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A complex system can be thought of as multiple interde-
pendent working subsystems. With the increasing level of
complexity, it may present more frequent unstable opera-
tion statuses. Once system faults have occurred, they can
cause unrecoverable losses and unacceptable environmental
pollution and so forth. It thus demands more e�ective and
e	cient techniques to monitor operation status, detect the
occurrence and propagation of faults, and enable suitable
decision making, before such anomalies result in great
damage. As one of the most active research areas over the last
few decades, fault diagnosis including detection, isolation,
and prognosis has been of importance and necessary for
improving the economy and safety of a complex system,
ranging from industrial processes, such as steel production,
papermaking, car manufacturing, andmineral processing, to
biological processes and so forth.

In the era of big data of process industries, new challenge
emerges for fault diagnosis with amount of data grown
exponentially. In particular, there are many uncertainties in
the system which shows the complexity of characteristics,
including multimode and dynamics, multilevel and multi-
scale, nonlinearities, and strong coupling e�ects amongst the
variables. �is special issue aims to bring together state-of-
the-art research contributions on fault diagnosis methods
and their di�erent applications, as well as future trends.
Potential topics of this special issue include fault diagnosis
problems for batch processes, fault prognosis for industrial
processes, fault self-recovery/self-healing control, product
quality monitoring and prediction, process performance

assessment, incipient fault detection and diagnosis, fault clas-
si
cation and discrimination, data-driven approaches and
knowledge-based approaches, and intelligence-based super-
visory control.We received a total of 23 submissions, and a�er
two rounds of rigorous review, 9 papers were accepted.

In the paper “Tooth Fracture Detection in Spiral Bevel
Gears System by Harmonic Response Based on Finite Ele-
ment Method,” Y. Chen et al. establish a three-dimensional
model and 
nite element model of the Gleason spiral bevel
gear pair.�emodel considers the e�ect of tooth root fracture
on the system due to fatigue. Finite element method is used
to compute the mesh generation, set the boundary condition,
and carry out the dynamic load. �e harmonic response
spectrums of the base under tooth fracture are calculated and
the in�uences of main parameters on monitoring failure are
investigated as well.

In the paper “Modeling of Complex Life Cycle Prediction
Based on Cell Division,” F. Zhang et al. propose to establish
a life prediction model by studying the regularity of the cell
life in the natural biological evolution. It has moderate com-
plexity which can e�ectively simulate the state of cell division
and does not need a large amount of data in comparison with
the conventional life prediction methods. By controlling the
concentration of some key factors in cell division, the e�ect
on the normal life of a cell can be expressed intuitively.

In the paper “Degradation Data-Driven Remaining Use-
ful Life Estimation in the Absence of Prior Degradation
Knowledge,” Y. Yu et al. propose a fusion algorithm to
combine the excellent modeling ability of Bayesian updating
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method for the multilevel data and the prominent estimation
ability of ECM algorithm for incomplete data. Residual life
distributions and posterior distributions are 
rst calculated
through the Bayesian updating method based on random
initial a priori distributions. �en the a priori distributions
are revised and improved for future predictions by the ECM
algorithm.

In the paper “Parameter Selection Method for Support
Vector Regression Based on Adaptive Fusion of the Mixed
Kernel Function,” H. Wang and D. Xu use a 5th-degree
cubature Kalman 
lter to estimate the parameters. In this
way, they realize the adaptive selection of mixed kernel
function weighted coe	cients, the kernel parameters, and
the regression parameters. Compared with a single kernel
function, unscented Kalman 
lter (UKF) support vector
regression algorithms, and genetic algorithms, the decision
regression function obtained by the proposed method has
better generalization ability and higher prediction accuracy.

In the paper “Time-Varying Fault Diagnosis for Asyn-
chronous Multisensor Systems Based on Augmented IMM
and Strong Tracking Filtering,” Y. Hu et al. propose a
fault detection, isolation, and estimation approach based on
Interactive Multimodel (IMM) fusion 
ltering and Strong
Tracking Filtering (STF) for asynchronous multisensors
dynamic systems. Time-varying fault is considered and a
candidate fault model is built by augmenting the unknown
fault amplitude directly into the system state for each kind
of possible fault mode. Asynchronous IMM fusion 
ltering
is performed to the multiple model sets to detect and isolate
the fault based on model probabilities to avoid the dilemma
of traditional IMM-based approaches.

