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Large megawatts ofshore wind turbine (OWT) with low natural frequency and low damping is subjected to signifcant vibration
from wind and wave actions in its service environment.Te one-dimensional prestressed tuned mass damper (PSTMD) is further
extended to a 3D-PSTMD for the control of vibrations of the OWT in this paper. A multiple DOFs coupled system of turbine,
blades, tower, and foundation under aerodynamic and hydrodynamic forces is considered in this study of vibration mitigation at
fore-aft and side-side directions.Te dynamic model is derived with the Lagrangian equation, and the superiorities of the PSTMD
are proved from the perspective of theoretical analysis. Aerodynamic and hydrodynamic loads are generated with the blade
element momentum (BEM) theory andMorrison equation, and the dynamic responses of diferent systems are computed by using
the Wilson-θ method. Te analysis results indicate that a damping coefcient of the 3D-PSTMD corresponding to the frst
vibration mode can be tuned to take up values larger than that in traditional three-dimensional pendulum (TMD) (3D-PTMD).
Te bidirectional vibration suppression competences of the 3D-PSTMD in the dynamic responses when under aerodynamic and
hydrodynamic loads are better than those of the traditional 3D-PTMD.

1. Introduction

Te ofshore wind turbine (OWT) has becomemore popular
in recent years due to advantages of being a cheap energy
source, less visual impact, low noisy problem, and without
land requirement [1]. Taller and slender large-megawatts
OWTs have been constructed ofshore [2] to capture more
energy. However, the steel OWT structure has a long vi-
bration period and light damping which make it more
vulnerable to signifcant vibrations caused by wind or waves
[3]. Tese vibrations will further lead to adverse impacts on
the efciency of energy generation and the fatigue life [4] of
the tower. Consequently, it is necessary to mitigate the
structural vibrations to enable continuous operation of the
turbine in the harsh ofshore environments.

Tere are three types of vibration control methods for
tall buildings and large span bridges, and they can be sep-
arated into three categories, such as active, semiactive, and
passive vibration absorption technologies [5]. Passive vi-
bration absorbers have been applied widely for vibration
control of OWT because of its low cost and high stability [6].
Amongst these devices, tuned mass damper (TMD) has
a wide range of application due to its simple confguration
[7]. Twomethods are usually employed to analyze the TMD-
controlled OWT system. Te OWT is simplifed as a single
degree-of-freedom (DOF) system for modelling the vibra-
tion behavior of the controlled OWT [8]. Tis has the ad-
vantage of obtaining the analytical design parameters of the
TMD from the harmonic balance method (HBM) or fre-
quency response function (FRF) [9]. Verma et al. [10]
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utilized an efcient framework to optimally design the TMD
control system. Te optimal designed TMD was found ef-
fective for all cases of wind and wave loading studies. A
multiple DOFs OWTsystem was also applied to numerically
analyze the vibration energy dissipation capability of the
TMD [11]. Tis multiple DOFs OWT system can be
employed to model the vital aerodynamic and hydrody-
namic forces on an actual engineering structure [12]. Sun
and Jahangiri [13] utilized a three-dimensional pendulum
TMD to mitigate the dynamic responses of the tower top.
Results showed that the vibrations at the tower top under
aerodynamic load induced by wind in both the fore-aft (F-A)
and side-side (S-S) directions are reduced.

Te abovementioned literature review also shows that
the efciency of the pendulum TMD decreases as the mass
ratio decreases due to the limitation of available space inside
the wind turbine tower [14].Te traditional pendulum TMD
also has the disadvantage that the frequency of the damper
can only be tuned by changing the pendulum length if the
mass ratio is fxed [15]. Several new TMDs have been
proposed in recent years to remove this limitation. For
instance, Chapain and Aly [16] presented a pendulum
pounding the TMD with viscoelastic boundary for vibration
suppression in wind turbines. Results indicated that this
pendulum pounding TMD has the remarkable energy ab-
sorption competence over the conventional TMD since its
robustness. Jahangiri et al. [12] proposed a three-
dimensional pounding pendulum TMD, which comprises
of a pendulum mass damper along with a cylindrical
pounding layer. Results showed that this device is more
robust than the traditional pendulum TMD for vibration
control of OWT. Subsequently, a novel prestressed tuned
mass damper (PSTMD) was proposed by the authors with an
additional cable beneath the mass for applying prestressing
force in the cable of the traditional pendulum TMD [17].Te
frequency of the PSTMD can then be tuned synchronously
by changing the pendulum length and the tensile force of the
prestressing cable. Numerical simulations indicated that
vibration energy dissipation capability and the tuning efect
of the PSTMD are greater than the corresponding con-
ventional TMD when under harmonic load.

It should be noted that the PSTMD was considered as
a single DOF system for obtaining its analytical design
parameters on the basis of the virtual work principle [17],
and only harmonic vibration in one direction is studied in
the previous paper. However, the dynamic characteristics
of an OWT at the F-A and S-S directions are clearly dif-
ferent, and the single DOF model of the wind turbine
cannot prove the superiority of the PSTMD from the
perspective of a theoretical analysis. Moreover, the blade,
tower, and foundation should be taken as diferent DOFs
because the aerodynamic force on the blade caused by wind
and hydrodynamic force of foundation caused by wave
action need to be considered separately to simulate better
the actual environmental excitation. Tis paper developed
a three-dimensional PS-TMD (3D-PSTMD) for vibration
control of the OWT with the dynamic system modelled as
coupling multiple DOFs of the blade, tower, and foun-
dation and established the multiple source load model to

simulate aerodynamic and hydrodynamic forces. More
importantly, the superiorities of the PSTMD are proved
from the perspective of a theoretical analysis in this paper
when comparing with the traditional PTMD (see
Section 3.5).

Te paper is organized as follows. Te dynamic model of
OWTwith the 3D-PSTMD is described in Section 2, and the
equation of motion of the multiple DOFs OWTsystem with
the 3D-PSTMD is derived in Section 3. Te aerodynamic
and hydrodynamic forces are derived in Section 4 using the
BEM theory and Morrison equation. Numerical simulation
of a 5MW OWT is studied with the simulated wind-wave
loads and the 3D-PTMD and 3D-PSTMD as designed in
Section 5.Te dynamic responses are computed by using the
Wilson-θmethod, and the energy dissipation competence of
the 3D-PSTMD as compared to those from the traditional
3D-PTMD is assessed in Section 6. Te corresponding
conclusions are presented in Section 7.

2. Dynamic Model of OWT Coupled by 3D-
PSTMD

2.1. OWT with 3D-PSTMD. Te OWT coupled by a 3D-
PSTMD structure under the wind-wave excitations is shown
in Figure 1. Te displayed OWT consists of three blades,
nacelle, tower, and foundation. Te 3D-PSTMD composed
of three assemblies, i.e., a mass block for generating the
opposite control force, the prestressed cables for tuning own
frequency via tensile force and the suspension height, and
three viscosity dampers for absorbing the corresponding
oscillation energy from the OWT vibration. Since the OWT
tower is a typical high and thin-wall structure and its
structural model damping ratio is generally less than 1%, this
structure is usually viewed as the classical lower damping
system. Hence, the dynamic vibration absorber (DVA) is
always used to promote the structural model damping and
reduce the dynamic responses.

In this respect, the 3D-PSTMD may be considered as an
improved DVA and oscillation dissipater on the basis of the
conventional PTMD. As illustrated in Figure 1, the mass
block is vertically assembled in position using the tensile
force cables, and bottom cable is connected to the fange near
the tower top.Within the horizontal plane, this mass block is
linked to the tower tube wall via arranged viscosity dampers,
as shown in Figure 1.

