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'e moment exponential distribution has recently been generalized by a number of authors. 'e two-parameter alpha power-
transformed moment exponential (APTME) distribution is introduced. In terms of fit, the APTME distribution outperforms the
moment exponential distribution. Exact expressions for ordinary moments, incomplete and conditional moments, the moment
generating function, the cumulant generating function, and information measures are obtained for some APTME distribution
features. To estimate the model parameters, six well-known frequentist techniques were applied. 'e behavior of the various
estimators was investigated using a simulated exercise. To examine the practical significance of the APTME distribution, real-
world datasets were used. In terms of performance, we show that the APTME distribution beats other models.

1. Introduction

Several univariate continuous distributions have been widely
used for modelling lifetime data in environmental, engi-
neering, financial, and biomedical sciences, among other
fields. However, there is still a strong need for significant
improvement of the classical distributions via various
techniques for modelling various data lifetimes. In this
regard, Mahdavi and Kundu [1] introduced the alpha power
transformation (APT) method, which is based on adding a
parameter to a family of distributions to improve their
flexibility. 'e APT- G family’s cumulative distribution
function (CDF) is defined as follows:

F(x; α) �

αG(x)
− 1

α − 1
, α> 0, α≠ 1,

G(x), α> 0, α � 1.

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
(1)

'e probability density function related to (1) is

f(x; α) �

logα
α − 1

g(x)αG(x) if α> 0, α≠ 1

g(x) if α � 1

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (2)
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In literature, many probability distributions have been
prepared by several researches using this approach; for
instance, APT Weibull (APTW) distribution [2], APT in-
verse exponential [3], APT extended exponential distribu-
tion [4], APT Lindley model [5], APT inverse Lindley model
[6], APTpower Lindley [7], APTKumaraswamy distribution
[8], APT Pareto model [9], APT inverse Lomax [10],
Marshall–Olkin APT Weibull distribution with different
estimation methods based on Type-I and Type-II censored
samples [11], and APT Lomax distribution [12], among
others.

'e moment exponential (ME) distribution (also known
as the length biased exponential (LBE) distribution) is
regarded as one of the most important univariate and
parametric models. It is commonly used in the analysis of
lifetime data as well as problems involving the modelling of
failure processes. 'is distribution is also a flexible lifetime
distribution model that may fit some failure datasets well.
Dara and Ahmed [13] proposed the ME with the PDF and
CDF files shown as follows:

g(x; υ) � υ2xe
− x/υ

; x≥ 0, υ> 0,

G(x; υ) � 1 − 1 +
x

υ
e

− x/υ
􏼒 􏼓; x≥ 0, υ> 0,

(3)

where υ is the scale parameter. Different values of the shape
parameter lead to different shapes of the density function.

'e following notable contributions to the associated
literature are made by this study: As a generalization of the
ME distribution, the APT moment exponential (APTME)
distribution is presented; it is a more flexible model than the
ME distribution. Two real-world datasets are used to assess
the model’s applicability. Maximum likelihood (M1) under
complete and right-censored (RC) samples, least squares
(M2), weighted least squares (M3), maximum product of
spacing (M4), Cramer von Mises (M5), and Anderson
Darling (M6) methods are used to estimate the unknown
parameters of the APTME distribution. 'e APTME
model’s structural characteristics and parameter estimators
are derived for a number of APTMEmodels.'e following is
a presentation of the study’s content. In Section 2, we present
the APTMEmodel’s PDF, CDF, and the hazard rate function
(HRF). Section 3 contains some structural properties. Sec-
tion 4 discusses parameter estimation using the methods of
M1,M2,M3,M4, M5, andM6. In Section 5, two applications
to real-world datasets demonstrate the APTME model’s
empirical importance. Section 6 provides a comparison and
precision of these methods versus a simulation study.
Conclusions are provided at the end of the paper.

2. Description of the APTME Model

'e APTME distribution, based on the APT method, is
introduced in this section. 'e PDF, CDF, survival function,
and the HRF of the APTME distribution are defined.

Definition 1. A random variable X is said to have APTME
distribution, denoted by APTME (α, υ), with shape

parameter α and scale parameter υ, if the PDF and CDF of X
for x≥ 0 are given by

f(x; α, υ) �

xα log(α)

υ2(α − 1)
e

− x/υα− (1+x/υ)e− x/υ
, if α≠ 1, υ, α> 0,

x

υ2
e

− x/υ
, if α � 1, υ, α> 0,

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

F(x; α, υ) �

α1− (1+x/υ)e− x/υ
− 1

α − 1
, if α≠ 1, υ, α> 0,

1 − 1 +
x

υ
􏼒 􏼓e

− x/υ
, if α � 1, υ, α> 0.

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(4)

Some plots of the density (4) for different values of α and
υ are illustrated in Figure 1. 'ey reveal that the PDF of X is
quite flexible and can take asymmetric forms, among others.

Other important functions, such as the survival function
and the HRF, can be used to highlight the APTME model in
addition to the density function (4) and distribution func-
tion (4). 'ese functions are especially important in ana-
lyzing the survival and are included in the definition below.

Definition 2. 'e survival function (SF) and the HRF of the
APTME distribution are given, respectively, by

R(x; α, υ) �

α − α1− (1+x/υ)e− x/υ

α − 1
, if α≠ 1, υ, α> 0,

1 +
x

υ
􏼒 􏼓e

− x/υ
, if α � 1, υ, α> 0,

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

δ(x; α, υ) �

x log(α)e
− x/υ α− (1+x/υ)e− x/υ

λ2 1 − α(1+x/υ)e− x/υ
􏼒 􏼓

, if α≠ 1, υ, α> 0,

x

υ2(1 + x/υ)
if α � 1, υ, α> 0.

