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Tis study introduces enhancements for nonlinear substructuring control (NLSC) to achieve simultaneous control of acceleration
and displacement in shake table substructuring experiments with severely damaged structures. Although shake table control is
greatly afected by a specimen placed on its top and its nonlinear characteristics, accurate control, even with nonlinear char-
acteristics, is essential for experimental purposes. Te NLSC was developed for a dynamically substructured system (DSS) scheme
involving nonlinear substructures, and its frst application to a shake table experiment was performed on a one-storey steel frame.
In the experiment, NLSC realised simultaneous control of table acceleration and displacement with a slight nonlinear char-
acteristic within the frame, although its performance degraded as the nonlinearity became stronger. To address this degradation
issue, this study introduces two techniques for enhancing NLSC shake table substructuring experiments. One is a composite
fltering technique to minimise noise-contaminating displacement data fed back to the table control so that the error feedback
action in NLSC can be fully utilised. Te other involves a new linear model that is assumed to be more highly damped than the
actual system to enhance the stability robustness of NLSC against nonlinear characteristics. After a series of numerical ex-
aminations, this study experimentally examined the enhancements on actual shake table experiments using a steel frame. Using
the NLSC with the enhancements, a substructuring experiment was successfully conducted; moreover, the NLSC realised si-
multaneous control of the table acceleration and displacement with nearly 100% accuracy, even with severe nonlinear
characteristics.

1. Introduction

A shake table is a key experimental facility for earthquake
engineering that examines the seismic performance of
structural buildings or civil infrastructure [1]. For this ex-
amination, the facility is expected to excite the structures as
per seismic records of actual events in the past or data
synthesised for anticipated future events. However, some of
these structures are so large that full-scale specimens cannot
be placed on the table and directly excited by the facility. In
such cases, a dynamic substructuring experimental approach
is an efective alternative [2]. In this approach, the full-sized
specimen to be tested, rephrased as an emulate system in this
study, is divided into numerical and physical substructures

that are simulated in the physical and numerical domains,
respectively. In general, the core part of the emulate system is
employed as the physical substructure, and the remainder is
simulated as the numerical substructure.

When a dynamic substructuring experiment is per-
formed using a shake table, the table control becomes
more complicated than that in a conventional shake table
experiment [3]. In shake table experiments, in general,
specimens placed on top are expected to display non-
linear characteristics owing to structural failures for
experimental purposes [4]. Te appearance of such
characteristics during the experiment is undesirable in
controlling the shake table, resulting in the deterioration
of control accuracy and prompting the occurrence of
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instability [5–8]. Terefore, its improvement has been
investigated by the application of many control methods,
such as minimal control synthesis [9–11], which is a type
of model-reference adaptive control [12], model-based
control [13–15], and robust control designs [16, 17]. To
solve this issue of nonlinearity, we developed a nonlinear
signal-based control (NSBC) [18, 19] method that ac-
curately controls a nonlinear system by utilising a non-
linear signal obtained from the outputs of the system and
its linear model under the same input signal. In its ap-
plication to a single-axis shake table experiment with
a steel structure [8, 20], NSBC has achieved a seismic
acceleration record on the table with nearly 100% ac-
curacy, despite the structure displaying severe nonlinear
characteristics owing to its structural damage. Its ap-
plications have been actively extended to more compli-
cated issues with severe nonlinear characteristics [21–23].

With advancements in control methods, a shake table
substructuring experiment is a viable option for evaluation
of seismic performance of large or heavy structures that
exceed the limitations of experimental apparatuses. Cur-
rently, shake table substructuring experiments are being
actively investigated for earthquake engineering purposes
[24–29]. To perform the substructuring experiment, two
schemes can be used for achieving real-time interaction
between the physical and numerical domains. One is
a hybrid simulation (HS) scheme, whose original idea was
proposed in the 1960s in Japan for earthquake and
structural engineering purposes [30–32], and the other is
a dynamically substructured system (DSS) scheme, which
was developed from a control engineering perspective in
the mid-2000s [33].

Many substructuring experiments in earthquake en-
gineering have been performed using a class of HS schemes
because of their historical background and simplicity. In
this scheme, the actuation system is solely handled as its
controlled system, simply using the output signal of
a numerical substructure as the control input signal for the
physical substructure. Tis simple feature is derived from
the development of the pseudodynamical substructuring
technique [32, 34–36], in which much time is given to
operators to manually control the actuator. Te success of
this technique has encouraged the direct application of HS
to dynamic substructuring experiments [37, 38]. Unlike the
pseudoexperiment, the dynamic experiment is signifcantly
afected by the dynamics of the controlled system, in-
cluding actuation systems, in terms of its control perfor-
mance and stability. In stability analyses [39–42], a pure
time delay, which inherently exists in a controlled dy-
namical system, was found to prompt instability and de-
grade the reliability of the experiment, especially when the
controlled system is lightly damped. To address this, var-
ious compensation approaches for the delay have been
contrived to enhance the stability and control performance
[39, 40, 43–45], and they have been applied to many HS
substructuring experiments even with advanced control
methods [46, 47].

Te DSS scheme, which was developed from a control
perspective, is another approach for achieving real-time

interaction between the numerical and physical domains
in dynamic substructuring experiments [33, 48, 49]. Unlike
HS, DSS regards the set of two substructures and actuation
systems as the controlled system, and its controllers are
designed to minimise the error between the two signals of
the substructures. Because of this feature, the stability and
control performance of DSS are more robust against pure
time delay than those of HS [42, 50]. Tus, DSS does not
require delay compensation, which is fundamental to HS.
However, because of the nature of DSS, its performance is
more susceptible to the structural conditions of sub-
structures than that of HS. Tus, various control methods
(e.g., minimal control synthesis [33], model predictive
control [51], and robust control theory [52]) have been
employed to enhance the performance of DSS with non-
linear substructures, although linear substructuring control
(LSC) has been proposed as the basic control method of
DSS [33].

To address this issue, a nonlinear substructuring con-
trol (NLSC) [53, 54] was developed by introducing NSBC
[18] into the LSC. As NLSC directly succeeds the features
and benefts of NSBC, it also relies on linear models of the
substructures for the generation of the nonlinear signal and
its controller design. NLSC controllers can also be designed
with transfer functions, even for controlling nonlinear
systems, and their stability can be approximately analysed
by stability theorems established for classical control
theory. Tus far, the efectiveness and practicality of NLSCs
have been well demonstrated by actual dynamic sub-
structuring experiments using hydraulic actuators [53, 54].
Currently, the application of NLSC to a shake table is an
important subject because the introduction of the basic
DSS scheme to a shake table is susceptible to nonlinear
characteristics [55].

In addition, shake table substructuring experiments
require simultaneous control of the table acceleration and
displacement to ensure device functionality and satisfy the
requirements regarding the nature of the experiment
[24, 27, 56]. When NLSC was frst applied to a shake table
[56], simultaneous control with nonlinear substructures was
achieved. However, deterioration of its control performance
was observed when the substructures displayed severe
nonlinear characteristics. Tis application highlighted the
necessity to improve the stability robustness of NLSC and
enhance its control performance for controlled systems with
severe parameter variations.

A possible solution is to increase the contribution of the
error feedback action in NLSC because it leads to the error
reduction when stability is maintained. However, there are
two concerns for increasing the contribution: one is in-
creasing the infuence of noise contaminating the error
signal on its control performance, and the other is stability
robustness.

To resolve these two problems, this study introduces
two techniques: noise reduction in the error signal and
a new linear model design to improve the stability ro-
bustness of NLSC. Te noise reduction technique in-
troduced in this study is based on a composite fltering
technique [57, 58] that minimises noise in displacement
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data by the fusion of table displacement and acceleration
data. In the new design, a linear model is intentionally
designed to be more highly damped than the actual con-
trolled system. Tis design is motivated by the nature of
damping elements, which contributes to stabilisation, and
the feature of NLSC, which allows a linear model to be
fexibly designed because it relies on the model rather than
the controlled system itself. Tis study numerically and
experimentally examines these enhancements via shake
table substructuring experiments with severe nonlinear
characteristics.

