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R. R. Garćıa, Spain
Manouchehr Salehi, Iran
Miguel A. Sanjuán, Spain
Ilmar F. Santos, Denmark
Nickolas S. Sapidis, Greece
E. J. Sapountzakis, Greece
Bozidar Sarler, Slovenia
Andrey V. Savkin, Australia
Massimo Scalia, Italy
Mohamed A. Seddeek, Egypt
A. P. Seyranian, Russia
Leonid Shaikhet, Ukraine

Cheng Shao, China
Bo Shen, Germany
Jian-Jun Shu, Singapore
Zhan Shu, UK
Dan Simon, USA
Luciano Simoni, Italy
Grigori M. Sisoev, UK
Christos H. Skiadas, Greece
Davide Spinello, Canada
Sri Sridharan, USA
Rolf Stenberg, Finland
Changyin Sun, China
Jitao Sun, China
Xi-Ming Sun, China
Andrzej Swierniak, Poland
Yang Tang, Germany
Allen Tannenbaum, USA
Cristian Toma, Romania
Irina N. Trendafilova, UK
Alberto Trevisani, Italy
Jung-Fa Tsai, Taiwan
K. Vajravelu, USA
Victoria Vampa, Argentina
Josep Vehi, Spain
Stefano Vidoli, Italy
Xiaojun Wang, China
Dan Wang, China
Youqing Wang, China
Yongqi Wang, Germany
Cheng C. Wang, Taiwan

Moran Wang, China
Yijing Wang, China
Gerhard-WilhelmWeber, Turkey
J. S. Witteveen, The Netherlands
Kwok-WoWong, Hong Kong
Ligang Wu, China
Zhengguang Wu, China
Gongnan Xie, China
Wang Xing-yuan, China
Xi Frank Xu, USA
Xuping Xu, USA
Jun-Juh Yan, Taiwan
Xing-Gang Yan, UK
Suh-Yuh Yang, Taiwan
Mahmoud T. Yassen, Egypt
Mohammad I. Younis, USA
Bo Yu, China
Huang Yuan, Germany
S.P. Yung, Hong Kong
Ion Zaballa, Spain
A. M. Zenkour, Saudi Arabia
Jianming Zhan, China
Xu Zhang, China
Yingwei Zhang, China
Lu Zhen, China
Liancun Zheng, China
Jian Guo Zhou, UK
Zexuan Zhu, China
Mustapha Zidi, France



Contents

Mathematical Control of Complex Systems 2013, Zidong Wang, Hamid Reza Karimi, Bo Shen, Jun Hu,
Hongli Dong, and Xiao He
Volume 2014, Article ID 825210, 4 pages

Adaptive Fault Detection with Two Time-Varying Control Limits for Nonlinear and Multimodal
Processes, Jinna Li, Yuan Li, Yanhong Xie, and Xuejun Zong
Volume 2014, Article ID 427209, 10 pages

A Survey on Distributed Filtering and Fault Detection for Sensor Networks, Hongli Dong, Zidong Wang,
Steven X. Ding, and Huijun Gao
Volume 2014, Article ID 858624, 7 pages

An Overview of Distributed Energy-Efficient Topology Control for Wireless Ad Hoc Networks,
Mohammadjavad Abbasi, Muhammad Shafie Bin Abd Latiff, and Hassan Chizari
Volume 2013, Article ID 126269, 16 pages

Recent Advances on Recursive Filtering and Sliding Mode Design for Networked Nonlinear Stochastic
Systems: A Survey, Jun Hu, Zidong Wang, Hongli Dong, and Huijun Gao
Volume 2013, Article ID 646059, 12 pages

Stabilization of a Class of Stochastic Nonlinear Systems, Valiollah Ghaffari, Hamid Reza Karimi,
Navid Noroozi, and S. Vahid Naghavi
Volume 2013, Article ID 895895, 8 pages

Stability Analysis of State Saturation 2D Discrete Time-Delay Systems Based on F-MModel,
Dongyan Chen and Hui Yu
Volume 2013, Article ID 749782, 9 pages

Load Distribution of Evolutionary Algorithm for Complex-Process Optimization Based on Differential
Evolutionary Strategy in Hot Rolling Process, Xu Yang, Chang-bin Hu, Kai-xiang Peng,
and Chao-nan Tong
Volume 2013, Article ID 675381, 8 pages

Study of Evolution Model of China Education and Research Network, Guoyong Mao and Ning Zhang
Volume 2013, Article ID 808901, 6 pages

Wiretap Channel with Action-Dependent States and Rate-Limited Feedback, Xinxing Yin, Xiao Chen,
and Zhi Xue
Volume 2013, Article ID 131063, 19 pages

𝐻
∞
Control of Pairwise Distributable Large-Scale TS Fuzzy Systems, Anna Filasová and Dušan Krokavec
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Mathematical control of complex systems have already
become an ideal research area for control engineers, mathe-
maticians, computer scientists, and biologists to understand,
manage, analyze, and interpret functional information/
dynamical behaviours from real-world complex dynamical
systems, such as communication systems, process control,
environmental systems, intelligent manufacturing systems,
transportation systems, and structural systems. This special
issue aims to bring together the latest/innovative knowledge
and advances in mathematics for handling complex systems.
Topics include, but are not limited to the following: control
systems theory (behavioural systems, networked control
systems, delay systems, distributed systems, infinite-dimen-
sional systems, and positive systems); networked control
(channel capacity constraints, control over communication
networks, distributed filtering and control, information the-
ory and control, and sensor networks); and stochastic sys-
tems (nonlinear filtering, nonparametric methods, particle
filtering, partial identification, stochastic control, stochastic
realization, system identification).

We have solicited submissions to this special issue from
control engineers, electrical engineers, computer scientists,
and mathematicians. After a rigorous peer review process, 31
papers have been selected that provide overviews, solutions,
or early promises, to manage, analyze, and interpret dynami-
cal behaviours of complex systems.These papers have covered
both the theoretical and practical aspects of complex systems

in the broad areas of dynamical systems, mathematics, statis-
tics, operational research, and practical engineering.

This special issue starts with two survey papers on the
recent advances of recursive filtering (sliding mode design)
for networked nonlinear stochastic systems and distributed
filtering (fault detection) for sensor networks. Specifically,
in the paper entitled “Recent advances on recursive filtering
and sliding mode design for networked nonlinear stochastic
systems: a survey” by J. Hu et al., the focus is to provide a
timely review on the recent advances of the recursive filtering
and sliding mode design for nonlinear stochastic systems
with network-induced phenomena. The network-induced
phenomena under consideration include missing measure-
ments, fadingmeasurements, signal quantization, probabilis-
tic sensor delays, sensor saturations, and randomly occurring
nonlinearities. The recent developments of the network-
induced phenomena are first summarized. Various filtering
and sliding mode design for nonlinear stochastic systems are
reviewed in great detail and some interesting yet challenging
issues are raised. Latest results on recursive filtering and slid-
ing mode designs for discrete-time nonlinear stochastic
systems with network-induced phenomena are reviewed.
Subsequently, a bibliographical review is provided in “A
survey on distributed filtering and fault detection for sensor
networks” by H. Dong et al. on distributed filtering and fault
detection problems over sensor networks. The algorithms
employed to study the distributed filtering and detection
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problems are categorized and then discussed. In addition,
some recent advances in distributed detection problems for
faulty sensors and fault-events are also summarized in great
detail. Finally, some concluding remarks are drawn and the
future research challenges for distributed filtering and fault
detection for sensor networks are pointed out.

During the past decades, the problems of performance
analysis of complex systems have received significant research
attention. In the paper entitled “Numerical optimization
design of dynamic quantizer via matrix uncertainty approach”
by K. Sawada and S. Shin, a numerical optimization method
is proposed for the continuous-time dynamic quantizer
under switching speed and quantized accuracy constraints.
The design problem is discussed via sampled-data control
framework and the case of temporal and spatial resolution
constraints can be addressed in analysis and synthesis, simul-
taneously. Also, a new insight is presented for the two-step
design of the existing continuous-time optimal quantizer.The
performance monitoring and reliability analysis is discussed
in “Performance reliability prediction of complex system based
on the condition monitoring information” by H. Wang and
Y. Jiang. Aircraft engine performance degradation process is
described by using theWiener process to forecast aeroengine
performance reliability taking the condition monitoring
information into account. The proposed method integrates
the performance monitoring and reliability analysis into one
framework by making full use of a variety of condition
monitoring information. In the work entitled “The method
of Lyapunov function and exponential stability of impulsive
delay systems with delayed impulses” by P. Cheng et al., the
problem of exponential stability is studied for a class of
general impulsive delay systems with delayed impulses. By
using the Lyapunov function method, some Lyapunov-based
sufficient conditions are derived to ensure the exponential
stability. Their applications to linear impulsive systems with
time-varying delays are also proposed, and a set of sufficient
conditions for exponential stability is provided in terms
of matrix inequalities. The problem of global asymptotic
stability is investigated for 2D discrete F-M systems with state
saturation and time-varying delays in “Stability analysis of
state saturation 2D discrete time-delay systems based on F-
M model” by D. Chen and H. Yu. By constructing a delay-
dependent 2D discrete Lyapunov functional and introducing
a nonnegative scalar based on a row diagonally dominant
matrix, a sufficient condition is proposed to guarantee the
global asymptotic stability of the addressed systems by solv-
ing the linear matrix inequalities (LMIs). In the work entitled
“Impulsive vaccination SEIR model with nonlinear incidence
rate and time delay” by D. Li et al., a new impulsive vacci-
nation SEIR epidemic model with time delay and nonlinear
incidence rate is established. A sufficient condition is given
to guarantee the stability of the disease-free periodic solution
and the persistence of the model. Subsequently, in the paper
entitled “Synchronization of complex dynamical networks with
nonidentical nodes and derivative coupling via distributed
adaptive control” by M. Shi et al., the distributed adaptive
learning laws of periodically time-varying and constant
parameters are designed and the distributed adaptive control
is constructed.

The design of various controllers has long been the main
stream of research topics and much effort has been made
for complex systems. In the paper entitled “𝐻

∞
control of

pairwise distributable large-scale TS fuzzy systems” by A.
Filasová and D. Krokavec, the partially decentralized control
problems are studied for pairwise distributable large-scale TS
fuzzy systems. Sufficient conditions are presented to ensure
the stability and 𝐻

∞
performance. Subsequently, in the

work entitled “Stabilization of a class of stochastic nonlinear
systems” by N. Noroozi et al., two nonlinear controllers are
given and applied to a guidance system in stochastic setting.
Firstly, an adaptive control law for the guidance system is
presented. Secondly, a robust finite-time control scheme is
proposed to stabilize a class of nonlinear stochastic sys-
tems such that the closed loop system is stable. A new
approach for self-triggered control is proposed in “Self-
triggered model predictive control using optimization with
prediction horizon one” by K. Kobayashi and K. Hiraishi
from the viewpoint of model predictive control (MPC). The
difficulty of self-triggered MPC is explained. Accordingly,
the one-step input-constrained problem and the N-step
input-constrained problem are formulated and solved. In the
paper entitled “Robust 𝐻

∞
control for discrete-time stochastic

interval system with time delay” by S. Yu et al., the robust𝐻
∞

control problem is investigated for discrete-time stochastic
interval system with time delay. By constructing appropriate
Lyapunov-Krasovskii functional, sufficient conditions are
given to ensure the existence of the robust 𝐻

∞
controller

for addressed systems. By employing the Takagi-Sugeno (T-
S) fuzzy linearization approach, the linear parameter varying
(LPV) gain scheduling control problem is studied in “State-
feedback𝐻

∞
control for LPV system using T-S fuzzy lineariza-

tion approach” by Y. Hu et al. By constructing the piecewise
parameter-dependent Lyapunov function, the LPV T-S fuzzy
gain scheduling control law is designed. In the paper entitled
“𝐻
∞

control for two-dimensional Markovian jump systems
with state-delays and defective mode information” by Y. Wei
et al., the problem of 𝐻

∞
control is discussed for a class

of two-dimensional (2-D) Markovian jump linear systems
(MJLSs) with state-delays and defective mode information.
An extended model predictive control algorithm is given in
“LMI-based model predictive control for a class of constrained
uncertain fuzzy Markov jump system” by T. Yang and H. R.
Karimi to address the problem of constrained robust model
predictive control. By introducing two external parameters,
new upper bounds on arbitrarily long time intervals are
derived and less conservative results are given. In the work
entitled “Active control of oscillation patterns in the presence
of multiarmed pitchfork structure of the critical manifold of
singularly perturbed system” by R. Vrabel et al., the possibility
of control of oscillation patterns is analyzed for nonlin-
ear dynamical systems without the excitation of oscillatory
inputs. A general method is developed for the partition of
the space of initial states to the areas allowing active control
of the stable steady-state oscillations. The implementation of
pair-wise decomposition is discussed in “Coordinated control
for a group of interconnected pairwise subsystems” by C.
Ma and X.-B. Chen for an interconnected system with
uncertainties. The proposed controller scheme is applied on
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a four-area power system to illustrate the effectiveness of the
main results.

In the past decades, the issues of filter design and fault
detection have received considerable research interests and
have found successful applications in awide range of practical
engineering domains. In the paper entitled “Robust 𝐻

∞

filtering for a class of uncertain Markovian jump systems
with time delays” by Y. Yang and J. Lu, the problem of
robust 𝐻

∞
filtering is studied for a class of uncertain time-

delay systems with Markovian jumping parameters and
norm-bounded time-varying parameter uncertainties. The
robust filter is designed in “Finite-frequency filter design
for networked control systems with missing measurement”
by D. Ye et al. for networked control systems (NCSs) with
random missing measurements. A finite-frequency stochas-
tic 𝐻

∞
performance is given and a sufficient condition

is derived to guarantee desired performance. In the work
entitled “Intermittent fault detection for uncertain networked
systems” by X. He et al., the robust fault detection prob-
lem is studied for a class of discrete-time networked systems
with multiple state delays and unknown input. Polytopic-
type parameter uncertainty in the state-spacemodel matrices
is considered. A novel measurement model is employed
to account for both the random measurement delays and
the stochastic data missing (package dropout) phenomenon.
By converting the addressed robust fault detection problem
into an alternative robust 𝐻

∞
filtering problem of a cer-

tain Markovian jumping system, a sufficient condition for
the existence of the desired robust fault detection filter is
presented. The work entitled “Adaptive fault detection with
two time-varying control limits for nonlinear and multimodal
processes” by J. Li et al. is concernedwith the two time-varying
control limits design used for on-line fault detection for the
multimode and nonlinear process. Mahalanobis distances
among samples and super ball domains of mean and variance
of samples are computed by a just-in-time (JIT) approach
to reduce and update the training data set as queries being
detected. In the paper entitled “Fault diagnosis for linear
discrete systems based on an adaptive observer” by J. Liu
et al., a fault diagnosis algorithm is developed to estimate
the fault for a class of linear discrete systems based on
an adaptive fault estimation observer. An observer gain
matrix and adaptive adjusting rule of the fault estimator are
designed. The proposed adaptive regulating algorithm can
guarantee the negativity of the first order difference of a
Lyapunov discrete function so that the observer is ensured
to be stable and fault estimation errors are convergent. The
problem of robust fault-tolerant tracking control is studied in
“Adaptive finite-time control for a flexible hypersonic vehicle
with actuator fault” by J. Wang et al. Simulation on the lon-
gitudinal model of a flexible air-breathing hypersonic vehicle
(FAHV) with actuator faults and uncertainties is conducted.
An adaptive fault-tolerant control strategy is presented based
on practical finite-time sliding mode method such that the
velocity and altitude track their desired commands in finite
time with the partial loss of actuator effectiveness. The
adaptive update laws are used to estimate the upper bound of
uncertainties and the minimum value of actuator efficiency
factor.

Over the past decades, the applications of various control
schemes have received considerable research interests. In
the work entitled “An overview of distributed energy-efficient
topology control for wireless adhoc networks” by M. J. Abbasi
et al., most recent energy efficient topology control algo-
rithms inWSNs and adhoc network are classified and studied.
The topology control aims of the existing algorithms are
characterized into three main types: energy efficiency, net-
work capacity, and energy balancing. The most famous and
recent topology control algorithms based on their features are
reviewed and compared in each goals category. In the paper
entitled “Proportional derivative control with inverse dead-
zone for pendulum systems” by J. Rubio et al., a proportional
derivative controller with inverse dead-zone is proposed for
the control of pendulum systems with dead-zone inputs. By
using the Lyapunov analysis, the asymptotic stability of the
proposed technique is guaranteed. Based on the hot rolling
process, a load distribution optimizationmodel is established
in “Load distribution of evolutionary algorithm for complex-
process optimization based on differential evolutionary strategy
in Hot Rolling Process” by X. Yang et al. The rolling force ratio
distribution and good strip shape are integrated as two indi-
cators of objective function in the optimization model. The
evolutionary algorithm for complex-process optimization
(EACOP) is introduced.The paper entitled “Nonlinear robust
control of a hypersonic flight vehicle using fuzzy disturbance
observer” by L. Zehngdong et al. is concerned with a novel
tracking controller design for a hypersonic flight vehicle
in complex and volatile environment. The attitude control
model is constructed with multivariate uncertainties and
external disturbances. The nonlinear disturbance observer
is introduced to estimate the influence of uncertainties and
disturbances on the flight control system. Also, fuzzy theory
is adopted to improve the performance of the nonlinear
disturbance observer. By analyzing the topology of China
Education and Research Network, it can be concluded that
it is different from the common Internet in several aspects as
in “Study of evolution model of China education and research
network” by G. Mao and N. Zhang. The evolution model of
the complex directed network is established which reflects
some main characteristics of China Education and Research
Network. In the work entitled “On themultipeakon dissipative
behavior of the modified coupled Camassa-Holm model for
shallow water system” by Z. Shen et al., the dissipative
property is taken into account for the modified coupled
two-component Camassa-Holm system after wave breaking.
Based on the obtained global dissipative solutions to the
modified coupled two-component Camassa-Holm system,
the dissipative multipeakon solutions are constructed. In the
paper entitled “Analysis of the degradation of MOSFETs in
switching mode power supply by characterizing source oscilla-
tor signals” by X. Zheng et al., the focus is on the detection of
incipient faults and on analyzing aging. The wiretap channel
with action-dependent states and rate-limited feedback is
established in “Wiretap channel with action-dependent states
and rate-limited feedback” by X. Yin et al. The capacity-
equivocation region and secrecy capacity of such a channel
are obtained.
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A novel fault detection method is proposed for detection process with nonlinearity and multimodal batches. Calculating the
Mahalanobis distance of samples, the data with the similar characteristics are replaced by the mean of them; thus, the number
of training data is reduced easily. Moreover, the super ball regions of mean and variance of training data are presented, which not
only retains the statistical properties of original training data but also avoids the reduction of data unlimitedly. To accurately identify
faults, two control limits are determined during investigating the distributions of distances and angles between training samples to
their nearest neighboring samples in the reduced database; thus, the traditional 𝑘-nearest neighbors (only considering distances)
fault detection (FD-kNN) method is developed. Another feature of the proposed detection method is that the control limits vary
with updating database such that an adaptive fault detection technique is obtained. Finally, numerical examples and case study are
given to illustrate the effectiveness and advantages of the proposed method.

1. Introduction

Fault detection has been one focus of recent efforts since
there existed a growing need for the quality monitoring
and safe operation in the practical process engineering [1–
4]. The objective existences of dynamic change, multiple
modes, and nonlinearity pose serious challenges for fault
detection proceeding in most of the process engineering,
such as semiconduction process [5–8]. Hence, an effective
and adaptive fault detection technology is worth investigating
in order to deal with these obstacles.

Note that nonlinear PCA method [9] dynamic PCA [10]
have been reported to be used for tackling dynamic and
nonlinear process. Following them, [11] investigated the fault
detection for nonlinear systems based on T-S fuzzy-modeling
theory. Reference [12] investigated the nonlinear systems
modeling and fault detection for electric power systems.
However, the aforementioned methods fail to work well for
the dynamic systemswith nonlinearity togetherwithmultiple
modes. Recently, [5, 6, 13–15] proposed some detection

techniques to jointly address the nonlinear, multimodal, and
dynamic behaviors of systems. References [5, 6] applied kNN
rule and improved PCA-kNN to fault detection for semicon-
ductor manufactory process with nonlinear and multimode
behaviors. Reference [14] proposed an adaptive local model
based on the monitoring approach for online monitoring of
nonlinear and multiple mode processes with non-Gaussian
information. Reference [15] proposed a data-based just-in-
time (JIT) SPC detection and identification technique, where
the distance was calculated and checked every time when
fault detection was conducted. Reference [13] reduced and
updated training database, and it presented JIT fault detection
method.

Note that it is the key how to determine the scale of
reduced database for precise fault detection. However, to the
best of the authors’ knowledge, how to reduce and update
the training samples set to lighten the computation load and
realize high detection performance has not been investigated
fully to date. Moreover, there are data drift and shift as
well as circumstance disturbance involved in the practical
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engineering application such that originally normal data may
be mistaken for fault, or vice versa. Time-varying control
limits design is a potential approach used to overcome the
above-mentioned negative factors, while few results have
been available in the literature so far, which motivates the
present study.

This paper is concerned with the two time-varying
control limits design used for online fault detection for
the multi-mode and nonlinear processes. The key idea is
that Mahalanobis distances among samples and super ball
domains of mean and variance of samples are first computed
by a JIT approach to reduce and update the training data
set as queries being detected. Then, two control limits are
computed in terms of both kNN distance and kNN angle
rules such that we can accurately identify whether the current
data is normal or not by on-line approach. It is worth pointing
out that two control limits vary according to the updating
database such that an adaptive fault detection technique that
can effectively eliminate the impact of data drift and shift
on the performance of detection process is obtained. Several
distinguished differences from the existing solutions to deal
with fault detection for industrial processes with nonlinear
and multi-mode behaviors are given below.

(1) Compared with [5, 6], FD-kNN method is improved
in the sense of the stochastic characteristic (mean) of
training samples’ angles to their 𝑘-nearest neighbor-
ing training samples being investigated to calculate
control limit. Thus, two control limits are derived,
which is the significant contribution in this paper.

(2) Different from [15], we propose a new fault detection
framework used to reduce and update database, as
well as vary control limits. Note that [5, 6] are not also
focused on this framework.

(3) There exist two significant differences from [13]. The
first one is that the method of reducing training
database. Here, two thresholds are proposed to con-
trol the reduction of data. The second one is that two
time-varying control limits used for detecting fault
are presented, while only one time-varying control
limit is derived in [13].

This paper is organized as follows. An algorithm of reduc-
ing training database is presented in Section 2. Section 3 is
dedicated to describe the on-line fault detection method.
Section 4 presents the results of experimental simulation.
Conclusions are stated in Section 5.

2. Reducing the Training Data Set

In this section, we will describe a technique of reducing the
training data set.

The need for reducing training samples in database
originates from the need to reduce calculation load and cost
expenditure for fault detection. However, the key is how
to control the reduction degree, while guaranteeing high
detection quality. Here, we try to utilize the property that the
closer the Mahalanobis distance between two samples is, the
more similar their basic features are. The basic idea is that

the two data with the closest Mahalanobis in database are
searched and substituted for the mean of them [16], and this
process is repeated until both mean of samples and variance
of samples exceed a specific threshold. Let X denote the
training data matrix with 𝑛 samples (rows) and 𝑚 variables
(columns), meanwhile, X also represents the raw data set
that consists of 𝑛 samples. The detailed algorithm is given as
follows.

Algorithm 1. One has the following.

Step 1.LetZ(𝑛×𝑚) = X(𝑛×𝑚) andV = (V
𝑖𝑗
) = ((𝑥

𝑖
− 𝑥
𝑖
)
󸀠

(𝑥
𝑗
−

𝑥
𝑗
)/(𝑛 − 1)) denote the covariance matrix of X, where 𝑥

𝑖
and

𝑥
𝑗
(𝑖, 𝑗 = 1, 2, . . . , 𝑚) are the stochastic variables, and those

means are denoted by 𝑥
𝑖
and 𝑥

𝑗
, respectively.

Step 2. Calculate the variance and mean of samples as V
𝑋
=

[V
11

V
22
⋅ ⋅ ⋅ V
𝑚𝑚
]
T and M

𝑋
= [𝑥

1
𝑥
2
⋅ ⋅ ⋅ 𝑥
𝑚
]
T, where

V
𝑖𝑖
denotes the sample variance corresponded to stochastic

variable 𝑥
𝑖
(𝑖 = 1, 2, . . . , 𝑚).

Step 3. For each sample, we calculate the Mahalanobis dis-
tances between it and all of the other samples stored in data
set Z, and we define a Mahalanobis distance matrixMD(𝑛 ×
𝑛) = (𝑚𝑑

𝑖𝑗
), where 𝑚𝑑

𝑖𝑗
(𝑖, 𝑗 = 1, 2, . . . , 𝑛) represents the

Mahalanobis distance between sample 𝑖 and sample 𝑗.

Step 4.Theminimumand nonzero element in each raw in the
matrixMD is searched and all of them construct a row vector
v (1 × 𝑛). Moreover, we record the place (column number) of
each minimum element in each row, and they are placed in
a row vector 𝑝(1 × 𝑛). Based on it, finding out the minimum
value in v(1 × 𝑛), and if its place in v(1 × 𝑛) is 𝑖 and No. 𝑖
element is 𝑗 in vector 𝑝(1 × 𝑛), then 𝑚𝑑

𝑖𝑗
is the minimum

value in thematrixMD(𝑛×𝑛), whichmeans theMahalanobis
distance between the sample 𝑖 and the sample 𝑗 is the closest
in training data set.

Step 5. LetingM = Z, the sample 𝑖 is replaced by the mean of
the sample 𝑖 and the sample 𝑗, and the sample 𝑗 is deleted;
thus, the matrix Z is reduced a row. Similar to Step 2, the
variance V

𝑍
and mean M

𝑍
of samples Z are calculated,

respectively. Set a threshold 𝜖, if the variance and mean of
samples Z belong to the 𝜀 super ball domain of the variance
and mean of samples X; that is, ‖M

𝑍
−M
𝑋
‖ ≤ 𝜀 and ‖V

𝑍
−

V
𝑋
‖ ≤ 𝜀, return to Step 3, where 0 ≤ 𝜀 < 1; otherwise, M is

the simplified data SET. Exit.

Remark 2. Note that the two similar samples are replaced by
the mean of them based on Mahalanobis distance; however,
the statistical characteristics of samples will remain essen-
tially unchanged since the threshold 𝜀 that bounds the ranges
of mean and variance-centered super ball domains limits the
reduction degree of training data. Obviously, the smaller the
threshold 𝜀, the fewer the samples deleted, and then good
detection results may be obtained since mean and variance
of raw data change less. However, too much data will have
heavy load on both storage cost and computation. Therefore,
we advise that a proper small threshold should be determined
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based on the compromise of lower cost and higher detection
performance. Obviously, Algorithm 1 is a kind of logical and
promising way of reducing training data.

Remark 3. As a matter of fact, our approach has obviously
extended the methods used to reduce database in [13, 16] in
the sense that the changes of mean and variance of raw data
set are limited inside two specific super ball domains. Few
changes in mean and variance of raw data set guarantee that
the statistical characteristics of raw data are unchanged to
some level.

3. Detection Method

The basic principle of the proposed fault detection method
in this paper is that the trajectory of an incoming normal
sample is similar to the trajectories of training samples that
consist of normal data, which means that the trajectory
of an incoming fault sample must exhibit some deviations
from the trajectories of normal training samples [5, 6].
In other words, the distance between a fault sample and
the nearest neighboring training samples must be greater
than a normal sample’s distance to the nearest neighboring
training samples, and a fault sample’s angle with the nearest
neighboring training samples must also be greater than a
normal sample’s angle with the nearest neighboring training
samples. Therefore, if we can determine the distribution
of training samples’ distances to their nearest neighboring
training samples and the distribution of training samples’
angles with their nearest neighboring training samples, we
can define two control limits for given confidence levels. A
query is considered abnormal if its distance to its nearest
neighboring training samples is beyond the control limit CL

𝑑

or the control limit CL
𝜃
. Otherwise, the query is normal.

In this section, we will give two fault detection methods.
One is that queries are identified with fixed control limits as
shown in Figure 1. In Figure 2, the other scheme in which
control limits are updated along with normal query updating
database also can be seen.

3.1. Fault Detection with Fixed Control Limits

(A) Offline Model Building

Algorithm 4. One has the following.

Step 1. Set 𝑖 = 1 choose positive integers 𝑘
1
, 𝑘
2
, and 𝑠 denotes

the number of data in the reduced databaseΩ.

Step 2. Find 𝑘
1
neighbors with the nearest distance and 𝑘

2

neighbors with minimum angle for sample 𝑖 in the database
Ω, respectively.

Step 3. Calculate the squared distances between sample 𝑖 and
its 𝑘
1
nearest neighbors and the angles between sample 𝑖 and

its 𝑘
2
neighbors.

Step 4. Calculate the mean𝑋
𝑖
of these squared distances and

the mean 𝜃
𝑖
of these angles.

Normal

Fault

Process

Query

Control
limits

Detection

Database

Reduced
database

Figure 1: Fault detection with fixed control limits.

Normal
update

Process

Query

Control
limits

Database

Fault

Update

Reduced
database

Detection

Figure 2: Fault detection with varying control limits.

Step 5. Set 𝑖 = 𝑖 + 1. If 𝑖 ≤ 𝑠, go to Step 2; otherwise, go to Step
6.

Step 6. Estimate the cumulative distribution functions of 𝑋
𝑖

and 𝜃
𝑖
to obtain CL

𝑑
and CL

𝜃
.

Remark 5. At Step 2, Euclidean distance is used since it is
simple and easy, but any other distance is also suitable for the
method proposed. For the choice of 𝑘

1
and 𝑘
2
, an alternative

approach is to try several different values of 𝑘
1
and 𝑘

2
on

historical data and choose the values that give the best cross-
validation [5, 6].

Remark 6. Two control limits CL
𝑑
and CL

𝜃
proposed in this

paper are determined in terms of cumulative distribution
functions for given confidence levels, which means that the
mean values of vast majority squared distance and angles
based on kNN rule for the normal samples do not exceed it.
For example, 95% control limit means a value within which
95%of population of normal operation data (calculatedmean
values) are included. Here, 95% is called confidence level
based on probability and statistical theory.
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Figure 3: Flow chart of proposed method with varying.

(B) Online Detection

Algorithm 7. One has the following.

Step 1. Calculate the squared distances between the query
𝑖 (𝑖 = 1, 2, . . .) and its 𝑘

1
-nearest neighbors and the angles

between it and its 𝑘
2
neighbors in the reduced data set Ω.

Step 2. Calculate the means of the above squared distances
and angles.

Step 3.The query is abnormal if the means are beyond either
CL
𝑑
or CL

𝑎
; otherwise, this query is normal. 𝑖 = 𝑖 + 1, return

to Step 1.

3.2. Fault Detection with Varying Control Limits. Firstly, we
performAlgorithm 4 to obtain two control limits CL

𝑑
or CL

𝑎

based on the reduced training data. Next, we continue to
carry outAlgorithm 8 that is obtained by rewritingAlgorithm
7.
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Figure 4: Training dataset (a) and left data under thresholds 𝜖 = 0.01 (b), 𝜖 = 0.015 (c), and 𝜖 = 0.02 (d).

Algorithm 8. One has the following.

Step 1. Calculate the distances between the query 𝑖 (𝑖 =
1, 2, . . .) and its 𝑘

1
-nearest neighbors and the angles between

it and its 𝑘
2
neighbors in the reduced data setΩ.

Step 2. Calculate the means of the above squared distances
and angles.

Step 3.The query is abnormal if the means are beyond either
CL
𝑑
or CL

𝑎
; then, 𝑖 = 𝑖 + 1, return to Step 1. Otherwise, this

query is normal and it can be put into the reduced database
to updated databaseΩ.

Step 4. Continuing to perform Algorithm 1 and Algorithm 4,
the new CL

𝑑
or CL

𝑎
are calculated. 𝑖 = 𝑖 + 1, return to Step 1.

More detailed implementation of Algorithm 8 is shown
in Figure 3.

Remark 9. Obviously, time-varying control limits obtained
by recalculating control limits when the new detected normal
data are added into database can reduce the effect of drift
and shift or circumstance disturbance on fault detection,
compared with the fix control limit [5, 6, 15]. However, it may
also increase computation complexity and cost expenditure.
It should be pointed out that Algorithm 1 is implemented
once the on-line detection process is completed as shown in
Algorithm 8.Thus the updated database can be reduced, such
that the low cost of storage and high fault detection quality
can be guaranteed simultaneously.

Remark 10. Comparedwith [5, 6, 9–13, 15], the technique that
reduces and updates training data set is a main contribution
in this paper. More importantly, as shown in Figure 3, the
varying control limits can be derived such that the adaptive
fault detection can eliminate the impact of data drift and shift
on the quality of fault detection to some extent. Moreover, we



6 Mathematical Problems in Engineering

0 0.005 0.01 0.015 0.02 0.025 0.03 0.035 0.04 0.045

0

0.005

0.01

0.015

0.02

0.025

Means of samples
Mean of training

−0.005

−0.01

−0.015

−0.02

y

x

Circular region r = 0.02

Circular region r = 0.02
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make use of two control limits to identify faults; it is natural
that detection performance is better by the method proposed
in this paper than that obtained in [5, 6].

Remark 11. Note that the database is updated by on-line
approach and confidence limits of statistics used for detecting
faults are also time-varying in [14]. For the sake of compari-
son, we give two differences. One is that the database is not
only updated but also reduced during detection process. The
other is that models of systems are not constructed, and two
controls limits are presented by investigating the statistical
characteristics.

Remark 12. In fact, the difficulties posed by nonlinearity,
dynamic changes, and multiple modes of control process on
fault detection have been addressed explicitly by the detection
method proposed, which comes as no great surprise, since
the kNN technique (handling nonlinearity and multiple
modes), the on-line detection, and update scheme (adapting
to dynamic changes) are integrated.

4. Numerical Examples

In this section, two examples are given to show the effective-
ness of the proposed fault detection technique. In Example 1,
firstly, we give the results of reducing training data set under
different thresholds and the main aim is to show the effect of
thresholds on the number of reducing training data; secondly,
we not only verify the effectiveness of the detection method
proposed in this paper for nonlinear process but also illustrate
that faults can be identified better under two control limits
than one control limit; in addition, comparative results are
given to show the advantages of this paper. In Example 2, we
verify the effectiveness of proposed detective technique under
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multiple modes.More importantly, the advantage of dynamic
and varying control limit can be shown.

Example 1. Consider the following dominant nonlinear and
single process mode:

𝑥
1
= 𝑥
3

2
+ noise. (1)

(A) Reduction of Training Data under Different Thresholds.
60 normal runs are operated for verifying the method of
reducing training data set. Here, three thresholds 𝜖 = 0.01,
𝜖 = 0.015, and 𝜖 = 0.02 are set, corresponding to which
Table 1 gives the number of left samples in the reduced data
set, and the upper bounds of distance deviations between
mean and variance of left data and those of the training data
can also be seen in Table 1. Figure 4 shows the training data
set and the reduced data set under different thresholds.

As shown in Table 1 and Figure 4, the left data become
less and less and distance deviations of mean and variance
increase with the threshold increasing. Then, a small thresh-
old is favorable in order that the characteristics of training
data is retained leading to better detection results. To clearly
describe the reducing data process, we give Figures 5–7. In
Figure 5, the red star denotes the mean of training data, and
blue stars with dashed line describe the changes of means of
training sample during reducing process under threshold 𝜖 =
0.02. Similarly, Figures 6 and 7 show the changes of variance
of sample under the aforementioned threshold.Moreover, the
circular regions (when the dimension of sample exceeds 3, we
use the supper ball regions) with radius of 0.02 are shown in
Figures 5 and 7, respectively.

(B) Verification of the Detection Method Proposed and
Comparison with Relevant Results. Continuing to operate
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Table 1: Reduction of Database.

Thresholds Left data ‖M
𝑍
−M
𝑋
‖ ‖V

𝑍
− V
𝑋
‖

0.01 57 0.0103 0.0015
0.015 48 0.0173 0.0036
0.02 34 0.0261 0.0092

the system (1), we obtain 300 normal data used for train-
ing data, 5 normal runs used for validation, and 10 faults
introduced and all of these data are shown in Figure 8.
Some necessary parameters used in Algorithms 1 and 4 and
obtained results are given in Table 2. Here, two confidence
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Figure 9: Fault detection by the method in this paper.
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Figure 10: Fault detection by kNN method [5].

Table 2: Summary of parameters in Example 1.

𝜀 𝑘
1
𝑘
2

CL
𝑑

CL
𝜃

Left data
0.01 5 5 4.8628𝑒 − 004 0.5510 268

levels 99% and 85% are chosen to obtain the CL
𝑑
and CL

𝜃
.

The detection result by the method in this paper is presented
in polar coordinates shown in Figure 9. Clearly, the normal
data should belong to the area enclosed by the polar axis,
a ray with polar angle CL

𝜃
and polar radius CL

𝑑
based on
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Algorithm 7, and the data outside the area are faults. It should
be pointed out that faults that do not appear in Figure 9 have
exceeded the display extent. From Figure 9, all of faults are
accurately identified. Simulation results presented illustrate
that defection performance does not suffer degradation by
virtue of the reduced data set, which will contribute to saving
storage space and reducing the computational complexity.
Figures 10 and 11 show the detection results by the method
proposed in [5, 13], respectively. In Figure 10, fault 3 is
identified as normal and faults 1, 3, and 4 are mistaken
for normal data in Figure 11. The single control limit based
on the nearest distances is used in [5, 13] to detect data,
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Figure 13: Fault detection by the proposed method.
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while two control limits obtained by utilizing the distribu-
tions of 𝑘-nearest distances and smallest angles are used
in detective process in this paper. By comparison with the
methods in [5, 13], the advantage of the detective technique
with two control limits over one control limit is obvious.

Example 2. Considers the following bimodal cases [5, 6]:

(A) 𝑥
1
= 2𝑥
2
+ noise,

(B) 𝑥
1
= 1.5𝑥

2
+ 6 + noise.

(2)
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Figure 15: Fault detection by the proposed method.

The above two cases are operated to produce 200 normal
data, respectively, and continue to be operated to produce 10
faults that are used for the defection, respectively. Moreover,
the first case is operated to produce 10 normal data and 50
normal data are produced in operating the second case, then
the total 60 normal data are used for validation. All data are
given in Figure 12. Similar to Example 1, both 𝑘

1
and 𝑘

2
are

set to be 10, and the confidence level is chosen as 99% and
90% to calculate the CL

𝑑
and CL

𝜃
, respectively. Threshold

𝜖 = 0.03 is set. When validations are detected, data set is
updated and reduced, and control limits are also updated.
At last, 299 normal samples are left to use for fault detection.
The detection results by the proposed method in this paper
is presented in Figures 13 and 14. As shown in Figures 13 and
14, control limits CL

𝑑
and CL

𝜃
are updated as the validations

are identified and all of faults are identified correctly. Note
that the normal sample 13 used for validation is correctly
identified, while it is mistaken for fault under the fix control
limit (similar to [15]), which illustrates the advantage of the
varying control limits.

5. Case Study

In this section, all of data used for training and validation are
produced from an AL stack etch process that was performed

on a commercial scale Lam 9600 plasma etch tool at Texas
Instrument, Inc. [17]. It is well known that AL stack etch
process is characterized by the multiple modes and nonlin-
earity, and it is usually accompanied by data drift and shift. By
Algorithm 8, the control limits CL

𝑑
= 7.8537𝑒+09 andCL

𝜃
=

1.5165 are calculated, respectively. Changing training data, 5
faults are obtained. Figure 15 shows the detection results by
the proposed method in this paper. One can clearly see that
almost all of validations are identified as normal data and all
of faults exceed the control limit CL

𝑑
. This case illustrates the

effectiveness of the proposed method.

6. Conclusions

This paper studies an adaptive fault detectionmethod faced to
process engineering with nonlinear and multimodal behav-
iors. The main idea is as follows: firstly, the training database
is reduced and updated by on-line approach to lighten storage
load and obtain varying control limits; next, two control
limits are determined by investigating the distributions of
the kNN squared distances and kNN angles of normal
samples to guarantee high quality of detection.Thedeveloped
FD-kNN method based on local neighborhoods naturally
handles process nonlinearity and multimodal environment.
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We highlight that two control limits are actively adjusted by
on-line approach to overcome effect of drift and shift on the
quality of detection.Thus, queries can be identify as correctly
as possible. Finally, numerical examples and case study are
given to illustrate the effectiveness and advantages of the
proposedmethod.With the development of signal estimation
technology of networked nonlinear stochastic systems [18–
20], on-line and adaptive fault detection methods for these
systems based on updated database will be discussed in the
future.
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In recent years, theoretical and practical research on large-scale networked systems has gained an increasing attention frommultiple
disciplines including engineering, computer science, and mathematics. Lying in the core part of the area are the distributed
estimation and fault detection problems that have recently been attracting growing research interests. In particular, an urgent
need has arisen to understand the effects of distributed information structures on filtering and fault detection in sensor networks.
In this paper, a bibliographical review is provided on distributed filtering and fault detection problems over sensor networks. The
algorithms employed to study the distributed filtering and detection problems are categorised and then discussed. In addition, some
recent advances on distributed detection problems for faulty sensors and fault events are also summarized in great detail. Finally,
we conclude the paper by outlining future research challenges for distributed filtering and fault detection for sensor networks.

1. Introduction

1.1. Sensor Networks. Sensor networks have recently been
undergoing a quiet revolution in all aspects of the hard-
ware implementation, software development, and theoretical
research. In addition to the universal attributes of complex
networks, sensor networks do possess their own characteris-
tics due mainly to the large number of inexpensive wireless
devices (nodes) densely distributed and loosely coupled over
the region of interest. The past decade has seen successful
applications of sensor networks in many practical areas
ranging from military sensing, physical security, and air
traffic control to distributed robotics and industrial and
manufacturing automation. Accordingly, theoretical research
on sensor networks has gained an increasing attention from
multiple disciplines including engineering, computer science,
and mathematics. Lying in the core part of the area are
the distributed estimation and filtering problems that have
recently been attracting growing research interests.

For distributed estimation/filtering problems, the inher-
ently asynchronous sensor network is comprised of a large

number of sensor nodes with computing and wireless com-
munication capabilities, where the nodes are spatially dis-
tributed to form a wireless ad hoc network and every node
has its own notion of time. Each individual sensor in a
sensor network locally estimates/filters the system state from
not only its own measurement but also its neighbouring
sensors’ measurements according to the given topology. The
possible complexity of such a topology posesmany challenges
for scientists and engineers, and it is difficult to analyse
these networks thoroughly with currently available estima-
tion/filtering algorithms. Therefore, there is an urgent need
to research on modelling, analysis of behaviours, systems
theory, estimation, and filtering in sensor networks. Numer-
ous fundamental questions have been addressed about the
connections between sensor network topology and dynamic
properties including stability, controllability, robustness, and
other observable aspects. However, some major problems
have not been fully investigated, such as the behaviour of
stability, estimation, and filtering for sensor networks with
incomplete/imperfect/stochastic topology, as well as their
applications in, for example, distributed signal processing.
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Sensor networks have already become an ideal research
area for control engineers, mathematicians, and computer
scientists to manage, analyze, interpret, and synthesize func-
tional information from real-world sensor networks. Sophis-
ticated system theories and computing algorithms have been
exploited or emerged in the general area of distributed sensor
networks, such as analysis of algorithms, artificial intelli-
gence, automata, computational complexity, computer secu-
rity, concurrency and parallelism, data structures, knowledge
discovery, DNA and quantum computing, randomisation,
semantics, symbol manipulation, numerical analysis, and
mathematical software.This survey aims to bring together the
latest approaches to understanding, estimating, and filtering
complex sensor networks in a distributed way.The references
discussed in this paper include, but are not limited to the
following aspects of sensor networks: (1) systems analysis of
distributed sensor networks; (2) distributed parameter identi-
fication of sensor networks; (3) robustness and fragility anal-
ysis of distributed sensor networks; (4) methods and algo-
rithms for sensor network dynamics; and (5) distributed esti-
mation and filteringwith limited communication constraints.

1.2. Distributed Filtering. Over the past ten years or so, the
sensor networks (SNs) have proven to be a persistent focus of
research attracting an ever-increasing attention in the areas
of systems and communication. A typical sensor network
is composed of a large number of spatially distributed
autonomous sensor nodes and also a few control nodes,
where each sensor has wireless communication capability as
well as some level of intelligence for signal processing and
for disseminating data [1–7]. The development of sensor net-
works was originally motivated by military applications such
as distributed localization, power spectrum estimation, and
target tracking problems. With recent intensive research in
this area, sensor networks have awide-scope domain of appli-
cations in areas such as environment and habitat monitoring,
health care applications, traffic control, distributed robotics,
and industrial and manufacturing automation [1–3, 8, 9].

As one of the most fundamental collaborative infor-
mation processing problems, the distributed filtering or
estimation problem for sensor networks has gained particular
concerns frommany researchers and awealth of the literature
has appeared on this topic; see, for example, [10–19] and
the references therein. For distributed filtering problems, the
information available on an individual node of the sensor
network is not only from its own measurement but also from
its neighboring sensors’measurements according to the given
topology. As such, themain difficulty in designing distributed
filters lies in how to copewith the complicated coupling issues
between one sensor and its neighboring sensors and how to
reflect such couplings in the filter structure specification.

1.3. Distributed Fault Detection. On another research front,
the fault detection problem has been an active field of
research for the past decades because of the ever increasing
demand for higher performance, higher safety, and reliability
standards [20–33]. In sensor networks, sensor nodes have
strong hardware and software restrictions in the light of

processing power, memory capability, battery supply, and
communication throughput, and faults are likely to occur
frequently due to the low cost and the uncontrolled or even
harsh environment where the sensor nodes are deployed. It
is thus indispensable for the sensor networks to be able to
detect, locate the faulty sensor nodes, and take actions to
exclude them from the network during normal operation
in order to ensure the network quality of service. Recently,
some localized and distributed generic algorithms have been
addressed inwireless sensor networks and a number of results
about the distributed fault detection and fault tolerance have
been published in the literature.

1.4. Structure of the Survey. The focus of this paper is to
provide a timely review on the recent advances of the
distributed filtering and fault detection issues for sensor
networks. The rest of this paper is outlined as follows.
In Section 2, the related results in the area of distributed
filtering for wireless sensor networks are reviewed.The study
contains a classification of different methods concerning
distributed filtering. A comparison of different approaches
is briefly summarized. Section 3 discusses the distributed
fault detection problems over sensor networks. Both the
distributed faulty sensors detection and distributed fault-
event detection are carried out and explained separately. In
Section 4, we give some concluding remarks and also point
out some future directions.

2. Distributed Filtering for Sensor Networks

2.1. Traditional Kalman Filtering Approach. In recent years,
the distributed filtering problem for sensor networks has
received a fast growing research interest and some efficient
distributed filtering/state estimation algorithms have been
available in the literature; see, for example, [10, 11, 34–39] and
the references therein.

The available algorithms, which can estimate stationary
signals with low-cost and track nonstationary processes with
reduced complexity, have a variety of engineering applica-
tions such as battlefield surveillance and target tracking. For
example, a distributed Kalman filtering (DKF) algorithm has
been introduced in [38] through which a crucial part of the
solution is utilized to estimate the average of 𝑛 signals in
a distributed way. Accordingly, this elegant algorithm has
been developed in [34–36, 40, 41] with different sensing
models and dynamic consensus protocols. The notion of
distributed bounded consensus filters has been introduced
in [19] and the convergence analysis has been conducted
for the corresponding distributed filters. In [14, 17, 42], the
optimal distributed estimation algorithm has been proposed
to adaptively update theweights forminimizing the estimated
mean-square error.The diffusion-based Kalman filtering and
smoothing algorithm has been established in [10, 11], where
the information is diffused across the network through a
sequence of Kalman iterations and data aggregation. In mul-
tisensor linear systems, several efficient algorithms including
the centralised sensor fusion, distributed sensor fusion, and
multialgorithm fusion to minimize the Euclidean estimation
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error of the state vector have been presented in [43, 44].
In [45–47], the distributed particle filtering algorithm has
been investigated as a response to offload the computation
from the central unit as well as to reduce converge cast
communication. References [48, 49] have introduced the
maximum-likelihood approach in order to achieve the best
possible variance for a given bandwidth constraint.

Looking into the issues discussed above, it can be
observed that most available literature concerning the dis-
tributed filtering problems have been mainly limited to
the traditional Kalman filtering theory that requires exact
information about the plant model.

2.2. Robust and/or 𝐻
∞

Filtering Approach. In the presence
of modeling errors, parameter uncertainties, and external
disturbance, it is difficult to ensure the robustness of the
traditional Kalman filters especially when the unavoidable
parameter drifts or external disturbances occur. Note that
the robust performance of the available distributed filters
has not been paid adequate research attention despite its
clear engineering significance. In this sense, it is of great
significance to include the robust and/or 𝐻

∞
performance

requirements for the distributed filtering problems.
Very recently, a new distributed 𝐻

∞
-consensus perfor-

mance has been defined in [50] to quantify bounded con-
sensus regarding the filtering errors over a finite horizon, the
distributed filtering problem has been addressed for a class
of linear time-varying systems in the sensor network, and the
filter parameters have been designed recursively by resorting
to the different linear matrix inequalities.The𝐻

∞
-consensus

performance presented in [50] has been utilized in [39] to
deal with the distributed 𝐻

∞
filtering problem for a class of

polynomial nonlinear stochastic systems in sensor networks.
Subsequently, the desired distributed 𝐻

∞
filters have been

designed in terms of the solution to certain parameter-
dependent linear matrix inequalities. A stochastic sampled-
data approach has been addressed in [16] to investigate the
distributed𝐻

∞
filtering in sensor networks. In [51], an𝐻

∞
-

type performancemeasure of disagreement between adjacent
nodes of the network has been included and a robust filtering
approach has been proposed to design the distributed filters
for uncertain plants.

2.3. Filtering with Incomplete Information. It is worth noting
that most reported results concerning the distributed filter-
ing/estimation algorithms are for linear and/or deterministic
systems. Since nonlinearities are ubiquitous in practice, it is
necessary to consider the distributed filtering problem for
target plants described by nonlinear systems. On the other
hand, distributed filtering in a sensor network inevitably suf-
fers from the constrained communication and computation
capabilities that would degrade the network performances.

It is well known that, accompanied by the rapid devel-
opment of network technologies, the network-induced phe-
nomena have been thoroughly investigated for filtering
and control problems of networked systems [13, 21, 52–
73]. Considering the case that the occurrence of incom-
plete information in sensor networks is more complex and

severer due primarily to the network size, communication
constraints, limited battery storage, strong coupling, and
spatial deployment, the distributed filtering problem has
been investigated in [74–76] for several classes of nonlinear
stochastic systems over lossy sensor networks. The issue of
average𝐻

∞
performance constraints has been brought up in

[74], and then the distributed𝐻
∞
filtering problem has been

investigated for system with repeated scalar nonlinearities
and multiple probabilistic packet losses. Moreover, in [75],
the distributed filtering problem has been further extended
to the nonlinear time-varying systems with limited commu-
nication. The lossy sensor network suffers from quantization
errors and successive packet dropouts that are described
in a unified framework. A new distributed finite-horizon
filtering technique bymeans of a set of recursive linearmatrix
inequalities has been proposed to satisfy the prescribed
average filtering performance constraint.

In addition, the distributed 𝐻
∞

filtering problem has
been investigated in [76] for a class of discrete-time Marko-
vian jump nonlinear time-delay systems with deficient statis-
tics of modes transitions. In [77], a new approach has been
proposed in virtue of the solvability of certain coupled
recursive Riccati difference equations (RDEs) to deal with
the distributed 𝐻

∞
state estimation problem for a class of

discrete time varying nonlinear systems with both stochastic
parameters and stochastic nonlinearities.

3. Distributed Fault Detection for
Sensor Networks

Wireless sensor networks (WSNs) are a multihop self-
organized network system through wireless communication
in which the failed nodes may decrease the service quality
of the entire WSNs and create huge burden to the limited
energy. In recent years, a growing number of efforts have been
focused on the development of the fault detection methods
for sensor nodes.

In [78], the online model-based detection of sensor
faults has been first investigated by the cross-validation-based
technique in which statistical methods are utilized to identify
the sensors that are most likely to be faulty. This technique is
centralized and can be applied to a broad set of fault models.
A distributed fault detection scheme for sensor networks has
been proposed in [79] to identify the faulty sensors, where
each sensor nodemakes a decision based on the comparisons
between its own sensing data and neighbors’ data. The
scheme, however, has the shortcoming of reducing the fault
detection accuracy in the case that the number of neighbor’s
nodes to be diagnosed is small. In [80], an improved dis-
tributed fault detection algorithm based on weighted average
value has been addressed by defining a new detection crite-
rion to remedy the shortcoming that mentioned above. The
scheme detects the sensor fault using spatial and time infor-
mation simultaneously, where each sensor node identifies its
own status based on local neighbor’s average sensed data with
some thresholds, hence maintaining low false alarm rate.

By using the spatial correlation of sensor measurements,
a weighted median fault detection scheme has been intro-
duced in [81] to detect the faults in WSNs. Reference [82]



4 Mathematical Problems in Engineering

has studied the problem of designing a distributed fault-
tolerant decision fusion in the presence of sensor faults,
where sensor fault detection scheme has been put forward
to eliminate unreliable local decisions when performing
distributed decision fusion. In [83], an agreement-based fault
detection mechanism has been presented to detect cluster-
head failures in clustered underwater sensor networks. Fur-
thermore, a schedule generation scheme for a cluster head
has been introduced to generate the transmission schedule
of the forward and backward frames. The distributed fault
detection problem has been investigated in [84] for WSNs,
where each sensor node discerns its own status in view of
local comparisons of sensed data with some thresholds and
transfers the test results. It is well known that the basic idea
of the distributed fault detection methods for sensor nodes is
to check out the failed nodes by exchanging data andmutually
testing among neighbor’s nodes in this sensor networks.

It is worth pointing out that, apart from the development
of distributed fault detection methods for sensor nodes, the
distributed fault-event detection, which serves as a much
more useful application in a sensor network, has also received
much research attention. In [85], a distributed Bayesian
fault recognition algorithm has been presented to solve the
fault-event detection problem in sensor networks, where
the randomized decision scheme and the threshold decision
scheme have been used to derive analytical expressions for
their detected performance. The proposed algorithm has the
superiority of being completely distributed and localized
each node by obtaining the information from neighboring
sensors in order to make its decisions. A localized fault
identification algorithm has been proposed in [86] to identify
the faulty sensors and detect the reach of events in sensor
networks, where each sensor node compares its own sensed
data with themedian of neighbors’ data in order to determine
its own status. In [87], a fault detection scheme for an
event-driven wireless sensor network has been addressed
by using an external manager, which can perform more
complex functions compared to the sensor nodes. In [88],
a fault-tolerant energy-efficient detection scheme has been
presented to introduce the sensor fault probability into the
optimal event detection process. For a given detection error
bound, the minimum neighbors are selected to minimize the
communication volume during the fault correction. It is also
noted that the proposed distributed fault detection methods
for sensor networks have a widely application fields such as
the management of a reservoir [89] and integration of supply
networks [90].

4. Conclusions and Future Work

In this paper, we have discussed and reviewed results, mostly
from relatively recent work, on the problems of distributed
filtering and fault detection for sensor networks. The various
distributed filtering and fault detection technologies over
sensor networks have been surveyed in great detail. Based
on the literature review, some related topics for the future
research work are listed as follows.

(i) A trend for future research is to generalize the meth-
ods obtained in the existing results to the distributed

filtering and fault detection problems for nonlinear
stochastic complex networks systems with randomly
occurring incomplete information.

(ii) The nonlinearities considered in the existing results
have some constraints that may bring somewhat
conservative results. An additional trend for future
research is to investigate the distributed filtering and
fault detection problems for the general nonlinear
systems for sensor networks.

(iii) Another future research direction is to further inves-
tigate the problems of nonparametric and robust
sequential distributed detection for sensor networks.

(iv) The techniques such as conditional statistical tests
and multivariate procedures in the presence of non-
parametric hypotheses can be applied fruitfully in
distributed fault detection applications.
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A wireless ad hoc network is composed of several tiny and inexpensive device such as wireless sensor networks (WSNs) which have
limited energy. In this network energy, efficiency is one of the most crucial requirements. Data transmitting in minimum power
level is one way of maximizing energy efficiency. Thus, transmission power level of nodes should be managed in a smart way to
improve energy efficiency. Topology control is one of the main algorithms used in a wireless network to decrease transmission
power level while preserving network connectivity. Topology control could improve energy efficiency by reasonably tuning the
transmission power level while preserving network connectivity in order to increase network capacity and lifetime. In pursuit of
energy efficiency and connectivity, nodes can be selfish and are conflicting with each other. Therefore to overcome the conflict,
game theory is used to construct energy efficient topology, as well as minimizing energy consumption. In this paper, the main goal
and most recent energy efficient topology control algorithms in WSNs and ad hoc network are classified and studied according to
their specific goals.

1. Introduction

Wireless sensor networks (WSNs) are a particular type
of ad hoc network, in which the nodes are autonomous.
These nodes are tiny devices equipped with communication
component, data computation, and sensing capability [1–3].
In this type of network, each node collects information from
the target area and sends this information to a sink, through
a multihop communication network. A wireless network
consists of hundreds to thousands nodes, which are deployed
either inside the target area or very close to the target area.
Upon an event happening or during monitoring sessions, the
wireless nodes will collect and report this information to the
sink node for further analysis.

These wireless networks can be used for many important
applications such as health care, intrusion detection and
plants control, weather monitoring, security and tactical
surveillance, disaster monitoring, and ambient conditions
detection [1, 4]. As an example, in forest fire early detection
system [5], wireless temperature and smoke wireless nodes
are installed in the forest to detect fire or smoke in its

early stage, without deploying complicated wired structures.
Another application is in a battlefield, a soldier can be aware
of the status of friendly troops or the availability of equipment
by their information collected from wireless networks [6].

Energy efficiency is one of the main requirements in
sensor networks [7]. Nodes in wireless sensor network are
powered with limited energy resource for variety of applica-
tions and thus have limited lifetime. Therefore, the energy
resource of sensor nodes must be managed efficiently to
improve the network lifetime. Moreover, sensor nodes are
equipped with storage device, communication radio, and
computation device, all of which are powered with limited
battery provision. Thus, it is mandatory that every node be
energy efficient; this not only maximizes the node’s lifetime
but also maximizes the network performance. Designing
an energy efficient algorithm for the desirable network
performance is necessary.

Wireless networks performance can be enhanced by
designing energy efficient algorithm. One way for maximiz-
ing energy efficiency is transmitting data with minimum
power level. Topology control (TC), that is, the study of how
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to adjust each node power level so as to increase network
goals, is an algorithm used to improve network performance.
In topology control, sensor network is abstracted as graph
consisting of sets of wireless nodes and communication
links between these nodes. The role of a topology control
algorithm is to dynamically adjust transmission power level
of defined set of neighbor nodes for each node. The aim is
to construct efficient networks and satisfy energy efficiency,
energy balancing, and network connectivity. By minimizing
transmission power level, nodes collaboratively set their opti-
mal transmission range instead of maximum transmission
level and TC helps constructing energy efficient topology,
thereby improving network lifetime. The most important
challenges in topology control are briefly summarized below.

(1) Fully Distributed Control. Inmany scenarios, nodes, which
execute a task selfishly to save energy, are expected to work
unattended in remote geographic areas under critical envi-
ronmental conditions. Therefore, topology control method
should adopt a fully distributed control structure [8, 9].

(2) Transmission Power Selection.Deploying several hundreds
to thousands of inaccessible and unattended wireless nodes,
which are prone to failures, makes topology control as an
ambitious task. Each node selects its own power range while
preserving network connectivity by topology control [10–12].
This act must not intervene the formal service in the wireless
networks and the system must be enough node degree to
increase the network real-time packet delivery and adaptive
to select transmission power range.

(3) Energy Balance Topology Control. In wireless network,
each node chooses nodes with higher residual energy to
minimize the energy consumption of nodes with low residual
energy, even though more power is needed [13–15]. Hence,
the constructed topology must have the properties such as
balanced energy consumption.

(4) Energy Efficient Topology Control. Despite the capacity
of battery, wireless networks should operate for a relatively
long period of time, since it might be impossible to recharge
or replace node batteries. The lifetime can be improved
by utilizing the energy-efficient topology control algorithms
[16–18].

From the above discussion, clearly good research is
necessary to address topology control problem. Hence, dur-
ing topology control, it is desired to obtain the minimum
transmission power levels of the nodes while preserving
the network connectivity capability. Although, the minimum
transmission power levels of network is important during
topology process, the energy efficiency and energy balance
across the topology control should be maintained during the
operation.

In wireless network, nodes act selfishly and conflict
with each other in pursuit for energy efficiency and con-
nectivity [19–21]. If the nodes select lower transmission
range, the constructed topology will be disconnected. In
reverse, if nodes select high transmission power level, the
interference among nodes will raise, leading to high energy

consumption. The main problem is how to establish a trade-
off between connectivity and energy efficiency for each
node. Game theory is used to solve the conflicting objec-
tives of nodes seeking to achieve connectivity and energy
efficiency.

The rest of this paper discusses energy efficiency topol-
ogy control issues in WSN and highlights the limitations
of existing topology control algorithms. After describing
the basics of ad hoc and wireless sensor networks in the
following section with some examples for each category of
the detailed topology control taxonomy presented in Figure 1,
game theory is briefly elaborated in Section 2. Section 3
discusses heterogeneous transmission power. The homoge-
neous transmission power control is discussed in Section 4,
which consists of centralized and distributed energy efficient
topology control algorithms. Topology control algorithms are
discussed in Section 5. Finally, Section 6 discussed conclu-
sions.

2. Game Theoretic Definition
and Preliminaries

Game theory is one of the fundamental mathematical tools
that has been used for analyzing between rational and intel-
ligent players. Game theory has been used in a system, with
regard to action and pay-off. A review of some fundamental
definitions and concepts in game theory that will be used and
applied throughout this research are stated in the literature
[22, 23].

2.1. Game, Strategy, and Equilibrium. A game consisted of
players, the possible strategy of the players, and consequences
of the strategy. The definition of the game is given in
Definition 1.

Definition 1. A game Γ has three elements ⟨𝐼, 𝐴, 𝑢⟩, where

(i) player set 𝐼 = 1, . . . , 𝑛, where 𝑛 is number of players in
game,

(ii) action set 𝐴 = ×
𝑖∈𝐼
𝐴
𝑖
is the space of all action vector,

in which each 𝑎
𝑖
of the vector 𝑎 ∈ 𝐴 belongs to the

set 𝐴
𝑖
, the set of actions of player. It is the Cartesian

product of an action for each player 𝑖,
(iii) 𝑢 is a utility of player 𝑖 over outcomes defined by

strategy profile. For a particular action 𝑎, 𝑢(𝑎) =

(𝑢
𝑖
(𝑎), 𝑢
2
(𝑎), . . . , 𝑢

𝑖
(𝑎)) is called a individual utility

function 𝑢
𝑖
(𝑎).

In wireless network infrastructure, the nodes are often the
players during a game, in which the nodes are constructing a
connected topology. Recall that some of the features under
its control are classified by transmission power (action list) 𝑝.
Thus, the best action might be chosen from the transmission
power list 𝑝. In essence, the collection of the best actions
determines the outcome of the game. Transmission power
level considers the outcome with network connectivity by
minimum energy consumption. However, some players are
conflicting with each other by this outcome. Game theory
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Figure 1: Taxonomy of energy-efficient topology construction protocols.

can predict this outcome among the game. Nash equilibrium
(NE) is one of the best solutions for outcome problem in
game theory [24, 25]. An NE has mean features and is a fixed
point. From this fixed point, no player has any incentive to
deviate from its action. Therefore, an NE can predict the
outcome of a game.

Definition 2. The action profile 𝑎
∗ is an NE, if 𝑢

𝑖
(𝑎
∗

) ≥

𝑢
𝑖
(𝑎
𝑖
, 𝑎
∗

−𝑖
) for every action 𝑎

𝑖
of a player 𝑖.

Based on Definition 2, the most action of a player is to
avoid unstable strategy and play in the best strategy. When
many strategies exist, it denotes a best response for each
player, given the strategies of the other players. So that player
can pick its best response accordingly.

Definition 3. Anaction 𝑎󸀠 ∈ 𝐴
𝑖
is the best response of strategy

for a player 𝑖 if and only if 𝑢
𝑖
(𝑎
󸀠

𝑖
, 𝑎
−𝑖
) ≥ 𝑢
𝑖
(𝑎
𝑖
, 𝑎
−𝑖
), for all 𝑎

𝑖
∈

𝐴
𝑖
\ 𝑎
󸀠

𝑖
.
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Definition 3 elaborates why NE is the stable point of the
best response. Based on existence of pure strategy of NE, sta-
ble point of NE can be found. Sometimes game has multiple
equilibria. The task of getting rid of the undesirable ones is
another issue which needs more attention. Furthermore, one
player wants the convergence of the game properties and the
problem is further compounded when some NE exists.

There is a special class of game theory for existence of
the best strategy and convergence to the properties. Denote
how Definition 3 can help for best strategy-based algorithm
to come up with some NE of the game.

2.2. Potential Games. In a potential game, the consequences
of any individual player’s change in strategy are implied
by the potential function. General games do not need to
possess pure Nash equilibrium, while this is not the case for
potential games [26]. Beyond merely possessing pure Nash
equilibrium, potential games also provide a straightforward
algorithm for agents to learn to play a pure Nash equilibrium
and the best response dynamics. Moreover, the best response
dynamic is the simplest of the learning dynamics.

Definition 4. Ordinal potential function (OPF): a game is an
ordinal potential function Φ : 𝐴 → 𝑅 such that for any
player 𝑖, any joint action 𝑎 ∈ 𝐴 and any action 𝑎 ∈ 𝐴

𝑎
:

𝑢
𝑖
(𝑎) − 𝑢

𝑖
(𝑎
𝑖
, 𝑎
−𝑖
)

= 𝜙
𝑖
(𝑎) − 𝜙

𝑖
(𝑎
𝑖
, 𝑎
−𝑖
) .

(1)

𝜙 is Exact Potential Function (EPF).

Definition 5. A game Γ is an ordinal potential game (OPG)
𝑎 ∈ 𝐴 and any action 𝑎 ∈ 𝐴

𝑖
:

𝑢
𝑖
(𝑎) − 𝑢

𝑖
(𝑎
𝑖
, 𝑎
−𝑖
) > 0

⇐⇒ 𝜙
𝑖
(𝑎) − 𝜙

𝑖
(𝑎
𝑖
, 𝑎
−𝑖
) > 0.

(2)

According to Definitions 4 and 5, an EPG is an OPG with
the similar potential function. Potential games with action
vector are known to be fixed at least on one NE as the best
strategies [26]. The following lemma shows how NE of the
game can be classified.

Lemma6. Let Γ be anOPGand let𝜙 be its correspondingOPF.
If 𝑎 ∈ 𝐴maximizes 𝜙, then it is a Nash equilibrium.

Proof. From Definition 5 we have that Γ is an OPG. Γ is
better response dynamic and has defined an improvement
path, a sequential of improving action, which is finite. The
equilibrium set of Γ(𝑢) coincides with equilibrium set of Γ(𝜙).
Then, 𝑎 ∈ 𝐴 is an equilibrium for Γ if and only if for every
𝑖 ∈ 𝐼, 𝜙(𝑎) ≥ 𝜙(𝑎

𝑖
, 𝑎
−𝑖
) for all 𝑎

−𝑖
∈ 𝐴
𝑖
. Consequently, if 𝜙

used a maximal point in 𝐴, based on the finite improvement
path (FIP) property of potential game [26], Γ can be converge
to equilibrium. And each player can maximize its utility, as
far as possible tomaximize potential function. Based onNash
equilibrium, no node can maximize its utility by changing its
action. Γ can converge to the Nash equilibrium.

Based on Lemma 6, potential function is a subset of the
NE of a potential game. For identification of NE in game, it is
required to identify the potential functions. In addition to its
NE, potential games have convergence properties, yet, selfish
adaptations. The balance between efficiency and stability is
fundamental for any dynamic system, specifically in a mutual
system of independent selfish players. Moreover, in NE, sense
stability is based on self-interest whereas system efficiency
is based on general interest. Prisoners’ Dilemma in [27]
is a classical sample that demonstrates the inefficiency of
the stable outcomes. The efficiency concept is called Pareto
optimality in game theory.

Definition 7. An action set 𝑎󸀠 is Pareto optimality (OP) 𝑎 ∉ 𝐴

such that 𝑢
𝑖
(𝑎) > 𝑢

𝑖
(𝑎
󸀠

) and 𝑢
𝑗
(𝑎) < 𝑢

𝑗
(𝑎
󸀠

) for 𝑗 ∈ 𝐴.

Definition 7 elaborates how, from a Pareto Optimal (PO)
state, it is inconceivable to change into another state and
increase the pay-off of agents without minimizing the pay-
off of some other agents. The terminologies and definitions
illustrated in this subsection are used as the preliminaries of
review algorithms art of the misbehavior mitigation system.
In the rest of the paper, the above terminologies and defini-
tions will be used frequently.

3. Heterogeneous Transmission Power Control

In heterogeneous networks, nodes have different transmis-
sion power levels. The assumption of heterogeneous nodes
does not hold the same type; therefore, they may have
slightly different maximal transmission power. There also
exist heterogeneous wireless networks in which devices have
dramatically same capabilities. TC using per node transmis-
sion power method has been proven to be more efficient in
improving the network lifetime. Asymmetric link algorithm
which is used in heterogeneous nodes to efficiently adjust
a power level had been proposed in [28]. Moreover, each
node has different maximum transmission levels since they
are heterogeneous. Furthermore, for node 𝑖, the current trans-
mission power is 𝑝

𝑖
, 𝑃
𝑖𝑗
as the transmission power required

for node 𝑖 to connect a node 𝑗, and 𝑃
𝑖
(max) as its maximum

transmission power level. Since 𝑃
𝑖
(max)¬𝑃

𝑗
(max) for 𝑖¬𝑗. In

such a situation where 𝑃
𝑖
(max) ≥ 𝑃

𝑖𝑗
> 𝑃
𝑗
(max), there exists

a reverse link in the connected topology since 𝑃
𝑗𝑖
> 𝑃
𝑗
(max).

Consequently, the introduced algorithm seems to be stable.
Each node based on its information adjusts the transmission
powers. Thus, the topology converges to the final topology
with minimum transmission power. However, the notion
of the most existing topology control algorithms cannot be
directly extended to heterogeneous networks where different
nodes may have various transmission power level.

4. Homogeneous Transmission Power Control

In homogeneous topology control algorithms, the connected
topology is constructed by adjusting the transmission power
level of the nodes. In the first case considered in this section,
all the nodes are homogeneous infrastructure in a network.
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For this case, coverage, connectivity, and energy efficiency
algorithms are presented.

The algorithm in the branch of transmission power
control are more coverage oriented [29, 30]. However, in
such cases, connectivity is not preserved. Moreover, the
coverage oriented protocols used the different techniques
for construction of topology control. Some algorithms are
introduced to provide coverage of a set of predefined target
areas. Furthermore, the algorithms in the branch transmis-
sion power control are focused only on construction of
a connected network. The main aim of these algorithms
is to decrease transmission power of the topology, while
preserving connectivity.

The proposed algorithm in [31] used disk model algo-
rithm and studied link connectivity. In summary, the disk
model is Boolean: an edge (𝑖, 𝑗) ∃ for all 𝑖 & 𝑗 only if power
level 𝑝

𝑖
> 𝑤(𝑖, 𝑗), otherwise not. Energy efficiency is a key

requirement in the design of wireless networks, since nodes
have limited operational life. Hence, energy-efficient algo-
rithms are required to adjust communication links between
nodes.On the other hand, it has been shown that the topology
of a sensor network greatly affects the nodes operational life
[32].

Topology of each network depends on controlled and
uncontrolled factors. Controlled factors are transmission
power level and use of directional antennas. Uncontrolled
factors are classified as node failure, nodemobility, noise, and
interference [46]. This section discusses controlled factors in
wireless networkswith focus on transmission power selection
algorithms. The efficient topology control has significant
effect on network capacity and network operation lifetime.
Many TC algorithms have been introduced for homogeneous
networks. Such algorithms deal with limitations of wireless
networks, such as energy consumption and network capacity.
Such proposed algorithms are analyzed critically. Compar-
isons of the energy efficient topology control algorithms are
also given in Table 1. In the following subsection, centralized
and distributed topology control algorithms are discussed.

4.1. Centralized Topology Control Algorithms. Centralized
transmission power control method is stable topology con-
struction algorithm. There are many algorithms from the
topology control that can be applied as centralized transmis-
sion power control method. However, in centralize topology
control, node needs the authority to control its power levels.

Authors in [47] applied minimum spanning tree (MST)
on a graph that preserves connectivity. Furthermore, the
transmission power level of each node is guaranteed as long as
the greatest link of the MST is established and this is referred
to as connected topology. In [47], authors investigated that
for connected networks, the weight of the greatest link, from
which the level of the critical transmission range (CTR) can
be computed, is represented as being with high probability
(𝑤 : ℎ : 𝑝) by

CTRdense = √
log 𝑛 + 𝑓 (𝑛)

𝑛𝜋
, (3)

where 𝑓(𝑛) is a nondecreasing function of 𝑛, such that
lim
𝑛→∞

𝑓(𝑛) = +∞, and log 𝑛 is the logarithm of 𝑛(log 𝑛).
However, (𝑤 : ℎ : 𝑝) of (3) works only for 2-D deploy-

ments. Authors in [3], used similar equation which works for
1-D and 3-D deployments. Moreover, (𝑤 : ℎ : 𝑝) has several
limitations. It just can be used for connected networks and it
is not precise.

Authors in [38] reformulated the CTR methods, which
can preserve network connectivity in both sparse and dense
graph. Moreover, it uses the size of the deployment area and
computes the optimum radio range and number of nodes to
establish a connectivity. For the one-dimensional case, the
CTR is given by

CTR = 𝑘
𝑙 log 𝑙
𝑛

, (4)

where the value of 𝑘 is a constant with 1 ≥ 𝑘 ≥ 2, and 𝑙 is
the size of the area. Moreover, the researchers also provided a
partially proven objective for 𝑑-dimensional deployments.

For 𝑑-dimensional deployments, with 𝑑 = 2; 3; . . ., the
authors in [3] introduced a partially demonstrated result to
find the CTR for preserve connectivity as

CTR = 𝑘
𝑙
𝑑 log 𝑙
𝑛

, (5)

where 𝑘 is a constant with 0 ≤ 𝑘 ≤ 2
𝑑

𝑑
𝑑/(2+1).

The CTR is generally a hard and costly operation, partic-
ularly when a full connection is required. Moreover, the CTR
may be near to the maximum transmission power level and
therefore there will be neither differences in the topology nor
energy efficiency.

Authors in [48] proposed algorithms to find a solution
for range assignment (RA) problem. The algorithms find
a strongly connected graph and minimize the total energy
usage of the network. An approach is proposed in [48, 49]
for solving the RA problem in 2-D and 3-D. Furthermore,
symmetry constraints have been added to the RA problem.
Moreover, adding symmetry constraints has resulted in
two new issues: first, weakly symmetric range assignment
(WSRA) and second the symmetric range assignment (SRA).
The solution to the SRAproblem is required as all edges in the
construction topology should be a reverse link. It has been
assumed that some nodes have to maximize their power level
to build the symmetric tree. On the other hand, the WSRA
removes directed links and adjusts the RA for each node such
that the comprised topology is connected and symmetric.The
total energy usage of all the assignments is minimized. The
WSRA method is more flexible to solve transmission range
assignment because it constructs a connected backbone of
reverse links. Furthermore, WSRA had been proposed in [3]
which has a great gain compared to the SRA in terms of
energy consumption.

The aim of TC algorithm is to specify the level of trans-
mission power in order to ensure connectivity and minimize
energy usage for each node. The researchers [32, 36, 41] pro-
posed some TC algorithms to reduce power level and ensure
network connectivity. In [39], authors studied cooperative
communication (CC) algorithm which allow multiple nodes
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to simultaneously forward the same packet. CC algorithm
considers disconnected topology and the improvement of
a centralized TC scheme, named Cooperative Bridges. CC
minimizes the power levels as well as preserve network
connectivity. The CC algorithm defines such a problem as
follows. First, TC is considered as extended links caused by
cooperative communication. Second, the energy efficiency
link is extended with cooperative communication. The main
aims of proposed centralized topology control technique in
[39] are reducing the transmission power level of nodes and
increasing connectivity for bipartite networks. Accordingly,
simulation results show that CC technique has better per-
formance than other techniques in terms of the connectivity
to the energy consumption ratio. However, in CC algorithm,
each node is responsible for constructing efficient topology
based on global information.

4.2. Distributed Topology Control Algorithms. Themain con-
cern of the distributed topology construction algorithm is
building a “quality” and efficient topology. In such topol-
ogy, efficiency refers to minimal energy usage, minimum
computational and information exchange complexity, and
so on. The rest of this section discusses the energy-efficient
topology control in wireless networks and highlights the
limitations of existing topology control designed to handle
energy efficiency in homogeneous networks.

4.2.1. Energy Efficient Topology Control Algorithms. In [50],
the authors argue that, for large size of network, there is still
amount of battery left unused after the operational life of
the sensor network is over. This unused battery can be up
to 90% of total initial energy. To balance the uneven energy
consumption among the nodes in wireless networks, mixed
routing algorithm (MRA) is proposed by authors in [51]. In
MRA algorithm, each node is allowed to either forward a
packet to one of its neighbors or to forward it directly to
the destination. Furthermore, the decision is depending on
its residual energy. The drawback of this algorithm is that
it cannot be applied in networks when the node’s maximal
transmission level is smaller than the network area radius.

Authors in [43] discussed the relationship between the
network operational life and the width of each corona
𝐶 in concentric corona model. The researchers proposed
algorithm that minimized the amount of energy usage on
forwarding along some intermediate nodes, from a node in a
corona and ending at the destination. Moreover, all the 𝐶s in
such algorithmsmust have the same width. However, authors
in [43] assumed that all nodes in corona 𝐶

𝑖
should route

along a path in 𝐶
𝑖−1

, and the power level in 𝐶
𝑖
is (𝑟
𝑖
− 𝑟
𝑖−1

)

and 𝑟
𝑖−1

. Furthermore, if each corona has similar width and
similar power level, this assumption may result into the use
of less energy for routing. Additionally, divide the corona 𝐶

𝑖

into two subcoronas; namely, 𝑠
1
and 𝑠
2
may lead to consume

more energy for packet forwarding. The width of subcorona
𝑠
1
is equivalent to that of corona 𝐶

𝑖−1
, so nodes in 𝑠

1
will

forward packets to𝐶
𝑖−1

. Furthermore, the nodes in subcorona
𝑠
2
which are near to corona 𝐶

𝑖−1
with power level greater

than the width of corona may result in routing across corona

𝐶
𝑖−1

to corona 𝐶
𝑖−2

, that is, more near to the destination.
Moreover, as illustrated in [43], the packet forwarded from all
nodes in corona𝐶

𝑖
should be routed for the next intermediate

in corona𝐶
𝑖−1

rather than corona𝐶
𝑖−1

. However, these nodes
in 𝑠
2
with power level (𝑟

𝑖
−𝑟
𝑖−1

), which can forward packets to
𝐶
𝑖−2

but should send to 𝐶
𝑖−1

, will consume more energy for
routing.

In [40], authors studied the problem of unbalance energy
consumption in large-scale wireless networks. In such inves-
tigation the authors described the energy hole in a ring
model. Ringmodel considers the per node energy consuming
rate (ECR) and the per node traffic load. Based on ECR
algorithm each node around destination needs to forward
more packet as compared to the other nodes which are far
away from destination. However, in such algorithm, energy
consumption rate is higher in inner rings than outer rings and
thus has much shorter operation life.

Authors in [14] proposed a nonuniformnode distribution
strategy to achieve subbalanced energy consumption based
on Corona 𝐶 models. The research studies show that if the
total numbers of nodes in corona grow from 𝐶

𝑅−1
to 𝐶
1

with a common ratio 𝑞 > 1 and there are 𝑁
𝑅−1

/(𝑞 − 1)

nodes in 𝐶
𝑅
, then the network can improve sub-balanced

uneven energy usage. Here,𝑁
𝑖
represents the entire number

of nodes in corona𝐶
𝑖
. However, distribution strategy of nodes

cannot work easily, because in most situations, the nodes are
distributed randomly.

Corona (𝐶) model with adjustable transmission power
with circular multihop deployment is proposed by authors in
[13]. The proposed model assumed that the decision factor
for optimizing the network operational life minimizes the
transmission power of nodes in each𝐶. Based on this factor, it
divides the maximal transmission level of nodes into several
levels. Nodes in the similar 𝐶s have the related transmission
level, and different 𝐶 has various transmission levels, which
construct an order list in term of the transmission level order.
They used multiobjective optimization problem (MOP) for
searching of transmission power level between all 𝐶s. Each
node can adjust its transmission power for saving energy.
The model divided 𝑡

𝑥𝑍
into 𝑘 spaces, and sensors have 𝑘

space transmission power level to choose. The unit length of
transmission power range is represented by 𝑑. Furthermore,
the model divides the whole network area with radius range
𝑅 into 𝑚 adjacent concentric parts termed 𝐶 as shown in
Figure 2. Authors in [13] also proposed distributed and cen-
tralized algorithm for adjusting transmission power of each
node in each corona to extend the network lifetime as shown
in Figure 3. However, searching the optimal transmission
levels of nodes between all the coronas is an NP-complete
problem.

The approach in [37] proposed eXtreme topology control
(XTC) algorithm for topology control which operates with
the neighbors’ link qualities. The main features of XTC
algorithms are relevant properties (symmetry, connectivity,
sparseness, and planarity) of TC while being faster than any
previous algorithms.TheXTC algorithm does not require the
node coordinate information.

The following explanation shows how nodes order list
can be established in XTC algorithm. Based on maximum
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Figure 2: Two branches of transmission powers between all coronas: (a) 𝑘 = 1. (b) 𝑘 > 1.
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Figure 3: Adjacent coronas 𝑘 > 4.

transmission power, information of each node can be realized
by the weight of the links. With additional assumption,
link between nodes is bidirectional. Moreover, the signal
threshold can be calculated based on the Euclidean distance
to the senders. If all nodes send a message with same
transmission power range, the neighbor list of node 𝑢 is also
equivalent to the order list. The link qualities 𝑤

𝑢V, 𝑤𝑢𝑤, and
𝑤V𝑤 reflect that the signal threshold between node 𝑢 and node
𝑤 is spoiled by a obstacle, where 𝑤

𝑢V < 𝑤
𝑢𝑤

and 𝑤V𝑤 < 𝑤
𝑢𝑤
.

In contrast, XTC algorithm does not include the link (𝑢, 𝑤)

in its result topology but applies connection that establishes
order list via node V. However, the XTC algorithm does not
consider the “power stretch mean” and “stretch factors.”

One-hop two-hop topology control (OTTC) [33] is an
improved algorithm of XTC which operates with weight of
the links. Each node collects its one-hop neighborhoods in
a neighbor list and exchanges the list between its neighbors.
OTTC algorithm supplies connected subgraph with all prop-
erties of topology control (i.e., “connectivity,” “symmetry,”
“spanner,” and “low degree”). The OTTC works in fully
distributed and low quality information. The main issue
considered by OTTC algorithm is the “node degree,” “stretch
factor,” and “power stretch mean” factors.

The following description shows how a node’s neighbor
list can be obtained in the OTTC as shown in Figure 4. Link
quality of the node can be realized by having each initial
transmission power of each node via hello message. With the
additional assumptions, node 𝑢 can establish its order list by
calculating Euclidean distance and signal thresholds. After

receiving the order list by each node, nodes 𝑢 and V exchange
their order list. Therefore, after exchanging the neighbor list,
node 𝑢 finds its two-hop neighbor nodes. Node 𝑢 and node V
are connected in the graph, so there exists a path 𝑃 : 𝑢 = 𝑢

0
−

𝑢
1
−𝑢
2
−⋅𝑢
𝑘
= V on graph𝐺. Edge 𝑢

𝑗
, 𝑢
𝑗+1

∈ 𝑃withminimum
weight ‖𝑢

𝑗
, 𝑢
𝑗+1

‖ between connected link in 𝐺 which are not
connected in the graph 𝐺OTTC. Since 𝑢𝑗 and 𝑢

𝑗+1
are not in

topology (𝑢
𝑗
, 𝑢
𝑗+1

∉ 𝐺OTTC), there are two case: First, there
exists node 𝑤 ∈ (𝑁(𝑢

𝑗
)) ∪ ̃(𝑁(𝑢

𝑗
)) ∩ (𝑁(𝑢

𝑗+1
)) ∪ ̃(𝑁(𝑢

𝑗+1
))

such that𝑤≺
𝑢𝑗+1

𝑢
𝑗
and𝑤≺

𝑢𝑗
𝑢
𝑗+1

. Since𝑢
𝑗
𝑢
𝑗+1

is lowerweight,
it includes 𝑤 ∈ (𝑁(𝑢

𝑗
)) ∪ (𝑁(𝑢

𝑗+1
)). Moreover, path 𝑢

𝑗
, 𝑤,

𝑢
𝑗+1

is connected to 𝑢
𝑗
and 𝑢

𝑗+1
. Second, there exists 𝑤 ∈

(𝑁(𝑢
𝑗
))∪ ̃(𝑁(𝑢

𝑗+1
)) such as 𝑢

𝑗
𝑢
𝑗+1

> max{𝑢
𝑗
𝑤, 𝑢
𝑗+1

𝑧, 𝑤𝑧} for
some 𝑧 in second hop (𝑢

𝑗
, 𝑢
𝑗+1

) ∩ (𝑢
𝑗,𝑤

). Furthermore, nodes
𝑢
𝑗
and 𝑢

𝑗+1
are connected with path 𝑢

𝑗
, 𝑤, 𝑧, 𝑢

𝑗+1
.

The proposed OTTC algorithm is fully distributed and
work based on low quality information. The main feature
of OTTC compared to other algorithms is the use of two-
hop information exchange between neighbors, which helps to
minimize the power level and degree of the nodes. However,
OTTC algorithm considers the low degree which reduces the
robustness of topology in real-time application. Moreover,
OTTC algorithmdoes not consider the remaining energy and
it may result in consuming more energy.

The paper in [44] presents WDTC algorithm which
considers residual energy information to the construction
of connected topology. WDTC works based on link weight
function. Then each node induces minimum spanning tree
(MST) in the new weighted graph. At each iteration of T, the
link weight is different, so that the induced MST is different
as well as initial topology. WDTC algorithm can effectively
improve the network operational lifetime and balance the
nodes’ energy usage.

Distributed and reliable energy-efficient topology con-
trol (RETC) algorithm is proposed by authors in [45].
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Figure 4: (a) The original graph (𝑘
3
; 𝑘
3
). (b) OTTC topology control.

The RETC algorithm assumed that nodes are connected
to their neighbors with a certain packet loss probability.
However, many intermediate nodes and congestion may
result in packet loss. Thus, reliability must be achieved while
designing topology control. Reliable topology can achieve
energy balancing and connectivity. The authors argued that
considering only topology control is not sufficient to improve
an energy-efficient topology construction algorithm. They
used maintenance phase that can balance the energy con-
sumption in order to improve network lifetime. In mainte-
nance phase, topology status and trigger topology construc-
tion are monitored by nodes when necessary to maximize
network lifetime. Additionally, in RETC algorithm, nodes
enable us to autonomously select reliable link which has
high probability of packet forwarding. Therefore, in the new
proposed topology control, a reliable topology is generated
to maximize network reachable probability. However, RETC
algorithm only considers the nodes residual energy and does
not consider average energy of nodes, which may result in
consuming more energy.

4.2.2. Game Theory Based Topology Control Algorithms. In
[19], authors were the foremost to propose the equilibrium
in topology control Game (ETCG) and studied strong con-
nectivity properties. However, in the proposed algorithm,
the stable point of NE is not guaranteed and also does
not consider the energy efficiency. However, the work was
assigned to the analysis of complexity in finding an NE.

The approach in [52, 53] used the game-theoretic con-
cepts which is “mechanism design” to solve TC problem.
Those algorithms are considered to develop globally energy
efficient algorithms. Moreover, proposed algorithms are used
for designing incentive compatible objective. The aims of
those algorithms are global energy efficiency by cooperat-
ing the selfish user with the social outputs. “Mechanism
design” is applied to provide the appropriate incentives
to the individual player. “Mechanism design” can increase
their objective function when the topology uses minimum
energy consuming, subject to preserving network connectiv-
ity. Both authors adopted “mechanism design” algorithm by

engineering a payment that leads selfish nodes to forward
packets to other nodes. The utility function proposed by
author in [53] eliminates that each player realized the per link
price that it proposed to pay for forwarding packet. However,
the algorithm of assigning price on per edge does not account
for the wireless advantage. In addition, the communication
cost is increased by a nodewhen transmitting data via an edge
as a function of transmission power that is required to obtain
the edge. Furthermore, nodes increase uniform energy usage
in constructing the edge to each of its accessible neighbor at
the same transmission level.

The authors in [9] reformulated the ETCG algorithm as
exact potential games (EPG). EPG responded to the existence
of at least one NE. EPG responds to the existence of at
least one NE. Authors in [7] investigated TC to adjust the
per node power level such that the resulting topology was
energy efficient and satisfies current global properties such
as strong connectivity. The algorithm assumes that nodes are
responsible to construct topology. The authors studied Nash
equilibrium for constructing efficient topology, when nodes
employ the greedy best response algorithm. Based on NE
in such methods, a modified algorithm based on a better
response dynamic is introduced.

The max-improvement algorithm (MIA) and 𝛿-improve-
ment algorithm (DIA) are proposed by authors in [7].
Both algorithms consist of three main phases: “initialization
phase”, “adaptation phase,” and “update phase.” However,
such algorithms differ in adaptation phase. In MIA, nodes
adjust their transmission power level abased on a “greedy”
better response process. On the other hand, in the DIA
algorithm, nodes adapt their transmission power range based
on “restrained” best response process.

The three phases are discussed as follows.

(i) Initial Phase. Each node 𝑖 adapts its transmission power to
𝑝
max
𝑖

and discovers its neighbor by sending “hello messages”
and then receives the ACKs from each node in the 𝑝

max
𝑖

neighbor. Furthermore, when a node 𝑖 receives a response
ACKs from each transmission power of neighborhood nodes
𝑗, node 𝑖 adapts its edge state quality between node 𝑖 and
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Figure 5: (a) The MST algorithm. (b) The PMST. (c) The 𝐺DIA constructed by DIA.

node 𝑗, (𝑚
𝑖𝑗
) to 1. Intuitively, for each node 𝑖, determine a link

quality 𝑒
𝑖𝑗
as

𝑒
𝑖𝑗
=

{

{

{

1, if 𝑝
𝑖
≥ 𝑤 (𝑖, 𝑗)

0 otherwise.
(6)

Here, 𝑤(𝑖, 𝑗) is the power level required to reach an edge 𝑖𝑗 =
(𝑖, 𝑗) ∈ 𝐸. For each node 𝑖 ∈ 𝑁, defines action set as

𝐴 = {𝑝max = 𝑝
0

, 𝑝
1

, . . . , 𝑝
𝑘

= 𝑝min} , (7)

where𝐴 is an ordered set (finite number of power levels); that
is,𝑝𝑘 < 𝑝

𝑘−1. Oneway to construct𝐴 is to let the transmission
power level of all nodes be initialized maximum power level
andminimize the power level in a step of predefined step size
𝛿.

(ii) Adaption Phase. In adaption phase, each node is selected
from permutation round robin to assign its transmit level. All
those nodes produce eitherMIA or DIA during the game and
only one node sets its transmission range. Node 𝑖, selected
via some sequential orders, improves its pay-off as shown in
(8), by adapting its transmission power from 𝑝

max
𝑖

based on
𝑝
𝑖
< 𝑝max:

𝑢
𝑖
(𝑝) = 𝜑

𝑖
(𝑔 (𝑝)) − 𝜒

𝑖
(𝑝
𝑖
) , (8)

where 𝜑
𝑖
: 𝐺 → 𝐼𝑅 represents the pay-off node 𝑖 proceed

from graph 𝑔, and 𝜒
𝑖
is the cost increased. Both algorithms

determine the adaption phase in two categories. In the MIA
adaptation phases, the game can be played as a normal

game, where every node is chosen to increase its individually
utility in that iteration. In the best response based algorithm,
whenever a node has a chance to change its action, it chooses
an action that increases its individual utility shown in (8),
given the transmission power range as shown in Figure 5 of
all other nodes based on the following

𝑝
𝑖
= arg
𝑞𝑖∈𝐴

Max 𝑢
𝑖
(𝑞
𝑖
, 𝑝
−𝑖
) ,

min
𝑐𝑖(𝑎−𝑖)∈R(Γ

𝑐𝑖
𝑖 )

𝑢
𝑖
(𝑎
∗

𝑖
, 𝑐
𝑖
(𝑎
∗

−𝑖
))

≥ min
𝑐𝑖(𝑎−𝑖)∈R(Γ

𝑐𝑖
𝑖 )

𝑢
𝑖
(𝑎
𝑖
, 𝑐
𝑖
(𝑎
∗

−𝑖
)) .

(9)

On the other hand, in the DIA adaptation phases, power
is in the discrete action list. More precisely, it is sufficient
to search for the best transmission power over that action
list which corresponds to the signal’s threshold entries of
Ω. In DIA algorithm, each node 𝑖 selects a power level one
less than its current power level if the selected transmission
power results in a higher utility than its current power level.
Otherwise, the node changes transmission power to the
power level, that is, currently transmit at. Additionally, given
the action of all other nodes, each node chooses to forward a
packet to the next node, at power level given

𝑝
𝑖
= arg
𝑞𝑖∈{𝑝

𝑘+1
𝑖
,𝑝
𝑘
𝑖
}

Max 𝑢
𝑖
(𝑞
𝑖
, 𝑝
−𝑖
) . (10)

(iii) Update Phase. As illustrated from the MIA and DIA
algorithms, nodes selected their power range in each iteration
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and determined their neighborhoods. Based on the detection
of its neighbors, the node updates the overall topology. Each
node changes its transmission range to a certain connected
topology state. Additionally, other nodes are informed of this
change by some optimized broadcast algorithm.

In DIA algorithm, each node minimizes its transmission
power level since this change results in maximizing its
utility; otherwise, the player changes transmission power to
its previous power level. Additionally, the researcher used
potential game in TC game for globally energy efficient. The
MIA converges to topologies that ensure the connectivity
establishment. However, the MIA is not energy efficient. On
the other hand, the DIA algorithm guarantees convergence
to min-max energy efficiency and preserves the network
connectivity. Additionally, to guarantee the convergence to
NE, the nodes employ the best response algorithm to choose
an adequate transmission power level. However, in DIA and
MIA, nodes do not consider the residual energy and it may
result in draining more energy.

Authors in [36] introduced a local minimum spanning
tree (LMST) based algorithm for topology control. LMST
is a localized algorithm to build minimum spanning tree
based connected topology. Moreover, the LMST uses one-
hop neighbor’s information of nodes. Each node has an
identification ID. In the LMST algorithm, each node from
the information of one-hop calculates MST individually. The
researcher constructed LMST with the following two phases.

(i) Initially, each node sends a “hello message” using the
maximal power level 𝑑max as the undirected graph𝐺 = (𝑉, 𝐸),
where𝑉 is set of nodes and𝐸 is set of link,𝐸 = {(𝑢, V), 𝑑

(𝑢,V) <

𝑑max, 𝑢, V ∈ 𝑉}. Hello message as visible neighborhood
contains its ID that helps node to construct its local graph.

(ii) In second phases, after obtaining visible neighbor-
hood, each node 𝑢 builds its local MST 𝑇

𝑢
= (𝑉(𝑇

𝑢
), 𝐸(𝑇

𝑢
))

of 𝐺
𝑢
from its local graph. Each node uses “Bellman-Ford

shortest” algorithm individually to obtain its local MST. Each
link has a different weight; for example, edges (𝑢

1
, V
1
) and

(𝑢
2
, V
2
) are different.The locally computedMST can preserve

the network connectivity. To simply connectivity, authors in
[36] defined neighborhood relation and neighborhood set.
Node V is a neighborhood of node 𝑢’s, denoted by 𝑢 → V,
if and only if (𝑢, V) ∈ 𝐸(𝑇

𝑢
). Moreover, 𝑢 ↔ V, if and only

if 𝑢 → V and V → 𝑢. In addition, that is, node V is a
neighborhood of node 𝑢’s if and only if the node V is on the
node 𝑢’s LMST, 𝑇(𝑢) and is one-hop away from node 𝑢 as
shown in Figure 6.

In addition, the proposed algorithm in [36] considered
the pay-off of a node for adding a tree as a function of
its transmission power. More accurately, every node is only
concerned in minimizing its transmission level while being
connected to the network. The one-hop neighborhood of
each node is determined trivially based on its transmission
power level. However, it is not an energy efficient solution
for the large-scale network. Moreover, the node energy usage
distribution in LMST is unbalance. Consequently, those
nodes with high consumption rates may leading to the

u �

w1

w2

w3

w4

dmax dmax

Figure 6: The LMST.

network operational lifetime fault prematurely.Therefore, the
battery usage of each node should be balanced.

In [41], authors introduced an algorithm to optimize
the traditional TC scheme. In such algorithm, each node
repetitively maximizes its power level. This algorithm starts
from a symmetric, connected network, assumed to be the
output of conventional of TC algorithms. Accordingly, more
reliable TC algorithms were investigated in [54], such as
fault-tolerant local and local tree based reliable topology
(LTRT). Such algorithms can preserve 𝑘-link connectivity;
that is, topology cannot be disconnected if the numbers of
disconnected edges are less than 𝑘 and are referred to as 𝑘-
link connected algorithm.

4.2.3. GameTheory Based Network Capacity Topology Control
Algorithms. In [35], authors proposed multi-power topology
control (MTC) game, where each node is capable to employ
multichannel communications to minimize their energy
consumption. Indeed, nodes do not adjust their transmission
range for themselves, since it is assumed to have the capability
of sending data at multiple power ranges simultaneously.
However, the MTC algorithms are equipped with multiradio.

Authors in [21] proposed neighbor selection game (NS)
with complete information of network. InNS algorithm, each
node is interested to selfishly choose its neighbors such that
their energy usage is reduced and the network capacity is
improved.TheNS algorithm considers the benefit of connec-
tivity and energy cost of a node for connecting to a network.
Each node is only trying to minimize its transmission range
while being joined to other nodes as shown in Figure 7.
The authors believed that the rate of energy consumed in a
wireless network depends not only on transmission power
but also on the amount of packets it forwards. Finally, in [21],
authors introduced two distributed algorithms (global versus
local) for obtaining a TC in a network in the presence of
selfish nodes. In the global algorithm, each player knows the
complete information about the network connectivity. While
in the local model, each node gathers neighbor information
within a limited hop.Then generalize the problem to the case
where the transmission powers are the unknown variables
and should be determined jointly with the neighbor sets.
In addition, the authors consider the topology control and
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Figure 7: A sample NE topology in which no node benefits from
removing any of the links.

neighbor selection as a joint process of joint neighbor
Selection (JNS) algorithm in which both the transmission
power and the neighbor set of nodes are unknown. The
power list is not given as input to the problem; instead, nodes
work on an initial topology to determine their transmission
power and neighbor list together. In the JNS algorithms,
players start with the max graph and in each repetition, one
node takes turn and plays its best response and assumes
that nodes have global knowledge about the connectivity
of the whole network. Furthermore, the joint best response
algorithm works similarly to the local method except that
each node chooses the lightest link between itself and every
𝑘-hop strong component. The results of their simulations
show that the global method yields about 20% higher total
energy consumption than the approximated (stable) solution.
However, refer to simulation results and the JNS algorithm
needs fully global information to work properly. Based on the
result, the localmethod can reduce this problembymore than
10%.

4.2.4. Game Theory Based Energy Balance Topology Control
Algorithms. Authors in [15] introduced virtual game-based
energy balanced topology control algorithm (VGEB) with
incomplete information. VGEB algorithm considers balanc-
ing energy consumption which can drain nodes energy. In
the virtual game (VG), each node exchanges its complete
information only once within neighbor nodes. Furthermore,
inVGEB algorithm, first, each nodewill select some neighbor
nodeswithmore remaining energy as their other neighbors to
mitigate the energy usage of nodeswith less remaining energy
as shown in Figure 8. Additionally, in VGEB algorithm, each
node 𝑖 constructs the VGEB Γ

𝑖

= ⟨𝑁
(𝑖)

, 𝑃
(𝑖)

, 𝑢
(𝑖)

⟩ in which
each node only makes a decision based on its power level.
Following three phases describe the VGEB algorithm.

(i) Information Collection Phases. Each node 𝑖 sets its trans-
mission power 𝑝

max and propagates request message for
its neighborhood in 𝑝

max. Since the node 𝑖 receives ACK
from each responding neighborhood 𝑗, node 𝑖 contains

neighborhood 𝑗’s ID, transmission power level to node 𝑗s, 𝑝
𝑖𝑗
,

and residual energy into the order list. Based on the collected
neighbor lists, each node 𝑖 has each node 𝑘’s (𝑘 ∈ 𝑁(𝑖)) power
action set 𝑃(𝑖)

𝑘
= {𝑝
(𝑖)

𝑘1
, 𝑝
(𝑖)

𝑘2
, . . . , 𝑝

(𝑖)

𝑘𝑚𝑘
}, where 𝑘 is a symbol in

𝑁(𝑖).

(ii) Virtual Game Phases. In this phase, each node has
discretized the action vector. The action set of node 𝑘 ∈ 𝑁(𝑖)

is defined as

𝑃
(𝑖)

𝑘
= {𝑝

max
𝑘

= 𝑝
(𝑖)

𝑘1
, 𝑝
(𝑖)

𝑘2
, . . . , 𝑝

(𝑖)

𝑘𝑚𝑘
= 𝑝

max
𝑘

} , (11)

where 𝑘 selects transmission level, one power levels less than
the current level if the selected level gives higher utility than
its certain power level. Otherwise, the node revers to the
power range it is currently used. Given the transmission
power level of all other nodes in𝑁

𝑖,

𝑝
𝑖

𝑘
= arg max

𝑞
𝑖
𝑘∈𝑝
𝑖
𝑘ℎ,𝑝
𝑖
𝑘𝑚

𝑢
𝑖

𝑘
(𝑞
𝑖

−𝑘
, 𝑞
𝑖

𝑘
) , (12)

where 𝑢
𝑖

𝑘
(𝑞
𝑖

−𝑘
, 𝑞
𝑖

𝑘
) is utility function which is outcome of

each transmission power level. Additionally, a utility function
obtains the trade-off and sets the power level action to a
benefit for each node, based on the following equation (13):

𝑢
𝑖

𝑘
(𝑞
𝑖

−𝑘
, 𝑞
𝑖

𝑘
)

= 𝑓
𝑖

𝑘
(𝑞
𝑖

−𝑘
, 𝑞
𝑖

𝑘
) (

𝛼𝑝
max
𝑘

𝐸
𝑟𝑘

+ 𝛽𝐸
𝑘
(𝑝
𝑖

𝑘
)) − (

𝛼𝑝
𝑖

𝑘

𝐸
𝑟𝑘

) ,

(13)

where 𝛼 and 𝛽 are nondecreasing value. 𝑓𝑖
𝑘
(𝑞
𝑖

−𝑘
, 𝑞
𝑖

𝑘
) = 1

if sensor node 𝑘 is able to connect to its neighbors, else
𝑓
𝑖

𝑘
(𝑞
𝑖

−𝑘
, 𝑞
𝑖

𝑘
) = 0. Additionally, 𝐸

𝑘
(𝑝
𝑖

𝑘
) is the average residual

energy of a node 𝑗’s, 𝑗 is the node in which node 𝑘 is able
to be connected by one-hop distance with 𝑝

𝑖

𝑘
, 𝐸
0
(𝑗) and

𝐸
𝑟
(𝑗) are the initial energy allocated and the residual energy,

respectively.

(iii) Maintenance Phase. As the operational time of the net-
work goes by, energy usage of the nodes becomes unbalanced.
It is possible for each node 𝑖 to figure out its own residual
energy. Furthermore, if its residual energy is less than a
specified level (e.g., a level is 1/5 of its allocated battery),
then node 𝑖 executes the VG algorithm Γ

(𝑖)

(𝑝
max

→ 𝑝
(𝑖)

) to
readjust its transmission power level.

VGEB greatly minimizes the energy exhausting in the
information exchange and considers the energy balance.
However, if a topology only considers energy balancing with-
out considering pursuing energy efficiency, node’s lifetime
may fail prematurely.

Traditional TC algorithms such as DRNG, DLSS [55],
and STC [34] start the TC execution with each node’s
maximal transmission level to detect all of its neighbors.
Local neighbor and transmission power range information
is exchanged between nodes and their neighbors. Without
further communication between nodes, the minimum power
level of each node is calculated at each node. However, based
on DRNG, DLSS and STC algorithms nodes do not have
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Figure 8: (a) The topology without considering remain energy (b) and the topology considering remaining energy.
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Figure 9: Transmission power selection in the CTCA algorithm. (a) Case 1: Node 𝑁
3
’s, where node 𝑁

1
is not able of minimizing its power

level without being unconnected. (b) Case 2: Node𝑁
3
minimizes its power level to its optimal power, but𝑁

1
’s lifetime cannot be increased.

(c) Case 3: Node𝑁
3
maximizes its power level to 𝑝(𝑁

3
; 𝑁
2
). Now, node𝑁

1
is capable to minimize its power without being unconnected. (d)

Case 4: Node𝑁
1
modifies its certain power level to its potential power and improves lifetime of the network.

permission to cooperate with neighbor nodes to improve the
network functional lifetime.

The approach in [42] proposed cooperative topology con-
trol with Adaptation (CTCA) algorithm. CTCA algorithm is
adaptive and allows cooperation among nodes to increase the
network operational lifetime.TheCTCA consists of twomain
phases.

(i) Neighbor List Phases. Each node sets its power at the
maximum transmission level 𝑝max and makes neighbor list
of a node𝑁

𝑖
, that is, equal to 𝑅

𝑖
(0) = {𝑁

𝑗
𝑝(𝑁
𝑖
, 𝑁
𝑗
≤ 𝑝max)}.

Determine the action set for node𝑁
𝑖
as𝐴
𝑖
= {𝑝
1

𝑖
, 𝑝
2

𝑖
, . . . , 𝑝

𝑛

𝑖
},

where, for node 𝑁
𝑗

∈ 𝑅
𝑖
(0), there exists a power range

𝑝
𝑖

𝑘
∈ 𝐴
𝑖
. Moreover, 𝑝

𝑘
is the lower power level required for

𝑁
𝑖
to connect 𝑁

𝑗
. The proposed CTCA algorithm assumed

that 𝑝1
𝑖
≤ 𝑝
2

𝑖
≤ 𝑝
𝑛

𝑖
≤ 𝑝max. The CTCA algorithm uses DLSS

algorithm [55] for determining 𝑝
𝑖
for transmission power

level adjustment.Moreover, each node propagatesmessage to
its neighbor for current residual energy by mark “energy info
shared”𝑊

𝑖
(𝑡) and modifies𝑊

𝑗
for𝑁
𝑗
∈ 𝐼
𝑖
.

(ii) Neighbor Assisted Power Adjusts Phases (NAPA). Each
node tries to improve its neighbor’s operational life, refereed
by 𝑁
𝑚(𝑖)

(𝑡) the node in 𝑂
𝑖
(𝑡) = 𝐼

𝑖
(𝑡) ∪ 𝑁

𝑖
with the lower
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functional life as shown in Figure 9. Moreover, its optimal
transmission level at interval 𝑡 is set as 𝑌

𝑚(𝑖)
(𝑃
𝑚
(𝑡)), and

its functional life at 𝑡 is set as 𝑍
𝑚(𝑖)

(𝑃
𝑚
(𝑡)). In addition,

assumption 𝑎
𝑖
∈ 𝐴
𝑖
refers to the current transmission power

for node𝑁
𝑖
in time 𝑡. CTCA algorithm determines the utility

𝑢
𝑖
for node𝑁

𝑖
with power level 𝑎

𝑖
as

𝑢
𝑖
(𝑎
𝑖
, 𝑡) = 𝑐

𝑖
(𝑎
𝑖
, 𝑡) 𝑉
𝑖
(𝑎
𝑖
, 𝑡) 𝑙
𝑖
(𝑎
𝑖
, 𝑡)

+ 𝑐
𝑖
(𝑎
𝑖
, 𝑡)min( min

𝑁𝑗∈𝐼𝑖(𝑡)

𝑉
𝑖
(𝑎
𝑖
, 𝑡) , 𝑍

𝑗
(𝑃
𝑗
(𝑡) , 𝑡)) ,

(14)

where 𝑐
𝑖
(𝑎
𝑖
, 𝑡) denotes 0,1. If 𝑐

𝑖
(𝑎
𝑖
, 𝑡) = 1 node,𝑁

𝑖
can connect

to a node 𝑁
𝑗
with power range 𝑎

𝑖
; otherwise, 𝑐

𝑖
(𝑎
𝑖
, 𝑡) = 0.

𝑐
𝑖
(𝑎
𝑖
, 𝑡) is used to show the node 𝑁

𝑖
operational lifetime by

transmission power 𝑎
𝑖
. If 𝑁
𝑚(𝑖)(𝑡)

’s current power level can be
minimized by 𝑁

𝑖
transmitting at power range 𝑎

𝑖
and 𝑁

𝑚
(𝑖)

functional life in this case is greater than the neighbor’s
lifetime. Additionally, 𝑁

𝑚
(𝑖)’s operational life is not consid-

ered, and therefore 𝑙
𝑖
(𝑎
𝑖
, 𝑡) = 0. However, if transmitting

at the transmission level 𝑎
𝑖
may not help increasing 𝑁

𝑚(𝑖)(𝑡)
’s

operational life, its operational life results in lower than the
neighbor’s operational lifetime in the connected network. In
addition, node𝑁

𝑖
should increase its operational life; that is,

𝑙
𝑖
(𝑎
𝑖
, 𝑡) = 1.
If the CTCA algorithm meets all of the conditions

illustrated above, then node 𝑁
𝑖
will be selected to maximize

its transmission level in order to help increasing its neighbor’s
functional life. Furthermore, the author had proven the exis-
tence of a NE for the game theory and provided a algorithm
which gains a NE. The simulation results of the CTCA
algorithm show that the algorithm is able to increase the
functional life and balance energy consumption. However,
the proposed algorithm is not an energy efficient solution,
which consume more energy with using high power level.
Consequently, those nodes with high consumption rates are
leading to the network operational lifetime over prematurely.
Therefore, topology control should consider energy efficiency
and energy balancing together.

5. Discussion

Topology control of wireless networks is unstructured to
fluctuations. To tackle such unstable characteristics, a TC
mechanism must overcome the variability in typologies. The
fundamental aim of TC is that, instead of using the maxi-
mum transmission level, each node collaboratively adjusted
its power level and constructed efficient topology, with
the objective of improving the network functional lifetime.
Table 1 shows the main characteristics of the existing TC
algorithms. It identifies the algorithm of each algorithm and
clarifies the class of these algorithms. The objectives of each
algorithm are also included. Most current TC algorithms for
energy conservation have inconsecutive assumptions.

Obviously, it is the connectivity at the edge that qualifies
end-to-end connectivity. The well-known link connectivity
is the protocol model or disk model. Connectivity problem
is considered to minimize one of the power adjustments.

The comprehensive feature of deterministic TC algorithms
can be stated as an optimization problem. Additionally,
the objective, mainly, is to specify a power adjustment,
such that 𝑝

max
𝑖

to 𝑝(𝑖) is decreased, while preserving
connectivity. Moreover, the objective could be desirable
with following properties: 𝑘-connectivity, node degree, and
spanner.

There are numerous topology control designed forWSNs
and ad hoc networks such as homogeneous transmission
power control and heterogeneous transmission power con-
trol. The homogeneous transmission power control can be
characterized in two schemes, centralized and distributed
topology control scheme. In centralized topology control,
nodes need authority to control. In distributed topology
control, each node act selfishly to save its limited energy
in critical environment by using its neighbor information.
Such information can be achieved by exchanging information
between the nodes. On the other hand, there are several
challenges for topology control in wireless networks such as
node deployment, network capacity, and energy consump-
tion. However, energy consumption can be considered as
the main important technical challenge for topology control
in wireless networks. Obviously, energy efficiency topology
control can be improved in two ways: minimizing the energy
consumption by selecting optimum transmission power level
or balancing energy consumption among the nodes. In
all TC algorithm as mentioned in the literature, the only
consideration for each node is to reduce its power level
while preserving network connectivity. However, existing
algorithms do not consider the fact that various nodes are
in various positions in the topology, and some may end up
with a high transmission power level. Therefore, this high
power level will consume more energy and disrupt network.
Also, many algorithms have been investigated to construct an
efficient topology such that balanced energy consumption,
for example, by considering residual energy of the node
during transmission power selection.

Most algorithms assumed that nodes are cooperative to
each other, since, in wireless networks, there is no method
to qualify nodes. However, this assumption may not always
hold. Each node may compete with its neighbor to conserve
its own limited energy and consequently degrade the whole
network efficiency. If the nodes select too low transmission
power level, the constructed topology will be disconnected.
It is more reasonable to assume that nodes act selfishly
and this selfish behavior can be modeled as noncooperative
games. Game theory is a fundamental tool to achieve an
energy balance and energy efficient while preserving network
connectivity in the present of selfish nodes.Moreover, in such
models, nodes interact with other nodes to maximize their
individual utility. Currently, the fundamental algorithm for
noncooperative TC is based on adapting the power level of
nodes, while the topology remains connected.However, some
algorithms consider only energy balance and do not consider
energy efficiency and reliable neighbor selection.

Though, there is a significant improvement in the theo-
retical study of energy efficiency topology control in wireless
networks. There is some evidence to confirm benefits of
TC on improving network lifetime. In fact, distinguishing
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optimal power selection and reliable neighbor selection that
can forward packets through the network at rates close to
capacity with minimum energy consumption is still an open
issue.

6. Conclusions

In this paper, topology control aims of the existing algorithms
are characterized into three main types: energy efficiency,
network capacity, and energy balancing. The most famous
and recent topology control algorithms based on their fea-
tures are reviewed and compared in each goals category.
According to this overview, most of the proposed algorithms
consider minimizing the transmission power levels while
preserving network connectivity in wireless network (DIA,
MIA, and OTTC). Furthermore, some of them consider
balanced energy consumption of nodes (VGEB, CTCA, and
ECR) and a number of them aim to improve network
capacity (NS, RETC). However, by increasing the application
of wireless networks, the functions of wireless nodes will be
so highlighted and they always seek to achieve conflicting
objectives such as in the pursuit of energy efficiency and
network connectivity.Therefore, scalable solutions which can
perform topology control by considering multiobjective QoS
requirements and high spatial reuse are greatly required for
wireless networks.
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Some recent advances on the recursive filtering and sliding mode design problems for nonlinear stochastic systems with network-
induced phenomena are surveyed. The network-induced phenomena under consideration mainly include missing measurements,
fading measurements, signal quantization, probabilistic sensor delays, sensor saturations, randomly occurring nonlinearities, and
randomly occurring uncertainties. With respect to these network-induced phenomena, the developments on filtering and sliding
mode design problems are systematically reviewed. In particular, concerning the network-induced phenomena, some recent results
on the recursive filtering for time-varying nonlinear stochastic systems and sliding mode design for time-invariant nonlinear
stochastic systems are given, respectively. Finally, conclusions are proposed and some potential future research works are pointed
out.

1. Introduction

In recent years, the networked control systems (NCSs) have
become very prevalent owing to the advantage of decreasing
the hard-wiring, the installation cost, and the implementa-
tion difficulties.Their applications could cover awide range of
industries such as space and terrestrial exploration, access in
hazardous environments, factory automation, remote diag-
nostics and troubleshooting, experimental facilities, domes-
tic robots, aircraft, automobiles and manufacturing plant
monitoring [1, 2]. In the networked world nowadays, signals
are typically transmitted through networks (e.g., Internet)
which may undergo unavoidable communication delays,
packet dropouts and disorder, quantization, saturations, and
so on. These network-induced phenomena include, but are
not limited to, missing measurements, fading measurements,
signal quantization, time-delays, randomly occurring nonlin-
earities, probabilistic sensor delays, and sensor saturations. It
is well known that these network-induced phenomena would

lead to abrupt structural and parametric changes in practical
engineering applications. Consequently, it is of important sig-
nificance to tackle the filtering and sliding mode design pro-
blems for systems with network-induced phenomena.

The nonlinearity and stochasticity are ubiquitous features
existing in almost all practical systems that contribute sig-
nificantly to the complexity of system modeling. Since the
occurrence of the nonlinearities and stochasticitywhich inev-
itably degrades the system performance and even leads to
instability, the analysis and synthesis problems for nonlinear
stochastic systems have long been themain streamof research
topics andmuch efforts have beenmade to deal with the non-
linear stochastic systems. Accordingly, many control and fil-
tering approaches have been successfully applied in many
branches of practical domains such as computer vision, com-
munications, navigation and tracking systems, and econo-
metrics and finance. Over the past decade, with the rapid
developments of the NCSs, the design of controller and
filter for nonlinear stochastic systems with network-induced
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phenomena has recently become a hot research focus that has
attracted an increasing interest.

In this paper, we aim to provide a timely review on the
recent advances of the recursive filtering and sliding mode
design for nonlinear stochastic systems with network-in-
duced phenomena. The network-induced phenomena under
consideration include missing measurements, fading mea-
surements, signal quantization, probabilistic sensor delays,
sensor saturations, randomly occurring nonlinearities, and
randomly occurring uncertainties. The recent developments
of the network-induced phenomena are first summarized.
Secondly, various filtering and sliding mode designs for non-
linear stochastic systems are reviewed in great detail and
some interesting yet challenging issues are raised. Subsequ-
ently, latest results on recursive filtering and sliding mode
design for discrete-time nonlinear stochastic systems with
network-induced phenomena are reviewed. Finally, conclu-
sions are drawn and some possible related research directions
are pointed out.

The remainder of this paper is arranged as follows. In
Section 2, the network-induced phenomena are discussed. In
Section 3, the developments of filtering and sliding mode
design problems for nonlinear stochastic systems are summa-
rized. Some latest results on the recursive filtering and sliding
mode design problems for nonlinear stochastic systems with
network-induced phenomena are reviewed in Section 4. In
Section 5, both the conclusions and some future research
works are given.

2. Network-Induced Phenomena

Recently, much work has been done on the network-induced
problems focusing on the missing measurements, fading
measurements, signal quantization, sensor saturations, prob-
abilistic sensor delays, randomly occurring nonlinearities,
time delays, and so forth.

2.1. Missing Measurements. Most traditional controller/filter
design approaches rely on the assumption that the measure-
ment signals are perfectly transmitted. Such an assumption,
however, is conservative in many engineering practices pre-
sented with unreliable communication channels. For exam-
ple, due to temporal sensor failures or network congestions,
the system measurements may contain noise only at certain
time points and the true signals are simply missing. As such,
the control and filtering problems with missing measure-
ments have received considerable research attention and
many important results have been reported in recent years;
see, for example, [3–13]. To be more specific, the optimal
estimation problems have been investigated in [5, 8] for linear
systems with multiple packet dropouts. In [12], the stochastic
stability has been analyzed for extended Kalman filtering
(EKF) with intermittent observations. A common way for
modeling the data missing is to introduce a random variable
satisfying the Bernoulli binary distribution taking values on
either 1 or 0, where 1 is for the perfect signal delivery and
0 represents the measurement missing. Most of the afore-
mentioned results have been based on the hypothesis that all

sensors have identical failure characteristics [5]. However, in
practical applications, owing to the sensors aging, sensor tem-
poral failure, or some of the data coming from a highly noisy
environment, the measurement missing might be partial and
individual sensor could have different missing probability in
the data transmission process [11].

2.2. Fading Measurements. Fading measurements are now
well known to be one of the most frequently occurring phe-
nomena in networked systems [14, 15].They refer to the cases
when the perfect communication is not always available and
the system measurement fades/degrades in a probabilistic
way. To be specific, the linear state estimation problem has
been investigated in [14], where single or multiple sensors
amplify and forward their measurements of a common linear
dynamical system to a remote fusion center via noisy fading
wireless channels. It has been shown that the expected estima-
tion error covariance (with respect to the fading process) at
the fusion center remains bounded and converges to a steady
state value.The estimation outage minimization problem has
been studied in [15] for state estimation of linear systems over
wireless fading channels. Obviously, the missing measure-
ments mentioned above are extreme cases of the fading ones.
Accordingly, the filtering problems with missing measure-
ments have drawn considerable research interest [5, 12, 16–
18]. Very recently, a more general description of the multiple
missing measurements has been put forward in [11] and has
already stirred some research interests where each sensor is
allowed to have individual missing probability in data trans-
mission. As mentioned above, a usual way for handling the
missing measurements is to introduce the Bernoulli dis-
tributedwhite sequence specified by a conditional probability
distribution, where the measurement signal is assumed to be
either completely missing or completely available. However,
such an assumption is quite restrictive in practice in case of
fading measurements for an array of sensors.

2.3. Signal Quantization. At the forefront of networked sys-
tem, the quantization issue has recently become a research
focus that has attracted an increasing interest because, in a
networked environment, signals are often quantized before
being transmitted to other nodes due to the finite word length
of the packets. Up to now, a series of results have been
available in the literature on the quantization effects; see, for
example, [19–25] and the references therein. In [21], the pro-
blem of quadratic stabilization has been studied for single-
input-single-output linear time-invariant systems with loga-
rithmic quantizers. Subsequently, by using the sector-bound
approach, the quantized feedback control problems have
been tackled in [23, 26] for linear discrete-time systems. Par-
allel to the quantized feedback control issue, the quantized
estimation problem also has a wide range of applications, see
for example, [27, 28] for more detailed discussions. Specifi-
cally, in the case when the measured signals are transmitted
over a digital communication channel, the state estimator has
been designed in [28] for linear system with quantized mea-
surements. It is worth noticing that most published results
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on the quantization effects have been dealt with for time-
invariant systems over an infinite horizon. However, in real-
ity, themajority of practical systems exhibiting the time-vary-
ing nature and the system dynamics are better quantified over
a finite horizon, and this is particularly true for systems un-
dergoing digital discretization. So far, the finite-horizon
recursive filtering problemhas not been properly investigated
for nonlinear time-varying systems subject to quantization
effects.

2.4. Randomly Occurring Nonlinearities and Randomly Occur-
ring Uncertainties. Nonlinearities and uncertainties serve as
two important kinds of complexities for systemmodeling. As
is well known, many engineering systems in practice are
influenced by additive nonlinear disturbances and/or uncer-
tainties that are caused by environmental circumstances.
Such unpredictable disturbances may be subject to random
abrupt variations, for instance, random failures and repairs of
components, changing subsystem interconnections, sudden
environmental disturbances, and modification of the operat-
ing point of a linearizedmodel of a nonlinear system. In other
words, the nonlinear disturbances and the parameter uncer-
tainties may occur in a probabilistic way with certain types
and intensity. A typical example is the networked control sys-
tems where signals are transmitted through networks and the
nonlinear disturbances and the uncertainties may occur ac-
cording to the network conditions that are randomly change-
able. In this case, both the randomly occurring nonlinearities
(RONs) and the randomly occurring uncertainties (ROUs)
should be taken into account when designing the practical
control systems. Recently, in [29, 30], the concept of RONs
has been introduced to model the randomly occurring non-
linear functions for complex networks, but ROUs has not yet
received adequate research attention.

2.5. Probabilistic Sensor Delays. Most traditional filtering
algorithms have been based on themeasurement outputs that
are supposed to contain information about the current state of
the system. However, in engineering practice, the system
measurements may be subject to unavoidable sensor delays,
which is particularly true in a networked environment. In the
past decade, a great number of results have been reported for
filtering problems with deterministic/fixed sensor delays; see
for example, [31–33]. On the other hand, because of limited
bandwidth of the communication channel, it is often the case
that the sensor delay occurs in a randomwaywhen, for exam-
ple, the information is transmitted through networks in real-
time distributed decision-making andmultiplexed data com-
munication environment [34]. Accordingly, the filtering pro-
blemswith random sensor delays have recently receivedmuch
research attention (see, e.g., [35–39]), where all sensors share
the same type of delay characteristics [40, 41]. Nevertheless,
in reality, the system measurements are usually collected
through multiple sensors with different physical constraints.
In this case, it is fairly conservative to assume that all sensors
undergo random delays of the same probability distribution
law. Rather, it would make more practical sense to consider
individual features for randomly occurring sensor delays.

2.6. Sensor Saturations. It is well known that sensors may not
always produce signals of unlimited amplitude mainly due to
the physical constraints or technological restrictions. The
sensor saturation, if not properly handled, will inevitably
affect the implementation precision of the designed filtering/
control algorithms and may even cause undesirable degrada-
tion of the filter/controller performance. Consequently, the
actuator/sensor saturation problem has been gaining an
increasing research interest that has led to many important
results reported in the recent literature; see, for example, [42–
48]. To be more specific, the output feedback𝐻

∞
controllers

have been synthesized in [43, 47, 48] and the robust𝐻
∞
filters

have been designed in [44, 45] for systems with sensor satur-
ations. It is worth mentioning that most existing results con-
cerning the sensor saturations have been concerned with
time-invariant systems over the infinite-horizon. Unfortu-
nately, in reality, almost all real-time systems should be time-
varying especially those after digital discretization. Recently,
motivated by the practical importance of the sensor satura-
tion issues, the 𝐻

∞
control problem has been addressed in

[48] and the set-membership filtering problem has been
investigated in [46] for a class of time-varying systems with
saturated sensors.

2.7. Random Parameter Matrices. Discrete-time systems with
random parameter matrices arise in many application do-
mains such as digital control of chemical processes, mobile
robot localization, radar control, missile track estimation,
navigation systems, and economic systems [49–51]. For this
case, some system parameters might be randomly perturbed
within certain intervals probably due to the abrupt phenom-
ena such as random failures and repairs of the components,
changes in the interconnections of subsystems, sudden envi-
ronment changes, and modification of the operating point of
a linearized model of nonlinear systems. Accordingly, some
research efforts have been made on the filter design with ran-
dom parameter matrices. For example, the recursive optimal
estimation problem has been dealt with in [49] for linear dis-
crete-time systems with random parameter matrices in the
minimum variance sense. The distributed Kalman filtering
fusion problem has been tackled in [50] for systems with
random parameter matrices and the potential application has
also been discussed. Nevertheless, probably due to its math-
ematical complexity, the recursive filtering problem for dis-
crete time-varying nonlinear stochastic systems with random
parameter matrices has not received adequate research atten-
tion yet.

2.8. Time Delays. It is well known that time-delays are fre-
quently encountered in many industrial and engineering sys-
tems (e.g., chemical process, long transmission lines in pneu-
matic, and communicationnetworks) due to the finite switch-
ing speed of amplifiers or finite speed of information process-
ing [52, 53]. The existence of time delays may cause undesir-
able dynamic behaviors such as oscillation and instability
[54, 55]. Over the past decades, much effort has beenmade to
address the time-delay systems; see, for example, [56–64] and
references cited therein. To mention a few, a sliding surface
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has been constructed in [57] for the uncertain system with
single/multiple state-delays and additive perturbations. In
[58], by means of linear matrix inequality (LMI) technique,
an integral slidingmode surface has been designed to address
the sliding mode control (SMC) problem for the uncertain
stochastic system with time-varying delays. In the case when
the system states are not easily measured, the SMC problem
has been investigated in [59] for systems with mismatched
uncertainties via the output feedback approach. In [65], the
SMC problem has been investigated for a class of nonlinear
singular stochastic systems with Markovian switching. Actu-
ally, according to the occurrenceway of time-delays, the time-
delays can be generally classified into two types: discrete de-
lays and distributed delays. Most of results mentioned above
are applicable to continuous-time systems only, and the rel-
evant results for discrete-time systems with mixed (i.e., both
discrete and distributed) delays have been very few. The dis-
tributed time-delay in the discrete-time setting is an emerg-
ing concept that has been proposed in [30, 66] for complex
networks.

3. Recursive Filtering and Sliding Mode
Design for Nonlinear Stochastic Systems

In this section, we are in a position to review the approaches
for handling the recursive filtering and sliding mode design
problems for nonlinear stochastic systems.

3.1. Recursive Filter Design. The analysis and synthesis prob-
lems for nonlinear systems have been the mainstream of re-
search topics and much effort has been made to deal with the
nonlinear stochastic systems; see, for example, [11, 67–81].
It is worth pointing out that, inmost literature, the nonlinear-
ities are assumed to occur in a deterministic way. While this
assumption is generally true especially for systems modeled
according to physical laws, other kinds of nonlinearities,
namely, stochastic nonlinearities, deserve particular research
attention since they occur randomly probably due to inter-
mittent network congestion, random failures and repairs of
the components, changes in the interconnections of subsys-
tems, sudden environment changes, and modification of the
operating point of a linearized model of nonlinear systems.
In fact, such stochastic nonlinearities include the state-multi-
plicative noises and random sequences as special cases.
Recently, the filtering problem with stochastic nonlinearities
described by statistical means has already stirred some re-
search interests, and some latest results can be found in
[11, 73, 82] and the references therein.

In the past few decades, the filtering or state estimation
problems for stochastic systems have been extensively inves-
tigated and successfully applied inmany branches of practical
domains [83–86]. It is well known that the traditional Kalman
filter (KF) serves as an optimal filter in the least mean square
sense for linear systems with the assumption that the system
model is exactly known. In the case when the systemmodel is
nonlinear and/or uncertain, there has been an increasing re-
search effort to improve Kalman filters with hope to enhance
their capabilities of handling nonlinearities anduncertainties.

Along this direction, many alternative filtering schemes have
been reported in the literature including the𝐻

∞
filtering [87–

89], mixed𝐻
2
/𝐻
∞

filtering [90–92], and robust EKF design
[93–97]. Tomention a few, the optimal linear estimation pro-
blems have been intensively studied in [9] with multiple
packet dropouts and in [40] for multiple sensors with differ-
ent delay rates, the robust recursive KF algorithm has been
developed in [98] for linear time-varying systems with sto-
chastic parametric uncertainties, and the EKF problem has
been dealt with in [94] for a class of uncertain systems with
sum quadratic constraints. Note that almost all real-time sys-
tems are time-varying and therefore finite-horizon filtering
problem is of practical significance [99]. However, there have
been very few results in the literature regarding filtering pro-
blems over a finite horizon for time-varying nonlinear sto-
chastic systems with network-induced phenomena.

In most of the available filtering algorithms, a conserva-
tive assumption is that the process and measurement noises
are uncorrelated. In practical engineering, these two kinds of
noises are often correlated. For example, for the target track-
ing problem, there may exists the cross correlation between
the process noise and the measurement noise if both of them
are dependent on the system state. Also, the process noise
sequences of a discrete-time system sampled from a con-
tinuous-time system are inherently correlated across time,
and there may be cross correlation between different sensor
noises if the various sensors work in a common noisy enviro-
nment. A typical example is the radar systems whose sam-
pling frequency is high enough compared with the error
bandwidth [100]. Recently, the filter design problems have
been widely studied in [101–106] with autocorrelated noises
and/or cross correlated noises. It should be mentioned that
very little research effort has been made on the recursive fil-
tering problem for time-varying nonlinear stochastic systems
with correlated noises and network-induced phenomena.

For practical purposes, the filter design is inevitably sub-
ject to certain physical constraints. For example, in many
applications, the system states should preserve the positivity,
the system outputs experience saturations, and the filter gains
may need to be of a specific structure for easy implementa-
tion. It should be pointed out that the filtering problems with
constraints have been gaining a recurring research interest in
the past decade; see, for example, [103, 107–111]. Very recently,
in [110], a KF algorithm has been developed to cope with the
constraints on the data injection gain. The gain-constrained
filtering problem has been investigated for a broad class of
real-time dynamical systems; see, for example, the tracking
problem of a land based vehicle [103], the estimation problem
of two state continuous stirred tank reactor [112], and the
tracking problem of a vehicle along circular roads [113].

3.2. Probability Guaranteed 𝐻
∞

Filter Design. In traditional
control theory, the performance objectives of a controlled sys-
tem are usually required to be met accurately [114]. However,
for many stochastic control problems, due to a variety of un-
predictable disturbances, it is neither possible nor neces-
sary to enforce the system performance with probability 1.
Instead, it is quite common for practical control systems to
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attain their individual performance objectivewith certain sat-
isfactory probability. These kinds of engineering problems
have given rise to great challenges for the realization of mul-
tiple control objectives with respect to individual probability
constraints. In particular, as a newly emerged research topic,
the probability-guaranteed 𝐻

∞
controller design problem

has been raised in [115] and then thoroughly investigated in
[116–119] in an elegant way. Specifically, the probability-guar-
anteed 𝐻

∞
analysis problem has been studied in [115, 119]

for a class of linear continuous-time systems and in [116] for
a class of linear discrete-time systems with structured distur-
bances. Recently, a new probability-guaranteed robust 𝐻

∞

filtering problem has been put forward in [118] for a class
of linear continuous time-invariant systems. Despite the
advances made on the research topic of probability-guar-
anteed design, there is still much room for further investiga-
tion on more comprehensive systems in order to cover more
engineering practice. For example, in reality, most engineer-
ing systems are nonlinear and time-varying with saturated
sensors, where the performances are usually evaluated over a
finite-horizon for time-varying systems.

3.3. Sliding Mode Controller/Observer Design. Among vari-
ous designmethods for robust control, the sliding mode con-
trol (SMC) scheme appears to be a rather popular one that has
been extensively studied and widely applied. This is because
SMC possesses remarkable strong robustness against model
uncertainties, parameter variations, and external distur-
bances [65, 120–122]. In the past two decades, SMC has be-
come one of the most active branches of control theory that
has found successful applications in a variety of practical
engineering systems such as robot manipulators, aircrafts,
underwater vehicles, spacecrafts, electrical motors, position-
ing systems, and automotive engines. For example, the adap-
tive sliding mode has been studied in [123, 124] for sensor-
less motor drives. The effective SMC schemes have been
designed in [125] for high-speed positioning systems and in
[126] for spacecraft-attitude-tracking maneuvers. Also, con-
siderable research attention has been devoted to the theo-
retical research on SMC problems for different systems. For
example, the concept of SMC has been widely employed in
controller design problems for uncertain systems [61, 127,
128], stochastic systems [58, 59, 65, 129], andMarkovian jump
systems [65, 130].

Recently, many important results have been reported on
the SMC problem for discrete-time systems; see [60, 61, 131–
135]. In [136, 137], the SMC problems for a class of uncer-
tain systems with mismatched uncertainty have been inves-
tigated. In the context of SMC for discrete-time systems, the
quasisliding mode concept has been proposed in [133] and
the discrete-time sliding mode reaching condition has been
thoroughly studied based on a reaching law approach. Such a
reaching condition has recently been shown in [60, 61, 138–
140] to be a popular and convenient way of addressing the
SMC problems for a class of discrete-time systems. Noting
the advantages of the NCSs, it seems significantly important
to investigate the SMC problem for discrete-time systemwith
various network-induced phenomena.

On the other hand, it is well known that system states are
not always available mainly due to the limit of physical con-
ditions or expense for measuring in reality. Therefore, the
state estimation problem has received a great deal of research
attention. In recent years, the sliding mode observer (SMO)
theory has been successfully applied to a wide range of areas
such as induction motor drives, 𝑛-degree-of-freedom mech-
anical systems, and single-link flexible joint robot systems
[141–143]. When designing the sliding mode observers
(SMOs), a suitable nonlinear output injection is usually intro-
duced to guarantee finite time convergence and induce a slid-
ing motion. Most research on SMO design has been carried
out along this line; see, for example, [141, 142, 144–149]. To be
specific, by constructing an appropriate SMO, the fault recon-
struction and estimation problems have been extensively
studied in [143, 146–148, 150] for uncertain systems. It should
be pointed out that almost all results mentioned above have
been concernedwith continuous-time systems, and the relev-
ant results for discrete-time systems have been very few de-
spite the fact that nowadays digitalized control systems are
inherently discrete-time ones.

As mentioned above, the time-delays and nonlinearities
are inevitably encountered in various industrial systems. The
occurrence of time-delays and nonlinearities would cause
great degradation of the system performance. Accordingly,
the SMO problem for nonlinear and/or time-delay systems
has gained considerable research interest and a variety of
important results have been published in the literature; see
[143, 148, 150–152]. To mention a few, in [151], an 𝐻

∞
SMO

problem has been investigated for uncertain nonlinear Lip-
schitz-type systems with fault and disturbances and a suffi-
cient condition has been given such that the𝐻

∞
performance

requirement is satisfied. By using Taylor series expansion
and employing a nonlinear transformation, the discrete-time
model has been derived in [150, 152] from its continuous-time
counterpart and then the discrete-time sliding mode state
estimation problems have been addressed for uncertain non-
linear systems. So far, very few results have been available for
the SMO problem of discrete-time systems with time-delays.

4. Latest Progress

Very recently, the recursive filtering and sliding mode design
problems have been widely investigated for nonlinear sto-
chastic systems with network-induced phenomena and some
interesting results have been reported. In this section, some of
the newest works with respect to this topic are summarized.

(i) In [153, 154], the recursive filtering problems have been
investigated for two classes of time-varying nonlinear sto-
chastic systems. Firstly, the phenomenon of measurement
missing occurs in a random way and the missing probability
for each sensor is governed by an individual random variable
satisfying a certain probability distribution over the interval
[0, 1]. Such a probability distribution is allowed to be any
commonly used distribution over the interval [0, 1] with
known conditional probability. Both deterministic and sto-
chastic nonlinearities have been included in the system
model, where the stochastic nonlinearities have been
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described by statistical means that could reflect the multi-
plicative stochastic disturbances. A new filter has been first
designed in [153] such that, in the presence of both the sto-
chastic nonlinearities and multiple missing measurements,
there exists an upper bound for the filtering error covariance
which is minimized by properly designing the filter gain.
Secondly, the recursive finite-horizon filtering problem has
been investigated in [154] for a class of time-varying nonlin-
ear systems subject tomultiplicative noises,missingmeasure-
ments, and quantization effects. The missing measurements
have been modeled by a series of mutually independent
random variables obeying Bernoulli distributions with pos-
sibly different occurrence probabilities. The quantization
phenomenon has been described by using the logarithmic
function and the multiplicative noises have been considered
to account for the stochastic disturbances on the system
states. By using similar techniques, the desired filter param-
eters have been obtained by solving two Riccati-like differ-
ence equations that are of a recursive form suitable for online
applications.

(ii) In [155, 156], the recursive filtering problems have
been studied for two classes of time-varying stochastic sys-
tems with stochastic nonlinearities. Firstly, the phenomenon
of measurement fading occurs in a random way and the fad-
ing probability for each sensor is governed by an individual
random variable obeying a certain probability distribution
over the known interval [𝛽

𝑘
, 𝛾
𝑘
]. Such a probability distribu-

tion could be any commonly used discrete distribution over
the interval [𝛽

𝑘
, 𝛾
𝑘
] that covers the Bernoulli distribution as a

special case.Theprocess noise and themeasurement noise are
one-step autocorrelated, respectively. The process noise and
the measurement noise are two-step cross correlated. An
unbiased, recursive and locally optimal filter has been de-
signed in [155] for a class of time-varying nonlinear stochastic
systems with random parameter matrices, stochastic nonlin-
earity, andmultiple fadingmeasurements aswell as correlated
noises. Secondly, the proposed filtering method has been
extended to deal with the gain-constrained recursive filter
design problem in [156] for the systems subject to proba-
bilistic sensor delays, stochastic nonlinearities, and finite-step
correlated noises. Intensive stochastic analysis has been
carried out to obtain the filter gain characterized by the solu-
tion to recursive matrix equations. It has been shown that the
proposed scheme is of a form suitable for recursive computa-
tion in online applications.

(iii) The probability-guaranteed𝐻
∞

finite-horizon filter-
ing problem has been discussed in [157] for a class of time-
varying nonlinear systems with uncertain parameters and
sensor saturations.The systemmatrices are functions of mut-
ually independent stochastic variables that obey uniform
distributions over known finite ranges. By using the sector-
bounded approach, a decomposition technique has been em-
ployed to facilitate the filter design in terms of difference lin-
ear matrix inequalities (DLMIs). Attention has been focused
on the construction of a time-varying filter such that the
prescribed𝐻

∞
performance requirement can be guaranteed

with prespecified probability constraint. By employing the
DLMIs approach, sufficient conditions have been estab-
lished to guarantee the desired performance of the designed

finite-horizon filter. The time-varying filter gains have been
obtained in terms of the feasible solutions to a set of DLMIs
that can be recursively solved by using the semidefinite pro-
grammingmethod. A computational algorithmhas been spe-
cifically developed for the addressed probability-guaranteed
𝐻
∞

finite-horizon filtering problem.
(iv) The 𝐻

∞
SMO design problem has been studied in

[158] for a class of nonlinear discrete time-delay systems.The
nonlinear descriptions quantify the maximum possible deri-
vations from a linear model and the system states are allowed
to be immeasurable. Attention has been focused on the design
of a discrete-time SMO such that the asymptotic stability as
well as the 𝐻

∞
performance requirement of the error dyna-

mics can be guaranteed in the presence of nonlinearities,
time-delay, and external disturbances. Firstly, a discrete-time
discontinuous switched term has been constructed to make
sure that the reaching condition holds.Then, by constructing
a new Lyapunov-Krasovskii functional based on the idea of
“delay-fractioning” and introducing some appropriate free-
weighting matrices, a sufficient condition has been estab-
lished to guarantee the desired performance of the error
dynamics in the specified sliding surface by solving a min-
imization problem. In particular, the so-called “weighting”
scalar parameters have been constructively introduced to fit
both the delay-fractioning idea and the sliding mode
approach. It has been shown that the desired observer gains
can be obtained in terms of the feasible solutions to a set of
matrix inequalities that can be solved easily by using the semi-
definite programming method.

(v) In [159, 160], the robust SMC problems have been
investigated for discrete-time uncertain nonlinear stochastic
systems with time-varying delays. Firstly, the randomly oc-
curring nonlinearity (RON), which describes the phenom-
enon of a class of nonlinear disturbances occurring in a ran-
dom way, has been modeled according to a Bernoulli distrib-
utedwhite sequencewith a known conditional probability. By
constructing a novel Lyapunov-Krasovskii functional, the
idea of delay-fractioning has been applied to cope with the
robust SMC problem with time-delays. Sufficient conditions
have been derived in [159] to ensure the stability of the sys-
tems dynamics in the specified sliding surface. Such condi-
tions have been characterized in terms of a set of LMIs with
an equality constraint. A newdiscrete-time SMC lawhas been
synthesized to guarantee the reaching condition of the
discrete-time sliding surface. Moreover, the robust𝐻

∞
SMC

problem has been investigated in [160] for a general class of
discrete-time uncertain systems with stochastic nonlineari-
ties and time-varying delays. By constructing a similar sliding
surface and designing the SMC law, sufficient conditions have
been given to ensure that, for all parameter uncertainties,
unmatched stochastic nonlinearities, time-varying delays,
and unmatched external disturbance, the sliding mode dyna
mics is asymptotically mean-square stable while achieving a
prescribed disturbance attenuation level.

(vi) In [161, 162], the robust SMC problems have been
studied for discrete-time uncertain nonlinear stochastic sys-
tems with mixed time-delays. Firstly, both the sector-like
nonlinearities and the norm-bounded uncertainties enter
into the system in random ways, and such ROUs and RONs
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obey certain mutually uncorrelated Bernoulli distributed
white noise sequences with known conditional probabilities.
This description can reflect the fact that the ROUs and RONs
can appear or disappear in a probabilistic way due to unpre-
dictable changes of the environmental circumstances. The
mixed time-delays consist of both the discrete and the dis-
tributed delays, and the stochastic disturbance is of the gen-
eral Itô-type. An SMC lawhas been designed in [161] such that
the mean-square asymptotic stability of the sliding mode
dynamics can be guaranteed in the presence of ROUs and
RONs as well as mixed time-delays. By employing the idea
of delay-fractioning and constructing a new Lyapunov-Kra-
sovskii functional, sufficient conditions have been established
to achieve the desired performance in the specified sliding
surface by solving certain semidefinite programming prob-
lem. Secondly, the robust SMC design problem has been in-
vestigated in [162] for a class of uncertain nonlinear systems
with Markovian jumping parameters and mixed time-delays,
and a set of parallel results has been derived.

5. Conclusions and Future Works

In this paper, we have summarized some recent advances on
the recursive filtering and sliding mode design for nonlinear
stochastic systems with network-induced phenomena. The
developments of the network-induced phenomena have been
surveyed. Subsequently, various recursive filtering and sliding
mode design problems have been discussed for nonlinear sto-
chastic systems. Furthermore, the recursive filtering and slid-
ing mode design approaches of the nonlinear stochastic sys-
tems with network-induced phenomena have been given and
the latest results have been reviewed. To conclude this survey
paper, we highlight some related topics for the further re-
search works as follows.

(i) The nonlinearities addressed have some constraints
that may bring somewhat conservative results. The
analysis and synthesis of more general nonlinear sys-
tems with network-induced phenomena would be
one of the future research topics.

(ii) Another future research direction is to investigate the
guaranteed-cost control problem for nonlinear time-
varying systems with randomly occurring actuator
failures over a finite time-horizon.

(iii) In case that the convergence analysis of the recursive
filter approach becomes a concern, some additional
assumptions can bemade on the systemparameters in
order to ensure the global boundedness of the estim-
ation errors, which constitutes one of the future re-
search topics.

(iv) When the system states are immeasurable, the dyna-
mic output feedback sliding mode design is desired
for time-delay nonlinear stochastic systems with net-
work-induced phenomena.

(v) An additional trend for future research is to generalize
the current methods to the synchronization, control,
and filtering problems for nonlinear stochastic com-
plex networks with network-induced phenomena.
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[37] J. Linares-Pérez, A. Hermoso-Carazo, R. Caballero-Águila, and
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[112] S. Kolås, B. A. Foss, and T. S. Schei, “Constrained nonlinear state
estimation based on the UKF approach,” Computers and Chem-
ical Engineering, vol. 33, no. 8, pp. 1386–1401, 2009.

[113] C. Yang and E. Blasch, “Kalman filtering with nonlinear state
constraints,” in Proceedings of the 9th International Conference
on Information Fusion, Seattle, Wash, USA, July 2006.

[114] S. Yin, H. Luo, and S. Ding, “Real-time implementation of fault-
tolerant control systems with performance optimization,” IEEE
Transactions on Industrial Electronics, vol. 61, no. 5, pp. 2402–
2411, 2014.



Mathematical Problems in Engineering 11

[115] I. Yaesh, S. Boyarski, and U. Shaked, “Probability-guaranteed
robust 𝐻

∞
performance analysis,” in Proceedings of the 15th

IFAC Congress, Barcelona, Spain, 2002.
[116] S. Boyarski and U. Shaked, “Discrete-time 𝐻

∞
and 𝐻

2
control

with structured disturbances and probability-relaxed require-
ments,” International Journal of Control, vol. 77, no. 14, pp. 1243–
1259, 2004.

[117] S. Boyarski and U. Shaked, “Robust𝐻
∞
control design for best

mean performance over an uncertain-parameters box,” System
& Control Letters, vol. 54, no. 6, pp. 585–595, 2005.

[118] S. Boyarski and U. Shaked, “Probability-guaranteed robust full-
order and reduced-order 𝐻

∞
-filtering,” in Proceedings of the

IFAC SSSC, Foz do Iguassu, Brazil, 2007.
[119] I. Yaesh, S. Boyarski, and U. Shaked, “Probability-guaranteed

robust 𝐻
∞

performance analysis and state-feedback design,”
Systems & Control Letters, vol. 48, no. 5, pp. 351–364, 2003.

[120] L. Wu, P. Shi, and H. Gao, “State estimation and sliding-mode
control of Markovian jump singular systems,” Institute of Elec-
trical and Electronics Engineers, vol. 55, no. 5, pp. 1213–1219, 2010.

[121] Y. Xia, G.-P. Liu, P. Shi, J. Chen, and D. Rees, “Robust delay-
dependent sliding mode control for uncertain time-delay sys-
tems,” International Journal of Robust and Nonlinear Control,
vol. 18, no. 11, pp. 1142–1161, 2008.

[122] X. Yu and M. Zhihong, “Fast terminal sliding-mode control
design for nonlinear dynamical systems,” IEEE Transactions on
Circuits and Systems I, vol. 49, no. 2, pp. 261–264, 2002.

[123] G. Foo and M. F. Rahman, “Sensorless sliding-mode MTPA
control of an IPM synchronous motor drive using a sliding-
mode observer and HF signal injection,” IEEE Transactions on
Industrial Electronics, vol. 57, no. 4, pp. 1270–1278, 2010.

[124] T.Orlowska-Kowalska,M.Dybkowski, andK. Szabat, “Adaptive
sliding-mode neuro-fuzzy control of the two-mass induction
motor drive without mechanical sensors,” IEEE Transactions on
Industrial Electronics, vol. 57, no. 2, pp. 553–564, 2010.

[125] B.K.Kim,W.K.Chung, andK.Ohba, “Design andperformance
tuning of sliding-mode controller for high-speed and high-
accuracy positioning systems in disturbance observer frame-
work,” IEEE Transactions on Industrial Electronics, vol. 56, no.
10, pp. 3798–3809, 2009.

[126] C. Pukdeboon, A. S. I. Zinober, and M.-W. L. Thein, “Quasi-
continuous higher order sliding-mode controllers for space-
craft-attitude-tracking maneuvers,” IEEE Transactions on In-
dustrial Electronics, vol. 57, no. 4, pp. 1436–1444, 2010.

[127] H. H. Choi, “LMI-based sliding surface design for integral
sliding mode control of mismatched uncertain systems,” IEEE
Transactions on Automatic Control, vol. 52, no. 4, pp. 736–742,
2007.

[128] L. Wu and W. X. Zheng, “Passivity-based sliding mode control
of uncertain singular time-delay systems,” Automatica, vol. 45,
no. 9, pp. 2120–2127, 2009.

[129] Y. Niu, D. W. C. Ho, and X.Wang, “Sliding mode control for Itô
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This paper addresses two control schemes for stochastic nonlinear systems. Firstly, an adaptive controller is designed for a class
of motion equations. Then, a robust finite-time control scheme is proposed to stabilize a class of nonlinear stochastic systems.
The stability of the closed-loop systems is established based on stochastic Lyapunov stability theorems. Links between these two
methods are given. The efficiency of the control schemes is evaluated using numerical simulations.

1. Introduction

There has been conspicuous attention toward extending
popular nonlinear control design in deterministic setting
to stochastic framework. In particular, the integrator back-
stepping was generalized for stochastic nonlinear system in
[1]. The author in [2] gave an extension of output feedback
backstepping design for stochastic systems. Battiloti [3] inves-
tigated stabilization for a class of stochastic nonlinear systems
in upper triangular. A stochastic version of nonlinear small
gain was given in [4]. Using the small gain condition, the
authors provided an adaptive backstepping controller. Other
attempts toward this end have been reported in [5–10] and
references therein.

Asymptotic stabilization is an important issue in many
engineering applications. But for very demanding applica-
tions, finite-time stabilization offers an effective alternative,
which yields, in some sense, fast response, high tracking
precision, and disturbance-rejection properties [11]. Finite-
time stability [12, 13] allows solving the finite-time sta-
bilization problem. Finite-time stabilization method was
introduced by Bhat and Bernstein [12] and then it has been
developed by many other researchers (see, e.g., [13, 14]). As
mentioned above, over the last few decades, considerable
research works have been devoted to analysis and design of
nonlinear stochastic systems. Recently, Chen and Jiao [15]

have extended finite-time stability of deterministic systems
to stochastic framework using the Itô differential equation.

In this paper, we provide two nonlinear control designs
with applications to a guidance system in stochastic setting.
The former gives an adaptive control law for the guidance
system. The latter stabilizes a class of stochastic system in
finite-time; as a special case, it is applied to the guidance
system. Twonumerical simulations illustrate the effectiveness
of the proposed control schemes. Moreover, links between
these two methods are given in Section 4.

The rest of this paper is organized as follows. In Section 2,
notions for stochastic nonlinear systems are reviewed. In
Section 3, a Lyapunov-based adaptive stochastic control is
presented for the guidance system; then the result is veri-
fied with numerical simulations. In Section 4, a finite-time
stochastic control is investigated. Using this control method,
a robust finite-time guidance law is derived. In Section 5,
concluding remarks are placed.

2. Preliminaries

List of Properties

(i) 𝑅
+
is the nonnegative real numbers.

(ii) 𝐶𝑛 denotes the set of 𝑛-times differentiable functions
𝑅
𝑛 to 𝑅

+
.
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(iii) |x| stands for Euclidean norm.
(iv) A function 𝛼 : 𝑅

+
→ 𝑅
+
is of class-K (𝛼 ∈ K) if

it is continuous, zero at zero and strictly increasing.
Furthermore, it is of class-K

∞
(𝛼 ∈ K

∞
) if |𝑠| → ∞

as 𝑠 → ∞.
(v) A function 𝛽 : 𝑅

+
× 𝑅
+

→ 𝑅
+
is of class-KL if

for each fixed 𝑡 ≥ 0, 𝛽(⋅, 𝑡) ∈ K and for each fixed
𝑠 ≥ 0, 𝛽(𝑠, ⋅) is strictly decreasing and 𝛽(𝑠, 𝑡) → 0 as
𝑡 → ∞.

(vi) 𝐸[⋅] denotes the expectation of stochastic variable 𝑥.

Consider the following stochastic nonlinear system:

𝑑x = (f (x) + g (x) 𝑢) 𝑑𝑡 + h (x) 𝑑w, (1)

where x = [𝑥
1
, . . . , 𝑥

𝑛
]
𝑇

∈ 𝑅
𝑛 is the state of the system

which is assumed to be available for measurement, 𝑢 ∈ 𝑅

is the control input, 𝑡 ∈ 𝑅
+
is time, f ∈ 𝑅

𝑛

, g ∈ 𝑅
𝑛, and

h ∈ 𝑅𝑛×𝑟 are continuous functions, andw is an 𝑟-dimensional
standard Brownian motion. Let 𝑥(𝑡, 𝑥

0
) denote the solution

to the system (1) starting from the initial value 𝑥
0
.The system

(1) can be thought of as a perturbation from the deterministic
system ̇x = f(x) + g(x)𝑢 by an additive white noise.

Let 𝑉 : 𝑅
𝑛

→ 𝑅
+ with the property that 𝑉 ∈ 𝐶

2. The
differential operator 𝐿 is defined by

𝐿𝑉 :=
𝜕𝑉

𝜕x
(f (x) + g (x) 𝑢) + 1

2
Tr{h𝑇 𝜕

2

𝑉

𝜕x2
h} , (2)

where Tr{⋅} denotes the matrix trace. We borrow some
notions on stability of stochastic system from [4, 15].

Definition 1 (see [4]). The system (1) is said to be input-to-
state practically stable (ISpS) in probability if for any 𝜀 > 0,
there exist some 𝛽 ∈ KL, 𝛾 ∈ K, and 𝛿 > 0 such that the
following hold:

𝑃 {|𝑥| ≤ 𝛽 (
󵄨󵄨󵄨󵄨𝑥0

󵄨󵄨󵄨󵄨 , 𝑡) + 𝛾 (|𝑢|) + 𝛿} ≥ 1 − 𝜀,

∀𝑡 ≥ 0, 𝑥
0
∈ 𝑅
𝑛

\ {0} .

(3)

Definition 2 (see [15]). For system (1), define 𝑇(𝑥
0
, 𝑤) = {𝑇 ≥

0 : 𝑥(𝑡, 𝑥
0
) ≡ 0 ∀𝑡 > 𝑇}, which is called the stochastic settling

time function.

Definition 3 (see [15]). For stochastic system (1), the origin
x = 0 is said to be globally stochastically finite-time stable, if
for each 𝑥

0
∈ 𝑅
𝑛, the following conditions hold:

(i) stochastic settling time function 𝑇(𝑥
0
, 𝑤) exists with

probability one;
(ii) if 𝑇(𝑥

0
, 𝑤) exists, then 𝐸[𝑇(𝑥

0
, 𝑤)] < +∞;

(iii) the origin is stable.

Theorem 4 (see [4]). For system (1), there exist 𝑉 : 𝑅𝑛 → 𝑅
+

function with the property that 𝑉 ∈ 𝐶
2, functions 𝛼, 𝛼, 𝛼 ∈

K
∞

and 𝛾 ∈ K, and 𝛿 > 0 such that the following hold:

𝛼 (x) ≤ 𝑉 (x) ≤ 𝛼 (x) ,

𝐿𝑉 ≤ −𝛼 (|x|) + 𝛾 (|x|) + 𝛿;
(4)

then system (1) is ISpS in probability sense. Such a function 𝑉
is called an ISpS Lyapunov function for (1).

Theorem 5 (see [15]). Consider system (1) with 𝑢 = 0. If there
exist a positive definite, twice continuously differentiable, and
radially unbounded Lyapunov function 𝑉 : 𝑅𝑛 → 𝑅

+
and real

numbers 𝛽 > 0 and 0 < 𝛼 < 1, such that

𝐿𝑉 (x) ≤ −𝛽[𝑉 (x)]𝛼, (5)

then the origin of system (1) is globally stochastically finite-time
stable.

Lemma 6 (Young’s inequality). For any (𝑎, 𝑏) ∈ 𝑅 × 𝑅, for all
(𝑝, 𝑞) ∈ 𝑅

+
× 𝑅
+
with (1/𝑝) + (1/𝑞) = 1, and for each 𝜀 > 0,

the following holds:

𝑎𝑏 ≤
𝜀
𝑝

𝑝
|𝑎|
𝑝

+
1

𝜀𝑞𝑞
|𝑏|
𝑞

. (6)

3. Adaptive Control Design for
a Guidance System

In this section, we design an adaptive control law for the
guidance system below under the presence of noise. The
geometry of planar interception is shown in Figure 1. The
two-dimensional motion equation of the planar interception
is [16]

̇𝑟 = 𝑉
𝑇
cos (𝑞 − 𝜑

𝑇
) − 𝑉
𝑀
cos (𝑞 − 𝜑

𝑀
) ,

𝑟 ̇𝑞 = −𝑉
𝑇
sin (𝑞 − 𝜑

𝑇
) + 𝑉
𝑀
sin (𝑞 − 𝜑

𝑀
) ,

(7)

where 𝑟 is the relative range, 𝑞 is LOS angle, 𝜑
𝑀

and
𝜑
𝑇

are flight-path angle for missile and target, and 𝑉
𝑀

and 𝑉
𝑇
are missile velocity and target velocity, respectively.

Differentiating (7) with respect to time yields [16]:

̈𝑟 = 𝑟 ̇𝑞
2

+ 𝑤 − 𝑢,

̈𝑞 = −
2 ̇𝑟

𝑟
̇𝑞 +
1

𝑟
𝑤 −

1

𝑟
𝑢,

(8)

where 𝑢 and𝑤 are missile acceleration normal to line of sight
and target acceleration normal to line of sight, respectively.
Let 𝑢 be the control input. Also, define 𝑥(𝑡) := ̇𝑞(𝑡) for all
𝑡 ≥ 0. So we get

̇𝑥 = −
2 ̇𝑟

𝑟
𝑥 +

1

𝑟
𝑤 −

1

𝑟
𝑢. (9)

Assumption 7. Suppose that ̇𝑟(𝑡) and 𝑤(𝑡) are stochastic
processes defined by

̇𝑟 (𝑡) = ̇𝑟 (𝑡) + 𝜁 (𝑡) ,

𝑤 (𝑡) = 𝑤 (𝑡) + 𝜁 (𝑡) ,

(10)

where ̇𝑟(𝑡) and 𝑤(𝑡) are deterministic and 𝜁(𝑡) is white noise
degrading measurements. Using Assumption 7, the system
(9) can be represented as

𝑑𝑥 = (−
2 ̇𝑟

𝑟
𝑥 +

1

𝑟
𝑤 −

1

𝑟
𝑢)𝑑𝑡 −

1

𝑟
(2𝑥 − 1) 𝑑𝑤. (11)
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T

Figure 1: Planar interception geometry.𝑀 and 𝑇 denote the missile
and the target, respectively.

Theorem 8. Consider the stochastic system (11). The following
guidance law

𝑢 = 𝑐𝑥 + 𝑤 − 𝑁 ̇𝑟𝑥 + 𝜃
𝑥

𝑟
+ 6

𝑥

𝑟
−
6

𝑟
, 𝑁 > 2 (12)

with the update law

̇
𝜃̂ = 𝑘 [𝜎 (𝜃

∘

− 𝜃) +
𝑥
4

𝑟2
] 𝑐, 𝜎, 𝑘 > 0, 𝜃

∘

∈ 𝑅 (13)

guarantees the boundedness of x(𝑡) and 𝜃(𝑡) and the conver-
gence of x(𝑡) to an arbitrary small neighborhood of the origin.

Proof. Define the following Lyapunov function:

𝑉(𝑥, 𝜃) =
1

4
𝑥
4

+
1

2𝑘
𝜃
2

, (14)

where 𝜃 = 𝜃−𝜃. According to the Itô differential rule [17], we
have

𝐿𝑉 =
𝜕𝑉

𝜕𝑥
(−

2 ̇𝑟

𝑟
𝑥 +

1

𝑟
𝑤 −

1

𝑟
𝑢)

+
1

2

𝜕
2

𝑉

𝜕𝑥2
(
2𝑥 − 1

𝑟
)

2

+
𝜕𝑉

𝜕𝜃

̇
𝜃̂.

(15)

Adding and subtracting 𝜎𝜃(𝜃∘−𝜃) to the right-hand sight
of (15) give

𝐿𝑉 = 𝑥
3

(−
2 ̇𝑟

𝑟
𝑥 +

1

𝑟
𝑤 −

1

𝑟
𝑢)

+
3

2
(
𝑥

𝑟
)

2

(4𝑥
2

− 4𝑥 + 1)

−
1

𝑘
𝜃
̇
𝜃̂ ± 𝜎𝜃 (𝜃

∘

− 𝜃) .

(16)

This can be simplified as

𝐿𝑉 =
𝑥
3

𝑟
(−2 ̇𝑟𝑥 + 𝑤 − 𝑢 +

6𝑥

𝑟
−
6

𝑟
)

+
3

2

𝑥
2

𝑟2
−
1

𝑘
𝜃
̇
𝜃̂ ± 𝜎𝜃 (𝜃

∘

− 𝜃) .

(17)

Rewrite (17) as

𝐿𝑉 =
𝑥
3

𝑟
(−2 ̇𝑟𝑥 + 𝑤 − 𝑢 +

6𝑥

𝑟
−
6

𝑟
)

+
3

2

𝑥
2

𝑟2
−
𝜃

𝑘
(
̇
𝜃̂ − 𝜎𝑘 (𝜃

∘

− 𝜃)) − 𝜎𝜃 (𝜃
∘

− 𝜃) ,

(18)

so we get

𝐿𝑉 =
𝑥
3

𝑟
(−2 ̇𝑟𝑥 + 𝑤 − 𝑢 +

6𝑥

𝑟
−
6

𝑟
+ 𝜃

𝑥

𝑟
)

− 𝜃
𝑥
4

𝑟2
+
3

2

𝑥
2

𝑟2
−
𝜃

𝑘
(
̇
𝜃̂ − 𝜎𝑘 (𝜃

∘

− 𝜃)) − 𝜎𝜃 (𝜃
∘

− 𝜃) .

(19)

Recalling the fact that 𝜃 = 𝜃 − 𝜃, (19) can be written as

𝐿𝑉 =
𝑥
3

𝑟
(−2 ̇𝑟𝑥 + 𝑤 − 𝑢 +

6𝑥

𝑟
−
6

𝑟
+ 𝜃

𝑥

𝑟
)

+ (𝜃 − 𝜃)
𝑥
4

𝑟2
+
3

2

𝑥
2

𝑟2
−
𝜃

𝑘
(
̇
𝜃̂ − 𝜎𝑘 (𝜃

∘

− 𝜃))

− 𝜎𝜃 (𝜃
∘

− 𝜃) .

(20)

Therefore, we have

𝐿𝑉 =
𝑥
3

𝑟
(−2 ̇𝑟𝑥 + 𝑤 − 𝑢 +

6𝑥

𝑟
−
6

𝑟
+ 𝜃

𝑥

𝑟
)

− 𝜃
𝑥
4

𝑟2
+
3

2

𝑥
2

𝑟2
−
𝜃

𝑘
(
̇
𝜃̂ − 𝜎𝑘 (𝜃

∘

− 𝜃) − 𝑘
𝑥
4

𝑟2
)

− 𝜎𝜃 (𝜃
∘

− 𝜃) .

(21)

It follows with the following update law

̇
𝜃̂ = 𝑘 [𝜎 (𝜃

∘

− 𝜃) +
𝑥
4

𝑟2
] (22)

that

𝐿𝑉 =
𝑥
3

𝑟
(−2 ̇𝑟𝑥 + 𝑤 − 𝑢 +

6𝑥

𝑟
−
6

𝑟
+ 𝜃

𝑥

𝑟
)

− 𝜃
𝑥
4

𝑟2
+
3

2

𝑥
2

𝑟2
− 𝜎𝜃 (𝜃

∘

− 𝜃) .

(23)

The last term in (23) can be written as

2𝜃 (𝜃
∘

− 𝜃) = 𝜃
2

+ (𝜃
∘

− 𝜃)
2

− (𝜃
∘

− 𝜃)
2

. (24)

Substituting (24) into (21) gives

𝐿𝑉 =
𝑥
3

𝑟
(−2 ̇𝑟𝑥 + 𝑤 − 𝑢 +

6𝑥

𝑟
−
6

𝑟
+ 𝜃

𝑥

𝑟
)

−
𝜎

2
(𝜃
2

+ (𝜃
∘

− 𝜃)
2

− (𝜃
∘

− 𝜃)
2

) − 𝜃
𝑥
4

𝑟2
+
3

2

𝑥
2

𝑟2
.

(25)
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Pick the following control law:

𝑢 = 𝑐𝑥 + 𝑤 − 𝑁 ̇𝑟𝑥 + 𝜃
𝑥

𝑟
+ 6

𝑥

𝑟
−
6

𝑟
𝑁 > 2. (26)

So we obtain

𝐿𝑉 = − 𝑐
𝑥
4

𝑟
+

̇𝑟𝑥
4

𝑟
(𝑁 − 2) − 𝜃

𝑥
4

𝑟2
+
3

2

𝑥
2

𝑟2

−
𝜎

2
(𝜃
2

+ (𝜃
∘

− 𝜃)
2

− (𝜃
∘

− 𝜃)
2

) .

(27)

For𝑁 > 2, the second term on the right-hand side of (27) is
negative (i.e., ( ̇𝑟𝑥4/𝑟)(𝑁 − 2) < 0), thus

𝐿𝑉 ≤ − 𝑐
𝑥
4

𝑟
− 𝜃

𝑥
4

𝑟2
+
3

2

𝑥
2

𝑟2

−
𝜎

2
(𝜃
2

+ (𝜃
∘

− 𝜃)
2

− (𝜃
∘

− 𝜃)
2

) .

(28)

A simplified but conservative version of (28) is

𝐿𝑉 ≤ −𝑐
𝑥
4

𝑟
− 𝜃

𝑥
4

𝑟2
+
3

2

𝑥
2

𝑟2
−
𝜎

2
(𝜃
2

− (𝜃
∘

− 𝜃)
2

) . (29)

The last term in (29) on the right-hand side of (29) is
negative (i.e., −𝜎/2(𝜃∘ − 𝜃)

2

< 0), so

𝐿𝑉 ≤ −𝑐
𝑥
4

𝑟
− 𝜃

𝑥
4

𝑟2
+
3

2

𝑥
2

𝑟2
−
𝜎

2
𝜃
2

+
𝜎

2
(𝜃
∘

− 𝜃)
2

. (30)

The second and third terms on the right-hand side of (30)
can be written as

−𝜃
𝑥
4

𝑟2
+
3

2

𝑥
2

𝑟2
= −

𝜃

𝑟2
(𝑥
4

−
3

2𝜃
𝑥
2

)

= −
𝜃

𝑟2
(𝑥
4

−
3

2𝜃
𝑥
2

+ (
3

4𝜃
)

2

− (
3

4𝜃
)

2

)

= −
𝜃

𝑟2
(𝑥
2

−
3

4𝜃
)

2

+
9

16𝜃𝑟2
.

(31)

By substituting (31) into (30), we get

𝐿𝑉 ≤ −𝑐
𝑥
4

𝑟
−
𝜃

𝑟2
(𝑥
2

−
3

4𝜃
)

2

+
9

16𝜃𝑟2
−
𝜎

2
𝜃
2

+
𝜎

2
(𝜃
∘

− 𝜃)
2

.

(32)

So

𝐿𝑉 ≤ −𝑐
𝑥
4

𝑟
−
𝜎

2
𝜃
2

+
9

16𝜃𝑟2
+
𝜎

2
(𝜃
∘

− 𝜃)
2

𝜃 > 0. (33)

Let 𝜀 = (9/16𝜃𝑟
2

) + (𝜎/2)(𝜃
∘

− 𝜃)
2. Substituting (14) into

the right-hand side of above inequality gives

𝐿𝑉 ≤ −𝑐
0
𝑉 + 𝜀, (34)

where 𝑐
0

= min{𝑘𝜎, 4𝑐/𝑟}. Inequality (34) implies that
𝑉 is an ISpS Lyapunov function. Therefore, it ensures the
boundedness of x(𝑡) and 𝜃(𝑡) and convergence of x(t) to an
arbitrary small neighborhood of the origin.

Corollary 9. Under the assumption that 𝑤(𝑡) is a pure
deterministic variable. The following guidance law

𝑢 = 𝑐𝑥 + 𝑤 − 𝑁 ̇𝑟𝑥 + 𝜃
𝑥

𝑟
, 𝑁 > 2 (35)

with an update law

̇𝜃 = 𝑘
𝑥
4

𝑟2
𝑘 > 0 (36)

guarantees the boundedness of x(𝑡) and 𝜃(𝑡) and the conver-
gence of x(𝑡) to the origin.

Proof. The proof is a simple conclusion of Theorem 8.

Three-Dimensional Case.With the same arguments, the result
can be extended to the three-dimensional case. Consider the
following stochastic system:

𝑑𝑥
1
= (−

2 ̇𝑟

𝑟
𝑥
1
+
1

𝑟
𝑤
1
−
1

𝑟
𝑢
1
)𝑑𝑡 −

1

𝑟
(2𝑥
1
− 1) 𝑑𝑤

1
,

𝑑𝑥
2
= (−

2 ̇𝑟

𝑟
𝑥
2
+
1

𝑟
𝑤
2
−
1

𝑟
𝑢
2
)𝑑𝑡 −

1

𝑟
(2𝑥
2
− 1) 𝑑𝑤

2
,

(37)

where 𝑤
1
= 𝑎
𝑇𝜃

and 𝑤
2
= 𝑎
𝑇𝜙
. The following guidance laws

𝑢
1
= 𝑐
1
𝑥 + 𝑤

1
− 𝑁 ̇𝑟𝑥

1
+ 𝜃
1

𝑥
1

𝑟
+ 6

𝑥
1

𝑟
−
6

𝑟
, 𝑁 > 2,

𝑢
2
= 𝑐
2
𝑥 + 𝑤

2
− 𝑁 ̇𝑟𝑥

2
+ 𝜃
2

𝑥
2

𝑟
+ 6

𝑥
2

𝑟
−
6

𝑟
, 𝑁 > 2

(38)

with the update laws

̇
𝜃̂
1
= 𝑘
1
[𝜎
1
(𝜃
∘

1
− 𝜃
1
) +

𝑥
4

1

𝑟2
] , 𝑐

1
, 𝜎
1
, 𝑘
1
> 0, 𝜃

∘

1
∈ 𝑅,

̇
𝜃̂
2
= 𝑘
2
[𝜎
2
(𝜃
∘

2
− 𝜃
2
) +

𝑥
4

2

𝑟2
] , 𝑐

2
, 𝜎
2
, 𝑘
2
> 0, 𝜃

∘

2
∈ 𝑅

(39)

guarantee the boundedness of x(𝑡) and the convergence of
x(𝑡) to an arbitrary small neighborhood of the origin.

3.1. Numerical Simulation. For the closed loop system, the
mentioned stochastic differential equations governed by this
guidance system can be simplified as

𝑑𝑥 (𝑡) = (− (𝑁 + 2)

̇𝑟 (𝑡)

𝑟 (𝑡)
𝑥 (𝑡) −

𝑐 + 𝜃 (𝑡)

𝑟 (𝑡)
𝑥 (𝑡)

+
6

𝑟2 (𝑡)
𝑥 (𝑡) −

6

𝑟2 (𝑡)
) 𝑑𝑡

+ (
−2

𝑟 (𝑡)
𝑥 (𝑡) +

1

𝑟 (𝑡)
) 𝑑𝑤 (𝑡) ,

(40)
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where ̇
𝜃̂(𝑡) and r(𝑡) are simultaneously solved by the follow-

ing:

̇
𝜃̂ (𝑡) = 𝑘 [𝜎 (𝜃

∘

− 𝜃 (𝑡)) +
𝑥
4

(𝑡)

𝑟 (𝑡)
] 𝑐, 𝜎, 𝑘 > 0 𝜃

∘

∈ 𝑅,

̈𝑟 (𝑡) = (𝑟 (𝑡) 𝑥 (𝑡) − 𝑐 − 𝑁 ̇𝑟 (𝑡) − 𝜃 (𝑡) +
6

𝑟 (𝑡)
)

× 𝑥 (𝑡) + 𝜁 (𝑡) −
6

𝑟 (𝑡)
.

(41)

To solve these equations numerically, we follow themeth-
ods in [18, 19]. The guidance law and update law parameters
are chosen as 𝑁 = 2, 𝑐 = 500, 𝜎 = 2, 𝐾 = 5, and 𝜃0 = 0.2.
Initial conditions of system (11) and adaptive guidance law
(13) are selected as ̇𝑟(0) = 200, 𝑟(0) = 1, 𝜃(0) = 0, and
𝑥(0) = 0.1. Sampling time is set to the value ℎ = 0.005.
Applying our proposed method, the line of sight rate 𝑥(𝑡) is
depicted in Figure 2.

The update parameter 𝜃(𝑡) is shown in Figure 3. As we
expect, after some transient time (0.4 second), the update
parameter stays close to the value of 0.2.

The control input 𝑢(𝑡) is shown in Figure 4.

4. Finite-Time Control Law for
Stochastic systems

In the previous section, the variable ̇𝑞 is only controlled (see
(9)). One expects to get better performance of the guidance
system if both the LOS angle 𝑞 and the angular velocity ̇𝑞

are controlled. In this case, we get the following state-space
equations:

̇𝑥
1
= 𝑥
2
,

̇𝑥
2
= −

2 ̇𝑟

𝑟
𝑥
2
+
1

𝑟
𝑤 −

1

𝑟
𝑢.

(42)

Using Assumption 7, the system (42) can be represented as

𝑑𝑥
1
= 𝑥
2
𝑑𝑡,

𝑑𝑥
2
= (−

2 ̇𝑟

𝑟
𝑥
2
+
1

𝑟
𝑤 −

1

𝑟
𝑢)𝑑𝑡 −

1

𝑟
(2𝑥
2
− 1) 𝑑𝑤.

(43)

So we aim to develop a guidance law to stabilize the origin
of the system (43). On the other hand, the notion of finite-
time stability is very important in guidance problems since
the guidance equations are valid as long as the intercept point
is met in finite-time [16, 20, 21]. The adaptive guidance law
proposed in the previous section does not provide the finite-
time convergence of the guidance system although it gives the
effective robustness.These motivate us to give a robust finite-
time guidance law in stochastic setting.

Consider the following stochastic nonlinear system:

𝑑𝑥
1
= 𝑥
2
𝑑𝑡,

𝑑𝑥
2
= (𝑓 (x, 𝑡) + 𝑢) 𝑑𝑡 + 𝑔 (x, 𝑡) 𝑑𝑤,

(44)
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)

Figure 2: The line of sight rate 𝑥(𝑡).
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Figure 3: The adaptation parameter 𝜃(𝑡).

where𝑤 ∈ 𝑅 and x = [𝑥
1
, 𝑥
2
]
𝑇

∈ 𝑅
2 is assumed to be available

for measurement. A guidance system can be modeled in this
form.We emphasize that the guidance system (43) is a special
case of the system (44).

Assumption 10. For any x ∈ 𝑅2, the nonlinear part of (42) can
be bounded by

󵄨󵄨󵄨󵄨𝑓 (x, 𝑡)
󵄨󵄨󵄨󵄨 ≤ 𝛾 (𝑥1, 𝑥2) (

󵄨󵄨󵄨󵄨𝑥1
󵄨󵄨󵄨󵄨 +

󵄨󵄨󵄨󵄨𝑥2
󵄨󵄨󵄨󵄨) , (45)

where 𝛾(𝑥
1
, 𝑥
2
) ≥ 0 is a known C1 function.

It should be noted that the function 𝑓(⋅, ⋅) is unknown, in
general. We only need that the upper bound (45) is given.

Theorem 11. Consider the stochastic system (42) with
Assumption 10. The following control law

𝑢 = − 𝛽 (𝑥
1
, 𝑥
2
) (𝑥
5/3

2
+ 0.15𝑥

1
)
1/5

− [
7

3
𝜛 (𝑥
1
, 𝑥
2
) +

𝛿
4

4
𝑥
8/3

2
] 𝜉
1/5

2

(46)

guarantees the boundedness of x(𝑡) and the convergence of x(𝑡)
to the origin in finite-time.

Proof. Define the following Lyapunov function:

𝑉 (x) = 1

2
𝑥
2

1
+ ∫

𝑥2

𝑥
∗
2

(𝑠
5/3

− 𝑥
∗
5/3

2
)

7/5

𝑑𝑠. (47)
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Figure 4: The applied control effort.

Fact 1. Recall that for a given dynamical system

𝑑x = 𝑓 (x, 𝑡) 𝑑𝑡 + 𝑔 (x, 𝑡) 𝑑w (𝑡) . (48)

According to the Itô differential rule 𝐿𝑉(x) is

𝐿𝑉 (x) = 𝜕𝑉 (x)
𝜕x

𝑓 (x, 𝑡)

+
1

2
𝑇𝑟(𝑔

𝑇

(x, 𝑡) 𝜕
2

𝑉 (x)
𝜕x2

𝑔 (x, 𝑡)) .
(49)

So 𝐿𝑉(x) for the system (42) is

𝐿𝑉 (x) = 𝜕𝑉 (x)
𝜕𝑥
1

𝑥
2
+
𝜕𝑉 (x)
𝜕𝑥
2

(𝑓 (x, 𝑡) + 𝑢)

+
1

2

𝜕
2

𝑉 (x)
𝜕𝑥
2

2

𝑔
2

(x, 𝑡) .
(50)

The partial derivative of 𝑉 respect to 𝑥
1
is

𝜕𝑉 (x)
𝜕𝑥
1

= 𝑥
1
+

𝜕

𝜕𝑥
1

∫

𝑥2

𝑥
∗
2

(𝑠
5/3

− 𝑥
∗
5/3

2
)

7/5

𝑑𝑠. (51)

Fact 2. From the elementary calculus, we get

𝑑

𝑑x
(∫

𝑔(x)

𝑎

𝑓 (x, 𝑧) 𝑑𝑧)

= ∫

𝑔(x)

𝑎

𝜕𝑓 (x, 𝑧)
𝜕x

𝑑𝑧 +
𝜕𝑔 (x)
𝜕𝑥

𝑓 (x, 𝑧)
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨𝑧=𝑔(x)

.

(52)

Using Fact 2, (49) is rewritten as

𝜕𝑉 (x)
𝜕𝑥
1

= 𝑥
1
+ ∫

𝑥2

𝑥
∗
2

𝜕

𝜕𝑥
1

(𝑠
5/3

− 𝑥
∗
5/3

2
)

7/5

𝑑𝑠

−
𝜕𝑥
∗

2

𝜕𝑥
1

(𝑠
5/3

− 𝑥
∗
5/3

2
)

7/5
󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨𝑠=𝑥∗2

.

(53)

It follows with the fact that (𝜕𝑥∗
2
/𝜕𝑥
1
)(𝑠
5/3

− 𝑥
∗
5/3

2
)

7/5

|
𝑠=𝑥
∗
2
= 0

that
𝜕𝑉 (x)
𝜕𝑥
1

= 𝑥
1
+ ∫

𝑥2

𝑥
∗
2

7

5
(𝑠
5/3

− 𝑥
∗
5/3

2
)

2/5

× (−
5

3
𝑥
∗
2/3

2
)
𝜕𝑥
∗

2

𝜕𝑥
1

𝑑𝑠.

(54)

Recall that

𝑥
∗
2/3

2

𝜕𝑥
∗

2

𝜕𝑥
1

= (−2𝑥
3/5

1
)
2/3

(−
6

5
𝑥
−2/5

1
) = −

6

5
(4)
1/3

; (55)

we obtain
𝜕𝑉 (x)
𝜕𝑥
1

= 𝑥
1
+
14

5
(4)
1/3

∫

𝑥2

𝑥
∗
2

(𝑠
5/3

− 𝑥
∗
5/3

2
)

2/5

𝑑𝑠. (56)

The partial derivative of 𝑉(x) with respect to 𝑥
2
is

𝜕𝑉 (x)
𝜕𝑥
2

= (𝑥
5/3

2
− 𝑥
∗
5/3

2
)

7/5

= 𝜉
7/5

2
(57)

and the second derivative with respect to 𝑥
2
is

𝜕
2

𝑉 (x)
𝜕𝑥
2

2

=
7

3
𝜉
2/5

2
𝑥
2/3

2
. (58)

So we have

𝐿𝑉 (x) = (𝑥
1
+
14

5
(4)
1/3

∫

𝑥2

𝑥
∗
2

(𝑠
5/3

− 𝑥
∗
5/3

2
)

2/5

𝑑𝑠)𝑥
2

+ 𝑥
7/5

2
(𝑓 (x) + 𝑢) + 7

6
𝑥
2/5

2
𝑥
2/3

2
𝑔
2

(x) .

(59)

Define the following variables:

𝜉
1
:= 𝑥
1
, 𝜉

2
:= 𝑥
5/3

2
− 𝑥
∗
5/3

2
, 𝑥
∗

2
:= −2𝑥

3/5

1
. (60)

Therefore, one yields:

𝐿𝑉 = (𝜉
1
−
7

5
∫

𝑥2

𝑥
∗
2

(𝑠
5/3

− 𝑥
∗
5/3

2
)

2/5

d𝑠) 𝑥
2

+ 𝜉
7/5

2
(𝑓 (x) + 𝑢) +

7

3
𝑔(x)2𝑥2/3

2
(𝑥
5/3

2
− 𝑥
∗
5/3

2
)

2/5

.

(61)
Let 𝑢 := 𝑢

𝑑
+ 𝑢
𝑠
; the deterministic term is

𝑢
𝑑
= −𝛽 (𝑥

1
, 𝑥
2
) (𝑥
5/3

2
+ 0.15𝑥

1
)
1/5

, (62)

where 𝛽(𝑥
1
, 𝑥
2
) > 0 is a 𝐶1 function. Particularly, 𝑢

𝑑
and

𝑢
𝑠
provide the deterministic and stochastic parts of (44),

respectively. Substituting (62) into the right-hand side of (61)
gives

𝐿𝑉 ≤ − (𝜉
8/5

1
+ 𝜉
8/5

2
) + 𝜉
7/5

2
𝑢
𝑠
+
7

3
𝑔(x)2𝑥2/3

2
𝜉
2/5

2
. (63)

Assume that
󵄨󵄨󵄨󵄨𝑔(x, 𝑡)

󵄨󵄨󵄨󵄨

2

≤ 𝜛 (𝑥
1
, 𝑥
2
) (
󵄨󵄨󵄨󵄨𝜉1
󵄨󵄨󵄨󵄨

6/5

+
󵄨󵄨󵄨󵄨𝜉2
󵄨󵄨󵄨󵄨

6/5

) , (64)

where 𝜛(𝑥
1
, 𝑥
2
) > 0 is a 𝐶1 function. From the aforemen-

tioned assumption and Young’s inequality, we get

𝐿𝑉 ≤ − (𝜉
8/5

1
+ 𝜉
8/5

2
) + 𝜉
7/5

2
𝑢
𝑠

+
7

3
𝜛 (𝑥
1
, 𝑥
2
) (
󵄨󵄨󵄨󵄨𝜉1
󵄨󵄨󵄨󵄨

6/5

+
󵄨󵄨󵄨󵄨𝜉2
󵄨󵄨󵄨󵄨

6/5

) 𝑥
2/3

2
𝜉
2/5

2

≤ − (𝜉
8/5

1
+ 𝜉
8/5

2
) +

1

(4/3) 𝛿
4/3

𝜉
8/5

1

+ 𝜉
7/5

2
(𝑢
𝑠
+ [

7

3
𝜛 (𝑥
1
, 𝑥
2
) +

𝛿
4

4
𝑥
8/3

2
] 𝜉
1/5

2
) ,

(65)
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where 𝛿 ∈ (0, 1). Let 𝑢
𝑠
be

𝑢
𝑠
= −[

7

3
𝜛 (𝑥
1
, 𝑥
2
) +

𝛿
4

4
𝑥
8/3

2
] 𝜉
1/5

2
. (66)

With the similar arguments as above, we have

𝐿𝑉 ≤ − (1 − 𝛿) (𝜉
8/5

1
+ 𝜉
8/5

2
) . (67)

It follows from Proposition 2 and Lemma 2.3 in [13] that

𝐿𝑉 ≤ − (1 − 𝛿) (𝜉
8/5

1
+ 𝜉
8/5

2
) ≤ −𝜌𝑉

4/5

𝜌 ∈ (0, 0.5) .

(68)

This shows that the origin of the system is globally
stochasticly finite-time stable.

