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Partial differential equation- (PDE-) based models have
led to an entire new subdomain of image processing and
analysis. The partial differential equations express continuous
change, so they have long been used to formulate dynamical
phenomena in many important engineering domains. Thus,
they have proved their usefulness in various image processing
and computer vision fields, where they have been widely
applied in the last 30 years, since they offer some important
advantages to these areas, such as their modelling flexibility,
their strong mathematical foundation, and their numerical
approximations representing reinterpretations of numerous
classical image processing techniques.
Since it is very common in image processing and analysis
to obtain PDE models from variational problems involving
functional minimization, many PDE variational techniques
have been developed in these domains. They have important advantages in both theory and computation, compared
with other techniques. Variational models can achieve high
speed, accuracy, and also stability. While many PDE-based
image processing models follow variational principles, there
also exist such PDE schemes that are not derived from
variational approaches. Both variational and nonvariational
partial differential equations appear in a variety of image
processing and computer vision areas, successfully answering
the challenges that still persist in these domains.
Thus, the nonlinear second- and fourth-order diffusionbased models represent the best denoising and restoration
solution, since they remove successfully various types of noise
while overcoming the undesirable effects and preserving the
image details, which still constitutes a challenge in this area.

Variational and nonlinear second-, third-, and fourth-order
PDE-based techniques are also applied successfully in the
structural inpainting domain and the image compression
area that uses the inpainting results in the decompression
stage. Also, a lot of effective PDE variational algorithms have
been developed in the image segmentation and registration
domains. Since the optical flow is successfully computed
using variational methods, the video motion estimation and
computer vision fields like object detection and tracking represent also important application areas of partial differential
equations.
The main purpose of this special issue is to gather scientific works disseminating advanced research on several topics
related to these PDE-based image processing and computer
vision areas. We have received a total of 20 submissions,
from authors in many countries all around the world. Since
only a few of these papers have been considered appropriate
enough to be published in the journal, by our editorial team,
this special issue is composed of five peer-reviewed original
research articles.
In the paper “Fast Video Dehazing Using Per-Pixel Minimum Adjustment”, Z. Luan et al. introduce a fast video dehazing method which represents an image restoration problem.
A computer vision scheme that is atmospheric scattering
model is used for haze removal. The atmospheric light from
this model is estimated by using a quad-tree based method.
The proposed technique improves the efficiency of video
dehazing and outperforms other haze removal methods.
In the paper “Efficient 3D Volume Reconstruction from
a Point Cloud Using a Phase-Field Method”, D. Jeong et al.
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propose a PDE-based efficient 3D volume reconstruction
technique from unorganized point clouds, using a phasefield method. The reconstruction is based on the 3D binary
image segmentation method using a modified Allen-Cahn
equation. The effectiveness of the proposed algorithm has
been proved by the successful computational experiments.
The paper “Image Regularity and Fidelity Measure with
a Two-Modality Potential Function”, authored by W. Wang
et al., describes a PDE variational model for image restoration. The authors define a strictly convex smooth potential
function for this model and use it to measure the data
fidelity and the regularity for image denoising and cartoon
texture decomposition. Given the mathematical properties of
this potential function, the proposed variational restoration
approach outperforms the total variation based denoising
models and works successfully for many categories of noise
including Gaussian noise, impulse noise, Poisson noise, and
mixed noise.
In the paper “A Lightweight Surface Reconstruction
Method for Online 3D Scanning Point Cloud Data Oriented
toward 3D Printing”, B. Sheng et al. provide an online
lightweight surface reconstruction approach composed of
three algorithms: a point cloud update algorithm (PCU),
a rapid iterative closest point algorithm (RICP), and an
improved Poisson surface reconstruction algorithm (IPSR)
that uses biharmonic-like fourth-order PDEs to repair the
mesh holes on the reconstructed lightweight mesh. An
online personalized customization system oriented toward
3D printing is then constructed using the proposed approach.
In the paper entitled “An Improved Fractional-order
Optical Flow Model for Motion Estimation”, B. Zhu et al.
propose a fractional-order optical flow model that improves
the Horn and Schunck optical flow model. The considered
variational model for video motion estimation substitutes
the brightness constraint equation of the HS model with the
fractional-order Taylor series expansion and gets a fractionalorder brightness constraint equation. The performed experiments demonstrate the performance of this improved variational optical flow model.
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The existing surface reconstruction algorithms currently reconstruct large amounts of mesh data. Consequently, many of these
algorithms cannot meet the efficiency requirements of real-time data transmission in a web environment. This paper proposes a
lightweight surface reconstruction method for online 3D scanned point cloud data oriented toward 3D printing. The proposed
online lightweight surface reconstruction algorithm is composed of a point cloud update algorithm (PCU), a rapid iterative closest
point algorithm (RICP), and an improved Poisson surface reconstruction algorithm (IPSR). The generated lightweight point cloud
data are pretreated using an updating and rapid registration method. The Poisson surface reconstruction is also accomplished
by a pretreatment to recompute the point cloud normal vectors; this approach is based on a least squares method, and the
postprocessing of the PDE patch generation was based on biharmonic-like fourth-order PDEs, which effectively reduces the amount
of reconstructed mesh data and improves the efficiency of the algorithm. This method was verified using an online personalized
customization system that was developed with WebGL and oriented toward 3D printing. The experimental results indicate that this
method can generate a lightweight 3D scanning mesh rapidly and efficiently in a web environment.

1. Introduction
3D printing is a technology that manufacture solid parts
through accumulating material layer by layer [1], and it
can efficiently support the recent accomplishments in 3D
digital-to-solid modeling [2]. 3D printing can produce customized objects [3, 4] that can be realized by any merchant to personalize products for a consumer, meet quality
expectations, and add personal refinements [5]. With the
development of the Internet, 3D printing cloud services
platform can provide integrated 3D printing services [6] to
serve customers at all levels: from cloud-based 3D scanning
of a physical model to personalized and/or customized
products [7]. However, cloud-based point cloud data surface
reconstruction from 3D scanned point clouds requires not
only a low-complexity reconstruction algorithm to meet the
high concurrency requirements of cloud service platforms
but also the reconstruction of a lightweight mesh to meet the

requirements of efficient and real-time data transmission in
web environments [8]. Most of the existing surface reconstruction algorithms use an accurate mesh as a reconstruction
target without considering a reduction in the complexity of
reconstruction algorithms or the lightweight nature of the
3D model data. In addition, a PC connected to a 3D scanner
cannot receive the generated point cloud data directly from
the cloud server due to Internet security requirements. Thus,
real-time point cloud data transmission from the 3D scanner
to the cloud service platform cannot be realized along with
the process of 3D scanning [9].
To reduce the complexity of the algorithm and generate
a lightweight 3D model, in this paper, an online lightweight
surface reconstruction algorithm is proposed, which is composed of a point cloud update algorithm (PCU), a rapid
iterative closest point algorithm (RICP), and an improved
Poisson surface reconstruction algorithm (IPSR). The PCU is
used to obtain the latest point cloud data generated by the 3D
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scanner in real time. It can remove part of the noise from the
point cloud data and makes it lightweight using a filtration
approach based on the center of gravity. The 3D scanner
used in this research is called Ciclop, which independently
generates two point cloud data sets through its two infrared
laser modules. Rapid and accurate registration between the
two sets of point cloud data is achieved using the RICP.
The resulting modified point cloud set restores the outline
of the scanned object more accurately. During the process
of surface reconstruction by the IPSR, the normal vectors
of the point cloud data are pretreated via a recomputation
method based on the least squares method. To repair the
mesh holes that can easily be generated by the Poisson
surface reconstruction algorithm, an iterative postprocessing
algorithm for PDE patch generation based on biharmoniclike fourth-order PDEs is executed successively in IPSR,
which also reduces the amount of reconstructed mesh data.
To realize real-time point cloud data transmission, a
dynamic visualization framework for point cloud data, based
on WebSocket, is also proposed in this paper. The point cloud
data generated by Ciclop in real-time can be encapsulated as
a JSON file in the local server and dynamically displayed in
the browser using WebSocket and WebGL. In addition, the
fluency and high rendering effect of dynamic visualization of
point cloud data is ensured by the Web Worker mechanism
in high concurrency environments.
In sum, the novel contributions in this paper are as
follows: (1) an online lightweight surface reconstruction
algorithm, in which the lightweight operations are conducted
at every step, from point cloud data acquisition to preprocessing and to surface reconstruction. This reconstruction
ensures that a reduced data volume of the 3D model meets
the requirement for web-based data transmission; (2) a
dynamic visualization framework for point cloud data based
on WebSocket, which achieves online dynamic visualization
of point cloud data in high concurrency environments; (3)
an online personalized customization system oriented toward
3D printing, which dynamically visualizes the point cloud
data through the 3D scanning process and the efficient and
rapid reconstruction of the lightweight mesh in the web
environment.
The remainder of this paper is organized as follows.
Section 2 reviews prior relevant research concerning surface
reconstruction. Section 3 elaborates the online lightweight
surface reconstruction algorithm, which includes the PCU,
the RICP, and the IPSR. Section 4 presents the experiments,
which demonstrate the system framework and experimental
platform, point cloud update and the results of dynamic
visualization tests, point cloud registration tests, and online
surface reconstruction tests, and Section 5 concludes the
paper.

2. Related Works
2.1. Surface Reconstruction. In the field of surface reconstruction, Zhang et al. [10] proposed a new approach to
simultaneously denoise and parameterize unorganized point
cloud data, in which the key ingredient was an “as-rigid-aspossible” meshless parameterization that maps a point cloud
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with disk topology to a 3D plane. Denoising and reconstruction of the point cloud are executed in the same process.
Huang et al. [11] proposed a 3D reconstruction system that
performs fast 3D modeling using a Kinect sensor and can
automatically detect the face region and track head pose
using an ICP algorithm. A volumetric integration method
was used to fuse the resulting data. Finally, a marching cubes
algorithm was used to reconstruct the face model used for
display, which effectively improved the face model accuracy.
Centin et al. [12] proposed a new Poisson reconstruction algorithm based on an interpolation method and exploited it to
efficiently guide a restricted Delaunay framework protecting
the input mesh and the boundary curves. The boundary of
a repaired hole can be seamlessly integrated with the patch
boundary. Garrett et al. [13] proposed an accurate objecttracking method based on an ICP algorithm. Reduceddensity friendly point clouds can be reconstructed to create
an accurate mesh through a Poisson surface reconstruction
algorithm via object tracking. Peyrot et al. [14] proposed
a framework to design semiregular meshes directly from
stereoscopic images in which feature-preserving samples of
the stereoscopic images were extracted to obtain a base mesh.
Then, using iterative procedures, a semiregular mesh of the
original surface was generated from the base mesh. Liu et al.
[15] proposed a method for representing 3D outdoor scenes
via 3D laser point clouds that used a fast optimal bearing
angle (FOBA) approach to project the 3D laser point clouds
to 2D images, which greatly reduced the computational
cost of scene segmentation with little loss of accuracy, thus
improving the efficiency of the reconstruction. Li et al. [16]
proposed a Prominent Cross-Section algorithm embedded
with a curvature constraint that can automatically identify
the boundary of a damaged area, thereby eliminating any
defective point clouds during the reconstruction process.
They also proposed an improved iterative ICP algorithm
to automatically identify and eliminate any unreliable corresponding pairs. Roth et al. [17] proposed a method for
reconstructing the 3D surface model of an individual’s face
along with albedo information. A 3D Morphable Model was
fitted to form a personalized template, and a novel photometric stereo formulation was also developed. This formulation
of an accurate 3D face model can be generated from lowquality photo collections and with fewer images based on
the albedo information. Boltcheva and Lévy [18] proposed a
method for reconstructing a 3D surface triangulation from
an input point set based on a restricted Voronoi diagram.
The properties of the restricted Voronoi cells were utilized to
make an embarrassingly parallel implementation that could
process 100 million vertices within a few minutes to achieve
rapid mesh reconstruction.
2.2. Network Communications. In the field of network communication, Marion and Jomier [19] proposed a web-based
system that focused on collaborative interaction. The system
is composed of two innovative technologies: WebGL and
WebSocket. The architecture of the proposed system was
presented, and the operating process of the system was
further elaborated in the field of telemedicine. Zimmer and
Kerren [20] suggested a client/server-based visualization
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system for collaboratively exploring graphs in which the
web application was rendered by WebGL, and the realtime visualization transmission was achieved by WebSocket.
Mwalongo et al. [21] proposed an approach to visualize
dynamic molecular data using WebGL. The approach exploits
HTML5 technologies such as WebSocket and Web Workers
and used efficient data encoding techniques to minimize
the data transferred to the client. This approach allows
scientists to perform analyses from dynamic visualizations
of the molecular structure data via a browser. Renambot et
al. [22] presented SAGE2, a software framework based on
WebSocket that enables local and remote collaboration. 3Drendering and cross-platform visualization and interaction
were supported in this framework, which can be utilized in
education, academic conferences, and so on.
2.3. Existing Problems in Current Research. Although any
of the current surface reconstruction algorithms [11–14]
can reconstruct accurate meshes, the data volume of 3D
meshes is larger; thus, the resulting average reconstruction
time is also longer. As an example of this increased data
volume, for Stanford Bunny point cloud data (1.89 MB), the
reconstruction mesh was at least 20 MB and the average
reconstruction time was at least 15 s. Although the quality of
the point cloud and mesh improved while the reconstruction
time decreased due to denoising and registration pretreatments, the surface reconstruction algorithms [10, 16] were
not optimized, resulting in a insufficiently lightweight mesh.
Consequently, the reconstruction was unable to meet the
requirements for network transmission. While the methods
of real-time data communication technologies, based on
WebSocket [19–22], were achieved only if the effects of the
relevant data were stored in a database, the data could be
visualized dynamically in the browser. Thus, the real-time
data communication between device and cloud server was
not achieved. Overall, dynamic visualization of point cloud
data in a browser, processed by 3D scanning technology, is
difficult to achieve.

3. Online Lightweight Surface
Reconstruction Algorithm
The method proposed in this paper is achieved by using
an open-source 3D scanner called Ciclop. The structure of
Ciclop is shown in Figure 1. The two point cloud sets, denoted
by 𝑃𝐴 = {𝑝𝐴 0 , 𝑝𝐴 1 , . . . , 𝑝𝐴 𝑛 } and 𝑃𝐵 = {𝑝𝐵1 , 𝑝𝐵2 , . . . , 𝑝𝐵𝑛 }, are
generated from infrared laser modules 𝐴 and 𝐵, respectively.
To ensure the efficiency and speed of surface reconstruction and the reconstruction of a lightweight mesh, an online
lightweight surface reconstruction algorithm is proposed in
this paper. The algorithm includes the PCU, the RICP, and
the IPSR. These three subalgorithms are executed in turn. A
flow-chart of the online lightweight surface reconstruction
algorithm is shown in Figure 2.
The process in the PCU can be described as two point
cloud sets, 𝑃𝐴 𝑖 and 𝑃𝐵𝑖 , which are generated by the infrared
laser module 𝐴 and 𝐵, respectively, from a set of depth images
𝐼 = {𝐼1 , 𝐼2 , . . . , 𝐼𝑖 , . . . , 𝐼𝑛 } which are acquired continuously
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Figure 1: Open source Ciclop 3D scanner.

from Ciclop’s Logitech C270 camera. The point cloud data is
updated during the process of 3D scanning. The determination of whether to terminate the process is executed after each
iteration. The holonomic point cloud sets 𝑃𝐴 and 𝑃𝐵 should be
generated over several iterations.
The RICP performs the registration between 𝑃𝐴 and 𝑃𝐵 .
First, 𝑃𝐴 is selected as the benchmark, and a preregistration
of 𝑃𝐴 and 𝑃𝐵 is executed based on the spatial relationship
between the infrared laser modules 𝐴 and 𝐵. Thus, 𝑃𝐵 is
rotated to the position of [𝑃𝐵 ]. Then, the ICP algorithm
transforms point cloud set [𝑃𝐵 ], rotating it to a new position,
𝑃𝐵 . Finally, the solution of modified point cloud set 𝑃∗ is
conducted using the spatial relationship between 𝑃𝐴 and 𝑃𝐵 .
The IPSR first executes a pretreatment step that reconstructs the normal vectors of the modified point cloud set
𝑃∗ based on the least squares method. Subsequently, the
Poisson surface reconstruction and a postprocessing step that
generates PDE patches based on a biharmonic-like fourthorder PDEs are conducted successively. The lightweight mesh
𝑀 is generated through the above procedures.
3.1. Point Cloud Update Algorithm. A point cloud update
algorithm (PCU) is proposed in this paper. The updating
process involves the following process: whenever the Ciclop
turntable is rotated by 1.8 degrees, a new depth image 𝐼𝑖
is generated by the Logitech C270, adding the new feature
points 𝑝𝑖 and 𝑝𝑗 to the point cloud sets 𝑃𝐴 𝑖 and 𝑃𝐵𝑖 ,
respectively. 𝑃𝐴 and 𝑃𝐵 will be refined after several iterations.
To meet the requirements of efficient and real-time data
transmission based on B/S, the new feature points generated
from 𝐼𝑖 should be filtered before they are added into the
existing point cloud sets. As shown in Figure 3, first, new
feature points are selected. Then, new triangular structures
are formed based on these new feature points and the base
of a triangular structure. These new triangular structures are
considered the base triangular structures that need further
refinement.
The filtration approach is conducted based on a center of
gravity approach that can be described as follows.
Step 1. Three feature points 𝑝𝐴 , 𝑝𝐵 , 𝑝𝐶 that are about to be
reconstructed as mesh triangle are obtained from the depth
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image 𝐼𝑖 , and their 2D coordinates 𝑝𝐴 (𝑥𝐴, 𝑦𝐴), 𝑝𝐵 (𝑥𝐵 , 𝑦𝐵 ),
and 𝑝𝐶(𝑥𝐶, 𝑦𝐶) are extracted. Their center of gravity is
computed by 𝑝𝐺 = (𝑥𝐺, 𝑦𝐺) = ((𝑥𝐴 + 𝑥𝐵 + 𝑥𝐶)/3, (𝑦𝐴 + 𝑦𝐵 +
𝑦𝐶)/3).