2.2. Mathematical Model. To simulate the corresponding
aerodynamic and hydrodynamic forces, the blade rotation
and soil interaction efects need to be considered. A fully
coupled three-dimensional OWT is modelled as a 12 DOFs
system, including 6 DOFs for the three turbine blades in the
edgewise and fapwise directions, 2 DOFs for the tower at F-
A and S-S directions, and 4 DOFs for the translation and
rotation of foundation at F-A and S-S directions. Te 3D-
PSTMD is modelled with 2 DOFs in the fore-aft and side-
side directions.Te 14 DOFs for all components are denoted
by symbols q1∼q14, respectively, and they are listed in
Table 1.
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Four coordinate systems (CSs), including a global CS
(Oxyz) and three local CSs (Obxbybzb for the blade, Otxtytzt
for the tower, and OPxPyPzP for the 3D-PSTMD), as shown
in Figures 2 and 3 are designed to express the absolute
displacement of all assemblies. Te DOFs q1∼q3 denote the
generalized displacements of three blade tips relative to the
root of the blade in the edgewise direction. DOFs q4∼q6 are
similar displacements but in the fapwise direction. DOFs q7
and q8 denote the generalized displacements of the tower at
F-A and S-S directions, respectively. Te corresponding
DOFs q9 and q10 represent the translational and rotational
displacements of monopile foundation in the F-A direction,
and DOFs q11 and q12 are the translational and rotational
displacements of monopile foundation in the S-S direction,
respectively.

Te Qwind(t) and Qwave(t) in Figure 2 denote the integral
aerodynamic and hydrodynamic forces, respectively. Point
O is the centroid of foundation, and x, y, and z are the F-A, S-

S, and vertical coordinate axes of the OWT, respectively,
with pointO as origin. PointOb is the centroid of the turbine
hub of the OWT, and xb, yb, and zb are the fapwise,
edgewise, and vertical coordinates, respectively, with point
Ob as origin. Point Ot denotes the centroid of the section at
the toe of the tower, and xt, yt, and zt are the F-A, S-S, and
vertical coordinate axes, respectively, with pointOt as origin.
PointOP is the centroid of the 3D-PSTMD, and xP, yP, and zP
are the F-A, S-S and vertical coordinates for the 3D-PS-
TMD, respectively. φt(zt) represents the shape function
corresponding to the fundamental mode of the tower
along zt.

In Figure 3, dr is the infnitesimal unit of blade length,
and r represents the distance from dr to the root of the blade.
φbe(r) and φbf(r) denote the shape function corresponding to
the fundamental mode of the blade along r in the in-plane
and out-plane, respectively. ub(r, t) is the generalized dis-
placement of the infnitesimal unit length of the blade
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Blade
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Flange

Wave
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Viscous dampers Mass

Vertical view Front view
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Figure 1: Conception design of OWT controlled by 3D-PSTMD.

Table 1: DOFs for diferent components of OWT with 3D-PSTMD.

Component Flapwise or fore-aft
direction

Edgewise or side-side
direction

Blade
1 q4 q1
2 q5 q2
3 q6 q3

Tower q7 q8

Foundation Translation q9 q11
Rotation q10 q12

3D-PSTMD q13 q14
Note:Te fore-aft direction of the tower or foundation is the same as the fapwise direction of the blade, and the side-side direction of the tower or foundation
is the same as the edgewise direction of the blade.
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relative to the root of the blade, and θb represents the ro-
tational angle of the blade. hL represents the height sus-
pending the 3D-PSTMD device, and hF represents the
uppermost segment height of the tower.

2.3. Generalized Absolute Displacement and Velocity. If the
blade rotation velocity is assumed as ωb, the azimuthal angle
θb of the jth blade can be expressed as shown in Figure 3 as

θbj � ωbt +
2π
3

(j − 1), j � 1, 2, 3. (1)

According to the local coordinate transformation re-
lationship in Figure 3, the absolute displacements of the
tower top (nacelle) at F-A and S-S directions in the Oxyz
system can be obtained as

xnf � q7 + q9 + H tan q10(  ≈ q7 + q9 + Hq10,

xns � q8 + q11 + H tan q12(  ≈ q8 + q11 + Hq12,
 (2)

where xnf and xns are the generalized absolute displacement
of nacelle at the F-A and S-S directions, respectively. Symbol
H denotes the height of nacelle above the sea bed.

Te generalized absolute velocities of nacelle in the Oxyz
coordinate system at the F-A and S-S directions can be
written as

vnf � _q7 + _q9 + H _q10,

vns � _q8 + _q11 + H _q12,
 (3)

where vnf and vns are the absolute generalized velocities of
nacelle in F-A and S-S directions, respectively.

As shown in Figure 3, the absolute generalized dis-
placements of the infnitesimal unit dr of the blade in the
Oxyz coordinate system can be obtained from equation (2)
and the local coordinate transformation of the blade as

xbej � xns + r sin θbj + qjφbej cos θbj,

xbfj � xnf + qj+3φbfj,

xbzj � r cos θbj − qjφbej sin θbj,

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(4)

where xbej, xbfj, and xbzj represent the absolute displacements
of the jth blade along the edgewise (in-plane), fapwise (out-
plane), and vertical directions, respectively. φbej and φbfj
represent the shape function corresponding to the

Figure 2: Global coordinate systems.
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fundamental mode of the jth blade in the in-plane and out-
plane, respectively.

Taking the frst derivative of equation (4), the absolute
generalized velocity components of the infnitesimal unit dr
of the jth blade in the Oxyz coordinate system are given as

vbej � vns + ωbr cos θbj + _qjφbej cos θbj − ωbqjφbej sin θbj,

vbfj � vnf + _qj+3φbfj,

vbzj � −ωbr sin θbj − _qjφbej sin θbj − ωbqjφbej cos θbj,

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(5)

where vbej, vbfj, and vbzj are the absolute generalized velocity
components along the edgewise (in-plane), fapwise (out-
plane), and vertical directions, respectively.

Since the position of the mass block of the 3D-PSTMD is
connected in the vertical direction as shown in Figure 3, the
vertical motion is minimal and can be ignored. Conse-
quently, the absolute generalized displacements of the 3D-
PSTMD are formulated as

xPf � xnf − q13,

xPs � xns − q14,

xPz � 0,

⎧⎪⎪⎨

⎪⎪⎩
(6)

where xPf and xPs are the absolute generalized displacements
of the 3D-PSTMD along the F-A, S-S, and vertical directions,
respectively.

Consequently, the absolute generalized velocity com-
ponents of the 3D-PSTMD along the F-A, S-S, and vertical
directions can be, respectively, described as

vPf � vnf − _q13,

vPf � vns − _q14,

vPz � 0,

⎧⎪⎪⎨

⎪⎪⎩
(7)

where vPf and vPs are the absolute generalized velocity
components.

3. Equation of Motion and Dynamic Analysis

3.1. Lagrange Equation. Both the dashpot and servo-control
(pitch controller or generator torque controller) technolo-
gies belong to the structural vibration control techniques of
OWT [5, 15]. To not afect the tuning performance and
adapting competence of dashpot for original environment
loads, the servo-control system is ignored to establish the
motion equation in this paper [11–13]. Te Lagrange
equation based on the Hamilton principle [18] is employed

Figure 3: Local coordinate systems.
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to derive the structural dynamic equation of the OWT with
and without the 3D-PSTMD device. Te dynamic equation
may be formulated as follows:

d

dt

zT t, qi(t), _qi(t) 

z _qi(t)
−

zT t, qi(t), _qi(t) 

zqi(t)

+
zV t, qi(t) 

zqi(t)
� Qi(t),

(8)

where T represents the entire kinetic energy of the un-
controlled OWT system or controlled OWT system by the
3D-PSTMD. Symbol V denotes the entire potential energy
for the uncontrolled OWTsystem or controlled OWTsystem
by the 3D-PSTMD, and t is the time instant. qi (t) represents
the generalized displacement vector of each DOF, and _qi(t)

represents the generalized velocity vector. Qi(t) represents
the generalized and nonconservative forces corresponding
to ith DOF vector. Symbol _( ) denotes the frst derivative with
regard to time.