Te remainder of this paper is organised as follows.
Section 2 describes the essence of the NLSC shake table
experiments, its stability analysis, and the details of the
enhancements proposed in this study. Section 3 numerically
examines the enhancements of the NLSC shake table sub-
structuring experiment. Section 4 presents experimental
examinations of the enhancements via substructuring ex-
periments with a physical substructure consisting of a single-
degree-of-freedom (SDOF) structure and a single-axis shake
table and a numerical 2DOF substructure with a nonlinear
spring on each storey. Finally, Section 5 summarises the
conclusions of this study.

2. NLSC for Shake Table
Substructuring Experiments

Prior to detailing the enhancements for NLSC, the necessity
of simultaneous control of table acceleration and displace-
ment is exemplifed using a shake table substructuring ex-
periment on an emulate system, as shown in Figure 1.

Te emulate system with N storeys in Figure 1(a) is
described by the following equation:

mei€yei(t) + fei(t) − fei+1(t) � 0 (i � 1, · · · , N), (1)

where fei(t)(� fec i(t) + fek i(t)) is the resultant force of
damping and restoring forces (feci(t) and feki(t)) on the
ith storey of the emulate system; feN+1(t) � 0; yei, mei  is
the set of displacements and masses of the ith storey in the
system, respectively. When substructures are built by di-
viding the system based on the qth storey, its upper part
(the qth to Nth storeys) becomes a part of the physical
substructure, whereas the lower part (the 1st to q − 1th
storeys) becomes the numerical substructure, as shown in
Figure 1(b). Te upper and lower parts of the emulate
system are described as follows:

me N €ye N(t) − €ye q−1(t)  + fe N(t) � −me N€ye q−1(t),

me N−1 €ye N−1(t) − €ye q−1(t)  + fe N−1(t) − fe N(t) � −me N−1€ye q−1(t),

⋮

me q €ye q(t) − €ye q−1(t)  + fe q(t) − fe q+1(t) � −me q€ye q−1(t),

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

(2a)

me q−1€ye q−1(t) + fe q−1(t) − fe q(t) � 0,

⋮
me2€ye2(t) + fe2(t) − fe3(t) � 0,

me1€ye1(t) + fe1(t) − fe2(t) � 0.

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

. (2b)

Equation (2a): the upper part of the emulate system (i.e.,
the qth to Nth storeys).

Equation (2b): the lower part of the emulate system (i.e.,
the 1st to q− 1th storeys).

In equation (2), the acceleration on the q− 1 storey,
€yeq−1(t), acts on all the storeys in the upper part as an
external excitation. In addition, the interactive force between

the upper and lower parts (i.e., feq) is a function described
by the following equation:

feq(t) � F _yeq(t), _yeq−1(t), yeq(t), yeq−1(t) . (3)

A shake table substructuring experiment for the emulate
system is executed using the set of numerical and physical
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substructures including a shake table, whose equations of
motion are described as follows:

mp N €yp N(t) − €yps(t)  + fp N(t) � −mp N€yps(t),

mp N−1 €yp N−1(t) − €yps(t)  + fp N−1(t) − fp N(t) � −mp N−1€yps(t),

⋮
mp q €yp q(t) − €yps(t)  + fp q(t) − fp q+1(t) � −mp q€yps(t),

mps€yps(t) + cps _yps(t) + kpsyps(t) − fp q(t) � kpsu(t),

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎭

, (4a)

mn q−1€yn q−1(t) + fn q−1(t) − fn q(t) � 0,

⋮
mn2€yn2(t) + fn2(t) − fn3(t) � 0,

mn1€ye1(t) + fn1(t) − fn2(t) � 0.

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎭

. (4b)

Equation (4a): physical substructure consisting of
a shake table and specimen (corresponding to the upper part
of the emulate system).

Equation (4b): numerical substructure (corresponding
to the lower part of the emulate system).

In equation (4), ypi, mpi, fpi(� fpci+ fpki),

(i � q, . . . , N)}, and yni, mni, fni(� fnci + fnki),

(i � 1, . . . , q − 1)} are the sets of the displacement, mass, and
resultant force (derived from the damping and restoring forces)
of the physical andnumerical substructures corresponding to the
ith storey of the emulate system, respectively; yps, mps, cps, kps 

denotes the displacement, mass, damping coefcient, and
stifness of the shake table, respectively, when the table is
equivalentlymodelled using amass-spring-dampermodel; andu
is the control input signal. It should be noted that as the dy-
namics of the shake table are signifcantly afected by the
specimen on its top, the shake table is incorporated into the
physical substructure to more directly consider the change in its
dynamics.

Similar to the emulate system described by equation (2),
equation (4) suggest that the shake table acceleration €yps(t)

acts on all the storeys of the specimen as an external ex-
citation. In addition, the interactive force fpq � (fnq)

between the physical and numerical substructures is the
function described by

fpq(t) � F _ypq(t), _yps(t), ypq(t), yps(t) . (5)

According to the above formulations, the emulate system
in equation (2) can be duplicated by the shake table sub-
structuring experiment in equation (4), when €yps(t) �

€yeq−1(t) and equation (3)� equation (5). In other words, the
duplication can be achieved by realising the following
condition:

€yps(t) � €ypq−1(t), _yps(t) � _ypq−1(t), yps(t) � ypq−1(t).

(6)

Equation (6) clearly indicates the necessity of controlling
the acceleration, velocity, and displacement of the shake
table for accurate duplication. Tus, this study aims to si-
multaneously control table acceleration and displacement in
substructuring experiments on severely damaged structures,
based on the premise that the table velocity can be naturally
controlled by the accurate simultaneous control of its dis-
placement and acceleration. In practice, simultaneous
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Figure 1: Shake table substructuring experiment for an emulate system: (a) emulate system having N storeys and (b) substructures with
shake table.
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control is executed by feeding back the table acceleration and
displacement for determining the control input signal.

Tis study realises the simultaneous control based on
NLSC with enhancements. Te principles of the NLSC and
its stability analysis are briefy described in Section 2.1, and
the enhancements are detailed in Section 2.2.

2.1. Principles of NLSC. NLSC was developed as a control
approach, particularly for the DSS scheme involving non-
linear characteristics [53]. Tis scheme regards the set of
actuation systems and substructures as the controlled sys-
tem, unlike the HS scheme, where actuation systems are
solely considered the controlled system. Owing to this
diference, the signal fows and controller design of DSS
become more complicated than those of HS. As NLSC was
developed by incorporating the nonlinear control approach
of NSBC into LSC, which is the basic control approach for
DSS, it has features of both NSBC and DSS. Based on the
form of DSS [33], the block diagram of NLSC for the shake
table experiment is depicted in Figure 2.

Owing to the feature of NSBC, NLSC does not require
accurate information on the structural conditions of
substructures (e.g., nonlinear characteristics) for its
controller design and practice as it relies on linear models
of the substructures. Based on this feature, this study
describes substructures with nonlinear characteristics
using the transfer functions shown in Figure 2, although
nonlinear systems cannot be described rigorously in such
a manner.

2.1.1. Controller Design of NLSC. According to Figure 2, the
output signals of the physical and numerical substructures
yps and ynq−1 are described by

yps(s) � Gps(s)e
− τs

u(s),

yn q−1(s) � Un q−1(s) Gd(s)d(s) − yps(s) ,

⎧⎪⎨

⎪⎩
(7)

where τ is the pure time delay; d is the external disturbance;
Gps(s) is the table dynamic in the physical substructure;
Unq−1(s) is the dynamics of the top (i.e., q− 1) storey in the
numerical substructure; and Gd(s) is the dynamics associ-
ated with the external disturbance. Te outputs of these
linear models are described by

yps(s) � Gps(s)e
− τs

u(s),

yn q−1(s) � Un q−1(s) Gd(s)d(s) − yps(s) .

⎧⎪⎨

⎪⎩
(8)

Note that this study describes a linear model of X or its
parameter x using X or x. In addition, τ in equation (8) is the
estimate of the pure time delay used with the physical
linear model.

