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Artificial intelligence (AI) has made the life more efficient and powered many programs and services. AI is progressing rapidly,
and the future is arriving faster than the predictions. Soon, AI will be more proficient as compared to humans in all aspects. Many
industries are using AI for the analysis of data to find the best methods for investments. In this article, we developed the impacts of
AI on different industries through the new concepts of complex bipolar picture fuzzy set (CBPFS) proposed in the current study.
*e CBPFS has an extensive structure that includes membership, abstinence, and nonmembership degrees with the ability to deal
with multivariable problems. *ese degrees are fuzzy numbers between 0 and 1 inclusive; 0 being the lowest and 1 being the
highest value for each degree, which reflect different meaning for membership, nonmembership, and abstinence. Furthermore, the
paper explains the Cartesian product between CBPFSs and complex bipolar picture fuzzy relation (CBPFR) and its types with
suitable example. Furthermore, through a comparison test with preexisting fuzzy set frameworks, some benefits of CBPFS are
presented in this article.

1. Introduction

Uncertainty could be a common characteristic of each day
decisions. When there are multiple possible outcomes from
taking any course of decisions, a situation of uncertainty
occurs. Human decisions are generally ambiguous and
unpredictable. It will always be a part of our living. *e
difficulty in mathematics is determining way to characterize
ambiguous groups of things. Meanwhile, Zadeh [1] intro-
duced the idea of fuzzy sets (FSs) in 1965, which deal with
the uncertainty. Fuzzy set assigns membership degree to
each object in the set. *e level of membership is a function
that is ranging from [0, 1].

Klir and Folger [2] invented the crisp relations, which are
used to investigate the interactions between crisp sets. *e
crisp relation only discussed just two possibilities yes or no.

Negoita and Ralescu [3] connected the FSs to system
analysis. Laengla et al. [4] suggested a bibliometric evalu-
ation of FSs. Xu et al. [5] optimized many goals stream shop
scheduling using a genetic set of rules based on FSs, and
Mewada et al. [6] expanded a fuzzy system with applications
by extrapolating a fuzzy system. Adlassnig [7] employed
fuzzy set in the field of medicine. Lu and Ruan [8] suggested
an application of multiobjective group decision making.
Gehrke et al. [9] commented on IVFSs. Mendel [10] pre-
sented the concepts of fuzzy relations (FRs) that are used to
analyze the connections among the FSs. *e FRs are indi-
cating the degree of membership, whose values range from 0
to 1. Yu et al. [11] used FRs to assess uncertainty and provide
some applications. Yeh and Bang [12] used the FRs to
clustering analysis. Elkano et al. [13] employed aggregation
functions for the composition of IVFRs. Atanassov et al. [14]
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proposed the novel concept of intuitionistic fuzzy set (IFS).
Further, he defined the new idea of the interval valued
intuitionistic fuzzy set (IVIFS). *e IFS is an extensive form
of FSs, whereas the IVIFS is an extensive form of IVFS. *e
IFSs discuss the membership and nonmembership degrees
but FSs only discuss the membership degree. *e mem-
bership and nonmembership degrees of IFSs must lie in the
unit interval [0, 1], such that the sum of both the degrees is
less than or equal to 1. *e IVIFS discusses the membership
and nonmembership degrees in the form of intervals with
some constraints. Szmidt and Kacprzyk [15] determined the
distance between IFSs. De et al. [16] defined some IFSs
operations. Burillo and Bustince [17] revealed the concepts
of intuitionistic fuzzy relations (IFRs). It is a generalization
of FRs. Deschrijver and Kerre [18] investigated the com-
position of IFRs. Cuong and Kreinovich [19] concocted a
new idea of picture fuzzy set (PFSs) which is an extensive
form of FSs and IFSs.*ree stages of a component examined
in PFSs, level of membership, level of abstinence, and level of
nonmembership, with the sum of membership, abstinence,
and nonmembership belong to [0, 1]. Moreover, the con-
cepts of picture fuzzy relation (PFRs) were also established.
Ganie et al. [20] designed a few unused relationship coef-
ficients of PFS and applications. Liu et al. [21] used the
IVPFSs in decision making with some applications.

Later, Ramot et al. [22] developed the novel concept of
complex fuzzy set (CFS), which expresses membership de-
gree in the form of a complex number, i.e., ϕc(x) � ăc(x)

e2πϖϕ(x)i, where ă(x) is called amplitude term and ϖ(x) is
called phase term. Moreover, he also defined the complex
fuzzy relation (CFR) which investigated the relationship
between CFSs. Tamir et al. [23] gave an introduction of CFSs
and CF logic together with their applications. Greenfield et al.
[24] developed the new idea of interval valued complex fuzzy
set (IVCFS), which changed the membership degree of a CFS
from single number to an interval. Nasir et al. [25] used the
IVCFRs in diagnosis and considered the life expectancy of
patients. Ma et al. [26] proposed a strategy for multiple
periodic factor prediction problems through CFSs. Alkouri
et al. [27] developed the concepts of complex intuitionistic
fuzzy set (CIFS). Garg and Rani [28] gave some results for
measuring the CIFS. Jan et al. [29] derived the new concepts
of complex intuitionistic fuzzy relation (CIFRs) with
studying the relationship between CIFS. Nasir et al. [30]
defined the new idea of interval valued complex intuitionistic
fuzzy relation (IVCIFR) with application of cybersecurity.
Akram et al. [31] invented the complex picture fuzzy set
(CPFS). *e complex picture fuzzy set is the more extended
form of CFS and CIFS.*eCPFS are discussed all of the three
stages with the both amplitude and phase term. Nasir et al.
[32] introduced the novel concepts of complex picture fuzzy
relations (CPFRs) with application of network security.
Zhang [33] presented the new ideas of bipolar fuzzy set (BFS)
and bipolar fuzzy relations (BFRs). In a BFS, positive
membership indicates what is certain to be possible, while
negative membership indicates what is certain to be im-
possible or false. Lee [34] developed a new generalization of
fuzzy sets known as bipolar valued fuzzy sets, in which the
membership degree increased from [0, 1] to [−1, 1]. In BFS,

the degree of membership ‘0’ indicates that elements are
irrelevant to the corresponding property, membership de-
gree (0, 1] indicates that some elements meet the corre-
sponding property, and membership degree [−1, 0) indicates
that some elements satisfy the implicit counter property.
Mahmood and Hayat [35] investigated bipolar fuzzy and
bipolar antifuzzy h-ideals on hemi-rings. Akram et al. [36]
used the BFSs in planner graph and multigraphs and in-
vestigate the interesting structures to some properties.
Alkouri et al. [37] introduced the new concepts of complex
bipolar fuzzy set (CBFS).*e structure of CBFS discussed the
both amplitude and phase term. Ezhilmaran and Sankar [38]
developed the concept of a bipolar intuitionistic fuzzy set
(BIFS). *e BIFS consists of the positive membership degree,
negative membership degree, positive nonmembership de-
gree, and negative nonmembership degree. Sindhu et al. [39]
invented the novelty concepts of bipolar picture fuzzy set
(BPFS). *e BPFS are the generalization form of BFS and
BIFS. *e bipolar picture fuzzy sets (BPFS) also discuss the
positive abstinence and negative abstinence. Nilsson [40]
proposed the principles of artificial intelligence. Ramesh et al.
[41] used the artificial intelligence which studies the appli-
cation of medicine. Rondeau [42] discussed the AI with the
application of wireless communication. Hirasawa et al. [43]
used the AI in convolutional neural networks for detecting
the gastric cancer. Anantrasirichai and Bull [44] investigated
the AI in the creative industries. Yu et al. [45] discussed the
AI in the field of healthcare. AI is continuously changing the
medical practice.

*is paper discusses the new concepts of the complex
bipolar picture fuzzy sets (CBPFSs). Further, using the
Cartesian product of CBPFS, the innovative study of
complex bipolar picture fuzzy relation (CBPFR) is exam-
ined. Moreover, numerous types of CBPFRs are defined,
such as reflexive, symmetric, complete, transitive, equiva-
lence relations and equivalence classes. Each definition of
CBPFRs with suitable examples and results also have been
presented. *e purpose of this study is to discuss some
unique strategies for increasing the industries qualities by
using the artificial intelligence factors. In addition, an ap-
plication is provided that helps in the investigation of re-
lationship among various industries to the key factors of
artificial intelligence. *ey have a wide range of applications
because complex valued structure can handle the multi-
variable difficulties. *e CBPFR is the extended form of all
predefined structures of bipolar fuzzy algebra such as BFR,
CBFR, BIFR, CBIFR, and BPFR.*e CBPFR is superior to all
preexisting fuzzy structures because these structures discuss
all of the three stages with both amplitude and phase term.
*e innovative idea of CBPFR defined all of the three stages
with positive and negative effect. *e membership, neutral,
and nonmembership degree of the CBPFR to show both
positive and negative effects of all stages with complex
numbers. *e concept of CBPFR is used in the other fuzzy
structures, i.e., complex bipolar spherical fuzzy relation
(CBSFR) and complex bipolar T spherical fuzzy relation
(CBTSFR). Moreover, this structure can be used in all other
fuzzy models such as economics, computer science, and
engineering field.
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*e arrangements of this paper are as follows: Section 1
presents the introduction. Section 2 describes some pre-
defined concepts. Section 3 discusses the novelty concepts of
CBPFSs, Cartesian product of two CBPFSs, CBPFRs, and
their types. Section 4 consists an application of artificial
intelligence investigating the relationship between industries
and factor of artificial intelligence. Section 5 contains the
comparison between CBPFS and preexisting structure of
fuzzy algebra. Finally, Section 6 gives the conclusion.

2. Preliminaries

In this section, we explain some concepts of FS, CFS, IFS,
CIFS, PFS, CPFS, BFS, CBFS, BIFS, and BPFS.

Definition 1 (see [1]). Let U
⌢
be a universal set. *en, a fuzzy

set (FS) FP on U
⌢
is expressed as

FP � x, ϕ(x): x ∈ U
⌢

  , (1)

where ϕ: U
⌢
⟶ [0, 1] is mapping of membership degree.

Definition 2 (see [22]). Let U
⌢

be a universal set. *en, a
complex fuzzy set (CFS) FP on U

⌢
is expressed as

FP � x, ăϕ(x) e
2πϖϕ(x)i

 : x ∈ U
⌢

 , (2)

where ăϕ,ϖϕ: U
⌢
⟶ [0, 1] are mappings of amplitude term

and phase term of membership degree, respectively.
Moreover, i �

���
−1

√
.

Definition 3 (see [14]). Let U
⌢

be a universal set. *en, an
intuitionistic fuzzy set (IFS) FP on U

⌢
is expressed as

FP � x, (ϕ(x),Ω(x)): x ∈ U
⌢

 , (3)

where ϕ,Ω: U
⌢
⟶ [0, 1] are mappings of membership and

nonmembership degrees, respectively, on condition that
0≤ ϕ(x) +Ω(x)≤ 1.

Definition 4 (see [26]). Let U
⌢

be a universal set. *en, a
complex intuitionistic fuzzy set (CIFS) FP on U

⌢
is expressed as

FP � x, ăϕ(x) e
2πϖϕ(x)i

, ăΩ(x)e
2πϖΩ(x)i

 : x ∈ U
⌢

 , (4)

where ăϕ, ăΩ,ϖϕ,ϖΩ: U
⌢
⟶ [0, 1] are mappings of am-

plitude terms and phase terms of membership and non-
membership degrees, respectively, on condition that
0≤ ăϕ + ăΩ ≤ 1, 0≤ϖϕ + ϖΩ ≤ 1.

Definition 5 (see [19]). Let U
⌢

be a universal set. *en, a
picture fuzzy set (PFS) FP on U

⌢
is expressed as

FP � x, (ϕ(x), έ(x),Ω(x)): x ∈ U
⌢

 , (5)

where ϕ, έ,Ω: U
⌢
⟶ [0, 1] are mappings of membership,

abstinence, and nonmembership degrees, respectively, on
condition that 0≤ ϕ(x) + έ(x) +Ω(x)≤ 1.

Definition 6 (see [29]). Let U
⌢

be a universal set. Then, a
complex picture fuzzy set (CPFS) FP on U

⌢
is expressed as

FP � x, ăϕ(x) e
2πϖϕ(x)i

, ă έ(x)e2πϖέ(x)i
, ăΩ(x)e2πϖΩ(x)i

 : x ∈ U
⌢

 , (6)

where ăϕ,ϖϕ, ăέ,ϖέ, ăΩ,ϖΩ: U
⌢
⟶ [0, 1] are mappings of

amplitude terms and phase terms of membership, absti-
nence, and nonmembership degrees, respectively, on con-
dition that 0≤ ăϕ + ăέ + ăΩ ≤ 1 and 0≤ϖϕ + ϖέ + ϖΩ ≤ 1.

Definition 7 (see [31]). Let U
⌢

be a universal set. *en, a

bipolar fuzzy set (BFS) FP on U
⌢
is expressed as

FP � x, ϕ+
(x), ϕ−

(x)( : x ∈ U
⌢

 , (7)

where ϕ+: U
⌢
⟶ [0, 1] are positive mappings of mem-

bership degree and ϕ− : U
⌢
⟶ [−1, 0] are negative map-

pings of membership degree.

Definition 8 (see [34]). Let U
⌢

be a universal set. *en, a
complex bipolar fuzzy set (CBFS) FP on U

⌢
is expressed as

FP � x, ă+
ϕ(x)e

2πiϖ+
ϕ(x)

, ă−
ϕ(x)e

2πiϖ−
ϕ (x)

 : x ∈ U
⌢

 , (8)

where ă+
ϕ ,ϖ+

ϕ: U
⌢
⟶ [0, 1] are positive mappings of am-

plitude term and phase term of membership degree, re-
spectively, and ă−

ϕ ,ϖ−
ϕ: U
⌢
⟶ [−1, 0] are negative mappings

of amplitude term and phase term of membership degree,
respectively.

