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The maintenance of in-service shield tunnel lining has become a critical issue in recent decades due to the rapid development of the
metro system in China. The external load is one of the most important factors influencing the deformation and performance of the in-
service shield tunnels. It is hard to evaluate the external load since it is influenced by complex factors. And the arbitrary-distributed
external load is not considered in the existing theories. A novel back-analysis approach for evaluating the external load using the
deformation of tunnel lining was proposed based on Betti’s theorem. The theoretical rationality of the proposed method is analyzed, and
the workflow is provided. The data and simulation models for a model test were adopted to validate the effectiveness and accuracy of the
proposed method. The results show that the external loads can be back-analyzed with satisfying accuracy and low computational cost.
Then, the practical application was conducted for an in-service shield tunnel. In addition, the workflow combined with laser scanning
and back analysis was proposed for evaluating the practical loads. The proposed approach can be used for the back analysis of the

external loads based on lining deformation scanned inside tunnels, with good performance.

1. Introduction

The intense urbanization demands the large development of
underground infrastructure. The utility tunnels in urban
areas, taking metro tunnels as examples, are mainly con-
structed by shield machines given the soil ground condi-
tions. With the huge construction of metro tunnels, the
maintenance of in-service shield tunnels has become
a critical concern for the regions with soil ground. Existing
and potential defects will reduce the performance of in-
service shield tunnels [1, 2]. Load condition is critical for
evaluating the structural performance of shield tunnels when
considering the maintenance scheme of the shield tunnel
structure [3, 4].

According to previous research on the structural per-
formance of shield tunnels [2, 5, 6], the load-structure
method is widely employed for the evaluation of shield
tunnels, where different load-distribution patterns such as
linear patterns and parabolic patterns are adopted. Fur-
thermore, the stratum-structure method is used to calculate
the loads on the lining structure [7, 8], in which the

interaction between the surrounding ground and structure is
taken as the external load on the lining. During the oper-
ational phase of shield tunnels, the load on the lining is
generally influenced by multiple factors, including adjacent
construction [9, 10], surcharge load [11], vehicle vibration
[12, 13], and long-term water leakage [14]. These uncertain
factors during service will result in structural deformation in
both longitudinal and transverse directions [15, 16]. How-
ever, the load-structure method and stratum-structure
method are limited when considering the variation of the
load distribution on the lining structure [17, 18]. Hence, the
load models for both the load-structure method and
stratum-structure method should be updated when evalu-
ating the performance of in-service shield tunnels. While in
most cases, it is not feasible to obtain the external loads of
shield tunnels by using either pressure gauges or the classic
earth pressure formulas [18].

Back analysis is considered an effective approach for
determining unknown parameters in geotechnical engi-
neering [19-21]. For the external loads on the shield tunnel
lining, the back-analysis methods can be classified into two
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types, namely strain-based and deformation-based methods.
The strain-based methods are widely used for the estimation
of external loads during tunnelling, with promising accuracy
[22] while the strain of the lining will be required as the
input, which is costly and hard to be collected for shield
tunnels in service. Hence, the application of strain-based
methods on the in-service shield tunnels is not practical
[23, 24]. The deformation-based methods provide feasible
perspectives for in-service shield tunnels, given the acces-
sibility of deformation monitoring. The existing
deformation-based methods are mainly proposed and ap-
plied for rock tunnels [25], the structures of which are quite
different from shield tunnels. The property and in-situ stress
of surrounding rock can be estimated by performing back
analysis of matching numerical modelling results with the
measured tunnel convergence [26, 27]. Furthermore, the
long-term creep and water effects on rock tunnel lining can
be back-analyzed based on deformation [28]. It is noted that
most of the existing back-analyzed parameters are gener-
alized, heavily dependent on the selected theoretical models,
and affected by limited or incomplete monitoring data
[29-31]. As for the back analysis of external loads, full-ring
load distribution is not taken into consideration in related
research currently [18, 32-34]. In general, the application of
deformation-based methods on shield tunnel loads remains
to be solved, also due to the difficulty in the interpretation of
deformation patterns [35]. Recently, meta-model methods
based on numerical simulation have been applied in the back
analysis of tunnel engineering [36-38], where complex
optimization algorithms with expensive computational costs
are required. The load distribution on the shield tunnel
lining in service is rarely investigated due to the limitations
of the existing methods.

