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In order to extract more wind energy, the wind turbine rotor becomes larger and the tower becomes taller. With more fexibility
and smaller damping, wind turbine tower is prone to vibrate in winds. Meanwhile, the tower sufers the periodic loadings caused
by the rotor rotation in the operational condition.Te excessive vibrations could not only signifcantly afect the power generation
but shorten the structural life due to the fatigue as well. It is challenging to reduce the vibration caused by the rotor rotation using
the passive tuned mass damper (TMD) and traditional LQR controller due to the limited efective bandwidth.Terefore, an active
tuned mass damper (ATMD) using a virtual TMD algorithm is proposed to mitigate the along-wind vibration of the tower under
parked and operational conditions. Te virtual TMD algorithm exhibits wide efective bandwidth and only requires the ac-
celeration information on the top of the tower or the relative displacement of the active TMD. Firstly, the aerodynamic-structure-
servo coupling (ASSC) model of the wind turbine is established which considers the interaction among the aerodynamic load,
structure, and servo system. Secondly, the accuracy of the ASSC model is then verifed using the onshore 5MW wind turbine by
the National Renewable Energy Laboratory (NREL). Tirdly, the ATMD feedback control force is designed by the virtual TMD
algorithm. Finally, the reduction efect on the along-wind vibration by the proposed controller is evaluated at both of operational
and parked conditions using the ASSC model. Te TMD and LQR controller are utilized for comparison. Te numerical results
demonstrate that tuned mass damper (TMD) system with fxed parameters becomes detuned and may loses its efectiveness at
diferent wind speeds. In contrast, active control can suppress the vibration of wind turbines at diferent wind speeds. Compared
to the LQR controller, the proposed controller can enhance the reduction efect of wind turbine response with smaller stroke and
control force at operational conditions.

1. Introduction

With the increasingly severe energy crisis and environ-
mental pollution, renewable energies, especially wind en-
ergy, have attracted wide attention and become the key to the
energy transition. Te global installed wind power capacity
has reached 906GWby the end of 2022, and the increment is
77.6GW within the year 2022 [1]. Te increment of the
global installed wind power capacity will be expected to

reach 143GW by the end of 2030, which is 13% higher than
previous forecasts [1]. As the worldwide demand for wind
power continues to increase, wind turbine hubs become
taller and rotor diameters become larger to capture more
wind energy and reduce the levelized cost of energy [2].
However, this trend leads to a reduction in wind turbine
natural frequencies and structural damping ratios, resulting
in a signifcant increase in wind-induced vibrations. Ex-
cessive wind-induced vibrations not only afect the normal
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operation of wind turbines but also cause damage to wind
turbines or even collapse. Dueñas-Osorio and Basu [3]
indicated that the malfunctioning of acceleration-sensitive
equipment in wind turbines might increase the annual
failure rate during normal operating conditions. Colwell and
Basu [4] showed that wind-induced vibrations may reduce
the fatigue life of wind turbines. Chou and Tu [5] observed
that wind turbines can cause structural damage and collapse
under strong wind loads. From 2010 to 2022, there were 145
wind turbine accidents caused by structural failures
worldwide, with a considerable proportion caused by wind-
induced vibrations [6]. Tus, it is obvious that the vibration
of wind turbines will not only adversely afect the production
of electrical energy but also afect the structural safety.
Terefore, it is necessary to reduce the vibration of wind
turbines.

Diferent control strategies have been investigated to
reduce the vibration of wind turbine towers and blades [7, 8].
Generally, there are three strategies for reducing the vi-
bration of wind turbines: passive, semiactive, and active
control. Passive control has been extensively studied on
wind turbines over the past decades due to its simplicity of
installation, convenient maintenance, low cost, and good
stability. Studies have shown that a tuned mass damper
system (TMD) can efectively suppress the vibration of wind
turbine towers [9–14]. Zuo et al. [15] proposed multiple
tuned mass dampers (MTMDs) to reduce the vibration of
ofshore wind turbine towers under parked conditions. Te
results showed that MTMDs can efectively control vibra-
tions from the fundamental and higher modes of ofshore
wind turbine tower under the multihazards of the wind,
wave, and earthquake. Many scholars have also proposed
tuned mass-damper-inerter (TMDI) systems to suppress the
vibration of wind turbines [16–18]. Teir results have shown
that the TMDI can reduce the structural response with
a smaller mass ratio and stroke than traditional TMD. Chen
and Georgakis [19] proposed a tuned rolling ball damper to
control the bidirectional vibration of wind turbine. Te
experimental results demonstrated that this damper can
efectively reduce the vibration of the wind turbine. Sun and
Jahangiri [20] utilized a three-dimensional pendulum-tuned
damper (3d-PTMD) to reduce the bidirectional vibration of
wind turbine under the multihazards of the wind, wave, and
earthquake. Teir fndings indicated that the 3d-PTMD can
suppress the vibration of the wind turbine with a smaller
stroke and a better control efect than dual linear passive
TMDs. Mensah and Dueñas-Osorio [21] found that tuned
liquid column dampers (TLCDs) can suppress the vibration
of wind turbines, which can efectively reduce the vulner-
ability and improve the reliability of wind turbine towers.
Although the passive control can efectively suppress the
vibration of wind turbines under certain conditions, it may
lose its efectiveness or even aggravate the structural vi-
bration due to the complex environments and the time-
varying characteristics of wind turbines. It is well known that
wind turbine is a time-varying system. Ghassempour et al.
[13] found that the optimal tuning frequency of TMD should
vary with the wind speed to achieve the best vibration re-
duction efect. Consequently, the passive control based on

conventional design may not be that appropriate for re-
ducing wind-induced vibrations of wind turbines under
various conditions.

Compared with passive control, the semiactive and
active control can adjust their parameters in real time.
Terefore, they are more suitable for wind turbine systems,
especially under operational conditions. Hence, scholars
have studied the semiactive and active control of wind
turbines. For the semiactive control method, Chen et al. [22]
developed a magnetorheological (MR) damper using
a semiactive fuzzy control strategy, which can efectively
suppress the in-plane vibration of wind turbine blades under
extreme wind loads. Sun [23] and Hemmati and Oterkus
[24] investigated the vibration reduction efect of the
semiactive variable stifness TMD on ofshore monopile
wind turbines subjected to the wind, wave, and earthquake.
Te authors found that the semiactive TMD adjusted in real
time not only had more efectiveness in controlling the
structural response but also had a smaller stroke than passive
TMD. For the active control of wind turbines, ATMDs have
been commonly used [8]. Diferent control algorithms have
been proposed such as H infnity [25, 26], static state
feedback [27–29], and adaptive sliding-mode [30]. In their
studies, Lackner and Rotea [25] and Brodersen et al. [27]
investigated the responses of ofshore monopile wind tur-
bine without dampers and with ATMD and TMD. Trough
frequency domain and time-domain analysis, it was shown
that the vibration reduction efect of the ATMD was better
than that of the TMD with the same mass ratio. Ten, Li and
Gao [26] proposed the generalized H infnity optimal ap-
proach to derive the control force for the ATMD. Teir
fndings indicated that active control is more efective in
reducing the primary fatigue load than passive control.
Fitzgerald et al. [28, 29] explored the efectiveness of ATMD
based on optimal LQR control in mitigating the responses of
wind turbines. It was found that the active control strategy
used achieved greater response reductions than the passive
TMD. Hu et al. [30] proposed an adaptive sliding-mode
controller to reduce the load of wind turbines. Te fnding
indicated that the proposed control law improves the overall
performance of the wind turbine under the consideration of
the system uncertainties. Te above fndings show that
semiactive and active control can adjust their own param-
eters in real time according to the time-varying character-
istics of the structure, which can signifcantly reduce the
vibration of wind turbines and have good robustness.

