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Tis paper devises a new method for estimating the maximum response and maximum control force for high-rise base-isolated
buildings with active structural control (active base isolation) to simplify the conventional complex design procedure.While active
base isolation has emerged as a prominent solution for achieving high control performance, its design process is inherently
complex, particularly when applied to high-rise buildings where wind loads become prominent. To address this problem, we
propose a streamlined method inspired by the gust factor methodology widely used in conventional passive wind-resistant
designs. Tis method estimates the maximum response and maximum control force without the need for numerical simulations.
We frst construct an equivalent passive model of a multi-degree-of-freedom control system to theoretically compute the dy-
namics of the system. Based on the constructed equivalent passive model and then propose a method to calculate the mean
displacement and mean control force using only the static equilibrium of this model. Furthermore, we extend the conventional
gust factor approach to active base isolation to estimate the maximum displacement and maximum control force for active base
isolation without the need for numerical simulations. We validate our methods through a series of numerical examples, in-
corporating key parameters such as feedback gain, aspect ratio of building, return period of wind force, and stifness of isolation.
Numerical verifcations show that the mean response and mean control force are estimated by the static equilibrium of the
proposed equivalent passive model. Moreover, the maximum response and maximum control force can be estimated by the
proposed gust factors. Our methods can be applied for feedback control systems using a given feedback gain.

1. Introduction

Passive base isolation has proven to be an infuential solution
for enhancing the durability of buildings and infrastructure
against seismic threats [1–3]. Te prevalence of such
structures in Japan has seen a remarkable surge following the
devastating Great Hanshin earthquake of 1995 [4]. Con-
ventionally, base-isolated structures are applied to low- and
midrise buildings, such as those in [5–7], to suppress the
absolute acceleration and interstory drift of the super-
structure, thereby substantially reducing the likelihood of

structural damage during earthquakes. Recent developments
in base-isolation structures have also seen the imple-
mentation of base isolation in high-rise buildings [8] to
prevent damage to the superstructure. However, applying
base isolation in high-rise buildings brings about new issues
to tackle. As the height of a building increases, so does the
wind load that directly impacts the superstructure. Fur-
thermore, the mean component of the along-wind force
results in excessive displacement of the isolation layer that
cannot be adequately suppressed by adding the damping of
the isolation story [9]. Increasing the stifness of the isolation
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layer may seem the most efective solution, but such al-
terations increase the absolute acceleration response of the
structure. Consequently, the combination of active struc-
tural control and passive base isolation (active base isolation)
emerges as a viable alternative to address these variations
between wind and earthquake forces in the proposed
structural system [10, 11].

Although the efectiveness of the active base isolation has
been shown in many studies, its applications are still few
around the world. One reason for this problem may be
considered as the complexity involved in designing active
base-isolation systems [12]. Estimations of the maximum
response and control force of an active structural control
system conventionally rely on numerical simulations.
However, due to the lengthy duration of wind events and the
averaging of several cases to calculate responses of control
systems, these simulations are often time consuming.
Moreover, designing control systems often uses a trial-and-
error process, which adds additional complexity when
selecting a controller to fulfll all design requirements. Te
design of base-isolation buildings with active structural
control is thus fraught with signifcant guesswork, testing,
and prolonged simulation times [12]. On the contrary,
conventional passive wind-resistant designs widely use the
well-developed gust factor approach to estimate the maxi-
mum response without the need for numerical simulations
[13, 14]. Expanding the gust factor approach to active base
isolation could similarly streamline this intricate conven-
tional design.

Kumar et al. and Kohiyama et al. proposed an equivalent
passive model of a single-degree-of-freedom (single-DOF)
control system that theoretically describes the system dy-
namics [15, 16]. Tis equivalent passive model allows for
straightforward estimation of the vibration characteristics of
control systems to estimate the maximum responses.
However, these studies did not consider the maximum
control force, a crucial factor for active structural control
when selecting a controller. To address this, Sato et al. and
Chen et al. devised a control force spectrum using the
equivalent passive model to estimate the maximum control
force for single-DOF active base-isolation systems subjected
to earthquake disturbance [17–19]. Still, these methods only
consider earthquake disturbances and cannot be used to
estimate the responses and control force of an active
structural control system subjected to wind force.

To rectify these issues, Chen et al. applied the gust factor
approach to active base-isolated buildings designed by the
linear-quadratic regulator (LQR) method to estimate both
the maximum response and the control force [20]. However,
this previous method still has the following two main issues:

(i) Te previous method employs solving an equation,
which contains high-dimensional matrices, to cal-
culate the mean control force and response.
Terefore, fnding the solution to the equation is
relatively complex, and the method itself is chal-
lenging to comprehend.

(ii) Te previous method is only suitable for one specifc
case of LQR weighting matrices, which are designed
exclusively to suppress the maximum response of the
isolated story. Tis limits the scope of application of
the method.