Definition 9 (see [35]). Let U
⌢

be a universal set. *en, a
bipolar intuitionistic fuzzy set (BIFS) FP on U

⌢
is expressed as

FP � x, ϕ+
(x), ϕ−

(x)( , Ω+
(x),Ω−

(x)( : x ∈ U
⌢

 , (9)

where ϕ+,Ω+: U
⌢
⟶ [0, 1] are positive mappings of

membership and nonmembership degrees, respectively, and
ϕ− ,Ω−: U

⌢
⟶ [−1, 0] are negative mappings of member-

ship and nonmembership degree, respectively, on condition
that 0≤ϕ+(x) +Ω+(x)≤ 1 and −1≤ ϕ− (x) +Ω−(x)≤ 0.

Definition 10 (see [36]). Let U
⌢

be a universal set. *en, a
bipolar picture fuzzy set (BPFS) FP on U

⌢
is expressed as

FP � x, ϕ+
(x), ϕ−

(x)( , έ+(x), έ− (x)( , Ω+
(x),Ω−

(x)( : x ∈ U
⌢

 , (10)

Scientific Programming 3



where ϕ+, έ+,Ω+: U
⌢
⟶ [0, 1] are positive mappings of

membership, abstinence, and nonmembership degrees, re-
spectively, and ϕ− , έ− , Ω− : U

⌢
⟶ [−1, 0] are negative

mappings of membership, abstinence, and nonmembership
degrees, respectively, on condition that 0≤ϕ+(x) + έ+(x) +

Ω+(x)≤ 1 and − 1≤ ϕ− (x) + έ− (x) +Ω−(x)≤ 0.

3. Main Results

In this section, we define the complex bipolar intuitionistic
fuzzy set (CBIFS), complex bipolar picture fuzzy set

(CBPFS), Cartesian product of two CBPFS, complex bipolar
picture fuzzy relation (CBPFR), and their types.

Definition 11. Let U
⌢

be a universal set. *en, a complex
bipolar intuitionistic fuzzy set (CBIFS) FP on U

⌢
is expressed

as

FP � x, ă+
ϕ(x)e

2πiϖ+
ϕ(x)

, ă−
ϕ(x)e

2πiϖ−
ϕ (x)

 , ă+
Ω(x)e

2πiϖ+
Ω(x)

, ă−
Ω(x)e

2πiϖ−
Ω(x)

 : x ∈ U
⌢

 , (11)

where ă+
ϕ ,ϖ+

ϕ , ă+
Ω,ϖ+
Ω: U
⌢
⟶ [0, 1] are positive mappings of

amplitude terms and phase terms of membership and
nonmembership degrees, respectively, and ă−

ϕ ,ϖ−
ϕ , ă−
Ω,

ϖ−
Ω: U
⌢
⟶ [−1, 0] are negative mappings of amplitude

terms and phase terms of membership and nonmembership

degrees, respectively, on condition that 0 ≤ ă+
ϕ + ă+
Ω ≤ 1 0

≤ϖ+
ϕ + ϖ+
Ω ≤ 1, −1≤ ă−

ϕ + ă−
Ω ≤ 0 and −1≤ϖ−

ϕ + ϖ−
Ω ≤ 0.

Definition 12. Let U
⌢

be a universal set. *en, a complex
bipolar picture fuzzy set (CBPFS) FP on U

⌢
is expressed as

FP � x,
ă+
ϕ(x)e

2πiϖ+
ϕ(x)

,

ă−
ϕ(x)e

2πiϖ−
ϕ (x)

⎛⎜⎝ ⎞⎟⎠,
ă+
έ (x)e

2πiϖ+
έ (x)

,

ă−
έ (x)e

2πiϖ−
έ (x)

⎛⎝ ⎞⎠,
ă+
Ω(x)e

2πiϖ+
Ω(x)

,

ă−
Ω(x)e

2πiϖ−
Ω(x)

⎛⎝ ⎞⎠ : x ∈ U
⌢

⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭
, (12)

where ă+
ϕ , ϖ+

ϕ , ă+
έ ,ϖ

+
έ , ă

+
Ω,ϖ+
Ω: U
⌢
⟶ [0, 1] are positive

mappings of amplitude terms and phase terms of mem-
bership, abstinence, and nonmembership degrees, re-
spectively, and ă−

ϕ, ϖ−
ϕ , ă−
έ ,ϖ

−
ăέ, ă

−
Ω,ϖ−
Ω: U
⌢
⟶ [−1, 0] are

negative mappings of amplitude terms and phase terms
of membership, abstinence, and non-membership de-
grees, respectively, on condition that 0 ≤ ă+

ϕ + ă+
έ + ă+
Ω≤1,

0 ≤ϖ+
ϕ +ϖ+

έ +ϖ+
Ω≤1, −1≤ ă−

ϕ + ă−
έ + ă−
Ω≤0, and −1≤ϖ−

ϕ +ϖ−
έ+

ϖ−
Ω≤0.

Example 1. *e H�
h1,

0.13e
0.31πi

,

−0.21e
−0.21πi ,

0.33e
0.11πi

,

−0.26e
−0.44πi ,

0.54e
0.51πi

,

−0.19e
−0.19πi  ,

h2,
0.43e

0.44πi
,

−0.52e
−0.34πi ,

0.23e
0.22πi

,

−0.26e
−0.24πi ,

0.14e
0.29πi

,

−0.03e
−0.39πi  

⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭
is

a CBPFS.

Definition 13. Take two CBPFSs

B � x,
ă+
ϕ(x)e

2πiϖ+
ϕ(x)

,

ă−
ϕ(x)e

2πiϖ−
ϕ (x)

⎛⎝ ⎞⎠,
ă+
έ (x)e

2πiϖ+
έ (x)

,

ă−
έ (x)e

2πiϖ−
έ (x) ,

ă+
Ω(x)e

2πiϖ+
Ω(x)

,

ă−
Ω(x)e

2πiϖ−
Ω(x) : x ∈ U

⌢
  and

C � z,
ă+
ϕ(z)e

2πiϖ+
ϕ(z)

,

ă−
ϕ(z)e

2πiϖ−
ϕ (z)

⎛⎝ ⎞⎠,
ă+
έ (z)e

2πiϖ+
έ (z)

,

ă−
έ (z)e

2πi−ϖ(z) ,
ă+
Ω(z)e

2πiϖ+
Ω(z)

,

ă−
Ω(z)e

2πiϖ−
Ω(z) : z ∈ U

⌢
 .

*en, their Cartesian product is defined as follows:

B × C � (x, z),
ă+
ϕ(x, z)e

2πiϖ+
ϕ(x,z)

,

ă−
ϕ(x, z)e

2πiϖ−
ϕ (x,z)

⎛⎜⎝ ⎞⎟⎠,
ă+
έ (x, z)e

2πiϖ+
έ (x,z)

,

ă−
έ (x, z)e

2πiϖ−
έ (x,z)

⎛⎝ ⎞⎠,
ă+
Ω(x, z)e

2πiϖ+
Ω(x,z)

,

ă−
Ω(x, z)e

2πiϖ−
Ω(x,z)

⎛⎝ ⎞⎠ : x, z ∈ U
⌢

⎧⎪⎨

⎪⎩

⎫⎪⎬

⎪⎭
, (13)

where ă+
ϕ(x, z) � min ă+

ϕ(x), ă+
ϕ(z)  ϖ+

ϕ(x, z) � min ϖ+
ϕ

(x),ϖ+
ϕ(z)} ă−

ϕ(x, z) � max ă−
ϕ(x), ă−

ϕ(z)  ϖ−
ϕ(x, z) � max

ϖ−
ϕ(x),ϖ−

ϕ(z) , ă+
έ (x, z) � min ă+

έ (x), ă+
έ (z) , ϖ+

έ (x, z) �

min ϖ+
έ (x),ϖ+

έ (z)  ă−
έ (x, z) � max ă−

έ (x), ă−
έ (z) ,ϖ−

έ (x, z)

� max ϖ−
έ (x),ϖ−

έ (z) , ă+
Ω(x, z) � max ă+

Ω(x), ă+
Ω(z)  ϖ+

Ω
(x, z) � max ϖ+

Ω(x),ϖ+
Ω(z)  ă−

Ω(x, z) � min ă−
Ω(x), ă−

Ω(z) 

ϖ−
Ω(x, z) � min ϖ−

Ω(x),ϖ−
Ω(z) .

Hence, we take ordered paired elements in the Car-
tesian product; the degrees of membership and absti-
nence are taken to be the minimum between the two pairs
and the maximum nonmembership is selected for the
product.

Example 2. Let a CBPFS L on FP be defined as
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L �

l1,
0.49e

0.21πi
,

−0.11e
− 0.35πi

⎛⎝ ⎞⎠,
0.18e

0.49πi
,

−0.39e
− 0.37πi

⎛⎝ ⎞⎠,
0.28e

0.23πi
,

−0.19e
− 0.27πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

l2,
0.47e

0.33πi
,

−0.52e
− 0.35πi

⎛⎝ ⎞⎠,
0.32e

0.25πi
,

−0.26e
− 0.26πi

⎛⎝ ⎞⎠,
0.13e

0.37πi
,

−0.04e
− 0.13πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

l3,
0.42e

0.31πi
,

−0.23e
− 0.04πi

⎛⎝ ⎞⎠,
0e

0.28πi
,

−0.14e
− 0.23πi

⎛⎝ ⎞⎠,
0.57e

0.03πi
,

−0.34e
− 0.02πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

l4,
0.35e

0.49πi
,

−0.37e
0πi

⎛⎝ ⎞⎠,
0.43e

0.46πi
,

−0.29e
− 0.64πi

⎛⎝ ⎞⎠,
0.17e

0.03πi
,

−0.22e
− 0.02πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

. (14)

*en, its self-Cartesian product is

L × L �

l1, l1( ,
0.49e

0.21πi
,

−0.11e
− 0.35πi

⎛⎝ ⎞⎠,
0.18e

0.49πi
,

−0.39e
− 0.37πi

⎛⎝ ⎞⎠,
0.28e

0.23πi
,

−0.19e
− 0.27πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

l1, l2( ,
0.47e

0.33πi
,

−0.11e
− 0.35πi

⎛⎝ ⎞⎠,
0.18e

0.25πi
,

−0.26e
− 0.26πi

⎛⎝ ⎞⎠,
0.28e

0.37πi
,

−0.19e
− 0.27πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

l1, l3( ,
0.42e

0.21πi
,

−0.11e
− 0.04πi

⎛⎝ ⎞⎠,
0e

0.28πi
,

−0.14e
− 0.23πi

⎛⎝ ⎞⎠,
0.57e

0.25πi
,

−0.34e
− 0.34πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

l1, l4( ,
0.35e

0.21πi
,

−0.11e
0πi

⎛⎝ ⎞⎠,
0.18e

0.46πi
,

−0.29e
− 0.37πi

⎛⎝ ⎞⎠,
0.28e

0.23πi
,

−0.22e
− 0.27πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

l2, l1( ,
0.47e

0.21πi
,

−0.11e
− 0.35πi

⎛⎝ ⎞⎠,
0.18e

0.25πi
,

−0.26e
− 0.26πi

⎛⎝ ⎞⎠,
0.28e

0.37πi
,

−0.22e
− 0.27πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

l2, l2( ,
0.47e

0.33πi
,

−0.52e
− 0.35πi

⎛⎝ ⎞⎠,
0.32e

0.25πi
,

−0.26e
− 0.26πi

⎛⎝ ⎞⎠,
0.13e

0.37πi
,

−0.04e
− 0.13πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

l2, l3( ,
0.42e

0.31πi
,

−0.23e
− 0.35πi

⎛⎝ ⎞⎠,
0e

0.25πi
,

−0.26e
− 0.26πi

⎛⎝ ⎞⎠,
0.57e

0.37πi
,

−0.34e
− 0.34πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

l2, l4( ,
0.35e

0.33πi
,

−0.37e
0πi

⎛⎝ ⎞⎠,
0.32e

0.25πi
,

−0.26e
− 0.26πi

⎛⎝ ⎞⎠,
0.17e

0.37πi
,

−0.22e
− 0.13πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

l3, l1( ,
0.42e

0.21πi
,

−0.11e
− 0.04πi

⎛⎝ ⎞⎠,
0e

0.28πi
,

−0.14e
− 0.23πi

⎛⎝ ⎞⎠,
0.57e

0.37πi
,

−0.34e
− 0.34πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

l3, l2( ,
0.42e

0.31πi
,

−0.23e
− 0.04πi

⎛⎝ ⎞⎠,
0e

0.25πi
,

−0.14e
− 0.23πi

⎛⎝ ⎞⎠,
0.57e

0.37πi
,

−0.34e
− 0.34πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

l3, l3( ,
0.42e

0.31πi
,

−0.23e
− 0.04πi

⎛⎝ ⎞⎠,
0e

0.28πi
,

−0.14e
− 0.23πi

⎛⎝ ⎞⎠,
0.57e

0.25πi
,

−0.34e
− 0.34πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

l3, l4( ,
0.35e

0.31πi
,

−0.23e
0πi

⎛⎝ ⎞⎠,
0e

0.28πi
,

−0.14e
− 0.23πi

⎛⎝ ⎞⎠,
0.57e

0.25πi
,

−0.34e
− 0.34πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

l4, l1( ,
0.35e

0.21πi
,

−0.11e
0πi

⎛⎝ ⎞⎠,
0.18e

0.46πi
,

−0.29e
− 0.37πi

⎛⎝ ⎞⎠,
0.28e

0.23πi
,

−0.22e
− 0.27πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

l4, l2( ,
0.35e

0.33πi
,

−0.37e
0πi

⎛⎝ ⎞⎠,
0.32e

0.25πi
,

−0.26e
− 0.26πi

⎛⎝ ⎞⎠,
0.17e

0.37πi
,

−0.22e
− 0.13πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

l4, l3( ,
0.35e

0.31πi
,

−0.23e
0πi

⎛⎝ ⎞⎠,
0e

0.28πi
,

−0.14e
− 0.23πi

⎛⎝ ⎞⎠,
0.57e

0.25πi
,

−0.34e
− 0.34πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

l4, l4( ,
0.35e

0.49πi
,

−0.37e
0πi

⎛⎝ ⎞⎠,
0.43e

0.46πi
,

−0.29e
− 0.64πi

⎛⎝ ⎞⎠,
0.17e

0.03πi
,

−0.22e
− 0.02πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

. (15)
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Definition 14. A complex bipolar picture fuzzy relation
(CBPFR) is a subset of the Cartesian product of two complex
bipolar picture fuzzy sets (CBPFSs) and is denoted by Ŕ.

