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Structural health monitoring (SHM) is widely applied to assess the service condition of bridges. Defection measurements are
essential to determine a bridge’s performance, and in particular, dynamic defection is increasingly required in SHM. However,
continuous and high-precision measurements of the absolute dynamic defection are challenging without a reference point placed
at a distance from the bridge. We proposed a reference point-free dynamic defection measurement system consisting of a level
sensor and an accelerometer. Te level sensor measures the low-frequency defection components, while the accelerometer
measures the high-frequency defection components. We redesigned the level sensor from the hydrostatic level sensor and further
provided a correction method to achieve the dynamic defection measurement. A numerical algorithm fuses the signals from the
level sensor and accelerometer to obtain the absolute dynamic defection, and key parameters are calculated. Te accuracy of the
measurement system was tested in the laboratory, and the sensor results were similar to the ones obtained by the laser test under
simple harmonic and random excitations. Field tests conducted on a T-shaped rigid frame bridge with random trafc fow indicate
that the system can achieve continuous high-precision defection measurements of bridges loaded by trafc fow.

1. Introduction

Bridge defection measurements are crucial for operational
safety and structural damage assessment, as they are highly
indicative of the bridge performance. Terefore, both static
and dynamic defection measurements have become an
increasingly indispensable part of structural health moni-
toring (SHM).

Static defection is mostly measured by global posi-
tioning systems (GPSs), total station, and hydrostatic
leveling systems (HLSs) [1–4] in static load testing and long-
term deformation monitoring. Tese commercial in-
struments can achieve stable and accurate static defection
measurements, albeit only at certain structure points. Te
points defection measurement is often unsatisfactory, and
the inclinometer is often employed to reconstruct the static
defection curve of the entire bridge [5, 6].

Dynamic defection is, to some extent,more important than
static defection, because it refects the bridge stifness variation
and dynamic properties, which are essential for assessing its
real-time service condition. Dynamic defection measurement
techniques are sorted according to whether a ground reference
point at a distance from the bridge is required.

Dynamic defection measurements with reference
points, such as the ground-based interferometric radar, total
stations, laser technology, and linear variable diferential
transformers (LVDTs), are demonstrated measurement
methods. Te image by the interferometric survey (IBIS-S)
system is a ground-based interferometric radar displacement
measuring instrument. Terein, the radar transmitter is
located at a fxed position on the ground at a distance away
from bridges, serving as the reference point. Te system can
achieve an accuracy of 0.1mm in the dynamic mode with
a sampling frequency of up to 200Hz [7–9]. Marendić et al.
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used a robotic total station fxed at a distance from the bridge
to measure its defection with the accuracy of ±2.2mm at
20Hz sampling frequency [10]. Zhang et al. [11] achieved
0.2mm dynamic defection measurement accuracy based on
laser projection and image processing technology. Linear
variable diferential transformers (LVDTs) have higher
measurement accuracy, albeit they are more difcult to
install [12]. Recently, vision-based methods have been in-
troduced to measure bridge deformation, most requiring
a fxed camera near the bridge.Temeasurement accuracy of
these methods ranges from 0.01 to 1mm [13–16].Te vision-
based system sampling frequency is related to the camera
performance, most frequencies being around 60Hz.

Systems with ground reference points exhibit high
measurement accuracy (Table 1); however, as bridges may
span rivers, villages, or other roads, it is not an easy task to
establish a fxed reference point outside the bridge. Tere-
fore, there is a demand for reference point-free dynamic
defection measurement.

Te positioning system using satellites does not require
a ground reference point, but the accuracy for dynamic
measurement only achieves 1 cm [17]. Yoon et al. [18] used an
unmanned aerial system to measure the absolute displacement
of bridges, whose RMSE is 2.14mm. Liu et al. [19] employed the
connected pipe system (CPS) to monitor the defection of
a long-span suspension bridge.Te CPS measures the dynamic
defection of the bridge caused by slowly passing heavy vehicles,
whereas the small defection caused by lighter and faster ve-
hicles cannot be measured accurately. Estimating the dis-
placement using only acceleration data likewise satisfes the
requirement of no ground reference point, as the theoretical
displacement can be obtained by integrating the acceleration
signal twice.However, thismethod is plagued by drift over time,
and several researchers attempted to overcome this problem.
Arias-Lara and De-la-Colina [20] compared seven correction
algorithms to solve the displacement drift problem, where each
algorithm can only be used under specifc prerequisites.
Converse and Gerald Brady [21] and Chiu [22] corrected the
recorded acceleration by baseline correction to reconstruct the
displacement. Tis method was frst used in earthquake en-
gineering. Te algorithm includes three steps: (1) ftting the
baseline of acceleration by the least squares, (2) designing
a high-pass flter for acceleration, and (3) decreasing the initial
values in velocity on the frst integration result. Park et al. [23]
used acceleration to estimate the bridge defection under the
moving vehicle load; in this method, the displacement is easily
calculated if the initial velocity is known under the zero initial
displacement condition. However, the bridge’s zero initial
displacement condition is difcult to determine under actual
constant trafc fow, limiting the method in continuous
measurement. Liu et al. used a sensing system composed of one
passive servo electromagnetic induction (PSEMI) velocity
sensor and one built-in hardware integrator unit. Te mea-
surement errors are less than 10% compared to LVDT [24].