Step 4. The new feature point 𝑝𝑖 is selected, and three subtriangles are generated from this new feature point with the
other three existing feature points, after which the filtration
process is complete.

Step 2. The 2D points obtained from the depth image 𝐼𝑖+1 are
imported into the existing point cloud set. Any points located
inside the triangle (ignoring the points on the boundary) are
selected and collected as the point set {𝑝1 , 𝑝2 , . . . , 𝑝𝑛 }.

Compared with the point cloud update approach that
adds all the points into the point cloud set, our approach
effectively achieves a denoised and lightweight point cloud to
some extent.

Step 3. The variable 𝑑min is defined as the minimum distance.
A bubble sort algorithm [23] is utilized to compute the point
(𝑝𝑖 ) nearest to 𝑝𝐺, which is determined using the distance
formula 𝑑min = √(𝑥𝐺 − 𝑥𝑖 )2 + (𝑦𝐺 − 𝑦𝑖 )2 .

3.2. Rapid Iterative Closest Point Algorithm. Fundamentally,
the RICP can be regarded as a solution of a least squares
problem. The method was proposed by Besl and McKay
[24], who determined that this approach can accomplish
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registration between two point cloud sets 𝑃𝐴 and 𝑃𝐵 [25].
Let 𝑃𝐴 = {𝑝𝐴 0 , 𝑝𝐴 1 , . . . , 𝑝𝐴 𝑛 } be the reference point cloud set
and 𝑃𝐵 = {𝑝𝐵1 , 𝑝𝐵2 , . . . , 𝑝𝐵𝑛 } be the sample point cloud set. A
translation vector t and a rotation matrix 𝑅 which transform
𝑃𝐵 to 𝑃𝐴 can be computed by ICP.
To achieve rapid registration between different point
cloud sets and reduce the number of iterations, a preregistration process is conducted between 𝑃𝐴 and 𝑃𝐵 , i.e.,
the rotation matrix 𝑅 and translation vector t forming
a rigid transformation from the position 𝑂𝐵 (𝑥𝐵 , 𝑦𝐵 , 𝑧𝐵 ) to
the position 𝑂𝐴(𝑥𝐴 , 𝑦𝐴 , 𝑧𝐴 ) of the respective infrared laser
modules, 𝐵 and 𝐴, are computed in a world-coordinate
system. Then, 𝑃𝐵 is preassociated with 𝑅 and t , which greatly
reduces the time to find the nearest points between two point
cloud sets and number of ICP iterations.
(1) Preregistration. Translation vector t is computed from
𝑂𝐴 (𝑥𝐴, 𝑦𝐴, 𝑧𝐴 ), 𝑂𝐵 (𝑥𝐵 , 𝑦𝐵 , 𝑧𝐵 ) and formulated as follows:
t = 𝑂𝐴 − 𝑂𝐵 ,

(1)

where 𝑂𝐴 and 𝑂𝐵 should be expressed as pure quaternions
(i.e., 𝑂𝐴 (𝑥𝐴, 𝑦𝐴, 𝑧𝐴 , 0) and 𝑂𝐵 (𝑥𝐵 , 𝑦𝐵 , 𝑧𝐵 , 0)). Let the origin
of the world-coordinate system be 𝑂; then, the rotation
unit quaternion from OOB to OOA can be computed as
𝑞(𝑞𝑥 , 𝑞𝑦 , 𝑞𝑧 , 𝑞𝑤 ). According to [26],
OOA = 𝑞 ⋅ OOB ⋅ 𝑞−1 ,

(2)

where 𝑞−1 is the conjugate quaternion of 𝑞 and expressed as
𝑞−1 (−𝑞𝑥 , −𝑞𝑦 , −𝑞𝑧 , 𝑞𝑤 ). Thus, 𝑞 can be solved from (2), and
𝑞 can be transformed to the rotation matrix 𝑅 , which is
formulated as follows:
𝑅
𝑞𝑤2

𝑞𝑥2

𝑞𝑦2

𝑞𝑧2

+ − −
2 (𝑞𝑥 𝑞𝑦 − 𝑞𝑤 𝑞𝑧 ) 2 (𝑞𝑥 𝑞𝑧 + 𝑞𝑤 𝑞𝑦 )
[
] (3)
[
= [ 2 (𝑞𝑥 𝑞𝑦 + 𝑞𝑤 𝑞𝑧 ) 𝑞𝑤2 − 𝑞𝑥2 + 𝑞𝑦2 − 𝑞𝑧2 2 (𝑞𝑦 𝑞𝑧 − 𝑞𝑤 𝑞𝑥 ) ]
].
2
2
2
2
[ 2 (𝑞𝑥 𝑞𝑧 − 𝑞𝑤 𝑞𝑦 ) 2 (𝑞𝑦 𝑞𝑧 + 𝑞𝑤 𝑞𝑥 ) 𝑞𝑤 − 𝑞𝑥 − 𝑞𝑦 + 𝑞𝑧 ]

Thus, the rigid transformation of 𝑃𝐵 based on 𝑅 and t
is implemented to transform 𝑃𝐵 to the point cloud set [𝑃𝐵 ],
which is formulated as follows:
[𝑃𝐵 ] = 𝑅 𝑃𝐵 + t .

(4)

(2) The Transformation of the Point Cloud Set. The ICP relies
on identifying the nearest neighbors between both point
sets. To find the matches between 𝑃𝐴 and [𝑃𝐵 ], a 𝑘-nearest
neighbors search [27] is used that adopts Euclidean distance
as the distance measure:
dist ([𝑃𝐵 ] , 𝑃𝐴)
2

2

2

= √ ([𝑝𝐵1 ] − 𝑝𝐴 1 ) + ([𝑝𝐵2 ] − 𝑝𝐴 2 ) + ⋅ ⋅ ⋅ + ([𝑝𝐵𝑛 ] − 𝑝𝐴 𝑛 ) .

(5)

Only one neighbor is returned when 𝑃𝐴 and [𝑃𝐵 ] are
in exact spatial correspondence. When too many points are

close (relative to an algorithmic threshold), the match is
rejected in the current frame and not considered further.
Therefore, a kd-tree data structure is used for all points, and
an approximate nearest neighbor search [28] is implemented
to accelerate the search.
All the associated points should be weighted. The weight
value is based on the comparability of normal vectors and
formulated as follows:
𝑤𝑖𝑗 = n𝑖 ⋅ n𝑗 .

(6)

The normal vectors of two matching points must be
aligned in a similar direction after the two point clouds are
approximately aligned. The output of this step is a point cloud
set consisting of the 𝑁 corresponding points in 𝑃𝐴 and [𝑃𝐵 ],
along with the weight values 𝑤𝑖𝑗 for each match 0 ≤ 𝑤𝑖𝑗 ≤ 1.
To transform the point sets, the translation vector t and
rotation matrix 𝑅 are computed from [𝑃𝐵 ] to 𝑃𝐴. The translation vector t can be computed as the difference between
the corresponding centroids of 𝑃𝐴 and [𝑃𝐵 ], which can be
formulated as follows:
𝑁𝑃

𝑔𝑃𝐴

1 𝐴
=
∑𝑝
𝑁𝑃𝐴 𝑖=1 𝐴 𝑖

𝑔[𝑃𝐵 ] =

(7)

𝑁[𝑃𝐵 ]

1
∑ [𝑝 ] .
𝑁[𝑃𝐵 ] 𝑗=1 𝐵𝑗

The translation in step 𝑘 is given as a rotation from the
previous step, Δt = 𝑔[𝑃𝐵 ] − 𝑅 ⋅ 𝑔𝑃𝐴 . Assume that total number
of iterations is 𝐾; then, the final translation vector is
t = t𝐾−1 + Δt.

(8)

To calculate the rotation matrix 𝑅, all the points must be
first moved to their centroids and formulated as
𝑝𝐴 𝑖 = 𝑝𝐴 𝑖 + 𝑔𝑃𝐴

(9)

[𝑝𝐵 𝑖 ] = [𝑝𝐵𝑖 ] + 𝑔[𝑃𝐵 ] .

According to [29], the incremental rotation matrix Δ𝑅 is
computed by
Δ𝑅 = 𝑉𝑈𝑇 ,

(10)

where 𝑉 and 𝑈 are orthogonal matrices that result from a
singular value decomposition where
𝑁𝑃𝐴

𝑇

𝑊 = 𝑈 ∑ 𝑉𝑇 = ∑ [𝑝𝐵 𝑖 ] (𝑝𝐴 𝑖 ) .

(11)

𝑖=1

Here, Δ𝑅 is the orientation increment between the matching points in [𝑝𝐵𝑗 ] and 𝑝𝐴 𝑖 , which stem from [𝑃𝐵 ] and 𝑃𝐴,
respectively. The final rotation matrix 𝑅 is formulated as
follows:
𝑅 = 𝑅𝐾−1 + Δ𝑅.

(12)
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on approximately the same plane, 𝐿, which is formulated as
follows:

ICP aligns the two point clouds by solving a least squares
problem [30] with an error function 𝜎(𝑅, t) formulated as

𝐴𝑥 + 𝐵𝑦 + 𝐶𝑧 + 𝐷 = 0.

(15)
The residual sum of squares between all the 𝐾-neighbor
points and 𝐿 is

𝑁𝑃

𝜎 (𝑅, t) =

1 𝐴 
2
∑ 𝑤 [𝑝 ] − 𝑅 ⋅ 𝑝𝐴 𝑖 − t ,
𝑁𝑃𝐴 𝑖=1 𝑖  𝐵𝑖

(13)

𝑛

where 𝑁𝑃𝐴 represents the number of points in 𝑃𝐴. Points that
do not meet the error metric (such as a set Euclidean distance
between 𝑝𝐴 𝑖 and [𝑝𝐵𝑗 ] for outlier removal) have a weight of
0 so that they do not contribute to the error function. The
termination criterion [𝜎] is checked after all the iteration
steps have been processed. The iteration continues until the
termination criterion Δ𝜎 = 𝜎𝑘 − 𝜎𝑘−1 < [𝜎] is reached in
step 𝑘, meaning that the error delta between two subsequent
frames is below the termination criterion [𝜎]. The resulting
translation vector t and the rotation matrix 𝑅 are generated
in step 𝑘.

(𝑝𝐴 𝑖 + 𝑝𝐵𝑗 )
2

.

(16)

𝑖=1

The best fit can be regarded as the minimum 𝑑; therefore,
we take the partial derivative of 𝑑 with 𝐴, 𝐵, and 𝐶. Then, the
equations are
𝑛
𝑛
𝑛
𝑛
𝜕𝑑
= 2 (𝐴∑𝑥𝑖 2 + 𝐵∑𝑥𝑖 𝑦𝑖 + 𝐶∑𝑥𝑖 − ∑𝑥𝑖 𝑧𝑖 )
𝜕𝐴
𝑖=1
𝑖=1
𝑖=1
𝑖=1
𝑛
𝑛
𝑛
𝑛
𝜕𝑑
= 2 (𝐴∑𝑥𝑖 𝑦𝑖 + 𝐵∑𝑦𝑖 2 + 𝐶∑𝑦𝑖 − ∑𝑦𝑖 𝑧𝑖 )
𝜕𝐵
𝑖=1
𝑖=1
𝑖=1
𝑖=1

(3) Solution of the Modified Point Cloud Set. After transforming the point cloud set from [𝑃𝐵 ] to the position registered
with 𝑃𝐴, a new point cloud set 𝑃𝐵 is generated. The modified
point cloud set 𝑃∗ , for arbitrary 𝑝𝑖∗ ∈ 𝑃∗ , 𝑝𝑖∗ is computed as
shown in the following:
𝑝𝑖∗ =

2

𝑑 = ∑ (𝐴𝑥𝑖∗ + 𝐵𝑦𝑖∗ + 𝐶 − 𝑧) .

(17)

𝑛
𝑛
𝑛
𝜕𝑑
= 2 (𝐴∑𝑥𝑖 + 𝐵∑𝑦𝑖 + 𝑛𝐶 − ∑𝑧𝑖 ) .
𝜕𝐶
𝑖=1
𝑖=1
𝑖=1

Let 𝜕𝑑/𝜕𝐴 = 0, 𝜕𝑑/𝜕𝐵 = 0, and 𝜕𝑑/𝜕𝐶 = 0. Finally, the
result can be formulated as follows:
𝑛

(14)

2

𝑛

𝑛

−1

∗
∑𝑥𝑖∗ 𝑦𝑖∗ ∑𝑥𝑖∗ ]
[ ∑𝑥𝑖
[
]
𝑖=1
𝑖=1
𝐴
[ 𝑛𝑖=1
]
𝑛
𝑛
[
2
[ 𝐵 ] [ ∑𝑥 ∗ 𝑦∗ ∑𝑦∗ ∑𝑦∗ ]
]
[ ]=[
𝑖 𝑖
𝑖
𝑖 ]
[𝑖=1
]
𝑖=1
𝑖=1
]
𝑛
𝑛
[𝐶] [
[
]
∗
∗
𝑛
∑𝑥𝑖
∑𝑦𝑖
𝑖=1
[ 𝑖=1
]

3.3. Improved Poisson Surface Reconstruction Algorithm. Surface reconstruction can be accomplished by a Poisson surface
reconstruction algorithm. Typical PDE Poisson equations are
constructed and solved iteratively to extract the isosurface
and realize surface reconstruction. However, there are several
disadvantages to this algorithm: it is strongly dependent on
normal vectors and tends to form mesh holes. Therefore,
the IPSR is proposed in this paper. The point cloud pretreatment, including recomputing the normal vectors based
on the least squares method and postprocessing a generated
PDE patch based on biharmonic-like fourth-order PDEs, is
conducted successively to generate an accurate, connected,
and lightweight mesh.

𝑛

∗ ∗
[∑𝑥𝑖 𝑧𝑖 ]
[ 𝑖=1
]
[𝑛
]
[
]
[∑𝑦𝑖∗ 𝑧𝑖∗ ] .
[
]
[𝑖=1
]
[ 𝑛
]
[
]
∑𝑧𝑖∗
[ 𝑖=1
]

(18)

The coefficients 𝐴, 𝐵, and 𝐶 can be solved via (18) to
generate the normal vector 𝑛𝑖 of 𝑝𝑖∗ . Moreover, the vector
orientations are processed for consistency; that is, an arbitrary normal vector 𝑛𝑗 of point 𝑝𝑗∗ , which is near point 𝑝𝑖∗ , is
selected. Transvection of 𝑛𝑖 and 𝑛𝑗 is conducted. If 𝑛𝑖 ⋅ 𝑛𝑗 > 0,
the orientation of 𝑛𝑖 is kept; otherwise, 𝑛𝑖 is adjusted to the
opposite orientation: −𝑛𝑖 .
3.3.2. Poisson Surface Reconstruction. In a Poisson surface
reconstruction, the solution of the surface to be reconstructed
is regarded as the solution of a 3D indicator function 𝜒.
The reconstructed surface is then obtained by extracting
the appropriate isosurface [32]. This process is depicted in
Figure 4.
To solve the Poisson equation, the 3D space should be
discretized. Therefore, an adaptive octree is built. The closer
the border is, the larger the density of the octree is [32]. Based
on the octree, the base function 𝐹 is defined as

3.3.1. Recomputation of Point Clouds Normal Vectors. The
recomputation of the normal vectors of a point cloud proposed in this paper is based on the least squares method.
Then, the computational complexity of the surface reconstruction algorithm is reduced based on the accuracy of the
normal vectors [31].
An arbitrary coordinate point 𝑝𝑖∗ , in a point cloud set 𝑃∗ ,
and all the 𝐾 neighbor points of 𝑝𝑖∗ can be regarded as being

∗

𝐹 (𝑥, 𝑦, 𝑧) ≡ (𝐵 (𝑥) 𝐵 (𝑦) 𝐵 (𝑧))

𝑛

{1 |𝑡| < 0.5
with 𝐵 (𝑡) = {
{0 otherwise,

(19)

Mathematical Problems in Engineering

7
0

0
0
0

0

Indicator gradient
∇

1
1
0

1

0
0

Oriented points
→

V

0

1

0

0

0
1

0

1

0

Indicator function


Mesh surface


Figure 4: The process of Poisson surface reconstruction.

where ∗ 𝑛 represents the 𝑛th convolution. Every point sample
becomes a leaf node 𝑜 in a depth D octree; therefore, the
unit-integral “node function” centered around node 𝑜 is
formulated as
𝐹𝑜 (𝑞) = 𝐹 (

𝑞−𝑜⋅𝑐
1
,
)
𝑜⋅𝑤
(𝑜 ⋅ 𝑤)3

(20)

where 𝑜 ⋅ 𝑐 represents the center of 𝑜 and 𝑜 ⋅ 𝑤 represents the
width of 𝑜.
→

The vector field 𝑉(𝑞) is determined from the normal

vector →
𝑛𝑖 of 𝑝𝑖∗ in a point cloud set 𝑃∗ . The gradient field of
the indicator function 𝜒 can be expressed as ∇𝜒. The purpose
of the Poisson surface reconstruction is to solve a function 𝜒
→

whose gradient best approximates a vector field 𝑉(𝑞) defined
by 𝑃∗ . This can be formulated as follows:
min
𝜒


 
∇𝜒 − →
𝑉  .



(21)

The problem shown in (21) can be solved by the Poisson
→

→

equation Δ𝜒 = ∇ ∙ 𝑉. A vector field 𝑉 can be approximately
formulated as
→

𝑉 (𝑞) = ∑
𝑝∗ ∈𝑃∗

∑
𝑜∈𝑁𝑔𝑏𝑟𝐷 (𝑝∗)

𝑛 ,
𝛼𝑜,𝑠 𝐹𝑜 (𝑞)→

(22)

where 𝑁𝑔𝑏𝑟𝐷(𝑠) are the eight depth-𝐷 nodes closest to 𝑝∗ and
{𝛼𝑜,𝑠 } represents the trilinear interpolation weights. To solve
→

the problem that ∇ ∙ 𝑉 and Δ𝜒 are not in the function space,
the equation can be simplified by solving for the 𝜒 function
by minimizing
2

→

∑ ⟨Δ𝜒 − ∇ ⋅ 𝑉, 𝐹𝑜 ⟩

𝑜 
2

→

= ∑ ⟨Δ𝜒, 𝐹𝑜 ⟩ − ⟨∇ ⋅ 𝑉, 𝐹𝑜 ⟩ .