Example 3. From the Cartesian product of CBPFS in
equation (1), the complex bipolar picture fuzzy relation Ŕ is

R
’’

�

l1, l1( ,
0.49e

0.21πi
,

−0.11e
− 0.35πi ,

0.18e
0.49πi

,

−0.39e
− 0.37πi ,

0.28e
0.23πi

,

−0.19e
− 0.27πi  ,

l2, l3( ,
0.42e

0.31πi
,

−0.23e
− 0.04πi ,

0e
0.25πi

,

−0.14e
− 0.23πi ,

0.57e
0.37πi

,

−0.34e
− 0.34πi  ,

l3, l1( ,
0.42e

0.21πi
,

−0.11e
− 0.04πi ,

0e
0.28πi

,

−0.14e
− 0.23πi ,

0.57e
0.25πi

,

−0.34e
− 0.34πi  ,

l3, l3( ,
0.42e

0.31πi
,

−0.23e
− 0.04πi ,

0e
0.28πi

,

−0.14e
− 0.23πi ,

0.57e
0.25πi

,

−0.34e
− 0.34πi  ,

l4, l2( ,
0.35e

0.33πi
,

−0.37e
0πi ,

0.32e
0.25πi

,

−0.26e
− 0.26πi ,

0.17e
0.37πi

,

−0.22e
− 0.13πi  ,

l4, l4( ,
0.35e

0.49πi
,

−0.37e
0πi ,

0.43e
0.46πi

,

−0.29e
− 0.64πi ,

0.17e
0.03πi

,

−0.22e
− 0.02πi  .

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

. (16)

Definition 15. A CBPFR Ŕ is said to be complex
bipolar picture reflexive fuzzy relation (CBP reflexive FR)
on a CBPFS FP, if

∀ x,
ă+
ϕ(x)e

2πiϖ+
ϕ(x)

,

ă−
ϕ(x)e

2πiϖ−
ϕ (x) , ă+

έ (x)e
2πiϖ+

έ (x)
,

ă−
έ (x)e

2πiϖ−
έ (x) , ă+

Ω(x)e
2πiϖ+
Ω(x)

,

ă−
Ω(x)e

2πiϖ−
Ω(x)   ∈ FP

implies (x,x), ă+
ϕ(x,x)e

2πiϖ+
ϕ(x,x)

,

ă−
ϕ(x,x)e

2πiϖ−
ϕ (x,x)

⎛⎝ ⎞⎠,
ă+
έ (x,x)e

2πiϖ+
έ (x,x)

,

ă−
έ (x,x)e

2πiϖ−
έ (x,x) ,

ă+
Ω(x,x)e

2πiϖ+
Ω(x,x)

,

ă−
Ω(x,x)e

2πiϖ−
Ω(x,x)  

∈ Ŕ.

Definition 16. A CBPFR Ŕ is said to be complex bipolar
picture irreflexive fuzzy relation (CBP irreflexive FR) on a
CBPFS FP, if

∀ x,
ă+
ϕ(x)e

2πiϖ+
ϕ(x)

,

ă−
ϕ(x)e

2πiϖ−
ϕ (x)

⎛⎝ ⎞⎠,
ă+
έ (x)e

2πiϖ+
έ (x)

,

ă−
έ (x)e

2πiϖ−
έ (x) ,

ă+
Ω(x)e

2πiϖ+
Ω(x)

,

ă−
Ω(x)e

2πiϖ−
Ω(x)   ∈ FP implies

(x,x),
ă+
ϕ(x,x)e

2πiϖ+
ϕ(x,x)

,

ă−
ϕ(x,x)e

2πiϖ−
ϕ (x,x)

⎛⎝ ⎞⎠,
ă+
έ (x,x)e

2πiϖ+
έ (x,x)

,

ă−
έ (x,x)e

2πiϖ−
έ (x,x) ,

ă+
Ω(x)e

2πiϖ+
Ω(x)

,

ă−
Ω(x)e

2πiϖ−
Ω(x)   ∉ Ŕ.

Definition 17. A CBPFR Ŕ is said to be complex bipolar
picture symmetric fuzzy relation (CBP symmetric FR) on a
CBPFS FP, if

∀ x,
ă+
ϕ(x)e

2πiϖ+
ϕ(x)

,

ă−
ϕ(x)e

2πiϖ−
ϕ (x)

⎛⎜⎝ ⎞⎟⎠,
ă+
έ (x)e

2πiϖ+
έ (x)

,

ă−
έ (x)e

2πiϖ−
έ (x)

⎛⎝ ⎞⎠,
ă+
Ω(x)e

2πiϖ+
Ω(x)

,

ă−
Ω(x)e

2πiϖ−
Ω(x)

⎛⎝ ⎞⎠⎛⎜⎝ ⎞⎟⎠, (17)

s,
ă+
ϕ(s)e

2πiϖ+
ϕ(s)

,

ă−
ϕ(s)e

2πiϖ−
ϕ (s)

⎛⎝ ⎞⎠,
ă+
έ (s)e

2πiϖ+

�(s)
,

ă−
έ(s)e

2πiϖ−

�(s) ,
ă+
Ω(s)e

iϖ+
Ω(s)2π

,

ă−
Ω(s)e

iϖ−
Ω(s)2π   ∈ FP, then,

(x, s),
ă+
ϕ(x, s)e

2πiϖ+
ϕ(x,s)

,

ă−
ϕ(x, s)e

2πiϖ−
ϕ (x,s)

⎛⎝ ⎞⎠,
ă+
έ (x, s)e

2πiϖ+
έ (x,s)

,

ă−
έ (x, s)e

2πiϖ−
έ (x,s) ,

ă+
Ω(x, s)e

2πiϖ+
Ω(x,s)

,

ă−
Ω(x, s)e

2πiϖ−
Ω(x,s)   ∈ Ŕ

implies (s, x), ă+
ϕ(s, x)e

2πiϖ+
ϕ(s,x)

,

ă−
ϕ(s, x)e

2πiϖ−
ϕ (s,x)

⎛⎝ ⎞⎠,
ă+
έ (s, x)e

2πiϖ+
έ (s,x)

,

ă−
έ (s, x)e

2πiϖ−
έ (s,x) ,

ă+
Ω(s, x)e

2πiϖ+
Ω(s,x)

,

ă−
Ω(s, x)e

2πiϖ−
Ω(s,x)  

∈ Ŕ.

Definition 18. A CBPFR Ŕ is said to be complex bipolar
picture transitive fuzzy relation (CBP transitive FR) on a
CBPFS FP, if

∀ x,
ă+
ϕ(x)e

2πiϖ+
ϕ(x)

,

ă−
ϕ(x)e

2πiϖ−
ϕ (x)

⎛⎜⎝ ⎞⎟⎠,
ă+
έ (x)e

2πiϖ+
έ (x)

,

ă−
έ (x)e

2πiϖ−
έ (x)

⎛⎝ ⎞⎠,
ă+
Ω(x)e

2πiϖ+
Ω(x)

,

ă−
Ω(x)e

2πiϖ−
Ω(x)

⎛⎝ ⎞⎠⎛⎜⎝ ⎞⎟⎠,

s,
ă+
ϕ(s)e

2πiϖ+
ϕ(s)

,

ă−
ϕ(s)e

2πiϖ−
ϕ (s)

⎛⎜⎝ ⎞⎟⎠,
ă+
έ (s)e

2πiϖ+
έ (s)

,

ă−
έ (s)e

2πiϖ−
έ (s)

⎛⎝ ⎞⎠,
ă+
Ω(s)e

2πiϖ+
Ω(s)

,

ă−
Ω(s)e

2πiϖ−
Ω(s)

⎛⎝ ⎞⎠⎛⎜⎝ ⎞⎟⎠,

(18)

q,
ă+
ϕ(q)e

2πiϖ+
ϕ(q)

,

ă−
ϕ(q)e

2πiϖ−
ϕ (q)

⎛⎝ ⎞⎠,
ă+
έ (q)e

2πiϖ+
έ (q)

,

ă−
έ (q)e

2πiϖ−
έ (q) ,

ă+
Ω(q)e

2πiϖ+
Ω(q)

,

ă−
Ω(q)e

2πiϖ−
Ω(q)   ∈ FP ,

then
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(x, s),
ă+
ϕ(x, s)e

2πiϖ+
ϕ(x,s)

,

ă−
ϕ(x, s)e

2πiϖ−
ϕ (x,s)

⎛⎝ ⎞⎠,
ă+
έ (x, s)e

2πiϖ+
έ (x,s)

,

ă−
έ (x, s)e

2πiϖ−
έ (x,s) ,

ă+
Ω(x, s)e

2πiϖ+
Ω(x,s)

,

ă−
Ω(x, s)e

2πiϖ−
Ω(x,s)  

∈ Ŕ and (s, q),
ă+
ϕ(s, q)e

2πiϖ+
ϕ(s,q)

,

ă−
ϕ(s, q)e

2πiϖ−
ϕ (s,q)

⎛⎝ ⎞⎠,
ă+
έ (s, q)e

2πiϖ+
έ (s,q)

,

ă−
έ (s, q)e

2πiϖ−
έ (s,q) ,

ă+
Ω(s, q)e

2πiϖ+
Ω(s,q)

,

ă−
Ω(s, q)e

2πiϖ−
Ω(s,q)  

∈ Ŕ

implies

(x, q),
ă+
ϕ(x, q)e

2πiϖ+
ϕ(x,q)

,

ă−
ϕ(x, q)e

2πiϖ−
ϕ (x,q)

⎛⎜⎝ ⎞⎟⎠,
ă+
έ (x, q)e

2πiϖ+
έ (x,q)

,

ă−
έ (x, q)e

2πiϖ−
έ (x,q)

⎛⎝ ⎞⎠,
ă+
Ω(x, q)e

2πiϖ+
Ω(x,q)

,

ă−
Ω(x, q)e

2πiϖ−
Ω(x,q)

⎛⎝ ⎞⎠⎛⎜⎝ ⎞⎟⎠ ∈ Ŕ. (19)

Definition 19. A CBPFR Ŕ is said to be complex bipolar
picture equivalence fuzzy relation (CBP equivalence FR) on
a CBPFS FP, if it is

(i) CBP reflexive FR
(ii) CBP symmetric FR

(iii) CBP transitive FR

Example 4. From the Cartesian product of CBPFS in
equation (1), the complex bipolar picture equivalence fuzzy
relation Ŕ is,

R
’’

�

l1, l1( ,
0.49e

0.21πi
,

−0.11e
− 0.35πi

⎛⎝ ⎞⎠,
0.18e

0.49πi
,

−0.39e
− 0.37πi

⎛⎝ ⎞⎠,
0.28e

0.23πi
,

−0.19e
− 0.27πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

l1, l2( ,
0.47e

0.21πi
,

−0.11e
− 0.35πi

⎛⎝ ⎞⎠,
0.18e

0.25πi
,

−0.26e
− 0.26πi

⎛⎝ ⎞⎠,
0.28e

0.37πi
,

−0.19e
− 0.27πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

l1, l3( ,
0.42e

0.21πi
,

−0.11e
− 0.04πi

⎛⎝ ⎞⎠,
0e

0.28πi
,

−0.14e
− 0.23πi

⎛⎝ ⎞⎠,
0.57e

0.25πi
,

−0.34e
− 0.34πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

l2, l1( ,
0.47e

0.21πi
,

−0.11e
− 0.35πi

⎛⎝ ⎞⎠,
0.18e

0.25πi
,

−0.26e
− 0.26πi

⎛⎝ ⎞⎠,
0.28e

0.37πi
,

−0.19e
− 0.27πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

l2, l2( ,
0.47e

0.33πi
,

−0.52e
− 0.35πi

⎛⎝ ⎞⎠,
0.32e

0.25πi
,

−0.26e
− 0.26πi

⎛⎝ ⎞⎠,
0.13e

0.37πi
,

−0.04e
− 0.13πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

l2, l3( ,
0.42e

0.31πi
,

−0.23e
− 0.04πi

⎛⎝ ⎞⎠,
0e

0.25πi
,

−0.14e
− 0.23πi

⎛⎝ ⎞⎠,
0.57e

0.37πi
,

−0.34e
− 0.34πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

l3, l1( ,
0.42e

0.21πi
,

−0.11e
− 0.04πi

⎛⎝ ⎞⎠,
0e

0.28πi
,

−0.14e
− 0.23πi

⎛⎝ ⎞⎠,
0.57e

0.25πi
,

−0.34e
− 0.34πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

l3, l2( ,
0.42e

0.31πi
,

−0.23e
− 0.04πi

⎛⎝ ⎞⎠,
0e

0.25πi
,

−0.14e
− 0.23πi

⎛⎝ ⎞⎠,
0.57e

0.37πi
,

−0.34e
− 0.34πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

l3, l3( ,
0.42e

0.31πi
,

−0.23e
− 0.04πi

⎛⎝ ⎞⎠,
0e

0.28πi
,

−0.14e
− 0.23πi

⎛⎝ ⎞⎠,
0.57e

0.25πi
,

−0.34e
− 0.34πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

l4, l4( ,
0.35e

0.49πi
,

−0.37e
0πi

⎛⎝ ⎞⎠,
0.43e

0.46πi
,

−0.29e
− 0.64πi

⎛⎝ ⎞⎠,
0.17e

0.03πi
,

−0.22e
− 0.02πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

. (20)

Definition 20. A CBPFR Ŕ is said to be complex bipolar
picture preorder fuzzy relation (CBP preorder FR) on a
CBPFS FP, if it is

