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Tis research numerically investigates the mechanical behavior of sloped rolling-type bearings equipped with an inerter. After
deriving equations of motion, the mechanical behavior, under harmonic excitation, of a sloped rolling-type bearing with its
inherent rotational mass (i.e., considering the inertial and restoring forces generated by the existing roller) and one with an added
rotational inerter is numerically analyzed. It is demonstrated that the latter is mechanically diferent from the former and, more
importantly, the latter is more efective at controlling acceleration and displacement responses and practically more feasible. Te
acceleration control performance designed for sloped rolling-type bearings that ignore the inherent rotational mass can basically
be retained when adding a rotational inerter if a suitable inertance-to-mass ratio can frst be determined based on a specifc
acceleration target. Precisely stated, retaining the unique mechanical feature of sloped rolling-type bearings under harmonic
excitation (i.e., the maximum transmitted acceleration is irrelevant to the external disturbance) is the optimum design objective in
this study. Parametric and numerical analyses show that the peak acceleration responses of sloped rolling-type bearings with an
added rotational inerter whose inertance-to-mass ratio is determined based on the optimum objective are less dependent on
having a sufciently large harmonic excitation period (i.e., on having the roller in motion within the sloped rolling range). In
addition, the peak displacement responses under harmonic excitation can be efectively reduced compared with sloped rolling-
type bearings that only consider the inherent rotational mass (i.e., without an added rotational inerter). Similar tendencies are seen
when the sloped rolling-type bearings are subjected to ground motion records including far-feld and pulse-like near-fault ones.
Regardless of the ground motion considered in this study, the sloped rolling-type bearings with an added rotational inerter
designed based on the optimum objective show steady displacement reduction. Finally, a simple, practical, and acceleration-based
procedure is proposed for designing sloped rolling-type bearings equipped with added rotational inerters based on observations
from the parametric and numerical analyses.

1. Introduction

Sloped rolling-type bearings (SRBs) are constituted in each
principle horizontal direction of cylindrical rollers sand-
wiched between upper and lower bearing plates, either or
both of which are provided with a V-shaped rolling surface.
SRBs designed with single sloping angles and friction
damping forces, which feature constant horizontal accel-
eration control performance [1], have been numerically and
experimentally demonstrated to be efective at seismically
protecting critical equipment, facilities, and infrastructure
[2–6]. Te equations of motion for describing both the
generalized and simplifed horizontal transmitted

acceleration of SRBs, however, were theoretically derived
based on the assumption of negligible roller mass [4–6].
When the roller mass of an SRB is not negligible compared
with the total mass of the protected object and upper bearing
plate, it should be further analyzed even if this is not often
seen in engineering practice. Tis is important if there is any
potential adverse efect that could induce nonconservative
design results. In addition, it has been found that SRBs
designed with single sloping angles and friction damping
forces do not perfectly control horizontal transmitted ac-
celeration and isolation displacement simultaneously [7].
Accordingly, some strategies have been developed, such as
SRBs being passively provided with linearly or stepwise
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variable parameters [8, 9], as well as being improved in
a semi-active manner [10, 11] and integrated with earth-
quake early warning information [12, 13].

Smith [14] frst proposed a two-terminal inertial ele-
ment, referred to as an inerter, based on the analogy between
mechanical and electrical networks. It is synthesized using
relatively lightweight components but can generate a re-
markable level of positive-real impedance. By connecting the
inerter with spring and dashpot elements in parallel, series,
or hybrid confgurations, signifcant negative stifness, mass
amplifcation, or period elongation efects can be achieved
and thus act as a more efective energy dissipater or vibration
absorber. Since it is a two-terminal inertial element, the
reaction force generated by the movement of the inerter is
approximately proportional to the relative acceleration be-
tween the two terminals. Te proportionality constant is
dubbed inertance or apparent mass, which is often designed
to be much larger than the physical inerter mass (e.g.,
hundreds or thousands times greater). By expressing the
generated force in the frequency domain, the property of
negative stifness can be easily understood. Tis idea can be
practically realized by various physical mechanisms, such as
the common rack-pinion [15], ball-screw [16], and hydraulic
(or fuid) mechanisms [17].

Owing to the distinct advantages of the inerter, its ap-
plication in civil engineering is becoming very wide and
promising. Varied inerter mechanisms have already been
tested and applied to further enhance the control perfor-
mance of conventional energy dissipation, vibration ab-
sorption, and seismic isolation designs and to overcome the
inevitable difculties encountered in them [18, 19]. Of these,
inerter-based seismic isolation designs, devices, and systems
with series, parallel, and hybrid confgurations for passive
control, which are relevant to the scope of this study, are
reviewed. Several inerter-based seismic isolation confgu-
rations have been analytically and numerically investigated
[20, 21], in which the mechanical behavior of the seismic
isolation system is represented by a linear spring element
and a dashpot element connected in parallel. Tese studies
have demonstrated that using an inerter with the same
inertance-to-mass ratio in any of the confgurations has
superior control performance compared with traditional
seismic isolation designs. Based on the proposedH∞ andH2
optimization procedures [20], it has been suggested that the
simplest confguration (i.e., that the inerter and the seismic
isolation system are directly mounted in parallel) already has
sufciently wide suppression bandwidth owing to its neg-
ative stifness and antiresonance efects. Other sophisticated
layouts have been proposed and verifed to be more efective
at reducing the seismic responses of seismic isolation sys-
tems and superstructures. Note that the acceleration control
performance of inerter-based seismic isolation designs at
a higher frequency range may be compromised; i.e., there is
efective suppression of isolation displacement but aug-
mented acceleration transmitted to the seismically isolated
superstructure because of a more signifcant generated
inerter force [20, 21]. Tis means that the excessive force
generated by an inerter should receive special attention
when designing a seismic isolation device and system.

Many studies [22–26] have considered a variety of
earthquake scenarios to demonstrate the efcacy of in-
corporating a conventional tuned mass damper (TMD) into
a seismic isolation design for reducing the seismic demand
of the isolation system and the seismic response of the
isolated superstructure, with an emphasis on the former. It
appears that a sufciently weighty tuned mass is required to
enable the storage of enough input energy to achieve sat-
isfactory control performance, but this may introduce issues
with space use and cost. Tis can be easily understood from
the case study of De Domenico and Ricciardi [26]. On the
premise of avoiding adding considerable mass, the design of
an inerter as a secondary oscillator to store input energy and
protect the primary target from unacceptable vibration is
one of the most efective strategies required to overcome the
aforementioned difculties. Some studies [27–33] proposed
mounting an inerter-based TMD system in which there is
still a physical tuned mass block (i.e., the so-called tuned
mass damper inerter or TMDI), and others [34–42] pro-
posed mounting an inerter system in which there is no
physical tuned mass block (i.e., the so-called tuned inerter
damper or TID, which is the simplest design) between the
ground and the target to be protected. Diferent equations of
motion and optimization design procedures for various
TMDI and TID designs and confgurations have been de-
veloped and numerically and experimentally demonstrated
with a fair basis of comparison. In addition to verifying that
adopting an inerter with the same inertance-to-mass ratio in
any mechanism and confguration achieves superior control
performance to the traditional TMD design (reduction of
isolation displacement in particular), comparisons with
other vibration absorption designs, such as tuned liquid
column dampers (TLCDs) [33], have also been made to
further emphasize the distinct advantages of inerters.

In the aforementioned studies [27–42], one terminal of
the proposed TMDI or TID system was connected with the
ground, and the other terminal was designed to be mounted
above [27, 30, 33] or below the base foor of the seismically
isolated structure [28, 31, 33, 37–40] or laterally attached to it
[29, 32, 34–36, 41, 42]. Besides linearly elastic seismic iso-
lation systems, nonlinear plastic systems that use diferent
hysteretic models (e.g., Coulomb friction and Bouc-Wen
hysteretic models [28]), and seismic isolation systems
composed of specifc bearings (e.g., lead rubber bearings
(LRBs) [39] and friction pendulum bearings (FPBs)) [34, 37]
have also been incorporated into the analytical, numerical,
and experimental models. When incorporating TMDIs into
seismic isolation systems, it has been further shown that
TMDIs are very suitable for nonlinear systems without any
adverse efect arising from detuning [28], which overcomes
the drawbacks of the traditional TMD design (i.e., the high
sensitivity of control performance to the tuning frequency
and earthquake frequency content). It has also been rec-
ommended that the design of a larger inertance and lower
added tuned mass be implemented to improve control
performance as well as a seismic isolation system with lower
damping [29].