Although much research has been conducted to reduce
the vibration of wind turbines using diferent control
strategies, limitations in these strategies still exist. For op-
erating wind turbines, the tower sufers the periodic (3P, 6P,
etc.) loadings caused by the rotor rotation, which is diferent
from the traditional high-rise structure [31]. Te noticeable
3P frequency can be observed in the response of the wind
turbine tower [32]. However, the principle of the vibration
mitigation in the most aforementioned literature is to
achieve vibration control by changing the transfer function
of the structure. Te response of the wind turbine at the
natural frequency can be signifcantly reduced, while the
control efect of the response at far away from the natural
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frequency caused by the periodic loadings is not obvious.
Perhaps the LQR controller for ATMD [28, 29] can efec-
tively reduce the responses of the wind turbine, but there are
still several limitations existing. Firstly, it is challenging to
control two widely separated frequencies simultaneously
using the LQR controller due to the limited efective
bandwidth of the controller. Secondly, the LQR controller
requires full states of wind turbines, and the obtainment of
these states is a challenge for the measurement.

On the other hand, the wind turbine is a complicated
dynamic system including the coupling efects among the
aerodynamics, tower-nacelle-blade, and servo system. To
accurately evaluate the system behavior, diferent models
have been developed by scholars over the decades. Finite
element models have been commonly adopted to study the
wind-induced responses of the tower in structural analysis
[33, 34].Ten, Jonkman andMarshall [35] developed a time-
domain simulation tool called FAST in 2006, which utilizes
Kane’s equations to analyze the dynamic responses of wind
turbines in depth. Te accurate prediction of the wind
turbine response is a prerequisite for vibration control re-
search. Zhang [36] developed a reduced-order coupled
model for wind turbines with 13 degrees of freedom using
the Euler–Lagrangian together with nonlinear aero-
dynamics, which served as a basis for extensive research on
passive and active vibration control. Zuo et al. [8] empha-
sized the importance of considering the infuences of the
coupling efects and the interactions among the components
of wind turbines in vibration control research. Terefore,
a fully coupled wind turbine model should be adopted in
vibration control research to study the efectiveness of the
proposed control method more accurately.

To address the 3P vibration problem of wind turbines
with limited state measurement information, an active
control method based on the virtual TMD is proposed and
validated with an aerodynamic-structure-servo coupling
model in this paper. Te virtual TMD algorithm has a wide
efective bandwidth and only requires the acceleration in-
formation on the top of the tower or the relative dis-
placement of the active TMD. Firstly, an aero-structure-
servo coupling model (ASSC model) will be established in
MATLAB/Simulink for dynamic analysis of the wind tur-
bine. Secondly, the accuracy of the ASSC model will be
verifed by comparative analysis with the wind turbine
analysis package FAST (fatigue, aerodynamics, structures,
and turbulence). Tirdly, an ATMD active controller is
designed by the virtual TMD algorithm to suppress the
vibration in the fore-aft (FA) direction of the wind turbine
tower. Finally, compared with passive TMD and the tra-
ditional LQR algorithm, the established model is utilized to
evaluate the vibration reduction efect of the virtual TMD
algorithm on the wind turbine under diferent conditions.

2. The Holistic Coupled Model

In this section, a holistic coupledmodel of an aero-structure-
servo system is established, including the aerodynamic
module, structural module, and servo systemmodule, which
is named as the ASSC model in the paper. Te aerodynamic

module is mainly adopted to determine the aerodynamic
loading of the structure by using wind feld information and
the responses of the wind turbine. Te structural module is
used to obtain the responses of the wind turbine according to
aerodynamic loadings and commands of the servo system.
Te servo system module is generally utilized to control the
rotating speed and pitch angle of the blade based on the wind
speed and dynamic response characteristics.

2.1. Structure Model. Te structural model of the wind
turbine is established by using the Lagrangian equation. Te
equation is as follows:

d
dt

zT(t, q(t), _q(t))

z _qi(t)
−

zT(t, q(t), _q(t))

zqi(t)
+

zV(t, q(t))

zqi(t)
� Qi(t),

(1)

where T and V are the system kinetic and potential energy,
q(t) is the generalized coordinates vector, Qi(t) is the
generalized force corresponding to the ith component of
q(t), and dot (·) represents the frst derivative with respect
to time.

To simplify the complex physical model of the wind
turbine, the following assumptions are given as follows:

(1) A wind turbine consists of blades, hub, nacelle, and
tower. Te blade and tower are modeled as elastic
cantilevers, the hub and nacelle are assumed to be the
lumped mass, and a rigid connection is assumed
among the rotor, nacelle, and tower [35, 37, 38].

(2) It is assumed that the bottom of the tower is fxed to
the ground. Te nacelle is fxed on the top of the
tower, while there is a certain distance from the top
of the tower to the center of mass of the nacelle [37].
Te rotor is composed of three blades, which are
connected with a nacelle through the hub. Te na-
celle yaw is neglected in the model [12].

(3) Te response of the tower and blades is dominated by
the contribution of the fundamental mode,
neglecting the infuence of the higher modes [20, 28].

2.1.1. Coordinate System of the Structure Model. Te wind
turbine is a rotating system composed of multiple compo-
nents. In order to determine the distribution of load, dis-
placement, velocity, and other vectors in time and space
when establishing equations, it is necessary to build multiple
coordinate systems, which is convenient for the conversion
among wind turbine components. Te simplifed model is
illustrated in Figure 1(a), which is described by four co-
ordinate systems, as shown in Figure 1(b). First, the global
coordinate system C0 is established at the bottom of the
tower. Te tower-top coordinate system C1 is nonrotating
and located at the center of the tower top. Te hub co-
ordinate system C2 is fxed on the rotating shaft. Te blade
section coordinate system C3 is aligned with one of the
blades. As the rotor rotates, the angle between the yb-zb and
yh-zh planes is the azimuth angle.

Structural Control and Health Monitoring 3



According to Reference [39], the transformation from
tower-top system C1 to global system C0 is given as follows:

X
→

1 � a
→

10X
→

0 + r
→

10 �

1 0 0

0 1 0

0 0 1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦X
→

0 +(0, 0, h), (2)

where h is the height of the tower.
Te transformation from hub system C2 to tower-top

system C1 is given as follows:

X
→

2 � a
→

21X
→

1 + r
→

21 �

cos θs 0 −sin θs

0 1 0

sin θs 0 cos θs

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦X
→

1 + −xhub, 0, zhub( , (3)

where θs represents the tilted angle of the shaft, xhub is the
distance between the hub center and z-axis, and zhub is the
vertical distance between the hub center and the tower-top
base plate.

Te transformation from blade system C3 to hub system
C2 is given as follows:

X
→

3 � a
→

32X
→

2 + r
→

32 �

1 0 0

0 cosφ sinφ

0 −sinφ cosφ

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦X
→

2 + 0, 0, Rhub + r( ,

(4)

where the azimuth angle φ is the angle between yh and yb,
Rhub and r denote the radius of hub and the distance from
blade cross-section to the blade root, respectively.

Te motion of the wind turbine can be simplifed by 8
degrees of freedom. Figure 2 illustrates the generalized
coordinates of the tower-top base plate and blades. In
Figure 2, parameters qed1∼qed3 and qfp1∼qfp3 denote the
edgewise and fapwise tip displacement of the three blades,
respectively. Parameters qfa and qss denote the tower-top
base plate displacement in the fore-aft (FA) and side-side
(SS) directions. Te detailed information is provided in
Appendix A. Hence, the 8 degrees of freedom of a wind
turbine can be defned by

q � q1 · · · q8 
Τ

� qed1 qed2 qed3 qfp1 qfp2 qfp3 qfa qss 
Τ
. (5)

x

z
y

Wind

Tower

Blade

Nacelle

Hub

h
(a)

θs

x

z
y

O

C0

T

H

B

C3

C2 zt yt

xt
C1

zb

zh
yh
xh

yb

xb

(b)

Figure 1: Simplifed wind turbine model and coordinate systems. (a) Simplifed model and global coordinate. (b) Local coordinate systems.
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By defning the blade rotating speed Ω(t), the azimuth
angle of the ith blade can be given as follows:

φi � 
t

0
Ω(t)dt +

2π
3

(i − 1), i � 1, 2, 3. (6)

2.1.2. Tower Modeling. As described above, the absolute
tower displacement can be expressed as follows:

u
→

t(z, t) � qfaϕfa(z) x
→

+ qssϕss(z) y
→

, (7)

where ϕfa(z) and ϕss(z) are the fundamental mode shape of
the tower in the fore-aft and side-side directions,
respectively.

