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Finite element analysis has been commonly used inmany studies to examine the performance of structural elements.�e objective
of this article is to assess the relevance of geometric and strengthened pattern uncertainty on prestressed reinforced concrete
beams strengthened by �ber-reinforced plastics based on a nonlinear �nite element analysis. �e parametric study focuses on the
signi�cant e�ects of �ber-reinforced polymer, beam length, and prestressed load on the ultimate loading capacity of the pre-
stressed reinforced concrete beam strengthened by �ber-reinforced plastics. �e results demonstrate the advantages of �ber-
reinforced plastics that signi�cantly increase the sti�ness and the ultimate loading capacity of prestressed reinforced concrete
beams. It is found that the beams that are strengthened by the FRP with �bers oriented at 0° have better results than other
orientation angles.

1. Introduction

Externally bonded FRP and its advantages have become an
acceptable way of strengthening structural elements. �e
strengthening of existing reinforced concrete structures was
successful to put up the structures to resist higher applied
loads with minimal modi�cations to be made [1, 2]. Ex-
ternally bonded FRP has become a preferable solution for
strengthening if compared to the conventional way of using
steel [3].

To investigate the strengthening of structural behavior,
the appropriate constitutive models for the linear and
nonlinear behaviors were essential to construct the struc-
tures in the �rst place. Each constitutive model a�ects the
accuracy of the adequate results [4]. In nonlinear �nite

element analysis, it is necessary to have the right assumption
of the nonlinear behavior of prestressed reinforced concrete
(PC), such as cracking and plasticity of concrete, yielding of
reinforcing steel, tension sti�ening, and shear retention. �e
suitable modeling of the nonlinear behavior of FRP is critical
in modeling the composite structure using �nite element
(FE) analysis [1].

FE has been used to produce a much more detailed set of
results, and it is quicker and less expensive than experi-
mental investigation. In this study, a failure analysis of the
PC beams strengthened by externally bonded FRP was
performed by ABAQUS. �e parametric study is introduced
to increase understanding of the relationships between input
parameters and outcomes in strengthened PC Beams. �e
e�ects of beam length with di�erent reinforcement ratios
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and FRP configuration on the strengthened PC beams
subjected to concentrated load are examined. In addition,
the performance in strength and stiffness due to FRP is
investigated, as well as the variation in the failure mecha-
nisms of the beams.

2. Constitutive Models and Material Properties

2.1. Concrete. ,e concrete strain (ε0) corresponding to the
peak of stress fc

′was selected as 0.003 [5]. Poisson’s ratio was
assumed to be 0.2. ,e failure strengths of concrete under
multiaxial combinations of loading are different from those
observed under uniaxial conditions. According to Kupfer
et al. [6], the maximum strength envelope under multiple
stress conditions seems to be largely independent of the load
path.

A Mohr–Coulomb type compression surface together
with a crack detection surface to model the failure surface of
concrete was adopted in ABAQUS. To model the existing
crack, damaged elasticity was used. When plastic defor-
mation occurs, a specific parameter should be defined to
manage the expansion of the yield surface. Saenz’s equiv-
alent uniaxial stress-strain curve [7] is used for the nonlinear
behavior of the concrete, as follows:

σc �
Ecεc

1 + R + RE − 2(  εc/εo(  − (2R − 1) εc/εo( 
2

+ R εc/εo( 
3,

(1)

where R � (RE(Rσ − 1)/(Rε − 1)2) − (1/Rε), RE � Ec/Eo,

Eo � fc
′/εo, and σc is an effective stress and εc is an effective

strain; Rσ � 4 and Rε � 4 are used [8].

2.2. Steel Rebar. ,e steel rebar is modelled as layers of
equivalent thickness. ,e position, cross-sectional area,
spacing, and orientation layer of the steel rebar need to be
specified.,e tension stiffening is introduced into the concrete
crackingmodel so the transfer of load can be defined across the
concrete cracks through the rebar. ,e elastic perfectly plastic
was assumed to exemplify the stress-strain curve of the rebar
with the yielding stress (fys) equal to 414MPa. ,e elastic
modulus of the rebar (Es) was assumed to be 200GPa. A
Poisson’s ratio of 0.3 was assigned for the rebar.

2.3. Prestressing Tendon. ,e nonlinear stress-strain curve
was simplified into a piecewise linear curve for the tendon
model. ,e elastic modulus of the prestressing tendon was
assumed to be similar to that of the steel rebar, Es � 200GPa.
,e prestressing tendon was modelled as an equivalent
uniaxial material which smeared through the element section
and the specification of position, cross-sectional area, spacing,
and each orientation layer of the tendon were defined.

