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Base-isolated structures achieve superior seismic performance but with the cost of large deformation of the base foor, which
possibly causes superstructure collapse during severe earthquakes. Hence, it is of great interest to develop hybrid base isolation
systems that can reduce the base deformation and simultaneously improve the superstructure’s performance. Recently, several
hybrid base isolation systems using inerter-based dampers have emerged; however, the nonlinear performance of the isolators has
rarely been considered in these studies. In this paper, we conduct a nonlinear stochastic optimization of a novel hybrid base
isolation system with lead-rubber bearings (LRB) and electromagnetic inertial mass dampers (EIMD). Based on the Bouc–Wen
hysteretic model of the LRB, we derive the semianalytical solutions of the response variances of a simplifed base-isolated model
subjected to stationary seismic excitations.Ten, based on the semianalytical solutions, we propose a procedure for optimizing the
EIMD aimed at minimizing the superstructure interstory drift. In addition, we investigate the efect of site conditions and
postyielding to preyielding stifness ratios of the LRB on the optimal EIMD parameters and corresponding seismic performance. It
is found that the hybrid base isolation system achieves better performance at a soft site than at a frm site. Results of a hybrid base-
isolated building under artifcial and real earthquake excitations illustrate that the EIMD can reduce both the base deformation
and superstructure response, which outperforms the hybrid base-isolated building with conventional viscous dampers (VD).

1. Introduction

Base isolation technology can efectively protect civil structures
from damage induced by earthquake ground motions, the
principle of which is to shift the fundamental period of the
isolated structure away from the frequency range with the
strongest seismic input energy, so the ground motion will not
be transmitted into the structure [1]. In engineering practice,
diferent types of base isolation systems, such as lead-rubber
bearings (LRB) [2, 3], sliding isolation bearings [4], and friction
pendulum systems (FPS) [5, 6], have been widely applied in
base-isolated structures (BIS). Although the original structure
response is greatly reduced, a large deformation induced by the
earthquake ground motion will occur on the base foor, thus
the superstructure might face collapse risk when experiencing
an extremely rare earthquake. Hence, hybrid base isolation
systems, which combine isolation bearings and passive

dampers, receive increasing attention [7–11] and intend to
tackle the challenges of overlarge base deformation of the BIS
during extremely rare earthquakes while maintaining or re-
ducing superstructure responses.

In a hybrid base isolation system, the supplemental
passive damper plays a key role. In the 1990s, Kelly et al.
proposed a classical hybrid base isolation system using fuid
viscous dampers, which is capable of providing properly
designed damping to enhance the seismic performance of
the BIS [12]. In the past decade, inerter-based dampers have
received increasing attention in the development of hybrid
base isolation systems. Diferent from fuid viscous dampers,
inerter-based dampers not only provide damping force but
also inertial force. Due to the inertial force, inerter-based
dampers can prolong the period of the BIS and alter the
mode shapes, etc., which may be benefcial for seismic re-
sponse control if properly designed [13].
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To date, the studies on hybrid base isolation systems
with inerter-based dampers can be categorized into two
types: linear analysis and nonlinear analysis. In the linear
analysis, both isolation bearings, inerter-based dampers,
and superstructures are assumed to respond linearly.
According to linear mechanical models, the inerter-based
dampers can be classifed into a total of fve types: viscous
mass damper (VMD) [14, 15] (or electromagnetic inertial
mass damper (EIMD) [16], tuned viscous mass damper
(TVMD) [14], tuned inerter mass (TID) [17], tuned mass
damper-inerter (TMDI) [18], and tuned inertial mass
electromagnetic damper (TIMED) [19].Te simplest case is
to add a single inerter to the BIS. Te second modal re-
sponse can be eliminated if the inerter is properly designed
[20]. Other studies reveal, however, that the inerter may
increase the acceleration responses of the superstructure
[21]. Te authors investigated the hybrid base isolation
system with the EIMD and found that the EIMD can limit
the base foor deformation and reduce the superstructure
responses at the same time, which performs better in soft
soil conditions than in frm soil conditions [13, 22]. Due to
the flter function of the supplemental spring in series with
the VMD, it is found that the TVMD can further improve
the superstructure acceleration control performance in
contrast to the VMD [23, 24]. In addition, the hybrid base
isolation system with the TID has been extensively studied
[25, 26], which found that the TID performs well in soft soil
conditions [27].