Tis paper proposes a new method, based on the gust
factor approach, for multi-DOF lumped-mass models with
a given feedback control gain to estimate both the maxi-
mum response and maximum control force (Figure 1),
thereby eliminating the need for numerical simulations.
Initially, we present a methodology for constructing the
equivalent passive model of a multi-DOF control system to
theoretically delineate the dynamics of the system. Fol-
lowing this, we develop a method to calculate the mean
displacement and control force using only the static
equilibrium of the constructed equivalent passive model.
Furthermore, we propose gust factors for displacement and
control force to estimate the maximum response and
control force of the control system based on the calculated
mean values. Compared with the previous method, the
advantages of the method proposed in this paper are given
below:

(i) Te method proposed in this paper uses only the
static equilibrium of the constructed equivalent
passive model to compute the mean response and
mean control force. It eliminates the need to solve
a complex equation with high-dimensional matrices.

(ii) Tis method does not restrict the selection of LQR
weighting matrices, extending its scope of
application.

Te method proposed in this paper can be used to estimate
the maximum control force for feedback control systems. To
verify the efcacy of the presented methods, we use nu-
merical examples that incorporate feedback gain, aspect
ratio, wind force return period, and isolation natural period
as parameters. Trough this study, we aim to bring clarity to
the challenges of designing active base isolation and provide
a reliable, practical solution.

2. Mathematical Model and Wind Force

Tis section shows the mathematical model and the along-
wind force utilized in this paper.

2.1. Mathematical Model. Tis paper considers a base-
isolated steel base-isolated building (refer to Figure 2(a)).
We assume that the height of the superstructure H is
100meters, and the density of the superstructure ρs is
175 kg/m3 (refer to the density of high-rise steel structures).
Te frst natural period of the superstructure Ts,m1 is defned
by the following equation (21):

Ts,m1 � 0.02H � 0.02 × 100 � 2 s. (1)
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Te damping ratio for the superstructure’s frst natural
period is assumed as 0.02 (no additional damper is installed
in the superstructure). As our method is proposed for
a shear-frame model, the superstructure of the building is
represented as a 10-DOF lumped-mass shear model. Note
that 1 DOF of the superstructure represents a couple of
foors.

An isolation story (1 DOF) is positioned beneath the
superstructure, and the control device is situated at the
isolation story. Te base-isolation’s mass per unit area ρ0 is
2551 kg/m2 [21]. Te isolation layer of the model contains

a natural multilayer rubber-bearing, linear viscous dampers,
and actuators. Te isolated natural period (the period that
assumes that the superstructure is rigid) T0 is 4 s, and the
damping ratio for the isolated period natural ζ0 is 0.05. Te
control force is generated by the actuators.

Consequently, the models have 11 DOFs (see
Figure 2(b)). Table 1 presents the parameters of the
mathematical model.

Te mass, stifness, and damping coefcient of the su-
perstructure of the model are defned by the following
equations (22):

Displacement [m] Control force [N]×105

Mean

Max.
Gust factor
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Figure 1: Gust factor approach for active base isolation.
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Figure 2: Buildings and mathematic model. (a) Buildings and (b) mathematic model.
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mi � ρsBsDshi, i � 1 ∼ 10, (2a)

ki �

ω2
s,m1m1ϕs,1 + k2 ϕs,2 − ϕs,1 

ϕs,1
, i � 1,

ω2
s,m1miϕs,i + ki+1 ϕs,i+1 − ϕs,i 

ϕs,i − ϕs,i−1
, i � 2 ∼ 9,

ω2
s,m1m10ϕs,10

ϕs,10 − ϕs,9
, i � 10,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(2b)

ci �
2ζs,m1

ωs,m1
ki, i � 1 ∼ 10, (2c)

where ωs,m1 � 2π/Ts,m1 represents the superstructure’s 1st
natural angular frequency, and ϕs,i is the i th-story amplitude
of the frst mode of the superstructure. Tis study uses
a straight-line mode for the frst mode of the superstructure
as follows:

ϕs,i � i. (3)

Te mass, stifness, and damping ratio of the isolation
layer are determined by the subsequent equations:

m0 � ρ0B0D0,

k0 �
4π2

T
2
0



10

i�0
mi,

c0 �
4πζ0
T0



10

i�0
mi,

(4)

where ϕ0 is the mass per unit area of the base-isolated layer,
T0 and ζ0 represent the natural period and damping ratio
assuming that the superstructure is a rigid body (isolated
period and isolated damping ratio).