3.2. Kinetic Energy. Te resultant velocity of nacelle, vn, in
the Oxyz coordinate system can be obtained according to
equation (3) as

vn �

�������

v
2
nf + v

2
ns



. (9)

Te resultant velocity vbj in the Oxyz coordinate system
is obtained according to equation (5) as

vbj �

��������������

v
2
bej + v

2
bfj + v

2
bzj



. (10)

Owing to the structural motions of OWT are teeny and
neglected at the vertical direction, the resultant velocity vt of
an microunit dz of the tower in the Oxyz coordinate system
can be expressed as

vt �

���������������������������������

_q8φt + _q11 + z _q12( 
2

+ _q7φt + _q9 + z _q10( 
2



. (11)

At the same time, the resultant velocity vP of the 3D-
PSTMD in the Oxyz coordinate system can be expressed
according to equation (7) as

vP �

�������

v
2
Pf + v

2
Ps



. (12)

Terefore, the entire kinetic energy of OWT coupled by
the 3D-PSTMD system is formulated as

T �
1
2



3

j�1


R

0
mb(r)v

2
bj(r, t)dr +

1
2
Mnv

2
n +

1
2


H

0
Mt(z)v

2
t (z, t)dz +

1
2
Mf _q

2
9(t) + _q

2
11(t) 

+
1
2
If _q

2
10(t) + _q

2
12(t)  +

1
2
MPv

2
P,

(13)

where R represents the blade length. mb (r) denotes the
distributed mass along with radial blade length, andMt(z) is
the distributed mass along the vertical height of the tower.
MP denotes the physical mass of the 3D-PSTMD. Mn rep-
resents the physical mass integrated by the nacelle and hub,
andMf represents the physical mass of monopile foundation.
If represents the moment of inertia for monopile foundation.

3.3. Potential Energy. Considering the strain energy induced
by the blade fexure, the centrifugal stifening, and the
gravity efect, the potential energy of the three turbine blades
is computed. It can be expressed [13] as

Vb �
1
2



3

j�1
kbe + kgee − kgre cos θbj q

2
j + kbf + kgef − kgrf cos θbj q

2
j+3 , (14)
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where Vb is the potential energy of the three blades. kbe and
kbf represent the lateral stifness corresponding to the blade
in the in-plane and out-plane, respectively. kgee and kgef
represent the centrifugal stifness in the in-plane and out-
plane, respectively. kgre and kgrf represent the blade stifness
induced by the gravity efect in the in-plane and out-plane,
respectively. Tey are formulated as

kbe � 
R

0
EIbe(r)φ″2be(r)dr,

kbf � 
R

0
EIbf(r)φ″2bf(r)dr,

kgee � ω2
b 

R

0


R

r
mb(r)rdr φ′2be(r)dr,

kgef � ω2
b 

R

0


R

r
mb(r)rdr φ′2bf(r)dr,

kgre � ω2
b 

R

0


R

r
mb(r)dr φ′2be(r)dr,

kgrf � ω2
b 

R

0


R

r
mb(r)dr φ′2bf(r)dr,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(15)

where Ibe and Ibf denote the inertial moments corresponding
to the blade in the in-plane and out-plane, respectively,
ωb denotes the angular rotational velocity of blades, and g

denotes the acceleration of gravity. Symbols ( )′ and ( )″
represent the frst and second derivatives corresponding to
radial length r of the blade.

Taking the static position of the 3D-PSTMD as reference,
the corresponding potential energy VP of the 3D-PSTMD
device caused by cable tension is described as

VP �
1
2

MPg + fP( 

hL

q
2
13 + q

2
14  +

fP

hF − hL

φtP − φtF( q7 − q13 
2

+
fP

hF − hL

φtP − φtF( q8 − q14 
2

 , (16)

where φtP and φtF denote the values of the tower shape
function corresponding to the fundamental mode at the
installation position of the 3D-PSTMD device and upper-
most fange, respectively. hL is the pendulum length of the

3D-PSTMD. fP represents the tension of the
prestressed cable.

Hence, the entire potential energy V of the OWTsystem
controlled by the 3D-PSTMD device is formulated as

V � Vb +
1
2
kt q

2
7(t) + q

2
8(t)  +

1
2
kft q

2
9(t) + q

2
11(t)  +

1
2
kfr q

2
10(t) + q

2
12(t)  + VP, (17)

where kt denotes the lateral stifness corresponding to the
tower in the F-A and S-S directions. kft and kft represent the
translational and rotational stifness of monopile foundation
at F-A and S-S directions, respectively.

3.4. Virtual Work Done by Damping Force. Te damping
force belongs to nonconservative force, and the corre-
sponding virtual work done by these forces needs to be
considered. When letting the static balance point of the 3D-
PSTMD device as the reference position, the virtual work
done by the damping force from the viscous damper in the
3D-PSTMD is obtained as

WP � cPf φtP _q7 − _q13(  φtpδq7 − δq13  + cPs φtP _q8 − _q14(  φtpδq8 − δq14 , (18)
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where WP is the work done and cPf and cPs represent the
integral damping coefcients from the three viscosity
dampers in the 3D-PSTMD.

Te total works done by the damping force in the OWT
system coupled by the 3D-PSTMD device are gained as

δW � _qjα

3

j�1


R

0
EIbe(r)φbe

″ (r)dr⎡⎢⎢⎣ ⎤⎥⎥⎦δqj + _qj+3α

3

j�1


R

0
EIbf(r)φbf

″ (r)dr⎡⎢⎢⎣ ⎤⎥⎥⎦δqj+3 + α _q7δq7 + _q8δq8(  
R

0
EIt(z)φt

″(z)dz

+ cft _q9δq9 + _q11δq11(  + cfr _q10δq10 + _q12δq12(  + cPf φtp _q7 − _q13  φtpδq7 − δq13  + cPs φtp _q8 − _q14  φtpδq8 − δq14 ,

(19)

where cbe and cbf are the damping coefcients of the tower in
the edgewise and fapwise directions, respectively. It is the
inertial moment corresponding to the tower in the F-A and
S-S directions. α denotes the material damping constant. cft
and cfr are, respectively, the translational and rotational
damping coefcients for monopile foundation in the F-A
and S-S directions.

Te equation of motion can be written in the matrix
form by substituting equations (13), (17), and (19) into
equation (8) as

M€q + C _q + Kq � Qwind(t) + Qwave(t), (20)

where Qwind(t) and Qwave(t) represent the aerodynamic and
hydrodynamic forces, respectively, which will be discussed
later. €q, _q, and q represent, respectively, the column vectors
corresponding to dynamic responses of the uncontrolled
OWT system or controlled system by the 3D-PSTMD.

M represents the mass matrix of the uncontrolled OWT
structure or OWTcoupled by the 3D-PSTMD device system,
and C and K represent the corresponding damping and
stifness matrices, respectively.Teir detailed expressions are
shown in Appendixes A and B, respectively. An inspection
shows that only the mass, stifness, and damping matrices of
the tower at F-A and S-S directions (DOFs q7 and q8) have
changed after the inclusion of the 3D-PSTMD inside the
tower. Tis is because that the local motion of the 3D-
PSTMD is directly related to the motion of the nacelle and
tower, as shown in equations (7) and (16).

3.5. Advantages of 3D-PSTMD. According to equations
(A7), (A10), (B3), and (B6), the tower stifness and damping
coefcients of the OWT structure with and without the 3D-
PSTMD device are written as

ktU � 
H

0
EIt(z)φ″(z)

2dz − Mng 
H

0
φ′(z)

2dz,

ktC � 
H

0
EIt(z)φ″(z)

2dz − Mng 
H

0
φ′(z)

2dz +
fP φ2

tP − φ2
tF 

hF − hL

,

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(21)

ctU � α
R

0
EIt(z)φt

″(z)dz,

ctC � α
R

0
EIt(z)φt

″(z)dz + φ2
tPcPf,

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(22)

where subscript U and C denote, respectively, the un-
controlled OWT structure and OWT coupled by the 3D-
PSTMD system. Symbols ( )′ and ( )″ represent the frst and
second derivatives with regard to tower height z.

A comparison of equation (21) shows that the 3D-
PSTMD can provide an additional local stifness to the OWT
tower, and this means that the 3D-PSTMD can reduce the
static displacement of the tower. It is worth to note that this
is diferent from the traditional pendulum TMD because the
3D-PSTMD has an extra prestressed tensile force from the
prestressed cables that acts directly within the topmost
segment of the tower only. Its efect on reducing the static

displacement is very small, as the prestressed tensile force is
very small relative to elastic restoration force from the lateral
stifness of the tower.

Moreover, like the traditional pendulum TMD, the 3D-
PSTMD can also provide additional damping to the OWT
tower, as shown in equation (22). Te mode damping co-
efcient of OWT coupled by the 3D-PSTMD system will be
larger than that of the traditional pendulum TMD. Tis will
greatly mitigate the excessive vibration of the OWT tower.
More importantly, the 3D-PSTMD frequency is synchro-
nously tuned by changing the cable tension and the sus-
pension height, as shown in equation (B8). Figure 4 also
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shows that the suspension height of the 3D-PSTMD is
shorter than that of the traditional pendulum TMD. Tis
illustrates that the 3D-PSTMD is closer to the tower top
relative to the traditional pendulum TMD, and this leads to
a large shape function value φt for the 3D-PSTMD. Te
abovementioned features of the OWT structure coupled by
the 3D-PSTMD device are responsible for the better vi-
bration mitigation efects compared to an OWT with the
traditional pendulum TMD.