Achieving reference point-free dynamic displacement
measurements with a single sensor remains a challenge, and
fusion methods have been employed as a solution. Ozdagli

et al. [25] used tilt and acceleration to obtain displacement.
Xu et al. [26] fused the GPS and accelerometer to improve
the long-span bridge’s defection measurement accuracy
using a multirate Kalman flter. Te modal frequency was
determined to be 0.63Hz; however, the dynamic recognition
frequency proved too low for small-span bridges. Cho et al.
[27] and Sarwar and Park [28] proposed an accurate dis-
placement estimation method by optimally utilizing accel-
eration and strain for simply supported bridges. Te method
requires a defnite proportional connection between the
strain and defection at the same location on a bridge,
making it not suitable for measuring defections on bridges
without the abovementioned relationship, such as cable-
supported bridges.

Table 1 lists the dynamic defection measurement
methods, including whether a ground reference point at
a distance from the bridge is required, the applicable bridge
type, the highest sampling rates, and the obtained accuracy.

Long-span cable-supported or small-span simply sup-
ported bridges have applicable reference point-free methods
for defection measurements. Tis study focuses on small-
span or midspan bridges with a maximum defection of
several millimeters or centimeters. We proposed a reference
point-free continuous bridge dynamic defection measure-
ment system comprising a leveling system and accelerometer
using the sensor fusion method. Te system includes fxed
and moving ends. Te fxed end is placed on the pier top as
the reference point, while the moving end is placed at the
measurement point. Only the relative displacement between
both ends by the total station on the bridge is necessary to
attain continuous dynamic defection monitoring without
ground reference points. Te fundamental contribution of
the proposed method is shown in Figure 1.

Te rest of this paper is organized as follows. Section 2
introduces the correction method of the hydrostatic leveling
systems (HLS) employed for dynamic displacement mea-
surement and further details its design. Section 3 presents
the algorithm that fuses the leveling and acceleration signals
to reconstruct the displacement. We employed this algo-
rithm to fuse a liquid-level sensor and accelerometer for
displacement measurement for the frst time. Sections 4 and
5 demonstrate the performance of the measuring system in
laboratory and feld tests.

2. Theory and Techniques for Dynamic
Hydraulic Leveling System (DHLS)

Te theory behind the correction algorithm for the DHLS is
introduced herein based on its dynamic characteristics, and
the leveling identifcation method, based on image recog-
nition, is introduced. Te design concerns of the DHLS are
addressed, and the design is based on the full-feld HLS.

2.1. Composition of Leveling System and Fluid’s Forced
Oscillation. Te system consists of two water containers
connected by a communicating pipe at the base.Te distance
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between the two containers is L, and the communicating
pipe diameter is d� 2r. Air tubes are installed on containers
to prevent foreign objects from falling into them, while
ensuring the connection between the fuid and the atmo-
sphere. Because of the principle of communicating vessels,
the liquid level in the container tends to maintain the same
height at the equilibrium position.Te schematic diagram of
the system is shown in Figure 2.

Te free oscillation equation has been previously derived
in numerous studies, such as [29]. In this section, we derive
the forced oscillation equation.

In Figure 2, the container at the middle of the span
moves y(t) relative to the other. Consequently, the liquid in
the pipe starts to fow. To obtain the fow state, we take
a liquid microelement dl in the pipe for analysis, as shown in
Figure 2. For both sides of this microelement, the force
diference is given as follows:

∆Fp � Fl − Fr

� p(l, t)αp − p(l, t) +
zp(l, t)

zl
dl αp,

(1)

where p(l, t) and p(l, t) + zp(l, t)/zldl are pressure on both
surfaces of the microelement and αp is the cross-sectional
area of the connecting pipe.

According to Poiseuille’s Law, the viscous resistance is
described as follows:

Fc � −
8μv(t)αp · dl

r
2 , (2)

where v(t) is the average velocity of profle fow in the
connecting pipe and μ is the coefcient of viscosity of
the fuid.

Te mass m of the microelement is given as follows:

m � ραp · dl. (3)

Te component of gravity force along the bottom pipe is
mg sin θ.

mg sin θ � ραpg · dl
zy(t)

zl
, (4)

where ρ is the density of the liquid in the pipe, g is
the gravitational acceleration, and θ is the angle between
the pipe and the horizontal plane. It can be assumed that
sin θ � zy(t)/zl when θ is very small.

