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Several evolutionary algorithms (EAs) have emerged in the
past decades that mimic biological entities behavior and
evolution. EAs are widely used for the solution of single and
multiobjective optimization engineering problems. The EAs
have also been applied to a variety of microwave component,
antenna design, radar design, and wireless communications problems. These techniques, among others, include
Genetic Algorithms (GAs), Evolution Strategies (ES), Particle
Swarm Optimization (PSO), Differential Evolution (DE),
and Ant Colony Optimization (ACO). In addition, new
innovative algorithms that are not only biology-based but
also physics-based or chemistry-based have emerged. The
use of the above algorithms has an increasing impact on
antenna design and propagation problems. EAs combined
in several occasions with numerical methods in electromagnetics have obtained significant and successful results.
Additionally, hybrid combinations of EAs are also emerging.
The papers that follow in the next pages demonstrate a
range of approaches to a diverse set of application areas using
different evolutionary algorithms, and with usage scenarios
from radar systems to radio-astronomy applications. They
represent only a fraction of the current research, the emerging
trends, and applications of evolutionary algorithms. The special issue consists of nine research papers and one review
paper. The algorithms used by the authors are Genetic

Algorithms (two papers), Particle Swarm Optimization (one
paper), Differential Evolution (three papers), Artificial Bee
Colony (one paper), Biogeography-Based Optimization (one
paper), and an iterative technique (one paper). The problems
addressed by the authors are single-objective (seven papers)
and multiobjective (two papers). A brief description of the
papers follows.
In Passive Radar Systems, the task of obtaining the mixed
weak object signal against the super power signal (jamming)
is challenging. C. Li et al. present a novel framework designed
for weak object signal separation in the paper “A Novel Blind
Source Separation Algorithm and Performance Analysis of
Weak Signal Against Strong Interference in Passive Radar
System.”
C. Yang et al. propose an improved artificial bee colony
(ABC) algorithm called OGABC, which is based on opposition-based learning (OBL) concept and global best search
equation. OGABC overcomes the shortcomings of the slow
convergence rate and sinking into local optimal in the process
of inversion of atmospheric duct in the paper “Investigation
on the Inversion of the Atmospheric Duct Using the Artificial
Bee Colony Algorithm Based on Opposition-Based Learning.”
An iterative generic algorithm (GA) is proposed in the
paper “Iterative GA Optimization Scheme for Synthesis of
Radiation Pattern of Linear Array Antenna” by S. Todnatee
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and C. Phongcharoenpanich for the synthesis of nonuniform
linear arrays.
E. Afacan uses the Differential Evolution for planar square
thinned arrays design in the paper “Location Optimization
for Square Array Antennas Using Differential Evolution
Algorithm.” The author obtains array configurations with
lower peak sidelobe levels than the ones found in the literature, thus demonstrating the use of the Differential Evolution
algorithm.
The application of a generic algorithm (GA) to the design
of optical antennas is given by R. D. de León et al. in the paper
“Evolutionary Algorithm Geometry Optimization of Optical
Antennas.” The authors use the finite element method (FEM)
for the electromagnetic wave simulations.
Multiobjective versions of a GA and the PSO algorithm
are used in the paper “Optimization of a Conical Corrugated Antenna Using Multiobjective Heuristics for RadioAstronomy Applications” for conical corrugated antenna
design by S. López-Ruiz et al. The authors compare the Nondominated Sorting Particle Swarm Optimization (NSPSO)
with the Nondominated Sorting Generic Algorithm (NSGAII) and conclude that NSGA-II obtains better results.
The paper “Design of UAVs-Based 3D Antenna Arrays for
a Maximum Performance in Terms of Directivity and SLL”
by J. Garza et al. demonstrates how to design nonuniform 3D
antenna arrays when each antenna element is placed on UAVs
that form a cluster. The design is carried out via Differential
Evolution for Multiobjective Optimization.
Y.-F. Cheng et al. apply DE optimization for arrays’ thinning and weighting in the paper “Thinning and Weighting
of Planar/Conformal Arrays Considering Mutual Coupling
Effects.” The Active Element Pattern (a Method of Moments
based technique) was utilized to take into account the mutual
coupling. The efficiency of the method is demonstrated for
both planar and conformal arrays.
S. K. Goudos and J. N. Sahalos apply the BiogeographyBased Optimization (BBO) algorithm with four different
migration models to large thinned array design cases in
the paper “Design of Large Thinned Arrays Using Different
Biogeography Based Optimization Migration Models.” The
authors conclude that BBO with sinusoidal migration model
generally performs better than the other algorithms.
Finally, in the review paper “Evolutionary Algorithms
Applied to Antennas and Propagation: A Review of State of
the Art” by S. K. Goudos et al. a survey is presented. Techniques such as the Genetic Algorithms (GAs), Particle Swarm
Optimization (PSO), and the Differential Evolution (DE) are
mainly reviewed along with application examples.
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Array thinning is a common discrete-valued combinatorial optimization problem. Evolutionary algorithms are suitable techniques
for above-mentioned problem. Biogeography-Based Optimization (BBO), which is inspired by the science of biogeography, is a
stochastic population-based evolutionary algorithm (EA). The original BBO uses a linear migration model to describe how species
migrate from one island to another. Other nonlinear migration models have been proposed in the literature. In this paper, we apply
BBO with four different migration models to five different large array design cases. Additionally we compare results with five other
popular algorithms. The problems dimensions range from 150 to 300. The results show that BBO with sinusoidal migration model
generally performs better than the other algorithms. However, these results are considered to be indicative and do not generally
apply to all optimization problems in antenna design.

1. Introduction
Array thinning is a common discrete-valued combinatorial optimization problem. By array thinning we mean the
removal (turning “off”) of some radiating elements from a
periodic array antenna in order to create an array with lower
sidelobe level than that with uniform excitation. The elements
connected to the feed network are turned “on,” while the
turned “off” elements are connected to a matched load.
Array thinning results in reduction in cost and weight. An
exhaustive search for all possible combinations would result
in the best array design; however the computational cost will
increase exponentially as the array size increases. Therefore,
array thinning can be categorized as discrete, combinatorial
N-P complete optimization problem [1]. EAs are suitable
techniques for solving the array thinning problem. The
problem of array thinning has been addressed in the literature
using different EAs like genetic algorithms (GAs) [2], Particle
Swarm Optimization (PSO) [3], and Ant Colony Optimization (ACO) [4]. The original PSO is inherently real-valued
and operates only in continuous spaces. In order to solve
binary-coded combinatorial optimization problems with

PSO several binary versions of this algorithm have been
proposed. Binary PSO (BPSO) proposed by Kennedy and
Eberhart extends the original PSO algorithm using a sigmoid
function (or S-shaped transfer function) to map real numbers
to bits [5]. In [6] a new BPSO that uses V-shaped transfer
function is proposed (VBPSO). The results from [6] show
that VBPSO outperforms the original BPSO and other BPSO
variants with other transfer functions. Differential evolution
(DE) [7, 8] is a population-based stochastic global optimization algorithm, which has been used in several real world
engineering problems. Several DE variants or strategies exist.
Oppositional differential evolution (ODE) [9] is a DE variant
based on opposition-based learning (OBL) [10] concepts.
Harmony Search (HS) [11] is an evolutionary algorithm
which is inspired by the way that musicians experiment and
change the pitches of their instruments to improvise better
harmonies. HS has been applied successfully to antenna array
synthesis problems [12, 13]. Ant Colony Optimization (ACO)
is a population-based metaheuristic introduced by Dorigo
et al. [14] and inspired by the behavior of real ants. The
authors in [4, 15] have used ACO for thinned array design.
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Biogeography-Based Optimization (BBO) [16] is an EA
based on mathematical models that describe how species
migrate from one island to another, how new species arise,
and how species become extinct. The way the problem
solution is found is analogous to nature’s way of distributing
species. Ma in [17] showed that sinusoidal migration models
generally outperform linear migration models like the one
in original BBO algorithm. The authors in [18] extend the
migration model performance analysis and they propose two
nonlinear migration models, which they call model 7 and
model 8. BBO has been applied to design problems in electromagnetics, including Yagi-Uda synthesis [19], microstrip
antenna design [20, 21], and antenna array synthesis [22–24].
The purpose of this paper is to use BBO with different
migration models in order to design large thinned arrays.
To the best of our knowledge this is the first time that BBO
with other than the linear migration mode is applied to an
antenna design problem. This paper contributes to compare
performance of several state-of-the-art EAs to high dimensional thinned array design problems. Additionally the paper
contributes so that the design cases presented in this paper
could also be used as a framework of benchmark functions
for testing evolutionary algorithms to large array design
problems. More specifically, we compare the original BBO
linear migration model with the sinusoidal model [17], model
7, and model 8 [18], two BPSO variants, binary HS, ODE, and
ACO. We apply the algorithms to five different design cases of
linear and planar arrays. A comparative study of BBO variants
performance on benchmark functions is also given. Moreover, a study of the influence on the BBO performance of
the boundary constraint handling method is also presented.
To the best of our knowledge this is the first time that such
study is carried out on BBO in general. Numerical results
show that BBO with sinusoidal migration model generally
performs better than or equally with the other migration
models. Additionally it performs better than the original BBO
algorithm in terms of solution accuracy. Additionally, results
show VBPSO outperforms the initial BPSO algorithm; however its performance is inferior to that of the BBO algorithms.
This paper is organized as follows. We describe the
problem formulation in Section 2. A brief description of the
EAs used in this paper is given in Section 3. In Section 4 we
present the numerical results. Finally, the conclusion is given
in Section 5.

For a symmetrically excited array (1) becomes
𝑀

AF (𝑢, 𝐼) = 2 ∑ 𝐼𝑛 cos [
𝑛=1

2𝜋
𝑑𝑛𝑢] + 𝐼0 ,
𝜆

(2)

where 𝑀 = ⌊𝑁/2⌋ is the largest integer less than or equal to
𝑁/2. For an even number of elements 𝐼0 = 0, and for an odd
number of elements we set 𝐼0 = 1. We assume that 𝑑 = 0.5𝜆
for all cases. The fill factor percentage is the percentage of
the ratio of the turned “on” elements to the total number
of elements. The optimization goal is the peak sidelobe
level (SLL) suppression by finding the optimum element
amplitudes. This design problem is therefore defined by the
minimization of the objective function:
𝐹1 (𝑢, 𝐼) = max {AFdB (𝑢, 𝐼)} ,

(3)

𝑢∈𝑆𝑢

where 𝑆𝑢 is the set of direction cosines that are outside the
angular range of the main lobe.
Additionally, we study the effect of maintaining the same
aperture length as the original uniform array for this case. We
therefore force the first and the last element to be one (turned
on).
To test the algorithms ability to design planar thinned
arrays we consider a 2𝑁 × 2𝑀 planar array, which lies on the
𝑥-𝑦 plane. The array factor of such an array is given by
𝑀

𝑁

AF (𝑢, V, 𝐼) = 4 ∑ ∑ 𝐼𝑛𝑚 cos [𝜋 (2𝑚 − 1) 𝑑𝑦 𝑢]
𝑚=1 𝑛=1

(4)

⋅ cos [𝜋 (2𝑛 − 1) 𝑑𝑥 V] ,
where 𝑑𝑥 , 𝑑𝑦 are the distance between two adjunct elements
in the 𝑥 and 𝑦 direction, respectively, and 𝑢 = sin 𝜗 cos 𝜙,
V = sin 𝜗 sin 𝜙 are the direction cosines.
The optimization goal here is the sidelobe level (SLL)
suppression at two different phi-planes (𝜙 = 0∘ , 𝜙 = 90∘ )
for a desired fill factor percentage. This design problem is
expressed by the minimization of the objective function:
𝜙=0∘

𝜙=90∘

𝐹2 (𝐼) = max {PSLLdB , PSLLdB
𝜙=0∘

},

(5)

𝜙=90∘

where PSLLdB , PSLLdB are the calculated peak sidelobe
levels at 𝜙 = 0∘ and 𝜙 = 90∘ planes, respectively.

2. Formulation

3. Optimization Algorithms

We consider an 𝑁-element linear array of isotropic elements.
The array factor is expressed as

3.1. Binary PSO. The binary PSO (BPSO) model was presented by Kennedy and Eberhart and is based on a very simple
modification of the real-valued PSO [5]. In binary PSO, the
particle positions belong to a 𝐷-dimensional binary space (bit
strings of length 𝐷), while the particle velocities remain realvalued.
The 𝑛th coordinate of each particle’s position is a bit,
whose state is given by

𝑁

AF (𝑢, 𝐼) = ∑ 𝐼𝑛 𝑒𝑗(2𝜋/𝜆)𝑛𝑑𝑢 ,

(1)

𝑛=1

where 𝜆 is the wavelength, 𝐼𝑛 is the complex excitation of
the 𝑛th element, 𝐼 is the corresponding vector of element
amplitudes, 𝑑 is distance between two adjacent elements,
𝑢 = sin(𝜗) is the direction cosine, and 𝜗 is the steering angle
measured from broadside of the array. In the thinned array
case 𝐼𝑛 could be only 1 (turned “on”) or 0 (turned “off”).

{1 if rand[0,1] < 𝑇 (𝑢𝐺+1,𝑛𝑖 )
𝑥𝐺+1,𝑛𝑖 = {
0 otherwise,
{

(6)
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where rand[0,1] is a uniformly distributed random number in
[0, 1] and 𝑇(𝑥) is a sigmoid limiting transformation that maps
real numbers to the interval [0, 1]. Such a function is defined
by
𝑇 (𝑥) =

1
1 + 𝑒−𝑥

(7)

which defines S-shaped transfer function.
In [6] new BPSO variants that use V-shaped transfer
functions are proposed (VBPSO). The BPSO variant that
produces the best results according to [6] is that with a
transfer function expressed by
 2
𝜋 
𝑇 (𝑥) =  arctan ( 𝑥) .
2 
𝜋

(8)

3.2. Binary Harmony Search Algorithm. Harmony Search
(HS) [11] is an evolutionary algorithm which is inspired by
the way that musicians experiment and change the pitches
of their instruments to improvise better harmonies. The
main control parameter in HS is the Harmony Memory Size
(HMS), which determines the number of solutions (harmonies) inside the HM, and it is equivalent to population size in
another algorithms. Another HS parameter is the Harmony
Memory Consideration Rate (HMCR), which determines
whether pitches (decision variables) should be selected from
the HM or randomly from the predefined range. HMCR is
a number between 0 and 1. An additional control parameter
of HS is the Pitch Adjusting Rate (PAR), which determines
the probability of adjusting the original value of the selected
pitches from the HM.
3.3. Oppositional Differential Evolution. Differential evolution (DE) [7, 8] is a population-based stochastic global optimization algorithm, which has been used in several real world
engineering problems. Several DE variants or strategies exist.
One of the DE advantages is that very few control parameters
have to be adjusted in each algorithm run. In [9] a new DE
algorithm based on opposition-based learning (OBL) [10],
oppositional differential evolution (ODE), was introduced.
The basic idea of OBL is not only to calculate the fitness of the
current individual but also to calculate the fitness of the opposite individual. Then the algorithm selects the individual with
the lower (higher) fitness value. The benefits of using such a
technique are that convergence speed may be faster and better
approximation of the global optimum can be found. ODE
uses an additional control parameter to those of standard DE
called the jumping rate 𝑗𝑟 ∈ [0, 1], which controls in each
generation if the opposite population is created or not.
3.4. Ant Colony Optimization. Ant Colony Optimization
(ACO) [14, 25, 26] is a meta-heuristic inspired by the
ants’ foraging behavior. At the core of this behavior is
the indirect communication between the ants by means of
chemical pheromone trails, which enables them to find short
paths between their nest and food sources. Ants can sense
pheromone. When they decide to follow a path, they tend to
choose the ones with strong pheromone intensities way back
to the nest or to the food source. Therefore, shorter paths

would accumulate more pheromone than longer ones. This
feature of real ant colonies is exploited in ACO algorithms in
order to solve combinatorial optimization problems considered to be NP-Hard.
3.5. Biogeography-Based Optimization. The mathematical
models of biogeography are based on the work of Robert
MacArthur and Edward Wilson in the early 1960s. Using
this model, it was possible to predict the number of species
in a habitat. The habitat is an area that is geographically
isolated from other habitats. The geographical areas that are
well suited as residences for biological species are said to
have a high habitat suitability index (HSI). Therefore, every
habitat is characterized by the HSI which depends on factors
like rainfall, diversity of vegetation, diversity of topographic
features, land area, and temperature. Each of the features
that characterize habitability is known as suitability index
variables (SIVs). The SIVs are independent variables while
HSI is the dependent variable.
Therefore, a solution to a 𝐷-dimensional problem can
be represented as a vector of SIV variables [SIV1 , SIV2 , . . . ,
SIV𝐷], which is a habitat or island. The value of HSI of a
habitat is the value of the objective function that corresponds
to that solution and it is found by
HSI = 𝐹 (habitat) = 𝐹 (SIV1 , SIV2 , . . . , SIV𝐷) .

(9)

Habitats with a high HSI are good solutions of the
objective function, while poor solutions are those habitats
with a low HSI. The immigration and emigration rates are
functions of the rank of the given candidate solution. The
rank of the given candidate solution represents the number
of species in a habitat. These are given by the following:
(1) Linear migration model (original BBO):
𝜇𝑘 = 𝐸 (

𝑘
𝑆max

𝜆 𝑘 = 𝐼 (1 −

),
𝑘

𝑆max

(10)
).

(2) Sinusoidal migration model [17]:
𝜇𝑘 =

𝐸
𝑘𝜋
) + 1) ,
(− cos (
2
𝑆max

𝐼
𝑘𝜋
𝜆 𝑘 = (cos (
) + 1) .
2
𝑆max

(11)

(3) Model 7 [18]:
𝜇𝑘 = 𝐸 (

𝑘
𝑆max

4

) ,

𝐼
𝑘𝜋
𝜆 𝑘 = (cos (
) + 1) .
2
𝑆max

(12)
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(4) Model 8 [18]:
𝜇𝑘 = 𝐸 (

(7) Apply the mutation operator according to (14).
𝑘
𝑆max

16

(8) Sort the population according to the objective function value from best to worst.

) ,

𝐼
𝑘𝜋
𝜆 𝑘 = (cos (
) + 1) .
2
𝑆max

(13)

𝐼 is the maximum possible immigration rate, 𝐸 is the
maximum possible emigration rate, 𝑘 is the rank of the given
candidate solution, and 𝑆max is the maximum number of
species (e.g., population size). The rank of the given candidate
solution or the number of species is obtained by sorting
the solutions from most fit to least fit, according to the HSI
value (e.g., fitness). BBO uses both mutation and migration
operators. The application of these operators to each SIV in
each solution is decided probabilistically. The mutation rate 𝑚
of a possible solution 𝑆 is defined to be inversely proportional
to the solution probability and it is given by
1 − 𝑃𝑠
),
𝑚 (𝑆) = 𝑚max (
𝑃max

(14)

where 𝑃𝑠 is the probability that a habitat contains 𝑆 species and
𝑚max is a user-defined parameter. As with other evolutionary
algorithms, BBO also incorporates elitism. This is implemented with a user-selected elitism parameter 𝑝. This means
that the 𝑝 best phase vectors remain from one generation to
the other. The BBO algorithm is outlined below:
(1) Initialize the BBO control parameters. Map the problem solutions to habitats (vectors). Set the habitat
modification probability 𝑃mod , the maximum immigration rate 𝐼, the maximum emigration rate 𝐸,
the maximum migration rate 𝑚max , and the elitism
parameter 𝑝 (if elitism is desired).
(2) Initialize a random population of 𝑁𝑃 habitats from a
uniform distribution. Set the number of generations
𝐺 to one.
(3) Evaluate objective function values for each antenna
array of the population.
(4) Map the objective function value to the number of
species 𝑆, the immigration rate 𝜆 𝑘 , and the emigration
rate 𝜇𝑘 for each solution (antenna array) of the
population.
(5) Apply the migration operator for each nonelite habitat
based on immigration and emigration rates with the
one of the linear, sinusoidal, or nonlinear migration
models.
(6) Update the species count probability using

𝑆=0
1 ≤ 𝑆 ≤ 𝑆max − 1
𝑆 = 𝑆max .

(10) Repeat step (3) until the maximum number of generations 𝐺max is reached.

4. Numerical Results
4.1. Comparison with Test Functions. In order to evaluate the
different BBO migration models, first we use a set of test
problems from the literature. In this paper, the test problems
consist of eight well-known benchmark functions. We have
chosen two unimodal and six multimodal functions. These
are expressed as follows [27, 28].
(A) Unimodal Functions
(1) Sphere Function
𝐷−1

 
𝑥𝑗  ≤ 100, 𝑓1 (0, 0, . . . , 0) = 0.
 

𝑓1 (𝑥) = ∑ 𝑥𝑗2 ,
𝑗=0

(16)

(2) Rosenbrock’s Function
𝐷−2

2

2

𝑓2 (𝑥) = ∑ [100 (𝑥𝑗+1 − 𝑥𝑗2 ) + (𝑥𝑗 − 1) ] ,
𝑗=0

(17)

 
𝑥𝑗  ≤ 2.048, 𝑓2 (1, 1, . . . , 1) = 0.
 

(B) Multimodal Functions
(3) Ackley’s Function
1 1 𝐷−1
𝑓3 (𝑥) = −20 exp (− √ ∑ 𝑥𝑗2 )
5 𝐷 𝑗=0
− exp (

1 𝐷−1
∑ cos (2𝜋𝑥𝑗 )) + 20 + 𝑒,
𝐷 𝑗=0

(18)

 
𝑥𝑗  ≤ 32, 𝑓3 (0, 0, . . . , 0) = 0.
 

(4) Griewanks’s Function

𝑃̇ 𝑠
− (𝜆 𝑠 + 𝜇𝑠 ) 𝑃𝑠 + 𝜇𝑠+1 𝑃𝑠+1
{
{
{
{
= {− (𝜆 𝑠 + 𝜇𝑠 ) 𝑃𝑠 + 𝜇𝑠+1 𝑃𝑠+1 + 𝜆 𝑠−1 𝑃𝑠−1
{
{
{
{− (𝜆 𝑠 + 𝜇𝑠 ) 𝑃𝑠 + 𝜆 𝑠−1 𝑃𝑠−1

(9) Apply elitism by replacing the 𝑝 worst habitats of the
previous generation with the 𝑝 best ones.

𝐷−1

(15)

𝑓4 (𝑥) = ∑

𝑥𝑗2

𝑗=0 4000

𝐷−1

− ∏ cos (
𝑗=0

𝑥𝑗
√𝑗

),

 
𝑥𝑗  ≤ 600, 𝑓4 (0, 0, . . . , 0) = 0.
 

(19)
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Table 1: Comparative results for the test functions. The smaller values are in bold.
Migration model
Linear
Sinusoidal
Model 7
Model 8

Test function
𝑓1 (𝑥)
𝑓2 (𝑥)
𝑓3 (𝑥)
𝑓4 (𝑥)
𝑓5 (𝑥)
𝑓6 (𝑥)
𝑓7 (𝑥)
0±0
50.592 ± 26.042 0.133 ± 0.084 0.744 ± 0.295 0 ± 0 0.012 ± 0.033 0.200 ± 0.400
0.861 ± 0.552 29.844 ± 16.559 0.091 ± 0.090 0.725 ± 0.205 0 ± 0 0.003 ± 0.009 0.003 ± 0.010
0.893 ± 0.503 42.243 ± 23.893 0.201 ± 0.092 0.673 ± 0.142 0 ± 0 0.018 ± 0.023
0±0
0.767 ± 0.898 70.062 ± 33.001 0.131 ± 0.081 0.701 ± 0.250 0 ± 0 0.004 ± 0.014
0±0

(5) Weierstrass Function
𝐷−1

𝑘max

𝑗=0

𝑘=0

𝑓8 (𝑥)
3.934 ± 2.437
2.561 ± 1.894
4.144 ± 3.704
3.209 ± 2.088

Table 2: Average algorithm rankings obtained by Friedman test.

𝑓5 (𝑥) = ∑ ( ∑ [𝑎𝑘 cos (2𝜋𝑏𝑘 (𝑥𝑗 + 0.5))])
𝑘max

− 𝐷 ( ∑ [𝑎𝑘 cos (𝜋𝑏𝑘 )]) ,

(20)

Algorithm
Linear
Sinusoidal
Model 7
Model 8

Average ranking
2.94
1.94
2.88
2.25

𝑘=0

 
𝑎 = 0.5, 𝑏 = 3, 𝑘max = 20 𝑥𝑗  ≤ 0.5, 𝑓5 (0, 0, . . . , 0) = 0.

(6) Rastrigin’s Function
𝐷−1

𝑓6 (𝑥) = ∑ [𝑥𝑗2 − 10 cos (2𝜋𝑥𝑗 ) + 10] ,
𝑗=0

(21)

 
𝑥𝑗  ≤ 5.12, 𝑓6 (0, 0, . . . , 0) = 0.
 

(7) Noncontinuous Rastrigin’s Function
𝐷−1

𝑓7 (𝑥) = ∑ [𝑦𝑗2 − 10 cos (2𝜋𝑦𝑗 ) + 10] ,
𝑗=0

𝑥
{
{ 𝑗
𝑦𝑗 = { round (2𝑥 )
𝑗
{
{
2

 
𝑥𝑗  < 0.5
 

(22)

 
𝑥𝑗  ≥ 0.5
 

for 𝑗 = 0, 1, . . . , 𝐷 − 1, 𝑓7 (0, 0, . . . , 0) = 0.
(8) Schwefel’s Function
𝐷−1

 1/2
𝑓8 (𝑥) = 418.9829 × 𝐷 − ∑ [𝑥𝑗 sin (𝑥𝑗  )] ,
𝑗=0

(23)

 
𝑥𝑗  ≤ 500, 𝑓8 (420.96, 420.96, . . . , 420.96) = 0.
 

All algorithms are executed 50 times. The results are compared. The population size is set to 100 and the maximum
number of generations is set to 2000 iterations. The problems
dimension is set to 𝐷 = 30. For all migration models the
habitat modification probability, 𝑃mod , is set to 1, and the
maximum mutation rate, 𝑚max , is set equal to 0.005. The
maximum immigration rate 𝐼 and the maximum emigration
rate 𝐸 are both set to one. The elitism parameter 𝑝 is set to two.
Table 1 reports the comparative results in terms of mean and

standard deviation values. We notice that BBO with the sinusoidal migration model performs better in 5 out of the 8 test
functions. Moreover, in order to compare the algorithms performance on all problems, we have conducted the Friedman
test [29]. Table 2 shows the average ranking of all algorithms.
The highest ranking is shown in bold. It is obvious that the
best average ranking was obtained by the BBO with sinusoidal
migration model which outperforms the other models.
4.2. Comparison with Array Thinning Problems. We compare
the four BBO migration models’ performance with the two
BPSO variants, BHS, ODE, and ACO on different thinned
array design cases. All algorithms are executed 20 times. The
results are compared. The population size is set to 200 and
the maximum number of generations is set to 1000 iterations.
For all migration models the habitat modification probability,
𝑃mod , is set to 1, and the maximum mutation rate, 𝑚max , is
set equal to 0.005. The maximum immigration rate 𝐼 and the
maximum emigration rate 𝐸 are both set both to one. The
elitism parameter 𝑝 is set to two. In both BPSO algorithms
the learning factors 𝑐1 , 𝑐2 are both set equal to two, and inertia
weight 𝑤 is linearly decreased from 0.9 to 0.4 as in [6]. For
BHS the HMCR is set to 0.99 and the PAR is set to 0.4. For
ODE 𝐹 = 0.5, CR = 0.9, and the jumping rate is set to 0.3.
For ACO the initial pheromone value 𝜏0 is set to 1.0𝑒 − 6, the
pheromone update constant 𝑄 is set to 20, the exploration
constant 𝑞0 is set to 1, the global pheromone decay rate 𝜌𝑔 is
0.9, the local pheromone decay rate 𝜌𝑙 is 0.5, the pheromone
sensitivity 𝛼 is 1, and the visibility sensitivity is 𝛽 is 5.
The first case is that of a symmetrically excited 300element linear array. The total number of unknowns for
this case is 150. Table 3 reports the comparative results. We
notice that the sinusoidal model and the model 7 seem to
outperform the other algorithms. Both models have obtained
the same best value. Both BPSO variants perform worse than
the BBO algorithms. ACO and VBPSO perform similarly. The
convergence rate graph for this case is depicted in Figure 1. All
BBO models seem to converge at similar speed faster than the
other algorithms. The VBPSO converges faster than BPSO.
It must be pointed out that the BBO algorithms converge
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Migration model
Linear
Sinusoidal
Model 7
Model 8
VBPSO
BPSO
BHS
ODE
ACO

−18

Best
−24.54
−24.67
−24.67
−24.44
−24.32
−21.10
−24.10
−24.06
−24.20

Worst
−24.24
−24.17
−24.27
−23.51
−23.67
−19.88
−22.79
−23.30
−23.93

Mean
−24.43
−24.41
−24.43
−24.11
−24.05
−20.35
−23.61
−23.76
−24.06

St. dev.
0.096
0.146
0.110
0.243
0.175
0.326
0.431
0.203
0.084

Avg. cost function

Table 3: Comparative results for 300-element symmetric thinned
array. The smaller values are in bold.

−20

−22

−24
0

Table 4: Comparative results for 300-element symmetric thinned
array with same aperture size. The smaller values are in bold.
Best
−24.45
−24.59
−24.70
−24.56
−24.41
−21.50
−24.16
−24.30
−23.36

Worst
−24.06
−24.30
−24.27
−23.64
−23.97
−20.52
−22.90
−23.51
−22.76

Mean
−24.32
−24.45
−24.41
−24.18
−24.22
−20.95
−23.79
−23.91
−23.16

St. dev.
0.112
0.087
0.127
0.257
0.141
0.281
0.413
0.231
0.171

at their final value at less than 300 iterations. The radiation
pattern of the best obtained result is shown in Figure 2. The
best array found is filled 72% and has a peak SLL of −24.67 dB.
Additionally, we study the effect of maintaining the same
aperture length as the original uniform array for this case. We
therefore force the first and the last element to be one (turned
on) for a design case. The comparative results for this case
are shown in Table 4. The sinusoidal model presents the best
performance except the best value found where the model 7
outperforms the others. VBSO is completive with the BBO
algorithms for this case and achieves better performance than
BBO with model 8. ODE performs better than ACO and BHS
for this case. Figure 3 shows the convergence rate for this
case. It is obvious that all BBO algorithms converge at similar
speeds, while the PSO algorithms converge slower. The best
obtained radiation pattern is shown in Figure 4. The obtained
peak SLL value is −24.70 dB slightly smaller than the previous
case. The array filling percentage is again 72%. We notice that
there is not a significant difference if we choose an array without constraints or with the same aperture size for this case.
Next, we consider asymmetric array designs in which the
problem dimension is 300. Therefore, we evaluate the algorithms ability to solve high dimensional problems. It must
be pointed out that although the number of unknowns has
doubled compared with the symmetric case the population
size and iterations remain the same as previously. Therefore,
the level of difficulty increases for all algorithms. Table 5
reports the comparative results for this case. The algorithms

VBPSO
BHS
ODE
ACO

Linear model
Sinusoidal model
Model 7
Model 8
BPSO

Figure 1: Convergence rate graph for the 300-element symmetric
thinned array case.
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Figure 2: Radiation pattern of the best obtained array for the 300element symmetric thinned array.

performance differences are clearer in this case. It is obvious
that the sinusoidal model clearly outperforms the others in
this case. The results obtained by model 7 and linear model
are quite similar in this case. The VBPSO results are better
again than BPSO, BHS, ODE, and ACO but worse than the
BBO algorithms. Figure 5 shows the convergence rate graph
for this case. Model 7 seems to convergence slightly faster
than the other algorithms. The radiation pattern of the best
obtained array is shown in Figure 6. The obtained array SLL
is −26.11 dB and the fill percentage is about 72%.
In order to further evaluate the algorithms performance
we choose again an asymmetric array case with the same
aperture length. Table 6 holds the comparative results. The
results show that sinusoidal model clearly outperforms the
other algorithms. We notice that VBPSO and BPSO results
are worse than the BBO algorithms. BHS is completive with
the VBPSO algorithm for this case. The convergence rate
graph of Figure 7 shows that models 7 and 8 converge slightly
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Figure 4: Radiation pattern of the best obtained array for the 300element symmetric thinned array with same aperture length.
Table 5: Comparative results for 300-element asymmetric thinned
array. The smaller values are in bold.
Migration model
Linear
Sinusoidal
Model 7
Model 8
VBPSO
BPSO
BHS
ODE
ACO

Best
−26.03
−26.11
−26.05
−25.57
−24.98
−20.83
−25.32
−24.88
−22.10

Worst
−25.65
−25.73
−25.58
−24.21
−23.49
−19.98
−24.63
−23.51
−21.55

Mean
−25.83
−25.88
−25.82
−25.13
−24.36
−20.32
−25.02
−24.19
−21.83

St. dev.
0.119
0.110
0.146
0.362
0.468
0.228
0.214
0.424
0.187

faster than the linear and the sinusoidal model for this case.
Again it is obvious that the BBO algorithms require fewer
iterations than the other algorithms in order to reach the
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Figure 5: Convergence rate graph for the 300-element asymmetric
thinned array.
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Figure 3: Convergence rate graph for the 300-element symmetric
thinned array case with same aperture size.
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Figure 6: Radiation pattern of the best obtained array for the 300element asymmetric thinned array.

