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Homogeneously weighted moving average (HWMA) charts have recently achieved popularity for monitoring small changes in
process parameters (location and/or dispersion). Furthermore, the DHWMA (double HWMA) and THWMA (triple HWMA) are
the advanced versions of the HWMA charts. Te HWMA chart for the process dispersion is designed to detect only the upward
(one-sided) shift (i.e., process deterioration). Employing a two-sided chart for concurrently detecting both process improvement
and process deterioration is an important aspect of statistical process monitoring. By taking this point as motivation, one and two-
sided THWMA charts (symbolized as the THWMAV) are proposed for monitoring the process dispersion. Te Monte Carlo
simulations are performed to investigate the performance behavior of the THWMAV charts in terms of certain performance
indicators, including ARL, SDRL, EQL, RARL, and PCI. Te comparison among the THWMAV versus existing charts
(DHWMAV, HWMAV, TEWMAV, DEWMAV, and EWMAV) indicates that the THWMAV charts outperform the existing
charts. Finally, a dataset is also analyzed to illustrate the implementation of the THWMAV charts.

1. Introduction

Every manufacturing and production process involves two
kinds of variations: one common cause and other special cause
variations. Te common cause variations are natural and
essential parts of any stable process. A process that operates
with the common cause variations is known to be statistically
IC (in-control). On the other hand, the special cause variations
are unnatural and deteriorate the process stability. A process
that functions with the special cause variations is called sta-
tistically OC (out-of-control). Te special cause variations
demand special attention for quick detection and removal to
get the process back on track (i.e., statistically IC).

Control charts are the most well-known SPM (statistical
process monitoring) tools for detecting special cause

variations that trigger shifts in the process parameters (lo-
cation and/or dispersion). Shewhart [1] introduced the basic
chart, which is used to monitor the process parameters and
decide whether the process is IC or OC. Te Shewhart X

chart is used to monitor the mean level of the process,
whereas the Shewhart R, S, and S2 charts are implemented to
detect the changes in the process dispersion. Te Shewhart
charts are also referred to as memoryless-type control as they
only use the current process information; consequently, the
Shewhart charts are less sensitive to small changes in the
process parameters. Te memory-type charts, on the other
hand, incorporate both current and previous process in-
formation and are more sensitive than the Shewhart charts.
Te memory-type charts include the CUSUM (cumulative
sum) proposed by Page [2], EWMA (exponentially weighted
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moving average) designed by Roberts [3], MA (moving
average) introduced by Roberts [3], and DMA (double
moving average) suggested by Khoo and Wong [4] and
Alevizakos et al. [5].

Te classical EWMA chart has become the most
powerful tool for researchers to detect the small shifts that
ruin the manufacturing and production process stability.
Numerous authors have improved the performance of the
classical EWMA chart by integrating diferent techniques,
emphasizing the process mean monitoring (see [6–10]). It
is important to note that, in general, many special cause
variations can potentially afect the process dispersion
(variance or standard deviation). Furthermore, dispersion
monitoring is of utmost importance because the mean
structure is based on it [11]. Moreover, an increase in
process dispersion leads to process deterioration, while a
decrease in process dispersion improves process perfor-
mance [12]. Various authors have investigated the classical
EWMA-type charts in the context of process dispersion
monitoring. For example, Crowder and Hamilton [13]
developed the EWMA chart, which uses the log transfor-
mation to the sampling variance S2 and detects changes in
process standard deviation. Following Crowder and
Hamilton [13], Shu and Jiang [14] introduced the EWMA
chart to monitor the process dispersion, which has a better
detection ability than the Crowder and Hamilton [13]
chart. In the same way, Huwang et al. [15] designed the
EWMA charts for process dispersion, and they demon-
strated that their charts uniformly outperformed the
Crowder and Hamilton [13] and Shu and Jiang [14] charts.
Similarly, Castagliola [16] proposed the bilateral EWMA
chart using a three-parameter log transformation to S2,
which efciently monitors the process dispersion. Likewise,
Ali and Haq [17] proposed the GWMA (generally weighted
moving) and HEWMA(hybrid EWMA) charts to detect the
process dispersion shifts. In addition, Chatterjee et al. [18]
used the transformation of Castagliola [16] and introduced
the TEWMA (triple EWMA) chart for monitoring the
process dispersion.

Abbas [19] introduced the HWMA (homogeneously
weighted moving average) chart and showed that the
HWMA chart outperformed the classical EWMA chart.
Later, Abid et al. [20] proposed the DHWMA (double
HWMA) chart for the process mean that outperformed the
HWMA chart. Similarly, Riaz et al. [21] proposed the
THWMA (triple HWMA) chart for the process mean,
which uniformly outperformed the HWMA and DHWMA
charts. Other HWMA-based studies for mean process
monitoring are ofered by Rasheed et al. [22], Rasheed et al.
[23], and Zhang et al. [24]. After that, Knoth et al. [25]
highlighted a few concerns about the HWMA chart when
compared to the EWMA chart in the case of the steady-state
comparison scenario. However, Riaz et al. [26] rein-
vestigated the zero-state as well as the steady-state per-
formances of the HWMA chart for various shift sizes and
smoothing parameters. Tey performed a comprehensive
comparative analysis of the run-length profles of the
HWMA and EWMA charts for several values of the design
parameters. Te results indicate that the concerns of Knoth

et al. [25] are not always true, i.e., the HWMA chart
outperforms the EWMA chart under a zero state for nu-
merous regions of shifts, and that it can maintain its
dominance over the EWMA chart despite varied delays in
process shifts.

Recently, Riaz et al. [27] developed the HWMA chart
for efective process dispersion monitoring. Tey showed
that the HWMAdispersion chart outperformed the EWMA
dispersion charts proposed by Crowder and Hamilton [13],
Shu and Jiang [14], and Huwang et al. [15], respectively. It
should be noted, the HWMA chart has a signifcant dis-
advantage, i.e., it is a one-sided chart and detects only the
upward shifts in the process, i.e., process deterioration.
However, in practice, both the process deterioration and
the process improvement are important, which necessitates
the use of a single two-sided chart that monitors the process
deterioration and the process improvement. Also, as
mentioned earlier, Riaz et al. [21] improved the perfor-
mance of the HWMA-type charts by introducing the
THWMA chart for efcient mean process monitoring. So,
there is a clear research gap to further enhance the per-
formance of existing charts by extending the idea of Riaz
et al. [21] and designing a two-sided chart for monitoring
the upward and downward process dispersion shits at the
same time. Capitalizing the aforementioned research gap,
this paper aims to present the design of one and two-sided
THWMA charts with time-varying control limits, which
efectively monitor the process dispersion. Tese charts are
labeled as THWMAV charts. Te upper-sided THWMAV
chart is formulated that identifes the upward changes
(process deterioration), while the two-sided THWMAV
chart is developed to monitor both upward and downward
changes (process deterioration and process improvement)
in the dispersion parameter. Te Monte Carlo simulations
are performed to compute the approximate run-length
indicators, such as ARL (average run length), SDRL
(standard deviation run length), EQL (extra quadratic loss),
RARL (relative average run length), and PCI (performance
comparison index). Based on these run-length indicators,
the one and two-sided THWMAV charts are compared to
the one and two-sided competing charts denoted as
DHWMAV, HWMAV, TEWMAV, DEWMAV, and
EWMAV charts. Te comparison demonstrates that the
THWMAV charts achieve better performance against the
competing charts in monitoring small and large shifts in
the process dispersion. Finally, to illustrate the practical
implementation of the THWMAV charts, the wind farm
data analysis is also provided.

