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Copyright © 2017 José Salvado et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

This paper addresses the problem of vibrations produced by switched reluctance actuators, focusing on the linear configuration of
this type of machines, aiming at its characterization regarding the structural vibrations. The complexity of the mechanical system
and the number of parts used put serious restrictions on the effectiveness of analytical approaches. We build the 3D model of the
actuator and use finite element method (FEM) to find its natural frequencies. The focus is on frequencies within the range up to
nearly 1.2 kHz which is considered relevant, based on preliminary simulations and experiments. Spectral analysis results of audio
signals from experimental modal excitation are also shown and discussed. The obtained data support the characterization of the
linear actuator regarding the excited modes, its vibration frequencies, andmode shapes, with high potential of excitation due to the
regular operation regimes of the machine. The results reveal abundant modes and harmonics and the symmetry characteristics of
the actuator, showing that the vibration modes can be excited for different configurations of the actuator. The identification of the
most critical modes is of great significance for the actuator’s control strategies. This analysis also provides significant information
to adopt solutions to reduce the vibrations at the design.

1. Introduction

The main drawbacks associated with switched reluctance
drives (SRD) are the vibrations and the acoustic noise
produced in its operation, which are relatively higher than
those of the inductionmachines and permanent magnet syn-
chronous drives. This feature is especially relevant for noise
sensitive applications and has received considerable attention
over the past two decades. A plethora of studies exists on
the analysis of origins and characterization of the mechanical
vibrations [1–12], the prediction and mitigation [13–20],
and the emitted acoustic noise [11, 20–23]. The majority of
published works focuses on the rotational configuration of
these type of machines, that is, switched reluctance motor
(SRM) drives.

When compared to SRM, the linear switched reluctance
actuator (LSRA) is a relatively new research and develop-
ment subject. As a result, the known and published works
addressing the vibrations, the force ripple, and the acoustic
noise problem for LSRA are relatively scarce [11, 24–28].
Numerous studies identify the primary sources of the acous-
tic noise as structural vibrations, radiated from the stator,
shaft, and bearings and induced by the generated forces.
These vibrations vary with the load or the step voltage.
Accordingly, several methods have been proposed for either
active noise cancellation or new control and optimal driving
strategies. For the acoustic noise mitigation, some studies
focus on the prediction and characterization of the vibrations.
Consequently, several models have been formulated based on
the finite element method (FEM), as an alternative to
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analytical or experimental methods, namely, the hammer
test method. Among the reasons that explain the use of
FEM are the improvements in computational tools and their
performance and also the associated capacity to develop
complex mechanical models and achieve high accuracy with
the results.

The operation of switched reluctance drives is based on
the inductance profile of the machine coils, 𝐿 𝑠(𝑥), which is
related to the relative positions of its parts and its dimensions.
The operation of a three-phase LSRA is based on the same
principle as that of SRMand requires the sequential activation
of phase coils a, b, and c [29]. If the poles of the stator and
the teeth of the translator (or rotor) for any phase are at
the unaligned position, the inductance reaches its minimum
value. When a phase is activated, the electric current flowing
through the coil induces an electromagnetic force that causes
the moving parts to move towards the maximum inductance
position (minimum magnetic reluctance), that is, to the
aligned position. If the movement continues the inductance
decreases with the misalignment, due to the increase in
the relative displacement towards the minimum inductance.
Assuming ideal conditions, the excitation current in the
phase coil produces an electromagnetic motoring force that
is expressed as [29] (pp. 22)

𝐹𝑒𝑚 = (𝐼𝑚)22 ⋅ 𝑑𝐿 𝑠 (𝑥)𝑑𝑥 , (1)

where 𝐼𝑚 is the peak value of the coil excitation current, 𝑖𝑠.
At the same time, due to the continuous displacement, regen-
erative forces, 𝐹𝑒𝑟, occur in the regions adjacent to the full
alignment position, such that 𝐹𝑒𝑟 = −𝐹𝑒𝑚, which are related
to the negative variation of the inductance in phase coils b and
c, respectively. In general, the regenerative forces superim-
pose to the motoring force. Repeated activation of the phases
in sequence abcmoves the translator forward and backwards
when the sequence acb is activated. The smoothness of the
displacement of the translator depends on the switching
positions of the phases, on the duty cycle of the excitation,
on the electronics converter topologies, and on the control
mode strategies.

In real applications, there are imperfections and nonlin-
earities associated with the inductance profile; besides, the
driving currents do not vary linearly either. Moreover, for a
given force, the desired excitation current values are achieved
by the switching process of the electronics converters and
the control strategies, usually modeled by a pulse width
modulation signal. The switching regime causes variations to
the current that foster ripple in the produced forces.Thus, the
nature of the forces generated during the LSRA operation is
susceptible to generating vibration whose magnitude can be
amplified, especially in the vicinity of the natural frequencies
of structural vibrations. The natural modes, the resonant
frequencies, and the characteristics of the induced acoustic
noise influence or restrict the use of machines, with direct
consequences for human well-being and health [30]. On the
other hand, the mechanical vibrations are particularly rel-
evant when precise movement is a requirement and can
compromise the application of the actuator.

The sources of vibrations and the acoustic noise in LSRA
are primarily the same as for the rotational configuration,
due to their common modes of operation. However, the
characteristics of the vibrations in electromechanical linear
actuators evidence some unique features. Firstly, the natu-
ral modes depend on the structural characteristics of the
actuator, which vary according to the relative position of the
moving parts. Secondly, while vibrations are usually periodic
in rotational configuration, in linear actuators the vibrations
are periodic only if the excitation forces and the translation
movements are periodic. This phenomenon occurs due to
linear displacements in this type of machine, rather than
angular movement in the rotational configuration. Also, the
vibrations tend to be localized, and the associated displace-
ments depend on the position and the structural config-
uration. Moreover, the finite length of the machine parts
influences the propagation of the mechanical waves along
the structure. The reflections at both ends interfere along the
actuator structure, forming a stationary wave.

The vibrations and the emitted acoustic noise are directly
connectedwith structural aspects of the actuator and its char-
acteristics related to the properties and the dimensions of the
materials used. These characteristics dictate the mechanical
vibration behavior of the machine and are not an easy issue
to deal with from the analytical point of view, in part due
to the difficulties encountered in modeling the mechanical
structures. Among the structural differences between the
rotational and linear configurations of SRD, one canmention
the finite length of both the stator and the translator of the
latter. On the one hand, the complexity of the mechanical
model demands attention to the distribution of masses
according to the different positions of the translator. On the
contrary, the elastic model denotes results in an increase in
complexity, and its analytical solutions are hard to obtain
and might be not accurate enough. For these reasons, it is
common to use computational simulation tools based on the
finite element method (FEM) to model these structures.

The FEM is essentially a discretization technique and
approximationmethod formodeling the distributed parame-
ter systems that correspond to its decomposition into several
finite elements or building blocks, equivalent to a system
discretization technique. When applied to linear systems, the
finite element analysis (FEA) allows finding the approximate
solutions to the differential equations that describe the
physical model [31, 32].

