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1-D FFT 1
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Abstract. In high-performance computing on distributed-memory systems, communication often represents a significant part
of the overall execution time. The relative cost of communication will certainly continue to rise as compute-density growth
follows the current technology and industry trends. Design of lower-communication alternatives to fundamental computational
algorithms has become an important field of research. For distributed 1-D FFT, communication cost has hitherto remained high
as all industry-standard implementations perform three all-to-all internode data exchanges (also called global transposes). These
communication steps indeed dominate execution time. In this paper, we present a mathematical framework from which many
single-all-to-all and easy-to-implement 1-D FFT algorithms can be derived. For large-scale problems, our implementation can
be twice as fast as leading FFT libraries on state-of-the-art computer clusters. Moreover, our framework allows tradeoff between
accuracy and performance, further boosting performance if reduced accuracy is acceptable.
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1. Introduction

FFT is ubiquitous in modern technology. Although
there are many FFT algorithms (see [23,34] for ex-
ample), they all factor the Discrete Fourier Trans-
form (DFT) matrix algebraically into sparse factors,
thereby reducing an O(N2) arithmetic cost to that of
O(N logN ). This arithmetic cost reduction has been
instrumental in many advances in computing since the
Cooley–Tukey paper appeared (see [6,8,17,21]). While
arithmetic cost reduction has long been a paradigm in
computer science, a new paradigm is emerging as we
enter a new era where raw arithmetic speed reaches
a teraflop on a single die and parallelism in the form
of multicore and multinode is prevalent. The reduction
of communication cost – the cost of moving data –
has now become a key focus of many research activi-
ties (see [1,3,4,10,32] and references). In the context of
high-performance computing in a distributed-memory
environment, internode data movement is the domi-
nating communication cost. The trend of ever increas-
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ing number of nodes only exacerbates the situation as
communication bandwidth typically scales sublinearly
with node counts in large-scale systems.2

Indeed, in high-performance distributed-data 1-D
FFT, internode communication in the form of all-
to-all data exchanges (also often called global trans-
poses) can account for anywhere from 50% to over
90% of the overall running time (cf. Section 7) as
all industry-standard algorithms and software execute
three instances of global transposes (see [2,16,33]
for example). Triple-all-to-all is a fundamental algo-
rithmic requirement of standard “in-order” 1-D FFT–
meaning that the natural order of input and output
data are preserved. Relaxing the triple-all-to-all re-
quirement is thus a worthwhile pursuit in FFT the-
ory. The numbers of global transposes can be reduced
if out-of-order data can be accommodated such as
when FFT is used to compute a convolution. When
in-order FFTs are needed or preferred, however, im-
plementation optimizations are carried out in order to
mitigate the performance consequences of these three
global transposes [11,22,26,30]. Although there are
“no-interprocessor-communication” FFT algorithms,

2Bandwidth of the Jaguar system scales as (node count)2/3 for
example.
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they applied to either two- and higher-dimensional
FFTs [18,24] or consider a different computational
model and/or require a substantially higher arithmetic
cost. The works in [25,27], for example, do not count
the communication cost incurred when each processor
accesses the entire input data or reorders out-of-order
results back into natural order. They would also require
O(N3/2) computation cost as opposed to O(N logN ).
Most recently, the work on sparse FFT [19,20] would
likely reduce the amount of communication or com-
putation. Nonetheless, our focus here is dense FFT for
mainstream scientific computing.

To the best of our knowledge, the work presented
in [14] is the only single-all-to-all, in-order, O(N ×
logN ) algorithm for distributed 1-D FFT. Necessarily,
[14] needs to derive a new DFT factorization. Since
that factorization contains a dense factor, the sophisti-
cated fast multipole method (FMM) was employed so
as to achieve an O(N logN ) arithmetic economy. The
scientific community appears not to have adopted the
work: there is a lack of follow-up research and lead-
ing industrial software libraries such as FFTW [16] or
Intel® Math Kernel Library (Intel® MKL) [31] do not
implement that algorithm.

The main contributions of this paper are as follows.
(1) We derive a new framework from which a large
number of single-all-to-all in-order DFT factorizations
can be derived. For many of our factorizations, all fac-
tors are well-approximated by sparse matrices, leading
to O(N logN ) algorithms. The computations needed
are straightforward linear-algebra operations involv-
ing regular data-access patterns. (2) We illustrate the
easy-to-implement nature of our framework by pre-
senting the key implementation and optimization steps
of one algorithm. (3) We demonstrate that our low-
communication 1-D FFT outperforms industry-leading
FFT libraries on cutting-edge distributed systems by as
much as twofold, depending on the specific computer
system and data size. Our contributions advance FFT’s
state of the art, in theory and in practice.

2. Overview

A traditional parallel FFT for N = MP data points
typically decomposes, at the highest level, the compu-
tation into two tasks. The first task computes M sets of
length-P FFTs, followed by elementwise scaling com-
monly called twiddle-factor multiplication. The second

task computes P sets of length-M FFTs:

As depicted above, this decomposition fundamen-
tally requires three all-to-all steps if data order is to be
preserved. Recursive applications of this (or variants
thereof) decomposition leads to an O(N logN ) arith-
metic complexity, but cannot undo the triple-all-to-all
requirement.

In contrast, we devised a new decomposition that
requires only one all-to-all step. The new decomposi-
tion consists of two main tasks. The first task is a con-
volution process (or filtering in signal processing lan-
guage). This task generally results in more data points
N ′ = M ′P > N . We call this inflation oversampling.
The oversampling amount is a design parameter cho-
sen independent of N . Our favorite choice of 25% is by
no means the only option. The second task computes
P sets of length-M ′ FFTs, followed by elementwise
scaling which we call demodulation. Straightforward
applications of standard FFT methods to subsequent
subproblems lead to O(N logN ) arithmetic complex-
ity, but preserve the single-all-to-all property. While in-
ternode communication is also required during convo-
lution, that amount is negligible as each node merely
needs an insignificant amount of data from its next-
door neighbor.
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Fig. 1. An overview of pursuing a frequency segment via convolution, sampling, DFT, and demodulation. Note correspondence with the picture
on the left.