Te dynamics of the models are described by the fol-
lowing equation:

Mx(t) + C _x(t) + Kx(t) � Eff(t) − Euu(t), (5)

in which

M �

m0

m1

⋱

m10

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

, (6a)

K �

k0 + k1 −k1

−k1 k1 + k2 −k2

−k2 ⋱
−k10 k10

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (6b)

C �

c0 + c1 −c1

−c1 c1 + c2 −c2

−c2 ⋱
−c10 c10

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
, (6c)

x(t) �

x0(t)

x1(t)

⋮
x10(t)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

f(t) �

0
f1(t)

⋮
f10(t)

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
,

(6d)

Ef � I, (6e)

Eu � 1 0 · · · 0 
T

, (6f)

where M, K, and C represent the mass, stifness, and
damping matrices of the model, respectively, x(t), _x(t), and
x(t) are the displacement, velocity, and acceleration vectors,
respectively, f is the wind force vector, xi(t) and fi(t) are
the displacement and wind force of the i th story (0th story
indicates the isolation story), respectively, u(t) is the control

Table 1: Parameter of the mathematic model.

Parameter Symbol Value

Superstructure

Height Hs 100m
Width Bs 25m
Depth Ds 25m
DOF — 10

Height of each story hi 10m
Density ρs 175 kg/m3

1st natural period Ts,m1 2 s
1st damping ratio ζs,m1 0.02

Isolation

Width B0 25m
Depth D0 25m
DOF — 1

Mass per unit area ρ0 2551 kg/m2

Isolated period T0 4 s
Isolated damping ratio ζ0 0.05
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force, Ef and Eu are the input matrices for f(t) and u(t),
respectively, and I is a unit matrix.

2.2.Wind Force. Tis study utilizes the along-wind force, as
determined by wind tunnel test data [23, 24].Te parameters
of the wind tunnel test are presented in Table 2. Te airfow
in the test is determined by referencing the building design
code in Japan [25]. Te parameters of the wind force for
simulation are displayed in Table 3.

Tis paper employs 30 cases of 10-minute wind waves to
conduct numerical simulations. It should be noted that the
wind data include envelopes at the frst and last 50 seconds to
minimize the infuence of transient response (refer to Fig-
ure 3), and the responses are computed by the ensemble
average of 30 cases using only the values from 50 seconds to
650 seconds. Figure 4 illustrates the power spectral density
(PSD) of the wind force of the 10th story (ensemble average
of 30 cases). Figure 5 portrays the mean and maximum wind
force exerted on each story of the model (ensemble average
of 30 cases).

3. Control System

Semiactive control requires using a small external energy to
generate signifcant control force by dynamically altering the
structural damping coefcient or stifness and is inherently
stable. Its efectiveness has been validated via analytical and
experimental studies [26–28]. However, semiactive control
devices usually have a relatively small control force and
cannot add or remove energy to the structure. Because
suppressing the isolation story’s displacement for a high-rise
building requires extremely control force, this study uses
active structural control strategy.

Tis section constructs the control system using the
linear quadratic regulator (LQR) method, one of the stan-
dard methods for active structural control [29–31]. Sub-
sequently, it shows four cases of LQR weighting matrices,
intended for numerical examples.

3.1. Construction of the Control System. Te state-space
representation of (5) is as follows:

_z(t) � Az(t) + Bff(t) − Buu(t), (7)

where

z(t) � xT(t) _xT(t) 
T
, (8a)

A �
0 I

−M−1K −M−1C
 , (8b)

Bf � 0 · · · 0 M−1Ef( 
T

 
T
, and (8c)

Bu � 0 · · · 0 M−1Eu( 
T

 
T
. (8d)

Here, z(t) is the state vector, A is the system matrix, and
Bf and Bu are the input gain for f(t) and u(t), respectively.

Te study uses the subsequent feedback control law:

u(t) � KPz(t), (9)

where KP is the feedback gain.

Table 2: Parameter of the wind tunnel test.

Parameter Value
Scale 1/250
Wind velocity 10m/s
Wind direction angle 0°
Story 8
Sampling frequency 1000Hz

Table 3: Parameter of wind force for simulation.

Parameter Value
Return period 500 years
Terrain category III
Wind direction angle 0°
Wind velocity (top story) 63.8m/s
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Note that KP is a horizontal vector with 22 entries. Te
frst 11 entries are the displacement-feedback gain KPD, and
the last 11 entries are the velocity-feedback gain KPV.
Terefore, equation (9) can be represented by the following
equation:

u(t) � KPD KPV  xT(t) _xT(t) 
T

� KPDx(t) + KPV _x(t).

(10)

Figure 6 illustrates the block diagram of the control
system utilized in this paper.

Tis study employs the LQR method to design the
feedback gain, KP. Te LQR method minimizes J in the
subsequent cost funtion for a control system subjected to an
impulsive excitation [32]:

J � 
∞

0
zT(t)Qz(t) + u

T
(t)Ru(t) dt. (11)

where Q≥ 0 and R> 0 are the weighting matrices for the
state and control force, respectively.Te following weighting
matrices are utilized in this paper:

Q � 10βdiag. qD0 qD1 · · · qD10

|

|

|

qV0 qV1 · · · qV10

⎧⎪⎪⎨

⎪⎪⎩

⎫⎪⎪⎬

⎪⎪⎭
and (12a)

R � 1, (12b)

where qDi and qVi are the diagonal weighting entries ofQ for
displacement and velocity, respectively, and β is the
weighting coefcient of Q. Te weighting coefcient β de-
termines the relative weight of the cost function (11) in the
optimization problem. Note that increasing the value of β
results in an enhancement in active control efect. Con-
versely, if β is sufciently small, the system will have little or
no active control efect (similar to a passive-controlled
structure).