Te structure for the rest of the paper is given as follows.
Section 2 ofers the theory and background of some com-
peting charts for dispersion monitoring. Similarly, the
methodologies of the THWMAV charts are specifed in
Section 3. Likewise, Section 4 presents the design of the
THWMAV charts. In addition, Section 5 includes a com-
prehensive comparative study of the THWMAV charts.
Furthermore, the application of the THWMAV chart to the
wind farm dataset is given in Section 6. Te fnal section
addresses the summary, conclusions, and recommendations
of the study.
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2. Competing Methods

Tis section provides the concepts and background of some
charts that monitor the process dispersion shifts. Section 2.1
introduces the process variable and transformation. Simi-
larly, Sections 2.2–2.5 present the methodologies and for-
mulation of the one and two-sided EWMAV,
DEWMAV,TEWMAV, HWMAV, and DHWMAV charts.

2.1. Process Variable and Transformation. Suppose that
X1t, X2t, . . . , Xit, . . . , Xnt are n independent identically
normal process random variables, i.e., Xit ∼ N(μ0, δσ0),
where μ0 and σ0 are the IC process mean and dispersion,
respectively, t � 1, 2, ... is the subgroup number, and δ refers
to the amount of shift in process dispersion. As the only
concern is to monitor the shifts in process dispersion, the
process mean is considered to be zero, i.e., μ0 � 0. Here, the
shifts δ can be defned as δ � σ/σ0, where σ is the OC process
dispersion. So, for the IC process, δ � 1, and for the OC
process with decreasing shifts, δ < 1, while for increasing
shifts, δ > 1.

Assuming the sample variance
S2t � 1/n − 1􏽐

n
i�1 (Xit − Xt)

2 computed from the tth sub-
group having size n, where Xt � 1/n 􏽐

n
i�1 Xit is the sample

mean, then it is well known that for the IC process, S2t has a
chi-square distribution with degrees of freedom equal to n −

1, i.e., S2t ∼ σ20/n − 1χ2(n− 1). As the sample variance S2t has a
skewed distribution, it is not an appropriate statistic for the
design of certain memory charts. To overcome this limita-
tion, Quesenberry [28] suggested the transformation for the
process dispersion, defned as follows:

Vt � Φ− 1
G

(n − 1)S
2
t

σ20
; n − 1􏼠 􏼡􏼠 􏼡, (1)

where G(∙; n − 1) denotes the CDF (cumulative distribution
function) of chi-square distribution at n − 1 degrees of
freedom and Φ− 1(∙) denotes the inverse standard normal
CDF. If the underlying process is IC, then the statistic Vt

follows the standard normal distribution, i.e., Vt ∼ N(0, 1).

2.2. EWMAV Chart. Te EWMA chart for the process
dispersion, based on the statistic Vt, is proposed by Huwang
et al. [15] and denoted by the HHW2 chart. Hereafter this
chart is labeled by EWMAV chart. If Et denotes the plotting
statistic of the EWMAV chart, then it can be defned by the
relation given as follows:

Et � λVt +(1 − λ)Et− 1, (2)

where λ is the smoothing parameter, satisfying 0< λ≤ 1. Te
initial value of the statistic Et is set to zero, i.e., E0 � 0. Te
expected value and variance of the statistic Et are, respec-
tively, given as follows:

E Et( 􏼁 � 0,  Var Et( 􏼁 �
λ

2 − λ
1 − (1 − λ)

2t
􏽮 􏽯. (3)

If UCL (upper control limit) and LCL (lower control
limit) denote the upper and lower control limits that
monitor the two-sided shifts in process dispersion, then its
time-varying form for the EWMAV chart is given as follows:

UCLt(EWMAV) � LEWMAV

����������������

λ
2 − λ

1 − (1 − λ)
2t

􏽮 􏽯

􏽳

,

LCLt(EWMAV) � − LEWMAV

����������������

λ
2 − λ

1 − (1 − λ)
2t

􏽮 􏽯

􏽳

,

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎭

(4)

where LEWMAV > 0 is the width coefcient of the EWMAV
chart, and it is determined so that the ARL0 (in-control ARL)
is equal to its desired value. Te two-sided EWMAV chart is
constructed by plotting the statistic Et against the subgroup
number t and the process is declared to be OC if
Et ≥UCLt(EWMAV) or Et ≤ LCLt(EWMAV); otherwise, the
process is considered to be IC.

Similarly, to detect the upward changes in the process
dispersion with the EWMAV chart, only the upper limit
UCLt(EWMAV) is considered, i.e.,

UCLt(EWMAV) � LEWMAV

����������������

λ
2 − λ

1 − (1 − λ)
2t

􏽮 􏽯

􏽳

. (5)

Te statistic Et is plotted against the subgroup number t

and the upper-sided EWMAV chart will detect the process
to be OC if Et ≥UCLt(EWMAV); otherwise, the process re-
mains IC.

2.3. DEWMAV Chart. Te DEWMA chart for process
dispersion (hereafter labeled by DEWMAV chart) is based
on the statistic Vt and can be designed by combining the
features of the two EWMA charts. If the plotting statistic for
the DEWMAV chart is denoted by DEt, then it can be
defned as follows:

DEt � λEt +(1 − λ)DEt− 1. (6)

Te starting value of DEt is equal to zero, i.e., DE0 � 0.
Te mean and variance of DEt for the IC process are, re-
spectively, given as follows:

E DEt( 􏼁 � 0 , Var DEt( 􏼁 �
λ4 1 +(1 − λ)

2
− (t + 1)

2
(1 − λ)

2t
+ 2t

2
+ t − 1􏼐 􏼑(1 − λ)

2t+2
− t

2
(1 − λ)

2t+4
􏽮 􏽯

1 − (1 − λ)
2

􏽮 􏽯
3 . (7)
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Based on E(DEt) and Var(DEt) in equation (7), the
control limits, UCLt(DEWMAV) and LCLt(DEWMAV), of the
DEWMAV chart are defned as follows:

UCLt(DEWMAV) � LDEWMAV

�������������������������������������������������������������

λ4 1 + (1 − λ)
2

− (t + 1)
2
(1 − λ)

2t
+ 2t

2
+ t − 1􏼐 􏼑(1 − λ)

2t+2
− t

2
(1 − λ)

2t+4
􏽮 􏽯

1 − (1 − λ)
2

􏽮 􏽯
3

􏽶
􏽴

,

LCLt(DEWMAV) � − LDEWMAV

�������������������������������������������������������������

λ4 1 + (1 − λ)
2

− (t + 1)
2
(1 − λ)

2t
+ 2t

2
+ t − 1􏼐 􏼑(1 − λ)

2t+2
− t

2
(1 − λ)

2t+4
􏽮 􏽯

1 − (1 − λ)
2

􏽮 􏽯
3

􏽶
􏽴

,

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(8)

where LDEWMAV is the DEWMAV chart width coefcient. To
diagnose the upward or downward changes in the process
dispersion, DEt is plotted against the subgroup number t and
if DEt ≥UCLt(DEWMAV) or DEt ≤ LCLt(DEWMAV), then the

underlying process is considered to be OC; otherwise, it is
considered to be IC.

