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In this paper we show the way to apply some and analytical and numerical techniques in order to solve the forced Van der Pol
oscillator. We illustrate the obtained results with examples. A comparison with Runge-Kutta numerical method is made in order
to see the accuracy of the approximated analytical solution.

1. Introduction
We consider the following forced Van der Pol oscillator:
xX—¢€ (1 - xz)x + ax = Fcos (Qt),
X (0) = xO> (1)
x, (0) = x())

In the case when o« =1 and f=F =0 we obtain the well
known Van der Pol oscillator [1].

x—s(l —xz)x+x:0,
x(0) = x,, (2)
x1(0) = x,.

Oscillator (2) may be solved using perturbation methods
as described.

2. The Lindstedt—Poincaré Method

Let us consider the i.v.p.
x—s(l —xz)x+w§x=0,
x(0) =2, (3)
x1(0) =0.

The Lindstedt-Poincaré method assumes the solution in
the ansatz form

x(t) = yo(wt) + ey, (wt) + szyz (wt)
+ 53y3 (wt) + s4y4(wt) 4+

where

2_ 2 2 3 4
W =Wy tEw +E W, +E W+ E Wy + e, (5)

Using this method gives the following solution up to &*:
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3 1 5 5
x(t) =2 cos(wt) + [—sin(wt) - —sin(3wt)]s + [ 5 cos (3wt) — 5 cos(Swt)]s2
4w, 4w, 96 96

Wy Wy
7 21 35

+| - 5 sin (wt) + 5 sin (3wt) - 5 sin (5wt) + 5 sin (7wt) e+

56w, 256w, 576w, wy

(6)

6301 5 2149

- ————cos(3wt) + 7 €08 (5wt) = ————cos (7wt) + 7 €os (9wt) e
276480, 27648, 110592, 204800
1 23
where w = w) — —&* + 284.
8 1536w

This solution is periodic with period T = 27/ w.

3. He’s Homotopy Perturbation Method

The homotopy perturbation method has been shown to solve
a large class of nonlinear differential problems effectively,
easily, and accurately; generally one iteration is enough for
engineering applications with acceptable accuracy, making

the method accessible to nonmathematicians. However, in
this method secularity terms appears. We perform iterations
until such terms appear. We construct the following
homotopy [2].

5c'+w(2)x—ps<l—xz)x+ocp(1—p)x:0, (7)

where

x(t) = xo (wt) + px; (wt) + p2x2 (wt) + p3x3 (wt) + p4x4(wt) +oee,

(8)
W = Wy + pwy + prw, + plwy + plaog e
After some algebra one finds that
in (37)( —3/4 — ¢y coe + 3\4 — g £ — 8cywy + 24
S e sin(37)( - —CyCo + — €y & = 8cywy + 24cyw,
x(t) = \J4 — ¢y sin(T) + ¢y cos(T) + 5
64w,
3 22 2
€ cos(37)<—3coe +9cye + 814 — ¢ cuwy — 814 — ¢ w0>
+ 3 f
64w,
544 — cé(cg -3¢ + l)s2 sin (57) 560(63 —5¢0+ 5)82 cos (57)
1920; 1920, '
(9)
Here,
2
T=|c + wz—s— ta=0
1 0 8 >
w; =0,
2
€
w, = —
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The constants ¢, and ¢, are determined from nthe initial
conditions.

4. The Krylov-Bogoliubov-Mitropolsky
Method (KBM)

The Krylov-Bogoliubov-Mitropolsky method (KBM) [2],
[3] is a technique to give approximate analytical solution to
the weakly nonlinear second-order equation

2

d d
d—;;+w§u=£f<u,d—?). (10)

When ¢ = 0 the solution of (10) may be expressed as
u =a cos(w, + 0). (11)

where a and 0 are constants. For the case when € > 0 is small,
Krylov and Bogoliubov (1947) assumed that the solution is
still given by (11) but with time-varying a and 6, and subject
to the condition

du .
T —aw, sin ¢, 1)
¢ =wyt + 0.

dt

In the general case, the solution is assumed in the ansatz
form

N
U =a cos w+Zs”un(a,1//)+O(eN”). (13)

n=1

where each u,, is a periodic function of y with a period 27,
and a and y are assumed to vary with time according to

N
% = Zs"An (a)+0 (£N+1),
n=1

(14)

d < N
d—‘f = w, + ’;enwn (a)+0O (sN 1).