𝑜

(23)


Given a vector V, whose 𝑜th coordinate is →
V𝑜 = ⟨∇ ⋅
→

𝑉, 𝐹𝑜 ⟩, the goal is to solve for the function 𝜒. The vector
can be obtained by projecting the Laplacian of 𝜒 onto each
𝐹𝑜 , ensuring that it is as close to V as possible. To express

(23) in matrix form, let 𝜒 = ∑𝑜 𝑥𝑜 𝐹𝑜 ; then, the problem is
transformed into one of solving for the vector 𝑥𝑜 .
2
→


∑ ⟨Δ𝜒, 𝐹𝑜 ⟩ − ⟨∇ ⋅ 𝑉, 𝐹𝑜 ⟩


𝑜
(24)
2

→





= ∑ ∑𝑥𝑜 ⟨Δ𝐹𝑜 , 𝐹𝑜 ⟩ − ⟨∇ ⋅ 𝑉, 𝐹𝑜 ⟩ .


𝑜  𝑜
Let the matrix 𝐿 be contributed as the dot product of the
Laplacian with each of the 𝐹𝑜 values; for all 𝑜, 𝑜 ; the (𝑜, 𝑜 )th
entry of 𝐿 is set to
𝐿 𝑜,𝑜 ≡ ⟨

𝜕2 𝐹𝑜
𝜕2 𝐹𝑜

,
𝐹
⟩
+
⟨
, 𝐹 ⟩
𝜕𝑥2 𝑜
𝜕𝑦2 𝑜

𝜕2 𝐹
+ ⟨ 2𝑜 , 𝐹𝑜 ⟩ .
𝜕𝑧

(25)

Thus, the solution of the indicator function 𝜒 can be
regarded as finding
min
𝑥

‖𝐿𝑥 − V‖2 .

(26)

The isosurface from the indicator function 𝜒 can be
extracted to octree representations through the method used
in previous adaptations of the marching cubes [33].
3.3.3. Generation of PDE Patches. The lightweight methods
are implemented in the abovementioned algorithms (i.e.,
PCU in Section 3.1, RICP in Section 3.2, and the recomputation of point clouds normal vectors in Section 3.3.1).
Because of the highly lightweight point cloud data, it is easy
to generate mesh holes near areas with complex curvature
variations, which could influence the visualization of the
reconstructed 3D model. Thus, in this paper, an alternative
approach to PDE patch generation based on biharmonic-like
fourth-order PDEs is proposed. The algorithm is utilized to
repair mesh holes on the reconstructed surface according
to Section 3.3.2. Each hole is represented by patches with
their own 𝑢V coordinate system. The preservation of irregular
and sharp details on the surface will be found by matching
the respective patches to the surface at various sizes and
orientations. According to [34], a biharmonic-like fourthorder PDE is formulated as follows:
2

(

2
𝜕2
2 𝜕
+
𝑎
) 𝑆 (𝑢, V) = 0,
𝜕𝑢2
𝜕V2

(27)
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where 𝑆(𝑢, V) is regarded as the hole 𝐻(𝑢, V) to be repaired,
and 0 ≤ 𝑢 ≤ 1, 0 ≤ V ≤ 2𝜋. Additionally, the PDE
patch 𝑃(𝑢, V) can be formulated by (27). The analytic solution
of (27) can be computed by of separating the variables and
formulating the problem as
𝐻 (𝑢, V) = 𝐴 0 (𝑢)

C3
C1
C0

C2

(28)

𝑁

+ ∑ [𝐴 𝑛 (𝑢) cos (𝑛V) + 𝐵𝑛 (𝑢) sin (𝑛V)] ,
𝑛=1

Vi

where 𝐴 0 (𝑢), 𝐴 𝑛 (𝑢), 𝐵𝑛 (𝑢) are, respectively, formulated as
follows:
𝐴 0 (𝑢) = 𝛼00 + 𝛼01 𝑢 + 𝛼02 𝑢2 + 𝛼03 𝑢3
𝐴 𝑛 (𝑢) = 𝛼𝑛1 𝑒𝑎𝑛𝑢 + 𝛼𝑛2 𝑢𝑒𝑎𝑛𝑢 + 𝛼𝑛3 𝑒−𝑎𝑛𝑢 + 𝛼𝑛4 𝑢𝑒−𝑎𝑛𝑢

(29)

𝐵𝑛 (𝑢) = 𝛽𝑛1 𝑒𝑎𝑛𝑢 + 𝛽𝑛2 𝑢𝑒𝑎𝑛𝑢 + 𝛽𝑛3 𝑒−𝑎𝑛𝑢 + 𝛽𝑛4 𝑢𝑒−𝑎𝑛𝑢 .

4. Experiment and Analysis

The PDE coefficients 𝛼00 , 𝛼01 , . . . , 𝛼𝑛3 , 𝛼𝑛4 and 𝛽11 , 𝛽12 ,
. . . , 𝛽𝑛3 , 𝛽𝑛4 are vectors valued by the boundary conditions. 𝐴 0 (𝑢) is regarded as the “spine” of the surface, and
𝐴 𝑛 (𝑢) cos(𝑛V) + 𝐵𝑛 (𝑢) sin(𝑛V) is an 𝑛-order “radius” vector.
The amplitude of the “radius” term decays as the frequency
increases (if 𝑁 → ∞), so that the solution of the PDE
patch is mostly determined by a first-order “radius” vector
𝐴 1 (𝑢) cos(V) + 𝐵1 (𝑢) sin(V) and a second-order “radius”
vector 𝐴 2 (𝑢) cos(2V) + 𝐵2 (𝑢) sin(2V). Therefore, (28) can be
approximately reformulated as follows:
𝐻 (𝑢, V) = 𝐴 0 (𝑢) + 𝐴 1 (𝑢) cos (V) + 𝐵1 (𝑢) sin (V)
+ 𝐴 2 (𝑢) cos (2V) + 𝐵2 (𝑢) sin (2V) .

Figure 5: Layout of PDE boundary curves.

(30)

The number of vector-valued PDE coefficients is 𝑀𝑐 =
4 × (2𝑁 + 1). The higher 𝑀𝑐 is, the higher the complexity
of the reconstruction is. To generate a lightweight mesh, we
let 𝑁 = 3. Then, the boundary conditions that fit (27) are
formulated as follows:
𝐻 (0, V) = 𝐶0 (V)
𝐻 (𝑢1 , V) = 𝐶1 (V)
(31)
𝐻 (𝑢2 , V) = 𝐶2 (V)
𝐻 (1, V) = 𝐶3 (V) ,
where the conditions 𝐶0 (V), 𝐶1 (V), 𝐶2 (V), and 𝐶3 (V) are
isoparm boundary curves on the surface patch at 𝑢 =
0, 𝑢1 , 𝑢2 , 1, respectively, where 0 < 𝑢1 , 𝑢2 < 1. To precisely
approach the mesh representation of complex geometric
shapes, this method needs to use sufficient PDE boundary
curves, which must be extracted from the vertices of the
original polygon mesh representation. Figure 5 illustrates the
layout of the various PDE boundary curves for an individual
PDE patch, where 𝐶0 (V) degenerates into a single point.

4.1. System Framework and Establishment of Experimental
Platform. To verify the feasibility of the proposed lightweight
surface reconstruction method proposed in this paper, an
online personalized customization system oriented toward
3D printing was developed and used as the experimental
environment. The system framework is shown in Figure 6
and can be divided into 4 units: Central Control Unit; Online
Personalized Customization Unit; 3D Scanning Unit; and
3D Printing Unit. The Central Control Unit runs on a PC
and a cloud server, and the collaborative operation of the
other 3 units is controlled by the Central Control Unit, which
is the core of the whole system. The Online Personalized
Customization Unit runs in Google Chrome directly. The
dynamic visualization of the point cloud generated by the
3D Scanning Unit can be rendered; that is, the point cloud
generated in real-time can be displayed to users. Moreover,
the point clouds are reconstructed as meshes. Modifications
of color, texture, dimension, slicing of the STL model, and
generation of G codes are also supported in the Online
Personalized Customization Unit. G codes can be imported
by the 3D Printing Unit for the 3D printing tasks.
(1) Hardware Framework of 3D Scanning Unit. The 3D Scanning Unit is composed of the open source 3D scanner Ciclop,
whose hardware framework is shown in Figure 7. The Ciclop
is composed of an Arduino UNO Motherboard (control
core), a Logitech C270 (camera), two infrared laser modules,
and other mechanical structures. Its turn table is driven by a
NEMA 17 stepper motor which rotates the object undergoing
scanning at 1.8∘ /s around its central axis. Simultaneously, two
sets of 5 mW infrared laser modules, set at an angle of 135∘ , are
coordinated with the Logitech C270 to generate depth data
at different angles. Thus, the point cloud data of the scanned
object can be generated as well [35].
(2) Dynamic Visualization of Point Cloud Data. To achieve
the dynamic visualization, the point cloud data from the
3D Scanning Unit to the Online Personalized Customization
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Figure 6: Framework of the online personalized customization system oriented toward 3D printing.

Ciclop
3D Scanner

Structure

Electronics
Logitech C270
Arduino UNO
Left Laser Head 5 mW
Right Laser Head 5 mW
Motor Driver Board

NEMA 17 Stepper Motor
LED
220 V AC
POWER
Charger

Figure 7: Hardware framework of 3D Scanning Unit.
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Figure 8: Dynamic point cloud visualization framework.

Unit needs to be transmitted in real time. A proposed
dynamic visualization framework for point clouds based on
WebSocket is shown in Figure 8. The thin arrows represent the control flow within the server or browser, while
the wide arrows represent the data flow between memory
spaces. WebSocket is a real-time communication protocol for
HTML5 that can achieve real-time data transmission between
a browser and a cloud server [36]. Thus, the point cloud data
that are generated by Ciclop in real time can be dynamically
displayed in the browser by WebSocket and WebGL. The
framework is divided into three parts: cloud server, local
server, and browser.
The interaction is initiated by the browser, which sends a
request URI to the cloud server. The cloud server parses the
request and sends the appropriate JavaScript code back to the
browser, which dynamically visualizes and renders the point
cloud. Meanwhile, a request is also sent to Ciclop. The point
clouds generated by Ciclop are extracted by its underlying
computer software, Horus, and encapsulated as JSON files
by the local server. A socket connection can be established
between a local server and cloud server to upload JSON
files. Subsequently, a WebSocket connection will also be
established through JavaScript code running in the Browser
to fetch and parse the JSON files. After the request URI is sent
from the browser to the cloud server, a monitor is established
to determine whether the latest JSON file to be parsed in
the browser through WebSocket connection exists. The point

cloud data will be dynamically updated by WebGL when the
JSON file exists.
JavaScript is generally single-threaded; consequently, the
performance requirements of the computer hardware are
higher. To allow the user-interface to remain responsive, the
browser fetches and renders the JSON files. The fetching
operation runs in a separate Web Worker tread, while the
rendering runs in the main JavaScript thread. All longrunning code paths need to run outside the main thread
[37]. Moreover, to avoid browser congestion by too many
messages, the next time step of a JSON file is always requested
explicitly by the browser. That is, only when the browser
acquires a new rendering request for the current point cloud
data to GPU does it send the cloud server a new request for
new JSON files. Thus, this framework ensures that each frame
will be rendered at least once.
(3) Establishment of the Experimental Platform. The hardware configuration of the Central Control Unit is shown in
Table 1.
The environmental calibration parameters of the 3D scanning operation to meet the requirements of the experimental
environment are configured in Horus, the computer software
underlying Ciclop, as shown in Table 2.
4.2. Point Cloud Update and Dynamic Visualization
Experiments. Using the dynamic point cloud visualization
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Table 1: Hardware configuration of Central Control Unit.
Hardware
CPU
GPU
RAM
Hard Disk
Bandwidth

PC
Intel Core i7 7700K 4.2 GHz
ASUS RX550 4 GB
8 GB
SSD 128 GB
10 Mbps

Cloud server
Intel Skylake Xeon Platinum 8163 2.5 GHz
ASUS NVIDIA GeForce GTX1080 8 GB
10 GB
SSD 40 GB
50 Mbps

Table 2: Environmental calibration parameters of experiments.
Indexes
Value

Brightness
150

Contrast
34

Saturation
32

Exposure
10

Step degrees
0.45∘

Photograph interval
0.5 s

Table 3: Generation time and amount of data on two sets of point clouds.
Model type

Dynamic visualization with PCU
Load time/s
Size/MB

Huba
Totoro

109
126

(a)

Dynamic visualization without PCU
Load time/s
Size/MB

1.60
1.89

94
112

5.19
6.54

(b)

Figure 9: Experimental environments of 3D scanning.

framework and the PCU as proposed in Section 3.1, experiments assessing the online 3D scanning were performed on
the “Huba” and “Totoro” models to verify the effect of point
cloud dynamic visualization and the lightweight effect of the
PCU. The experimental environment is shown in Figure 9,
and the dynamic visualization processes in Google Chrome
are shown in Figure 10. To optimize the visualization effects,
the background color of Google Chrome was set to black.
The generation time and amount of data of the two sets
of point clouds (representing the two models “Huba” and
“Totoro”) were recorded. For comparison purposes, the two
circumstances were implemented both with and without the
PCU. The results are shown in Table 3.
As listed in Table 3, with the PCU, the size of the
point cloud data of the “Huba” model decreases by 69.2%
(from 5.19 MB to 1.60 MB), while the size of the point
cloud data of the “Totoro” model decreases by 71.1% (from
6.54 MB to 1.89 MB) during the point cloud dynamic visualization process. Although the load time of each model
increases by approximately 15% with the PCU, the growth
is not substantial compared to the lightweight point cloud
data. Experimental analysis shows that lightweight dynamic
visualization of point cloud data in a web environment

can be accomplished by the PCU in conjunction with the
dynamic visualization framework for point clouds based on
WebSocket as proposed in this paper.
4.3. Point Cloud Registration Experiments. Experiments on
the registration of two sets of point clouds, 𝑃𝐴 and 𝑃𝐵 , which
belong to the “Huba” and “Totoro” models, were conducted
by RICP and ICP, respectively, to generate a modified point
cloud set 𝑃∗ . The termination criteria of the MSE threshold
was set to [𝜎] = 0.005 mm, and the number of iterations
and the registration time of the two point cloud sets by RICP
and ICP were recorded and are listed in Table 4, and the
convergence curves of the registration error with the two sets
of point clouds are shown in Figure 11.
The registration effects of the two sets of point clouds
calculated by the different algorithms are shown in Figure 12.
With the RICP, the number of iterations decreased from
12 to 7, and the time decreased by 45.8% from 59 s to 32 s for
the “Huba” model, while the number of iterations decreased
from 15 to 8, and the time decreased by 46.8% from 77 s
to 41 s for the “Totoro” model. These results are listed in
Table 4. Figure 11 shows that the MSEs of the two models
decrease by 0.039 mm and 0.036 mm after one iteration.

12

Mathematical Problems in Engineering

Figure 10: Dynamic visualization processes of point cloud.

Huba

0.06
0.055
0.05
0.045
0.04

MSE

MSE

0.035
0.03
0.025
0.02
0.015
0.01
0.005
0

0

1

2

3

4

5

6

7 8 9 10 11 12 13 14 15
Iteration

0.07
0.065
0.06
0.055
0.05
0.045
0.04
0.035
0.03
0.025
0.02
0.015
0.01
0.005
0

Totoro

0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20
Iteration
RICP
ICP

RICP
ICP
(a)

(b)

Figure 11: Convergence curves of the registration error.

Table 4: Number of iterations and elapsed time of registration by RICP and ICP.
Registration algorithm
RICP
ICP

[𝜎]/mm
0.005

Huba
Iteration
7
12

Time/sec
32
59

[𝜎]/mm
0.005

Totoro
Iteration
8
15

Time/sec
41
77
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Iteration 7
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Iteration 12

[PB ]
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Iteration 15

Iteration 8

Figure 12: Visualization effect of registration by RICP and ICP.

Table 5: Relevant indicators of surface reconstruction by IPSR and PSR.
Model

Points

Huba

85432

Totoro

129463

Algorithm type
PSR
IPSR
PSR
IPSR

Triangular facets
73735
61476
101950
89759

Size/MB (STL)
14.4
10.5
20.1
17.2

The experimental analysis shows the increase in algorithmic
efficiency from preregistering the point cloud data in the
RICP. The visualization effects of the registrations by the
RICP and ICP are shown in Figure 12.
4.4. Online Surface Reconstruction Experiments. Using the
IPSR proposed in Section 3.3, modified point cloud data sets
of the “Huba” and “Totoro” were reconstructed by both IPSR
and Poisson surface reconstruction (PSR) algorithm in the
web environment. The online surface reconstructions by both
algorithms are shown in Figure 13.

Reconstruction time/s
3.4
2.9
7.9
6.5

Average FPS
62
61
76
74

Occupied CPU
8%
7%
10%
8%

Relevant indicator values were recorded during the
process of surface reconstruction to assess IPSR and PSR,
including triangular facets, size, reconstruction time, average
frames per second (FPS), and occupied CPU percentage [38].
The specific values of these metrics are listed in Table 5, while
four histograms of the triangular facets, size, reconstruction
time, and average FPS are shown in Figure 14.
As Figure 13 shows, several single-point spikes and holes
exist on the polygon mesh reconstructed by PSR. In contrast,
the polygon meshes reconstructed by IPSR are accurate,
connected, and lightweight. In fact, the surface is relatively
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PSR

IPSR

Huba

PSR

IPSR

Totoro

Figure 13: Online surface reconstruction effect by IPSR and PSR.

smooth, without any obvious single-point spikes on the hole
boundaries.
In addition to the differences in Table 5 and Figure 14,
compared with PSR, the triangular facets of the “Huba” mesh
created by IPSR decreased by 16.6%, while the size and reconstruction time decreased by 27.1% and 14.7%, respectively.
The triangular facets of the “Totoro” mesh decreased by
12.1%, while the size and reconstruction time decreased by
14.4% and 17.7%, respectively. The lightweight extent of each
mesh produced by IPSR is relatively obvious. Although the
decrease in average FPS is barely noticeable (1.6% and 2.6%
for the “Huba” mesh and “Totoro” mesh, resp.) both are still
relatively acceptable with tiny fluctuations around a median
value of approximately 70. Users reported that the system ran
smoothly without any obvious decrease in rendering speed.
The experimental analysis shows that the reconstruction
efficiency, the accuracy, and the absence of obvious spikes
in the mesh reconstructed by IPSR are more desirable given
the lightweight data requirements of a web environment.
Additionally, meshes on a 3D printing cloud server platform
can be personalized and customized using this method.