Consider an N -length DFT as a transform of N
time-domain (input) data points xj , 0 � j < N ,
into N frequency-domain (output) data points yk, 0 �
k < N . Our new decomposition is based on a direct
pursuit of a contiguous “segment of interest” in the fre-
quency domain of M < N data points, for example,
yk, 0 � k < M . To accomplish this, we construct
M ′ time-domain values, M ′ > M , from which the
segment of interest can be determined. The basic ap-
proach is depicted in Fig. 1: Consider both {xj} and
{yk} to be (infinite) periodic sequences, both of pe-
riod N . If the sequence {yk} were available, a period-
M ′ periodic sequence in the frequency domain can be
constructed by (1) modulation (pointwise multiplica-
tion) with a bandpass filter to essentially eliminate the
data not of interest, and (2) periodization (via shift-
and-add) of the outcome of the modulation, thus creat-
ing a period-M ′ periodic sequence containing a modu-
lated form of the segment of interest. Since only {xj},
and not {yk}, is available, we work in the time domain
and carry out actions that correspond to the two previ-
ous steps. These actions produce data points {x̃j} from
which the frequency segment of interest can be com-
puted via a standard length-M ′ FFT, followed by de-
modulation.

The validity and practicality of Fig. 1 are established
rigorously in Sections 3 and 4. Having each node com-
pute in parallel a different segment-of-interest is the
basic structure of an in-order parallel algorithm. Nev-
ertheless, coordination and computational economiza-
tion are needed to eventually derive practical single-
all-to-all O(N logN ) algorithms. Section 5 accom-
plishes these. The remaining of the paper presents
one specific implementation, demonstrates the perfor-
mance advantage our low-communication framework,
and discusses future work.

3. Computing segment of interest – Theory

The standard convolution theorem states that the
Fourier transform of convolution is the pointwise prod-
uct of Fourier transforms. In the context of func-
tions, Fourier transform stands for continuous Fourier
transform and convolution stands for linear convolu-
tion [28]. In the context of finite vectors, Fourier trans-
form stands for Discrete Fourier Transform and con-
volution stands for cyclic convolution [6]. Our frame-
work is built on a new variant (embodied in Fig. 1):
a hybrid convolution theorem that concerns the mixed
operations of finite vectors with functions.
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Definition 1. Let x and y be any N -length complex-
valued vectors and M > 0 be any positive integer.

(1) Window function: A function w :R → C is a
window function if it has continuous derivatives
of all orders and that it decays to zero exponen-
tially fast as |t| → ∞. In particular, ŵ(u) =∫
w(t) exp(−ι2πut) dt, w’s continuous Fourier

transform, is also a window function.3

(2) Convolution in time domain: The sequence x
convolved with an arbitrary window function w,
x ∗ w, is the function:

(x ∗ w)(t)
def
=

∞∑
�=−∞

w

(
t− �

N

)
x�

for all t ∈ R,

where x�
def
= x�modN whenever � is outside

[0,N − 1].
(3) Sampling in time domain: Let f be any complex-

valued function whose domain contains [0, 1].
We define Samp(f ; 1/M ), sampling, as the oper-
ator that produces the M -vector:

Samp

(
f ;

1
M

)

def
=

[
f (0), f

(
1
M

)
, . . . , f

(
1 − 1

M

)]T
.

(4) Modulation in frequency domain: The sequence
y modulated by an arbitrary window function ŵ,
y · ŵ, is an infinite sequence z:

y · ŵ def
= z,

zk = yk · ŵ(k), k = 0,±1,±2, . . . .

Again, yk
def
= yk modN whenever k is outside

[0,N − 1].
(5) Periodization in frequency domain: Given any

absolutely summable infinite sequence {zk} (that
is,

∑
|zk| < ∞), the periodization opera-

tor Peri(z;M ) produces the M -length vector z′

where

Peri(z;M )
def
= z′, z′k =

∞∑
j=−∞

zk+jM

3The function exp(−σt2) for σ > 0 is an example.

for k = 0, 1, . . . ,M − 1. Note that the last for-
mula can be extended for all values of k, and the
resulting infinite sequence of z′k would indeed be
periodic.

For the rest of the paper, let x = [x0,x1, . . . ,
xN−1]T be the time-domain input vector of complex
elements and y = FNx be x’s DFT in the frequency
domain:

yk =

N−1∑
j=0

xj exp(−ι2πjk/N ),

k = 0, 1, . . . ,N − 1.

The following theorem is the foundation to our new
framework for computing y. The proof is given in the
Appendix.

Theorem 1 (Hybrid convolution). Let w be an arbi-
trary window function whose continuous Fourier trans-
form we denote by ŵ. Then for any integer M > 0,

FM
1
M

Samp(x ∗ w; 1/M ) = Peri(y · ŵ;M ).

Let us aim at obtaining y(0) = [y0, y1, . . . , yM−1]T

for some integer M < N . The idea is to seek a win-
dow function ŵ(u) and an integer M ′ � M such
that y(0) can be easily derived (exactly or accurately)
from Peri(y · ŵ;M ′), which in turn can be computed
as FM ′ 1

M ′ Samp(x ∗ w; 1/M ′).
Let ŵ be a window function such that |ŵ(u)| > 0

on [0,M − 1], and that |ŵ(u)| is very small outside of
(−δ − 1,M ′) for some integer M ′ = M + δ � M .
Consider the M ′-vector

ỹ = Peri
(
y · ŵ;M ′).

Then for k = 0, 1, . . . ,M − 1,

ỹk = ykŵ(k) +
∑
|�|>0

yk+�M ′ŵ
(
k + �M ′)

≈ ykŵ(k).