In order to uniquely determine A, and vy, we require
that no u,, contains cos y. Let N = 3. Then,

d
g —aw, sin (y) +(w0uw —ay,sin(y) + A, COS(I[/))S +(A1u1)a + Wolly y, + YUy, — ay, sin(y) + A, cos(w))s2

(15)

. 3
+(A2u1ﬂ + Aty + wolsy + Yol + Yty — ayssin(y) + Ay COS(I//))£ +eee

d*u

? = —aw(z) cos (v) +<w§u1’w - 2ay,w, cos () — 2A, w, sin (1//))5 +

(2A1w0ulw + 20 Wty yy, + wéuz’w +sin(y) (—ad ¥, — 2A,y, - 2A,w,)t + ncosq(w)h(Alf.X1 - a(21//2w0 + w%)))ez

: 2
AyAguy g + ATy g + 2A0Y1U) gy + 2A 100Uy gy + 2A5000 g+

. 2 2
AWty + 295001y gy + 291 W0ty gy + YUY gy T O)U3 gyt 3
sin () (-ad, ¥y — ad y, — 24,9, — 24,9, - 2A500)+

+

cos () (—2a1/13w0 —2ay,y, + A A, + AlAz)
(16)

Here, Following is the solution obtained using KBM to ac-

Wy = vl (), curacy O(€®) [2]:
du, x = x(t)
uz’w = (__)7,
Yy
1 3 .
P u =a cos(y) — —=a’ sin(3y)e
Uy gy = wj, (17) 32 (18)
2 3 5
+8
U = ﬂ - (ucos(&p) + >d cos(Sw))sz,
Lay aw da > 1024 3072

etc. where a = a(t) and y = y(t) obey the odds



a (t) = ga(t) —ga%),

(19)
, & da@)t a@)?
v =l-g-—

so that

2eet/Z
a<t: 8c at)’
Vel +e
0= (g e 2( ) ) o
17 T 16\ %y gt ¢logle e £ Cy.
(20)

The constants ¢; and ¢, are determined from the initial
conditions x (0) = x, and x' (0) = x,,. For an illustration, see
Figure 1 and Figure 2.

4.1. A More Accurate Analytical Solution. Let
u—s(l —uz)a+wgu =0,
u(0) = uy, (21)

u' (0) = .

1

H, =-
17y

1 1
(4w§u1’w + 4u1w(2,) + Zsin (1//)(—600613 +4wya - 8A1w0) - Za3w0 sin (3y) — 2ay, w, cos (y),
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In view of the KBM, we assume the ansatz form

3
u=acosy+ Z 'u,(a,y) +0 (54). (22)

n=1

Hence,
d 3
d—j = Ze"An (a)+0O (54),
n=1
(23)
d 3
d_lf‘/ = wy + anl//n (a)+0O (84).
n=1
Making use of (15) and (16), we will have
U—e (1 - uz)u' + w(z)u =He+ stz + H3s3 +0 (54), (24)

where

(25)

1, 3 2 L 1o
H, = 1 (Za Wyt + 8A Woly 4y + 8Y WoUy yy, — 4ol + AWty + 4u2w0) + Ea wo cos (2y)u ,,

1 .
+ ZSin(V/) (a3 (-v,) —4aA, ¥, + day, — 8A,y, — 8A2w0) -

(26)

1 1 . 1
Za31//1 sin (3y) + Ecos(l//)(ZvazA1 - 8ay,w, — 4a1//% —4A, + 4A1A1) + ZazA1 cos (3y) — azulwo sin (2y),

3azA2 . .
Hj = cos(y)| 2au,wyu, ,, + - 2ay,w, — 2ay, ¥, — A, + A, A+ AA,

1, 1> 1, 1, 1, 1,
+ cos (2y) <Ea Ay, + 24 Wty + 7 Yyt + aA1u1> + 7 Ay, + 24 Wty + 7 Yyt — Ay,

. ) .
+ A Ay, + Aluy g, + 2A11//1u1)m,/ + 2A2w0u1,w + 2A1w0u2)w + All//luw + 21//2w0u1w+

(27)

2 2 .
29 Woty, gy + Y Uy gy — Woldyy = Yty y + Wyl + $ID (V)

1, . . "
<_Za ¥y — Ay — Al Y, — aujwy +ay, = 24,y — 24,9, - 2A3w0>

1 1
_ Za31//2 sin (3y) + Za2A2 cos (3y) + sin (2y) (a2 (—uy)y, — azuzwo) +adu, + uyw;,

Equating to zero the coeflicients of cos (y) and sin (y) in
(25) gives

1 3
A =—(4a—-a’),
1 8( ) (28)

v, =0.