4.1. Numerical Simulation. In this section, the performance
of the proposed control schemes is evaluated via a numerical
example. Consider the following dynamical system:

𝑑𝑥
1
= 𝑥
2
𝑑𝑡,

𝑑𝑥
2
= 𝑢𝑑𝑡 + 𝑥

1
𝑑𝑤,

(69)

where 𝑤 ≈ 𝑁(0, 0.05). Let 𝛽(𝑥
1
, 𝑥
2
) = 0.4 and 𝜎 = 0.8. Initial

condition is selected as 𝑥
1
(0) = 1 and 𝑥

2
(0) = −1. A lower

bound for 𝜛(𝑥
1
, 𝑥
2
) is

𝜛 (𝑥
1
, 𝑥
2
) ≥

󵄨󵄨󵄨󵄨𝑔(x)
󵄨󵄨󵄨󵄨

2

󵄨󵄨󵄨󵄨𝜉1
󵄨󵄨󵄨󵄨

6/5

+
󵄨󵄨󵄨󵄨𝜉2
󵄨󵄨󵄨󵄨

6/5

. (70)

Therefore, we can choose 𝜛(𝑥
1
, 𝑥
2
) as

𝜛 (𝑥
1
, 𝑥
2
) = 𝑏

󵄨󵄨󵄨󵄨𝑔(x)
󵄨󵄨󵄨󵄨

2

󵄨󵄨󵄨󵄨𝜉1
󵄨󵄨󵄨󵄨

6/5

+
󵄨󵄨󵄨󵄨𝜉2
󵄨󵄨󵄨󵄨

6/5

, (71)

where 𝑏 = 1.1. The control law obtained from the results in
Theorem 11 is

𝑢 = − 𝛽 (𝑥
1
, 𝑥
2
) (𝑥
5/3

2
+ 0.15𝑥

1
)
1/5

− [
7

3
𝜛 (𝑥
1
, 𝑥
2
) +

𝛿
4

4
𝑥
8/3

2
] 𝜉
1/5

2
,

(72)

where

𝜉
1
= 𝑥
1
, 𝜉

2
= 𝑥
5/3

2
− 𝑥
∗
5/3

2
, 𝑥
∗

2
= −2𝑥

3/5

1
. (73)

Numerical simulations are implemented in MATLAB
with the step size 0.001. Figures 5 and 6 illustrate the
effectiveness of simulation results using the control law (70).
The state trajectories are shown in Figure 5.The control input
is depicted in Figure 6. Obviously, the control signal (70) is
not smooth although it gives a finite-time convergence.

0 5 10 15

0

0.5

1

Time (s)

−0.5

−1

−1.5

x1(t)

x2(t)

Figure 5: The state trajectories 𝑥(𝑡) due to the control scheme.
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u
(t
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Figure 6: Input control 𝑢(𝑡) due to the control scheme.

5. Conclusions

Two guidance laws were proposed in stochastic setting.
First, an adaptive guidance was presented to achieve target
interception under measurement noise. The effectiveness
of this result was evaluated using numerical simulations.
Although this guidance law provided the effective robustness,
it did not guarantee the finite-time convergence for the
guidance system which is preferably required. Next, a robust
control method was proposed to stabilize both the LOS
angle and its angular velocity at the origin in finite-time
under measurement noise. Simulation results demonstrated
that the second guidance approach provided the finite-time
convergence, but the signal input was not as smooth as the
one in the first method. So this showed that balance between
these approaches was needed.
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The problem of stability analysis is investigated for a class of state saturation two-dimensional (2D) discrete time-delay systems
described by the Fornasini-Marchesini (F-M) model. The delay is allowed to be a bounded time-varying function. By constructing
the delay-dependent 2D discrete Lyapunov functional and introducing a nonnegative scalar 𝛽, a sufficient condition is proposed to
guarantee the global asymptotic stability of the addressed systems. Subsequently, the criterion is converted into the linear matrix
inequalities (LMIs) which can be easily tested by using the standard numerical software. Finally, two numerical examples are given
to show the effectiveness of the proposed stability criterion.

1. Introduction

Over the past decades, the two-dimensional (2D) systems
have received considerable attention due to their extensive
applications [1]. The 2D discrete-time systems have been
successfully applied to many practical areas such as signal
processing, linear image processing,multidimensional digital
filtering, seismographic data processing, water stream heat-
ing and thermal processes. To mention a few, the problem of
linear image processing has been studied in [2] for 2Ddiscrete
systems based on the Roesser model (R model). Aiming at
the design of the digital filter, the 2D discrete systems based
on the Fornasini-Marchesini model (F-M model) have been
discussed in [3]. Recently, the modeling, calculation, and
stability of 2D discrete systems have been widely studied and
a large amount of results on these topics have been published;
see, for example, [4–9].

Saturation, as a common and typical nonlinear constraint
for practical control systems, is often encountered in various
industrial systems. The phenomena of saturations if not
properly handledwill inevitably affect the implementations of
the designed control schemes andmay lead to the occurrence
of the zero-input limit cycles [10–13]. Dynamical systems
with saturation nonlinearities appear commonly in networks
and 2D digital filter [14, 15]. When designing the 2D digital

filter by using fixed point arithmetic, saturations are intro-
duced due to the overflow and quantization. Recently, many
important results on stability analysis of 2D discrete F-M
systems with state saturation have been reported in recent
literature; see, for example, [16–21]. To be specific, by using
the Lyapunov method and employing the property of matrix
norm, some sufficient conditions have been presented in
[16, 17] to guarantee the global asymptotic stability of the
related systems. In [18], an internally stable condition has
been given for the design of 2D filters. By introducing a
nonnegative scalar, in [19, 20], the criteria based on linear
matrix inequality (LMI) have been proposed to ensure the
global asymptotic stability of F-M model. Recently, sufficient
conditions have been derived in [21] to guarantee the global
asymptotic stability of the addressed F-M systems with state
saturation nonlinearities.

As well known, the time delays occur in many practical
engineering systems [22–24]. The occurrence of the time
delays would yield the instability of the controlled systems
in some cases. So far, a great number of results have been
reported; see, for example, [25–29]. In particular, consider-
able research attention has been devoted to the problems of
stability analysis of 2D discrete time-delay systems. To be
specific, by constructing an appropriate Lyapunov function
and a scalar 𝛽, sufficient conditions have been proposed
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in [26] for state saturation 2D discrete time-delay systems
based on the R model. In [27], the state estimation prob-
lem has been investigated for 2D complex networks with
randomly occurring nonlinearities and probabilistic sensor
delays. Accordingly, some sufficient conditions have been
established such that the resulted estimation error dynamics
are globally asymptotically stable in the mean square sense.
To be specific, the problems of global asymptotic stability
have been given in [30, 31] for 2D discrete F-M systems
with state saturation and constant time delays. However, to
the best of author’s knowledge, there has not been much
work undertaken on the global asymptotic stability for state
saturation 2D discrete time-varying delay systems based on
F-M model.

In this paper, we aim to investigate the problem of global
asymptotic stability for 2D discrete F-M systems with state
saturation and time delays. Here, the delays are assumed
to be time varying with known lower and upper bounds.
By constructing a delay-dependent 2D discrete Lyapunov
functional and introducing a nonnegative scalar 𝛽 based on
a row diagonally dominant matrix, a sufficient condition
is proposed to guarantee the global asymptotic stability of
the addressed systems. Subsequently, the problem of global
asymptotic stability is converted into the problem of feasi-
bility by solving the LMIs. Finally, two numerical examples
are given to show the effectiveness of the proposed criterion.
The main contribution of this paper lies in that new stability
criterion is given for state saturation 2D discrete F-M systems
with time-varying delays.

Notations. The fundamental notations used in the paper are
given as follows: 𝐼

𝑝
and 0 denote the identity matrix and

zero matrix with appropriate dimensions. For a matrix𝐴, 𝐴𝑇
stands for transpose of the matrix 𝐴. 𝐴 > 0 means that 𝐴 is
positive definite symmetric matrix.

2. Problem Formulation and Preliminaries

In this paper, we consider the following 2D discrete F-M
system with state saturation and time-varying delays:

𝑥 (𝑘 + 1, 𝑙 + 1) = 𝑓 (𝑦 (𝑘, 𝑙)) ,

𝑦 (𝑘, 𝑙) = [𝑦
1
(𝑘, 𝑙) , 𝑦

2
(𝑘, 𝑙) , . . . , 𝑦

𝑛
(𝑘, 𝑙)]
𝑇

= 𝐴[
𝑥 (𝑘, 𝑙 + 1)

𝑥 (𝑘 + 1, 𝑙)
] + 𝐴

𝑑
[
𝑥 (𝑘 − 𝑑

ℎ
(𝑘) , 𝑙 + 1)

𝑥 (𝑘 + 1, 𝑙 − 𝑑V (𝑙))
]

= 𝐴
11
𝑥 (𝑘, 𝑙 + 1) + 𝐴

12
𝑥 (𝑘 + 1, 𝑙)

+ 𝐴
21
𝑥 (𝑘 − 𝑑

ℎ
(𝑘) , 𝑙 + 1)

+ 𝐴
22
𝑥 (𝑘 + 1, 𝑙 − 𝑑V (𝑙)) ,

(1)

where 𝑥(𝑘, 𝑙) is the 𝑛-dimensional state vector and (𝑘, 𝑙) is the
2-dimensional time variable along the vertical and horizontal

directions satisfying 𝑘 ≥ 0, 𝑙 ≥ 0. 𝐴 = [𝐴
11
, 𝐴
12
] ∈ 𝑅

𝑛×2𝑛,
𝐴
𝑑

= [𝐴
21
, 𝐴
22
] ∈ 𝑅

𝑛×2𝑛, 𝑑
ℎ
(𝑘) and 𝑑V(𝑙) are time-

varying delays along the vertical and horizontal directions,
respectively. We assume 𝑑

ℎ
(𝑘) and 𝑑V(𝑙) satisfying:

ℎ
𝑚
≤ 𝑑
ℎ
(𝑘) ≤ ℎ

𝑀
, V

𝑚
≤ 𝑑V (𝑙) ≤ V

𝑀
, (2)

where ℎ
𝑚

and ℎ
𝑀

denote the lower and upper bounds of
the delay 𝑑

ℎ
(𝑘) along the horizontal directions, V

𝑚
and V

𝑀

denote the lower and upper bounds of the delay 𝑑V(𝑙) along
the vertical directions.Throughout this paper, the superscript
𝑇 to any vector (or matrix) stands for the transpose of that
vector (or matrix).

The saturation nonlinearity 𝑓(⋅) is given by

𝑓 (𝑦 (𝑘, 𝑙)) = [𝑓
1
(𝑦
1
(𝑘, 𝑙)) , 𝑓

2
(𝑦
2
(𝑘, 𝑙)) , . . . , 𝑓

𝑛
(𝑦
𝑛
(𝑘, 𝑙))]

𝑇

,

(3)

with

𝑓
𝑖
(𝑦
𝑖
(𝑘, 𝑙)) =

{{

{{

{

1, 𝑦
𝑖
(𝑘, 𝑙) > 1,

𝑦
𝑖
(𝑘, 𝑙) ,

󵄨󵄨󵄨󵄨𝑦𝑖 (𝑘, 𝑙)
󵄨󵄨󵄨󵄨 ≤ 1,

−1, 𝑦
𝑖
(𝑘, 𝑙) < −1,

(𝑖 = 1, 2, . . . , 𝑛) .

(4)

The system (1) has finite initial conditions 𝑥(𝑘, 0) and
𝑥(0, 𝑙) with fixed yet nonzero values for −ℎ

𝑀
≤ 𝑘 ≤ 𝐾 and

−V
𝑀
≤ 𝑙 ≤ 𝐿, and

𝑥 (𝑘, 0) = 0, 𝑘 ≥ 𝐾; 𝑥 (0, 𝑙) = 0, 𝑙 ≥ 𝐿, (5)

where𝐾 and 𝐿 are positive integers.
To proceed, we introduce the following definitions which

will be used in the subsequent derivations.

Definition 1. The origin 𝑥 = 0 of the 2D discrete time-delay
system is said to be stable (in the sense of Lyapunov) if for
every 𝜀 > 0 there exists a 𝛿 = 𝛿(𝜀) > 0 such that

‖𝑥 (𝑘, 𝑙)‖ < 𝜀, (6)

for all 𝑘 ≥ 0, 𝑙 ≥ 0, whenever ‖𝑥(𝑘, 0)‖ < 𝛿 (−ℎ
𝑀
≤ 𝑘 ≤ 𝐾)

and ‖𝑥(0, 𝑙)‖ < 𝛿 (−V
𝑀
≤ 𝑙 ≤ 𝐿), where 𝐾 and 𝐿 are positive

integers and ‖ ⋅ ‖ denotes any of the equivalent norms on 𝑅𝑛.

Definition 2 (see [21]). The origin 𝑥 = 0 of the 2D system
(1) is said to be globally asymptotically stable if the following
conditions are simultaneously satisfied:

(1) system (1) is stable;

(2) every solution of system (1) tends to the origin as 𝑘+ 𝑙
→ ∞; that is,

lim
𝑘→∞ or 𝑙→∞

𝑥 (𝑘, 𝑙) = lim
𝑘+𝑙→∞

𝑥 (𝑘, 𝑙) = 0. (7)
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Definition 3 (see [32]). The matrix𝑀 is said to be row diag-
onally dominant if

󵄨󵄨󵄨󵄨𝑚𝑖𝑖
󵄨󵄨󵄨󵄨 ≥

𝑛

∑

𝑗=1,𝑗 ̸= 𝑖

󵄨󵄨󵄨󵄨󵄨
𝑚
𝑖𝑗

󵄨󵄨󵄨󵄨󵄨
, 𝑖 ∈ [1, 𝑛] . (8)

Definition 4. For a 2D function 𝑉(𝑘, 𝑙) = 𝑉
ℎ

(𝑘, 𝑙) + 𝑉
V
(𝑘, 𝑙),

denote its difference Δ𝑉(𝑘, 𝑙) as

Δ𝑉 (𝑘, 𝑙) = Δ𝑉
ℎ

(𝑘, 𝑙) + Δ𝑉
V
(𝑘, 𝑙) , (9)

where

Δ𝑉
ℎ

(𝑘, 𝑙) = 𝑉
ℎ

(𝑘 + 1, 𝑙 + 1) − 𝑉
ℎ

(𝑘, 𝑙 + 1) ,

Δ𝑉
V
(𝑘, 𝑙) = 𝑉

V
(𝑘 + 1, 𝑙 + 1) − 𝑉

V
(𝑘 + 1, 𝑙) .

(10)

3. Main Results

In this section, we aim to investigate the problem of stability
analysis for the 2D discrete F-M system with state saturation
and time-varying delays. By resorting to the LMI technique,
a sufficient condition is given to ensure the global asymptotic
stability of the addressed system.

Theorem 5. The origin 𝑥 = 0 of 2D discrete system (1) is
globally asymptotically stable if there exist matrices 𝑃, 𝑄, and
𝑀, where 𝑃 = 𝑃

1
+𝑃
2
and𝑄 = 𝑄

1
+𝑄
2
with 𝑃

1
= [𝑝
1

𝑖𝑗
] ∈ 𝑅
𝑛×𝑛,

𝑃
2
= [𝑝
2

𝑖𝑗
] ∈ 𝑅
𝑛×𝑛, 𝑄

1
= [𝑞
1

𝑖𝑗
] ∈ 𝑅
𝑛×𝑛, and 𝑄

2
= [𝑞
2

𝑖𝑗
] ∈ 𝑅
𝑛×𝑛

being symmetric positive definite matrices and 𝑀 = [𝑚
𝑖𝑗
] ∈

𝑅
𝑛×𝑛 is row diagonally dominant with nonnegative diagonal

elements, satisfying the following matrix inequality:

[
[
[
[
[

[

Π
1
𝑀
𝑇

𝐴
11

𝑀
𝑇

𝐴
12

𝑀
𝑇

𝐴
21

𝑀
𝑇

𝐴
22

∗ Π
2

0 0 0

∗ ∗ Π
3

0 0

∗ ∗ ∗ −𝑄
1

0

∗ ∗ ∗ ∗ −𝑄
2

]
]
]
]
]

]

< 0, (11)

with

Π
1
= 𝑃
1
+ 𝑃
2
− (𝑀 +𝑀

𝑇

) ,

Π
2
= 𝑄
1
− 𝑃
1
+ (ℎ
𝑀
− ℎ
𝑚
) 𝑄
1
,

Π
3
= 𝑄
2
− 𝑃
2
+ (V
𝑀
− V
𝑚
) 𝑄
2
.

(12)

Proof. In order to prove the global asymptotic stability of
the 2D discrete F-M system (1), we construct the following
Lyapunov functional as in [26]:

𝑉 (𝑘, 𝑙) =

3

∑

𝑖=1

𝑉
𝑖
(𝑘, 𝑙) , (13)

where

𝑉
1
(𝑘, 𝑙) = 𝑉

ℎ

1
(𝑘, 𝑙) + 𝑉

V
1
(𝑘, 𝑙)

= 𝑥
𝑇

(𝑘, 𝑙) 𝑃
1
𝑥 (𝑘, 𝑙) + 𝑥

𝑇

(𝑘, 𝑙) 𝑃
2
𝑥 (𝑘, 𝑙) ,

𝑉
2
(𝑘, 𝑙) = 𝑉

ℎ

2
(𝑘, 𝑙) + 𝑉

V
2
(𝑘, 𝑙)

=

𝑘−1

∑

𝑖=𝑘−𝑑ℎ(𝑘)

𝑥
𝑇

(𝑖, 𝑙) 𝑄
1
𝑥 (𝑖, 𝑙)

+

𝑙−1

∑

𝑗=𝑙−𝑑V(𝑙)

𝑥
𝑇

(𝑘, 𝑗) 𝑄
2
𝑥 (𝑘, 𝑗) ,

𝑉
3
(𝑘, 𝑙) = 𝑉

ℎ

3
(𝑘, 𝑙) + 𝑉

V
3
(𝑘, 𝑙)

=

−ℎ𝑚

∑

𝑗=−ℎ𝑀+1

𝑘−1

∑

𝑖=𝑘+𝑗

𝑥
𝑇

(𝑖, 𝑙) 𝑄
1
𝑥 (𝑖, 𝑙)

+

−V𝑚
∑

𝑖=−V𝑀+1

𝑙−1

∑

𝑗=𝑙+𝑖

𝑥
𝑇

(𝑘, 𝑗) 𝑄
2
𝑥 (𝑘, 𝑗)

(14)

with 𝑃
1
> 0, 𝑃

2
> 0, 𝑄

1
> 0, and 𝑄

2
> 0 being matrices to be

determined.
According to Definition 4, the corresponding difference

ofΔ𝑉(𝑘, 𝑙) along the trajectory of system (1) can be calculated
as follows:

Δ𝑉 (𝑘, 𝑙) =

3

∑

𝑖=1

Δ𝑉
𝑖
(𝑘, 𝑙) , (15)

with

Δ𝑉
1
(𝑘, 𝑙) = 𝑉

1
(𝑘 + 1, 𝑙 + 1) − 𝑥

𝑇

(𝑘, 𝑙 + 1) 𝑃
1
𝑥 (𝑘, 𝑙 + 1)

− 𝑥
𝑇

(𝑘 + 1, 𝑙) 𝑃
2
𝑥 (𝑘 + 1, 𝑙) ,

Δ𝑉
2
(𝑘, 𝑙) =

𝑘

∑

𝑖=𝑘+1−𝑑ℎ(𝑘+1)

𝑥
𝑇

(𝑖, 𝑙 + 1)𝑄
1
𝑥 (𝑖, 𝑙 + 1)
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−

𝑘−1

∑

𝑖=𝑘−𝑑ℎ(𝑘)

𝑥
𝑇

(𝑖, 𝑙 + 1)𝑄
1
𝑥 (𝑖, 𝑙 + 1)

+

𝑙

∑

𝑗=𝑙+1−𝑑V(𝑙+1)

𝑥
𝑇

(𝑘 + 1, 𝑗) 𝑄
2
𝑥 (𝑘 + 1, 𝑗)

−

𝑙−1

∑

𝑗=𝑙−𝑑V(𝑙)

𝑥
𝑇

(𝑘 + 1, 𝑗) 𝑄
2
𝑥 (𝑘 + 1, 𝑗) ,

Δ𝑉
3
(𝑘, 𝑙) =

−ℎ𝑚

∑

𝑗=−ℎ𝑀+1

𝑘

∑

𝑖=𝑘+𝑗+1

𝑥
𝑇

(𝑖, 𝑙 + 1)𝑄
1
𝑥 (𝑖, 𝑙 + 1)

−

−ℎ𝑚

∑

𝑗=−ℎ𝑀+1

𝑘−1

∑

𝑖=𝑘+𝑗

𝑥
𝑇

(𝑖, 𝑙 + 1)𝑄
1
𝑥 (𝑖, 𝑙 + 1)

+

−V𝑚
∑

𝑖=−V𝑀+1

𝑙

∑

𝑗=𝑙+𝑖+1

𝑥
𝑇

(𝑘 + 1, 𝑗) 𝑄
2
𝑥 (𝑘 + 1, 𝑗)

−

−V𝑚
∑

𝑖=−V𝑀+1

𝑙−1

∑

𝑗=𝑙+𝑖

𝑥
𝑇

(𝑘 + 1, 𝑗) 𝑄
2
𝑥 (𝑘 + 1, 𝑗) .

(16)

Noting (13)–(15), it can be derived that

Δ𝑉
1
(𝑘, 𝑙) = 𝑥

𝑇

(𝑘 + 1, 𝑙 + 1) 𝑃
1
𝑥 (𝑘 + 1, 𝑙 + 1)

+ 𝑥
𝑇

(𝑘 + 1, 𝑙 + 1) 𝑃
2
𝑥 (𝑘 + 1, 𝑙 + 1)

− 𝑥
𝑇

(𝑘, 𝑙 + 1) 𝑃
1
𝑥 (𝑘, 𝑙 + 1)

− 𝑥
𝑇

(𝑘 + 1, 𝑙) 𝑃
2
𝑥 (𝑘 + 1, 𝑙) ,

Δ𝑉
2
(𝑘, 𝑙) = 𝑥

𝑇

(𝑘, 𝑙 + 1)𝑄
1
𝑥 (𝑘, 𝑙 + 1)

− 𝑥
𝑇

(𝑘 − 𝑑
ℎ
(𝑘) , 𝑙 + 1)𝑄

1
𝑥 (𝑘 − 𝑑

ℎ
(𝑘) , 𝑙 + 1)

+

𝑘−1

∑

𝑖=𝑘+1−𝑑ℎ(𝑘+1)

𝑥
𝑇

(𝑖, 𝑙 + 1)𝑄
1
𝑥 (𝑖, 𝑙 + 1)

−

𝑘−1

∑

𝑖=𝑘+1−𝑑ℎ(𝑘)

𝑥
𝑇

(𝑖, 𝑙 + 1)𝑄
1
𝑥 (𝑖, 𝑙 + 1)

+ 𝑥
𝑇

(𝑘 + 1, 𝑙) 𝑄
2
𝑥 (𝑘 + 1, 𝑙)

− 𝑥
𝑇

(𝑘 + 1, 𝑙 − 𝑑V (𝑙)) 𝑄2𝑥 (𝑘 + 1, 𝑙 − 𝑑V (𝑙))

+

𝑙−1

∑

𝑗=𝑙+1−𝑑V(𝑙+1)

𝑥
𝑇

(𝑘 + 1, 𝑗) 𝑄
2
𝑥 (𝑘 + 1, 𝑗)

−

𝑙−1

∑

𝑗=𝑙+1−𝑑V(𝑙)

𝑥
𝑇

(𝑘 + 1, 𝑗) 𝑄
2
𝑥 (𝑘 + 1, 𝑗)

≤

𝑘−1

∑

𝑖=𝑘+1−ℎ𝑀

𝑥
𝑇

(𝑖, 𝑙 + 1)𝑄
1
𝑥 (𝑖, 𝑙 + 1)

−

𝑘−1

∑

𝑖=𝑘+1−ℎ𝑚

𝑥
𝑇

(𝑖, 𝑙 + 1)𝑄
1
𝑥 (𝑖, 𝑙 + 1)

+

𝑙−1

∑

𝑗=𝑙+1−V𝑀

𝑥
𝑇

(𝑘 + 1, 𝑗) 𝑄
2
𝑥 (𝑘 + 1, 𝑗)

−

𝑙−1

∑

𝑗=𝑙+1−V𝑚

𝑥
𝑇

(𝑘 + 1, 𝑗) 𝑄
2
𝑥 (𝑘 + 1, 𝑗)

+ 𝑥
𝑇

(𝑘, 𝑙 + 1)𝑄
1
𝑥 (𝑘, 𝑙 + 1)

− 𝑥
𝑇

(𝑘 − 𝑑
ℎ
(𝑘) , 𝑙 + 1)𝑄

1
𝑥 (𝑘 − 𝑑

ℎ
(𝑘) , 𝑙 + 1)

+ 𝑥
𝑇

(𝑘 + 1, 𝑙) 𝑄
2
𝑥 (𝑘 + 1, 𝑙)

− 𝑥
𝑇

(𝑘 + 1, 𝑙 − 𝑑V (𝑙)) 𝑄2𝑥 (𝑘 + 1, 𝑙 − 𝑑V (𝑙))

=

𝑘−ℎ𝑚

∑

𝑖=𝑘+1−ℎ𝑀

𝑥
𝑇

(𝑖, 𝑙 + 1)𝑄
1
𝑥 (𝑖, 𝑙 + 1)

+

𝑙−V𝑚
∑

𝑗=𝑙+1−V𝑀

𝑥
𝑇

(𝑘 + 1, 𝑗) 𝑄
2
𝑥 (𝑘 + 1, 𝑗)

+ 𝑥
𝑇

(𝑘, 𝑙 + 1)𝑄
1
𝑥 (𝑘, 𝑙 + 1)

− 𝑥
𝑇

(𝑘 − 𝑑
ℎ
(𝑘) , 𝑙 + 1)𝑄

1
𝑥 (𝑘 − 𝑑

ℎ
(𝑘) , 𝑙 + 1)

+ 𝑥
𝑇

(𝑘 + 1, 𝑙) 𝑄
2
𝑥 (𝑘 + 1, 𝑙)

− 𝑥
𝑇

(𝑘 + 1, 𝑙 − 𝑑V (𝑙)) 𝑄2𝑥 (𝑘 + 1, 𝑙 − 𝑑V (𝑙))

Δ𝑉
3
(𝑘, 𝑙) = (ℎ

𝑀
− ℎ
𝑚
) 𝑥
𝑇

(𝑘, 𝑙 + 1)𝑄
1
𝑥 (𝑘, 𝑙 + 1)

−

𝑘−ℎ𝑚

∑

𝑖=𝑘+1−ℎ𝑀

𝑥
𝑇

(𝑖, 𝑙 + 1)𝑄
1
𝑥 (𝑖, 𝑙 + 1)

+ (V
𝑀
− V
𝑚
) 𝑥
𝑇

(𝑘 + 1, 𝑙) 𝑄
2
𝑥 (𝑘 + 1, 𝑙)

−

𝑙−V𝑚
∑

𝑗=𝑙+1−V𝑀

𝑥
𝑇

(𝑘 + 1, 𝑗) 𝑄
2
𝑥 (𝑘 + 1, 𝑗) .

(17)

Denoting

𝜑 (𝑘, 𝑙) = [𝑓 (𝑦 (𝑘, 𝑙)) , 𝑥 (𝑘, 𝑙 + 1) , 𝑥 (𝑘 + 1, 𝑙) ,

𝑥(𝑘 − 𝑑
ℎ
(𝑘), 𝑙 + 1), 𝑥 (𝑘 + 1, 𝑙 − 𝑑V (𝑙))]

𝑇

,

(18)

we have

Δ𝑉 (𝑘, 𝑙) ≤ 𝜑
𝑇

(𝑘, 𝑙) Θ𝜑 (𝑘, 𝑙) , (19)
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where

Θ =

[
[
[
[
[

[

𝑃
1
+ 𝑃
2

0 0 0 0

∗ (ℎ
𝑀
− ℎ
𝑚
+ 1)𝑄

1
− 𝑃
1

0 0 0

∗ ∗ (V
𝑀
− V
𝑚
+ 1)𝑄

2
− 𝑃
2

0 0

∗ ∗ ∗ −𝑄
1

0

∗ ∗ ∗ ∗ −𝑄
2

]
]
]
]
]

]

. (20)

Now, construct the following parameter 𝛽:

𝛽 = 2

𝑛

∑

𝑖=1

[𝑦
𝑖
(𝑘, 𝑙) − 𝑓

𝑖
(𝑦
𝑖
(𝑘, 𝑙))]

× [

[

𝑚
𝑖𝑖
𝑓
𝑖
(𝑦
𝑖
(𝑘, 𝑙)) +

𝑛

∑

𝑗=1,𝑗 ̸= 𝑖

𝑚
𝑖𝑗
𝑓
𝑗
(𝑦
𝑗
(𝑘, 𝑙))]

]

= 𝑦
𝑇

(𝑘, 𝑙)𝑀𝑓 (𝑦 (𝑘, 𝑙)) + 𝑓
𝑇

(𝑦 (𝑘, 𝑙))𝑀
𝑇

𝑦 (𝑘, 𝑙)

− 𝑓
𝑇

(𝑦 (𝑘, 𝑙)) (𝑀 +𝑀
𝑇

) 𝑓 (𝑦 (𝑘, 𝑙)) .

(21)

Let

𝛼
𝑖
= [𝑦
𝑖
(𝑘, 𝑙) − 𝑓

𝑖
(𝑦
𝑖
(𝑘, 𝑙))]

×[

[

𝑚
𝑖𝑖
𝑓
𝑖
(𝑦
𝑖
(𝑘, 𝑙)) +

𝑛

∑

𝑗=1,𝑗 ̸= 𝑖

𝑚
𝑖𝑗
𝑓
𝑗
(𝑦
𝑗
(𝑘, 𝑙))]

]

.

(22)

The saturation region can be divided into two regions, and we
have

𝑓
𝑖
(𝑦
𝑖
(𝑘, 𝑙)) = 1,

𝑦
𝑖
(𝑘, 𝑙) − 𝑓

𝑖
(𝑦
𝑖
(𝑘, 𝑙)) > 0, in Region 1,

𝑓
𝑖
(𝑦
𝑖
(𝑘, 𝑙)) = −1,

𝑦
𝑖
(𝑘, 𝑙) − 𝑓

𝑖
(𝑦
𝑖
(𝑘, 𝑙)) < 0, in Region 2.

(23)

Thus, we obtain

𝛼
𝑖
=

{{{{{{{{{{

{{{{{{{{{{

{

(𝑦
𝑖
(𝑘, 𝑙) − 1)(𝑚

𝑖𝑖
+

𝑛

∑

𝑗=1,𝑗 ̸= 𝑖

𝑚
𝑖𝑗
𝑓
𝑗
(𝑦
𝑗
(𝑘, 𝑙))) ,

in Region 1,

(𝑦
𝑖
(𝑘, 𝑙) + 1)(−𝑚

𝑖𝑖
+

𝑛

∑

𝑗=1,𝑗 ̸= 𝑖

𝑚
𝑖𝑗
𝑓
𝑗
(𝑦
𝑗
(𝑘, 𝑙))) ,

in Region 2.

(24)

Subsequently, due to the property of row diagonally
dominantmatrix𝑀, we have𝛼

𝑖
≥ 0. Furthermore, note that𝛽

is the sum of nonnegative scalars, and hence𝛽 ≥ 0.Therefore,

Δ𝑉 ≤ 𝜑
𝑇

(𝑘, 𝑙)𝑊𝜑 (𝑘, 𝑙) − 𝛽, (25)

where

𝑊 =

[
[
[
[
[

[

Π
1
𝑀
𝑇

𝐴
11

𝑀
𝑇

𝐴
12

𝑀
𝑇

𝐴
21

𝑀
𝑇

𝐴
22

∗ Π
2

0 0 0

∗ ∗ Π
3

0 0

∗ ∗ ∗ −𝑄
1

0

∗ ∗ ∗ ∗ −𝑄
2

]
]
]
]
]

]

. (26)

If𝑊 < 0, then Δ𝑉(𝑘, 𝑙) < 0; that is

𝑉
ℎ

(𝑘 + 1, 𝑙 + 1) + 𝑉
V
(𝑘 + 1, 𝑙 + 1)

≤ 𝑉
ℎ

(𝑘, 𝑙 + 1) + 𝑉
V
(𝑘 + 1, 𝑙) .

(27)

Hence, for any nonnegative integer 𝑑 ≥ max{𝐾, 𝐿}, we have

∑

𝑘+𝑙=𝑑+1

𝑉 (𝑘, 𝑙) = 𝑉 (1, 𝑑) + 𝑉 (2, 𝑑 − 1) + ⋅ ⋅ ⋅ + 𝑉 (𝑑, 1)

≤ 𝑉
ℎ

(0, 𝑑) + 𝑉
V
(1, 𝑑 − 1) + 𝑉

ℎ

(1, 𝑑 − 1)

+ 𝑉
V
(2, 𝑑 − 2) + ⋅ ⋅ ⋅ + 𝑉

ℎ

(𝑑 − 1, 1)

+ 𝑉
V
(𝑑, 0)

= ∑

𝑘+𝑙=𝑑

𝑉 (𝑘, 𝑙) .

(28)

It is clear that the sum of the Lyapunov functional is a
decreasing function along the state trajectories of system (1).
Then, noting the initial condition 𝑥(0, 𝑑) = 𝑥(𝑑, 0) = 0, we
have

lim
𝑘→∞ or 𝑙→∞

𝑥 (𝑘, 𝑙) = lim
𝑘+𝑙→∞

𝑥 (𝑘, 𝑙) = 0. (29)

Summarizing the above discussions, it can be shown that (11)
is a sufficient condition which ensures the global asymptotic
stability of system (1).This completes the proof ofTheorem 5.

As special cases, if there is no time delay in system (1), that
is, 𝐴
21
= 0 and 𝐴

22
= 0, or the time delays are constant, then

we can have the following corollaries.

Corollary 6. Consider the system (1) without time delay. If
there exist matrices 𝑃 and𝑀, with 𝑃 = 𝑃

1
+ 𝑃
2
, 𝑃
1
= [𝑝
1

𝑖𝑗
] ∈

𝑅
𝑛×𝑛, and 𝑃

2
= [𝑝
2

𝑖𝑗
] ∈ 𝑅
𝑛×𝑛 being symmetric positive definite

matrices and 𝑀 = [𝑚
𝑖𝑗
] ∈ 𝑅

𝑛×𝑛 is row diagonally dominant
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with nonnegative diagonal elements, satisfying the following
matrix inequality:

[

[

𝑃 − (𝑀 +𝑀
𝑇

) 𝑀
𝑇

𝐴
11

𝑀
𝑇

𝐴
12

∗ −𝑃
1

0

∗ 0 −𝑃
2

]

]

< 0 (30)

then the origin 𝑥 = 0 of 2D discrete system (1) without time
delay is globally asymptotically stable.

Corollary 7. Consider the constant time delay 𝑑
ℎ
(𝑘) = 𝑑

ℎ
,

𝑑V(𝑙) = 𝑑V. If there exist matrices 𝑃, 𝑄, and 𝑀, where 𝑃 =

𝑃
1
+ 𝑃
2
and 𝑄 = 𝑄

1
+ 𝑄
2
, with 𝑃

1
= [𝑝
1

𝑖𝑗
] ∈ 𝑅

𝑛×𝑛, 𝑃
2
=

[𝑝
2

𝑖𝑗
] ∈ 𝑅
𝑛×𝑛, 𝑄

1
= [𝑞
1

𝑖𝑗
] ∈ 𝑅
𝑛×𝑛, and 𝑄

2
= [𝑞
2

𝑖𝑗
] ∈ 𝑅
𝑛×𝑛 being

symmetric positive definite matrices and𝑀 = [𝑚
𝑖𝑗
] ∈ 𝑅
𝑛×𝑛 is

row diagonally dominant with nonnegative diagonal elements,
satisfying the following matrix inequality:

[
[
[
[
[

[

𝑃
1
+ 𝑃
2
− (𝑀 +𝑀

𝑇

) 𝑀
𝑇

𝐴
11

𝑀
𝑇

𝐴
12

𝑀
𝑇

𝐴
21

𝑀
𝑇

𝐴
22

∗ 𝑄
1
− 𝑃
1

0 0 0

∗ ∗ 𝑄
2
− 𝑃
2

0 0

∗ ∗ ∗ −𝑄
1

0

∗ ∗ ∗ ∗ −𝑄
2

]
]
]
]
]

]

< 0, (31)

then the origin 𝑥 = 0 of 2D discrete system (1) with constant
time delay is globally asymptotically stable.

Remark 8. Note that the problem of global asymptotic sta-
bility has been investigated in [33] for state saturation 2D dis-
crete systemwithout time delay. Accordingly, a stability crite-
rion has been derived in [33] but a positive diagonally matrix
is needed to be searched. It can be easily seen that the stability
condition in [33] is a special case of (30) in Corollary 6.
Therefore, the stability condition proposed in this paper is
less conservative than the one in [33]. Meanwhile, note that
a stability condition has been proposed in [21] where an
unknownmatrix𝐺must be given firstly.The values of𝐺must
take specific values. Compared with the results in [21], we
only need to find matrix 𝑀. It concludes that the stability
condition in [21] is more conservative than our result.

Remark 9. It is worth mentioning that the delay-fractioning
approach has been employed in [34, 35] to reduce the con-
servativeness of the time delay. It has been shown that the
developed approach performs well when dealing with the
time delay compared with other methods. Accordingly, some
effective SMC/SMO schemes based on the delay-fractioning
idea have been proposed for discrete time-delay nonlinear
stochastic systems with randomly occurring incomplete
information. Motivated by the results in [34, 35], we are now
researching into the stability criterion based on the delay-
fractioning approach for the state saturation 2D discrete
time-delay systems. The corresponding results will appear in
the near future. Moreover, note that the recursive filters have
been designed in [36–38] for time-varying networked non-
linear systems with missing measurements. It is also inter-
esting to consider the analysis and synthesis of 2D discrete
nonlinear systems with state saturations and missing mea-
surements.

Remark 10. It is worth noting that the conditions in
Theorem 5 are not strict LMI due to the fact that the
matrix 𝑀 = [𝑚

𝑖𝑗
] ∈ 𝑅

𝑛×𝑛 is row diagonally dominant

with nonnegative diagonal elements. Hence, the results of
Theorem 5 and Corollary 6 are not convex which lead to the
computational difficulties. In the following, an alternative
approach is developed to deal with the nonconvex problem.

Let 𝑒
𝑙
be 𝑛-dimensional column vectors in which the

𝑙th element is 1 and other elements are 0. Let 𝑌
𝑙
be the set

of 𝑛-dimensional column vectors in which the 𝑙th element
is −1 and other elements are either 1 or −1 and 𝑌

𝑙𝑠
∈ 𝑌
𝑙

(𝑠 ∈ [1, 2
𝑛−1

]). Then, the condition where matrix 𝑀 =

[𝑚
𝑖𝑗
] ∈ 𝑅

𝑛×𝑛 is row diagonally dominant and the diagonal
is composed of nonnegative elements can be equivalently
converted into the following LMIs:

𝑒
𝑇

𝑙
𝑀𝑌
𝑙𝑠
< 0, 𝑙 = 1, 2, . . . , 𝑚 + 𝑛; 𝑠 ∈ [1, 2

𝑚+𝑛−1

] . (32)

Together with (11) and (32), we can see that the proposed
stability condition is a convex one and then can be easily
solved by using the standard numerical software.

4. Numerical Examples

In this section, two numerical examples are given here to
illustrate the effectiveness of the main results.

Example 1. Consider the state saturation 2D discrete time-
delay system (1) with

𝐴
11
=

[
[
[

[

1.678 0.2853 −0.2432 −0.1246

−0.84 0.23 −0.1 1.45

0.4 0.0217 0.1785 0.1662

0.0245 −0.00884 0.0321 −0.2428

]
]
]

]

,

𝐴
12
=

[
[
[

[

−0.495 −0.687 −0.030 −0.3013

−0.1630 −0.4817 −0.993 0.1814

0.2842 0.1790 −0.5551 0.0799

−0.2112 0.1887 0.0895 0.5604

]
]
]

]

,
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𝐴
21
=

[
[
[

[

−9.987 −0.2 0 0

0 −0.15 0 −0.1

0 0 −0.78 0

−0.23 0 0 −0.98

]
]
]

]

,

𝐴
22
=

[
[
[

[

5.763 −0.067 0 0.04

−2.314 0.342 0.098 −5.78

4.56 0.001 −0.98 0.231

0.23 −0.76 0.043 8.6

]
]
]

]

.

(33)

The lower and upper bounds are given by ℎ
𝑀

= 3, ℎ
𝑚
= 1,

V
𝑀
= 4, and V

𝑚
= 2.

Solving the inequalities (11) and (32) in the Matlab
environment, we can obtain

𝑃
1
=

[
[
[

[

3.0067 −0.0360 −0.0043 0.0125

−0.0360 3.1420 0.1635 0.2573

−0.0043 0.1635 2.9443 0.1253

0.0125 0.2573 0.1253 2.9694

]
]
]

]

,

𝑃
2
=

[
[
[

[

2.9848 −0.0225 −0.0006 0.0463

−0.0225 3.1494 0.1757 0.2382

−0.0006 0.1757 3.0049 0.0990

0.0463 0.2382 0.0990 2.9051

]
]
]

]

,

𝑄
1
=

[
[
[

[

0.5521 −0.0048 −0.0017 0.0417

−0.0048 0.6168 0.0461 0.0573

−0.0017 0.0461 0.5631 0.0356

0.0417 0.0573 0.0356 0.4917

]
]
]

]

,

𝑄
2
=

[
[
[

[

0.5676 −0.0144 −0.0043 0.0175

−0.0144 0.6115 0.0374 0.0709

−0.0043 0.0374 0.5198 0.0545

0.0175 0.0709 0.0545 0.5376

]
]
]

]

,

𝑀 =

[
[
[

[

0.2812 0.0241 −0.0475 −0.0020

0.0353 0.6877 0.0609 0.2516

−0.0769 0.0654 0.7074 0.0128

0.0027 0.1886 −0.0018 0.5205

]
]
]

]

.

(34)

Then, we can see that there exist the required matrices 𝑃
1
,

𝑃
2
, 𝑄
1
, 𝑄
2
, and 𝑀 satisfying LMIs (11) and (32). As such,

according to Theorem 5, the origin 𝑥 = 0 of system (1) is
globally asymptotically stable which confirms the feasibility
of the proposed main results.

Example 2. Consider a 2D system described by (1) without
time delay. The system parameters are given as

𝐴
11
= [

1.2 −2.8

0.1 0
] ,

𝐴
12
= [

0 0.01

0 0.02
] .

(35)

By using theMatlab LMI Toolbox, it can be easily verified
that the following feasible solutions can be obtained

𝑃
1
= [

1421.7 −203.9

−203.9 1698.1
] , 𝑃

2
= [

1321 25

25 1167.5
] ,

𝑀 = [
434.848 −11.3033

−9.1992 818.5481
] .

(36)

That is, there exist the required matrices 𝑃
1
, 𝑃
2
, and 𝑀

satisfying LMI (30). According to Corollary 6, the origin of
system (1) is globally asymptotically stable which confirms
the effectiveness of the presented results. However, it can be
tested that the conditions in [33] are infeasible.Therefore, the
result in our paper is less conservative than the one in [33].

5. Conclusions

In this paper, we have discussed the problem of global
asymptotic stability for 2D discrete F-M systems with state
saturation and time-varying delays. By constructing the 2D
discrete-time Lyapunov functional, a new stability criterion
has been established to ensure that the addressed system is
globally asymptotically stable. The proposed stability crite-
rion is in terms of the LMIs which can be easily tested by
using the Matlab matrix toolbox. Two numerical examples
have been given to demonstrate the feasibility of the proposed
stability condition. It is worth mentioning that the construc-
tion of the scalar 𝛽 has taken full effects from time delays
with hope to reduce the conservativeness. One of the future
research topics would be the extension of the proposed main
results tomore general state saturation 2D discrete systems as
in [39–41] with network-induced phenomena.
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Based on the hot rolling process, a load distribution optimizationmodel is established, which includes rolling forcemodel, thickness
distributionmodel, and temperaturemodel.The rolling force ratio distribution and good strip shape are integrated as two indicators
of objective function in the optimization model. Then, the evolutionary algorithm for complex-process optimization (EACOP) is
introduced in the following optimization algorithm. Due to its flexible framework structure on search mechanism, the EACOP is
improved within differential evolutionary strategy, for better coverage speed and search efficiency. At last, the experimental and
simulation result shows that evolutionary algorithm for complex-process optimization based on differential evolutionary strategy
(DEACOP) is the organism including local search and global search. The comparison with experience distribution and EACOP
shows that DEACOP is able to use fewer adjustable parameters and more efficient population differential strategy during solution
searching; meanwhile it still can get feasible mathematical solution for actual load distribution problems in hot rolling process.

1. Introduction

With the increasing demand for improving the product
quality and control accuracy in hot rolling process, the rolling
scheduling problem has become an important issue in the
steel industry. According to the principle that nominal motor
power should be greater than rolling power, themain purpose
of hot rolling scheduling problem consists in determining
the final thickness for every rolling pass to set other process
parameters [1], such as rolling force and bending force. The
key point and object of hot rolling shape/gauge control is
the shape control of roll gap, in the sense that the load
distribution is the basis of strip shape control. Although the
classic load distribution is simple and reasonable, it cannot
achieve the most optimal setting to shape control [1, 2].

The hot rolling process has been optimized with
rolling theory or heuristics algorithms [3–5]. For example,
a differential evolution algorithm with space-adaptive idea

is applied to several hot strip mills for the optimal design
of scheduling. This algorithm expands or shrinks the search
space by certain rules and realizes the automatic search
for the suitable space and improves the convergence rate
and accuracy [3]. An intelligent method named variable
metric hybrid genetic algorithm was introduced to optimize
hot strip mills [4]. A genetic algorithm-based optimization
was coded and operated for 1370mm tandem cold rolling
schedule. It seems that the performance of the optimal
rolling schedule is satisfactory and promising [5]. Although
the above load distribution is reasonable, it often requires
more adjustable parameters during the search for optimal
solution, thereby making influence on coverage speed and
search efficiency.

Thus, the major objective pursued in this paper is
to formulate a better solution on the rolling scheduling
optimization. Based on the evolutionary algorithm for
complex-process optimization (EACOP) [6–8], we improve
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this algorithm within differential evolutionary strategy and
utilize it to optimize load distribution of hot rolling. The
DEACOP has the flexible structure which is similar to
scatter search and employs some elements of scatter search
[9] and path relinking [10]. Besides, it makes use of a
smaller number of tuning parameters and differential evo-
lutionary strategy among the population members with new
strategies. Firstly, according to model’s characteristics of
load distribution, initial diverse population strategy will be
improved with the consideration of latin hypercube uniform
sampling. Secondly, differential evolutionary strategy will be
presented to replace the original linear combination.Thirdly,
a population-update method is introduced to modify the
balance between intensification and diversification. Finally, a
search intensification strategy called the “go-beyond” to in-
depth search is established for enhancement of the efficiency
of the local optimal solution. This differential evolutionary
strategy can generate broader area around the population
members and get better intensification and diversification of
population members by the go-beyond strategy.

Based on experimental simulation by actual data in hot
rolling process, simulation result shows that the application of
DEACOP optimizes the gauge reduction for each rolling pass
and gives full play to the upstream rolling mill equipment’s
ability. Meanwhile, DEACOP algorithm regulates crown
index of the downstream mills, so it can further improve the
efficiency of plate-shaped regulating.

2. The Gauge and Shape Model

2.1. SystemDescription. In order to determine rolling force of
each stand, as well as the other settings, the key point of load
distribution is that the exit thickness of each stand should be
distributed reasonably. Thus, in this section the optimal load
distributionwith the consideration of overall performance on
shape and gauge is proposed. The optimal load distribution
of finishing mill group can be divided into three stages
[11–13].

The first phase requires that the 1st stand’s reduction
should be left some room, as the steel billet’s thickness may
fluctuate when steel billet goes into rolling mill.

In the second phase, the 2nd and 3rd stands should make
full use of equipment power, therefore making the amount of
the reduction as large as possible.

In the third phase, the rolling force in the last stage should
gradually decrease from the 4th to the last stand, so that the
accuracy and performance of the shape and gauge can be
synthesized properly. Meanwhile, the relative crown of the
last four stands should be equal.

With the consideration of those steps, the objective
function is derived as follows, which constructs with the
desire of above three stages with DEACOP optimizes load
distribution:

𝐺 = 𝜔
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where 𝑃
𝑖
is the rolling force of the 𝑖th stand, CR

𝑖
and ℎ

𝑖

separately represent exit crown and thickness of the 𝑖th stand,
𝜔
𝑖
denotes weighted coefficient, and Δ

𝑖
is the compensation

coefficient, which maintain the equality of relative crown
from the 4th to the last stand. From the view of engineering,
some related variables of rolling process can be restricted,
such as ℎ

𝑖+1
< ℎ
𝑖
, 0 ≤ 𝑃

𝑖
≤ 𝑃max.𝐾1 and𝐾2 denote the propor-

tional coefficient about rolling force and both coefficients are
changed according to technological condition, where 𝐾

1
is

set as 0.9 and 𝐾
2
is set as 1 in this paper. Apart from the

above constraints, the Shohet discriminant [1] about sheet
deformation is also necessary. Since the rolling process of hot
strip mill is different from the cold rolling, to some extent,
Shohet discriminant may relax the requirement of relative
crown:
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where 𝐻, ℎ denote the entry and exit strip thickness, 𝐶
𝐻
/𝐻

and 𝐶
ℎ
/ℎ separately stand for relative crown of entry and

exit, 𝐵 is the strip width, and 𝛼 = 2 or 1.86.
Themain purpose of load distribution system is seeking a

set of data ℎ
𝑖
, which not only meets the Shohet equation, but

also can fulfill those technological conditions. Meanwhile, in
order to get the minimum value of objective function, the
rolling force model, thickness distribution model, and the
temperature model have to be established.

2.2. Rolling Force Model. According to [1], the classic rolling
force equation can be expressed as follows:

𝑃
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= 1.15𝐵𝑙
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where the subscript 𝑖 denotes the rolling pass number, B
is the strip width, and 𝑙

󸀠

𝑐
denotes the horizontal projection

length of contact arc between roll and workpiece. 𝑙󸀠
𝑐

=

√𝑅󸀠Δℎ, 𝑅
󸀠

= 𝑅(1 + (16(1 − ]2)/𝜋𝐸)(𝑃
𝑖
/𝐵Δℎ)), where R is

roller radius, 𝑅󸀠 is roller radius after deformation [12], Δℎ is
the reduction for every rolling pass, ] is Poisson’s ratio,
and 𝐸 is Young’s modulus. Relative deformation degree and
average thickness are denoted as 𝜀 and ℎ

𝑚
in (4). Deforma-

tion resistance introduces (5), where 𝑇 = (𝑡 + 273)/1000

and t is rolling temperature. 𝜀 = ln(ℎ
𝑖−1

/ℎ
𝑖
) and 𝑢 =

(V
𝑖
𝜀/𝑙
󸀠

𝑐
) separately stand for deformation degree and rate

about workpiece.
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2.3. Thickness Distribution Model. Consider the following:
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where ℎ
󸀠

𝑖
is the experiential thickness value,𝐾

𝐻1
, 𝐾
𝐻2

denote
the site statistics coefficient, 𝜙

𝑖
is cumulative energy distri-

bution coefficient, 𝐻
0
is initial thickness when workpieces

go into the first finishing mill, and ℎ
𝑛
is exit thickness when

workpieces go through the last stand.

2.4. Temperature Model. Temperature is an important factor
in hot rolling, which can directly impact on the rolling force
value of each pass. Equation (8) expresses temperature drop
model from roughing exit to finishing entrance, while the
next equation denotes slab temperature drop caused by going
through finishing mill:
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𝑇
𝐹0

means entry temperature when slab goes into the first
finishing mill. 𝜀 is blackness, 𝛿 is Boltzmann constant, 𝛾 is
density, 𝑐 is specific heat capacity, and 𝜏 is the time when
strip is transferred from the exit of roughing mill to the
entrance of the finishing mill. 𝑇RC is steel temperature after
strip going through roughing mill.

The exit temperature of each finishing mill is denoted
as 𝑇
𝑖
. 𝑇
𝑤
is water spray temperature between mills. 𝐾

𝑎
is

cooling coefficient, the interstand distance (𝐿
𝑗
) is indicated,

and ℎ
𝑛
V
𝑛
is the product that multiplies exit thickness by

rolling speed.

3. Evolutionary Algorithm for
Complex-Process Optimization

In this section, the evolutionary algorithm for complex-
process optimization based on differential evolutionary strat-
egy (DEACOP) is proposed to solve load distribution prob-
lem of the hot rolling scheduling.TheDEACOP is innovative
strategy embedded in various submethodswithin the flexible.
This algorithm improves path relinking to generate a new
combination method which considers a broader area around
the population members. Meanwhile DEACOP improves the
balance between intensification and diversification with a
population-update method. The above strategies can escape
from suboptimal solutions and advance the search efficiency.
The algorithm consists of five parts: (1) building the initial
population, (2) determining similarity solution, (3) differen-
tial evolutionary strategy, (4) population update, and (5) deep
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Figure 1: LHS (𝐻 = 10,𝑁 = 2).

search feasible solutions. Its principle is to deeply explore new
populationmembers near individuals with minimum fitness.
The optimization process will be repeatedly executed unless
the stop conditions were met.

3.1. Building the Initial Population. In this subsection a latin
hypercube uniform sampling (LHS) is first used to generate
the initial population. To illustrate how LHS works, during
the following description we will explain the building process
of LHS. N is variable dimension that is set as 2; sampling
size 𝐻 is 10. The distribution procedure of LHS is as follows.

3.1.1. LHS Algorithm

(1) Each side of the test area was divided equally into 10
parts, so test area was divided into 102 small areas.

(2) (1, 2, . . ., 10) is randomly ordered to (7, 5, 6, 9, 2, 4, 1, 8,
10, 3) and (7, 9, 3, 8, 6, 2, 4, 10, 5, 1). They are arranged
in a matrix as follows:

𝐴 = [
7 5 6 9 2 4 1 8 10 3

7 9 3 8 6 2 4 10 5 1
]

𝑇

. (10)

Column of the matrix, such as (7,7), (5,9), (6,3) . . .
(3,1), is fixed on 10 rectangles.

(3) A sample was randomly selected in each small rect-
angle, and then sampling group was composed of
10 samples. The result about LHS works is shown in
Figure 1.

Through LHSprocedure, an initial set Pop of Psize diverse
vectors is generated, whose size is set as 10 × Nvar (Nvar is
defined as a number of variables which need to be optimized).
Meanwhile high-quality solution set Pop1 is composed in
terms of better fitness. Its number is 𝑏1. Diversity set Pop2
(its size is b2) includes individual selected randomly from
the remaining m−b1 vectors in Pop. According to the above
completion strategy, the population size is 𝑏 = 𝑏1+𝑏2.McKay
et al. [14] pointed out that the total average received LHS than
a simple random sampling mean has smaller total variance.
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for 𝑖 = 1 to b
for 𝑗 = 𝑖 to b

if 𝑑 ( ⃗𝑥
𝑖
, ⃗𝑥
𝑗
) =

󵄩󵄩󵄩󵄩󵄩
⃗𝑥
𝑖
− ⃗𝑥
𝑗

󵄩󵄩󵄩󵄩󵄩
≤ 𝑑𝑖𝑠𝑡 then one of two solutions will be replaced with random solution within the search space.

else
until the end of the loop

endif
endfor

endfor

Algorithm 1: Check for solutions similarity algorithm.

3.2. Check for Similarity Solution. The purpose of similarity
determining is to help escape from (possible) local optimal
area. Algorithm 1 checks for duplicity with Euclid distance
in the population before performing the next subsection
(combination method). If the Euclidean distance between
the two solutions is less than set value dist, then one of two
solutions will be replaced with random solution within the
search space. Otherwise, reserve two solutions and continue
to the next judge.

3.3. Differential Evolutionary Strategy of Population. In the
traditional EACOP, the reference set was usually based on
linear combination method, which has advantage in some
aspects. Unfortunately, there is difficult to solutions of com-
plex issue. Thus, an improved differential variation method
was introduced as follows:

𝑀
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where𝑀𝑡+1
𝑖

is individual set after variation,𝑋𝑡
𝑟1
is the current

best individual populations, and𝐹 is scaling factor. (𝑋𝑡
𝑟1
−𝑋
𝑡

𝑖
)

item was used in this strategy in order to increase the algo-
rithm coverage speed.Meanwhile (𝑋𝑡

𝑟2
−𝑋
𝑡

𝑟3
) was introduced

as disturbance, which can make difference for each variation
individual, therefore maintaining the population diversity.

Besides, the crossover strategy is used for better evolu-
tionary effects. After the crossover operation on𝑋𝑡

𝑖
and𝑀𝑡+1

𝑖
,

thereby generating the new individual 𝐶𝑡+1
𝑖𝑗

. The crossover
strategy equation can be expressed as follows:

𝐶
𝑡+1

𝑖𝑗
= {

𝑀
𝑡+1

𝑖𝑗
, rand ≤ CR

𝑋
𝑡

𝑖𝑗
, rand > CR

𝑗 = 1, 2, . . . , 𝑛, (12)

where CR can be defined as crossover probability factor
between 0 and 1 and rand is uniform random number in the
same interval.

3.4. Population Update. As described in the combination
method, we incorporate each member of the reference set
with the rest 𝑏 − 1members, resulting in 𝑏 − 1 new solution.
Best quality solutions among new solutions were chosen and
compared with their parent, if their value is better than the
parent, and then the latter is replaced in the population. The
principle of population regeneration is that new solutions
are generated along with the path formed by the parent
superrectangular.

3.5. Deep Search Feasible Solutions. By the previous steps,
the new population members are surrounded by hyperrect-
angle in accordance with update strategy. For enhancing
the search intensification to exploit better feasible solu-
tions, the evolutionary algorithmhas implemented go-beyond
strategy which consists in exploiting promising directions.
Go-beyond strategy (Figure 2) means that new solution is
created in the light of direction defined by the child and its
parent (Algorithm 3).

Deep search step is shown as follows: firstly, create a
new solution 𝑥child in hyperrectangle which is generated
by a pair of solutions (𝑥

𝑖
, 𝑥
𝑗
) and estimate if fitness value

𝑓(𝑥child) outperforms parent fitness value 𝑓(𝑥
𝑖
or𝑥
𝑗
) (𝑥
𝑖
, 𝑥
𝑗

is selected after deciding which of them is combined with
other 𝑏 − 1 population individuals). If 𝑓(𝑥child) > 𝑓(x

𝑖
or

x
𝑗
), new solution 𝑥Nchild is created according to go-beyond

strategy over again. Now once more the program deter-
mines if 𝑓(𝑥

𝑁child) is greater than 𝑓(𝑥child); if the result
holds, determine update solution 𝑥

𝑁𝑁child with go-beyond
strategy again. In the end, last subsection 𝐷 is introduced to
make 𝑥

𝑁𝑁child replace one of 𝑥
𝑖
or 𝑥
𝑗
.

3.6. Optimization Process of DEACOP. According to descrip-
tion about above five parts subsection, all of subsections will
be integrated to build an evolutionary algorithm. Optimiza-
tion steps of DEACOP are shown as follows.

Step 1. Set initial parameters that include variable dimension
vars, 𝑃sizediverse vectors of the initial set (normally 𝑃size =

10 × vars), the number of high-quality solution b1, and
random set size b2. Initial population whose size 𝑏 is the sum
of b1 and b2. To escape from suboptimal solution, the number
of consecutive iterations 𝑇stick is defined as a vector. 𝑇stick =

[𝑇
1
, 𝑇
2
, . . . , 𝑇

𝑏
] = [0, 0, . . . , 0]. 𝑇change is denoted as logo

whether get suboptimal solution.

Step 2. This step uses a latin hypercube uniform sampling
to generate initial set of diverse solutions. But the set should
meet constraint condition about optimization problem.

Step 3. Check for similarity solutions. This step uses
Algorithm 2 to test the diversity of population.

Step 4. Make differential evolutionary computation in refer-
ence to the actual individuals of concentration.
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Figure 2: The flow chart of DEACOP.

if 𝑓(𝑥new) < 𝑓(𝑥parent)

𝑥parent = 𝑥new
endif

Algorithm 2: Population-update algorithm.

Step 5. Associate population-update strategy with go-beyond
strategy. If the quality of child 𝑥child that is generated with
combination method outperforms its parent 𝑥

𝑖
, then go-

beyond strategy is used to further exploit solution intensifi-
cation. Otherwise, go-beyond strategy is not performed.

Step 6. Escape from suboptimal solution. If the parent 𝑥
𝑖
is

replaced by the child, then the number of consecutive
iterations 𝑇

𝑖
is reset as 0; otherwise 𝑇

𝑖
= 𝑇
𝑖
+ 1, and estimate

whether 𝑇
𝑖

≥ 𝑇change. If the result is affirmative, 𝑥
𝑖
will

be substituted by the random one of the remaining 𝑃size −
𝑏 members.

Step 7. Repeatedly perform Step 4–Step 6 until all members
of population come through this process.

Step 8. Until stopping criterion is met, go into Step 3.

In order to clarify this algorithm procedure, a flow chart
was shown in Figure 2.

Table 1: Set parameters for optimization.

Model
parameters Value DEACOP

parameters Value

B/mm 1520 𝑏1 10
𝐻
0
/mm 35.3 𝑏2 10

ℎ
𝑛
/mm 5.9 𝑃size 70

𝑇RC/
∘C 1061 𝑇change 20

CR
𝑛
/mm 0.016 r 10−4

n 7 ITTM 150

4. DEACOP Application and Results Analysis

4.1. Set Initial Parameters and Optimization Steps. In order
to validate the effectiveness of DEACOP optimization for
load distribution of the hot rolling, Q235 Steel was used for
simulation experiments. The parameters load distribution
was listed in Table 1, including the width of strip steel B,
initial thickness of workpiece 𝐻

0
, finish product thickness

h
𝑛
, exit temperature of roughing mill 𝑇RC, objective crown

CR
𝑛
, and the number of stands 𝑛. Moreover, parameters in

DEACOP include the number of population b (including
the number of high-quality solutions 𝑏1 and the number
of random solutions 𝑏2), the size of initial set 𝑃size, the
number of dropping into suboptimal region 𝑇change, radius
of suboptimal region r, and iteration times of optimization
ITTM.
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Table 2: Comparison of rolling force distribution.

Methods Variables (/KN)
𝑃
1

𝑃
2

𝑃
3

𝑃
4

𝑃
5

𝑃
6

𝑃
7

Classic 22438.8 20054.3 24530.9 17842.8 12593.2 12170 8941.5
EACOP 20356.8 22629.6 22048.6 17446.9 15130.7 12136.4 9184.9
DEACOP 21845.7 23648.4 23646.4 15963.3 13472.2 9813.8 9148.4

Table 3: Relative crown of each stand.

Methods Variables (×103)
CR
1
/𝐻
1

CR
2
/𝐻
2

CR
3
/𝐻
3

CR
4
/𝐻
4

CR
5
/𝐻
5

CR
6
/𝐻
6

CR
7
/𝐻
7

Classic 1.4 1.7 3 3.1 2.6 2.9 2.8
EACOP 1.2 1.9 2.6 2.9 3.1 2.9 2.8
DEACOP 1.2 1.9 2.6 2.9 2.9 2.8 2.8
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Figure 3: Comparison of rolling force distribution.

The process of DEACOP algorithm optimization for load
distribution of the hot rolling is shown as follows.

Step 1. The load distribution model considering flatness is
established based on the actual production process param-
eters.

Step 2. First of all, thickness value ℎ
󸀠

𝑖
can be obtained accord-

ing to experiential load distribution (6). Variables opti-
mized are determined as Δ𝑜ℎ

𝑖
, so exit thickness optimized is

denoted as ℎ
𝑖
= ℎ
󸀠

𝑖
+ Δ𝑜ℎ

𝑖
.

Step 3. Use DEACOP to optimize mathematic model of load
distribution. According to constraint condition of modeling
details, the process parameters which are calculated by opti-
mizing variable must satisfy actual production requirements.

Step 4. Until stopping criterion is met, go back to Step 3.

4.2. Simulation and Discussion. In this part, we have con-
sidered three methods for optimizing load distribution,
including, experience distribution, EACOP, and DEACOP.

Meanwhile, the results generated through those algorithms
were compared and analyzed. Under constraints conduction
and objective function, as we can notice that top three stands’
reductionmust be as large as possible. For the desire of rolling
force, the first stand rolling force 𝑃

1
is expected as 90% of

the second stand rolling force 𝑃
2
, and 𝑃

2
should be equal

to the third stand rolling force 𝑃
3
. In addition, the purpose

of optimization should guarantee integrated performance
of shape and gauge control system, so the object function
desires that rolling force of the last four stands should be
descended one by one, and relative crown remains consistent
as far as possible. The calculation results about rolling force
distribution as well as relative crown of each stand were
simulated separately by Matlab Platform, and the results are
shown in Tables 2 and 3.

According to reference with the constraints conduction
and objective function in actual rolling process, Figure 3
shows optimization effect of rolling force. For top three
stands, all the results optimized by DEACOP are greater
than those optimized by EACOP and classic optimization.
As for the empirical distribution, the conclusion cannot
meet the characteristics of objective optimization function
because 𝑃

1
and 𝑃

2
are not equal. Meanwhile, the last four

rolling forces which empirical distribution configure cannot
be in accord with objective function neither, while rolling
force allocated by DEACOP and EACOP is in line with in
turn reduced law. Besides, as we can see from Table 4, the
relative crown of the last four mill stands almost maintains
the same by DEACOP algorithm, which perfectly meets the
demand on rolling schedule that the relative crown of the last
four stands should be equal.

The thickness distribution of every stand is shown in
Table 4. Since the values of DEACOP optimization fully
meet the requirements of objective function based on gauge
control system, a similar experiment was made to verify its
better results in strip shape optimization curve; the data of
DEACOP in Table 4 was curved with the consideration of
Shohet discriminant criterion, which is useful to determine
whether shape has met requirements. As shown in Figure 4,
the relative crown difference between entrances and exits
which is optimized by DEACOP does not exceed the scope
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for 𝑖 = 1 to b
Expl = 0
𝐴 change = 1

for 𝑗 = 1 to 2
𝑥parent = 𝑥

𝑖
or 𝑥
𝑗

if 𝑓(𝑥child) < 𝑓(𝑥parent)

The hyper-rectangle direction defined by 𝑥parent and 𝑥child is [𝑎, 𝑏] = [𝑥child −
𝑥parent − 𝑥child

𝐴 change
, 𝑥child]

𝑥parent = 𝑥child
𝑥child = 𝑥

𝑁child
𝐴 change = 𝐴 change/2

endif
endfor

endfor

Algorithm 3: Go-beyond strategy algorithm.

Table 4: Thickness distribution of each stand.

Methods Variables (/mm)
ℎ
1

ℎ
2

ℎ
3

ℎ
4

ℎ
5

ℎ
6

ℎ
7

Classic 24.9662 18.3946 12.7358 9.7047 8.0254 6.718 5.9
EACOP 25.8395 18.2928 13.1485 10.0799 8.04719 6.7393 5.9
DEACOP 25.2135 17.3832 12.1914 9.5458 7.797 6.7361 5.9
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Figure 4: Judgment with Shohet formula.

of moderate wave and edge wave and has a larger margin.
Conclusions show that Shohet discriminant verifies the reli-
ability of the experimental results.

5. Conclusions

In this paper,The DEACOP which has a flexible frame struc-
ture embedding in various submethods has been introduced.
This algorithmwas presented to optimize the rolling schedule
and show its superior ability of global searching. Moreover,
it can not only escape from suboptimal solutions, but also
advance the search efficiency.

According to the experimental results within actual data
in hot rolling process, the DEACOP still can get feasible
and better mathematical solution and validate the real-time
application even by fewer adjustable parameters, which is
more suitable for the actual load distribution problems. With
this algorithm, the optimized rolling schedule can make full
use of the upstream finishing mill equipment which controls
top three stands’ reduction and improves the total rolling
consumption. The rolling force of the last four stands which
control exit thickness can be used as an important means of
shape control. Therefore, the improvement of efficiency in
plate-shaped regulating by DEACOP is recommended as an
important issue for further investigation.

Acknowledgments

The authors gratefully acknowledge the support by the
National Natural Science Foundation of China (61074085,
51205018), China Postdoctoral Science Foundation Funded
Project (2012M510321), and Fundamental Research Funds



8 Mathematical Problems in Engineering

for the Central Universities (FRF-TP-12-104A, FRF-SD-12-
008B). The authors heartily appreciate the data support from
Ansteel Company in Liaoning Province, China. Meanwhile,
great thanks also go to former researchers for their excellent
work, which gives great help for our academic study.

References

[1] Y. K. Sun, The Model and Control of Cold and Hot Strip Mill,
Metallurgical Industry Press, Beijing, China, 2010.

[2] Y. Wang, J. Liu, and Y. Sun, “Immune genetic algorithms
(IGA) based scheduling optimization for finisher,” Journal of
University of Science and Technology Beijing, vol. 24, no. 3, p. 339,
2002.

[3] F. Yao, W.-D. Yang, M. Zhang, and Z.-D. Li, “Improved space-
adaptive-based differential evolution algorithm,”ControlTheory
and Applications, vol. 27, no. 1, pp. 32–38, 2010.

[4] H.-J. Li, G.-D. Wang, J.-Z. Xu, and X.-H. Liu, “Optimization of
draft schedules with variable metric hybrid genetic algorithm
during hot strip rolling,” Journal of Iron and Steel Research, vol.
19, no. 8, pp. 33–36, 2007.

[5] J.-M. Yang, H.-J. Che, F.-P. Dou, and T. Zhou, “Genetic
algorithm-based optimization used in rolling schedule,” Journal
of Iron and Steel Research International, vol. 15, no. 2, pp. 18–22,
2008.

[6] J. A. Egea, R. Mart́ı, and J. R. Banga, “An evolutionary method
for complex-process optimization,” Computers and Operations
Research, vol. 37, no. 2, pp. 315–324, 2010.

[7] J.-T. Tsai, J.-H. Chou, and W.-H. Ho, “Improved quantum-
inspired evolutionary algorithm for engineering design opti-
mization,” Mathematical Problems in Engineering, vol. 2012,
Article ID 836597, 27 pages, 2012.

[8] J.-Y. Wu, “Solving constrained global optimization problems
by using hybrid evolutionary computing and artificial life
approaches,” Mathematical Problems in Engineering, vol. 2012,
Article ID 841410, 36 pages, 2012.

[9] M. Laguna and R. Marti, Scatter Search: Methodology and
Implementations in C, Kluwer Academic Publishers, Boston,
Mass, USA, 2003.

[10] F. Glover, M. Laguna, and R. Marti, “Scatter search and
path relinking: foundations and advanced designs,” in New
Optimization Techniques in Engineering, G. C. Onwubolu and
B. V. Babu, Eds., Springer, Berlin, Germany, 2004.

[11] H.-D. Yang and J.-Q. E, “An adaptive chaos immune optimiza-
tion algorithm with mutative scale and its application,” Control
Theory and Applications, vol. 26, no. 10, pp. 1069–1074, 2009.

[12] X. Yang and C. N. Tong, “Coupling dynamic model and
control of chatter in cold rolling,” Journal of Dynamic Systems,
Measurement and Control-Transactions of the ASME, vol. 134,
no. 4, Article ID 041001, 8 pages, 2012.

[13] V. B. Ginzburg, Flat-Rolled Steel Processes. Advanced Technolo-
gies, CRC Press, New York, NY, USA, 2009.

[14] M. D. McKay, R. J. Beckman, andW. J. Conover, “A comparison
of three methods for selecting values of input variables in the
analysis of output from a computer code,” Technometrics, vol.
21, no. 2, pp. 239–245, 1979.



Hindawi Publishing Corporation
Mathematical Problems in Engineering
Volume 2013, Article ID 808901, 6 pages
http://dx.doi.org/10.1155/2013/808901

Research Article
Study of Evolution Model of China Education and
Research Network

Guoyong Mao1,2 and Ning Zhang3

1 Department of Electronic Information and Electric Engineering, Changzhou Institute of Technology, Changzhou 213002, China
2German Research School for Simulation Science, 52062 Aachen, Germany
3 Business School, University of Shanghai for Science and Technology, Shanghai 200093, China

Correspondence should be addressed to Guoyong Mao; gymao@mail.shu.edu.cn

Received 2 September 2013; Revised 18 November 2013; Accepted 18 November 2013

Academic Editor: Zidong Wang

Copyright © 2013 G. Mao and N. Zhang. This is an open access article distributed under the Creative Commons Attribution
License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly
cited.

By searching the hyperlinks with domain name “.edu.cn” which constitutes the China Education and Research Network, we build a
complex directed network containing 366,422 web pages containing 540,755 URLs. These URLs constitute a complex directed
network through self-organization. By analyzing the topology of China Education and Research Network, we found that it is
different from the common Internet in several aspects. Most of the vertices have incoming links, a few vertices have outgoing links,
and very few vertices have both incoming and outgoing links. The vertex distribution has a power-law tail. A large proportion of
newly added edges always connect with those pages selected from one subnetwork that they belong to, instead of connecting with
the pages selected from the whole network. According to these features, we presented the evolution model of this complex directed
network. The results indicate that this model reflects some main characteristics of China Education and Research Network.

1. Introduction

The research on complex networks is developing at a brisk
pace, and significant achievements have been made in recent
years; among them is the introduction of scale-free net-
work and related models [1–4], as it makes big progress in
revealing the characteristics of dynamic evolution of complex
networks. Theoretical and empirical research on complex
network has been carried out with some important achieve-
ments [5–9].

China Education and Research Network (CERNET) was
established since 1995. More than 1000 universities and
research institutes have been connected to this network so
far. It has 36 regional network centers andmain nodes, which
are distributed among different provinces of China. As of
now this network has hostmachinesmore than 1,200,000 and
has become the second largest internet in China. However,
compared with the large number of researches that has been
done on the general Internet [10–13], only a few work is
on CERNET can be found. From these studies we found
that the features of CERNET are different from those of

the general Internet, especially in the structure and formation
mechanism [14, 15]. Hence, the study on CERNET is quite
important.

We have beenworking onCERNET since 2005 and trying
to establish the evolution model of CERNET for analysis and
prediction purposes [14–16].However, duemainly to the large
scale of CERNET and lack of computing power, it took quite a
long time to adjust the parameters tomodify themodel at that
time. Therefore, the model we got is relatively simple which
cannot well reflect the main features of CERNET [16]. For
example, the average shortest path length of the simulation
model is only about 2.8, far from 8.95 of the real network [17].

In this paper, the CERNETwe analyze is a virtual network
made up of web pages where “.edu.cn” is included in the
addresses of all these pages. In this network, all web pages are
nodes, and all the hyperlinks in these pages that link to other
pages are the directed edges. This directed complex network
has 366,422 nodes and 540,755 edges.We analyze the features
of this network and extract the evolution model using
empirical methods to reveal the formation mechanism of
CERNET.
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The remainder of the paper is organized as follows. Topo-
logical structure of CERNET is analyzed in Section 2, and
the evolution model of CERNET and comparison between
the real and simulated networks are described in Section 3,
before giving conclusion and future work in Section 4.

2. Topological Structure of CERNET

There are several features that can be used to characterize
a network, for example, the degree distribution, the average
shortest path length, and the clustering coefficients. Among
them the degree distribution is considered to be the most
important [2].

From graph theory we know that the number of edges
connected to one node is the degree of this node. For directed
graph, the outdegree is the number of output edges and the
indegree the number of input edges. Using the datawe collect,
we setup a database ofCERNETand get the𝑃out(𝑘) and𝑃in(𝑘),
where 𝑃out(𝑘) is the probability that one page has 𝑘 output
pages and 𝑃in(𝑘) is the probability that one page has 𝑘 input
pages. The formulas we use to calculate the output and input
probability of node 𝑖 are listed in (1) and (2), respectively,
where 𝑀out is the maximum outdegree of the network and
𝑀in the maximum indegree of the network:

𝑃out (𝑘𝑖) =
(𝑘
𝑖
)

∑
𝑀out
𝑗=1
(𝑘
𝑗
)

, (1)

𝑃in (𝑘𝑖) =
(𝑘
𝑖
)

∑
𝑀in
𝑗=1
(𝑘
𝑗
)

. (2)

We plot the double logarithmic curves of 𝑃out(𝑘) and
𝑃in(𝑘) that change as a function of 𝑘, as shown in Figures
1 and 2, respectively. Linear-regression analysis is done on
the linearized data, as shown in the straight red lines in
these figures. From Figure 1 we see that the tail of outdegree
distribution of CERNET follows the power law distribution,
𝑃out(𝑘) ∼ 𝑘

−𝑟out , where 𝑟out = 2.48. From Figure 2 we see that
the indegree distribution generally follows the power law dis-
tribution, but the tail is not very smooth,𝑃in(𝑘) ∼ 𝑘

−𝑟in , where
𝑟in = 2.40, which differs greatly with the Poisson distribution
predicted using the traditional theory of random graph.

We make statistical analysis of these data and get the
accumulated frequency of degree and the corresponding ratio
of the degree to total degree in CERNET, as shown in Table 1.
From Table 1 we can see that a large amount of pages have
small connections, a few pages have a medium number of
connections, while a tiny minority of notable pages have a
large number of connections. This phenomenon is similar to
the research result made by Albert et al. [1].

This virtual network of CERNET is made up of subsets of
web pages of different universities. The number of web pages
of each subset is determined by the corresponding univer-
sities; the addition and deletion of pages totally depended
on the university that these pages belong to. However, we
find that though the number of pages is different for different
universities they do share some similar features. For example,
the proportion of pages that have output links to the total
number of pages is less than 25% in every university, while
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Figure 1: Distribution of outdegree of real data.
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the proportion of pages that have input links to the total
number of pages is usually bigger than 85%. Only a very
small number of pages have both output links and input links.
Hence, if each university is treated as a subnetwork, then in
each network most nodes only have input edges, a few nodes
only have output edges, and the number of nodes with both
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Table 1: The accumulated frequency and percentage of degree in CERNET.

Outdegree Accumulated frequency Ratio to total
outdegree (%) Indegree Accumulated frequency Ratio to total

indegree (%)
1∼50 30463 93.7 1∼5 341535 98.0
51∼300 32478 6.2 6∼199 348477 1.9
301∼1449 32510 0.1 201∼626 348491 0.1

Table 2: Degree and link features in some universities.

Name of
university

Number of web
pages

Number of
outdegrees

Number of
indegrees

Ratio of pages with
output edge to total
number of pages (%)

Ratio of pages with
input edge to total

number of pages (%)
CIM 9576 14532 13515 0.15 0.87
SHUFE 9151 13546 12620 0.12 0.93
ZJU 11537 20586 18943 0.085 0.973
CQU 864 1403 1326 0.075 0.987
NBU 1985 2995 2785 0.159 0.908
SHU 15035 19443 18522 0.096 0.939
SUDA 13643 20197 18051 0.071 0.964
CUMT 9371 18089 12293 0.134 0.914
SHISU 10733 13734 12941 0.089 0.933
ECUN 13707 19890 17379 0.068 0.959
SHSMU 3663 6335 5730 0.114 0.916
CUN 6120 7020 6762 0.18 0.84

input edges and output edges is rare. From these features
we know that each university connects to other universities
through a small number of pages, as shown in Table 2.

3. The Evolution Model of CERNET

Using the mechanism of growth and preferential attachment,
the scale-free model proposed by Barabasi et al. can to some
degree disclose the nature of many complicated phenomena
in the practical world. However, this model cannot be applied
to CERNET. For example, every newly attached node has
output edges in this scale-free model, but for the directed
network of CERNET a larger amount of newly attached nodes
have only one input edge; that is, these nodes have zero outde-
gree. Also in this model, the preferential attachment of newly
added nodes will search the whole network for the best node
to connect to, while in CERNET the newly added pages will
generally choose some pages in the same university to con-
nect to. Only occasionally, the newly added pages will choose
pages in other universities, but these pages will not search
the whole CERNET for the best pages to connect to. From
these features of CERNET, we propose the evolution model
of CERNET, as follows.

(i) The CERNET starts from𝑚
0
nodes and 𝑒

0
edges. The

𝑚
0
nodes are randomly divided into 𝑙 subsets. There

are𝑚
01
, 𝑚
02
, . . ., and𝑚

0𝑙
nodes and 𝑒

01
, 𝑒
02
, . . ., and 𝑒

0𝑙

edges in each subset, respectively, where ∑𝑙
𝑖=1
𝑚
0𝑖
=

𝑚
0
, and ∑𝑙

𝑖=1
𝑒
0𝑖
= 𝑒
0
.

(ii) At each moment, a new node will randomly be added
into one of the subsets of the network. There are 5
cases for the edges that are added together with the
new node:

(1) the new node has only one input edge;
(2) the new node has only𝑚 output edges;
(3) the new node has one input edge and one output

edge;
(4) the new node has one input edge and 𝑚 − 1

output edges;
(5) the new node has one output edge and 𝑚 − 1

input edges,
where 𝑚 ≤ (𝑚

0min) and 𝑚0min is the minimum
initial number of nodes among 𝑙 subsets and
𝑚
0min = min(𝑚01,𝑚02, . . . , 𝑚0𝑙).

(iii) When the new node with one input edge is added
to the network with probability 𝛼, this node will
randomly choose a subset and let itself be connected
by a preferentially selected node in this subset. Let
∏out(𝑖) denote the probability of node 𝑖 to be selected
as the source node; then∏out(𝑖) is determined by 𝑘𝑖out,
the outdegree of 𝑖.

(iv) When the new node with 𝑚 output edges is added
to the network, there are 2 cases we should consider.
The probabilities of the two cases are 𝛽

1
and 𝛽

2
,

respectively.
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(1) For the first case, the new node will randomly
choose a subset and let itself connect to a pref-
erentially selected node in this subset. Let∏in(𝑖)
denote the probability of node 𝑖 be selected as
the target node; then ∏in(𝑖) is determined by
𝑘
𝑖

in, the indegree of 𝑖. For the rest of the 𝑚 − 1
output edges, at each moment only one edge
randomly chooses a subset which has not been
connected by the new node and connects itself
to a preferentially selected node in this subset,
till all𝑚 − 1 output edges are processed.

(2) For the second case, the new node will still
randomly choose a subset, but this time this
node will preferentially choose 𝑚 − 1 nodes in
this subset and let itself be connected. Let∏in(𝑖)
denote the probability of node 𝑖 be selected as
the target node; then ∏in(𝑖) is determined by
𝑘
𝑖

in, the indegree of 𝑖. For the rest of the edges
that this new node carries, it will randomly pick
a subset which has not been connected by this
new node and connect itself to a preferentially
selected node in this subset.

(v) When the new node with one input edge and one
output edge is added to the network, there are also 2
cases we should consider. The probabilities of the two
cases are 𝛾

1
and 𝛾
2
, respectively.

(1) For the first case, the new node will randomly
choose a subset and let itself be connected by
a preferentially selected node in this subset.
The probability of node 𝑖 to be selected as the
source node is determined by 𝑘𝑖out, the outdegree
of 𝑖. The output edge of the new node will
randomly select a subset which has not been
connected by the new node and connect itself
to a preferentially selected node.The probability
of a node 𝑖 to be selected as the target node is
determined by 𝑘𝑖in, the indegree of 𝑖.

(2) For the second case, the newnodewill randomly
choose a subset and let itself be connected by a
preferentially selected node in this subset. The
probability of node 𝑖 to be selected as the source
node is determined by 𝑘𝑖out, the outdegree of 𝑖.
For the output edge that this new node carries,
it will still pick a node in the same subset and
connect itself to a preferentially selected node
which has not been connected by the input edge
of the new node. The probability of a node 𝑖 to
be selected as the target node is determined by
𝑘
𝑖

in, the indegree of 𝑖.

(vi) When the new node with 1 input edge and 𝑚 − 1
output edges is added to the network with probability
𝛿, this node will randomly choose a subset and let
itself be connected by a preferentially selected node in
this subset. The probability of node 𝑖 to be selected as
the source node is determined by 𝑘𝑖out, the outdegree

of 𝑖. For the rest of the 𝑚 − 1 output edges, at each
moment only one edge randomly chooses a subset
which has not been connected by the new node and
connects itself to a preferentially selected node in this
subset, till all the 𝑚 − 1 output edges are processed.
The probability of node 𝑖 to be selected as the target
node is determined by 𝑘𝑖in, the indegree of 𝑖.

(vii) When the new node with 1 output edge and 𝑚 − 1
input edges is added to the networkwith probability 𝜁,
this node will randomly choose a subset and connect
itself to a preferentially selected node in this subset.
The probability of node 𝑖 to be selected as the target
node is determined by 𝑘𝑖in, the indegree of 𝑖. For the
rest of the 𝑚 − 1 input edges, at each time only one
edge randomly chooses a subset which has not been
connected by the new node and lets itself be con-
nected to a preferentially selected node in this subset,
till all𝑚−1 input edges are processed.The probability
of node 𝑖 to be selected as the source node is
determined by 𝑘𝑖out, the outdegree of 𝑖.

The definitions of ∏in(𝑖) and ∏out(𝑖) are listed in (3) and
(4), respectively. The relation between different probabilities
is listed in (5). We have the following equations:

∏

in
(𝑖) =

𝑘
𝑖

in

∑
𝑛𝑙

𝑗=1
(𝑘
𝑗

in)
, (3)

∏

out
(𝑖) =

𝑘
𝑖

out

∑
𝑛𝑙

𝑗=1
(𝑘
𝑗

out)
, (4)

𝛼 + 𝛽
1
+ 𝛽
2
+ 𝛾
1
+ 𝛾
2
+ 𝛿 + 𝜁 = 1. (5)

In (3) and (4), 𝑛
𝑙
is the number of nodes of the subset that

has new edges connected to it. The denominator of (3) is the
sum of indegree of the same subset and the denominator of
(4) is the sum of outdegree in this subset.

After 𝑡moments, we get a directed random network with
𝑁 nodes and 𝑉 edges, where𝑁 = 𝑚

0
+ 𝑡, and

𝑉 = 𝑒
0
+ 𝛼 ∗ 𝑡 + (𝛽

1
+ 𝛽
2
) ∗ 𝑚 ∗ 𝑡

+ (𝛾
1
+ 𝛾
2
) ∗ 2𝑡 + (𝛿 + 𝜁) ∗ 𝑚 ∗ 𝑡.

(6)

From the analysis of CERNET we set 𝛼 = 0.60, 𝛽
1
= 0.2,

𝛽
2
= 0.12, 𝛾

1
= 0.04, 𝛾

2
= 0.02, 𝛿 = 0.01, and 𝜁 = 0.01.

When 𝑚
0
= 12, 𝑚 = 3, and 𝑙 = 3, we get the distribution

of outdegree and indegree of this simulated model. The
outdegree and indegree distributions are illustrated in Figures
3 and 4, respectively. Figures 5 and 6 illustrate the comparison
between the simulated data and the real data. From the
comparison of outdegree distribution we can see that the
slope of the simulated data is 2.48, the same as that of the
real data, but the beginning part of the simulated data cannot
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Figure 3: Distribution of outdegree of simulated data.
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Figure 4: Distribution of indegree of simulated data.

fully reflect the statistical result of the real data. From the
comparison of indegree distribution we see that the slope of
simulated data is 2.40, the same as that of the real data, but the
beginning part of the simulated data cannot fully reflect the
statistical result of the real data.The tail is smoother than that
of the real data. The slope is 2.40, the same as the real data.
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Figure 5: Comparison of outdegree distribution.
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4. Conclusions

From the figures of degree distribution, we can see that the
simulated network can partly reflect the characteristic of
CERNET. The degree distribution of the simulated network
matchesmuch better the real network than that inmodel [16].
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We also compared other features of the simulated and the real
networks. For example, the average shortest path length for
the real network is 8.95, while for the simulated network, it
is 7.81, which is much closer than that of the model listed in
[16].

The main contribution of this paper is the evolution
model of the CERNET. The result shows that the simulated
model can partly disclose the property of this network.
However, the model introduced in this paper is only the ideal
model, which means that only the main features of the real
network are considered. With the help of the fast growing
computing power, we intend to adjust this model so that it
can be used in the analysis of the ever increasing large scale
complex networks.
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We introduce the wiretap channel with action-dependent states and rate-limited feedback. In the new model, the state sequence
is dependent on the action sequence which is selected according to the message, and a secure rate-limited feedback link is shared
between the transmitter and the receiver. We obtain the capacity-equivocation region and secrecy capacity of such a channel both
for the case where the channel inputs depend noncausally on the state sequence and the case where they are restricted to causal
dependence.We construct the capacity-achieving coding schemes utilizingWyner’s random binning, Gel’fand and Pinsker’s coding
technique, and rate splitting. Furthermore, we compare our results with the existing approaches without feedback, with noiseless
feedback, and without action-dependent states. The simulation results show that the secrecy capacity of our model is bigger than
that of the first two existed approaches. Besides, it is also shown that, by taking actions to affect the channel states, we guarantee the
data integrity of the message transmitted in the two-stage communication systems although the tolerable overhead of transmission
time is brought.

1. Introduction

The framework of channels with action-dependent states was
first introduced byWeissman [1] to model scenarios in which
transmission took place in two successive phases. In the first
phase, a message-dependent action sequence was selected by
the encoder. The action sequence affected the formation of
the channel states. In the second phase, the transmitter began
to send the message to the receiver in the presence of the
action-dependent states. In [1], the capacity of such a channel
both for the case where the channel inputs were allowed to
depend noncausally on the channel states and the case where
theywere restricted to causal dependence was obtained. After
the publication of Weissman’s work, a number of extensions
of the results in [1] have been reported; see [2–6].

However, the above scenarios considered no security con-
straints which are essential in many communication systems.
For instance, the broadcast nature of wireless networks gives
rise to the hidden danger of information leakage to the mali-
cious receiverwhen broadcasting sensitive data and acquiring
channel state information. The secure communication for
the wiretap channel was first studied by Wyner [7]. In his

model, the transmitter aimed to send a confidential message
to the receiver through a noisy discrete memoryless channel
(DMC) and keep the wiretapper as ignorant of the message
as possible. The wiretapper observed a degraded version of
the legitimate receiver’s observation through another DMC.
Equivocation was introduced in [7] to measure wiretapper’s
uncertainty of the confidential message.Wyner characterized
the secrecy capacity, that is, the best transmission rate under
perfect secrecy, as the difference between the capacity of
the main channel and the wiretap channel. This model was
further explored by many researchers; see [8–14]. Among
them, Dai et al. studied the wiretap channel with action-
dependent states [13] and gave the lower andupper bounds on
the capacity-equivocation region. The capacity-equivocation
region is the set of all the achievable rate pairs (𝑅, 𝑅

𝑒
), where

𝑅 and 𝑅
𝑒
are the rates of the confidential message and

wiretapper’s equivocation about the message.
Note that the action-dependent channel models [1–6] as

well as thewiretap channelmodels [7–14] only dealt with one-
way communication. However, many systems involve two-
way communication. For example, feedback links are usually
seen in satellite communication, telephone connections, and
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wireless sensor networks. To investigate the effects of the
feedback on secrecy capacity, Ahlswede and Cai first studied
thewiretap channel with noiseless causal feedback [15], where
the channel output symbol is fed back to the transmitter and
used as a secret key. Then, Ardestanizadeh et al. studied the
problem of secure communication over a wiretap channel
with a rate-limited feedback link [16]. The main contribution
of [16] was that the upper and lower bounds on the secrecy
capacity were obtained as a function of the secure feedback
rate 𝑅

𝑓
. Moreover, the recursive argument was introduced

to find the single-letter characterization of the upper bound
and claimed to be a powerful tool for similar problems
[16]. Besides, Yin et al. [17] studied the discrete memoryless
broadcast channels with noiseless feedback based on [15, 16].
The channel model in [17] did not consider channel state
information. Recently, Dai et al. studied the wiretap channel
with action-dependent states and noiseless feedback [18]. In
Dai’s model, similar to [15], the output symbol received at the
receiver was fed back securely to the transmitter and used
as a shared key between the transmitter and the receiver.
However, in [15, 18], only part of the feedback contributed to
the secure communication and the wiretapper was provided
a chance to get the secret message by guessing the legitimate
receiver’s channel output with its own channel observation.
Then, it is natural to ask whether the feedback can be used
more efficiently and securely.

Inspired by [16, 18], this paper studies a new model, that
is, wiretap channel with action-dependent states and rate-
limited feedback; see Figure 1. In the model, the feedback is
independent of the channel output and sent to the transmitter
through a secure feedback link of rate 𝑅

𝑓
. The formation

of the channel states is affected by the message-dependent
action sequence. This model can provide insights into the
value of two-way two-phase interactions in communication
systems. Note that since the feedback symbol is independent
of the channel output, the wiretapper attempt to get the secret
key by guessing the legitimate receiver’s channel output is
in vain. The contributions of this work are summarized as
follows.

(i) The capacity-equivocation region of the channel
model in Figure 1 is obtained both for the case where
the inputs of the main channel depend noncausally
on the channel states and the case where they
depend causally on the channel states. The capacity-
equivocation region is presented in Section 2. Besides,
the secrecy capacity of the channel model in Figure 1
is also got. We calculate the secrecy capacity of a
binary example in Section 3.

(ii) To achieve the secrecy capacity, we construct several
coding schemes and evaluate their reliability and
security using the techniques of Wyner’s random
binning, Gel’fand and Pinsker’s coding, and rate
splitting. The coding schemes are presented in the
Appendices.

(iii) The rate-limited feedback is added in our model.
The secrecy capacity of our approach is bigger than
that of the model without feedback. This indicates
that feedback is useful for increasing the secrecy

capacity. The corresponding simulation is presented
in Section 3.

(iv) The capacity-equivocation region of thewiretap chan-
nel with action-dependent states and noiseless feed-
back [18] is included in our results by setting the
feedback rate to be a specific value. We find that
the secrecy capacity of our model is bigger than
that of [18]. Specifically, when the wiretap channel
is in the “best” condition, it is unable to transmit
message securely using the approach in [18], while our
approach can still work. Section 3 discusses the result
in detail.

(v) The (degraded) wiretap channel with secure rate-
limited feedback [16] is a special case of our model.
The secrecy capacity of [16] can be obtained from
our results without considering the action-dependent
states. Our approach can guarantee data integrity in
the two-stage systems. However, data integrity cannot
be guaranteed by using the approach in [16] where
no actions were taken. This result is illustrated in
Section 3.

The remainder of the paper is organized as follows.
Section 2 presents our new model and two theorems.
Section 3 gives the secrecy capacity of our model and com-
pares it with the existing channel models through simulation.
We conclude in Section 4 with a summary of the whole work
and some future directions.

2. Channel Models and Main Results

In this section, the notations of characters and variables
are given in Section 2.1. The channel model is described
in Section 2.2. The main results, that is, the capacity-
equivocation region of the model in Figure 1 with causal and
noncausal states, are presented in Section 2.3.

2.1. Notations. Throughout this paper, we use calligraphic
letters, for example, X, Y, to denote the finite sets and ‖X‖
to denote the cardinality of the set X. Uppercase letters, for
example, 𝑋, 𝑌, are used to denote random variables taking
values from finite sets, for example, X, Y. The value of a
random variable 𝑋 is denoted by the lowercase letter 𝑥. We
use 𝑍𝑗

𝑖
to denote the (𝑗 − 𝑖 + 1)-vectors (𝑍

𝑖
, 𝑍

𝑖+1
, . . . , 𝑍

𝑗
) of

random variables for 1 ≤ 𝑖 ≤ 𝑗, and we will always drop
the subscript when 𝑖 = 1. Moreover, we use 𝑋 ∼ 𝑝(𝑥) to
denote the probability mass function of the random variable
𝑋. For 𝑋 ∼ 𝑝(𝑥) and 0 ≤ 𝜖 ≤ 1, the set of the typical 𝑁-
sequences 𝑥𝑁 is defined as T𝑁

𝑋
(𝜖) = {𝑥

𝑁

: |𝜋(𝑥 | 𝑥
𝑁

) −

𝑝(𝑥)| ≤ 𝜖𝑝(𝑥) for all 𝑥 ∈ X}, where 𝜋(𝑥 | 𝑥𝑁) denotes the
frequency of occurrences of letter 𝑥 in the sequence 𝑥𝑁. (For
more details about typical sequences, please refer to [19, Chap.
2].)The set of the conditional typical sequences, for example,
T𝑁

𝑌|𝑋
(𝜖), follows similarly. In this paper, it is assumed that the

base of the log function is 2.

2.2. Wiretap Channel with Action-Dependent States and Rate-
Limited Feedback. We consider the wiretap channel with
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Figure 1: Wiretap channel with action-dependent states and rate-limited feedback.

action-dependent states and rate-limited feedback, as shown
in Figure 1. The transmitter aims to convey a confidential
message 𝑀 which is uniformly distributed over M to the
legitimate receiver whose observation is 𝑌𝑁

∈ Y𝑁. The con-
fidential message should be kept secret from the wiretapper
as much as possible. We use equivocation at the wiretapper
to characterize the secrecy of the confidential message. Given
the message 𝑀, an action sequence 𝐴𝑁

(𝑀) ∈ A𝑁 is
selected.The channel state sequence 𝑆𝑁 ∈ S𝑁 is generated in
response to the action sequence and accessible to the channel
encoder. To enhance the secrecy of the communication, the
receiver feeds back symbols 𝐾 ∈ K to the encoder over a
feedback link of rate 𝑅

𝑓
. The feedback symbol is assumed

to be independent of the channel output 𝑌𝑁 and kept secret
from the wiretapper. Then, the input sequence of the main
channel 𝑋𝑁

∈ X𝑁 is generated based on the message 𝑀,
the channel state sequence 𝑆𝑁, and the feedback symbol 𝐾.
The output sequence of the main channel 𝑌𝑁 is distributed
as 𝑝(𝑦𝑁 | 𝑠

𝑁

, 𝑥
𝑁

) = ∏
𝑁

𝑖=1
𝑝(𝑦

𝑖
| 𝑠

𝑖
, 𝑥

𝑖
). With the received

𝑌
𝑁, the decoder outputs the decoded message 𝑀̂ ∈ M. The

wiretap channel is also a DMC with transition probability
𝑝(𝑧

𝑁

| 𝑦
𝑁

) = ∏
𝑁

𝑖=1
𝑝(𝑧

𝑖
| 𝑦

𝑖
), where 𝑍𝑁

∈ Z𝑁 is the
observation of the wiretapper. Note that the wiretap channel
is assumed to be degraded from the main channel; that is,
𝑋 → 𝑌 → 𝑍 form a Markov chain. More precisely, we
define the (2𝑁𝑅

, 2
𝑁𝑅𝑓 , 𝑁) code in Definition 1.

Definition 1. The (2𝑁𝑅

, 2
𝑁𝑅𝑓 , 𝑁) code for the wiretap channel

with action-dependent states and rate-limited feedback is
defined as follows.

(i) The feedback alphabet K satisfies lim
𝑁→∞

(log ‖K‖/𝑁) ≤ 𝑅
𝑓
.The feedback symbol is generated

independently of the channel output symbols and
uniformly distributed overK.

(ii) The message𝑀 is uniformly distributed overM. The
action sequence 𝐴𝑁

(𝑀) ∈ A𝑁 is selected from a
deterministic mapping 𝑔 : M → A𝑁. The state
sequence is generated as the output of a memoryless
channel 𝑝(𝑠𝑁 | 𝑎

𝑁

) = ∏
𝑁

𝑖=1
𝑝(𝑠

𝑖
| 𝑎

𝑖
) whose input is

𝐴
𝑁.

(iii) The stochastic channel encoder 𝜑 is specified by a
matrix of conditional probability distributions 𝜑(𝑥𝑁 |
𝑚, 𝑠

𝑁

, 𝑘
𝑁

), where 𝑚 ∈ M, 𝑠𝑁 ∈ S𝑁

, 𝑘
𝑁

∈

K𝑁, and ∑
𝑥
𝑁 𝜑(𝑥

𝑁

| 𝑚, 𝑠
𝑁

, 𝑘
𝑁

) = 1. Note that

𝜑(𝑥
𝑁

| 𝑚, 𝑠
𝑁

, 𝑘
𝑁

) is the probability that the message
𝑚, the state sequence 𝑠𝑁, and the feedback 𝑘𝑁 are
encoded as the channel input 𝑥𝑁. When the state
sequence 𝑠𝑁 is known causally to the channel encoder,
the channel encoder at time 𝑖 is 𝜑

𝑖
(𝑥

𝑖
| 𝑚, 𝑠

𝑖

, 𝑘
𝑖
),

where 𝑥
𝑖
is the output of the channel encoder at

time 𝑖, 𝑘
𝑖
is the feedback symbol at time 𝑖, and 𝑠𝑖 =

(𝑠
1
, 𝑠

2
, . . . , 𝑠

𝑖
) is the channel states before time 𝑖.When

the channel encoder knows the state sequence 𝑠𝑁 in a
noncausal manner, the channel encoder at time 𝑖 is
𝜑
𝑖
(𝑥

𝑖
| 𝑚, 𝑠

𝑁

, 𝑘
𝑖
). For the causal manner, Shannon

strategy will be used in the encoding scheme (see
Appendix A). For the noncausal manner, Gel’fand
and Pinsker’s coding technique [20] will be used (see
Appendix C).

(iv) The decoder is a mapping 𝜓 : Y𝑁

→ M. The input
of the decoder is 𝑌𝑁 and the output is 𝑀̂. The
decoding error probability is defined as 𝑃

𝑒
=

Pr{𝜓(𝑌𝑁

) ̸=𝑀}.
(v) The equivocation of the message at the wiretapper is

defined as

Δ =
1

𝑁
𝐻(𝑀 | 𝑍

𝑁

) . (1)

Definition 2. A rate pair (𝑅, 𝑅
𝑒
) is said to be achievable for the

model in Figure 1 if there exists a (2𝑁𝑅

, 2
𝑁𝑅𝑓 , 𝑁) code defined

in Definition 1, such that

lim
𝑁→∞

log ‖M‖

𝑁
= 𝑅;

lim
𝑁→∞

log ‖K‖
𝑁

≤ 𝑅
𝑓
;

lim
𝑁→∞

Δ ≥ 𝑅
𝑒
;

𝑃
𝑒
≤ 𝜖,

(2)

where 𝜖 is an arbitrary small positive real number and 𝑅, 𝑅
𝑒

are the rates of the message and equivocation. The capacity-
equivocation region is defined as the convex closure of all
achievable rate pairs (𝑅, 𝑅

𝑒
).

Definition 3. The secrecy capacity is defined as themaximum
rate at which the confidential message can be sent to the
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receiver in perfect secrecy; that is,𝐻(𝑀) = 𝐻(𝑀 | 𝑍
𝑁

). The
secrecy capacity is

𝐶
𝑠
= max

(𝑅,𝑅𝑒=𝑅)∈R
𝑅, (3)

whereR is the capacity-equivocation region.

The capacity-equivocation regions of the model in
Figure 1 with causal and noncausal channel states are shown
inTheorems 4 and 5, respectively; see Section 2.3.

2.3. Main Results

Theorem 4. For the wiretap channel with causal action-
dependent states and rate-limited feedback, the capacity-
equivocation region is the set

R
𝑐
= { (𝑅, 𝑅

𝑒
) : 0 ≤ 𝑅

𝑒
≤ 𝑅; 𝑅 ≤ 𝐼 (𝑈; 𝑌) ; 𝑅

𝑒
≤ 𝐼 (𝑈; 𝑌)

−𝐼 (𝑈; 𝑍) + 𝑅
𝑓
; 𝑅

𝑒
≤ 𝐻 (𝐴 | 𝑍)} ,

(4)

where (𝐴, 𝑈) → (𝑋, 𝑆) → 𝑌 → 𝑍 form a Markov chain
and 𝑅

𝑓
is the rate of the feedback link.

Comments. (i)The proof ofTheorem 4 is given in Appendices
A and B. In Appendix A, a coding scheme is provided to
show the achievability of the rate pair in R

𝑐
. The proof of

the converse part is shown in Appendix B. (ii) The set R
𝑐
is

convex, and the proof is similar to that of [8, lemma 5]. (iii)
To exhaust R

𝑐
, it is enough to restrict U to satisfy ‖U‖ ≤

‖A‖‖X‖‖S‖ + 1. It can be easily proved by using the support
lemma [21, page 310].

Theorem 5. For the wiretap channel with noncausal action-
dependent states and rate-limited feedback, the capacity-
equivocation region is the set

R
𝑛
= {(𝑅, 𝑅

𝑒
) : 0 ≤ 𝑅

𝑒
≤ 𝑅; 𝑅 ≤ 𝐼 (𝑈; 𝑌) − 𝐼 (𝑈; 𝑆 | 𝐴) ;

𝑅
𝑒
≤ 𝐼 (𝑈; 𝑌) − 𝐼 (𝑈; 𝑍) + 𝑅

𝑓
;

𝑅
𝑒
≤ 𝐻 (𝐴 | 𝑍)} ,

(5)

where (𝐴, 𝑈) → (𝑋, 𝑆) → 𝑌 → 𝑍 form a Markov chain
and 𝑅

𝑓
is the rate of the feedback link.

Comments. (i)The proof ofTheorem 5 is given in Appendices
C and D. In Appendix C, a coding scheme is provided to
show the achievability of the rate pair in R

𝑛
. The proof of

the converse part is shown in Appendix D. (ii) The setR
𝑛
is

convex, and the proof is similar to that of [8, lemma 5]. (iii)
To exhaust R

𝑛
, it is enough to restrict U to satisfy ‖U‖ ≤

‖A‖‖X‖‖S‖ + 2. It can be easily proved by using the support
lemma [21, page 310].

3. Discussion and Simulation

In this section, we first calculate the secrecy capacity of
our model and show how the secrecy capacities of several

existing channel models are derived from our results. Then,
to better illustrate how our approach improves the existing
results, we consider a binary symmetric channel with causal
action-dependent states and rate-limited feedback. We try to
compare the secrecy capacities of our model and the existing
channel models through simulation.

3.1. Discussion. According to the definition in (3), the secrecy
capacity of wiretap channel with causal action-dependent
states and rate-limited feedback is

𝐶sc (𝑅𝑓) = max
(𝑅,𝑅𝑒=𝑅)∈R𝑐

𝑅

= maxmin {𝐼 (𝑈; 𝑌) , 𝐼 (𝑈; 𝑌) − 𝐼 (𝑈; 𝑍)

+𝑅
𝑓
, 𝐻 (𝐴 | 𝑍)} .

(6)

We see that the secrecy capacity is a function of the feedback
rate 𝑅

𝑓
. By setting 𝑅

𝑓
= 𝐻(𝑌 | 𝑈𝑍),

𝐼 (𝑈; 𝑌) − 𝐼 (𝑈; 𝑍) + 𝑅
𝑓

= 𝐼 (𝑈; 𝑌) − 𝐼 (𝑈; 𝑍) + 𝐻 (𝑌 | 𝑈𝑍)

= 𝐻 (𝑈 | 𝑍) − 𝐻 (𝑈 | 𝑌) + 𝐻 (𝑌 | 𝑈𝑍)

= 𝐻 (𝑈 | 𝑍) − 𝐻 (𝑈 | 𝑌𝑍) + 𝐻 (𝑌 | 𝑈𝑍) ,

(7)

𝐼 (𝑈; 𝑌) − 𝐼 (𝑈; 𝑍) + 𝑅
𝑓

= 𝐼 (𝑈; 𝑌 | 𝑍) + 𝐻 (𝑌 | 𝑈𝑍)

= 𝐻 (𝑌 | 𝑍) − 𝐻 (𝑌 | 𝑈𝑍) + 𝐻 (𝑌 | 𝑈𝑍)

= 𝐻 (𝑌 | 𝑍) ,

(8)

where (7) is from the Markov chain 𝑈 → 𝑌 → 𝑍.
Substituting (8) into (6), we have

𝐶sc = max
(𝑅,𝑅𝑒=𝑅)∈R𝑐

𝑅

= maxmin {𝐼 (𝑈; 𝑌) ,𝐻 (𝑌 | 𝑍) ,𝐻 (𝐴 | 𝑍)} ,
(9)

which is the secrecy capacity of the causal case in [18].
Similarly, according to the definition in (3), the secrecy

capacity of wiretap channel with noncausal action-dependent
states and rate-limited feedback is

𝐶sn (𝑅𝑓) = max
(𝑅,𝑅𝑒=𝑅)∈R𝑛

𝑅

= maxmin {𝐼 (𝑈; 𝑌) − 𝐼 (𝑈; 𝑆 | 𝐴) , 𝐼 (𝑈; 𝑌)

− 𝐼 (𝑈; 𝑍) + 𝑅
𝑓
, 𝐻 (𝐴 | 𝑍)} .

(10)

By setting 𝑅
𝑓
= 𝐻(𝑌 | 𝑈𝑍), (10) turns into

𝐶sn = maxmin {𝐼 (𝑈; 𝑌) − 𝐼 (𝑈; 𝑆 | 𝐴) ,

𝐻 (𝑌 | 𝑍) ,𝐻 (𝐴 | 𝑍)} ,

(11)

which is the secrecy capacity of the noncausal case in [18].
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We should emphasize that the feedback in [18] comes
from the output of the main channel and is used as a
shared key between the transmitter and receiver. This kind
of feedback mechanism gives rise to potential danger of
revealing the key to the wiretapper since the wiretapper can
guess the output of the main channel indirectly to get the
key.Our approach avoids this potential danger of information
leakage by constructing a feedback link and generating the
feedback independently of the main channel’s output.

In addition, without considering the causal or noncausal
action-dependent states in the model of Figure 1, the secrecy
capacity turns into 𝐶󸀠

sc(𝑅𝑓) = maxmin{𝐼(𝑈; 𝑌), 𝐼(𝑈; 𝑌) −
𝐼(𝑈; 𝑍)+𝑅

𝑓
}which coincides with the secrecy capacity of the

(degraded) wiretap channel with rate-limited feedback [16].
To better illustrate how our approach improves these

models, such as channel without feedback, with noiseless
feedback [18], and without actions [16], we present the
simulation in the following subsection.

3.2. Simulation andComparison. In the example, we consider
a binary symmetric channel with causal action-dependent
states and rate-limited feedback.The channel model is shown
in Figure 2. Let the main channel be a binary symmetric
channel (BSC), and let its crossover probability be affected by
the channel states. The wiretap channel is also assumed to be
a BSC with crossover probability 𝑞. In a more accurate way,
define

𝑝 (𝑦 | 𝑥, 𝑠 = 𝑖) = {
(1 − 𝑝) (1 − 𝑖) + 𝑝𝑖, if 𝑦 = 𝑥,
(1 − 𝑝) 𝑖 + 𝑝 (1 − 𝑖) , otherwise,

𝑝 (𝑧 | 𝑦) = {
1 − 𝑞, if 𝑧 = 𝑦,
𝑞, otherwise,

(12)

where 𝑖 ∈ {0, 1}, 0 ≤ 𝑝 ≤ 1, and 0 ≤ 𝑞 ≤ 1.
To simplify the math, let the channel from the action to

the channel states be a BSC with crossover probability equal
to 1.0; that is, the channel states are totally determined by the
action sequence. Similar to the arguments in [1, 13, 18], the
maximum values of 𝐼(𝑈; 𝑌),𝐻(𝐴 | 𝑍), and 𝐼(𝑈; 𝑌) − 𝐼(𝑈; 𝑍)
are achieved when 𝑔 : U → A and 𝑓 : U × S → X are
deterministic mappings. This implies that𝐻(𝐴 | 𝑍) = 𝐻(𝑈 |
𝑍). We choose 𝑔 and 𝑓 as

𝑔 (𝑢 = 𝑖) = 𝑖,

𝑓 (𝑢 = 𝑖, 𝑠 = 𝑗) = 𝑖 + 𝑗 (mod 2) ,
(13)

where 𝑖, 𝑗 ∈ {0, 1}. Let 𝑈 ∼ Bernoulli(𝛼), where 0 ≤ 𝛼 ≤ 1.
Then, the joint distribution 𝑝(𝑎, 𝑠, 𝑢, 𝑥, 𝑦, 𝑧) = 𝑝(𝑧 | 𝑦)𝑝(𝑦 |
𝑥, 𝑠)𝑝(𝑥 | 𝑢, 𝑠)𝑝(𝑠 | 𝑎)𝑝(𝑎 | 𝑢)𝑝(𝑢) can be calculated. Since

𝑝 (𝑢, 𝑦) = ∑

𝑎,𝑠,𝑥,𝑧

𝑝 (𝑎, 𝑠, 𝑢, 𝑥, 𝑦, 𝑧) ,

𝑝 (𝑢, 𝑧) = ∑

𝑎,𝑠,𝑥,𝑦

𝑝 (𝑎, 𝑠, 𝑢, 𝑥, 𝑦, 𝑧) ,

(14)

by taking some mathematical calculation, we can get

𝐶sc (𝑅𝑓) = max
𝑝(𝑢)

min {𝐼 (𝑈; 𝑌) , 𝐼 (𝑈; 𝑌) − 𝐼 (𝑈; 𝑍)

+𝑅
𝑓
, 𝐻 (𝐴 | 𝑍)}

= min {1−ℎ (𝑝) , ℎ (𝑝 ∗ 𝑞)−ℎ (𝑝)+𝑅
𝑓
, ℎ (𝑝 ∗ 𝑞)} ,

(15)

where 𝑝 ∗ 𝑞 = 𝑝 + 𝑞 − 2𝑝𝑞 and ℎ(𝑝) is the binary entro-
py function; that is, ℎ(𝑝) = −𝑝 log𝑝 − (1 − 𝑝) log(1 −
𝑝). The calculation of the above 𝐶sc(𝑅𝑓) is based on the
information theoreticmethodswhich involve the knowledge of
InformationTheory and ProbabilityTheory.They are standard
techniques, so it is not difficult to obtain the result of formula
(15). The computation complexity of the calculation process
is low. Similar arguments for calculating secrecy capacity
can be seen in [1, 18]. Figure 3 shows that 𝐶sc starts from
ℎ(𝑝 ∗ 𝑞) − ℎ(𝑝) and increases linearly with 𝑅

𝑓
until it gets

saturated at min{1 − ℎ(𝑝), ℎ(𝑝 ∗ 𝑞)} for feedback rate 𝑅
𝑓
≥

min{1 − ℎ(𝑝 ∗ 𝑞), ℎ(𝑝)}.
When𝑅

𝑓
≥ min{1−ℎ(𝑝∗𝑞), ℎ(𝑝)} and𝑝 is fixed, the value

of 𝐶sc changing with 𝑞 is shown in Figure 4. It can be seen
fromFigure 4 that when the crossover probability of themain
channel is 𝑝 = 0.5, the secrecy capacity is equal to 0. This
result is straightforward since the legitimate receiver cannot
correctly decode themessage when themain channel is in the
“poorest” condition. When the main channel condition gets
better, that is, 𝑝 increases from 0.5 to 1.0, the maximum value
of 𝐶sc increases. The secrecy capacity reaches 1 − ℎ(𝑞) when
the crossover probability of the main channel 𝑝 = 1.0. This is
because when themain channel is noiseless, the input ofmain
channel is the same as receiver’s observation.This implies that
the input of the main channel can be seen as the input of the
wiretap channel.

When no feedback is imposed, that is, 𝑅
𝑓
= 0, Figure 5

shows the secrecy capacity 𝐶sc changing with 𝑝 when 𝑞 is
fixed. As can be seen from Figure 5, when the quality of the
wiretap channel gets better, that is, 𝑞 increases from 0.5 to 1.0,
the secrecy capacity decreases. This warns the transmitter to
pay attention to the trade-off between the transmission rate
and confidentiality. When the wiretap channel is noiseless
(𝑞 = 1.0), the secrecy capacity𝐶sc is zero nomatter how good
the quality of the main channel is. It results from the fact that
the wiretapper has the same observation as the receiver. Note
that when the crossover probability of the wiretap channel is
𝑞 = 0.5, the secrecy capacity is 𝐶sc = 1 − ℎ(𝑝) which is the
capacity of the main channel. This is because no information
leakage emerges when the wiretap channel is in the “poorest”
condition.

The comparison among our approach, the model without
feedback, the model with dependent noiseless feedback [18],
and the model without taking actions [16] is presented as
follows.

3.2.1. Feedback versus No Feedback. The comparison on the
secrecy capacity between the channel with feedback and the
channel without feedback is shown in Figures 6 and 7. It
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Figure 2: Binary symmetric channel with causal action-dependent states and rate-limited feedback.
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Figure 3: The secrecy capacity of the degraded binary symmetric wiretap channel with causal action-dependent states and rate-limited
feedback.

can be seen from Figure 6 that the secrecy capacity of the
model without feedback is covered by that with feedback.
This indicates that the secrecy capacity of our approach
is bigger than the channel model without feedback, and
feedback can increase the secrecy capacity. To see it more
clearly, we pick out four cross sections shown in Figure 7.
In the lower right subgraph of Figure 7 where the wiretap
channel is noiseless (i.e., 𝑞 = 1.0), the secrecy capacity for
the channel with and without feedback is a positive value
and zero, respectively. This implies the fact that when the
wiretap channel is noiseless and no feedback is imposed,
no information can be securely transmitted to the receiver.
Luckily, by introducing feedback, our approach makes it
possible to transmit the message securely even if the wiretap
channel is in the “best” condition.

3.2.2. Independent Feedback versus Dependent Feedback. Fig-
ures 8 and 9 present the secrecy capacities of our approach
(with independent feedback) and the model [18] (with
dependent feedback). In Figure 8, we can see that the secrecy
capacity of our approach covers the secrecy capacity of [18].
To see it more clearly, we also choose four cross-sections
shown in Figure 9. In general, the secrecy capacity of our
approach is bigger than the model with noiseless feedback
[18]. Concretely, one has the following.

(i) According to the results shown in [18], the secrecy
capacity of the binary channel with causal channel
states and noiseless feedback is 𝐶dai = min{1 −
ℎ(𝑝),min{ℎ(𝑝 ∗ 𝑞), ℎ(𝑞)}}. It is easy to see that 𝐶dai ≤
𝐶sc(𝑅𝑓) when 𝑅𝑓 ≥ min{1 − ℎ(𝑝 ∗ 𝑞), ℎ(𝑝)}. The
difference between 𝐶dai and 𝐶sc(𝑅𝑓) is that there
exists ℎ(𝑞) in the expression of 𝐶dai. Note that ℎ(𝑞)
is brought by 𝐻(𝑌 | 𝑍) which is the wiretapper’s
uncertainty of the output of the main channel.

(ii) As can be seen from Figure 9, the maximum secrecy
capacity gap between our approach and [18] is
enlarged with the increase of 𝑞, and so does the
range of variation of the main channel’s transition
probability when 𝐶sc(𝑅𝑓) ≥ 𝐶dai. This indicates that
when the quality of the wiretap channel becomes
better (i.e., 𝑞 increases from 0.5 to 1.0), the number
of the main channels, in which our approach brings
about bigger secrecy capacities than those in [18],
increases.

(iii) In Figures 8 and 9, we also see that when 𝑞 increases
(from 0.5 to 1.0), the maximum value of secrecy
capacity in our approach and themodel with noiseless
feedback [18] decreases.This results from the fact that
when 𝑞 varies from 0.5 to 1.0, the condition of the
wiretap channel gets better so that the wiretapper is
more able to obtain the confidential message.
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(iv) In the lower right subgraph of Figure 9 where 𝑞 =
1 (i.e., the wiretap channel is noiseless), the secrecy
capacity of the model with noiseless feedback [18]
is zero. This indicates that it is unable to transmit
the message securely over the channel. However, the
secrecy capacity of our approach is positive. This
means that the transmitter can still send the message
securely although the wiretapper is more “powerful”
than the legitimate receiver.
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Figure 6: With feedback versus without feedback (i).

We can also explain the results from the aspect of
feedback. In the channel model with noiseless feedback [18],
the feedback is dependent on the output of the main channel
and used as a shared key between the transmitter and the
receiver. This enables the wiretapper to get the key and,
further, the confidential message by guessing the output of
themain channel indirectly. However, in ourmodel, since the
feedback is independent of the channel output, thewiretapper
tries in vain to get the key through guessing the channel
output. Therefore, our approach makes the system more
secure.

3.2.3. Actions versus No Actions. We consider six representa-
tive cases to evaluate the secrecy capacities of our model and
the model without actions [16].

Case 1 (𝑝 = 0.99, 𝑞 = 0.65). The main channel is almost
“perfect,” while the wiretap channel is in the “poorest”
condition.

Case 2 (𝑝 = 0.96, 𝑞 = 0.82). The main channel is better than
the wiretap channel. They are both in “good” condition.

Case 3 (𝑝 = 0.93, 𝑞 = 0.93). The main channel and wiretap
channel share the same transition probability. They are both
in “good” condition.

Case 4 (𝑝 = 0.90, 𝑞 = 0.99). The wiretap channel is better
than the main channel. They are both in “good” condition.

Case 5 (𝑝 = 0.65, 𝑞 = 0.99). The wiretap channel is
almost “perfect,” while the main channel is in the “poorest”
condition.

Case 6 (𝑝 = 0.60, 𝑞 = 0.60). The main channel and wiretap
channel share the same transition probability. They are both
in the “poorest” condition.
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Figure 7: With feedback versus without feedback (ii).

Our model provides insights into the value of actions in
the two-stage coding systems, such as recording for magnetic
storage devices and coding for computer memories with
defects. To better explain the value of actions, let us consider
an example of writing information into a memory with
defects. The memory can be seen as the main channel in our
model, the location of the defects corresponds to the channel
states, and writing information into thememory corresponds
to transmitting information over the channel. Before writing
information into the memory, suppose that neither encoder
nor decoder knows the locations of the defects. In the first
stage, the encoder writes into the memory for the first time.
It gets a noisy version of the inputs when it reads from the

memory. Then, in the second stage, the encoder rewrites at
whichever memory locations it chooses before the decoder
attempts to decode the information [1]. Note that, in the
second stage, the encoder will have some knowledge about
the memory defects according to the information written in
the first stage and the noisy version it reads from thememory
in that stage. The first stage can be seen as the “preparing
stage” in which the encoder takes “actions” to learn about the
defects (i.e., channel state).

Figure 10 shows the process of writing eight data blocks
into amemorywith defects by our approach and the approach
in [16] where no actions were taken. As can be seen from
Figure 10, without taking actions to probe the locations of the
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Figure 8: Independent feedback versus dependent feedback (i).

Table 1: The extra overhead of the transmission time.

Case The extra overhead of transmission time
1 0
2 3.37%
3 13.64%
4 7.51%
5 0
6 0

defects, some data blocks are missed after they are written
into the memory. It is well known that data integrity is one
of the most important aspects of communication. From the
above example, by introducing actions in such two-stage
systems, the integrity of the transmitted data is guaranteed.
Therefore, the scheme in [16] where no actions were taken is
unsuitable for the two-stage systems. From this point of view,
our assumption that the encoder takes actions to acquire
channel state information is essential and valuable.

At the same time, the cost of taking actions is that the
secrecy capacity decreases; see Figure 11.The secrecy capacity
of the binary example without actions [16] is 𝐶󸀠

sc(𝑅𝑓) =

min{1 − ℎ(𝑝), ℎ(𝑝 ∗ 𝑞) − ℎ(𝑝) + 𝑅
𝑓
}. As can be seen from

Figure 11, when the rate of the feedback link 𝑅
𝑓
is less than

a specific value, the secrecy capacity 𝐶sc of our approach is
equal to the secrecy capacity𝐶󸀠

sc of themodel [16].Thismeans
no extra transmission time (or channel use) is produced
by introducing “actions” when 𝑅

𝑓
is small. However, when

𝑅
𝑓
is greater than a specific value, the secrecy capacity is

𝐶sc ≤ 𝐶
󸀠

sc.This indicates that the “actions” bring the overhead
of transmission time. Concretely, the extra overhead of the
transmission time is shown in Table 1.

From Table 1, we can see that when 𝑝 = 0.96, 𝑞 = 0.82
(Case 2), the overhead of the transmission time shows an
increase of 3.37 percent over the approach [16] where no
action-dependent states were considered. When 𝑝 = 0.93,
𝑞 = 0.93 and 𝑝 = 0.90, 𝑞 = 0.99, the extra time overhead

is 13.64 and 7.51 percent, respectively. In general, the extra
time overhead is small. On the premise of data integrity, the
amount of such extra time overhead is tolerable.

4. Conclusion

Thispaper studies thewiretap channelwith action-dependent
states and rate-limited feedback. It is a degraded channel
model where the wiretap channel is degraded from the
main channel. The capacity-equivocation region of such a
channel both for the case where the channel inputs depend
noncausally on the state sequence and the case where they are
restricted to causal dependence is obtained. This paper also
gets the secrecy capacities for both cases. At the same time,
we construct capacity-achieving coding schemes using the
methods of Wyner’s random binning, Gel’fand and Pinsker’s
coding technique, and rate splitting. The simulation results
show that using feedback can increase the secrecy capacity
of the channel in Figure 1, and the secrecy capacity of our
model is bigger than that of [16, 18]. Besides, we also find
that taking actions to affect the channel states can ensure the
data integrity of the message transmitted in the two-stage
systems although the tolerable overhead of transmission time
is brought.

Some potential directions that our work leaves open for
future study are as follows.

(i) Nondegraded Wiretap Channel. In this paper, the
wiretap channel is degraded from the main channel
where 𝑝(𝑧, 𝑦 | 𝑥, 𝑠) = 𝑝(𝑧 | 𝑦)𝑝(𝑦 | 𝑥, 𝑠). This
indicates that (𝑋, 𝑆) → 𝑌 → 𝑍 form a Markov
chain. However, the degraded wiretap channel is a
special case of non-degraded wiretap channel where
𝑝(𝑧, 𝑦 | 𝑥, 𝑠) = 𝑝(𝑧 | 𝑦)𝑝(𝑦 | 𝑥, 𝑠) does not
need to hold. Without this Markov chain, the coding
schemes as well as the proof of converse part will be
different, and further the secrecy capacity of the non-
degraded wiretap channel will be different from the
current results.

(ii) Adaptive Action. Adaptive action means that the
action sequence is generated by the message and the
previous channel states, that is, 𝑎

𝑖
(𝑚, 𝑠

𝑖−1

). Adaptive
action is widely used in many applications such as
information hiding, digital watermarking, and data
storage in the memory. It is valuable to study the
adaptive action in our model. From [22], we have
already known that adaptive action is not useful in
increasing the point-to-point channel capacity. We
will study whether it influences the secrecy capacity
of our channel model.

(iii) Multiple Transmitters or Receivers. Nowadays, many
types of communication involves two or more
transmitters (or receivers), such as the multiple-
access channel (MAC), broadcast channel (BC), and
multiple-input-multiple-output (MIMO) channel. By
introducing action-dependent states and feedback in
such channels (with an additional wiretapper), we
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Figure 9: Independent feedback versus dependent feedback (ii).
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Figure 10: Writing information into a memory with defects.

can revisit their capacity-equivocation regions and
secrecy capacities.

Besides, the Gaussian wiretap channel with action-
dependent states and feedback is also a practical channel
model that is worthy of being explored.

Appendices

A. Coding Schemes for Causal Channel State
Information

This section provides the coding schemes to achieve (𝑅, 𝑅
𝑒
) ∈

R
𝑐
. Similar to the coding scheme in [18], two different coding

schemes for𝐻(𝐴 | 𝑍) ≥ min{𝐼(𝑈; 𝑌), 𝐼(𝑈; 𝑌)−𝐼(𝑈; 𝑍)+𝑅
𝑓
}

and 𝐻(𝐴 | 𝑍) ≤ min{𝐼(𝑈; 𝑌), 𝐼(𝑈; 𝑌) − 𝐼(𝑈; 𝑍) + 𝑅
𝑓
} are

constructed in Cases 1 and 2, respectively.
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Figure 11: Actions versus no actions.

Case 1 (𝐻(𝐴 | 𝑍) ≥ min{𝐼(𝑈; 𝑌), 𝐼(𝑈; 𝑌)− 𝐼(𝑈; 𝑍)+𝑅
𝑓
}). In

Case 1, we need to show that all rate pairs (𝑅, 𝑅
𝑒
), satisfying

0 ≤ 𝑅
𝑒
≤ 𝑅,

𝑅 ≤ 𝐼 (𝑈; 𝑌) ,

𝑅
𝑒
≤ 𝐼 (𝑈; 𝑌) − 𝐼 (𝑈; 𝑍) + 𝑅

𝑓
,

(A.1)

are achievable. It is sufficient to prove that the rate pairs
(𝑅, 𝑅

𝑒
= min{𝐼(𝑈; 𝑌), 𝐼(𝑈; 𝑌)−𝐼(𝑈; 𝑍)+𝑅

𝑓
}) are achievable.

In the coding scheme, Wyner’s random binning technique
and rate splitting are used. The feedback symbol is used as
a shared secret key between the transmitter and the receiver.
Thewiretapper is assumed to have no knowledge of the secret
key.

Split the message M into two parts, that is, M =

(M
1
,M

2
). The corresponding random variables𝑀

1
,𝑀

2
are

uniformly distributed overM
1
= {1, 2, 3, . . . , 2

𝑁𝑅
󸀠

} andM
2
=

{1, 2, 3, . . . , 2
𝑁𝑅
󸀠
𝑓}, where

0 ≤ 𝑅
󸀠

𝑓
≤ min {𝐼 (𝑈; 𝑍) , 𝑅

𝑓
} ,

𝑅
󸀠

= 𝑅 − 𝑅
󸀠

𝑓
> 0.

(A.2)

Define three alphabetsJ
𝑁
,L

𝑁
, andF

𝑁
satisfying

lim
𝑁→∞

1

𝑁
log 󵄩󵄩󵄩󵄩J𝑁

󵄩󵄩󵄩󵄩 = 𝐼 (𝑈; 𝑍) − 𝑅
󸀠

𝑓
;

lim
𝑁→∞

1

𝑁
log 󵄩󵄩󵄩󵄩L𝑁

󵄩󵄩󵄩󵄩 = 𝐼 (𝑈; 𝑌) − 𝐼 (𝑈; 𝑍) ;

lim
𝑁→∞

1

𝑁
log 󵄩󵄩󵄩󵄩F𝑁

󵄩󵄩󵄩󵄩 = 𝑅
󸀠

𝑓
.

(A.3)

Note that lim
𝑁→∞

((1/𝑁) log(‖J
𝑁
‖ ⋅ ‖L

𝑁
‖ ⋅ ‖F

𝑁
‖)) =

𝐼(𝑈; 𝑌).

Since 𝑅 ≤ 𝐼(𝑈; 𝑌), let M
1

= D
𝑁
× L

𝑁
and

M
2
= F

𝑁
, where D

𝑁
is an arbitrary set such that

lim
𝑁→∞

((1/𝑁) log ‖M‖) = 𝑅 holds and ‖D
𝑁
‖ ≤ ‖J

𝑁
‖.

Define a deterministic mapping 𝑔
1
fromJ

𝑁
intoD

𝑁
, which

partitionsJ
𝑁
into subsets of size ‖J

𝑁
‖/‖D

𝑁
‖.The codebook

is constructed as follows.

Codebook Generation and Encoding. Generate 2𝑁𝑅
󸀠

inde-
pendent and identically distributed (i.i.d) action sequences
𝑎
𝑁

(𝑚
1
) according to 𝑝(𝑎𝑁) = ∏

𝑁

𝑖=1
𝑝(𝑎

𝑖
), where 𝑚

1
∈

M
1
. The channel state sequence 𝑠𝑁 is generated through the

discrete memoryless channel 𝑝(𝑠𝑁 | 𝑎𝑁) = ∏𝑁

𝑖=1
𝑝(𝑠

𝑖
| 𝑎

𝑖
).

The feedback link is shared between the transmitter and
the legitimate receiver. It is assumed that a secret key 𝑘 ∈
{1, 2, 3, . . . , 2

𝑁𝑅
󸀠
𝑓} is transmitted through the feedback link.

Let the corresponding random variable 𝐾 be independent of
𝑀 and uniformly distributed over {1, 2, 3, . . . , 2𝑁𝑅

󸀠
𝑓}.

For each 𝑎𝑁(𝑚
1
), generate 2𝑁(𝐼(𝑈;𝑌)−𝑅

󸀠
) independent and

identically distributed (i.i.d) sequences 𝑢𝑁 according to
𝑝(𝑢

𝑁

| 𝑎
𝑁

) = ∏
𝑁

𝑖=1
𝑝(𝑢

𝑖
| 𝑎

𝑖
). Put these sequences into

2
𝑁𝑅
󸀠
𝑓 bins so that each bin contains ‖J

𝑁
‖/‖D

𝑁
‖ sequences

𝑢
𝑁

(𝑚
1
, 𝑡

𝑏
, 𝑡

𝑢
), where the bin index 𝑡

𝑏
∈ {1, 2, 3, . . . , 2

𝑁𝑅
󸀠
𝑓} and

the sequence index 𝑡
𝑢
∈ {1, 2, . . . , ‖J

𝑁
‖/‖D

𝑁
‖}.

Suppose that 𝑘 ∈ {1, 2, 3, . . . , 2𝑁𝑅
󸀠
𝑓} is the shared secret

key between the transmitter and the receiver during one
transmission. To send message (𝑚

1
, 𝑚

2
) = (𝑑, 𝑙, 𝑚

2
) with

the action sequence 𝑎𝑁(𝑚
1
) and the state sequence 𝑠𝑁, where

𝑑 ∈ D
𝑁
, 𝑙 ∈L

𝑁
, and𝑚

2
∈M

2
, randomly choose a sequence

𝑢
𝑁

(𝑚
1
, 𝑡

𝑏
, 𝑡

𝑢
) from the bin indexed by 𝑡

𝑏
= 𝑚

2
⊕ 𝑘. Here ⊕ is

modulo addition over F
𝑁
. Then, the input sequence of the

main channel is generated by 𝑝(𝑥𝑁 | 𝑢
𝑁

, 𝑠
𝑁

) = ∏
𝑁

𝑖=1
𝑝(𝑥

𝑖
|

𝑢
𝑖
, 𝑠

𝑖
).

Decoding. When observing the channel output 𝑦𝑁, the
receiver tries to find a sequence 𝑢𝑁(𝑚̂

1
, 𝑡̂

𝑏
, 𝑡̂

𝑢
) such that

(𝑢
𝑁

(𝑚̂
1
, 𝑡̂

𝑏
, 𝑡̂

𝑢
), 𝑦

𝑁

) ∈ 𝑇
𝑁

𝑈𝑌
. Then, the decoder outputs

(𝑚̂
1
, 𝑡̂

𝑏
⊖ 𝑘), where ⊖ is modulo subtraction over F

𝑁
. If no

such (𝑚̂
1
, 𝑡̂

𝑏
, 𝑡̂

𝑢
) exists, take (𝑚̂

1
, 𝑡̂

𝑏
, 𝑡̂

𝑢
) = (1, 1, 1).

Analysis of Error Probability. By using similar arguments in
[1], it is easy to show that the legitimate receiver can decode
themessagewith vanishing probability of decoding error.The
details for proving 𝑃

𝑒
≤ 𝜖 are omitted.

Analysis of Equivocation.We focus on calculatingwiretapper’s
equivocation of themessage, that is, the uncertainty about the
message given wiretapper’s observation. To serve the analysis
of equivocation, the fact that𝑀

2
is independent of𝑀

2
⊕ 𝐾

will be shown firstly. Using similar derivation in [18], we start
with the definition of mutual independence

𝑝 (𝑀
2
⊕ 𝐾 = 𝑘

󸀠

,𝑀
2
= 𝑚

2
)

= 𝑝 (𝐾 = 𝑘
󸀠

⊖ 𝑚
2
,𝑀

2
= 𝑚

2
)

=
(𝑎1)

𝑝 (𝐾 = 𝑘
󸀠

⊖ 𝑚
2
) 𝑝 (𝑀

2
= 𝑚

2
)
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=
(𝑎2)

1

󵄩󵄩󵄩󵄩F𝑁

󵄩󵄩󵄩󵄩

⋅
1

󵄩󵄩󵄩󵄩F𝑁

󵄩󵄩󵄩󵄩

,

𝑝 (𝑀
2
⊕ 𝐾 = 𝑘

󸀠

)

= ∑

𝑘

𝑝 (𝑀
2
⊕ 𝐾 = 𝑘

󸀠

| 𝐾 = 𝑘) 𝑝 (𝐾 = 𝑘)

=
(𝑎3)

∑

𝑘

𝑝 (𝑀
2
⊕ 𝐾 = 𝑘

󸀠

| 𝐾 = 𝑘)
1

󵄩󵄩󵄩󵄩F𝑁

󵄩󵄩󵄩󵄩

=
1

󵄩󵄩󵄩󵄩F𝑁

󵄩󵄩󵄩󵄩

∑

𝑘

𝑝 (𝑀
2
⊕ 𝐾 = 𝑘

󸀠

| 𝐾 = 𝑘)

=
1

󵄩󵄩󵄩󵄩F𝑁

󵄩󵄩󵄩󵄩

∑

𝑘

𝑝 (𝑀
2
= 𝑘

󸀠

⊖ 𝑘 | 𝐾 = 𝑘)

=
(𝑎4)

1

󵄩󵄩󵄩󵄩F𝑁

󵄩󵄩󵄩󵄩

∑

𝑘

𝑝 (𝑀
2
= 𝑘

󸀠

⊖ 𝑘)

=
1

󵄩󵄩󵄩󵄩F𝑁

󵄩󵄩󵄩󵄩

,

(A.4)

where (𝑎1) and (𝑎4) follow from the fact that𝑀
2
is indepen-

dent of 𝐾 and (𝑎2) and (𝑎3) follow from the fact that 𝑀
2

and 𝐾 are both uniformly distributed over F
𝑁
. According

to (A.4),

𝑝 (𝑀
2
⊕ 𝐾 = 𝑘

󸀠

,𝑀
2
= 𝑚

2
)

= 𝑝 (𝑀
2
⊕ 𝐾 = 𝑘

󸀠

) 𝑝 (𝑀
2
= 𝑚

2
) .

(A.5)

Therefore,𝑀
2
is independent of𝑀

2
⊕ 𝐾.

Utilizing the above fact,

𝐻(𝑀 | 𝑍
𝑁

) = 𝐻(𝑀
1
,𝑀

2
| 𝑍

𝑁

)

= 𝐻(𝑀
1
| 𝑍

𝑁

) + 𝐻(𝑀
2
| 𝑍

𝑁

,𝑀
1
)

≥ 𝐻(𝑀
1
| 𝑍

𝑁

) + 𝐻(𝑀
2
| 𝑍

𝑁

,𝑀
1
, 𝐾 ⊕𝑀

2
)

=
(𝑎5)

𝐻(𝑀
1
| 𝑍

𝑁

) + 𝐻 (𝑀
2
| 𝐾 ⊕𝑀

2
)

=
(𝑎6)

𝐻(𝑀
1
| 𝑍

𝑁

) + 𝐻 (𝑀
2
)

=
(𝑎7)

𝐻(𝑀
1
| 𝑍

𝑁

) + 𝑁𝑅
󸀠

𝑓
,

(A.6)

where (𝑎5) follows from theMarkov chain𝑀
2
→ 𝑀

2
⊕𝐾 →

(𝑍
𝑁

,𝑀
1
), (𝑎6) follows from the fact that𝑀

2
is independent

of𝑀
2
⊕𝐾, and (𝑎7) follows from the fact that𝑀

2
is uniformly

distributed over {1, 2, 3, . . . , 2𝑁𝑅
󸀠
𝑓}. To bound𝐻(𝑀

1
| 𝑍

𝑁

) in
(A.6), Csiszar’smethod for analyzing equivocation [8] is used:

𝐻(𝑀
1
| 𝑍

𝑁

)

= 𝐻(𝑀
1
, 𝑍

𝑁

) − 𝐻(𝑍
𝑁

)

= 𝐻(𝑀
1
, 𝑍

𝑁

, 𝑈
𝑁

) − 𝐻(𝑈
𝑁

| 𝑀
1
, 𝑍

𝑁

) − 𝐻(𝑍
𝑁

)

= 𝐻(𝑀
1
, 𝑈

𝑁

) + 𝐻(𝑍
𝑁

| 𝑀
1
, 𝑈

𝑁

)

− 𝐻(𝑈
𝑁

| 𝑀
1
, 𝑍

𝑁

) − 𝐻(𝑍
𝑁

)

≥ 𝐻(𝑈
𝑁

) + 𝐻(𝑍
𝑁

| 𝑀
1
, 𝑈

𝑁

) − 𝐻(𝑈
𝑁

| 𝑀
1
, 𝑍

𝑁

)

− 𝐻(𝑍
𝑁

)

≥ 𝐻(𝑈
𝑁

) − 𝐻(𝑈
𝑁

| 𝑌
𝑁

) + 𝐻(𝑍
𝑁

| 𝑀
1
, 𝑈

𝑁

)

− 𝐻(𝑈
𝑁

| 𝑀
1
, 𝑍

𝑁

) − 𝐻(𝑍
𝑁

)

= 𝐼 (𝑈
𝑁

; 𝑌
𝑁

) + 𝐻(𝑍
𝑁

| 𝑀
1
, 𝑈

𝑁

)

− 𝐻(𝑈
𝑁

| 𝑀
1
, 𝑍

𝑁

) − 𝐻(𝑍
𝑁

)

=
(𝑎8)

𝐼 (𝑈
𝑁

; 𝑌
𝑁

) + 𝐻(𝑍
𝑁

| 𝑈
𝑁

)

− 𝐻(𝑈
𝑁

| 𝑀
1
, 𝑍

𝑁

) − 𝐻(𝑍
𝑁

)

=
(𝑎9)

𝑁𝐼 (𝑈; 𝑌) + 𝑁𝐻 (𝑍 | 𝑈)

− 𝐻(𝑈
𝑁

| 𝑀
1
, 𝑍

𝑁

) − 𝐻(𝑍
𝑁

)

≥
(𝑎10)

𝑁𝐼 (𝑈; 𝑌) + 𝑁𝐻 (𝑍 | 𝑈)

− 𝐻(𝑈
𝑁

| 𝑀
1
, 𝑍

𝑁

) − 𝑁𝐻 (𝑍)

≥
(𝑎11)

𝑁𝐼 (𝑈; 𝑌) − 𝑁𝐼 (𝑈; 𝑍) − 𝑁𝜖
2
.

(A.7)

In the above derivations, (𝑎8) follows from the fact that
𝑀

1
→ 𝑈

𝑁

→ 𝑍
𝑁 is a Markov chain. (𝑎9) follows from

the fact that 𝑆𝑁, 𝑈𝑁 and 𝑋𝑁 are i.i.d generated and both the
main channel and wiretap channel are discrete memoryless.
(𝑎10) follows from the fact that𝐻(𝑍𝑁

) = ∑
𝑁

𝑖=1
𝐻(𝑍

𝑖
| 𝑍

𝑖−1

) ≤

𝑁𝐻(𝑍), where 𝑍 is regarded as the general random variable
of 𝑍

𝑖
. To verify (𝑎11), note the fact that given the message

𝑚
1
= (𝑑, 𝑙), the number of 𝑈𝑁 is

2
𝑁(𝐼(𝑈;𝑌)−𝑅

󸀠
)

=
2
𝑁𝐼(𝑈;𝑌)

2𝑁𝑅
󸀠

=

󵄩󵄩󵄩󵄩J𝑁

󵄩󵄩󵄩󵄩 ⋅
󵄩󵄩󵄩󵄩L𝑁

󵄩󵄩󵄩󵄩 ⋅
󵄩󵄩󵄩󵄩F𝑁

󵄩󵄩󵄩󵄩
󵄩󵄩󵄩󵄩M1

󵄩󵄩󵄩󵄩

=

󵄩󵄩󵄩󵄩J𝑁

󵄩󵄩󵄩󵄩 ⋅
󵄩󵄩󵄩󵄩L𝑁

󵄩󵄩󵄩󵄩 ⋅
󵄩󵄩󵄩󵄩F𝑁

󵄩󵄩󵄩󵄩
󵄩󵄩󵄩󵄩D𝑁

󵄩󵄩󵄩󵄩 ⋅
󵄩󵄩󵄩󵄩L𝑁

󵄩󵄩󵄩󵄩
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=

󵄩󵄩󵄩󵄩J𝑁

󵄩󵄩󵄩󵄩 ⋅
󵄩󵄩󵄩󵄩F𝑁

󵄩󵄩󵄩󵄩
󵄩󵄩󵄩󵄩D𝑁

󵄩󵄩󵄩󵄩

≤
󵄩󵄩󵄩󵄩J𝑁

󵄩󵄩󵄩󵄩 ⋅
󵄩󵄩󵄩󵄩F𝑁

󵄩󵄩󵄩󵄩

= 2
𝑁(𝐼(𝑈;𝑍)−𝑅

󸀠
𝑓) ⋅ 2

𝑁𝑅
󸀠
𝑓

= 2
𝑁𝐼(𝑈;𝑍)

.

(A.8)

By applying the standard channel coding theorem [23, The-
orem 7.7.1], the wiretapper can decode 𝑈𝑁 with vanishing
decoding error probability. Then, utilizing Fano’s inequality,
we get 𝐻(𝑈𝑁

| 𝑀
1
, 𝑍

𝑁

) ≤ 𝑁𝜖
2
, where 𝜖

2
→ 0 when

𝑁 → ∞. (A.7) is verified.
Using the definition of equivocation and substituting

(A.7) into (A.6),

lim
𝑁→∞

Δ = lim
𝑁→∞

𝐻(𝑀 | 𝑍
𝑁

)

𝑁

≥ lim
𝑁→∞

(

𝐻(𝑀
1
| 𝑍

𝑁

)

𝑁
+ 𝑅

󸀠

𝑓
)

≥ lim
𝑁→∞

(
𝑁𝐼 (𝑈; 𝑌) − 𝑁𝐼 (𝑈; 𝑍) − 𝑁𝜖

2

𝑁
+ 𝑅

󸀠

𝑓
)

= 𝐼 (𝑈; 𝑌) − 𝐼 (𝑈; 𝑍) + 𝑅
󸀠

𝑓

≥ 𝑅
𝑒
.

(A.9)

This completes the achievability proof of Case 1.

Case 2 (𝐻(𝐴 | 𝑍) ≤ min{𝐼(𝑈; 𝑌), 𝐼(𝑈; 𝑌)−𝐼(𝑈; 𝑍)+𝑅
𝑓
}). In

Case 2, we show that all rate pairs (𝑅, 𝑅
𝑒
), satisfying

0 ≤ 𝑅
𝑒
≤ 𝑅,

𝑅 ≤ 𝐼 (𝑈; 𝑌) ,

𝑅
𝑒
≤ 𝐻 (𝐴 | 𝑍) ,

(A.10)

are achievable. It is sufficient to prove that the rate pairs
(𝑅, 𝑅

𝑒
= min{𝐼(𝑈; 𝑌),𝐻(𝐴 | 𝑍)}) are achievable. The coding

scheme is similar to [18].

Codebook Generation and Encoding. Generate 2𝑁𝑅 action
sequences 𝑎𝑁(𝑚) according to𝑝(𝑎𝑁) = ∏𝑁

𝑖=1
𝑝(𝑎

𝑖
), where𝑚 ∈

{1, 2, . . . , 2
𝑁𝑅

}.The state 𝑠𝑁 is generated in response to 𝑎𝑁(𝑚)
according to 𝑝(𝑠𝑁 | 𝑎𝑁) = ∏𝑁

𝑖=1
𝑝(𝑠

𝑖
| 𝑎

𝑖
). Generate 2𝑁𝑅 i.i.d

sequences 𝑢𝑁(𝑚) according to 𝑝(𝑢𝑁 | 𝑎𝑁) = ∏𝑁

𝑖=1
𝑝(𝑢

𝑖
| 𝑎

𝑖
).

To send message 𝑚 with the action sequence 𝑎𝑁(𝑚) and
the state sequence 𝑠𝑁, find the sequence 𝑢𝑁(𝑚). Then, the
input sequence of the main channel is generated by 𝑝(𝑥𝑁 |

𝑢
𝑁

, 𝑠
𝑁

) = ∏
𝑁

𝑖=1
𝑝(𝑥

𝑖
| 𝑢

𝑖
, 𝑠

𝑖
).

Decoding. When observing the channel output 𝑦
𝑁,

the receiver tries to find a sequence 𝑢𝑁(𝑚̂) such that

(𝑢
𝑁

(𝑚̂), 𝑦
𝑁

) ∈ 𝑇
𝑁

𝑈𝑌
(𝜖

󸀠

1
). Then, the decoder outputs 𝑚̂. If no

such 𝑚̂ exists, take 𝑚̂ = 1.
Analysis of Error Probability. By using similar arguments in
[1], it is easy to show that the legitimate receiver can decode
themessagewith vanishing probability of decoding error.The
details for proving 𝑃

𝑒
≤ 𝜖 are omitted.

Analysis of Equivocation.We focus on calculatingwiretapper’s
equivocation of the themessage, that is, the uncertainty about
the message given wiretapper’s observation. The method for
calculating the equivocation in [13] is utilized in this case:

lim
𝑁→∞

Δ = lim
𝑁→∞

𝐻(𝑀 | 𝑍
𝑁

)

𝑁

=
(𝑎12) lim

𝑁→∞

𝐻(𝐴
𝑁

| 𝑍
𝑁

)

𝑁

=
(𝑎13) lim

𝑁→∞

𝑁𝐻(𝐴 | 𝑍)

𝑁

= 𝐻 (𝐴 | 𝑍)

≥ 𝑅
𝑒
,

(A.11)

where (𝑎12) follows from the fact that the action sequence
𝑎
𝑁

(𝑚) is a determination function of the message 𝑚 and
(𝑎13) follows from the fact that𝐴𝑁 and𝑋𝑁 are i.i.d generated
and both the main channel and wiretap channel are discrete
memoryless.This completes the achievability proof of Case 2.

The achievability proof of Theorem 4 is completed.

B. Proof of the Converse Part of Theorem 4

In this section, we show that all achievable rate pairs (𝑅, 𝑅
𝑒
)

for the channel model in Figure 1 with causal states are con-
tained in R

𝑐
. Concretely, for any rate pair (𝑅, 𝑅

𝑒
), feedback

alphabetK, and decoding error probability 𝑃
𝑒
satisfying

𝑅 = lim
𝑁→∞

log ‖M‖

𝑁
, (B.1)

lim
𝑁→∞

log ‖K‖
𝑁

≤ 𝑅
𝑓
, (B.2)

𝑅
𝑒
≤ lim

𝑁→∞

Δ, (B.3)

𝑃
𝑒
≤ 𝜖, (B.4)

there exist random variables (𝐴, 𝑈) → (𝑋, 𝑆) → 𝑌 → 𝑍

such that

0 ≤ 𝑅
𝑒
≤ 𝑅, (B.5)

𝑅 ≤ 𝐼 (𝑈; 𝑌) , (B.6)

𝑅
𝑒
≤ 𝐼 (𝑈; 𝑌) − 𝐼 (𝑈; 𝑍) + 𝑅

𝑓
, (B.7)

𝑅
𝑒
≤ 𝐻 (𝐴 | 𝑍) . (B.8)

The four inequalities (B.5), (B.6), (B.7), and (B.8) will be
proved successively.
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One has consider condition (B.5) first.

𝑅
𝑒
≤ lim

𝑁→∞

Δ

= lim
𝑁→∞

𝐻(𝑀 | 𝑍
𝑁

)

𝑁

≤ lim
𝑁→∞

𝐻(𝑀)

𝑁

=
(𝑏1)

𝑅,

(B.9)

where (𝑏1) is from (B.1). Condition (B.5) is proved.
To prove condition (B.6), we consider

1

𝑁
𝐻 (𝑀) =

1

𝑁
𝐼 (𝑀;𝑌

𝑁

) +
1

𝑁
𝐻(𝑀 | 𝑌

𝑁

)

≤
(𝑏2)

1

𝑁
𝐼 (𝑀;𝑌

𝑁

) +
1

𝑁
𝜂 (𝑃

𝑒
)

=
1

𝑁

𝑁

∑

𝑖=1

𝐼 (𝑀;𝑌
𝑖
| 𝑌

𝑖−1

) +
1

𝑁
𝜂 (𝑃

𝑒
)

≤
1

𝑁

𝑁

∑

𝑖=1

𝐼 (𝑀,𝑌
𝑖−1

, 𝑆
𝑖−1

; 𝑌
𝑖
) +

1

𝑁
𝜂 (𝑃

𝑒
)

≤
(𝑏3)

1

𝑁

𝑁

∑

𝑖=1

𝐼 (𝑈
𝑖
; 𝑌

𝑖
) +

1

𝑁
𝜂 (𝑃

𝑒
) .

(B.10)

Inequality (𝑏2) is from Fano’s inequality. To bemore accurate,
𝜂(𝑃

𝑒
) = ℎ(𝑃

𝑒
) + 𝑃

𝑒
log(‖𝑀‖ − 1), where ℎ(𝑃

𝑒
) is the binary

entropy function; that is, ℎ(𝑃
𝑒
) = −𝑃

𝑒
log𝑃

𝑒
− (1 − 𝑃

𝑒
) log(1 −

𝑃
𝑒
). Note that 𝜂(𝑃

𝑒
) → 0 when 𝑃

𝑒
approaches zero. (𝑏3) is

from defining 𝑈
𝑖
= (𝑀,𝑌

𝑖−1

, 𝑆
𝑖−1

). According to (B.1) and
(B.10), it is easy to see that

𝑅 = lim
𝑁→∞

log ‖M‖

𝑁

=
(𝑏4) lim

𝑁→∞

1

𝑁
𝐻 (𝑀)

≤ lim
𝑁→∞

1

𝑁

𝑁

∑

𝑖=1

𝐼 (𝑈
𝑖
; 𝑌

𝑖
) +

1

𝑁
𝜂 (𝑃

𝑒
) ,

(B.11)

where (𝑏4) follows from the fact that 𝑀 is uniformly dis-
tributed over {1, 2, . . . , ‖M‖}.

To prove condition (B.7), the recursive argument lemma
[16] will be exploited.Therefore, we present the lemma below.
The detailed proof of the lemma is shown in [16].

Recursive Argument Lemma [16]. For each 𝑗 = 1, 2, . . . , 𝑁, the
following inequality holds:

𝐻(𝐾
𝑗

| 𝑍
𝑗

) + 𝐼 (𝑀,𝑋
𝑗

; 𝑌
𝑗

| 𝐾
𝑗

, 𝑍
𝑗

)

≤ 𝐻(𝐾
𝑗−1

| 𝑍
𝑗−1

) + 𝐼 (𝑀,𝑋
𝑗−1

; 𝑌
𝑗−1

| 𝐾
𝑗−1

, 𝑍
𝑗−1

)

+ 𝐼 (𝑋
𝑗
; 𝑌

𝑗
| 𝑍

𝑗
) + 𝐻(𝐾

𝑗
| 𝑀,𝑋

𝑗−1

, 𝐾
𝑗−1

, 𝑍
𝑗−1

) ,

(B.12)

where 𝐾, 𝑋, 𝑌, and 𝑍 are the the feedback random variable,
the input of the main channel, the input of the wiretap
channel, and the output of the wiretap channel. (Actually,
[16] gave the lemma under a more relaxed condition that the
wiretap channel did not need to be physically degraded.)

Then, we prove condition (B.7) as follows:

𝑅
𝑒
≤ lim

𝑁→∞

Δ

= lim
𝑁→∞

1

𝑁
𝐻(𝑀 | 𝑍

𝑁

)

= lim
𝑁→∞

1

𝑁
(𝐼 (𝑀;𝑌

𝑁

, 𝐾
𝑁

| 𝑍
𝑁

)

+𝐻(𝑀 | 𝑌
𝑁

, 𝑍
𝑁

, 𝐾
𝑁

))

≤ lim
𝑁→∞

1

𝑁
(𝐼 (𝑀;𝑌

𝑁

, 𝐾
𝑁

| 𝑍
𝑁

) + 𝐻(𝑀 | 𝑌
𝑁

))

≤
(𝑏5) lim

𝑁→∞

1

𝑁
(𝐼 (𝑀;𝑌

𝑁

, 𝐾
𝑁

| 𝑍
𝑁

) + 𝜂 (𝑃
𝑒
))

= lim
𝑁→∞

1

𝑁
(𝐼 (𝑀;𝐾

𝑁

| 𝑍
𝑁

)

+𝐼 (𝑀;𝑌
𝑁

| 𝐾
𝑁

, 𝑍
𝑁

) + 𝜂 (𝑃
𝑒
))

≤ lim
𝑁→∞

1

𝑁
(𝐻(𝐾

𝑁

| 𝑍
𝑁

)

+𝐼 (𝑀,𝑈
𝑁

; 𝑌
𝑁

| 𝐾
𝑁

, 𝑍
𝑁

) + 𝜂 (𝑃
𝑒
)) ,

(B.13)

where (𝑏5) follows from Fano’s inequality. By applying the
lemma recursively, the two terms in (B.13) can be single
letterized as follows:

𝐻(𝐾
𝑁

| 𝑍
𝑁

) + 𝐼 (𝑀,𝑈
𝑁

; 𝑌
𝑁

| 𝐾
𝑁

, 𝑍
𝑁

)

≤ 𝐻(𝐾
𝑁−1

| 𝑍
𝑁−1

) + 𝐼 (𝑀,𝑈
𝑁−1

; 𝑌
𝑁−1

| 𝐾
𝑁−1

, 𝑍
𝑁−1

)

+ 𝐼 (𝑈
𝑁
; 𝑌

𝑁
| 𝑍

𝑁
) + 𝐻 (𝐾

𝑁
| 𝑀,𝑈

𝑁−1

, 𝐾
𝑁−1

, 𝑍
𝑁−1

)

≤ 𝐻(𝐾
𝑁−1

| 𝑍
𝑁−1

) + 𝐼 (𝑀,𝑈
𝑁−1

; 𝑌
𝑁−1

| 𝐾
𝑁−1

, 𝑍
𝑁−1

)

+ 𝐼 (𝑈
𝑁
; 𝑌

𝑁
| 𝑍

𝑁
) + 𝐻 (𝐾

𝑁
)

≤ 𝐻 (𝐾
𝑁−2

| 𝑍
𝑁−2

) + 𝐼 (𝑀,𝑈
𝑁−2

; 𝑌
𝑁−2

| 𝐾
𝑁−2

, 𝑍
𝑁−2

)

+ 𝐼 (𝑈
𝑁−1
; 𝑌

𝑁−1
| 𝑍

𝑁−1
) + 𝐻 (𝐾

𝑁−1
)

+ 𝐼 (𝑈
𝑁
; 𝑌

𝑁
| 𝑍

𝑁
) + 𝐻 (𝐾

𝑁
)

≤

𝑁

∑

𝑖=1

(𝐼 (𝑈
𝑖
; 𝑌

𝑖
| 𝑍

𝑖
) + 𝐻 (𝐾

𝑖
))

≤

𝑁

∑

𝑖=1

(𝐼 (𝑈
𝑖
; 𝑌

𝑖
| 𝑍

𝑖
) + 𝑅

𝑓
) .

(B.14)
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Substituting (B.14) into (B.13), we get

𝑅
𝑒
≤ lim

𝑁→∞

1

𝑁
(

𝑁

∑

𝑖=1

(𝐼 (𝑈
𝑖
; 𝑌

𝑖
| 𝑍

𝑖
) + 𝑅

𝑓
) + 𝜂 (𝑃

𝑒
)) .

(B.15)

To prove (B.8), consider

𝑅
𝑒
≤ lim

𝑁→∞

Δ

= lim
𝑁→∞

1

𝑁
𝐻(𝑀 | 𝑍

𝑁

)

=
(𝑏6) lim

𝑁→∞

1

𝑁
𝐻(𝐴

𝑁

| 𝑍
𝑁

)

= lim
𝑁→∞

1

𝑁

𝑁

∑

𝑖=1

𝐻(𝐴
𝑖
| 𝐴

𝑖−1

, 𝑍
𝑁

)

≤ lim
𝑁→∞

1

𝑁

𝑁

∑

𝑖=1

𝐻(𝐴
𝑖
| 𝑍

𝑖
) ,

(B.16)

where (𝑏6) follows from the fact that the action sequence 𝑎𝑁
is a deterministic function of the message𝑚.

To serve the single-letter characterization, let us intro-
duce a time-sharing random variable 𝑄 independent of 𝑀,
𝐴

𝑁, 𝑆𝑁,𝑈𝑁,𝑋𝑁,𝑌𝑁, and𝑍𝑁 and uniformly distributed over
{1, 2, . . . , 𝑁}. Set

𝑈 = (𝑀,𝑌
𝑄−1

, 𝑆
𝑄−1

, 𝑄) ,

𝐴 = 𝐴
𝑄
, 𝑆 = 𝑆

𝑄
, 𝑋 = 𝑋

𝑄
,

𝑌 = 𝑌
𝑄
, 𝑍 = 𝑍

𝑄
.

(B.17)

It is straightforward to see that (𝐴, 𝑈) → (𝑋, 𝑆) → 𝑌 → 𝑍

and 𝑈 → 𝑌 → 𝑍 form Markov chains. Then, it is easy to
get

𝐼 (𝑈; 𝑌 | 𝑍) = 𝐻 (𝑈 | 𝑍) − 𝐻 (𝑈 | 𝑌𝑍)

= 𝐻 (𝑈) − 𝐻 (𝑈 | 𝑌𝑍) − (𝐻 (𝑈) − 𝐻 (𝑈 | 𝑍))

=
(𝑏7)

𝐻(𝑈) − 𝐻 (𝑈 | 𝑌) − (𝐻 (𝑈) − 𝐻 (𝑈 | 𝑍))

= 𝐼 (𝑈; 𝑌) − 𝐼 (𝑈; 𝑍) ,

(B.18)

where (𝑏7) follows from the Markov chain 𝑈 → 𝑌 → 𝑍.
After using the standard time sharing argument [19, Section
5.4], utilizing (B.18), and letting 𝑃

𝑒
→ 0, (B.11), (B.15), and

(B.16) are simplified into (B.6), (B.7), and (B.8), respectively.
This completes the proof of the converse part of

Theorem 4.

C. Coding Schemes for Noncausal Channel
State Information

This section provides two different coding schemes for𝐻(𝐴 |
𝑍) ≥ min{𝐼(𝑈; 𝑌) − 𝐼(𝑈; 𝑆 | 𝐴), 𝐼(𝑈; 𝑌) − 𝐼(𝑈; 𝑍) + 𝑅

𝑓
} and

𝐻(𝐴 | 𝑍) ≤ min{𝐼(𝑈; 𝑌)−𝐼(𝑈; 𝑆 | 𝐴), 𝐼(𝑈; 𝑌)−𝐼(𝑈; 𝑍)+𝑅
𝑓
}

in Cases 1 and 2, respectively.

Case 1 (𝐻(𝐴 | 𝑍) ≥ min{𝐼(𝑈; 𝑌) − 𝐼(𝑈; 𝑆 | 𝐴), 𝐼(𝑈; 𝑌)−
𝐼(𝑈; 𝑍) + 𝑅

𝑓
}). In this case, we need to prove that all rate

pairs (𝑅, 𝑅
𝑒
), satisfying

0 ≤ 𝑅
𝑒
≤ 𝑅,

𝑅 ≤ 𝐼 (𝑈; 𝑌) − 𝐼 (𝑈; 𝑆 | 𝐴) ,

𝑅
𝑒
≤ 𝐼 (𝑈; 𝑌) − 𝐼 (𝑈; 𝑍) + 𝑅

𝑓
,

(C.1)

are achievable. It is sufficient to prove the rate pairs (𝑅, 𝑅
𝑒
=

min{𝐼(𝑈; 𝑌) − 𝐼(𝑈; 𝑆 | 𝐴), 𝐼(𝑈; 𝑌) − 𝐼(𝑈; 𝑍) + 𝑅
𝑓
}) are

achievable. In the following coding scheme, Gel’fand and
Pinsker’s coding technique [20] and rate splitting are used.
The feedback symbol is used as a shared secret key between
the transmitter and the receiver. The wiretapper has no
knowledge of the secret key.

Define

𝑅
󸀠

= 𝐼 (𝑈; 𝑌) − 𝐼 (𝑈; 𝑍) ;

𝑅
󸀠

𝑓
= 𝑅 − 𝑅

󸀠

.

(C.2)

Split the message M into two parts, that is, M = (M
1
,M

2
).

The corresponding random variables𝑀
1
,𝑀

2
are uniformly

distributed over M
1
= {1, 2, 3, . . . , 2

𝑁𝑅
󸀠

} and M
2
= {1, 2, 3,

. . . , 2
𝑁𝑅
󸀠
𝑓}. Since

𝑅 ≤ 𝐶sn (𝑅𝑓)

= min {𝐼 (𝑈; 𝑌) − 𝐼 (𝑈; 𝑆 | 𝐴) , 𝐼 (𝑈; 𝑌)

−𝐼 (𝑈; 𝑍) + 𝑅
𝑓
, 𝐻 (𝐴 | 𝑍)}

= min {𝐼 (𝑈; 𝑌) − 𝐼 (𝑈; 𝑆 | 𝐴) , 𝐼 (𝑈; 𝑌) − 𝐼 (𝑈; 𝑍) + 𝑅
𝑓
} ,

(C.3)

it is easy to get

𝑅
󸀠

𝑓
= 𝑅 − 𝑅

󸀠

≤ min {𝐼 (𝑈; 𝑌) − 𝐼 (𝑈; 𝑆 | 𝐴) , 𝐼 (𝑈; 𝑌) − 𝐼 (𝑈; 𝑍) + 𝑅
𝑓
}

− (𝐼 (𝑈; 𝑌) − 𝐼 (𝑈; 𝑍))

= min {𝐼 (𝑈; 𝑍) − 𝐼 (𝑈; 𝑆 | 𝐴) , 𝑅
𝑓
} .

(C.4)

Codebook Generation and Encoding. Let𝑅 = 𝐼(𝑈; 𝑌)−𝐼(𝑈; 𝑆 |
𝐴)−𝜏

1
, where 𝜏

1
is a fixed positive number. Generate 2𝑁𝑅

󸀠

i.i.d
action sequences 𝑎𝑁(𝑚

1
) according to 𝑝(𝑎𝑁) = ∏

𝑁

𝑖=1
𝑝(𝑎

𝑖
)

where 𝑚
1
∈ M

1
. The channel state sequence 𝑠𝑁 is generated

through the discrete memoryless channel 𝑝(𝑠𝑁 | 𝑎
𝑁

) =

∏
𝑁

𝑖=1
𝑝(𝑠

𝑖
| 𝑎

𝑖
).

The feedback link is shared between the transmitter and
the legitimate receiver. It is assumed that a secret key 𝑘 ∈
{1, 2, 3, . . . , 2

𝑁𝑅
󸀠
𝑓} is transmitted through the feedback link

and the wiretapper has no knowledge about the secret key.
Let the corresponding random variable 𝐾 be independent of
𝑀 and uniformly distributed over {1, 2, 3, . . . , 2𝑁𝑅

󸀠
𝑓}.
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For each 𝑎𝑁(𝑚
1
), generate 2𝑁(𝐼(𝑈;𝑌)−𝑅

󸀠
−𝜖) i.i.d sequences

𝑢
𝑁 according to 𝑝(𝑢𝑁 | 𝑎𝑁) = ∏𝑁

𝑖=1
𝑝(𝑢

𝑖
| 𝑎

𝑖
), where 𝜖 → 0

as𝑁 → ∞. Note that

2
𝑁(𝐼(𝑈;𝑌)−𝑅

󸀠
−𝜖)

= 2
𝑁(𝐼(𝑈;𝑌)−𝑅+𝑅

󸀠
𝑓−𝜖)

= 2
𝑁(𝐼(𝑈;𝑆|𝐴)+𝜏1+𝑅

󸀠
𝑓−𝜖).

(C.5)

Then, put these sequences into 2𝑁𝑅
󸀠
𝑓 bins so that each bin

contains 2𝑁(𝐼(𝑈;𝑆 | 𝐴)+𝜏1−𝜖) sequences 𝑢𝑁(𝑚
1
, 𝑡

𝑏
, 𝑡

𝑢
), where the

bin index 𝑡
𝑏
∈ {1, 2, 3, . . . , 2

𝑁𝑅
󸀠
𝑓} and the sequence index

𝑡
𝑢
∈ {1, 2, 3, . . . , 2

𝑁(𝐼(𝑈;𝑆 | 𝐴)+𝜏1−𝜖)}.
Suppose that 𝑘 ∈ {1, 2, 3, . . . , 2𝑁𝑅

󸀠
𝑓} is the shared secret

key between the transmitter and the receiver during one
transmission. To send message𝑚 = (𝑚

1
, 𝑚

2
) with the action

sequence 𝑎𝑁(𝑚
1
) and the state sequence 𝑠𝑁, where 𝑚

1
∈

M
1
, 𝑚

2
∈ M

2
, the transmitter tries to find a sequence

𝑢
𝑁

(𝑚
1
, 𝑡

𝑏
, 𝑡

𝑢
) from the bin indexed by 𝑡

𝑏
= 𝑚

2
⊕ 𝑘 such

that (𝑢𝑁(𝑚
1
, 𝑡

𝑏
, 𝑡

𝑢
), 𝑠

𝑁

, 𝑎
𝑁

(𝑚
1
)) ∈ 𝑇

𝑁

𝑈𝑆|𝐴
. Here, ⊕ is modulo

addition over {1, 2, 3, . . . , 2𝑁𝑅
󸀠
𝑓}. If no such sequence exists in

that bin, take 𝑡
𝑢
= 1. (In fact, at least one such sequence will

exist because there are more than 2𝑁𝐼(𝑈;𝑆 | 𝐴)

𝑢
𝑁

(𝑚
1
, 𝑡

𝑏
, 𝑡

𝑢
) in

each bin.) Then, The input sequence of the main channel is
generated by 𝑝(𝑥𝑁 | 𝑢𝑁, 𝑠𝑁) = ∏𝑁

𝑖=1
𝑝(𝑥

𝑖
| 𝑢

𝑖
, 𝑠

𝑖
).

Decoding. When observing the channel output 𝑦𝑁, the
receiver tries to find a sequence 𝑢𝑁(𝑚̂

1
, 𝑡̂

𝑏
, 𝑡̂

𝑢
) such that

(𝑢
𝑁

(𝑚̂
1
, 𝑡̂

𝑏
, 𝑡̂

𝑢
), 𝑦

𝑁

) ∈ 𝑇
𝑁

𝑈𝑌
. Then, the decoder outputs

(𝑚̂
1
, 𝑡̂

𝑏
⊖ 𝑘), where ⊖ is modulo subtraction over {1, 2, 3,

. . . , 2
𝑁𝑅
󸀠
𝑓}. If no such (𝑚̂

1
, 𝑡̂

𝑏
, 𝑡̂

𝑢
) exists, take (𝑚̂

1
, 𝑡̂

𝑏
, 𝑡̂

𝑢
) =

(1, 1, 1).

Analysis of Error Probability. By using similar arguments in
[1], it is easy to show that the legitimate receiver can decode
the message with vanishing decoding error probability. Note
that since Gel’fand and Pinsker’s coding technique is used for
the noncausal case, particular attention should be paid to the
encoding error probability when calculating the whole error
probability. The details for proving 𝑃

𝑒
≤ 𝜖 are omitted.

Analysis of Equivocation.We focus on calculatingwiretapper’s
equivocation of themessage, that is, the uncertainty about the
message given wiretapper’s observation.

Using the same derivation in (A.6), we have

𝐻(𝑀 | 𝑍
𝑁

) ≥ 𝐻(𝑀
1
| 𝑍

𝑁

) + 𝑁𝑅
󸀠

𝑓
. (C.6)

The first term in (C.6) is calculated by applying Csiszar’s
method for analyzing equivocation [8]:

𝐻(𝑀
1
| 𝑍

𝑁

)

= 𝐻(𝑀
1
, 𝑍

𝑁

) − 𝐻(𝑍
𝑁

)

= 𝐻(𝑀
1
, 𝑍

𝑁

, 𝑈
𝑁

) − 𝐻(𝑈
𝑁

| 𝑀
1
, 𝑍

𝑁

) − 𝐻(𝑍
𝑁

)

= 𝐻(𝑀
1
, 𝑈

𝑁

) + 𝐻(𝑍
𝑁

| 𝑀
1
, 𝑈

𝑁

)

− 𝐻(𝑈
𝑁

| 𝑀
1
, 𝑍

𝑁

) − 𝐻(𝑍
𝑁

)

≥ 𝐻(𝑈
𝑁

) + 𝐻(𝑍
𝑁

| 𝑀
1
, 𝑈

𝑁

)

− 𝐻(𝑈
𝑁

| 𝑀
1
, 𝑍

𝑁

) − 𝐻(𝑍
𝑁

)

≥ 𝐻(𝑈
𝑁

) − 𝐻(𝑈
𝑁

| 𝑌
𝑁

) + 𝐻(𝑍
𝑁

| 𝑀
1
, 𝑈

𝑁

)

− 𝐻(𝑈
𝑁

| 𝑀
1
, 𝑍

𝑁

) − 𝐻(𝑍
𝑁

)

= 𝐼 (𝑈
𝑁

; 𝑌
𝑁

) + 𝐻(𝑍
𝑁

| 𝑀
1
, 𝑈

𝑁

)

− 𝐻(𝑈
𝑁

| 𝑀
1
, 𝑍

𝑁

) − 𝐻(𝑍
𝑁

)

=
(𝑐1)

𝐼 (𝑈
𝑁

; 𝑌
𝑁

) + 𝐻(𝑍
𝑁

| 𝑈
𝑁

)

− 𝐻(𝑈
𝑁

| 𝑀
1
, 𝑍

𝑁

) − 𝐻(𝑍
𝑁

)

=
(𝑐2)

𝑁𝐼 (𝑈; 𝑌) + 𝑁𝐻 (𝑍 | 𝑈)

− 𝐻(𝑈
𝑁

| 𝑀
1
, 𝑍

𝑁

) − 𝐻(𝑍
𝑁

)

≥
(𝑐3)

𝑁𝐼 (𝑈; 𝑌) + 𝑁𝐻 (𝑍 | 𝑈)

− 𝐻(𝑈
𝑁

| 𝑀
1
, 𝑍

𝑁

) − 𝑁𝐻 (𝑍)

≥
(𝑐4)

𝑁𝐼 (𝑈; 𝑌) − 𝑁𝐼 (𝑈; 𝑍) − 𝑁𝜖
3
.

(C.7)

In the above derivations, (𝑐1) follows from the fact that𝑀
1
→

𝑈
𝑁

→ 𝑍
𝑁 is a Markov chain. (𝑐2) follows from the fact

that 𝑆𝑁, 𝑈𝑁, and 𝑋𝑁 are i.i.d generated and both the main
channel and wiretap channel are discrete memoryless. (𝑐3)
follows from 𝐻(𝑍

𝑁

) = ∑
𝑁

𝑖=1
𝐻(𝑍

𝑖
| 𝑍

𝑖−1

) ≤ 𝑁𝐻(𝑍), where
𝑍 is regarded as the general random variable of 𝑍

𝑖
. To verify

(𝑐4), note the fact that given the message 𝑚
1
, the number of

𝑈
𝑁 is

2
𝑁(𝐼(𝑈;𝑌)−𝑅

󸀠
−𝜖)

= 2
𝑁[𝐼(𝑈;𝑌)−(𝐼(𝑈;𝑌)−𝐼(𝑈;𝑍))−𝜖]

= 2
𝑁(𝐼(𝑈;𝑍)−𝜖)

≤ 2
𝑁𝐼(𝑈;𝑍)

.

(C.8)

By applying the standard channel coding theorem [23,
theorem 7.7.1], the wiretapper can decode 𝑈𝑁 with vanishing
decoding error probability. Then, utilizing Fano’s inequality,
we get 𝐻(𝑈𝑁

| 𝑀
1
, 𝑍

𝑁

) ≤ 𝑁𝜖
3
, where 𝜖

2
→ 0 when

𝑁 → ∞. (C.7) is verified.
Substituting (C.7) into (C.6) and using the same deriva-

tion in (A.9), the achievability proof of Case 1 is completed.

Case 2 (𝐻(𝐴 | 𝑍) ≤ min{𝐼(𝑈; 𝑌) − 𝐼(𝑈; 𝑆 | 𝐴), 𝐼(𝑈; 𝑌)−
𝐼(𝑈; 𝑍)+𝑅

𝑓
}]). In this case, we show that all rate pairs (𝑅, 𝑅

𝑒
),

satisfying
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0 ≤ 𝑅
𝑒
≤ 𝑅,

𝑅 ≤ 𝐼 (𝑈; 𝑌) − 𝐼 (𝑈; 𝑆 | 𝐴) ,

𝑅
𝑒
≤ 𝐻 (𝐴 | 𝑍) ,

(C.9)

are achievable. It is sufficient to prove that the rate pairs
(𝑅, 𝑅

𝑒
= min{𝐼(𝑈; 𝑌)−𝐼(𝑈; 𝑆 | 𝐴),𝐻(𝐴 | 𝑍)}) are achievable.

Gel’fand and Pinsker’s coding technique is used. The proof is
similar to that in [18].

Codebook Generation and Encoding. Let𝑅 = 𝐼(𝑈; 𝑌)−𝐼(𝑈; 𝑆 |
𝐴) − 𝜏

2
, where 𝜏

2
is a fixed positive number.𝑀 is uniformly

distributed over M = {1, 2, 3, . . . , 2
𝑁𝑅

}. Generate 2𝑁𝑅 action
sequences 𝑎𝑁(𝑚) according to𝑝(𝑎𝑁) = ∏𝑁

𝑖=1
𝑝(𝑎

𝑖
), where𝑚 ∈

M. The channel state sequence 𝑠𝑁 is generated through the
discretememoryless channel𝑝(𝑠𝑁 | 𝑎𝑁) = ∏𝑁

𝑖=1
𝑝(𝑠

𝑖
| 𝑎

𝑖
). For

each 𝑎𝑁(𝑚), generate 2𝑁(𝐼(𝑈;𝑌)−𝑅−𝜖)

= 2
𝑁(𝐼(𝑈;𝑆 | 𝐴)+𝜏2−𝜖) i.i.d

sequences 𝑢𝑁(𝑚, 𝑡) according to 𝑝(𝑢𝑁 | 𝑎
𝑁

) = ∏
𝑁

𝑖=1
𝑝(𝑢

𝑖
|

𝑎
𝑖
), where 𝑡 ∈ {1, 2, 3, . . . , 2𝑁(𝐼(𝑈;𝑆 | 𝐴)+𝜏2−𝜖)}.
To send message 𝑚 with the action sequence 𝑎𝑁(𝑚) and

the state sequence 𝑠𝑁, the transmitter chooses a sequence
𝑢
𝑁

(𝑚, 𝑡) such that (𝑢𝑁(𝑚, 𝑡), 𝑠𝑁, 𝑎𝑁(𝑚)) ∈ 𝑇𝑁

𝑈𝑆 |𝐴
. If no such

sequence exists, take 𝑡 = 1. Then, the input sequence of the
main channel is generated by 𝑝(𝑥𝑁 | 𝑢

𝑁

, 𝑠
𝑁

) = ∏
𝑁

𝑖=1
𝑝(𝑥

𝑖
|

𝑢
𝑖
, 𝑠

𝑖
).

Decoding. When observing the channel output 𝑦𝑁, the
receiver tries to find a sequence 𝑢

𝑁

(𝑚̂, 𝑡̂) such that
(𝑢

𝑁

(𝑚̂, 𝑡̂), 𝑦
𝑁

) ∈ 𝑇
𝑁

𝑈𝑌
. Then, the decoder outputs 𝑚̂. If

no such 𝑚̂ exists, take 𝑚̂ = 1.

Analysis of Error Probability. By using similar arguments in
[1], it is easy to show that the legitimate receiver can decode
the message with vanishing decoding error probability. Note
that since Gel’fand and Pinsker’s coding technique is used for
the noncausal case, particular attention should be paid to the
encoding error probability when calculating the whole error
probability. The details for proving 𝑃

𝑒
≤ 𝜖 are omitted.

The analysis of equivocation is the same as (A.11). The
achievability proof of Case 2 is finished.

The achievability proof of Theorem 5 is completed.

D. Proof of the Converse Part of Theorem 5

This section proves that all achievable rate pairs (𝑅, 𝑅
𝑒
) for the

channelmodel in Figure 1 with noncausal states are contained
in R

𝑛
. Concretely, we need to show that, for any rate pair

(𝑅, 𝑅
𝑒
), feedback alphabetK, and decoding error probability

𝑃
𝑒
satisfying (2), there exist random variables (𝐴, 𝑈) →

(𝑋, 𝑆) → 𝑌 → 𝑍 such that

0 ≤ 𝑅
𝑒
≤ 𝑅, (D.1)

𝑅 ≤ 𝐼 (𝑈; 𝑌) − 𝐼 (𝑈; 𝑆 | 𝐴) , (D.2)

𝑅
𝑒
≤ 𝐼 (𝑈; 𝑌) − 𝐼 (𝑈; 𝑍) + 𝑅

𝑓
, (D.3)

𝑅
𝑒
≤ 𝐻 (𝐴 | 𝑍) . (D.4)

The four inequalities (D.1), (D.2), (D.3), and (D.4) are proved
as follows.

(D.1), (D.3), and (D.4) can be proved using the same
derivations in (B.9), (B.15), and (B.16), respectively, except for
the identification of the auxiliary random variable 𝑈. There-
fore, we focus on proving (D.2) and giving the identification
of the auxiliary random variable 𝑈.

A lemma in [13] is presented first.

Lemma 6 (see [13]). One has

𝑁

∑

𝑖=1

𝐼 (𝑆
𝑁

𝑖+1
, 𝐴

𝑁

; 𝑌
𝑖
| 𝑀, 𝑌

𝑖−1

) =

𝑁

∑

𝑖=1

𝐼 (𝑆
𝑖
; 𝑌

𝑖−1

| 𝑀, 𝑆
𝑁

𝑖+1
, 𝐴

𝑁

) .

(D.5)

Proof. One has

𝑁

∑

𝑖=1

𝐼 (𝑆
𝑁

𝑖+1
, 𝐴

𝑁

; 𝑌
𝑖
| 𝑀, 𝑌

𝑖−1

)

=
(𝑑1)

𝑁

∑

𝑖=1

𝐼 (𝑆
𝑁

𝑖+1
, 𝐴

𝑁

; 𝑌
𝑖
| 𝑀, 𝑌

𝑖−1

, 𝐴
𝑁

)

=

𝑁

∑

𝑖=1

𝐼 (𝑆
𝑁

𝑖+1
; 𝑌

𝑖
| 𝑀, 𝑌

𝑖−1

, 𝐴
𝑁

)

=

𝑁

∑

𝑖=1

𝑁

∑

𝑗=𝑖+1

𝐼 (𝑆
𝑗
; 𝑌

𝑖
| 𝑀, 𝑆

𝑁

𝑗+1
, 𝑌

𝑖−1

, 𝐴
𝑁

)

=

𝑁

∑

𝑗=1

𝑁

∑

𝑖=𝑗+1

𝐼 (𝑆
𝑖
; 𝑌

𝑗
| 𝑀, 𝑆

𝑁

𝑖+1
, 𝑌

𝑗−1

, 𝐴
𝑁

)

=

𝑁

∑

𝑖=1

𝑖−1

∑

𝑗=1

𝐼 (𝑆
𝑖
; 𝑌

𝑗
| 𝑀, 𝑆

𝑁

𝑖+1
, 𝑌

𝑗−1

, 𝐴
𝑁

)

=

𝑁

∑

𝑖=1

𝐼 (𝑆
𝑖
; 𝑌

𝑖−1

| 𝑀, 𝑆
𝑁

𝑖+1
, 𝐴

𝑁

) ,

(D.6)

where (𝑑1) follows from the fact that the action sequence is a
deterministic function of the transmitted message.

Since the transmission rate is

𝑅 = lim
𝑁→∞

1

𝑁
log ‖M‖ = lim

𝑁→∞

1

𝑁
𝐻 (𝑀) , (D.7)

let us consider

1

𝑁
𝐻 (𝑀)

=
1

𝑁
𝐼 (𝑀;𝑌

𝑁

) +
1

𝑁
𝐻(𝑀 | 𝑌

𝑁

)

≤
(𝑑2)

1

𝑁
𝐼 (𝑀;𝑌

𝑁

) +
1

𝑁
𝜂 (𝑃

𝑒
)
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=
1

𝑁

𝑁

∑

𝑖=1

𝐼 (𝑀;𝑌
𝑖
| 𝑌

𝑖−1

) +
1

𝑁
𝜂 (𝑃

𝑒
)

≤
1

𝑁

𝑁

∑

𝑖=1

𝐼 (𝑀,𝑌
𝑖−1

; 𝑌
𝑖
) +

1

𝑁
𝜂 (𝑃

𝑒
)

=
1

𝑁

𝑁

∑

𝑖=1

[𝐼 (𝑀,𝑌
𝑖−1

, 𝑆
𝑁

𝑖+1
, 𝐴

𝑁

; 𝑌
𝑖
)

−𝐼 (𝑆
𝑁

𝑖+1
, 𝐴

𝑁

; 𝑌
𝑖
| 𝑀, 𝑌

𝑖−1

)] +
1

𝑁
𝜂 (𝑃

𝑒
)

=
(𝑑3)

1

𝑁

𝑁

∑

𝑖=1

[𝐼 (𝑀,𝑌
𝑖−1

, 𝑆
𝑁

𝑖+1
, 𝐴

𝑁

; 𝑌
𝑖
)

−𝐼 (𝑆
𝑖
; 𝑌

𝑖−1

| 𝑀, 𝑆
𝑁

𝑖+1
, 𝐴

𝑁

)] +
1

𝑁
𝜂 (𝑃

𝑒
)

=
1

𝑁

𝑁

∑

𝑖=1

[𝐼 (𝑀,𝑌
𝑖−1

, 𝑆
𝑁

𝑖+1
, 𝐴

𝑁

; 𝑌
𝑖
)

−𝐼 (𝑆
𝑖
; 𝑌

𝑖−1

| 𝑀, 𝑆
𝑁

𝑖+1
, 𝐴

𝑁

, 𝐴
𝑖
)] +

1

𝑁
𝜂 (𝑃

𝑒
)

=
1

𝑁

𝑁

∑

𝑖=1

[𝐼 (𝑀,𝑌
𝑖−1

, 𝑆
𝑁

𝑖+1
, 𝐴

𝑁

; 𝑌
𝑖
)

− 𝐼 (𝑆
𝑖
;𝑀, 𝑌

𝑖−1

, 𝑆
𝑁

𝑖+1
, 𝐴

𝑁

| 𝐴
𝑖
)

+𝐼 (𝑆
𝑖
;𝑀, 𝑆

𝑁

𝑖+1
, 𝐴

𝑁

| 𝐴
𝑖
)] +

1

𝑁
𝜂 (𝑃

𝑒
)

=
1

𝑁

𝑁

∑

𝑖=1

[𝐼 (𝑀,𝑌
𝑖−1

, 𝑆
𝑁

𝑖+1
, 𝐴

𝑁

; 𝑌
𝑖
)

− 𝐼 (𝑆
𝑖
;𝑀, 𝑌

𝑖−1

, 𝑆
𝑁

𝑖+1
, 𝐴

𝑁

| 𝐴
𝑖
)

+𝐼 (𝑆
𝑖
;𝑀, 𝑆

𝑁

𝑖+1
, 𝐴

𝑖−1

, 𝐴
𝑁

𝑖+1
| 𝐴

𝑖
)] +

1

𝑁
𝜂 (𝑃

𝑒
)

=
(𝑑4)

1

𝑁

𝑁

∑

𝑖=1

[𝐼 (𝑀,𝑌
𝑖−1

, 𝑆
𝑁

𝑖+1
, 𝐴

𝑁

; 𝑌
𝑖
)

−𝐼 (𝑆
𝑖
;𝑀, 𝑌

𝑖−1

, 𝑆
𝑁

𝑖+1
, 𝐴

𝑁

| 𝐴
𝑖
)] +

1

𝑁
𝜂 (𝑃

𝑒
)

=
(𝑑5)

1

𝑁

𝑁

∑

𝑖=1

[𝐼 (𝑈
𝑖
; 𝑌

𝑖
) − 𝐼 (𝑆

𝑖
; 𝑈

𝑖
| 𝐴

𝑖
)] +

1

𝑁
𝜂 (𝑃

𝑒
) ,

(D.8)

where (𝑑2) follows from Fano’s inequality, (𝑑3) is from
Lemma 6, (𝑑4) follows from the fact that 𝑆

𝑖
→ 𝐴

𝑖
→

(𝑀, 𝑆
𝑁

𝑖+1
, 𝐴

𝑖−1

, 𝐴
𝑁

𝑖+1
) form a Markov chain, and (𝑑5) follows

from defining 𝑈
𝑖
= (𝑀,𝑌

𝑖−1

, 𝑆
𝑁

𝑖+1
, 𝐴

𝑁

). Substituting (D.8)
into (D.7),

𝑅 = lim
𝑁→∞

1

𝑁
𝐻 (𝑀)

≤ lim
𝑁→∞

1

𝑁

𝑁

∑

𝑖=1

[𝐼 (𝑈
𝑖
; 𝑌

𝑖
) − 𝐼 (𝑆

𝑖
; 𝑈

𝑖
| 𝐴

𝑖
)] .