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

(5)

Some plots of the HRF are displayed in Figure 2. An
increasing or decreasing hazard rate is frequently used to
model survival and failure time data. As seen from Figure 2,
the HRF of the APTME takes an upside-down bathtub
shape, i.e., it is increasing and then decreasing, with a single
maximum.

Definition 3. 'e APTME quantile function, say Q (u)� F− 1

(u), is straightforward given by means of the inverse
transformation method inverting (4) as follows:

ln u(α − 1) + 1
ln α

− G xq􏼐 􏼑 � 0, (6)

where G (.) is the CDF of the ME distribution, xq �Q (u).
Solving (6) numerically, we easily simulate data from the
APTME. Quantities of interest are obtained from (6) by
inserting appropriate values for q. Furthermore, Bowley’s
skewness that depends on quartiles is as follows:
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SKB �
Q(3/4) − 2Q(1/2) + Q(1/4)

Q(3/4) − Q(1/2)
, (7)

where Q (.) is the APITL quantile function. Moor’s kurtosis
is given as

KUm �
Q(7/8) − Q(5/8) − Q(3/8) + Q(1/8)

Q(6/8) − Q(2/8)
. (8)

Skewness and kurtosis plots of the APITL model, based
on quantile, are exhibited in Figure 3.
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Figure 1: Plots of the APTME density function for some parameter values.
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Figure 2: Plots of the APTME HRF for some parameter values.
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3. Distributional Properties

In this section, we derive the expressions for some essential
properties of the APTME model.

3.1. Important Expansion. Here, we obtain a simple ex-
pression for PDF (4) to aid the derivation of some structural
properties for the APTME model.

'e power series can be represented as follows:

αw
� 􏽘

∞

i�0

(log α)
i

i!
w

i
. (9)

Hence, inserting (9) in PDF (4), then

f(x; α, υ) �
xα

υ2(α − 1)
􏽘

∞

i�0

(− 1)
i
(log α)

i+1

i!
1 +

x

υ
􏼒 􏼓

i

e
− (i+1)x/υ

.

(10)

Using the binomial expansion in (10),

f(x; α, υ) �
α

(α − 1)
􏽘

∞

i�0
􏽘

i

j�0

(− 1)
i
(log α)

i+1

υj+2
i!

i

j

⎛⎝ ⎞⎠x
j+1

e
− (i+1)x/υ

.

(11)

Hence, (11) is expressed as follows:

f(x; α, υ) � 􏽘
∞

i�0
􏽘

i

j�0
wi,jx

j+1
e

− (i+1)x/υ

wherewi,j �
α(− 1)

i
(log α)

i+1

(α − 1)υj+2
(i − j)!j!

.

(12)

3.2. Ordinary and Incomplete Moments. If X has the PDF
(12), then its kth moment can be obtained as follows:

μk
′ � 􏽘

∞

i�0
􏽘

i

j�0
wi,j 􏽚

∞

0
x

k+j+1
e

− (i+1)x/υdx

� 􏽘
∞

i�0
􏽘

i

j�0

wi,jυ
k+j+2Γ(k + j + 2)

(i + 1)
k+j+2 ,

(13)

where Γ(.) stands for the gamma function. 'e central
moments (μk) of the APTME distribution can be obtained
from

μk � E X − μ1′( 􏼁
k

� 􏽘
k

m�0
(− 1)

m k

m
􏼠 􏼡 μ1′( 􏼁

mμk− m
′. (14)

'e skewness and kurtosis measures can be evaluated
from the ordinary moments using the well-known rela-
tionships. 'e moment and cumulant generating functions
are obtained as follows:

MX(t) � 􏽘
∞

k,i�0
􏽘

i

j�0

wi,jt
kλk+j+2Γ(k + j + 2)

k!(i + 1)
k+j+2 , (15)

ϖX(t) � ln 􏽘
∞

k,i�0
􏽘

i

j�0

wi,jt
kλk+j+2Γ(k + j + 2)

k!(i + 1)
k+j+2

⎡⎢⎢⎣ ⎤⎥⎥⎦. (16)

Numerical values of the μ1′, μ2′, μ3′, μ4′, variance (σ2),
coefficient of variation (CV), coefficient of skewness (CS),
and coefficient of kurtosis (CK) of the APTEL distribution
for certain values of parameters are obtained and recorded in
Table 1.

Numerical outputs for the mean (μ1′), variance (σ2),
skewness (S), kurtosis (K), and coefficient of variation (CoV)
of the APTME model for some values of parameters are
mentioned in Table 1.

Furthermore, the mth upper incomplete (UI) moment,
say ηm(t) of the APTME distribution, is given by
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Figure 3: Skewness and kurtosis plots for APITL model.
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ηm(t) � 􏽚
∞

t
x

m
f(x)dx � 􏽘

∞

i�0
􏽘

i

j�0
wi,j 􏽚

∞

t
x

m+j+1
e

− (i+1)x/υdx

� 􏽘
∞

i�0
􏽘

i

j�0

wi,jυ
m+j+2Γ(m + j + 2, ((i + 1)t/υ))

(i + 1)
m+j+2 ,

(17)

where Γ(m, t) � 􏽒
∞
t

xm− 1e− xdx is the UI gamma function.
Similarly, the mth lower incomplete (LI) moment is given by

ϕm(t) � 􏽚
t

0
x

m
f(x)dx

� 􏽘

∞

i�0
􏽘

i

j�0
wi,j 􏽚

t

0
x

m+j+1
e

− (i+1)x/υdx

� 􏽘
∞

i�0
􏽘

i

j�0

wi,jυ
m+j+2

c(m + j + 2, ((i + 1)t/υ))

(i + 1)
m+j+2 ,

(18)

where c(m, t) � 􏽒
t

0 xm− 1e− xdx is the LI gamma function.