Thus, y(0) ≈ Ŵ−1PM
′,M

roj ỹ, where Ŵ is the diagonal
matrix

Ŵ = diag
(
ŵ(0), ŵ(1), . . . , ŵ(M − 1)

)
,
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and PM
′,M

roj is the projection operator that takes an M ′-
vector and returns the top M elements. Using Theo-
rem 1,

ỹ = Peri
(
y · ŵ;M ′) = FM ′ x̃, x̃

=
1
M ′ Samp

(
x ∗ w;

1
M ′

)
,

where w(t) =
∫
ŵ(u) exp(ι2πut) du, the inverse

Fourier transform of ŵ. As the process of producing x̃
is clearly linear in x, x̃ must be of the form x̃ = C0x
where C0 is an M ′-by-N matrix. We arrive at follow-
ing:

y(0) ≈ Ŵ−1PM
′,M

roj FM ′C0x. (1)

Note how Eq. (1) corresponds to Fig. 1: C0 cor-
responds to the actions in the time domain, and
Ŵ−1PM

′,M
roj corresponds to demodulation only on M

points. Equation (1) has two issues. First, y(0) is not
obtained exactly because ỹk is not exactly yk · ŵ(k)
for k in [0,M − 1]: ỹk may be “contaminated” with
y outside of [0,M − 1]. This kind of contamination
is rightfully called aliasing as values from “higher fre-
quency domains” (outside of [0,M − 1]) are being
brought inside.4 Second, the matrix C0 is generally
dense, and the associated arithmetic cost in comput-
ing y(0) would be unacceptably high. The next section
shows that, by suitable choices of M ′ and ŵ, C0 can
be well-approximated by various sparse matrices and
all errors, including aliasing, can be made acceptably
small.

4. Computing segment of interest – Practice

This section develops a computation-efficient vari-
ant of Eq. (1) and quantify the approximation accuracy.
Let us start with some intuitive discussions. The entries
of the matrix C0 are closely related to the values of the
time-domain window function w(t). If w(t) decays to
zero so rapidly that it is negligible except in a small
region, it is likely that C0 can be approximated well
by a sparse matrix. In general then, w’s counter part in
the frequency domain, ŵ(u), needs to be smooth and
slow varying. On the other hand, |ŵ(u)| needs to be

4Along the same line, if ŵ is exactly zero outside of (−δ−1,M ′),
then “≈” can be replaced by simple equality. See [7] for an example
of a compact-support window function.

small outside of (−δ − 1,M ′) in order to attenuate the
aliasing effect pointed out earlier. If we aim for both
properties, but set M ′ = M , then |ŵ(M − 1)| would
inevitably be small. This is undesirable: Demodulation
requires division by |ŵ(k)|, 0 � k � M − 1, and di-
vision by small numbers tend to magnify errors of all
kinds. Consequently, we have to set M ′ > M , and call
this action oversampling. This term is appropriate be-
cause sampling in the time domain must now be car-
ried out at a rate 1/M ′, instead of 1/M if we were
able to limit ourselves strictly to the frequency band
[0,M − 1]. We now examine the specifics.

Let N = MP and that an oversampling length
M ′ = M (1 + β) = M + δ > M has been cho-
sen. (A choice of β = 1/4 is rather typical.) We be-
gin the construction of ŵ with choosing a reference
window function Ĥ(u) such that (a) |Ĥ(u)| > 0 on
[−1/2, 1/2], (b)

κ
def
= max

u,v∈[−1/2,1/2]

∣∣∣∣Ĥ(u)

Ĥ(v)

∣∣∣∣

is moderate (for example, less than 103), and (c)

ε(alias) def
=

∫
|u|�1/2+β |Ĥ(u)| du∫ 1/2

−1/2 |Ĥ(u)| du

is small (for example, floating-point rounding error).
To simplify our presentation, all numerical results pre-
sented in this paper are based on the two-parameter,
(τ ,σ), reference window function which is the convo-
lution (smoothing) of a rectangular function (perfect
bandpass filter) with a Gaussian function:

Ĥ(u) =
1
τ

∫ τ/2

−τ/2
exp

(
−σ(u− t)2) dt. (2)

Let H(t) denote the inverse Fourier transform of
Ĥ(u).5 For a given threshold ε(trunc) (for example,
around floating-point rounding error), determine a cor-
responding integer B such that

∫
|t|�B/2

∣∣H(t)
∣∣ dt � ε(trunc)

∫ ∞

−∞

∣∣H(t)
∣∣ dt.

5Note that both Ĥ and H have simple closed-form representa-
tions. Ĥ in terms of differences of two erfc functions and H in terms
of product of a sinc with a Gaussian.
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Once a reference window function is chosen, the
problem-size-specific window ŵ is configured via sim-
ple translation, dilation, and phase shift:

ŵ(u)
def
= exp(ιπBPu/N )Ĥ

(
(u−M/2)/M

)
.

Thus |ŵ(u)| on [0,M ] ≈ [0,M − 1] corresponds to
|Ĥ(u)| on [−1/2, 1/2], and |ŵ(u)| on (−∞,−δ− 1]∪
[M ′,∞) corresponds to |Ĥ(u)| on |u| � 1/2 + β.
Moreover,

BP−1∑
�=0

∣∣∣∣w
(
− �

N

)∣∣∣∣ ≈
∞∑

�=−∞

∣∣∣∣w
(

�

N

)∣∣∣∣ (3)

to within 1 − ε(trunc) in relative accuracy.
Turning to the matrix C0, recall that C0x =

(1/M ′) Samp(x ∗ w; 1/M ′). Let us denote C0’s entries
by cjk, with indices starting at 0. From Definition 1,

cjk =
1
M ′

∞∑
�=−∞

w

((
j

M ′ −
k

N

)
− �

)
. (4)

In particular, if M ′ divides N , that is, 1
M ′ = L

N for
some integer L, Eq. (4) shows that cjk = cj+1k′ where
k′ = (k + L) modN . In other words, the matrix C0 is
completely specified by its first row, with each subse-
quent row being its previous row circular-shifted by L
positions to the right. Furthermore, using Eq. (3), that
first row is approximated by

1
M ′

[
w(0),w

(
− 1
N

)
, . . . ,w

(
1 −BP

N

)
, . . .