In this work, the back-analysis method for the external
load on the lining structure in service is investigated from
the perspective of Betti’s theorem. The physical models
required in Betti’s theorem can be replaced by the corre-
sponding numerical models. Then, a novel back-analysis
approach is proposed to calculate the load on tunnel lining
in the operational phase based on Betti’s theorem and small-
strain assumption. This paper is composed of the following 5
parts: (1) the principle and the relation between Betti’s
theorem, i.e., Maxwell-Betti reciprocal work theorem, and
the proposed back-analysis approach are illustrated; (2) the
loads on the shield tunnel lining in service were analyzed by
conventional load-structure models and scanned de-
formation; (3) the back-analysis approach was proposed
based on Betti’s theorem and the load-structure model; (4)
the feasibility of the proposed approach was investigated
theoretically; (5) the proposed back-analysis approach was
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verified by comparison with the model test results and
applied for practical engineering.

2. Methodology

2.1. Betti’s Theorem. Betti’s theorem is one of the laws used
for structural analysis [39]. The deformation is one of the
most important parameters for structural analysis. And
Betti’s theorem is widely used in the deformation calculation
of structures in the design phase [40]. The energy from
external forces will be transformed into the strain energy of
the elastic body according to the Law of Conservation of
Energy. This principle can be employed for calculating the
stress and strain of the deformable body subjected to ex-
ternal loads. It is usually assumed that other kinds of energy
losses (e.g., acoustic energy and thermal energy) are small
enough to be ignored during the deformation of the
elastic body.

As shown in Figure 1, if an elastic body is subjected to
a set of external forces, i.e., the body force (f,, f,, f,) and
surface force (gy,q,,q.), the strain can be expressed in the
Cartesian coordinate system as follows:
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where 4., §,, and §, are the displacement caused by the
external forces along the three Cartesian coordinate ori-
entations, &,, € and ¢, are the three normal strains in the
elastic body, and y,, y,, and y,, are the three shear strains.

For the second set of external forces, as illustrated in
Figure 1, the induced strain by these forces can be expressed
as follows:
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where (e,, sy', e;)and (yx}i, yyz', y,.) are the norrflal zlind,shear
strains induced by the set of external forces (f,, f,, ) and
(444, 9,)> respectively.

The energy (¢;,) from the first set of forces associated
with the deformation caused by the second set of forces can
be expressed as follows:
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FIGURE 1: An elastic body subjected to two sets of external forces, including both body forces and surface forces: (a) the illustration of the first
set of external forces and (b) the illustration of the second set of external forces.

Likewise, the energy (e,;) from the first set of forces
associated with the deformation caused by the second set of
forces can be expressed as follows:

e = m[(f 2% . <fy' —p%)sy o

According to Betti’s theorem, the following work balance
equation is obtained:

(5)

Without considering the body inertia forces, the fol-
lowing expression is obtained:
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This matrix-form equation can be written as follows:
] im0

It can be seen from equation (7) that either set of external
forces can be determined based on another three items in the
equation if the three items are provided. The property of the
theorem enables the determination of loads based on the
measured deformation [41, 42]. Hence, the theorem can be
applied in the health monitoring of shield tunnels to solve the
challenges induced by the uncertainty of the changing load
conditions during service. The illustrated derivation process is
restricted to the background of linear-elastic material while
Betti’s theorem has been expanded to more generalized
backgrounds [43], including elastic-plastic material, which is
the main constitutive model applied in tunnel engineering.

2.2. The Load-Deformation Model. The shield tunnel lining
is positioned underground by shield machines. A ring of
tunnel lining is a cylindrical structure assembled by pre-
fabricated segments. One of the most widely adopted load
patterns of the tunnel lining during construction is illus-
trated in Figure 2. The external loads acting on the tunnel
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lining are usually assumed to be linearly or quadratically
distributed around the shield tunnel lining [34], including
the vertical pressure at the tunnel crown, the horizontal
ground pressure, and the ground reaction at the tunnel
bottom. However, the distribution modes of external load on
the lining in service are usually way more complex than the
simplified assumption.