(i) CBP reflexive FR

(ii) CBP transitive FR

Example 5. From the Cartesian product of CBPFS in equation
(1), the complex bipolar picture preorder fuzzy relation Ŕ is,

Scientific Programming 7



R
’’

�

l1, l1( ,
0.49e

0.21πi
,

−0.11e
− 0.35πi

 ,
0.18e

0.49πi
,

−0.39e
− 0.37πi

 ,
0.28e

0.23πi
,

−0.19e
− 0.27πi

  ,

l1, l2( ,
0.47e

0.21πi
,

−0.11e
− 0.35πi

 ,
0.18e

0.25πi
,

−0.26e
− 0.26πi

 ,
0.28e

0.37πi
,

−0.19e
− 0.27πi

  ,

l1, l3( ,
0.42e

0.21πi
,

−0.11e
− 0.04πi

 ,
0e

0.28πi
,

−0.14e
− 0.23πi

 ,
0.57e

0.25πi
,

−0.34e
− 0.34πi

  ,

l2, l2( ,
0.47e

0.33πi
,

−0.52e
− 0.35πi

 ,
0.32e

0.25πi
,

−0.26e
− 0.26πi

 ,
0.13e

0.37πi
,

−0.04e
− 0.13πi

  ,

l2, l3( ,
0.42e

0.31πi
,

−0.23e
− 0.04πi

 ,
0e

0.25πi
,

−0.14e
− 0.23πi

 ,
0.57e

0.37πi
,

−0.34e
− 0.34πi

  ,

l3, l3( ,
0.42e

0.31πi
,

−0.23e
− 0.04πi

 ,
0e

0.28πi
,

−0.14e
− 0.23πi

 ,
0.57e

0.25πi
,

−0.34e
− 0.34πi

  ,

l4, l4( ,
0.35e

0.49πi
,

−0.37e
0πi

 ,
0.43e

0.46πi
,

−0.29e
− 0.64πi

 ,
0.17e

0.03πi
,

−0.22e
− 0.02πi

  

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

. (21)

Definition 21. A CBPFR Ŕ is said to be complex bipolar
picture antisymmetric fuzzy relation (CBP antisymmetric
FR) on a CBPFS FP, if

∀ x,
ă+
ϕ(x)e

2πiϖ+
ϕ(x)

,

ă−
ϕ(x)e

2πiϖ−
ϕ (x)

⎛⎜⎝ ⎞⎟⎠,
ă+
έ (x)e

2πiϖ+
έ (x)

,

ă−
έ (x)e

2πiϖ−
έ (x)

⎛⎝ ⎞⎠,

+
Ω(x)e

2πiϖ+
Ω(x)

,

−
Ω(x)e

2πiϖ−
Ω(x)

⎛⎝ ⎞⎠⎛⎜⎝ ⎞⎟⎠, (22)

s,
ă+
ϕ(s)e

2πiϖ+
ϕ(s)

,

ă−
ϕ(s)e

2πiϖ−
ϕ (s)

⎛⎝ ⎞⎠,
ă+
έ (s)e

2πiϖ+
έ (s)

,

ă−
έ (s)e

2πiϖ−
έ (s) ,

ă+
Ω(s)e

2πiϖ+
Ω(s)

,

ă−
Ω(s)e

2πiϖ−
Ω(s)   ∈ FP then,

(x, s),
ă+
ϕ(x, s)e

2πiϖ+
ϕ(x,s)

,

ă−
ϕ(x, s)e

2πiϖ−
ϕ (x,s)

⎛⎜⎝ ⎞⎟⎠,
ă+
έ (x, s)e

2πiϖ+
έ (x,s)

,

ă−
έ (x, s)e

2πiϖ−
έ (x,s)

⎛⎝ ⎞⎠,
ă+
Ω(x, s)e

2πiϖ+
Ω(x,s)

,

ă−
Ω(x, s)e

2πiϖ−
Ω(x,s)

⎛⎝ ⎞⎠⎛⎜⎝ ⎞⎟⎠ ∈ Ŕ,

(s, x),
ă+
ϕ(s, x)e

2πiϖ+
ϕ(s,x)

,

ă−
ϕ(s, x)e

2πiϖ−
ϕ (s,x)

⎛⎜⎝ ⎞⎟⎠,
ă+
έ (s, x)e

2πiϖ+
έ (s,x)

,

ă−
έ (s, x)e

2πiϖ−
έ (s,x)

⎛⎝ ⎞⎠,
ă+
Ω(s, x)e

2πiϖ+
Ω(s,x)

,

ă−
Ω(s, x)e

2πiϖ−
Ω(s,x)

⎛⎝ ⎞⎠⎛⎜⎝ ⎞⎟⎠ ∈ Ŕ implies,

(x, s),
ă+
ϕ(x, s)e

2πiϖ+
ϕ(x,s)

,

ă−
ϕ(x, s)e

2πiϖ−
ϕ (x,s)

⎛⎜⎝ ⎞⎟⎠,
ă+
έ (x, s)e

2πiϖ+
έ (x,s)

,

ă−
έ (x, s)e

2πiϖ−
έ (x,s)

⎛⎝ ⎞⎠,
ă+
Ω(x, s)e

2πiϖ+
Ω(x,s)

,

ă−
Ω(x, s)e

2πiϖ−
Ω(x,s)

⎛⎝ ⎞⎠⎛⎜⎝ ⎞⎟⎠,

� (s, x),
ă+
ϕ(s, x)e

2πiϖ+
ϕ(s,x)

,

ă−
ϕ(s, x)e

2πiϖ−
ϕ (s,x)

⎛⎜⎝ ⎞⎟⎠,
ă+
έ (s, x)e

2πiϖ+
έ (s,x)

,

ă−
έ (s, x)e

2πiϖ−
έ (s,x)

⎛⎝ ⎞⎠,
ă+
Ω(s, x)e

2πiϖ+
Ω(s,x)

,

ă−
Ω(s, x)e

2πiϖ−
Ω(s,x)

⎛⎝ ⎞⎠⎛⎜⎝ ⎞⎟⎠.

(23)

Definition 22. A CBPFR Ŕ is said to be complex bipolar
picture partial order fuzzy relation (CBP partial order FR) on
a CBPFS FP, if it is

(i) CBP reflexive FR
(ii) CBP antisymmetric FR

(iii) CBP transitive FR

Example 6. From the Cartesian product of CBPFS in
equation (1), the complex bipolar picture partial order fuzzy
relation Ŕ is,
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R
’’

�

l1, l1( ,
0.49e

0.21πi
,

−0.11e
− 0.35πi

⎛⎝ ⎞⎠,
0.18e

0.49πi
,

−0.39e
− 0.37πi

⎛⎝ ⎞⎠,
0.28e

0.23πi
,

−0.19e
− 0.27πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

l1, l3( ,
0.42e

0.21πi
,

−0.11e
− 0.04πi

⎛⎝ ⎞⎠,
0e

0.28πi
,

−0.14e
− 0.23πi

⎛⎝ ⎞⎠,
0.57e

0.25πi
,

−0.34e
− 0.34πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

l1, l4( ,
0.35e

0.21πi
,

−0.11e
0πi

⎛⎝ ⎞⎠,
0.18e

0.46πi
,

−0.29e
− 0.37πi

⎛⎝ ⎞⎠,
0.28e

0.23πi
,

−0.22e
− 0.27πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

l2, l2( ,
0.47e

0.33πi
,

−0.52e
− 0.35πi

⎛⎝ ⎞⎠,
0.32e

0.25πi
,

−0.26e
− 0.26πi

⎛⎝ ⎞⎠,
0.13e

0.37πi
,

−0.04e
− 0.13πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

l3, l4( ,
0.35e

0.31πi
,

−0.23e
0πi

⎛⎝ ⎞⎠,
0e

0.28πi
,

−0.14e
− 0.23πi

⎛⎝ ⎞⎠,
0.57e

0.25πi
,

−0.34e
− 0.34πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

l3, l3( ,
0.42e

0.31πi
,

−0.23e
− 0.04πi

⎛⎝ ⎞⎠,
0e

0.28πi
,

−0.14e
− 0.23πi

⎛⎝ ⎞⎠,
0.57e

0.25πi
,

−0.34e
− 0.34πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

l4, l4( ,
0.35e

0.49πi
,

−0.37e
0πi

⎛⎝ ⎞⎠,
0.43e

0.46πi
,

−0.29e
− 0.64πi

⎛⎝ ⎞⎠,
0.17e

0.03πi
,

−0.22e
− 0.02πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

. (24)

Definition 23. A CBPFR Ŕ is said to be complex bipolar
picture complete fuzzy relation (CBP complete FR) on a
CBPFS FP, if

∀ x,
ă+
ϕ(x)e

2πiϖ+
ϕ(x)

,

ă−
ϕ(x)e

2πiϖ−
ϕ (x)

⎛⎜⎝ ⎞⎟⎠,
ă+
έ (x)e

2πiϖ+
έ (x)

,

ă−
έ (x)e

2πiϖ−
έ (x)

⎛⎝ ⎞⎠,
ă+
Ω(x)e

2πiϖ+
Ω(x)

,

ă−
Ω(x)e

2πiϖ−
Ω(x)

⎛⎝ ⎞⎠⎛⎜⎝ ⎞⎟⎠,

s,
ă+
ϕ(s)e

2πiϖ+
ϕ(s)

,

ă−
ϕ(s)e

2πiϖ−
ϕ (s)

⎛⎜⎝ ⎞⎟⎠,
ă+
έ (s)e

2πiϖ+
έ (s)

,

ă−
έ (s)e

2πiϖ−
έ (s)

⎛⎝ ⎞⎠,
ă+
Ω(s)e

2πiϖ+
Ω(s)

,

ă−
Ω(s)e

2πiϖ−
Ω(s)

⎛⎝ ⎞⎠⎛⎜⎝ ⎞⎟⎠ ∈ FP,

Either (x, s),
ă+
ϕ(x, s)e

2πiϖ+
ϕ(x,s)

,

ă−
ϕ(x, s)e

2πiϖ−
ϕ (x,s)

⎛⎜⎝ ⎞⎟⎠,
ă+
έ (x, s)e

2πiϖ+
έ (x,s)

,

ă−
έ (x, s)e

2πiϖ−
έ (x,s)

⎛⎝ ⎞⎠,
ă+
Ω(x, s)e

2πiϖ+
Ω(x,s)

,

ă−
Ω(x, s)e

2πiϖ−
Ω(x,s)

⎛⎝ ⎞⎠⎛⎜⎝ ⎞⎟⎠ ∈ Ŕ

Or (s, x),
ă+
ϕ(s, x)e

2πiϖ+
ϕ(s,x)

,

ă−
ϕ(s, x)e

2πiϖ−
ϕ (s,x)

⎛⎜⎝ ⎞⎟⎠,
ă+
έ (s, x)e

2πiϖ+
έ (s,x)

,

ă−
έ (s, x)e

2πiϖ−
έ (s,x)

⎛⎝ ⎞⎠,
ă+
Ω(s, x)e

2πiϖ+
Ω(s,x)

,

ă−
Ω(s, x)e

2πiϖ−
Ω(s,x)

⎛⎝ ⎞⎠⎛⎜⎝ ⎞⎟⎠ ∈ Ŕ.

(25)

Definition 24. A CBPFR Ŕ is said to be complex bipolar
picture strict order fuzzy relation (CBP strict order FR) on a
CBPFS FP, if it is

(i) CBP irreflexive FR

(ii) CBP transitive FR

Example 7. From the Cartesian product of CBPFS in
equation (1), the complex bipolar picture strict order fuzzy
relation Ŕ is,
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R
’’

�

l1, l2( ,
0.47e

0.21πi
,

−0.11e
− 0.35πi

⎛⎝ ⎞⎠,
0.18e

0.25πi
,

−0.26e
− 0.26πi

⎛⎝ ⎞⎠,
0.28e

0.37πi
,

−0.19e
− 0.27πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

l1, l4( ,
0.35e

0.21πi
,

−0.11e
0πi

⎛⎝ ⎞⎠,
0.18e

0.46πi
,

−0.29e
− 0.37πi

⎛⎝ ⎞⎠,
0.28e

0.23πi
,

−0.22e
− 0.27πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

l4, l2( ,
0.35e

0.33πi
,

−0.37e
0πi

⎛⎝ ⎞⎠,
0.32e

0.25πi
,

−0.26e
− 0.26πi

⎛⎝ ⎞⎠,
0.17e

0.37πi
,

−0.22e
− 0.13πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

. (26)

Definition 25. A CBPFR Ŕ is said to be complex bipolar
picture linear order fuzzy relation (CBP linear order FR) on a
CBPFS FP, if it is

(i) CBP reflexive FR
(ii) CBP antisymmetric FR
(iii) CBP transitive FR
(iv) CBP complete FR

Definition 26. A CBPFR Ŕ is said to be complex bipolar
picture inverse fuzzy relation (CBP inverse FR) on a CBPFS
FP, if

(x, s), ă+
ϕ(x, s)e

2πiϖ+
ϕ(x,s)

,

ă−
ϕ(x, s)e

2πiϖ−
ϕ (x,s)

⎛⎝ ⎞⎠,
ă+
έ (x, s)e

2πiϖ+
έ (x,s)

,

ă−
έ (x, s)e

2πiϖ−
έ (x,s) ,

ă+
Ω(x, s)e

2πiϖ+
Ω(x,s)

,

ă−
Ω(x, s)e

2πiϖ−
Ω(x,s)   ∈ Ŕ, implies,

(s, x), ă+
ϕ(s, x)e

2πiϖ+
ϕ(s,x)

,

ă−
ϕ(s, x)e

2πiϖ−
ϕ (s,x)

⎛⎝ ⎞⎠,
ă+
έ (s, x)e

2πiϖ+
έ (s,x)

,

ă−
έ (s, x)e

2πiϖ−
έ (s,x) ,

ă+
Ω(s, x)e

2πiϖ+
Ω(s,x)

,

ă−
Ω(s, x)e

2πiϖ−
Ω(s,x)   ∈ Ŕ− 1.

