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Vehicle load estimation and health monitoring of bridges are of great importance for the health monitoring of bridge structure under
vehicle loads. Traditionalmethods for the estimation of vehicle load require the positions of the vehicles.Te vehicle position tracking
is generally conducted in ofine manner and requires the installation of additional sensors. To resolve these problems, we developed
a Bayesian probabilistic approach for the online estimation of vehicle loads, vehicle positions, and structural parameters for bridges.
Te crux is to model the vehicle load vector as a modulated fltered Gaussian white noise due to the fact that the vehicle-bridge
interaction forces are in essence the responses of the vehicle-bridge coupled system under the excitation of the road roughness
described by Gaussian random feld and the constant vehicle weights. Furthermore, the vehicle speed vector is introduced to track the
unknown positions of vehicles. Tere are three appealing features in this approach. First, it allows the simultaneous estimation of
vehicle loads, vehicle positions, and structural parameters in an online manner. Second, this method allows for time-varying vehicle
speed tracking. Tird, the proposed method is applicable to the case with multiple vehicles. Examples for the case where single/
multiple vehicles pass across bridges with uniform speeds/variable speeds are presented to demonstrate the feasibility of the proposed
method for vehicle load estimation, vehicle position tracking, and bridge structural identifcation using only strain measurements.

1. Introduction

Health monitoring of bridge structures under vehicle loads
has attracted great interest in recent decades [1–3]. As one of
the major excitations of bridge structures, vehicle loads may
result in damage or fatigue problems [4]. On the other hand,
the load by overweight vehicles may lead to collapse.
Terefore, vehicle load estimation and structural identif-
cation of bridges are important for the assessment and
maintenance of the bridge structures under vehicle loads.

As vehicle loads are moving loads, two problems are
involved in the identifcation of vehicle-bridge coupled
system, namely, vehicle load estimation and vehicle position
tracking. In most of the existing methods, accurate

estimation of vehicle positions is the prerequisite for vehicle
load estimation. Early works [5] regarding vehicle position
tracking or axle detection have been conducted with the axle
detector installed on bridge deck. However, this setting is not
durable and its maintenance is difcult. To resolve this
problem, the concept of nothing-on-road (NOR) [6] was
then proposed for position tracking using global responses.
O’Brien et al. [7] and Bao et al. [8] utilized shear strains for
the estimation of vehicle position. Lydon et al. [9] estimated
the vehicle position using fber-optic sensors with bearing
strain measurements. He et al. [10] developed a virtual
simply-supported beam method to determine the vehicle
position with fexural bending strains. Nevertheless, all of
these methods are conducted in an ofine manner. In
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addition, these methods require the installation of additional
sensors in addition to those for vehicle load estimation [11].

On the other hand, considerable eforts have been
dedicated to the studies on vehicle load estimation with
given vehicle positions. Te reason is that the interactions
between the vehicles and bridge structure result in the
complex vehicle-bridge coupled vibration [12, 13], in-
creasing the difculty of the inverse problem. Static ap-
proaches [5, 14] were frst proposed, but they are applicable
only to some short-span bridges whose dynamic efect can be
ignored. To this end, the moving force identifcation (MFI)
methods [15–17] were developed by considering the dy-
namic responses of bridge structure under time-variant
moving forces. On this basis, simultaneous estimation of
vehicle loads and structural properties was achieved [18].
Although the vibration of bridge structure can be refected in
the MFI methods, simultaneous estimation of vehicle loads
and bridge structural parameters from a limited number of
response measurements is ill-posed. Terefore, additive
regularizations [19, 20] are usually required in these
methods. In addition, all the aforementioned methods are
applied in an ofine manner so they are inapplicable to real-
time structural health monitoring.

To address the problems involved in the MFI methods,
some researchers proposed to estimate the vehicle load based
on vehicle-bridge interaction dynamics. With assumed road
roughness of the bridge deck, Lalthlamuana and Talukdar
[21] estimated the vehicle loads through the particle flter in
conjunction with the solution to vehicle-bridge interaction
problem. By use of a sensor-equipped vehicle, Wang et al.
[22] estimated the road roughness. Te estimated roughness
was then incorporated into the particle flter for the de-
termination of vehicle loads under general trafc. Additional
information of road roughness and vehicle parameters are
generally required in these methods but they are difcult to
be accurately estimated. To avoid the direct analysis of the
coupled system, Wang et al. [23] introduced the random
walk model [24] for vehicle loads and conducted the si-
multaneous estimation of the vehicle loads and bridge states
with augmented Kalman flter (AKF). Lai et al. [25] further
achieved the estimation of structural parameters with model
updating method. However, there are errors in the esti-
mation with random walk vehicle load model. Te online
estimation of vehicle loads and bridge structure is still
unavailable.

More recently, Ojio et al. [26] proposed the concept of
contactless bridge-weigh-in-motion (BWIM), which con-
ducted the estimation of vehicle loads and vehicle positions
through computer vision. Lansdell et al. [27] developed
a speed correction procedure for static BWIM to consider
the estimation of the bridge under speed varying trafc.
Chen et al. [28] developed a BWIM system to measure the
speed, wheelbase, and axial and gross weight of vehicle using
a set of long-gauge fber Bragg grating sensors without
additional devices. Tis method was then extended to the
case with the passage of multiple vehicles [29]. More lit-
eratures about the recent development of the estimation of
vehicle loads and vehicle positions can be found in
[20, 30–35]. However, to the best knowledge of the authors,
there has been no report on the simultaneous estimation of
vehicle loads, vehicle positions, and structural parameters
for bridge structures, especially in an online manner.

In this paper, a Bayesian probabilistic approach is pre-
sented for the real-time simultaneous estimation of vehicle
loads, vehicle positions, and bridge structure using strain
measurements. Te rest of the paper is organized as follows.
In Section 2, the interaction dynamics of vehicle-bridge
coupled system is introduced. In Section 3, the proposed
method is presented. First, the modelling of vehicle loads
and vehicle positions is introduced. Ten, an augmented
state space equation for vehicle load, vehicle position, and
bridge structure is established. Tereafter, the estimation
scheme with extended Kalman flter (EKF) is presented and
supplementary constraints for vehicle load estimation and
position tracking are presented. Finally, the procedure of the
proposed algorithm is summarized in Section 4. In Section 5,
two illustrated examples with a single-span bridge and
a multispan bridge under diferent vehicle passing cases are
presented to demonstrate the feasibility of the proposed
method.

2. Vehicle-Bridge Interaction Dynamics

Figure 1 shows a schematic diagram of a bridge model with
the passage of multiple vehicles and it illustrates the for-
mulation of the vehicle-bridge coupled system [36].

Te equation of motion for the vehicles can be expressed
as follows:
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v
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where M(k)
v , C(k)

v , and K(k)
v are the mass, damping, and

stifness matrix of the k-th vehicle, respectively; Y(k)
v , _Y(k)

v ,
and €Y(k)

v are, respectively, the displacement, velocity, and
acceleration vector of the k-th vehicle with respect to its
static equilibrium position under the vehicle weight; F(k)

and G(k) are the vehicle-bridge interaction force and the
vehicle weight of the k-th vehicle, respectively; L(k)

v is the

location vector of F(k)(t) − G(k) for the vehicle; and Nv is the
number of vehicles on the bridge.