3.3. Information Measures. 'e Rényi entropy (RE), pre-
sented by Rényi [14], is defined by

ΙR(ε) � (1 − ε)− 1log 􏽚
∞

0
(f(x))

εdx􏼒 􏼓, ε≠ 1, ε> 0. (19)

Substituting (4) in (19), we have

ΙR(ε) � (1 − ε)− 1log 􏽚
∞

0

x
εαε(log(α))

ε

υ2ε(α − 1)
ε e

− εx/υα− ε(1+x/υ)e− x/υ
dx􏼠 􏼡.

(20)

Using expansion (9) in (20), we get

ΙR(ε) � (1 − ε)− 1

log 􏽚
∞

0
􏽘

∞

i�0

(− ε)i
x
εαε(log(α))

ε+i

i!ε2c
(α − 1)

ε 1 +
x

υ
􏼒 􏼓

i

e
− (i+1)εx/υdx⎛⎝ ⎞⎠.

(21)

Employing the binomial expansion in (21), we have

ΙR(ε) � (1 − ε)− 1log 􏽚
∞

0

αε

(α − 1)
ε 􏽘

∞

i�0
􏽘

i

j�1

(− c)
i
(log(α))

ε+i

υ2ε+j
i!

i

j

⎛⎝ ⎞⎠ 􏽚
∞

0
x
ε+j

e
− (i+1)εx/υdx⎛⎝ ⎞⎠

� (1 − ε)− 1log 􏽘
∞

i�0
􏽘

i

j�1

(− ε)i
(log(α))

ε+iΓ(ε + j + 1)

υε− 1i!((i + 1)ε)c+j+1

i

j

⎛⎝ ⎞⎠⎡⎢⎢⎣ ⎤⎥⎥⎦.

(22)

'e Havrda and Charvat entropy (HCE) measure (see
[15]) is defined by

HCR(ε) �
1

21− ε
− 1

􏽚
∞

0
f
ε
(x)dx􏼒 􏼓

1/ε
− 1􏼢 􏼣, ε≠ 1, ε> 0.

(23)

Hence, the HCE of the APTME distribution is given by

HCR(ε) �
1

21− ε
− 1

αε

(α − 1)
ε 􏽘

∞

i�0
􏽘

i

j�1

(− ε)i
(log(α))

ε+iΓ(ε + j + 1)

υε− 1i!((i + 1)ε)ε+j+1

i

j

⎛⎝ ⎞⎠ − 1⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦. (24)

'e Arimoto entropy (AE) measure (see Arimoto [16])
of the APTME is defined by

Table 1: Results of μ1′, σ2, S, K, and CoV for the APTME model at υ� 0.5

α↓ μ1′↓ σ2↓ S↑ K↑ CoV↑

0.5 0.874 0.431 1.612 1.612 0.751
0.8 0.959 0.479 1.475 1.475 0.722
1.2 1.034 0.517 1.367 1.367 0.695
1.5 1.077 0.536 1.312 1.312 0.680
2.0 1.133 0.559 1.246 1.246 0.660
2.5 1.176 0.575 1.199 1.199 0.645
3.0 1.211 0.587 1.163 1.163 0.632
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AR(ε) �
ε

1 − ε
􏽚
∞

0
f
ε
(x)dx􏼒 􏼓

1/ε
− 1􏼢 􏼣, ε≠ 1, ε> 0. (25)

Hence, the AE of the APTME distribution is given by

AR(ε) �
ε

1 − ε
αε

(α − 1)ε
􏽘

∞

i�0
􏽘

i

j�1

(− ε)i(log(α))ε+iΓ(ε + j + 1)

υε− 1i!((i + 1)ε)ε+j+1

i

j

⎛⎝ ⎞⎠⎛⎝ ⎞⎠

1/ε

− 1⎡⎢⎢⎢⎢⎢⎢⎣
⎤⎥⎥⎥⎥⎥⎥⎦. (26)

'e Tsallis entropy (TE) measure (see [17]) is defined by

TR(ε) �
1

ε − 1
1 − 􏽚
∞

0
f
ε
(x)dx􏼔 􏼕, ε≠ 1, ε> 0. (27)

Hence, the TE of the APTME distribution is obtained as
follows:

TR(ε) �
1

ε − 1
1 −

αε

(α − 1)
ε 􏽘

∞

i�0
􏽘

i

j�1

(− ε)i
(log(α))

ε+iΓ(ε + j + 1)

υε− 1i!((i + 1)ε)ε+j+1

i

j

⎛⎝ ⎞⎠⎡⎢⎢⎢⎣ ⎤⎥⎥⎥⎦. (28)

Some of the numerical values of the RE, HCE, AE, and
TE for some selected values of parameters are given in
Tables 2–7.

As the value of α and ε increases, the measures values of
the RE, HCE, AE, and TE also increase. For the same value of
ε and ε, the measures values of the RE, HCE, AE, and TE
increase with α. As the value of α and ε increases, for fixed
value of ε, the measures values of the RE, HCE, AE, and TE
increase.

4. Parameter Estimation

'is section deals with the parameter estimation for the
APTME distribution based on six frequentist estimation
procedures under complete and RC samples.