In the paper “A Bayesian Approach to Control Loop Per-
formance Diagnosis Incorporating Background Knowledge
of Response Information,” S. Zhou and Y. Wang incorporate
background knowledge into Bayesian inference to isolate the
problem source degrading the control loop performance. In
an e�ort to reduce dependence on the amount of historical
data available, they consider a general kind of background
knowledge, known as response information, and translate
it to constraints on the underlying probability distributions.
In this way, the dimensionality of the observation space is
reduced and thus the diagnosis can be more reliable.

In the paper “WOS-ELM-Based Double Redundancy
Fault Diagnosis and Reconstruction for Aeroengine Sensor,”
Z. Zhao et al. propose a double redundancy diagnosis
approach based on Weighted Online Sequential Extreme
Learning Machine (WOS-ELM) in order to diagnose sensor
fault of aeroengine more quickly and accurately. It assigns
di�erent weights to old and new data and implements
weighted dealing with the input data to get more precise
training models. �e WOS-ELM-based double redundancy
fault diagnosis and reconstruction approach contains two
diagnosis models which can real-timely detect the hard fault
and so� fault much earlier.

In the paper “Development of Fault Identi
cation System
for Electric Servo Actuators of Multilink Manipulators Using
Logic-Dynamic Approach,” V. Filaretov et al. present synthe-
sis method of faults identi
cation systems based on logic-
dynamic approach for electric servo actuators of multilink

manipulators which are described by nonlinear equations
with signi
cantly changing coe	cients. An advantage of this
approach is that it allows studying systems with nonsmooth
nonlinearities by linear methods only.

In the paper “Fault Diagnosis of Nonlinear Uncertain
Systems with Triangular Form,” Q. Ding et al. propose a
fault diagnosis approach for a class of nonlinear uncertain
systems with triangular form based on the extended state
observer (ESO) of the active disturbance rejection controller
and linearization of dynamic compensation. �is method
is reported to be of utility and simple in construction and
parameter tuning.
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A fault detection, isolation, and estimation approach is proposed in this paper based on Interactive Multimodel (IMM) fusion
filtering and Strong Tracking Filtering (STF) for asynchronous multisensors dynamic systems. Time-varying fault is considered
and a candidate fault model is built by augmenting the unknown fault amplitude directly into the system state for each kind of
possible fault mode. By doing this, the dilemma of predetermining the fault extent as model design parameters in traditional IMM-
based approaches is avoided. After that, the time-varying fault amplitude is estimated based on STF using its strong ability to track
abrupt changes and robustness against model uncertainties. Through fusing information from multiple sensors, the performance
of fault detection, isolation, and estimation is approved. Finally, a numerical simulation is performed to demonstrate the feasibility
and effectiveness of the proposed method.

1. Introduction

In recent years, modern engineering systems have become
huge in investment, large in scale, and more and more
sophisticated in structure. As a result, faults in these complex
systems may lead to enormous losses. Consequently, fault
detection and diagnosis (FDD) has attracted more and more
attentions as an effective method to reduce the accident risk
and enhance the security of systems [1, 2]. The main task of
FDD is to perform detection, isolation, and identification of
faults in modern systems, that is, to determine whether faults
happen, locate the faults, and estimate fault amplitudes [3, 4].
System with faults consists of state evolution in continuous
time and parameter or structure changes in discrete time and
thus is a typical hybrid system. As the most cost-effective
adaptive approach for state estimation of hybrid dynamic
systems, InteractiveMultimodel (IMM) has been successfully
used for FDD of modern engineering systems [5, 6]. In
[7], Zhang and Li proposed an integrated framework for
FDD of sensor and actuator failures based on IMM. The

IMM filtering was performed to model set consisting of
the normal model and fault models corresponding to total
and partial sensor and/or actuator faults, where extents of
partial faults were taken as model parameters and should be
predetermined. Ru and Li in [8] proposed an fault diagnosis
algorithm by combining IMM and Maximum Likelihood
Estimation (MLE), where the fault was detected and located
by IMM, and then the fault amplitude was determined by
MLE. Zhao et al. in [9] proposed an improved IMM-based
FDD, which concentrated on dealing with the mismodeled
transition probabilities. A modification operator was used
to partition the posterior mode probabilities heuristically
and automatically to make the residual error under the true
modes approach the white Gaussian process. For aircraft
actuator faults, fuzzy logic was utilized in [10] to tune the
transition probabilities to make the fault detection process
smooth and improve the diagnosis accuracy. Moreover, a
novel sensor fault detection, isolation, and identification
approach was introduced in [11] for gas turbine engines by
combining the proposed multiple hybrid Kalman filters with
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a modified generalized likelihood ratio method. In addition,
IMM-based fault diagnosis techniques have been applied
to unmanned aerial vehicles [12], satellites attitude control
systems [13], and active fault-tolerant control [14].