Te inertial force FI of the microelement is given by the
following formula:

FI � −ma

� − ραp · dl
dv(t)

dt
.

(5)

Table 1: Comparison of defection measurement methods.

Method Ground reference point Applicable bridge type Highest
sampling rates (Hz) Accuracy

Total station Yes Small-span bridges 20 ∼2mm
GPS-RTK Yes Any 100 ∼1-2mm
Interferometric radar technology (IBIS) Yes Any 200 0.1mm
Vision-based Yes Any 60 ∼1mm
∗Acceleration estimation No Small-span bridges 500 <1mm
Acceleration-GPS fusion No Mostly long-span bridges 20 ∼1 cm
∗Acceleration-strain fusion No Small-span bridges (simply

supported) 500 <1mm

Methods with ∗have other limitations that are not convenient to list in the table, whose details are presented in the introduction.
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Figure 1: Te fundamental contribution of the proposed method.
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According to Newton’s second law, the force-balance
condition of the microelement can be written as follows:

p(l, t)αp − p(l, t) +
zp(l, t)

zl
dl αp  −

8μv(t)αp · dl

r
2 + ραpg · dl

zy(t)

zl
− ραp · dl

dv(t)

dt
� 0. (6)

By integrating equation (6) along the x-axis from the left
to the right ends of the pipe, the following equation is
obtained:

− ρgαp · 2u(t) −
8μv(t)αp · L

r
2 + ρgαp · y(t) − ραpL ·

dv(t)

dt
� 0, (7)

where u(t) is the vertical position of liquid level relative to
the container.

Simultaneously, we know that in the containers, the
pressure is equal at both liquid surfaces, p1 � p2.Te average
velocity of fow in both the containers is v1(t) � du/dt � v2(t)

and v(t) � (αc/αp)v1(t), where αc is the cross-sectional area of
the liquid container. Substituting the above conditions, the
following equation is obtained:

− 2u −
8μv1L

ρgπr
4 ·

αc

αp

−
σ
g

·
dv1

dt
+ y � 0, (8)

where σ � 2h + (αc/αp)L ≈ (αc/αp)L (because 2h≪ L) and h
is the height of the liquid level of the container at equilibrium
condition.

To simplify equation (8), we move the terms containing
excitation y(t) and response u(t) to each side of the equation
as follows:

d2u(t)

dt
2 +

8μ
ρr

2
du(t)

dt
+
2g

σ
u(t) �

g

σ
y(t). (9)

Rewriting equation (9) into a standard form composed
of ωn and ξ as follows:

d2u(t)

dt
2 + 2ξωn

du(t)

dt
+ ω2

nu(t) �
g

σ
y(t), (10)

where the natural frequency is ωn �
��������������
2g/(2h + Lαc/αp)


and

the damping ratio is ζ �
��������������
8μ2π2Lαc/ρ2gαp

3


2.2. Liquid Level Identifcation Method Based on Image
Recognition. Te desired dynamic displacement is obtained
by correcting the liquid-level change. To obtain direct
leveling changes, we completed the liquid-level recognition
system (LRS), which uses image recognition technologies

L
v1 (t)

v2 (t)
p1

p2

v (t) dy (t)

u (t)

dl

Fc

r

dy (t)

dl

y

l

h

αp = πr2

θ

αp

αc

∂lFr= p+ 
∂p

dl ∂p

mg sinθ
mg

FI

Fl = ρ.αp

Figure 2: Schematic diagram for the derivation of forced oscillation of fuid in the pipe.
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with the help of Liu et al. [30] Te LRS comprises a camera,
shade panel, LED light source, and communicating pipe.Te
image recognition process is assisted by OpenCV, which
provides a real-time optimized computer vision library,
tools, and hardware. Te image recognition process is il-
lustrated in Figure 3. Its tasks include (1) converting the
original color image to grayscale and capturing its target
area, (2) performing bilateral fltering on the image to
remove noise while protecting the edge information of the
image, (3) binarizing the liquid-level edge and background
by threshold segmentation and getting the segmented image,
(4) extracting the complete edge contour of the liquid level
using the Canny edge detection algorithm in OpenCV, and
(5) using subpixel edge detection methods to improve the
accuracy of the liquid-level edge recognition. We obtain the
liquid-level bottom coordinates Cpixel(xh, yv) of the subpixel
edge image by the fve steps described above.