In terms of equation (7), the kinetic energy of the tower
is

Tt �
1
2


h

0
M(z) _u

→
t(z, t) 

2
dz �

1
2


h

0
M(z) _qfaϕfa(z) 

2
+ _qssϕss(z)( 

2
 dz, (8)

where M(z) is the mass density per unit length of the tower.
In terms of Reference [37], the potential energy of the

tower associated with the distributed stifness and gravity is
obtained by

Vt �
1
2


h

0
EIt(z)

d2ϕfa(z)

dz2
⎛⎝ ⎞⎠

2

q
2
fa +

d2ϕss(z)

dz2 

2

q
2
ss

⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦dz

− g 
h

0
M(z)w(z, t)dz ,

(9)

where EIt(z) and w(z, t) denote the distributed stifness and
the axial defection at the height z of the tower, respectively.g is
the acceleration of gravity. w(z, t) can be expressed as follows:

w(z, t) �
1
2


z

0

zu
⇀

t z′, t( )

zz′
 

2

dz′, (10)

where z′ denotes the dummy variable along the tower height.

2.1.3. Nacelle and Hub Modeling. With the small defection
assumption of the tower and blades [37], the tower-top
rotations θfa and θss in both the fore-aft and side-side di-
rections can be approximated:

θfa �
dϕfa(z)

dz

z�h

qfa,

θss �
dϕss(z)

dz

z�h
qss.

(11)

Considering the additional displacement due to the
tower-top rotations, the absolute displacement of the nacelle
can be expressed as follows:

u
→

n � qfa + θfaznac  x
→

+ qss + θssznac(  y
→

+ θfaxnac z
→

,

(12)

where znac is the vertical distance between the nacelle gravity
center and the tower-top base plate, xnac is the distance
between the nacelle gravity center and z-axis.

Same as above, the absolute displacement of the hub can
be expressed as follows:

_u
→

h � qfa + θfazhub  x
→

+ qss + θsszhub(  y
→

+ θfaxhub z
→

.

(13)

Te total kinetic energy of the nacelle and hub is

Tnh �
1
2
Mn _u

→
n 

2
+
1
2
Mh _u

→
h 

2
. (14)

Blade 1

Blade 2Blade 3

yh

zh

Hub

uie (r,t)=qediϕ1e (r)

(a)

zh

xh
Nacelle

uif (r,t)=qfpiϕ1f (r)
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Hub

Tower

(b)

Nacelle

Tower

z
y

x

qfaϕfa (z)

(c)

Hub

Tower

qssϕss (z)

z

y

x

(d)

Figure 2: Diagrams of wind turbine components. (a) Edgewise vibration. (b) Flapwise vibration. (c) Fore-aft bending. (d) Side-side bending.
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Te total potential energy of the nacelle and hub is

Vnh � −g Mn + Mh( w(h, t), (15)

where Mn and Mh denote the mass of the nacelle and hub,
respectively.

2.1.4. Blade Modeling. As shown in Figure 2, parameters
uie(r, t) and uif(r, t) denote the edgewise and fapwise
defections of blade cross-section at a distance r from the
blade root, following as

uie(r, t) � qediϕ1e(r), uif(r, t) � qfpiϕ1f(r), i � 1, 2, 3,

(16)

where ϕ1e(r) and ϕ1f(r) represent the edgewise and fapwise
fundamental mode shape, respectively.

At a distance r from the blade root, the displacement of
blade can be expressed as follows:

u
→

1bi(r, t) � qfpiϕ1f(r) x
→

b − qediϕ1e(r) y
→

b, i � 1, 2, 3.

(17)

Ten, the displacement of blade in the global coordinate
system C0 can be given as follows:

u
→

bi(r, t) � a
→

10( 
− 1

a
→

21( 
− 1

a
→

32( 
− 1

u
→

1bi(r, t) + u
→

t(h, t)

+ a
→

10( 
− 1 θ

→
× a

→
10( 

− 1
TH
��→

+ a
→

10( 
− 1

a
→

21( 
− 1

a
→

32( 
− 1

HB
��→

 , i � 1, 2, 3,
(18)

where θ
→

is the tower-top rotation due to the bending of the
tower, TH

��→
denotes the vector between the origins of co-

ordinate system C1 and C2, and HB
��→

represents the vector
between the origins of coordinate system C2 and C3. Tey
can be expressed as follows:

θ
→

� −θss x
→

t + θfa y
→

t,

TH
��→

� −xhub x
→

t + zhub z
→

t,

HB
��→

� Rhub + r(  z
→

b.

(19)

Te kinetic energy of the blades can be expressed as
follows:

Tb �
1
2



3

i�1


R

0
m(r) _u

→

bi(r, t) 

2

dr, (20)

where m(r) is the mass density per unit length of the blades,
and R denotes the distance from the blade tip to the root.

Te potential energy is obtained by considering the
strain energy of the blades due to the bending, the additional
strain energy owing to the gravity, and the centrifugal
stifening efect. In terms of Reference [39], the total po-
tential energy of blades can be obtained by

Vb � 
3

i�1

1
2


R

0
EIeg(r)

d2ϕ1e(r)

dr2
qedi 

2

dr + 
3

i�1

1
2


R

0
EIfp(r)

d2ϕ1f(r)

dr2
qfpi

⎛⎝ ⎞⎠

2

dr

−
1
2



3

i�1


R

0
m r′( )g 

r′

0

dϕ1e(r)

dr
qedi 

2

dr⎡⎣ ⎤⎦ + 
r′

0

dϕ1f(r)

dr
qfpi 

2

dr⎡⎣ ⎤⎦
⎧⎨

⎩

⎫⎬

⎭cosφidr′

+ 
3

i�1

1
2


R

0
m r′( )Ω(t)

2
Rhub + r′(  

r′

0

dϕ1e(r)

dr
qedi 

2

dr⎡⎣ ⎤⎦ + 
r′

0

dϕ1f(r)

dr
qfpi 

2

dr⎡⎣ ⎤⎦
⎧⎨

⎩

⎫⎬

⎭dr′,

(21)

where EIeg(r) and EIfp(r) denote the edgewise bending
stifness and the fapwise bending stifness, respectively. r′

represents the dummy variable along the blade length.

2.2. Te Aerodynamic Model

2.2.1. Te Wind Turbulence Model. Wind speed can be
expressed as the combination of the mean and fuctuating

components, v(z, t) � v(z) + v(z, t), the exponential wind
profle is adopted to calculate the mean speed:

v(z) � vHub
z

zHub
 

α0
, (22)

where vHub represents the mean wind speed at the height of
the hub, zHub and α0 denote the height of the hub and wind
shear exponent, respectively.

6 Structural Control and Health Monitoring



Te fuctuating component is computed using the IEC
Kaimal spectral model [32]. Te spatial correlation between
two points in space is determined by the coherent function
in IEC61400-1 [40].

Based on the above theory, a three-dimensional wind
feld profle covering the domain of the rotor disk and tower
is generated using the TurbSim [41] program. Te wind feld
is sampled in real time, and bilinear interpolation is used to
obtain wind speeds on the blades and tower using the de-
veloped MATLAB code.

2.2.2. Aerodynamic Loading. Te aerodynamic loading of
the wind turbine consists of the rotating blades and the
tower.Te aerodynamic loading of the tower is calculated by
quasi-steady theory [42]. Te aerodynamic loading per unit
length of tower can be expressed as follows:

Ft(z, t) �
1
2
ρCdtdt(z) v(z, t) − _qfa(t)ϕfa(z) 

2
, (23)

where ρ is the air density, and Cdt and dt(z) denote the drag
coefcient and the outside diameter of the tower section,
respectively.

