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In this paper, we consider the stabilization of the coupled heat and wave equations under the static feedback or the dynamic
feedback. Moreover, we make the coupled systems discretized by using the finite-volume approach, and then we consider the
stabilized properties of the discrete systems. First, for the coupled system under the static feedback, it is shown that the system is
exponentially stable by using the Lyapunov method, and then the corresponding discrete system can be shown to be exponentially
stable by constucting the discretized Lyapunov function. Second, for the coupled system under the dynamic feedback, we also show
that both of the system and its discrete scheme are exponentially stable. Third, numerical simulations are given to show the

effectiveness of the stable controllers.

1. Introduction

Over the past decades, a few research have been focused on
the stabilization and convergence properties of the distrib-
uted parameter systems [1]. However, a little progress has
been made in the related research. Until recent years, Tebou
and Zuazua [2] show that, by adding the vanishing numerical
viscosity term, the discretization system of the locally damped
wave equation can be shown to be exponentially stable by
using the discrete multiplier techniques. Moreover, Tebou
and Zuazua [3] solve the problem of stabilization for the dis-
crete wave equation with the boundary dissipation, also by the
discrete multiplier method. Recently, Liu and Guo [4] con-
struct the semi-discretized scheme for the Euler—Bernoulli
beam equation by using the finite-volume approach, and prove
that the discrete system is uniformly exponentially stable by
the discrete form of Lyapunov function. Furthermore, for the
wave equation, Liu and Guo [5] and Liu and Wu [6] show that
the difference scheme also is uniformly exponentially stable by
using the reduced-order difference schemes. The discretization
and stability results of the Schrodinger equation can be found
in [7]. In the paper [8], the authors consider the observability

inequality of the reduced-order difference schemes for the
Schrodinger equation. By the finite difference approach of
order reduction, the exponential stability of the wave equation
with dynamical boundary condition has been researched in
[9]. Until now, the stability of the discretization scheme for
the coupled-partial differential equations has rarely been
involved in the existing literature. In [10], the authors consider
the coupled heat and wave equations under the static and
dynamic feedbacks, where the exponential stability of the cou-
pled system has been proved. Our paper will focus on the
stabilization of the coupled system with other kinds of bound-
ary conditions which follows the proof of the results [10].
Moreover, we will analyze the difference scheme of the coupled
system and the uniformly exponential stability of the discrete
system. And numerical simulations show the effectiveness of
the stable static or dynamic feedbacks.

This paper is organized in five sections. In Section 1,
introduction is elaborated. In Section 2, for the coupled sys-
tem of the heat and wave equation under the static feedback,
we construct the discrete scheme of the coupled system by
the finite-volume method. The exponential stability of the
discrete scheme for the coupled system has been shown
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subsequently. In Section 33, for the coupled system of the
heat and wave equation under the dynamic feedback, we
construct the discrete scheme of the coupled system by the
finite-volume method, and show that the discrete scheme for
the coupled system is exponentially stable. In Section 4, numer-
ical simulation is explained. In the last section (Section 5), we
simulate the states for both of the coupled systems considered
above, and the simulation results show the effectiveness for
both of the stable static and dynamic feedbacks.

2. The Stability Analysis and Discretization of
the Coupled Heat and Wave Equation
under the Static Feedback

In this section, we consider the system of the coupled heat
and wave equations with the static feedback, considered pre-
viously in [10] with the different boundary conditions, which
can be described as follows:

v(x, 1) = v (x, 1), 0<x<1,t>0,
Wy (x, 1) = wy(x, 1), 0<x<1,t>0,
v(0,t) = —w,(0,¢), t >0,

v.(0,1) =w,(0,¢), t >0,

v(1,t) =0, t >0,

wy (1, 1) = —kw,(1,¢), t >0,

where v(x, t) and w(x, t) are the states of the heat and wave
equations, respectively.
The energy space is

X =1%0,1)x H'(0,1) x L*(0, 1), (2)

with the inner product

((h1.f191). (M2, fo. 92))x
— [ (] + £ + 9101309 ) .

(3)
which directly results that
1
1(h.f. 9)% = /O(Ih(x)|2 @) + 1g(x)*)dx.
(4)
The energy of the system (1) is defined as follows:
1 /1
B0 =5 [ 0 0? + w2 +u o 6)
0

According to the Lyapunov function method supplied in
the paper [10], the exponential stability of the system (1) can
be obtained as the following theorem:
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Theorem 1. The system (1) is exponentially stable, that is,

E(t) < e T3'E(0), (6)

iy . o2k 1
leor (l;he positive constant e satisfying 0<e<min {5, 3} and
>0.