From the reviewed literature, it is clear that the use of an
inerter for passive seismic isolation has attracted immense
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attention in the earthquake engineering feld. However, the
combination of SRBs, which mechanically present twin-fag
hysteretic behavior, with an inerter has not yet been studied.
Difering from previous theoretical studies [4–6], the inertial
and restoring forces generated by the rotational motion of
the cylindrical roller of a typical existing SRB (i.e., the in-
herent rotational mass) is the frst considered to derive more
exact equations of motion for SRBs with nonnegligible roller
mass, which are denoted as IRM-SRBs hereafter. Te dy-
namic responses of several IRM-SRB models with diferent
design parameters under harmonic excitations of various
acceleration amplitudes and periods are numerically dis-
cussed. Ten, the design mechanism of an SRB combined
with an externally added rotational inerter, denoted as
ARI-SRB hereafter, is introduced and the corresponding
equations of motion are deduced. A series of numerical
studies using harmonic excitation and ground motion are
conducted to further understand the dynamic characteris-
tics, behavior, and control performance of ARI-SRBs. A
simple, practical, and acceleration-based design procedure
for ARI-SRBs is then proposed based on the parametric and
numerical analysis results. A simple but practical example is
provided for further examining the feasibility of the pro-
posed design procedure.

Section 2 of this paper briefy introduces SRBs and IRM-
SRBs. Based on the derived equations of motion for IRM-
SRBs, a parametric study under harmonic excitation is
described to better understand the mechanical behavior of

IRM-SRBs and the adverse efects of neglecting the roller
mass of SRBs. Section 3 introduces the design of ARI-SRBs.
Based on the derived equations of motion for ARI-SRBs,
a parametric study using harmonic excitation and a numeric
study using ground motion to better understand the me-
chanical behavior as well as the control performance of ARI-
SRBs are described. Section 4 proposes an acceleration-
based procedure for designing ARI-SRBs in an easy and
practical manner and also provides a design example. Some
conclusions are provided in Section 5.

2. SRBs That Consider Inherent Rotational
Mass (IRM-SRBs)

2.1. Generalized Analytical Models of SRBs Tat Do Not
Consider Inherent Rotational Mass. For SRBs designed with
single sloping angles and friction damping forces,
Figure 1(a) presents a simplifed model for SRBs consisting
of an upper bearing plate, a roller, and a lower bearing plate
in one principle horizontal direction, and Figure 2 presents
the free body diagram of the simplifed model shown in
Figure 1(a) when sgn(xu) � sgn(xr) � 1 and sgn( _xu) �

sgn( _xr) � 1. Based on the free body diagram, four dynamic
force equilibrium equations, one dynamic moment equi-
librium equation, and four compatibility conditions can be
obtained as given in equations (1) to (9) [4–6] to solve a total
of nine variables of α, €xu, €xr, €zu, €zr, Nu, Nl, fu, and fl.

− FD cos θu + fu cos θu( 􏼁sgn _xu( 􏼁 − Nu sin θusgn xu( 􏼁 � m €xu + €xg􏼐 􏼑, (1)

− FD sin θu + fu sin θu( 􏼁sgn xu( 􏼁sgn _xu( 􏼁 + Nu cos θu − mg � m €zu + €zg􏼐 􏼑, (2)

FD cos θu − FD cos θl + fu cos θu − fl cos θl( 􏼁sgn _xu( 􏼁 + Nu sin θu − Nl sin θl( 􏼁sgn xu( 􏼁 � mr €xr + €xg􏼐 􏼑, (3)

FD sin θu − FD sin θl + f1 sin θ1 − f2 sin θ2( 􏼁sgn xu( 􏼁sgn _xu( 􏼁 − N1 cos θ1 + N2 cos θ2 − mrg � mr €zr + €zg􏼐 􏼑, (4)

r fu + fl( 􏼁sgn _xu( 􏼁 � Iα, (5)

€xr � rα cos θl, (6)

€zr � rα sin θlsgn xu( 􏼁, (7)

€xu � €xl + rα cos θu � rα cos θu + cos θl( 􏼁, (8)

€zu � €zr + rα sin θusgn xu( 􏼁 � rα sin θu + sin θl( 􏼁sgn xu( 􏼁, (9)

where xu, _xu, and €xu are the horizontal displacement, ve-
locity, and acceleration responses of the protected object and
upper bearing plate relative to ground (or the fxed lower
bearing plate); zu, _zu, and €zu are the vertical displacement,
velocity, and acceleration responses of the protected object
and upper bearing plate relative to ground (or the fxed
lower bearing plate); xr (zr), _xr ( _zr), and €xr (€zr) are the

horizontal (and vertical) displacement, velocity, and accel-
eration responses of the roller relative to ground (or the fxed
lower bearing plate); €xg(€zg) is the horizontal (and vertical)
acceleration of the excitation; g is the acceleration due to
gravity; m and mr are the total mass of the protected object
and upper bearing plate and the mass of the roller, re-
spectively; r is the radius of the roller; θu and θl are the
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sloping angles designed for the rolling surfaces of the upper
and lower bearing plates, respectively; I is the moment of
inertia of the roller� 1/2mrr

2; α is the angular acceleration
of the roller (where clockwise rotation is positive); fu (fl) and
Nu (Nl) are the rolling friction force and normal force acting
between the upper bearing plate and roller (and between the
roller and lower bearing plate), respectively; and FD is the
built-in friction damping force acting parallel to the slope of
the bearing plates, which is usually simulated by a Coulomb
friction model for simplicity.

Based on the assumptions of very small designed sloping
angles, the roller being much lighter than the object to be
protected above it (i.e., mr/m ≈ 0), and with no applied
vertical disturbance (i.e., €zg � 0), the horizontal transmitted
constant acceleration when the cylindrical roller is in motion
within the sloped rolling range can be further obtained in
a simplifed and linearized form as given in equation (10)
[4–6]. In other words, the following equation is the equation
of motion of SRBs when the roller is out of the arc rolling
range d.

€xu + €xg � −
1
2

g θu + θl( 􏼁sgn xu( 􏼁 −
FD

m
sgn _xu( 􏼁. (10)

To avoid pounding when the roller passes through the
intersection of the two inclines of the V-shaped surfaces of
the bearing plates, an arc rolling range with a fxed curvature
radius (R) is provided [4]. If the surfaces of the two bearing
plates in contact with the roller are designed to be sloped, i.e.,
both θu and θl are not equal to zero (Figure 1(b)), the
horizontal transmitted acceleration of an SRB when the

roller is in motion within the arc rolling range d in a sim-
plifed and linearized form is obtained from [4–6]:

€xu + €xg � −
g

2R
xu −

FD

m
sgn _xu( 􏼁. (11)

If one of the surfaces of the two bearing plates in contact
with the roller is designed to be fat, i.e., either θu or θl is
equal to zero (Figure 1(c)), the horizontal transmitted ac-
celeration of an SRB when the roller is in motion within the
arc rolling range d in a simplifed and linearized form is
obtained from [4–6]:

€xu + €xg � −
g

4R
xu −

FD

m
sgn _xu( 􏼁. (12)

Te typical twin-fag hysteretic behavior of SRBs
designed with single sloping angles and friction damping
forces, which can be quantitatively obtained using equations
(10) to (12), is schematically presented in Figure 3 [4–7].

2.2. Generalized Analytical Models of IRM-SRBs. As de-
scribed in Section 2.1, equations (10) to (12) are obtained by
ignoring the inertial and restoring forces generated by the
rotational motion of the existing roller. With the same
simplifying assumptions made in Section 2.1, except for
retaining the roller mass during derivation (i.e., mr/m≠ 0)
and by further defning the mass ratio Rm �mr/m, the
horizontal acceleration of IRM-SRBs relative to ground
when the roller is in motion within the sloped rolling range
can be obtained from:

€xu �
−1

m + 3/8mr( 􏼁
FDsgn _xu( 􏼁 + m +

1
2
mr􏼒 􏼓 €xg +

1
2
mg θu + θl( 􏼁sgn xu( 􏼁 +

1
2
mrgθlsgn xu( 􏼁􏼔 􏼕,

�
−1

1 + 3/8Rm( 􏼁m
FDsgn _xu( 􏼁 + 1 +

1
2
Rm􏼒 􏼓m €xg +

1
2
mg θu + θl( 􏼁sgn xu( 􏼁 +

1
2
Rmmgθlsgn xu( 􏼁􏼔 􏼕.