(D.9)

To serve the single-letter characterization, let us introduce
a time-sharing random variable 𝑄 independent of 𝑀, 𝐴𝑁,
𝑆
𝑁, 𝑈𝑁, 𝑋𝑁, 𝑌𝑁, and 𝑍𝑁 and uniformly distributed over
{1, 2, . . . , 𝑁}. Set

𝑈 = (𝑀,𝑌
𝑄−1

, 𝑆
𝑁

𝑄+1
, 𝐴

𝑁

, 𝑄) ,

𝐴 = 𝐴
𝑄
, 𝑆 = 𝑆

𝑄
, 𝑋 = 𝑋

𝑄
,

𝑌 = 𝑌
𝑄
, 𝑍 = 𝑍

𝑄
.

(D.10)

It is straightforward to see that (𝐴, 𝑈) → (𝑋, 𝑆) → 𝑌 →

𝑍 form a Markov chain. Applying the standard time-sharing
argument [19, Section 5.4] to (D.9), we can easily get (D.2).

This completes the proof of the converse part of
Theorem 5.
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The paper presents new conditions suitable in design of the stabilizing state controller for a class of continuous-time nonlinear
systems,which are representable by pairwise distributable Takagi-Sugenomodels. Taking into account the affine properties of theTS
model structure and applying the pairwise subsystems fuzzy control scheme relating to the parallel distributed output compensators,
the extended bounded real lemma form and the sufficient design conditions for pairwise decentralized control are outlined in terms
of linear matrix inequalities. The proposed procedure decouples the Lyapunov matrix and the system parameter matrices in the
LMIs and, using free tuning parameter, provides the way to obtain global stability of such large-scale TS systems and optimizes
subsystems interaction𝐻

∞
norm bounds.

1. Introduction

A number of problems that arise in state control can be
reduced to a handful of standard convex and quasiconvex
problems that involve matrix inequalities (LMI). It is known
that the optimal solution can be computed by using the inte-
rior point methods [1], which converge in polynomial time
with respect to the problem size.Thus, efficient interior point
algorithms have recently been developed and further devel-
opment of algorithms for these standard problems is an area
of active research. For this approach, the stability conditions
may be expressed in terms of LMIs, which have a notable
practical interest due to the existence of numerical solvers.
Some progress review in this field can be found, for example,
in [2, 3] and the references therein.

Based on the concept of quadratic stability, the control
design problems, in respect of the 𝐻

∞
norm of the closed-

loop system transfer matrix, are transferred into a standard
LMI optimization task, which includes bounded real lemma
(BRL) formulation.The first version of BRL presented simple
condition under which a transfer function was contractive
on the imaginary axis of the complex variable plain. Using

this formulation, it was possible to determine the 𝐻
∞

norm
of a transfer function, and the BRL has become a significant
element to show and prove that the existence of feedback
controllers, resulting in a closed-loop transfer matrix having
the𝐻

∞
norm less than a given upper bound, is equivalent to

the existence of a solution of certain LMIs. Motivated by the
underlying ideas, the technique for BRL representation was
extended to state feedback control design and stayed prefer-
able for systems with time-varying parameters [4–6]. When
used in robust analysis of linear systemswith polytopic uncer-
tainties, as the number of polytops increases, the solution
turned out to be very conservative. To reduce conservatism
inherent in such use of quadratic methods, the equivalent
LMI representations of BRL for continuous-time as well
as discrete-time uncertain systems were introduced [7–10].
Moreover, exploiting the sector nonlinearity approach to
obtain Takagi-Sugeno (TS) models from the nonlinear sys-
tem equations [11], suitable BRLs as well as enhanced BRL
representation guaranteeing quadratic performances for the
closed-loop nonlinear systems are exploited in 𝐻

∞
fuzzy

control [12–14].
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In last years, modern control methods have found their
way into design of interconnected systems and led to a wide
variety of new concepts and results. In particular, paradigms
of LMIs and 𝐻

∞
norm have appeared to be very attractive

due to their promise of handling systems with relative high
dimensions, and design of partly decentralized schemes sub-
stantially minimized the information exchange between sub-
systems of a large scale system. With respect to the existing
structure of interconnections in a large-scale system, it is gen-
erally impossible to stabilize all subsystems and thewhole sys-
tem simultaneously by using decentralized controllers, since
the stability of interconnected systems is not only dependent
on the stability degree of subsystems but is also closely depen-
dent on the interconnections [15–17]. Analogous principles
were applied in decentralized fuzzy control [18].

Considering the decomposition-based control strategy
[19] and including into design step the effects of subsystem
pairs interconnections [20], a pairwise decentralized control
problem was proposed for linear large-scale systems in [21]
and for linear large-scale systemswith polytopic uncertainties
in [22], respectively. Introducing the results as a pairwise
partially decentralized control, in [21] there were formulated
design conditions for a linear control, while the design
conditions given in [22] reflect the robust linear control
design task, both solved in the frames of LMI representations.
Since the feedback control for TS models is the so-called
parallel distributed compensation (PDC) control, the above
results have to be significantly reformulated considering the
pairwise distributable large-scale TS fuzzy systems.

Inspired by the enhanced design conditions proposed in
[13] in designing the optimal control of TS systems with
quadratic optimality criterion, the paper is devoted to study-
ing the partially decentralized control problems from the
above given viewpoint for pairwise distributable large-scale
TS fuzzy systems. Sufficient stability conditions are stated
now as a set of LMIs to encompass the quadratic stability case
in respect of the 𝐻

∞
approach. Used structures in the pre-

sented forms enable us potentially to design systems with an
embedded reconfigurable control structure property [21]. To
the best of the authors’ knowledge, the paper presents a new
formulation of the control principle of pairwise distributable
large-scale TS fuzzy systems, newly defines the conditions of
existence of solutions for the fuzzy control scheme relating to
PDCs in such distributable structure, and offers the possibil-
ity of new ways to solve the problem of control law synthesis
for TS fuzzy systems with a large number of membership
functions.

The paper is organized as follows. In Section 2, the basis
preliminaries, concerning the TS models and the 𝐻

∞
norm

problems, are presented with results on BRL and enhanced
BRL for TS systems. Formulating the pairwise distributable
large-scale TS fuzzy systems structure in Section 3 and
continuing with this formalism in Section 4, the equivalent
TS BRL design methods are outlined to possess the sufficient
conditions for the pairwise decentralized control of given
class of TS large-scale systems. Finally, the example is given
in Section 5, to illustrate the feasibility and properties of the
proposedmethod and some concluding remarks are stated in
Section 6.

Throughout the paper, the following notations are used:
x𝑇, X𝑇 denote the transposes of the vector x and matrix X,
respectively, diag[X

𝑖
], 𝑖 = 1, 2, . . . , 𝑝 denotes a block diagonal

matrix with 𝑝 blocks, blk[X
𝑖𝑙
], 𝑖, 𝑙 = 1, 2, . . . , 𝑝 entails a

row- and column-wise partitionedmatrix, broken into blocks
by partitioning its rows and columns into 𝑝 collection of
row-groups and 𝑝 collection of column-groups, for a square
matrix, X < 0 means that X is a symmetric negative definite
matrix, the symbol I

𝑛
indicates the 𝑛th order unit matrix, R

denotes the set of real numbers, and R𝑛×𝑟 refers to the set of
𝑛 × 𝑟 real matrices.

2. Preliminaries

2.1. System Model. The class of TS systems, considered in the
paper, is formed as follows:

̇q (𝑡) =

𝑠

∑

𝑗=1

ℎ
𝑗
(𝜃 (𝑡)) (A

𝑗
q (𝑡) + B

𝑗
u (𝑡)) , (1)

y (𝑡) = Cq (𝑡) , (2)

where q(𝑡) ∈ R𝑛, u(𝑡) ∈ R𝑟, and y(𝑡) ∈ R𝑚 are vectors of
the state, input, andmeasurable output variables, respectively,
matrices A

𝑗
∈ R𝑛×𝑛, B

𝑗
∈ R𝑛×𝑟, and C ∈ R𝑚×𝑛 are real

matrices, 𝑡 ∈ R is the time variable, and 𝜇
𝑗
(𝜃(𝑡)) is the weight

for 𝑗th fuzzy rule. Satisfying the following, by definition, the
property

0 ≤ 𝜇
𝑗
(𝜃 (𝑡)) ≤ 1,

𝑠

∑

𝑗=1

𝜇
𝑗
(𝜃 (𝑡)) = 1 ∀𝑗 ∈ ⟨1, 2, . . . , 𝑠⟩ ,

𝜃 (𝑡) = [𝜃
1
(𝑡) 𝜃
2
(𝑡) ⋅ ⋅ ⋅ 𝜃V (𝑡)]

(3)

is the vector of the premise variables, where 𝑠, V are the
numbers of fuzzy rules and premise variables, respectively.
It is supposed next that all premise variables are measurable
and independent on u(𝑡) (more details can be found, e.g., in
[11, 13]).

2.2. LMI Formulations for 𝐻
∞

Performance. Let the TS
systems model (1), (2) be considered (in this subsection only)
in the next extended form

̇q (𝑡) =

𝑠

∑

𝑗=1

𝜇
𝑗
(𝜃 (𝑡)) (A

𝑗
q (𝑡) + B

𝑗
u (𝑡) + G

𝑗
w (𝑡)) , (4)

y (𝑡) = Cq (𝑡) +Dw (𝑡) , (5)

whereG
𝑗
∈ R𝑛×𝑟,D ∈ R𝑚×𝑟, and𝑤(𝑡) ∈ R𝑟 is the disturbance

input that belongs to 𝐿
2
⟨0, +∞) and, using the same set of

membership functions, the fuzzy state control law is defined
as

u (𝑡) = −

𝑠

∑

𝑔=1

𝜇
𝑔
(𝜃 (𝑡))K

𝑔
q (𝑡) . (6)
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Evidently, the closed-loop system state variable dynamics is
described by the next equation

̇q (𝑡) =

𝑠

∑

𝑗=1

𝑠

∑

𝑔=1

𝜇
𝑗
(𝜃 (𝑡)) 𝜇

𝑔
(𝜃 (𝑡)) (H

𝑗𝑔
q (𝑡) + G

𝑗
w (𝑡)) (7)

and also, owing to the symmetry in summations, by the
symmetric equation

̇q (𝑡) =

𝑠

∑

𝑗=1

𝑠

∑

𝑔=1

𝜇
𝑗
(𝜃 (𝑡)) 𝜇

𝑔
(𝜃 (𝑡)) (H

𝑔𝑗
q (𝑡) + G

𝑔
w (𝑡)) , (8)

where

H
𝑗𝑔

= A
𝑗
− B
𝑗
K
𝑔
, H

𝑔𝑗
= A
𝑔
− B
𝑔
K
𝑗
. (9)

Thus, adding (8), (9) gives

2 ̇q (𝑡) =

𝑠

∑

𝑗=1

𝑠

∑

𝑔=1

𝜇
𝑗
(𝜃 (𝑡)) 𝜇

𝑔
(𝜃 (𝑡))

× ((H
𝑗𝑔

+H
𝑔𝑗
) q (𝑡) + (G

𝑗
+ G
𝑔
)w (𝑡)) .

(10)

Rearranging the computation, (10) can be written as

2 ̇q (𝑡) =

𝑠

∑

𝑗=1

𝜇
𝑗
(𝜃 (𝑡)) 𝜇

𝑗
(𝜃 (𝑡))

× ((H
𝑗𝑗

+H
𝑗𝑗
) q (𝑡) + (G

𝑗
+ G
𝑗
)w (𝑡))

+ 2

𝑠−1

∑

𝑗=1

𝑠

∑

𝑔=𝑗+1

𝜇
𝑗
(𝜃 (𝑡)) 𝜇

𝑔
(𝜃 (𝑡))

× ((H
𝑗𝑔

+H
𝑔𝑗
) q (𝑡) + (G

𝑗
+ G
𝑔
)w (𝑡)) ,

(11)

̇q (𝑡) =

𝑠

∑

𝑗=1

𝜇
𝑗
(𝜃 (𝑡)) 𝜇

𝑗
(𝜃 (𝑡))

× (H
𝑗𝑗
q (𝑡) + G

𝑗
w (𝑡))

+ 2

𝑠−1

∑

𝑗=1

𝑠

∑

𝑔=𝑗+1

𝜇
𝑗
(𝜃 (𝑡)) 𝜇

𝑔
(𝜃 (𝑡))

× (

H
𝑗𝑔

+H
𝑔𝑗

2
q (𝑡) +

G
𝑗
+ G
𝑔

2
w (𝑡)) ,

(12)

respectively.
Considering this, the next lemmas can be introduced.

Lemma 1 (bounded real lemma). The closed-loop system (7),
(5) is stable with the performance ∑

𝑠

𝑗=1
∑
𝑠

𝑔=1
𝜇
𝑗
(𝜃(𝑡))𝜇

𝑔
(𝜃(𝑡))

‖C(𝑠I −H
𝑗𝑔
)
−1G
𝑗
+D‖
2

∞

≤ 𝛾 if there exist a positive definite
matrix X ∈ R𝑛×𝑛 and a positive scalar 𝛾 ∈ R such that

X = X𝑇 > 0, 𝛾 > 0, (13)

[
[

[

H
𝑗𝑗
X + XH𝑇

𝑗𝑗
G
𝑗

XC𝑇

∗ −𝛾I
𝑟

D𝑇

∗ ∗ −I
𝑚

]
]

]

< 0, (14)

[
[
[
[

[

H
𝑗𝑔

+H
𝑔𝑗

2
X + X

(H
𝑗𝑔

+H
𝑔𝑗
)
𝑇

2

G
𝑗
+ G
𝑔

2
XC𝑇

∗ −𝛾I
𝑟

D𝑇

∗ ∗ −I
𝑚

]
]
]
]

]

< 0,

(15)

for all 𝑗 ∈ ⟨1, 2, . . . 𝑠⟩, and 𝑗 < 𝑔 ≤ 𝑠, 𝑗, 𝑔 ∈ ⟨1, 2, . . . 𝑠⟩,
respectively, where I

𝑟
∈ R𝑟×𝑟, I

𝑚
∈ R𝑚×𝑚 are identity matrices

and √𝛾 is an upper bound of 𝐻
∞

norm of the disturbance
transfer matrix function.

Here and hereafter, ∗ denotes the symmetric item in a
symmetric matrix.

Proof. Defining Lyapunov function as

V (q (𝑡)) = q𝑇 (𝑡)Pq (𝑡)

+ 3∫

𝑡

0

(y𝑇 (𝜏) y (𝜏) − 𝛾w𝑇 (𝜏)w (𝜏)) 𝑑𝜏 > 0,

(16)

where P = P𝑇 > 0, P ∈ R𝑛×𝑛, 𝛾 > 0, 𝛾 ∈ R and
evaluating the derivative of V(q(𝑡)) with respect to 𝑡 along a
system trajectory, then it yields

̇V (q (𝑡)) = ̇q𝑇 (𝑡)Pq (𝑡) + q𝑇 (𝑡)P ̇q (𝑡)

+ 3 (y𝑇 (𝑡) y (𝑡) − 𝛾w𝑇 (𝑡)w (𝑡)) < 0.

(17)

Substituting (5) and (12) in (17), the next inequality is
obtained:

̇V (q (𝑡))

=

𝑠

∑

𝑗=1

𝜇
𝑗
(𝜃 (𝑡)) 𝜇

𝑗
(𝜃 (𝑡))

×

{{{{{{

{{{{{{

{

(H
𝑗𝑗
q (𝑡) + G

𝑗
w (𝑡))

𝑇

Pq (𝑡)

+q𝑇 (𝑡)P (H
𝑗𝑗
q (𝑡) + G

𝑗
w (𝑡))

+(Cq (𝑡) +Dw (𝑡))
𝑇

(Cq (𝑡) +Dw (𝑡))

−𝛾w𝑇 (𝑡)w (𝑡)

}}}}}}

}}}}}}

}
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+ 2

𝑠−1

∑

𝑗=1

𝑠

∑

𝑔=𝑗+1

𝜇
𝑗
(𝜃 (𝑡)) 𝜇

𝑔
(𝜃 (𝑡))

×

{{{{{{{{{{

{{{{{{{{{{

{

(

H
𝑗𝑔

+H
𝑔𝑗

2
q (𝑡) +

G
𝑗
+ G
𝑔

2
w (𝑡))

𝑇

Pq (𝑡)

+q𝑇 (𝑡)P(

H
𝑗𝑔

+H
𝑔𝑗

2
q (𝑡) +

G
𝑗
+ G
𝑔

2
w (𝑡))

+(Cq (𝑡) +Dw (𝑡))
𝑇

(Cq (𝑡) +Dw (𝑡))

−𝛾w𝑇 (𝑡)w (𝑡)

}}}}}}}}}}

}}}}}}}}}}

}

< 0

(18)

and with the notation

q𝑇
𝑤
(𝑡) = [q𝑇 (𝑡) w𝑇 (𝑡)] , (19)

it yields

̇V (q (𝑡)) =

𝑠

∑

𝑗=1

𝜇
𝑗
(𝜃 (𝑡)) 𝜇

𝑗
(𝜃 (𝑡)) q𝑇

𝑤
(𝑡)

× (R
𝑗𝑗

+Q) q
𝑤
(𝑡)

+ 2

𝑠−1

∑

𝑗=1

𝑠

∑

𝑔=𝑗+1

𝜇
𝑗
(𝜃 (𝑡)) 𝜇

𝑔
(𝜃 (𝑡))

× q𝑇
𝑤
(𝑡) (R

𝑗𝑔
+Q) q

𝑤
(𝑡) < 0,

(20)

where

R
𝑗𝑗

= [
PH
𝑗𝑗

+H𝑇
𝑗𝑗
P PG

𝑗

∗ −𝛾I
𝑟

] , Q = [

C𝑇

D𝑇
] [C D] ,

R
𝑗𝑔

=

[
[
[

[

P
H
𝑗𝑔

+H
𝑔𝑗

2
+

(H
𝑗𝑔

+H
𝑔𝑗
)
𝑇

2
P P

G
𝑗
+ G
𝑔

2

∗ −𝛾I
𝑟

]
]
]

]

.

(21)

Since (20) implies

R
𝑗𝑗

+Q < 0, R
𝑗𝑔

+Q < 0, (22)

for all 𝑗 ∈ ⟨1, 2, . . . , 𝑠⟩ and 𝑗 < 𝑔 ≤ 𝑠, 𝑖, 𝑗 ∈ ⟨1, 2, . . . , 𝑠⟩,
respectively, then using the Schur complement property, (22)
can be written as

[
[

[

PH
𝑗𝑗

+H𝑇
𝑗𝑗
P PG

𝑗
C𝑇

∗ −𝛾I
𝑟

D𝑇

∗ ∗ −I
𝑚

]
]

]

< 0,

[
[
[
[
[
[

[

P
H
𝑗𝑔

+H
𝑔𝑗

2
+

(H
𝑗𝑔

+H
𝑔𝑗
)
𝑇

2
P P

G
𝑗
+ G
𝑔

2
C𝑇

∗ −𝛾I
𝑟

D𝑇

∗ ∗ −I
𝑚

]
]
]
]
]
]

]

< 0.

(23)

Defining the transform matrix L as

L = diag [P−1 I
𝑟
I
𝑚
] , (24)

premultiplying the left-hand side and the right-hand side of
(23) by L, gives

[
[
[
[

[

H
𝑗𝑗
P−1 + P−1H𝑇

𝑗𝑗
G
𝑗

P−1C𝑇

∗ −𝛾I
𝑟

D𝑇

∗ ∗ −I
𝑚

]
]
]
]

]

< 0, (25)

[
[
[
[
[
[

[

H
𝑗𝑔

+H
𝑔𝑗

2
P−1 + P−1

(H
𝑗𝑔

+H
𝑔𝑗
)
𝑇

2

G
𝑗
+ G
𝑔

2
P−1C𝑇

∗ −𝛾I
𝑟

D𝑇

∗ ∗ −I
𝑚

]
]
]
]
]
]

]

< 0.

(26)

Thus, using the substitutionX = P−1 then (25) and (26) imply
(14) and (15), respectively. This concludes the proof.

Remark 2. Another form of bounded real lemma can be
obtained using Lyapunov function of the form

V (q (𝑡)) = q𝑇 (𝑡)Pq (𝑡)

+ 3𝛾
−1

∫

𝑡

0

(y𝑇 (𝜏) y (𝜏) − 𝛾
2w𝑇 (𝜏)w (𝜏)) 𝑑𝜏 > 0,

(27)

(compare, e.g., [6, 12, 13, 18]), but the BRL forms implying
from (27) result, in general, the higher 𝐻

∞
norm upper

bound 𝛾 then using the presented conditions (14), (15).

Lemma 3 (enhanced bounded real lemma). The closed-loop
system (7), (5) is stable with the performance ∑

𝑠

𝑗=1
∑
𝑠

𝑔=1
𝜇
𝑗

(𝜃(𝑡))𝜇
𝑔
(𝜃(𝑡))‖C(𝑠I −H

𝑗𝑔
)
−1G
𝑗
+D‖
2

∞

≤ 𝛾 if for given 𝛿 > 0,
𝛿 ∈ R, there exist positive definite matrices V,T ∈ R𝑛×𝑛 and a
positive scalar 𝛾 ∈ R such that
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V = V𝑇 > 0, 𝛾 > 0, (28)

[
[
[
[
[
[
[

[

H
𝑗𝑗
V + VH𝑇

𝑗𝑗
G
𝑗

T − 𝛿V + VH𝑇
𝑗𝑗

VC𝑇

∗ −𝛾I
𝑟

G𝑇
𝑗

D𝑇

∗ ∗ −2𝛿V 0

∗ ∗ ∗ −I
𝑚

]
]
]
]
]
]
]

]

< 0, (29)

[
[
[
[
[
[
[
[
[
[
[

[

H
𝑗𝑔

+H
𝑔𝑗

2
V + V

(H
𝑗𝑔

+H
𝑔𝑗
)
𝑇

2

G
𝑗
+ G
𝑔

2
T − 𝛿V + V

(H
𝑗𝑔

+H
𝑔𝑗
)
𝑇

2
VC𝑇

∗ −𝛾I
𝑟

(G
𝑗
+ G
𝑔
)
𝑇

2
D𝑇

∗ ∗ −2𝛿V 0

∗ ∗ ∗ −I
𝑚

]
]
]
]
]
]
]
]
]
]
]

]

< 0, (30)

for all 𝑗 ∈ ⟨1, 2, . . . , 𝑠⟩ and 𝑗 < 𝑔 ≤ 𝑠, 𝑗, 𝑔 ∈ ⟨1, 2, . . . , 𝑠⟩,
respectively.

Proof. Since (12) implies
𝑠

∑

𝑗=1

𝜇
𝑗
(𝜃 (𝑡)) 𝜇

𝑗
(𝜃 (𝑡)) (H

𝑗𝑗
q (𝑡) + G

𝑗
w (𝑡))

+ 2

𝑠−1

∑

𝑗=1

𝑠

∑

𝑔=𝑗+1

𝜇
𝑗
(𝜃 (𝑡)) 𝜇

𝑔
(𝜃 (𝑡))

× (

H
𝑗𝑔

+H
𝑔𝑗

2
q (𝑡) +

G
𝑗
+ G
𝑔

2
w (𝑡)) − ̇q (𝑡)

= 0,

(31)

then, with arbitrary regular symmetric square matrices
S
1
, S
2
∈ R𝑛×𝑛, it yields

(q𝑇 (𝑡) S
1
+ ̇q𝑇 (𝑡) S

2
)(

(

𝑠

∑

𝑗=1

𝜇
𝑗
(𝜃 (𝑡)) 𝜇

𝑗
(𝜃 (𝑡)) (H

𝑗𝑗
q (𝑡) + G

𝑗
w (𝑡))

+2

𝑠−1

∑

𝑗=1

𝑠

∑

𝑔=𝑗+1

𝜇
𝑗
(𝜃 (𝑡)) 𝜇

𝑔
(𝜃 (𝑡)) (

H
𝑗𝑔

+H
𝑔𝑗

2
q (𝑡) +

G
𝑗
+ G
𝑔

2
w (𝑡)) − ̇q (𝑡)

)

)

= 0. (32)

Thus, adding (32), as well as its transposition to (17), and
substituting (5) into (17) give

0 > ̇V (q (𝑡))

= ̇q𝑇 (𝑡)Pq (𝑡) + q𝑇 (𝑡)P ̇q (𝑡)

+ 3(Cq (𝑡) +Dw (𝑡))
𝑇

(Cq (𝑡) +Dw (𝑡))

− 3𝛾w𝑇 (𝑡)w (𝑡)

+ 2 (q𝑇 (𝑡) S
1
+ ̇q𝑇 (𝑡) S

2
)

× (

𝑠

∑

𝑗=1

𝜇
𝑗
(𝜃 (𝑡)) 𝜇

𝑗
(𝜃 (𝑡))

× (H
𝑗𝑗
q (𝑡) + G

𝑗
w (𝑡)) − ̇q (𝑡))

+ 4 (q𝑇 (𝑡) S
1
+ ̇q𝑇 (𝑡) S

2
)

×

𝑠−1

∑

𝑗=1

𝑠

∑

𝑔=𝑗+1

𝜇
𝑗
(𝜃 (𝑡)) 𝜇

𝑔
(𝜃 (𝑡))

× (

H
𝑗𝑔

+H
𝑔𝑗

2
q (𝑡) +

G
𝑗
+ G
𝑔

2
w (𝑡)) ,

(33)
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and using the notation
q⬦𝑇
𝑤

(𝑡) = [q𝑇 (𝑡) w𝑇 (𝑡) ̇q𝑇 (𝑡)] (34)

can be obtained the following:

̇V (q (𝑡)) =

𝑠

∑

𝑗=1

𝜇
𝑗
(𝜃 (𝑡)) 𝜇

𝑗
(𝜃 (𝑡))

× q⬦𝑇
𝑤

(𝑡) (R⬦
𝑗𝑗

+Q⬦) q⬦
𝑤
(𝑡)

+ 2

𝑠−1

∑

𝑗=1

𝑠

∑

𝑔=𝑗+1

𝜇
𝑗
(𝜃 (𝑡)) 𝜇

𝑔
(𝜃 (𝑡))

× q⬦𝑇
𝑤

(𝑡) (R⬦
𝑗𝑔

+Q⬦) q⬦
𝑤
(𝑡) < 0,

(35)

where

R⬦
𝑗𝑗

=
[
[

[

S
1
H
𝑗𝑗

+H𝑇
𝑗𝑗
S
1
S
1
G
𝑗
P − S
1
+H𝑇
𝑗𝑗
S
2

∗ −𝛾I
𝑟

G𝑇
𝑗
S
2

∗ ∗ −2S
2

]
]

]

,

R⬦
𝑗𝑔

=

[
[
[
[
[
[

[

S
1

H
𝑗𝑔

+H
𝑔𝑗

2
+

(H
𝑗𝑔

+H
𝑔𝑗
)
𝑇

2
S
1
S
1

G
𝑗
+ G
𝑔

2
P − S
1
+

(H
𝑗𝑔

+H
𝑔𝑗
)
𝑇

2
S
2

∗ −𝛾I
𝑟

(G
𝑗
+ G
𝑔
)
𝑇

2
S
2

∗ ∗ −2S
2

]
]
]
]
]
]

]

,

Q⬦ = [

[

C𝑇
D𝑇
0

]

]

[C D 0] .

(36)

Since (35) implies

R⬦
𝑗𝑗

+Q⬦ < 0, R⬦
𝑗𝑔

+Q⬦ < 0, (37)

for all 𝑗 ∈ ⟨1, 2, . . . , 𝑠⟩ and 𝑗 < 𝑔 ≤ 𝑠, 𝑖, 𝑗 ∈ ⟨1, 2, . . . , 𝑠⟩,
respectively, using the Schur complement property, (37) can
be written as

[
[
[
[

[

S
1
H
𝑗𝑗

+H𝑇
𝑗𝑗
S
1
S
1
G
𝑗
P − S
1
+H𝑇
𝑗𝑗
S
2

C𝑇

∗ −𝛾I
𝑟

G𝑇
𝑗
S
2

D𝑇

∗ ∗ −2S
2

0
∗ ∗ ∗ −I

𝑚

]
]
]
]

]

,

[
[
[
[
[
[
[
[
[

[

S
1

H
𝑗𝑔

+H
𝑔𝑗

2
+

(H
𝑗𝑔

+H
𝑔𝑗
)
𝑇

2
S
1
S
1

G
𝑗
+ G
𝑔

2
P − S
1
+

(H
𝑗𝑔

+H
𝑔𝑗
)
𝑇

2
S
2

C𝑇

∗ −𝛾I
𝑟

(G
𝑗
+ G
𝑔
)
𝑇

2
S
2

D𝑇

∗ ∗ −2S
2

0
∗ ∗ ∗ −I

𝑚

]
]
]
]
]
]
]
]
]

]

.

(38)

Since S
1
, S
2
are supposed to be regular and symmetric, the

transform matrix L⬦ can be defined as

L⬦ = diag [S−1
1

I
𝑟
S−1
2

I
𝑚
] , (39)

and pre-multiplying the left-hand and the right-hand side of
(38) by L⬦ gives

[
[
[
[

[

H
𝑗𝑗
S−1
1

+ S−1
1
H𝑇
𝑗𝑗

G
𝑗

T − S−1
2

+ S−1
1
H𝑇
𝑗𝑗

S−1
1
C𝑇

∗ −𝛾I
𝑟

G𝑇
𝑗

D𝑇

∗ ∗ −2S−1
2

0
∗ ∗ ∗ −I

𝑚

]
]
]
]

]

,

(40)

[
[
[
[
[
[
[
[

[

Π
𝑗𝑔

G
𝑗
+ G
𝑔

2
T − S−1
2

+ S−1
1

(H
𝑗𝑔

+H
𝑔𝑗
)
𝑇

2
S−1
1
C𝑇

∗ −𝛾I
𝑟

(G
𝑗
+ G
𝑔
)
𝑇

2
D𝑇

∗ ∗ −2S−1
2

0
∗ ∗ ∗ −I

𝑚

]
]
]
]
]
]
]
]

]

,

(41)

T = S−1
1
PS−1
2
, Π

𝑗𝑔
=

H
𝑗𝑔

+H
𝑔𝑗

2
S−1
1

+ S−1
1

(H
𝑗𝑔

+H
𝑔𝑗
)
𝑇

2
.

(42)
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Thus, using the notation

S−1
2

= 𝛿V, S−1
1

= V, (43)

(40), (41) imply (29), (30). This concludes the proof.

This enhanced form of the bounded real lemma elimi-
nates products of a LyapunovmatrixT and the systemmatrix
parameters A

𝑗
, B
𝑗
, C, and D in the LMI stability conditions.

When used in the synthesis of controllers or observers for
TS systems (that are, evidently, the systems with polytopic
uncertainties), the enhanced form of BRL gives solutions
that are less conservative than ones given by the standard
form of BRL. In that sense, the enhanced form of BRL can
be preferred in TS systems analysis and design [13] giving
less conservative equivalency to the synthesis based on the
parameter dependent Lyapunov functions principle [4].

3. Pairwise Distributed Principle in
Control Design

The main property of the pairwise distributable structure of
TS large-scale systems is given by the next two lemmas.

Lemma 4. Let the system (1), (2) is structured in 𝑝 subsystems
in such way that, for 𝑗 = 1, 2, . . . , 𝑠, 𝑟 ≥ 3, 𝑖, 𝑙 = 1, 2, . . . , 𝑝,

A
𝑗
= 𝑏𝑙𝑘 [A

𝑗𝑖𝑙
] , C = 𝑏𝑙𝑘 [C

𝑖𝑙
] ,

B
𝑗
= diag [B

𝑗𝑖
] , D = 0,

(44)

̇q
ℎ
(𝑡) =

𝑠

∑

𝑗=1

𝜇
𝑗
(𝜃 (𝑡))

× (A
𝑗ℎℎ

q
ℎ
(𝑡) +

𝑝

∑

𝑙=1,𝑙 ̸= ℎ

(A
𝑗ℎ𝑙
q
𝑙
(𝑡) + B

𝑗ℎ
u
ℎ
(𝑡))) ,

(45)

y
ℎ
(𝑡) = C

ℎℎ
q
ℎ
(𝑡) +

𝑝

∑

𝑙=1,𝑙 ̸= ℎ

C
ℎ𝑙
q
𝑙
(𝑡) , (46)

where q
ℎ
(𝑡) ∈ R𝑛ℎ , u

ℎ
(𝑡) ∈ R𝑟ℎ , y

ℎ
(𝑡) ∈ R𝑚ℎ , A

𝑗ℎ𝑙
∈ R𝑛ℎ×𝑛𝑙 ,

B
𝑗ℎ

∈ R𝑟ℎ×𝑛ℎ , and C
ℎ𝑙

∈ R𝑚ℎ×𝑛ℎ , respectively, and 𝑛 = ∑
𝑝

ℎ=1
𝑛
ℎ
,

𝑟 = ∑
𝑝

ℎ=1
𝑟
ℎ
, and 𝑚 = ∑

𝑝

ℎ=1
𝑚
ℎ
.

Then the ℎ𝑘th unforced subsystem pair in unforced system
(1), (2), and (44) is stable if there exists a set of symmetric
matrices

P∘
ℎ𝑘

= [
P𝑘
ℎ

P
ℎ𝑘

P
𝑘ℎ

Pℎ
𝑘

] , ℎ = 1, 2, . . . , 𝑝 − 1,

𝑘 = ℎ + 1, ℎ + 2, . . . , 𝑝,

(47)

such that
𝑝−1

∑

ℎ=1

𝑝

∑

𝑘=ℎ+1

( ̇q𝑇
ℎ𝑘

(𝑡) [
P𝑘
ℎ

P
ℎ𝑘

P
𝑘ℎ

Pℎ
𝑘

] q
ℎ𝑘

(𝑡)

+q𝑇
ℎ𝑘

(𝑡) [
P𝑘
ℎ

P
ℎ𝑘

P
𝑘ℎ

Pℎ
𝑘

] ̇q
ℎ𝑘

(𝑡)) < 0,

(48)

where
q𝑇
ℎ𝑘

(𝑡) = [q𝑇
ℎ
(𝑡) q𝑇
𝑘
(𝑡)] , (49)

̇q
ℎ𝑘

(𝑡) =

𝑠

∑

𝑗=1

𝜇
𝑗
(𝜃 (𝑡))

× ([
A
𝑗ℎℎ

A
𝑗ℎ𝑘

A
𝑗𝑘ℎ

A
𝑗𝑘𝑘

] q
ℎ𝑘

(𝑡) +

𝑝

∑

𝑙=1

𝑙 ̸= ℎ,𝑘

[
A
𝑗ℎ𝑙

A
𝑗𝑘𝑙

] q
𝑙
(𝑡)) .

(50)
Proof. Defining Lyapunov function as

V (q (𝑡)) = q𝑇 (𝑡)Pq (𝑡) > 0, (51)

where P = P𝑇 > 0, P ∈ R𝑛×𝑛, then the time derivative of
V(q(𝑖)) along a solution of the system (1), (2) is

̇V (q (𝑡)) = ̇q𝑇 (𝑡)Pq (𝑡) + q𝑇 (𝑡)P ̇q (𝑡) < 0. (52)
Considering P of the next form

P =

[
[
[
[

[

P
11

P
12

. . . P
1𝑝

P
21

P
22

. . . P
2𝑝

...
... d

...
P
𝑝1

P
𝑝2

. . . P
𝑝𝑝

]
]
]
]

]

,

P
ℎℎ

=

𝑝

∑

𝑙=1

𝑙 ̸= ℎ

P𝑙
ℎ
, ℎ = 1, 2, . . . 𝑝,

(53)

then the next separation is possible

P =

{{{{

{{{{

{

(

[
[
[
[

[

P2
1

P
12

0 . . . 0
P
21

P1
2

0 . . . 0
...

0 0 0 . . . 0

]
]
]
]

]

+ ⋅ ⋅ ⋅ +

[
[
[
[

[

P𝑝
1

0 . . . 0 P
1𝑝

0 0 . . . 0 0
...

P
𝑝1

0 . . . 0 P1
𝑝

]
]
]
]

]

)

+ ⋅ ⋅ ⋅ +

[
[
[
[
[

[

0 . . . 0 0 0
...

0 . . . 0 P𝑝
𝑝−1

P
𝑝−1,𝑝

0 . . . 0 P
𝑝,𝑝−1

P𝑝−1
𝑝

]
]
]
]
]

]

}}}}}

}}}}}

}

.

(54)

Using (49) and writing (45) as

̇q
ℎ𝑘

(𝑡) =

𝑠

∑

𝑗=1

𝜇
𝑗
(𝜃 (𝑡))

×(

[
A
𝑗ℎℎ

A
𝑗ℎ𝑘

A
𝑗𝑘ℎ

A
𝑗𝑘𝑘

] q
ℎ𝑘

(𝑡)+

𝑝

∑

𝑙=1

𝑙 ̸= ℎ,𝑘

[
A
𝑗ℎ𝑙

A
𝑗𝑘𝑙

] q
𝑙
(𝑡)

+ [
B
𝑗ℎ

0
0 B
𝑗𝑘

] [
u
ℎ
(𝑡)

u
𝑘
(𝑡)

]

)

(55)
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and considering that for an unforced regime u
𝑙
(𝑡) = 0, 𝑙 =

1, 2, . . . 𝑝, then (55) implies (50). Subsequently, (1), (52), and
(54) give

𝑠

∑

𝑗=1

𝜇
𝑗
(𝜃 (𝑡))

𝑝−1

∑

ℎ=1

𝑝

∑

𝑘=ℎ+1

(

̇q𝑇
ℎ𝑘

(𝑡) [
P𝑘
ℎ

P
ℎ𝑘

P
𝑘ℎ

Pℎ
𝑘

] q
ℎ𝑘

(𝑡)

+q𝑇
ℎ𝑘

(𝑡) [
P𝑘
ℎ

P
ℎ𝑘

P
𝑘ℎ

Pℎ
𝑘

] ̇q
ℎ𝑘

(𝑡)

)

< 0,

(56)

and the inequality (56) implies (48). This concludes the
proof.

Lemma 5. System (1), (2), (44) with the pairwise distributed
control takes the form

̇q
ℎ𝑘

(𝑡) =

𝑠

∑

𝑗=1

𝑠

∑

𝑔=1

𝜇
𝑗
(𝜃 (𝑡)) 𝜇

𝑔
(𝜃 (𝑡))

× ((A∘
𝑗ℎ𝑘

− B∘
𝑗ℎ𝑘

K∘
𝑔ℎ𝑘

) q
ℎ𝑘

(𝑡) + 𝜔
∘

𝑗𝑔ℎ𝑘
(𝑡)) ,

(57)

y
ℎ𝑘

(𝑡) = C ∘
ℎ𝑘
q
ℎ𝑘

(𝑡) +

𝑝

∑

𝑙=1

𝑙 ̸= ℎ,𝑘

C 𝑙∘
ℎ𝑘
q
𝑙
(𝑡) + 0𝜔

ℎ𝑘
(𝑡) , (58)

where

A∘
𝑗ℎ𝑘

= [
A
𝑗ℎℎ

A
𝑗ℎ𝑘

A
𝑗𝑘ℎ

A
𝑗𝑘𝑘

] , B ∘
𝑗ℎ𝑘

= [
B
𝑗ℎ

0
0 B
𝑗𝑘

] ,

K∘
𝑔ℎ𝑘

[
K𝑘
𝑔ℎ

K
𝑔ℎ𝑘

K
𝑔𝑘ℎ

Kℎ
𝑔𝑘

] ,

(59)

𝜔
∘

𝑗𝑔ℎ𝑘
(𝑡) =

𝑝

∑

𝑙=1

𝑙 ̸= ℎ,𝑘

A𝑙∘
𝑗ℎ𝑘

q
𝑙
(𝑡) + B∘

𝑗ℎ𝑘
𝜔
𝑔ℎ𝑘

(𝑡) , (60)

A𝑙∘
𝑗ℎ𝑘

= [
A
𝑗ℎ𝑙

A
𝑗𝑘𝑙

] , 𝜔
𝑔ℎ𝑘

(𝑡) =

𝑝

∑

𝑙=1

𝑙 ̸= ℎ,𝑘

[
u𝑙
𝑔ℎ

(𝑡)

u𝑙
𝑔𝑘

(𝑡)
] ,

u𝑙
𝑔ℎ

(𝑡) = [K𝑙
𝑔ℎ

K
𝑔ℎ𝑙

] [
q
ℎ
(𝑡)

q
𝑙
(𝑡)

] ,

(61)

C ∘
ℎ𝑘

= [
C𝑘
ℎ

C
ℎ𝑘

C
𝑘ℎ

Cℎ
𝑘

] , C 𝑙∘
ℎ𝑘

= [
C
ℎ𝑙

C
𝑘𝑙

] ,

C
ℎℎ

=

𝑝

∑

𝑙=1

𝑙 ̸= ℎ

C𝑙
ℎ
.

(62)

Proof. Considering in (6) the same structure of K
𝑔
, 𝑔 =

1, 2, . . . 𝑠, as is defined for P in (53), that is,

K
𝑔
=

[
[
[
[

[

K
𝑔11

K
𝑔12

. . . K
𝑔1𝑝

K
𝑔21

K
𝑔22

. . . K
𝑔2𝑝

...
K
𝑔𝑝1

K
𝑔𝑝2

. . . K
𝑔𝑝𝑝

]
]
]
]

]

, K
𝑔ℎℎ

=

𝑝

∑

𝑙=1

𝑙 ̸= ℎ

K𝑙
𝑔ℎ

,

(63)

then the control law u
ℎ
(𝑡) takes the form

u
ℎ
(𝑡) = −

𝑠

∑

𝑔=1

𝜇
𝑔
(𝜃 (𝑡))(K

𝑔ℎℎ
q
ℎ
(𝑡) +

𝑝

∑

𝑙=1

𝑙 ̸= ℎ

K
𝑔ℎ𝑙

q
𝑙
(𝑡)) ,

(64)

where K
𝑔ℎ𝑙

(𝑡), ℎ, 𝑙 = 1, 2, . . . , 𝑝, are non-zero gain matrices.
Exploiting the main diagonal block property (63), then

u
ℎ
(𝑡) = −

𝑠

∑

𝑔=1

𝜇
𝑔
(𝜃 (𝑡))

×

𝑝

∑

𝑙=1

𝑙 ̸= ℎ

[K𝑙
𝑔ℎ

K
𝑔ℎ𝑙

] [
q
ℎ
(𝑡)

q
𝑙
(𝑡)

]

= −

𝑠

∑

𝑔=1

𝜇
𝑔
(𝜃 (𝑡))( [K𝑘

𝑔ℎ
K
𝑔ℎ𝑘

] [
q
ℎ
(𝑡)

q
𝑘
(𝑡)

]

+

𝑝

∑

𝑙=1

𝑙 ̸= ℎ,𝑘

[K𝑙
𝑔ℎ

K
𝑔ℎ𝑙

] [
q
ℎ
(𝑡)

q
𝑙
(𝑡)

])

= −

𝑠

∑

𝑔=1

𝜇
𝑔
(𝜃 (𝑡))(u𝑘

𝑔ℎ
(𝑡) +

𝑝

∑

𝑙=1

𝑙 ̸= ℎ,𝑘

u𝑙
𝑔ℎ

(𝑡)) ,

(65)

where for 𝑙 = 1, 2, . . . , 𝑝, 𝑙 ̸= ℎ, 𝑘,

u𝑙
𝑔ℎ

(𝑡) = [K𝑙
𝑔ℎ

K
𝑔ℎ𝑙

] [
q
ℎ
(𝑡)

q
𝑙
(𝑡)

] . (66)

Defining for ℎ = 1, 2, . . . , 𝑝 − 1, 𝑘 = ℎ + 1, ℎ + 2, . . . , 𝑝 and
with respect to the notations (59) that

[
u𝑘
𝑔ℎ

(𝑡)

uℎ
𝑔𝑘

(𝑡)
] = [

K𝑘
𝑔ℎ

K
𝑔ℎ𝑘

K
𝑔𝑘ℎ

Kℎ
𝑔𝑘

] [
q
ℎ
(𝑡)

q
𝑘
(𝑡)

]

= K∘
𝑔ℎ𝑘

[
q
ℎ
(𝑡)

q
𝑘
(𝑡)

]

(67)
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and combining (64) for ℎ and 𝑘, is obtained the following:

[
u
ℎ
(𝑡)

u
𝑘
(𝑡)

]

= −

𝑠

∑

𝑔=1

𝜇
𝑔
(𝜃 (𝑡))

× (

(

[
K𝑘
𝑔ℎ

K
𝑔𝑘ℎ

K
𝑔ℎ𝑘

Kℎ
𝑔𝑘

] [
q
ℎ
(𝑡)

q
𝑘
(𝑡)

]

−

[
[
[
[
[
[
[

[

𝑝

∑

𝑙=1

𝑙 ̸= ℎ,𝑘

[K𝑙
𝑔ℎ

K
𝑔ℎ𝑙

] [
q
ℎ
(𝑡)

q
𝑙
(𝑡)

]

𝑝

∑

𝑙=1

𝑙 ̸= ℎ,𝑘

[K𝑙
𝑔𝑘

K
𝑔𝑘𝑙

] [
q
𝑘
(𝑡)

q
𝑙
(𝑡)

]

]
]
]
]
]
]
]

]

)

)

,

(68)

[
u
ℎ
(𝑡)

u
𝑘
(𝑡)

] = −

𝑠

∑

𝑔=1

𝜇
𝑔
(𝜃 (𝑡))

× ([
u𝑘
𝑔ℎ

(𝑡)

uℎ
𝑔𝑘

(𝑡)
] +

𝑝

∑

𝑙=1

𝑙 ̸= ℎ,𝑘

[
u𝑙
𝑔ℎ

(𝑡)

u𝑙
𝑔𝑘

(𝑡)
]) ,

(69)

respectively. Then, substituting (69) in (55) gives

̇q
ℎ𝑘

(𝑡)=

𝑠

∑

𝑗=1

𝑠

∑

𝑔=1

𝜇
𝑗
(𝜃 (𝑡)) 𝜇

𝑔
(𝜃 (𝑡)) (A∘

𝑗𝑔ℎ𝑘𝑐
q
ℎ𝑘

(𝑡)+𝜔
∘

𝑗𝑔ℎ𝑘
(𝑡)) ,

(70)

where

A∘
𝑗𝑔ℎ𝑘𝑐

= [
A
𝑗ℎℎ

A
𝑗ℎ𝑘

A
𝑗𝑘ℎ

A
𝑗𝑘𝑘

] − [
B
𝑗ℎ

0
0 B
𝑗𝑘

] [
K𝑘
𝑔ℎ

K
𝑔ℎ𝑘

K
𝑔𝑘ℎ

Kℎ
𝑔𝑘

] , (71)

𝜔
∘

𝑗𝑔ℎ𝑘
(𝑡) =

𝑝

∑

𝑙=1

𝑙 ̸= ℎ,𝑘

[
B
𝑗ℎ
u𝑙
𝑔ℎ

(𝑡) + A
𝑗ℎ𝑙
q
𝑙
(𝑡)

B
𝑗𝑘
u𝑙
𝑔𝑘

(𝑡) + A
𝑗𝑘𝑙
q
𝑙
(𝑡)

] . (72)

Using (59) and denoting

A∘
𝑗𝑔ℎ𝑘𝑗

= A∘
𝑗ℎ𝑘

− B∘
𝑗ℎ𝑘

K∘
𝑔ℎ𝑘

, (73)

then (71) implies (57).

Rewriting (72) in the form

𝜔
∘

𝑗𝑔ℎ𝑘
(𝑡) =

𝑝

∑

𝑙=1

𝑙 ̸= ℎ,𝑘

(B∘
𝑗ℎ𝑘

[
u𝑙
𝑔ℎ

(𝑡)

u𝑙
𝑔𝑘

(𝑡)
] + [

A
𝑗ℎ𝑙

A
𝑗𝑘𝑙

] q
𝑙
(𝑡)) (74)

and using (61), then (74) implies (60).
Finally, using (62), it can be written as

y (𝑡) =

𝑝−1

∑

ℎ=1

𝑝

∑

𝑘=ℎ+1

(C∘
ℎ𝑘
q
ℎ𝑘

(𝑡) +

𝑝

∑

𝑙=1,𝑙 ̸= ℎ

C𝑙
ℎ
q
𝑙
(𝑡)) , (75)

y
ℎ𝑘

(𝑡) = C∘
ℎ𝑘
q
ℎ𝑘

(𝑡) +

𝑝

∑

𝑙=1,𝑙 ̸= ℎ

C𝑙∘
ℎ𝑘
q
𝑙
(𝑡) , (76)

and (76) implies (58). This concludes the proof.

4. Pairwise Control Law Parameter Design

The design conditions, formulated as the set of LMIs, imply
from the next theorems.

Theorem6. Controlled subsystem pair (57), (58) in the system
(1), (3) is stable with performances ∑𝑠

𝑗=1
∑
𝑠

𝑔=1
𝜇
𝑗
(𝜃(𝑡))𝜇

𝑔
(𝜃(𝑡))

‖C∘
ℎ𝑘
(𝑠I−H∘

𝑗𝑔ℎ𝑘
)
−1B∘
𝑗ℎ𝑘

+D∘
𝑗ℎ𝑘

‖
2

∞

≤ 𝛾
ℎ𝑘
, if there exist a sym-

metric positive definite matrix X∘
ℎ𝑘

∈ R(𝑛ℎ+𝑛𝑘)×(𝑛ℎ+𝑛𝑘), matrices
Y∘
𝑗ℎ𝑘

∈ R(𝑟ℎ+𝑟𝑘)×(𝑛ℎ+𝑛𝑘), and positive scalars 𝛾
ℎ𝑘
, 𝜀
ℎ𝑘𝑙

∈ R such
that

X∘
ℎ𝑘

= X∘𝑇
ℎ𝑘

> 0, 𝜀
ℎ𝑘𝑙

> 0, 𝛾
ℎ𝑘

> 0, (77)

for ℎ, 𝑙 = 1, . . . , 𝑝, 𝑙 ̸= ℎ, 𝑘, ℎ < 𝑘 ≤ 𝑝,

[
[
[
[
[
[
[
[
[
[

[

Φ
∘

𝑗𝑗ℎ𝑘
A1∘
𝑗ℎ𝑘

⋅ ⋅ ⋅ A𝑝∘
𝑗ℎ𝑘

B∘
𝑗ℎ𝑘

X∘
ℎ𝑘
C∘𝑇
ℎ𝑘

∗ −𝜀
ℎ𝑘1

I
𝑛1

⋅ ⋅ ⋅ 0 0 C1∘𝑇
ℎ𝑘

...
... d

...
...

...
∗ ∗ ⋅ ⋅ ⋅ −𝜀

ℎ𝑘𝑝
I
𝑛𝑝

0 C𝑝∘𝑇
ℎ𝑘

∗ ∗ ⋅ ⋅ ⋅ ∗ −𝛾
ℎ𝑘
I
(𝑟ℎ+𝑟𝑘)

0
∗ ∗ ⋅ ⋅ ⋅ ∗ ∗ −I

(𝑚ℎ+𝑚𝑘)

]
]
]
]
]
]
]
]
]
]

]

< 0,

(78)

for 𝑗 = 1, 2, . . . , 𝑠, ℎ = 1, 2, . . . , 𝑝 − 1, 𝑘 = ℎ + 1, ℎ + 2, . . . , 𝑝,
𝑙 = 1, 2, . . . , 𝑝, 𝑙 ̸= ℎ, 𝑘,

[
[
[
[
[
[
[
[
[
[
[
[
[

[

Φ
∘

𝑗𝑔ℎ𝑘

A1∘
𝑗ℎ𝑘

+ A1∘
𝑔ℎ𝑘

2
⋅ ⋅ ⋅

A𝑝∘
𝑗ℎ𝑘

+ A𝑝∘
𝑔ℎ𝑘

2

B∘
𝑗ℎ𝑘

+ B∘
𝑔ℎ𝑘

2
X∘
ℎ𝑘
C∘𝑇
ℎ𝑘

∗ −𝜀
ℎ𝑘1

I
𝑛1

⋅ ⋅ ⋅ 0 0 C1∘𝑇
ℎ𝑘

...
... d

...
...

...
∗ ∗ ⋅ ⋅ ⋅ −𝜀

ℎ𝑘𝑝
I
𝑛𝑝

0 C𝑝∘𝑇
ℎ𝑘

∗ ∗ ⋅ ⋅ ⋅ ∗ −𝛾
ℎ𝑘
I
(𝑟ℎ+𝑟𝑘)

0
∗ ∗ ⋅ ⋅ ⋅ ∗ ∗ −I

(𝑚ℎ+𝑚𝑘)

]
]
]
]
]
]
]
]
]
]
]
]
]

]

< 0, (79)
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for 𝑗 = 1, 2, . . . 𝑠 − 1, 𝑗 = 2, 3, . . . 𝑠, ℎ = 1, 2, . . . 𝑝 − 1, 𝑘 =

ℎ + 1, ℎ + 2, . . . 𝑝, 𝑙 = 1, 2, . . . 𝑝, 𝑙 ̸= ℎ, 𝑘, 𝑗 < 𝑔 ≤ 𝑠, with
A∘
𝑗ℎ𝑘

, B∘
𝑗ℎ𝑘

, A𝑙∘
𝑗ℎ𝑘

, C∘
ℎ𝑘
, and C𝑙∘

ℎ𝑘
defined in (59), (61), and (62),

respectively,

Φ
∘

𝑗𝑗ℎ𝑘
= A∘
𝑗ℎ𝑘

X∘
ℎ𝑘

+ X∘
ℎ𝑘
A∘𝑇
𝑗ℎ𝑘

− B∘
𝑗ℎ𝑘

Y∘𝑇
𝑗ℎ𝑘

− Y∘𝑇
𝑗ℎ𝑘

B∘𝑇
𝑗ℎ𝑘

,

Φ
∘

𝑗𝑔ℎ𝑘
=

A∘
𝑗ℎ𝑘

+ A∘
𝑔ℎ𝑘

2
X∘
ℎ𝑘

+ X∘
ℎ𝑘

(A∘
𝑗ℎ𝑘

+ A∘
𝑔ℎ𝑘

)
𝑇

2

−

B∘
𝑗ℎ𝑘

Y∘
𝑔ℎ𝑘

+ B∘
𝑔ℎ𝑘

Y∘
𝑗ℎ𝑘

2

−

(B∘
𝑗ℎ𝑘

Y∘
𝑔ℎ𝑘

+ B∘
𝑔ℎ𝑘

Y∘
𝑗ℎ𝑘

)
𝑇

2
,

(80)

and where, for given ℎ, 𝑘, Aℎ∘
𝑗ℎ𝑘

, A𝑘∘
𝑗ℎ𝑘

, and Cℎ∘
ℎ𝑘
, C𝑘∘
ℎ𝑘

are not
included into the structure of (78).

When the above conditions hold, the gainmatricesK∘
𝑗ℎ𝑘

are
given by

K∘
𝑗ℎ𝑘

= Y∘
𝑗ℎ𝑘

X∘−1
ℎ𝑘

. (81)

Proof. Considering ∑
𝑠

𝑗=1
∑
𝑠

𝑔=1
𝜇
𝑗
(𝜃(𝑡))𝜇

𝑔
(𝜃(𝑡))𝜔

∘

𝑗𝑔ℎ𝑘
(𝑡), with

𝜔
∘

𝑗𝑔ℎ𝑘
(𝑡) given in (60), as a generalized disturbance acting on

the subsystem pair (57), (58), and introducing the notations

G∘
𝑗ℎ𝑘

= [{A𝑙∘
𝑗ℎ𝑘

}
𝑝

𝑙=1,𝑙 ̸= ℎ,𝑘

B∘
𝑗ℎ𝑘

] ,

𝜔
∘𝑇

ℎ𝑘
= [{q𝑇

𝑙
}
𝑝

𝑙=1,𝑙 ̸= ℎ,𝑘

𝜔
𝑇

ℎ𝑘
(𝑡)] ,

(82)

(57) takes the form

̇q
ℎ𝑘

(𝑡) =

𝑠

∑

𝑗=1

𝑠

∑

𝑔=1

𝜇
𝑗
(𝜃 (𝑡)) 𝜇

𝑔
(𝜃 (𝑡))

× ((A∘
𝑗ℎ𝑘

− B∘
𝑗ℎ𝑘

K∘
𝑔ℎ𝑘

) q
ℎ𝑘

(𝑡) + G∘
𝑗ℎ𝑘
𝜔
∘

ℎ𝑘
(𝑡)) .

(83)

Analogously, (58) can be rewritten as

y
ℎ𝑘

(𝑡) = C∘
ℎ𝑘
q
ℎ𝑘

(𝑡) +D∘
ℎ𝑘
𝜔
𝑙∘

ℎ𝑘
, (84)

where

D∘
ℎ𝑘

= [{C𝑙∘
ℎ𝑘
}
𝑝

𝑙=1,𝑙 ̸= ℎ,𝑘

0] . (85)

Since (56) also gives

𝑠

∑

𝑗=1

𝑠

∑

𝑔=1

𝜇
𝑗
(𝜃 (𝑡)) 𝜇

𝑔
(𝜃 (𝑡))

×

𝑝−1

∑

ℎ=1

𝑝

∑

𝑘=ℎ+1

( ̇q𝑇
ℎ𝑘

(𝑡)P∘
ℎ𝑘
q
ℎ𝑘

(𝑡) + q𝑇
ℎ𝑘

(𝑡)P∘
ℎ𝑘

̇q
ℎ𝑘

(𝑡)) < 0,

(86)

defining the matrices

Γ
∘

ℎ𝑘
= diag [{𝜀

ℎ𝑘𝑙
I
𝑛𝑙
}
𝑝

𝑙=1,𝑙 ̸= ℎ,𝑘

𝛾
ℎ𝑘
I
(𝑟ℎ+𝑟𝑘)

] , (87)

(18) gives

0 > ̇V (q
ℎ𝑘

(𝑡)) =

𝑠

∑

𝑗=1

𝑝−1

∑

ℎ=1

𝑝

∑

𝑘=ℎ+1

𝜇
𝑗
𝜇
𝑗
×

{{{{{{{{

{{{{{{{{

{

(C∘
ℎ𝑘
q
ℎ𝑘

(𝑡) +D∘
ℎ𝑘
𝜔
∘

ℎ𝑘
(𝑡))
𝑇

(C∘
ℎ𝑘
q
ℎ𝑘

(𝑡) +D∘
ℎ𝑘
𝜔
∘

ℎ𝑘
(𝑡))

−𝜔
∘𝑇

ℎ𝑘
(𝑡) Γ
∘

ℎ𝑘
𝜔
∘

ℎ𝑘
(𝑡)

+q𝑇
ℎ𝑘

(𝑡)P∘
ℎ𝑘

(H∘
𝑗𝑗ℎ𝑘

q
ℎ𝑘

(𝑡) + G∘
𝑗ℎ𝑘
𝜔
∘

ℎ𝑘
(𝑡))

+(H∘
𝑗𝑗ℎ𝑘

q
ℎ𝑘

(𝑡) + G∘
𝑗ℎ𝑘
𝜔
∘

ℎ𝑘
(𝑡))
𝑇

P∘
ℎ𝑘
q
ℎ𝑘

(𝑡)

}}}}}}}}

}}}}}}}}

}

+ 2

𝑠−1

∑

𝑗=1

𝑠

∑

𝑔=𝑗+1

𝑝−1

∑

ℎ=1

𝑝

∑

𝑘=ℎ+1

𝜇
𝑗
𝜇
𝑔

{{{{{{{{{{{{

{{{{{{{{{{{{

{

(C∘
ℎ𝑘
q
ℎ𝑘

(𝑡) +D∘
ℎ𝑘
𝜔
∘

ℎ𝑘
(𝑡))
𝑇

(C∘
ℎ𝑘
q
ℎ𝑘

(𝑡) +D∘
ℎ𝑘
𝜔
∘

ℎ𝑘
(𝑡))

−𝜔
∘𝑇

ℎ𝑘
(𝑡) Γ
∘

ℎ𝑘
𝜔
∘

ℎ𝑘
(𝑡)

+q𝑇
ℎ𝑘

(𝑡)P∘
ℎ𝑘

(

H∘
𝑗𝑔ℎ𝑘

+H∘
𝑔𝑗ℎ𝑘

2
q
ℎ𝑘

(𝑡) +

G∘
𝑗ℎ𝑘

+ G∘
𝑔ℎ𝑘

2
𝜔
∘

ℎ𝑘
(𝑡))

+(

H∘
𝑗𝑔ℎ𝑘

+H∘
𝑔𝑗ℎ𝑘

2
q
ℎ𝑘

(𝑡) +

G∘
𝑗ℎ𝑘

+ G∘
𝑔ℎ𝑘

2
𝜔
∘

ℎ𝑘
(𝑡))

𝑇

P∘
ℎ𝑘
q
ℎ𝑘

(𝑡)

}}}}}}}}}}}}

}}}}}}}}}}}}

}

,

(88)

where, for simplicity, the argument of membership functions
was omitted.

Therefore, inserting appropriate into (14), (15), it is
obtained the following:



Mathematical Problems in Engineering 11

[
[
[
[
[
[
[
[
[
[
[
[
[
[
[

[

Ψ
∘

𝑗𝑗ℎ𝑘
A1∘
𝑗ℎ𝑘

⋅ ⋅ ⋅ A𝑝∘
𝑗ℎ𝑘

B∘
𝑗ℎ𝑘

X∘
ℎ𝑘
C∘𝑇
ℎ𝑘

∗ −𝜀
ℎ𝑘1

I
𝑛1

⋅ ⋅ ⋅ 0 0 C1∘𝑇
ℎ𝑘

...
... d

...
...

...

∗ ∗ ⋅ ⋅ ⋅ −𝜀
ℎ𝑘𝑝

I
𝑛𝑝

0 C𝑝∘𝑇
ℎ𝑘

∗ ∗ ⋅ ⋅ ⋅ ∗ −𝛾
ℎ𝑘
I
(𝑟ℎ+𝑟𝑘)

0

∗ ∗ ⋅ ⋅ ⋅ ∗ ∗ −I
(𝑚ℎ+𝑚𝑘)

]
]
]
]
]
]
]
]
]
]
]
]
]
]
]

]

< 0,

[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[

[

Ψ
∘

𝑗𝑔ℎ𝑘

A1∘
𝑗ℎ𝑘

+ A1∘
𝑔ℎ𝑘

2
⋅ ⋅ ⋅

A𝑝∘
𝑗ℎ𝑘

+ A𝑝∘
𝑔ℎ𝑘

2

B∘
𝑗ℎ𝑘

+ B∘
𝑔ℎ𝑘

2
X∘
ℎ𝑘
C∘𝑇
ℎ𝑘

∗ −𝜀
ℎ𝑘1

I
𝑛1

⋅ ⋅ ⋅ 0 0 C1∘𝑇
ℎ𝑘

...
... d

...
...

...

∗ ∗ ⋅ ⋅ ⋅ −𝜀
ℎ𝑘𝑝

I
𝑛𝑝

0 C𝑝∘𝑇
ℎ𝑘

∗ ∗ ⋅ ⋅ ⋅ ∗ −𝛾
ℎ𝑘
I
(𝑟ℎ+𝑟𝑘)

0

∗ ∗ ⋅ ⋅ ⋅ ∗ ∗ −I
(𝑚ℎ+𝑚𝑘)

]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]

]

< 0,

(89)

where

Ψ
∘

𝑗𝑗ℎ𝑘
= A∘
𝑗ℎ𝑘

X∘
ℎ𝑘

+ X∘
ℎ𝑘
A∘𝑇
𝑗ℎ𝑘

− B∘
𝑗ℎ𝑘

K∘𝑇
𝑗ℎ𝑘

X∘
ℎ𝑘

− X∘
ℎ𝑘
K∘𝑇
𝑗ℎ𝑘

B∘𝑇
𝑗ℎ𝑘

,

Ψ
∘

𝑗𝑔ℎ𝑘
=

A∘
𝑗ℎ𝑘

+ A∘
𝑔ℎ𝑘

2
X∘
ℎ𝑘

+ X∘
ℎ𝑘

(A∘
𝑗ℎ𝑘

+ A∘
𝑔ℎ𝑘

)
𝑇

2

−

B∘
𝑗ℎ𝑘

K∘
𝑔ℎ𝑘

+ B∘
𝑔ℎ𝑘

K∘
𝑗ℎ𝑘

2
X∘
ℎ𝑘

− X∘
ℎ𝑘

(B∘
𝑗ℎ𝑘

K∘
𝑔ℎ𝑘

+ B∘
𝑔ℎ𝑘

K∘
𝑗ℎ𝑘

)
𝑇

2
.

(90)

Thus, with the substitutions

Y∘
𝑗ℎ𝑘

= K∘
𝑗ℎ𝑘

X∘
ℎ𝑘
, Y∘

𝑔ℎ𝑘
= K∘
𝑔ℎ𝑘

X∘
ℎ𝑘
, (91)

(89)-(90) imply (78)-(79). This concludes the proof.

Theorem 7. Controlled subsystem pair (57), (58) in the
system (1), (3) is stable with performances ∑

𝑠

𝑗=1
∑
𝑠

𝑔=1

𝜇
𝑗
(𝜃(𝑡))𝜇

𝑔
(𝜃(𝑡))‖C∘

ℎ𝑘
(𝑠I − H∘

𝑗𝑔ℎ𝑘
)
−1B∘
𝑗ℎ𝑘

+ D∘
𝑗ℎ𝑘

‖
2

∞

≤ 𝛾
ℎ𝑘
,

if for given 𝛿 > 0, 𝛿 ∈ R there exist symmetric positive
definite matrices V∘

ℎ𝑘
,T∘
ℎ𝑘

∈ R(𝑛ℎ+𝑛𝑘)×(𝑛ℎ+𝑛𝑘), matrices
W∘
𝑗ℎ𝑘

∈ R(𝑟ℎ+𝑟𝑘)×(𝑛ℎ+𝑛𝑘), and positive scalars 𝛾
ℎ𝑘
, 𝜀
ℎ𝑘𝑙

∈ R such
that

V∘
ℎ𝑘

= V∘𝑇
ℎ𝑘

> 0, T∘
ℎ𝑘

= T∘𝑇
ℎ𝑘

> 0,

𝜀
ℎ𝑘𝑙

> 0, 𝛾
ℎ𝑘

> 0,

(92)

for ℎ, 𝑙 = 1, . . . , 𝑝, 𝑙 ̸= ℎ, 𝑘, ℎ < 𝑘 ≤ 𝑝,

[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[

[

Σ
∘

𝑗𝑗ℎ𝑘
A1∘
𝑗ℎ𝑘

⋅ ⋅ ⋅ Ap∘
𝑗ℎ𝑘

B∘
𝑗ℎ𝑘

Γ
∘

𝑗𝑗ℎ𝑘
V∘
ℎ𝑘
C∘𝑇
ℎ𝑘

∗ −𝜀
ℎ𝑘1

I
𝑛1

⋅ ⋅ ⋅ 0 0 A1∘𝑇
𝑗ℎ𝑘

C1∘𝑇
ℎ𝑘

...
... d

...
...

...
...

∗ ∗ ⋅ ⋅ ⋅ −𝜀
ℎ𝑘𝑝

I
𝑛𝑝

0 A𝑝∘𝑇
𝑗ℎ𝑘

C𝑝∘𝑇
ℎ𝑘

∗ ∗ ⋅ ⋅ ⋅ ∗ −𝛾
ℎ𝑘
I
(𝑟ℎ+𝑟𝑘)

B∘𝑇
𝑗ℎ𝑘

0

∗ ∗ ⋅ ⋅ ⋅ ∗ ∗ −2𝛿V∘
ℎ𝑘

0

∗ ∗ ⋅ ⋅ ⋅ ∗ ∗ ∗ −I
(𝑚ℎ+𝑚𝑘)

]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]

]

< 0, (93)
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for 𝑗 = 1, 2, . . . , 𝑠, ℎ = 1, 2, . . . , 𝑝 − 1, 𝑘 = ℎ + 1, ℎ + 2, . . . , 𝑝,
𝑙 = 1, 2, . . . , 𝑝, 𝑙 ̸= ℎ, 𝑘,

[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[

[

Σ
∘

𝑗𝑔ℎ𝑘

A1∘
𝑗ℎ𝑘

+ A1∘
𝑔ℎ𝑘

2
⋅ ⋅ ⋅

A𝑝∘
𝑗ℎ𝑘

+ A𝑝∘
𝑔ℎ𝑘

2

B∘
𝑗ℎ𝑘

+ B∘
𝑔ℎ𝑘

2
Γ
∘

𝑗𝑔ℎ𝑘
V∘
ℎ𝑘
C∘𝑇
ℎ𝑘

∗ −𝜀
ℎ𝑘1

I
𝑛1

⋅ ⋅ ⋅ 0 0
(A1∘
𝑗ℎ𝑘

+ A1∘
𝑔ℎ𝑘

)
𝑇

2
C1∘𝑇
ℎ𝑘

...
... d

...
...

...
...

∗ ∗ ⋅ ⋅ ⋅ −𝜀
ℎ𝑘𝑝

I
𝑛𝑝

0
(A𝑝∘
𝑗ℎ𝑘

+ A𝑝∘
𝑔ℎ𝑘

)

𝑇

2
C𝑝∘𝑇
ℎ𝑘

∗ ∗ ⋅ ⋅ ⋅ ∗ −𝛾
ℎ𝑘
I
(𝑟ℎ+𝑟𝑘)

(B∘
𝑗ℎ𝑘

+ B∘
𝑗ℎ𝑘

)
𝑇

2
0

∗ ∗ ⋅ ⋅ ⋅ ∗ ∗ −2𝛿V∘
ℎ𝑘

0

∗ ∗ ⋅ ⋅ ⋅ ∗ ∗ ∗ −I
(𝑚ℎ+𝑚𝑘)

]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]

]

< 0, (94)

for 𝑗 = 1, 2, . . . , 𝑠 − 1, 𝑗 = 2, 3, . . . , 𝑠, ℎ = 1, 2, . . . , 𝑝 − 1, 𝑘 =

ℎ + 1, ℎ + 2, . . . , 𝑝, 𝑙 = 1, 2, . . . , 𝑝, 𝑙 ̸= ℎ, 𝑘, 𝑗 < 𝑔 ≤ 𝑠, with
A∘
𝑗ℎ𝑘

, B∘
𝑗ℎ𝑘

, A𝑙∘
𝑗ℎ𝑘

, C∘
ℎ𝑘
, and C𝑙∘

ℎ𝑘
defined in (59), (61), and (62),

respectively, and with

Σ
∘

𝑗𝑗ℎ𝑘
= A∘
𝑗ℎ𝑘

V∘
ℎ𝑘

+ V∘
ℎ𝑘
A∘𝑇
𝑗ℎ𝑘

− B∘
𝑗ℎ𝑘

W∘
𝑗ℎ𝑘

−W∘𝑇
𝑗ℎ𝑘

B∘𝑇
𝑗ℎ𝑘

, (95)

Σ
∘

𝑗𝑔ℎ𝑘
=

A∘
𝑗ℎ𝑘

+ A∘
𝑔ℎ𝑘

2
V∘
ℎ𝑘

+ V∘
ℎ𝑘

(A∘
𝑗ℎ𝑘

+ A∘
𝑔ℎ𝑘

)
𝑇

2

−

B∘
𝑗ℎ𝑘

W∘
𝑔ℎ𝑘

+ B∘
𝑔ℎ𝑘

W∘
𝑗ℎ𝑘

2

−

(B∘
𝑗ℎ𝑘

W∘
𝑔ℎ𝑘

+ B∘
𝑔ℎ𝑘

W∘
𝑗ℎ𝑘

)
𝑇

2
,

(96)

Γ
∘

𝑗𝑗ℎ𝑘
= T∘
ℎ𝑘

− 𝛿V∘
ℎ𝑘

+ V∘
ℎ𝑘
A𝑇
𝑗ℎ𝑘

−W∘𝑇
𝑗ℎ𝑘

B∘𝑇
𝑗ℎ𝑘

, (97)

Γ
∘

𝑗𝑔ℎ𝑘
= T∘
ℎ𝑘

− 𝛿V∘
ℎ𝑘

+ V∘
ℎ𝑘

A∘𝑇
𝑗ℎ𝑘

+ A∘𝑇
𝑔ℎ𝑘

2

−

W∘𝑇
𝑔ℎ𝑘

B∘𝑇
𝑗ℎ𝑘

+W∘𝑇
𝑗ℎ𝑘

B∘𝑇
𝑔ℎ𝑘

2
,

(98)

where, for given ℎ, 𝑘,Aℎ∘
𝑗ℎ𝑘

,A𝑘∘
𝑗ℎ𝑘

, andCℎ∘
ℎ𝑘
,C𝑘∘
ℎ𝑘
are not included

into the structure of (78).
When the above conditions hold, the gainmatricesK∘

𝑗ℎ𝑘
are

given by

K∘
𝑗ℎ𝑘

= W∘
𝑗ℎ𝑘

V∘−1
ℎ𝑘

. (99)

Proof. Using the above given notations, (33) gives

0 > ̇V (q
ℎ𝑘

(𝑡)) =

𝑠

∑

𝑗=1

𝑝−1

∑

ℎ=1

𝑝

∑

𝑘=ℎ+1

𝜇
𝑗
𝜇
𝑗

{{{{{{{{{{{

{{{{{{{{{{{

{

̇q𝑇
ℎ𝑘

(𝑡)P
ℎ𝑘
q
ℎ𝑘

(𝑡) + q𝑇
ℎ𝑘

(𝑡)P
ℎ𝑘

̇q
ℎ𝑘

(𝑡)

+3(C∘
ℎ𝑘
q
ℎ𝑘

(𝑡) +D∘
ℎ𝑘
𝜔
∘

ℎ𝑘
(𝑡))
𝑇

(C∘
ℎ𝑘
q
ℎ𝑘

(𝑡) +D∘
ℎ𝑘
𝜔
∘

ℎ𝑘
(𝑡))

−3𝛾𝜔
∘𝑇

ℎ𝑘
(𝑡)𝜔
∘

ℎ𝑘
(𝑡)

+2 (q𝑇
ℎ𝑘

(𝑡) S∘
1
+ ̇q𝑇
ℎ𝑘

(𝑡) S∘
2
){

H∘
𝑗𝑗ℎ𝑘

q
ℎ𝑘

(𝑡) + G∘
𝑗ℎ𝑘
𝜔
∘

ℎ𝑘
(𝑡)

− ̇q
ℎ𝑘

(𝑡)

}

}}}}}}}}}}}

}}}}}}}}}}}

}

+ 4

𝑠−1

∑

𝑗=1

𝑠

∑

𝑔=𝑗+1

𝑝−1

∑

ℎ=1

𝑝

∑

𝑘=ℎ+1

𝜇
𝑗
𝜇
𝑔
(q𝑇
ℎ𝑘

(𝑡) S∘
1
+ ̇q𝑇
ℎ𝑘

(𝑡) S∘
2
)

{{{

{{{

{

H
𝑗𝑔ℎ𝑘

+H
𝑔𝑗ℎ𝑘

2
q
ℎ𝑘

(𝑡)

+

G
𝑗ℎ𝑘

+ G
𝑔ℎ𝑘

2
𝜔
∘

ℎ𝑘
(𝑡)

}}}

}}}

}

,

(100)
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and so (29), (30) take the forms

[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[

[

Ξ
∘

𝑗𝑗ℎ𝑘
A1∘
𝑗ℎ𝑘

⋅ ⋅ ⋅ A𝑝∘
𝑗ℎ𝑘

B∘
𝑗ℎ𝑘

Υ
∘

𝑗𝑗ℎ𝑘
X∘
ℎ𝑘
C∘𝑇
ℎ𝑘

∗ −𝜀
ℎ𝑘1

I
𝑛1

⋅ ⋅ ⋅ 0 0 A1∘𝑇
𝑗ℎ𝑘

C1∘𝑇
ℎ𝑘

...
... d

...
...

...
...

∗ ∗ ⋅ ⋅ ⋅ −𝜀
ℎ𝑘𝑝

I
𝑛𝑝

0 A𝑝∘𝑇
𝑗ℎ𝑘

C𝑝∘𝑇
ℎ𝑘

∗ ∗ ⋅ ⋅ ⋅ ∗ −𝛾
ℎ𝑘
I
(𝑟ℎ+𝑟𝑘)

B∘𝑇
𝑗ℎ𝑘

0

∗ ∗ ⋅ ⋅ ⋅ ∗ ∗ −2𝛿V∘
ℎ𝑘

0

∗ ∗ ⋅ ⋅ ⋅ ∗ ∗ ∗ −I
(𝑚ℎ+𝑚𝑘)

]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]

]

< 0,

[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[

[

Ξ
∘

𝑗𝑔ℎ𝑘

A1∘
𝑗ℎ𝑘

+ A1∘
𝑔ℎ𝑘

2
⋅ ⋅ ⋅

A𝑝∘
𝑗ℎ𝑘

+ A𝑝∘
𝑔ℎ𝑘

2

B∘
𝑗ℎ𝑘

+ B∘
𝑔ℎ𝑘

2
Υ
∘

𝑗𝑔ℎ𝑘
V∘
ℎ𝑘
C∘𝑇
ℎ𝑘

∗ −𝜀
ℎ𝑘1

I
𝑛1

⋅ ⋅ ⋅ 0 0
(A1∘
𝑗ℎ𝑘

+ A1∘
𝑔ℎ𝑘

)
𝑇

2
C1∘𝑇
ℎ𝑘

...
... d

...
...

...
...

∗ ∗ ⋅ ⋅ ⋅ −𝜀
ℎ𝑘𝑝

I
𝑛𝑝

0
(A𝑝∘
𝑗ℎ𝑘

+ A𝑝∘
𝑔ℎ𝑘

)

𝑇

2
C𝑝∘𝑇
ℎ𝑘

∗ ∗ ⋅ ⋅ ⋅ ∗ −𝛾
ℎ𝑘
I
(𝑟ℎ+𝑟𝑘)

(B∘
𝑗ℎ𝑘

+ B∘
𝑗ℎ𝑘

)
𝑇

2
0

∗ ∗ ⋅ ⋅ ⋅ ∗ ∗ −2𝛿V∘
ℎ𝑘

0

∗ ∗ ⋅ ⋅ ⋅ ∗ ∗ ∗ −I
(𝑚ℎ+𝑚𝑘)

]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]

]

< 0,

(101)

respectively, where

Ξ
∘

𝑗𝑗ℎ𝑘
= A∘
𝑗ℎ𝑘

V∘
ℎ𝑘

+ V∘
ℎ𝑘
A∘𝑇
𝑗ℎ𝑘

− B∘
𝑗ℎ𝑘

K∘
𝑗ℎ𝑘

V∘
ℎ𝑘

− V∘
ℎ𝑘
K∘𝑇
𝑗ℎ𝑘

B∘𝑇
𝑗ℎ𝑘

,

(102)

Ξ
∘

𝑗𝑔ℎ𝑘
=

A∘
𝑗ℎ𝑘

+ A∘
𝑔ℎ𝑘

2
V∘
ℎ𝑘

+ V∘
ℎ𝑘

(A∘
𝑗ℎ𝑘

+ A∘
𝑔ℎ𝑘

)
𝑇

2

−

B∘
𝑗ℎ𝑘

K∘
𝑔ℎ𝑘

+ B∘
𝑔ℎ𝑘

K∘
𝑗ℎ𝑘

2
V∘
ℎ𝑘

− V∘
ℎ𝑘

(B∘
𝑗ℎ𝑘

K∘
𝑔ℎ𝑘

+ B∘
𝑔ℎ𝑘

K∘
𝑗ℎ𝑘

)
𝑇

2
,

(103)

Υ
∘

𝑗𝑗ℎ𝑘
= T∘
ℎ𝑘

− 𝛿V∘
ℎ𝑘

+ V∘
ℎ𝑘
A𝑇
𝑗ℎ𝑘

− V∘
ℎ𝑘
K∘𝑇
𝑗ℎ𝑘

B∘𝑇
𝑗ℎ𝑘

, (104)

Υ
∘

𝑗𝑔ℎ𝑘
= T∘
ℎ𝑘

− 𝛿V∘
ℎ𝑘

+ V∘
ℎ𝑘

A∘𝑇
𝑗ℎ𝑘

+ A∘𝑇
𝑔ℎ𝑘

2

− V∘
ℎ𝑘

K∘𝑇
𝑔ℎ𝑘

B∘𝑇
𝑗ℎ𝑘

+ K∘𝑇
𝑗ℎ𝑘

B∘𝑇
𝑔ℎ𝑘

2
.

(105)

Therefore, with the substitutions

W∘
𝑗ℎ𝑘

= K∘
𝑗ℎ𝑘

V∘
ℎ𝑘
, W∘

𝑔ℎ𝑘
= K∘
𝑔ℎ𝑘

V∘
ℎ𝑘
, (106)

(101)–(105) imply (93)–(98). This concludes the proof.

To bet both of these theorems in the context of the control
design for systems specified by TS models, it is necessary to
make some remarks.

Although both theorems solve the same problem, the role
of Theorem 6 is primarily methodological and in particular
shows that the design problem of pairwise distributable con-
trol of large-scale TS systems can be formulated in the terms
of 𝐻
∞

approach. Because it is based on the default structure
of BRL, the Lyapunov matrices X∘

ℎ𝑘
and the subsystem

dynamic matrices A∘
𝑗ℎ𝑘

form bound pairs with regard to the
operation of multiplication. Consequently, when using the
design conditions proposed in Theorem 6 and the LMI task
is feasible, the obtained solution is very conservative.

Under the conditions defined by Theorem 7, the set of
subsystem matrices A∘

𝑗ℎ𝑘
are decoupled from the set of Lya-

punov matrices T∘
ℎ𝑘

by using the set of slack matrix variables
V∘
ℎ𝑘
. This enables the design conditions in respect of natural

affine properties of TS models and, compared with the result
by Theorem 6, a less conservative solution. In addition, by
tuning parameter 𝛿, the stability conditions setting of the
whole system can be modified. Less conservatism in this case
also means that the linear control of certain subsystem pair
can be used instead of the nonlinear TS fuzzy control algo-
rithm (see Section 5).

These theorems, which could be potentially considered as
equivalent, give generally different solutions, except for the
special case when for a pair ℎ, 𝑘 by chance is 𝛿 = 1 and V∘

ℎ𝑘
=

T∘
ℎ𝑘

= X∘
ℎ𝑘
.
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In terms of computational complexity, if there is, for
example, only one nonlinear sector in each block of the
matrixA and every sector is described only by a pair of sector
functions, the number of fuzzy rules is 𝑠 = 2

𝑝
2

to formulate
the global control design and 𝑠 = 2

2𝑝 if pairwise distributed
control principle is preferred. This can play a major role due
to boundaries of LMI solvers. Moreover, as mentioned above,
the proposed method can reduce this number in some sub-
system pair structures.

On the other hand, although the pairwise subsystem
control principle bringsmore complex control gain, the use of
the state control laws does not substantially modify the com-
putational complexity in dependency on the dimensionality
of global state vector parts in the control algorithms.

5. Illustrative Example

To demonstrate properties of this approach, a system with
four inputs and four outputs is used in the example. The
parameters of (1)–(3) are [22]

A =

[
[
[
[
[
[
[

[

−3 1 2 −1 4 0

−1 −2 1 1 5 2

1 −1 1 −𝑎
𝑗

−2 4

1 −2 −2 2 1 2

3 −1 −2 0 1 5

0 0 −1 3 −2 −4

]
]
]
]
]
]
]

]

,

C𝑇 =

[
[
[
[
[
[
[

[

3 0 2 0

1 6 −1 0

1 6 −1 0

2 1 3 1

1 0 0 3

1 0 0 3

]
]
]
]
]
]
]

]

, B =

[
[
[
[
[
[
[

[

1

2

1

2

1

2

]
]
]
]
]
]
]

]

,

𝑎
1
= 0.8, 𝑎

2
= 1.2,

𝜇
1
(𝜗 (𝑡)) =

𝑎
1
− 𝑞
1
(𝑡)

𝑎
1
− 𝑎
2

, 𝜇
2
(𝜗 (𝑡)) = 1 − 𝜇

1
(𝜗 (𝑡)) ,

𝜗 (𝑡) = 𝑞
1
(𝑡) .

(107)

To solve this problem, the next pairs grupping were done

A∘
∙12

= [

[

−3 1 2

−1 −2 1

1 −1 1

]

]

, A3∘
112

= [

[

−1.0

1.0

−0.8

]

]

,

A3∘
212

= [

[

−1.0

1.0

−1.2

]

]

, A4∘
∙12

= [

[

4 0

5 2

−2 4

]

]

,

A∘
∙13

= [
−3 −1

1 2
] , A2∘

∙13
= [

1 2

−2 −2
] ,

A4∘
∙13

= [
4 0

1 2
] ,

A∘
∙14

= [

[

−3 4 0

3 2 5

0 5 −4

]

]

, A2∘
∙14

= [

[

1 2

−1 −2

0 −1

]

]

,

A3∘
∙14

= [

[

−1

0

3

]

]

, A1∘
∙23

= [

[

−1

1

1

]

]

,

A∘
123

= [

[

−2 1 1.0

−1 1 −0.8

−2 −2 2.0

]

]

, A∘
223

= [

[

−2 1 1.0

−1 1 −1.2

−2 −2 2.0

]

]

,

A4∘
∙23

= [

[

5 2

−2 4

1 2

]

]

,

A∘
∙24

=

[
[
[

[

−2 1 5 2

−1 1 −2 4

−1 −2 1 5

0 −1 −2 −4

]
]
]

]

, A1∘
∙24

=

[
[
[

[

−1

1

3

0

]
]
]

]

,

A3∘
124

=

[
[
[

[

1

−0.8

0

3

]
]
]

]

, A3∘
224

=

[
[
[

[

1

−1.2

0

3

]
]
]

]

,

A∘
∙34

= [

[

2 1 2

0 1 5

3 −2 −4

]

]

, A1∘
∙34

= [

[

1

3

0

]

]

, A2∘
∙34

= [

[

−2 −2

−1 −2

0 −1

]

]

,

B
∙12

= [

[

1 0

0 2

0 1

]

]

, B
∙13

= [
1 0

0 2
] , B

∙14
= [

[

1 0

0 1

0 2

]

]

,

B
∙23

= [

[

2 0

1 0

0 2

]

]

, B
∙24

=

[
[
[

[

2 0

1 0

0 1

0 2

]
]
]

]

, B
∙34

= [

[

2 0

0 1

0 2

]

]

,

C∘
∙12

= [
1 1 1

0 2 2
] , C3∘

∙12
= [

1

2
] , C4∘

∙12
= [

1 1

0 0
] ,

C∘
∙13

= [
1 2

2 1
] , C2∘

∙13
= [

1 1

−1 −1
] , C4∘

∙13
= [

1 1

0 0
] ,

C∘
∙14

= [
1 1 1

0 1 1
] , C2∘

∙14
= [

1 1

0 0
] , C3∘

∙14
= [

2

1
] ,

C∘
∙23

= [
2 2 1

−1 −1 1
] , C1∘

∙23
= [

0

2
] , C4∘

∙23
= [

0 0

0 0
] ,

C∘
∙24

= [
2 2 0 0

0 0 1 1
] , C1∘

∙24
= [

0

0
] , C3∘

∙24
= [

1

1
] ,

C∘
∙34

= [
1 0 0

1 1 1
] , C1∘

∙34
= [

2

0
] , C2∘

∙34
= [

−1 −1

0 0
] ,

(108)

where ∙ℎ𝑘 denotes that the matrix parameters with this
subscript are independent of the fuzzy rules. That means that
in the pairwise partially decentralized control structure of
this example, the control loop pairs 13, 14, and 34will be surely
fuzzy independent.
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Solving for given tuning parameter 𝛿, for example, with
respect to V∘

23
, T∘
23
, W∘
123

, W∘
223

, 𝜀
231

, 𝜀
234

, and 𝛾
23
, it means

writing (92)–(98) as

V∘
23

= V∘𝑇
23

> 0, T∘
23

= T∘𝑇
23

> 0,

𝜀
231

> 0, 𝜀
234

> 0, 𝛾
23

> 0,

[
[
[
[
[
[
[
[
[
[
[
[

[

Σ
∘

𝑗𝑔23
A1∘
∙23

A4∘
∙23

B∘
∙23
Γ
∘

𝑗𝑔23
V∘
23
C∘𝑇
∙23

∗ −𝜀
231

0 0 A1∘𝑇
∙23

C1∘𝑇
∙23

∗ ∗ −𝜀
234

0 A4∘𝑇
∙23

C4∘𝑇
∙23

∗ ∗ ∗ −𝛾
23
I
2

B∘𝑇
∙23

0
∗ ∗ ∗ ∗ −2𝛿Z∘

23
0

∗ ∗ ∗ ∗ ∗ −I
2

]
]
]
]
]
]
]
]
]
]
]
]

]

< 0,

Σ
∘

𝑗𝑗23
= V∘
23
A∘𝑇
𝑗23

+ A∘
𝑗23

V∘
23

− B∘
∙23

W∘
𝑗23

−W∘𝑇
𝑗23

B∘𝑇
∙23

, 𝑗 = 1, 2,

Σ
∘

𝑗𝑔23
=

A∘
𝑗23

+ A∘
𝑔23

2
V∘
23

+ V∘
23

(A∘
𝑗23

+ A∘
𝑔23

)
𝑇

2

−

B∘
∙23

W∘
𝑔23

+ B∘
∙23

W∘
𝑗23

2

−

(B∘
∙23

W∘
𝑔23

+ B∘
∙23

W∘
𝑗23

)
𝑇

2
,

𝑗 = 1, 𝑔 = 2,

Γ
∘

𝑗𝑗23
= T∘
23

− 𝛿V∘
23

+ V∘
23
A∘𝑇
𝑗23

−W∘𝑇
23
B∘𝑇
∙23

,

𝑗 = 1, 2,

Γ
∘

𝑗𝑔23
= T∘
23

− 𝛿V∘
23

+ V∘
23

A∘𝑇
𝑗23

+ A∘𝑇
𝑔23

2

−

W∘𝑇
𝑔23

B∘𝑇
∙23

+W∘𝑇
𝑗23

B∘𝑇
∙23

2
,

𝑗 = 1, 𝑔 = 2,

(109)

and using SeDuMi package for Matlab [23], the feasible task
for subsystem 23 and 𝛿 = 10 yields the parameters

𝜀
231

= 58.0063, 𝜀
234

= 70.1966, 𝛾
23

= 32.4549,

T∘
23

= [

[

27.9470 10.1742 −4.8315

10.1742 8.0186 3.1112

−4.8315 3.1112 38.0154

]

]

,

W∘
𝑗23

= [
7.5666 4.4717 0.6808

−1.9191 −0.3955 13.6818
] ,

V∘
23

= [

[

1.2004 0.2170 −0.5773

0.2170 0.3793 0.2991

−0.5773 0.2991 2.2580

]

]

,

K∘
⬦23

= [
4.9482 8.6232 0.4245

4.3630 −10.2695 8.5351
] ,

(110)

where K∘
⬦23

means that K∘
𝑗23

were computed equally to 𝑔 =

1, 2.
By the same way, solving the rest LMIs, the gain matrix

set is computed as

K∘
112

= [
7.9346 −2.8080 12.4851

0.7258 5.3963 6.0160
] ,

K∘
212

= [
7.8740 −2.8497 12.3828

0.7250 5.4268 6.0364
] ,

K∘
∙14

= [
4.0106 5.9223 1.4848

2.0249 4.1941 3.8514
] ,

K∘
⬦34

= [
5.4294 1.1356 1.5393

2.0320 4.0784 3.0034
] ,

K∘
∙13

= [
6.2603 2.7947

2.0298 5.8502
] ,

K∘
⬦24

= [
0.8349 2.2731 0.5904 1.1688

−0.0995 −0.1542 2.2100 1.8754
] .

𝛾
12

= 22.9891, 𝛾
13

= 9.5395,

𝛾
14

= 9.4173, 𝛾
24

= 9.5641,

𝛾
34

= 11.0660.

(111)

The results imply that in this example only the control of the
subsystem pair 1, 2 has to be realized in a TS fuzzy structure
and all other pairs controls can be realized in constant linear
pairwise control structure.

Generalizing, with respect the results presented in [13],
the design methods based on the enhanced principle tend to
produce for TS models the same control gain matrices which
radically reduce the control structure, since such resultsmean
very often stabilizing linear control laws for the nonlinear
system or, as here, for its pair parts.

It is possible to verify—routinely—that the resulting
closed-loop large-scale system will be stable if the tuning
parameter is chosen as 𝛿 = 10. Moreover, this example
implies that with 𝛿 ≤ 5 such pairwise distributed TS fuzzy
control structure ensures all stable closed-loop pairs but
does not ensure the stability of the whole closed-loop system.
That means that using this design principle, the stability
of all closed-loop subsystem pairs does not mean automat-
ically the stability of the whole TS large-scale closed-loop
system. Note that the control laws are given in the partly
autonomous structure (68), (69), which ensures now that
every closed-loop subsystem pair is stable and designed for
𝛿 = 10, and the large-scale closed-loop system will be stable
too.
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Figure 1: The general closed-loop structure for control of the subsystems pair (23) in the autonomous regime.
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Figure 2: State response of the global closed-loop TS system in the
autonomous regime.

The block diagram on Figure 1 describes how the control
of the subsystems pair (23) is, in general, implemented. This
specific subsystem pair in the example is the only one that
is controlled by the fuzzy PDC controller. As stated earlier,
B∘
123

= B∘
223

= B∘
23
, while, for example, q

2
(𝑡) of the global TS

system can be obtained as the sum of the second component
of vector q

12
(𝑡) and the first components of vectors q

23
(𝑡) and

q
24
(𝑡). It is assumed, of course, that bonds to createA∘

123
,A∘
223

,
and B∘

23
structures can be realized.

Using autonomous control regime, defined by (68), (69),
the illustrative simulations were realized under the initial
condition

q𝑇 (0) = [0.02 −0.10 0.00 0.10 −0.05 0.05] . (112)

Figure 2 gives the global closed-loopTS system state response
in the used simulation conditions.

For comparison, an equivalent set of gain matrices for
the centralized fuzzy control can be constructed using above
obtained results, where, for the control law (6),

K
1
=

[
[
[
[

[

18.2055 −2.8080 12.4851 2.7947 5.9223 1.4848

0.7258 13.4370 20.2510 0.4245 −1.1914 1.7646

2.0298 4.3630 −10.2695 19.8147 1.1356 1.5393

2.0249 1.5018 −5.8333 2.0320 19.8317 10.8627

]
]
]
]

]

,

K
2
=

[
[
[
[

[

18.1449 −2.8497 12.3828 2.7947 5.9223 1.4848

0.7250 13.4675 20.2714 0.4245 −1.1914 1.7646

2.0298 4.3630 −10.2695 19.8147 1.1356 1.5393

2.0249 1.5018 −5.8333 2.0320 19.8317 10.8627

]
]
]
]

]

,

(113)

and the resulting closed-loop eigenvalue spectrums are stable,
where

𝜌 (A
1
− BK
1
) = {−0.3278, −8.1143, −18.2169, −35.0038, −41.2029, −48.6512} ,

𝜌 (A
2
− BK
2
) = {−0.3267, −8.1208, −18.1581, −35.0064, −41.1984, −48.7273} .

(114)
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Note that the structure of the matrices K
𝑔
, 𝑔 = 1, 2 evidently

implies that the control laws are block diagonal dominant.

6. Concluding Remarks

The main difficulty of solving the decentralized control
problem comes from the fact that the feedback gain is subject
to structural constraints. At the beginning the study of large
scale system theory, there was prevailing idea that a large of
scale system is decentrally stabilizable under controllability
condition by strengthening the stability degree of subsystems.
But, because of the existence of decentralized fixed modes,
some large scale systems can not be decentrally stabilized
at all. In this paper, the idea to stabilize all subsystems and
the whole system simultaneously by using decentralized con-
trollers is replaced by another one, to stabilize all subsystems
pairs and the whole system simultaneously by using partly
pairwise decentralized control. In this sense the final scope of
the paper is the design conditions for pairwise control of one
class of pairwise-distributable continuous time TS large-scale
systems. It is shown, based on the equivalent BRL formula-
tions, how to expand the Lyapunov condition for pairwise TS
control by using slackmatrix variables in LMIs. Asmentioned
above, such matrix inequalities are linear with respect to the
subsystem pairs variables and do not involve any product of
the matrices, obtained by the Lyapunov matrix block sepa-
ration and the subsystem pairs matrices. This enables us to
derive a sufficient design condition for control with quadratic
performances, optimizing subsystems interaction 𝐻

∞
norm

bounds.
The method generally requires to solve, but separate, a

larger number of linearmatrix inequalities, and somore com-
putational efforts are needed to provide design control para-
meters. However, used design conditions are less restrictive
and aremore close to necessity conditions in the sense of [24].
It is a very useful extension to TS system control performance
synthesis problem. Numerical example demonstrates the
principle effectiveness, although some computational com-
plexity is increased.
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[19] A. I. Zečević and D. D. Šiljak, “A decomposition-based control
strategy for large, sparse dynamic systems,”Mathematical Prob-
lems in Engineering, vol. 2005, no. 1, pp. 33–48, 2005.

[20] A. P. Leros, “LSS linear regulator problem: a partially decentral-
ized approach,” International Journal of Control, vol. 49, no. 4,
pp. 1377–1399, 1989.
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This paper aims to discuss the delay epidemic model with vertical transmission, constant input, and nonlinear incidence. Some
sufficient conditions are given to guarantee the existence and global attractiveness of the infection-free periodic solution and the
uniform persistence of the addressed model with time delay. Finally, a numerical example is given to demonstrate the effectiveness
of the proposed results.

1. Introduction

Vaccination has been widely used as a method of disease
control; inoculate is an effective approach according to the
characteristics of the disease which takes the defense in
advance. The implementation of inoculate is not continuous
but cyclical. As early as in the 1960s, the principle of the
stability has been given in [1] for the impulsive differential
equation. Subsequently, a better definition of stability has
been proposed in [2] for the impulsive differential equation.
Motivated by the above work, the attention has beenmade on
the application of the pulse immunization in the infectious
disease model. For example, the study has been reported in
[3] where the research has been made about inoculating the
pulse vaccination for the people who are easily infected. The
researchers have realized that the pulse vaccination strategies
can eliminate the positive role to measles; see for example
[3, 4]. Moreover, the SIV infection model has been studied in
[5]. The inoculation ratio and the inoculation interval time
to eliminate the influence of the disease have been pointed
out. Accordingly, a huge amount of results has appeared
concerning the pulse model to study epidemics of infectious
diseases; see for example [6, 7].

On the other hand, the pulse SEIR epidemic model with
the incubation period has been established in [8]. The qual-
itative analysis has been given that the local asymptotic
stability of infection-free periodic solution is globally stable.
Note that the existence of time delay would degrade the

desired performance or even result in the instability [9–12].
As such, a new class of models with vertical transmission
delay pulse infectious disease has been given in [7]. By using
the impulsive differential inequality, the sufficient conditions
have been presented to guarantee the global attractability
of infection-free periodic solution and uniform persistence
of the disease. Subsequently, the disease delay pulse models
with multiple infectious diseases have been addressed in [13]
and the SIR pulse vaccination infectious disease model with
time delay has been discussed in [14]. By constructing an
appropriate Lyapunov function, the global attractability of
the unique positive periodic solution has been discussed in
[15] for the pulse predator-prey system with distributed delay
and proliferated. Also, by using the comparison principle of
impulsive differential equations, the influence from the time
delay, the pulse vaccination, and the other factors on the
nature of the model has been tackled in [16, 17].

An impulsive vaccination SEIR epidemic model with sat-
uration infectious and constant input has been studied in [18],
and the sufficient conditions have been established to ensure
the stability and the persistence of the disease-free periodic
solution. In [19], the SEIRS pulse infectious disease model
with saturated incidence has been investigated. Sufficient
conditions of infection-free periodic solution and disease-
lasting conclusion have been obtained. Also, it has been
shown that the size of the pulse cycle is an important factor
affecting the disease extinction.The SIR epidemicmodel with
nonlinear incidence rate and two class infectious diseases
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containing the pulse effect has been studied in [20]. Sufficient
conditions of the global attractability of the disease-free
periodic solutions have been given. It has confirmed that
the system is uniformly persistent under a certain condition.
Meanwhile, the time delay, pulse vaccination, and nonlinear
incidence play important roles in the nature of the model.
The conditions have been proposed to control two kinds of
diseases. In [21], the pulse vaccination SIQRS epidemicmodel
with constant input and saturated incidence rate has been
addressed. However, it is worth mentioning that the unified
model with vertical transmission, constant input, and nonlin-
ear incidence has not been investigated.

In this paper, the cases of constant population input and
vertical transmission are considered. Patients who contact
susceptible people with saturated incidence way are taken
into account. A new impulsive vaccination SEIR epidemic
model with time delay and nonlinear incidence rate is
established.The sufficient condition is given to guarantee the
stability of the disease-free periodic solution and the persis-
tence of the model. Compared to existing results, the main
contributions lie in the following aspects: (i) the nonlinear
incidence rate is considered in the model to describe the
spread of the disease which is more close to reality; (ii) all
kinds of infectious diseases have the incubation period, and
therefore it is necessary to deal with the phenomenon of time
delay; (iii) a unified pulse SEIR epidemic model including
the nonlinear contract rate, vertical transmission, and time
delays is established. As discussed in [22–24], the study of the
pulse epidemic model conducted in this paper has analyzed
the trend of the disease in the theoretical aspect which will
contribute to making the strategy of the disease prevention.

2. Model Establishment

We consider an SEIR model by assuming that the input term
has a constant population, a nonlinear occurrence rate as
𝛽𝑆(𝑡)𝐼(𝑡)/(1 + 𝑚𝐼

ℎ

(𝑡)), and the number of sick of which the
sick people who birth to the newborn are 𝑞𝜇𝐼(𝑡), the time
needed which the lurker transfer into the infected people is
𝜏, so after a time 𝜏, the number of survived lurker which into
the infected person is

𝛽𝑆 (𝑡 − 𝜏) 𝐼 (𝑡 − 𝜏)

1 + 𝑚𝐼ℎ (𝑡 − 𝜏)
𝑒
−𝜇𝜏

+ 𝑞𝜇𝐼 (𝑡 − 𝜏) 𝑒
−𝜇𝜏

. (1)

The effective coverage of the pulse vaccination needle for the
newborn that is not infected is denoted by 𝜃; the vaccination
cycle is 𝑇. Now we can obtain the following impulsive differ-
ential equation model:

𝑆
󸀠

(𝑡) = 𝐴 −
𝛽𝑆 (𝑡) 𝐼 (𝑡)

1 + 𝑚𝐼ℎ (𝑡)
− 𝜇𝑆 (𝑡) − 𝑞𝜇𝐼 (𝑡) ,

𝐸
󸀠

(𝑡) =
𝛽𝑆 (𝑡) 𝐼 (𝑡)

1 + 𝑚𝐼ℎ (𝑡)
−
𝛽𝑆 (𝑡 − 𝜏) 𝐼 (𝑡 − 𝜏)

1 + 𝑚𝐼ℎ (𝑡 − 𝜏)
𝑒
−𝜇𝜏

+ 𝑞𝜇𝐼 (𝑡)

− 𝑞𝜇𝐼 (𝑡 − 𝜏) 𝑒
−𝜇𝜏

− 𝜇𝐸 (𝑡) ,

𝐼
󸀠

(𝑡) =
𝛽𝑆 (𝑡 − 𝜏) 𝐼 (𝑡 − 𝜏)

1 + 𝑚𝐼ℎ (𝑡 − 𝜏)
𝑒
−𝜇𝜏

+ 𝑞𝜇𝐼 (𝑡 − 𝜏) 𝑒
−𝜇𝜏

− (𝜇 + 𝛾 + 𝛼) 𝐼 (𝑡) ,

𝑅
󸀠

(𝑡) = 𝛾𝐼 (𝑡) − 𝜇𝑅 (𝑡) ,

𝑡 ̸= 𝑛𝑇,

𝑆 (𝑡
+

) = 𝑆 (𝑡) − 𝜃𝜇 (𝑆 (𝑡) + 𝐸 (𝑡) + 𝑅 (𝑡)) − 𝜃𝑝𝜇𝐼 (𝑡) ,

𝐸 (𝑡
+

) = 𝐸 (𝑡) ,

𝐼 (𝑡
+

) = 𝐼 (𝑡) ,

𝑅 (𝑡
+

) = 𝑅 (𝑡) + 𝜃𝜇 (𝑆 (𝑡) + 𝐸 (𝑡) + 𝑅 (𝑡)) + 𝜃𝑝𝜇𝐼 (𝑡) ,

𝑡 = 𝑛𝑇.

(2)

Here, 𝑆(𝑡), 𝐸(𝑡), 𝐼(𝑡), and 𝑅(𝑡) represent susceptible, lurker,
disease, and cure at time 𝑡, respectively; 𝜇 represents the birth
rate (the birth rate is equal to death rate); 𝛽 represents the
effective contact number; 𝛼 is the mortality due to illness; 𝛾
denotes the cure rate; 𝑞 (0 < 𝑞 < 1) represents the infected
people who give birth to the newborn and who are vertically
infected into “the kind of latent” at time 𝑡; 𝑝 = 1 − 𝑞 is the
proportion of infected people who gave birth to newborn
who are not vertically infected at time 𝑡; 𝜃 (0 < 𝜃 < 1)
denotes the succeeded vaccination proportion of newborn for
all those who are not infected; 𝐴 represents input number of
the population of constant; 𝜏 denotes the time of lurker who
become infected people;𝑇 is the pulse vaccination cycle; ℎ,𝑚,
𝐴,𝜇,𝛽, and 𝛾 are positive constants. In this paper, we consider
the property of the model under 𝑆(𝑡) ≥ 0, 𝐸(𝑡) ≥ 0, 𝐼(𝑡) ≥ 0,
and 𝑅(𝑡) ≥ 0, and the initial conditions are given as follows:

(𝜑
1
(𝑠) , 𝜑
2
(𝑠) , 𝜑
3
(𝑠) , 𝜑
4
(𝑠)) ∈ 𝐶 ([−𝜏, 0] , 𝑅

4

+
) ,

𝜑
𝑖
(0) > 0 (𝑖 = 1, 2, 3, 4) .

(3)

Letting𝑁(𝑡) = 𝑆(𝑡) + 𝐸(𝑡) + 𝐼(𝑡) + 𝑅(𝑡) and according to
(2), we have

𝑁
󸀠

(𝑡) = 𝑆
󸀠

(𝑡) + 𝐸
󸀠

(𝑡) + 𝐼
󸀠

(𝑡) + 𝑅
󸀠

(𝑡)

= 𝐴 − 𝜇𝑁 (𝑡) − 𝛼𝐼 (𝑡) .
(4)

So (2) can be transformed into the following form:

𝑆
󸀠

(𝑡) = 𝐴 −
𝛽𝑆 (𝑡) 𝐼 (𝑡)

1 + 𝑚𝐼ℎ (𝑡)
− 𝜇𝑆 (𝑡) − 𝑞𝜇𝐼 (𝑡) ,

𝐸
󸀠

(𝑡) =
𝛽𝑆 (𝑡) 𝐼 (𝑡)

1 + 𝑚𝐼ℎ (𝑡)
−
𝛽𝑆 (𝑡 − 𝜏) 𝐼 (𝑡 − 𝜏)

1 + 𝑚𝐼ℎ (𝑡 − 𝜏)
𝑒
−𝜇𝜏

+ 𝑞𝜇𝐼 (𝑡)

− 𝑞𝜇𝐼 (𝑡 − 𝜏) 𝑒
−𝜇𝜏

− 𝜇𝐸 (𝑡) ,

𝐼
󸀠

(𝑡) =
𝛽𝑆 (𝑡 − 𝜏) 𝐼 (𝑡 − 𝜏)

1 + 𝑚𝐼ℎ (𝑡 − 𝜏)
𝑒
−𝜇𝜏

+ 𝑞𝜇𝐼 (𝑡 − 𝜏) 𝑒
−𝜇𝜏

− (𝜇 + 𝛾 + 𝛼) 𝐼 (𝑡) ,

𝑁
󸀠

(𝑡) = 𝐴 − 𝜇𝑁 (𝑡) − 𝛼𝐼 (𝑡) ,

𝑡 ̸= 𝑛𝑇,

𝑆 (𝑡
+

) = 𝑆 (𝑡) − 𝜃𝜇𝑁 (𝑡) + 𝜃𝜇𝑞𝐼 (𝑡) ,

𝐸 (𝑡
+

) = 𝐸 (𝑡) ,

𝐼 (𝑡
+

) = 𝐼 (𝑡) ,

𝑁 (𝑡
+

) = 𝑁 (𝑡) ,

𝑡 = 𝑛𝑇.

(5)
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Noticing𝑁󸀠(𝑡) ≤ 𝐴−𝜇𝑁(𝑡) and by the comparison prin-
ciple, we have 𝑁󸀠(𝑡) ≤ (𝐴/𝜇) + 𝑒

−𝜇𝑡

(𝑁(0) − (𝐴/𝜇)) and
then we have lim

𝑡→∞
𝑁(𝑡) ≤ (𝐴/𝜇). Then, all solutions

(𝑆(𝑡), 𝐸(𝑡), 𝐼(𝑡), and 𝑁(𝑡)) of model (5) eventually enter and
remain in the domain Ω = {(𝑆, 𝐸, 𝐼,𝑁) ∈ 𝑅4

+
: 𝑁 ≤ 𝐴/𝜇}.

Therefore,Ω is the positive invariant set of (5).
To proceed, we introduce the following two lemmas

which will play important roles in the remaining parts of this
paper.

Lemma 1 (see [25]). Consider the following differential equa-
tions with delay:

𝑤
󸀠

(𝑡) ≤ (≥) 𝑝 (𝑡) 𝑤 (𝑡) + 𝑞 (𝑡) , 𝑡 ̸= 𝑡
𝑘
,

𝑤 (𝑡
+

𝑘
) ≤ (≥) 𝑑

𝑘
𝑤 (𝑡
𝑘
) + 𝑏
𝑘
, 𝑡 = 𝑡

𝑘
, 𝑘 ∈ 𝑁,

(6)

where 𝑝(𝑡), 𝑞(𝑡) ∈ 𝐶[𝑅
+
, 𝑅], 𝑑

𝑘
≥ 0, and 𝑏

𝑘
are constants.

Assume that

(i) the sequence {𝑡
𝑘
} satisfies 0 ≤ 𝑡

1
< 𝑡
2
and limt→∞ 𝑡𝑘 =

∞;
(ii) 𝑤 ∈ 𝑃𝐶󸀠[𝑅

+
, 𝑅] and 𝑤(𝑡) are left continuous at 𝑡

𝑘
(𝑘 ∈

𝑁), then

𝑤 (𝑡) ≤ (≥)𝑤 (𝑡
0
) ∏

𝑡0<𝑡𝑘<𝑡

𝑑
𝑘
exp(∫

𝑡

𝑡0

𝑝 (𝑠) 𝑑𝑠)

+ ∑

𝑡0<𝑡𝑘<𝑡

( ∏

𝑡𝑘<𝑡𝑗<𝑡

𝑑
𝑗
exp(∫

𝑡

𝑡𝑘

𝑝 (𝑠) 𝑑𝑠))𝑏
𝑘

+ ∫

𝑡

𝑡0

∏

𝑠<𝑡𝑘<𝑡

𝑑
𝑘
exp(∫

𝑡

𝑠

𝑝 (𝜃) 𝑑𝜃) 𝑞 (𝑠) 𝑑𝑠, 𝑡 ≥ 𝑡
0
.

(7)

Lemma 2 (see [26]). Considering the following differential
equations with delay:

𝑥
󸀠

(𝑡) = 𝑟
1
𝑥 (𝑡 − 𝜏) − 𝑟

2
𝑥 (𝑡) , (8)

where 𝑟
1
, 𝑟
2
, and 𝜏 are positive constants, and 𝑥(𝑡) > 0, one has

the following

(i) if 𝑟
1
< 𝑟
2
, then lim

𝑡→∞
𝑥(𝑡) = 0,

(ii) if 𝑟
1
> 𝑟
2
, then lim

𝑡→∞
𝑥(𝑡) = +∞,

for all t ∈ [−𝜏, 0].

3. Main Results

In this section, for model (2), we aim to propose the sufficient
conditions to guarantee the existence of the disease-free
periodic solutions, the global stability of disease-free periodic
solution, and the uniform persistence of the considered
model.

3.1. Existence of the Disease-Free Periodic Solutions. Firstly,
the analysis result is given to ensure the existence of the dis-
ease-free periodic solutions.

Theorem 3. If 𝜃𝜇/(1 − 𝑒−𝜇𝑇) < 1, (10) has a unique and
positive periodic solution (𝑆∗(𝑡),𝑁∗(𝑡)). Moreover (5) has a
unique disease-free periodic solution (𝑆∗(𝑡), 0, 0,𝑁∗(𝑡)).

Proof. The existence of the disease-free periodic solution
means that the number of sick people is zero, that is 𝐼(𝑡) = 0
for all 𝑡 ≥ 0. Thus (5) is transformed into

𝑆
󸀠

(𝑡) = 𝐴 − 𝜇𝑆 (𝑡) ,

𝐸
󸀠

(𝑡) = −𝜇𝐸 (𝑡) ,

𝑁
󸀠

(𝑡) = 𝐴 − 𝜇𝑁 (𝑡) ,

𝑡 ̸= 𝑛𝑇,

𝑆 (𝑡
+

) = 𝑆 (𝑡) − 𝜃𝜇𝑁 (𝑡) ,

𝐸 (𝑡
+

) = 𝐸 (𝑡) ,

𝑁 (𝑡
+

) = 𝑁 (𝑡) ,

𝑡 = 𝑛𝑇.

(9)

Noticing that 𝐸(𝑡) only appears in the second equation of (9),
so we only need to consider the first and third equations of
(9),

𝑆
󸀠

(𝑡) = 𝐴 − 𝜇𝑆 (𝑡) ,

𝑁
󸀠

(𝑡) = 𝐴 − 𝜇𝑁 (𝑡) ,

𝑡 ̸= 𝑛𝑇,

𝑆 (𝑡
+

) = 𝑆 (𝑡) − 𝜃𝜇𝑁 (𝑡) ,

𝑁 (𝑡
+

) = 𝑁 (𝑡) ,

𝑡 = 𝑛𝑇.

(10)

Let 𝑁(𝑛𝑇) and 𝑆(𝑛𝑇) represent the initial value of 𝑁(𝑡)
and 𝑆(𝑡), at the time 𝑡 = 𝑛𝑇, respectively. For brevity, denote
𝑁
𝑛
= 𝑁(𝑛𝑇), 𝑆

𝑛
= 𝑆(𝑛𝑇). Then, we can be integral in the

pulse interval [𝑛𝑇, (𝑛 + 1)𝑇], respectively, and for the total
population and infected people, and we have

𝑆 (𝑡) =
𝐴

𝜇
− (
𝐴

𝜇
− 𝑆 (𝑛𝑇)) 𝑒

−𝜇(𝑡−𝑛𝑇)

,

𝑁 (𝑡) =
𝐴

𝜇
− (
𝐴

𝜇
− 𝑁 (𝑛𝑇)) 𝑒

−𝜇(𝑡−𝑛𝑇)

.

(11)

According to (11), we have the following stroboscopic
map:

(
𝑆
𝑛+1

𝑁
𝑛+1

) = (
𝑒
−𝜇𝑇

−𝜃𝜇

0 𝑒
−𝜇𝑇
)(
𝑆
𝑛

𝑁
𝑛

) +(

𝐴

𝜇
(1 − 𝑒

−𝜇𝑇

)

𝐴

𝜇
(1 − 𝑒

−𝜇𝑇

)

) . (12)

The Jacobi matrix of (12) is

𝐽 = (
𝑒
−𝜇𝑇

−𝜃𝜇𝑒
−𝜇𝑇

0 𝑒
−𝜇𝑇

) . (13)
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The matrix 𝐽 has the characteristic roots 𝜆
1
= 𝜆
2
= 𝑒
−𝜇𝑇 with

|𝜆
𝑖
| = 𝑒
−𝜇𝑡

< 1 (𝑖 = 1, 2). If 𝜃𝜇/(1 − 𝑒−𝜇𝑇) < 1, that is, (𝐴/𝜇) −
(𝜃𝐴/(1 − 𝑒

−𝜇𝑇

)) > 0, then map (12) has a unique and positive
fixed point (𝑆∗, 𝑁∗) with 𝑆∗ = (𝐴/𝜇) − (𝜃𝐴/(1 − 𝑒−𝜇𝑇)),𝑁∗ =
𝐴/𝜇. Therefore, the periodic solution of (10) is

𝑆
∗

(𝑡) =

{{{{

{{{{

{

𝐴

𝜇
−

𝜃𝐴

1 − 𝑒−𝜇𝑇
𝑒
−𝜇(𝑡−𝑛𝑇)

, 𝑡 ̸= 𝑛𝑇,

𝐴

𝜇
−

𝜃𝐴

1 − 𝑒−𝜇𝑇
, 𝑡 = 𝑛𝑇,

𝑁
∗

(𝑡) =
𝐴

𝜇
.

(14)

By using the second and fifth equations of (9), we have
lim
𝑡→∞

𝐸
∗

(𝑡) = 0. Thus the proof of this theorem is com-
plete.

3.2. Global Stability of Disease-Free Periodic Solution. In this
subsection, the global stability of the disease-free periodic
solution is discussed and the sufficient condition is given
accordingly.

Theorem 4. If 𝑅
1
= max{𝑅

1
, 𝜃𝜇/(1 − 𝑒

−𝜇𝑡

)} < 1, then the dis-
ease-free periodic solution (𝑆∗(𝑡), 0, 0, 𝐴/𝜇) of (9) is globally
attractive, where

𝑅
1
=

𝛽 ((𝐴/𝜇) − (𝜃𝜇𝐴/ (𝜇 + 𝛼) (1 − 𝑒
−𝜇𝑇

))) + 𝑞𝜇

𝑒𝜇𝜏 (𝛾 + 𝛼 + 𝜇)
. (15)

Proof. By the first and fifth equations of (5) and𝑁󸀠(𝑡) ≥ 𝐴 −
(𝜇 + 𝛼)𝑁(𝑡), we have𝑁(𝑡) ≥ 𝐴/(𝜇 + 𝛼), and then we have

𝑆
󸀠

(𝑡) ≤ 𝐴 − 𝜇𝑆 (𝑡) , 𝑡 ̸= 𝑛𝑇, 𝑛 ∈ 𝑁

𝑆 (𝑡
+

) ≤ 𝑆 (𝑡) −
𝜃𝜇𝐴

𝜇 + 𝛼
, 𝑡 = 𝑛𝑇, 𝑛 ∈ 𝑁.

(16)

By Lemma 1, we obtain

𝑆 (𝑡) ≤ 𝑆 (0
+

) ∏

0<𝑛𝑇<𝑡

𝑒
∫

𝑡

0
−𝜇𝑑𝑠

+ ∑

0<𝑛𝑇<𝑡

𝑒
∫

𝑡

𝑛𝑇
−𝜇𝑑𝑠

⋅ (−
𝜃𝜇𝐴

𝜇 + 𝛼
)

+ ∫

𝑡

0

∏

𝑠<𝑛𝑇<𝑡

𝑒
∫

𝑡

𝑠
−𝜇𝑑𝜃

⋅ 𝐴 𝑑𝑠

≤ 𝑆 (0
+

) 𝑒
−𝜇𝑡

+ (−
𝜃𝜇𝐴

𝜇 + 𝛼
) 𝑒
−𝜇𝑡
𝑒
𝜇𝑇

(1 − 𝑒
𝜇[𝑡/𝑇]𝑇

)

1 − 𝑒𝜇𝑇
+ Δ,

(17)

where

Δ = ∫

𝑡

0

∏

𝑠<𝑛𝑇<𝑡

𝑒
∫

𝑡

𝑠
−𝜇𝑑𝜃

⋅ 𝐴 𝑑𝑠

=
𝐴

𝜇
𝑒
−𝜇𝑡

∫

𝑡

0

∏

𝑠<𝑛𝑇<𝑡

𝑒
𝜇𝑠

𝑑𝜇𝑠

=
𝐴

𝜇
𝑒
−𝜇𝑡

∫

𝑡/𝑇

0

∏

𝜉<𝑛<𝑡/𝑇

𝑒
𝜇𝑇𝜉

𝑑𝜇𝑇𝜉

=
𝐴

𝜇
𝑒
−𝜇𝑡 [

[

∫

1

0

∏

𝜉<𝑛<𝑡/𝑇

𝑒
𝜇𝑇𝜉

𝑑𝜇𝑇𝜉 + ∫

2

1

∏

𝜉<𝑛<𝑡/𝑇

𝑒
𝜇𝑇𝜉

𝑑𝜇𝑇𝜉

+ ⋅ ⋅ ⋅ + ∫

𝑡/𝑇

[𝑡/𝑇]

∏

𝜉<𝑛<𝑡/𝑇

𝑒
𝜇𝑇𝜉

𝑑𝜇𝑇𝜉]

]

=
𝐴

𝜇
𝑒
−𝜇𝑡

[

(𝑒
𝜇𝑇

− 1) (1 − 𝑒
𝜇𝑇[𝑡/𝑇]

)

1 − 𝑒𝜇𝑇
+ 𝑒
𝜇𝑡

− 𝑒
𝜇𝑇[𝑡/𝑇]

]

=
𝐴

𝜇
−
𝐴

𝜇
𝑒
−𝜇𝑡

.

(18)

So

𝑆 (𝑡) ≤ 𝑆 (0
+

) 𝑒
−𝜇𝑡

+ (−
𝜃𝜇𝐴

𝜇 + 𝛼
) 𝑒
−𝜇𝑡
𝑒
𝜇𝑇

(1 − 𝑒
𝜇[𝑡/𝑇]𝑇

)

1 − 𝑒𝜇𝑇

+
𝐴

𝜇
−
𝐴

𝜇
𝑒
−𝜇𝑡

≤ 𝑒
−𝜇𝑡

[𝑆 (0
+

) −
𝐴

𝜇
+

𝜃𝜇𝐴

(𝜇 + 𝛼) (1 − 𝑒−𝜇𝑇)
]

+
𝐴

𝜇
+
𝜃𝜇𝐴𝑒
𝜇𝑇([𝑡/𝑇]+1−(𝑡/𝑇))

(𝜇 + 𝛼) (𝑒𝜇𝑇 − 1)

≤ 𝑒
−𝜇𝑡

[𝑆 (0
+

) −
𝐴

𝜇
+

𝜃𝜇𝐴

(𝜇 + 𝛼) (1 − 𝑒−𝜇𝑇)
]

+
𝐴

𝜇
−

𝜃𝜇𝐴

(𝜇 + 𝛼) (1 − 𝑒−𝜇𝑇)
,

(19)

that is,

lim sup
𝑡→∞

𝑆 (𝑡) ≤
𝐴

𝜇
−

𝜇𝜃𝐴

(𝜇 + 𝛼) (1 − 𝑒−𝜇𝑇)
. (20)

Noticing 𝜃𝜇/(1−𝑒−𝜇𝑇) < 1, we have 𝜃𝜇/(1−𝑒−𝜇𝑇) ⋅𝜇/(𝜇+𝛼) <
1. Moreover, we obtain (𝐴/𝜇) − (𝜇𝜃𝐴/(𝜇 + 𝛼)(1 − 𝑒−𝜇𝑇)) > 0.
Then, for all 𝜀 > 0, there exists 𝑛

1
∈ 𝑁 such that

𝑆 (𝑡) ≤
𝐴

𝜇
−

𝜇𝜃𝐴

(𝜇 + 𝛼) (1 − 𝑒−𝜇𝑇)
+ 𝜀 ≜ 𝜂 (21)

for all 𝑡 ≥ 𝑛
1
𝑇.
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Subsequently, it follows from (21) and the third equation
of (5) that

𝐼
󸀠

(𝑡) ≤
𝛽𝜂𝐼 (𝑡 − 𝜏)

1 + 𝑚𝐼ℎ (𝑡 − 𝜏)
𝑒
−𝜇𝜏

+ 𝑞𝜇𝐼 (𝑡 − 𝜏) 𝑒
−𝜇𝜏

− (𝜇 + 𝛼 + 𝛾) 𝐼 (𝑡)

≤ 𝛽𝜂𝐼 (𝑡 − 𝜏) 𝑒
−𝜇𝜏

+ 𝑞𝜇𝐼 (𝑡 − 𝜏) 𝑒
−𝜇𝜏

− (𝜇 + 𝛼 + 𝛾) 𝐼 (𝑡)

= 𝑒
−𝜇𝜏

(𝛽𝜂 + 𝑞𝜇) 𝐼 (𝑡 − 𝜏) − (𝜇 + 𝛼 + 𝛾) 𝐼 (𝑡)

(22)

for ∀𝑡 > 𝑛
1
𝑇 + 𝜏.

Consider the comparison system of (22)

𝑧
󸀠

(𝑡) = 𝑒
−𝜇𝜏

(𝛽𝜂 + 𝑞𝜇) 𝑧 (𝑡 − 𝜏) − (𝜇 + 𝛼 + 𝛾) 𝑧 (𝑡) . (23)

Due to 𝑅
1
< 1 + 𝜀, the following inequalities hold:

𝑒
−𝜇𝜏

[𝛽(
𝐴

𝜇
−

𝜃𝜇𝐴

(𝜇 + 𝛼) (1 − 𝑒−𝜇𝑇)
+ 𝜀) + 𝑞𝜇]

− (𝛾 + 𝛼 + 𝜇) < 0,

𝑒
−𝜇𝜏

(𝛽𝜂 + 𝑞𝜇) < (𝛾 + 𝛼 + 𝜇)

(24)

for ∀𝜀 > 0. By Lemma 2, we have lim
𝑡→∞

𝑧(𝑡) = 0. Note that
𝐼(𝑠) = 𝑧(𝑠) = 𝜑

2
(𝑠) > 0 for all 𝑠 ∈ [−𝜏, 0]. Then, according

to the comparison theorem of differential equation, one gets
lim
𝑡→∞

𝐼(𝑡) = 0.
Without loss of generality, assuming that there exists 𝑡

0
>

0, we have 0 < 𝐼(𝑡) < 𝜀 < 𝐴/𝛼 for all 𝑡 ≥ 𝑡
0
. By the first and

the fifth equations of (5), we have

𝑆
󸀠

(𝑡) ≥ (𝐴 − 𝑞𝜇𝜀) − (𝛽𝜀 + 𝜇) 𝑆 (𝑡) , 𝑡 ̸= 𝑛𝑇, 𝑛 ∈ 𝑁,

𝑆 (𝑡
+

) ≥ 𝑆 (𝑡) − 𝜃𝐴, 𝑡 = 𝑛𝑇, 𝑛 ∈ 𝑁.

(25)

Considering the comparison systems of (25),

𝑧
󸀠

1
(𝑡) = (𝐴 − 𝑞𝜇𝜀) − (𝛽𝜀 + 𝜇) 𝑧

1
(𝑡) ,

𝑡 ̸= 𝑛𝑇, 𝑛 ∈ 𝑁,

𝑧
1
(𝑡
+

) = 𝑧
1
(𝑡) − 𝜃𝐴, 𝑡 = 𝑛𝑇, 𝑛 ∈ 𝑁,

𝑧
1
(0
+

) = 𝑆 (0
+

)

(26)

when 𝑛𝑇 < 𝑡 ≤ (𝑛 + 1)𝑇, we obtain

𝑧
∗

1
(𝑡) =

{{{{

{{{{

{

𝐴 − 𝑞𝜇𝜀

𝛽𝜀 + 𝜇
−

𝜃𝐴

1 − 𝑒−(𝛽𝜀+𝜇)𝑇
𝑒
−(𝛽𝜀+𝜇)(𝑡−𝑛𝑇)

, 𝑡 ̸= 𝑛𝑇

𝐴 − 𝑞𝜇𝜀

𝛽𝜀 + 𝜇
−

𝜃𝐴

1 − 𝑒−(𝛽𝜀+𝜇)𝑇
, 𝑡 = 𝑛𝑇,

(27)

where

lim
𝜀→0

𝑧
∗

1
(𝑡) = 𝑆

∗

(𝑡) . (28)

By the comparison theorem of impulsive differential equa-
tion, for ∀𝜀

1
> 0, there exists 𝑇

1
> 𝑡
0
, when 𝑡 > 𝑇

1
, and we

obtain

𝑆 (𝑡) > 𝑧
∗

1
(𝑡) − 𝜀

1
(29)

for all 𝑡 > 𝑇
1
. As 𝐴 − 𝜇𝑁 − 𝛼𝜀 ≤ 𝑁󸀠(𝑡), 𝑡 ≥ 𝑡

0
, 𝑁(𝑡) ≥

(𝐴 − 𝛼𝜀)/𝜇 > 0. Then due to the first and the fifth equations
of (5), we obtain

𝑆
󸀠

(𝑡) ≤ 𝐴 − 𝜇𝑆 (𝑡) , 𝑡 ̸= 𝑛𝑇, 𝑛 ∈ 𝑁,

𝑆 (𝑡
+

) ≤ 𝑆 (𝑡) − 𝜃𝐴 + (𝛼 + 𝜇𝑞) 𝜃𝜀, 𝑡 = 𝑛𝑇, 𝑛 ∈ 𝑁.

(30)

Considering the comparison systems of (30),

𝑧
󸀠

2
(𝑡) = 𝐴 − 𝜇𝑧

2
(𝑡) , 𝑡 ̸= 𝑛𝑇, 𝑛 ∈ 𝑁,

𝑧
2
(𝑡
+

) = 𝑧
2
(𝑡) − 𝜃𝐴 + (𝛼 + 𝜇𝑞) 𝜃𝜀, 𝑡 = 𝑛𝑇, 𝑛 ∈ 𝑁,

𝑧
2
(0
+

) = 𝑆 (0
+

) ,

(31)

we have

𝑧
∗

2
(𝑡) =

{{{{

{{{{

{

𝐴

𝜇
−
𝜃𝐴 − (𝛼 + 𝜇𝑞) 𝜃𝜀

1 − 𝑒−𝜇𝑇
𝑒
−𝜇(𝑡−𝑛𝑇)

, 𝑡 ̸= 𝑛𝑇

𝐴

𝜇
−
𝜃𝐴 − (𝛼 + 𝜇𝑞) 𝜃𝜀

1 − 𝑒−𝜇𝑇
, 𝑡 = 𝑛𝑇

(32)

when 𝑛𝑇 < 𝑡 ≤ (𝑛 + 1)𝑇.
Similarly, for ∀𝜀

1
> 0, there exists 𝑇

2
> 𝑡
0
such that

𝑆 (𝑡) < 𝑧
2
(𝑡) + 𝜀

1
(33)

for 𝑡 > 𝑇
2
. Denote 𝑇 = max{𝑇

1
, 𝑇
2
}. When 𝑡 > 𝑇, let 𝜀

1
→ 0.

Then it follows from (29) and (33) that 𝑆∗(𝑡) − 𝜀
1
< 𝑆(𝑡) <

𝑆
∗

(𝑡) + 𝜀
1
, that is,

lim
𝑡→∞

𝑆 (𝑡) = 𝑆
∗

(𝑡) . (34)

By substituting 𝐼(𝑡) = 0 into (5), we have lim
𝑡→∞

𝐸(𝑡) = 0,
lim
𝑡→∞

𝑁(𝑡) = 𝐴/𝜇. Then, the proof of this theorem is
complete.

3.3. Uniform Persistence of the Model. In this subsection,
the definition of the uniform persistence is first given. Then
the sufficient condition is proposed to ensure the uniform
persistence of the addressed model.

Definition 5. If there exists a compact set 𝐷 ⊂ Ω, such that
(2) at any periodic solution enters into𝐷 and finally remains
𝐷 under the initial condition of (3), then (2) is uniformly
persistent.

According to the above definition, we aim to present the
analysis result about the uniform persistence for model (2).
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Theorem 6. If 𝑅
2
= min{𝑅

2
, 𝑅
3
, 𝑅
4
} > 1 then the (2) is uni-

formly persistent, where

𝑅
2
=

(𝐴+𝑞𝜇) (1−𝑒
−𝜇𝑇

)+𝜃𝐴 (𝜇+𝛽)−(1+𝑚𝛿
ℎ

) (𝛼+𝛾+𝜉)

𝑞𝜇 (1 − 𝑒−𝜇𝑇) + 𝜃𝐴𝛽
,

𝑅
3
=

(1 − 𝑞) (1 − 𝑒
−(𝛿𝛽+𝜇)𝑇

)

(𝛿𝛽 + 𝜇) 𝜃
,

𝛿 =
𝐴

𝜇
, 𝜉 = 𝜇 (1 − 𝑞𝑒

−𝜇𝜏

) .

(35)

Proof. It follows from Ω that, we obtain 𝑁(𝑡) ≤ 𝐴/𝜇 = 𝛿,
then the solutions of (2) have upper bound. So we only need
to consider the lower bound solution of (2).

First, we show the existence of a lower bound for 𝐼(𝑡).The
third equation of (2) transforms the form as follows:

𝐼
󸀠

(𝑡) = [
𝛽𝑆 (𝑡)

1 + 𝑚𝐼ℎ (𝑡)
𝑒
−𝜇𝜏

− (𝛼 + 𝛾 + 𝜉)] 𝐼 (𝑡)

− 𝑒
−𝜇𝜏
𝑑

𝑑𝑡
∫

𝑡

𝑡−𝜏

(
𝛽𝑆 (𝜃)

1 + 𝑚𝐼ℎ (𝜃)
+ 𝑞𝜇) 𝐼 (𝜃) 𝑑𝜃.

(36)

Construct 𝑉(𝑡) = 𝐼(𝑡) + 𝑒−𝜇𝜏 ∫𝑡
𝑡−𝜏

((𝛽𝑆(𝜃)/(1 + 𝑚𝐼
ℎ

(𝜃))) +

𝑞𝜇)𝐼(𝜃)𝑑𝜃. So𝑉(𝑡) is a bounded function. Along the solution
of (2), we have

𝑉
󸀠

(𝑡)

= 𝐼
󸀠

(𝑡) + 𝑒
−𝜇𝜏
𝑑

𝑑𝑡
∫

𝑡

𝑡−𝜏

(
𝛽𝑆 (𝜃)

1 + 𝑚𝐼ℎ (𝜃)
+ 𝑞𝜇) 𝐼 (𝜃) 𝑑𝜃

= (𝛼 + 𝛾 + 𝜉) [
𝛽𝑆 (𝑡)

1 + 𝑚𝐼ℎ (𝑡)
𝑒
−𝜇𝜏

⋅
1

𝛼 + 𝛾 + 𝜉
− 1] 𝐼 (𝑡) .

(37)

By 𝑅
2
> 1, there exists𝑚∗

2
= 𝑅
2
− 1 > 0 satisfying

𝑚
∗

2
=

𝛽𝑒
−𝜇𝜏

𝐴[1−𝑒
−𝜇𝑇

−𝜃𝜇]−(1+𝑚𝛿
ℎ

) (𝛼+𝛾+𝜉)

[(1 − 𝑒−𝜇𝑇) 𝑞𝜇 + 𝜃𝐴𝛽] 𝛽𝑒−𝜇𝜏
> 0.

(38)

Then, we have

𝛽𝑒
−𝜇𝜏

(1 + 𝑚𝛿ℎ) (𝛼 + 𝛾 + 𝜉)
[
𝐴 − 𝑞𝜇𝑚

∗

2

𝛽𝑚
∗

2
+ 𝜇

−
𝜃𝐴

1 − 𝑒−𝜇𝑇
] = 1. (39)

Subsequently, there exists 𝜀
1
> 0, such that

𝛽𝑒
−𝜇𝜏

(1 + 𝑚𝛿ℎ) (𝛼 + 𝛾 + 𝜉)
[
𝐴 − 𝑞𝜇𝑚

∗

2

𝛽𝑚
∗

2
+ 𝜇

−
𝜃𝐴

1−𝑒
−(𝛽𝑚

∗
2+𝜇)𝑇

−𝜀
1
] > 1.

(40)

So

𝛽𝑒
−𝜇𝜏

(1 + 𝑚𝛿ℎ) (𝛼 + 𝛾 + 𝜉)
Δ > 1, (41)

where

Δ =
𝐴 − 𝑞𝜇𝑚

∗

2

𝛽𝑚
∗

2
+ 𝜇

−
𝜃𝐴

1 − 𝑒
−(𝛽𝑚

∗
2+𝜇)𝑇

− 𝜀
1
. (42)

Now we prove that 𝐼(𝑡) ≤ 𝑚∗
2
is not true. Otherwise,

assume that there exists 𝑡
0
> 0, and when 𝑡 > 𝑡

0
, there is

𝐼(𝑡) < 𝑚
∗

2
. By using the first and the fifth equations of (2), we

have

𝑆
󸀠

(𝑡) ≥ (𝐴 − 𝑞𝜇𝑚
∗

2
) − (𝛽𝑚

∗

2
+ 𝜇) 𝑆 (𝑡) ,

𝑡 ̸= 𝑛𝑇, 𝑛 ∈ 𝑁,

𝑆 (𝑡) ≥ 𝑆 (𝑡) − 𝜃𝐴, 𝑡 = 𝑛𝑇, 𝑛 ∈ 𝑁.

(43)

By Lemma 1, there exists 𝑇
1
≥ 𝑡
0
+ 𝜏, and we have

𝑆 (𝑡) >
𝐴 − 𝑞𝜇𝑚

∗

2

𝛽𝑚
∗

2
+ 𝜇

−
𝜃𝐴

1 − 𝑒
−(𝛽𝑚

∗
2+𝜇)𝑇

− 𝜀
1
≜ Δ (44)

for 𝑡 > 𝑇
1
. Together with (37) and (44), one gets

𝑉
󸀠

(𝑡) > (𝛾 + 𝜉) [
𝛽𝑒
−𝜇𝜏

(1 + 𝑚𝛿ℎ) (𝛼 + 𝛾 + 𝜉)
⋅ Δ − 1] 𝐼 (𝑡) . (45)

Denote 𝐼𝑙 = min
𝑡∈[𝑇1 ,𝑇1+𝜏]

𝐼(𝑡).Then 𝑡 ≥ 𝑇
1
> 𝑡
0
, that is, 𝐼(𝑡) ≥

𝐼
𝑙. Otherwise there exists𝑇

2
> 0, such that 𝑡 ∈ [𝑇

1
, 𝑇
1
+𝜏+𝑇

2
].

Then there are 𝐼(𝑡) ≥ 𝐼𝑙, 𝐼(𝑇
1
+𝜏+𝑇

2
) = 𝐼
𝑙, and 𝐼󸀠(𝑇

1
+𝜏+𝑇

2
) ≤

0. It follows from the second equation of (2) and (41) that

𝐼
󸀠

(𝑇
1
+ 𝜏 + 𝑇

2
)

≥ (𝛼 + 𝛾 + 𝜉) [
𝛽𝑒
−𝜇𝜏

(1 + 𝑚𝛿ℎ) (𝛼 + 𝛾 + 𝜉)
Δ − 1] 𝐼

𝑙

> 0,

(46)

which is a contradiction. So, for 𝑡 ≥ 𝑇
1
, according to (36),

𝐼(𝑡) ≥ 𝐼
𝑙, 𝑉󸀠(𝑡) > 0, that is lim

𝑡→∞
𝑉(𝑡) = +∞. This is,

a contradiction of which 𝑉(𝑡) is bounded. So when 𝑡 > 𝑡
0
,

𝐼(𝑡) < 𝑚
∗

2
is not tenable.

Two cases to prove are given as follows.

Case 1. If, for 𝑡 which is sufficiently large, 𝐼(𝑡) ≥ 𝑚∗
2
, hence

the statements are proved.

Case 2. If 𝐼(𝑡) is shocked near 𝑚∗
2
, let 𝑚

2
= min{𝑚∗

2
/2,

𝑚
∗

2
𝑒
−(𝛼+𝛾+𝜇)𝜏

}. There exists two constants: 𝑡 and 𝜛 satisfying
𝐼(𝑡) = 𝐼(𝑡 + 𝜛) = 𝑚

∗

2
, and when 𝑡 < 𝑡 < 𝑡 + 𝜛, there is

𝐼(𝑡) < 𝑚
∗

2
. Because 𝐼(𝑡) is a continuous and bounded function

which is not affected by pulse, then 𝐼(𝑡)is uniformly continu-
ous. So, there exists 0 < 𝑇

3
< 𝜏 (𝑇

3
depends on the selection

of 𝑡), met for all 𝑡 < 𝑡 < 𝑡 + 𝑇
3
, and there is 𝐼(𝑡) > 𝑚∗

2
/2. If

𝜛 < 𝑇
3
. The conclusion was established. If 𝑇

3
< 𝜛 < 𝜏, then,

by the second equation of (5) that we have when 𝑡 < 𝑡 < 𝑡+𝜛,
𝐼
󸀠

(𝑡) ≥ −(𝛼 + 𝛾 + 𝜇)𝐼(𝑡); again by 𝐼(𝑡) = 𝑚
∗

2
, there is

𝐼(𝑡) ≥ 𝑚
∗

2
𝑒
−(𝛼+𝛾+𝜇)𝜏, and obviously 𝐼(𝑡) ≥ 𝑚

2
is established.

Similarly, if 𝜛 ≥ 𝜏, then, by the second equation of (5), when
𝑡 < 𝑡 < 𝑡 + 𝜏, 𝐼(𝑡) ≥ 𝑚

2
. Then proof is as follows, when
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𝑡 + 𝜏 ≤ 𝑡 ≤ 𝑡 + 𝜛, and there is still 𝐼(𝑡) ≥ 𝑚
2
. If not, there

exists 𝑇 ≥ 0, when 𝑡 ≤ 𝑡 ≤ 𝑡 + 𝜏 + 𝑇, and there are 𝐼(𝑡) ≥ 𝑚
2
,

𝐼(𝑡 + 𝜏 + 𝑇) = 𝑚
2
, and 𝐼󸀠(𝑡 + 𝜏 + 𝑇) ≤ 0. It follows from the

second equation of (2) that

𝐼
󸀠

(𝑡 + 𝜏 + 𝑇) ≥ [
𝛽𝑒
−𝜇𝜏

(1 + 𝑚𝛿ℎ) (𝛼 + 𝛾 + 𝜉)
Δ − 1]𝑚

2
> 0.

(47)

It is a contradiction. So when 𝑡 < 𝑡 < 𝑡+𝜛, there is 𝐼(𝑡) ≥ 𝑚
2
.

Above all, any positive periodic solution of (2) which for
sufficiently large 𝑡, it can be concluded that 𝐼(𝑡) ≥ 𝑚

2
.

It follows from the first and the fifth equations of (2) that

𝑆
󸀠

(𝑡) ≥ (1 − 𝑞)𝐴 − (𝛿𝛽 + 𝜇) 𝑆 (𝑡) , 𝑡 ̸= 𝑛𝑇, 𝑛 ∈ 𝑁,

𝑆 (𝑡
+

) ≥ 𝑆 (𝑡) − 𝜃𝐴, 𝑡 = 𝑛𝑇, 𝑛 ∈ 𝑁.

(48)

It follows from Lemma 1 that

𝑆 (𝑡) ≥ 𝑒
−(𝛿𝛽+𝜇)𝑡

[𝑆 (0
+

) −
(1 − 𝑞)𝐴

𝛿𝛽 + 𝜇
+

𝜃𝐴

1 − 𝑒−(𝛿𝛽+𝜇)𝑇
]

+
(1 − 𝑞)𝐴

𝛿𝛽 + 𝜇
−
𝜃𝐴𝑒
(𝛿𝛽+𝜇)(𝑇[𝑡/𝑇]+𝑇−𝑡)

𝑒(𝛿𝛽+𝜇)𝑇 − 1
.

(49)

Since 0 < 𝑇[𝑡/𝑇] + 𝑇 − 𝑡 < 𝑇, so

𝑆 (𝑡) ≥ 𝑒
−(𝛿𝛽+𝜇)𝑡

[𝑆 (0
+

) −
(1 − 𝑞)𝐴

𝛿𝛽 + 𝜇
+

𝜃𝐴

1 − 𝑒−(𝛿𝛽+𝜇)𝑇
]

+
(1 − 𝑞)𝐴

𝛿𝛽 + 𝜇
−

𝜃𝐴

1 − 𝑒−(𝛿𝛽+𝜇)𝑇
.

(50)

Thus lim
𝑡→∞

𝑆(𝑡) ≥ 𝐴[((1−𝑞)/(𝛿𝛽+𝜇))−(𝜃/(1−𝑒
−(𝛿𝛽+𝜇)𝑇

))];
it follows from 𝑅

3
> 1 that ((1 − 𝑞)/(𝛿𝛽 + 𝜇)) − (𝜃/(1 −

𝑒
−(𝛿𝛽+𝜇)𝑇

)) > 0, that is; for ∀𝜀 > 0, there exists 𝑇
4
> 0, when

𝑡 > 𝑇
4
, and there is

𝑆 (𝑡) ≥ 𝐴[
1 − 𝑞

𝛿𝛽 + 𝜇
−

𝜃

1 − 𝑒−(𝛿𝛽+𝜇)𝑇
] − 𝜀 ≜ 𝑚

1
. (51)

Because of the second equation of (2)

𝐸 (𝑡) = ∫

𝑡

𝑡−𝜏

𝛽𝑆 (𝑢) 𝐼 (𝑢)

1 + 𝑚𝐼ℎ (𝑢)
𝑒
−𝜇(𝑡−𝑢)

𝑑𝑢 + ∫

𝑡

𝑡−𝜏

𝑞𝜇𝐼 (𝑢) 𝑒
−𝜇(𝑡−𝑢)

𝑑𝑢

≥ (
𝛽𝑚
1
𝑚
2

𝜇 (1 + 𝑚𝛿ℎ)
+ 𝑞𝑚
2
) (1 − 𝑒

−𝜇𝜏

) ≜ 𝑚
3
.

(52)

Subsequently, it follows from the fourth equation of (2)
that

𝑅
󸀠

(𝑡) ≥ 𝑟𝑚
2
− 𝜇𝑅 (𝑡) . (53)

Similarly, there is 𝑅(𝑡) ≥ 𝑟𝑚
2
/𝜇 ≜ 𝑚

4
satisfying

𝐷 = {(𝑆, 𝐸, 𝐼, 𝑅) | 𝑚
1
≤ 𝑆 (𝑡) ≤ 𝛿,𝑚

2
≤ 𝐼 (𝑡) ≤ 𝛿,

𝑚
3
≤ 𝐸 (𝑡) ≤ 𝛿,𝑚

4
≤ 𝑅 (𝑡) ≤ 𝛿} .

(54)

Then, 𝐷 is a bounded compact set, nontrivial for any cycle
solution of (2) to enter and stay in 𝐷 inside. Hence, it
completes the proof of this theorem.
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Figure 1: The global attractability of disease-free periodic solution.

Remark 7. Up till now, we investigate the delay epidemic
model with vertical transmission, constant input and nonlin-
ear incidence.The sufficient conditions are given to guarantee
the existence of the disease-free periodic solutions, the global
stability of disease-free periodic solution, and the uniform
persistence of the considered model. It is worth mentioning
that, according to the statistics of the suspected patients
and patients and using the data identification approach, the
parameters in the model can be determined when the disease
outbreaks. Subsequently, the illness trend of the epidemic
can be predicted. Hence, we can make the reasonable control
measures. One of the future research directions would be to
apply the developed results to make the control strategy by
properly considering the real information on the epidemic
data.

4. A Numerical Simulation

For comparisons, we consider the following five cases.

Case 1. Let the parameters be specified as certain fixed values
in (2): 𝐴 = 0.2, 𝜇 = 0.02, 𝛽 = 0.05, 𝑞 = 0.8, 𝛾 = 0.5,
𝛼 = 0.3, 𝜃 = 0.8, 𝜏 = 10, 𝑇 = 20, and 𝑚 = ℎ = 1;
then the result 𝑅

1
= max{0.5137, 0.04853} < 1 is obtained

after calculation. By Theorem 4, we know that the disease-
free periodic solution of (2) is globally attractive. Setting the
initial value 𝑆(0) = 1, 𝐸(0) = 2, 𝐼(0) = 3, and 𝑅(0) = 4, the
numerical simulation of the diagram is shown in Figure 1.

Case 2. Take the following parameters: 𝜏 = 1, 𝛼 = 0.01, 𝐴 =
0.5, 𝛽 = 0.12, 𝜇 = 0.1, 𝑞 = 0.8, 𝑚 = 0.02, ℎ = 0.8, 𝛾 = 0.06,
𝑇 = 10, 𝑝 = 1 − 𝑞, and 𝜃 = 0.1; we calculate that 𝑅

2
=

min{5.2830, 2.8545} > 1. By Theorem 6, (2) is uniform
persistence. Letting the initial 𝑆(0) = 0.5, 𝐸(0) = 1, 𝐼(0) =
1.5, 𝑅(0) = 2, the numerical simulation of (2) is shown in
Figure 2.

Case 3. The parameter of (2) is the same as that in Figure 1
except for parameter 𝛽. Taking 𝛽 = 0.08, we have
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Figure 2:Theuniformpersistence of diseasewhen𝛽 = 0.12, 𝑞 = 0.8,
and 𝜃 = 0.1.
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Figure 3: The uniform persistence of disease when 𝛽 = 0.08.

𝑅
2
= min{5.4400, 3.9730} > 1. Then, by Theorem 6, (2) is of

uniform persistence. The corresponding numerical simula-
tion of (2) is shown in Figure 3.

Case 4. If the parameter of (2) is the same as in Figure 1 except
𝑞. Taking 𝑞 = 0.1, we obtain 𝑅

2
= min{20.1653, 12.8454} > 1.

ByTheorem 6, (2) is of uniform persistence. Accordingly, the
simulation of (2) is shown in Figure 4.

Case 5. If the parameter of (2) is the same as in Figure 1 except
𝜃. Taking 𝜃 = 0.9, we have 𝑅

2
= min{4.9835, 1.2496} > 1.

By Theorem 6, (2) is of uniform persistence. The numerical
simulation of (2) is shown in Figure 5.

It can be seen that 𝐼(𝑡) is more influenced by the change
of 𝛽, 𝑝 but is less influenced by the change of 𝜃.

By Figures 2 and 3, we can see that when the contact rate is
smaller, the numbers of lurker and infective are reduced, but
the numbers of susceptible and removed accordingly changed
much. Also, there is a proportional relationship between the
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Figure 4: The uniform persistence of disease when 𝑞 = 0.1.
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Figure 5: The uniform persistence of disease when 𝜃 = 0.9.

size of the extent of epidemic and the contact rate. By com-
paring Figures 2 and 4, when the vertical transmission rate
is bigger, the number of infective is increased by controlling
the vertical transmission rate of infected newborn.Moreover,
by comparing Figures 2 and 5, the increase of vaccination
rate has a certain effect for the control of the disease, but
it is not obvious. Therefore, if we reduce the extent of the
epidemic, the measure of one is reducing the contact rate and
vertical transmission rate. From the simulation the feasibility
and usefulness of the proposed main results are confirmed.

5. Conclusions

In this paper, we have discussed the SEIR model with the
pulse vaccination, the constant input item of population, and
the vertical transmission. By employing the impulsive dif-
ferential inequality and the stroboscopic map, the existence
conditions of the disease-free periodic solution of the model
have been given. Also, the sufficient conditions of globally
attractive and uniform persistence have been proposed.
Finally, a numerical example has been given to illustrate the
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validity of the proposed results. One of our future research
interests is to extend the main results of the analysis and
synthesis of gene regulatory networks or complex dynamical
systems as discussed in [27–32].
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This paper investigates the exponential stability of general impulsive delay systems with delayed impulses. By using the Lyapunov
functionmethod, some Lyapunov-based sufficient conditions for exponential stability are derived, which aremore convenient to be
applied than those Razumikhin-type conditions in the literature. Their applications to linear impulsive systems with time-varying
delays are also proposed, and a set of sufficient conditions for exponential stability is provided in terms of matrix inequalities.
Meanwhile, two examples are discussed to illustrate the effectiveness and advantages of the results obtained.

1. Introduction

Impulsive dynamical systems have received considerable
attention during the recent decades since they provide a
natural framework for mathematical modeling of many real-
world evolutionary processeswhere the states undergo abrupt
changes at certain instants (see, e.g., [1–4]). On the other
hand, time delays often appear in practical systems and may
poorly affect the performance of a system. Stability and stabi-
lization of such systems are of both theoretical and practical
importance. Therefore, the study of time-delay systems has
attracted great attention over the past few years (see, e.g.,
[5–10]). An area of particular interest has been the stability
analysis and stabilization of impulsive delay systems (IDSs),
and there is extensive literature on this field (see, e.g., [11–
26]). For instance, in [11–14], the robust stability for uncertain
impulsive system with time-delay was studied, and the linear
matrix inequalities approach to the stability was presented.
In [15–26], the Lyapunov function or Lyapunov functional
coupled with the Razumikhin techniques was suggested for
the exponential stability and asymptotical stability of IDSs.

In the previous works on stability and stabilization
of IDSs, the impulses are assumed to take the form of
Δ𝑥(𝑡
𝑘
) = 𝐼
𝑘
(𝑡
𝑘
, 𝑥(𝑡
−

𝑘
)), which indicates that the state “jump” at

impulse times 𝑡
𝑘
is only related to the present state variables

(see, e.g., [18–26]). But, in most cases, it is more applicable
that the state variables on the impulses are also related to
the past states. For example, in the transmission of the
impulse information, input delays are often encountered. So,
compared with the nondelayed impulses described above, it
is much more meaningful to model the impulses as

Δ𝑥 (𝑡
𝑘
) = 𝐼
𝑘
(𝑡
𝑘
, 𝑥 (𝑡
−

𝑘
)) + 𝐽
𝑘
(𝑡
𝑘
, 𝑥
𝑡
−
𝑘
) . (1)

In fact, there have been several attempts in the literature
to study the stability and control problems of a particular
class of delayed impulsive systems [27, 28]. For example,
Lian et al. [27] investigated the optimal control problem of
linear continuous-time systems possessing delayed discrete-
time controllers in networked control systems. For nonlinear
impulsive systems, Khadra et al. [28] studied the impulsive
synchronization problem coupled by linear delayed impulses.
By using the Razumikhin techniques, some sufficient con-
ditions for asymptotic stability and exponential stability of
general IDS-DI were established in [29–32], and sufficient
conditions for exponential stability of impulsive stochastic
functional differential systems with delayed impulses were
obtained in [33].
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In this paper, we will further investigate the stability
of IDS-DI. By using the Lyapunov functions, some suffi-
cient conditions ensuring exponential stability of IDS-DI are
derived, which are more convenient to be applied than those
Razumikhin-type conditions in [31, 32].Their applications to
linear impulsive systems with time-varying delays are also
proposed, and a set of sufficient conditions for exponential
stability are derived in terms of matrix inequalities.

2. Preliminaries

Let R denote the set of real numbers, R
+
the set of nonnega-

tive real numbers, Z
+
the set of positive integers, and R𝑛 the

𝑛-dimensional real space equipped with the Euclidean norm
| ⋅ |. Let 𝜏 > 0, and let 𝑃𝐶([−𝜏, 0];R𝑛) = {𝜑 : [−𝜏, 0] → R𝑛 |

𝜑(𝑡
+

) = 𝜑(𝑡) for all 𝑡 ∈ [−𝜏, 0), 𝜑(𝑡−) exists and 𝜑(𝑡−) = 𝜑(𝑡)

for all but at most a finite number of points 𝑡 ∈ (−𝜏, 0]} be
with the norm ‖𝜑‖ = sup

−𝜏⩽𝜃⩽0
|𝜑(𝜃)|, where 𝜑(𝑡+) and 𝜑(𝑡−)

denote the right-hand and left-hand limits of function 𝜑(𝑡) at
𝑡 respectively.

Consider the IDS-DI described by the state equations

̇𝑥 (𝑡) = 𝑓 (𝑡, 𝑥
𝑡
) , 𝑡 ̸= 𝑡

𝑘
, 𝑡 ⩾ 𝑡

0
,

Δ𝑥 (𝑡
𝑘
) = 𝐼
𝑘
(𝑡
𝑘
, 𝑥 (𝑡
−

𝑘
)) + 𝐽
𝑘
(𝑡
𝑘
, 𝑥
𝑡
−
𝑘
) , 𝑘 ∈ Z

+
,

𝑥
𝑡0
= 𝜙 (𝑠) , 𝑠 ∈ [−𝜏, 0] ,

(2)

where 𝑥 ∈ R𝑛, 𝑓 : R
+
× C → R𝑛, 𝐼

𝑘
: R
+
× R𝑛 → R𝑛, 𝐽

𝑘
:

R
+
× C → R𝑛, 𝜙 ∈ 𝑃𝐶([−𝜏, 0];R𝑛), and C is an open set in

𝑃𝐶([−𝜏, 0];R𝑛). The fixed moments of impulse times {𝑡
𝑘
, 𝑘 ∈

Z
+
} satisfy 0 ⩽ 𝑡

0
< 𝑡
1
< ⋅ ⋅ ⋅ < 𝑡

𝑘
< ⋅ ⋅ ⋅ and 𝑡

𝑘
→ ∞ (as

𝑘 → ∞) andΔ𝑥(𝑡
𝑘
) = 𝑥(𝑡

𝑘
)−𝑥(𝑡
−

𝑘
);𝑥
𝑡
,𝑥
𝑡
− ∈ 𝑃𝐶([−𝜏, 0];R𝑛)

are defined as 𝑥
𝑡
= 𝑥(𝑡 + 𝜃) and 𝑥

𝑡
− = 𝑥(𝑡

−

+𝜃) for 𝜃 ∈ [−𝜏, 0]
respectively.

Throughout this paper, we assume that 𝑓, 𝐼
𝑘
, and 𝐽

𝑘
, 𝑘 ∈

Z
+
, satisfy the necessary conditions for the global existence

and uniqueness of solutions for all 𝑡 ⩾ 𝑡
0
(refer to [3, 34, 35]).

Then, for any 𝜙 ∈ 𝑃𝐶([−𝜏, 0];R𝑛), there exists a unique
function satisfying system (2) denoted by 𝑥(𝑡; 𝑡

0
, 𝜙), which is

continuous on the right-hand side and limitable on the left-
hand side.Moreover, we assume that𝑓(𝑡, 0) ≡ 0, 𝐼

𝑘
(𝑡
𝑘
, 0) ≡ 0,

and 𝐽
𝑘
(𝑡
𝑘
, 0) ≡ 0, 𝑘 ∈ Z

+
, which implies that 𝑥(𝑡) ≡ 0 is a

solution of (2), which is called the trivial solution.
At the end of this section, let us introduce the following

definitions.

Definition 1. A function 𝑉 : [𝑡
0
− 𝜏,∞) × R𝑛 → R

+
belongs

to class V
0
if the following are satisfied.

(i) 𝑉 is continuous on each of the sets [𝑡
𝑘−1

, 𝑡
𝑘
) × R𝑛,

and for each 𝑥, 𝑦 ∈ R𝑛, 𝑡 ∈ [𝑡
𝑘−1

, 𝑡
𝑘
), 𝑘 ∈ Z

+
,

lim
(𝑡,𝑦)→ (𝑡

−
𝑘
,𝑥)
𝑉(𝑡, 𝑦) = 𝑉(𝑡

−

𝑘
, 𝑥) exists.

(ii) 𝑉(𝑡, 𝑥) is locally Lipschitz in 𝑥 ∈ R𝑛, and 𝑉(𝑡, 0) ≡ 0

for all 𝑡 ⩾ 𝑡
0
.

Definition 2. Given a function 𝑉 ∈ V
0
, the upper right-hand

Dini derivative of 𝑉 with respect to system (2) is defined by

𝐷
+

𝑉 (𝑡, 𝜓 (0))

= lim sup
ℎ→0

+

1

ℎ
[𝑉 (𝑡 + ℎ, 𝜓 (0) + ℎ𝑓 (𝑡, 𝜓)) − 𝑉 (𝑡, 𝜓 (0))]

(3)

for (𝑡, 𝜓) ∈ [𝑡
0
,∞) × 𝑃𝐶([−𝜏, 0];R𝑛).

Definition 3. The trivial solution of system (2) or, simply,
system (2) is said to be exponentially stable if there is a pair
of positive constants 𝜆, 𝐶 such that, for any initial data 𝑥

𝑡0
=

𝜙 ∈ 𝑃𝐶([−𝜏, 0];R𝑛), the solution 𝑥(𝑡; 𝑡
0
, 𝜙) satisfies

󵄨󵄨󵄨󵄨𝑥 (𝑡; 𝑡0, 𝜙)
󵄨󵄨󵄨󵄨 ⩽ 𝐶

󵄩󵄩󵄩󵄩𝜙
󵄩󵄩󵄩󵄩 𝑒
−𝜆(𝑡−𝑡0), 𝑡 ⩾ 𝑡

0
. (4)

3. Main Results

In this section, we will analyze the exponential stability of
system (2) by employing the Lyapunov functions.

Theorem 4. Assume that𝑉 ∈ V
0
and there exist constants 𝑝 >

0, 𝑐
1
> 0, 𝑐
2
> 0, 𝜂

2
⩾ 0, 𝑑

1𝑘
> 0, 𝑑

2𝑘
⩾ 0, 𝑘 ∈ Z

+
, 𝜂
1
, and 𝛿

such that
(i) 𝑐
1
|𝑥|
𝑝

⩽ 𝑉(𝑡, 𝑥) ⩽ 𝑐
2
|𝑥|
𝑝 for all (𝑡, 𝑥) ∈ [𝑡

0
−𝜏,∞)×R𝑛;

(ii) 𝑉(𝑡
𝑘
, 𝜑(0)+𝐼

𝑘
(𝑡
𝑘
, 𝜑(0))+𝐽

𝑘
(𝑡
𝑘
, 𝜑)) ⩽ 𝑑

1𝑘
𝑉(𝑡
−

𝑘
, 𝜑(0))+

𝑑
2𝑘
sup
𝜃∈[−𝜏,0]

𝑉(𝑡
−

𝑘
+ 𝜃, 𝜑(𝜃)) for all 𝜑 ∈ 𝑃𝐶([−𝜏, 0];

R𝑛), 𝑘 ∈ Z
+
;

(iii) 𝐷+𝑉(𝑡, 𝜑) ⩽ 𝜂
1
𝑉(𝑡, 𝜑(0)) + 𝜂

2
sup
𝜃∈[−𝜏,0]

𝑉(𝑡 + 𝜃, 𝜑(𝜃))

for all 𝜑 ∈ 𝑃𝐶([−𝜏, 0];R𝑛) and 𝑡 ⩾ 𝑡
0
, 𝑡 ̸= 𝑡
𝑘
, 𝑘 ∈ Z

+
;

(iv) ln(𝑑
1𝑘
+𝑑
2𝑘
max
𝜃∈[−𝜏,0]

𝑒
𝜂1𝜃) ⩽ 𝛿(𝑡

𝑘
− 𝑡
𝑘−1

) for each 𝑘 ∈
Z
+
;

(v) 𝛿 + 𝜂
1
+ 𝛾𝜂
2
< 0, where 𝛾 = sup

𝑘∈Z+
{𝑒
𝛿(𝑡𝑘−𝑡𝑘−1),

1/𝑒
𝛿(𝑡𝑘−𝑡𝑘−1)}.

Then, system (2) is exponentially stable, and the convergence
rate should not be greater than 𝜆/𝑝, where 𝜆 is the unique
positive solution of 𝜆 + 𝛿 + 𝜂

1
+ 𝛾𝜂
2
𝑒
𝜆𝜏

= 0.

Proof. Fix any initial data 𝜙 ∈ 𝑃𝐶([−𝜏, 0];R𝑛), and write
𝑥(𝑡; 𝑡
0
, 𝜙) = 𝑥(𝑡) and 𝑉(𝑡, 𝑥(𝑡)) = 𝑉(𝑡) simply. Set 𝑊(𝑡) =

𝑒
−𝜂1(𝑡−𝑡0)𝑉(𝑡), 𝑡 ∈ [𝑡

0
− 𝜏,∞). For each 𝑘 ∈ Z

+
, by condition

(ii), we have

𝑊(𝑡
𝑘
) = 𝑒
−𝜂1(𝑡𝑘−𝑡0)𝑉 (𝑡

𝑘
)

⩽ 𝑒
−𝜂1(𝑡𝑘−𝑡0) [𝑑

1𝑘
𝑉 (𝑡
−

𝑘
) + 𝑑
2𝑘

sup
𝜃∈[−𝜏,0]

𝑉 (𝑡
−

𝑘
+ 𝜃)]

⩽ 𝑑
1𝑘
𝑒
−𝜂1(𝑡𝑘−𝑡0)𝑉 (𝑡

−

𝑘
)

+ 𝛼𝑑
2𝑘

sup
𝜃∈[−𝜏,0]

(𝑉 (𝑡
−

𝑘
+ 𝜃) 𝑒

−𝜂1(𝑡𝑘+𝜃−𝑡0))

= 𝑑
1𝑘
𝑊(𝑡
−

𝑘
) + 𝛼𝑑

2𝑘
sup
𝜃∈[−𝜏,0]

𝑊(𝑡
−

𝑘
+ 𝜃) ,

(5)

where 𝛼 = max
𝜃∈[−𝜏,0]

𝑒
𝜂1𝜃.
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On the other hand, by condition (iii), we know that, for
any 𝑡 ̸= 𝑡

𝑘
, 𝑘 ∈ Z

+
,

𝐷
+

𝑊(𝑡) = 𝑒
−𝜂1(𝑡−𝑡0) [−𝜂

1
𝑉 (𝑡) + 𝐷

+

𝑉 (𝑡)]

⩽ 𝜂
2
𝑒
−𝜂1(𝑡−𝑡0) sup

𝜃∈[−𝜏,0]

𝑉 (𝑡 + 𝜃) .
(6)

For 𝑡 ∈ [𝑡
0
, 𝑡
1
), integrating inequality (6) from 𝑡

0
to 𝑡, we

obtain

𝑊(𝑡) ⩽ 𝑊(𝑡
0
) + ∫

𝑡

𝑡0

𝜂
2
𝑒
−𝜂1(𝑠−𝑡0) sup

𝜃∈[−𝜏,0]

𝑉 (𝑠 + 𝜃) 𝑑𝑠. (7)

This implies that

𝑊(𝑡
−

1
) ⩽ 𝑊(𝑡

0
) + ∫

𝑡1

𝑡0

𝜂
2
𝑒
−𝜂1(𝑠−𝑡0) sup

𝜃∈[−𝜏,0]

𝑉 (𝑠 + 𝜃) 𝑑𝑠. (8)

For 𝑡 ∈ [𝑡
1
, 𝑡
2
), by the samemethod, together with (5) and (8),

we have

𝑊(𝑡) ⩽ 𝑊(𝑡
1
) + ∫

𝑡

𝑡1

𝜂
2
𝑒
−𝜂1(𝑠−𝑡0) sup

𝜃∈[−𝜏,0]

𝑉 (𝑠 + 𝜃) 𝑑𝑠

⩽ 𝑑
11
𝑊(𝑡
−

1
) + 𝛼𝑑

21
sup
𝜃∈[−𝜏,0]

𝑊(𝑡
−

1
+ 𝜃)

+ ∫

𝑡

𝑡1

𝜂
2
𝑒
−𝜂1(𝑠−𝑡0) sup

𝜃∈[−𝜏,0]

𝑉 (𝑠 + 𝜃) 𝑑𝑠

⩽ 𝑑
11
[𝑊(𝑡

0
) + ∫

𝑡1

𝑡0

𝜂
2
𝑒
−𝜂1(𝑠−𝑡0) sup

𝜃∈[−𝜏,0]

𝑉 (𝑠 + 𝜃) 𝑑𝑠]

+ 𝛼𝑑
21
[𝑊(𝑡

0
) + sup
𝜃∈[−𝜏,0]

∫

𝑡1+𝜃

𝑡0

𝜂
2
𝑒
−𝜂1(𝑠−𝑡0)

× sup
𝜃∈[−𝜏,0]

𝑉 (𝑠 + 𝜃) 𝑑𝑠]

+ ∫

𝑡

𝑡1

𝜂
2
𝑒
−𝜂1(𝑠−𝑡0) sup

𝜃∈[−𝜏,0]

𝑉 (𝑠 + 𝜃) 𝑑𝑠

⩽ (𝑑
11
+ 𝛼𝑑
21
)𝑊 (𝑡

0
)

+ (𝑑
11
+ 𝛼𝑑
21
) ∫

𝑡1

𝑡0

𝜂
2
𝑒
−𝜂1(𝑠−𝑡0) sup

𝜃∈[−𝜏,0]

𝑉 (𝑠 + 𝜃) 𝑑𝑠

+ ∫

𝑡

𝑡1

𝜂
2
𝑒
−𝜂1(𝑠−𝑡0) sup

𝜃∈[−𝜏,0]

𝑉 (𝑠 + 𝜃) 𝑑𝑠.

(9)

By induction, we have, for 𝑡 ∈ [𝑡
𝑘−1

, 𝑡
𝑘
), 𝑘 ∈ Z

+
,

𝑊(𝑡) ⩽ 𝑊(𝑡
0
) ∏

𝑡0<𝑡𝑖⩽𝑡

(𝑑
1𝑖
+ 𝛼𝑑
2𝑖
)

+ ∫

𝑡

𝑡0

∏

𝑠<𝑡𝑖⩽𝑡

(𝑑
1𝑖
+ 𝛼𝑑
2𝑖
) 𝜂
2
𝑒
−𝜂1(𝑠−𝑡0) sup

𝜃∈[−𝜏,0]

𝑉 (𝑠 + 𝜃) 𝑑𝑠.

(10)

Thus, for 𝑡 > 𝑡
0
, we get

𝑉 (𝑡) ⩽ 𝑉 (𝑡
0
) e𝜂1(𝑡−𝑡0) ∏

𝑡0<𝑡𝑖⩽𝑡

(𝑑
1𝑖
+ 𝛼𝑑
2𝑖
)

+ ∫

𝑡

𝑡0

∏

𝑠<𝑡𝑖⩽𝑡

(𝑑
1𝑖
+ 𝛼𝑑
2𝑖
) 𝜂
2
𝑒
𝜂1(𝑡−𝑠) sup
𝜃∈[−𝜏,0]

𝑉 (𝑠 + 𝜃) 𝑑𝑠.

(11)

Let 𝑡
𝑗1
, 𝑡
𝑗2
, . . . , 𝑡

𝑗𝑚
be impulse points in (𝑠, 𝑡], 𝑡 > 𝑠. In view

of condition (iv), we get

∏

𝑠<𝑡𝑖⩽𝑡

(𝑑
1𝑖
+ 𝛼𝑑
2𝑖
)

= (𝑑
1𝑗1

+ 𝛼𝑑
2𝑗1
) (𝑑
1𝑗2

+ 𝛼𝑑
2𝑗2
) ⋅ ⋅ ⋅ (𝑑

1𝑗𝑚
+ 𝛼𝑑
2𝑗𝑚
)

⩽ 𝑒
𝛿(𝑡𝑗1
−𝑡𝑗1−1
)

𝑒
𝛿(𝑡𝑗2
−𝑡𝑗1
)

⋅ ⋅ ⋅ 𝑒
𝛿(𝑡𝑗𝑚
−𝑡𝑗𝑚−1
)

= 𝑒
𝛿(𝑡𝑗𝑚
−𝑡𝑗1−1
)

= 𝑒
𝛿(𝑡−𝑠)

𝑒
𝛿(𝑡𝑗𝑚
−𝑡)

𝑒
𝛿(𝑠−𝑡𝑗𝑙−1

)

⩽ 𝛾𝑒
𝛿(𝑡−𝑠)

,

(12)

where 𝑡
𝑗1−1

is the first impulsive point before 𝑡
𝑗1
and satisfies

𝑡
𝑗1−1

< 𝑠. Submitting this into inequality (11), then, for 𝑡 > 𝑡
0
,

𝑉 (𝑡) ⩽ 𝛾𝑒
(𝜂1+𝛿)(𝑡−𝑡0)𝑉 (𝑡

0
)

+ ∫

𝑡

𝑡0

𝛾𝜂
2
𝑒
(𝜂1+𝛿)(𝑡−𝑠) sup

𝜃∈[−𝜏,0]

𝑉 (𝑠 + 𝜃) 𝑑𝑠.

(13)

Let Φ(𝜆) = 𝜆 + 𝜂
1
+ 𝛿 + 𝛾𝜂

2
𝑒
𝜆𝜏. Then, condition (v) implies

Φ(0) < 0. Moreover, Φ(+∞) = +∞, and Φ
󸀠

(𝜆) = 1 +

𝜏𝛾𝜂
2
𝑒
𝜆𝜏

> 0. Hence, Φ(𝜆) = 0 has a unique positive solution
𝜆. Next, we claim that

𝑉 (𝑡) ⩽ 𝛾 sup
𝜃∈[−𝜏,0]

𝑉 (𝑡
0
+ 𝜃) 𝑒

−𝜆(𝑡−𝑡0), 𝑡 ⩾ 𝑡
0
− 𝜏. (14)

Obviously,

𝑉 (𝑡) ⩽ sup
𝜃∈[−𝜏,0]

𝑉 (𝑡
0
+ 𝜃) ⩽ 𝛾 sup

𝜃∈[−𝜏,0]

𝑉 (𝑡
0
+ 𝜃) 𝑒

−𝜆(𝑡−𝑡0),

𝑡 ∈ [𝑡
0
− 𝜏, 𝑡
0
] .

(15)

So we only need to prove (14) for 𝑡 > 𝑡
0
. Suppose not; then

there exists a 𝑡∗ ∈ (𝑡
0
, +∞) such that

𝑉 (𝑡
∗

) > 𝛾 sup
𝜃∈[−𝜏,0]

𝑉 (𝑡
0
+ 𝜃) 𝑒

−𝜆(𝑡
∗
−𝑡0), (16)

𝑉 (𝑡) ⩽ 𝛾 sup
𝜃∈[−𝜏,0]

𝑉 (𝑡
0
+ 𝜃) 𝑒

−𝜆(𝑡−𝑡0), 𝑡 ∈ [𝑡
0
− 𝜏, 𝑡
∗

) .

(17)



4 Mathematical Problems in Engineering

Thus, from (13), (17), and Φ(𝜆) = 0, we see that

𝑉 (𝑡
∗

) ⩽ 𝛾 sup
𝜃∈[−𝜏,0]

𝑉 (𝑡
0
+ 𝜃) 𝑒

(𝜂1+𝛿)(𝑡
∗
−𝑡0)

+ 𝛾∫

𝑡
∗

𝑡0

𝜂
2
𝑒
(𝜂1+𝛿)(𝑡

∗
−𝑠) sup
𝜃∈[−𝜏,0]

𝑉 (𝑠 + 𝜃) 𝑑𝑠

⩽ 𝛾 sup
𝜃∈[−𝜏,0]

𝑉 (𝑡
0
+ 𝜃) 𝑒

(𝜂1+𝛿)(𝑡
∗
−𝑡0)

+ 𝛾∫

𝑡
∗

𝑡0

𝛾𝜂
2
𝑒
𝜆𝜏

𝑒
(𝜂1+𝛿)(𝑡

∗
−𝑠)

𝑒
−𝜆(𝑠−𝑡0) sup

𝜃∈[−𝜏,0]

𝑉 (𝑡
0
+ 𝜃) 𝑑𝑠

= 𝛾 sup
𝜃∈[−𝜏,0]

𝑉 (𝑡
0
+ 𝜃) 𝑒

−𝜆(𝑡
∗
−𝑡0),

(18)

which is a contradiction. Therefore, (14) holds.
Then, it follows from (14) and condition (i) that

𝑐
1
|𝑥 (𝑡)|

𝑝

⩽ 𝑉 (𝑡) ⩽ 𝛾 sup
𝜃∈[−𝜏,0]

𝑉 (𝑡
0
+ 𝜃) 𝑒

−𝜆(𝑡−𝑡0)

⩽ 𝛾𝑐
2

󵄩󵄩󵄩󵄩𝜙
󵄩󵄩󵄩󵄩

𝑝

𝑒
−𝜆(𝑡−𝑡0), 𝑡 ⩾ 𝑡

0
,

(19)

which implies that

|𝑥 (𝑡)| ⩽ 𝐶
󵄩󵄩󵄩󵄩𝜙
󵄩󵄩󵄩󵄩 𝑒
(−𝜆/𝑝)(𝑡−𝑡0), 𝑡 ⩾ 𝑡

0
, (20)

where 𝐶 = (𝛾𝑐
2
/𝑐
1
)
1/𝑝. This completes the proof.

Remark 5. The parameters 𝑑
1𝑘

and 𝑑
2𝑘

in condition (ii)
describe the influence of impulses on the stability of the
underlying continuous systems. Conditions (iv) and (v) in
Theorem 4 show that the system will be stable if the impulses
frequency and amplitude are suitably related to the increase
or decrease of the continuous flows.

Remark 6. It is well known that the Razumikhin techniques
are very effective in the study of stability problems for
ordinary and functional differential systems. However, when
we use the Razumikhin techniques, we need to choose an
appropriate minimal class of functionals relative to which the
derivative of the Lyapunov function or Lyapunov functional
is estimated, which is not entirely convenient. In this sense,
Theorem 4 is more convenient to be applied than those
Razumikhin-type theorems in [31, 32].

Let 𝐽
𝑘
≡ 0 in system (2); then we have the following IDS

(see, e.g., [19–24]):

̇𝑥 (𝑡) = 𝑓 (𝑥
𝑡
, 𝑡) , 𝑡 ̸= 𝑡

𝑘
, 𝑡 ⩾ 𝑡
0
,

Δ𝑥 (𝑡
𝑘
) = 𝐼
𝑘
(𝑥 (𝑡
−

𝑘
) , 𝑡
𝑘
) , 𝑘 ∈ Z

+
,

𝑥
𝑡0
= 𝜙 (𝑠) , 𝑠 ∈ [−𝜏, 0] .

(21)

For system (21), we have the following results by Theorem 4.

Theorem 7. Assume that𝑉 ∈ V
0
and there exist constants 𝑝 >

0, 𝑐
1
> 0, 𝑐
2
> 0, 𝜂

2
⩾ 0, 𝑑

𝑘
> 0, 𝑘 ∈ Z

+
, 𝜂
1
, and 𝛿 such that

(i) 𝑐
1
|𝑥|
𝑝

⩽ 𝑉(𝑡, 𝑥) ⩽ 𝑐
2
|𝑥|
𝑝 for all (𝑡, 𝑥) ∈ [𝑡

0
−𝜏,∞)×R𝑛;

(ii) 𝑉(𝑡
𝑘
, 𝜑(0)) + 𝐼

𝑘
(𝑡
𝑘
, 𝜑(0)) ⩽ 𝑑

𝑘
𝑉(𝑡
−

𝑘
, 𝜑(0)) for all 𝜑 ∈

𝑃𝐶([−𝜏, 0];R𝑛), 𝑘 ∈ Z
+
;

(iii) 𝐷+𝑉(𝑡, 𝜑) ⩽ 𝜂
1
𝑉(𝑡, 𝜑(0)) + 𝜂

2
sup
𝜃∈[−𝜏,0]

𝑉(𝑡 + 𝜃, 𝜑(𝜃))

for all 𝜑 ∈ 𝑃𝐶([−𝜏, 0];R𝑛) and 𝑡 ⩾ 𝑡
0
, 𝑡 ̸= 𝑡
𝑘
, 𝑘 ∈ Z

+
;

(iv) ln 𝑑
𝑘
⩽ 𝛿(𝑡
𝑘
− 𝑡
𝑘−1

) for each 𝑘 ∈ Z
+
;

(v) 𝛿 + 𝜂
1
+ 𝛾𝜂
2
< 0, where 𝛾 = sup

𝑘∈Z+
{𝑒
𝛿(𝑡𝑘−𝑡𝑘−1),

1/𝑒
𝛿(𝑡𝑘−𝑡𝑘−1)}.

Then, system (21) is exponentially stable for any time delay
𝜏 ∈ (0,∞), and the convergence rate should not be greater
than 𝜆/𝑝, where 𝜆 is the unique positive solution of 𝜆 + 𝛿 +

𝜂
1
+ 𝛾𝜂
2
𝑒
𝜆𝜏

= 0.
In particular, if one takes 𝑑

𝑘
≡ 𝑑 for all 𝑘 ∈ Z

+
, then

suppose the impulsive instances 𝑡
𝑘
satisfy

Δ sup = sup
𝑘∈Z+

{𝑡
𝑘
− 𝑡
𝑘−1

} < ∞, Δ inf = inf
𝑘∈Z+

{𝑡
𝑘
− 𝑡
𝑘−1

} > 0.

(22)

For system (21), Theorem 7 yields the following result.

Theorem 8. Assume that𝑉 ∈ V
0
and there exist constants 𝑝 >

0, 𝑐
1
> 0, 𝑐
2
> 0, 𝑑 > 0, 󰜚 > 0, 𝜂

2
⩾ 0, and 𝜂

1
such that

(i) 𝑐
1
|𝑥|
𝑝

⩽ 𝑉(𝑡, 𝑥) ⩽ 𝑐
2
|𝑥|
𝑝 for all (𝑡, 𝑥) ∈ [𝑡

0
−𝜏,∞)×R𝑛;

(ii) 𝑉(𝑡
𝑘
, 𝜑(0)) + 𝐼

𝑘
(𝑡
𝑘
, 𝜑(0)) ⩽ 𝑑𝑉(𝑡

−

𝑘
, 𝜑(0)) for all 𝜑 ∈

𝑃𝐶([−𝜏, 0];R𝑛), 𝑘 ∈ Z
+
;

(iii) 𝐷+𝑉(𝑡, 𝜑) ⩽ 𝜂
1
𝑉(𝑡, 𝜑(0)) + 𝜂

2
sup
𝜃∈[−𝜏,0]

𝑉(𝑡 + 𝜃, 𝜑(𝜃))

for all 𝜑 ∈ 𝑃𝐶([−𝜏, 0];R𝑛) and 𝑡 ⩾ 𝑡
0
, 𝑡 ̸= 𝑡
𝑘
, 𝑘 ∈ Z

+
;

(iv) 𝜂
1
+𝜂
2
𝑔(𝑑)+ ln 𝑑/󰜚 < 0, where 𝑔(𝑑) = 𝑑Δ sup/󰜚 if 𝑑 > 1;

𝑔(𝑑) = 1 if 𝑑 = 1; 𝑔(𝑑) = 1/𝑑Δ inf /󰜚 if 𝑑 < 1.

Then, for any 𝜏 ∈ (0,∞), when 𝑑 > 1, system (21) is
exponentially stable with impulse time sequences that satisfy
Δ inf ⩾ 󰜚; when 𝑑 = 1, system (21) is exponentially stable with
any impulse time sequences; when 𝑑 < 1, system (21) is expo-
nentially stable with impulse time sequences that satisfyΔ sup ⩽
󰜚.

Proof. We just need to apply Theorem 7 with 𝛿 = ln 𝑑/󰜚 and
𝛾 = 𝑔(𝑑).

Remark 9. When 𝑑 > 1, the Lyapunov function 𝑉may jump
up along the state trajectories of system (21) at impulse times
𝑡
𝑘
. Thus, the impulses may be viewed as disturbances; that

is, they potentially destroy the stability of continuous system.
In this case, it is required that the impulses do not occur too
frequently.

Remark 10. When 𝑑 < 1, the Lyapunov function𝑉may jump
down along the state trajectories of system (21) at impulse
times 𝑡

𝑘
. Thus, the impulses may be treated as a stabilizing

factor; that is, they may be used to stabilize an unstable
continuous system. In this case, the impulses must take place
frequently enough, and their amplitude must be suitably
related to the growth rate of 𝑉.
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Remark 11. When 𝑑 = 1, both the continuous dynamics and
the discrete dynamics are stable, so the system can preserve
exponential stability regardless of how often or how seldom
impulses occur.

4. Applications and Example

Consider the following linear impulsive systems with time-
varying delays:

̇𝑥 (𝑡) = 𝐴𝑥 (𝑡) + 𝐵𝑥 (𝑡 − 𝑟 (𝑡)) , 𝑡 ̸= 𝑡
𝑘
, 𝑡 ⩾ 𝑡
0
,

Δ𝑥 (𝑡
𝑘
) = 𝑥 (𝑡

𝑘
) − 𝑥 (𝑡

−

𝑘
) = 𝐶

𝑘
𝑥 (𝑡
−

𝑘
) + 𝐷
𝑘
𝑥 (𝑡
−

𝑘
− 𝑟 (𝑡
𝑘
)) ,

𝑘 ∈ Z
+
,

𝑥
𝑡0
= 𝜙 (𝑠) , 𝑠 ∈ [−𝜏, 0] ,

(23)

where 𝑥(𝑡) ∈ R𝑛 is the system state vector, 𝐴, 𝐵, 𝐶
𝑘
, and 𝐷

𝑘

are 𝑛 × 𝑛 matrices, and 𝑟 : R
+
→ [0, 𝜏] with 𝜏 < ∞ is the

time-varying delay.