We used the device shown in Figure 4(a) to scale the
vertical pixel coordinates yv (given by the image recognition
system) to the reality displacement (measured by the laser
displacement meter). Te relationship between k and yv is
shown in the following formula; β0 and β1 can be obtained
by multiple tests.

k � β0 + β1yv, (11)

where β0 � 
n
i�1 y2

vi 
n
i�1 ki − 

n
i�1 yvi 

n
i�1 kiyvi/n 

n
i�1 y2

vi −

(
n
i�1 ki)

2 and β1 � n 
n
i�1 yviki − 

n
i�1 yvi 

n
i�1 ki/n 

n
i�1 y2

vi −

(
n
i�1 ki)

2, ki and yvi are the result data of each test and n is
the total number of tests.

Furthermore, the natural frequency of the liquid level in
the DHLS is designed as 0.4Hz. Te damping ratio is 0.068,
which flters out high-frequency components. Te camera’s
sampling frequency is ∼25Hz. Tus, half of the sampling
frequency is ∼12.5Hz, which is signifcantly higher than the
signal frequency of 0.397Hz, and thus meets the re-
quirements of Nyquist law.

2.3. Correction Method for DHLS. Te amplitude-frequency
characteristic |D(ω)| of the DHLS is given as follows:

|D(ω)| �
|U(ω)|

|Y(ω)|

�
1

���������������

1 − β2 
2

+(2ξβ)
2

 ,

(12)

where |Y(ω)| is maximum amplitudes of the liquid con-
tainer’s displacement and |U(ω)| is twice of fuid level
measured by DHLS under harmonic excitation with dif-
ferent frequencies. Only the amplitude-frequency charac-
teristic is considered, and the efect of phase diference is
ignored. β � ω/ωn, where ωn is the natural frequency of HLS
and ω is excitation frequency.

Suppose we can design a flter whose transfer function is
1/|D(ω)| and which can reconstruct the bridge defection
|Y(ω)| from the measured liquid-level diference |U(ω)|, as
shown in the following equation:

|Y(ω)| � |U(ω)| ·
1

|D(ω)|
. (13)

Te simple moving average (SMA) flter is computa-
tionally efective in the time domain. Here, the flter function
1/|D(ω)| is approximated by the moving average method.
Assuming the window length of the moving average flter is
2tm, its pulse-response function in the time domain reads as
follows [31]:

H(t) �

1
2tm

, − tm, tm( ,

0, esel.

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(14)

Te response function in the frequency domain is the
fourier transform (FT) of its pulse-response function in the
time domain. Tus, the frequency response function H(ω)

of the moving average method is as follows:

H(ω) � 
tm

−tm

H(t)e
jωt

dt

�
sin ωtm( 

ωtm

≈
ωtm

ωtm

−
ωtm( 

3

6ωtm

,

(15)

where sinωt is turned into the Taylor Expansion to facilitate
the derivation, in the last expression of equation (15).

To obtain the optimal tm make H(ω) appropriate
1/|D(ω)|. We construct the following function equation
(15), which minimizes the square diference between the
frequency response function of SMA (H(ω)) and HLS
1/|D(ω)|. In the last expression of equation (15), ω is dis-
cretized into frequency points ω � ω(i)i � 1, 2, . . . , n.

J tm(  � mintm
H(ω) −

1
|D(ω)|

�������

�������

2

2

� mintm


n

i�1

ω(i)tm

ω(i)tm

−
ω(i)tm 

3

6ω(i)tm

⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦ −

���������������������

1 −
ω(i)

2

ωn
2 

2

+ 2ξ
ω(i)

ωn

 

2




⎧⎪⎪⎨

⎪⎪⎩

⎫⎪⎪⎬

⎪⎪⎭

2

.

(16)
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In equation (16), ‖f(∗ )‖22 denotes the square of the 2-
Norm (square root of the integral of f(∗ ) squared over the
interval). Ten, equation (16) simplifes as follows:

J tm(  � mintm


n

i�1
−
ω(i)

2

6
tm

2
−

���������������������

1 −
ω(i)

2

ωn
2 

2

+ 2ξ
ω(i)

ωn

 

2




+ 1
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⎧⎪⎪⎨

⎪⎪⎩

⎫⎪⎪⎬

⎪⎪⎭

2

. (17)

Equation (17) is expanded into matrix form ω(i) � n∆ω
with n � 1, 2, . . . , i as the discrete interval.