NLSC handles the diference between a controlled sys-
tem and its linear model as a nonlinear characteristic, re-
gardless of the presence of nonlinear elements in the
controlled system. According to Figure 2, the nonlinear
characteristics can be measured as a nonlinear signal, which
is obtained using

σ(s) � σn(s) − σp(s), (9)

where σn(s)(� yn q−1(s) − yn q−1(s)) and σp(s)(� yps(s) −

yps(s)) are the nonlinear signals associated with physical
and numerical substructures, respectively. In addition, the
set of nonlinear signals and error signal: e(s)(� yn q−1(s) −

yps(s)) is described by

σn(s) � Sn1(s)d(s) − Sn2(s)Gp(s)e
− τs

u(s) − Sn3(s)σp(s),

σp(s) � Sp(s)Gps(s)e
− τs

u(s),

e(s) � Ud(s)d(s) − Uu(s)e
− τs

u(s) + σ(s),

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(10)

where Sp(s) � (1 + ∆Gps(s)/Gps(s))e−∆τs − 1; ∆Gps(s) �

Gps(s) − Gps(s); ∆τ � τ − τ; Sn1(s) � Un q−1(s)Gd(s)−

Un q−1(s)Gd(s), Sn2(s) � Un q−1(s) − Un q−1(s); Sn3(s) �

Un q−1(s); Ud(s) � Un q−1(s)Gd(s); and Uu(s) � (Un q−1

(s) + 1)Gps(s).
Te NLSC uses these signals to determine the control

input signal u, which is obtained using

u(s) � Kd(s)d(s) + Ke(s)e(s) + Kσ(s)σ(s), (11)

where Kd(s), Ke(s), Kσ(s)  is the set of controllers acting
on the signals of d, e, σ{ }. By substituting equations (11) into
(10), the error signal becomes

e(s) �
Ud(s) − Uu(s)e

− τs
Kd(s)

1 + Uu(s)e
−τs

Ke(s)
d(s) +

1 − Uu(s)e
− τs

Kσ(s)

1 + Uu(s)e
−τs

Ke(s)
σ(s).

(12)

In the previous studies on NLSC [53, 54, 56], the fol-
lowing controllers have been efective in minimising the
error in equation (12) particularly when ∆τ � 0:

Kd(s) �
Ud(s)

Uu(s)
Fd(s),

Ke(s) �
1

Uu(s)
Fe(s),

Kσ(s) �
1

Uu(s)
Fσ(s),

(13)

where Fd(s), Fe(s), Fσ(s)  is the set of flters associated with
the controllers of Kd(s), Ke(s), Kσ(s) .

2.1.2. Stability Analysis. When G(s) is given somehow, the
stability of the NLSC shake table substructuring experiment
is governed by the feedback signals [56], which are described
by

σn(s)

σp(s)

e(s)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦ � J(s)
− 1J0(s)d(s), (14)

where
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J(s) �

Sp(s)Gps(s)Kσ(s)e
−τs

− 1 + Sp(s)Gps(s)Kσ(s)e
−τs

  Sp(s)Gps(s)Ke(s)e
−τs

1 + Sn2(s)Gps(s)Kσ(s)e
−τs

Sn3(s) − Sn2(s)Gps(s)Kσ(s)e
−τs

Sn2(s)Gps(s)Ke(s)e
−τs

− 1 − Uu(s)Kσ(s)e
−τs

  1 − Uu(s)Kσ(s)e
−τs 1 + Uu(s)Ke(s)e

−τs

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (15)

and J0(s) �

−Sp(s)Gps(s)Kd(s)e
−τs

Sn1(s) − Sn2(s)Gps(s)Kd(s)e
−τs

Ud(s) − Uu(s)Kd(s)e
−τs

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦. Determinant

of J(s): det(J(s)), which is the closed-loop characteristic
equation of (14) can be described as follows:

L(s) � det (J(s)) � 1 + Hτ(s) � 1 + H(s)e
−τs

 

� 1 + e
− τs

Uu(s)Ke(s) + Sn3(s)Sp(s) + Sn2(s) + Sp(s) Gps(s) Kσ(s) + Ke(s)(  .
(16)

Stability can be assessed by applying the Nyquist stability
criterion, which is commonly used for the stability analysis
of a system with a pure time delay, to equation (16). Tis
stability analysis requires visual assessment by counting the
number of Nyquist plot encirclements of the critical point
(−1 + 0·j, where j � (−1)1/2) in the complex plane. However,
this assessment has difculty in assessing unstable systems or
conditionally stable systems, particularly when the systems
have many encirclement near the critical point. To address
this issue, an equivalent approach has recently been pro-
posed for systematically calculating encirclements without
relying on the visual assessment of the original approach
[56]. In this study, the stability is analysed using this
equivalent approach.

2.2. Enhancements of NLSC. According to equation (16), the
stability of NLSC is afected by the properties of both the
numerical and physical substructures, as well as those of the
linear models. Nonlinear characteristics in substructures
occasionally cause instability, particularly when NLSC does
not have sufcient stability robustness against parameter
variations in the substructures. To perform reliable sub-
structuring experiments even with severely damaged

structures, NLSC must have sufcient stability robustness
and accurate synthesis of the outputs of the substructures.

Terefore, this study increases the contribution of the
error feedback action in NLSC, introducing two enhance-
ments to reduce the noise amplifcation in the error signal
and improve stability robustness. One enhancement is
a highly damped linear model design that enhances its
stability robustness against parameter variations in the
substructures. Te other is a composite fltering technique
[57, 58] for noise reduction in the error signal.

2.2.1. Highly Damped Linear Model Design. In the highly
damped linear model design, the damping coefcients in the
linear model are intentionally designed to be larger than those
of the actual controlled systems.Tis design was motivated by
the natures of highly-damped systems andNSBC, which is the
origin of NLSC. First, stability, in general, is greatly infuenced
by damping elements in the controlled system: a highly-
damped system generally gains a larger stability margin
than a low-damped system. Second, NSBC does not require
accurate information on a controlled system and alternatively
utilises its linear model, which has a modelling gap with the
controlled system to a greater or lesser degree.

e–τsGps (s)

e (s)
u (s)

Ke (s)

Un q-1 (s)

Un q–1 (s)

yn q-1 (s)

yn q–1 (s)

Gd (s)

Gd (s)

-
+

+
+

yps (s)

yps (s)

d (s)
Kd (s)

Kσ (s)
d (s)

+
+
-

+
-

+
-

- +

-
+ σn (s)

σp (s)

σ (s)

Physical substructure Numerical substructure 

Physical linear model Numerical linear model 

e-τsGps (s)

Figure 2: NLSC for shake table substructuring experiments.
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Tenew design intentionally enlarges themodelling gaps
of the damping elements between the (numerical and
physical) substructures and those linear models, and the

gaps are treated as nonlinear dynamics to be handled by
NLSC. In this design, the damping coefcients in the linear
models become

cn1, . . . , cnq−1, cpq · · · , cpN  � cc1 · cn1, . . . , ccN · cpq−1, ccq · cpq · · · , ccN · cpN , (17)

where cci > 1 (i � 1, . . . , N).

2.2.2. Composite Filtering Technique for Acceleration and
Displacement of Shake Table. Te error feedback controller
in the NLSC plays an important role in maintaining stability
[56], and its conventional form is illustrated in Figure 3(a).
Controller Ke(s) using Fe(s) � ω2

e/(s2 + 2ωes) is an efective
design, according to various studies on NLSC [53, 54, 56]. In
this design, a larger cut-of frequency ωe contributes to
reducing the error and maintaining stability, even with
a wide range of parameter variations in the substructures.
However, this cut-of frequency has been found to be as-
sociated with the noise amplifcation in the table displace-
ment, and Ke with a high cut-of frequency resulted in
a signifcantly large noisy acceleration [56]. To maintain
stability over a wide range of parameter variations, we re-
quire an enhancement technique that allows us to assign
a sufciently large ωe without causing noise amplifcation.

To mitigate the noise in the table displacement data, this
study introduces the application of a composite fltering
technique [57, 58], as shown in Figure 3(b), which generates
new displacement data from the fusion of acceleration and
displacement data. Te new table displacement obtained by
data fusion is expressed as follows:

y
c
ps(s) �

ωsyps(s) + syps(s)

s + ωs

 

�
ωs

s + ωs

yps(s) +
s

s + ωs

1
s
2€yps(s)

� Kcf1(s)yps(s) + Kcf2(s)€yps(s),

(18)

where Kcf1 � ωs/(s + ωs); Kcf2 � 1/(s2 + ωss); and ωs is the
switching frequency used to determine the contribution of
the original acceleration and displacement data to the
new data.