(13)

When both θu and θl are not equal to zero (Figure 1(b)),
the horizontal acceleration of IRM-SRBs relative to the
ground when the roller is in motion within the arc rolling
range d is obtained from the following equations:

€xu �
−1

m + 3/8mr( 􏼁
FDsgn _xu( 􏼁 + m +

1
2
mr􏼒 􏼓 €xg + m +

1
2
mr􏼒 􏼓

gxu

2R
􏼔 􏼕,

�
−1

1 + 3/8Rm( 􏼁m
FDsgn _xu( 􏼁 + 1 +

1
2
Rm􏼒 􏼓m €xg + 1 +

1
2
Rm􏼒 􏼓

mgxu

2R
􏼔 􏼕.

(14)
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Figure 1: A simplifedmodel for SRBs with one principle horizontal direction. (a) In the sloped rolling range. (b) In the arc rolling range (θu,
θl≠ 0). (c) In the arc rolling range (either θu or θl � 0).
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Figure 2: Free body diagram of the simplifed model when sgn(xu) � sgn(xr) � 1 and sgn( _xu) � sgn( _xr) � 1.
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Figure 3: Typical hysteretic behavior of SRBs designed with single sloping angles and friction damping forces [4–7].
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When either θu or θl is equal to zero (Figure 1(c)), the
horizontal acceleration of IRM-SRBs relative to the ground
when the roller is in motion within the arc rolling range d is
obtained from the following equations:

€xu �
−1

m + 3/8mr( 􏼁
FDsgn _xu( 􏼁 + m +

1
2
mr􏼒 􏼓 €xg + m + mr( 􏼁

gxu

4R
􏼔 􏼕,

�
−1

1 + 3/8Rm( 􏼁m
FDsgn _xu( 􏼁 + 1 +

1
2
Rm􏼒 􏼓m €xg + 1 + Rm( 􏼁

mgxu

4R
􏼔 􏼕.

(15)

By comparing equations (13) to (15) with equations (10)
to (12), consideration of the inherent rotational mass not
only equivalently contributes to the inertial force repre-
sented in the denominator on the right-hand side of the
equalities but also afects the restoring force represented
inside the bracket on their right-hand side. In other words,
in addition to changing the inertial force, consideration of
the inherent rotational mass also changes the restoring force.
Based on the equations of motion given in equations (10) to
(12) and equations (13) to (15), and considering the relative
static state when the designed friction force is larger than the
critical friction (obtained by setting €xu � 0 during numerical
integration), the acceleration and displacement responses of
SRBs and IRM-SRBs under external disturbance can be
numerically analyzed.

2.3. Parametric Study of IRM-SRBs under Harmonic
Excitation

2.3.1. Harmonic Excitation. To study the steady-state re-
sponses of IRM-SRBs under an external disturbance, uni-
lateral periodic harmonic excitation with an amplitude that
linearly increases until reaching a target acceleration am-
plitude is considered herein and expressed as follows:

€xg � A0 sin
2π
Tg

􏼠 􏼡t, A0 �

Ag

T0
t, when t≤T0,

Ag, whenT0 < t<T,

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(16)

where A0 is the acceleration amplitude of the unilateral
periodic harmonic excitation; Tg is the harmonic excitation
period; Ag is the target acceleration amplitude; T0 is the time
needed for the acceleration amplitude to reach the target;
and T is the total duration of the external disturbance. Te
value of T0 is taken as 25 times the period of the harmonic
excitation (i.e., T0 � 25Tg) in order to minimize the efect of
the transient responses. Te value of T is taken as 200 times
the period of the harmonic excitation (i.e., T � 200Tg) for
the same purpose. Te amplitude of the harmonic excitation
versus time is presented in Figure 4.

2.3.2. First Parametric Study Results and Discussion.
Another normalized factor obtained by dividing FD bymg is
further defned and denoted as μ∗. Te frst parametric study
for IRM-SRBs aimed to probe the variation of their peak
acceleration and displacement responses with respect to Rm.
Let m� 1 ton, θu � 0 degrees, θl � 3 degrees, μ∗ � 0.0561 (i.e.,
FD � 550N), R� 0.1m, and d� 0.0105m, which are fre-
quently used values for the practical design of SRBs. Eleven
sets of Rm in total, including one SRBmodel with Rm � 0 (i.e.,
mr � 0 kg) and ten IRM-SRB models with Rm � 0.0, 0.05, 0.1,
0.15, 0.2, 0.25, 0.3, 0.35, 0.4, 0.45, and 0.5 (i.e.,mr � 0, 50, 100,
150, 200, 250, 300, 350, 400, 450, and 500 kg, respectively),
were considered. Unilateral periodic harmonic excitations
with Ag � 0.3 g and Tg � 1 s were used. Note that the hori-
zontal transmitted constant acceleration designed for the
SRB model was calculated from equation (10) as 0.0822 g. In
addition, very large values of Rm (i.e., very large cylindrical
rollers) may not be practically feasible for current SRB
design mechanisms. Te assumed parameters and excitation
for the frst parametric study of IRM-SRBs are listed in
Table 1.

Te 3-cycle hysteretic loops under harmonic excitation
of the SRB model with Rm � 0 (obtained using equations (10)
to (12)) and those of the IRM-SRB models with diferent
values of Rm (obtained using equations (13) to (15)) are
correspondingly represented by black and blue lines in
Figure 5(a), for which the darker blue color represents
a larger value of Rm, and the abscissa and ordinate represent
the relative displacement and absolute acceleration re-
sponses, respectively. To better understand the occurrence
sequence of certain crucial relative displacement, relative
velocity, and absolute acceleration responses, the corre-
sponding absolute acceleration responses versus the relative
velocity responses are presented in Figure 5(b), and the same
symbol represents the same approximate time point during
the numerical integration in Figures 5(a) and 5(b). To better
and quantitatively compare the contributions of increasing
roller mass to the restoring force and inertial force of the
IRM-SRB models, two hysteresis loops plotted with green
dotted lines, which represent the results of setting Rm � 0.05
(lighter green color) and 0.5 (darker green color) but ig-
noring the term Rm inside the bracket on the right-hand side
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of equations (13) to (15) during numerical integration, are
also provided in Figures 5(a) and 5(b). Evidently, the dif-
ference between the results with and without considering Rm
(inside the bracket on the right-hand side of equations (13)
to (15)) is very noticeable. It is thus numerically demon-
strated that increasing roller mass contributes more sig-
nifcantly to the restoring force than to the inertial force thus
lessening the advantage of increasing the inherent rotational
mass if indeed there is any.

Variations of the peak acceleration and displacement
responses of the IRM-SRB models with respect to Rm are
shown in Figures 5(c) and 5(d), respectively. It is evident that
the larger the value of Rm, the more signifcant is the efect. A
heavier roller or a larger inherent rotational mass (i.e.,
a larger value of mr or Rm) mechanically generates a more
signifcant restoring force and leads to larger acceleration
and displacement responses when the roller is in motion
within the sloped rolling range. Te peak acceleration re-
sponses appear to exceed the horizontal transmitted con-
stant acceleration designed for the SRB model (0.0822 g).
Te numbers shown in Figures 5(c) and 5(d), which are
correspondingly calculated as per equations (17) and (18),
indicate the errors in peak acceleration and displacement
responses caused by neglecting the infuence of the roller
mass of SRBs, respectively. It is evident that the larger the
value of Rm, the greater the underestimation extent of peak
acceleration and displacement responses. For the worst case
here, the peak acceleration and displacement responses are
underestimated by 16.712% (with Rm � 0.5) and 7.021%
(with Rm � 0.5), respectively.

Erra �
AIRM−SRB

ASRB
− 1􏼠 􏼡 × 100%, (17)

Errd �
DIRM−SRB

DSRB
− 1􏼠 􏼡 × 100%, (18)

where Erra and Errd are the indices to quantitatively estimate
the errors in peak acceleration and displacement responses
caused by neglecting the infuence of the roller mass of SRBs,
respectively; AIRM-SRB and DIRM-SRB are the peak

acceleration and displacement responses of an IRM-SRB,
respectively; and ASRB and DSRB are the peak acceleration
and displacement responses of an SRB, respectively.