2.4. Fiber-Reinforced Plastic. Each lamina is modelled as an
orthotropic layer in a plane stress condition. ,e nonlinear
strain-stress relation for a composite lamina behavior [9] is
adopted to model the nonlinear in-plane shear behavior as
follows:
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For the in-plane shear nonlinearity, only one constant,
S6666, is required to account for that determined by a curve
fitted to various off-axis tension test data [9]. Define Δ σ′  �

Δ σ1, σ2, σ3 
T and Δ ε′  � Δ ε1, ε2, c12 

T, invert and dif-
ferentiate (2), and the incremental stress-strain relations for
a nonlinear orthotropic lamina are established as follows:
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,e transverse shear stresses are assumed to behave
linearly and do not affect the nonlinear behavior of any in-
plane shear. Define Δ τt

′  � Δ τ13, τ22 
T and

Δ ct
′  � Δ c13, c22 

T, and then the constitutive equation for
transverse shear stresses becomes

Δ τt
′  � Q2′ Δ ct

′ ,

Q2′  �
α1G13 0

0 α2G23
 .

(4)

,e terms α1 and α2 are the shear correction factors and
are taken to be 0.83 [10].

,e Tsai–Wu criterion [11] under plane stress conditions
is adopted in this analysis as a failure criterion, as follows:

F1σ1 + F2σ2 + F11σ
2
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2
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,e X, Y and X’, Y’ are the lamina longitudinal and
transverse strengths in tension and compression, respec-
tively, and S is the shear strength of the lamina. For practical
engineering applications, F12 can be set equal to zero [12].

An incremental loading is applied to the composite
beams until failures in one or more of the individual plies are
indicated according to equation (5) during the numerical
calculation.,ere are two rules to determine whether the ply
failure is caused by resin fracture or fiber breakage [13]:

(1) If a ply fails but the stress in the fiber direction
remains less than the uniaxial strength of the lamina
in the fiber direction, the ply failure is assumed to be
resin induced. As a result, the laminate loses its
capability to support transverse and shear stresses
but remains able to carry longitudinal stress. In this
case, the constitutive matrix of the lamina becomes
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E11 0 0

0 0 0

0 0 0
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(2) If a ply fails by σ1 exceeding the uniaxial strength of
the lamina, the ply failure is caused by fiber breakage,
and a total ply rupture is assumed. In this case, the
constitutive matrix of the lamina becomes
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3. Parametric Study

To obtain the possible maximum ultimate load, the ap-
propriate constitutive models for concrete, steel rebar, and
tendons were implemented into ABAQUS, a finite element
analysis program. A subroutine in the FORTRAN language
is linked to the ABAQUS program to integrate the nonlinear
constitutive equations of the FRP.,e validity of all material
models for concrete, steel, tendon, and FRP has been verified
individually by testing against experimental data [14–16] and
was not duplicated here.

Two beammodels are analyzed in this study, a rectangular
beam and a T-sectional beam. ,e model used in this study
was a beam with cross section dimensions of
160mm× 280mm, as shown in Figure 1. For the T-beams, the
slab contributory portion was taken as 80mm from each
beam side, and slab reinforcements were ignored due to their
small effect. ,ese T-beams were subjected to distributed load
at the top surface of the beam as in Figure 1, with satisfied
dimensions based on the requirements of the ACI code. ,e
weight of the beams was neglected. For the strengthened
material, carbon/epoxy AS4/3501-6 is used. Each FRP layer
was 3mm in thickness, and the tensile strength (Xut) was
1860MPa, while the elastic modulus (E11) was 142GPa. Since
the FRP layers were only subjected to uniaxial tension in the
fiber direction, these assumed parameters would not affect the
uniaxial tensile behavior of the FRP.,e following parameters

were assumed to take the Tsai–Wu criterion into account:
E22 � 10.3GPa, G12 � 6GPa, Xuc � − 1440MPa, Yuc � 57MPa,
Yut � − 228MPa, S6666 � 4.64×10− 25MPa− 3, and υ12.
Xut � 0.21.

,e model beam had one plane of symmetry; thus, only
half of the beam was analyzed, and symmetric boundary
conditions were placed along the two symmetric planes. In
the finite element analysis, 27-node solid elements (three
degrees of freedom per node) are used to model the PC
beams C3D20R. Based on the results of convergent elements,
Table 1 shows the number of modelled elements that were
used for analysis. ,e FRP is modelled by eight-node shell
elements (six degrees of freedom per node) and directly
attached to the outer surface of the PC beam (Figure 2).