Theorem 12. Assume that there exist a matrix 𝑃 > 0 and
several constants 𝑑

1
> 0, 𝑑

2
⩾ 0, 𝜂

2
⩾ 0, and 𝜂

1
such that

(i) the following matrix inequalities hold:

[
[

[

−𝑑
1
𝑃 0 (𝐼 + 𝐶

𝑘
)
𝑇

𝑃

∗ −𝑑
2
𝑃 𝐷

𝑇

𝑘
𝑃

∗ ∗ −𝑃

]
]

]

⩽ 0, (24)

[
𝑃𝐴 + 𝐴

T
𝑃 − 𝜂
1
𝑃 𝑃𝐵

∗ −𝜂
2
𝑃
] ⩽ 0; (25)

(ii) ln(𝑑
1
+ 𝑑
2
max
𝜃∈[−𝜏,0]

𝑒
𝜂1𝜃) ⩽ 𝛿(𝑡

𝑘
− 𝑡
𝑘−1

);

(iii) 𝛿 + 𝜂
1
+ 𝜂
2
𝛾 < 0, where 𝛾 = sup

𝑘∈Z+
{𝑒
𝛿(𝑡𝑘−𝑡𝑘−1),

1/𝑒
𝛿(𝑡𝑘−𝑡𝑘−1)}.

Then, system (23) is exponentially stable, and the convergence
rate should not be greater than 𝜆/2, where 𝜆 is the unique
positive solution of 𝜆 + 𝛿 + 𝜂

1
+ 𝛾𝜂
2
𝑒
𝜆𝜏

= 0.

Proof. Let 𝑉(𝑡, 𝑥) = 𝑥
𝑇

𝑃𝑥, 𝐼
𝑘
(𝑡
𝑘
, 𝑥(𝑡
−

𝑘
)) = 𝐶

𝑘
𝑥(𝑡
−

𝑘
), and

𝐽
𝑘
(𝑡
𝑘
, 𝑥
𝑡
−
𝑘
) = 𝐷

𝑘
𝑥(𝑡
−

𝑘
−𝑟(𝑡
𝑘
)).Then, (24) combined with Schur

complement yields

[
−𝑑
1
𝑃 0

0 −𝑑
2
𝑃
] + [𝐼 + 𝐶

𝑘
𝐷
𝑘
]
𝑇

𝑃 [𝐼 + 𝐶
𝑘
𝐷
𝑘
] ⩽ 0. (26)

Thus, for 𝜑 ∈ 𝑃𝐶([−𝜏, 0];R𝑛), 𝑡 = 𝑡
𝑘
, 𝑘 ∈ Z

+
, using the

second equation of (23), we get

𝑉 (𝑡
𝑘
, 𝜑 (0) + 𝐼

𝑘
(𝑡
𝑘
, 𝜑 (0)) + 𝐽

𝑘
(𝑡
𝑘
, 𝜑))

= [
𝜑 (0)

𝜑 (−𝑟 (𝑡
𝑘
))
]

𝑇

[𝐼 + 𝐶
𝑘
𝐷
𝑘
]
𝑇

𝑃 [𝐼 + 𝐶
𝑘
𝐷
𝑘
]

× [
𝜑 (0)

𝜑 (−𝑟 (𝑡
𝑘
))
]

⩽ [
𝜑 (0)

𝜑 (−𝑟 (𝑡
𝑘
))
]

𝑇

[
𝑑
1
𝑃 0

0 𝑑
2
𝑃
][

𝜑 (0)

𝜑 (−𝑟 (𝑡
𝑘
))
]

⩽ 𝑑
1
𝑉 (𝑡
−

𝑘
, 𝜑 (0)) + 𝑑

2
sup
𝜃∈[−𝜏,0]

𝑉 (𝑡
−

𝑘
+ 𝜃, 𝜑 (𝜃)) .

(27)

In view of (25), for𝜑 ∈ 𝑃𝐶([−𝜏, 0];R𝑛) and 𝑡 ̸= 𝑡
𝑘
, 𝑘 ∈ Z

+
,

we have

𝐷
+

𝑉 (𝑡, 𝜑) = [
𝜑 (0)

𝜑 (−𝑟 (𝑡))
]

𝑇

[
𝑃𝐴 + 𝐴

𝑇

𝑃 𝑃𝐵

∗ 0
][

𝜑 (0)

𝜑 (−𝑟 (𝑡))
]

⩽ [
𝜑(0)

𝜑(−𝑟(𝑡))
]

𝑇

[
𝜂
1
𝑃 0

∗ 𝜂
2
𝑃
][

𝜑 (0)

𝜑 (−𝑟 (𝑡))
]

⩽ 𝜂
1
𝑉 (𝑡, 𝜑 (0)) + 𝜂

2
sup
𝜃∈[−𝜏,0]

𝑉 (𝑡 + 𝜃, 𝜑 (𝜃)) .

(28)

Consequently, the conclusion follows fromTheorem 4 imme-
diately, and the proof is complete.

Consider the special case 𝐷
𝑘
≡ 0; from Theorem 7 and

using the similar method in the proof of Theorem 12, we can
obtain the following results.

Theorem 13. Let𝐷
𝑘
≡ 0, Δ sup = sup

𝑘∈Z+
{𝑡
𝑘
−𝑡
𝑘−1

} < ∞, and
Δ inf = inf

𝑘∈Z+
{𝑡
𝑘
− 𝑡
𝑘−1

} > 0. Assume that there exist a matrix
𝑃 > 0 and several constants 𝑑 > 0, 󰜚 > 0, 𝜂

2
⩾ 0, and 𝜂

1
such

that

(i) the following matrix inequalities hold:

(𝐼 + 𝐶
𝑘
)
𝑇

𝑃 (𝐼 + 𝐶
𝑘
) ⩽ 𝑑𝑃,

[
𝑃𝐴 + 𝐴

𝑇

𝑃 − 𝜂
1
𝑃 𝑃𝐵

∗ −𝜂
2
𝑃
] ⩽ 0;

(29)

(ii) 𝜂
1
+𝜂
2
𝑔(𝑑)+ ln 𝑑/󰜚 < 0, where 𝑔(𝑑) = 𝑑Δ sup/󰜚 if 𝑑 > 1;

𝑔(𝑑) = 1 if 𝑑 = 1; 𝑔(𝑑) = 1/𝑑Δ inf /󰜚 if 𝑑 < 1.

Then, for any 𝜏 ∈ (0,∞), when 𝑑 > 1, system (23) is
exponentially stable with impulse time sequences that satisfy
Δ inf ⩾ 󰜚; when 𝑑 = 1, system (23) is exponentially stable with
any impulse time sequences; when 𝑑 < 1, system (23) is
exponentially stable with impulse time sequences that satisfy
Δ sup ⩽ 󰜚.
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Example 14. Consider the following first-order impulsive
delayed neural network:

̇𝑥 (𝑡) = −𝑎𝑥 (𝑡) + 𝑏
0
𝑓 (𝑥 (𝑡)) + 𝑏

1
𝑓 (𝑥 (𝑡 − 𝜏)) , 𝑡 ̸= 𝑡

𝑘
, 𝑡 ⩾ 𝑡
0
,

Δ𝑥 (𝑡
𝑘
) = 𝑐𝑥 (𝑡

−

𝑘
) + 𝑑𝑥 (𝑡

−

𝑘
− 𝜏) , 𝑘 ∈ Z

+
,

(30)

where 𝑎 = 2.5, 𝑏
0
= −1.5, 𝑏

1
= 0.5, 𝑐 = 0.2, 𝑑 = 0.1, and

𝜏 = 0.05. 𝑓(𝑥) = tanh(𝑥), and 𝑡
𝑘
= 𝜎𝑘, 𝑘 ∈ Z

+
, 𝜎 > 0, is

a constant. It is easy to see that system without impulses is
exponentially stable and the impulses are destabilizing since
𝑐, 𝑑 > 0. Choose 𝑉(𝑡, 𝑥) = 𝑥

2

/2; then we obtain that
conditions (i) and (ii) of Theorem 4 hold with 𝑐

1
= 𝑐
2
= 1/2,

𝑝 = 2, 𝑑
1𝑘
= (1+ 𝑐)(1+ 𝑐+𝑑) = 1.56, and 𝑑

2𝑘
= 𝑑(1+ 𝑐+𝑑) =

0.13.
For 𝑡 ̸= 𝑡

𝑘
, by simple calculation, we have

𝐷
+

𝑉 (𝑡, 𝑥 (𝑡)) = −𝑎𝑥
2

(𝑡) + 𝑏
0
𝑥 (𝑡) 𝑓 (𝑥 (𝑡))

+ 𝑏
1
𝑥 (𝑡) 𝑓 (𝑥 (𝑡 − 𝜏))

⩽ − (𝑎 + 𝑏
0
−
1

2
𝑏
1
)𝑥
2

(𝑡) +
1

2
𝑏
1
𝑥
2

(𝑡 − 𝜏)

= − (2𝑎 + 2𝑏
0
− 𝑏
1
) 𝑉 (𝑡, 𝑥 (𝑡))

+ 𝑏
1
𝑉 (𝑡, 𝑥 (𝑡 − 𝜏)) ,

(31)

which implies that condition (iii) of Theorem 4 holds with
𝜂
1
= −(2𝑎 + 2𝑏

0
− 𝑏
1
) = −1.5 and 𝜂

2
= 𝑏
1
= 0.5. Note that

𝑡
𝑘
= 𝜎𝑘, so we can take 𝛿 = ln(𝑑

1𝑘
+ 𝑑
2𝑘
𝑒
−𝜂1𝜏)/(𝑡

𝑘
− 𝑡
𝑘−1

) =

ln(1.56 + 0.13𝑒
0.075

)/𝜎 and 𝛾 = 𝑑
1𝑘
+ 𝑑
2𝑘
𝑒
−𝜂1𝜏 = 1.56 +

0.13𝑒
0.075. Then, by Theorem 4, system (30) is exponentially

stable over any impulse time sequences satisfying 𝑡
𝑘
− 𝑡
𝑘−1

⩾

𝜎 > ln(1.56+0.13𝑒0.075)/[1.5−0.5(1.56+0.13𝑒0.075)] = 0.4298.

Remark 15. Since the system without impulses is exponen-
tially stable and the impulses are destabilizing, the existing
results in [29, 32] cannot be applied to (30).The Razumikhin-
type theorem in [31] is also not convenient to be applied to
this system since it is not easy to find an appropriate constant
𝑞 > 1 to satisfy the Razumikhin-type condition.

Example 16. Consider system (23) with the following param-
eters:

𝐴 = [
2 1

0.8 2
] , 𝐵 = [

1 −0.2

0.3 1
] ,

𝐶
𝑘
≡ [

−0.3 0

0 −0.3
] , 𝐷

𝑘
≡ [

0.2 0

0 0.2
] , 𝑘 ∈ Z

+
,

(32)

and 𝑟(𝑡) = 8 + 0.02[sin(𝑡)], where [⋅] denotes the integer
function. Let 𝜏 = 8.2, 𝑑

1
= 0.49, 𝑑

2
= 0.04, 𝜂

1
= 7, 𝜂

2
= 1,

𝛾 = 0.53, 𝛿 = −7.9360, and 𝑡
𝑘
− 𝑡
𝑘−1

⩽ 0.08. It is easy to verify
that

𝜂
1
+ 𝜂
2
𝛾 + 𝛿 = −0.4060 < 0,

ln(𝑑
1
+ 𝑑
2
max
𝜃∈[−𝜏,0]

𝑒
𝜂1𝜃)

= ln 0.53 = −0.6349 < −7.9360 × 0.08 ⩽ 𝛿 (𝑡
𝑘
− 𝑡
𝑘−1

) .

(33)

Solving the linear matrix inequalities (24) and (25) in
Theorem 12, we obtain the following feasible solution 𝑃 =

[
0.3507 0.0332

0.0332 0.3076
].Then, byTheorem 12,we know the given system

is exponentially stable.

Remark 17. In Example 16, the impulses are used to stabilize
an unstable system. In this case, the impulses must be
frequent enough, and their amplitudemust be suitably related
to the growth rate of the continuous flow.

5. Conclusions

This paper has studied the exponential stability of impulsive
delay systems in which the state variables on the impulses
are related to the time delay. By using the Lyapunov function
method, some criteria on the exponential stability are estab-
lished. Moreover, the stability criteria obtained are applied to
linear impulsive systems with time-varying delays, and a set
of sufficient conditions for exponential stability is provided
in terms of matrix inequalities. The obtained results improve
and complement some recentworks. Two examples have been
given to illustrate the effectiveness and advantages of the
results obtained.
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An extended model predictive control algorithm is proposed to address constrained robust model predictive control. New upper
bounds on arbitrarily long time intervals are derived by introducing two external parameters, which can relax the requirements for
the increments of the Lyapunov function. The main merit of this new approach compared to other well-known techniques is the
reduced conservativeness. The proposed method is proved to be effective for a class of uncertain fuzzy Markov jump systems with
partially unknown transition probabilities. A single pendulum example is given to illustrate the advantages and effectiveness of the
proposed controller design method.

1. Introduction

Model predictive control (MPC), a powerful strategy for
dealing with input and state constraints for a control system,
has first attracted notable attention in industrial applications
[1]. Since stability analysis approach for MPC was proposed,
many significant advances in understanding MPC from a
control theoretician’s viewpoint have then been acquired [2–
4]. Meanwhile, the MPC formulation for constrained linear
systems has been naturally extended to not only nonlinear
systems [5–7] but also some more complex systems, for
example, stochastic systems [8, 9], time-delay systems [10],
hybrid systems [11], uncertain systems [12], and so on.
By employing the idea of control structure optimization,
for example, distributed MPC [13], centralized MPC, and
coordinated MPC, the theory of MPC has been further
refined. As is well known, for a long time, efficient setting of
the large set of tunable parameters has been a hard problem
for MPC. Fortunately, many available methods have already

been developed (see [14] and the references therein for more
details). Nowadays, many scholars tend to develop “fast
MPC” in order to ease the huge online computational burden
[15–17]. However, it should be noticed that MPC algorithm
may perform very poorly when model mismatch occurs in
spite of the inherent robustness provided by the feedback
strategy based on the plantmeasurement at the next sampling
time.

Therefore, in the past decades, the issues of MPC algo-
rithm for uncertain systems have been addressed much in
the literature. A robust constrainedMPC scheme considering
two classes of system uncertainty, that is, polytopic paradigm
and structured feedback uncertainty, has been analyzed by
means of linear matrix inequalities (LMIs) by Kothare et
al. [18]. As opposed to a single linear static state-feedback
law in [18], Bloemen et al. [19] divided the input sequence
into two parts, the first 𝐻

𝑆
inputs being computed by finite

MPCmethod and the other inputs being calculated based on
linear static state-feedback law. Because𝐻

𝑆
was variable, the
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end-point state-weighting matrix and the invariant ellipsoid
were transformed into variables in the online optimization,
and thus this algorithm achieved the trade-off between
feasibility and performance.This work has been improved by
applying parameter-dependent Lyapunov function [20–22].
In [23–25], an efficient robust constrained MPC with a time-
varying terminal constraint set was developed.The proposed
algorithm can obtain a perfect control schema achieving
lower online computation and larger stabilizable set of states
while retaining the unconstrained optimal performance as
much as possible. It is worth mentioning that in order to
analyze the stability of the system and obtain an upper
bound of cost function, the optimal cost function has been
qualified as a constraint on the increments of Lyapunov
function [26]. However, this constraint is too strict, since to
guarantee the system stability, the increments of Lyapunov
function are only required to be negative. Motivated by this,
in the present paper, a modified MPC scheme in which two
extra parameters are introduced is proposed based on the
characteristics of convergent series in order to reduce the
conservativeness.

Many real systems, such as solar thermal receivers,
economic systems, and networked control systems, may
experience random abrupt changes in system inputs, internal
variables, and other system parameters. Uncertainties like
these are best represented via stochasticmodels [27–29], such
as fuzzy Markov jump system (MJS) in which the subsystems
are modeled as fuzzy systems. Based on the approximation
property of the fuzzy logic systems [30–32], fuzzy MJSs are
developed for the nonlinear control systems with abrupt
changes in their structure and parameters.

In this paper, the problem of MPC controller design
for a class of uncertain fuzzy MJSs with partially unknown
transition probabilities is addressed. This kind of system
fits into a very wide range of practical dynamic systems
combining nonlinear behaviors with changes or uncertainties
of structure or parameters. Meanwhile, constraints, such
as energy limitation, levels in tanks, flows in piping, and
maximum of pH value, can be systematically included during
the controller design process. The system concerned is much
more complex than fuzzy systems with uncertainties or
MJSs with partially unknown transition probabilities [33, 34],
because here the uncertainties will consist of four levels
(the system parameter uncertainty, the membership degree
uncertainty, the mode uncertainty, and the transition prob-
ability uncertainty) and they are not mutually independent.
Therefore, although the formulation seems similar, the results
for fuzzy systems with uncertainties or MJSs with partially
unknown transition probabilities cannot be directly used
in this scenario. A comparison with the method in [20]
(modified in [22]) is carried out by simulation on a single
pendulum control problem. Due to LMIs’ prevalence in
convex optimization problems, especially for the cases with
high order matrices, and the availability of reliable general
commercial solvers, the LMI algorithm is employed to deal
with the underlying optimization problems in this study.
The remainder of this paper is organized as follows. The
mathematical model of the concerned system is formulated
and some preliminaries are given in Section 2. Section 3 is

devoted to deriving the results for the controller design.
Numerical examples are provided in Section 4 and this paper
is concluded in Section 5.

Notation. The notation used throughout the paper is fairly
standard.The superscript “𝑇” stands formatrix transposition.
R𝑛 denotes the 𝑛-dimensional Euclidean space. The notation
𝑃 > 0 (≥ 0) means that 𝑃 is real symmetric and positive
(semipositive) definite and 𝐴 > 𝐵 (≥ 𝐵) means 𝐴 − 𝐵 >

0 (≥ 0). In symmetric block matrices or complex matrix
expressions, we use an asterisk (∗) to represent a term that
is induced by symmetry and diag{⋅ ⋅ ⋅ } stands for a block-
diagonal matrix. 𝐼 and 0 represent identity matrix and zero
matrix, respectively. Matrices, if their dimensions are not
explicitly stated, are assumed to be compatible for algebraic
operations. ‖ ⋅ ‖

2
stands for the usual Euclidean norm.

2. Problem Formulation and Preliminaries

2.1. Uncertain Fuzzy MJSs with Partially Unknown Transition
Probabilities. Consider the following time-varying discrete-
time fuzzy Markov jump system. For each mode 𝑟

𝑘
, the fuzzy

model is composed of 𝑠 plant rules that can be represented as
follows.
Plant Rule 𝑖. If 𝜃

1
(𝑘) is ϝ𝑖

1
,. . ., and 𝜃

𝑑
(𝑘) is ϝ𝑖

𝑑
, then

𝑥 (𝑘 + 1) = 𝐴
𝑖
(𝑟
𝑘
, 𝑘) 𝑥 (𝑘) + 𝐵

𝑖
(𝑟
𝑘
, 𝑘) 𝑢 (𝑘) ,

𝑦 (𝑘) = 𝐶
𝑖
(𝑟
𝑘
, 𝑘) 𝑥 (𝑘) , 𝑖 = 1, 2, . . . , 𝑠,

(1)

where 𝑥(𝑘) ∈ R𝑛 is the state vector, 𝑢(𝑘) ∈ R𝑚 is the control
input, 𝑦(𝑘) ∈ R𝑞 is the system output, 𝜃 ≜ [𝜃

1
, . . . , 𝜃

𝑑
]
𝑇 is the

premise variable vector, 𝑑 is the number of premise variables,
and {ϝ𝑖

𝑗
, 𝑖 ∈ S, 𝑗 ∈ {1, 2, . . . , 𝑑}} is a fuzzy set. For simplicity,

we denote {1, 2, . . . , 𝑠} by S. The Markov chain {𝑟
𝑘
, 𝑘 ≥ 0},

taking values in a finite setI ≜ {1, . . . , 𝑁}, governs switching
among different system modes. The system matrices of the
𝑟
𝑘
mode are denoted by [𝐴

𝑖
(𝑟
𝑘
, 𝑘) 𝐵

𝑖
(𝑟
𝑘
, 𝑘) 𝐶

𝑖
(𝑟
𝑘
, 𝑘)] ∈

Ω (𝑟
𝑘
, 𝑖) and the set Ω (𝑟

𝑘
, 𝑖) is a set of polytopes

Ω(𝑟
𝑘
, 𝑖) ≜ Co {[𝐴

𝑖1
(𝑟
𝑘
) , . . . , 𝐶

𝑖1
(𝑟
𝑘
)] ,

[𝐴
𝑖2
(𝑟
𝑘
) , . . . , 𝐶

𝑖2
(𝑟
𝑘
)]

, . . . , [𝐴
𝑖𝐿
(𝑟
𝑘
) , . . . , 𝐶

𝑖𝐿
(𝑟
𝑘
)]} ,

(2)

where Co denotes the convex hull. In other words, if
[𝐴

𝑖
(𝑟
𝑘
, 𝑘) 𝐵

𝑖
(𝑟
𝑘
, 𝑘) 𝐶

𝑖
(𝑟
𝑘
, 𝑘)] ∈ Ω(𝑟

𝑘
, 𝑖), then for some

nonnegative 𝜆
𝑗
(𝑖, 𝑟

𝑘
, 𝑘), 𝑗 ∈ [1, 𝐿] summing to one, the

following holds:

[𝐴
𝑖
(𝑟
𝑘
, 𝑘) 𝐵

𝑖
(𝑟
𝑘
, 𝑘) 𝐶

𝑖
(𝑟
𝑘
, 𝑘)]

=

𝐿

∑

𝑗=1

𝜆
𝑗
(𝑖, 𝑟

𝑘
, 𝑘) [𝐴

𝑖𝑗
(𝑟
𝑘
) 𝐵

𝑖𝑗
(𝑟
𝑘
) 𝐶

𝑖𝑗
(𝑟
𝑘
)] .

(3)

For the sake of simplicity, we denote {1, 2, . . . , 𝐿} by L and
𝐴
𝑖
(𝑟
𝑘
, 𝑘), 𝐵

𝑖
(𝑟
𝑘
, 𝑘), 𝐶

𝑖
(𝑟
𝑘
, 𝑘), and 𝜆

𝑗
(𝑖, 𝑟

𝑘
, 𝑘) by𝐴𝑘

𝑖𝑟𝑘
, 𝐵

𝑘

𝑖𝑟𝑘
, 𝐶

𝑘

𝑖𝑟𝑘
,

and 𝜆𝑘
𝑖𝑗𝑟𝑘

, respectively.
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As commonly done in the literature, it is assumed that
the premise variable vector 𝜃 does not depend on the
control variables and the disturbance. The center-average
defuzzification method is used as follows:

ℎ
𝑖
[𝜃 (𝑘)] =

∏
𝑑

𝑗=1
𝜇
𝑖𝑗
[𝜃
𝑗
(𝑘)]

∑
𝑠

𝑙=1
∏
𝑑

𝑗=1
𝜇
𝑙𝑗
[𝜃
𝑗
(𝑘)]

≥ 0, 𝑖 ∈ S,

𝑠

∑

𝑖=1

ℎ
𝑖
[𝜃 (𝑘)] = 1,

(4)

where 𝜇
𝑖𝑗
[𝜃
𝑗
(𝑘)] is the grade of membership of 𝜃

𝑗
(𝑘) in ϝ𝑖

𝑗
.

In what follows, we use the following notation for simplicity:
ℎ
𝑘+𝑙

𝑖
= ℎ

𝑖
[𝜃(𝑘 + 𝑙)].

A more compact presentation of system (1) is given by

Σ : 𝑥 (𝑘 + 1) =

𝑠

∑

𝑖=1

ℎ
𝑘

𝑖
(𝐴

𝑘

𝑖𝑟𝑘
𝑥 (𝑘) + 𝐵

𝑘

𝑖𝑟𝑘
𝑢 (𝑘))

𝑦 (𝑘) =

𝑠

∑

𝑖=1

ℎ
𝑘

𝑖
𝐶
𝑘

𝑖𝑟𝑘
𝑥 (𝑘) , 𝑟

𝑘
∈ I.

(5)

The process {𝑟
𝑘
, 𝑘 ≥ 0} is described by a discrete-time

homogeneous Markov chain, which takes values in the finite
setI with mode transition probabilities

Pr (𝑟
𝑘+1
= 𝑗 | 𝑟

𝑘
= 𝑖) = 𝜋

𝑖𝑗
, (6)

where𝜋
𝑖𝑗
≥ 0, ∀(𝑖, 𝑗) ∈ I×I, and∑𝑁

𝑗=1
𝜋
𝑖𝑗
= 1. For example,

the transition probability matrix (TPM) can be given by

Π =

[
[
[
[

[

𝜋
11

𝜋̂
12
⋅ ⋅ ⋅ 𝜋̂

1𝑁

𝜋̂
21

𝜋
22
⋅ ⋅ ⋅ 𝜋

2𝑁

...
... d

...
𝜋̂
𝑁1

𝜋
𝑁2

⋅ ⋅ ⋅ 𝜋̂
𝑁𝑁

]
]
]
]

]

. (7)

The transition probabilities described above are considered to
be partially available and can be divided into two parts as

I
(𝑖)

K≜{𝑗 : 𝜋𝑖𝑗 is known} , I
(𝑖)

UK≜{𝑗 : 𝜋̂𝑖𝑗 is unknown} .
(8)

In addition, ifI(𝑖)

K
̸=0,I

(𝑖)

K
is further described as

I
(𝑖)

K = {K
1
,K

2
, . . . ,K

𝑧𝑖
} , 𝑧

𝑖
∈ {1, 2, . . . , 𝑁 − 2} , (9)

whereK
𝑠
∈ N+, 𝑠 ∈ {1, 2, . . . , 𝑧

𝑖
}, represents the index of the

𝑠th known element in the 𝑖th row ofmatrixΠ. And we denote

𝜋K (𝑖) ≜ ∑

𝑗∈I
(𝑖)

K

𝜋
𝑖𝑗
. (10)

The following fuzzy control law is chosen:

𝑢 (𝑘) =

𝑠

∑

𝑝=1

ℎ
𝑘

𝑝
𝐹
𝑝
(𝑟
𝑘
) 𝑥 (𝑘) , 𝑟

𝑘
∈ I. (11)

Under the control law, the closed-loop system of Σ is given by

Σ
𝐶

: 𝑥 (𝑘 + 1) =

𝑠

∑

𝑝=1

𝑠

∑

𝑞=1

ℎ
𝑘

𝑝
ℎ
𝑘

𝑞
𝐴
𝑘

𝑝𝑞𝑟𝑘
𝑥 (𝑘) ,

𝑦 (𝑘) =

𝑠

∑

𝑝=1

ℎ
𝑘

𝑝
𝐶
𝑘

𝑝𝑟𝑘
𝑥 (𝑘) , 𝑟

𝑘
∈ I,

(12)

where 𝐴𝑘
𝑝𝑞𝑟𝑘

= 𝐴
𝑝𝑞
(𝑟
𝑘
, 𝑘) ≜ 𝐴

𝑘

𝑝𝑟𝑘
+ 𝐵

𝑘

𝑝𝑟𝑘
𝐹
𝑞
(𝑟
𝑘
).

For the fuzzy MJS, the following definition will be
adopted in the rest of this paper.

Definition 1. The fuzzy MJS in (12) is said to be stochastically
stable, if for any initial condition 𝑥(0) = 𝑥

0
, 𝑟
0
∈ I, the

following inequality holds:

lim
𝑁→∞

𝐸{

𝑁

∑

𝑘=0

󵄩󵄩󵄩󵄩𝑥 (𝑘, 𝑥0, 𝑟0)
󵄩󵄩󵄩󵄩

2

2
} < ∞, (13)

where 𝐸{⋅} stands for the mathematical expectation.

The objective of this paper is to design a state-feedback
model predictive controller such that the closed-loop system
(12) is stochastically stable.

2.2. Model Predictive Control. Model predictive control
(MPC) makes use of a receding horizon principle, which
means that at each sampling time 𝑘, an optimization algo-
rithm will be applied to compute a sequence of future
control signals. The used performance index depends on the
predicted future states of the plant𝑥(𝑘+𝑖 | 𝑘), 𝑖 ≥ 0, which can
be calculated through the newly obtainedmeasurements 𝑥(𝑘)
and the predictive model. Here, we use 𝑥(𝑘+𝑖 | 𝑘), 𝑦(𝑘+𝑖 | 𝑘)
as the state and output, respectively, of the plant at time 𝑘 + 𝑖
predicted by utilizing the measurements at time 𝑘; 𝑢(𝑘+ 𝑖 | 𝑘)
represents the control action moves at time 𝑘 + 𝑖 computed
by the optimization problem (14); 𝑃 is the prediction horizon
and 𝑀 is the control horizon. In what follows, let P and M

represent {0, 1, . . . , 𝑃} and {0, 1, . . . ,𝑀}, respectively.
In this section, the problem formulation for MPC using

the model (12) is discussed. The goal is to find an input
sequence {𝑢(𝑘 | 𝑘), 𝑢(𝑘 + 1 | 𝑘), . . . , 𝑢(𝑘 +𝑀 − 1 | 𝑘)} at each
sampling time 𝑘whichminimizes the following performance
index 𝐽(𝑘):

min
𝑢(𝑘+𝑖|𝑘), 𝑖∈M

𝐽 (𝑘) , (14)

where

𝐽 (𝑘) ≜ 𝐸

{

{

{

𝑃

∑

𝑖=0

𝑥(𝑘 + 𝑖 | 𝑘)
𝑇

𝑄𝑥 (𝑘 + 𝑖 | 𝑘)

+

𝑀

∑

𝑗=0

𝑢(𝑘 + 𝑗 | 𝑘)
𝑇

𝑅𝑢 (𝑘 + 𝑗 | 𝑘)

}

}

}

,

(15)
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and then it can be replaced by

min
𝑢(𝑘+𝑖|𝑘), 𝑖∈M

max
[𝐴
𝑘+𝑖
𝑗𝑟𝑘

𝐵
𝑘+𝑖
𝑗𝑟𝑘

𝐶
𝑘+𝑖
𝑗𝑟𝑘
]∈Ω(𝑟𝑘,𝑗), 𝑖∈P, 𝑗∈S

𝐽 (𝑘) . (16)

The matrices 𝑄 > 0 and 𝑅 > 0 are symmetric weighting
matrices. In particular, we will consider the case where
𝑃 = 𝑀, which means that the control horizon is equal
to the prediction horizon. The input and output constraints
focused on in this paper are Euclidean norm bounds and
componentwise peak bounds, given, respectively, as

‖𝑢 (𝑘 + 𝑖 | 𝑘)‖
2
≤ 𝑢max, 𝑘 ≥ 0, 𝑖 ∈ M,

󵄨󵄨󵄨󵄨󵄨
𝑢
𝑗
(𝑘 + 𝑖 | 𝑘)

󵄨󵄨󵄨󵄨󵄨
≤ 𝑢

𝑗,max, 𝑘 ≥ 0, 𝑖 ∈ M, 𝑗 = 1, 2, . . . , 𝑚,

󵄩󵄩󵄩󵄩𝑦 (𝑘 + 𝑖 | 𝑘)
󵄩󵄩󵄩󵄩2
≤ 𝑦max, 𝑘 ≥ 0, 𝑖 ∈ M.

(17)

3. Model Predictive Control Using Linear
Matrix Inequalities

In this section, the problem is solved by deriving an upper
bound on the objective function 𝐽(𝑘) based on the state-
feedback control law 𝑢(𝑘 + 𝑖 | 𝑘) = ∑𝑠

𝑝=1
ℎ
𝑘

𝑝
𝐹
𝑝
(𝑟
𝑘
)𝑥(𝑘 + 𝑖 |

𝑘), 𝑖 ∈ P. Therefore, via minimizing this upper bound at each
sampling time 𝑘, we will obtain the sequence of control input
signals.

3.1. Derivation of the Upper Bound. In this paper, the follow-
ing objective function 𝐽(𝑘) is considered:

min
𝑢(𝑘+𝑖|𝑘), 𝑖∈P

max
[𝐴
𝑘+𝑖
𝑗𝑟𝑘

𝐵
𝑘+𝑖
𝑗𝑟𝑘

𝐶
𝑘+𝑖
𝑗𝑟𝑘
]∈Ω(𝑟𝑘 ,𝑗), 𝑖∈P, 𝑗∈S

𝐽 (𝑘) , (18)

where

𝐽 (𝑘) ≜ 𝐸{

𝑃

∑

𝑖=0

[𝑥(𝑘 + 𝑖 | 𝑘)
𝑇

𝑄𝑥 (𝑘 + 𝑖 | 𝑘)

+ 𝑢(𝑘 + 𝑖 | 𝑘)
𝑇

𝑅𝑢 (𝑘 + 𝑖 | 𝑘)] } .

(19)

Consider a parameter-dependent function

𝑉 (𝑥 (𝑘 + 𝑖 | 𝑘)) ≜ 𝑥(𝑘 + 𝑖 | 𝑘)
𝑇

(

𝑠

∑

𝑗=1

𝐿

∑

𝑙=1

ℎ
𝑘+𝑖

𝑗
𝜆
𝑘+𝑖

𝑗𝑙𝑟𝑘+𝑖
P
𝑗𝑙
(𝑟
𝑘+𝑖
))

× 𝑥 (𝑘 + 𝑖 | 𝑘) , 𝑘 ≥ 0, 𝑖 ∈ P,

(20)

where P
𝑗𝑙
(𝑟
𝑘+𝑖
) > 0, 𝑉(𝑥(0)) = 0, and 𝑥(𝑘 | 𝑘) = 𝑥(𝑘) is

the system state. Assume that there exists a convergent series
𝑎
𝑘
, ∑∞

𝑘=1
𝑎
𝑘
= 𝑏 < ∞ such that, at each sampling time 𝑘, the

following inequality holds for all 𝑥(𝑘+𝑖 | 𝑘), 𝑢(𝑘+𝑖 | 𝑘), 𝑖 ∈ P
satisfying (12): ∀ [𝐴𝑘+𝑖

𝑖𝑟𝑘
𝐵
𝑘+𝑖

𝑖𝑟𝑘
𝐶
𝑘+𝑖

𝑖𝑟𝑘
] ∈ Ω(𝑟

𝑘
, 𝑖), 𝑖 ∈ P, 𝑟

𝑘
∈ I,

𝐸 {𝑉 (𝑥 (𝑘 + 𝑖 + 1 | 𝑘)) − 𝑉 (𝑥 (𝑘 + 𝑖 | 𝑘))}

≤ 𝐸 {−𝛽 (𝑥(𝑘 + 𝑖 | 𝑘)
𝑇

𝑄𝑥 (𝑘 + 𝑖 | 𝑘)

+ 𝑢(𝑘 + 𝑖 | 𝑘)
𝑇

𝑅𝑢 (𝑘 + 𝑖 | 𝑘) − 𝑎
𝑘+𝑖
)} ,

0 < 𝛽 ≤ 1.

(21)

Summing (21) from 𝑖 = 0 to 𝑖 = 𝑃, we get

𝐸 {𝑉 (𝑥 (𝑘 + 𝑃 | 𝑘)) − 𝑉 (𝑥 (𝑘 | 𝑘))} ≤ −𝛽 (𝐽 (𝑘) − 𝑆 (𝑘)) ,

(22)

where 𝑆(𝑘) = ∑𝑃
𝑖=0
𝑎
𝑘+𝑖

. Thus

max
[𝐴
𝑘+𝑖
𝑗𝑟𝑘

𝐵
𝑘+𝑖
𝑗𝑟𝑘

𝐶
𝑘+𝑖
𝑗𝑟𝑘
]∈Ω(𝑟𝑘,𝑗), 𝑖∈P, 𝑗∈S

𝐽 (𝑘)

≤ 𝐸{
1

𝛽
(𝑉 (𝑥 (𝑘 | 𝑘)) − 𝑉 (𝑥 (𝑘 + 𝑃 | 𝑘))) + 𝑆 (𝑘)}

≤ 𝐸{
1

𝛽
𝑉 (𝑥 (𝑘 | 𝑘)) + 𝑏} .

(23)

Specially, when 𝑃 = 𝑀 = ∞, we will have 𝑥(∞ | 𝑘) = 0

for the robust performance objective function to be finite and
hence 𝑉(𝑥(∞, 𝑘)) = 0. Summing (21) from 𝑖 = 0 to 𝑖 = ∞,
we get

𝐸 {−𝑉 (𝑥 (𝑘 | 𝑘))} ≤ −𝛽 (𝐽 (𝑘) − 𝑏) . (24)

Thus

max
[𝐴
𝑘+𝑖
𝑗𝑟𝑘

𝐵
𝑘+𝑖
𝑗𝑟𝑘

𝐶
𝑘+𝑖
𝑗𝑟𝑘
]∈Ω(𝑟𝑘 ,𝑗),𝑖∈P,𝑗∈S

𝐽 (𝑘)

≤ 𝐸{
1

𝛽
𝑉 (𝑥 (𝑘 | 𝑘)) + 𝑏} .

(25)

Set

𝑎
𝑘+𝑖
= 𝑥(𝑘 + 𝑖 | 𝑘)

𝑇

𝑐
𝑘+𝑖
𝐼𝑥 (𝑘 + 𝑖 | 𝑘) , (26)

where ∑∞
𝑘=1
𝑐
𝑘
= 𝑑. For the robust performance objective

function to be finite, we will have 𝑥(𝑘 + 𝑖 | 𝑘) ∈ [𝑋min 𝑋max]

and 𝑥(𝑘 + 𝑖 | 𝑘) ≤ 𝑋max; hence, 𝑎𝑘+𝑖 ≤ 𝑋
𝑇

max𝑐𝑘+𝑖𝐼𝑋max,
and then ∑∞

𝑘=1
𝑎
𝑘
< 𝑋

𝑇

max∑
∞

𝑘=1
𝑐
𝑘
𝐼𝑋max = 𝑋

𝑇

max𝑑𝐼𝑋max.
Therefore, (21) can be written as

𝐸 {𝑉 (𝑥 (𝑘 + 𝑖 + 1 | 𝑘)) − 𝑉 (𝑥 (𝑘 + 𝑖 | 𝑘))}

≤ 𝐸 {−𝛽 [𝑥(𝑘 + 𝑖 | 𝑘)
𝑇

𝑄𝑥 (𝑘 + 𝑖 | 𝑘)

+𝑢(𝑘 + 𝑖 | 𝑘)
𝑇

𝑅𝑢 (𝑘 + 𝑖 | 𝑘)]

+𝛽𝑥(𝑘 + 𝑖 | 𝑘)
𝑇

𝑐
𝑘+𝑖
𝐼𝑥 (𝑘 + 𝑖 | 𝑘)} .

(27)
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In order to guarantee the increment Δ𝑉(𝑘) ≤ 0, 𝑐
𝑘
𝐼 <

𝑄 is required. This gives an upper bound on the robust
performance objective. Thus the goal of our robust MPC
algorithm has been redefined to deduce, at each time step 𝑘, a
state-feedback control law 𝑢(𝑘+𝑖 | 𝑘) = ∑𝑠

𝑝=1
ℎ
𝑘+𝑖

𝑝
𝐹
𝑝
(𝑟
𝑘
)𝑥(𝑘+

𝑖 | 𝑘) to minimize this upper bound 𝐸{(1/𝛽)𝑉(𝑥(𝑘 | 𝑘)) + 𝑏},
that is to say, 𝐸{𝑉(𝑥(𝑘 | 𝑘))}.

3.2. Minimization of the Upper Bound without Constraints

Theorem 2. Consider the closed-loop uncertain system (12)
with the polytopic uncertainty set Ω(𝑟

𝑘
, 𝑖), 𝑟

𝑘
∈ I, 𝑖 ∈ S. Let

𝑥(𝑘) = 𝑥(𝑘 | 𝑘) be the state measured at sampling time 𝑘.
Assume that there are no constraints on the control input and
plant output. Then the state-feedback matrix 𝐹

𝑝
(𝑟
𝑘+𝑖
) in the

control law 𝑢(𝑘 + 𝑖 | 𝑘) = ∑𝑠
𝑝=1
ℎ
𝑘+𝑖

𝑝
𝐹
𝑝
(𝑟
𝑘+𝑖
)𝑥(𝑘 + 𝑖𝑘), 𝑖 ∈ P,

that minimizes the upper bound 𝐸{(1/𝛽)𝑉(𝑥(𝑘 | 𝑘)) + 𝑏} on
the robust performance objective function at sampling time 𝑘 is
given by

𝐹
𝑝
(𝑟
𝑘+𝑖
) = 𝑌

𝑝
(𝑟
𝑘+𝑖
) 𝐺

−1

, (28)

where 𝐺 > 0 and 𝑌
𝑝
(𝑟
𝑘+𝑖
) are obtained from the solution (if it

exists) to the following linear objective minimization problem:

min
𝛾,Q,𝐺,𝑌

𝛾

subject to [
1 𝑥(𝑘 | 𝑘)

𝑇

𝑥 (𝑘 | 𝑘) Q
𝑝𝑗
(𝑟
𝑘
)
] ≥ 0, ∀𝑖 ∈ P,

𝑝 ∈ S, 𝑗 ∈ L, 𝑟
𝑘
∈ I,

[
[
[
[

[

𝐺 + 𝐺
𝑇

− Q
𝑝𝑗
(𝑟
𝑘+𝑖
) ∗ ∗ ∗

𝑀̂
𝑝𝑞𝑓𝑜

(𝑟
𝑘+𝑖
) 𝑁

𝑤V ∗ ∗

𝛽
1/2

(𝑄 − 𝑐
𝑘+𝑖
𝐼)
1/2

𝐺 0 𝛾𝐼 ∗

𝛽
1/2

𝑅
1/2

𝑌
𝑝
(𝑟
𝑘+𝑖
) 0 0 𝛾𝐼

]
]
]
]

]

≥ 0, ∀𝑖 ∈ P,

𝑝 ≥ 𝑞, 𝑤 ∈ S, 𝑗, V, 𝑓 ≥ 𝑜 ∈ L, 𝑟
𝑘+𝑖
∈ I, 𝑔 ∈ I

(𝑟𝑘+𝑖)

UK
,

(29)

with

𝑀̂
𝑝𝑞𝑓𝑜

(𝑟
𝑘+𝑖
) ≜ [√𝜋𝑟𝑘+𝑖K1

𝐸
𝑝𝑞𝑓𝑜

(𝑟
𝑘+𝑖
) , . . . ,

√
𝜋
𝑟𝑘+𝑖K𝑧𝑟𝑘+𝑖

𝐸
𝑝𝑞𝑓𝑜

(𝑟
𝑘+𝑖
) ,

√1 − 𝜋K (𝑟𝑘+𝑖)𝐸𝑝𝑞𝑓𝑜 (𝑟𝑘+𝑖) ]

𝑇

,

𝑁
𝑤V ≜ diag {Q

𝑤V (K1
) ,Q

𝑤V (K2
) , . . . ,

Q
𝑤V (K𝑧𝑟𝑘+𝑖

) ,Q
𝑤V (K𝑔

)} ,

∞

∑

𝑘=1

𝑐
𝑘
< ∞, 𝑐

𝑘
𝐼 < 𝑄,

𝐸
𝑝𝑞𝑓𝑜

(𝑟
𝑘+𝑖
) ≜ (𝐴

𝑝𝑓𝑟𝑘+𝑖
𝐺 + 𝐵

𝑝𝑓𝑟𝑘+𝑖
𝑌
𝑞
(𝑟
𝑘+𝑖
)

+𝐴
𝑞𝑜𝑟𝑘+𝑖

𝐺 + 𝐵
𝑞𝑜𝑟𝑘+𝑖

𝑌
𝑝
(𝑟
𝑘+𝑖
))

× 2
−1

, Q
𝑝𝑗
(𝑟
𝑘
) > 0.

(30)

Proof. Minimization of the upper bound means minimizing
𝑉(𝑥(𝑘 | 𝑘)) which is equivalent to

min
𝛾,P

𝛾

subject to 𝑥(𝑘 | 𝑘)
𝑇

(

𝑠

∑

𝑝=1

𝐿

∑

𝑗=1

ℎ
𝑘

𝑝
𝜆
𝑘

𝑝𝑗𝑟𝑘
P
𝑝𝑗
(𝑟
𝑘
))

× 𝑥 (𝑘 | 𝑘) ≤ 𝛾.

(31)

Defining Q
𝑝𝑗
(𝑟
𝑘
) ≜ 𝛾P−1

𝑝𝑗
(𝑟
𝑘
) > 0 and using Schur

complements, this is equivalent to

min
𝛾,Q

𝛾

subject to [
1 𝑥(𝑘 | 𝑘)

𝑇

𝑥 (𝑘 | 𝑘) Q
𝑝𝑗
(𝑟
𝑘
)
] ≥ 0, ∀𝑖 ∈ P,

𝑝 ∈ S, 𝑗 ∈ L, 𝑟
𝑘
∈ I.

(32)

The parameter-dependent function 𝑉 is required to
satisfy (27). By substituting

𝑢 (𝑘 + 𝑖 | 𝑘) =

𝑠

∑

𝑝=1

ℎ
𝑘+𝑖

𝑝
𝐹
𝑝
(𝑟
𝑘
) 𝑥 (𝑘 + 𝑖 | 𝑘) , 𝑖 ∈ P, (33)

and the state-space equations in (12), inequality (27) becomes

𝐸

{

{

{

𝑥(𝑘 + 𝑖 | 𝑘)
𝑇

𝑠

∑

𝑝=1

𝑠

∑

𝑞=1

𝑠

∑

𝑚=1

𝑠

∑

𝑛=1

𝑠

∑

𝑤=1

𝐿

∑

V=1

𝐿

∑

𝑗=1

ℎ
𝑘+𝑖

𝑝
ℎ
𝑘+𝑖

𝑞
ℎ
𝑘+𝑖

𝑚
ℎ
𝑘+𝑖

𝑛
ℎ
𝑘+𝑖+1

𝑤
𝜆
𝑘+𝑖+1

𝑤V𝑟𝑘+𝑖+1
𝜆
𝑘+𝑖

𝑝𝑗𝑟𝑘+𝑖

× {𝐴
𝑇

𝑝𝑞𝑟𝑘+𝑖
⋅P

𝑤V (𝑟𝑘+𝑖+1) 𝐴𝑚𝑛𝑟𝑘+𝑖 −P𝑝𝑗
(𝑟
𝑘+𝑖
)
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+𝛽𝐹
𝑝
(𝑟
𝑘+𝑖
)
𝑇

𝑅𝐹
𝑞
(𝑟
𝑘+𝑖
) + 𝛽𝑄 − 𝛽𝑐

𝑘+𝑖
𝐼}

× 𝑥 (𝑘 + 𝑖 | 𝑘)

}

}

}

= 𝑥(𝑘 + 𝑖 | 𝑘)
𝑇

𝑠

∑

𝑝=1

𝑠

∑

𝑞=1

𝑠

∑

𝑚=1

𝑠

∑

𝑛=1

𝑠

∑

𝑤=1

𝐿

∑

V=1

𝐿

∑

𝑗=1

𝑁

∑

𝑟𝑘+𝑖+1=1

ℎ
𝑘+𝑖

𝑝
ℎ
𝑘+𝑖

𝑞
ℎ
𝑘+𝑖

𝑚
ℎ
𝑘+𝑖

𝑛
ℎ
𝑘+𝑖+1

𝑤
𝜆
𝑘+𝑖+1

𝑤V𝑟𝑘+𝑖+1
𝜆
𝑘+𝑖

𝑝𝑗𝑟𝑘+𝑖

× {𝐴
𝑇

𝑝𝑞𝑟𝑘+𝑖
⋅ 𝜋

𝑟𝑘+𝑖𝑟𝑘+𝑖+1
P
𝑤V (𝑟𝑘+𝑖+1) 𝐴𝑚𝑛𝑟𝑘+𝑖

−P
𝑝𝑗
(𝑟
𝑘+𝑖
) + 𝛽𝐹

𝑝
(𝑟
𝑘+𝑖
)
𝑇

𝑅𝐹
𝑞
(𝑟
𝑘+𝑖
)

+𝛽𝑄 − 𝛽𝑐
𝑘+𝑖
𝐼} 𝑥 (𝑘 + 𝑖 | 𝑘) ≤ 0.

(34)

This is equivalent to

𝑠

∑

𝑝=1

𝑠

∑

𝑞=1

𝑠

∑

𝑚=1

𝑠

∑

𝑛=1

𝑠

∑

𝑤=1

𝐿

∑

V=1

𝐿

∑

𝑗=1

𝑁

∑

𝑟𝑘+𝑖+1=1

ℎ
𝑘+𝑖

𝑝
ℎ
𝑘+𝑖

𝑞
ℎ
𝑘+𝑖

𝑚
ℎ
𝑘+𝑖

𝑛
ℎ
𝑘+𝑖+1

𝑤
𝜆
𝑘+𝑖+1

𝑤V𝑟𝑘+𝑖+1
𝜆
𝑘+𝑖

𝑝𝑗𝑟𝑘+𝑖

× {𝐴
𝑇

𝑝𝑞𝑟𝑘+𝑖
⋅ 𝜋

𝑟𝑘+𝑖𝑟𝑘+𝑖+1
P
𝑤V (𝑟𝑘+𝑖+1) 𝐴𝑚𝑛𝑟𝑘+𝑖

−P
𝑝𝑗
(𝑟
𝑘+𝑖
) + 𝛽𝐹

𝑝
(𝑟
𝑘+𝑖
)
𝑇

𝑅𝐹
𝑞
(𝑟
𝑘+𝑖
)

+𝛽𝑄 − 𝛽𝑐
𝑘+𝑖
𝐼}

=

𝑠

∑

𝑝=1

𝑠

∑

𝑞=1

𝑠

∑

𝑚=1

𝑠

∑

𝑛=1

𝑠

∑

𝑤=1

𝐿

∑

V=1

𝐿

∑

𝑗=1

𝑁

∑

𝑟𝑘+𝑖+1=1

1

4
ℎ
𝑘+𝑖

𝑝
ℎ
𝑘+𝑖

𝑞
ℎ
𝑘+𝑖

𝑚
ℎ
𝑘+𝑖

𝑛
ℎ
𝑘+𝑖+1

𝑤
𝜆
𝑘+𝑖+1

𝑤V𝑟𝑘+𝑖+1
𝜆
𝑘+𝑖

𝑝𝑗𝑟𝑘+𝑖

× {(𝐴
𝑇

𝑝𝑞𝑟𝑘+𝑖
+ 𝐴

𝑇

𝑞𝑝𝑟𝑘+𝑖
) ⋅ 𝜋

𝑟𝑘+𝑖𝑟𝑘+𝑖+1
P
𝑤V (𝑟𝑘+𝑖+1)

× (𝐴
𝑚𝑛𝑟𝑘+𝑖

+ 𝐴
𝑛𝑚𝑟𝑘+𝑖

) − 4P
𝑝𝑗
(𝑟
𝑘+𝑖
)

+4𝛽𝐹
𝑝
(𝑟
𝑘+𝑖
)
𝑇

𝑅𝐹
𝑞
(𝑟
𝑘+𝑖
) + 4𝛽𝑄 − 4𝛽𝑐

𝑘+𝑖
𝐼}

=

𝑠

∑

𝑝=1

𝑠

∑

𝑞=1

𝑠

∑

𝑚=1

𝑠

∑

𝑛=1

𝑠

∑

𝑤=1

𝐿

∑

V=1

𝐿

∑

𝑗=1

𝑁

∑

𝑟𝑘+𝑖+1=1

1

8
ℎ
𝑘+𝑖

𝑝
ℎ
𝑘+𝑖

𝑞
ℎ
𝑘+𝑖

𝑚
ℎ
𝑘+𝑖

𝑛
ℎ
𝑘+𝑖+1

𝑤
𝜆
𝑘+𝑖+1

𝑤V𝑟𝑘+𝑖+1
𝜆
𝑘+𝑖

𝑝𝑗𝑟𝑘+𝑖

× {(𝐴
𝑇

𝑝𝑞𝑟𝑘+𝑖
+ 𝐴

𝑇

𝑞𝑝𝑟𝑘+𝑖
) ⋅ 𝜋

𝑟𝑘+𝑖𝑟𝑘+𝑖+1
P
𝑤V (𝑟𝑘+𝑖+1)

× (𝐴
𝑚𝑛𝑟𝑘+𝑖

+ 𝐴
𝑛𝑚𝑟𝑘+𝑖

) + (𝐴
𝑇

𝑚𝑛𝑟𝑘+𝑖
+ 𝐴

𝑇

𝑛𝑚𝑟𝑘+𝑖
)

×P
𝑤V (𝑟𝑘+𝑖+1) (𝐴𝑝𝑞𝑟𝑘+𝑖 + 𝐴𝑞𝑝𝑟𝑘+𝑖)

− 8P
𝑝𝑗
(𝑟
𝑘+𝑖
) + 4𝛽𝐹

𝑝
(𝑟
𝑘+𝑖
)
𝑇

𝑅𝐹
𝑞
(𝑟
𝑘+𝑖
)

+ 4𝛽𝐹
𝑞
(𝑟
𝑘+𝑖
)
𝑇

𝑅𝐹
𝑝
(𝑟
𝑘+𝑖
) + 8𝛽𝑄 − 8𝛽𝑐

𝑘+𝑖
𝐼}

≤

𝑠

∑

𝑝=1

𝑠

∑

𝑞=1

𝑠

∑

𝑚=1

𝑠

∑

𝑛=1

𝑠

∑

𝑤=1

𝐿

∑

V=1

𝐿

∑

𝑗=1

𝑁

∑

𝑟𝑘+𝑖+1=1

1

8
ℎ
𝑘+𝑖

𝑝
ℎ
𝑘+𝑖

𝑞
ℎ
𝑘+𝑖

𝑚
ℎ
𝑘+𝑖

𝑛
ℎ
𝑘+𝑖+1

𝑤
𝜆
𝑘+𝑖+1

𝑤V𝑟𝑘+𝑖+1
𝜆
𝑘+𝑖

𝑝𝑗𝑟𝑘+𝑖

× {(𝐴
𝑇

𝑝𝑞𝑟𝑘+𝑖
+ 𝐴

𝑇

𝑞𝑝𝑟𝑘+𝑖
) ⋅ 𝜋

𝑟𝑘+𝑖𝑟𝑘+𝑖+1
P
𝑤V (𝑟𝑘+𝑖+1)
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× (𝐴
𝑝𝑞𝑟𝑘+𝑖

+ 𝐴
𝑞𝑝𝑟𝑘+𝑖

) + (𝐴
𝑇

𝑚𝑛𝑟𝑘+𝑖
+ 𝐴

𝑇

𝑛𝑚𝑟𝑘+𝑖
)

×P
𝑤V (𝑟𝑘+𝑖+1) (𝐴𝑚𝑛𝑟𝑘+𝑖 + 𝐴𝑛𝑚𝑟𝑘+𝑖)

− 8P
𝑝𝑗
(𝑟
𝑘+𝑖
) + 4𝛽𝐹

𝑝
(𝑟
𝑘+𝑖
)
𝑇

𝑅𝐹
𝑝
(𝑟
𝑘+𝑖
)

+4𝛽𝐹
𝑞
(𝑟
𝑘+𝑖
)
𝑇

𝑅𝐹
𝑞
(𝑟
𝑘+𝑖
) + 8𝛽𝑄 − 8𝛽𝑐

𝑘+𝑖
𝐼}

=

𝑠

∑

𝑝=1

𝑠

∑

𝑞=1

𝑠

∑

𝑚=1

𝑠

∑

𝑛=1

𝑠

∑

𝑤=1

𝐿

∑

V=1

𝐿

∑

𝑗=1

𝑁

∑

𝑟𝑘+𝑖+1=1

1

4
ℎ
𝑘+𝑖

𝑝
ℎ
𝑘+𝑖

𝑞
ℎ
𝑘+𝑖

𝑚
ℎ
𝑘+𝑖

𝑛
ℎ
𝑘+𝑖+1

𝑤
𝜆
𝑘+𝑖+1

𝑤V𝑟𝑘+𝑖+1
𝜆
𝑘+𝑖

𝑝𝑗𝑟𝑘+𝑖

× {(𝐴
𝑇

𝑝𝑞𝑟𝑘+𝑖
+ 𝐴

𝑇

𝑞𝑝𝑟𝑘+𝑖
) ⋅ 𝜋

𝑟𝑘+𝑖𝑟𝑘+𝑖+1
P
𝑤V (𝑟𝑘+𝑖+1)

× (𝐴
𝑝𝑞𝑟𝑘+𝑖

+ 𝐴
𝑞𝑝𝑟𝑘+𝑖

) − 4P
𝑝𝑗
(𝑟
𝑘+𝑖
)

+ 4𝛽𝐹
𝑝
(𝑟
𝑘+𝑖
)
𝑇

𝑅𝐹
𝑝
(𝑟
𝑘+𝑖
) +4𝛽𝑄 − 4𝛽𝑐

𝑘+𝑖
𝐼}

=

𝑠

∑

𝑝=1

𝑠

∑

𝑞=1

𝑠

∑

𝑚=1

𝑠

∑

𝑛=1

𝑠

∑

𝑤=1

𝐿

∑

V=1

𝐿

∑

𝑗=1

1

4
ℎ
𝑘+𝑖

𝑝
ℎ
𝑘+𝑖

𝑞
ℎ
𝑘+𝑖

𝑚
ℎ
𝑘+𝑖

𝑛
ℎ
𝑘+𝑖+1

𝑤
𝜆
𝑘+𝑖+1

𝑤V𝑟𝑘+𝑖+1
𝜆
𝑘+𝑖

𝑝𝑗𝑟𝑘+𝑖

× {(𝐴
𝑇

𝑝𝑞𝑟𝑘+𝑖
+ 𝐴

𝑇

𝑞𝑝𝑟𝑘+𝑖
)

⋅
[
[

[

∑

𝑔∈I
(𝑟𝑘+𝑖)

K

𝜋
𝑟𝑘+𝑖𝑔

P
𝑤V (𝑔) + ∑

𝑙∈I
(𝑟𝑘+𝑖)

UK

𝜋̂
𝑟𝑘+𝑖𝑙

P
𝑤V (𝑙)

]
]

]

× (𝐴
𝑝𝑞𝑟𝑘+𝑖

+ 𝐴
𝑞𝑝𝑟𝑘+𝑖

) − 4P
𝑝𝑗
(𝑟
𝑘+𝑖
)

+4𝛽𝐹
𝑝
(𝑟
𝑘+𝑖
)
𝑇

𝑅𝐹
𝑝
(𝑟
𝑘+𝑖
) + 4𝛽𝑄 − 4𝛽𝑐

𝑘+𝑖
𝐼}

=

𝑠

∑

𝑝=1

𝑠

∑

𝑞=1

𝑠

∑

𝑚=1

𝑠

∑

𝑛=1

𝑠

∑

𝑤=1

𝐿

∑

V=1

𝐿

∑

𝑗=1

1

4
ℎ
𝑘+𝑖

𝑝
ℎ
𝑘+𝑖

𝑞
ℎ
𝑘+𝑖

𝑚
ℎ
𝑘+𝑖

𝑛
ℎ
𝑘+𝑖+1

𝑤
𝜆
𝑘+𝑖+1

𝑤V𝑟𝑘+𝑖+1
𝜆
𝑘+𝑖

𝑝𝑗𝑟𝑘+𝑖

×

{{

{{

{

(𝐴
𝑇

𝑝𝑞𝑟𝑘+𝑖
+ 𝐴

𝑇

𝑞𝑝𝑟𝑘+𝑖
) ⋅
[
[

[

∑

𝑔∈I
(𝑟𝑘+𝑖)

K

𝜋
𝑟𝑘+𝑖𝑔

P
𝑤V (𝑔)

+ (1 − 𝜋K (𝑟𝑘+𝑖)) ∑

𝑙∈I
(𝑟𝑘+𝑖)

UK

𝜋̂
𝑟𝑘+𝑖𝑙

1 − 𝜋K (𝑟𝑘+𝑖)
P
𝑤V (𝑙)

]
]

]

× (𝐴
𝑝𝑞𝑟𝑘+𝑖

+ 𝐴
𝑞𝑝𝑟𝑘+𝑖

) − 4P
𝑝𝑗
(𝑟
𝑘+𝑖
)

+4𝛽𝐹
𝑝
(𝑟
𝑘+𝑖
)
𝑇

𝑅𝐹
𝑝
(𝑟
𝑘+𝑖
) + 4𝛽𝑄 − 4𝛽𝑐

𝑘+𝑖
𝐼

}}

}}

}

=

𝑠

∑

𝑝=1

𝑠

∑

𝑞=1

𝑠

∑

𝑚=1

𝑠

∑

𝑛=1

𝑠

∑

𝑤=1

𝐿

∑

V=1

𝐿

∑

𝑗=1

∑

𝑙∈I
(𝑟𝑘+𝑖)

UK

𝜋̂
𝑟𝑘+𝑖𝑙

1 − 𝜋K (𝑟𝑘+𝑖)

× ℎ
𝑘+𝑖

𝑝
ℎ
𝑘+𝑖

𝑞
ℎ
𝑘+𝑖

𝑚
ℎ
𝑘+𝑖

𝑛
ℎ
𝑘+𝑖+1

𝑤
𝜆
𝑘+𝑖+1

𝑤V𝑟𝑘+𝑖+1
𝜆
𝑘+𝑖

𝑝𝑗𝑟𝑘+𝑖
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⋅ {

𝐴
𝑇

𝑝𝑞𝑟𝑘+𝑖
+ 𝐴

𝑇

𝑞𝑝𝑟𝑘+𝑖

2

[
[

[

∑

𝑔∈I
(𝑟𝑘+𝑖)

K

𝜋
𝑟𝑘+𝑖𝑔

P
𝑤V (𝑔)

+ (1 − 𝜋K (𝑟𝑘+𝑖))P𝑤V (𝑙)
]
]

]

𝐴
𝑝𝑞𝑟𝑘+𝑖

+ 𝐴
𝑞𝑝𝑟𝑘+𝑖

2

−P
𝑝𝑗
(𝑟
𝑘+𝑖
) + 𝛽𝐹

𝑝
(𝑟
𝑘+𝑖
)
𝑇

× 𝑅𝐹
𝑝
(𝑟
𝑘+𝑖
) + 𝛽𝑄 − 𝛽𝑐

𝑘+𝑖
𝐼} .

(35)

Then, (34) is satisfied for all 𝑖 ∈ P if

𝐴
𝑇

𝑝𝑞𝑟𝑘+𝑖
+ 𝐴

𝑇

𝑞𝑝𝑟𝑘+𝑖

2

[
[

[

∑

𝑔∈I
(𝑟𝑘+𝑖)

K

𝜋
𝑟𝑘+𝑖𝑔

P
𝑤V (𝑔)

+ (1 − 𝜋K (𝑟𝑘+𝑖))P𝑤V (𝑙)
]
]

]

×

𝐴
𝑝𝑞𝑟𝑘+𝑖

+ 𝐴
𝑞𝑝𝑟𝑘+𝑖

2

−P
𝑝𝑗
(𝑟
𝑘+𝑖
) + 𝛽𝐹

𝑝
(𝑟
𝑘+𝑖
)
𝑇

𝑅𝐹
𝑝
(𝑟
𝑘+𝑖
)

+ 𝛽𝑄 − 𝛽𝑐
𝑘+𝑖
𝐼 ≤ 0,

(36)

where 𝑐
𝑘
is the minimum term of 𝑐

𝑘+𝑖
, 𝑖 ∈ [0 𝑃]. Substituting

P
𝑝𝑞
(𝑟
𝑘
) = 𝛾Q−1

𝑝𝑞
(𝑟
𝑘
),Q

𝑝𝑞
(𝑟
𝑘
) > 0, using Schur complements,

and then pre- and postmultiplying the above inequality by
diag{Q

𝑝𝑗
(𝑟
𝑘+𝑖
), 𝐼, 𝐼, 𝐼} and diag{Q

𝑝𝑗
(𝑟
𝑘+𝑖
), 𝐼, 𝐼, 𝐼}, we can see

that this is equivalent to

[
[
[
[

[

Q
𝑝𝑗
(𝑟
𝑘+𝑖
) ∗ ∗ ∗

𝑀
𝑝𝑞
(𝑟
𝑘+𝑖
) 𝑁

𝑤V ∗ ∗

𝛽
1/2

(𝑄 − 𝑐
𝑘+𝑖
𝐼)
1/2

Q
𝑝𝑗
(𝑟
𝑘+𝑖
) 0 𝛾𝐼 ∗

𝛽
1/2

𝑅
1/2

𝐹
𝑝
(𝑟
𝑘+𝑖
)Q

𝑝𝑗
(𝑟
𝑘+𝑖
) 0 0 𝛾𝐼

]
]
]
]

]

≥ 0,

∀𝑖 ∈ P, 𝑝, 𝑞, 𝑤 ∈ S, 𝑗, V ∈ L, 𝑟
𝑘+𝑖
∈ I, 𝑔 ∈ I

(𝑟𝑘+𝑖)

UK
,

(37)

with

𝑀
𝑝𝑞
(𝑟
𝑘+𝑖
) ≜ [√𝜋𝑟𝑘+𝑖K1

𝐸
𝑝𝑞
(𝑟
𝑘+𝑖
) , . . . ,

√
𝜋
𝑟𝑘+𝑖K𝑧𝑟𝑘+𝑖

𝐸
𝑝𝑞
(𝑟
𝑘+𝑖
) ,

√1 − 𝜋K (𝑟𝑘+𝑖)𝐸𝑝𝑞 (𝑟𝑘+𝑖)]

𝑇

,

𝑁
𝑤V ≜ diag {Q

𝑤V (K1
) ,Q

𝑤V (K2
) , . . . ,

Q
𝑤V (K𝑧𝑟𝑘+𝑖

) ,Q
𝑤V (K𝑔

)} ,

𝐸
𝑝𝑞
(𝑟
𝑘+𝑖
) ≜ ([𝐴

𝑝𝑟𝑘+𝑖
+ 𝐵

𝑝𝑟𝑘+𝑖
𝐹
𝑞
(𝑟
𝑘+𝑖
)]Q

𝑝𝑗
(𝑟
𝑘+𝑖
)

+ [𝐴
𝑞𝑟𝑘+𝑖

+ 𝐵
𝑞𝑟𝑘+𝑖
𝐹
𝑝
(𝑟
𝑘+𝑖
)]Q

𝑝𝑗
(𝑟
𝑘+𝑖
))

× 2
−1

.

(38)

Inequality (37) is affine in [𝐴
𝑝
(𝑘 + 𝑖, 𝑟

𝑘
) 𝐵

𝑝
(𝑘 + 𝑖, 𝑟

𝑘
)]. Fol-

lowing the logic of de Oliveira, Bernussou and Geromel [35],
and Cuzzola et al. [20], (37) is satisfied for all

[𝐴
𝑘+𝑖

𝑝𝑟𝑘
𝐵
𝑘+𝑖

𝑝𝑟𝑘
] ∈ Ω

𝑝
(𝑟
𝑘
)

= Co {[𝐴
𝑝1
(𝑟
𝑘
) 𝐵

𝑝1
(𝑟
𝑘
)] , [𝐴

𝑝2
(𝑟
𝑘
) 𝐵

𝑝2
(𝑟
𝑘
)] , . . . ,

[𝐴
𝑝𝐿
(𝑟
𝑘
) 𝐵

𝑝𝐿
(𝑟
𝑘
)]} ,

(39)

if and only if there exist 𝐺 > 0, 𝑌
𝑝
(𝑟
𝑘
) = 𝐹

𝑝
(𝑟
𝑘
)𝐺, and a

positive 𝛾 such that

[
[
[
[

[

𝐺 + 𝐺
𝑇

− Q
𝑝𝑗
(𝑟
𝑘+𝑖
) ∗ ∗ ∗

𝑀̂
𝑝𝑞𝑓𝑜

(𝑟
𝑘+𝑖
) 𝑁

𝑤V ∗ ∗

𝛽
1/2

(𝑄 − 𝑐
𝑘+𝑖
𝐼)
1/2

𝐺 0 𝛾𝐼 ∗

𝛽
1/2

𝑅
1/2

𝑌
𝑝
(𝑟
𝑘+𝑖
) 0 0 𝛾𝐼

]
]
]
]

]

≥ 0,

∀𝑖 ∈ P, 𝑝 ≥ 𝑞, 𝑤 ∈ S, 𝑗, V, 𝑓 ≥ 𝑜 ∈ L,

𝑟
𝑘+𝑖
∈ I, 𝑔 ∈ I

(𝑟𝑘+𝑖)

UK
,

(40)
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with

𝑀̂
𝑝𝑞𝑓𝑜

(𝑟
𝑘+𝑖
) ≜ [√𝜋𝑟𝑘+𝑖K1

𝐸
𝑝𝑞𝑓𝑜

(𝑟
𝑘+𝑖
) , . . . ,

√
𝜋
𝑟𝑘+𝑖K𝑧𝑟𝑘+𝑖

𝐸
𝑝𝑞𝑓𝑜

(𝑟
𝑘+𝑖
) ,

√1 − 𝜋K (𝑟𝑘+𝑖)𝐸𝑝𝑞𝑓𝑜 (𝑟𝑘+𝑖) ]

𝑇

,

𝑁
𝑤V ≜ diag {Q

𝑤V (K1
) ,Q

𝑤V (K2
) , . . . ,

Q
𝑤V (K𝑧𝑟𝑘+𝑖

) ,Q
𝑤V (K𝑔

)} ,

𝐸
𝑝𝑞𝑓𝑜

(𝑟
𝑘+𝑖
) ≜ (𝐴

𝑝𝑓𝑟𝑘+𝑖
𝐺 + 𝐵

𝑝𝑓𝑟𝑘+𝑖
𝑌
𝑞
(𝑟
𝑘+𝑖
)

+𝐴
𝑞𝑜𝑟𝑘+𝑖

𝐺 + 𝐵
𝑞𝑜𝑟𝑘+𝑖

𝑌
𝑝
(𝑟
𝑘+𝑖
))

× 2
−1

.

(41)

The feedback matrix is then given by 𝐹
𝑝
(𝑟
𝑘+𝑖
) = 𝑌

𝑝
(𝑟
𝑘+𝑖
)𝐺

−1

.

Remark 3. Based on the above analysis, we can see that
the choice of control horizon 𝑀 can amount to the choice
of series 𝑐

𝑘
. That is, given a constant control horizon 𝑀,

we can construct some infinite convergent series whose
corresponding series 𝑐

𝑘
possess some properties, such as 𝑐

𝑘
=

1/(𝑘 + 1)
2 . Therefore, we will discuss neither the control

horizon 𝑀 nor the predictive horizon 𝑃 which is supposed
to be equal to𝑀.

Remark 4. In particular, when the control horizon𝑀 = ∞,
the conditions for the above derivation can be satisfied if and
only if the series 𝑐

𝑘
= 0, 𝑘 ≥ 0.Then it follows that themethod

is equivalent to the approach in [20] (modified in [22]).

3.3. Minimization of the Upper Bound with Input and Output
Constraints

Theorem 5. Consider the closed-loop uncertain system (12)
with the polytopic uncertainty set Ω(𝑟

𝑘
, 𝑝), 𝑝 ∈ S, 𝑟

𝑘
∈ I.

Let 𝑥(𝑘) = 𝑥(𝑘 | 𝑘) be the state measured at sampling time 𝑘,
and Q

𝑝𝑗
(𝑟
𝑘
) > 0, for all𝑝 ∈ S, 𝑗 ∈ L, 𝑟

𝑘
∈ I. The constraints

on the control input and plant output in the form of (17) can
be transferred into problems expressed by the following linear
matrix inequalities, respectively:

[

[

𝑢
2

max𝐼 𝑌
𝑝
(𝑟
𝑘+𝑖
)

𝑌
𝑇

𝑝
(𝑟
𝑘+𝑖
) 𝐺 + 𝐺

𝑇

− Q
𝑝𝑗
(𝑟
𝑘+𝑖
)

]

]

≥ 0,

∀𝑝 ∈ S, 𝑗 ∈ L, 𝑟
𝑘+𝑖
∈ I,

(42)

[

[

𝑋 𝑌
𝑝
(𝑟
𝑘+𝑖
)

𝑌
𝑇

𝑝
(𝑟
𝑘
+ 𝑖) 𝐺 + 𝐺

𝑇

− Q
𝑝𝑗
(𝑟
𝑘+𝑖
)

]

]

≥ 0,

∀𝑝 ∈ S, 𝑗 ∈ L, 𝑟
𝑘+𝑖
∈ I,

(43)

with𝑋
𝑑𝑑
≤ 𝑢

2

𝑑,max, 𝑑 = 1, 2, . . . , 𝑚,

[
𝐺 + 𝐺

𝑇

− Q
𝑝𝑗
(𝑟
𝑘+𝑖
) ∗

𝐶
𝑝𝑗𝑟𝑘+𝑖

(𝐴
𝑝𝑗𝑟𝑘+𝑖

𝐺 + 𝐵
𝑝𝑗𝑟𝑘+𝑖

𝑌
𝑞
(𝑟
𝑘+𝑖
)) 𝑦

2

max𝐼
] ≥ 0,

∀𝑝, 𝑞 ∈ S, 𝑗 ∈ L, 𝑟
𝑘+𝑖
∈ I.

(44)

Proof. Following [36], we have

max
𝑖≥0

‖𝑢 (𝑘 + 𝑖 | 𝑘)‖
2

2

= max
𝑖≥0

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

𝑠

∑

𝑝=1

ℎ
𝑘+𝑖

𝑝
𝐹
𝑝
(𝑟
𝑘+𝑖
) 𝑥 (𝑘 + 𝑖 | 𝑘)

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

2

2

= max
𝑖≥0

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

𝑠

∑

𝑝=1

ℎ
𝑘+𝑖

𝑝
𝑌
𝑝
(𝑟
𝑘+𝑖
) 𝐺

−1

𝑥 (𝑘 + 𝑖 | 𝑘)

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

2

2

≤ max
𝑧∈𝜉

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

𝑠

∑

𝑝=1

ℎ
𝑘+𝑖

𝑝
𝑌
𝑝
(𝑟
𝑘+𝑖
) 𝐺

−1

𝑧

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

2

2

= 𝜎
𝑧∈𝜉

(

𝑠

∑

𝑝=1

𝑠

∑

𝑞=1

ℎ
𝑘+𝑖

𝑝
ℎ
𝑘+𝑖

𝑞
𝑧
𝑇

𝐺
−𝑇

×𝑌
𝑇

𝑝
(𝑟
𝑘+𝑖
) 𝑌

𝑞
(𝑟
𝑘+𝑖
) 𝐺

−1

𝑧)

= 𝜎
𝑧∈𝜉

(

𝑠

∑

𝑝=1

𝑠

∑

𝑞=1

1

2
ℎ
𝑘+𝑖

𝑝
ℎ
𝑘+𝑖

𝑞
𝑧
𝑇

𝐺
−𝑇

× [𝑌
𝑇

𝑝
(𝑟
𝑘+𝑖
) 𝑌

𝑞
(𝑟
𝑘+𝑖
)

+𝑌
𝑇

𝑞
(𝑟
𝑘+𝑖
) 𝑌

𝑝
(𝑟
𝑘+𝑖
)] 𝐺

−1

𝑧)

≤ 𝜎
𝑧∈𝜉

(

𝑠

∑

𝑝=1

ℎ
𝑘+𝑖

𝑝
𝑧
𝑇

𝐺
−𝑇

𝑌
𝑇

𝑝
(𝑟
𝑘+𝑖
) 𝑌

𝑝
(𝑟
𝑘+𝑖
) 𝐺

−1

𝑧)

= 𝜎
𝑧∈𝜉

(

𝑠

∑

𝑝=1

𝐿

∑

𝑗=1

ℎ
𝑘+𝑖

𝑝
𝜆
𝑘+𝑖

𝑝𝑗𝑟𝑘+𝑖
𝑧
𝑇

Q
−1/2

𝑝𝑗
Q
1/2

𝑝𝑗
𝐺
−𝑇

𝑌
𝑇

𝑝
(𝑟
𝑘+𝑖
)

× 𝑌
𝑝
(𝑟
𝑘+𝑖
) 𝐺

−1

Q
1/2

𝑝𝑗
Q
−1/2

𝑝𝑗
𝑧)

≤ 𝜎 (Q
1/2

𝑝𝑗
𝐺
−𝑇

𝑌
𝑇

𝑝
(𝑟
𝑘+𝑖
) 𝑌

𝑝
(𝑟
𝑘+𝑖
) 𝐺

−1

Q
1/2

𝑝𝑗
) .

(45)

By virtue of Schur complements, we have ‖𝑢(𝑘 + 𝑖 | 𝑘)‖
2
≤

𝑢max, 𝑘, 𝑖 ≥ 0, if

[

[

𝑢
2

max𝐼 𝑌
𝑝
(𝑟
𝑘+𝑖
)

𝑌
𝑇

𝑝
(𝑟
𝑘+𝑖
) 𝐺Q

𝑝𝑗
𝐺
𝑇

]

]

≥ 0,

∀𝑝 ∈ S, 𝑗 ∈ L, 𝑟
𝑘+𝑖
∈ I.

(46)
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Using the similar logic in [35], (46) is proved equivalent to
(42). The proof of (43)-(44), which can be achieved by an
analogous argument, is omitted for the sake of brevity.

Remark 6. The obtained theorems can be easily reduced to
simple situations, for example, fuzzy systems with uncertain-
ties and Markov jump systems, and can be solved via com-
mercial solvers such as LMITOOL, YALMIP, and GloptiPoly.

4. Numerical Simulation

In this section, we present a numerical example that clearly
illustrates the improvement obtained with Theorem 2. We
will compare under different situations the improvedmethod
with the approach in [20] (modified in [22]) which can be
seen as 𝑐

𝑘
= 0, 𝑘 > 0 and𝛽 = 1. Consider the single pendulum

system:

̇𝑥
1
(𝑡) = 𝑥

2
(𝑡) ,

̇𝑥
2
(𝑡) = −𝑐

1,𝑙
sin (𝑥

1
(𝑡)) + 𝑐

2,𝑙
𝑥
2
(𝑡) + 𝑢 (𝑡) + 0.1𝑤 (𝑡) ,

(47)

where 𝑥
1
(𝑡) is the angular displacement, 𝑥

2
(𝑡) is the angular

velocity, 𝑢(𝑡) is the control torque,𝑤(𝑡) is the disturbance, and
𝑐
1,𝑙

and 𝑐
2,𝑙

are jump parameters with values 𝑐
1,1
= 1, 𝑐

1,2
=

2, 𝑐
1,3

= 0.5, 𝑐
2,1

= 1, 𝑐
2,2

= 0.5, and 𝑐
2,3

= 2. The
angular displacement 𝑥

1
(𝑡) is assumed to vary in the intervals

[−𝜋/2, 𝜋/2]. This system can be represented as the following
discrete-time fuzzy model with partly unknown transition
probabilities:

Π = [

[

∗ 0.4 ∗

0.9 ∗ ∗

0.25 0.4 0.35

]

]

. (48)

Set 𝑥(𝑘) = [𝑥
1
(𝑘) 𝑥

2
(𝑘)]

𝑇, and choose the membership
functions as

ℎ
1
(𝑥
1
(𝑘)) =

4𝑥
2

1
(𝑘)

𝜋2
,

ℎ
2
(𝑥
1
(𝑘)) = 1 − ℎ

1
(𝑥
1
(𝑘)) .

(49)

For the sake of simplicity, we use two T-S fuzzy rules to
approximate this system.
Plant Rule 1. If 𝑥

1
(𝑘) is about 𝜋/2, then

𝑥 (𝑘 + 1) = 𝐴
1
(𝑟
𝑘
) 𝑥 (𝑘) + 𝐵

1
(𝑟
𝑘
) 𝑢 (𝑘) ,

𝑦 (𝑘) = 𝐶
1
(𝑟
𝑘
) 𝑥 (𝑘) .

(50)

Plant Rule 2. If 𝑥
1
(𝑘) is about −𝜋/2, then

𝑥 (𝑘 + 1) = 𝐴
2
(𝑟
𝑘
) 𝑥 (𝑘) + 𝐵

2
(𝑟
𝑘
) 𝑢 (𝑘) ,

𝑦 (𝑘) = 𝐶
2
(𝑟
𝑘
) 𝑥 (𝑘) .

(51)

where

𝐴
𝑙
(𝑟
𝑘
) ∈ Ω (𝑙, 𝑟

𝑘
) , 𝐵

𝑙
(𝑟
𝑘
) = [0 𝑇]

𝑇

,

𝐶
𝑙
(𝑟
𝑘
) = [1 1] , 𝑙 = 1, 2, 𝑟

𝑘
= 1, 2, 3,

Ω (1, 1) = {[
1 𝑇

−0.4530𝑇 1 + 0.7116𝑇
] ,

[
1 + 0.2𝑇 𝑇

−0.3530𝑇 1 + 0.7116𝑇
]} ,

Ω (2, 1) = {[
1 𝑇

−𝑇 1 + 𝑇
] , [

1 + 0.2𝑇 𝑇

−0.9𝑇 1 + 𝑇
]} ,

Ω (1, 2) = {[
1 𝑇

−0.9060𝑇 1 + 0.0768𝑇
] ,

[
1 + 0.2𝑇 𝑇

−0.8060𝑇 1 + 0.0768𝑇
]} ,

Ω (2, 2) = {[
1 𝑇

−2𝑇 1 + 0.5𝑇
] ,

[
1 + 0.2𝑇 𝑇

−1.9𝑇 1 + 0.5𝑇
]} ,

Ω (1, 3) = {[
1 𝑇

−0.2265𝑇 1 + 1.8558𝑇
] ,

[
1 + 0.2𝑇 𝑇

−0.1265𝑇 1 + 1.8558𝑇
]} ,

Ω (2, 3) = {[
1 𝑇

−0.5𝑇 1 + 2𝑇
] ,

[
1 + 0.2𝑇 𝑇

−0.4𝑇 1 + 2𝑇
]} .

(52)

Our purpose here is to illustrate the advantages of the
proposed method by comparing the optimal parameter 𝛾 for
different situations. First of all, supposing 𝑐

𝑘
= 1/(𝑘 + 1)

2 ,
𝛽 = 0.5, and the initial states 𝑥(0) = [3𝜋/8; 0.5], the
steady-state responses of the closed-loop fuzzy MJS with
input constraints ‖𝑢(𝑘 + 𝑖 | 𝑘)‖

2
≤ 3, 𝑘 > 0, 𝑖 ∈ M, are shown

in Figure 1. Meanwhile, the optimal results of 𝛾 compared
for different initial conditions are shown in Table 1. One
may note that the average values of 𝛾 become much smaller
when the additional parameters 𝑐

𝑘
and 𝛽 are introduced.

Then, assuming initial states 𝑥(0) = [𝜋/4; 0.5], 𝛽 = 0.5,
we can obtain the corresponding values of 𝛾 for different 𝑐

𝑘

listed in Table 2. In the same way, by assuming initial states
𝑥(0) = [𝜋/4; 0.5], 𝑐

𝑘
= 1/(𝑘 + 1)

2, the information about 𝛾 for
different values of 𝛽 is given in Table 3. It is easy to observe
from Tables 2 and 3 that the optimal performance is closely
related to the two parameters.
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Figure 1: (a) State response of MJS system with 𝑥(0) = [3𝜋/8; 0.5] and 𝑐
𝑘
= 1/(𝑘 + 1)

2, and 𝛽 = 0.5 for case 1, 𝑐
𝑘
= 0, 𝛽 = 1 for case 2. (b)

Input signals obtained based onTheorem 2.

Table 1: The value of 𝛾 for different initial conditions with constraints.

Initial condition Average value of 𝛾
with 𝑐

𝑘
= 1/(𝑘 + 1)

2

, 𝑘 > 0, 𝛽 = 0.5
Average value of 𝛾

with 𝑐
𝑘
= 0, 𝑘 > 0, 𝛽 = 1

[𝜋/16; 1] 0.5895 1.2517

[𝜋/4; 1] 3.1578 6.8014

[𝜋/8; 0.5] 0.2619 0.5568

[𝜋/4; 0.5] 1.0452 2.2344

[3𝜋/8; 0.5] 2.8360 6.1012

Table 2: The value of 𝛾 for different 𝑐
𝑘
, 𝑘 > 0 with constraints.

Parameter 𝑐
𝑘

𝑐
𝑘
= 1/(𝑘 + 1)

1.1

𝑐
𝑘
= 1/(𝑘 + 1)

1.5

𝑐
𝑘
= 1/(𝑘 + 1)

2

𝑐
𝑘
= 1/(𝑘 + 1)

2.5

𝑐
𝑘
= 1/(𝑘 + 1)

3

Average value of 𝛾 with
𝑥(0) = [𝜋/4; 0.5], 𝛽 = 0.5

0.9066 0.9924 1.0452 1.2189 1.2220

Table 3: The value of 𝛾 for different 𝛽 with constraints.

Parameter 𝛽 𝛽 = 0.1 𝛽 = 0.3 𝛽 = 0.5 𝛽 = 0.7 𝛽 = 0.9

Average value of 𝛾 with 𝑥(0) = [𝜋/4; 0.5], 𝑐
𝑘
= 1/(𝑘 + 1)

2

0.2508 0.6271 1.0452 1.5800 1.8782

5. Conclusion

In this paper, the problem of controller design based on
MPC algorithm for uncertain systems is discussed. A relaxed
scheme which has less conservativeness than traditional
approaches is derived through introducing two additional
parameters. Based on this scheme, a new set of criteria for

model predictive controller design is obtained based on the
fuzzy Markov jump system with partially unknown TPMs in
an arbitrarily large horizon. A practical example is presented
to show the effectiveness and applicability of the developed
method. It is expected that the methods and ideas behind the
paper could be extended to other systems or issues, such as
filter design for the underlying system.
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The problemof robust fault-tolerant tracking control is investigated. Simulation on the longitudinalmodel of a flexible air-breathing
hypersonic vehicle (FAHV) with actuator faults and uncertainties is conducted. In order to guarantee that the velocity and altitude
track their desired commands in finite time with the partial loss of actuator effectiveness, an adaptive fault-tolerant control strategy
is presented based on practical finite-time sliding mode method. The adaptive update laws are used to estimate the upper bound
of uncertainties and the minimum value of actuator efficiency factor. Finally, simulation results show that the proposed control
strategy is effective in rejecting uncertainties even in the presence of actuator faults.

1. Introduction

Air-breathing hypersonic vehicles (AHVs) are intended to
be a reliable and cost-effective technology for access to
space. Because the slender geometries and light structures
cause significant flexible effects and strong coupling between
propulsive and aerodynamic forces resulting from the inte-
gration of the scramjet engine, AHVs are confronting many
complex problems and challenges, involving many different
research areas, such as aerodynamics, thermal protection,
and communication, and many problems of these fields have
been reported [1–3]. Meanwhile, flight control design for
AHVs is a hot topic and a challenging task [4, 5].

During the last decades, a kind of flexible hypersonic
vehicle model including flexible dynamics has been devel-
oped in [6, 7]. Based on this model, there have been several
papers discussing the challenges associated with the control
of air-breathing hypersonic vehicle (AHV) [8, 9] and many
control methods have been employed in the flight control
system. In [10], a linear quadratic regulator (LQR) was
presented for a linearized FAHVmodel. In [11–13], sequential
loop closure controller was designed for the FAHV based
on adaptive dynamic inversion together with backstepping
structure. In [14, 15], approximate feedback linearization

based on dynamic inversion method was adopted to design
controller for the FAHV. In [16, 17], a nonlinear tracking
controller was constructed by using a minimax LQR control
approach, which provides robust stability and excellent track-
ing performance with parameter uncertainties.

The approaches mentioned above do not specifically
consider possible actuator faults, which deteriorate the con-
trol performance, affect stability, and security of the AHVs,
and sometimes even lead to catastrophic accidents. Con-
sequently, it is essential that the actuator faults must be
taken into account in the controller design. In the current
papers, some fault-tolerant control schemes for AHVs have
attracted more and more research attention and gained
fruitful results, which can be reported in [18–21]. In [18–
20], the results mainly concentrate on the reentry attitude
control of the AHV. Meanwhile, the fault tolerant control
strategies for the longitudinalmodel of the AHVs are studied.
In [21], an observer-based fault-tolerant control approach
using both robust control and LMI techniques is designed
for a linearized longitudinal AHV model in the presence of
parameter uncertainties and actuator faults, but this method
was effective only in the neighborhood of the operating
point. On the other hand, nonlinear fault-tolerant control
design methods have been devoted to the longitudinal AHV
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model. A finite-time integral sliding mode control method
was proposed in [22], which could achieve superior velocity
and altitude tracking performancewith actuator fault. In [23],
the longitudinal AHV model with unknown parameters and
uncertain actuator faults is formatted into a parametric strict-
feedback form, and then an adaptive fault-tolerant control
scheme based on a combination of back-stepping control and
dynamic surface control techniques is applied to make the
velocity and altitude track the desired value.

However, the aforesaid methods only consider the rigid
body ofAHVswithout flexible effects. A fault-tolerant control
scheme for the FAHV was presented in [24], according to
the model obtained by approximate linearization in given
flight conditions. So, this scheme may not obtain good
control performances when flight dynamics undergo great
parameter perturbations. To the best of our knowledge,
although considerable effort has been made on the control
design for the AHVs, the important issue of fault-tolerant
control of the FAHV dynamical system has not been fully
investigated yet, which remains challenging and motivates us
to do this study.

As a typical robust control method, sliding mode control
(SMC) scheme is regarded as an effective method to cope
with external disturbances and parametric uncertainties [25].
Recently, the SMC method has been widely applied for the
fault tolerant control of aircraft system, spacecraft, and so on.
In [26], a fault-tolerant slidingmode controller was presented
for an aircraft system, which requires the message of the
effectiveness factor, while it may be difficult and expensive
to obtain the actuator faults online. In [27], a finite-time
convergent SMC scheme is developed to solve the problem
of fault-tolerant control for a rigid spacecraft. The drawback
of this method is that the message of the lower bound
of the effectiveness factor and the upper bound of system
uncertainties needs to be known in prior.

The aforementioned references could achieve desired
performance through the SMC methodology affected by
actuator faults. Although the traditional SMC can guarantee
the stability of the system, it adopts a linear switching
function. Then the system states and the errors converge to
an equilibrium point asymptotically in infinite time. In other
words, it means that finite-time convergence is not ensured.
Motivated by the above discussions, we propose a novel
adaptive sliding mode control scheme for the longitudinal
model of the FAHV with uncertainties and actuator faults in
this paper. As compared with the existing results, the main
contributions are as follows. Firstly, the design method of
slidingmode surface based on homogeneous geometry could
assure practical finite-time converged tracking of the desired
command. Secondly, the upper bounds of aerodynamic
uncertainties and the minimum value of actuator efficiency
factor are not required in prior. The adaptive law is designed
to adjust the control gains dynamically so as to ensure the
establishment of sliding mode motion, and the robustness
against uncertainties is ensured at the same time. After
the uncertainties and actuator faults are compensated using
adaptive sliding mode control scheme, the stability of the
closed-loop system can be maintained.

The rest of this paper is organized as follows. In Section 2
the FAHV model is introduced and control objective is
stated. Section 3 designs the sliding mode surface and the
corresponding adaptive finite-time fault tolerant controller
was proposed with actuator fault. Simulation results are
discussed in Section 4 and the conclusions are provided in
Section 5.

2. Problem Statement

The considered FAHVmodel is derived from [6, 28], and the
longitudinal equations of motion of the FAHV are given by

𝑉 =
(𝑇 cos𝛼 − 𝐷)

𝑚
− 𝑔 sin 𝛾,

̇𝛾 =
(𝐿 + 𝑇 sin𝛼)

𝑚𝑉
−
𝑔 cos 𝛾
𝑉

,

ℎ̇ = 𝑉 sin 𝛾,

̇𝛼 = 𝑄 − ̇𝛾,

̇𝑄 =

𝑀
𝑦𝑦

𝐼
𝑦𝑦

,

̈𝜂
𝑖
= −2𝜍

𝑚
𝜔
𝑚,𝑖

̇𝜂
𝑖
− 𝜔
2

𝑚,𝑖
𝜂
𝑖
+ 𝑁
𝑖
, 𝑖 = 1, 2, 3,

(1)

where 𝑥 = [𝑉, 𝛾, ℎ, 𝛼, 𝑄]
𝑇 is a vector of rigid-body state,

which includes the vehicle speed, flight path angle, altitude,
angel of attack, and pitch rate, respectively; 𝜂

𝑖
, 𝜔
𝑚,𝑖
, and 𝜍

𝑚

are the generalized flexible coordinate, natural frequencies,
and damping coefficients of the 𝑖th elastic mode. The readers
may refer to [7] for a full description of the variables in this
model.

Because of coupling in aerodynamic forces of the FAHV
model (1), some simplifications must be carried out for the
purpose of feedback linearization. The simplification of the
model is necessary because we want to obtain a linearized
model, and the same simplified process can be found in [29].
An input-output linearizationmodel is developed by repeated
differentiation of the outputs 𝑉 and ℎ as follows:

𝑉 = 𝑓
𝑉
+ 𝑏
11
𝜙
𝑐
+ 𝑏
12
𝛿
𝑒
, (2)

ℎ
(4)

= 𝑓
ℎ
+ 𝑏
21
𝜙
𝑐
+ 𝑏
22
𝛿
𝑒
, (3)

where𝜙
𝑐
and𝛿
𝑒
are control inputs and the specific expressions

of 𝑓
𝑉
, 𝑓
ℎ
, 𝑏
11
, 𝑏
12
, 𝑏
21
, and 𝑏

22
are presented in [29, equation

(17)].
Compared with [29], the main propose of this study is

discussing the fault tolerant controller design for the FAHV to
follow a given desired output reference signals 𝑦

𝑑
= [𝑉
𝑑
, ℎ
𝑑
]
𝑇

in the presence of partial loss of actuator effectiveness.

3. Adaptive Finite-Time
Fault-Tolerant Controller Design

The specific controller design step includes two parts: sliding
mode surface design and sliding mode control design, which
can be described as follows.
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3.1. Sliding Mode Surface Design. Define tracking error vari-
able as follows:

𝑒
𝑉
= 𝑉 − 𝑉

𝑑
, (4)

𝑒
ℎ
= ℎ − ℎ

𝑑
. (5)

Differentiating (4) and (5) three times, and four times
respectively, results in

⃛𝑒
𝑉
= 𝑓
𝑉
− 𝑉
𝑑
+ 𝑏
11
𝜙
𝑐
+ 𝑏
12
𝛿
𝑒
, (6)

𝑒
(4)

ℎ
= 𝑓
ℎ
− ℎ
(4)

𝑑
+ 𝑏
21
𝜙
𝑐
+ 𝑏
22
𝛿
𝑒
. (7)

Equations (6)-(7) can be expressed in matrix form:

[

[

⃛𝑒
𝑉

𝑒
(4)

ℎ

]

]

= [

[

𝑓
𝑉
− 𝑉
𝑑

𝑓
ℎ
− ℎ
(4)

𝑑

]

]⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝐹=[𝐹1 ,𝐹2]
𝑇

+ [
𝑏
11
𝑏
12

𝑏
21
𝑏
22

]
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝐵

[
𝜙
𝑐

𝛿
𝑒

]
⏟⏟⏟⏟⏟⏟⏟

𝑢

+ [
Δ𝐹
1

Δ𝐹
2

]
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

Δ𝐹=[Δ𝐹1 ,Δ𝐹2]
𝑇

.
(8)

Note that the additional item Δ𝐹 is introduced to represent
the flexible effects and coupled uncertainties described in [29,
equation (14)].

Introduce new control variable:

𝑈 = [
𝑈
1

𝑈
2

] = [
𝑏
11
𝑏
12

𝑏
21
𝑏
22

] [
𝜙
𝑐

𝛿
𝑒

] . (9)

Then (8)-(9) can be rewritten as

[

[

⃛𝑒
𝑉

𝑒
(4)

ℎ

]

]

= [
𝐹
1

𝐹
2

] + [
𝑈
1

𝑈
2

] + [
Δ𝐹
1

Δ𝐹
2

] . (10)

Assumption 1. Theuncertainties discussed in the research are
bounded ‖Δ𝐹‖ ≤ 𝜐, but the value 𝜐 is unknown in advance.

Assumption 2. The matrix 𝐵 denoted in (8) is nonsingular
over the entire flight envelope given in [12], so Assumption 1
is reasonable to be assumed.

Now, according to the definition of HOSM [30, 31], our
objective is to design controller which makes the 𝑒

𝑉
, 𝑒
ℎ
and

their derivatives converge to the neighborhood of origin.
Design sliding mode surface as follows:

𝑠
𝑉
= ̈𝑒
𝑉
+ ∫

𝑡

0

𝜆
1𝑉

󵄨󵄨󵄨󵄨𝑒𝑉
󵄨󵄨󵄨󵄨

𝑎1𝑉 sign (𝑒
𝑉
) + 𝜆
2𝑉

󵄨󵄨󵄨󵄨
̇𝑒
𝑉

󵄨󵄨󵄨󵄨

𝑎2𝑉 sign ( ̇𝑒
𝑉
) + 𝜆
3𝑉

󵄨󵄨󵄨󵄨
̈𝑒
𝑉

󵄨󵄨󵄨󵄨

𝑎3𝑉 sign ( ̈𝑒
𝑉
)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝐺𝑉

, (11)

𝑠
ℎ
= ⃛𝑒
ℎ
+ ∫

𝑡

0

𝜆
1ℎ

󵄨󵄨󵄨󵄨𝑒ℎ
󵄨󵄨󵄨󵄨

𝑎1ℎ sign (𝑒
ℎ
) + 𝜆
2ℎ

󵄨󵄨󵄨󵄨
̇𝑒
ℎ

󵄨󵄨󵄨󵄨

𝑎2ℎ sign ( ̇𝑒
ℎ
) + 𝜆
3ℎ

󵄨󵄨󵄨󵄨
̈𝑒
ℎ

󵄨󵄨󵄨󵄨

𝑎3ℎ sign ( ̈𝑒
ℎ
) + 𝜆
4ℎ

󵄨󵄨󵄨󵄨
⃛𝑒
ℎ

󵄨󵄨󵄨󵄨

𝑎4ℎ sign ( ⃛𝑒
ℎ
)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝐺ℎ

𝑑𝑠. (12)

The parameters 𝜆
𝑖𝑉
(𝑖 = 1, 2, 3) and 𝜆

𝑗ℎ
(𝑗 = 1, 2, 3, 4) are

some positive constants such that 𝜆
3𝑉
𝑠
2

+ 𝜆
2𝑉
𝑠 + 𝜆
1𝑉

and
𝜆
4ℎ
𝑠
3

+ 𝜆
3ℎ
𝑠
2

+ 𝜆
2ℎ
𝑠 + 𝜆

1ℎ
are Hurwitz polynomial. The

parameters 𝑎
𝑖𝑉
(𝑖 = 1, 2, 3) and 𝑎

𝑗ℎ
(𝑗 = 1, 2, 3, 4) are deter-

mined by

𝑎
(𝑖−1)𝑉

=
𝑎
𝑖𝑉
𝑎
(𝑖+1)𝑉

2𝑎
(𝑖+1)𝑉

− 𝑎
𝑖𝑉

, 𝑖 ∈ {2, 3} ,

𝑎
(𝑗−1)ℎ

=

𝑎
𝑗ℎ
𝑎
(𝑗+1)ℎ

2𝑎
(𝑗+1)ℎ

− 𝑎
𝑗ℎ

, 𝑗 ∈ {2, 3, 4}

(13)

with 𝑎
4𝑉
= 𝑎
5ℎ
= 1, 𝑎

3𝑉
∈ (1 − 𝜀

𝑉
, 1), and 𝑎

4ℎ
∈ (1 − 𝜀

ℎ
, 1),

where 𝜀
𝑉
∈ (0, 1), 𝜀

ℎ
∈ (0, 1).

Based on the homogeneity theory provided in [32], it is
easily shown that 𝑒

𝑉
, ̇𝑒
𝑉
, ̈𝑒
𝑉
and 𝑒
ℎ
, ̇𝑒
ℎ
, ̈𝑒
ℎ
, ⃛𝑒
ℎ
will converge to

the neighborhood of origin in finite time if it is satisfied that
𝑠
𝑉
, 𝑠
ℎ
converge to the neighborhood of origin in finite time.

3.2. Adaptive Sliding Mode Controller Design. Now, let us
consider the situation in which the actuator experiences

partial loss of effectiveness fault.Then, differentiating (11) and
(12), we obtain

[
̇𝑠
𝑉

̇𝑠
ℎ

] = [
𝐹
1

𝐹
2

] + [
𝐺
𝑉

𝐺
ℎ

]
⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝐺=[𝐺𝑉,𝐺ℎ]
𝑇

+ [
𝐸
1
0

0 𝐸
2

]
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝐸

[
𝑈
1

𝑈
2

] + [
Δ𝐹
1

Δ𝐹
2

] ,
(14)

where𝐸 = diag(𝐸
1
, 𝐸
2
) ∈ 𝑅
2 × 2 is a matrix characterizing the

health condition of the actuators with 0 ≤ 𝐸
𝑖
≤ 1 (𝑖 = 1, 2).

Note that the case 𝐸
𝑖
= 1 means that the 𝑖th actuator is

totally healthy, the case 𝐸
𝑖
= 0 implies that the 𝑖th actuator

completely fails, and the case 0 < 𝐸
𝑖
< 1 corresponds to the

case in which the 𝑖th actuator partially loses its effectiveness,
but it still has effect all the time. In this sense, the matrix
𝐸 becomes uncertain and even time varying but remains
positive definite. In this study, an assumption 0 < 𝐸

𝑖
≤ 1

is given.
The control objective is to design the control inputs for 𝜙

𝑐

and 𝛿
𝑒
such that all of the closed-loop signals are bounded

and the velocity 𝑉 and altitude ℎ track desired command
trajectories𝑉

𝑑
and ℎ
𝑑
in the presence of flexible uncertainties

and loss of effective actuator faults. That is to say, the velocity
sliding mode surface 𝑠

𝑉
and altitude sliding mode surface

𝑠
ℎ
converge to an arbitrary small set containing the origin
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in finite time 𝑇
0
, which is ‖𝑠

𝑉
‖ ≤ 𝛿

𝑉
and ‖𝑠

ℎ
‖ ≤ 𝛿

ℎ
for

𝑡 ≥ 𝑇
0
, where 𝛿

𝑉
and 𝛿
ℎ
are arbitrary small positive constant

numbers.
Let 𝐸min = min

𝑖=1,2
𝐸
𝑖
and denote 𝜇 = 1 − 𝐸min and then

𝜇 < 1. Selecting 𝜃 = 1/(1 − 𝜇), then the main result of the
paper is formulated in the following theorem.

Theorem 3. Consider the nonlinear sliding mode dynamic
system (14) with Assumptions 1 and 2, if the control 𝑈 =

[𝑈
1
, 𝑈
2
]
𝑇 is designed as

𝑈 = −𝐹 − 𝐺 − 𝑘 ⋅ sig𝜏 (𝑠) − 𝜎̂ 𝑠

‖𝑠‖
− 𝜐

𝑠

‖𝑠‖
, (15)

with the adaptive gains

𝜎̂ = −𝜓 + 𝜃𝜓, 𝜓 = ‖𝐹‖ + ‖𝐺‖ +
󵄩󵄩󵄩󵄩𝑘 ⋅ sig

𝜏

(𝑠)
󵄩󵄩󵄩󵄩 + 𝜐,

(16)

̇
𝜃̂ = 𝑝
0
(−𝜀
0
𝜃 + 𝜓 ‖𝑠‖) , (17)

̇𝜐̂ = 𝑝
1
(−𝜀
1
𝜐 + ‖𝑠‖) , (18)

where 𝑠 = [𝑠
𝑉
, 𝑠
ℎ
]
𝑇, 𝑘 = [𝑘

𝑉
, 𝑘
ℎ
]
𝑇, and 0 < 𝜏 < 1, and

define the function sig𝜏(⋅) = sign(⋅)| ⋅ |𝜏, 𝑝
0
, 𝑝
1
, 𝜀
0
and 𝜀
1
are

positive control constants, and the initial values 𝜎̂(0), 𝜐(0) are
chosen as positive constants. Then, the system trajectory will
converge to the neighborhood of 𝑠

𝑉
= 𝑠
ℎ
= 0 in finite time

despite of the uncertainties Δ𝐹 and actuator faults 𝐸.

Proof. The stability analysis of system (14) is performed via
constructing the following Lyapunov function:

𝑊 =
1

2
(𝑠
𝑇

𝑠 +
1 − 𝜇

𝑝
0

(𝜃 − 𝜃)
2

+
1

𝑝
1

(𝜐 − 𝜐)
2

) , (19)

where 𝜎̃ = 𝜎 − 𝜎̂ and 𝜐 = 𝜐 − 𝜐. The derivative of (19) is
presented

𝑊 = 𝑠
𝑇

̇𝑠 −
1 − 𝜇

𝑝
0

𝜃
̇
𝜃̂ −

1

𝑝
1

𝜐 ̇𝜐̂

= 𝑠
𝑇

(𝐹 + 𝐺 + 𝐸𝑈 + Δ𝐹) −
1 − 𝜇

𝑝
0

𝜃
̇
𝜃̂ −

1

𝑝
1

𝜐 ̇𝜐̂

= 𝑠
𝑇

(𝐹 + 𝐺 + 𝑈 − (𝐼 − 𝐸)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

Δ𝐸

𝑈 + Δ𝐹) −
1 − 𝜇

𝑝
0

𝜃
̇
𝜃̂ −

1

𝑝
1

𝜐 ̇𝜐̂

= 𝑠
𝑇

(−𝑘 ⋅ sig𝜏 (𝑠) − 𝜎̂ 𝑠

‖𝑠‖
− 𝜐

𝑠

‖𝑠‖
− (𝐼 − Ε)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

Δ𝐸

𝑈 + Δ𝐹)

−
1 − 𝜇

𝑝
0

𝜃
̇
𝜃̂ −

1

𝑝
1

𝜐 ̇𝜐̂

≤ −𝑘
𝑉

󵄨󵄨󵄨󵄨𝑠𝑉
󵄨󵄨󵄨󵄨

𝜏+1

− 𝑘
ℎ

󵄨󵄨󵄨󵄨𝑠ℎ
󵄨󵄨󵄨󵄨

𝜏+1

+ 𝑠
𝑇

(−𝜎̂
𝑠

‖𝑠‖
− 𝜐

𝑠

‖𝑠‖
− Δ𝐸𝑈 + Δ𝐹) −

1 − 𝜇

𝑝
0

𝜃
̇
𝜃̂ −

1

𝑝
1

𝜐 ̇𝜐̂

≤ −𝑘
𝑉

󵄨󵄨󵄨󵄨𝑠𝑉
󵄨󵄨󵄨󵄨

𝜏+1

− 𝑘
ℎ

󵄨󵄨󵄨󵄨𝑠ℎ
󵄨󵄨󵄨󵄨

𝜏+1

+ 𝑠
𝑇

(−𝜎̂
𝑠

‖𝑠‖
− Δ𝐸𝑈)

−
1 − 𝜇

𝑝
0

𝜃
̇
𝜃̂ + 𝑠
𝑇

(Δ𝐹 − 𝜐
𝑠

‖𝑠‖
) −

1

𝑝
1

𝜐 ̇𝜐̂

≤ −𝑘
𝑉

󵄨󵄨󵄨󵄨𝑠𝑉
󵄨󵄨󵄨󵄨

𝜏+1

− 𝑘
ℎ

󵄨󵄨󵄨󵄨𝑠ℎ
󵄨󵄨󵄨󵄨

𝜏+1

+ 𝑠
𝑇

(−𝜎̂
𝑠

‖𝑠‖
− Δ𝐸𝑈)

−
1 − 𝜇

𝑝
0

𝜃
̇
𝜃̂ + 𝑠
𝑇

(Δ𝐹 − 𝜐
𝑠

‖𝑠‖
) + 𝜐 ‖𝑠‖ −

1

𝑝
1

𝜐 ̇𝜐̂.

(20)

In view of Assumption 1 and adaptive update laws (18),
inequality (20) can be rewritten as

𝑊 ≤ −𝑘
𝑉

󵄨󵄨󵄨󵄨𝑠𝑉
󵄨󵄨󵄨󵄨

𝜏+1

− 𝑘
ℎ

󵄨󵄨󵄨󵄨𝑠ℎ
󵄨󵄨󵄨󵄨

𝜏+1

+ 𝑠
𝑇

(−𝜎̂
𝑠

‖𝑠‖
− Δ𝐸𝑈)

−
1 − 𝜇

𝑝
0

𝜃
̇
𝜃̂ + 𝜀
1
𝜐𝜐

≤ −𝑘
𝑉

󵄨󵄨󵄨󵄨𝑠𝑉
󵄨󵄨󵄨󵄨

𝜏+1

− 𝑘
ℎ

󵄨󵄨󵄨󵄨𝑠ℎ
󵄨󵄨󵄨󵄨

𝜏+1

− 𝜎̂ ‖𝑠‖ − 𝑠
𝑇

Δ𝐸𝑈

−
1 − 𝜇

𝑝
0

𝜃
̇
𝜃̂ + 𝜀
1
𝜐𝜐

≤ −𝑘
𝑉

󵄨󵄨󵄨󵄨𝑠𝑉
󵄨󵄨󵄨󵄨

𝜏+1

− 𝑘
ℎ

󵄨󵄨󵄨󵄨𝑠ℎ
󵄨󵄨󵄨󵄨

𝜏+1

− 𝜎̂ ‖𝑠‖

+ ‖Δ𝐸‖ ⋅ 𝑠
𝑇

⋅ (‖𝐹‖ + ‖𝐺‖ +
󵄩󵄩󵄩󵄩𝑘 ⋅ sig

𝜏

(𝑠)
󵄩󵄩󵄩󵄩 + 𝜎̂ + 𝜐)

−
1 − 𝜇

𝑝
0

𝜃
̇
𝜃̂ + 𝜀
1
𝜐𝜐.

(21)

According to (16), inequality (21) can be rewritten as

𝑊 ≤ −𝑘
𝑉

󵄨󵄨󵄨󵄨𝑠𝑉
󵄨󵄨󵄨󵄨

𝜏+1

− 𝑘
ℎ

󵄨󵄨󵄨󵄨𝑠ℎ
󵄨󵄨󵄨󵄨

𝜏+1

+ (1 − 𝜃)𝜓 ‖𝑠‖ + 𝜇 ⋅ 𝜃 ⋅ 𝜓 ‖𝑠‖

−
1 − 𝜇

𝑝
0

𝜃
̇
𝜃̂ + 𝜀
1
𝜐𝜐

≤ −𝑘
𝑉

󵄨󵄨󵄨󵄨𝑠𝑉
󵄨󵄨󵄨󵄨

𝜏+1

− 𝑘
ℎ

󵄨󵄨󵄨󵄨𝑠ℎ
󵄨󵄨󵄨󵄨

𝜏+1

+ (1 − (1 − 𝜇) 𝜃)𝜓 ‖𝑠‖

−
1 − 𝜇

𝑝
0

𝜃
̇
𝜃̂ + 𝜀
1
𝜐𝜐

≤ −𝑘
𝑉

󵄨󵄨󵄨󵄨𝑠𝑉
󵄨󵄨󵄨󵄨

𝜏+1

− 𝑘
ℎ

󵄨󵄨󵄨󵄨𝑠ℎ
󵄨󵄨󵄨󵄨

𝜏+1

+ ((1 − 𝜇) 𝜃 − (1 − 𝜇) 𝜃)𝜓 ‖𝑠‖ −
1 − 𝜇

𝑝
0

𝜃
̇
𝜃̂ + 𝜀
1
𝜐𝜐

≤ −𝑘
𝑉

󵄨󵄨󵄨󵄨𝑠𝑉
󵄨󵄨󵄨󵄨

𝜏+1

− 𝑘
ℎ

󵄨󵄨󵄨󵄨𝑠ℎ
󵄨󵄨󵄨󵄨

𝜏+1

+ (1 − 𝜇) 𝜃𝜓 ‖𝑠‖

−
1 − 𝜇

𝑝
0

𝜃
̇
𝜃̂ + 𝜀
1
𝜐𝜐.

(22)
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According to the adaptive update laws defined in (17), the
inequality (22) can be rewritten as

𝑊 ≤ −𝑘 (
󵄨󵄨󵄨󵄨𝑠𝑉
󵄨󵄨󵄨󵄨

𝜏+1

+
󵄨󵄨󵄨󵄨𝑠ℎ
󵄨󵄨󵄨󵄨

𝜏+1

) + (1 − 𝜇) 𝜀
0
𝜃𝜃 + 𝜀

1
𝜐𝜐, (23)

where 𝑘 = min
𝑖=𝑉,ℎ

𝑘
𝑖
. In view of Lemma 3.1 in [33],

inequality (23) can be written as

𝑊 ≤ −𝑘(
󵄨󵄨󵄨󵄨𝑠𝑉
󵄨󵄨󵄨󵄨

2

+
󵄨󵄨󵄨󵄨𝑠ℎ
󵄨󵄨󵄨󵄨

2

)
(𝜏+1)/2

+ (1 − 𝜇) 𝜀
0
𝜃𝜃 + 𝜀

1
𝜐𝜐

≤ −𝑘(
1

2

󵄨󵄨󵄨󵄨𝑠𝑉
󵄨󵄨󵄨󵄨

2

+
󵄨󵄨󵄨󵄨𝑠ℎ
󵄨󵄨󵄨󵄨

2

)

(𝜏+1)/2

+ (1 − 𝜇) 𝜀
0
𝜃𝜃 + 𝜀

1
𝜐𝜐.

(24)

Inspired by [33] for any positive numbers 𝛿
0
> 0.5 and 𝛿

1
>

0.5, inequality (24) can be rewritten as

𝑊 ≤ −𝑘(
1

2
𝑠
𝑇

𝑠)

(𝜏+1)/2

− (
(1 − 𝜇) 𝜀

0
(2𝛿
0
− 1)

2𝛿
0

𝜃
2

)

(𝜏+1)/2

− (
𝜀
1
(2𝛿
1
− 1)

2𝛿
1

𝜐
2

)

(𝜏+1)/2

+ (
(1 − 𝜇) 𝜀

0
(2𝛿
0
− 1)

2𝛿
0

𝜃
2

)

(𝜏+1)/2

+ (
𝜀
1
(2𝛿
1
− 1)

2𝛿
1

𝜐
2

)

(𝜏+1)/2

+ (1 − 𝜇) 𝜀
0
𝜃𝜃 + 𝜀

1
𝜐𝜐.

(25)

denote

𝑝
0
=

𝛿
0
𝑘
2/(𝜏+1)

𝜀
0
(2𝛿
0
− 1)

, 𝑝
1
=

𝛿
1
𝑘
2/(𝜏+1)

𝜀
1
(2𝛿
1
− 1)

. (26)

Then, inequality (25) can be rewritten as

𝑊 ≤ −𝑘[(
1

2
𝑠
𝑇

𝑠)

(𝜏+1)/2

+ (
(1 − 𝜇)

2𝑝
0

𝜃
2

)

(𝜏+1)/2

+ (
1

2𝑝
1

𝜐
2

)

(𝜏+1)/2

]

+ (
(1 − 𝜇) 𝜀

0
(2𝛿
0
− 1)

2𝛿
0

𝜃
2

)

(𝜏+1)/2

+ (
𝜀
1
(2𝛿
1
− 1)

2𝛿
1

𝜐
2

)

(𝜏+1)/2

+ (1 − 𝜇) 𝜀
0
𝜃𝜃 + 𝜀

1
𝜐𝜐.

(27)

According to Lemma 3.2 in [33], when 𝛿
0
> 0.5, 𝛿

1
> 0.5,

and 0.5 < 0.5(𝜏 + 1) < 1, the time derivative of the Lyapunov
function𝑊 becomes

𝑊 ≤ −𝑘[(
1

2
𝑠
𝑇

𝑠) + (
(1 − 𝜇)

2𝑝
0

𝜃
2

) + (
1

2𝑝
1

𝜐
2

)]

(𝜏+1)/2

+ (
(1 − 𝜇) 𝜀

0
(2𝛿
0
− 1)

2𝛿
0

𝜃
2

)

(𝜏+1)/2

+ (
𝜀
1
(2𝛿
1
− 1)

2𝛿
1

𝜐
2

)

(𝜏+1)/2

+ (1 − 𝜇) 𝜀
0
𝜃𝜃 + 𝜀

1
𝜐𝜐

≤ −𝑘𝑊
(𝜏+1)/2

+ (
(1 − 𝜇) 𝜀

0
(2𝛿
0
− 1)

2𝛿
0

𝜃
2

)

(𝜏+1)/2

+ (
𝜀
1
(2𝛿
1
− 1)

2𝛿
1

𝜐
2

)

(𝜏+1)/2

+ (1 − 𝜇) 𝜀
0
𝜃𝜃 + 𝜀

1
𝜐𝜐.

(28)

Note that, for any positive constants 𝛿
0
> 0.5 and 𝛿

1
> 0.5,

the following inequality holds:

𝜀
1
𝜐𝜐 = 𝜀

1
(−𝜐
2

+ 𝜐𝜐)

≤ 𝜀
1
(−𝜐
2

+
1

2𝛿
1

𝜐
2

+
𝛿
1

2
𝜐
2

)

≤
−𝜀
1
(2𝛿
1
− 1)

2𝛿
1

𝜐
2

+
𝜀
1
𝛿
1

2
𝜐
2

.

(29)

Similarly (1 − 𝜇)𝜀
0
𝜃𝜃 satisfies the following inequality:

(1 − 𝜇) 𝜀
0
𝜃𝜃 ≤

−𝜀
0
(1 − 𝜇) (2𝛿

0
− 1)

2𝛿
0

𝜃
2

+
𝜀
0
(1 − 𝜇) 𝛿

0

2
𝜃
2

.

(30)

According to inequality (29), if (𝜀
1
(2𝛿
1
− 1)/2𝛿

1
)𝜐
2

> 1, we
obtain

(
𝜀
1
(2𝛿
1
− 1)

2𝛿
1

𝜐
2

)

(𝜏+1)/2

+ 𝜀
1
𝜐𝜐

≤
𝜀
1
(2𝛿
1
− 1)

2𝛿
1

𝜐
2

+ 𝜀
1
𝜐𝜐 ≤

𝜀
1
𝛿
1

2
𝜐
2

.

(31)

If (𝜀
1
(2𝛿
1
− 1)/2𝛿)𝜐

2

≤ 1, we have

(
𝜀
1
(2𝛿
1
− 1)

2𝛿
1

𝜐
2

)

(𝜏+1)/2󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨(𝜀1(2𝛿1−1)/2𝛿1)𝜐
2
≤1

< (
𝜀
1
(2𝛿
1
− 1)

2𝛿
1

𝜐
2

)

(𝜏+1)/2󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨(𝜀1(2𝛿1−1)/2𝛿1)𝜐
2
>1

.

(32)

Therefore, combining (31) and (32) yields

(
𝜀
1
(2𝛿
1
− 1)

2𝛿
1

𝜐
2

)

(𝜏+1)/2

+ 𝜀
1
𝜐𝜐 ≤

𝜀
1
𝛿
1

2
𝜐
2

. (33)
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Figure 1: Regulated outputs and control inputs with actuator faults.

Similar to (33), the following inequality can be obtained:

(
(1 − 𝜇) 𝜀

0
(2𝛿
0
− 1)

2𝛿
0

𝜃
2

)

(𝜏+1)/2

+ (1 − 𝜇) 𝜀
0
𝜃𝜃

≤
(1 − 𝜇) 𝜀

0
𝛿
0

2
𝜃
2

.

(34)

Thus, from (28)–(34), the derivative of the Lyapunov function
(28) becomes

𝑊 ≤ −𝑘𝑊
(𝜏+1)/2

+ 𝜇
0
, (35)

where

𝜇
0
=
𝜀
1
𝛿
1

2
𝜐
2

+
(1 − 𝜇) 𝜀

0
𝛿
0

2
𝜃
2

. (36)

According to Lemma 3.6 in [33], the decrease of𝑊can drive
the sliding mode surfaces 𝑠

𝑉
and 𝑠
ℎ
to converge to a neigh-

borhood of the sliding surface in finite time. Furthermore,
selecting 0 < 𝛽 ≤ 1, inequality (35) can be expressed as

𝑊 ≤ −𝛽𝑘𝑊
(𝜏+1)/2

− (1 − 𝛽) 𝑘𝑊
(𝜏+1)/2

+ 𝜇
0
. (37)

If −(1 − 𝛽)𝑘𝑊(𝜏+1)/2 + 𝜇
0
< 0, then 𝑊 ≤ −𝛽𝑘𝑊

(𝜏+1)/2.
Based on the conclusion from [30], the decrease of𝑊drives
the trajectories of the closed-loop system into 𝑊(𝜏+1)/2 ≤
𝜇
0
/(1 − 𝛽)𝑘. Therefore, the trajectories of the closed-loop

system is bounded in finite time as

lim
𝛽→𝛽0

𝑠 (𝑡) ∈ (‖𝑠‖ ≤ (
𝜇
0

(1 − 𝛽
0
)𝑘
)

⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝜀

1/(𝜏+1)

), (38)
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Figure 2: Other flight states with actuator faults.

where 0 < 𝛽
0
< 1 and 𝜀 is a small set containing the origin of

the closed-loop system. And the time needed to reach (38) is
bound as

𝑇 ≤
2𝑊(0)

(1−𝜏)/2

𝑘𝛽
0
(1 − 𝜏)

, (39)

where𝑊(0) is the initial value of𝑊. After that, the control
objective that the 𝑒

𝑉
, ̇𝑒
𝑉
, ̈𝑒
𝑉
and 𝑒
ℎ
, ̇𝑒
ℎ
, ̈𝑒
ℎ
, ⃛𝑒
ℎ
converge to the

neighborhood of origin is established.
When the control 𝑈 = [𝑈

1
, 𝑈
2
]
𝑇 is designed via (9),

according to Assumption 2 the actual control variable is
calculated as

[
𝜙
𝑐

𝛿
𝑒

] = [
𝑏
11
𝑏
12

𝑏
21
𝑏
22

]

−1

[
𝑈
1

𝑈
2

] . (40)

It is evident from (40) that the finite-time convergent per-
formance of the proposed adaptive fault tolerant controller

can be obtained without the knowledge of the minimum
value of actuator effectiveness factor. Meanwhile, the upper
bound of uncertainties does not need to be known in
advance.

4. Simulation

To illustrate the efficiency of controller designed previously,
a climbing maneuver with longitudinal acceleration for a
100 ft/s velocity change and a 1000 ft altitude change is
considered. Simulation studies have been done on the full
nonlinear flexible hypersonic vehicle defined in (1). The
reference commands have been generated by filtering step
reference commands by a second-order prefilter with natural
frequency 𝜔

𝑓
= 0.06 rad/s and damping ratio 𝜁

𝑓
= 0.95.

The initial trim condition is selected as 𝑉 = 7710ft/s and
ℎ = 85000ft. Simulation parameters are provided in Table 1.
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Figure 3: Sliding mode surface and adaptive parameters 𝜐 and 𝜃 with actuator faults.

Table 1: Simulation parameters setting.

Items Values Items Values Items Values
𝜆
1𝑉

10 𝜆
4ℎ

10 𝑎
3ℎ

3/5
𝜆
2𝑉

15 𝑎
1𝑉

1/2 𝑎
4ℎ

3/4
𝜆
3𝑉

15 𝑎
2𝑉

3/5 𝜏 0.7
𝜆
1ℎ

15 𝑎
3𝑉

3/4 𝑘
𝑉

10
𝜆
2ℎ

25 𝑎
1ℎ

3/7 𝑘
ℎ

10
𝜆
3ℎ

20 𝑎
2ℎ

1/2

It is assumed that actuator faults are chosen as
𝐸
1
= 0.7, 𝑡 ≥ 100,

𝐸
2
= 0.7, 𝑡 ≥ 100.

(41)

The simulation results are provided in Figures 1–4. Fig-
ure 1 denotes the response to the 100 ft/s step velocity and
1000 ft step altitude. It has been observed that the velocity and

altitude converge to the desired value. The control inputs of
𝜙
𝑐
and 𝛿
𝑒
could be seen in bottom plots of Figure 1.

Figure 2 shows the performance of the angle of attack 𝛼
and the pitch rate𝑄 at the top, as well as the canard deflection
𝛿
𝑐
and the flight path angle 𝛾 at the bottom.
The velocity and altitude sliding mode surfaces 𝑠

𝑉
, 𝑠
ℎ

are shown in Figure 3, which are oscillation with small
magnitudes when actuator fault occurred. The convergent
performance verifies the effectiveness of the proposed control
strategy. The adaptive parameters 𝜐 and 𝜃 in control laws of
(15)–(18) could be seen in bottom plots of Figure 3, where the
convergence of 𝜐 is confirmed. From the simulation results
in Figure 3, the approximate equation 𝜃 ≈ 3 can be obtained.
According to the relationship based on equation 𝜃 = 1/(1−𝜇),
we can solve that 𝜇 = 0.67 and denote the estimated error as

𝑒
𝜇
= 𝜇 − 𝜇 ≈ 0.7 − 0.67 = 0.03. (42)
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Figure 4: The dynamic response curves of flexile modes with actuator faults.

The value of 𝑒
𝜇
in our research is in tolerance. Meanwhile, the

stability of flexible states is depicted by Figure 4. And it can be
seen that the flexible states 𝜂

1
, 𝜂
2
, and 𝜂

3
converge to constant

values, respectively.
In summary, the simulation results demonstrate that,

although there are actuator faults and uncertainties in the
system, the good tracking performance and satisfactory
system responses can be guaranteed.

5. Conclusions and Future Work

In this paper, an effective method has been proposed for
linearizing the nonlinear model of the FAHV via feedback,
which simplifies the complexity of the controller design pro-
cess. Furthermore, an adaptive fault-tolerant control scheme
based on finite-time slidingmode control technique has been
brought forward for the FAHV without any information
about the upper bound of uncertainties or the minimum
value of actuator effectiveness. Simulation results have been
presented to evaluate the validity of the proposed control
scheme and to show its robustness to uncertainties and the
loss of actuator effectiveness.

Further research work includes two aspects. Firstly, only
the loss-of-effectiveness fault has been investigated in this
paper; other types of actuator faults such as float failure and
actuator faults in FAHV with unknown structure are worth
being dealt with. Furthermore, the FAHV model considered
in this paper is highly nonlinear and strongly coupled, and a
more general active FTC scheme as adaptive fault diagnosis
observer in [34, 35] should be investigated in our future study.
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This paper investigates intermittent fault detection problem for a class of networked systemswithmultiple state delays and unknown
input. Polytopic-type parameter uncertainty in the state-space model matrices is considered. A novel measurement model is
employed to account for both the random measurement delays and the stochastic data missing (package dropout) phenomenon,
which are typically resulted from the limited capacity of the communication networks.We aim to design an uncertainty-dependent
fault detection filter such that, for all unknown input, all possible parameter uncertainties, and all incomplete measurements, the
error between residual and weighted fault is made as small as possible. By converting the addressed robust fault detection problem
into an alternative robust𝐻

∞
filtering problemof a certainMarkovian jumping system (MJS), a sufficient condition for the existence

of the desired robust fault detection filter is derived. A residual evaluation within an incremental form is brought forward to make
the whole method suitable for intermittent fault detection. A numerical example is utilized to demonstrate the effectiveness of the
proposed approach.

1. Introduction

For traditional control systems with point-to-point data
transmission, a variety of methods have been proposed to
deal with the modeling, identification, estimation, and con-
trol problems [1–3]. During the past decades, the rapid devel-
opments in network technologies have led to more and more
feedback control systems with control loops closed via digital
communication channels. Compared with the traditional
point-to-point wiring, in networked systems, serial commu-
nication networks are used to exchange information (refer-
ence input, plant output, control input, etc.) among control
system components (sensors, controller, actuators, etc.) [4].
The use of the communication channels can reduce the costs
of cables and power, simplify the installation and mainte-
nance of the whole system, and increase the reliability, so
network-based analysis and designs have many industrial
applications such as in automobiles, manufacturing plants,

aircrafts, and HVAC systems. However, the insertion of the
communication channels raises new interesting and chal-
lenging problems such as network-induced delays or packets
dropout, see [4–6] for some representative works.

With the increasing demand for higher performance,
higher safety, and reliability standards, fault detection and
isolation (FDI) has been an active field of research over the
past decades [7, 8]. The main purpose of fault detection is to
construct a residual signalwhich can then be comparedwith a
predefined threshold. When the residual exceeds the thresh-
old, the fault is detected and an alarm is generated. Among
different approaches for residual generation, the model-
based approaches to FDI problems for dynamic systems have
received more attention. For example, in [9], the 𝐻

∞
norm

of transfer function matrix from unknown input to residual
has been designed to be small, while the 𝐻

∞
norm (or the

smallest nonzero singular value) of transfer function matrix
from fault to residual has been guaranteed to be large. In [10],
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the error between residual and weighted fault has been made
as small as possible, and then the FDI problem can be solved
by using the 𝐻

∞
filtering approach.

Due to the popularization of the using of network cables,
it is necessary and interesting to consider the FDI problem
for networked systems with network-induced delays or data
missing, see [11, 12] and the references therein. Since network-
induced delays and data missing (dropout) phenomenon
are inherently random and time-varying [13], they have
been modeled in various probabilistic ways [14]. One of the
attractive approaches is to use binary switching sequence
viewed as a Bernoulli distributed white sequence taking on
values of 0 and 1, since such a representation is very effective
to describe network-induced delays [15] or data missing [16].
Very recently, in [17], the network-induced delay and data
dropout problems have been investigated in an integrated
way within a unified framework and the robust filtering
problem with polytopic uncertainties has been thoroughly
studied. Note that in all the aforementioned results, it has
been assumed that the delay or missing characteristics are
statistically mutually independent from transfer to transfer.
In [18], the fault detection problem for systems with missing
measurements has been discussed by characterizing the
residual dynamics by a discrete-time MJS. In [19], the diag-
nosis of intermittent faults in dynamic systems modeled as
discrete event systems has been considered. So far, to the best
of the authors’ knowledge, the robust intermittent fault detec-
tion problems in the presence of parameter uncertainty for
networked systems with simultaneous measurement delays
and data missing have not been fully investigated, which
constitutes the main focus of this paper.

In this paper, intermittent fault detection problem for
a class of uncertain networked systems with multiple state
delays and incomplete measurement is investigated. A se-
quence varying in a Markov fashion is employed in the mea-
surement model so that both the measurement delays and
data missing can be simultaneously represented. Polytopic-
type parameter uncertainty in state-space model matrices
is considered. After augmenting the state, the addressed
robust fault detection problem is converted to an equivalent
robust𝐻

∞
filtering problem for a certainMarkovian jumping

system (MJS), and a sufficient condition for the existence of
the desired robust fault detection filter is brought forward.
By introducing the new residual evaluation function within
an incremental form, the proposed method can detect the
possible intermittent fault.

Notation.The notations used throughout the paper are fairly
standard. R𝑛 and R𝑛×𝑚 denote, respectively, the 𝑛-dimen-
sional Euclidean space and the set of all 𝑛 × 𝑚 real matrices.
𝑃 > 0 means that 𝑃 is real symmetric and positive definite.
The subscript “𝑇” denotes the matrix transpose. Pr{⋅} rep-
resents the occurrence probability of the event “⋅”, and when
𝑥 and 𝑦 are both stochastic variables, E{𝑥} stands for the
mathematical expectation of 𝑥. 𝑙

2
[0,∞) is the space of all

square-summable vector functions over [0,∞), with ‖𝑥‖

being the standard 𝑙
2
norm of 𝑥, that is, ‖𝑥‖ = (𝑥

𝑇

𝑥)
1/2.

RH
∞

is the set of proper and stable rational functions
with real coefficients. In symmetric block matrices, we use

“∗” to represent a term that is induced by symmetry, and
diag{⋅ ⋅ ⋅ } stands for a block-diagonal matrix. Matrices, if
their dimensions are not explicitly stated, are assumed to
be compatible for algebraic operations and, sometimes, the
arguments of a function will be omitted in the analysis when
no confusion can arise.

2. Problem Formulation and Preliminaries

Consider the following class of discrete-time linear net-
worked systems with multiple delays in the state:

𝑥
𝑘+1

= 𝐴
0
𝑥
𝑘
+

𝑞

∑

𝑖=1

𝐴
𝑖
𝑥
𝑘−𝑖

+ 𝐵
𝑤
𝑤
𝑘
+ 𝐵
𝑓
𝑓
𝑘
,

𝑦
𝑘
= 𝛿 (𝜏

𝑘
, 0) 𝐶
0
𝑥
𝑘
+

𝑞

∑

𝑖=1

𝛿 (𝜏
𝑘
, 𝑖) 𝐶
𝑖
𝑥
𝑘−𝑖

+ 𝐷𝑤
𝑘
,

𝑥
𝑘
= 𝜑
𝑘
, 𝑘 = −𝑞, −𝑞 + 1, . . . , 0,

(1)

where 𝑥
𝑘

∈ R𝑛 stands for the state vector, 𝑤
𝑘

∈ R𝑝 is the
unknown input belonging to 𝑙

2
[0,∞), and 𝑓

𝑘
∈ R𝑙 is the

fault to be detected. 1 ≤ 𝑖 ≤ 𝑞 (𝑞 ≥ 1) are integer time
delays. 𝑦

𝑘
∈ R𝑚 is the measured output vector, which may

contain random communication delays and stochastic data
missing induced by the limited capacity of the communica-
tion networks. All systemmatrices in (1) are assumed to have
appropriate dimensions. 𝜑

𝑘
is a given real initial sequence

on [−𝑞, 0], and 𝛿(⋅, ⋅) stands for the Kronecker delta; that is,

𝛿 (𝑗, 𝑙) = {
0, if 𝑗 ̸= 𝑙,

1, if 𝑗 = 𝑙.
(2)

Furthermore, 𝜏
𝑘
is a stochastic variable whose role is to

determine, at time 𝑘, the size of the occurred delay as well as
the possibility of data missing. In this paper, {𝜏

𝑘
} is assumed

to be a discrete-time homogeneous Markov chain taking
values in the following finite state space:

Ξ = {−1, 0, . . . , 𝑞} (3)

and stationary transition probability matrix Λ = [𝜆
𝑖𝑗
], where

𝜆
𝑖𝑗
= Pr {𝜏

𝑘+1
= 𝑗 | 𝜏

𝑘
= 𝑖} . (4)

Remark 1. The assumption that the switching between dif-
ference modes abides by a Markovian chain seems realistic
since, in network-based signal transmissions, time delays and
data dropouts typically occur in a batchmode, and the status
of the network varies slower than the sampling period and
the characteristics of the network at a certain time is usually
dependent on the superior time instant. The transition
from one mode to another may obey certain probability
distribution, and our “Markov jumping” assumption of {𝜏

𝑘
}

describes this phenomenon properly.

Remark 2. In our measurement model, the event {𝜏
𝑘

= 0}

means that themeasurements are ideally transmitted over the
networkwithout any delays or datamissing, the event {𝜏

𝑘
= 𝑖}
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(1 ≤ 𝑖 ≤ 𝑞) corresponds to the case that the 𝑖-step mea-
surement delay occurs. Without loss of generality and for the
convenience in denoting the transition probability matrix,
we set the state in the state space of the Markov chain
corresponding to the measurement missing situation to −1,
so {𝜏
𝑘
= −1} means that the measurements are missing and

𝑦
𝑘
consists of pure noise only.
In this paper, we are interested in the problem of robust

fault detection for uncertain system described by (1) with
incomplete measurements. The system matrices 𝐴

0
, 𝐴
1
, . . . ,

𝐴
𝑞
, 𝐵
𝑤
, 𝐵
𝑓
, 𝐶
0
, 𝐶
1
, . . . , 𝐶

𝑞
, 𝐷 are assumed to be uncertain but

belong to a known convex compact set of polytopic type,that
is,

Ω := (𝐴
0
, 𝐴
1
, . . . , 𝐴

𝑞
, 𝐵
𝑤
, 𝐵
𝑓
, 𝐶
0
, 𝐶
1
, . . . , 𝐶

𝑞
, 𝐷) ∈ Θ, (5)

where Θ is a given convex bounded polyhedral domain
described by V vertices as follows:

Θ := {Ω | Ω =

V

∑

𝑟=1

𝛼
𝑟
Ω
𝑟
;

V

∑

𝑟=1

𝛼
𝑟
= 1, 𝛼

𝑟
≥ 0} , (6)

where Ω
𝑟

:= (𝐴
0𝑟
, 𝐴
1𝑟
, . . . , 𝐴

𝑞𝑟
, 𝐵
𝑤𝑟

, 𝐵
𝑓𝑟
, 𝐶
0𝑟
, 𝐶
1𝑟
, . . . , 𝐶

𝑞𝑟
,

𝐷
𝑟
), 𝑟 = 1, . . . , V, denotes the 𝑟th vertex of the polytope.
Consider a full-order fault detection filter of the following

form:

𝑥
𝑘+1

= 𝐺 (𝜏
𝑘
) 𝑥
𝑘
+ 𝐾 (𝜏

𝑘
) 𝑦
𝑘
,

𝑟
𝑘
= 𝐿 (𝜏

𝑘
) 𝑥
𝑘
,

(7)

where 𝑥
𝑘

∈ R𝑛 is the filter state vector and 𝑟
𝑘

∈ R𝑙 is the
so-called residual that is compatible with the fault vector
𝑓
𝑘
. For 𝜏

𝑘
= 𝑖 ∈ Ξ, we denote matrices 𝐺(𝜏

𝑘
), 𝐾(𝜏

𝑘
), and

𝐿(𝜏
𝑘
) as 𝐺

𝑖
= 𝐺(𝜏

𝑘
= 𝑖), 𝐾

𝑖
= 𝐾(𝜏

𝑘
= 𝑖), and 𝐿

𝑖
= 𝐿(𝜏
𝑘
= 𝑖).

Our main aim is to make the error between residual 𝑟
𝑘
and

fault signal 𝑓
𝑘
as small as possible.

For the purpose of fault detection, it is not necessary to
estimate the fault 𝑓

𝑘
. Sometimes one is more interested in

the fault signal of a certain frequency interval, which can be
formulated as the weighted fault as follows:

𝑓 (𝑧) = 𝑇
𝑓
(𝑧) 𝑓 (𝑧) , (8)

where 𝑇
𝑓
(𝑧) ∈ RH

∞
is a prescribed weighting matrix.

Remark 3. Similar to [10], the introduction of a suitable
weighting matrix 𝑇

𝑓
(𝑧) can limit the frequency interval of

interest, and the system performance can then be improved.
In fact, the use of weighted fault 𝑓(𝑧) is more general than
using the original fault 𝑓(𝑧), because if we impose 𝑇

𝑓
(𝑧) = 𝐼,

we can obtain 𝑓(𝑧) = 𝑓(𝑧).
Suppose a minimal realization of 𝑓(𝑧) = 𝑇

𝑓
(𝑧)𝑓(𝑧) is

𝑥
𝑘+1

= 𝐴
𝑡
𝑥
𝑘
+ 𝐵
𝑡
𝑓
𝑘
,

𝑓
𝑘
= 𝐶
𝑡
𝑥
𝑘
+ 𝐷
𝑡
𝑓
𝑘
,

(9)

where 𝑥
𝑘

∈ R𝑛 is the weighted fault state, 𝑓
𝑘

∈ R𝑙 is the
original fault, and 𝑓

𝑘
∈ R𝑙 is the weighted fault. 𝐴

𝑡
, 𝐵
𝑡
, 𝐶
𝑡
,

and 𝐷
𝑡
are assumed to be known real constant matrices with

appropriate dimensions.
By defining

𝜁
𝑘
= [𝑤
𝑇

𝑘
𝑓
𝑇

𝑘
]
𝑇

, 𝑟
𝑘
= 𝑟
𝑘
− 𝑓
𝑘
,

𝑥
𝑘
= [𝑥
𝑇

𝑘−1
⋅ ⋅ ⋅ 𝑥
𝑇

𝑘−𝑞
]
𝑇

, 𝜂
𝑘
= [𝑥
𝑇

𝑘
𝑥
𝑇

𝑘
𝑥
𝑇

𝑘
𝑥
𝑇

𝑘
]
𝑇

(10)

and again, denoting matrices 𝐴(𝜏
𝑘
), 𝐵(𝜏

𝑘
), 𝐶(𝜏

𝑘
) and 𝐷(𝜏

𝑘
)

as 𝐴
𝑖
= 𝐴(𝜏

𝑘
= 𝑖), 𝐵

𝑖
= 𝐵(𝜏

𝑘
= 𝑖), 𝐶

𝑖
= 𝐶(𝜏

𝑘
= 𝑖), and

𝐷
𝑖
= 𝐷(𝜏

𝑘
= 𝑖), we have the overall fault detection dynamics

governed by the following system:

𝜂
𝑘+1

= 𝐴
𝑖
𝜂
𝑘
+ 𝐵
𝑖
𝜁
𝑘
,

𝑟
𝑘
= 𝐶
𝑖
𝜂
𝑘
+ 𝐷
𝑖
𝜁
𝑘
,

(11)

where

𝐴
𝑖
= [

𝐴
𝑖

0

0 𝐴
𝑡

] , 𝐵
𝑖
= [

𝐵
𝑖

𝐵
𝑡

] ,

𝐶
𝑖
= [𝐶
𝑖

−𝐶
𝑡
] , 𝐷

𝑖
= [0 −𝐷

𝑡
] ,

𝐴
𝑖
=

[
[
[

[

𝐴
0

𝐴
𝑑

0

𝐴
21

𝐴
22

0

𝛿 (𝑖, 0)𝐾
0
𝐶
0

𝐾
𝑖
𝐶
𝑖
𝑒
𝑖

𝐺
𝑖

]
]
]

]

,

𝐵
𝑖
=

[
[
[

[

𝐵
𝑤

𝐵
𝑓

0
𝑞𝑛×𝑝

0
𝑞𝑛×𝑙

𝐾
𝑖
𝐷 0

]
]
]

]

, 𝐵
𝑡
= [0 𝐵

𝑡
] ,

𝐴
21

= [

𝐼
𝑛

0
(𝑞−1)𝑛×𝑛

] , 𝐴
22

= [

0 0

𝐼
(𝑞−1)𝑛×(𝑞−1)𝑛

0
] ,

𝐴
𝑑
= [𝐴
1

⋅ ⋅ ⋅ 𝐴
𝑞
] ,

𝑒
𝑖
= [𝛿 (𝑖, 1) 𝐼

𝑛×𝑛
⋅ ⋅ ⋅ 𝛿 (𝑖, 𝑞) 𝐼

𝑛×𝑛
] ,

𝐶
𝑖
= [0
𝑙×𝑛

0
𝑙×𝑞𝑛

𝐿
𝑖
] , 𝐷

𝑖
:= 𝐷
𝑖
.

(12)

After the above manipulations, the admissible sensor
delays and data missing can be reformulated as the jumping
parameters of aMarkovian jumping system (11) with the same
transition probability matrix Λ.

The matrices 𝐴
𝑖
, 𝐵
𝑖
, 𝐶
𝑖
, and 𝐷

𝑖
, 𝑖 ∈ Ξ, are uncertain,

but they belong to prescribed matrix polytopes Ω̃
𝑖

:=

(𝐴
𝑖
, 𝐵
𝑖
, 𝐶
𝑖
, 𝐷
𝑖
, ) ∈ Θ̃

𝑖
, where Θ̃

𝑖
are given convex bounded

polyhedral domain described by V vertices as follows:

Θ̃
𝑖
:= {Ω̃

𝑖
| Ω̃
𝑖
=

V

∑

𝑟=1

𝛼
𝑟
Ω̃
𝑖𝑟
;

V

∑

𝑟=1

𝛼
𝑟
= 1, 𝛼

𝑟
≥ 0} , (13)
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and Ω̃
𝑖𝑟

= (𝐴
𝑖𝑟
, 𝐵
𝑖𝑟
, 𝐶
𝑖𝑟
, 𝐷
𝑖𝑟
) denotes the 𝑟th vertices of the

polytopes, where

𝐴
𝑖𝑟
= [

𝐴
𝑖𝑟

0

0 𝐴
𝑡

] , 𝐵
𝑖𝑟
= [

𝐵
𝑖𝑟

𝐵
𝑡

] ,

𝐶
𝑖𝑟
= [𝐶
𝑖

−𝐶
𝑡
] = 𝐶
𝑖
,

𝐷
𝑖𝑟
= [0 −𝐷

𝑡
] = 𝐷

𝑖𝑟
,

𝐴
𝑖𝑟
=

[
[
[

[

𝐴
0𝑟

𝐴
𝑑𝑟

0

𝐴
21

𝐴
22

0

𝛿 (𝑖, 0)𝐾
0
𝐶
0𝑟

𝐾
𝑖
𝐶
𝑖𝑟
𝑒
𝑖

𝐺
𝑖

]
]
]

]

,

𝐵
𝑖𝑟
=

[
[
[

[

𝐵
𝑤𝑟

𝐵
𝑓𝑟

0
𝑞𝑛×𝑝

0
𝑞𝑛×𝑙

𝐾
𝑖
𝐷
𝑟

0

]
]
]

]

,

𝐴
𝑑𝑟

= [𝐴
1𝑟

⋅ ⋅ ⋅ 𝐴
𝑞𝑟
] .

(14)

Matrices 𝐴
21
, 𝐴
22
, 𝑒
𝑖
, 𝐵
𝑡
, 𝐶
𝑖
, 𝐶
𝑖
, 𝐷
𝑖
, and 𝐷

𝑖
are the same

as defined in (12). Note that from (14), matrices 𝐴
𝑖𝑟
,

𝐵
𝑖𝑟
, 𝐶
𝑖𝑟
, and 𝐷

𝑖𝑟
are affinely dependent on the matrices

𝐴
0𝑟
, 𝐴
1𝑟
, . . . , 𝐴

𝑞𝑟
, 𝐵
𝑤𝑟

, 𝐵
𝑓𝑟
, 𝐶
0𝑟
, 𝐶
1𝑟
, . . . , 𝐶

𝑞𝑟
, 𝐷
𝑟
, then for any

𝑖 ∈ Ξ, the uncertainty polytopes (13) have the same number
of vertices V, as well as the same combination coefficients
𝛼
𝑟
with (6), but different vertices for different Markovian

model 𝑖.
Recall the following definition ofmean square stability for

MJSs.

Definition 4 (see [20]). System (11) with 𝜁
𝑘
= 0 is said to be

mean square stable if

E {
󵄩󵄩󵄩󵄩𝜂𝑘

󵄩󵄩󵄩󵄩

2

} 󳨀→ 0, as 𝑘 󳨀→ ∞ (15)

for any initial condition 𝜂
0
and initial distribution 𝜏

0
∈ Ξ.

We further introduce the following definition.

Definition 5. System (11)with uncertain Ω̃
𝑖
∈ Θ̃
𝑖
, 𝑖 ∈ Ξ (resp.,

Λ ∈ Π) is robust mean square stable if (11) is mean square
stable for every Ω̃

𝑖
∈ Θ̃
𝑖
, 𝑖 ∈ Ξ (resp., Λ ∈ Π).

Assumption 6. System (1) with 𝑤
𝑘

= 0 and 𝑓
𝑘

= 0 is
assumed to be robust mean square stable.

With Definition 5, we can transform the robust fault
detection filter design problem of system (1) to a robust 𝐻

∞

filtering problem for MJS (11). What we need to do here
is to find the filter parameters 𝐺

𝑖
, 𝐾
𝑖
and 𝐿

𝑖
(𝑖 ∈ Ξ) such

that the augmented fault detection dynamics (11) is robust
mean square stable and the infimum of 𝛾 is made small in
the feasibility of the following:

sup
𝜁𝑘 ̸= 0

E {
󵄩󵄩󵄩󵄩𝑟𝑘

󵄩󵄩󵄩󵄩

2

}

󵄩󵄩󵄩󵄩𝜁𝑘
󵄩󵄩󵄩󵄩

2
< 𝛾
2

, 𝛾 > 0. (16)

We further adopt a residual evaluation stage including an
incremental evaluation function 𝐽(𝑘) and a threshold 𝐽th of
the following form:

𝐽
𝐿

(𝑘) = {

𝑘

∑

ℎ=𝑘−𝐿

𝑟
𝑇

ℎ
𝑟
ℎ
}

1/2

, (17)

𝐽
𝐿

th = sup
𝑤𝑘∈𝑙2,𝑓𝑘=0

E {𝐽
𝐿

(𝑘)} , (18)

where 𝑟
1−𝐿

= 𝑟
2−𝐿

= ⋅ ⋅ ⋅ = 𝑟
−1

= 𝑟
0
= 0 and 𝐿 denotes the

length of time window for evaluation function.
Based on (17), the occurrence of faults can be detected by

comparing 𝐽(𝑘) with 𝐽th according to the following rule:

𝐽
𝐿

(𝑘) > 𝐽
𝐿

th 󳨐⇒ with faults 󳨐⇒ alarm,

𝐽
𝐿

(𝑘) ≤ 𝐽
𝐿

th 󳨐⇒ no faults 󳨐⇒ do nothing.
(19)

Remark 7. By introducing the residual evaluation function
with an incremental form (17), one can detect the possible
intermittent fault for an uncertain networked system by
analyzing the residual signal once it is generated by the fault
detection filter (7). The reason is that the residual evaluation
signal (11) is decreased to a small value over time once the
fault disappears. This nature makes the proposed method in
this paper be used for intermittent fault detection.

3. Fault Detection Filter Design

In this section, we shall discuss the robust fault detection filter
design problem of system (1), under the existence of parame-
ter uncertainty (13).We introduce the following lemmawhich
is useful in deriving our main results in the sequel.

Lemma 8. Consider system (1) with system uncertainty (5),
for a given fault detection filter of the form (7), the augmented
dynamic (11) is robust mean square stable and satisfies the
constraint (16), if there exist matrices 𝑃

𝑖𝑟
∈ R(𝑞+2)𝑛, 𝑖 ∈ Ξ, 𝑟 =

1, . . . , V, 𝑃
𝑡
∈ R𝑛, and 𝑄

𝑖
∈ R(𝑞+2)𝑛 such that the following

LMIs

[
[
[
[
[
[
[
[
[
[
[
[
[
[

[

−𝑃
𝑖𝑟

𝐴
𝑇

𝑖𝑟
𝑄
𝑇

𝑖
0 𝐶

𝑇

𝑖
0 0

∗ −𝑄
𝑖
− 𝑄
𝑇

𝑖
+P𝑇
𝑟
S
𝑖

𝑄
𝑖
𝐵
𝑖𝑟

0 0 0

∗ ∗ −𝛾
2

𝐼 𝐷
𝑇

𝑖
0 𝐵

𝑇

𝑡
𝑃
𝑡

∗ ∗ ∗ −𝐼 −𝐶
𝑡

0

∗ ∗ ∗ ∗ −𝑃
𝑡

𝐴
𝑇

𝑡
𝑃
𝑡

∗ ∗ ∗ ∗ ∗ −𝑃
𝑡

]
]
]
]
]
]
]
]
]
]
]
]
]
]

]

< 0

(20)

hold for all 𝑖 ∈ Ξ, 𝑟 = 1, . . . , V, where 𝐴
𝑖𝑟
, 𝐵
𝑖𝑟
, 𝐶
𝑖
, and 𝐷

𝑖
are

defined in (14), 𝐵
𝑡
is defined in (12), 𝐴

𝑡
, 𝐵
𝑡
, 𝐶
𝑡
, 𝐷
𝑡
are

defined in (9) and,

P
𝑟
= [𝑃
(−1)𝑟

⋅ ⋅ ⋅ 𝑃
𝑞𝑟
]
𝑇

,

S
𝑖
= [𝜆
𝑖(−1)

𝐼
(𝑞+2)𝑛

⋅ ⋅ ⋅ 𝜆
𝑖𝑞
𝐼
(𝑞+2)𝑛

]
𝑇

.

(21)
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Proof. Considering the structure of 𝐴
𝑖
, 𝐵
𝑖
, 𝐶
𝑖
, and 𝐷

𝑖
, and

imposing

𝑃̃
𝑖
= [

𝑃
𝑖

0

0 𝑃
𝑡

] (22)

for all 𝑖 ∈ Ξ, it can be concluded from the bounded real
Lemma in [21] that a sufficient condition is that there exist
matrices 𝑃

𝑖
∈ R(𝑞+2)𝑛, 𝑖 ∈ Ξ, 𝑃

𝑡
∈ R𝑛 such that the following

LMIs

[
[
[
[
[
[
[
[
[
[
[
[
[
[
[

[

−𝑃
𝑖
𝐴
𝑇

𝑖
P𝑇S
𝑖

0 𝐶
𝑇

𝑖
0 0

∗ −P𝑇S
𝑖

P𝑇S
𝑖
𝐵
𝑖

0 0 0

∗ ∗ −𝛾
2

𝐼 𝐷
𝑇

𝑖
0 𝐵

𝑇

𝑡
𝑃
𝑡

∗ ∗ ∗ −𝐼 −𝐶
𝑡

0

∗ ∗ ∗ ∗ −𝑃
𝑡

𝐴
𝑇

𝑡
𝑃
𝑡

∗ ∗ ∗ ∗ ∗ −𝑃
𝑡

]
]
]
]
]
]
]
]
]
]
]
]
]
]
]

]

< 0 (23)

hold for any 𝑖 ∈ Ξ, where 𝐴
𝑖
, 𝐵
𝑖
, 𝐶
𝑖
, 𝐷
𝑖
, and 𝐵

𝑡
are defined

in (12), 𝐴
𝑡
, 𝐵
𝑡
, 𝐶
𝑡
, and 𝐷

𝑡
are defined in (9), S

𝑖
is the same

defined in (21) and

P = [𝑃
(−1)

⋅ ⋅ ⋅ 𝑃
𝑞
]
𝑇

. (24)

Following the steps as the proof of Theorem 1 in [22], it can
be shown that LMIs (23) are feasible if and only if there
exist matrices 𝑃

𝑖
∈ R(𝑞+2)𝑛, 𝑄

𝑖
∈ R(𝑞+2)𝑛, 𝑖 ∈ Ξ, and 𝑃

𝑡
∈

R𝑛 satisfying

[
[
[
[
[
[
[
[
[
[
[
[
[
[
[

[

−𝑃
𝑖

𝐴
𝑇

𝑖
𝑄
𝑇

𝑖
0 𝐶

𝑇

𝑖
0 0

∗ −𝑄
𝑖
− 𝑄
𝑇

𝑖
+P𝑇S

𝑖
𝑄
𝑖
𝐵
𝑖

0 0 0

∗ ∗ −𝛾
2

𝐼 𝐷
𝑇

𝑖
0 𝐵

𝑇

𝑡
𝑃
𝑡

∗ ∗ ∗ −𝐼 −𝐶
𝑡

0

∗ ∗ ∗ ∗ −𝑃
𝑡

𝐴
𝑇

𝑡
𝑃
𝑡

∗ ∗ ∗ ∗ ∗ −𝑃
𝑡

]
]
]
]
]
]
]
]
]
]
]
]
]
]
]

]

< 0.

(25)

We are now in the position to prove that for system (1)
with uncertainty (13), (20) ensures the robust mean square
stable as well as the constraint (16) of the augmented dynamic
(11). For an arbitrary fixed uncertain system with system
matrices Ω, one can always find a set of coefficients 𝛼

𝑟
≥

0, 𝑟 = 1, . . . , V, such that both (6) and (13) hold. Note
that LMIs (20) are affine in the matrices 𝑃

𝑖𝑟
, 𝐴
𝑖𝑟
, 𝐵
𝑖𝑟
, 𝐶
𝑖
,

and 𝐷
𝑖
, multiplying suitable inequalities of (20) by appropri-

ate scalars 𝛼
𝑟
and summing up, it can be readily shown that

(25) holds for every Ω̃
𝑖
with a matrix 𝑃

𝑖
(𝛼) = ∑

V
𝑟=1

𝛼
𝑟
𝑃
𝑖𝑟
, 𝑖 =

−1, . . . , 𝑞. By using the Bounded Real Lemma in [21], it
follows that system (1) is robust mean square stable and (16)
is satisfied. This concludes the proof.

Next, we give the robust fault detection filter design result
for system (1) with system uncertainty (13).

Theorem 9. Consider system (1) with uncertain matrices (13),
let 𝛾 > 0 be a given scalar, there exists an admissible full-order
robust fault detection filter of the form (7) ensuring that the
overall augmented dynamics (11) is robust mean square stable
and the constraint (16) is satisfied, if there exist matrices 0 <

𝑋
𝑇

𝑖𝑟
= 𝑋
𝑖𝑟

∈ R(𝑞+2)𝑛×(𝑞+2)𝑛, 𝑆
𝑖

∈ R𝑛×𝑛, 𝑍
𝑖

∈ R𝑛×𝑛, 𝑌
𝑖

∈

R𝑛×𝑛, 𝐺
𝑖
∈ R𝑛×𝑛, 𝐾

𝑖
∈ R𝑛×𝑚, 𝐿

𝑖
∈ R𝑙×𝑛, 𝑀

𝑖
∈ R𝑞𝑛×𝑞𝑛, 𝑖 =

−1, . . . , 𝑞, 𝑟 = 1, . . . , V, and 0 < 𝑃
𝑇

𝑡
= 𝑃
𝑡
∈ R𝑛×𝑛, such that the

following LMIs

[
[
[
[
[
[
[
[
[
[
[
[
[
[
[

[

−𝑋
𝑖𝑟

Φ
12

0 Φ
14

0 0

∗ Φ
22

Φ
23

0 0 0

∗ ∗ −𝛾
2

𝐼 𝐷
𝑇

𝑖𝑟
0 𝐵

𝑇

𝑡
𝑃
𝑡

∗ ∗ ∗ −𝐼 −𝐶
𝑡

0

∗ ∗ ∗ ∗ −𝑃
𝑡

𝐴
𝑇

𝑡
𝑃
𝑡

∗ ∗ ∗ ∗ ∗ −𝑃
𝑡

]
]
]
]
]
]
]
]
]
]
]
]
]
]
]

]

< 0 (26)

hold for 𝑖 = −1, . . . , 𝑞 and 𝑟 = 1, . . . , V, where

Φ
12

=

[
[
[
[
[
[
[
[
[

[

𝐴
𝑇

0𝑟
𝑍
𝑇

𝑖
[𝐼
𝑛×𝑛

0
𝑛×(𝑞−1)𝑛

]𝑀
𝑇

𝑖
𝐴
𝑇

0𝑟
𝑌
𝑇

𝑖
+ 𝛿 (𝑖, 0) 𝐶

𝑇

0𝑟
𝐾
𝑇

0
+ 𝐺
𝑇

𝑖

𝐴
𝑇

𝑑𝑟
𝑍
𝑇

𝑖
[

0
(𝑞−1)𝑛×𝑛

𝐼
(𝑞−1)𝑛×(𝑞−1)𝑛

0
𝑛×𝑛

0
𝑛×(𝑞−1)𝑛

]𝑀
𝑇

𝑖
𝐴
𝑇

𝑑𝑟
𝑌
𝑇

𝑖
+ 𝑒
𝑇

𝑖
𝐶
𝑇

𝑖𝑟
𝐾
𝑇

𝑖

𝐴
𝑇

0𝑟
𝑍
𝑇

𝑖
[𝐼
𝑛×𝑛

0
𝑛×(𝑞−1)𝑛

]𝑀
𝑇

𝑖
𝐴
𝑇

0𝑟
𝑌
𝑇

𝑖
+ 𝛿 (𝑖, 0) 𝐶

𝑇

0𝑟
𝐾
𝑇

0

]
]
]
]
]
]
]
]
]

]

,

Φ
14

=

[
[
[

[

𝐿
𝑇

𝑖

0

0

]
]
]

]

, Φ
22

:= −

[
[
[

[

𝑍
𝑖
+ 𝑍
𝑇

𝑖
0 𝑍

𝑖
+ 𝑌
𝑇

𝑖
+ 𝑆
𝑇

𝑖

∗ 𝑀
𝑖
+ 𝑀
𝑇

𝑖
0

∗ ∗ 𝑌
𝑖
+ 𝑌
𝑇

𝑖

]
]
]

]

+X
𝑇

𝑟
S
𝑖
,



6 Mathematical Problems in Engineering

Φ
23

=

[
[
[

[

𝑍
𝑖
𝐵
𝑤𝑟

𝑍
𝑖
𝐵
𝑓𝑟

0 0

𝑌
𝑖
𝐵
𝑤𝑟

+ 𝐾
𝑖
𝐷
𝑟

𝑌
𝑖
𝐵
𝑓𝑟

]
]
]

]

, X
𝑟
= [𝑋
(−1)𝑟

⋅ ⋅ ⋅ 𝑋
𝑞𝑟
]
𝑇

,

(27)

𝐷
𝑖𝑟
is defined in (14) and S

𝑖
is the same in (21). Moreover,

if (26) is feasible, the parameters of the desired robust fault
detection filter can be given by

𝐺
𝑖
= 𝑉
−1

𝑖
𝐺
𝑖
𝑆
−1

𝑖
𝑉
𝑖
, 𝐾

𝑖
= 𝑉
−1

𝑖
𝐾
𝑖
, 𝐿

𝑖
= 𝐿
𝑖
𝑆
−1

𝑖
𝑉
𝑖
, (28)

where 𝑉
𝑖
∈ R𝑛×𝑛 is any invertible matrix (e.g., 𝑉

𝑖
could be set

as 𝐼).

Proof. Considering (20), Let 𝑈
𝑖
∈ R𝑛×𝑛 and 𝑉

𝑖
∈ R𝑛×𝑛 be

two nonsingular matrices, and set

𝑄
𝑇

𝑖
=

[
[
[

[

𝑌
𝑇

𝑖
0 𝑄

𝑇

31𝑖

0 𝑀
𝑇

𝑖
0

𝑉
𝑇

𝑖
0 𝑄

𝑇

33𝑖

]
]
]

]

. (29)

Introducing the followind new matrices:

𝑄
𝑇

𝑖
=

[
[
[

[

𝑍
−𝑇

𝑖
0 𝑄
𝑇

31𝑖

0 𝐼 0

𝑈
𝑇

𝑖
0 𝑄
𝑇

33𝑖

]
]
]

]

, (30)

where the entries 𝑄
𝑇

31𝑖
, 𝑄𝑇
33𝑖
, 𝑄𝑇
31𝑖
, and 𝑄

𝑇

33𝑖
are uniquely

determined from the following relation:

[

[

𝑌
𝑇

𝑖
𝑄
𝑇

31𝑖

𝑉
𝑇

𝑖
𝑄
𝑇

33𝑖

]

]

[

[

𝑍
−𝑇

𝑖
𝑄
𝑇

31𝑖

𝑈
𝑇

𝑖
𝑄
𝑇

33𝑖

]

]

= [

[

𝑍
−𝑇

𝑖
𝑄
𝑇

31𝑖

𝑈
𝑇

𝑖
𝑄
𝑇

33𝑖

]

]

[

[

𝑌
𝑇

𝑖
𝑄
𝑇

31𝑖

𝑉
𝑇

𝑖
𝑄
𝑇

33𝑖

]

]

= 𝐼,

(31)

we further have the following relation

𝑄
𝑇

𝑖
𝑄
𝑇

𝑖
= 𝑄
𝑇

𝑖
𝑄
𝑇

𝑖
=

[
[
[

[

𝐼 0 0

0 𝑀
𝑇

𝑖
0

0 0 𝐼

]
]
]

]

. (32)

By defining

𝑇
𝑖
=

[
[
[

[

𝑍
𝑇

𝑖
0 𝑌
𝑇

𝑖

0 𝐼 0

0 0 𝑉
𝑇

𝑖

]
]
]

]

, (33)

we obtain

𝑇
𝑇

𝑖
𝑄
𝑖
𝐴
𝑇

𝑖𝑟
𝑄
𝑇

𝑖
𝑄
𝑇

𝑖
𝑇
𝑖
=

[
[
[
[
[
[
[
[
[
[

[

𝐴
𝑇

0𝑟
𝑍
𝑇

𝑖
[𝐼
𝑛×𝑛

0
𝑛×(𝑞−1)𝑛

]𝑀
𝑇

𝑖
𝐴
𝑇

0𝑟
𝑌
𝑇

𝑖
+ 𝛿 (𝑖, 0) 𝐶

𝑇

0𝑟
𝐾
𝑇

0
𝑉
𝑇

0
+ 𝑍
𝑖
𝑈
𝑖
𝐺
𝑇

𝑖
𝑉
𝑇

𝑖

𝐴
𝑇

𝑑𝑟
𝑍
𝑇

𝑖

[

[

0
(𝑞−1)𝑛×𝑛

𝐼
(𝑞−1)𝑛×(𝑞−1)𝑛

0
𝑛×𝑛

0
𝑛×(𝑞−1)𝑛

]

]

𝑀
𝑇

𝑖
𝐴
𝑇

𝑑𝑟
𝑌
𝑇

𝑖
+ 𝑒
𝑇

𝑖
𝐶
𝑇

𝑖𝑟
𝐾
𝑇

𝑖
𝑉
𝑇

𝑖

𝐴
𝑇

0𝑟
𝑍
𝑇

𝑖
[𝐼
𝑛×𝑛

0
𝑛×(𝑞−1)𝑛

]𝑀
𝑇

𝑖
𝐴
𝑇

0𝑟
𝑌
𝑇

𝑖
+ 𝛿 (𝑖, 0) 𝐶

𝑇

0𝑟
𝐾
𝑇

0
𝑉
𝑇

0

]
]
]
]
]
]
]
]
]
]

]

,

𝑇
𝑇

𝑖
𝑄
𝑖
𝐶
𝑇

𝑖
=

[
[
[

[

𝑍
𝑖
𝑈
𝑖
𝐿
𝑇

𝑖

0

0

]
]
]

]

, 𝑇
𝑇

𝑖
𝑄
𝑖
(𝑄
𝑖
+ 𝑄
𝑇

𝑖
)𝑄
𝑇

𝑖
𝑇
𝑖
=

[
[
[
[
[

[

𝑍
𝑖
+ 𝑍
𝑇

𝑖
0 𝑍

𝑖
+ 𝑌
𝑇

𝑖
+ 𝑆
𝑇

𝑖

∗ 𝑀
𝑖
+ 𝑀
𝑇

𝑖
0

∗ ∗ 𝑌
𝑖
+ 𝑌
𝑇

𝑖

]
]
]
]
]

]

,

𝑇
𝑇

𝑖
𝑄
𝑖
𝑄
𝑖
𝐵
𝑖𝑟
=

[
[
[
[

[

𝑍
𝑖
𝐵
𝑤𝑟

𝑍
𝑖
𝐵
𝑓𝑟

0 0

𝑌
𝑖
𝐵
𝑤𝑟

+ 𝑉
𝑖
𝐾
𝑖
𝐷
𝑟

𝑌
𝑖
𝐵
𝑓𝑟

]
]
]
]

]

.

(34)

Performing congruence transformations to (20) by
diag{𝑄𝑇

𝑖
𝑇
𝑖
, 𝑄
𝑇

𝑖
𝑇
𝑖
, 𝐼, 𝐼, 𝐼, 𝐼}, define

𝑋
𝑖𝑟
= 𝑇
𝑇

𝑖
𝑄
𝑖
𝑃
𝑖𝑟
𝑄
𝑇

𝑖
𝑇
𝑖
, 𝐺

𝑖
= 𝑉
𝑖
𝐺
𝑖
𝑈
𝑇

𝑖
𝑍
𝑇

𝑖
,

𝐾
𝑖
= 𝑉
𝑖
𝐾
𝑖
, 𝐿

𝑖
= 𝐿
𝑖
𝑈
𝑇

𝑖
𝑍
𝑇

𝑖
, 𝑆

𝑖
= 𝑉
𝑖
𝑈
𝑇

𝑖
𝑍
𝑇

𝑖
,

(35)

then, it can be easily shown that LMIs (26) together with the
additional constraints (29) and (30) are equivalent to LMIs
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in (20). Hence, if there exist matrices 𝑋
𝑖𝑟

> 0, 𝑆
𝑖
, 𝑍
𝑖
, 𝑌
𝑖
, 𝐺
𝑖
,

𝐾
𝑖
, 𝐿
𝑖
, 𝑀
𝑖
, 𝑖 = −1, . . . , 𝑞, and 𝑃

𝑡
> 0 such that LMIs (20)

are feasible, the overall fault detection dynamic (11) is robust
mean square stable and the constraint (16) is satisfied.

Furthermore, from LMIs (26), we have for 𝑖 = −1, . . . , 𝑞,

[
[
[
[

[

𝑍
𝑖
+ 𝑍
𝑇

𝑖
0 𝑍

𝑖
+ 𝑌
𝑇

𝑖
+ 𝑆
𝑇

𝑖

∗ 𝑀
𝑖
+ 𝑀
𝑇

𝑖
0

∗ ∗ 𝑌
𝑖
+ 𝑌
𝑇

𝑖

]
]
]
]

]

> 0. (36)

This indicates that 𝑍
𝑖
and 𝑌

𝑖
are nonsingular and

[𝐼 0 −𝐼]

[
[
[
[

[

𝑍
𝑖
+ 𝑍
𝑇

𝑖
0 𝑍

𝑖
+ 𝑌
𝑇

𝑖
+ 𝑆
𝑇

𝑖

∗ 𝑀
𝑖
+ 𝑀
𝑇

𝑖
0

∗ ∗ 𝑌
𝑖
+ 𝑌
𝑇

𝑖

]
]
]
]

]

[
[
[

[

𝐼

0

−𝐼

]
]
]

]

= −𝑆
𝑖
− 𝑆
𝑇

𝑖
> 0,

(37)

which implies that 𝑆
𝑖
is nonsingular and also ensures the

existence of parameter matrices 𝐺
𝑖
, 𝐾
𝑖
, and 𝐿

𝑖
in (28). The

proof is completed.

Remark 10. In Theorem 9, uncertainty-dependent robust
fault detection filter design result is provided, which reduces
the conservatism than the uncertainty-independent results. If
we impose

𝑋
𝑖𝑟
= 𝑋
𝑖
, 𝑖 = −1, . . . , 𝑞, 𝑟 = 1, . . . , V, (38)

to (26), the uncertainty-independent result can be recovered.

Remark 11. In most cases, we can know the size of the
measurement delay or whether the data is missing at a
certain time by using the time-stamp at the system node [5],
and therefore the jumping parameters of the transformed
MJS are accessible. In this sense, Theorem 9 provides us
with network-status-dependent fault detection filter design
methods. On the other hand, if the network status is not
accessible; that is, the jumping parameters of the transformed
MJS are unavailable, a network-status-independent result can
be easily obtained by imposing

𝑆
𝑖
= 𝑆, 𝐺

𝑖
= 𝐺,

𝐾
𝑖
= 𝐾, 𝐿

𝑖
= 𝐿, 𝑖 = −1, . . . , 𝑞,

(39)

inTheorem 9.
Note that (26) are LMIs over both thematrix variables and

the prescribed scalar 𝛾
2. This implies that (i) the robust full-

order fault detection filter can be obtained from the solution
of convex optimization problems in terms of LMIs, which
can be solved via efficient interior-point algorithms [23]; (ii)
the scalar 𝛾

2 can be included as one of the optimization
variables for LMIs (20), which makes it possible to obtain
the minimum noise attenuation level bound for the fault
detection dynamics (11). Then, the uncertainty-dependent
suboptimal robust fault detection filter can be readily found
by solving the following convex optimization problem.

Problem 12. Consider the parameter uncertainty (5), the sub-
optimal robust fault detection filter for networked systems
(1) with multiple state-delays and unknown inputs based
on the idea of uncertainty dependence and network status
dependence can be brought forward as follows:

min
𝑋𝑖𝑟>0,𝑆𝑖 ,𝑍𝑖 ,𝑌𝑖,𝑀𝑖 ,𝐺𝑖 ,𝐾𝑖 ,𝐿𝑖 ,

𝑃𝑡>0,𝑖=−1,...,𝑞,𝑟=1,...,V

𝛾
2

, s.t. (26) .
(40)

For the problemsmentioned above, the parameters of the
sub-optimal robust fault detection filter can be determined
by (28), and the sub-optimal robust 𝐻

∞
attenuation level

for fault detection dynamics is given by 𝛾
∗

= √𝛾2opt, where
𝛾
2

opt are the sub-optimal solution of the corresponding convex
optimization problems.

Here is a summary of the whole fault detection method
for system (1).

Step 1. Determine the vertex of uncertain parameters of (1).

Step 2. Calculate the parameters of fault detection filter using
Theorem 9.

Step 3. Get a appropriate threshold from experiments for a
specific noise type.

Step 4. Generate a real-time residual signal from the fault
detection filter designed in Step 2.

Step 5. Compare the evaluation function with the threshold
and use the logic (19) to alarm a fault.

Remark 13. In the present work, a model-based approach is
considered since there is amathematicalmodel for the system
plant. However, when there is no such amodel and only input
and output data can be obtained in many complex systems,
data-driven methods may work better than the model based
ones since there is a leakage of prior information of system
dynamics. Please see [24, 25] for typical data-driven fault
detection methods.

4. A Numerical Example

To illustrate the effectiveness of the proposed method, we
provide a numerical examples in this section. Consider
system (1) with the following uncertain system parameters:

𝐴
0
= [

0 0.5

0.2 𝜃

] , 𝐴
1
= [

0.2 0

0.7 0.1

] ,

𝐵
𝑤
= [

0.5

0.3

] , 𝐵
𝑓
= [

−1

2

] ,

𝐶
0
= 𝐶
1
= [

0.2 0

0 0.5

] , 𝐷 = [

0.2

−0.1

] ,

(41)

where 𝜃 is an uncertain real parameter satisfying 0.1 ≤ 𝜃 ≤

0.3. The initial state values 𝜑
𝑘
are set to be 𝜑

−1
= 𝜑
0

= 0.
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Let 𝑞 = 1, so the state-space of the Markov chain {𝜏
𝑘
} is Ξ =

{−1, 0, 1}. The transition probability matrix is given by

Λ :=
[
[

[

𝜆
−1,−1

𝜆
−1,0

𝜆
−1,1

𝜆
0,−1

𝜆
0,0

𝜆
0,1

𝜆
1,−1

𝜆
1,0

𝜆
1,1

]
]

]

=
[
[

[

0.7 0.2 0.1

0.3 0.4 0.3

0.2 0.3 0.5

]
]

]

, (42)

and the initial mode is set to be 𝜏
0
= 0. For 𝑘 = 0, 1, . . . , 300,

the unknown input 𝑤
𝑘
is supposed to be a randomnoise uni-

formly distributed over [−0.5, 0.5], and the fault signal 𝑓
𝑘
is

of the following intermittent form:

𝑓
𝑘
=

{

{

{

1, for 𝑘 = 200𝑠 + 101, . . . , 200𝑠 + 200 (𝑠 = 0, 1, 2) ,

0, others.
(43)

The weighting matrix is supposed to be 𝑇
𝑓
(𝑧) = (0.5𝑧)/

(𝑧 − 0.5), with the following state space realization:

𝑥
𝑘+1

= 0.5𝑥
𝑘
+ 0.25𝑓

𝑘
,

𝑓
𝑘
= 𝑥
𝑘
+ 0.5𝑓

𝑘
,

𝑥
0
= 0,

(44)

where 𝑓
𝑘
and 𝑓

𝑘
are shown in Figure 1.

With the predefined parameters, from Theorem 9, Prob-
lem 12 can be solved by using the Matlab LMI toolbox [23].
As a result, theminimumnoise attenuation level bound of the
fault detection dynamic is 𝛾opt = 1.0012, and the parameters
of the sub-optimal fault detection filter in different modes are
given by

𝐺
−1

= [

0.1311 1.3402

0.1620 0.6100
] , 𝐾

−1
= [

4.3089 8.6222

21.7929 43.5879
] ,

𝐿
−1

= [−0.7029 0.0724] , 𝐺
0
= [

0.0315 0.4950

−0.0373 0.2187
] ,

𝐾
0
= [

−0.0002 −0.0025

−0.0005 −0.0006
] , 𝐿

0
= [−0.1088 −0.0396] ,

𝐺
1
= [

−0.1343 0.8207

−0.0807 0.3832
] , 𝐾

1
= [

−0.0014 −0.0001

−0.0018 −0.0002
] ,

𝐿
1
= [−0.6086 0.2436] .

(45)

If we impose the uncertainty-independent and network-
status-independent method indicated in Remarks 10 and 11, a
fault detection filter with 𝛾opt = 1.0082 can be obtained.

Next, we consider the time-domain simulation using the
obtained fault detection filter. we arbitrarily choose 𝜃 = 0.15.
Figure 2 shows the measurement mode with random delays
and stochastic missing phenomenon. 𝜏

𝑘
= −1, 0, 1,means

that the measurement is missing, transmitted over the net-
work ideally, and with one-step delay, respectively.

Figure 3 shows the generated residual signal 𝑟
𝑘
, and the

evolution of 𝐽𝐿(𝑘) is presented in Figure 4, where we choose

0 100 200 300 400 500 600 700
Time step k

f
an

d
f
w

f
fw

1

0.8

0.6

0.4

0.2

0

Figure 1: Fault 𝑓
𝑘
and weighting fault 𝑓

𝑘
(𝑓
𝑤
).
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Figure 3: Residual signal 𝑟
𝑘
.
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Figure 4: Evolution of 𝐽𝐿(𝑘).

the length of time window 𝐿 = 8. After 400 times of
simulations, we get a threshold 𝐽

𝐿

th = 1.5215 × 10
−6.

Figure 4 shows the real-time fault detection result:

4.9199 × 10
−8

= 𝐽 (102) < 𝐽
𝐿

th < 𝐽 (103) = 3.1041 × 10
−6

,

1.9392 × 10
−6

= 𝐽 (220) < 𝐽
𝐿

th < 𝐽 (221) = 1.4006 × 10
−6

,

9.1655 × 10
−8

= 𝐽 (304) < 𝐽
𝐿

th < 𝐽 (305) = 3.4154 × 10
−6

,

2.5346 × 10
−6

= 𝐽 (424) < 𝐽
𝐿

th < 𝐽 (425) = 6.0104 × 10
−7

,

8.1835 × 10
−8

= 𝐽 (502) < 𝐽
𝐿

th < 𝐽 (503) = 3.2139 × 10
−6

,

1.9241 × 10
−6

= 𝐽 (617) < 𝐽
𝐿

th < 𝐽 (618) = 1.1692 × 10
−6

.

(46)

From above inequations, we can observe the fault occur-
rence can be detected after 3, 5, 3 steps, while the disappear-
ance of fault can be detected after 21, 25, 18 steps, respectively.

Remark 14. After introducing a novel residual evaluation
function of the incremental type (17), one can detect not
only the occurrence of a fault but also its disappearance. It
can be observed from Figure 4 that the disappearance of the
fault usually needs longer time to detect than the occurrence
of faults. This is because the mathematical model of the
system is based on the plant without the faults. This is of
engineering significance and the proposed method in this
paper can be applied to detect intermittent faults in many
practical industrial processes.

Remark 15. The length of time window for evaluation func-
tion 𝐿 in (17) is also a factor that can affect the fault detection
performance. Longer 𝐿 can reduce the missing alarm rate
and false alarm rate; however, it costs longer detection time.
Short 𝐿 can provide a rapid fault detection but this results in
larger missing alarm rate and false alarm rate.

5. Conclusions

In this paper, the robust intermittent fault detection problem
has been investigated for a class of discrete-time uncer-
tain networked systems with state delays and incomplete
measurements. The random delay and stochastic missing
phenomenon in themeasurements have been simultaneously

investigated. Polytopic-type parameter uncertainty in the
state-spacemodelmatrices has been considered. By augment-
ing the states, the addressed robust fault detection prob-
lem has been converted to an auxiliary robust 𝐻

∞
filtering

problem for a certain Markovian jumping system (MJS). A
sufficient condition for the design of the desired robust fault
detection filter has been established. A numerical example
has been introduced to illustrate the effectiveness of the
proposed methodology.
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Self-triggered control is a control method that the control input and the sampling period are computed simultaneously in sampled-
data control systems and is extensively studied in the field of control theory of networked systems and cyber-physical systems. In
this paper, a new approach for self-triggered control is proposed from the viewpoint of model predictive control (MPC). First, the
difficulty of self-triggered MPC is explained. To overcome this difficulty, two problems, that is, (i) the one-step input-constrained
problemand (ii) theN-step input-constrained problemare newly formulated. By repeatedly solving either problem in each sampling
period, the control input and the sampling period can be obtained, that is, self-triggered MPC can be realized. Next, an iterative
solution method for the latter problem and an approximate solution method for the former problem are proposed. Finally, the
effectiveness of the proposed approach is shown by numerical examples.

1. Introduction

In recent years, analysis and synthesis of networked control
systems (NCSs) have been extensively studied [1, 2]. An NCS
is a control system in which plants, sensors, controllers, and
actuators are connected through communication networks.
In distributed control systems, subsystems are frequently
connected via communication networks, and it is important
to consider analysis and synthesis of distributed control
systems from the viewpoint of NCSs. In the design of NCSs,
several technical issues such as packet losses, transmission
delays, and communication constraints are included. How-
ever, it is difficult to consider these issues in a unified way,
and it is suitable to discuss an individual problem. From this
viewpoint, several results have been obtained so far (see, e.g.,
[3–6]).

In this paper, the periodic paradigm is focused as one
of the technical issues in NCSs. The periodic paradigm is
that the controller is periodically executed at a given unit of
time. The period is chosen based on CPU processing time,
communication bandwidth, and so on. However, in NCSs,
communication should occur, when there exists important
information, which must be transmitted from the controller
to the actuator and/or from the sensor to the controller. In

this sense, the periodic paradigm is not necessarily suitable,
and it is important to consider a new approach for the design
of NCSs. One of the methods to overcome this drawback
of the periodic paradigm, self-triggered control has been
proposed so far (see, e.g., [7–12]). Also in the field of cyber-
physical systems, this control method is focused. In self-
triggered control, the next sampling time at which the control
input is recomputed is computed. That is, both the sampling
period and the control input are computed simultaneously. In
many existing works, first, the continuous-time controller is
obtained, and after that, the sampling period such that stabil-
ity is preserved is computed. However, few results on optimal
control have been obtained so far. From the viewpoint of
optimal control, for example, a design method based one-
step finite horizon boundary has been recently proposed in
[13, 14]. In thismethod, the first sampling period such that the
optimal value of the cost function is improved, is computed
under the constraint that other sampling periods are given
as a constant. However, a nonlinear equation must be solved.
Furthermore, input constraints cannot be considered in this
method. In [10], the authors have proposed self-triggered
model predictive control using Taylor series expansions. In
this method, the control input and the sampling period
are computed by solving a quadratic programming (QP)
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problem, but the convexity of the obtained QP problem has
not been guaranteed.

In this paper, we propose two methods for self-triggered
model predictive control (MPC) using optimization with
horizon one. First, the optimal control problem with horizon
one is formulated. However, in constrained systems, one-step
prediction may be insufficient, and a longer time interval, in
which the input constraint is imposed, is required. Focusing
on this fact, another problem in which the time interval
with input constraints is enlarged is also formulated. In the
former problem, the first sampling period and the first control
input are optimized. In the latter problem, the first sampling
period and the control input sequence are optimized. Next,
an iterative solution method for the latter problem and an
approximate solution method for the former problem are
proposed. In the iterative solution method, a QP problem
is repeatedly solved. In the approximate solution method,
the problem is approximated by one QP problem. The
obtainedQP problem is in general not convex, andwe discuss
the convexity. By solving either problem according to the
receding horizon policy, self-triggered MPC can be realized.
Finally, the effectiveness of the proposed approach is shown
by a numerical example. The proposed approach provides us
a basic result for self-triggered optimal control.

Notation. Let R denote the set of real numbers. Let 𝐼
𝑛
, 0
𝑚×𝑛

denote the 𝑛 × 𝑛 identity matrix, the 𝑚 × 𝑛 zero matrix,
respectively. For simplicity, we sometimes use the symbol 0
instead of 0

𝑚×𝑛
, and the symbol 𝐼 instead of 𝐼

𝑛
.

2. Self-Triggered Model Predictive Control

Consider the following continuous-time linear system:

̇𝑥 (𝑡) = 𝐴𝑥 (𝑡) + 𝐵𝑢 (𝑡) , (1)

where 𝑥 ∈ R𝑛 is the state, and 𝑢 ∈ [𝑢min, 𝑢max] ⊆ R𝑚

is the control input with the input constraint. The vectors
𝑢min, 𝑢max ∈ R𝑚 are a given constant vector. Let 𝑡

𝑘
, 𝑘 =

0, 1, . . . denote the sampling time. The sampling period is
defined by ℎ

𝑘
:= 𝑡
𝑘+1

− 𝑡
𝑘
, which is a nonnegative scalar.

Assume that the control input is piecewise constant, that is,
the control input is given by

𝑢 (𝑡) = 𝑢 (𝑡
𝑘
) , 𝑡 ∈ [𝑡

𝑘
, 𝑡
𝑘+1

) . (2)

Hereafter, we denote 𝑢(𝑡
𝑘
) as 𝑢

𝑘
. In addition, assume that a

pair (𝐴, 𝐵) is controllable.
First, for the system (1), the self-triggered optimal control

problem is formulated as follows.

Problem 1 (self-triggered optimal control problem). Suppose
that for the system (1), the initial time 𝑡

0
, the initial state

𝑥(𝑡
0
) = 𝑥

0
, the final time 𝑡

𝑓
, and the final step 𝑓 are given.

Then, find both a control input sequence 𝑢
0
, 𝑢
1
, . . . , 𝑢

𝑓−1
and

a sampling period sequence ℎ
0
, ℎ
1
, . . . , ℎ

𝑓−1
minimizing the

following cost function:

𝐽 = ∫

𝑡𝑓

𝑡0

{𝑥
𝑇

(𝑡) 𝑄𝑥 (𝑡) + 𝑢
𝑇

(𝑡) 𝑅𝑢 (𝑡)} 𝑑𝑡, (3)

under the following two constraints:

ℎmin ≤ ℎ
𝑘
≤ ℎmax,

𝑢min ≤ 𝑢
𝑘
≤ 𝑢max,

ℎ
0
+ ℎ
1
+ ⋅ ⋅ ⋅ + ℎ

𝑓−1
= 𝑡
𝑓
,

(4)

where 𝑄 is positive semidefinite, 𝑅 is positive definite, and
ℎmin, ℎmax ≥ 0 are a given constant.

Next, we present a procedure of MPC based on the self-
triggered strategy.

Procedure of Self-Triggered MPC

Step 1. Set 𝑡
0
= 0, and give the initial state 𝑥(0) = 𝑥

0
.

Step 2. Solve Problem 1.

Step 3. Apply only 𝑢(𝑡), 𝑡 ∈ [𝑡
0
, 𝑡
0
+ ℎ
0
) to the plant.

Step 4. Compute the predicated state 𝑥(𝑡
0
+ℎ
0
) by using 𝑥(𝑡

0
),

𝑢
0
, and ℎ

0
.

Step 5. Solve Problem 1 by using 𝑥(𝑡
0
+ ℎ
0
) as 𝑥
0
.

Step 6. Wait until time 𝑡
0
+ ℎ
0
.