4. Aerodynamic and Hydrodynamic Loads

4.1. Aerodynamic Load

4.1.1. Wind Velocity Simulation. Te wind velocity v(z)

consists of a constant mean velocity v(z) and a turbulent
component v(z), and it is expressed as

v(z) � v(z) + v(z). (23)

In this study, the exponential wind profle is adopted to
calculate the mean velocity as

v(z) � vr

z

zr

 

αwin
, (24)

where zr is the reference height, and vr is the mean velocity at
the reference height. αwin is the exponent of the wind profle.

Te turbulent wind velocity is calculated by using the
Davenport spectral model [19], which can be described as

Sv(z, n) � v
2
10

x
2

n 1 + x
2

 
4/3 , (25)

where n denotes the frequency of turbulent wind in Hz. x
represents an intermediate coefcient, which is described as

x �
1200n

v
2
10

, (26)

where v10 represents the average wind speed at the reference
altitude 10m.

To account for the spatial dependency Sc of wind velocity
at diferent points, the cross spectra between two points p1
and p2 are defned as

Sc(r, n) �

���������������

S p1, n(  · S p2, n( 



· Coh(r, n), (27)

where r is the distance between p1 and p2, and Coh (r, n) is
the coherence function.

According to the Davenport spectral mode, the spatial
coherence function [20] is expressed as

Coh(r, n) � e
− 2n·Cz z1− z2( )/v z1( )+v z2( )[ ], (28)

where z1 and z2 are the height at the reference points p1 and
p2, respectively. Cz is the attenuation coefcient of the
spectral mode, and it is usually taken as 10.

Te turbulent wind velocity can be obtained from
equations (25), (27), and (28), as

v(t) � 
N

l�n

H ωwin( 


 ·

������

2∆ωwin



· cos ωwint + θwin , (29)

where H (ωwin) is the matrix norm, and ωwin denotes the
frequency of fuctuating wind in rad/s. θwin represents the
random phase angle, which is averagely distributed from 0 to
2π.

4.1.2. Generalized Aerodynamic Force. According to the
BEM method [21], an integral blade section may be dis-
persed into N elements as shown in Figure 5(a), where R is
the radial length of the rotor and ωb is the angular rotation
speed of the blade. Te BEM method assumes that no radial
dependency exists along the blade span, and thus, the blade
elements can be analyzed independently with the momen-
tum theory.

In Figure 5(a), dr is an increment along the span length
and c (r) is the chord length at the mid-depth section of the
blade. An arbitrary blade element having local velocities and
aerodynamic load is shown in Figure 5(b). Te relative wind
velocity vrel corresponding to the blade element dr in
Figure 5(b) is described as

vrel �

�����������������������

[v(1 − a)]
2

+ ωbr 1 + a′(  
2



, (30)

where a and a′ represent the induction factors corre-
sponding to the axial and tangential velocities, which are
obtained via iterations [22].

Te fow angle ϕ can also be calculated on the basis of the
BEM theory as

ϕ � arctan
v(1 − a)

ωbr 1 + a′( 
 . (31)

According to Figure 5, the wind attack angle between
relative wind velocity and chord line in Figure 5(b) can be
expressed as

αb � ϕ − θ, (32)

where θ represents the integrated angle between the pitch
and twist angles, which is obtained from the airfoil data of
the blade.

Te lift and drag coefcients CL and CD can be obtained
with the wind attack angle in equation (32) from airfoil data
of the blade. Meanwhile, the lift force pL perpendicular to
and the drag force pD parallel to the relative velocity can be
computed as

pL �
1
2
ρv

2
relcCL,

pD �
1
2
ρv

2
relcCD,

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(33)

where ρ represents the density of the blade, and c is the
corresponding chord length.

Te normal and the tangential coefcients CN and CTare
defned as

Structural Control and Health Monitoring 9



CN � CL cos ϕ + CD sinϕ,

CT � CL sinϕ − CD cos ϕ.
 (34)

Hence, the normal and tangential forces pN and pT
can be calculated as

pN �
1
2
ρv

2
relcCN,

pT �
1
2
ρv

2
relcCT.

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(35)

Combining Figures 3 and 5(b) with equation (35) on the
basis of the virtual work principle, the virtual work done
δWwind by the normal and tangential forces pN and pT is
obtained as

δWwind � 
3

j�1


R

0
pTj(r, t) φbejδqj + δxns cos θbj dr + 

R

0
pNj(r, t) φbfjδqj+3 + δxnf dr , (36)

where pTj (r, t) and pNj (r, t) represent the tangential and
normal distribution wind load on the jth blade.

ZPZP

yP
OP

xP

OP

h3D-PSTMD

3D-PSTMD

h3D-TMD

TMD

Figure 4: Comparison between 3D-PSTMD and traditional pendulum TMD.
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Figure 5: Schematic model of blade dispersed into (N) blade elements: (a) blade elements for BEM analysis and (b) blade element section.
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Te generalized aerodynamic force Qwind (t) then is
obtained on the basis of the principles of the virtual work
[23], and it is expressed as

Qwind(t) �
z δWwind( 

z δqk( 
, (37)

where k represents the DOFs corresponding to diferent
components of the OWT structure.

After combining equation (36) with equation (37), the
aerodynamic force caused by wind load can be obtained as

Qwind,k �


R

0
pTj(r, t)φbej(r)dr, k � 1, 2, 3 j � 1, 2, 3,


R

0
pNj(r, t)φbfj(r)dr, k � 4, 5, 6 j � 1, 2, 3,



3

j�1


R

0
pNj(r, t)φbfj(r)dr, k � 7, 9 j � 1, 2, 3,



3

j�1


R

0
pTj(r, t)φbej(r)dr cos θbj, k � 8, 11 j � 1, 2, 3,

H 
3

j�1


R

0
pNj(r, t)φbfj(r)dr, k � 10 j � 1, 2, 3,

H 
3

j�1


R

0
pTj(r, t)φbej(r)dr cos θbj, k � 12 j � 1, 2, 3,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(38)

where the symbol j represents the jth blade.

4.2. Hydrodynamic Force. In this study, the Morrison
equation [24] is adopted to calculate the hydrodynamic force
on circular cylindrical monopile of the OWT induced by
wave action, and it can be expressed as

Qwave(t) � 
d

0

1
2
CDρde _u(t)| _u(t)|dz +

1
4
CMρπd

2
e €u (t)dz,

(39)

where ρ is the sea water density, and its value is usually taken
as 1025 kg/m3. de is the monopile diameter of the OWT
tower. CM and CD are the mass and drag coefcients, and
their values are taken as 1.0 and 1.2, respectively, in the
present study [12, 13]. €u and _u are, respectively, the hori-
zontal acceleration and velocity of monopole induced by
wave action.

To simulate the random wave time history, the Pier-
son–Moskowitz (P-M) spectrum [25] is adopted as

S(ω) �
αwag

2

ω5
wa

e
− β g/ωwaU19.5( )

4 
, (40)

where αwa and β represent two constants of the P-M wave
spectrum, and the corresponding parameter values are,
respectively, taken as 0.0081 and 0.74 in this paper. ωwa

denotes the frequency of the random wave in rad/s, U19.5
represents the average wind speed corresponding to the
reference altitude 19.5m.