Table 6: Comparative results for 300-element asymmetric thinned
array with same aperture size. The smaller values are in bold.
Migration model
Linear
Sinusoidal
Model 7
Model 8
VBPSO
BPSO
BHS
ODE
ACO

Best
−25.97
−26.08
−25.87
−25.67
−24.90
−20.80
−25.58
−24.92
−21.91

Worst
−25.58
−25.77
−25.60
−24.46
−22.54
−19.87
−23.92
−23.44
−21.63

Mean
−25.78
−25.91
−25.76
−25.07
−23.92
−20.21
−24.76
−24.26
−21.77

St. dev.
0.113
0.107
0.081
0.383
0.658
0.276
0.633
0.522
0.008

final values. Figure 8 presents the radiation pattern of the
best obtained array. The peak SLL is −26.08 dB and the filling
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Figure 7: Convergence rate graph for the 300-element asymmetric
thinned array with same aperture size.
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Figure 9: Convergence rate graph for the planar thinned array
design case.
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Table 7: Comparative results for 1000-element planar thinned array.
The smaller values are in bold.
Migration model
Linear
Sinusoidal
Model 7
Model 8
VPBSO
BPSO
BHS
ODE
ACO

Best
−32.34
−33.85
−33.44
−32.30
−31.55
−21.87
−31.96
−24.63
−25.19

Worst
−30.80
−30.11
−31.15
−29.34
−28.44
−20.89
−27.78
−22.90
−23.98

Mean
−31.38
−32.13
−32.27
−30.55
−29.55
−21.27
−29.84
−23.40
−24.58

St. dev.
0.421
1.076
0.710
0.899
1.107
0.311
1.290
0.454
0.346

Figure 8: Radiation pattern of the best obtained array for the 300element asymmetric thinned array with same aperture length.

percentage is 73%. Again the results are quite similar with the
previous case with the peak SLL slightly higher than previous.
The final example is that of planar thinned array. We
consider a 50×20 planar array. All elements are equally spaced
along 𝑥- and 𝑦-axis at half-wavelength distance. Again, a
population of 200 vectors is selected for all algorithms. The
total number of generations is set to 500. Table 7 holds the
comparative results for the planar array case. The sinusoidal
model obtains the best value. However, the model 7 results
are better than the results of the other algorithms models in
terms of best mean value. The convergence rate graph for
this case is shown in Figure 9. The BBO algorithms seem to
converge at similar speed, faster than the other algorithms.
The 3D radiation pattern of the best obtained array is shown
in Figure 10(a). Figure 10(b) shows the array pattern at the two
phi-planes. For 𝜙 = 0∘ the PSLL is −33.96 dB while for 𝜙 = 90∘
the PSLL is −33.85 dB. The filling percentage is 47.6%.

Overall BBO with sinusoidal model has been ranked first
regarding mean and standard deviation values in 3 out of
the 5 array design cases presented. Additionally, BBO with
sinusoidal model in 4 out of the 5 design cases produced
the best result. The results obtained by the BBO with model
7 outperformed the linear model in 2 out of the 5 cases.
In all cases BBO with migration model 8 seems to perform
worse than the other models. The VBPSO has outperformed
the original BPSO in all cases and the BBO with migration
model 8 in 2 out of the 5 cases. In order to compare the
algorithms performance on all problems, we have conducted
the Friedman test [29]. Table 8 shows the average ranking
of all algorithms. The highest ranking is shown in bold. It
is obvious that the best average ranking was obtained by the
BBO with sinusoidal migration model which outperforms the
other algorithms. VBPSO and BHS perform similarly, while
ODE outperforms ACO.
Similar to the other evolutionary algorithms (EAs) such
as differential evolution (DE), Harmony Search (HS), and
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4.3. Boundary Conditions Constraint Handling Methods
Study. In this subsection, we apply different boundary conditions handling methods for the BBO with the sinusoidal
model in order to find if the settings used in the previous sections could be improved. The boundary constraint handling
methods that we will test include the following [31, 32].

Planar array
N = 1000 elements
Filled 47.6%

−10
−20

𝜙 = 0∘ max SLL = −33.96 dB
𝜙 = 90∘ max SLL = −33.85 dB

−30
−40

(1) Reflection Method

−50
−60

directly their attributes using the migration models. These
differences can make BBO outperform other algorithms
[16, 17, 30]. It must be pointed out that if PSO or DE are
constrained to discrete space then the next generation will
not necessarily be discrete [30]. However, this is not true
for BBO; if BBO is constrained to a discrete space then the
next generation will also be discrete to the same space. As
the authors in [30] suggest this indicates that BBO could
perform better than other EAs on combinatorial optimization
problems, which makes BBO suitable for application to the
antenna array thinning problems.
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Figure 10: Best obtained 1000-element planar array (a) 3D radiation
pattern of the (b) far-field patterns at 𝜙 = 0∘ and 𝜙 = 90∘ planes.
Table 8: Average algorithm rankings obtained by Friedman test.
Algorithm
Linear
Sinusoidal
Model 7
Model 8
VBPSO
BPSO
BHS
ODE
ACO

Average ranking
2.1
1.8
2.1
4.4
5.8
8.8
5.8
6.6
7.2

Particle Swarm Optimization (PSO), in the BBO approach
there is a way of sharing information between solutions
[16]. This feature makes BBO suitable for the same types
of problems that the other algorithms are used for, namely,
high dimensional data. Additionally, BBO has some unique
features that are different from those found in the other
evolutionary algorithms. For example, quite different from
DE and PSO, from one generation to the next the set of
the BBO’s solutions is maintained and improved using the
migration model, where the emigration and immigration
rates are determined by the fitness of each solution. BBO
differs from PSO in the fact that PSO solutions do not change
directly; the velocities change. The BBO solutions share

{2𝑥𝐿,𝑗 − 𝑥𝑗
𝑥𝑗V = {
2𝑥 − 𝑥𝑗
{ 𝑈,𝑗

if 𝑥𝑗 < 𝑥𝐿,𝑗
if 𝑥𝑗 > 𝑥𝑈,𝑗 ,

(24)

where 𝑥𝑗V is a valid value, 𝑥𝑗 is the value which violates the
bound constraint, and 𝑥𝐿,𝑗 and 𝑥𝑈,𝑗 are the lower and upper
bounds for the 𝑗th variable, respectively.
(2) Projection Method
{𝑥𝐿,𝑗
𝑥𝑗V = {
𝑥
{ 𝑈,𝑗

if 𝑥𝑗 < 𝑥𝐿,𝑗
if 𝑥𝑗 > 𝑥𝑈,𝑗 .

(25)

In this case, the variables that violate the bound constraints are trimmed to the lower and upper bounds, respectively.
(3) Reinitialization by Position. In this case each variable that
violates the constraints is randomly reinitialized with
𝑥𝑗V = rand𝑗[0,1] (𝑥𝑈,𝑗 − 𝑥𝐿,𝑗 ) + 𝑥𝐿,𝑗 ,

(26)

where rand𝑗[0,1] is a uniformly distributed random number
between 0 and 1.
(4) Reinitialize All. In this case, if at least one of the solution
variables violates the boundaries, a complete new vector is
generated within the allowed boundaries using (26).
(5) Conservatism. This technique was proposed to work
particularly with DE. In this case, the infeasible solution is
rejected and it is replaced by the original feasible vector.
The test function we use in all cases is a symmetrically
thinned array with 100 elements. We run each case for 50
independent trials for each different boundary condition
setting. The population size is set to 200 and the number of
iterations to 1000. The best value, the worst value, the mean,
and the standard deviation at the last generation are presented
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Table 9: Comparative results using different boundary conditions
constraint handling methods. The smaller values are in bold.
Boundary condition
Projection
Reflection
Reinitialization
Reinitialize all
Conservatism

Best
−21.11
−21.02
−21.28
−21.08
−21.33

Worst
−20.50
−20.41
−20.49
−20.41
−20.38

Mean
−20.80
−20.77
−20.76
−20.73
−20.78

St. dev.
0.138
0.143
0.155
0.159
0.189

here. Table 9 holds the comparative results for all methods.
We notice that the projection method in this case has
obtained the best mean, worst, and standard deviation values.
The conservatism method has obtained the best objective
function value. The mean value results for all methods are
close, while the best obtained values seem to differ.

5. Conclusion
In this paper, we have addressed the problem of designing
thinned arrays using the BBO algorithm. We have compared
performance of four different BBO migration models with
other popular EAs. The results showed that BBO with
sinusoidal model is highly competitive for the array thinning
problem. BBO with sinusoidal model outperformed the
other migration models in general. All the BBO algorithms
converge faster and produce better results than the other
algorithms. However, these results are considered to be
indicative and cannot be generalized in all array design
problems. Further tests should be carried out to test the
BBO performance on other array design problems. The BBO
algorithm is a powerful and efficient optimizer especially in
combinatorial optimization problems. In our future work, we
will study further the performance of BBO migration models
to different antenna design problems.
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This paper presents a design of UAVs-based 3D antenna arrays for a maximum performance in terms of directivity and side lobe
level (SLL). This paper illustrates how to model the UAVs formation flight using 3D nonuniform antenna arrays. This design of
3D antenna arrays considers the optimization of the positions of the antenna elements to model the UAVs formation flight. In this
case, a disk patch antenna is chosen to be used as element in each UAV. The disk patch antenna is formulated by the well-known
cavity model. The synthesis process is carried out by the method of Differential Evolution for Multiobjective Optimization (DEMO).
Furthermore, a comparison of the performance of 3D nonuniform antenna arrays is provided with respect to the most conventional
arrays (circular, planar, linear, and the cubic) for UAVs formation flight.

1. Introduction
Unmanned Aerial Vehicles (UAVs) embrace applications of
Precision Formation Flying (PFF) [1–3] in civil and military
usages. Military users such as tactical units on patrol missions
can apply micro UAVs for intelligence, surveillance, and
reconnaissance tasks. UAVs own the capability of coordinated
area surveillance. In civil applications UAVs are used in
agricultural practices, police surveillance, pollution control,
environment monitoring, and fighting fires [1, 3].
The main problem presented in UAVs applications is the
limited range of operation for signal and power consumption.
Many applications consider an omnidirectional antenna for
UAVs communications. In this case, guaranteed quality
communication is required to support formation control and
a nonstop process of tracking and maintaining a chosen
geometric shape [2]. The way to find a better communication
is by utilizing antenna arrays. However, equipping UAVs with
antenna arrays is impractical. This is because antenna arrays
need a lot of space and energy consumption.

A possible solution to this problem would be to form an
antenna array whose elements are the antennas on each of
the UAVs in the cluster. In this situation, the UAVs would
first share the information to be transmitted among each
other and then perform data aggregation, compression, and
additional processing such as feature extraction to condense
the data as much as possible [4]. Following the additional
processing, the UAVs would fly into a formation conducive
to good array performance and then transmit together, using
electromagnetic interference to focus their limited power in
the direction of the intended receiver [4]. Not only does this
have the advantage of combining their transmitted power, but
it also improves the situation further by sending more of this
power in the direction of the receiver, causing less waste. This
property of antenna systems, called directivity, is the primary
reason, beyond inefficiencies of very small antennas, why an
antenna with large spatial extent has an advantage over a
smaller one [4].
The idea of forming an antenna array from several
vehicles has been explored in [4, 5]. However, a performance
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evaluation of the problem for UAVs, including an analysis of
the expected performance in UAVs-based antenna arrays for
a maximum performance in terms of directivity and side lobe
level, is lacking.
The UAVs formation flight could be modeled by using
a chosen geometric shape such as a linear array, a planar
array, and a 3-dimensional array. Linear [6, 7] and planar
[8, 9] antenna arrays are the most studied and applied.
However, the UAVs formation flight could maintain any
geometric shape in space; that is, UAVs could take advantage
from a 3D antenna array considering optimal positions
for UAVs formation flight in order to have a maximum
performance in terms of directivity and enlarging the range
of operation. Communications at long range for UAVs could
be improved by considering optimal positions for UAVs in a
3D nonuniform array (as flight formation group).
This paper presents a design of UAVs-based 3D antenna
arrays for a maximum performance in terms of directivity
and side lobe level (SLL). This paper illustrates how to
model the UAVs formation flight using 3D nonuniform
antenna arrays. This design of 3D antenna arrays considers
the optimization of the positions of the antenna elements to
model the UAVs formation flight. In this case, a disk patch
antenna is chosen to be used as element in each UAV. The
disk patch antenna is formulated by the well-known cavity
model [10]. The synthesis process is carried out by the method
of Differential Evolution for Multiobjective Optimization
(DEMO) [11–13].
Furthermore, a comparison of the performance of 3D
nonuniform antenna arrays is provided with respect to the
most conventional arrays (circular, planar, linear, and the
cubic) for UAVs formation flight.
The remainder of the paper is organized as follows.
Section 2 states the antenna array design problem we are
dealing with. Section 3 describes the evolutionary multiobjective optimization algorithm employed. Section 4 presents
and discusses the simulation results. Finally, the summary
and conclusions of this work are presented in Section 5.

2. Problem Statement
Consider a 3D antenna array of elements nonuniformly
spaced on the space coordinates 𝑥𝑦𝑧, as shown in Figure 1.
Please note that the radiation pattern is formed by each disk
patch of each UAV. The radiation pattern for this array is given
by [10]
𝑃 (𝜃, 𝜙) = 𝐺 (𝜃, 𝜙) 𝐴𝐹 (𝜃, 𝜙) ,
𝑁𝐴

𝐴𝐹 (𝜃, 𝜙) = ∑ 𝐼𝑛 𝑒𝑗[𝑘(𝑥𝑛 sin 𝜃 cos 𝜙+𝑦𝑛 sin 𝜃 sin 𝜙+𝑧𝑛 cos 𝜃)] ,

(1)

𝑛=1

where 𝜆 is the signal wavelength; 𝑘 = 2𝜋/𝜆 is the phase
constant; 𝜃 is the angle of a plane wave in the elevation plane;
𝜙 is the angle of a plane wave in the azimuth plane; (𝑥𝑛 , 𝑦𝑛 , 𝑧𝑛 )
represents the space coordinates of antenna element 𝑛,
and (𝑥𝑛 , 𝑦𝑛 , 𝑧𝑛 ) is given by the separation between antenna
elements.

z
𝜃

y

𝜙
x

Figure 1: UAVs-based 3D antenna array with nonuniform spacing.

The 𝐺(𝜃, 𝜙) term is the element pattern of a disk
patch antenna modeled by the cavity model as follows
[10]:
𝐸𝜙 = cos 𝜃 sin 𝜙 [𝐽0 (𝑘𝑎 sin 𝜃) + 𝐽2 (𝑘𝑎 sin 𝜃)] ,
𝐸𝜃 = cos 𝜙 [𝐽0 (𝑘𝑎 sin 𝜃) − 𝐽2 (𝑘𝑎 sin 𝜃)] ,

(2)

𝐺 (𝜃, 𝜙) = √𝐸𝜃 2 + 𝐸𝜙 2 .
The terms 𝐸𝜃 and 𝐸𝜙 are the normalized pattern components at the fundamental mode 𝑇𝑀11 of each disk patch
antenna via the well-known cavity model, where 𝑎 is the
radius of the patch at the resonance frequency. 𝐽0 and 𝐽2
are Bessel functions of the zero and second order, respectively.
The antenna elements installed in UAVs will be of low
directivity with omnidirectional pattern. However, the radiating characteristics of the array will prevail. This is because
the relative position of the different UAVs defines the steering
vector not the antenna elements. Comparing the individual
pattern of each UAV considering coupling with the UAV
structure (electric motors or electronics) could be hard work
and basis for another study or paper and could be integrated
with the results of this research.
The idea of this paper is to demonstrate the possibility
of generating 3D arrays able to focus their limited power in
the direction of the intended receiver. In this case, the cavity
model is well suited for circular patches.
A full wave analysis would require an antenna model
and a UAVs model taking a high volume into account for
simulating. This makes it difficult for any method. A full wave
simulation considering the antenna model and a UAVs model
could be integrated with the results of this research. However,
this is out of the scope of this paper.
The amplitude excitations are set to be equal in the
array; that is, uniform amplitude excitation is utilized. In
this case, the positions of the antenna elements (𝑥𝑛 , 𝑦𝑛 , 𝑧𝑛 )
or (UAVs positions) are given by the separation between
antenna elements in the axes 𝑥, 𝑦, and 𝑧.
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Therefore, the decision variables for this design problem
are the positions of the antenna elements arranged in three
vectors of real numbers as follows:
x = [𝑥1 , . . . , 𝑥𝑛 , . . . , 𝑥𝑁𝐴 ] ,
y = [𝑦1 , . . . , 𝑦𝑛 , . . . , 𝑦𝑁𝐴 ] ,

(3)

z = [𝑧1 , . . . , 𝑧𝑛 , . . . , 𝑧𝑁𝐴 ] .
The objective functions of this design problem can be formulated as follows:
𝑓1 = SLLmax (x, y, z) ,
𝑓2 =

(4)

1
,
DIR (x, y, z)

where SLLmax is the maximum side lobe level attained in 𝜙 =
[0, 2𝜋] and 𝜃 = [0, 𝜋] and DIR represents the directivity of
the radiation pattern. The directivity of the radiation pattern
is given by the next expression [13]:
DIR =

4𝜋𝑃 (𝜃, 𝜙)max

.

3. The Multiobjective Evolutionary
Optimization Algorithm
The optimization process is carried out by the DEMO
algorithm due to its effectiveness in antenna arrays design
[12]. DEMO is an optimization approach based on the classical method of Differential Evolution (DE) [14] combined
with the mechanisms of Pareto-based ranking and crowding
distance sorting, employed in the literature of evolutionary
algorithms for multiobjective optimization.
In order to resolve the proposed synthesis design problem, the DEMO algorithm was selected based on the performance comparison of NSGA-II [15], EM-MOPSO [16], and
DEMO variants [11] made by Panduro et al. [12] for the design
of concentric rings antenna arrays. The results of that performance comparison showed that the variants of DEMO/parent
and DEMO/closest/dec found better nondominated solutions
than the other algorithms.
Please note that the authors do not claim that DEMO is
the best algorithm for this design problem. The finding of the
best optimization algorithm for designing an antenna array
remains as an open problem.
The used DEMO/parent is described as follows [11]:

(5)

(1) Evaluate the initial population P of random individuals.

Based on these definitions the objective functions can be
written as the minimization of the maximum side lobe level
(𝑓1 ), and in the second component it is the maximization of
the directivity (𝑓2 ). Then the problem can be formulated as

(2) While stopping criterion is not met, do the following:

𝜋,2𝜋

∬𝜃=0,𝜙=0 𝑃 (𝜃, 𝜙) sin 𝜃 𝑑𝜃 𝑑𝜙

Minimize

(𝑓1 , 𝑓2 )

Subject to

x, y, z ∈ Λ,

(6)

where Λ contains values of x, y, and z to avoid a possible UAVs
crash on the array. In this case, to avoid a possible UAVs crash
on the array, the minimal Euclidean distance between each
pair of UAVs is restricted to 2 𝜆 on a cubic space of 10 𝜆. The
relations between the decision variables x, y, and z with 𝑓1 , 𝑓2
are not trivial, but highly nonlinear.
Since the UAVs formation flight could maintain any
geometric shape in space, the beam steering of the 3D antenna
array is not considered in this design problem; that is, the
natural response of the array is considered to be optimized.
Shadowing effect in a 3D antenna array is highly probable
to occur as UAVs not collocated in the same plane will be
affected by the UAVs located in the planes below looking in
the horizon of the array. Also diffraction will occur in both the
UAVs directly affecting the installed element pattern (with
the possibility of a flower pattern with zeros in the visible
region under certain conditions) and from UAVs that are on
the horizon of the UAV 3D array main beam. Diffraction
and reflection will create more problems as they will give
arbitrary installed element patterns. The shadowing effect
would require a deeper study and could be integrated with
the results of this research.
The next section presents the multiobjective evolutionary
optimization algorithm to be applied to this design problem.

(a) for each individual 𝑃𝑖 (𝑖 = 1, . . . , popSize) from
P repeat:
(i) create candidate 𝐶 from 𝑃𝑖 ;
(ii) evaluate candidate;
(iii) if the candidate dominates the parent, the
candidate replaces the parent;
(iv) if the parent dominates the candidate, the
candidate is discarded. Otherwise, the candidate is added to the population;
(b) if the population has more than popSize individuals, truncate it by sorting the individuals with
nondominated sorting and then evaluating the
individuals of the same front with the crowding
distance metric;
(c) randomly enumerate the individuals in P.
For the candidate creation, the DE scheme DE/rand/1/bin
[11–13] is used, and the procedure for this scheme is described
as follows:
(1) Randomly select three individuals 𝑃𝑖1 , 𝑃𝑖2 , 𝑃𝑖3 from P,
where 𝑖, 𝑖1 , 𝑖2 , and 𝑖3 are pairwise different.
(2) Calculate candidate 𝐶 as 𝐶 = 𝑃𝑖1 +𝐹×(𝑃𝑖2 −𝑃𝑖3 ), where
𝐹 is a scaling factor.
(3) Modify the candidate by binary crossover with the
parent using a crossover probability of 𝑝𝑐 .
The immediate replacement of the parent individual with
the candidate that dominates it emphasises elitism within
reproduction. This provides a better convergence to the true
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Begin
Generate an initial population
𝒫 of size popSize
Evaluation of the population
i = 1; ITE = 1

Create candidate C from Pi
C = Pi1 + F × (Pi2 − Pi3 )
Apply crossover to C from Pi
with probability pc
Evaluation of candidate C
(Compute of1 and of2 )
C(of1 , of2 ) <
Pi (of1 , of2 )

Pi = C
i= i+1

C(of1 ) < Pi (of1 )
or
C(of2 ) < Pi (of2 )

Add C to 𝒫
i= i+1

Discard C
i= i+1

i > popSize

|𝒫| > popSize

Truncate 𝒫 to
|𝒫| = popSize
Randomly
enumerate
individuals of 𝒫
ITE = ITE + 1

ITE = total_ITE

End

Figure 2: Flow chart for the implemented DEMO/parent procedure.

Pareto front. And the use of nondominated sorting and
crowding distance metric in truncation of the extended population stimulates the uniform spread of solutions, finding as
diverse nondominated solutions as possible [11].
Therefore, the procedure of the DEMO/parent process
for our synthesis problem is described in Figure 2. Each
individual is in general represented by three vectors of real

numbers (positions of the antenna elements in the axes 𝑥,
𝑦, and 𝑧). The stopping criterion is on the total number of
iterations.
In this case, the initial solutions do not affect critically the
algorithm result. The interesting aspect of this system is that
if the synchronization of all elements is in phase, all the UAVs
can modify slightly their positions (within the feasible space)
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Figure 3: Final solution of the array factor obtained by DEMO/parent in comparison with respect to NSGA-II.

finding the necessary positions in points close to the initial
solutions.
The results of using this evolutionary multiobjective
optimization algorithm for the design of UAVs-based 3D
antenna arrays are described in the next section.

4. Simulation Results
The DEMO/parent was implemented to study the behavior
of the radiation pattern for UAVs-based 3D antenna arrays.
The behavior of the radiation pattern is analyzed for 𝑁𝐴 = 8
antennas. For this array configuration, the minimal Euclidean
distance between each pair of UAVs is restricted to 2 𝜆 on
a cubic space of 10 𝜆; that is, the positions of the antenna
elements are considered to be 0 𝜆 ≤ 𝑥𝑛 ≤ 10 𝜆, 0 𝜆 ≤
𝑦𝑛 ≤ 10 𝜆, 0 𝜆 ≤ 𝑧𝑛 ≤ 10 𝜆. The operation frequency is
2.4 GHz. Since the UAVs formation flight could maintain any
geometric shape in space, the beam steering of the 3D antenna
array is not considered in this design problem; that is, the
natural response of the array is considered to be optimized
in the cut of 𝜙 = 0∘ .
In the DEMO algorithm the value of 𝐹 is set to 0.5. The
stopping criterion is met when a number of iterations ITE =
1000 are reached. The crossover probability is set to 𝑝𝑐 = 1.0.
The population size is set to popSize = 200. The algorithm
was executed 5 times and the consolidated front for each run
is considered.
Figure 3 shows the final solution of the array factor
obtained by DEMO/parent. The array factor response of
the DEMO/parent algorithm is compared with respect to
a well-known algorithm the NSGA-II [15]. DEMO/parent
outperforms the array factor characteristics generated by the
NSGA-II by providing a better solution in terms of the SLL
and directivity. In this case, the solution of DEMO provides a
DIR = 9.31 dB and SLL = 4.43 dB, while NSGA-II provides a
DIR = 8.92 dB and SLL = 2.77 dB.
The average computation time for the 5 runs of DEMO/
parent is approximately 455 minutes for 1000 iterations
employed. The DEMO/parent algorithm was implemented
in Matlab in a PC with a Processor Xeon 3.20 GHz (28 GB

Table 1: Comparison of the performance in terms of the SLL and
DIR of 3D nonuniform antenna array with respect to the most
conventional arrays for UAVs formation flight.
Array configuration
Directivity (dB) Side lobe level (dB)
3D nonuniform (DEMO)
9.31
−4.43
3D nonuniform (NSGA-II)
8.92
−2.77
Cubic
8.91
−0.24
Linear
9.29
−2.74
Circular
8.16
−0.46
Planar
9.12
−0.47

of RAM 64 bits). In this case the time for NSGA-II is 411
minutes, very similar to DEMO algorithm.
In order to make a comparison of the performance of
3D nonuniform antenna array with respect to the most conventional arrays for UAVs formation flight, Figures 4(a)–4(e)
illustrate design examples obtained for a planar array
(Figure 4(a)), a linear array (Figure 4(b)), a circular array
(Figure 4(c)), a cubic array (Figure 4(d)), and the case of 3Dnonuniform optimized by DEMO/parent (Figure 4(e)). Each
design example uses 8 antenna elements with a maximum
aperture or maximum dimension of 10 𝜆 for each array.
The response of the radiation pattern for the design examples (illustrated in Figures 4(a)–4(e)) is shown in Figures
5(a)–5(d). As it can be seen in Figures 5(a)–5(d) the response
of the radiation pattern for the 3D nonuniform array provides
a better performance in terms of the side lobe level and
directivity with respect to the most conventional arrays for
UAVs formation flight. The values of the SLL and DIR of
3D nonuniform antenna array and the conventional arrays
for UAVs formation flight are shown in Table 1. As shown
in Table 1, the 3D nonuniform antenna array optimized by
DEMO/parent outperforms the array factor characteristics
generated by the NSGA-II and the cubic, linear, circular, and
planar array configurations.
Certainly, if long distances between antenna elements are
considered, any relative movement could have an effect. However, a nonuniform array distribution provides advantages to
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Figure 4: Distribution of 8 antennas on five different array configurations for UAVs formation flight: (a) planar, (b) linear, (c) circular, (d)
cubic, and (e) 3D nonuniform optimized by DEMO/parent.
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Figure 5: Comparison of the gain or normalized radiation pattern of 3D nonuniform antenna array with respect to the most conventional
arrays for UAVs formation flight: (a) 3D array optimized versus uniform circular array, (b) 3D array optimized versus cubic array, (c) 3D
array optimized versus uniform linear array, and (d) 3D array optimized versus uniform planar array.

the system; that is, the possible errors are individual and their
consequences too by limiting the effect of each element to
its particular contribution, 1/8 of the received power for this
study case.
In this case, if the synchronization is achieved in phase
(the simplest case), all the UAVs transmit in the same time in
a synchronous way. The determination of the relative position
will determine the coherent sum in the adequate direction.
Once the positions are determined, the control algorithm
employed or the concrete location method will determine the
goodness of the array.
It is clear that the correct synchronization will be more
critical for disperse UAVs, and the pattern of the array will
be more unstable, although it must be considered that each
element contributes with a part to that stability.
From the results shown previously, a perspective is
illustrated for designing 3D nonuniform antenna arrays
for UAVs formation flight using DEMO. The evolutionary
multiobjective algorithm efficiently computes a set of antenna
element positions in order to provide a radiation pattern
with minimum SLL and maximum directivity. The optimized
design case can be used as a UAVs formation flight for

long distances communications. The maximum performance
in terms of directivity and SLL could enlarge the range of
operation for UAVs communications. Communications at
long range for UAVs could be improved by design of 3D
nonuniform array as flight formation group.

5. Conclusions
This paper illustrates how to model the design of UAVsbased 3D antenna arrays for a maximum performance in
terms of directivity and SLL. Simulation results reveal that the
design of 3D antenna array with positions of eight antenna
elements obtained by DEMO/parent outperforms the array
factor characteristics generated by the NSGA-II by providing
a better solution in terms of the SLL and directivity. In this
case, the solution of DEMO provides a DIR = 9.31 dB and SLL
= 4.43 dB, while NSGA-II provides a DIR = 8.92 dB and SLL
= 2.77 dB. Furthermore, the 3D nonuniform antenna array
optimized by DEMO/parent outperforms the array factor
characteristics generated by the NSGA-II and the cubic,
linear, circular, and planar array configurations. In this case,
these values of SLL and directivity for the optimized design

8
case are achieved with very similar values of aperture (10 𝜆)
with respect to the other array configurations. The optimized
design case can be used as a UAVs formation flight for
enlarging the range of operation for UAVs communications
as well as improving performance in coordinated flight
formations without compromising the energy and weight
load of the UAVs.
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Based on an improved active element pattern (AEP) technique, a novel effective method for sidelobe suppression considering
mutual coupling (MC) in planar and conformal sparse arrays is proposed in this paper. A thinning and weighting process that
includes the thinning module, optimization module, and far-field calculation module is presented, and three key points, namely,
the modified AEP modeling, far-field calculation of planar and conformal thinned arrays, and modified thinning strategy, are
highlighted. As an effective optimization algorithm, the differential evolution algorithm (DEA) is adopted in order to achieve low
sidelobe. Several numerical examples are shown to validate the consistency and effectiveness of the proposed synthesis approach.
With the first use of the AEP technique for the synthesis of sparse arrays, the planar and conformal microstrip arrays with the
desired array filling factor are studied to obtain the expected sidelobe level (SLL).

1. Introduction
The sparse or thinned array is considered as one of the main
topics of innovative phased array antennas [1]. In terms of a
thinned array, it is often acquired by removing some radiating
elements from a uniform filled array. Compared with an
equally spaced array, a thinned array has the nonuniform
element distribution, high spatial resolution, and less elements, which leads to a reduction in the implementation and
cost while maintaining the similar far-field characteristics [2].
However, since the interelement spacing may be larger than
the Nyquist limit and the element locations are inhomogeneous, thinned arrays may have a deteriorative sidelobe level
(SLL) which is a negative factor for the performance of arrays.
The sidelobe suppression is a very important issue in array
design and even a great challenge for thinned arrays because
the synthesis of a desired pattern of a thinned array is a nonlinear problem. Traditional excitations with tapered amplitude distributions, such as Dolph-Chebyshev and Taylor distributions, probably no longer gain excellent results [3]. Some
researches on sidelobe reduction of thinned arrays have been
carried out in the past few decades. In [3], an approach to suppress the sideband radiation pattern by rearranging the static

excitation coefficients as well as the switch-on time intervals
of each element was proposed. In [4–7], low-sidelobe synthesis of large planar array antennas was completed by using
iterative Fourier transforms. Sum, difference, and shaped
beams of nonuniformly spaced linear arrays were obtained
through Poisson sum expansion of the array factor in [8]. In
recent years, stochastic-optimization algorithms, such as the
ant colony optimization (ACO) [9], particle swarm optimization (PSO) [10, 11], DEA [12], cat swarm algorithm [13–15],
and genetic algorithm (GA) [16], have shown their excellent
optimization capabilities and were extensively applied to the
unequal-spacing array synthesis with the desired SLL.
In terms of the stochastic-optimization method, it is necessary to calculate the corresponding array pattern according
to different array structures in the optimization process. Nevertheless, the abovementioned articles mainly focus on optimizing the excitation weights or element positions to reduce
the sidelobe level and rarely consider the mutual coupling
(MC) that has tremendous impacts on the array pattern when
calculating the far-field characteristics. In practical applications, however, MC cannot be negligible yet when the interspacing of elements is considerable and the surrounding environment is complicated, especially for thinned arrays due to
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Figure 1: Flowchart of the thinning and weighting process.

their structural inhomogeneity [17]. In general, the full-wave
electromagnetic simulation for a whole array can provide
a credible solution. Reference [18] proposed a cosimulation
optimization strategy through the MATLAB-API (Application Program Interface) files between the MATLAB software
and a full-wave simulation software HFSS. For a thinned
array design, however, the optimization process needs to call
the simulation hundreds of times, and it is unrealistic to simulate the time-consuming whole array during the optimization
process.
Various other methods are raised to eliminate or compensate the errors caused by the MC, such as the numerical
analysis methods and active element pattern (AEP) modeling
technique. The method of moments (MoM) is adopted to
calculate the coupling matrix for evaluating the MC in [17,
19]. Although the MC is involved, this method is hard to
be applied to large arrays due to the heavy computational
burden. The AEP technique is simple, highly robust, and easy
to implement [20, 21]. References [22, 23] presented the AEP
technique to calculate the array pattern that includes the MC
effectively, especially for conformal arrays.
In this paper, a novel low-sidelobe synthesis method
for planar and conformal arrays based on a modified AEP
technique is proposed. Amplitude-only optimization is used
in the synthesis process and several radiating elements are
removed with a special array thinning strategy. Detailed AEP
extraction steps of both planar and conformal thinned arrays
are included in the far-field calculation. In our proposed
method, the AEPs of all element-combination subarrays are
calculated only once. Thus, the AEPs are just needed to
be superposed without the full-wave simulation during the
whole optimization process. Several numerical examples with

expected array filling factors and SLLs prove that this technique can thin and weight the planar and conformal arrays
with good performance.
This paper is organized as follows. In Section 2, the global
synthesis process is summarized. The detailed description of
AEP modeling of planar and conformal thinned arrays, array
thinning strategy, and calculation of array patterns are presented in Section 3. In Section 4, several numerical examples
are given to validate the accuracy of the far-field calculation of
planar and conformal thinned arrays when considering MC
effects and the consistency and effectiveness of the proposed
synthesis approach. At last, Section 5 concludes all the work.