5. Conclusions
In this paper, a lightweight surface reconstruction method
for online 3D scanning point cloud data oriented toward 3D
printing is proposed. To achieve low algorithmic complexity
and generate a lightweight 3D model, an online lightweight
surface reconstruction algorithm is proposed, which is composed of a point cloud update algorithm (PCU), a rapid
iterative closest point algorithm (RICP), and the improved

Poisson surface reconstruction algorithm (IPSR). The PCU is
used to denoise the point cloud data to create a lightweight
version in real time. The RICP is used to perform rapid
and accurate registration between two sets of point cloud
data. The IPSR is used to generate the lightweight mesh, and
the postprocessing of the PDE patch generation based on
biharmonic-like fourth-order PDEs is executed to repair the
mesh holes on the reconstructed lightweight mesh, which
improves the 3D model visualization. In addition, to achieve
real-time point cloud data transmission in conjunction with
the 3D scanning process in a web environment, a dynamic
visualization framework for point cloud data based on WebSocket is also proposed. This approach achieves comprehensive dynamic visualization of the point cloud data in the
browser. The fluency and high rendering effect are ensured
through the Web Worker mechanism in the high concurrency
environment. Finally, an online personalized customization
system oriented toward 3D printing is developed based on the
proposed method.
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The Horn and Schunck (HS) optical flow model cannot preserve discontinuity of motion estimation and has low accuracy especially
for the image sequence, which includes complex texture. To address this problem, an improved fractional-order optical flow model
is proposed. In particular, the fractional-order Taylor series expansion is applied in the brightness constraint equation of the HS
model. The fractional-order flow field derivative is also used in the smoothing constraint equation. The Euler-Lagrange equation
is utilized for the minimization of the energy function of the fractional-order optical flow model. Two-dimensional fractional
differential masks are proposed and applied to the calculation of the model simplification. Considering the spatiotemporal memory
property of fractional-order, the algorithm preserves the edge discontinuity of the optical flow field while improving the accuracy of
the estimation of the dense optical flow field. Experiments on Middlebury datasets demonstrate the predominance of our proposed
algorithm.

1. Introduction
Since the optical flow was proposed by Gibson in 1950, many
scholars have done research on it. In these studies, the HS
optical flow model proposed by Horn and Schunck [1] in 1981
achieved high reliability and accuracy and accordingly began
to attract more and more scholarly attention. But the accuracy
of the motion estimation with the HS optical flow model
would be greatly reduced in the image sequence, which would
include complex texture and nonrigid motion; meanwhile the
discontinuity of motion estimation is difficult to retain.
Many scholars have devoted themselves to the modification or improvement of HS model to increase the accuracy
[2], deal with large displacement motion [3], solve the
occlusion problem [4], and track nonrigid motion targets
[5, 6]. All these models are based on first-order differentiation
techniques.
Lv et al. [7] added a nonlinear fourth-order diffusive
term to the Euler-Lagrange equations of the variational TV
model, and the improved model can preserve sharp jump
discontinuities, but it would deteriorate when too much noise
exists. A high-order total variation minimization method for

image deblurring and denoising was proposed by Chan et al.
[8]; the model can filter out noise while the edge discontinuity
was retained. But details of the edge were neglected.
Because of its ability to preserve the texture details of the
smooth region while highlighting the image edge feature and
its spatiotemporal memory of the target point neighborhood,
a fractional differential is applied to many image processing
fields [9], such as image denoising [10], image enhancement
[11], and motion estimation [12–16]. In [12, 13], the fractionalorder smoothing constraint equation was used in the HS
optical flow model to preserve the discontinuity of motion
estimation, but it does not consider the correlation of the pixel
intensity. Although the edge discontinuity of the image can be
preserved to a certain extent, the accuracy of the optical flow
field estimation is not high. In order to further enhance the
accuracy of motion estimation, an improved fractional-order
optical flow model is proposed in this paper.
The main characteristics of the present paper can be
summarized as follows:
(1) Fractional-order was first used in a brightness constraint equation of the HS optical flow model.
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(2) A two-dimensional fractional-order differential
mask, which was used to compute dual fractionalorder differentials, was first proposed and applied to
the simplification of the improved fractional-order
optical flow model.
(3) Combined with the Euler-Lagrange equation and
two-dimensional fractional-order differential masks,
the iteration formula of the optical flow field estimation of the improved fractional-order optical flow
model was constructed, which is different from any of
the former counterparts.

2. The Construction of Two-Dimensional
Fractional-Order Differential Masks

𝐿

(𝜇)
𝐷𝑥𝜇 𝐷𝑥𝜇 𝐼 (𝑖, 𝑗, 𝑡) = ∑ 𝑊𝑥𝑥
(𝑘) 𝐼 (𝑖 − 𝑘, 𝑗, 𝑡) .

𝐿 is the mask size, when 𝐿 = 2:
(𝜇)
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Also,
𝑇

(2)

Similarly,

(𝜇)

(𝜇)
(𝜇)
𝑊𝑥𝑡 (𝑘, 𝑝), 𝑊𝑦𝑦
(𝑧), 𝑊𝑦𝑥
(𝑘, 𝑧), 𝑊𝑦𝑡 (𝑧, 𝑝), where 𝜇 is the
order of fractional differentials.

(1)

𝑘=−𝐿

=[

The mathematical preliminaries of the fractional-order theory used in this paper can be found in [17, 18].
In this chapter, six two-dimensional fractional differen(𝜇)
(𝜇)
(𝑘), 𝑊𝑥𝑦
(𝑘, 𝑧),
tial masks were presented. There are 𝑊𝑥𝑥
(𝜇)

(𝜇)
We define 𝑊𝑥𝑥
(𝑘) as the two-dimensional fractional
differential mask of dual derivatives on the 𝑥-axis. The twodimensional fractional derivatives of order 𝜇 of a discrete
image brightness function 𝐼(𝑖, 𝑗, 𝑡) on the 𝑥-axis can be
defined as

−𝜇

(𝜇)
What is more, we can get 𝑊𝑦𝑦
(𝑧)
(𝜇)
(𝜇)
(𝜇)
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=
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(𝑘)𝑊𝑦𝑥
(𝑘, 𝑧)

=

Normalization should be done in all the mask items.
More details about the expansion of dual fractional-order
derivatives can be found in [12].

3.1. The Fractional-Order Optical Flow Model. We substitute
the brightness constraint equation of the HS model with
the fractional-order Taylor series expansion and get the
fractional-order brightness constraint equation as
𝐷𝑦𝛼 𝐼 𝛼
𝐷𝑥𝛼 𝐼
𝐷𝑡𝛼 𝐼
𝑢𝛼 +
] +
= 0,
Γ (𝛼 + 1)
Γ (𝛼 + 1)
Γ (𝛼 + 1)

(7)

where 𝐼 is the abbreviation of 𝐼(𝑖, 𝑗, 𝑡).
Combined with (2.19) and (2.20) in [12], we can get the
fractional-order optical flow model in this paper:
𝐸 (𝑈) = ∫ ((
Ω

+

𝐷𝑡𝛼 𝐼

Γ (𝛼 + 1)

𝐷𝑦𝛼 𝐼 𝛼
𝐷𝑥𝛼 𝐼
𝑢𝛼 +
]
Γ (𝛼 + 1)
Γ (𝛼 + 1)
2


2 
2
) + 𝜆 (𝐷𝛽 𝑢 + 𝐷𝛽 V )) 𝑑𝑋.

(8)
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3.2. Numerical Algorithm. The Euler-Lagrange equation [19]
was applied in this paper to minimize energy function 𝐸(𝑈).
After simplification, we get the equation as follows:
𝐷𝑥𝛼 𝐼

Γ (𝛼 + 1)

𝑢𝛼−1 𝑀 + 𝜆 (𝐷𝑥𝛽 𝐷𝑥𝛽 𝑢 + 𝐷𝑦𝛽 𝐷𝑦𝛽 𝑢) = 0

𝐷𝑦𝛼 𝐼
Γ (𝛼 + 1)

(9)
V𝛼−1 𝑀 + 𝜆 (𝐷𝑥𝛽 𝐷𝑥𝛽 V + 𝐷𝑦𝛽 𝐷𝑦𝛽 V) = 0,

where
𝛼

𝐷𝑦 𝐼 𝛼
𝐷𝑥𝛼 𝐼
𝐷𝑡𝛼 𝐼
(10)
𝑢𝛼 +
] +
.
Γ (𝛼 + 1)
Γ (𝛼 + 1)
Γ (𝛼 + 1)
After a series of computations, the iteration formula for
the proposed fractional-order optical flow model can finally
be written as
𝑀=

∇𝛼 𝐼𝑥𝑥 𝑢2𝛼−1 + ∇𝛼 𝐼𝑥𝑦 𝑢𝛼−1 V𝛼 + ∇𝛼 𝐼𝑥𝑡 𝑢𝛼−1
𝐿

𝐿

(𝛽)
+ 𝜆 ∑ ∑ 𝑊𝑥𝑦
(𝑘, 𝑧) 𝑢 (𝑖 − 𝑘, 𝑗 − 𝑧) = 0
𝑘=−𝐿 𝑧=−𝐿

(11)

∇𝛼 𝐼𝑦𝑦 V2𝛼−1 + ∇𝛼 𝐼𝑦𝑥 V𝛼−1 𝑢𝛼 + ∇𝛼 𝐼𝑦𝑡 V𝛼−1
𝐿

𝐿

(𝛽)
+ 𝜆 ∑ ∑ 𝑊𝑦𝑥
(𝑘, 𝑧) V (𝑖 − 𝑘, 𝑗 − 𝑧) = 0,
𝑘=−𝐿 𝑧=−𝐿

where 𝑢(𝑖 − 𝑘, 𝑗 − 𝑧), V(𝑖 − 𝑘, 𝑗 − 𝑧) represented the optical flow
vector in the neighborhood of point (𝑖, 𝑗), and
∇𝛼 𝐼𝑥𝑥 (𝑖, 𝑗, 𝑡) =

(𝛼)
∑𝐿𝑘=−𝐿 𝑊𝑥𝑥
(𝑘) 𝐼 (𝑖 − 𝑘, 𝑗, 𝑡)
2
Γ (𝛼 + 1)

∇𝛼 𝐼𝑥𝑦 (𝑖, 𝑗, 𝑡)
=

(𝛼)
∑𝐿𝑘=−𝐿 ∑𝐿𝑧=−𝐿 𝑊𝑥𝑦
(𝑘, 𝑧) 𝐼 (𝑖 − 𝑘, 𝑗 − 𝑧, 𝑡)

Γ2 (𝛼 + 1)

∇𝛼 𝐼𝑥𝑡 (𝑖, 𝑗, 𝑡)
=

∑𝑇𝑝=0 ∑𝐿𝑘=0 𝑊𝑥𝑡(𝛼) (𝑘, 𝑝) 𝐼 (𝑖 − 𝑘, 𝑗, 𝑡) 𝐼 (𝑖, 𝑗, 𝑡 − 𝑝)
Γ2 (𝛼 + 1)

∇𝛼 𝐼𝑦𝑦 (𝑖, 𝑗, 𝑡) =

(12)

(𝛼)
∑𝐿𝑧=−𝐿 𝑊𝑦𝑦
(𝑘) 𝐼 (𝑖, 𝑗 − 𝑧, 𝑡)

Γ2 (𝛼 + 1)

∇𝛼 𝐼𝑦𝑥 (𝑖, 𝑗, 𝑡)
=

(𝛼)
∑𝐿𝑘=−𝐿 ∑𝐿𝑧=−𝐿 𝑊𝑦𝑥
(𝑧, 𝑘) 𝐼 (𝑖 − 𝑘, 𝑗 − 𝑧, 𝑡)

Γ2 (𝛼 + 1)

∇𝛼 𝐼𝑦𝑡 (𝑖, 𝑗, 𝑡)
=

(𝛼)
∑𝑇𝑝=0 ∑𝐿𝑧=0 𝑊𝑦𝑡
(𝑧, 𝑘) 𝐼 (𝑖, 𝑗 − 𝑧, 𝑡) 𝐼 (𝑖, 𝑗, 𝑡 − 𝑝)

Γ2 (𝛼 + 1)

.

After repeated iteration utilizing the Gauss-Seidel iteration method, the accurate optical flow field can be achieved,
and the convergence of the algorithm can be demonstrated
by the method mentioned in [13].

4. Experimental Results and Analysis
We have conducted our experiments from the following three
aspects: (1) the comparison of the performance of previously
tested optical flow algorithms; (2) the influence of the order
of fractional-order differentials for the algorithm; and (3)
the influence of the size of the dual fractional differential
mask window for the algorithm. The Middlebury datasets
[20] are chosen for evaluating our proposed algorithm for its
characteristics of having different structures and attributes,
like textures, blurred images, discontinuities in motion,
shadows, nonrigid motion, and so on.
The angular error (AE) and flow endpoint error (EE)
are selected for evaluation. As we are concerned with the
performance of the algorithm in the whole image, the AE/EE
in the entire image (AVAE/AVEE) are used to visually
evaluate our proposed optical model.
For convenient description, we call the HS optical flow
model the HS model, the model in [12] the FOVOF model,
and our proposed model the DFOVOF model. The mask
window size is 𝐿.
Figure 1 shows the optical flow field of the HS model, the
FOVOF model, and the DFOVOF model in different image
sequences. In the DFOVOF model, 𝛼 = 0.8, 𝛽 = 1.4, 𝐿 = 5.
Among them, different colors represent different movement
directions and different color depth represents different speed
of movement. The deeper the color, the higher the speed.
The first row in Figure 1 shows the acquired optical flow
field produced by the traditional HS model. It can be seen that
the edge of the image discontinuity is not well reserved and
the details of the image texture are neglected.
The second row shows the optical flow field obtained
by the FOVOF model. The edge discontinuity is reserved to
some extent, but the contour of the object is not very clear.
In the third row, the optical flow field obtained by the
DFOVOF optical flow model is presented. The contour edge
is much more obvious; meanwhile the details of image
texture can be seen clearly. The DFOVOF model expands
the brightness constraint equation in the form of a Taylor
fractional-order, and the local brightness correlation of the
image is also added for the calculation of the optical flow field,
which further reduces the error and improves the accuracy of
the model.
In order to evaluate the influence of fractional-order
parameters on the performance of the model and find out
the correlation between the fractional-order and the image
characteristics, the AVAE/AVEE of the optical flow field
of each image sequence at different fractional orders is
estimated, as shown in Figure 2. At this time we choose 𝐿 = 2.
The smaller the value of AVAE/AVEE, the higher the accuracy
of the optical flow field estimation. The first row is the AVAE
and AVEE of image sequence “Yosemite”; the second row is
the AVAE and AVEE of image sequence “Army.” The third
row is the AVAE and AVEE of image sequence “Urban.”
We can find in Figure 2 that the minimum AVAE/AVEE
𝛼 is distributed in a range of (0.3, 0.8) and the minimum
AVAE/AVEE 𝛽 is in a range of (1.3, 1.4); the simpler the
image texture, the smoother the surface representing the
variation of the value of AVEE/AVAE to variable 𝛼 and 𝛽;
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(a) Yosemite

(b) Grove

(c) Urban

(d) Army

Figure 1: Optical flow results of the estimated optical flows by color maps. The first row shows the results of the HS model, the second row
shows the results of the HS model, and the third shows the results of the DFOVOF model.

the more complex the image texture, the steeper the surface;
the surface would also increase in incline when there exists a
nonrigid motion in image sequences. Thus, it is clear that the
algorithm presented here can improve the accuracy of motion
estimation, especially for image sequences with complex
texture and nonrigid motion. In conclusion, we choose a
small 𝛼 for a complex texture image and choose a relatively
large 𝛼 for an simple texture image sequence. What is more,
nonrigid motion would also make the optimal 𝛼 small. The
optimal 𝛽 changes little in different image sequence.
To test the effect of the mask window size 𝐿 on the
algorithm’s performance and find out the correlation between
mask window length 𝐿 and image features, we calculate the
AVEE of optical flow estimation of six image sequences at
different mask window size 𝐿 which was shown in Table 1,
where 𝛼 = 0.8, 𝛽 = 1.3, where (a) is Venus; (b) is dimetrodon;
(c) is hydrangea; (d) is Rubberwhale; (e) is grove; and (f) is
urban. For comparison, the AVEE of H-S model and FOVOF
model were also added to the table. For comparison, the
AVEE values for the optical flow field estimation of the H-S
model and the FOVOF model are also added to the table.
We can see in Table 1 that the value of AVEE reduces
further when applied to the DFOVOF model; in the DFOVOF
model the error rate becomes smaller when the mask window
size 𝐿 increases—in general, we get the smallest AVEE value
when 𝐿 is within (2, 7). For all the images, AVEE will decrease
first when 𝐿 rises; after AVEE arrives at its optimal value, it
will then increase when 𝐿 rises. The more complex the image

Table 1: The AVEE of six image sequences at different mask window
size.
Model
H-S
FOVOF
DFOVOF
𝐿=2
𝐿=3
𝐿=4
𝐿=5
𝐿=6
𝐿=7
𝐿=8

(a)
0.5494
0.5334

(b)
0.1908
0.1861

Image
(c)
(d)
0.2967 0.2268
0.2885 0.2071

0.5220
0.5216
0.5204
0.5193
0.5175
0.5183
0.5197

0.1848
0.1843
0.1838
0.1826
0.1815
0.1823
0.1831

0.2860
0.2854
0.2845
0.2837
0.2825
0.2806
0.2810

0.2046
0.2043
0.2024
0.1993
0.2026
0.2034
0.2043

(e)
0.2919
0.2910

(f)
1.3944
1.1085

0.2874
0.2872
0.2866
0.2860
0.2852
0.2856
0.2863

1.0646
1.0603
1.0534
1.0546
1.0573
1.0592
1.0623

texture is or the more nonrigid the motion is, the smaller the
value of 𝐿 will be.
In conclusion, we should choose a large value 𝐿 for
relatively simple image sequences and choose a small value
𝐿 for complex texture images and nonrigid motion images.