In this technique, the frst term with Kcf1 eliminates
high-frequency components in the original displacement
data, including noise, which is amplifed by error feedback
action. Te second term with Kcf2, which is the double
integration of acceleration data, compensates for the elim-
inated components. Tis complimentary relation of Kcf1
and Kcf2 is evident from equation (18). Tus, this technique
can mitigate the noise for the new displacement without
causing any phase lag, which appears as some delay in time
history data. Ten, a high cut-of frequency can be assigned

to controller Ke with relief from the noise amplifcation
issue, and the designed controller can enhance the stability
robustness.

3. Numerical Examination of NLSC

Te enhancements are numerically examined by a series of
NLSC shake table substructuring tests on an emulate 3DOF
system. Tis system is divided into a numerical 2DOF
substructure and a physical substructure, which consists of
an SDOF specimen and a shake table, as shown in Figure 4.

In this study, a shake table without any specimens is
modelled using the following second-order transfer func-
tion, as it is commonly employed for modelling and easily
changed to an equivalent mass-spring-damper model:

Gps �
yps(s)

u(s)
  �

ω2
ps0

s
2

+ 2ζps0ωps0s + ω2
ps0

�
kps0

mps0s
2

+ cps0s + kps0
,

(19)

where ωps0, ζps0, mps0(� mps), cps0, kps0  is the set of natural
circular frequency, damping ratio, mass, equivalent damping
coefcient, and equivalent stifness, respectively, of the shake
table without a specimen. Tis modelling is practical for
describing table dynamics in the time domain, and it can be
easily extended to the modelling of a table with a specimen.

Te substructuring formulation for Figure 4 and its
NLSC controller design are described in Section 3.1, and the
numerical conditions for the simulations are detailed in
Section 3.2. Te stability is analysed in Section 3.3, and the
results of the substructuring tests with enhancements are
described in Section 3.4.

3.1. Controller Design and Substructuring Form. Te emulate
3DOF system is described as follows:

me3€ye3(t) + fe3(t) � 0,

me2€ye2(t) + fe2(t) � fe3(t),

me1€ye1(t) + fe1(t) � fe2(t).

⎧⎪⎪⎨

⎪⎪⎩
(20)

Tis emulate system is divided into a set of a numerical
2DOF substructure, and a physical substructure consisting
of an SDOF specimen and shake table. Te set of sub-
structures is described by
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mp3€yp3(t) + fp3(t) � 0,

mps€yps(t) + cps _yps(t) + kpsyps(t) − fp3(t) � kpsu(t)

mn i€yn i(t) + fn i(t) � fn i+1(t) (i � 1, 2),

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

,

(21)

where mps, cps, kps  is the set of mass, corresponding
damping coefcient, and corresponding stifness, re-
spectively, of the table supporting a specimen; yp3, mp3  is
the set of displacement and mass of the SDOF specimen;
yni, mni  is the set of displacement andmass of the ith storey
in the numerical substructure; and fn3(t) � fp3(t).

For substructures in equation (21), those linear models
are described by

mp3
€yp3(t) + fp3(t) � 0,

mps
€yps(t) + cps

_yps(t) + kpsyps(t) − fp3(t) � kpsu(t),

mn i
€yn i(t) + fn i(t) � fn i+1(t) (i � 1, 2),

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(22)

where fp3(t) � cp3(
_yp3(t) − _yp2(t)) + kp3(yp3(t)− yp2(t));

yp2(t) � yps(t); fn i(t) � cn i ( _yn i(t) − _yn i−1(t)) + kn i(yn i

(t) − yn i−1(t)) (i � 1, 2); fn3(t) � fp3(t); yn0(t) � d(t);
and yp3, cp3, kp3  are the set of displacement, damping, and
stifness of the linear model of the SDOF specimen,
respectively.

Numerical substructure
Physical substructure

Example 1

Numerical linear model

Example 2

Physical linear model

Modelling of linear models for NLSC

kn1 = kn2 = 43.0 kN/m
cn1 = cn2 = 120 N∙s/m
mn1 = mn2 = 200 kg

kn1/2 = kn2/1.5 = 43.0 kN/m
cn1/2= cn2/1.5 = 120 N∙s/m
mn1 = mn2 = 200 kg

kps = 103.6 kN/m
cps = 6220 N∙s/m
mps = 250 kg

(*mp3 is changed to 600 kg in Example 2A)

kp3 = 43.0 kN/m
cp3 = 120 N∙s/m
mp3 = 200 kg*

mn2

mn1

cn1

cn2

kn1

kn2

yn2

mp3

kp3cps

cp3kps

mps
u

yps

Shake table
..
d (t)

ms = mps mp3 = mp3

cs = cps

{mn1,mn2} = {mn1,mn2}

{cn1,cn2} = {cn1,cn2}

cp3 = cp3

ks = kps

{kn1,kn2} = {kn1,kn2}

kp3 = kp3

Figure 4: Numerical confgurations for numerical 2DOF and physical SDOF substructures.
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(s)

yps (s) -
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+
Ke  (s)
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- e (s)
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Kcf2 (s)
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Ke (s)
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yps (s)..

ynq-1 (s)
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Figure 3: Error feedback actions: (a) conventional error signal and (b) composite fltered error signal.
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According to NLSC controller design [56], the physical
linear model in equation (22) can be transformed into the
following transfer functions:

Gp3(s) �
yp3(s)

yp2(s)
�

yp3(s)

yps(s)
  �

cp3s + kp3

mp 3s
2

+ cp3s + kp 3
,

Gps(s) �
yps(s)

u(s)
  �

kps/ cp3s + kp3 

mpss
2

+ cps + cp3 s + kps + kp3 / cp3s + kp3  − Gp3(s)
.

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(23)

Similarly, the numerical linear model in equation (22) is
transformed into the following:

Gn2(s) �
yn2(s)

yn1(s)
  �

W0(s)

1 + V0(s)yps(s)/yn2(s)
,

Gn1(s) �
yn1(s)

yn0(s)
�

yn1(s)

d(s)
  �

Vn2(s)

Wn2(s) − Gn2(s)
,

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(24)

where

W0(s) �
cn2s + kn2

mn2s
2

+ cn2s + kn2
,

V0(s) �
cp3s + kp3 

mn2s
2

+ cn2s + kn2 
1 − Gp3(s) ,

Wn2(s) �
mn1s

2
+ cn2 + cn1( s + kn2 + kn1

cn2s + kn2
,

Vn2(s) �
cn1s + kn1

cn2s + kn2
.

(25)

Equation (24) can be rewritten as

yn2(s) − W0(s)yn1(s) + V0(s)yps(s) � 0,

yn2(s) − Wn2(s)yn1(s) + Vn2(s)d(s) � 0.

⎧⎨

⎩ (26)

Based on equation (26), all the outputs of the numerical
linear model are described by

Yn(s) � T(s)
− 1 Q1(s)d(s) − Q2(s)yps(s) , (27)

where

T(s) �
1 −W0(s)

1 −Wn2(s)
 ; Yn(s) �

yn2(s)

yn1(s)
 ; Q1(s) �

0
−Vn2(s)

 ; and Q2(s) �
V0(s)

0 . Subsequently, the

output of the top part of the numerical linear model becomes

yn2(s) � CsYn(s)(  � Ud(s)d(s) − Un2(s)yps(s)

� Un2(s) Gd(s)d(s) − yps(s) ,
(28)

where Cs � 1 0 ; Ud(s) � CsT(s)− 1Q1(s);

Un2(s) � CsT(s)− 1Q2(s); and Gd(s) � Ud(s)/Un2(s).
According to equation (11), the control input signal for

the NLSC shake table substructure test is determined from
the transfer functions in equations (23) and (28). To si-
multaneously control the table acceleration and displace-
ment, these signals need to be fed back to the control input
signal. Ten, the control input signal is described by the
following equation:

u(s) � Kd
″(s)€d (s) + Ke(s)e(s) + Kσ″(s)€σ(s), (29)

where e � yn2 − yps; €σ(� €σn − €σp) � (€yn2 − €yn2)−

(€yps − €yps); and €d is the acceleration of external distur-
bance d. Note that when the composite flter is employed,
the error signal in equation (29) becomes e � yn2 − yc

ps. By
following equation (13), the controllers in equation (29)
can be expressed as follows:

Kd
″(s) �

Ud(s)

Un2(s) + 1( Gps(s)s
2Fd(s), Kσ″(s) �

1
Un2(s) + 1( Gps(s)s

2Fσ(s), Ke(s) �
1

Un2(s) + 1( Gps(s)
Fe(s).