Similarly, the control limit UCLt(DEWMAV) for the upper-
sided DEWMAV chart is given as follows:

UCLt(DEWMAV) � LDEWMAV

������������������������������������������������������������

λ4 1 +(1 − λ)
2

− (t + 1)
2
(1 − λ)

2t
+ 2t

2
+ t − 1􏼐 􏼑(1 − λ)

2t+2
− t

2
(1 − λ)

2t+4
􏽮 􏽯

1 − (1 − λ)
2

􏽮 􏽯
3

􏽶
􏽴

. (9)

To detect the increasing shifts in process dispersion, DEt

is plotted against the subgroup number t and the process is
said to be OC when DEt ≥UCLt(DEWMAV); otherwise, the
process is said to be IC.

2.4. TEWMAV Chart. Te TEWMA chart based on the
three-parameter log transformation is constructed by
Chatterjee et al. [18], which efectively monitors the process
dispersion. Similarly, the TEWMA chart based on

transformation Vt, i.e., TEWMAV chart, can also be for-
mulated to monitor the process dispersion changes. Te
plotting statistic of the TEWMAV chart, i.e., TEt, can be
defned as follows:

TEt � λDEt +(1 − λ)TEt− 1. (10)

Te initial values of TEt are set as zero, i.e., TE0 � 0. Te
mean of TEt is given as E(TEt) � 0, whereas its variance is
defned as follows:

Var TEt( 􏼁 �
η3λ6

4
−

t t
2

− 1􏼐 􏼑(t − 2)ηt− 3

1 − η
−
4t t

2
− 1􏼐 􏼑ηt− 2

(1 − η)
2 −

12t(t + 1)ηt− 1

(1 − η)
3 −

24(t + 1)ηt

(1 − η)
4 +

24 1 − ηt+1
􏼐 􏼑

(1 − η)
5

⎧⎨

⎩

⎫⎬

⎭
⎡⎣

+2η2λ6 −
t t

2
− 1􏼐 􏼑ηt− 2

1 − η
−
3t(t + 1)ηt− 1

(1 − η)
2 −

6(t + 1)ηt

(1 − η)
3 +

6 1 − ηt+1
􏼐 􏼑

(1 − η)
4

⎧⎨

⎩

⎫⎬

⎭

+
7ηλ6

2
−

t(t + 1)ηt− 1

1 − η
−
2(t + 1)ηt

(1 − η)
2 +

2 1 − ηt+1
􏼐 􏼑

(1 − η)
3

⎧⎨

⎩

⎫⎬

⎭ + λ6
1 − ηt+1

(1 − η)
2 −

(t + 1)ηt

1 − η
􏼨 􏼩⎤⎦,

(11)

where η � (1 − λ)2. Te limits UCLt(TEWMAV) and
LCLt(TEWMAV) of the two-sided TEWMAV chart can be
defned as follows:

UCLt(TEWMAV) � LTEWMAV

��������

Var TEt( 􏼁

􏽱

,

LCLt(TEWMAV) � − LTEWMAV

���������

Var TEt( 􏼁,

􏽱

⎫⎪⎪⎬

⎪⎪⎭
(12)

where LTEWMAV denotes the width of the TEWMAV chart.
To detect the increasing or decreasing changes in the dis-
persion parameter, the two-sided TEWMAV chart is con-
structed, and the statistic TEt is plotted against the subgroup
number t. If the statistic TEt falls outsides the control limits,
i.e., TEt ≥UCLt(TEWMAV) or TEt ≤ LCLt(TEWMAV), then the
process is deemed to be OC; otherwise, it is IC. On the other
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hand, to detect the upward changes in the process, however,
only UCLt(TEWMAV) in equation (12) is used. In this case, the
process is said to be OC when TEt ≥UCLt(TEWMAV); oth-
erwise, the process is said to be IC.

2.5. HWMAV Chart. Te HWMA chart, based on the
statistic Vt, can be used to detect the process dispersion
shifts. Tis chart is referred to as the HWMAV chart. If Ht

denotes the plotting statistic of the HWMAV chart, then it
can be given as follows:

Ht � λVt +(1 − λ)Vt− 1, (13)

where Vt− 1 � 􏽐
t− 1
i�1 Vi/t − 1 is the mean of previous t − 1

observations and λ (0< λ≤ 1) is the smoothing constant.Te
initial values H0 and V0 are zero, i.e., H0 � V0 � 0. Te IC
mean and variance of Ht, from Appendix A.1, are given as
follows:

E Ht( 􏼁 � 0,Var Ht( 􏼁 � λ2, for t � 1,Var Ht( 􏼁 � λ2 +
(1 − λ)

2

t − 1
, for t> 1. (14)

Te two-sided time-varying control limits,
UCLt(HWMAV) and LCLt(HWMAV), for the HWMAV chart are
given as follows:

UCLt(HWMAV) �

LHWMAV λ, for  t � 1

LHWMAV

�����������

λ2 +
(1 − λ)

2

t − 1

􏽳

, for  t> 1

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

LCLt(HWMAV) �

− LHWMAV λ, for  t � 1

− LHWMAV

�����������

λ2 +
(1 − λ)

2

t − 1

􏽳

, for  t> 1

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

, (15)

where LHWMAV is called the width coefcient and it is chosen
to obtain ARL0 close to prespecifed value. To monitor an
increase or decrease in process dispersion, the two-sided
HWMAV chart is constructed, and Ht is plotted versus the
subgroup number t. Te underlying process is considered to
be OC when Ht ≥UCLt(HWMAV) or Ht ≤ LCLt(HWMAV);
otherwise, it is considered to be IC. Likewise, based on
equation (14), the time-varying upper control limit,
UCLt(HWMAV), of the HWMAV chart is given as follows:

UCLt(HWMAV) �

LHWMAV λ, if   t � 1,

LHWMAV

�����������

λ2 +
(1 − λ)

2

t − 1

􏽳

, if   t> 1.

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(16)

To identify the upward changes in the process disper-
sion, the HWMAV statistic Ht and if Ht ≥UCLt(HWMAV),

then the process is considered to be OC; otherwise, the
process is regarded to be IC.

2.6.DHWMAVChart. Te DHWMA chart is based on Vt,

symbolized by DHWMAV chart, can be used to monitor the
process dispersion, and detects both the downward and
upward shifts. Te DHWMAV statistic is DHt and it can be
given as follows:

DHt � λHt +(1 − λ)Vt− 1. (17)

It is assumed that DH0 � H0 � V0 � 0. Te statistic DHt

in equation (17) can be written as follows:

DHt � λ2Vt + 1 − λ2􏼐 􏼑Vt− 1. (18)

Te IC mean and variance of DHt, from Appendix A.2,
are provided as follows:
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E DHt( 􏼁 � 0,Var DHt( 􏼁 � λ4, for t � 1,Var DHt( 􏼁 � λ4 +
1 − λ2􏼐 􏼑

2

t − 1
, for t> 1. (19)

Te control limits, i.e., UCLt(DHWMAV) and
LCLt(DHWMAV), for the two-sided DHWMAV chart are
given as follows:

UCLt(DHWMAV) �

LDHWMAV λ
2
, for  t � 1

LDHWMAV

������������

λ4 +
1 − λ2􏼐 􏼑

2

t − 1

􏽳

, for  t> 1

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

LCLt(DHWMAV) �

− LDHWMAV λ2, for  t � 1

− LDHWMAV

������������

λ4 +
1 − λ2􏼐 􏼑

2

t − 1

􏽳

, for  t> 1

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

, (20)

where LDHWMAV denotes the width coefcient of the
DHWMAV chart, and its value is chosen so that the ARL0 is
approximately equal to a specifed value. To detect an increase
or decrease in the process dispersion, the two-sided
DHWMAV chart is constructed, and DHt is plotted against t.
Te process is stated to be OCwhen DHt ≥UCLt(DHWMAV) or
DHt ≤ LCLt(DHWMAV); otherwise, the process is stated to be
IC.