Te equation of motion for the bridge structure can be
expressed as follows:

Mb
€Yb (t) + Cb θC(t)􏼂 􏼃 _Yb(t) + Kb θK(t)􏼂 􏼃Yb(t) � Lb(x)F(t),

(2)
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where Mb, Cb, and Kb are the mass, damping, and stifness
matrix of the bridge structure, respectively; θC and θK are the
structural parameter vectors introduced to parameterize Cb

and Kb, respectively; Yb, _Yb, and €Yb are the displacement,
velocity, and acceleration vector of the bridge structure,
respectively; F(t) � [F(1)(t), F(2)(t), · · · , F(Nv)(t)]T, where

F(k)(t) is the vehicle-bridge interaction force of the k-th
vehicle at time t; and Lb(x) � [Lb(x(1)), Lb(x(2)),

· · · , Lb(x(Nv))], where Lb(x(k)) is the time-dependent loca-
tion vector of F(k)(t) for the bridge structure, which is given
by the following equation:

Lb x
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Lb0 x
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􏼐 􏼑, when 0<x
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where Lb0(·) is the location vector of loads; x(k) � x(k)(t) is the
position of the k-th vehicle on the bridge structure at time t; and
Lbridge is the total length of the bridge structure. Note that
Lb(x(k)) � 0 when x(k) ≤ 0 or x(k) > lbridge, this is because the
k-th vehicle has not entered the bridge or has exited the bridge.

From the two sets of equations of motion in equations (1)
and (2), the motions of the vehicles and the bridge structure

are coupled via the interaction forces F(k) (k � 1, 2, . . . , Nv).
Te interaction forces F(k) (k � 1, 2, . . . , Nv) are modelled
with the linear contact assumption [37], where the vehicles
and the bridge structure are connected by elastic and ten-
sionless springs. Specifcally, the interaction force F(k) can be
expressed as follows:
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where k(k)
w is the stifness of the connecting spring depending

on the wheel type of the vehicle and δ(k) is the total amount
of the deformation of the connect spring as follows:
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where yd(x(k), t) is the vertical displacement of the bridge
deck at the contact point with the k-th vehicle at time t;
y(k)

w (t) is the vertical displacement of the wheel of the k-th
vehicle at time t; r(·) is the road roughness which is modelled
as a zero-mean Gaussian random feld; and y

(k)
st � G(k)/k(k)

w

is the vertical displacement of the wheel of the k-th vehicle
under the vehicle weight. When δ(k)(t)> 0, the spring k(k)

w is
in compression. When δ(k)(t)≤ 0, there is no contact be-
tween the vehicle wheel and bridge deck, leading to zero
contact force.
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Figure 1: Multiple vehicles passing across the bridge.

Structural Control and Health Monitoring 3



3. Estimation of Vehicle Loads and
Bridge Structure

In this section, the modelling of vehicle loads and vehicle
positions is introduced and then the vehicle load estimation,
vehicle position tracking, and structural identifcation of
bridges are conducted through the extended Kalman flter
(EKF) technique.

3.1. Modelling of Vehicle Loads and Vehicle Positions. In the
previous section, the equations of motion of vehicle-bridge
coupled system are formulated and the expressions for
vehicle loads are presented. As can be seen from equations
(4) and (5), the vehicle loads, namely, the vehicle-bridge
interaction forces, are in essence to the responses of the
vehicle-bridge coupled system under the excitation of the
road roughness described by Gaussian random feld and the
constant vehicle weights. From this point of view, a modu-
lated fltered Gaussian white noise model, originally pro-
posed for the excitation estimation of the structure under

nonwhite noise ground motions [38, 39], is introduced in
this study to model the vehicle load vector, which is given by
the following equation:

F(t) � P(t) + G, (6)

where F(t) ∈ RNv×1 and G ∈ RNv×1 are, respectively, the
vehicle load vector and vehicle weight vector with Nv ve-
hicles moving on the bridge; and P(t) ∈ RNv×1 is the dy-
namic component of vehicle load vector as follows:

_yf(t) � Af θf(t)􏽨 􏽩yf(t) + Bfw(t),

P(t) � Cf θf(t)􏽨 􏽩yf(t),
(7)

where yf(t) ∈ R2Nv×1 is the internal flter state vector at
time t; w is a Nv-variate zero-mean Gaussian white noise
with covariance matrix Σw(ψw(t)); and Af[θf(t)] ∈
R2Nv×2Nv , Bf ∈ R2Nv×Nv , and Cf[θf(t)] ∈ RNv×2Nv are the
parameterized systemmatrices for the internal flter state as
follows:
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,

(8)

where θf � [ω1, ξ1,ω2, ξ2, · · · ,ωNv
, ξNv

]T with ωk, ξk (k �

1, 2, . . . , Nv) being the characteristic flter parameters.
On the other hand, to track the vehicle positions, the

time-varying vehicle speed vector v(t) is introduced. Ten,
the vehicle position vector x(t) can be modelled as follows:

_x(t) � v(t), (9)

where v(t) � [v(1)(t), v(2)(t), · · · , v(Nv)(t)]T with v(k)(t)

being the speed of the k-th vehicle on the bridge structure at
time t.

It should be noted that all the elements in x(t), v(t), and
F(t) are, respectively, used to record the positions, speeds,
and loads for the vehicles still moving on the bridge. When
a vehicle, say the k-th vehicle, exits the bridge, the
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corresponding elements, i.e., x(k)(t), v(k)(t), and F(k)(t),
will be reset for the record of next vehicle.

3.2. Formulation of Problem. Introduce the augmented state
vector V(t) � [yT

f(t),YT
b (t), _YT

b (t), xT(t), vT(t),GT(t),

θT
f(t), θT

K(t), θT
C(t)]T, which includes the fltered state vector,

the structural state vector, the vehicle position vector, vehicle
speed vector, vehicle weight vector, the flter parameters, and
the structural parameters. Ten, based on equations (2), (7),
and (9), the state space representation for the bridge
structure under vehicle loads can be obtained as follows:

_V(t) �

Af θf(t)􏽨 􏽩yf(t) + Bfw(t)

_Yb(t)

M−1
b −Kb θK(t)􏼂 􏼃Yb(t) − Cb θC(t)􏼂 􏼃 _Yb(t) + Lb[x(t)]Cf θf(t)􏽨 􏽩yf(t) + Lb[x(t)]G(t)􏽮 􏽯

v(t)

−μ1 4Nv+NK+NC( )×1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
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, (10)

where Yb(t) ∈ RNd×1 and _Yb(t) ∈ RNd×1 are the displace-
ment and velocity vector of the bridge structure with Nd

being the number of degrees of freedom of the bridge
structure; θK(t) ∈ RNK×1 and θC(t) ∈ RNC×1 are the struc-
tural parameter vectors with NK and NC being the number
of stifness parameters and damping parameters, re-
spectively; 1a×1 is the a × 1 all-ones vector; and μ is a small
positive number to avoid singularity in the calculation. By
local linearization, equation (10) can be discretized as
follows:

Vi+1 � AV,iVi + BVwi + hi, (11)

where Vi ≡ V(ti) and wi ≡ w(ti), in which ti � i∆t with ∆t

being the sampling time interval; AV,i and BV are, re-
spectively, the system matrix and the input matrix of the
discretization of the state space representation in equation
(10); and hi is the intercept term in the Taylor’s expansion.