This paper presents a simulation study based on the
finite element method to obtain the structural vibration
modes and frequencies of an LSRA. The focus relies on
frequencies within the range up to nearly 1.2 kHz. This band
includes the vibration modes considered most relevant and
critical to the actuator operation, according to the operation
modes as forces profile of the actuator [17, 33]. Moreover, it
complements preliminary results of simulations and exper-
iments for frequencies up to 300Hz [26]. The primary
objective of this work is to collect data and establish a frame-
work to characterize the linear actuator fully, regarding the
vibrations modes induced due to the regular operation of the
machine. Due to the lack of a priori knowledge regarding
vibrations, we build a 3D model of the structure and use
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Figure 1: General view of the real LSRA considered in this study.

3D FEM simulation software to find the natural vibration
frequencies. The data obtained support the characterization
of the linear actuator focusing on the excited vibrations
and mode shapes. The results reveal abundant modes and
harmonics and the symmetry characteristics of the actuator.
These findings help to identify the vibration modes that
can be excited for different configurations of the actuator,
according to the position of its moving parts. The gathered
information serves to improve the control of the actuator by
avoiding excitation regimes with frequencies near its natural
vibration frequencies. It also provides a tool for choosing the
configuration of the actuator at the design stage towards the
tackling of vibration issues.

The rest of the paper is organized as follows. Section 2
refers to the description and characterization of materials
used in the construction of the linear actuator and the three-
dimensional mechanical model. The analysis of vibrations
by the finite element method is applied in Section 3. The
results obtained from FEM simulations are presented and
discussed in Section 4 and verified by experimental results
in Section 5. Finally, Section 6 addresses the key findings and
the conclusions.

2. Characterization of the LSRA and Its 3D
Mechanical Model

The LSRA that supports this study has been developed
and built aiming to analyze and validate the application of
variable switched reluctance technology for high precision
applications [31, 32]. Figure 1 presents its structural overview.

The LSRA of Figure 1 has a total mass of 57 kg and
contains around 180 parts bonded and screwed. Its most
relevant physical dimensions (in mm) are total length of
2000, width of 500, and height of 250. The LSRA parts are
mainly profiled frames of aluminum alloy 6060-O (AlMgSi
0.5F25) manufactured by Bosch Rexroth [33], except those
directly related to the magnetic circuit of the actuator which
are of carbon magnetic steel. The primary section of the
actuator includes three subassemblies that correspond to each
one of its phases and includes aluminum parts for fastening
and support and steel parts in the magnetic circuit. Each
subassembly includes the coil, encompassing 1092 turns of
AWG-20 copper wire and the respective coil core plates
and the poles of each phase of the primary. Both the core
coil and the phase poles are unique nonlaminated pieces of
carbon steel S235-JR, according to EN 10025 (ST37-2 under
DIN 17100) with 10mm thickness. The secondary is also

a unique nonlaminated piece of S235-JR steel with 20mm
thickness (maximum). The top face has regularly distributed
longitudinal cavities with 20mmof length and 5mmof depth
interleaved with 10mm wide saliences, forming the teeth.
The linear ball guide rails are chromium-plated stainless
steel bars; the precision runner blocks associated with the
platforms and the locking parts are of stainless steel and
composite materials.

To use the FEM to estimate the natural frequencies and
the respective mode shapes, we draw the 3D mechanical
model of the main subassemblies that constitute the LSRA
using SolidWorks 2013, namely, the base and platforms sub-
assemblies, as depicted in Figures 2(a) and 2(b), respectively.
The first includes the bar that constitutes the secondary of
the magnetic circuit, and the later incorporates the parts of
the primary, namely, the coils and teeth for each coil and
the auxiliary platform. For the final assembly, the platforms
subassembly is mounted on top of the base subassembly,
thus being capable of performing linear motion across the
guide rails due to the fitted runner blocks, thus forming the
translator. An example of the magnetic circuit assembly is
depicted in Figure 3 showing the relative positioning of the
poles of the primary and the teeth at the secondary.

However, both platforms at the translator can move
independently. Therefore, it increases the complexity of the
problem significantly, due to the high variety of possible
mutual positioning of the two platforms. To simplify the
problem, we consider the primary and auxiliary as joint
pieces behaving as solidary parts. To evaluate the modal
frequencies of the LSRA, we consider five different final
assemblymodels, each one regarding a particular position for
the platforms assembly. For each position, we assume regular
displacements of 375mm for its symmetry axis concerning
the position aligned with the rightmost end allowed by the
guide rail course, which is 1900mm, as depicted in Figure 4.
This configuration corresponds to position P1, as shown in
Figure 5(a).

In this position (P1), the outer ridges of the platform
plates are aligned with the end face of the rail guide and the
displacement of that point is null. Therefore, position P1 is
here considered as a reference to the positioning of platforms.
For the remaining four cases, we consider regular displace-
ments of 375mm on the transversal axis that crosses the
geometric center of the platforms.The center is defined by the
axis of symmetry of the two platforms subassembly, accord-
ing to the top plane and the direction orthogonal to that of
the (longitudinal) displacement.This axis is orthogonal to the
direction of the movement, located at the top plane and is
200mm distant from the outer ridges of the platform that is
also the ending face of the guide rail.

This way, at position P3, the symmetry axis of the
platform is aligned with the longitudinal center axis of the
actuator base subassembly as illustrated in Figure 5(b). In
positions P2 and P4, the displacement courses of the plat-
forms subassembly to the nearest outer ridges are identical. At
the leftmost position allowed for the movement of the LSRA
platforms, the outer ridges reach alignment to the end of
the rail guide that corresponds to position P5. This position
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(a) (b)

Figure 2:The twomain LSRA 3Dmodel assemblies: (a) isometric view of the base parts (longitudinal and transversal bars) and the secondary
of magnetic circuit (bar mounted in the middle mounted over transversal bars); (b) perspective view of the platforms subassembly showing
the three coils and teeth of the primary of magnetic circuit (some parts shown in wire frame view for reading purposes).

Figure 3: Front view of magnetic circuit parts at P1 (poles of phase b aligned with the secondary teeth).

P4 P1P2P3P5

Axis of symmetry of the platforms assemblyRail guide bar Platforms assembly

400 mm

400 mm

400 mm

400 mm 400 mm

375mm375mm375mm375mm

1900 mm

Figure 4: Scheme of platforms positions for regular distribution along the top rail guides course.

(a) (b)

Figure 5: An example of the LSRA configurations regarding the positions of the platforms: (a) at P1, thus aligned at the rightmost end; (b) at
P3, aligned with the symmetry axis (base and platforms).
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corresponds to a displacement of 1500mm to the reference
point, that is, P1.

Observing Figures 2 and 3 one can notice that only
the base subassembly possesses symmetry as both platform
subassemblies are not symmetric.Therefore, the aligned plat-
forms subassembly is also not symmetric. The effect is trans-
ference of the center of mass of the actuator for each one of
its positions. Consequently, the modal frequencies expected
for positions P1 and P2 and positions P2-P4 differ from
those obtained for their counterpart positions, P5 and P4,
respectively.