]

≈ 1
M ′

[
w(0),w

(
− 1
N

)
, . . . ,w

(
1 −BP

N

)
,

0, 0, . . . , 0

]
.

If M ′ does not divide N , but 1
M ′ =

L
N

ν
μ where ν/μ

is a fraction in irreducible form, then similar derivation
from Eq. (4) shows that C0 is completely determined
by its first μ rows. The (j + μ)th row is the jth row
circular-right-shifted by νL positions. Section 6 will
exploit this property.

In general, row-j of C0 can be approximated as

row-j of C0 ≈
[
wT
j,0, wT

j,1, . . . , wT
j,M

]
,

where each wT
j,k is a P -vector, and that all but a stretch

of B of these wT
j,k are zeros. Denoting the approxima-

tion matrix by C(trunc)
0 yields the computation-efficient

variant of Eq. (1) that we seek.

y(0) ≈ Ŵ−1PM
′,M

roj FM ′C(trunc)
0 x. (5)

The computation exhibited by this factorization in-
volves a regular matrix–vector product and a standard
FFT. Exploiting the sparsity of C(trunc)

0 , the operation
count in computing y(0) via Eq. (5) is easily seen to be

O
(
M ′ logM ′)+ O

(
N ′B

)
,

where N ′ = N (1 + β). The nonzero block in the first
row zero of C(trunc)

0 is shifted right in a regular pattern

as one traverses down the rows. Hence, C(trunc)
0 x can

be computed with one pass over the vector x.
A straightforward analysis shows that the error in-

troduced by the approximate nature of this factoriza-
tion is of the form

‖computed y(0) − y(0)‖
‖y‖

= O
(
κ
(
ε(fft) + ε(alias) + ε(trunc))).

This characterization explains the effects of aliasing,
truncation, and the computational error ε(fft) of the un-
derlying FFT software. The κ term plays the familiar
role of a condition number. Finally, the κ and ε(alias)

terms also underline the need for oversampling. We
omit the error-bound derivation, but numerical results
shown later will serve as supporting evidences.

5. Low-communication FFT framework

This section achieves the main goal of the paper:
a family of single-all-to-all, in-order, O(N logN ) DFT
factorizations. The previous section shows how a first
segment of y, y(0) = [y0, y1, . . . , yM−1]T , can be ob-
tained. In essence, the low-communication FFT algo-
rithm obtains the entire y by efficiently gathering all
the other segments, each computed using the same
method.

Let N = MP and denote the sth segment by

y(s) = [ysM , ysM+1, . . . , y(s+1)M−1]T

for s = 0, 1, . . . ,P − 1. It is well known that DFT of
a phase-shifted x results in a translated y. In particular,
the first segment of FN (Φsx) is the sth segment, y(s),
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of y if

Φs = diag
(
1,ωs,ω2s, . . . ,ω(N−1)s),

ω = e−ι2πM/N = e−ι2π/P .

Hence the computation in the previous section will
yield y(s) when applied verbatim, except on the input
vector Φsx. Note that ωP = 1 and the diagonal en-
tries in Φs repeat themselves after P elements. In other
words, Φs is a block diagonal matrix with M diagonal
blocks, each being the diagonal matrix diag(ωs) where
ωs = [1,ωs,ω2s, . . . ,ω(P−1)s]. In the succinct Kro-
necker product notation,6 Φs = IM ⊗diag(ωs), where
IM is the dimension-M identity matrix.

We have thus derived

y(s) ≈ Ŵ−1PM
′,M

roj FM ′C(trunc)
0

×
[
IM ⊗ diag(ωs)

]
x

= Ŵ−1PM
′,M

roj FM ′C(trunc)
s x,

where C(trunc)
s denotes C(trunc)

0 [IM ⊗ diag(ωs)], which
is an M ′-by-N matrix. Stacking all the y(s) together
yields

y ≈ IP ⊗
(
Ŵ−1PM

′,M
roj FM ′

)
C(trunc)x,

where

C(trunc) def
=

⎡
⎢⎢⎢⎣
C(trunc)

0

C(trunc)
1

...
C(trunc)
P−1

⎤
⎥⎥⎥⎦ .

Applying the C(trunc) matrix row-by-row as-is, how-
ever, is problematic: It has high communication cost,
as each C(trunc)

s block needs the entire input x, and it
has high arithmetic cost, as the total operation count
is O(N ′PB), which increases linearly with P . Fortu-
nately, a simple rearrangement solves both problems.

Let P�,n
erm where � divides n denotes the stride-� per-

mutation: w = P�,n
ermv ⇔ vj+k� = wk+j(n/�), for all

0 � j < � and 0 � k < n/�. Now consider PP ,N ′
erm and

6These notations, see [23] for example, have proved effective in
aiding FFT implementations on modern architectures. For example,
Ip ⊗ M�×m for an � × m matrix M stands for perfect p-parallel
matrix operations each involving a local m-vector.

PM
′,N ′

erm , which are inverses of each other. Thus

C(trunc) = PP ,N ′
erm PM

′,N ′
erm C(trunc) = PP ,N ′

erm A,

where

A = PM
′,N

erm

⎡
⎢⎢⎢⎣
C(trunc)

0

C(trunc)
1

...
C(trunc)
P−1

⎤
⎥⎥⎥⎦ =

⎡
⎢⎢⎣

A0
A1
...

AM ′−1

⎤
⎥⎥⎦ .

The jth block, Aj , of A is the P -by-N matrix consist-

ing of gathering all the jth rows of the C(trunc)
s matri-

ces. However, row-j of matrix C(trunc)
s is

[
wT
j,0 wT

j,1 · · · wT
j,M

](
IM ⊗ diag(ωs)

)
= ωs

[
diag(wT

j,0) diag(wT
j,1)

· · · diag(wT
j,M )

]
.