⎧⎨

⎩ (30)
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By following the substructuring experiments with NLSC
[53–56], this study employed Fd(s) � 1 and Fe(s) � ω2

e/
(s2 + 2ωes), where ωe � 2πfe. In addition, Fσ(s) was
designed as a second-order Butterworth bandpass flter with
a frequency range of 0.2–20Hz. Hereafter, NLSC using these
flters, including Ke based on the cut-of frequency fe, is
described as NLSC Ke(fe Hz) .

Tese flters afect stability, according to equation (16), and
the design of the flters should be assessed from the stability
viewpoint. Although these flters add some dynamics (e.g.,
phase lag) in the closed loops of NLSC, their infuence is limited
to its control performance when stability is maintained because
of the nature of the DSS scheme, which is more robust against
the delay than the HS scheme. Further details regarding the
robustness of DSS can be found in the previous studies [42, 54].

3.2. Numerical Conditions. Two numerical examples were
considered for the confguration shown in Figure 4. Te
emulate system in example 1 was designed by
me1 � me2 � me3 � 200 kg, ce1 � ce2 � ce3 � 120Ns/m, and
ke1 � ke2 � ke3 � 43.0 kN/m, whereas the system in example
2 was me1 � me2 � me3 � 200 kg, ce1/2 � ce2/1.5 �

ce3 � 120Ns/m, and ke1/2 � ke2/1.5 � ke3 � 43.0 kN/m.
Note that these parameters were determined from the actual
parameters of the physical substructure in the experimental
examination, as shown in Section 4.

Each storey of the emulate system has a nonlinear spring
shown in Figure 5, and this nonlinear characteristic is de-
scribed by

feki(t) � ri2kei · δi(t) + 1 − ri1( kei · zi1(t)

+ ri1 − ri2( kei · zi2(t),
(31)

where δi(t) � yei(t) − yei−1(t); _zil(t) � _δi(t) χ( _δi(t))χ

(∆il − zil (t)) + χ(− _δi(t))χ(∆il + zil(t))}(l � 1, 2); χ (a)

� 1 (a≥ 0), 0 (a < 0){ }; ∆il is the lth elastic limit of the
spring on the ith storey; and ril is the ith storey’s reduction
factor applied to the initial stifness over the lth elastic limit.
In the numerical examinations, the parameters of this
nonlinear spring were fxed as r11 � r21 � r31 � 0.5,
r12 � r22 � r32 � 0.1, ∆11 � ∆21 � ∆31/2 � 0.015m, and
∆12 � ∆22 � ∆32/2 � 0.03m, as shown in Figure 5. Tese
properties are directly refected in the corresponding sub-
structures in shake table substructuring tests.

Te substructuring tests in this study were performed
using an earthquake acceleration record obtained by the
Japan Meteorological Agency (JMA) during the
1995 Hyougo-ken Nanbu/Kobe earthquake. Its northwest
component in Figure 6(a) is employed as the external dis-
turbance of the experiments, and this component is referred
to as the JMA Kobe motion in this study.

When the emulate systems for Examples 1 and 2 were
directly excited by the JMA Kobe motion, they produced the
responses in Figures 6(b) and 6(c), which are referred to as
emulate responses in this study. In the emulate responses, the
diferent conditions in Examples 1 and 2 caused a diference in
the hysteresis on the 3rd storey, which remained within the
elastic state in Example 1, whereas it went into the inelastic state

in Example 2. In other words, Example 1 involves the in-
elasticity only in the numerical substructure, whereas Example
2 involves that in both numerical and physical substructures.

Te emulate system for each example is divided into
a numerical 2DOF substructure and an SDOF specimen placed
on a shake table, and their parameters are mn1, mn2, mp3  �

me1, me2, me3 , cn1, cn2, cp3  � ce1, ce2, ce3 , and
kn1, kn2, kp3  � ke1, ke2, ke3 . For both examples, a shake table
is fxed to have the following parameters: mps � 250 kg, cps �

6.22 kN · s/m kps � 103.6 kN/m and τ � 0.004 s, which were
decided from the actual physical substructure in Section 4. Te
nonlinear springs in the physical (numerical) substructure are
described by equation (31) with their replacement of fpki(t),
kpi, and δi(t) � ypi(t) − ypi−1(t) (fnki(t), kni, and δi(t) �

yn i(t) − yn i−1(t)).
Linear models of the substructures were built by

mn1, mn2, mp3  � mn1, mn2, mp3 , kn1, kn2, kp3  � kn1,

kn2, kp3}, and cn1, cn2, cp3  � cc · cn1, cc · cn2, cc · cp3 , to-
gether with the linear model of the shake table: mps � mps,
cps � cps, and kps � kps. Te highly damped linear model
design can be activated by setting cc (>1) in the afore-
mentioned damping elements.

3.3. Stability Robustness for Parameter Variations in
Substructures. A series of stability analyses on NLSC is
performed to examine the highly damped linear model
design based on the numerical conditions of Examples 1 and
2, as well as the linear models designed in Section 3.1.
Because the substructures in the examples have a nonlinear
spring on each storey, the full consideration of the nonlinear
characteristics in the stability analysis is an extremely dif-
fcult task. Tis is because the nonlinear characteristics
change drastically depending on the deformation of the
storeys, and this deformation is greatly afected by the ex-
ternal disturbance employed. Instead of considering all these
factors, the stability here is analysed based on the equivalent
models of substructures using the following parameters:
mn1, mn2, mp3 , cn1, cn2, cp3  and ckkn1, ckkn2, ckkp3 .

Te analysis here equivalently considers the stifness
change in the nonlinear spring in Figure 5 by varying ck

within the range 0.05–2.0 with increments of 0.05. Although
the hysteretic loop of the spring has an energy-dissipation
efect, which can be regarded as an additional damping efect
[20], this study does not refect this increase in its stability
analysis. Tus, this analysis provides more conservative
results than the actual stability of the substructuring tests.

In the stability analysis, the highly damped linear model
design is handled as a variable cc (�1, 3, 5, and 10)which changes
the damping terms of the linear model: cn1, cn2, cp3 . In ad-
dition, the cut-of frequency fe in Fe(s) is also handled as
a variable of fe � 1.0, 3.0, and 10.0Hz, to measure its infuence
on the stability.Te stability of the NLSC for diferent sets of ck,
cc, and fe was analysed using the equivalent approach of the
Nyquist stability criterion [56], and the results are summarised in
Figures 7 and 8.
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According to Figures 7 and 8, the highly damped linear
model designs (i.e., cc � 3, 5 and 10) result in a wider sta-
bility range than the linear model using cc � 1. Tis study
clarifed the efectiveness of the design to enhance the ro-
bustness of NLSC against parameter variation. In addition,
a higher cut-of frequency contributes to maintaining sta-
bility over a wider range of variations.

Te nonlinear spring shown in Figure 5 becomes softer
as the spring deformation increases. Tis indicates that the
softening range of 0.05–1.0 is the prime information for
stability analysis. In this range, NLSC Ke(10Hz)  with
linear models with cc � 3, 5, and 10 maintained stability for
the wide range of variations, as shown in Figures 7(c) and
8(c), although instability was observed within a limited
range. Te narrow range of the instability may not be the

critical issues in the implementation of NLSC shake table
substructuring tests because this stability analysis does not
consider the energy-dissipation derived from the nonlinear
spring, resulting in more conservative results.

3.4. Numerical Examinations. To examine the proposed en-
hancements, numerical simulations were performed using
shake table tests with NLSC Ke(10Hz)  and linear models
with cc � 1, 3, 5, and 10. Te numerical results for Examples 1
and 2 are described in Sections 3.4.1 and 3.4.2, respectively. It
should be noted that the linear model design with cc � 1.0
without the composite flter corresponds to the original NLSC,
which does not use any enhancements and was employed in
the frst application of NLSC in shake table experiments [56].