Proof. For the energy Equation (5), simple computation shows
that

B(t) = —kw,(1, 1) - / e ()

0

Define the function as follows:

po)= [ Jgvix 0 +xwx ue) .

1
4

0 (1 = x)[wy(x, 1)? + wy(x, t)*]dx.

It can be obtained that
[p(t)] <2E(t) , 9)

and

2
(1) < —%E(t) + il

wy(1, )% (10)

Now we define the Lyapunov function below, for the
positive constant &,

L(t) = E(t) + ¢(t) . (11)
which together with Equation (9) simply give that

(1-2€)E(t) <L(t) < (1+ 2¢)E(t), (12)

for the positive constant ¢ satisfying that 0<e< 1.
From Equations (7), (10), and (11), we have

L(t)<—%E(t) - (k—k2;18>wt(1,t)2, (13)

for the positive constant ¢ satistying that 0<e< kzzil.

Moreover, by using the inequality (12), it is naturally to
get that

4e

O —— (14)

5(1 - 2¢)

for the positive constant 0<e< 3.
Thus, we naturally obtain the exponential stability of the
system (1), that is,
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E(t) <e 7 E(0) (15)
for the positive constant ¢ satisfying that 0 <& <min {;Z 3
and k> 0. 0

Next, we consider the discretization and stabilization of
the system (1). First, we use the finite-volume approach to
obtain the following difference schemes for the system (1).

lJr _L
gl =1,
w, +w’,
]+2 J 2_5ij’ J_l7 ,N,
2 (16)

where in [5]

u,=u,(x;,t), i=0,1,--,N+1,

u! = uy(x;,t), i=0,1,---, N+ 1,
Ui+ Ui
W%:;jf_

Uipr — Ui
= =01 N,
(SJCMH»l 5 ul—l ”i+1 - 2”:‘ + U4

6)%”1' = : h - h2 P

,i=0,1,--N,

5x“i+

i=1,-- N.
(17)

From the studies by Liu and Guo [4, 5, 7, 10], it is shown
that there exists an error between the original system and its

W T W Sawi 4 Sawi h

disretization system which is different from such other dis-
cretization methods as the finite-difference method.

Second, for the system (1), we define its discrete energy as
follows:

Ey(t) =

NIE‘

N
P (e +6a2 +uf2). (9)

which results that

. N
E(t) = —kwiy ,* - hZOéxvj%Z, (19)
f

from the boundary conditions of the system (16).

Finally, we give the following lemma which can be
proved easily by using the boundary conditions of the system
(16). Moreover, the exponential stability of the system (1)
has been shown in the subsequent theorem.

Lemma 1.

N
Z 5x ]+—2' (20)

Theorem 2. The system (16) is exponentially stable, that is to
say,

Ey(t) < e T7'E,(0), (21)

for the positive constant ¢ satisfying 0<e<min {8~ k2+1 .3}
and k>0.

Proof. First, we define the discrete function as follows:

h N ) hN "
)= —Sv.2+
#alt) IOEOV”E j§1] 2

h N ) A | (Wi + Sw;
+10j§1{ <5ij+% + Wi ) —jh 5

By simple computation we can get the inequality

| (t)| < 2E4(2), (23)
|

i h X 2 /2
¢i(t) = ‘EEO‘SXVH% _ng+1 _5 N+1

N

h 2 )
_2120(5 wji1 +wj+% )

2 2 N+15 wN+1

/ / 2
AR L =
. .
|

where Ej,(t) is defined in Equation (18).
Some other computation procedures can tell us the deriv-
ative of the function ¢ (t) as follows:

6wN+1+ Zw O wjy.
5 j=0

5 x

/ / /
(5 wN+_ + wN+1 ) - kwN+15wa+% + wN+%wN+1’



by using the equations and boundary conditions of the

system (16).