Similarly, the control limit, UCLt(DHWMAV), of the
DHWMAV chart is given as follows:

UCLt(DHWMAV) �

LDHWMAV λ
2
, for  t � 1,

LDHWMAV

������������

λ4 +
1 − λ2􏼐 􏼑

2

t − 1

􏽳

, for  t> 1.

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(21)

To diagnose the upward changes, the DHWMAV sta-
tistic DHt is plotted against the subgroup number t and if
DHt ≥UCLt(DHWMAV), the process is stated as OC; other-
wise, the process is considered IC.

3. THWMAV Chart

Tis section describes the methodology of the THWMA
chart, referred to as the THWMAV chart, that efciently
monitors the process dispersion shifts. To construct the
THWMAV chart, the charting statistic for the THWMAV
chart is given as follows:

THt � λDHt +(1 − λ)Vt− 1, (22)

where DHt is the charting statistic of the DHWMAV chart,
specifed by equation (17), and λ is a design parameter. Here,
TH0 � DH0 � V0 � 0. Equation (22), alternatively, can be
written as follows:

THt � λ3Vt + 1 − λ3􏼐 􏼑Vt− 1. (23)

Te mean and variance of the statistic THt, from Ap-
pendix A.3, are given as follows:

E THt( 􏼁 � 0,Var THt( 􏼁 � λ6, for t � 1,  Var THt( 􏼁 � λ6 +
1 − λ3􏼐 􏼑

2

t − 1
, for  t> 1. (24)

Te two-sided time-varying control limits,
UCLt(THWMAV) and LCLt(THWMAV), of the THWMAV chart,

using the defned mean and variance in equation (24), are
given as follows:
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UCLt(THWMAV) �

LTHWMAV λ
3
, for  t � 1

LTHWMAV

������������

λ6 +
1 − λ3􏼐 􏼑

2

t − 1

􏽳

, for  t> 1

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

LCLt(THWMAV) �

− LTHWMAV λ
3
, for  t � 1

− LTHWMAV

������������

λ6 +
1 − λ3􏼐 􏼑

2

t − 1

􏽳

, for  t> 1

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

, (25)

where LTHWMAV denotes the width coefcient of the
THWMAV chart, and its value is chosen so that ARL0 is
approximately equal to the desired value. For monitoring an
increase or a decrease in the process, the two-sided
THWMAV chart is constructed, and THt is plotted against t.
Te two-sided THWMAV chart declares the process to be
OC when THt ≥UCLt(THWMAV) or THt ≤ LCLt(THWMAV);
otherwise, it declares that the process is IC.

Similarly, the upper-sided time-varying limit,
UCLt(THWMAV), of the THWMAV chart is given as follows:

UCLt(THWMAV) �

LTHWMAV λ
3
, for  t � 1,

LTHWMAV

������������

λ6 +
1 − λ3􏼐 􏼑

2

t − 1

􏽳

, for  t> 1.

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(26)

To detect the upward shifts in the process dispersion,
THt is plotted against t. If DHt ≥UCLt(THWMAV), then the
process is considered OC; otherwise, it is considered IC.

4. Design and Implementation of
THWMAV Charts

Tis section provides the performance evaluation measures
in Section 4.1. Similarly, Section 4.2 ofers the overall per-
formance measures. Likewise, Section 4.3 provides the run-
length distribution of the THWMAV chart. Also, Section 4.4
explains the IC design of the THWMAV chart. Moreover,
the OC performance of the THWMAV chart is also provided
in Section 4.4.

4.1. Performance Measures. Te ARL and SDRL are the
most popular and frequently used measures to evaluate
the performance of the chart at a specifed shift. ARL is
defned as the expected number of sample points plotted
on the chart before the chart indicates an OC signal [29].
ARLs are of two types, i.e., ARL0 (IC ARL) and ARL1 (OC
ARL). Te ARL0 should be high enough to prevent many
false alarms if the process operates in an IC state, whereas
the ARL1 should be lower to rapidly identify process shifts
[30]. To evaluate the efectiveness of two or more charts, it

is necessary to set the common ARL0 for all of them. For a
certain shift, the chart with the lower ARL1 value is
considered sensitive and may identify a shift quicker than
the other charts.

4.2. Overall Performance Measures. Other performance in-
dicators that assess the overall performance of a control
chart over the entire range of shifts are known as EQL (extra
quadratic loss), RARL (relative average run length), and PCI
(performance comparison index). Te EQL is the weighted
ARL over the entire range of shifts, i.e., δmin ≤ δ ≤ δmax, under
the square of the shift as a weight. Symbolically, EQL can be
defned as follows:

EQL �
1

δmax − δmin
􏽚
δmax

δmin

δ2ARL(δ)dδ, (27)

where ARL(δ) is the ARL of a specifc chart at a shift δ. Te
RARL presents the ratio between the ARL of a particular
chart (i.e.,ARL(δ)) and the benchmark chart
(i.e.,ARLBM(δ)). Symbolically, the RARL can be defned as
follows:

RARL �
1

δmax − δmin
􏽚
δmax

δmin

ARL(δ)

ARLBM(δ)
dδ. (28)

A benchmark chart is often recognized as the chart with
the lowest EQL or as one of the existing standard charts. Te
PCI is the ratio of the EQL of a chart and the EQL of the
benchmark chart. Mathematically, it can be defned as
follows:

PCI �
EQL

EQLBM
. (29)

Te benchmark chart has PCI � 1, and for the remaining
charts, PCI> 1 [31].

4.3. Run-Length Distribution of THWMAV Chart. To
compute the approximate run-length distribution of the
THWMAV chart, the Monte Carlo simulation technique is
used. A simulation algorithm is developed using the sta-
tistical software R package, which can be explained in the
steps given as follows:
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(i) Choose sample size n, smoothing parameter λ, and
parametric values, i.e., in the case of IC process
N(μ0, δσ0).

(ii) Generate random observations (X1t, X2t, . . . , Xnt),
for t � 1, 2, . . . 50, 000, from N(μ0, δσ0).

(iii) Compute the statistic Vt in equation (1).
(iv) Using the statistic Vt, calculate the HWMAV

statistic Ht in equation (13).
(v) Using Ht as input, compute the DHWMAV sta-

tistic, DHt, in equation (17).
(vi) Using the statistic DHt as input, compute the

THWMAV statistic, THt, in equation (22).
(vii) Select LTHWMAV for desired ARL0 and compute

UCLt(THWMAV) and LCLt(THWMAV) in equation
(25).

(viii) Plot the statistic THt versus the subgroup number t.
If THt ≥UCLt(THWMAV) or THt ≤ LCLt(THWMAV),
record sequence order, known as run length (RL).