On the other hand, with the rapid development of sensor
techniques, the number and type of sensors used for system
monitoring in modern engineering systems are increased
greatly [15, 16]. Consequently, how to effectively integrate
the information from multiple sensors to reduce system
uncertainties and improve the FDD accuracy is becoming
an important research issue [17, 18]. A multisensor fusion
and fault detection approach for air traffic surveillance was
introduced in [19] based on hybrid estimation. The bias fault
and large deviation fault of multilateration and automatic
dependence surveillance-broadcast were considered. The
proposed method ran two IMM filters in parallel, each for
one sensor, and the sensor fault was detected based on the
residuals generated by individual filters. The work in [19] is
subjected to synchronous sensors. However, in practice, sen-
sors may have different sampling rates, initial sample times,
and communication delays, which results in asynchronous
measurements [20, 21]. Although asynchronousmultisensors
have widespread applications, studies aiming at the FDD for
asynchronousmultisensor systems are relativelymuch scarce.
An actuator fault diagnosis strategy for dynamic systemswith
multiple asynchronous sensors was presented in [22], where
themultiplicative fault factorwas considered. An IMMfusion
filter was adopted to detect and isolate the fault, while, after
that, an augmented Kalman filter was used to estimate the
unknown fault factor. Nevertheless, the work in [22] is still
limited to time-invariant or slowly time-varying fault because
of the sensitivity of Kalman filter to model mismatch.

The aim of this paper is to study the time-varying fault
detection, isolation, and estimation problem of stochastic
dynamic systems with multiple asynchronous sensors. In
existing IMM-based FDD approaches, the unknown fault
extent presents as model parameters in candidate fault model
and needs to be predetermined in the process of model set
design. Meanwhile, since fault extent actually takes value
from a continuous interval, several fault models with distinct
fault extents for a given kind of fault need to be included in the
model set in order to have satisfactory coverage of all possible
fault conditions. Different from existing approaches, the pro-
posed FDD strategy in this paper regards the fault amplitude
as unknown state variables and augments it directly into the
system state to build the candidate fault model. By doing
this, for each kind of fault, only one fault model is needed
and the dilemma of predetermining the fault extent as model
parameters in the model set design process is avoided. Then
the asynchronous IMM fusion filtering is performed to the
model set consisting of normal model and augmented fault
models, and the fault is detected and isolated simultaneously
based on the posterior model probabilities. Finally, STF is
utilized to jointly estimate the system state and time-varying
fault amplitude by fusing all asynchronous measurements
from sensors and making use of its strong robustness to
model uncertainties.

The rest of this paper is organized as follows. A descrip-
tion of time-varying FDD problem for stochastic dynamic

systems with asynchronous sensors is presented in Section 2.
The process of model set design is discussed in Section 3.
Section 4 illustrates the fault detection and diagnosis based
on asynchronous IMM fusion filtering. Section 5 presents the
estimation algorithm using STF to estimate the amplitude of
the fault. In Section 6, simulation examples are provided to
show the effectiveness and feasibility of our method. Finally,
conclusions are drawn in Section 7.

2. Problem Formulation

Consider the following continuous-time linear dynamic sys-
tem:

�̇� (𝑡) = 𝐴 (𝑡) 𝑥 (𝑡) + 𝐵 (𝑡) 𝑢 (𝑡) + 𝐺 (𝑡) 𝑤 (𝑡)
+ 𝐹 (𝑡) 𝑒𝑚𝑓 (𝑡) , (1)

where 𝑥(𝑡) ∈ 𝑅𝑑𝑥 denotes the 𝑑𝑥 dimension system state,𝑢(𝑡) ∈ 𝑅𝑑𝑢 denotes the 𝑑𝑢 dimension actuator input, and𝑤(𝑡) is the system process noise. 𝑓(𝑡) is the scalar fault
amplitude signal with 𝑒𝑚 denoting the fault direction, where𝑒𝑚 is the𝑚th columnof unitmatrix 𝐼𝑑𝑓 and𝑚 ∈ {1, 2, . . . , 𝑑𝑓}.𝐴(𝑡), 𝐵(𝑡), 𝐺(𝑡), 𝐹(𝑡) are correspondingly coefficient matrices
with appropriate dimensions. Suppose there are 𝑁 asyn-
chronous sensors with distinct sample rates and initial sam-
pling times observing system (1).