3. Principles of Vibrations, Modal Analysis,
and FE Simulation

Most vibrations and acoustic noise problems in machinery
are functions of both the forces and the systemcharacteristics,
and its modes depend on structural aspects, material proper-
ties, and the boundary conditions. The structural complexity
and the interconnection of parts often lead to models corre-
sponding to multiple-degrees-of-freedom (MDOF) systems.

3.1.Multiple-Degrees-of-FreedomSystems. Theclassical struc-
tural dynamics theory uses Newton’s laws of motion to
describe the oscillatory phenomenon. In systems formed by a
set of interconnected masses acting through a network of
springs and dampers, with viscous damping, submitted to a
steady-state sinusoidal excitation upon the action of external
forces, the number of independent coordinates defines the
number of DOF. The overall system response for MDOF
systems, using matrix notation, is given by the motion equa-
tion for MDOF damped systems [31] as

[𝑀] ⋅ [�̈�] + [𝐶] ⋅ [�̇�] + [𝐾] ⋅ [𝑥] = [𝐹] . (2)

Here 𝑥 represents the displacements of masses to a ref-
erence initial point, �̇� the velocities, �̈� the acceleration, and𝐹 the external forces, organized as column-wise arrays. The
inertia (mass), damping, and stiffness coefficients are rep-
resented through square symmetric matrices [𝑀], [𝐶], and[𝐾], respectively, whose dimensions depend on the number
of degrees of freedom of the system. The off-diagonal coeffi-
cients of matrices [𝑀], [𝐶], and [𝐾], are the coupling terms
that depend on the configuration of the system.

3.2. Lagrange’s Equations of Motion. An alternative to New-
ton’s laws of motion termed Lagrange’s equation consists in
describing themotion based on the energy equilibrium in the
system [32] (pp. 2.30–2.32), considering the total kinetic 𝐸kin
and potential 𝐸pot energies, expressed as

𝑑𝑑𝑡
𝜕 (𝐸pot − 𝐸kin)𝜕�̇�𝑖 − 𝜕 (𝐸pot − 𝐸kin)𝜕𝑥𝑖 = 0

𝑖 = 1, 2, . . . , 𝑛,
(3)

where 𝑖 refers to generalized coordinates. The kinetic energy
considers all coordinates 𝑖 associated with the system; the

total potential energy is stored in the springs due to compres-
sion and displacement Δ𝑥 with respect to an initial position
[31] (pp. 294–301). For 𝑛-DOF systems, Lagrange’s equation
is
𝑑𝑑𝑡 (𝜕𝐸kin𝜕�̇�𝑘 ) − 𝜕𝐸kin𝜕𝑥𝑘 + 𝜕𝐸pot𝜕𝑥𝑘 + 𝜕𝐷𝑅𝜕�̇�𝑘 = 𝑄𝑘

𝑘 = 1, 2, . . . , 𝑛,
(4)

where 𝑥𝑘 is a generalized displacement coordinate; �̇�𝑘 is the
velocity at the generalized coordinate; 𝐷𝑅 is Rayleigh’s dissi-
pation functionwhich represents the energy losses associated
with the dumpers; and 𝑄𝑘 is relative to the generalized non-
conservative forces. For each element of order 𝑘 the quadratic
forms of kinetic and potential energies and Rayleigh’s dissipa-
tion function can be represented using matrix notation as

𝐸kin = 12 ⋅ [�̇�]𝑇 ⋅ [𝑀] ⋅ [�̇�] , (5)

𝐸pot = 12 ⋅ [𝑥]𝑇 ⋅ [𝐾] ⋅ [𝑥] , (6)

𝐷𝑅 = 12 ⋅ [�̇�]𝑇 ⋅ [𝐶] ⋅ [�̇�] . (7)

Therefore, considering small displacements with refer-
ence to the equilibrium points (𝑥𝑘 ≈ 𝑥𝑒𝑘), the linearized
Lagrange’s equation is given by

[𝑀] ⋅ [�̈�𝑘] + [𝐶] ⋅ [�̇�𝑘] + [𝐾] ⋅ [𝑥𝑘] = [𝑄𝑘] . (8)

It follows that (2) and (8) have a similar representation.

3.3. Theories of Dynamics for Vibrations Analysis in Bars and
Plates. Themost common approaches to study bars or plates
dynamics are that of Euler-Bernoulli and Rayleigh and Timo-
shenko [32] (pp. 7.19–7.35).Through thesemethods, the forces
acting on the system can be derived from Lagrange’s equa-
tions although with some limitations; for example, they do
not allow for the variation of the bar cross-section when it
occurs due to the torsion. Furthermore, due to numerical
issues, the accuracy of the Euler-Bernoulli method is consid-
ered fair for the first dozen vibration modes [34] but not for
higher order modes. Meanwhile, even with these limitations,
the first linear approximation analytical method is quite
adequate to study the vibrations of uniform bars and find
its mode shapes. According to the Euler-Bernoulli approach,
applied to orthogonal modes, the equation of motion for a
freely vibrating uniform bar with generalized coordinates is a
function of displacement and time, expressed as

𝐸𝐼𝜕4𝑤𝑖 (𝑥)𝜕𝑥4 + 𝜌𝑆𝑆𝜕2𝑤𝑖 (𝑥, 𝑡)𝜕𝑡2 = 0. (9)

In (9) 𝐸, 𝐼, 𝜌𝑆, and 𝑆 are, respectively, Young’s modulus,
the second moment of inertia, the density (mass/area), and
the cross-sectional area of the bar. Using the Fourier method
the deflection function can be expressed in the form

𝑤𝑖 (𝑥, 𝑡) = ∑
𝑖

𝑊𝑖 (𝑥) ⋅ 𝑇𝑖 (𝑡) , (10)
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so that 𝑇𝑖(𝑡) is a time-harmonic function with solution

𝑇𝑖 (𝑡) = 𝐴 ⋅ cos (𝜔𝑖𝑡) + 𝐵 ⋅ sin (𝜔𝑖𝑡) . (11)

Moreover, the displacement function 𝑊𝑖(𝑥) satisfies the
expression

𝑑4𝑊𝑖 (𝑥)𝑑𝑥4 = 𝜅4𝑖 ⋅ 𝑊𝑖 (𝑥) , (12)

where 𝜅𝑖 is the flexural wavenumber given by

𝜅4𝑖 = 𝜔𝑖 ⋅ 𝜌𝑆 ⋅ 𝑆𝐸 ⋅ 𝐼 𝑖 = 1, 2, . . . , 𝑛. (13)

Considering the existence of time-harmonic motion, the
general solution of (11) is a linear combination of trigonomet-
ric and hyperbolic functions representing the propagating
and evanescent waves [34], respectively, expressed as

𝑊𝑖 (𝑥) = 𝐴 𝑖 ⋅ sin (𝜅𝑖𝑥) + 𝐵𝑖 ⋅ cos (𝜅𝑖𝑥) + 𝐶𝑖
⋅ sinh (𝜅𝑖𝑥) + 𝐷𝑖 ⋅ cosh (𝜅𝑖𝑥) . (14)

Here 𝐴 𝑖, 𝐵𝑖, 𝐶𝑖, and𝐷𝑖 are constants that depend on the
configuration and the boundary conditions of the bar.