5. Conclusion
We have presented an improved fractional-order optical flow
model, which applies fractional-order both in brightness
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Figure 2: The AVAE and AVEE of the optical flow field of three different image sequences at different fractional-order.

constraint equation and in smoothness constraint equation
of the HS model. What is more, we have proposed twodimensional fractional differential masks and used them to
simplify the computation of dual fractional-order derivatives.
Experiments show that the model created here improves
accuracy further. We have also found the relationships
between the values of 𝛼, 𝛽, and 𝐿 and the image content.
So different image content should use different 𝛼, 𝛽, and 𝐿,

but the algorithm we employ utilizes the same 𝛼, 𝛽, and 𝐿 in
the whole image. Further studies will focus on the adaptive
adjustments of the value of 𝛼, 𝛽, and 𝐿 in relation to the image
content.
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To reduce the computational complexity and maintain the effect of video dehazing, a fast and accurate video dehazing method
is presented. The preliminary transmission map is estimated by the minimum channel of each pixel. An adjustment parameter is
designed to fix the transmission map to reduce color distortion in the sky area. We propose a new quad-tree method to estimate
the atmospheric light. In video dehazing stage, we keep the atmospheric light unchanged in the same scene by a simple but efficient
parameter, which describes the similarity of the interframe image content. By using this method, unexpected flickers are effectively
eliminated. Experiments results show that the proposed algorithm greatly improved the efficiency of video dehazing and avoided
halos and block effect.

1. Introduction
In the communities of satellite remote sensing, aviation,
shipping, and land transportation, the images and videos
obtained by electronic equipment are expected to be clear
enough. But, in the real scenes, the existence of haze greatly
degrades the quality of the captured images and videos. This
not only affects the reliability of the monitoring devices but
also may cause potential danger. Therefore, it is imperative to
develop a simple and efficient real-time dehazing algorithm.
Despite being an ill-posed problem, single-image dehazing has different types of prior approaches. A priori based
methods tend to learn the statistical law of haze-free images.
He et al. [1] propose a dark channel prior for haze-free images,
and the dehazing effect of this algorithm is impressive. But its
performance on the sky region and white objects is unsatisfactory, and the time complexity of soft matting is very high.
As the best algorithm at that time, many algorithms improve
the DCP method in some particular aspects [2–4]. Chen
et al. [5] divide the image into foreground and background
based on Fisher’s linear discriminant, to process images with
a dramatic depth change. Chen et al. [6–9] combine improved
DCP method with white balance and local contrast enhances
into a unified solution, which achieves good results on

sandstorm weather. Luan et al. [10] maximize image contrast
by a cost function that contains the contrast term and the
information loss term. This method has obvious advantages
in speed; however, some overenhancement appears in their
results. Li and Zheng [11] present a simple but effective change
of details prior to remove haze from a single image. But this
method is mainly stable to local image regions containing
objects at different depths. This method works well for most
images, but the enhancement for heavy haze regions is not
sufficient.
Machine learning has been developing rapidly in recent
years. The research focus of dehazing is gradually transformed from image prior to the learning approaches [12–16].
While the effect of dehazing has been substantially improved,
undesired results still exist in many challenging scenes, such
as street views, thick fog areas, and sky regions. On the other
hand, the efficiency of such methods is not dominant.
The main objective of this paper is to develop a fast
dehazing algorithm for image and video, where per-pixel
method and quad-tree algorithm are utilized. To estimate the
transmission map and amend the transmission values that
are not accurate enough, we employ the per-pixel method,
which can effectively solve the problems of halos and block
artifacts near the depth edges and color distortion in the
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sky area, also greatly enhancing the speed of estimating the
transmission. To further improve the efficiency, the improved
quad-tree algorithm is adopted to estimate the atmospheric
light. Meanwhile, the proposed algorithm is applied to video
dehazing. By keeping the atmospheric light unchanged in the
same scene, the proposed algorithm eliminates unexpected
flickers in the video dehazing effectively and it achieves fast
speed because of using the correlation between two neighbor
frames.

local area of the minimum channel. However, there will be
obvious halos and block artifacts after haze removal by using
the above method; using soft matting or guided filter to refine
the transmission map can improve this phenomenon but its
time complexity is very high. In the algorithm of this paper,
we estimate the transmission map by a very simple method
and then try to optimize it. Considering that the minimal
channel of the haze image part is larger than the clear part,
we estimate the preliminary 𝑡 as follows:
𝐼𝑐 (𝑦)
.
𝑐∈{𝑟,𝑔,𝑏} 𝐴𝑐

𝑡 (𝑥) = 1 − 𝜀 min

2. Single-Image Dehazing
2.1. Haze Modeling. Dehazing is a problem of image restoration; the degradation of a haze image is due to the suspended
particles in the turbid air. In this paper, the atmospheric
scattering model is used to describe the formation process of
haze images. Haze removal adopts the atmospheric scattering
model that is used widely in the field of computer vision
and computer graphics. Mathematically, the atmospheric
scattering model [18] is given as
𝐼 (𝑥) = 𝑡 (𝑥) 𝐽 (𝑥) + (1 − 𝑡 (𝑥)) 𝐴,

(1)

where 𝐼(𝑥) is the observed haze image at a pixel position 𝑥, 𝐽
is the original scene radiance, 𝐴 is the atmospheric light that
represents the intensity of the sky light or background light,
and 𝑡 is the medium transmission, determined by the distance
from the object to the camera and the turbidity of medium.
According to this model, the task of dehazing algorithm is
to estimate 𝑡 and 𝐴 from the haze image 𝐼. The accuracy of
estimating these two parameters is the key to improve the
dehazing process.
2.2. Atmospheric Light Estimation. Although the use of global
atmospheric light [10] will have a better effect, its speed
cannot meet the real-time requirements. In this article, an
improved quad-tree algorithm is proposed to estimate the
atmospheric light. It should be mentioned that our quad-tree
method and the algorithm in [17] have similar results, but our
method has faster speed.
The process of our quad-tree method is summarized
as follows. The channel minimum map of image is firstly
computed, which aims to avoid mistake estimation of the
atmospheric light when there are extreme values in some
color channels in a local patch. Secondly, the channel minimum map is equally divided into four blocks and then
the mean gray values are calculated. Then divide the block
whose mean gray value is maximal into four blocks equally.
Repeat the above process until the block’s size is less than
the given threshold. Choose the maximum value of the last
block’s pixels in the input image 𝐼 as the estimation value
of atmospheric light. This algorithm converges very fast,
and its time complexity is low. The process of the quad-tree
algorithm is as shown in Figure 1.
2.3. Transmission Estimation. Based on the statistical characteristics on haze-free images, He et al. [1] proposed an
empirical regularity that is called dark channel prior. Then
they estimated transmission 𝑡 as the minimum value in the

(2)

Usually, 0.85 is thought to be a proper value for 𝜀. And,
in accordance with specific information of the actual haze
image, the value of 𝜀 could be adjusted suitably. Equation (2)
uses per-pixel method to estimate the transmission, instead
of dividing the image into blocks, which can preserve full
and precise image details. So there is no need to refine the
transmission by soft matting [19] or guided filter [20].
Theoretically, the transmission in a local area with the
same scene depth should be uniform. But (2) cancels the
minimum filter when estimating the transmission, which
leads most details of the input image to be kept in the
transmission map. To the pixels whose channel minimum
values are relatively large, their transmission values calculated
by (2) are smaller than the others in a local patch. So that those
pixels will seem to be dim after haze removal.
So the transmission values of the pixels whose channel
minimum values are relatively large should be increased
properly. Here two parameters Δ and 𝐾 are introduced:




Δ (𝑥) =  min 𝐼𝑐 (𝑥) − min 𝐴𝑐  .
(3)
𝑐∈{𝑟,𝑔,𝑏}
𝑐∈{𝑟,𝑔,𝑏} 
𝐾 is a given threshold value. The pixels satisfying Δ(𝑥) <
𝐾 are thought to be the pixels whose channel minimum
values are relatively large, which increase their transmission
values properly. Otherwise, these pixels are thought to be the
pixels whose channel minimum values are relatively small,
which decrease their transmission values properly in order
to promote the contrast. So here an adjustment parameter 𝛼
is introduced, and (2) is redefined as
𝑡 (𝑥) = 𝛼 (𝑥) (1 − 𝜀 min
𝑐

𝐼𝑐 (𝑦)
).
𝐴𝑐

(4)

𝛼 is defined by
𝛼 (𝑥) = max (√

𝐾
, 𝜇) ,
Δ (𝑥)

𝜇 ∈ (0, 1] .

(5)

The parameter 𝜇 is used to decrease the transmission values
properly where channel minimum values are relatively small.
The value of 𝜇 should be greater than 0.7 in case of some pixels
becoming too dark. The significance of the square root in
(5) is to weaken excessive enhancement for the pixels whose
values are very close to the atmospheric light, as shown in
Figure 2. Moreover, after haze removal, the output image may
be dark such that a light increment Δ𝑙 should be added to the
output image. Figure 3 shows the results of the period before
and after optimizing.
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Figure 1: Illustration of quad-tree algorithm. (a) Original image. (b) Channel minimum map. (c) Result of quad-tree division.

40
35
30
25
 20
15
10
5
0

0

10

20

30

40

50

60

70

80

90

100

Δ
 (Δ) = Ｇ；Ｒ(K/Δ, )
 (Δ) = Ｇ；Ｒ(√K/Δ, )
 = 0.9

Figure 2: Curve of 𝛼 relative to Δ (𝐾 = 80).

3. Video Haze Removal
3.1. Eliminating Unexpected Flickers. In this subsection, the
proposed algorithm in Section 2 is applied to video dehazing.
When the scene changes in a video, there will be normal
flickers. However, in the same scene, smooth transitions

should appear between the adjacent frames. But if we use
our method to process a video frame by frame directly
without other extra operations, there will be some obvious
unexpected flickers even in the same scene. Here we call the
factors, which cause this problem, instable factors. From (1)
we can see that 𝐼, 𝑡, and 𝐴 may be the possible factors causing
this problem. Generally speaking, the original video usually is
smooth and does not have unexpected flickers, so the video
itself can not lead to the unexpected flickers’ show. On the
other hand, every pixel in a frame is processed independently
in our method that it will not be affected by its neighbor
pixels, which means 𝐼 is a stable factor and we can ignore
the influence of 𝐼. From (2) and (4), we can see that 𝑡(𝑥) is
determined by 𝐼(𝑥) and 𝐴 when 𝜀, 𝐾, 𝜇, and Δ𝑙 are constants.
As we know 𝐼 is a stable factor, the instability of 𝑡 is caused
by 𝐴. Based on the above analysis, 𝐴 is thought to be the only
unstable factor that leads to the unexpected flickers. Figure 5
shows the unexpected flickers between serial frames in the
same scene. The values of the estimated atmospheric light of
the four frames in Figure 4 are (146, 142, and 141); (159, 142,
and 142); (159, 142, and 142); and (145, 141, 140). The difference
between the values of the estimated atmospheric light will
be magnified by dividing by 𝑡 when using (1) to recover the
frames.
Actually, the atmospheric light usually keeps unchanged
in the same scene in a short period of time. When different
atmospheric light values are used to process two neighboring
frames in the same scene, it may bring an unexpected flicker.
A better strategy is to use the last frame’s atmospheric light
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(a)

(b)

(d)

(c)

(e)

Figure 3: Results of before and after optimizing. (a) Input haze image. (b) Estimated transmission map before optimizing. (c) Estimated
transmission map after optimizing. (d) Recovered image by (b). (e) Recovered image by (c). (𝜀 = 0.85, 𝐾 = 80, 𝜇 = 0.9, andΔ𝑙 = 0).

(a)

(b)

Figure 4: Unexpected twinkle in the same scene. (a) Serial input frames. (b) Output frames. (𝜀 = 0.95, 𝐾 = 35, 𝜇 = 0.9, andΔ𝑙 = 15).
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(a)

(b)

(c)

Figure 5: Three short fragments of a video. (a), (b), and (c) are three fragments of continuous frames. The Δ𝐼ave values of these frames are
shown in Table 1.

value to recover the current frame instead of recalculating.
This operation not only can avoid the unexpected flickers but
also saves time.
To distinguish whether two neighboring frames are in the
same scene, we put forward a simple and efficient method as
follows. Firstly, two parameters Δ𝐼 and Δ𝐼ave are, respectively,
defined by


Δ𝐼 (𝑥) = sum 𝐼current (𝑥) − 𝐼last (𝑥) ,
Δ𝐼ave

sum (Δ𝐼)
=
,
size (Δ𝐼)

(6)

where 𝐼current and 𝐼last denote the current input frame and the
last input frame. Then, if Δ𝐼ave is small enough, the current
frame and the last frame are considered in the same scene
and the atmospheric light 𝐴 is unchanged. Otherwise, we
recalculate the atmospheric light 𝐴.
An appropriate threshold is needed to be chosen for Δ𝐼ave
to distinguish different scene correctly. Figure 5 shows three
short fragments of a video. We can see each fragment changes
scene at the third frame. Table 1 shows the Δ𝐼ave values of
frames in Figure 5. It can be observed that, between two
neighboring frames, the value of Δ𝐼ave is either very small
or very large. In this paper, based on a large number of
experiments, the threshold of Δ𝐼ave is set to 30.
3.2. Improving Efficiency. To further enhance the efficiency
of video processing, we use the relativity between two neighboring frames. As mentioned above, our method adopts the
approach of per-pixel processing to evaluate the transmission,
and 𝑡(𝑥) is determined by 𝐼(𝑥) and 𝐴 when 𝜀, 𝐾, 𝜇, and

Table 1: The Δ𝐼ave values of frames in Figure 5.
Fragment 1
Fragment 2
Fragment 3

Frame 1
6.24
5.06
21.74

Frame 2
13.14
6.00
13.10

Frame 3
120.22
114.81
209.23

Frame 4
12.10
7.67
3.87

Δ𝑙 are constants. However, from (1) we can see that 𝐽(𝑥) is
determined by 𝐼(𝑥), 𝐴, and 𝑡(𝑥). So, in our method, 𝐽(𝑥) is
only determined by 𝐼(𝑥) and 𝐴.
In Section 3.1, we keep the atmospheric light 𝐴 of the
current frame the same with the last frame if they are in the
same scene. When the current frame and the last frame are
in the same scene, and 𝐼current (𝑥) is equal to 𝐼last (𝑥), 𝐽current (𝑥)
must be equal to 𝐽last (𝑥) where 𝐽current is the current output
frame and 𝐽last is the last output frame. In this case, we do not
need to recalculate 𝐽current (𝑥). For the neighboring frames in
the same static scene, there are only a few pixels needed to be
recalculated for haze removal. This will save a lot of time for
us. But when the frames are in a dynamic scene, almost all
the pixel values will change, such that almost all these pixel
values of the current frame need to be recalculated. We can
judge whether 𝐼current (𝑥) is equal to 𝐼last (𝑥) or not by judging
whether Δ𝐼(𝑥) is equal to zero or not.

4. Experimental Results
To evaluate the performance of the proposed algorithm,
experiments are performed on a computer with Intel(R)
Core(TM) i7-6800K CPU @3.40 GHz and 32.00 GB RAM.
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(a)

(b)

(c)

(d)

(e)

Figure 6: Results of image dehazing by different algorithms: (a) original image. (b) Cai et al.’s result [13]. (c) Li and Zheng’s result [11]. (d)
Kim et al.’s result [17]. (e) Our result (𝜀 = 0.85, 𝐾 = 80, 𝜇 = 0.9, Δ𝑙 = 0 and 𝜀 = 0.85, 𝐾 = 60, 𝜇 = 0.8, andΔ𝑙 = 0).

Table 2: Time comparison of different algorithms.
Image resolution
510 × 510
576 × 768
1,024 × 768
2,048 × 1,280

Table 3: Speed comparison between Kim et al.’s algorithm and our
algorithm.

Kim et al.
[17]

Cai et al.
[13]

Li and Zheng
[11]

Ours

0.28
0.48
0.94
2.91

2.08
3.43
5.91
19.14

0.82
1.49
2.58
7.69

0.19
0.23
0.65
1.96

For the image haze removal, the experiments are implemented by using MATLAB R2017a and, for the video haze
removal, the OpenCV is used.
4.1. Single-Image Haze Removal. Experiments have been
done firstly to evaluate the efficiency of the proposed scheme
for single image, and its performance is compared with those
of the work reported in [11, 13, 17].
The dehazing results by using different algorithms are
presented in Figure 6. In the “brick wall” photo, the plant
at the foreground undergoes oversaturation in (b) and (c).
At the same time, information loss occurred in (b) due to
the overdarkness of some areas. There are obviously halo
and block artifacts near the depth edges in (e). Our method
generates better result (e) than other approaches; (e) not only
can reserve almost all the details information of depth edge
but also avoids generating halo and block artifacts. In the
“road” photo, haze is not removed well in (b) and (c). Noise
is amplified in (e) which was overenhanced. The contrast of
(e) is significantly better than the other results.
Table 2 shows the time comparison of different algorithms
performed on varying image size. It can be observed that our
proposed algorithm cost the least time whatever the images
size is. The result demonstrates that the proposed algorithm
is practical to image dehazing.