2.3.3. Second Parametric Study Results and Discussion.
Te second parametric study of IRM-SRBs aimed to probe
the dependencies of their peak acceleration and displace-
ment responses on Ag. Let m� 1 ton, θu � 0 degrees, θl � 3
degrees, μ∗ � 0.0561 (i.e., FD � 550N), R� 0.1m,
d� 0.0105m, and Rm � 0 (i.e., an SRB model) and 0.2 (i.e., an
IRM-SRB model). Unilateral periodic harmonic excitations
with Tg � 1 s but values of Ag varying from 0.1 g to 1 g with
an increment of 0.1 g were used. Details of the assumed
parameters and the excitations used for the second para-
metric study of IRM-SRBs are listed in Table 1. Te 3-cycle
hysteretic loops under harmonic excitation of the SRBmodel
(with Rm � 0) and the IRM-SRB model (with Rm � 0.2)
correspondingly obtained using equations (10) to (12) and
equations (13) to (15) are presented in Figure 6(a). Varia-
tions of the peak acceleration and displacement responses of
the SRB and IRM-SRB models with respect to Ag are shown
in Figures 6(b) and 6(c), respectively.

As explained in Section 2.3.2, because the IRM-SRB
model mechanically generates a restoring force when the
roller is in motion within the sloped rolling range, whereas
the SRB model does not, it has larger acceleration and
displacement responses under the same harmonic excita-
tion.Te peak acceleration responses of the IRM-SRBmodel
exceed the horizontal transmitted constant acceleration
designed for the SRBmodel (0.0822 g).Te peak acceleration
and displacement responses of the IRM-SRB model are
approximately linearly proportional to Ag, and so are the
peak displacement responses of the SRB model [6]. Te
numbers shown in Figures 6(b) and 6(c), which are cor-
respondingly calculated as per equations (17) and (18), in-
dicate the errors in peak acceleration and displacement
responses caused by neglecting the infuence of the roller
mass of SRBs, respectively. It is evident that the larger the
value of Ag, the severer is the underestimation extent of peak
acceleration responses. Except for Ag � 0.1 g, the efect of Ag

–Ag

Ag

A0

T0 = 25 Tg T = 200 Tgt

Figure 4: Harmonic excitation history.
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on the underestimation extent of peak displacement re-
sponses is less insignifcant. For the worst case here, the peak
acceleration and displacement responses are underestimated
by 27.713% (with Ag � 1 g) and 14.094% (with Ag � 0.1 g),
respectively.

2.3.4. Tird Parametric Study Results and Discussion.
Te third parametric study for IRM-SRBs aimed to probe the
dependencies of their peak acceleration and displacement
responses on Tg. Te values set form, θu, θl, μ∗, R, d, and Rm
are identical to those in Section 2.3.3. Unilateral periodic
harmonic excitations with Ag � 0.3 g but values of Tg

varying from 0.1 s to 1 s with an increment of 0.1 s and
varying from 1 s to 10 s with an increment of 1 s were used.
Details of the parameters assumed and the excitations
considered for the third parametric study of IRM-SRB are
listed in Table 1. Te 3-cycle hysteresis loops under har-
monic excitation of the SRB model (with Rm � 0) and the
IRM-SRB model (with Rm � 0.2) are presented in
Figures 7(a) and 7(b). Variations of the peak acceleration
and displacement responses of the SRB and IRM-SRB
models with respect to Tg are shown in Figures 7(c) and
7(d), respectively.

Te Tg dependency observed here is basically identical to
the Ag dependency observed in Section 2.3.3. Because the
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IRM-SRB model mechanically generates a restoring force
when the roller is in motion within the sloped rolling range
whereas the SRB model does not, it has larger acceleration
and displacement responses under the same harmonic ex-
citation. Te peak acceleration responses of the IRM-SRB
model exceed the horizontal transmitted constant acceler-
ation designed for the SRB model (0.0822 g) when the value
of Tg is not too small. Here, when Tg ≤ 0.3 s, the roller is still
in motion within the arc rolling range and so shows peak
acceleration responses smaller than 0.0822 g for the
IRM-SRBmodel. Note that the diference compared with the
Ag dependency is that the peak displacement responses of
the SRB and IRM-SRB model increase with Tg but not
linearly, and the peak acceleration responses of both models
are independent of Tg when the value of Tg is not too small
(i.e., Tg ≥ 0.4 s) or when the roller is in motion within the
sloped rolling range.Te numbers shown in Figures 7(c) and
7(d), which are correspondingly calculated as per equations
(17) and (18), indicate the errors in peak acceleration and
displacement responses caused by neglecting the infuence of
the roller mass of SRBs, respectively. It is evident that when
the roller is in motion within the sloped rolling range, the
underestimation extent of peak acceleration and displace-
ment responses is not greatly dependent onTg. For the worst
case here, the peak acceleration and displacement responses
are underestimated by 7.321% (with Tg � 1 and 2 s) and
4.627% (with Tg � 4 s), respectively.

Te observed phenomena for IRM-SRBs under har-
monic excitation are very constructive and motivate further
study on the seismic performance of SRBs with added ro-
tational inerters (introduced and discussed in Section 3),
which is a more feasible practical method for amplifying the
inertial force, and corresponding superior control
performance.

3. SRBs with an Added Rotational Inerter (ARI-
SRBs)

It was numerically demonstrated in Section 2 that the efect
of the inertial force generated by the rotational motion of the
roller of existing SRBs on the overall performance is not very
signifcant when considering practically feasible dimensions.
Other than simply increasing the roller mass without limit,
which is practically impossible, the mass increase contrib-
utes less signifcantly to the inertance than to the restoring
force. Terefore, by referring to the design mechanism
proposed by Smith [14] to enlarge the angular velocity and
reduce the mass of the inerter as much as possible (Figure 8),
it is attempted in this section to connect SRBs directly with
a rotational inerter in parallel (ARI-SRBs). In Figure 8, the
added rotational inerter (i.e., the fywheel) is mechanically
driven by a rack, one gear wheel (or more if practically
feasible), and two pinions (or more if practically feasible). As
indicated in Figure 8, rgw, rrp, rfp, and rf are the radii of the
gear wheel, rack-pinion, fywheel pinion, and fywheel, re-
spectively, and mI is the mass of the fywheel (i.e., the added
rotational inerter).

3.1. Analytical Models of an ARI-SRB. Te inertial and re-
storing forces generated by the rotational motion of the
existing roller with a suitable mass as described in Section 2.2
are still appropriately considered in this analysis. Te
conceptual designmechanism of the added rotational inerter
is similar to that proposed by Smith [14], and its two ter-
minals are assumed to be correspondingly connected to the
upper and lower bearing plates of the SRB in each principle
horizontal direction (see Figure 9, in which two sets of
inerters are connected with the SRB in parallel). Te hori-
zontal acceleration of ARI-SRBs relative to the ground when
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Figure 7: Efect of varying Tg on the control performance of SRBs and IRM-SRBs. (a) Hysteresis loops (Tg � 0.1 s to 1 s). (b) Hysteresis loops
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the roller is in motion within the sloped rolling range can be
obtained as in equation (20) by further defning the iner-
tance b contributed by the added rotational inerter and
a ratio of the inertance to the total mass of the protected
object plus the upper bearing plate of the SRB (i.e., the
inertance factor β� b/m) as in equation (19), obtained in
a simplifed form by assuming the masses of the rack, gear
wheel, and pinions shown in Figure 8 are negligible. Te

inertial force induced by the added rotational inerter in
equation (19) is also incorporated into the derivation.

b€xu � βm€xu �
1
2
mI

rgwrfw

rrprfp
􏼠 􏼡

2

€xu �
1
2
mIc

2
m €xu , (19)

where cm � (rgwrfw/rrprfp).

€xu �
−1

1 + 3/8Rm( 􏼁m + b
FDsgn _xu( 􏼁 + 1 +

1
2
Rm􏼒 􏼓m €xg +

1
2
mg θu + θl( 􏼁sgn xu( 􏼁 +

1
2
Rmmgθlsgn xu( 􏼁􏼔 􏼕,

�
−1

1 + 3/8Rm + β( 􏼁m
FDsgn _xu( 􏼁 + 1 +

1
2
Rm􏼒 􏼓m €xg +

1
2
mg θu + θl( 􏼁sgn xu( 􏼁 +

1
2
Rmmgθlsgn xu( 􏼁􏼔 􏼕.