Step 7. Update 𝑡
0
:= 𝑡
0
+ ℎ
0
, measure 𝑥(𝑡

0
), and return to

Step 3.
Note here that in this procedure, the timing (i.e., the

sampling time) to measure the state and to recompute the
control input is computed. In this sense, self-triggered control
is realized.

In the above procedure, Problem 1 must be solved
repeatedly. However, Problem 1 is in general reduced to a
nonlinear programming problem, and it is difficult to solve
this problem. Then, it is important to compute a suboptimal
and approximate solution for Problem 1. To compute a
suboptimal and approximate solution, two problems, which
are solved in Steps 2 and 5 instead of Problem 1, will be
formulated in the next section.

3. Problem Formulation

In self-triggered MPC, only 𝑢(𝑡), 𝑡 ∈ [𝑡
0
, 𝑡
0
+ ℎ
0
) is applied to

the plant. Hence, it is important to consider the problem of
finding suitable ℎ

0
and 𝑢
0
. By solving this problem repeatedly,

we can continue to obtain the control input.Thus, a sampling
period sequence ℎ

0
, ℎ
1
, . . . , ℎ

𝑓−1
is approximated as follows:

(i) only ℎ
0
is a decision variable (i.e., the other sampling

periods are given in advance), (ii) ℎ
1
= ℎ
2
= ⋅ ⋅ ⋅ = ℎ

𝑓−1

holds. In addition, the time interval [𝑡
0
, 𝑡
𝑓
) in Problem 1

is enlarged to [𝑡
1
,∞). Here, we consider the following two

optimal control problems with prediction horizon one.

(i) One-step input-constrained problem.

(ii) 𝑁-step input-constrained problem.
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In the former problem, the constraint is imposed for
only 𝑢

0
. In the latter problem, the constraint is imposed for

𝑢
0
, 𝑢
1
, . . . , 𝑢

𝑁−1
, where𝑁 ≤ 𝑓 is given in advance.

Before these problems are formally given, some prepara-
tions are given. In the time interval [𝑡

1
, 𝑡
𝑓
), suppose that ℎ

1
=

ℎ
2
= ⋅ ⋅ ⋅ = ℎ

𝑓−1
= ℎ is satisfied, where ℎ is a given constant

(see also Remark 4). In addition, the input constraint 𝑢min ≤
𝑢
𝑘
≤ 𝑢max, 𝑘 = 1, 2, . . . , 𝑓 − 1 is ignored. Then, the optimal

value of the cost function 𝐽 = ∫
∞

𝑡1

{𝑥
𝑇

(𝑡)𝑄𝑥(𝑡)+𝑢
𝑇

(𝑡)𝑅𝑢(𝑡)}𝑑𝑡

can be derived as 𝑥𝑇(𝑡
1
)𝑃(ℎ)𝑥(𝑡

1
), where 𝑃(ℎ) is a symmetric

positive definite matrix, which is a solution of the following
discrete-time algebraic Riccati equation:

𝐴
𝑇

(ℎ) 𝑃 (ℎ) 𝐴 (ℎ) − 𝑃 (ℎ)

− (𝐴
𝑇

(ℎ) 𝑃 (ℎ) 𝐵 (ℎ) + 𝑆 (ℎ))

× (𝐵
𝑇

(ℎ) 𝑃 (ℎ) 𝐵 (ℎ) + 𝑅̃ (ℎ))
−1

× (𝐵
𝑇

(ℎ) 𝑃 (ℎ) 𝐴 (ℎ) + 𝑆
𝑇

(ℎ)) + 𝑄 (ℎ) = 0,

(5)

where

𝐴 (ℎ) := 𝑒
𝐴ℎ

,

𝐵 (ℎ) := ∫

ℎ

0

𝑒
𝐴𝜏

𝑑𝜏𝐵,

(6)

[
𝑄 (ℎ) 𝑆 (ℎ)

𝑆
𝑇

(ℎ) 𝑅̃ (ℎ)
] := ∫

ℎ

0

𝑒
𝐹
𝑇
𝑡

[
𝑄 0

0 𝑅
] 𝑒
𝐹𝑡

𝑑𝑡,

𝐹 := [
𝐴 𝐵

0 0
] .

(7)

Under the above preparation, we formulate the one-step
input-constrained problem as follows.

Problem 2 (one-step input-constrained problem). Suppose
that for the system (1), the initial time 𝑡

0
, the initial state

𝑥(𝑡
0
) = 𝑥

0
, and ℎ

1
= ℎ
2
= ⋅ ⋅ ⋅ = ℎ are given. Then, find

both a control input 𝑢
0
and a sampling period ℎ

0
minimizing

the following cost function:

𝐽 = ∫

𝑡1

𝑡0

{𝑥
𝑇

(𝑡) 𝑄𝑥 (𝑡) + 𝑢
𝑇

(𝑡) 𝑅𝑢 (𝑡)} 𝑑𝑡

+ 𝑥
𝑇

(𝑡
1
) 𝑃 (ℎ) 𝑥 (𝑡

1
)

(8)

under the following two constraints:

ℎ ≤ ℎ
0
≤ ℎmax,

𝑢min ≤ 𝑢
0
≤ 𝑢max,

(9)

where ℎmax ≥ 0 is a given constant.

In [13, 14], a related problem has been discussed, but
in these existing results, the above two constraints cannot
be imposed. In [10], the authors have considered a more
complicated problemwith delay compensation. In this paper,

the above simplified problem is considered for analyzing the
convexity.

In constrained systems, when control is started, the
control input is frequently saturated. It is important to
determine the time interval of input saturation. Then, one-
step predictionmay be insufficient, and a longer time interval
in which the input constraint is imposed is required. From
this viewpoint, another problem, that is, the 𝑁-step input-
constrained problem is formulated.

First, suppose that the input constraint is imposed in the
time interval [𝑡

0
, 𝑡
0
+ ℎ
0
+ ℎ(𝑁 − 1)), where 𝑁 ≥ 1 is a

given integer. In addition, suppose that no input constraint
is imposed in the time interval [𝑡

0
+ ℎ
0
+ ℎ(𝑁 − 1),∞), then,

consider the following cost function:

𝐽 = 𝐽
1
+ 𝐽
2
+ 𝐽
3
,

𝐽
1
= ∫

𝑡0+ℎ0

𝑡0

{𝑥
𝑇

(𝑡) 𝑄𝑥 (𝑡) + 𝑢
𝑇

(𝑡) 𝑅𝑢 (𝑡)} 𝑑𝑡,

𝐽
2
= ∫

𝑡0+ℎ0+ℎ(𝑁−1)

𝑡0+ℎ0

{𝑥
𝑇

(𝑡) 𝑄𝑥 (𝑡) + 𝑢
𝑇

(𝑡) 𝑅𝑢 (𝑡)} 𝑑𝑡,

𝐽
3
= ∫

∞

𝑡0+ℎ0+ℎ(𝑁−1)

{𝑥
𝑇

(𝑡) 𝑄𝑥 (𝑡) + 𝑢
𝑇

(𝑡) 𝑅𝑢 (𝑡)} 𝑑𝑡

= 𝑥
𝑇

(𝑡
0
+ ℎ
0
+ ℎ (𝑁 − 1))

× 𝑃 (ℎ) 𝑥 (𝑡
0
+ ℎ
0
+ ℎ (𝑁 − 1)) .

(10)

The optimal value of 𝐽
3
can be characterized by 𝑥(𝑡

0
+ ℎ
0
+

ℎ(𝑁−1)), because no input constraint is imposed in the time
interval [𝑡

0
+ ℎ
0
+ ℎ(𝑁 − 1),∞).

Under the above preparation, consider the following 𝑁-
step input-constrained problem.

Problem 3 (𝑁-step input-constrained problem). Suppose
that for the system (1), the initial time 𝑡

0
, the initial state

𝑥(𝑡
0
) = 𝑥

0
, ℎ
1

= ℎ
2

= ⋅ ⋅ ⋅ = ℎ, 𝑁 ≥ 1, and
𝛾 ≥ 1 are given. Then, find a control input sequence
𝑢
0
, 𝑢
1
, . . . , 𝑢

𝑇−1
maximizing a sampling period ℎ

0
under the

following constraints:

ℎ ≤ ℎ
0
≤ ℎmax,

𝑢min ≤ 𝑢
𝑘
≤ 𝑢max, 𝑘 = 0, 1, . . . , 𝑁 − 1,

(11)

𝐽
∗

ℎ0
≤ 𝛾𝐽
∗

ℎ
, (12)

where ℎmax ≥ 0 is a given constant, and 𝐽
∗

ℎ0
is the optimal

value of the cost function of (10), 𝐽∗
ℎ
is the optimal value of

the cost function of (10) under ℎ
0
= ℎ.

In Problem 3, control performance can be adjusted by
suitably giving 𝛾. We remark that in this problem, ℎ

0
is

maximized under certain constraints. Furthermore, in this
problem, a control input sequence is computed, but only the
first one (ℎ

0
) is computed on sampling periods. In this sense,

this problem is regarded as a kind of the optimal control
problem with prediction horizon one.
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Hereafter, in Section 4, an iterative solution method for
the 𝑁-step input-constrained problem (Problem 3) will be
proposed. In Section 5, an approximate solution method for
the one-step input-constrained problem (Problem 2) will be
proposed.

Remark 4. The parameter ℎ in Problems 2 and 3 is chosen
based on the computation time for solving the problem and
the dynamics of a given plant. If computation of the problem
is not finished until time 𝑡

0
+ ℎ
0
∈ [𝑡
0
+ ℎ, 𝑡
0
+ ℎmax], then the

next control input cannot be applied to the plant. See also the
procedure of self-triggered MPC in Section 2.

4. Iterative Solution Method for 𝑁-Step Input-
Constrained Problem

First, for a fixed ℎ
0
, consider deriving 𝐽∗

ℎ0
. The value of 𝐽∗

ℎ
can

be derived by a similar method. The value of 𝐽∗
ℎ0
is given by

the optimal value of the following optimal control problem.

Problem 5. Suppose that for the system (1), the initial time 𝑡
0
,

the initial state 𝑥(𝑡
0
) = 𝑥
0
, ℎ
0
and ℎ

1
= ℎ
2
= ⋅ ⋅ ⋅ = ℎ, 𝑁 ≥ 1

are given.Then, find a control input sequence 𝑢
0
, 𝑢
1
, . . . , 𝑢

𝑁−1

minimizing the cost function (10) under the input constraint
(11).

From the conventional result on sampled-data control
theory, Problem 5 can be equivalently rewritten as the
following optimal control problem of time-varying discrete-
time linear systems with the input constraint (11).

Problem 6. Suppose that the initial time 𝑡
0
, the initial state

𝑥(0) = 𝑥
0
, ℎ
0
, and ℎ

1
= ℎ
2
= ⋅ ⋅ ⋅ = ℎ, 𝑁 ≥ 1 are given.

Consider the following discrete-time linear system:

𝑥
1
= 𝐴 (ℎ

0
) 𝑥
0
+ 𝐵 (ℎ

0
) 𝑢
0
,

𝑥
𝑘+1

= 𝐴 (ℎ) 𝑥
𝑘
+ 𝐵 (ℎ) 𝑢

𝑘
, 𝑘 ≥ 1,

(13)

where 𝑥
𝑘

:= 𝑥(𝑡
𝑘
). Then, find a control input sequence

𝑢
0
, 𝑢
1
, . . . , 𝑢

𝑁−1
minimizing the cost function (10), that is,

𝐽 = [
𝑥
0

𝑢
0

]

𝑇

[
𝑄 (ℎ
0
) 𝑆 (ℎ

0
)

𝑆
𝑇

(ℎ
0
) 𝑅̃ (ℎ

0
)
] [

𝑥
0

𝑢
0

]

+

𝑁−1

∑

𝑘=1

[
𝑥
𝑘

𝑢
𝑘

]

𝑇

[
𝑄 (ℎ) 𝑆 (ℎ)

𝑆
𝑇

(ℎ) 𝑅̃ (ℎ)
] [

𝑥
𝑘

𝑢
𝑘

]

+ 𝑥
𝑇

𝑁
𝑃 (ℎ) 𝑥

𝑁

(14)

under the input constraint (11).

Next, consider reducing Problem 6 to a QP prob-
lem. Define 𝑥 := [𝑥

𝑇

0
𝑥
𝑇

1
⋅ ⋅ ⋅ 𝑥

𝑇

𝑁
]
𝑇 and 𝑢 :=

[𝑢
𝑇

0
𝑢
𝑇

1
⋅ ⋅ ⋅ 𝑢

𝑇

𝑁−1
]
𝑇. Then, we can obtain 𝑥 = 𝐴𝑥

0
+ 𝐵𝑢,

where

𝐴 =

[
[
[
[
[
[
[
[
[

[

𝐼

𝐴 (ℎ
0
)

𝐴 (ℎ)𝐴 (ℎ
0
)

𝐴
2

(ℎ) 𝐴 (ℎ
0
)

...
𝐴
𝑁−1

(ℎ) 𝐴 (ℎ
0
)

]
]
]
]
]
]
]
]
]

]

,

𝐵 =

[
[
[
[
[
[
[
[
[
[
[
[

[

0 0 ⋅ ⋅ ⋅ 0

𝐵 (ℎ
0
) 0 ⋅ ⋅ ⋅

...

𝐴 (ℎ) 𝐵 (ℎ
0
) 𝐵 (ℎ) ⋅ ⋅ ⋅

...

𝐴
2

(ℎ) 𝐵 (ℎ
0
) 𝐴 (ℎ) 𝐵 (ℎ) ⋅ ⋅ ⋅

...
...

... ⋅ ⋅ ⋅ 0

𝐴
𝑁−1

(ℎ) 𝐵 (ℎ
0
) 𝐴
𝑁−2

(ℎ) 𝐵 (ℎ) ⋅ ⋅ ⋅ 𝐵 (ℎ)

]
]
]
]
]
]
]
]
]
]
]
]

]

.

(15)

In addition, we define

𝑄 := block-diag (𝑄 (ℎ
0
) , 𝑄 (ℎ) , . . . , 𝑄 (ℎ) , 𝑃 (ℎ)) ,

𝑆 := [
block-diag (𝑆 (ℎ

0
) , 𝑆 (ℎ) , . . . , 𝑆 (ℎ))

0
𝑛×(𝑁−1)𝑚

] ,

𝑅 := block-diag (𝑅̃ (ℎ
0
) , 𝑅̃ (ℎ) , . . . , 𝑅̃ (ℎ)) .

(16)

Then, the cost function (14) can be rewritten as follows:

𝐽 = 𝑥
𝑇

𝑄𝑥 + 2𝑥
𝑇

𝑆𝑢 + 𝑢
𝑇

𝑅𝑢

= 𝑢
𝑇

𝐿
2
𝑢 + 𝐿
1
𝑢 + 𝐿
0
,

(17)

where

𝐿
2
= 𝑅 + 𝐵

𝑇

𝑆 + 𝑆
𝑇

𝐵 + 𝐵
𝑇

𝑄𝐵,

𝐿
1
= 2𝑥
𝑇

0
𝐴
𝑇

(𝑆 + 𝑄𝐵) ,

𝐿
0
= 𝑥
𝑇

0
𝐴
𝑇

𝑄𝐴𝑥
0
.

(18)

Finally, 𝑢min := [𝑢
𝑇

min 𝑢
𝑇

min ⋅ ⋅ ⋅ 𝑢
𝑇

min]
𝑇 and 𝑢max :=

[𝑢
𝑇

max 𝑢
𝑇

max ⋅ ⋅ ⋅ 𝑢
𝑇

max]
𝑇 are also defined.

Under the above preparation, Problem 6 is equivalent to
the following QP problem.

Problem A. Consider

find 𝑢
0
, 𝑢
1
, . . . , 𝑢

𝑁−1
,

min 𝑢
𝑇

𝐿
2
𝑢 + 𝐿
1
𝑢 + 𝐿
0
,

subject to 𝑢min ≤ 𝑢 ≤ 𝑢max.

(19)

A QP problem can be solved by using a suitable solver
such as MATLAB and IBM ILOG CPLEX [15].

Third, by using the obtained QP problem, we propose an
algorithm for solving Problem 3.
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Algorithm 7. Step 1. Derive 𝐽∗
ℎ
by solving ProblemAwith ℎ

0
=

ℎ.

Step 2. Set 𝑎 = ℎ and 𝑏 = ℎmax, and give a sufficiently small
positive real number 𝜀.

Step 3. Set ℎ
0
= (𝑎 + 𝑏)/2.

Step 4. Derive 𝐽∗
ℎ0
by solving Problem A.

Step 5. If 𝐽∗
ℎ0
≤ 𝛾𝐽
∗

ℎ
in Problem 3 is satisfied, then set 𝑎 = ℎ

0
,

otherwise set 𝑏 = ℎ
0
.

Step 6. If |𝑎−𝑏| < 𝜀 is satisfied, then the optimal ℎ
0
in Problem

3 is derived as 𝑎, and the optimal control input sequence is
also derived. Otherwise go to Step 3.

In a numerical example (Section 6.1), we will discuss the
computation time of Algorithm 7.

Finally, we discuss the stabilization issue. For Problem 6,
consider imposing the constraint 𝑉(𝑥

𝑘+1
) ≤ 𝜌𝑉(𝑥

𝑘
), where

𝑉(𝑥) is a given nonnegative function, and 𝜌 ∈ [0, 1) is a
given constant. If 𝑉(𝑥) is restricted to 𝑉(𝑥) = ‖𝑃𝑥‖

∞
, where

𝑃 ∈ R𝑛×𝑛 and ‖ ⋅ ‖
∞

is an infinity matrix norm, then the
constraint 𝑉(𝑥

𝑘+1
) ≤ 𝜌𝑉(𝑥

𝑘
) can be transformed into a set

of linear inequalities (see, e.g., [16]), and can be embedded in
ProblemA.Then, the closed-loop system inwhich the control
input derived by Algorithm 7 is applied is asymptotically
stable. See, for example, [17, 18] for further details.

5. Approximate Solution Method for One-Step
Input-Constrained Problem

In this section, first we derive a solution method for the one-
step input-constrained problem (Problem 2). In the proposed
solution method, Problem 2 is approximately reduced to a
quadratic programming (QP) problem, but the convexity is
not guaranteed. Next, we discuss the convexity.

5.1. Proposed Solution Method. First, noting that the control
input is piecewise constant, from (7), the cost function of (8)
can be equivalently rewritten as

𝐽 = [
𝑥
0

𝑢
0

]

𝑇

[
𝑄 (ℎ
0
) 𝑆 (ℎ

0
)

𝑆
𝑇

(ℎ
0
) 𝑅̃ (ℎ

0
)
] [

𝑥
0

𝑢
0

] + 𝑥
𝑇

1
𝑃 (ℎ) 𝑥

1
, (20)

𝑥
1
= 𝑒
𝐴ℎ0𝑥
0
+ ∫

ℎ0

0

𝑒
𝐴𝜏

𝑑𝜏𝐵𝑢
0
. (21)

We focus on the weight matrices. By using Taylor series
expansions, we can obtain the following relation:

𝑒
𝐹
𝑇
𝑡

[
𝑄 0

0 𝑅
] 𝑒
𝐹𝑡

= Φ
0
+ Φ
1
𝑡 + Φ
2
𝑡
2

+ ⋅ ⋅ ⋅ , (22)

where

Φ
0
= [

𝑄 0

0 𝑅
] ,

Φ
1
= [

𝑄𝐴 + 𝐴
𝑇

𝑄 𝑄𝐵

𝐵
𝑇

𝑄 0
] ,

Φ
2
=
[
[

[

Φ
2,11

𝐴
𝑇

𝑄𝐵 +
1

2
𝑄𝐴𝐵

𝐵
𝑇

𝑄𝐴 +
1

2
𝐵
𝑇

𝐴
𝑇

𝑄 𝐵
𝑇

𝑄𝐵

]
]

]

,

Φ
2,11

= 𝐴
𝑇

𝑄𝐴 +
1

2
(𝑄𝐴
2

+ (𝐴
2

)
𝑇

𝑄) .

(23)

Then, the weight matrices of (7) can be rewritten as

[
𝑄 (ℎ
0
) 𝑆 (ℎ

0
)

𝑆
𝑇

(ℎ
0
) 𝑅̃ (ℎ

0
)
] = Φ

0
ℎ
0
+
1

2
Φ
1
ℎ
2

0
+ ⋅ ⋅ ⋅ . (24)

Next, we focus on the term 𝑥
𝑇

1
𝑃(ℎ)𝑥

1
. From 𝑥

1
of (21),

𝑥
𝑇

1
𝑃(ℎ)𝑥

1
can be rewritten as

𝑥
𝑇

1
𝑃 (ℎ) 𝑥

1
= [

𝑥
0

𝑢
0

]

𝑇

[
Ψ
11

Ψ
12

Ψ
𝑇

12
Ψ
22

] [
𝑥
0

𝑢
0

] , (25)

where

Ψ
11
= 𝑒
𝐴
𝑇
ℎ0𝑃 (ℎ) 𝑒

𝐴ℎ0 ,

Ψ
12
= 𝑒
𝐴
𝑇
ℎ0𝑃 (ℎ) (𝑒

𝐴ℎ0 − 𝐼)𝐴
−1

𝐵,

Ψ
22
= 𝐵
𝑇

(𝐴
−1

)
𝑇

(𝑒
𝐴
𝑇
ℎ0 − 𝐼)𝑃 (ℎ) (𝑒

𝐴ℎ0 − 𝐼)𝐴
−1

𝐵.

(26)

We use Taylor series expansions for 𝑒𝐴ℎ0 .Then, we can obtain

Ψ
11
= 𝑃 (ℎ) + (𝑃 (ℎ)𝐴 + 𝐴

𝑇

𝑃 (ℎ)) ℎ
0

+ (𝐴
𝑇

𝑃 (ℎ)𝐴 +
1

2
𝑃 (ℎ)𝐴

2

+
1

2
(𝐴
2

)
𝑇

𝑃 (ℎ)) ℎ
2

0

+ ⋅ ⋅ ⋅ ,

Ψ
12
= 𝑃 (ℎ)𝐴ℎ

0
+ (𝐴
𝑇

𝑃 (ℎ) 𝐵 +
1

2
𝑃 (ℎ)𝐴𝐵) ℎ

2

0
+ ⋅ ⋅ ⋅ ,

Ψ
22
= 𝐵
𝑇

𝑃 (ℎ) 𝐵ℎ
2

0
+ ⋅ ⋅ ⋅ .

(27)

From these results, the cost function can be expressed as
follows:

𝐽 = [
𝑥
0

𝑢
0

]

𝑇

(Γ
0
+ Γ
1
ℎ
0
+ Γ
2
ℎ
2

0
+ ⋅ ⋅ ⋅ ) [

𝑥
0

𝑢
0

] , (28)
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where

Γ
0
= [

𝑃 (ℎ) 0

0 0
] ,

Γ
1
= [

Γ
1,11

𝑃 (ℎ) 𝐵

𝐵
𝑇

𝑃 (ℎ) 𝑅
] ,

Γ
2
= [

Γ
2,11

Γ
2,12

Γ
𝑇

2,12
𝐵
𝑇

𝑃 (ℎ) 𝐵
] ,

Γ
1,11

= 𝑃 (ℎ)𝐴 + 𝐴
𝑇

𝑃 (ℎ) + 𝑄,

Γ
2,11

=
1

2
(𝑄𝐴 + 𝐴

𝑇

𝑄 + 𝑃 (ℎ)𝐴
2

+ (𝐴
2

)
𝑇

𝑃 (ℎ))

+ 𝐴
𝑇

𝑃 (ℎ)𝐴,

Γ
2,12

= 𝐴
𝑇

𝑃 (ℎ) 𝐵 +
1

2
(𝑃 (ℎ) 𝐴𝐵 + 𝑄𝐵) .

(29)

In this paper, the second-order truncated Taylor series is
used. Furthermore, the term 𝑢

𝑇

0
(ℎ
0
𝑅)𝑢
0
appeared in (28) is

approximated as follows:

𝑢
𝑇

0
(ℎ
0
𝑅) 𝑢
0
≈ 𝑢
𝑇

0
(ℎ
2

0
𝑅
󸀠

) 𝑢
0
, (30)

where𝑅󸀠 := 𝑅/((ℎmax+ℎ)/2).Then, we consider the following
cost function 𝐽

𝑎
:

𝐽 ≈ 𝐽
𝑎
= [

𝑥
0

𝑢
0

]

𝑇

(Γ
0
+ Γ
󸀠

1
ℎ
0
+ Γ
󸀠

2
ℎ
2

0
) [

𝑥
0

𝑢
0

] , (31)

where

Γ
󸀠

1
= [

Γ
1,11

𝑃 (ℎ) 𝐵

𝐵
𝑇

𝑃 (ℎ) 0
] ,

Γ
󸀠

2
= [

Γ
2,11

Γ
2,12

Γ
𝑇

2,12
𝑅
󸀠

+ 𝐵
𝑇

𝑃 (ℎ) 𝐵
] .

(32)

Under these preparations, we can obtain the following theo-
rem.

Theorem 8. The one-step input-constrained problem of Prob-
lem 2 is approximately reduced to the following QP problem.

Problem B. Consider
find V

0
, ℎ
0
,

min [
V
0

ℎ
0

]

𝑇

𝑀
2
[
V
0

ℎ
0

] +𝑀
1
[
V
0

ℎ
0

] +𝑀
0
,

subject to ℎ ≤ ℎ
0
≤ ℎmax,

𝑢minℎ0 ≤ V
0
≤ 𝑢maxℎ0,

(33)

where V
0
:= ℎ
0
𝑢
0
, and

𝑀
2
= [

𝑅
󸀠

+ 𝐵
𝑇

𝑃 (ℎ) 𝐵 Γ
𝑇

2,12
𝑥
0

𝑥
𝑇

0
Γ
2,12

𝑥
𝑇

0
Γ
2,11

𝑥
0

] ,

𝑀
1
= [2𝑥

𝑇

0
𝑃 (ℎ) 𝐵 𝑥

𝑇

0
Γ
1,11

𝑥
0
] ,

𝑀
0
= 𝑥
𝑇

0
𝑃 (ℎ) 𝑥

0
.

(34)

Proof. By rewriting 𝐽
𝑎
of (31), the cost function in Problem B

is derived. In addition, by using V
0
, ℎ
0
, the input constraint

𝑢min ≤ 𝑢
0
≤ 𝑢max in Problem 2 is equivalent to 𝑢minℎ0 ≤ V

0
≤

𝑢maxℎ0, which is a linear inequality constraint.

By solving Problem B, we can obtain suboptimal 𝑢
0
(=

V
0
/ℎ
0
) and ℎ

0
. Problem B is a QP problem, but the cost

function is in general nonconvex. A local optimal solution
can be derived by using a suitable solver, for example,
MATLAB.

Remark 9. In Theorem 8, the accuracy of approximations is
not considered. Several existing results on analysis of the
truncation error in Taylor series have been obtained so far. In
addition, by suitably setting 𝑅󸀠 in (30), the approximation of
(30) can be regarded as an over-approximation of 𝑢𝑇

0
(ℎ
0
𝑅)𝑢
0
.

Using the above discussion, the upper bound of the optimal
value in Problem 2 can be evaluated by solving Problem B.

5.2. Discussion on Convexity. The cost function in Problem B
is in general nonconvex. In other words, the matrix 𝑀

2
is

not a positive definite matrix generally. In this subsection, we
clarify the reason why𝑀

2
is not positive definite.

The matrix𝑀
2
can be rewritten as

𝑀
2
= [

𝐼 0

0 𝑥
0

]

𝑇

𝑁
2
[
𝐼 0

0 𝑥
0

] , (35)

where

𝑁
2
= 𝑁
󸀠

2
−
1

2
𝐶
𝑇

𝑃
−1

(ℎ) 𝐶,

𝑁
󸀠

2
= [

𝑅
󸀠

0

0 0
] +

1

2
[𝐵 𝐴]

𝑇

𝑃 (ℎ) [𝐵 𝐴] +
1

2
𝐷
𝑇

𝐷,

𝐶 = [0 𝐴
𝑇

𝑃 (ℎ) + 𝑄] ,

𝐷 = [𝑃
1/2

(ℎ) 𝐵 𝑃
−1/2

(ℎ) (𝑃 (ℎ) 𝐴 + 𝐴
𝑇

𝑃 (ℎ) + 𝑄)] .

(36)

Since 𝑃(ℎ) is positive definite, 𝑁󸀠
2
is also positive definite.

However, it is obvious that −(1/2)𝐶𝑇𝑃−1(ℎ)𝐶 is not positive
definite. Therefore, 𝑀

2
is not a positive definite matrix

generally.
Consider approximating the cost function in Problem B,

that is, 𝐽
𝑎
in (31) by a convex function.We define the following

positive definite matrix:

𝑀
󸀠

2
:= [

𝐼 0

0 𝑥
0

]

𝑇

𝑁
󸀠

2
[
𝐼 0

0 𝑥
0

] , (37)

and we rewrite 𝐽
𝑎
in (31). Then, we can obtain

𝐽
𝑎
= [

V
0

ℎ
0

]

𝑇

𝑀
󸀠

2
[
V
0

ℎ
0

] +𝑀
1
[
V
0

ℎ
0

] +𝑀
0
+ 𝛼ℎ
2

0
,

𝛼 = −
1

2
𝑥
𝑇

0
(𝐴
𝑇

𝑃 (ℎ) + 𝑄)
𝑇

× 𝑃
−1

(ℎ) (𝐴
𝑇

𝑃 (ℎ) + 𝑄) 𝑥
0
.

(38)
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Figure 1: State trajectory.

By approximating the negative term 𝛼ℎ
2

0
to a linear term,

ProblemB can be in general reduced to a convexQP problem.
Noting that ℎ ≤ ℎ

0
≤ ℎmax, we can make a two-dimensional

graph on ℎ
0
and 𝛼ℎ

2

0
. Using the two-dimensional graph

obtained, we can evaluate whether the approximation is
reasonable.

6. Numerical Examples

6.1. Iterative Solution Method. First, we show an example of
the iterative solution method proposed in Section 4.

Consider the following system:

̇𝑥 (𝑡) = [
0 1

−5 −8
] 𝑥 (𝑡) + [

0

1
] 𝑢 (𝑡) . (39)

The input constraint is given as 𝑢(𝑡) ∈ [−10, +10]. Parameters
in Problem3 are given as follows: ℎ = 0.5, 𝛾 = 1.001, ℎmax = 5,
𝑄 = 10

3

𝐼
𝑛
, and 𝑅 = 1. In Algorithm 7, we set 𝜀 = 10

−4. Then,
𝑃(ℎ) can be derived as

𝑃 (ℎ) = [
10615 593

593 575
] . (40)

In addition, we consider two cases, that is, the case of𝑁 = 1

and the case of𝑁 = 10.
We show the computational result on self-triggeredMPC

with the𝑁-step input-constrained problemof Problem 3.The
initial state is given as 𝑥

0
= [10 10]

𝑇, and the case of 𝑁 =

10 is considered. Figure 1 shows the obtained state trajectory,
and Figure 2 shows the control input trajectory. From these
figures, we see that the sampling period is nonuniform.

Next, compare two cases. In these cases, the obtained state
trajectories are almost the same. The difference between two

0
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C
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Figure 2: Control input.

cases is as follows. In Figures 1 and 2, that is, the case of𝑁 =

10, the control input at each time is shown as follows:

𝑢 (𝑡) = −10.00, 𝑡 ∈ [0, 1.83) , ℎ
0
= 1.83,

𝑢 (𝑡) = −1.90, 𝑡 ∈ [1.83, 3.23) , ℎ
0
= 1.41,

𝑢 (𝑡) = −0.49, 𝑡 ∈ [3.23, 4.49) , ℎ
0
= 1.25,

𝑢 (𝑡) = −0.14, 𝑡 ∈ [4.49, 5.69) , ℎ
0
= 1.21,

𝑢 (𝑡) = −0.04, 𝑡 ∈ [5.69, 6.89) , ℎ
0
= 1.20,

𝑢 (𝑡) = −0.01, 𝑡 ∈ [6.89, 8.08) , ℎ
0
= 1.19.

(41)

In the case of 𝑁 = 1, the control input at each time is
derived as follows:

𝑢 (𝑡) = −10.00, 𝑡 ∈ [0, 0.62) , ℎ
0
= 0.62,

𝑢 (𝑡) = −10.00, 𝑡 ∈ [0.62, 1.66) , ℎ
0
= 1.03,

𝑢 (𝑡) = −2.62, 𝑡 ∈ [1.66, 2.88) , ℎ
0
= 1.22,

𝑢 (𝑡) = −0.75, 𝑡 ∈ [2.88, 4.08) , ℎ
0
= 1.20,

𝑢 (𝑡) = −0.22, 𝑡 ∈ [4.08, 5.27) , ℎ
0
= 1.19,

𝑢 (𝑡) = −0.06, 𝑡 ∈ [5.27, 6.47) , ℎ
0
= 1.19,

𝑢 (𝑡) = −0.02, 𝑡 ∈ [6.47, 7.66) , ℎ
0
= 1.19,

𝑢 (𝑡) = −0.01, 𝑡 ∈ [7.66, 8.85) , ℎ
0
= 1.19.

(42)

From these results, we can discuss the following topic. In this
example, input saturation is needed to improve the transient
behavior. However, in the case of 𝑁 = 1, the time interval
of input saturation was not computed suitably. As a result, to
derive the state trajectory in time interval [0, 8], Problem 3
must be solved eight times. In the case of𝑁 = 10, Problem 3
is solved six times. Hence, it is important to choose a suitable
𝑁. We remark that in this example, the computational result
in the case of𝑁 = 20 is the same as that in the case of𝑁 = 10.
In this sense,𝑁 = 10 is one of the suitable horizons.
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Figure 3: State trajectory.

In addition, we discuss the effect of changing 𝛾 in (12).
In the case of 𝑁 = 10, consider the following cases: 𝛾 =

1.001, 1.005, 1.010, 1.015, 1.020. For each case, the first ℎ
0
is

obtained as follows:

𝛾 = 1.001: ℎ
0
= 1.83,

𝛾 = 1.005: ℎ
0
= 2.38,

𝛾 = 1.010: ℎ
0
= 2.79,

𝛾 = 1.015: ℎ
0
= 3.12,

𝛾 = 1.020: ℎ
0
= 3.44.

(43)

From these results, we see that ℎ
0
becomes longer by setting

a larger 𝛾. Since control performance decreases for a larger 𝛾,
it is important to consider the trade-off between 𝛾 and ℎ

0
.

Finally, we discuss the computation time for solving the
𝑁-step input-constrained problem of Problem 3. In the case
of𝑁 = 10, Problem 3 with the different initial state is solved
six times. Then, the mean computation time for solving
Problem 3 was 6.51 [sec], where we used IBM ILOG CPLEX
11.0 [15] as the MIQP solver on the computer with the Intel
Core2 Duo 3.0GHz processor and the 2GB memory. In the
case of 𝑁 = 1, Problem 3 with the different initial state is
solved eight times. Then, the mean computation time was
6.22 [sec]. From these results, it is difficult at this stage to
solve Problem 3 in real-time. It is significant to consider
several approaches for reducing the computation time. One
of the simple methods is that the number of iterations in
Algorithm 7 is limited to some integer depending on the
computer environment.

6.2. Approximate Solution Method. Next, we show an exam-
ple of the approximate solution method proposed in
Section 5.

Consider the system (39) again. The input constraint
is given as 𝑢(𝑡) ∈ [−10, +10]. Parameters in the one-step
input-constrained problem of Problem 2 are given as follows:
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Figure 4: Control input.

ℎ = 0.2, ℎmax = 1, 𝑄 = 10
3

𝐼
𝑛
, and 𝑅 = 1. Since the

approximate solutionmethod in Section 5 is derived using an
approximation via Taylor series expansions, it is not desirable
that the difference between ℎ and ℎmax is large. Therefore, ℎ
and ℎmax must set carefully. Furthermore, in this example,
Problem B is transformed into a convex QP problem. From
ℎ = 0.2 and ℎmax = 1, the term 𝛼ℎ

2

0
is approximated by 𝛼ℎ

0
.

We show the computational result on self-triggeredMPC
with the transformed Problem B. The initial state is given as
𝑥
0
= [10 10]

𝑇. Figure 3 shows the obtained state trajectory,
and Figure 4 shows the control input trajectory.The obtained
control input is shown as follow:

𝑢 (𝑡) = −10.00, 𝑡 ∈ [0, 0.86) , ℎ
0
= 0.86,

𝑢 (𝑡) = −10.00, 𝑡 ∈ [0.86, 1.38) , ℎ
0
= 0.52,

𝑢 (𝑡) = −6.37, 𝑡 ∈ [1.38, 1.88) , ℎ
0
= 0.50,

𝑢 (𝑡) = −3.57, 𝑡 ∈ [1.88, 2.40) , ℎ
0
= 0.52,

𝑢 (𝑡) = −2.19, 𝑡 ∈ [2.40, 2.90) , ℎ
0
= 0.50,

𝑢 (𝑡) = −1.28, 𝑡 ∈ [3.41, 3.92) , ℎ
0
= 0.51,

𝑢 (𝑡) = −0.77, 𝑡 ∈ [3.92, 4.43) , ℎ
0
= 0.51,

𝑢 (𝑡) = −0.45, 𝑡 ∈ [4.43, 4.94) , ℎ
0
= 0.51.

(44)

From these results, we see that also in this example, the
sampling period is nonuniform.

Finally, we discuss the computation time for solving the
transformed Problem B. The transformed Problem B with
the different initial state is solved 17 times. Then, the mean
computation time was 0.01 [sec], where we used IBM ILOG
CPLEX 11.0 as the QP solver. Since in this example the
number of decision variables is only two, computation is very
fast.
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7. Conclusion

In this paper, we discussed self-triggered MPC of linear
systems. Since it is difficult to solve the original problem
(Problem 1), two control problems (the one-step input-
constrained problem of Problem 2 and the 𝑁-step input-
constrained problem of Problem 3) were formulated, instead
of Problem 1. For Problem 3, the iterative solution method
was proposed. For Problem 2, the approximate solution
method was proposed. In the latter, we also discussed the
convexity. The effectiveness of these proposed method was
shown by numerical examples. The proposed methods are
useful as a new method of self-triggered optimal control.

In the future works, first, it is important to develop
a more efficient method for solving Problem 3. Then, the
continuation method [19] may be useful. Next, since the
proposed method for the one-step input-constrained prob-
lem (Problem 2) is an approximate method, it is difficult
at the current stage to guarantee the stability of the closed-
loop system. The stabilization issue for the one-step input-
constrained problem is also important as one of the future
works.
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This paper presents a fault diagnosis algorithm to estimate the fault for a class of linear discrete systems based on an adaptive fault
estimation observer. And observer gain matrix and adaptive adjusting rule of the fault estimator are designed. Furthermore, the
adaptive regulating algorithm can guarantee the first-order difference of a Lyapunov discrete function to be negative, so that the
observer is ensured to be stable and fault estimation errors are convergent. Finally, simulation results of an aircraft F-16 illustrate
the advantages of the theoretic results that are obtained in this paper.

1. Introduction

As the scale and complexity of modern control systems are
increasing, the requirements on system reliability are also
increasing. Therefore, the design and analysis of fault detec-
tion and diagnosis (FDD) algorithms have received consid-
erable attention during the past three decades. The develop-
ment of FDD has been addressed by more and more authors
and fruitful results have been obtained; see [1–3].

The observer technology is one of the important methods
for FDD and fault-tolerant control [4, 5]. Commonly used
observer-based fault estimation methods include sliding
mode observers [6], unknown input observers [7],𝐻

∞
filter-

ing methods [8], neural networks observers [9], and adaptive
observers [10, 11]. But most of them focus on the continuous
systems, and only few results have been reported on the fault
estimation design in discrete-time systems.The discrete-time
is widely used in practical implementations, for example,
computer control systems, networked control systems, and so
forth [12]. Reference [13] designed an𝐻

∞
FD filter for a class

of linear discrete-time systems in a networked environment.
Reference [14] used an adaptive fault observer to deal with
discrete-time systems, but it did not involve the issue of
fault estimation. Reference [15] also dealt with discrete-time
nonlinear systems, but its inequality functions were complex
and it was difficult to get solutions. On the other hand, aircraft
flight control systems are good examples for applications of

fault accommodation/active reliable control, and the fault
observers have been employed to detect faults [11].

In this paper, a novel discrete-time actuator fault esti-
mation scheme is proposed to deal with abrupt actuator
failures. The proposed actuator fault estimation scheme is
then applied by using the Lyapunov method. Simulation
results of a numerical example are also given.

The paper is organized as follows. Section 2 describes
the mathematical preliminaries and problem formulation. In
Section 3, concerning the theoretical results of the proposed
fault diagnosis scheme, a fault estimation scheme is proposed
to deal with the actuator failures of discrete-time system. In
Section 4, an example of aircraft flight control system is given
to illustrate the performance of the proposed scheme. The
concluding remarks are given in Section 5.

2. System Description and Preliminaries

Consider a discrete-time linear system

𝑥 (𝑘 + 1) = 𝐴𝑥 (𝑘) + 𝐵𝑢 (𝑘) + 𝐸𝑓 (𝑘) ,

𝑦 (𝑘) = 𝐶𝑥 (𝑘) ,

(1)

where 𝑥(𝑘) ∈ 𝑅
𝑛 is the state, 𝑢 ∈ 𝑅

𝑚 is the control input,
𝑓(𝑘) ∈ 𝑅

𝑞 with 𝑞 ≤ 𝑚 is the function to model the actuator
faults, and 𝑦(𝑘) ∈ 𝑅𝑟 is the measurable output. Matrices𝐴, 𝐵,
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𝐶, and 𝐸 are real matrices of appropriate dimensions. Matrix
𝐸 is of full column rank; that is, rank (𝐸) = 𝑞.

For estimating the actuator fault 𝑓(𝑘), an adaptive obser-
ver is constructed as follows:

𝑥 (𝑘 + 1) = 𝐴𝑥 (𝑘) + 𝐵𝑢 (𝑘) + 𝐸𝑓 (𝑘) − 𝐿 [𝑦 (𝑘) − 𝑦 (𝑘)] ,

𝑦 (𝑘) = 𝐶𝑥 (𝑘) ,

(2)

where 𝑥(𝑘) ∈ 𝑅𝑛 is the observer state vector, 𝑦(𝑘) ∈ 𝑅𝑟 is the
observer output vector,𝑓(𝑘) ∈ 𝑅𝑞 is the estimate of the actua-
tor fault 𝑓(𝑘), 𝐿 ∈ 𝑅𝑛×𝑟 is the observer gain to be designed.

Denoting that

𝑒
𝑥
= 𝑥 (𝑘) − 𝑥 (𝑘) , 𝑒

𝑦
= 𝑦 (𝑘) − 𝑦 (𝑘) ,

𝑒
𝑓
= 𝑓 (𝑘) − 𝑓 (𝑘) ,

(3)

then the estimation error dynamics is modeled as follows:

𝑒
𝑥
(𝑘 + 1) = (𝐴 − 𝐿𝐶) 𝑒

𝑥
(𝑘) + 𝐸𝑒

𝑓
(𝑘) ,

𝑒
𝑦
(𝑘) = 𝐶𝑒

𝑥
(𝑘) .

(4)

3. Main Results

3.1. Modified Adaptive Fault Estimation Algorithm

Theorem 1. For constant actuator fault 𝑓(𝑘), if there exist
matrices 𝑃 > 0 and 𝑄 > 0 and positive scalars 𝜀 and defined

Γ = 2(𝜀𝐸𝐸
𝑇

+ 𝑄)
−1 (5)

such that the following condition holds:

Ξ = [
(𝐴 − 𝐿𝐶)

𝑇

𝑃 (𝐴 − 𝐿𝐶) − 𝑃 (𝐴 − 𝐿𝐶)
𝑇

𝑃𝐸

∗ 𝐸
𝑇

(−Γ
𝑇

𝑄Γ + 𝑃)𝐸
] < 0,

(6)

then the algorithm

Δ𝑓 (𝑘 + 1) = −𝜀𝐸
𝑇

Γ [𝑒
𝑥
(𝑘 + 1) − (𝐴 − 𝐿𝐶) 𝑒

𝑥
(𝑘)] (7)

and the fault estimation

𝑓 (𝑘 + 1) = 𝑓 (𝑘) + Δ𝑓 (𝑘 + 1) = 𝑓 (0) +

𝑘+1

∑

𝑖=1

Δ𝑓 (𝑖) (8)

can realize estimation error of both the state and fault uniform-
ly bounded for the entire time period.

Proof. From system (4), one gets 𝐸𝑒
𝑓
(𝑘) = 𝑒

𝑥
(𝑘 + 1) − (𝐴 −

𝐿𝐶)𝑒
𝑥
(𝑘), so the algorithm (7) becomes

Δ𝑓 (𝑘 + 1) = −𝜀𝐸
𝑇

Γ [𝑒
𝑥
(𝑘 + 1) − (𝐴 − 𝐿𝐶) 𝑒

𝑥
(𝑘)]

= −𝜀𝐸
𝑇

Γ𝐸𝑒
𝑓
(𝑘) .

(9)

Then,

𝑒
𝑓
(𝑘 + 1) = 𝑓 (𝑘 + 1) − 𝑓 (𝑘 + 1)

= 𝑓 (𝑘 + 1) − 𝑓 (𝑘) + 𝑓 (𝑘) − 𝑓 (𝑘 + 1) .

(10)

Because 𝑓(𝑘) is constant, 𝑓(𝑘 + 1) = 𝑓(𝑘) and Δ𝑓(𝑘 + 1) =
𝑓(𝑘 + 1) − 𝑓(𝑘); then one gets

𝑒
𝑓
(𝑘 + 1) = Δ𝑓 (𝑘 + 1) + 𝑒

𝑓
(𝑘) = (𝐼 − 𝜀𝐸

𝑇

Γ𝐸) 𝑒
𝑓
(𝑘) . (11)

Based on (4) and (11), we can obtain the following augmented
system:

[
𝑒
𝑥
(𝑘 + 1)

𝑒
𝑓
(𝑘 + 1)

] = [
𝐴 − 𝐿𝐶 𝐸

0 𝐼 − 𝜀𝐸
𝑇

Γ𝐸
] [
𝑒
𝑥
(𝑘)

𝑒
𝑓
(𝑘)
] . (12)

Consider the following Lyapunov function:

𝑉 (𝑘) = 𝑒
𝑇

𝑥
(𝑘) 𝑃𝑒

𝑥
(𝑘) + 𝜀

−1

𝑒
𝑇

𝑓
(𝑘) 𝑒
𝑓
(𝑘) . (13)

Then,

Δ𝑉 (𝑘) = 𝑒
𝑇

𝑥
(𝑘 + 1) 𝑃𝑒

𝑥
(𝑘 + 1) − 𝑒

𝑇

𝑥
(𝑘) 𝑃𝑒

𝑥
(𝑘)

+ 𝜀
−1

𝑒
𝑇

𝑓
(𝑘 + 1) 𝑒

𝑓
(𝑘 + 1) − 𝜀

−1

𝑒
𝑇

𝑓
(𝑘) 𝑒
𝑓
(𝑘)

= 𝑒
𝑇

𝑥
(𝑘) [(𝐴 − 𝐿𝐶)

𝑇

𝑃 (𝐴 − 𝐿𝐶) − 𝑃] 𝑒
𝑥
(𝑘)

+ 2𝑒
𝑇

𝑥
(𝑘) (𝐴 − 𝐿𝐶)

𝑇

𝑃𝐸𝑒
𝑓
(𝑘) + 𝑒

𝑇

𝑓
(𝑘) 𝐸
𝑇

𝑃𝐸𝑒
𝑓
(𝑘)

+ 𝜀
−1

𝑒
𝑇

𝑓
(𝑘) (𝐼 − 𝐸

𝑇

Γ𝐸)
𝑇

(𝐼 − 𝐸
𝑇

Γ𝐸) 𝑒
𝑓
(𝑘)

− 𝜀
−1

𝑒
𝑇

𝑓
(𝑘) 𝑒
𝑓
(𝑘)

= 𝑒
𝑇

𝑥
(𝑘) [(𝐴 − 𝐿𝐶)

𝑇

𝑃 (𝐴 − 𝐿𝐶) − 𝑃] 𝑒
𝑥
(𝑘)

+ 2𝑒
𝑇

𝑥
(𝑘) (𝐴 − 𝐿𝐶)

𝑇

𝑃𝐸𝑒
𝑓
(𝑘)

+ 𝑒
𝑇

𝑓
(𝑘) 𝐸
𝑇

(−Γ
𝑇

𝑄Γ + 𝑃)𝐸𝑒
𝑓
(𝑘) .

(14)

Denoting that 𝑒(𝑘) = [𝑒
𝑥
(𝑘) 𝑒
𝑓
(𝑘)]
𝑇, then Δ𝑉(𝑘) =

𝑒(𝑘)
𝑇

Ξ𝑒(𝑘) < 0, and Ξ is defined as (6).

Remark 2. The pair (𝐴, 𝐶) is observable, and define the

observe matrix 𝑈 = [𝐶
𝑇

(𝐶𝐴)
𝑇

. . . (𝐶𝐴
𝑙−1

)
𝑇

]

𝑇

. So, it gets that
the rank of 𝑈 is 𝑛. When 𝐶 is full column rank,we have

Δ𝑓 (𝑘 + 1) = −𝜀𝐸
𝑇

Γ [𝑒
𝑥
(𝑘 + 1) − (𝐴 − 𝐿𝐶) 𝑒

𝑥
(𝑘)]

= −𝜀𝐸
𝑇

Γ [𝐶
−1

𝑒
𝑦
(𝑘 + 1) − (𝐴𝐶

−1

− 𝐿) 𝑒
𝑦
(𝑘)] .

(15)

At the first step, the online fault estimation is as follows:

𝑓 (1) = 𝑓 (0) + Δ𝑓 (1)

= 𝑓 (0) − 𝜀𝐸
𝑇

Γ [𝐶
−1

𝑒
𝑦
(1) − (𝐴𝐶

−1

− 𝐿) 𝑒
𝑦
(0)] .

(16)

And at the 𝑘th step, fault estimation is as (8).
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If 𝐶 is not full column rank, then more system outputs
and observer estimations should be used to get the state esti-
mation.

When the output𝑦(𝑘) satisfies Lipschitz condition, define
𝑙min = argmax

𝑙
[rank(𝑈)], and define 𝐹 = (𝐴 − 𝐿𝐶)

−1 and

𝑈
𝐹
= [𝐶
𝑇

(𝐶𝐹)
𝑇

⋅ ⋅ ⋅ (𝐶𝐹
𝑙min−1

)
𝑇

]

𝑇

; then one can get

Δ𝑓 (𝑘 + 1)

= −𝜀𝐸
𝑇

Γ {𝑈
−1

𝐹
[𝑒
𝑦
(𝑘 + 1)

𝑇

⋅ ⋅ ⋅ 𝑒
𝑦
(𝑘 + 2 − 𝑙min)𝑇]

𝑇

− 𝐴𝑈
−1

𝐹
[𝑒
𝑦
(𝑘)
𝑇

⋅ ⋅ ⋅ 𝑒
𝑦
(𝑘 + 1 − 𝑙min)𝑇]

+𝐿𝑒
𝑦
(𝑘)} .

(17)

Then, fault estimation is𝑓(𝑘+1) = 𝑓(𝑘)+Δ𝑓(𝑘+1) = 𝑓(0)+
∑
𝑘+1

𝑖=1
Δ𝑓(𝑖).

Remark 3. Equation (6) is a nonlinear matrix inequality
about matrices Γ and 𝑄, and it is not easy to be calculated,
so let 𝑄 = 𝜀𝐸𝐸

𝑇

+ 𝛿 tr(𝐸𝐸𝑇). And after we choose 0 < 𝛿 < 𝜀,
the solution can be found easily.

Remark 4. If the fault 𝑓(𝑘) is not constant but is a linear
function, such as 𝑓(𝑘 + 1) = 𝐻𝑓(𝑘), then

𝑒
𝑓
(𝑘 + 1) = (𝐻 − 𝐸

𝑇

Γ𝐸) 𝑒
𝑓
(𝑘) . (18)

Consider the same Lyapunov function 𝑉(𝑘) = 𝑒𝑇
𝑥
(𝑘)𝑃𝑒
𝑥
(𝑘) +

𝜀
−1

𝑒
𝑇

𝑓
(𝑘)𝑒
𝑓
(𝑘). We can also get

Ξ = [
(𝐴 − 𝐿𝐶)

𝑇
𝑃 (𝐴 − 𝐿𝐶) − 𝑃 (𝐴 − 𝐿𝐶)

𝑇
𝑃𝐸

∗ 𝐸
𝑇
(−𝜀Γ
𝑇
𝑄Γ + 𝑃)𝐸 + 𝜀 (𝐻

𝑇
𝐻− 𝐼)

] < 0.

(19)

The proof is smilar to that ofTheorem 1 and it is omitted here
for brevity.

4. Simulation Results

In this section, the fault estimation algorithm is applied to a
model of the vertical dynamics of an F-16 aircraft.The model
is taken from [16]. The signals and their generation in the
simulations are summarized in Table 1, where size means the
variance for the inputs and constant magnitude for the faults,
respectively.

Table 1: Signals in the F-16 simulation study.

Signal Not. Meaning Size

Inputs
𝑢
1

Spoiler angle (0.1 deg) 1
𝑢
2

Forward accelerations (m/s2) 1
𝑢
3

Elevator angle (deg) 1

Outputs
𝑦
1

Relative altitude (m) 10
−4

𝑦
2

Forward speed (m/s) 10
−6

𝑦
3

Pitch angle (deg) 10
−6

States

𝑥
1

Altitude (m) 10
−4

𝑥
2

Forward speed (m/s) 10
−4

𝑥
3

Pitch angle (deg) 10
−4

𝑥
4

Pitch rate (deg/s) 10
−4

𝑥
5

Vertical speed (deg/s) 10
−4

Faults
𝑓
1

Spoiler angle actuator 0.5
𝑓
2

Forward acceleration actuator 0.1
𝑓
3

Elevator angle actuator 1

We have the following numerical values in (1):

𝐴 =

[
[
[
[
[

[

1 0.0014 0.1133 0.0004 −0.0997

0 0.9945 −0.0171 −0.0005 0.0070

0 0.0003 1 0.0957 −0.0049

0 0.0061 0 0.9130 −0.0966

0 −0.0286 0.0002 0.1004 0.9879

]
]
]
]
]

]

,

𝐵 =

[
[
[
[
[

[

−0.0078 0 0.0003

−0.0115 0.0997 0

0.0212 0 −0.0081

0.4150 0.0003 −0.1589

0.1794 −0.0014 −0.0158

]
]
]
]
]

]

,

𝐸 =

[
[
[
[
[

[

−0.0078 0 0.0003

−0.0115 0.0997 0

0.0212 0 −0.081

0.4150 0.0003 −0.1589

0.1794 −0.0014 −0.0158

]
]
]
]
]

]

,

𝐶 = [

[

1 0 0 0 0

0 1 0 0 0

0 0 1 0 0

]

]

,

𝑙min = 2, 𝑈
𝐹
= [𝐶
𝑇

(𝐶𝐹)
𝑇

]
𝑇

.

(20)

By solving conditions in Theorem 1, one can obtain the
following solutions after iterations: 𝐿 = [0.0001 0 0; 0 0.0001
0; 0 0 0.0002; 0.0001 0.0001 0; 0 0.0001 0.0001]; 𝜀 = 1, 𝛿 =
0.1. Then, one can take the learning rate Γ = [189923 −147.6
646.2 2443 1727.8; −147.6 100.6 1.31−0.58 1.24; 646.2 1.31
9365 −465.8 −1.27; 2443 −0.589 −465.8 71.3−5.26; 1727.8
1.24−1.27 −5.26 87.5].
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(𝑘).

In this simulation, it is assumed that three kinds of actu-
ator faults 𝑓

𝑖
(𝑘) are, respectively, created as

𝑓
1
(𝑘) = {

0, 𝑘 < 100,

0.5, 𝑘 > 100,
𝑓
2
(𝑘) is free,

𝑓
3
(𝑘) = {

0, 𝑘 < 2000

1, 𝑘 > 2000
.

(21)

The fault 𝑓
1
(𝑘) estimation result is shown in Figure 1, while

Figure 2 illustrates the estimation of 𝑓
2
(𝑘), and Figure 3

illustrates the estimation of 𝑓
3
(𝑘).
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Figure 3: Estimation of the fault 𝑓
3
(𝑘).

5. Conclusions

In this paper, a fault estimation algorithm is established for
linear discrete systemswith actuator faults.The algorithm can
enhance the performance of fault estimation. And simulation
results show that using the algorithm, the accuracy of fault
estimation can be improved evidently. Extension of the
proposed fault estimation method to more general nonlinear
systems is an interesting issue, which will be investigated in
our future research work.
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In networked control systems, continuous-valued signals are compressed to discrete-valued signals via quantizers and then
transmitted/received through communication channels. Such quantization often degrades the control performance; a quantizer
must be designed that minimizes the output difference between before and after the quantizer is inserted. In terms of the
broadbandization and the robustness of the networked control systems, we consider the continuous-time quantizer design problem.
In particular, this paper describes a numerical optimization method for a continuous-time dynamic quantizer considering the
switching speed. Using a matrix uncertainty approach of sampled-data control, we clarify that both the temporal and spatial
resolution constraints can be considered in analysis and synthesis, simultaneously. Finally, for the slow switching, we compare the
proposed and the existing methods through numerical examples. From the examples, a new insight is presented for the two-step
design of the existing continuous-time optimal quantizer.

1. Introduction

With the rapid network technology development, the net-
worked control systems (NCSs) have been widely studied
[1–10]. One of the challenges in NCSs is quantized control.
In NCSs, the continuous-valued signals are compressed and
quantized to the discrete-valued signals via the quantizer
of the communication channel, and such quantization often
degrades the control performance. Hence, a desirable quan-
tizer minimizes the performance error between before and
after the quantizer insertion.

Motivated by this, researchers [11–14] have provided
optimal dynamic quantizers for the following problem for-
mulation in the discrete-time domain. For a given plant
𝑃, synthesize a “dynamic” quantizer 𝑄

𝑑
such that the sys-

tem Σ
𝑄
composed of 𝑃 and 𝑄

𝑑
in Figure 1(a) “optimally”

approximates the plant 𝑃 in Figure 1(b) in the sense of the
input-output relation. The obtained quantizer allows us to
design various controllers for the plant 𝑃 on the basis of
the conventional control theories. Also, this framework is

helpful in not only the NCS problem but also various control
problems such as hybrid control, embedded system control,
and on-off actuator control.

When we consider controlling a mechanical system
with an on-off actuator, first the controlled object and
its uncertainties are usually modeled in the continuous-
time domain. Second, the model and its uncertainties are
discretized to apply the above dynamic quantizer. However,
the discretization sometimes results in uncertainties more
complicated than those in the original model and creates
undesirable complexity in robust control. The continuous-
time setting quantizer is more suitable for the robust control
of the quantized system than discrete-time one. Thus, our
previous works [15, 16] have considered the continuous-time
setting, while a number of the discrete-time settings have
been studied by others [11–14]. In these works, it is assumed
that the switching process of discretizing the continuous-
valued signal is sufficiently quick relative to the control
frequency and only the spatial determination (quantized
accuracy) is considered as the quantization effect. This is
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because the switching speed of the continuous-time delta-
sigma modulator for wireless broadband network systems is
from 1MHz to 100MHz [17, 18].

On the other hand, the above assumption is essentially
weak in the case of the slow switching such as the mechanical
systems with on-off actuators [19]. For the slow switching, we
need to consider the quantization effect on both the switching
speed and the spatial constraints in continuous time. For
example, Ishikawa et al. proposed a two-step design of a
feedback modulator [20]: (i) the control performance of the
modulator is considered under only the spatial constraint,
and (ii) the modulator is tuned in terms of the switching
speed constraint. However, the structure of the modulator
is more restricted than that of the dynamic quantizer and
the obtained modulator is not always optimal. Therefore,
the dynamic quantizer under temporal resolution (switching
speed) and spatial resolution constraints has still to be
optimally designed. The simultaneous consideration of the
two constraints is the particular challenge we address in this
paper.

We propose a numerical optimization method for the
continuous-time dynamic quantizer under switching speed
and quantized accuracy constraints. To achieve the method,
this paper solves the design problem via sampled-data control
framework that has so far provided various results for
networked control problems [7–9]. We refer to the previous
work on optimal dynamic quantizer design [11, 12] and
consider the basic feedforward system in Figure 1(a). In
addition to the invariant set analysis [21, 22] similarly to
our previous works [13, 15, 16], this paper utilizes a matrix
uncertainty approach [23, 24] that is proposed in a sampled-
data control framework. Although the obtained results can
be more conservative than those in the previous works on
continuous-time dynamic quantizer [15, 16] from the view-
point of the class of the exogenous input and the applicable
plants, both temporal and spatial resolution constraints can
be addressed in analysis and synthesis, simultaneously. For
the fast switching case, the proposed conditions converge to
the corresponding conditions of our previous works. Finally,
for the slow switching, we compare the proposed and existing
methods [15, 16] through numerical examples. In particular, a
new insight is presented for the two-step design of the existing
continuous-time optimal quantizer.

Notation. The set of 𝑛 × 𝑚 (positive) real matrices is denoted
by R𝑛×𝑚 (R𝑛×𝑚

+
). The set of 𝑛 × 𝑚 (positive) integer matrices

is denoted by N𝑛×𝑚 (N𝑛×𝑚
+

). We denote by L𝑝

∞
the set

uQ ûQ
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Q

eQ

+

+

+

−
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Figure 2: Continuous-time dynamic quantizer with switching
speed ℎ.

of piecewise-continuous functions of 𝑝-dimensional finite
vectors such that ∞-norm of its functions is finite. 0

𝑛×𝑚

and 𝐼
𝑚

(or for simplicity of notation, 0 and 𝐼) denote
the 𝑛 × 𝑚 zero matrix and the 𝑚 × 𝑚 identity matrix,
respectively. For a matrix𝑀,𝑀𝑇, 𝜌(𝑀) and 𝜎max(𝑀) denote
its transpose, its spectrum radius, and its maximum singular
value, respectively. For a vector 𝑥, 𝑥

𝑖
is the 𝑖th entry of 𝑥.

For a symmetric matrix 𝑋, 𝑋 > 0 (𝑋 ≥ 0) means that 𝑋
is positive (semi) definite. For a vector 𝑥 and a sequence of
vectors𝑋 := {𝑥

1
, 𝑥
2
, . . .}, ‖𝑥‖ and ‖𝑋‖ denote their∞-norms,

respectively. Finally, we use the “packed” notation ( 𝐴 𝐵

𝐶 𝐷
) :=

𝐶(𝑠𝐼 − 𝐴)
−1

𝐵 + 𝐷.

2. Problem Formulation

Consider the discrete-valued input system Σ
𝑄
in Figure 1(a),

which consists of the linear time invariant (LTI) continuous-
time plant 𝑃 and the quantizer V = 𝑄

𝑑
(𝑢). The system 𝑃 is

given by

𝑃 : [
̇𝑥

𝑧
] = [

𝐴 𝐵

𝐶 0
] [

𝑥

V] , (1)

where 𝑥 ∈ R𝑛, 𝑧 ∈ R𝑞, 𝑢 ∈ R𝑚, and V ∈ R𝑚 denote the
state vector, the measured output, the exogenous input, and
the quantizer output, respectively. The continuous-valued
signal 𝑢 is quantized into the discrete-valued signal V via the
quantizer 𝑄

𝑑
. We assume that the matrix 𝐴 is Hurwitz; that

is, the usual system in Figure 1(b) is stable in the continuous-
time domain. The initial state is given as 𝑥(0) = 𝑥

0
.

For the system 𝑃, consider the continuous-time dynamic
quantizer V = 𝑄

𝑑
(𝑢) with the state vector 𝑥

𝑄
∈ R𝑛𝑄 as

shown in Figure 2. Its switching speed ℎ ∈ R
+
(or its temporal

resolution) is determined by the operator𝐻𝑆, which converts
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the continuous-time signal𝑔 into the low temporal resolution
signal 𝑔 as follows:

𝐻𝑆 : 𝑔 󳨀→ 𝑔 : 𝑔 (𝑘ℎ + 𝜃) = 𝑔 [𝑘] ,

𝑔 [𝑘] = 𝑔 (𝑘ℎ) , 𝑘 = 0, 1, 2, 3, . . . , 𝜃 ∈ [0, ℎ) .

(2)

That is, 𝑢̂
𝑄
= 𝐻𝑆𝑢

𝑄
. 𝑆 is the ideal sampler with the sampling

period ℎ and 𝐻 is the zero-order hold operator. The spatial
resolution of the quantizer 𝑄

𝑑
is expressed by the static

quantizer 𝑞 : R𝑚 → 𝑑N𝑚 with the quantization interval
𝑑 ∈ R

+
, that is,

V = 𝑞 (𝐻𝑆𝑢
𝑄
) , 𝑢

𝑄
= 𝑢 + V

𝑄
(3)

and the continuous-time LTI filter 𝑄 is given by

[
̇𝑥
𝑄

V
𝑄

] = [
𝐴
𝑄

𝐵
𝑄

𝐶
𝑄

0
] [

𝑥
𝑄

𝑒
𝑄

] , 𝑒
𝑄
:= V − 𝑢. (4)

Note that 𝑞 is of the nearest-neighbor type toward −∞ such
as the midtread quantizer in Figure 3 (‖𝑞

𝑖
(𝑢̂
𝑄𝑖
) − 𝑢̂

𝑄𝑖
‖ ≤ 𝑑/2

where 𝑞
𝑖
and 𝑢̂

𝑄𝑖
are the 𝑖th row of 𝑞 and 𝑢̂

𝑄
) and the initial

state is given by 𝑥
𝑄
(0) = 0 for the drift free of 𝑄

𝑑
[11, 12].

Remark 1. In synthesis, our previous works [15, 16]
ignored the operator 𝐻𝑆. In implementation, however,
the continuous-time quantizer needs the switching process
discretizing the continuous-valued signal. Of course, the
applicable interval of switching depends on controlled
objects such as narrowband or broadband networked
systems and mechanical systems with on-off actuators.
Therefore, it is important to consider the operator 𝐻𝑆 in
synthesis.

For the system Σ
𝑄
in Figure 1(a) with the initial state 𝑥

0

and the exogenous input 𝑢 ∈ L𝑚

∞
, 𝑧(𝑡, 𝑥

0
, 𝑄

𝑑
(𝑢)) denotes the

output of 𝑧 at the time 𝑡. Also, for the system in Figure 1(b)
without 𝑄

𝑑
, 𝑧∗(𝑡, 𝑥

0
, 𝑢) denotes its output at the time 𝑡.

Consider the following cost function:

𝐽 (𝑄
𝑑
)

:= sup
(𝑥0 ,𝑢)∈R

𝑛
×L𝑚∞

sup
𝑡∈R+∪{0}

󵄩󵄩󵄩󵄩𝑧 (𝑡, 𝑥0, 𝑄𝑑 (𝑢)) − 𝑧
∗

(𝑡, 𝑥
0
, 𝑢)

󵄩󵄩󵄩󵄩 .

(5)

If the quantizer minimizes 𝐽(𝑄
𝑑
), the system Σ

𝑄
“opti-

mally” approximates the usual system 𝑃 in the sense of
the input-output relation. In this case, we can use the
existing continuous-time controller design methods for the
system in Figure 1(b) without considering the quantization
effect. When the controlled object and its uncertainties
are modeled in the continuous-time domain, therefore, the
continuous-time quantizer can introduce robust control of
the continuous-time setting directly, while the discrete-time
quantizer requires discretization of the whole control system.
Our previous works [15, 16] proposed an optimal dynamic
quantizer for the cost function 𝐽(𝑄

𝑑
) for the fast switching

case ℎ = 0. That is, only the spatial deterioration has been
considered.

ûQ

q(ûQ)

0

d

v

d

Figure 3: Midtread quantization.

On the other hand, the simultaneous consideration of the
temporal and spatial resolution constraints is the problem we
address in this paper. To consider the temporal resolution
constraint caused by the operator𝐻𝑆, this paper modifies the
cost function as follows:

𝐽
𝐻𝑆
(𝑄

𝑑
)

:= sup
(𝑥0 ,𝑢)∈R

𝑛
×L𝑚∞

sup
𝜃∈[0,ℎ)

sup
𝑘∈N+∪{0}

󵄩󵄩󵄩󵄩𝑧 (𝑘ℎ + 𝜃, 𝑥0, 𝑄𝑑 (𝑢))

−𝑧
∗

(𝑘ℎ + 𝜃, 𝑥
0
, 𝑢)

󵄩󵄩󵄩󵄩 .

(6)

Fixing 𝜃 = 0 ignores the output error between before and
after the quantizer is inserted over the 𝑘th sampling interval
and leads to the cost function setting that is utilized for the
discrete-time optimal dynamic quantizers [11–14]. Therefore,
the optimal quantizer for 𝐽

𝐻𝑆
(𝑄

𝑑
)minimizes the output error

between the systems in Figures 1(a) and 1(b) in terms of
the input-output relation under the temporal and spatial
resolution constraints.

Motivated by the above, our objective is to solve the fol-
lowing continuous-time dynamic quantizer synthesis prob-
lem (E): for the system Σ

𝑄
composed of 𝑃 and 𝑄

𝑑
with the

initial state 𝑥
0
∈ R𝑛 and the exogenous input 𝑢 ∈ ℓ𝑚

∞
, suppose

that the quantization interval 𝑑 ∈ R
+
, the switching speed ℎ ∈

R
+
, and the performance level 𝛾 ∈ R

+
are given. Characterize

a continuous-time dynamic quantizer𝑄
𝑑
(i.e., find parameters

(𝑛
𝑄
, 𝐴

𝑄
, 𝐵
𝑄
, 𝐶

𝑄
)) achieving 𝐽

𝐻𝑆
(𝑄

𝑑
) ≤ 𝛾.

This paper proposes continuous-time quantizers in terms
of solving the problem (E) on the basis of invariant set
analysis and the sampled-data control technique, while other
researchers [11, 12, 14] have proposed the discrete-time opti-
mal ones.

Remark 2. The cost function setting of this paper is more
complicated than the existing continuous-time and discrete-
time cases [11–16], so this paper considers the basic feedfor-
ward system composed of 𝑃 and 𝑄

𝑑
similar to the previous

works on optimal dynamic quantizer design [11, 12].
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Remark 3. The plant 𝑃 is restricted to be stable because
of the feedforward structure, while the existing results can
address unstable plants. To remove this restriction, we need to
consider a feedback system structure similar to existing ones
[13–16]. This is our future task.

3. Main Result

3.1. System Expression. In this subsection, we consider the
system expression for the quantizer analysis. Define the
quantization error 𝑒 as

𝑒 := 𝑞 (𝑢̂
𝑄
) − 𝑢̂

𝑄
= V − 𝑢̂

𝑄
. (7)

From the properties of the quantizer 𝑞 and the operator
𝐻𝑆,

𝑒 (𝑘ℎ + 𝜃) = 𝑒 [𝑘] ∈ [−
𝑑

2
,
𝑑

2
]

𝑚

, 𝑘 = 0, 1, 2, . . . , 𝜃 ∈ [0, ℎ) ,

(8)

holds where 𝑒[𝑘] = 𝑒(𝑘ℎ). Then, one obtains

V (𝑘ℎ + 𝜃) = V
𝑄
[𝑘] + 𝑢 [𝑘] + 𝑒 [𝑘] , (9)

where V
𝑄
[𝑘] = V

𝑄
(𝑘ℎ) and 𝑢[𝑘] = 𝑢(𝑘ℎ) for 𝑘 = 0, 1, 2, . . .,

𝜃 ∈ [0, ℎ). In this case, by using the sampled-data control
technique, the following lemma holds.

Lemma 4. Denote by 𝑥 the state vector of the usual system in
Figure 1(b) and define the signals as follows:

𝜉 := [𝑥
𝑇

− 𝑥
𝑇

𝑥
𝑇

𝑄
]
𝑇

, 𝑧
𝑝
:= 𝑧 − 𝑧

∗

. (10)

For the cost function 𝐽
𝐻𝑆
(𝑄

𝑑
), the difference between 𝑧(𝑘ℎ +

𝜃, 𝑥
0
, 𝑄

𝑑
(𝑢)) and 𝑧∗(𝑘ℎ+𝜃, 𝑥

0
, 𝑢) for 𝑘 = 0, 1, 2, . . ., 𝜃 ∈ [0, ℎ)

is given by the following system:

Σ :

{{{{{{{{{{{{{{

{{{{{{{{{{{{{{

{

𝜉 [𝑘 + 1] = A𝜉 [𝑘] +B𝑒 [𝑘]

+

[
[
[
[

[

∫

ℎ

0

𝑒
𝐴(ℎ−𝜏)

𝐵𝑢̃ (𝑘ℎ + 𝜏)d𝜏

∫

ℎ

0

𝑒
𝐴𝑄(ℎ−𝜏)𝐵

𝑄
𝑢̃ (𝑘ℎ + 𝜏)d𝜏

]
]
]
]

]

𝑧
𝑝
(𝑘ℎ + 𝜃) = C (𝜃) 𝜉 [𝑘] +D (𝜃) 𝑒 [𝑘]

+𝐶∫

𝜃

0

𝑒
𝐴(ℎ−𝜏)

𝐵𝑢̃ (𝑘ℎ + 𝜏)d𝜏,

(11)

where 𝜉[0] = 0, 𝑢̃(𝑘ℎ + 𝜏) := 𝑢[𝑘] − 𝑢(𝑘ℎ+ 𝜏); the matricesA,
B,C(𝜃), andD(𝜃) are defined as follows:

A :=

[
[
[

[

𝑒
𝐴ℎ

∫

ℎ

0

𝑒
𝐴𝜏d𝜏𝐵𝐶

𝑄

0 𝑒
𝐴𝑄ℎ + ∫

ℎ

0

𝑒
𝐴𝑄𝜏d𝜏𝐵

𝑄
𝐶
𝑄

]
]
]

]

,

B :=

[
[
[
[

[

∫

ℎ

0

𝑒
𝐴𝜏d𝜏𝐵

∫

ℎ

0

𝑒
𝐴𝑄𝜏d𝜏𝐵

𝑄

]
]
]
]

]

,

C (𝜃) := [𝐶𝑒
𝐴𝜃

𝐶∫

𝜃

0

𝑒
𝐴𝜏d𝜏𝐵𝐶

𝑄
] ,

D (𝜃) := 𝐶∫

𝜃

0

𝑒
𝐴𝜏d𝜏.

(12)

Proof. See Appendix A.

We focus on 𝑢̃(𝑘ℎ + 𝜏) of Σ. For the operator𝐻𝑆 and the
signal 𝑢 ∈ L𝑚

∞
,

lim
ℎ→0

‖[(𝐼 − 𝐻𝑆) 𝑢] (𝑡)‖ ̸= 0 (13)

holds. This implies that we cannot ignore the temporal
resolution constraint on the cost function 𝐽

𝐻𝑆
(𝑄

𝑑
) even if

ℎ → 0. On the other hand, low-pass prefiltering rectifies this
situation [25]. In fact, for the stable LTI system 𝐹,

lim
ℎ→0

‖[(𝐼 − 𝐻𝑆) 𝐹𝑢] (𝑡)‖ = 0,

𝐹 := ((
𝐴
𝐹
𝐵
𝐹

𝐶
𝐹

0
))

(14)

holds. For the evaluation of the cost function 𝐽
𝐻𝑆
(𝑄

𝑑
), then

this paper utilizes

𝑢 = 𝐻𝑆𝐹𝑟, 𝑟 ∈ L
𝑚

∞
(15)

as the exogenous input.Note that𝑢 ∈ L𝑚

∞
if stable𝐹 is strictly

proper and 𝑟 ∈ L𝑚

∞
. For the signal (15), 𝑢[𝑘] = 𝑢(𝑘ℎ+𝜃) (𝑘 =

0, 1, 2, . . . , 𝜃 ∈ [0, ℎ)) holds, so the terms of 𝑢̃(𝑘ℎ + 𝜏) in (11)
are eliminated. Then, Σ is rewritten as

Σ
𝐻𝑆

: {
𝜉 [𝑘 + 1] = A𝜉 [𝑘] +B𝑒 [𝑘] ,

𝑧
𝑝
(𝑘ℎ + 𝜃) = C (𝜃) 𝜉 [𝑘] +D (𝜃) 𝑒 [𝑘] .

(16)

Also, this paper solves the following synthesis problem (E󸀠):
for the system Σ

𝑄
composed of 𝑃 and 𝑄

𝑑
with the initial

state 𝑥
0
∈ R𝑛 and the exogenous input 𝑢 ∈ L𝑚

∞
in (15),

suppose that the quantization interval 𝑑 ∈ R
+
, the switching

speed ℎ ∈ R
+
, and the performance level 𝛾 ∈ R

+
are given.

Characterize a continuous-time dynamic quantizer 𝑄
𝑑
(i.e.,

find parameters (𝑛
𝑄
, 𝐴

𝑄
, 𝐵
𝑄
, 𝐶

𝑄
)) achieving 𝐽

𝐻𝑆
(𝑄

𝑑
) ≤ 𝛾.
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3.2. Quantizer Analysis. The quantization error 𝑒 of (16) is
bounded as mentioned earlier. The reachable set and the
invariant set characterize such a system with bounded input.
Consider the LTI discrete-time system given by

𝜉 [𝑘 + 1] = A𝜉 [𝑘] +B𝑤 [𝑘] , (17)

where 𝜉 ∈ R𝑛𝜉 and 𝑤 ∈ R𝑚 denote the state vector and
disturbance input, respectively. We define the reachable set
and the invariant set.

Definition 5. Define the reachable set of the system (17) to be
a set R

∞
which satisfies

R
∞
:=

{{

{{

{

𝜉 ∈ R
𝑛𝜉

󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨󵄨

∃𝑘 ∈ N
+

∃𝑤 [⋅] ∈ W,

𝜉 [𝑘] =

𝑘−1

∑

𝑖=0

A
𝑘−1−𝑖

B𝑤 [𝑖]

}}

}}

}

,

W := {𝑤 ∈ R
𝑚

: 𝑤
𝑇

𝑤 ≤ 1} .

(18)

Definition 6. Define the invariant set of the system (17) to be
a set x which satisfies

𝜉 ∈ x, 𝑤 ∈ W 󳨐⇒ A𝜉 +B𝑤 ∈ x. (19)

The analysis condition can be expressed in terms of
matrix inequalities as summarized in the following proposi-
tion [22].

Proposition 7. Consider the system (17). For a matrix 0 <

P = P𝑇

∈ R𝑛𝜉×𝑛𝜉 , the ellipsoid E(P) := {𝜉 ∈ R𝑛𝜉 :

𝜉
𝑇P𝜉 ≤ 1} is an invariant set if and only if there exists a scalar
𝛼 ∈ [0, 1 − 𝜌(A)

2

] satisfying

[
A𝑇PA − (1 − 𝛼)P A𝑇PB

B𝑇PA B𝑇PB − 𝛼𝐼
𝑚

] ≤ 0. (20)

Note that the ellipsoidal set E(P) covers the reachable
set R

∞
from outside. Define the set E := {𝑤 ∈ R𝑚 : 𝑒 =

(√𝑚𝑑/2)𝑤 satisfies (7)} and rewrite the system (16) as

Σ̃
𝐻𝑆

: {
𝜉 [𝑘 + 1] = A𝜉 [𝑘] +B𝑤 [𝑘] ,

𝑧̃
𝑝
(𝑘ℎ + 𝜃) = C (𝜃) 𝜉 [𝑘] +D (𝜃) 𝑤 [𝑘] ,

(21)

where 𝜉 = (√𝑚𝑑/2)𝜉, 𝑧
𝑝
= (√𝑚𝑑/2)𝑧̃

𝑝
, 𝑒 = (√𝑚𝑑/2)𝑤,

and 𝑤 ∈ E. The left multiplication of Σ̃
𝐻𝑆

with √𝑚𝑑/2 leads
to Σ

𝐻𝑆
. The relation E ⊆ W clearly holds because 𝑒𝑇𝑒 ≤

𝑚𝑑
2

/4 and the setW is an independent bounded disturbance
without the relation (7). That is, the reachable set of Σ̃

𝐻𝑆
with

𝑤 ∈ E is no larger than that of Σ̃
𝐻𝑆

with the disturbance
𝑤 ∈ W.

Then, this paper utilizes the reachable set to estimate the
influences of the quantization error and the invariant set to
characterize the cost function 𝐽

𝐻𝑆
(𝑄

𝑑
) by substitutingA = A

andB = B into (20). Move on to the matrix exponential 𝑒𝐴𝜃
ofC(𝜃) andD(𝜃) in (21), which is rewritten as

𝑒
𝐴𝜃

= 𝐼 + Ω (𝜃)𝐴, Ω (𝜃) := ∫

𝜃

0

𝑒
𝐴𝜏d𝜏. (22)

Along with this, 𝑧̃
𝑝
of (21) is also rewritten as

𝑧̃
𝑝
(𝑘ℎ + 𝜃)

= [𝐶 + 𝐶Ω (𝜃)𝐴 𝐶Ω (𝜃) 𝐵𝐶
𝑄
] 𝜉 [𝑘] + 𝐶Ω (𝜃)𝑤 [𝑘]

= (Ĉ + 𝐶Ω (𝜃) D̂) 𝜉 [𝑘] + 𝐶Ω (𝜃)𝑤 [𝑘] ,

Ĉ := [𝐶 0] , D̂ := [𝐴 𝐵𝐶
𝑄
] .

(23)

In addition, from the properties of R
∞

and E(P),

𝐽
𝐻𝑆
(𝑄

𝑑
)

≤ sup
𝜃∈[0,ℎ)

sup
̃
𝜉∈R∞,𝑤∈E

󵄩󵄩󵄩󵄩󵄩
C (𝜃) 𝜉 +D (𝜃) 𝑤

󵄩󵄩󵄩󵄩󵄩

√𝑚𝑑

2

≤ sup
𝜃∈[0,ℎ)

sup
̃
𝜉∈R∞,𝑤∈W

󵄩󵄩󵄩󵄩󵄩
C (𝜃) 𝜉 +D (𝜃) 𝑤

󵄩󵄩󵄩󵄩󵄩

√𝑚𝑑

2
(∵ E ⊆ W)

≤ sup
𝜃∈[0,ℎ)

sup
̃
𝜉∈E(P),𝑤∈W

󵄩󵄩󵄩󵄩󵄩
C (𝜃) 𝜉 +D (𝜃) 𝑤

󵄩󵄩󵄩󵄩󵄩

√𝑚𝑑

2

(∵ R
∞
⊆ E (P))

≤ sup
𝜃∈[0,ℎ)

sup
̃
𝜉∈E(P)

󵄩󵄩󵄩󵄩󵄩
(Ĉ + 𝐶Ω(𝜃)D̂)𝜉

󵄩󵄩󵄩󵄩󵄩
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝛾1

√𝑚𝑑

2

+ sup
𝜃∈[0,ℎ)

sup
𝑤∈W

‖𝐶Ω (𝜃)𝑤‖

⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝛾2

√𝑚𝑑

2

(24)

holds. Similarly to our previous papers [13, 15, 16], by using
the L

1
control technique in [21], we provide the sufficient

conditions for computing 𝛾
1
∈ R

+
and 𝛾

2
∈ R

+
of (24) as

follows:

[
P Ĉ𝑇

+ D̂𝑇

Ω(𝜃)
𝑇

𝐶
𝑇

Ĉ + 𝐶Ω (𝜃) D̂ 𝛾
2

1
𝐼
𝑞

] ≥ 0,

Ω(𝜃)
𝑇

𝐶
𝑇

𝐶Ω (𝜃) ≤ 𝛾
2

2
𝐼
𝑛
, ∀𝜃 ∈ [0, ℎ) .

(25)

Remark 8. For the inequalities (25) and any vectors 𝜉 ∈ R𝑛

and 𝑤 ∈ R𝑚, we have

[
𝜉
𝑇P𝜉 𝜉

𝑇

(Ĉ𝑇

+ D̂𝑇

Ω(𝜃)
𝑇

𝐶
𝑇

)

(Ĉ + 𝐶Ω (𝜃) D̂) 𝜉 𝛾
2

1
𝐼
𝑞

] ≥ 0

⇐⇒ 𝜉
𝑇

(Ĉ + 𝐶Ω (𝜃) D̂)
𝑇

(Ĉ + 𝐶Ω (𝜃) D̂) 𝜉

≤ 𝛾
2

1
𝜉
𝑇

P𝜉 (∵ Schur complement)

(26)

and 𝑤
𝑇

Ω(𝜃)
𝑇

𝐶
𝑇

𝐶Ω(𝜃)𝑤 ≤ 𝛾
2

2
𝑤
𝑇

𝑤. Then, we see that (24)
holds if 𝜉 ∈ E(P) and 𝑤 ∈ W.
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The inequalities (25) are difficult to test since we need
to find P, 𝛾

1
, and 𝛾

2
satisfying (20) and (25) for infinitely

many values of 𝜃 ∈ [0, ℎ). Then, using the matrix uncertainty
technique [23, 24], we consider their sufficient conditions,
which are easy to compute. Considering Ω(𝜃) in (22) as
a matrix uncertainty, we introduce the following lemma
regarding the matrix exponential [26, 27].

Lemma 9. For the matrix Ω(𝜃) in (22),

𝜎max (Ω (𝜃)) ≤ 𝛿 (𝜃) ≤ 𝛿 (ℎ) , ∀𝜃 ∈ [0, ℎ) , (27)

holds where

𝛿 (𝜃) :=

{{

{{

{

𝑒
𝜇(𝐴)𝜃

− 1

𝜇 (𝐴)
, 𝜇 (𝐴) ̸= 0,

𝜃, 𝜇 (𝐴) = 0,

𝜇 (𝐴) := max{𝜆 : 𝜆 ∈ eig(
(𝐴 + 𝐴

𝑇

)

2
)} .

(28)

Proof. Since 𝜎max(𝑒
𝐴𝜃

) ≤ 𝑒
𝜇(𝐴)𝜃 (see [26]),

𝜎max (Ω (𝜃)) ≤ ∫

𝜃

0

𝜎max (𝑒
𝐴𝛽

) 𝑑𝛽 ≤ ∫

𝜃

0

𝑒
𝜇(𝐴)𝛽

𝑑𝛽 (29)

holds.

By using Lemma 9 and the 𝑆-procedure [23, 28, 29], the
sufficient condition analyzing the cost function 𝐽

𝐻𝑆
(𝑄

𝑑
) of

the system Σ
𝑄
can be expressed in terms of matrix inequality

as summarized in the following theorem.

Theorem 10. Consider the system Σ
𝑄
composed of 𝑃 and 𝑄

𝑑

with the initial state 𝑥
0
∈ R𝑛 and the exogenous input 𝑢 ∈ L𝑚

∞

in (15). For the quantization interval 𝑑 ∈ R
+
and the switching

speed ℎ ∈ R
+
, the upper bound of the cost function 𝐽

𝐻𝑆
(𝑄

𝑑
) is

given by

𝐽
𝐻𝑆
(𝑄

𝑑
) ≤ 𝛾 (ℎ)

𝑠.𝑡. 𝛾 (ℎ) := (𝛾 + 𝜎max (𝐶) 𝛿 (ℎ))
√𝑚𝑑

2

(30)

if there exist 0 < Q = Q𝑇 ∈ R(𝑛+𝑛𝑄)×(𝑛+𝑛𝑄), 0 < 𝑆 = 𝑆
𝑇

∈ R𝑛×𝑛,
𝛼
ℎ
∈ [0, 1/2ℎ − 𝜌(A)

2

/2ℎ] and 𝛾 ∈ R
+
satisfying

[
[
[
[

[

Φ
ℎ
Q + QΦ𝑇

ℎ
+ 2𝛼

ℎ
Q Γ

ℎ
√ℎQΦ𝑇

ℎ

Γ
𝑇

ℎ
−2𝛼

ℎ
𝐼
𝑚

√ℎΓ
𝑇

ℎ

√ℎΦ
ℎ
Q √ℎΓ

ℎ
−Q

]
]
]
]

]

≤ 0, (31)

[
[
[
[

[

Q QĈ𝑇
√𝛿 (ℎ)QD̂𝑇

ĈQ 𝛾
2

𝐼
𝑞
− 𝛿 (ℎ) 𝐶𝑆𝐶

𝑇

0

√𝛿 (ℎ)D̂Q 0 𝑆

]
]
]
]

]

≥ 0,

𝑆Ω (𝜃) = Ω (𝜃) 𝑆, ∀𝜃 ∈ [0, ℎ) ,

(32)

where the matrices Φ
ℎ
and Γ

ℎ
are defined by

Φ
ℎ
:=

[
[
[

[

1

ℎ
∫

ℎ

0

𝑒
𝐴𝜏d𝜏𝐴 1

ℎ
∫

ℎ

0

𝑒
𝐴𝜏d𝜏𝐵𝐶

𝑄

0
1

ℎ
∫

ℎ

0

𝑒
𝐴𝑄𝜏d𝜏 (𝐴

𝑄
+ 𝐵

𝑄
𝐶
𝑄
)

]
]
]

]

,

Γ
ℎ
:=

[
[
[

[

1

ℎ
∫

ℎ

0

𝑒
𝐴𝜏d𝜏𝐵

1

ℎ
∫

ℎ

0

𝑒
𝐴𝑄𝜏d𝜏𝐵

𝑄

]
]
]

]

.

(33)

Proof. See Appendix A.

Denote by Σ̂ the system Σ without operator 𝐻𝑆. In this
case, the system Σ̂ is given by

Σ̂ : ̇𝜉 (𝑡) = Â𝜉 (𝑡) + B̂𝑒 (𝑡) , 𝑧
𝑝
(𝑡) = Ĉ𝜉 (𝑡) , (34)

where

Â := [
𝐴 𝐵𝐶

𝑄

0 𝐴
𝑄
+ 𝐵

𝑄
𝐶
𝑄

] , B̂ := [
𝐵

𝐵
𝑄

] . (35)

Regarding the definition of 𝜉(𝑡), see Lemma 4. An advantage
the condition (31) over conditions (20) is that it can be used
for a small ℎ without numerical difficulty. This idea comes
from [23, 24]. In the limit of ℎ → 0, (1/ℎ) ∫ℎ

0

𝑒
𝐴ℎd𝜏 → 𝐼

and (1/ℎ) ∫ℎ
0

𝑒
𝐴𝑄ℎd𝜏 → 𝐼 hold, so Φ

ℎ
→ Â and Γ

ℎ
→ B̂

hold. In the same limit, from 𝛿(ℎ) → 0, conditions (31) and
(32) converge to the analysis conditions of the continuous-
time dynamic quantizer for the system Σ̂ in [15, 16]. On the
other hand, for a small ℎ, 𝑒𝐴ℎ → 𝐼, 𝑒𝐴𝑄ℎ → 𝐼,∫ℎ

0

𝑒
𝐴ℎd𝜏 → 0

and ∫ℎ
0

𝑒
𝐴𝑄ℎd𝜏 → 0 hold, soA andB (A andB) are close

to identity and zero matrices, respectively, and the left side of
(20) is close to zero.

In numerical computation, it is appropriate to fix the
structure of 𝑆 such that 𝑆Ω(𝜃) = Ω(𝜃)𝑆 holds. For example,
we can set 𝑆 = 𝑠

𝜃
𝐼
𝑛
, 𝑠
𝜃
∈ R

+
and this setting leads to the

following optimization problem (Aop):

min
Q=Q𝑇>0,𝑆=𝑠𝜃𝐼𝑛>0,1/2ℎ−𝜌(A)

2
/2ℎ≥𝛼ℎ≥0,𝛾>0

𝛾
2

s.t. (31) and (32) .

(36)

When scalar 𝛼
ℎ
is fixed, the conditions in Theorem 10 are

linear matrix inequalities (LMIs) in terms of the other
variables. Using standard LMI software and the line search
of 𝛼

ℎ
, we can obtain an upper bound of 𝐽

𝐻𝑆
(𝑄

𝑑
).

3.3. Quantizer Synthesis. The problem (Aop) suggests that
the quantizer synthesis problem (E󸀠) is reduced to the
following nonconvex optimization problem (OP):

min
Q=Q𝑇>0,𝑆=𝑠𝜃𝐼𝑛>0,𝐴𝑄,𝐵𝑄,𝐶𝑄,1/2ℎ−𝜌(A)

2
/2ℎ≥𝛼ℎ≥0,𝛾>0

𝛾
2

s.t. (31) and (32) .

(37)

That is, if (OP) is feasible, (E󸀠) is feasible.
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From the matrix product such as (1/ℎ) ∫ℎ
0

𝑒
𝐴𝑄ℎd𝜏 and

𝐴
𝑄
+𝐵

𝑄
𝐶
𝑄
in (31), the synthesis condition is difficult to derive

from Theorem 10 unlike the continuous-time case without
the operator 𝐻𝑆 in [15, 16]. Thus, we fixed the parameters as
follows:

𝑛
𝑄
= 𝑛, 𝐴

𝑄
= 𝐴, 𝐵

𝑄
= 𝐵. (38)

The structure (38) does not severely limit the synthesis
because 𝐴

𝑄
and 𝐵

𝑄
of the continuous-time dynamic quan-

tizer for the system Σ̂ in [15, 16] are also (38). See Appendix B.
In other words, ̇𝑥

𝑄
= 𝐴𝑥

𝑄
+ 𝐵𝑒

𝑄
estimates the quantization

influence on the system 𝑃. Along with this, we fixQ of (31) as
follows:

Q = [
𝑌 𝑉

𝑉 𝑉
] , 𝑌 = 𝑌

𝑇

> 0, 𝑉 = 𝑉
𝑇

> 0. (39)

The structure (39) also does not impose a severe limitation on
the synthesis because an appropriate choice of the quantizer
state coordinates allows us to assume that Q has the special
structure for the full order case 𝑛

𝑄
= 𝑛 [30].

Under some circumstances (38) and (39), we obtain the
following synthesis condition.

Theorem 11. Consider the system Σ
𝑄
composed of 𝑃 and 𝑄

𝑑

with the initial state 𝑥
0
∈ R𝑛 and the exogenous input 𝑢 ∈

L𝑚

∞
in (15). Suppose that the quantization interval 𝑑 ∈ R

+
, the

switching speed ℎ ∈ R
+
, and the performance level 𝛾 ∈ R

+
are

given. For a scalar 𝛼
ℎ
∈ [0, 1/2ℎ], there exist a continuous-time

dynamic quantizer 𝑄
𝑑
achieving (30) if one of the following

equivalent statements holds.

(i) There exist matrices 0 < Q = Q𝑇 ∈ R(𝑛+𝑛𝑄)×(𝑛+𝑛𝑄), 0 <
𝑆 = 𝑆

𝑇

∈ R𝑛×𝑛 and a dynamic quantizer 𝑄
𝑑
satisfying

(31), (32), and (38).

(ii) There exist matrices 0 < 𝑌 = 𝑌
𝑇

∈ R𝑛×𝑛, 0 < 𝑉 =

𝑉
𝑇

∈ R𝑛×𝑛, 𝑊 ∈ R𝑚×𝑛, 0 < 𝑆 = 𝑆
𝑇

∈ R𝑛×𝑛

satisfying

[
[
[
[
[

[

Θ
𝐴ℎ

+ Θ
𝑇

𝐴ℎ
+ 2𝛼

ℎ
Θ
𝑃

Θ
𝐵ℎ

√ℎΘ
𝑇

𝐴ℎ

Θ
𝑇

𝐵ℎ
−2𝛼

ℎ
𝐼
𝑚

√ℎΘ
𝑇

𝐵ℎ

√ℎΘ
𝐴ℎ

√ℎΘ
𝐵ℎ

−Θ
𝑃

]
]
]
]
]

]

≤ 0, (40)

[
[
[
[

[

Θ
𝑃

Θ
𝑇

𝐶
Θ
𝑇

𝐷ℎ

Θ
𝐶

𝛾
2

𝐼
𝑞
− 𝛿 (ℎ) 𝐶𝑆𝐶

𝑇

0

Θ
𝐷ℎ

0 𝑆

]
]
]
]

]

≥ 0,

𝑆Ω (𝜃) = Ω (𝜃) 𝑆, ∀𝜃 ∈ [0, ℎ) ,

(41)

where

Θ
𝑃
:= [

𝑌 𝑉

𝑉 𝑉
] , Ψ

ℎ
:=

1

ℎ
∫

ℎ

0

𝑒
𝐴𝜏d𝜏,

Θ
𝐴ℎ

:= [
Ψ
ℎ
(𝐴𝑌 + 𝐵𝑊) Ψ

ℎ
(𝐴𝑉 + 𝐵𝑊)

Ψ
ℎ
(𝐴𝑉 + 𝐵𝑊) Ψ

ℎ
(𝐴𝑉 + 𝐵𝑊)

] ,

Θ
𝐵ℎ
:= [

Ψ
ℎ
𝐵

Ψ
ℎ
𝐵
] , Θ

𝐶
:= [𝐶𝑌 𝐶𝑉] ,

Θ
𝐷ℎ

:= [√𝛿 (ℎ) (𝐴𝑌 + 𝐵𝑊) √𝛿 (ℎ) (𝐴𝑉 + 𝐵𝑊)] .

(42)

In this case, such a quantizer parameter is given by

𝑛
𝑄
= 𝑛, 𝐴

𝑄
= 𝐴, 𝐵

𝑄
= 𝐵, 𝐶

𝑄
= 𝑊𝑌

−1

. (43)

Proof. We fixQ as shown in (39) and introduce the change of
variables 𝑊 = 𝐶

𝑄
𝑌. Hence, (31) and (32) result in (40) and

(41). Also, designing𝐶
𝑄
yields 𝛼

ℎ
∈ [0, 1/2ℎ] because 𝜌(A) is

determined by 𝐶
𝑄
and [0, 1/2ℎ−𝜌(A)

2

/2ℎ] ⊆ [0, 1/2ℎ].

In the limit of ℎ → 0; Ψ
ℎ
converges to 𝐼 and 𝛿(ℎ)

converges to 0; then conditions (40) and (41) also converge
to the synthesis condition of the continuous-time dynamic
quantizer for the system Σ̂ in (34). Also, by setting 𝑆 = 𝑠

𝜃
𝐼
𝑛
for

Theorem 11, the quantizer synthesis problem (E󸀠) is reduced
to the following optimization problem (Sop):

min
𝑌=𝑌>0

𝑇
,𝑉=𝑉
𝑇
>0,𝑆=𝑠𝜃𝐼𝑛>0,𝑊,1/2ℎ≥𝛼ℎ≥0,𝛾>0

𝛾
2

s.t. (40) and (41) .

(44)

If (Sop) is feasible, (E󸀠) is feasible. Therefore, a continuous-
time dynamic quantizer considering both spatial and tempo-
ral resolution constraints is obtained fromTheorem 11.

Remark 12. To consider numerical optimization analysis or
synthesis of a quantizer as shown in (Aop) and (Sop), we
need the signal assumption (15) in Theorems 10 and 11. On
the other hand, for the high speed switching such that ℎ
is very small, the assumption (15) ensures that solutions to
the problem (E󸀠) converge to our previous results [15, 16].
Therefore, the results of this paper partly include our previous
results [15, 16] although each class of exogenous signals and
plants is restricted.

4. Discussion

For the slow switching, we compare the proposed method
and existing continuous-time quantizer [15, 16]. Consider the
system Σ

𝑄
. The plant 𝑃 is the stable minimum phase LTI

system:

[
̇𝑥 (𝑡)

𝑧 (𝑡)
] = [

[

−3 3 0

0 −2 2

1 1 0

]

]

[
𝑥 (𝑡)

V (𝑡)] . (45)

In the case without the operator 𝐻𝑆, an optimal form of
the continuous-time quantizer 𝑄𝑜𝑝

𝑑
[15, 16] is given by (B.2).
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Figure 4: Time responses of Σ
𝑄
with the proposed quantizer for ℎ = 0.01.
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Figure 5: Time responses of Σ
𝑄
with (B.2) for ℎ = 0.01.

See Appendix B. The continuous-time quantizer 𝑄𝑜𝑝
𝑑

and its
performance are parameterized by the free parameter 𝑓 ∈

R
+
. For the simulation, we consider a two-step design for

𝑄
𝑜𝑝

𝑑
; we first set 𝑓 and second insert the operator 𝐻𝑆 in the

obtained 𝑄𝑜𝑝
𝑑
. Also, the achievable performance of 𝐽

𝐻𝑆
(𝑄

𝑜𝑝

𝑑
)

is calculated by (Aop).
For the comparison, we set the switching speed ℎ =

0.01 [s] and the quantization interval 𝑑 = 2. First, we
set 𝑓 = 50 and then obtain 𝑄

𝑜𝑝

𝑑
with 𝛾

𝑐
= 0.102. Also,

𝛾(ℎ) = 0.219 for 𝐽
𝐻𝑆
(𝑄

𝑜𝑝

𝑑
) is obtained from (Aop). Second,

we solve the problem (Sop) and obtain 𝛾(ℎ) = 0.219

and the matrix 𝐶
𝑄

= [−19.26 −22.72]. In this case, both
quantizers can approximate well. Figures 4 and 5 illustrate
the simulation results of the time responses of Σ

𝑄
with the

proposed quantizer and the quantizers 𝑄𝑜𝑝
𝑑

in (B.2). The
initial state 𝑥

0
= [0 0]

𝑇 and the input 𝑢(𝑡) = sin𝜋𝑡 +
cos 0.7𝜋𝑡 are given. In Figures 4 and 5, the thin lines and
the thick lines are for the conventional system in Figure 1(b)
and the system Σ

𝑄
in Figure 1(a), respectively. We see that

the controlled outputs of the discrete-valued input systems
with the dynamic quantizers approximate those of the usual
systems even if the quantized outputs are applied. Also, the
two controlled outputs approximated by both quantizers are
exactly the same.

Next, we consider the case ℎ = 0.1. In this case, the two
controlled outputs approximated by the two quantizers differ.
(Aop) for𝑄𝑜𝑝

𝑑
is infeasible. From (Sop), on the other hand, we

obtain 𝛾(ℎ) = 0.949 and the matrix 𝐶
𝑄
= [−1.1321 −3.097].

Figures 6 and 7 illustrate the simulation results on the time
responses of Σ

𝑄
with (B.2) and the proposed quantizer in

the same fashion. We see that 𝑧(𝑡) of the usual plant 𝑃 is

approximated by 𝑧(𝑡) of the system Σ
𝑄
with the proposed

quantizer, while 𝑧(𝑡) of the system Σ
𝑄
with (B.2) diverges.

From this example, we see that the proposed method can
address the spatial resolution and the temporal resolution
issues, simultaneously. Also, Theorem 10 verifies whether the
quantizer 𝑄

𝑜𝑝

𝑑
is applicable to the given switching speed

setting.

Remark 13. In the above numerical experiments, the pro-
posed quantizer is designed and the quantizer𝑄𝑜𝑝

𝑑
is analyzed

for 𝑢 = 𝐻𝑆𝐹(sin𝜋𝑡 + cos 0.7𝜋𝑡), while the time responses
of the quantizers are simulated for 𝑢 = sin𝜋𝑡 + cos 0.7𝜋𝑡.
That is, this is the conservativeness caused by the signal
assumption (15). However, we see that the above results verify
the effectiveness of the proposed method even if the signal
conservativeness exists.

Here, we focus on the eigenvalues of A for the system
Σ with 𝑄

𝑜𝑝

𝑑
. The eigenvalues for 𝑓 = 50 and ℎ = 0.1

are {0.741, 0.819, 0.550, −4.21} and thenA is unstable in the
discrete-time domain. From Theorem 10, (Aop) is infeasible
if 𝜌(A) is bigger than 1 (in other words, A is unstable).
{0.741, 0.819} are the eigenvalues of 𝑒𝐴ℎ. That is, 𝑒𝐴𝑄ℎ +

∫
ℎ

0

𝑒
𝐴𝑄𝜏d𝜏𝐵

𝑄
𝐶
𝑄
(=: 𝐴

𝑄
(ℎ)) for 𝑄𝑜𝑝

𝑑
is unstable. Then, we

consider the case in which 𝑓 = 3 and ℎ = 0.1 (𝛾
𝑐
= 0.707)

such that 𝐴
𝑄
(ℎ) is stable. The corresponding eigenvalues are

{0.637, 0.354}. In this case, 𝛾(ℎ) = 1.085 for 𝐽
𝐻𝑆
(𝑄

𝑜𝑝

𝑑
) is

obtained from (Aop).
From the above results, the existing continuous-quantizer

in [15, 16] may be suitable for a two-step design such that
𝐴
𝑄
(ℎ) is stable via the parameter 𝑓. In terms of the upper
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Figure 6: Time responses of Σ
𝑄
with (B.2) for ℎ = 0.1.
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Figure 7: Time responses of Σ
𝑄
with the proposed quantizer for ℎ = 0.1.

bound of cost function (B.3), first, let us consider the problem
(P-1): maximize 𝑓 for 𝑄𝑜𝑝

𝑑
such that

∃𝑋
𝑇

= 𝑋 > 0 s.t. 𝐴
𝑄
(ℎ)

𝑇

𝑋𝐴
𝑄
(ℎ) − 𝑋 < 0, (46)

where the parameters (𝐴
𝑄
, 𝐵
𝑄
, 𝐶

𝑄
) of 𝐴

𝑄
(ℎ) are given by

(B.2).This problem is LMI for the line search of𝑓. For ℎ = 0.1,
its solution is𝑓 = 18.9 (𝛾

𝑐
= 0.173). However, 𝛾(ℎ) = 113.148

for 𝐽
𝐻𝑆
(𝑄

𝑜𝑝

𝑑
) is obtained from (Aop). By using Theorem 10,

next, let us consider the problem (P-2):

min
Q=Q𝑇>0,𝑆=𝑠𝜃𝐼𝑛>0,1/2ℎ−(𝜌(A)

2
)/2ℎ≥𝛼ℎ≥0,𝑓>0,𝛾>0

𝛾
2

s.t. (31) and (32) ,

(47)

where the parameters (𝐴
𝑄
, 𝐵
𝑄
, 𝐶

𝑄
) of Ψ

ℎ
and Γ

ℎ
are given by

(B.2). This problem is LMI for the plane search of 𝑓 and 𝛼
ℎ
.

For ℎ = 0.1, its solution is 𝑓 = 5.715 (𝛾
𝑐
= 0.397) and then

𝛾(ℎ) = 0.949 for 𝐽
𝐻𝑆
(𝑄

𝑜𝑝

𝑑
) is obtained. This performance is

about the same as that of the proposed quantizer. Therefore,
we see thatTheorem 10 is also helpful for the two-step design
of the existing continuous-time quantizer [15, 16] even if the
tractable optimization method instead of the plane search
remains an issue for future work. Such a method correlates
the parameter 𝑓 with the switching speed ℎ, so its insight
is expected not only to result in a new two-step design but
also to clarify the relationship between the discrete-time and
continuous-time dynamic quantizers. Of course, important
future topics also include considering the quantized feedback
control system with unstable plants and generalizing the
exogenous signal for the evaluation of the cost function.

5. Conclusion

Focusing on the broadbandization and the robustness of
the networked control systems, this paper has dealt with
the continuous-time quantized control. We have proposed
numerical optimization methods analyzing and synthesizing
the continuous-time dynamic quantizer on the basis of the
invariant set analysis and the sampled-data control technique.
The contributions of the proposed method can be summa-
rized as follows.

(i) Both the temporal and spatial resolution constraints
can be simultaneously considered, whereas Ishikawa
et al. [20] considered the two constraints step-by-step
and we [15, 16] previously ignored the temporal con-
straint in synthesis. As a result, the proposed method
is applicable to both the slow and fast switching cases.

(ii) The maximum output difference for each sampling
interval is proven to be evaluated numerically via
the matrix uncertainty approach, while the existing
results [11–14] evaluate that only for each sampling
instance.

(iii) The analysis and synthesis conditions are given in
terms of BMIs. However, the quantizer analysis and
synthesis problems are reduced to tractable optimiza-
tion problems.

(iv) The new insight is presented for the existing
continuous-time quantizer design [15, 16].

Also, this paper has clarified the following areas for future
work.

(i) Because of the feedforward structure, the plant is
restricted to be stable. To address unstable systems,we
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need to propose design methods for feedback control
systems.

(ii) The sensors and actuators are distributed in the
networked control system [31], so it is necessary
to design multiple (decentralized) quantizers rather
than a centralized quantizer similar to the existing
ones [14, 16].

(iii) The class of exogenous signals evaluating the cost
function is restricted. To avoid this conservativeness,
it is necessary to propose the equivalent discrete-
time expression instead of (11) using adjoint operator
similar to sampled-data control [25, 32].

(iv) For networked control applications, it is important
to consider the time-varying sampling period, time
delay, packet loss, and so on similar to [6–10]. For
example, the works [6, 8] using the LMI technique
address time-varying sampling period and time delay,
so it is expected that our method using the LMI
technique also extends to such problems.

Appendix

A. Proof

The proof of Lemma 4 is as follows.

Proof. 𝑧(𝑘ℎ + 𝜃) for 𝑘 = 0, 1, 2, . . ., 𝜃 ∈ [0, ℎ) (which is the
behavior of 𝑧(𝑡) over the 𝑘th sampling interval) is given by
the discretized system of 𝑃:

𝑥 [𝑘 + 1] = 𝑒
𝐴ℎ

𝑥 [𝑘] + ∫

ℎ

0

𝑒
𝐴(ℎ−𝜏)

𝐵V (𝑘ℎ + 𝜏) d𝜏

𝑧 (𝑘ℎ + 𝜃) = 𝐶𝑒
𝐴𝜃

𝑥 [𝑘] + 𝐶∫

𝜃

0

𝑒
𝐴(𝜃−𝜏)

𝐵V (𝑘ℎ + 𝜏) d𝜏,

(A.1)

where 𝑥[𝑘] = 𝑥(𝑘ℎ). V(𝑡) is given by (9) and V
𝑄
[𝑘] is given by

the discretized system of 𝑄:

𝑥
𝑄
[𝑘 + 1]

= (𝑒
𝐴𝑄ℎ + ∫

ℎ

0

𝑒
𝐴𝑄𝜏d𝜏𝐵

𝑄
𝐶
𝑄
)𝑥

𝑄
[𝑘] + ∫

ℎ

0

𝑒
𝐴𝑄𝜏d𝜏𝐵

𝑄
𝑒 [𝑘]

+ ∫

ℎ

0

𝑒
𝐴𝑄(ℎ−𝜏)𝐵

𝑄
𝑢̃ (𝑘ℎ + 𝜏) d𝜏,

V
𝑄
[𝑘] = 𝐶

𝑄
𝑥
𝑄
[𝑘] ,

(A.2)

where 𝑥
𝑄
[𝑘] = 𝑥

𝑄
(𝑘ℎ). This is because 𝑒

𝑄
is given by

𝑒
𝑄
= V̂

𝑄
+ 𝑒 + 𝑢̂ − 𝑢, V̂

𝑄
= 𝐻𝑆V

𝑄
, 𝑢̂ = 𝐻𝑆𝑢. (A.3)

Then, 𝑧(𝑘ℎ + 𝜃, 𝑥
0
, 𝑄

𝑑
(𝑢)) for 𝑘 = 0, 1, 2, . . ., 𝜃 ∈ [0, ℎ) is

expressed by the discretized system of Σ
𝑄
:

Σ
𝑑

𝑄
:

{{{{{{{{{{{{{{{{{{{{{{{

{{{{{{{{{{{{{{{{{{{{{{{

{

[
𝑥 [𝑘 + 1]

𝑥
𝑄
[𝑘 + 1]

]

= A[
𝑥 [𝑘]

𝑥
𝑄
[𝑘]

] +B𝑒 [𝑘]

+

[
[
[

[

∫

ℎ

0

𝑒
𝐴(ℎ−𝜏)

𝐵𝑢 [𝑘] d𝜏

∫

ℎ

0

𝑒
𝐴𝑄(ℎ−𝜏)𝐵

𝑄
𝑢̃ (𝑘ℎ + 𝜏) d𝜏

]
]
]

]

.

𝑧 (𝑘ℎ + 𝜃)

= C (𝜃) [
𝑥 [𝑘]

𝑥
𝑄
[𝑘]

] +D (𝜃) 𝑒 [𝑘]

+𝐶∫

𝜃

0

𝑒
𝐴(ℎ−𝜏)

𝐵𝑢 [𝑘] d𝜏

(A.4)

Also, 𝑧∗(𝑘ℎ + 𝜃, 𝑥
0
, 𝑢) for 𝑘 = 0, 1, 2, . . ., 𝜃 ∈ [0, ℎ) without

the quantizer is given by

𝑃
∗

𝑑
:

{{{{{{{{

{{{{{{{{

{

𝑥 [𝑘 + 1]

= 𝑒
𝐴ℎ

𝑥 [𝑘] + ∫

ℎ

0

𝑒
𝐴(ℎ−𝜏)

𝐵𝑢 (𝑘ℎ + 𝜏) d𝜏

𝑧
∗

(𝑘ℎ + 𝜃)

= 𝐶𝑒
𝐴𝜃

𝑥 [𝑘] + 𝐶∫

𝜃

0

𝑒
𝐴(ℎ−𝜏)

𝑢 (𝑘ℎ + 𝜏) d𝜏,

(A.5)

where 𝑥(0) = 𝑥
0
and 𝑥[𝑘] = 𝑥(𝑘ℎ). From Σ

𝑑

𝑄
and 𝑃

∗

𝑑
, we

obtain the system Σ in (11).

For the proof of Theorem 10, we use the 𝑆-procedure [23,
28, 29].

LemmaA.1. For the real matrices 𝐿,𝑀, and𝑁 of appropriate
size, the inequality

𝐿 +𝑀Δ𝑁 +𝑁
𝑇

Δ
𝑇

𝑀
𝑇

≥ 0 (A.6)

holds for any matrix Δ such that 𝜎max(Δ) ≤ 𝛿 if and only if
there exists a matrix 𝑆 = 𝑆

𝑇

> 0 such that

[
𝐿 − 𝛿𝑀𝑆𝑀

𝑇 √𝛿𝑁
𝑇

√𝛿𝑁 𝑆
] ≥ 0, 𝑆Δ = Δ𝑆. (A.7)

Then, the proof of Theorem 10 is as follows.

Proof. We use Lemmas 9 and A.1 with

𝐿 = [
P Ĉ𝑇

Ĉ 𝛾
2

𝐼
𝑞

] , 𝑀 = [
0

𝐶
] ,

𝑁 = [D̂ 0] , Δ = Ω (𝜃) .

(A.8)
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In this case, for the inequalities (25), we obtain their sufficient
conditions as follows:

𝛾
1
≤ 𝛾 s.t.

{{{

{{{

{

[
[

[

P Ĉ𝑇
√𝛿 (ℎ)D̂𝑇

Ĉ 𝛾
2

𝐼
𝑞
− 𝛿 (ℎ) 𝐶𝑆𝐶

𝑇

0

√𝛿 (ℎ)D̂ 0 𝑆

]
]

]
𝑆Ω (𝜃) = Ω (𝜃) 𝑆, ∀𝜃 ∈ [0, ℎ)

≥ 0,

𝛾
2
≤ 𝜎max (𝐶) 𝛿 (ℎ) s.t. Ω(𝜃)

𝑇

𝐶
𝑇

𝐶Ω (𝜃)

≤ 𝜎max(𝐶)
2

𝛿(ℎ)
2

𝐼
𝑛
, ∀𝜃 ∈ [0, ℎ) .

(A.9)

Then, the upper bound of 𝐽
𝐻𝑆
(𝑄

𝑑
) is given by (30). By

substitutingA = 𝐼 + ℎΦ
ℎ
andB = ℎΓ

ℎ
into (20), we obtain

[
A𝑇PA − (1 − 𝛼)P A𝑇PB

B𝑇PA B𝑇PB − 𝛼𝐼
𝑚

]

= [
(𝐼 + ℎΦ

ℎ
)
𝑇

P (𝐼 + ℎΦ
ℎ
) − (1 − 𝛼)P ℎ(𝐼 + ℎΦ

ℎ
)
𝑇

PΓ
ℎ

ℎΓ
𝑇

ℎ
P (𝐼 + ℎΦ

ℎ
) ℎ

2

Γ
𝑇

ℎ
PΓ

ℎ
− 𝛼𝐼

𝑚

]

= ℎ [
Φ
𝑇

ℎ
P +PΦ

ℎ
+ 𝛼/ℎP PΓ

ℎ

Γ
𝑇

ℎ
P −𝛼/ℎ𝐼

𝑚

]

+ ℎ [
√ℎΦ

𝑇

ℎ

√ℎΓ
𝑇

ℎ

]P [√ℎΦ
ℎ
√ℎΓ

ℎ
] ≤ 0.

(A.10)

By Schur complement [29], (A.10) is equivalent to (31) where
Q = P−1 and 𝛼

ℎ
= 𝛼/2ℎ. Also, (A.9) is equivalent to (32)

where Q = P−1.

B. Continuous-Time Dynamic
Quantizer [15, 16]

For the system Σ̂ in (34) without the operator𝐻𝑆, we consider
the following non-convex optimization (OP󸀠):

min
P>0,𝜇(̂A)≥𝛼≥0,𝐴𝑄,𝐵𝑄,𝐶𝑄,𝛾𝑐>0

𝛾
𝑐

s.t. [
Â𝑇P+PÂ+2𝛼P PB̂

B̂𝑇P −2𝛼𝐼
𝑚

] ≤ 0,

[
P Ĉ𝑇

Ĉ 𝛾
2

𝑐
𝐼
𝑞

] ≥ 0.

(B.1)

The dynamic quantizer without the operator 𝐻𝑆 is obtained
from (OP󸀠) and 𝐽(𝑄

𝑑
) ≤ 𝛾

𝑐
is achieved. Also, an optimal form

of the continuous-time quantizer [15, 16] is given by

𝑄
𝑜𝑝

𝑑
: {

̇𝑥
𝑄
= 𝐴𝑥

𝑄
+ 𝐵 (V − 𝑢)

V = 𝑞 (−(𝐶𝐵)
−1

𝐶 (𝐴 + 𝑓𝐼) 𝑥
𝑄
+ 𝑢) ,

(B.2)

where its achievable upperbound of 𝐽(𝑄o𝑝
𝑑
) is characterized

by

inf 𝛾
𝑐
=

𝑑√𝑚

4√
󵄨󵄨󵄨󵄨𝑔
󵄨󵄨󵄨󵄨 (𝑓 −

󵄨󵄨󵄨󵄨𝑔
󵄨󵄨󵄨󵄨)

𝜎max (𝐶𝐵) ,

𝑔 = max {] (𝐴) , ] (𝐴 − 𝐵(𝐶𝐵)
−1

𝐶 (𝐴 + 𝑓𝐼))} ,

(B.3)

where ](𝐴) := max{Re(𝜆) : 𝜆 ∈ eig(𝐴)}. The continuous-
time quantizer𝑄𝑜𝑝

𝑑
and its performance are parameterized by

the free parameter 𝑓 ∈ R
+
. Note that the larger values of 𝑓

not only provide the better approximation performance, but
also switch the outputs V, more quickly. In other words, the
quantizer from (OP󸀠) results in the switching that is too fast
and is sometimes not applicable to the slow switching case.
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SwitchingMode Power Supply (SMPS) has been widely applied in aeronautics, nuclear power, high-speed railways, and other areas
related to national strategy and security. The degradation of MOSFET occupies a dominant position in the key factors affecting the
reliability of SMPS. MOSFETs are used as low-voltage switches to regulate the DC voltage in SMPS. The studies have shown that
die-attach degradation leads to an increase in on-state resistance due to its dependence on junction temperature. On-state resistance
is the key indicator of the health of MOSFETs. In this paper, an online real-timemethod is presented for predicting the degradation
of MOSFETs. First, the relationship between an oscillator signal of source and on-state resistance is introduced. Because oscillator
signals change when they age, a feature is proposed to capture these changes and use them as indicators of the state of health of
MOSFETs. A platform for testing characterizations is then established to monitor oscillator signals of source. Changes in oscillator
signal measurement were observed with aged on-state resistance as a result of die-attach degradation. The experimental results
demonstrate that the method is efficient. This study will enable a method to predict the failure of MOSFETs to be developed.

1. Introduction

With the rapid development of power electronic technology,
SMPS has come to play an important role in electronic
equipment. Since the 1970s, SMPSs have been widely used
in aeronautics, nuclear power, high-speed railways, and other
areas related to national strategy and security.

The failure of SMPS will lead to downtime in electronic
systems and cause catastrophic accidents. A recent statistic
indicates that approximately 34% of electronic system failures
result from the failure of SMPS [1]. Therefore, predicting the
impending failure of SMPS is a challenging problem.

The increasing dependence on SMPS, particularly in
mission-critical applications, has created an urgent need for
real-time techniques that detect incipient faults. According to
statistics on the failure of devices relating to two topological
structures of DC/DC power supply, the component most
prone to failure in switch-mode drives is the controllable
power semiconductor (i.e., IGBT and MOSFETs) [2]. In this
paper, the focus is on power semiconductors, MOSFETs.

Previous work on MOSFETs has focused primarily on three
aspects. The first is the reliability design of these components
[3]. The second is on predicting the remaining useful life
of MOSFETs using off-line accelerated aging tests [4]. An
accelerated aging system for the prognostics of discrete power
semiconductor devices was built in [5]. Based on accelerated
aging with an electrical overstress on MOSFETs, predictions
by gate-source voltage are made in [6]. In [7], collector-
emitter voltage is identified as a health indicator. In [8], the
maximum peak current of the collector-emitter ringing at
the turn-off transient is identified as the degradation variable.
The third aspect of focus is on the development of degrada-
tion models. Degradation models are set up according to the
function of the usage time based on accelerated life tests [9].
For example, gate structure degradation modeling of discrete
power MOSFETs under ion impurities was presented in [10].
In brief, traditional studies on the degradation of MOSFETs
have focused on analyzing nonreal-time data. Predictions of
the remaining useful life ofMOSFETs have been based on off-
line, statistical analyses.
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In this paper, the focus is on the detection of incipient
faults and on analyzing aging. The primary goal is to realize
on-line fault prediction and evaluate the remaining useful life
ofMOSFETs.The approach that is followed is to use the pulse-
width modulation (PWM) signals. PWM is a succession of
step functions.The natural characteristic response (oscillator
signal) of the source is the output signal. By analyzing
the source signal, the paper establishes key parameters of
failure related to the natural characteristic response. The key
parameters of failure then become the main indicators of the
component’s state of health. Compared with other methods,
the approach has the following several advantages. First, the
primary advantage is that there is no need to bring in addi-
tional signals. Second, not only can real-time measurements
of input and output voltage be realized, but data can also be
synchronously processed. Timely judgments and predictions
can bemade about the state ofMOSFETs. Finally, themethod
is an integration of signal processing with an analytical
model. As far as the degradation of MOSFETs is concerned,
this is a newperspective.This introductory section is followed
by Section 2, which begins by addressing the basic failure
mechanism.Anonidealizedmodel ofMOSFETs is then intro-
duced. In Section 3, the generation mechanism of oscillator
signal and the relationship with key parameters of failure are
discussed. In Section 4, the experimental framework is estab-
lished and the testing procedure is described. In Section 5,
the results of the study are summarized and future work is
discussed.

2. The Failure Mechanism and
a Nonidealized Model of MOSFETs

MOSFETs were first developed in the 1970s. They soon
replaced power bipolar junction transistors (BJTs). Unlike
BJTs, which are current controlled, MOSFETs are voltage
controlled and hence require a simple gate driver circuit. Due
to the high current-density capability, low switching loss, and
high input impedance of MOSFETs, they are the key com-
ponents in power conversions. MOSFETs play an especially
important role in high-frequency power conversions.

In SMPS,MOSFETs are mainly used for switching.When
the MOSFETs are in the on-state, they exhibit resistance
between the drain and source terminals. As shown in Figure 1,
this resistance is called 𝑅on, after the drain-to-source resis-
tance in the on-state. 𝑅on is the sum of many elementary
contributions [11].

𝑅
𝑠
is the source resistance. It represents resistances

between the source terminals of the package to the channel
of the MOSFETs. 𝑅ch is the channel resistance. For a given
die size, it is inversely proportional to the channel width
and to the channel density. For low-voltage MOSFETs, the
channel resistance is one of the main contributors to the
𝑅on. A great deal of work has been carried out to reduce
the cell size of low-voltage MOSFETs in order to increase
the channel density. 𝑅

𝑎
is the access resistance. It repre-

sents the resistance of the epitaxial zone directly under the
gate electrode, where the direction of the current changes
from horizontal (in the channel) to vertical (to the drain

Rs

Ra

Rj

Rn

Rd

Rch

Figure 1: Contribution of the different parts of the MOSFET to the
on-state resistance.

contact). 𝑅
𝑗
is the detrimental effect of the reduction in

cell size mentioned above. The 𝑃 implantations form the
gates of a parasitic transistor that tend to reduce the width
of the current flow. 𝑅

𝑛
is the resistance of the epitaxial

layer. As the role of this layer is to sustain the blocking
voltage, 𝑅

𝑛
is directly related to the voltage rating of the

device. A high-voltage MOSFET requires a thick, low-
doped layer (i.e., highly resistive), whereas a low-voltage
transistor only requires a thin layer with a higher doping
level (i.e., less resistive). As a result, 𝑅

𝑛
is the main factor

responsible for the resistance of high-voltage MOSFETs.
𝑅
𝑑
is the equivalent of 𝑅

𝑠
for the drain. It represents the

resistance of the transistor substrate and of the package
connections.

In the various aging mechanisms, thermal stress and
electrical overstresses are the most common suspects. Both
of these mechanisms cause the on-state resistance 𝑅on to
increase. In the case of thermal stress, the total on-state
resistance increases as a result of a reduction in the mobility
(𝜇) of the charge carriers [12]. This mobility reduction is
attributed to an increase in the scattering of charge carriers
with temperature.The decrease in mobility with temperature
is based on the material properties and doping levels of the
semiconductor. These changes cause the switch characteris-
tics to change and lead to premature failure. 𝑅on is the key
indicator of the degradation and state of health of MOS-
FETs [13]. When MOSFETs degrade, on-state resistance will
increase.

The equivalent circuit model of MOSFETs is shown in
Figure 2 [14]. In the MOSFETs datasheets, when drain and
source terminals are shorted, the input capacitances are often
named 𝐶iss. The output capacitances are named 𝐶oss (gate
and source shorted), and the reverse transfer capacitances
are named 𝐶rss (gate and source shorted). The relationship
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Figure 2: Equivalent circuit model of MOSFETs.

between these capacitances and those described is as follows
[15]:

𝐶iss = 𝐶gs + 𝐶gd,

𝐶oss = 𝐶gd + 𝐶ds,

𝐶rss = 𝐶gd.

(1)

𝐶gs, 𝐶gd, and 𝐶ds are the gate-to-source, gate-to-drain,
and drain-to-source capacitances, respectively [16]. 𝑅on is the
on-state resistance. Considering the effect of the distribution
parameters, 𝐿ps is the source parasitic inductance. Diode is
the body diode.

3. Analysis of the Characterization of
the Source Oscillator Signal

When MOSFETs turn on, the step inputs drive the gate. The
high level of the step signal is set as 𝐸. When MOSFETs
are suddenly subjected to step inputs, the parasitic capaci-
tance 𝐶gs starts charging. The charging voltage 𝐸 produces
a relatively high 𝑑V/𝑑𝑡. The value of 𝑑V/𝑑𝑡 is related to
the switching speed. The relationship between these two
quantities can be expressed approximately as

𝑑V
𝑑𝑡

=
𝐸

𝑡on
. (2)

𝐸 and 𝑡on are the corresponding voltage and conduction
time, respectively. Thus, the source displacement current
introduced by 𝑑V/𝑑𝑡 can be expressed as:

𝑖
𝑠
= 𝐶gs

𝑑V
𝑑𝑡

= 𝐶gs
𝐸

𝑡on
. (3)

Between drain and source, due to parasitic capacitance
𝐶ds, on-state resistance 𝑅on, and distribution inductance

𝐿ps, the source will produce an oscillator signal. The source
voltage can be expressed as

𝑉ds (𝑠) = 𝑖
𝑠
⋅ 𝑍 (𝑠)

=
𝐸

𝑡on
⋅

𝐶gs

𝐶ds
⋅

𝑆 + (𝑅on/𝐿ps)

𝑆2 + (𝑅on/𝐿p𝑠) 𝑆 + (1/𝐿ps𝐶ds)
.

(4)

The characteristic equation (4) is a second-order system.
𝑍(𝑠) is the system transfer function in the frequency domain.
When the discriminator is less than zero, the Laplace inverse
transform can be expressed as

𝑢ds (𝑡) =
𝐸

𝑡on
⋅

𝐶gs

𝐶ds
⋅ (√1 − 𝐶ds

𝑅
2

on
4𝐿ps

)

−1

⋅ e−𝛼𝑡 sin (𝑤𝑡 + 𝜃) ,

(5)

where

𝛼 =
𝑅on
2𝐿ps

, 𝑤 = √
1

𝐿ps𝐶ds
−

𝑅
2

on
4 ∗ 𝐿2ps

, 𝜃 = arctan(
𝑤

𝛼
) .

(6)

Equation (5) represents the damping oscillation curve.
The envelope of damping oscillation can be expressed as

𝑦 =
𝐸

𝑡on
⋅

𝐶gs

𝐶ds
⋅ e−𝛼𝑡. (7)

The damping coefficient is shown below in (8) as follows:

𝛼 =
𝑅on
2𝐿ps

. (8)

The oscillation frequency can be expressed as

𝜔 = √
1

𝐿ps𝐶ds
−

𝑅
2

on
4 ∗ 𝐿2ps

. (9)

Because 𝑅
2

on/(4 ∗ 𝐿
2

ps) is far less than 1/𝐿ps𝐶ds, the
oscillation frequency can be expressed as

𝜔 = √
1

𝐿ps𝐶ds
. (10)

According to (8) and (10), 𝑅on can be expressed as

𝑅on = 2 ⋅
𝛼

𝜔2𝐶ds
. (11)

When MOSFETs begin degrading, 𝑅on will increase. The
oscillation envelope of damping oscillation will change.Thus,
by the real-timemonitoring of the source damping oscillation
signal, we can obtain the trend in the variation of the key
parameter 𝑅on. From the change in 𝑅on, the paper can
estimate the state of health of MOSFETs. By means of the
above, the prognostics and health management of SMPS are
realized.
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Function generator
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Power supplyInput Output
Op map

MATLAB data processing

Data display

Data acquisitions

LabVIEW environmentMain board

Figure 3: Experimental setup.

Figure 4: The display of data.

4. Physics Experiments and the Results of
the Data Analysis

4.1. Signal Acquisition Experiments. To monitor the oscil-
lation signal and compute the degradation parameter 𝑅on,
an aging experimental platform is established. The physics
experiments are performed in specialized laboratories. The
experimental setup mainly consists of a gate drive board,
a main board, a PXI device, and a host computer. The
PXI device mainly realizes data acquisition on the basis of
LabVIEW 2012. The host computer realizes data processing
based on MATLAB 7.0. The main board is a Buck circuit.
The input voltage is biased at 6V dc. The gate drive voltage
is produced by a function generator. The gate voltage is a
square wave signal with an amplitude of 0∼10V, a frequency
of 40KHz, and a duty cycle of 50%. The amplifier is used to
ensure that enough current is available to charge the gate of
MOSFETs.

The main board houses the terminal block for the MOS-
FETs device and the BNC output ports connected to the
terminal block.The source-ground voltage (Vs), gate-ground
voltage (Vg), drain-ground voltage (Vd), and drain-source
current (Ids) are monitored in situ by the LabVIEW that
controls the PXI data acquisition card. In order to ensure
synchronous data acquisition, display, and processing, the
system applies the producer/consumermode in LabVIEW. In

Source voltage 

Butterworth low-
pass filter

Extracting the 
envelope

Computing on-state 
resistance 

Judging degradation

Fast Fourier
 transform

Figure 5: The flow chart for the processing of data.

the circulation of producers, the experimental setup realizes
the function of data acquisition and display. In the circulation
of consumers, it realizes the function of data storage.Thermal
stress is used in the study to cause device damage by applying
a controlled temperature.The experimental setup used for the
acquisition of signals is shown in Figure 3.The data display is
shown in Figure 4.

4.2. Signal Processing Experiments and Degradation Analysis.
The effects of the oscillator signal resulting from degraded
MOSFETs are evaluated by preprocessing the data. As the
MOSFETs age, 𝑅on will increase. An appreciable increase
in the damping coefficient 𝛼 is observed. Figure 5 gives the
flow chart for the processing of the data. First, the data
is filtered using a first-order Butterworth low-pass filter.
Second, the envelope of the oscillator signal is extracted.
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a normal state.
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Figure 7: The result of the FFT.

Then, the exponential damping of the “cftool toolbox” is used
to conduct curve-fitting. Finally, according to (11), the value
of on-state resistance is acquired.

After several rounds of processing, an oscillator signal
of the source from MOSFETs in normal working condition
is acquired. The oscillator signal and envelope are shown in
Figure 6. The result of the FFT is shown in Figure 7. The
fitting result is shown in Figure 8.

The fitting expression and goodness of fit whenMOSFETs
are in different states are shown in Table 1.The general model
is an exponential model. It is shown in (12) that 𝑏, 𝑐, and 𝑑 are
coefficients and 𝛼 is the damping coefficient. The evaluation
standard for curve-fitting consists of SSE, 𝑅-square, adjusted
𝑅-square, and RMSE. SSE represents the sum of squares
due to error. 𝑅-square is the coefficient of determination.
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Figure 8: The fitting result.

0 1 2 3 4 5 6
0

1

2

3

4

Normal state

×10−3t (s)

Ron degradation
Lps degradation

V
s

(V
)

Figure 9: The oscillator signal of source in different states.

Adjusted 𝑅-square represents the degree-of-freedom of the
adjusted coefficient of determination. RMSE is the root-
mean-square error.

Consider

𝐹 (𝑥) = 𝑏 ∗ exp (−𝛼 ∗ 𝑥) + 𝑐 ∗ exp (𝑑 ∗ 𝑥) . (12)

With regard to the failure modes, the potential causes
of failure involve high electric fields and high temperatures.
In this study, MOSFETs are subjected to thermal overstress
to degrade the parts. As the temperature increases, the
oscillator signal and envelope will change. Because parasitic
capacitance 𝐶ds is not prone to damage, when the oscillation
frequency remains the same, this means that the change in
the envelope is mainly caused by 𝑅on. In Figure 9, the red
and blue curves, respectively, indicate the oscillation signal in
different𝑅on degradation states.The black curve indicates the
degradation of distribution inductance 𝐿ps. WhenMOSFETs



6 Mathematical Problems in Engineering

Table 1: The results of fitting and goodness of fit.

General model Goodness of fit
𝐹(𝑥) = 𝑏 ∗ exp(−𝛼 ∗ 𝑥) + 𝑐 ∗ exp(𝑑 ∗ 𝑥) SSE 𝑅-square Adjusted 𝑅-square RMSE
𝐹(𝑥) = 1.408 ∗ exp(−1321𝑥) + 1.939 ∗ exp(−6.227𝑥) 0.1662 0.9973 0.9973 0.01689
𝐹(𝑥) = 1.423 ∗ exp(−1408𝑥) + 1.949 ∗ exp(−6.536𝑥) 0.1496 0.9975 0.9975 0.01602
𝐹(𝑥) = 1.493 ∗ exp(−1493𝑥) + 1.925 ∗ exp(−11.35𝑥) 0.1056 0.9984 0.9984 0.01346
𝐹(𝑥) = 1.604 ∗ exp(−1604𝑥) + 1.877 ∗ exp(−1.944𝑥) 0.0846 0.9986 0.9986 0.01212
𝐹(𝑥) = 1.350 ∗ exp(−1832𝑥) + 1.833 ∗ exp(−4.550𝑥) 0.0979 0.9977 0.9977 0.01304
𝐹(𝑥) = 1.368 ∗ exp(−1990𝑥) + 1.799 ∗ exp(−0.300𝑥) 0.1853 0.9953 0.9952 0.01793

Table 2: The results of states of health.

𝛼 𝜔 (Hz) Experiment 𝑅on (mΩ) Datasheet 𝑅on (mΩ) Error (%) Health
1321 1.23 ∗ 106 43.66 44 −0.77 Normal
1408 1.23 ∗ 106 46.43 44 5.52 Normal
1493 1.23 ∗ 106 48.35 44 9.89 Degradation
1604 1.23 ∗ 106 58.56 44 33.09 Degradation
1832 1.23 ∗ 106 60.64 44 37.82 Degradation
1990 1.23 ∗ 106 65.77 44 49.48 Degradation
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Figure 10: The fitting results in different states.

are different degradation states, the envelope of the oscillator
signal and the result of the FFT are, respectively, shown in
Figures 10 and 11.

Based on the results of curve-fitting, we obtain different
𝐹(𝑥)s.When and𝐶ds are obtained, according to (11), the value
of 𝑅on can be determined. The results are shown in Table 2,
with the value of the datasheet given for comparison.

As MOSFETs age, 𝑅on will increase. An increasing 𝑅on
means that the rate of oscillatory decay will increase. This
means an increase in the damping coefficient 𝛼. As seen in
Table 2, when the error is defined as being close to 10%,
MOSFETs begin to degrade from the state of normal. When
the error is greater than or equal to 50%, MOSFETs fail.
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Figure 11: The FFT results in different states.

In conclusion, through real-time monitoring and pro-
cessing the oscillator signal of source, we can obtain the
variation tendency of on-state resistance 𝑅on. Thus, we can
predict the state of health of MOSFETs.

5. Conclusions

A nonidealized model and the degradation mechanism of
MOSFETs were described in this paper. In the case of thermal
stress, the total on-state resistance 𝑅on increases as a result of
a reduction in the mobility (𝜇) of the charge carriers. Thus,
in this study, on-state resistance was identified as the key
indicator of the degradation and state of health of MOSFETs.
According to the relationship between the oscillator signal
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and 𝑅on in turn-off, on-state resistance 𝑅on can be calculated
in real-time. An experimental platform was established for
the purpose of monitoring the oscillation signal and com-
puting the degradation parameter 𝑅on. Without additional
incentives, a standard signal was used to predict the state of
degradation ofMOSFETs in a Buck circuit.The bases for, and
a method of, predicting the life and managing the health of
MOSFETswere given in this study. Future work is still needed
to construct a system for automatically predicting and giving
early warnings about the life of MOSFETs.
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This paper investigates the problem of H
∞

state-feedback control for a class of two-dimensional (2D) discrete-time Markovian
jump linear time-delay systems with defective mode information. The mathematical model of the 2D system is established based
on the well-known Fornasini-Marchesini local state-space model, and the defective mode information simultaneously consists of
the exactly known, partially unknown, and uncertain transition probabilities. By carefully analyzing the features of the transition
probability matrices, together with the convexification of uncertain domains, a new H

∞
performance analysis criterion for the

underlying system is firstly derived, and then theH
∞
state-feedback controller synthesis is developed via a linearisation technique.

It is shown that the controller gains can be constructed by solving a set of linear matrix inequalities. Finally, an illustrative example
is provided to verify the effectiveness of the proposed design method.

1. Introduction

During the past decades, two-dimensional (2D) systems have
drawn considerable attention due to their extensive appli-
cations of both theoretical and practical interests in many
modern engineering fields, such as process control (thermal
processes, gas absorption, water stream heating, etc.) [1],
multidimensional digital filtering [2], and image processing
(enhancement, deblurring, seismographic data processing,
etc.) [3]. In particular, since the well-known Roesser state-
space model and the Fornasini-Marchesini local state-space
(FMLSS) model were proposed, theory on 2D systems has
progressed greatly [4–11].

On the other hand, as a class of stochastic hybrid systems,
Markovian jump linear systems (MJLSs) have been exten-
sively investigated [12–26]. The driving force behind this is
that MJLSs can model different classes of dynamic systems
subject to random abrupt variations in their structures, for
example, manufacturing systems, power systems, and net-
worked control systems, where random failure, repairs, and
sudden environment changes may occur in Markov chains
[27–29]. It is known that MJLSs are described by a set of
classical differential (or difference) equations and a Markov

stochastic process (or Markov chain) [30]. As a decisive fac-
tor, transition probabilities (TPs) in the jumping process
determine the system behavior to a large extent and, so, far,
many studies on the analysis and synthesis of MJLSs have
been carried out in the context of perfect information on TPs
[12–15, 25]. In practice, however, defective mode information
is often encountered especially when adequate efforts to
obtain the accurate TPs are costly or time consuming.Thus, it
is more practical and interesting to study more general jump
systems with defective mode information. Recently, there
have appeared some results on the analysis and synthesis of
MJLSs with uncertain TPs or partially unknown TPs [26, 31–
38]. To mention a few, the authors in [31] studied the H

∞

filter synthesis problem for a class of MJLSs with partially
unknown TPs; The author in [32] considered the robust
stability analysis and stabilization problems for a class of
MJLSs with polytopic uncertain TPs; the authors in [36]
addressed the robust stability analysis problem for a class of
MJLSs with norm-bounded uncertain TPs.

However, the above-mentioned works were only con-
cerned with one-dimensional (1D) systems. Inevitably, when
2D systems are employed to model dynamic systems with
random abrupt changes in their structures or parameters
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such as chemical process control, themathematical modeling
of such physical systems would be naturally dependent on
jumping parameters. For example, information propagation
occurs from pass to pass and along a given pass in a gas
absorption, water stream heating, and air drying [39]. There-
fore, 2D MJLSs emerge as a more reasonable description to
account for the parameter jumping phenomenon and have
a great potential in engineering applications. Recently, the
stability analysis and synthesis of discrete-time delay-free 2D
MJLSs described by Roesser model were reported in [39, 40],
which are obtained based on the traditional assumption of
complete knowledge on TPs. To the authors’ best knowledge,
the analysis and synthesis for 2DMJLSs with state-delays and
defective mode information have not drawn much attention
yet, which motivates us for this study.

In this paper, the H
∞

control problem for a class of 2D
discrete-time MJLSs with state-delays and defective mode
information will be studied. The mathematical model of the
2D system is established in terms of the FMLSSmodel subject
to state-delays, and the defective mode information simulta-
neously includes the exactly known, partially unknown and
uncertain TPs. By fully considering the properties of the
transition probabilitymatrices, together with the convexifica-
tion of uncertain domains, a new H

∞
performance analysis

criterion for the closed-loop system will be firstly derived. By
a linearisation procedure, the corresponding H

∞
controller

synthesis will then be converted into a convex optimization
problem in terms of a set of linear matrix inequalities.
Finally, an illustrative example will be performed to show the
effectiveness of the proposed controller synthesis method.

Notations. The notations used throughout the paper are stan-
dard. R𝑛 and R𝑚×𝑛 denote, respectively, the 𝑛-dimensional
Euclidean space and the set of all 𝑚 × 𝑛 real matrices; N+
represents the sets of positive integers; the notation 𝑃 > 0

means that 𝑃 is real symmetric and positive definite; I and 0
represent the identity matrix and a zero matrix, respectively;
(S,F,P) denotes a complete probability space, in which
S is the sample space, F is the 𝜎 algebra of subsets of
the sample space, and P is the probability measure on F;
E[⋅] stands for the mathematical expectation; ‖ ⋅ ‖ refers
to the Euclidean norm of a vector or its induced norm
of a matrix; 𝑙

2
{[0,∞), [0,∞)} denotes the space of square

summable sequences on {[0,∞), [0,∞)}. Matrices, if not
explicitly stated, are assumed to have appropriate dimensions
for algebra operations.

2. Problem Formulation and Preliminaries

Fix a complete probability space (S,F,P) and consider the
following two-dimensional (2D) discrete-time Markovian
jump linear systems (MJLSs), described by the Fornasini-
Marchesini local state-space (FMLSS) model with time-
delays in the states:

(Σ) : 𝑥 (𝑖 + 1, 𝑗 + 1) = 𝐴
1
(𝑟 (𝑖, 𝑗 + 1)) 𝑥 (𝑖, 𝑗 + 1)

+ 𝐴
2
(𝑟 (𝑖 + 1, 𝑗)) 𝑥 (𝑖 + 1, 𝑗)

+ 𝐴
𝑑1

(𝑟 (𝑖, 𝑗 + 1)) 𝑥 (𝑖 − 𝑑
1
, 𝑗 + 1)

+ 𝐴
𝑑2

(𝑟 (𝑖 + 1, 𝑗)) 𝑥 (𝑖 + 1, 𝑗 − 𝑑
2
)

+ 𝐵
1
(𝑟 (𝑖, 𝑗 + 1)) 𝑢 (𝑖, 𝑗 + 1)

+ 𝐵
2
(𝑟 (𝑖 + 1, 𝑗)) 𝑢 (𝑖 + 1, 𝑗)

+ 𝐷
1
(𝑟 (𝑖, 𝑗 + 1))𝑤 (𝑖, 𝑗 + 1)

+ 𝐷
2
(𝑟 (𝑖 + 1, 𝑗)) 𝑤 (𝑖 + 1, 𝑗) ,

𝑧 (𝑖, 𝑗) = 𝐶 (𝑟 (𝑖, 𝑗)) 𝑥 (𝑖, 𝑗) + 𝐵
3
(𝑟 (𝑖, 𝑗)) 𝑢 (𝑖, 𝑗)

+ 𝐷
3
(𝑟 (𝑖, 𝑗)) 𝑤 (𝑖, 𝑗) ,

(1)

where 𝑥(𝑖, 𝑗) ∈ R𝑛𝑥 is the state vector; 𝑢(𝑖, 𝑗) ∈ R𝑛𝑢 is the
control input; 𝑧(𝑖, 𝑗) ∈ R𝑛𝑧 is the controlled output; 𝑤(𝑖, 𝑗) ∈

R𝑛𝑤 denotes the disturbance input vector which belongs to
𝑙
2
{[0,∞), [0,∞)}; and 𝑑

1
and 𝑑

2
are two constant positive

integers representing delays along vertical and horizon-
tal directions, respectively. 𝐴

1
(𝑟(𝑖, 𝑗 + 1)), 𝐴

2
(𝑟(𝑖 + 1, 𝑗)),

𝐴
𝑑1

(𝑟(𝑖, 𝑗 + 1)), 𝐴
𝑑2

(𝑟(𝑖 + 1, 𝑗)), 𝐵
1
(𝑟(𝑖, 𝑗 + 1)), 𝐵

2
(𝑟(𝑖 +

1, 𝑗)),𝐷
1
(𝑟(𝑖, 𝑗 + 1)),𝐷

2
(𝑟(𝑖 + 1, 𝑗)), 𝐶(𝑟(𝑖, 𝑗)), 𝐵

3
(𝑟(𝑖, 𝑗)), and

𝐷
3
(𝑟(𝑖, 𝑗)) are real-valued system matrices. These matrices

are functions of 𝑟(𝑖, 𝑗), which is described by a discrete-time,
discrete-state homogeneous Markov chain with a finite-state
spaceI := {1, . . . , 𝑁}, and a stationary transition probability
matrix (TPM) Π = [𝜋

𝑚𝑛
]
𝑁×𝑁

, where

𝜋
𝑚𝑛

= Pr (𝑟 (𝑖 + 1, 𝑗 + 1) = 𝑛 | 𝑟 (𝑖, 𝑗 + 1) = 𝑚)

= Pr (𝑟 (𝑖 + 1, 𝑗+1) = 𝑛 | 𝑟 (𝑖+1, 𝑗) = 𝑚) , ∀𝑚, 𝑛 ∈ I,

(2)

with 𝜋
𝑚𝑛

≥ 0 and ∑
𝑁

𝑛=1
𝜋
𝑚𝑛

= 1. For 𝑟(𝑖 + 1, 𝑗) = 𝑚 ∈

I or 𝑟(𝑖, 𝑗 + 1) = 𝑚 ∈ I, the system matrices of the
𝑚th mode are denoted by (𝐴

1𝑚
, 𝐴
2𝑚

, 𝐴
𝑑1𝑚

, 𝐴
𝑑2𝑚

, 𝐵
1𝑚

, 𝐵
2𝑚

,

𝐷
1𝑚

, 𝐷
2𝑚

, 𝐶
𝑚
, 𝐵
3𝑚

, 𝐷
3𝑚

), which are known and with appro-
priate dimensions. Unless otherwise stated, similar simplifi-
cation is also applied to other matrices in the following.

In this paper, the transition probabilities (TPs) of the
jumping process are assumed to be uncertain and partially
accessed; that is, the TPM Π = [𝜋

𝑚𝑛
]
𝑁×𝑁

is assumed
to belong to a given polytope P

Π
with vertices Π

𝑠
, 𝑠 =

1, 2, . . . ,𝑀, P
Π

:= {Π | Π = ∑
𝑀

𝑠=1
𝛼
𝑠
Π
𝑠
; 𝛼
𝑠
≥ 0, ∑

𝑀

𝑠=1
𝛼
𝑠
= 1},

where Π
𝑠
= [𝜋
𝑚𝑛

]
𝑁×𝑁

, 𝑚, 𝑛 ∈ I, are given TPMs containing
unknown elements still. For instance, for system (Σ)with four
operation modes, the TPMmay be as

[
[
[

[

𝜋
11

𝜋̃
12

𝜋̂
13

𝜋
14

𝜋̂
21

𝜋
22

𝜋̃
23

𝜋
24

𝜋
31

𝜋̂
32

𝜋
33

𝜋̂
34

𝜋
41

𝜋̃
42

𝜋̂
43

𝜋̂
44

]
]
]

]

, (3)

where the elements labeled with “̂” and “∼” represent the
unknown information and polytopic uncertainties on TPs,
respectively, and the others are known TPs. For notational
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clarity, for all𝑚 ∈ I, we denoteI = I
(𝑚)

K
∪I
(𝑚)

UC
∪I
(𝑚)

UK
as

follows:

I
(𝑚)

K := {𝑛 : 𝜋
𝑚𝑛

is known} ,

I
(𝑚)

UC := {𝑛 : 𝜋̃
𝑚𝑛

is uncertain} ,

I
(𝑚)

UK := {𝑛 : 𝜋̂
𝑚𝑛

is unknown} .

(4)

Moreover, ifI(𝑚)
K

̸= 0 andI
(𝑚)

UC
̸= 0, it is further described as

I
(𝑚)

K := {K
1(𝑚)

, . . . ,K
𝑡(𝑚)

} , ∀1 ≤ 𝑡
(𝑚)

≤ 𝑁 − 2,

I
(𝑚)

UC := {U
1(𝑚)

, . . . ,UV(𝑚)} , ∀1 ≤ V
(𝑚)

≤ 𝑁,

(5)

where K
𝑡(𝑚)

∈ N+ represents the 𝑡
(𝑚)

th known element with
the index K

𝑡(𝑚)
in the 𝑚th row of the TPM and UV(𝑚) ∈ N+

represents the V
(𝑚)

th uncertain element with the index UV(𝑚)
in the 𝑚th row of the TPM. Obviously, 1 ≤ 𝑡

(𝑚)
+ V
(𝑚)

≤ 𝑁.
Also, we denote

𝜋
(𝑚𝑠)

UK := ∑

𝑛∈I
(𝑚)

UK

𝜋̂
𝑚𝑛

= 1 − ∑

𝑛∈I
(𝑚)

K

𝜋
𝑚𝑛

− ∑

𝑛∈I
(𝑚)

UC

𝜋̃
(𝑠)

𝑚𝑛
, (6)

where 𝜋̃
(𝑠)

𝑚𝑛
represents an uncertain TP in the 𝑠th polytope, for

all 𝑠 = 1, . . . ,𝑀.
The boundary conditions of system (Σ) in (1) are defined

by

{𝑥 (𝑖, 𝑗) = 𝜙 (𝑖, 𝑗) , ∀𝑗 ≥ 0, −𝑑
1
≤ 𝑖 ≤ 0} ,

{𝑥 (𝑖, 𝑗) = 𝜑 (𝑖, 𝑗) , ∀𝑖 ≥ 0, −𝑑
2
≤ 𝑗 ≤ 0} ,

𝜙 (0, 0) = 𝜑 (0, 0) .

(7)

Throughout this paper, the following assumption is made.

Assumption 1. The boundary conditions are assumed to sat-
isfy

lim
𝑇1→∞

E
{

{

{

𝑇1

∑

𝑗=0

0

∑

𝑖=−𝑑1

(𝜙
T
(𝑖, 𝑗) 𝜙 (𝑖, 𝑗))

}

}

}

+ lim
𝑇2→∞

E
{

{

{

𝑇2

∑

𝑖=0

0

∑

𝑗=−𝑑2

(𝜑
T
(𝑖, 𝑗) 𝜑 (𝑖, 𝑗))

}

}

}

< ∞.

(8)

In this paper, we are interested in the H
∞

controller
synthesis forMJLSs (1).The followingmode-dependent state-
feedback control law is used:

𝑢 (𝑖, 𝑗) = 𝐾 (𝑟 (𝑖, 𝑗)) 𝑥 (𝑖, 𝑗) , (9)

where 𝐾(𝑟(𝑖, 𝑗)) ∈ R𝑛𝑢×𝑛𝑥 .

Then the corresponding closed-loop system can be repre-
sented as follows:

(Σ) : 𝑥 (𝑖 + 1, 𝑗 + 1) = 𝐴
1
(𝑟 (𝑖, 𝑗 + 1)) 𝑥 (𝑖, 𝑗 + 1)

+ 𝐴
2
(𝑟 (𝑖 + 1, 𝑗)) 𝑥 (𝑖 + 1, 𝑗)

+ 𝐴
𝑑1

(𝑟 (𝑖, 𝑗 + 1)) 𝑥 (𝑖 − 𝑑
1
, 𝑗 + 1)

+ 𝐴
𝑑2

(𝑟 (𝑖 + 1, 𝑗)) 𝑥 (𝑖 + 1, 𝑗 − 𝑑
2
)

+ 𝐷
1
(𝑟 (𝑖, 𝑗 + 1))𝑤 (𝑖, 𝑗 + 1)

+ 𝐷
2
(𝑟 (𝑖 + 1, 𝑗)) 𝑤 (𝑖 + 1, 𝑗) ,

𝑧 (𝑖, 𝑗) = 𝐶 (𝑟 (𝑖, 𝑗)) 𝑥 (𝑖, 𝑗) + 𝐷
3
(𝑟 (𝑖, 𝑗)) 𝑤 (𝑖, 𝑗) ,

(10)

where

𝐴
1
(𝑟 (𝑖, 𝑗 + 1))

:= 𝐴
1
(𝑟 (𝑖, 𝑗 + 1)) + 𝐵

1
(𝑟 (𝑖, 𝑗 + 1))𝐾 (𝑟 (𝑖, 𝑗 + 1)) ,

𝐴
2
(𝑟 (𝑖 + 1, 𝑗))

:= 𝐴
2
(𝑟 (𝑖 + 1, 𝑗)) + 𝐵

2
(𝑟 (𝑖 + 1, 𝑗))𝐾 (𝑟 (𝑖 + 1, 𝑗)) ,

𝐶 (𝑟 (𝑖, 𝑗)) := 𝐶 (𝑟 (𝑖, 𝑗)) + 𝐵
3
(𝑟 (𝑖, 𝑗))𝐾 (𝑟 (𝑖, 𝑗)) .

(11)

Before proceeding further, we introduce the following
definitions.

Definition 2. System (10) is said to be stochastically stable if,
for𝑤(𝑖, 𝑗) = 0 and the boundary conditions satisfying (8), the
following condition holds:

E
{

{

{

∞

∑

𝑖=0

∞

∑

𝑗=0

(
󵄩󵄩󵄩󵄩𝑥 (𝑖, 𝑗 + 1)

󵄩󵄩󵄩󵄩

2

+
󵄩󵄩󵄩󵄩𝑥 (𝑖 + 1, 𝑗)

󵄩󵄩󵄩󵄩

2

)

}

}

}

< ∞. (12)

Definition 3. Given a scalar 𝛾 > 0, system (10) is said to
be stochastically stable with an H

∞
disturbance attenuation

performance index 𝛾 if it is stochastically stable with𝑤(𝑖, 𝑗) =

0, and under zero boundary conditions 𝜙(𝑖, 𝑗) = 𝜑(𝑖, 𝑗) = 0

in (7), for all nonzero, 𝑤 ∈ 𝑙
2
{[0,∞), [0,∞)} satisfies

‖𝑧̃‖E2
< 𝛾‖𝑤‖

2
, (13)

where

‖𝑧̃‖E2
:= √E

{

{

{

∞

∑

𝑖=0

∞

∑

𝑗=0

(
󵄩󵄩󵄩󵄩𝑧 (𝑖, 𝑗 + 1)

󵄩󵄩󵄩󵄩

2

+
󵄩󵄩󵄩󵄩𝑧 (𝑖 + 1, 𝑗)

󵄩󵄩󵄩󵄩

2

)

}

}

}

,

‖𝑤‖
2

:= √

∞

∑

𝑖=0

∞

∑

𝑗=0

(
󵄩󵄩󵄩󵄩𝑤(𝑖, 𝑗 + 1)

󵄩󵄩󵄩󵄩

2

+
󵄩󵄩󵄩󵄩𝑤(𝑖 + 1, 𝑗)

󵄩󵄩󵄩󵄩

2

).

(14)
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Therefore, the purpose of this paper is to design a mode-
dependent H

∞
state-feedback controller in the form of (9),

such that the resulting closed-loop system (10) with defective
mode information is stochastically stable with a prescribed
H
∞

performance index 𝛾.

3. Main Results

In this section, based on a Markovian Lyapunov-Krasovskii
functional (MLKF), a new formulation of bounded real
lemma (BRL) for the two-dimensional (2D)Markovian jump
linear system (MJLS) (10) with state-delays and defective
mode information will be firstly given. Then, via a lineari-
sation procedure, theH

∞
controller synthesis will be devel-

oped.

3.1.H
∞

Performance Analysis. In this subsection, by invok-
ing the properties of the transition probability matrices
(TPMs), together with the convexification of uncertain
domains, an H

∞
performance analysis criterion for the

closed-loop system (10) with state-delays and defective mode
information is presented, which will play a significant role in
solving theH

∞
controller synthesis problem.

Proposition 4. The 2D MJLS in (10) with state-delays and
defective mode information is stochastically stable with a guar-
anteedH

∞
performance 𝛾 if the matrices {𝑃

1𝑚
, 𝑃
2𝑚

, 𝑄
1
, 𝑄
2
} ∈

R𝑛𝑥×𝑛𝑥 , with 𝑃
1𝑚

> 0, 𝑃
2𝑚

> 0, 𝑄
1
> 0, and 𝑄

2
> 0,𝑚 ∈ I,

such that the following matrix inequalities hold:

A
T
𝑚
P
(𝑠)

𝑛
A
𝑚

+ C
T
𝑚
C
𝑚

+ Θ
𝑚

< 0,

𝑚 ∈ I, 𝑛 ∈ I
(𝑚)

UK, 𝑠 = 1, . . . ,𝑀,

(15)

where

Θ
𝑚

:= diag {−𝑃
1𝑚

+ 𝑄
1
, −𝑃
2𝑚

+ 𝑄
2
, −𝑄
1
, −𝑄
2
, −𝛾
2I, −𝛾

2I} ,

A
𝑚

:= [𝐴
1𝑚

𝐴
2𝑚

𝐴
𝑑1𝑚

𝐴
𝑑2𝑚

𝐷
1𝑚

𝐷
2𝑚

] ,

C
𝑚

:= [
𝐶
𝑚

0 0
𝑛𝑧×2𝑛𝑥

𝐷
3𝑚

0
0 𝐶
𝑚

0
𝑛𝑧×2𝑛𝑥

0 𝐷
3𝑚

] ,

P
(𝑠)

𝑛
:= ∑

𝑛∈I
(𝑚)

K

𝜋
𝑚𝑛

(𝑃
1𝑛

+ 𝑃
2𝑛
)

+ ∑

𝑛∈I
(𝑚)

UC

𝜋̃
(𝑠)

𝑚𝑛
(𝑃
1𝑛

+ 𝑃
2𝑛
) + 𝜋

(𝑚𝑠)

UK (𝑃
1𝑛

+ 𝑃
2𝑛
)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝑛∈I
(𝑚)

UK

,

𝜋
(𝑚𝑠)

UK := 1 − ∑

𝑛∈I
(𝑚)

K

𝜋
𝑚𝑛

− ∑

𝑛∈I
(𝑚)

UC

𝜋̃
(𝑠)

𝑚𝑛
.

(16)

Proof. Consider the following MLKF for the 2D MJLS (10):

𝑉 (𝑖, 𝑗) :=

2

∑

𝑘=1

𝑉
𝑘
(𝑥 (𝑖, 𝑗 + 1) , 𝑟 (𝑖, 𝑗 + 1))

+

4

∑

𝑘=3

𝑉
𝑘
(𝑥 (𝑖 + 1, 𝑗) , 𝑟 (𝑖 + 1, 𝑗)) ,

(17)

where

𝑉
1
(𝑥 (𝑖, 𝑗 + 1) , 𝑟 (𝑖, 𝑗 + 1))

:= 𝑥
T
(𝑖, 𝑗 + 1) 𝑃

1
(𝑟 (𝑖, 𝑗 + 1)) 𝑥 (𝑖, 𝑗 + 1) ,

𝑉
2
(𝑥 (𝑖, 𝑗 + 1) , 𝑟 (𝑖, 𝑗 + 1))

:=

𝑖−1

∑

𝑘=𝑖−𝑑1

𝑥
T
(𝑘, 𝑗 + 1)𝑄

1
𝑥 (𝑘, 𝑗 + 1) ,

𝑉
3
(𝑥 (𝑖 + 1, 𝑗) , 𝑟 (𝑖 + 1, 𝑗))

:= 𝑥
T
(𝑖 + 1, 𝑗) 𝑃

2
(𝑟 (𝑖 + 1, 𝑗)) 𝑥 (𝑖 + 1, 𝑗) ,

𝑉
4
(𝑥 (𝑖 + 1, 𝑗) , 𝑟 (𝑖 + 1, 𝑗))

:=

𝑗−1

∑

𝑘=𝑗−𝑑2

𝑥
T
(𝑖 + 1, 𝑘) 𝑄

2
𝑥 (𝑖 + 1, 𝑘) .

(18)

Then, based on the MLKF defined in (17), it is known
that the following condition (19) guarantees that the 2D
closed-loop system (10) is stochastically stable with an H

∞

performance 𝛾 under zero boundary conditions for any
nonzero 𝑤(𝑖, 𝑗) ∈ 𝑙

2
{[0,∞), [0,∞)}:

Ω := Δ𝑉 (𝑖, 𝑗) + ‖𝑧̃‖
2

E2
− 𝛾
2

‖𝑤‖
2

2
< 0, (19)

where

Δ𝑉 (𝑖, 𝑗) := E{

2

∑

𝑘=1

𝑉
𝑘
(𝑥 (𝑖 + 1, 𝑗 + 1) , 𝑟 (𝑖 + 1, 𝑗 + 1)) |

𝑥 (𝑖, 𝑗 + 1) , 𝑟 (𝑖, 𝑗 + 1) = 𝑚}

+ E{

4

∑

𝑘=3

𝑉
𝑘
(𝑥 (𝑖 + 1, 𝑗 + 1) , 𝑟 (𝑖 + 1, 𝑗 + 1)) |

𝑥 (𝑖 + 1, 𝑗) , 𝑟 (𝑖 + 1, 𝑗) = 𝑚}
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−

2

∑

𝑘=1

𝑉
𝑘
(𝑥 (𝑖, 𝑗 + 1) , 𝑟 (𝑖, 𝑗 + 1))

−

4

∑

𝑘=3

𝑉
𝑘
(𝑥 (𝑖 + 1, 𝑗) , 𝑟 (𝑖 + 1, 𝑗)) ,

(20)

and ‖𝑧̃‖E2
and ‖𝑤‖

2
are defined in (14).

Taking the time difference of𝑉(𝑖, 𝑗) along the trajectories
of the 2D system in (10) yields

Δ𝑉
1
:= E [𝑉

1
(𝑥 (𝑖 + 1, 𝑗 + 1) , 𝑟 (𝑖 + 1, 𝑗 + 1)) |

𝑥 (𝑖, 𝑗 + 1) , 𝑟 (𝑖, 𝑗 + 1) = 𝑚]

− 𝑉
1
(𝑥 (𝑖, 𝑗 + 1) , 𝑟 (𝑖, 𝑗 + 1))

= 𝑥
T
(𝑖 + 1, 𝑗 + 1)( ∑

𝑛∈I

𝜋
𝑚𝑛

𝑃
1𝑛
)𝑥 (𝑖 + 1, 𝑗 + 1)

− 𝑥
T
(𝑖, 𝑗 + 1) 𝑃

1𝑚
𝑥 (𝑖, 𝑗 + 1)

= 𝑥
T
(𝑖 + 1, 𝑗 + 1)

× ( ∑

𝑛∈I
(𝑚)

K

𝜋
𝑚𝑛

𝑃
1𝑛

+ ∑

𝑛∈I
(𝑚)

UC

(

𝑀

∑

𝑠=1

𝛼
𝑠
𝜋̃
(𝑠)

𝑚𝑛
)𝑃
1𝑛

+ ∑

𝑛∈I
(𝑚)

UK

𝜋̂
𝑚𝑛

𝑃
1𝑛
)

× 𝑥 (𝑖 + 1, 𝑗 + 1) − 𝑥
T
(𝑖, 𝑗 + 1) 𝑃

1𝑚
𝑥 (𝑖, 𝑗 + 1) ,

Δ𝑉
2
:= E [𝑉

2
(𝑥 (𝑖 + 1, 𝑗 + 1) , 𝑟 (𝑖 + 1, 𝑗 + 1)) |

𝑥 (𝑖, 𝑗 + 1) , 𝑟 (𝑖, 𝑗 + 1) = 𝑚]

− 𝑉
2
(𝑥 (𝑖, 𝑗 + 1) , 𝑟 (𝑖, 𝑗 + 1))

= 𝑥
T
(𝑖, 𝑗 + 1)𝑄

1
𝑥 (𝑖, 𝑗 + 1)

− 𝑥
T
(𝑖 − 𝑑
1
, 𝑗 + 1)𝑄

1
𝑥 (𝑖 − 𝑑

1
, 𝑗 + 1) ,

Δ𝑉
3
:= E [𝑉

3
(𝑥 (𝑖 + 1, 𝑗 + 1) , 𝑟 (𝑖 + 1, 𝑗 + 1)) |

𝑥 (𝑖 + 1, 𝑗) , 𝑟 (𝑖 + 1, 𝑗) = 𝑚]

− 𝑉
3
(𝑥 (𝑖 + 1, 𝑗) , 𝑟 (𝑖 + 1, 𝑗))

= 𝑥
T
(𝑖 + 1, 𝑗 + 1)( ∑

𝑛∈I

𝜋
𝑚𝑛

𝑃
2𝑛
)𝑥 (𝑖 + 1, 𝑗 + 1)

− 𝑥
T
(𝑖 + 1, 𝑗) 𝑃

2𝑚
𝑥 (𝑖 + 1, 𝑗)

= 𝑥
T
(𝑖 + 1, 𝑗 + 1)

× ( ∑

𝑛∈I
(𝑚)

K

𝜋
𝑚𝑛

𝑃
2𝑛

+ ∑

𝑛∈I
(𝑚)

UC

(

𝑀

∑

𝑠=1

𝛼
𝑠
𝜋̃
(𝑠)

𝑚𝑛
)𝑃
2𝑛

+ ∑

𝑛∈I
(𝑚)

UK

𝜋̂
𝑚𝑛

𝑃
2𝑛
)

× 𝑥 (𝑖 + 1, 𝑗 + 1) − 𝑥
T
(𝑖 + 1, 𝑗) 𝑃

2𝑚
𝑥 (𝑖 + 1, 𝑗) ,

Δ𝑉
4
:= E [𝑉

4
(𝑥 (𝑖 + 1, 𝑗 + 1) , 𝑟 (𝑖 + 1, 𝑗 + 1)) |

𝑥 (𝑖 + 1, 𝑗) , 𝑟 (𝑖 + 1, 𝑗) = 𝑚]

− 𝑉
4
(𝑥 (𝑖 + 1, 𝑗) , 𝑟 (𝑖 + 1, 𝑗))

= 𝑥
T
(𝑖 + 1, 𝑗) 𝑄

2
𝑥 (𝑖 + 1, 𝑗)

− 𝑥
T
(𝑖 + 1, 𝑗 − 𝑑

2
) 𝑄
2
𝑥 (𝑖 + 1, 𝑗 − 𝑑

2
) .

(21)

Therefore, based on the MLKF defined in (17), together with
consideration of (10) and (21), we have

Ω = 𝜍
T
(𝑖, 𝑗) [A

T
𝑚

(P
1𝑛

+ P
2𝑛
)A
𝑚

+ C
T
𝑚
C
𝑚

+ Θ
𝑚
]

× 𝜍 (𝑖, 𝑗) , 𝑚, 𝑛 ∈ I,

(22)

where

𝜍 (𝑖, 𝑗) := [𝑥
T
(𝑖, 𝑗 + 1) 𝑥

T
(𝑖 + 1, 𝑗) 𝑥

T
(𝑖 − 𝑑
1
, 𝑗 + 1)

𝑥
T
(𝑖 + 1, 𝑗 − 𝑑

2
) 𝑤

T
(𝑖, 𝑗 + 1) 𝑤

T
(𝑖 + 1, 𝑗) ]

T
,

Θ
𝑚

:= diag {−𝑃
1𝑚

+ 𝑄
1
, −𝑃
2𝑚

+ 𝑄
2
, −𝑄
1
, −𝑄
2
, −𝛾
2I, −𝛾

2I} ,

A
𝑚

:= [𝐴
1𝑚

𝐴
2𝑚

𝐴
𝑑1𝑚

𝐴
𝑑2𝑚

𝐷
1𝑚

𝐷
2𝑚

] ,

C
𝑚

:= [
𝐶
𝑚

0 0
𝑛𝑧×2𝑛𝑥

𝐷
3𝑚

0
0 𝐶
𝑚

0
𝑛𝑧×2𝑛𝑥

0 𝐷
3𝑚

] ,

P
𝑙𝑛

:= ∑

𝑛∈I
(𝑚)

K

𝜋
𝑚𝑛

𝑃
𝑙𝑛

+ ∑

𝑛∈I
(𝑚)

UC

(

𝑀

∑

𝑠=1

𝛼
𝑠
𝜋̃
(𝑠)

𝑚𝑛
)𝑃
𝑙𝑛

+ ∑

𝑛∈I
(𝑚)

UK

𝜋̂
𝑚𝑛

𝑃
𝑙𝑛
, 𝑙 = 1, 2.

(23)
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Considering the fact that 0 ≤ 𝛼
𝑠
≤ 1, ∑𝑀

𝑠=1
𝛼
𝑠
= 1, and 0 ≤

𝜋̂
𝑚𝑛

/𝜋
(𝑚𝑠)

UK
≤ 1,∑

𝑛∈I
(𝑚)

UK

(𝜋̂
𝑚𝑛

/𝜋
(𝑚𝑠)

UK
) = 1, (22) can be rewritten

as

Ω =

𝑀

∑

𝑠=1

𝛼
𝑠

∑

𝑛∈I
(𝑚)

UK

𝜋̂
𝑚𝑛

𝜋
(𝑚𝑠)

UK

× [𝜍
T
(𝑖, 𝑗) [A

T
𝑚
P
(𝑠)

𝑛
A
𝑚

+ C
T
𝑚
C
𝑚

+ Θ
𝑚
] 𝜍 (𝑖, 𝑗)] ,

𝑚 ∈ I, 𝑛 ∈ I
(𝑚)

UK, 𝑠 = 1, . . . ,𝑀,

(24)

where

P
(𝑠)

𝑛
:= ∑

𝑛∈I
(𝑚)

K

𝜋
𝑚𝑛

(𝑃
1𝑛

+ 𝑃
2𝑛
) + ∑

𝑛∈I
(𝑚)

UC

𝜋̃
(𝑠)

𝑚𝑛
(𝑃
1𝑛

+ 𝑃
2𝑛
)

+ 𝜋
(𝑚𝑠)

UK (𝑃
1𝑛

+ 𝑃
2𝑛
)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝑛∈I
(𝑚)

UK

,

𝜋
(𝑚𝑠)

UK := 1 − ∑

𝑛∈I
(𝑚)

K

𝜋
𝑚𝑛

− ∑

𝑛∈I
(𝑚)

UC

𝜋̃
(𝑠)

𝑚𝑛
.

(25)
According to (24), it is easy to see that (19) holds if and

only if, for all 𝑠 = 1, . . . ,𝑀,

𝜍
T
(𝑖, 𝑗) [A

T
𝑚
P
(𝑠)

𝑛
A
𝑚

+ C
T
𝑚
C
𝑚

+ Θ
𝑚
] 𝜍 (𝑖, 𝑗) < 0,

𝑚 ∈ I, 𝑛 ∈ I
(𝑚)

UK,

(26)

which is implied by condition (15). This completes the proof.

Remark 5. By fully considering the properties of TPMs,
together with the convexification of uncertain domains, a
new version of BRL has been derived for the 2D MJLS
(10) with state-delays and defective mode information in
Proposition 4. It is worth mentioning that the results for
Fornasini-Marchesini local state-space (FMLSS) model (10)
could be readily applied to Roesser model after the similar
transformation as performed in [8]. It is also noted that the
condition given in (15) is nonconvex due to the presence of
product terms between the Lyapunov matrices and system
matrices. For the matrix inequality linearisation purpose,
in the following, we shall make a decoupling between the
Lyapunov matrices and system matrices, which will be con-
venient for controller synthesis purpose.

In the sequel, we focus on theH
∞
controller design based

on the analysis condition given in Proposition 4.

3.2. H
∞

Controller Synthesis. In this subsection, based on a
linearisation procedure, a unified framework for the solvabil-
ity of theH

∞
controller synthesis problem will be proposed.

It will be shown that the parametrised representations of

the controller gains can be constructed in terms of the feasible
solutions to a set of strict linear matrix inequalities (LMIs).

Theorem 6. Consider 2D MJLS (1) with state-delays and
defective mode information and the state-feedback controller
in the form of (9). The closed-loop system (10) is stochastically
stable with an H

∞
performance 𝛾 if there exist matrices

{𝑋
1𝑚

, 𝑋
2𝑚

, 𝑅
1
, 𝑅
2
} ∈ R𝑛𝑥×𝑛𝑥 , with 𝑋

1𝑚
> 0, 𝑋

2𝑚
> 0, 𝑅

1
> 0,

and 𝑅
2

> 0 and matrices 𝐺
𝑚

∈ R𝑛𝑥×𝑛𝑥 and 𝐾
𝑚

∈ R𝑛𝑢×𝑛𝑥 ,
𝑚 ∈ I, such that the following LMIs hold:

[
[
[
[
[
[

[

−X
(𝑚)

1𝑛
0 0 ϝ

(𝑠)

𝑚
A
𝑚

0
∗ −X

(𝑚)

2𝑛
0 ϝ
(𝑠)

𝑚
A
𝑚

0
∗ ∗ −I C

𝑚
0

∗ ∗ ∗ −Θ
𝑚

G
𝑚

∗ ∗ ∗ ∗ −R

]
]
]
]
]
]

]

< 0,

𝑚 ∈ I, 𝑛 ∈ I
(𝑚)

UK, 𝑠 = 1, . . . ,𝑀,

(27)

where

X
(𝑚)

𝑙𝑛

:= diag {𝑋
𝑙K1(𝑚)

, . . . , 𝑋
𝑙K𝑡(𝑚)

, 𝑋
𝑙U1(𝑚)

, . . . , 𝑋
𝑙UV(𝑚)

, 𝑋
𝑙𝑛
} ,

𝑙 = 1, 2,

ϝ
(𝑠)

𝑚
:= [√𝜋

𝑚K1(𝑚)
I, . . . , √𝜋

𝑚K𝑡(𝑚)
I, √𝜋̃
(𝑠)

𝑚U1(𝑚)
I, . . . ,

√𝜋̃
(𝑠)

𝑚UV(𝑚)
I, √𝜋
(𝑚𝑠)

UK
I] ,

A
𝑚

:= [A
1𝑚

A
2𝑚

𝐴
𝑑1𝑚

𝑅
1

𝐴
𝑑2𝑚

𝑅
2

𝐷
1𝑚

𝐷
2𝑚

] ,

C
𝑚

:= [
C
𝑚

0 0
𝑛𝑧×2𝑛𝑥

𝐷
3𝑚

0
0 C

𝑚
0
𝑛𝑧×2𝑛𝑥

0 𝐷
3𝑚

] ,

Θ
𝑚

:= diag {𝐺
𝑚

+ 𝐺
T
𝑚

− 𝑋
1𝑚

, 𝐺
𝑚

+ 𝐺
T
𝑚

− 𝑋
2𝑚

,R, 𝛾
2I, 𝛾2I} ,

R := diag {𝑅
1
, 𝑅
2
} ,

G
𝑚

:= [
𝐺
𝑚

0 0
𝑛𝑥×2(𝑛𝑥+𝑛𝑤)

0 𝐺
𝑚

0
𝑛𝑥×2(𝑛𝑥+𝑛𝑤)

]

T

,

A
𝑙𝑚

:= 𝐴
𝑙𝑚

+ 𝐵
𝑙𝑚

𝐾
𝑚
,

C
𝑚

:= 𝐶
𝑚

+ 𝐵
3𝑚

𝐾
𝑚
,

𝜋
(𝑚𝑠)

UK := 1 − ∑

𝑛∈I
(𝑚)

K

𝜋
𝑚𝑛

− ∑

𝑛∈I
(𝑚)

UC

𝜋̃
(𝑠)

𝑚𝑛
.

(28)

Moreover, if the above conditions have a set of feasible
solutions (𝑋

1𝑚
, 𝑋
2𝑚

, 𝑅
1
, 𝑅
2
, 𝐺
𝑚
, 𝐾
𝑚
), then the state-feedback

controller in the form of (9) can be constructed as

𝐾
𝑚

:= 𝐾
𝑚
𝐺
−1

𝑚
. (29)
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Proof. It follows from Proposition 4 that, if we can show (15),
then the claimed results follow. By Schur complement and
with I

(𝑚)

K
:= {K

1(𝑚)
, . . . ,K

𝑡(𝑚)
} and I

(𝑚)

UC
:= {U

1(𝑚)
, . . . ,

UV(𝑚)}, (15) is equivalent to

[
[
[
[
[

[

−X
(𝑚)

1𝑛
0 0 ϝ

(𝑠)

𝑚
A
𝑚

0
∗ −X

(𝑚)

2𝑛
0 ϝ
(𝑠)

𝑚
A
𝑚

0
∗ ∗ −I C

𝑚
0

∗ ∗ ∗ −Θ̂
𝑚

Λ

∗ ∗ ∗ ∗ −Q−1

]
]
]
]
]

]

< 0,

𝑚 ∈ I, 𝑛 ∈ I
(𝑚)

UK, 𝑠 = 1, . . . ,𝑀,

(30)

where

X
(𝑚)

𝑙𝑛
:= diag {𝑋

𝑙K1(𝑚)
, . . . , 𝑋

𝑙K𝑡(𝑚)
, 𝑋
𝑙U1(𝑚)

, . . . ,

𝑋
𝑙UV(𝑚)

, 𝑋
𝑙𝑛
} , 𝑋

𝑙𝑚
:= 𝑃
−1

𝑙𝑚
, 𝑙 = 1, 2,

ϝ
(𝑠)

𝑚
:= [√𝜋

𝑚K1(𝑚)
I, . . . , √𝜋

𝑚K𝑡(𝑚)
I, √𝜋̃
(𝑠)

𝑚U1(𝑚)
I, . . . ,

√𝜋̃
(𝑠)

𝑚UV(𝑚)
I, √𝜋
(𝑚𝑠)

UK
I] ,

A
𝑚

:= [𝐴
1𝑚

𝐴
2𝑚

𝐴
𝑑1𝑚

𝐴
𝑑2𝑚

𝐷
1𝑚

𝐷
2𝑚

] ,

C
𝑚

:= [
𝐶
𝑚

0 0
𝑛𝑧×2𝑛𝑥

𝐷
3𝑚

0
0 𝐶
𝑚

0
𝑛𝑧×2𝑛𝑥

0 𝐷
3𝑚

] ,

Θ̂
𝑚

:= diag {𝑋
−1

1𝑚
, 𝑋
−1

2𝑚
,Q, 𝛾
2I, 𝛾2I} , Q = diag {𝑄

1
, 𝑄
2
} ,

Λ := [
I
𝑛𝑥

0 0
𝑛𝑥×2(𝑛𝑥+𝑛𝑤)

0 I
𝑛𝑥

0
𝑛𝑥×2(𝑛𝑥+𝑛𝑤)

]

T

.

(31)

Now, by introducing a nonsingular matrix 𝐺
𝑚

∈ R𝑛𝑥×𝑛𝑥
and pre- and postmultiplying (30) by diag{I

2((𝑡(𝑚)+V(𝑚)+1)𝑛𝑥+𝑛𝑧),

𝐺
T
𝑚
, 𝐺

T
𝑚
, 𝑄
−1

1
, 𝑄
−1

2
, I
2(𝑛𝑤+𝑛𝑥)

} and its transpose the following
yields:

[
[
[
[
[
[

[

−X
(𝑚)

1𝑛
0 0 ϝ

(𝑠)

𝑚
A
𝑚

0
∗ −X

(𝑚)

2𝑛
0 ϝ
(𝑠)

𝑚
A
𝑚

0
∗ ∗ −I C

𝑚
0

∗ ∗ ∗ −Θ̃
𝑚

G
𝑚

∗ ∗ ∗ ∗ −R

]
]
]
]
]
]

]

< 0,

𝑚 ∈ I, 𝑛 ∈ I
(𝑚)

UK, 𝑠 = 1, . . . ,𝑀,

(32)

where

A
𝑚

:= [A
1𝑚

A
2𝑚

𝐴
𝑑1𝑚

𝑅
1

𝐴
𝑑2𝑚

𝑅
2

𝐷
1𝑚

𝐷
2𝑚

] ,

C
𝑚

:= [
C
𝑚

0 0
𝑛𝑧×2𝑛𝑥

𝐷
3𝑚

0
0 C

𝑚
0
𝑛𝑧×2𝑛𝑥

0 𝐷
3𝑚

] ,

G
𝑚

:= [
𝐺
𝑚

0 0
𝑛𝑥×2(𝑛𝑥+𝑛𝑤)

0 𝐺
𝑚

0
𝑛𝑥×2(𝑛𝑥+𝑛𝑤)

]

T

,

Θ̃
𝑚

:= diag {𝐺
T
𝑚
𝑋
−1

1𝑚
𝐺
𝑚
, 𝐺

T
𝑚
𝑋
−1

2𝑚
𝐺
𝑚
,R, 𝛾
2I, 𝛾2I} ,

R = diag {𝑅
1
, 𝑅
2
} ,

A
𝑙𝑚

:= 𝐴
𝑙𝑚

+ 𝐵
𝑙𝑚

𝐾
𝑚
, 𝐾
𝑚

:= 𝐾
𝑚
𝐺
𝑚
,

𝑅
𝑙

:= 𝑄
−1

𝑙
, 𝑙 = 1, 2,

C
𝑚

:= 𝐶
𝑚

+ 𝐵
3𝑚

𝐾
𝑚
,

(33)

andX
(𝑚)

1𝑛
,X(𝑚)
2𝑛

, and ϝ
(𝑠)

𝑚
are defined in (31).

It follows from

(𝑋
𝑙𝑚

− 𝐺
𝑚
)
T
𝑋
−1

𝑙𝑚
(𝑋
𝑙𝑚

− 𝐺
𝑚
) ≥ 0, 𝑙 = 1, 2, (34)

that

−𝐺
T
𝑚
𝑋
−1

𝑙𝑚
𝐺
𝑚

≤ −𝐺
𝑚

− 𝐺
T
𝑚

+ 𝑋
𝑙𝑚

, 𝑙 = 1, 2. (35)

Then, it is easy to see that (27) implies (32).
On the other hand, the condition in (27) implies that

−𝐺
𝑚

− 𝐺
T
𝑚

< 0, which means that 𝐺
𝑚
is nonsingular. Thus,

the controller gain can be constructed by (29). The proof is
thus completed.

Remark 7. Theorem 6 provides a sufficient condition on the
feasibility ofH

∞
state-feedback controller synthesis problem

for the 2D MJLSs with state-delays and defective mode
information. It is noted that theH

∞
state-feedback controller

synthesis problem for 2D discrete-time MJLSs has also been
considered in [40]. However, there still are some remarkable
differences between our results and those in [40]. Firstly, in
this paper, the state-delays were introduced in the system
(1), whereas the 2D delay-free MJLSs are considered in [40].
In addition, in Theorem 6, the exactly known, partially
unknown, and uncertain transition probabilities (TPs) have
been simultaneously incorporated into the TPM for 2D
MJLSs, while in [40], the TPs were assumed to be completely
known. It has been recognized that the scenario containing
time-delays and such defective TPs is more general and the
underlying MJLSs are thereby more practicable for engineer-
ing applications.

4. An Illustrative Example

In this section, we use a simulation example to demonstrate
the effectiveness of the proposed state-feedback controller
design method to two-dimensional (2D) Markovian jump
linear systems (MJLSs).
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Consider a 2D MJLS with state-delays in the form of (1)
with parameters as follows:

[

[

𝐴
11

𝐴
𝑑11

𝐵
11

𝐷
11

𝐴
21

𝐴
𝑑21

𝐵
21

𝐷
21

𝐶
1

𝐵
31

𝐷
31

]

]

=

[
[
[
[
[
[
[

[

−0.5 0 0 0.05 −0.5 0.2

0 0.5 −0.02 0 0.5 0.6

0.5 1 0.04 0 0.5 0.5

0 1 0 0.02 1 0.3

0.2 0.5 0.5 0.3

0.5 0.6 0.2 −0.5

]
]
]
]
]
]
]

]

,

[

[

𝐴
12

𝐴
𝑑12

𝐵
12

𝐷
12

𝐴
22

𝐴
𝑑22

𝐵
22

𝐷
22

𝐶
2

𝐵
32

𝐷
32

]

]

=

[
[
[
[
[
[
[

[

0.6 0 0 0.05 0.5 0.2

0.3 0.5 −0.02 0.04 0.5 0.6

0.5 0.5 0.04 0 0.5 0.5

0 0.8 0.04 0.02 1 0.3

0.2 0.5 0.5 0.3

0.5 0.6 0.2 −0.5

]
]
]
]
]
]
]

]

,

[

[

𝐴
13

𝐴
𝑑13

𝐵
13

𝐷
13

𝐴
23

𝐴
𝑑23

𝐵
23

𝐷
23

𝐶
3

𝐵
33

𝐷
33

]

]

=

[
[
[
[
[
[
[

[

0.5 0 0 0.05 0.5 0.2

0.3 0.3 −0.02 0.1 0.5 0.6

0.2 0.5 0.04 0 0.5 0.5

0 0.4 0.1 0.02 0.2 0.3

0.2 0.5 0.5 0.3

0.5 0.6 0.2 −0.5

]
]
]
]
]
]
]

]

,

[

[

𝐴
14

𝐴
𝑑14

𝐵
14

𝐷
14

𝐴
24

𝐴
𝑑24

𝐵
24

𝐷
24

𝐶
4

𝐵
34

𝐷
34

]

]

=

[
[
[
[
[
[
[

[

0.4 0 0 0.05 0.3 0.2

0.5 0.6 −0.02 0.1 0.5 0.6

0.6 0.5 0.04 0 0.5 0.5

0 0.5 0.1 0.02 0.4 0.3

0.2 0.5 0.5 0.3

0.5 0.6 0.2 −0.5

]
]
]
]
]
]
]

]

.