It is of great interest to investigate the nonlinear per-
formance of hybrid base isolation systems because the force-
deformation behaviors of base isolation systems are highly
nonlinear. Recently, the nonlinear analysis of the hybrid base
isolation system with inerter-based dampers has drawn
increasing attention [28–30]. In 2018, De Domenico et al.
[28] investigated the hybrid base isolation system composed
of LRB/FPS and the TMDI, which demonstrated the ro-
bustness and good performance of the system. Zhao et al.
[29] compared the performance of the FPS with the TID or
the TVMD and found that the former has better control
performance. Considering the nonlinear model of the LRB,
Li et al. [30] illustrated that TMDI has superior control
performance under near-fault pulse-type earthquakes
compared with TMD. However, there are few pieces of
literature on the nonlinear analysis and optimization of the
hybrid base isolation system with the EIMD [31]. Although
the linear analysis has demonstrated the salient feature of the
hybrid base isolation system with the EIMD, its parameter
optimization and actual seismic performance when con-
sidering the nonlinear behavior of the LRB have not been
reported yet.

To address the above issue, we conduct a stochastic
optimization of a nonlinear hybrid base isolation system
consisting of an LRB and an EIMD. Te semianalytical
solutions of the response variances of the nonlinear hybrid
base isolation system are derived under the Kanai-Tajimi
fltered Gaussian white-noise process. Based on the

solutions, we then propose a stochastic optimization pro-
cedure for the EIMD design. Particularly, we investigate the
optimal parameters of the EIMD and corresponding seismic
response reduction performance considering the LRB with
diferent ratios of postyielding to preyielding stifness under
frm and soft soil conditions. Te efectiveness of the pro-
posed stochastic optimization procedure is then verifed
using a numerical example of a seven-story nonlinear BIS
subjected to both a set of stationary artifcial excitations and
real ground motion records.

2. Nonlinear Stochastic Analysis of Hybrid Base
Isolation Systems

2.1. Motion Equations. Tis section carries out a stochastic
analysis of a hybrid base isolation system consisting of an
LRB and an EIMD. As depicted in Figure 1(a), a BIS with the
hybrid base isolation system is simplifed to a two-degree-of-
freedom (2-DOF) dynamical system. Figure 1(b) shows the
confguration of the EIMD, whose detailed design and
mechanical model can be referred to in our previous
study [16].

In this study, the mechanical behavior of the LRB is
simulated by the Bouc–Wen hysteretic model (Figure 1(c))
and the linear damper model, and its restoring force is given
by [3]

FLRB υb, _υb, Z( 􏼁 � cb _υb + αkbυb +(1 − α)kbυybZ, (1)

where cb and kb denote the viscous damping and initial
stifness of the LRB, respectively; α is the ratio of postyielding
to preyielding stifness of the bearing; υyb is the yield dis-
placement of the bearing; Z is a dimensionless hysteretic
variable that satisfes the equation

υyb
_Z � A _υb − c _υb

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌|Z|

η− 1
Z − β _υb|Z|

η
, (2)

in which the nondimensional parameters A, c, β, and η are
related to the shape and smoothness of the hysteresis loops.

Figure 1(d) shows the linearized mechanical model of
the EIMD [16]; the resisting force of the EIMD is given by

FEIMD _υb, €υb􏼐 􏼑 � me€υb + cd _υb. (3)

Te linearized model of the EIMD was validated in our
previous study [16]. As shown in Figure 2, the predicted
hysteretic curve using equation (3) matches well with the
measured counterpart, illustrating the validity of the
linearized model.

Te equations of motion of the 2-DOF dynamical system
subjected to seismic excitation €ug are given by

ms€υs + ms€υb + cs _υs + ksυs � −ms€ug, (4a)

ms€υs + ms + mb( 􏼁€υb + FEIMD _υb, €υb􏼐 􏼑

+FLRB υb, _υb, Z( 􏼁 � − ms + mb( 􏼁€ug.
(4b)
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Substituting equations (1), (2), and (3) into equation (4),
we have

ms€υs + ms€υb + cs _υs + ksυs � −ms€ug, (5a)

ms€υs + ms + mb + me( 􏼁€υb + cb + cd( 􏼁 _υb + αkbυb

+(1 − α)kbυybZ � − ms + mb( 􏼁€ug,
(5b)

υyb
_Z � A _υb − c _υb

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌|Z|

η− 1
Z − β _υb|Z|

η
. (5c)