2. Thinned Array Synthesis Process
The flowchart of the global process for thinning and weighting of planar and conformal arrays is shown in Figure 1.
There are three interrelated modules in the process, namely,
the thinning module, optimization module, and far-field
calculation module.
Initially, the excitation coefficients of a uniformly filled
array, which meet the low-sidelobe demand, are obtained
with the help of DEA in optimization module. To evaluate the
fitness values, simultaneously, DEA needs to repeatedly call
the far-field calculation module in which the AEP technique
is used to calculate the far-field characteristics of the array
based on the optimized results.
Then, a modified thinning scheme is applied here to
remove some elements from the uniform array according to
a given threshold of the excitation coefficients. The newly
generated thinned array also needs to be optimized in
the optimization module to get its appropriate excitation
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Figure 2: Patch subarrays and their corresponding AEPs. (a) Top view of a thinned linear patch array, (b) subarrays used to extract the AEPs
of elements A and B, where a dotted rectangle denotes a position without element and a black rectangle denotes a position with element, and
(c) AEPs of elements A and B.

coefficients to meet the low-sidelobe demand as mentioned
above.
Besides the sidelobe, the array filling factor, which is
defined as the ratio between the element number of the
current thinned array and that of the uniformly filled array,
is another important objective for the thinning design. If the
current thinned array with the desired sidelobe level satisfies
the given requirement of the filling factor, then the whole
synthesis process is finished.
The AEP modeling of arbitrary planar and conformal
thinned arrays, the calculation of array patterns, and the
modified thinning strategy, which correspond to the italic
fonts in Figure 1, are emphasized in detail in Section 3.
In the traditional synthesis process, the gain patterns
of different thinned array structures need to be calculated
hundreds of times. The calculation is very time-consuming
if a full-wave algorithm is used to simulate an array with
all elements. In the proposed method, however, the AEPs of
subarrays need to be extracted only once in the beginning.
To calculate the far-field characteristics, the superposition of
the AEPs of the subarrays is involved instead of the full-wave
simulation for the whole array.

3. Modified AEP Extraction Method,
Far-Field Analysis of Thinned Arrays, and
Modified Thinning Strategy
3.1. Modified AEP Extraction of Thinned Arrays. According
to [22, 23], the elements of an arbitrary array can be divided
into three parts in the AEP model, namely, the edge elements,

the adjacent edge elements, and the interior elements. Therefore, its far field can be written as
Etotal = E𝑒 + E𝑎𝑒 + E𝑖 ,

(1)

where E𝑒 , E𝑎𝑒 , and E𝑖 are the vector superpositions of AEPs of
all the edge, adjacent edge, and interior elements, respectively.
In order to describe the AEP extraction for thinned arrays
in detail, as shown in Figure 2(a), a linear array which is
thinned from a patch array with the regular lattice of 𝑁 positions spaced by a uniform distance is used as an example. For
each element, the MC mainly depends on its neighboring elements and the effects of other elements can be negligible. In
other words, only a few neighboring elements are involved in
calculating its far-field pattern.
To obtain the accurate AEPs of elements A and B,
subarrays with the size of 1 × 3, 1 × 5, and 1 × 7, as
shown in Figure 2(b), are calculated, respectively. Here, the
interelement spacing is about 0.5𝜆 0 , where 𝜆 0 is the freespace wavelength. It can be found from Figure 2(c) that the
AEP of the 1 × 5 subarray is in good agreement with that of
the 1×7 subarray. In other words, the AEP of the 1×5 subarray
possesses sufficient accuracy to calculate E𝑖 . Similarly, for the
edge elements and the adjacent edge elements, the AEPs of the
1 × 3 subarray and the 1 × 4 subarray are applied to calculate
E𝑒 and E𝑎𝑒 , respectively.
However, unlike the uniformly distributed array, element
states (positions with or without an element) of a thinned
array are unknown and there are a variety of possibilities. For
a certain element in the thinned array, the distributions of its
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neighboring elements are various. Therefore, extracting the
AEPs of all element combinations is indispensable.
Method of exhaustion in the subarray is used here.
According to the abovementioned five-element subarray, for
each edge element in Figure 2(a), the element combinations
with the two neighboring positions are of 22 kinds, and for
each interior element, the element combinations with the four
neighboring positions are of 24 kinds. From the AEP calculations, it can be found that the element-combination models
of adjacent edge elements are contained in corresponding
interior element models when studying the practical array
environment. Thus, there are 2 × 22 + 24 = 24 kinds of
permutations and combinations of possibilities. The AEPs
of subarrays can be obtained by simulation of commercial
software or measurement of fabricated prototypes.
Generally, the mutual coupling intensity between elements varies with different interelement spacing 𝑑 in an array.
Thus, the corresponding size of extracted subarrays may be
different. Based on the abovementioned analysis process, the
subarray size and element-combination number can be determined by different 𝑑. For the typical values of 𝑑 in a linear
patch array, the types of subarrays and AEP numbers required
to be extracted are listed in Table 1. The shorter the distance
between elements is, the stronger the mutual coupling is.
Therefore, when 𝑑 is short, more elements are involved to
extract the AEPs to satisfy the accuracy requirement.
Note that the AEP extraction of a conformal thinned
array is almost the same as that of a planar thinned array.
The elements of an arbitrary array can be also divided into the
edge elements, adjacent edge elements, and interior elements
[23]. Then, all the possibilities of the subarray structures
are considered and their AEPs are extracted for the far-field
analysis. Different from the cases of planar thinned arrays,
the required minimum subarray size of a conformal thinned
array depends not only on the interelement spacing but also
on the curvature of the supporting platform. This method
suits all the thinned array conformed on a regular platform,
such as cylindrical, parabolic cylindrical, elliptic cylinder, and
spherical platforms. In terms of thinned arrays conformed
on an irregular platform, the subarray cannot represent the
whole array, and thus it is hard to apply this method to calculate the far-field characteristics. It is worth noting that, for the
given numerical examples, this method is efficiently applicable.
3.2. Analysis of Planar and Conformal Thinned Arrays. By
the principle of superposition of AEPs, the far-field pattern
radiated by a thinned linear array can be expressed as
𝑁

𝐸total = ∑ 𝐼𝑛 √𝐺𝑎𝑛 (𝜃, 𝜑)𝑒(𝑗𝑘𝑑𝑛 cos 𝜑 sin 𝜃+𝑗𝜓) ,

(2)

𝑛=1

where 𝐼𝑛 is the amplitude of the 𝑛th excitation current, 𝑑𝑛
is the distance between the 𝑛th element and the coordinate
origin, 𝜓 is the phase term of the 𝑛th excitation current,
and 𝐺𝑎𝑛 (𝜃, 𝜑) is the active element gain pattern of the 𝑛th
element which can be extracted from the full-wave simulation
or measurement. It is worth noting that the AEPs used here
are extracted with the method presented in Section 3.

Table 1: Types of subarrays and their AEP numbers.
𝑑

Type of subarrays
Adjacent edge Interior

Edge

0.33𝜆 0∼ 0.45𝜆 0
0.45𝜆 0∼ 0.64𝜆 0
0.64𝜆 0∼ 0.8𝜆 0
>0.8𝜆 0

AEP
number

1×4
1×6
1×7
80
1×3
1×4
1×5
24
1×2
1×3
1×3
8
Mutual coupling effects can be ignored.

Thus, the total gain pattern of a thinned linear array can
be given by
𝐹𝐺 = 20 log (

𝐸total
2
√∑𝑁
𝑛=1 𝐼𝑛

).

(3)

Unlike planar thinned arrays, the AEPs of conformal
thinned arrays point to different directions and cannot be
simply substituted into (2) to calculate the total field since
they are extracted in a local coordinate system. Therefore, it
is necessary to change the AEPs from the local coordinate
system into a global one, and a local rotating coordinate
system is introduced to establish linkages between the two
coordinate systems [23]. The major processing steps can be
summarized as follows.
Step 1. Establish the local coordinate system and local rotating coordinate system of the 𝑛th element, and extract its AEP
𝐺𝑛 (𝜃𝑛𝑙 , 𝜑𝑛𝑙 ) from HFSS simulation, where the superscript “𝑙”
represents the local coordinate system of the element. For
each element in a conformal thinned array, the extraction of
its AEP is the same as a linear thinned array described in
Section 2.
Step 2. Transform 𝐺𝑛 (𝜃𝑛𝑙 , 𝜑𝑛𝑙 ) into 𝐺𝑛 (𝜃𝑛𝑟 , 𝜑𝑛𝑟 ), where the
superscript “𝑟” represents the local rotating coordinate system of the element [22, 23]. The element-combination models
are established here with the same method as that introduced
in Section 2.
Step 3. Express the total far-field pattern as a superposition
of all AEPs:
𝑁

Etotal (𝜃, 𝜑) = 𝜃̂ { ∑ I𝑛 [√𝐺𝑛𝜃𝑛𝑟 (𝜃𝑛𝑟 , 𝜑𝑛𝑟 )
𝑛=1

⋅

sin 𝜃 cos 𝜃𝑛 − cos 𝜃 sin 𝜃𝑛 cos (𝜑 − 𝜑𝑛 )
sin 𝜃𝑛𝑟

− √𝐺𝑛𝜃𝑛𝑟 (𝜃𝑛𝑟 , 𝜑𝑛𝑟 )

sin 𝜃𝑛 sin (𝜑 − 𝜑𝑛 )
]
sin 𝜃𝑛𝑟
𝑁

̂ { ∑ I𝑛
⋅ 𝑒𝑗𝑘𝑅𝑛 [sin 𝜃 sin 𝜃𝑛 cos(𝜑−𝜑𝑛 )+cos 𝜃 cos 𝜃𝑛 ] } + 𝜑
𝑛=1

⋅ [√𝐺𝑛𝜃𝑛𝑟 (𝜃𝑛𝑟 , 𝜑𝑛𝑟 )
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Figure 3: Geometries of linear thinned arrays. (a) Structure of the patch antenna element. (b) Top view of array 1. (c) Top view of array 2.

⋅

sin 𝜃 cos 𝜃𝑛 − cos 𝜃 sin 𝜃𝑛 cos (𝜑 − 𝜑𝑛 )
sin 𝜃𝑛𝑟

+ √𝐺𝑛𝜃𝑛𝑟 (𝜃𝑛𝑟 , 𝜑𝑛𝑟 )

Self-adapting control parameters, that is, the mutation
parameter and crossover parameter, prevent the algorithm
from being easily trapped into local optima and ensure the
convergence rate [24].

sin 𝜃𝑛 sin (𝜑 − 𝜑𝑛 )
]
sin 𝜃𝑛𝑟

4. Numerical Examples
⋅ 𝑒𝑗𝑘𝑅𝑛 [sin 𝜃 sin 𝜃𝑛 cos(𝜑−𝜑𝑛 )+cos 𝜃 cos 𝜃𝑛 ] } ,
(4)
where I𝑛 is the excitation current of the 𝑛th element,
𝐺𝑛𝜃𝑛𝑟 (𝜃𝑛𝑟 , 𝜑𝑛𝑟 ) is the gain pattern of the 𝑛th element of the local
rotating coordinate system obtained in Step 2, and 𝜃𝑛 and 𝜑𝑛
determine the 𝑛th element position with respect to the global
coordinate origin. Once all the position parameters and gain
patterns of a practical nonlinear thinned array are known, the
array pattern can be calculated with (3) and (4).
3.3. Modified Thinning Strategy of the Synthesis Procedure.
Normally, an element with a small amplitude weight makes a
minor contribution to the array pattern and it can be ignored.
In this way, in the thinning module of Figure 1, the radiating
elements with amplitude weights which are lower than a
predefined threshold will be removed, and then a new array
distribution is generated. At the same time, since the array
aperture determines the spatial resolution, the first and the
last elements must be retained regardless of the values of their
excitation coefficients.
Unlike the complex termination conditions in [16], the
iteration of thinning module stops when the filling factor is
smaller than a desired value in our method. Then, the thinning module needs to call the optimization module for the
last time, and therefore the excitation coefficients are possibly
lower than the threshold.
DEA is utilized in the optimization process which
changes the population distribution and finds the best fitness
value through mutation, crossover, and selection operations.

4.1. Far-Field Analysis of Thinned Arrays. In order to examine
the feasibility, validity, and accuracy of the proposed analysis
method, the results of two examples are presented. Figures
3(b) and 3(c) show two different arrays thinned from the same
uniform filled array with 31 elements lying along the 𝑦-axis. A
dotted rectangle denotes a position without the element and
a black rectangle denotes a position with the element, respectively. The uniform filled array is mounted on the dielectric
substrate with a thickness of ℎ = 1.6 mm and a relative
permittivity of 4.4. As shown in Figure 3(a), each element is a
rectangle patch antenna excited with the same amplitude
and its position is uniformly spaced from its neighbors by a
distance of 𝑑 = 0.46𝜆 0 , where 𝜆 0 is the free-space wavelength
corresponding to an operating frequency of 2.45 GHz.
Figures 4(a) and 4(b) illustrate the radiation patterns of
the two thinned arrays in Figures 3(b) and 3(c) from the classical method of pattern multiplication, full-wave simulation
with HFSS software, and our proposed method. At the top of
Figures 4(a) and 4(b), “1” indicates that there is an element on
the corresponding position and “0” indicates that there is no
element on the position. The performance details are listed
in Table 2. Apparently, the pattern parameters such as the
peak sidelobe level (PSL), gain, and half-power beamwidth
(HPBW) from our method are in good agreement with those
from HFSS simulation, and the results of the classical method
are not accurate enough since the MC effects are not involved.
It is worth noting that these AEPs are obtained through
the HFSS simulation of some subarrays. The total time spent
on the AEP extraction and the vector superposition of the
AEPs is far shorter than the full-wave simulation of the whole
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Table 2: Gain pattern performance of planar thinned arrays.

Gain (dBi)
17.19
16.62
16.58

Classical
AEP
HFSS

Array 1
HPBW (deg)
4.10
3.72
3.69

PSL (dB)
−14.43
−15.08
−15.74

Runtime

Gain (dBi)
17.19
16.64
16.80

33.6 min
12.4 hours
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Figure 4: Gain patterns of the planar thinned arrays. (a) Thinned array 1. (b) Thinned array 2.

thinned array. The runtimes of the proposed method are
mainly spent on the simulations of the subarrays. From
Table 2, it can be found that the runtimes of the proposed
method (both 33.6 minutes) are far shorter than the HFSS
simulations (12.4 and 11.9 hours). Furthermore, the runtime
of the proposed method is independent of the array size,
while that of the HFSS simulation dramatically rises with the
increase of the array size. Simulations are implemented on a
PC equipped with an Intel Core i5-3470 (3.2 GHz) processor
and 64 GB RAM.
Another two conformal thinned arrays which are thinned
from the same full array with 15 elements are shown in
Figure 5. The filled array lies on a curve of radius of 𝑅 =
10𝜆 0 , where 𝜆 0 is the free-space wavelength at the operating
frequency of 2.35 GHz. The patch antenna element mounted
on an FR4 substrate with a thickness of 1.6 mm and a relative
permittivity of 4.4 is shown in Figure 5(a). The interelement
spacing is 𝑑 = 0.6𝜆 0 . In Figures 5(b) and 5(c), the black strips
on the curve depict the positions in which elements exist.
It should be mentioned that, for each port excitation, it is
necessary to compensate a phase, and the compensation of
the 𝑛th element is
𝜑𝑛 = 𝑘R𝑛 ⋅ ̂r0 ± 2𝑛𝜋,

(5)

where 𝑘 is the wave number, R𝑛 is the position vector from
the origin to the center of the 𝑛th element, and ̂r0 is the unit
vector of the expected beam pointing direction.
The gain patterns of these two thinned arrays can be calculated and are shown in Figures 6(a) and 6(b). From the performance details listed in Table 3, it can be found that the PSL,
gain, and HPBW from our method are all in good agreement

with those from full-wave simulation. Moreover, the runtimes of the proposed method (146 minutes) are shorter than
those of the HFSS simulations (15.8 and 15.7 hours).
4.2. Thinning and Weighting of Planar and Conformal Arrays.
Two groups of numerical examples are shown here to certify
the feasibility of the proposed method for sidelobe reduction
of planar and conformal thinned arrays with a given filling
factor, respectively.
For the first group of examples, three designs of lowsidelobe sparse linear arrays with the given filling factors are
shown here. The sparse arrays are thinned from a filled array
with 35 elements located at the 𝑦-axis, and their structural
characteristics and interelement spacing are the same as those
in Figure 3. The SLL is ordered to meet the requirements by
optimizing the excitation coefficients and locations where the
elements are removed. For the first array which is denoted
as LA-I, ten elements need to be removed and the PSL is
required lower than −20 dB. Likewise, the second array is
denoted as LA-II, and it is ordered to remove ten elements and
to have a PSL lower than −20 dB. Note that the LA-II scans
its main beam to +20∘ , and a phase difference of −57.1926∘ is
used. The third array LA-III is designed to have a filling factor
of 57% and a PSL of −20 dB.
In DEA, the initial scaling factor (𝐹) and the initial crossover rate (CR) are chosen to be 0.5 and 0.9, respectively. The
population parameters are selected as Pop Size (population
size) = 100, Dim (population dimension) = 31, Pop Min (minimum individual) = 0, and Pop Max (maximum individual) =
1. Therefore, the excitation coefficients vary between 0 and
1. The maximum numbers of iterations in thinning module

International Journal of Antennas and Propagation

7

Table 3: Gain pattern performance of conformal thinned arrays.

Gain (dBi)
12.36
12.18

AEP
HFSS

Array 1
HPBW (deg)
PSL (dB)
5.75
−9.32
5.73
−9.54

Runtime
246 min
16.8 hours

Gain (dBi)
16.64
16.80

Array 2
HPBW (deg)
PSL (dB)
6.29
−10.07
6.22
−10.72

Runtime
246 min
15.7 hours
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Figure 5: Geometries of nonlinear thinned arrays. (a) Structure of the patch antenna element, (b) side view of array 1, and (c) side view of
array 2.
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Figure 6: Gain patterns of conformal thinned arrays. (a) Thinned array 1. (b) Thinned array 2.

and optimization module are 100 and 300, respectively. It is
worth noting that the selection of ar is very important and
here it is chosen as 0.25. Generally, the larger ar is, the less
the computational time is spent with the worse performance
of the array. However, a small value of ar will lead to more
computational time. Therefore, there is a tradeoff about the
selection of ar.
After the optimization, the excitation coefficients and the
gain patterns of the thinned and weighted arrays are shown in

Table 4 and Figure 7, respectively. The excitation coefficients
of elements being zero indicate that the elements have been
removed. The first and last elements are retained in order to
keep the array aperture size.
It can be observed from Figure 7 that the optimized
gain patterns from the proposed AEP method show good
agreement with those from the HFSS simulation, and the
optimized results all meet the design requirements. From the
element distributions of the three arrays, it can be found that
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Figure 7: Optimized gain patterns of the three linear sparse arrays. (a) LA-I. (b) LA-II. (c) LA-III.
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Figure 8: Optimized gain patterns of the two conformal sparse arrays. (a) CA-I. (b) CA-II.

the array elements are mainly distributed in the middle region
due to the amplitude tapering for low sidelobes. In addition,
with the decrease of the array filling factor, more elements
located in the both ends are removed, and the HPBW has
a certain broadening. When the main-beam direction tilts
from 0∘ to +20∘ , more elements on the left side are removed.

For the second group of examples, another two designs of
two conformal sparse arrays (CA-I and CA-II) with sidelobe
reduction are shown here. The sparse arrays are thinned from
a filled array with 22 elements in the 𝑥𝑜𝑧 plane, and their
structural characteristics and interelement spacing are the
same as those in Figure 5. Both sparse arrays are required to
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Table 4: Element distributions and optimized amplitudes of the three linear sparse arrays.
Element distribution
LA-I

Amplitude (A)
Element distribution

LA-II

Amplitude (A)
Element distribution

LA-III

Amplitude (A)

10100101111111111111110101101011001
0.6557, 0.0000, 0.9034, 0.0000, 0.0000, 0.9013, 0.0000, 0.6198, 0.3560, 0.8782,
0.7728, 0.7587, 0.6465, 0.7774, 0.7279, 0.4993, 0.6422, 0.7209, 0.7060, 0.6418, 0.6128,
0.5683, 0.0000, 0.7931, 0.0000, 0.7181, 0.5719, 0.0000, 0.6057, 0.0000, 0.4705, 0.3474,
0.0000, 0.0000, 0.2860
10000001111111111111111111110101001
0.0309, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.4502, 0.4853, 0.5708,
0.5629, 0.5615, 0.5163, 0.5429, 0.4734, 0.6313, 0.7057, 0.8532, 0.6045, 0.8745, 0.9327,
0.7237, 0.3547, 0.8635, 0.8186, 0.6485, 0.6532, 0.2986, 0.0000, 0.6638, 0.0000, 0.3997,
0.0000, 0.0000, 0.0704
10000001001010111111111011010000001
0.1427, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.4617, 0.0000, 0.0000,
0.6078, 0.0000, 0.6175, 0.0000, 0.7166, 0.6608, 0.7299, 0.6138, 0.9983, 0.7057, 0.6652,
0.5778, 0.9595, 0.0000, 0.5271, 0.3010, 0.0000, 0.3281, 0.0000, 0.0000, 0.0000,
0.0000, 0.0000, 0.0000, 0.0866

Table 5: Element distributions and optimized amplitudes of the two conformal sparse arrays.
Element distribution
CA-I

Amplitude (A)
Element distribution

CA-II

Amplitude (A)

10010111111111111110001
0.1109, 0.0000, 0.0000, 0.5941, 0.0000, 0.6512, 0.5550, 0.6988, 0.8119, 0.9018, 0.9985,
0.8641, 0.8679, 0.8093, 0.8622, 0.6207, 0.7001, 0.2151, 0.0000, 0.0000, 0.0000, 0.2075
10001111111111111101001
0.1327, 0.0000, 0.0000, 0.0000, 0.1096, 0.4232, 0.3588, 0.6688, 0.7460, 0.9572, 0.9495,
0.9739, 0.9191, 0.6871, 0.5961, 0.4178, 0.3381, 0.0000, 0.1015, 0.0000, 0.0000, 0.0625

remove six elements. For CA-I, the PSL should be lower than
−20 dB. For CA-II, the PSL should be lower than −25 dB.
The DEA parameters are all the same with the several
previous examples and 𝑎𝑟 is also selected as 0.25. Corresponding parameters of DEA are listed as Pop Size = 100,
Dim = 31, Pop Min = 0, Pop Max = 1, CR = 0.9, and 𝐹 = 0.5.
The maximum numbers of iterations in thinning module and
optimization module are 100 and 300, respectively.
Figure 8 shows the obtained gain patterns of the two
thinned and weighted conformal arrays, and Table 5 presents
the element distributions and input amplitudes. It can be
found that both the arrays meet the requirements of the
PSL and filling factor. The removed elements are mainly
concentrated in the two ends of the array due to the amplitude
tapering.

5. Conclusion
This paper describes a thinning and weighting process that
includes the thinning module, optimization module, and farfield calculation module for sidelobe suppression. An efficient
AEP extraction technique, which considers the MC accurately, is introduced for thinned arrays. Based on the technique, the far-field calculations of both planar and conformal
thinned arrays are presented. Several numerical examples
that compare the results of the proposed method with fullwave simulation verify the validity and accuracy of the AEP
technique. With the first use of the AEP technique for the synthesis of thinned arrays, the synthesis process is time-saving
to realize the sidelobe reduction. Then, several examples of

the low-sidelobe synthesis of thinned arrays are introduced
to show that the synthesis process is able to synthesize planar
and conformal thinned arrays with the given low sidelobes
and filling factors.
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This paper presents the design of a tree sections corrugated horn antenna with a modified linear profile, using NURBS, suitable for
radio-astronomy applications. The operating band ranges from 4.5 to 8.8 GHz. The aperture efficiency is higher than 84% and the
return losses are greater than 20 dB in the whole bandwidth. The antenna optimization has been carried out with multiobjective
versions of an evolutionary algorithm (EA) and a particle swarm optimization (PSO) algorithm. We show that both techniques
provide good antenna design, but the experience carried out shows that the results of the evolutionary algorithm outperform the
particle swarm results.

1. Introduction
In the recent years, the study of the heavenly body radiation
in radioelectric field has been very relevant and has allowed
obtaining geodesic information, such as tectonics plaque
drift, poles movement, or definition of international reference
system used in positioning systems. Signal reception is done
by radiotelescopes, which are based on parabolic antennas
with a huge dimension. One of the most critical points in the
radiotelescope design is the implementation of the parabolic
antenna feed. This component mainly determines the frequency range and other properties of the receiver.
For this reason, in 2015, Latvian government decided
to change radically the radiotelescope located in Ventspils
(Latvia) [1]. This conversion implied the replacement of the
optical system (as Cassegrain) by a dual optical with a shaped
reflector. The main purpose of this restructuring is to be
able to analyze signals between 4.5 and 8.8 GHz to cover the
3.6 cm, 5 cm, and 6 cm radio-astronomy bands, using a single
receptor in the antenna feed.
In this work, we have proposed an optimized horn antenna to feed the higher parabolic antenna which was already
designed. This prototype is based on a corrugated horn

antenna whose profile has been optimized using two softcomputing multiobjective algorithms. On one hand, we have
focused on the performance of the evolutionary algorithm
(EA) approach to the optimization of the horn antenna. On
the other hand, the prototype antenna has been optimized
using a particle swarm optimization (PSO) algorithm.
The antenna design involves more than one objective
function that must be satisfied according to the initial
antenna design specifications [2]. Moreover, these objective
functions are conflicting with each other, and consequently
no universally optimal solution for the problem can be identified a priori. Therefore, a multiobjective evolutionary algorithm (MOEA) may be applied in order to estimate the
nondominated solutions that represent the best possible compromises between the different objectives. Specifically, we
have proposed the use of two MOEA techniques, which have
been successfully applied recently to a number of difficult
optimization problems with excellent results. The first one is
based on EA using NSGA-II [3] and the second one combines
the NSGA-II operations with a nondominated sorting PSO
(NSPSO) [4].
The comparison of both optimization methods using
multiobjective algorithm during the antenna design has been
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done. The antenna structure and the optimization method are
fully described in this work, including the algorithm’s encoding, structure, and objective functions. The optimization
algorithms have been programmed in MATLAB and the
performance of the antenna has been evaluated using AXIAL
modal matching simulator [5].
The rest of the paper is organized as follows. Section 2
describes the antenna structure and its shape constraints.
Section 3 describes the multiobjective approach used as optimization method, paying special attention to the objective
functions. Next, a detailed discussion of the simulation and
measurement results obtained is given in Section 4. Finally,
conclusions are summarized in Section 5.
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The dual-reflector antenna consists of two reflectors and a
feed antenna. The feed is conveniently located in a feed cone
at the precise distance between the apex of the main reflector
and the subreflector in focal point of the reflector antenna.
Many factors must be taken into account when the feed
system is designed in order to improve the aperture efficiency
of the shaped reflector. These factors can be summarized by
the following:
(i) Radiation pattern at 17∘ which must be between
−11 dB and −14 dB.
(ii) Feeder phase centre stability throughout the full band.
(iii) Low SWR level. The feed is the first passive component of a cryogenic receiver which also has a polarizer
and LNA and this value has influence on the system
noise figure.
(iv) Good symmetry beam to avoid increasing crosspolarization.
The classical solution is based on a corrugated conical feeder,
as it provides beam symmetry and good adaptation to the
waveguide. Corrugated horns design begins with the set of
specifications that must be accomplished and by the selection
of the geometry. There are four main parts in the structure of
a corrugated horn:
(1) The aperture, which controls the width of the radiation beam.
(2) The flare angle, which also controls the radiation pattern and the length of the horn.
(3) The geometry of the corrugations, which controls the
cross-polar component.
(4) The input waveguide, which controls the input impedance and the mode conversion between a flat and a
corrugated guide.
The design of corrugated classic horns is based on controlling
the modes that excite HE11 mode. This mode consists of a
corresponding combination of 85% of TE11 mode and 15% of
TM11 mode, with an appropriate relative phase shift between
them [6]. TE11 is usually the initial mode in a circular guide,
and by an appropriate growth angle of the guide, it is possible
to excite TM11 mode with proper amplitude and phase.
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2. Antenna Description
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Figure 1: Corrugated horn antenna sections.

The proposed horn is divided into three parts: the initial
transition (1), the throat region (2), and the output region (3).
The initial transition is used to widen the input guide and
does not have corrugations. The throat region has smoothly
variable depth and slot corrugations. This region mainly
defines the input impedance (reflection losses or SWR value).
The output region (3), where the corrugation depth and slot
are constant, will define the cross-polar component (Figure 1).
Usually, TE11 mode is excited at the entrance of a
circular horn, and this defines the radius (𝑟1 ) of the input
circular guide according to the classical solutions of the
Bessel equations for the wave propagation in that kind of
structure. To minimize reflection losses, the depth of the
corrugations in the second section should be approximately
𝜆/2, where 𝜆 is the wavelength at the operating frequency,
but the depth of the corrugations should be approximately
𝜆/4 to excite HE11 mode. Therefore, an adaptation of the
depth of the corrugations must be made to meet both criteria.
In addition, the size of the corrugations must be variable
to increase the operating bandwidth of the antenna. This
transition follows a linear change for a smooth transformation [7]. This is observed in Figure 1 and a detailed
description of the corrugation design parameters is given in
Figure 2.
In addition to Figure 2, another parameter to be chosen is
the profile of the horn. The simplest profile is the linear one, as
it is the easiest to build and to optimize. However, choosing
another profile allows modifying the modal composition in
the aperture. This is the way to obtain the required radiation
pattern.
The profile variations allow dealing with
(1) restrictions on the radiation pattern, for example,
constant taper and symmetry throughout the band,
(2) reducing the input reflections due to discontinuities
along the horn,
(3) stability of the phase centre for proper illumination of
the reflector antennas throughout the operating band,
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Figure 2: Specific corrugation dimensions. (a) Section (2) of Figure 1. (b) Section (3) of Figure 1.
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Figure 3: Profile horn defined by NURBS curve with five control
points.

(4) reducing the size of the horn to facilitate the design of
the cryogenic receiver.
Profiles can be derived from analytical formulas [8, 9] or
can be defined by a limited set of points that define curves
(i.e., splines). Parametric profiles are defined by a small set
of parameters. The advantage of these curves is that they can
approach any analytical curve; thus the optimization process
is not restricted to using one specific type of profile [10].
Among these kinds of parametric profile curves are NURBS
(nonuniform B-splines) [11], which are widely used in models
of graphic surfaces. NURBS are defined by a set of ordered
points 𝑃𝑖 = 0, 1, . . . , 𝑛, defined as “Control Polygon.” A fivepoint NURB profile has been chosen for this research.
Finally, the designed horn is defined by a list of parameters. In our case, we have configured the horn with the
variables shown in Table 1 and previously detailed in Figures
1, 2, and 3.
The variables defined in Table 1 should have a lower
limit and an upper limit to meet electromagnetic conditions
described previously. For example, 𝑟1 defines the cutoff frequency of the input waveguide and therefore the operating

Parameter (mm)
𝑟1
𝑙tran
𝑟2
𝑑imp
𝑡𝑖
𝑏𝑖
𝑟3
𝑑0
𝑡𝑓
𝑏𝑓
𝑙𝑝
𝑎
𝑎1
𝑎2
𝑎3
𝑎4
𝑎5

Lower limit (mm)
30
0
30
10
5
1
60
10
2.5
3
400
180
30
70
90
120
140

Upper limit (mm)
36
30
55
24
11
4
90
28
5.5
11.5
680
300
80
120
140
200
280

band; the corrugations are chosen to have an approximate
value of 𝜆/2 in the first section and 𝜆/4 in the following ones.
The aperture value, 𝑎, determines the external dimension
of the horn. Finally, the values of the parametric profile are
selected to have values between 𝑟1 and 𝑎.
Additionally, another set of constraints must be applied
to make the horn mechanically buildable. These are given in
Table 2.