Based on the P-M spectrum representation method, the
wave elevation η (t), the wave velocity _u, and the acceleration
€u can be expressed as

η(t) � 
M

i�1
awai cos ωwait + εi( ,

awai �

������������

2S ωwai( ∆ωwai



,

_u(z, t) � 
M

i�1
awaiωwai

cosh kidwa( 

sinh kidwa( 
cos ωwait + εi( ,

€u(z, t) � − 

M

i�1
awaiω

2
wai

cosh kidwa( 

sinh kidwa( 
sin ωwait + εi( ,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(41)

where dw is the water depth, and ε is a random phase angle
uniformly distributed from 0 to 2π [12, 13]. κ is the wave
number per meter distance, and parameters ωwa and κ
represent the dispersion equation when the water depth z is
given as
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κ tan hκzwa �
ω2
wa
g

. (42)
According to equation (39) and the virtual work prin-

ciple, the virtual work δWwave done by the hydrodynamic
force corresponding to the virtual displacement δq is written
as

δWwave � 
η(t)

−dw

dQwave φt δq7 + δq8(  + δq9 + δq11(  + z δq10 + δq12(  . (43)

After combining equation (43) with equation (37), the
generalized hydrodynamic forces caused by wave action can
be obtained as

Qwave7(t) � Qwave8(t) � 
η(t)

−dw
φt(z)dF � 

Nz

i�1
φt(z)

ρπd
2
e zi( 

4
CM €u zi, t( ∆z +

ρ
2
CDde zi(  _u zi, t(  _u zi, t( 


∆z ,

Qwave9(t) � Qwave11(t) � 
η(t)

−dw
dF � 

Nz

i�1

ρπd
2
e zi( 

4
CM €u zi, t( ∆z +

ρ
2
CDde zi(  _u zi, t(  _u zi, t( 


∆z ,

Qwave10(t) � Qwave12(t) � 
η(t)

−dw
zdF � 

Nz

i�1
zi

ρπd
2
e zi( 

4
CM €u zi, t( ∆z +

ρ
2
CDde zi(  _u zi, t(  _u zi, t( 


∆z ,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(44)

where Nz represents the number of discrete segments for
monopile foundation, and the symbol △z represents the
segment length in the tower wetted portion.

5. Numerical Simulation

5.1. OWT Properties. A 5MW monopile OWT from the
National Renewable Energy Laboratory (NREL) is adopted
in the present study. Te Young modulus of the material for
the OWT structure is 2.06×105MPa, and its Poisson ratio
and density are 0.3 and 7850 kg/m3, respectively. Te mean
diameter and thickness of the tower linearly changes from
the tower base to the tower top, and the blades’ length and
weight are 61.5m and 1.774×104 kg, respectively. Te main
physical and geometrical parameters of this 5MWOWTare
shown in Table 2, according to the study in [26, 27].

5.2. Load Design. According to the Davenport spectral
model in Section 4.1.1 and the OWT parameters in Section
5.1, the aerodynamic force is simulated by the BEMmethod.
Te mean wind speed v(t) is taken as 12m/s at the height of
the turbine hub, and the phase angle of random wind av-
eragely distributed from 0 to 2π. Te wind velocity of the
blade and wind design spectrum are plotted in Figures 6(a)
and 6(b) from equations (23)–(29).

Figure 6(b) shows that the wind design spectrum agrees
very well with the Davenport spectrum indicating that the
simulated wind record is capable of representing the wind
velocity in the wind feld.

It is also noted that the wind speed acting on each
discrete blade element will change with the blade angle of
rotation. Tus, considering the blade rotation speed in
equation (30), the aerodynamic load on blades and tower
corresponding to the simulated wind speed can then be
obtained from equations (30)–(38), as shown in Figure 7.
Te load amplitude induced by wind in the F-A direction
and S-S direction is notably diferent. Tis may be because
the distinguishing normal and tangential coefcients in
equation (34) are used to generate the corresponding
aerodynamic force.

Te Morrison equation is employed to simulate the
hydrodynamic force based on the P-M spectrum in Section
4.2, and the random phase angle of the wave is uniformly
distributed from 0 to 2π [12, 13]. Ten, the distribution of
wave velocity and wave acceleration in time and space can be
obtained according to equations (40) and (41) using the
MATLAB software.

Te wave height and hydrodynamic load on the foun-
dation and tower corresponding to the simulated wave
velocity and acceleration can then be obtained from equa-
tion (44), as shown in Figure 9.
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It is noted in Figures 8 and 9 that the acceleration,
velocity, height, and hydrodynamic load of the wave action
will change with the physical distance between the point
considered and the monopile foundation. Tis is because of
the notable infuence of physical distance to the phase angle
of stochastic wave loading when the harmonic-
superposition theory is used in the computation. Sub-
sequently, the wave number and hydrodynamic load of
tower-changing trends are plotted in Figure 10. In contrast,
the wave number depends more on the circular frequency of
the randomwave than the water depth; this point can be also
seen in equation (42). In addition, unlike the aerodynamic
load amplitude, the hydrodynamic load amplitude of the

tower at F-A and S-S directions induced by wave has only
a small diference since the properties of the circular
monopile foundation are the same in both directions.

5.3.DynamicModelValidation. To analyze the rationality of
the developed dynamic model in Sections 3 and 4, a 5MW
OWTsimulationmodel is established by using OpenFASTto
calculate the fundamental frequencies and dynamic re-
sponses of the blade and tower and compared them with the
calculation results of the developed model from MATLAB.
Te geometric and physical parameters of 5MW OWT can
be found in the studies in [28]; then, substituting these

Table 2: Main parameters of the NREL 5MW OWT.

Item Description Value

Gross properties

Power 5MW
Hub vertical height 87.6m

Cut-in, rated, and cut-out wind speed 3m/s, 11.4m/s, and 25m/s
Cut-in and rated rotor speed 6.9 rpm and 12.1 rpm

Blade

Radial length 61.5m
Physical mass 1.774×104 kg

First inertial moment of mass 3.632×105 kg.m
Fundamental frequency (in-plane) 0.87Hz
Fundamental frequency (out-plane) 1.06Hz

Damping ratio (in-plane and out-plane) 0.48%

Nacelle + hub Physical mass (nacelle) 2.40×105 kg
Physical mass (hub) 5.68×104 kg

Tower

Physical mass (tower) 2.68×105 kg
Fundamental frequency (F-A direction) 0.324Hz
Fundamental frequency (S-S direction) 0.312Hz

Mode damping ratio (F-A and S-S directions) 1.0%

Foundation Monopile mean diameter 1.6m
Sea water depth 20m
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Figure 6: (a) Wind velocity and (b) wind design spectrum.
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Figure 7: Aerodynamic load: (a) blade and (b) tower.
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Figure 8: (a) Wave velocity and (b) wave acceleration distributions in time and space.
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Figure 9: (a) Wave height and (b) hydrodynamic load distributions in time and space.
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parameters into equations (A1) to (A12) of Appendix A, the
generalized mass and stifness of the blade and tower for
uncontrolled OWT and their fundamental frequencies are
calculated as listed in Table 3.

As is shown in Table 3, the maximum frequency tol-
erance between OpenFASTand the developed model is only
2.244%, so this developed DOFs coupling model can refect
the structural characteristic and dynamic behavior in the
dynamic analysis. Subsequently, the aerodynamic and hy-
drodynamic loads simulated by OpenFAST are replaced as
the load vectors Qwind (t) and Qwave (t) to calculate the
displacement responses at the tower top, respectively, and
compared these responses of uncontrolled OWT with the
calculation results of OpenFAST, as shown in Figure 11.
When the servo-dynamic system is ignored, it can be found

that the bidirectional displacement responses of the tower
top from MATLAB calculation agree well with the Open-
FASTsimulation at the vast majority of time domain, so this
developed DOFs coupling model can be efectively used to
examine the vibration suppression competence of the 3D-
PSTMD for OWT.

5.4. Devices Design

5.4.1. Dynamic Parameters of the OWT with 3D-PSTMD.
Te fundamental mode shapes of the blade in the in-plane
and out-plane and the tower in the F-A or S-S directions are
formulated [13] as

φbej(r) � −0.6952r
6

+ 2.3760r
5

− 3.5772r
4

+ 2.5337r
3

+ 0.3627r
2
,

φbfj(r) � −2.2555r
6

+ 4.7131r
5

− 3.2452r
4

+ 1.7254r
3

+ 0.0622r
2
,

φt(h) � −0.6952h
6

+ 2.3760h
5

− 3.5772h
4

+ 2.5337h
3

+ 0.3627h
2
,

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(45)

where shape functions of three blades corresponding to the
fundamental vibration mode are the same, and r � r/61.5
and h � h/87.6 represent the normalized radial length of the
blade and vertical height of the tower, respectively.