Stacking these sth rows, s = 0, 1, . . . ,P − 1 (where j
is fixed) gives Aj , which is

FP

[
diag(wT

j,0) diag(wT
j,1) · · · diag(wT

j,M )
]

= FPWj ,

because ωs is the sth row of the DFT matrix FP .
Hence A = (IM ′ ⊗ FP )W , where W is the stack-
ing of Wj for j = 0 up to M ′ − 1. The matrices Wj

are sparse: They are block diagonal matrices each with
only B nonzero blocks. Similar to C(trunc)

0 , the blocks
of contiguous nonzeros elements of W are shifted right
in a regular pattern as one traverses down blocks of
rows (see Fig. 4).

We have achieved our main goal:

y ≈ IP ⊗
(
Ŵ−1PM

′,M
roj FM ′

)

× PP ,N ′
erm (IM ′ ⊗ FP )Wx. (6)

This is a family of factorization: There are many
choices for window functions, oversampling rate, and
accuracy characteristics ε(alias) and ε(trunc). The only
global all-to-all pattern in this factorization is PP ,N ′

erm .
The arithmetic operation count is readily seen as
O(N ′ logM ′) + O(N ′ logP ) + O(N ′B), which is

O
(
N ′ logN ′)+ O

(
N ′B

)
.
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In summary, compared to a traditional factorization,
the new factorization requires only one global all-to-
all communication between N ′ data points as opposed
to three such steps, each involving N data points. On
the other hand, the new factorization costs more arith-
metic operations, by a factor of 1 + β over the stan-
dard method, plus another additional O(N ′B). As the
next two sections demonstrate, this tradeoff is unequiv-
ocally beneficial in high-performance large-data com-
putations.

6. Implementation

To implement is to translate the formula in Eq. (5),

IP ⊗
(
Ŵ−1PM

′,M
roj FM ′

)
PP ,N ′

erm (IM ′ ⊗ FP )Wx,

into computer code. We point out two important as-
pects of our coding.

(a) Parallelism: A Kronecker product of the form
I� ⊗ A expresses parallelism naturally. It says
that � copies of the matrix A are to be applied in-
dependently on � contiguous segments of stride-
one data. Furthermore, because I�m ⊗ A =
I� ⊗ (Im ⊗ A), multiple levels of parallelism
can be realized readily. Figure 2 gives a scenario
on how parallelism can be harnessed. The fig-
ure depicts the case where the number of seg-
ments P equals the number of processor nodes.
In general, P can be a multiple of number of
processor nodes, increasing the granularity of
parallelism. We employ a hybrid parallel pro-
gramming model consisting of MPI processes
and OpenMP threads, configured appropriately
to exploit the specific hardware resources of
nodes, sockets, cores and (hardware) threads.
By its very nature, permutation is a parallel op-
eration as each source data can be sent to its dis-
tinct destination independently. Nevertheless, a

practical implementation has to realize this par-
allelism without needlessly inflating the num-
ber of threads or messages used. The Kronecker
product notation can be used once again to de-
scribe PP ,N ′

erm in a way that maps well to actual
implementation. Figure 3 illustrates the general
idea with the example of P = 2, N ′ = 12.
In essence, node-local permutations gather data
destined for the same foreign processor node
into contiguous memory locations, thus decreas-
ing the number of messages required.

(b) Compute efficiency: Referring to Fig. 2, the two
major computational tasks are FFTs (the groups
of FP and FM ′ ) and convolution (the matrix–
vector product Wx). The arithmetic operations
of the first task is comparable to that of a stan-
dard FFT FNx. One can view that the arithmetic
operations incurred in Wx is the extra price our
algorithm pays in order to reduce communica-
tion. While that arithmetic operations count is
nontrivial, we manage to complete them effi-

Fig. 3. The global data reordering involves local permutation fol-
lowed by an all-to-all communication. The latter can be implemented
via the MPI all-to-all primitive, or by other techniques such as
non-blocking send-receive.

Fig. 2. An implementation scenario at-a-glance. Number of segments equals number of nodes. Hybrid parallelism is employed: MPI process
mapped to internode parallelism, and OpenMP threads maps to multicore. Intel MKL FFTs, single threaded as well as multithreaded, are used as
building blocks.
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Fig. 4. The convolution matrix on a node. The dimension is
M ′-by-(M+(B−ν)P ). The μ and ν are related to the oversampling
factor μ/ν = 1 + β. For β = 1/4, μ = 5 and ν = 4. Input data is
the M = N/P elements local to the node, and (B − ν)P elements
from its adjacent node. This amount is typically less than 0.01% of
M . The matrix is structured as shown. Each P -by-P block is a di-
agonal matrix. The entire matrix has μPB distinct elements, a fact
that facilitates various standard locality optimization strategies.

ciently through a number of standard optimiza-
tion techniques we now describe.
W times x is carried out by each node comput-
ing in parallel by a local matrix–vector product.
The local matrix is highly structured, depicted
in Fig. 4. The computation loop on a node con-
sists of M ′/(μP ) chunks of operations, each of
which is μP independent length-B inner prod-
ucts. The pseudo code of a straightforward im-
plementation is:

loop_a over M ′
μP chunks

// same matrix elements

loop_b over μ rows

// same input range

loop_c over B blocks

// inner product

loop_d over P elements in

each block

We apply a series of standard optimiza-
tions [35]:

• Loop unrolling and interchange: in order to
keep partial sums of inner products in regis-
ters while exploiting SIMD parallelism, we
unroll loop_d by the width of the native
SIMD instructions and interchange the order
of loop_c and loop_d.

• Unroll-and-jam: for the locality of access-
ing matrix elements and input (both in cache
and register levels), we unroll loop_a twice

and loop_b μ times, and we jam them into
loop_d.

• Loop fusion and array contraction: we fuse
the convolution computation with the suc-
ceeding loops for FFT and local permutation.
We reuse a small array across iterations for
passing data between the convolution, FFT,
and local permutation steps.