3. Algorithms’ Description
The huge number of design parameters to be satisfied and the
constraints of the horn antenna geometry, specified in Table 2,
make it really difficult to obtain an exact expression based on
design equations. For this reason, it is necessary to employ
an automatic method to help us achieve the antenna design.
Optimization algorithms are introduced to accomplish the
requirements of the antenna in terms of performance. In
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Table 2: Constraints in the antenna geometry.

𝑟2 > 𝑟1
𝑟3 > 𝑟2
𝑎1 > 𝑟2
𝑎𝑖 + 1 > 𝑎𝑖

𝑎 > 𝑎5
Integer number of corrugations
Variables within the limits
Rounding wing tenth of a millimeter

this context, it is easy to find several works in the literature,
where novel metaheuristics approaches, such as evolutionary
computation or particle swarm algorithms, are applied to
antenna design. Following this rationale, we considered
employing the monoobjective metaheuristics algorithm but
the horn antenna did not satisfy the initial specification. To
this end, it is deemed reasonable to implement a multiobjective optimization algorithm with several objective functions,
similarly to what has been recently done in [12] for planar
antenna array.
3.1. Nondominated Sorting Genetic Algorithm-II (NSGA-II)
Description. The use of evolutionary algorithms for optimization purposes has gained momentum in the last years,
being thoroughly applied to distinct fields ranging from
engineering and computer science to medicine and economics [13]. On the other hand, the potential of evolutionary
algorithms for solving multiobjective optimization problems
was first discussed in [14]. Since then, this area of research
has attracted an ever-growing interest within the scientific
community [15–17], including their application to the optimal design of antennas and other radiant devices [18–20].
There are two main reasons for applying this kind of algorithms to multiobjective optimization problems. First, their
population-based nature makes them suitable for finding
several members of the Pareto-optimal set in a single run
of the algorithm, instead of having to perform separate runs
as done in traditional programming techniques [21]. Second,
they are usually applied to continuous optimization problems
being able to easily deal with discontinuous and concave
Pareto fronts.
Evolutionary algorithms (EAs) are robust problem solving techniques based on natural evolution processes. They
are population-based techniques which codify a set of possible solutions to the problem and evolve it through the
application of the so-called evolutionary operators [22, 23].
Among EAs, evolutionary programming (EP) approaches are
usually applied to continuous optimization problems. This
algorithm is characterized by using mutation, crossover, and
selection operators. Several versions of the algorithm have
been proposed in the literature. The classical evolutionary
programming (CEP) algorithm was first described by Bäck
and Schwefel in [24]. It is used to optimize a given function
𝑓(𝑥) which is obtaining 𝑥0 such that 𝑓(𝑥0 ) < 𝑓(𝑥), 𝑥 ∈
[lim inf, lim sup]. The CEP algorithm performs as follows:
(1) Generate an initial population of 𝜇 individuals (solutions). Let 𝑡 be a counter for the number of generations; set it to 𝑡 = 1. Each individual is taken as a pair

of real-valued vectors (𝑥𝑖 , 𝜎𝑖 ), ∀𝑖 ∈ {1, . . . , 𝜇}, where
𝑥𝑖 s are objective variables and 𝜎𝑖 s are standard deviations for Gaussian mutations.
(2) Evaluate the fitness value for each individual (𝑥𝑖 , 𝜎𝑖 )
using the problem’s objective function.
(3) Each parent (𝑥𝑖 , 𝜎𝑖 ), {𝑖 = 1, . . . , 𝜇} then creates a single
offspring (𝑥𝑖 , 𝜎𝑖 ) as follows:
𝑥𝑖 = 𝑥𝑖 + 𝜎𝑖 ⋅ 𝑁1 (0, 1) ,
𝜎𝑖



(1)

= 𝜎𝑖 ∗ exp (𝜏 ⋅ 𝑁 (0, 1) + 𝜏 ⋅ 𝑁 (0, 1)) ,

where 𝑁(0, 1) denotes a normally distributed onedimensional random number with mean of zero and
standard deviation of one and 𝑁(0, 1) and 𝑁1 (0, 1) are
vectors containing random numbers of mean of zero
and standard deviation of one, generated anew for
each value of 𝑖. The parameters 𝜏 and 𝜏 are commonly
set to (√2√𝑛)−1 and (√2𝑛)−1 , respectively [22], where
𝑛 is the length of the individuals.
(4) If 𝑥𝑖 (𝑗) > lim sup then 𝑥𝑖 (𝑗) = lim sup and if 𝑥𝑖 (𝑗) <
lim inf then 𝑥𝑖 (𝑗) = lim inf.
(5) Calculate the fitness values associated with each
offspring (𝑥𝑖 , 𝜎𝑖 ) ∀𝑖 ∈ {1, . . . , 𝜇}.
(6) Conduct pairwise comparison over the union of parents and offspring: for each individual, 𝑃 opponents
are chosen uniformly at random from all the parents
and offspring. For each comparison, if the individual’s
fitness is better than the opponent’s, it receives a
“win.”
(7) Select 𝜇 individuals out of the union of parents and
offspring that have the most “wins” to be parents of
the next generation.
(8) Stop if the halting criterion is satisfied, and if not, set
𝑡 = 𝑡 + 1 and go to Step (3).
The easy way to get MOA based on evolutionary programming is to use a popular nondomination based genetic algorithm for multiobjective optimization (NSGA) [25]. It is
a very effective algorithm but has been generally criticized for its computational complexity, for lack of elitism,
and for choosing the optimal parameter value for sharing parameter 𝜎share . A modified version, NSGA-II [3],
was developed, which has a better sorting algorithm and
incorporates elitism, and no sharing parameter needs to be
previously chosen. According to Deb et al. [3], the previously
described EA algorithm needs to be modified and performs as
follows:
(1) Create a random parent population.
(2) Sort the population on a nondominated basis.
(3) Carry out tournament selection.
(4) Create offspring using recombination and mutation.
(5) Combine parent and offspring.
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(6) Sort the population on a nondominated basis.
(7) Emphasize the best nondominated solutions for the
different fronts.
(8) Choose the best 𝑁 solutions according to their crowding distance (a measure of the density solutions in the
neighbourhood).
(9) Increase the generation counter. Stop if the halting
criterion is satisfied, and if not, go to Step (3).
As can be seen, MOEA can be considered an extension of the
EA which maintains a diverse set of solutions moving toward
the Pareto-optimal region.
3.2. Nondominated Sorting Particle Swarm Optimization
(NSPSO) Description. Particle swarm optimization (PSO) is
a population-based stochastic optimization technique developed by Kennedy and Eberhart [26], inspired by social
behavior of bird flocking and fish schooling. This algorithm
has already been applied to antenna optimization problems
[27, 28]. A PSO system is initialized with a population
of random solutions and searches for the optimal one by
updating generations. PSO has no evolution operators such
as crossover and mutation as genetic algorithms do but
has potential solutions instead, called particles, which fly
through the problem search space to look for promising
regions according to its own experiences and experiences
of the whole group. Thus, social information is shared, and
individuals profit from the discoveries and previous experiences of other particles in the search. The PSO is considered
a global search algorithm. Mathematically, given a swarm
of 𝑁 particles, each particle 𝑖 ∈ {1, 2, . . . , 𝑁} is associated
𝑖
) with 𝐾 being
with a position vector 𝑥𝑖 = (𝑥1𝑖 , 𝑥2𝑖 , . . . , 𝑥𝐾
the number of parameters to be optimized in the problem.
Let 𝑝𝑖 be the best previous position that particle 𝑖 has ever
𝑖
), and let 𝑔 be the group’s
found; that is, 𝑝𝑖 = (𝑝1𝑖 , 𝑝2𝑖 , . . . , 𝑝𝐾
best position (leader) ever found by the algorithm; that is,
𝑔 = (𝑔1 , 𝑔2 , . . . , 𝑔𝐾 ). At each iteration step 𝑘 + 1, the position
vector of the 𝑖th particle is updated by adding an increment
vector Δ𝑥𝑖 (𝑘 + 1), called velocity V𝑖 (𝑘 + 1), as follows:
V𝑑𝑖 (𝑘 + 1) = V𝑑𝑖 (𝑘) + 𝑐1 𝑟1 (𝑝𝑑𝑖 − 𝑥𝑑𝑖 (𝑘))
+ 𝑐2 𝑟2 (𝑔𝑑 − 𝑥𝑑𝑖 (𝑘)) ,
V𝑑𝑖 (𝑘 + 1) =

V𝑑𝑖 (𝑘 + 1) ⋅ V𝑑max
 𝑖

max
 , if V𝑑 (𝑘 + 1) > V𝑑 ,
 𝑖
V𝑑 (𝑘 + 1)

(2)

𝑥𝑑𝑖 (𝑘 + 1) = 𝑥𝑑𝑖 (𝑘) + V𝑑𝑖 (𝑘 + 1) ,

0
{
{
{
𝑓 (1) = {
{


{
max (Horn𝐸𝜃4.5−8.8 GHz − 𝑇 (dB))
{

where 𝑐1 and 𝑐2 are two positive constants, 𝑟1 and 𝑟2 are two
random parameters which are found uniformly within the
interval [0, 1], and V𝑑max is a parameter that limits the velocity
of the particle in the 𝑖th coordinate direction. This iterative
process will continue until a stop criterion is satisfied, and this
forms the basic iterative process of a standard PSO algorithm
[26].
As stated earlier, there are two approaches to solve the
MOA based on PSO algorithm. One approach is the classical
weighted-sum approach, where the objective function is formulated as a weighted sum of the objectives. But the problem
lies in the correct selection of the weights or utility functions
to characterize the decision makers preferences. The second
approach called Pareto-optimal (NSPSO) solution has no
unique or perfect solution, but a set of nondominated,
alternative solutions, known as the Pareto-optimal set [4], is
achieved. A good description of the MO-PSO algorithm is
given in [29]:
(1) Initialize swarm.
(2) Initialize leaders in an external file with the best
nondominated particles.
(3) Measure quality of the leaders.
(4) For each particle, select leader and update its position
using velocity.
(5) Evaluate the particle.
(6) Update the leaders in the external archive.
(7) Measure the quality of the leaders.
(8) Increase the generation counter. Stop if the halting
criterion is satisfied, and if not, go to Step (4).
The selection of the leader is a key component. The most
straightforward approach is to consider every nondominated
solution as a new leader and then just one leader has to be
selected.
3.3. Fitness Function Definition. In particular, the antenna
parameters’ optimization problem initially described in Section 2 is composed of several fitness functions that must be
simultaneously satisfied. These are described below:
(1) Radiation pattern (Horn𝐸𝜃 ) at specific direction (𝜃),
called (𝑇 (dB)), in the whole bandwidth must satisfy
the following:



max (Horn𝐸𝜃4.5−8.8 GHz − 𝑇 (dB)) < 𝑥1


𝑥1 ≤ max (Horn𝐸𝜃4.5−8.8 GHz − 𝑇 (dB)) ≤ 𝑥2 .

(3)
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(2) Second objective function is related to cross-polar
polarization (XPpeak), which must be less than a
specific value named 𝑇 :

{0
𝑓 (2) = {


max (XPpeak4.5−8.8 GHz − 𝑇 (dB))
{



max (XPpeak4.5−8.8 GHz − 𝑇 (dB)) < 𝑥1


𝑥1 ≤ max (XPpeak4.5−8.8 GHz − 𝑇 (dB)) ≤ 𝑥2 .

(4)

(3) Next objective is that the return losses (𝑆11 ) of the
design antenna must be less than a specific value
given by variable 𝑇 :


max (𝑆11 4.5−8.8 GHz − 𝑇 (dB)) < 𝑥1
{0
𝑓 (3) = {




max (𝑆11 4.5−8.8 GHz − 𝑇 (dB)) 𝑥1 ≤ max (𝑆11 4.5−8.8 GHz − 𝑇 (dB)) ≤ 𝑥2 .
{

(4) Antenna phase centre has to be stable in all working
bandwidth. So, first of all, it is necessary to calculate
the phase centre at a specific direction (𝜃) of the radiation pattern (PhHorn𝐸𝜃 ) in the whole bandwidth
[30]:
zpc = 𝜆 ⋅

4.5−8.8 GHz
− PhHorn𝐸𝜃4.5−8.8 GHz
PhHorn𝐸𝜃=0
.
360 ⋅ (1 − cos (𝜃))

(6)

Next, a linear regression must be calculated to determine the slope of the phase centre. If the linear regression error is very high, the solution must be rejected:
slope < 𝑥1𝑖𝑖𝑖
{0
𝑓 (4) = {
slope 𝑥1𝑖𝑖𝑖 ≤ slope ≤ 𝑥2𝑖𝑖𝑖 .
{

(7)

(5) Radiation pattern (𝐸-plane and 𝐻-plane) must be
symmetrical between 0 and a particular direction 𝜃:
𝑓=8.8 𝜃

1
|𝐻Plane − 𝐸Plane|2 ,
no.
freq
⋅
no.
𝜃
𝑓=4.5 𝜃=0

dif = √ ∑ ∑

(8)

where no. f req is the number of simulated frequencies and
no. 𝜃 is the number of points in 𝜃-axis:
{0
𝑓 (5) = {
dif
{

dif < 𝑥1𝑖V
𝑥1𝑖V ≤ dif ≤ 𝑥2𝑖V .

(9)

When the simulation is finished, the solutions are organized
to determine the best result. This has been done by calculation

(5)

of the function value 𝜀𝑘 of 𝑖th objective function 𝐹𝑖 for the
solution 𝑘, defined as follows:
𝜀𝑖𝑘
1
{
{
{
{
{ 𝑓 (𝑖)max − 𝑓 (𝑖)
={
{ 𝑓 (𝑖)max − 𝑓 (𝑖)min
{
{
{
{0

𝑓 (𝑖) < 𝑓 (𝑖)min
𝑓 (𝑖)

min

max

(10)

≤ 𝑓 (𝑖) ≤ 𝑓 (𝑖)

𝑓 (𝑖) > 𝑓 (𝑖)max ,

where 𝑓(𝑖)max and 𝑓(𝑖)min are the maximum and minimum
of 𝑖th objective function among all nondominated solutions,
respectively. The above equation provides a measure of
the degree of satisfaction of each objective function for a
particular solution.
The corresponding membership function 𝜀𝑘 for each
solution 𝑘 in Pareto solution set is calculated as follows:
𝜀𝑘 =
𝑘
𝜀norm

=

𝑘
∑𝑁
𝑖=1 𝜀𝑖

𝑁 𝑘
∑𝑀
𝑘=1 ∑𝑖=1 𝜀𝑖

,

𝜀𝑘 − min (𝜀𝑘 )
max (𝜀𝑘 ) − min (𝜀𝑘 )

(11)
,

where 𝑀 is the number of Pareto solutions and 𝑁 is the
number of optimization objectives. Finally, it is normalized
using the value 𝜀𝑘 obtained, so the values are ranged within
[0, 1] and the best compromised solution is the one achieving
the maximum of 𝜀𝑘 .
3.4. Connection between Simulator and Optimization Algorithms. As we have mentioned before, the synthesis of dualreflector systems is an advanced topic and many factors must
be taken into account when shaped reflectors have to be
designed for improved aperture efficiency. The optimization
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Define specifications

Set up objective functions to minimize

Choose the optimizer (NSGA-II or NSPSO) and options (number of
iterations, minimum functions value, velocity, population, etc.)

Analyze the initial geometry and define its bounds

Vary optimization parameters under
No

the control of the optimizer
Consider the following:
New bounds
Using the final geometry as the
new geometry
Modifying the objectives functions
Modifying the optimizer settings

NSGA-II/
NSPSO

Is there more than 40% of the population on
the front one and do some solutions meet most of
the objectives?

Yes

Obtain the best
compromised solution

Analyze the final horn geometry and the final
performance

Are all specifications met?

No

Yes

End

Figure 4: Flow graph of horn optimization.

can be carried out using the algorithms described in Section 3
taking into account the limits and constraints given in
Section 2.
Both optimization algorithms have been programmed in
MATLAB, whereas the antenna simulation has been performed using AXIAL simulation software [10], which consists
of mode matching analysis software of mixed circular and
coaxial waveguide structures.

The connection between MATLAB and AXIAL has
been done as follows: first, the multiobjective algorithms,
detailed in Section 3, generate the set (population) of variables (individuals) to be optimized {𝑟1 , 𝑙tran , 𝑟2 , 𝑑imp , 𝑡𝑖 , 𝑏𝑖 ,
𝑟3 , 𝑑0 , 𝑡𝑓 , 𝑏𝑓 , 𝑙𝑝 , 𝑎, 𝑎1 , 𝑎2 , 𝑎3 , 𝑎4 , 𝑎5 } by using MATLAB, which
are next saved in a plane text file. These stored values are
retrieved by AXIAL and the simulation of the horn is carried
out. When this simulation is done, the results of radiation
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Figure 6: Profile of the final horn.

4. Results and Discussion

Table 3: Goal values of the fitness function.
Fitness function
𝑓(1)
𝑓(2)
𝑓(3)
𝑓(4)
𝑓(5)

𝜃 (deg)
17
—
—
10
20

𝑇 (dB)
–12.5
–20
–30
—
—

𝑥1
1.5
1
1
10
0.5

(12)

Therefore, we have calculated 𝑥1 and 𝑥2 for the maximum
variation, as phase centre variation is ranged between 43 mm
(𝑥1 = 43/4.3 = 10) and 344 mm (𝑥2 = 344/4.3 = 80).
Finally, the radiation pattern must be symmetric, 𝑓(5); we
define 𝑥2 = 2.5 as the maximum difference between radiation
patterns because, for greater values, the antenna efficiency
decreases. If 𝑓(5) is greater than 2.5 at any frequency, the
solution is discarded.

−150

−250

Figure 4 represents the flow graph used for optimization
of the horn; the block of the algorithm corresponds to NSGAII or NSPSO.
As the radiation pattern at 17∘ must be between −11 dB and
−14 dB, if the value 𝑓(1) is less than 1.5 (𝑥1 = 14 − 12.5 = 1.5
or 𝑥1 = 12.5 − 11 = 1.5) the horn meets the specifications and
if the maximum difference is greater than 1 dB (𝑥2 = 12.5 −
11 − 1 = 2.5 or 𝑥2 = 14 + 1 − 12.5 = 2.5) at any frequency the
solution is discarded.
A low cross-polar is also important, 𝑓(2); we define a
good cross-polar value between −10 dB and −20 dB (𝑥2 =
20 − 10 = 10) and a very good cross-polar value is less than
−19 dB (𝑥1 = 20 − 10 = 1) at any frequency; if cross-polar
value is greater than −10 dB at any frequency the solution is
discarded.
For the return losses, 𝑓(3), we define a good 𝑆11 value
between −15 dB and −30 dB (𝑥2 = 30 − 15 = 15) and a very
good 𝑆11 if it is less than −29 dB (𝑥1 = 30 − 29 = 1) at any
frequency; if 𝑆11 is greater than −15 dB at any frequency, the
solution is discarded.
Next, 𝑓(4) calculates the slope of the phase centre. If we
represent the phase centre in 𝑋𝑌 diagram, where 𝑥-axis is
the frequency and 𝑦-axis is the distance, the slope could be
related to the following:

𝑥2
2.5
10
15
80
2.5

pattern at 𝜃 direction (Horn𝐸𝜃 ), cross-polar polarization
(XPpeak), reflection coefficient (𝑆11 ), antenna phase centre
(PhHorn𝐸𝜃 ), and E-plane and 𝐻-plane radiation pattern
are stored in a new text file. Finally, MATLAB gets these
values, and the different fitness functions of the individual are
computed and evaluated according to the definitions given
in Section 3.3 and using the values indicated in Table 3. The
described process is repeated for each individual until the
entire population is evaluated.

Using the previous procedure, we have set a population/
swarm size of 100 chromosomes/particles and a total number
of 200 iterations. After that, the final values of the population
can be classified according to their 𝜀𝑘 values. The results
are given in Table 4. The best solution was obtained from
the genetic algorithm, and also NSGA-II obtained a greater
number of valid solutions. On the contrary, as can be seen in
Figure 5, PSO solutions reach the Pareto front faster than EP
ones which can reduce optimization time but also reduce the
diversity of the population and the number of valid solutions.
The final dimensions of the best horn obtained (max(𝜀𝑘 ))
using the two algorithms are shown in Table 5.
The resulting profile shown in Figure 6 is quite similar to a
linear one, but it is not perfectly linear, and it improves crosspolar and symmetry of the beams.
The results of the radiation pattern are shown in Figure 7.
They fulfill the taper specification over the whole bandwidth.
Radiation patterns show a symmetrical beam in the whole
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Figure 7: Simulated beam pattern of feed (blue-copolar 𝐻-plane, red-copolar 𝐸-plane, green-copolar diagonal plane, and green dot-crosspolar diagonal plane).

bandwidth and the feed asymmetries can be found only in
the different side lobe levels.
4.1. Measurements. The simulated horn antenna has been
built and finally measured in the anechoic chamber at the
Yebes Astronomic Centre [31]. Two different measurements

were done: the scattering parameter measurement and the
radiation patterns over the frequency range from 4.5 GHz to
8.8 GHz.
Two different waveguide standards were used to cover
the frequency range adequately: WR159 standard covers
4.90 GHz to 7.05 GHz but it was used from 4.50 GHz and
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(a)

(b)

Figure 8: Measured port reflection (a) and radiation pattern (b).

Table 5: Final values.

Reﬂection coefficient (S11 )
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Figure 9: Reflection coefficient of the final design.

Table 4: Percentage of solutions obtained.
Algorithm 𝜀𝑘 = 1
NSGA-II
1
NSPSO
0
Total
1

0.75 ≤ 𝜀𝑘 < 1
34
9
43

0.5 ≤ 𝜀𝑘 < 0.75
49
54
103

𝜀𝑘 < 0.50
16
37
53

WR112 standard covers 7.05 GHz to 10.0 GHz. To measure
the scattering parameter 𝑆11 , a microwave absorber is placed
in the feed aperture to match it (Figure 8). In Figure 9, the
final port reflection coefficient is shown along all the feed
bandwidth. It is the final measurement in the 45 mm squared
port, that is, the interface with the cryogenic receiver.
The radiation patterns of the feed were also measured at
the Yebes anechoic chamber [31] (Figure 10). The measurements were performed with two setups because of the large
bandwidth. Again two families of waveguides and adaptors
need to be used. There was one setup to measure from 4.5 to
7.0 GHz and a second one to measure from 7.0 to 8.8 GHz. The
cross-polar worst level is better than −20 dB.

Parameter (mm)
𝑟1
𝑙tran
𝑟2
𝑑imp
𝑡𝑖
𝑏𝑖
𝑟3
𝑑0
𝑡𝑓
𝑏𝑓
𝑙𝑝
𝑎
𝑎1
𝑎2
𝑎3
𝑎4
𝑎5
𝑓(1)
𝑓(2)
𝑓(3)
𝑓(4)
𝑓(5)
𝜀𝑘

NSGA-II
32.4
0
32.4
18.9
9
1.7
67.4
17.2
3.4
7.3
545.7
219.3
47.9
100
138.1
163.2
185.5
0
0
0
1.7
60.18
1

NSPSO
35.7
0
35.7
18
9.1
2.7
80.1
16.5
3.6
8.2
649
273
40
80.3
120
150
187
4
0.5
0
0
74
0.97

The phase centre is calculated at several frequencies
along the feed bandwidth (Figure 11). The predictions about
the phase centre in the simulations are confirmed with
this measurement. The optimal position of the feed for all
frequencies is 660 mm from the aperture because it is the
phase centre position for the highest frequency and it is the
more sensitive value to the axial misalignment.
Finally, the efficiency of the aperture is calculated using
real measured data. The position of the feed in the antenna
reference frame is calculated with the information of the
phase centre position measured previously. The feed should
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Figure 10: Measured beam pattern of feed (blue-copolar 𝐻-plane, red-copolar 𝐸-plane, green-copolar diagonal plane, and green dot-crosspolar diagonal plane).

stand at one position, where all the efficiency of the antenna
remains high for all the bandwidth. As can be seen, the results
of the physical optics calculation shown in Figure 12 give
that the aperture efficiency is higher than 84% in the whole
bandwidth.

5. Conclusions
A corrugated horn with modified profile and a matching
corrugated section has been proposed. The designed antenna
is a tree section one based on a modified linear profile antenna
and has been optimized using two different multiobjective
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aperture). Measured (blue); simulation (orange).
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A review of evolutionary algorithms (EAs) with applications to antenna and propagation problems is presented. EAs have emerged
as viable candidates for global optimization problems and have been attracting the attention of the research community interested
in solving real-world engineering problems, as evidenced by the fact that very large number of antenna design problems have
been addressed in the literature in recent years by using EAs. In this paper, our primary focus is on Genetic Algorithms (GAs),
Particle Swarm Optimization (PSO), and Differential Evolution (DE), though we also briefly review other recently introduced
nature-inspired algorithms. An overview of case examples optimized by each family of algorithms is included in the paper.

1. Introduction
Several evolutionary algorithms (EAs) have emerged in
the past decade that mimic the behavior and evolution of
biological entities inspired mainly by Darwin’s theory of
evolution and its natural selection mechanism. The study
of evolutionary algorithms began in the 1960s. Several
researchers independently developed three mainstream evolutionary algorithms, namely, the Genetic Algorithms [1, 2],
Evolutionary Programming [3], and evolution strategies [4]
(Figure 1). EAs are widely used for the solution of single and
multiobjective optimization problems and Figure 1 depicts
some of the main algorithmic families.
Swarm Intelligence (SI) algorithms are also a special type
of EA. The SI can be defined as the collective behavior
of decentralized and self-organized swarms. SI algorithms
include Particle Swarm Optimization (PSO) [5], Ant Colony
Optimization [6], and Artificial Bee Colony (ABC) [7].
PSO mimics the swarm behavior of birds flocking and fish
schooling [5]. The most common PSO algorithms include the
classical Inertia Weight PSO (IWPSO) and the Constriction
Factor PSO (CFPSO) [8]. The PSO algorithm is easy to
implement and is computationally efficient; it is typically used

only for real-valued problems. An option to expand PSO for
discrete-valued problems also exists [9]. Other SI algorithms
include (i) Artificial Bee Colony (ABC) [7], which models
and simulates the behaviors of honey bees foraging for food,
and (ii) Ant Colony Optimization (ACO) [6, 10, 11], which is
a population-based metaheuristic inspired by the behavior of
real ants.
Differential Evolution (DE) [12, 13] is a population-based
stochastic global optimization algorithm, which has been
used in several real-world engineering problems utilizing
several variants of the DE algorithm. An overview of both
the PSO and DE algorithms and hybridizations of these
algorithms along with other soft computing tools can be
found in [14].
Other evolutionary techniques applied to antenna problems include the recently proposed Wind Driven Optimization (WDO) [15]; biogeography-based optimization (BBO);
Invasive Weed Optimization (IWO) [16–20]; Evolutionary
Programming (EP) [21, 22]; and the Covariance Matrix
Adaptation Evolution Strategy (CMA-ES) [23, 24].
An important theorem which is pertinent to the performance of optimization algorithms is the so-called “No
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Figure 1: A diagram depicting main families of evolutionary algorithms.

Free Lunch” (NFL) theorem, which pertains to the average
behavior of optimization algorithms over given spaces of
optimization problems. It has been shown in [25] that when
averaged over all possible optimization problems defined
over some search space 𝑋, no algorithm has a performance
advantage over any other. Additionally, in [26] the authors
show that it is theoretically impossible to have a best generalpurpose universal optimization strategy, and the only way for
one strategy to be superior to the others is when it focuses
on a particular class of problems. It should be noted that a
wide variety of optimization problems arise in the antenna
domain and that it is not always an easy task to find the best
optimization algorithm for solving each of them. Therefore,
it is worthwhile to explore new optimization algorithms if
we find that they can work well for the problem at hand.
Optimization problems arising in the design and synthesis of
antennas can benefit considerably from an application of the
EAs, which can lead to unconventional solutions regarding
position and excitation of the antenna elements in an array.
Furthermore, the elements themselves can be geometrically
designed by using the EAs.
The purpose of this paper is to briefly describe the
algorithms and present their application to antenna design
problems found in the recent literature.
Section 2 reviews the Genetic Algorithms (GAs). Section 3 focuses on PSO and Section 4 is devoted to DE. A brief
overview of other EA algorithms is provided in Section 5.
We describe the algorithms briefly and then present some
statistics regarding the use of the algorithms in the literature.
Additionally, for each algorithm some representative papers
are referenced in the tables. Some open issues are discussed
in Section 6, and conclusions are drawn in Section 7.

2. Genetic Algorithms
GAs, the most popular EAs, are inspired by Darwin’s natural
selection. GAs can be real or binary-coded. In a binary-coded

GA each chromosome encodes a binary string [27, 28].
The most commonly used operators are crossover, mutation,
and selection. The selection operator chooses two parent
chromosomes from the current population according to a
selection strategy. Most popular selection strategies include
roulette wheel and tournament selection. The crossover
operator combines the two parent chromosomes in order to
produce one new child chromosome. The mutation operator
is applied with a predefined mutation probability to a new
child chromosome.
A search in the Scopus database shows that there are
65762 conference papers and 94510 journal papers related
to GAs from 1977 to 2016. Figure 2 shows the number
of papers related to GAs and antennas over the last 15
years. Additionally, the search in the same database using
the keywords GAs and Antennas reveals a total number of
2807 papers (both journal and conference). Tutorials and
applications of GAs to electromagnetics can be found in
[29, 30].
Table 1 lists selected papers that use GAs (mostly binarycoded) for antenna design. Several papers exist in the literature that apply GAs for array synthesis. A binary-coded
GA has been applied for linear and planar array synthesis in
[31, 32], among others, while a GA that uses decimal operator
has been used in [33]. The problem of array thinning has
been addressed in the literature using binary-coded GAs in
[34], while the array-failure correction problem has been
addressed by using the real-coded GAs in [35]. A simple GA
has been used for the synthesis of time-modulated arrays in
[36]. Different antenna types have been designed using the
GAs, for example, wire antennas in [37–40], patch antennas
in [41, 42], and RFID tags in [43]. Other GA-type algorithms,
such as a mixed integer GA, have also been applied in [44]
to several different antenna design problems. An improved
GA for the design of linear aperiodic arrays and a binarycoded GA which uses two-point crossover (instead of the
usual one point) have been used in [45] for the design of
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Table 1: Selected journal papers that use GAs for antenna design.
Ref.

Problem

Algorithm(s) used

Thinned arrays
Wire antennas and Yagi-Uda antenna
Array synthesis
Array-failure correction

Binary-coded GA
Binary-coded GA
Decimal operators GA
Real-coded GA
Binary-coded GA and hybrid GA with simulated annealing
(SA)

[34]
[37–40]
[33]
[35]

Binary-coded GA and parallel GA

[41, 42]

Linear and planar array synthesis
Broadband patch antennas and dual-band patch
antennas
RFID tags
Time-modulated linear arrays
Linear array design, thinned subarrays, and circularly
polarized patch antenna
Linear aperiodic arrays design
Low RCS slot patch antennas
T-shaped MIMO radar antenna array
Quad-band patch antenna

Binary-coded GA
Simple GA

[43]
[36]

Mixed integer GA

[44]

Improved GA
Binary-coded GA and two-point crossover
chaos genetic algorithm
Binary-coded GA

[138]
[45]
[46]
[47]

is called 𝑔𝑏𝑒𝑠𝑡. After finding the pbest and 𝑔𝑏𝑒𝑠𝑡, the velocity
update rule is an important factor in a PSO algorithm. The
most commonly used algorithm defines that the velocity of
each particle for every problem dimension is updated with
the following equation:
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Figure 2: Papers using GAs for antenna design from 1993 to May
2016.

patch antennas with low RCS. A GA that combines chaos
theory and genetic algorithm is used for designing T-shaped
MIMO radar antenna array in [46]. A design procedure based
on a GA is given in [47] for optimizing a patch antenna
for operation to four frequency bands GSM1800, GSM1900,
LTE2300, and Bluetooth.