Upon solving (11), the feedback gainKP is determined as
the following equation:

KP � R
−1BT

uP, (13)

where P (≥ 0) is the solution of the following algebraic
Riccati equation (33):

ATP + PA − PBuR
−1BT

uP + Q � 0. (14)

Note that the solution of the algebraic Riccati equation P
in equation (14) and the feedback gain KP are invariant with
time. Equation (14) yields an optimal solution only for
impulsive excitation to adjust the vibration characteristics.
Te LQR method cannot guarantee an optimal solution for
the actual excitation term, as noted in [34].

3.2. Selecting of Weighting Matrices. Te methods proposed
in this paper uses a given feedback gain to estimate the
maximum response and control force. Terefore, this paper
uses four cases of the LQR weighting matrices (Table 4) as
numerical examples to validate the efectiveness of the es-
timation method. Tis section assigns weight entries for
displacement only, setting all weight entries for velocity to
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0 to suppress the displacement response. Furthermore,
Appendix A provides validations for the cases that qV,i ≠ 0
and compares the control performance with the cases used
in this section.

4. Equivalent Model and Estimation of
Mean Response

Tis section introduces a method to construct an equivalent
passive model for a multi-DOF control system. Sub-
sequently, we propose a method for estimating the mean
response and mean control force, solely using the static
equilibrium of the constructed equivalent passive model.

4.1. Construction of Equivalent Model. In this study, the
equivalent model of an active system is defned as a model
that generates the same responses as the original active
system when subjected to the same disturbance [15, 16].

Substituting the control law, given in (9), into the vi-
bration equation, (5), results in the following equation:

M€x (t) + C _x(t) + Kx(t) � EFf(t) − Eu KPDx(t) + KPV _x(t) .

(15)

Representing (15) yields the dynamics of the equivalent
model as follows:

M€x (t) + Ceq _x(t) + Keqx(t) � Eff(t), (16)

where Keq and Ceq are the stifness matrix and damping
matrix of the equivalent model, respectively (equivalent
stifness matrix and equivalent damping matrix). Te def-
nitions of Keq and Ceq are shown in the subsequent
equations:

Keq � K + EuKPD and (17a)

Ceq � C + EuKPV. (17b)

Using equation (16), the vibration characteristics of
a multi-DOFs active control system can be represented as
a passive model. Note that the equivalent stifness matrix and
equivalent damping matrix, Keq and Ceq, are nonsymmetric.
Also, the state-space equation of the equivalent model is

_z(t) � Aeqz(t) + Bff(t), (18)

where Aeq is the system matrix of the equivalent model,
defned by the following equation:

Aeq � A + BuKP

�
0 I

−M−1Keq −M−1Ceq

⎡⎣ ⎤⎦.
(19)

4.2. Estimation of Mean Displacement and Mean Control
Force. By utilizing the static equilibrium of equation (16),
the mean displacement response of the system can be es-
timated as follows:

�x � K−1
eqEf f , (20)

where f is the mean-wind-force vector.
Furthermore, from (9), the mean control force �u is

�u � KPD�x + KPD _x, (21)

where �x and _x are the mean-displacement vector and mean-
velocity vector, respectively.

As the velocity response of a control system does not
contain a mean component [35], substituting (20) into (21)
yields

�u � KPDK
−1
eqEf f . (22)

Using equations (20) and (22), the mean displacement
and mean control force are estimated by the static equi-
librium of the constructed equivalent passive model. From
(20) and (22), the following results are obtained:

(i) Using the constructed equivalent passive model, the
mean displacement and mean control force are es-
timated only by using the static equilibrium without
the need for numerical simulations.

(ii) Equations (20) and (22) contain an inverse of the
equivalent stifness matrix Keq and hence there are
no analytical solutions for a system with more than
2 DOFs.

Compared to the previous method, which requires
solving an equation containing high-dimensional matrices
[20], the method proposed in this paper ((20) and (22)) only
requires the inverse matrix of the equivalent stifness matrix

Table 4: Selection of weighting matrices (qV,i � 0).