J tm(  � mintm

−
∆ω2

6
tm

2
−

��������������������

1 −
∆ω2

ωn
2 

2

+ 2ξ
∆ω
ωn

 

2




− 1
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

−
(2∆ω)2

6
tm

2
−

�������������������������

1 −
(2∆ω)2

ωn
2 

2

+ 2ξ
(2∆ω)

ωn

 

2




− 1
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

⋮

−
ωn

2

6
tm

2
−

�������������������

1 −
ωn

2

ωn
2 

2

+ 2ξ
ωn

ωn

 

2




− 1
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
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T

−
∆ω2

6
tm

2
−

��������������������

1 −
∆ω2

ωn
2 

2

+ 2ξ
∆ω
ωn

 

2
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−
(2∆ω)

2

6
tm

2
−

��������������������������

1 −
(2∆ω)2

ωn
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2

+ 2ξ
(2∆ω)

ωn

 

2
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−
ωn

2
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Let x(ωi) � −ω(i)
2/6, X � [x(ω1), x(ω2) . . . x(ωi)]T and

g(ωi) �

�������������������������

(1 − ω(i)
2/ωn

2)2 + (2ξω(i)/ωn)2


+ 1, G �

[g(ω1), g(ω2) . . . g(ωi)]T. Te complex formula in equation
(18) is replaced with x(ωi) and g(ωi), such that
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i�1
x
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2

� mintm
Xtm

2
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T
Xtm

2
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(19)

Finally, the length of the moving average window 2tm is
determined by letting the derivative of (Xtm

2 − G)T(Xtm
2 −

G) equal to zero.

tm �

������������

X
T
X 

− 1
X

T
G



. (20)

2.4. Design Example and Laboratory Test for the DHLS.
Te length of the connecting pipe L and the area ratio αc/αp

are the main factors afecting the measurement performance
of DHLS.Te length of the connecting pipe is determined by
the span of the bridge to be measured. In this design so-
lution, assuming that the bridge span is 30m, we determined
that the length of the connecting pipe is 15m. Te area ratio
adjusts the natural frequency of the liquid oscillation after

determination of the pipe length (equation (10)). According
to the correction in the previous section, the suitable
measuring frequency range of DHLS is 0 to ωn. Meanwhile,
the displacement measured by DHLS must be fused with the
acceleration. We determine ωn by the applicable frequency
range of the accelerometer. Te microelectro-mechanical
system (MEMS) accelerometer selected in this study has
a minimum measurement frequency of 0.4Hz under the
premise of ensuring product measurement accuracy. Finally,
by substituting ωn � 0.4Hz and L � 15m into equation (10),
the area ratio αc/αp � 1/4.7 can be obtained.

We conducted experiments to test the designed DHLS
system. Te experimental setup includes a shaking table, an
LDM, and a liquid-level measurement system, as shown in
Figure 5. Te device is also used to verify the fusion algorithm
in the following section, explaining the installation of the
accelerometer.

Te data required for this experiment include the ampli-
tude of the liquid-level oscillation in the fxed end and deck
displacement of the shaking table at diferent excitation fre-
quencies. Te deck displacement y is measured by LDM,
erected vertically above the shaking table. Te liquid-level
measurement system yields the liquid-level change u at the
fxed end. To obtain the amplitude-frequency characteristics
(1/|D(ω)|) of DHLS, we measure the ratio of |Y(ω)| and
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|U(ω)| under harmonic excitation at an interval of 0.05Hz
between 0 and 0.4Hz.

Te experimental measurement of ωn is 0.397Hz, which
is consistent with the expected result. Ten, we identify the
frequency response function (H(ω)) of SMA. Figure 6 shows
the comparison of measured DHLS amplitude-frequency
characteristics and the theoretical value of SMA.

3. FusionHydraulic LevelingandAccelerometer
Signals for Deflection Measurement

Teoretically, the displacement signal is obtained after in-
tegrating the acceleration signal twice. Accelerometers are
known to have large errors in low-frequency acceleration

measurements, and it may produce a drift in the displace-
ment reconstruction. To address this, we apply the corrected
hydraulic leveling measurement signal as a supplement to
eliminate displacement drift and low-frequency errors from
acceleration signals.

Acceleration is the second-order diferential of dis-
placement, as indicated in the following formula:

a(t) �
d
2
u(t)

dt
2

� a(t) + εa,

(21)

where a(t) is the real acceleration, expressed in terms of
displacement through a second-order ordinary diferential
equation; u(t) is the real displacement; a(t) is the measured
acceleration; and εa is measurement error.

Displacement is the double integral of acceleration:

u(t) �   a(t) + εa dtdt

� u(t) + U0 + V0t +
1
2
εat

2
,

(22)

where u(t) is the displacement obtained by a double integral
of measured acceleration and U0, V0, and εa can be con-
sidered as the initial displacement, velocity, and acceleration,
respectively.

If the initial state is identifed, we easily obtain the
reconstructed displacement. Te following formula is
a vector form used to identify the initial state for discrete
measured data.

Laser displacement sensor

Shaking table

Liquid level measurement system

accelerometer

LE
D

 L
ig

ht Shade Panel

Camera

Communicating Pipe (15 m)

10 cm
4 cm

Inner diameter: 37 mm

Inner diameter: 17 mm

Glass tube (25 cm)

Figure 5: Te experimental device of the proposed displacement measurement system.
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Figure 6: Comparison of amplitude-frequency characteristics of
DHLS and SMA.
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Te start time of this string of measured data is t0, the
sampling interval is ∆t, the total time is T � n∆t, and the
measured acceleration is a(ti).