(36)

Four different cases for the transition probability matrix
(TPM) are given in Table 1, where the transition probabilities
(TPs) labeled with “̂” and “∼” represent the unknown and
uncertain elements, respectively. Specifically, Case 1, Case 2,
Case 3, andCase 4 stand for the completely knownTPs, defec-
tivemode information (including known, partially unknown,
and uncertain TPs), partially unknown TPs, and completely
unknown TPs, respectively.

Table 1: Four different TPMs.

Case 1: completely known TPM Case 2: defective TPM1

[
[
[
[

[

0.3 0.2 0.1 0.4

0.3 0.2 0.3 0.2

0.1 0.5 0.3 0.1

0.2 0.2 0.1 0.5

]
]
]
]

]

[
[
[
[

[

0.3 0.2 0.1 0.4

𝜋̂
21

𝜋̂
22

0.3 0.2

𝜋̂
31

𝜋̃
32

𝜋̂
33

𝜋̃
34

0.2 𝜋̂
42

𝜋̂
43

𝜋̂
44

]
]
]
]

]

Case 3: defective TPM2 Case 4: completely unknown TPM

[
[
[
[

[

0.3 0.2 0.1 0.4

𝜋̂
21

𝜋̂
22

0.3 0.2

𝜋̂
31

𝜋̂
32

𝜋̂
33

𝜋̂
34

0.2 𝜋̂
42

𝜋̂
43

𝜋̂
44

]
]
]
]

]

[
[
[
[

[

𝜋̂
11

𝜋̂
12

𝜋̂
13

𝜋̂
14

𝜋̂
21

𝜋̂
22

𝜋̂
23

𝜋̂
24

𝜋̂
31

𝜋̂
32

𝜋̂
33

𝜋̂
34

𝜋̂
41

𝜋̂
42

𝜋̂
43

𝜋̂
44

]
]
]
]

]

Table 2: Comparison of minimum H
∞

performance for different
TPMs.

TPMs Case 1 Case 2 Case 3 Case 4

𝛾min 0.9884 1.0415 1.0906 2.2398

For Case 2, it is assumed that the uncertain TPs comprise
four vertices Π

𝑠
, 𝑠 = 1, 2, 3, 4, where the third rows Π

𝑠(3)
, 𝑠 =

1, 2, 3, 4, are given by

Π
1(3)

= [𝜋̂
31

0.2 𝜋̂
33

0.4] ,

Π
2(3)

= [𝜋̂
31

0.5 𝜋̂
33

0.3] ,

Π
3(3)

= [𝜋̂
31

0.3 𝜋̂
33

0.1] ,

Π
4(3)

= [𝜋̂
31

0.1 𝜋̂
33

0.45] ,

(37)

and the other rows in the four vertices are givenwith the same
elements; that is,

Π
𝑠(1)

= [0.3 0.2 0.1 0.4] ,

Π
𝑠(2)

= [𝜋̂
21

𝜋̂
22

0.3 0.2] ,

Π
𝑠(4)

= [0.2 𝜋̂
42

𝜋̂
43

𝜋̂
44
] , 𝑠 = 1, 2, 3, 4.

(38)

The objective is to design a state-feedback controller of
the form (9) for the above system such that the 2D closed-
loop system is stochastically stable with anH

∞
performance

𝛾. By applying Theorem 6, a detailed comparison of the
obtained minimum H

∞
performance indices 𝛾min by the

state-feedback controller (9) with four TPM cases being
shown in Table 2. It is shown in Tables 1 and 2 that the lower
the level of defectiveness of the TPM is, the better the H

∞

performance can be obtained, which is effective to reduce
the design conservatism. Therefore, the introduction of the
uncertain TPs is meaningful.

Specifically, in the following, considering the four TPM
cases shown inTable 1 and by applyingTheorem6, the feasible
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Figure 1: One possible system mode evolution.

solution of 𝛾min = 1.0415 for the state-feedback controller is
obtained under Case 2 with controller gains given by

𝐾
1
= [−0.2467 −0.7888] ,

𝐾
2
= [−0.2125 −0.7064] ,

𝐾
3
= [−0.4563 −0.5998] ,

𝐾
4
= [−0.2015 −0.7041] .

(39)

The feasible solutions for the other three TPM cases in Table 1
are omitted for brevity.

In order to further illustrate the effectiveness of the
designed H

∞
state-feedback controllers, we present some

simulation results. Let the boundary conditions be

𝑥 (𝑡, 𝑖) = 𝑥 (𝑖, 𝑡) =

{

{

{

[−1 1.4]
T
, 0 ≤ 𝑖 ≤ 10,

[0 0]
T
, 𝑖 > 10,

(40)

where −4 ≤ 𝑡 ≤ 0, and choose the delays 𝑑
1

= 4 (vertical
direction), 𝑑

2
= 4 (horizontal direction), and disturbance

input 𝑤(𝑖, 𝑗) as

𝑤 (𝑖, 𝑗) = {
0.2, 0 ≤ 𝑖, 𝑗 ≤ 10,

0, otherwise.
(41)

With the previous obtained controllers under Case 2 in
Table 1, one possible realization of the Markovian jumping
mode is plotted in Figure 1. The state responses for the open-
loop and closed-loop systems are shown in Figures 2 and 3
and Figures 4 and 5, respectively, and Figures 6 and 7 are the
controlled output trajectories of the closed-loop system. It can
be clearly observed from the simulation curves that, despite
the defective TPs, the performance of the designed controller
is satisfactory.

5. Conclusions

This paper has addressed the problem of H
∞

control for
a class of two-dimensional (2D) Markovian jump linear
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Figure 2: State responses of the open-loop system: the 1st compo-
nent.
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Figure 3: State responses of the open-loop system: the 2nd compo-
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Figure 5: State responses of the closed-loop system: the 2nd com-
ponent.
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Figure 6: Responses of the controlled output 𝑧(𝑖, 𝑗) for the closed-
loop system: the 1st component.
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Figure 7: Responses of the controlled output 𝑧(𝑖, 𝑗) for the closed-
loop system: the 2nd component.

systems (MJLSs) with state-delays and defective mode infor-
mation. Such defective mode information simultaneously
includes the exactly known, partially unknown, and uncer-
tain transition probabilities, which contributes to the prac-
ticability of 2D MJLSs. By fully considering the properties
of the transition probability matrices, together with the
convexification of uncertain domains, an H

∞
performance

analysis criterion for the 2DFornasini-Marchesini local state-
space model has been firstly developed, and then via a lin-
earisation procedure, a unified framework has been proposed
for the state-feedback controller synthesis that guarantees the
stochastic stability of the closed-loop system with an H

∞

disturbance attenuation level. A simulation example has been
given to illustrate the effectiveness of the proposed method.
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Complex system performance reliability prediction is one of the means to understand complex systems reliability level, make
maintenance decision, and guarantee the safety of operation. By the use of complex system condition monitoring information and
condition monitoring information based on support vector machine, the paper aims to provide an evaluation of the degradation
of complex system performance. With degradation assessment results as input variables, the prediction model of reliability is
established inWiner random process. Taking the aircraft engine as an example, the effectiveness of the proposed method is verified
in the paper.

1. Introduction

The reliability of complex systems is directly related to opera-
tion safety, so the reliability prediction is of great importance.
Different from themethodbased on the reliability of fault pre-
diction, complex systems mainly use condition monitoring
parameter to predict the complex system performance degra-
dation state.When the threshold of the degradation state goes
beyond the prescribed one, timely maintenance and inspec-
tion are being done to avoid accidents.Therefore, the reliabil-
ity of complex systems is mainly aimed at the reliability of the
performance degradation prediction.

Complex system reliability prediction has received exten-
sive attention of many scholars. One trend in the research
about this problem is using different temporal point data to
predict the future level of reliability based on the analysis of
the data change trend. Lu et al. [1] presented an evaluation
model of real-time performance based on time series method
and researched the reliability prediction of the bit excessive
wear failure by regarding drill thrust as performance mon-
itoring parameters; Elwany and Gebraeel [2] presented a
model for predicting system performance reliability based
on Bayesian, and applied to parts replacement and inventory
decisions; Li and Masuda [3] discussed the multistate coher-
ent system composed of multistate components. In view of

degradation signal monitor parts reliability, Chinnam [4]
made use of the reliability condition of some parts which
performance degenerate signals weremonitored and adopted
a general polynomial regression model to describe perfor-
mance change. In addition, based on the analysis of the rela-
tionship between state parameters, the performance change
rules on study was put forward, which can be used to predict
the reliability level at a particular moment or under specified
reliability level of residual life. Condition monitoring is the
key to access the operational reliability. Christer et al. [5]
used a state space model to predict the erosion condition of
the inductors in an induction furnace in which a measure of
the conductance ratio (CR) is used to indirectly assess the
relative condition of the inductors and to guide replacement
decisions. Bharadwaj and Parlos [6] developed a sensorless
neural adaptive speed filter for induction motors operating
under normal conditions and running off the power supply
mains. Chen et al. [7] proposed an integrated RUL predic-
tion method using adaptive neuro-fuzzy inference systems
(ANFIS) and high-order particle filtering, which forecast
the time evolution of the fault indicator and estimates the
probability density function (pdf) of RUL.

Bosnić and Kononenko [8] compared different approach-
es to estimate the reliability of individual predictions in
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regression and to compose a combined estimate that per-
forms better than the individual estimates; Wang and
Coit [9] made an analysis of the complex relationship
between monitoring variables and proposed a prediction
method of correlation between variables with multifunc-
tional parameters and verified the effectiveness of the pro-
posed method by simulation data; Xu et al. [10] estab-
lished the model of real-time reliability evaluation based
on performance degradation by assuming that degradation
function conformed to the Brownian motion and drift;
Lu et al. [11] presented a technique for predicting system
performance reliability in real-time considering multiple
failure modes. The technique includes on-line multivari-
ate monitoring and forecasting of selected performance
measures and conditional performance reliability estimates
based on collaborative filtering; Xu et al. [12] introduced a
new real-time reliability prediction method for dynamic
systems; Hernando et al. [13] introduced the idea of using a
reliability measure associated with the predictions made by
recommender systems; in order to improve data utilization
results, Li et al. [14] proposed a method based on grey
model to predict the reliability and verified the validity of
the model by applying it in the manufacturing system data
of electronic product; Hu et al. [15] adopted the method of
D-S evidence for scientific forecast and verified its validity by
its application to engine turbosupercharging system; Moura
et al. [16] conducted an analysis of the different sequen-
tial points data and made a reliability prediction by the
use of support vector machine (SVM) method; Lolas and
Olatunbosun [17] presented the first module of an expert
system, a neural network architecture that could predict the
reliability performance of a vehicle at later stage of its life
by using only information from first inspection after the
vehicle’s prototype production; Hu et al. [18] developed a
novel reliability prediction technique based on the evidential
reasoning (ER) algorithm which was applied to forecast
reliability in turbocharger engine systems. And the experi-
mental results showed that the prediction performance of
the ER-based predictionmodel outperformed several existing
methods in terms of prediction accuracy or speed.

The above research is mainly aimed to realize the goal
of reliability prediction by using the methods of artificial
intelligence and information fusion methods to train and
study the data. Due to the complicated system with abundant
condition monitoring parameters and small sample system,
the paper put forward a method to evaluate complex system
performance degeneration by adopting information fusion
methods and described the performance degeneration of
complex system under random process condition. The main
aim of the paper is to realize the goal of improving reliability
of forecast accuracy and credibility.

The research results in the paper can be further used in
the following areas.

(1) The research results can be applied to control risk in
complex system operation. By means of the real-time
monitoring and tracking, the major accidents can be
avoided.

(2) The research results can be applied to health manage-
ment field of complex system.The assessment of oper-
ational reliability is the core in health management.
Improving the accuracy of assessment in operation
reliability can increase the operational efficient in
healthy management.

(3) The research results can afford supports for the
maintenance decision. The complex system is typical
repairable system. The maintenance decision is not
only related to operational safety but also operational
cost. It is necessary to enhance the accuracy of
maintenance decision, because that decision basis in
maintenance is the reliability standards in complex
system.

(4) Improving the value of condition monitoring infor-
mation can provide new thoughts in design process.
In order to ensure the safety and reliability of the
operation system and consistently high-quality prod-
ucts, it is still necessary to develop an efficient process
monitoring scheme to detect the abnormal situations
as early as possible and take corrective actions in time.

2. Framework of the Complex System
Reliability Prediction

Complex systems are characterized with abundant condition
monitoring parameters and small sample system. Consid-
ering these characteristics, support vector machine (SVM)
method is used in the research because of its unique advan-
tages in dealing with a small sample data.

Support vector machine (SVM) is a learning system
proposed by Vapnik. SVM is put forward according to the
structural risk minimization principle in statistical learning
theory and uses linear function hypothesis space in high-
dimensional feature space. SVM is used to seek the best com-
promise between complexity and learning ability according to
the limited sample information of the model. Because of the
forecast superiority in the treatment of small sample, SVM
realizes efficient transmission reasoning from training sample
to forecast sample. It can reasonably solve the actual problems
such as small sample, nonlinear, high dimension, and local
minimum point.

Applying SVM method, comprehensive utilization of
multisource monitoring parameters and assessment of per-
formance degradation in complex systems can be completed.
Because performance retirement leading to reliability is a ran-
dom course, the paper establishes reliability predictionmodel
for dynamic assessment of the complex systems reliability
by choosing Winer process complex system performance
degradation.

The process of reliability prediction of complex systems is
shown in Figure 1.

The advantages of algorithm in the paper include some
aspects.

(1) The algorithm can deal with the prediction of real-
timereliability sufficiently in complex system in view
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Figure 1: Performance degradation assessment of complex system.

of small sample and solve the question efficiently
which is difficult to collect mass data because of the
high cost.

(2) The algorithm can exploit multisource monitoring
information comprehensively to improve the accu-
racy of condition monitoring.

(3) The algorithm can indicate the reliable change rules
which are lead by the random disturbance of multiple
factors, and it confirms to the actual operation of
complex system.

(4) The algorithm can analyze the influence on oper-
ational reliability accurately produced by condition
change. Therefore, it can control the risk efficiently.

3. Performance Degradation Assessment
Model of Complex System Based on SVM

Assuming sample training set is {(𝑥
𝑖
, 𝑦
𝑖
) | 𝑖 = 1, 2, . . . , 𝑙},

𝑥
𝑖
∈ 𝑅
𝑛 refers to the input variables, which corresponds to

conditionmonitoring parameters of complex system; 𝑦
𝑖
∈ 𝑅
𝑛

refers to the output variables. Generally, vector machine can
use nonlinear mapping 𝜑(⋅) to get a high-dimensional feature
space from the original monitoring parameters, where it can
construct the optimal decision function:𝑓(𝑥) = (𝑤⋅𝜑(𝑥))+𝑏,
where𝑤 ⋅𝜑(𝑥) means dot-product of vectors𝑤 and mapping

function. 𝑏 refers to bias. So the corresponding constraint
optimization problem can be expressed as follows:

min
𝑤,𝑏,𝜉,𝜉
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(1)

In formula (1), 𝐶 is the penalty factor, which implements
the empirical risk and confidence range of a compromise, 𝜉

𝑖
,

𝜉
∗

𝑖
refer to slack variables, which, respectively, represent the

ceiling and floor of training error in the epsilon zero error
constraints (|𝑦

𝑖
− [𝑤
𝑇

⋅ 𝜓(𝑥
𝑖
) + 𝑏]| < 𝜀); 𝜀 refers to the error

defined by insensitive cost function Vapnik-𝜀. The optimiza-
tion problem determined by formula (1) is a typical convex
quadratic programming one. According to Lagrange theory,
weight vector 𝑤 equals a linear combination of the training
data.

𝑤 =

𝑖

∑

𝑖=1

(𝛼
𝑖
− 𝛼
∗

𝑖
) 𝜓 (𝑥

𝑖
) . (2)

Substituting formula (2) into (1), we obtain predictive
value of unknown point 𝑥. It can be expressed as follows:

𝑓 (𝑥) =

𝑙

∑

𝑖=1

(𝛼
𝑖
− 𝛼
∗

𝑖
)𝐾 (𝑥

𝑖
, 𝑥) + 𝑏. (3)

In (3), 𝐾(𝑥
𝑖
, 𝑥) = 𝜓(𝑥

𝑖
) ⋅ 𝜓(𝑥) is known as the kernel

function.
According to the above optimization problem, the key is

the choice of kernel function. There is no general method or
theory to select the optimal kernel function so far, so mod-
eling is necessary in the practice to choose a different kernel
function for specific objects based on the past experience and
simulation. At present more than 10 kinds of kernel function
are used. In view of the nature of the question investigated in
this paper, the paper chooses Radial Basis Function (RBF) as
the kernel function, whose expression is described as follows:

𝐾(𝑥, 𝑥
𝑖
) = exp(

󵄩󵄩󵄩󵄩𝑥 − 𝑥𝑖
󵄩󵄩󵄩󵄩

2

𝛿2
) . (4)

4. Reliability Prediction of Complex System
Based on Wiener Process

Complex system performance degradation is a stochastic
process.Thepaper chooses theWiener process to describe the
process of complex system degradation, denoted by 𝑤(𝑡) as
follows:

𝑤 (𝑡) = 𝜂𝑡 + 𝛿𝐵 (𝑡) , 𝑡 ≥ 0. (5)
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The stochastic process is defined as {𝑊(𝑡)}. If t > 0,
{𝑊(𝑡)} is defined asWiener process and satisfies the following
assumptions:

(i) 𝑤(0) = 0;
(ii) {𝑤(𝑡)}; 𝑡 > 0with stationary independent increments;
(iii) for any 𝑡 > 0, {𝑤(𝑡)} is normal randomvariable, whose

mean is 0, and the variance is 𝛿2𝑡.
For any 0 ≤ 𝑠 < ∞, [𝑊(𝑡) − 𝑊(𝑠)] follow Gaussian dis-

tributions𝑁[𝜂(𝑡 − 𝑠), 𝛿2(𝑡 − 𝑠)].
Assuming that the complex system failure threshold is 𝑤

the failure time of complex system is described as follows:

𝑇 = inf {𝑡; 𝑤 (𝑡) > 𝑤} . (6)

The distribution of 𝑇 is

𝐹
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2

,

𝑡 > 0.

(7)

Accordingly, at this time the complex systems perfor-
mance reliability is:

𝑅 (𝑡)=1−𝜙(
𝜂
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2

,

𝑡 > 0.

(8)

The parameters 𝑢 and 𝛽 are described as follows:

𝑢 =
𝑤

𝜂
, 𝛽 =

𝛿
2

𝜂2
, 𝑢 > 0, 𝛽 > 0, (9)

𝐹
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,

𝑡 > 0, 𝑢 > 0, 𝛽 > 0.

(10)

The probability distribution function is described as
follows:

𝑓
𝑇
(𝑡) =

𝑢

√2𝜋𝛽𝑡3
𝑒
− ((𝑡−𝑢)

2
/2𝛽𝑡)

, 𝑡 > 0, 𝑢 > 0, 𝛽 > 0. (11)

Distribution form for the above is Inverse Gaussian,
denoted as 𝑡 ∼ IG(𝜇, 𝛽).

Assuming that (𝑡
1
, 𝑡
2
, . . . , 𝑡

𝑛
) is the performance degra-

dation samples to be observed, defining Δ𝑥 as performance
degradation of different time, then do the likelihood function
of the probability density function of complex system life
distribution, and the expression is shown as follows (12):
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(12)

Evaluate partial derivative of 𝜇, 𝛽 and obtain likelihood
equations:
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To solve the likelihood equations, we can get
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5. Case Study

Taking aircraft engine as an example, the proposed algorithm
is explained. The aircraft engine performance degradation
(or efficiency) usually reflects the variation of the monitoring
parameters. At present aircraft engine condition monitoring
mainly includes the following content.

(1) Pneumatic performance monitoring: the civil avia-
tion engine is the core component gas path system
components. Some thermodynamic parameters can
reflect the state of engine performance change. The
monitoring parameters are turbine gas temperature
(EGT) and fuel flow (WF).

(2) Oil lubricating monitoring: the objects of oil lubri-
catingmonitoring are lubrication system components
and seal system. It is useful for mechanical wear fault
monitoring and diagnosis. The monitoring parame-
ters are oil pressure (OP), oil temperature (OT), and
oil consumption rate (OCR) parameters, and so forth.
The changes of the parameters are useful for engine
condition monitoring.

(3) Vibration monitoring: because engine rotor wear or
damage will produce a certain degree of vibration sig-
nal,mechanical damage of the engine can be observed
by observing the vibration of the rotor and its com-
ponents, including low pressure rotor vibration value
deviation (ZVB1F) and the high pressure rotor vibra-
tion value deviation (ZVB2R).

EGT overweight, WF increase, and lager ZVB1F, ZVB2R,
andOCR are all the indication of aircraft engine performance
decline. These indicators can be thought of as internal cova-
riate cause of aeroengine performance decline.

Table 1 is a sample of aircraft which needs to be changed.
From the 20 samples data, it can get time since installation
(TSI) and flight hour (FH). The paper uses the sample data
as training sample to get the relation between performance
degeneration degree and condition monitoring parameters.

In Table 2, the engine monitoring information is listed.
Related parameter calculation and reliability prediction are
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Table 1: Key performance monitoring parameters for some aircraft engine.

Monitoring point DEGT GWFM GPCN25 DPOIL ZVBIF ZVB2R TSI/FH PDD
1 4.69 2.66 1.83 −3.76 0.31 0.51 3282 0.0975
2 −0.63 4.91 2.00 −5.74 0.43 0.76 3754 0.0459
3 −5.66 3.70 1.95 −3.00 0.29 0.38 2640 0.1078
4 5.25 4.06 2.00 −5.55 0.89 0.65 4740 0.1176
5 −3.94 4.25 1.72 −8.82 0.50 0.46 1707 0.1305
...

...
...

...
...

...
...

...
...

16 17.41 6.03 2.08 9.26 0.29 0.33 6688 0.1892
17 3.17 4.41 2.24 9.39 0.97 0.61 1477 0.1725
18 −3.19 2.00 1.68 13.10 0.00 0.89 6376 0.1572
19 7.52 2.78 1.04 −3.24 0.45 0.99 5021 0.1665
20 4.43 3.77 2.30 −5.96 0.52 0.48 7160 0.1285

Table 2: Performance degradation assessment and reliability prediction for aircraft engine.

No. Item
TSI (h) GWFM GPCN25 DPOIL ZVBIF ZVB2R GWFM DPP DP̂P error 𝑅̂

1 1422 5.2515 4.0629 2.0022 0.8911 0.6452 14.0458 0.0792 0.0826 4.29% 0.9728
2 1954 5.3187 4.2168 1.3963 0.0945 0.3609 14.9931 0.1129 0.1135 0.53% 0.9563
3 3330 17.4070 6.0285 2.0803 0.2878 0.3300 22.0301 0.1824 0.1761 −3.45% 0.9195
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Figure 2: Training sample aircraft engine performance degradation
of the actual value compared with forecast figure.

also listed in Table 2. Performance degradation degree is
predicted bymonitoring the relationship between parameters
by 20 samples. The degree of performance degradation of the
actual value (performance degradation degree, PDD) is not
directly collected data but calculated by Monte-Carlo simu-
lation method according to the engine under the wing of the
remaining life and reliability at a given threshold (90%) cases,
when the performance degradation process conforms to the
Winer stochastic process.

Using SVM method to extract the relationship between
performance degradation and the monitoring parameters,
the comparison between predicted values and actual values
is shown in Figure 2.
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Figure 3: Real value and predictive value of a certain type of aircraft
performance degradation.

Based on 20 training samples, the SVM method is used
to get the relationship between monitoring parameters and
the performance degradation, and the calculation results are
shown in Table 2. And then compare actual performance
degradation calculated by remaining life Backward Pass and
the error which are shown in Table 2.

The contrast between real values and predicted values of
performance degradation is shown in Figure 3.
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Figure 4: Performance reliability predictions for some aircraft
engine.

By the formula (8), the future level of reliability can be
predicted. Figure 4 indicates the performance reliability pre-
diction curve of aeroengine. For example, if the cumulative
time on wing (TSI) is 3600 flight hours, the result can be
expressed as 𝑅(3600) = 0.9167.

The research focuses on exploit condition monitoring to
access reliability in the paper at present. The further research
will expand to operational reliability assessments of data
driven in order to probemore comprehensive data utilization
technologies and methods. The further research can expand
to design field. The information on operational reliability
assessment can be fed back to design process and analyze
the influence. It is necessary to enhance the abstraction of
related information for sensitive parameters in design pro-
cess. On the contrary, the data collection demand of sensitive
parameters can be reduced. Some scholars have already done
some research on it. For example, Yin et al. [19] made a
comparison research on basic data-driven methods for pro-
cess monitoring and fault diagnosis. Yin et al. [20] presented
two online schemes for an integrated design of fault-tolerant
control systems with application to Tennessee benchmark.

In further, the research on condition monitoring and
operational reliability of system integrationwill be developed.

6. Conclusion

By support vector machine (SVM) method and condition
monitoring information, aviation engine performance degra-
dation is evaluated. The result will be used as input variables
of the reliability analysis model. Aircraft engine performance
degradation process is described by the use of theWiner pro-
cess in order to forecast aeroengine performance reliability
using condition monitoring information. The method inte-
grates the performance monitoring and reliability analysis
into one framework, making full use of a variety of condition
monitoring information, and so the result is more accurate.

Though much research has been done about this method,
more studies are needed.

Acknowledgments

This work was supported by the National Natural Science
Foundation of China and Civil Aviation Administration of
China (no. U1333117), China Postdoctoral Science Founda-
tion (no. 2012M511275), andThe Basic Service Foundation of
Nanjing University of Aeronautics and Astronautics (no.
NS2013067).

References

[1] H. Lu, W. J. Kolarik, and S. S. Lu, “Real-time performance reli-
ability prediction,” IEEE Transactions on Reliability, vol. 50, no.
4, pp. 353–357, 2001.

[2] A. H. Elwany and N. Z. Gebraeel, “Sensor-driven prognostic
models for equipment replacement and spare parts inventory,”
IIE Transactions, vol. 40, no. 7, pp. 629–639, 2008.

[3] J.-A. Li, Y. Wu, K. K. Lai, and K. Liu, “Reliability estimation and
prediction of multi-state components and coherent systems,”
Reliability Engineering and System Safety, vol. 88, no. 1, pp. 93–
98, 2005.

[4] R. B. Chinnam, “On-line reliability estimation for individual
components using statistical degradation signal models,” Qual-
ity and Reliability Engineering International, vol. 18, no. 1, pp.
53–73, 2002.

[5] A. H. Christer, W. Wang, and J. M. Sharp, “A state space con-
dition monitoring model for furnace erosion prediction and
replacement,” European Journal of Operational Research, vol.
101, no. 1, pp. 1–14, 1997.

[6] R. M. Bharadwaj and A. G. Parlos, “Neural state filtering
for adaptive induction motor speed estimation,” Mechanical
Systems and Signal Processing, vol. 17, no. 5, pp. 903–924, 2003.

[7] C. Chen, G. Vachtsevanos, and M. E. Orchard, “Machine
remaining useful life prediction: an integrated adaptive neuro-
fuzzy and high-order particle filtering approach,” Mechanical
Systems and Signal Processing, vol. 28, pp. 597–607, 2012.

[8] Z. Bosnić and I. Kononenko, “Comparison of approaches for
estimating reliability of individual regression predictions,”Data
and Knowledge Engineering, vol. 67, no. 3, pp. 504–516, 2008.

[9] P. Wang and D.W. Coit, “Reliability prediction based on degra-
dation modeling f or system s with multiple deggradation mea-
sures,”Reliability andMaintainability, vol. 78, no. 3, pp. 302–307,
2004.

[10] Z. Xu, Y. Ji, and D. Zhou, “Real-time reliability prediction for
a dynamic system based on the hidden degradation process
identification,” IEEE Transactions on Reliability, vol. 57, no. 2,
pp. 230–242, 2008.

[11] S. Lu, H. Lu, and W. J. Kolarik, “Multivariate performance
reliability prediction in real-time,” Reliability Engineering and
System Safety, vol. 72, no. 1, pp. 39–45, 2001.

[12] Z. Xu, Y. Ji, and D. Zhou, “A new real-time reliability prediction
method for dynamic systems based on on-line fault prediction,”
IEEE Transactions on Reliability, vol. 58, no. 3, pp. 523–538,
2009.

[13] A. Hernando, J. Bobadilla, F. Ortega, and J. Tejedor, “Incor-
porating reliability measurements into the predictions of a
recommender system,” Information Sciences, vol. 218, pp. 1–16,
2013.



Mathematical Problems in Engineering 7

[14] G.-D. Li, S. Masuda, D. Yamaguchi, and M. Nagai, “A new
reliability prediction model in manufacturing systems,” IEEE
Transactions on Reliability, vol. 59, no. 1, pp. 170–177, 2010.

[15] C.-H. Hu, X.-S. Si, and J.-B. Yang, “System reliability prediction
model based on evidential reasoning algorithm with nonlinear
optimization,” Expert Systems with Applications, vol. 37, no. 3,
pp. 2550–2562, 2010.

[16] M. D. C. Moura, E. Zio, I. D. Lins, and E. Droguett, “Failure and
reliability prediction by support vector machines regression of
time series data,” Reliability Engineering and System Safety, vol.
96, no. 11, pp. 1527–1534, 2011.

[17] S. Lolas andO.A.Olatunbosun, “Prediction of vehicle reliability
performance using artificial neural networks,” Expert Systems
with Applications, vol. 34, no. 4, pp. 2360–2369, 2008.

[18] C.-H. Hu, X.-S. Si, and J.-B. Yang, “System reliability prediction
model based on evidential reasoning algorithm with nonlinear
optimization,” Expert Systems with Applications, vol. 37, no. 3,
pp. 2550–2562, 2010.

[19] S. Yin, S. X. Ding, A. Haghani et al., “A comparison study of
basic data-driven fault diagnosis and process monitoringmeth-
ods on the benchmark Tennessee Eastman Process,” Journal of
Process Control, vol. 22, no. 9, pp. 1567–1581.

[20] S. Yin, H. Luo, and S. X. Ding, “Real time implementation of
fault-tolerant control systems with performance optimization,”
IEEE Transactions on Industrial Electronics, 2013.



Hindawi Publishing Corporation
Mathematical Problems in Engineering
Volume 2013, Article ID 650354, 8 pages
http://dx.doi.org/10.1155/2013/650354

Research Article
Active Control of Oscillation Patterns in the Presence of
Multiarmed Pitchfork Structure of the Critical Manifold of
Singularly Perturbed System

Robert Vrabel, Marcel Abas, Michal Kopcek, and Michal Kebisek

Faculty of Materials Science and Technology, Slovak University of Technology in Bratislava, Hajdoczyho 1, 917 01 Trnava, Slovakia

Correspondence should be addressed to Robert Vrabel; robert.vrabel@stuba.sk

Received 2 September 2013; Revised 22 September 2013; Accepted 23 September 2013

Academic Editor: Hamid Reza Karimi

Copyright © 2013 Robert Vrabel et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

We analyze the possibility of control of oscillation patterns for nonlinear dynamical systems without the excitation of oscillatory
inputs. We propose a general method for the partition of the space of initial states to the areas allowing active control of the stable
steady-state oscillations. Furthermore, we show that the frequency of oscillations can be controlled by an appropriately positioned
parameter in the mathematical model. This paper extends the knowledge of the nature of the oscillations with emphasis on its
consequences for active control. The results of the analysis are numerically verified and provide the feedback for further design of
oscillator circuits.

1. Introduction

Control of oscillations is a practically important problem
in many technical applications (see e.g. [1, 2]), which can
generally be stated in terms of two different objectives.

(a) To obtain an asymptotically stable zero solution
which attracts all initial conditions in a suitably large
region (regulator problem [3]).

(b) To obtain an asymptotically stable periodic solution
with desired properties (such as oscillation at the
given amplitudes and frequencies) and which attracts
all initial states in a suitably large region (oscillator
problem).

In this context, usually two-well potential of an unper-
turbed system was considered by using analytic methods and
numerical simulations, (see, e.g., [4–6] and the references
therein).

Also, inmany biological systems, some formof oscillation
control is needed to track the constantly changing resonant
frequency or to tune it to a specified frequency while keeping
the amplitude constant [7–9].

For example, in [10], the oscillation patterns were ana-
lyzed by the symmetric Hopf bifurcation theory applying

group theory. Recently, in [11], the oscillation patterns of the
bifurcating periodic oscillations of three coupled Van der Pol
oscillators were studied.

To our knowledge, no paper exists addressing the ques-
tion of active control of oscillation patterns for the dynam-
ical systems with potential with multiwell and multibarrier
structure. For example, the two-armed pitchfork bifurcation
in the presence of Hopf bifurcation in the context of double
magneto convection was numerically studied in the work
[12]. In the paper [13], the problem of output stability
for systems under the oscillatory excitation via Lyapunov
approach was analyzed.

The analysis of behavior patterns is of high importance
to uncover real-time threats in the industrial systems and
to plan a predictive maintenance program. Recently, Yin et
al. [14] proposed two online schemes for the fault-tolerant
architecture for the purpose of fault-tolerant control. One
is a gradient based iterative tuning scheme for the online
optimization of the system performance, and the other is an
adaptive residual generator scheme for the online identifica-
tion of the abnormal change of the system parameters.

There are several approaches to the topic of vibration
control in industrial equipment; for example, in thework [15],
the symbolic computation systems are presented with the
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purpose of analyzing the spectrum and waveform vibration
allowing bearing defects in low-speed machines via dynamic
modeling of patterns of behavior. The paper [16] provides
a comparison study on the basic data-driven methods for
process monitoring and fault diagnosis. Most recently, in
the paper by Palacios-Quinonero et al. [17] by using an
approach based on the connected control method, active-
passive structural vibration control strategies for seismic
protection of multibuilding systems are designed and applied
on the proposed linear mathematical model of connected
multistructure mechanical systems.

The method we propose could provide the mechanical
engineers the mathematical tool for an accurate diagnosis
in the vibration analysis and thus prevent or predict future
failures of industrial systems. The main advantage of our
approach—an analysis of the time-reverse differential equa-
tions associated with the problem under consideration—
over methods mentioned above lies in its straightforward
extension to nonlinearmodels (continuous and discrete)with
time-delay; for the topic, see, e.g., [18–20].

In this paper, we focus our attention on the proof of
the existence and the possibility of active control of stable
steady-state nonlinear oscillations in the dynamical system
describing the singularly perturbed undamped oscillator
with a continuous nonlinear restoring force and without the
excitation of oscillatory inputs:

𝜖
2

𝑦
󸀠󸀠

+ 𝑓 (𝑡, 𝑦) = 0,

𝑦 (−𝛿) = 𝑦
0
, 𝑦

󸀠

(−𝛿) = 𝑦
1
,

(1)

where

𝑓 (𝑡, 𝑦) =

{{{{{{{

{{{{{{{

{

𝑦
4𝑛+1 for 𝑡 ∈ [−𝛿, 0]

𝑦

2𝑛

∏

𝑖=1

(𝑦
2

− (
𝜇𝑖ℎ(𝑇)𝑡

𝑇
)

2

) for 𝑡 ∈ [0, 𝑇]

𝑦

2𝑛

∏

𝑖=1

(𝑦
2

− 𝜇
2

𝑖
2

ℎ
2

(𝑡)) for 𝑡 ∈ [𝑇,∞) ,

(2)

[𝑦
0
, 𝑦
1
] is an initial state, 𝑦

𝜖
(⋅, 𝑦
0
, 𝑦
1
) is a direct output, ℎ is a

positive continuous function on [𝑇,∞], 𝑛 ∈ 𝑁, 𝛿 > 0, 𝑇 >
0, and 𝜖, 0 < 𝜖 ≪ 1 is a singular perturbation parameter. It is
instructive for future reference to keep inmind the symmetric
manifold 𝑓(𝑡, 𝑦) = 0 (Figure 1). The parameter 𝜇 > 0 is a
constant determining the distance between pitchfork arms
for 𝑡 ≥ 𝑇, and without loss of generality, we will assume that
𝜇 = 1.

Rewriting (1) to an equivalent system of three first order
autonomous equations, we obtain

𝜖𝑦
󸀠

= 𝑤

𝜖𝑤
󸀠

= −𝑓 (𝑡, 𝑦)

𝑡
󸀠

= 1

(3)

𝑦 (−𝛿) = 𝑦
0
, 𝑤 (−𝛿) = 𝜖𝑦

1
. (4)

y
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Figure 1: The multiarmed pitchfork manifold 𝑓(𝑡, 𝑦) = 0.

We show that the nonlinear system described by differen-
tial equation from (1) can basically exhibit two distinct types
of steady-state oscillations, namely.

(i) In-well, small orbit dynamics, where the system state
remains within the potential well centered at a stable
equilibrium point (center).

(ii) Cross-well, large orbit dynamics, whose trajectories
surround the 4𝑛 + 1 equilibrium points (the saddles
between centers).

The results of the analysis will be numerically verified and
provide valuable insights into dynamics of the control system
under consideration.

Further, we show that the singular perturbation param-
eter 𝜖 plays role modeling tool for the frequency con-
trol of the nonlinear oscillations arising in these systems.
Another objective of this paper is to divide the space E2

of initial states [𝑦
0
, 𝑦
1
] to the areas of stability 𝐴

−𝑛
(𝜖),

. . ., 𝐴
−2
(𝜖), 𝐴

−1
(𝜖), 𝐴

0
(𝜖), 𝐴

1
(𝜖), 𝐴

2
(𝜖), . . ., 𝐴

𝑛
(𝜖), 𝐴

𝑖
(𝜖)⊂E2,

𝑖 = −𝑛, . . . , 0, . . . , 𝑛 such that for [𝑦
0
, 𝑦
1
] ∈ 𝐴

𝑖
(𝜖) solution of

(1) oscillate around 2𝑖ℎ(𝑡), 𝑖 = −𝑛 . . . , 0, . . . , 𝑛 and

𝑦
𝜖
(𝑡)∈

{{{{

{{{{

{

((2𝑖 − 1) ℎ (𝑡) ,∞) for 𝑖 = 𝑛
((2𝑖 − 1) ℎ (𝑡) , (2𝑖 + 1) ℎ (𝑡)) for 𝑖 = − (𝑛 − 1) . . . ,

0, . . . , (𝑛 − 1)

(−∞, (2𝑖 + 1) ℎ (𝑡)) for 𝑖 = −𝑛
(5)

for 𝑡 ≥ 𝑇.
Finally, we prove that the solutions 𝑦

𝜖
of (1) will rapidly

oscillate for 𝑡 ≥ 𝑇 with the frequency of the oscillations
increasing without bound as 𝜖 → 0

+.
System (3) is an example of a singularly perturbed system,

because in the limit 𝜖 → 0
+, it does not reduce to a

differential equation of the same type, but to an algebraic-
differential reduced system

0 = 𝑤

0 = −𝑓 (𝑡, 𝑦)

𝑡
󸀠

= 1.

(6)
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Another way to study the singular limit 𝜖 → 0
+ is by

introducing the new independent variable 𝜏 = 𝑡/𝜖 which
transforms (3) to the system

d𝑦
d𝜏

= 𝑤

d𝑤
d𝜏

= −𝑓 (𝑡, 𝑦)

d𝑡
d𝜏

= 𝜖.

(7)

Taking the limit 𝜖 → 0
+, we obtain the so-called associated

system [21]

d𝑦
d𝜏

= 𝑤 (8)

d𝑤
d𝜏

= −𝑓 (𝑡, 𝑦) (9)

d𝑡
d𝜏

= 0 that is, 𝑡 = 𝑡∗ = constant, (10)

in which 𝑡 plays the role of a parameter.
Both scalings agree on the level of phase space structure

when 𝜖 ̸= 0 but offer very different perspectives since they
differ significantly in the limit when 𝜖 = 0. The main
goal of singular perturbation theory is to use these limits to
understand structure in the full system when 𝜖 ̸= 0.

The critical manifold 𝑆 is defined as a solution of the
reduced system; that is,

𝑆 := {(𝑡, 𝑦, 𝑤) : 𝑡 ∈ ⟨−𝛿,∞) , 𝑓 (𝑡, 𝑦) = 0, 𝑤 = 0} , (11)

which corresponds to a set of equilibria for the associated
system (8)–(10).

2. Multiarmed Pitchfork Bifurcation of
Associated System at 𝑡∗ = 0

Without loss of generality, wewill assumehereafter that 𝑛 = 1.
Then, the equations

𝑓 (𝑡, 𝑦) = 0, 𝑤 = 0 (12)

have one solution for 𝑦,𝑤 if 𝑡∗ ∈ [−𝛿, 0] and five if 𝑡∗ ∈
(0,∞); that is, the critical manifold is a multiarmed pitchfork
manifold. Due to the fact that the eigenvalues of the Jacobian
are

𝜆 (𝑡
∗

, 𝑦, 𝑤) = ±√−
𝜕𝑓

𝜕𝑦
(𝑡∗, 𝑦), (13)

the associated system (8), (9), and 𝑡 = 𝑡
∗

= const has, for
𝑛 = 1, one equilibrium (degenerate center with a double zero
eigenvalue) for 𝑡∗ ∈ (−𝛿, 0) and five equilibria (two saddles
and three centers) for 𝑡∗ ∈ (0,∞). Thus, the two pieces of
critical manifold 𝑆 corresponding to the saddles of associated
system (8)–(10) are the normally hyperbolic submanifolds
[21].

y

V

−2h 2hh −h 𝜃

Figure 2: Potential profile 𝑉 with ℎ(𝑡) ≡ const, 𝑛 = 1, and 𝜇 = 1 for
𝑡 ≥ 𝑇. 𝑉(𝑡, 𝑦) = 𝑉(𝑦).

Consider the total energy functional

𝐻(𝑡, 𝑦, 𝑤) =
1

2
𝑤
2

+ 𝑉 (𝑡, 𝑦) ,

𝑉 (𝑡, 𝑦) = ∫

𝑦

0

𝑓 (𝑡, 𝑠) d𝑠
(14)

with potential 𝑉(𝑡, 𝑦) with multibarrier and multiwell struc-
ture (for 𝑛 = 1, see Figure 2).

We use the level surfaces 𝐻(𝑡, 𝑦, 𝑤) = 𝐻(𝑡) of 𝐻 on
[−𝛿,∞) to characterize the trajectories of (3). These surfaces
in (𝑡, 𝑦, 𝑤)-space are defined by

𝑤 = ±(2 (𝐻 (𝑡) − 𝑉 (𝑡, 𝑦)))
1/2

, (15)

extending it as long as 𝑤 remains real. In our case, such
trajectories, lying on the surface 𝑤 = 𝑤(𝑡, 𝑦, 𝜖), are bounded
for every small 𝜖. On the interval [−𝛿, 0], there is a motion in
a single potential well and on the interval [0,∞), triple well
with a barrier in between.

Computing the derivative of 𝐻 along the solution of (3)
(𝑛 = 1, for 𝑛 > 1, we proceed analogously), we obtain for
𝑡 ≥ 𝑇

𝐻
󸀠

(𝑡) = 𝑤
𝜖
(𝑡) 𝑤
󸀠

𝜖
(𝑡) + 𝑓 (𝑡, 𝑦

𝜖
(𝑡)) 𝑦
󸀠

𝜖
(𝑡)

+ ∫

𝑦𝜖(𝑡)

0

𝜕𝑓

𝜕𝑡
(𝑡, 𝑠) d𝑠

= 8ℎ (𝑡) ℎ
󸀠

(𝑡) 𝑦
2

𝜖
(𝑡) (ℎ

2

(𝑡) −
5

16
𝑦
2

𝜖
(𝑡)) .

(16)

For potential profile (𝑡 ≥ 𝑇), we have

𝜕𝑉

𝜕𝑡
𝑉 (𝑡, 0) = 0,

𝜕𝑉

𝜕𝑡
𝑉 (𝑡, ±2ℎ (𝑡)) = −8ℎ

󸀠

(𝑡) ℎ
5

(𝑡) ,

𝜕𝑉

𝜕𝑡
𝑉 (𝑡, ±ℎ (𝑡)) =

11

2
ℎ
󸀠

(𝑡) ℎ
5

(𝑡) .

(17)

As follows from computation above, ℎ(𝑡) ≡ const ̸=0 is a
sufficient condition for the existence of nonlinear steady-state
oscillations (constant amplitude). In this case, 𝐻(𝑡) = const
and 𝑉(𝑡, 𝑦) ≡ 𝑉(𝑇, 𝑦) for 𝑡 ≥ 𝑇.

To characterize input-output relationships, we determine
the areas 𝐴

−1
(𝜖), 𝐴

0
(𝜖), 𝐴

1
(𝜖) of initial states 𝑦

0
, 𝑦
1
at the
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Figure 3: Numerical solution of 𝜖2𝑦󸀠󸀠 + 𝑓(𝑡, 𝑦) = 0, 𝑦(−𝛿) = 𝑦
0
,

and 𝑦󸀠(−𝛿) = 𝑦
1
with [𝑦

0
, 𝑦
1
] = [1.2, 0] ∈ 𝐴

−1
(𝜖) and 𝑛 = 1, ℎ(𝑡) ≡

1, 𝜇 = 1, 𝛿 = 0.1, 𝑇 = 0.5, and 𝜖 = 0.02.

−𝛿

y

t

Figure 4: Numerical solution of 𝜖2𝑦󸀠󸀠 + 𝑓(𝑡, 𝑦) = 0, 𝑦(−𝛿) = 𝑦
0
,

and 𝑦󸀠(−𝛿) = 𝑦
1
with [𝑦

0
, 𝑦
1
] = [1.1, 0] ∈ 𝐴

0
(𝜖) and 𝑛 = 1, ℎ(𝑡) ≡

1, 𝜇 = 1, 𝛿 = 0.1, 𝑇 = 0.5, and 𝜖 = 0.02.

point 𝑡 = −𝛿 by solving associated time-reverse initial value
problem

𝜖
2

𝑦
󸀠󸀠

+ 𝑓 (𝑇 − 𝑡, 𝑦) = 0, 𝑡 ≥ 0

𝑦 (0) = 𝑦
0
,

𝑦
󸀠

(0) = ±𝜖
−1
√2 (𝐻 (𝑇) − 𝑉 (𝑇, 𝑦

0
)),

(18)

allowing a specific switching strategy between oscillation
patterns.

Let us denote 𝜃
𝑖
the real roots of the six-order algebraic

equation 𝑉(𝑇, 𝑦) = 𝐻(𝑇).
Thus, taking into consideration the definition of the sets

𝐴
𝑖
(𝜖) and the profile of potential 𝑉 at 𝑡 = 𝑇, we obtain

𝐴
−1
(𝜖) = {[𝑦

𝜖
(𝑇 + 𝛿) , −𝑦

󸀠

𝜖
(𝑇 + 𝛿)] :

𝑦
𝜖
(𝑡) is a solution of (18) ,

where 𝐻(𝑇) ∈ (𝑉 (𝑇, ±2ℎ) , 𝑉 (𝑇, ±ℎ)) ,

𝑦
0
∈ [𝜃
1
, 𝜃
2
] , 𝜃
1
< 𝜃
2
< −ℎ} ,

𝐴
0
(𝜖) = {[𝑦

𝜖
(𝑇 + 𝛿) , −𝑦

󸀠

𝜖
(𝑇 + 𝛿)] :

𝑦
𝜖
(𝑡) is a solution of (18) ,

where 𝐻(𝑇) ∈ (0, 𝑉 (𝑇, ±ℎ)) ,

𝑦
0
∈ [𝜃
3
, 𝜃
4
] , −ℎ < 𝜃

3
< 𝜃
4
< ℎ} ,

−𝛿

y

t

Figure 5: Numerical solution of 𝜖2𝑦󸀠󸀠 + 𝑓(𝑡, 𝑦) = 0, 𝑦(−𝛿) = 𝑦
0
,

and 𝑦󸀠(−𝛿) = 𝑦
1
with [𝑦

0
, 𝑦
1
] = [1, 0] ∈ 𝐴

1
(𝜖) and 𝑛 = 1, ℎ(𝑡) ≡

1, 𝜇 = 1, 𝛿 = 0.1, 𝑇 = 0.5, and 𝜖 = 0.02.
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Figure 6: Numerical solution of 𝜖2𝑦󸀠󸀠 + 𝑓(𝑡, 𝑦) = 0, 𝑦(−𝛿) = 𝑦
0
,

and 𝑦󸀠(−𝛿) = 𝑦
1
with [𝑦

0
, 𝑦
1
] = [1.6, 0] ∈ 𝐴all(𝜖) and 𝑛 = 1, ℎ(𝑡) ≡

1, 𝜇 = 1, 𝛿 = 0.1, 𝑇 = 0.5, and 𝜖 = 0.02.

𝐴
1
(𝜖) = {[𝑦

𝜖
(𝑇 + 𝛿) , −𝑦

󸀠

𝜖
(𝑇 + 𝛿)] :

𝑦
𝜖
(𝑡) is a solution of (18) ,

where 𝐻(𝑇) ∈ (𝑉 (𝑇, ±2ℎ) , 𝑉 (𝑇, ±ℎ)) ,

𝑦
0
∈ [𝜃
5
, 𝜃
6
] , ℎ < 𝜃

5
< 𝜃
6
} .

(19)

The Figures 3, 4, and 5 demonstrate all types of oscilla-
tions patterns for (1) with the initial values from 𝐴

𝑖
(𝜖), 𝑖 =

−1, 0, 1, respectively.
Let

𝐴all (𝜖) = {[𝑦𝜖 (𝑇 + 𝛿) , −𝑦
󸀠

𝜖
(𝑇 + 𝛿)] :

𝑦
𝜖
(𝑡) is a solution of (18) ,

where 𝐻(𝑇) ∈ (𝑉 (𝑇, ±ℎ) ,∞) ,

𝑦
0
∈ [𝜃
1
, 𝜃
2
] } .

(20)

Then, the solutions of (1) with [𝑦
0
, 𝑦
1
] ∈ 𝐴all(𝜖) surround

all pitchfork arms for 𝑡 > 𝑇 (Figure 6). For analysis of
this type of oscillations for double-well potential profile
in more detail, see [22]. The selected points of the sets
𝐴
−1
, 𝐴
0
, 𝐴
1
, and 𝐴all are depicted on the Figure 7.

On the basis of the Kneser and Fukuhara theory, the
sets 𝐴

𝑖
(𝜖), 𝑖 = −1, 0, 1, are continua (i.e., the bounded

and connected sets), and 𝐴all is connected in E2 where the
overline denotes the closure of a set in the standard topology
of E2. Obviously,

(1) {⋂𝐴
𝑖
(𝜖) : 𝑖 = −1, 0, 1, all} = 0
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Figure 7: The selected points of the spiral-shaped sets 𝐴
−1
, 𝐴
0
, 𝐴
1
, and 𝐴all for 𝑛 = 1, ℎ(𝑡) ≡ 1, 𝜇 = 1, 𝛿 = 0.1, 𝑇 = 0.5, and 𝜖 = 0.02 (from

(a) to (d)).
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Figure 8:Thephase portrait of system (3) for 𝑡 ≥ 𝑇withℎ(𝑡) ≡ const
and 𝑛 = 1. The solutions of (1) lying in the time 𝑡 = 𝑇 on the orbits
with arrows are nonoscillatory, and lim

𝑡→∞
𝑦
𝜖
(𝑡) = ℎ or −ℎ.

(2) {⋃𝐴
𝑖
(𝜖) : 𝑖 = −1, 0, 1, all} = E2

for every 𝜖 > 0.

Also, as a consequence of the oddness of the function 𝑓
in the variable 𝑦 for every fixed 𝑡 ∈ [−𝛿,∞), we have

(1) 𝐴
𝑖
(𝜖) = −𝐴

−𝑖
(𝜖), 𝑖 ̸= 0, all

(2) 𝐴
0
(𝜖) and 𝐴all(𝜖) are symmetric about the origin

for every 𝜖 > 0.

3. Nonoscillatory Solutions

We note that there also exists for ℎ(𝑡) ≡ const a family of
the nonoscillatory solutions of (1) for 𝑡 ≥ 𝑇 with [𝑦

0
, 𝑦
1
] ∈

𝐴non-osc(𝜖) where for 𝑛 = 1

𝐴non-osc (𝜖)

= {[𝑦
𝜖
(𝑇 + 𝛿) , −𝑦

󸀠

𝜖
(𝑇 + 𝛿)] : 𝑦

𝜖
(𝑡) is a solution of (18)

with either

(1) 𝑦
0
= 0, 𝐻(𝑇) = 0 or

(2) 𝑦
0
= ±ℎ, 𝐻 (𝑇) = 𝑉 (𝑇, ±ℎ) or

(3) 𝑦
0
= ±2ℎ, 𝐻 (𝑇) = 𝑉 (𝑇, ±2ℎ) or

𝐻(𝑇) = 𝑉 (𝑇, ±ℎ) , 𝑦
0
∈ [−𝜃, 𝜃] , 𝑦

0
̸= ± ℎ} .

(21)

In order to facilitate the understanding of the dynamics of
dynamical system (3) after the time 𝑇, we drew the Figures 8,
9, 10, 11, and 12.
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−𝛿

y

t

Figure 9: Five solutions (𝑛 = 1) of (1) with (1) 𝑦
0
= 0 and𝐻(𝑇) = 0

(𝑦
𝜖
(𝑡) = 0 on [−𝛿,∞]), (2) 𝑦

0
= ±ℎ and 𝐻(𝑇) = 𝑉(𝑇, ±ℎ), and

(3) 𝑦
0
= ±2ℎ and 𝐻(𝑇) = 𝑉(𝑇, ±2ℎ).

−𝛿

y

t

Figure 10: Two of infinitely many solutions of (1) with 𝑦
0
∈ (−ℎ, ℎ)

and𝐻(𝑇) = 𝑉(𝑇, ±ℎ).

−𝛿

y

t

Figure 11: Two of infinitely many solutions of (1) with 𝐻(𝑇) =
𝑉(𝑇, ±ℎ) and either 𝑦

0
∈ (ℎ, 𝜃), 𝑦󸀠(0) < 0 or 𝑦

0
∈ (−𝜃, −ℎ), 𝑦󸀠(0) >

0.

4. Frequency Control of Nonlinear Oscillations

In this section, using the appropriate changes of coordinates,
we show that the singular perturbation parameter 𝜖 plays
role modeling tool for control of frequencies of nonlinear
oscillations. We will analyze the case [𝑦

0
, 𝑦
1
] ∈ 𝐴

1
(𝜖) only.

For the other cases, we proceed in a similar way.
From the theory above, it follows that the solution of (1),

[𝑦
0
, 𝑦
1
] ∈ 𝐴

1
(𝜖) will oscillate around the half-line 𝑦 = 2ℎ for

𝑡 ≥ 𝑇 (Figure 5).
Let us put 𝑦 = 2ℎ + 𝑟(𝑡) cos 𝛾(𝑡) and 𝑤 = −𝑟(𝑡) sin 𝛾(𝑡)

for 𝑡 ≥ 𝑇. Due to requirement of steady-state oscillations,

−𝛿

y

t

Figure 12: Two of infinitely many solutions of (1) with 𝐻(𝑇) =
𝑉(𝑇, ±ℎ) and either 𝑦

0
∈ (ℎ, 𝜃), 𝑦󸀠(0) > 0 or 𝑦

0
∈ (−𝜃, −ℎ), 𝑦󸀠(0) <

0.

ℎ(𝑡) ≡ const, and consequently, 𝑓(𝑡, 𝑦) = 𝑓(𝑦) for 𝑡 ≥ 𝑇.
Thus,

𝑦
󸀠

=
𝑤

𝜖
󳨐⇒ 𝑟
󸀠 cos 𝛾 − 𝑟𝛾󸀠 sin 𝛾 = −𝑟

𝜖
sin 𝛾

𝑤
󸀠

= −
𝑓 (𝑦)

𝜖
󳨐⇒ −𝑟

󸀠 sin 𝛾 − 𝑟𝛾󸀠 cos 𝛾 = −
𝑓 (𝑦)

𝜖
.

(22)

Multiplying these equations by sin 𝛾, cos 𝛾, respectively, and
after algebraic manipulations, we finally obtain the following
differential equation for 𝛾:

𝛾
󸀠

=
1

𝜖
[sin2𝛾 + 𝑓 (𝑦) cos2𝛾] , (23)

where

𝑓 (𝑦) =
𝑓 (𝑦)

𝑦 − 2ℎ
,

𝑓 (2ℎ) =
d𝑓
d𝑦

(2ℎ) .

(24)

Denote by 𝜃 the root of equation 𝑉(𝑇, 𝑦) = 𝑉(𝑇, ℎ) such that
𝜃 > ℎ (see Figure 2) and let

𝛼
Γ
= min {sin2𝛾 + 𝑓 (𝑦) cos2𝛾 : 𝑦 ∈ Γ, 𝛾 ∈ [0, 2𝜋]}

𝛽
Γ
= max {sin2𝛾 + 𝑓 (𝑦) cos2𝛾 : 𝑦 ∈ Γ, 𝛾 ∈ [0, 2𝜋]} ,

(25)

where Γ ⊂ (ℎ, 𝜃) is a continuum depending on the constant
amplitude of oscillations. Obviously, these nonzero values
exist because of positivity of function 𝑓 on Γ. Hence,

𝛼
Γ

𝜖
≤ 𝛾
󸀠

≤
𝛽
Γ

𝜖
. (26)

Now, let us denote by 𝑠 the spacing between two succes-
sive zeros of 𝑦

𝜖
(𝑡) − 2ℎ on [𝑇,∞), where 𝑦

𝜖
(𝑡) is a solution of

(1) with [𝑦
0
, 𝑦
1
] ∈ 𝐴
1
(𝜖).Then, integrating the inequality (26)
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with respect to the variable 𝑡 between two successive zeros of
𝑦 − 2ℎ, we immediately obtain

∫

(𝑗+1)th zero

(𝑗)th zero

𝛼
Γ

𝜖
d𝑡

≤ ∫

(𝑗+1)th zero

(𝑗)th zero
𝛾
󸀠d𝑡

≤ ∫

(𝑗+1)th zero

(𝑗)th zero

𝛽
Γ

𝜖
d𝑡

𝛼
Γ

𝜖
𝑠 ≤ 𝜋 ≤

𝛽
Γ

𝜖
𝑠.

(27)

Hence,

𝜋

𝛽
Γ

𝜖 ≤ 𝑠 ≤
𝜋

𝛼
Γ

𝜖; (28)

that is, the frequency of oscillations increases without bound
for 𝜖 tending to zero. As a consequence of the inequality (28)
and the definition of the constant 𝛼

Γ
, we note that for a fixed

value of parameter 𝜖, the greater amplitude of oscillations
leads to the lower frequency of oscillations.

The data for Figures 3–12 have been worked out with the
computer system MAXIMA [23, 24]. The computer code is
available from the authors upon request.

5. Conclusions

In this paper, a novel technique to active control of the oscil-
lation patterns and their frequencies for nonlinear dynamical
systems with initial condition is proposed. The method is
based on solving the time-reverse differential equation on
a particular interval. The analytical results are numerically
simulated by employing the computer systemMAXIMA.The
ideas of this paper may be naturally extended and adapted
to wide class of the systems to find the basins for different
patterns of systems behavior and may be employed without
any principal limitation.
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This paper is concerned with a novel tracking controller design for a hypersonic flight vehicle in complex and volatile environment.
The attitude control model is challengingly constructed withmultivariate uncertainties and external disturbances, such as structure
dynamic and stochastic wind disturbance. In order to resist the influence of uncertainties and disturbances on the flight control
system, nonlinear disturbance observer is introduced to estimate them. Moreover, for the sake of high accuracy and sensitivity,
fuzzy theory is adopted to improve the performance of the nonlinear disturbance observer. After the total disturbance is eliminated
by dynamic inversion method, a cascade system is obtained and then stabilized by a sliding-mode controller. Finally, simulation
results show that the strong robust controller achieves excellent performance when the closed-loop control system is influenced by
mass uncertainties and external disturbances.

1. Introduction

The study of the hypersonic flight vehicle (HFV) has been
implemented for more than two decades all around the
world. As early as 1980s, Chavez and Schmidt had made
pivotal works of developing classic longitudinal model of the
vehicle dynamics [1, 2]. Afterwards, Bolender and Doman
developed the important implicit model: the first-principle
model in [3]. In recent years, flexible effect, which results
in structure dynamic and may significantly influence the
performance of HFV, attractsmore andmore attention. Some
models introduce the flexible modes in the motion equations
[4, 5]. The most significant characteristics of HFV are the
highly coupled and nonlinear nature of its dynamic behavior.
Additionally, complicated flight condition and variability of
the vehicle characteristics bring about mass uncertainties
for the modeling. Some researchers, such as McNamara and
Friedmann, have stated the difficulties faced in the modeling
and control in their works [6]. At present, the models are
unprecedented, complex, and much closer to the reality.

A large amount of different control methods has been
successfully applied to stabilize the system of HFV and

accomplish special tasks. Some typical approaches can be
much weighted, such as linear parameter-varying control
[7], adaptive control [8, 9], sliding-mode control [10], gain-
scheduling, dynamic inversion [11], and H

∞
design [12].

Some other control methods (e.g., linear matrix inequity
(LMI)) are based on linearized model by using the small
disturbance principle at given trim point [13]. However, most
of these methods have much conservation because the con-
troller should be redesigned if the trim points of the system
are altered and the calculation is amazingly tremendous.
Thus, nonlinear control methods, such as dynamic inversion
and adaptive control, seem more effective and present good
relationship with physical process.

Despite of recent success of NASA’s X-51A experiment,
the design of robust guidance and control systems for HFV
is still a challenging area [14]. Due to the complex flight
environment (e.g., high mach, low air density, and thermal-
elasticity), seeking for a strong robust controller is on edge.
This kind of controller cannot only adapt to severe envi-
ronment but also tolerate its own faults. As for HFV, one
of the most important tasks is to track the reference trajec-
tory. However, some unknown factors, such as gust wind,
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structure dynamic, actuator failure, and sensor fault, bring
about great uncertainties to the system performance. Some
linearized models have been stabilized by robust controller
based on LMI, in which Lyapunov stability theory is widely
applied [15]. In [16], energy norm indices have been used
for the fault detection problem in discrete-time Markovian
jump systems. Some other novel methods also successfully
addressed the uncertainties and disturbance problems, such
as in [17]; it used extendedKalman filter to solve the problems
of stochastic nonlinearities and multiple missing measure-
ments instead of using observing methods. Nevertheless,
in [13, 18], the parameters and states in linearized models
are all the deviations from the trim point rather than the
real ones. Thus, nonlinear analysis methods may be more
meaningful in the practical engineering. The study of fault-
tolerant control, which is based on nonlinear observer, makes
great contributions to the design of strong robust controller.
There are lots of various state estimators at present. Such
as in [19, 20], state estimators were constructed with data
from sensor networks for discrete-time systems to resist bad
influence by sensor saturation, delay, and uncertainties. In
[14], a fuzzy disturbance observer was proposed to estimate
the uncertainties and disturbances. The nonlinear observer
cannot only reconfigure the original states but also monitor
the total disturbance.Then, the disturbance can be eliminated
by using dynamic inverse method. As for this method,
descriptions for disturbance and uncertainties are more
accurate and rational for the reality.

In order to achieve excellent performance for the dis-
turbance observer, in this paper, we introduce a novel fuzzy
disturbance observer (FDO) tomonitor the total disturbance,
which can intelligently change its behavior according to
the error of observation. What we contribute is that we
redefine the disturbance as the sum of internal disturbance
and external disturbance. This conception was first proposed
in active disturbance rejection control (ADRC) by Han
[21]. This redefinition reduces the quantity of calculation
compared to other online methods, such as adaptive control.
Moreover, it becomes feasible to apply this technology to
electronic programming [21].

In this paper, our control objective is a kind of HFV
similar to High-altitude Test Vehicle-2 (HTV-2). The goal
for control is to make the attitude states (angle of attack,
angle of the sideslip, and angle of roll) track the reference
trajectories as soon as possible, especially when the flight
environment contains large scale of uncertainties and distur-
bances. The rest of the paper is arranged as follows. Section 2
demonstrates the attitude model of the flight vehicle with
mass uncertainties in detail. And the disturbance observer
based on fuzzy theory is introduced in Section 3. In Section 4,
controller is designed based on the disturbance observer.
Simulation results in Section 5 confirm the controller’s excel-
lent operation and how well the observer monitors the
disturbance in real time.

2. Nonlinear Attitude Control Model

2.1. Establishment of Nonlinear Dynamic Model. Some
researchers have made great contributions to the modeling

for HFV. HFV is usually characterized with strong coupling,
strong nonlinear and multiple inputs and multiple outputs
(MIMO). It is nearly impossible to do research on a highly
accurate model considering all aspects. Thus, tradeoff
between the modeling accuracy and simplicity should be
considered. According to Newton’s second law of motion
and three-dimension coordinate transformation, the model
of attitude motions for the MIMO flight vehicle model with
two inputs (𝛿

𝑟
and 𝛿

𝑙
) can be established.

The angle equations are listed as follows:

̇𝛼 = 𝜔
𝑧
+
sin𝛼 sin𝛽
cos𝛽

𝜔
𝑦
−
cos𝛼 sin𝛽

cos𝛽
𝜔
𝑥

−
(−𝐶

𝐴
𝑞𝑆 − 𝑚𝑔 sin𝜙

𝑟
cos𝜓

𝑟
) sin𝛼

𝑚𝑉
𝑟
cos𝛽

− ((𝐶
𝑁
𝑞𝑆 − 𝑚𝑔 cos𝜙

𝑟
cos 𝛾

−𝑚𝑔 sin𝜙
𝑟
sin𝜓

𝑟
sin 𝛾) cos𝛼)

× (𝑚𝑉
𝑟
cos𝛽)−1,

̇𝛽 = 𝜔
𝑦
cos𝛼 + 𝜔

𝑥
sin𝛼

+
𝐶
𝑁
𝑞𝑆 − 𝑚𝑔 (cos𝜙

𝑟
cos 𝛾 + sin𝜙

𝑟
sin𝜓

𝑟
sin 𝛾)

𝑚𝑉
𝑟

× sin𝛼 sin𝛽

−
−𝐶

𝐴
𝑞𝑆 − 𝑚𝑔 sin𝜙

𝑟
cos𝜓

𝑟

𝑚𝑉
𝑟

cos𝛼 sin𝛽

̇𝛾 = 𝜔
𝑥
+ ̇𝜙

𝑟
sin𝜓

𝑟
.

(1)

And the angle-rate equations are given as

𝐽
𝑥
̇𝜔
𝑥
− 𝐽

𝑥𝑦
̇𝜔y − 𝐽𝑥𝑧 ̇𝜔

𝑧
+ 𝐽

𝑧
𝜔
𝑦
𝜔
𝑧
− 𝐽

𝑥𝑧
𝜔
𝑥
𝜔
𝑦

− 𝐽
𝑦𝑧
𝜔
2

𝑦
− 𝐽

𝑦
𝜔
𝑦
𝜔
𝑧
+ 𝐽

𝑥𝑦
𝜔
𝑥
𝜔
𝑧
+ 𝐽

𝑦𝑧
𝜔
2

𝑧

= 𝐶
𝑙
𝑞𝑆𝐿 −

𝐶
𝑙𝑝
𝑞𝑆𝐿

2

𝜔
𝑥

𝑉
𝑟

,

𝐽
𝑦
̇𝜔
𝑦
− 𝐽

𝑥𝑦
̇𝜔
𝑥
− 𝐽

𝑦𝑧
̇𝜔
𝑧
+ 𝐽

𝑥
𝜔
𝑥
𝜔
𝑧
− 𝐽

𝑥𝑦
𝜔
𝑦
𝜔
𝑧

− 𝐽
𝑥𝑧
𝜔
2

𝑧
− 𝐽

𝑧
𝜔
𝑥
𝜔
𝑧
+ 𝐽

𝑥𝑧
𝜔
2

𝑥
+ 𝐽

𝑦𝑧
𝜔
𝑥
𝜔
𝑦

= 𝐶
𝑛
𝑞𝑆𝐿 −

𝐶
𝑛𝑟
𝑞𝑆𝐿

2

𝜔
𝑦

𝑉
𝑟

,

𝐽
𝑧
̇𝜔
𝑧
− 𝐽

𝑥𝑧
̇𝜔
𝑥
− 𝐽

𝑦𝑧
̇𝜔
𝑦
+ 𝐽

𝑦
𝜔
𝑥
𝜔
𝑦
− 𝐽

𝑥𝑦
𝜔
2

𝑥

− 𝐽
𝑦𝑧
𝜔
𝑥
𝜔
𝑧
− 𝐽

𝑥
𝜔
𝑥
𝜔
𝑦
+ 𝐽

𝑥𝑦
𝜔
2

𝑦
+ 𝐽

𝑥𝑧
𝜔
𝑦
𝜔
𝑧

= 𝐶
𝑚
𝑞𝑆𝐿 −

𝐶
𝑚𝑞
𝑞𝑆𝐿

2

𝜔
𝑧

𝑉
𝑟

,

(2)
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where 𝐶
𝐴
, 𝐶

𝑁
, 𝐶

𝑍
, 𝐶

𝑙
, 𝐶

𝑚
, 𝐶

𝑛
, 𝐶

𝑙𝑝
, 𝐶

𝑚𝑞
, and 𝐶

𝑛𝑟
are related

to one or four parameters (their expressions are listed below)
and can be gotten by interpolation method:

𝐶
𝑖
(𝛼, 𝛽, 𝛿

𝑟
, 𝛿

𝑙
) (𝑖 = 𝐴,𝑁,𝑍, 𝑙, 𝑚, 𝑛) ,

𝐶
𝑗
(𝛼) (𝑗 = 𝑙𝑝,𝑚𝑞, 𝑛𝑟) .

(3)

Figure 1 shows themoment and force curves and their fit-
ted functions versus 𝛼 and 𝛽, respectively. As the coefficients
are determined by four variables: 𝛼, 𝛽, 𝛿

𝑟
, and 𝛿

𝑙
. The inputs

𝛿
𝑟
and 𝛿

𝑙
are both frozen to 0.1 degree to draw the three-

dimensional pictures below.
Therefore, (1) and (2) can be rewritten to (4) by separation

of variables:

Θ̇ = f
1
(Θ) +M (Θ)Ω

Ω̇ = f
2
(Θ,Ω) + B (Θ) u,

(4)

where

Θ = [𝛼 𝛽 𝛾]
𝑇

, Ω = [𝜔
𝑥
𝜔
𝑦
𝜔
𝑧
]
𝑇

,

u = [𝛿
𝑟
𝛿
𝑙
]
𝑇

,

M (Θ) =[

[

− cos𝛼 tan𝛽 sin𝛼 tan𝛽 1

sin𝛼 cos𝛼 0

1 0 0

]

]

,

B (Θ) =[
[

𝐽
𝑥

−𝐽
𝑥𝑦

−𝐽
𝑥𝑧

−𝐽
𝑥𝑦

𝐽
𝑦

−𝐽
𝑦𝑧

−𝐽
𝑥𝑧

−𝐽
𝑦𝑧

𝐽
𝑧

]

]

−1

[
[
[
[
[

[

𝐶
𝛿𝑟

𝐶𝑙
𝐶
𝛿𝑙

𝐶𝑙

𝐶
𝛿𝑟

𝐶𝑛
C𝛿𝑙

𝐶𝑛

𝐶
𝛿𝑟

𝐶𝑚
𝐶
𝛿𝑙

𝐶𝑚

]
]
]
]
]

]

.

(5)

Equation (4) is a typical system that can be stabilized
by back-stepping method, in which Ω can be seen as a
pseudoinput. In this system,𝑉

𝑟
, 𝜙

𝑟
, and 𝜓

𝑟
are all determined

by the reference trajectory and known for controller design.

2.2. Problem Formulation. As for describing the complex
and volatile flight condition, a great amount of parameter
uncertainties and stochastic wind disturbance is introduced
into this model. The parameter uncertainties and external
disturbance (bandlimited and varying slowly) are expressed
in the equations as follows:

Θ̇ = (f
1
(Θ) + Δf

1
(Θ)) + (M (Θ) + ΔM (Θ))Ω + dwind1,

Ω̇ = (f
2
(Θ,Ω) + Δf

2
(Θ,Ω)) + (B (Θ) + ΔB (Θ)) u + dwind2.

(6)

In system (6), f
1
and f

2
contain lots of complicated struc-

ture information of this model, which are too complicated if
they are written into formula expression. For simplicity, some
items are rewritten as the following expression:

Π
1
(Θ,Ω) = f

1
(Θ) + Δf

1
(Θ) + ΔM (Θ)Ω + dwind1 ,

Π
2
(Θ,Ω) = f

2
(Θ,Ω) + Δf

2
(Θ,Ω) + ΔB (Θ) u + dwind2 ,

(7)

thus, system (6) can be rewritten as

̇Γ = K (Θ)U +Π (Θ,Ω) , (8)

where

Γ = [
Θ

Ω
] , U = [

Ω

u] ,

K (Θ) = [M (Θ) 0
0 B (Ω)] , Π (Θ,Ω) = [

Π
1
(Θ,Ω)

Π
2
(Θ,Ω)

] .

(9)

In particular, total disturbance is redefined as
Π

𝑖
(Θ,Ω) (𝑖 = 1, 2) ∈ R3 × 1, unknown and bandlimited,

to represent the sum of partial structure information,
model parameter uncertainties, and wind disturbance.
From the above consideration, a cascade system with total
disturbance is presented. As for the practical hypothesis, the
total disturbance, hence, contains wide range of parameter
uncertainties, such as force and moment coefficients
deviation, inertia deviation, gravity center deviation, and
atmosphere density deviation. As the goal for flight control,
the goal is to converge the flight attitude and angle-rate
(Θ(𝑡),Ω(𝑡)) into the given reference trajectory (Θ∗(𝑡),Ω∗(𝑡))
in finite time. And the transient response performance
should be as better as the system can achieve. Consider the
following:

lim
𝑡→+∞

󵄩󵄩󵄩󵄩Θ (𝑡) −Θ
∗

(𝑡)
󵄩󵄩󵄩󵄩 = 0,

lim
𝑡→+∞

󵄩󵄩󵄩󵄩Ω (𝑡) −Ω
∗

(𝑡)
󵄩󵄩󵄩󵄩 = 0.

(10)

Dynamic inversion method has been widely used to
address such problem; however, themost critical and difficult
work is the disturbance estimation. Disturbance estimation
relies on identification via inputs and outputs data. As long as
the total disturbance is estimated (notated as Π̂

𝑖
(𝑖 = 1, 2)),

the problem surely becomes easy to disentangle by dynamic
inversion method as the following expression;Ω behaves as a
pseudoinput:Ω

𝑐
. Consider the following:

Ω
𝑐
= M−1

(Θ) (−Π̂
1
+Ω) ,

u = B†

(Θ) (−Π̂
2
+ u

𝑐
) .

(11)

In (11), the inversion matrix B−1 cannot be obtained
because B is not a square matrix.Thus, pseudoinversion B† is
used to replace it, and the error which results from inaccurate
dynamic inversion can be reduced by error-integral feedback.
If Π̂

𝑖
can be perfectly monitored, the plant system (4) can be

rewritten as, by replacing with (11),

Θ̇ = Ω +Π
1
− Π̂

1
,

Ω̇ = u
𝑐
+Π

2
− Π̂

2
.

(12)

Assumption: the observation error (Π̂
𝑖
−Π

𝑖
) is minor, and

its effect on the stability of the closed loop system is negligible.
This assumption is reasonable because it has been proved
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Figure 1: Moment and force coefficients at 𝛿
𝑟
= 𝛿

𝑙
= 0.1 deg.

that the observation error is uniformly ultimately bounded
(UUB, ∈ L

∞
) within a region of arbitrarily small size [14].

Thus, we will neglect the observation error in the following
parts.

The estimation of Π̂
𝑖
(𝑖 = 1, 2) plays an extremely impor-

tant role in the whole control system. The total disturbance
should be estimated accurately online, and fuzzy theory is
quite suitable for this condition. After choosing the mem-
bership functions, the fuzzy disturbance observer will have
different response time and convergence speed in accordance
with which membership area the observation error is located
in. This kind of intelligent observer will make the online
identification process achieve excellent performance.

3. Disturbance Observer Based on
Fuzzy Theory

3.1. Introduction of Extended State. Nonlinear extended state
observer (NESO) performs well in not only observing all
the system states but also monitoring the uncertainties and
external disturbance. Under this framework, NESO can
derive various forms due to different nonlinear functions
involved. In this paper, fuzzy theory is introduced to deal
with disturbance estimation error.The observer behavior will
be automatically adjusted by the error level, which makes
the observer achieve perfect transient response. According to
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Figure 2: Controlled system based on FDO.

the system (8), the following NESO is designed to estimate
the total disturbance:

ΔΓ = 󰜚 − Γ = [Δ𝛼 Δ𝛽 Δ𝛾 Δ𝜔
𝑥
Δ𝜔

𝑦
Δ𝜔

𝑧
]
𝑇

̇󰜚 = K (Θ)U + Π̂ − cΔΓ

Π̂ = G (Γ, u) ,

(13)

where

ΔΓ = [ΔΘ
𝑇

ΔΩ
𝑇

]
𝑇

: reconfigured states error,

󰜚 = [𝛼
󸀠

𝛽
󸀠

𝛾
󸀠

𝜔
󸀠

𝑥
𝜔
󸀠

𝑦
𝜔
󸀠

𝑧
]
𝑇

: reconfigured states,

Π̂ = [Π̂
𝑇

1
Π̂

𝑇

2
]

𝑇

: estimated total disturbance.

(14)

In system (13), the nonlinear function G(Γ, u) is a fuzzy
inference engine, which is used to estimate the total distur-
bance. Π̂ is the extended state, which is defined in the subtitle.
The G(Γ, u) can be also rewritten as G(Γ) because the input
u(Γ) is determined by full-state feedback.The constant vector
c, if chosen properly, will control the weight the reconfigured
error has in the observer equation and it will enhance the
stability of the whole system by negative feedback. The goal
for this observer is to make the following equation hold:

lim
𝑡→+∞

󵄩󵄩󵄩󵄩󰜚 − Γ
󵄩󵄩󵄩󵄩 = 0. (15)

Figure 2 depicts the whole controlled system based on
fuzzy disturbance observer (FDO).

3.2. Disturbance Observer Based on Fuzzy Theory. In [14],
Euntai gave detailed explanations on fuzzy disturbance
observer. A typical fuzzy system follows the IF-THEN rules
which are characterized by a set of condition → action rules,
or in IF-THEN form as follows [22]:

IF premise THEN consequent, (16)

or

IF 𝜐
1
is𝐴𝑖

1
and, . . . , and 𝜐

𝑛
is𝐴𝑖

𝑛
THEN𝑦𝑖 is𝐵. (17)

In this paper, the principle of product inference, center-
average and singleton fuzzifier is adopted. Then, the expres-
sion of the estimated total disturbance is obtained as follows:

G (Γ) =
∑

𝑚

𝑖=1
𝑦
𝑖

(∏
𝑛

𝑗=1
𝜇
𝐴
𝑖
𝑗
(Γ

𝑗
))

∑
𝑚

𝑖=1
(∏

𝑛

𝑗=1
𝜇
𝐴
𝑖
𝑗
(Γ

𝑗
))

= 𝜃
𝑇

𝜉 (Γ) , (18)

where 𝜃 ∈ R27 × 1

, 𝜉(Γ) ∈ R27 × 1. 𝜃 is the adjustable
vector, which is composed of 𝑦𝑖, and 𝜉(Γ) is the fuzzy basis
function. Equation (18) is a general solution formula for every
channel of the estimated disturbance vector Π̂. The adaptive
parameter is shown as follows (take the channel of 𝛼, e.g.):

̇
𝜃̂
𝛼
= 𝜆

𝛼
Δ𝛼𝜉 (𝛼, 𝛽, 𝛾) , (19)

and the fuzzy basis functions are as follows:

𝜉
𝑖
=

∏
3

𝑗=1
𝜇
𝐴
𝑖
𝑗
(Γ

𝑗
)

∑
3

𝑖=1
(∏

3

𝑗=1
𝜇
𝐴
𝑖
𝑗
(Γ

𝑗
))

, (20)

where [Γ
1
Γ
2
Γ
3
] = [𝛼 𝛽 𝛾], 𝜉(𝛼, 𝛽, 𝛾) = [𝜉

1
, 𝜉

2
, . . . , 𝜉

27
]
𝑇,

and

𝜇
𝐴
1
1
(Γ

1
) =

1

1 + exp (2 (Γ
1
+ 0.6))

,

𝜇
𝐴
2
1
(Γ

1
) = exp (−(Γ

1
)
2

) ,

𝜇
𝐴
3
1
(Γ

1
) =

1

1 + exp (−2 (Γ
1
− 0.6))

,

𝜇
𝐴
1
2
(Γ

2
) =

1

1 + exp (2 (Γ
2
+ 0.1))

,

𝜇
𝐴
2
2
(Γ

2
) = exp (−(Γ

2
)
2

) ,

𝜇
𝐴
3
2
(Γ

2
) =

1

1 + exp (−2 (Γ
2
− 0.1))

,

𝜇
𝐴
1
3
(Γ

3
) =

1

1 + exp (2 (Γ
3
+ 0.9))

,

𝜇
𝐴
2
3
(Γ

3
) = exp (−(Γ

3
)
2

) ,

𝜇
𝐴
3
3
(Γ

3
) =

1

1 + exp (−2 (Γ
3
− 0.9))

.

(21)

For the sake of reducing calculation amount, there are
only three fuzzy membership functions for each channel of
𝛼, 𝛽, and 𝛾, which are shown in Figure 3.

The disturbance observation error ΔΓ will be uniformly
ultimately bounded (ΔΓ ∈ 𝐿

∞
), which has been proved in

[14]. And this method will accelerate the convergence speed
of the FDO when the observation error is approaching zero.
As for (19), the fuzzy basis functions 𝜉(𝛼, 𝛽, 𝛾) will be the
samewhen dealing with the channels of 𝛼, 𝛽, and 𝛾. But when
estimating the total disturbance of the channels of𝜔

𝑥
,𝜔

𝑦
, and

𝜔
𝑧
, the functions will change to 𝜉(𝜔

𝑥
, 𝜔

𝑦
, 𝜔

𝑧
), and themethod

of obtaining it is similar to the former.
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Figure 3: Fuzzy basis functions for 𝛼, 𝛽, and 𝛾.

4. Controller Design Based on
Sliding-Mode Method

After observing and removing the total disturbance, the
cascade system (12) is obtained. In this paper, the sliding-
mode method is used to deal with the cascade system. Angle
tracking errors are defined as follows:

e = Θ∗ −Θ, (22)

where Θ∗ is the given reference trajectory. Differentiating
(22),

̇e = Ω̇∗ − Θ̇ = Ω∗ −Ω. (23)

200 2002000

50

G
W

 sp
ee

d 
(m

/s
)

Voyage (m)
d0 d1 d2 d3

Figure 4: Gust wind model.

Table 1: Distractions of parameters in the plant system model.

Parameter Distraction Parameter Distraction
Δ𝐶

𝐴
20% 𝐶

𝐴
Δ𝐶

𝑁
15% 𝐶

𝑁

Δ𝐶
𝑍

20% 𝐶
𝑍

Δ𝐶
𝑙

40% 𝐶
𝑙
+ 0.001

Δ𝐶
𝑛

40% 𝐶
𝑛
+ 0.002 Δ𝐶

𝑚
30% 𝐶

𝑚
+ 0.001

Δ𝐶
𝑙𝑝

50% 𝐶
𝑙𝑝

Δ𝐶
𝑛𝑟

50% 𝐶
𝑛𝑟

Δ𝐶
𝑚𝑞

50% 𝐶
𝑚𝑞

Δ𝑚 20%𝑚
Δ𝐽

𝑋
8% 𝐽

𝑋
Δ𝐽

𝑌
8% 𝐽

𝑌

Δ𝐽
𝑍

8% 𝐽
𝑍

Δ𝐽
𝑋𝑌

15% 𝐽
𝑋𝑌

Δ𝐽
𝑋𝑍

0.4 Δ𝐽
𝑌𝑍

0.4

Table 2: Relationship between stationary wind speed and flight
altitude.

Altitude (km) 𝑓
𝑆𝑊

𝑤
(m/s) Altitude (km) 𝑓

𝑆𝑊

𝑤
(m/s)

35.0 64.0 64.5 101.7
39.0 64.0 65.0 101.0
44.0 84.4 69.0 95.4
49.0 112.4 69.5 94.1
59.0 112.4 70.0 92.8
59.5 111.4 74.0 82.4
60.0 110.4 107.0 82.4
64.0 102.4 110.0 80.5

Given K = [𝑘
𝑖1
𝑘
𝑖2
], E = [e

𝑖
̇e
𝑖
]
𝑇, and uc =

[𝑢
𝑐1
, 𝑢

𝑐2
, 𝑢

𝑐3
]
𝑇

, 𝑖 = 1, 2, 3, we set the following sliding-mode
surface function for any one of the channels:

s
𝑖
= KE = 𝑘

𝑖1
(Θ

∗

𝑖
−Θ

𝑖
) + 𝑘

𝑖2
(Ω

∗

𝑖
−Ω

𝑖
) ,

̇s
𝑖
= 𝑘

𝑖1
(Θ̇

∗

𝑖
−Ω

𝑖
) + 𝑘

𝑖2
(Ω̇

∗

𝑖
− 𝑢

𝑐𝑖
) = slaw

𝑖
,

(24)

where slaw
𝑖
is the sliding-mode approaching law. In order to

achieve good tracking performance, in this paper, we choose
the exponential approaching law instead of the traditional
proportional approaching law:

slaw
𝑖
= −𝜀

𝑖
sgn (s

𝑖
) − 𝛽

𝑖
s
𝑖
. (25)

In (24), the sliding-mode surface function s
𝑖
satisfies

threes conditions: (1) s
𝑖
(𝑡 = 𝑡

0
) = 0, (2) s

𝑖
is differentiable,

and (3) s𝑇
𝑖
̇s
𝑖
< 0. These conditions guarantee not only the

stability of tracking process but also the steady tracking error
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Figure 5: Tracking results without and with total disturbance.

asymptotically approaching to zero. Substituting (25) into
(24), we get the controlled input as

𝑢
𝑐𝑖
=
1

𝑘
𝑖2

(𝑘
𝑖1
(Θ̇

∗

𝑖
−Ω

𝑖
) + 𝜀

𝑖
sgn (s

𝑖
) + 𝛽

𝑖
s
𝑖
) + Ω̇

∗

𝑖
. (26)

Remark. According to the repeated trials, it is more likely to
achieve good control performance when the parameters are
chosen as 𝜀

1
= 5, 𝛽

1
= 10, 𝑘

11
= 3, and 𝑘

12
= 1. All of these

parameters can significantly influence the stability, the rising
time and the tracking error of this closed-loop system but no

single parameter can determine any of them independently.
Thus, so far the adjusting method is one of the best methods
to determine these parameters. Substituting (26) into (11),
we obtain the final controller expression with the negative
feedback of the integral of the tracking error:

u = B†

(Θ) (−Π̂
2
+ [𝑢

𝑐1
, 𝑢

𝑐2
, 𝑢

𝑐3
]
𝑇

− K
𝑎
∫ e) , (27)

where
K
𝑎
> 0. (28)
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Figure 6: Total disturbance estimations.

5. Simulations

In this part, a wide range of parameter uncertainties and
external disturbance is set for the plant system, and parameter
uncertainties are realized by the distractions of relevant
parameters in the model of plant system. The goal is to test
the ability of the controlled system to resist disturbance and
its own uncertainties. It is also expected that the disturbance
observer will achieve good performance.

5.1. Parameters Distractions and External Wind Disturbance.
In Table 1, all of the distracted parameters are listed, in which
numbers expressed in percentage mean relative distractions,

while others indicate absolute distractions. All of these
changes occur in the model of plant system, which represents
the vehicle in the virtual reality environment for flight.

Then, the model for wind disturbance is given as follows.
In general, both stationary wind and gust wind will not
be taken into consideration until the simulation runs to 60
seconds. The speed of stationary wind will change according
to the flight altitude, and the accurate value for this speed can
be gotten by linear interpolation. Table 2 demonstrates the
relationship between the wind speed and the flight altitude.

As for the gust wind model, a regular model with the
period of 50 km is considered, which is illustrated in Figure 4.
For each time, the gust wind starts at 𝑑

0
and ends at 𝑑

3
. After
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50 km flight, which is at 𝑑
0
+50 km, the same wind reappears

again.
The directions of both stationary wind and gust wind are

stochastic, and 𝐴
𝑤
denotes the azimuth angle of wind. Thus,

the wind vector is as follows:

𝑉
𝑤
= 𝑉SW + 𝑉GW, (29)

where

𝑉SW = 𝑓
SW
𝑤

× [

[

cos (𝐴
𝑤
)

0

− sin (𝐴
𝑤
)

]

]

,

𝑉GW = √2 × 𝑓
GW
𝑤

× [

[

cos (𝐴
𝑤
)

0

− sin (𝐴
𝑤
)

]

]

+ 𝑓
GW
𝑤

× [

[

0

−1

0

]

]

.

(30)

The wind vector mainly influences the system outputs (𝛼 and
𝛽) by changing the speed and direction of the incoming flow.
So far, all the modeling work for total disturbance has been
finished. In the next subsection, several pictures of simulation
results will be shown.

5.2. Simulation Results. The main goal for this paper is to
make the HFV track reference trajectory with high perfor-
mance in severe situation. At first, it only tests the per-
formance of the controller based on sliding-mode method;
thus, total disturbance is not added into the plant system.
Simulation results are shown in Figure 5(a). It can be clearly
learned that the controller has performed an excellent work
for the tracking task. Although the tracking performance is
not good at about 50 seconds because the angle of attack
suddenly drops which results in the rapid declination of lift
force, the whole system soon goes back to its stable states
under the action of controller and the error is limited within
two degrees.

When the total disturbance is added into the system, the
performance of the controlled system is shown in Figure 5(b).
From these figures, it demonstrates that even though the
disturbance exerts negative impact (marked in the figures)
on the whole system, it has successfully finished the tracking
task and left minor steady error. All these accomplishments
benefit from the excellent performance of FDO. Figure 6
demonstrates that the total disturbance is superblymonitored
by the FDO. In Figure 6(a), it clearly shows that the periodic
gust wind disturbance is totally observed, which is in accor-
dance with the real situation.

6. Conclusions

This study indicates that, although the flight condition for
the hypersonic flight vehicle contains mass uncertainties
and gust wind disturbance, the fuzzy disturbance observer
monitors the total disturbance very well. The definition
of total disturbance provides a new way of disentangling
complex structure information. This method contains both
the analytical dynamic inversion and the numerical online
identification, which contributes to its excellent performance
when the tracking trajectory varies drastically. In the future,

this work is expected to focus on the study of the estimated
total disturbance separation and analysis.
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A proportional derivative controller with inverse dead-zone is proposed for the control of pendulum systems.The proposedmethod
has the characteristic that the inverse dead-zone is cancelled with the pendulum dead-zone. Asymptotic stability of the proposed
technique is guaranteed by the Lyapunov analysis. Simulations of two pendulum systems show the effectiveness of the proposed
technique.

1. Introduction

Nonsmooth nonlinear characteristics such as dead-zone,
backlash, and hysteresis are common in actuators, sensors
such as mechanical connections, hydraulic servovalves, and
electric servomotors; they also appear in biomedical systems.
Dead-zone is one of the most important nonsmooth non-
linearities in many industrial processes, which can severely
limit the system performance, and its study has been drawing
much interest in the control community for a long time
[1].

There is some research about control systems. In [2], the
stabilization of the inverted-car pendulum is presented. The
stabilization of the Furuta pendulum is introduced in [3]. In
[4], the dissipative control problem is investigated for a class
of discrete time-varying systems.Thedistributed𝐻

∞
filtering

problem for a class of nonlinear systems is considered in [5].
The recursive finite-horizon filtering problem for a class of
nonlinear time-varying systems is addressed in [6, 7]. In [8],
the authors present a solution to the problem of the quadratic
mini-max regulator for polynomial uncertain systems. The
problemof a two-player differential game affected bymatched
uncertainties with only the output measurement available
for each player is considered by [9]. The stability analysis
and 𝐻

∞
control for a class of discrete time switched linear

parameter-varying systems are concerned in [10].The sliding

mode control problem for uncertain nonlinear discrete-
time stochastic systems with 𝐻

2
performance constraints is

designed in [11]. In [12], the sliding mode control problem is
considered for discrete-time systems. In [13], the description
about the modelling and control of wind turbine system is
addressed. A model to describe the dynamics of a homoge-
neous viscous fluid in an open pipe is introduced in [14].
In [15], the authors consider the problems of robust stability
and 𝐻

∞
control for a class of networked control systems

with long-time delays. The 𝐻
∞

control issue for a class of
networked control systems with packet dropouts and time-
varying delays is introduced in [16]. From the above studies,
in [2, 3, 8, 9, 13, 14], the authors propose proportional
derivative controls; however, none considers systems with
dead-zone inputs.

There is some work about the control of systems with
dead-zone inputs. In [17–22], the authors proposed the
control of nonlinear systems with dead-zone inputs. Never-
theless, they do not research about the pendulum systems.
Thependulumdynamicmodels have different structureswith
respect to the nonlinear systems addressed in the above
papers; thus, a new design may be developed.

In this paper, a proportional derivative controller with
inverse dead-zone is proposed for the control of pendulum
systemswith dead-zone inputs.Onemain contribution of this
study is that the pendulum dynamic model is rewritten as
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a robotic dynamic model to satisfy a property, and later, the
property is applied to guarantee the stability of the proposed
controller.

The paper is organized as follows. In Section 2, the
dynamic model of the robotic arm with dead-zone inputs is
presented. In Section 3, the dynamic model of the pendulum
systems with dead-zone inputs is presented. In Section 4, the
proportional derivative controller with inverse dead-zone is
introduced. In Section 5, the proposed method is used for
the regulation of two pendulum systems. Section 6 presents
conclusions and suggests future research directions.

2. Dynamic Model of the Robotic Arms with
Dead-Zone Inputs

The main concern of this section is to understand some
concepts of robot dynamics. The equation of motion for the
constrained robotic manipulator with 𝑛 degrees of freedom,
considering the contact force and the constraints, is given in
the joint space as follows:

𝑀(𝑞) ̈𝑞 + 𝐶 (𝑞, ̇𝑞) ̇𝑞 + 𝐺 (𝑞) = 𝜏, (1)

where 𝑞 ∈ R𝑛×1 denotes the joint angles or link displacements
of the manipulator, 𝑀(𝑞) ∈ R𝑛×𝑛 is the robot inertia matrix
which is symmetric and positive definite, 𝐶(𝑞, ̇𝑞) ∈ R𝑛×𝑛

contains the centripetal and Coriolis terms and 𝐺(𝑞) are
the gravity terms, and 𝜏 denotes the dead-zone output. The
nonsymmetric dead-zone can be represented by

𝜏 = DZ (V) =
{{

{{

{

𝑚
𝑟
(V − 𝑏

𝑟
) V ≥ 𝑏

𝑟

0 𝑏
𝑙
< V < 𝑏

𝑟

𝑚
𝑙
(V − 𝑏

𝑙
) V ≤ 𝑏

𝑙
,

(2)

where𝑚
𝑟
and𝑚

𝑙
are the right and left constant slopes for the

dead-zone characteristic and 𝑏
𝑟
and 𝑏
𝑙
represent the right and

left breakpoints. Note that V is the input of the dead-zone and
the control input of the global system.

Define the following two states as follows:

𝑥
1
= 𝑞 ∈ R

𝑛×1

,

𝑥
2
= ̇𝑞 ∈ R

𝑛×1

,

𝑢 = 𝜏 ∈ R
𝑛×1

,

(3)

where 𝑥
1
= [𝑥
11

𝑥
12
]
𝑇

= [𝑞
1

𝑞
2
]
𝑇, 𝑥
2
= [𝑥
21

𝑥
22
]
𝑇

=

[ ̇𝑞
1

̇𝑞
2
]
𝑇 for 𝑛 = 2. Then (1) can be rewritten as

̇𝑥
1
= 𝑥
2
,

𝑀 (𝑥
1
) ̇𝑥
2
+ 𝐶 (𝑥

1
, 𝑥
2
) 𝑥
2
+ 𝐺 (𝑥

1
) = 𝑢,

(4)

where 𝑀(𝑥
1
), 𝐶(𝑥

1
, 𝑥
2
), and 𝐺(𝑥

1
) are described in (1), the

dead-zone 𝑢 is [17, 19, 20, 22]

𝑢 = DZ (V) =
{{

{{

{

𝑚
𝑟
(V − 𝑏

𝑟
) V ≥ 𝑏

𝑟

0 𝑏
𝑙
< V < 𝑏

𝑟

𝑚
𝑙
(V − 𝑏

𝑙
) V ≤ 𝑏

𝑙
,
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Figure 1: The dead-zone.

the parameters𝑚
𝑟
,𝑚
𝑙
, 𝑏
𝑟
, and 𝑏

𝑙
are described in (2), and V is

the control input of the system. Figure 1 shows the dead-zone
[17].

Property 1. The inertia matrix is symmetric and positive
definite; that is, [23–25]

𝑚
1
|𝑥|
2

≤ 𝑥
𝑇

𝑀(𝑥
1
) 𝑥 ≤ 𝑚

2
|𝑥|
2

, (6)

where 𝑚
1
, 𝑚
2
are known positive scalar constants; 𝑥 =

[𝑥
1
, 𝑥
2
]
𝑇.

Property 2. The centripetal and Coriolis matrix is skew-
symmetric, that is, satisfies the following relationship [23–
25]:

𝑥
𝑇

[𝑀 (𝑥
1
) − 2𝐶 (𝑥

1
, 𝑥
2
)] 𝑥 = 0, (7)

where 𝑥 = [𝑥
1
, 𝑥
2
]
𝑇.

The normal proportional derivative controller is

𝑢 = −𝐾
𝑝
𝑥
1
− 𝐾
𝑑
𝑥
2
, (8)

where 𝑥
1
= 𝑥
1
− 𝑥
𝑑

1
and 𝑥

2
= 𝑥
2
− 𝑥
𝑑

2
and 𝐾

𝑝
and 𝐾

𝑑
are

positive definite, symmetric, and constant matrices.

3. Dynamic Model of the Pendulum Systems
with Dead-Zone Inputs

The dynamic model of the pendulum systems can be rewrit-
ten as the dynamic model of the robotic arms; however
Property 2 is not directly satisfied. Pendulum dynamic mod-
els are rewritten as the robotic dynamic models because in
this study, if the above sentence is true, Property 2 of the
robotic systems can be used to guarantee the stability of the
controller applied to the pendulum systems. The following
lemmas let to modify the Property 2 for its application in the
pendulum systems.
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Lemma 1. A pendulum model can be rewritten as a robotic
arm model (4). Nevertheless, it cannot satisfy Property 2.

Proof. Consider 𝑛 = 2 for the pendulum systems in (4); it
gives

̇𝑥
1
= 𝑥
2
,

𝑀 (𝑥
1
) ̇𝑥
2
+ 𝐶 (𝑥

1
, 𝑥
2
) 𝑥
2
+ 𝐺 (𝑥

1
) = 𝑢,

(9)

where

𝑀(𝑥
1
) = [

𝑚
11

𝑚
12

𝑚
21

𝑚
22

] ,

𝐶 (𝑥
1
, 𝑥
2
) = [

𝑐
11

𝑐
12

𝑐
21

𝑐
22

] ,

𝐺 (𝑥
1
) = [

𝑔
1

𝑔
2

]

(10)

and 𝑀(𝑥
1
), 𝐶(𝑥

1
, 𝑥
2
), and 𝐺(𝑥

1
) are selected from the

pendulum dynamic model, and 𝑥
1
and 𝑥

2
are defined in (3).

Consequently,

𝑥
𝑇

[𝑀 (𝑥
1
) − 2𝐶 (𝑥

1
, 𝑥
2
)] 𝑥 ̸= 0. (11)

Lemma 2. Pendulum model (4) can be rewritten as follows:

̇𝑥
1
= 𝑥
2
,

𝑀 (𝑥
1
) ̇𝑥
2
= −𝐶 (𝑥

1
, 𝑥
2
) 𝑥
2
− 𝑁 (𝑥

1
, 𝑥
2
) + 𝑢,

(12)

where

𝑀(𝑥
1
) = [

𝑚
11

𝑚
12

𝑚
21

𝑚
22

] ,

𝐶 (𝑥
1
, 𝑥
2
) = [

𝑐
11

𝑐
12

𝑐
21

𝑐
22

] ,

𝑁 (𝑥
1
, 𝑥
2
) = [

𝑛
1

𝑛
2

]

(13)

the input 𝑢 is given by (5), 𝑐
11

= 𝑐
11

+ 𝑐
11
, 𝑐
12

= 𝑐
12

+ 𝑐
12
,

𝑐
21

= 𝑐
21

+ 𝑐
21
, 𝑐
22

= 𝑐
22

+ 𝑐
22
, 𝑛
1
= 𝑔
1
+ 𝑐
11
𝑥
21

+ 𝑐
12
𝑥
22
,

𝑛
2
= 𝑔
2
+ 𝑐
21
𝑥
21
+ 𝑐
22
𝑥
22
, 𝑥
1
and 𝑥

2
are defined in (3), and the

following modified property is satisfied:

𝑥
𝑇

[𝑀 (𝑥
1
) − 2𝐶 (𝑥

1
, 𝑥
2
)] 𝑥 = 0. (14)

Proof. Consider 𝑛 = 2 for the pendulum systems in (4); it
gives

𝑀(𝑥
1
) ̇𝑥
2
+ 𝐶 (𝑥

1
, 𝑥
2
) 𝑥
2
+ 𝐺 (𝑥

1
) = 𝑢,

𝑀 (𝑥
1
) ̇𝑥
2
= −𝐶 (𝑥

1
, 𝑥
2
) 𝑥
2
− 𝐺 (𝑥

1
) + 𝑢.

(15)

Consequently, a change of variables is used as follows:

𝑀(𝑥
1
) ̇𝑥
2
= −𝐶 (𝑥

1
, 𝑥
2
) 𝑥
2
− 𝑁 (𝑥

1
, 𝑥
2
) + 𝑢,

𝑥
𝑇

[𝑀 (𝑥
1
) − 2𝐶 (𝑥

1
, 𝑥
2
)] 𝑥 = 0,

(16)

where the elements are given in (12). Note that the elements
of 𝐶(𝑥

1
, 𝑥
2
) and𝑁(𝑥

1
, 𝑥
2
) are selected such that the property

(14) is satisfied.

In the following section, a stable controller for the pendu-
lum systems will be designed.

4. Proportional Derivative Control with
Inverse Dead-Zone

The regulation case is considered in this study; that is, the
desired velocity is 𝑥𝑑

2
= 0.The proportional derivative control

with inverse dead-zone V is as follows:

V = DZ−1 (𝑢pd) =

{{{{{

{{{{{

{

1

𝑚
𝑟

𝑢pd + 𝑏
𝑟

𝑢pd > 0

0 𝑢pd = 0

1

𝑚
𝑙

𝑢pd + 𝑏
𝑙

𝑢pd < 0,

(17)

where the parameters 𝑚
𝑟
, 𝑚
𝑙
, 𝑏
𝑟
, and 𝑏

𝑙
are defined as in (2),

and the auxiliary proportional derivative control is

𝑢pd = −𝐾
𝑝
𝑥
1
− 𝐾
𝑑
𝑥
2
+ 𝑁̂ − 𝐾 sign (𝑥

2
) , (18)

where 𝑥
1
= 𝑥
1
− 𝑥
𝑑

1
is the tracking error, 𝑥

1
and 𝑥

2
= 𝑥
2
are

defined in (3),𝑥𝑑
1
= [𝑥
𝑑

11
𝑥
𝑑

12
] ∈ R𝑛×1 is the desired position,

𝐾
𝑝
, 𝐾
𝑑
are positive definite, 𝑁̂ ∈ R𝑛×1 is an approximation

of 𝑁(𝑥
1
, 𝑥
2
), and 𝑁(𝑥

1
, 𝑥
2
) ∈ R𝑛×1 are the nonlinear terms

of (12). Figure 2 shows the inverse dead-zone [17, 22] and
Figure 3 shows the proposed controller denoted as PDDZ. It
is considered that the approximation error 𝑁̃ = 𝑁̂−𝑁(𝑥

1
, 𝑥
2
)

is bounded as
󵄨󵄨󵄨󵄨󵄨
𝑁̃
󵄨󵄨󵄨󵄨󵄨
≤ 𝑁. (19)

Now the convergence of the closed-loop system is dis-
cussed.

Theorem 3. The error of the closed-loop system with the
proportional derivative control (17) and (18) for the pendulum
systems with dead-zone inputs (12) and (5) is asymptotically
stable, and the error of the velocity parameter 𝑥

2
will converge

to
lim sup
𝑇→∞

󵄩󵄩󵄩󵄩𝑥2
󵄩󵄩󵄩󵄩

2

= 0, (20)

where𝑇 is the final time, 𝑥
2
= 𝑥
2
,𝑁 ≤ 𝐾,𝐾

𝑝
> 0, and𝐾

𝑑
> 0.

Proof. The proposed Lyapunov function is

𝑉
1
=
1

2
𝑥
𝑇

2
𝑀(𝑥
1
) 𝑥
2
+
1

2
𝑥
𝑇

1
𝐾
𝑝
𝑥
1
. (21)

Substituting (17) and (18) into (12) and (5) the closed-loop
system is as follows:

𝑀(𝑥
1
) ̇𝑥
2
= − 𝐾

𝑝
𝑥
1
− 𝐾
𝑑
𝑥
2
+ 𝑁̃

− 𝐾 sign (𝑥
2
) − 𝐶 (𝑥

1
, 𝑥
2
) 𝑥
2
.

(22)

Using the fact 𝑥
2
= 𝑥
2
, the derivative of (21) is

𝑉
1
= 𝑥
𝑇

2
𝑀(𝑥
1
) ̇𝑥
2
+
1

2
𝑥
𝑇

2
𝑀(𝑥
1
) 𝑥
2
+ 𝑥
𝑇

2
𝐾
𝑝
𝑥
1
, (23)
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Figure 3: The proposed controller.

where ̇𝑥̃
1
= ̇𝑥
1
− ̇𝑥
𝑑

1
= 𝑥
2
− 𝑥
𝑑

2
= 𝑥
2
= 𝑥
2
and ̇𝑥̃

2
= ̇𝑥
2
.

Substituting (22) into (23) gives

𝑉
1
= − 𝑥

𝑇

2
𝐾
𝑑
𝑥
2
+ 𝑥
𝑇

2
[𝑁̃ − 𝐾 sign (𝑥

2
)]

+
1

2
𝑥
𝑇

2
[𝑀 (𝑥

1
) − 2𝐶 (𝑥

1
, 𝑥
2
)] 𝑥
𝑇

2
.

(24)

Using (14), (17), and |𝑥
2
|
𝑇

= 𝑥
𝑇

2
sign(𝑥

2
), it gives

𝑉
1
≤ −𝑥
𝑇

2
𝐾
𝑑
𝑥
2
+
󵄨󵄨󵄨󵄨𝑥2

󵄨󵄨󵄨󵄨

𝑇

𝑁 −
󵄨󵄨󵄨󵄨𝑥2

󵄨󵄨󵄨󵄨

𝑇

𝐾,

𝑉
1
≤ −𝑥
𝑇

2
𝐾
𝑑
𝑥
2
,

(25)

where 𝑁 ≤ 𝐾. Thus, the error is asymptotically stable [26].
Integrating (25) from 0 to 𝑇 yields

∫

𝑇

0

𝑥
𝑇

2
𝐾
𝑑
𝑥
2
𝑑𝑡 ≤ 𝑉

1,0
− 𝑉
1,𝑇

≤ 𝑉
1,0
,

1

𝑇
∫

𝑇

0

𝑥
𝑇

2
𝐾
𝑑
𝑥
2
𝑑𝑡 ≤

1

𝑇
𝑉
1,0
,

lim sup
𝑇→∞

(
1

𝑇
∫

𝑇

0

𝑥
𝑇

2
𝐾
𝑑
𝑥
2
𝑑𝑡) ≤ 𝑉

1,0
[lim sup
𝑇→∞

(
1

𝑇
)] = 0.

(26)

If 𝑇 → ∞, then ‖𝑥
2
‖
2

= 0; (20) is established.

Remark 4. The proposed controller is used for the regulation
case; that is, the desired velocity is 𝑥𝑑

2
= 0. The general case

when 𝑥
𝑑

2
̸= 0 is not considered in this research.

y

F
M

mg

l
x

𝜃

cos(𝜃)

Figure 4: Inverted-car pendulum.

5. Simulations

In this section, the proportional derivative control with
inverse dead-zone denoted as PDDZ will be compared with
the proportional derivative control with gravity compensa-
tion of [23] denoted by PD for the control of two pendulum
systems with dead-zone inputs. In this paper, the root mean
square error (RMSE) [1, 26, 27] is used for the comparison
results and it is given as

RMSE = (
1

𝑇
∫

𝑇

0

𝑥
2

𝑑𝑡)

1/2

, (27)

where 𝑥2 = 𝑥
2

12
or 𝑥2 = 𝑢

2

1
.

5.1. Example 1. Consider the inverted-car pendulum [2] of
Figure 4.

Inverted-car pendulum is written as (1) and it is detailed
as follows:

𝑀(𝑥
1
) = [

𝑚
11

𝑚
12

𝑚
21

𝑚
22

] ,

𝐶 (𝑥
1
, 𝑥
2
) = [

𝑐
11

𝑐
12

𝑐
21

𝑐
22

] ,

𝐺 (𝑥
1
) = [

𝑔
1

𝑔
2

] ,

(28)

where 𝑚
11

= 𝑀 + 𝑚, 𝑚
12

= 𝑚
21

= 𝑚𝑙 cos(𝑥
12
), 𝑚
33

=

𝐼 + 𝑚𝑙
2, 𝑐
12

= −𝑚𝑙 sin(𝑥
12
)𝑥
22
, the other parameters of 𝐶(𝑥

1
,

𝑥
2
) are zero, 𝑔

2
= −𝑚𝑔𝑙 sin(𝑥

12
), and the other parameter of

𝐺(𝑥
1
) is zero. sin(⋅) is the sine function, cos(⋅) is the cosine

function, 𝐼 = 0.5 kgm2 is the pendulum inertia, 𝑀 =

0.136729 kg is the mass of the car, 𝑚 = 0.040691 kg is the
pendulummass, 𝑙 = 0.15m is the pendulum length, 𝜃

12
is the

angle with respect of the 𝑦 axis, 𝑢 = 𝐹 is the motion force
of the car, 𝑥

11
= 𝑥 is the motion distance of the car, and

𝑔 = 9.81m/s2 is the constant acceleration due to gravity. It
can be proven that Property 2 of (7) is not satisfied.
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Inverted-car pendulum is written as (12), and it is detailed
as follows:

𝑀(𝑥
1
) = [

𝑚
11

𝑚
12

𝑚
21

𝑚
22

] ,

𝐶 (𝑥
1
, 𝑥
2
) = [

𝑐
11

𝑐
12

𝑐
21

𝑐
22

] ,

𝑁 (𝑥
1
, 𝑥
2
) = [

𝑛
1

𝑛
2

] ,

(29)

where 𝑚
11

= 𝑀 + 𝑚, 𝑚
12

= 𝑚
21

= 𝑚𝑙 cos(𝑥
12
), 𝑚
33

=

𝐼 + 𝑚𝑙
2, 𝑐
12

= 𝑐
21

= −(1/2)𝑚𝑙 sin(𝑥
12
)𝑥
22

and the other
parameters of 𝐶 (𝑥

1
, 𝑥
2
) are zero, 𝑛

1
= −(1/2)𝑚𝑙 sin(𝑥

12
)𝑥
22
,

𝑛
2
= −𝑚𝑔𝑙 sin(𝑥

12
) + (1/2)𝑚𝑙 sin(𝑥

12
)𝑥
22
; therefore, it can be

proven that the property of the lemma of (14) is satisfied.
PDDZ is given by (17) and (18) as 𝑢pd = −𝐾

𝑝
𝑥
12
−𝐾
𝑑
𝑥
22
+

𝑛
1
−𝐾 sign(𝑥

22
)with parameters𝐾

𝑝
= 200,𝐾

𝑑
= 20, 𝑁̂ = 𝑛

1
,

and 𝑛
1
= 0.01, with 𝐾 = 0.01. Conditions given in (20)

𝑁 ≤ 𝐾, 𝐾
𝑝
> 0, and 𝐾

𝑑
> 0 are satisfied; consequently, the

error of the closed-loop dynamics of the PDDZ applied for
pendulum systems is guaranteed to be asymptotically stable.

PD is given by [23] as 𝑢pd = −𝐾
𝑝
𝑥
12

− 𝐾
𝑑
𝑥
22

+ 𝑔
2
with

parameters 𝐾
𝑝
= 400, 𝐾

𝑑
= 20, and 𝐺(𝑥

1
) = 𝑔
1
.

Comparison results for the control functions are shown in
Figure 5, position states are shown in Figure 6, and compar-
ison results for the controller errors are shown in Figure 7.
Comparison of the square norm of the velocity errors
‖𝑥
2
‖
2 of (20) for the controllers is presented in Figure 8.

From the theorem of (20), ‖𝑥
2
‖
2 will converge to zero for the

PDDZ. Table 1 shows the RMSE results using (27).
The most important variable to control is the pendulum

angle 𝑥
12

= 𝜃, and this variable may reach zero even if it
starts with other value as in this example. Note that the PD
technique requires the bigger gains than the PDDZ method
to obtain satisfactory results. From Figures 5, 6, and 7, it can
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Figure 6: Position states for Example 1.
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Figure 7: Position state error for Example 1.

be seen that the PDDZ improves the PD because the signal
of the plant for the first follows better the desired signal than
the second and in the first the inputs are smaller than in the
second. From Figure 8, it is shown that the PDDZ improves
the PD because the velocity error ‖𝑥

2
‖
2 presented by the first

is smaller than that presented by the second. From Table 1, it
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Figure 8: Velocity errors for Example 1.

Table 1: Error results for Example 1.

Methods RMSE for 𝑥 RMSE for 𝑢
PD 4.2487 × 10

−4 15.5044
PDDZ 2.1995 × 10

−4 7.7534

can be shown that the PDDZ achieves better accuracy when
compared with the PD because the RMSE is smaller for the
first than for the second.

5.2. Example 2. Consider the Furuta pendulum [3, 27] of the
Figure 9.

Furuta pendulum is written as (1) and it is detailed as
follows:

𝑀(𝑥
1
) = [

𝑚
11

𝑚
12

𝑚
21

𝑚
22

] ,

𝐶 (𝑥
1
, 𝑥
2
) = [

𝑐
11

𝑐
12

𝑐
21

𝑐
22

] ,

𝐺 (𝑥
1
) = [

𝑔
1

𝑔
2

] ,

(30)

where 𝑚
11

= 𝐼
0
+ 𝑚
1
(𝐿
2

0
+ 𝑙
2

1
sin2(𝑥

12
)), 𝑚
12

= 𝑚
21

= 𝑚
1
𝑙
1
𝐿
0

cos(𝑥
12
), 𝑚
33

= 𝐽
1
+ 𝑚
1
𝑙
2

1
, 𝑐
11

= 𝑚
1
𝑙
2

1
sin(2𝑥

12
)𝑥
22
, 𝑐
12

=

−𝑚
1
𝑙
1
𝐿
0
sin(𝑥
12
)𝑥
22
, 𝑐
21

= −𝑚
1
𝑙
2

1
sin(𝑥
12
) cos(𝑥

12
)𝑥
21
, 𝑔
2
=

−𝑚
1
𝑔𝑙
1
sin(𝑥
12
), and the other parameter of 𝐺(𝑥

1
) is zero.

sin(⋅) is the sine function, cos(⋅) is the cosine function, 𝐼
0
=

0.5Kgm2 is the arm inertia, 𝐽
1
= 0.5 kgm2 is the pendulum

inertia, 𝑚
2
= 0.34 kg is the arm mass, 𝑚

1
= 0.24 kg is the

z

x

y

m2g

𝜃0
m1g
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Figure 9: Furuta pendulum.

pendulum mass, 𝐿
0
= 0.293m is the arm length, 𝑙

1
= 0.28m

is the pendulum length, 𝑥
11

= 𝜃
0

is the arm angle, 𝑥
12

=

𝜃
1
is the pendulum angle, 𝑢 = 𝐹 is the motion torque of the

arm, and 𝑔 = 9.81m/s2 is the constant acceleration due to
gravity. It can be proven that Property 2 of (7) is not satisfied.

Furuta pendulum is written as (12), and it is detailed as
follows:

𝑀(𝑥
1
) = [

𝑚
11

𝑚
12

𝑚
21

𝑚
22

] ,

𝐶 (𝑥
1
, 𝑥
2
) = [

𝑐
11

𝑐
12

𝑐
21

𝑐
22

] ,

𝑁 (𝑥
1
, 𝑥
2
) = [

𝑛
1

𝑛
2

] ,

(31)

where𝑚
11

= 𝑀+𝑚,𝑚
12

= 𝑚
21

= 𝑚𝑙 cos(𝑥
12
),𝑚
33

= 𝐼+𝑚𝑙
2,

𝑐
11

= 𝑚
1
𝑙
2

1
sin(𝑥
12
) cos(𝑥

12
)𝑥
22
, 𝑐
12

= −(1/2)𝑚
1
𝑙
1
𝐿
0
sin(𝑥
12
)

𝑥
22
, 𝑐
21

= −(1/2)𝑚
1
𝑙
2

1
sin(𝑥
12
) cos(𝑥

12
)𝑥
22
, and the other

parameter of 𝐶 (𝑥
1
, 𝑥
2
) is zero, 𝑛

1
= 𝑚
1
𝑙
2

1
sin(𝑥
12
) cos(𝑥

12
)

𝑥
22
− (1/2)𝑚

1
𝑙
1
𝐿
0
sin(𝑥
12
)𝑥
22
, 𝑛
2
= −𝑚

1
𝑔𝑙
1
sin(𝑥
12
) − (1/2)

𝑚
1
𝑙
2

1
sin(𝑥
12
) cos(𝑥

12
)(𝑥
21
− 𝑥
22
); therefore, it can be proven

that the property of the lemma of (14) is satisfied.
PDDZ is given by (17) and (18) as 𝑢pd = −𝐾

𝑝
𝑥
12
−𝐾
𝑑
𝑥
22
+

𝑛
1
−𝐾 sign(𝑥

22
)with parameters𝐾

𝑝
= 200,𝐾

𝑑
= 20, 𝑁̂ = 𝑛

1
,

𝑛
1
= 0.01, with 𝐾 = 0.01. Conditions given in (20)𝑁 ≤ 𝐾,

𝐾
𝑝
> 0, and 𝐾

𝑑
> 0 are satisfied; consequently, the error of

the closed-loop dynamics of the PDDZ applied for pendulum
systems is guaranteed to be asymptotically stable.

PD is given by [23] as 𝑢pd = −𝐾
𝑝
𝑥
12

− 𝐾
𝑑
𝑥
22

+ 𝑔
2
with

parameters 𝐾
𝑝
= 400, 𝐾

𝑑
= 20, and 𝐺(𝑥

1
) = 𝑔
2
.

Comparison results for the control functions are shown
in Figure 10, position states are shown in Figure 11, and
comparison results for the controller errors are shown in
Figure 12. Comparison of the square norm of the velocity
errors ‖𝑥

2
‖
2 of (20) for the controllers is presented in

Figure 13. From the theorem of (20), ‖𝑥
2
‖
2 will converge to

zero for the PDDZ. Table 2 shows the RMSE results using
(27).

The most important variable to control is the pendulum
angle 𝑥

12
= 𝜃
1
, and this variable may reach zero even if it
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Figure 11: Position states for Example 2.

starts with other value as in this example. Note that the PD
technique requires the bigger gains than the PDDZ method
to obtain satisfactory results. FromFigures 10, 11, and 12, it can
be seen that the PDDZ improves the PD because the signal of
the plant for the first follows better the desired signal than
the second and in the first the inputs are smaller than in the
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Figure 12: Position state error for Example 2.
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Figure 13: Velocity errors for Example 2.

second. From Figure 13, it is shown that the PDDZ improves
the PD because the velocity error ‖𝑥

2
‖
2 presented by the first

is smaller than that presented by the second. From Table 2, it
can be shown that the PDDZ achieves better accuracy when
compared with the PD because the RMSE is smaller for the
first than for the second.
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Table 2: Error results for Example 2.

Methods RMSE for 𝑥 RMSE for 𝑢
PD 3.7760 × 10

−4 13.6043
PDDZ 2.0158 × 10

−4 6.8328

6. Conclusion

In this research, a proportional derivative controlwith inverse
dead-zone for pendulum systems with dead-zone inputs is
presented. The simulations showed that the proposed tech-
nique achieves better performance when compared with the
proportional derivative control with gravity compensation
for the regulation of two pendulum systems, and the results
illustrate the viability, efficiency, and the potential of the
approach especially important in pendulum systems. As a
future research, the proposed study will be improved consid-
ering that some parameters of the controller are unknown
[28–32], or it will consider the communication delays and
packet dropout.
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This paper discusses the linear parameter varying (LPV) gain scheduling control problem based on the Takagi-Sugeno (T-S) fuzzy
linearization approach. Firstly, the affinenonlinear parameter varying (ANPV) description of a class of nonlinear dynamic processes
is defined; that is, at any scheduling parameter, the corresponding system is affine nonlinear as usual. For such a class of ANPV
systems, a kind of developed T-S fuzzy modeling procedure is proposed to deal with the nonlinearity, instead of the traditional
Jacobian linearization approach. More concretely, the evaluation system for the approximation ability of the novelly developed
T-S fuzzy modeling procedure is established. Consequently, the LPV T-S fuzzy system is obtained which can approximate the
ANPV system with required accuracy. Secondly, the notion of piecewise parameter-dependent Lyapunov function is introduced,
and then the stabilization problem and the state-feedback 𝐻

∞
control problem of the LPV T-S fuzzy system are studied. The

sufficient conditions are given in linear matrix inequalities (LMIs) form. Finally, a numerical example is provided to demonstrate
the availability of the above approaches.The simulation results show the high approximation accuracy of the LPV T-S fuzzy system
to the ANPV system and the effectiveness of the LPV T-S fuzzy gain scheduling control.

1. Introduction

It is well known that the gain scheduling control is an efficient
solution for the control of nonlinear dynamic processes [1,
2]. In particular, due to the advantage to carry forward
the stability and dynamic performance analysis, the LPV
gain scheduling control has been popularly studied [3–12].
Currently, there are mainly two ways to realize the LPV
gain scheduling control: the linear fractional transformation
(LFT) gain scheduling technique based on a scaled version
of the small gain theorem [5–8] and the quadratic gain
scheduling technique based on Lyapunov theory [9–12].
However, both of them adopt the Jacobian linearization
approach to deal with the nonlinearity around each steady
operating point which means that the number of scheduling
parameters is equal to the number of variables relevant to
the nonlinearity. As a result, toomany scheduling parameters
are brought in and too much computation burden is caused
for the control design; that is, while the gridding process of
scheduling parameters and the parameterization of decision

variables in LMIs are executed, the number of LMIs would
have a rapid increase. Besides, due to the local linearization
around each steady operating point, the control performance
is restricted within the local region which would become a
weakness when the controlled variables vary widely. Also,
it is hard to guarantee the system stability and control
performance during the scheduling process. Hence, there
requires a further study on the appropriate linearization
approach for the ANPV system which can both efficiently
reduce the number of scheduling parameters and enlarge the
linearization range to extend the effective region of control
performance.

On the other hand, the T-S fuzzy model was firstly
proposed by Takagi and Sugeno in 1985 [13] and developed
by Sugeno and Kang [14], which was data based. To lin-
earize the nonlinearity, the research on the model-based T-
S fuzzy modeling procedure was proposed by Kawamoto
et al. [15] via the nonlinear sector method which was an
exact modeling procedure with constant consequent parts
and nonlinear membership functions. Then, Kluska [16]
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exploited the local approximation method to establish T-
S fuzzy model with homogeneous linear consequent parts.
In order to evaluate the approximation ability, Abonyi and
Babuska [17] discussed the ways to analyze the relation
between the local and global approximation performances of
the T-S fuzzymodel. Subsequently, Teixeira and Zak [18] gave
the T-S fuzzy modeling procedure with homogeneous linear
consequent parts by solving a convex optimization problem.
And Tanaka and Wang [19] also realized the similar results
through uniform partition to the input space of premise
variables and proved the universal approximation ability.
However, as far as we know, the T-S fuzzy linearization to
the ANPV system has been rarely studied in most of the
literature.

If the T-S fuzzy linearization is applied to the ANPV
system, the choosing of the scheduling parameters and
the premise variables can be separated. The nonlinearity
of scheduling parameters can remain and that of premise
variables should be linearized within their varying regions.
As a result, the number of scheduling parameters can be
reduced. Meanwhile, because the T-S fuzzy linearization
range can be extended to any optional one, the nonlinearity
with widely varying state variables can be dealt with for the
nonlinear dynamic processes. Due to the above points, it is
valuable to study the T-S fuzzy modeling procedure for the
ANPV system. Furthermore, in order to efficiently reduce the
number of T-S fuzzy rules, an ununiform partition method
is utilized, and the evaluation system is also established to
adjust the approximation performance. Then, the ANPV
system can be linearized on demand and the LPV T-S fuzzy
system with required accuracy can be obtained. However,
a challenging control problem for such a class of systems
is correspondingly formulated. For the T-S fuzzy control,
the piecewise Lyapunov functions have been brought in to
improve the solvability comparedwith that based on the com-
mon Lyapunov function [20–22]. In addition, considering
the approximation error to the ANPV system, the T-S fuzzy
𝐻
∞

control has been also studied [23–26]. Hence, the T-
S fuzzy control needs to be generalized to the LPV system
while improving the solvability by introducing the notion
of piecewise Lyapunov function. In addition, for the sake of
improving the control performance, the approximation error
of LPV T-S fuzzy system to the ANPV system should be
considered.

In the paper, the T-S fuzzy modeling procedure with
homogeneous linear consequent parts is discussed for the
ANPV system while an ununiform partition method is
utilized to reduce the number of T-S fuzzy rules. To adjust
the approximation accuracy, the evaluation system for the
approximation performance of the LPV T-S fuzzy system is
established. Then, in order to improve the solvability of the
LPV T-S fuzzy gain scheduling control, the notion of piece-
wise parameter-dependent Lyapunov function is introduced
and the LPV T-S fuzzy gain scheduling control design based
on the piecewise parameter-dependent Lyapunov functions is
studied. Meanwhile, while taking the approximation error to
the ANPV system in consideration, the sufficient conditions
of the stabilization problem and the state-feedback 𝐻

∞

control problem of the LPV T-S fuzzy system are given in

LMIs form. More concretely, the main contributions of the
paper are listed as follows.

(i) The T-S fuzzy approximation with required accuracy
aiming at the ANPV system is studied, and then the
nonlinearity of the ANPV system can be dealt with
and the LPV T-S fuzzy system with required accuracy
can be obtained.

(ii) The stabilization problemof the LPVT-S fuzzy system
is studied by bringing in the piecewise parameter-
dependent Lyapunov functions while the sufficient
conditions are given in LMIs form.

(iii) Considering the approximation error to the ANPV
system, the state-feedback 𝐻

∞
control problem of

the LPV T-S fuzzy system is studied based on the
piecewise parameter-dependent Lyapunov functions.
The sufficient conditions are given in both Riccati
inequalities form and LMIs form.

The rest of the paper is organized as follows. In Section 2,
the developed T-S fuzzy modeling procedure utilizing un-
uniform partition method is proposed aiming at the ANPV
system. And the evaluation system for the approximation
performance of the LPVT-S fuzzy systemwith homogeneous
consequent parts is established. Then, the LPV T-S fuzzy
system with required accuracy can be obtained by applying
the above ways to the ANPV system. In Section 3, the
notion of piecewise parameter-dependent Lyapunov function
is introduced and the stabilization problem of the LPV T-S
fuzzy system is studied. In Section 4, the state-feedback 𝐻

∞

control problem of the LPV T-S fuzzy system is studied and
the sufficient conditions are given in both Riccati inequalities
form and LMIs form. In Section 5, a numerical example
is provided to demonstrate the availability of the above
approaches. Section 6 concludes the paper.

2. Establishment of LPV T-S Fuzzy System

In this section, the ANPV description of a class of nonlinear
dynamic processes is defined aiming at which kind of novelly
developed T-S fuzzy modeling procedure is proposed and
the corresponding evaluation system for the approximation
performance is established. Both can be combined to deal
with the nonlinearity of the ANPV system to get the LPV T-S
fuzzy system with required accuracy.

For a class of nonlinear dynamic processes, if we can
achieve their nonlinear descriptions inmathematical models,
the ANPV system can be obtained by choosing the proper
variables as scheduling parameters.The general form of it can
be defined as

[
̇𝑥

𝑧
] = [

𝑓 (𝑥, 𝜃) + 𝑑
0
(𝑥, 𝜃) 𝜔 + 𝑔

0
(𝑥, 𝜃) 𝑢

𝜑 (𝑥, 𝜃) + 𝑔
1
(𝑥, 𝜃) 𝑢

] , (1)

where 𝜃 is a vector of the scheduling parameters which may
be system parameters, external inputs, or other parameters;
𝑥 is a column vector of the state variables with 𝑛 dimensions;
and 𝑓(𝑥, 𝜃), . . . , 𝑔

1
(𝑥, 𝜃) are the nonlinear functions of 𝑥 and

𝜃. Then, referring to the way in [18], the T-S fuzzy modeling
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procedure aiming at (1) can be developed to linearize the
nonlinearity of the ANPV system.

Considering (1), around the zero state, the Jacobian
linearization approach can be easily executed to get homo-
geneous linear model in the local region. However, for the
nonzero states, it would be unavailable. Assume the nonzero
operating state 𝑥𝑖

0
which can be steady or transient one and

corresponds to the ith fuzzy rule, 𝑖 = 1, 2, . . . , 𝐿. It should
be noted that 𝑥𝑖

0
may include the part or all of the state

variables and it is gotten from the partition to the input space
of premise variables. Firstly, we establish the homogeneous
linear model in the vicinity of 𝑥𝑖

0
. Because the local linear

model should approximate the local dynamics in the vicinity
of 𝑥𝑖

0
, we can get

[
𝑓 (𝑥, 𝜃) + 𝑑

0
(𝑥, 𝜃) 𝜔 + 𝑔

0
(𝑥, 𝜃) 𝑢

𝜑 (𝑥, 𝜃) + 𝑔
1
(𝑥, 𝜃) 𝑢

]

≈ [
𝐴
𝑖
(𝜃) 𝐵

𝑖

1
(𝜃) 𝐵

𝑖

2
(𝜃)

𝐶
𝑖

1
(𝜃) 0 𝐷

𝑖

12
(𝜃)

][

[

𝑥

𝜔

𝑢

]

]

,

[
𝑓 (𝑥

𝑖

0
, 𝜃) + 𝑑

0
(𝑥

𝑖

0
, 𝜃) 𝜔 + 𝑔

0
(𝑥

𝑖

0
, 𝜃) 𝑢

𝜑 (𝑥
𝑖

0
, 𝜃) + 𝑔

1
(𝑥

𝑖

0
, 𝜃) 𝑢

]

= [
𝐴
𝑖
(𝜃) 𝐵

𝑖

1
(𝜃) 𝐵

𝑖

2
(𝜃)

𝐶
𝑖

1
(𝜃) 0 𝐷

𝑖

12
(𝜃)

][

[

𝑥
𝑖

0

𝜔

𝑢

]

]

,

(2)

where 𝜔 and 𝑢 are arbitrarily changed variables and
𝐴
𝑖
(𝜃), . . . , 𝐷

𝑖

12
(𝜃) are parameter-dependent matrices.

Take the first equation ̇𝑥 = 𝑓(𝑥, 𝜃)+𝑑
0
(𝑥, 𝜃)𝜔+𝑔

0
(𝑥, 𝜃)𝑢

for example. Due to that, 𝑓(𝑥, 𝜃), 𝑑
0
(𝑥, 𝜃), and 𝑔

0
(𝑥, 𝜃) are

nonlinear functions of operating state 𝑥 at any 𝜃, and the
matrices𝐴

𝑖
(𝜃),𝐵𝑖

1
(𝜃), and𝐵𝑖

2
(𝜃) only depend on 𝑥. Moreover,

because 𝜔 and 𝑢 are arbitrarily changed, we can uniquely
determine that

𝑑
0
(𝑥

𝑖

0
, 𝜃) = 𝐵

𝑖

1
(𝜃) ,

𝑔
0
(𝑥

𝑖

0
, 𝜃) = 𝐵

𝑖

2
(𝜃) ,

𝑓 (𝑥
𝑖

0
, 𝜃) = 𝐴

𝑖
(𝜃) 𝑥

𝑖

0
,

𝑓 (𝑥, 𝜃) ≈ 𝐴
𝑖
(𝜃) 𝑥.

(3)

Define 𝑎
𝑖

𝑙
(𝜃)

𝑇, a row vector with 𝑛 dimensions, as the
𝑙th row of the matrix 𝐴

𝑖
(𝜃). Then, condition (3) can be

equivalently represented as

𝑓
𝑙
(𝑥, 𝜃) ≈ 𝑎

𝑖

𝑙
(𝜃)

𝑇

𝑥, 𝑙 = 1, 2, . . . , 𝑛, (4)

where 𝑓
𝑙
(𝑥, 𝜃) is the 𝑙th row of 𝑓(𝑥, 𝜃). Additionally, assume

𝑓
𝑙
(0, 𝜃) = 0 and 𝑓

𝑙
(𝑥, 𝜃) ∈ 𝐶

1, which means that 𝑓
𝑙
and

𝜕𝑓
𝑙
/𝜕𝑥 are continuous functions on the compact set Θ ⊂

𝑅
𝑛. Meanwhile, 𝑓(𝑥𝑖

0
, 𝜃) = 𝐴

𝑖
(𝜃)𝑥

𝑖

0
can be equivalently

represented as

𝑓
𝑙
(𝑥

𝑖

0
, 𝜃) = 𝑎

𝑖

𝑙
(𝜃)

𝑇

𝑥
𝑖

0
, 𝑙 = 1, 2, . . . , 𝑛. (5)

Expanding 𝑓
𝑙
(𝑥, 𝜃) of (4) around the operating state 𝑥𝑖

0

and neglecting second- and higher-order terms, we can get

𝑓
𝑙
(𝑥

𝑖

0
, 𝜃) + ∇

𝑇

𝑓
𝑙
(𝑥

𝑖

0
, 𝜃) (𝑥 − 𝑥

𝑖

0
) ≈ 𝑎

𝑖

𝑙
(𝜃)

𝑇

𝑥, (6)

where ∇𝑓
𝑙
(𝑥

𝑖

0
, 𝜃) is the gradient, a column vector, of 𝑓

𝑙
(𝑥, 𝜃)

evaluated at 𝑥𝑖
0
. Substituting (5) into (6), we can get

∇
𝑇

𝑓
𝑙
(𝑥

𝑖

0
, 𝜃) (𝑥 − 𝑥

𝑖

0
) ≈ 𝑎

𝑖

𝑙
(𝜃)

𝑇

(𝑥 − 𝑥
𝑖

0
) , (7)

where𝑥 is arbitrarily close to𝑥𝑖
0
. From (7), it can be found that

the coefficient vector 𝑎𝑖
𝑙
(𝜃) needs to be estimated. And in the

vicinity of 𝑥𝑖
0
, an optimization problem can be constructed by

defining an optimal index to evaluate the estimation. Here,
define that the notation 𝐶

𝑚 represents the set of functions
which is 𝑚-order continuous and differentiable on the
domain of input variables.

Lemma 1. Consider the following constrained optimization
problem:

minimize 𝑓 (𝑥)

subject to ℎ (𝑥) = 0,

(8)

where 𝑓(𝑥) is 𝑓 : 𝑅
𝑛

→ 𝑅 and 𝑓 ∈ 𝐶
1; it is a convex function

on the feasible set Ω = {𝑥 ∈ 𝑅
𝑛

: ℎ(𝑥) = 0}, where ℎ : 𝑅
𝑛

→

𝑅
𝑚 and ℎ ∈ 𝐶

1. Assume thatΩ is convex and there exist𝑥∗ ∈ Ω

and 𝜆 ∈ 𝑅
𝑚 such that

∇
Ω
𝑓 (𝑥

∗

) + 𝜆∇
Ω
ℎ (𝑥

∗

) = 0, (9)

where 𝜆 is the Lagrange multiplier. Then, 𝑥∗ is the optimal
solution of 𝑓 over Ω and 𝜆 is the sufficient condition for the
convex optimization problem [27]. Particularly, when ℎ(𝑥) is
affine linear, Ω is convex.

Considering the estimation of 𝑎𝑖
𝑙
(𝜃) around 𝑥

𝑖

0
̸= 0 in (7),

the optimal index for 𝑓
𝑙
(𝑥, 𝜃) corresponding to the 𝑖th fuzzy

rule can be defined as

𝐼
𝑖

𝑓𝑙
(𝑎

𝑖

𝑙
(𝜃)) =

1

2

󵄩󵄩󵄩󵄩󵄩
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𝑙
(𝑥

𝑖

0
, 𝜃) − 𝑎

𝑖

𝑙
(𝜃)

󵄩󵄩󵄩󵄩󵄩

2

2

. (10)

Then, the optimal problem can be constructed as

minimize
Ω
𝑖
𝑓𝑙

𝐼
𝑖

𝑓𝑙
(𝑎

𝑖

𝑙
(𝜃))

subject to ℎ
𝑖

𝑓𝑙
(𝑎

𝑖

𝑙
(𝜃)) = 0,

(11)

where (5) should be fulfilled as an equality constraint and
ℎ
𝑖

𝑓𝑙
(𝑎
𝑖

𝑙
(𝜃)) = 𝑓

𝑙
(𝑥

𝑖

0
, 𝜃) − 𝑎

𝑖

𝑙
(𝜃)

𝑇

𝑥
𝑖

0
.

Transform the objective function in (10) into the form

𝐼
𝑖

𝑓𝑙
(𝑎

𝑖

𝑙
(𝜃)) =

1

2

󵄩󵄩󵄩󵄩󵄩
∇𝑓

𝑙
(𝑥

𝑖

0
, 𝜃) − 𝑎

𝑖

𝑙
(𝜃)

󵄩󵄩󵄩󵄩󵄩

2

2

=
1

2
(∇𝑓

𝑙
(𝑥

𝑖

0
, 𝜃) − 𝑎

𝑖

𝑙
(𝜃))

𝑇

(∇𝑓
𝑙
(𝑥

𝑖

0
, 𝜃) − 𝑎

𝑖

𝑙
(𝜃)) ,

(12)
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which is a quadratic function of the unknown coefficient vec-
tor 𝑎𝑖

𝑙
(𝜃) on 𝑅𝑛. Obviously, it means that 𝐼𝑖

𝑓𝑙
(𝑎
𝑖

𝑙
(𝜃)) is a convex

function. Considering the equality constraint ℎ𝑖
𝑓𝑙
(𝑎
𝑖

𝑙
(𝜃)), it is

the linear function of 𝑎𝑖
𝑙
(𝜃), so the feasible set Ω𝑖

𝑓𝑙
= {𝑎

𝑖

𝑙
(𝜃) ∈

𝑅
𝑛

: ℎ(𝑎
𝑖

𝑙
(𝜃)) = 0} is convex. Therefore, the optimal problem

is a convex optimization problemand can be solved according
to Lemma 1.

Computing the derivative of 𝐼
𝑖

𝑓𝑙
(𝑎
𝑖

𝑙
(𝜃)) and ℎ

𝑖

𝑓𝑙
(𝑎
𝑖

𝑙
(𝜃))

about 𝑎𝑖
𝑙
(𝜃), we can get

∇
Ω
𝑖
𝑓𝑙

𝐼
𝑖

𝑓𝑙
(𝑎

𝑖

𝑙
(𝜃)) = 𝑎

𝑖

𝑙
(𝜃) − ∇𝑓

𝑙
(𝑥

𝑖

0
, 𝜃) ,

∇
Ω
𝑖
𝑓𝑙

ℎ
𝑖

𝑓𝑙
(𝑎

𝑖

𝑙
(𝜃)) = 𝑥

𝑖

0
.

(13)

Then, substituting (13) into (9), we can get

𝑎
𝑖

𝑙
(𝜃) − ∇𝑓

𝑙
(𝑥

𝑖

0
, 𝜃) + 𝜆

𝑖

𝑓𝑙
(𝜃) 𝑥

𝑖

0
= 0. (14)

Considering the equality constraint (5), the Lagrange multi-
plier 𝜆𝑖

𝑓𝑙
(𝜃) can be represented as

𝜆
𝑖

𝑓𝑙
(𝜃) =

∇
𝑇

𝑓
𝑙
(𝑥

𝑖

0
, 𝜃) 𝑥

𝑖

0
− 𝑎

𝑖

𝑙
(𝜃)

𝑇

𝑥
𝑖

0

󵄩󵄩󵄩󵄩𝑥
𝑖

0

󵄩󵄩󵄩󵄩

2

2

=

∇
𝑇

𝑓
𝑙
(𝑥

𝑖

0
, 𝜃) 𝑥

𝑖

0
− 𝑓

𝑙
(𝑥

𝑖

0
, 𝜃)

󵄩󵄩󵄩󵄩𝑥
𝑖

0

󵄩󵄩󵄩󵄩

2

2

.

(15)

As a result, we can get the column vector

𝑎
𝑖

𝑙
(𝜃) = ∇𝑓

𝑙
(𝑥

𝑖

0
, 𝜃)

+

𝑓
𝑙
(𝑥

𝑖

0
, 𝜃) − ∇

𝑇

𝑓
𝑙
(𝑥

𝑖

0
, 𝜃) 𝑥

𝑖

0

󵄩󵄩󵄩󵄩𝑥
𝑖

0

󵄩󵄩󵄩󵄩

2

2

𝑥
𝑖

0
, 𝑥

𝑖

0
̸= 0.

(16)

Then, the ith T-S fuzzy rule corresponding to the operating
state 𝑥𝑖

0
can be chosen as

Rule 𝑖:

IF 𝑥
1
is 𝐴𝑖

1
(𝑥

1
) , . . . , and 𝑥

𝑛
is 𝐴𝑖

𝑛
(𝑥

𝑛
) ,

THEN 𝑓
𝑖

𝑙
(𝑥, 𝜃) = 𝑎

𝑖

𝑙
(𝜃)

𝑇

𝑥,

(17)

where 𝑓𝑖
𝑙
(𝑥, 𝜃) represents the 𝑖th local estimation of the 𝑙th

row of 𝑓(𝑥, 𝜃), 𝑎𝑖
𝑙
(𝜃) is the corresponding coefficient vector

of the 𝑖th fuzzy rule, a column vector, and 𝐴
𝑖

𝑗
(𝑥

𝑗
) represents

the fuzzy set and membership function of the 𝑗th premise
variable, 𝑥

𝑗
, in the 𝑖th fuzzy rule and 𝑗 = 1, 2, . . . , 𝑛.

The activated possibility of the 𝑖th fuzzy rule under a
group of premise variables 𝑥 is computed by

𝜔
𝑖
(𝑥) =

𝑛

∏

𝑗=1

𝐴
𝑖

𝑗
(𝑥

𝑗
) , 𝑖 = 1, 2, . . . , 𝐿, 𝑗 = 1, 2, . . . , 𝑛.

(18)

x2

x
k2+1
02

x
k2
02

x10 x
k1
01 x

k1+1
01

Θk1k2···k𝑛

𝜒
k2
02

𝜒
k1
01

x3, x4, . . . , xn

Figure 1: Projection of Θ
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

on 𝑥
1
𝑥
2
plane.

The weight coefficients are computed and the center-of-
gravity method is used for defuzzification:

𝛼
𝑖
(𝑥) =

𝜔
𝑖
(𝑥)

∑
𝐿

𝑖=1
𝜔
𝑖
(𝑥)

, 𝑖 = 1, 2, . . . , 𝐿, (19)

which fulfills that
𝐿

∑

𝑖=1

𝛼
𝑖
(𝑥) = 1,

𝛼
𝑖
(𝑥) ≥ 0.

(20)

Finally, the overall T-S fuzzy model can be obtained as

𝑓
𝑙
(𝑥, 𝜃) =

𝐿

∑

𝑖=1

𝛼
𝑖
(𝑥) 𝑓

𝑖

𝑙
(𝑥, 𝜃) =

𝐿

∑

𝑖=1

𝛼
𝑖
(𝑥) 𝑎

𝑖

𝑙
(𝜃)

𝑇

𝑥. (21)

Usually, based on (21), the evaluation of the overall
approximation performance about the nonlinear function
𝑓
𝑙
(𝑥, 𝜃) is defined as

󵄩󵄩󵄩󵄩󵄩
𝑒
𝑓𝑙
(𝑥, 𝜃)

󵄩󵄩󵄩󵄩󵄩2
=
󵄩󵄩󵄩󵄩󵄩
𝑓
𝑙
(𝑥, 𝜃) − 𝑓

𝑙
(𝑥, 𝜃)

󵄩󵄩󵄩󵄩󵄩2
. (22)

Subsequently, a kind of un-uniform partition method
is utilized for the above T-S fuzzy modeling procedure
which can efficiently reduce the number of T-S fuzzy rules.
Meanwhile, define the subset Θ

0
= {𝑥 | |𝑥

𝑗
| < 𝜒

0
}

on Θ, where 𝜒
0
is a predefined positive scalar and 𝑎

0

𝑙
=

𝜕𝑓
𝑙
(𝑥, 𝜃)/𝜕𝑥|

𝑥=0
can be gotten at the zero state 𝑥 = 0.

Considering the nonzero states, they can be represented as
𝑥
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

0
= (𝑥

𝑘1

01
, 𝑥

𝑘2

02
, ⋅ ⋅ ⋅ , 𝑥

𝑘𝑛

0𝑛
)
𝑇, where 𝜒

𝑘𝑗

0𝑗
= 𝑥

𝑘𝑗+1

0𝑗
− 𝑥

𝑘𝑗

0𝑗

is a positive scalar and 𝑘
𝑗

∈ 𝑁
+ is the serial number of

partition for𝑥
𝑗
. Define the subregionΘ

𝑘1𝑘2 ⋅⋅⋅𝑘𝑛
onΘ (as shown

in Figure 1):

Θ
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

= {𝑥 | 𝑥 ∈ Θ, 𝑥
𝑘𝑗

0𝑗
≤ 𝑥

𝑗
≤ 𝑥

𝑘𝑗+1

0𝑗
, 𝜒

𝑘𝑗

0𝑗
= 𝑥

𝑘𝑗+1

0𝑗
− 𝑥

𝑘𝑗

0𝑗
} .

(23)
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Then, the coefficient vector in (16) can be represented as

𝑎
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

𝑙
(𝜃)

= ∇𝑓
𝑙
(𝑥

𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

0
, 𝜃)

−

𝑓
𝑙
(𝑥

𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

0
, 𝜃) − ∇

𝑇

𝑓
𝑙
(𝑥

𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

0
, 𝜃) 𝑥

𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

0

󵄩󵄩󵄩󵄩󵄩
𝑥
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

0

󵄩󵄩󵄩󵄩󵄩

2

2

× 𝑥
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

0
, 𝑥

𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

0
̸= 0.

(24)

Consequently, the T-S fuzzy rules can be chosen as
follows:

Rule 0:

IF 𝑥
1
is about 0, . . . , and 𝑥

𝑛
is about 0,

THEN 𝑓
0

𝑙
(𝑥, 𝜃) = 𝑎

0

𝑙
(𝜃)

𝑇

𝑥,

Rule 𝑘
1
𝑘
2
⋅ ⋅ ⋅ 𝑘

𝑛
:

IF 𝑥
1
is about 𝑥𝑘1

01
, . . . , and 𝑥

𝑛
is about 𝑥𝑘𝑛

0𝑛
,

THEN 𝑓
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

𝑙
(𝑥, 𝜃) = 𝑎

𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

𝑙
(𝜃)

𝑇

𝑥.

(25)

For Rule 0, the activated possibility 𝛼
0
(𝑥) is 1 inside Θ

0

and 0 outside Θ
0
. And the activated possibility of the Rule

𝑘
1
𝑘
2
⋅ ⋅ ⋅ 𝑘

𝑛
under a group of premise variables 𝑥 is computed

by

𝜔
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

(𝑥) =

𝑛

∏

𝑗=1

𝐴
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

𝑗
(𝑥

𝑗
) ,

𝛼
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

=

𝜔
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

(𝑥)

∑
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

𝜔
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

(𝑥)
,

(26)

where the membership function for (26) is given as

𝐴
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

𝑗
(𝑥

𝑗
)

=

{{{{{{{{{{

{{{{{{{{{{

{

1 −

(𝑥
𝑗
− 𝑥

𝑘𝑗

0𝑗
)

𝜒
𝑘𝑗

0𝑗

, 0 ≤ 𝑥
𝑗
− 𝑥

𝑘𝑗

0𝑗
≤ 𝜒

𝑘𝑗

0𝑗
,

1 +

(𝑥
𝑗
− 𝑥

𝑘𝑗

0𝑗
)

𝜒
𝑘𝑗−1

0𝑗

, 0 ≤ 𝑥
𝑘𝑗

0𝑗
− 𝑥

𝑗
≤ 𝜒

𝑘𝑗−1

0𝑗
,

0, elsewhere.

(27)

Then, 𝑓
𝑙
(𝑥, 𝜃) can be written as

𝑓
𝑙
(𝑥, 𝜃) = 𝛼

0
(𝑥) 𝑎

0

𝑙
(𝜃)

𝑇

𝑥 + ∑

𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

𝛼
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

𝑎
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

𝑙
(𝜃)

𝑇

𝑥.

(28)

Here, the notion of the nonlinear measure along 𝑥
𝑗
in the

partition region 𝜒
𝑘𝑗

0𝑗
can be defined as

𝑀
𝑘𝑗

0𝑗
(𝜒

𝑘𝑗

0𝑗
, 𝜃) =

󵄩󵄩󵄩󵄩󵄩󵄩
∇𝑓

𝑙
(𝑥

𝑘1 ⋅⋅⋅𝑘𝑗+1⋅⋅⋅𝑘𝑛

0
, 𝜃)

−∇𝑓
𝑙
(𝑥

𝑘1 ⋅⋅⋅𝑘𝑗 ⋅⋅⋅𝑘𝑛

0
, 𝜃)

󵄩󵄩󵄩󵄩󵄩󵄩2
> 0.

(29)

Assuming the boundary of𝑀𝑘𝑗

0𝑗
is 𝜅

0𝑗
, the value of 𝜅

0𝑗
can

be set and the proper length of 𝜒𝑘𝑗
0𝑗
can be chosen to guarantee

𝑀
𝑘𝑗

0𝑗
≤ 𝜅

0𝑗
. Thus, the length of the partition regions, 𝜒𝑘𝑗

0𝑗
(𝑘
𝑗
∈

𝑁
+), of 𝑥

𝑗
can be different with the same 𝜅

0𝑗
.

So far, all of the methods show us how to establish the
T-S fuzzy system. However, the approximation performance
of the T-S fuzzy system is still unknown. Subsequently, the
approximation performance of the T-S fuzzy system will be
evaluated. Combining with the above T-S fuzzy modeling
procedure, the T-S fuzzy systemwith required approximation
accuracy can be obtained at last.

Then, using (24), the approximation performance of the
T-S fuzzy system can be evaluated by

󵄩󵄩󵄩󵄩󵄩
𝑒
𝑓𝑙
(𝑥, 𝜃)

󵄩󵄩󵄩󵄩󵄩2

=
󵄩󵄩󵄩󵄩󵄩
𝑓
𝑙
(𝑥, 𝜃) − 𝑓

𝑙
(𝑥, 𝜃)

󵄩󵄩󵄩󵄩󵄩2

=

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

𝑓
𝑙
(𝑥, 𝜃) − ∑

𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

𝛼
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

(𝑥) 𝑎
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

𝑙
(𝜃)

𝑇

𝑥

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩2

=

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

𝑓
𝑙
(𝑥, 𝜃) − ∑

𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

𝛼
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

(𝑥) 𝑎
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

𝑙
(𝜃)

𝑇

𝑥
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

0

− ∑

𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

𝛼
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

(𝑥) 𝑎
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

𝑙
(𝜃)

𝑇

(𝑥 − 𝑥
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

0
)

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩2

=

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

𝑓
𝑙
(𝑥, 𝜃) − ∑

𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

𝛼
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

(𝑥) 𝑓
𝑙
(𝑥

𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

0
, 𝜃)

− ∑

𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

𝛼
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

𝑎
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

𝑙
(𝜃)

𝑇

(𝑥 − 𝑥
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

0
)

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩2

≤ ∑

𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

𝛼
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

(𝑥)
󵄩󵄩󵄩󵄩󵄩
𝑓
𝑙
(𝑥, 𝜃) − 𝑓

𝑙
(𝑥

𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

0
, 𝜃)

󵄩󵄩󵄩󵄩󵄩2

+ ∑

𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

𝛼
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

(𝑥)
󵄩󵄩󵄩󵄩󵄩
𝑎
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

𝑙
(𝜃)

𝑇

(𝑥 − 𝑥
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

0
)
󵄩󵄩󵄩󵄩󵄩2

≤ max
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

󵄩󵄩󵄩󵄩󵄩
𝑓
𝑙
(𝑥, 𝜃) − 𝑓

𝑙
(𝑥

𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

0
, 𝜃)

󵄩󵄩󵄩󵄩󵄩2

+ max
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

󵄩󵄩󵄩󵄩󵄩
𝑎
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

𝑙
(𝜃)

𝑇

(𝑥 − 𝑥
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

0
)
󵄩󵄩󵄩󵄩󵄩2
,

(30)



6 Mathematical Problems in Engineering

where 𝑥 ∈ Θ
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

and

𝑎
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

𝑙
(𝜃)

𝑇

(𝑥 − 𝑥
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

0
)

= ∇
𝑇

𝑓
𝑙
(𝑥

𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

0
, 𝜃)

× [

[

(𝑥 − 𝑥
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

0
)

−

⟨(𝑥 − 𝑥
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

0
) , 𝑥

𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

0
⟩

󵄩󵄩󵄩󵄩󵄩
𝑥
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

0

󵄩󵄩󵄩󵄩󵄩

2

2

𝑥
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

0

]

]

+

⟨(𝑥 − 𝑥
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

0
) , 𝑥

𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

0
⟩

󵄩󵄩󵄩󵄩󵄩
𝑥
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

0

󵄩󵄩󵄩󵄩󵄩

2

2

𝑓
𝑙
(𝑥

𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

0
, 𝜃) .

(31)

Because 𝑥 ∈ Θ
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

, the maximum distance between 𝑥 and
any vertex point of Θ

𝑘1𝑘2 ⋅⋅⋅𝑘𝑛
is less than max

𝑘1𝑘2 ⋅⋅⋅𝑘𝑛
√𝑛𝜒

𝑘𝑗

0𝑗
,

which means ‖𝑥 − 𝑥
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

0
‖
2
≤ max

𝑘1𝑘2 ⋅⋅⋅𝑘𝑛
√𝑛𝜒

𝑘𝑗

0𝑗
; besides, in

the boundary of𝑀𝑘𝑗

0𝑗
, the max value of ‖𝑓

𝑙
(𝑥) − 𝑓

𝑙
(𝑥

𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

0
)‖
2

can be adjusted to fulfill the required accuracy.
Thus, the approximation error, 𝑒

𝑓𝑙
(𝑥, 𝜃), can be befittingly

minimized by properly setting 𝜒𝑘𝑗
0𝑗
, which can be shown as

󵄩󵄩󵄩󵄩󵄩
𝑒
𝑓𝑙
(𝑥, 𝜃)

󵄩󵄩󵄩󵄩󵄩2
≤ max
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

󵄩󵄩󵄩󵄩󵄩
𝑓
𝑙
(𝑥, 𝜃) − 𝑓

𝑙
(𝑥

𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

0
, 𝜃)

󵄩󵄩󵄩󵄩󵄩2

+ max
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

󵄩󵄩󵄩󵄩󵄩
𝑎
𝑘1𝑘2 ⋅⋅⋅𝑘𝑛

𝑙
(𝜃)

󵄩󵄩󵄩󵄩󵄩2
√𝑛𝜒

𝑘𝑗

0𝑗
.

(32)

As a result, the evaluation system for the approximation
performance of the LPV T-S fuzzy system is established. It
provides a useful way to attain the required accuracy of the
T-S fuzzy approximation. Then, the nonlinearity in (1) can
be dealt with completely. Note that at each known operating
state 𝑥𝑖

0
, one fuzzy rule is established, which approximates the

local dynamics around 𝑥
𝑖

0
. And the ith T-S fuzzy rule can be

represented as

Rule 𝑖:

IF 𝑥
1
is 𝐴𝑖

1
(𝑥

1
) , . . . , and 𝑥

𝑛
is 𝐴𝑖

𝑛
(𝑥

𝑛
) ,

THEN [
̇𝑥

𝑧
] = [

𝐴
𝑖
(𝜃) 𝐵

𝑖

1
(𝜃) 𝐵

𝑖

2
(𝜃)

𝐶
𝑖

1
(𝜃) 0 𝐷

𝑖

12
(𝜃)

][

[

𝑥

𝜔

𝑢

]

]

,

(33)

where 𝑖 = 1, 2, . . . , 𝐿. More concretely, it is known that 𝑖 =
𝑘
1
𝑘
2
⋅ ⋅ ⋅ 𝑘

𝑛
and 𝐿 = max{𝑘

1
⋅ 𝑘

2
⋅ ⋅ ⋅ 𝑘

𝑛
}.

Finally, the overall LPV T-S fuzzy model can be repre-
sented as

[
̇𝑥

𝑧
] = [

𝐴 (𝛼, 𝜃) 𝐵
1
(𝛼, 𝜃) 𝐵

2
(𝛼, 𝜃)

𝐶
1
(𝛼, 𝜃) 0 𝐷

12
(𝛼, 𝜃)

] [

𝑥

𝜔

𝑢

]

=

[
[
[
[

[

𝐿

∑

𝑖=1

𝛼
𝑖
(𝑥) 𝐴

𝑖
(𝜃)

𝐿

∑

𝑖=1

𝛼
𝑖
(𝑥) 𝐵

𝑖

1
(𝜃)

𝐿

∑

𝑖=1

𝛼
𝑖
(𝑥) 𝐵

𝑖

2
(𝜃)

𝐿

∑

𝑖=1

𝛼
𝑖
(𝑥) 𝐶

𝑖

1
(𝜃) 0

𝐿

∑

𝑖=1

𝛼
𝑖
(𝑥)𝐷

𝑖

12
(𝜃)

]
]
]
]

]

[

𝑥

𝜔

𝑢

]

=

𝐿

∑

𝑖=1

𝛼
𝑖
(𝑥) [

𝐴
𝑖
(𝜃) 𝐵

𝑖

1
(𝜃) 𝐵

𝑖

2
(𝜃)

𝐶
𝑖

1
(𝜃) 0 𝐷

𝑖

12
(𝜃)

] [

𝑥

𝜔

𝑢

] .

(34)

Remark 2. It is noted that the T-S fuzzy modeling procedure
utilizes an un-uniform partition method to reduce the num-
ber of T-S fuzzy rules while guaranteeing the approximation
accuracy. And the evaluation system for the approximation
performance of the LPV T-S fuzzy system can be used to
balance the number of T-S fuzzy rules and the approximation
performance of the LPV T-S fuzzy system.

3. Piecewise Parameter-Dependent Quadratic
Stabilization of LPV T-S Fuzzy System

The LPV T-S fuzzy system (34) represents a class of complex
continuous-time systems in a novel form which has both
fuzzy inference and locally analytic linear models. In this sec-
tion, the notion of piecewise parameter-dependent Lyapunov
function is introduced for the stabilization problem of the
LPV T-S fuzzy system. Firstly, the rth subspace in the state
space can be defined as

𝑋
𝑟
= 𝑋

𝑟
∪ 𝑋

𝑟
, (35)

where

𝑋
𝑟
= {𝑥 | 𝛼

𝑖
(𝑥) = 𝛼

𝑘
(𝑥) , 𝑖, 𝑘 = 1, 2, . . . , 𝐿, 𝑖 ̸= 𝑘} ,

𝑋
𝑟
= {𝑥 | 𝛼

𝑖
(𝑥) > 𝛼

𝑘
(𝑥) , 𝑖, 𝑘 = 1, 2, . . . , 𝐿, 𝑖 ̸= 𝑘} .

(36)

Note that two subspaces are generated around the 𝑖th T-S
fuzzy rule for the single state𝑥

𝑗
.The schematic about the state

𝑥
𝑗
can be shown in Figure 2. And then, the relation between

the 𝑟th subspace and the 𝑖th T-S fuzzy rule is 𝑖 = 𝑘
1
𝑘
2
⋅ ⋅ ⋅ 𝑘

𝑛

and 𝑟 = (2𝑘
1
− 2/2𝑘

1
− 1)(2𝑘

2
− 2/2𝑘

2
− 1) ⋅ ⋅ ⋅ (2𝑘

𝑛
− 2/2𝑘

𝑛
−

1) (𝑖 = 1, 2, . . . , 𝐿; word 𝑟 = 1, 2, . . . , 𝐿), where 𝐿 = max{𝑘
1
⋅

𝑘
2
⋅ ⋅ ⋅ 𝑘

𝑛
} and 𝐿 = max{2𝑛 ⋅ (𝑘

1
−1) ⋅ (𝑘

2
−1) ⋅ ⋅ ⋅ (𝑘

𝑛
−1)}.Then,

the overall model of the LPV T-S system in the 𝑟th subspace
can be represented as

[

̇𝑥

𝑧
]

= [
𝐴
𝑟
(𝛼, 𝜃) 𝐵

𝑟

1
(𝛼, 𝜃) 𝐵

𝑟

2
(𝛼, 𝜃)

𝐶

𝑟

1
(𝛼, 𝜃) 0 𝐷

𝑟

12
(𝛼, 𝜃)

][

𝑥

𝜔

𝑢

]

= [
𝐴
𝑖
(𝜃) +

̃𝐴
𝑟
(𝛼, 𝜃) 𝐵

𝑖

1
(𝜃) + 𝐵

𝑟

1
(𝛼, 𝜃) 𝐵

𝑖

2
(𝜃) + 𝐵

𝑟

2
(𝛼, 𝜃)

𝐶
𝑖

1
(𝜃) +

̃𝐶
𝑟

1
(𝛼, 𝜃) 0 𝐷

𝑖

12
(𝜃) + 𝐷̃

𝑟

12
(𝛼, 𝜃)

] [

𝑥

𝜔

𝑢

]

(37)
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k1k2 · · · kj · · · kn

· · · · · ·X·2k𝑗−2· X·2k𝑗−1·

xj

Figure 2: Piecewise space partition of 𝑥
𝑗
.

for 𝑥 ∈ 𝑋
𝑟
, where

𝐴
𝑟
(𝛼, 𝜃) = ∑

𝑘∈𝜙𝑟

𝛼
𝑘
(𝑥) 𝐴

𝑖𝑘
(𝜃) ,

𝐵
𝑟

1
(𝛼, 𝜃) = ∑

𝑘∈𝜙𝑟

𝛼
𝑘
(𝑥) 𝐵

𝑖𝑘

1
(𝜃) ,

𝐵
𝑟

2
(𝛼, 𝜃) = ∑

𝑘∈𝜙𝑟

𝛼
𝑘
(𝑥) 𝐵

𝑖𝑘

2
(𝜃) ,

𝐶
𝑟

1
(𝛼, 𝜃) = ∑

𝑘∈𝜙𝑟

𝛼
𝑘
(𝑥) 𝐶

𝑖𝑘

1
(𝜃) ,

𝐷
𝑟

12
(𝛼, 𝜃) = ∑

𝑘∈𝜙𝑟

𝛼
𝑘
(𝑥)𝐷

𝑖𝑘

12
(𝜃) ,

𝐴
𝑖𝑘
(𝜃) = 𝐴

𝑘
(𝜃) − 𝐴

𝑖
(𝜃) ,

𝐵
𝑖𝑘

1
= 𝐵

𝑘

1
(𝜃) − 𝐵

𝑖

1
(𝜃) , 𝐵

𝑖𝑘

2
= 𝐵

𝑘

2
(𝜃) − 𝐵

𝑖

2
(𝜃) ,

𝐶
𝑖𝑘

1
= 𝐶

𝑘

1
(𝜃) − 𝐶

𝑖

1
(𝜃) , 𝐷

𝑖𝑘

12
= 𝐷

𝑘

12
(𝜃) − 𝐷

𝑖

12
(𝜃) ,

𝜙
𝑟
= {𝑘 | 𝛼

𝑘
(𝑥) ̸= 0, 𝛼

𝑖
(𝑥) ≥ 𝛼

𝑘
(𝑥)} ,

(38)

and 𝜙
𝑟
is a set including the indexes of the membership

functions which are nonzero and less than 𝛼
𝑖
(𝑥) around the

𝑖th rule in the 𝑟th subspace. For the overall model, 𝐴
𝑟
(𝛼, 𝜃),

𝐵
𝑟

∗
(𝛼, 𝜃), 𝐶𝑟

∗
(𝛼, 𝜃), and 𝐷

𝑟

∗
(𝛼, 𝜃) represent the interpolation

terms produced by interactions between the ith rule and the
other rules in the 𝑟th subspace.

In order to find the piecewise parameter-dependent Lya-
punov function which is continuous across the 𝑟th subspace
boundary at a fixed 𝜃, the following constant matrix 𝐹

𝑟

is established from the structure information of the 𝑟th
subspace, which fulfills

𝐹
𝑟
𝑥 = 𝐹

𝑝
𝑥, 𝑥 ∈ 𝑋

𝑟
∩ 𝑋

𝑝
, 𝑟, 𝑝 = 1, 2, . . . , 𝐿. (39)

Then, the piecewise parameter-dependent Lyapunov
function candidates that are continuous across the 𝑟th sub-
space boundary can be parameterized as

𝑉 (𝜃) = 𝑥
𝑇

𝑃
𝑟
(𝜃) 𝑥, 𝑥 ∈ 𝑋

𝑟
, (40)

with

𝑃
𝑟
(𝜃) = 𝐹

𝑇

𝑟
𝑇 (𝜃) 𝐹

𝑟
, (41)

where 𝑇(𝜃) is the symmetric matrix and characterizes 𝑃
𝑟
(𝜃)

with 𝐹
𝑟
together.

In order to carry forward the control design, the following
upper bounds for the interpolation terms in (37) can be
defined as

[𝐴
𝑟
(𝛼, 𝜃)] [𝐴

𝑟
(𝛼, 𝜃)]

𝑇

≤ 𝐸
𝑟𝐴
(𝛼, 𝜃) 𝐸

𝑇

𝑟𝐴
(𝛼, 𝜃) ,

[𝐵
𝑟

1
(𝛼, 𝜃)] [𝐵

𝑟

1
(𝛼, 𝜃)]

𝑇

≤ 𝐸
𝑟𝐵1

(𝛼, 𝜃) 𝐸
𝑇

𝑟𝐵1
(𝛼, 𝜃) ,

[𝐵
𝑟

2
(𝛼, 𝜃)] [𝐵

𝑟

2
(𝛼, 𝜃)]

𝑇

≤ 𝐸
𝑟𝐵2

(𝛼, 𝜃) 𝐸
𝑇

𝑟𝐵2
(𝛼, 𝜃) ,

[𝐶
𝑟

1
(𝛼, 𝜃)] [𝐶

𝑟

1
(𝛼, 𝜃)]

𝑇

≤ 𝐸
𝑟𝐶1

(𝛼, 𝜃) 𝐸
𝑇

𝑟𝐶1
(𝛼, 𝜃) ,

[𝐷
𝑟

12
(𝛼, 𝜃)] [𝐷

𝑟

12
(𝛼, 𝜃)]

𝑇

≤ 𝐸
𝑟𝐷12

(𝛼, 𝜃) 𝐸
𝑇

𝑟𝐷12
(𝛼, 𝜃) .

(42)

Since all the information of the interpolation terms in (42)
is a priori knowledge, there are many ways to acquire these
upper bounds. For example, one simple way is

𝐸
𝑟𝐴
(𝛼, 𝜃) 𝐸

𝑇

𝑟𝐴
(𝛼, 𝜃)

= (∑

𝑘∈𝜙𝑟

𝛼
𝑘
(𝑥) 𝐴

𝑖𝑘
(𝜃))(∑

𝑘∈𝜙𝑟

𝛼
𝑘
(𝑥) 𝐴

𝑖𝑘
(𝜃))

𝑇

,

(43)

where 𝑥 is the state such that 𝛼
𝑘
(𝑥) = 0.5.

Definition 3. On the compact set Ψ ⊂ 𝑅
𝑠, one has finite

nonnegative numbers {𝜐
𝑞
}
𝑠

𝑞=1
. Then the bounded variations

set of scheduling parameters can be defined as

Γ
𝜐

Ψ
= {𝜃 ∈ 𝐶

1

(𝑅, 𝑅
𝑠

) | 𝜃 ∈ Ψ,
󵄩󵄩󵄩󵄩󵄩
̇𝜃
𝑞

󵄩󵄩󵄩󵄩󵄩2
≤ 𝜐

𝑞
, 𝑞 = 1, . . . , 𝑠} ,

(44)

where𝐶1 represents the class of functionswhich are piecewise
continuous and one-order differential.

Definition 4. On the compactΨ ∈ 𝑅
𝑠, one has the LPV system

̇𝑥 = 𝐴 (𝜃) 𝑥, (45)
where 𝜃 ∈ Γ

𝜐

Ψ
. If there exists a continuously differentiable

symmetric function 𝑃(𝜃) such that 𝑃(𝜃) > 0 and

𝐴
𝑇

(𝜃) 𝑃 (𝜃) + 𝑃 (𝜃) 𝐴 (𝜃) + ̇𝑃 (𝜃) < 0, (46)

for all 𝜃 ∈ Γ
𝜐

Ψ
, then the continuous function 𝐴(𝜃) is para-

metrically dependent quadratically stable (or PDQ stable, for
short).

Theorem 5. Consider the LPV T-S fuzzy system (34)with 𝜔 =

𝑢 = 0. If there exists a symmetric matrix 𝑇(𝜃) satisfying
𝑃
𝑟
(𝜃) > 0, (47)

[
[

[

𝑃
𝑟
(𝜃) 𝐴

𝑇

𝑖
(𝜃) + 𝐴

𝑖
(𝜃) 𝑃

𝑟
(𝜃) − ̇𝑃

𝑟
(𝜃)

+𝜀̃
𝐴𝑟𝑃𝑟

(𝜃) 𝐸
𝑟𝐴
(𝛼, 𝜃) 𝐸

𝑇

𝑟𝐴
(𝛼, 𝜃)

𝑃
𝑟
(𝜃)

𝑃
𝑟
(𝜃) −𝜀̃

𝐴𝑟𝑃𝑟
(𝜃) 𝐼

]
]

]

< 0

(48)
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with

𝑃
𝑟
(𝜃) = (𝐹

𝑇

𝑟
𝐹
𝑟
)
−1

𝐹
𝑇

𝑟
𝑇 (𝜃) 𝐹

𝑟
(𝐹

𝑇

𝑟
𝐹
𝑟
)
−1 (49)

for 𝑟 = 1, 2, . . . , 𝐿, then the fuzzy system is globally asymptoti-
cally stable.

Proof. Define the following Lyapunov function 𝑉(𝜃):

𝑉 (𝜃) = 𝑥
𝑇

𝑃
−1

𝑟
(𝜃) 𝑥, 𝑥 ∈ 𝑋

𝑟
. (50)

From (41), we can get

𝑃
−1

𝑟
(𝜃) = 𝐹

𝑇

𝑟
𝑇
−1

(𝜃) 𝐹
𝑟
. (51)

From (50) and (51), there exist constants 𝜎 > 0 and 𝛽 > 0

such that

𝜎‖𝑥‖
2

2
≤ 𝑉 (𝜃) ≤ 𝛽‖𝑥‖

2

2
. (52)

Thus, using the conditions (47) and (49),𝑉(𝜃) is positive and
continuous across the subspace boundary. If it can guarantee
that the system (37) is asymptotically stable in each subspace,
the global asymptotical stability for the system (34) can be
attained. Next, we will demonstrate that 𝑉(𝜃) can guarantee
the asymptotical stability in each subspace.

If there exist a constant 𝜀
𝑋𝑌

> 0 and matrices 𝑋 and 𝑌

with appropriate dimensions, the following matrix inequality
can be gotten:

𝑋
𝑇

𝑌 + 𝑌
𝑇

𝑋 ≤
1

𝜀
𝑋𝑌

𝑋
𝑇

𝑋 + 𝜀𝑌
𝑇

𝑌. (53)

From (53), define the parameter-dependent positive
scalar 𝜀

𝑏𝑐
(𝜃), where the subscript 𝑏𝑐 means the relation

between 𝑏 and 𝑐 just like 𝜀
𝑋𝑌

means the relation between 𝑋

and 𝑌. In many cases, 𝜀
𝑎𝑏
(𝜃) can be set as a constant value.

Note that 𝑏 and 𝑐 are just used for example and do not have
any special significance. However, subscripts of all 𝜀

∗
(𝜃) are

marked as follows to clearly show the meaning of 𝜀
∗
(𝜃).

Then, from (53) we can get

𝑃
𝑟
(𝜃) (𝐴

𝑖
(𝜃) + 𝐴

𝑟
(𝛼, 𝜃))

𝑇

+ (𝐴
𝑖
(𝜃) + 𝐴

𝑟
(𝛼, 𝜃)) 𝑃

𝑟
(𝜃) − ̇𝑃

𝑟
(𝜃)

= 𝑃
𝑟
(𝜃) 𝐴

𝑇

𝑖
(𝜃) + 𝑃

𝑟
(𝜃) 𝐴

𝑇

𝑟
(𝛼, 𝜃) + 𝐴

𝑖
(𝜃) 𝑃

𝑟
(𝜃)

+ 𝐴
𝑟
(𝛼, 𝜃) 𝑃

𝑟
(𝜃) − ̇𝑃

𝑟
(𝜃)

≤ 𝑃
𝑟
(𝜃) 𝐴

𝑇

𝑖
(𝜃) + 𝐴

𝑖
(𝜃) 𝑃

𝑟
(𝜃) +

1

𝜀̃
𝐴𝑟𝑃𝑟

(𝜃)
𝑃
𝑟
(𝜃) 𝑃

𝑟
(𝜃)

+ 𝜀̃
𝐴𝑟𝑃𝑟

(𝜃) 𝐴
𝑇

𝑟
(𝛼, 𝜃) 𝐴

𝑟
(𝛼, 𝜃) − ̇𝑃

𝑟
(𝜃)

≤ 𝑃
𝑟
(𝜃) 𝐴

𝑇

𝑖
(𝜃) + 𝐴

𝑖
(𝜃) 𝑃

𝑟
(𝜃) +

1

𝜀̃
𝐴𝑟𝑃𝑟

(𝜃)
𝑃
𝑟
(𝜃) 𝑃

𝑟
(𝜃)

+ 𝜀̃
𝐴𝑟𝑃𝑟

(𝜃) 𝐸
𝑇

𝑟𝐴
(𝛼, 𝜃) 𝐸

𝑟𝐴
(𝛼, 𝜃) − ̇𝑃

𝑟
(𝜃) ,

(54)

for the system (37). Besides, via the Schur complement
lemma, it follows from (48) that

𝑃
𝑟
(𝜃) 𝐴

𝑇

𝑖
(𝜃) + 𝐴

𝑖
(𝜃) 𝑃

𝑟
(𝜃) +

1

𝜀̃
𝐴𝑟𝑃𝑟

(𝜃)
𝑃
𝑟
(𝜃) 𝑃

𝑟
(𝜃)

+ 𝜀̃
𝐴𝑟𝑃𝑟

(𝜃) 𝐸
𝑟𝐴
(𝛼, 𝜃) 𝐸

𝑇

𝑟𝐴
(𝛼, 𝜃) − ̇𝑃

𝑟
(𝜃) < 0.

(55)

Then, from (54) and (55), we have

𝑃
𝑟
(𝜃) (𝐴

𝑖
(𝜃) + 𝐴

𝑟
(𝛼, 𝜃))

𝑇

+ (𝐴
𝑖
(𝜃) + 𝐴

𝑟
(𝛼, 𝜃)) 𝑃

𝑟
(𝜃) − ̇𝑃

𝑟
(𝜃) < 0,

(56)

which suggests that

(𝐴
𝑖
(𝜃) + 𝐴

𝑟
(𝛼, 𝜃))

𝑇

𝑃
−1

𝑟
(𝜃)

+ 𝑃
−1

𝑟
(𝜃) (𝐴

𝑖
(𝜃) + 𝐴

𝑟
(𝛼, 𝜃)) + ̇𝑃

−1

𝑟
(𝜃) < 0,

(57)

where ̇𝑃
−1

𝑟
(𝜃)=−𝐹

𝑇

𝑟
𝑇
−1

(𝜃) ̇𝑇(𝜃)𝑇
−1

(𝜃)𝐹
𝑟
=−𝑃

−1

𝑟
(𝜃) ̇𝑃(𝜃)𝑃

−1

𝑟
(𝜃).

Moreover, there exists a constant 𝛿 > 0 such that

(𝐴
𝑖
(𝜃) + 𝐴

𝑟
(𝛼, 𝜃))

𝑇

𝑃
−1

𝑟
(𝜃)

+ 𝑃
−1

𝑟
(𝜃) (𝐴

𝑖
(𝜃) + 𝐴

𝑟
(𝛼, 𝜃)) + ̇𝑃

−1

𝑟
(𝜃) + 𝛿𝐼 < 0.

(58)

As a result, we have

𝑉 (𝜃) = 𝑥
𝑇

[(𝐴
𝑖
(𝜃) + 𝐴

𝑟
(𝛼, 𝜃))

𝑇

𝑃
−1

𝑟
(𝜃) + 𝑃

−1

𝑟
(𝜃)

× (𝐴
𝑖
(𝜃) + 𝐴

𝑟
(𝛼, 𝜃)) + ̇𝑃

−1

𝑟
(𝜃) ] 𝑥

≤ 𝑥
𝑇

(−𝛿𝐼) 𝑥 = −𝛿‖𝑥‖
2

2
,

(59)

which completes the proof of this theorem.

Remark 6. It is noted that the sufficient conditions in LMIs
form are easy to be solved. At a fixed 𝜃, conditions (47)
and (49) guarantee that the Lyapunov function is positive
and piecewise continuous across each subspace. And the
Lyapunov functions solved from condition (48) guarantee
that the system (37) is asymptotical in each subspace. All
the conditions guarantee that the system (34) is globally
asymptotically stable. Besides, in many cases, for the T-S
fuzzy control based on the common Lyapunov function, it
was hard to find the common Lyapunov function or such
a Lyapunov function did not exist at all. Thus, the previous
approach can improve the solvability of the LPV T-S fuzzy
gain scheduling control.

4. State-Feedback 𝐻
∞

Control Design of
LPV T-S Fuzzy System

In this section, the state-feedback 𝐻
∞

control of the LPV
T-S fuzzy system is studied. Considering the approximation
error, a controller synthesis approach with𝐻

∞
performance
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is presented. In the rth subspace, the state feedback controller
can be represented as

𝑢 = 𝐾
𝑟
(𝜃) 𝑥, 𝑥 ∈ 𝑋

𝑟
. (60)

Substituting (60) into (34), the closed-loop system can be
obtained as

̇𝑥 = 𝐴
𝐶
(𝛼, 𝜃) 𝑥 + 𝐵

𝐶
(𝛼, 𝜃) 𝜔, 𝑧 = 𝐶

𝐶
(𝛼, 𝜃) 𝑥, (61)

where

𝐴
𝐶
(𝛼, 𝜃)= 𝐴 (𝛼, 𝜃) + 𝐵

2
(𝛼, 𝜃)𝐾 (𝜃) , 𝐵

𝐶
(𝛼, 𝜃)= 𝐵

1
(𝛼, 𝜃) ,

𝐶
𝐶
(𝛼, 𝜃) = 𝐶

1
(𝛼, 𝜃) + 𝐷

12
(𝛼, 𝜃)𝐾 (𝜃) .

(62)

In the 𝑟th subspace, the system (61) can be represented as

̇𝑥 = 𝐴
𝐶𝑟
(𝛼, 𝜃) 𝑥 + 𝐵

𝐶𝑟
(𝛼, 𝜃) 𝜔,

𝑧 = 𝐶
𝐶𝑟
(𝛼, 𝜃) 𝑥, 𝑥 ∈ 𝑋

𝑟
,

(63)

where

𝐴
𝐶𝑟
(𝛼, 𝜃) = 𝐴

𝑖
(𝜃) + 𝐴

𝑟
(𝛼, 𝜃)

+ (𝐵
𝑖

2
(𝜃) + 𝐵

𝑟

2
(𝛼, 𝜃))𝐾

𝑟
(𝜃) ,

𝐵
𝐶𝑟
(𝛼, 𝜃) = 𝐵

𝑖

1
(𝜃) + 𝐵

𝑟

1
(𝛼, 𝜃) ,

𝐶
𝐶𝑟
(𝛼, 𝜃) = 𝐶

𝑖

1
(𝜃) + 𝐶

𝑟

1
(𝛼, 𝜃)

+ (𝐷
𝑖

12
(𝜃) + 𝐷

𝑟

12
(𝛼, 𝜃))𝐾

𝑟
(𝜃) .

(64)

When substituting (37) into (1) and considering the
approximating error, the closed-loop nonlinear system in the
𝑟th subspace can be represented as

[

̇𝑥

𝑧
] = [

𝑓 (𝑥, 𝜃) + 𝑑
0
(𝑥, 𝜃) 𝜔 + 𝑔

0
(𝑥, 𝜃) 𝑢

𝜑 (𝑥, 𝜃) + 𝑔
1
(𝑥, 𝜃) 𝑢

]

= [
𝐴
𝑟
(𝛼, 𝜃) 𝐵

𝑟

1
(𝛼, 𝜃) 𝐵

𝑟

2
(𝛼, 𝜃)

𝐶

𝑟

1
(𝛼, 𝜃) 0 𝐷

𝑟

12
(𝛼, 𝜃)

][

𝑥

𝜔

𝑢

]

+
[
[

[

(𝑓 (𝑥, 𝜃) − 𝐴
𝑟
(𝛼, 𝜃) 𝑥) + (𝑑

0
(𝑥, 𝜃) − 𝐵

𝑟

1
(𝛼, 𝜃)) 𝜔

+ (𝑔
0
(𝑥, 𝜃) − 𝐵

𝑟

2
(𝛼, 𝜃)) 𝑢

(𝜑 (𝑥, 𝜃) − 𝐶

𝑟

1
(𝛼, 𝜃) 𝑥) + (𝑔

1
(𝑥, 𝜃) − 𝐷

𝑟

12
(𝛼, 𝜃)) 𝑢

]
]

]

= [
𝐴
𝑟
(𝛼, 𝜃) + 𝐵

𝑟

2
(𝛼, 𝜃)𝐾

𝑟
(𝜃) 𝐵

𝑟

1
(𝛼, 𝜃)

𝐶

𝑟

1
(𝛼, 𝜃) + 𝐷

𝑟

12
(𝛼, 𝜃)𝐾

𝑟
(𝜃) 0

] [
𝑥

𝜔
]

+
[
[

[

(𝑓 (𝑥, 𝜃) − 𝐴
𝑟
(𝛼, 𝜃) 𝑥) + (𝑔

0
(𝑥, 𝜃) − 𝐵

𝑟

2
(𝛼, 𝜃))𝐾

𝑟
(𝜃) 𝑥

+ (𝑑
0
(𝑥, 𝜃) − 𝐵

𝑟

1
(𝛼, 𝜃)) 𝜔

(𝜑 (𝑥, 𝜃) − 𝐶

𝑟

1
(𝛼, 𝜃) 𝑥) + (𝑔

1
(𝑥, 𝜃) − 𝐷

𝑟

12
(𝛼, 𝜃))𝐾

𝑟
(𝜃) 𝑥

]
]

]

= [
𝐴
𝐶𝑟
(𝛼, 𝜃) 𝐵

𝐶𝑟
(𝛼, 𝜃)

𝐶
𝐶𝑟
(𝛼, 𝜃) 0

] [
𝑥

𝜔
] + [

Δ𝑓
𝑟
(𝜃) + Δ𝑔

𝑟

0
(𝜃) + Δ𝑑

𝑟

0
(𝜃)

Δ𝜑
𝑟
(𝜃) + Δ𝑔

𝑟

1
(𝜃)

] ,

(65)

where

Δ𝑓
𝑟
(𝜃) = 𝑓 (𝑥, 𝜃) − 𝐴

𝑟
(𝑥, 𝜃) 𝑥,

Δ𝑔
𝑟

0
(𝜃) = (𝑔

0
(𝑥, 𝜃) − 𝐵

𝑟

2
(𝛼, 𝜃))𝐾

𝑟
(𝜃) 𝑥,

Δ𝑑
𝑟

0
(𝜃) = (𝑑

0
(𝑥, 𝜃) − 𝐵

𝑟

1
(𝛼, 𝜃)) 𝜔,

Δ𝜑
𝑟
(𝜃) = 𝜑 (𝑥, 𝜃) − 𝐶

𝑟

1
(𝛼, 𝜃) 𝑥,

Δ𝑔
𝑟

1
(𝜃) = (𝑔

1
(𝑥, 𝜃) − 𝐷

𝑟

12
(𝛼, 𝜃))𝐾

𝑟
(𝜃) 𝑥.