Te soil and hydrodynamic efect is also modelled by
linear springs and dashpots, as illustrated in Figure 3. Te
foundation translation stifness coefcient kft is
1.03×1010N/m, and the foundation rotational stifness
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Figure 10: (a) Wave number and (b) hydrodynamic load.
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coefcients at F-A and S-S directions are assumed the same
with kfr equals 1.14×1012N/m at F-A and S-S directions
[29]. Te foundation translation and rotational damping
ratio are assumed the same with cft equals 0.6% to denote the
clay soil condition.

5.4.2. Devices’ Parameters. A traditional 3D pendulum
TMD (3D-PTMD) is also studied for a comparison. Te
optimal frequency ratio and damping ratio of the 3D-PTMD
can be obtained [13, 30] as

L �
g

4π2f2
tμ

2
T 

,

μT � 7.6α2T − 2.5αT + 1,

ζT � −2.7α2T + αT + 0.062,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(46)

where L represents the physical pendulum length of the
3D-PTMD device, and ft denotes the fundamental frequency
of the OWT tower. αT is the mass ratio between the

Table 3: Fundamental frequencies of blade and tower.

Item Blade Tower
In-plane Out-plane F-A direction S-S direction

Generalized mass (kg) 1.399×103 9.093 ×102 4.120×105 4.133×105

Generalized stifness (N/m) 6.560×104 1.650×104 1.724×106 1.658×106

Fundamental frequency (Hz) OpenFAST 1.080 0.668 0.324 0.312
MATLAB 1.090 0.678 0.326 0.319

Frequency tolerance (%) 0.926 1.497 0.617 2.244
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3D-PTMD and OWT. μT and ζT represent the optimal
frequency ratio and damping ratio, respectively.

Te cable tension of the 3D-PSTMD device can be
described [17] as

fP �
hF − hL(  2hFMP kthF + MPg(  − 2hFMOMPg − 3 hF − hL( M

2
Pg 

2h
2
FMO + 3 hF − hL( 

2
MP − 2hF hF − hL( MP 

, (47)

where MP and MO denote the generalized mass of the 3D-
PSTMD and OWT structure, respectively. kt represents the
lateral stifness of the tower structure for the uncontrolled
OWT, and its expression is listed in equation (A12) in
Appendix A.

A single DOF (degree-of-freedom) wind turbine tower
with a concentrated mass (representing the blades) is
established, and the parameters’ design method of the
unidirectional PSTMD is derived in the studies in [17]. Tis
paper developed a three-dimensional PS-TMD (3D-
PSTMD) for vibration control of the OWTwith the dynamic
system modelled as coupling multiple DOFs of the blade,
tower, and foundation. Te tower member models from
these two methods are same, and the PSTMD designs only
depend on the dynamic parameters of the tower. Tis point
can be also found in equations (B1) and (B7) of Appendixes
A and B; only the DOFs q7 and q8 (representing the tower)
are coupled with the PSTMD. Hence, to achieve the best

tuning condition of the designed 3D-PSTMD, the optimal
frequency ratio and damping ratio of the 3D-PSTMD can be
taken as follows [17]:

μP �

������
2 − 3cP

2



,

ζP �

�����������������������������������

2 2 − 3cP( βP + cP −

��������������

c2
P + 2 − 3cP( βP



 
2



2
��������������������������

4 1 − cP(  − 2
��������������

c
2
P + 2 − 3cP( βP

 ,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(48)

where μP and ζP represent the optimal frequency ratio and
damping ratio of the 3D-PSTMD device, respectively.
Symbols βP and cP represent the tuning coefcients of the
3D-PSTMD device, which is described as

Table 4: Design parameters of 3D-PTMD and 3D-PSTMD.

Type Mass (kg) Pendulum length
(m)

Prestressed tensile
force (N) Frequency ratio Damping coefcient

((N/m/s))
3D-PTMD 3.48×103 7.2 0 0.98 6.17×102

3D-PSTMD 3.48×103 5.0 1.95×103 0.98 1.04×103
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Figure 12: Frequency-response curves.
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βP �
MPg + fP( 

2
hF − hL( 

kthL + MPg + fP(  hF − hL( MPg + hLfP 
,

cP �
MPg + fP(  hF − hL( 

hF kthL + MPg + fP( 
.

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(49)

Since the mass ratio of the TMD device is generally 1%–
3% of the primary structure [31], the mass ratios of
3D-PTMD and PS-TMD are set as 1% in this study.
According to the OWT parameters mentioned above and
equation (46), the pendulum length L of the 3D-PTMD is
calculated as 7.2m. Te physical suspension height hL of the
3D-PSTMD device is taken as 5m for a better performance
of the 3D-PSTMD. Te design parameters of the 3D-PTMD
and 3D-PSTMDwith the same mass and frequency ratio can
then be computed and are shown in Table 4.

In terms of the abovementioned design parameters, the
frequency-response curves including uncontrolled OWT
tower, OWT tower with 3D-PTMD, and 3D-PSTMD are
plotted in Figure 12. Since these two dashpots are designed

by using the optimal parameter design method from
theoretical derivation [13, 17], their dynamic magnifcation
factors (DMFs) between left and right fxed points are
same. Meanwhile, the DMF of OWT tower with the 3D-
PSTMD is smaller than the traditional 3D-PTMD; this is
because the PSTMD well suppresses the dynamic dis-
placement responses, and this point can be also found in
Section 6.2.

6. Vibration Control Effect

6.1. Evaluation Indices R1 and R2. Two metrics are used to
study quantitatively the vibration control performance, the
maximal value index R1, and the root mean square (RMS)
index R2, which may be described as follows:

R1 �
max xU


 − max xC




max xU




,

R2 �
rms xU


 − rms xC




rms xU




,

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(50)
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Figure 13: Dynamic responses of OWT tower under the aerodynamic load: (a) fore-aft direction and (b) side-side direction.
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where the symbol max represents the maximal value of the
dynamic response, and the rms represents the corre-
sponding RMS values. Subscripts C and U represent the
dynamic responses with and without the 3D-PTMD or 3D-
PSTMD, respectively.

6.2. Dynamic TimeHistory Analysis. Te dynamic responses
are computed by using theWilson-θmethod in this paper. It
is a numerical method with unconditional convergence, and
the intermediate parameter θ is usually taken as 1.4 to ensure
the unconditional convergence. With the OWT parameters
obtained in Section 5.1, the corresponding matrices of
equation (20) are calculated from Appendices A and
B. Similar matrices of OWT coupled by the 3D-PTMD
system are obtained from the studies in [23]. Considering
the simulated aerodynamic and hydrodynamic loads in
Section 5.2, the acceleration, velocity, and displacement
responses at the top of the tower of the uncontrolled OWT,
OWT controlled by 3D-PTMD and 3D-PSTMD are calcu-
lated, and they are plotted in Figures 13 and 14.

All the responses at the tower top of the OWT with the
3D-PTMD or 3D-PSTMD are obviously mitigated com-
pared with the uncontrolled OWTstructure when under the
aerodynamic or hydrodynamic loads.

6.3. Performance Comparison. Te efectiveness of vibration
control performances of the 3D-PTMD and 3D-PSTMD is
computed by using equation (50) when under the aero-
dynamic or hydrodynamic loads, as shown in Tables 5 and 6.

When under the aerodynamic force caused by wind
loading, the 3D-PSTMD device outperforms the 3D-PTMD
in reducing the peak acceleration response (F-A and S-S
directions) with an improvement of approximately 9.7% and
11.0%, respectively. Te index on the standard deviation of
the acceleration response (F-A and S-S directions) can,
respectively, be improved by approximately 7.0% and 6.8%
by the 3D-PSTMD as compared to the 3D-PTMD. Te
proposed 3D-PSTMD can also improve the efectiveness of
vibration mitigation on the peak-velocity response by 12.9%
and 7.3% in fore-aft and side-side direction, respectively,
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Figure 14: Dynamic responses of OWT tower under the hydrodynamic load: (a) fore-aft direction and (b) side-side direction.
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relative to the 3D-PTMD. Te index on the standard de-
viation of the velocity response is also increased by 4.1% and
5.8% relative to the 3D-PTMD in the fore-aft and side-side
direction, respectively.Te improvement in the efectiveness
of vibration control of the peak-displacement response is
5.9% and 4.9% in the F-A and S-S directions, respectively,
compared to the 3D-PTMD device. Te index on the
standard deviation of the displacement response is also
increased by 4.4% and 6.5% in the fore-aft and side-side
directions, respectively, compared to the 3D-PTMD.