2.2. Stationary Stochastic Seismic Excitation Model. Te
stationary stochastic seismic excitation model can be
adopted as the Kanai-Tajimi fltered Gaussian white-noise
process, which is given by the following diferential
equations::

ug � −2ξfωf _uf2
− ω2

f uf2
+ 2ξgωg _uf1

+ ω2
guf1

, (6a)

€uf2
+ 2ξfωf _uf2

+ ω2
f uf2

� − €uf1
+ w􏼐 􏼑, (6b)

€uf1
+ 2ξgωg _uf1

+ ω2
guf1

� −w, (6c)

where w is the Gaussian white-noise process with a mean
value equal to zero at the bedrock. uf1

, ωg, and ξg are the
displacement response, natural frequency, and damping

ratio of the frst flter, respectively. uf2
, ωf, and ξf are the

displacement response, natural frequency, and damping
ratio of the second flter, respectively. Te two-sided power
spectrum density (PSD) function of the Kanai-Tajimi fltered
Gaussian white-noise process is given by

S€ug
�

ω4
g + 4ξ2gω

2
gω

2

ω2
g − ω2

􏼐 􏼑
2

+ 4ξ2gω
2
gω

2

ω4

ω2
f − ω2

􏼐 􏼑
2

+ 4ξ2fω
2
fω

2
S0,

(7)

where S0 is the bedrock white-noise input intensity, which
can be calculated by

S0 �
0.141ξg€u

2
g,max

ωg

������

1 + 4ξ2g
􏽱 , (8)

and the €ug,max is the peak ground acceleration (PGA). €ug,max
is taken as 0.4 g in the study.

2.3. Statistical Linearization Technique. Te statistical line-
arization technique is adopted to deal with the nonlinear
equation in equation (5). Equation (5c) can be replaced by
the following equivalent linear equation:

υyb
_Z + ceq _υb + keqZ � 0, (9)
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Figure 1: Confguration of the EIMD and the 2-DOF model of a structure with the hybrid base isolation system. (a) Confguration of the
hybrid base isolation system; (b) confguration of the EIMD; (c) Bouc–Wen hysteretic model of LRB; (d) mechanical model of EIMD.
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where ceq and keq are the equivalent linear damping and
stifness coefcients of the LRB, respectively. Te lineari-
zation coefcients ceq and keq can be computed by mini-
mizing the expectation of the least square error between the
nonlinear equation (5c) and linearized equation (9), which
are given by

ceq �

��
2
π

􏽲

c
E _υbZ􏼂 􏼃

σ _υb

+ βσZ􏼨 􏼩 − A, (10a)

keq �

��
2
π

􏽲

cσ _υb
+ β

E _υbZ􏼂 􏼃

σZ

􏼨 􏼩, (10b)

where E[∙] denotes the expectation operator.

2.4. State-Space Model of the BIS. A state-space model is
adopted to solve the response of the equivalent linear system.
Equations (5a) and (5b) can be rewritten as

ms + mb + me ms

ms ms

􏼢 􏼣
€υb

€υs

⎡⎣ ⎤⎦ +
cb + cd 0

0 cs

􏼢 􏼣
_υb

_υs

􏼢 􏼣 +
αkb 0

0 ks

􏼢 􏼣
υb

υs

􏼢 􏼣 +
(1 − α)kbυyb

0
􏼢 􏼣Z �

− ms + mb( 􏼁€ug

−ms€ug

⎡⎢⎢⎢⎢⎣ ⎤⎥⎥⎥⎥⎦. (11)

Write equation (11) in standard form as

M€υ + C _υ + Kυ + HZ � −I€ug, (12)

where

M �
1 + μ c

1 1
⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦,C �

2ξbωb + 2ξωb 0

0 2ξsωs

⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦,K �
ω2

b 0

0 ω2
s

⎡⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎦,H �

(1 − α)ω2
bυyb

α

0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, υ �

υb

υs

⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦, I �
1

1
⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦, (13)

in which the natural frequency and damping ratio of the BIS and
the superstructure are as follows: ωb �

������������
αkb/(ms + mb)

􏽰
and

ξb � cb/[2(ms + mb)ωb]; ωs �
�����
ks/ms

􏽰
and ξs � cs/2msωs,

respectively; c � ms/(ms + mb) represents the mass ratio of the
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Figure 2: Validation of the EIMDmodel (parameters of the EIMD prototype: me � 5.8 ton, cd � 132.4kN ∙ s/m, and Rload � 0Ω; sinusoidal
excitation frequency: 1Hz, displacement amplitude: 5mm). (a) Experimental setup; (b) comparison of predicted and measured hysteretic
curve of the EIMD.
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BIS; μ � me/(ms + mb) and ξ � cd/[2(ms + mb)ωb] represent
the inertance-to-mass ratio and the damping ratio of the EIMD,
respectively.