(20)

When both θu and θl are not equal to zero (Figure 1(b)),
the horizontal acceleration of an ARI-SRB relative to ground
when the roller is in motion within the arc rolling range d is
obtained from the following equation:

€xu �
−1

1 + 3/8Rm( 􏼁m + b
FDsgn _xu( 􏼁 + 1 +

1
2
Rm􏼒 􏼓m €xg + 1 +

1
2
Rm􏼒 􏼓

mgxu

2R
􏼔 􏼕,

�
−1

1 + 3/8Rm + β( 􏼁m
FDsgn _xu( 􏼁 + 1 +

1
2
Rm􏼒 􏼓m €xg + 1 +

1
2
Rm􏼒 􏼓

mgxu

2R
􏼔 􏼕.

(21)

When either θu or θl is equal to zero (Figure 1(c)), the
horizontal acceleration of an ARI-SRB relative to ground
when the roller is in motion within the arc rolling range d is
obtained from the following equation:

€xu �
−1

1 + 3/8Rm( 􏼁m + b
FDsgn _xu( 􏼁 + 1 +

1
2
Rm􏼒 􏼓m €xg + 1 + Rm( 􏼁

mgxu

4R
􏼔 􏼕,

�
−1

1 + 3/8Rm + β( 􏼁m
FDsgn _xu( 􏼁 + 1 +

1
2
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mgxu

4R
􏼔 􏼕.

(22)
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Figure 8: Conceptual design of the mechanism of an added rotational inerter [14].
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By comparing equations (20) to (22) with equations
(13) to (15), it appears that consideration of the added
rotational inerter of an ARI-SRB only contributes to
the inertance represented in the denominator on the
right-hand side of the equalities, which is much simpler
analytically and numerically than consideration of the
inherent rotational mass of an IRM-SRB. In addition, the
value of b (or β) can be more easily and practically
designed to be much larger than the value of 3Rmm/8 (or
3Rm/8) because of the inclusion of cm in (19). Considering
the relative static state when the designed friction force is
larger than the critical friction (obtained by setting €xu � 0
during numerical integration), the acceleration and dis-
placement responses of IRM-SRBs and ARI-SRBs under
external disturbances can be numerically analyzed based
on the equations of motion given in equations (13) to (15)
and equations (20) to (22), respectively.

3.2. Parametric Study of ARI-SRBs under Harmonic
Excitation. Te harmonic excitation adopted here is the
same as that described in Section 2.3.1. Details of the as-
sumed parameters and the excitations considered for the
parametric studies of ARI-SRBs are listed in Table 1.

3.2.1. First Parametric Study Results and Discussion. Te
frst parametric study of ARI-SRBs aimed to probe the
variation of their peak acceleration and displacement re-
sponses with respect to β. Te values set for all the pa-
rameters are identical to those described in Section 2.3.2,
except that Rm � 0.005 was used for the IRM-SRB and
ARI-SRB models for practical considerations and Ag � 0.2 g,
0.4 g, and 0.6 g were considered additionally. Precisely
stated, unilateral periodic harmonic excitations with Tg � 1 s

and Ag � 0.2 g, 0.3 g, 0.4 g, and 0.6 g were used. Eleven sets of
β in total, including one IRM-SRB model with Rm � 0.005
(equivalent to an ARI-SRB model with β� 0) and ten
ARI-SRB models with β� 0.05, 0.1, 0.15, 0.2, 0.25, 0.3, 0.35,
0.4, and 0.45, were considered. Te 3-cycle hysteretic loops
under harmonic excitation of the IRM-SRB model with
Rm � 0.005 (obtained using equations (13) to (15)) and those
of the ARI-SRB models with diferent values of β (obtained
using equations (20) to (22)) are correspondingly repre-
sented by blue and red lines in Figures 10(a), 10(c), 10(e),
and 10(g), for which the darker red color represents a larger
value of β. To better understand the occurrence sequence of
certain crucial relative displacement, relative velocity, and
absolute acceleration responses, the corresponding absolute
acceleration responses versus the relative velocity responses
are presented in Figures 10(b), 10(d), 10(f ), and 10(h), and
the same symbol represents the same approximate time
point during the numerical integration. Variations of the
peak acceleration and displacement responses of the
ARI-SRB models with respect to β are shown in Figures 11
and 12, respectively.

It appears that the larger the value of β, the more sig-
nifcant the efect of adding the rotational inerter, i.e., there
was more signifcant mechanical clockwise rotation of the
hysteresis loops. For each case of Ag, both peak acceleration
and displacement responses could be reduced efectively
with a smaller value of β, and the displacement responses
were particularly noteworthy. Te peak acceleration re-
sponses in the frst and third quadrants, which occur when
the roller is at the transition from the arc rolling range to the
sloped rolling range, dominate the overall acceleration
control performance. When the value of β becomes larger,
the peak acceleration responses occurring at the peak dis-
placement responses in the second and fourth quadrants

Figure 9: Illustration of the design mechanism of an ARI-SRB.
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Figure 10: Hysteretic loops of ARI-SRB models with diferent β under harmonic excitations with Ag � 0.2 g, 0.3 g, 0.4 g, and 0.6 g and
Tg � 1 s. (a) Absolute acceleration versus relative displacement (Ag � 0.2 g). (b) Absolute acceleration versus relative velocity (Ag � 0.2 g). (c)
Absolute acceleration versus relative displacement (Ag � 0.3 g). (d) Absolute acceleration versus relative velocity (Ag � 0.3 g). (e) Absolute
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versus relative displacement (Ag � 0.6 g). (h) Absolute acceleration versus relative velocity (Ag � 0.6 g).
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dominate the overall acceleration control performance and
even exceed the horizontal transmitted constant acceleration
designed for the SRB model (0.0822 g). Te tendency for the
corresponding reduction in displacement responses is still
observed but is less signifcant. More importantly, when
subjected to harmonic excitation with Ag � 0.2 g, 0.3 g, 0.4 g,
and 0.6 g, the corresponding maximum design values of β
(0.45, 0.24, 0.16, and 0.1) can be approximately determined
from Figures 10(a) (or 10(b)), 10(c) (or 10(d)), 10(e) (or
10(f )), and 10(g) (or 10(h)), respectively, and those are
presented in Figure 11, on the premise that the peak

acceleration response of the ARI-SRBmodel does not exceed
the horizontal transmitted constant acceleration designed
for the SRB model (0.0822 g).

3.2.2. Second Parametric Study Results and Discussion.
Te second parametric study of ARI-SRBs aimed to probe
the variation of their peak acceleration and displacement
responses with respect to Ag. Te values set for all the
parameters here are identical to those described in Section
3.2.1, except for adopting the four values of β determined
in Section 3.2.1, i.e., 0.45, 0.24, 0.16, and 0.1, to guarantee
that the ARI-SRB models would have smaller peak ac-
celeration responses than 0.0822 g when Ag � 0.2 g, 0.3 g,
0.4 g, and 0.6 g (with respect to the β values). Unilateral
periodic harmonic excitations with Tg � 1 s but with
values of Ag varying from 0.1 g to 1 g with an increment of
0.1 g were used. Te 3-cycle hysteretic loops under har-
monic excitation of the IRM-SRB model with Rm � 0.005
and the ARI-SRB models with the four values of β cor-
respondingly obtained using equations (13) to (15) and
equations (20) to (22) are respectively represented as blue
and red lines in Figure 13. Variations of the peak accel-
eration and displacement responses of the four ARI-SRB
models with respect to Ag are shown in Figures 14 and 15,
respectively.

Clearly, the peak displacement response of the ARI-SRB
models is smaller than that of the IRM-SRB model with
Rm � 0.005 under the same harmonic excitation, and it is
almost linearly proportional to Ag. For each case of β and
with a smaller value of Ag, the peak acceleration responses
occurring in the frst and third quadrants when the roller is
at the transition from the arc rolling range to the sloped
rolling range dominate the overall acceleration control
performance, and they are slightly smaller than the hori-
zontal transmitted constant acceleration designed for the
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SRB model (0.0822 g). When the value of Ag increases, the
peak acceleration responses of the ARI-SRB models occur at
the peak displacement responses in the second and fourth
quadrants, and they begin to exceed 0.0822 g and are linearly
proportional to Ag. It is worth noting that the peak accel-
eration responses of the ARI-SRB models designed with the
four previously determined values of β, i.e., 0.45, 0.24, 0.16,
and 0.1, are indeed smaller than 0.0822 g when subjected to
the harmonic excitations with Ag ≤ 0.2 g, 0.3 g, 0.4 g, and
0.6 g, respectively. Tis fnding is very important and useful
for the proposal of a design procedure for ARI-SRBs, which
will be discussed in Section 4.