3. Particle Swarm Optimization (PSO)
In PSO, the particles move in the search space, where each
particle position is updated by two optimum values. The first
one is the best solution (fitness) that has been achieved so far.
This value is called pbest. The other one is the global best value
obtained so far by any particle in the swarm. This best value

(1)

where 𝑢𝐺+1,𝑛𝑖 is the 𝑖th particle velocity in the 𝑛th dimension,
𝐺 + 1 denotes the current iteration and 𝐺 denotes the
previous, 𝑥𝐺,𝑛𝑖 is the particle position in the 𝑛th dimension,
rand1(0,1) , rand2(0,1) are uniformly distributed random numbers in (0, 1), 𝑤 is a parameter known as the inertia weight,
and 𝑐1 and 𝑐2 are the learning factors.
The parameter 𝑤 (inertia weight) is a constant between
0 and 1. This parameter represents the particle’s fly without
any external influence. The higher the value of 𝑤 is or the
closer it is to unity, the more the particle stays unaffected from
pbest and 𝑔𝑏𝑒𝑠𝑡. The inertia weight controls the impact of the
previous velocity: a large inertia weight favors exploration,
while a small inertia weight favors exploitation. The parameter 𝑐1 represents the influence of the particle memory on its
best position, while the parameter 𝑐2 represents the influence
of the swarm best position. Therefore, in the Inertia Weight
PSO (IWPSO) algorithm the parameters to be determined are
the swarm size (or population size), usually 100 or less, the
cognitive learning factor 𝑐1 and the social learning factor 𝑐2
(usually both are set equal to 2.0), the inertia weight 𝑤, and
the maximum number of iterations. It is common practice to
linearly decrease the inertia weight starting from 0.9 or 0.95
to 0.4.
Clerc [8] has suggested the use of a different velocity
update rule, which has introduced a parameter 𝐾 called
constriction factor. The role of the constriction factor is to
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Table 2: Selected journal papers that use PSO for antenna design.
Ref.

Problem

Algorithm(s) used

Linear arrays design
Profiled corrugated horn antenna design
Phased arrays design
Circular array design
Coplanar waveguide-fed planar monopole antenna
Conformal phased arrays design
Reconfigurable phase-differentiated array design
Multiband and wideband patch antenna design
Time-modulated arrays design
Infinitesimal dipoles array synthesis
Yagi-Uda antenna
Thinned planar circular arrays
Adaptive beamforming of linear antenna arrays
Dual-band patch antenna design
Array design
Square thinned arrays

Original PSO and CLPSO
Original PSO and GA and hybrid GA-PSO
Original PSO and GA comparison
Original PSO and DE and GA comparison
Original PSO with MoM
Original PSO
Original PSO
Parallel PSO/FDTD
Original PSO
QPSO
CLPSO
Modified PSO
Adaptive Mutated Boolean PSO
Boolean PSO
Chaotic PSO
Hybrid PSO and Hadamard difference sets
Feedback Particle Swarm Optimization (FPSO) with nonlinear
inertia weight

Linear array design

ensure convergence when all the particles have stopped their
movements. The velocity update rule is then given by

60

(2)

𝐾 = 
,
2 − 𝜑 − √𝜑2 − 4𝜑




where 𝜑 = 𝑐1 + 𝑐2 and 𝜑 > 4. This PSO algorithm variant is
known as Constriction Factor PSO (CFPSO).
The Scopus database shows a total number of 39673
papers from 1995 to April 2016 for PSO related papers (including 19570 journal papers and 18355 conference papers).
A refined search for antenna papers reveals 519 journal
papers and 515 conference papers from 2002 to May 2016
indicating the popularity of PSO algorithm. Figure 3 shows
the distribution of papers on PSO design of antennas from
2002 to 2016.
Table 2 lists selected PSO antenna papers. Introductory
and tutorial papers that introduce the application of the PSO
for antenna design are [48, 49]. Additionally, the problem of
sidelobe suppression of linear arrays using the PSO has been
addressed in [50, 51]. A comparison of the performance of the
PSO and GA algorithms, as applied to the problem of phased
arrays design, has been given in [52], while a comparative
study of PSO, GAs, and DE for circular array design has been
reported in [53]. A performance comparison of PSO, GA, and
a hybrid GA-PSO has been provided in [54], where they have
been applied to the problem of designing profiled corrugated
horn antennas. The application of PSO to conformal phased
arrays design has been shown in [55]. A coplanar waveguidefed planar monopole antenna for multiband operation has
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Figure 3: Papers using PSO for antenna design from 2002 to May
2016.

been designed in [56] using the PSO algorithm in conjunction with the Method of Moments (MoM). The authors in [57]
use PSO for reconfigurable phase-differentiated array design.
A Parallelized PSO optimizer has been used in conjunction
with the Finite Difference Time Domain (FDTD) which
has been employed for multiband patch antenna designs in
[58], and the problem of minimizing power loss in timemodulated arrays has been addressed in [59]. Boundary
conditions play an important role in the application of the
PSO, and the performances of different boundary conditions
have been tested on a 16-element array antenna in [60], based
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4. Differential Evolution (DE)
In DE, the initial population evolves in each generation with
the use of three operators: mutation, crossover, and selection.
Several DE variants or strategies exist in the literature [13, 66]
that depend on the form of these operators. The choice of the
best DE strategy depends on the problem type [67]. Common
DE strategies for the generation of trial vectors include
DE/rand/1/bin, DE/rand-to-best/2/bin, and DE/rand/2/bin.
In these strategies a mutant vector V𝐺+1,𝑖 for each target vector
𝑥𝐺,𝑖 is computed by
DE/rand/1/bin
V𝐺+1,𝑖 = 𝑥𝐺,𝑟1 + 𝐹 (𝑥𝐺,𝑟2 − 𝑥𝐺,𝑟3 ) , 𝑟1 ≠ 𝑟2 ≠ 𝑟3
DE/rand-to-best/2/bin
V𝐺+1,𝑖 = 𝑥𝐺,𝑖 + 𝐹 (𝑥𝐺,best − 𝑥𝐺,𝑖 ) + 𝐹 (𝑥𝐺,𝑟1 − 𝑥𝐺,𝑟2 )
+ 𝐹 (𝑥𝐺,𝑟3 − 𝑥𝐺,𝑟4 ) ,

𝑟1 ≠ 𝑟2 ≠ 𝑟3 ≠ 𝑟4

(3)

DE/rand/2/bin
V𝐺+1,𝑖 = 𝑥𝐺,𝑟1 + 𝐹 (𝑥𝐺,𝑟2 − 𝑥𝐺,𝑟3 ) + 𝐹 (𝑥𝐺,𝑟4 − 𝑥𝐺,𝑟5 ) ,
𝑟1 ≠ 𝑟2 ≠ 𝑟3 ≠ 𝑟4 ≠ 𝑟5 ,
where 𝑟1 , 𝑟2 , 𝑟3 , 𝑟4 , 𝑟5 are randomly chosen indices from
the population that are different from the index 𝑖 and
𝐹 is a mutation control parameter. After mutation, the
crossover operator is applied to generate a trial vector
𝑢𝐺+1,𝑖 = (𝑢𝐺+1,1𝑖 , 𝑢𝐺+1,2𝑖 , . . . , 𝑢𝐺+1,𝑗𝑖 , . . . , 𝑢𝐺+1,𝐷𝑖 ) whose coordinates are given by
{V𝐺+1,𝑗𝑖 , if rand𝑗[0,1) ≤ CR or 𝑗 = rn (𝑖) ,
𝑢𝐺+1,𝑗𝑖 = {
(4)
, if rand𝑗[0,1) > CR and 𝑗 ≠ rn (𝑖) ,
𝑥
{ 𝐺+1,𝑗𝑖

where 𝑗 = 1, 2, . . . , 𝐷, rand𝑗[0,1) is a number from a
uniform random distribution from the interval [0, 1), rn(𝑖)
is a randomly chosen index from (1, 2, . . . , 𝐷), and CR is
the crossover constant from the interval [0, 1]. DE uses a
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on mathematical benchmark functions. All of the above
papers use the original IWPSO or the CFPSO, although
several variants of PSO are available. A new PSO variant
called quantum PSO (QPSO) algorithm has been proposed
and applied in [61] to find a set of infinitesimal dipoles which
produces the same near and far fields as a circular dielectric
resonator antenna (DRA). The interesting point about QPSO
is the fact that it contains only one control parameter. The
comprehensive learning PSO (CLPSO) is applied to Yagi-Uda
antenna design in [62] and unequally spaced arrays sidelobe
suppression in [63]. A modified PSO algorithm has been
applied in [64] for the synthesis of thinned planar circular
arrays. A Feedback Particle Swarm Optimization (FPSO) is
in [65] proposed for SLL minimization and null control of
linear arrays. The FPSO is based on a nonlinear inertia weight
algorithm.
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Figure 4: Papers using DE for antenna design from 2002 to May
2016.

greedy selection operator, which for minimization problems
is defined by
{𝑢𝐺+1,𝑖 , if 𝑓 (𝑢𝐺+1,𝑖 ) < 𝑓 (𝑥𝐺,𝑖 ) ,
𝑥𝐺+1,𝑖 = {
𝑥 ,
otherwise,
{ 𝐺,𝑖

(5)

where 𝑓(𝑢𝐺+1,𝑖 ) and 𝑓(𝑥𝐺,𝑖 ) are the fitness values of the trial
and the old vector, respectively. The new trial vector 𝑢𝐺+1,𝑖
replaces the old vector 𝑥𝐺,𝑖 only when it produces a lower
objective-function value than the old one. Otherwise, the old
vector remains in the next generation. The stopping criterion
for the DE is usually the generation number or the number of
objective-function evaluations.
A search in the Scopus database reveals 38,097 documents
related to DE (27,482 journal papers and 7831 conference
papers). A refined search for antenna related papers using
the DE shows 221 journal papers and 152 conference papers.
Figure 4 shows how the papers related to DE antenna are
distributed from 2002 to May 2016.
A general review paper of the use of DE in electromagnetics has been reported in [68], and a book [69] on
DE implementation in electromagnetics has been published.
Table 3 lists some representative papers for antenna design.
The most commonly used DE strategy for antenna design
is the DE/rand/1/bin variant. The above-mentioned strategy has been applied, among others, to the problem of
linear array design in [70]; synthesis of difference patterns
of monopulse antennas in [71]; array pattern nulling in
[72]; and conformal array design in [73]. Several other DE
strategies have been applied to antenna problems. In [74],
the authors have introduced a new DDE/BoR/1/bin strategy
for linear array synthesis, while a modified DE strategy
(MDES) has been used in [75] for the same problem. The
strategy DE/best/1/bin has been applied in [76–78] for timemodulated array design. Self-adaptive DE algorithms have
also been applied to antenna problems, including jDE [79]
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Table 3: Selected journal papers that use DE for antenna design.

Problem
Linear arrays design
Linear arrays design
Linear arrays design and E-shaped patch antenna
Difference patterns of monopulse antennas
Array pattern nulling
Linear arrays design
Linear arrays design
Array design
Shaped beam synthesis
Conformal arrays design
Horn antenna design and sparse linear arrays synthesis
Subarray design
Time-modulated arrays design
Monopulse antenna with a subarray weighting
Yagi-Uda antenna
Low Radar Cross Section (RCS) slot patch antenna design

in [80–82]; SaDE [83] in [84, 85]; and CODE-EIG in [86].
Multiobjective DE algorithms are also another large group of
DE algorithms applied to antenna problems. These include
applications to linear array design in [87], to subarray design
in [88], and to Yagi-Uda antennas [89]. DE algorithms
hybridized with other methods are also commonly found in
the literature; for instance, the DE has been used with the
Method of Moments in [90] for the design of low Radar Cross
Section (RCS) antennas.

5. Other Innovative Algorithms
Several new EAs have emerged during the last ten years
that are based on different evolutionary models of animals,
insects, or other biological entities. Artificial Bee Colony
(ABC) [7] is a recently proposed SI algorithm, which has
been applied to several real-world engineering problems.
The ABC algorithm models and simulates the honey bee
behavior in food foraging. In the ABC algorithm, a potential
solution to the optimization problem is represented by the
position of a food source while the food source corresponds
to the quality (objective-function fitness) of the associated
solution. The ABC algorithm has been successfully applied to
several problems in wireless communications [91]. A number
of different variants of the ABC that improve the original
algorithm have been proposed in [92]. A search in the Scopus
database shows that there are more than 3000 papers on ABC,
of which 48 use the ABC for antenna design. These include
array design [93–96]; resonant frequency of patch antennas
calculation [97]; and RFID tags design [98–100].
Ant Colony Optimization (ACO) [6, 10, 11] is a
population-based metaheuristic which was introduced
by Dorigo et al. [11] inspired by the behavior of real ants.
The algorithm is based on the fact that ant colonies can find
the shortest path between their nest and a food source just
by depositing and reacting to pheromones while they are

Algorithm(s) used
DE/rand/1/bin
DDE/BoR/1/bin
jDE [79]
DE/rand/1/bin
DE/rand/1/bin
Modified DE strategy (MDES)
Multiobjective DE
Improved DE
CODE-EIG
DE/rand/1/bin
SaDE [83]
Memetic GDE3
DE/best/1/bin
Hybrid DE
GDE3
DE/MoM

Ref.
[70]
[74]
[80–82]
[71]
[72]
[75]
[87]
[143]
[86]
[73]
[84, 85]
[88]
[76–78]
[144]
[89]
[90]

exploring their environment. ACO is suitable for solving
combinatorial optimization problems that are common in
antennas. The search in Scopus shows more than 10,000
papers on ACO, with 169 papers dealing with the topic
of antenna design. The topic of linear array synthesis has
been presented in [101]; patch antenna design in [102];
sum-difference pattern synthesis in [103]; and thinned array
design in [102]. A modified touring ant colony optimizer
has been used for shaped beam synthesis [104] and for
pattern nulling in [105–107]. The authors in [108] present
a comparative study of simulated annealing (SA), GA, and
ACO on self-structured antenna design.
Biogeography-based optimization (BBO) [109] is another
later addition to EAs. BBO is based on mathematical models
that describe how species migrate from one island to another,
how new species arise, and how species become extinct. The
way the problem solution is found is analogous to nature’s
way of distributing species. The search in the Scopus database
yielded 654 papers that refer to BBO from 2007 to May 2016
with 40 papers that use BBO for antenna design from 2009
till today. BBO has been applied to Yagi-Uda design [110]
and array synthesis [111–117]. Additionally a hybrid DE/BBO
algorithm has been used for the design of a reconfigurable
antenna array with discrete phase shifters in [118].
Evolutionary Programming (EP) was originally proposed
by Fogel in [3]. EP is based on the idea of representing
individuals phenotypically as finite state machines capable
of responding to environmental stimuli. The representations
used in EP are problem-dependent. The most common
representation used is a fixed-length real-valued vector. In
EP, the vectors evolve but do not exchange information
between them. There are no crossover operators but only
mutation operators. EP has been applied to several problems
in electromagnetics [21, 119, 120]. Among others EP has been
applied to patch antenna design [121] and to wideband
parasitic dipole arrays [122].
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Hansen and Ostermeier [123] introduced the Covariance
Matrix Adaptation Evolution Strategy (CMA-ES). CMA-ES
is a second-order approach estimating a positive covariance
matrix within an iterative procedure. More details about the
CMA-ES performance algorithm can be found in [124, 125].
In [23, 24] the authors present an approach for mixedparameter optimization based on CMA-ES, which is successfully applied in several design problems in electromagnetics.
This approach is based on the concepts presented in [22]
for EP. The CMA-ES algorithm has been recently applied to
design problems in antennas and electromagnetics in general
[126–129].
5.1. Other Artificial Intelligence Methods. Other artificial
intelligence methods and techniques include Artificial Neural
Network (ANN) architectures [130], which are a family of
models inspired by biological neural networks. ANNs are
used to estimate or approximate functions that can depend
on a large number of inputs and are generally unknown. The
applications of ANNs to electromagnetics are a popular topic
in the literature [131].
Deep learning is a type of machine learning based on a set
of algorithms that attempt to model high-level abstractions in
data by using a deep graph with multiple processing layers,
composed of multiple linear and nonlinear transformations
[132–135]. These methods have dramatically improved the
state of the art in speech recognition, visual object recognition, object detection, and many other domains such as drug
discovery and genomics [132].

6. Discussion: Open Issues
The choice of the best algorithm for every problem requires
the consideration of its specific characteristics. Once the
algorithm is chosen, the key issue becomes the selection of
the algorithm control parameters, which in most cases can be
also problem-dependent. A practical initial approach is to use
the control parameters for these algorithms that commonly
perform well regardless of the characteristics of the problem
to be solved.
For real-coded GAs typical values are 0.9 for the crossover
probability and 1/𝑁 for the mutation probability, where 𝑁
is the problem dimension. For the binary-coded GA, typical
values for crossover and mutation probabilities are [1.0, 0.8]
and [0.01, 0.1], respectively.
In the PSO algorithms 𝑐1 and 𝑐2 are set equal to 2.05. For
CFPSO, these values result in 𝐾 = 0.7298. For IWPSO, it is
common practice to linearly decrease the inertia weight starting from 0.95 to 0.4. The velocity is updated asynchronously,
which means that the global best position is updated at the
moment it is found.
For the DE, Storn and Price [13] have suggested choosing
the differential evolution control parameters 𝐹 and CR from
the intervals [0.5, 1] and [0.8, 1], respectively, and setting
𝑁𝑃 = 10𝐷. The correct selection of these control parameter
values is, frequently, a problem-dependent task. Multiple
algorithm runs are often required for fine-tuning the control
parameters. There are several DE algorithms in the literature
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that self-adapt these control parameters. Another question is
the selection of the appropriate strategy for the generation of
trial vectors, which requires additional computational time
using a trial-and-error search procedure. Therefore, it is not
always an easy task to fine-tune the control parameters and
strategy. Since finding the suitable control parameter values
and strategy in such a way is often very time-consuming,
there has been an increasing trend among researchers in
designing new adaptive and self-adaptive DE variants. A DE
strategy (jDE) that self-adapts the control parameters has
been introduced in [79]. This algorithm has been applied
successfully to a microwave absorber design problem [136]
and linear array synthesis [82]. SaDE, a DE algorithm that
self-adapts both control parameters and strategy based on
learning experiences from previous generations, is presented
in [83].
The research domain of evolutionary algorithms is growing rapidly. A current and growing research trend in evolutionary algorithms is their hybridization with local optimizers. These algorithms are called Memetic Algorithms (MAs)
[90] that are inspired by Dawkins’ notion of meme. The
advantage of such an approach is that the use of a local
search optimizer ensures that specific regions of the search
space can be explored using fewer evaluations and good
quality solutions can be generated early during the search.
Furthermore, the global search algorithm generates good
initial solutions for the local search. MAs can be highly
efficient due to this combination of global exploration and
local exploitation.
An interesting idea has been presented in [137] where
the authors conceptually present the equivalences of various
popular EAs like GAs, PSO, DE, and BBO. Their basic conclusion is that the conceptual equivalence of the algorithms is
supported by the fact that modifications in algorithms result
in very different performance levels.
Finally, another concern that is pertinent to all of the
above algorithms is the definition of the stopping criterion.
Usually, this is the iteration number or the number of
objective-function evaluations. Additionally and in order
to avoid stagnation, another criterion could be set for the
algorithm to stop after a number of generations when the
objective function does not further improve.

7. Conclusion
A brief survey of different evolutionary algorithms and their
application to different problems in antennas and propagation have been presented in this review paper. It is to be
noted that, among the evolutionary algorithms used in the
literature, the GA and SI algorithms are among those most
commonly utilized.
The bibliography statistics show that GAs, PSO, and DE
are among the most popular algorithms for antenna design. It
must be pointed out that several variants of these algorithms
have also been employed along with other nature-inspired
algorithms that have emerged. Most notably, ABC, ACO,
BBO, EP, and CMA ES have been applied to several antenna
design problems. The body of literature on EAs to antenna

8
design is by now quite extensive and it continues to grow
fast with more innovative algorithms. The above presented
algorithms have been proven effective in solving specific
antenna design problems, although the NFL theorem assures
that a best global optimizer does not exist. the search for new
algorithms and their application to antenna design problems
is an ongoing research process, which is likely to continue
unabated for some time to come.
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This research has proposed the iterative genetic algorithm (GA) optimization scheme to synthesize the radiation pattern of an
aperiodic (nonuniform) linear array antenna. The aim of the iterative optimization is to achieve a radiation pattern with a side lobe
level (SLL) of ≤−20 dB. In the optimization, the proposed scheme iteratively optimizes the array range (spacing) and the number
of array elements, whereby the array element with the lowest absolute complex weight coefficient is first removed and then the
second lowest and so on. The removal (the element reduction) is terminated once the SLL is greater than −20 dB (>−20 dB) and the
elemental increment mechanism is triggered. The results indicate that the proposed iterative GA optimization scheme is applicable
to the nonuniform linear array antenna and also is capable of synthesizing the radiation pattern with SLL ≤ −20 dB.

1. Introduction
In addition to the fabrication simplification, an array antenna
with minimal number of array elements is capable of generating a desired radiation pattern for unequally spaced and
nonuniform excitation strategies. The array antenna with
minimal array elements could also achieve high directivity,
narrow beamwidth, and low side lobe level (SLL). The
reduced number of array elements affords this kind of array
antenna a wider variety of applications, in particular where
the antenna dimension, weight, and the budget availability
play a significant role, for example, in the radar systems,
satellite communications, and mobile communications.
Regarding research on the radiation pattern synthesis
techniques for uniformly spaced and equally distributed
excitation, Dolph-Tschebyscheff and Taylor methods were
utilized to derive the antenna array excitation coefficients
for the radiation pattern synthesis. The proposed technique
however resulted in a large, bulky antenna [1]. On the other
hand, in [2, 3], an array antenna with nonuniform range
(spacing) between antenna elements was deployed to improve
the radiation pattern synthesis by which the reduction in

the spatial aperture was achieved. Furthermore, in [4, 5],
adjustments were made with the weight coefficients and
the array ranges were to successfully improve the radiation
pattern synthesis performance of the antenna.
Moreover, the noniterative/iterative technique has been
implemented to enhance the radiation pattern synthesis of
the nonuniform array antennas. In [6, 7], a noniterative algorithmic scheme based on the matrix pencil method (MPM)
was utilized with the nonuniform linear array antenna to
reduce the computational time. On the iterative side, both the
local and global optimization algorithms have been utilized
to optimize the weight coefficients and array range. With
the local iterative optimization, the search time is shorter
and the resources requirement lowers vis-à-vis the global
optimization. The local optimization technique nevertheless
requires that a suitable starting point be identified and, in a
number of occasions, suffers from the suboptimal solution.
Examples of the local optimization techniques are the steepest
descent, quasi-Newton, and conjugate gradient techniques
[8].
In regard to the global iterative optimization, the evolutionary algorithms (EAs) [9] were utilized to optimize
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Figure 1: Geometry of nonuniform excitation coefficients and array range of a linear array antenna with 𝑀 elements.

the weight coefficients and array ranges for synthesis of the
desired radiation pattern of the linear array antenna. In [10,
11], the simulated annealing (SA) algorithm was applied to
the thinned array antenna to achieve the radiation pattern
with low SLL. In [12, 13], the particle swarm algorithm (PSO)
technique was applied to unequally spaced linear array for
the radiation pattern synthesis with suppressed SLL and null
control. In [14, 15], the genetic algorithm (GA) was employed
to achieve the radiation pattern with low SLL, while in [16]
the improved GA, in which the number of array elements was
reduced, was proposed and subsequently applied to a linear
aperiodic (nonuniform) array antenna to achieve a shortened
computational time and low SLL radiation pattern.
Further research has been carried out to achieve the
radiation pattern with low SLL and minimal number of array
elements required. In [17], a linear sparse array antenna with
the suppressed SLL radiation pattern and reduced number of
array elements was presented. In determining the optimally
minimal number of array elements, the algorithm iteratively
optimizes the array range and weight coefficients. Instead of
removing the array element in an individual fashion, their
proposed method removes in one iteration with a multiple
of array elements. In [18, 19], the GA and numerical Moment
Method (MM) techniques were applied to successfully synthesize the radiation pattern with low SLL using the reduced
number of array elements.
In order to optimize problems concurred in attaining
the second objective for sparse nonuniform array synthesis,
an iterative algorithmic scheme is proposed in this research,
where the number of array elements is minimized in an
iterative fashion. The ranges of array element are accordingly
designed by using GA. The achievement of minimal array
elements is removed by iterative algorithmic scheme being
considered to have minimum contribution to weight coefficients. The fitness function (objective function) is used by
the only term at minimizing the SLL. This research has proposed an iterative GA optimization scheme to synthesize the
suppressed SLL radiation pattern (≤−20 dB) of an aperiodic
(nonuniform) linear array antenna. In operation, the scheme
iteratively optimizes the array range and the number of array
elements, whereby the array element with the lowest absolute
complex weight coefficient is first removed and then the
second lowest and so on. The removal (the element reduction)
is terminated once the SLL is greater than −20 dB (>−20 dB)
and the elemental increment mechanism is triggered.

2. Method on Array Synthesis
In the synthesis of radiation pattern of an array antenna, the
first step is to determine the array factor (AF). The focus of
this research is on the nonuniform and asymmetrical linear
array antenna; this section thus assumes a nonuniform and
asymmetrical linear array with 𝑀 array elements along the 𝑥
and 𝑦 directions. The AF of the linear sparse array antenna
can be expressed as
𝑀

AF (𝑢𝑥 , 𝑢𝑦 ) = ∑ 𝑤𝑛 𝑒2𝜋𝜉(𝑛) ,

(1)

𝑛=1

where
𝜉 (𝑛) =

𝑑𝑥 (𝑛) 𝑢𝑥 + 𝑑𝑦 (𝑛) 𝑢𝑦
𝜆

,

(2)

𝑤𝑛 = 𝑎𝑛 + 𝑗𝛼𝑛 ,
where 𝑀 is the number of array elements along the 𝑥 and 𝑦
directions; 𝑑𝑥 (𝑛) and 𝑑𝑦 (𝑛) are the positions of each element
along the 𝑥𝑦 plane, as shown in Figure 1; 𝑤𝑛 is the complex
weight coefficient of the 𝑛th element, where 𝑎𝑛 and 𝛼𝑛 are the
amplitude and phase; 𝜆 is the wavelength of the arrival signal
incident wave at an azimuth of 𝜙 and elevation of 𝜃; and 𝑢𝑥
and 𝑢𝑦 are the direction cosines given by
𝑢𝑥 = sin (𝜃) cos (𝜙) ,

(3)

𝑢𝑦 = sin (𝜃) sin (𝜙) .
The AF from (1) can be expressed in the matrix form as
AF (𝑢𝑥 , 𝑢𝑦 ) = AF (𝑤, 𝑑, 𝑢𝑥 , 𝑢𝑦 ) ,

(4)

where 𝑤 and 𝑑 are, respectively, the complex weight coefficient and the position of element matrix variable. To calculate
𝑤, the matrix form in (4) is rewritten as in
𝑇

𝑓 (𝑤, 𝑑, 𝑢𝑥 , 𝑢𝑦 ) = 𝑔 (𝑑, 𝑢𝑥 , 𝑢𝑦 ) 𝑤,

(5)
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where
𝑤𝑛 = [𝑎1 + 𝑗𝛼1 , 𝑎2 + 𝑗𝛼2 , . . . , 𝑎𝑀 + 𝑗𝛼𝑀] ,
𝑑𝑇 = [𝑑𝑥𝑇 , 𝑑𝑦𝑇 ] ,
𝑑𝑥 = [𝑑𝑥 (1) , 𝑑𝑥 (2) , . . . , 𝑑𝑥 (𝑀)] ,

(6)

𝑑𝑦 = [𝑑𝑦 (1) , 𝑑𝑦 (2) , . . . , 𝑑𝑦 (𝑀)] .
The matrix of function 𝑔 in the exponential form can be
expressed as
𝑔 (𝑑, 𝑢𝑥 , 𝑢𝑦 ) = exp [𝑗

2𝜋
𝑑 𝑢 + 𝑑𝑦 𝑢𝑦 ] .
𝜆 𝑥 𝑥

(8)

where AFs and AFr , respectively, are the array factors of the
synthesized and reference radiation patterns.
For the optimization process to approach the optimal
solution, an iterative scheme is applied to the SQR to improve
the fit process. The optimal solution is then algorithmically
deployed to optimize the element range and the number of
array elements. A typical SQR encompasses the main lobe
(ML) and side lobe (SL) regions. Specifically, the iteration
of SQR in the ML region is carried out through to the 𝑘thiteration, which is expressed as

2
2

SQRML (𝑘) = AFs 𝑘−1 ⋅ 𝛿𝑘 − AFr  ,

(9)

where 𝛿𝑘 is the updated value of array structure from the
optimization process and
𝑓 (𝑤 𝑑 𝑢1
𝑢𝑦1 ) 
 ML 𝑘 𝑘
𝑥



..
..
..
.. 


SQRML (𝑘) = 
.
.
.
.  ,



𝑓ML (𝑤𝑘 𝑑𝑘 𝑢𝑁ML 𝑢𝑁ML )
𝑥
𝑦



(10)

where 𝑁ML is the total number of sample points in the ML
region.
The iteration of SQR in the SL region through to the
𝑘th-iteration, in which the difference between AFs and AFr
centers around zero, can be expressed as

2
2

SQRSL (𝑘) = AFs 𝑘−1 ⋅ 𝛿𝑘 − AFr  ,

where 𝑁SL is the total number of sample points in the SL
region.
As the fitness function (fit) of optimization is to minimize
the SLL of the radiation pattern, the fitness function can be
expressed as

(7)

The definition of array synthesis is to design the parameters of the array, that is, the ranges and the number of array
elements. The squared response error (SQR) is performed
on a pattern close to the desired radiation pattern. The
squared response error (SQR) between the array factors of the
synthesized radiation pattern (AFs ) and reference radiation
pattern (AFr ) is then calculated. The SQR is subsequently
substituted in the fitness function (fit) of the optimization
process, which is later discussed. The squared response error
(SQR) can be expressed as
2 
2

SQR = AFs  − AFr  ,

where 𝛿𝑘 is the updated value of array structure from the
optimization process and
𝑓 (𝑤 𝑑 𝑢1
𝑢𝑦1 ) 
 SL 𝑘 𝑘
𝑥


 .
..
..
.. 

.

(12)
SQRSL (𝑘) =  .
.
.
.  ,



𝑓SL (𝑤𝑘 𝑑𝑘 𝑢𝑁SL 𝑢𝑁SL )
𝑥
𝑦



(11)

fit = 20log10 max [

SQR
],
SQRmax

(13)

where
SQRmax
=

max

{𝑢𝑥 ,𝑢𝑦 }∈𝑁SL ,𝑁ML



AFs (𝑢𝑥 , 𝑢𝑦 ) − AFr (𝑢𝑥 , 𝑢𝑦 ) .



(14)

To simplify this optimization problem, only the minimization
of SLL is considered in the optimization. The ML width is
fixed to be within a given range according to the design
specifications.

3. Optimization Problem
In this research, the optimization aim is to reduce the number
of array elements by iteratively optimizing the array range
for the corresponding minimum weight coefficient (𝑤𝑛 ) to
ultimately achieve the radiation pattern with low SLL. The
iteration is carried out using the proposed iterative GA
optimization scheme until arriving at the optimally minimal
number of array elements at which the synthesized radiation
pattern with SLL ≤ −20 dB is realized. Thus, the optimization
problem can be expressed as
 
minimize 𝑤𝑛 
(15)
subject to

SQRML ≤ MLd

(16)

SQRSL ≤ SLd ,

(17)

where |𝑤𝑛 | is the absolute minimum weight coefficient and
MLd and SLd are the design specifications and constraints,
respectively, of the main lobe (ML) and side lobe (SL).
3.1. Selective Weight Coefficient with Minimized Value. Prior
to the reduction of array elements, the weight coefficients
(𝑤𝑛 ) of the array elements are calculated using (18) and, in the
optimization, the element with the lowest absolute complex
weight coefficient (𝑤𝑛 ) is first removed and then the second
lowest and so on. The removal process is terminated once the
SLL is greater than −20 dB (>−20 dB) at which the elemental
increment mechanism is triggered. The weight coefficient can
be expressed as
𝑤𝑛 = 𝑔 (𝑑𝑛 , 𝑢𝑥𝜓𝑁 , 𝑢𝑦𝜓𝑁 ) ⋅ 𝜌𝑛 ,

(18)
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where 𝑔(𝑑𝑛 , 𝑢𝑥𝜓𝑁 , 𝑢𝑦𝜓𝑁 ) is equivalent to (7) and 𝜌𝑛 is the
matrix of Generalized Method of Moments (GMM), which
corresponds to [19], 𝜓𝑁 is the set of direction cosines, and 𝑛th
is the number of elements along the direction. The minimum
of the weight coefficient can be calculated by
   
min [𝑤𝑛 ] − 𝑤𝑖  = 0
{0:
Γmin (𝑖) = { 
𝑤  : min [𝑤𝑛 ] − 𝑤𝑖  = otherwise,
   
{ 𝑖 

(19)

where
 
{𝑤𝑖  :
 
min [𝑤𝑛 ] = { 
𝑤  :
𝑖,𝑗∈𝑁 
{ 𝑗 



𝑤𝑖 − 𝑤𝑗  < 0




𝑤𝑖 − 𝑤𝑗  > 0,

elements that generate the radiation pattern with the target
suppressed SLL. In the optimization, the proposed algorithmic scheme iteratively locates the optimal array range and
minimal array elements which ultimately leads to the low
SLL radiation pattern (≤−20 dB). In determination of the
minimal number of array elements, the element with the
lowest absolute weight coefficient (𝑤𝑛 ) is first removed and
then that of the second lowest and so on. The removal process
ceases once the SLL is greater than −20 dB (>−20 dB), which
subsequently prompts the increment of array elements.
The major steps of the proposed method are summarized
below.