The Euler-Bernoulli method and the above formulation
can be used for vibrating beams (or bars) with transversal dis-
placement resulting from external excitation forces, either for
single supported bars or for multisupported bars, in this case
considering 𝑠 − 1, bar segments, if the bar has 𝑠 supporting
points. Hence, considering transversal excitation and normal
modes and using (13), one can obtain the frequency of
vibration for the 𝑖thmode of a bar with length 𝐿𝐵 and simply
supported ends in the form [32] (pp. 7.25)

𝜔𝑖 = (𝑖 ⋅ 𝜋)2𝐿𝐵2 √ 𝐸 ⋅ 𝐼𝜌𝑆 ⋅ 𝑆 𝑖 = 1, 2, . . . , 𝑛. (15)

Alternatively, for higher order modes, one can estimate
the frequency of vibration for the 𝑖th modes of the same bar
using the expression [35]

𝜔𝑖 = 𝜋2 ⋅ (2 ⋅ 𝑖 − 1)2
(2 ⋅ 𝐿𝐵)2 √ 𝐸 ⋅ 𝐼𝜌𝑆 ⋅ 𝑆 𝑖 ≥ 3. (16)

However, when used for 𝑖 = 1 and 𝑖 = 2 its results may
have 20% to 30% of error [35].

The classical dynamics for vibrations on plates also con-
siders transversal forces applied to the surface of the plate. For
rectangular uniform plates, the mode shapes functions are
harmonic through the orthogonal coordinates and in the
form

𝑤 (𝑥, 𝑦, 𝑡) = 𝑤 (𝑥) ⋅ 𝑤 (𝑦) ⋅ 𝑒𝑗𝜔𝑡. (17)

The frequency of vibrations depends on the particular
configuration of the plates and their boundary conditions.
Thus, the formulation of the plates’ vibrations is rather com-
plex than for the Euler-Bernoulli beam. Hence, the bibliog-
raphy includes tables specifying the development of the vibra-
tion frequencies for plates according to its geometry config-
uration, for example, in [36] (pp. 41–159).

3.4. Modal Analysis and the Finite Elements Method. The free
vibration solution for undamped systems is termedmode and
corresponds to a standing wave where all points move at the
natural frequency with some phase relation. Thus, each par-
ticular eigenvalue, 𝜆𝑟, corresponds to the undamped natural
frequencies and the eigenvectors, [𝜓𝑟], contain information
on the mode shapes associated with those frequencies.
Because modes have a weighted orthogonality property [31]
(pp. 309-310) and the mass, stiffness, and damping matrices
are in general Hermitian, it is possible to perform matrix
diagonalization and obtain their eigenvectors, therefore sim-
plifying the problem. Therefore, in real systems, one can
consider proportional damping as a linear combination of the
mass and stiffness matrices [37] and perform the decouple of
MDOF systems into modal coordinates. Hence, the equation
of motion can be expressed inmatrix notation using the form

[𝑀𝑟] ⋅ [�̈�𝑘] + [𝐶𝑟] ⋅ [�̇�𝑘] + [𝐾𝑟] ⋅ [𝑥𝑘] = [𝜓]𝑇 ⋅ [𝑄] , (18)

where

[𝑀𝑟] = [𝜓]𝑇 ⋅ [𝑀] ⋅ [𝜓] , (19)

[𝐾𝑟] = [𝜓]𝑇 ⋅ [𝐾] ⋅ [𝜓] , (20)

[𝐶𝑟] = 𝛼 [𝑀𝑟] + 𝛽 [𝐾𝑟] = [𝜓]𝑇 ⋅ [𝐶] ⋅ [𝜓] . (21)

Each row in (18) corresponds to a single-degree-of-
freedom (SDOF) systemwhose equation ofmotion considers
its modal parameters: mass, damping, and stiffness. The
undamped natural frequency and the damping coefficient at
mode 𝑟, respectively, are given by

𝜔𝑟 = √ 𝑘𝑟𝑚𝑟 , (22)

𝑐𝑟 = −2 ⋅ 𝜎𝑟 ⋅ 𝑚𝑟. (23)

The application of Lagrange’s equation to MDOF systems
requires the selection of a set of independent coordinates
and successive differentiation on each one. Hence, the finite
element analysis (FEA) corresponds to decomposition into
several building blocks and finds the approximate solutions to
the differential equations that describe the model. This pro-
cedure is equivalent to a system discretization technique that
collects the overall system response as a linear combination
of SDOF system responses.

Themajority of the LSRA partsmodel are bars (or beams)
either longitudinal or transversal. Regarding the frequency
analysis, the bars act as supported-supported or supported-
free bars. The remaining parts of the LSRA include uniform
bars with multiple supports along its axis, uniform plates.
There are also some nonuniform bars and plates and a few
other parts with special configuration. The analysis of bars
can be carried out using Euler-Bernoulli or Timoshenko
approach; for plates, one can look at the information provided
by [36]. However, the multiplicity of parts, their singular geo-
metric configuration and interconnections, and the different
materials used increase the complexity of analytical methods.
These features suggest the use of FEM simulation tools as a
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Figure 6: Partial detail view of the resultant mesh elements.

more efficient tool for vibration prediction and analysis of the
LSRA structure. These are the most significant vibration
modes that can be excited during the regular operations of
the actuator.

We use the SolidWorks 2013 built simulation tools to per-
form the FEM frequency analysis study. The global contacts
of the actuator parts are considered ideal and set as bonded
with no clearance and no penetration allowed among parts.
To optimize the simulation results we consider the following:

(i) Curvature based mesh, Jacobian 4 points
(ii) Fine density, with size elements among 1.2mm (min)

and 12mm (max)
(iii) 1.6 element growth ratio and, at least, eight elements

to describe circles

This configuration preset before FEA leads to a high-
quality mesh, whose detail view is presented in Figure 6.

The number of elements is approximately 1,221,800; the
total number of nodes is roughly 2,226,200, and the number
of degrees of freedom for 3D coordinates is ∼6,678,700. The
elements having an aspect ratio less than 3 correspond to 28%
and 8% have an aspect ratio greater than 10.

4. Analysis of Vibrations and
Discussion of Results

Based on preliminary experiments [26], the FEA study on the
3D model has been performed for frequencies up to 1.2 kHz,
which encompasses a set of 80 vibration frequencies and
modes per each position of the platforms, one setting a
singular configuration for the actuator. Then five scenarios
corresponding to positions P1 to P5 are evaluated. Due to the
high number of degrees of freedom, the FFEplus solver built-
in SolidWorks 2013 is selected, as recommended for DOF
greater than 100,000 [36].This solver uses an iterative integra-
tionmethod to find the solutions and evaluates the individual
errors in each iteration; when the latter are small enough,
the final settlement is assumed stable. However, when
compared to the direct method, the gain in accuracy is also
associated with higher computational costs. For example,
with the iterative process, the time spent withmesh construc-
tion and simulation is around 30 hours on a PC equipped
with an Intel Core 2 Duo E7500 CPU@ 2.93GHz, 6GB RAM
DDR3 @ 1.333Mbps (36 ns), and running Windows 7 Pro 64

bit operating system.The computational time remains similar
for each model considered in this paper.