4.1. M1 Estimators under the Complete Sample. Let X1, X2,
. . ., Xn be the observed values from the APTME with pa-
rameters α and υ; then, from (4), we can write the log-
likelihood function (LLFu) under the complete sample as
follows:

ln ℓ � n ln α + n ln
ln α
α − 1

􏼠 􏼡 + 􏽘
n

i�1
ln xi − 2 ln υ − 􏽘

n

i�1

xi

υ
− ln α􏽘

n

i�1
1 +

xi

υ
􏼒 􏼓e

− xi/υ􏼔 􏼕. (29)

'e partial derivatives of ln ℓ for α and υ are given by

z ln ℓ
zα

�
n

α
+

n[α − 1 − α ln α]

α(α − 1)ln α
−
1
α

􏽘

n

i�1
1 +

xi

υ
􏼒 􏼓e

− xi/υ􏼔 􏼕, (30)

and

z ln ℓ
zυ

� 􏽘
n

i�1

xi

υ2
−
2
υ

+
ln α
υ2

􏽘

n

i�1
e

− xi/υ 1 +
xi

υ
􏼒 􏼓 + xi􏼔 􏼕

⎧⎨

⎩

⎫⎬

⎭. (31)

'e nonlinear equations z ln ℓ/zα � 0 and z ln ℓ/zυ �

0 are solved numerically; we obtain the ML estimators of
α and υ.

4.2. M1 Estimators under the RC Sample. Let X1, X2, . . . , Xr

be a RC sample of size r observed from the lifetime testing
experiment on n items whose lifetime has the PDF for
APTME. 'e LLFu of the RC sample is
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Table 2: Numerical values of the RE, HCE, AE, and TE for the APTME model at υ� 0.5 and ε� 0.5.

α↓ RE↓ HCE↓ AE↓ TE↓
0.5 1.061 5.779 10.516 4.787
0.8 1.088 6.031 11.238 4.997
1.2 1.108 6.232 11.826 5.163
1.5 1.118 6.334 12.132 5.247
2.0 1.130 6.457 12.503 5.349
2.5 1.139 6.545 12.773 5.422
3.0 1.146 6.613 12.981 5.478

Table 3: Numerical values of the RE, HCE, AE, and TE for the APTME model at υ� 0.5 and ε� 1.5.

α↓ RE↓ HCE↓ AE↓ TE↓
0.5 0.877 2.171 1.470 1.272
0.8 0.917 2.226 1.516 1.304
1.2 0.948 2.267 1.550 1.328
1.5 0.963 2.287 1.567 1.340
2.0 0.981 2.310 1.587 1.353
2.5 0.993 2.326 1.600 1.362
3.0 1.002 2.337 1.610 1.369

Table 4: Numerical values of the RE, HCE, AE, and TE for the APTME model at υ� 0.5 and ε� 2.5.

α↓ RE↓ HCE↓ AE↓ TE↓
0.5 0.819 1.455 1.129 0.627
0.8 0.863 1.468 1.160 0.633
1.2 0.897 1.477 1.184 0.637
1.5 0.914 1.481 1.195 0.638
2.0 0.933 1.485 1.208 0.640
2.5 0.947 1.488 1.216 0.641
3.0 0.957 1.490 1.222 0.642

Table 5: Numerical values of the RE, HCE, AE, and TE for the APTME model at υ� 2 and ε� 0.5.

α↓ RE↓ HCE↓ AE↓ TE↓
0.5 0.459 1.682 1.879 1.394
0.8 0.486 1.809 2.060 1.498
1.2 0.506 1.909 2.206 1.581
1.5 0.516 1.960 2.283 1.624
2.0 0.528 2.022 2.376 1.675
2.5 0.537 2.066 2.443 1.711
3.0 0.543 2.099 2.495 1.739

Table 6: Numerical values of the RE, HCE, AE, and TE for the APTME model at υ� 2 and ε� 1.5.

α↓ RE↓ HCE↓ AE↓ TE↓
0.5 0.275 0.928 0.572 0.543
0.8 0.315 1.038 0.644 0.608
1.2 0.345 1.120 0.699 0.656
1.5 0.361 1.160 0.726 0.680
2.0 0.379 1.206 0.756 0.706
2.5 0.391 1.237 0.777 0.725
3.0 0.400 1.260 0.793 0.738
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ln ℓ � ln
n!

(n − r)!
􏼠 􏼡 + r ln α + r ln

ln α
α − 1

􏼠 􏼡 + 􏽘
r

i�1
ln xi − 2 ln υ − 􏽘

r

i�1

xi

υ
− ln α􏽘

r

i�1
1 +

xi

υ
􏼒 􏼓e

− xi/υ􏼔 􏼕

+(n − r)ln α − α1− 1+xr/υ( )e − xr/υ
􏼒 􏼓 − (n − r)ln(α − 1).

(32)

'e partial derivatives of ln ℓ for α and υ are given by

z ln ℓ
zα

�
n

α
+

n[α − 1 − α ln α]

α(α − 1)ln α
−
1
α

􏽘

n

i�1
1 +

xi

υ
􏼒 􏼓e

− xi/υ􏼔 􏼕 −
(n − r)

(α − 1)

+(n − r)
1 − 1 − 1 + xr/υ( 􏼁e

− xr/υ􏼐 􏼑α− 1+xr/υ( )e− xr/υ
􏼒 􏼓

α − α1− 1+xr/υ( )e− xr/υ
,

(33)

and

z ln ℓ
zυ

� 􏽘
n

i�1

xi

υ2
−
2
υ

+
ln α
υ2

􏽘

n

i�1
e

− xi/υ 1 +
xi

υ
􏼒 􏼓 + xi􏼔 􏼕

⎧⎨

⎩

⎫⎬

⎭ − (n − r)ln α
α1− 1+xr/υ( )e− xr /υ

x
2
r/υ

3
􏼐 􏼑e

− xr/υ

α − α1− 1+xr/υ( )exr/υ
. (34)

'e nonlinear equations z ln ℓ/zα � 0 and z ln ℓ/zυ � 0
are solved numerically, and we obtain theML estimators of α
and υ.