Under Ft(z, t), the virtual work done by external wind
load is

δWt � 
h

0
Ft(z, t)ϕfa(z)δqfadz. (24)

Te aerodynamic loading acting on the rotating blades
can be calculated by applying the blade element mo-
mentum theory [31], eddy current theory [31], and
computational fuid dynamics [43]. In the paper, the blade
element momentum (BEM) theory is used to estimate the
aerodynamic loading, neglecting unsteady indicial vari-
ation and the dynamics of vorticity shed. Te BEM is
a combination of momentum theory and blade element
theory. It is assumed that there is no radial interaction,
which means that the aerodynamic force at one element
cannot be infuenced by the others. It is assumed that the
forces on a blade element can be calculated by means of
two-dimensional airfoil characteristics under an angle of
attack, ignoring three-dimensional efects. Considering
the aeroelasticity of the wind turbine, the blade velocities
are returned to the BEM theory so that the aerodynamic
loads are estimated based on the relative velocities.
Terefore, the time series of the aerodynamic loading can
be calculated from the blade characteristics, blade ve-
locity, and wind speed. Te blade characteristics consist of
the number of blades, pretwist, chord distribution, air-
foils, and pitch angle. Figure 3 illustrates the blade ele-
ment of wind turbines for BEM analysis.

Figure 4 shows all the velocities and forces relative to the
blade chord line at radius r from the blade root. From
Figure 4, the resultant relative velocity at the blade is

vrel(r, t) �

��������������������������������

vb − _ubxi( 
2
(1 − a)

2
+ − _ubyi 

2
1 + a
′

 
2



,

(25)

where vb represents the wind speed in the blade coordinate
system, _ubxi and _ubyi denote the velocity components of the
blade cross-section at a distance r from the blade root in the
blade coordinate system. a and a′ are the axial and tangential
induction factors, respectively. In general, a and a′ are
unknown and obtained by iterations.

Te fow angle ψ to the plane of rotation can be cal-
culated by

sinψ �
vb − _ubxi( (1 − a)

vrel
. (26)

Te angle of attack α is given by

α � ψ − β − c, (27)

where β is the pitch angle, and c is the twist angle which is
determined by the airfoil.

In terms of the attack angle, the lift and drag coefcients
Cl and Cd can be looked up by the airfoil data which is
obtained by experiments [38]. On a span-wise length of each
blade, the lift force is normal to the direction of the resultant
relative velocity, and the drag force which is parallel to the
resultant relative velocity can be expressed as follows:

L � Cl(α) ×
1
2
ρvrel

2
c,

D � Cd(α) ×
1
2
ρvrel

2
c,

(28)

where c is the chord length.
Te normal forces PN and the tangential forces PT can be

computed as follows:

PN � L cosψ + D sinψ,

PT � L sinψ − D cosψ.
(29)

Te aerodynamic loadings acting on the rotating blades
can be calculated by equations (25)–(29) via BEM. In order
to obtain better results, it is necessary to apply two cor-
rections to the BEM. Both Prandtl’s tip loss factor and
Glauert correction are considered in this study, and the

Ω

j

dr

r +
 R hub

yh

xh

zh

Figure 3: Blade element for BEM analysis.
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related theories can be found in literature [39]. Ten the
virtual work done by PN and PT can be computed by:

δWb � 
3

i�1


R

0
PNi(r, t)δuxbidr

+ 
3

i�1


R

0
PTi(r, t)δ −uybi cosφi − uzbi sinφi dr.

(30)

Hence, the virtual work done by aerodynamic loadings
can be expressed as follows:

δW � δWt + δWb. (31)

In terms of the principles of work and energy, the
generalized force can be determined as follows:

Qi,wind �
z(δW)

z δqi( 
. (32)

Substituting expression of the equation (31) into equa-
tion (32), the generalized force can be provided by

Qi,wind � 
R

0
PTi(r, t)ϕ1e(r)dr, Qi+3,wind � 

R

0
PNi(r, t)ϕ1f(r)dr, i � 1, 2, 3,

Q7,wind � 
h

0
Ft(z, t)ϕfa(z)dz

+ 
3

i�1


R

0
PNi(r, t) cos θs + r + Rhub( cosφi − xhub sin θs + zhub cos θs( 

dϕfa(z)

dz


z�h

⎛⎜⎜⎜⎝ ⎞⎟⎟⎟⎠dr

− 
3

i�1


R

0
PTi(r, t) sin θs sinφi + xhub sinφi cos θs + zhub sinφi sin θs( 

dϕfa(z)

dz


z�h

⎛⎜⎜⎜⎝ ⎞⎟⎟⎟⎠dr,

Q8,wind � − 
3

i�1


R

0
PNi(r, t) r + Rhub( sinφi sin θs

dϕss(z)

dz


z�h

⎛⎜⎝ ⎞⎟⎠dr

− 
3

i�1


R

0
PTi(r, t) cosφi + r + Rhub( cos θs + zhub cosφi( 

dϕss(z)

dz


z�h

⎛⎜⎝ ⎞⎟⎠dr.

(33)

2.3.Te Servo System. Te servo system of the wind turbine
includes a generator-torque controller and a full-span rotor-
collective blade-pitch controller [38]. Te fowchart of the
whole servo control system is shown in Figure 5.

According to Reference [38], the dynamic model of the
drivetrain can be obtained as follows:

Jr + N
2
gJg  _Ω(t) � Taero − NgMg. (34)

Te generator torque versus generator speed response curve
is adopted by the generator-torque controller.With proportional-
integral (PI) control, the control law of pitch angle is

θp(t) � KPNgΔΩ + KI 
t

0
Ng∆Ωdt. (35)

In terms of the kinetic energy and potential energy of
wind turbines, the generalized force, the servo system, and
the Euler–Lagrange equation, the motion of wind turbine
can be computed as follows:

M€q + Kq + C _q � Qwind, (36)

where the structural damping of the blade and tower adopts
Rayleigh damping, which is directly added to theC matrix.Te
detailed information on matrices is provided in Appendix B.

Rotor plane

PN

PT

D
L

γ
α

Chord

vrel

(vb – uxbi) (1 – a)

ψ

ψ

(–uybicosψi – uzbisinψi) (1 + a')· ·
·

Figure 4: Velocity and force distribution on blade cross-section.
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Based on the aerodynamic module, structure module,
and servo system module, the holistic coupled ASSC model
is established on MATLAB/Simulink, which can be seen in
Figure 6. Also, Table 1 shows the detailed information of the
developed ASSC model.

3. Verification and Analysis of the ASSC Model

First, the natural frequencies of the 5MW onshore wind
turbine structure are compared by using the ASSC model
and FAST. Ten, the dynamic responses of wind turbine
under the ASSC model and FAST model are analyzed, and
the accuracy and efectiveness of the ASSC model are
evaluated. Te vibration at the tower top in the fore-aft
direction is the largest for the tower, and its control is fo-
cused. Consequently, it mainly verifes and analyzes the fore-
aft response of the wind turbine. As shown in Table 2, the
5MW onshore wind turbine given by NREL is summarized.

3.1. Comparison of Natural Frequencies. Te natural fre-
quencies of the wind turbine in FASTare determined by the
linearization module at the initial moment. Te frequencies
of the ASSC model are also obtained at the same time by the
eigenvalue analysis of equation (36). Ten, the results of the
ASSC model and FAST are compared in Table 3. It can be
seen from the table that the ASSC model can predict the
natural frequencies of wind turbine well, with an error of less
than 3%.

3.2. Comparison of Responses in Turbulent Winds. Te dy-
namic responses of the ASSC and FAST models under
turbulent winds are analyzed and compared. Tree typical
conditions are considered in this paper: Case 1: the mean
wind speed is 30m/s at parked condition; Case 2: the mean
wind speed is 8m/s at operational condition; and Case 3: the
mean wind speed is 16m/s at operational condition. Te
turbulence intensities (TI) for these conditions are 0.18.

Te time histories and power spectra under these condi-
tions are shown in Figures 7–9. It can be seen that the structural
responses of the ASSCmodel and FASTare in good agreement
both in the time and frequency domain. Te tower response is
dominated by the fundamental frequency (0.322Hz) at parked
condition, as shown in Figure 7. Figures 8 and 9 show the tower
top responses with the wind speed of 8m/s and 16m/s at

operational conditions, respectively. Te following observa-
tions can be found. Te tower fundamental frequency, 3P
frequency, and 6P frequency can be observed in tower top FA
responses. Note that the 3P frequency is three times the rotor
rotation frequency. At operational condition, the tower dis-
placement is dominated by the tower fundamental frequency,
while the acceleration is dominated by the 3P frequency.
Compared with the parked condition, the tower fundamental
frequencies at wind speeds of 8m/s and 16m/s have changed to
0.337Hz and 0.347Hz, respectively. It is indicated in
Figures 8(c) and 8(d) that the 3P frequency is not constant and
exists in a wide frequency band, which is due to the fact that the
rotor speed is not constant. However, as shown in Figures 9(c)
and 9(d), the 3P frequency is constant at 0.61Hz, which is due
to the fact that the blade-pitch angle changes in real time to
keep the rotational speed constant.