(20)

where 𝑖 and 𝑗 are, respectively, the 𝑖th and 𝑗th positions of the
weight coefficient.
3.2. Array Ranges Reconfiguration. In the reduction of array
elements, the proposed GA optimization scheme is implemented in an iterative fashion with a new array structure
containing the reduced number of array elements and the
reconfigured array range resulting in response to each successive iteration. The number of array elements is iteratively
reduced to the optimally minimal number of array elements,
subject to (16) and (17). In addition, the reduced array element
number contributes to a reconfiguration array range size. The
array range results of the reconfiguration fewer elements can
be expressed as

Step 1 (initialization). The parameter value of GA, that is, the
population size, crossover, and mutation, must be specified.
The initial parameters values of linear array and SLL are the
target. In relation to initialization of the array ranges and
population size, the array range (array spacing) relative to the
population size can be expressed as
Δ (𝑚, 𝑛) = Δ min (𝑚, 𝑛) + (Δ max (𝑚, 𝑛) − Δ min (𝑚, 𝑛))
𝑚∈𝑃,𝑛∈𝑀

(23)
⋅ Θ,

where Δ max and Δ min are, respectively, the maximum and
minimum boundary values and Θ is normally distributed
random numbers, where 𝑚 is the 𝑚th population size and
𝑛 is the 𝑛th array elements.

(22)

Step 2 (the algorithmic scheme). Specifically, the iterative
optimization starts with the array range of interval [Δ max ,
Δ min ] and 𝑀 array elements, both of which are substituted
in (23). The array range is varied between Δ min and Δ max .
The optimization goal is to identify a combination of array
range and array element number that results in the radiation
pattern with SLL ≤ −20 dB. The array element reduction
and increment are sequentially implemented subject to the
SLL target (≤−20 dB) to arrive at the optimal combination
of array range and array element number. The optimization
process is removed on array elements (target SLL ≤ −20 dB);
the element with the lowest absolute weight coefficient is first
removed and then that of the second lowest of one iteration
(𝑁 = 𝑀 − 2). Note that, for the first iteration process,
the optimization scheme has 𝑀 = 𝑁 (previous parameter).
Consequently, the array element is reconfigured by (21) of the
new ranges array elements. If the solution is unsatisfied on
fewer array elements (SLL > −20 dB), the increment would
rectify and restore the target optimization. The increment of
array element is inserted by 𝑀 = (𝑁 + 1) and the initial array
range is calculated by (22).

where 𝑖 is the 𝑖th array element of 𝑁th+1. Δ max and Δ min are,
respectively, the maximum and minimum boundary value of
array ranges.

Step 3 (the convergence of iteration method). The optimization process is terminated on condition of the following in the
order given:

Δ 𝑖:
{
{
{
{
Γdec (𝑖) = {Δ 𝑖 + Δ 𝑖+1 :
{
{
{
{Δ 𝑖+1 :

𝑖 < (𝑖remov − 1)
𝑖 = (𝑖remov − 1)

(21)

𝑖 > (𝑖remov − 1) ,

where 𝑖 is the 𝑖th array element, 𝑖remov is the 𝑖th array element
of weight coefficient removed, and Δ is the range constant of
element positions.
3.3. Increment Array Element. In this research, the increment
of array elements is undertaken once the SLL is greater
than −20 dB (>−20 dB), by which an additional number
of elements are reintroduced into the array. The increment
would rectify and restore the target SLL. The array range
between the 𝑁th + 1 (increment array) and 𝑁th (current
array) elements, which is the middle point of the maximum
and the minimum boundary value of array ranges, can be
calculated by
Γinc (𝑖) =

Δ max + Δ min
,
2

4. Iterative GA Optimization Scheme
This section discusses the iterative GA optimization scheme
to identify the optimal array range and number of array

(1) Satisfying solution is found; that is, the optimal array
elements and SLL have been obtained.
(2) The fitness function during successive generation is
improved on unsatisfied solution.
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Parameter
Number of elements
ML direction (𝜙)
ML region (𝜙)
SL region (𝜙)
Desired SLL (dB)
Number of samples [NML, NSL]
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Figure 3: The synthesized radiation pattern with optimally minimal
array elements (14 elements) under complex weight coefficient
scenario.

−19
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Table 1: Initial parameters for the synthesized target array pattern.
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Figure 2: Number of iterations in relation to SLL with the target SLL
of ≤−20 dB.

For the first condition, the results obtained in the current
parameter of the optimization process are certified as the final
solution. For the second condition, the results are obtained in
the previous parameter as the final design.

5. Numerical Results
To validate its effectiveness, the proposed iterative GA optimization scheme is simulated using the population size,
the crossover and mutation parameters, and the maximum
iteration of 100, 0.8, 0.2, and 100, respectively. In addition,
the minimum (Δ min ) and maximum (Δ max ) array ranges
(spacing) are 0.5𝜆 and 1.0𝜆. The direction cosines of the 𝑢𝑥
and 𝑢𝑦 are sets 𝜃 = 𝜋/2 and (−𝜋/2) ≤ 𝜙 ≤ (𝜋/2). The
total number of sample points is set to be 1024, by which the
number of ML and SL sample points is confined to 960 and
244, respectively.
5.1. Optimal Element Number with Complex Weight Coefficients. In this scenario, the initial parameters, as tabulated in
Table 1, are deployed to generate the target radiation pattern
with the direction confined to 0∘ with the ML region fixed and
SLL of 10∘ and −20 dB. The iteration begins with the arbitrarily
elemental number of 25 elements and the maximum iteration
of 8.
Figure 2 depicts the SLL of each iteration run for the
maximum iteration of 8. The optimal array number for
the target radiation pattern (SLL ≤ −20 dB) is 14 elements,
corresponding to the 8th iteration. Interestingly, at the 7th
iteration the SLL is greater than −20 dB (>−20 dB) and
thereby induces the elemental reduction mechanism to cease

and at the same time triggers the incremental mechanism
to restore the SLL to the target (≤−20 dB). By comparison,
the best SLL is −20.98 dB achieved in the 1st iteration with
25 array elements while the worst SLL is −18.47 dB (the
7th iteration and 13 array elements). Despite a poorer SLL
of the 8th iteration (−20.06 dB) relative to the 1st iteration
(−20.98 dB), the former is more operationally favorable due
to a lower number of array elements required (i.e., 14 versus 25
elements). For the array range (spacing), the GA optimization
iteratively optimizes the array spacing given the SLL target
of ≤ −20 dB. The optimal array range is achieved at 323
generations of the complex weight, as presented in Table 2.
Figure 3 illustrates the synthesized radiation pattern with
the optimally minimal array elements of 14 elements. In the
figure, the main lobe (ML) is direction confined to 0∘ (𝜙) and
the synthesized radiation pattern using the proposed iterative
GA optimization scheme exhibits the ML region fixed and
SLL of 10∘ (𝜙) and −20 dB, respectively. The results indicate
that the proposed iterative algorithmic scheme is applicable
to the linear array antenna for generation of the radiation
pattern with SLL ≤ −20 dB.
5.2. Optimal Element Number with Real Weight Coefficients.
In this setting, the initial parameters to synthesize the
radiation pattern with the direction confined to 0∘ (𝜙) with the
ML region fixed and SLL of 10∘ (𝜙) and −20 dB are identical to
the previous scenario (Table 1). The initial number of array
elements is 25 elements and the maximum iteration is 7. In
the optimization, the initial real weight coefficient interval
(𝑎𝑛 ) of the proposed iterative GA scheme is between 0 and
1 (𝑎𝑛 = [0 1]) and 𝛼𝑛 = 0. In this case, the proposed
method simultaneously optimizes the real weight coefficients
and array range.
Figure 4 portrays the SLL of individual iteration run for
the maximum iteration of 7. The optimal array number for
the target radiation pattern synthesis (SLL ≤ −20 dB) is 16
elements, corresponding to the 7th iteration. In the figure, at
the 6th iteration the SLL is greater than −20 dB (>−20 dB),
prompting the elemental reduction mechanism to terminate
and concurrently triggering the incremental mechanism. By
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Table 2: Results of iterative process.

Number of iterations
1st
2nd
3rd
4th
5th
6th
7th
8th

Number of generations
Complex weight
Real weight
13
23
14
10
27
9
19
7
14
22
42
100
100
9
54
—

Real weight
−20.8042
−20.4130
−20.4289
−20.6887
−20.6345
−19.4896
−20.6765
—

0
Array factor pattern (dB)

−18

−19
SLL (dB)

SLL (dB)
Complex weight
−20.9865
−20.6914
−20.4294
−20.4057
−20.5846
−20.4189
−18.4745
−20.0656

−20
−21
−22
1

2

3
4
5
Number of iterations

6

7

Figure 4: Number of iterations in relation to SLL with the real
weight coefficient interval and SLL of [0 1] and <−20 dB.

comparison, the best SLL is −20.80 dB achieved in the 1st
iteration with 25 array elements while the worst SLL is
−19.48 dB (the 6th iteration and 15 array elements). Despite
a poorer SLL of the 7th iteration (−20.67 dB) relative to the
1st iteration’s (−20.80 dB), the former is more operationally
favorable due to a lower number of array elements required
(i.e., 16 versus 25 elements). For the array range (spacing), the
GA optimization iteratively optimizes the array spacing given
the SLL target of ≤20 dB. The optimal array range is achieved
at 180 generations of the real weight coefficient (Table 2).
Figure 5 depicts the synthesized radiation pattern under
the real weight coefficient condition with the optimally minimal array elements of 16 elements. It can be observed that the
main lobe (ML) of the radiation pattern is confined to 0∘ (𝜙)
and that its ML region fixed and SLL are, respectively, 10∘ (𝜙)
and −20 dB. The findings reveal that the proposed algorithmic
scheme under the real weight coefficient condition is also
applicable to the linear array antenna for synthesis of the
radiation pattern with SLL ≤ −20 dB.
5.3. Performance Comparisons and Discussions. The performance comparison of the proposed method with the previous
work is described in this subsection. The iterative method
to reduce the number of elements used has been presented
in [2, 17]. In [17], the linear array was synthesized with the
number of elements of 25 over the 50𝜆 of spatial aperture.
The beam pattern is in region of −1 < 𝜇 < 1, where

−10

−20

−30

−40
−90 −75 −60 −45 −30 −15 0 15
𝜙 (deg.)

30

45

60

75

90

Figure 5: The synthesized radiation pattern with optimally minimal
array elements (16 elements) under real weight coefficient scenario.

𝜇 = cos(𝜃), and the SLL range is spanned between −1 <
𝜇 < −0.04 and 0.04 < 𝜇 < 1. The process starts with
25 elements and produces a resultant array with 19 elements
with an overall spatial aperture of 21.09𝜆. The obtained SLL is
−14.49 dB, and the width of the main lobe measured at −3 dB
is 0.0214.
The performance is compared with above achievements
by method used in [17]. The proposed optimization method
is set to find an array element with minimal number (<19
elements) and SLL is set to lower than −14.49 dB for the
condition to reduce the array element configuration. In addition, for the fair performance comparison, the real amplitude
excitation coefficients are set between [0, 2] and the element
spacing of not less than 0.5𝜆. These parameters are employed
in the simulation process corresponding to [17]. The sample
of 1024 points is on 𝜇 region (−1 < 𝜇 < 1) of beam pattern
computation.
For the computational complexity of evolutionary algorithms, the array factor is employed for computation in
terms of number of fitness functions. The sampling point
of array factor is spanned with the interval [0, 𝜋] of 1024
samples. Equation (13) is used to calculate the fitness function
evaluated for 1024 times for each possible design.
The initialization is done with nonuniform linear array,
the number of elements is started from 25 elements, and the
spacing interval is in the range [0.5𝜆, 1𝜆]. The optimization
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Table 3: Comparison results of iterative process.
Number of iterations
1st
2nd
3rd
4th
5th
6th

Number of generations
Proposed method
Method [17]
6
70
17
80
22
110
39
—
99
—
137
—

Number of elements
Proposed method
Method [17]
25
25
23
20
21
19
19
—
17
—
18
—

3.00

−12

−13
−14
−15
−16

0

25

50
75
100
Number of generations

125

150

Method [17]
Proposed method

Figure 6: The performance comparison of computation complexity
in terms of number of fitness functions.

Principal lobe beamwidth (deg.)

FIT function (dB)

−11

Minimum SLL (dB)
Proposed method
Method [17]
−13.3435
−11.9342
−15.1544
−15.0449
−15.1929
−14.4905
−14.4524
—
−14.1813
—
−14.5186
—

2.95
2.90
2.85
2.80
2.75
2.70
−18.0 −17.5 −17.0 −16.5 −16.0 −15.5 −15.0 −14.5 −14.0 −13.5 −13.0
SLL (dB)

Table 4: Comparison between method [2], method [17], and
proposed iterative GA methods with regard to minimum array
elements and minimized SLL.
Specifics
Spatial aperture
Minimum SLL
Min. number of elements

Proposed
19.15𝜆
−14.51 dB
18

Methodology
SA [2]
IGA [17]
25𝜆
20.09𝜆
−14.45 dB
−14.49 dB
24
19

process is checked for the convergence conditions for the
best individual with 10 generations. The iterations of the
proposed method are run for the reduction process of the
4th iteration (6, 17, 22, and 39) and the 1st iteration run
(99) for the compensation. From the comparison results, the
proposed iterative scheme has minimum number of elements
(18 elements) and is followed by method in [17] (19 elements).
In addition, the achievement of the lowest number of array
elements is employed with 137 iterations’ run (18 elements),
in comparison with 110 iterations’ run (19 elements) for the
method in [17]. The number of iterations for evaluated fitness
function is shown in Figure 6. The comparison results of the
iterative process are summarized in Table 3.
Table 4 compares the spatial aperture, minimum array
elements, and minimum SLL belonging to method [2],
method [17], and the proposed iterative GA method. By
comparison, the proposed iterative scheme has the smallest
aperture size (19.15𝜆), followed by method [2] (25𝜆) and

Proposed method
Method [20]

Figure 7: The beamwidth comparison of linear array with 25
elements.

method [17] (21.09𝜆). In addition, the proposed algorithmic
scheme could achieve the lowest number of array elements
(18 elements) and minimum SLL of −14.51 dB, in comparison
with 24 and 19 elements, and −14.15 dB and −14.49 dB for
method [2] and method [17], respectively.
For further comparison of the previous optimization
methods, the optimization problem is concurred in attaining
the second objective for sparse nonuniform array synthesis. The optimization design problem is to determine the
optimum linear array where the SLL is minimized and the
beamwidth is minimal. In the comparative consideration
with method [20] (NSGA-II), both algorithms are set with a
population size of 30 and run for 100 iterations. For NSGA-II
[20] the crossover and mutation probabilities are set equal to
0.9 and 0.1, respectively. The obtained results of the proposed
method and method in [20] are done for the number of
elements of 25. In Figure 7, the obtained beamwidth is
2.7273 and 2.9032 degrees for both algorithms. The comparison of the array factor pattern, minimum beamwidth,
and minimum SLL of the proposed method and method
in [20] is shown in Figure 8. From the comparison results,
the proposed method possesses the obtained beamwidth of
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Figure 8: The comparison of array factor pattern.

2.7273 degrees and the SLL of −17.45 dB. For the method
in [20], the beamwidth is 2.7273, and the SLL is −17.41 dB,
respectively.

6. Conclusions
This research has proposed the iterative GA optimization
scheme for nonuniform linear array antennas to synthesize
the radiation pattern with SLL ≤ −20 dB. In the optimization,
the proposed GA scheme iteratively optimizes the array range
and the number of array elements, whereby the element
with the lowest absolute complex weight coefficient is first
removed and then the second lowest and so on. The removal
is terminated once the SLL is greater than −20 dB (>−20 dB)
and subsequently the elemental increment mechanism is
triggered. The results indicate that the proposed iterative GA
optimization scheme is capable of effectively synthesizing the
radiation pattern with SLL ≤ −20 dB and is applicable to the
nonuniform (aperiodic) linear array antennas.
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Printed circuit antennas have been used for the detection of electromagnetic radiation at a wide range of frequencies that go from
radio frequencies (RF) up to optical frequencies. The design of printed antennas at optical frequencies has been done by using design
rules derived from the radio frequency domain which do not take into account the dispersion of material parameters at optical
frequencies. This can make traditional RF antenna design not suitable for optical antenna design. This work presents the results
of using a genetic algorithm (GA) for obtaining an optimized geometry (unconventional geometries) that may be used as optical
regime antennas to capture electromagnetic waves. The radiation patterns and optical properties of the GA generated geometries
were compared with the conventional dipole geometry. The characterizations were conducted via finite element method (FEM)
computational simulations.

1. Introduction
Printed circuit antennas which have been extensively used
in the radio frequency (RF) spectrum have also been used
to detect electromagnetic radiation at optical and infrared
frequencies. The use of these types of antennas at optical
frequencies provides several advantages over traditional optical and infrared detectors; among these advantages are low
profile, low cost, faster response times, compatibility with
integrated circuit technology, and wavelength and polarization selectivity [1, 2].
Even though several RF antenna designs have been
successfully used at optical and infrared frequencies [3], the
design of antennas at optical frequencies by using traditional
RF antenna design rules can result in nonoptimized antennas
due to the dispersion of material properties that can be
neglected at lower frequencies [4, 5].
Evolutionary algorithms imitate nature, where all living
organisms possess specific genetic material which contains
information about each organism that can be transferred

to new generations via reproduction. The other organism
involved in reproduction also transfers some of its characteristics [6]. These characteristics are encoded in genes
stored in chromosomes, which together constitute the genetic
material known as a genotype [7]. Genes are modified
during the characteristic transfer process as a consequence of
the crossover between maternal and paternal chromosomes.
Mutation may also occur, altering the information contained
within the genes of a given chromosome. Although the newly
created individual possesses the information of its parents,
the combination of two different organisms makes the individual unique. This organism begins life in an environment
that is not significantly different from that of its parents. The
new organism develops in a manner that allows it to survive
and transfer its genome, permitting the species to persist in
a given environment. An individual that cannot adapt to its
environment will struggle to survive and transfer its genes to
new generations.
These evolutionary processes can be used to optimize
the solution of nonanalytical problems assuming that the
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environment is defined based on known values and characteristics. The evolved individual or the whole evolved
population can constitute the potential solution to a given
problem [8–11].
An adequate mathematical function must be chosen to
define the fitness of any given individual representing how
well adapted they are to their environment. Exchange of
genetic materials and mutations will occur during the genetic
crossover process. Thus, an optimal solution will be created
that best suits a given environment.
These algorithmic techniques allow the exploration of
unconventional geometries or combination of materials that
can be used in the design of nanophotonic circuits and
devices for diverse applications [12].
In this work, a genetic algorithm (GA) is used to obtain
the geometry that optimally concentrates the electromagnetic
field of a dipole-type nanoantenna at a resonance frequency
of 500 THz, which can be varied based on the nanostructure
dimensions. The nanoantenna radiation pattern was obtained
via computational simulations and compared to a classical
dipole geometry.

2. Method
The most basic and general type of genetic algorithm called
“Holland Genetic Algorithm” proposed by Henry Holland
[13] was used. The flow diagram of the genetic algorithm
is presented in Figure 1. It starts with an initial random
population’s chromosomes (population is equivalent to the
geometry coordinates and the chromosomes are their values
in this work). A loop is implemented to evaluate repeatedly
the fitness of chromosomes in the population where only
those with better health survive and can combine their
chromosomes to produce new individuals. Some genetic
operators like random mutation are inserted at this point
only to certain percentage of the new individuals, just like
in biological specimens. The loop ends when a stopping
criterion is achieved; it can be the number of iterations, level
of health, and so forth, and this final stage has the best
chromosome (or solution).
Various studies, such as [8, 11], have applied this algorithm to multiple problems, where the resulting optimized
geometries are different from classical macroscopic antennas,
as shown in Figure 2.
Figure 2(a) illustrates a significant electromagnetic field
concentration increase, but the active antenna area also
increased. Therefore, the obtained geometry efficiencies cannot be directly compared due to the effective antenna area
increase. Figure 2(c) represents a series of macroscopic
antenna simplifications, which are not applicable at the
nanoscale. Thus, this final geometry does not offer a viable
alternative for the type of nanoantennas that we wish to
analyze and eventually fabricate.
The authors assume a specific preestablished antenna area
based on the desired resonance frequency. The geometry
is then modified using the evolutionary algorithm as a
malleable material. No empty regions are added, and a solid
shape is sought which achieves a maximum electromagnetic
field concentration at the center of the nanostructure.
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This algorithm has been successfully applied to multiple
problems; the results show that the resulting optimized
geometries are different from classical RF antennas [8, 11].
The genetic algorithm was programmed in MATLAB
where a link was made to COMSOL Multiphysics where the
electromagnetic simulations were performed and the results
were returned to MATLAB where the fitness function was
evaluated. Iterative changes or adjustments are then made to
optimize the solution, and the new proposed nanostructure
is analyzed using COMSOL until a fixed number of iterations
was achieved.
The genetic algorithm performs the nanostructure analysis required to suggest a geometry that approaches the
optimal design conditions, assuming a (two-dimensional)
flat nanostructure. The solution space is constrained to
dimensions near the optical wavelength for an antenna
irradiated by a normal incident electromagnetic wave. The
main parameters required by the genetic algorithm, such as
the dimensions of the simulation space (maximum size of the
antenna), number of chromosomes (number of individuals
to be analyzed), chromosome resolutions (quality), overlap
between generations (mortality index), mutation rate (as a
percentage), and mating rules, must be input by the user.
Figure 3 illustrates the MATLAB and COMSOL processes, which together comprise the genetic algorithm.
The Bézier curve control points, which are modeled as
chromosomes, are used to obtain the optimized geometry
of the dipole-type nanoantenna. A total of 10 lines are set,
including 4 with two Bézier control points, 4 with only
one, and 2 straight lines with no control points. The lines
with no control points represent the section where the
electromagnetic field is applied to the nanoantenna. The
algorithm execution stops if the average loss in the electric
field is zero or if the iterative limit is reached, which is based
on the number of generations [14].
The fitness function [15] is shown in (1). The function
should accept a vector, whose length is the number of
independent variables, and return a scalar. This function
must accept a vector of length 24, corresponding to the
variables (points in 𝑥 and 𝑦 coordinates) that conform the
geometry (which includes the straight and Bézier lines),
and return a scalar equal to the value of the function that
represents the value of the electromagnetic power loss density
for such geometry. By minimizing this equation (minimizing
losses), we can find the strongest electromagnetic field.
As an application example, the optimized fitness function
calculates the minimum loss (optimization function) of the
electromagnetic field at a frequency of 500 THz and is a
parameter that COMSOL submits to MATLAB, which then
evaluates it using the genetic algorithm function:
1
𝐹Fitness = min ( Re (Jtot ⋅ Etot )) ,
2

(1)

where Jtot is the total electric current density over the whole
geometry shown in
Jtot = 𝜎E.

(2)
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Figure 1: Flow diagram of the genetic algorithm.
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Figure 2: (a) Top: reference classical dipole. Bottom: geometry generated by the genetic algorithm. (b) Efficiency comparison between
the reference antenna and that generated by the genetic algorithm, taken from [11]. (c) Geometric model obtained using the evolutionary
algorithm, taken from [8].
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Figure 3: Flow diagram of the application process, noting the links between the COMSOL and MATLAB software packages.

𝜎 is the electrical conductivity and Etot is the electric field over
the whole geometry shown in
Etot = (𝜇0 ∫ (J + 𝜀0

𝜕E
) 𝑑a) .
𝜕𝑡

(3)

The refractive index in the optical regime of operation
in the nanostructured materials (metamaterials) becomes a
function of frequency [5].
A geometric model with 12 Bézier curve control points,
plus 11 fixed points which represent the geometry limits
(noting the first point is also the last one to have a closed
geometry), is found during the first iteration, based on
steady-state initial conditions, 100 chromosomes, a 50%
intergeneration overlap, and a 1% mutation rate. In addition,
a single crossover point was used, which can occur between
any pair of segments in the chromosome with equal probability. Figure 4 shows the superposition of the geometry
as it evolves. Figure 5 plots the electric field power loss
as it approaches zero. Values after the fourth population
generation, which rapidly decrease from 1.3𝑒−7 nW/m2 to
8𝑒−15 nW/m2 , cannot be detected due to scale limitations.
The geometry obtained at the end of the genetic algorithm
execution is shown in Figure 6(a). Figure 6(b) illustrates the
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Figure 4: Lines demonstrating the geometry modification process
due to mutations when applying the genetic algorithm.

data point at which the maximum optical energy absorptionemission is obtained in the terahertz range.
According to the results obtained by [8, 11] and the
resulting geometry in Figure 6(b), the geometries obtained
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(a)

by the genetic algorithms represent improvements over the
classical or conventional radiofrequency antenna geometries.
These geometries were obtained at reduced computer costs
and over a shorter processing time compared with traditional
analytical processes or trying wide classical RF geometries
one by one.

3. Results
Many studies use analogies between nanostructure geometries and conventional radiofrequency macroscopic antenna
geometries based on the assumption that their behaviors can
be extrapolated to optical frequencies as in [16]. However, the
proposed computational model demonstrated that nanoantenna geometries require further study. The nanoantenna
shape analyzed in this study does not feature a conventional
geometry, such as those utilized for the radiofrequency range.
Figure 7 shows a comparison between the classical dipole (a),
the dipole generated by the algorithm after the first iteration
(b), and the final geometry, which is based on the lowest
electromagnetic field loss at the dipole center (c). Figure 7(a)
is a theoretical dipole which fully covers the area proposed
to evolve our geometry, demonstrating that increasing area
does not increase the electromagnetic field even at their
(Figure 7(a)) own resonant frequency.
Figure 8 compares the electromagnetic field intensities of
the classical dipole and the geometry generated by the genetic
algorithm. The results obtained via the genetic algorithm
represent an optimal concentration, and both geometries
encompass the same effective area. Compared to Figure 2(b),
Figure 8 shows an increase in the electromagnetic signal and
the effective bandwidth, with the difference that the area
remained the same; as an added advantage, the GA design
presented in this work is simpler than the one shown in
Figure 2(a); therefore, the fabrication process would also
be simpler. The peaks of both plots represent the dipole
resonance frequencies. From Figure 8, with an increase from
0.4 for non-GA dipole to 0.93167 for GA dipole at resonant
frequency in the antenna response (a difference of about
0.536), we found that the geometries obtained by the genetic

(b)

Figure 6: (a) Geometry obtained after the genetic algorithm
optimization function application. (b) Finite element method simulation of the nanostructure electromagnetic radiation pattern.

algorithm provided a 33% better result than the classic dipole
geometry and with the bandwidth for non-GA dipole being
about 39 THz (from 481 to 520 THz) and for the GA dipole
about 48.7 THz (from 475.6 to 524.4 THz) it was increasing
the bandwidth by 25%.

4. Conclusions
The classical or conventional dipole-type antenna geometries (in the radiofrequency regime) do not encompass the
maximum electromagnetic field concentration (in the optical
regime). This is due to the intrinsic differences between electron and photon behaviors. In addition, many macroscopic
antenna assumptions and simplifications are not applicable
for nanoscale optical frequency regimes because the electromagnetic wavelength is comparable to or even shorter
than the antenna dimensions. Thus, a new refractive index
function is introduced which defines the electromagnetic
field behavior at such frequencies.
The proposed alternative genetic algorithm was applied
to improve dipole geometry while accounting for the
nanoscopic scale properties of these structures. Our results
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(a)

(b)

(c)

Figure 7: Electromagnetic field concentration comparison according to the geometry. Panel (a) shows a classical dipole; (b) shows the first
iteration of the genetic algorithm; and (c) shows the final geometry, which is based on the maximum electromagnetic field concentration at
the center of the nanostructure.
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Figure 8: Electromagnetic field concentration comparison between
the classical dipole geometry and that generated by the genetic
algorithm.

demonstrate that the final nanoantenna shape is significantly
different than the classical case in the context of providing the
optimal electromagnetic field concentration.
The results of this study will be used in future nanostructure fabrication and characterization studies using two
materials with different Seebeck coefficients (one positive and
one negative). The materials will generate maximum heating
in the region of interest, producing a direct electric current
[17] that can be stored in batteries for subsequent use. This
will contribute to the creation of renewable energy devices.
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In recent works thinned arrays giving minimum peak sidelobe levels for planar square antenna arrays are obtained using Hadamard
difference sets. In the current work thinned array configurations giving lower peak sidelobe levels than those given in the literature
are obtained for square arrays of 6×6, 8×8, 12×12, and 16×16 elements. Differential evolution algorithm is used in the determination
of the antenna locations.

1. Introduction
Thinned antenna arrays offer advantages of cost, weight,
and power consumption. If the array elements are located
periodically then it is difficult to control sidelobe level (SLL)
effectively. One way of overcoming this problem is to place
array elements aperiodically. So, a planar antenna array can
be placed on a two-dimensional grid with equal spacing. For
thinning, some of the antenna elements from the array are
removed or turned off, and the remaining active elements are
fed with equal amplitude currents.
Since the synthesis problem for planar thinned arrays
is complex and cannot be solved analytically, several global
optimization algorithms are proposed in the literature such as
simulated annealing [1], ant colony optimization [2], invasive
weed optimization [3], genetic algorithm [4–7], particle
swarm optimization [8, 9], differential evolution [10], and
teaching learning based optimization algorithm [11].
In [1], simulated annealing is applied to thinning and
weighting of planar arrays with element numbers as large
as 64 × 64. Ant colony optimization is applied to a 20 × 10
elements’ planar array in [2], and the SLLs in 𝜙 = 0∘ and
𝜙 = 90∘ planes are sought to be minimized. Invasive weed
optimization which is inspired from the phenomenon of
colonization of invasive weeds in nature is applied to a 20×10
elements’ planar array in [3].
In [4] a 20 × 10 elements’ planar antenna array is
optimized by using genetic algorithm and a thinned array

filled 54% with 108 elements is obtained. Since the problem
geometry is symmetric optimization is realized for a 10 × 5
elements’ antenna array in fact. A multiple agent optimization
technique based on genetic algorithm is presented in [5].
Authors have reduced the multiobjective problem into a
classical single objective one, so it has been possible to
specify multiple constraints within the method. The proposed
method is applied to 12 × 12 and 20 × 10 elements’ planar
arrays. In [6] the same problem given in [4] is studied with
modified real genetic algorithm and a thinned array filled
50% with 100 elements is obtained. A genetic algorithm based
on orthogonal design is utilized to optimize the peak sidelobe
level (PSLL) of a 20 × 10 elements’ planar array in [7].
In [8] binary and real particle swarm optimizations are
used to synthesize a 20 × 10 elements’ planar array with
two different cost functions. In [9] a feedback based binary
particle swarm optimization is proposed. The algorithm is
applied to 6 × 6, 12 × 12, and 24 × 24 elements’ square arrays.
The cost function is taken as a linear combination of PSLL
and thinning percentage.
Differential evolution (DE) algorithm is a widely used
algorithm in antenna array synthesis problems for linear [12–
19], circular [20–22], planar [10, 23–25], and conformal arrays
[26]. DE is also applied to Yagi-Uda antennas in [27, 28].
In [12], DE algorithm is applied to the synthesis of low
sidelobe linear antenna arrays. Authors have shown that
DE converges faster than real-coded genetic algorithm. DE
algorithm is applied to the synthesis of uniform amplitude,

2
unequally spaced linear arrays in [13]. Position-only, phaseonly, and position-phase syntheses are considered and it is
observed that position-phase synthesis gives better results
than two others. The effect of element spacing and element
number on SLL is investigated in detail. In [14], DE algorithm
is used for linear array pattern synthesis with prescribed nulls
at the direction of interferences while SLLs are kept below
desired levels. Only the array element excitation amplitudes
are controlled. A pattern synthesis method based on DE is
proposed for uniform amplitude thinned linear phased arrays
in [15]. The locations and phase excitations of the thinned
array elements are optimized. Reduction of grating lobes
and minimization of SLLs are aimed at while keeping the
main beam pointed to the desired direction. In [16], time
modulation is used for the design of unequally spaced linear
arrays. DE algorithm is adopted to optimize the positions
and switch-on times of elements in the array, and SLLs and
sideband levels are tried to be suppressed with beamwidth
constraint. A dynamic DE algorithm with the best of random
differential mutation is used in the synthesis of unequally
spaced linear arrays in [17]. Position-only and position-phase
syntheses are considered and lowest PSLLs are investigated.
In [18], DE with strategy adaptation is applied to the sparse
linear array synthesis. The goal of the optimization is taken
as to suppress SLL by finding the optimum element positions
and to set main lobe to a desired beamwidth. In [19],
composite DE with eigenvector base crossover is applied to
shaped beam pattern synthesis problem for linear arrays and
for a conformal cylindrical array.
In [20], a numerical approach based on DE algorithm
is proposed for the pattern synthesis of concentric ring
array antennas with the constrained first null beamwidth.
It is shown that the method gives lower PSLLs with the
optimization of ring spacing and element number in each
ring. A modified form of DE called DE with global and local
neighborhoods is used for designing a thinned concentric
planar circular antenna array in [21]. Reducing SLL and
increasing the number of switched-off elements are aimed
at. It is shown that any desired SLL value can be obtained
while maintaining the number of switched-off elements at
a reasonable value. In [22], a synthesis method for shaping
beam pattern of a concentric ring array antenna using DE and
genetic algorithm is proposed. Authors have shown that both
methods are capable of generating the desired shaped beams.
In [10], a Boolean differential evolution algorithm based
on Boolean algebra is proposed. The method has only one
control parameter which is the crossover rate. Authors have
applied the method to 6 × 6 and 10 × 10 elements’ square
arrays, and they have sought the minimum PSLL without
the constraint of thinning percentage. The method is also
applied to a 20×10 elements’ planar array with a different cost
function which is the sum of the maximum SLLs in 𝜙 = 0∘ and
𝜙 = 90∘ planes. In [23], DE algorithm and a binary-coded
genetic algorithm are jointly applied to the minimization
of the SLL in a 31 × 31 square planar array. It is shown
that the SLL of the planar array can be decreased without a
large change in directivity. An FFT-based synthesis method
for generating dual radiation pattern from a rectangular
planar array is presented in [24]. Array elements phases are
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modified while amplitudes are commonly shared. The FFT
method is incorporated with self-adaptive DE algorithm.
Different beam pairs having different PSLLs are investigated.
The results obtained from self-adaptive DE, DE, and particle
swarm optimization are compared with each other. In [25],
fractal-based planar antenna array optimization using DE is
considered. Sierpinski carpet fractal array concept is utilized
and PSLL reduction and element number reduction by
finding optimum element positions and amplitudes are aimed
at.
In [26], a synthesis method based on DE algorithm is
presented for conformal antenna arrays in the presence of a
platform. Element phases are determined by the scan angle
and array geometry, and element amplitudes are optimized
via DE so as to reduce SLLs to desired levels. In [27], DE
is applied to the optimization of the geometric parameters
of Yagi-Uda antennas. A hybrid DE algorithm is proposed
which incorporates simplified quadratic interpolation in [28].
The method is applied to Yagi-Uda antennas and wideband
patch antenna design.
The modified teaching learning based optimization algorithm proposed in [11] is applied to 12 × 12 square array and
20 × 10 elements’ planar array.
Difference sets [29–32] and hybrid methods [33–35] are
also introduced for the optimization of planar arrays. In [32],
the sidelobe control problem is directly tried to be solved
by applying the properties of difference sets. In [29–31],
Hadamard difference sets are used to obtain thinned arrays
giving minimum SLLs for planar square antenna arrays.
A hybrid approach which combines genetic algorithm
and cyclic difference sets is proposed in [34]. Hadamard
difference sets based method given in [29] is combined with
a binary particle swarm optimization in [33]. The proposed
hybrid approach is applied to 6 × 6, 12 × 12, and 24 × 24
square arrays. The authors have expressed the cost function as
a weighted sum of the PSLL and thinning percentage. In [35],
McFarland difference sets and a binary genetic algorithm are
used for the synthesis of thinned rectangular arrays.
In [36] thinned array configurations giving lower PSLLs
than given in [29] were obtained for square arrays of 6×6 and
8 × 8 elements.
In the current work thinned array configurations giving
lower PSLLs than given in [29–31] are obtained for square
arrays of 6×6, 8×8, 12×12, and 16×16 elements. For the given
square arrays, under the constraints of given number of array
elements, the optimum thinned array configurations are tried
to be found. The obtained PSLLs are also found to be lower
than given in [36] for square arrays of 6×6 and 8×8 elements.
Differential evolution algorithm is used in the determination
of the antenna locations.