To obtain U0, V0, and εa, we must fuse the corrected
displacement (Ul) measured by DHLS. Specifcally, we

subtract Ul � ul(t1) ul(t2) ul(t3) · · · ul(tn) 
T from

equation (23) and obtain the displacement residual ∆U as
follows:
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⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (24)

By collecting unknown variables, we obtained the fol-
lowing equation:

∆U �

1 0 0 · · · 0

2 1 0 · · · 0

3 2 1 · · · 0

⋮ ⋮ ⋮ ⋱ 0

n n − 1 n − 2 · · · 1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

0

a t1( 

a t2( 

⋮

a tn−1( 

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

−Ul

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

+

1 ∆t
1
2
∆t

2

1 2∆t
22

2
∆t

2

1 3∆t
32

2
∆t

2

⋮ ⋮ ⋮

1 n∆t
n
2

2
∆t

2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

U0

V0

εa

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (25)

We rewrite the above equation into a simple form as
follows:

∆U � La − Ul  + Cx, (26)
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where L �

1 0 0 · · · 0
2 1 0 · · · 0
3 2 1 · · · 0
⋮ ⋮ ⋮ ⋱ 0
n n − 1 n − 2 · · · 1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, a �

0
a(t1)

a(t2)

⋮
a(tn−1)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

Ul �

ul(t1)

ul(t2)

ul(t3)

⋮
ul(tn)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, and C �

1 ∆t 1/2∆t
2

1 2∆t 22/2∆t
2

1 3∆t 32/2∆t
2

⋮ ⋮ ⋮
1 n∆t n

2/2∆t
2

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

are already

known, and only the initial state vector x �

U0
V0
εa

⎡⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎦ is

unknown.
Te initial state recognition is transformed into pa-

rameter optimization by the following formula:

Min
∆U

� La − Ul(  + Cx
����

����
2
2

� La − Ul(  + Cx 
T

La − Ul(  + Cx .

(27)

To obtain the solution of the unknown initial state vector
x in equation (27), we let the derivative of
[(La−Ul) + Cx]T[(La−Ul) + Cx] equal to zero. Ten, x can
be represented as follows:

x � U0V0εa 
T

� C
T
C 

− 1
− C

T
La − Ul(  .

(28)

Finally, we obtain the reconstruction displacement by
substituting the initial state U0, V0, εa into equation (23).Te
proposed displacement reconstruction method is shown in
Figure 7.

4. Experiments

We reconstructed the displacement by fusing the hydraulic
leveling accelerometer signals. To this end, we redesigned
the hydraulic leveling system in Section 2 for the dynamic
displacement measurement. Te experimental test device
in this section is the same as shown in Figure 5. To achieve
continuous displacement measurement, the system also
includes data processing, storage, and wireless trans-
mission parts. Te sensors have diferent sampling fre-
quencies, and data must be synchronized before applying
the proposed algorithm for displacement reconstruction.
We added a timestamp to each acquired data during the
measurement, and the data format of the measured

acceleration acc(tai) and liquid-level Level(tai) signal is
shown as follows:

acc tai(  �

ta1 a1

ta2 a2

⋮ ⋮

tan an

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

Level tLi(  �

tL1 L1

tL2 L2

⋮ ⋮

tLm Lm

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

.

(29)

Ten, we ft a cubic spline diference function to the
liquid level acquisition data. Finally, we inserted the time tai

of the acceleration data acc(tai) into the function to obtain
the liquid level after the diference as given by equation (30).
In this manner, synchronization between both approaches is
achieved and adopted.

Level tai(  �

ta1 L1

ta2 L2

⋮ ⋮

tan Ln

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (30)

A series of tests are conducted to verify whether the
proposed displacement measurement system and matching
algorithm can meet expectations. Te experiment separately
measures the harmonic, nonharmonic, and impact
displacements.

4.1. Harmonic Excitation. We test the accuracy of this
system under single-frequency harmonic excitation between
0 and 3Hz. Figure 8 shows the comparison of the proposed
system’s displacement measuring results with the LDM.Te
displacement measured by the proposed system is the same
as that of the LDM at 0.2, 0.5, 1.0, and 3.0Hz.