Story Case A Case B Case C Case D
i qD,i qV,i qD,i qV,i qD,i qV,i qD,i qV,i

0 1 0 0 0 1 0 1 0
1 0 0 0 0 0 0 1 0
2 0 0 0 0 0 0 1 0
3 0 0 0 0 0 0 1 0
4 0 0 0 0 0 0 1 0
5 0 0 0 0 0 0 1 0
6 0 0 0 0 0 0 1 0
7 0 0 0 0 0 0 1 0
8 0 0 0 0 0 0 1 0
9 0 0 0 0 0 0 1 0
10 0 0 1 0 1 0 1 0
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Keq. As a result, the proposed method ofers a more efcient
way to estimate the mean displacement and mean control
force of the system without the need for numerical
simulations.

5. Gust Factor for the Active Control System

Te gust factor approach, as applied to the along-wind di-
rection, is a widely-used well-developed method for estimating
the maximum response of the structure without the need for
complex numerical simulations or wind tunnel tests. Section
5.1 extends the gust factor for displacement to active control

systems to estimate the maximum displacement response.
Furthermore, Section 5.2 devises a new gust factor to estimate
the maximum control force.

5.1. Gust Factor for Displacement. Tis study uses the sub-
sequent equation to estimate the gust factor of displacement,
referring to AIJ Recommendations for Loads on Buildings
[25].

GD � 1 + gD
Cg′

Cg

��������

1 + ϕ2DRD



, (23)

where

gD �

���������������

2 ln 600vD(  + 1.2


, (24a)

Cg′ � 2IH

0.49 − 0.14α

1 + 0.63
���
BH

√
/LH 

0.56
/(H/B)

κ
  

κ � 0.07,
H

B
≥ 1 ,

κ � 0.15,
H

B
< 1 .

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

, (24b)

Cg �
1

3 + 3α
+
1
6
, (24c)

ϕD �
3

2 + β
MD1

MD

λ, (24d)

RD �
πFD

4ζm1,eq
, (24e)

vD � fm1,eq

������
RD

1 + RD



, (24f)

FD �
I
2
HFSD(0.57 − 0.35α + 2R

������������
0.053 − 0.042α

√
)

C
′2
g

, (24g)

R �
1

1 + 20 + fm1,eqB/UH 
, (24h)

F �
4 fm1,eqLH/UH 

1 + 71 fm1,eqLH/UH 
2

 
5/6, (24i)

SD �
0.9

1 + 6 fm1,eqH′/UH 
2

 
0.5

1 + 3 fm1,eqB/UH  

,
(24j)

λ � 1 − 0.4 ln β, (24k)

MD � 
H

0
m(h)μ2(h)dh, and (24l)

μ(h) �
h

H
 

β

. (24m)
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Te variables are defned as follows: gD: peak factor of
along-wind vibration, Cg: overturningmoment coefcient in
along-wind direction, Cg′: RMS overturning moment co-
efcient in along-wind direction, ϕD: mode shape correction
factor, RD: resonance factor for along-wind vibration, vD
(Hz): level crossing rate, α: exponent of the power law for
wind speed profle, IH: turbulence intensity at reference
height given by equation (25), B (m): building width, LH

(m): turbulence scale at reference height given by equation
(28), FD: along-wind force spectral factor, ζm1,eq: damping
ratio for the 1st mode of the equivalent model, fm1,eq (Hz):
natural frequency for the 1st mode of the equivalent model,
F: wind force spectrum factor, SD: size efect factor, R:
correlation coefcient between wind pressures on the
windward and leeward faces, UH (m/s): design wind velocity
(see Table 3), β: exponent of the power law for the frst
translational vibration mode in the along-wind direction
defned in equation (29), MD (kg): generalized mass of
building for along-wind vibration, MD1 (kg): generalized
mass of building for along-wind vibration calculated based
on β � 1, λ: mode correction factor of general wind force,
m(h) (kg/m): mass per unit height at h m, and μ(h): 1st
mode shape of building in each direction.

Note that fm1,eq and ζm1,eq use the 1st natural frequency
and 1st damping ratio of the equivalent model (see Figure 7).

Te turbulence intensity IH is defned according to the
conditions of the construction site as

IH � IrHEgI, (25)

where IrH is the turbulence intensity at height H for each
terrain category defned in equation (26), and EgI is the
topography factor defned in equation (27).

IrH �

0.1
H

HG
 

−α−0.05

, Hb <H≤HG,

0.1
Hb

HG
 

−α−0.05

, H≤Hb,

⎧⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

(26)

where Hb, HG, and α are the parameters of the exposure
factor as defned in Table 5.

Te topography factor for the turbulence intensity is
defned as follows:

EgI �
EI

Eg

, (27)

where EI is the topography factor for the standard deviation
of the fuctuating wind speed; Eg is the topography factor.
Tis paper does not consider topography factors
EI � Eg � 1.

Te turbulence scale LH is defned according to the
terrain category of the construction site as

LH �

100
H

30
 

0.05
, Hb <H≤HG,

100
Hb

30
 

0.05
, H≤Hb.

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

(28)

Te value of the exponent of the power law for the frst
translational vibration mode in the along-wind direction, β,
is approximated by

β � 0.51μ20 − 1.5μ0 + 0.99, (29)

where μ0 is the mode displacement at the PBI story
(Figure 8).