Equations (9) and (11) can be written in the state-space
form as

_V � BV + W, (14)

where the state vector V is defned as

V � υb, υs, _υb, _υs, Z, uf2
, _uf2

, uf1
, _uf1

􏽮 􏽯
T
, (15)

and B is the augmented system matrix, which is given by

B �

02×2 E2×2 02×1 02×1 02×1 02×1 02×1

−M− 1K −M− 1C −M− 1H M− 1Iω2
f M− 1I2ξfωf −M− 1Iω2

g −M− 1I2ξgωg

01×2 −
ceq

υyb

0􏼨 􏼩 −
keq

υyb

0 0 0 0

01×2 01×2 0 0 1 0 0

01×2 01×2 0 −ω2
f −2ξfωf ω2

g 2ξgωg

01×2 01×2 0 0 0 0 1

01×2 01×2 0 0 0 −ω2
g −2ξgωg

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (16)

and W is the excitation vector, that is,

W � 0, 0, 0, 0, 0, 0, 0, 0, −w{ }
T
. (17)

Te state vector V is a Markov process, and the Γ is the
covariance matrix of the response vector V and satisfes the
following equation:

_Γ � BΓ + ΓBT
+ D, (18)

where D represents the input matrix of the bedrock exci-
tation, which is given by

D �
08×8 08×1

01×8 2πS0
􏼢 􏼣. (19)

Te elements of the response covariance matrix Γ read

Γij � E ViVj􏼐 􏼑. (20)

In the steady-state, the matrix Γ is independent of time,
then _Γ equal to zeros. Equation (18) becomes a reduced
Lyapunov equation as

BΓ + ΓBT
+ D � 0. (21)

Equation (21) can be solved usingMATLAB directly.Te
linearization coefcients ceq and keq are initially unknown.

Given the appropriate initial values of the ceq and keq and
establishing the matrix B the updated ceq and keq can be
obtained by solving Equation (21), and then by conducting
an iterative calculation, the ceq and keq can be determined
upon reaching convergence.

3. Parametric Optimization

3.1. Efect of EIMD Parameters on Seismic Response Control.
A parametric analysis is conducted to investigate the efect of
EIMD parameters on seismic response control for the BIS.
We defne three performance indicators using the response
variances of the superstructure relative displacement (σ2υs

),
the superstructure absolute acceleration (σ2

€us
), and the base

foor relative displacement (σ2υb
). Te σ2υs

and σ2υb
can be

directly obtained from the response variances matrix Γ. We
know the absolute acceleration €us satisfes the following
equation, that is,

€us � €υb + €υs + €ug, (22)

and through equation (4a), the following equation can be
obtained:

€us � −2ξsωs _υs − ω2
sυs. (23)

Structural Control and Health Monitoring 5



Ten, the σ2
€us
can be given by

σ2€us
� E €u

2
s􏼔 􏼕 � 4ξ2sω

2
sσ

2
_υs

+ ω4
sσ

2
υs

. (24)

Te parameters of the 2-DOF dynamical model of the
BIS with the hybrid base isolation system are set as follows:

superstructure: ms � 21015 tons, ks � 1195770
kN
m

, ξs � 0.02,

(25a)

base floor:mb � 6115 tons, (25b)

LRB: kb � 1713679
kN
m

, ξb � 0.05, α � 0.1,

·υyb � 0.015m, A � 1, β � c � 0.5, η � 1.

(25c)

Te fundamental periods of the superstructure and the
BIS are

Ts �
2π
ωs

�
2π
�����
ks/ms

􏽰 � 0.83s, Tb �
2π
ωb

�
2π

������������
αkb/ mb + ms( 􏼁

􏽱 � 2.5s.

(26)

Te parameters of the Kanai-Tajimi fltered Gaussian
white-noise process are ωg � 15.0 rad/s, ξg � 0.6, ωf � 1.5,
and ξf � 0.6 (for the frm soil condition) and ωg � 5.0 rad/s,
ξg � 0.2, ωf � 0.5, and ξf � 0.6 (for the soft soil condition).