We employed RMSE to assess themeasurement accuracy
as follows:

RMSE �

��������������


N
i�1 ref i − esti( 

2

N



, (31)

where refi is the data point measured by the LDM and esti is
the data point measured by the proposed system. Further-
more, we collected several measurements at diferent fre-
quencies between 0 and 3.0Hz.
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Figure 9 shows the RMSE of this displacement mea-
surement system at diferent frequencies.Te RSME is below
0.9mm for all measured frequencies between 0.11 and
3.08Hz (the frequency interval below 1.0Hz is 0.1Hz, be-
tween 1.0 and 2.0Hz is 0.25Hz, and between 2.0 and 3.0Hz
is 0.5Hz). We concluded that this measurement system has
high accuracy for harmonic displacement excitation.

4.2. Nonharmonic Excitation. We test the displacement
measurement accuracy under the nonharmonic excitation.
According to diferent frequency concentration ranges,
excitations are sorted into four types as shown in Table 2.

Figure 10 shows the displacement measured by the pro-
posed system and LDM when the excitation occurs mainly at
low frequencies. In Figure 10, the estimate is the displacement
measured by the proposed system, the reference is the dis-
placement measured by the LDM, and the measured results of

the LDM are considered as the real displacement (as in
Figures 10–13). Te frequency components with large am-
plitudes can be observed mainly in 0–0.4Hz. Te RMSE of the
system under this excitation is 0.64mm, and Figure 10 shows
that the error is mainly concentrated in 0–0.2Hz.

Figure 11 shows the comparison of the displacements
obtained by the proposed system and LDM with the exci-
tation mainly in the high-frequency range. Te frequency
components with large amplitudes are observed mainly in
the range 2.0–2.5Hz. Te RMSE at this excitation is
0.61mm. Figure 11 indicates that the error is mainly con-
centrated in the range 0–1.0Hz.

Figure 12 shows the case when the amplitude of the
low frequency is larger. In this situation, the RMSE of the
system under this excitation is 0.35mm. We can see that
the error is small among the measured frequency range in
this case.

DHLS Data Corrected 
DHLS Data

Moving average
Using Eq.(6-14)

Frequency response

Acceleration Data

Fusion method
Using Eq.(15-22)

Reconstructed displacement
0

0.5

1
H

 (f
)

0 0.2 0.4
Frequency (Hz)

Figure 7: Process of the displacement reconstruction.
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Figure 8: Comparison of displacement measured by the proposed system with LDM (the estimate is the displacement measured by the
proposed system and the reference is measured by the LDM).
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Figure 9: RMSE at diferent frequencies.

Table 2: Settings of nonharmonic displacement excitation test conditions.

Case Details
A Excitation occurs mainly in low frequency
B Excitation occurs mainly in high frequency

C Excitation frequency includes low frequency (<0.4Hz) and high frequency
(>0.4Hz), and displacement excitation amplitude of low frequency is larger

D Excitation frequency includes low frequency (<0.4Hz) and high frequency
(>0.4Hz), and displacement excitation amplitude of the high frequency is larger
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Figure 10: Absolute displacement and spectrum of experimental case A.
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Figure 13 illustrates the case with larger high frequency
amplitude. In this situation, the RMSE of the system under
this excitation is 0.55mm.

4.3. ImpactExcitation. Figure 14 compares the displacement
measurement results of the proposed system with the LDM
under impact loads. Te RSME of this displacement mea-
surement system is 0.54mm.

Table 3 contains the comparison of the RMSE of diferent
cases and displacement reconstruction methods. Te pro-
posed method is introduced in Section 3. Te method for
DHLS is introduced in Section 2. Te acceleration estimation
involves a baseline correction algorithm with three steps: (1)
ftting the baseline of acceleration by the least squares, (2)
fltering the acceleration to remove the remaining errors and
noise with a high-pass flter, and (3) decreasing the initial
values in velocity on the frst integration result [21, 22].

Table 3 shows that the RMSE of III (case C) is the lowest,
which means the system has higher measurement accuracy
with larger amplitudes at low frequency. Furthermore, the
proposed system exhibits a lower RMSE than other methods,
indicating higher measurement accuracy for each
experiment.

We conclude that the system achieves continuous
measurement and is also suitable for impact displacement.

5. Field Test

To assess the performance of the displacement measurement
system and algorithm, a T-shaped rigid frame bridge with
a span of 36mwas selected for the feld test.Te feld test was
conducted to measure the midspan defection.

5.1. Device for Field Test. We mounted one liquid container
of the measurement system at the midspan (moving end).
Te displacement at the pier position is assumed to be
sufciently small to omit, therefore another container was
installed at the pier position (fxed end). Figure 15 shows the
bridge condition and location of the sensors.

Te main environmental condition afecting the
measurements is the temperature. Te system also em-
ploys image recognition, such that lighting must also be
considered at night. Te temperature afects the water
volume, changing the water level in the tube. Te level
sensor measures the diference between the two water
levels. As the water levels of the two ends from temper-
ature change simultaneously, the measured water level
diference remains unafected by the temperature change.
A LED light tape was placed to illuminate the tubes and
enable measurement of the water level at night
(Figure 15(e)).
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Figure 11: Absolute displacement and spectrum of experimental case B.
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Figure 12: Absolute displacement and spectrum of experimental case C (amplitude of low frequency is larger).
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Figure 13: Absolute displacement and spectrum of experimental case D (amplitude of high frequency is larger).
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Table 3: Summary of RMSE (mm) for diferent methods and cases.