Let 𝑁𝑘 denote all the measurements of the 𝑁 asyn-
chronous sensors in a time interval (𝑡𝑘−1, 𝑡𝑘]. For the fusion
time 𝑘, we order all of the𝑁𝑘 measurements according to the
chronological order to get the measure series {𝑦𝑖𝑘}𝑁𝑘𝑖=1, where𝑦𝑖𝑘 ∈ 𝑅𝑑𝑖𝑦 . Let 𝑡𝑖𝑘 be the sampling time of 𝑦𝑖𝑘; then we have𝑡𝑖𝑘 ≤ 𝑡𝑖+1𝑘 , where the equality holds when 𝑦𝑖𝑘 and 𝑦𝑖+1𝑘 are
measured at the same time instant.The observation equation
is given by

𝑦𝑖𝑘 = 𝐻𝑖𝑘𝑥 (𝑡𝑖𝑘) + V (𝑡𝑖𝑘) , (2)

where V𝑖𝑘 is the zero mean Gaussian white noise with the
covariance matrix 𝐸{V𝑖𝑘(V𝑗𝑘)𝑇} = 𝑅𝑖𝑘𝛿𝑖𝑗, and we assume that
V𝑖𝑘 is uncorrelated with the process noise 𝑤(𝑡).

In this paper, time-varying fault 𝑓(𝑡) is considered.
Actually, in practical applications, the development of fault
is relatively slow at the beginning stage and after a certain
period of time will become more rapid. Consequently, for
fault detection at the initial stage after fault occurs, we assume
that it is slowly time-varying and thus it can be regarded
as constant in a given fusion interval. Based on above
assumption, an augmented IMM is used to simultaneously
detect and locate the fault. Then, after the fault is isolated,
the STF is performed to jointly estimate the system state
and the time-varying fault amplitude 𝑓(𝑡), using its strong
ability to track abrupt changes and robustness against model
uncertainties.
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3. Model Set Designs of the Augmented IMM

As we said above, for fault detection and isolation, an
augmented IMM is used in this paper. The model set design
of the augmented IMM is introduced in this section.

When the 𝑚th fault occurs, the system equation is given
by (1). At the beginning stage, we assume that, in a small time
interval (𝑡2, 𝑡1],𝑓(𝑡) is time-invariant, where the time interval(𝑡2, 𝑡1] should be no longer than the fusion interval 𝑇 = 𝑡𝑘 −𝑡𝑘−1.Then, from (1), we have the corresponding discrete-time
state transition equation

𝑥 (𝑡2) = Φ (𝑡2, 𝑡1) 𝑥 (𝑡1) + 𝑢 (𝑡2, 𝑡1) + 𝜉𝑚 (𝑡2, 𝑡1) 𝑓 (𝑡2)
+ 𝑤 (𝑡2, 𝑡1) , (3)

whereΦ(𝑡2, 𝑡1) is the state transitionmatrix from 𝑡1 to 𝑡2, and
𝑢 (𝑡2, 𝑡1) = ∫𝑡2

𝑡1

Φ(𝑡2, 𝜏) 𝐵 (𝜏) 𝑢 (𝜏) 𝑑 (𝜏)
𝜉𝑚 (𝑡2, 𝑡1) = ∫𝑡2

𝑡1

Φ(𝑡2, 𝜏) 𝐹 (𝜏) 𝑒𝑚𝑑 (𝜏)
𝑤 (𝑡2, 𝑡1) = ∫𝑡2

𝑡1

Φ(𝑡2, 𝜏) 𝐺 (𝜏)𝑤 (𝜏) 𝑑 (𝜏)
Ω (𝑡2, 𝑡1) = 𝐸 {𝑤 (𝑡2, 𝑡1) 𝑤𝑇 (𝑡2, 𝑡1)}
= ∫𝑡2
𝑡1

Φ(𝑡2, 𝜏) 𝐺 (𝜏)𝑄 (𝜏) 𝐺𝑇 (𝜏)Φ𝑇 (𝑡2, 𝜏) 𝑑 (𝜏) .