(66)

According to (37) and (65), the approximation errors,
Δ𝑓

𝑟
(𝜃), Δ𝑔𝑟

0
(𝜃), Δ𝑑𝑟

0
(𝜃), Δ𝜑

𝑟
(𝜃), and Δ𝑔

𝑟

1
(𝜃), of the LPV T-S

fuzzy system can be represented as follows:

󵄩󵄩󵄩󵄩Δ𝑓𝑟 (𝜃)
󵄩󵄩󵄩󵄩2

=
󵄩󵄩󵄩󵄩󵄩
𝑓 (𝑥, 𝜃) − 𝐴

𝑟
(𝛼, 𝜃) 𝑥

󵄩󵄩󵄩󵄩󵄩2

=

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

𝑓 (𝑥, 𝜃) − (𝐴
𝑖
(𝜃) + ∑

𝑘∈𝜙𝑟

𝛼
𝑘
(𝑥) 𝐴

𝑖𝑘
(𝜃))𝑥

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩2

≤

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

(Δ𝐴
𝑖
(𝜃) + ∑

𝑘∈𝜙𝑟

𝛼
𝑘
(𝑥) Δ𝐴

𝑖𝑘
(𝜃))𝑥

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩2

=
󵄩󵄩󵄩󵄩󵄩
Δ𝐴

𝑟
(𝜃) 𝑥

󵄩󵄩󵄩󵄩󵄩2
,

(67)

where

Δ𝐴
𝑟
(𝜃) = Δ𝐴

𝑖
(𝜃) + ∑

𝑘∈𝜙𝑟

𝛼
𝑘
(𝑥) 𝐴

𝑖𝑘
(𝜃)

= Δ𝐴
𝑖
(𝜃) + ∑

𝑘∈𝜙𝑟

𝛼
𝑘
(𝑥) (Δ𝐴

𝑘
(𝜃) − Δ𝐴

𝑖
(𝜃))

= 𝛼
𝑖
(𝑥) Δ𝐴

𝑖
(𝜃) + ∑

𝑘∈𝜙𝑟

𝛼
𝑘
(𝑥) Δ𝐴

𝑘
(𝜃)

= (𝛼
𝑖
(𝑥) 𝛿

𝐴
𝑖
𝑟
(𝜃) + ∑

𝑘∈𝜙𝑟

𝛼
𝑘
(𝑥) 𝛿

𝐴
𝑘
𝑟
(𝜃))𝐴

𝑟
(𝜃)

= 𝛿
𝐴𝑟
(𝜃) 𝐴

𝑟
(𝜃) ,

󵄩󵄩󵄩󵄩Δ𝑔
𝑟

0
(𝜃)

󵄩󵄩󵄩󵄩2
=
󵄩󵄩󵄩󵄩󵄩
(𝑔

0
(𝑥, 𝜃) − 𝐵

𝑟

2
(𝛼, 𝜃))𝐾

𝑟
(𝜃)𝑥

󵄩󵄩󵄩󵄩󵄩2

=

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

(𝑔
0
(𝑥, 𝜃) − (𝐵

𝑖

2
(𝜃) + ∑

𝑘∈𝜙𝑟

𝛼
𝑘
(𝑥) 𝐵

𝑖𝑘

2
(𝜃)))

2

× 𝐾
𝑟
(𝜃) 𝑥

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩2

≤

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

(Δ𝐵
𝑖

2
(𝜃) + ∑

𝑘∈𝜙𝑟

𝛼
𝑘
(𝑥) Δ𝐵

𝑖𝑘

2
(𝜃))𝐾

𝑟
(𝜃) 𝑥

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩2

=
󵄩󵄩󵄩󵄩󵄩
Δ𝐵

𝑟

2
(𝜃)𝐾

𝑟
(𝜃) 𝑥

󵄩󵄩󵄩󵄩󵄩2
,

(68)
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where

Δ𝐵
𝑟

2
(𝜃) = Δ𝐵

𝑖

2
(𝜃) + ∑

𝑘∈𝜙𝑟

𝛼
𝑘
(𝑥) Δ𝐵

𝑖𝑘

2
(𝜃)

= Δ𝐵
𝑖

2
(𝜃) + ∑

𝑘∈𝜙𝑟

𝛼
𝑘
(𝑥) (Δ𝐵

𝑘

2
(𝜃) − Δ𝐵

𝑖

2
(𝜃))

= 𝛼
𝑖
(𝑥) Δ𝐵

𝑖

2
(𝜃) + ∑

𝑘∈𝜙𝑟

𝛼
𝑘
(𝑥) Δ𝐵

𝑘

2
(𝜃)

= (𝛼
𝑖
(𝑥) 𝛿

𝐵
𝑖,𝑟
2
(𝜃) + ∑

𝑘∈𝜙𝑟

𝛼
𝑘
(𝑥) 𝛿

𝐵
𝑘,𝑟
2
(𝜃))𝐵

𝑟

2
(𝜃)

= 𝛿
𝐵

𝑟

2
𝐵
𝑟

2
(𝜃) ,

󵄩󵄩󵄩󵄩Δ𝑑
𝑟

0
(𝜃)

󵄩󵄩󵄩󵄩2
=
󵄩󵄩󵄩󵄩󵄩
(𝑑

0
(𝑥, 𝜃) − 𝐵

𝑟

1
(𝛼, 𝜃)) 𝜔

󵄩󵄩󵄩󵄩󵄩2

=

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

(𝑑
0
(𝑥, 𝜃)−(𝐵

𝑖

1
(𝜃)+∑

𝑘∈𝜙𝑟

𝛼
𝑘
(𝑥) 𝐵

𝑖𝑘

1
(𝜃)))𝜔

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩2

≤

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

(Δ𝐵
𝑖

1
(𝜃) + ∑

𝑘∈𝜙𝑟

𝛼
𝑘
(𝑥) Δ𝐵

𝑖𝑘

1
(𝜃))𝜔

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩2

=
󵄩󵄩󵄩󵄩󵄩
Δ𝐵

𝑟

1
(𝜃) 𝜔

󵄩󵄩󵄩󵄩󵄩2
,

(69)

where

Δ𝐵
𝑟

1
(𝜃) = Δ𝐵

𝑖

1
(𝜃) + ∑

𝑘∈𝜙𝑟

𝛼
𝑘
(𝜃) Δ𝐵

𝑖𝑘

1
(𝜃)

= Δ𝐵
𝑖

1
(𝜃) + ∑

𝑘∈𝜙𝑟

𝛼
𝑘
(𝑥) (Δ𝐵

𝑘

1
(𝜃) − Δ𝐵

𝑖

1
(𝜃))

= 𝛼
𝑖
(𝑥) Δ𝐵

𝑖

1
(𝜃) + ∑

𝑘∈𝜙𝑟

𝛼
𝑘
(𝑥) Δ𝐵

𝑘

1
(𝜃)

= (𝛼
𝑖
(𝑥) 𝛿

𝐵
𝑖,𝑟
1
(𝜃) + ∑

𝑘∈𝜙𝑟

𝛼
𝑘
(𝑥) 𝛿

𝐵
𝑘,𝑟
1
(𝜃))𝐵

𝑟

1
(𝜃)

= 𝛿
𝐵

𝑟

1
𝐵
𝑟

1
(𝜃) ,

Δ
󵄩󵄩󵄩󵄩𝜑𝑟 (𝜃)

󵄩󵄩󵄩󵄩2
=
󵄩󵄩󵄩󵄩󵄩
𝜑 (𝑥, 𝜃) − 𝐶

𝑟

1
(𝛼, 𝜃) 𝑥

󵄩󵄩󵄩󵄩󵄩2

=

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

𝜑 (𝑥, 𝜃) − (𝐶
𝑖

1
(𝜃) + ∑

𝑘∈𝜙𝑟

𝛼
𝑘
(𝑥) 𝐶

𝑖𝑘

1
(𝜃))𝑥

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩2

≤

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

(Δ𝐶
𝑖

1
(𝜃) + ∑

𝑘∈𝜙𝑟

𝛼
𝑘
(𝑥) Δ𝐶

𝑖𝑘

1
(𝜃))𝑥

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩2

=
󵄩󵄩󵄩󵄩󵄩
Δ𝐶

𝑟

1
(𝜃) 𝑥

󵄩󵄩󵄩󵄩󵄩2
,

(70)

where

Δ𝐶
𝑟

1
(𝜃) = Δ𝐶

𝑖

1
(𝜃) + ∑

𝑘∈𝜙𝑟

𝛼
𝑘
(𝑥) Δ𝐶

𝑖𝑘

1
(𝜃)

= Δ𝐶
𝑖

1
(𝜃)+ ∑

𝑘∈𝜙𝑟

𝛼
𝑘
(𝑥) (Δ𝐶

𝑘

1
(𝜃)−Δ𝐶

𝑖

1
(𝜃))

= 𝛼
𝑖
(𝑥) Δ𝐶

𝑖

1
(𝜃) + ∑

𝑘∈𝜙𝑟

𝛼
𝑘
(𝑥) Δ𝐶

𝑘

1
(𝜃)

= (𝛼
𝑖
(𝑥) 𝛿

𝐶
𝑖,𝑟
1
(𝜃) + ∑

𝑘∈𝜙𝑟

𝛼
𝑘
(𝑥) 𝛿

𝐶
𝑘,𝑟
1
(𝜃))

× 𝐶
𝑟

1
(𝜃)

= 𝛿
𝐶

𝑟

1
(𝜃) 𝐶

𝑟

1
(𝜃) ,

󵄩󵄩󵄩󵄩Δ𝑔
𝑟

1
(𝜃)

󵄩󵄩󵄩󵄩2
=
󵄩󵄩󵄩󵄩󵄩
(𝑔

1
(𝑥, 𝜃) − 𝐷

𝑟

12
(𝛼, 𝜃))𝐾

𝑟
(𝜃) 𝑥

󵄩󵄩󵄩󵄩󵄩2

=

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

(𝑔
1
(𝑥, 𝜃) − (𝐷

𝑖

12
(𝜃)

+ ∑

𝑘∈𝜙𝑟

𝛼
𝑘
(𝑥)𝐷

𝑖𝑘

12
(𝜃)))

× 𝐾
𝑟
(𝜃) 𝑥

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩2

≤

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

(Δ𝐷
𝑖

12
(𝜃) + ∑

𝑘∈𝜙𝑟

𝛼
𝑘
(𝑥) Δ𝐷

𝑖𝑘

12
(𝜃))

×𝐾
𝑟
(𝜃) 𝑥

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩2

=
󵄩󵄩󵄩󵄩󵄩
Δ𝐷

𝑟

12
(𝜃)𝐾

𝑟
(𝜃) 𝑥

󵄩󵄩󵄩󵄩󵄩2
,

(71)

where

Δ𝐷
𝑟

12
(𝜃) = Δ𝐷

𝑖

12
(𝜃) + ∑

𝑘∈𝜙𝑟

𝛼
𝑘
(𝑥) Δ𝐷

𝑖𝑘

12
(𝜃)

= Δ𝐷
𝑖

12
(𝜃) + ∑

𝑘∈𝜙𝑟

𝛼
𝑘
(𝑥) (Δ𝐷

𝑘

12
(𝜃) − Δ𝐷

𝑖

12
(𝜃))

= 𝛼
𝑖
(𝑥) Δ𝐷

𝑖

12
(𝜃) + ∑

𝑘∈𝜙𝑟

𝛼
𝑘
(𝑥) Δ𝐷

𝑘

12
(𝜃)

= (𝛼
𝑖
(𝑥) 𝛿

𝐷
𝑖,𝑟
12
(𝜃) + ∑

𝑘∈𝜙𝑟

𝛼
𝑘
(𝑥) 𝛿

𝐷
𝑘,𝑟
12
(𝜃))𝐷

𝑟

12
(𝜃)

= 𝛿
𝐷

𝑟

12
(𝜃)𝐷

𝑟

12
(𝜃) .

(72)

Note that not all of the nonlinearities can be given such
bounds of approximation error in a linear form. However, for
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the nonlinearities satisfying the Lipschitz condition or even
the one-order derivable condition, we can usually give the
bounds of the approximation error in such a linear form. In
addition, it should be noted that 𝛼

𝑖
(𝑥) + ∑

𝑘∈𝜙𝑟
𝛼
𝑘
(𝑥) = 1 and

‖𝛿
𝐴
∗
𝑟
(𝜃)‖

2

≤ 1, . . ., ‖𝛿
𝐷

∗,𝑟

12
(𝜃)‖

2
≤ 1 for 𝑖 = 1, 2, . . . , 𝐿 and

𝑟 = 1, 2, . . . , 𝐿. Then, we can get

[

󵄩󵄩󵄩󵄩Δ𝑓𝑟 (𝜃)
󵄩󵄩󵄩󵄩2

󵄩󵄩󵄩󵄩Δ𝑑
𝑟

0
(𝜃)

󵄩󵄩󵄩󵄩2

󵄩󵄩󵄩󵄩Δ𝑔
𝑟

0
(𝜃)

󵄩󵄩󵄩󵄩2󵄩󵄩󵄩󵄩Δ𝜑𝑟 (𝜃)
󵄩󵄩󵄩󵄩2

0
󵄩󵄩󵄩󵄩Δ𝑔

𝑟

1
(𝜃)

󵄩󵄩󵄩󵄩2

]

≤ [

󵄩󵄩󵄩󵄩󵄩
Δ𝐴

𝑟
(𝜃) 𝑥

󵄩󵄩󵄩󵄩󵄩2

󵄩󵄩󵄩󵄩󵄩
Δ𝐵

𝑟

1
(𝜃) 𝜔

󵄩󵄩󵄩󵄩󵄩2

󵄩󵄩󵄩󵄩󵄩
Δ𝐵

𝑟

2
(𝜃)𝐾

𝑟
(𝜃) 𝑥

󵄩󵄩󵄩󵄩󵄩2
󵄩󵄩󵄩󵄩󵄩
Δ𝐶

𝑟

1
(𝜃) 𝑥

󵄩󵄩󵄩󵄩󵄩2
0

󵄩󵄩󵄩󵄩󵄩
Δ𝐷

𝑟

12
(𝜃)𝐾

𝑟
(𝜃) 𝑥

󵄩󵄩󵄩󵄩󵄩2

] ,

(73)

for all the 𝑥, and describe the bounding matrices as

[
Δ𝐴

𝑟
(𝜃) Δ𝐵

𝑟

1
(𝜃) Δ𝐵

𝑟

2
(𝜃)

Δ𝐶
𝑟

1
(𝜃) 0 Δ𝐷

𝑟

12
(𝜃)

]

= [
𝛿
𝐴𝑟
(𝜃) 𝐴

𝑟
(𝜃) 𝛿

𝐵

𝑟

1
(𝜃) 𝐵

𝑟

1
(𝜃) 𝛿

𝐵

𝑟

2
(𝜃) 𝐵

𝑟

2
(𝜃)

𝛿
𝐶

𝑟

1
(𝜃) 𝐶

𝑟

1
(𝜃) 0 𝛿

𝐷

𝑟

12
(𝜃)𝐷

𝑟

12
(𝜃)

] ,

(74)

where ‖𝛿
𝐴𝑟
(𝜃)‖

2

≤ 1, . . . and ‖𝛿
𝐷

𝑟

12
(𝜃)‖

2

≤ 1 for 𝑖 = 1, 2, . . . , 𝐿

and 𝑟 = 1, 2, . . . , 𝐿.

Theorem 7. For the closed-loop system (61), while consid-
ering the approximation error and a positive scalar 𝛾 >

0, if there exist symmetric matrixes 𝑇(𝜃) and 𝑃
𝑟
(𝜃) =

(𝐹
𝑇

𝑟
𝐹
𝑟
)
−1

𝐹
𝑇

𝑟
𝑇(𝜃)𝐹

𝑟
(𝐹

𝑇

𝑟
𝐹
𝑟
)
−1 satisfying

𝑃
𝑟
(𝜃) > 0, (75)

𝑃
𝑟
(𝜃) 𝐴

𝑇

𝐶𝑟
(𝛼, 𝜃) + 𝐴

𝐶𝑟
(𝛼, 𝜃) 𝑃

𝑟
(𝜃) − ̇𝑃

𝑟
(𝜃)

+
1

𝜀
Δ𝑓𝑟𝑃𝑟

(𝜃)
𝑃
𝑟
(𝜃) 𝐴

𝑇

𝑟
(𝜃) 𝐴

𝑟
(𝜃) 𝑃

𝑟
(𝜃)

+
1

𝜀
Δ𝑔
𝑟
0𝑃𝑟

(𝜃)
𝑃
𝑟
(𝜃) (𝐵

𝑟

2
(𝜃)𝐾

𝑟
(𝜃))

𝑇

(𝐵
𝑟

2
(𝜃)𝐾

𝑟
(𝜃)) 𝑃

𝑟
(𝜃)

+ (𝜀
Δ𝑓𝑟𝑃𝑟

(𝜃) + 𝜀
Δ𝑔
𝑟
0𝑃𝑟

(𝜃) + 𝜀
Δ𝑑
𝑟
0𝑃𝑟

(𝜃))

+ (1 + 𝜀
Δ𝜑𝑟𝐶𝐶𝑟

(𝜃) + 𝜀
Δ𝑔
𝑟
1𝐶𝐶𝑟

(𝜃))

× 𝑃
𝑟
(𝜃) 𝐶

𝑇

𝐶𝑟
(𝛼, 𝜃) 𝐶

𝐶𝑟
(𝛼, 𝜃) 𝑃

𝑟
(𝜃)

+ (1 +
1

𝜀
Δ𝜑𝑟𝐶𝐶𝑟

(𝜃)
+

1

𝜀
Δ𝜑𝑟Δ𝑔

𝑟
1
(𝜃)

)

× 𝑃
𝑟
(𝜃) 𝐶

𝑟

1
(𝛼, 𝜃)

𝑇

𝐶
𝑟

1
(𝛼, 𝜃) 𝑃

𝑟
(𝜃)

+ (1 +
1

𝜀
Δ𝑔
𝑟
1𝐶𝐶𝑟

(𝜃)
+

1

𝜀
Δ𝜑𝑟Δ𝑔

𝑟
1
(𝜃)

)𝑃
𝑟
(𝜃)

× 𝐷
𝑟

12
(𝛼, 𝜃)

𝑇

𝐷
𝑟

12
(𝛼, 𝜃) 𝑃

𝑟
(𝜃)

+ (𝛾
2

𝐼 −
1

𝜀
Δ𝑑
𝑟
0𝑃𝑟

(𝜃)
𝐵
𝑟

1
(𝜃)

𝑇

𝐵
𝑟

1
(𝜃))

−1

× 𝐵
𝐶𝑟
(𝛼, 𝜃) 𝐵

𝑇

𝐶𝑟
(𝛼, 𝜃) < 0,

(76)

𝛾
2

𝐼 −
1

𝜀
Δ𝑑
𝑟
0𝑃𝑟

(𝜃)
𝐵
𝑟

1
(𝜃)

𝑇

𝐵
𝑟

1
(𝜃) > 0, (77)

the closed-loop system (61) while considering the approx-
imation error has the 𝐻

∞
performance with disturbance

attenuation 𝛾. And it is globally asymptotically stable when
𝜔 = 0.

Proof. From (63), the sufficient condition for (46) can be
gotten:

𝐴
𝑇

𝐶𝑟
(𝛼, 𝜃) 𝑃

−1

𝑟
(𝜃) + 𝑃

−1

𝑟
(𝜃) 𝐴

𝐶𝑟
(𝛼, 𝜃) + ̇𝑃

−1

𝑟
< 0. (78)

According to Theorem 5, if the condition (78) is fulfilled, the
system (63) is asymptotically stable. For the system (65) with
the approximation error, we can get

𝐴
𝑇

𝐶𝑟
(𝛼, 𝜃) 𝑃

−1

𝑟
(𝜃) + 𝑃

−1

𝑟
(𝜃) 𝐴

𝐶𝑟
(𝛼, 𝜃)

+ ̇𝑃
−1

𝑟
(𝜃) +

1

𝜀
Δ𝑓𝑟𝑃𝑟

(𝜃)
𝐴
𝑇

𝑟
(𝜃) 𝐴

𝑟
(𝜃)

+
1

𝜀
Δ𝑔
𝑟
0𝑃𝑟

(𝜃)
(𝐵

𝑟

2
(𝜃)𝐾

𝑟
(𝜃))

𝑇

𝐵
𝑟

2
(𝜃)𝐾

𝑟
(𝜃)

+ (𝜀
Δ𝑓𝑟𝑃𝑟

(𝜃) + 𝜀
Δ𝑔
𝑟
0𝑃𝑟

(𝜃) + 𝜀
Δ𝑑
𝑟
0𝑃𝑟

(𝜃)) 𝑃
−1

𝑟
(𝜃) 𝑃

−1

𝑟
(𝜃)

+ (1 + 𝜀
Δ𝜑𝑟𝐶𝐶𝑟

(𝜃) + 𝜀
Δ𝑔
𝑟
1𝐶𝐶𝑟

(𝜃)) 𝐶
𝑇

𝐶𝑟
(𝛼, 𝜃) 𝐶

𝐶𝑟
(𝛼, 𝜃)

+ (1 +
1

𝜀
Δ𝜑𝑟𝐶𝐶𝑟

(𝜃)
+

1

𝜀
Δ𝜑𝑟Δ𝑔

𝑟
1
(𝜃)

)𝐶
𝑟

1
(𝛼, 𝜃)

𝑇

𝐶
𝑟

1
(𝛼, 𝜃)

+ (1 +
1

𝜀
Δ𝑔
𝑟
1𝐶𝐶𝑟

(𝜃)
+

1

𝜀
Δ𝜑𝑟Δ𝑔

𝑟
1
(𝜃)

)𝐷
𝑟

12
(𝛼, 𝜃)

𝑇

𝐷
𝑟

12
(𝛼, 𝜃)

+ (𝛾
2

𝐼 −
1

𝜀
Δ𝑑
𝑟
0𝑃𝑟

(𝜃)
𝐵
𝑟

1
(𝜃)

𝑇

𝐵
𝑟

1
(𝜃))

−1

𝑃
−1

𝑟
(𝜃) 𝐵

𝐶𝑟
(𝛼, 𝜃)

× 𝐵
𝑇

𝐶𝑟
(𝛼, 𝜃) 𝑃

−1

𝑟
(𝜃) < 0

(79)

from (76), which suggests that the condition (78) is fulfilled.
Here, the condition (77) needs to be fulfilled. Then, the
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system (65) is asymptotically stable. Next, we will show the
disturbance attenuation performance.

Considering the Lyapunov function 𝑉(𝜃) = 𝑥
𝑇

𝑃
−1

𝑟
(𝜃)𝑥

which is piecewise continuous across the rth subspace bound-
ary, we differentiate 𝑉(𝜃) and then integrate it from zero to
infinity in the rth subspace. Then, we can get

∫

∞

0

𝑉 (𝜃) 𝑑𝑡

= ∫

∞

0

( ̇𝑥
𝑇

𝑃
−1

𝑟
(𝜃) 𝑥 + 𝑥

𝑇

𝑃
−1

𝑟
(𝜃) ̇𝑥 + 𝑥

𝑇 ̇𝑃
−1

𝑟
(𝜃) 𝑥) 𝑑𝑡

= ∫

∞

0

[𝑥
𝑇

(𝐴
𝑇

𝐶𝑟
(𝛼, 𝜃) 𝑃

−1

𝑟
(𝜃) + 𝑃

−1

𝑟
(𝜃) 𝐴

𝐶𝑟
(𝛼, 𝜃)

+ ̇𝑃
−1

𝑟
(𝜃)) 𝑥 + Δ𝑓

𝑇

𝑟
(𝜃) 𝑃

−1

𝑟
(𝜃) 𝑥

+ Δ𝑔
𝑟

0
(𝜃)

𝑇

𝑃
−1

𝑟
(𝜃) 𝑥 + Δ𝑑

𝑟

0
(𝜃)

𝑇

𝑃
−1

𝑟
(𝜃) 𝑥

+ 𝑥
𝑇

𝑃
−1

𝑟
(𝜃) Δ𝑓

𝑟
(𝜃) + 𝑥

𝑇

𝑃
−1

𝑟
(𝜃) Δ𝑔

𝑟

0
(𝜃)

+ 𝑥
𝑇

𝑃
−1

𝑟
(𝜃) Δ𝑑

𝑟

0
(𝜃) + 𝜔

𝑇

𝐵
𝑇

𝐶𝑟
(𝛼, 𝜃) 𝑃

−1

𝑟
(𝜃) 𝑥

+𝑥
𝑇

𝑃
−1

𝑟
(𝜃) 𝐵

𝐶𝑟
(𝛼, 𝜃) 𝜔] 𝑑𝑡

≤ ∫

∞

0

[𝑥
𝑇

(𝐴
𝑇

𝐶𝑟
(𝛼, 𝜃) 𝑃

−1

𝑟
(𝜃) + 𝑃

−1

𝑟
(𝜃) 𝐴

𝐶𝑟
(𝛼, 𝜃)

+ ̇𝑃
−1

𝑟
(𝜃)) 𝑥

+
1

𝜀
Δ𝑓𝑟𝑃𝑟

(𝜃)
Δ𝑓

𝑇

𝑟
(𝜃) Δ𝑓

𝑟
(𝜃)

+ 𝜀
Δ𝑓𝑟𝑃𝑟

(𝜃) 𝑥
𝑇

𝑃
−1

𝑟
(𝜃) 𝑃

−1

𝑟
(𝜃) 𝑥

+
1

𝜀
Δ𝑔
𝑟
0𝑃𝑟

(𝜃)
Δ𝑔

𝑟

0
(𝜃)

𝑇

Δ𝑔
𝑟

0
(𝜃)

+ 𝜀
Δ𝑔
𝑟
0𝑃𝑟

(𝜃) 𝑥
𝑇

𝑃
−1

𝑟
(𝜃) 𝑃

−1

𝑟
(𝜃) 𝑥

+
1

𝜀
Δ𝑑
𝑟
0𝑃𝑟

(𝜃)
Δ𝑑

𝑟

0
(𝜃)

𝑇

Δ𝑑
𝑟

0
(𝜃)

+ 𝜀
Δ𝑑
𝑟
0𝑃𝑟

(𝜃) 𝑥
𝑇

𝑃
−1

𝑟
(𝜃) 𝑃

−1

𝑟
(𝜃) 𝑥

+𝜔
𝑇

𝐵
𝑇

𝐶𝑟
(𝛼, 𝜃) 𝑃

−1

𝑟
(𝜃) 𝑥 + 𝑥

𝑇

𝑃
−1

𝑟
(𝜃) 𝐵

𝐶𝑟
(𝛼, 𝜃) 𝜔] 𝑑𝑡

≤ ∫

∞

0

[𝑥
𝑇

(𝐴
𝑇

𝐶𝑟
(𝛼, 𝜃) 𝑃

−1

𝑟
(𝜃) + 𝑃

−1

𝑟
(𝜃) 𝐴

𝐶𝑟
(𝛼, 𝜃)

+ ̇𝑃
−1

𝑟
(𝜃)) 𝑥

+
1

𝜀
Δ𝑓𝑟𝑃𝑟

(𝜃)
(𝐴

𝑟
(𝜃) 𝑥)

𝑇

𝐴
𝑟
(𝜃) 𝑥 +

1

𝜀
Δ𝑔
𝑟
0𝑃𝑟

(𝜃)

× (𝐵
𝑟

2
(𝜃)𝐾

𝑟
(𝜃) 𝑥)

𝑇

𝐵
𝑟

2
(𝜃)𝐾

𝑟
(𝜃) 𝑥

+
1

𝜀
Δ𝑑
𝑟
0𝑃𝑟

(𝜃)
(𝐵

𝑟

1
(𝜃) 𝜔)

𝑇

𝐵
𝑟

1
(𝜃) 𝜔

+ (𝜀
Δ𝑓𝑟𝑃𝑟

(𝜃) + 𝜀
Δ𝑔
𝑟
0𝑃𝑟

(𝜃)

+𝜀
Δ𝑑
𝑟
0𝑃𝑟

(𝜃)) 𝑥
𝑇

𝑃
−1

𝑟
(𝜃) 𝑃

−1

𝑟
(𝜃) 𝑥

+𝜔
𝑇

𝐵
𝑇

𝐶𝑟
(𝛼, 𝜃) 𝑃

−1

𝑟
(𝜃) 𝑥 + 𝑥

𝑇

𝑃
−1

𝑟
(𝜃) 𝐵

𝐶𝑟
(𝛼, 𝜃) 𝜔] 𝑑𝑡

≤ ∫

∞

0

[−𝑥
𝑇

((1 + 𝜀
Δ𝜑𝑟𝐶𝐶𝑟

(𝜃) + 𝜀
Δ𝑔
𝑟
1𝐶𝐶𝑟

(𝜃))

× 𝐶
𝑇

𝐶𝑟
(𝛼, 𝜃) 𝐶

𝐶𝑟
(𝛼, 𝜃)

+ (1 +
1

𝜀
Δ𝜑𝑟𝐶𝐶𝑟

(𝜃)

+
1

𝜀
Δ𝜑𝑟Δ𝑔

𝑟
1
(𝜃)

)𝐶
𝑟

1
(𝛼, 𝜃)

𝑇

𝐶
𝑟

1
(𝛼, 𝜃)

+ (1 +
1

𝜀
Δ𝑔
𝑟
1𝐶𝐶𝑟

(𝜃)

+
1

𝜀
Δ𝜑𝑟Δ𝑔

𝑟
1
(𝜃)

)𝐷
𝑟

12
(𝛼, 𝜃)

𝑇

𝐷
𝑟

12
(𝛼, 𝜃)

+ (𝛾
2

𝐼 −
1

𝜀
Δ𝑑
𝑟
0𝑃𝑟

(𝜃)
(𝐵

𝑟

1
(𝜃))

𝑇

𝐵
𝑟

1
(𝜃))

−1

𝑃
−1

𝑟
(𝜃)

×𝐵
𝐶𝑟
(𝛼, 𝜃) 𝐵

𝑇

𝐶𝑟
(𝛼, 𝜃) 𝑃

−1

𝑟
(𝜃)) 𝑥

+
1

𝜀
Δ𝑑
𝑟
0𝑃𝑟

(𝜃)
(𝐵

𝑟

1
(𝜃) 𝜔)

𝑇

𝐵
𝑟

1
(𝜃) 𝜔

+ 𝜔
𝑇

𝐵
𝑇

𝐶𝑟
(𝛼, 𝜃) 𝑃

−1

𝑟
(𝜃) 𝑥

+𝑥
𝑇

𝑃
−1

𝑟
(𝜃) 𝐵

𝐶𝑟
(𝛼, 𝜃) 𝜔 + 𝛾

2

𝜔
𝑇

𝜔 − 𝛾
2

𝜔
𝑇

𝜔] 𝑑𝑡

≤ ∫

∞

0

[
[
[
[

[

− 𝑧
𝑇

𝑧 + 𝛾
2

𝜔
𝑇

𝜔

−

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

(𝛾
2

𝐼 −
1

𝜀
Δ𝑑
𝑟
0𝑃𝑟

(𝜃)
𝐵
𝑟

1
(𝜃)

𝑇

𝐵
𝑟

1
(𝜃))

1/2

𝜔

− (𝛾
2

𝐼 −
1

𝜀
Δ𝑑
𝑟
0𝑃𝑟

(𝜃)
𝐵
𝑟

1
(𝜃)

𝑇

𝐵
𝑟

1
(𝜃))

−1/2

×𝐵
𝑇

𝐶𝑟
(𝛼, 𝜃) 𝑃

−1

𝑟
(𝜃) 𝑥

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

2

2

]
]
]
]

]

𝑑𝑡

≤ ∫

∞

0

[−𝑧
𝑇

𝑧 + 𝛾
2

𝜔
𝑇

𝜔] 𝑑𝑡.

(80)
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That is

𝑉 (𝑥 (∞) , 𝜃) − 𝑉 (𝑥 (0) , 𝜃) ≤ ∫

∞

0

(−𝑧
𝑇

𝑧 + 𝛾
2

𝜔
𝑇

𝜔) 𝑑𝑡,

(81)

which suggests that, with 𝑥(0) = 0,

‖𝑧‖
2
≤ 𝛾‖𝜔‖

2
. (82)

Overall, combining with the condition (75) and 𝑃
𝑟
(𝜃) =

(𝐹
𝑇

𝑟
𝐹
𝑟
)
−1

𝐹
𝑇

𝑟
𝑇(𝜃)𝐹

𝑟
(𝐹

𝑇

𝑟
𝐹
𝑟
)
−1, the system (61), while consider-

ing the approximation error, has the 𝐻
∞

performance with
disturbance attenuation 𝛾 and it is globally asymptotically
stable when 𝜔 = 0. Then, the proof of this theorem is
completed.

Remark 8. Considering the approximation error of the LPV
T-S fuzzy system and bringing in the piecewise parameter-
dependent Lyapunov functions to the LPV T-S fuzzy gain
scheduling control, the state-feedback 𝐻

∞
control design

is discussed here. And the sufficient conditions are given
in Riccati inequalities form which can guarantee the 𝐻

∞

performance boundary 𝛾 of the closed-loop system.
As follows, based on Theorem 7, the equivalent condi-

tions can be obtained in LMIs form which are easier to be
solved.

Theorem 9. For the closed-loop system (61), while considering
the approximation error and a positive scalar 𝛾 > 0, if there
exist a symmetric matrix 𝑇(𝜃), a set of matrices 𝑄

𝑟
(𝜃) =

𝐾
𝑟
(𝜃)𝑃

𝑟
(𝜃) and 𝑃

𝑟
(𝜃) = (𝐹

𝑇

𝑟
𝐹
𝑟
)
−1

𝐹
𝑇

𝑟
𝑇(𝜃)𝐹

𝑟
(𝐹

𝑇

𝑟
𝐹
𝑟
)
−1 satisfying

𝑃
𝑟
(𝜃) > 0,

[

[

𝑊
𝑟

𝑃
𝑟
(𝜃) 𝑄

𝑇

𝑟
(𝜃)

𝑃
𝑟
(𝜃) −𝑀

−1

𝑃𝑟
0

𝑄
𝑟
(𝜃) 0 −𝑀

−1

𝑄𝑟

]

]

< 0,

(83)

where

𝑊
𝑟
= 𝑃

𝑟
(𝜃) 𝐴

𝑇

𝑖
(𝜃) + 𝐴

𝑖
(𝜃) 𝑃

𝑟
(𝜃) − ̇𝑃

𝑟
(𝜃)

+ 𝑄
𝑇

𝑟
(𝜃) 𝐵

𝑖

2
(𝜃)

𝑇

+ 𝐵
𝑖

2
(𝜃) 𝑄

𝑟
(𝜃)

+ 𝜀̃
𝐴𝑟𝑃𝑟

(𝜃) 𝐸
𝑟𝐴
(𝛼, 𝜃) 𝐸

𝑇

𝑟𝐴
(𝛼, 𝜃)

+ 𝜀
𝐵
𝑟
2𝑃𝑟

(𝜃) 𝐸
𝑟𝐵2

(𝛼, 𝜃) 𝐸
𝑇

𝑟𝐵2
(𝛼, 𝜃)

+ (𝛾
2

𝐼 −
1

𝜀
Δ𝑑
𝑟
0𝑃𝑟

(𝜃)
𝐵
𝑟

1
(𝜃)

𝑇

𝐵
𝑟

1
(𝜃))

−1

× (1 +
1

𝜀
𝐵
𝑖
1𝐵
𝑟
1
(𝜃)

)𝐵
𝑖

1
(𝜃) 𝐵

𝑖

1
(𝜃)

𝑇

+ (𝛾
2

𝐼 −
1

𝜀
Δ𝑑
𝑟
0𝑃𝑟

(𝜃)
𝐵
𝑟

1
(𝜃)

𝑇

𝐵
𝑟

1
(𝜃))

−1

× (1 + 𝜀
𝐵
𝑖
1𝐵
𝑟
1
(𝜃)) 𝐸

𝑟𝐵1
(𝛼, 𝜃) 𝐸

𝑟𝐵1
(𝛼, 𝜃)

𝑇

,

𝑀
𝑃𝑟
=

1

𝜀̃
𝐴𝑟𝑃𝑟

(𝜃)
+

1

𝜀
Δ𝑓𝑟𝑃𝑟

(𝜃)
𝐴
𝑇

𝑟
(𝜃) 𝐴

𝑟
(𝜃)

+ (1 +
1

𝜀
Δ𝜑𝑟𝐶𝐶𝑟

(𝜃)
+

1

𝜀
Δ𝜑𝑟Δ𝑔

𝑟
1
(𝜃)

)

× 𝐶
𝑟

1
(𝛼, 𝜃)

𝑇

𝐶
𝑟

1
(𝛼, 𝜃)

+ (1 +
1

𝜀
Δ𝑔
𝑟
1𝐶𝐶𝑟

(𝜃)
+

1

𝜀
Δ𝜑𝑟Δ𝑔

𝑟
1
(𝜃)

)

× 𝐷
𝑟

12
(𝛼, 𝜃)

𝑇

𝐷
𝑟

12
(𝛼, 𝜃)

+ (1 + 𝜀
Δ𝜑𝑟𝐶𝐶𝑟

(𝜃) + 𝜀
Δ𝑔
𝑟
1𝐶𝐶𝑟

(𝜃))

× (1 +
1

𝜀
𝐶
𝑖
1
̃
𝐶
𝑟
1
(𝜃)

+
1

𝜀
𝐶
𝑖
1𝐷
𝑖
12
(𝜃)

+
1

𝜀
𝐶
𝑖
1𝐷̃
𝑟
12
(𝜃)

)

× 𝐶
𝑖

1
(𝜃)

𝑇

𝐶
𝑖

1
(𝜃)

+ (1 + 𝜀
Δ𝜑𝑟𝐶𝐶𝑟

(𝜃) + 𝜀
Δ𝑔
𝑟
1𝐶𝐶𝑟

(𝜃))

× (1 + 𝜀
𝐶
𝑖
1
̃
𝐶
𝑟
1
(𝜃) + 𝜀

𝐷
𝑖
12
̃
𝐶
𝑟
1
(𝜃) +

1

𝜀 ̃
𝐶
𝑟
1𝐷̃
𝑟
12
(𝜃)

)𝐸
𝑇

𝑟𝐶1

× 𝐸
𝑇

𝑟𝐶1
(𝛼, 𝜃) 𝐸

𝑟𝐶1
(𝛼, 𝜃) ,

𝑀
𝑄𝑟

=
1

𝜀
𝐵
𝑟
2𝑃𝑟

(𝜃)
+

1

𝜀
Δ𝑔
𝑟
0𝑃𝑟

(𝜃)
𝐵
𝑟

2
(𝜃)

𝑇

𝐵
𝑟

2
(𝜃)

+ (1 + 𝜀
Δ𝜑𝑟𝐶𝐶𝑟

(𝜃) + 𝜀
Δ𝑔
𝑟
1𝐶𝐶𝑟

(𝜃))

× (1 + 𝜀
𝐶
𝑖
1𝐷
𝑖
12
(𝜃) +

1

𝜀
𝐷
𝑖
12
̃
𝐶
𝑟
1
(𝜃)

+
1

𝜀
𝐷
𝑖
12𝐷̃
𝑟
12
(𝜃)

)

× 𝐷
𝑖

12
(𝜃)

𝑇

𝐷
𝑖

12
(𝜃)

+ (1 + 𝜀
Δ𝜑𝑟𝐶𝐶𝑟

(𝜃) + 𝜀
Δ𝑔
𝑟
1𝐶𝐶𝑟

(𝜃))

× (1 + 𝜀
𝐶
𝑖
1𝐷̃
𝑟
12
(𝜃) + 𝜀 ̃

𝐶
𝑟
1𝐷̃
𝑟
12
(𝜃) + 𝜀

𝐷
𝑖
12𝐷̃
𝑟
12
(𝜃))

× 𝐸
𝑇

𝑟𝐷12
(𝛼, 𝜃) 𝐸

𝑟𝐷12
(𝛼, 𝜃) ,

(84)

and condition (77), the closed-loop system (61), while con-
sidering the approximation error, has the 𝐻

∞
performance

with disturbance attenuation 𝛾 and it is globally asymptotically
stable when 𝜔 = 0. Moreover, the controller gain in the rth
subspace is given by

𝐾
𝑟
(𝜃) = 𝑄

𝑟
(𝜃) 𝑃

−1

𝑟
(𝜃) . (85)
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Proof. According to condition (76) of Theorem 7, we know
that the closed-loop system (61), while considering the
approximation error, has the𝐻

∞
performance boundary 𝛾.

Then, substituting (37) into (76), we can get

𝑃
𝑟
(𝜃) 𝐴

𝑇

𝐶𝑟
(𝛼, 𝜃) + 𝐴

𝐶𝑟
(𝛼, 𝜃) 𝑃

𝑟
(𝜃)

= 𝑃
𝑟
(𝜃) (𝐴

𝑖
(𝜃) + 𝐴

𝑟
(𝛼, 𝜃)

+ (𝐵
𝑖

2
(𝜃) + 𝐵

𝑟

2
(𝛼, 𝜃))𝐾

𝑟
(𝜃))

𝑇

+ (𝐴
𝑖
(𝜃) + 𝐴

𝑟
(𝛼, 𝜃) + (𝐵

𝑖

2
(𝜃) + 𝐵

𝑟

2
(𝛼, 𝜃))

×𝐾
𝑟
(𝜃)) 𝑃

𝑟
(𝜃)

= 𝑃
𝑟
(𝜃) 𝐴

𝑇

𝑖
(𝜃) + 𝐴

𝑖
(𝜃) 𝑃

𝑟
(𝜃) + 𝑄

𝑇

𝑟
(𝜃) 𝐵

𝑖

2
(𝜃)

𝑇

+ 𝐵
𝑖

2
(𝜃) 𝑄

𝑟
(𝜃) + 𝑃

𝑟
(𝜃) 𝐴

𝑇

𝑟
(𝛼, 𝜃)

+ 𝐴
𝑟
(𝛼, 𝜃) 𝑃

𝑟
(𝜃) + 𝑄

𝑇

𝑟
(𝜃) 𝐵

𝑟

2
(𝛼, 𝜃)

𝑇

+ 𝐵
𝑟

2
(𝛼, 𝜃) 𝑄

𝑟
(𝜃)

≤ 𝑃
𝑟
(𝜃) 𝐴

𝑇

𝑖
(𝜃) + 𝐴

𝑖
(𝜃) 𝑃

𝑟
(𝜃)

+ 𝑄
𝑇

𝑟
(𝜃) 𝐵

𝑖

2
(𝜃)

𝑇

+ 𝐵
𝑖

2
(𝜃) 𝑄

𝑟
(𝜃)

+ 𝜀̃
𝐴𝑟𝑃𝑟

(𝜃) 𝐸
𝑟𝐴
(𝛼, 𝜃) 𝐸

𝑇

𝑟𝐴
(𝛼, 𝜃)

+ 𝜀
𝐵
𝑟
2𝑃𝑟

(𝜃) 𝐸
𝑟𝐵2

(𝛼, 𝜃) 𝐸
𝑇

𝑟𝐵2
(𝛼, 𝜃)

+
1

𝜀̃
𝐴𝑟𝑃𝑟

(𝜃)
𝑃
𝑟
(𝜃) 𝑃

𝑟
(𝜃) +

1

𝜀
𝐵
𝑟
2𝑃𝑟

(𝜃)
𝑄
𝑇

𝑟
(𝜃) 𝑄

𝑟
(𝜃) .

(86)

Besides, we also have

𝑃
𝑟
(𝜃) 𝐶

𝑇

𝐶𝑖
(𝛼, 𝜃) 𝐶

𝐶𝑖
(𝛼, 𝜃) 𝑃

𝑟
(𝜃)

= 𝑃
𝑟
(𝜃) [𝐶

𝑖

1
(𝜃)

𝑇

𝐶
𝑖

1
(𝜃) + 𝐶

𝑖

1
(𝜃)

𝑇

𝐶
𝑟

1
(𝛼, 𝜃)

+ 𝐶
𝑟

1
(𝛼, 𝜃)

𝑇

𝐶
𝑖

1
(𝜃)

+𝐶
𝑟

1
(𝛼, 𝜃)

𝑇

𝐶
𝑟

1
(𝛼, 𝜃)] 𝑃

𝑟
(𝜃)

+ 𝑃
𝑟
(𝜃) 𝐶

𝑖

1
(𝜃)

𝑇

𝐷
𝑖

12
(𝜃) 𝑄

𝑟
(𝜃)

+ 𝑃
𝑟
(𝜃) 𝐶

𝑖

1
(𝜃)

𝑇

𝐷
𝑟

12
(𝛼, 𝜃) 𝑄

𝑟
(𝜃)

+ 𝑃
𝑟
(𝜃) 𝐶

𝑟

1
(𝛼, 𝜃)

𝑇

𝐷
𝑖

12
(𝜃) 𝑄

𝑟
(𝜃)

+ 𝑃
𝑟
(𝜃) 𝐶

𝑟

1
(𝛼, 𝜃)

𝑇

𝐷
𝑟

12
(𝛼, 𝜃) 𝑄

𝑟
(𝜃)

+ 𝑄
𝑇

𝑟
(𝜃)𝐷

𝑖

12
(𝜃)

𝑇

𝐶
𝑖

1
(𝜃) 𝑃

𝑟
(𝜃)

+ 𝑄
𝑇

𝑟
(𝜃)𝐷

𝑖

12
(𝜃)

𝑇

𝐶
𝑟

1
(𝛼, 𝜃) 𝑃

𝑟
(𝜃)

+ 𝑄
𝑇

𝑟
(𝜃)𝐷

𝑟

12
(𝛼, 𝜃)

𝑇

𝐶
𝑖

1
(𝜃) 𝑃

𝑟
(𝜃)

+ 𝑄
𝑇

𝑟
(𝜃)𝐷

𝑟

12
(𝛼, 𝜃)

𝑇

𝐶
𝑟

1
(𝛼, 𝜃) 𝑃

𝑟
(𝜃)

+ 𝑄
𝑇

𝑟
(𝜃) [𝐷

𝑖

12
(𝜃)

𝑇

𝐷
𝑖

12
(𝜃)

+ 𝐷
𝑖

12
(𝜃)

𝑇

𝐷
𝑟

12
(𝛼, 𝜃)

+ 𝐷
𝑟

12
(𝛼, 𝜃)

𝑇

𝐷
𝑖

12
(𝜃)

+𝐷
𝑟

12
(𝛼, 𝜃)

𝑇

𝐷
𝑟

12
(𝛼, 𝜃)]𝑄

𝑟
(𝜃)

≤ 𝑃
𝑟
(𝜃) [(1 +

1

𝜀
𝐶
𝑖
1
̃
𝐶
𝑟
1
(𝜃)

+
1

𝜀
𝐶
𝑖
1𝐷
𝑖
12
(𝜃)

+
1

𝜀
𝐶
𝑖
1𝐷̃
𝑟
12
(𝜃)

)𝐶
𝑖

1
(𝜃)

𝑇

𝐶
𝑖

1
(𝜃)

+ (1 + 𝜀
𝐶
𝑖
1
̃
𝐶
𝑟
1
(𝜃) + 𝜀

𝐷
𝑖
12
̃
𝐶
𝑟
1
(𝜃)

+
1

𝜀 ̃
𝐶
𝑟
1𝐷̃
𝑟
12
(𝜃)

)𝐸
𝑇

𝑟𝐶1

× (𝛼, 𝜃) 𝐸
𝑟𝐶1

(𝛼, 𝜃) ]𝑃
𝑟
(𝜃)

+ 𝑄
𝑇

𝑟
(𝜃) [(1 + 𝜀

𝐶
𝑖
1𝐷
𝑖
12
(𝜃) +

1

𝜀
𝐷
𝑖
12
̃
𝐶
𝑟
1
(𝜃)

+
1

𝜀
𝐷
𝑖
12𝐷̃
𝑟
12
(𝜃)

)𝐷
𝑖

12
(𝜃)

𝑇

𝐷
𝑖

12
(𝜃)

+ (1 + 𝜀
𝐶
𝑖
1𝐷̃
𝑟
12
(𝜃) + 𝜀 ̃

𝐶
𝑟
1𝐷̃
𝑟
12
(𝜃)

+𝜀
𝐷
𝑖
12𝐷̃
𝑟
12
(𝜃))

×𝐸
𝑇

𝑟𝐷12
(𝛼, 𝜃) 𝐸

𝑟𝐷12
(𝛼, 𝜃) ]𝑄

𝑟
(𝜃) ,

(87)

𝐵
𝐶𝑟
(𝛼, 𝜃) 𝐵

𝑇

𝐶𝑟
(𝛼, 𝜃)

= 𝐵
𝑖

1
(𝜃) 𝐵

𝑖

1
(𝜃)

𝑇

+ 𝐵
𝑖

1
(𝜃) 𝐵

𝑟

1
(𝛼, 𝜃)

𝑇

+ 𝐵
𝑟

1
(𝛼, 𝜃) 𝐵

𝑖

1
(𝜃)

𝑇

+ 𝐵
𝑟

1
(𝛼, 𝜃) 𝐵

𝑟

1
(𝛼, 𝜃)

𝑇

≤ (1 +
1

𝜀
𝐵
𝑖
1𝐵
𝑟
1
(𝜃)

)𝐵
𝑖

1
(𝜃) 𝐵

𝑖

1
(𝜃)

𝑇

+ (1 + 𝜀
𝐵
𝑖
1𝐵
𝑟
1
(𝜃)) 𝐸

𝑟𝐵1
(𝛼, 𝜃) 𝐸

𝑇

𝑟𝐵1
(𝛼, 𝜃) .

(88)

Substituting (86), (87), and (88) into (76), the complete
representation of (76) can be gotten. Then, by defining 𝑊

𝑟
,

𝑀
𝑃𝑟
, and 𝑀

𝑄𝑟
and using the Schur complement lemma, we

can get the sufficient conditions in LMIs form as (83) and
(80). The proof of this theorem is completed.
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Remark 10. Based on Theorem 7, the conveniently solvable
conditions are obtained in LMIs form inTheorem 9. For some
parameter-dependent variables, such as 𝜀

∗
(𝜃), they can be set

as constant values in many cases by which the computation
can be further simplified. However, subscripts of all 𝜀

∗
(𝜃) are

marked clearly in Theorem 5, Theorem 7, and Theorem 9 in
order to show the meaning of them.

Remark 11. From Theorem 9, the sufficient conditions in
LMIs form have been given. Though the solving of the LPV
T-S fuzzy gain scheduling control design is different from the
solving of the existing LPV gain scheduling control design,
most of the procedures are similar. According to [9, 28, 29],
the solution of the existing LPV gain scheduling control
design has been given. Then, the main procedures of the
LPV gain scheduling control design can be shown as follows.
Firstly, according to the property of 𝜃, the gridding process
may be executed for the nonlinear form of 𝜃 or not. In
particular, for the affine linear form of 𝜃, the multiconvexity
property can be used to guarantee the continuous properties
of continuously scheduled 𝜃 instead of the gridding process
and the number of the LMIs can be reduced which can
simplify the computation. Secondly, the parametrization of
decision variables in LMIs needs to be executed. Through
the two steps, infinite LMIs with infinite decision variables
can be gotten. By solving the LMIs, the piecewise parameter-
dependent functions can be obtained and then the controller
can be determined.

5. Numerical Example

In order to show the availability of the approaches, a numer-
ical example is provided in this subsection. Consider the
ANPV system as

̇𝑥 = 𝑓 (𝑥, 𝜃) + 𝐵
1
𝜔 + 𝐵

2
𝑢,

𝑧 = 𝜑 (𝑥, 𝜃) ,

(89)

where 𝑓(𝑥, 𝜃) = [
0.0005𝜃𝑥

2
1+0.0008𝑥2

𝑥1−0.5𝑥2
], 𝜑(𝑥, 𝜃) = 0.5𝜃 − 𝑥

1
, 𝐵

1
=

[0.0001 0]
𝑇, 𝐵

2
= [0 1]

𝑇, and 𝜔 = sin(𝑡) is the sinusoidal
interference signal.

Here, define that 𝜃 = 𝜐𝑡+𝜏 is a linear function about time
𝑡 and set the variation rate ‖𝜐‖

2
≤ 1. Assume that 𝜃 changes

in the range [−2, 2] and the variation range of 𝑥
1
is [−1, 1].

From (89), it can be found that the T-S fuzzy linearization is
only used to deal with the nonlinearity about 𝑥

1
. Using the T-

S fuzzy modeling procedure given before, the input space of
𝑥
1
can be partitioned into [−1, 0] and [0, 1]. Then, three T-S

fuzzy rules can be obtained as follows:

Rule 1: If 𝑥
1
is about −1,

then
{{

{{

{

̇𝑥 = [
−0.0005𝜃 0.0008

1 −0.5
] 𝑥 + [

0.0001

0
]𝜔 + [

0

1
] 𝑢

𝑧 = [−0.5𝜃 − 1 0] 𝑥,

(90)

Rule 2: If 𝑥
1
is about 0,

then
{{

{{

{

̇𝑥 = [
0 0.0008

1 −0.5
] 𝑥 + [

0.0001

0
]𝜔 + [

0

1
] 𝑢

𝑧 = [−1 0] 𝑥,

(91)

Rule 3: If 𝑥
1
is about 1,

then
{{

{{

{

̇𝑥 = [
0.0005𝜃 0.0008

1 −0.5
] 𝑥 + [

0.0001

0
]𝜔 + [

0

1
] 𝑢

𝑧 = [0.5𝜃 − 1 0] 𝑥.

(92)

In most cases, the approximation of the LPV T-S fuzzy
system to the ANPV system usually has high accuracy, so the
approximation error can often be ignored. Here, three T-S
fuzzy rules are used at −1, 0, and 1 of 𝑥

1
to approximate the

nonlinear term 𝑥
2

1
; the maximum absolute error is 1.1102𝑒 −

16. Thus, the approximation error can be ignored.
Meanwhile, using the definition in (35)-(36) and the

triangular membership functions, four piecewise subspaces
are obtainedwhich are named𝑋

1
, 𝑋

2
, 𝑋

3
, and𝑋

4
(as shown

in Figure 3). Then, the T-S fuzzy model in each subspace can
be represented as

𝑋
1
:

{{{

{{{

{

̇𝑥 = ([

−0.0005𝜃 0.0008

1 −0.5
] + 𝛼

2
(𝑥

1
) [

0.0005𝜃 0

0 0
])𝑥

+[

0.0001

0
]𝜔 + [

0

1
] 𝑢

𝑧 = ([−0.5𝜃 − 1 0] + 𝛼
2
(𝑥

1
) [0.5𝜃 0]) 𝑥, 𝑥

1
∈ [−1, −0.5] ,

(93)

𝑋
2
:

{{{

{{{

{

̇𝑥 = ([

0 0.0008

1 −0.5
] + 𝛼

1
(𝑥

1
) [

−0.0005𝜃 0

0 0
])𝑥

+[

0.0001

0
]𝜔 + [

0

1
] 𝑢

𝑧 = ([−1 0] + 𝛼
1
(𝑥

1
) [−0.5𝜃 0]) 𝑥, 𝑥

1
∈ [−0.5, 0] ,

(94)

𝑋
3
:

{{{

{{{

{

̇𝑥 = ([

0 0.0008

1 −0.5
] + 𝛼

3
(𝑥

1
) [

0.0005𝜃 0

0 0
])𝑥

+[

0.0001

0
]𝜔 + [

0

1
] 𝑢

𝑧 = ([−1 0] + 𝛼
3
(𝑥

1
) [0.5𝜃 0]) 𝑥, 𝑥

1
∈ [0, 0.5] ,

(95)

𝑋
4
:

{{{

{{{

{

̇𝑥 = ([

0.0005𝜃 0.0008

1 −0.5
] + 𝛼

2
(𝑥

1
) [

−0.0005𝜃 0

0 0
])𝑥

+[

0.0001

0
]𝜔 + [

0

1
] 𝑢

𝑧 = ([0.5𝜃 − 1 0] + 𝛼
2
(𝑥

1
) [−0.5𝜃 0]) 𝑥, 𝑥

1
∈ [0.5, 1] .

(96)

According to the method in [22], it can be set that
𝛼
𝑘
(𝑥, 𝜃) = 0.5 and the matrices of 𝐸

𝑟𝐴
(𝜃) and 𝐸

𝑟𝐶1
(𝜃) for the

𝑖th (𝑖 = 1, 2, 3) fuzzy rule in the 𝑟th (𝑟 = 1, 2, 3, 4, 𝑘 ∈ 𝜙
𝑟
)

subspace can be obtained. Using the detailed method in [20],
the constant matrices 𝐹

𝑟
can be given.

When the LPV T-S fuzzy system is linear with the
scheduling parameter 𝜃, we can parameterize the system
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matrices 𝐴
𝑟
(𝜃) and 𝐶

𝑟

1
(𝜃) and decision variables 𝑃

𝑟
(𝜃) and

𝑄
𝑟
(𝜃) in the rth subspace as

𝐴
𝑟
(𝜃) = 𝐴

0

𝑟
+ 𝜃𝐴

1

𝑟
, 𝐶

𝑟

1
(𝜃) = 𝐶

𝑟

1,0
+ 𝜃𝐶

𝑟

1,1
,

𝑃
𝑟
(𝜃) = 𝑃

0

𝑟
+ 𝜃𝑃

1

𝑟
, 𝑄

𝑟
(𝜃) = 𝑄

0

𝑟
+ 𝜃𝑄

1

𝑟
,

(97)

where𝐴0

𝑟
,𝐴1

𝑟
,𝐶𝑟

1,0
,𝐶𝑟

1,1
,𝑃0

𝑟
,𝑃1

𝑟
,𝑄0

𝑟
, and𝑄1

𝑟
are constant values

and 𝑟 = 1, 2, 3, 4.
Besides, the gridding process is avoided when solving

the parameter-dependent Lyapunov functions 𝑃
𝑟
(𝜃) in 𝑟th

subspace 𝑋
𝑟
. Utilizing the multiconvexity property in [30],

it just needs to validate the LMIs at the vertexes of 𝜃. Here,
the two vertexes at 𝜃 = −2 and 𝜃 = 2 are tested, respectively.

Following the design algorithm with 𝛾 = 0.9, the solution
to the LMIs when 𝜀

∗
(𝜃) = 10 can be obtained:

𝑃
1
(𝜃) = [

0.0265 + 0.0777𝜃 −0.2 + 0.996𝜃

−0.2 + 0.996𝜃 4.475 + 1.5562𝜃
] ,

𝑄
1
(𝜃) = [0.1476 + 0.0840𝜃 10.9778 + 0.0191𝜃] ,

𝑃
2
(𝜃) = [

−0.0126 + 0.3006𝜃 −0.6849 + 0.0309𝜃

−0.6849 + 0.0309𝜃 3.6378 + 0.8595𝜃
] ,

𝑄
2
(𝜃) = [0.0997 + 0.0373𝜃 7.2065 − 0.1058𝜃] ,

𝑃
3
(𝜃) = [

−0.0126 + 0.3006𝜃 −0.6849 + 0.0309𝜃

−0.6849 + 0.0309𝜃 3.6378 + 0.8595𝜃
] ,

𝑄
3
(𝜃) = [0.0997 + 0.0373𝜃 7.2065 − 0.1058𝜃] ,

𝑃
4
(𝜃) = [

−0.0176 + 0.0651𝜃 −0.1457 − 1.0275𝜃

−0.1457 − 1.0275𝜃 6.5439 + 1.5280𝜃
] ,

𝑄
4
(𝜃) = [0.0423 − 0.0114𝜃 10.8734 + 0.0179𝜃] .

(98)

Then, the state-feedback controller can be determined as
𝑢 = 𝐾

𝑟
(𝜃)𝑥, where 𝐾

𝑟
(𝜃) = 𝑄

𝑟
(𝜃)𝑃

−1

𝑟
(𝜃) and 𝑟 = 1, 2, 3, 4.

Because the effective performance region of the controller
about 𝑥

1
is set as [−1, 1], the scheduling values of 𝜃 are chosen

to linearly vary from 0.3 to 1.3 with the interval of 0.1 to
validate the effectiveness of the controller.The state responses
of 𝑥

1
and 𝑥

2
and the evaluation response of 𝑧 are shown in

Figures 4, 5, and 6, respectively.
Meanwhile, in order to validate the effectiveness of the

controller during the scheduling process of 𝜃, 𝜃 is scheduled
from 0.5 to 1 at 0.5 seconds, which guarantees that the
variation rate of 𝜃 is 1. The responses of 𝑥

1
, 𝑥

2
, and 𝑧 are

shown in Figures 7, 8, and 9, respectively.
From Figures 4, 5, and 6, they suggest the effectiveness of

the parameter-dependent controller. At different scheduling
points of 𝜃, the system can be stabilized by the state-feedback
controller with 𝐻

∞
performance boundary 𝛾 = 0.9. From

Figures 7, 8, and 9, the performance when switching at
different 𝜃 points is validated. The time-domain response
curves illustrate the stability and control performance of
the system when continuously scheduling. Obviously, all the
above results suggest the availability of sufficient conditions
inTheorems 5, 7, and 9 for the control design of the LPV T-S
fuzzy system.

X1 X2 X3 X41

0.5

0
−1 0 1

x1

Figure 3: Piecewise space partition of 𝑥
1
.

1.2

1

0.8

0.6

0.4

0.2

0

−0.2

x
1

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
t/(s)

𝜃 = 1.3

𝜃 = 0.3

Figure 4: State response of 𝑥
1
.

6. Conclusion

In order to improve the existing LPV gain scheduling control,
the T-S fuzzy modeling procedure was adopted to deal with
the nonlinearity and relevant control design was studied
in the paper. For the ANPV description of the nonlinear
dynamic processes, a kind of developed T-S fuzzy modeling
procedure with homogeneous linear consequent parts was
proposed to carry forward the linearization. As a result,
greater flexibility was obtained by which the number of
scheduling parameters could be reduced and the approx-
imation accuracy could be raised in any optional region.
Moreover, the un-uniform partition method was utilized
and the evaluation system for the approximation ability
of the novelly developed T-S fuzzy modeling procedure
was established. Through this way, the number of fuzzy
rules could be decreased while guaranteeing the approxi-
mation performance, and the LPV T-S fuzzy system was
obtained with required accuracy. For the LPV T-S fuzzy
gain scheduling control, the notion of piecewise parameter-
dependent Lyapunov functionwas introduced to improve the
solvability. Subsequently, the stabilization problem and the



Mathematical Problems in Engineering 17

5

0

−5

−10

−15

−20

−25

−30

−35

−40

−45
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

x
2

t/(s)

𝜃 = 1.3

𝜃 = 0.3

Figure 5: State response of 𝑥
2
.

0.8

0.6

0.4

0.2

0

−0.2

−0.4

−0.6

−0.8

−1
0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5

t/(s)

𝜃 = 1.3

𝜃 = 0.3

z

Figure 6: Evaluation response of 𝑧.

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
−0.2

0

0.2

0.4

0.6

0.8

1

t/(s)

𝜃 =1

𝜃 = 0.5

Transition point in scheduling

x
1

Figure 7: State response of 𝑥
1
in scheduling.

0 0.5 1 1.5 2 2.5 3 3.5 4 4.5 5
−35

−30

−25

−20

−15

−10

−5

0

5

t/(s)

x
2

𝜃 =1

𝜃 = 0.5

Transition point in scheduling

Figure 8: State response of 𝑥
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Figure 9: Evaluation response of 𝑧 in scheduling.

state-feedback 𝐻
∞

control problem of the LPV T-S fuzzy
system were discussed. The sufficient conditions were given
in LMIs form and the approximation error was considered
for the 𝐻

∞
control. Note that the novel LPV T-S fuzzy

system can represent a great class of nonlinear dynamic
processes. Based on the LPV T-S fuzzy system framework,
more problems could be further studied following such a
line, such as the output feedback control design and the
corresponding applications.

Acknowledgments

This work is partially supported by the National Basic
Research Program of China (973 Program) (Grant no.
2012CB215203), the National Natural Science Foundation of
China (no. 51036002 andno. 61203043), and the Fundamental
Research Funds for the Central Universities (no. 13XS14).



18 Mathematical Problems in Engineering

References

[1] J. S. Shamma andM.Athans, “Analysis of gain scheduled control
for nonlinear plants,” IEEE Transactions on Automatic Control,
vol. 35, no. 8, pp. 898–907, 1990.

[2] W. J. Rugh, “Analytical framework for gain scheduling,” IEEE
Control Systems Magazine, vol. 11, no. 1, pp. 79–84, 1991.

[3] J. S. Shamma and M. Athans, “Guaranteed properties of gain
scheduled control for linear parameter-varying plants,” Auto-
matica, vol. 27, no. 3, pp. 559–564, 1991.

[4] J. S. Shamma and M. Athans, “Gain scheduling: potential haz-
ards and possible remedies,” IEEE Control Systems Magazine,
vol. 12, no. 3, pp. 101–107, 1992.

[5] P. Apkarian and P. Gahinet, “A convex characterization of gain-
scheduled 𝐻

∞
controllers,” IEEE Transactions on Automatic

Control, vol. 40, no. 5, pp. 853–864, 1995.
[6] A. Packard, “Gain scheduling via linear fractional transforma-

tions,” Systems & Control Letters, vol. 22, no. 2, pp. 79–92, 1994.
[7] C. W. Scherer, “LPV control and full block multipliers,” Auto-

matica, vol. 37, no. 3, pp. 361–375, 2001.
[8] G. Scorletti and L. El Ghaoui, “Improved LMI conditions for

gain scheduling and related control problems,” International
Journal of Robust and Nonlinear Control, vol. 8, no. 10, pp. 845–
877, 1998.

[9] P. Apkarian and R. J. Adams, “Advanced gain-scheduling tech-
niques for uncertain systems,” IEEE Transactions on Control
Systems Technology, vol. 6, no. 1, pp. 21–32, 1998.

[10] P. Apkarian, P. Gahinet, and G. Becker, “Self-scheduled 𝐻
∞

control of linear parameter-varying systems: a design example,”
Automatica, vol. 31, no. 9, pp. 1251–1261, 1995.

[11] G. Becker and A. Packard, “Robust performance of linear para-
metrically varying systems using parametrically-dependent
linear feedback,” Systems & Control Letters, vol. 23, no. 3, pp.
205–215, 1994.

[12] F.Wu, “A generalized LPV system analysis and control synthesis
framework,” International Journal of Control, vol. 74, no. 7, pp.
745–759, 2001.

[13] T. Takagi and M. Sugeno, “Fuzzy identification of systems and
its applications to modeling and control,” IEEE Transactions on
Systems, Man and Cybernetics, vol. 15, no. 1, pp. 116–132, 1985.

[14] M. Sugeno and G. T. Kang, “Structure identification of fuzzy
model,” Fuzzy Sets and Systems, vol. 28, no. 1, pp. 15–33, 1988.

[15] S. Kawamoto, K. Tada, A. Ishigame, and T. Taniguchi, “An
approach to stability analysis of second order fuzzy systems,”
in Proceedings of the IEEE International Conference on Fuzzy
Systems, pp. 1427–1434, March 1992.

[16] J. Kluska, Analytical Methods in Fuzzy Modeling and Control,
Springer, Berlin, Germany, 2009.

[17] J. Abonyi and R. Babuska, “Local and global identification and
interpretation of parameters in Takagi-Sugeno fuzzy models,”
in Proceedings of the 9th IEEE International Conference on Fuzzy
Systems, vol. 2, pp. 835–840, May 2000.

[18] M. C. M. Teixeira and S. H. Zak, “Stabilizing controller design
for uncertain nonlinear systems using fuzzy models,” IEEE
Transactions on Fuzzy Systems, vol. 7, no. 2, pp. 133–142, 1999.

[19] K. Tanaka and H. O. Wang, Fuzzy Control Systems Design and
Analysis: A Linear Matrix Inequality Approach, John Wiley &
Sons, New York, NY, USA, 2004.

[20] M. Johansson, A. Rantzer, andK. E. Årzén, “Piecewise quadratic
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The implementation of pairwise decomposition is discussed on an interconnected system with uncertainties. Under the concept
of system inclusion, two systems with the same expanded system achieved by the same expand transformation are considered as
approximations. It is proven that a coordinated controller can be found to stabilize both the two systems.This controller is contracted
from the coordinated controller of expanded system, with each pairwise subsystem having information structure constraint taken
into consideration. At last, this controller design process is applied on a four-area power system treated as a group of subsystems
with information structure constraints.

1. Introduction

Complex systems in real world are usually composed of
a large group of interconnected subsystems. The intercon-
nections among the subsystems are commonly presented
in dynamics, and not only their weight values but also
their connections with others keep evolving from time to
time. Decentralized control is an ideal control strategy to
handle the structural perturbations. Inclusion principle [1–
3] is widely used as a general mathematical framework of
decomposition, for example, automatic generation control
(AGC) for a four-area power system [4–8], formation control
of unmanned aerial vehicles [9], and structural vibration
control of tall buildings under seismic excitations [10–12].

Particularly, pairwise decomposition provided in [4–8]
can take full use of interconnections in the system, by treating
each pair of subsystemswith information structure constraint
as a basic connected unit. Based on the inclusion principle
framework, the system will be expanded into a much bigger
space in a recurrent reverse order, so that the system is com-
pletely decomposed. Then a pairwise coordinated controller
for the expanded system will be constructed by achieving
coordinated consensus of each pairwise subsystem in parallel.
After properly compensated, the controller can be contracted
into the original space to fix the original system.

However, to apply pairwise decomposition methodology,
an explicitly defined overall system model in particular
superposition form is needed, and this condition may not
always be satisfied due to system complexity.The work of this
paper is to present an implementation approach of pairwise
decomposition for interconnected system with state uncer-
tainties. As the basis of system expansion and contraction,
adequate knowledge of interconnection structure between
pairwise subsystem is necessary, and this is the presumption
to apply pairwise decomposition in this paper. For the system
whose model is uncertain, the inclusion principle can not
achieve its expansion exactly. But under the circumstance
that the interconnection structure of system is available, an
approximate expanded system can be constructed instead.
Motivated by the idea that the whole system could achieve
high performance only if each part could be consistent, an
expanded system can be constructed, which comprises all
pairwise subsystems with information structure constraints
of the original system, and this expanded system is treated
as an approximate expansion of the origin. According to the
inclusion conditions, the expanded system can be contracted
to the original space. A contraction dual to the expansion
can always be found, so that the contracted system and
original system are approximate in state dynamic. In this way,
the coordinated controller that can stabilize the contracted
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system is also suitable for the original system. Similar to the
system level, the coordinated controller of contracted system
is also established by contracting from that of expanded
system properly. In fact, this contracted controller can be
used directly on the original system. As long as the dynamic
of original system is adequately included in the expanded
system, the contracted controller can be used as a suboptimal
controller of the origin. The approximation of this paper
mainly represents how good the expanded system would
include the original system state. However, it is difficult to
describe the approximation without a comparison of control
performances. Considering the uncertainties of system state,
a static state feedback controller at each subsystem is designed
to robustly stabilize the system dynamics.This control design
process mainly depends on the decentralized system form;
it can suit a group of systems which can only use local
information, for example, the multiagent system. Moreover,
just the same as the ordinary pairwise decomposition, this
process is also able to deal with the information structure
constraints variation.

The organization of this paper is as follows. In the
next section, preliminaries of permuted inclusion principle
and system contraction are provided. The main result is
presented in Section 2, where the approximate expansion
under the concept of system inclusion is discussed, as well
as the controller design procedure. In Section 3, a simulation
example is provided to illustrate the proposed method on a
group of subsystems with information structure constraints.

2. Preliminaries

The controller design process provided in this paper mainly
relies on the permuted inclusion principle [6, 7] and system
contraction [7, 13] that are presented in the following.

2.1. Permuted Inclusion Principle. Suppose that system S is a
group of interconnected subsystems and each subsystem S

𝑖
is

connected to every other counterparts. Then system S can be
decomposed into the expanded space of𝑁(𝑁−1)/2 pairwise
subsystems with a pair recurrent reverse order subscripts as
follows:

S
𝑖𝑗
: S
12
, S
23
, S
13
, S
34
, S
24
, S
14
, . . . ,

S
(𝑁−1)𝑁

, S
(𝑁−2)𝑁

, . . . , S
2𝑁
, S
1𝑁
.

(1)

Notice that the pairwise subsystems are arranged by a
reverse order of subscript 𝑗, and this unnatural order enables
the last one or some subsystems of the sequence to disconnect
from, or connect to on the contrary, the overall system
without impact on the remaining orders. It is convenient
for representing the system information structure constraints
variations.

The expected pairwise subsystems order is established by
both row and column permutation matrices, which are com-
posed of a series of basic permutation matrices representing
a special case of nonsingular transformations. Assume that 𝐼

𝑘

is a subidentity matrix corresponding to the subsystem S
𝑘
, as

provided in [6, 7],

𝑃 =
←󳨀
Π

𝑁−2

𝑖=1

←󳨀
Π

𝑁−𝑖−1

𝑗=1

←󳨀
Π

𝑁(𝑁−𝑗)−𝑖(𝑗+1)

𝑘=1+𝑖(𝑖−1)
𝑝
𝑘(𝑘+1)

𝑃
−1

=
󳨀→

Π

𝑁−2

𝑖=1

󳨀→

Π

𝑁−𝑖−1

𝑗=1

󳨀→

Π

𝑁(𝑁−𝑗)−𝑖(𝑗+1)

k=1+𝑖(𝑖−1) 𝑝
𝑇

𝑘(𝑘+1)
,

(2)

where the signs “←” and “→ ” indicate right and left
directional multiplying operations, and

𝑝
𝑘(𝑘+1)

= blockdiag(𝐼
1
, . . . , 𝐼

𝑘−1
, [

0 𝐼
𝑘

𝐼
𝑘+1

0
] , 𝐼
𝑘+2

, . . . , 𝐼
𝑁̃
) ,

𝑝
−1

𝑘(𝑘+1)
= 𝑝
𝑇

𝑘(𝑘+1)

= blockdiag(𝐼
1
, . . . , 𝐼

𝑘−1
, [

0 𝐼
𝑘+1

𝐼
𝑘

0
] , 𝐼
𝑘+2

, . . . , 𝐼
𝑁̃
)

(3)

are the basic permutation matrices for the 𝑘 and 𝑘 + 1

groups of adjacent columns and rows, respectively. The 𝑁̃

in (3) indicates the number of subsystems in the expanded
system, and here 𝑁̃ = 𝑁(𝑁 − 1). The literature [8] provides
an alternative matrix position-based form to construct this
permutation matrix 𝑃 more simply. Use 𝑃(𝑚, 𝑛)

𝑏
to notate

the block position in 𝑃 of subidentity matrices 𝐼
𝑖
and 𝐼

𝑗

corresponding to pairwise subsystem S
𝑖𝑗
in 𝑃; then it comes

𝑃((𝑁𝑖 − 𝑗 + 1) , [𝑗 (𝑗 − 1) − 2 (𝑖 − 1) − 1])
𝑏
= 𝐼
𝑖
,

𝑃([𝑁 (𝑗 − 1) − 𝑖 + 1] , [𝑗 (𝑗 − 1) − 2 (𝑖 − 1)])
𝑏
= 𝐼
𝑗
,

𝑖, 𝑗 = 1, 2, . . . , 𝑘, . . . , 𝑁, 𝑖 ̸= 𝑗.

(4)

Example 1. Consider an expansion for system S with full
network structure and 𝑁 = 3; its pairwise subsystems can
be ordered as

S
𝑖𝑗
: S
12
, S
23
, S
13
. (5)

According to (4), the block positions of 𝐼
𝑖
and 𝐼
𝑗
to S
𝑖𝑗
can

be obtained as

S
12

: 𝑃(2, 1)
𝑏
= 𝐼
1
, 𝑃(3, 2)

𝑏
= 𝐼
2
,

S
23

: 𝑃(4, 3)
𝑏
= 𝐼
2
, 𝑃(5, 4)

𝑏
= 𝐼
3
,

S
13

: 𝑃(1, 5)
𝑏
= 𝐼
1
, 𝑃(6, 6)

𝑏
= 𝐼
3
.

(6)

that is to say

𝑃 =

[
[
[
[
[
[
[

[

0 0 0 0 𝐼
1

0

𝐼
1

0 0 0 0 0

0 𝐼
2

0 0 0 0

0 0 𝐼
2

0 0 0

0 0 0 𝐼
3

0 0

0 0 0 0 0 𝐼
3

]
]
]
]
]
]
]

]

. (7)

It is equivalent to the result of (2) when𝑁 = 3.
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Consider an interconnected system S in compacted form
and its expanded system S̃

𝑃
as follows:

S : ̇𝑥 = 𝐴𝑥 + 𝐵𝑢, 𝑦 = 𝐶𝑥,

S̃
𝑃
: ̇𝑥̃
𝑃
= 𝐴
𝑃
𝑥
𝑃
+ 𝐵
𝑃
𝑢̃
𝑃
, 𝑦

𝑃
= 𝐶
𝑃
𝑥
𝑃
,

(8)

where 𝑥(𝑡) ∈ R𝑛, 𝑢(𝑡) ∈ R𝑚, and 𝑦(𝑡) ∈ R𝑙 are the state, input,
and output vectors of the system S; 𝑥

𝑃
(𝑡) ∈ R𝑛, 𝑢̃

𝑃
(𝑡) ∈ R𝑚̃,

and 𝑦
𝑃
(𝑡) ∈ R̃𝑙 are those of system S̃

𝑃
. It is supposed that

𝑛 ≤ 𝑛,𝑚 ≤ 𝑚̃, and 𝑙 ≤ 𝑙̃.
For the input-state-output inclusion principle mentioned

in [14, 15], a definition of the permuted inclusion principle is
given.

Definition 2. The system S̃
𝑃

includes the system S, or
S̃
𝑃

⊃ S, if there exists a quadruplet of full rank matrices
{𝑉
𝑃
, 𝑈
𝑃
, 𝑄
𝑃
, 𝑆
𝑃
} satisfying 𝑈

𝑃
𝑉
𝑃

= 𝐼
𝑛
, such that for any

𝑥
0
∈ R𝑛 and any 𝑢 ∈ R𝑚, the conditions 𝑥

𝑃0
= 𝑉
𝑃
𝑥
0
and

𝑢 = 𝑄
𝑃
𝑢̃
𝑃
imply 𝑥(𝑡; 𝑡

0
, 𝑥
0
, 𝑢) = 𝑈

𝑃
𝑥
𝑃
(𝑡; 𝑡
0
, 𝑥
𝑃0
, 𝑢̃
𝑃
) and

𝑦[𝑥(𝑡)] = 𝑆
𝑃
𝑦
𝑃
[𝑥
𝑃
(𝑡)] for all 𝑡 ≥ 𝑡

0
.

Call the system S a contraction of system S̃
𝑃
. It is

supported by the inclusion principle that all information
about the behavior of S is included in S̃

𝑃
, such as stability and

optimality. One of the necessary and sufficient conditions for
the inclusion is restriction, the following theorem considers
the restriction type (d) ([2, 3, 7]).

Theorem 3. The system S is a typical restriction of the system
S̃
𝑃
, if there is a triplet of full rank matrices {𝑉

𝑃
, 𝑄
𝑃
, 𝑆
𝑃
} such

that

𝑉
𝑃
𝐴 = 𝐴

𝑃
𝑉
𝑃
, 𝑉

𝑃
𝐵𝑄
𝑃
= 𝐵
𝑃
, 𝐶 = 𝑆

𝑃
𝐶
𝑃
𝑉
𝑃
. (9)

Proof. The proof follows directly from the results in [6, 7, 14,
15].

The systems S and S̃
𝑃
are related by

𝐴
𝑃
= 𝑉
𝑃
𝐴𝑈
𝑃
+𝑀
𝑃

𝐴
, 𝐵
𝑃
= 𝑉
𝑃
𝐵𝑄
𝑃
+𝑀
𝑃

𝐵
,

𝐶
𝑃
= 𝑇
𝑃
𝐶𝑈
𝑃
+𝑀
𝑃

𝐶
,

(10)

where 𝑀𝑃
𝐴
, 𝑀𝑃
𝐵
, and 𝑀

𝑃

𝐶
are complementary matrices with

proper dimensions. See [6, 7] for details.

2.2. System Contraction. One of the difficulties in applying
system contraction by inclusion principle is that the con-
ditions may be too restrictive, and a complete contraction
from the given expanded system S̃

𝑃
to system S will not

always exist. It is indicated by the restriction conditions of
(9) that system S̃

𝑃
completely includes S if and only if it is

uncontrollable. A natural way to resolve this problem is to
introduce an incomplete contraction as an approximation.
Split the permuted state matrix 𝐴

𝑃
into two parts as

𝐴
𝑃
= 𝐴
𝑅𝑃

+ 𝑀̃
𝐴𝑃
, (11)

where 𝐴
𝑅𝑃

is the part that can be contracted as (8) implies,
𝑀̃
𝐴𝑃

is a complementary matrix with proper dimension

standing for the remnant after contraction from the expanded
space. System S is a reduced-order model of system S̃

𝑃
,

according to the restriction conditions in (9) and (10), and
take the state matrix for example, this incomplete system
contraction requires that

𝑉
𝑃
𝐴 = (𝐴

𝑃
− 𝑀̃
𝐴𝑃
)𝑉
𝑃
. (12)

There are arbitrary choices of the expanding transformation
matrix 𝑉

𝑃
. Since this paper is based on the pairwise decom-

position methodology, 𝑉
𝑃
is chosen as the same form of that

in [6, 7], which will be presented in next section. Anyway,
when 𝑉

𝑃
is confirmed according to the inclusion condition,

here goes

𝑀̃
𝐴𝑃
𝑉
𝑃
= 𝐴
𝑃
𝑉
𝑃
− 𝑉
𝑃
𝐴. (13)

To satisfy the restriction condition, there must be

𝐴 = (𝑉
𝑇

𝑃
𝑉
𝑃
)
−1

𝑉
𝑇

𝑃
𝐴
𝑃
𝑉
𝑃

(14)

so that ‖𝑀̃
𝐴𝑃
𝑉
𝑃
‖ will be minimum, and this results in the

minimal norm solution

𝑀̃
𝐴𝑃

= [𝐼 − 𝑉
𝑃
(𝑉
𝑇

𝑃
𝑉
𝑃
)
−1

𝑉
𝑇

𝑃
]𝐴
𝑃
𝑉
𝑃
(𝑉
𝑇

𝑃
𝑉
𝑃
)
−1

𝑉
𝑇

𝑃
. (15)

3. Pairwise Decomposition for a Group of
Interconnected Subsystems

Assume that system S is composed of a group of intercon-
nected subsystems as the coordinated control target,

S = {S
𝑖
} : ̇𝑥 = 𝐴𝑥 + 𝐵𝑢, 𝑦 = 𝐶𝑥,

S
𝑖
: ̇𝑥
𝑖
= 𝐴
𝑖𝑖
𝑥
𝑖
+ 𝐵
𝑖𝑖
𝑢
𝑖

+

𝑁

∑

𝑗=1

𝑗 ̸= 𝑖

𝑒
𝑖𝑗
(𝑡) 𝐴
𝑖𝑗
𝑥
𝑗
, 𝑦
𝑖
= 𝐶
𝑖𝑖
𝑥
𝑖
,

𝑖 = 1, 2, . . . , 𝑁,

(16)

where 𝑥
𝑖
(𝑡) ∈ R𝑛𝑖 , 𝑢

𝑖
(𝑡) ∈ R𝑚𝑖 , and 𝑦

𝑖
(𝑡) ∈ R𝑙𝑖 are the

state, input, and output vectors of S
𝑖
at time 𝑡 ∈ R system

matrices 𝐴, 𝐵, and 𝐶 are compacted forms of 𝐴
𝑖𝑗
, 𝐵
𝑖𝑖
, and 𝐶

𝑖𝑖

in proper dimensions, respectively. Notations 𝑥
𝑖
(𝑡; 𝑡
0
, 𝑥
𝑖0
, 𝑢
𝑖
)

and 𝑦
𝑖
[𝑥
𝑖
(𝑡)] denote unique solutions of S

𝑖
for the initial time

𝑡
0
, the initial state vector𝑥

𝑖0
, and a fixed control input 𝑢

𝑖
, 𝑒
𝑖𝑗
(𝑡)

is element of the interconnection matrix 𝐸 = (𝑒
𝑖𝑗
) ∈ R𝑁×𝑁.

Under the concept of pairwise decomposition, if at least one
of interconnections 𝑒

𝑖𝑗
(𝑡) ̸= 0 or 𝑒

𝑗𝑖
(𝑡) ̸= 0, then it appears that

subsystems S
𝑖
and S
𝑗
are connected. Call

S
𝑖𝑗
:

{{{{

{{{{

{

̇𝑥
𝑖
= 𝐴
𝑖𝑖
𝑥
𝑖
+ 𝑒
𝑖𝑗
(𝑡) 𝐴
𝑖𝑗
𝑥
𝑗
+ 𝐵
𝑖𝑖
𝑢
𝑖
, 𝑦

𝑖
= 𝐶
𝑖𝑖
𝑥
𝑖

̇𝑥
𝑗
= 𝐴
𝑗𝑗
𝑥
𝑗
+ 𝑒
𝑗𝑖
(𝑡) 𝐴
𝑗𝑖
𝑥
𝑖
+ 𝐵
𝑗𝑗
𝑢
𝑗
, 𝑦
𝑗
= 𝐶
𝑗𝑗
𝑥
𝑗

𝑖, 𝑗 = 1, 2, . . . , 𝑁,

𝑖 ̸= 𝑗

(17)

a pairwise subsystem with basic interconnection.
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The time-varying parameters 𝑒
𝑖𝑗
(𝑡) and 𝑒

𝑗𝑖
(𝑡) in (17) can

describe the dynamic weight values between the connected
subsystems S

𝑖
and S

𝑗
. They represent the information struc-

ture constraints of the interconnected system and play a very
important role in the system dynamic. In the literature [16], a
fundamental interconnection (adjacency) matrix 𝐸 = (𝑒

𝑖𝑗
) ∈

R𝑁×𝑁 is defined in order to describe the normal structure
of a given system graph. This notation can also be used here
to indicate whether there is information structure constraint
between a subsystem pair, by the rule

𝑒
𝑖𝑗
=

{{

{{

{

1, 𝑒
𝑖𝑗
(𝑡) ̸= 0

𝑒
𝑖𝑖
= 0.

0, 𝑒
𝑖𝑗
(𝑡) = 0,

(18)

When 𝑒
𝑖𝑗
= 1, it indicates that there is interconnection

from subsystem S
𝑖
to S
𝑗
, and 𝑒

𝑖𝑗
= 0 indicates not. This

binary interconnection matrix 𝐸 will be used later in the
inclusion principle framework. If one of 𝑒

𝑖𝑗
and 𝑒
𝑗𝑖
is equal to

0, the pairwise subsystem S
𝑖𝑗
is half connected; the original

information structures of S
𝑖𝑗
would be changed by using

the coordinated control mentioned earlier. In this case,
the sequential LQ optimization provided in [3, 17] can be
consulted to keep the information structure of S

𝑖𝑗
. Moreover,

note that 𝑒
𝑖𝑗
and 𝑒

𝑗𝑖
will both be valued 0 under some

circumstances, which means that the pairwise subsystem
S
𝑖𝑗
will be disjointed. The disconnected modes have been

discussed in [6, 7]. Particularly, when 𝑒
𝑖𝑗
and 𝑒
𝑗𝑖
evolute in a

dynamicalway and enforceS
𝑖𝑗
to disjoint and then joint again,

the discussion is provided in [8].
Theoretically, any existing control technique can be

applied to the coordinated control of this pairwise subsystem
S
𝑖𝑗
. Take pairwise subsystem S

𝑖𝑗
as this compact form

S
𝑖𝑗
: ̇𝑥
𝑖𝑗
= 𝐴
𝐷𝑖𝑗

𝑥
𝑖𝑗
+ 𝐵
𝐷𝑖𝑗

𝑢
𝑖𝑗
, 𝑦

𝑖𝑗
= 𝐶
𝐷𝑖𝑗

𝑥
𝑖𝑗
, (19)

with 𝑥
𝑖𝑗
= [𝑥
𝑖
, 𝑥
𝑗
]
𝑇, 𝑢
𝑖𝑗
= [𝑢
𝑖
, 𝑢
𝑗
]
𝑇, and 𝑦

𝑖𝑗
= [𝑦
𝑖
, 𝑦
𝑗
]
𝑇, and

𝐴
𝐷𝑖𝑗

= [
𝐴
𝑖𝑖

𝑒
𝑖𝑗
(𝑡) 𝐴
𝑖𝑗

𝑒
𝑗𝑖
(𝑡) 𝐴
𝑗𝑖

𝐴
𝑗𝑗

] ,

𝐵
𝐷𝑖𝑗

= [
𝐵
𝑖𝑖

0

0 𝐵
𝑗𝑗

] ,

𝐶
𝐷𝑖𝑗

= [
𝐶
𝑖𝑖

0

0 𝐶
𝑗𝑗

] .

(20)

Call

C
𝑖𝑗
: 𝑢
𝑖𝑗
= −𝐾
𝐷𝑖𝑗

𝑥
𝑖𝑗

(21)

the basic coordinated controller, if it can stabilize the closed
loop pairwise subsystem

S𝐶
𝑖𝑗
: ̇𝑥
𝑖𝑗
= (𝐴
𝐷𝑖𝑗

− 𝐵
𝐷𝑖𝑗

𝐾
𝐷𝑖𝑗

) 𝑥
𝑖𝑗
, 𝑦

𝑖𝑗
= 𝐶
𝐷𝑖𝑗

𝑥
𝑖𝑗
. (22)

For every pair of subsystems S
𝑖𝑗
with information structure

constraints 𝑖 = 𝑗 − 𝑘, 𝑗 = 2, 3, . . . , 𝑁, 𝑘 = 1, 2, . . . , 𝑗 − 1, their
basic coordinated controllers can be constructed in this way.

As the fundamental idea of pairwise decomposition, a
given system should be expanded following the recurrent
reverse order first, so that a coordinated controller can be
designed to stabilize all of the pairwise subsystems and then
contracted to the original space. However, restricted by the
mathematical framework of inclusion principle, it is difficult
to expand the system with uncertainties in its dynamics.
Consider the procedure of pairwise decomposition, the
original states can be almost included in the block-diagonal
expanded system which is composed of state functions of all
pairwise subsystems,

S̃
𝑃𝐷

= {S
12
, S
23
, S
13
, S
34
, S
24
, S
14
, . . . , S

2𝑁
, S
1𝑁
} :

̇𝑥̃
𝑃
= 𝐴
𝑃𝐷
𝑥
𝑃
+ 𝐵
𝑃𝐷
𝑢̃
𝑃
, 𝑦

𝑃
= 𝐶
𝑃𝐷
𝑥
𝑃
,

𝐴
𝑃𝐷

= blockdiag (𝐴
𝐷𝑖𝑗

) ,

𝐵
𝑃𝐷

= blockdiag (𝐵
𝐷𝑖𝑗

) ,

𝐶
𝑃𝐷

= blockdiag (𝐶
𝐷𝑖𝑗

) .

(23)

This block-diagonal system is a reasonable approximate
expansion of the origin. To achieve this form, the inter-
connection structure of system S should be available, and
this is also the restriction in using inclusion principle. The
interconnection structure is supposed to be given by the fun-
damental interconnection matrix 𝐸 = (𝑒

𝑖𝑗
). By expanding the

original space of system S into a bigger space of system S̃
𝑃𝐷

in
recurrent reverse order, take the state matrix as an example,
the transformation matrices of pairwise decomposition can
be selected as

𝑉 = blockdiag (

∑
𝑁
𝑘=1 𝑒1𝑘

⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞
𝐼
𝑛1

𝐼
𝑛1
⋅ ⋅ ⋅ 𝐼
𝑛1
, . . . ,

∑
𝑁
𝑘=1 𝑒𝑁𝑘

⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞
𝐼
𝑛𝑁

𝐼
𝑛𝑁

⋅ ⋅ ⋅ 𝐼
𝑛𝑁
)

𝑇

,

𝑈 = blockdiag( 1

∑
𝑁

𝑘=1
𝑒
1𝑘

[

[

∑
𝑁
𝑘=1 𝑒1𝑘

⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞
𝐼
𝑛1
⋅ ⋅ ⋅ 𝐼
𝑛1

]

]

, . . . ,

1

∑
𝑁

𝑘=1
𝑒
𝑁𝑘

[

[

∑
𝑁
𝑘=1 𝑒𝑁𝑘

⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞
𝐼
𝑛𝑁

⋅ ⋅ ⋅ 𝐼
𝑛𝑁

]

]

) ,

(24)

𝑅, 𝑄, 𝑇, and 𝑆 have the same structure as their counterparts,
respectively. Notice that there are arbitrary choices of these
transformation matrices, and their forms are bound up with
the inclusion form. Since the structure of expanded system
S̃
𝑃𝐷

is confirmed, then the transformation matrices are also
fixed, just as (24).

Consider the permuted inclusion principle; the transfor-
mation matrices will be permuted as

𝑉
𝑃
= 𝑃
−1

𝐴
𝑉, 𝑈

𝑃
= 𝑈𝑃
𝐴
,

𝑅
𝑃
= 𝑃
−1

𝐵
𝑅, 𝑄

𝑃
= 𝑄𝑃
𝐵
,

𝑇
𝑃
= 𝑃
−1

𝐶
𝑇, 𝑆

𝑃
= 𝑆𝑃
𝐶
.

(25)
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Therefore the state matrices of systems S and S̃
𝑃𝐷

are related
by (12), and the relationship of the state, input, and output
vectors can be obtained by Definition 2 as

𝑥 = 𝑈
𝑃
𝑥
𝑃
, 𝑢 = 𝑄

𝑃
𝑢̃
𝑃
, 𝑦 = 𝑆

𝑃
𝑦
𝑃
. (26)

At the same time, a virtual system S can be constructed
as another contraction of system S̃

𝑃𝐷
. The state dynamic of

system S is in a certain form, and S is raised as an estimation of
the original system S. According to the contraction condition,
it is possible to use the transformation matrix 𝑉

𝑃
such

that system S̃
𝑃𝐷

can be contracted to S by (12) after an
appropriate compensation. This process will also lead to the
same relationship as (26). In this way, systems S and S may
share the same state, input, and output vectors, since they
have the same expanded system S̃

𝑃𝐷
which is calculated by

the same transformation matrices. It can be concluded that
systems S and S represent a pair of systems with approximate
dynamics, and the bias between them is mainly reflected in
compensation 𝑀̃

𝐴𝑃
of the contraction procedure.

Suppose that the expanded system S̃
𝑃𝐷

comprises every
state function of pairwise subsystem S

𝑖𝑗
in system S, and the

pairwise subsystems are arranged in the recurrent reverse
order as (23). Each S

𝑖𝑗
is stabilized by the basic coordinated

controller (21); then the coordinated controller for S̃
𝑃𝐷

can
be constructed in a block-diagonal form as

C̃
𝑃𝐷

= (C
𝑖𝑗
) : 𝑢̃
𝑃
= −𝐾̃
𝐷
𝑥
𝑃
= −blockdiag (𝐾

𝐷𝑖𝑗
) 𝑥
𝑃
. (27)

It is clear that a redundant control set is established with
all pairwise controllers, which contains all necessary coor-
dinated information 𝐾

𝐷𝑖𝑗
for both system S and S. When

the structure form of the estimator S is determined, the
coordinated controller of system S can be obtained by
contracting 𝐾̃

𝐷
together with a proper compensator 𝑀̃

𝐾𝑃
.

The contraction is checked by the following theorem.

Theorem 4. For the systems mentioned above, system S̃
𝑃𝐷

is
the expansion for both systems S and S. The state feedback
controller 𝐶 : 𝑢 = −𝐾𝑥 can stabilize the closed loop system
of S, if the controller 𝐶 of system S can be contracted from 𝐶

𝑃
,

and it satisfies

𝐾 = 𝐾 = 𝑄
𝑃
(𝐾̃
𝐷
+ 𝑀̃
𝐾𝑃

)𝑉
𝑃
. (28)

Proof. Since system S is a contraction system S̃
𝑃𝐷
, supported

by the contraction condition (12), the state function of system
S̃
𝑃𝐷

is rewritten as
̇𝑥̃
𝑃
= (𝐴
𝑃𝐷

− 𝑀̃
𝐴𝑃
) 𝑥
𝑃
+ 𝐵
𝑃𝐷
𝑢̃
𝑃
, (29)

and it apparently indicates the controller form of (5). Accord-
ing to the inclusion principle, here goes

𝑥 = 𝑈
𝑃
𝑥
𝑃
, 𝑢 = 𝑄

𝑃
𝑢̃
𝑃
. (30)

moreover, the approximation between systems S and S may
indicate that 𝑥 = 𝑥 and 𝑢 = 𝑢, so that the controllers of
systems S and S̃

𝑃𝐷
are related as

𝑢 = −𝐾𝑥, 𝑢̃
𝑃
= − (𝐾̃

𝐷
+ 𝑀̃
𝐾𝑃
) 𝑥
𝑃
. (31)

Notice that 𝑈
𝑃
𝑉
𝑃
= 𝐼
𝑛
, then (30) and (31) will conclude

that𝐾 = 𝑄
𝑃
(𝐾̃
𝐷
+ 𝑀̃
𝐾𝑃

)𝑉
𝑃
.

Remark 5. The literature [6] provides a sufficient condition
of connective stability. But since far more information might
be accumulated in the largest singular values of subsystem
matrices, the criterion of connective stability might be some-
what conservative.

The virtual system S is used as the estimator of system
S, and it may have many possible forms. This diversity
will mainly impact on the controller design process in
determining the compensator 𝑀̃

𝐾𝑃
. One of the most chal-

lenging problems in controller design for multiagent systems
is the estimation of information structures among agents.
The further research of this paper on implementation of
pairwise decomposition in systems with dynamic informa-
tion structure constraints, as well as the estimation of the
interconnection structure, is undergoing. This issue is based
on inclusion principle for time-varying system ([18]) and
method in dealing with the structure perturbation under
the concept of pairwise decomposition ([8]). However, in a
particular case when the state function of each subsystem
satisfies the linear superposition principle, there is a way to
determine the structure of 𝑀̃

𝐾𝑃
much more easily.

Consider the mathematical framework of permuted
inclusion principle; this position information can be con-
cluded with (8) by using the block row-order of sub-identity
matrices. Consider that system S is in full network structure,
the row-order of a particular pairwise subsystem S

𝑖𝑗
is

𝑐
𝑖
= 𝑗 (𝑗 − 1) − 2 (𝑖 − 1) − 1, 𝑐

𝑗
= 𝑗 (𝑗 − 1) − 2 (𝑖 − 1) .

(32)

Besides, the row-order of every pairwise subsystem can also
be concluded in this way as

𝑐
𝑖𝑘𝑖

= {
𝑘
𝑖
(𝑘
𝑖
− 1) − 2 (𝑖 − 1) − 1, 𝑖 < 𝑘

𝑖

𝑖 (𝑖 − 1) − 2 (𝑘
𝑖
− 1) , 𝑖 > 𝑘

𝑖

𝑐
𝑗𝑘𝑗

= {
𝑘
𝑗
(𝑘
𝑗
− 1) − 2 (𝑗 − 1) − 1, 𝑗 < 𝑘

𝑗

𝑗 (𝑗 − 1) − 2 (𝑘
𝑗
− 1) , 𝑗 > 𝑘

𝑗

𝑖, 𝑗 = 1, 2, . . . , 𝑁, 𝑘
𝑖
, 𝑘
𝑗
= 1, 2, . . . , 𝑁, 𝑖 ̸= 𝑗, 𝑘

𝑖
, 𝑘
𝑗

̸= 𝑖, 𝑗.

(33)

so that the complementary matrix 𝑀̃
𝐾𝑃

can be constructed
by the following lemma.

Lemma 6. Suppose that system S is in full network structure;
the row-order of subsystems in each pairwise subsystem is
concluded as (32) and (33), and 𝑀̃

𝐾𝑃
complements the infor-

mation structure constraints bias between system S and system
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S. Then 𝑀̃
𝐾𝑃

can be presented by the information structure of
corresponding pairwise subsystem S

𝑖𝑗
as

𝑀̃
𝐾𝑃

(𝑐
𝑖𝑘𝑖
, 𝑐
𝑗
)
𝑏

= 𝐾
𝑖𝑗
, 𝑀̃

𝐾𝑃
(𝑐
𝑗𝑘𝑗
, 𝑐
𝑖
)
𝑏

= 𝐾
𝑗𝑖

𝑖, 𝑗 = 1, 2, . . . , 𝑁, 𝑘
𝑖
, 𝑘
𝑗
= 1, 2, . . . , 𝑁, 𝑖 ̸= 𝑗, 𝑘

𝑖
, 𝑘
𝑗

̸= 𝑖, 𝑗.

(34)

This matrix structure-based lemma is convenient for
calculation, especially for real-time control in practice.

Example 7. Also consider system S with 𝑁 = 3 subsystems,
and its recurrent reverse order is presented as (5). According
to (32) and (33), the calculation is proceeded as

S
12

: 𝑐
𝑖
= 1, 𝑐

𝑗
= 2,

𝑘
𝑖
= 𝑘
𝑗
= 3, 𝑐

𝑖𝑘𝑖
= 5, 𝑐

𝑗𝑘𝑗
= 3,

󳨐⇒ 𝑀̃
𝐾𝑃

(5, 2)
𝑏
= 𝐾
12
, 𝑀̃

𝐾𝑃
(3, 1)
𝑏
= 𝐾
21

S
23

: 𝑐
𝑖
= 3, 𝑐

𝑗
= 4,

𝑘
𝑖
= 𝑘
𝑗
= 1, 𝑐

𝑖𝑘𝑖
= 2, 𝑐

𝑗𝑘𝑗
= 6,

󳨐⇒ 𝑀̃
𝐾𝑃

(2, 4)
𝑏
= 𝐾
23
, 𝑀̃

𝐾𝑃
(6, 3)
𝑏
= 𝐾
32

S
13

: 𝑐
𝑖
= 5, 𝑐

𝑗
= 6,

𝑘
𝑖
= 𝑘
𝑗
= 2, 𝑐

𝑖𝑘𝑖
= 1, 𝑐

𝑗𝑘𝑗
= 4,

󳨐⇒ 𝑀̃
𝐾𝑃

(1, 6)
𝑏
= 𝐾
13
, 𝑀̃

𝐾𝑃
(4, 5)
𝑏
= 𝐾
31
.

(35)

So that the matrix 𝑀̃
𝐾𝑃

can be constructed by Lemma 6:

𝑀̃
𝐾𝑃

=

[
[
[
[
[
[
[

[

0 0 0 0 0 𝐾
13

0 0 0 𝐾
23

0 0

𝐾
21

0 0 0 0 0

0 0 0 0 𝐾
31

0

0 𝐾
12

0 0 0 0

0 0 𝐾
32

0 0 0

]
]
]
]
]
]
]

]

. (36)

4. Automatic Generation Control (AGC) for a
Four-Area Power System

A four-area power system is shown in Figure 1; assume that
areas 1, 2, and 3 contain three reheat turbine type thermal
units and area 4 contains a hydro unit, respectively. Each
pairwise subsystem is interconnected by tie line indicated
by solid lines, and its information structure constraint is
indicated by dotted ellipse. Details of the system description
can be found in [19, 20]. References [4–8] implement the
pairwise decomposition methodology in the procedure of
coordinated control to this four-area power system AGC. As
a counterpart, the controller design procedure of the new
pairwise decomposition modality in this paper is presented
here. Consider the systemdynamic bias between system S and
system S taken as approximation; each pairwise subsystem

is robustly stabilized in terms of linear matrix inequalities
(LMI) ([21, 22]).

Suppose that the system graph is undirected and 𝑒
𝑖𝑗
(𝑡) =

𝑒
𝑗𝑖
(𝑡) = 1 for description convenience. The pairwise subsys-

tem model is provided in (17) as

S
𝑖𝑗
: [

̇𝑥
𝑖

̇𝑥
𝑗

] = [
𝐴
𝑖𝑖

𝐴
𝑖𝑗

𝐴
𝑗𝑖

𝐴
𝑗𝑗

]([
𝑥
𝑖

𝑥
𝑗

] + [
𝑤
𝑖

𝑤
𝑗

])

+ [
𝐵
𝑖𝑖

0

0 𝐵
𝑗𝑗

] [
𝑢
𝑖

𝑢
𝑗

] + [
𝐺
𝑖𝑖

0

0 𝐺
𝑗𝑗

] [
𝜉
𝑖

𝜉
𝑗

] ,

[
𝑦
𝑖

𝑦
𝑗

] = [
𝐶
𝑖𝑖

0

0 𝐶
𝑗𝑗

] [
𝑥
𝑖

𝑥
𝑗

]

𝑖, 𝑗 = 1, 2, . . . , 𝑁, 𝑖 ̸= 𝑗,

(37)

where 𝑥
𝑖𝑗

= [𝑥
𝑇

𝑖
, 𝑥
𝑇

𝑗
]
𝑇, 𝑢
𝑖𝑗

= [𝑢
𝑇

𝑖
, 𝑢
𝑇

𝑗
]
𝑇, 𝜉
𝑖𝑗

= [𝜉
𝑇

𝑖
, 𝜉
𝑇

𝑗
]
𝑇,

and 𝑦
𝑖𝑗
= [𝑦
𝑇

𝑖
, 𝑦
𝑇

𝑗
]
𝑇 are the state, control input, disturbance,

and output vectors, respectively. 𝑤
𝑖𝑗

= [𝑤
𝑇

𝑖
, 𝑤
𝑇

𝑗
]
𝑇 is the

unmodeled or uncertain state dynamic. 𝐴
𝐷𝑖𝑗

= (𝐴
𝑖𝑗
), 𝐵
𝐷𝑖𝑗

=

(𝐵
𝑖𝑖
), 𝐺
𝐷𝑖𝑗

= (𝐺
𝑖𝑖
), and 𝐶

𝐷𝑖𝑗
= (𝐶
𝑖𝑖
) are system matrices with

proper dimensions, respectively. The numerical values of the
system matrices are given by

𝐴
11

=

[
[
[
[
[
[
[

[

−0.05 6 0 0 0 −6

0 −0.1 −1.01 1.11 0 0

0 0 −3.33 3.33 0 0

−2.08 0 0 −5 5 0

−0.255 0 0 0 0 −0.06

1.33 0 0 0 0 0

]
]
]
]
]
]
]

]

,

𝐴
12

= [
0
5×1

0
5×5

−0.444 0
1×5

] , 𝐴
13

= [

[

0
4×1

0
4×4

0
4×1

0 0
1×4

0.06

−0.444 0
1×4

0

]

]

,

𝐴
14

= 𝐴
21

= 𝐴
32

= 𝐴
13
, 𝐴
23

= A
31

= 𝐴
41

= 𝐴
12
,

𝐴
44

=

[
[
[
[
[
[
[

[

−0.0769 6.15 0 0 0 −6.15

8.78 × 10
−4

−2 2.2 −0.198 2.11 × 10
−3

0

−4.39 × 10
−4

0 −0.1 0.0989 1.05 × 10
−3

0

−8.56 × 10
−3

0 0 −0.0205 0.0205 0

−0.0255 0 0 0 0 −0.06

0.444 0 0 0 0 0

]
]
]
]
]
]
]

]

,

𝐵
11

= 𝐵
22

= 𝐵
33

= [0 0 0 5 0 0]
𝑇

,

𝐵
44

= [0 0 0 0.0205 0 0]
𝑇

,

𝐺
11

= 𝐺
22

= 𝐺
33

= [−6 0 0 0 0 0]
𝑇

,

𝐺
44

= [−6.15 0 0 0 0 0]
𝑇

,

𝐶
11

= 𝐶
22

= 𝐶
33

= 𝐶
44

= 𝐼
6
.

(38)
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Figure 1: Schematic diagram of the four-area power system.
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Figure 2: Deviations of frequency among the power system.
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𝐴
22

and 𝐴
33

are the same as 𝐴
11

except that 𝐴
22
(6, 1) =

𝐴
33
(6, 1) = 0.888, respectively.
The quadratic constraints are imposed on the state uncer-

tainty 𝑤
𝑖𝑗
as follows:

𝑤
𝑇

𝑖𝑗
𝑤
𝑖𝑗
≤ 𝛼
2

𝑖𝑗
𝑥
𝑇

𝑖𝑗
𝑊
𝑇

𝑖𝑗
𝑊
𝑖𝑗
𝑥
𝑖𝑗
, (39)

where 𝛼
𝑖𝑗
is a positive number to be maximized and 𝑊

𝑖𝑗

is a full rank constant matrix; it can be set as an identity
matrix in case that the information of uncertainty is unavail-
able. Pairwise subsystem (37) is robustly stabilizable with
arbitrarily large basic coordinated controller degree 𝛼 by the
basic coordinated controller (21), a LMI problem that can be
obtained as

minimize 𝛾
𝑖𝑗

subject to 𝑌
𝑖𝑗
> 0

[
[

[

𝐴
𝐷𝑖𝑗

𝑌
𝑖𝑗
+ 𝑌
𝑖𝑗
𝐴
𝑇

𝐷𝑖𝑗
+ 𝐵
𝐷𝑖𝑗

𝐿
𝑖𝑗
+ 𝐿
𝑇

𝑖𝑗
𝐵
𝑇

𝐷𝑖𝑗
𝐴
𝐷𝑖𝑗

𝑌
𝑖𝑗
𝑊
𝑇

𝑖𝑗

𝐴
𝑇

𝐷𝑖𝑗
−𝐼 0

𝑊
𝑇

𝑖𝑗
𝑌
𝑖𝑗

0 −𝛾
𝑖𝑗
𝐼

]
]

]

< 0,

(40)

where 𝐿
𝑖𝑗
= 𝐾
𝐷𝑖𝑗

𝑌
𝑖𝑗
and 𝛾

𝑖𝑗
= 1/𝛼

2

𝑖𝑗
. Further details of this

robust control procedure can be found in [21, 22].
According to the permuted inclusion principle, the

expanded system S̃
𝑃
is supposed to contain those particular

pairwise subsystems listed as following:

S̃
𝑃
= {S
12
, S
23
, S
13
, S
14
} . (41)

Then compose the coordinated controller of system S̃
𝑃

by arranging the basic coordinated controllers of pairwise
subsystems S

12
, S
23
, S
13
, and S

14
in this exact recurrent reverse

order,

𝐾̃
𝐷
= blockdiag (𝐾

𝐷12
, 𝐾
𝐷23

, 𝐾
𝐷13

, 𝐾
𝐷14

)

= blockdiag([𝐾11 𝐾
12

𝐾
21

𝐾
22

] , [
𝐾
22

𝐾
23

𝐾
32

𝐾
33

] ,

[
𝐾
11

𝐾
13

𝐾
31

𝐾
33

] , [
𝐾
11

𝐾
14

𝐾
41

𝐾
44

]) .

(42)

Choose the transformation matrices by (24)

𝑉 = blockdiag ([𝐼𝐴
1

𝐼
𝐴

1
𝐼
𝐴

1
]
𝑇

, [𝐼
𝐴

2
𝐼
𝐴

2
]
𝑇

, [𝐼
𝐴

3
𝐼
𝐴

3
]
𝑇

, 𝐼
𝐴

4
)

𝑄 = blockdiag(1
3
[𝐼
𝐵

1
𝐼
𝐵

1
𝐼
𝐵

1
] ,

1

2
[𝐼
𝐵

2
𝐼
𝐵

2
] ,

1

2
[𝐼
𝐵

3
𝐼
𝐵

3
] , 𝐼
𝐵

4
),

(43)

and the permutation matrix 𝑃
𝐴
can be constructed by (2); 𝑃

𝐵

is in the same structure as 𝑃
𝐴
,

𝑃
𝐴
=

[
[
[
[
[
[
[
[
[
[
[
[

[

0 0 0 0 0 0 𝐼
𝐴

1
0

0 0 0 0 𝐼
𝐴

1
0 0 0

𝐼
𝐴

1
0 0 0 0 0 0 0

0 𝐼
𝐴

2
0 0 0 0 0 0

0 0 𝐼
𝐴

2
0 0 0 0 0

0 0 0 𝐼
𝐴

3
0 0 0 0

0 0 0 0 0 𝐼
𝐴

3
0 0

0 0 0 0 0 0 0 𝐼
𝐴

4

]
]
]
]
]
]
]
]
]
]
]
]

]

, (44)

where the dimensions of 𝐼𝐴
𝑘
and 𝐼

𝐵

𝑘
are determined by the

system state and control input vector, respectively. In this
simulation example, 𝐼𝐴

𝑘
= 𝐼
6×6

, 𝐼𝐵
𝑘
= 1.

Use (34) to construct the complementary matrix 𝑀̃
𝐾𝑃

as
follows:

𝑀̃
𝐾𝑃

=

[
[
[
[
[
[
[
[
[
[

[

0 0 0 0 0 𝐾
13

0 𝐾
14

0 0 0 𝐾
23

0 0 0 0

𝐾
21

0 0 0 0 0 0 0

0 0 0 0 𝐾
31

0 0 0

0 𝐾
12

0 0 0 0 0 𝐾
14

0 0 𝐾
32

0 0 0 0 0

0 𝐾
12

0 0 0 𝐾
13

0 0

0 0 0 0 0 0 0 0

]
]
]
]
]
]
]
]
]
]

]

. (45)

Finally, the coordinated controller of S can be contracted as

𝐾 = 𝐾 = 𝑄
𝑃
(𝐾̃
𝐷
+ 𝑀̃
𝐾𝑃

)𝑉
𝑃

=

[
[
[

[

𝐾
11

𝐾
12

𝐾
13

𝐾
14

𝐾
21

𝐾
22

𝐾
23

0

𝐾
31

𝐾
32

𝐾
33

0

𝐾
41

0 0 𝐾
44

]
]
]

]

.

(46)

Figures 2 and 3 illustrate the frequency and tie-line power
perturbations of the group of subsystems.The respond curves
are very similar to those of [4–7].

5. Conclusion

This paper presents a theoretical study of the pairwise decom-
position, which can be seen as a reverse modality of this
methodology. The proposed approach is able to coordinated
the interconnected system with uncertainties, and it can
achieve high quality control performance as well. Moreover,
this process is convenient for a group of interconnected sub-
systems without a superposition-form overall system model,
which is in the case that only local information is available.
Further research is ongoing, and one task is to determine the
structure of system S as an estimator of the original system
S. For this purpose, an update law which can fit the features
of pairwise decomposition is needed as well as a calculation
framework to deal with the structure perturbations effectively
enough. The proposed approach can also motivate the appli-
cation of pairwise decomposition to a nonlinear time-variant
system.
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Figure 3: Deviations of tie-line power among the power system.
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Stanković, “Pair-wise decomposition and coordinated control
of complex systems,” Information Sciences, vol. 185, no. 1, pp. 78–
99, 2012.

[7] X.-B. Chen, System Inclusion Principle and Its Application,
Science Press, Beijing, PRC, 2012, (Chinese).

[8] X.-B. Chen and C. Ma, “Coordinated control of a four-area
power system under structural perturbation,” in Proceedings of
the 9th Asian Control Conference, Istanbul, Turkey, 2013.
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Adaptive synchronization control is proposed for a new complex dynamical network model with nonidentical nodes and
nonderivative andderivative couplings.Thedistributed adaptive learning laws of periodically time-varying and constant parameters
and distributed adaptive control are designed.The newmethod which can obtain the synchronization error of closed-loop complex
network system is asymptotic convergence in the sense of square error norm. What is more, the coupling matrix is not assumed to
be symmetric or irreducible. Finally, a simulation example shows the feasibility and effectiveness of the approach.

1. Introduction

Complex dynamical networks have become a focus issue and
have attracted increasing attention in many fields. The struc-
ture of many real systems in nature can be modeled by com-
plex networks, such as biological neural networks, ecosys-
tems, food webs, and World Wide Web [1, 2]. It has been
demonstrated that many cooperative behavior mechanisms
and complex phenomena in nature and society have close
relationships with network synchronization [3]. Thus, the
synchronization of complex systems has been widely studied,
and many control schemes, such as adaptive control [4, 5],
sliding mode control [6], and state observer-based control
[7], have been focused on this topic. However, many existing
works on synchronization are based on the networks with
same nodes. Since almost all complex dynamical networks in
engineering have different nodes, it is unrealistic to assume
that all network nodes are the same. For example, in a
multirobot system, the robots can have distinct structures
or have different parameters such as masses and inertias.
Withmuchmore complicated behaviors, the synchronization
schemes for complex networks with identical nodes cannot
be directly applied to the dynamical networks with noniden-
tical nodes. Therefore, it is strongly necessary to conduct

further investigation of new synchronization schemes for a
complex dynamical network with nonidentical nodes.

Recently, some papers have studied the synchronization
problem with nonidentical nodes. A pinning control scheme
was developed to realize the cluster synchronization of
community networks with nonidentical nodes [8]. Moreover,
other weaker forms of synchronization, namely, output syn-
chronization and bounded synchronization, were proposed
in [9, 10]. It is so difficult for a complex network with
nonidentical nodes to achieve asymptotic synchronization
that little work has been reported to deal with the prob-
lem. By constructing a common Lyapunov function for all
the nodes, a synchronization criterion for a nonidentical
nodes system was given in [11]. Some local robust con-
trollers were designed for the network with strictly different
nodes to achieve generalized synchronization in [12]. In
[13], the asymptotic synchronization for complex dynamical
networks with nonidentical nodes was studied. Based on
solving a number of lower dimensional matrix inequali-
ties and scalar inequalities, global synchronization criteria
were given. Except the propriety of nonidentical nodes, the
time-varying parameter and unknown system parameters
should be considered meanwhile. Reference [14] introduced
the adaptive synchronization of complex network systems
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with unknown time-varying nonlinear coupling. Although
it considered nonlinearly parameterized complex dynamical
networks with unknown time-varying parameters, the non-
identical nodes were not considered yet.

On the other hand, the aforementioned papers only con-
sidered nonderivative coupling. Taking into account the com-
plexity of the network, such as population ecology [15] and
robots in contact with rigid environments [16], there always
exist delayed coupling [17], derivative coupling, and so on.
In [18], the authors proposed a general complex dynamical
network with non-derivative and derivative coupling. Under
the designed adaptive controllers, the network system can
asymptotically synchronize to a given trajectory. The paper
was limited to the inner coupling matrix of derivative being
identity matrix. A complex dynamic network model with
derivative coupling and nonidentical nodes was studied in
[19]. By designing the adaptive strategy with time derivative
terms, the authors have dealt with the known derivative cou-
pling successfully. However, they did not consider nonlinear
parameterized complex network with time-varying coupling
strength and the unknown derivative coupling strength.

In recent years, the adaptive learning control has been
proposed to deal with the unknown constant or time-varying
parameters of the system in order to obtain control input
[20, 21]. Under the designed adaptive learning control, the
convergence of tracking error can be proved by using the
composite energy function. Meanwhile, the sliding mode
control (SMC) strategy has been successfully applied to a
class of systems with nonlinearities and uncertainties [22–
24]. The advantage of using SMC method is the concepts
of sliding mode surface design and equivalent control. In
this paper, under the adaptive control strategy and inequality
technique, we solve the proposed problem successfully. For
the nonlinearities function, further work can focus on SMC
method.

Motivated by the above discussion, the synchronization
problem via new distributed adaptive control is proposed
for nonlinear parametric complex dynamical networks with
derivative coupling and nonidentical nodes. The main diffi-
culty is how to deal with the unknown derivative coupling.
Using the adaptive control and skill of inequality zoom, we
find a way to overcome this challenge. By designing the dis-
tributed adaptive laws, the effect of derivative coupling can be
eliminated. Based on a Lyapunov-Krasovskii-like composite
energy function (CEF) [25, 26], the adaptive asymptotical
synchronization is obtained for nonlinearly parameterized
complex dynamical networks with nonidentical nodes and
derivative coupling. The theoretical analysis shows that the
designed effective distributed adaptive strategy guarantees
that the system asymptotically stable in the 𝐿

2

𝑇
norm sense

and all closed-loop signals are bounded. And it is worth
mentioning that the coupling configuration matrix may be
arbitrary matrix with appropriate dimensions [27].

The rest of the paper is organized as follows.The problem
formulation and preliminaries are given in Section 2. In
Section 3, adaptive synchronization scheme of the complex
dynamical networks is presented. In Section 4, a simulation

example is provided to illustrate the effectiveness of the pro-
posed controller. Finally, conclusion is given in Section 5.

2. Problem Statement and Preliminaries

A complex dynamical network consisting of 𝑁 nonidentical
nodes is described as

̇𝑥
𝑖
(𝑡) = 𝑓

𝑖
(𝑡, 𝑥
𝑖
(𝑡))

+

𝑁

∑

𝑗=1

𝑎
𝑖𝑗

Γ𝑔 (𝑥
𝑗

(𝑡) , 𝜑
𝑖
(𝑡))

+

𝑁

∑

𝑗=1

𝛼
𝑖
𝑏
𝑖𝑗

Γ ̇𝑥
𝑗

(𝑡) , 𝑖 = 1, 2, . . . , 𝑁,

(1)

where 𝑥
𝑖
(𝑡) = [𝑥

𝑖1
(𝑡), 𝑥
𝑖2

(𝑡), . . . , 𝑥
𝑖𝑛

(𝑡)]
𝑇

∈ 𝑅
𝑛 is the state

vector of the 𝑖th node, 𝑓
𝑖

: 𝑅
+

× 𝑅
𝑛

→ 𝑅
𝑛 is a vector-

valued continuous function, 𝑔 : 𝑅
𝑛

× 𝑅 → 𝑅
𝑛 is an

unknown continuous nonlinear vector-valued function, 𝜑
𝑖
(𝑡)

represents the unknown time-varying function, and 𝛼
𝑖
is

an unknown constant parameter. The inner coupling matrix
Γ = (𝛾

𝑖𝑗
) ∈ 𝑅

𝑛×𝑛 is nonnegative definite. 𝐴 = (𝑎
𝑖𝑗

)
𝑁×𝑁

and 𝐵 = (𝑏
𝑖𝑗

)
𝑁×𝑁

are the coupling configuration constant
matrices, which are defined as follows: if there is a connection
from node 𝑖 to node 𝑗 (𝑖 ̸= 𝑗), then 𝑎

𝑖𝑗
> 0, 𝑏
𝑖𝑗

> 0; otherwise,
𝑎
𝑖𝑗

= 𝑏
𝑖𝑗

= 0. And the coupling matrices that satisfy ∑
𝑁

𝑗=1
𝑎
𝑖𝑗

=

∑
𝑁

𝑗=1
𝑏
𝑖𝑗

= 0.

Remark 1. In this paper, we assume that the strength ofmatrix
Γ is unknown, which is more general than the inner coupling
matrices assumed to be diagonalmatrix in [18]. As the authors
in papers [19] and [21] only consider the known coupling
matrix strength, it should be pointed out that the unknown
derivative coupling consists of more information than the
dynamical model in [19, 21]. The coupling configuration
matrices 𝐴 and 𝐵 need not be symmetric or irreducible.
Thus, the results can be suitable to more complex dynamical
networks.

Let 𝑠(𝑡) ∈ 𝑅
𝑛 be a solution of the dynamics of the isolated

node to which all 𝑥
𝑖
(𝑡) are expected to synchronize.

Define synchronization error vectors

𝑒
𝑖
(𝑡) = 𝑥

𝑖
(𝑡) − 𝑠 (𝑡) , 𝑖 = 1, 2, . . . , 𝑁. (2)

In order to obtain the synchronized dynamics of network
(1), we add an adaptive control strategy to nodes in network
(1). Then, the controlled network is given by

̇𝑥
𝑖
(𝑡) = 𝑓

𝑖
(𝑡, 𝑥
𝑖
(𝑡))

+

𝑁

∑

𝑗=1

𝑎
𝑖𝑗

Γ𝑔 (𝑥
𝑗

(𝑡) , 𝜑
𝑖
(𝑡))

+

𝑁

∑

𝑗=1

𝛼
𝑖
𝑏
𝑖𝑗

Γ ̇𝑥
𝑗

(𝑡) + 𝑢
𝑖
(𝑡) , 𝑖 = 1, 2, . . . , 𝑁,

(3)

where 𝑢
𝑖
(𝑡) = [𝑢

𝑖1
(𝑡), 𝑢
𝑖2

(𝑡), . . . , 𝑢
𝑖𝑛

(𝑡)]
𝑇

∈ 𝑅
𝑛, 𝑖 = 1, 2, . . . , 𝑁

are the adaptive controllers to be designed.
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Since the row sum of coupling matrix is zero, we have the
following dynamical error equation:

̇𝑒
𝑖
(𝑡) = ̇𝑥

𝑖
(𝑡) − ̇𝑠 (𝑡)

= 𝑓
𝑖
(𝑡, 𝑥
𝑖
(𝑡))

+

𝑁

∑

𝑗=1

𝑎
𝑖𝑗

Γ (𝑔 (𝑥
𝑗

(𝑡) , 𝜑
𝑖
(𝑡)) − 𝑔 (𝑠 (𝑡) , 𝜑

𝑖
(𝑡)))

+

𝑁

∑

𝑗=1

𝛼
𝑖
𝑏
𝑖𝑗

Γ ( ̇𝑥
𝑖
(𝑡) − ̇𝑠 (𝑡)) − ̇𝑠 (𝑡) + 𝑢

𝑖
(𝑡)

= 𝑓
𝑖
(𝑡, 𝑥
𝑖
(𝑡))

+

𝑁

∑

𝑗=1

𝑎
𝑖𝑗

Γ (𝑔 (𝑥
𝑗

(𝑡) , 𝜑
𝑖
(𝑡)) − 𝑔 (𝑠 (𝑡) , 𝜑

𝑖
(𝑡)))

+

𝑁

∑

𝑗=1

𝛼
𝑖
𝑏
𝑖𝑗

Γ ̇𝑒
𝑗

(𝑡) − ̇𝑠 (𝑡) + 𝑢
𝑖
(𝑡) .

(4)

Our objective is to design adaptive control laws 𝑢
𝑖
(𝑡) such

that the synchronization errors converge to zero in the norm
sense.

In order to derive themain results, some assumptions and
lemmas are introduced as follows.

Assumption 2. For the unknown continuous function 𝑔(⋅, ⋅),
the following inequality holds:

󵄩󵄩󵄩󵄩󵄩
𝑔 (𝑥
𝑗

(𝑡) , 𝜑
𝑖
(𝑡)) − 𝑔 (𝑠 (𝑡) , 𝜑

𝑖
(𝑡))

󵄩󵄩󵄩󵄩󵄩

2

≤
󵄩󵄩󵄩󵄩󵄩
𝑥
𝑗

(𝑡) − 𝑠 (𝑡)
󵄩󵄩󵄩󵄩󵄩

2

ℎ (𝑥
𝑗

(𝑡) , 𝑠 (𝑡)) 𝜆 (𝜑
𝑖
(𝑡)) .

(5)

Here ℎ(⋅, ⋅) is a known nonnegative continuous function
with constant upper bounded 𝐻, and 𝜆(⋅) is an unknown
nonnegative continuous function.

Remark 3. According to separation principle [28],
Assumption 2 can be easily satisfied. Under the assumption,
we can “separate” the parameters from the nonlinear
function. For the unknown parameters, we can solve the
problem using adaptive method.

Assumption 4 (Lipschitz condition). For system (1), there
exist positive constants 𝑙

𝑖
> 0, 𝑖 = 1, . . . , 𝑁 such that

󵄩󵄩󵄩󵄩𝑓
𝑖
(𝑡, 𝑥) − 𝑓

𝑖
(𝑡, 𝑦)

󵄩󵄩󵄩󵄩 ≤ 𝑙
𝑖

󵄩󵄩󵄩󵄩𝑥 − 𝑦
󵄩󵄩󵄩󵄩 ,

∀𝑥, 𝑦 ∈ 𝑅
𝑛

, 𝑖 = 1, 2, . . . , 𝑁.

(6)

Assumption 5. In network (1), 𝜑
𝑖
(𝑡) is an unknown time-

varying function with a known period 𝑇; thus, 𝜆(𝜑
𝑖
(𝑡)) is also

a periodic function with the same period 𝑇. Suppose

𝜆 (𝜑
𝑖
(𝑡)) = 𝜙

𝑖
(𝑡) + 𝜃

𝑖
, (7)

where𝜙
𝑖
(𝑡) is an unknown continuous functionwith a known

period 𝑇 and 𝜃
𝑖
is an unknown constant parameter.

Assumption 6. In the network (1), the inner coupling matrix
Γ satisfies

max (‖Γ‖ ,max (
󵄨󵄨󵄨󵄨󵄨
𝛾
𝑖𝑗

󵄨󵄨󵄨󵄨󵄨
)) ≤ 𝛾, ∀𝑖, 𝑗 = 1, 2, . . . , 𝑁, (8)

where 𝛾 is positive constant.

Assumption 7. Assume that the state and the state derivative
of system (1) are measurable.

Remark 8. This assumption is necessary to design controller
and adaptive laws. Assumption 7 seems to be restrictive. The
observer for state derivative will be considered in the near
future.

Lemma9 (Young’s inequality). For any vectors 𝑥, 𝑦 ∈ 𝑅
𝑛, and

any 𝑐 > 0, the following matrix inequality holds:

𝑥
𝑇

𝑦 ≤ 𝑐𝑥
𝑇

𝑥 +
1

4𝑐
𝑦
𝑇

𝑦. (9)

Lemma 10. For a positive constant 𝑇, if for all 𝑡 ≥ 0, 𝑓(𝑡) is
a continuous function,∫𝑡

𝑡−𝑇

𝑓(𝜏)𝑑𝜏 exists and is bounded with
𝑀. Then, 𝑓(𝑡) is bounded.

Proof. In fact, if 𝑓(𝑡) is unbounded, we can get, for all 𝑁 > 0,
∃𝜏 ∈ [𝑡 − 𝑇, 𝑡], 𝑓(𝜏) > 𝑁. As 𝑓(𝑡) is a continuous function,
according to the properties of the continuous functions, we
have ∃𝜀 > 0 for all 𝑘 ∈ [𝜏 − 𝜀, 𝜏 + 𝜀] ⊂ [𝑡 − 𝑇, 𝑡], 𝑓(𝑘) > 𝑁;
then ∫

𝑡

𝑡−𝑇

𝑓(𝜏)𝑑𝜏 ≥ ∫
𝜏+𝜀

𝜏−𝜀

𝑓(𝑡)𝑑𝑡 ≥ 2𝜀𝑁. We can choose 𝑁 =

𝑀/2𝜀 + 1; then ∫
𝑡

𝑡−𝑇

𝑓(𝜏)𝑑𝜏 > 𝑀. This is a contradiction with
the assumption. The proof is completed.

3. Adaptive Synchronization of the Complex
Dynamical Networks

In this section, adaptive controller is designed to make the
states of (1) synchronize to the trajectory 𝑠(𝑡), and some
sufficient conditions are given to ensure the asymptotic
stability of the synchronization process.

For network (1), we design the controller 𝑢
𝑖
(𝑡) ∈ 𝑅

𝑛 as
follows:

𝑢
𝑖
(𝑡) = ̇𝑠 (𝑡) − 𝑓

𝑖
(𝑡, 𝑠 (𝑡))

− 𝛾𝐻𝑒
𝑖
(𝑡)

𝑁

∑

𝑗=1

𝑎
2

𝑗𝑖
(𝜙
𝑗

(𝑡) + 𝜃
𝑗

(𝑡))

−

𝑁

∑

𝑗=1

󵄨󵄨󵄨󵄨󵄨
𝑏
𝑖𝑗

󵄨󵄨󵄨󵄨󵄨
𝛾𝛼̂
𝑖
(𝑡) sign (𝑒

𝑖
(𝑡))

󵄨󵄨󵄨󵄨󵄨
̇𝑒
𝑗⋅

(𝑡)
󵄨󵄨󵄨󵄨󵄨
,

(10)

where 𝛾, 𝐻 satisfy Assumption 6, 𝑁 is the node number of
network (1), and 𝜙

𝑖
(𝑡), 𝜃
𝑖
(𝑡), 𝛼̂
𝑖
(𝑡) are the estimations of 𝜙

𝑖
(𝑡),

𝜃
𝑖
, 𝛼
𝑖
, respectively. We denote

sign (𝑒
𝑖
(𝑡)) = (sign (𝑒

𝑖1
(𝑡)) , . . . , sign (𝑒

𝑖𝑛
(𝑡)))
𝑇

,

󵄨󵄨󵄨󵄨󵄨
̇𝑒
𝑗⋅

(𝑡)
󵄨󵄨󵄨󵄨󵄨

=

𝑛

∑

𝑘=1

󵄨󵄨󵄨󵄨󵄨
̇𝑒
𝑗𝑘

(𝑡)
󵄨󵄨󵄨󵄨󵄨
.

(11)
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Remark 11. The main design difficulty is how to deal with
the unknown derivative coupling and Γ. In this paper, we
use the known upper bound to magnify the inner coupling
matrix. Thus, the controller is related to every element of the
synchronization error vector. Under the new controller, we
can deal with the derivative terms easily.

The constant parameter distributed update laws are
designed as follows:

̇
𝜃̂
𝑖
(𝑡) = 𝑟

𝑖

𝑁

∑

𝑗=1

𝑎
2

𝑖𝑗
𝑒
𝑇

𝑗
(𝑡) 𝑒
𝑗

(𝑡) , (12)

̇𝛼̂
𝑖
(𝑡) = 𝑔

𝑖

𝑛

∑

𝑘=1

󵄨󵄨󵄨󵄨𝑒𝑖𝑘 (𝑡)
󵄨󵄨󵄨󵄨

𝑁

∑

𝑗=1

󵄨󵄨󵄨󵄨󵄨
𝑏
𝑖𝑗

󵄨󵄨󵄨󵄨󵄨

󵄨󵄨󵄨󵄨󵄨
̇𝑒
𝑗⋅

(𝑡)
󵄨󵄨󵄨󵄨󵄨
. (13)

The time-varying distributed periodic adaptive learning law
is designed as

𝜙
𝑖
(𝑡) =

{{{{{{{{

{{{{{{{{

{

0, 𝑡 ∈ [−𝑇, 0) ,

𝑞
𝑖0

(𝑡)

𝑁

∑

𝑗=1

𝑎
2

𝑖𝑗
𝑒
𝑇

𝑗
(𝑡) 𝑒
𝑗

(𝑡) , 𝑡 ∈ [0, 𝑇) ,

𝜙
𝑖
(𝑡 − 𝑇) + 𝑞

𝑖

𝑁

∑

𝑗=1

𝑎
2

𝑖𝑗
𝑒
𝑇

𝑗
(𝑡) 𝑒
𝑗

(𝑡) , 𝑡 ∈ [𝑇, +∞) ,

(14)

where 𝑟
𝑖
,𝑔
𝑖
, 𝑞
𝑖
are positive constants and 𝑞

𝑖0
(𝑡) is a continuous

and strictly increasing nonnegative function which satisfies
𝑞
𝑖0

(0) = 0, 𝑞
𝑖0

(𝑇) = 𝑞
𝑖
, which ensure 𝜙

𝑖
(𝑡) is continuous when

𝑡 = 𝑖𝑇, 𝑖 = 1, 2, . . . , 𝑁.
The following theorem will give a sufficient condition of

asymptotical synchronization for the controlled network (3).

Theorem 12. Under Assumptions 2–6, the control law (10)
with the distributed adaptive learning laws (12)–(14) guar-
antees that the controlled network (4) achieves asymptotic
synchronization in the 𝐿

2

𝑇
norm sense; that is to say,

lim
𝑡→∞

∫

𝑡

𝑡−𝑇

󵄩󵄩󵄩󵄩𝑒
𝑖
(𝜏)

󵄩󵄩󵄩󵄩

2

𝑑𝜏 = 0, 𝑖 = 1, 2, . . . , 𝑁. (15)

Moreover, all closed-loop signals are bounded.

Proof. Define a Lyapunov-Krasovskii function as follows: for
𝑡 ∈ [0, ∞)

𝑉 (𝑡) =
1

2

𝑁

∑

𝑖=1

𝑒
𝑇

𝑖
𝑒
𝑖

+
𝛾𝐻

2

𝑁

∑

𝑖=1

∫

𝑡

𝑡−𝑇

𝑞
−1

𝑖
𝜙
2

𝑖
(𝜏) 𝑑𝜏

+
𝛾𝐻

2

𝑁

∑

𝑖=1

𝑟
−1

𝑖
(𝜃
𝑖
(𝑡) + 𝐿)

2

+
𝛾

2

𝑁

∑

𝑖=1

𝑔
−1

𝑖
𝛼̃
2

𝑖
(𝑡) ,

(16)

where

𝜙
𝑖
(𝑡) = 𝜙

𝑖
(𝑡) − 𝜙

𝑖
(𝑡) ,

𝜃
𝑖
(𝑡) = 𝜃

𝑖
− 𝜃
𝑖
(𝑡) , 𝛼̃

𝑖
(𝑡) = 𝛼

𝑖
− 𝛼̂
𝑖
(𝑡) ,

(17)

and 𝐿 is a sufficiently large positive constant which will be
determined later.

It should be noted that we define

𝜙
𝑖
(𝑡) = 𝜙

𝑖
(0) , 𝑡 ∈ [−𝑇, 0) , (18)

from the distributed adaptive law (14), and we get

𝜙
2

𝑖
(𝑡 − 𝑇) = 𝜙

2

𝑖
(𝑡 − 𝑇) = 𝜙

2

𝑖
(0) , 𝑡 ∈ [0, 𝑇] . (19)

Firstly, the finiteness property of𝑉(𝑡) for the period [0, 𝑇)

is given. Consider (4) and the proposed distributed control
laws (12)–(14), it can be seen that the right-hand side of (4)
is continuous with respect to all arguments. According to
the existence theorem of differential equation, (4) has unique
solution in the interval [0, 𝑇

1
) ⊂ [0, 𝑇), with 0 < 𝑇

1
≤

𝑇. This can guarantee the boundedness of 𝑉(𝑡) over [0, 𝑇
1
).

Therefore, we need only focus on the interval [𝑇
1
, 𝑇).

For any ∈ [𝑇
1
, 𝑇), the derivative of 𝑉(𝑡) with respect to

time is given by

𝑉 (𝑡) =

𝑁

∑

𝑖=1

𝑒
𝑇

𝑖
(𝑡) ̇𝑒
𝑖
(𝑡)

+
𝛾𝐻

2
(

𝑁

∑

𝑖=1

𝑞
−1

𝑖
𝜙
2

𝑖
(𝑡) −

𝑁

∑

𝑖=1

𝑞
−1

𝑖
𝜙
2

𝑖
(𝑡 − 𝑇))

+ 𝛾𝐻

𝑁

∑

𝑖=1

𝑟
−1

𝑖
(𝜃
𝑖
(𝑡) + 𝐿)

̇
𝜃̃
𝑖
(𝑡)

+ 𝛾

𝑁

∑

𝑖=1

𝑔
−1

𝑖
𝛼̃
𝑖
(𝑡) ̇𝛼̃
𝑖
(𝑡) .

(20)

Let us introduce some notations as

Φ = 𝑓
𝑖
(𝑡, 𝑥
𝑖
(𝑡)) − 𝑓

𝑖
(𝑡, 𝑠 (𝑡)) ,

Λ = 𝑔 (𝑥
𝑗

(𝑡) , 𝜑
𝑖
(𝑡)) − 𝑔 (𝑠 (𝑡) , 𝜑

𝑖
(𝑡)) .

(21)

Along the trajectory of (4), we get

𝑁

∑

𝑖=1

𝑒
𝑇

𝑖
(𝑡) ̇𝑒
𝑖
(𝑡)

=

𝑁

∑

𝑖=1

𝑒
𝑇

𝑖
(𝑡) [

[

𝑓
𝑖
(𝑡, 𝑥
𝑖
(𝑡)) +

𝑁

∑

𝑗=1

𝑎
𝑖𝑗

ΓΛ

+

𝑁

∑

𝑗=1

𝛼
𝑖
𝑏
𝑖𝑗

Γ ̇𝑒
𝑗

(𝑡) − ̇𝑠 (𝑡) + 𝑢
𝑖
(𝑡)]

]

.

(22)
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Substituting (10) into the above equation, from
Assumption 6 and Lemma 9, we have
𝑁

∑

𝑖=1

𝑒
𝑇

𝑖
(𝑡) ̇𝑒
𝑖
(𝑡)

≤

𝑁

∑

𝑖=1

[

[

𝑒
𝑇

𝑖
Φ+

𝑁

∑

𝑗=1

𝑎
𝑖𝑗

𝑒
𝑇

𝑖
ΓΛ +

𝑁

∑

𝑗=1

𝛼
𝑖
𝑏
𝑖𝑗

𝑒
𝑇

𝑖
Γ ̇𝑒
𝑗

− 𝛾𝐻𝑒
𝑇

𝑖
𝑒
𝑖

𝑁

∑

𝑗=1

𝑎
2

𝑗𝑖
(𝜙
𝑗

(𝑡) + 𝜃
𝑗

(𝑡))

− 𝑒
𝑇

𝑖

𝑁

∑

𝑗=1

󵄨󵄨󵄨󵄨󵄨
𝑏
𝑖𝑗

󵄨󵄨󵄨󵄨󵄨
𝛾𝛼̂
𝑖
(𝑡) sign (𝑒

𝑖
(𝑡))

󵄨󵄨󵄨󵄨󵄨
̇𝑒
𝑗⋅

(𝑡)
󵄨󵄨󵄨󵄨󵄨

𝑁

∑

𝑗=1

]

]

≤

𝑁

∑

𝑖=1

[

[

(𝑐𝑒
𝑇

𝑖
𝑒
𝑖

+
1

4𝑐
Φ
𝑇

Φ)

+

𝑁

∑

𝑗=1

(𝑑𝑒
𝑇

𝑖
𝑒
𝑖

+
1

4𝑑
𝑎
2

𝑖𝑗
Λ
𝑇

Γ
𝑇

ΓΛ)

+

𝑁

∑

𝑗=1

𝛼
𝑖
𝑏
𝑖𝑗

𝑒
𝑇

𝑖
(𝑡) Γ ̇𝑒
𝑗

(𝑡)

− 𝛾𝐻𝑒
𝑇

𝑖
𝑒
𝑖

𝑁

∑

𝑗=1

𝑎
2

𝑗𝑖
(𝜙
𝑗

(𝑡) + 𝜃
𝑗

(𝑡))

−

𝑁

∑

𝑗=1

󵄨󵄨󵄨󵄨󵄨
𝑏
𝑖𝑗

󵄨󵄨󵄨󵄨󵄨
𝛾𝛼̂
𝑖
(𝑡)

𝑛

∑

𝑘=1

󵄨󵄨󵄨󵄨𝑒𝑖𝑘 (𝑡)
󵄨󵄨󵄨󵄨

󵄨󵄨󵄨󵄨󵄨
̇𝑒
𝑗⋅

(𝑡)
󵄨󵄨󵄨󵄨󵄨
]

]

.

(23)

Using inequality properties, we obtain
𝑁

∑

𝑗=1

𝛼
𝑖
𝑏
𝑖𝑗

𝑒
𝑇

𝑖
(𝑡) Γ ̇𝑒
𝑗

(𝑡) ≤

𝑁

∑

𝑗=1

󵄨󵄨󵄨󵄨󵄨
𝑏
𝑖𝑗

󵄨󵄨󵄨󵄨󵄨
𝛾𝛼
𝑖

𝑛

∑

𝑘=1

󵄨󵄨󵄨󵄨𝑒𝑖𝑘 (𝑡)
󵄨󵄨󵄨󵄨

󵄨󵄨󵄨󵄨󵄨
̇𝑒
𝑗⋅

(𝑡)
󵄨󵄨󵄨󵄨󵄨
. (24)

Then, according to Assumptions 2–5 and the previous
inequality, we have

𝑁

∑

𝑖=1

𝑒
𝑇

𝑖
(𝑡) ̇𝑒
𝑖
(𝑡) ≤

𝑁

∑

𝑖=1

[

[

(𝑐𝑒
𝑇

𝑖
𝑒
𝑖

+
1

4𝑐
𝑙
2

𝑖
𝑒
𝑇

𝑖
𝑒
𝑖
)

+

𝑁

∑

𝑗=1

𝑑𝑒
𝑇

𝑖
𝑒
𝑖

+

𝑁

∑

𝑗=1

𝑎
2

𝑖𝑗
(𝜙
𝑖
(𝑡) + 𝜃

𝑖
)

𝐻𝛾
2

4𝑑
𝑒
𝑇

𝑗
𝑒
𝑗

+

𝑁

∑

𝑗=1

󵄨󵄨󵄨󵄨󵄨
𝑏
𝑖𝑗

󵄨󵄨󵄨󵄨󵄨
𝛾𝛼
𝑖

𝑛

∑

𝑘=1

󵄨󵄨󵄨󵄨𝑒𝑖𝑘 (𝑡)
󵄨󵄨󵄨󵄨

󵄨󵄨󵄨󵄨󵄨
̇𝑒
𝑗⋅

(𝑡)
󵄨󵄨󵄨󵄨󵄨

−

𝑁

∑

𝑗=1

𝑎
2

𝑗𝑖
𝛾𝐻 (𝜙

𝑗
(𝑡) + 𝜃

𝑗
(𝑡)) 𝑒
𝑇

𝑖
𝑒
𝑖

−

𝑁

∑

𝑗=1

󵄨󵄨󵄨󵄨󵄨
𝑏
𝑖𝑗

󵄨󵄨󵄨󵄨󵄨
𝛾𝛼̂
𝑖
(𝑡)

𝑛

∑

𝑘=1

󵄨󵄨󵄨󵄨𝑒𝑖𝑘 (𝑡)
󵄨󵄨󵄨󵄨

󵄨󵄨󵄨󵄨󵄨
̇𝑒
𝑗⋅

(𝑡)
󵄨󵄨󵄨󵄨󵄨
]

]

,

(25)

where 𝑐 and 𝑑 are positive constants. If choosing

𝑐 =
1

2
, 𝑑 =

𝛾

4
, (26)

we have
𝑁

∑

𝑖=1

𝑒
𝑇

𝑖
(𝑡) ̇𝑒
𝑖
(𝑡) ≤

𝑁

∑

𝑖=1

(
1

2
+

1

2
𝑙
2

𝑖
+

𝑁𝛾

4
) 𝑒
𝑇

𝑖
𝑒
𝑖

+

𝑁

∑

𝑖=1

𝑁

∑

𝑗=1

𝑎
2

𝑖𝑗
𝛾𝐻 (𝜙

𝑖
(𝑡) + 𝜃

𝑖
(𝑡)) 𝑒
𝑇

𝑗
𝑒
𝑗

+

𝑁

∑

𝑗=1

󵄨󵄨󵄨󵄨󵄨
𝑏
𝑖𝑗

󵄨󵄨󵄨󵄨󵄨
𝛾𝛼̃
𝑖

𝑛

∑

𝑘=1

󵄨󵄨󵄨󵄨𝑒𝑖𝑘 (𝑡)
󵄨󵄨󵄨󵄨

󵄨󵄨󵄨󵄨󵄨
̇𝑒
𝑗⋅

(𝑡)
󵄨󵄨󵄨󵄨󵄨

.

(27)

From (12), the third term on the right-hand side of (20)
satisfies

𝛾𝐻

𝑁

∑

𝑖=1

𝑟
−1

𝑖
(𝜃
𝑖
(𝑡) + 𝐿)

̇
𝜃̃
𝑖
(𝑡) = −𝛾𝐻

𝑁

∑

𝑖=1

(𝜃
𝑖
(𝑡) + 𝐿)

𝑁

∑

𝑗=1

𝑎
2

𝑖𝑗
𝑒
𝑇

𝑗
𝑒
𝑗
,

(28)

while the fourth term on the right-hand side of (20) satisfies

𝛾

𝑁

∑

𝑖=1

𝑔
−1

𝑖
𝛼̃
𝑖
(𝑡) ̇𝛼̃
𝑖
(𝑡) = −

𝑁

∑

𝑖=1

𝛾𝛼̃
𝑖
(𝑡)

𝑛

∑

𝑘=1

󵄨󵄨󵄨󵄨𝑒𝑖𝑘 (𝑡)
󵄨󵄨󵄨󵄨

𝑁

∑

𝑗=1

󵄨󵄨󵄨󵄨󵄨
𝑏
𝑖𝑗

󵄨󵄨󵄨󵄨󵄨

󵄨󵄨󵄨󵄨󵄨
̇𝑒
𝑗⋅

(𝑡)
󵄨󵄨󵄨󵄨󵄨
.

(29)

Since 𝑞
𝑖0

(𝑡) is a continuous function and strictly increas-
ing in [𝑇

1
, 𝑇) ⊂ [0, 𝑇), 𝑞

−1

𝑖
≤ 𝑞
−1

𝑖0
(𝑡) < ∞ is ensured. Focusing

on the second term on the right-hand side of (20), from (19),
we can get, when 𝑡 ∈ [0, 𝑇),

𝛾𝐻

2
(

𝑁

∑

𝑖=1

𝑞
−1

𝑖
𝜙
2

𝑖
(𝑡) −

𝑁

∑

𝑖=1

𝑞
−1

𝑖
𝜙
2

𝑖
(𝑡 − 𝑇))

≤
𝛾𝐻

2

𝑁

∑

𝑖=1

𝑞
−1

𝑖0
𝜙
2

𝑖
(𝑡)

=
𝛾𝐻

2

𝑁

∑

𝑖=1

𝑞
−1

𝑖0
[𝜙
2

𝑖
(𝑡) + 2𝜙

2

𝑖
(𝑡) − 2𝜙

𝑖
(𝑡) 𝜙
𝑖
(𝑡)

− 𝜙
2

𝑖
(𝑡)]

≤
𝛾𝐻

2

𝑁

∑

𝑖=1

𝑞
−1

𝑖0
[𝜙
2

𝑖
(𝑡) + 2𝜙

2

𝑖
(𝑡) − 2𝜙

𝑖
(𝑡) 𝜙
𝑖
(𝑡)]

=
𝛾𝐻

2

𝑁

∑

𝑖=1

𝑞
−1

𝑖0
𝜙
2

𝑖
(𝑡) − 𝛾𝐻

𝑁

∑

𝑖=1

𝑁

∑

𝑗=1

𝑎
2

𝑖𝑗
𝜙
𝑖
(𝑡) 𝑒
𝑇

𝑗
𝑒
𝑗
.

(30)

Substituting (27)–(30) into (20), we have

𝑉 (𝑡) ≤

𝑁

∑

𝑖=1

(
1

2
+

1

2
𝑙
2

𝑖
+

𝑁𝛾

4
− 𝐿

𝑁

∑

𝑗=1

𝑎
2

𝑗𝑖
) 𝑒
𝑇

𝑖
𝑒
𝑖

+
𝛾𝐻

2

𝑁

∑

𝑖=1

𝑞
−1

𝑖0
(𝑡) 𝜙
2

𝑖
(𝑡) .

(31)
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We can choose the appropriate 𝐿 such that

𝑁

∑

𝑖=1

(
1

2
+

1

2
𝑙
2

𝑖
+

𝑁𝛾

4
− 𝐿

𝑁

∑

𝑗=1

𝑎
2

𝑗𝑖
) < 0. (32)

According to (31), we have

𝑉 (𝑡) ≤
𝛾𝐻

2

𝑁

∑

𝑖=1

𝑞
−1

𝑖0
(𝑡) 𝜙
2

𝑖
(𝑡) , 𝑡 ∈ [0, 𝑇) . (33)

Since 𝜙
𝑖
(𝑡) is continuous and periodic, the boundedness

can be obtained. The boundedness of 𝜙
𝑖
(𝑡) leads to the

boundedness of 𝑉(𝑡). For 𝑉(𝑇
1
) is bounded, the finiteness of

𝑉(𝑡) is obvious, for all 𝑡 ∈ [0, 𝑇).
Next, we will prove the asymptotical convergence of 𝑒(𝑡).
According to (16), for all 𝑡 ≥ 𝑇, we get

Δ𝑉 (𝑡) = 𝑉 (𝑡) − 𝑉 (𝑡 − 𝑇)

=
1

2

𝑁

∑

𝑖=1

𝑒
𝑇

𝑖
(𝑡) 𝑒
𝑖
(𝑡) −

1

2

𝑁

∑

𝑖=1

𝑒
𝑇

𝑖
(𝑡 − 𝑇) 𝑒

𝑖
(𝑡 − 𝑇)

+
𝛾𝐻

2

𝑁

∑

𝑖=1

∫

𝑡

𝑡−𝑇

[𝑞
−1

𝑖
𝜙
2

𝑖
(𝜏) − 𝑞

−1

𝑖
𝜙
2

𝑖
(𝜏 − 𝑇)] 𝑑𝜏

+
𝛾𝐻

2

𝑁

∑

𝑖=1

𝑟
−1

𝑖
(𝜃
𝑖
(𝑡) + 𝐿)

2

−
𝛾𝐻

2

𝑁

∑

𝑖=1

𝑟
−1

𝑖
(𝜃
𝑖
(𝑡 − 𝑇) + 𝐿)

2

+
𝛾

2

𝑁

∑

𝑖=1

𝑔
−1

𝑖
𝛼̃
2

𝑖
(𝑡)

−
𝛾

2

𝑁

∑

𝑖=1

𝑔
−1

𝑖
𝛼̃
2

𝑖
(𝑡 − 𝑇) .

(34)

Considering the first two terms on the right-hand side of
(34), with Newton-Leibniz formula, we obtain

1

2

𝑁

∑

𝑖=1

𝑒
𝑇

𝑖
(𝑡) 𝑒
𝑖
(𝑡) −

1

2

𝑁

∑

𝑖=1

𝑒
𝑇

𝑖
(𝑡 − 𝑇) 𝑒

𝑖
(𝑡 − 𝑇)

=

𝑁

∑

𝑖=1

∫

𝑡

𝑡−𝑇

𝑒
𝑇

𝑖
(𝜏) ̇𝑒
𝑖
(𝜏) 𝑑𝜏

≤

𝑁

∑

𝑖=1

∫

𝑡

𝑡−𝑇

( (
1

2
+

1

2
𝑙
2

𝑖
+

𝑁𝛾

4
) 𝑒
𝑇

𝑖
(𝜏) 𝑒
𝑖
(𝜏)

+

𝑁

∑

𝑗=1

𝑎
2

𝑖𝑗
𝛾𝐻𝑒
𝑇

𝑗
(𝜏) 𝑒
𝑗

(𝜏) 𝜙
𝑖
(𝜏)) 𝑑𝜏

+

𝑁

∑

𝑖=1

𝑁

∑

𝑗=1

∫

𝑡

𝑡−𝑇

𝑎
2

𝑖𝑗
𝛾𝐻𝑒
𝑇

𝑗
(𝜏) 𝑒
𝑗

(𝜏) 𝜃
𝑖
(𝜏) 𝑑𝜏

+

𝑁

∑

𝑖=1

𝑁

∑

𝑗=1

∫

𝑡

𝑡−𝑇

󵄨󵄨󵄨󵄨󵄨
𝑏
𝑖𝑗

󵄨󵄨󵄨󵄨󵄨
𝛾𝛼̃
𝑖

𝑛

∑

𝑘=1

󵄨󵄨󵄨󵄨𝑒𝑖𝑘 (𝜏)
󵄨󵄨󵄨󵄨

󵄨󵄨󵄨󵄨󵄨
̇𝑒
𝑗⋅

(𝜏)
󵄨󵄨󵄨󵄨󵄨
𝑑𝜏.

(35)

Use the algebraic relation

(𝑎 − 𝑏)
𝑇

𝐻 (𝑎 − 𝑏) − (𝑎 − 𝑐)
𝑇

𝐻 (𝑎 − 𝑐)

= (𝑐 − 𝑏)
𝑇

𝐻 [2 (𝑎 − 𝑏) + (𝑏 − 𝑐)] ,

(36)

where 𝑎, 𝑏, 𝑐 ∈ 𝑅
𝑝, 𝐻 ∈ 𝑅

𝑝×𝑝.
Choosing 𝐻 = 1, 𝑎 = 𝜙

𝑖
(𝜏), 𝑏 = 𝜙

𝑖
(𝜏), 𝑐 = 𝜙

𝑖
(𝜏 − 𝑇),

𝜙
𝑖
(𝜏) = 𝜙

𝑖
(𝜏 − 𝑇), then 𝑎 − 𝑐 = 𝜙

𝑖
(𝜏 − 𝑇), 𝑎 − 𝑏 = 𝜙

𝑖
(𝜏). The

following equality can be obtained:

𝛾𝐻

2

𝑁

∑

𝑖=1

𝑞
−1

𝑖
𝜙
2

𝑖
(𝜏) −

𝛾𝐻

2

𝑁

∑

𝑖=1

𝑞
−1

𝑖
𝜙
2

𝑖
(𝜏 − 𝑇)

=
𝛾𝐻

2

𝑁

∑

𝑖=1

𝑞
−1

𝑖
[2𝜙
𝑖
(𝜏) + 𝜙

𝑖
(𝜏) − 𝜙

𝑖
(𝜏 − 𝑇)]

× [𝜙
𝑖
(𝜏 − 𝑇) − 𝜙

𝑖
(𝜏)]

= −𝛾𝐻

𝑁

∑

𝑖=1

(𝜙
𝑖
(𝜏) +

1

2
𝑞
𝑖

𝑁

∑

𝑗=1

𝑎
2

𝑖𝑗
𝑒
𝑇

𝑗
𝑒
𝑗
)

𝑁

∑

𝑘=1

𝑎
2

𝑖𝑘
𝑒
𝑇

𝑘
𝑒
𝑘
.

(37)

Taking the third term on the right-hand side of (34), from
(37), one obtains

𝛾𝐻

2

𝑁

∑

𝑖=1

∫

𝑡

𝑡−𝑇

[𝑞
−1

𝑖
𝜙
2

𝑖
(𝜏) − 𝑞

−1

𝑖
𝜙
2

𝑖
(𝜏 − 𝑇)] 𝑑𝜏

= −𝛾𝐻

𝑁

∑

𝑖=1

∫

𝑡

𝑡−𝑇

[

[

𝜙
𝑖
(𝜏) +

1

2
𝑞
𝑖

𝑁

∑

𝑗=1

𝑎
2

𝑖𝑗
𝑒
𝑇

𝑗
𝑒
𝑗

]

]

×

𝑁

∑

𝑘=1

𝑎
2

𝑖𝑘
𝑒
𝑇

𝑘
𝑒
𝑘
𝑑𝜏.

(38)

The other terms on right-hand side of (34) can be
simplified as follows:

𝛾𝐻

2

𝑁

∑

𝑖=1

𝑟
−1

𝑖
(𝜃
𝑖
(𝑡) + 𝐿)

2

−
𝛾𝐻

2

𝑁

∑

𝑖=1

𝑟
−1

𝑖
(𝜃
𝑖
(𝑡 − 𝑇) + 𝐿)

2

= 𝛾𝐻

𝑁

∑

𝑖=1

∫

𝑡

𝑡−𝑇

𝑟
−1

𝑖
(𝜃
𝑖
(𝜏) + 𝐿)

̇
𝜃̃
𝑖
(𝜏) 𝑑𝜏

= −𝛾𝐻

𝑁

∑

𝑖=1

∫

𝑡

𝑡−𝑇

(𝜃
𝑖
(𝜏) + 𝐿)

𝑁

∑

𝑗=1

𝑎
2

𝑖𝑗
𝑒
𝑇

𝑗
(𝜏) 𝑒
𝑗

(𝜏) 𝑑𝜏,

𝛾

2

𝑁

∑

𝑖=1

𝑔
−1

𝑖
𝛼̃
2

𝑖
(𝑡) −

𝛾

2

𝑁

∑

𝑖=1

𝑔
−1

𝑖
𝛼̃
2

𝑖
(𝑡 − 𝑇)

= 𝛾

𝑁

∑

𝑖=1

∫

𝑡

𝑡−𝑇

𝑔
−1

𝑖
𝛼̃
𝑖
(𝜏) ̇𝛼̃
𝑖
(𝜏) 𝑑𝜏

= −𝛾

𝑁

∑

𝑖=1

𝑁

∑

𝑗=1

∫

𝑡

𝑡−𝑇

󵄨󵄨󵄨󵄨󵄨
𝑏
𝑖𝑗

󵄨󵄨󵄨󵄨󵄨
𝛼̃
𝑖

𝑛

∑

𝑘=1

󵄨󵄨󵄨󵄨𝑒𝑖𝑘 (𝑡)
󵄨󵄨󵄨󵄨

󵄨󵄨󵄨󵄨󵄨
̇𝑒
𝑗⋅

(𝑡)
󵄨󵄨󵄨󵄨󵄨
𝑑𝜏.

(39)
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Figure 1: The change of synchronization error 𝑒
𝑖
(𝑡) along period

number 𝑖 = 1, . . . , 6.

Substituting (35), (38)-(39) into (34), we can attain

Δ𝑉 (𝑡) ≤ −

𝑁

∑

𝑖=1

∫

𝑡

𝑡−𝑇

(𝐿

𝑁

∑

𝑗=1

𝑎
2

𝑗𝑖
−

1

2
−

1

2
𝑙
2

𝑖
−

𝑁𝛾

4
)

× 𝑒
𝑇

𝑖
(𝜏) 𝑒
𝑖
(𝜏) 𝑑𝜏.

(40)

Obviously, there exists 𝐿 such that

𝐿 >

(1/2 + (1/2) 𝑙
2

𝑖
+ 𝑁𝛾/4)

∑
𝑁

𝑗=1
𝑎
2

𝑗𝑖

, 𝑖 = 1, . . . , 𝑁. (41)

We can obtain

Δ𝑉 (𝑡) < 0. (42)

Applying (40) repeatedly for any 𝑡 ∈ [𝑙𝑇, (𝑙 + 1)𝑇], 𝑙 =

1, 2, . . . and denoting 𝑡
0

= 𝑡 − 𝑙𝑇, we have

𝑉 (𝑡) = 𝑉 (𝑡
0
) +

𝑙−1

∑

𝑗=0

Δ𝑉 (𝑡 − 𝑗𝑇) . (43)

Considering 𝑡
0

∈ [0, 𝑇) and the positive of 𝑉(𝑡), accord-
ing to (43), we obtain

𝑉 (𝑡) < max
𝑡0∈[0,𝑇)

𝑉 (𝑡
0
)

−

𝑙−1

∑

𝑗=0

𝑁

∑

𝑖=1

∫

𝑡−𝑗𝑇

𝑡−(𝑗+1)𝑇

(𝐿

𝑁

∑

𝑗=1

𝑎
2

𝑗𝑖
−

1

2
−

1

2
𝑙
2

𝑖
−

𝑁𝛾

4
)

× 𝑒
𝑇

𝑖
(𝜏) 𝑒
𝑖
(𝜏) 𝑑𝜏.

(44)

Since 𝑉(𝑡
0
) is bounded in the interval [0, 𝑇), according to

the convergence theorem of the sum of series and (44), the
error 𝑒

𝑖
(𝑡) converges to zero asymptotically in the 𝐿

2

𝑇
norm

sense. That is to say, we have

lim
𝑡→∞

∫

𝑡

𝑡−𝑇

𝑒
𝑇

𝑖
(𝜏) 𝑒
𝑖
(𝜏) 𝑑𝜏 = 0. (45)

Finally, for all 𝑡 ∈ [𝑇, ∞), we prove that all the closed-loop
signals are bounded, and the derivative of 𝑉(𝑡) is

𝑉 (𝑡) =

𝑁

∑

𝑖=1

𝑒
𝑇

𝑖
(𝑡) ̇𝑒
𝑖
(𝑡)+

𝛾𝐻

2

𝑁

∑

𝑖=1

𝑞
−1

𝑖
𝜙
2

𝑖
(𝑡)−

𝛾𝐻

2

𝑁

∑

𝑖=1

𝑞
−1

𝑖
𝜙
2

𝑖
(𝑡 − 𝑇)

+ 𝛾𝐻

𝑁

∑

𝑖=1

𝑟
−1

𝑖
(𝜃
𝑖
(𝑡) + 𝐿)

̇
𝜃̃
𝑖
(𝑡) + 𝛾

𝑁

∑

𝑖=1

𝑔
−1

𝑖
𝛼̃
𝑖
(𝑡) ̇𝛼̃
𝑖
(𝑡)

≤ −
𝛾𝐻

2

𝑁

∑

𝑖=1

𝑞
𝑖
(

𝑁

∑

𝑗=1

𝑎
2

𝑖𝑗
𝑒
𝑇

𝑗
𝑒
𝑗
)

2

−

𝑁

∑

𝑖=1

(𝐿

𝑁

∑

𝑗=1

𝑎
2

𝑗𝑖
−

1

2
−

1

2
𝑙
2

𝑖
−

𝑁𝛾

4
) 𝑒
𝑇

𝑖
𝑒
𝑖
.

(46)

By (46), one can obtain

𝑉 (𝑡) ≤ 𝑉 (𝑇) −
𝛾𝐻

2

𝑁

∑

𝑖=1

∫

𝑡

𝑇

𝑞
𝑖
(

𝑁

∑

𝑗=1

𝑎
2

𝑖𝑗
𝑒
𝑇

𝑗
𝑒
𝑗
)

2

𝑑𝜏

−

𝑁

∑

𝑖=1

∫

𝑡

𝑇

(𝐿

𝑁

∑

𝑗=1

𝑎
2

𝑗𝑖
−

1

2
−

1

2
𝑙
2

𝑖
−

𝑁𝛾

4
) 𝑒
𝑇

𝑖
𝑒
𝑖
𝑑𝜏.

(47)

Choosing

𝐿 >

(1/2 + (1/2) 𝑙
2

𝑖
+ 𝑁𝛾/4)

∑
𝑁

𝑗=1
𝑎
2

𝑗𝑖

, 𝑖 = 1, . . . , 𝑁, (48)

we have

𝑉 (𝑡) < 𝑉 (𝑇) . (49)

From the boundedness of 𝑉(𝑡) and (16), we conclude
that 𝑒
𝑖
, ∫
𝑡

𝑡−𝑇

𝜙
2

𝑖
(𝜏)𝑑𝜏, 𝜃

𝑖
(𝑡)𝛼̃
𝑖
(𝑡) are all bounded. Since 𝜙

𝑖
(𝑡) is

continuous function and 𝜃
𝑖
, 𝛼
𝑖
are constants, it implies the

boundedness of 𝜃
𝑖
(𝑡) and 𝛼̂

𝑖
(𝑡). According to Lemma 10, the

boundedness of 𝜙
𝑖
(𝑡) is obviously obtained. As 𝜙

𝑖
(𝑡) is a con-

tinuous periodic function, we can get that 𝜙
𝑖
(𝑡) is bounded.

According to (10), the boundedness of the control input 𝑢
𝑖
(𝑡)

is obtained. Since 𝑒
𝑖
(𝑡) is bounded, the boundedness of 𝑥

𝑖
(𝑡)

is received. So the proof is completed.
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Figure 2: The change of control 𝑢
𝑖
(𝑡) along time: (a) 𝑢

1𝑖
, 𝑖 = 1, 2, 3, (b) 𝑢

2𝑖
, 𝑖 = 1, 2, 3, and (c) 𝑢

3𝑖
, 𝑖 = 1, 2, 3.

4. Simulation Example

To demonstrate the theoretical result obtained in Section 3,
we consider the following dynamical network with six non-
identical nodes

̇𝑥
𝑖
(𝑡) = 𝑓

𝑖
(𝑡, 𝑥
𝑖
(𝑡))

+

𝑁

∑

𝑗=1

𝑎
𝑖𝑗

Γ exp(−𝜑
𝑖
(𝑡) (

𝑥
2

𝑗1
(𝑡)

𝑥
2

𝑗2
(𝑡)

𝑥
2

𝑗3
(𝑡)

))

+

𝑁

∑

𝑗=1

𝛼
𝑖
𝑏
𝑖𝑗

Γ ̇𝑥
𝑗

(𝑡) + 𝑢
𝑖
(𝑡) , 𝑖 = 1, . . . , 6,

(50)

where

𝑓
1

(𝑡, 𝑥
1
) = (

−2.5𝑥
11

+ 0.3𝑥
12

+ 0.9𝑥
13

+ 3𝑥
2

13

0.6𝑥
11

− 2.6𝑥
12

+ 3𝑥
2

12
+ 𝑥
13

−2.8𝑥
11

+ sin𝑥
11
cos𝑥
12

− 2.2𝑥
13

) ,

𝑓
2

(𝑡, 𝑥
2
) = (

−2.5𝑥
21

+ 𝑥
22

+ 𝑥
21

𝑥
22

+ 𝑥
23

0.5𝑥
21

− 0.8𝑥
22

− sin𝑥
22

+ 𝑥
23

− 𝑥
2

23

−2𝑥
21

− 0.8𝑥
23

− 0.5 sin (2𝑥
23

)

) ,

𝑓
3

(𝑡, 𝑥
3
) = (

−2.5𝑥
31

+ 𝑥
31
sin𝑥
31

+ 𝑥
32

+ 1.4𝑥
33

0.5𝑥
31

− 2.5𝑥
32

+ 𝑥
33

−2𝑥
31

+ 𝑥
32

𝑥
33

− 0.6𝑥
33

− 𝑥
33
cos𝑥
33

) ,

𝑓
4

(𝑡, 𝑥
4
) = (

−2.5𝑥
41

+ 1.5𝑥
42

+ 1.5𝑥
43

𝑥
41

− 2.5𝑥
42

+ 𝑥
2

42
+ 1.5𝑥

43
+ 𝑥
2

43

−2𝑥
41

+ 𝑥
41

𝑥
43

− 2.5𝑥
43

) ,

𝑓
5

(𝑡, 𝑥
5
) = (

−2.1𝑥
51

+ 0.5𝑥
2

51
+ 1.4𝑥

52
+ 𝑥
53

0.9𝑥
51

− 2.1𝑥
52

+ 𝑥
52

𝑥
53

+ 𝑥
53

−2𝑥
51

+ 0.4𝑥
52

− 2.1𝑥
53

) ,

𝑓
6

(𝑡, 𝑥
6
) =

(

−3.2𝑥
61

+ 10𝑥
62

+ 2.95 (
󵄨󵄨󵄨󵄨𝑥61 + 1

󵄨󵄨󵄨󵄨 −
󵄨󵄨󵄨󵄨𝑥61 − 1

󵄨󵄨󵄨󵄨)

𝑥
61

− 𝑥
62

+ 𝑥
63

−14.7𝑥
62

) ,



Mathematical Problems in Engineering 9

0 2 4 6 8 10

0

1

2

Time

−1

−2

−3

u41
u42
u43

u
4
i
(i
=
1,
2,
3
)

(a)

0 2 4 6 8 10

0

0.5

1

u51
u52
u53

−1.5

−0.5

−1

Time

u
5
i
(i
=
1,
2,
3
)

(b)

0 2 4 6 8 10

0

5

10

Time

u61
u62
u63

−10

−5u
6
i
(i
=
1,
2,
3
)

(c)

Figure 3: The change of curve of control 𝑢
𝑖
(𝑡) along time: (a) 𝑢

4𝑖
, 𝑖 = 1, 2, 3, (b) 𝑢

5𝑖
, 𝑖 = 1, 2, 3, and (c) 𝑢

6𝑖
, 𝑖 = 1, 2, 3.

Γ =
[
[

[

1 0 0

0 1 0

0 0 1

]
]

]

,

𝐴 =

[
[
[
[
[
[
[
[
[
[

[

−3 0 2 1 0 0

2 −5 0 0 2 1

0 3 −4 0 0 1

1 1 0 −5 2 1

0 0 1 3 −4 0

0 1 1 1 0 −3

]
]
]
]
]
]
]
]
]
]

]

,

𝐵 =

[
[
[
[
[
[
[
[
[
[

[

−3 2 0 1 0 0

0 −3 0 0 1 2

0 1 −3 2 0 0

1 0 2 −4 0 1

0 0 1 1 −2 0

2 0 0 0 1 −3

]
]
]
]
]
]
]
]
]
]

]

.

(51)

Nonlinearly parameterized function satisfies

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

exp(−𝜑
𝑖
(𝑡) (

𝑥
2

𝑗1
(𝑡)

𝑥
2

𝑗2
(𝑡)

𝑥
2

𝑗3
(𝑡)

)) − exp(−𝜑
𝑖
(𝑡) (

𝑠
2

(𝑡)

𝑠
2

(𝑡)

𝑠
2

(𝑡)

))

󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩󵄩

2

≤
󵄩󵄩󵄩󵄩󵄩
𝑒
𝑗

(𝑡)
󵄩󵄩󵄩󵄩󵄩

2

2𝜑
𝑖
(𝑡) exp (−1) .

(52)

We choose ̇𝑠(𝑡) = 𝑓
6
(𝑡, 𝑠(𝑡)), and the parameters are selec-

ted as follows:
𝑁 = 6, 𝑇 = 0.5, 𝛾 = 1, 𝐻 = 5,

𝜙
1

(𝑡) = 0.2 sin 8𝜋𝑡 + 2, 𝜙
2

(𝑡) = 2 cos 4𝜋𝑡 + 2,

𝜙
3

(𝑡) = − sin 8𝜋𝑡 + 2, 𝜙
4

(𝑡) = cos 8𝜋𝑡 + 2,

𝜙
5

(𝑡) = −2 sin 8𝜋𝑡 + 2, 𝜙
6

(𝑡) = 2 sin 4𝜋𝑡 + 2,

𝜃 = (1, 2, 3, 1.1, 1.5, 1.3)
𝑇

,

𝛼 = (0.01, 0.01, 0.01, 0.01, 0.01, 0.01)
𝑇

.

(53)
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Figure 4: The evaluations of parameters 𝛼
𝑖
along time with 𝑖 =

1, . . . , 6.

0 1 2 3 4 5 6 7 8 9 10
0.5

1

1.5

2

2.5

3

3.5

Time

𝜃1
𝜃2
𝜃3

𝜃4
𝜃5
𝜃6

Es
tim

at
ed
𝜃 i

Figure 5: The evaluations of parameters 𝜃
𝑖
along time with 𝑖 =

1, . . . , 6.

In the following simulation, we choose

𝑞
1

= 1, 𝑞
2

= 3, 𝑞
3

= 2,

𝑞
4

= 5, 𝑞
5

= 1, 𝑞
6

= 2,

𝑞
10

(𝑡) = 2𝑡𝑞
1
, 𝑞

20
(𝑡) = 2𝑡𝑞

2
, 𝑞

30
(𝑡) = 2𝑡𝑞

3
,

𝑞
40

(𝑡) = 2𝑡𝑞
4
, 𝑞

50
(𝑡) = 2𝑡𝑞

5
, 𝑞

60
(𝑡) = 2𝑡𝑞

6
.

(54)

The initially estimated values of the unknown parameters
are

𝜙 (0) = (1 1 1 1 1 1)
𝑇

,

𝜃 (0) = (1, 2, 3, 1.1, 1.5, 0)
𝑇

, 𝛼̂ (0) = (0, 0, 0, 0, 0, 0)
𝑇

,

(55)
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Figure 6: The evaluations of parameters 𝜙
𝑖
along time with 𝑖 =

1, . . . , 6.

and the initial states are chosen as

𝑥
1

= [0.01 0.03 0.02]
𝑇

, 𝑥
2

= [0.03 0.02 0.03]
𝑇

,

𝑥
3

= [0.04 0.02 0]
𝑇

, 𝑥
4

= [0 0.05 0.03]
𝑇

,

𝑥
5

= [ 0.1 0 0 .03]
𝑇

, 𝑥
6

= [0.1 0.01 0]
𝑇

,

𝑠 = [0.1 0.5 0]
𝑇

.

(56)

According to Theorem 12, the synchronization of the
complex dynamical network can be guaranteed by the dis-
tributed adaptive controllers (10) and the distributed adaptive
learning laws (12)–(14). Figure 1 shows the error evolutions
under the designed controllers. Figures 2-3 depict the time
evolution of the controllers, and Figures 4, 5, and 6 show the
evolution of the estimated time-varying parameters. Figures
2–6 show that all signals in the network are bounded.

5. Conclusion

In this paper, a new distributed adaptive learning control
method is applied to the synchronization of complex dynam-
ical networks with nonidentical nodes, nonlinear nonderiva-
tive coupling, and derivative coupling. The coupling matrix
is not assumed to be symmetric or irreducible. By combining
inequality techniques and the parameter separation, intro-
ducing the composite energy function, the convergence of
the tracking error and the boundedness of the system signals
are derived. Simulation results demonstrate the effectiveness
of the proposed control method. Future effort is needed to
design the observer for state derivative.
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The robust𝐻
∞
control problem for discrete-time stochastic interval system (DTSIS)with time delay is investigated in this paper.The

stochastic interval system is equivalently transformed into a kind of stochastic uncertain time-delay system firstly. By constructing
the appropriate Lyapunov-Krasovskii functional, the sufficient conditions for the existence of the robust 𝐻

∞
controller for DTSIS

are obtained in terms of linearmatrix inequality (LMI) form, and the robust𝐻
∞
controller is designed. Finally, a numerical example

with simulation is given to show the effectiveness and correctness of the designed robust𝐻
∞
controller.

1. Introduction

In the past few years, much research effort has paid to the
robust control problems for stochastic systems which have
come to play an important role in many fields including
communication network, image processes, and mobile robot
localization. So far, plenty of significant results also have
been published; see, for example, [1–3] and the references
therein. In the meantime, we all know that time delay arises
naturally in many mathematical (non) linear models of real
phenomena, such as communication, circuits theory, biol-
ogy, mechanics, electronics, hydraulic, rolling mill, chemical
systems, and computer controlled systems, and which is
frequently one of the main sources of instability, oscillation
and poor performance of control systems. So the stability
analysis and robust control for dynamic time-delay systems
have attracted a number of researchers; see, for example, [4–
8] and the references therein.

Meanwhile, from Hinrichsen who presented the 𝐻
∞

control problems for stochastic systems in 1998 [9], more
and more experts begin to study the stochastic 𝐻

∞
control

problems [10–17]. In the view of dissipation, Bermandevelops
a 𝐻
∞
-type theory for a large class of time-continuous

stochastic nonlinear systems. In particular, it introduces the
notion of stochastic dissipative systems by analogy with the
familiar notion of dissipation associated with the determin-
istic systems. The problem of 𝐻

∞
output feedback control

for uncertain stochastic systems with time-varying delay
is discussed in [12], and the parameter uncertainties are
assumed to be time-varying norm-bounded. Xu et al. [13]
investigate the problems of robust stochastic stabilization and
robust 𝐻

∞
control for uncertain neutral stochastic time-

delay systems.
On the other hand, when modeling real-time plants,

the parameter uncertainties are unavoidable, which are very
often the cause of instability and poor performance, such
as modeling error, external perturbation, and parameter
fluctuation during the physical implementation. As a result,
the parameters of a system matrix are estimated only within
certain closed intervals. We call this kind of system interval
system or stochastic interval system (SIS) with the following
form:

̇𝑥(𝑡) = 𝐴𝑥 (𝑡) , (1)
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or

𝑑𝑥 (𝑡) = 𝐴𝑥 (𝑡) 𝑑𝑡 + 𝐻𝑥 (𝑡) 𝑑𝜔 (𝑡) , (2)

where 𝐴 ∈ [𝐴, 𝐴],𝐻 ∈ [𝐻,𝐻], and ⋅, ⋅ denote the lower and
upper bounds of the interval for the coefficients, respectively.
Interval system and stochastic interval system have been well
known for their importance in practice applications. And in
recent years, the stability analysis and stabilization problems
of various interval systems have received plenty of research
attention; see, for example, [18–24] and the references therein.
Of course, there are a lot of research works on stability
analysis and stabilization problems for stochastic interval
system that have been reported; see, for example, [25–29]
and the references therein. However, to the best of authors’
knowledge, so far little results on robust𝐻

∞
control problem

for stochastic interval system with time-delay are available in
the existing literature.

Inspired by the above discussions, in this paper we study
the robust 𝐻

∞
control problem for discrete-time stochastic

interval system (DTSIS) with time delay. The stochastic
interval system will be equivalently transformed into a kind
of stochastic uncertain time-delay system firstly. By con-
structing appropriate Lyapunov-Krasovskii functional, the
sufficient conditions for the existence of the robust 𝐻

∞

controller for DTSIS are obtained in terms of linear matrix
inequality (LMI) form, and the robust 𝐻

∞
controller can be

designed by MATLAB LMI control toolbox.

2. Problems Formulation and Preliminaries

Consider the following discrete-time stochastic interval sys-
tem (DTSIS) with time delay:

𝑥 (𝑘 + 1) = 𝐴
𝑙

𝑥 (𝑘) + 𝐴
𝑙

𝑑
𝑥 (𝑘 − 𝑑) + 𝐵𝑢 (𝑘) + 𝐷V (𝑘)

+ [𝐻
𝑙

𝑥 (𝑘) + 𝐻
𝑙

𝑑
𝑥 (𝑘 − 𝑑)] 𝜔 (𝑘) ,

𝑧 (𝑘) = 𝐶
𝑙

𝑥 (𝑘) + 𝐶
𝑙

𝑑
𝑥 (𝑘 − 𝑑) ,

𝑥 (𝑘) = 𝜑 (𝑘) , 𝑘 ∈ [−𝑑, 0] ,

(3)

where 𝑥(𝑘) ∈ R𝑛 is the state vector; 𝑑 > 0 is the time delay;
𝑢(𝑘) ∈ R𝑚 is the control input; 𝑧(𝑘) ∈ R𝑞 is the control
output; V(𝑘) ∈ R𝑝 is the exogenous disturbance input,
which satisfies V(𝑘) ∈ 𝐿

2
([0,∞),R𝑝), where 𝐿

2
([0,∞),R𝑝)

is the space of nonanticipatory square-summable stochastic
process with respect to (F

𝑘
)
𝑘∈𝐼
+ with the following norm:

‖V(𝑘)‖2
2
= E{

∞

∑

𝑘=0

‖V(𝑘)‖2} =

∞

∑

𝑘=0

E {‖V(𝑘)‖2} . (4)

𝜔(𝑘) ∈ R𝑙 is a scalar Brownian motion defined on a
complete probability space (Θ,F, 𝑃) with

E [𝜔 (𝑘)] = 0, E [𝜔
2

(𝑘)] = 1. (5)

In the system (3), 𝐴𝑙 is an interval matrix with appropri-
ate dimension, which means

𝐴
𝑙

= [𝐴,𝐴]

= {(𝑎
𝑖𝑗
) ∈ R

𝑛×𝑛

| 𝑎
𝑖𝑗
≤ 𝑎
𝑖𝑗
≤ 𝑎
𝑖𝑗
, 𝑖, 𝑗 = 1, 2, . . . , 𝑛} ,

(6)

where 𝐴 = (𝑎
𝑖𝑗
)
𝑛×𝑛

, 𝐴 = (𝑎
𝑖𝑗
)
𝑛×𝑛

are determinate matrices.

Remark 1. It is not difficult to see that thematrices 𝐴
𝑙

, 𝐴
𝑙

𝑑
, 𝐻
𝑙,

𝐻
𝑙

𝑑
, 𝐶
𝑙

, 𝐶
𝑙

𝑑
can also be time-dependent as long as the

mappings 𝐴
𝑙

: 𝑅
+

→ [𝐴,𝐴], 𝐴𝑙
𝑑

: 𝑅
+

→ [𝐴
𝑑
, 𝐴
𝑑
], 𝐻𝑙 :

𝑅
+

→ [𝐻,𝐻], 𝐻𝑙
𝑑
: 𝑅
+

→ [𝐻
𝑑
, 𝐻
𝑑
], 𝐶𝑙 : 𝑅

+
→ [𝐶, 𝐶],

and 𝐶
𝑙

𝑑
: 𝑅
+

→ [𝐶
𝑑
, 𝐶
𝑑
] are continuous.

Set

𝐴 =
1

2
[𝐴 + 𝐴] ,

Δ =
1

2
[𝐴 − 𝐴] = (𝛿

𝑖𝑗
)
𝑛×𝑛

,

𝐷
1
= (√𝛿

11
𝑒
1
, . . . , √𝛿

1𝑛
𝑒
1
, . . . , √𝛿

𝑛1
𝑒
𝑛
, . . . , √𝛿

𝑛𝑛
𝑒
𝑛
) ,

𝐺
1
= (√𝛿

11
𝑒
1
, . . . , √𝛿

1𝑛
𝑒
1
, . . . , √𝛿

𝑛1
𝑒
𝑛
, . . . , √𝛿

𝑛𝑛
𝑒
𝑛
)

𝑇

,

(7)

where 𝑒
𝑖
(𝑖 = 1, 2, . . . , 𝑛) is the 𝑖th columnof 𝑛×𝑛 identification

matrix, setting

𝐹 = {𝑓 | 𝑓 = diag {𝛼
11
, . . . , 𝛼

1𝑛
, . . . , 𝛼

𝑛1
. . . , 𝛼
𝑛𝑛
}} , (8)

where ‖𝛼
𝑖𝑗
‖ ≤ 1. Obviously, we have 𝐹

1
𝐹
𝑇

1
≤ 𝐼
𝑛
2 ; here 𝐼

𝑛
2 is

the 𝑛
2

× 𝑛
2 identification matrix. So the interval matrix 𝐴

𝑙

can equivalently be written as

𝐴
𝑙

= [𝐴,𝐴] = 𝐴 + Δ𝐴

= 𝐴 + 𝐷
1
𝐹
1
𝐺
1
, 𝐹
1
∈ 𝐹.

(9)

Similar to the above derivation, we can have

𝐴
𝑙

𝑑
= [𝐴
𝑑
, 𝐴
𝑑
] = 𝐴

𝑑
+ Δ𝐴
𝑑
= 𝐴
𝑑
+ 𝐷
2
𝐹
2
𝐺
2
,

𝐻
𝑙

= [𝐻,𝐻] = 𝐻 + Δ𝐻 = 𝐻 + 𝐷
3
𝐹
3
𝐺
3
,

𝐻
𝑙

d = [𝐻
𝑑
, 𝐻
𝑑
] = 𝐻

𝑑
+ Δ𝐻
𝑑
= 𝐻
𝑑
+ 𝐷
4
𝐹
4
𝐺
4
,

𝐶
𝑙

= [𝐶, 𝐶] = 𝐶 + Δ𝐶 = 𝐶 + 𝐷
5
𝐹
5
𝐺
5
,

(10)

𝐶
𝑙

𝑑
= [𝐶
𝑑
, 𝐶
𝑑
] = 𝐶
𝑑
+ Δ𝐶
𝑑
= 𝐶
𝑑
+ 𝐷
6
𝐹
6
𝐺
6
; (11)
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where 𝐹
𝑖
∈ 𝐹, 𝑖 = 1, 2, . . . , 6; let

𝐹 = diag {𝐹
1
, 𝐹
2
, . . . , 𝐹

6
} ,

𝐸
1
= (𝐷
1
, 𝐷
2
, 0, 0, 0, 0) ,

𝐸
2
= (0, 0, 𝐷

3
, 𝐷
4
, 0, 0) ,

𝐸
3
= (0, 0, 0, 0, 𝐷

5
, 𝐷
6
) ,

𝑁
𝑇

1
= (𝐺
𝑇

1
, 0, 𝐺
𝑇

3
, 0, 𝐺
𝑇

5
, 0) ,

𝑁
𝑇

2
= (0, 𝐺

𝑇

2
, 0, 𝐺
𝑇

4
, 0, 𝐺
𝑇

6
) .