The laser scanning data of lining rings with typical
deformation in a metro line are displayed in Figure 3,
denoted as Example I, Example II, and Example III, where
the deformation is scaled 10 times for demonstration. The
arbitrary and random patterns of lining deformation can be
found. Furthermore, the location distribution of the max-
imum convergence involving successive 1100 lining rings is
provided in Figure 4, where the uncertainty of deformation
induced by various load patterns is displayed clearly. It is
noted that only the ring-wise deformation is discussed here.
The variation of deformation patterns may be greater if the
segment-wise deformation is taken into consideration. The
lining ring deformation is dominated by stochasticity due to
the unclear pressure of soil and water. According to the
conventional assumption depicted in Figure 2, the de-
formation patterns should be symmetric and similar to each
other while it can be observed that the deformation patterns
of the shield tunnel lining rings in service are irregular and
different from each other. Hence, it is unreasonable if the
conventional assumption is used for mechanical analysis of
the life-cycle performance. It is found that the lining ring of
shield tunnels may be subjected to eccentric or irregular load
patterns during service due to various factors [44, 45], in-
cluding water leakage, vehicle vibration, adjacent excavation,
and surface loading. It is indicated that the description of the
load patterns should cover different cases.
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FIGURE 2: The external load pattern on the lining structure during the construction phase.
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FIGURE 3: The deformation of lining rings scanned in a metro line: (a) example I; (b) example II; (c) example III.
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2.3. The Back-Analysis Model for External Loads. As plotted
in Figure 5(a), the arbitrarily distributed ground-structure
interaction on the shield tunnel lining can be simplified as
a series of loads distributed around the tunnel lining
(denoted as {x;} (i = 1,2,...,n)), where x; denotes the ex-
ternal load on the lining. The corresponding structural
deformation is denoted by w; (i =1,2,...,n). The set of
loads is denoted as Load Case I. And the lining ring is
assumed to be subjected to another designed set of loads
{F;}(i=1,2,...,n), denoted as Load Case II and shown in
Figure 5(b), with corresponding structural deformation
v;(i=1,2,...,n). Load Case I is the real load condition on
the structures, and Load Case II is an assumed load con-
dition. The loads in both load cases can be generalized loads,
including distributed force, concentrated force, and mo-
ment. The distribution of the loading positions in Load Case
IT depends on the deformation measuring points.

According to Betti’s theorem, if the material of the
tunnel lining is linear elastic, the following equation between
Case I and Case II can be obtained:

{vad - feab = {0} {walhs (8)

where {v,} is the structural deformation along the direction
of {x,} in Load Case II (subjecting to the load set {f,}).
Likewise, {w,} is the lining deformation along the direction
of {f,} in Load Case I (subjecting to the load set {x,}).

As shown in equation (8), the load set {x,} can be
calculated based on the other three items, i.e., {f,,}, {v,}, and
{w,}. In order to solve the unknown load set {x,}, a total
number of n load cases should be created first, which
constitutes the equation set shown as follows:

V]n * [XTixt = [Flusn - Wit 9)
where [F],,,, denotes the external load matrix of Load Case
I1, [V],,, denotes the corresponding structural deformation

matrix, [X],,; denotes the matrix of the external load of
Load Case I, and [W],,, denotes the corresponding
structural deformation matrix. It is noted that the [F],,,, is
a diagonal matrix made up of {f,}.

In practice, the deformation matrix [W],,,; can be
measured by laser scanning as displayed in Figure 4. Va-
rieties of methods and corresponding instruments have been
proposed for deformation measurement in shield tunnels,
such as total station, laser convergence gauge, tilt sensor, and
optical-fibre sensors [46]. However, the deformation derived
by the above methods is incomplete. These methods are
designed for isolated measuring points and usually rely on
instruments installed on the lining while the development of
laser scanning technology enables the efficient acquisition of
large point cloud data during the life cycle of shield tunnels
[16], in which detailed three-dimensional space information
is included. The accuracy of deformation measurement
based on laser scanning is proved to archive the sub-
millimetre level with proper data processing [47]. The full-
ring deformation can be measured based on the point cloud
data by the following steps, including preprocessing the
point cloud, extracting the tunnel axis, performing the
coordinate transformation, performing noise reduction, and

fitting the deformation [48]. The automatic workflow of the
steps has also been developed [49]. It is indicated that the
application of laser scanning in deformation measurement
has the advantages of comprehensiveness and efficiency [16].