(ix) Repeat steps (ii)–(viii) for m � 106 times and re-
cord RLs and hence compute the approximate ARL
by

ARL �
􏽐

m
t�1RLt

m
, (30)

and approximate SDRL by

SDRL �

���������������

􏽐
m
t�1 RLt − ARL( 􏼁

2

m − 1

􏽳

. (31)

Te above simulation algorithm is used to con-
struct the two-sided (i.e., THt ≥UCLt(THWMAV)

and THt ≤ LCLt(THWMAV)) THWMAV chart;
however, only one of the two control limits in
equation (25) is required to design the one-sided
(i.e., THt ≥UCLt(THWMAV) or
THt ≤ LCLt(THWMAV)) THWMAV chart. In addi-
tion, the ARL and SDRL values of the competing
DHWMAV, HWMAV, TEWMAV, DEWMAV,
and EWMAV charts are computed similarly.

4.4. IC Design and OC Performance of THWMAV Charts.
Te IC designs of the THWMAV one and two-sided
THWMAV charts are based on smoothing parameters λ and
the width coefcient, LTHWMAV. Te combinations
(λ, LTHWMAV) are chosen such that the ARL0 is close to the
desired value. Also, time-varying control limits are con-
sidered for the one and two-sided THWMAV charts. Te
smoothing parameter values are set as follows: λ � 0.05, 0.1,
0.2, and 0.3, for each of the n values of 5, 10, and 20, re-
spectively, to execute the simulation study. Each combi-
nation of n and λ is then used to compute the values of the
THWMAV chart coefcient, i.e., LTHWMAV, to make sure
that ARL0 is roughly equal to the desired value. Table 1 lists
the LTHWMAV values computed for the one and two-sided
THWMAV charts to get ARL0 close to 200, 370, and 500.

Furthermore, Table 1 also presents the SDRL0 (IC SDRL) for
one and two-sided THWMAV charts.

To address the OC performance of the one and two-sided
THWMAV charts, diferent combinations (λ, LTHWMAV) are
used for each n � 5, 10, 15, as listed in Table 1. As mentioned
above, these combinations provide the ARL0 which is ap-
proximately equal to 370. For the IC process, it is assumed
that the shift in process dispersion is δ � 1, while for the OC
process, δ � 1.1, 1.2, 1.3, 1.4, 1.5, 1.6, 1.7, 1.8, 1.9, and 0.2 for
the upward shifts, and for the downward shifts, δ � 0.95, 0.9,
0.85, 0.8, 0.75, 0.7, 0.65, 0.6, 0.55, and 0.5 are chosen. Te
ARLs and SDALs (given in the parentheses) values for the
one and two-sided THWMAV chart, along with competing
charts, are presented in Tables 1–6. For each λ, the smallest
ARL1 values are shown in bold font for each shift. Te main
fndings from these results are as follows:

(i) As λ rises, the values of LTHWMAV for the
THWMAV charts also increase to achieve desired
ARL0 value. For instance, with n � 5, the value of
LTHWMAV for upper-sided THWMAV chart is
0.205, 0.279, 0.636, and 1.305 when λ � 0.05, 0.1,
0.2, and 0.3, respectively, to obtain ARL0 close to
370 (see Table 1).

(ii) Similarly, for the two-sided THWMAV chart, if λ �

0.05, then LTHWMAV � 1.2424, if λ � 0.1, then
LTHWMAV � 1.267, if λ � 0.2, then
LTHWMAV � 2.058, and if λ � 0.3, then LTHWMAV �

1.795 to achieve ARL0 which is approximately 370
(see Table 1).

(iii) As λ increases, the SDRL0 values for the THWMAV
charts decrease. For instance, with ARL0 � 200, n �

5, for the upper-sided THWMAV chart, if λ � 0.05,
then SDRL0 � 2560.33, if λ � 0.1, then SDRL0 �

1878.20, if λ � 0.2, then SDRL0 � 828.92, and if
λ � 0.2, then SDRL0 � 372.45 (see Table 1). Simi-
larly, for the upper-sided THWMAV chart, the
SDRL0 value is 2129.33 when λ � 0.05, 1747.29
when λ � 0.1, 473.58 when λ � 0.2, and 234.46
when λ � 0.3 (see Table 1).

(iv) For a specifed n, as λ increases, the OC perfor-
mance of the one and two-sided THWMAV charts
deteriorates. For example, for n � 5 and δ � 1.1, the
upper-sided THWMAV chart has ARL1 and SDRL1
(OC SDRL) values are 3.92 and 7.25 when λ � 0.05;
4.01 and 7.49 when λ � 0.1; 6.66 and 12.16 when
λ � 0.2; and 13.96 and 20.45 when λ � 3; respec-
tively (see Table 2).

(v) Similarly, for the two-sided THWMAV chart,
ARL1 � 10.35 and SDRL1 = 17.15 when λ � 0.05,
ARL1 � 10.87 and SDRL1 = 18.14 at λ � 0.1,
ARL1 � 18.03 and SDRL1 = 27.45 for λ � 0.2, and
ARL1 � 31.80 and SDRL1 = 36.52 when λ � 0.3 (see
Table 2).

(vi) For a given λ, the OC performances for the
THWMAV charts improve as n increases. For
example, with λ � 0.2 and δ � 1.2, the upper-sided
THWMAV chart has ARL1 values are 3.49, 2.32,
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and 1.92 and SDRL1 values are 4.50, 2.29, and 1.67
when n � 5, 10, and 15, respectively (see Tables 2, 4,
and 6). Similarly, for the two-sided THWMAV
chart, ARL1 � 7.60, 4.64, 3.59 and SDRL1 = 8.78,
4.30, 2.95 when n � 5, 10, 15, respectively (see
Tables 3, 5, and 7).

(vii) As λ increases, the EQL values also increase; as a
result, the overall performance of the one and two-
sided THWMAV charts deteriorates. For example,
with n � 5, the EQL values of for upper-sided
THWMAV chart are 13.59, 13.64, 14.54, and 16.74
for λ � 0.05, 0.1, 0.2, and λ � 0.3, respectively (see
Table 2). Similarly, for the two-sided THWMAV
chart, EQL � 15.91 when λ � 0.05, EQL � 16.07
when λ � 0.1, EQL � 18.39 when λ � 0.2, and
EQL � 22.44 when λ � 0.3 (see Table 3).

5. Comparative Study

Te current section compares the upper and two-sided
THWMAV charts against the upper and two-sided com-
peting charts, such as DHWMAV, HWMAV, TEWMAV,
DEWMAV, and EWMAV charts. Te charts are compared
with common ARL0 � 200, using λ � 0.05, 0.1, 0.2, 0.3 and
n � 5, 10, 15. Te comparisons are given in the following
subsections.

5.1. THWMAV versus EWMAV Charts. Te THWMAV
charts achieve supreme performance against the EWMAV
charts in terms of smaller ARL1 and SDRL1 for single shifts
and a certain range of shifts. For example, for a single shift, at
n � 5, λ � 0.05, and δ � 1.1, 1.2, 1.3, . . ., the upper-sided
THWMAV chart yields ARL1 � 3.92, 2.38, 1.89, . . . and
SDRL1 � 7.25, 2.91, 1.87, . . ., while the upper-sided
EWMAV chart provides ARL1 � 27.18, 10.83, 6.21, . . . and
SDRL1 � 27.82, 10.40, 5.73, . . . (see Table 2 and Figure 1),

respectively. Similarly, the two-sided THWMAV chart
produces ARL1 � 10.35, 5.36, 3.78, . . . and SDRL1 � 17.15,
6.30, 3.74, . . ., whereas the upper-sided EWMAV delivers
ARL1 � 41.63, 15.17, 8.33, . . . and SDRL1 � 40.49, 13.46,
7.08, . . . (see Table 2 and Figure 2) for the same sizes of shift.
Similarly, the THWMAV charts attain better overall per-
formance over the EWMAV charts for a certain range of
shifts. For instance, when n � 5 and λ � 0.05, the upper-
sided THWMAV chart’s EQL, RARL, and PCI values are
13.59, 1.00, and 1.00, while the upper-sided EWMAV chart’s
EQL, RARL, and PCI values are 20.37, 1.50, and 2.75 (see
Table 2), respectively. Moreover, the two-sided THWMAV
chart has the EQL, RARL, and PCI values of 15.91, 1.00, and
1.00, respectively; however, the two-sided EWMAV chart
achieves larger EQL, RARL, and PCI values which are 25.53,
1.60, and 2.13 (see Table 3), respectively.