(4)

Similarly, for fusion interval (𝑡𝑘−1, 𝑡𝑘], we have
𝑥 (𝑡𝑘) = Φ (𝑡𝑘, 𝑡𝑘−1) 𝑥 (𝑡𝑘−1) + 𝑢 (𝑡𝑘, 𝑡𝑘−1) + 𝑤 (𝑡𝑘, 𝑡𝑘−1)

+ 𝜉𝑚 (𝑡𝑘, 𝑡𝑘−1) 𝑓 (𝑡𝑘) .
(5)

We define

𝑥𝑘 = [𝑥 (𝑡𝑘)𝑓 (𝑡𝑘)] (6)

Φ𝑚𝑘−1 = [Φ (𝑡𝑘, 𝑡𝑘−1) 𝜉
𝑚 (𝑡𝑘, 𝑡𝑘−1)

0 1 ] (7)

𝑢𝑥𝑘−1 = [𝑢 (𝑡𝑘, 𝑡𝑘−1)0 ] (8)

𝑤𝑘−1 = [𝑤 (𝑡𝑘, 𝑡𝑘−1)0 ] . (9)

Then after extending the fault amplitude 𝑓(𝑡𝑘) to the state
vector as (6), we have

𝑥𝑘 = Φ𝑚𝑘−1𝑥𝑘−1 + 𝑢𝑥𝑘−1 + 𝑤𝑘−1, (10)

Ω𝑘−1 = 𝐸 {𝑤𝑘−1𝑤𝑇𝑘−1} = diag {Ω (𝑡𝑘, 𝑡𝑘−1) , 0} , (11)

where (10) is the faultmodel corresponding to the𝑚th failure.
Let 𝑚 = 0 denote the normal model without fault, while let𝑚 = 1, 2, . . . , 𝑑𝑓 be the 𝑑𝑓 number of fault models. The IMM
model set is composed of the above 𝑑𝑓 + 1models.

4. Fault Detection and Isolation Using
Augmented IMM

A complete cycle of the IMM-based-FDI scheme is discussed
below.

4.1. Input Mixing. Given 𝑌𝑘 := {𝑦𝑖𝑘}𝑁𝑘𝑖=1, 𝑌𝑘 := {𝑌𝑙}𝑘𝑙=1, then 𝑌𝑘
is the cumulative measurement set of all the asynchronous
sensors until the fusion time 𝑡𝑘. Define

𝑥𝑚𝑘 = 𝐸 {𝑥𝑘 | �̃� (𝑡𝑘) = 𝑚, 𝑌𝑘}
𝑃𝑚𝑘 = Cov {𝑥𝑘 | �̃� (𝑡𝑘) = 𝑚, 𝑌𝑘}
𝜇𝑚𝑘 = Prob (�̃� (𝑡𝑘) = 𝑚 | 𝑌𝑘) ,

(12)

where �̃�(𝑡𝑘) = 𝑚 denotes that the 𝑚th model is valid at 𝑡𝑘.
The initial value of the𝑚th basic filter is

�̂�𝑚𝑘−1 =
𝑑𝑓∑
𝑖=0

𝑥𝑖𝑘−1�̂�𝑖|𝑚𝑘−1

𝑃
̂
𝑚

𝑘−1 =
𝑑𝑓∑
𝑖=0

[𝑃𝑖𝑘−1 + (�̂�𝑚𝑘−1 − 𝑥𝑖𝑘−1) (�̂�𝑚𝑘−1 − 𝑥𝑖𝑘−1)𝑇] �̂�𝑖|𝑚𝑘−1
�̂�𝑖|𝑚𝑘−1 = 𝐶𝑚𝑘

∑𝑑𝑓𝑖=0 𝐶𝑚𝑘
,

(13)

where𝑚 = 0, 1, . . . , 𝑑𝑓, 𝜆𝑖,𝑚 = Prob(�̃�(𝑡𝑘) = 𝑚 | �̃�(𝑡𝑘−1) = 𝑖)
is the transition probability from model 𝑖 at 𝑡𝑘−1 to model 𝑚
at 𝑡𝑘, and 𝐶𝑚𝑘 = 𝜆𝑖,𝑚𝜇𝑖𝑘−1.
4.2. Model-Conditioned Fusion Filtering. From the state tran-
sition equation (3), we have

𝑥 (𝑡𝑘) = Φ (𝑡𝑘, 𝑡𝑖𝑘) 𝑥 (𝑡𝑖𝑘) + 𝑢 (𝑡𝑘, 𝑡𝑖𝑘)
+ 𝜉𝑚 (𝑡𝑘, 𝑡𝑖𝑘) 𝑓 (𝑡𝑖𝑘) + 𝑤 (𝑡𝑘, 𝑡𝑖𝑘) .