The load set [F],,, and the corresponding structural
deformation [V],,, can be obtained by numerical analysis
for the same tunnel lining. Thus, the actual external load
[X],4; based on the measured deformation [W],,, can be
calculated based on equation (9) by substituting [W],;,
[Fl i and [V,

The overall workflow of the back-analysis method is
demonstrated in Figure 6. In general, there are two main
steps in the back analysis of the external load on the tunnel
lining during service. The first main step is to build and
calculate the numerical model of the prototype shield tunnel
lining. Then, the back analysis can be carried out by the
equations derived from equation (9) while it is noted that the
existence and uniqueness of the solution should be in-
vestigated before further study.

2.4. Existence and Uniqueness of the Solution. Segments of
shield tunnels are assembled by steel bolts, which form the
joints between segments. Although the mechanical be-
haviour of joints may be nonlinear and complex, it is
indicated that the connecting bolts can be regarded as
a linear-elastic material under the small-strain condition
[50]. In general, the material of the lining rings can also be
assumed to be linear elastic under the small-strain con-
dition [51]. The proposed back-analysis approach can be
used for determining the external load on the shield
tunnel lining since the requirements of applying Betti’s
Theorem are satisfied.

For a nonhomogeneous linear equation Ax =b, the
uniqueness of the solution is required, which means that the
matrix A will be full rank and can be expressed as follows:

r(A,b) =r(A) = A (10)

The matrix A is built by n groups of load cases. Thus, the
rationality of the load cases constructed in numerical simu-
lations is of great importance. If the load cases are not rational,
the matrix might be ill-posed which results in an incorrect
solution [52]. The linear equation sets are solved by the singular
value decomposition method using MATLAB in this work.

3. Validation and Application

3.1. Physical Model. The external load on tunnel lining is
hard to monitor during service due to the low durability of
pressure sensors. Therefore, a full-scale model test on the
lining structure [53] is employed to verify the accuracy and
feasibility of the proposed back-analysis method. As shown
in Figure 7, a single-layer tunnel lining with a thickness of
0.48 m and a width of 1.50 m is adopted in the model test,
which is cast with concrete C55. The outer diameter of the
lining ring is 6.80 m. Segments are connected by bolts of
M36 steel, of which the positions are shown in Figure 7. The
segments are fixed to steel support at the end and are
subjected to the vertical load P and the horizontal load N.
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FIGURE 6: The workflow of the proposed back-analysis method.
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FiGURE 7: The schematic of the model test [53]: (a) the main view and (b) the side view.

The vertical load was given by vertical hydraulic jacks
through a set of stiff steel distribution beams. At the end of
the tunnel segment specimen, the horizontal load was
provided by hydraulic jacks. The mechanical behaviours of
segments under the effect of both positive and negative
bending moments were investigated in the model test. The
direction of vertical load P in the case of positive bending
moment was downward and was upward otherwise.

The positions of deformation measuring points are also
marked in Figure 7. The vertical displacement of the seg-
ments was measured using two vertical displacement sensors

D1 and D2. The deformation of joints at both the external
side and internal side was recorded by a pair of displacement
transducers V1 and V2.

3.2. Numerical Model. For the proposed approach, the
numerical model is required for building the equations to
calculate the actual external load on the shield tunnel
lining. The physical model is adopted as the prototype of
the numerical model. The finite element software
ANSYS10.0 is employed to carry out the 3D mechanical
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analysis. The idea of simulation adopted is based on the
strip method. The parts of the finite element model for
further analysis are shown in Figure 8, corresponding to
the model test illustrated in Figure 7. The joint with
a width of 110 mm is modelled by the material with the
reduced Young’s modulus. The friction between the
surfaces of concrete is not considered in the simulation for
lower computational cost. The shear force on the joint is
assumed to be mainly undertaken by the connecting bolts,
of which the rationality has been proved [54]. The con-
necting bolts were modelled according to the actual
length, with both ends fixed. The element solid65 and
element beam188 are used for lining segments and con-
necting bolts, respectively. The mechanical properties of
different materials in the finite element model are dem-
onstrated in Table 1.