Clearly, during normal operational conditions, the
aerodynamic loads and structural characteristics of wind
turbines will change at diferent wind speeds due to the
existence of the servo control system. As a result, it can be
concluded that the developed ASSC model has good pre-
cision and accuracy at both parked and operational con-
ditions, which can be used to calculate the structural
responses of the wind turbine.

4. Control by ATMD Using the ASSC Model

4.1.WindTurbine-ATMDControlModel. From Figure 10, it
is seen that ATMD is installed at the top of the tower to
reduce tower vibration in the fore-aft direction. Compared
with the 8 degrees of freedom of the uncontrolled model, the
displacement and speed of ATMD need to be considered.
Terefore, the wind turbine-ATMD controlled model has
nine degrees of freedom. On the basis of the developed ASSC
model, the motion equation of the wind turbine-ATMD
controlled model needs to be rededuced. Te new equation
of motion is as follows:

M1€y + K1y + C1 _y � Qwind1 + U,

y �
q

xATMD(t)
 ,

(37)

where M1, K1, C1, and Q1 are the derived mass, stifness,
damping, and load matrices after adding ATMD, the de-
tailed information on matrices are provided in Appendix C,

Drivetrain dynamic model+
- Mg

+
-

v (t)

Ω (t)

Aero-Structure
model

θp (t)

Taero

Generator-Torque Controller

Blade-Pitch Controller

Ω (t)

Ω (t)

Ω0

Figure 5: Flowchart of the servo system.
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respectively. xATMD(t) is the relative displacement of ATMD
device to the top of the tower. U is the generalized active
control force vector of ATMD, expressed as follows:

U � Bua, (38)

where the control infuence matrix, B is given by

Table 1: Te detail information of the developed ASSC model.

Aerodynamic module Wind turbulence model Obtained from TurbSim [41]
Aerodynamic loading Developed in Simulink

Structure module Blade, nacelle, and tower Developed in Simulink

Servo system module Generator-torque controller Established in Simulink [38]
Blade-pitch controller Established in Simulink [38]

Table 2: Parameters of the NREL 5-MW baseline wind turbine.

Gross properties

Rating 5MW
Rotor diameter 126m
Hub height 90m

Cut-in, rated, cut-out wind speed 3m/s, 11.4m/s, 25m/s
Cut-in, rated rotor speed 6.9 rpm, 12.1 rpm

Blade

Length 61.5m
Mass 17,740 kg

Second moment of inertia 11,776 kg m2

1st mode damping ratio (edgewise and fapwise) 0.48%

Nacelle + hub

Nacelle mass 240,000 kg
Hub mass 56,780 kg

Hub diameter 3m
Hub height above ground 90m

Tower
Height above ground 87.6m

Overall (integrated) mass 267,650 kg
1st fore-aft (side-side) modal damping ratio 1%

Table 3: Frequencies comparison between the ASSC model and FAST.

Tower
fore-aft
(Hz)

Tower
side-side
(Hz)

Blade1
fapwise
(Hz)

Blade2
fapwise
(Hz)

Blade3
fapwise
(Hz)

Blade1
edgewise
(Hz)

Blade2
edgewise
(Hz)

Blade3
edgewise
(Hz)

ASSC
model 0.3278 0.3189 0.7154 0.7011 0.6984 1.1516 1.1226 1.1218

FAST 0.3341 0.3148 0.7251 0.7186 0.7167 1.1372 1.1011 1.1002
Error 1.89% 1.30% 1.34% 2.44% 2.55% 1.27% 1.95% 1.96%

Aerodynamic Blade

Nacelle

Tower

Wind load 

Structure system

Servo system

Generator-Torque
Controller

Blade-Pitch
Controller

Figure 6: Diagram of the ASSC model.
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BΤ � 0 0 0 0 0 0 1 0 −1 , (39)

where ua is the active control force of ATMD.
Te new equation of motion is rewritten into a state-

space equation and the new state variable is

X �

q
xATMD(t)

_q
_xATMD(t)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (40)

Te new state space equation is
_X � ASX + BQQwind1 + BUU, (41)

where, AS �
09×9 I9×9

−M1
− 1K1 −M1

− 1C1
 , BQ �

09×1
M1

− 1 ,

BU �
09×1
M1

− 1 .

4.2. Active Control Algorithm Based on the Virtual TMD
System. Te proposed active control algorithm based on the
virtual TMD system is presented in this subsection. As shown
in Section 3, the vibration of a wind turbine tower is dominated
by the tower fundamental frequency and 3P frequency at
operational condition.Terefore, a control scheme with a wide
efective bandwidth is required to achieve the vibration re-
duction of wind turbine. When the TMD mass ratio is large
enough (e.g., 15%∼30%), it is expected to meet the

requirements of wide-band vibration reduction. With this
inspiration, the performance and mechanism of vibration
reduction for the TMD with a mass ratio of 20% are analyzed
frstly. Ten, the control force of the TMD with a large mass
ratio is applied to wind turbines by an ATMDwith amass ratio
of 2% to achieve the same reduction efect as the TMD with
a large mass ratio. Finally, the parameters of virtual TMD are
optimized to improve the control efect of ATMD.

4.2.1. Control Efect of TMD with Large Mass Ratio and
Damping Ratio. Figure 11 shows the power spectral density
(PSD) function of tower top acceleration at operational
condition and frequency response functions under un-
controlled and three controlled cases. Tese controlled
conditions are: Case 1, the mass ratio of the TMD is 2%, the
damping ratio is 9%, and the tuning frequency is the fun-
damental frequency; Case 2, the mass ratio of the TMD is
2%, the damping ratio is 9%, and the tuning frequency is the
3P frequency; Case 3, the mass ratio of the TMD is 20%, the
damping ratio is 25%, and the tuning frequency is the 3P
frequency. It is seen that the tower-top acceleration response
is dominated by the 3P frequency. Te fundamental tower
frequency is also observed in tower top acceleration.

For Case 1, the response amplitude at the fundamental
frequency is signifcantly reduced, and that at 3P almost does
not change, compared with those of the uncontrolled case.
For Case 2, although the tuning frequency of TMD changes
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Figure 7: Tower-top FA responses under turbulent wind (park at vHub � 30m/s, TI � 0.18). (a) Displacement time history. (b) Acceleration
time history. (c) Displacement PSD. (d) Acceleration PSD.
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to the 3P frequency, the amplitude at the 3P frequency does
not change obviously compared with that of the un-
controlled case. It indicates that the response amplitude at
the frequency far away from the natural frequency cannot be
reduced by the traditional passive control like TMD.
However, for Case 3, the amplitudes both at the fundamental
frequency and 3P frequency have been signifcantly reduced
by TMD with a large mass and damping ratio.

4.2.2. Te Virtual TMD Algorithm for the ATMD Control.
From the above, it indicates that TMD with a large mass
ratio and damping ratio can signifcantly reduce the re-
sponse of wind turbine. Although this type of TMD cannot
be realized in the wind turbine, the concept of the virtual
TMD with a large mass ratio and damping ratio can be used
here. Te active control force of the ATMD with 2% mass
ratio can be obtained by the virtual TMD with a large mass
ratio and damping ratio. Ten, the ATMD can achieve the
same control efect as the virtual TMD system. On this basis,
an active control algorithm based on virtual TMD is pro-
posed to mitigate tower vibration in the fore-aft direction.

In the proposed control algorithm, the motion equation
of the virtual TMD system can be given as follows:

mvTMD €xs + €xvTMD(  + kvTMDxvTMD + cvTMD _xvTMD � 0,

(42)

where €xs and €xvTMD represent the acceleration of the
structure and the virtual TMD, respectively. kvTMD and
cvTMD denote the stifness and damping of the virtual TMD,
respectively.