δi

ri1kei

feki

Δi1 Δi2

kei

ri1 = 0.5, ri2 = 0.1, Δi1 = 15 mm,
Δi2 = 2Δi1, (i = 1,2)

r31 = 0.5, r32 = 0.1, Δ31 = 30 mm,
Δ32 = 2Δ31

ri2kei

Figure 5: Nonlinear characteristics in emulate systems of Examples 1 and 2.
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Figure 6: Responses of emulate systems under seismic excitations: (a) JMA Kobe motion, (b) emulate responses for Example 1, and (c)
emulate responses for Example 2.
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For the examinations, this study employed the following
indices to evaluate the accuracy of substructuring shake table
tests in both the time and frequency domains:

St y0, y(  �
1

1 +  y0(t) − y(t)( 
2/ y0(t)

2 × 100%,

Sf Ay0, Ay  �
1

1 +  Ay0(f) − Ay(f) 
2
/ Ay0(f)

2
× 100%,

(32)

where y is the signal to be compared by y0; and Ay0, Ay  is
the set of Fourier amplitude spectra of signals y0 and y. Tis
study focused on the frequency range 0.01–20.0Hz for the
evaluation of Sf.

Numerical examinations allow us to compare the results
of the emulate responses and substructure responses in
a substructuring test. Based on the displacement and accel-
eration of the table, the accuracy of the tests was evaluated by

Sfd[e, pn] �
Sf Aye

, Ayn
  + Sf Aye

, Ayp
 

2
,

Std[e, pn] �
St ye, yn(  + St ye, yp 

2
,

Sfa[e, pn] �
Sf A €ye

, A €yn
  + Sf A €ye

, A €yp
 

2
,

Sta[e, pn] �
St €ye, €yn(  + St €ye, €yp 

2
,

S[e, pn] �
Sfa[e, pn] + Std[e, pn] + Sfa[e, pn] + Sta[e, pn]

4
.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(33)
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Figure 7: Stability analysis of NLSC Ke(fe Hz)  for example 1 with parameter variations: (a) fe � 1.0Hz, (b) fe � 3.0Hz, and (c) fe � 10.0Hz.
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Figure 8: Stability analysis of NLSC Ke(fe Hz)  for Example 2 with parameter variations: (a) fe � 1.0Hz, (b) fe � 3.0Hz, and (c) fe � 10.0Hz.
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Because emulated responses are not given to experi-
mental examinations, their accuracy must be evaluated only
by the responses of the substructures. Based on the table
displacement and acceleration, the experimental examina-
tion was evaluated using the following indices:

Sfd[n, p] � Sf Ayn
, Ayp , Std[n, p] � St yn, yp ,

Sfa[n, p] � Sf A€yn
, A€yp , Sta[n, p] � St €yn, €yp ,

S[n, p] �
Sfa[n, p] + Std[n, p] + Sfa[n, p] + Sta[n, p]

4
,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(34)

S[e, pn] and S[n, p] are the average values obtained from the
other four indices in equations (33) and (34), respectively.
Te average value represents the overall accuracy of the
shake table substructuring experiment.

3.4.1. Numerical Results for Example 1. Substructuring tests
based on NLSC Ke(10Hz)  were numerically simulated for
example 1 with and without the highly damped linear model
design, which is demonstrated with cc � 1, 3, 5, and 10, with
and without a composite flter. Te switching frequency of
the composite flter in (18) was designed as ωs � 1.0 × 2π.
Tese simulations were performed by intentionally con-
sidering a set of noises in the table acceleration and dis-
placement, and the noises were made such that they were not
correlated with each other. Each noise is a series of random
numbers processed by a second-order Butterworth flter
with cut-of frequencies of 60.0Hz. Te noises for the table
displacement and acceleration were adjusted to make the
maximum values 2.0mm and 0.1m/s2, respectively. Sub-
structuring tests for the aforementioned conditions were
performed using MATLAB/Simulink 2020a with a sampling
time interval of 1.0ms, and the obtained results are sum-
marised in Table 1.

According to Table 1, the test of cc � 1 without the
composite flter, which corresponds to the original NLSC,
results in Sta[e, pn] � 45.9% and Sta[n, p] � 22.5%. Tese
low accuracies were derived from the noise amplifcation in
the table acceleration, as shown in Figure 9(a). Other tests
(i.e., cc � 3, 5, 10) without the composite flter also have
similar results owing to the amplifcation, as shown in
Table 1. Te introduction of the composite flter was found
to be efective in mitigating the noise amplifcation in the
table acceleration, as clearly observed from the comparison
between Figures 9(a) and 10(a). Tis result clarifed that the
noise amplifcation was caused by the feedback acting on the
error signal that was directly obtained from the table dis-
placement containing noise.

Regarding the control accuracy, the substructuring test
with cc � 1 showed signifcant improvement by the in-
troduction of the composite flter, resulting in Sta[e, pn] �

71.8% and Sta[n, p] � 87.3%, although there is scope for
further improvement. Te highly damped linear model
design with cc � 3 greatly improved the table acceleration

accuracies, resulting in Sta[e, pn] � 91.2% and Sta[n, p] �

96.3% in Table 1. Te increase in accuracy is owing to the
improvement near 4.0Hz, according to a comparison be-
tween Figures 10(a) and 11(a). Te highly damped linear
model design with cc � 5 produced results similar to those of
cc � 3, as shown in Table 1. Te test with cc � 10 resulted in
lower similarities than those with cc � 3 and 5, indicating
that excessively large damping coefcients impair the con-
trol performance.

Te numerical examinations clarifed the efectiveness of
the two proposed enhancements, demonstrating that these
enhancements can achieve accurate shake table sub-
structuring tests that are not possible without them. It was
also found that a highly damped linear model needs to be
appropriately designed to not nullify the enhanced control
performance.

3.4.2. Numerical Results for Example 2. Substructuring tests
based on NLSC{Ke(10Hz)} were numerically simulated for
example 2 with the identical conditions discussed in Section
3.4.1. Note that in these tests, the SDOF specimen on the
table was expected to display some nonlinear characteristics
according to the emulate responses of Example 2 in
Figure 6(c). Te results are summarised in Table 2.

Te efectiveness of the composite flter is evident from
the numerical results with and without the flter in Table 2.
Te composite flter signifcantly mitigated the noise am-
plifcation in the table acceleration, resulting in high ac-
curacy in the frequency and time domains.

Although the substructuring test with cc � 1 and the
composite flter achieved a sufcient accuracy of
S[e, pn] � 98.6%, the test with cc � 3 realised the best
control in Figure 12, resulting in the highest accuracy of
S[e, pn] � 98.9%. Te tests with cc � 5 and 10 resulted in
lower accuracy than the test with cc � 3, indicating that
extremely large additional damping given to the linear
model eventually impairs the reliability of the experiments.
Tis was observed in the case of Example 1 as well.

Tis examination has further validated the efectiveness
of the two proposed enhancements and demonstrated the
necessity of optimal additional damping in the linear model.

3.4.3. Numerical Results for Example 2A. Te interaction
between a specimen and the shake table is afected by the
ratio of their masses. Te mass ratios in Examples 1 and 2
were fxed, i.e., mp3/mps � 0.8. To observe the control
performance of NLSC for a diferent mass ratio, a set of
additional numerical simulations was performed as Example
2A, in which the mass of the specimen was increased to
600 kg, and the other conditions were maintained identical
to those of Example 2. Te ratio in the case of Example 2A is
mp3/mps � 2.4. Te numerical results of NLSC {Ke(10Hz)}
using the composite flter and linear model design with
cc � 1, 3, 5, and 10 are summarised in Table 3, and the result
for cc � 3 is illustrated in Figure 13.

According to Table 3, NLSC {Ke (10Hz)} with cc � 3
exhibited the best control performance with
S [e, pn] � 98.2%. Te accuracy of the table acceleration and
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displacement can be observed in Figures 13(a) and 13(b). It
should be noted that the emulate response in the case of
Example 2A shown in Fig. 13(a) difers from that in the case
of Example 2 shown in Figure 12(a) because the mass in-
crease in the specimen corresponds to the increasing rele-
vant mass in the emulated system. As shown in Figure 13(c),
the specimen for Example 2A displayed more severe non-
linearity than that for Example 2.

Te results of Example 2A clarify the efectiveness of
NLSC in shake table substructuring experiments that

involve a specimen with severe nonlinear characteristics
and signifcant interaction between the specimen
and table.

4. Experimental Examination of NLSC

To examine the proposed enhancements, NLSC shake table
substructuring experiments were performed using a single-
axis electrodynamic shake table and an SDOF specimen, as
shown in Figure 14(a). Te specimen and shake table
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Figure 9: Numerical results of Example 1 with the original NLSC (i.e., cc � 1 without a composite flter): (a) table acceleration, (b) table
displacement, and (c) hysteretic loops.