To verify the rationality of the numerical model, the
vertical displacement and joint opening of the specimens are
compared with the results of the model test, displayed in
Figure 9. For the same value of loads in the model test, the
greatest value of deformation is selected for comparison. The
test data in the unloading phase are not considered since the
purpose of this work is not to investigate elaborated models.
It can be found that the simulation results fit the model test
well, especially in the phase of small loads. It is indicated that
the numerical model is rational to be used for the back
analysis of the external loads on the specimens of the full-
scale model test.

3.3. Back Analysis of the Model Test. The external loads on
the segment specimens in the model test are denoted as Load
Case L ie., [X;]y (i = 1,2,3,4), where X;, X, is equal to the
vertical load P and X5, X, is equal to horizontal load N. The
corresponding displacement at the loading position is
denoted as [W;],,(i=1,2,3,4), which was calculated
geometrically based on the monitored deformation in the
model test.

Based on the physical model, the numerical model was
created to calculate the deformation under the effect of Load
Case Il [Fjjly (i, j = 1,2,3,4), where F;; denotes the as-
sumed load, and other elements are equal to 0. The loads are

The point clouds of 3 lining rings, namely Ring I, Ring II,
and Ring III, in a shield tunnel project, were selected for the
demonstration of the practical application. The deformation
of the selected lining rings is plotted in Figure 12, of which
the maximum convergence is around 0.5%, 1.0%, and 1.5%

76929016 -24920394
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gs 24348727 15534303 14424466

[ g5 1 121369146 25606141 6371605

assumed to act at the position of measuring points D1, D2,
V1, and V2, including concentrated force and concentrated
moment. The corresponding deformation calculated in the
numerical model is denoted as [Vi]-]4x4(i,j =1,2,3,4),
where V;; is the displacement at the position of the j-th load
of Load Case I induced by the i-th load of Load Case II. Then,
the back-analysis equations based on Betti’s theorem can be
expressed as follows:

[Xi]4><1 = [Vij];i4 ’ [Fij]4><4' [Wi]4><1'

There were 50 sets of data collected in the loading phase
of the model test, which were adopted for validation. The
comparison between the back-analysis results and the loads
monitored in the model test is presented in Figure 10. In
general, the back-analysis results achieved promising ac-
curacy for both vertical and horizontal loads. The average
errors are 76.01kN for vertical loads and 50.55kN for
horizontal loads. The errors may become greater with larger
loads, which is similar to the errors of the numerical sim-
ulation shown in Figure 9. The back-analysis errors are
acceptable given that the numerical simulation was per-
formed based on the assumption of small deformation and
elastic materials. It is indicated that the proposed back-
analysis approach can be used for calculating the external
loads on the lining structure.

(11)

3.4. Practical Application. The numerical simulation models
for the practical application were built to carry out the full-
ring mechanical analysis, displayed in Figure 11. The con-
crete segment, steel reinforcement, joints, and connecting
bolts are all considered in the simulation model. The two
load cases adopted here are the same as illustrated in Fig-
ure 5. The number of loads in the load cases, which is 6 here,
depends on the demands of mechanical analysis. For both
Load Case I and Load Case II, the 6 loads are designed at the
centre of each segment. The full-ring load value can be
calculated via spline interpolation. With the simulation
results, the equation for the back analysis of load on the
lining can be derived from equation (9), written as follows:

15474930
28105279

24255507 2300840071
20528024 35212454
43995894 6909980
18369821 35092852
31744396 23096624 (| &5

21366300 40048730 L J;

(12)
35844835

13604229
25606746

of the 6.2 m outer diameter, respectively. It is noted that the
deformation in Figure 12 is scaled 10 times for easier un-
derstanding. With the scanned deformation as the input, the
loads on the lining can be calculated by equation (9). The
back-analysis results of the loads with spline interpolation
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(a) (®) ()
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FiGure 8: The finite element model for the test of segmental joints: (a) the overall numerical model; (b) the steel base; (c) the concrete
segments; (d) the equivalent steel reinforcement of the segment; (e) the connecting bolts.

TaBLE 1: The mechanical properties of the materials in the simulation.