4.3. ?eM2 and M3 Estimators. Consider a random sample
of size n from the APTME distribution, and let x(1)<
x(2)<. . .< x(n) be the associated order random observations;
then, the M2 estimators of α and υ are obtained by mini-
mizing the following:

M2(α, υ) � 􏽘

n

i�1
(α − 1)

− 1 α1− 1+x(i)/υ( )e
− x(i) /υ

− 1􏼒 􏼓 −
i

n + 1
􏼔 􏼕

2
,

(35)

with respect to α and υ.

'eM3 estimator of α and υ is derived byminimizing the
following:

M3(α, υ) � 􏽘

n

i�1

(n + 1)2(n + 2)

i(n − i + 1)
(α − 1)

− 1 α1− 1+x(i)/υ( )e
− x(i) /υ

− 1􏼒 􏼓 −
i

n + 1
􏼔 􏼕

2
, (36)

with respect to α and υ.

Table 7: Numerical values of the RE, HCE, AE, and TE for the APTME model at υ� 2 and ε� 2.5.

α↓ RE↓ HCE↓ AE↓ TE↓
0.5 0.217 0.815 0.431 0.351
0.8 0.260 0.918 0.504 0.396
1.2 0.295 0.988 0.557 0.426
1.5 0.312 1.020 0.583 0.439
2.0 0.331 1.054 0.612 0.454
2.5 0.345 1.077 0.632 0.464
3.0 0.355 1.093 0.646 0.471
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4.4.?eM5 andM6 Estimators. 'eM5 method is regarded
as a class of minimum distance estimators based on the
difference between the estimate of the CDF and the em-
pirical CDF. 'e M5 estimator of the APTME parameters is
derived by minimizing the following:

M5(α, υ) �
1
12n

+ 􏽘
n

i�1
(α − 1)

− 1 α1− 1+x(i)/υ( )e
− x(i)/υ

− 1􏼒 􏼓 −
2i − 1
2n

􏼔 􏼕
2
,

(37)

with respect to α and υ.
'e M5 estimator of the APTME distribution parame-

ters is obtained by minimizing the following:

M6(α, υ) � − n −
1
n

+ 􏽘

n

i�1
(2i − 1) (α − 1)

− 1 α1− x(i)/υe
− x(i) /υ

− 1􏼒 􏼓 −
2i − 1
2n

􏼔 􏼕
2
, (38)

with respect to α and υ.

4.5. ?e M4 Estimators. For estimating the population pa-
rameters of continuous distributions, the M4 method is a
powerful alternative to the M1 method. Let Di(α, υ)

� F(x(i)|α, υ) − F(x(i− 1)|α, υ), i � 1, 2, . . . , n + 1, be the uni-
form spacings of a random sample drawn from the APTME
distribution, F(x(0)|α, υ) � 0, F(x(n+1)|α, υ) � 1 and
􏽐

n+1
i�1 Di(α, υ) � 1.
'e M6 estimator is obtained by maximizing the geo-

metric mean (GEOM) of the spacings:

GEOM(α, υ) � 􏽙
n+1

i�1
Di(α, υ)

⎧⎨

⎩

⎫⎬

⎭

1/n+1

. (39)

'e M6 estimator of α and υ can be obtained by
maximizing the logarithm of the GEOM of sample spacing’s
(39).

5. Applications to Real Data

In this section, we present two applications to real-world
datasets to demonstrate the empirical significance of the
APTME distribution.'e APTMEmodel is compared to the
Marshall–Olkin E (MOE), beta exponential (BE), ME, and E
models. Data I shows the survival times (in days) of 72
guinea pigs infected with virulent tubercle bacilli (see
Bjerkedal [18]). Data II, which consists of 20 patients, refers
to the lifetimes of patients who received an analgesic and
their relief times (in minutes) (see Gross [19]). Table 8 shows
some descriptive statistics for both datasets.

'e M1 estimates (M1Es) of the parameters and their
standard errors (SEs) for all models are computed for both
datasets (see Tables 9 and 10). We use some model selections
like Akaike information criterion (B1), Bayesian informa-
tion criterion (B2), consistent AIC (B3), andHannan–Quinn
information criterion (B4). In addition, we calculate the
Kolmogorov–Smirnov (B5) along with their P–values (B6),
Anderson–Darling (B7), and Cram`er–von Mises (B8) test

statistics. 'e values of the criteria measures and the values
of the test statistics are listed in Tables 11 and 12 for both
datasets.

Plots of the estimated PDFs, CDFs, SF, and proba-
bility–probability (PP) of the APTME model for the two
considered data are displayed in Figures 4 and 5. According
to the numerical values provided in Tables 11 and 12 along
with Figures 4 and 5, the APTMEmodel is much better than
the above-mentioned extensions of the exponential model;
thus, the APTMEmodel is a good alternative to these models
in both datasets.

6. Simulation Study

In this portion, a simulation analysis evaluates the output of
six different estimates of the APTME parameters. We chose
different parameter values as α � 0.15, 0.75, 1.5, 3 and
υ � 0.6, 1.6, 3, 5. 10000 random sample of sizes n� 50, 100,
150 are generated from the APTME distribution using (6).
'e average values of all estimates (mean) and their cor-
responding mean square error (MSE) are calculated. 'e
results of the different estimates are evaluated via their mean
and MSE. Simulation outputs are obtained via the R pro-
gram. Tables 13–16 list the mean and MSE for M1, M2, M3,
M4, M5, and M5 estimate values.