3.2.3. Tird Parametric Study Results and Discussion.
Te third parametric study of ARI-SRBs aimed to probe the
variation of their peak acceleration and displacement re-
sponses with respect to Tg. Te values set for all the pa-
rameters here are identical to those described in Section
3.2.1, except for adopting the four values of β determined in
Section 3.2.1, i.e., 0.45, 0.24, 0.16, and 0.1, to guarantee that
the ARI-SRB models would have smaller peak acceleration
responses than 0.0822 g when Ag � 0.2 g, 0.3 g, 0.4 g, and
0.6 g, with respect to the β values. Unilateral periodic har-
monic excitations with the four values of Ag but with values
of Tg varying from 0.1 s to 1 s with an increment of 0.1 s and
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Figure 13: Hysteretic loops of ARI-SRBmodels with various β under harmonic excitations with Ag varying from 0.1 g to 1 g and Tg � 1 s. (a)
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Ag � 0.4 g. (d) β� 0.1 designed corresponding to Ag � 0.6 g.
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varying from 1 s to 10 s with an increment of 1 s were used.
Te 3-cycle hysteretic loops under harmonic excitation of
the IRM-SRB model with Rm � 0.005 and the ARI-SRB
models with the four values of β correspondingly obtained
using equations (13) to (15) and equations (20) to (22) are
presented in Figure 16. Variations of the peak acceleration
and displacement responses of the four ARI-SRB models

with respect to Tg are shown in Figures 17 and 18,
respectively.

It can be seen that for the ARI-SRB models, the smaller
the value of Tg, the greater the clockwise rotation of the
hysteresis loops. For each case of β, when the value of Tg is
relatively small, the roller is still in motion within the arc
rolling range. Te peak acceleration responses at the peak
displacement responses in the second and fourth quad-
rants, where the clockwise rotation of hysteresis loops
becomes more signifcant, dominate the overall acceler-
ation control performance and even exceed the horizontal
transmitted constant acceleration designed for the SRB
model (0.0822 g). Tis result when the roller is still in
motion within the arc rolling range coincides with the
previous observation of enlarged acceleration due to more
signifcant inerter force generated at a higher frequency
range [20, 21]. When equipped with an added rotational
inerter with the aim of not exceeding the constant ac-
celeration performance designed for the SRB model, the
displacement responses can still be reduced. When the
value of Tg becomes larger, both peak acceleration and
displacement responses can be controlled very well. Te
peak acceleration responses in the second and fourth
quadrants, which occur at the peak displacement re-
sponses, remain almost constant no matter how large Tg is
(i.e., it is almost independent of Tg ). Tis observation
demonstrates again that the unique mechanical features of
SRBs, namely possessing zero postyield stifness, no fxed
natural period, and ofering maximum decoupling against
external disturbances [4–7], still exist even considering
the efect of β. Except for harmonic excitations with too
small a Tg value, for which the roller is still in motion
within the arc rolling range, the peak acceleration re-
sponses of the ARI-SRB models designed with the four
previously determined values of β (0.45, 0.24, 0.16, and
0.1) can be controlled to be smaller than 0.0822 g when
subjected to harmonic excitations with Ag ≤ 0.2 g, 0.3 g,
0.4 g, and 0.6 g (corresponding to the β values). Tis
fnding is also very important and useful for the proposal
of a design procedure for ARI-SRBs, which will be dis-
cussed in Section 4.

3.3. Hysteretic Behavior under Ground Motion

3.3.1. Ground Motion. Twenty-fve sets of far-feld ground
motion records and 41 sets of pulse-like near-fault ground
motion records [43] of past global earthquakes were adopted
as horizontal acceleration inputs. To further understand and
compare the merits and demerits of ARI-SRBs compared
with IRM-SRBs (i.e., SRBs that appropriately consider roller
mass but do not have an added rotational inerter), they were
subjected to ground motions with diferent earthquake
characteristics. Tese ground motion records were collected
by the pacifc earthquake engineering research center
(PEER). Te peak ground acceleration (PGA) and peak
ground velocity (PGV) values of the far-feld ground motion
records ranged from 0.152 g to 0.621 g and from 0.208m/s to
0.704m/s, respectively; the PGA and PGV values of the
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Figure 16: Continued.
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pulse-like near-fault ground motion records ranged from
0.144 g to 1.129 g and from 0.440m/s to 1.479m/s, re-
spectively.Te basic information about these groundmotion
records, including the earthquake, year of occurrence, sta-
tion name, PGA, and PGV, is summarized in Tables 2 and 3.
Teir acceleration response spectra are shown in
Figure 19(a), which shows that the adopted ground motion
records possess a wide range of period content. Te ground
motion records are denoted by the corresponding number
(No.) listed in the tables for simplicity.

3.3.2. Comparison between ARI-SRBs and IRM-SRBs.
Two indices, Ra and Rd, are defned here to quantitatively
judge whether ARI-SRBs perform better than IRM-SRBs
when subjected to ground motion, as described by the
following equations , respectively:

Ra �
AARI−SRB

AIRM−SRB
− 1􏼠 􏼡 × 100%, (23)

Rd � 1 −
DARI−SRB

DIRM−SRB
􏼠 􏼡 × 100%, (24)

where AARI-SRB and DARI-SRB are the peak acceleration and
displacement responses of an ARI-SRB, respectively. If Ra is
negative and Rd is positive, this means that ARI-SRBs
perform better than IRM-SRBs at controlling both accel-
eration and displacement responses.

Let m� 1 ton, θu � 0 degrees, θl � 3 degrees, μ∗ � 0.0561
(i.e., FD � 550N), R� 0.1m, d� 0.0105m, Rm � 0.005 (ap-
propriately assuming the roller mass to be equal to
0.005 times the total mass of the protected object and upper
bearing plate), and β� 0.45, 0.24, 0.16, and 0.1 for the four
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Figure 16: Hysteretic loops of ARI-SRB models with various β under harmonic excitations with various Ag and Tg. (a) β� 0.45 designed
corresponding to Ag � 0.2 g. (b) β� 0.24 designed corresponding to Ag � 0.3 g. (c) β� 0.16 designed corresponding to Ag � 0.4 g. (d) β� 0.1
designed corresponding to Ag � 0.6 g.

Structural Control and Health Monitoring 19



ARI-SRB models, and β� 0 for the IRM-SRB model with
Rm � 0.005. Note that the peak displacement responses of the
ARI-SRB and IRM-SRBmodels under all the groundmotion
records listed in Tables 2 and 3 exceed the design value of d,
i.e., the roller will move in the sloped rolling range
throughout all the ground motion records. Under the far-

feld ground motion listed in Table 2, calculations of Ra and
Rd for the ARI-SRB models of the four values of β are
presented in Figure 20. Likewise, calculations of Ra and Rd
for the four ARI-SRB models under the pulse-like near-fault
ground motion listed in Table 3 are presented in Figure 21.
To provide for a better comparison, Ra and Rd versus No.,
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Table 2: Far-feld ground motion records.

Nos. Earthquakes Years Station names PGA (g) PGV (m/s)
FF-1 EI Centro 1940 American imperial valley 0.281 0.309
FF-2 American Imperial Valley 1979 Delta (352) 0.350 0.330
FF-3 American Superstition Hills 1987 Poe Road (270) 0.475 0.412
FF-4 American Loma Prieta 1989 Gilroy Array #3 (000) 0.559 0.363
FF-5 Capitola (090) 0.439 0.296
FF-6 Iran Manjil 1990 Abbar (L) 0.515 0.425
FF-7 American Landers 1992 Yermo Fire (360) 0.152 0.291
FF-8

American Northridge 1994

Beverly Hills-12520 Mulhol (035) 0.621 0.288
FF-9 Canyon Country (270) 0.472 0.411
FF-10 LA-Saturn St (020) 0.468 0.372
FF-11 LA-Hollywood Stor FF (360) 0.358 0.274
FF-12

Japan Kobe 1995

Nishi-Akashi (000) 0.483 0.468
FF-13 Tadoka (000) 0.296 0.245
FF-14 Kakogwa (000) 0.240 0.208
FF-15 Shin-Osaka (090) 0.233 0.218
FF-16 MRG (000) 0.214 0.270
FF-17 Fukushima (000) 0.185 0.314
FF-18 Yae (000) 0.158 0.212
FF-19 Turkey Kocaeli 1999 Duzce (270) 0.364 0.577
FF-20

Taiwan Chi-Chi 1999

TCU074 (EW) 0.597 0.704
FF-21 TCU045 (NS) 0.522 0.460
FF-22 TCU088 (EW) 0.519 0.137
FF-23 TCU047 (NS) 0.407 0.333
FF-24 NST (NS) 0.399 0.329
FF-25 TCU089 (EW) 0.355 0.508

Table 3: Pulse-like near-fault ground motion records.