5.2. Gust Factor for Control Force. Te defnition of the gust
factor for control force Gu is given as follows:

Gu �
umax

u
, (30)

where umax and �u are the maximum control force and mean
control force, respectively. From the control law, (9), the
maximum control force, umax, and mean control force, �u, are
given in the following:

�u � KPD�x + KPV _x � KPD�x, (31a)

umax � max KPDx(t) + KPVx
.
(t) . (31b)

Due to the phase diference between displacement re-
sponse and velocity response, the maximum value of dis-
placement and velocity usually do not occur simultaneously.
Terefore, this study employs the square root of the sum of

Re.

Im.

ωm1,eq

1st eigenvalue of Aeq

1st eigenvalue of Aeq

ωm1,eqζm1,eq

1 − ζ 2
m1,eq

Figure 7: Natural frequency and the damping ratio of 1st mode.

Table 5: Parameters of the exposure factor [25].

Flat terrain
categories I II III IV V

Hb 3 5 10 20 30
HG 250 350 450 550 650
α 0.10 0.15 0.20 0.27 0.35

Structural Control and Health Monitoring 9



squares (SRSSs) to estimate the maximum control force as
follows:

umax �

����������������������������

max KPDx(t) 
2

+ max KPVx
.
(t) 

2


. (32)

Given that the 1st mode is dominant for wind-induced
vibration, the following assumption is used:

�u � KPD�x

� �x0KPDΦm1,

(33a)

max KPDx(t)  � x0maxKPDΦm1

� GDx0KPDΦm1, and,
(33b)

max KPV _x(t)  � _x0maxKPVΦm1

� x0max − �x0 ωm1KPVΦm1

� GD − 1( �x0ωm1KPVΦm1,

(33c)

whereΦm1 is the 1st mode vector. Substituting (32) and (33)
into (30) yields

Gu �

��������������������������������������

GD�x0KPDΦm1 
2

+ GD − 1( �x0ωm1KPVΦm1 
2



�x0KPDΦm1

�

����������������������������������������

GD�x0KPDΦm1
�x0KPDΦm1

 

2

+
GD − 1( �x0ωm1KPVΦm1

�x0KPDΦm1
 

2




�

��������

G
2
D + G

2
V



,

(34)

Representing (34) yields

Gu �

��������

G
2
D + G

2
V



, (35a)

GV � GD − 1( ωm1
KPVΦm1

KPDΦm1
. (35b)

Using (35), the maximum control force can be estimated
without the need of numerical simulations.

In addition, Appendix B provides a comparison between
the gust factor estimation method for control force pre-
sented in this paper, Eq. (35), and the previous method [20].

6. Numerical Verification

Figure 9 shows the comparison of the mean displacement
and mean control force between estimations (equations (20)
and (22)) and simulation results. From Figure 9, the fol-
lowing observations are made:

(i) Te mean displacement and mean control force
estimated by the equivalent model match well with
the simulation results; thus, the validity of equa-
tions (20) and (22) is verifed.

(ii) Te mean displacement of the isolation story de-
creases as the weighting coefcient β increases.

1st mode shape

Story

isolation story

top story

ground

1

µ0

Figure 8: Mode displacement at isolation story μ0.
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Figure 9: Mean displacement and mean control force: estimation vs. simulation result. (a) Case A. (b) Case B. (c) Case C. (d) Case D.
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Figure 10: Continued.
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Figure 10: Gust factor for displacement and control force: estimation vs. simulation result. (a) Case A. (b) Case B. (c) Case C. (d) Case D.

Table 6: Selecting of weighting matrices (qV,i ≠ 0).

i
Case A′ Case B′ Case C′ Case D′

qD,i qV,i qD,i qV,i qD,i qV,i qD,i qV,i

0 1 1 0 0 1 1 1 1
1 0 0 0 0 0 0 1 1
2 0 0 0 0 0 0 1 1
3 0 0 0 0 0 0 1 1
4 0 0 0 0 0 0 1 1
5 0 0 0 0 0 0 1 1
6 0 0 0 0 0 0 1 1
7 0 0 0 0 0 0 1 1
8 0 0 0 0 0 0 1 1
9 0 0 0 0 0 0 1 1
10 0 0 1 1 1 1 1 1
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Figure 11: Simulation result of maximum displacement: cases A∼D vs. cases A′∼D′ (β � 24). (a) Case A vs. case A′. (b) Case B vs. case B′.
(c) Case C vs. case C′. (d) Case D vs. case D′.
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Figure 12: Angle between mean displacement vector and 1st mode vector. (a) Case A. (b) Case B. (c) Case C. (d) Case D.
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Figure 13: Continued.
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Figure 13: Gust factor for control force: previous method vs. new method. (a) Case A. (b) Case B. (c) Case C. (d) Case D.