6.1. Final ?oughts on the Simulation Results. For the same
value of α and increased values of υ, the MSE of both the
parameters for the APTME distribution increases in most
cases except when α� 0.15:

(1) For a fixed value of α and υ, the mean values of the
estimated parameters tend to the true values with
increased sample size. Also, theMSE of the estimated
parameters decreases with increased sample size.

(2) In most cases, the M2 method was the best method
for estimating the parameter referring to the mean
values of the parameter estimates and MSE as in
Tables 13–16.
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Table 8: Descriptive statistics for both datasets.

n μ1′ σ2 S K

Data I 72 1.768 1.055 1.371 2.225
Data II 20 1.9 0.471 1.862 4.185

Table 9: M1Es and SEs for data I.

Models M1Es and SEs
APTME (α, υ) 12.636, 0.591 (1.1979), (0.07)
MOE (α, β) 8.778, 1.379 (3.555), (0.193)
BE (a, b, β) 0.8073, 3.4612, 1.3311 (0.6961), (1.0032), (0.8551)
ME (β) 0.9252 (0.0768)

Table 10: M1Es and SEs for data II.

Models M1Es and SEs
APTME (α, υ) 2158, 0.445 (31.87), (0.043)
MOE (α, β) 54.474, 2.316 (35.582), (0.374)
BE (a, b, β) 81.6333, 0.5421, 3.5142 (120.4104), (0.3272), (1.4101)
ME (β) 0.9502 (0.1501)

Table 11: Criteria measures and goodness of fit for data I.

Models B1 B2 B3 B4 B7 B8 B5 B6
APTME 192.67 192.38 192.84 194.48 0.76 0.13 0.088 0.63
MOE 210.36 214.92 210.53 212.16 1.18 0.17 0.10 0.43
BE 207.38 214.22 207.73 210.08 0.98 0.15 0.11 0.34
ME 210.40 212.68 210.45 211.30 1.52 0.25 0.14 0.13

Table 12: Criteria measures and goodness of fit for data II.

Models B1 B2 B3 B4 B7 B8 B5 B6
APTME 39.37 37.98 40.08 39.76 0.55 0.08 0.143 0.81
MOE 43.51 45.51 44.22 43.90 0.80 0.14 0.18 0.55
BE 43.48 46.45 44.98 44.02 0.70 0.12 0.16 0.80
ME 54.32 55.31 54.54 54.50 2.76 0.53 0.32 0.07
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Figure 4: Estimated CDF, PDF, PP, and SF plots for Data I.
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(3) All estimates perform very well and provide very
small MSE and the average (Av) values of all esti-
mates tend to the true value of the parameters.

(4) 'e differences between all estimates’ values are very
small, referring to the MSE values and the average
value of the estimated parameters.
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Figure 5: Estimated CDF, PDF, SF, and PP plots for Data II.

Table 13: Av and MSE of the M1, M2, M3, M4, M5, and M6 estimates for the APTME distribution when α� 0.15.
M1 M2 M3 M4 M5 M6

υ n Av MSE Av MSE Av MSE Av MSE Av MSE Av MSE

0.6

50 α 0.2032 1.1518 0.1545 0.0070 0.1721 0.0257 0.2400 0.0658 0.1483 0.0085 0.1624 0.0186
υ 0.6749 0.0411 0.6225 0.0091 0.6315 0.0151 0.6000 0.0361 0.6325 0.0107 0.6396 0.0158

100 α 0.1810 0.8744 0.1685 0.0096 0.1859 0.0255 0.1500 0.0385 0.1613 0.0102 0.1721 0.0197
υ 0.6702 0.0369 0.6128 0.0070 0.6162 0.0102 0.6000 0.0284 0.6214 0.0083 0.6268 0.0116

150 α 0.1628 0.7868 0.1480 0.0029 0.1648 0.0526 0.1500 0.0280 0.1447 0.0030 0.1478 0.0055
υ 0.6677 0.0326 0.6154 0.0039 0.6192 0.0067 0.6000 0.0247 0.6190 0.0041 0.6248 0.0072

1.6

50 α 0.2460 1.7617 0.2169 0.0513 0.3473 1.1966 0.3900 0.1323 0.2338 0.0792 0.2708 0.1568
υ 1.7078 0.2979 1.5710 0.0270 1.5735 0.0540 1.6000 0.1478 1.5729 0.0313 1.5813 0.0530

100 α 0.2028 0.9746 0.1710 0.0121 0.2181 0.1018 0.1500 0.0697 0.1711 0.0153 0.1835 0.0334
υ 1.7038 0.2696 1.5922 0.0136 1.5915 0.0327 1.6000 0.1137 1.5981 0.0141 1.6069 0.0255

150 α 0.1970 0.7986 0.1632 0.0052 0.2215 0.0850 0.1500 0.0514 0.1614 0.0052 0.1811 0.0178
υ 1.6767 0.2642 1.5963 0.0104 1.5739 0.0324 1.6000 0.0885 1.6012 0.0108 1.5974 0.0266

3

50 α 0.2285 0.7354 0.1970 0.0368 0.3130 0.3772 0.6000 0.0923 0.2083 0.0543 0.2751 0.2062
υ 3.0982 0.1133 2.9667 0.0338 2.9384 0.1406 3.0000 0.2787 2.9622 0.0415 2.9406 0.1149

100 α 0.1835 0.7308 0.1801 0.0241 0.2354 0.1616 0.1500 0.0410 0.1817 0.0298 0.1995 0.0652
υ 3.1017 0.1103 2.9728 0.0243 2.9642 0.0821 3.0000 0.1803 2.9779 0.0285 2.9802 0.0530