When under the hydrodynamic force caused via the
wave action, the 3D-PSTMD device outperforms the
3D-PTMD in reducing the peak acceleration response (F-A
and S-S directions) with an improvement of approximately
6.1% and 13.2%, respectively. Te index on the standard
deviation of the acceleration response (F-A and S-S di-
rections) can also be improved by around 7.9% and 8.5%,
respectively, when compared to the 3D-PTMD. Te pro-
posed 3D-PSTMD can also promote the efectiveness of
vibration control on the peak velocity response by 8.4% and
11.2% relative to the 3D-PTMD in F-A and S-S directions,
respectively. Te index on the standard deviation of the
velocity response can also be increased by 8.5% and 8.8% in
the F-A and S-S directions, respectively, relative to the
3D-PTMD device. Furthermore, the 3D-PSTMD can also
enhance the vibration mitigation efectiveness of the peak
displacement response by 8.6% and 12.3% in F-A and S-S
directions, respectively, compared to the 3D-PTMD device.
Te index on the standard deviation of the displacement
responses can also be enhanced by 8.4% and 8.9% in F-A and
S-S directions, respectively, compared to the 3D-PTMD
device.

7. Conclusions

Te one-dimensional PSTMD developed by the authors for
vibration mitigation of the ofshore wind turbine tower
(OWT) is extended to a 3D-PSTMD for vibration mitigation
of a more realistic OWTsystemmodelled as a multiple DOFs
system with full coupling of the turbine blades, tower, and

foundation. Tis enables separate consideration of the
aerodynamic and hydrodynamic forces in the study of vi-
bration mitigation at F-A and S-S directions. Te dynamic
model of multiple DOFs OWT system with the 3D-PSTMD
is derived with the Lagrangian equation to explain the ad-
vantages of the 3D-PSTMD compared to the traditional
tuned mass damper. Te aerodynamic and hydrodynamic
forces are generated via the BEM theory and Morrison
equation, and the dynamic responses are computed by using
the Wilson-θmethod. Te vibration mitigation capability of
the 3D-PSTMD is evaluated in comparison to those from
traditional three-dimensional pendulum TMD (3D-PTMD).
Te following major conclusions can be obtained as follows:

(1) Unlike the traditional 3D-PTMD, the 3D-PSTMD
can provide additional lateral stifness to the OWT
which can slightly diminish the structural static
displacement of OWT.

(2) Since the own frequency of the 3D-PSTMD device is
synchronously tuned by changing cable tension and
suspension height, the 3D-PSTMD system can be
tuned with a larger modal damping coefcient than
that from the traditional 3D-PTMD.

(3) Under the aerodynamic force caused by wind
loading, the OWT with 3D-PSTMD performs better
than the OWT with 3D-PTMD in the mitigation of
the peak dynamic responses with over 5.9% and 4.9%
improvements in the F-A and S-S directions, re-
spectively. Te standard deviation of dynamic re-
sponses (F-A and S-S directions) can also be
improved by more than 4.1% and 5.8%, respectively,
by the 3D-PSTMDwhen compared to those from the
3D-PTMD.

(4) Under the hydrodynamic force caused by the sea
wave loading, the 3D-PSTMD outperforms the
3D-PTMD in reducing the peak dynamic responses
(F-A and S-S directions) with an improvement of
over 6.1% and 11.2%, respectively, compared to those
from 3D-PTMD.Te standard deviation of dynamic
responses can also be improved by 7.9% and 8.5% in

Table 5: Vibration control efectiveness when under aerodynamic load.

Devices Direction
Acceleration (%) Velocity (%) Displacement (%)
R1 R2 R1 R2 R1 R2

3D-PTMD Fore-aft 34.5 43.1 50.9 68.6 50.8 68.5
Side-side 36.5 34.5 62.1 72.2 68.6 73.8

3D-PSTMD Fore-aft 44.2 50.1 63.8 72.7 56.7 72.9
Side-side 47.5 41.3 69.4 78.0 73.5 80.3

Table 6: Vibration control efectiveness when under hydrodynamic load.

Devices Direction
Acceleration (%) Velocity (%) Displacement (%)
R1 R2 R1 R2 R1 R2

3D-PTMD Fore-aft 50.2 45.2 41.1 46.2 40.7 46.6
Side-side 55.1 65.0 59.3 65.1 57.7 64.5

3D-PSTMD Fore-aft 56.3 53.1 49.5 54.7 49.3 55.0
Side-side 68.3 73.5 70.5 73.9 70.0 73.4
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the F-A and S-S directions, respectively, relative to
the 3D-PTMD.

Appendix

A.

For the uncontrolled OWTstructure, it is a coupled 12 DOFs
dynamic system, and the corresponding mass matrix in-
volved in equation (20) is expressed as follows:

M �

m11 0 0 0 0 0 0 m18 0 0 m111 m112

0 m22 0 0 0 0 0 m28 0 0 m211 m212

0 0 m33 0 0 0 0 m38 0 0 m311 m312

0 0 0 m44 0 0 m47 0 m49 m410 0 0

0 0 0 0 m55 m57 0 m59 m510 0 0

0 0 0 0 0 m66 m67 0 m69 m610 0 0

0 0 0 0 0 0 m77 0 m79 m710 0 0

m81 m82 m83 0 0 0 0 m88 0 0 m811 m812

0 0 0 m94 m95 m96 m97 0 m99 m910 0 0

0 0 0 m104 m105 m106 m107 0 m109 m1010 0 0

m111 m112 m113 0 0 0 0 m118 0 0 m1111 m1112

m121 m122 m123 0 0 0 0 m128 0 0 m1211 m1212

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
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, (A.1)

where mij is the infuence coefcient of the mass matrix,
which can be, respectively, described as

mjj �


R

0
mb(r)φ2

ej(r)dr, j � 1, 2, 3,


R

0
mb(r)φ2

fj(r)dr, j � 4, 5, 6,

3
R

0
mb(r)dr + 

H

0
Mt(z)φ2

t (z)dz + Mn , j � 7, 8,

3
R

0
mb(r)dr + 

H

0
Mt(z)dz + Mn + Mf , j � 9, 11,

3H
2


R

0
mb(r)dr + 3

H

0
Mt(z)z

2dz + H
2
Mn + If , j � 10, 12,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(A.2)

mj8 � m8j � mj11 � m11j � 
R

0
mb(r)φej(r) cos θbjdr, j � 1, 2, 3,

mj7 � m7j � mj9 � m9j � 
R

0
mb(r)φfj(r)dr, j � 4, 5, 6,

⎧⎪⎪⎪⎨

⎪⎪⎪⎩

(A.3)

mj12 � m12j � Hmj8, j � 1, 2, 3,

mj10 � m10j � Hmj7, j � 4, 5, 6,
 (A.4)
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m79 � m97 � m811 � m118 � 3
R

0
mb(r)dr + 

H

0
Mt(z)φt(z)dz + Mn ,

m910 � m109 � m1112 � m1211 � 3H 
R

0
mb(r)dr + 

H

0
Mt(z)zdz + HMn ,

m710 � m107 � m812 � m128 � 3H 
R

0
mb(r)dr + 

H

0
Mt(z)φt(z)zdz + HMn .

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(A.5)

Te damping matrix of the uncontrolled OWT system
can be expressed as

C �

c11 0 0 0 0 0 0 0 0 0 0 0

0 c22 0 0 0 0 0 0 0 0 0 0

0 0 c33 0 0 0 0 0 0 0 0 0

0 0 0 c44 0 0 0 0 0 0 0 0

0 0 0 0 c55 0 0 0 0 0 0 0

0 0 0 0 0 c66 0 0 0 0 0 0

0 0 0 0 0 0 c77 0 0 0 0 0

c81 c82 c83 0 0 0 0 c88 0 0 0 0

0 0 0 0 0 0 0 0 c99 0 0 0

0 0 0 0 0 0 0 0 0 c1010 0 0

c111 c112 c113 0 0 0 0 0 0 0 c1111 0

c121 c122 c123 0 0 0 0 0 0 0 0 c1212
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⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (A.6)

where cij is the infuence coefcient of the damping matrix,
which are, respectively, described as

cjj �

α
R

0
EIbe(r)φbej″ (r)dr, j � 1, 2, 3,

α
R

0
EIbf(r)φbfj″ (r)dr, j � 4, 5, 6,

α
R

0
EIt(z)φt

″(z)dz, j � 7,

α
R

0
EIt(z)φt

″(z)dz, j � 8,

cft, j � 9,

cfr, j � 10,

cft, j � 11,

cfr, j � 12,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(A.7)

c8j � c11j � c12j � −2ωb 
R

0
mb(r)φej(r) sin θbjdr, j � 1, 2, 3. (A.8)