Ten, the control force of the virtual TMD system can be
expressed as follows:

FvTMD � kvTMDxvTMD + cvTMD _xvTMD. (43)

Te ATMD system can be used to simulate the control
force of the virtual TMD system. Ten, the motion of the
ATMD device can be expressed as follows:

FvTMD � −mTMD €xs + €xTMD( , (44)

mTMD €xs + €xTMD(  + kTMDxTMD + cTMD _xTMD + U � 0,

(45)

where kTMD and cTMD denote the stifness and damping of
the TMD, respectively. Also, €xTMD represents the acceler-
ation of the TMD.

Te ATMD feedback control force is determined by the
virtual TMD system. Te active control force of ATMD can be
obtained by equations (42)–(45). Ten, the responses of the
wind turbine at the 3P frequency can be signifcantly reduced.
Figure 12 illustrates the diagram of Simulink for the virtual
TMD algorithm. Te algorithm has good robustness and
broadband characteristics due to the large mass ratio of the
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Figure 8: Tower-top FA responses under turbulent wind (operation at vHub � 8m/s, TI � 0.18). (a) Displacement time history. (b)
Acceleration time history. (c) Displacement PSD. (d) Acceleration PSD.
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virtual TMD. Furthermore, unlike the LQR control algorithm,
the proposed control algorithm does not require the full states.
Te acquisition of sole requirement is to acquire either the
acceleration information on the top of the tower or the relative
displacement of the active TMD. Tis information can be
conveniently obtained. Once the acceleration information is
available, the acceleration €xTMD of the active TMD can be
determined by solving equations (42)–(44). Integrating the
acceleration €xTMD allows determination of the displacement
xTMD and velocity _xTMD of the active TMD. Ten the active
control force of the ATMD can be calculated by substituting
xTMD, _xTMD and €xTMD into equation (45). Similarly, knowing
the displacement of the active TMD enables obtaining the active
control force of the ATMD by solving equations (42)–(45).
Considering the impact of noise on the signal, we recommend
obtaining the relative displacement information of the active
TMD. Figure 13 illustrates the comparison of results between
the pure virtual passive TMD and the ATMD using the virtual
TMDalgorithmunder the same parameters. It can be seen from
Figures 13(a) and 13(b) that the acceleration responses of the
wind turbine and the control force of the two are almost the
same. It indicates that the ATMD utilizing the virtual TMD
algorithm can accurately replicates the control force of the pure
virtual passive TMD and achieve the same control efect.
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Figure 9: Tower-top FA responses under turbulent wind (operation at vHub � 16m/s, TI � 0.18). (a) Displacement time history. (b)
Acceleration time history. (c) Displacement PSD. (d) Acceleration PSD.
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Figure 10: Diagram of wind turbine with the ATMD control.
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4.2.3. Optimal Design for the Virtual TMD Algorithm. In
this paper, the proposed control algorithm is adopted to
realize the vibration control of the wind turbines at parked
and operational conditions. At parked conditions, the op-
timal frequency and damping ratio of the virtual TMD
system can be obtained in the literature [44]. For operational
conditions, a numerical search is adopted to obtain the
optimal design. Te acceleration RMS is set as the objective

function. Te optimal objective is to minimize the RMS of
the tower-top acceleration.

Te frequency ratio is defned as the ratio of the tuned
frequency to the 3P frequency. With a given mass ratio, the
value of the objective function corresponding to diferent
frequency and damping ratio values are calculated. Figure 14
shows the value of the objective function against frequency
and damping ratio, where themass ratio is 30%. In Figure 14,
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the frequency and damping ratio that makes the minimum
value of the objective function is considered as the optimal
design. Based on the optimal design, the efectiveness of
ATMD will be evaluated in the following section under the
constraints of stroke limitation and control force.

4.3. Vibration Control under Parked and Operational
Conditions. Te efectiveness of the proposed virtual TMD
algorithm in controlling the along-wind vibration of the
wind turbine is evaluated in this subsection. Te TMD and
traditional LQR algorithms [29] are adopted for comparison.
In terms of the literature [44], the tuning frequency of TMD
is set as the tower fundamental frequency. Also, the TMD
mass is selected as percentage of the total mass. Tree
diferent mass ratios are selected, 1%, 2%, and 5%, as in
similar studies [10, 13]. Te vibration control efect of wind
turbines will be assessed under parked conditions and op-
erational conditions: vHub � 16m/s at parked maintenance
condition (PLC1); vHub � 30m/s at normal parked condition
(PLC2); vHub � 8m/s at operational condition (NLC1); and
vHub � 16m/s at operational condition (NLC2). Te tur-
bulence intensities for these conditions are 0.18. 10 wind
feld samples are generated by TurbSim [41] for each con-
dition, and the tower top accelerations of the wind turbine
are calculated by equations (36) and (41).

4.3.1. Parked Conditions

(1) PLC1. Under this condition, Figure 15 illustrates the
tower top accelerations under diferent control conditions in
wind feld sample 1. It can be seen from Figure 15(a) that
TMD, LQR, and virtual TMD have good vibration control
efects. Among them, TMD, LQR, and virtual TMD can
reduce the RMS response by 40.56%, 62.77%, and 54.54%,
and the maximum response by 29.22%, 55.71%, and 35.92%,
respectively. From Figure 15(b), it is seen that the LQR and
virtual TMD outperform TMD in mitigating the response at
the tower fundamental frequency. Te peak value of the
TMD controlled wind turbine at the tower fundamental
frequency is about 1/9 of the uncontrolled wind turbine,

while the peak value of the LQR and virtual TMD is ap-
proximately 1/4 of the TMD. Figure 16 shows the stroke and
control force of the dampers. It is seen that the stroke of LQR
and virtual TMD is within 0.4m, and the maximum control
force is 13 kN.

(2) PLC2. Under this condition, Figure 17 illustrates the
tower-top accelerations under diferent control conditions
in wind feld sample 1. It can be seen from Figure 17(a) that
TMD, LQR, and virtual TMD have good vibration control
efects. Among them, TMD, LQR, and virtual TMD can
reduce the RMS response by 28.96%, 56.66%, and 44.97%,
and the maximum response by 19.46%, 49.76%, and 39.75%,
respectively. From Figure 17(b), it is seen that LQR and
virtual TMD outperform TMD in mitigating the response at
the tower fundamental frequency. Te peak value of the
TMD controlled wind turbine at the tower fundamental
frequency is about 1/8 of the uncontrolled wind turbine,
while the peak value of the LQR and virtual TMD is ap-
proximately 1/3 of the TMD. Figure 18 shows the stroke and
control force of the dampers. It is seen that the stroke of LQR
and virtual TMD is within 2.0m, and the maximum control
force is 60 kN.

Figure 19 is the mean square response of the wind
turbine acceleration in 10 wind feld samples under PLC1
and PLC2 conditions. It is demonstrated that the LQR has
a better efect than the virtual TMD in mitigating wind-
induced vibration at parked conditions. However, the LQR
algorithm, as the optimal feedback control, needs to obtain
the full states of the wind turbine. On the contrary, only the
acceleration information on the top of the tower or the
relative displacement of the active TMD is required for the
virtual TMD algorithm. Tis not only makes the proposed
virtual TMD algorithm easier to implement but also reduces
the cost of installing sensors.