Nos. Earthquakes Years Station names PGA (g) PGV (m/s)
NF-1 American San Fernanado 1971 Pacoima Dam (upper left abut) (164) 1.129 1.144
NF-2 American Superstition 1987 Parachute Test Site (225) 0.429 1.342
NF-3 American Lexington Dam 1989 LosGatos (090) 0.409 0.957
NF-4 American Cape Mendocino 1992 Petrolia (090) 0.605 0.885
NF-5 Turkey Erzincan 1992 Erzincan (NS) 0.385 1.071
NF-6

American Northridge 1994

Pacoima Dam (upper left) (194) 0.989 1.033
NF-7 Rinaldi (228) 0.869 1.479
NF-8 Sylmar-Converter Sta East (011) 0.851 1.209
NF-9 Sylmar-Olive View Med FF (360) 0.798 1.293
NF-10 Sylmar-Converter Sta (052) 0.617 1.162
NF-11 Jensen Filter Plant Generator building (022) 0.569 0.761
NF-12

Taiwan Chi-Chi 1999

TCU067 (EW) 0.498 0.983
NF-13 CHY101 (NS) 0.398 1.073
NF-14 TCU052 (EW) 0.357 1.746
NF-15 CHY101 (EW) 0.340 0.672
NF-16 TCU075 (EW) 0.330 1.161
NF-17 TCU102 (EW) 0.310 0.874
NF-18 CHY024 (EW) 0.282 0.529
NF-19 TCU063 (EW) 0.183 0.440
NF-20 TCU102 (NS) 0.172 0.713
NF-21 TCU128 (NS) 0.166 0.626
NF-22 TCU128 (EW) 0.144 0.642
NF-23 Turkey Kocaeli 1999 Yarimca (150) 0.320 0.719
NF-24 Yarimca (060) 0.226 0.697
NF-25 New Zealand Darfeld 2010 HORC (S72E) 0.472 0.698
NF-26 Taiwan Meinong 2016 CHY089 (NS) 0.288 0.577
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PGA, and PGV are provided in these fgures. It can be seen
that all the calculations of Ra are positive except when
β� 0.24, 0.16, and 0.1 under FF-7, for which the hysteresis
loops of the four ARI-SRB models and the IRM-SRB model
are presented in Figure 22(a). All the calculations of Rd are
positive and quite steady under all the ground motion re-
cords for each ARI-SRBmodel. With β� 0.45, 0.24, 0.16, and
0.1, the approximate averages of Rd (i.e., the displacement
reduction) under the far-feld (and pulse-like near-fault)
ground motion records are correspondingly 30.1%, 18.5%,
13.1%, and 9.5% (and 28.0%, 17.9%, 12.5%, and 8.6%), as
presented in Figure 20(e) (and Figure 21(e)). Tis qualita-
tively indicates that adopting an added rotational inerter for
an SRB is defnitely benefcial for reducing peak displace-
ment responses, regardless of whether it is subjected to far-
feld or pulse-like near-fault ground motion. Increasing the

value of β (the inertance) is helpful for displacement control
performance although it sacrifces acceleration control
performance, and vice versa. In addition to Figure 22(a),
Figures 22(b)–22(f ) correspondingly present the hysteresis
loops of the four ARI-SRB models and the IRM-SRB model
under FF-24, FF-4, NF-34, NF-16, and NF-9 for better
understanding and comparison. Te acceleration response
spectra of FF-7, FF-24, FF-4, NF-34, NF-16, and NF-9 are
presented in Figure 19(b). Te PGA values of the ground
motion chosen for Figures 22(a)–22(c) are approximately
equal to or less than 0.2 g, 0.4 g, and 0.6 g, respectively, and
the PGV values of the ground motion chosen for
Figures 22(d)–22(f) are larger than 1m/s. It is demonstrated
again through comparison of Figures 22(a)–22(f ) that when
the ground motion has more low-period content (e.g., at
natural periods shorter than 0.5 s for FF-4 or NF-9, as shown

Table 3: Continued.

Nos. Earthquakes Years Station names PGA (g) PGV (m/s)
NF-27

Taiwan Hualien 2018

HWA019 (EW) 0.411 1.384
NF-28 HWA008 (NS) 0.343 0.861
NF-29 MND016 (EW) 0.306 1.336
NF-30 HWA007 (EW) 0.295 1.034
NF-31 HWA012 (EW) 0.285 0.866
NF-32 HWA063 (NS) 0.258 0.997
NF-33 HWA028 (NS) 0.258 0.517
NF-34 HWA009 (EW) 0.255 1.104
NF-35 HWA008 (EW) 0.235 0.992
NF-36 HWA 062 (EW) 0.213 0.956
NF-37 TRB042 (EW) 0.208 0.656
NF-38 HWA062 (NS) 0.207 0.764
NF-39 HWA011 (NS) 0.203 0.871
NF-40 HWA050 (NS) 0.202 0.763
NF-41 TRB042 (NS) 0.190 0.826
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Figure 19: Acceleration response spectra of ground motion records. (a) All ground motion records. (b) FF-7, FF-24, FF-4, NF-34, NF-16,
and NF-9.
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in Figure 19(b)), more acceleration amplifcation arising
from more signifcant inerter force generated is observable,
which coincides with the parametric analysis results under
harmonic excitation and past relevant studies [20, 21].

Figures 20(b) and 21(b) further show that, in general, the
larger the value of PGA, the larger the calculated Ra. Tis is
particularly evident when subjected to pulse-like near-fault
groundmotion.Te dotted lines plotted in Figures 20(b) and
21(b) represent PGA� 0.2 g, 0.3 g, 0.4 g, and 0.6 g, which are
the acceleration targets (i.e., the four Ag values of the
harmonic excitations) used for determining the four values
of β to design the ARI-SRB models, as detailed in Section
3.2.1. Nearly the same tendency as that observed in Sections
3.2.2 and 3.2.3 was observed. Te existence of quantitative
diferences is reasonable due to the fact that ground motion
is unlike harmonic excitation which only has a fxed fre-
quency and that the dynamic responses when subjected to
ground motion are not steady-state responses completely.
Te ARI-SRB model whose β value was determined using
harmonic excitation with a specifc value of Ag generally

exhibited slightly worse but still acceptable acceleration
control performance compared with the IRM-SRB model
with Rm � 0.005 when subjected to ground motion whose
PGA value is equal to or less than Ag. Quantitatively
speaking, when the PGA values are equal to or less than
acceleration targets of 0.2 g, 0.3 g, 0.4 g, and 0.6 g, the cor-
responding ARI-SRB models have larger peak acceleration
responses than the IRM-SRB model with Rm � 0.005 by less
than 50% in general and by 15.1%, 16.6%, 19.7%, and 21.2%
on average, respectively. Te acceleration control perfor-
mance of the ARI-SRB model under pulse-like near-fault
ground motion may be slightly inferior to that under far-
feld ground motion, which is rational because pulse-like
near-fault ground motion has a signifcant velocity pulse.
Quantitatively speaking, when the PGA values are equal to
or less than acceleration targets of 0.2 g, 0.3 g, 0.4 g, and 0.6 g,
the corresponding ARI-SRB models have larger peak ac-
celeration responses than the IRM-SRB model with
Rm � 0.005 by 29.5%, 25.8%, 22.2%, and 18.4% on average,
respectively. Tese phenomena can be more clearly seen in
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Figure 20: Ra and Rd for ARI-SRB models with β� 0.45, 0.24, 0.16, and 0.1 under far-feld ground motion. (a) Ra (ordered by No.). (b) Ra
(ordered by PGA). (c) Ra (ordered by PGV). (d) Rd (ordered by No.). (e) Rd (ordered by PGA). (f ) Rd (ordered by PGV).
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Figure 23, which contains all the calculations of Ra under all
the ground motions in order of PGA magnitude (the solid
and dotted lines represent the calculations under the far-feld
and pulse-like near-fault ground motion records, re-
spectively). For all the groundmotions, the averages of Ra for
the ARI-SRB models with β� 0.45, 0.24, 0.16, and 0.1 when
the PGA values are correspondingly equal to or less than
acceleration targets of 0.2 g, 0.3 g, 0.4 g, and 0.6 g are 24.9%,
23.1%, 21.4%, and 19.6%, respectively.