Table 7: Parameter of the model used in this section.

Case nos. Aspect ratio Return period (year) Isolated period (s)
1 4 100 3
2 4 100 5
3 4 500 3
4 4 500 5
5 5 100 3
6 5 100 5
7 5 500 3
8 5 500 5
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Figure 14: Continued.
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Figure 14: Gust factor: estimation vs. simulation result (aspect ratio: 4, return period: 100-year, isolated period: 3 s). (a) Case A. (b) Case
B. (c) Case C. (d) Case D.
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Figure 15: Gust factor: estimation vs. simulation result (aspect ratio: 4, return period: 100-year, isolated period: 5 s). (a) Case A. (b) Case B.
(c) Case C. (d) Case D.
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Figure 16: Gust factor: estimation vs. simulation result (aspect ratio: 4, return period: 500-year, isolated period: 3 s). (a) Case A. (b) Case B.
(c) Case C. (d) Case D.
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Figure 17: Continued.
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Figure 17: Gust factor: estimation vs. simulation result (aspect ratio: 4, return period: 500-year, isolated period: 5 s). (a) Case A. (b) Case B.
(c) Case C. (d) Case D.

4 8 12 16 20 240
β

0

1

2

3

G D
0

100

101

102

G u

GD (est.)
GD,0 (sim.)
Gu (est.)

Gu (sim.)
x0 < 0.01 m–

(a)

240 204 8 12 16
β

0

1

2

3
G D

0

100

101

102

G u

GD (est.)
GD,0 (sim.)
Gu (est.)

Gu (sim.)
x0 < 0.01 m–

(b)

4 8 20 240 12 16
β

100

101

102

G u

0

1

2

3

G D
0

GD (est.)
GD,0 (sim.)
Gu (est.)

Gu (sim.)
x0 < 0.01 m–

(c)

1612 240 204 8
β

100

101

102

G u

0

1

2

3

G D
0

GD (est.)
GD,0 (sim.)
Gu (est.)

Gu (sim.)
x0 < 0.01 m–

(d)

Figure 18: Gust factor: estimation vs. simulation result (aspect ratio: 5, return period: 100-year, isolated period: 3 s). (a) Case A. (b) Case B.
(c) Case C. (d) Case D.
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Figure 19: Gust factor: estimation vs. simulation result (aspect ratio: 5, return period: 100-year, isolated period: 5 s). (a) Case A. (b) Case B.
(c) Case C. (d) Case D.
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Figure 20: Continued.
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(iii) Te mean control force increases monotonically
with the weighting coefcient β.

(iv) Te mean displacement of the base-isolation story
may be suppressed to the negative direction of

wind if weighting entries of the superstructure is
not 0 (cases 2 ∼ 4).

(v) Te mean control force of case 1 is smaller than
that of cases 2 ∼ 4.
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Figure 20: Gust factor: estimation vs. simulation result (aspect ratio: 5, return period: 500-year, isolated period: 3 s). (a) Case A. (b) Case B.
(c) Case C. (d) Case D.
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Figure 21: Gust factor: estimation vs. simulation result (aspect ratio: 5, return period: 500-year, isolated period: 5 s). (a) Case A. (b) Case B.
(c) Case C. (d) Case D.
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Figure 10 presents the comparison of the gust
factors for displacement and control force between
the estimations (equations (23) and (35)) and
simulation results. From Figure 10, the following
results are obtained:

(vi) Te estimated values of the gust factors for dis-
placement align well with the simulation results if
the mean displacement of the isolation story, x0, is
larger than 0.01m.

(vii) Te estimation error of the gust factors for dis-
placement is relatively large for the cases that
x0 < 0.01 m.

(viii) Te estimation values of the gust factors for control
force match well with the simulation results for
all cases.

(ix) Te gust factors for displacement and control force
decreases as the weighting coefcient β increases.

Terefore, the efectiveness of the proposed estimation
methods is validated.

Tis section only presented the validations of the pro-
posed estimation methods considering diferent LQR
weighting matrices. Appendix C provides numerical veri-
fcations that incorporate feedback gain, aspect ratio, wind
force return period, and isolation natural period as
parameters.

7. Conclusion

Tis paper proposed a straightforward method for esti-
mating the maximum displacement responses and maxi-
mum control force for active base-isolation systems. An
equivalent passive model of the active base-isolation system
has been conceived to theoretically describe the vibration
characteristics of the system. Utilizing the constructed
equivalent model, a strategy was devised to compute the
mean response and mean control force of the model when
subjected to along-wind forces. Subsequently, we devised
gust factors for displacement and control force that estimate
the maximum response and maximum control force.
Compared with the previous method, this method has the
following two advantages:

(1) Instead of solving a complex equation, which con-
tains high-dimensional matrices, we devised a new
method to compute the mean displacement and
mean control force only using the static equilibrium
of the equivalent passive model, which is easily to
understand for structural designers.