5.2. THWMAV versus DEWMAV Charts. Te upper and
two-sided THWMAV charts reveal outstanding perfor-
mance over the upper and two-sided DEWMAV charts,
respectively, in the terms of the least ARL1 and SDRL1. For
example, at n � 10, λ � 0.1, and δ � 1.1, the ARL1 and
SDRL1 values for the upper and two-sided THWMAV charts
are 2.85, 4.01, and 7.09, 9.28, whereas the ARL1 and SDRL1
values for the upper- and two-sided DEWMAV charts are;
16.07, 15.99, and 22.96, 21.22, respectively (see Tables 4 and
5). Likewise, the one and two-sided THWMAV charts
achieve superior overall performance against the one and
two-sided DEWMAV chart, respectively, in terms of min-
imum EQL, PCI, and RARL values. For example, with n � 10
and λ � 0.1, the one- and two-sided THWMAV chart’s EQL,
RARL, and PCI values are 12.89, 1.00, and 10.00 and 13.97,
1.00, and 1.00, respectively, which are smaller than the one-
and two-sided DEWMAV chart’s EQL, RARL, and PCI
values of 16.08, 1.25, and 2.35 and 18.51, 1.32, and 1.70 (see
Tables 4 and 5), respectively.

Table 1: IC ARL and SDRL values along with values of L for one and two-sided THWMAV charts to achieve ARL0 � 200, 370, and 500.

n � 5 n � 10 n � 15
Chart λ � 0.05 0.1 0.2 0.3 0.05 0.1 0.2 0.3 0.05 0.1 0.2 0.3

Upper-sided

L 0.03 0.06 0.429 0.986 0.031 0.074 0.427 0.983 0.023 0.059 0.426 0.979
ARL0 200.68 200.61 200.57 200.77 200.72 200.19 200.70 200.84 200.67 200.97 200.27 200.70
SDRL0 2560.33 1878.20 828.92 372.45 2599.42 1822.90 834.57 370.98 2484.88 1885.58 842.05 371.32

L 0.205 0.279 0.636 1.305 0.1775 0.2793 0.6348 1.305 0.18548 0.279 0.6348 1.305
ARL0 370.50 369.95 370.39 370.39 370.32 369.92 370.59 370.59 370.40 370.33 370.59 370.58
SDRL0 3638.62 2640.99 1263.09 564.53 3743.12 2661.44 1262.87 566.60 3663.59 2721.22 1253.48 567.53

L 0.29 0.366 0.746 1.478 0.282 0.364 0.747 1.478 0.2844 0.368 0.75 1.479
ARL0 500.36 500.02 500.59 500.59 500.34 499.82 500.94 499.84 499.95 500.92 499.56 500.27
SDRL0 4397.58 3170.29 1532.09 690.27 4488.15 3170.29 1530.88 695.58 4437.15 3130.29 1519.08 695.50

Two-sided

L 1.174 1.189 1.417 1.795 1.1606 1.182 1.418 1.795 1.163 1.186 1.418 1.795
ARL0 200.67 200.96 200.82 200.25 2294.30 199.99 200.77 200.24 199.02 200.48 200.53 200.43
SDRL0 2129.33 1747.29 473.58 234.46 200.63 1719.48 476.92 234.91 2345.54 1697.43 474.15 234.77

L 1.2424 1.267 1.563 2.058 1.244 1.269 1.559 2.057 1.239 1.263 1.56 2.057
ARL0 370.84 370.47 370.88 370.08 370.44 370.89 370.06 370.85 370.16 369.87 369.52 370.89
SDRL0 3348.03 2400.26 741.37 361.27 3268.84 2351.07 739.23 362.93 3812.76 2410.05 740.24 363.40

L 1.2786 1.2854 1.642 2.205 1.2781 1.287 1.6374 2.201 1.2788 1.2893 1.6376 2.2
ARL0 500.26 500.55 500.58 500.61 500.23 499.84 499.38 500.26 370.28 499.91 500.02 500.35
SDRL0 4014.62 3410.27 913.49 449.27 4084.79 3381.31 914.99 449.31 2513.37 3282.06 913.36 449.09
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5.3. THWMAV versus TEWMAV Charts. Te upper-sided
THWMAV chart shows excellent performance against the
upper-sided TEWMAV chart by keeping the lower ARL1 and
SDRL1 values. Similarly, the two-sided THWMAV chart
achieves dominant performance against the two-sided
TEWMAV chart. In detail, when n � 15, λ � 0.05, and δ �

1.1, 1.2, 1.3, 1.4, 1.5, then the upper-sided THWMAV chart
bears the ARL1 and SDRL1 values of 2.31, 1.51, 1.25, 1.13, 1.07
and 2.78, 1.21, 0.76, 0.53, 0.37, respectively, while, the upper-
sided TEWMAV chart achieves ARL1 and SDRL1 values of
9.44, 3.38, 1.96, 1.44, 1.22 and 11.53, 3.92, 1.89, 1.08, 0.68,
respectively (see Table 6). Similarly, for the same n, λ, and δ
values, the ARL1 and SDRL1 for the two-sided THWMAV
chart are 5.56, 2.93, 2.04, 1.61, 1.37 and 6.33, 2.46, 1.52, 1.11,
0.85, respectively, whereas the ARL1 and SDRL1 values of the
two-sided TEWMAV chart are larger, i.e., 14.70, 5.07, 2.72,

1.84, 1.45, and 15.14, 5.20, 2.59, 1.52, 0.98, respectively (see
Table 7). Besides, at n � 15 and λ � 0.1, the EQL � 12.69,
RARL � 1.00, and PCI � 1.00 values of the upper-sided
THWMAV chart indicate a better overall detection ability as
compared to the upper-sided TEWMAV chart because
EQL � 14.64, RARL � 1.15, and PCI � 1.76 of the upper-
sided TEWMAV chart are larger. Correspondingly, the two-
sided THWMAV chart’s EQL � 13.29, RARL � 1.00, and
PCI � 1.00 are smaller relative to the two-sided TEWMAV
chart’s EQL � 16.15, RARL � 1.21, and PCI � 1.53, respec-
tively (see Table 6).