2 4 6 8 100
Freq. (Hz)

0

0.4

0.8

|F
 (f

)| 
(m

/s
2 )

-10
-5
0
5

10

Ac
c. 

(m
/s

2 )

30 4010 200
time (s)

yps 
ye2

(a)

-0.3
-0.15

0
0.15

0.3

D
isp

. (
m

)

0

0.02

0.04

|F
 (f

)| 
(m

)

1 2 3 4 50
Freq. (Hz)

10 20 30 400
time (s)

yps
ye2

(b)

-3

-2

-1

0

1

2

3

Fo
rc

e (
kN

)

0 0.1-0.1
Disp. (m)

0 0.1-0.1
Disp. (m)

-3

-2

-1

0

1

2

3

Num. 2nd
Num. 1st

Specimen

(c)

Figure 10: Numerical results of Example 1 with cc � 1 and a composite flter: (a) table acceleration, (b) table displacement, and
(c) hysteretic loops.

Table 1: Numerical results for Example 1.

cc Sfd [e, pn] Std [e, pn] Sfa [e, pn] Sta [e, pn] S [e, pn] Sfd [n, p] Std [n, p] Sfa [n, p] Sta [n, p] S [n, p]

Without
composite flter

1 99.4 98.5 78.0 45.9 80.4 99.9 99.5 95.3 22.5 79.3
3 99.8 99.4 91.2 56.7 86.8 99.9 99.8 95.4 23.1 79.6
5 99.8 99.7 91.4 57.1 87.0 99.95 99.8 95.8 23.2 79.7
10 99.8 99.6 89.9 56.3 86.4 99.96 99.9 96.1 23.2 79.8

With
composite flter

1 99.3 98.2 80.7 71.8 87.5 99.9 99.5 98.5 87.3 96.3
3 99.7 99.3 94.7 91.2 96.2 99.9 99.8 99.4 96.3 98.9
5 99.8 99.7 95.2 92.3 96.8 99.9 99.8 99.6 97.2 99.1
10 99.8 99.7 93.6 90.8 96.0 99.96 99.9 99.7 97.4 99.2
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combined were handled as the physical substructure for the
substructuring experiments in this study.

Tis shake table has the following specifcations: the table
size is 1.2×1.2m with a weight of 200 kg, the maximum
stroke is ±0.3m, the maximum acceleration is 19.8 (9.8)m/s2
under the loading condition of 150 (500) kg, and the
maximum velocity is 1.4m/s. As the set of experimental rigs
directly placed on the table weighed 50 kg, the table mass

became mps � 250 kg. Te weight of the specimen’s steel
mass was measured to be mp3 � 200 kg. Te steel mass was
connected to the table via steel plates, demonstrating the
fexibility of the specimen. Te plates were expected to
display nonlinear characteristics owing to their yielding
when the deformation exceeded its elastic limit.

Te shake table was equipped with a magnetostrictive
displacement transducer and two servo accelerometers for
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Figure 11: Numerical results of Example 1 with cc � 3 and a composite flter: (a) table acceleration, (b) table displacement, and (c)
hysteretic loops.

Table 2: Numerical results for Example 2.

cc Sfd [e, pn] Std [e, pn] Sfa [e, pn] Sta [e, pn] S [e, pn] Sfd [n, p] Std [n, p] Sfa [n, p] Sta [n, p] S [n, p]

Without composite flter

1 99.96 99.8 96.9 67.1 91.0 99.97 99.9 97.1 37.7 83.7
3 99.9 99.8 97.2 67.3 91.1 99.98 99.9 97.6 37.9 83.8
5 99.9 99.8 96.5 66.8 90.7 99.98 99.9 97.8 37.9 83.9
10 99.9 99.8 93.2 63.0 89.0 99.98 99.9 98.1 37.9 84.0

With composite flter

1 99.96 99.9 98.3 96.2 98.6 99.97 99.9 99.0 96.9 99.0
3 99.95 99.8 98.7 97.0 98.9 99.98 99.9 99.5 97.9 99.3
5 99.9 99.8 98.0 96.2 98.5 99.98 99.9 99.6 98.0 99.4
10 99.9 99.9 94.6 90.2 96.1 99.98 99.9 99.7 97.4 99.3
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Figure 12: Numerical results of Example 2 with cc � 3.0 and a composite flter: (a) table acceleration, (b) table displacement, and (c)
hysteretic loops.
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control. To measure the responses of the specimen, two wire
displacement transducers were placed between the table and
steel mass, and two strain gauge accelerometers were placed
on the mass.

Prior to the experiments, the dynamics of the physical
substructures were investigated via system identifcation,
and the details are described in Section 4.1. Based on this
identifcation, NLSC shake table substructuring experi-
ments were performed, and the results are shown in
Section 4.2.

4.1. Experimental Conditions. System identifcation was
performed to investigate the dynamics of the shake table
sustaining the SDOF specimen using band-limited white
noise. Tis white noise was used as the reference displace-
ment signal to be realised in the table, and its maximum
amplitude was adjusted to no greater than 15.0mm.

In the system identifcation, the pure time delay in this
shake table system was found to be τ � 0.004 s.Te pure time
delay is believed to be derived from the shake table systems
(e.g., AD/DA converters or the digital signal processor) or

Table 3: Numerical results for Example 2A.

cc Sfd [e, pn] Std [e, pn] Sfa [e, pn] Sta [e, pn] S [e, pn] Sfd [n, p] Std [n, p] Sfa [n, p] Sta [n, p] S [n, p]

With
composite flter

1 99.8 98.5 98.2 95.8 98.1 99.9 99.9 99.2 97.4 99.1
3 99.8 98.9 98.1 96.0 98.2 99.96 99.9 99.6 98.2 99.4
5 99.8 98.9 96.3 93.5 97.1 99.96 99.9 99.7 98.3 99.5
10 99.6 98.4 83.3 79.1 90.1 99.96 99.9 99.8 97.7 99.4
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Figure 13: Numerical results of Example 2A with cc � 3.0 and a composite flter: (a) table acceleration, (b) table displacement, and (c)
hysteretic loops.
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caused by some unmodelled higher dynamics of the table
that cannot be modelled by the mass-spring-damper model
employed in this study. Te identifed transfer function is
illustrated in Figure 14(b). Furthermore, based on the same
form of equation (23), it has been reasonably modelled using
the following equation:

Gps(s) �
yps(s)

u(s)
 

�
414.5s

2
+ 248.7s + 8.913e04

s
4

+ 25.96s
3

+ 816.5s
2

+ 5598s + 8.913e04
.

(35)

Based on the known masses (mps and mp3) and equation
(23), the shake table and specimen were found to have the
following properties: cps � 6220Ns/m; kps � 103.6 kN/m;
mp3 � 200 kg; cp3 � 120Ns/m; and kp3 � 43.0 kN/m.

Based on the identifed properties, the linear model
Gps(s) used in NLSC is built using equation (23) with the
following setting: mps � mps, cps � cps, kps � kps, mn1, mn2,

mp3} � mn1, mn2, mp3 , kn1, kn2, kp3  � kn1, kn2, kp3 , and
cn1, cn2, cp3  � cccn1, cccn2, cccp3 , which is tuned by cc for
the highly damped linear model design. In the case of cc � 1,
the linear model becomes identical to equation (35). Te
estimate of the pure time delay was assumed to be
τ � 0.004s, according to the identifcation result.

4.2. Experimental Examinations. Shake table substructuring
experiments based on NLSC {Ke (10Hz)} were performed for
the confguration shown in Figure 15 with the JMA Kobe
motion and the conditions of Examples 1 and 2 as well as the
nonlinear characteristics shown in Figure 5.Tese experiments
were performed using dSPACE (MicroLabBox) andMATLAB/
Simulink 2020a with a time sampling interval of 1.0ms.

