D. Rani and H. Garg, “Complex intuitionistic fuzzy power
aggregation operators and their applications in multicriteria
decision-making,” Expert Systems, vol. 35, no. 6, Article ID
e12325, 2018.

S. Broumi, A. Bakali, M. Talea et al., “Bipolar complex
neutrosophic sets and its application in decision making
problem,” in Fuzzy Multi-criteria Decision-Making Using
Neutrosophic Sets, pp. 677-710, Springer, Berlin, Germany.,
2019.

I. Beg and T. Rashid, “Group decision making using intui-
tionistic hesitant fuzzy sets,” International Journal of Fuzzy
Logic and Intelligent Systems, vol. 14, no. 3, pp. 181-187, 2014.
F. Smarandache, “Introduction to the complex refined neu-
trosophic set, critical review,” pp. 5-9, 2017, http://fs.unm.
edu/CR/ComplexRefinedNeutrosophicSet.pdf.

J. S. Chai, G. Selvachandran, F. Smarandache et al., “New
similarity measures for single-valued neutrosophic sets with
applications in pattern recognition and medical diagnosis
problems,” Complex ¢ Intelligent Systems, vol. 7, no. 2,
pp. 703-723, 2021.

R. Tan and W. Zhang, “Decision-making method based on
new entropy and refined single-valued neutrosophic sets and
its application in typhoon disaster assessment,” Applied In-
telligence, vol. 51, no. 1, pp. 283-307, 2021.

C. Karamasa, D. Karabasevic, D. Stanujkic, A. Kookhdan,
A. Mishra, and M. Ertiirk, “An extended single-valued neu-
trosophic AHP and MULTIMOORA method to evaluate the
optimal training aircraft for flight training organizations,”
Facta Universitatis, Series: Mechanical Engineering, vol. 19,
no. 3, pp. 555-578, 2021.

Z. Ali, T. Mahmood, T. Mahmood, K. Ullah, and Q. Khan,
“Einstein geometric aggregation operators using a novel
complex interval-valued pythagorean fuzzy setting with ap-
plication in green supplier chain management,” Reports in
Mechanical Engineering, vol. 2, no. 1, pp. 105-134, 2021.

R. T. Ngan, L. H. Son, M. Alj, D. E. Tamir, N. D. Rishe, and
A. Kandel, “Representing complex intuitionistic fuzzy set by

Mathematical Problems in Engineering

quaternion numbers and applications to decision making,”
Applied Soft Computing, vol. 87, Article ID 105961, 2020.

[42] Y. A. Qudah, M. Hassan, and N. Hassan, “Fuzzy parame-

terized complex multi-fuzzy soft expert set theory and its
application in decision-making,” Symmetry, vol. 11, no. 3,
2019.


http://fs.unm.edu/CR/ComplexRefinedNeutrosophicSet.pdf
http://fs.unm.edu/CR/ComplexRefinedNeutrosophicSet.pdf