Te bridge responses are observed at No DOFs with the
sampling time step being ∆t. Te measurement can be
written as follows:

zi+1 � g Vi+1( 􏼁 + ni, (12)

where zi+1 ≡ z(ti+1) ∈ RNo×1; g(·) is the observation func-
tion; and ni ≡ n(ti) ∈ RNo×1 is the measurement noise
modelled as a zero-mean Gaussian random vector with
covariance matrix Σn(ψn,i). Note that the strains can be
expressed as function of the corresponding nodal dis-
placements. Terefore, zi+1 in equation (12) can be strain
measurements when the function g is properly chosen
according to the positions.

3.3. Estimation Scheme for Vehicle Load and Bridge Structure.
Use D1,i � z1, z2, · · · , zi􏼈 􏼉 to denote the response measure-
ments up to the i-th time step.Ten, based on equations (11)
and (12), the posterior estimation of the augmented state
vector and the corresponding covariance matrix can be
obtained with EKF [40] as follows:

Vi+1|i ≡ E Vi+1 D1,i

􏼌􏼌􏼌􏼌􏼐 􏼑 � AV,iVi|i + hi, (13)

ΣV,i+1|i ≡ E Vi+1 − Vi+1| i􏼐 􏼑 Vi+1 − Vi+1| i􏼐 􏼑
T

D1,i

􏼌􏼌􏼌􏼌􏼔 􏼕 � ΛAV,iΣV,i|iA
T
V,iΛ

T
+ BVΣw,i ψw,i􏼐 􏼑BT

V, (14)

Hi+1 � ΣV,i+1|iC
T
V,i+1 CV,i+1ΣV,i+1| iC

T
V,i+1 + Σn,i+1 ψn,i+1􏼐 􏼑􏽨 􏽩

− 1
, (15)

Vi+1|i+1 � Vi+1|i + Hi+1 zi+1 − CV,i+1Vi+1| i􏼐 􏼑, (16)

ΣV,i+1|i+1 � I7Ni+2Nd+NK+NC
− Hi+1CV,i+1􏼐 􏼑ΣV,i+1|i, (17)

whereVi+1|i and ΣV,i+1|i are the predicted state vector and the
corresponding covariance matrix, respectively; Vi+1|i+1 and
ΣV,i+1|i+1 are the fltered state vector and the corresponding
covariance matrix, respectively;Λ � diag[1(2Nv+2Nd)×1,

��
λ1

􏽰
·

12Nv×1,
��
λ2

􏽰
·1Nv×1,

��
λ3

􏽰
· 1(2Nv+NK+NC)×1] is a diagonal ma-

trix with λ1, λ2, and λ3 being the forgetting factors; CV,i+1 is
the Jacobian matrix of the observation function g(·); and Ia

is the a × a identity matrix.
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It is noted that the forgetting factors λ1, λ2, λ3 ≥ 1 are
adopted to discount the contribution of the past data grad-
ually so as to ensure the tracking capability of the flter for the
time-varying parameters [41]. Literature regarding adaptive
fltering techniques can be found in [42–44]. Since the
identifed values of the vehicle positions and vehicle speeds
will change more rapidly than the model parameters of ve-
hicle loads and the structural parameters of bridges, larger
forgetting factors are used for λ1 for the vehicle positions and
vehicle speeds. Additionally, the entry of vehicles will lead to
sudden increase of vehicle weights, and thus sufciently large
values are also required for λ2 for the vehicle weights.

By now, the posterior estimation and posterior un-
certainty of the augmented state vector can be obtained with
the EKF shown in equations (13)–(17). Terefore, the
concerned vehicle loads, vehicle positions, and structural
parameters for the bridge included in the augmented state
vector can be determined correspondingly.

3.4. Estimation of Noise Parameters in EKF. Since the per-
formance of the EKF is afected by the noise covariance
matrices Σw(ψw) and Σn(ψn) [45, 46], in this section, the

noise parameters ψw and ψn for Σw(ψw) and Σn(ψn) shown
in equations (14) and (15), respectively, are further estimated
with the Bayesian methodology.

Defne a noise parameter vector ψi+1 � [ψT
w,i,ψ

T
n,i+1]

T. By
use of the Bayes’ theorem, the posterior PDF of ψi+1 given
the measurement D1,i+1 can be expressed as follows:

p ψi+1 D1,i+1
􏼌􏼌􏼌􏼌􏼐 􏼑 � c0p ψi+1 D1,i

􏼌􏼌􏼌􏼌􏼐 􏼑p zi+1 ψi+1
􏼌􏼌􏼌􏼌 ,D1,i􏼐 􏼑,

(18)

where p(ψi+1 |D1,i) is the prior PDF of ψi+1; p(zi+1 |ψi+1,

D1,i) is the likelihood function; c0 is the normalizing constant
such that the integrating of p(ψi+1 |D1,i) over the domain of
ψi+1 yields unity. Considering the continuity of the noise pa-
rameters, the prior PDF p(ψi+1 |D1,i) can be approximated as
a Gaussian distribution with p(ψi+1|D1,i) � N(ψi | i, λ4Σψ,i|i),
where λ4 is the forgetting factor for the estimation of noise
parameter vector. Te likelihood function p(zi+1 |ψi+1,D1,i),
formulated based on equations (12)–(14), can be expressed as
follows:

p zi+1 ψi+1
􏼌􏼌􏼌􏼌 ,D1,i􏼐 􏼑 � (2π)

−No/2 Σz,i+1 | i

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌
−1/2 exp −

1
2
zi+1 − zi+1 | i􏼐 􏼑

T
Σz,i+1 | i−1 zi+1 − zi+1 | i􏼐 􏼑􏼔 􏼕, (19)

where zi+1|i � CV,i+1Vi+1|i and Σz,i+1|i � CV,i+1ΛAV,iΣV,i|iAT
V,i

ΛTCT
V,i+1 + CV,i+1BVΣw,iBT

VC
T
V,i+1 + Σn,i+1.

Te objective function for ψi+1 is defned as the negative
logarithm of the posterior PDF p(ψi+1 |D1,i+1) as follows:

J ψi+1( 􏼁 � −ln p ψi+1 D1,i+1
􏼌􏼌􏼌􏼌􏼐 􏼑􏽨 􏽩

� c0 +
1
2
ln 􏽘

z,i+1 | i

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌􏼌
+

1
2λ4

ψi+1 − ψi+1 | i􏼐 􏼑
T
Σψ,i|i−1 ψi+1 − ψi+1 | i􏼐 􏼑 +

1
2
zi+1 − zi+1 | i􏼐 􏼑

T
Σz,i+1|i−1 zi+1 − zi+1 | i􏼐 􏼑.