4.3.2. Operational Conditions

(1) NLC1. Under this condition, Figure 20 illustrates the
tower-top accelerations under diferent control conditions
in wind feld sample 1. It can be seen from Figure 20(a) that
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Figure 14: Te value of the objective function under diferent frequency and damping ratio values. (a) 3D view. (b) 2D view.
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the LQR and virtual TMD still have a good vibration re-
duction control efect, while TMD has less control efect.
Among them, TMD, LQR, and virtual TMD can reduce the
RMS response by 5.96%, 33.39%, and 45.11%, and the

maximum response by 7.14%, 46.20%, and 54.17%, re-
spectively. It is found that the virtual TMD outperforms
LQR in mitigating the tower-top acceleration. Te RMS
response reduction can be improved by 11.72% using the
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Figure 15: Tower-top responses under diferent control conditions for 2% mass ratio (PLC1, wind feld sample 1). (a) Time histories of
acceleration. (b) Power spectra of acceleration.
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Figure 16: Stroke and control force comparison between TMD, LQR, and virtual TMD for 2% mass ratio (PLC1, wind feld sample 1). (a)
Time histories of stroke. (b) Time histories of control force.
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virtual TMD. From Figure 20(b), it is seen that TMD cannot
reduce the tower fundamental frequency and 3P frequency
components. Te reason is that the tower-top acceleration
response at operational condition is dominated by the 3P
frequency. In this case, the tower fundamental frequency is
not the optimal tuning frequency of TMD. However, LQR
and virtual TMD have a good control efect and can sig-
nifcantly reduce the tower fundamental frequency and 3P
frequency components. Figure 21 shows the stroke and
control force of the dampers. It can be seen that the virtual
TMD requires a smaller stroke and control force than the
LQR. Also, the stroke of the virtual TMD is within 0.5m, and
the maximum control force is 30 kN.

(2) NLC2. Under this condition, Figure 22 illustrates the
tower top accelerations under diferent control conditions in
wind feld sample 1. It can be seen from Figure 22(a) that the
virtual TMD still has a good vibration reduction control
efect, while LQR has less control efect and TMD basically
has no control efect. Among them, TMD, LQR, and virtual
TMD can reduce the RMS response by 2.41%, 14.16%, and
32.39%, and the maximum response by 2.38%, 15.06%, and
27.53%, respectively. It is found that the virtual TMD

outperforms LQR in mitigating the tower-top acceleration.
Te RMS response reduction can be improved by 18.03%
using the virtual TMD algorithm. From Figure 22(b), it is
seen that TMD cannot reduce the tower fundamental fre-
quency and 3P frequency components. LQR can signif-
cantly reduce the tower fundamental frequency component
and cannot reduce the 3P frequency component. Under the
NLC2 condition, the 3P frequency is constant at 0.61Hz,
which is not within the efective frequency band of the LQR
algorithm. However, the virtual TMD algorithm has a wider
band and can signifcantly reduce the tower fundamental
frequency and 3P frequency components. Figure 23 shows
the stroke and control force of the dampers. It can be seen
that the virtual TMD requires smaller stroke and control
force than the LQR. Also, the stroke of the virtual TMD is
within 2.0m, and the maximum control force is 60 kN.

Figure 24 shows the mean square responses of the wind
turbine acceleration in 10 wind feld samples under NLC1
and NLC2 conditions. It is demonstrated that the virtual
TMD has a better efect than the LQR in mitigating wind-
induced vibration at operational conditions.

According to the results of 10 wind fled samples under
the four conditions, the mean square and maximum control
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Figure 18: Stroke and control force comparison between TMD, LQR, and virtual TMD for 2% mass ratio (PLC2, wind feld sample 1). (a)
Time histories of stroke. (b) Time histories of control force.
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Figure 19: RMS response of tower-top acceleration under 10 wind feld samples. (a) PLC1. (b) PLC2.
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efects of the accelerations for TMD, LQR, and virtual TMD
are obtained, as shown in Table 4. It is seen that the proposed
virtual TMD algorithm has a signifcant control efect both at
parked and operational conditions. However, the LQR

algorithm and TMD have a less control efect at operational
conditions. In order to further verify the control efect of the
proposed virtual TMD algorithm, 10 wind feld samples with
wind speed of 5-30m/s are generated by TurbSim [41]. Te
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acceleration. (b) Power spectra of acceleration.
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Figure 21: Stroke and control force comparison between TMD, LQR, and virtual TMD for 2% mass ratio (NLC1, wind feld sample 1). (a)
Time histories of stroke. (b) Time histories of control force.
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turbulence intensities of these wind feld samples are 0.18.
Ten, the tower-top accelerations of the uncontrolled, LQR,
and virtual TMD wind turbine are calculated. Figure 25
illustrates the mean square values of tower top acceleration
under diferent control conditions at diferent wind speeds.
From Figure 25, it is seen that the virtual TMD can sig-
nifcantly suppress wind-induced vibrations at diferent
wind speeds, whose control efect can reach more than 30%.

It is illustrated that the control efect of LQR is far less than
the virtual TMD at operational conditions, especially near
the rated wind speed. Figures 26(a)–26(c) illustrate the
maximum stroke, control forces, and output power under
diferent control conditions at diferent wind speeds, re-
spectively. It can be observed that the stroke of the virtual
TMD is within 2m, the control force demand is within
85 kN, and the output power demand is within 80 kW at

-2

-1

0

1

2

St
ok

e (
m

)

50 100 150 200 250 3000
Time (s)

TMD
LQR
Virtual TMD

(a)

-100

-50

0

50

100

C
on

tro
l f

or
ce

 (k
N

)

50 100 150 200 250 3000
Time (s)

LQR
Virtual TMD

(b)

Figure 23: Stroke and control force comparison between TMD, LQR, and virtual TMD for 2% mass ratio (NLC2, wind feld sample 1). (a)
Time histories of stroke. (b) Time histories of control force.
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Figure 24: RMS response of tower-top acceleration under 10 wind feld samples. (a) NLC1. (b) NLC2.

Table 4: Responses reduction comparison between TMD, LQR, and virtual TMD at park and operational conditions.

TMD (1%) TMD (2%) TMD (5%) LQR (2%) Virtual TMD
(2%)

RMS response reduction (%)
PLC1 25.72∼34.05 31.64∼40.56 40.26∼47.92 58.75∼64.94 49.64∼57.30
PLC2 15.21∼23.21 21.51∼29.09 31.87∼39.38 54.90∼59.85 43.33∼50.43
NLC1 1.62∼4.11 2.80∼7.15 5.17∼13.33 25.61∼36.90 40.98∼47.03
NLC2 1.35∼4.41 2.34∼5.50 4.06∼8.37 14.16∼16.47 30.37∼34.05
Peak response reduction (%)
PLC1 8.17∼34.55 15.87∼39.83 23.64∼53.40 40.60∼61.14 30.89∼58.77
PLC2 4.96∼28.95 8.67∼34.81 20.43∼46.19 41.27∼61.94 29.21∼56.24
NLC1 0.62∼5.89 0.97∼10.83 2.37∼19.64 22.16∼46.20 38.23∼54.17
NLC2 0.47∼3.09 0.79∼4.94 1.07∼6.86 13.90∼29.24 28.13∼38.15
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reduction.
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diferent wind speeds. And the stroke of the LQR is within
3m, the control force demand is within 115 kN, and the
output power demand is within 80 kW at diferent wind
speeds.

5. Conclusions

Based on the holistic coupled dynamic analysis model of
wind turbines, this paper proposes a virtual TMD algorithm
for ATMD control to reduce the along-wind vibration of the
tower. Also, the optimum design of the virtual TMD al-
gorithm has been obtained via a numerical search approach.
Te performance of this algorithm is compared with passive
TMD and the traditional LQR algorithm. According to the
results, the following conclusions can be drawn:

(1) Wind turbines exhibit signifcant time-varying be-
havior. Te along-wind acceleration response of the
wind turbine tower is dominated by the natural
frequency at parked conditions. However, under
operational conditions, the along-wind acceleration
response is dominated by the 3P frequency, and the
3P frequency varies with the wind speed.

(2) TMD tuned to the fundamental frequency of the
tower has a good control efect at parked conditions,
while has a little poor control efect at operational
conditions. Tis suggests that the traditional design
approach based on the fundamental frequency of the
tower may not be suitable for the wind turbines due
to their time-varying characteristics.

(3) Te proposed virtual TMD algorithm for ATMD
demonstrates excellent adaptability and can signif-
icantly reduce vibration in various operating con-
ditions of wind turbines. With the constraints of
80 kW output power and a 2m stroke limitation, the
proposed virtual TMD algorithm has a control efect
of more than 30% under various wind speeds.

(4) In comparison with the traditional LQR algorithm,
the proposed virtual TMD algorithm has a wider
efective bandwidth and only requires the tower-top
acceleration information or the relative displacement
of the active TMD. Te proposed virtual TMD

algorithm can improve the reduction efect of the
wind turbine response at operational conditions. In
addition, the virtual TMD algorithm experiences
smaller stroke and control force than the traditional
LQR algorithm, which is benefcial to the practical
application.