The results obtained from FEA simulation indicate that
the first six frequencies, as expected, are not excited and
correspond to rigid body vibration modes. Accordingly, the
first significant modal frequency is that of mode 7, in a set of
74 modes whose frequencies range from nearly 60Hz up to
approximately 1.2 kHz, as indicated in Table 1.

In Table 1 it is noticeable that, for a givenmode, the vibra-
tion frequencies for all considered positions are rather close
to each other. For each configuration, it is also observable that
the differences among sequential modal frequencies denote
small variations. The average modal frequency interval is∼15Hz in each position, but the minimum value can be as
small as 1 or 2Hz (e.g., modes 41 and 42 or modes 57 and 58,
all for P1). Moreover, for adjacent modes at different places,
the frequencies can have equal or close values (e.g., mode 24-
P2 versus mode 23-P3, and mode 26-P3 versus mode 27-P4).
That means that a typical vibration frequency can occur due
to the excitation of differentmodes in different positions (see,
e.g., mode 36 for all positions).

Due to the complexity of the actuator model, the inter-
connection among its various parts and subsystems, and
the different material used, the information in Table 1 is
not sufficient to describe the vibrations. Since each mode
corresponds to a dominant vibration associated with any part
or subassembly, it is important to look at the shapes of every
vibration mode. Moreover, this is also important to evaluate
the overall vibration modes of the LSRA, to associate its
origins to specific parts or subassemblies, and to establish
possible correlations among vibration modes.

Figures 7–9 illustrate themode shapes associated with the
first vibration mode (mode 7), in all the cases examined in
the FEA study. These consider a given position and its quasi-
symmetric counterpart. Note that the images showing the
displacements are not true scale.This serves solely to illustrate
the most significant displacements for each particular mode.
The mode shapes for positions P1 and P5 are antisymmetric
and mostly related to torsional displacements of the outer
top bars and the guide rails as shown in Figures 7(a) and
7(b). Assuming the view from left to right as a standard
reference observation point for both positions, the free end
of the machine bends clockwise, in either case. A similar
phenomenon occurs for positions P2 and P4, as illustrated
in Figures 8(a) and 8(b). However, because the distance from
the platforms assembly to the opposite end is lower in this
configuration pair, the natural frequencies denote higher
values than for positions P1 and P5. Regarding the vibration
frequencies and the respectivemodal shapes and symmetry of
displacement, one can observe that the above configurations
act as pairs.

The next mode (mode 8) corresponds to vertical bending
of the assembly, with higher displacement through the direc-
tion YY at the ends opposite to the position of the platform.
That displacement is more evident at the outside bars for the
configuration pair formed byP1 andP5, as depicted in Figures
9(a) and 9(b), respectively. Also, as referred to the previous
situation, the same occurs for positions P2 andP4, as depicted
in Figures 10(a) and 10(b). In both configuration pairs, the
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Table 1: Vibration modes and modal frequencies for the various
configurations of the LSRA.

Mode Modal frequency [Hz] versus position
P1 P2 P3 P4 P5

7 67.27 76.28 83.29 74.61 66.01
8 114.87 114.17 106.91 118.36 109.36
9 142.51 133.31 107.96 138.45 137.60
10 175.52 177.25 160.38 171.51 169.90
11 178.47 179.63 196.18 182.10 182.00
12 183.65 185.91 197.18 182.45 192.84
13 192.06 201.20 226.10 198.15 200.20
14 229.72 224.95 230.46 238.03 225.43
15 231.05 233.81 232.35 246.26 226.41
16 236.11 259.79 245.62 252.00 255.63
17 274.10 265.99 267.98 259.09 262.99
18 274.91 279.29 273.38 270.31 263.02
19 281.26 283.36 292.65 273.30 275.82
20 303.34 301.70 302.01 307.98 291.95
21 310.76 321.30 315.90 323.20 308.80
22 312.01 324.63 327.19 329.68 310.67
23 319.94 328.67 340.17 352.62 317.89
24 349.18 340.87 362.89 362.49 342.96
25 364.52 370.28 378.78 366.22 359.26
26 391.72 385.72 389.39 386.77 381.77
27 393.39 393.52 393.81 389.74 393.49
28 401.67 412.83 407.88 393.64 406.28
29 408.05 420.30 424.48 421.56 417.87
30 445.86 444.34 426.82 439.16 446.51
31 460.64 458.13 435.21 441.77 452.72
32 464.62 459.81 456.88 457.06 460.14
33 482.12 487.30 485.02 475.41 480.11
34 507.97 496.05 493.11 484.32 506.62
35 517.11 527.82 515.21 520.72 512.55
36 535.53 533.21 533.67 532.07 535.51
37 561.94 536.65 538.69 536.41 560.46
38 568.90 551.58 548.22 563.17 562.32
39 571.76 567.72 569.77 567.49 568.75
40 609.09 609.74 612.87 600.96 591.67
41 613.01 610.56 614.68 604.45 600.87
42 615.40 624.14 619.41 608.78 613.52
43 621.15 626.46 643.78 620.90 619.89
44 634.65 639.41 645.83 630.18 626.45
45 662.12 665.16 665.34 667.32 657.52
46 665.74 669.92 670.00 676.08 662.39
47 695.07 680.66 687.96 710.79 697.82
48 717.80 711.29 693.04 715.30 712.50
49 719.58 722.00 722.81 730.42 716.95
50 771.81 734.63 723.35 753.20 774.08
51 777.30 751.39 739.10 758.43 774.58
52 802.04 765.50 776.09 771.82 785.75
53 811.87 773.29 782.28 791.84 796.68
54 823.95 790.16 787.46 798.80 798.92
55 843.90 855.28 855.32 842.78 850.71

Table 1: Continued.

Mode Modal frequency [Hz] versus position
P1 P2 P3 P4 P5

56 854.42 857.70 856.25 852.88 854.40
57 861.35 860.09 866.13 855.39 861.48
58 862.94 866.28 871.96 862.52 862.03
59 872.50 874.73 884.33 865.95 875.46
60 884.03 885.25 896.82 879.15 883.83
61 894.59 889.17 900.29 901.25 888.56
62 904.18 908.11 925.20 905.52 901.65
63 907.09 922.27 944.63 916.35 903.47
64 940.11 931.39 956.41 922.45 943.24
65 945.23 933.20 971.06 931.89 947.01
66 973.89 959.63 972.38 953.58 969.49
67 981.11 976.12 980.79 975.14 972.52
68 985.77 979.01 982.52 978.04 981.10
69 1013.00 983.15 1002.40 983.45 1008.80
70 1027.30 1013.60 1020.20 1015.80 1025.60
71 1055.90 1031.80 1051.40 1022.00 1028.60
72 1079.60 1054.90 1064.70 1056.40 1061.40
73 1090.60 1084.70 1068.20 1090.80 1089.40
74 1119.80 1090.90 1092.60 1113.80 1092.20
75 1136.30 1095.90 1116.80 1116.20 1135.90
76 1140.20 1141.30 1134.80 1133.80 1146.40
77 1161.70 1153.30 1144.70 1146.70 1159.10
78 1164.20 1177.90 1145.30 1158.50 1172.50
79 1175.10 1196.30 1191.60 1184.80 1180.90
80 1193.40 1220.90 1230.20 1216.10 1194.50

displacement of the structure is upwards and occurs at the
nearest ends with respect to the positions of the platforms.