(20)

Te constant term c0 � [(NV + 2No)ln(2π) + 2 lnp

(zi+1 | D1,i) + ln |λ4Σψ,i | i|]/2 is excluded since it does not
afect the optimization of ψi+1. Ten, the estimation of the
noise parameter vector ψi+1 can be obtained as follows:

ψi+1|i+1 � argmin
ψi+1

J ψi+1􏼂 ( 􏼁􏼃. (21)

Te covariance matrix of ψi+1|i+1 can be determined by
the inverse of the Hessian matrix as follows:

Σψ,i+1|i+1 � HJ ψi+1 | i+1􏼐 􏼑􏽨 􏽩
− 1

, (22)

where HJ(ψi+1 | i+1) is the Hessian matrix, given by
HJ(ψi+1| i+1) � ∇J(ψi+1)∇T|ψ�ψi+1|i+1

. Tere is no closed-form
solution for the optimization problem shown in equation
(21), and thus the optimal noise parameter vector needs to be

determined through the numerical optimization scheme
presented in [45].

3.5. Supplementary Constraints for Vehicle Load Estimation
and Position Tracking. When vehicles move on a bridge, the
estimation of vehicle loads, vehicle positions, and structural
parameters for bridges can be achieved with the method
presented in Sections 3.3 and 3.4. However, when a vehicle is
not on the bridge, e.g., the vehicle has not entered the bridge
or the vehicle has exited the bridge, the corresponding lo-
cation vector of vehicle load Lb(x) will stay at zero, implying
that the vehicle loads will have no infuence on the bridge
responses. In this scenario, there will be infnite combina-
tions of vehicle loads and vehicle positions that can satisfy
both the state space equation and the observation equation.
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Terefore, additional constraints on vehicle loads or vehicle
positions are needed for the estimation.

Introduce a small positive number xentry, e.g.,
xentry � 1m. When a vehicle, say the k-th vehicle, is not on
the bridge, set x(k)(t) � xentry, implying that the vehicle is

waiting at the entrance of the bridge. Ten, equation (3) can
be rewritten as follows:

Lb x
(k)

􏼐 􏼑 �
Lb0 x

(k)
􏼐 􏼑, when 0<x

(k) ≤ lbridge,

Lb0 xentry􏼐 􏼑, whenx
(k) ≤ 0 orx

(k) > lbridge,

⎧⎪⎨

⎪⎩
k � 1, 2, . . . , Nv( 􏼁. (23)

With this constraint, Lb(x(k)) is no longer a zero vector
and the estimation of vehicle load can be conducted for the
case where the vehicle is not on the bridge.

Based on the aforementioned rule, the specifc constraint
conditions are listed as follows:

(1) Asmentioned at the end of Section 3.1, when the k-th
vehicle exits the bridge, the corresponding elements,
x(k)(t), v(k)(t), and F(k)(t), will be reset for the
estimation of next vehicle.

(2) When the k-th vehicle is not on the bridge, set the
estimated vehicle position x(k)(t) � xentry. Ten,

(i) If there is no new vehicle, the estimated vehicle
weight will stay at zero spontaneously.

(ii) If a new vehicle enters the bridge, the estimated
vehicle weight will increase automatically. If the
estimated vehicle weight G(k)(t) is larger than
the threshold Gthd, which represents the entry of
a new vehicle, the constraint on the estimated
position will be removed and the estimation will
continue with the EKF presented in Sections 3.3
and 3.4. In this study, Gthd is taken as 5 kN.

(3) For the stability of the estimation, when the k-th
vehicle is not on the bridge, reset the parameters
regarding P(k)(t), i.e., y(k)

f (t), θ(k)
f (t), and ψ(k)

w (t).

4. Summary of the Proposed Method

Te implementation of the proposed method for the real-
time simultaneous estimation of vehicle loads, vehicle po-
sitions, and structural parameters is summarized as follows:

Initialization:
Set initial values for V0|0, ψ0|0, ΣV,0|0, and Σψ,0|0.
Recursive stage:
for i � 0: N do

(1) Compute the predicted state vector Vi+1|i and its
covariance matrix ΣV,i+1|i using equations (13) and
(14), respectively.

(2) Compute the updated noise parameter vector ψi+1|i+1
and its covariance matrix Σψ,i+1|i+1 using equations
(21) and (22), respectively.

(3) Compute the updated state vector Vi+1|i+1 and its
covariance matrix ΣV,i+1|i+1 by EKF using equations
(15)–(17).

(4) Supplementary constraints when a vehicle is not on
the bridge:
if x

(k)
i+1|i+1 > lbridge (k � 1, 2, · · · , Nv), then

Set x
(k)
i+1|i+1 � xentry, v

(k)
i+1|i+1 � 0, G

(k)
i+1|i+1 � 0

end if
if G

(k)
i+1|i+1 <Gthd (k � 1, 2, · · · , Nv), then

Set x
(k)
i+1|i+1 � xentry.

end if
if x

(k)
i+1|i+1 � xentry (k � 1, 2, · · · , Nv), then

Set y(k)
f,i+1|i+1 � 0, θ(k)

f,i+1|i+1 � θ(k)
f,0|0, ψ

(k)
w,i+1|i+1 � ψ(k)

0|0

end if
end for

5. Illustrative Examples

Two illustrative examples are presented in this section to
demonstrate the feasibility of the proposed method for
vehicle load estimation, vehicle position tracking, and
structural identifcation of a single-span or multispan
bridges subjected to successive vehicle loads, including
successive single/multiple vehicles with diferent weights
and uniform/variable speeds.

5.1. Example 1: Single-Span Bridge with Degrading Stifness
Subjected to Successive Vehicle Loads. A single-span bridge
shown in Figure 2 is considered in the frst example. Te
span of the bridge structure is Sbridge � 40m. Te bending
stifness and the mass per unit length of the bridge structure
are EI � 8.62 × 109 N · m2 and ρA � 7.50 × 103 kg/m, re-
spectively. Te bridge structure is modelled with 10 qua-
dratic quadrilateral elements and the elements are divided
into three groups as shown in Figure 2.Te stifness matrix is
then characterized as K � 􏽐

3
k�1θ

(k)
K K(k)

sub, where K(k)
sub are the

nominal stifness submatrices and θ(k)
K are the stifness pa-

rameters corresponding to each group of elements, re-
spectively. Te stifness parameters are taken as θ(k)

K � 1 for
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the original undamaged structure. Te frst three natural
frequencies of the bridge structure are 1.05, 4.20, and
9.41Hz. Te Rayleigh model C � θ(1)

C M + θ(2)
C K is adopted

for the damping matrix with θ(1)
C � 0.2116 s− 1 and

θ(2)
C � 0.0012 s, so the damping ratios of the frst two modes
are 2%.