To examine the enhancements (i.e., composite fltering
technique and highly damped linear model design), actual
substructuring experiments were executed for Example 1 with
NLSC with the linear model design of cc� 1 and 3 with and
without the composite flter. It should be noted that the linear
model design of cc� 1without the composite flter corresponds
to the original NLSC, which does not have any enhancements.
In these experiments, the amplitude of the JMA Kobe motion
was scaled down to 15%.Te experimental results are shown in
Figure 16. As anticipated from the numerical examination,
a shake table substructuring experiment without the composite
flter resulted in noise amplifcation, as shown in Figure 16(a).
Tis experiment was manually terminated at approximately
5.0 s for safety reasons. By contrast, the experiment with the
composite flter did not produce such a large noisy acceleration,
as shown in Figure 16(b).

Tis comparison verifed the efectiveness of the composite
flter.Tus, the following substructuring experiments for 100%
amplitude were performed only with the composite flter.

4.2.1. Experimental Results for Example 1. NLSC sub-
structuring experiments for Example 1 were performed with
the composite flter and highly damped linear model design

using cc � 1 and 3, although the designs with cc � 5 and 10
were not performed because excessively large damping
coefcients impaired the control performance in the nu-
merical simulations, as shown in Table 1. It should be noted
that each experiment was performed using new steel plates
in the specimens. Te experimental results without post-
processing are illustrated in Figures 17 and 18, and the
indices obtained using equation (34) are listed in Table 4.

Te experiment with cc � 1 achieved simultaneous
control of table acceleration and displacement with rea-
sonable accuracy, as shown in Figure 17. Sta[n, p] in Table 4
is not as high as the other indices, and this tendency cor-
responds to the simulation of cc � 1 in Table 1. Te ex-
periment with cc � 3 achieved simultaneous control with
higher accuracies than the experiment with cc � 1, as shown
in Figure 18 and Table 4. Te highly damped linear model
design with cc � 3 resulted in Sta[n, p] � 96.3%, which is
better than Sta[n, p] � 89.8% in the design with cc � 1,
clarifying the efectiveness of the design.

In the actual implementation of a substructuring exper-
iment, its reliability cannot be assessed by comparison with an
emulate response because of its absence. In general, an ex-
periment with higher similarities between substructure re-
sponses is more reliable than an experiment with lower
similarities. In this regard, the experiment with cc � 3 is
believed to be sufciently reliable, because all indices obtained
from both substructures’ responses are no smaller than 96%.

At the frst application of NLSC to a shake table [56], the
experiment on Example 1 with 100% JMA Kobe was im-
possible because of the noise amplifcation issue and in-
sufcient robustness against parameter variations in the
substructures. Te enhancements proposed in this study
resulted in an experiment with high accuracy.

4.2.2. Experimental Results for Example 2. NLSC sub-
structuring experiments for Example 2 were performed with
the composite flter and highly damped linear model design
using cc � 1 and 3, although the designs with cc � 5 and 10
were not performed because of the same reason mentioned
in Section 4.2.1. Te experimental results without post-
processing are illustrated in Figures 19 and 20, and the
indices obtained using equation (34) are listed in Table 5.
Note that these experiments were also performed by
replacing the steel plates with new plates in each experiment.

According to Table 5, the experiment with cc � 1
resulted in Sta[n, p] � 73.5%which was not satisfactory.Tis
low accuracy was due to the undesired high-frequency
component observed at over 35 s, as shown in
Figure 19(a). Te postcondition of the SDOF specimen after
experiencing the severe nonlinear characteristics in
Figure 19(c) presumably changed the overall dynamics of the
physical substructure, causing the generation of the un-
desired component.

Te experiment with cc � 3 achieved accurate simulta-
neous control of the table acceleration and displacement, as
shown in Figures 20(a) and 20(b), despite the severe non-
linear characteristics of the SDOF specimen in Figure 20(c).
In addition, all accuracies in this experiment have become
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sufciently high in Table 5 because of the highly damped
linear model, which prevented the occurrence of the un-
desired high-frequency component generated in the ex-
periment with cc � 1 in Figure 19(a).

According to the aforementioned comparison, a highly
damped linear model design is essential to perform a reliable
shake table substructuring experiment involving nonlinear
characteristics with high accuracy.
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Figure 15: Confguration of shake table substructuring experiments.
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Figure 17: Experimental results of Example 1 with cc � 1.0: (a) table acceleration, (b) table displacement, and (c) hysteretic loops.
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Figure 18: Experimental results of Example 1 with cc � 3.0: (a) table acceleration, (b) table displacement, and (c) hysteretic loops.

Table 4: Experimental results for Example 1 with cc � 1 and 3.

cc Sfd [n, p] Std [n, p] Sfa [n, p] Sta [n, p] S [n, p]

With composite flter 1 99.9 99.2 98.4 89.8 96.8
3 99.9 99.7 99.3 96.3 98.8
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Figure 19: Experimental results of Example 2 with cc � 1: (a) table acceleration, (b) table displacement, and (c) hysteretic loops.
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5. Conclusions

Tis study introduced two techniques to enhance the NLSC
for shake table substructuring experiments involving severe
nonlinear characteristics. One is a composite fltering
technique to minimise noise contaminating displacement
data, and the other is a highly damped linear model design to
enhance the robustness of NLSC against nonlinear char-
acteristics. Te detailed conclusions of this study are sum-
marised as follows.

(i) Te error feedback action in NLSC requires a con-
troller designed with a high cut-of frequency to
enhance its robustness against nonlinear charac-
teristics. However, a controller with a higher cut-of
frequency resulted in more signifcant noise am-
plifcation in the table acceleration. To minimise
noise amplifcation, the displacement data fed back
to the error feedback action must be reduced
maximally. For this reduction, this study employed
the composite fltering technique, which is the data
fusion of the table acceleration and displacement. In
addition, this study introduced a highly damped
linear model design to further enhance the ro-
bustness of NLSCs against nonlinear characteristics.
In this design, a model with a larger damping than
an actual controlled system is built for NLSC, which
can handle the modelling gap as a type of nonlinear
characteristic.

(ii) For numerical examinations, NLSC shake table
substructuring tests with enhancements were simu-
lated for two examples using a numerical 2DOF
substructure and a physical substructure with the
JMA Kobe motion. In the stability analyses for ex-
amples 1 and 2, the robustness of NLSC against

parameter variations was enhanced by the highly
damped linear model design and the error feedback
action with a high cut-of frequency. Tis enhanced
robustness was attained at the slight expense of the
table control accuracy, and an unreasonably high
damped design may result in a signifcant loss of the
accuracy. In the numerical examinations, the com-
posite fltering technique clearly reduced the noise in
the displacement data and minimised the noise
amplifcation in the acceleration of the table. Tis
noise reduction allowed us to design an error feed-
back controller with a high cut-of frequency, which
is key to enhancing the robustness of NLSC against
parameter variations. In the examination, NLSC with
the two enhancements achieved accurate shake table
substructuring tests with the full amplitude of the
JMA Kobe motion along with severe nonlinear
characteristics in the substructures.

(iii) Experimental examinations were performed for an
actual physical substructure consisting of a shake
table and an SDOF specimen under identical con-
ditions (Examples 1 and 2) used in the numerical
examinations and the full amplitude of the JMA
Kobe motion. During the examinations, NLSC with
the enhancements achieved shake table sub-
structuring experiments with high accuracies of
over 96% despite the substructures displaying severe
nonlinear characteristics owing to large de-
formations. Tese experiments were not possible
without the enhancements proposed in this study,
and their efectiveness was clarifed in this study.

Tis study clarifed the efectiveness of NLSC shake table
substructuring experiments with enhancements for a 3DOF
structure with severe nonlinear characteristics. To examine
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Figure 20: Experimental results of Example 2 with cc � 3: (a) table acceleration, (b) table displacement, and (c) hysteretic loops.

Table 5: Experimental results for Example 2 with cc � 1 and 3.

cc Sfd [n, p] Std [n, p] Sfa [n, p] Sta [n, p] S [n, p]

With composite flter 1 99.9 99.8 98.5 73.5 92.9
3 99.97 99.9 99.3 97.2 99.1
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its feasibility for more complicated structures, it will be
applied to a higher-order system that demonstrates a higher
building. In addition, the current stability analysis is limited
as an approximate guide for investigating the stability of
NLSC shake table substructuring experiments involving
nonlinear characteristics. Te stability analysis needs to be
further elaborated so that it can more precisely evaluate the
stability of shake table substructuring experiments with
nonlinear characteristics. Te linear model design for NLSC
can be further elaborated to systematically determine its
optimal parameters.
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