At position P3, the platforms are aligned with the middle
point with the center axis of the LSRA base structure.
Therefore, both ends are equidistant to that position, as
shown in Figure 5(b). However, as the center of mass is not
fully aligned with the middle point of the actuator, there is a
tendency for torsional displacement, and the antisymmetric
behavior is present and noticeable. Figures 11 and 12 show the
modal shapes for the first four useful modes (modes 7 to 10)
for comparison.

From Figures 11(b) and 12(a), respectively, it is noticeable
that, for modes 8 and 9, although with identical frequency,
the displacements are complementary with reference to the
middle region. The mode shape in Figure 11(b) also denotes
a significant displacement of some parts at the primary of
the magnetic circuit, which also contributes to the modal
frequency. Maintaining the middle region as a reference, one
also observes that the mode shape for mode 7 (Figure 10(a))
is antisymmetric while that for mode 10 is symmetric (Fig-
ure 12(b)). Moreover, the frequency at mode 10 is almost the
double for that of mode 7 which is coherent with the number
of nodes (null displacement points) shown in their respective
mode shapes (two and one, respectively, regarding themiddle
position).

Some modes correspond mainly to wave propagation
through bars, along with the horizontal (XX) or vertical
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Figure 7: Modal shapes for mode 7: (a) at position P1 (𝑓 ≈ 67Hz, deformation scale ≈ 0.642); (b) at position P5 (𝑓 ≈ 66Hz, deformation
scale ≈ 0.646).
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Figure 8: Modal shapes for mode 7: (a) at position P2 (𝑓 ≈ 76Hz, deformation scale ≈ 0.602); (b) at position P4 (𝑓 ≈ 75Hz, deformation
scale ≈ 0.602).
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Figure 9: Modal shapes for mode 8, with vertical displacement in both ends: (a) at position P1 (𝑓 ≈ 114Hz, deformation scale ≈ 0.769); (b)
for position P5 (𝑓 ≈ 109Hz, deformation scale ≈ 0.794).
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Figure 10: Modal shapes for mode 8, with vertical displacement in both ends: (a) at position P2 (𝑓 ≈ 114Hz, deformation scale ≈ 0.691); (b)
for position P4 (𝑓 ≈ 118Hz, deformation scale ≈ 0.703).
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Figure 11: Modal shapes at P3 for: (a) mode 7 (𝑓 ≈ 83Hz, def. scale ≈ 0.634), one node at the central region; (b) and for mode 8 (𝑓 ≈ 107Hz,
def. scale ≈ 0.602), both ends move vertically.
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Figure 12: Modal shapes at P3 for: (a) mode 9 (𝑓 ≈ 108Hz, def. scale ≈ 0.767), one node at the central region; (b) mode 10 (𝑓 ≈ 161Hz, def.
scale ≈ 0.677) with two nodes almost symmetric.
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Table 2: Vibration modes at top longitudinal bars with transversal wave propagation.

Mode order Frequency [Hz] (mode #) per configuration and average frequency values
P1 P5 𝐹(av) [Hz] P2 P4 𝐹(av) [Hz] P3

Bar segment LL

1 183.65 (12) 182.00 (11) 182.83 201.20 (13) 198.15 (13) 199.68 226.10 (13)
2 229.72 (14) 226.41 (15) 228.07 265.99 (17) 259.09 (17) 262.54 407.88 (28)
3 303.34 (20) 291.95 (20) 297.65 459.81 (32) 441.77 (31) 450.79 619.41 (42)
4 464.62 (32) 452.72 (31) 458.67 639.41 (44) 600.96 (40) 620.19 1020.20 (70)
5 613.01 (41) 591.67 (40) 602.34 908.11 (62) 862.52 (58) 885.32
6 823.95 (54) 798.92 (54) 811.44 1177.90 (78) 1158.50 (78) 1168.20
7 1079.60 (72) 1028.60 (71) 1054.10

Bar segment LS

1 328.67 (23) 362.49 (24) 345.58 230.46 (14)
2 665.16 (45) 753.20 (50) 709.18 435.21 (31)
3 670.00 (46)
4 1051.40 (71)
∗2 680.66 (47)
∗4 1064.70 (72)

∗Homolog modes.

(YY) directions. Their frequencies and mode shapes can be
explained via the Euler-Bernoulli theory. That is the case of
the displacements related to wave propagation in horizontal
and vertical directions, at the secondary and the top lateral
frames. According to that theory, the bar of the secondary
part can be seen as a free-free bar with multiple supports.
Meanwhile, the top lateral frames are hinged-free bars whose
length varies per the position of the platforms. For simplicity,
we use (15) and (16) to analytically calculate the vibration fre-
quencies corresponding to orthogonal displacements at the
top lateral frames.However, the top lateral frames correspond
to composite bars formed of two different parts: aluminum
frame bar and a guide rail made of stainless steel (chromium-
plated).Therefore, one can apply the superposition principle,
considering the two sectional areas, lengths, and Young’s
modulus for the different materials used.

Calculating the modal frequencies for modes 9 and 11
in position P5 via (16) one arrives at 136.5Hz and 188.2Hz,
respectively. These analytically obtained values are close to
those which resulted from FEM simulation: 137.6Hz and
182Hz. The relative deviation of these results and those
obtained analytically concerning FEM are 0.8% and 3.4%,
respectively.This approach has also been considered for other
modes, although the resulting errors obtained with respect to
the simulation results are higher. The increase in the errors is
due not only to the simplicity of the discussed approach but
also to the superior accuracy of the iterative method used in
the simulation. Nevertheless, these examples serve to verify
the consistency of the results for the simpler problems.

The modes listed in Table 2 deserve attention as they
all correspond to orthogonal modes with wave propagation
displacements along with the horizontal direction, that is,
the XX axis. All modes considered are a subset of Table 1,
for which the mechanical waves propagate transversally in
phase opposition, along with the subassembly formed by the
guide rail and the horizontal bar at the top, on both sides of

the LSRA.The number between brackets, near the frequency
value, corresponds to the number of that mode as listed in
Table 1. For positions P1 andP5, the platforms are alignedwith
one end. Because of that, the bar length, LL, is measured as
the distance available to the other end of the actuator, which
is identical in both cases. In positions P2 and P4, two different
bar lengths must be considered. They correspond to the bar
segments of the top bar and guide rail from the platformswith
respect to the furthermost and the closest ends: the longer
(LL) and the shorter (LS), respectively. At position P3, the
lengths of the bars on both sides are identical. However, there
are some particularities to highlight as is further referred
to. The symmetric behavior of the actuator is once again
evidenced for the modes listed in Table 2.

The modes and frequencies are identical for each pair
of symmetric positions, namely, for positions P1 and P5 and
for P2 and P4. For the latter, in particular, it also applies to
the portion of the bar with a shorter length, although the
differences in the frequencies are relatively higher. Moreover,
as both bars lengths are identical in P3, one obtains an equal
number of modes; their frequencies are also identical for
same order modes.