Te fexural strains of the bridge structure are measured
using the sensors installed at the red points of the bridge
shown in Figure 2, and the number of observed DOF is
No � 6. Te monitoring duration is T � 50 s with the
sampling time step taken as t � 1/400 s. It should be men-
tioned that for the illustrate example in this study, the strain
measurements are simulated through the vehicle-bridge
interaction dynamics introduced in Section 2. In addition,
to consider the infuences of measurement noises, 5% root
mean square (RMS) noises are superimposed onto the time
histories of strain measurements, i.e., the measurement
noises are taken to be 5% root mean square (RMS) of the
measured responses at midspan of the bridge. Te co-
variance matrix of the measurement noises can be written as
Σn,i(ψn,i) � (σ0n)2INo

. Te initial augmented vector V0|0 �

[yT
f,0 | 0,Y

T
b,0 | 0,

_YT

b,0 | 0, xT
0 | 0, v

T
0 | 0,G

T
0 | 0, θT

f,0 | 0, θ
T
K,0 | 0, θ

T
C,0 | 0]

T

for estimation is taken as follows: yf,0|0, Yb,0|0, and _Yb,0|0 are
taken as zero vectors; x0|0 and v0|0 are, respectively, taken as
xentry1Nv×1 and zero;G0|0 is taken as zero; θK,0|0 and θC,0|0 are
taken as 1.2 times of the actual values; and θf,0|0 is taken as
[10,1]T. Te initial noise parameter vector is selected as
ψ0|0 � [ψT

w,0 | 0,ψ
T
n,0 | 0]

T � [1, 10σ0n]T. Tese selections of
initial values will be used throughout this example. Te
fading factors in equations (14) and (19) are taken to be
λ1 � 22/100, λ2 � 22/500, λ3 � 22/2000, and λ4 � 22/2000 in this
study, so the half-life of the past data for the estimation of
vehicle positions, vehicle weights, structural parameters, and
noise parameters is 100, 500, 2000, and 2000, respectively.

Te vehicle-bridge coupled system is subjected to the
excitation of road roughness and vehicle loads. Te road
roughness is modelled as a zero-mean homogeneous
Gaussian random feld with the power spectral density as
follows [47]:

S(ω) �
4c1c2c3ω

2
0

π ω2
0 − ω2

􏼐 􏼑
2

+ 4c
2
2ω

2
􏼔 􏼕

, (24)

where c1 � 5 × 10− 6 m3 · rad− 1, c2 � 0.5 rad · m− 1,
c3 � 1.5 rad · m− 1, and ω2

0 � 2.5 rad2 · m− 2. By using the
spectral representation method [48], the sample of the road
roughness is generated as shown in Figure 3.

In the following sections, several cases, including single or
multiple vehicles with constant or variable speeds, are con-
sidered to investigate the feasibility of the proposed method.
Additionally, the infuence of the sensor layout is also discussed.

5.1.1. Case 1: Successive Single Vehicles with DiferentWeights
and Uniform Speeds. Vehicles with uniform speed are
considered in the frst case and the corresponding vehicle
positions, vehicle speeds, and vehicle weights are shown in

Figures 4–6, respectively. During the monitoring duration,
a total number of 16 vehicles pass across the bridge se-
quentially, where the passage of a single vehicle is repre-
sented by a triangle in Figure 4. Te time intervals between
the entries of two vehicles are taken as tint ∼ U(2.5 s, 3.5 s)
for considering randomness and the requirement of safety
distance, where U(·) represents uniform distribution. To
mimic the diversity of diferent vehicles, the vehicle speeds
and vehicle weights are taken as v � ϕv and G � ϕGG0, re-
spectively, where ϕv ∼ U(15m/s, 25m/s) and ϕG ∼
U(0.5,1.5). Ten, diferent vehicles have diferent speeds and
diferent weights as shown in Figures 5 and 6. For each
vehicle, the single-wheel vehicle model [47] shown in Fig-
ure 7 is adopted with the vehicle weight being G � ϕGG0,
where G0 � (mv,0 + mw,0)g with mv,0 � 5 × 103 kg and
mw,0 � 5 × 102 kg being the mass of the vehicle body and
vehicle wheel, respectively. Te stifness and the damping of
the suspension system of the vehicle are kv,0 �

1.40 × 106 N/m and cv,0 � 1.67 × 104 N/(m/s), respectively.
Te stifness of the wheel is kw,0 � 7.80 × 105 N/m.

In addition, to further investigate the efcacy of the
proposed method for structural identifcation, structural
damages are imposed in this example. Sudden damage of 5%
stifness loss occurs at the left span of the bridge at t � 30 s
(i.e., θ(1)

K changes from 1 to 0.95).
Figures 8 and 9 show the estimated results of vehicle

positions and vehicle speeds. Te solid lines represent the
actual values of vehicle positions and vehicle speeds, and the
dashed lines represent the estimated results.Te dashed lines
correspond to the estimated results plus or minus three
standard deviations, which implies the boundaries of the
99.7% credibility intervals of the estimation. Te same line
style will be used hereafter for other fgures. Good agree-
ments can be seen between the estimated results and the
actual values, indicating that the proposed method can track
the vehicle positions well for the case with uniform-speed
vehicles. Figures 10 and 11 show the estimated results of
vehicle loads and vehicle weights. For clarity, the estimation
of the 8th vehicle is magnifed and further shown in Fig-
ure 12. After the frst few seconds, the estimated vehicle
loads match the actual values well and the vehicle weights
can be identifed accurately, indicating the efectiveness of
the fltered noise model for vehicle load estimation.

Figure 13 shows the estimation of structural parameters.
After the severe fuctuation in the early estimation stage due to
the poor initial values, the estimated structural parameters
converge to the actual value. Additionally, the sudden damage
of the structure at t � 30 s can be well identifed with negligible
time-delay. Figure 14 shows the estimation of noise parameter
and the result converges to a satisfactory value.

For comparison, the estimation is also conducted using
the EKF scheme based on the random walk vehicle load
model [24, 25]. Note that these schemes do not consider the
position tracking of vehicles. Terefore, the estimation of
vehicle loads and structural parameters for the bridge are
conducted given vehicle positions. Te augmented state
vector for EKF in equation (10) is changed to
V(t) � [YT

b (t), _YT

b (t), FT(t), θT
K(t), θT

C(t)]T, and the vehicle
load vector is now given by the following equation:
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Fi+1 � Fi + wi, (25)

where wi � w(ti) is a zero-mean Gaussian random vector
similar to that in equation (7).

Figure 15 shows the estimated results of vehicle loads.
For clarity, the estimation for the 8th vehicle is also mag-
nifed and shown in Figure 16. One can compare Figure 16

with Figure 12(a); it can be found that the vehicle load
estimation by the random walk model sufers from obvious
time-delay in tracking while that by the proposed method
does not sufer. Figure 17 shows the estimation of structural
parameters. Te identifed results of the structural param-
eters are acceptable. In conclusion, the proposed method
outperforms the random walk model in this case.