Video 1
Video 2
Video 3
Video 4
Frame size
640 × 480 480 × 360 640 × 356 640 × 480
Kim et al.’s results 56.1 fps
86.0 fps
80.6 fps
56.8 fps
Our results
98.5 fps
175.1 fps
113.3 fps
95.0 fps

4.2. Video Haze Removal. Next, experiments are carried out
to see the validity of the proposed algorithm when it is applied
to video dehazing. It should be noted that, in the video part,
we only compare our algorithm to [17] for three reasons: (1)
the efficiency of algorithm [11, 13] is not enough for real-time
video dehazing, which is the main purpose of this article.
(2) In the parameter optimization step, both [11] and [13] use
the guided filter [20] to smooth their parameter maps, which
would cause some halo artifacts as in [17]. (3) Without the
atmospheric light strategy we proposed in the video dehazing
part, none of [11, 13, 17] can eliminate unexpected flickers,
which leads to approximate experimental results.
The results are shown in Figures 7 and 8. It can be seen
that Kim’s algorithm not only generated obvious halos and
block artifacts near the depth edges but also brought distinct
local flickers to the video. The problem of color distortion
still exists. However, our algorithm can overcome the abovementioned shortcomings.
Table 3 lists the cost time of Kim’s algorithm and ours
tested on different sizes. Obviously, our proposed algorithm
is more efficient. It attributes to the fast image haze removal
and the timesaving operation.

5. Conclusion
This paper introduces a real-time dehazing algorithm for
single image and video, the transmission parameter 𝑡 is
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(a)

(b)

(c)

Figure 7: Results of video dehazing by different algorithms: (a) serial input frames. (b) Kim et al.’s result. (c) Our result (𝜀 = 0.95, 𝐾 = 35, 𝜇 =
0.9, andΔ𝑙 = 15).

(a)

(b)

(c)

Figure 8: Results of video dehazing by different algorithms: (a) serial input frames. (b) Kim et al.’s result. (c) Our result (𝜀 = 0.85, 𝐾 = 90, 𝜇 =
0.80, andΔ𝑙 = 20).

8
estimated by a per-pixel method instead of a block method,
and the airlight 𝐴 is estimated by our improved quadtree method. Experiment results demonstrated the superior
efficiency of the proposed algorithm. Future work will concentrate on applying the proposed algorithm to the images
with deep scene depth and configure out the regulation of
how to adjust the parameters in our algorithm when the scene
changes in a video.
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We propose an explicit hybrid numerical method for the efficient 3D volume reconstruction from unorganized point clouds
using a phase-field method. The proposed three-dimensional volume reconstruction algorithm is based on the 3D binary image
segmentation method. First, we define a narrow band domain embedding the unorganized point cloud and an edge indicating
function. Second, we define a good initial phase-field function which speeds up the computation significantly. Third, we use
a recently developed explicit hybrid numerical method for solving the three-dimensional image segmentation model to obtain
efficient volume reconstruction from point cloud data. In order to demonstrate the practical applicability of the proposed method,
we perform various numerical experiments.

1. Introduction
In this paper, we propose an efficient and robust algorithm for
volume reconstruction from a point cloud. Reconstructing
the three-dimensional model from a point cloud is important
in medical applications. Surface reconstruction from a point
cloud is a process of finding a surface model that approximates an unknown surface for a given set of sample points
lying on or near the unknown surface [1].
Hoppe et al. developed an algorithm to reconstruct a
surface in the three-dimensional space from unorganized
points scattered on or near the unknown surface. The algorithm is based on the idea of determining the zero level
set of a signed distance function [2]. Kazhdan proposed
a surface reconstruction method which takes an oriented
point set and returns a solid model. The method uses Stokes’
theorem to calculate the characteristic function (one inside
the model and zero outside of it) of the solid model [3]. To
reconstruct implicit surfaces from scattered unorganized data
set, Li et al. presented a novel numerical method for surface
embedding narrow volume reconstruction from unorganized

points [4, 5]. Yang et al. proposed a 3D reconstruction technique from nonuniform point clouds via local hierarchical
clustering [6]. Zhao et al. developed a fast sweeping level
set and tagging methods [7]. Yezzi Jr. et al. proposed a new
medical image segmentation based on feature-based metrics
on a given image [8].
Beneš et al. used the Allen-Cahn equation with a forcing
term to achieve image segmentation [9]. Caselles et al.
proposed a model for active contours which could extract
smooth shapes and could be adapted to find several contours
simultaneously [10]. Methods using geometric active contour
were introduced in [11–14]. Zhang et al. developed a weighted
sparse penalty and a weighted grouping effect penalty in
modeling the subspace structure [15]. Chen used an ICKFCM
method (ICA analysis and KFCM algorithm) in medical
image segmentation and made a good result in extracting the
complicated images [16]. Zhang et al. proposed a novel fuzzy
level set method based on finding the minimum of energy
function to locate the true object boundaries effectively [17].
Other numerical studies based on level set method were also
introduced in [18, 19].
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Figure 1: Schematic of defined distance function. (a) Point cloud data, (b) mesh grid covering the point cloud and local mesh grid, (c) local
mesh grid Ω𝑙 embedding a point X𝑙 , (d) narrow band domain, and (e) edge indicator function, 𝑔(x).
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In this article, we propose an explicit hybrid algorithm
for volume reconstruction from a point cloud. Therefore, it
does not need implicit solvers such as multigrid methods.
The computation is fast and efficient because the proposed
algorithm uses a narrow band domain and a good initial
condition.
This paper is organized as follows. In Section 2, we
describe a mathematical model and a numerical solution
algorithm for volume reconstruction from a point cloud.
We present the numerical results for several examples in
Section 3. In Section 4, we conclude.

In this study, we apply the simplest sequential splitting
procedure. We split (1) into two equations by using the
operator splitting method:

2. Mathematical Model and Numerical
Solution Algorithm

For a good initial configuration, we set 𝜙𝑖𝑗0 = 1 inside on the
narrow band domain and set 𝜙𝑖𝑗0 = −1 outside the narrow
band domain.
Given 𝜙𝑛 , we solve (3) on the narrow band domain Ωnb
by using the explicit Euler method:

Now, we propose an explicit hybrid numerical method for
volume reconstruction from a point cloud using a phase-field
method. For X𝑙 = (𝑋𝑙 , 𝑌𝑙 ) in the two-dimensional space or
X𝑙 = (𝑋𝑙 , 𝑌𝑙 , 𝑍𝑙 ) in the three-dimensional space, 𝑆 = {X𝑙 |
1 ≤ 𝑙 ≤ 𝑁} denote the point cloud in the two- or the threedimensional space, respectively. The geometric active contour
model based on the mean curvature motion is given by the
following evolution equation [20]:
𝜕𝜙 (x, 𝑡)
𝜕𝑡
𝐹 (𝜙 (x, 𝑡))
= 𝑔 (x) [−
+ Δ𝜙 (x, 𝑡) + 𝜆𝐹 (𝜙 (x, 𝑡))] ,
𝜖2

(1)

where 𝑔(x) is an edge indicator function, 𝐹(𝜙) = 0.25(𝜙2 −
1)2 , and 𝜖 is a constant which is related to the phase
transition width. Note that here we use a different edge
indicator function and efficient explicit numerical algorithm.
For simplicity of exposition, we first discretize (1) in the
two-dimensional space Ω = (𝑎, 𝑏) × (𝑐, 𝑑). Let ℎ = (𝑏 −
𝑎)/(𝑁𝑥 − 1) = (𝑑 − 𝑐)/(𝑁𝑦 − 1) be the uniform mesh size,
where 𝑁𝑥 and 𝑁𝑦 are the number of grid points. Let Ωℎ =
{x = (𝑥𝑖 , 𝑦𝑗 ) : 𝑥𝑖 = 𝑎 + (𝑖 − 1)ℎ, 𝑦𝑗 = 𝑐 + (𝑗 − 1)ℎ, 1 ≤
𝑖 ≤ 𝑁𝑥 , 1 ≤ 𝑗 ≤ 𝑁𝑦 } be the discrete domain. Let 𝜙𝑖𝑗𝑛 be
approximations of 𝜙(𝑥𝑖 , 𝑦𝑗 , 𝑛Δ𝑡), where Δ𝑡 is the time step.
Let 𝑑(x) = dist(x, 𝑆) = min1≤𝑙≤𝑁|X𝑙 − x| be the distance to the
data 𝑆, where X𝑙 = (𝑋𝑙 , 𝑌𝑙 ). In fact, we will use the distance
function as an edge indicator function, 𝑔(x). In practice, for
𝑙 = 1, . . . , 𝑁, we define a local domain Ω𝑙 which embeds
the point X𝑙 and set the minimum value at the grid point
between the point and the grid point. For example, Ω𝑙 is a 3×3
grid. Then, the computational narrow band domain is defined
as
𝑁

Ωnb = ⋃ Ω𝑙 .

(2)

𝑙=1

Outside the narrow band domain, we set a large value to the
edge indicator function, see Figure 1 for the procedure.

𝜕𝜙 (x, 𝑡)
= 𝑔 (x) [Δ𝜙 (x, 𝑡) + 𝜆𝐹 (𝜙 (x, 𝑡))] ,
𝜕𝑡

(3)

𝐹 (𝜙 (x, 𝑡))
𝜕𝜙 (x, 𝑡)
= −𝑔 (x)
𝜕𝑡
𝜖2

(4)

𝜙 (x, 𝑡) − 𝜙3 (x, 𝑡)
= 𝑔 (x)
.
𝜖2

𝜙𝑖𝑗∗ − 𝜙𝑖𝑗𝑛
Δ𝑡

= 𝑔𝑖𝑗 [Δ 𝑑 𝜙𝑖𝑗𝑛 + 𝜆𝐹 (𝜙𝑖𝑗𝑛 )] ,

(5)

where 𝜙𝑖𝑗∗ is the intermediate value which is defined at point
(𝑥𝑖 , 𝑦𝑗 ). The initial values at inside and outside region of the
narrow band domain Ωnb act as Dirichlet boundary condition
in computing the discrete Laplace operator, Δ 𝑑 .
Then, we analytically solve (4) by the method of separation of variables [21, 22]. That is, 𝜙𝑖𝑗𝑛+1 = 𝜓(Δ𝑡) by analytically
solving
𝑑𝜓 (𝑡)
𝜓 (𝑡) − 𝜓3 (𝑡)
= 𝑔𝑖𝑗
𝑑𝑡
𝜖2

(6)

with the initial condition 𝜓 (0) =

𝜙𝑖𝑗∗ .

The analytic solution is given as
𝜙𝑖𝑗𝑛+1 =

𝜙𝑖𝑗∗
2

2

.
2

√ 𝑒−2𝑔𝑖𝑗 Δ𝑡/𝜖 + (𝜙𝑖𝑗∗ ) (1 − 𝑒−2𝑔𝑖𝑗 Δ𝑡/𝜖 )

(7)

Therefore, (5) and (7) consist of an efficient and robust
algorithm for volume reconstruction from a point cloud. We
should note that the proposed numerical solution algorithm
is fully explicit. Therefore, we do not need an iterative method
such as multigrid method to solve the governing equation.
Also, the implementation of the algorithm is straightforward.

3. Computational Experiments
3.1. Two-Dimensional Experiments
3.1.1. Motion by Mean Curvature. To test the proposed numerical scheme, we perform a numerical experiment. The test
is motion by mean curvature. If we set 𝑔(x) = 1 and 𝜆 = 0,
then the governing equation (1) becomes the original AllenCahn equation [23], which is a reaction-diffusion equation
describing the process of phase separation in a binary alloy
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Figure 2: Temporal evolutions of the radius with Δ𝑡 = 0.15ℎ2 up to 𝑡 = 5000Δ𝑡 in the two-dimensional space. (a) Zero level contour and (b)
radius 𝑅(𝑡) of circle with respect to time.
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Figure 3: Temporal evolution of the interface: (a) initial condition, (b) 100 iterations, and (c) 1000 iterations.

mixture. In the two-dimensional case, as 𝜖 approaches zero,
the zero level set of 𝜙 evolves with the following velocity:
1
𝑉 = −𝜅 = − ,
𝑅

(8)

where 𝑉 is the normal velocity, 𝜅 is the curvature, and 𝑅 is
the radius of curvature at the point of the zero level set [24].
Then, (8) is rewritten by 𝑑𝑅(𝑡)/𝑑𝑡 = −1/𝑅(𝑡) with 𝑅(0) = 𝑅0 .
Therefore, analytic solution is given as 𝑅(𝑡) = √𝑅02 − 2𝑡.
On the computational domain Ω = (0, 1) × (0, 1),
we investigate the motion by mean curvature of the circle
in the annulus narrow band domain: {(𝑥, 𝑦) | 0.35 ≤
√(𝑥 − 0.5)2 + (𝑦 − 0.5)2 ≤ 0.43} as shown in Figure 2(a). We
define an initial condition as
2

𝜙 (𝑥, 𝑦, 0) = tanh

𝑅0 − √(𝑥 − 0.5)2 + (𝑦 − 0.5)
√2𝜖

.

(9)

In this numerical simulation, we use the following parameters: 𝑅0 = 0.4, 𝜖 = 0.011, ℎ = 1/256, Δ𝑡 = 0.15ℎ2 , and 𝑇 =
5000Δ𝑡. Figures 2(a) and 2(b) show the temporal evolution of
the initial circle and its radius with respect to time, respectively. For verification of our numerical results, we include the
results of the analytic solution. As shown in Figure 2, the
initial circle shrinks under the motion by mean curvature.
3.1.2. The Basic Working Mechanism of the Algorithm. The
edge indicator function 𝑔(x) is close to zero where the point
cloud exists. Therefore, the evolution will stop or slow down
in the neighborhood of the point cloud. In (1), 𝜕𝜙/𝜕𝑡 =
−𝐹 (𝜙)/𝜖2 + Δ𝜙 makes the phase-field shrink until it reaches
the point cloud by the mean curvature flow. If the geometry of
the point cloud is not convex, then the term 𝜆𝐹(𝜙) makes the
level set of the phase-field further shrink. For more details,
please refer to [20]. To confirm the working mechanism of
the algorithm, the temporal evolution of the interface in the
two-dimensional space is shown in Figure 3. Here, we use
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Ωl

(a)

(b)

(c)

(d)

Figure 4: Construction of the three-dimensional distance function 𝑑(x) and the narrow band domain: (a) point cloud data and mesh, (b)
cross section of point cloud and a local mesh Ω𝑙 of single point X𝑙 , (c) local mesh grid Ω𝑙 embedding a point X𝑙 , and (d) narrow band domain
which is determined by the distance function.

the following parameters: 𝜖 = 0.0096, ℎ = 1/200, and Δ𝑡 =
2.8284𝑒 − 5.
3.2. Three-Dimensional Experiments. Next, we discretize (1)
in the three-dimensional space, that is, Ω = (𝑎, 𝑏) × (𝑐, 𝑑) ×
(𝑒, 𝑓). Let ℎ = (𝑏 − 𝑎)/(𝑁𝑥 − 1) = (𝑑 − 𝑐)/(𝑁𝑦 − 1) = (𝑓 −
𝑒)/(𝑁𝑧 − 1) be the uniform mesh size, where 𝑁𝑥 , 𝑁𝑦 , and 𝑁𝑧
are the total number of grid points. Let Ωℎ = {x = (𝑥𝑖 , 𝑦𝑗 , 𝑧𝑘 ) :
𝑥𝑖 = 𝑎 + (𝑖 − 1)ℎ, 𝑦𝑗 = 𝑐 + (𝑗 − 1)ℎ, 𝑧𝑘 = 𝑒 + (𝑘 − 1)ℎ, 1 ≤ 𝑖 ≤
𝑁𝑥 , 1 ≤ 𝑗 ≤ 𝑁𝑦 , 1 ≤ 𝑘 ≤ 𝑁𝑧 } be the discrete domain. We
𝑛
define 𝜙𝑖𝑗𝑘
as approximations of 𝜙(𝑥𝑖 , 𝑦𝑗 , 𝑧𝑘 , 𝑛Δ𝑡), where Δ𝑡 is
the time step size. Let 𝑑(x) = dist(x, 𝑆) = min1≤𝑙≤𝑁|X𝑙 − x| be
the distance to the data 𝑆, where X𝑙 = (𝑋𝑙 , 𝑌𝑙 , 𝑍𝑙 ).
Figure 4 represents construction of the three-dimensional
distance function 𝑑(x) and the narrow band domain. In
Figures 4(a) and 4(b), we can see the given point cloud
data on computational grid and a local mesh Ω𝑙 of single
point X𝑙 . Here, we calculate the distance between the given
point X𝑙 and the grid points x on the local mesh Ω𝑙 . The
distance function 𝑑(x) is defined by the shortest one among
the distance. Then, we obtain the narrow band domain which
is determined by the distance function.
Now, we can straightforwardly extend the two-dimensional numerical solutions (5) and (7) to the following threedimensional solutions:
∗
𝑛
𝜙𝑖𝑗𝑘
− 𝜙𝑖𝑗𝑘

Δ𝑡

𝑛
𝑛
+ 𝜆𝐹 (𝜙𝑖𝑗𝑘
)) ,
= 𝑔𝑖𝑗𝑘 (Δ 𝑑 𝜙𝑖𝑗𝑘

𝑛+1
𝜙𝑖𝑗𝑘

=

∗
𝜙𝑖𝑗𝑘
2

.