2hN k

¢h( ) ZVJ+2

h N 1
2 /2 2 /2 / / /
-3 (ﬁij# tw, ) ) (6wa+% Twy ) — kw1 6,wy T Wy Wy

2 j=0

Then by the Cauchy inequality, we conclude that

4 5(*+1) ,

¢h(t) < _EEh(t) + 3 Wy~ - (26)

Second, for the positive constant ¢, we define the func-
tion as follows:

Ly(t) = Ey(t) + egn(t) (27)

which together with the inequality (23) simply give that

(1-2)E,(t) <Ly,(t) < (1 + 26)Ey(t),  (28)

for the positive constant ¢ satisfying that 0<e< 1.
According to Equations (19), (26), and (27), it is easy to
deduce that

L <-£50 - (k-0 )

which means that

Ly(t) <=—Ey(t) (30)

for the positive constant ¢ satisfying 0 <e< S(kz ) and k> 0.
Therefore, from Equation (28), it is shown that

4e

Eh(t) < —m

Eu(t) , (31)

for the positive constant & satisfying 0 <e<min {5 2
and k>0.
In conclusion, it is naturally to obtain

+1) 3}

E,(t) < e T7'E, (0), (32)

for 0<e<min {5 pamyE 2} and k>0. O
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Moreover, according to Lemma 1, it is easy to get that

3. The Stability Analysis and Discretization of
the Coupled Heat and Wave Equation
under the Dynamic Feedback

In this section, we consider the stability and discretization for
the following system of the coupled heat and wave equations
under the dynamic feedback.

vi(x, 1) = ve(x, 1), 0<x<1,t>0,

W (x, 1), 0<x<1,£>0,

v(0,t) = —w,(0, ), v,(0,¢) =w,(0,¢), v(1,t) =0, >0,
wy(1,t) = —=cTz(t) — kw,(1,¢t), t >0, k>0, c € R™!,
z(t) = Az(t) + bw,(1,t), A€R™" beR™,

wy(x, 1) =

(33)

where v(x,t) and w(x,t) are the states of the heat and
wave equations, respectively, and z(t) € R™! is related to the
dynamic feedback.

The energy of the system (33) is defined as follows:

1
E(t) = %/O(V(x, 1)? + w,(x,1)*)dx + %ZTPZ

t)? + w,(x,

(34)
After simple computation we can get

() = —/1vx(x, £)2dx — yw,(1, 1)

0
—% [\/Z(k -nw(1,t) - qu]z —%ZTQZ,

(35)

by assuming
ATP 4+ PA = —qq" - AQ, (36)
Pb—-c=/2(k-7)q, ’

where the signs A, b,c, k are defined in the system (33),
and P, Q. q,A,y are defined the same as that in [10]. Then
we can acquire the subsequently exponential stability of the
system (33).
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Theorem 3. The system (33) is exponentially stable expressed
as follows:

E(t) < e T E(0), (37)

for the positive constant ¢ satisfying 0<e< 3 and the subse-
quent inequalities

1
—el kK2 +=)>0,

A 2
EZTQZ - 8(5 z'Pz + cTc|z(t)|2> >0.

(38)

Proof. First, we define the Lyapunov function as follows:

11

#e)= [ Jgvle 7 e . "

1 5 2
+E(1 = x)[w,(x, £)* + w(x, t)*]dx.

After some computation we can obtain the following
inequality
y 4 2 T T 2 2 1 2
P(t) < —gE(t) +§Z Pz +clelz(t)]* + | k +E wy(1,t)%,
(40)
by using the boundary conditions of the system (33) and the
definitions (34) and (39).

Second, for the positive constant &, we define the follow-
ing function

L(t) = E(t) + g (1), (41)

on the basis of the definitions (34) and (39).
From the definitions (34) and (41), it is naturally to get
the following inequalities:

(1-2¢)E(t) < L(t) < (1+ 2e)E(1), (42)

for the positive constant ¢ satisfying 0<e< 1.
Third, we can obtain the inequality as follows:

L(t)< —gsE(t) - [y - e<k2 +%>}wt(1, t)?
- [é TQz - 8(% TPz + cTc|Z(t)|2>} ,

2

(43)

by using the boundary conditions of the system (33) and the
definitions (34) and (41),

Since the matrices P and Q are positive definite, the
positive constant & can be chosen as that the following
inequalities are satisfied:

1
—el kK +=]>0
efi Do

A 5 (44)
EZTQZ -¢ (5 z'Pz + cTc|z(t)2> >0,
which together with Equation (43) give that
. 4
L(¢) S—geE(t). (45)
Finally, from Equation (42) it can be shown that
. 4e
E(t) < =——E(t),
(0% 5= 3 EO) (46)

for the positive constant ¢ satisfying 0 <& < 1 and Equation (44).
Therefore, we obtain the exponential stability of the sys-
tem (33) stated as follows:

Ey(t) < e T E, (0), (47)

for the constant ¢ satisfying that 0 <& < 1 and Equation (44).00

Next we consider the discretization and stability of the
system (33). By using the finite-volume approach, we discre-
tize the system (33) as the following discrete system:

Vo+v,
%:5@# j=1,-- N,
w!, +w!,

TR =S j= 1N,

h

Vo = —wy, §xv% = 5Xw% + 5 (V; - wg>, VN1 =0,
e o0+

WL = —C z(t) — kwyy,, +2wN+1’
z(t) = Az(t) + bwy .,

(48)

where the discretization donates have been the same as that
in Equation (17).