40 m

(1) (1) (1) (2) (2) (2) (2) (3) (3) (3)

Sensor

Figure 2: A single-span bridge.
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Figure 3: Road roughness.
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Figure 6: Time histories of vehicle weights.
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In addition to the estimation with flter technique in an
online manner, vehicle load estimation and bridge structural
identifcation are further conducted using the moving force
identifcation (MFI) method [18] for comparison with the
ofine method. Figure 18 shows the estimated results of

vehicle loads for the 8th vehicle using the method in [18]. By
comparing Figure 18 with Figure 12(a), one can see that
although some errors can still be seen at the beginning of the
estimation, the overall estimation agrees well with the actual
vehicle loads. In addition, the estimated structural parameter

yw

yv

mv

cvkv

mw

kw

Figure 7: Single-wheel vehicle model.
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Figure 8: Estimated results of vehicle positions with the proposed method.
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Figure 9: Estimated results of vehicle speeds with the proposed method.
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Figure 10: Estimated results of vehicle loads with the proposed method.

10 Structural Control and Health Monitoring



Ve
hi

cle
 w

ei
gh

t (
kN

)

100

50

0
0 5 10 15 20

Time (s)
25 30 35 40 45 50

Actual value
Estimated result
±3σ

Figure 11: Estimated results of vehicle weights with the proposed method.
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Figure 12: Estimated results of vehicle load and vehicle weight for the 8th vehicle with the proposedmethod : (a) vehicle load and (b) vehicle
weight.
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Figure 13: Continued.
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Figure 13: Estimated results of stifness parameters with the proposed method: (a) stifness parameter θ(1)
K , (b) stifness parameter θ(2)

K , and
(c) stifness parameter θ(3)

K .
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Figure 14: Estimated results of noise parameters with the proposed method.
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Figure 15: Estimated results of vehicle loads with the random walk model used in [24].
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Figure 16: Estimated results of vehicle load for the 8th vehicle with the random walk model used in [24].

12 Structural Control and Health Monitoring



vector is θK � [0.996, 1.002, 1.003]T, which matches well
with the actual values θ(k)

K � 1 (k � 1, 2, 3). However, it
should be noted that the estimation using an ofine manner
can only estimate the average structural parameters in
a certain time interval. When the damage occurs in the
structure, e.g., θ(1)

K changes from 1 to 0.95 at t � 30 s, the
variation of the structural parameters cannot be well iden-
tifed, whichmay further afect the estimation of vehicle loads.

5.1.2. Case 2: Successive Single Vehicles with Diferent
Weights and Variable Speeds. To further investigate the
feasibility of the proposed method, the case where the ve-
hicles moving with variable speeds is considered in this
subsection, the corresponding vehicle positions, vehicle
speeds, and vehicle loads are shown in Figures 19–21. Again,
a total number of 16 vehicles pass across the bridge se-
quentially during the monitoring duration. Te time in-
tervals between vehicles, i.e., tint, are same as those in Case 1.

To simulate the diversity of diferent vehicles, diferent
speeds and diferent weights are taken for diferent vehicles
as shown in Figures 20 and 21. For vehicle speeds, since
vehicles usually accelerate when entering the bridge and
decelerate when exiting the bridge, the time histories of the
vehicle speeds shown in Figure 20 are assumed to be qua-
dratic parabolas given by the following equation:

v(t) �
3

2ϕv2 + 1
ϕv2ϕv1 − ϕv2 − 1( 􏼁ϕv1

2ϕv1
Lbridge

t − 1􏼠 􏼡

2
⎡⎣ ⎤⎦,

(26)

where ϕv1 ∼ U(15m/s, 25m/s) is the average speed and
ϕv2 ∼ U(1.25,1.75) is the ratio of the maximum speed and
minimum speed. For vehicle weights, G � ϕGG0 is used
again with ϕG ∼ U(0.5,1.5). However, an over-weight ve-
hicle, the 10th vehicle, occurs in this case with G � 200 kN as
shown in Figure 21. Ten, sudden damage of 5 % stifness
loss occurs at the left span of the bridge at t � 30 s (i.e., θ(1)

K
changes from 1 to 0.95). Te single-wheel vehicle model
introduced in Case 1 is used again for each vehicle.

Figures 22 and 23 show the estimated results of vehicle
positions and vehicle speeds. Similar to the results in Case 1,
good agreements can be seen between the estimated results
and the actual values. Te acceleration and deceleration of
vehicles are well identifed, indicating that with the time-
varying speed vector v(t) adopted in equation (10), the
proposed method can also track the vehicle positions well
even for the vehicles with variable speeds. Figures 24 and 25
show the estimated results of vehicle loads and vehicle
weights. Again, the estimation of the 8th vehicle is magnifed
and shown in Figure 26. After the frst few seconds, the
estimated vehicle loads and vehicle weights match the actual
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Figure 17: Estimated results of stifness parameters with the random walk model used in [24]: (a) stifness parameter θ(1)
K , (b) stifness

parameter θ(2)
K , and (c) stifness parameter θ(3)

K .
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values well. In addition, the sudden occurrence of the over-
weight vehicle at t � 25 s can also be identifed accurately,
showing the efcacy of the proposed method for vehicle load
estimation.

Figure 27 shows the estimation of stifness parameters.
Again, the estimated structural parameters make a good
agreement with the actual values, and the sudden reduction
of the stifness parameters at t � 30 s can be well captured
with small time-delay. Figure 28 shows the estimation of
noise parameter and the result is again satisfactory.

5.1.3. Case 3: Successive Multiple Vehicles with Diferent
Weights and Variable Speeds. Successive multiple vehicles
moving on the bridge are considered. Te corresponding
vehicle positions, vehicle speeds, and vehicle loads are shown
in Figures 29–31. A total number of 23 vehicles pass across
the bridge sequentially during the monitoring duration. Te
time intervals between vehicles are taken as tint ∼
U(1.5 s, 2.5 s). Te parabolic-shape time histories of vehicle
speeds shown in equation (26) are adopted again with
ϕv1 ∼ U(12m/s, 15m/s) and ϕv2 ∼ U(1.25,1.75). As the
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Figure 18: Estimated results of vehicle load for the 8th vehicle with the method in [18].
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Figure 21: Time histories of vehicle weights.
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vehicle speeds become smaller in this case, two vehicles
move on the bridge simultaneously as shown in Figure 29.
Te vehicle weights are taken as G � ϕGG0 with
ϕG ∼ U(0.5,1.5). Te single-wheel vehicle model

introduced in Case 1 is used for each vehicle. Additionally,
sudden damage of 8 % stifness loss at the left span of the
bridge is imposed at t � 30 s (i.e., θ(1)

K changes from 1
to 0.92).
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Figure 22: Estimated results of vehicle positions with the proposed method.
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Figure 23: Estimated results of vehicle speeds with the proposed method.
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Figure 24: Estimated results of vehicle loads with the proposed method.
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Figure 25: Estimated results of vehicle weights with the proposed method.
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Figures 32 and 33 show the estimated results of vehicle
positions and vehicle speeds. For the case where multiple
vehicles move on the bridge simultaneously, the positions of
the vehicles are, respectively, estimated with the corre-
sponding elements in x(t), and the results are presented in
Figures 32(a) and 32(b). It can be seen that the estimated
position agrees well with the actual values for each vehicle.