Figures 3(a)–3(c) show the seismic response reduction
ratio of the BIS under frm soil conditions varying with the
parameters of the EIMD. Te σ2υb0

, σ2υs0
, and σ2

€us0
are the

responses of the BIS without dampers. In the study, the
inertance-to-mass ratio μ and the damping ratio co-
efcient ξ of the EIMD are limited to a reasonable range:
0≤ μ≤ 1 and 0≤ ξ ≤ 0.5. It is observed in Figure 3(a) that
the variation of the damping ratio ξ has a greater efect on
reducing the base foor displacement response variance
than that of the inertance-to-mass ratio μ. From
Figures 3(b) and 3(c), it is found that there are an optimal
inertance and damping for minimizing the relative dis-
placement or absolute acceleration response of the su-
perstructure. A similar change rule of the seismic
responses versus the parameters of the EIMD can also be
obtained in the soft soil condition, as shown in Figure 4. In
addition, compared with Figures 3 and 4, we found that
the EIMD is more efective in soft soil conditions than in
frm soil conditions.

3.2. Optimization Procedure. Te previous analysis verifes
the efectiveness of the EIMD in reducing the seismic re-
sponse of the BIS. Results illustrate that there is an optimal
inertance-to-mass ratio μ and damping ratio ξ to minimize
the response variance of the superstructure (relative dis-
placement or absolute acceleration). Tis section proposes
a stochastic optimization procedure of the EIMD to mini-
mize the relative displacement response variance of the

superstructure. It can be transformed into a constrained
optimization problem as follows:

min
x

σ2υs such that xlb ≤ x ≤ xub, (27)

where x � [μ, ξ] represents the parameter vector of the
EIMD; xlb and xub are the lower and upper values of x. We
solve equation (27) by using a nonlinear programming
solver (fmincon function) in MATLAB@.

Te following optimization procedure is depicted in
Figure 5:

(1) Based on the 2-DOF base-isolated model, we es-
tablish the relationship between the response vari-
ance σ2υs

and the parameters (μ, ξ) through equations
(20) and (21).

(2) We solve equation (27) and obtain the optimal pa-
rameters μ, ξ.

3.3. Parametric Study. Based on the above stochastic op-
timization procedure, we study optimal parameters and
corresponding seismic response control efects of the
EIMD considering diferent α of the LRB under frm and
soft soil conditions. Considering the same system pa-
rameters as shown in equation (25), the value of α ranges
from 0.05 up to 0.15, corresponding to the isolation period
Tb � 3.54s to Tb � 2.04s, respectively. From Figure 6, we
can fnd the following:

(1) It can be seen from Figure 6(a) that, in the two soil
conditions, with the increase of α, that is, the
decrease of the isolation period Tb, the optimal
inertance-to-mass ratio μ also increases. Tis
means that the lower the isolation period of the
system, the greater the inertance of the EIMD is
needed. Under soft soil conditions, the optimal μ
becomes larger compared with the cases of frm
soil conditions.

(2) As shown in Figure 6(b), the optimal damping co-
efcient ξ is positively correlated with α, and the
optimal ξ is larger in soft soil conditions than in frm
soil conditions.

(3) Figure 6(c) shows the reduction ratio of the relative
displacement response variance σ2υs

of the LRB-
isolated structure with optimal EIMD. When α in-
creases from 0.05 to 0.15, the reduction ratio of σ2υs

in
the case of frm soil conditions ranges from 17.4% to
30.6%, whereas in the soft soil condition case, it
ranges from 34.4% up to 71.8%. It is observed that the
EIMD performs better for controlling the super-
structure relative displacement response variance in
soft soil conditions.

4. Numerical Simulation

A seven-story LRB-isolated building [23] is selected as the
numerical model in this numerical simulation study, as
shown in Figure 7. Te building is located at a soft soil site.
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Figure 3: Relationship between the reduction ratios of system response variances and the EIMD parameters under frm soil conditions.
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Te superstructure is assumed to remain in a linear state
when experiencing earthquakes. A bilinear model with
viscous damping is used to describe the hysteretic behavior
of the LRB, of which the parameters are ξb � 0.05, α � 0.1,
υyb � 0.015m, A � 1, β � c � 0.5, and η � 1. Tus, the iso-
lation period of the LRB-isolated building is Tb � 2.5s. In
this numerical simulation, the nonlinear time-history re-
sponses are obtained using the Runge–Kutta method with
a fxed step of 0.001 s.