Young’s modulus (GPa) Poisson’s ratio Unit weight (kN-m™3)
Concrete 35.50 0.17 23
Steel 210.00 0.30 78
Joint 0.20 0.17 23
30 30
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FiGure 9: Continued.
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FIGURE 9: The comparison of numerical results and test results: (a) vertical displacement under positive bending moment; (b) vertical
displacement under negative bending moment; (c) joint opening under positive bending moment; (d) joint opening under negative bending

moment.
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FIGURE 10: The back-analysis results of the model test: (a) positive bending moment and (b) negative bending moment.

processing are plotted in Figure 13. The irregular patterns of
the loads can be found in the results, which are compatible
with the scanned deformation.

4. Discussion

The proposed method provides a novel way for tunnel lining
load back-analysis, without the time-consuming optimiza-
tion process. Because of the irregularity in the load distri-
bution mode, the more detailed deformation data will bring
in more accurate load back-analysis results. Hence, the

proposed method is suitable to be combined with laser
scanning, which has the strength in acquiring a huge amount
of deformation data.

The proposed back-analysis method is validated by
the comparison with test results. The accurate results of
back-analysis have shown promising effectiveness and
feasibility. Due to the nonaccessibility of in-situ load
monitoring data, the proposed method is to be applied in
the practical project for further validation. The corre-
sponding simulation model has been built to analyze the
mechanical performance of the full-ring lining. For
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FIGURE 11: The simulation model for full-ring mechanical analysis: (a) the overall numerical model; (b) the steel reinforcement; (c) the

joints.
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FIGURE 12: The deformation of the 3 lining rings: (a) ring I; (b) ring II; (c) ring IIL

demonstrating the practical application of the proposed
back-analysis method, the scanned full-ring deformation
data are used to calculate the loads on a shield tunnel in
service. The results prove that the proposed method can

be used tor

eveal irregular load patterns, which are closer

to reality. The proposed back-analysis method could be

further app

lied in exploring the behaviour of load evo-

lution for in-service shield tunnels.
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F1GURE 13: The back-analysis results of the 3 lining rings: (a) ring I; (b) ring II; (c) ring IIL

The background of this work is in the field of shield
tunnel engineering. The theory of the proposed method is
not in conflict with other tunnel structures and conditions.
With proper numerical modelling methods, the proposed
back-analysis method can be applied to other types of
tunnels, including immersed-tube tunnels. The assumption
of earth pressure, however, should be carefully considered
when it comes to more complicated ground situations. It is
also noted that the influencing factors of deformation are
more than external loads. The deformation induced by the
evolution of the material and structure [55] should be
further considered to pursue better accuracy.

The cost time of the proposed methods can be divided
into two parts, i.e., the offline stage and the online stage. In
the offline stage, plenty of simulation results will be required
to establish the matrixes and equations. Hence, the cost time
in the offline stage involves the time of numerical compu-
tation, which depends on the demanded accuracy and the
levels of the numerical models. In the online stage, the cost
time is less, which involves the calculation of equations only.

5. Conclusions

Based on Betti’s theorem, the back-analysis approach is
proposed in this work to study the external loads on the
lining structure in the operational phase. The external load
on the tunnel structure can be calculated by using the in-situ
monitoring data and numerical simulations. For the in-situ
monitoring, the deformation of the tunnel should be
measured. According to the numerical simulation results,
deformations of tunnel structure can be obtained for
multiple virtual load cases. Based on the actual deformation,
virtual deformation, and virtual load, the actual loads acting
on the tunnel lining can be back-analyzed by using the
singular value decomposition method performed by

MATLAB. The proposed methods and workflows can be
applied with the combination of laser scanning or other
deformation measuring methods. The proposed back-
analysis method allows the calculation of external loads
directly instead of soil properties. The back analysis of the
external loads on the lining does not involve complex op-
timization methods, which will minimize the computational
cost of back analysis.

The data of a model test were used to verify the feasibility
of the back-analysis approach. Meanwhile, the finite element
model is built according to the physical model of the model
test. The simulation result shows satisfying agreement with
the test data. It is noted that since the rationality of the back-
analyzed results depends highly on the accuracy of the
numerical simulation, the model should be calibrated
carefully before the load back analysis. The practical ap-
plication with the scanned full-ring deformation is carried
out successfully. It is indicated the back-analysis approach
can be used for analyzing the loading condition on tunnel
lining in operation based on the deformation data measured
in practice.
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