2. The Geometry of the Problem
The planar antenna array under investigation is shown in
Figure 1. The array factor for this planar antenna array can
be written as
𝑁

𝐴𝐹 (𝜃, 𝜙) = ∑ 𝛼𝑛 𝑒𝑗2𝜋𝑥𝑛 sin 𝜃 cos 𝜙 𝑒𝑗2𝜋𝑦𝑛 sin 𝜃 sin 𝜙 .
𝑛=1

(1)
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where 𝑁𝑝 is the number of the vectors in the population, 𝐷 is
the number of the parameters, 𝑖 is the population index which
runs from 0 to 𝑁𝑝−1, 𝑔 is the generation index running from
0 to 𝑔max , and 𝑗 is the parameter index which runs from 0 to
𝐷 − 1.
After initialization, randomly chosen vectors are mutated
and intermediate population 𝑃k,𝑔 is produced:

r
y

xn

𝜙

𝑃k,𝑔 = (k𝑖,𝑔 ) , 𝑖 = 0, . . . , 𝑁𝑝 − 1, 𝑔 = 0, . . . , 𝑔max ,
k𝑖,𝑔 = (V𝑖,𝑔 )𝑗 ,
x

𝑗 = 0, . . . , 𝐷 − 1,

(5)

where k𝑖,𝑔 are mutant vectors. After the recombination of each
vector in the current population with a mutant vector, a trial
population 𝑃u,𝑔 is obtained:

yn

Figure 1: Planar antenna array.

𝑃u,𝑔 = (u𝑖,𝑔 ) , 𝑖 = 0, . . . , 𝑁𝑝 − 1, 𝑔 = 0, . . . , 𝑔max ,
Here, 𝛼𝑛 is the amplitude of the 𝑛th array element current and
it takes the values of 1 or 0. A value of 1 for 𝛼𝑛 means that the
antenna element is turned on or active, and a value of 0 for 𝛼𝑛
means that this antenna element is turned off or passive. 𝑁 is
the total number of antenna elements, and 𝑥𝑛 and 𝑦𝑛 denote
the 𝑥 and 𝑦 coordinates of the 𝑛th element in wavelengths,
respectively. The distance between grid points is assumed to
be 𝜆/2, where 𝜆 is the wavelength. The array factor given in
(1) can be also expressed as a two-dimensional sum, but onedimensional indexing is found to be more efficient from the
programming point of view.
The PSLL for the mentioned planar array can be written
as
 𝐴𝐹 (𝜃, 𝜙) 


 ,
𝑃SLL = max 
(𝜃,𝜙)∈𝑆  𝐹𝐹max 

(2)

where 𝑆 is the sidelobe region and 𝐹𝐹max is the peak of
the main beam. To suppress the PSLL in all planes the cost
function to be minimized may be chosen as
𝑓 = 𝑃SLL .

(3)

In this study, the minimization of the PSLLs is aimed at
without any other constraint.

3. The Solution of the Problem with
Differential Evolution Algorithm
In the solution of the problem, differential evolution algorithm is used. DE is a reliable and versatile, population
based optimizer [37, 39, 40] and has been widely used in
the solution of electromagnetic and antenna problems as
mentioned above [10, 12–28, 38, 41, 42].
Using a notation similar to that given in [39], the current
population 𝑃x consists of the acceptable vectors x𝑖,𝑔 :
𝑃x,𝑔 = (x𝑖,𝑔 ) , 𝑖 = 0, . . . , 𝑁𝑝 − 1, 𝑔 = 0, . . . , 𝑔max ,
x𝑖,𝑔 = (𝑥𝑖,𝑔 )𝑗 ,

𝑗 = 0, . . . , 𝐷 − 1,

(4)

u𝑖,𝑔 = (𝑢𝑖,𝑔 )𝑗 , 𝑗 = 0, . . . , 𝐷 − 1.

(6)

The population is randomly initialized at the beginning
(i.e., 𝑔 = 0). During or before the initialization upper
and lower bounds can be specified for the parameters. The
initialized population is mutated and recombined to produce
the intermediate population. The mutation operator for DE is
given as
k𝑖,𝑔 = x𝑟0,𝑔 + 𝐹 (x𝑟1,𝑔 − x𝑟2,𝑔 ) ,

(7)

where x𝑟0,𝑔 , x𝑟1,𝑔 , and x𝑟2,𝑔 are three different and randomly
chosen vectors and 𝐹 is the scale factor.
The crossover operation of DE can be shown as
{(V𝑖,𝑔 )𝑗 , if 𝛾 ≤ Cr,
u𝑖,𝑔 = (𝑢𝑖,𝑔 )𝑗 = {
(𝑥 ) , otherwise,
{ 𝑖,𝑔 𝑗

(8)

where Cr is the crossover probability (Cr ∈ [0, 1]) and 𝛾 ∈
[0, 1] is the outcome of a uniform random number generator.
In DE each vector is crossed with a mutant vector.
After crossover, the selection process is realized as follows:
{u𝑖,𝑔 ,
x𝑖,𝑔+1 = {
x ,
{ 𝑖,𝑔

if 𝑓 (u𝑖,𝑔 ) ≤ 𝑓 (x𝑖,𝑔 ) ,
otherwise,

(9)

where 𝑓 is the cost function value.
The control parameters for DE are 𝑁𝑝, 𝐹, and Cr. In [37],
the following suggestion is given: 𝑁𝑝 should be between 5𝐷
and 10𝐷, and 𝐹 = 0.5 is a good choice for beginning, but if the
population converges prematurely then 𝐹 and/or 𝑁𝑝 should
be increased. Cr = 0.9 or Cr = 1.0 is advised as an initial
choice. In [38], it is stated that a good initial choice is 𝐹 = 0.6.
In the literature several values for these control parameters
are used. After a moderate survey, Table 1 is obtained.
The cost function is chosen as given in (3) and the antenna
configurations are searched which minimize the PSLLs.
In the problem under consideration it is necessary to
calculate sidelobe levels in 3 dimensions for 0 ≤ 𝜙 < 360∘

4
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Table 1: DE control parameters as used in the literature.

Reference
[37]
[12, 14, 16]
[15]
[17]
[18]
[19]
[20]
[22]
[23]
[24]
[25]
[27]
[28]
[38]

Np
[5𝐷, 10𝐷]
5𝐷
[4𝐷, 5𝐷]
60
50
100
50
100
50
20𝐷
70
[3𝐷, 8𝐷]

𝐹
0.5
0.6
[0.5, 0.7]
0.5
0.5
0.5
0.5
0.8
0.5
0.8
0.5
0.8
0.5
[0.4, 1.0]

Cr
0.9 or 1.0
0.9
[0.7, 0.9]
0.8
0.9
0.9
0.9
0.2
0.7
0.8
0.8
0.9
[0.3, 0.9]

1.5
1
0.5
0
−0.5
−1
−1.5
−1.5

−1

−0.5

0

0.5

1

1.5

Figure 2: Array configuration for 15 elements.

1.5

and 0 ≤ 𝜃 ≤ 90∘ . This process brings a heavy computational
burden. To speed up the calculations, the array factor is
defined as a three-dimensional global variable and is calculated only once before the beginning of the iterations for
generations and populations. So, a trade-off is maintained
between memory and speed.

4. Numerical Results and
Comparison with the Literature
At first, PSLLs are tried to be minimized for 6 × 6 and 8 × 8
square arrays so as to be able to compare the results with
[29, 30, 33, 36]. For the 6 × 6 square array the total number of
active antenna elements is taken as 𝑁 = 15 and 𝑁 = 21. In a
similar manner, for the 8 × 8 square array the total number of
active antenna elements is taken as 𝑁 = 28 and 𝑁 = 36.
The parameters of the differential evolution algorithm are
taken as follows: scale factor 𝐹 = 0.6, crossover probability
Cr = 0.9, maximum number of generations 𝑔max = 200,
and population size 𝑁𝑝 = 5𝑁. The selection of these
parameter values is based on the literature [12, 14, 16] and on
the experience of the author. After numerous experiments,
the strategy “DE/rand/1/bin” has been found to be the most
effective strategy. For each case at least 250 trials are run and
the best result is chosen. The array configurations obtained at
the end of the simulations are shown in Figures 2–5. PSLLs
obtained in this work are compared with the values given
in [29, 30, 33, 36] in Table 2. 6 × 6 planar antenna array is
also investigated in [10] without the constraint of thinning
percentage and a thinned array with 30 elements having a
PSLL of −16.64 dB is obtained. Since the element numbers
used in this work and in [10] are different, it is not meaningful
to compare the results.
Secondly, PSLLs are tried to be minimized for 12 × 12
and 16 × 16 square arrays. The total number of active antenna
elements is taken as 𝑁 = 66 and 𝑁 = 78 for the 12×12 square
array and as 𝑁 = 120 and 𝑁 = 136 for the 16 × 16 square
array. The parameters of the differential evolution algorithm

1
0.5
0
−0.5
−1
−1.5
−1.5

−1

−0.5

0

0.5

1

1.5

Figure 3: Array configuration for 21 elements.
Table 2: Peak sidelobe levels for square arrays of 6 × 6 and 8 × 8.
𝑁 (antenna number)
PSLL (dB) [29]
PSLL (dB) [30]
PSLL (dB) [33]
PSLL (dB) [36]
PSLL (dB) [this work]

15
−10.18

21
−12.55

28
−12.46
−12.59

36
−13.71
−13.86

−13.06
−13.27
−14.40

−16.11
−16.28

−13.56
−17.64

−15.76
−18.35

Table 3: Peak sidelobe levels for square arrays of 12 × 12 and 16 × 16.
𝑁 (antenna number)
PSLL (dB) [29]
PSLL (dB) [31]
PSLL (dB) [this work]

66
−14.91

78
−15.47

−19.49

−20.55

120
−15.71
−16.59
−20.08

136
−15.17
−16.60
−21.08

are taken as given above. The array configurations obtained
as a result of the simulations are shown in Figures 6–9. PSLLs
are given in Table 3. In Table 3, the results given in [29, 31] are
also presented for the purpose of comparison.
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Figure 4: Array configuration for 28 elements.
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Figure 6: Array configuration for 66 elements.
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Figure 5: Array configuration for 36 elements.
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Figure 7: Array configuration for 78 elements.

In [5], for 12 × 12 planar array, a configuration is obtained
consisting of 64 active elements with a PSLL of −24.56 dB.
Since in the mentioned work, weighting of the array element
amplitudes is also allowed, it is not unexpected that the PSLL
for 64 active elements is less than the PSLL for 66 active
elements without amplitude weighting given in this work.
From Tables 2 and 3, it is seen that there is a significant
decrease for PSLLs. Three- dimensional radiation pattern
for the 136 elements’ antenna array configuration given in
Figure 9 is shown in Figure 10.
For further reduction of the sidelobe level, time modulation can be applied as a second step. For example, in [43] time
modulation is applied to a 15-element antenna array and it is
found that the peak sidelobe can be lowered to −16.00 dB.
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5. Conclusion
In this work it is shown that it is possible to obtain planar
square antenna array configurations having lower peak sidelobe levels than given in the literature by using differential
evolution algorithm. The methods based on difference sets
are rigorous but limited to certain geometries, whereas global
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Figure 8: Array configuration for 120 elements.

optimization algorithms such as differential evolution can be
applied for arbitrary array configurations.
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Array response (dB)

[11]

0
−5
−10
−15
−20
−25
−30
−35
−40
−1

[12]

−0.6

0 2 0.2
−0.2
 = sin
(𝜃)sin(
𝜙)

0.6

1

1

−0.6
−
−0.2
00.22
𝜙)
0.6
cos (
n(𝜃)
i
s
u=

−1

[13]
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The artificial bee colony (ABC) algorithm is a recently introduced optimization method in the research field of swarm intelligence.
This paper presents an improved ABC algorithm named as OGABC based on opposition-based learning (OBL) and global best
search equation to overcome the shortcomings of the slow convergence rate and sinking into local optima in the process of
inversion of atmospheric duct. Taking the inversion of the surface duct using refractivity from clutter (RFC) technique as an
example to validate the performance of the proposed OGABC, the inversion results are compared with those of the modified
invasive weed optimization (MIWO) and ABC. The radar sea clutter power calculated by parabolic equation method using the
simulated and measured refractivity profile is utilized to carry out the inversion of the surface duct, respectively. The comparative
investigation results indicate that the performance of OGABC is superior to that of MIWO and ABC in terms of stability, accuracy,
and convergence rate during the process of inversion.

1. Introduction
The lower atmospheric duct commonly encountered in
marine boundary layer is an abnormal electromagnetic environment due to the sharp variations of atmospheric temperature and humidity above the sea surface. In the ducting environment, the performance of radar system and communication system can be significantly changed, such as the maximum operation range, creation of radar holes where the radar
is practically blind, and strengthened sea surface clutter [1, 2].
Therefore, it is of great importance to infer the atmospheric
duct owing to its considerable effect on the radar and communication system that are designed to work under standard
atmospheric conditions with a typical slope of 0.118 M-units/s
[3].
In general, the atmospheric duct is represented by the
modified refractivity profile. The traditional methods of
determining the atmospheric duct include radiosondes, rocketsondes, microwave refractometers, and lidar. Nevertheless,

the traditional measurement methods have the drawbacks of
high cost and containing many restrictive factors. Recently,
RFC technique [4, 5] has been a promising method to infer
the atmospheric duct. It uses the propagation characteristics
of radar sea clutter signal to infer the modified refractivity profile information of atmospheric duct. And the RFC
technique has the advantages of simple devices and easy
implementation.
Inversion of atmosphere duct from the RFC technique
has been an important research subject over the past several
decades owing to its important applications in radar system
and communication system. More attention is paid to the
study of inversion model and optimization model in RFC
technique. The detailed procedures of RFC technique are
given by Gerstoft et al. [4], and the inversion of the range
dependent and independent atmospheric duct using RFC
technique is implemented by genetic algorithm. Karimian
et al. [5] published a review paper on the latest research
developments and the direction of future work to be done
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about RFC technique. Zhao et al. [6, 7] derive the inversion
theoretical framework of adjoint method from parabolic
equation model, and the feasibility of the adjoint method is
validated by numerical simulations. As is known to all, estimation of atmosphere duct using RFC technique is an inverse
problem. Taking the nonlinear relation between the forward
propagation model and atmospheric duct parameters into
consideration, the investigation on the optimization models
with high performance is one of the most important research
topics in the field of inversion of the atmospheric duct
from radar sea clutter. For instance, the least square support
vector machine, the particle swarm optimization (PSO),
the simulated annealing algorithm, and the ABC algorithm
have been applied to infer the atmospheric duct using RFC
technique [8–11].
The ABC algorithm [12] is one of the most recently
proposed swarm intelligence algorithms which simulates
the intelligent behavior of honeybee swarm. In ABC, the
optimization procedures are implemented by simulating the
intelligent foraging behavior of a honeybee swarm to share
information of bees for the purpose of finding the optimal
solution. Currently, the ABC algorithm has been applied to
the design of antenna and electromagnetic devices [13–15].
In addition, the ABC algorithm has been used to infer the
atmospheric duct from RFC technique [11], and the comparative study results demonstrate that the performance of ABC
is superior to that of the PSO for the inversion of atmospheric
duct. However, the ABC also has the drawbacks of easily
falling into local optima and slower convergence rate. To
overcome this issue, the improved ABC has been proposed by
updating the search equation to enhance its optimization performance, and the improved ABC is validated by benchmark
function [16, 17]. In recent years, the OBL was introduced
by Rahnamayan et al. [18] and has been proven to be a
useful strategy to enhance the accuracy and convergence rate
of the optimization algorithm, such as differential evolution
and PSO.
In this paper, the OGABC is proposed by incorporating
the OBL strategy and global best search equation into the
ABC to enhance the performance of ABC in the inversion of
atmospheric duct. In OGABC, the OBL is used to accelerate
the convergence rate, and the global best search equation is
adopted to balance the local and global search ability.

2. The Propagation Model and
Objective Function
2.1. Parabolic Equation Method. Considering that the
parabolic equation method has the advantages of high
stability and accuracy, it has been extensively utilized to
investigate the tropospheric electromagnetic wave propagation. In rectangular coordinates, the parabolic equation
can be represented as
2

𝜕𝑢
𝜕𝑢
+ 2𝑖𝑘0
+ 𝑘02 (𝑛2 − 1) 𝑢 = 0,
𝜕𝑧2
𝜕𝑥

(1)

where 𝑛 is the refractive index and 𝑘0 is the free space wave
number.

If the initial field is provided, the split step Fourier
solution of parabolic equation method at different range can
be easily obtained by [19]
𝑢 (𝑥0 + Δ𝑥, 𝑧)
2

2

= 𝑒(𝑖𝑘0 /2)[𝑛 −1]Δ𝑥 𝐹−1 {𝑒(𝑖Δ𝑥/2𝑘0 )𝑝 𝐹 [𝑢 (𝑥0 , 𝑧)]} ,

(2)

where 𝐹 and 𝐹−1 are the Fourier transform and inverse
Fourier transform, respectively, 𝑝 is the transform variable,
Δ𝑥 is the distance interval, and 𝑢(𝑥0 , 𝑧) is the initial field. It
should be pointed out that this research mainly focuses on the
inversion of atmospheric duct; more detailed information on
the propagation problem with parabolic equation method can
be found in [19].
2.2. Radar Sea Clutter Power. In RFC technique, the objective function is described by the radar sea clutter power
at different propagation distances. Taking the influence of
atmosphere condition into account, the received radar sea
clutter power based on radar equation can be expressed in
dB by [4]
𝑃𝑐 (m) = −2𝐿 + 𝜎∘ + 10 lg (𝑟) + 𝐶,

(3)

where 𝐿 is the propagation loss calculated by the parabolic
equation method, 𝜎∘ is the radar cross section obtained by the
GIT sea clutter model [20], 𝑟 is the propagation distance, 𝐶 is
a constant that includes wavelength, transmitter power, and
antenna gain, and m is the parameter vector of the atmospheric duct.
In this paper, the surface based duct is described by the
following four-parameter model [2]:
𝑀 (𝑧) = 𝑀0
𝑧 < ℎ1
𝑐1 𝑧
{
{
{
(4)
{
+ {𝑐1 ℎ1 + 𝑐2 (𝑧 − ℎ1 )
ℎ1 ≤ 𝑧 ≤ ℎ2
{
{
{
{𝑐1 ℎ1 + 𝑐2 ℎ2 + 0.118 (𝑧 − ℎ1 − ℎ2 ) 𝑧 > ℎ2 ,
where 𝑀0 is the base refractivity and 𝑐1 and ℎ1 stand for
the slope and thickness of the base layer, whereas 𝑐2 and ℎ2
represent the slope and thickness of the inversion layer,
respectively.
2.3. The Objective Function. In the process of inversion, the
commonly used least squares objective function is given by
[4]
𝑓 (m) = eT e,
̂
e = Pobs
𝑐 − P𝑐 (m) − 𝑇,

(5)

̂ = Pobs − P𝑐 (m) ,
𝑇
𝑐
where Pobs
𝑐 and P𝑐 (m) stand for the observed and received sea
obs

clutter power at different ranges and P𝑐 and P𝑐 (m) denote
the average power of Pobs
𝑐 and P𝑐 (m), respectively.
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3. The Proposed OGABC Algorithm
3.1. The OBL. The OBL strategy can improve the convergence
rate and accuracy of optimization algorithm by simultaneously evaluating the initial solution and opposite solution for
the population initialization and for the generation jumping.
The probability theory indicates that the opposite solution
can increase the opportunity of approaching the global best
solution in the search process. The definitions of opposite
number and opposite solution are given by [18].
Definition 1. Let 𝑥 ∈ [𝑙, 𝑢] be a real number. Its corresponding
̃ is defined by
opposite number 𝑥
̃ = 𝑙 + 𝑢 − 𝑥.
𝑥

(6)

Definition 2. Let 𝑋 = (𝑥1 , 𝑥2 , . . . , 𝑥𝐷) be a solution in 𝐷dimensional space, where 𝑥𝑖 ∈ [𝑙𝑖 , 𝑢𝑖 ] and 𝑙𝑖 , 𝑢𝑖 are lower
and upper bounds of the 𝑖th dimension. The corresponding
̃ = (̃
̃2, . . . , 𝑥
̃ 𝐷) is defined by
opposite solution 𝑋
𝑥1 , 𝑥
̃ 𝑖 = 𝑙𝑖 + 𝑢𝑖 − 𝑥𝑖
𝑥

𝑖 = 1, . . . , 𝐷.

(7)

In this paper, the inversion of atmospheric duct is a
minimization problem. With the help of the definition of
opposite solution, the OBL in the inversion of atmospheric
̃ ≤ 𝑓(𝑋), then
duct can be described by the following: if 𝑓(𝑋)
̃
random solution 𝑋 can be replaced with 𝑋; otherwise, we
continue with 𝑋. Additionally, according to a jumping rate,
the better population for the next iteration can be obtained
by the generation jumping using the current and their
corresponding opposite population. Evidently, the random
solution and opposite solution are simultaneously evaluated
to select the better solution in the search process.
3.2. The Proposed OGABC and Its Implementation Steps.
The ABC is one of the most recent swarm intelligence
optimization algorithms proposed by Karaboga under the
inspiration of the intelligent foraging behavior of honeybee
swarm. In ABC, there are three types of honeybees: employed
bees, onlooker bees, and scouts. The position of a food source
stands for a possible solution of the optimization problem
and the nectar amount of a food source is employed to
evaluate the quality of the solution. The number of employed
bees is equal to the number of food sources and the half
of the population size. The employed bees undertake the
responsibility of searching for food sources and share the
effective information with onlooker bees. The onlooker bees
try to make a further selection of the excellent food sources
based on the information provided by employed bees. If
the quality of food source cannot be improved through a
predetermined condition, the corresponding food source
becomes a scout. Then, the scout begins to randomly generate
a new food source at the neighborhood of the hive.
In order to enhance the performance of ABC in the
inversion of atmospheric duct, the OGABC is presented
by incorporating the OBL strategy and global best search
equation into ABC algorithm. The main steps of OGABC are
summarized as follows.

Step 1 (opposition-based population initialization). Step 1
contains the following.
Step 1.1. Randomly produce 𝐷-dimensional population 𝑋0 of
𝑁 solutions by
𝑋0𝑖,𝑗 = 𝑙𝑗 + rand (0, 1) (𝑢𝑗 − 𝑙𝑗 )
𝑖 = 1, 2, . . . , 𝑁; 𝑗 = 1, 2, . . . , 𝐷.

(8)

Step 1.2. Generate the opposite population 𝑂𝑋0 of 𝑋0 by
𝑂𝑋0𝑖,𝑗 = 𝑙𝑗 + 𝑢𝑗 − 𝑋0𝑖,𝑗 .

(9)

Step 1.3. Choose the 𝑁 best solutions from [𝑋0 ; 𝑂𝑋0 ] according to the fitness value to produce the initial population.
Step 2 (in employed bees stage). Step 2 contains the following.
Step 2.1. Update the position of food sources using the global
best search (10) [16] and evaluate the quality of the new
position of food sources:
V𝑖𝑗 = 𝑥𝑖𝑗 + 𝜙𝑖𝑗 (𝑥𝑖𝑗 − 𝑥𝑘𝑗 ) + 𝜓𝑖𝑗 (𝑦𝑗 − 𝑥𝑖𝑗 )
(𝑖, 𝑘 = 1, . . . , 𝑁, 𝑗 = 1, . . . , 𝐷) ,

(10)

where the subscripts 𝑘, 𝑖, and 𝑗 are randomly selected and
satisfy 𝑘 ≠ 𝑖, 𝑦𝑗 is the 𝑗th element of the global best solution,
and 𝜙𝑖𝑗 and 𝜓𝑖𝑗 are uniform random number in [−1, 1] and
[0, 1.5], respectively.
Step 2.2. Apply the greedy selection mechanism to choose the
better food source between the old and new food source.
Step 3. Calculate the probability of each food source according to
𝑝𝑖 =

fit𝑖

∑𝑁
𝑘=1

fit𝑘

,

(11)

where fit𝑖 represents the fitness value of the food source 𝑖
computed in employed bees stage.
Step 4 (in onlooker bees stage). Step 4 contains the following.
Step 4.1. Update the position of food sources using (10)
according to the probability computed in Step 3.
Step 4.2. Apply the greedy selection mechanism again to
choose the better food source.
Step 5. Memorize the best solution so far.
Step 6. In scouts stage, decide whether a food source becomes
a scout or not; if it exists, the food source is replaced by a new
random solution.
Step 7 (opposition-based generation jumping). Step 7 contains the following.
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Begin

Opposition-based population initialization
with (8) and (9)

In employed bees stage: update the position
of food sources using the global best search
(10) and choose the better one

In onlooker bees stage: update the position of
food sources using the global best search
(10) and choose the better one

No

Does scout exist?

Yes
Replace the scout with a random solution

Opposition-based generation jumping
according to the jumping rate

Terminal
condition

No

Yes
End

Figure 1: The flowchart of the proposed OGABC algorithm.

Step 7.1. According to the jumping rate, decide whether
opposition-based generation jumping appears or not; if it
appears, the new opposite population 𝑂𝑋 of 𝑋 are produced
by
𝑂𝑋𝑖,𝑗 = 𝑙𝑗min + 𝑢𝑗max − 𝑋𝑖,𝑗
𝑖 = 1, 2, . . . , 𝑁; 𝑗 = 1, 2, . . . , 𝐷,

(12)

where 𝑙𝑗min and 𝑢𝑗max are the minimum and maximum value
of the 𝑗th dimension in the current population.
Step 7.2. Choose the 𝑁 best solutions from [𝑋; 𝑂𝑋] according
to the fitness value to generate the population for the next
iteration.

Step 8. Repeat Step 2 to Step 7 until a terminating condition
is met.
The flowchart of the proposed OGABC is shown in
Figure 1.

4. The Numerical Results and Discussions
In this section, the inversion results are given to validate
the optimization performance of the proposed OGABC. In
the following, we take the inversion of the four-parameter
surface duct with RFC technique as an example to analyze
the performance of OGABC and the inversion results are
compared with those of the MIWO [21] and ABC.
In fact, the essence of the inversion of surface duct is
to obtain its corresponding refractivity profile determined
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Figure 2: The comparison of the histograms of the inversion results for different algorithms with the noise level of 0 dB.

Table 1: The lower and upper search bounds of the parameters.
Parameter
𝑐1
𝑐2
ℎ1
ℎ2

Lower bound
0.0
−3.5
25.0
10.0

Upper bound
0.25
−1.0
50.0
30.0

Units
M-units/m
M-units/m
m
m

by (4). In other words, the optimization problem can be
translated into the inversion of the parameters of the surface
duct m = (𝑐1 , 𝑐2 , ℎ1 , ℎ2 ), and the lower and upper bounds of
the surface duct parameters are shown in Table 1.
In numerical simulation, the inversions are implemented
by the radar sea clutter power calculated by parabolic equation method using the simulated and measured refractivity
profile, respectively. During the inversion, the simulated
radar sea clutter power from 10 Km to 50 Km is regarded
as the observed radar sea clutter power, and the radar
system operates at a frequency of 10 GHz, power of 91.4 dBm,
antenna gain of 52.8 dB, antenna height of 7 m, beam width
of 0.7∘ , 600 m range bin, and HH polarization. In addition,
the control parameters of OGABC are given as follows:
the population size is 60, the number of food sources is
30, the parameter limit is 25, the maximum number of
iterations is 120, and the jumping rate of OBL is 0.3 [18];
the parameters settings for MIWO are given as follows: the
initial population size is 30, the maximum population size is

40, the maximum number of iterations is 120, the nonlinear
modulation index is 3, the minimum and maximum numbers
of seeds are 0 and 10, the initial and final value of standard
deviation are 10.0 and 0.0001, and the inversion results are
obtained from 30 independent runs for each algorithm for
the simulated refractivity profile case. For a fair comparison
between ABC and OGABC, they are examined using the
same parameter settings, and the settings of the radar system
remain unchanged in the process of inversions.
For the simulated refractivity case, the radar sea clutter
power computed by the parameters of the surface duct m =
(0.13, −2.5, 40, 20) is utilized to the inversion of the surface
duct. Moreover, the Gaussian noise with zero mean and
different standard deviations is added to the simulated radar
sea clutter power to examine the stability of the algorithms,
and the standard deviation is employed to represent the
noise level. Also, the histograms and convergence curves are
presented to analyze the accuracy and convergence rate in
detail.
Figures 2–5 give the comparison of the histograms of
the inversions of the surface duct parameters for different
algorithms at a specific noise level, and the red lines denote
the actual parameter of surface duct. It is obvious that the
distribution of inversion parameters obtained by the OGABC
is more intensive than those of MIWO and ABC for different
noise level. In addition, the inversion results of OGABC
achieve the most occurrence at the vicinity of the actual
parameter compared with those of the MIWO and ABC. That
is to say, the proposed OGABC is the most stable algorithm
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Figure 4: The comparison of the histograms of the inversion results for different algorithms with the noise level of 2 dB.

among the three algorithms. It is likely due to the fact that
the global best search equation not only enhances the global
search ability but also avoids falling into the local minimum.
To study the convergence performance of the OGABC,
the comparisons of the convergence curves of different

algorithms based on the inversion results given in Figures 2–5
with the same noise level are demonstrated in Figure 6. It can
be seen that the convergence rate of OGABC is faster than
that of the MIWO and ABC; besides, the OGABC has the
smallest mean minimum fitness at the end of the iteration for
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Figure 5: The comparison of the histograms of the inversion results for different algorithms with the noise level of 3 dB.

different noise level. The convergence curves indicate that the
OGABC is the best algorithm among the three algorithms.
This can be attributed to the fact that the OBL can produce a
relatively excellent initial population in the initialization stage
and a generation jumping to form a better population in the
search process.
The accuracy of the inversion of atmospheric duct is of
crucial importance to exactly predict the marine electromagnetic environment. Hence, the comparisons of the difference
between the inverted and actual radar coverage diagram
simulated by parabolic equation method for different noise
level are shown in Figure 7, and the peaks of the parameter
distributions [20] in Figures 2–5 are treated as the inverted
parameters of the surface duct to simulate their corresponding coverage diagram. Nevertheless, it is hardly possible to
evaluate the quality of the algorithms according to the results
presented in Figure 7. Thus, a new quantitative evaluation
criterion named Mean Absolute Error (MAE) is given by
MAE =

𝑁𝑦 
𝑁
PL𝑖 (𝑖, 𝑗) − PL𝑎 (𝑖, 𝑗)
∑𝑖=1𝑥 ∑𝑗=1



𝑁𝑥 𝑁𝑦

,

(13)

where PL𝑖 (𝑖, 𝑗) and PL𝑎 (𝑖, 𝑗) represent the inverted and actual
propagation loss calculated at discrete point (𝑖Δ𝑥, 𝑗Δ𝑦) and
𝑁𝑥 and 𝑁𝑦 are the sample points along the horizontal and
vertical direction, respectively. It is easy to see that the smaller
the MAE, the higher the accuracy of the algorithm.
The MAE of the three algorithms for different noise level
obtained by (13) are presented in Table 2, and the minimum

Table 2: The comparison of the MAE for different algorithms with
different noise level.
Noise level
0 dB
1 dB
2 dB
3 dB

MIWO
2.22
1.88
3.54
3.25

Algorithms
ABC
1.64
0.88
1.84
0.79

OGABC
0.09
0.75
1.05
0.60

results are highlighted in bold. It can be observed from Table 2
that the MAE of OGABC is the smallest one among the three
algorithms for different noise level; namely, the accuracy of
OGABC is superior to MIWO and ABC.
Then, in order to further test the performance of OGABC,
the radar sea clutter power generated by measured refractivity
profile [20] is also utilized for the inversion of the surface
duct. Figure 8 shows the comparison of the inverted profile
obtained by the three algorithms with the measured profile,
and it is distinct that the inverted profile of OGABC is in
excellent agreement with the measured one.
In addition, Figure 9 presents the corresponding comparison of the convergence curves of the MIWO, ABC, and
OGABC. It is observed that the three algorithms have the
faster convergence rate at the early stage of iterations, and
the minimum fitness is hardly changed with iteration at the
middle and later stage of iterations. However, the OGABC has
the smallest minimum fitness among the three algorithms.
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Figure 6: The comparison of the convergence curves of different algorithms with the same noise level.