√ 𝑒−2𝑔𝑖𝑗𝑘 Δ𝑡/𝜖2 + (𝜙∗ ) (1 − 𝑒−2𝑔𝑖𝑗𝑘 Δ𝑡/𝜖2 )
𝑖𝑗𝑘
(10)

3.2.1. Reconstruction from Various Point Clouds. First, we
reconstruct volume of Happy Buddha from the given scattered points (𝑁 = 1621848) as shown in Figure 5(a) [25]. For
numerical test, we use the following parameters: 𝜖 = 0.0069,
ℎ = 0.0048, Δ𝑡 = ℎ/(200√3), 𝑁𝑥 = 250, 𝑁𝑦 = 500, 𝑁𝑧 = 250,
Ω = (0, 1.2) × (0, 2.4) × (0, 1.2), and 𝜆 = 100. In the first
and second rows in Figure 5, we can see the front and back
views of Happy Buddha. By the proposed scheme, we obtain
the numerical solution 𝜙 after 200 iterations (see Figure 5(c))
with the initial condition in Figure 5(b).
Next, we reconstruct volume of Armadillo model from
the given scattered points (𝑁 = 129732) as shown in
Figure 6(a) [25]. For numerical test, we use the following
parameters: 𝜖 = 0.0127, ℎ = 0.0088, Δ𝑡 = ℎ/(200√3), 𝑁𝑥 =
220, 𝑁𝑦 = 250, 𝑁𝑧 = 200, Ω = (0, 2.2) × (0, 2.5) × (0, 2), and
𝜆 = 1000. In the first and second rows in Figure 6, we can
see the front and back views of Armadillo model. By the
proposed scheme, we obtain the numerical solution 𝜙 after
400 iterations (see Figure 6(c)) with the initial condition in
Figure 6(b).
As the final example, we reconstruct volume of Stanford
Dragon from the given scattered points (𝑁 = 656469) as
shown in Figure 7(a) [25]. For numerical test, we use the
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(a)

(b)

(c)

Figure 5: Front and back views of Happy Buddha: (a) point clouds, (b) initial condition of 𝜙, and (c) numerical solution 𝜙 after 200 iterations.

following parameters: 𝜖 = 0.00432, ℎ = 0.003, Δ𝑡 =
ℎ/(200√3), 𝑁𝑥 = 400, 𝑁𝑦 = 320, 𝑁𝑧 = 240, Ω = (0, 1.2) ×
(0, 1) × (0, 0.8), and 𝜆 = 100. In the first and second rows
in Figure 7, we can see the front and back views of Stanford
Dragon. By the proposed scheme, we obtain the numerical
solution 𝜙 after 400 iterations (see Figure 7(c)) with the initial
condition in Figure 7(b).
3.2.2. Effect of 𝜆. In this section, we investigate the effect of 𝜆
parameter on the three-dimensional volume reconstruction.
The parameter makes the level set of 𝜙 shrink to the given
points. We use the same parameters in Figure 7 except for
the 𝜆 value. As shown in Figure 8, if the value of 𝜆 is small,
then the surface is oversmoothed by the motion by mean
curvature. On the other hand, if it is too large, then the surface
is rough.

4. Conclusions
In this article, we developed an explicit hybrid numerical
algorithm for the efficient 3D volume reconstruction from

unorganized point clouds using a modified Allen-Cahn
equation. The 3D volume reconstruction algorithm is based
on the 3D binary image segmentation method. The proposed
algorithm has potential to be used in various practical
industry such as 3D model printing from scattered scanned
data. The computational results confirmed that the algorithm
is very efficient and robust in reconstructing 3D volume from
point clouds.
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after 400 iterations.
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We define a strictly convex smooth potential function and use it to measure the data fidelity as well as the regularity for image
denoising and cartoon-texture decomposition. The new model has several advantages over the well-known ROF or TV-𝐿2 and the
TV-𝐿1 model. First, due to the two-modality property of the new potential function, the new regularity has strong regularizing
properties in all directions and thus encourages removing noise in smooth areas, while, near edges, it smoothes the edge mainly
along the tangent direction and thus can well preserve the edges. Second, the new potential function is very close to the 𝐿1 norm; thus
using it to measure the data fidelity makes the new model perform very well in removing impulse noise and preserving the contrast.
Lastly, the proposed fidelity and regularization term is strictly convex and smooth and thus allows a unique global minimizer and
it can be solved by using the steepest descent method. Numerical experiments show that the proposed model outperforms TV-𝐿2
and TV-𝐿1 in removing impulse noise and mixed noise. It also outperforms some state-of-the-art methods specially designed for
impulse noise. Tests on cartoon-texture decomposition show that our method is effective and performs better than TV-𝐿1 .

1. Introduction
Image denoising aims to recover a clean image from a noisy
observation. In this work, we mainly focus on removing the
impulse noise, which randomly contaminates a portion of
the pixels so that their true values are completely lost. The
impulse noise is physically caused by malfunctioning pixels
in camera sensors, faulty memory locations in hardware, or
transmission in a noisy channel [1]. It can be categorized into
two types: one is the random-valued impulse noise, for which
the noisy pixels can take any random values between the
maximal and the minimal pixel values; and another is the saltand-pepper noise, for which the noisy pixels can take only the
maximal and minimal pixel values. For both types of noise,
the noisy pixels are assumed to be randomly distributed in
the image.
Let 𝑢(𝑥, 𝑦) ∈ 𝐿2 (Ω) be the original clean image defined
on its domain Ω ∈ 𝑅2 , with Lipschitz boundary and 𝑓(𝑥, 𝑦) ∈
𝐿2 (Ω) be the observed image corrupted by impulse noise. The
corruption can be formulated in the following general from:
𝑓 = 𝑁 (𝑢) ,

(1)

where 𝑁 represents an impulse noise. Two main models for
the impulse noise are used in a wide variety of applications:
salt-and-pepper noise and random-valued impulse noise [2].
Denote the dynamic range of 𝑢 by [𝑑min , 𝑑max ]; that is, 𝑑min ≤
𝑢(𝑥, 𝑦) ≤ 𝑑max , for every pixel (𝑥, 𝑦), the model of the saltand-pepper noise is defined by
𝑠
with probality
𝑑min ,
{
{
2
{
{
𝑠
𝑓 (𝑥, 𝑦) = {𝑑max ,
(2)
with
probality
{
2
{
{
{𝑢 (𝑥, 𝑦) , with probality 1 − 𝑠,
where 𝑓(𝑥, 𝑦) denotes the gray level of 𝑓 at a pixel location
(𝑥, 𝑦) and 𝑠 determines the level of the salt-and-pepper noise.
The model of the random-valued impulse noise is defined by
{𝑑 (𝑥, 𝑦) , with probality 𝑟
𝑓 (𝑥, 𝑦) = {
(3)
𝑢 (𝑥, 𝑦) , with probality 1 − 𝑟,
{
where 𝑑(𝑥, 𝑦) are identically and uniformly distributed random numbers in the range [𝑑min , 𝑑max ] and 𝑟 defines the level
of the random-valued impulse noise.
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Image denoising is a typical ill-posed inverse problem and
one of the most popular approaches is to solve a minimization
problem of the form
min
𝐷 (𝑢) + 𝑅 (𝑢) ,
𝑢

(4)

where 𝐷(𝑢) is a data fitting term derived according to the
assumed noise type and 𝑅(𝑢) is a regularization term that
imposes the former on 𝑢. Many methods have been proposed
by using various a priori knowledge about the image and
the noise [3–5]. One of the most influential examples is the
Rudin-Osher-Fatemi (ROF, or TV-𝐿2 ) [6]:
min
𝑢

2

∫ (𝑓 − 𝑢) 𝑑𝑥 𝑑𝑦 + 𝜆 ∫ |∇𝑢| 𝑑𝑥 𝑑𝑦,
Ω

Ω

(5)

where |∇𝑢| is the modulus of the gradient of 𝑢. The ROF
model uses the 𝐿2 norm to measure the data fidelity under the
additive Gaussian noise assumption and uses the total variation (TV) to measure the regularity by assuming the image is
piecewise smooth or the gradient of the image is sparse. The
total variation regularity allows for reconstruction of images
with discontinuities across hypersurfaces and is extensively
used in variational image restoration. Nevertheless, the 𝐿2
fidelity leads to some limitations. One important issue is the
loss of contrast in the restored image even if the observed
image is noise-free; another issue is that the fidelity term with
𝐿2 norm deals well with Gaussian noise but does not perform
well in removing impulse noise. In [7], Chan and Esedoglu
use the 𝐿1 norm as a measure of fidelity and formulate the
following variational problem (TV-𝐿1 ):
min
𝑢



∫ 𝑓 − 𝑢 𝑑𝑥 𝑑𝑦 + 𝜆 ∫ |∇𝑢| 𝑑𝑥 𝑑𝑦.
Ω
Ω

(6)

It was shown that the 𝐿1 norm better preserves the contrast,
and the order in which features disappear in the regularization process is completely determined by their geometry
(area and length), rather than the contrast as in the ROF
model. This important geometric property is also used for
the active contour global minimization problem [8]. Using
the 𝐿1 fidelity, as analyzed in [7], model (6) implicitly detects
the pixels contaminated by impulse noise and it preserves
edges very well. Empirically, TV-𝐿1 outperforms TV-𝐿2 in
detecting outliers and removing impulse noise [9]. However,
in order to detect large noisy connected regions, it requires a
greater weight of the regularization term in the cost function,
which causes distortion of some pixels near edges. Moreover,
it has some mathematical limitations: the minimizers of the
variational problem (6) need not be unique in general because
the 𝐿1 fidelity term is not strictly convex; it is not smooth
either and solving the problem needs some regularization
tricks. A weighted sum of 𝐿1 and 𝐿2 fidelities is used as the
data fitting term and it works effectively and robustly for
removal of mixed noise or almost any type of unknown noise

[10]. But it still suffers from the shortcomings of 𝐿1 fidelity.
Huber norms [11] have been used for TV in order to avoid
undesirable staircase effects [12]. In [13], the Huber loss
1 2
{
|𝑥| ≤ 𝜇
{ 𝑥,
𝑦 = 𝐻𝜇 (𝑥) = { 2𝜇 𝜇
{|𝑥| − , |𝑥| > 𝜇
{
2

(7)

is used for both data fidelity and regularization. The advantage of using the Huber loss in comparison to the 𝐿2 norm is
that geometric features such as edges are better preserved and
it has continuous derivatives in contrast to the 𝐿1 norm that
is not differentiable and leads to staircase artifacts. However,
the Huber norm involves a parameter that affects the results.
Except the variational methods, some filtering based
methods exist for impulse noise removal such as the Adaptive
Median Filters (AMF) [14] and the Adaptive Center Weighted
Median Filters (ACWMF) [15]. The AMF method uses
Adaptive Median Filter with variable window size to filter out
impulse noise. It is robust in removing mixed impulses with
high probability of occurrence while preserving sharpness.
But it is ineffective when an image is disturbed by other types
of mixed noise, such as Gaussian, Poisson, and impulse noise.
The ACWMF further uses spatial varying central weight
to improve AMF and it is better than AMF in preserving
details and in suppressing impulse noise, additive white noise,
and signal dependent noise. However, the ACWMF tends to
become an identity filter if impulses exist within a window
and in that case, the ACWMF is not effective in suppressing
impulses, especially for salt-and-pepper noise.
Cartoon-texture decomposition is an important mathematical tool for image analysis. It aims to decompose an
image 𝑓 into a cartoon component and a texture component.
Ideally, the cartoon component is a piecewise smooth approximation of the original image and it mainly contains object
hues and sharp edges while the texture component contains
repeated small scale patterns. The general framework for
cartoon-texture decomposition has the following from:
𝑅 (𝑢) + 𝜆𝐷 (V) ,
min
𝑢,V
s.t.

𝑓 = 𝑢 + V,

(8)

where 𝑅(𝑢) and 𝐷(V) are two functionals, usually norms,
measuring the cartoons 𝑢 and V, respectively. Meyer [2]
shows that the ROF model is ineffective in cartoon-texture
decomposition because the 𝐿2 norm is not a good measure of
the texture, yet the TV is effective in measuring the cartoon
component. To overcome the ineffectiveness of the 𝐿2 norm
in measuring the texture component, Meyer [2] and Haddad
and Meyer [16] proposed using the 𝐺-norm, Vese and Osher
[17] approximated the 𝐺-norm by the div(𝐿𝑝 ) norm, Osher
et al. [18] proposed using the 𝐻−1 norm, Lieu and Vese [19]
proposed using the more general 𝐻−𝑠 norm, and Le and Vese
[20] proposed using the div(BMO) norm to measure the
texture component. However, the models involving these
norms are difficult to solve. Yin et al. [21] show that the 𝐿1

Mathematical Problems in Engineering

3

norm is effective in measuring the texture component and
proposed the TV-𝐿1 model.
In this work we define a strictly convex smooth potential
function 𝜙(𝑥) and use it to measure the data fidelity as
well as the regularity for image restoration and cartoontexture decomposition. Like Huber norm, the new potential
function has two modalities: it is approximately half the
square function (corresponding to the 𝐿2 norm) near 0 and
approximately a linear function (corresponding to the 𝐿1
norm) when 𝑥 is far away from 0. But Huber norm involves
a parameter while our potential function does not. The new
model has several advantages over the well-known RudinOsher-Fatemi (ROF) or TV-𝐿2 model and the TV-𝐿1 model.
First, due to the two-modality property of the new potential
function, using it working on the image gradient to measure
the regularity makes the regularity work in two ways: in
smooth area of the image, the regularity results in a diffusion
term that is uniform and isotropic, having strong regularizing
properties in all directions, and thus encourages removing
noise in smooth area, while, near edges, the regularity results
in a diffusion process which smoothes the edge mainly along
the tangent direction and thus can well preserve the edges.
Such regularizing role of our regularity term is different from
the TV; especially in smooth areas, TV regularity causes
staircasing effect while our method does not. Second, the
new potential function is very close to the 𝐿1 norm; thus
using it to measure the data fidelity makes the new model
perform very well in removing impulse noise and preserving
the contrast. Lastly, the proposed fidelity and regularization
term is strictly convex and smooth; thus the new model
allows a unique global minimizer and it can be solved by
using the steepest descent method. Mathematical analysis
and numerical experiments show that the proposed model
outperforms TV-𝐿2 and TV-𝐿1 in removing impulse noise
and mixed noise. It also outperforms the Adaptive Median
Filters (AMF) and the Adaptive Center Weighted Median
Filters (ACWMF) in removing mixed noise. We also apply
this model for cartoon-texture decomposition. Experimental
results show it performs better than TV-𝐿1 in cartoon-texture
decomposition.

30
25
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y 15
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5
0
−15

min
𝑢

∫ 𝜙 (𝑓 − 𝑢) 𝑑𝑥 𝑑𝑦 + 𝜆 ∫ 𝜙 (|∇𝑢|) 𝑑𝑥 𝑑𝑦,
Ω

Ω

(9)

where 𝜆 is a nonnegative tuning parameter and 𝜙(𝑥) is
defined by
𝜙 (𝑥) = 𝑥 tan−1 𝑥 −

1
ln (1 + 𝑥2 ) .
2

(10)

The rationality of this potential function can be explained as
follows. First of all, the function 𝜙(𝑥) is strictly convex and
differentiable since 𝜙(𝑥) = tan−1 𝑥 and 𝜙(𝑥) = 1/(1 + 𝑥2 );

−5

0
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15

x
y = |x|
y = x2
y = (x)

y = H0.5 (x)
y = H1 (x)

Figure 1: Graphs of four potential functions: 𝑦 = |𝑥|, corresponding
to the 𝐿1 norm; 𝑦 = 𝑥2 , corresponding to the 𝐿2 norm; 𝑦 = 𝜙(𝑥)
corresponding to the proposed fidelity and regularization measure;
𝐻𝜇 (𝑥) corresponding to the Huber norm, where 𝜇 = 0.5 and 𝜇 = 1
are chosen.

thus our model (9) allows a unique global minimizer and it
can be solved by using the steepest descent method. Secondly,
when 𝜙(𝑥) is used to measure the data fidelity, similar to
Huber norm, it is also a good approximation of the 𝐿1 norm in
the sense that 𝜙(𝑥) → 𝑥2 /2 as 𝑥 → 0 and 𝜙(𝑥) → (𝜋/2)|𝑥| −
ln |𝑥| as |𝑥| → ∞, so it has similar performance to that
of the 𝐿1 fidelity in removing impulse noise and preserving
image contrast. Figure 1 compares 𝜙(𝑥), 𝐿1 norm, 𝐿2 norm,
and the Huber norm. Lastly, when 𝜙(𝑥) is used to measure the
regularity as in (9), it induces the following gradient descent
flow:
𝜙 (|∇𝑢|)
𝜕𝑢
= 𝜆 div (
∇𝑢) + 𝜙 (𝑓 − 𝑢) ,
𝜕𝑡
|∇𝑢|

2. The Proposed Model
The proposed model is as follows:

−10

(11)

where the right side is the negative gradient of the functional
in (9), with the first and the second term being deduced from
the regularity term and the fidelity term, respectively. The
diffusion term div((𝜙 (|∇𝑢|)/|∇𝑢|)∇𝑢) can be decomposed as

div (

𝜙 (|∇𝑢|)
𝜙 (|∇𝑢|)
∇𝑢) =
𝑢TT + 𝜙 (|∇𝑢|) 𝑢NN , (12)
|∇u|
|∇𝑢|

where T and N denote the tangent and normal directions to
the isophote lines (lines along which the intensity is constant)
and 𝑢TT and 𝑢NN denote the second derivatives of 𝑢 in
the T-direction and N-direction. One can see that in a flat
or smooth region of the image where the variations of the
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intensity are weak, that is, 𝑡 = |∇𝑢| ≈ 0, the coefficient of
𝑢TT , 𝜙 (𝑡)/𝑡 and the coefficient of 𝑢NN , 𝜙 (𝑡) satisfy
lim+

𝑡→0

𝜙 (𝑡)
tan−1 (𝑡)
1
= lim+ 𝜙 (𝑡)
= lim+
= lim+
𝑡→0
𝑡→0 1 + 𝑡2
𝑡→0
𝑡
𝑡
(13)
= 1 > 0;

then (11) becomes
𝜕𝑢
= 𝑢TT + 𝑢NN + 𝜙 (𝑓 − 𝑢) = Δ𝑢 + 𝜙 (𝑓 − 𝑢) ,
𝜕𝑡

(14)

where Δ denotes Laplacian differential operator. So, at these
points, 𝑢 locally satisfies (14), in which the diffusion term is
uniform and isotropic, having strong regularizing properties
in all directions, and thus encourages removing noise in
smooth area. Near edges of the image, that is, 𝑡 = |∇𝑢| ≫ 0,
𝜙 (𝑡)/𝑡, and 𝜙 (𝑡), satisfy
𝜙 (𝑡)
tan−1 (𝑡)
= lim
= 0,
𝑡→+∞ 𝑡
𝑡→+∞
𝑡
lim

lim 𝜙 (𝑡) = lim

𝑡→+∞

𝑡→+∞ 1

1
= 0,
+ 𝑡2

𝜙 (𝑡)
𝑡
= lim
lim 
𝑡→+∞ 𝜙 (𝑡) /𝑡
𝑡→+∞ (1 + 𝑡2 ) tan−1 (𝑡)