150 α 0.1836 0.7225 0.1598 0.0040 0.1988 0.0625 0.1500 0.0292 0.1626 0.0088 0.1692 0.0174
υ 3.0558 0.1091 2.9927 0.0098 2.9676 0.0645 3.0000 0.1436 2.9928 0.0129 2.9954 0.0306

5

50 α 0.1841 0.7192 0.1814 0.0198 0.2902 0.4398 0.9000 0.0293 0.1881 0.0308 0.2410 0.1802
υ 5.1062 0.0385 4.9737 0.0306 4.9191 0.2244 5.0000 0.2984 4.9668 0.0356 4.9367 0.1639

100 α 0.1585 0.7023 0.1723 0.0192 0.2281 0.1801 0.1500 0.0124 0.1727 0.0233 0.1947 0.0801
υ 5.1186 0.0382 4.9732 0.0293 4.9429 0.1505 5.0000 0.1751 4.9784 0.0330 4.9755 0.0920

150 α 0.1572 0.6723 0.1584 0.0040 0.1854 0.0441 0.1500 0.0070 0.1574 0.0034 0.1633 0.0111
υ 5.0703 0.0394 4.9935 0.0106 4.9611 0.0988 5.0000 0.1205 4.9962 0.0090 4.9967 0.0322
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Table 14: Av and MSE of the M1, M2, M3, M4, M5, and M6 estimates for the APTME distribution when α� 0.75.
M1 M2 M3 M4 M5 M6

υ N Av MSE Av MSE Av MSE Av MSE Av MSE Av MSE

0.6

50 α 0.6048 1.8540 0.7164 0.0501 0.7582 0.2131 0.6042 0.2494 0.7657 0.0530 0.7613 0.1332
υ 0.7266 0.0084 0.6190 0.0063 0.6340 0.0118 0.7272 0.0569 0.6084 0.0057 0.6202 0.0077

100 α 0.5835 0.5012 0.7325 0.0781 0.7518 0.1149 0.5830 0.1882 0.7686 0.0734 0.7587 0.3026
υ 0.7054 0.0051 0.6154 0.0041 0.6184 0.0059 0.7056 0.0398 0.6075 0.0036 0.6230 0.0073

150 α 0.6224 0.3268 0.7120 0.0627 0.7330 0.0484 0.6228 0.1340 0.7371 0.0616 0.7362 0.0715
υ 0.6708 0.0038 0.6202 0.0045 0.6129 0.0038 0.6707 0.0233 0.6143 0.0040 0.6170 0.0056

1.6

50 α 0.7181 3.1035 0.8197 0.3032 0.9729 0.7892 0.7175 0.4372 0.9351 0.3729 0.9374 0.5236
υ 1.8711 0.0695 1.6799 0.0802 1.6818 0.1160 1.8721 0.2823 1.6235 0.0703 1.6663 0.1012

100 α 0.6623 1.0816 0.8183 0.2913 0.8602 0.3958 0.6618 0.2863 0.9052 0.3539 0.8906 0.4263
υ 1.8261 0.0416 1.6686 0.0679 1.6796 0.0926 1.8266 0.1934 1.6291 0.0615 1.6587 0.0777

150 α 0.6839 0.5367 0.8136 0.2271 0.8315 0.2679 0.6844 0.2063 0.8630 0.2511 0.8690 0.3038
υ 1.7557 0.0304 1.6485 0.0495 1.6481 0.0656 1.7554 0.1180 1.6237 0.0462 1.6332 0.0533

3

50 α 0.7372 3.6222 1.0184 0.7520 1.1178 1.7233 0.7368 0.3908 1.1969 1.0144 1.2293 1.5815
υ 3.3658 0.1946 3.0547 0.2617 3.0988 0.3728 3.3668 0.5858 2.9415 0.2589 3.0392 0.3643

100 α 0.6856 1.1972 0.8630 0.3485 0.9304 0.5941 0.6854 0.2436 0.9476 0.4131 0.9483 0.5652
υ 3.2965 0.1291 3.0824 0.1912 3.1012 0.2700 3.2970 0.3816 3.0135 0.1796 3.0727 0.2446

150 α 0.7041 0.5830 0.1750 0.3193 0.1906 0.5080 0.1409 0.1710 0.1882 0.3721 0.1859 0.4139
υ 3.1985 0.0993 3.0549 0.1669 3.0324 0.1883 3.1981 0.2267 3.0030 0.1613 3.0309 0.1774

5

50 α 0.7510 4.6122 1.0280 0.7823 1.4226 3.8892 0.7509 0.2992 1.2002 1.0843 1.2619 1.7012
υ 5.3849 0.3246 5.0404 0.5619 5.0388 0.9725 5.3860 0.8192 4.8767 0.5816 4.9881 0.8161

100 α 0.7085 1.0436 1.0073 0.6754 1.0838 1.0552 0.7084 0.1751 1.1182 0.8640 1.0805 1.0174
υ 5.2980 0.1674 4.9921 0.4418 5.0240 0.6186 5.2985 0.4945 4.8874 0.4669 5.0269 0.6399

150 α 0.7233 0.4938 0.9493 0.4527 0.9540 0.4803 0.7237 0.1195 1.0272 0.5564 0.9880 0.5618
υ 5.1933 0.1347 4.9968 0.3704 5.0271 0.4701 5.1929 0.2876 4.9158 0.3836 4.9950 0.4493

Table 15: Av and MSE of the M1, M2, M3, M4, M5, and M6 estimates for the APTME distribution when α� 1.5.
M1 M2 M3 M4 M5 M6