4.1. Design of a EIMD. Based on a 2-DOF analytical model,
the optimal EIMD parameters can be obtained using the
proposed stochastic optimization procedure. Figure 7 shows
the specifcations of the equivalent 2-DOF model of the
seven-story LRB-isolated building. In the parameter opti-
mization, the bound of x is given by

xlb � [0; 0], xub � [1; 0.5]. (28)

Solving equation (27), the optimal parameters of the
EIMD are μ � 0.47 and ξ � 0.06.

Except for the hybrid base isolation system with the
EIMD, the case of the viscous damper (VD) is also computed
for comparison purposes. Using the same optimization
procedure (let me � 0), the optimal damping ratio of VD
is 0.15.

4.2. Nonlinear Seismic Response Analysis. Tis section
presents the nonlinear seismic response analysis of the
building model with the hybrid base isolation system. Te
diferential equations of motion of the system are as follows:

M∗υ + C∗ _υ + K∗υ + H∗Z � −M∗ug, (29a)

υyb
_Z � A _υb − c _υb

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌|Z|

η− 1
Z − β _υb|Z|

η
, (29b)

in which

M∗ �

mb + 􏽘

7

i�1
mi

⎛⎝ ⎞⎠ + me m1 m2 m3 m4 m5 m6 m7

m1 m1 0 0 0 0 0 0

m2 0 m2 0 0 0 0 0

m3 0 0 m3 0 0 0 0

m4 0 0 0 m4 0 0 0

m5 0 0 0 0 m5 0 0

m6 0 0 0 0 0 m6 0

m7 0 0 0 0 0 0 m7

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (30a)

C∗ �

cb + cd 0 0 0 0 0 0 0
0 c1 + c2 −c2 0 0 0 0 0
0 −c2 c2 + c3 −c3 0 0 0 0
0 0 −c3 c3 + c4 −c4 0 0 0
0 0 0 −c4 c4 + c5 −c5 0 0
0 0 0 0 −c5 c5 + c6 −c6 0
0 0 0 0 0 −c6 c6 + c7 −c7

0 0 0 0 0 0 −c7 c7

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (30b)

K∗ �

αkb 0 0 0 0 0 0 0
0 k1 + k2 −k2 0 0 0 0 0
0 −k2 k2 + k3 −k3 0 0 0 0
0 0 −k3 k3 + k4 −k4 0 0 0
0 0 0 −k4 k4 + k5 −k5 0 0
0 0 0 0 −k5 k5 + k6 −k6 0
0 0 0 0 0 −k6 k6 + k7 −k7

0 0 0 0 0 0 −k7 k7

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (30c)
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H∗ �

(1 − α)kbυyb

0
0
0
0
0
0
0

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

,M∗ � mb + 􏽘
7

i�1
mim1m2m3m4m5m6m7⎡⎣ ⎤⎦, υ �

υb

υ1
υ2
υ3
υ4
υ5
υ6
υ7

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (30d)

Te natural periods of the fx-base building model are
0.833 s, 0.294 s, 0.193 s, 0.148 s, 0.128 s, 0.110 s, and 0.093 s,
respectively. Te LRB’s elastic stifness kb can be calculated
by the following formula:

kb �
mb + 􏽐

7
i�1 mi􏼐 􏼑 ∙ 2π/Tb( 􏼁

2

α
� 1912019

kN

m
. (31)

Ten, the isolation period of the LRB-isolated building is
2.60 s.

According to Section 4.1, the optimal parameters of the
EIMDs are me � 14226.9ton and cd � 9129.2 kN ∙ s/m,
respectively.

4.2.1. Results of Artifcial Excitations. Based on the fltered
Kanai-Tajimi spectrum (in equation (7)) and the parameters
of soft soil conditions, 100 stationary artifcial accelerograms
are generated using the spectral representation method [32].
We take the data point number of every single artifcial
accelerogram as 8192 data points to ensure higher com-
putational efciency in the fast Fourier transform (FFT).Te
time interval is 0.02 s, so the duration of each artifcial
accelerogram is 163.84 s. A time-modulating function is
used to multiply the 100 stationary artifcial accelerograms

to obtain the nonstationary artifcial accelerograms, which
are given by [33]

g(t) � a1t exp −a2t( 􏼁, (32)

where a1 � 0.45s− 1 and a2 � 1/6s− 1.
A typical nonstationary artifcial accelerogram with

a peak acceleration equal to 0.4 g is plotted in Figure 8.
Figures 9(a) and 9(b) show the hysteretic behaviors of the
two dampers under the artifcial seismic excitations, re-
spectively. Te maximum damper force of the VD is
32760 kN, while the counterpart of the EIMD is 66699 kN,
which is about twice that of the former. In addition, it is also
observed that the hysteretic behaviors of the EIMD have an
obvious negative slope in the second and fourth quadrants,
which partially simulates the characteristics of active
control force.