4. Acceleration-Based Design
Procedure for ARI-SRBs

Based on the parametric analysis results of the ARI-SRBs
described in Section 3.2 and the seismic responses of the
ARI-SRBs described in Section 3.3, a simple, practical, and
acceleration-based procedure for designing ARI-SRBs is
proposed. First, the seismic demand in terms of PGA and the
horizontal transmitted constant acceleration of SRBs are to
be determined. Te design parameters of an SRB, including

sloping angles and friction damping force, can then be
determined accordingly. Te maximum value of β for an
ARI-SRB can then be determined based on ensuring that the
peak acceleration response under harmonic excitation with
an acceleration amplitude equal to the initially determined
PGA value is less than the designed constant acceleration
transmitted by the SRB. Note that the harmonic excitation
period can be chosen arbitrarily as long as it is not too small,
which would enlarge the acceleration of the ARI-SRBs be-
cause the roller of the SRB would still be in motion within
the arc rolling range. In other words, very short excitation
periods and SRB rollers still moving within the arc rolling
range are excluded from this discussion, which are equiv-
alent to circumstances in which the seismic demand usually
has less damage potential and the seismic isolation system is
not yet fully activated. Finally, nonlinear response history
analysis using ground motion is conducted to verify or
adjust the inertance factor of the ARI-SRB as required. Te
fowchart of the proposed acceleration-based design pro-
cedure for ARI-SRBs is presented in Figure 24.
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Figure 21: Ra and Rd for ARI-SRB models with β� 0.45, 0.24, 0.16, and 0.1 under pulse-like near-fault ground motion. (a) Ra (ordered
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Figure 22: Hysteresis loops of ARI-SRB and IRM-SRB models under various ground motion records. (a) FF-7 (PGA� 0.152 g). (b) FF-24
(PGA� 0.399 g). (c) FF-4 (PGA� 0.559 g). (d) NF-34 (PGV� 1.104m/s). (e) NF-16 (PGV� 1.161m/s). (f ) NF-9 (PGV� 1.293m/s).
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Acceleration-based design procedure

Determine the seismic demand (PGA)
Determine the design parameters of the SRB based
on a determined horizontal transmitted constant
acceleration target.

Take the determined PGA and a sufficiently large
period correspondingly as the acceleration
amplitude and period of harmonic excitation for
preliminary analysis.

Determine a suitable inertance factor to guarantee
the maximum acceleration response of the ARI-
SRB under the harmonic excitation does not
exceed the target.Perform nonlinear response history analysis using

ground motion to verify or slightly adjust the
design inertance factor of the ARI-SRB as required.

Figure 24: Flowchart of the acceleration-based design procedure proposed for ARI-SRBs.
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Figure 25: Illustration of the design example. (a) Plane view. (b) Lateral view.
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A simple design example of the combination of SRBs and
ARI-SRBs in accordance with the proposed design procedure is
provided as follows.Te totalmass (m given in equation (10)) is
assumed to 4 ton, which is sustained by a seismic isolation
system composed of four SRBs and one ARI-SRB, as illustrated
in Figure 25.Te PGA demand (€xg given in (10)) is set to 0.4 g
and the horizontal transmitted constant acceleration target of
the SRBs (€xu + €xg given in (10)) is controlled as 0.1 g.Ten, the
sloping angles (θu and θl given in (10)) and the friction
damping force (FD given in (10)) designed for the four SRBs can
be calculated as per (10). Te calculations of θu and θl for each
SRB and the ARI-SRB are 0 and 5 degrees, respectively, and the
calculation of FD for each SRB is 550N. By performing
nonlinear response analysis on the seismic isolation system
using harmonic excitation with an acceleration amplitude
equal to the determined PGA demand (0.4 g) and a sufciently
larger period (e.g., 0.5 s), the design inertance factor (β given in
equations (20) to (22)) of the ARI-SRB can be obtained as 0.295
to ensure that the maximum acceleration response under the
harmonic excitation does not exceed the control target (0.1 g).
Finally, nonlinear response history analysis using FF-7 and
NF-34 given in Table 2, whose PGA values are equal to or less
than the determined PGA demand (0.4 g), is conducted to
adjust the inertance factor of the ARI-SRB. Under FF-7 and
NF-34, the analyzed maximum acceleration responses are
correspondingly 0.1 g and 0.12 g, which are almost comparable
to the control target (0.1 g).

5. Conclusions

Sloped rolling-type bearings (SRBs) which consider the
inherent rotational mass of the roller (IRM-SRBs) and IRM-
SRBs with an added external rotational inerter (ARI-SRBs)
were analytically and numerically investigated under har-
monic excitation and ground motion. Te following con-
clusions are drawn:

(1) Diferent equations of motion for IRM-SRBs and
ARI-SRBs were theoretically deduced, which has not
been done in previous studies. Te derivations in-
dicate that the rotational motion of the cylindrical
roller of existing SRBs contributes to the inertial and
restoring forces, whereas the added rotational inerter
only contributes to inertance. Te parametric study
under harmonic excitation further demonstrated
that the efects of the inertance factor, target accel-
eration amplitude, and harmonic excitation period
(β, Ag, and Tg) on the mechanical behavior of ARI-
SRBs in terms of hysteresis, acceleration, and dis-
placement are diferent from those of mass ratio
(Rm), Ag, and Tg on the mechanical behavior of
IRM-SRBs. SRBs that appropriately consider in-
herent rotational mass have relatively enlarged ac-
celeration and displacement responses. Terefore,
adopting the IRM-SRB model proposed in this study
can provide more accurate and conservative design
results, especially when the roller mass of the SRB is
not negligible compared with the total mass of the
protected object and upper bearing plate.

(2) For ARI-SRBs, the parametric study under harmonic
excitation showed that the peak displacement re-
sponse is proportional to Ag and Tg and inversely
proportional to β. Te peak acceleration responses
that occur in the frst and third quadrants and those
in the second and fourth quadrants of hysteresis
curves dominate the overall acceleration control
performance for smaller and larger values of β or Ag,
respectively. For the former case, the peak acceler-
ation responses are slightly smaller than the constant
acceleration designed for SRBs that do not consider
inherent rotational mass when the roller is at the
transition point from the arc rolling range to the
sloped rolling range, whereas for the latter case, they
become larger and occur at the peak displacement
responses because of the more signifcant clockwise
rotation of the hysteresis loops. For both smaller and
larger Tg, the peak acceleration responses occurring
in the second and fourth quadrants always dominate
the overall acceleration control performance. For the
former case, the peak acceleration responses appear
to be larger than the constant acceleration designed
for SRBs that do not consider inherent rotational
mass when the roller is still in motion within the arc
rolling range, whereas for the latter case, they de-
crease but are almost the same and occur at the peak
displacement responses. With increasing Tg, the
peak acceleration responses that occur in the second
and fourth quadrants are no longer enlarged, which
implies that the peak acceleration responses of ARI-
SRBs are less dependent on having a sufciently large
harmonic excitation period (or on having the roller
in motion within the sloped rolling range).

(3) When subjected to ground motion, regardless of
whether it is far-feld or pulse-like near-fault motion,
the same tendency as that observed for ARI-SRBs
under harmonic excitation was observed. Te larger
the peak ground acceleration (PGA), the larger the
peak acceleration response. Te peak displacement
responses of ARI-SRBs compared with IRM-SRBs
can be efectively reduced and almost steadily con-
trolled. Increasing inertance is helpful for reducing
displacement, although it sacrifces acceleration
control performance, and vice versa. Most impor-
tantly, ARI-SRBs have slightly worse but still ac-
ceptable acceleration control performance compared
with IRM-SRBs when subjected to ground motion
whose PGA value is equal to or less than the value of
Ag chosen to determine the value of β.

(4) Based on the parametric and numerical analysis results,
a simple and practical acceleration-based procedure was
proposed for designing ARI-SRBs without considering
whether the excitation period is too small or whether the
roller is still within the arc rolling range.

(5) After the feasibility and efcacy of ARI-SRBs have
been numerically demonstrated in this study, further
relevant experimental verifcation will be performed
in future studies.
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