In general, the virtual TMD algorithm outperforms passive
TMD and the traditional LQR algorithm in mitigating the
vibration of the wind turbine, which has better robustness and
can adapt to various conditions. However, it is also worth
noting that this paper only focuses on the along-wind vibration
control of the wind turbine tower. In addition, references
[14, 45] have demonstrated that the performance of the control
system can be infuenced by soil-structure interaction andwind
load uncertainty. Based on this study, future research will be
conducted to investigate the bidirectional vibration control of
wind turbines, considering soil-structure interaction and the
uncertainty of wind loads.

Appendix

Description of Relevant Symbols

A comprehensive description of all relevant symbols is
provided in Table 5.

B. Uncontrolled System Matrices

Mass, stifness, and damping matrix of uncontrolled system:

M �

mb,e 0 0 0 0 0 −m1,7 −m1,8

0 mb,e 0 0 0 0 −m2,7 −m2,8

0 0 mb,e 0 0 0 −m3,7 −m3,8

0 0 0 mb,f 0 0 m4,7 −m4,8

0 0 0 0 mb,f 0 m5,7 −m5,8

0 0 0 0 0 mb,f m6,7 −m6,8

−m1,7 −m2,7 −m3,7 m4,7 m5,7 m6,7 mfa 0

−m1,8 −m2,8 −m3,8 −m4,8 −m5,8 −m6,8 0 mss

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

(B.1)

where

Table 5: A comprehensive description of all relevant symbols.

Variable Description
qedi Edgewise tip displacement of the ith blade for natural mode 1
qfpi Flapwise tip displacement of the ith blade for natural mode 1
qfpi Tower-top base plate displacement in the fore-aft direction for natural mode 1
qfpi Tower-top base plate displacement in the side-side direction for natural mode 1
θfa Longitudinal tower-top rotation
θss Latitudinal tower-top rotation
θs Tilted angle of shaft
xhub Distance between the hub center and z-axis
zhub Vertical distance between the hub center and the tower-top base plate
T Center of the tower top
H Hub center of mass
B Center of blade element in undefected blade
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0 0 0 Kb1,fp 0 0 −Ω2m4,k7 Ω
2
m4,8

0 0 0 0 Kb2,fp 0 −Ω2m5,k7 Ω
2
m5,8

0 0 0 0 0 Kb3,fp −Ω2m6,k7 Ω
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⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

(B.2)

where
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kbj,eg � keg + kge,eg − kgr,eg cosφj −Ω2mb,e, kbjfp � kfp + kgefp − kgrfp cosφj,

k7 � 
h

0
EIt

d2ϕfa

dz2
⎛⎝ ⎞⎠

2

dz, k8 � 
h

0
EIt

d2ϕss

dz2 

2

dz,

kgravity1 � g Mn 
h

0

dϕfa

dz
 

2

dz + 
h

0
M 

z

0

dϕfa

dz
 

2

dz
′dz⎡⎣ ⎤⎦, kgravity2 � g Mn 

h

0

dϕss

dz
 

2

dz + 
h

0
M 

z

0

dϕss

dz
 

2

dz
′dz⎡⎣ ⎤⎦,

kfa � k7 − kgravity1 −
3
2
Ω2mbj2,fa

− 3Ω2mb sin2θs +
dϕfa

dz


z�h

xhub cos θs +
dϕfa

dz


z�h

zhub sin θs
⎛⎜⎜⎜⎝ ⎞⎟⎟⎟⎠

2

+ 2
dϕfa

dz


z�h

cos θs sin θs xhub + zhub( ⎛⎜⎜⎜⎝ ⎞⎟⎟⎟⎠,

kss � k8 − kgravity2 − 3Ω2mb 1 +
dϕss

dz


z�h

Zhub
⎛⎝ ⎞⎠

2

−
3
2
Ω2mbj2,fasin

2θs,

C �

cb,eg 0 0 0 0 0 −2Ωm1,c7 2Ωm1,c8

0 cb,eg 0 0 0 0 −2Ωm2,c7 2Ωm2,c8

0 0 cb,eg 0 0 0 −2Ωm3,c7 2Ωm3,c8

0 0 0 cb,fp 0 0 −2Ωm4,c7 −2Ωm4,c8

0 0 0 0 cb,fp 0 −2Ωm5,c7 −2Ωm5,c8

0 0 0 0 0 cb,fp −2Ωm6,c7 −2Ωm6,c8

0 0 0 0 0 0 cfa c7,8

0 0 0 0 0 0 c7,8 css

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,

(B.3)

where

mj,c7 � 
R

0
m(r)ϕ1e

dϕfa

dz


z�h

xhub cosφj cos θs + zhub cosφj sin θs  + cosφj sin θs
⎛⎜⎜⎜⎝ ⎞⎟⎟⎟⎠dr,

mj+3,c7 � 
R

0
m(r)ϕ1f

dϕfa

dz


z�h

r + Rhub( sinφj
⎛⎜⎜⎜⎝ ⎞⎟⎟⎟⎠dr,

mj,c8 � 
R

0
m(r)ϕ1e 1 +

dϕss

dz


z�h

zhub
⎛⎜⎝ ⎞⎟⎠sinφjdr,

mj+3,c8 � 
R

0
m(r)ϕ1f

dϕss

dz


z�h

r + Rhub( cosφj sin θs
⎛⎜⎝ ⎞⎟⎠dr,

c7,8 � −3Ω
dϕfa

dz

z�h

dϕss

dz

z�h
mbj2,r − 6Ωmb 1 +

dϕss

dz
 

z�h

zhub 
dϕss

dz


z�h

xhub cos θs + zhub sin θs(  + sin θs
⎛⎜⎝ ⎞⎟⎠.

(B.4)
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C. ATMD Controlled System Matrices

Mass, stifness, and damping matrix of ATMD controlled
system:

M1 �

mb,e 0 0 0 0 0 −m1,7 −m1,8 0

0 mb,e 0 0 0 0 −m2,7 −m2,8 0

0 0 mb,e 0 0 0 −m3,7 −m3,8 0

0 0 0 mb,f 0 0 m4,7 −m4,8 0

0 0 0 0 mb,f 0 m5,7 −m5,8 0

0 0 0 0 0 mb,f m6,7 −m6,8 0

−m1,7 −m2,7 −m3,7 m4,7 m5,7 m6,7 mfa 0 0

−m1,8 −m2,8 −m3,8 −m4,8 −m5,8 −m6,8 0 mss 0

0 0 0 0 0 0 mtmd 0 mtmd

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (C.1)

K1 �

Kb1,eg 0 0 0 0 0 Ω2m1,7 Ω
2
m1,k8 0

0 Kb2,eg 0 0 0 0 Ω2m2,7 Ω
2
m2,k8 0

0 0 Kb3,eg 0 0 0 Ω2m3,7 Ω
2
m3,k8 0

0 0 0 Kb1,fp 0 0 −Ω2m4,k7 Ω
2
m4,8 0

0 0 0 0 Kb2,fp 0 −Ω2m5,k7 Ω
2
m5,8 0

0 0 0 0 0 Kb3,fp −Ω2m6,k7 Ω
2
m6,8 0

0 0 0 0 0 0 Kfa 0 −kTMD

0 0 0 0 0 0 0 Kss 0
0 0 0 0 0 0 0 0 kTMD

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (C.2)

C1 �

cb,eg 0 0 0 0 0 −2Ωm1,c7 2Ωm1,c8 0
0 cb,eg 0 0 0 0 −2Ωm2,c7 2Ωm2,c8 0
0 0 cb,eg 0 0 0 −2Ωm3,c7 2Ωm3,c8 0
0 0 0 cb,fp 0 0 −2Ωm4,c7 −2Ωm4,c8 0
0 0 0 0 cb,fp 0 −2Ωm5,c7 −2Ωm5,c8 0
0 0 0 0 0 cb,fp −2Ωm6,c7 −2Ωm6,c8 0
0 0 0 0 0 0 cfa c7,8 −cTMD

0 0 0 0 0 0 c7,8 css 0
0 0 0 0 0 0 0 0 cTMD

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (C.3)
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