From the condition H, =0, we get the second order
linear ode

1 1
~(4wpuy y, + 41005 ) — Za3w0 sin (3y) = 0. (29)

4

The general solution to the ode (29) reads
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Figure 1: The Vander Pol oscillator for ¢ =0.75.

FiGUre 2: The Vander Pol oscillator for ¢ =0.75.

32¢,w; 32c,05 - 2a’w,)
u, (a,y) = —lzocos(w) + #sm(w)
32wy, 32wy,
(30)
2
- in(3y).
20, sin (3y)
Define
¢, =0,
- (31)
@= 16w,
Then,
=1, (a,y) = _32w0“3 sin (3y). (32)

Replacing the expressions (31) and (32) into (26), we
obtain

5
B 128w3u2 (a,v) + 128w3u(()0’2) (a,v) B Sasw(z,
5 = 5 2(:03(51//)
128w; 8wy
256A,w; 1 5, ,
—-——=—sin(y) ——a’(a” + 2)cos (3v)
a2 () =350 (7 2)cos Gy
3,1 5 )
+—a —-a-—a —2aw cos(vy),
<16 4 128 0¥z Jeos ()
(33)

Equating to zero the coefficients of sin (y) and sin (y) in
(33), we get

(34)

4 2
=- 5a° —24a” + 32).
v2 256w0( a ~24d" +32)
From the condition H, =0 we obtain the following
linear second order ode
5

5
wj(us (@ p) + 4" (@) =

2
wy 1 3,5

5Y) — = +2
wé cos(5v) 32a (a )

cos(3y) = 0.
(35)

The general solution to the ode (35) is given by

u, =u,(a,y)

5a5w(2) a
=- cos (5v) + ¢, sin -—— —(a " +2
3072w, G¥) +easiny) =55 wg( ) G
cos(3y) — ! 3 (as +2a° - 128c3w§)cos(1//).
128wy,
Define
1 a3 2
LI
128 w; (37)
¢, =0
Then,
Uy =y (a, y)
38)
Saswé 1 4 ) (
=- cos(5¥) —— — (a” + 2)cos (3y).
3072w, ¥~ 356 wg( Jeos Gy

Finally, we must have H; = 0. Proceeding in a similar
manner as before, we get
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Ay, = ——— (2547 - 184a° + 320a°),
> 81920} ( )
28a’ sin (7y) - 6 (71a’ + 280)a’ sin (y) + 5 (3a’ + 56 )a’ sin (5y) — 9 (29a" — 168a” + 64)a’ sin (3y)
Uz = .

2949120,

We thus have that

u=a cos(y) -

a sin (3y) . <5a5 cos (5v) . (a2 + 8)(13 cos(31//)>£2

32w, 3072w, 1024w;
(40)
74’ 5(3a” +56)a’ 29a* - 168a* + 64)a’
+ %sin(ﬁp) + #sin(&//) - ( 3 ) sin (3y) e£+0 (84).
73728 2949120] 32768w)
Also, from (23),
1 5¢’ £ 3 23¢ 5 25¢ 7
al (t) = —ea(t) —( + —)a(t) + a(t) - a(t)’, (41)
2 128w; 8 1024w; 8192w,
Ode (41) is hard to solve in closed form. We use the
approximation
ae 5¢° £ 23¢’ 25¢°
e i e a’+ zas— 2a7zm+sa3f0r lal <M,
2 \128w; 8 1024w,  8192w;
where,
e &(25M* - 184)M" (42)
r=—+
2 65536,
e & (175M" - 1472M” + 2560)
s=—- .
8 65536,
a=al(t)
Solving the ode
N agre" (44)
da ==
qoret sa’, (43) \/r + a35\/1 —apse”"Jags + 1

The expression for y = y(t) is obtained from the ode
one gets w1 (t) = wy — /8w, + €2/32wya (t)* — e2/256wya (t)*:



Mathematical Problems in Engineering 7

2. (2
1 2 as ;o )) ) sr(aos+r) -
t) = r—64s"t —(r+8s)log| 1 - =2 (e”" -1 & ————— " —+slage” +512sw, (wyt + . (45
Vi 51252w0<< ( ) g< r ( ) r—aés(ezr'—l) ( 0 o (@ I//0)) (45)

Example 1. Let From (43),
u, = u(0) r = 0.366348,
. (48)
ul (0) = u, s =-0.0903511.
(46)
e =0.75, We have
w, = 1.
The i.v.p to be solved reads
u=-075(1-u)i+u=0,
u(0) = -0.104, (47)
ur (0) = —0.25.
0.251949¢0-366348¢
a(t) = : 0.732697¢
V1 +0.0156555¢"
y(t) = O.239256< —0.0903511(0.0351563 — 46.2598 (¢ + 2))
0.07433 (49)
- +—0.522453¢
0.00564694( 77 — 1) + 0.366348
— 0.5625(0.356461(—log(0.00564694(™"***7" — 1)
+0.366348) — 1.00417) + 0.366348)>.
See Figure 3. We will assume the ansatz
. . x(t) =u(t) + C cos(Qt) + D sin (Qt). (52)
5. Analytical Solution to a Forced Van der
Pol Oscillator Here, the function u = u(¢) is the solution to the i v p
Let us consider the i v p. u-¢ (1 - uz)a +wou =0,
. 2., 2
X —s(l—x )x+wox=Fcos(Qt). (50) u(0) = 1y = x, - C, (53)
given that ur (0) = u, = x, — DQ .
x(0) = x,, . . .
(51) We now will determine suitable values for the constants

x1(0) = x,. C and D. We have
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T

FIGURE 3: Comparison between analytical and numerical solution.

u

—_

—

—¢ (1 - xz)x + wéx — F cos(Qt) = wéu(t) - sin(ZQt)(CzQu(t) - C Du, - DZQu(t)) +
L cos (201)(C%tiy +4C DQ u (t) - D*iy) + Leiig(C? + D?) = 2 cos (0t)
2 0 0) 0 4
- (~4eu(£)* (DQ) - 8Cetigu (t) - C*De Q - 4Cwy + 4CQ° — D’eQ + 4 De Q + 4F) -
1 1 1
G sin (3Q1)(C*Q - 3CD’Q) + ¢ cos (30t)(3C*DQ - 3CD” - D°Q) - £ 5in (0

. (4CQ£u(t)2 -8 De uyu(t) + C’eQ - 3ﬁC2Ds +CD%eQ) — 4 Dwé +4 DQ? - 4CsQ).

(54)
We choose the values of C and D so that From (55), it follows that
~C’De Q - 4Cw;, +4CQ° — D’eQ + 4 De Q +4F = 0,
C’eQ - 3C*De + CD’eQ — 4 Dw; + 4 DQ” - 4CeQ = 0.
(55)
EFQ’C + 88 FQ’ (O - wg)C? + 16 (O - wg)z(mz +0* - 20%w] + wp )C + 16F(Q - w3)3 = 0. (56)

We choose the least in magnitude real root C to (56) and ~ Example 2. Let 0<t<T =130, e=0.1, wy =1, F=1,Q
the least in magnitude real root D to (57). =5.2, x, = 0 and x, = —0.183. Consider the i.v.p.

% (5) = 0.1(1 - x(8)*)%(t) + x(t) = cos (5.2)Ax (0) = 0Ax' (0) = ~0.183. (57)
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Y W\? \) U U§ 0 ollln
1k
2+
FIGURE 4: Comparison between the approximate analytical solution (dashed curve) and the Runge-Kutta numerical.
Our calculations give
a, = 0.185483,
Y, = 4.50402,
C =-0.0383872. D = —-0.000766281.
r = 0.049979,
s =-0.0124918. (58)

0 18605360.04997%
V1 +0.00865188¢" %%

a(t) =

y (t) = 0.00625262 log (0.0495503 + 0.000428704¢™"*™) + 0.99875¢ +

1

- +4.52869.
~1.38308e™9%%°% _ 159,859

The [4] expression for u = u(t) is [5] obtained from (40).
In Figure 4, we compare[6] the approximate [7] analytical
solution (dashed curve) with the Runge-Kutta numerical
solution. The error equals 0.0756086.
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