5.4. THWMAV versus HWMAV Charts. Te upper-sided
THWMAV chart achieves superior performance against the
HWMAV chart in terms of minimum ARL1 and SDRL1. For
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Figure 1: ARL plots for the upper-sided THWMAV chart versus upper-sided competing charts when n � 5.
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example, for n � 10, λ � 0.2, and δ � 1.2, the upper-sided
THWMAV chart provides ARL1 � 2.32 and SDRL1 � 2.29,
whereas the upper-sided HWMAV chart provides ARL1 �

8.25 and SDRL1 � 5.94 (see Table 4). Similarly, the two-sided
THWMAV chart also gets excellent detection ability against
the two-sided HWMAV chart in terms of smaller ARL1 and
SDRL1. For instance, at n � 10, λ � 0.2, and δ � 0.9, the
upper-sided THWMAV chart’s ARL1 � 11.12 and SDRL1 �

12.99 are smaller as compared to the two-sided HWMAV
chart’s ARL1 � 32.47 and SDRL1 � 23.41 values (see Table 5).
Moreover, the upper-sided THWMAV chart has a superior
overall performance to the upper-sided HWMAV chart. In
detail, at n � 10 and λ � 0.2, the upper-sided chart has EQL �

13.33, RARL � 1.00, and PCI � 1.00 values, whereas the
upper-sided HWMAV chart’s EQL � 18.06, RARL � 1.36,
and PCI � 2.27 are larger in comparison (see Table 4).
Likewise, the two-sided THWMAV chart reveals improved

detection ability against the two-sided HWMAV chart, as it
ofers smaller EQL, RARL, and PCI values of 15.10, 1.00, 1.00,
as compared to the EQL, RARL, and PCI values for the upper-
sided HWMAV chart, which are: 21.20, 1.40, 1.88 (see
Table 5).

5.5.THWMAV versusDHWMAVCharts. At n � 5, λ � 0.1,
and δ � 1.2, the THWMAV charts achieve better detection
ability than the DHWMAV charts. For instance, the upper
and two-sided THWMAV charts ARL1 and SDRL1 values
are equal to 2.46 and 5.51, and 3.00 and 6.61, respectively,
while upper and two-sided DHWMAV charts ARL1 and
SDRL1 values are 3.69 and 8.13, and 4.65 and 9.27, re-
spectively (see Tables 2 and 3 and Figures 1 and 2). It in-
dicates the inferior performance for the upper and two-sided
DHWMAV charts. In addition, with n � 5, λ � 0.1, the EQL,
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Figure 2: ARL plots for the two-sided THWMAV chart versus two-sided competing charts when n � 5.
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RARL, and PCI values of the upper and two-sided
THWMAV charts are 13.64, 1.00, 1.00, and 16.07, 1.00, 1.00,
respectively, which suggests the better overall detection
ability for the upper and two-sided THWMAV charts
against the upper and two-sided DHWMAV charts that have
the EQL, RARL, and PCI values of 14.79, 1.08, 1.29, and
18.93, 1.18, 1.32, respectively (see Tables 2 and 3).

5.6. Main Findings of the Study. Some essential fndings of
this study can be given as follows:

(i) Te one and two-sided THWMAV charts un-
doubtedly boost the efciency of the process dis-
persion monitoring.

(ii) Te one and two-sided THWMAV charts perform
better against the competing DHWMAV, HWMAV,
TEWMAV, DEWMAV, and EWMAV charts for all
parametric choices.

(iii) Te one and two-sided THWMAV charts reveal
better overall detection ability against the com-
peting DHWMAV, HWMAV, TEWMAV,
DEWMAV, and EWMAV charts.

(iv) Te performance for the one and two-sided
THWMAV charts deteriorates as the value of λ
increases.

(v) Te OC performance for the one and two-sided
THWMAV charts improves as the sample size n

increases.
(vi) Te overall performance for the one and two-sided

THWMAV charts degrades as the value of λ
increases.

6. Application of THWMAV Charts

Tis section analyzes the dataset of the wind station, Dhahran
(26°32′N, 50°14′E, Saudi Arabia), to demonstrate the practical
application of the one and two-sided THWMAV charts. Tis
dataset is considered from the study of Riaz et al. [21], which
addresses the daily power generated by the wind station during
the winter (15 Nov. to 29 Feb. 2020). Table 8 presents the
dataset consisting of 21 subgroups, each of size n � 5. Te A −

D (Anderson–Darling) test determines normal distribution as
a goodness of ft to the dataset. Te A − D test provides the p

value as 0.353, which suggests that the underlying process of
the daily power generating at the wind station follows the
normal distribution having amean of 0 and standard deviation
of 1.1, i.e., N(0, 1.1). Tis means that this dataset can be

regarded as random samples from the IC process having a
standard deviation of 1.1, i.e., σ0 � 1.1. To implement the
upper-sided THWMAV chart, following Riaz et al. [21], the
shift of moderate size, i.e., δ � 1.2, is introduced artifcially in
the dataset at subgroup number 16 so thatOC process standard
deviation σ1 is equal to 1.32. At ARL0 � 200, the design pa-
rameters for the upper-sided THWMAV, DHWMAV,
HWMAV, TEWMAV, DEWMAV, and EWMAV charts are
chosen such as (λ, LTHWMAV) � (0.2, 0.429), (λ, LDHWMAV) �

(0.2, 1.245), (λ, LHWMAV) � (0.2, 2.352),
(λ, LTEWMAV) � (0.2, 1.738), (λ, LDEWMAV) � (0.2, 1.954),
and (λ, LEWMAV) � (0.1, 2.355), respectively. Using these
design parameters, respectively, the upper-sided THWMAV,
DHWMAV, HWMAV, TEWMAV, DEWMAV, and
EWMAV charts are designed, and the statistics THt, DHt, Ht,
TEt, DEt and Et, respectively, are plotted against the subgroup
number t. Te upper-sided THWMAV, DHWMAV,
HWMAV, TEWMAV, DEWMAV, and EWMAV charts are
depicted in Figure 3, which indicates that the upper-sided
THWMAV chart detects OC signal at the 18th subgroup
number, while the upper-sided DHWMAV, DEWMAV, and
EWMAV charts detect the OC signal at subgroup number 21,
21, 19, respectively, and the HWMAV and TEWMAV charts
do not detect any OC signal (see Table 8 and Figure 3). Tis
indicates that the upper-sided THWMAV chart is more
sensitive than the upper-sided competing charts.

Similarly, to construct the two-sided THWMAV chart, the
artifcial shift of size 1.25 is introduced in the dataset at the start
of the process. In this case, theOCprocess dispersion σ1 is equal
to 1.375. At ARL0 � 200, the plotting statistics THt, DHt, Ht,
TEt, DEt, and Et for the two-sided charts are constructed using
the design parameters for the two-sided THWMAV,
DHWMAV, HWMAV, TEWMAV, DEWMAV, and
EWMAV charts, i.e., (λ, LTHWMAV) � (0.1, 1.189),
(λ, LDHWMAV) � (0.1, 1.468), (λ, LHWMAV) � (0.1, 2.517),
(λ, LTEWMAV) � (0.1, 1.792)(λ, LDEWMAV) � (0.1, 1.997),
and (λ, LEWMAV) � (0.1, 2.482), respectively. Te two-sided
charts are depicted in Figure 4, which demonstrate that the two-
sided THWMAV chart triggers the OC signal at the 8th sub-
group number, while the two-sided DHWMAV, HWMAV,
TEWMAV, DEWMAV, and EWMAV charts trigger the OC
signal at the 8th, 11th, 15th, 12th, and 10th subgroup numbers,
respectively (see Table 8 and Figure 4). In addition, the two-
sided THWMAV chart overall triggers 14OC signals, while the
two-sided DHWMAV, HWMAV, TEWMAV, DEWMAV,
and EWMAV charts overall detect 14, 8, 7, 10, and 10 OC
signals, respectively.Tis reveals that the two-sided THWMAV
chart is more sensitive than the two-sided competing charts.
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7. Summary, Conclusions, and
Recommendations