3.1. Effect of Preloading Stress Variation on Pure Prestressed
Concrete Beams. ,ree types of preloading stress are con-
sidered, 0.2 σp (260MPa), 0.6 σp (780MPa), and σp

(1300MPa). Figure 3 shows the load-displacement curves for
rectangular long and short beams (R-long and R-short) and
T-shaped long and short beams (T-long and T-short). With
similar dimensions of width and height, the maximum loads
of T-beams are slightly higher than those of rectangular
beams. ,e higher the prestressed load, the higher the
maximum load can be obtained, but the brittle structure in
return.

For short beams, the maximum load is approximately
doubled from the maximum load of long beams. ,e long
beams are more ductile than the short PC beams, but the
maximum load is relatively lower. Comparing the results of
R-beams and T-beams, the higher maximum loads and
displacement can be obtained by considering the slabs in the
structure of beam elements.

,e crack patterns in Figure 4 illustrate the crack element
of prestressed concrete beams under maximum load. It is
shown that the pattern of R-beams and T-beams tends to be
similar. ,e failure of beams is affected by the length of
beams and the amount of reinforcement. For long beams
with lower prestressed load (0.2σp), the crack appears on the
bottom at the center of the beams which indicates the oc-
currence of bending failure. ,e under-reinforced beam
section undergoes a tensile failure, so the yielding of steel
was responsible for continued higher strains in concrete,
resulting in its failure. However, in the long beam with a
higher prestressed load (σp) and the short beam prestressed
load (0.2σp), the cracks appear both near the support and the
center of the beams.,e indication of crack in the support is
always appeared from short PC beams. As shown in Figure 4,
the cracks are shown at the corner for lower and higher
prestressed loads. For short beams with higher prestressed
load (σp), cracks appear only in the support. ,is indicates a
higher prestressed load is effective to reduce the occurrence
of bending failure.

3.2. Effect of the Number of FRP Layers on the Strengthened
Prestressed Concrete Beams. ,e additional FRP layers
would have significant effects on increasing the maximum
load, especially for long beams (Figure 5). Figures 5 and 6
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Figure 1: Prestress model for long and short PC beams.

Tabel 1: Mesh size of the PC beams model.

Type of beams Total elements
Number of elements in direction
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Rectangular Long 510 34 5 3
Short 255 17 5 3
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Figure 2: FRP illustration for parametric study of strengthened PC beams.
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show the results of a various number of layers scenario with
0-degree fiber orientation. Comparing the results in Fig-
ure 5, T-shaped long beams have better ductility and
maximum load.

Similar results can also be observed from short beams in
Figure 6. ,e number of layers is increased with the max-
imum load and higher deflection compared to pure PC short
beams. ,e stiffness of both long and short beams,
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Figure 3: Load deflection curve for pure prestressed concrete beams. (a) Rectangular beam. (b) T-beam.
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Figure 4: Crack pattern for prestressed concrete beams under maximum loading. (a) BS_R_Long_02P. (b) BS_R_Long_1P.
(c) BS_R_Short_02P. (d) BS_R_Short_1P. (e) BS_T_Long_02P. (f ) BS_T_Long_1P. (g) BS_T_Short_02P. (h) BS_T_Short_1P.
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represented by the gradient between load and deflection in
each case, is slightly higher as the number of layers increased.
,e number of layers indeed can increase the strengthened

effects between the PC and both rectangular and T-shaped
beams, but due to the cost-effectiveness, the appropriate
number of layers should be carefully estimated.
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Figure 5: Load deflection curves for strengthened long prestressed concrete beams at the bottom for various number of layers. (a) R-beam
0.2σp. (b) R-beam 0.6σp. (c) R-beam σp. (d) T-beam 0.2σp. (e) T-beam 0.6σp. (f ) T-beam σp.
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,e increase in the number of FRP layers would increase
the maximum load (Figure 7). Comparing both shapes, the
increased layers of T-beams have greater effects on in-
creasing the maximum load. ,e strengthened effects are

higher as the T-shaped is considered in the structure.,e use
of increased prestressed load is to increase the tensile
strength of the structure. ,is benefit is similar to the in-
creased number of layers. By adding two benefits in one
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Figure 6: Load deflection curves for strengthened short prestressed concrete beams at the bottom for various number of layers. (a) R-beam
0.2σp. (b) R-beam 0.6σp. (c) R-beam σp. (d) T-beam 0.2σp. (e) T-beam 0.6σp. (f ) T-beam σp.
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element structure, the maximum load of strengthened PC
beams becomes higher, but the increase in the load is only
slightly significant.