Table 2 also shows two “singular” modes, that is, without
symmetric counterpart within the range considered. Some
examples are mode 47 at P2 (680.66Hz) and mode 72 at P3
(1064.70Hz). In spite of the difference in frequencies, these
two modes are of the same order regarding the number of
nodes shown at the wave that defines the mode shape.There-
fore, we refer to them as homolog modes. Other examples
listed for bar segment 𝐿𝑆, for example, are modes 45 at P2
(665.16Hz) and 71 at P3 (1051.40Hz), respectively. However,
the displacements are towards complementary directions on
their possible symmetric counterparts at bar segment 𝐿𝐿,
for example, mode 44 at P2 (639.41Hz) and mode 70 at P3
(1020.20Hz), respectively.
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Figure 13: First-order mode shapes (mode 11), transversal displacement on top lateral bars in phase opposition: (a) position P1 (𝑓 ≈ 184Hz,
def. scale = 0.381); (b) position P5 (𝑓 ≈ 182Hz, def. scale ≈ 0.386).
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Figure 14: Second-order mode shapes (mode 15), with transversal displacement on top lateral bars: (a) position P1 (𝑓 ≈ 230Hz, def. scale ≈
0.377); (b) position P5 (𝑓 ≈ 226Hz, def. scale ≈ 0.364).

All mode shapes within this set can be considered under
the Euler-Bernoulli theory for simply supported hinged-free
bars with free moving ends.The sequence of the modes order
refers to the transversal propagation and behavior of the
mechanical wave, with displacements along the horizontal
direction. In a simplified approach, under the Euler-Bernoulli
theory, the number of peak displacements within the length
of the bar corresponds to the order of the vibration mode of
the bars.The same applies to the number of nodes within that
length.

Figures 13 and 14 depict the first two mode shapes related
to wave propagation for positions P1 and P5. From these
figures, one can see that the wave propagation causes hori-
zontal displacements, whose modal order and mode shapes
are related. The modal shape wave denotes deformations
essentially at the top lateral bars, whose waves propagate
in phase opposition. Similar effects occur for positions P2
and P4, even for higher order modes with transversal wave
propagation at the top lateral bars, as shown in Figures 15 and
16.

At position P3, the lengths of the bars segments are
identical on both sides, thus no meaning for shorter and
longer bar segments. However, the center of mass is not
aligned with the symmetry which influences the symmetric
characteristic of the vibration modes, namely, the shapes of
its deformation waves. The mode shapes for the first-order
modes (modes 13 and 14) exhibit symmetry to the center,
as shown in Figure 17, while those for the second-order
modes are antisymmetric, as is observable in Figure 18.These
characteristics also apply to the other modes listed in Table 2
at P3.

Note that the modal frequencies values for modes 13 and
14 in P3 are very close. Therefore, in real situations, due to
imperfections and tolerances, the possibility of exciting both
modes simultaneously is very high, which is not applicable to
the remaining modes at position P3.

The secondary part of the magnetic circuit of the actuator
is a nonuniform bar as its sectional area is not homogeneous.
Nevertheless, because the teeth secondary poles are regularly
and periodically distributed along the bar, its configuration
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Figure 15: Mode shapes for transversal opposite waves on top lateral bars in position P5: (a) 3rd-order mode (#20) (𝑓 ≈ 292Hz, def. scale =
0.409); (b) 4th-order mode (#31) (𝑓 ≈ 453Hz, def. scale ≈ 0.283).
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Figure 16: Deformation waves with transversal displacement at top lateral bars at position P5: (a) 5th-order mode (#40) (𝑓 ≈ 592Hz, def.
scale = 0.259); (b) 6th-order mode (#54) (𝑓 ≈ 799Hz, def. scale ≈ 0.308).
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Figure 17: Mode shapes for first-order modes with transversal waves at the top lateral bars for position P3: (a) mode 13 (𝑓 ≈ 226Hz, def.
scale ≈ 0.301); (b) mode 14 (𝑓 ≈ 230Hz, def. scale ≈ 0.294).
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Figure 18: Shapes for second-order modes with transversal waves at the top lateral bars at position P3: (a) mode 28 (𝑓 ≈ 407Hz, def. scale ≈
0.265); (b) mode 31 (𝑓 ≈ 435Hz, def. scale ≈ 0.243).

Table 3: Transversal vibration modes at the bar of secondary with displacement along with vertical.

Mode order Relative frequency deviation to average value per position [%] and mode #
𝐹av [Hz] P1 P2 P3 P4 P5

9 973.40 0.05 (66) 0.28 (67) 0.11 (66) 0.18 (67) 0.40 (66)
10 1090.86 0.02 (73) 0.00 (74) 0.16 (74) 0.01 (73) 0.13 (73)

denotes regularity and symmetry. Table 3 lists the 9th- and
10th-order modes related to vibrations almost exclusively
with the bar of the secondary per configuration of the
actuator. It also shows the relative frequency deviation to the
average value of frequency for each particular order mode.
The number between brackets denotes the corresponding
mode per position as listed in Table 1.

The relative frequency deviation is lower than 0.4%,
which evidences that the vibration frequency is approxi-
mately equal for the mode order in each position. This is
emphasized by the mode number which is almost the same
per position and per mode order, according to the general
data in Table 1. The associated mode shapes also denote
consistency in the modal frequency for each position, as the
differences among the frequencies are small: the deviation
from the mean values. The peak displacements or the nodes
visible in themode shapes indicate the order of the mode and
its relation to a free end multisupported bar.

In this case, the wave propagation generates transversal
displacements along the vertical direction, that is, along the
YY axis. Figures 19(a) and 19(b) illustrate the 9th-order mode
for position P2 and the 10th-order mode at P4, respectively.

The parts at the primary assembly of the magnetic circuit
of the LSRA are responsible for a set of vibration frequencies,
for which the contributions of other parts or subassemblies
are negligible. The primary subassembly is composed of
three masses of copper (the coils) and S235-JR steel (the
coil nucleus and teeth), which are attached to suspension
to the platforms (see Figure 2(b)). The modal frequencies
listed in Table 4, which are also a subset of Table 1, are
substantially related to the vibration modes of the primary
parts. The results are presented in a similar manner as in

Table 3: the relative frequency deviation is referenced to the
average value of frequency for each particular order mode
and the number between brackets denotes the corresponding
mode per position as listed in Table 1.

The values presented in Table 4 also show that the modes
order and the modal frequencies are consistent with each
position. No significant displacements occur for other parts
or are visible from its mode shape figures, and for that
reason, its representation is omitted. The differences among
the frequencies for different points are small, especially for
the modes of order 2 to 4. Taking the average frequency value
as a reference, we verify that, except for 1st-order mode in
P3, the frequency deviation does not surpass ∼2.4%, being
less than 0.07% for modes of second and fourth order. The
average deviation is in general less than 0.65%. We also
notice symmetry on the frequency values with respect to the
central position of the platforms (P3), which is related to the
structural characteristics of the actuator.