Definition 27. Let Ŕ1 and Ŕ2 be two CBPF relation on a
CBPFS FP. *en, the complex bipolar picture composite FR
Ŕ1 ∘ Ŕ2 is defined as

(x, s),
ă+
ϕ(x, s)e

2πiϖ+
ϕ(x,s)

,

ă−
ϕ(x, s)e

2πiϖ−
ϕ (x,s)

⎛⎝ ⎞⎠,
ă+
έ (x, s)e

2πiϖ+
έ (x,s)

,

ă−
έ (x, s)e

2πiϖ−
έ (x,s) ,

ă+
Ω(x, s)e

2πiϖ+
Ω(x,s)

,

ă−
Ω(x, s)e

2πiϖ−
Ω(x,s)   ∈ Ŕ1

and (s, q),
ă+
ϕ(s, q)e

2πiϖ+
ϕ(s,q)

,

ă−
ϕ(s, q)e

2πiϖ−
ϕ (s,q)

⎛⎝ ⎞⎠,
ă+
έ (s, q)e

2πiϖ+
έ (s,q)

,

ă−
έ (s, q)e

2πiϖ−
έ (s,q) ,

ă+
Ω(s, q)e

2πiϖ+
Ω(s,q)

,

ă−
Ω(s, q)e

2πiϖ−
Ω(s,q)   ∈ Ŕ2

implies (x, q), ă+
ϕ(x, q)e

2πiϖ+
ϕ(x,q)

,

ă−
ϕ(x, q)e

2πiϖ−
ϕ (x,q)

⎛⎝ ⎞⎠,
ă+
έ (x, q)e

2πiϖ+
έ (x,q)

,

ă−
έ (x, q)e

2πiϖ−
έ (x,q) ,

ă+
Ω(x, q)e

2πiϖ+
Ω(x,q)

,

ă−
Ω(x, q)e

2πiϖ−
Ω(x,q)  

∈ Ŕ1 ∘ Ŕ2.

Definition 28. A CBPF equivalence class of x mod Ŕ is
expressed as

R
’’
[x] �

s,
a⌣?+

ϕ(s)e
2πiϖ+

ϕ(s)
,

a⌣?−

ϕ(s)e
2πiϖ−

ϕ (s)

⎛⎜⎜⎝ ⎞⎟⎟⎠,
a⌣?+

ε∍ (s)e
2πiϖ+

ε∍
(s)

,

a⌣?−

ε
∍ (s)e

2πiϖ−

ε∍
(s)

⎛⎜⎝ ⎞⎟⎠,
a⌣?+

Ω(s)e
2πiϖ+
Ω(s)

,

a⌣?−

Ω(s)e
2πiϖ−
Ω(s)

⎛⎝ ⎞⎠⎛⎜⎜⎝ ⎞⎟⎟⎠:

(s, x),
a⌣?+

ϕ(s, x)e
2πiϖ+

ϕ(s, x)
,

a⌣?−

ϕ(s, x)e
2πiϖ−

ϕ (s, x)

⎛⎜⎜⎝ ⎞⎟⎟⎠,
a⌣?+

ε
∍ (s, x)e

2πiϖ+

ε∍
(s, x)

,

a⌣?−

ε∍ (s, x)e
2πiϖ−

ε∍
(s, x)

⎛⎜⎝ ⎞⎟⎠,
a⌣?+

Ω(s, x)e
2πiϖ+
Ω(s, x)

,

a⌣?−

Ω(s, x)e
2πiϖ−
Ω(s, x)

⎛⎝ ⎞⎠⎛⎜⎜⎝ ⎞⎟⎟⎠ ∈R
’’
.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎭

. (27)

Example 8. From the Cartesian product of CBPFS in
equation (1), consider the complex bipolar picture equiva-
lence fuzzy relation Ŕ,
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R
’’

�

l1, l1( ,
0.49e

0.21πi
,

−0.11e
− 0.35πi

⎛⎝ ⎞⎠,
0.18e

0.49πi
,

−0.39e
− 0.37πi

⎛⎝ ⎞⎠,
0.28e

0.23πi
,

−0.19e
− 0.27πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

l2, l2( ,
0.47e

0.33πi
,

−0.52e
− 0.35πi

⎛⎝ ⎞⎠,
0.32e

0.25πi
,

−0.26e
− 0.26πi

⎛⎝ ⎞⎠,
0.13e

0.37πi
,

−0.04e
− 0.13πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

l2, l3( ,
0.42e

0.31πi
,

−0.23e
− 0.04πi

⎛⎝ ⎞⎠,
0e

0.25πi
,

−0.14e
− 0.23πi

⎛⎝ ⎞⎠,
0.57e

0.37πi
,

−0.34e
− 0.34πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

l3, l2( ,
0.42e

0.31πi
,

−0.23e
− 0.04πi

⎛⎝ ⎞⎠,
0e

0.25πi
,

−0.14e
− 0.23πi

⎛⎝ ⎞⎠,
0.57e

0.37πi
,

−0.34e
− 0.34πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

l3, l3( ,
0.42e

0.31πi
,

−0.23e
− 0.04πi

⎛⎝ ⎞⎠,
0e

0.28πi
,

−0.14e
− 0.23πi

⎛⎝ ⎞⎠,
0.57e

0.25πi
,

−0.34e
− 0.34πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

l4, l4( ,
0.35e

0.49πi
,

−0.37e
0πi

⎛⎝ ⎞⎠,
0.43e

0.46πi
,

−0.29e
− 0.64πi

⎛⎝ ⎞⎠,
0.17e

0.03πi
,

−0.22e
− 0.02πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

. (28)

Now, complex bipolar fuzzy equivalence classes are:

Ŕ l1  � l1,
0.49e

0.21πi
,

−0.11e
− 0.35πi

⎛⎝ ⎞⎠,
0.18e

0.49πi
,

−0.39e
− 0.37πi

⎛⎝ ⎞⎠,
0.28e

0.23πi
,

−0.19e
− 0.27πi

⎛⎝ ⎞⎠
⎧⎨

⎩

⎫⎬

⎭,

Ŕ l2  �

l2,
0.47e

0.33πi
,

−0.52e
− 0.35πi

⎛⎝ ⎞⎠,
0.32e

0.25πi
,

−0.26e
− 0.26πi

⎛⎝ ⎞⎠,
0.13e

0.37πi
,

−0.04e
− 0.13πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

l3,
0.42e

0.31πi
,

−0.23e
− 0.04πi

⎛⎝ ⎞⎠,
0e

0.28πi
,

−0.14e
− 0.23πi

⎛⎝ ⎞⎠,
0.57e

0.25πi
,

−0.34e
− 0.34πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

Ŕ l3  �

l2,
0.47e

0.33πi
,

−0.52e
− 0.35πi

⎛⎝ ⎞⎠,
0.32e

0.25πi
,

−0.26e
− 0.26πi

⎛⎝ ⎞⎠,
0.13e

0.37πi
,

−0.04e
− 0.13πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

l3,
0.42e

0.31πi
,

−0.23e
− 0.04πi

⎛⎝ ⎞⎠,
0e

0.28πi
,

−0.14e
− 0.23πi

⎛⎝ ⎞⎠,
0.57e

0.25πi
,

−0.34e
− 0.34πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎭

Ŕ l4  � l4,
0.35e

0.49πi
,

−0.37e
0πi

⎛⎝ ⎞⎠,
0.43e

0.46πi
,

−0.29e
− 0.64πi

⎛⎝ ⎞⎠,
0.17e

0.03πi
,

−0.22e
− 0.02πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠
⎧⎨

⎩

⎫⎬

⎭.

(29)

Theorem 1. A CBPFR Ŕ on Fp is a CBP symmetric FR Ŕ Ŕ �

Ŕ− 1.
Proof. Necessity condition

Assume that Ŕ � Ŕ− 1. *en,

(x, s),
ă+
ϕ(x, s)e

2πiϖ+
ϕ(x,s)

,

ă−
ϕ(x, s)e

2πiϖ−
ϕ (x,s)

⎛⎜⎝ ⎞⎟⎠,
ă+
έ (x, s)e

2πiϖ+
έ (x,s)

,

ă−
έ (x, s)e

2πiϖ−
έ (x,s)

⎛⎝ ⎞⎠,
ă+
Ω(x, s)e

2πiϖ+
Ω(x,s)

,

ă−
Ω(x, s)e

2πiϖ−
Ω(x,s)

⎛⎝ ⎞⎠⎛⎜⎝ ⎞⎟⎠ ∈ Ŕ

⇔ (s, x),
ă+
ϕ(s, x)e

2πiϖ+
ϕ(s,x)

,

ă−
ϕ(s, x)e

2πiϖ−
ϕ (s,x)

⎛⎜⎝ ⎞⎟⎠,
ă+
έ (s, x)e

2πiϖ+
έ (s,x)

,

ă−
έ (s, x)e

2πiϖ−
έ (s,x)

⎛⎝ ⎞⎠,
ă+
Ω(s, x)e

2πiϖ+
Ω(s,x)

,

ă−
Ω(s, x)e

2πiϖ−
Ω(s,x)

⎛⎝ ⎞⎠⎛⎜⎝ ⎞⎟⎠ ∈ Ŕ− 1
.

(30)

Since Ŕ � Ŕ− 1. *us,
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⇔ (s, x),
ă+
ϕ(s, x)e

2πiϖ+
ϕ(s,x)

,

ă−
ϕ(s, x)e

2πiϖ−
ϕ (s,x)

⎛⎜⎝ ⎞⎟⎠,
ă+
έ (s, x)e

2πiϖ+
έ (s,x)

,

ă−
έ (s, x)e

2πiϖ−
έ (s,x)

⎛⎝ ⎞⎠,
ă+
Ω(s, x)e

2πiϖ+
Ω(s,x)

,

ă−
Ω(s, x)e

2πiϖ−
Ω(s,x)

⎛⎝ ⎞⎠⎛⎜⎝ ⎞⎟⎠ ∈ Ŕ. (31)

*erefore, by the statement of theorem, Ŕ is a complex
bipolar picture symmetric fuzzy relation on Fp.

Sufficient Condition

Assume that Ŕ is a complex bipolar picture symmetric
fuzzy relation on Fp, then

(x, s),
ă+
ϕ(x, s)e

2πiϖ+
ϕ(x,s)

,

ă−
ϕ(x, s)e

2πiϖ−
ϕ (x,s)

⎛⎝ ⎞⎠,
ă+
έ (x, s)e

2πiϖ+
έ (x,s)

,

ă−
έ (x, s)e

2πiϖ−
έ (x,s) ,

ă+
Ω(x, s)e

2πiϖ+
Ω(x,s)

,

ă−
Ω(x, s)e

2πiϖ−
Ω(x,s) ⎛⎝ ⎞⎠ ∈ Ŕ,

⇔ (s, x),
ă+
ϕ(s, x)e

2πiϖ+
ϕ(s,x)

,

ă−
ϕ(s, x)e

2πiϖ−
ϕ (s,x)

⎛⎝ ⎞⎠,
ă+
έ (s, x)e

2πiϖ+
έ (s,x)

,

ă−
έ (s, x)e

2πiϖ−
έ (s,x) ,

ă+
Ω(s, x)e

2πiϖ+
Ω(s,x)

,

ă−
Ω(s, x)e

2πiϖ−
Ω(s,x) ⎛⎝ ⎞⎠ ∈ Ŕ.

(32)

But (s, x),
ă+
ϕ(s, x)e

2πiϖ+
ϕ(s,x)

,

ă−
ϕ(s, x)e

2πiϖ−
ϕ (s,x)

⎛⎝ ⎞⎠,
ă+
έ (s, x)e

2πiϖ+
έ (s,x)

,

ă−
έ (s, x)e

2πiϖ−
έ (s,x) ,

ă+
Ω(s, x)e

2πiϖ+
Ω(s,x)

,

ă−
Ω(s, x)e

2πiϖ−
Ω(s,x)  

∈ Ŕ− 1

*us, Ŕ � Ŕ− 1. Hence, theorem is proved. □

Theorem 2. A CBPFR Ŕ on Fp is a CBP transitive FR
Ŕ ∘ Ŕ⊆Ŕ.

Proof. Necessity condition
Assume that Ŕ is a complex bipolar picture transitive

fuzzy relation on a CBPFS Fp.

Let (x, q),
ă+
ϕ(x, q)e

2πiϖ+
ϕ(x,q)

,

ă−
ϕ(x, q)e

2πiϖ−
ϕ (x,q)

⎛⎝ ⎞⎠,
ă+
έ (x, q)e

2πiϖ+
έ (x,q)

,

ă−
έ (x, q)e

2πiϖ−
έ (x,q) ,

ă+
Ω(x, q)e

2πiϖ+
Ω(x,q)

,

ă−
Ω(x, q)e

2πiϖ−
Ω(x,q)  

∈ Ŕ ∘ Ŕ

For any (x, s), ă+
ϕ(x, s)e

2πiϖ+
ϕ(x,s)

,

ă−
ϕ(x, s)e

2πiϖ−
ϕ (x,s)

⎛⎝ ⎞⎠,
ă+
έ (x, s)e

2πiϖ+
έ (x,s)

,

ă−
έ (x, s)e

2πiϖ−
έ (x,s) ,

ă+
Ω(x, s)e

2πiϖ+
Ω(x,s)

,

ă−
Ω(x, s)e

2πiϖ−
Ω(x,s)  

∈ Ŕ and (s, q),
ă+
ϕ(s, q)e

2πiϖ+
ϕ(s,q)

,

ă−
ϕ(s, q)e

2πiϖ−
ϕ (s,q)

⎛⎝ ⎞⎠,
ă+
έ (s, q)e

2πiϖ+
έ (s,q)

,

ă−
έ (s, q)e

2πiϖ−
έ (s,q) ,

ă+
Ω(s, q)e

2πiϖ+
Ω(s,q)

,

ă−
Ω(s, q)e

2πiϖ−
Ω(s,q)  

∈ Ŕ

Implies, (x, q), ă+
ϕ(x, q)e

2πiϖ+
ϕ(x,q)

,

ă−
ϕ(x, q)e

2πiϖ−
ϕ (x,q)

⎛⎝ ⎞⎠,
ă+
έ (x, q)e

2πiϖ+
έ (x,q)

,

ă−
έ (x, q)e

2πiϖ−
έ (x,q) ,

ă+
Ω(x, q)e

2πiϖ+
Ω(x,q)

,

ă−
Ω(x, q)e

2πiϖ−
Ω(x,q)  

∈ Ŕ.