That is to say, the OGABC is superior to MIWO and ABC
according to the accuracy and convergence rate.

5. Conclusion
In this paper, an improved ABC algorithm called OGABC
is presented by simultaneously merging the OBL strategy
and global best search equation into the standard ABC
algorithm to tackle its deficiency of slow convergence rate
and falling into the local best during the process of inversion
of atmospheric duct. Taking the inversion of the surface
duct using RFC technique as an example, the propagation

characteristics of radar sea clutter obtained from the simulated and measured refractivity profile are treated as the
observed sea clutter power to examine the performance of
OGABC, respectively. For the simulated refractivity profile
case, the Gaussian noise is added to the simulated radar
sea clutter power to investigate the stability of the proposed
OGABC algorithm, and the histograms and the convergence
curves are used to analyze the accuracy and convergence
rate. Further investigation using the radar sea clutter power
generated by the measured refractivity profile is also involved,
and the accuracy and convergence rate of the algorithms
are discussed by comparing the inverted refractivity profile
with the measured one and analyzing their convergence
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Figure 7: The comparison of the difference between the inverted and actual coverage diagram with different noise level: (a) 0 dB; (b) 1 dB;
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Figure 9: The comparison of the convergence curves of different
algorithms.

curves. In addition, the inversion results are also analyzed and
compared with those of the MIWO and ABC. The obtained
results verify that the proposed OGABC algorithm outperforms MIWO and ABC in terms of stability, accuracy, and
convergence rate. Future work will focus on the experimental
research and the improvement of the inversion model.
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In Passive Radar System, obtaining the mixed weak object signal against the super power signal (jamming) is still a challenging
task. In this paper, a novel framework based on Passive Radar System is designed for weak object signal separation. Firstly, we
propose an Interference Cancellation algorithm (IC-algorithm) to extract the mixed weak object signals from the strong jamming.
Then, an improved FastICA algorithm with 𝐾-means cluster is designed to separate each weak signal from the mixed weak object
signals. At last, we discuss the performance of the proposed method and verify the novel method based on several simulations. The
experimental results demonstrate the effectiveness of the proposed method.

1. Introduction
Passive Radar System is an object signal detection system
that does not generate a radiofrequency signal itself but only
receives the detected target signal [1]. An example of the
Passive Radar System is shown in Figure 1. We can see it is
a kind of signal detection and analysis system that obtains
object signal information from the radiation source.
The signals in Passive Radar System are composed of
two parts: interference signal and mixed object signals. Since
the interference signal is stronger (strong interference signal)
compared with the object signals (weak object signal), it is
very difficult to obtain the weak object signals against the
strong interference signal. Meanwhile, the object signals are
mixed with several signals. Separating each one from the
mixed object signals is another challenging task.
Several existing algorithms are partially related to the
object signal detection, such as the Relax algorithm by Jian et
al. [2, 3], CLEAN technology by Gough [4], FFT signal separation method by Ziskind and Wax [5], JJM algorithm [6],
and FastICA algorithm by Hyvärinen et al. [7–9]. Although
these algorithms [2–6] are partially related to the weak signal

separation, their performances on passive communication
system are still not sufficient for practical applications. Hence,
it is still necessary to develop more efficient object signal
detection algorithm for the Passive Radar System.
In this paper, a new Interference Cancellation algorithm
(IC-algorithm) and an improved FastICA algorithm with
𝐾-means cluster are proposed to extract the weak object
signals from the Passive Radar System. Firstly, we introduce a framework of QPSK modulation and Interference
Cancellation algorithm (IC-algorithm) theory to get rid of
the strong interference signal. Then, the 𝐾-means cluster
algorithm and the improved FastICA algorithm are proposed
for the weak object signals separation. Finally, we verify the
performance of our algorithms by simulations. The experimental results demonstrate the effectiveness of the proposed
algorithm.
The rest of the paper is organized as follows. In Section 2,
we introduce the Interference Cancellation algorithm (ICalgorithm). In Section 3, the improved FastICA algorithm
with 𝐾-means cluster is introduced. In Section 4, we introduce and discuss the experimental results. Finally, the conclusion is drawn in Section 5.
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2. Interference Cancellation
Algorithm (IC-Algorithm)
In this section, we introduce the Interference Cancellation
algorithm (IC-algorithm) to separate the weak object signals
from the strong interference signal.

𝑆QPSK (𝑡) = 𝐴 cos (2𝜋𝑓𝑐 𝑡 + 𝜃𝑛 ) , 𝑛 = 1, 2, 3, 4,
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2.1. QPSK Modulation. QPSK (Quadrature Phase Shift Keying) is a type of phase shift keying, which contains two
sinusoids (i.e., sine and cosine) that are used as the basic functions for the modulation [10]. The modulation is achieved by
varying the phase of the basic functions and depends on the
message symbols and can be formulated as [11]

NRZ
encoder

+

NRZ
encoder

×
Sine basis

Figure 3: QPSK modulated block; QPSK modulated signal is
obtained by adding the signal from both in-phase arm and quadrature arm.

(1)

where 𝐴 is the signal amplitude, 𝑓𝑐 is the signal frequency,
and 𝜃𝑛 is the modulation phase. The constellation diagram of
QPSK shows the constellation points lying on both 𝑥-axis and
𝑦-axis. This means that the QPSK modulated signal has an inphase component (𝐼) and also a quadrature component (𝑄),
since it has only two basic functions [12].
A QPSK modulator can be found in Figure 3. It is seen that
there are two parts of QPSK, that is, QPSK modulated waveform in Figure 2 and QPSK modulated block in Figure 3 [10].
The implementation in Figure 3 is as follows: A demultiplexer
is used to separate odd and even bits from the generated
information bits. The signal on the in-phase arm is multiplied
by cosine component and the signal on the quadrature arm
is multiplied by sine component. QPSK modulated signal is
obtained by adding the signal from both in-phase arm and
quadrature arm [12].
2.2. Interference Cancellation Algorithm (IC-Algorithm).
After the introduction of QPSK modulation, we introduce
our Interference Cancellation algorithm (IC-algorithm).
In the Passive Radar System, the interference signal has
very high power. Meanwhile, the mixed weak object signals
are weak [13]. Here, we propose Interference Cancellation

S1 + S2 + S3 + S4

aS1 + bS2 + cS3 + dS4 + n

+

dS4

+n



Interference
Cancellation

−

∑

eŜ1 + fŜ2 + gŜ3 + n̂

Figure 4: Framework of Interference Cancellation algorithm (ICalgorithm).

algorithm (IC-algorithm) to get rid of the jamming signal
under the QPSK modulation and obtain the mixed weak
object signals.
The framework of the Interference Cancellation algorithm (IC-algorithm) is displayed in Figure 4, where 𝑆1 +
𝑆2 + 𝑆3 + 𝑆4 is the original transmitted signal. 𝑆1 , 𝑆2 , and
𝑆3 are the weak object signals. 𝑆4 is the strong jamming.
𝑎𝑆1 + 𝑏𝑆2 + 𝑐𝑆3 + 𝑑𝑆4 + 𝑛 are the received mixed signals
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of 𝑆1 + 𝑆2 + 𝑆3 + 𝑆4 through the Gauss channel [14]. Here,
𝑛 = [𝑛1 , 𝑛2 , 𝑛3 , 𝑛4 ] is the background noise, and

(2)

𝑐 = [𝑐1 , 𝑐2 , 𝑐3 , 𝑐4 ] ,
𝑑 = [𝑑1 , 𝑑2 , 𝑑3 , 𝑑4 ] .

Assume there are four received signals, such as 𝑙1 , 𝑙2 , 𝑙3 , and
𝑙4 ; then we have
𝑐1
𝑐2
𝑐3
𝑐4

𝑛1
𝑑1
𝑆1
[𝑆 ] [𝑛2 ]
𝑑2 ]
] [ 2] [ ]
]⋅[ ]+[ ]
𝑑3 ] [𝑆3 ] [𝑛3 ]
𝑑4 ] [𝑆4 ] [𝑛4 ]

(3)

𝑑𝑆4 + 𝑛 in Figure 4 is the reference strong jamming through
the Gauss channel. Since |𝑑|‖𝑆4 ‖ ≫ ‖𝑛 ‖, we obtain
 ̂   
       
𝑑𝑖  𝑑𝑖 
𝑑𝑖  ⋅ 𝑆4  + 𝑛𝑖 
   
        = ̂ ≈   ,
𝑑𝑗  ⋅ 𝑆4  + 𝑛𝑗  𝑑𝑗  𝑑𝑗 
     
 

𝑖, 𝑗 = 1, 2, 3, 4.

(4)

Because the reference strong jamming is known to us, we
are able to estimate the channel parameters with the reference
strong jamming. Then, the strong interference signal can
be separated from the mixed signal based on the channel
parameters. This process can be represented as
𝑙1 − (𝑙1 + 𝑙2 + 𝑙3 + 𝑙4 ) ⋅

̂
𝑑
1
̂
̂
̂+𝑑
̂
𝑑1 + 𝑑2 + 𝑑
3
4

≈ 𝑒1 𝑆1 + 𝑓1 𝑆2 + 𝑔1 𝑆3 = 𝐿̂1 ,
𝑙2 − (𝑙1 + 𝑙2 + 𝑙3 + 𝑙4 ) ⋅

̂
𝑑
2

̂+𝑑
̂+𝑑
̂+𝑑
̂
𝑑
1
2
3
4

≈ 𝑒2 𝑆1 + 𝑓2 𝑆2 + 𝑔2 𝑆3 = 𝐿̂2 ,
𝑙3 − (𝑙1 + 𝑙2 + 𝑙3 + 𝑙4 ) ⋅

̂
𝑑
3
̂
̂
̂+𝑑
̂
𝑑1 + 𝑑2 + 𝑑
3
4

≈ 𝑒3 𝑆1 + 𝑓3 𝑆2 + 𝑔3 𝑆3 = 𝐿̂3 ,

̂+𝑑
̂+𝑑
̂+𝑑
̂
𝑑
1
2
3
4
(5)

𝑏 = [𝑏1 , 𝑏2 , 𝑏3 , 𝑏4 ] ,

𝑏1
𝑏2
𝑏3
𝑏4

̂
𝑑
4

≈ 𝑒4 𝑆1 + 𝑓4 𝑆2 + 𝑔4 𝑆3 = 𝐿̂4 .

𝑎 = [𝑎1 , 𝑎2 , 𝑎3 , 𝑎4 ] ,

𝑙1
𝑎1
[𝑙 ] [𝑎
[ 2] [ 2
[ ]=[
[𝑙3 ] [𝑎3
[𝑙4 ] [𝑎4

𝑙4 − (𝑙1 + 𝑙2 + 𝑙3 + 𝑙4 ) ⋅

Hence, we obtain the mixed useful signals 𝑌1 , 𝑌2 , and 𝑌3 , and
𝑒1 𝑓1 𝑔1
𝑆1
𝑌1
[𝑌 ] [ 𝑒 𝑓 𝑔 ] [ 𝑆 ]
[ 2] = [ 2 2 2] [ 2] .
[𝑌3 ] [𝑒3 𝑓3 𝑔3 ] [𝑆3 ]

(6)

From the above process, the strong interference signal has
been cancelled by (2)–(6). Finally, we obtain the mixed
object signals denoted by 𝑒𝑆̂1 + 𝑓𝑆̂2 + 𝑔𝑆̂3 + 𝑛̂ in Figure 4.
̂ = {𝐿̂1 , 𝐿̂2 ,
Furthermore, we can construct the vector space L
̂
̂
𝐿 3 , 𝐿 4 }. Those vectors in this vector space satisfy the following
properties [15].
(1) Closure of the addition:
̂ and
∀𝑥 = (𝑥1 , 𝑥2 , . . . , 𝑥𝑛 ), 𝑦 = (𝑦1 , 𝑦2 , . . . , 𝑦𝑛 ) ∈ L,
̂
then 𝑥 + 𝑦 = (𝑥1 + 𝑦(1), 𝑥2 + 𝑦(2), . . . , 𝑥𝑛 + 𝑦(𝑛)) ∈ L.
(2) Closure of the scalar multiplication:
̂ ∀𝜆 ∈ 𝑅1 , then, 𝜆𝑥 =
∀𝑥 = (𝑥1 , 𝑥2 , . . . , 𝑥𝑛 ) ∈ L,
̂
(𝜆𝑥1 , 𝜆𝑥2 , . . . , 𝜆𝑥𝑛 ) ∈ L.
2.3. Discussions on the Properties of the Proposed Interference
Cancellation Algorithm (IC-Algorithm). In this subsection,
we state properties of proposed Interference Cancellation
algorithm (IC-algorithm), such as computation complexity
and convergence.
2.3.1. Complexity Analysis. The complexity of the introduced
Interference Cancellation algorithm (IC-algorithm) can be
specified by 2 parts [16].
(i) Estimate the channel parameters with the reference
strong jamming.
In (3), suppose the coefficient matrix order is 𝐿×𝐾 and the
source signal matrix order is 𝐾 × 𝑁; then the multiplication
complexity is 𝑂(𝐾 × 𝑁 × 𝐿) and the addition complexity is
𝑂(𝐾 × 𝑁 × 𝐿).
(ii) Separate the strong interference signal from the mixed
signal based on the channel parameters.
Equations (5) are also shown by matrix model as follows:

̂
𝑑
1
0
0
0
]
[̂ ̂ ̂ ̂
]
[ 𝑑1 + 𝑑2 + 𝑑3 + 𝑑4
]
[
𝑙1
̂
]
[
𝑑
2
]
[
[ ] [
0
0
0
]
[𝑙2 ] [
̂+𝑑
̂+𝑑
̂+𝑑
̂
]
𝑑
1
2
3
4
[ ]−[
]
[𝑙 ] [
̂
]
𝑑
[ 3] [
3
]
0
0
0
]
[
̂
̂
̂
̂
𝑑1 + 𝑑2 + 𝑑3 + 𝑑4
]
[𝑙4 ] [
]
[
̂
𝑑4
]
[
0
0
0
̂
̂
̂
̂
𝑑1 + 𝑑2 + 𝑑3 + 𝑑4 ]
[

4

International Journal of Antennas and Propagation
𝑙1 + 𝑙2 + 𝑙3 + 𝑙4
𝑒1 𝑓1 𝑔1
𝑆1
[
] [
] [ ]
[𝑙1 + 𝑙2 + 𝑙3 + 𝑙4 ] [𝑒2 𝑓2 𝑔2 ] [𝑆2 ]
] [
] [ ]
⋅[
[𝑙 + 𝑙 + 𝑙 + 𝑙 ] = [ 𝑒 𝑓 𝑔 ] ⋅ [𝑆 ] .
[ 1 2 3 4] [ 3 3 3] [ 3]
[𝑙1 + 𝑙2 + 𝑙3 + 𝑙4 ] [𝑒4 𝑓4 𝑔4 ] [𝑆4 ]
(7)

In (7), suppose the received signal matrix order is 𝐿 × 𝑁,
the coefficient matrix order is 𝐿 × 𝐾, and the received signal
addition matrix order is 𝐾 × 𝑁; then, the multiplication
complexity is 𝑂(𝐾 × 𝑁 × 𝐿) and addition complexity is 𝑂(𝐾 ×
𝑁 × 𝐿).
So, the overall complexity can be determined as 𝑂(𝐾 ×
𝑁 × 𝐿).

Gaussian character is usually measured by negative entropy
and can be written as [21]

2.3.2. Convergence Analysis. In this subsection, we discuss
the convergence of the proposed Interference Cancellation
algorithm (IC-algorithm). Due to considering the influence
̂ has an ambiguity. Obviously,
of noise, the vector space L
the ambiguity will hamper the algorithm convergence, due to
the arbitrary vectors influencing the iterative process [17]. A
convergence point is assumed to be unstable under the Interference Cancellation algorithm (IC-algorithm) update rules if
a small perturbation on the convergence procedure may cause
the Interference Cancellation algorithm (IC-algorithm) to
diverge away from the convergence point [18]. However, these
̂𝑖 ‖.
can be easily avoided if each iteration minimizes ‖𝐿 𝑖 − 𝐿
The following statement discusses the convergence point of
the Interference Cancellation algorithm (IC-algorithm).

𝐻 (𝑌) = − ∫ 𝑃𝑌 (𝜉) log 𝑃𝑌 (𝜉) 𝑑𝜉.

̂ = {𝐿̂1 , 𝐿̂2 , 𝐿̂3 , 𝐿̂4 } denote the vector
Theorem 1. Let L
estimation space; then, for any initialization of the Interference
Cancellation algorithm (IC-algorithm), the limit lim𝑖→∞ exists;
that is, the Interference Cancellation algorithm (IC-algorithm)
is convergent [19].
Proof. Construct monotonic increasing sequence (𝐿 1𝑛 , 𝐿 2𝑛 ,
̂ The sequence has an upper bound because
𝐿 3𝑛 , 𝐿 4𝑛 ) ∈ L.
noise has a little disturbance. Then, we have ∀𝜀 > 0, ∃𝑁; when
𝑛 > 𝑁, |‖(𝐿 1𝑛 , 𝐿 2𝑛 , 𝐿 3𝑛 , 𝐿 4𝑛 )‖−‖(𝐿 10 , 𝐿 20 , 𝐿 30 , 𝐿 40 )‖| < 𝜀; that
is,
lim (𝐿 1𝑛 , 𝐿 2𝑛 , 𝐿 3𝑛 , 𝐿 4𝑛 ) = (𝐿 10 , 𝐿 20 , 𝐿 30 , 𝐿 40 ) .
(8)
𝑛→∞

From the above procedure, we prove the convergence of
the proposed Interference Cancellation algorithm (IC-algorithm).

3. Improved FastICA Algorithm through
𝐾-Means Cluster
In this section, we separate each interesting object signal with
an improved FastICA algorithm combined with 𝐾-means
clustering.
3.1. FastICA Algorithm. The FastICA algorithm is a popular
procedure for blind source separation [20]. The size of the

𝑁𝑔 (𝑌) = 𝐻 (𝑌Gauss ) − 𝐻 (𝑌) ,

(9)

where 𝑌Gauss is the random variable with the same covariance
and 𝐻(𝑌) is the formula for entropy calculation, which is
defined as [22]
(10)

Here, 𝑃𝑌 (𝜉) is the probability density function. The detailed
process of the FastICA algorithm can be concluded as follows.
(1) Standardize data.
(2) Choose the original vector 𝑊0 and set ‖𝑊0 ‖ = 1.
(3) Select a nonquadratic function; for example,
𝑔1 (𝑦) = tanh (𝑎1 𝑦) ,
𝑔2 (𝑦) = 𝑦 exp (−

𝑦2
),
2

(11)

𝑔3 (𝑦) = 𝑦3 .
(4) Let
𝑊𝑝 = 𝐸 {𝑍𝑔 (𝑊𝑝𝑇 )} − 𝐸 {𝑔 (𝑊𝑝𝑇 )} 𝑊0 .

(12)

(5) Let
𝑊𝑝 = 𝑊𝑝 − ∑ (𝑊𝑝𝑇 𝑊𝑗 ) 𝑊𝑗 , 𝑗 = 1, 2, . . . , 𝑝 − 1.

(13)

(6) Let
𝑊𝑝
𝑊𝑝 =   .
𝑊𝑝 
 

(14)

(7) If 𝑊𝑝 is a convergence, go to (8). Otherwise, return to
(4).
(8) Suppose 𝑝 is the number of the current extraction
signals and 𝑚 is the number of the source numbers;
let 𝑝 = 𝑝 + 1; if 𝑝 ≤ 𝑚 return to (2).
Although FastICA algorithm is efficient, the performance
heavily depends on the selection of the original vector 𝑊0
[23, 24]. Here, we improve the original FastICA algorithm by
using the 𝐾-means for setting 𝑊0 , which is introduced in the
next section.
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···

Figure 5: Primary data and the classification.

𝜇5

𝜇K

Figure 6: Cluster centers.

3.2. Improved FastICA Algorithm with 𝐾-Means Algorithm.
There is a rich and diverse history in 𝐾-means algorithm as it
was independently discovered in different scientific fields by
Steinhaus (1957) [25], Lloyd (proposed in 1957, published in
1982) [26], Ball and Hall (1967) [27], and MacQueen (1967)
[28], and it is the most popular and the simplest partitional
algorithm [29, 30].
𝐾-means algorithm aims to classify or group out objects
based on attributes or features into number of groups. The
group is done by minimizing the sum of squares of distances
between every datum and corresponding cluster center. The
main steps of 𝐾-means algorithm are as follows [31–33]:

Start

Input original mixed signals
S1 + S2 + S3 + S4
and reference strong jamming S4

Interference Cancellation
algorithm (IC-algorithm)

(1) provide an initial number, 𝐾, of clusters;

No

(2) compute the squared Euclidean distance 𝑑 from each
object to each cluster and assign each object to the
closest cluster;

Improved FastICA algorithm

(3) minimize Within-Cluster Sum of Squares (WCSS) in
(13) and update the cluster center for each cluster;

Pearson’s correlation coefficient value
≥ r0

(4) recalculate the squared Euclidean distance 𝑑 based on
the new memberships;

Yes
Output S1 , S2 , and S3

(5) repeat steps (3) and (4) until there is no possibility to
move the objects to clusters.
Given a set of observations (𝑋1 , 𝑋2 , . . . , 𝑋𝑁), where
each observation is an 𝑁-dimensional vector, the 𝐾-means
clustering method aims to separate the 𝑁 observations into
𝐾 sets (𝑆1 , 𝑆2 , . . . , 𝑆𝑁) (𝐾 ≤ 𝑁) with regard to minimizing
the function as follows [34]:
𝑘

2
WCSS = min ∑ ∑ 𝑋𝑗 − 𝜇𝑖  ,

(15)

𝑖=1 𝑋𝑗 ∈𝑆𝑖

where 𝜇𝑖 is the mean vector of 𝑆𝑖 cluster 𝑖 = 1, 2, . . . , 𝐾.
The output of the 𝐾-means is the means vector 𝜇1 , 𝜇2 ,
. . . , 𝜇𝐾 . The examples are shown in Figures 5 and 6. It is seen
that 𝜇𝑖 (𝑖 = 1, 2, . . . , 𝐾) are the cluster centers and stand for
the general feature of the corresponding class. So, we choose
the original vector 𝑊0 in 𝜇1 , 𝜇2 , . . . , 𝜇𝐾 . The flowchart of the
proposed algorithm is shown in Figure 7.

End

Figure 7: Flowchart of the proposed algorithm.

4. Simulation and Blind Source
Signal Separation Results
In this section, we verify the proposed method. In the
simulation, QPSK modulation signal will be separated from
the mixed sensor signals.
We first introduce the parameter setting in our experiments. We set the sample rate as 𝑓𝑏 = 2 ∗ 104 Hz, the transmission bit rate as 𝑓𝑏 = 103 bps, the modulation frequency as
𝑓0 = 2 ∗ 103 Hz, the bit numbers as 𝑚 = 80, and the original
signal numbers as MK = 4.
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Figure 8: Source signals waves. Signal 1 to signal 3 are mixed weak
object signal waveforms. Signal 4 is the strong interference signal
waveform.
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Figure 10: The four extracted weak object signal waveforms with the
proposed Interference Cancellation algorithm (IC-algorithm).
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Figure 9: The received mixed signal waves after Gaussian channels.
Four Gaussian channels are considered.

The sent original signal waveforms are shown in Figure 8.
It is seen that signal 4 is the strong interference signal, while
signal 1 to signal 3 are the weak object signals. We aim to
separate each object signal from the sent source signals.
4.1. Channel Characteristic Estimation. After the Gauss channel based transitions, the received mixed signal waveforms
are shown in Figure 9 (Received Composite Signal). Here, we
consider four channels to fully simulate the realistic signal
transmission, which are shown from top row to bottom row
in Figure 9, respectively.
After using the proposed Interference Cancellation algorithm (IC-algorithm), the strong interference signal is

removed from the four received mixed signal waves in Figure 8. The corresponding four extracted mixed weak object
signal waveforms are shown in Figure 10, respectively. In Figure 11, we further display the result of the strong interference
signal channel parameter estimation error under different
𝑆𝑞 /𝑁0 ; here 𝑆𝑞 /𝑁0 is the ratio of the strong interference
signal and background noise. The computational formula is
composed of two steps.
(1) Vector standardization: suppose vector is 𝑎 = (𝑎1 , 𝑎2 ,
𝑎3 ); the standardization vector is
𝑎 𝑎 𝑎
𝑎
= ( 1 , 2 , 3 ).
‖𝑎‖
‖𝑎‖ ‖𝑎‖ ‖𝑎‖

(16)

(2) Error function:
 𝑎̂
𝑎 

Error = 
−
 ,
 ‖̂𝑎‖ ‖𝑎‖ 2

(17)

̂2 , 𝑎
̂3 ) is the estimation of 𝑎 = (𝑎1 , 𝑎2 ,
where 𝑎̂ = (̂
𝑎1 , 𝑎
𝑎3 ).
It is seen that the Error becomes small along with the
increase of 𝑆𝑞 /𝑁0 , which demonstrates the effectiveness of
our Interference Cancellation algorithm (IC-algorithm).
The Interference Cancellation algorithm (IC-algorithm)
includes four steps as follows.
(1) Set the factors.
(2) Generate the mixed signals.
(3) Mixed parameter estimation.
(4) Calculating error value.
The algorithm detail is provided in Appendix.

International Journal of Antennas and Propagation

0.35

7

Super power signal channel parameter estimation error

The separation performance under different SIR

1

0.3

0.9

0.25
Coefficient

0.8
Error

0.2
0.15

0.7

0.1

0.6

0.05

0.5

0
20

25

30

35

40

45

50

55

60

Sq /N0 (dB)

0.4

0

Amplitude

Amplitude

Amplitude

Figure 11: Influence of the strong interference signal on the mixed
weak signals with the proposed Interference Cancellation algorithm
(IC-algorithm).
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Figure 13, where Pearson’s correlation coefficient is defined as
follows [35]:
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Figure 13: Blind source separation result; this paper’s method has a
better performance than classical FastICA algorithm.
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Figure 12: Blind source separation waveform using the proposed
improved FastICA with 𝐾-means algorithm.

4.2. Simulations of the Separation Effect. The final blind
source separation waveforms (the interested object signal) by
the proposed improved FastICA with 𝐾-means algorithm are
shown in Figure 12. The three signals are displayed. It is seen
that the obtained three object signals are very similar to the
initial object signals in Figure 8.
We compare the signals between Figures 12 and 8 by
objective evaluation and further compare the separation performance with the classical FastICA algorithm [34]. Pearson’s
correlation coefficient value is used. The results are shown in

∑𝑛𝑖=1 (𝑥𝑖 − 𝑥) (𝑦𝑖 − 𝑦)
√∑𝑛𝑖=1 (𝑥𝑖 − 𝑥)2 ∑𝑛𝑖=1 (𝑦𝑖 − 𝑦)2

.

(18)

We can see that blind sources signals can be efficiently
separated by the proposed method, with a better performance
than the classical FastICA algorithm.

5. Conclusions
In this paper, we suppose a special situation for blind
source signal separation. Firstly, we propose an Interference
Cancellation algorithm (IC-algorithm) to get rid of the
jamming signal and the algorithm has a good performance.
Then, we design an improved FastICA with 𝐾-means algorithm to improve the traditional FastICA algorithm, and the
algorithm’s robust performance can be markedly improved.
The experiment results demonstrate the effectiveness of the
proposed method.

Appendix
The Detail of Interference Cancellation
Algorithm (IC-Algorithm)
See Algorithm 1.
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(1) Set the Factors
for 𝑖 = 1 : MK
if 𝑖 == list
𝑢 = 𝑢𝑢(𝑝𝑝);
for 𝑗𝑗 = 1 : 1000
train signal(𝑗𝑗, :) = 𝑢 ∗ bpsk(𝑚, 𝑁, train(𝑗𝑗, :),𝑓0 , 𝑓𝑠 );
end
bpsk signal(𝑖, :) = 𝑢 ∗ bpsk(𝑚, 𝑁, 𝑎(𝑖, :), 𝑓0 , 𝑓𝑠 );
else
𝑢0 = 1;
bpsk signal(𝑖, :) = 𝑢0 ∗ bpsk(𝑚, 𝑁, 𝑎(𝑖, :), 𝑓0 , 𝑓𝑠 );
end
end
𝑠 = [];
(2) Generate the Mixed Signals
for 𝑖𝑖 = 1 : MK
if 𝑖𝑖 ∼= list
𝑠1 = bpsk signal(𝑖𝑖, :);
𝑠 = [𝑠; 𝑠1];
end
end
𝐴 = rand(MK, MK);
𝑁0 = 0.05 ∗ randn(MK, 𝑁);
(3) Mixed Parameter Estimation
𝐵 = zeros(1, MK);
for 𝑗𝑗 = 1 : 1000
train 𝑠 = 𝐴(:, list) ∗ train signal(𝑗𝑗, :);
train 𝑠 = train 𝑠 + 𝑢 𝑛0 ∗ randn(MK, 𝑁);
𝑏1 𝑏2 = mean(train 𝑠(1, :)./train 𝑠(2, :));
𝑏1 𝑏3 = mean(train 𝑠(1, :)./train 𝑠(3, :));
𝑏1 𝑏4 = mean(train 𝑠(1, :)./train 𝑠(4, :));
𝑏2 𝑏3 = mean(train 𝑠(2, :)./train 𝑠(3, :));
𝐵𝐵 = [1 1/𝑏1 𝑏2 1/𝑏1 𝑏3 1/𝑏1 𝑏4];
𝐵 = 𝐵 + 𝐵𝐵;
end
𝐵 = 𝐵/1000;
(4) Calculating Error
if norm(𝐵/norm(𝐵) − (𝐴(:, list)/norm(𝐴(:, list)))’) > 0.01
fprintf(’ ’);
elimate error(𝑝𝑝) = norm(𝐵/norm(𝐵) − (𝐴(:, list)/norm(𝐴(:, list)))’);
continue;
end
elimate error(𝑝𝑝) = norm(𝐵/norm(𝐵) − (𝐴(:, list)/norm(𝐴(:, list)))’);
Algorithm 1: Interference Cancellation algorithm (IC-algorithm) code.
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