(12)

Then (9)–(11) can be rewritten as

(

Δ𝐴 Δ𝐴
𝑑

Δ𝐻 Δ𝐻
𝑑

Δ𝐶 Δ𝐶
𝑑

) = (

𝐸
1

𝐸
2

𝐸
3

)𝐹 (𝑁
1

𝑁
2
) . (13)

So the system (3) can be readily derived as

𝑥 (𝑘 + 1) = (𝐴 + Δ𝐴) 𝑥 (𝑘) + (𝐴
𝑑
+ Δ𝐴
𝑑
) 𝑥 (𝑘 − 𝑑)

+ 𝐵𝑢 (𝑘) + 𝐷V (𝑘) + (𝐻 + Δ𝐻) 𝑥 (𝑘) 𝜔 (𝑘)

+ (𝐻
𝑑
+ Δ𝐻
𝑑
) 𝑥 (𝑘 − 𝑑) 𝜔 (𝑘) ,

𝑧 (𝑘) = (𝐶 + Δ𝐶) 𝑥 (𝑘) + (𝐶
𝑑
+ Δ𝐶
𝑑
) 𝑥 (𝑘 − 𝑑) ,

𝑥 (𝑘) = 𝜑 (𝑘) , 𝑘 ∈ [−𝑑, 0] .

(14)

For system (14), we design the following state feedback
controller:

𝑢 (𝑘) = 𝐾𝑥 (𝑘) , (15)

where the matrix 𝐾 is the controller gain, which is to be
designed.Then the closed-loop stochastic control system can
be rewritten as

𝑥 (𝑘 + 1) = 𝐴𝑥 (𝑘) + 𝐴
𝑑
𝑥 (𝑘 − 𝑑) + 𝐷V (𝑘)

+ [𝐻̃𝑥 (𝑘) + 𝐻̃
𝑑
𝑥 (𝑘 − 𝑑)] 𝜔 (𝑘) ,

𝑧 (𝑘) = 𝐶𝑥 (𝑘) + 𝐶
𝑑
𝑥 (𝑘 − 𝑑) ,

(16)

where 𝐴 = 𝐴 + 𝐵𝐾 + Δ𝐴,𝐴
𝑑
𝐴
𝑑
+ Δ𝐴
𝑑
, 𝐻̃ = 𝐻 + Δ𝐻, 𝐻̃

𝑑
=

𝐻
𝑑
+ Δ𝐻
𝑑
, 𝐶 = 𝐶 + Δ𝐶, 𝐶

𝑑
= 𝐶
𝑑
+ Δ𝐶
𝑑
.

Definition 2. Discrete-time stochastic interval system
(DTSIS) with time delay (3) is said to be stochastic
exponentially stable in mean square, if there exist scalars
𝑐 > 0, 𝜇 > 1, such that

E|𝑥 (𝑁)|
2

≤ 𝑐𝜇
−𝑁 max
−𝑑≤𝑖≤0

E
󵄨󵄨󵄨󵄨𝜑 (𝑖)

󵄨󵄨󵄨󵄨

2

. (17)

In this paper, we aim to design the controller gain
matrix 𝐾 in (16) such that the requirements are simultane-
ously satisfied.

(a) The zero-solution of the closed-loop stochastic con-
trol system (16) with V(𝑘) = 0 is stochastic exponen-
tially stable in mean square.

(b) Under the zero-initial condition, the control
output 𝑧(𝑘) satisfies

∞

∑

𝑘=0

E {‖𝑧(𝑘)‖
2

} ≤ 𝛾
2

∞

∑

𝑘=0

E {‖V(𝑘)‖2} (18)

for all nonzero V(𝑘).
Which is also said the closed-loop stochastic control

system (16) is stochastic exponentially stable in mean square
with disturbance attenuation level 𝛾 > 0.

Lemma 3 (see [30]). For given symmetric matrix Σ, and
matrices 𝐻,𝐸 with appropriate dimension, Σ + 𝐻𝐹𝐸 +

𝐸
𝑇

𝐹
𝑇

𝐻
𝑇

< 0 with 𝐹 satisfying 𝐹
𝑇

𝐹 ≤ 𝐼 holds if and only if
Σ + 𝑎
−1

𝐻𝐻
𝑇

+ 𝑎𝐸
𝑇

𝐸 < 0 holds for any 𝑎 > 0.

3. Main Results

Theorem 4. If there exist two positive definite
matrices 𝑃 and 𝑄, and for a given positive constant 𝛾 > 0,
such that the following matrix inequality holds:

Σ =
(
(

(

𝑄 − 𝑃 0 0 𝐴
𝑇

𝐻̃
𝑇

𝐶
𝑇

∗ −𝑄 0 𝐴
𝑇

𝑑
𝐻̃
𝑇

𝑑
𝐶
𝑇

𝑑

∗ ∗ −𝛾
2

𝐼 𝐷
𝑇

0 0

∗ ∗ ∗ −𝑃
−1

0 0

∗ ∗ ∗ ∗ −𝑃
−1

0

∗ ∗ ∗ ∗ ∗ −𝐼

)
)

)

< 0, (19)

then the closed-loop stochastic control system (16) is stochastic
exponentially stable in mean square with disturbance attenua-
tion level 𝛾.

Proof. Let V(𝑘) = 0; we construct the Lyapunov-Krasovskii
functional as

𝑉 (𝑘) = 𝑥
𝑇

(𝑘) 𝑃𝑥 (𝑘) +

𝑑

∑

𝑖=1

𝑥
𝑇

(𝑘 − 𝑖) 𝑄𝑥 (𝑘 − 𝑖) . (20)

Calculating the difference of 𝑉(𝑘) along with the system
(16) and taking the mathematical expectation, we have

E {Δ𝑉 (𝑘)} = 𝐸 {𝑉 (𝑘 + 1) − 𝑉 (𝑘)}

= 𝑥
𝑇

(𝑘 + 1) 𝑃𝑥 (𝑘 + 1) − 𝑥
𝑇

(𝑘) 𝑃𝑥 (𝑘)

+ 𝑥
𝑇

(𝑘) 𝑄𝑥 (𝑘) − 𝑥
𝑇

(𝑘 − 𝑑)𝑄𝑥 (𝑘 − 𝑑)

= (
𝑥(𝑘)

𝑥(𝑘 − 𝑑)
)

𝑇

Π
1
(

𝑥 (𝑘)

𝑥 (𝑘 − 𝑑)
) ,

(21)

where

Π
1
= (

𝑄 − 𝑃 0

0 −𝑄
) + (

𝐴
𝑇

𝐴
𝑇

𝑑

)𝑃(
𝐴
𝑇

𝐴
𝑇

𝑑

)

𝑇

+ (
𝐻̃
𝑇

𝐻̃
𝑇

𝑑

)𝑃(
𝐻̃
𝑇

𝐻̃
𝑇

𝑑

)

𝑇

.

(22)
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It is clear form Σ < 0 that there exists a sufficient scalar
𝑎 > 0, such that

Σ + 𝑎 diag {𝐼
𝑛×𝑛

, 0} < 0. (23)

Therefore, we have

E {Δ𝑉 (𝑘)} ≤ −𝑎E {|𝑥 (𝑘)|
2

} . (24)

We now in a position to analyze of the exponential stable
in mean square for the stochastic interval delay system (16).
According to the definition of 𝑉(𝑘), we have

E {𝑉 (𝑘)} ≤ 𝜌
1
E {|𝑥 (𝑘)|

2

} + 𝜌
2

𝑑

∑

𝑘=1

E {|𝑥 (𝑘 − 𝑖)|
2

} , (25)

where 𝜌
1
= 𝜆max(𝑃) and 𝜌

2
= 𝜆max(𝑄). For any scalar 𝜇 > 1,

the earlier inequality, together with (23), implies that

𝜇
𝑘+1

E {𝑉 (𝑘 + 1)} − 𝜇
𝑘

E {𝑉 (𝑘)‖

= 𝜇
𝑘+1

E ‖Δ𝑉 (𝑘)‖ + 𝜇
𝑘

(𝜇 − 1)E {𝑉 (𝑘)}

≤ 𝛽
1
(𝜇) 𝜇
𝑘

E {|𝑥 (𝑘)|
2

}

+ 𝛽
2
(𝜇) 𝜇
𝑘

𝑑

∑

𝑖=1

E {|𝑥 (𝑘 − 𝑖)|
2

} ,

(26)

where 𝛽
1
(𝜇) = −𝑎𝜇 + 𝜌

1
(𝜇 − 1), 𝛽

2
(𝜇) = (𝜇 − 1)𝜌

2
.

Furthermore, summing up both sides of the earlier
inequality from 0 to 𝑁 − 1 with respect to 𝑘, we get

𝜇
𝑁

E {𝑉 (𝑁)} − E {𝑉 (0)}

≤ 𝛽
1
(𝜇)

𝑁−1

∑

𝑘=0

𝜇
𝑘

E {|𝑥 (𝑘)|
2

}

+ 𝛽
2
(𝜇)

𝑁−1

∑

𝑘=0

𝑑

∑

𝑖=1

𝜇
𝑘

E {|𝑥 (𝑘 − 𝑖)|
2

} .

(27)

For 𝑑 > 1,

𝑁−1

∑

𝑘=0

𝑑

∑

𝑖=1

𝜇
𝑘

E {|𝑥 (𝑘 − 𝑖)|
2

}

≤ (

−1

∑

𝑖=−𝑑

𝑖+𝑑

∑

𝑘=0

+

𝑁−1−𝑑

∑

𝑖=0

𝑖+𝑑

∑

𝑘=𝑖+1

+

𝑁−1

∑

𝑖=𝑁−1−𝑑

𝑁−1

∑

𝑘=𝑖+1

)𝜇
𝑘

E {|𝑥 (𝑖)|
2

}

≤

−1

∑

𝑖=−𝑑

𝜇
𝑖+𝑑

E {|𝑥 (𝑖)|
2

} + 𝑑

𝑁−1−𝑑

∑

𝑖=0

𝜇
𝑖+𝑑

E {|𝑥 (𝑖)|
2

}

+ 𝑑

𝑁−1

∑

𝑖=𝑁−1−𝑑

𝜇
𝑖+𝑑

E {|𝑥 (𝑖)|
2

}

≤ 𝑑𝜇
𝑑 max
−𝑑≤𝑖≤0

E {
󵄨󵄨󵄨󵄨𝜑 (𝑖)

󵄨󵄨󵄨󵄨

2

} + 𝑑𝜇
𝑑

𝑁−1

∑

𝑖=0

E {|𝑥 (𝑖)|
2

} .

(28)

Then, from (27) and (28), it follows that

𝜇
𝑁

E {𝑉 (𝑁)} ≤ E {𝑉 (0)} + (𝛽
1
(𝜇) + 𝑑𝜇

𝑑

𝛽
2
(𝜇))

×

𝑁−1

∑

𝑘=0

𝜇
𝑘

E {|𝑥 (𝑘)|
2

}

+ 𝑑𝜇
𝑑

𝛽
2
(𝜇) max
−𝑑≤𝑖≤0

E {
󵄨󵄨󵄨󵄨𝜑 (𝑖)

󵄨󵄨󵄨󵄨

2

} .

(29)

Let 𝜌
0
= 𝜆min(𝑃) and 𝜌 = max{𝜌

1
, 𝜌
2
}; we have

E {𝑉 (𝑁)} ≥ 𝜌
0
E {|𝑥 (𝑁)|

2

} . (30)

It also follows that

E {𝑉 (0)} ≤ 𝜌 max
−𝑑≤𝑖≤0

E {
󵄨󵄨󵄨󵄨𝜑 (𝑖)

󵄨󵄨󵄨󵄨

2

} . (31)

We can choose appropriate scalar 𝜎 > 0 such that

𝛽
1
(𝜎) + 𝑑𝜎

𝑑

𝛽
2
(𝜎) = 0, (32)

which implies

E {|𝑥 (𝑁)|
2

} ≤ 𝑐𝜇
−𝑁 max
−𝑑≤𝑖≤0

E {
󵄨󵄨󵄨󵄨𝜑 (𝑖)

󵄨󵄨󵄨󵄨

2

} , (33)

where 𝑐 = (1/𝜌
0
)(𝜌 + 𝑑𝜎

𝑑

𝛽
2
(𝜎)). Hence the closed-

loop stochastic control system (16) with V(𝑘) = 0 is
stochastic exponentially stable in mean square according to
Definition 2.

Under the zero-initial condition, let V(𝑘) ̸= 0, setting

𝐽 (𝑁) = E{

𝑁

∑

𝑘=0

[𝑧
𝑇

(𝑘) 𝑧 (𝑘) − 𝛾
2V𝑇 (𝑘) V (𝑘)]}

= E{

𝑁

∑

𝑘=0

[𝑧
𝑇

(𝑘) 𝑧 (𝑘) − 𝛾
2V𝑇 (𝑘) V (𝑘)

+𝑉 (𝑘 + 1) − 𝑉 (𝑘) ]}

− 𝑉 (𝑁 + 1)

≤ E{

𝑁

∑

𝑘=0

[𝑧
𝑇

(𝑘) 𝑧 (𝑘) − 𝛾
2V𝑇 (𝑘) V (𝑘) + Δ𝑉 (𝑘)]}

=

𝑁

∑

𝑘=0

(

𝑥(𝑘)

𝑥(𝑘 − 𝑑)

V(𝑘)
)

𝑇

Π
2
(

𝑥 (𝑘)

𝑥 (𝑘 − 𝑑)

V (𝑘)
) ,

(34)

where

Π
2
= (

Q − 𝑃 0 0

0 −𝑄 0

0 0 −𝛾
2

𝐼

) + (

𝐴
𝑇

𝐴
𝑇

𝑑

𝐷
𝑇

)𝑃(

𝐴
𝑇

𝐴
𝑇

𝑑

𝐷
𝑇

)

𝑇

+ (

𝐻̃
𝑇

𝐻̃
𝑇

𝑑

0

)𝑃(

𝐻̃
𝑇

𝐻̃
𝑇

𝑑

0

)

𝑇

+ (

𝐶
𝑇

𝐶
𝑇

𝑑

0

)(

𝐶
𝑇

𝐶
𝑇

𝑑

0

)

𝑇

.

(35)
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So (19) implies that Π
2
< 0; hence, 𝐽(𝑁) < 0. Thus 𝑁 →

∞, 𝐽(∞) < 0, such that (18) holds. The proof is completed.

To design the controller (15), matrix inequality (15) must
be solvable and matrix inequality (15) in Theorem 4 must be
inverted into LMI form. In the following section, we will find
a way for the solution of (15).

Remark 5. The results obtained in the paper are based on
the Lyapunov-Krasovskii functional and the corresponding
technique used in the proof of Theorem 4, and it is easy
to extend the results to stochastic system with time-varying
delay or multiple delays. Details are omitted here due to page
length consideration.

Theorem6. If there exist two positive definite matrices𝑋,𝑄, a
matrix 𝑌 with appropriate dimension, and a positive constant
𝜀, for a given positive constant 𝛾 > 0, such that the following
linear matrix inequality (LMI) holds

(
(
(
(
(
(

(

𝑄 − 𝑋 0 0 Ω 𝑋𝐻
𝑇

𝑋𝐶
𝑇

𝑋𝑁
𝑇

1
0

∗ −𝑄 0 𝑋𝐴
𝑇

𝑑
𝑋𝐻
𝑇

𝑑
𝑋𝐶
𝑇

𝑑
𝑋𝑁
𝑇

2
0

∗ ∗ −𝛾
2

𝐼 𝐷
𝑇

0 0 0 0

∗ ∗ ∗ −𝑋 0 0 0 𝜀𝐸
1

∗ ∗ ∗ ∗ −𝑋 0 0 𝜀𝐸
2

∗ ∗ ∗ ∗ ∗ −𝐼 0 𝜀𝐸
3

∗ ∗ ∗ ∗ ∗ ∗ −𝜀𝐼 0

∗ ∗ ∗ ∗ ∗ ∗ ∗ −𝜀𝐼

)
)
)
)
)
)

)

<0,

(36)

where Ω = 𝑌
𝑇

𝐵
𝑇

+ 𝑋𝐴
𝑇, then the closed-loop stochastic

control system (16) is stochastic exponentially stable in mean
square with disturbance attenuation level 𝛾 with the controller
designed as 𝐾 = 𝑌𝑋

−1.

Proof. By (13) and (19), we have

Π + Θ
1
𝐹
𝑇

Θ
𝑇

2
+ Θ
2
𝐹Θ
𝑇

1
< 0, (37)

where

Π =
(
(

(

𝑄 − 𝑃 0 0 (𝐴 + 𝐵𝐾)
𝑇

𝐻
𝑇

𝐶
𝑇

∗ −𝑄 0 𝐴
𝑇

𝑑
𝐻
𝑇

𝑑
𝐶
𝑇

𝑑

∗ ∗ −𝛾
2

𝐼 𝐷
𝑇

0 0

∗ ∗ ∗ −𝑃
−1

0 0

∗ ∗ ∗ ∗ −𝑃
−1

0

∗ ∗ ∗ ∗ ∗ −𝐼

)
)

)

Θ
𝑇

1
= (𝑁
1
, 𝑁
2
, 0
1×4

) , Θ
𝑇

2
= (0
1×3

, 𝐸
𝑇

1
, 𝐸
𝑇

2
, 𝐸
𝑇

3
) .

(38)

By Lemma 3, we know that

Π + 𝜀
−1

Θ
1
Θ
𝑇

1
+ 𝜀Θ
2
Θ
𝑇

2
< 0. (39)

Using Schur complement lemma and contragradient
transformation, we can get the LMI (36) holds. The proof is
completed.

Without considering of interval matrices, the system (3)
changes into the following discrete-time stochastic time-
delay system:

𝑥 (𝑘 + 1) = 𝐴𝑥 (𝑘) + 𝐴
𝑑
𝑥 (𝑘 − 𝑑) + 𝐵𝑢 (𝑘)

+ 𝐷V (𝑘) + [𝐻𝑥 (𝑘) + 𝐻
𝑑
𝑥 (𝑘 − 𝑑)] 𝜔 (𝑘) ,

𝑧 (𝑘) = 𝐶𝑥 (𝑘) + 𝐶
𝑑
𝑥 (𝑘 − 𝑑) ,

𝑥 (𝑘) = 𝜑 (𝑘) , 𝑘 ∈ [−𝑑, 0] .

(40)

We can design the controller (15) by the following the
corollary without proof.

Corollary 7. If there exist two positive definite matrices 𝑋,𝑄

and amatrix𝑌with appropriate dimension, for a given positive
constant 𝛾 > 0, such that the following linear matrix inequality
(LMI) holds

(

(

𝑄 − 𝑋 0 0 Ω 𝑋𝐻
𝑇

𝑋𝐶
𝑇

∗ −𝑄 0 𝑋𝐴
𝑇

𝑑
𝑋𝐻
𝑇

𝑑
𝑋𝐶
𝑇

𝑑

∗ ∗ −𝛾
2

𝐼 𝐷
𝑇

0 0

∗ ∗ ∗ −𝑋 0 0

∗ ∗ ∗ ∗ −𝑋 0

∗ ∗ ∗ ∗ ∗ −𝐼

)

)

< 0, (41)

where Ω is defined in (36), then the closed-loop stochastic
control system (40) is stochastic exponentially stable in mean
square with disturbance attenuation level 𝛾 with the controller
designed as 𝐾 = 𝑌𝑋

−1.

If we do not consider the stochastic disturbance in system
(3), the system (3) can be written as

𝑥 (𝑘 + 1) = 𝐴
𝑙

𝑥 (𝑘) + 𝐴
𝑙

𝑑
𝑥 (𝑘 − 𝑑)

+ 𝐵𝑢 (𝑘) + 𝐷V (𝑘) ,

𝑧 (𝑘) = 𝐶
𝑙

𝑥 (𝑘) + 𝐶
𝑙

𝑑
𝑥 (𝑘 − 𝑑) ,

𝑥 (𝑘) = 𝜑 (𝑘) , 𝑘 ∈ [−𝑑, 0] .

(42)

Then the robust 𝐻
∞

controller can be designed by the
following corollary.

Corollary 8. If there exist two positive definite matrices 𝑋,𝑄,
a matrix 𝑌 with appropriate dimension, and a positive con-
stant 𝜀, for a given positive constant 𝛾 > 0, such that the
following linear matrix inequality (LMI) holds

(
(
(
(

(

𝑄 − 𝑋 0 0 Ω 𝑋𝐶
𝑇

𝑋𝑁
𝑇

1
0

∗ −𝑄 0 𝑋𝐴
𝑇

𝑑
𝑋𝐶
𝑇

𝑑
𝑋𝑁
𝑇

2
0

∗ ∗ −𝛾
2

𝐼 𝐷
𝑇

0 0 0

∗ ∗ ∗ −𝑋 0 0 𝜀𝐸
1

∗ ∗ ∗ ∗ −𝐼 0 𝜀𝐸
3

∗ ∗ ∗ ∗ ∗ −𝜀𝐼 0

∗ ∗ ∗ ∗ ∗ ∗ −𝜀𝐼

)
)
)
)

)

< 0,

(43)
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where Ω is defined in (36), then the closed-loop stochastic
control system (42) is exponentially stable with disturbance
attenuation level 𝛾 with the controller designed as 𝐾 = 𝑌𝑋

−1.

4. Numerical Example with Simulation

In this section, an example is given to show the usefulness of
the designed controller. Consider the following discrete-time
stochastic interval system with time delay:

𝑥 (𝑘 + 1) = (
1 [0.5, 0.7]

0.2 [0.1, 0.3]
) 𝑥 (𝑘) + (

0.2

0.3
) 𝑢 (𝑘)

+ (
[−0.1, 0.1] 0

0.15 [−0.5, 0.2]
) 𝑥 (𝑘 − 10)

+ (
−0.1 0.1

−0.1 0.2
)(

𝑒
−0.2𝑘 sin 𝑘

−𝑒
−0.1𝑘 cos 2𝑘

)

+ {(
[0.1, 0.3] 0

0.3 [−0.2, 0.1]
) 𝑥 (𝑘)

+ (
−0.1 [−0.1, 0.1]

0 [−0.1, 0.2]
) 𝑥 (𝑘 − 10)}𝜔 (𝑘) ,

𝑧 (𝑘) = (
[−0.1, 0.1] 0.1

0 0.2
) 𝑥 (𝑘)

+ (
[0, 0.1] [0.1, 0.3]

−0.1 0
) 𝑥 (𝑘 − 10) ,

𝑥 (𝑘) = 𝜑 (𝑘) , 𝑘 ∈ [−10, 0] .

(44)

Without considering the state-feedback control, we see
that the open-loop stochastic interval system is unstable from
Figure 1.

We aim at designing a state-feedback controller for
stochastic interval system (44), such that the closed-loop
stochastic interval system is stochastic exponentially stable in
mean square with disturbance attenuation level 𝛾.

By using the method discussed in the previous section,
we can calculate the matrices 𝐴,𝐴

𝑑
, 𝐻,𝐻

𝑑
, 𝐶, 𝐶
𝑑
, 𝐷
𝑖
, 𝐺
𝑖
, 𝑖 =

1, 2, . . . , 6, setting 𝛾 = 0.9, solving the LMI (36) inTheorem 6
and then obtain the matrices as follows:

𝑋 = (
0.7147 0.0706

0.0706 1.3303
) ,

𝑄 = (
0.2442 0.0285

0.0285 0.9091
) ,

𝑌 = (−2.8706 −0.5642) ,

𝜀 = 2.2710.

(45)

Note that in expression of Theorem 6, we can design the
controller as

𝐾 = 𝑌𝑋
−1

= (−3.9954 −0.2119) . (46)

The response of the closed-loop stochastic interval system
(44) is shown in Figures 2 and 3, which demonstrate that the
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designed controller for the stochastic interval system (44) is
effective.

5. Conclusions

In this paper, we have studied the robust 𝐻
∞

control prob-
lem for discrete-time stochastic interval system (DTSIS)
with time delay. The stochastic interval system was equiva-
lently transformed into a kind of stochastic uncertain time-
delay system firstly. By constructing appropriate Lyapunov-
Krasovskii functional, the sufficient conditions for the exis-
tence of the robust 𝐻

∞
controller for DTSIS have been

obtained in terms of linear matrix inequality (LMI) form,
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and the robust 𝐻
∞

controller has been designed easily by
MATLAB LMI control toolbox. A numerical example with
simulation has been given to demonstrate the feasibility and
effectiveness of the proposed method.

Of course, this method proposed in this paper also can
be used to the the state estimation problem and the sampled-
data synchronization control problem for the complex net-
works, which has been studied in [31, 32] and is one of our
future research topics.
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This paper investigates themultipeakon dissipative behavior of themodified coupled two-component Camassa-Holm system arisen
from shallow water waves moving. To tackle this problem, we convert the original partial differential equations into a set of new
differential equations by using skillfully defined characteristic and variables. Such treatment allows for the construction of the
multipeakon solutions for the system.The peakon-antipeakon collisions as well as the dissipative behavior (energy loss) after wave
breaking are closely examined. The results obtained herein are deemed valuable for understanding the inherent dynamic behavior
of shallow water wave breaking.

1. Introduction

The study of the dynamic behavior of shallow water wave
represents an important research topic in view of its potential
application in surface and underwater vehicle systems design,
control, deployment, and monitoring. There are several
classical models describing the motion of waves at the free
surface of shallow water under the influence of gravity,
the best known of which are the Korteweg-de Vries (KdV)
equation [1, 2] and the Camassa-Holm (CH) equation [3–5].
The KdV equation admits solitary wave solutions but does
not model the phenomenon of breaking for water waves. The
CH equation, modeling the unidirectional propagation of
shallow water waves over a flat bottom [4–6] as well as water
waves moving over an underlying shear flow [7], has many
remarkable properties like solitary waves with singularities
called peakons [4, 6] and breaking waves [4, 8] which set it
apart from KdV. The peaked solitary waves mean that they
are smooth except at the crests, where they are continuous
but have a jump discontinuity in the first derivative, while the
presence of breaking waves means that the solution remains
bounded while its slope becomes unbounded in finite time
[8, 9]. After wave breaking the solutions of the CH equation,
as shown by several works [10–16], become uniquely as either
global conservative or global dissipative solutions.

Recently, the CH equation has been extended to many
multicomponent generalizations, which can better reflect
the feature of the shallow water moving. In this paper, we
consider the following modified coupled two-component
Camassa-Holm system [17]:

𝑚
𝑡
+ 2𝑚𝑢

𝑥
+ 𝑚
𝑥
𝑢 + (𝑚V)

𝑥
+ 𝑛V
𝑥
= 0, 𝑡 > 0, 𝑥 ∈ 𝑅,

𝑛
𝑡
+ 2𝑛V
𝑥
+ 𝑛
𝑥
V + (𝑛𝑢)

𝑥
+ 𝑚𝑢
𝑥
= 0, 𝑡 > 0, 𝑥 ∈ 𝑅,

𝑚 = 𝑢 − 𝑢
𝑥𝑥
, 𝑡 > 0, 𝑥 ∈ 𝑅,

𝑛 = V − V
𝑥𝑥
, 𝑡 > 0, 𝑥 ∈ 𝑅,

(1)

which is a modified version of the coupled two-component
Camassa-Holm system as established by Fu and Qu in [18],
allowing for peakon solitons in the form of a superposition of
multipeakons. System (1) can be rewritten as a Hamiltonian
system,

𝜕

𝜕𝑡
(
𝑚

𝑛
) = −(

𝜕𝑚 + 𝑚𝜕 𝜕𝑚 + 𝑛𝜕

𝜕𝑛 + 𝑚𝜕 𝜕𝑛 + 𝑛𝜕
)(

𝛿𝐻

𝛿𝑚
= 𝑢

𝛿𝐻

𝛿𝑛
= V

) (2)

with theHamiltonian𝐻 = (1/2) ∫(𝑚𝐺∗𝑚+𝑛𝐺∗𝑛)𝑑𝑥, where
𝐺 ∗ 𝑚 = 𝑢, 𝐺 ∗ 𝑛 = V, and 𝐺 = (1/2)𝑒

−|𝑥|. Particularly, when



2 Mathematical Problems in Engineering

𝑢 = 0 (or V = 0), the degenerated equation (1) has the same
peakon solitons as the CH equation.We are interested in such
system because it exhibits the following conserved quantities,
as can be easily verified:

𝐸
1
(𝑢) = ∫

𝑅

𝑢 𝑑𝑥, 𝐸
2
(V) = ∫

𝑅

V 𝑑𝑥,

𝐸
3
(𝑢) = ∫

𝑅

𝑚𝑑𝑥, 𝐸
4
(𝑢) = ∫

𝑅

𝑛 𝑑𝑥,

𝐸
5
(𝑢, V) = ∫

𝑅

(𝑢
2

+ 𝑢
2

𝑥
+ V2 + V2

𝑥
) 𝑑𝑥.

(3)

It has been shown that system (1) is locally well-posed
and also has global strong solutions which blow up in finite
time [17, 18]. Moreover, the existence issue for a class of local
weak solutions for such system was also addressed in [17].
It is interesting to know that whether the two remarkable
properties associated with the original CH equation persist
in this modified coupled two-component Camassa-Holm
system. In our recent work [19, 20], we studied the problem
of solution continuation beyond wave breaking of system (1),
where it was established that the system admits either global
conservative solutions or global dissipative solutions.

Just as with the CH equation, the multipeakon dissi-
pative solution represents an important aspect related to
the solutions near wave breaking, it is interesting to know
whether or not system (1) also exhibits the similar feature.
Thus far very little effort has been made on studying the
multipeakon dissipative solution associated with the modi-
fied coupled two-component Camassa-Holm system of the
form as expressed in (1) in the literature. Based on our
recent work [20] where a global continuous semigroup of
dissipative solutions of system (1) is established, in this paper
we show how to construct globally defined multipeakon
solutions in the dissipative case for themodified coupled two-
component Camassa-Holm system.

It should be stressed that the system considered in this
work is a heavily coupled one; it is the mutual effect between
the two components thatmakes the analysis and computation
much more involved than the system with single component
as studied in [16]. The key to circumvent the difficulty is
to utilize a skillfully defined characteristic and several new
variables to obtain a new set of ordinary differential equa-
tions, from which the dissipative multipeakons are globally
determined. Such feature discovered is deemed useful in
further understanding the dynamic behavior of the wave
breaking associated with the system. Examples are presented
to illustrate the feature of the multipeakons with peakon-
antipeakon collisions.

The rest of this paper is organized as follows. Section 2
represents the construction of the global dissipative solutions
of the modified coupled Camassa-Holm system. Section 3 is
devoted to the establishment of the dissipative multipeakon
solutions of system (1). The method is illustrated by explicit
calculations in the case 𝑛 = 1 and by numerical computations
when 𝑛 = 2 with peakon-antipeak on collisions in Section 4.
The paper is concluded in Section 5.

2. Global Dissipative Solutions of the Modified
Coupled Camassa-Holm System

We represent the construction of the global dissipative
solutions of system (1) obtained in [20] in this section. System
(1) can be rewritten as

𝑢
𝑡
+ (𝑢 + V) 𝑢

𝑥
+ 𝑃
1
+ 𝑃
2,𝑥

= 0, 𝑡 > 0, 𝑥 ∈ 𝑅,

V
𝑡
+ (𝑢 + V) V

𝑥
+ 𝑃
3
+ 𝑃
4,𝑥

= 0, 𝑡 > 0, 𝑥 ∈ 𝑅,

(4)

where 𝑃
1
, 𝑃
2
, 𝑃
3
, 𝑃
4
are given by

𝑃
1
(𝑡, 𝑥) = 𝐺 ∗ (𝑢V

𝑥
) =

1

2
⋅ ∫
𝑅

𝑒
−|𝑥−𝑥

󸀠
|

(𝑢V
𝑥
) (𝑡, 𝑥

󸀠

) 𝑑𝑥
󸀠

,

𝑃
2
(𝑡, 𝑥) = 𝐺 ∗ (𝑢

2

+
𝑢
2

𝑥

2
+ 𝑢
𝑥
V
𝑥
+
V2

2
−
V2
𝑥

2
)

=
1

2
⋅ ∫
𝑅

𝑒
−|𝑥−𝑥

󸀠
|

(𝑢
2

+
𝑢
2

𝑥

2
+ 𝑢
𝑥
V
𝑥
+
V2

2
−
V2
𝑥

2
)

× (𝑡, 𝑥
󸀠

) 𝑑𝑥
󸀠

,

𝑃
3
(𝑡, 𝑥) = 𝐺 ∗ (V𝑢

𝑥
) =

1

2
⋅ ∫
𝑅

𝑒
−|𝑥−𝑥

󸀠
|

(V𝑢
𝑥
) (𝑡, 𝑥

󸀠

) 𝑑𝑥
󸀠

,

𝑃
4
(𝑡, 𝑥) = 𝐺 ∗ (V2 +

V2
𝑥

2
+ 𝑢
𝑥
V
𝑥
+
𝑢
2

2
−
𝑢
2

𝑥

2
)

=
1

2
⋅ ∫
𝑅

𝑒
−|𝑥−𝑥

󸀠
|

(V2 +
V2
𝑥

2
+ 𝑢
𝑥
V
𝑥
+
𝑢
2

2
−
𝑢
2

𝑥

2
)

× (𝑡, 𝑥
󸀠

) 𝑑𝑥
󸀠

,

(5)

with 𝐺 = 𝑒
−|𝑥|

/2 the Green’s function such as 𝐺 ∗ 𝑓(𝑥) =

1/2 ⋅ ∫
𝑅

𝑒
−|𝑥−𝑥

󸀠
|

𝑓(𝑥
󸀠

)𝑑𝑥
󸀠 for all 𝑓 ∈ 𝐿

2

(𝑅) and ∗ the spatial
convolution.

By using a skillfully defined characteristic 𝑦
𝑡
(𝑡, 𝜉) = (𝑢 +

V)(𝑡, 𝑦(𝑡, 𝜉)), which can be decomposed as 𝑦(𝑡, 𝜉) = 𝜍(𝑡, 𝜉)+𝜉,
and a new set of Lagrangian variables; namely,

ℎ (𝑡, 𝜉) = (𝑢
2

+ 𝑢
2

𝑥
+ V2 + V2

𝑥
) ∘ 𝑦𝑦

𝜉
,

𝑈 (𝑡, 𝜉) = 𝑢 (𝑡, 𝑦 (𝑡, 𝜉)) ,

𝑉 (𝑡, 𝜉) = V (𝑡, 𝑦 (𝑡, 𝜉)) ,

𝑀 (𝑡, 𝜉) = 𝑢
𝑥
(𝑡, 𝑦 (𝑡, 𝜉)) ,

𝑁 (𝑡, 𝜉) = V
𝑥
(𝑡, 𝑦 (𝑡, 𝜉)) ,

(6)
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where ℎ corresponds to the Lagrangian energy density and𝑈,
𝑉 the Lagrangian velocity, we derive an equivalent system of
the modified coupled Camassa-Holm system,

𝜍
𝑡
= 𝑈 + 𝑉, 𝑈

𝑡
= −𝑃
1
− 𝑃
2,𝑥
,

𝑉
𝑡
= −𝑃
3
− 𝑃
4,𝑥
,

𝑀
𝑡
= (−

𝑀
2

2
−
𝑁
2

2
+ 𝑈
2

+
𝑉
2

2
− 𝑃
1,𝑥

− 𝑃
2
) ,

𝑁
𝑡
= (−

𝑁
2

2
−
𝑀
2

2
+ 𝑉
2

+
𝑈
2

2
− 𝑃
3,𝑥

− 𝑃
4
) ,

ℎ
𝑡
= (3𝑈

2

− 2𝑃
2
)𝑈
𝜉
− 2𝑈𝑃

2,𝑥
𝑦
𝜉

+ (3𝑉
2

− 2𝑃
4
)𝑉
𝜉
− 2𝑉𝑃

4,𝑥
𝑦
𝜉
.

(7)

It is shown in [20] that the existence, uniqueness, and
stability of solutions of system (7) are obtained in a Banach
space, which is transformed into the conservative solution of
the original system (4), while dissipative solutions differ from
conservative solutions when particles collide, that is, when
𝑦
𝜉
(𝑡, 𝜉) = 0 for 𝜉 in an interval of positive length. To obtain the

dissipative solution, we impose that when particles collide,
they lose their energy; that is, if 𝑦

𝜉
(𝜏, 𝜉) = 0 for some 𝜏, then

we set ℎ(𝜏, 𝜉) = 0. Thus we define 𝜏(𝜉) as the first time when
𝑦
𝜉
(𝑡, 𝜉) vanishes; namely,

𝜏 (𝜉) = sup {𝑡 ∈ 𝑅+ | 𝑦
𝜉
(𝑡
󸀠

, 𝜉) > 0 ∀0 ≤ 𝑡
󸀠

< 𝑡} , (8)

and the expressions for 𝑃
𝑖
and 𝑃

𝑖,𝑥
(𝑖 = 1, 2, 3, 4) become

𝑃
1
(𝑡, 𝜉) =

1

2
⋅ ∫
𝑡<𝜏(𝜉)

𝑒
−|𝑦(𝜉)−𝑦(𝜉

󸀠
)|

× [(𝑈𝑁) 𝑦
𝜉
] (𝜉
󸀠

) 𝑑𝜉
󸀠

,

𝑃
1,𝑥

(𝑡, 𝜉) = −
1

2
⋅ ∫
𝑡<𝜏(𝜉)

sgn (𝜉 − 𝜉󸀠) 𝑒−|𝑦(𝜉)−𝑦(𝜉
󸀠
)|

× [(𝑈𝑁) 𝑦
𝜉
] (𝜉
󸀠

) 𝑑𝜉
󸀠

,

𝑃
2
(𝑡, 𝜉) =

1

4
⋅ ∫
𝑡<𝜏(𝜉)

𝑒
−|𝑦(𝜉)−𝑦(𝜉

󸀠
)|

× [ℎ + (𝑈
2

+ 2𝑀𝑁 −𝑁
2

) 𝑦
𝜉
]

× (𝜉
󸀠

) 𝑑𝜉
󸀠

,

𝑃
2,𝑥

(𝑡, 𝜉) = −
1

4
⋅ ∫
𝑡<𝜏(𝜉)

sgn (𝜉 − 𝜉󸀠) 𝑒−|𝑦(𝜉)−𝑦(𝜉
󸀠
)|

× [ℎ + (𝑈
2

+ 2𝑀𝑁 −𝑁
2

) 𝑦
𝜉
]

× (𝜉
󸀠

) 𝑑𝜉
󸀠

,

𝑃
3
(𝑡, 𝜉) =

1

2
⋅ ∫
𝑡<𝜏(𝜉)

𝑒
−|𝑦(𝜉)−𝑦(𝜉

󸀠
)|

× [(𝑉𝑀)𝑦
𝜉
] (𝜉
󸀠

) 𝑑𝜉
󸀠

,

𝑃
3,𝑥

(𝑡, 𝜉) = −
1

2
⋅ ∫
𝑡<𝜏(𝜉)

sgn (𝜉 − 𝜉󸀠) 𝑒−|𝑦(𝜉)−𝑦(𝜉
󸀠
)|

× [(𝑉𝑀)𝑦
𝜉
] (𝜉
󸀠

) 𝑑𝜉
󸀠

,

𝑃
4
(𝑡, 𝜉) =

1

4
⋅ ∫
𝑡<𝜏(𝜉)

𝑒
−|𝑦(𝜉)−𝑦(𝜉

󸀠
)|

× [ℎ + (𝑉
2

+ 2𝑀𝑁 −𝑀
2

) 𝑦
𝜉
]

× (𝜉
󸀠

) 𝑑𝜉
󸀠

,

𝑃
4,𝑥

(𝑡, 𝜉) = −
1

4
⋅ ∫
𝑡<𝜏(𝜉)

sgn (𝜉 − 𝜉󸀠) 𝑒−|𝑦(𝜉)−𝑦(𝜉
󸀠
)|

× [ℎ + (𝑉
2

+ 2𝑀𝑁 −𝑀
2

) 𝑦
𝜉
]

× (𝜉
󸀠

) 𝑑𝜉
󸀠

,

(9)

and the modified system to be solved here reads

𝜍
𝑡
= 𝑈 + 𝑉, 𝑈

𝑡
= −𝑃
1
− 𝑃
2,𝑥
,

𝑉
𝑡
= −𝑃
3
− 𝑃
4,𝑥
,

𝑀
𝑡
= (−

𝑀
2

2
−
𝑁
2

2
+ 𝑈
2

+
𝑉
2

2
− 𝑃
1,𝑥

− 𝑃
2
) ,

𝑁
𝑡
= (−

𝑁
2

2
−
𝑀
2

2
+ 𝑉
2

+
𝑈
2

2
− 𝑃
3,𝑥

− 𝑃
4
) .

(10)

𝜍
𝜉𝑡
= {

𝑈
𝜉
+ 𝑉
𝜉

if 𝑡 < 𝜏 (𝜉) ,

0 otherwise,

𝑈
𝜉𝑡
=

{{{{{{

{{{{{{

{

ℎ

2
+ (

𝑈
2

2
+𝑀𝑁 −𝑁

2

−𝑃
2
− 𝑃
1,𝑥
)𝑦
𝜉

if 𝑡 < 𝜏 (𝜉) ,

0 otherwise,

𝑉
𝜉𝑡
=

{{{{{{

{{{{{{

{

ℎ

2
+ (

𝑉
2

2
+𝑀𝑁 −𝑀

2

−𝑃
4
− 𝑃
3,𝑥
)𝑦
𝜉

if 𝑡 < 𝜏 (𝜉) ,

0 otherwise,

ℎ
𝑡
=

{{

{{

{

(3𝑈
2

− 2𝑃
2
)𝑈
𝜉
− 2𝑈𝑃

2,𝑥
𝑦
𝜉

+ (3𝑉
2

− 2𝑃
4
)𝑉
𝜉
− 2𝑉𝑃

4,𝑥
𝑦
𝜉

if 𝑡 < 𝜏 (𝜉) ,

0 otherwise.

(11)
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Note that, in this definition,we donot reset the energy density
ℎ to zero for 𝑡 ≥ 𝜏(𝜉) but keep the value it reached just before
the collision, which has the advantage of rendering the right
hand of (11) continuous across the value 𝑡 = 𝜏(𝜉) and the
behavior of the system remains unchanged.

The local existence of solutions is proved in the Banach
space 𝐸 where

𝐸 = 𝐿
∞

∩𝑊 ∩𝑊 ∩𝑊 ∩𝑊 ∩𝑊 ∩𝑊 ∩𝑊 ∩ 𝐿
1

,

𝑊 = 𝐿
2

∩ 𝐿
∞

.

(12)

The global solutions of (10) may not exist for all initial
data in 𝐸; however, they exist when the initial data 𝑋

0
=

(𝜍
0
, 𝑈
0
, 𝑉
0
,𝑀
0
, 𝑁
0
, ℎ
0
) ∈ Γ, where Γ is defined as follows.

Definition 1. The set Γ is composed of all (𝜍, 𝑈, 𝑉,𝑀,𝑁, ℎ)

such that

𝑋 = (𝜍, 𝑈, 𝑉,𝑀,𝑁, 𝜍
𝜉
, 𝑈
𝜉
, 𝑉
𝜉
, ℎ) ∈ 𝐸, (13)

𝑦
𝜉
≥ 0, ℎ ≥ 0 almost everywhere, (14)

𝑦
𝜉
ℎ = 𝑦
2

𝜉
𝑈
2

+ 𝑈
2

𝜉
+ 𝑦
2

𝜉
𝑉
2

+ 𝑉
2

𝜉
, almost everywhere, (15)

1

(𝑦
𝜉
+ ℎ)

∈ 𝐿
∞

(𝑅) , (16)

𝑔 (𝑦, 𝑈, 𝑉, 𝑦
𝜉
, 𝑈
𝜉
, 𝑉
𝜉
, ℎ) − 1 ∈ 𝑊, (17)

where 𝑔(x) is given by

𝑔 (x) = {

󵄨󵄨󵄨󵄨𝑥5
󵄨󵄨󵄨󵄨 +

󵄨󵄨󵄨󵄨𝑥6
󵄨󵄨󵄨󵄨 + 2 (1 + 𝑥

2

2
+ 𝑥
2

3
) 𝑥
4
, if 𝑥 ∈ Ω,

𝑥
4
+ 𝑥
7
, otherwise,

(18)

for x = (𝑥
1
, 𝑥
2
, 𝑥
3
, 𝑥
4
, 𝑥
5
, 𝑥
6
, 𝑥
7
) ∈ 𝑅

7, where Ω is the
following subset of 𝑅7

Ω = {x ∈ 𝑅7 | 󵄨󵄨󵄨󵄨𝑥5
󵄨󵄨󵄨󵄨 +

󵄨󵄨󵄨󵄨𝑥6
󵄨󵄨󵄨󵄨 + 2 (1 + 𝑥

2

2
+ 𝑥
2

3
)

× 𝑥
4
≤ 𝑥
4
+𝑥
7
, 𝑥
5
, 𝑥
6
≤ 0} .

(19)

Themain result in [20] is stated in the following theorem.

Theorem 2. Let 𝑧
0

= (𝑢
0
, V
0
) ∈ 𝐻

1

× 𝐻
1 be given.

If one denotes 𝑡 → 𝑧(𝑡) = 𝑇
𝑡
(𝑧
0
) the corresponding

trajectory, then 𝑧 = (𝑢, V) is a weak dissipative solution of
the modified coupled two-component Camassa-Holm system,
which constructs a continuous semigroup with respect of the
metric 𝑑

𝐻
1 on bounded sets of𝐻1; that is, for any𝑀 > 0 and

any sequence 𝑧
𝑛
∈ 𝐻
1 such that ‖𝑧

𝑛
‖
𝐻
1 ≤ 𝑀, one has that

lim
𝑛→∞

𝑑
𝐻
1(𝑧
𝑛
, 𝑧) = 0 implies lim

𝑛→∞
𝑑
𝐻
1(𝑇
𝑡
(𝑧
𝑛
), 𝑇
𝑡
(𝑧)) =

0.

3. Multipeakon Dissipative Solutions of
the Original System

In this section, we derive a new system of ordinary dif-
ferential equations for the multipeakon solutions which is
well-posed even when collisions occur, and the variables
(𝑦, 𝑈, 𝑉,𝑀,𝑁,𝐻) are used to characterize multipeakons in
a way that avoids the problems related to blowing up.

Solutions of the modified coupled two-component
Camassa-Holm system may experience wave breaking in
the sense that the solution develops singularities in finite
time, while keeping the 𝐻1 norm finite. Continuation of the
solution beyond wave breaking imposes significant challenge
as can be illustrated in the case of multipeakons, which are
special solutions of the modified coupled two-component
Camassa-Holm system of the form

(𝑢, V) (𝑡, 𝑥) = (

𝑛

∑

𝑖=1

𝑝
𝑖
(𝑡) 𝑒
−|𝑥−𝑞𝑖(𝑡)|,

𝑛

∑

𝑖=1

𝑟
𝑖
(𝑡) 𝑒
−|𝑥−𝑞𝑖(𝑡)|) , (20)

where (𝑝
𝑖
(𝑡), 𝑟
𝑖
(𝑡), 𝑞
𝑖
(𝑡)) satisfy the explicit system of ordinary

differential equations

̇𝑝
𝑖
=

𝑛

∑

𝑗=1,𝑖 ̸= 𝑗

(𝑝
𝑖
𝑝
𝑗
+ 𝑟
𝑖
𝑟
𝑗
) sgn (𝑞

𝑗
− 𝑞
𝑖
) 𝑒
−|𝑞𝑖−𝑞𝑗|,

̇𝑟
𝑖
=

𝑛

∑

𝑗=1,𝑖 ̸= 𝑗

(𝑝
𝑖
𝑝
𝑗
+ 𝑟
𝑖
𝑟
𝑗
) sgn (𝑞

𝑗
− 𝑞
𝑖
) 𝑒
−|𝑞𝑖−𝑞𝑗|,

̇𝑞
𝑖
= −

𝑛

∑

𝑗=1

(𝑝
𝑗
+ 𝑟
𝑗
) 𝑒
−|𝑞𝑖−𝑞𝑗|.

(21)

Let us consider initial data 𝑧
0
= (𝑢
0
, V
0
) given by

(𝑢
0
, V
0
) (𝑥) = (

𝑛

∑

𝑖=1

𝑝
𝑖
𝑒
−|𝑥−𝜉𝑖|,

𝑛

∑

𝑖=1

𝑟
𝑖
𝑒
−|𝑥−𝜉𝑖|) . (22)

Peakons interact in a way similar to that of solitons of the
CH equation, and wave breaking may appear when at least
two of the 𝑞

𝑖
coincide. In the case that 𝑝

𝑖
(0) and 𝑟

𝑖
(0) have

the same sign for all 𝑖 = 1, 2, . . . 𝑛 and 𝑞
𝑖
(𝑡) remain distinct,

(21) allows for a unique global solution, where the peakons
are traveling in the same direction. By inserting that solution
into (20), it is not hard to know that 𝑧 = (𝑢, V) is a global
weak solution of system (4). However, when two peakons
have opposite signs, collisions may occur, and if so, the
system (21) blows up. Without loss of generality, we assume
that the 𝑝

𝑖
and 𝑟

𝑖
are all nonzero, and that the 𝜉

𝑖
are all

distinct. The aim is to characterize the unique and global
weak solution fromTheorem 2with initial data (22) explicitly.
Since the variables 𝑝

𝑖
and 𝑟
𝑖
blow up at collisions, they are

not appropriate to define a multipeakon in the form of (20).
We consider the following characterization of multipeakons
given as continuous solutions 𝑧 = (𝑢, V), which are defined on
intervals [𝑦

𝑖
, 𝑦
𝑖+1
] as the solutions of the Dirichlet problem

𝑧 − 𝑧
𝑥𝑥

= 0, (23)
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with boundary conditions 𝑧(𝑡, 𝑦
𝑖
(𝑡)) = 𝑧

𝑖
(𝑡), 𝑧(𝑡, 𝑦

𝑖+1
(𝑡)) =

𝑧
𝑖+1
(𝑡). The variables 𝑦

𝑖
denote the position of the peaks, and

the variables 𝑧
𝑖
denote the values of 𝑧 at the peaks. In the

following part we will show that this property persists for
dissipative solutions.

We introduce 𝑋 = (𝑦, 𝑈, 𝑉,𝑀,𝑁, ℎ) as a representative
of 𝑧 = (𝑢, V) in Lagrangian equivalent system; that is, 𝑋 =

𝐿(𝑧), which is given by
𝑦 (𝜉) = 𝜉, (24)

𝑈 (𝜉) = 𝑢 (𝜉) , 𝑉 (𝜉) = V (𝜉) ,

𝑀 (𝜉) = 𝑢
𝑥
(𝜉) , 𝑁 (𝜉) = V

𝑥
(𝜉) ,

(25)

ℎ (𝜉) = 𝑢
2

+ 𝑢
2

𝑥
+ V2 + V2

𝑥
. (26)

Let 𝐼 = ⋃
𝑛

𝑖=0
𝐼
𝑖
, where 𝐼

𝑖
denote the open interval (𝜉

𝑖
, 𝜉
𝑖+1
)

with the conventions that 𝜉
0
= −∞ and 𝜉

𝑛+1
= ∞. For each

interval 𝐼
𝑖
, we define 𝜏

𝑖
= inf{𝜏(𝜉) | 𝜉 ∈ (𝜉

𝑖
, 𝜉
𝑖+1
)} such that

𝜏
𝑖
> 0 for all 𝑖 = 1, . . . , 𝑛. By the linearity of the governing

equations (10), and the bounds which hold on the solution𝑋
and 𝑃

𝑖
, 𝑃
𝑖,𝑥
(𝑖 = 1, 2, 3, 4), it is not hard to check that 𝑦,𝑈, 𝑉 ∈

𝐶([0, 𝜏
𝑖
], 𝐶
2

(𝐼
𝑖
)), while ℎ ∈ 𝐶([0, 𝜏

𝑖
], 𝐶
1

(𝐼
𝑖
)).

Thus the existence of multipeakon solutions is given by
the next theorem.

Theorem 3. For any given multipeakon initial data
𝑧(𝑥) = (𝑢, V)(𝑥) = (∑

𝑛

𝑖=1
𝑝
𝑖
𝑒
−|𝑥−𝜉𝑖|, ∑

𝑛

𝑖=1
𝑟
𝑖
𝑒
−|𝑥−𝜉𝑖|), let

(𝑦, 𝑈, 𝑉,𝑀,𝑁, ℎ) be the solution of system (10), (11) with
initial data (𝑦, 𝑈, 𝑉,𝑀,𝑁,𝐻) given by (24), (25), and (26).
Between adjacent peaks, if 𝑥

𝑖
= 𝑦(𝑡, 𝜉

𝑖
) ̸= 𝑥
𝑖+1

= 𝑦(𝑡, 𝜉
𝑖+1
),

the solution 𝑧(𝑡, 𝑥) = (𝑢, V)(𝑡, 𝑥) is twice differentiable with
respect to the space variable, and one has

(𝑧 − 𝑧
𝑥𝑥
) (𝑡, 𝑥) = 0 for 𝑥 ∈ (𝑥

𝑖
, 𝑥
𝑖+1
) . (27)

Proof. For a given time 𝑡, we consider two adjacent peaks 𝑥
𝑖
=

𝑦(𝑡, 𝜉
𝑖
) and 𝑥

𝑖+1
= 𝑦(𝑡, 𝜉

𝑖+1
). If 𝑥

𝑖
= 𝑥
𝑖+1

, then the two peaks
have collided and, since 𝑦

𝜉
is positive, wemust have 𝑦

𝜉
(𝑡, 𝜉) =

0 for all 𝜉 ∈ 𝐼
𝑖
. Hence, 𝑡 ≥ 𝜏

𝑖
, which conversely implies that 𝑡 <

𝜏
𝑖
when𝑥

𝑖
(𝑡) < 𝑥

𝑖+1
(𝑡).There exists 𝜉 ∈ 𝐼

𝑖
such that𝑥 = 𝑦(𝑡, 𝜉)

for any 𝑥 ∈ (𝑥
𝑖
(𝑡), 𝑥
𝑖+1
(𝑡)). Since 𝜉 ∈ 𝐼

𝑖
and 𝑡 < 𝜏

𝑖
, we have

𝑦
𝜉
(𝑡, 𝜉) ̸= 0. It follows from the implicit function theorem that

𝑦(𝑡, ⋅) is invertible in a neighborhood of 𝜉 and its inverse is𝐶2,
and therefore (𝑢, V)(𝑡, 𝑥󸀠) = (𝑈, 𝑉)(𝑡, 𝑦

−1

(𝑡, 𝑥
󸀠

)) are 𝐶2 with
respect to the spatial variable and the quantity (𝑧 − 𝑧

𝑥𝑥
)(𝑡, 𝑥)

is defined in the classical sense.
We now prove that (𝑧 − 𝑧

𝑥𝑥
)(𝑡, 𝑥) = 0 for 𝑥 ∈ (𝑥

𝑖
, 𝑥
𝑖+1
).

Let us first prove that 𝑢 − 𝑢
𝑥𝑥

= 0. Assuming that 𝑦
𝜉
(𝑡, 𝜉) ̸= 0,

we have that
𝑢
𝑥
∘ 𝑦 = 𝑀,

𝑢
𝑥𝑥
∘ 𝑦 =

𝑀
𝜉

𝑦
𝜉

=

(𝑈
𝜉𝜉
𝑦
𝜉
− 𝑦
𝜉𝜉
𝑈
𝜉
)

𝑦
3

𝜉

,

(28)

and therefore

(𝑢 − 𝑢
𝑥𝑥
) ∘ 𝑦 =

(𝑈𝑦
3

𝜉
− 𝑈
𝜉𝜉
𝑦
𝜉
+ 𝑦
𝜉𝜉
𝑈
𝜉
)

𝑦
3

𝜉

. (29)

We set

𝑅 = 𝑈𝑦
3

𝜉
− 𝑈
𝜉𝜉
𝑦
𝜉
+ 𝑦
𝜉𝜉
𝑈
𝜉
. (30)

For a given 𝜉 ∈ 𝐼 and 𝑡 < 𝜏
𝑖
, differentiating (30) with respect

to 𝑡, it then follows from (10) and (11) that

𝑑𝑅

𝑑𝑡
= 3𝑈𝑦

2

𝜉
𝑦
𝜉𝑡
+ 𝑈
𝑡
𝑦
3

𝜉
− 𝑈
𝜉𝜉𝑡
𝑦
𝜉
− 𝑈
𝜉𝜉
𝑦
𝜉𝑡

+ 𝑦
𝜉𝜉𝑡
𝑈
𝜉
+ 𝑦
𝜉𝜉
𝑈
𝜉𝑡

= 2𝑈 (𝑈
𝜉
+ 𝑉
𝜉
) 𝑦
2

𝜉
− 2𝑁(𝑀

𝜉
− 𝑁
𝜉
) 𝑦
2

𝜉

−
ℎ
𝜉
𝑦
𝜉

2
+
ℎ𝑦
𝜉𝜉

2
.

(31)

Differentiating (15) with respect to 𝜉, we get

𝑦
𝜉𝜉
ℎ + 𝑦
𝜉
ℎ
𝜉
= 2𝑦
𝜉
𝑦
𝜉𝜉
𝑈
2

+ 2𝑦
2

𝜉
𝑈𝑈
𝜉
+ 2𝑈
𝜉
𝑈
𝜉𝜉

+ 2𝑦
𝜉
𝑦
𝜉𝜉
𝑉
2

+ 2𝑦
2

𝜉
𝑉𝑉
𝜉
+ 2𝑉
𝜉
𝑉
𝜉𝜉
.

(32)

We have, after inserting the value of 𝑦
𝜉
ℎ
𝜉
given by (32) into

(31) and multiplying the equation by 𝑦
𝜉
, that

𝑦
𝜉

𝑑𝑅

𝑑𝑡
= 𝑈𝑈

𝜉
𝑦
3

𝜉
− 𝑈
𝜉
𝑈
𝜉𝜉
𝑦
𝜉

+ (ℎ𝑦
𝜉
− 𝑦
2

𝜉
𝑈
2

− 𝑦
2

𝜉
𝑉
2

− 𝑉
2

𝜉
) 𝑦
𝜉𝜉

+ 𝑈𝑉
𝜉
𝑦
3

𝜉
− 𝑈
𝜉𝜉
𝑉
𝜉
𝑦
𝜉
+ 𝑈
𝜉
𝑉
𝜉
𝑦
𝜉𝜉
.

(33)

Since 𝑦
𝜉𝑡
= (𝑈
𝜉
+ 𝑉
𝜉
), it follows from (15) that

𝑦
𝜉

𝑑𝑅

𝑑𝑡
= 𝑦
𝜉𝑡
⋅ 𝑅. (34)

For any 𝜉 ∈ 𝐼, as 𝑢 is a multipeakon initial data, we have
𝑅(0, 𝜉) = (𝑢 − 𝑢

𝑥𝑥
) ⋅ 𝑦
3

𝜉
= 0. It thus follows from Gronwall’s

lemma that 𝑅(𝑡, 𝜉) = 0 and therefore (𝑢 − 𝑢
𝑥𝑥
)(𝑡, 𝜉) = 0 for

𝑡 ∈ [0, 𝜏
𝑖
]. Similarly, we can obtain that (V−V

𝑥𝑥
)(𝑡, 𝜉) = 0.

Thus, the system of ordinary differential equations that
the dissipative multipeakon solutions satisfy can be derived
based on the fact that the multipeakon structure is preserved
by the semigroup of dissipative solutions.

Let us define

𝐻
𝑖
= ∫

𝜉𝑖+1

𝜉𝑖

ℎ (𝜉) 𝑑𝜉. (35)

For each 𝑖 = 1, 2 . . . , 𝑛, by using (11), we obtain the following
system of O.D.E.; namely,

𝑑𝑦
𝑖

𝑑𝑡
= 𝑢
𝑖
+ V
𝑖
,

𝑑𝑢
𝑖

𝑑𝑡
= −𝑃
1,𝑖
− 𝑃
2,𝑥𝑖

,

𝑑V
𝑖

𝑑𝑡
= −𝑃
3,𝑖
− 𝑃
4,𝑥𝑖

,

𝑑𝐻
𝑖

𝑑𝑡
= (𝑢
3

𝑖+1
− 2𝑢
𝑖+1
𝑃
2,𝑖+1

+ V3
𝑖+1

− 2V
𝑖+1
𝑃
4,𝑖+1

)

− (𝑢
3

𝑖
− 2𝑢
𝑖
𝑃
2,𝑖
+ V3
𝑖
− 2V
𝑖
𝑃
4,𝑖
) ,

(36)
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where (𝑦
𝑖
, 𝑢
𝑖
, V
𝑖
) = (𝑦, 𝑈, 𝑉)(𝑡, 𝜉

𝑖
), 𝑃
𝑘,𝑖

= 𝑃
𝑘
(𝑡, 𝜉
𝑖
), 𝑃
𝑘,𝑥𝑖

=

𝑃
𝑘,𝑥
(𝑡, 𝜉
𝑖
), (𝑘 = 1, 2, 3, 4), respectively. We have

𝑃
2,𝑖
=
1

4
⋅ ∫
{𝑡<𝜏(𝜉

󸀠
)}

𝑒
−|𝑦𝑖−𝑦(𝜉

󸀠
)|

× [ℎ + (𝑈
2

+ 2𝑀𝑁 −𝑁
2

) 𝑦
𝜉
] (𝜉
󸀠

) 𝑑𝜉
󸀠

.

(37)

We denote 𝐵 = {𝜉
󸀠

∈ 𝑅 | 𝑦
𝜉
(𝑡, 𝜉
󸀠

) > 0}. Thus, we get

𝑃
2,𝑖
=
1

2
⋅ ∫
𝐵

𝑒
−|𝑦𝑖−𝑦(𝜉

󸀠
)|

(𝑢
2

+
𝑢
2

𝑥

2
+ 𝑢
𝑥
V
𝑥
+
V2

2
−
V2
𝑥

2
)

∘ 𝑦 (𝜉
󸀠

) 𝑦
𝜉
(𝜉
󸀠

) 𝑑𝜉
󸀠

=
1

2
⋅ ∫
𝑦(𝐵)

𝑒
−|𝑦𝑖−𝑥| (𝑢

2

+
𝑢
2

𝑥

2
+ 𝑢
𝑥
V
𝑥
+
V2

2
−
V2
𝑥

2
)

× (𝑥) 𝑑𝑥,

(38)

where we have used the fact that ℎ = (𝑢
2

+𝑢
2

𝑥
+V2+V2

𝑥
)∘𝑦𝑦
𝜉
on

𝐵 and 𝑡 < 𝜏(𝜉
󸀠

) if and only if 𝑦
𝜉
(𝑡, 𝜉
󸀠

) > 0. Since 𝑦
𝜉
(𝜉) = 0 on

𝐵
𝑐, that means (𝑦(𝐵

𝑐

)) = ∫
𝑦(𝐵
𝑐
)

𝑑𝑥 = ∫
𝐵
𝑐 𝑦𝜉(𝜉)𝑑𝜉 = 0, which

implies that the domain of integration in (37) can be extended
to the whole axis,

𝑃
2,𝑖
=
1

2
⋅ ∫
𝑅

𝑒
−|𝑦𝑖−𝑥| (𝑢

2

+
𝑢
2

𝑥

2
+ 𝑢
𝑥
V
𝑥
+
V2

2
−
V2
𝑥

2
)𝑑𝑥. (39)

Similarly, we can get that

𝑃
1,𝑖
=
1

2
⋅ ∫
𝑅

𝑒
−|𝑦𝑖−𝑥| (𝑢V

𝑥
) 𝑑𝑥,

𝑃
1,𝑥𝑖

= −
1

2
⋅ ∫
𝑅

sgn (𝑦
𝑖
− 𝑥) 𝑒

−|𝑦𝑖−𝑥| (𝑢V
𝑥
) 𝑑𝑥,

𝑃
2,𝑥𝑖

= −
1

2
⋅ ∫
𝑅

sgn (𝑦
𝑖
− 𝑥) 𝑒

−|𝑦𝑖−𝑥|

× (𝑢
2

+
𝑢
2

𝑥

2
+ 𝑢
𝑥
V
𝑥
+
V2

2
−
V2
𝑥

2
)𝑑𝑥,

𝑃
3,𝑖
=
1

2
⋅ ∫
𝑅

𝑒
−|𝑦𝑖−𝑥| (V𝑢

𝑥
) 𝑑𝑥,

𝑃
3,𝑥𝑖

= −
1

2
⋅ ∫
𝑅

sgn (𝑦
𝑖
− 𝑥) 𝑒

−|𝑦𝑖−𝑥| (V𝑢
𝑥
) 𝑑𝑥,

𝑃
4,𝑖
=
1

2
⋅ ∫
𝑅

𝑒
−|𝑦𝑖−𝑥|

× (V2 +
V2
𝑥

2
+ 𝑢
𝑥
V
𝑥
+
𝑢
2

2
−
𝑢
2

𝑥

2
)𝑑𝑥,

𝑃
4,𝑥𝑖

= −
1

2
⋅ ∫
𝑅

sgn (𝑦
𝑖
− 𝑥) 𝑒

−|𝑦𝑖−𝑥|

× (V2 +
V2
𝑥

2
+ 𝑢
𝑥
V
𝑥
+
𝑢
2

2
−
𝑢
2

𝑥

2
)𝑑𝑥.

(40)

Between two adjacent peaks located at 𝑦
𝑖
and 𝑦

𝑖+1
, we

know that 𝑧 = (𝑢, V) satisfies (𝑧 − 𝑧
𝑥𝑥
) = 0 and therefore

𝑧 = (𝑢, V) can be written as

𝑧 (𝑥) = (𝑢, V) (𝑥) = (𝐴
𝑖
𝑒
𝑥

+ 𝐵
𝑖
𝑒
−𝑥

, 𝐶
𝑖
𝑒
𝑥

+ 𝐷
𝑖
𝑒
−𝑥

) (41)

for 𝑥 ∈ [𝑦
𝑖
, 𝑦
𝑖+1
], 𝑖 = 1, 2, . . . , 𝑛 − 1, where the constants 𝐴

𝑖
,

𝐵
𝑖
,𝐶
𝑖
, and𝐷

𝑖
depend on 𝑢

𝑖
, 𝑢
𝑖+1

, V
𝑖
, V
𝑖+1

, 𝑦
𝑖
, and 𝑦

𝑖+1
and read

𝐴
𝑖
=
𝑒
−𝑦𝑖

2
[

𝑢
𝑖

cosh (𝛿𝑦
𝑖
)
+

𝛿𝑢
𝑖

sinh (𝛿𝑦
𝑖
)
] ,

𝐵
𝑖
=
𝑒
𝑦𝑖

2
[

𝑢
𝑖

cosh (𝛿𝑦
𝑖
)
−

𝛿𝑢
𝑖

sinh (𝛿𝑦
𝑖
)
] ,

𝐶
𝑖
=
𝑒
−𝑦𝑖

2
[

V
𝑖

cosh (𝛿𝑦
𝑖
)
+

𝛿V
𝑖

sinh (𝛿𝑦
𝑖
)
] ,

𝐷
𝑖
=
𝑒
𝑦𝑖

2
[

V
𝑖

cosh (𝛿𝑦
𝑖
)
−

𝛿V
𝑖

sinh (𝛿𝑦
𝑖
)
] ,

(42)

where

𝑦
𝑖
=
1

2
⋅ (𝑦
𝑖
+ 𝑦
𝑖+1
) , 𝛿𝑦

𝑖
=
1

2
⋅ (𝑦
𝑖
− 𝑦
𝑖+1
) ,

𝑢
𝑖
=
1

2
⋅ (𝑢
𝑖
+ 𝑢
𝑖+1
) , 𝛿𝑢

𝑖
=
1

2
⋅ (𝑢
𝑖
− 𝑢
𝑖+1
) ,

V
𝑖
=
1

2
⋅ (V
𝑖
+ V
𝑖+1
) , 𝛿V

𝑖
=
1

2
⋅ (V
𝑖
− V
𝑖+1
) .

(43)

Thus, the constants𝐴
𝑖
, 𝐵
𝑖
,𝐶
𝑖
, and𝐷

𝑖
uniquely determine 𝑧 =

(𝑢, V) on the interval [𝑦
𝑖
, 𝑦
𝑖+1
], and we compute

𝛿𝐻
𝑖
= 𝐻
𝑖+1

− 𝐻
𝑖
= ∫

𝑦𝑖+1

𝑦𝑖

(𝑢
2

+ 𝑢
2

𝑥
+ V2 + V2

𝑥
) 𝑑𝑥

= 2𝑢
2

𝑖
tanh (𝛿𝑦

𝑖
) + 2𝛿𝑢

2

𝑖
coth (𝛿𝑦

𝑖
)

+ 2V2
𝑖
tanh (𝛿𝑦

𝑖
) + 2𝛿V2

𝑖
coth (𝛿𝑦

𝑖
)

= 𝛿𝐻
1𝑖
+ 𝛿𝐻
2𝑖
,

(44)
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with 𝛿𝐻
1𝑖

= 2𝑢
2

𝑖
tanh(𝛿𝑦

𝑖
) + 2𝛿𝑢

2

𝑖
cosh(𝛿𝑦

𝑖
) and 𝛿𝐻

2𝑖
=

2V2
𝑖
tanh(𝛿𝑦

𝑖
) + 2𝛿V2

𝑖
cosh(𝛿𝑦

𝑖
). We now turn to the compu-

tation of 𝑃
𝑘,𝑖
(𝑘 = 1, 2, 3, 4) given by (39) and (40). Let us

write 𝑧 = (𝑢, V) as

𝑧 (𝑡, 𝑥) = (𝑢, V) (𝑡, 𝑥)

= (

𝑛

∑

𝑗=0

(𝐴
𝑗
𝑒
𝑥

+ 𝐵
𝑗
𝑒
−𝑥

) 𝜒
(𝑦𝑗 ,𝑦𝑗+1)

(𝑥) ,

𝑛

∑

𝑗=0

(𝐶
𝑗
𝑒
𝑥

+ 𝐷
𝑗
𝑒
−𝑥

) 𝜒
(𝑦𝑗 ,𝑦𝑗+1)

(𝑥)) .

(45)

Set 𝑦
0
= −∞, 𝑦

𝑛+1
= ∞, 𝑢

0
= 𝑢
𝑛+1

= 0, V
0
= V
𝑛+1

= 0,
𝐴
0
= 𝑢
1
𝑒
−𝑦1 , 𝐵

0
= 0, 𝐴

𝑛
= 0, 𝐵

𝑛
= 𝑢
𝑛
𝑒
𝑦𝑛 , 𝐶
0
= V
1
𝑒
−𝑦1 ,

𝐷
0
= 0, 𝐶

𝑛
= 0, and𝐷

𝑛
= V
𝑛
𝑒
𝑦𝑛 . We have

𝑢V
𝑥
=

𝑛

∑

𝑗=0

(𝐴
𝑗
𝐶
𝑗
𝑒
2𝑥

− 𝐴
𝑗
𝐷
𝑗
+ 𝐵
𝑗
𝐶
𝑗

−𝐵
𝑗
𝐷
𝑗
𝑒
−2𝑥

) 𝜒
(𝑦𝑗 ,𝑦𝑗+1)

,

𝑢
2

+
𝑢
2

𝑥

2
+ 𝑢
𝑥
V
𝑥
+
V2

2
−
V2
𝑥

2

=

𝑛

∑

𝑗=0

((
3

2
⋅ 𝐴
2

𝑗
+ 𝐴
𝑗
𝐶
𝑗
) 𝑒
2𝑥

+ (𝐴
𝑗
𝐵
𝑗
− 𝐴
𝑗
𝐷
𝑗
− 𝐵
𝑗
𝐶
𝑗
+ 2𝐶
𝑗
𝐷
𝑗
)

+ (
3

2
⋅ 𝐵
2

𝑗
+ 𝐵
𝑗
𝐷
𝑗
) 𝑒
−2𝑥

)𝜒
(𝑦𝑗 ,𝑦𝑗+1)

,

V𝑢
𝑥
=

𝑛

∑

𝑗=0

(𝐴
𝑗
𝐶
𝑗
𝑒
2𝑥

− 𝐶
𝑗
𝐵
𝑗
+ 𝐷
𝑗
𝐴
𝑗

−𝐵
𝑗
𝐷
𝑗
𝑒
−2𝑥

) 𝜒
(𝑦𝑗 ,𝑦𝑗+1)

,

V2 +
V2
𝑥

2
+ 𝑢
𝑥
V
𝑥
+
𝑢
2

2
−
𝑢
2

𝑥

2

=

𝑛

∑

𝑗=0

((
3

2
⋅ 𝐶
2

𝑗
+ 𝐴
𝑗
𝐶
𝑗
) 𝑒
2𝑥

+ (𝐶
𝑗
𝐷
𝑗
− 𝐶
𝑗
𝐵
𝑗
− 𝐷
𝑗
𝐴
𝑗
+ 2𝐴
𝑗
𝐵
𝑗
)

+ (
3

2
⋅ 𝐷
2

𝑗
+ 𝐷
𝑗
𝐵
𝑗
) 𝑒
−2𝑥

)𝜒
(𝑦𝑗 ,𝑦𝑗+1)

.

(46)

By inserting (46) into (39) and (40), we get

𝑃
1,𝑖
=
1

2
⋅

𝑛

∑

𝑗=0

∫

𝑦𝑗+1

𝑦𝑗

𝑒
−𝑘𝑖𝑗(𝑦𝑖−𝑥)

× (𝐴
𝑗
𝐶
𝑗
𝑒
2𝑥

− 𝐴
𝑗
𝐷
𝑗
+ 𝐵
𝑗
𝐶
𝑗
− 𝐵
𝑗
𝐷
𝑗
𝑒
−2𝑥

) 𝑑𝑥,

𝑃
2,𝑖
=
1

2

𝑛

∑

𝑗=0

∫

𝑦𝑗+1

𝑦𝑗

𝑒
−𝑘𝑖𝑗(𝑦𝑖−𝑥)

× ((
3

2
𝐴
2

𝑗
+ 𝐴
𝑗
𝐶
𝑗
) 𝑒
2𝑥

+ (𝐴
𝑗
𝐵
𝑗
− 𝐴
𝑗
𝐷
𝑗
− 𝐵
𝑗
𝐶
𝑗
+ 2𝐶
𝑗
𝐷
𝑗
)

+ (
3

2
𝐵
2

𝑗
+ 𝐵
𝑗
𝐷
𝑗
) 𝑒
−2𝑥

)𝑑𝑥,

𝑃
3,𝑖
=
1

2
⋅

𝑛

∑

𝑗=0

∫

𝑦𝑗+1

𝑦𝑗

𝑒
−𝑘𝑖𝑗(𝑦𝑖−𝑥)

× (𝐴
𝑗
𝐶
𝑗
𝑒
2𝑥

− 𝐶
𝑗
𝐵
𝑗
+ 𝐷
𝑗
𝐴
𝑗
− 𝐵
𝑗
𝐷
𝑗
𝑒
−2𝑥

) 𝑑𝑥,

𝑃
4,𝑖
=
1

2

𝑛

∑

𝑗=0

∫

𝑦𝑗+1

𝑦𝑗

𝑒
−𝑘𝑖𝑗(𝑦𝑖−𝑥)

× ((
3

2
𝐶
2

𝑗
+ 𝐴
𝑗
𝐶
𝑗
) 𝑒
2𝑥

+ (𝐶
𝑗
𝐷
𝑗
− 𝐶
𝑗
𝐵
𝑗
− 𝐷
𝑗
𝐴
𝑗
+ 2𝐴
𝑗
𝐵
𝑗
)

+ (
3

2
𝐷
2

𝑗
+ 𝐷
𝑗
𝐵
𝑗
) 𝑒
−2𝑥

)𝑑𝑥,

(47)

where 𝑘
𝑖𝑗
= −1 if 𝑖 ≤ 𝑗, 𝑘

𝑖𝑗
= 1 if 𝑖 > 𝑗. It then follows from

(42) and (44) that

𝐴
2

𝑗
=

𝑒
−2𝑦𝑗

sinh2 (2𝛿𝑦
𝑗
)

[𝑢
2

𝑗
sinh2 (𝛿𝑦

𝑗
) + 2𝑢

𝑗
𝛿𝑢
𝑗
sinh (𝛿𝑦

𝑗
)

× cosh (𝛿𝑦
𝑗
) + 𝛿𝑢

2

𝑗
cosh2 (𝛿𝑦

𝑗
)]

=
𝑒
−2𝑦𝑗

4 sinh (2𝛿𝑦
𝑗
)

⋅ [𝛿𝐻
1𝑗
+ 4𝑢
𝑗
𝛿𝑢
𝑗
] ,

𝐴
𝑗
𝐵
𝑗
=

1

4 sinh (2𝛿𝑦
𝑗
)

⋅ [4𝑢
2

𝑗
tanh (𝛿𝑦

𝑗
) − 𝛿𝐻

1𝑗
] ,

𝐴
𝑗
𝐶
𝑗
=

𝑒
−2𝑦𝑗

2 sinh (2𝛿𝑦
𝑗
)

[𝑢
𝑗
V
𝑗
tanh (𝛿𝑦

𝑗
) + 𝛿𝑢

𝑗
V
𝑗
+ 𝛿V
𝑗
𝑢
𝑗

+𝛿𝑢
𝑗
𝛿V
𝑗
coth (𝛿𝑦

𝑗
)] ,
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𝐴
𝑗
𝐷
𝑗
=

1

2 sinh (2𝛿𝑦
𝑗
)

[𝑢
𝑗
V
𝑗
tanh (𝛿𝑦

𝑗
) + 𝛿𝑢

𝑗
V
𝑗
− 𝛿V
𝑗
𝑢
𝑗

−𝛿𝑢
𝑗
𝛿V
𝑗
coth (𝛿𝑦

𝑗
)] ,

𝐵
𝑗
𝐶
𝑗
=

1

2 sinh (2𝛿𝑦
𝑗
)

[𝑢
𝑗
V
𝑗
tanh (𝛿𝑦

𝑗
) + 𝛿V

𝑗
𝑢
𝑗
− 𝛿𝑢
𝑗
V
𝑗

−𝛿𝑢
𝑗
𝛿V
𝑗
coth (𝛿𝑦

𝑗
)] ,

𝐵
𝑗
𝐷
𝑗
=

𝑒
2𝑦𝑗

2 sinh (2𝛿𝑦
𝑗
)

[𝑢
𝑗
V
𝑗
tanh (𝛿𝑦

𝑗
) − 𝛿𝑢

𝑗
V
𝑗
− 𝛿V
𝑗
𝑢
𝑗

+𝛿𝑢
𝑗
𝛿V
𝑗
coth (𝛿𝑦

𝑗
)] ,

𝐵
2

𝑗
=

𝑒
2𝑦𝑗

4 sinh (2𝛿𝑦
𝑗
)

⋅ [𝛿𝐻
1𝑗
− 4𝑢
𝑗
𝛿𝑢
𝑗
] .

(48)

Thus, from (48), we can obtain that

∫

𝑦𝑗+1

𝑦𝑗

𝑒
−𝑘𝑖𝑗(𝑦𝑖−𝑥)𝐴

2

𝑗
𝑒
2𝑥

𝑑𝑥

=
𝑒
−𝑘𝑖𝑗𝑦𝑖 ⋅ 𝑒

𝑘𝑖𝑗𝑦𝑗

2 (2 + 𝑘
𝑖𝑗
) sinh (2𝛿𝑦

𝑗
)

× sinh ((2 + 𝑘
𝑖𝑗
) 𝛿𝑦
𝑗
) [𝛿𝐻

1𝑗
+ 4𝑢
𝑗
𝛿𝑢
𝑗
] ,

∫

𝑦𝑗+1

𝑦𝑗

𝑒
−𝑘𝑖𝑗(𝑦𝑖−𝑥)𝐴

𝑗
𝐶
𝑗
𝑒
2𝑥

𝑑𝑥

=
𝑒
−𝑘𝑖𝑗𝑦𝑖 ⋅ 𝑒

𝑘𝑖𝑗𝑦𝑗

(2 + 𝑘
𝑖𝑗
) sinh (2𝛿𝑦

𝑗
)

× sinh ((2 + 𝑘
𝑖𝑗
) 𝛿𝑦
𝑗
)

⋅ [𝑢
𝑗
V
𝑗
tanh (𝛿𝑦

𝑗
) + 𝛿𝑢

𝑗
V
𝑗
+ 𝛿V
𝑗
𝑢
𝑗

+𝛿𝑢
𝑗
𝛿V
𝑗
coth (𝛿𝑦

𝑗
)] ,

∫

𝑦𝑗+1

𝑦𝑗

𝑒
−𝑘𝑖𝑗(𝑦𝑖−𝑥)𝐴

𝑗
𝐵
𝑗
𝑑𝑥

=
𝑒
−𝑘𝑖𝑗𝑦𝑖 ⋅ 𝑒

𝑘𝑖𝑗𝑦𝑗

2 sinh (2𝛿𝑦
𝑗
)

sinh (𝛿𝑦
𝑗
)

× [4𝑢
2

𝑗
tanh (𝛿𝑦

𝑗
) − 𝛿𝐻

1𝑗
] ,

∫

𝑦𝑗+1

𝑦𝑗

𝑒
−𝑘𝑖𝑗(𝑦𝑖−𝑥)𝐴

𝑗
𝐷
𝑗
𝑑𝑥

=
𝑒
−𝑘𝑖𝑗𝑦𝑖 ⋅ 𝑒

𝑘𝑖𝑗𝑦𝑗

sinh (2𝛿𝑦
𝑗
)

sinh (𝛿𝑦
𝑗
)

⋅ [𝑢
𝑗
V
𝑗
tanh (𝛿𝑦

𝑗
) + 𝛿𝑢

𝑗
V
𝑗
− 𝛿V
𝑗
𝑢
𝑗

−𝛿𝑢
𝑗
𝛿V
𝑗
coth (𝛿𝑦

𝑗
)] ,

∫

𝑦𝑗+1

𝑦𝑗

𝑒
−𝑘𝑖𝑗(𝑦𝑖−𝑥)𝐵

𝑗
𝐶
𝑗
𝑑𝑥

=
𝑒
−𝑘𝑖𝑗𝑦𝑖 ⋅ 𝑒

𝑘𝑖𝑗𝑦𝑗

sinh (2𝛿𝑦
𝑗
)

sinh (𝛿𝑦
𝑗
)

⋅ [𝑢
𝑗
V
𝑗
tanh (𝛿𝑦

𝑗
) + 𝛿V

𝑗
𝑢
𝑗
− 𝛿𝑢
𝑗
V
𝑗

−𝛿𝑢
𝑗
𝛿V
𝑗
coth (𝛿𝑦

𝑗
)] ,

∫

𝑦𝑗+1

𝑦𝑗

𝑒
−𝑘𝑖𝑗(𝑦𝑖−𝑥)𝐶

𝑗
𝐷
𝑗
𝑑𝑥

=
𝑒
−𝑘𝑖𝑗𝑦𝑖 ⋅ 𝑒

𝑘𝑖𝑗𝑦𝑗

2 sinh (2𝛿𝑦
𝑗
)

sinh (𝛿𝑦
𝑗
)

× [4V2
𝑗
tanh (𝛿𝑦

𝑗
) − 𝛿𝐻

2𝑗
] ,

∫

𝑦𝑗+1

𝑦𝑗

𝑒
−𝑘𝑖𝑗(𝑦𝑖−𝑥)𝐵

2

𝑗
𝑒
−2𝑥

𝑑𝑥

=
𝑒
−𝑘𝑖𝑗𝑦𝑖 ⋅ 𝑒

𝑘𝑖𝑗𝑦𝑗

2 (𝑘
𝑖𝑗
− 2) sinh (2𝛿𝑦

𝑗
)

× sinh ((𝑘
𝑖𝑗
− 2) 𝛿𝑦

𝑗
) [𝛿𝐻

1𝑗
− 4𝑢
𝑗
𝛿𝑢
𝑗
] ,

∫

𝑦𝑗+1

𝑦𝑗

𝑒
−𝑘𝑖𝑗(𝑦𝑖−𝑥)𝐵

𝑗
𝐷
𝑗
𝑒
−2𝑥

𝑑𝑥

=
𝑒
−𝑘𝑖𝑗𝑦𝑖 ⋅ 𝑒

𝑘𝑖𝑗𝑦𝑗

(𝑘
𝑖𝑗
− 2) sinh (2𝛿𝑦

𝑗
)

× sinh ((𝑘
𝑖𝑗
− 2) 𝛿𝑦

𝑗
)

⋅ [𝑢
𝑗
V
𝑗
tanh (𝛿𝑦

𝑗
) − 𝛿𝑢

𝑗
V
𝑗
− 𝛿V
𝑗
𝑢
𝑗

+𝛿𝑢
𝑗
𝛿V
𝑗
coth (𝛿𝑦

𝑗
)] .

(49)

It thus follows from (49) that

𝑃
1,𝑖
=

𝑛

∑

𝑗=0

𝑃
1,𝑖𝑗
, 𝑃

2,𝑖
=

𝑛

∑

𝑗=0

𝑃
2,𝑖𝑗
, (50)



Mathematical Problems in Engineering 9

where

𝑃
1,𝑖𝑗

=

{{{{{{{{{{{{{{{{{{{

{{{{{{{{{{{{{{{{{{{

{

1

6
⋅ 𝑢
1
V
1
𝑒
𝑦1−𝑦𝑖 , for 𝑗 = 0,

𝑒
−𝑘𝑖𝑗𝑦𝑖 ⋅ 𝑒

𝑘𝑖𝑗𝑦𝑗

6 cosh (𝛿𝑦
𝑗
)

× [2𝑘
𝑖𝑗
𝑢
𝑗
V
𝑗
sinh2 (𝛿𝑦

𝑗
) tanh (𝛿𝑦

𝑗
)

+2𝑘
𝑖𝑗
𝛿𝑢
𝑗
𝛿V
𝑗
sinh (𝛿𝑦

𝑗
) cosh (𝛿𝑦

𝑗
)

+2𝛿𝑢
𝑗
V
𝑗
cosh2 (𝛿𝑦

𝑗
) + 2𝛿V

𝑗
𝑢
𝑗
cosh2 (𝛿𝑦

𝑗
)

+𝛿𝑢
𝑗
V
𝑗
+ 𝛿V
𝑗
𝑢
𝑗
− 3𝑢
𝑗
V
𝑗
tanh (𝛿𝑦

𝑗
)

+3𝛿𝑢
𝑗
𝛿V
𝑗
coth (𝛿𝑦

𝑗
)] , for 𝑗=1, . . . , 𝑛−1,

−
1

6
⋅ 𝑢
𝑛
V
𝑛
𝑒
−𝑦𝑛+𝑦𝑖 for 𝑗 = 𝑛,

𝑃
2,𝑖𝑗

=

{{{{{{{{{{{{{{{{{{{{{{{{{{{{

{{{{{{{{{{{{{{{{{{{{{{{{{{{{

{

1

4
⋅ 𝑢
2

1
𝑒
𝑦1−𝑦𝑖 +

1

6
⋅ 𝑢
1
V
1
𝑒
𝑦1−𝑦𝑖 , for 𝑗 = 0,

𝑒
−𝑘𝑖𝑗𝑦𝑖 ⋅ 𝑒

𝑘𝑖𝑗𝑦𝑗

4 cosh (𝛿𝑦
𝑗
)

× [𝛿𝐻
1𝑗
cosh2 (𝛿𝑦

𝑗
) + 4𝑘

𝑖𝑗
𝑢
𝑗
𝛿𝑢
𝑗
sinh2 (𝛿𝑦

𝑗
)

+2𝑢
2

𝑗
tanh (𝛿𝑦

𝑗
) + 4V2

𝑗
tanh (𝛿𝑦

𝑗
)

−𝛿𝐻
2𝑗
−
4

3
𝑢
𝑗
V
𝑗
tanh (𝛿𝑦

𝑗
) +

8

3
𝛿𝑢
𝑗
𝛿V
𝑗

× coth (𝛿𝑦
𝑗
) +

4

3
𝑢
𝑗
V
𝑗
cosh (𝛿𝑦

𝑗
) sinh (𝛿𝑦

𝑗
)

+
4

3
𝛿𝑢
𝑗
𝛿V
𝑗
⋅ coth (𝛿𝑦

𝑗
) cosh2 (𝛿𝑦

𝑗
)

+
4

3
𝑘
𝑖𝑗
𝛿𝑢
𝑗
V
𝑗
sinh2 (𝛿𝑦

𝑗
) +

4

3

×𝑘
𝑖𝑗
𝛿V
𝑗
𝑢
𝑗
sinh2 (𝛿𝑦

𝑗
)] , for 𝑗=1, . . . ,𝑛−1,

1

4
⋅ 𝑢
2

𝑛
𝑒
−𝑦𝑛+𝑦𝑖 +

1

6
⋅ 𝑢
𝑛
V
𝑛
𝑒
−𝑦𝑛+𝑦𝑖 , for 𝑗 = 𝑛.

(51)

The terms 𝑃
3,𝑖
, 𝑃
4,𝑖
, and 𝑃

𝑘,𝑖𝑥
(𝑘 = 1, 2, 3, 4) can be computed

in the same way and we have

𝑃
𝑘,𝑖𝑥

= −

𝑛

∑

𝑗=0

𝑘
𝑖𝑗
𝑃
𝑘,𝑖𝑗

⋅ (𝑘 = 1, 2, 3, 4) . (52)

The result can be summarized in the following theorem.

Theorem 4. Assume 𝑦
𝑖
= 𝜉
𝑖
, 𝑧
𝑖
= (𝑢
𝑖
, V
𝑖
) = (𝑢(𝜉

𝑖
), V(𝜉
𝑖
))

and 𝐻
𝑖
= ∫
𝜉𝑖+1

𝜉𝑖

(𝑢
2

+ 𝑢
2

𝑥
+ V2 + V2

𝑥
)𝑑𝑥 for 𝑖 = 1, . . . , 𝑛

with a multipeakon initial data 𝑧 = (𝑢, V) as given by (22).
Then, there exists a global solution (𝑦

𝑖
, 𝑢
𝑖
, V
𝑖
, 𝐻
𝑖
) of (36), (50),

and (52) with initial data (𝑦
𝑖
, 𝑢
𝑖
, V
𝑖
, 𝐻
𝑖
). On each interval

[𝑦
𝑖
(𝑡), 𝑦
𝑖+1
(𝑡)], one defines 𝑧(𝑡, 𝑥) = (𝑢, V)(𝑡, 𝑥) as the solution

of the Dirichlet problem 𝑧 − 𝑧
𝑥𝑥

= 0 with boundary conditions
𝑧(𝑡, 𝑦
𝑖
(𝑡)) = 𝑧

𝑖
(𝑡), 𝑧(𝑡, 𝑦

𝑖+1
(𝑡)) = 𝑧

𝑖+1
(𝑡) for each time 𝑡. Thus

𝑧 = (𝑢, V) is a dissipative solution of the modified coupled
two-component Camassa-Holm system, which is the dissipative
multipeakon solution.

4. Examples

In this section, we give the examples with the case 𝑛 = 1

by explicit calculations and the case 𝑛 = 2 by numerical
computations with peakon-antipeakon collisions.

(i) Let 𝑛 = 1. From (50) and (52), we can compute
that 𝑃

1,1
= ∑
𝑗=0,1

𝑃
1,1𝑗

= 𝑢
1
V
1
/6 − 𝑢

1
V
1
/6 = 0 and

𝑃
2,𝑥1

= −𝑘
1𝑗
∑
𝑗=0,1

𝑃
2,1𝑗

= −𝑢
2

1
/4 − 𝑢

1
V
1
/6 + 𝑢

2

1
/4 +

𝑢
1
V
1
/6 = 0, which imply that 𝑢

1𝑡
= −𝑃
1,1

− 𝑃
2,𝑥1

=

0 and therefore 𝑢
1
= 𝑐
1
. Similarly, we can get that

V
1
= 𝑐
2
. Thus from (36), we can obtain that 𝑦

1𝑡
=

𝑢
1
+ V
1
= 𝑐
1
+ 𝑐
2
= 𝑐, which yields 𝑦

1
= 𝑐𝑡 + 𝑎

with 𝑐
1
, 𝑐
2
, 𝑐, 𝑎 some constants.There is no collision

and we find the familiar one peakon (𝑢, V)(𝑡, 𝑥) =

(𝑐
1
𝑒
−|𝑥−𝑐1𝑡−𝑎|, 𝑐

2
𝑒
−|𝑥−𝑐2𝑡−𝑎|).

(ii) Let 𝑛 = 2.Wefirst consider the case of an antisymmet-
ric pair of peakons where the two peakons collide.We
take the initial conditions as

𝑦
2
(0) = −𝑦

1
(0) = 𝑦, 𝑢

2
(0) = −𝑢

1
(0) = 𝑢,

V
2
(0) = −V

1
(0) = V, 𝛿𝐻

1
(0) = 𝐸

2

(53)

for some strictly positive constants 𝑦, 𝑢, V, and 𝐸 the initial
total energy of the system, that is, the𝐻1 normof the solution;
we denote 𝜏 = 𝜏

1
, the time of collision. For 𝑡 < 𝜏, the solution

is identical to the conservative case. After collision, for 𝑡 ≥ 𝜏,
the solution remains antisymmetric. Let us assume this for
the moment and write

𝑦 = 𝑦
2
= −𝑦
1
, 𝑢 = 𝑢

2
= −𝑢
1
,

V = V
2
= −V
1
, ℎ = 𝛿𝐻

1
,

𝑃
2
= 𝑃
2,1

= 𝑃
2,2
, 𝑃

4
= 𝑃
4,1

= 𝑃
4,2
,

𝑃
1
= 𝑃
1,1

= −𝑃
1,2
, 𝑃

3
= 𝑃
3,1

= −𝑃
3,2
,

𝑃
2,𝑥

= 𝑃
2,𝑥1

= −𝑃
2,𝑥2

, 𝑃
4,𝑥

= 𝑃
4,𝑥1

= −𝑃
4,𝑥2

.

(54)

By using (50) and (52) and after some calculations, we can
compute 𝑃

𝑘
and 𝑃

𝑘,𝑥
(𝑘 = 1, 2, 3, 4) and obtain that

𝑃
1
= ∑

𝑗=0,2

𝑃
1,1𝑗

=
1

6
⋅ 𝑢V (1 − 𝑒−2𝑦) ,

𝑃
2
= ∑

𝑗=0,2

𝑃
2,1𝑗

= (
1

4
⋅ 𝑢
2

+
1

6
⋅ 𝑢V) (1 + 𝑒−2𝑦) ,

𝑃
3
= ∑

𝑗=0,2

𝑃
3,1𝑗

=
1

6
⋅ 𝑢V (1 − 𝑒−2𝑦) ,

𝑃
4
= ∑

𝑗=0,2

𝑃
4,1𝑗

= (
1

4
⋅ V2 +

1

6
⋅ 𝑢V) (1 + 𝑒−2𝑦) ,

𝑃
2,𝑥

= −(− ∑

𝑗=0,2

𝑘
1,𝑗
𝑃
2,1𝑗

)

= −(
1

4
⋅ 𝑢
2

+
1

6
⋅ 𝑢V) (1 − 𝑒−2𝑦) ,

𝑃
4,𝑥

= −(− ∑

𝑗=0,2

𝑘
1,𝑗
𝑃
4,1𝑗

)

= −(
1

4
⋅ V2 +

1

6
⋅ 𝑢V) (1 − 𝑒−2𝑦) .

(55)
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Thus we are led to the following system of ordinary differen-
tial equations:

𝑦
𝑡
= 𝑢 + V, 𝑢

𝑡
=
1

4
⋅ 𝑢
2

(1 − 𝑒
−2𝑦

) ,

V
𝑡
=
1

4
⋅ V2 (1 − 𝑒−2𝑦) ,

ℎ
𝑡
= (𝑢
3

+ V3) (1 − 𝑒−2𝑦) −
2

3
⋅ 𝑢V (𝑢 + V) (1 + 𝑒−2𝑦) .

(56)

Note that this system holds before collision. With the initial
condition 𝑦(𝜏) = 𝑢(𝜏) = V(𝜏) = 0, the solution of (56) is
𝑦(𝑡) = 𝑢(𝑡) = V(𝑡) = 0 and ℎ(𝑡) = ℎ(𝜏). It means that the
multipeakon solution remains identically equal to zero after
the collision.

If we consider a more general case with two colliding
peakons by using the Hamiltonian system before collision,
then from (50) and (52), the system (36) can be rewritten as

𝑑𝑦
1

𝑑𝑡
= 𝑢
1
+ V
1
,

𝑑𝑦
2

𝑑𝑡
= 𝑢
2
+ V
2
,

𝑑𝑢
1

𝑑𝑡
=
1

4
⋅ 𝑢
2

1
−
1

4
⋅ 𝑢
2

2
𝑒
𝑦1−𝑦2 ,

𝑑𝑢
2

𝑑𝑡
=
1

4
⋅ 𝑢
2

1
𝑒
𝑦1−𝑦2 −

1

4
⋅ 𝑢
2

2
,

𝑑V
1

𝑑𝑡
=
1

4
⋅ V2
1
−
1

4
⋅ V2
2
𝑒
𝑦1−𝑦2 ,

𝑑V
2

𝑑𝑡
=
1

4
⋅ V2
1
𝑒
𝑦1−𝑦2 −

1

4
⋅ V2
2
,

𝑑𝐻
1

𝑑𝑡
= (𝑢
3

2
− 2𝑢
2
𝑃
2,2

+ V3
2
− 2V
2
𝑃
4,2
)

− (𝑢
3

1
− 2𝑢
1
𝑃
2,1

+ V3
1
− 2V
1
𝑃
4,1
) .

(57)

Thus we have

𝑦
1
= ln( 𝑐

1
− 𝑐
2

𝑐
1
𝑒−𝑐1(𝑡−𝜏) − 𝑐

2
𝑒−𝑐2(𝑡−𝜏)

) ,

𝑦
2
= ln(𝑐1𝑒

𝑐1(𝑡−𝜏) − 𝑐
2
𝑒
𝑐2(𝑡−𝜏)

𝑐
1
− 𝑐
2

) ,

𝑢
1
=

(𝑐
1

1
)
2

− (𝑐
1

2
)
2

𝑒
(𝑐
1
1−𝑐
1
2 )(𝑡−𝜏)

𝑐
1

1
− 𝑐
1

2
𝑒
(𝑐
1
1−𝑐
1
2 )(𝑡−𝜏)

,

𝑢
2
=

(𝑐
1

2
)
2

− (𝑐
1

1
)
2

𝑒
(𝑐
1
1−𝑐
1
2 )(𝑡−𝜏)

𝑐
1

2
− 𝑐
1

1
𝑒
(𝑐
1
1−𝑐
1
2 )(𝑡−𝜏)

,

V
1
=

(𝑐
2

1
)
2

− (𝑐
2

2
)
2

𝑒
(𝑐
2
1−𝑐
2
2 )(𝑡−𝜏)

𝑐
2

1
− 𝑐
2

2
𝑒
(𝑐
2
1−𝑐
2
2 )(𝑡−𝜏)

,

V
2
=

(𝑐
2

2
)
2

− (𝑐
2

1
)
2

𝑒
(𝑐
2
1−𝑐
2
2 )(𝑡−𝜏)

𝑐
2

2
− 𝑐
2

1
𝑒
(𝑐
2
1−𝑐
2
2 )(𝑡−𝜏)

,

(58)
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Figure 1: Position of the peakons.

where 𝑐
1
= 𝑐
1

1
+ 𝑐
2

1
and 𝑐
2
= 𝑐
1

2
+ 𝑐
2

2
denote the speed of the

peaks 𝑦
1
and 𝑦

2
, respectively. At collision time, we have

𝑦
1
(𝜏) = 𝑦

2
(𝜏) = 0,

𝑢
1
(𝜏) = 𝑢

2
(𝜏) = 𝑐

1

1
+ 𝑐
1

2
,

V
1
(𝜏) = V

2
(𝜏) = 𝑐

2

1
+ 𝑐
2

2
.

(59)

For the initial data given by (59), the solution of (57) is

𝑢
1
(𝑡) = 𝑢

2
(𝑡) = 𝑐

1

1
+ 𝑐
1

2
, V

1
(𝑡) = V

2
(𝑡) = 𝑐

2

1
+ 𝑐
2

2
,

𝑦
1
= 𝑦
2
= (𝑐
1
+ 𝑐
2
) 𝑡, 𝐻

1
(𝑡) = 𝐻

1
(𝜏) ,

(60)

with 𝑐
1
= 𝑐
1

1
+𝑐
2

1
, 𝑐
2
= 𝑐
1

2
+𝑐
2

2
, and after the collision we obtain

a single peakon traveling at speed 𝑐
1
+ 𝑐
2
.

We know that if 𝑝
𝑖
(0) and 𝑟

𝑖
(0) have the same sign for all

𝑖 = 1, 2, . . . , 𝑛 and 𝑞
𝑖
(𝑡) remain distinct, (57) admits a unique

global solution, where the peakons are traveling in the same
direction. However, when two peakons have opposite signs,
collisions may occur, and if so, the system (57) blows up. In
Figures 1 and 2, the solution is plotted with 𝑐

1
= 15, 𝑐

2
= −5,

and 𝜏 = 1.

5. Conclusion

Considered in this paper is the dissipative property of the
modified coupled two-component Camassa-Holm system
after wave breaking. Based on the obtained global dissipative
solutions of the modified coupled two-component Camassa-
Holm system, we construct the dissipative multipeakon
solutions, a useful result for understanding the inevitable
multipeakon phenomenon near wave breaking. Some inter-
esting issues worthy of further investigation include the com-
putational complexity of the algorithms and the impact of the
multipeakon dissipative behavior on the system performance
when blended into control system design.



Mathematical Problems in Engineering 11

−30 −25 −20 −15 −10 −5 0 5 10 15 20
x

−10

−5

0

5

10

15

20
u
(t
,x
)
�
(t
,x
)

(a)

−20 −15 −10 −5 0 5 10 15 20
x

−10

−5

0

5

10

15

20

u
(t
,x
)
�
(t
,x
)

(b)

Figure 2: (a) Initial configuration. (b) The two peakons collide.
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This paper studies the problem of robust 𝐻
∞

filtering for a class of uncertain time-delay systems with Markovian jumping
parameters. The system under consideration is subject to norm-bounded time-varying parameter uncertainties. The problem to
be addressed is the design of a Markovian jump filter such that the filter error dynamics are stochastically stable and a prescribed
bound on theL

2
-induced gain from the noise signals to the filter error is guaranteed for all admissible uncertainties. A sufficient

condition for the existence of the desired robust 𝐻
∞

filter is given in terms of two sets of coupled algebraic Riccati inequalities.
When these algebraic Riccati inequalities are feasible, the expression of a desired𝐻

∞
filter is also presented. Finally, an illustrative

numerical example is provided.

1. Introduction

In the past decades, much attention has been focused on the
celebrated Kalman filtering which seems to be one of the
most popular estimation approaches; see, for example, [1].
Such a kind of filtering approach assumes that the system is
subjected to stationaryGaussian noises with known statistics.
However, in practical applications, the statistics of the noise
sourcesmay not be exactly known. To deal with this problem,
an alternative approach named 𝐻

∞
filtering was proposed,

and a great number of results on this topic have been reported
in the literature; see, for example, [2–5]. Note that in the
𝐻
∞
filtering setting, the exogenous input signals are assumed

to belong to L
2
[0,∞); furthermore, no exact statistics are

required to be known. When parameter uncertainties appear
not only in the exogenous input but also in the systemmodel,
the problem of robust 𝐻

∞
filtering has been investigated

and algebraic Riccati equation approach and linear matrix
inequality (LMI) approach have been adopted to solve this
problem; see [6–9] and the references therein.

Systems with Markovian jumping parameters have been
extensively studied due to their both practical and theoretical
importance; many issues, such as filtering, stability analysis,

and synthesis, on this kind of systems have been studied
[10–13].The problem of 𝐻

∞
filtering forMarkovian jumping

systems has received much attention. Sufficient conditions
for the solvability of this problem were presented in [14],
and a design methodology was also proposed based on LMI
approach. These results were further extended to uncertain
Markovian jump linear systems in [15–18].

In this paper, we consider the problem of robust
𝐻
∞

filtering for a class of continuous-time uncertain systems
with Markovian jump parameters in all system matrices
and time delays in the state variables. We consider uncer-
tain systems with norm-bounded time-varying parameter
uncertainties. The objective of this paper is to design a
Markovian jump linear filter which guarantees both the
stochastic stability and a prescribed 𝐻

∞
performance of the

filtering error dynamics for all admissible uncertainties. An
algebraic Riccati inequalities approach is developed to solve
the previous problem and the desired 𝐻

∞
filter can be

constructed by solving two sets of coupled algebraic Riccati
inequalities.

Notation. Throughout this paper, for symmetric matrices
𝑋 and 𝑌, the notation 𝑋 ≥ 𝑌 (resp., 𝑋 > 𝑌) means
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that the matrix 𝑋 − 𝑌 is positive semidefinite (resp.,
positive definite); 𝐼 is the identity matrix with appropriate
dimension. The notation 𝑀𝑇 represents the transpose of
the matrix 𝑀;E{⋅} denotes the expectation operator with
respect to some probability measure P; 𝐿

2
[0,∞) is the

space of square-integrable vector functions over [0,∞);
| ⋅ | refers to the Euclidean vector norm; ‖ ⋅ ‖

2
stands

for the usual 𝐿
2
[0,∞) norm, while ‖ ⋅ ‖

𝐸2
denotes the

norm in 𝐿
2
((Ω,F,P), [0,∞)); (Ω,F,P) is a probability

space; 𝜆min(𝑀) is used to denote the minimum eigenvalue
of the matrix 𝑀. Matrices, if not explicitly stated, are
assumed to have compatible dimensions.

2. Problem Formulation

Fix a complete probability space (Ω,F,P) and consider the
following class of uncertain stochastic linear systems with
Markovian jumping parameters and time delay:

Σ :

{{{{{{{{{{{{{{{{

{{{{{{{{{{{{{{{{

{

̇𝑥 (𝑡) = [𝐴 (𝑟 (𝑡)) + Δ𝐴 (𝑡, 𝑟 (𝑡))] 𝑥 (𝑡)

+ [𝐴
𝑑
(𝑟 (𝑡)) + Δ𝐴

𝑑
(𝑡, 𝑟 (𝑡))]

× 𝑥 (𝑡 − 𝑑) + 𝐵 (𝑟 (𝑡)) 𝜔 (𝑡) ,

𝑦 (𝑡) = [𝐶 (𝑟 (𝑡)) + Δ𝐶 (𝑡, 𝑟 (𝑡))]

× 𝑥 (𝑡) + 𝐷 (𝑟 (𝑡)) 𝜔 (𝑡) ,

𝑧 (𝑡) = 𝐿 (𝑟 (𝑡)) 𝑥 (𝑡) ,

𝑥 (𝑡) = 𝜙 (𝑡) , ∀𝑡 ∈ [−𝑑, 0], 𝑑 > 0, 𝑟 (0) = 𝑟
0
,

(1)

where 𝑥(𝑡) ∈ R𝑛 is the system state; 𝑦(𝑡) ∈ R𝑟 is
the measurement; 𝜔(𝑡) ∈ R𝑚 is the noise signal which
belongs to 𝐿

2
[0,∞); 𝑧(𝑡) ∈ R𝑙 is a linear combination of

state variables to be estimated; 𝑑 > 0 is the time delay
of the system; and 𝜙(𝑡) ∈ R𝑛 is the continuous initial-
value function. The parameter 𝑟(𝑡) represents a continu-
ous discrete-state Markov process taking values in a finite
set S = {1, 2, . . . , 𝑠} with transition probability matrix Π ≜

{𝜋
𝑖𝑗
} given by

Pr {𝑟 (𝑡 + ℎ) = 𝑗 | 𝑟 (𝑡) = 𝑖} = {
𝜋
𝑖𝑗
ℎ + 𝑜 (ℎ) , 𝑖 ̸= 𝑗,

1 + 𝜋
𝑖𝑖
ℎ + 𝑜 (ℎ) , 𝑖 = 𝑗,

(2)

where ℎ > 0, lim
ℎ→∞

(𝑜(ℎ)/ℎ) = 0, and 𝜋
𝑖𝑗
≥ 0 is the

transition rate frommode 𝑖 at time 𝑡 to mode 𝑗 at time 𝑡 + ℎ
and

𝜋
𝑖𝑖
= −

𝑠

∑

𝑗=1,𝑗 ̸= 𝑖

𝜋
𝑖𝑗
. (3)

In system Σ, 𝐴(𝑟(𝑡)), Δ𝐴(𝑡, 𝑟(𝑡)), 𝐴
𝑑
(𝑟(𝑡)), Δ𝐴

𝑑
(𝑡, 𝑟(𝑡)),

𝐵(𝑟(𝑡)), 𝐶(𝑟(𝑡)), Δ𝐶(𝑡, 𝑟(𝑡), 𝐷(𝑟(𝑡)), and 𝐿(𝑟(𝑡)) are appropri-
ately dimensioned real-valued matrix functions of 𝑟(𝑡).
For simplicity of notations, in the sequel, for each possible

𝑟(𝑡) = 𝑖, 𝑖 ∈ S, we will denote the matrices associated with
the 𝑖th mode by

𝐴
𝑖
≜ 𝐴 (𝑟 (𝑡)) , Δ𝐴

𝑖
(𝑡) ≜ Δ𝐴 (𝑡, 𝑟 (𝑡)) ,

𝐴
𝑑𝑖
≜ 𝐴
𝑑
(𝑟 (𝑡)) , Δ𝐴

𝑑𝑖
(𝑡) ≜ Δ𝐴

𝑑
(𝑡, 𝑟 (𝑡)) ,

𝐵
𝑖
≜ 𝐵 (𝑟 (𝑡)) , 𝐶

𝑖
≜ 𝐶 (𝑟 (𝑡)) ,

Δ𝐶
𝑖
(𝑡) ≜ Δ𝐶 (𝑡, 𝑟 (𝑡)) , 𝐷

𝑖
≜ 𝐷 (𝑟 (𝑡)) ,

(4)

𝐿
𝑖
≜ 𝐿 (𝑟 (𝑡)) , (5)

where𝐴
𝑖
,𝐴
𝑑𝑖
,𝐵
𝑖
,𝐶
𝑖
,𝐷
𝑖
, and 𝐿

𝑖
, are known constantmatrices

representing the nominal system for each 𝑖 ∈ S and Δ𝐴
𝑖
(𝑡),

Δ𝐴
𝑑𝑖
(𝑡), and Δ𝐶

𝑖
(𝑡) are unknown matrices representing

time-varying parameter uncertainties and are assumed to be
of the form

Δ𝐴
𝑖
(𝑡) = 𝑀

𝐴𝑖
𝐹
𝐴𝑖
(𝑡)𝑁
𝐴𝑖
,

Δ𝐴
𝑑𝑖
(𝑡) = 𝑀

𝑑𝑖
𝐹
𝑑𝑖
(𝑡)𝑁
𝑑𝑖
,

Δ𝐶
𝑖
(𝑡) = 𝑀

𝐶𝑖
𝐹
𝐶𝑖
(𝑡)𝑁
𝐶𝑖
,

(6)

where 𝑀
𝐴𝑖
, 𝑁
𝐴𝑖
, 𝑀
𝑑𝑖
, 𝑁
𝑑𝑖
, 𝑀
𝐶𝑖
, and 𝑁

𝐶𝑖
, for each 𝑖 ∈ S,

are known constant matrices and 𝐹
𝐴𝑖
(𝑡), 𝐹
𝑑𝑖
(𝑡), and 𝐹

𝐶𝑖
(𝑡), for

each 𝑖 ∈ S, are the uncertain time-varyingmatrices satisfying

𝐹
𝐴𝑖
(𝑡)
𝑇

𝐹
𝐴𝑖
(𝑡) ≤ 𝐼, 𝐹

𝑑𝑖
(𝑡)
𝑇

𝐹
𝑑𝑖
(𝑡) ≤ 𝐼,

𝐹
𝐶𝑖
(𝑡)
𝑇

𝐹
𝐶𝑖
(𝑡) ≤ 𝐼, ∀𝑖 ∈ S.

(7)

It is assumed that all the elements of 𝐹
𝐴𝑖
(𝑡), 𝐹
𝑑𝑖
(𝑡), and 𝐹

𝐶𝑖
(𝑡)

are Lebesgue measurable. Δ𝐴
𝑖
(𝑡), Δ𝐴

𝑑𝑖
(𝑡), and Δ𝐶

𝑖
(𝑡), for

each 𝑖 ∈ S, are said to be admissible if both (6) and (7) hold.
Throughout the paper we will use the following concept

of stochastic stability.

Definition 1. Consider the following stochastic jump system:

̇𝑥 (𝑡) = 𝐴 (𝑟 (𝑡)) 𝑥 (𝑡) + 𝐴
𝑑
(𝑟 (𝑡)) 𝑥 (𝑡 − 𝑑) ,

𝑥 (𝑡) = 𝜙 (𝑡) , ∀𝑡 ∈ [−𝑑, 0] , 𝑑 > 0, 𝑟 (0) = 𝑟
0
.

(8)

The system (8) is said to be stochastically stable, if, for finite
𝜙(𝑡) ∈ R𝑛 defined on [−𝑑, 0] and 𝑟

0
∈ S, there exists a scalar

𝑐 > 0 such that

lim
𝑡→∞

E{∫
𝑡

0

𝑥
𝑇

(𝜏, 𝜙, 𝑟
0
) 𝑥 (𝜏, 𝜙, 𝑟

0
) 𝑑𝜏 | 𝜙, 𝑟

0
}

≤ 𝑐 sup
−𝑑≤𝜏≤0

󵄨󵄨󵄨󵄨𝜙 (𝜏)
󵄨󵄨󵄨󵄨

2

,

(9)

where 𝑥(𝑡, 𝜙, 𝑟
0
) denotes the solution of system (8) at time 𝑡

under the initial conditions 𝜙(𝑡) and 𝑟
0
.

Now, for each 𝑖 ∈ S, consider a Markovian filter of the
form

Σ
𝐹
: {

̇𝑥̂ (𝑡) = 𝐴
𝑖
𝑥 (𝑡) + 𝐾̂

𝑖
𝑦 (𝑡),

𝑧̂ (𝑡) = 𝐿̂
𝑖
𝑥 (𝑡),

(10)
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where 𝑥(𝑡) ∈ R𝑛 is the estimator state and the matrices 𝐴
𝑖
,

𝐾̂
𝑖
, and 𝐿̂

𝑖
are to be chosen. The filtering error is defined by

𝑒 (𝑡) ≜ 𝑧 (𝑡) − 𝑧̂ (𝑡) . (11)

Then the robust𝐻
∞

filtering problem to be dealt with in
this paper can be formulated as determining a filter of the
form (10) such that, for all admissible uncertainties Δ𝐴

𝑖
(𝑡),

Δ𝐴
𝑑𝑖
(𝑡), and Δ𝐶

𝑖
(𝑡), 𝑖 ∈ S, the following requirements are

satisfied:

(R1) the augmented system from systemΣ and the filter Σ
𝐹

is stochastically stable;
(R2) with zero initial conditions, the following holds:

‖𝑒 (𝑡)‖
𝐸2
< 𝛾‖𝜔 (𝑡)‖

2
, (12)

for all nonzero 𝜔(𝑡) ∈ 𝐿
2
[0,∞), where 𝛾 > 0 is a

prescribed scalar.

Before concluding this section, we introduce the follow-
ing lemmawhich will be used in the proof of ourmain results
in the next section.

Lemma 2 (see [19, 20]). Let𝐴,𝐷, 𝐸, 𝐹, and 𝑃 be real matrices
of appropriate dimensions with 𝑃 > 0 and 𝐹 satisfying 𝐹𝑇𝐹 ≤
𝐼. Then one has the following:

(1) for any scalar 𝜖 > 0,

𝐷𝐹𝐸 + (𝐷𝐹𝐸)
𝑇

≤ 𝜖
−1

𝐷𝐷
𝑇

+ 𝜖𝐸
𝑇

𝐸, (13)

(2) for any scalar 𝜖 > 0 such that 𝑃 − 𝜖𝐸𝑇𝐸 > 0,

(𝐴 + 𝐷𝐹𝐸) 𝑃
−1

(𝐴 + 𝐷𝐹𝐸)
𝑇

≤ 𝐴(𝑃 − 𝜖𝐸
𝑇

𝐸)
−1

𝐴
𝑇

+ 𝜖
−1

𝐷𝐷
𝑇

,

(14)

(3) 𝐴𝐷 + (𝐴𝐷)𝑇 ≤ 𝐴𝑃𝐴𝑇 + 𝐷𝑇𝑃−1𝐷.

3. Main Results

In this section, a Riccati-like inequality approach is proposed
to design a robust 𝐻

∞
filter for uncertain stochastic linear

systems with Markovian jumping parameters and time delay.
Our main result is presented in the next theorem.

Theorem 3. Consider the uncertain jump linear system Σ. If
there exist scalars 𝜀

1𝑖
> 0, 𝜀

2𝑖
> 0, 𝜀

3𝑖
> 0, and 𝜀

4𝑖
> 0 and

matrices 𝑃
1𝑖
> 0, 𝑃

2𝑖
> 0, 𝑖 = 1, . . . , 𝑠, 𝑄

1
> 0, and 𝑄

2
> 0,

such that 𝑄
1
− 𝜀
3𝑖
𝑁
𝑇

𝑑𝑖
𝑁
𝑑𝑖
> 0, 𝑖 = 1, . . . , 𝑠, and the following

coupled Riccati matrix inequalities hold:

𝐴
𝑇

𝑖
𝑃
1𝑖
+ 𝑃
1𝑖
𝐴
𝑖
+

𝑠

∑

𝑗=1

𝜋
𝑖𝑗
𝑃
1𝑗
+ 𝑃
1𝑖
𝑊
𝑖
𝑃
1𝑖

+ 𝜀
1𝑖
𝑁
𝑇

𝐴𝑖
𝑁
𝐴𝑖
+ 𝜀
2𝑖
𝑁
𝑇

𝐶𝑖
𝑁
𝐶𝑖
+ 𝑄
1
< 0,

𝐴
𝑇

𝑖
𝑃
2𝑖
+ 𝑃
2𝑖
𝐴
𝑖
+

𝑠

∑

𝑗=1

𝜋
𝑖𝑗
𝑃
2𝑗
+ 𝑃
2𝑖
𝑈
𝑖
𝑃
2𝑖
+ 𝐿
𝑇

𝑖
𝐿
𝑖
+ 𝑄
2
< 0,

(15)

where

𝑊
𝑖
= 𝜀
−1

1𝑖
𝑀
𝐴𝑖
𝑀
𝑇

𝐴𝑖
+ 𝜀
−1

3𝑖
𝑀
𝑑𝑖
𝑀
𝑇

𝑑𝑖

+ 𝐴
𝑑𝑖
(𝑄
1
− 𝜀
3𝑖
𝑁
𝑇

𝑑𝑖
𝑁
𝑑𝑖
)
−1

× 𝐴
𝑇

𝑑𝑖
+ 𝛾
−2

𝐵
𝑖
𝐵
𝑇

𝑖
,

𝑈
𝑖
= 𝜀
−1

1𝑖
𝑀
𝐴𝑖
𝑀
𝑇

𝐴𝑖
+ 𝜀
−1

3𝑖
𝑀
𝑑𝑖
𝑀
𝑇

𝑑𝑖

+ 𝐴
𝑑𝑖
(𝑄
1
− 𝜀
3𝑖
𝑁
𝑇

𝑑𝑖
𝑁
𝑑𝑖
)
−1

𝐴
𝑇

𝑑𝑖

+ 𝛾
−2

𝐵
𝑖
(𝐼 − 𝐷

𝑇

𝑖
𝐻
−1

𝑖
𝐷
𝑖
) 𝐵
𝑇

𝑖
,

𝐴
𝑖
= 𝐴
𝑖
+ [𝜀
−1

1𝑖
𝑀
𝐴𝑖
𝑀
𝑇

𝐴𝑖
+ 𝜀
−1

3𝑖
𝑀
𝑑𝑖
𝑀
𝑇

𝑑𝑖

+𝐴
𝑑𝑖
(𝑄
1
− 𝜀
3𝑖
𝑁
𝑇

𝑑𝑖
𝑁
𝑑𝑖
)
−1

𝐴
𝑇

𝑑𝑖
] 𝑃
1𝑖

+ 𝛾
−2

𝐵
𝑖
(𝐼 − 𝐷

𝑇

𝑖
𝐻
−1

𝑖
𝐷
𝑖
) 𝐵
𝑇

𝑖
𝑃
1𝑖
− 𝐵
𝑖
𝐷
𝑇

𝑖
𝐻
−1

𝑖
𝐶
𝑖
,

𝐻
𝑖
= 𝐷
𝑖
𝐷
𝑇

𝑖
+ 𝛾
2

𝜀
−1

2𝑖
𝑀
𝐶𝑖
𝑀
𝑇

𝐶𝑖
+ 𝜀
4𝑖
𝐼,

(16)

for 𝑖 = 1, . . . , 𝑠, then the robust 𝐻
∞

filtering problem is
solvable. In this case, a suitable robust 𝐻

∞
filter Σ

𝐹
is given

in form (10) with parameters as follows:

𝐾̂
𝑖
= 𝐵
𝑖
𝐷
𝑇

𝑖
𝐻
−1

𝑖
, 𝐿̂
𝑖
= 𝐿
𝑖
, 𝑖 ∈ S. (17)

Proof. Let the mode at time 𝑡 be 𝑖, that is; 𝑟(𝑡) = 𝑖, 𝑖 ∈ S, and
define

𝑥 (𝑡) = 𝑥 (𝑡) − 𝑥 (𝑡) , (18)

then from system Σ and filter Σ
𝐹
, it is easy to show that

̇𝑥 (𝑡) = 𝐴
𝑖
𝑥 (𝑡) + [𝐴

𝑖
+ Δ𝐴
𝑖
(𝑡) − 𝐴

𝑖
− 𝐾̂
𝑖
(𝐶
𝑖
+ Δ𝐶
𝑖
(𝑡))] 𝑥 (𝑡)

+ [𝐴
𝑑𝑖
+ Δ𝐴
𝑑𝑖
(𝑡)] 𝑥 (𝑡 − 𝑑) + (𝐵

𝑖
− 𝐾̂
𝑖
𝐷
𝑖
) 𝜔 (𝑡) .

(19)

Therefore, by defining 𝑥(𝑡)𝑇 ≜ [𝑥(𝑡)𝑇, 𝑥(𝑡)𝑇]𝑇, we obtain the
augmented system from Σ and Σ

𝐹
as

Σaug :

{{{{

{{{{

{

̇𝑥̃ (𝑡) = 𝐴
𝑖
(𝑡) 𝑥 (𝑡) + 𝐴

𝑑𝑖
(𝑡) 𝑥 (𝑡 − 𝑑) + 𝐵

𝑖
𝜔 (𝑡) ,

𝑒 (𝑡) = 𝐶
𝑖
𝑥 (𝑡) ,

𝑥 (𝑡) = 𝜑 (𝑡) , ∀𝑡 ∈ [−𝑑, 0] , 𝑑 > 0, 𝑟 (0) = 𝑟
0
,

(20)
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where

𝐴
𝑖
(𝑡) = 𝐴

𝑖
+ Δ𝐴
𝑖
(𝑡) , 𝐴

𝑑𝑖
(𝑡) = 𝐴

𝑑𝑖
+ Δ𝐴
𝑑𝑖
(𝑡) ,

𝐴
𝑖
= [

𝐴
𝑖

0

𝐴
𝑖
− 𝐴
𝑖
− 𝐾̂
𝑖
𝐶
𝑖
𝐴
𝑖

] ,

Δ𝐴
𝑖
(𝑡) = [

Δ𝐴
𝑖
(𝑡) 0

Δ𝐴
𝑖
(𝑡) − 𝐾̂

𝑖
Δ𝐶
𝑖
(𝑡) 0

] ,

𝐴
𝑑𝑖
= [
𝐴
𝑑𝑖
0

𝐴
𝑑𝑖
0
] , Δ𝐴

𝑑𝑖
(𝑡) = [

Δ𝐴
𝑑𝑖
(𝑡) 0

Δ𝐴
𝑑𝑖
(𝑡) 0

] ,

𝐵
𝑖
= [

𝐵
𝑖

𝐵
𝑖
− 𝐾̂
𝑖
𝐷
𝑖

] , 𝐶
𝑖
= [0 𝐿

𝑖
] .

(21)

For 𝑟(𝑡) = 𝑖, 𝑖 ∈ S, we define a matrix 𝑃
𝑖
> 0 by

𝑃
𝑖
= [
𝑃
1𝑖
0

0 𝑃
2𝑖

] . (22)

Next, we will show that under the conditions of the theorem,
the following matrix inequality

𝑍
𝑖
(𝑡) := 𝐴

𝑖
(𝑡)
𝑇

𝑃
𝑖
+ 𝑃
𝑖
𝐴
𝑖
(𝑡) +

𝑠

∑

𝑗=1

𝜋
𝑖𝑗
𝑃
𝑗

+ 𝑃
𝑖
𝐴
𝑑𝑖
(𝑡) 𝑄
−1

𝐴
𝑑𝑖
(𝑡)
𝑇

𝑃
𝑖
+ 𝑄 + 𝐶

𝑇

𝑖
𝐶
𝑖

+ 𝛾
−2

𝑃
𝑖
𝐵
𝑖
𝐵
𝑇

𝑖
𝑃
𝑖
≤ [
𝑉
1𝑖
0

0 𝑉
2𝑖

]

(23)

holds, when 𝑟(𝑡) = 𝑖, 𝑖 ∈ S, where

𝑄 = [
𝑄
1
0

0 𝑄
2

] > 0,

𝑉
1𝑖
= 𝐴
𝑇

𝑖
𝑃
1𝑖
+ 𝑃
1𝑖
𝐴
𝑖
+

𝑠

∑

𝑗=1

𝜋
𝑖𝑗
𝑃
1𝑗
+ 𝑃
1𝑖
𝑊
𝑖
𝑃
1𝑖

+ 𝜀
1𝑖
𝑁
𝑇

𝐴𝑖
𝑁
𝐴𝑖
+ 𝜀
2𝑖
𝑁
𝑇

𝐶𝑖
𝑁
𝐶𝑖
+ 𝑄
1
,

𝑉
2𝑖
= 𝐴
𝑇

𝑖
𝑃
2𝑖
+ 𝑃
2𝑖
𝐴
𝑖
+

𝑠

∑

𝑗=1

𝜋
𝑖𝑗
𝑃
2𝑗

+ 𝑃
2𝑖
𝑈
𝑖
𝑃
2𝑖
+ 𝐿
𝑇

𝑖
𝐿
𝑖
+ 𝑄
2
.

(24)

To this end, we use Lemma 2 to obtain the following matrix
inequalities:

𝑃
𝑖
Δ𝐴
𝑖
(𝑡) + Δ𝐴

𝑖
(𝑡)
𝑇

𝑃
𝑖

≤ 𝜀
−1

1𝑖
𝑃
𝑖
[
𝑀
𝐴𝑖

𝑀
𝐴𝑖

] [𝑀
𝑇

𝐴𝑖
𝑀
𝑇

𝐴𝑖
] 𝑃
𝑖

+ 𝜀
1𝑖
[
𝑁
𝑇

𝐴𝑖

0
] [𝑁
𝐴𝑖
0]

+ 𝜀
−1

2𝑖
𝑃
𝑖
[

0

−𝐾̂
𝑖
𝑀
𝐶𝑖

] [0 −𝑀
𝑇

𝐶𝑖
𝐾̂
𝑇

𝑖
] 𝑃
𝑖

+ 𝜀
21𝑖
[
𝑁
𝑇

𝐶𝑖

0
] [𝑁
𝐶𝑖
0]

= [
𝐻
1𝑖

𝜀
−1

1𝑖
𝑃
1𝑖
𝑀
𝐴𝑖
𝑀
𝑇

𝐴𝑖
𝑃
2𝑖

𝜀
−1

1𝑖
𝑃
2𝑖
𝑀
𝐴𝑖
𝑀
𝑇

𝐴𝑖
𝑃
1𝑖

𝐻
2𝑖

] ,

𝑃
𝑖
𝐴
𝑑𝑖
(𝑡) 𝑄
−1

𝐴
𝑑𝑖
(𝑡)
𝑇

𝑃
𝑖

≤ 𝑃
𝑖
𝐴
𝑑𝑖
(𝑄 − 𝜀

3𝑖
[
𝑁
𝑇

𝑑𝑖

0
] [𝑁
𝑑𝑖
0])

−1

× 𝐴
𝑇

𝑑𝑖
𝑃
𝑖
+ 𝜀
−1

3𝑖
𝑃
𝑖
[
𝑀
𝑑𝑖

𝑀
𝑑𝑖

] [𝑀
𝑇

𝑑𝑖
𝑀
𝑇

𝑑𝑖
] 𝑃
𝑖

= [
𝐺
1𝑖
𝐺
𝑇

2𝑖

𝐺
2𝑖
𝐺
3𝑖

] ,

(25)

where (7) and

𝑄
1
− 𝜀
3𝑖
𝑁
𝑇

𝑑𝑖
𝑁
𝑑𝑖
> 0, 𝑖 = 1, . . . , 𝑠, (26)

are used and

𝐻
1𝑖
= 𝜀
−1

1𝑖
𝑃
1𝑖
𝑀
𝐴𝑖
𝑀
𝑇

𝐴𝑖
𝑃
1𝑖
+ 𝜀
1𝑖
𝑁
𝑇

𝐴𝑖
𝑁
𝐴𝑖
+ 𝜀
2𝑖
𝑁
𝑇

𝐶𝑖
𝑁
𝐶𝑖
,

𝐻
2𝑖
= 𝑃
2𝑖
(𝜀
−1

1𝑖
𝑀
𝐴𝑖
𝑀
𝑇

𝐴𝑖
+ 𝜀
−1

2𝑖
𝐾̂
𝑖
𝑀
𝐶𝑖
𝑀
𝑇

𝐶𝑖
𝐾̂
𝑇

𝑖
) 𝑃
2𝑖
,

𝐺
1𝑖
= 𝑃
1𝑖
[𝜀
−1

3𝑖
𝑀
𝑑𝑖
𝑀
𝑇

𝑑𝑖
+ 𝐴
𝑑𝑖
(𝑄
1
− 𝜀
3𝑖
𝑁
𝑇

𝑑𝑖
𝑁
𝑑𝑖
)
−1

𝐴
𝑇

𝑑𝑖
] 𝑃
1𝑖
,

𝐺
2𝑖
= 𝑃
2𝑖
[𝐴
𝑑𝑖
(𝑄
1
− 𝜀
3𝑖
𝑁
𝑇

𝑑𝑖
𝑁
𝑑𝑖
)
−1

𝐴
𝑇

𝑑𝑖
+ 𝜀
−1

3𝑖
𝑀
𝑑𝑖
𝑀
𝑇

𝑑𝑖
] 𝑃
1𝑖
,

𝐺
3𝑖
= 𝑃
2𝑖
[𝐴
𝑑𝑖
(𝑄
1
− 𝜀
3𝑖
𝑁
𝑇

𝑑𝑖
𝑁
𝑑𝑖
)
−1

𝐴
𝑇

𝑑𝑖
+ 𝜀
−1

3𝑖
𝑀
𝑑𝑖
𝑀
𝑇

𝑑𝑖
] 𝑃
2𝑖
.

(27)

Hence

𝑍
𝑖
(𝑡)

≤ 𝐴
𝑇

𝑖
𝑃
𝑖
+ 𝑃
𝑖
𝐴
𝑖

+

𝑠

∑

𝑗=1

𝜋
𝑖𝑗
𝑃
𝑗
+ 𝑄 + 𝐶

𝑇

𝑖
𝐶
𝑖
+ 𝛾
−2

𝑃
𝑖
𝐵
𝑖
𝐵
𝑇

𝑖
𝑃
𝑖

+ [
𝐻
1𝑖
+ 𝐺
1𝑖

𝜀
−1

1𝑖
𝑃
1𝑖
𝑀
𝐴𝑖
𝑀
𝑇

𝐴𝑖
𝑃
2𝑖
+ 𝐺
𝑇

2𝑖

𝜀
−1

1𝑖
𝑃
2𝑖
𝑀
𝐴𝑖
𝑀
𝑇

𝐴𝑖
𝑃
1𝑖
+ 𝐺
2𝑖

𝐻
2𝑖
+ 𝐺
3𝑖

] .

(28)

Substituting (16) and (17) into the right-hand side of the
previous inequality and using algebraic manipulations we
have that (23) holds.

Now, we will show the stochastic stability of the aug-
mented system Σaug when 𝜔(𝑡) = 0. In the following we will
simply use 𝑥(𝑡) to stand for the solution of the system Σaug at
time 𝑡 with the initial conditions 𝜑(𝑡) and 𝑟

0
.

Introduce the following stochastic Lyapunov functional
candidate for system Σaug:

𝑉 (𝑥 (𝑡), 𝑟 (𝑡)) = 𝑥(𝑡)
𝑇

𝑃 (𝑟 (𝑡)) 𝑥 (𝑡) + ∫

𝑡

𝑡−𝑑

𝑥(𝜏)
𝑇

𝑄𝑥 (𝜏) 𝑑𝜏.

(29)
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It can then be shown that the weak infinitesimal generatorA
of the random process {𝑥(𝑡), 𝑟(𝑡)} is given by

A𝑉 (𝑥 (𝑡) , 𝑖) = lim
ℎ󳨀→∞

1

ℎ
[E {𝑉 (𝑥 (𝑡 + ℎ) , 𝑟 (𝑡 + ℎ)) | 𝑥 (𝑡) ,

𝑟 (𝑡) = 𝑖} −𝑉 (𝑥 (𝑡) , 𝑟 (𝑡) = 𝑖) ]

= 𝑥(𝑡)
𝑇[

[

𝐴
𝑖
(𝑡)
𝑇

𝑃
𝑖
+ 𝑃
𝑖
𝐴
𝑖
(𝑡) +

𝑠

∑

𝑗=1

𝜋
𝑖𝑗
𝑃
𝑗
+ 𝑄]

]

× 𝑥 (𝑡) + 𝑥(𝑡)
𝑇

𝑃
𝑖
𝐴
𝑑𝑖
(𝑡) 𝑥 (𝑡 − 𝑑)

+ 𝑥(𝑡 − 𝑑)
𝑇

𝐴
𝑑𝑖
(𝑡)
𝑇

𝑃
𝑖
𝑥 (𝑡)

− 𝑥 (𝑡 − 𝑑)𝑄𝑥 (𝑡 − 𝑑) ,

(30)

for any 𝑟(𝑡) = 𝑖, 𝑖 ∈ S. Then, from Lemma 2, it follows that

A𝑉 (𝑥 (𝑡) , 𝑖)

≤ 𝑥(𝑡)
𝑇[

[

𝐴
𝑖
(𝑡)
𝑇

𝑃
𝑖
+ 𝑃
𝑖
𝐴
𝑖
(𝑡)

+

𝑠

∑

𝑗=1

𝜋
𝑖𝑗
𝑃
𝑗
+ 𝑃
𝑖
𝐴
𝑑𝑖
(𝑡) 𝑄
−1

𝐴
𝑑𝑖
(𝑡)
𝑇

𝑃
𝑖
+ 𝑄]

]

𝑥 (𝑡) .

(31)

Using (23), we have

A𝑉 (𝑥 (𝑡) , 𝑖) ≤ 𝑥(𝑡)
𝑇

[
𝑉
1𝑖
0

0 𝑉
2𝑖

] 𝑥 (𝑡) ≤ −𝛽
1
𝑥(𝑡)
𝑇

𝑥 (𝑡) , (32)

where 𝛽
1
= min

𝑖∈S{𝜆min(−𝑉1𝑖), 𝜆min(−𝑉2𝑖)}. From (15), it is
easy to see that 𝛽

1
> 0.

Now using Dynkin’s formula, we have, for each 𝑟(𝑡) = 𝑖,
𝑖 ∈ S, 𝑡 > 0,

E {𝑉 (𝑥 (𝑡) , 𝑖)} − 𝑉 (𝑥
0
, 𝑟
0
)

= E{∫
𝑡

0

A𝑉 (𝑥 (𝜏) , 𝑟 (𝜏)) 𝑑𝜏}

≤ −𝛽
1
∫

𝑡

0

E {𝑥(𝜏)
𝑇

𝑥 (𝜏)} 𝑑𝜏.

(33)

On the other hand, for each 𝑟(𝑡) = 𝑖, 𝑖 ∈ S, we can show that

E {𝑉 (𝑥 (𝑡) , 𝑖)} = E {𝑥(𝑡)
𝑇

𝑃
𝑖
𝑥 (𝑡)}

+E{∫
𝑡

𝑡−𝑑

𝑥(𝜏)
𝑇

𝑄𝑥 (𝜏) 𝑑𝜏}

≥ 𝛽
2
E {𝑥(𝑡)

𝑇

𝑥 (𝑡)} ,

(34)

where 𝛽
2
= min

𝑖∈S{𝜆min(𝑃𝑖)} and 𝛽2 > 0. The previous
inequality and (33) imply that

E {𝑥(𝑡)
𝑇

𝑥 (𝑡)} ≤ −𝜆
1
∫

𝑡

0

E {𝑥(𝜏)
𝑇

𝑥 (𝜏)} 𝑑𝜏

+ 𝜆
2
𝑉 (𝑥
0
, 𝑟
0
) ,

(35)

where 𝜆
1
= 𝛽
1
𝛽
−1

2
> 0 and 𝜆

2
= 𝛽
−1

2
> 0. Then, it can be

verified that

E {𝑥(𝑡)
𝑇

𝑥 (𝑡)} ≤ 𝜆
2
exp (−𝜆

1
𝑡) 𝑉 (𝑥

0
, 𝑟
0
) . (36)

Therefore,

E{∫
𝑡

0

𝑥(𝜏)
𝑇

𝑥 (𝜏) 𝑑𝜏 | 𝜑, 𝑟
0
}

≤ 𝜆
−1

1
𝜆
2
[1 − exp (−𝜆

1
𝑡)] 𝑉 (𝑥

0
, 𝑟
0
) .

(37)

Taking limit as 𝑡 → ∞, we have

lim
𝑡→∞

E{∫
𝑡

0

𝑥(𝜏)
𝑇

𝑥 (𝜏) 𝑑𝜏 | 𝜑, 𝑟
0
} ≤ 𝜆

−1

1
𝜆
2
𝑉 (𝑥
0
, 𝑟
0
) . (38)

Note that there always exists a scalar 𝑐 > 0 such that

𝜆
−1

1
𝜆
2
𝑉 (𝑥
0
, 𝑟
0
) ≤ 𝑐 sup
−𝑑≤𝜏≤0

󵄨󵄨󵄨󵄨𝜑 (𝜏)
󵄨󵄨󵄨󵄨

2

. (39)

Considering (38), we have that the augmented system Σaug is
stochastically stable. Next we will show that

‖𝑒 (𝑡)‖
𝐸2
< 𝛾‖𝜔 (𝑡)‖

2
, (40)

for all nonzero 𝜔(𝑡) ∈ 𝐿
2
[0,∞). To this end, we introduce

𝐽 = E{∫
∞

0

[𝑒(𝜏)
𝑇

𝑒 (𝜏) − 𝛾
2

𝜔(𝜏)
𝑇

𝜔 (𝜏)] 𝑑𝜏} . (41)

For any 𝑟(𝑡) = 𝑖, 𝑖 ∈ S, 𝜔(𝑡) ̸= 0, we have

A𝑉 (𝑥 (𝑡) , 𝑖) = 𝑥(𝑡)
𝑇[

[

𝐴
𝑖
(𝑡)
𝑇

𝑃
𝑖
+ 𝑃
𝑖
𝐴
𝑖
(𝑡) +

𝑠

∑

𝑗=1

𝜋
𝑖𝑗
𝑃
𝑗
+ 𝑄]

]

× 𝑥 (𝑡) + 𝑥(𝑡)
𝑇

𝑃
𝑖
𝐴
𝑑𝑖
(𝑡) 𝑥 (𝑡 − 𝑑)

+ 𝑥(𝑡 − 𝑑)
𝑇

𝐴
𝑑𝑖
(𝑡)
𝑇

𝑃
𝑖
𝑥 (𝑡)

− 𝑥(𝑡 − 𝑑)
𝑇

𝑄𝑥 (𝑡 − 𝑑)

+ 𝑥(𝑡)
𝑇

𝑃
𝑖
𝐵
𝑖
𝜔 (𝑡) + 𝜔(𝑡)

𝑇

𝐵
𝑇

𝑖
𝑃
𝑖
𝑥 (𝑡) .

(42)
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Thus, under zero initial condition, for any 𝑡 > 0, 𝑟(𝑡) = 𝑖,
𝑖 ∈ S, 𝜔(𝑡) ̸= 0,

𝐽
1
= E{∫

𝑡

0

[𝑒(𝜏)
𝑇

𝑒 (𝜏) − 𝛾
2

𝜔(𝜏)
𝑇

𝜔 (𝜏)] 𝑑𝜏}

= E{∫
𝑡

0

[𝑒(𝜏)
𝑇

𝑒 (𝜏) − 𝛾
2

𝜔(𝜏)
𝑇

𝜔 (𝜏)

+A𝑉 (𝑥 (𝜏) , 𝑖) ] 𝑑𝜏}

−E{∫
𝑡

0

A𝑉 (𝑥 (𝜏) , 𝑖) 𝑑𝜏}

= E{∫
𝑡

0

[𝑥(𝜏)
𝑇

𝑍
𝑖
(𝜏) 𝑥 (𝜏)

− (𝑥(𝑡 − 𝑑)
𝑇

− 𝑥(𝑡)
𝑇

𝑃
𝑖
𝐴
𝑑𝑖
(𝑡) 𝑄
−1

)

× 𝑄 (𝑥 (𝑡 − 𝑑) − 𝑄
−1

𝐴
𝑑𝑖
(𝑡)
𝑇

𝑃
𝑖
𝑥 (𝑡))

− 𝛾
2

(𝜔(𝜏)
𝑇

− 𝛾
−2

𝑥(𝑡)
𝑇

𝑃
𝑖
𝐵
𝑖
)

× (𝜔 (𝜏) − 𝛾
−2

𝐵
𝑇

𝑖
𝑃
𝑖
𝑥 (𝑡))] 𝑑𝜏}

−E {𝑉 (𝑥 (𝑡) , 𝑖)} .

(43)

Hence

𝐽 ≤ E{∫
∞

0

𝑥(𝜏)
𝑇

𝑍
𝑖
(𝜏) 𝑥 (𝜏) 𝑑𝜏} . (44)

Finally, from (23), (40) follows immediately. This completes
the proof.

Remark 4. Theorem 3 provides a sufficient condition for
the solvability of robust 𝐻

∞
filtering problem for uncer-

tain stochastic time-delay systems with Markovian jumping
parameters, and the desired filter can be constructed by
solving two sets of coupled algebraic Riccati inequalities.

In the case when S = {1}, that is, there is only one mode
operation, we have 𝜋

𝑖𝑖
= 0, 𝑖 ∈ S = {1}, and system Σ reduces

to the following uncertain time-delay systemwith no jumping
parameters:

Σ
1
:

{{{{{{{

{{{{{{{

{

̇𝑥 (𝑡) = [𝐴 + Δ𝐴 (𝑡)] 𝑥 (𝑡)

+ [𝐴
𝑑
+ Δ𝐴
𝑑
(𝑡)] 𝑥 (𝑡 − 𝑑) + 𝐵𝜔 (𝑡) ,

𝑦 (𝑡) = [𝐶 + Δ𝐶 (𝑡)] 𝑥 (𝑡) + 𝐷𝜔 (𝑡) ,

𝑧 (𝑡) = 𝐿𝑥 (𝑡) ,

𝑥 (𝑡) = 𝜙 (𝑡) , ∀𝑡 ∈ [−𝑑, 0] , 𝑑 > 0, 𝑟 (0) = 𝑟
0
,

(45)

where Δ𝐴(𝑡), Δ𝐴
𝑑
(𝑡), and Δ𝐶(𝑡) are unknown matrices and

are assumed to be of the form

Δ𝐴 (𝑡) = 𝑀
𝐴
𝐹
𝐴
(𝑡)𝑁
𝐴
, Δ𝐴

𝑑
(𝑡) = 𝑀

𝑑
𝐹
𝑑
(𝑡)𝑁
𝑑
,

Δ𝐶 (𝑡) = 𝑀
𝐶
𝐹
𝐶
(𝑡)𝑁
𝐶
,

(46)

where 𝑀
𝐴
, 𝑁
𝐴𝑖
, 𝑀
𝑑
, 𝑁
𝑑
, 𝑀
𝐶
, and 𝑁

𝐶
are known constant

matrices and 𝐹
𝐴
(𝑡), 𝐹
𝑑
(𝑡), and 𝐹

𝐶
(𝑡) are the uncertain time-

varying matrices satisfying

𝐹
𝐴
(𝑡)
𝑇

𝐹
𝐴
(𝑡) ≤ 𝐼, 𝐹

𝑑
(𝑡)
𝑇

𝐹
𝑑
(𝑡) ≤ 𝐼,

𝐹
𝐶
(𝑡)
𝑇

𝐹
𝐶
(𝑡) ≤ 𝐼.

(47)

Then, from Theorem 3, we have the following robust 𝐻
∞

filtering result for the previous system.

Corollary 5. Consider the uncertain time-delay system (Σ
1
).

If there exist scalars 𝜀
𝑖
> 0, 𝑖 = 1, . . . , 4, and matrices 𝑃

1
> 0,

𝑃
2
> 0, 𝑄

1
> 0, and 𝑄

2
> 0, such that 𝑄

1
− 𝜀
3
𝑁
𝑇

𝑑
𝑁
𝑑
> 0, and

the following coupled Riccati matrix inequalities hold:

𝐴
𝑇

𝑃
1
+ 𝑃
1
𝐴 + 𝑃

1
𝑊𝑃
1
+ 𝜀
1
𝑁
𝑇

𝐴
𝑁
𝐴
+ 𝜀
2
𝑁
𝑇

𝐶
𝑁
𝐶
+ 𝑄
1
< 0

𝐴
𝑇

𝑃
2
+ 𝑃
2
𝐴 + 𝑃

2
𝑈𝑃
2
+ 𝐿
𝑇

𝐿 + 𝑄
2
< 0,

(48)

where

𝑊 = 𝜀
−1

1
𝑀
𝐴
𝑀
𝑇

𝐴
+ 𝜀
−1

3
𝑀
𝑑
𝑀
𝑇

𝑑
+ 𝐴
𝑑
(𝑄
1
− 𝜀
3
𝑁
𝑇

𝑑
𝑁
𝑑
)
−1

𝐴
𝑇

𝑑

+ 𝛾
−2

𝐵𝐵
𝑇

,

𝑈 = 𝜀
−1

1
𝑀
𝐴
𝑀
𝑇

𝐴
+ 𝜀
−1

3
𝑀
𝑑
𝑀
𝑇

𝑑
+ 𝐴
𝑑
(𝑄
1
− 𝜀
3
𝑁
𝑇

𝑑
𝑁
𝑑
)
−1

𝐴
𝑇

𝑑

+ 𝛾
−2

𝐵 (𝐼 − 𝐷
𝑇

𝐻
−1

𝐷)𝐵
𝑇

,

𝐴 = 𝐴 + [𝜀
−1

1
𝑀
𝐴
𝑀
𝑇

𝐴
+ 𝜀
−1

3
𝑀
𝑑
𝑀
𝑇

𝑑

+𝐴
𝑑
(𝑄
1
− 𝜀
3
𝑁
𝑇

𝑑
𝑁
𝑑
)
−1

𝐴
𝑇

𝑑
] 𝑃
1

+ 𝛾
−2

𝐵 (𝐼 − 𝐷
𝑇

𝐻
−1

𝐷)𝐵
𝑇

𝑃
1
− 𝐵𝐷
𝑇

𝐻
−1

𝐶,

𝐻 = 𝐷𝐷
𝑇

+ 𝛾
2

𝜀
−1

2
𝑀
𝐶
𝑀
𝑇

𝐶
+ 𝜀
4
𝐼,

(49)

then the robust𝐻
∞

filtering problem is solvable. In this case, a
suitable robust𝐻

∞
filter is given by

̇𝑥̂ (𝑡) = 𝐴𝑥 (𝑡) + 𝐾̂𝑦 (𝑡) ,

𝑧̂ (𝑡) = 𝐿̂𝑥 (𝑡) ,

(50)

where

𝐾̂ = 𝐵𝐷
𝑇

𝐻
−1

, 𝐿̂ = 𝐿. (51)

Remark 6. Thesolvability for robust𝐻
∞
filtering problem for

uncertain continuous delay-free systems can be easily derived
from Corollary 5, in this case. It can be shown that the result
coincides with that proposed in [8].

4. Numerical Example

In this section, we will give a numerical example to demon-
strate the applicability of the proposed approach.
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Consider the uncertain time-delay stochastic linear sys-
tems with Markovian jumping parameters in form (1) with
two modes. For mode 1, the dynamics of the system are
described as follows:

𝐴
1
= [

[

−5 2 0

0 −4 1

0 0 −5

]

]

, 𝐴
𝑑1
= [

[

−1 0 0.2

0 0.5 1

0.5 0 0

]

]

,

𝐵
1
= [

[

1 −2.3

0 1

0.5 0

]

]

, 𝐶
1
= [
−1 0 2

0 1 1
] ,

𝐷
1
= [
1 0

0 1
] , 𝑀

𝐶1
= [
0.5 1

0 0.5
] ,

𝑁
𝐶1
= [
0 0.5 1

0 −0.5 1
] , 𝑀

𝐴1
= [

[

1 0

0 1

0.5 1

]

]

,

𝑀
𝑑1
= [

[

0 0.5

0.5 1

0.5 0

]

]

, 𝑁
𝑇

𝐴1
= [

[

−0.2

0.1

0

]

]

,

𝑁
𝑇

𝑑1
= [

[

−0.1

0

0.2

]

]

, 𝐿
1
= [
0.2 0 0

0 0.3 −0.1
] .

(52)

For mode 2, the dynamics of the system are described as
follows:

𝐴
2
= [

[

−6 1 0.5

−1 −7 0

0 0.5 −6

]

]

, 𝐴
𝑑2
= [

[

0 1 0

0.5 −1 −0.1

0 0 1

]

]

,

𝐵
2
= [

[

−1 0.5

−3 1

0 1

]

]

, 𝐶
2
= [
0.5 1 2

−1 0 2
] ,

𝐷
2
= [
−1 0.5

0.2 1
] , 𝑀

𝐶2
= [
0.1 −0.3

0.5 0
] ,

𝑁
𝐶2
= [
−1 0.2 0.3

0.5 0.5 0
] , 𝑀

𝐴2
= [

[

0.5 0.3

0 0.5

0.2 1

]

]

,

𝑀
𝑑2
= [

[

−0.6 0.5

0 1

0.5 1

]

]

, 𝑁
𝑇

𝐴2
= [

[

0

0.1

0

]

]

,

𝑁
𝑇

𝑑2
= [

[

0.2

0

0

]

]

, 𝐿
2
= [
−0.2 0.1 0

0.3 0 0.5
] .

(53)

Let the transition probability matrix be given by

Π = [
−0.5 0.5

1 −1
] . (54)

In this example, we set 𝛾 = 2.8. By solving (15), we obtain

𝑃
11
= [

[

2.1592 0.3579 −0.0589

0.3579 3.2018 0.1337

−0.0589 0.1337 4.0867

]

]

,

𝑃
12
= [

[

2.9083 −0.0024 −0.2047

−0.0024 1.6855 0.0031

−0.2047 0.0031 2.0020

]

]

,

𝑄
1
= [

[

11.1343 −0.4670 −0.3949

−0.4670 10.5734 −0.6361

−0.3949 −0.6361 11.8166

]

]

,

𝑃
21
= [

[

0.2157 0.1094 0.0221

0.1094 0.3324 0.0524

0.0221 0.0524 0.1848

]

]

,

𝑃
22
= [

[

0.1572 −0.0161 0.0122

−0.0161 0.0989 −0.0176

0.0122 −0.0176 0.1414

]

]

,

𝑄
2
= [

[

0.7630 −0.0624 −0.0257

−0.0624 0.7896 −0.0205

−0.0257 −0.0205 0.8370

]

]

,

𝜀
11
= 12.1023, 𝜀

21
= 9.2498,

𝜀
31
= 12.1293, 𝜀

41
= 0.0032,

𝜀
12
= 12.1346, 𝜀

22
= 10.1634,

𝜀
32
= 12.1219, 𝜀

42
= 0.0012.

(55)

Therefore, usingTheorem 3, a suitable Markovian robust𝐻
∞

filter can be constructed with parameters given as follows:

𝐴
1
= [

[

−3.5504 4.4496 0.3304

0.0239 −3.8366 0.9941

0.2927 0.4860 −4.7540

]

]

,

𝐾̂
1
= [

[

0.9411 −2.2211

−0.1821 0.8865

0.2611 −0.0911

]

]

,

𝐿̂
1
= [
0.2 0 0

0 0.3 −0.1
] ,

𝐴
2
= [

[

−5.9695 0.0301 −1.2747

−2.8680 −9.2528 −4.3890

0.7840 0.5184 −7.3116

]

]

,

𝐾̂
1
= [

[

0.9452 −0.0162

2.7441 −0.4287

0.1826 0.7602

]

]

,

𝐿̂
2
= [
−0.2 0.1 0

0.3 0 0.5
] .

(56)

5. Conclusions

In this paper, we have studied the problem of robust 𝐻
∞

filtering for a class of uncertain Markovian jump systems
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with time-delay and norm-bounded time-varying parameter
uncertainties. A Markovian jump filter is designed which
guarantees the stochastic stability of the filter error dynamics
and a prescribed bound on the L

2
-induced gain from the

noise signals to the filter error irrespective of the parameter
uncertainties. It has been shown that the desired robust
𝐻
∞

filter can be constructed by solving two sets of coupled
algebraic Riccati inequalities.
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This paper is concerned with the problem of robust filter design for networked control systems (NCSs) with random missing
measurements. Different from existing robust filters, the proposed one is designed in finite-frequency domain. With consideration
of possiblemissing data, theNCSs are firstmodeled toMarkov jump systems (MJSs). A finite-frequency stochastic𝐻

∞
performance

is subsequently given that extends the standard 𝐻
∞

performance, and then a sufficient condition guaranteeing the system to be
with such a performance is derived in terms of linear matrix inequality (LMI). With the aid of this condition, a procedure of filter
synthesis is proposed to deal with noises in the low-, middle-, and high-frequency domains, respectively. Finally, an example about
the lateral-directional dynamicmodel of theNASAHighAlphaResearchVehicle (HARV) is carried out to illustrate the effectiveness
of the proposed method.

1. Introduction

Due to the rapid development in communication network
and computer technology, networked control systems (NCSs)
have received much more research attentions. Networked
control systems (NCSs) are control systems in which con-
troller and plant are connected via a communication channel.
The defining feature of an NCS is that information (refer-
ence input, plant output, control input, etc.) is exchanged
using a network among control system components (sensors,
controller, actuators, etc.). NCSs have many advantages such
as easy diagnosis, low cost, and high mobility. And thus
NCSs have been applied in many industrial systems such
as automobiles, manufacturing plants, and aircrafts; see, for
example, [1, 2]. Motivated by this wide spectrum of appli-
cations, the new problems arising from the limit resources
of the communication channel are gradually taken into
account when designing the NCSs. For example, the issues
of network-induced delay, packet dropout, and quantization
are considered in [3–12], respectively.

On the other hand, state estimation has been widely
studied and has found many practical applications over the

past decades [13]. When a priori statistical information on
the external noise signals is unknown, the celebrated Kalman
filtering cannot be employed. To address this issue, 𝐻

∞

filtering is introduced, which aims to make the worst case
𝐻
∞

norm from the process noise to the estimation error
minimized. More recently, there have appeared a few results
on 𝐻
∞

filter design [14–18]. However, it should be noticed
that all the aforementioned methods are proposed in full-
frequency domain. Nevertheless, practical industry systems
often employ large, complex, or lightweight structures, which
include finite-frequency fundamental vibration modes [19].
In these situations, it is more reasonable and precise to design
filters in finite-frequency domain. Fortunately, the Kalman-
Yakubovich-Popov (KYP) lemma is generalized in [20] to
characterize frequency domain inequalities with (semi)finite-
frequency ranges in terms of linear matrix inequalities
(LMIs). The generalized KYP lemma is an effective tool
to deal with the finite-frequency problem of linear time-
invariant systems [20–26]. There are some results concerned
with this meaningful problem, for example, [27] proposed an
effective filter for fuzzy nonlinear systems. However, to the
best of the author’s knowledge, for system engaging random
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packet dropout, few results have been published for such class
of NCSs. This instance motivates our present investigation.

This paper studies the robust filter design problem with
finite-frequency specifications for networked control systems
(NCSs) subject to random missing measurements. First,
the considered systems are modeled in the framework of
Markov jump systems (MJSs). Motivated by Iwasaki et al.
[22], a definition of finite-frequency stochastic 𝐻

∞
norm

is subsequently given to measure the robustness, which
extends the standard 𝐻

∞
norm and contains the frequency

information of noises. Then based on Projection Lemma, an
analysis condition is presented to guarantee the MJS being
with such a performance in the framework of linear matrix
inequalities (LMIs). Further, a procedure of filter synthesis
is designed to deal with noises in low-, middle-, and high-
frequency domains, respectively. Finally, an example about
the lateral-directional dynamic model of the NASA High
Alpha Research Vehicle (HARV) is given to illustrate the
effectiveness of the proposed method.

The rest of the paper is organized as follows.The problem
statement for NCSs with random packet dropout is formu-
lated in Section 2. Section 3 provides sufficient condition
to meet the performance request and a design procedure
of the robust filter. In Section 4, an example is given to
illustrate the effectiveness of the proposed method. Finally,
some conclusions end the paper in Section 5.

Notations. Throughout the paper, the superscripts 𝑇 and −1

stand for, respectively, the transposition and the inverse of
a matrix; 𝑀 > 0 means that 𝑀 is real symmetric and
positive definite; ‖ ⋅ ‖ denotes the Euclidean norm; 𝑙

2
denotes

the Hilbert space of square integrable functions. In block
symmetric matrices or long matrix expressions, we use ∗ to
represent a term that is induced by symmetry. The sum of
a square matrix 𝐴 and its transposition 𝐴

𝑇 is denoted by
𝐻𝑒(𝐴) := 𝐴 + 𝐴

𝑇.

2. Problem Formulation

Considering the NCS depicted in Figure 1, the continuous-
time plant model is

̇𝑥 (𝑡) = 𝐴𝑥 (𝑡) + 𝐵𝑤 (𝑡) ,

𝑦 (𝑡) = 𝐶𝑥 (𝑡) + 𝐷𝑤 (𝑡) ,

𝑧 (𝑡) = 𝐸𝑥 (𝑡) ,

(1)

where 𝑥(𝑡) ∈ R𝑛 is the state, 𝑦(𝑡) ∈ R𝑚 is the measured
output, 𝑧(𝑡) ∈ R𝑝 is the controlled output, and 𝑤(𝑡) ∈ R𝑑 is
the exogenous disturbancewhich belongs to 𝑙

2
[0,∞).𝐴,𝐵,𝐶,

𝐷, and 𝐸 are known real constant matrices with appropriate
dimensions.

It is assumed that, as shown in Figure 1, the measurement
signals will be transmitted via the networks wherein missing
data may occur. Further, assume the interval between the
𝑘th and the (𝑘 + 1)th successfully received measurements
at the filter is 𝛼

𝑘
ℎ, where ℎ is the sampling period of the

sensor. It is obvious that the number of the missed packets
at time instant (𝑘 + 1)ℎ is 𝛼

𝑘
− 1, which can be modeled

w(t)

Plant

Sensor

Filter

Missing measurementsy(k)

z(k)

e(k)

yr(k)

ẑ(k)
+

−

Figure 1: The structure of the NCSs.

by a time-homogeneous Markov chain 𝛼
𝑘
with the range set

S = {1, 2, . . . , 𝑁} and the transition probability matrix

Λ = (𝜆
𝑖𝑗
)
𝑖,𝑗∈S

= (P (𝛼
𝑘+1

= 𝑗 | 𝛼
𝑘
= 𝑖))
𝑖,𝑗∈S

=

[
[
[
[

[

𝜆
11

𝜆
12

. . . 𝜆
1𝑁

𝜆
21

𝜆
22

. . . 𝜆
2𝑁

...
... d

...
𝜆
𝑁1

𝜆
𝑁2

. . . 𝜆
𝑁𝑁

]
]
]
]

]

.

(2)

In this situation, the dynamics of plant (1) together with the
missingmeasurements at time instant 𝑡

𝑘
can be approximated

by

𝑥 (𝑘 + 1) = 𝐴
𝛼𝑘
𝑥 (𝑘) + 𝐵

𝛼𝑘
𝑤 (𝑘) ,

𝑦
𝑟
(𝑘) = 𝐶𝑥 (𝑘) + 𝐷𝑤 (𝑘) ,

𝑧 (𝑘) = 𝐸𝑥 (𝑘) ,

(3)

where 𝑡
0

= 0, 𝑡
𝑘

= ∑
𝑘−1

𝑖=0
𝛼
𝑖
ℎ (𝑘 ≥ 1), 𝑥(𝑘) = 𝑥(𝑡

𝑘
), 𝐴
𝛼𝑘

=

𝑒
𝐴𝑐(𝛼𝑘ℎ), and 𝐵

𝛼𝑘
= ∫
𝛼𝑘ℎ

0

𝑒
𝐴𝑐𝑡𝐵
𝑐
𝑑𝑡. It can be seen that, after the

above treatment, the possible missing measurements can be
converted to the jumping parameter of the MJS (3) with the
transition probability Λ.

In this paper, the filter is chosen as the following form:

𝑥 (𝑘 + 1) = 𝐴
𝑓𝛼𝑘

𝑥 (𝑘) + 𝐵
𝑓𝛼𝑘

𝑦
𝑟
(𝑘) ,

𝑧̂ (𝑘) = 𝐶
𝑓𝛼𝑘

𝑥 (𝑘) + 𝐷
𝑓𝛼𝑘

𝑦
𝑟
(𝑘) ,

(4)

where 𝑥(𝑘) ∈ R𝑛 is the filter’s state, 𝑧̂(𝑘) is the estimated
output, and 𝐴

𝑓𝛼𝑘
, 𝐵
𝑓𝛼𝑘

, 𝐶
𝑓𝛼𝑘

, and 𝐷
𝑓𝛼𝑘

are filter gains to be
designed.

To ensure the achievement of filter design objective, a
basic assumption, that is, 𝐴

𝑐
is stable, is also assumed to be

valid.

Remark 1. This assumption is required to get a stable filtering
error dynamics. If this assumption is not satisfied, a stabiliz-
ing output feedback controller is required.

For convenience, 𝐴
𝛼𝑘
, 𝐵
𝛼𝑘
, 𝐴
𝑓𝛼𝑘

, 𝐵
𝑓𝛼𝑘

, 𝐶
𝑓𝛼𝑘

, and 𝐷
𝑓𝛼𝑘

are notated as 𝐴
𝑖
, 𝐵
𝑖
, 𝐴
𝑓𝑖
, 𝐵
𝑓𝑖
, 𝐶
𝑓𝑖
, and 𝐷

𝑓𝑖
when 𝛼

𝑘
= 𝑖,



Mathematical Problems in Engineering 3

respectively. Denoting 𝜂(𝑘) = [𝑥
𝑇

(𝑘) 𝑥
𝑇

(𝑘)]
𝑇 and 𝑒(𝑘) =

𝑧(𝑘) − 𝑧̂(𝑘), the filtering error system can be described by the
following system:

𝜂 (𝑘 + 1) = A
𝑖
𝜂 (𝑘) +B

𝑖
𝑤 (𝑘) ,

𝑒
𝑟
(𝑘) = C

𝑖
𝜂 (𝑘) +D

𝑖
𝑤 (𝑘) ,

(5)

where

[
A
𝑖
B
𝑖

C
𝑖
D
𝑖

] = [

[

𝐴
𝑖

0 𝐵
𝑖

𝐵
𝑓𝑖
𝐶 𝐴

𝑓𝑖
𝐵
𝑓𝑖
𝐷

𝐸 − 𝐷
𝑓𝑖
𝐶 −𝐶

𝑓𝑖
−𝐷
𝑓𝑖
𝐷

]

]

. (6)

In order to present the objective of this paper clearly, the
following definition is first given.

Definition 2 (MSS). The filter error system (5) is said to be
mean-square stable (MSS) with 𝑤(𝑘) = 0, if

lim
𝑘→∞

E {
󵄩󵄩󵄩󵄩𝜂 (𝑘)

󵄩󵄩󵄩󵄩

2

} = 0 (7)

holds for all 𝛼
𝑘
= 𝑖 ∈ S.

Definition 3 (finite-frequency stochastic 𝐻
∞

norm). For all
the solutions of (5) which satisfied the following inequalities
under zero initial condition for nonzero disturbance:

(i) for the low-frequency range |𝜃| ≤ 𝜗
𝑙

∞

∑

𝑘=0

(𝜂 (𝑘 + 1) − 𝜂 (𝑘)) (𝜂 (𝑘 + 1) − 𝜂 (𝑘))
𝑇

≤ (2 sin
𝜗
𝑙

2
)

2 ∞

∑

𝑘=0

𝜂 (𝑘) 𝜂(𝑘)
𝑇

,

(8)

(ii) for the middle-frequency range 𝜗
1
≤ 𝜃 ≤ 𝜗

2

𝑒
𝑗𝜗𝑤

∞

∑

𝑘=0

(𝜂 (𝑘 + 1) − 𝑒
𝑗𝜗1𝜂 (𝑘))

× (𝜂 (𝑘 + 1) − 𝑒
−𝑗𝜗2𝜂 (𝑘))

𝑇

≤ 0,

(9)

where 𝜗
𝑤
= (𝜗
2
− 𝜗
1
)/2,

(iii) for the high-frequency range |𝜃| ≥ 𝜗
ℎ

∞

∑

𝑘=0

(𝜂 (𝑘 + 1) − 𝜂 (𝑘)) (𝜂 (𝑘 + 1) − 𝜂 (𝑘))
𝑇

≥ (2 sin
𝜗
ℎ

2
)

2 ∞

∑

𝑘=0

𝜂 (𝑘) 𝜂(𝑘)
𝑇

.

(10)

the given constant 𝛾 > 0 is said to be the finite-frequency
stochastic𝐻

∞
norm of (5) if the following inequality

E(

∞

∑

𝑘=0

󵄩󵄩󵄩󵄩𝑒𝑟 (𝑘)
󵄩󵄩󵄩󵄩

2

) ≤ 𝛾
2

E(

∞

∑

𝑘=0

‖𝑤 (𝑘)‖
2

) (11)

holds.

Remark 4. Definition 3 is motivated by the work of [20, 27],
which can be regarded as an extension in finite-frequency
domain of standard 𝐻

∞
norm. Noticeably, it expresses the

robustness from 𝑤(𝑘) to 𝑒(𝑘) in finite-frequency, that is, the
smaller it is, the more robust to 𝑤(𝑘) the error 𝑒(𝑘) becomes.

Now, the problem to be addressed in this paper can be
formulated as follows: design a stable filter (4) such that
the filter error system (5) is mean-square stable, and with
prescribed finite-frequency stochastic 𝐻

∞
norm 𝛾 for the

external disturbance 𝑤(𝑘).

3. Main Results

The filter design problem proposed in the above section will
be discussed in this section.

3.1. Conditions for Robustness. Before proceeding further, the
following lemma will be recalled to help us derive our main
results.

Lemma 5 (Projection Lemma [27]). For arbitrary Γ, Λ, Θ,
there exists matrix F satisfying ΓFΛ + (ΓFΛ)

𝑇

+ Θ < 0 if and
only if the following two conditions hold:

Γ
⊥

ΘΓ
⊥
𝑇

< 0, Λ
𝑇
⊥

ΘΛ
𝑇
⊥
𝑇

< 0. (12)

The following lemma will be given which provides a
sufficient condition for the desired performance (11) of system
(5).

Lemma 6. Assume theMJLS (5) is mean-square stable; let 𝛾 >

0 be a given constant, then system (5) has a finite-frequency
stochastic 𝐻

∞
norm 𝛾 if there exist mode-dependent matrices

𝑃
𝑖
= 𝑃
𝑇

𝑖
,𝑄
𝑖
= 𝑄
𝑇

𝑖
> 0, 𝑖 ∈ S such that the following inequalities

hold:

[
A
𝑖
B
𝑖

𝐼 0
]

𝑇

Ξ
𝑖
[
A
𝑖
B
𝑖

𝐼 0
]

+ [
C
𝑖
D
𝑖

0 𝐼
]

𝑇

Π[
C
𝑖
D
𝑖

0 𝐼
] < 0,

(13)

where Π = [
𝐼 0

0 −𝛾
2
𝐼
] and

(i) for the low-frequency range |𝜃| ≤ 𝜗
𝑙

Ξ
𝑖
= [

−𝑃
𝑖

𝑄
𝑖

𝑄
𝑖

𝑃
𝑖
− 2 cos 𝜗

𝑙
𝑄
𝑖

] , (14)

(ii) for the middle-frequency range 𝜗
1
≤ 𝜃 ≤ 𝜗

2

Ξ
𝑖
= [

−𝑃
𝑖

𝑒
𝑗𝜗𝑐𝑄
𝑖

𝑒
−𝑗𝜗𝑐𝑄
𝑖

𝑃
𝑖
− 2 cos 𝜗

𝑤
𝑄
𝑖

] , (15)

where 𝜗
𝑐
= (𝜗
2
+ 𝜗
1
)/2, 𝜗
𝑤
= (𝜗
2
− 𝜗
1
)/2,

(iii) for the high-frequency range |𝜃| ≥ 𝜗
ℎ

Ξ
𝑖
= [

−𝑃
𝑖

−𝑄
𝑖

−𝑄
𝑖

𝑃
𝑖
+ 2 cos 𝜗

ℎ
𝑄
𝑖

] , (16)

where 𝑃
𝑖
= ∑
𝑗∈S 𝜆
𝑖𝑗
𝑃
𝑗
.
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Proof. We first consider the middle-frequency case for the
system (5). Assume (13) holds, before and after multiplying
it by [𝜂

𝑇

(𝑘) 𝑤
𝑇

(𝑘)] and its transpose, then we can derive

𝜂
𝑇

(𝑘) 𝑃
𝑖
𝜂 (𝑘) − 𝜂

𝑇

(𝑘 + 1) 𝑃
𝑖
𝜂 (𝑘 + 1) + 𝑒

𝑇

𝑟
(𝑘) 𝑒
𝑟
(𝑘)

− 𝛾
2

𝑤
𝑇

(𝑘) 𝑤 (𝑘) + tr {𝑄 (𝑒
𝑗𝜗𝑐𝜂 (𝑘) 𝜂

𝑇

(𝑘 + 1)

+ 𝑒
−𝑗𝜗𝑐𝜂 (𝑘 + 1) 𝜂

𝑇

(𝑘)

−2 cos 𝜗
𝑤
𝜂 (𝑘) 𝜂

𝑇

(𝑘))} ≤ 0.

(17)

Since 𝜂(0) = 0 and system (5) is mean-square stable,
summing up (17) from 0 to ∞ with respect to 𝑘, it is
straightforward to see that (17) is equal to

E(

∞

∑

𝑘=0

(𝑒
𝑇

𝑟
(𝑘) 𝑒
𝑟
(𝑘) − 𝛾

2

𝑤
𝑇

(𝑘) 𝑤 (𝑘)) + tr {𝑄
𝑖
𝑆}) ≤ 0,

(18)

where

𝑆 :=

∞

∑

𝑘=0

(𝑒
𝑗𝜗𝑐𝜂 (𝑘) 𝜂

𝑇

(𝑘 + 1) + 𝑒
−𝑗𝜗𝑐𝜂 (𝑘 + 1) 𝜂

𝑇

(𝑘)

−2 cos 𝜗
𝑤
𝜂 (𝑘) 𝜂

𝑇

(𝑘)) .

(19)

It is easy to prove that −𝑆 is equal to the left-hand side of (9),
so the 𝑆 is semipositive definite. Also, since 𝑄

𝑖
> 0, the term

tr{𝑄
𝑖
𝑆} is nonnegative when (9) is satisfied. Hence, we have

E(∑
∞

𝑘=0
(𝑒
𝑇

𝑟
(𝑘)𝑒
𝑟
(𝑘) − 𝛾

2

𝑤
𝑇

(𝑘)𝑤(𝑘)) ≤ 0, which is equivalent
to condition (11) for middle frequency in Definition 3.

Similarly, the results follow by choosing 𝜗
1

:= −𝜗
𝑙
and

𝜗
2
:= 𝜗
𝑙
for low-frequency case and 𝜗

1
:= 𝜗
ℎ
and 𝜗
2
:= 2𝜋−𝜗

ℎ

for high-frequency case, respectively.The proof is completed.

Remark 7. If all the matrices in Lemma 6 are independent on
𝑖, the MJS will be reduced to a determinate linear system. In
this case, Lemma 6 is equivalent to the GKYP in [20], which
has been proved to be an effective tool to deal with the finite-
frequency problem of linear time-invariant systems.

Theorem 8. Consider system (5) for all 𝛼
𝑘
= 𝑖 ∈ S; assume it

is mean-square stable; for a given scalar 𝛾 > 0, the performance
of (11) is guaranteed if there exist matrices𝑈

𝑖
,𝑊
𝑖
,𝑉
𝑖
,A
𝑓𝑖
,B
𝑓𝑖
,

𝐶
𝑓𝑖
,𝐷
𝑓𝑖
, and

𝑃
𝑇

𝑖
= 𝑃
𝑖
= [

𝑃
𝑖1

∗

𝑃
𝑖2

𝑃
𝑖3

] , 𝑄
𝑇

𝑖
= 𝑄
𝑖
= [

𝑄
𝑖1

∗

𝑄
𝑖2

𝑄
𝑖3

] , (20)

such that the following LMIs hold:

[
[
[
[
[
[
[
[
[
[

[

−𝑃
𝑖1

∗ ∗ ∗ ∗ ∗

−𝑃
𝑖2

−𝑃
𝑖3

∗ ∗ ∗ ∗

𝑄
1𝑖
− 𝑈
𝑖

𝑄
𝑇

2𝑖
− 𝑉
𝑖

Ψ
3

3
∗ ∗ ∗

𝑄
2𝑖
− 𝑊
𝑖

𝑄
3𝑖
− 𝑉
𝑖

Ψ
4

3
Ψ
4

4
∗ ∗

0 0 Ψ
5

3
Ψ
5

4
−𝛾
2

𝐼 ∗

0 0 𝐷
𝑓
𝐶 𝐶
𝑓

𝐷
𝑓
𝐷 −𝐼

]
]
]
]
]
]
]
]
]
]

]

< 0, (21)

where 𝑃
𝑖
= ∑
𝑗∈S 𝜆
𝑖𝑗
𝑃
𝑗
and

Ψ
3

3
= 𝑃
𝑖1
− 2 cos 𝜗

𝑙
𝑄
𝑖1
+ He (𝑈

𝑖
𝐴
𝑖
+B
𝑓𝑖
𝐶)

+ 𝐸
𝑇

𝐸 − He (𝐶𝑇𝐷𝑇
𝑓𝑖
𝐸) ,

Ψ
4

3
= 𝑃
𝑖2
− 2 cos 𝜗

𝑙
𝑄
𝑖2
+ 𝑊
𝑖
𝐴
𝑖
+B
𝑓𝑖
𝐶 +A

𝑇

𝑓𝑖
− 𝐶
𝑇

𝑓𝑖
𝐸,

Ψ
4

4
= 𝑃
𝑖3
− 2 cos 𝜗

𝑙
𝑄
𝑖3
+ He (A

𝑓𝑖
) ,

Ψ
5

3
= 𝐵
𝑇

𝑖
𝑈
𝑇

𝑖
+ 𝐷
𝑇

B
𝑇

𝑓𝑖
− 𝐷
𝑇

𝐷
𝑇

𝑓
𝐸,

Ψ
5

4
= 𝐵
𝑇

𝑖
𝑊
𝑇

𝑖
+ 𝐷
𝑇

B
𝑇

𝑓𝑖
.

(22)

Proof. It can be concluded from Lemma 6 that if inequality
(13) holds for all 𝛼

𝑘
= 𝑖 ∈ S, the performance of (11) can be

reached. Further, (13) is equivalent to

[

[

A
𝑖
B
𝑖

𝐼 0

0 𝐼

]

]

𝑇

Θ
𝑖

[

[

A
𝑖
B
𝑖

𝐼 0

0 𝐼

]

]

< 0, (23)

where

Θ
𝑖
= 𝐽Ξ
𝑖
𝐽
𝑇

+ 𝐻
𝑖
Π𝐻
𝑇

𝑖
, (24)

with 𝐽 = [
𝐼 0

0 𝐼

0 0

] and𝐻
𝑖
= [

0 0

C𝑖 0
D𝑖 𝐼

].
On the other hand, (13) implies that

[
𝐼 0 0

0 0 𝐼
]

𝑇

Θ
𝑖
[
𝐼 0 0

0 0 𝐼
] = [

−𝑃
𝑖

0

0 D𝑇
𝑖
D
𝑖
− 𝛾
2

𝐼
] < 0. (25)

Combining (23) and (25), from Lemma 5, one can easily
derive that (13) holds if and only if

Θ
𝑖
+ 𝐻𝑒(

[
[
[

[

−𝐼

A𝑇
𝑖

B𝑇
𝑖

]
]
]

]

𝑋
𝑇

𝑖
[0 𝐼 0]) < 0, (26)

where matrix 𝑋
𝑇

𝑖
is the slack variable with appropriate

dimensions which is introduced by Lemma 5.
Rewrite𝑋

𝑖
as the form of

𝑋
𝑖
= [

𝑈
𝑖

𝑉
𝑖

𝑊
𝑖

𝑉
𝑖

] . (27)

One can conclude that the following inequality provides a
sufficient condition for (26):

[

[

−𝑃
𝑖

∗ ∗

𝑄
𝑖
− 𝑋
𝑖

𝜓 ∗

0 B𝑇
𝑖
𝑋
𝑇

𝑖
+D𝑇
𝑖
C
𝑖
D𝑇
𝑖
D
𝑖
− 𝛾
2

𝐼

]

]

< 0, (28)

where 𝜓 = 𝑃
𝑖
− 2 cos 𝜗

𝑙
𝑄
𝑖
+ 𝐻𝑒(𝑋

𝑖
A
𝑖
) +C𝑇
𝑖
C
𝑖
.

After partitioning the matrices 𝑃
𝑖
and 𝑄

𝑖
as the following

form

𝑃
𝑖
= [

𝑃
𝑖1

∗

𝑃
𝑖2

𝑃
𝑖3

] , 𝑄
𝑖
= [

𝑄
𝑖1

∗

𝑄
𝑖2

𝑄
𝑖3

] (29)
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and defining the following new variables

A
𝑓𝑖

= 𝑉
𝑖
𝐴
𝑓𝑖
, B

𝑓𝑖
= 𝑉
𝑖
𝐵
𝑓𝑖
, (30)

inequality (21) can be derived. The proof is completed.

Remark 9. In Theorem 8, by introducing a variable 𝑋
𝑖
, the

coupling between the variable 𝑃
𝑖
and the filter gains will be

eliminated. Such a matrix does not present any structure
constraint; on the contrary, it may lead to potentially less
conservative results.

3.2. Conditions for Stability. Theorem 8 can guarantee the
filtering error system to bewith a specific robust performance
in a certain frequency range of relevance. However, the
stability has not been captured, and hence, one may wish
to include a stability constraint as an additional design
specification. The following theorem will give a result for
stability.

Theorem 10. The system (5) is mean-square stable with
𝑤(𝑘) = 0 if there exist matrices 𝑈

𝑖
,𝑊
𝑖
, 𝑉
𝑖
,A
𝑓𝑖
,B
𝑓𝑖
, 𝐶
𝑓𝑖
,𝐷
𝑓𝑖
,

and

𝑃
𝑇

𝑠𝑖
= 𝑃
𝑠𝑖
= [

𝑃
𝑠𝑖1

∗

𝑃
𝑠𝑖2

𝑃
𝑠𝑖3

] > 0, (31)

such that the following inequality holds:

[
[
[
[
[
[
[
[
[

[

𝑃
𝑠𝑖1

− 𝐻𝑒 (𝑈
𝑖
) ∗ ∗ ∗

𝑃
𝑠𝑖2

− 𝑉
𝑇

𝑖
− 𝑊
𝑖

𝑃
𝑠𝑖3

− 𝐻𝑒 (𝑉
𝑖
) ∗ ∗

𝐴
𝑇

𝑖
𝑈
𝑇

𝑖
+ 𝐶
𝑇B𝑇
𝑓𝑖

𝐴
𝑇

𝑖
𝑊
𝑇

𝑖
+ 𝐶
𝑇B𝑇
𝑓𝑖

−𝑃
𝑠𝑖1

∗

A𝑇
𝑓𝑖

A𝑇
𝑓𝑖

−𝑃
𝑠𝑖2

−𝑃
𝑠𝑖3

]
]
]
]
]
]
]
]
]

]

< 0,

(32)

where 𝑃
𝑠𝑖
= ∑
𝑗∈S 𝜆
𝑖𝑗
𝑃
𝑠𝑗
.

Proof. Combing the knowledge of the existing stability crite-
ria for MJSs and the lemma, following the line of the proof
for Theorem 8, the conclusion can be derived easily. We do
not explain it specifically here.

Remark 11. It should be pointed out that inequalities (28)–
(33) are all linear matrix inequalities which can be solved
through LMI toolbox of MATLAB.

Based on the above analysis, a set of optimal solutions
A
𝑓𝑖
, B
𝑓𝑖
, 𝐶
𝑓𝑖
, and 𝐷

𝑓𝑖
can be obtained by solving the

following optimization problem:

min 𝛾

s.t. (21) , (32) .

(33)

Then the filter gains can be computed by the following
equalities:

𝐴
𝑓𝑖

= 𝑉
−1

A
𝑓𝑖
, 𝐵

𝑓𝑖
= 𝑉
−1

B
𝑓𝑖
,

𝐶
𝑓𝑖

= 𝐶
𝑓𝑖
, 𝐷

𝑓𝑖
= 𝐷
𝑓𝑖
.

(34)

4. An Illustrative Example

In this section, an example is given to illustrate the effective-
ness of the proposed method.

According to some previous researches of the aircraft
dynamic model such as [28, 29], it is easily concluded that
the nonlinear aircraft dynamic model can be established
according to Newton’s Second Law of motion. Furthermore,
in order to decouple the nonlinear dynamics, the model is
decomposed into two models along with longitudinal- and
lateral-directional motions, respectively.

The model used in this example is the lateral-directional
dynamic model of the NASA High Alpha Research Vehicle
(HARV) utilized in [30], that is,

̇𝑥 (𝑡) = [

[

−0.166 0.629 −0.9971

−12.97 −1.761 0.5083

3.191 −0.1417 −0.1529

]

]

𝑥 (𝑡)

+ [

[

1.8

0.7

−1.46

]

]

𝑤 (𝑡) ,

𝑦 (𝑡) = [
0 1 0

0 0 1
] 𝑥 (𝑡) + [

0.96

−0.4
]𝑤 (𝑡) ,

𝑧 (𝑡) = [
2.8 −0.52 1.3

1.7 0.9 −0.4
] 𝑥 (𝑡) ,

(35)

where the system state and output are, respectively,

state =

[
[
[
[

[

sideslip angle (∘)

roll rate (∘/𝑠)

yaw rate (∘/𝑠)

]
]
]
]

]

,

output = [

[

roll rate (∘/𝑠)

yaw rate (∘/𝑠)
]

]

.

(36)

Assume that the sampling period is ℎ = 1 s, and the
sampled data are transmitted through a network, where the
data packets may be lost. Further, the quantity of the lost
packet (𝛼

𝑘
− 1), 𝛼

𝑘
∈ S = {1, 2, 3} at each sampling period is

shown in Figure 2, which is subject to the following transition
probability matrix:

Λ = [

[

0.9 0.1 0

0.8 0.1 0.1

0.8 0.2 0

]

]

. (37)

For prescribed 𝜗
𝑙
= 0.8, solving the optimization problem

(33), we can obtain the optimal value for finite-frequency
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Figure 2: The quantity of the dropped packet.

stochastic 𝐻
∞

norm, that is, the robust performance is 𝛾 =

0.001 with the corresponding filter gains as follows:

𝐴
𝑓1

= [

[

−0.5552 0.2072 1.8402

1.0360 −1.5484 −10.5804

0.4397 0.4041 2.0462

]

]

,

𝐵
𝑓1

= [

[

0.2367 1.8933

−1.3950 −11.7654

0.2054 1.8380

]

]

,

𝐶
𝑓1

= [
−2.8000 −1.1960 −5.4184

−1.7000 0.0944 2.7866
] ,

𝐷
𝑓1

= [
−1.7160 −4.1184

0.9944 2.3866
] ,

𝐴
𝑓2

= [

[

0.2543 0.0869 −0.3916

−0.2131 −0.2798 3.0482

0.0533 0.0319 −0.4729

]

]

,

𝐵
𝑓2

= [

[

0.0765 −0.3750

−0.5082 3.0383

0.0340 −0.7283

]

]

,

𝐶
𝑓2

= [
−2.8000 −0.2844 −3.2306

−1.7000 −0.3677 1.6775
] ,

𝐷
𝑓2

= [
−0.8044 −1.9306

0.5323 1.2775
] ,

𝐴
𝑓3

= [

[

−0.1377 −0.0739 0.0753

0.3593 0.4907 −0.6657

0.0806 −0.1414 0.0216

]

]

,

𝐵
𝑓3

= [

[

−0.0615 0.0800

0.5174 −0.9498

−0.1909 −0.0263

]

]

,
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Figure 3: The disturbance input 𝑤(𝑡).
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Figure 4: The estimation error 𝑒
1
(𝑘).

𝐶
𝑓3

= [
−2.8000 0.7070 −0.8511

−1.7000 −0.7467 0.7680
] ,

𝐷
𝑓3

= [
0.1870 0.4489

0.1533 0.3680
] .

(38)

In order to show the advantage of the proposed method,
we compare it with standard 𝐻

∞
filtering method for MJSs

which can be found in many researches. In the following, the
system will be simulated under zero initial condition, and the
disturbance input 𝑤(𝑡) is

𝑤 (𝑡) = {
sin (0.5𝑡) , 0 s ≤ 𝑡 ≤ 40 s,
0, otherwise,

(39)

which is shown in Figure 3. It is easy to see that the
disturbance considered in the this paper is an instantaneous
sinusoidal disturbance and its frequency is considered as zero,
which belongs to the low frequency.

The simulation results are shown in Figures 4 and 5,
which confirm that all the expected system performance
requirement are well achieved. Compared with the standard
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Figure 5: The estimation error 𝑒
2
(𝑘).

𝐻
∞
filteringmethod, ourmethod performs better even in the

case of possible missing measurements.

5. Conclusions

In this paper, we have studied the robust filtering with
finite-frequency specifications for NCSs subject to random
missing measurements. Here, the NCSs are first modeled
into MJLs. Then, a new robust filtering method has been
proposed that makes full use of the frequency information of
noises to reduce design conservatism by the introduction of
finite-frequency stochastic 𝐻

∞
index for MJLSs. The design

problem is formulated into solving a set of linear matrix
inequalities, which can be computed by the LMI Control
Toolbox. An example is included to show the effectiveness of
the obtained theoretical results.
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