(15)

𝑡
𝑡
= 0.
⋅ lim
𝑡→+∞ 1 + 𝑡2 𝑡→+∞ tan−1 (𝑡)

= lim

This means the coefficient of 𝑢TT , 𝜙 (𝑡)/𝑡 and the coefficient of
𝑢NN , 𝜙 (𝑡) both vanish. However, 𝜙 (𝑡) vanishes faster than
𝜙 (𝑡)/𝑡; this allows the diffusion process to smooth the edge
a little along the tangent direction; thus our regularity term
can well preserve the edge. The TV regularity can be regarded
as a special case of our regularity term by taking 𝜙(𝑥) = 𝑥,
then 𝜙 (𝑥) = 1, and 𝜙 (𝑥) = 0. In smooth area, that is, 𝑡 =
|∇𝑢| ≈ 0, the coefficient of 𝑢TT , 𝜙 (𝑡)/𝑡 becomes large while
the coefficient of 𝑢NN , 𝜙 (𝑡) = 0; this may be the reason why
TV regularity causes the staircasing effect in smooth area.
The minimization problem (9) can be iteratively solved
by the gradient descent method. Numerically, we use the
following forward finite difference scheme to discrete the
gradient descent flow (11):
𝑛+1
𝑛
𝑛
𝑛
= 𝑢𝑖,𝑗
+ Δ𝑡 ⋅ (𝜆𝐵𝑖,𝑗
+ tan−1 (𝑓𝑖,𝑗 − 𝑢𝑖,𝑗
)) ,
𝑢𝑖,𝑗

(16)

where Δ𝑡 denotes the time step size and 𝐵 is the diffusion
term, defined by
𝐵 = div (
=

𝜙 (|∇𝑢|)
∇𝑢)
|∇𝑢|

𝑢𝑥2 𝑢𝑥𝑥 + 2𝑢𝑥 𝑢𝑦 𝑢𝑥𝑦 + 𝑢𝑦2 𝑢𝑦𝑦
1
⋅
1 + |∇𝑢|2
|∇𝑢|2 + 𝜀
+ tan−1 (|∇𝑢|) ⋅

𝑢𝑥2 𝑢𝑦𝑦 − 2𝑢𝑥 𝑢𝑦 𝑢𝑥𝑦 + 𝑢𝑦2 𝑢𝑥𝑥
|∇𝑢|3 + 𝜀

(17)

and 𝜀 is a regularizing constant to avoid dividing by 0, which
is set by 𝜀 = 0.01, in our experiment. The spatial derivatives
are discretized by central differences.

3. Numerical Simulation
This section is mainly devoted to numerical simulation of
image denoising in the presence of impulse noise and mixed
noise consisting of Gaussian, Poisson, and impulse noise. We
also use our model to decompose an image into a cartoon
component and a texture component. The simulations are
performed using Matlab 8.5.0 (R2015a) in Windows 7 environment on 3.30 GHZ Intel Core i5-4590 CPU, 4 GB Ram
PC. To assess the restoration performance quantitatively, we
evaluate the peak signal to noise ratio (PSNR) defined as [22]
PSNR = 10 lg (

2552
2

(1/𝑀𝑁) ∑𝑖𝑗 (𝑢𝑖,𝑗 − 𝑓𝑖,𝑗 )

),

(18)

where 𝑢𝑖,𝑗 and 𝑓𝑖,𝑗 are the pixel values of the restored image
and of the original image, respectively. In the presence of
Poisson noise, the maximum intensity of the original noisefree image is varied in order to create images with different
levels of Poisson noise.
3.1. Image Denoising. We first show the effectiveness of our
method in removing impulse noise, including the salt-andpepper noise and the random-valued impulse noise. In all
experiments the time step size is set by Δ𝑡 = 0.1.
The regularization parameter 𝜆 plays an important role
in denoising because it balances the competition between the
data fidelity and the regularization term. When 𝜆 takes large
values, the regularization term dominates the total energy,
which tends to force the restored image to be smoother and
cleaner. When 𝜆 takes small values, the fidelity term dominates the total energy, which tends to force the restored image
to be closer to the observed noisy image. In the following we
analyze through experiments how the PSNR of the restored
image depends on the value of 𝜆. We show the results for
the test images “Cameraman” (256 × 256) and “Lena” (256 ×
256) with intensity values ranging from 0 to 255. In the
experiment, the noisy images are produced by corrupting
the test images with salt-and-pepper noise or random-valued
impulse noise of levels 10%, 20%, and 30%. Figure 2 plots the
PSNRs versus the values of 𝜆 for the image “Cameraman”
with salt-and-pepper noise at different levels. Figure 3 plots
that for random-valued impulse noise. From the plots, one
can observe the following: first of all, in both cases of impulse
noise, the PSNR of the three methods increases and reaches
a maximum rapidly and then decreases slowly as the value
of 𝜆 increases. Moreover, the optimal value (numerical) of 𝜆
(corresponding to the maximum PSNR) depends on the level
of impulse noise. Lastly, for all levels of noise, the maximum
PSNRs obtained by TV-𝐿1 and our method are comparative
while the maximum PSNRs obtained by TV-𝐿2 are much
lower (about 2 dB less). This again indicates that TV-𝐿2 is not
fit for impulse noise removal.
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Figure 2: PSNR versus 𝜆 for the image “Cameraman” corrupted by salt-and pepper noise at different levels.

To study how the optimal value of 𝜆 depends on the
noise level for TV-𝐿1 and our method, we show some best
values of 𝜆 corresponding to various levels of impulse noise
in Figure 4, salt-and-pepper, and in Figure 5, random-valued.
From Figures 4 and 5, one can see that TV-𝐿1 and our method
have similar patterns of the dependency of the best 𝜆 on the
noise level. In general, the higher the noise level, the larger
the best value of 𝜆. To be more specific, for both methods,
the best value of 𝜆 tends to be stable in [0.8, 1.2] when the
noise level is above 15%. Moreover, Figures 2 and 3 show that

the PSNR attenuates slowly if the value of 𝜆 is a little larger
than the optimal value. For convenience, we choose 𝜆 = 1.1
uniformly when the noise level is above 15% and 𝜆 = 0.8 when
the noise level is below 15%.
In the following experiments we compare visually and
quantitatively the performance of our method with TV-𝐿1 ,
AMF, and ACWMF in removing impulse noise. Figures 6 and
7, respectively, show the results obtained by these methods
for salt-and-pepper noise and random-valued impulse noise.
The maximum window size used in AMF [14] is 19. The
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Figure 3: PSNR versus 𝜆 for the image “Cameraman” corrupted by random-valued impulse noise at different levels.

ACWMF [15] is successively performed 4 times with different
parameters, which are chosen to be the same as those in
[23]. Obviously, whether in removing salt-and-pepper noise
or random-valued impulse noise, TV-𝐿1 and our method are
well in removing noise and preserving the edges. But our
method is a little better than TV-𝐿1 in two aspects. Objectively, the PSNR of our method is about 0.2∼0.3 dB higher
than that of TV-𝐿1 , and visually, there is less staircasing effect
in the smooth area of the restored images. The ACWMF and
AMF are better than TV-𝐿1 and our method in preserving

small scale details such as the textured ground in the image
“cameraman,” and the PSNR of the AMF on the image
“cameraman” is even higher than our method by 2.65 dB in
case of salt-and-pepper noise. However, the ACWMF and
AMF cannot successfully detect all the impulse noise in that
some scattered peak points are visible in the restored images.
Moreover, the AMF fails in suppressing the random-valued
impulse noise.
As indicated in [10], the weighted sum of 𝐿1 and 𝐿2 fidelity
is robust to any kind of commonly used noise prior, yet

Mathematical Problems in Engineering

7
TV with L1 fidelity term

1.4

1.4

1.2

1.2

1

1

“Best”  value

“Best”  value

Our proposed model

0.8
0.6

0.8
0.6

0.4

0.4

0.2

0.2
0

5

10
15
20
25
Salt-and-pepper noise level (%)

0

30

5

10
15
20
Salt-and-pepper noise level (%)

25

30

Figure 4: The best value of 𝜆 for the proposed method and TV-𝐿1 on the image “Cameraman,” in case of salt-and-pepper noise at different
levels.
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Figure 5: The best value of 𝜆 for the proposed method and TV-𝐿1 fidelity on the image “Cameraman,” in case of random-valued impulse
noise at different levels.

empirically, the 𝐿1 norm absolutely dominates the fidelity.
This motivates us to apply our model to remove Gaussian
noise. Table 1 presents some results by TV-𝐿2 , TV-𝐿1 , and
our method. Figure 8 compares the visual effects of these
methods. One can see that TV-𝐿1 performs worse than the
other two methods in case of higher level noise, and the
restored image by TV-𝐿2 exhibits obvious and annoying
staircase artifacts. The PSNRs and the restored images show
that, for additive Gaussian noise, where the 𝐿2 fitting function
is the best choice based on statistical analysis among all
possible data fitting terms, our method performs better as
well. The better results come from the two-modality property
of our potential function.

Now we test the performance of our method in removing
mixed noise consisting of additive Gaussian noise, Poisson
noise, and impulse noise. We also compare our method
with TV-𝐿2 , TV-𝐿1 , ACWMF, and AMF. The Poisson noise
is generated using the “poissrnd” function in Matlab with
the input image scaled to the maximum intensity (𝐼max =
255). For the impulse noise, we only consider the randomvalued impulse noise, because a pixel contaminated by such
an impulse noise is not as distinctive as an outlier that is
contaminated by salt-and-pepper noise and consequently
is more difficult to detect. We consider three levels of the
random-valued impulse noise: 10%, 20%, and 30%. The
standard deviation of the white Gaussian noise is 10. For all
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Table 1: Denoising results (PSNR) on three test images corrupted by Gaussian noise. The best PSNRs are given in bold.
Boat (512 × 512)

Standard deviation 𝜎

Lena (256 × 256)

10

20

25

10

20

Our method

31.77

28.42

27.98

30.75

TV-𝐿1

31.40

28.32

27.50

30.47

30.72

28.04

28.70

29.93

TV-𝐿

2

Rice (256 × 256)
25

10

20

25

27.98

27.15

31.97

29.15

28.38

27.60

26.50

31.61

27.80

27.64

27.91

27.06

30.92

28.80

28.36

(a)

(b)

(c)

(d)

(e)

(f)

Figure 6: Image denoising results by different methods. (a) Original image; (b) corrupted “Cameraman” image with salt-and-pepper noise
(𝑠 = 20%, PSNR = 12.07 dB); (c) our method (𝜆 = 1.1, PSNR = 25.82 dB); (d) TV-𝐿1 (𝜆 = 1.1, PSNR = 25.58 dB); (e) ACWMF (PSNR =
25.23 dB); (f) AMF algorithm (PSNR = 28.47 dB).

cases, impulse noise is the first to be added and Gaussian
noise is the last to be added. The PSNRs of different methods
are presented in Table 2 and some of the restored images
are shown in Figure 9. For all levels of impulse noise, our
method obtains the best PSNRs and visual effects. TV-𝐿1
performs comparatively in removing impulse noise, but it
does not perform as well as our method in removing mixture
noise containing Gaussian noise. It may be explained by the
two modalities of our potential function. The median filter
based methods, especially the AMF is well fit for salt-andpepper noise, but it does not perform well in case of randomvalued impulse noise or mixed noise containing randomvalued impulse noise. In fact, the AMF is good at detecting

salt-and-pepper noise because in that case, most of the noisy
pixels are much more dissimilar to regular pixels and hence
are easier to detect. However, the AMF is not effective in
detecting random-valued impulse noise when the noise ratio
is high.
3.2. Cartoon-Texture Decomposition. In this subsection, we
show the effectiveness of our method in cartoon-texture
decomposition and compare it with the TV-𝐿1 method. Since
the function defined in (8) is a good approximation of the
𝐿1 norm, our model (9) can be used in cartoon-texture
decomposition. We use model (9) to obtain 𝑢 and finally take
V = 𝑓 − 𝑢.

Our method
TV-𝐿1
TV-𝐿2
ACWMF
AMF

Random-valued impulse noise (𝑟) + Poisson + Gaussian

Baboon (512 × 512)
10%
20%
30%
24.53
23.30
22.79
23.96
22.98
22.42
21.24
20.97
20.65
23.65
23.01
22.43
23.21
20.84
18.93

Plane (512 × 512)
10%
20%
30%
29.84
28.51
26.95
29.37
27.99
26.54
24.76
23.52
21.91
26.24
25.47
24.50
23.56
20.29
17.93

Bridge (512 × 512)
10%
20%
30%
25.57
24.30
23.41
24.72
23.99
23.20
21.51
20.82
19.89
24.55
23.80
22.87
23.12
20.19
17.88

Barbara (256 × 256)
10%
20%
30%
24.01
23.26
22.70
23.95
23.19
22.56
21.35
20.71
19.93
22.87
22.35
21.77
22.52
20.03
18.03

Table 2: Denoising results (PSNR) on four test images in the presence of mixture of random-valued impulse noise, Gaussian noise with standard deviation 𝜎 = 10, and Poisson noise at
image peak intensity of 255. The best PSNRs are given in bold.
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(a)

(b)

(c)

(d)

(e)

(f)

Figure 7: Image denoising results by different methods. (a) Original image “Lena”; (b) corrupted image with random-valued impulse noise
(𝑟 = 30%, PSNR = 13.79 dB); (c) our method (𝜆 = 1.1, PSNR = 27.02 dB); (d) TV-𝐿1 (𝜆 = 1.1, PSNR = 26.80 dB); (e) ACWMF (PSNR =
27.11 dB); (f) AMF (PSNR = 18.34 dB).

Figure 10 shows some results by the two methods on four
test images, each of which contains smooth area bounded by
large scale edges (cartoon) and repeated small scale details
(texture). The top row shows the original test images. The
other rows show the decomposition results. One can observe
that our method can more thoroughly separate the cartoon
and the texture. In the cartoon components obtained by TV𝐿1 , some textures are left behind. The cartoon component
obtained by our method only contains the mainframe of the
image, that is, the smoothed objects and their boundaries, and
the small scale details are to a large extent separated into the
texture part.
Finally we test the robustness of our method for cartoontexture decomposition in presence of noise. The results are
shown in Figure 11. The first row shows the input images:
image (a) is corrupted with salt-and-pepper noise (𝑠 = 20%),
Gaussian noise with standard deviation 𝜎 = 10, and Poisson
noise; synthetic image (b) is corrupted with random-valued
impulse noise (𝑟 = 20%), Gaussian noise with standard
deviation 𝜎 = 10, and Poisson noise. Both TV-𝐿1 and
our method decompose the noise together with the texture.
In the cartoon components obtained by TV-𝐿1 , there exist
noticeable staircase artifacts while the cartoon components
obtained by our method are visually much better.

4. Conclusions
In this work we define a new potential function and use
it to measure the data fidelity as well as the regularity for
image denoising and cartoon-texture decomposition. The
new potential function has some attractive mathematical
properties: strictly convex, smooth, and two-modality, which
makes the proposed model have some advantageous properties over the classical TV-𝐿2 and TV-𝐿1 models. For example,
it can well remove wider categories of noise including additive
Gaussian noise, impulse noise, Poisson noise, and their
mixture; like TV regularity, it can well preserve important
geometric structure such as image edges, but unlike TV
regularity, it does not cause staircase effect in smooth areas;
moreover, the new model allows a unique global minimizer
and it can be solved by using the steepest descent method.
Numerical experiments show that the proposed model outperforms TV-𝐿2 and TV-𝐿1 in removing commonly used
noise. Tests on cartoon-texture decomposition show that our
method is effective and performs better than TV-𝐿1 .
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(a)

(b)

(c)

(d)

(e)

Figure 8: Denoising results of Gaussian noise by TV-𝐿1 , TV-𝐿2 , and our method. (a) Original test image “Boat”; (b) corrupted image with
Gaussian noise (standard deviation 𝜎 = 20, PSNR = 22.14 dB); (c) our method (𝜆 = 1.3, PSNR = 28.42 dB); (d) TV-𝐿1 (𝜆 = 1.3, PSNR =
28.32), (e) TV-𝐿2 (𝜆 = 0.01, PSNR = 28.04 dB).

(a)

(b)

(e)

(c)

(f)

(d)

(g)

Figure 9: Denoising results of mixture noise of random-valued impulse noise, Poisson noise, and Gaussian noise by different methods. (a)
Original test image “Plane”; (b) corrupted image with mixed noise (𝑟 = 30%, PSNR = 13.56 dB); (c) our method (𝜆 = 1.1, PSNR = 26.95 dB);
(d) TV-𝐿1 (𝜆 = 1.1, PSNR = 26.54 dB); (e) TV-𝐿2 (𝜆 = 0.01, PSNR = 21.91 dB); (f) ACWM filter (PSNR = 24.50 dB); (g) AMF algorithm
(PSNR = 17.93 dB).
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(a)

(b)

(c)

(d)

(e) TV-𝐿1 (𝜆 = 1.1)

(f) Our method (𝜆 = 1.1)

(g) TV-𝐿1 (𝜆 = 2.6)

(h) Our method (𝜆 = 2.6)

(i) TV-𝐿1 (𝜆 = 1.4)

(j) Our method (𝜆 = 1.4)

(k) TV-𝐿1 (𝜆 = 2.4)

(l) Our method (𝜆 = 2.4)

Figure 10: Cartoon-texture decomposition results (for each method, we show on the left the cartoon component and on right the texture).
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(b) Noisy synthetic image

(c) TV-𝐿1 (𝜆 = 1.3)

(d) Our method (𝜆 = 1.3)

(e) TV-𝐿1 (𝜆 = 1.4)

(f) Our method (𝜆 = 1.4)

Figure 11: Cartoon-texture decomposition of images corrupted by mixed noise. Left: cartoon, right: texture.
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