υ N Av MSE Av MSE Av MSE Av MSE Av MSE Av MSE

0.6

50 α 1.2106 1.5626 1.4770 0.0749 1.4934 0.6657 1.2104 0.4538 1.5198 0.0534 1.4703 0.0983
υ 0.6855 0.0056 0.6090 0.0052 0.6167 0.0070 0.6856 0.0363 0.6029 0.0043 0.6093 0.0041

100 α 1.2929 0.5603 1.4781 0.0858 1.4958 0.1499 1.2928 0.2580 1.5202 0.0968 1.4649 0.1484
υ 0.6452 0.0033 0.6052 0.0020 0.6075 0.0041 0.6452 0.0136 0.6014 0.0022 0.6103 0.0030

150 α 1.2998 0.5189 1.3689 0.0606 1.4023 0.1150 1.2998 0.2390 1.4463 0.0912 1.5122 0.1322
υ 0.6347 0.0027 0.6147 0.0020 0.6093 0.0037 0.6347 0.0091 0.6042 0.0021 0.5971 0.0018

1.6

50 α 1.2391 5.3878 1.4102 0.4715 1.6032 1.4707 1.2389 0.7879 1.5609 0.4682 1.5528 0.7795
υ 1.8483 0.0508 1.7009 0.0766 1.7250 0.1873 1.8486 0.2322 1.6501 0.0589 1.6886 0.0881

100 α 1.2593 1.8709 1.4411 0.4921 1.5210 0.6896 1.2592 0.5310 1.5484 0.4984 1.5288 0.6993
υ 1.7627 0.0316 1.6841 0.0587 1.6822 0.0862 1.7628 0.1139 1.6491 0.0473 1.6777 0.0670

150 α 1.3455 1.1303 1.4375 0.4295 1.4900 0.4466 1.3462 0.3431 1.5192 0.4462 1.5074 0.4833
υ 1.6928 0.0223 1.6754 0.0477 1.6581 0.0441 1.6927 0.0531 1.6507 0.0409 1.6569 0.0436

3

50 α 1.2576 6.1258 1.6137 1.2024 1.7072 1.8448 1.2537 0.6778 1.8612 1.4515 1.9327 2.6429
υ 3.3416 0.1812 3.2020 0.3373 3.2308 0.5049 3.3421 0.4630 3.0853 0.2784 3.1394 0.3612

100 α 1.2956 2.7107 1.4794 0.6361 1.6817 1.3977 1.2956 0.4571 1.5946 0.6630 1.6715 1.1470
υ 3.2282 0.1170 3.1514 0.1980 3.1358 0.2519 3.2284 0.2324 3.0877 0.1676 3.1190 0.2359

150 α 1.3687 1.4668 1.5273 0.5614 1.6485 0.8587 1.3694 0.2979 1.6223 0.5959 1.6283 0.7126
υ 3.1356 0.0810 3.1104 0.1582 3.0929 0.2283 3.1354 0.1172 3.0608 0.1362 3.0747 0.1559

5

50 α 1.3466 10.4321 1.6601 1.2018 2.0295 3.2231 1.3429 0.6160 1.9123 1.4978 1.9950 2.5070
υ 5.3950 0.3421 5.2437 0.4675 5.2415 0.7448 5.4000 0.5036 5.0554 0.3938 5.1491 0.5533

100 α 1.4195 2.8337 1.7902 1.1344 1.9804 1.9234 1.4193 0.3723 1.9565 1.3381 1.9935 1.8771
υ 5.2716 0.1928 5.1289 0.2960 5.0966 0.3620 5.2722 0.2560 5.0160 0.2649 5.0699 0.3345

150 α 1.3193 1.1638 1.4628 0.6838 1.5486 1.0308 1.3209 0.2744 1.5698 0.7528 1.5823 0.9621
υ 5.2172 0.1413 5.2296 0.2888 5.1910 0.2903 5.2165 0.1693 5.1431 0.2588 5.1646 0.2781
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7. Conclusions

We developed a generalized version of the moment expo-
nential as a member of the alpha power-transformed family.
'e alpha power-converted moment exponential distribu-
tion has two parameters. We investigated some of its most
significant statistical features. 'e model parameters are
estimated using six different estimation methods. 'e es-
timation methods given are M1, M2, M3, M4, M5, and M6.
A simulation research was carried out in order to assess the
accuracy and behavior of several estimators. According to
the numerical results, even with small sample numbers, the
estimates offer desirable qualities such as minimal biases and
variances. Finally, we demonstrate empirically that the
APTME distribution better matches a real dataset than al-
ternative models.
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[14] A. Rényi, “On measures of entropy and information,” in
Proceedings of the 4th Berkeley Symposium on Mathematical
Statistics and Probability, pp. 47–561, Berkeley, CA, USA1960.

[15] J. Havrda and F. Charvat, “Quantification method of classi-
fication processes, concept of structural a-entropy,” Kyber-
netika, vol. 3, no. 1, pp. 30–35, 1967.

[16] S. Arimoto, “Information-theoretical considerations on esti-
mation problems,” Information and Control, vol. 19, no. 3,
pp. 181–194, 1971.

[17] C. Tsallis, “Possible generalization of Boltzmann-Gibbs sta-
tistics,” Journal of Statistical Physics, vol. 52, no. 1-2,
pp. 479–487, 1988.

[18] T. Bjerkedal, “Acquisition of resistance in Guinea pigs in-
fected with different doses of virulent tubercle Bacilli1,”
American Journal of Epidemiology, vol. 72, no. 1, pp. 130–148,
1960.

[19] A. J. Gross and V. A. Clark, Survival Distributions: Reliability
Applications in the Biomedical Sciences, John Wiley & Sons,
New York, 1975.

14 Scientific Programming