Since Ŕ ∘ Ŕ⊆Ŕ.

Sufficient condition:
Conversely suppose that Ŕ ∘ Ŕ⊆Ŕ, then

(x, s),
ă+
ϕ(x, s)e

2πiϖ+
ϕ(x,s)

,

ă−
ϕ(x, s)e

2πiϖ−
ϕ (x,s)

⎛⎝ ⎞⎠,
ă+
έ (x, s)e

2πiϖ+
έ (x,s)

,

ă−
έ (x, s)e

2πiϖ−
έ (x,s) ,

ă+
Ω(x, s)e

2πiϖ+
Ω(x,s)

,

ă−
Ω(x, s)e

2πiϖ−
Ω(x,s)   ∈ Ŕ

and (s, q),
ă+
ϕ(s, q)e

2πiϖ+
ϕ(s,q)

,

ă−
ϕ(s, q)e

2πiϖ−
ϕ (s,q)

⎛⎝ ⎞⎠,
ă+
έ (s, q)e

2πiϖ+
έ (s,q)

,

ă−
έ (s, q)e

2πiϖ−
έ (s,q) ,

ă+
Ω(s, q)e

2πiϖ+
Ω(s,q)

,

ă−
Ω(s, q)e

2πiϖ−
Ω(s,q)   ∈ Ŕ

Implies, (x, q), ă+
ϕ(x, q)e

2πiϖ+
ϕ(x,q)

,

ă−
ϕ(x, q)e

2πiϖ−
ϕ (x,q)

⎛⎝ ⎞⎠,
ă+
έ (x, q)e

2πiϖ+
έ (x,q)

,

ă−
έ (x, q)e

2πiϖ−
έ (x,q) ,

ă+
Ω(x, q)e

2πiϖ+
Ω(x,q)

,

ă−
Ω(x, q)e

2πiϖ−
Ω(x,q)   ∈

Ŕ ∘ Ŕ
But it is assumed that Ŕ ∘ Ŕ⊆Ŕ. thus,

(x, q),
ă+
ϕ(x, q)e

2πiϖ+
ϕ(x,q)

,

ă−
ϕ(x, q)e

2πiϖ−
ϕ (x,q)

⎛⎜⎝ ⎞⎟⎠,
ă+
έ (x, q)e

2πiϖ+
έ (x,q)

,

ă−
έ (x, q)e

2πiϖ−
έ (x,q)

⎛⎝ ⎞⎠,
ă+
Ω(x, q)e

2πiϖ+
Ω(x,q)

,

ă−
Ω(x, q)e

2πiϖ−
Ω(x,q)

⎛⎝ ⎞⎠⎛⎜⎝ ⎞⎟⎠ ∈ Ŕ. (33)

Hence, Ŕ is a complex bipolar picture transitive fuzzy
relation on a CBPFS Fp. □

Theorem 3. A CBPFR R on Fp is a CBP equivalence FR
ŔŔ ∘ Ŕ � Ŕ.

Proof. Necessity condition

Assume that
(x, s),

ă+
ϕ(x, s)e

2πiϖ+
ϕ(x,s)

,

ă−
ϕ(x, s)e

2πiϖ−
ϕ (x,s)

⎛⎝ ⎞⎠,
ă+
έ (x, s)e

2πiϖ+
έ (x,s)

,

ă−
έ (x, s)e

2πiϖ−
έ (x,s) ,

ă+
Ω(x, s)e

2πiϖ+
Ω(x,s)

,

ă−
Ω(x, s)e

2πiϖ−
Ω(x,s)   ∈ Ŕ

then by the definition of symmetric
(s, x),

ă+
ϕ(s, x)e

2πiϖ+
ϕ(s,x)

,

ă−
ϕ(s, x)e

2πiϖ−
ϕ (s,x)

⎛⎝ ⎞⎠,
ă+
έ (s, x)e

2πiϖ+
έ (s,x)

,

ă−
έ (s, x)e

2πiϖ−
έ (s,x) ,

ă+
Ω(s, x)e

2πiϖ+
Ω(s,x)

,

ă−
Ω(s, x)e

2πiϖ−
Ω(s,x)   ∈ Ŕ

Now, by the definition of transitivity,

(x, x),
ă+
ϕ(x, x)e

2πiϖ+
ϕ(x,x)

,

ă−
ϕ(x, x)e

2πiϖ−
ϕ (x,x)

⎛⎜⎝ ⎞⎟⎠,
ă+
έ (x, x)e

2πiϖ+
έ (x,x)

,

ă−
έ (x, x)e

2πiϖ−
έ (x,x)

⎛⎝ ⎞⎠,
ă+
Ω(x)e

2πiϖ+
Ω(x)

,

ă−
Ω(x)e

2πiϖ−
Ω(x)

⎛⎝ ⎞⎠⎛⎜⎝ ⎞⎟⎠ ∈ Ŕ. (34)
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Also, the definition of the composition,

(x, x),
ă+
ϕ(x, x)e

2πiϖ+
ϕ(x,x)

,

ă−
ϕ(x, x)e

2πiϖ−
ϕ (x,x)

⎛⎜⎝ ⎞⎟⎠,
ă+
έ (x, x)e

2πiϖ+
έ (x,x)

,

ă−
έ (x, x)e

2πiϖ−
έ (x,x)

⎛⎝ ⎞⎠,
ă+
Ω(x)e

2πiϖ+
Ω(x)

,

ă−
Ω(x)e

2πiϖ−
Ω(x)

⎛⎝ ⎞⎠⎛⎜⎝ ⎞⎟⎠ ∈ Ŕ ∘ Ŕ,

Therefore, Ŕ⊆Ŕ ∘ Ŕ.

(35)

Sufficient Condition
suppose that (x,s), ă+

ϕ(x,s)e
2πiϖ+

ϕ(x,s)
,

ă−
ϕ(x,s)e

2πiϖ−
ϕ (x,s)

⎛⎝ ⎞⎠,
ă+
έ (x,s)e

2πiϖ+
έ (x,s)

,

ă−
έ (x,s)e

2πiϖ−
έ (x,s) ,

ă+
Ω(x,s)e

2πiϖ+
Ω(x,s)

,

ă−
Ω(x,s)e

2πiϖ−
Ω(x,s)  

∈ Ŕ∘ Ŕ then there exist q ∈ Ŕ Such that,
(x,q),

ă+
ϕ(x,q)e

2πiϖ+
ϕ(x,q)

,

ă−
ϕ(x,q)e

2πiϖ−
ϕ (x,q)

⎛⎝ ⎞⎠,
ă+
έ (x,q)e

2πiϖ+
έ (x,q)

,

ă−
έ (x,q)e

2πiϖ−
έ (x,q) ,

ă+
Ω(x,q)e

2πiϖ+
Ω(x,q)

,

ă−
Ω(x,q)e

2πiϖ−
Ω(x,q)   ∈ Ŕ and

(q,s), ă+
ϕ(q,s)e

2πiϖ+
ϕ(q,s)

,

ă−
ϕ(q,s)e

2πiϖ−
ϕ (q,s)

⎛⎝ ⎞⎠,
ă+
έ (q,s)e

2πiϖ+
έ (q,s)

,

ă−
έ (q,s)e

2πiϖ−
έ (q,s) ,

ă+
Ω(q,s)e

2πiϖ+
Ω(q,s)

,

ă−
Ω(q,s)e

2πiϖ−
Ω(q,s)   ∈ Ŕ.

Hence, implies that

(x, s),
ă+
ϕ(x, s)e

2πiϖ+
ϕ(x,s)

,

ă−
ϕ(x, s)e

2πiϖ−
ϕ (x,s)

⎛⎝ ⎞⎠,
ă+

(x, s)e
2πiϖ+

έ (x,s)
,

ă−
(x, s)e

2πiϖ−
έ (x,s) ,

ă+
Ω(x, s)e

2πiϖ+
Ω(x,s)

,

ă−
Ω(x, s)e

2πiϖ−
Ω(x,s) ⎛⎝ ⎞⎠ ∈ Ŕ,

⇒Ŕ ∘ Ŕ⊆ăŔ.

(36)

*us, equations (35) and (36)

Ŕ ∘ Ŕ � Ŕ. (37)
□

Theorem 4. :e inverse of the CBP partial order fuzzy relation
Ŕ on Fp is again a CBP partial order fuzzy relation Ŕ on Fp.

Proof. *e complex bipolar picture partial order fuzzy re-
lation Ŕ on a CBPFS Fp; Ŕ satisfies the properties of complex
bipolar picture reflexive, antisymmetric and transitive fuzzy
relations.

Since, Ŕ is a complex bipolar picture reflexive fuzzy
relation. For any x ∈ Ŕ

⇒ (x, x),
ă+
ϕ(x, x)e

2πiϖ+
ϕ(x,x)

,

ă−
ϕ(x, x)e

2πiϖ−
ϕ (x,x)

⎛⎜⎝ ⎞⎟⎠,
ă+
έ (x, x)e

2πiϖ+
έ (x,x)

,

ă−
έ (x, x)e

2πiϖ−
έ (x,x)

⎛⎝ ⎞⎠,
ă+
Ω(x)e

2πiϖ+
Ω(x)

,

ă−
Ω(x)e

2πiϖ−
Ω(x)

⎛⎝ ⎞⎠⎛⎜⎝ ⎞⎟⎠ ∈ Ŕ. (38)

Implies that (x, x), ă+
ϕ(x, x)e

2πiϖ+
ϕ(x,x)

,

ă−
ϕ(x, x)e

2πiϖ−
ϕ (x,x)

⎛⎝ ⎞⎠,
ă+
έ (x, x)e

2πiϖ+
έ (x,x)

,

ă−
έ (x, x)e

2πiϖ−
έ (x,x) ,

ă+
Ω(x)e

2πiϖ+
Ω(x)

,

ă−
Ω(x)e

2πiϖ−
Ω(x)  

∈ Ŕ− 1

Hence, Ŕ− 1 is also a complex bipolar picture reflexive
fuzzy relation.

Let (x, s), ă+
ϕ(x, s)e

2πiϖ+
ϕ(x,s)

,

ă−
ϕ(x, s)e

2πiϖ−
ϕ (x,s)

⎛⎝ ⎞⎠,
ă+
έ (x, s)e

2πiϖ+
έ (x,s)

,

ă−
έ (x, s)e

2πiϖ−
έ (x,s) ,

ă+
Ω(x, s)e

2πiϖ+
Ω(x,s)

,

ă−
Ω(x, s)e

2πiϖ−
Ω(x,s)  

∈ Ŕ− 1
(s, x),

ă+
ϕ(s, x)e

2πiϖ+
ϕ(s,x)

,

ă−
ϕ(s, x)e

2πiϖ−
ϕ (s,x)

⎛⎝ ⎞⎠,
ă+
έ (s, x)e

2πiϖ+
έ (s,x)

,

ă−
έ (s, x)e

2πiϖ−
έ (s,x) ,

ă+
Ω(s, x)e

2πiϖ+
Ω(s,x)

,

ă−
Ω(s, x)e

2πiϖ−
Ω(s,x)  

∈ Ŕ− 1
. *en, by the definition of inverse

⇒ (x, s),
ă+
ϕ(x, s)e

2πiϖ+
ϕ(x,s)

,

ă−
ϕ(x, s)e

2πiϖ−
ϕ (x,s)

⎛⎝ ⎞⎠,
ă+
έ (x, s)e

2πiϖ+
έ (x,s)

,

ă−
έ (x, s)e

2πiϖ−
έ (x,s) ,

ă+
Ω(x, s)e

2πiϖ+
Ω(x,s)

,

ă−
Ω(x, s)e

2πiϖ−
Ω(x,s) ⎛⎝ ⎞⎠ ∈ Ŕ

(s, x),
ă+
ϕ(s, x)e

2πiϖ+
ϕ(s,x)

,

ă−
ϕ(s, x)e

2πiϖ−
ϕ (s,x)

⎛⎝ ⎞⎠,
ă+
έ (s, x)e

2πiϖ+
έ (s,x)

,

ă−
έ (s, x)e

2πiϖ−
έ (s,x) ,

ă+
Ω(s, x)e

2πiϖ+
Ω(s,x)

,

ă−
Ω(s, x)e

2πiϖ−
Ω(s,x) ⎛⎝ ⎞⎠ ∈ Ŕ

(39)

So, Ŕ is a complex bipolar picture antisymmetric fuzzy
relation. *erefore,
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(x, s),
ă+
ϕ(x, s)e

2πiϖ+
ϕ(x,s)

,

ă−
ϕ(x, s)e

2πiϖ−
ϕ (x,s)

⎛⎜⎝ ⎞⎟⎠,
ă+
έ (x, s)e

2πiϖ+
έ (x,s)

,

ă−
έ (x, s)e

2πiϖ−
έ (x,s)

⎛⎝ ⎞⎠,
ă+
Ω(x, s)e

2πiϖ+
Ω(x,s)

,

ă−
Ω(x, s)e

2πiϖ−
Ω(x,s)

⎛⎝ ⎞⎠⎛⎜⎝ ⎞⎟⎠

� (s, x),
ă+
ϕ(s, x)e

2πiϖ+
ϕ(s,x)

,

ă−
ϕ(s, x)e

2πiϖ−
ϕ (s,x)

⎛⎜⎝ ⎞⎟⎠,
ă+
έ (s, x)e

2πiϖ+
έ (s,x)

,

ă−
έ (s, x)e

2πiϖ−
έ (s,x)

⎛⎝ ⎞⎠,
ă+
Ω(s, x)e

2πiϖ+
Ω(s,x)

,

ă−
Ω(s, x)e

2πiϖ−
Ω(s,x)

⎛⎝ ⎞⎠⎛⎜⎝ ⎞⎟⎠.