Figure 10 compares the seismic time-history responses
of the BISmodel subjected to the artifcial seismic excitations
in three cases: without damper, with the VD, and with the
EIMD. It can be seen from Figures 10(a)–10(c) that the
EIMD performs much better than the VD. On the one hand,
in the LRB-isolated structure with the EIMD, the maximum
values of the base foor deformation, superstructure inter-
story drift, and superstructure acceleration are reduced by

Establish the mathematical relationship between the displacement response
variance σ2

vs
 of the 2-DOF model and the design parameters x = [μ, ξ].

Obtain the parameters of the EIMD : μ, ξ.

Solve the single-objective multi-variable optimization problem
min σ2

vs
 Such that xlb ≤ x ≤ xub.x

Figure 5: Flowchart of the design of the EIMD.
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Figure 7: Te seven-story base-isolated building with an EIMD.
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37.2%, 50.3%, and 40.3%, respectively, whereas in the VD
case, they are reduced by 35.3%,30.2%, and 26.3%,
respectively.

Figure 11 plots the average peak displacement response
of the analytical model under 100 artifcial excitations in the
three cases: without damper, with the VD, and with the
EIMD. It can be seen that the EIMD reduces the interstory
drifts more efectively than the VD. Te peak absolute ac-
celeration occurs on the roof, whereas the peak interstory
drift takes place on the frst foor. Detailed information on
the average peak seismic responses of the three cases is
shown in Figure 12. When the LRB-isolated structure is
coupled with the EIMD, the interstory drift of the 1st foor is
decreased from 0.0314m to 0.0221m, the relative dis-
placement of the base foor is decreased from 0.5359m to
0.3929m, and the absolute acceleration of the roof is de-
creased from 8.0905m/s2 to 5.2827m/s2, respectively. In
summary, numerical results illustrate that the EIMD out-
performs the VD.

4.2.2. Results of Earthquake Records. According to Eurocode
8, [34] a set of real ground motion records (soft soil

condition, Vs30< 180m/s) is used to conduct a nonlinear
seismic response analysis of the building model with dif-
ferent dampers. Table 1 lists detailed information about the
ground motion records. For consistency with the numerical
simulation of artifcial seismic excitation cases, the PGA of
the ground motion records was scaled to 0.4 g. Figure 13
plots the accelerograms of the Chuetsu-oki earthquake
(RSN-5295). Figure 14 compares the normalized PSD of the
ground motion record with the normalized Kanai-Tajimi
spectrum (in equation (7)). It is found that their frequency
components are fairly matched.

Figure 15 compares the time-history responses of the
analytical model subjected to the Chuetsu-oki earthquake
(RSN-5295) in three cases: without damper, with the VD,
and with the EIMD. When the LRB-isolated structure is
coupled with the EIMD, the maximum values of base foor
deformation, superstructure interstory drift, and super-
structure acceleration are reduced by 29.7%, 34.5%, and
42.5%, respectively. Te corresponding results are 26.3%,
17.1%, and 4.4%, respectively, for the LRB-isolated struc-
ture with the VD. As a result, the EIMD outperforms the
VD in reducing the seismic response of the LRB-isolated
structure under the Chuetsu-oki earthquake (RSN-5295).
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Figure 8: Typical artifcial accelerograms (soft soil condition, €ug,max � 0.4g).
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Figure 9: Typical force-displacement curves of VD and EIMD under artifcial seismic excitations. (a) VD. (b) EIMD.
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Figure 10: Comparison of the seismic responses of the three cases subjected to the artifcial accelerogram (soft soil condition, PGA� 0.4 g).
(a) Interstory drift at the frst foor of the superstructure. (b) Absolute acceleration at the roof. (c) Base foor deformation.
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Figure 11: Average peak displacement responses of the seven-story LRB-isolated building with or without dampers subjected to a total of
100 artifcial accelerograms (soft soil condition, PGA� 0.4 g).
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Figure 12: Continued.
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Figure 12: Comparison of the control performances of the EIMD and VD for the seven-story LRB-isolated building subjected to a total of
100 artifcial seismic excitations (PGA� 0.4 g). (a) Interstory drift at the frst foor of the superstructure. (b) Absolute acceleration at the roof.
(c) Base foor deformation.