(14)

Substituting (14) into measurement equation (2), we have

𝑦𝑖𝑘 = 𝐻𝑖𝑘Φ−1 (𝑡𝑘, 𝑡𝑖𝑘) [𝑥 (𝑡𝑘) − 𝑢 (𝑡𝑘, 𝑡𝑖𝑘)
− 𝜉𝑚 (𝑡𝑘, 𝑡𝑖𝑘) 𝑓 (𝑡𝑘) − 𝑤 (𝑡𝑘, 𝑡𝑖𝑘)] + V𝑖𝑘 = 𝐻𝑚,𝑖𝑘 𝑥𝑚𝑘
+ 𝑢𝑖𝑘 + 𝜂𝑖𝑘,

(15)

where

𝐻𝑚,𝑖𝑘 = Π𝑖𝑘 [𝐼 − 𝜉𝑚 (𝑡𝑘, 𝑡𝑖𝑘)]
𝜂𝑖𝑘 = V𝑖𝑘 − Π𝑖𝑘𝑤(𝑡𝑘, 𝑡𝑖𝑘)
𝑢𝑖𝑘 = −Π𝑖𝑘𝑢 (𝑡𝑘, 𝑡𝑖𝑘)
Π𝑖𝑘 = 𝐻𝑖𝑘Φ−1 (𝑡𝑘, 𝑡𝑖𝑘) .

(16)
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Then we define

𝑦𝑘 = [(𝑦1𝑘)𝑇 , (𝑦2𝑘)𝑇 , . . . , (𝑦𝑁𝑘𝑘 )𝑇]𝑇 . (17)

Consequently, in the case of𝑚th fault, 𝑦𝑘 can be regarded
as an equivalent measurement of the augmented system state𝑥𝑘 at time 𝑡𝑘, and the equivalent measurement equation is

𝑦𝑘 = 𝐻𝑚𝑘 𝑥𝑘 + 𝑢𝑘 + 𝜂𝑘, (18)

where

𝐻𝑚𝑘 = [(𝐻𝑚,1𝑘 )𝑇 , (𝐻𝑚,2𝑘 )𝑇 , . . . , (𝐻𝑚,𝑁𝑘𝑘 )𝑇]𝑇 . (19)

𝑢𝑘 and 𝜂𝑘 have the same form as𝐻𝑚𝑘 except for replacing𝐻𝑚,𝑖𝑘
with 𝑢𝑖𝑘 and 𝜂𝑖𝑘, respectively.

Equivalent measurement noise 𝜂𝑘 is a Gaussian white
noise with zero mean and covariance matrix 𝑅𝑘 = 𝐸{𝜂𝑘𝜂𝑇𝑘 } =(𝑅𝑖,𝑗𝑘 ), and we further have

𝑅𝑖,𝑗𝑘 = 𝐸{𝜂𝑖𝑘 (𝜂𝑗𝑘)𝑇} = 𝑅𝑖𝑘𝛿𝑖,𝑗 + Π𝑖𝑘Ω(𝑡𝑘, 𝑡𝑖𝑘) (Π𝑖𝑘)𝑇 . (20)

At the same time, the equivalent measurement noise 𝜂𝑘
and the process noise 𝑤(𝑡𝑘, 𝑡𝑘−1) are relevant on account of
the common process noise

Ψ𝑘 = 𝐸 {𝑤 (𝑡𝑘, 𝑡𝑘−1) (𝜂𝑘)𝑇} = − [Ω (𝑡𝑘, 𝑡1𝑘)
⋅ (Π1𝑘)𝑇 , Ω (𝑡𝑘, 𝑡2𝑘) (Π2𝑘)𝑇 , . . . , Ω (𝑡𝑘, 𝑡𝑁𝑘𝑘 ) (Π𝑁𝑘𝑘 )𝑇] .