Even though multiple vehicles afect the bridge responses
simultaneously, the position tracking for each vehicle can
still be well performed with the proposed methods. Anal-
ogously, Figures 34 and 35 show the estimated results of
vehicle loads and vehicle weights. Te magnifed results for
the 12th vehicle are presented in Figure 36. Te vehicle load
and vehicle weight for each vehicle are well distinguished
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Figure 26: Estimated results of vehicle load and vehicle weight for the 8th vehicle with the proposed method: (a) vehicle load and (b) vehicle
weight.
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Figure 27: Estimated results of stifness parameters with the proposed method: (a) stifness parameter θ(1)
K , (b) stifness parameter θ(2)

K , and
(c) stifness parameter θ(3)

K .
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and accurately estimated. Figure 37 shows the estimated
stifness parameters. Te estimated results match well with
the actual ones.

5.1.4. Case 4: Investigation of Sensor Layout. In this case, the
infuence of sensor layout is investigated. To distinct with the
original layout of sensors shown in Figure 2 which evenly
distributed along the bridge structure, the sensors are
rearranged on one side of the bridge as shown in Figure 38.
Te fexural strains at the red points are measured and the
number of measurements is still No � 6. Te vehicle loads
are the same as those in Case 1.

Figures 39 and 40 show the estimated results of vehicle
positions and vehicle speeds. Figures 41 and 42 show the
estimated results of vehicle loads and vehicle weights. Fig-
ure 43 shows the estimation of structural parameters. Te
estimated results of vehicle position, vehicle speeds, vehicle
loads, and vehicle weights are basically the same as those
obtained with evenly distributed sensors. However, obvious
errors and large uncertainties can be seen in the estimated
structural parameter of the third group of elements in
Figure 43(c). Tis is because all the sensors are arranged
merely on the left side of the bridge structure, and the in-
formation about the structural parameter of the third group
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Figure 28: Estimated results of noise parameters with the proposed method.
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Figure 31: Time histories of vehicle weights.
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of elements from measurements is not enough for the
structural identifcation. Terefore, even arrangement of the
sensors along the bridge structure is better for the
estimation.

5.2. Example 2: Multispan Continuous Bridge with Degrading
Stifness Subjected to Successive Vehicle Loads. Successive
multiple vehicles moving on a bridge are considered. Fig-
ure 44 shows a multispan continuous bridge structure. Te
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Figure 32: Estimated results of vehicle positions with the proposed method: (a) frst group of vehicles and (b) second group of vehicles.
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Figure 33: Estimated results of vehicle speeds with the proposed method: (a) frst group of vehicles and (b) second group of vehicles.
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total length of the bridge is lbridge � 200m with each span
being 50 m. Te bending stifness and the mass per unit
length of the bridge structure are EI � 8.63 × 109 N · m2 and
ρA � 7.50 × 103 kg/m, respectively. Te bridge structure is
modelled with 20 quadratic quadrilateral elements. Te

elements are divided into four parts, each with one stifness
parameter as shown in Figure 44, and thus the stifness
matrix is taken as K � 􏽐

4
k�1θ

(k)
K K(k)

sub with θ(k)
K � 1 for the

original structure. Te frst three natural frequencies are
0.68, 0.80, and 1.10Hz. Te Rayleigh model C � θ(1)
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Figure 34: Estimated results of vehicle loads with the proposed method: (a) frst group of vehicles and (b) second group of vehicles.

Actual value
Estimated result
±3σ

0 5 10 15 20 25 30 35 40 45 50
Time (s)

100

50

0

Ve
hi

cle
 w

ei
gh

t (
kN

)

(a)

Actual value
Estimated result
±3σ

0 5 10 15 20 25 30 35 40 45 50
Time (s)

Ve
hi

cle
 w

ei
gh

t (
kN

)

100

50

0

(b)

Figure 35: Estimated results of vehicle weights with the proposed method: (a) frst group of vehicles and (b) second group of vehicles.
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θ(2)
C K is adopted for the damping matrix with θ(1)

C �

0.1569 s− 1 and θ(2)
C � 0.0008 s, so the damping ratios of the

frst and the tenth modes are 2%.
Te fexural strains at the red points marked in Figure 44

are measured for estimation and the number of observed
DOF is No � 8. Te monitoring duration is T � 140 s with
the sampling time step taken as ∆t � 1/400 s. Te

measurement noises are taken to be 5% root mean square
(RMS) of the measured responses at midspan of the bridge,
and the covariance matrix of the measurement noise is then
given by Σn,i(ψn,i) � (σ0n)2INo

. Te initial values for the
augmented vector V0|0 and the noise parameter vector ψ0|0
are taken in the similar fashion as example 1. Structural
damages are also imposed during the monitoring duration.
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Figure 36: Estimated results of vehicle load and vehicle weight for the 8th vehicle with the proposed method: (a) vehicle load and (b) vehicle
weight.
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Figure 37: Estimated results of stifness parameters with the proposed method: (a) stifness parameter θ(1)
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Figure 38: Layout of sensors.
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Figure 40: Estimated results of vehicle speeds with the proposed method.
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Figure 41: Estimated results of vehicle loads with the proposed method.
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Figure 39: Estimated results of vehicle positions with the proposed method.

Actual value
Estimated result
±3σ

100

50

0

Ve
hi

cle
 w

ei
gh

t (
kN

)

0 5 10 15 20 25 30 35 40 45 50
Time (s)

Figure 42: Estimated results of vehicle weights with the proposed method.
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Sudden damage of 5% stifness loss occurs at the left span of
the bridge at t � 80 s (i.e., θ(1)

K changes from 1 to 0.95). Ten,
another sudden damage of 8% stifness loss occurs at the
midspan of the bridge at t � 100 s (i.e., θ(3)

K changes from 1
to 0.92).

Te vehicle-bridge coupled system is subjected to the
excitation of road roughness and vehicle loads. Te road
roughness model shown in equation (24) is used again with
c1 � 3 × 10− 5 m3 · rad− 1, c2 � 0.1 rad · m− 1, c3 �

0.3 rad · m− 1, and ω2
0 � 0.1 rad2 · m− 2, and the sample is

presented in Figure 45. For vehicle loads, in order to in-
vestigate the infuence of the axle confguration of vehicles
on the vehicle load estimation, two kinds of vehicle models
for the simulation of the vehicle-bridge coupled vibration
are employed in the following section. One is the single-
wheel vehicle model [47] adopted in Section 5.1.1, and the
other is the two-axle vehicle model [18].