Te stifness matrix of the uncontrolled OWTsystem can
be expressed as
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K �

k11 0 0 0 0 0 0 0 0 0 0 0

0 k22 0 0 0 0 0 0 0 0 0 0

0 0 k33 0 0 0 0 0 0 0 0 0

0 0 0 k44 0 0 0 0 0 0 0 0

0 0 0 0 k55 0 0 0 0 0 0 0

0 0 0 0 0 k66 0 0 0 0 0 0

0 0 0 0 0 0 k77 0 0 0 0 0

k81 k82 k83 0 0 0 0 k88 0 0 0 0

0 0 0 0 0 0 0 0 k99 0 0 0

0 0 0 0 0 0 0 0 0 k1010 0 0

k111 k112 k113 0 0 0 0 0 0 0 k1111 0

k121 k122 k123 0 0 0 0 0 0 0 0 k1212

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (A.9)

where kij is the infuence coefcient of the stifness matrix,
which is, respectively, described as

kjj �

kbe + kgee − kgre cos θbj − ω2
bmjj, j � 1, 2, 3,

kbf + kgef − kgrf cos θbj, j � 4, 5, 6,

kt, j � 7, 8,

kft, j � 9,

kfr, j � 10,

kft, j � 11,

kfr, j � 12,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(A.10)

k8j � k11j � k12j � −ω2
b 

R

0
mb(r)φej(r) cos θbjdr, j � 1, 2, 3, (A.11)

where kt denotes the structural stifness of the tower, and it
is, respectively, obtained based on the structural generalized
displacement theory [17] as

kt � 
H

0
EIt(z)φ″(z)

2dz − Mng 
H

0
φ′(z)

2dz. (A.12)

B.

TeOWTcoupled by the 3D-PSTMD system is a coupled 14
DOFs dynamic system, and its mass matrix in terms of
equation (20) is described as
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M �

m11 0 0 0 0 0 0 m18 0 0 m111 m112 0 0

0 m22 0 0 0 0 0 m28 0 0 m211 m212 0 0

0 0 m33 0 0 0 0 m38 0 0 m311 m312 0 0

0 0 0 m44 0 0 m47 0 m49 m410 0 0 0 0

0 0 0 0 m55 0 m57 0 m59 m510 0 0 0 0

0 0 0 0 0 m66 m67 0 m69 m610 0 0 0 0

0 0 0 m74 m75 m76 m77 0 m79 m710 0 0 m713 0

m81 m82 m83 0 0 0 0 m88 0 0 m811 m812 0 m814

0 0 0 m94 m95 m96 m97 0 m99 m910 0 0 m913 0

0 0 0 m104 m105 m106 m107 0 m109 m1010 0 0 m1013 0

m111 m112 m113 0 0 0 0 m118 0 0 m1111 m1112 0 m1114

m121 m122 m123 0 0 0 0 m128 0 0 m1211 m1212 0 m1214

0 0 0 0 0 0 m137 0 m139 m1310 0 0 m1313 0

0 0 0 0 0 0 0 m148 0 0 m1411 m1412 0 m1414

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (B.1)

where the infuence coefcients of the mass matrix for OWT
coupled by the 3D-PSTMD system are formulated as

equations (B2) and (B3), and the other infuence coefcients
of the mass matrix are consistent with equation (A1).

mjj �

3
R

0
mb(r)dr + 

H

0
M(z)φ2

t (z)dz + Mn + MP , j � 7, 8,

3
R

0
mb(r)dr + 

H

0
M(z)dz + Mn + MP + Mf , j � 9, 11,

3H
2


R

0
mb(r)dr + 3

H

0
M(z)z

2dz + H
2
Mn + H

2
MP + If , j � 10, 12,

MP, j � 13, 14,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(B.2)

m79 � m97 � m811 � m118 � 3
R

0
mb(r)dr + 

H

0
M(z)φt(z)dz + Mn + MP ,

m910 � m109 � m1112 � m1211 � 3H 
R

0
mb(r)dr + 

H

0
M(z)zdz + HMn + HMP ,

m710 � m107 � m812 � m128 � 3H 
R

0
mb(r)dr + 

H

0
M(z)φt(z)zdz + HMn + HMP ,

m713 � m137 � m913 � m139 � m814 � m148 � m1114 � m1411 � −MP,

m1013 � m1310 � m1214 � m1412 � −HMP.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(B.3)

Te infuence coefcients of the damping matrix for
OWT coupled by the 3D-PSTMD system are described as
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C �

c11 0 0 0 0 0 0 0 0 0 0 0 0 0

0 c22 0 0 0 0 0 0 0 0 0 0 0 0

0 0 c33 0 0 0 0 0 0 0 0 0 0 0

0 0 0 c44 0 0 0 0 0 0 0 0 0 0

0 0 0 0 c55 0 0 0 0 0 0 0 0 0

0 0 0 0 0 c66 0 0 0 0 0 0 0 0

0 0 0 0 0 0 c77 0 0 0 0 0 c713 0

c81 c82 c83 0 0 0 0 c88 0 0 0 0 0 c814

0 0 0 0 0 0 0 0 c99 0 0 0 0 0

0 0 0 0 0 0 0 0 0 c1010 0 0 0 0

c111 c112 c113 0 0 0 0 0 0 0 c1111 0 0 0

c121 c122 c123 0 0 0 0 0 0 0 0 c1212 0 0

0 0 0 0 0 0 c137 0 0 0 0 0 c1313 0

0 0 0 0 0 0 0 c148 0 0 0 0 0 c1414

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (B.4)

where the infuence coefcients of the damping matrix for
OWT coupled by the 3D-PSTMD can be formulated as
equations (B5) and (B6), and the other infuence coefcients
of the damping matrix are consistent with equation (A6).

cjj �

α
R

0
EIt(z)φt

″(z)dz + φ2
tPcPf, j � 7,

α
R

0
EIt(z)φt

″(z)dz + φ2
tPcPs, j � 8,

cPf , j � 13,

cPs, j � 14,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(B.5)

c713 � c137 � −φtPcPx,

c814 � c148 � −φtPcPy.
 (B.6)

Te stifness matrix of OWTcoupled by the 3D-PSTMD
device is formulated as

K �

k11 0 0 0 0 0 0 0 0 0 0 0 0 0

0 k22 0 0 0 0 0 0 0 0 0 0 0 0

0 0 k33 0 0 0 0 0 0 0 0 0 0 0

0 0 0 k44 0 0 0 0 0 0 0 0 0 0

0 0 0 0 k55 0 0 0 0 0 0 0 0 0

0 0 0 0 0 k66 0 0 0 0 0 0 0 0

0 0 0 0 0 0 k77 0 0 0 0 0 k713 0

k81 k82 k83 0 0 0 0 k88 0 0 0 0 0 k814

0 0 0 0 0 0 0 0 k99 0 0 0 0 0

0 0 0 0 0 0 0 0 0 k1010 0 0 0 0

k111 k112 k113 0 0 0 0 0 0 0 k1111 0 0 0

k121 k122 k123 0 0 0 0 0 0 0 0 k1212 0 0

0 0 0 0 0 0 k137 0 0 0 0 0 k1313 0

0 0 0 0 0 0 0 k148 0 0 0 0 0 k1414

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (B.7)
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where the infuence coefcients of the stifness matrix for
OWT coupled by the 3D-PSTMD system are formulated as

equations (B8) and (B9), and the other infuence coefcients
of the damping matrix are consistent with equation (A9).

kjj �


H

0
EIt(z)φ″(z)

2dz − Mng 
H

0
φ′(z)

2dz +
fP φ2

tP − φ2
tF 

hF − hL

, j � 7, 8,

MPg + fP

hL

+
fP

hF − hL

, j � 13, 14,

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(B.8)

k713 � k137 � k814 � k148 � −
fP φtP − φtF( 

hF − hL

. (B.9)
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