(2) Te gust factor for control force proposed in this
paper does not restrict the selection of LQR
weighting matrices, extending its scope of
application.

Tis approach dispenses with the need for numerical
simulations, thereby simplifying conventional design pro-
cesses for active base-isolation. Numerical examples, which

incorporate feedback gain, aspect ratio, wind force return
period, and isolated period as parameters, verifed the ef-
fectiveness of the presented methods.

From the numerical examples, the following results are
obtained:

(i) Te mean displacement of the isolation story de-
creases as the weighting coefcient β increases.

(ii) Te mean control force increases monotonically
with the weighting coefcient β.

(iii) Te mean displacement of the base-isolation story
may be suppressed to the negative direction of wind
if weighting entries of the superstructure is not
0 (cases 2 ∼ 4).

(iv) Te mean control force of case 1 is smaller than that
of cases 2 ∼ 4.

(v) Te gust factors for displacement and control force
decreases as the weighting coefcient β increases.

Appendix

A. Comparison of Cases with Nonzero
Weighting Entries for Velocity

Tis section presents a comparison between the cases where
qV,i ≠ 0 (velocity component) and the cases where qV,i � 0
(shown in Table 4).

Table 6 show the four cases of weighting entries Q used
in this section. Note that compared with cases A ∼ D, cases
A′ ∼ D′ assign the same weighting entries for both dis-
placement and velocity of the same stories.

Figure 11 shows a comparison of the maximum dis-
placements between cases A ∼ D and cases A′ ∼ D′. Note
that the weighting coefcients β of each case are set to the
same value, 24, to achieve relatively high control perfor-
mance. From Figure 11, the following results are obtained:

(i) Te maximum displacement response of case A′ is
almost the same as case A.

(ii) Te maximum displacement response of cases B′ ∼
D′ is much larger than that of cases B ∼ D.

Given these observations, this paper will only consider
cases A ∼ D, because adding weighting entries to the ve-
locity component may increase the maximum displacement,
which is not desirable for wind-resistant design.

B. Comparison of Gust Factor Estimation for
Control Force: Previous Method vs.
New Method

Tis section elucidates the comparative assessment of gust
factor calculations for control force, contrasting the previous
method [20] with the new method proposed in Section 5.

Te respective equations employed for estimating the
gust factor for control force are delineated in the following:

Previous method:
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Gu � GD + GV, (B.1a)

GV � GD − 1( ωm1
KPVX
KPDX

. (B.1b)

New method (this paper):

Gu �

��������

G
2
D + G

2
V



,

GV � GD − 1( ωm1
KPVΦm1

KPDΦm1
.

(B.2)

From the aforementioned equations, two discernible
diferences are observed between the previous method and
the new approach.

(i) Te previous method uses an absolute sum to esti-
mate the maximum control force, whilst the new
methodology utilizes the square root of the sum of
squares (SRSSs). Te reason that we use SRSS is
because a phase diference between displacement
and velocity is commonplace, which means that
maximum displacement and velocity typically do not
occur simultaneously.

(ii) Te previous methodology uses the mean-
displacement vector to compute the mean control
force, whereas the new approach utilizes the 1st
mode vector. Te reason for using the 1st mode
vector instead of the mean-displacement vector is
that the angle of the mean-displacement vector
varies as the mean displacement is suppressed (see
Figure 12).Tis alteration afects the result of the dot
product as depicted in (B.1b).

Figure 13 shows a comparison of the previous method
and the new method for estimating the gust factor for
control force. From Figure 13, it is discernible that the new
method provides superior estimation accuracy for all
tested cases.

Figure 12 represents the angle, θD, between the mean
displacement vector and the 1st mode vector of the system.
Te formal defnition of θD is provided in the following:

θD � cos−1 �x · φm1

‖�x‖ ‖φm1 ‖
. (B.3)

In this context, “·” and “‖ ‖” denote the dot product and
norm of a vector, respectively.

According to Figure 12, it can be seen that θD increases as
the weighting coefcient, β, increases. Terefore,
substituting the mean displacement vector with the frst
mode vector can signifcantly enhance the estimation
accuracy.

C. Parametric Investigation for Gust Factors

Tis section presents numerical validations of the proposed
gust factor estimation equations, specifcally, equations (23)
and (34), using variable parameters such as the aspect ratio
of the building, return period of wind force, and isolated

period. Parameters for the models used in this section are
listed in Table 7.

Figures 14–21 show numerical validations for the cases
listed in Table 7. From Figures 14–21, the following ob-
servations are obtained:

(i) When the mean displacement of the isolation story,
x0, exceeds 0.01m, the gust factor estimates for
displacement closely align with the simulation
results.

(ii) For all considered cases, the gust factor estimates for
control force exhibit close agreement with the
simulation results.

From the abovementioned results, the efcacy of the
proposed gust factor estimation equations, (23) and (34), is
validated.
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