5.2.1. Case 1: Simulation with Single-Wheel Vehicle Model.
As the bridge is long enough, multiple-vehicle passing
case is investigated. Te corresponding vehicle positions,
vehicle speeds, and vehicle loads are shown in
Figures 46–48. During the monitoring duration, a total
number of 38 vehicles pass across the bridge sequentially
with the time intervals between vehicles taken as
tint ∼ U(3 s, 4 s). Again, diferent speeds and diferent
weights are taken for diferent vehicles as shown in Fig-
ures 47 and 48. For vehicle speeds, the parabolic-shape
time histories of vehicle speeds shown in equation (26) are
used with ϕv1 ∼ U(20m/s, 25m/s) and ϕv2 ∼ U(1.25,1.75).
For vehicle weights, the single-wheel vehicle model used
in Section 5.1.1 is adopted with vehicle weights G � ϕGG0
and ϕG ∼ U(0.5,1.5). In this example, the maximum
number of the vehicles moving on the bridge simulta-
neously is Nv � 3.
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Figure 43: Estimated results of stifness parameters with the proposed method: (a) stifness parameter θ(1)
K , (b) stifness parameter θ(2)

K , and
(c) stifness parameter θ(3)

K .
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Figure 44: A multispan continuous bridge.
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Figures 49 and 50 compare the estimated results and
actual values for vehicle positions and vehicle speeds. Good
agreements can be seen indicating the efcacy of the pro-
posed method for position tracking. Figures 51 and 52 show
the estimated results of vehicle loads and vehicle weights.
For clarity, the magnifed results for the 13th vehicle are
presented in Figure 53. After the frst few seconds, the ve-
hicle load and vehicle weight of the 13th vehicle are well
estimated demonstrating that the proposed method can
provide satisfactory results for vehicle load estimation.
Figure 54 shows the estimated stifness parameters. Te
estimated results match well with the actual ones, and the
sudden decrease of θ(1)

K and θ(3)
K can be well identifed.

5.2.2. Case 2: Simulation with Two-Axle Vehicle Model.
Te vehicle load estimation and bridge structural identif-
cation under the simulation with two-axle vehicle model are
investigated in this section. Te corresponding vehicle po-
sitions, vehicle speeds, and vehicle loads are shown in
Figures 55–57. During the monitoring duration, a total
number of 37 vehicles pass across the bridge sequentially.
Te random models for generating the time histories of
vehicle positions and vehicle speeds are the same as those
adopted in Section 5.2.1. For vehicle weights, the two-axle
vehicle model [18] shown in Figure 58 is adopted. Te axle
spacing is a � 4.27m with a1 � 2.42m and a2 � 1.85m. Te
mass and the moment of inertia of the vehicle body are
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Figure 48: Time histories of vehicle weights.
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Figure 49: Estimated results of vehicle positions with the proposed method: (a) frst group of vehicles, (b) second group of vehicles, and (c)
third group of vehicles.
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Figure 50: Continued.
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Figure 50: Estimated results of vehicle speeds with the proposed method: (a) frst group of vehicles, (b) second group of vehicles, and (c)
third group of vehicles.
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Figure 51: Estimated results of vehicle loads with the proposedmethod: (a) frst group of vehicles, (b) second group of vehicles, and (c) third
group of vehicles.
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Figure 52: Estimated results of vehicle weights with the proposed method: (a) frst group of vehicles, (b) second group of vehicles, and (c)
third group of vehicles.
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Figure 53: Estimated results of vehicle load and vehicle weight for the 13th vehicle with the proposed method: (a) vehicle load and (b)
vehicle weight.
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Figure 54: Estimated results of stifness parameters with the proposed method: (a) stifness parameter θ(1)
K , (b) stifness parameter θ(2)

K , (c)
stifness parameter θ(3)

K , and (d) stifness parameter θ(4)
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Figure 55: Time histories of vehicle positions.
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Figure 56: Time histories of vehicle speeds.
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Figure 57: Time histories of vehicle weights.
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Figure 58: Two-axle vehicle model.
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Figure 59: Continued.
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mv,0 � 8 × 103 kg and Iv � 9.5 × 105 kg · m2, respectively.
Te masses of the two wheels are mw,1 � 7 × 102 kg and
mw,1 � 1.1 × 103 kg, respectively. Te stifness and the
damping of the suspension system for the front wheel are
kv,1 � 0.40 × 106 N/m and cv,1 � 1.00 × 104 N/(m/s),

respectively, and the corresponding parameters for the rear
wheel are kv,2 � 1.00 × 106 N/m and cv,2 � 2.00×

104 N/(m/s). Te stifnesses of the two wheels are kw,1 �

1.75 × 106 N/m and kw,2 � 3.50 × 106 N/m, respectively. To
simulate the diferent weights of the vehicles, the weights of
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Figure 59: Estimated results of vehicle positions with the proposed method: (a) frst group of vehicles, (b) second group of vehicles, and (c)
third group of vehicles.
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Figure 60: Estimated results of vehicle speeds with the proposed method: (a) frst group of vehicles, (b) second group of vehicles, and (c)
third group of vehicles.
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Figure 61: Estimated results of vehicle weights with the proposed method: (a) frst group of vehicles, (b) second group of vehicles, and (c)
third group of vehicles.
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Figure 62: Estimated result of vehicle weight for the 13th vehicle with the proposed method.
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the vehicles are adjusted as G � ϕGG0 with G0 � (mv,0 +

mw,1 + mw,2)g and ϕG ∼ U(0.5,1.5). In this example, the
maximum number of the vehicles moving on the bridge
simultaneously is Nv � 3.

Figures 59 and 60 show the estimated results of vehicle
positions and vehicle speeds. Te estimated results match
well with the actual values, which indicates the feasibility of
the proposed method for the position tracking the vehicles.
Figure 61 shows the estimated results of vehicle weights. For
clarity, the magnifed result for the 13th vehicle is presented
in Figure 62. After the frst few seconds, the vehicle weight of
the 13th vehicle is well identifed demonstrating that sat-
isfactory estimation of the total weight of the vehicles can
still be achieved, even though the axle confguration of a two-
axle vehicle is considered. Note that the estimated results of
vehicle loads are not presented since the actual loads are the
axle loads of the vehicles. Figure 63 shows the estimated
stifness parameters. Te estimated results make a good
agreement with the actual ones.

6. Conclusion

In this paper, a Bayesian probabilistic approach is developed
for the online estimation of vehicle loads, vehicle positions,
and structural parameters of bridges using strain mea-
surements. Tere are three remarkable features in the
present approach. First, it allows the real-time simultaneous
vehicle load estimation, vehicle position tracking, and
structural identifcation of bridges using only strain mea-
surements. Second, this method allows for vehicles with
time-varying speeds. Tird, the proposed method is appli-
cable to the case with multiple vehicles. Two examples are
presented to demonstrate the feasibility of the proposed
method. Comparison with the existing methods shows the
efcacy of the fltered noise model for vehicle load esti-
mation. Estimation of the bridge structures under diferent
vehicle passing cases validates the feasibility of the proposed
methods for the simultaneous estimation of vehicle loads,
vehicle positions, and structural parameters of a single-span
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Figure 63: Estimated results of stifness parameters with the proposed method: (a) stifness parameter θ(1)
K , (b) stifness parameter θ(2)
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K , and (d) stifness parameter θ(4)
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or multispan bridges subjected to successive vehicle loads,
including successive single/multiple vehicles with diferent
weights and uniform/variable speeds.
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