7. Evaluation

We compare the performance of our low-com-
munication FFT (hereafter called SOI) with several
industry-standard FFT libraries such as Intel
MKL [31], FFTW [16] and FFTE [33]. Comparisons
are done on two different hardware platforms when-
ever possible.

7.1. Setup

Most of the experiments are run on a cluster named
Endeavor which is part of the computing infrastructure
within Intel Corporation. We are able to run on En-
deavor SOI as well as all the other software libraries
mentioned before. In addition, Professor Eric Polizzi
of the University of Massachusetts compared SOI with
Intel MKL on a system called the Gordon Cluster. The
two systems have similar compute nodes but differ-
ent interconnect fabrics. While both clusters use Infini-
Band as their interconnect backbone, Endeavor uses a
fat-tree topology whereas Gordon uses that of a 3-D
torus. The former offers an aggregated peak bandwidth
that scales linearly up to 32 nodes while the bandwidth
scalability of the latter becomes more challenged at 32
nodes and beyond. Table 1 tabulates the configuration
of the two systems.

Performance tests are done using the weak scal-
ing model. We use 228 double-precision complex data
points per node. Performance is reported in GFLOPS,
which is 5N logN divided by execution time. The
numbers reported correspond to the maximum perfor-
mance observed among ten or more runs per problem-
size/number-of-nodes/software choice. To be conser-
vative, we make at least three times as many runs on
non-SOI software per problem-size/number-of-nodes
than on SOI.

7.2. Performance – Full accuracy

The signal-to-noise (SNR) ratio of our double-
precision SOI is around 290 dB, which is 20 dB (one
digit) lower than standard FFTs (Intel MKL, FFTW,
etc.). This slight decrease of accuracy is expected as
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Table 1

System configuration

Compute node

Sock. × core × SMT 2 × 8 × 2

SIMD width 8 (single precision), 4 (double
precision)

Clock (GHz) 2.60

Micro-architecture Intel® Xeon® E5-2670

DP GFLOPS 330

L1/L2/L3 Cache (KB) 64/256/20,480, L1/L2:core, L3:socket

DRAM (GB) 64

Interconnect

Fabric QDR InfiniBand 4×
Topology Endeavor: Two-level 14-ary fat tree

Gordon: 4-ary 3-D torus,
concentration factor 16

Libraries

SOI 8 segment/process, β = 1/4,
SNR = 290 dB

MKL v10.3, 2 processes per node
MPI + OpenMP

FFTE used in HPCC 1.4.1

FFTW v3.3, MPI + OpenMP and
FFTW_MEASURE

SOI uses an underlying FFT as building block and in-
curs a small amount of additional error due to the con-
dition number κ as well as an increased number of
floating-point operations. The B value is set to 72 for
a pair of (τ ,σ) parameters obtained in the fashion out-
lined in Section 4.

All comparisons in this section are done with SOI set
to this accuracy level. Figure 5 presents the set of com-
parisons on the Endeavor cluster with fat-tree Infini-
Band interconnect. SOI’s advantage is apparent despite
the relatively high scalability of the interconnect fabric.
On the Gordon cluster, comparison is made between
SOI and Intel MKL only. See Fig. 6. Note the addi-
tional performance gain over Endeavor from 32 nodes
onwards. This phenomenon is consistent with the nar-
rower bandwidth due to a 3-D torus topology.

7.3. Performance – Accuracy tradeoff

Our framework has a unique capability of trading
accuracy for speed. By allowing the condition num-
ber κ (of the W matrix) to gradually increase, faster-
decay convolution window functions w can be ob-
tained, which in turn leads to a smaller B value. Fig-
ure 7 illustrates this capability using 64 nodes on Gor-
don. As a reference, Intel MKL typically offers a SNR

Fig. 5. The bar graph shows the best performance among multiple
runs in GFLOPS calibrated by the left y-axis. The line graph, cal-
ibrated by the right y-axis, shows the speed up of SOI over Intel
MKL, the fastest among the non-SOI algorithms. (Colors are vis-
ible in the online version of the article; http://dx.doi.org/10.3233/
SPR-130373.)

Fig. 6. Performance comparison between Intel MKL and SOI car-
ried out by Professor Eric Polizzi on the XSEDE Gordon supported
by NSF grant number OCI-1053575. The bar graph shows the best
performance among multiple runs in GFLOPS calibrated by the left
y-axis. Due to a large range of reported performance, we include in
the figure the 90% confidence interval based on normal distribution.
The line graph, calibrated by the right y-axis, shows the speed up of
SOI over Intel MKL. (Colors are visible in the online version of the
article; http://dx.doi.org/10.3233/SPR-130373.)

Fig. 7. Performance boost by decreasing accuracy requirement.
Results are obtained on 64-node Gordon. The bar shows perfor-
mance and speed up, calibrated by the left and right y-axes, re-
spectively. (Colors are visible in the online version of the article;
http://dx.doi.org/10.3233/SPR-130373.)
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value of 310 dB, about 15.5 digits. Full-accuracy SOI
is about 14.5 digits. Figure 7 shows the additional per-
formance gain as the accuracy requirement is relaxed.
We believe applications can exploit this feature offered
by SOI. It is plausible that 10-digit-accurate FFT suf-
fices for many applications. Furthermore, in the con-
text of iterative algorithms where FFT is computed in
an inner loop, full accuracy is typically unnecessary
until very late in the iterative process. Note also that
at an accuracy level of 10 digits, SOI outperforms In-
tel MKL by more than twofold–which is the likely the
best speedup achievable by a 6-digit-accurate single-
precision Intel MKL.

7.4. Performance analysis and projection

Two key factors contribute to SOI’s speed advan-
tage. First and foremost, SOI requires just one step
of all-to-all communication whereas its peers require
three. In the situation where communication is much
slower than computation, one would expect SOI at an
oversampling rate of 1+ β to outperform non-SOI im-
plementation by about a factor of 3/(1+ β). We tested
this reasoning by comparing SOI with Intel MKL on
Endeavor again, but using a 10 Gigabit Ethernet in-
terconnect. Figure 8 matches our expectation practi-
cally perfectly. The speed up factors lie in the interval
[2.3, 2.4], near the theoretical value of 3/(1 + β) =
3/1.25 = 2.4.