,e increased of the maximum load is significant with
the additional layer of CFRP on the non-strengthened PC
beam. For example,, without taking much consideration of
the effect of prestressed load, the average increased maxi-
mum load on nonstrengthened to N� 1 is 50% for R-beam
(long), 55% for T-beam (long), 150% for R-beam (short),
and 200% for T-beam (short). For long beams with a lower
prestressed load, 0.2σp, the increased maximum loads for
N� 1 to N� 4 are relatively small, 10% for R-beam (long)
and 25% for T-beam (long). For long beams with higher
prestressed loads, 0.6σp and σp, the increase in prestressed
load is less significant compared to the increased number of
layers. ,e increased maximum loads for N� 1 to N� 4 are
approximately doubled from 55% to 125% for R-beam (long)
and 60% to 120% for T-beam (long). Approximately similar
results can be observed in short beams.

3.3. Effect of Fiber Orientation on the Strengthened Prestressed
Concrete Beams. In this section, the CFRP is attached to
both sides of the beam to increase the shear resistance of the
PC beams. ,e thickness of each layer is similar, but the
orientation of laminate lay-ups is modified into 5 cases: 0°,
30°, 45°, 60°, and 90°. ,e fiber angle of the lamina is
measured counterclockwise from the midsurface of the
beam.

In Figures 8 and 9, the results show that the different
fiber orientations give different results in strengthening PC
beams. ,e increased number of layers has a greater impact
on the effect of fiber orientation to increase the maximum
load. ,e effects of fiber orientation are more significant for
both long and short beams with T-shapes subjected to lower
prestressed loads. For long beams, as the number of layers is
increased, the effects of fiber orientation are higher. On
contrary, the effects of fiber orientation on the increased
maximum load are more significant for short beams with a
lower number of layers (N< 2).
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Figure 7: Relationship between number of layers and maximum load for strengthened PC beam. (a) R-beam (long). (b) R-beam (short).
(c) T-beam (long). (d) T-beam (short).
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Figure 8: Relationship between number of layers and % Pu increase for long PC beams in different fiber orientations. (a) R-beam 0.2σp.
(b) R-beam 0.6σp. (c) R-beam σp. (d) T-beam 0.2σp. (e) T-beam 0.6σp. (f ) T-beam σp.
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Figure 9: Relationship between number of layers and % Pu increase for long PC beams in different fiber orientations. (a) R-beam 0.2σp.
(b) R-beam 0.6σp. (c) R-beam σp. (d) T-beam 0.2σp. (e) T-beam 0.6σp. (f ) T-beam σp.
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,e best fiber orientation is 0 degrees for both long and
short beams since, in all cases, it always has a higher per-
centage of maximum load. ,e benefits of FRP can signif-
icantly increase the ultimate strength of prestressed concrete
beams whether the FRP is attached at the bottom or on both
sides of the beams.

4. Conclusions

,e analysis of the behavior of PC beams strengthened by
FRP for both rectangular and T-shape is presented in this
paper. ,e FRP can significantly increase the stiffness as well
as the ultimate strength of RCT-beams. A parametric study
of this based on nonlinear finite element analyses leads to the
following conclusions:

(1) Within the similar dimension of width and height,
the maximum loads of T-beams with rectangular
beams are slightly higher. ,e higher maximum
loads and displacement can be obtained by con-
sidering the flanges in the structure of beam ele-
ments. ,e additional FRP layers would have
significant effects on increasing the maximum load,
especially for long beams.

(2) ,e failure of beams is affected by the length of
beams and the amount of reinforcement. ,e cracks
mainly occur at the mid-bottom of the beams, which
indicates the occurrence of bending failure for the
long beams while the cracks for the short beams
mainly occur at the support. ,e increased pre-
stressed load reduced the cracks in the mid-bottom
and increased the cracks at the support. ,e different
amounts of reinforcement generate a combination of
the failure with other failure modes, such as flexural
shear failure.

(3) Different fiber orientations give different results in
strengthening PC beams, and the increased number
of layers has a greater impact on the effect of fiber
orientation to increase the maximum load. However,
the best fiber orientation is still 0 degrees.
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