(40)

Hence, Ŕ− 1 is also a complex bipolar picture antisym-
metric fuzzy relation.

Let,

(x, s), ă+
ϕ(x, s)e

2πiϖ+
ϕ(x,s)

,

ă−
ϕ(x, s)e

2πiϖ−
ϕ (x,s)

⎛⎝ ⎞⎠,
ă+
έ (x, s)e

2πiϖ+
έ (x,s)

,

ă−
έ (x, s)e

2πiϖ−
έ (x,s) ,

ă+
Ω(x, s)e

2πiϖ+
Ω(x,s)

,

ă−
Ω(x, s)e

2πiϖ−
Ω(x,s)   ∈ Ŕ− 1

(s, q),
ă+
ϕ(s, q)e

2πiϖ+
ϕ(s,q)

,

ă−
ϕ(s, q)e

2πiϖ−
ϕ (s,q)

⎛⎝ ⎞⎠,
ă+
έ (s, q)e

2πiϖ+
έ (s,q)

,

ă−
έ (s, q)e

2πiϖ−
έ (s,q) ,

ă+
Ω(s, q)e

2πiϖ+
Ω(s,q)

,

ă−
Ω(s, q)e

2πiϖ−
Ω(s,q)   ∈ Ŕ− 1

.

*en,

⇒ (q, s),
ă+
ϕ(q, s)e

2πiϖ+
ϕ(q,s)

,

−
ϕ(q, s)e

2πiϖ−
ϕ (q,s)

⎛⎜⎝ ⎞⎟⎠,
ă+
έ (q, s)e

2πiϖ+
έ (q,s)

,

ă−
έ (q, s)e

2πiϖ−
έ (q,s)

⎛⎝ ⎞⎠,
ă+
Ω(q, s)e

2πiϖ+
Ω(q,s)

,

ă−
Ω(q, s)e

2πiϖ−
Ω(q,s)

⎛⎝ ⎞⎠⎛⎜⎝ ⎞⎟⎠ ∈ Ŕ

(s, x),
ă+
ϕ(s, x)e

2πiϖ+
ϕ(s,x)

,

ă−
ϕ(s, x)e

2πiϖ−
ϕ (s,x)

⎛⎜⎝ ⎞⎟⎠,
ă+
έ (s, x)e

2πiϖ+
έ (s,x)

,

ă−
έ (s, x)e

2πiϖ−
έ (s,x)

⎛⎝ ⎞⎠,
ă+
Ω(s, x)e

2πiϖ+
Ω(s,x)

,

ă−
Ω(s, x)e

2πiϖ−
Ω(s,x)

⎛⎝ ⎞⎠⎛⎜⎝ ⎞⎟⎠ ∈ Ŕ.

(41)

So, Ŕ is a complex bipolar picture transitive fuzzy re-
lation. *erefore,

(q, x),
ă+
ϕ(q, x)e

2πiϖ+
ϕ(q,x)

,

ă−
ϕ(q, x)e

2πiϖ−
ϕ (q,x)

⎛⎜⎝ ⎞⎟⎠,
ă+
έ (q, x)e

2πiϖ+
έ (q,x)

,

ă−
έ (q, x)e

2πiϖ−
έ (q,x)

⎛⎝ ⎞⎠,
ă+
Ω(q, x)e

2πiϖ+
Ω(q,x)

,

ă−
Ω(q, x)e

2πiϖ−
Ω(q,x)

⎛⎝ ⎞⎠⎛⎜⎝ ⎞⎟⎠ ∈ Ŕ

⇒ (x, q),
ă+
ϕ(x, q)e

2πiϖ+
ϕ(x,q)

,

ă−
ϕ(x, q)e

2πiϖ−
ϕ (x,q)

⎛⎜⎝ ⎞⎟⎠,
ă+
έ (x, q)e

2πiϖ+
έ (x,q)

,

ă−
έ (x, q)e

2πiϖ−
έ (x,q)

⎛⎝ ⎞⎠,
ă+
Ω(x, q)e

2πiϖ+
Ω(x,q)

,

ă−
Ω(x, q)e

2πiϖ−
Ω(x,q)

⎛⎝ ⎞⎠⎛⎜⎝ ⎞⎟⎠ ∈ Ŕ− 1
.

(42)

Hence, Ŕ− 1 is also a complex bipolar picture transitive
fuzzy relation.

*us, prove that Ŕ− 1 is also a complex bipolar picture
partial order fuzzy relation on Fp. □

4. Application

In this section, CBPFSs and CBPFRs are used to study the
artificial intelligence factors and industries.

4.1. Artificial Intelligence (AI). Artificial intelligence is the
simulation of human intelligence processes by machines, es-
pecially computer systems [40–45]. *e goals of AI include
reasoning, knowledge representation, planning, learning,
perception and the ability to move and manipulate objects. AI
has assisted people living independently with disabilities. *e
impact of artificial intelligence on society has been largely
positive, bringing contributions that havemade life easier for us
humans, from being able to store and analyze data in multiple
industries effectively, to improve our regular routines with
virtual and home assistant. AI is moving fast-paced across
industries. AI is not a single technology, it is an umbrella terms
that includes any types of software or hardware components

that support machine learning, computer vision, neutral lan-
guage processing. Figure 1 depicts the application procedures.

Figure 1 show the application procedures. Firstly, we
discuss some artificial intelligence factors and examine some
industries that are using the artificial intelligence factors.
Hence, each factor of artificial intelligence and industries has
been assigned the positive and negative membership degree,
positive and negative abstinence degree, and positive and
negative non-membership degree. *e positive membership
degree shows the likeliness of effectiveness and negative
membership degree show the unlikeliness of effectiveness. *e
positive neutral degree shows the likeliness of neutral effect and
negative neutral degree show the unlikeliness of neutral effect.
*e positive non-membership degree shows the likeliness of
ineffectiveness and negative non-membership degree show the
unlikeliness of ineffectiveness.*en define the relation between
artificial intelligence factors and industries to discuss the
Cartesian product. Finally, they read the information.

4.2. AI Technologies. Some key elements are discussed that
need to be understood in artificial intelligence. Table 1 represents
the summary of artificial intelligence technologies/factors.
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4.2.1. Machine Learning (ML). Machine learning is the basic
foundation of artificial intelligence. Most AI solutions de-
pend on machine learning algorithms. It is defined as the
capability of a machine to imitate intelligent human
behavior.

ML,
0.45e

0.31πi
,

−0.23e
− 0.21πi

⎛⎝ ⎞⎠,
0.28e

0.43πi
,

−0.14e
− 0.34πi

⎛⎝ ⎞⎠,
0.27e

0.11πi
,

−0.59e
− 0.19πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠

(43)

4.2.2. Neutral Language Processing (NLP). It can analyze,
understand the language that people speak and write in
everyday life. *is basically, is software that understands the
written and spoken languages.

NLP,
0.53e

0.41πi
,

−0.34e
− 0.11πi

⎛⎝ ⎞⎠,
0.33e

0.21πi
,

−0.24e
− 0.24πi

⎛⎝ ⎞⎠,
0.08e

0.21πi
,

−0.40e
− 0.17πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠.

(44)

4.2.3. Expert System (ES). Expert systems gain knowledge
about a specific subject and can solve problems as accurately
as a human expert on this subject. An expert system also
called a knowledge-based system, is a computer program
designed to stimulate the problem-solving behavior of an
expert in a narrow domain.

ES,
0.68e

0.51πi
,

−0.44e
− 0.01πi

⎛⎝ ⎞⎠,
0.27e

0.29πi
,

−0.23e
− 0.14πi

⎛⎝ ⎞⎠,
0.01e

0.16πi
,

−0.29e
− 0.20πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠.

(45)

4.2.4. Computer Vision (CV). Computer vision is another
subset of AI that deals with image processing and visual
processing. It allows a machine to scan an image and use
comparative analysis to identify objects in the image.

CV,
0.46e

0.53πi
,

−0.36e
− 0.20πi

⎛⎝ ⎞⎠,
0.25e

0.29πi
,

−0.16e
− 0.18πi

⎛⎝ ⎞⎠,
0.19e

0.11πi
,

−0.11e
− 0.34πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠.

(46)

4.2.5. Conversational AI (CAI). *e conversation is an es-
sential part of human life, and it is one of the vital aspects of
any business contact.

CAI,
0.43e

0.61πi
,

−0.19e
− 0.33πi

⎛⎝ ⎞⎠,
0.27e

0.23πi
,

−0.36e
− 0.24πi

⎛⎝ ⎞⎠,
0.17e

0.09πi
,

−0.44e
− 0.38πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠.

(47)

*en, the CBPFSs G is;

G �

ML,
0.45e

0.31πi
,

−0.23e
− 0.21πi

⎛⎝ ⎞⎠,
0.28e

0.43πi
,

−0.14e
− 0.34πi

⎛⎝ ⎞⎠,
0.27e

0.11πi
,

−0.59e
− 0.19πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

NLP,
0.53e

0.41πi
,

−0.34e
− 0.11πi

⎛⎝ ⎞⎠,
0.33e

0.21πi
,

−0.24e
− 0.24πi

⎛⎝ ⎞⎠,
0.08e

0.21πi
,

−0.40e
− 0.17πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

ES,
0.68e

0.51πi
,

−0.44e
− 0.01πi

⎛⎝ ⎞⎠,
0.27e

0.29πi
,

−0.23e
− 0.14πi

⎛⎝ ⎞⎠,
0.01e

0.16πi
,

−0.29e
− 0.20πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

CV,
0.46e

0.53πi
,

−0.36e
− 0.20πi

⎛⎝ ⎞⎠,
0.25e

0.29πi
,

−0.16e
− 0.18πi

⎛⎝ ⎞⎠,
0.19e

0.11πi
,

−0.11e
− 0.34πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

CAI,
0.43e

0.61πi
,

−0.19e
− 0.33πi

⎛⎝ ⎞⎠,
0.27e

0.23πi
,

−0.36e
− 0.24πi

⎛⎝ ⎞⎠,
0.17e

0.09πi
,

−0.44e
− 0.38πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

. (48)
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Results

Figure 1: Application procedures.

Table 1: Summary of artificial intelligence factors.

Factors Abbreviation
Machine learning ML
Neutral language processing NLP
Expert system ES
Computer vision CV
Conversational AI CAI
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4.3. Industries Using AI. Many industries take up AI tech-
nology to try to reduce operational costs, increase efficiency,
grow revenue and improve customer experience. Almost
every industry is utilizing the benefits of technology with the
help of AI factors. Some industries are examined as follows.
Table 2, represent the summary of industries.

4.3.1. Healthcare (HC). Artificial intelligence is already ar-
riving as a game changer in the healthcare sector. Healthcare
industries and research institutions are using NLP solutions
and services to analyze large datasets. Furthermore, the
increasing use of the Internet and connected devices, as well
as huge amount of patient data during the spread of COVID-
19, is expected to create numerous opportunities.

HC,
0.26e

0.65πi
,

−0.22e
− 0.31πi

⎛⎝ ⎞⎠,
0.36e

0.14πi
,

−0.35e
− 0.24πi

⎛⎝ ⎞⎠,
0.15e

0.21πi
,

−0.39e
− 0.23πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠.

(49)

4.3.2. Education (E). *e classroom consists of AI-powered
tactile robots for students that not only provide assistant
with reading, learning the language and social interactions
but also helps in developing vital social skills for children
with disabilities.

E,
0.39e

0.41πi
,

−0.41e
− 0.14πi

⎛⎝ ⎞⎠,
0.15e

0.35πi
,

−0.36e
− 0.42πi

⎛⎝ ⎞⎠,
0.34e

0.12πi
,

−0.13e
− 0.39πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠.

(50)

4.3.3. Agriculture (A). AI systems are helping to improve the
overall harvest and accuracy known as precision agriculture.
AI technology helps in detecting disease in plants, pests and
poor nutrition of farms. Expert systems were identified as a
powerful tool with extensive potential in agriculture.

A,
0.63e

0.59πi
,

−0.38e
− 0.23πi

⎛⎝ ⎞⎠,
0.27e

0.26πi
,

−0.29e
− 0.39πi

⎛⎝ ⎞⎠,
0.09e

0.13πi
,

−0.30e
− 0.19πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠.

(51)

4.3.4. Cybersecurity (CS). AI can help discover devices and
hidden patterns while processing large amount of data. AI is
employed to protect the existing huge databases against virus
attempts by wrongdoers who want to get access to some
valuable or sensitive information.

CS,
0.34e

0.33πi
,

−0.11e
− 0.33πi

⎛⎝ ⎞⎠,
0.23e

0.41πi
,

−0.46e
− 0.23πi

⎛⎝ ⎞⎠,
0.18e

0.24πi
,

−0.25e
− 0.39πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠.