(21)

Now for the system composed of the augmented state
equation (10) and the equivalent measurement equation (18),
the updating equation of the 𝑥𝑚𝑘 and error covariance 𝑃𝑚𝑘 can
be obtained as

𝑥𝑚𝑘|𝑘−1 = 𝐸 {𝑥𝑘 | �̃� (𝑡𝑘) = 𝑚, 𝑌𝑘−1}
= Φ𝑚𝑘−1�̂�𝑚𝑘−1 + 𝑢𝑥𝑘−1

(22)

𝑃𝑚𝑘|𝑘−1 = Cov {𝑥𝑘 | �̃� (𝑡𝑘) = 𝑚, 𝑌𝑘}
= Φ𝑚𝑘−1𝑃

̂
𝑚

𝑘−1 (Φ𝑚𝑘−1)𝑇 + Ω𝑘−1
(23)

𝑥𝑚𝑘 = 𝑥𝑚𝑘|𝑘−1 + Θ𝑚𝑘 (Ξ𝑚𝑘 )−1 𝑦𝑚𝑘|𝑘−1 (24)

𝑃𝑚𝑘 = 𝑃𝑚𝑘|𝑘−1 − Θ𝑚𝑘 (Ξ𝑚𝑘 )−1 (Θ𝑚𝑘 )𝑇 , (25)

where

Ψ𝑘 = [Ψ𝑇𝑘 , 0∑𝑁𝑘𝑖=1 𝑑𝑖𝑦×1]
𝑇

Θ𝑚𝑘 = 𝑃𝑚𝑘|𝑘−1 (𝐻𝑚𝑘 )𝑇 + Ψ𝑘
Ξ𝑚𝑘 = 𝐻𝑚𝑘 𝑃𝑚𝑘|𝑘−1 (𝐻𝑚𝑘 )𝑇 + 𝑅𝑘 + 𝐻𝑚𝑘 Ψ𝑘 + (𝐻𝑚𝑘 Ψ𝑘)𝑇

𝑦𝑚𝑘|𝑘−1 = 𝑦𝑘 − 𝐻𝑚𝑘 𝑥𝑚𝑘|𝑘−1 − 𝑢𝑘.

(26)

4.3. Model Probability Update. The model probability of the𝑚th fault should be

𝜇𝑚𝑘 = Prob (�̃� (𝑡𝑘) = 𝑚 | 𝑌𝑘)

= Prob (�̃� (𝑡𝑘) = 𝑚 | 𝑌𝑘−1) 𝑝 (𝑦𝑘 | �̃� (𝑡𝑘) = 𝑚, 𝑌𝑘−1)
∑𝑑𝑖=0 Prob (�̃� (𝑡𝑘) = 𝑖 | 𝑌𝑘−1) 𝑝 (𝑦𝑘 | �̃� (𝑡𝑘) = 𝑖, 𝑌𝑘−1) ,

(27)

where

Prob (�̃� (𝑡𝑘) = 𝑚 | 𝑌𝑘−1) = 𝑑𝑓∑
𝑖=0

𝐶𝑚𝑘
𝑝 {𝑦𝑘 | �̃� (𝑡𝑘) = 𝑚, 𝑌𝑘−1} = (2𝜋)−(1/2)∑𝑁𝑘𝑖=1 𝑑𝑖𝑦 Ξ𝑚𝑘 −1/2

⋅ exp {−12 (𝑦𝑚𝑘|𝑘−1)
𝑇 (Ξ𝑚𝑘 )−1 𝑦𝑚𝑘|𝑘−1} .

(28)

4.4. Output Combination. Finally from the total probability
formula, we have

𝑥𝑘 = 𝐸 {𝑥𝑘 | 𝑌𝑘} =
𝑑𝑓∑
𝑚=0

𝑥𝑚𝑘 𝜇𝑚𝑘
𝑃𝑘 = 𝐸 {(𝑥𝑘 − 𝑥𝑘) (𝑥𝑘 − 𝑥𝑘)𝑇}

= 𝑑𝑓∑
𝑚=0

[𝑃𝑚𝑘 + (𝑥𝑘 − 𝑥𝑚𝑘 ) (𝑥𝑘 − 𝑥𝑚𝑘 )𝑇] 𝜇𝑚𝑘 .

(29)

4.5. Fault Detection and Isolation. Once 𝜇𝑖𝑘 = max{𝜇𝑚𝑘 }𝑑𝑓𝑚=1 >𝜇𝑇, and for 𝑗 = 1, 2, . . . , 𝐿, we also have 𝜇𝑖𝑘−𝑗 > 𝜇𝑇; then the
conclusion can be drawn that there is the 𝑖th failure in the
system, where 𝜇𝑇 is the predetermined detection threshold
and 𝐿 can be regarded as the length of the time window.