I II III IV V
Proposed system 0.64 0.61 0.35 0.55 0.54
Acceleration estimation 4.53 3.57 2.98 3.28 2.44
DHLS 3.19 2.59 5.74 2.85 0.76
I–IV correspond to case A–D in nonharmonic excitation; V presents impact excitation.
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Figure 15: Continued.

Structural Control and Health Monitoring 15



Pier Midspan
L=18 m

Measuring
System

(fixed end)

Measuring
System

(moving end)

Laser
Displacement

Meter

(c)

Laser
Displacement

Meter

Target
At midspan

(d)

System
At the pier
(fixed end)

System
At the midspan
(moving end)

Accelerometer

LED Light

(e)

System
At the pier

System
At the midspan

(f )

Figure 15: Confgurations of measurement systems during the feld test: (a) drawing of the test device in the feld, (b) feld-test bridge, (c)
location of each sensor, (d) LDM and target under the bridge at themidspan, (e) construction of proposed system, and (f) system installation
location on the bridge.
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5.2. Results of the Field Test. Trafc was not blocked on the
bridge during the whole test process, and vehicles could pass
freely. An LDM was also arranged at the midspan position
under the bridge to measure the absolute displacement. Te
confrmation measurement lasted for ten minutes. We
verifed the accuracy of the proposed system by comparing
the measurement data with the LDM.

We considered 13min of displacement data measured by
the LDM and the proposed system, shown in Figure 16. In
order to show the details, we ploted the measured data range
300–450 s in another window. Te large waveforms are the
deformation caused by vehicles passing the bridge and small
waveforms are the high-frequency vibrations associated with
the modal frequency of the bridge. Te big waveforms are
basically the same between proposed system and laser
(LDM), but there are errors in small waves. Furthermore, we
determined the source of measurement error through
spectral analysis. Herein, the RMSE of the proposed system
is 0.46mm. Figure 17 shows the spectrogram of the dis-
placement component measured by LDM and the proposed
system.Temaximum error is 0.6-0.7mm, mainly caused by
the DHLS measurement error, in the frequency range below
0.4Hz. We further observe that at approximately 2.5Hz,
there is a maximum error of 0.3mm, caused by the LDM
measurement error (as there is a trafc lane under the feld-
test bridge, and the passing vehicles vibrate the bracket
where LDM is installed).

5.3. Practicality of the System. Te camera and accelerometer
used in the system are industrial-grade products with good
durability. Te camera can work in the temperature range of
−10–65°C, and the accelerometer is in the range of
−40–85°C. Te system is arranged in a box with dustproof
and waterproof functions (shown in Figure 18(a)), which
makes the sensor suitable for working in feld conditions.

Te entire measurement system in the box can be
premanufactured at the factory. Te communicating pipe is
needed to be linked to the box through the predrilled holes
(shown in Figure 18(b)) when the system is installed on the
bridge. Te whole installation process is convenient and
expeditious. After installation, the door of the box is closed
to protect the measuring system.

While completing the new system, the cost issue was also
considered. Since price of the system is very limited (less than
$100 when purchased in China), the cost formaintenance and
replacement of system is acceptable for practical application.

6. Conclusions

Tis study provides a reference point-free dynamic defection
measurement system for bridges. Te proposed system is
composed of a DHLS and an accelerometer, and the absolute
displacement is reconstructed by fusing the two signals.

Te results of this study are listed as follows:

(1) Te correction method for DHLS based on the level
forced oscillation equation is proposed. Te DHLS
performance is tested in the laboratory, obtaining
a RMSE below 0.41mm.

(2) Te signal fusion algorithm mainly consists of the
following steps: Step 1: Displacement reconstruction
equation composed of measured acceleration and
initial motion conditions; Step 2: Subtraction of the
liquid level measured displacement from the
reconstructed displacement and obtaining the re-
sidual; Step 3: Obtaining the initial state of motion
under the condition of minimum displacement re-
sidual; and Step 4: Substituting the initial state into
the equation to obtain the reconstruction displace-
ment. Te experiment result demonstrates that the
fusion algorithm improves the adaptation and re-
duces the displacement drift caused by the acceler-
ation integral.

(3) Te feld test shows that the proposed system ach-
ieves continuous high-precision defection mea-
surement. Furthermore, the system can be optimized
by improving the measurement accuracy of DHLS,
which is the main contributor to defection re-
construction errors.
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