(52)

*en, the CBPFSs F is;

F �

HC,
0.26e

0.65πi
,

−0.22e
− 0.31πi

⎛⎝ ⎞⎠,
0.36e

0.14πi
,

−0.35e
− 0.24πi

⎛⎝ ⎞⎠,
0.15e

0.21πi
,

−0.39e
− 0.23πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

E,
0.39e

0.41πi
,

−0.41e
− 0.14πi

⎛⎝ ⎞⎠,
0.15e

0.35πi
,

−0.36e
− 0.42πi

⎛⎝ ⎞⎠,
0.34e

0.12πi
,

−0.13e
− 0.39πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

A,
0.63e

0.59πi
,

−0.38e
− 0.23πi

⎛⎝ ⎞⎠,
0.27e

0.26πi
,

−0.29e
− 0.39πi

⎛⎝ ⎞⎠,
0.09e

0.13πi
,

−0.30e
− 0.19πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

CS,
0.34e

0.33πi
,

−0.11e
− 0.33πi

⎛⎝ ⎞⎠,
0.23e

0.41πi
,

−0.46e
− 0.23πi

⎛⎝ ⎞⎠,
0.18e

0.24πi
,

−0.25e
− 0.39πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(53)

Now, determining the effects of every artificial intelli-
gence factor on the industry, calculate the Cartesian product
G × F in Table 3:

Each element of Cartesian product is an ordered pair
which express the impact of AI factors on the industries.
For example, (ES,A), 0.63e

0.51πi
,

−0.38e
−0.01πi , 0.27e

0.26πi
,

−0.23e
−0.14πi , 0.09e

0.16πi
,

−0.30e
−0.20πi  the

agriculture industry is more improved using the expert
system and in this ordered pair 0.63 explains the

likeliness of effectiveness is good with high time duration of
0.51, and −0.38 explains the unlikeness of effectiveness is also
good with time duration of −0.01. *e 0.27 explains the like-
liness of neutral effect with time duration 0.26, and −0.23
explains the unlikeliness of neutral effect with time duration
−0.14. *e 0.09 explains likeliness of ineffectiveness is low with
time duration of 0.16, and −0.30 explains unlikeliness of in-
effectiveness is low with time duration of −0.20. Hence, in-
dustries are more improved using the artificial intelligence.

Table 2: Summary of industries.

Industries Abbreviation
Healthcare HC
Education E
Agriculture A
Cybersecurity CS
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5. Comparative Analysis

*is section explains the newly proposed concepts of CBPFR
is more advanced by comparing with the pre-existing
frameworks such as BFR, BIFR, BPFR, CBFR, CBIFR and
BPFR.

5.1. BFR, BIFR, and BPFR with CBPFR. BFRs only explain
the amplitude term of the membership degree. BIFRs only
explain the amplitude term of the membership and non-

membership degrees. Although, the BPFRs discuss the am-
plitude term of the membership, abstinence and non-mem-
bership degrees. But they can only deliberate the single variable
with their simple structure.Whereas, the CBPFRs explain all of
the three degrees with the ability to deal with the multidi-
mensional variables due to their complex structure.

5.2. CBFR and CBIFR with CBPFR. Complex bipolar fuzzy
relation discussing the membership degree and complex
bipolar intuitionistic fuzzy relation explained the

Table 3: Cartesian product of G × F.

Ordered pair Membership Abstinence Non-membership

(ML,HC) 0.26e
0.31πi

,

−0.22e
− 0.21πi 

0.28e
0.14πi

,

−0.14e
− 0.24πi 

0.27e
0.21πi

,

−0.59e
− 0.23πi 

(ML,E) 0.39e
0.31πi

,

−0.23e
− 0.14πi 

0.15e
0.35πi

,

−0.14e
− 0.34πi 

0.34e
0.12πi

,

−0.59e
− 0.23πi 

(ML,A) 0.45e
0.31πi

,

−0.23e
− 0.21πi 

0.27e
0.26πi

,

−0.14e
− 0.34πi 

0.27e
0.13πi

,

−0.59e
− 0.19πi 

(ML,CS) 0.34e
0.31πi

,

−0.11e
− 0.21πi 

0.23e
0.41πi

,

−0.14e
− 0.23πi 

0.27e
0.24πi

,

−0.59e
− 0.39πi 

(NLP,HC) 0.26e
0.41πi

,

−0.22e
− 0.11πi 

0.33e
0.14πi

,

−0.24e
− 0.24πi 

0.15e
0.21πi

,

−0.40e
− 0.23πi 

(NLP,E) 0.39e
0.41πi

,

−0.34e
− 0.11πi 

0.15e
0.21πi

,

−0.24e
− 0.24πi 

0.34e
0.21πi

,

−0.40e
− 0.39πi 

(NLP,A) 0.53e
0.41πi

,

−0.34e
− 0.11πi 

0.27e
0.21πi

,

−0.24e
− 0.24πi 

0.09e
0.21πi

,

−0.40e
− 0.19πi 

(NLP,CS) 0.34e
0.33πi

,

−0.11e
− 0.11πi 

0.23e
0.21πi

,

−0.24e
− 0.23πi 

0.18e
0.24πi

,

−0.40e
− 0.39πi 

(ES,HC) 0.26e
0.51πi

,

−0.22e
− 0.01πi 

0.27e
0.14πi

,

−0.23e
− 0.14πi 

0.15e
0.21πi

,

−0.39e
− 0.23πi 

(ES,E) 0.39e
0.41πi

,

−0.41e
− 0.01πi 

0.15e
0.29πi

,

−0.23e
− 0.14πi 

0.34e
0.16πi

,

−0.29e
− 0.39πi 

(ES,A) 0.63e
0.51πi

,

−0.38e
− 0.01πi 

0.27e
0.26πi

,

−0.23e
− 0.14πi 

0.09e
0.16πi

,

−0.30e
− 0.20πi 

(ES,CS) 0.34e
0.33πi

,

−0.11e
0.01πi 

0.23e
0.29πi

,

−0.23e
− 0.14πi 

0.18e
0.24πi

,

−0.29e
− 0.39πi 

(CV,HC) 0.26e
0.53πi

,

−0.22e
− 0.20πi 

0.25e
0.14πi

,

−0.16e
− 0.18πi 

0.19e
0.21πi

,

−0.39e
− 0.34πi 

(CV,E) 0.39e
0.41πi

,

−0.36e
− 0.14πi 

0.15e
0.29πi

,

−0.16e
− 0.18πi 

0.34e
0.12πi

,

−0.13e
− 0.39πi 

(CV,A) 0.46e
0.53πi

,

−0.36e
− 0.20πi 

0.25e
0.26πi

,

−0.16e
− 0.18πi 

0.19e
0.13πi

,

−0.30e
− 0.34πi 

(CV,CS) 0.34e
0.33πi

,

−0.11e
− 0.20πi 

0.23e
0.29πi

,

−0.16e
− 0.18πi 

0.19e
0.24πi

,

−0.25e
− 0.39πi 

(CAI,HC) 0.26e
0.61πi

,

−0.19e
− 0.31πi 

0.27e
0.14πi

,

−0.35e
− 0.24πi 

0.17e
0.21πi

,

−0.44e
− 0.38πi 

(CAI,E) 0.39e
0.41πi

,

−0.19e
− 0.14πi 

0.15e
0.23πi

,

−0.36e
− 0.24πi 

0.34e
0.12πi

,

−0.44e
− 0.39πi 

(CAI,A) 0.43e
0.59πi

,

−0.19e
− 0.23πi 

0.27e
0.23πi

,

−0.29e
− 0.24πi 

0.17e
0.29πi

,

−0.44e
− 0.38πi 

(CAI,CS) 0.34e
0.33πi

,

−0.11e
− 0.33πi 

0.23e
0.23πi

,

−0.36e
− 0.23πi 

0.18e
0.24πi

,

−0.44e
− 0.39πi 
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Table 4: Cartesian product.

Ordered pair Membership Non-membership

(ML,HC) 0.26e
0.31πi

,

−0.22e
− 0.21πi 

0.27e
0.21πi

,

−0.59e
− 0.23πi 

(ML,E) 0.39e
0.31πi

,

−0.23e
− 0.14πi 

0.34e
0.12πi

,

−0.59e
− 0.23πi 

(ML,A) 0.45e
0.31πi

,

−0.23e
− 0.21πi 

0.27e
0.13πi

,

−0.59e
− 0.19πi 

(ML,CS) 0.34e
0.31πi

,

−0.11e
− 0.21πi 

0.27e
0.24πi

,

−0.59e
− 0.39πi 

(NLP,HC) 0.26e
0.41πi

,

−0.22e
− 0.11πi 

0.15e
0.21πi

,

−0.40e
− 0.23πi 

(NLP,E) 0.39e
0.41πi

,

−0.34e
− 0.11πi 

0.34e
0.21πi

,

−0.40e
− 0.39πi 

(NLP,A) 0.53e
0.41πi

,

−0.34e
− 0.11πi 

0.09e
0.21πi

,

−0.40e
− 0.19πi 

(NLP,CS) 0.34e
0.33πi

,

−0.11e
− 0.11πi 

0.18e
0.24πi

,

−0.40e
− 0.39πi 

(ES,HC) 0.26e
0.51πi

,

−0.22e
− 0.01πi 

0.15e
0.21πi

,

−0.39e
− 0.23πi 

(ES,E) 0.39e
0.41πi

,

−0.41e
− 0.01πi 

0.34e
0.16πi

,

−0.29e
− 0.39πi 

(ES,A) 0.63e
0.51πi

,

−0.38e
− 0.01πi 

0.09e
0.16πi

,

−0.30e
− 0.20πi 

(ES,CS) 0.34e
0.33πi

,

−0.11e
0.01πi 

0.18e
0.24πi

,

−0.29e
− 0.39πi 

(CV,HC) 0.26e
0.53πi

,

−0.22e
− 0.20πi 

0.19e
0.21πi

,

−0.39e
− 0.34πi 

(CV,E) 0.39e
0.41πi

,

−0.36e
− 0.14πi 

0.34e
0.12πi

,

−0.13e
− 0.39πi 

(CV,A) 0.46e
0.53πi

,

−0.36e
− 0.20πi 

0.19e
0.13πi

,

−0.30e
− 0.34πi 

(CV,CS) 0.34e
0.33πi

,

−0.11e
− 0.20πi 

0.19e
0.24πi

,

−0.25e
− 0.39πi 

(CAI,HC) 0.26e
0.61πi

,

−0.19e
− 0.31πi 

0.17e
0.21πi

,

−0.44e
− 0.38πi 

(CAI,E) 0.39e
0.41πi

,

−0.19e
− 0.14πi 

0.34e
0.12πi

,

−0.44e
− 0.39πi 

(CAI,A) 0.43e
0.59πi

,

−0.19e
− 0.23πi 

0.17e
0.29πi

,

−0.44e
− 0.38πi 

(CAI,CS) 0.34e
0.33πi

,

−0.11e
− 0.33πi 

0.18e
0.24πi

,

−0.44e
− 0.39πi 

Table 5: Summary of comparative analysis.

Structure Membership Abstinence Non-membership Multi-dimension
BFS Yes No No No
CBFS Yes No No Yes
BIFS Yes No Yes No
CBIFS Yes No Yes Yes
BPFS Yes Yes Yes No
CBPFS Yes Yes Yes Yes
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membership and non-membership degree with multivari-
able.*ese structures are able to solve themulti-dimensional
problems. On the other hand, CBPFR also explained the
neutral effect of one object to the other. It is the wide range
form as compared to CBFR and CBIFR. Here, take the
following two sets G and F of previous example with CBIFRs
respectively.

G �

ML,
0.45e

0.31πi
,

−0.23e
− 0.21πi

⎛⎝ ⎞⎠,
0.27e

0.51πi
,

−0.59e
− 0.19πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

NLP,
0.53e

0.41πi
,

−0.34e
− 0.11πi

⎛⎝ ⎞⎠,
0.24e

0.21πi
,

−0.48e
− 0.17πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

ES,
0.78e

0.51πi
,

−0.44e
− 0.01πi

⎛⎝ ⎞⎠,
0.11e

0.16πi
,

−0.29e
− 0.20πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

CV,
0.46e

0.53πi
,

−0.56e
− 0.20πi

⎛⎝ ⎞⎠,
0.34e

0.31πi
,

−0.11e
− 0.34πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

CAI,
0.43e

0.61πi
,

−0.19e
− 0.33πi

⎛⎝ ⎞⎠,
0.17e

0.29πi
,

−0.44e
− 0.38πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

,

F �

HC,
0.26e

0.67πi
,

−0.52e
− 0.31πi

⎛⎝ ⎞⎠,
0.51e

0.21πi
,

−0.39e
− 0.23πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

E,
0.39e

0.41πi
,

−0.41e
− 0.34πi

⎛⎝ ⎞⎠,
0.64e

0.42πi
,

−0.13e
− 0.39πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

A,
0.73e

0.59πi
,

−0.38e
− 0.23πi

⎛⎝ ⎞⎠,
0.14e

0.25πi
,

−0.39e
− 0.19πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠,

CS,
0.34e

0.33πi
,

−0.11e
− 0.33πi

⎛⎝ ⎞⎠,
0.49e

0.44πi
,

−0.25e
− 0.39πi

⎛⎝ ⎞⎠⎛⎝ ⎞⎠.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

.

(54)

*en, their Cartesian product explained in Table 4.
Each ordered pair of F × G is defined the effectiveness

and ineffectiveness of industries to artificial intelligence
factors. *ey do not describe the neutral effect. *ese
structures are providing the limited information. But CBPFR
are produce the better results with the detailed information.
Table 5, explain the summary of comparative analysis.

6. Conclusion

In this paper, we defined the newly proposed concepts of
complex bipolar picture fuzzy set (CBPFS). Moreover, the
discussed the complex bipolar picture fuzzy relation
(CBPFR), investigating the Cartesian product of two
CBPFSs. Additionally, some types of CBPFRs are examined
such as CBP reflexive FR, CBP irreflexive FR, CBP complete
FR, CBP antisymmetric FR, CBP transitive FR, CBP
equivalence FR, CBP linear order FR, CBP strict FR and
many more. *e proposed study defines the relationship
industries to make the better by using the artificial intelli-
gence factor. *e CBPFR are the more improved form of all
pre-defined structures such as FS, CFS, IFS, CIFS, PFS,

CPFS, BFS, CBFS, BIFS, CBIFS, and CBPFS. *e advantage
of the proposed structures is that they discuss all of the three
features i.e., membership, abstinence and non-membership
with multi-dimensions. Moreover, the CBPFR also talk
about the positive and negative effects simultaneously. In
addition, these notions include the phase terms, which
enables thm to model periodicity. An interesting and novel
application of the proposed framework was presented which
investigated the effects in different industries due to AI
technologies. Furthermore, a detailed comparative analysis
was carried out to verify the effectiveness and strength of
proposed methods. In future, we would be looking forward
to extend these ideas which can be applied to a vast range of
fields such as economics, statistics, business, and sciences of
computer, medical, agriculture, chemicals, matter, and
others.
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