Second, convolution can be implemented with rela-
tively high computation efficiency. As pointed out pre-
viously in Section 5, convolution represents “extra”
arithmetic cost peculiar to SOI; and this amount is non-
trivial. In our test of 228 data points per node and run-
ning SOI to full accuracy on 32 nodes, arithmetic op-

Fig. 8. This figure illustrates the low-communication advantage of
SOI over those that require three all-to-all steps. On Endeavor with a
10 Gigabit Ethernet interconnect, one would expect SOI, 25% over-
sampling, to have a 2.4× speed advantage. (Colors are visible in the
online version of the article; http://dx.doi.org/10.3233/SPR-130373.)

erations needed in convolution is almost fourfold that
of a regular FFT. In other words, SOI is about fivefold
as expensive in terms of arithmetic operations count.
Fortunately, while FFT’s computational efficiency is
notoriously low – often hovering around 10% of a
machine’s peak performance – Section 6 shows that
convolution is quite amenable to programming opti-
mization. We profiled our implementation and found
that convolution computation reaches about 40% of the
processor’s peak performance. That is consistent with
our other profiling data that the total convolution time
in SOI is about the same as that of the FFT computa-
tion time within it. Thus, our full-accuracy SOI imple-
mentation takes about twice, not five times, as much
computation time than a regular FFT. As we have seen,
this penalty is more than offset by our savings in com-
munication time.

We can model the execution time of SOI and of In-
tel MKL, the latter being a representative of non-SOI
algorithm. Consider the problem size of N = 228n,
where n is the number of processor nodes. Further-
more, let the nodes be connected by a k-ary 3-D torus
with a concentration factor of 16 (16 compute nodes
connected to one switch), giving the relationship of
n = 16k3. As functions of n, let Tfft(n) and Tconv(n)
denote the execution time of node-local FFT and con-
volution computations, and Tmpi(n) be the latency of
one all-to-all exchange of N data points. We model
each of these functions as follows.

On the one hand, Tfft(1) for Intel MKL can be mea-
sured, and on the other hand,

Tfft(1) = O
(
228 log

(
228)) = α log

(
228).

We therefore obtain α through the measured execu-
tion time. At n nodes, we model Tfft(n) by O(228n ×
log(228n))/n and subsequently by

Tfft(n) ≈ α
(
log

(
228)+ log(n)

)
.

Next, because node-local convolution requires O(MB)
operations where M is the number of data points per
node, Tconv(n) remains roughly constant regardless
of n in our weak scaling scenario. Let Tconv be the
time we measured from running SOI. We will model
Tconv(n) by cTconv where c lies in [0.75, 1.25], reflect-
ing possible deviation from Tconv one way or the other.
Finally, we consider Tmpi(n). Using the Gordon clus-
ter as a reference, we model switch-to-switch (global)
channels with three 4× QDR InfiniBand links and
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node-to-switch (local) channels with one 4× QDR In-
finiBand link. We assume we achieve the theoretical
peak bandwidths: 120 Gbit/s for global channels and
40 Gbit/s for local channels. The MPI communication
time is bounded by the local channel bandwidths for
n � 128, or by the bisection bandwidth otherwise.7

These parameters yield specific values for Tmpi(n).
Putting these ingredients together with the obvious

model

Tsoi(n) ≈ Tfft
(
(1 + β)n

)
+ cTconv + (1 + β)Tmpi(n),

and

Tmkl(n) ≈ Tfft(n) + 3Tmpi(n),

we obtain

speedup(n)

≈ Tfft(n) + 3Tmpi(n)

Tfft((1 + β)n) + cTconv + (1 + β)Tmpi(n)
.

Figure 9 is the resulting projection. This projection is
relevant as 3-D torus networks can be found in realis-
tic supercomputers such as the Jaguar system in Oak
Ridge National Laboratory with about 18K nodes. As
a final remark, while convolution in our current SOI
implementation is measured at 40% efficiency, we be-

Fig. 9. Speed up projection on a hypothetical 3-D torus net-
work. (Colors are visible in the online version of the article;
http://dx.doi.org/10.3233/SPR-130373.)

7We compute the communication time bound by bisection band-
width as (Data transferred across a bisection)/(Bisection band-
width), where (Data transferred across a bisection) = (the total
data transferred)/2 due to symmetry and (Bisection bandwidth) =
4n/k [9].

lieve there is room for improvement: We have hitherto
only spent a modest effort in optimizing the convolu-
tion code, and there might also exist better convolu-
tion algorithm for our purpose. The upper envelope of
c = 0.75 correspond to an improvement of convolution
efficiency to 50%, which is quite likely realizable.

8. Conclusion

We have introduced a new FFT framework, derived
from it a class of approximation-based DFT factoriza-
tions, and implemented one specific algorithm based
on these factorizations that exhibited exemplary per-
formance. Algorithms based on our framework have
many desirable properties: efficient – as they save com-
munication cost significantly, versatile – as they ad-
mit many design choices such as window function,
oversampling rate, and accuracy-performance tradeoff,
and simple – as they involve merely standard linear-
algebra and DFT kernels. The framework is more gen-
eral than what we have hitherto presented. To entice
continued interest from the readers, we wish to elabo-
rate briefly here in this concluding section two facets:
window functions and Theorem 1.