The complete description of all types of modes is quite
a cumbersome task and that is difficult to accommodate in
the paper length. Therefore, the remaining vibration modes
listed inTable 1 are described briefly. Somemode shapes listed
in Table 1 correspond to in-phase horizontal displacements
of the top bars, for example, modes 9 and 20 in position P1
andmodes 9 and 19 for position P5. Other modes correspond
to in-phase or out-of-phase vertical displacements of the
lateral bars. There are also vibration modes with mixed
displacements in all three directions and with the torsional
movement of the bars, as depicted in Figures 20(a) and 20(b).

The complete analysis of all modes is more exhaustive
but difficult to accommodate in the paper length. These
referred to here highlight solely some modal features with
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Figure 19: Mode shapes associated with almost exclusive vertical displacement at the bar of the secondary of magnetic circuit: (a) 9th-order
mode (mode 67) at position P2 (𝑓 ≈ 976Hz, def. scale ≈ 0.462); (b) 10th-order mode (mode 73) at position P4 (𝑓 ≈ 1091Hz, def. scale ≈
0.497).

Table 4: Vibration modes almost exclusively related to contributions of the primary circuit parts.

Mode order Relative frequency deviation to average value per position [%] and mode #
𝐹av [Hz] P1 P2 P3 P4 P5

1 280.01 1.82 (18) 1.20 (19) 4.51 (19) 2.40 (19) 1.50 (19)
2 393.57 0.05 (27) 0.01 (27) 0.06 (27) 0.02 (28) 0.02 (27)

3 536.56 0.19 (36) 0.02 (37) 0.54 (36) 0.03 (37) 0.20 (36)
0.40 (37)

4 854.96 0.06 (56) 0.04 (55) 0.04 (55) 0.05 (57) 0.07 (56)
5 864.67 0.20 (58) 0.19 (58) 0.17 (57) 0.15 (59) 0.30 (58)
6 915.73 0.94 (63) 0.71 (63) 1.03 (62) 0.73 (64) 1.54 (62)

diverse characteristics. The complete information gathered
from the simulations helps to identify the most significant
modal frequencies of structural origin that allow the full char-
acterization of the LSRA regarding vibrations. The dataset
and its subsequent analysis also support the validation of the
vibrations of the actuator under real operation and to adopt
adequate control strategies with less impact on vibrational
issues.

5. Experimental Results

To verify the results from the simulations, we conducted
experimental modal excitation tests using an electrodynamic
shaker to excite the structure, collect the audio emitted,
and analyze the spectral contents of these audio signals in
MATLAB. The force applied by the electrodynamic shaker is
sinusoidal, in a steady-state regime, with constant amplitude
and the frequency varying linearly within the range from 10
to 1100Hzwith 10Hz steps.The amplitude spectrum contents
of the audio signals for positions P1, P2 are shown in Figures
21 and 22, respectively, both obtained by using the windowed
discrete Fourier transform and the Hamming window. For
readability purposes, some of the most significant modal

frequencies are shown and highlighted whose results corre-
spond to approximated values.

In Figures 21 and 22 there are prominent amplitude peaks
at 65Hz which correspond to the first mode for P1 and P5
(dual configurations). The nearest peaks positioned at the
right of these correspond to nearly 75Hz and are related to the
first mode in positions P2 and P4.The frequencies of 180 and
201 Hz correspond to modes 12 and 13, and the frequencies of
282 and 290Hz are related to mode 19, all listed in Table 1.
The range of frequencies near 610/620Hz corresponds to
vibrations associated with themodal frequencies ofmodes 40
to 44, also listed in Table 1. Notice the high concentration of
frequency peaks near these values. Moreover, the highlighted
frequencies, 838Hz and 882Hz, corresponded to the modes
related to vibrations almost exclusively at the parts of the
primary circuit, as listed in Table 4 and discussed in the text.

The deviations of the experimental results from the
values obtained with numerical simulations are explained
due to the ideal contact conditions considered in the FEM.
Nevertheless, the test data results are coherent and confirm
those obtained from numerical methods. Thus, they can be
used to support the characterization of the vibrations related
to the operation of the actuator.
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Figure 20: Modes with complex displacement function: (a) mode 44 at position P3 (𝑓 ≈ 646Hz, def. scale ≈ 0.425), multipart transversal
displacements (along YY); (b) mode 37 for position P5 (𝑓 ≈ 560Hz, def. scale ≈ 0.597), transverse displacements in bars and torsion on bars
and plates.
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Figure 21: Spectral analysis showing modal frequencies excited for
the LSRA at P1.
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Figure 22: Spectral analysis showing modal frequencies excited for
the LSRA at P2.

6. Conclusions

The analysis of the structural vibration frequencies in a three-
phase linear switched reluctance actuator is performed to
support the characterization of the machine with respect
to the excited vibrations and corresponding mode shapes.
The study uses the finite element method applied to a 3D

mechanical model and iterative methods to find the solution
of the system dynamics equations. The frequency evaluation
considers five different configurations of the actuator, accord-
ing to the position of its platforms, and for each position,
eighty modal frequencies are considered. For all considered
situations, the frequency range up to nearly 1.2 kHz contains
74 useful modal frequencies with an average variation of
almost 15Hz among modes. However, there are cases where
the frequency difference between adjacent modes is less than
1Hz. The results reveal abundant modes and harmonics
and the symmetry characteristics of the actuator, helping to
identify the vibration modes that can be excited for different
configurations of the actuator.

The mode shapes, associated with each mode, evidence
the contribution of various parts of the actuator to the set
of its vibration frequencies. The majority of the obtained
frequencies correspond to the normal mode where the waves
propagate transversally along bars or beams, in the XX
or YY direction. The modes with these characteristics are
associated with the lateral top bar subassemblies of the
actuator structure. Each lateral subassembly is formed by a
chromium-plated stainless steel guide rail mounted on the
top of a rectangular aluminum profile. The waves propagate
in each lateral bar subassemblies along either XX or YY
direction, in phase or out of phase. However, there are
othermodes associatedwith these subassemblies, with higher
complexity, in which the wave propagation implies torsional
displacements. Owing to the characteristics and complexity
of the structure, the mode shapes, in general, indicate wave
transmission to adjacent parts and reveal their contributions
to eachmodal frequency. On the other hand, for some special
cases, themodal frequencies are associated almost solely with
distinct parts or subassemblies as, for example, the primary
circuit parts. For these cases, only the parts directly involved
contribute to those vibration modes and the remaining parts
and subassemblies do not suffer significant displacements.

The spectral analysis of the audio signals collected from
experimental modal excitations serves as confirmation for
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the data obtained by the simulation and supports the charac-
terization of the actuator. Consequently, the obtained results
are consistent and well agree with the analytical estimations
done for a simplified model of the system. Meanwhile, the
use of FEM and iterative methods provides more accurate
results.The data supplied by the simulations demonstrate the
quasi-symmetric behavior of the system: that it is possible to
excite similar modes at opposite positions for the actuator
platforms. The overall information obtained via the FEM
simulations contributes to better understanding of further
experimental studies and permits one to achieve a global
characterization of the actuator regarding the vibrations.The
information gathered provides a possibility of modifying the
structural configuration of the actuator at the design stage.
It also helps to improve the control techniques for exciting
the phases of the actuator, by avoiding operating regimes
with frequencies near the natural vibration frequencies of the
system.
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