Tis paper introduced the one and two-sided triple
homogenously weighted moving average charts, denoted as

THWMAV charts, to detect the process dispersion shifts.
Te upper-sided THWMAV chart monitors the upward
shifts in the process dispersion. In contrast, the two-sided
THWMAV chart monitors both upward and downward
shifts in the process dispersion parameter. Extensive Monte
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Figure 3: Te upper-sided THWMAV chart versus upper-sided competing charts for wind farm data at λ � 0.1 and δ � 1.2.
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Carlo simulations are used to compute approximate run-
length indicators, such as ARL and SDRL for the one and
two-sided THWMAV charts. Also, to investigate the overall
performance of the THWMAV charts, EQL, RARL, and PCI
measures are computed. A comprehensive comparative
study is performed, and the one and two-sided THWMAV

charts are compared to the competing one and two-sided
DHWMAV, HWMAV, TEWMAV, DEWMAV, and
EWMAV charts. Te comparison demonstrated that the
THWMAV charts have better detection ability than the
competing charts. Finally, the dataset of the wind farm is also
analyzed to support the one and two-sided THWMAV
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charts, which also reveals that the THWMAV charts are
more sensitive in detecting process dispersion shifts. Finally,
several issues are recommended for future studies of the
THWMAV charts. For example, the concepts of the
THWMAV charts can be used with the idea of neutrosophic
statistics [32, 33], in the high-yield processes [34], in mul-
tivariate process cases [35], etc.

Appendix

A. Process Variable and Transformation

Let Xit (i � 1, 2, . . . , n, t � 1, 2, . . .) denote the process
variable having independently identically normal

distribution with mean μ0 and dispersion δσ0, where δ
denotes the amount of shift in process dispersion. When the
process is IC then δ � 1; otherwise, δ < 1 for downward shifts
and δ > 1 for upward shifts. Let Xt � 1/n 􏽐

n
i�1 Xit be the

sample mean and S2t � 1/n − 1􏽐
n
i�1 (Xit − Xt)

2 denote the
sample variance for the tth subgroup having size n; then, for
the IC process, S2t has a chi-square distribution with degrees
of freedom equal to n − 1, i.e., S2t ∼ σ20/n − 1χ2(n− 1). In this
case, according to Quesenberry [28], the transformation
Vt � Φ− 1(G((n − 1)S2t /σ

2
0; n − 1)) is known as the inde-

pendently identically standard normal random variable, i.e.,
Vt ∼ N(0, 1) for t � 1, 2, . . .. So,

E Vt( 􏼁 � 0,Var Vt( 􏼁 � 1,Cov Vt, Vs( 􏼁 � 0, for t � 1, 2, . . . , t≠ s. (A.1)

For the IC process, the expected value of Vt is given as

E Vt( 􏼁 �
1
t

E 􏽘
t

j�1
Vj

⎛⎝ ⎞⎠

�
1
t

E V1 + V2 + . . . + Vt( 􏼁

�
1
t

E V1( 􏼁 + E V2( 􏼁 + . . . + E Vt( 􏼁􏼂 􏼃 � 0.

(A.2)

Similarly, the variance of Vt is given as

Var Vt( 􏼁 �
1
t
2 Var 􏽘

t

j�1
Vj

⎛⎝ ⎞⎠

�
1
t
2 􏽘

t

j�1
Var Vj􏼐 􏼑 + 2 􏽘

j<k
Cov Vj, Vk􏼐 􏼑⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦

�
1
t
2 [1 + 1 + . . . + 1] �

1
t

.

(A.3)

Likewise, the covariance of Vt and Vt− 1, i.e.,
Cov(Vt, Vt− 1), is given as

Cov Vt, Vt− 1( 􏼁 � Cov Vt,
V1 + V2+ . . . + Vt− 1

t − 1
􏼒 􏼓

�
1

t − 1
Cov Vt, V1( 􏼁 + Cov Vt, V2( 􏼁 + . . . + Cov Vt, Vt− 1( 􏼁􏼂 􏼃

�
1

t − 1
[0 + 0 + . . . + 0] � 0.

(A.4)

A1. Mean and Variance of HWMAV Chart. Te plotting
statistic of the HWMAV chart is defned as

Ht � λVt +(1 − λ)Vt− 1. (A.5)

For the stable process, the mean of Ht is given as

E Ht( 􏼁 � E λVt +(1 − λ)Vt− 1􏼂 􏼃

� λE Vt( 􏼁 +(1 − λ)E Vt− 1( 􏼁

� λ(0) +(1 − λ)(0) � 0

(A.6)

(cf. equations A.1 and A.2).
Similarly, the variance of Ht is given as

Var Ht( 􏼁 � Var λVt +(1 − λ)Vt− 1􏼂 􏼃

� λ2Var Vt( 􏼁 +(1 − λ)
2Var Vt− 1( 􏼁 + 2λ(1 − λ)Cov Vt, Vt− 1( 􏼁

� λ2(1) +(1 − λ)
2 1
t − 1

+ 2λ(1 − λ)(0)

(A.7)
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(cf. equations A.1, A.3, and A.4)

� λ2 +
(1 − λ)

2

t − 1
􏼨 􏼩,

or Var Ht( 􏼁 � λ2, if t � 1, Var Ht( 􏼁 � λ2 +
(1 − λ)

2

t − 1
􏼨 􏼩, if t> 1.

(A.8)

A2. Mean and Variance of DHWMAV Chart. Te
DHWMAV statistic DHt is given as

DHt � λHt +(1 − λ)Vt− 1

� λ λVt +(1 − λ)Vt− 1􏼂 􏼃 +(1 − λ)Vt− 1
(A.9)

(cf. equation A.5)

� λ2Vt + 1 − λ2􏼐 􏼑Vt− 1. (A.10)

For the IC process, the mean of DHt is given as

E DHt( 􏼁 � E λ2Vt + 1 − λ2􏼐 􏼑Vt− 1􏽨 􏽩

� λ2E Vt( 􏼁 + 1 − λ2􏼐 􏼑E Vt− 1( 􏼁

� λ2(0) + 1 − λ2􏼐 􏼑(0) � 0

(A.11)

(cf. equations A.1 and A.2).
In the same way, the variance of DHt is given as

Var DHt( 􏼁 � Var λ2Vt + 1 − λ2􏼐 􏼑Vt− 1􏽨 􏽩
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2
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2 1

t − 1
􏼒 􏼓 + 2λ2 1 − λ2􏼐 􏼑(0)

(A.12)

(cf. equations A.1, A.3, and A.4)
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(A.13)

A3. Mean and Variance of THWMAV Chart. Te plotting
statistic for the THWMAV chart is given as

THt � λDHt + (1 − λ)Vt− 1

� λ λ2Vt + 1 − λ2􏼐 􏼑Vt− 1􏽨 􏽩 + (1 − λ)Vt− 1
(A.14)

(cf. equation A.9)

� λ3Vt + 1 − λ3􏼐 􏼑Vt− 1. (A.15)

For the IC process, the mean of THt is given as

E THt( 􏼁 � E λ3Vt + 1 − λ3􏼐 􏼑Vt− 1􏽨 􏽩

� λ3E Vt( 􏼁 + 1 − λ3􏼐 􏼑E Vt− 1( 􏼁

� λ3(0) + 1 − λ3􏼐 􏼑(0) � 0

(A.16)

(cf. equations A.1 and A.2).
Similarly, the IC variance of THt is defned as
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(cf. equations A.1, A.3, and A.4)
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