Table 1: Information of the ground motion records.

Record sequence Event Year Station Magnitude Rupture distance (km) VS30 (m/s) Component
5295 Chuetsu-oki, Japan 2007 SIT003 6.8 169.99 99.93 NS
6443 Niigata, Japan 2004 AIC003 6.63 292.12 144.37 EW
4941 Chuetsu-oki, Japan 2007 CHB008 6.8 218.62 143.47 NS
6650 Niigata, Japan 2004 KNG013 6.63 216.69 89.32 NS
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Figure 13: A typical earthquake record at a soft soil site (RSN-5295, Chuetsu-oki, Japan, PGA� 0.4 g).
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Figure 14: Comparison of the normalized fltered Kanai-Tajimi spectrum and the PSDs of the earthquake records at the soft soil sites.
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Figure 15: Comparison of the seismic responses of the three cases subjected to the RSN-5295 earthquake record. (a) Interstory drift at the
frst foor of the superstructure. (b) Absolute acceleration at the roof. (c) Base foor deformation.
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Figure 16: Comparison of the control performances of the EIMD and VD for the seven-story LRB-isolated building subjected to earthquake
records (PGA� 0.4 g). (a) Interstory drift at the frst foor of the superstructure. (b) Absolute acceleration at the roof. (c) Base foor
deformation.
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Figure 16 shows the numerical results of the seismic re-
sponse of the structure under the ground motion records,
which illustrate that the optimal EIMD signifcantly en-
hances the seismic performance of the LRB-isolated
structure.

5. Conclusions

Te nonlinear stochastic analysis of a structure with a hybrid
base isolation system consisting of the LRB and the EIMD has
been conducted in the time domain through the state-space
method. Taking the nonlinear behavior of the LRB into ac-
count, we derive the semianalytical solutions of the response
variances of the 2-DOF base-isolated model subjected to the
Kanai-Tajimi earthquake model. A stochastic optimization
procedure is proposed for the EIMD parameters to minimize
the interstory drift of the superstructure using the semi-
analytical solutions. Using the optimization procedure,
a comprehensive parametric study has been conducted to
investigate the infuence of the postyielding to preyielding
stifness ratio of the LRB and soil conditions on the optimal
EIMD and its corresponding seismic control performance. In
addition, the optimization procedure was applied to a seven-
story LRB-isolated building, and a nonlinear seismic response
analysis was conducted considering both artifcial accelero-
grams and earthquake records. Te following are the major
conclusions that can be drawn from this study:

(1) Te optimal inertance-to-mass ratio μ increases with
increasing the postyielding to preyielding stifness
ratio α. It is noted that the period of the BIS shortens
with increasing the α. In other words, a more stif
system requires a larger inertance coefcient of the
EIMD to further enlarge the system period and
enhance the seismic performance.

(2) Te soil condition has a signifcant efect on the hybrid
base isolation system with the EIMD. It is found that
the hybrid base isolation system has better seismic
performance in soft soil conditions than in frm soil
conditions. Te optimal inertance-to-mass ratio μ and
optimal damping ratio ξ of the EIMD are larger at the
soft soil site than their counterparts at the frm soil site.
In soft soil conditions, the long-period components
dominate the earthquake groundmotions.Terefore, it
requires a large μ to further prolong the system period,
thus avoiding resonance response.

(3) Numerical results illustrate that the EIMDoutperforms
the VD at the soft soil site. Considering the artifcial
seismic excitations, the performance enhancement by
the EIMD compared with the VD for the base foor
deformation, the interstory drift of the superstructure,
and the superstructure acceleration are 3.2%, 17.5%,
and 23.3%, respectively. When considering earthquake
records compared with the VD cases, the performance
enhancement by the EIMD for the above three re-
sponses is 6.4%, 12.5%, and 16.0%, respectively.
Consequently, it is demonstrated that the hybrid base
isolation system using the novel EIMD is promising

and that its performance can be improved compared
with that of the conventional VD.
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