The choice of window function is a key design com-
ponent. It determines, among other things, the condi-
tion number κ and aliasing error ε(alias). These two pa-
rameters control the ultimate accuracy that is achiev-
able. In this paper, we have focused exclusively on
the class of two-parameter window functions given in
Eq. (2). The two-parameter space contains some win-
dow functions with κ ≈ 1 and ε(alias) close to machine
roundoff while β is kept small at 1/4. Had we used
a simple one-parameter Gaussian function, exp(−σt2),
one can show that the accuracy will be limited to 10
digits at best if β is kept at 1/4. Achieving full double-
precision accuracy would require β be set to 1. An-
other kind of window functions ŵ, those with com-
pact support (cf. [7]), can eliminate aliasing error com-
pletely and may be desirable for some applications.
Theoretically, our DFT factorizations can be made ex-
act with these window functions. We can also rederive
the factorization in [14] by one particular compactly
supported window. Consider ŵ that is 1 on [0,M − 1]
and zero outside (−1,M ). With no oversampling or
truncation, our framework corresponds to an exact fac-
torization

FN = (IP ⊗ FM )PP ,N
erm (IM ⊗ FP )W (exact).
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The entries of W (exact) are those cjk in Section 3

cjk =
1
M

∞∑
�=−∞

w

((
j

M
− k

N

)
− �

)

=
1
M

∞∑
�=−∞

exp
(
ι2π�(j/M − k/N )

)
ŵ(�)

=
1
M

M−1∑
�=0

ω�, ω = eι2π(j/M−k/N ).

This shows that W (exact) is a permuted form of the ma-
trix M in the factorization used in [14]. In this sense,
that factorization is included in our framework. Nev-
ertheless, our main approach is to avoid this kind of
abrupt-changing ŵ so that W (exact) is amenable to sim-
ple sparse approximation. Without this property, the
fast multipole method had to be employed in [14] to
carry out the matrix–vector product with the matrix M .
In general, design of window functions with various
properties to varying extent such as locality, smooth-
ness, fast decay rate, and computation ease is still a
lively subject.

The convolution theorem is the enabler of our frame-
work. Theorem 1, presented here in a simplified and
limited setting, is in fact an instantiation of a more gen-
eral set up we devised elsewhere where the objects in
question are not finite vectors but sequences, even infi-
nite ones, of delta functions. In that setting, the Fourier
integral (continuous Fourier transform) is the same as
DFT. Sampling and periodization can be expressed,
respectively, as multiplication and convolution with
generalized functions of the form

∑∞
�=−∞ δ(t − �Δ)

where δ(t) is the Dirac delta function. The general con-
volution theorem would resemble the standard one:
Fourier transform of convolution is pointwise prod-
uct of Fourier transforms. We proved that theorem
via a suitable application of the Poisson Summation
Formula. Using that general convolution theorem, a
large body of the work generally known as nonuniform
FFTs (cf. [12,13,15,29]) can be rederived. Further ap-
plications of these convolution theorems should be ex-
plored.

We are encouraged by the performance of our algo-
rithm, and even more so by the versatility of our frame-
work. Next steps and opportunities are many: design
better window functions, program faster implementa-
tions, generalize to higher-dimensional FFTs – to name
just a few.

Appendix. Proof of the convolution theorem

Let y = FNx, x̃ = 1
M Samp(x ∗ w; 1/M ) and ỹ =

FM x̃. We will prove ỹ = Peri(y · ŵ;M ). The crucial
tool we need is the Poisson Summation Formula [36]
(PSF)

∞∑
n=−∞

w(n+ α) =
∞∑

n=−∞
ŵ(n)eι2παn,

which holds for our window functions w and ŵ and
any fixed α ∈ R. (For simplicity’s sake, we have de-
fined our window more stringently than is necessary
for PSF to be valid [5].) Starting from the definition
of x̃, rearranging sums and applying PSF give

x̃j =
1
M

∞∑
�=−∞

w

(
j

M
− �

N

)
x�

=
1
M

N−1∑
�=0

x�

∞∑
p=−∞

w

(
j

M
− pN + �

N

)

=
1
M

N−1∑
�=0

x�

∞∑
p=−∞

ŵ(p)eι2π( j
M

− �
N

)p

=
1
M

∞∑
p=−∞

ŵ(p)eι2πjp/M
N−1∑
�=0

x�e
−ι2π�p/N

=
1
M

∞∑
p=−∞

ypŵ(p)eι2πjp/M .

The last equation holds because y = FNx by defini-
tion. Turning now to ỹ = FN x̃, we have

ỹk =

M−1∑
j=0

x̃je−ι2πjk/M

=
1
M

M−1∑
j=0

e−ι2πjk/M
∞∑

p=−∞
ypŵ(p)eι2πjp/M

=
1
M

∞∑
p=−∞

ypŵ(p)
M−1∑
j=0

e−ι2πj(k−p)/M

=
1
M

∞∑
p=−∞

M−1∑
m=0

ypM+mŵ(pM +m)Ak,m,
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where

Ak,m =

M−1∑
j=0

e−ι2πj(k−m)/M

=
{
M if m = k,
0 otherwise.

Consequently,

ỹk =

∞∑
p=−∞

ypM+kŵ(pM + k),

which yields ỹ = Peri(y ∗ ŵ;M ) and completes the
proof.

Disclaimer

Software and workloads used in performance tests
may have been optimized for performance only on In-
tel microprocessors. Performance tests, such as SYS-
mark and MobileMark, are measured using specific
computer systems, components, software, operations
and functions. Any change to any of those factors may
cause the results to vary. You should consult other in-
formation and performance tests to assist you in fully
evaluating your contemplated purchases, including the
performance of that product when combined with other
products. Configurations: Refer to Table 1. For more
information go to http://www.intel.com/performance.

Intel’s compilers may or may not optimize to the
same degree for non-Intel microprocessors for opti-
mizations that are not unique to Intel microprocessors.
These optimizations include SSE2, SSE3 and SSE3 in-
struction sets and other optimizations. Intel does not
guarantee the availability, functionality, or effective-
ness of any optimization on microprocessors not manu-
factured by Intel. Microprocessor-dependent optimiza-
tions in this product are intended for use with Intel mi-
croprocessors. Certain optimizations not specific to In-
tel microarchitecture are reserved for Intel micropro-
cessors. Please refer to the applicable product User and
Reference Guides for more information regarding the
specific instruction sets covered by this notice. Notice
revision #20110804.
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