For the system (48), we define the discrete energy as
follows:

h 1
2 2 /2 T
5}; (Vﬂ_% + Swj® + W ) +EZ Pz, (49)

Ey(t) =

(=]



by which we can compute that

) N
Ey(t)= —ywly,,? - h}zoéxm;
=

-2 [0 VA=l ]

(50)
- %ZTQz,

according to the boundary conditions of the system (48).
Then, we can obtain the subsequently exponential stability
of the system (48).

w, , +w 10, W;

b)) = L3y Vi1 +hzjh /i Ml
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Theorem 4. The system (48) is exponentially stable, that is,
Ey(t) < e 7' E,(0), (51)
for the positive constant ¢ satisfying that 0<e<3 and the
following inequalities
y —e(2k* +1)>0,
(52)

A 2
EZTQZ - 8(5 TPz + 2cTc|z(t)2> >0.

Proof. First, we define the function of the discrete form as
follows:

it T Wi

10 =0 2

ot { oo -]

It is not difficult to infer the following inequality
IAGIESIAGE (54)

by using the definitions (49) and (53).
Then after some computation, for the function (53), we
can obtain that

. 4 2
du(t) < —gEh(f) +§zTPz + (2k* 4+ D)why, > + 2cTclz(t) 2,

(55)
by using the boundary conditions of the system (48).
Second, we define the following function
Ly(t) = Ex(t) + egn (1), (56)

on the basis of the definitions (49) and (53), for the positive
constant ¢.
Then from Equation (54) it can be shown that

(1-2¢)E,(t) <L(t) < (1 + 26)Ey(t),  (57)

for the positive constant ¢ satisfying 0<e< 1.
Altogether with the definition (56) and the results of
Equations (50) and (55), we have

5 2 N+15 u)NJr]

Wisg + 00y 2+ Wit
2 2 ’

Lalt) < ~SeBa(t) — [y - e2k® + Dl -
58
- [AZTQZ - s(izTPz + ZcTc|z(t)|2>} .

2

2

Since the matrices P and Q are positive definite, we
can choose the positive constant & such that the following
inequalities are satisfied.

y —e(2k* +1)>0,

A 2 59
EZTQz—e( z'Pz + 2cTc|z(1))? >>0, (9)
which together with Equation (58) show that
. 4
Lh(t) S —gé'Eh(t). (60)
Then from Equation (57), it is shown that
. 4e
E <-—E
h(t) = 5(1 — 28) h(t)7 (61)

for the positive constant ¢ satisfying 0 <& < 1 and Equation (59).
Therefore, we have the exponential stability of the system
(48), that is,

Ey() < e T5'E, (0), (62)

for the positive constant & satisfying that 0<e<1 and
Equation (59). 0
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FiGure 2: The states of the coupled system (33) under the dynamic feedback.

4. Numerical Simulation

In this section, we show some numerical simulation results of
the coupled heat and wave equations. And we can find that,
the states of the coupled system have been converged to zero
in certain time interval. The space step is chosen to be 0.02,
and the time step is 0.001. Initial values and parameters have
been given as follows:

wy(x) = 2,

k=1, ¢c=1, A=-1, b=1.

wy(x)=-x, wx)=x>-x> z=1,

(63)

For the coupled systems under the static or dynamic
feedback, we have the states of the coupled systems which
show that, both of the systems with the static or dynamic
feedback are stable illustrated by Figures 1 and 2, respectively.

5. Conclusion

In the paper we consider the stabilization and discretization
of the coupled heat and wave equations. For the coupled
system under the static feedback, we construct the numerical
scheme by the finite-volume approach, and then it is shown
that the discrete system is exponentially stable proven by the
Lyapunov function method. For the coupled system under



the dynamic feedback, the discrete scheme is constructed and
then is shown to be exponentially stable. Numerical simula-
tions are given to show the effectiveness of the stable con-
trollers. The future direction may be related to the different
discrete form of the coupled distributed parameter systems
and the stabilized properties.
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