Remark 1. The first four steps above constitute the proposed
fusion IMM algorithm. The augmented state is estimated
under each possible current model through fusing asyn-
chronous measurements from𝑁 sensors by Section 4.2, with
each filter reinitialed by Section 4.1. The mixed input to each
filter is a combination of the previous model-conditioned
estimates with mixing probabilities. By this input interaction
step, IMMachieves the best compromise between complexity
and performance.

5. Fault Amplitude Estimation Based on STF

Once the fault is successfully detected and isolated, the STF
could be used to track the development of fault amplitude
using its strong ability to track abrupt changes and strong
robustness to model mismatch [23, 24]. The augmented
estimate 𝑥𝑚𝑘 and its estimation error covariance matrix 𝑃𝑚𝑘 at𝑡𝑘 can be obtained based on STF as (22)–(25) with �̂�𝑚𝑘−1 in (22)
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replaced by 𝑥𝑚𝑘−1 and the one step predicted error covariance𝑃𝑚𝑘|𝑘−1 given by (23) replaced by

𝑃𝑚𝑘|𝑘−1 = diag {𝜑𝑘 (1) , 𝜑𝑘 (2) , . . . , 𝜑𝑘 (𝑑𝑥 + 1)}
× Φ𝑚𝑘−1𝑃𝑚𝑘−1 (Φ𝑚𝑘−1)𝑇 + Ω𝑘−1,

(30)

where for 𝑖 = 1, 2, . . . , 𝑑𝑥 + 1
𝜑𝑘 (𝑖) = {{{

𝜕𝑘 (𝑖) 𝜛𝑘, 𝜕𝑘 (𝑖) 𝜛𝑘 > 1
1, 𝜕𝑘 (𝑖) 𝜛𝑘 ≤ 1

𝜛𝑘 =
𝜗𝑘 − 𝛽tr(𝑅𝑘 + 𝐻𝑚𝑘 Ω𝑘−1 (𝐻𝑚𝑘 )𝑇)

∑𝑑𝑥+1𝑖=1 𝜕𝑘 (𝑖)𝑊𝑘 (𝑖, 𝑖)
𝑊𝑘 = Φ𝑚𝑘−1𝑃

̂
𝑚

𝑘−1 (Φ𝑚𝑘−1)𝑇 (𝐻𝑚𝑘 )𝑇 (𝐻𝑚𝑘 )

𝜗𝑘 =
{{{{{{{

(𝑦𝑚1 )𝑇 𝑦𝑚1 , 𝑘 = 1
𝜌𝜗𝑘−1 + (𝑦𝑚𝑘|𝑘−1)𝑇 𝑦𝑚𝑘|𝑘−11 + 𝜌 , 𝑘 ≥ 2,

(31)

where 0.95 ≤ 𝜌 < 1 is the forgetting factor and 𝛽 ≥ 1 and𝜕𝑘(𝑖) ≥ 1, 𝑖 = 1, 2, . . . , 𝑑𝑥 + 1 are the predetermined filter
parameters.

6. Simulation Results

In this section, simulation results are provided to verify the
proposed algorithm. Consider the dynamic system described
by (1) with

𝐴 (𝑡) =
[[[[[
[

0 1 0 −0.08
0 0 0 −0.2
0 0.08 0 1
0 0.2 0 0

]]]]]
]

𝐵 (𝑡) = 𝐺 (𝑡) = 𝐹 (𝑡) = [0.5 1 0 0
0 0 0.5 1]

𝑇

,

(32)

where the control input is set as 𝑢(𝑡) = [1 1]𝑇 and the noise
variance𝑄(𝑡) = [ 0.01 00 0.01 ]. When the system works normally,𝑓(𝑡) = 0. Suppose the system is observed by three sensors
with observation matrices

𝐻(1) = 𝐻(2) = 𝐻(3) = [1 0 0 0
0 0 1 0] (33)

and measurement noise covariance matrices

𝑅(1) = 𝑅(2) = 𝑅(3) = [25 0
0 25] . (34)

The initial sampling instants of the three sensors are 𝑡(1) =0.1 s, 𝑡(2) = 0.2 s, and 𝑡(3) = 0.3 s, respectively. The sample
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Figure 1: Model probability.

periods of Sensor 1, Sensor 2, and Sensor 3 are 𝑇(1) = 𝑇(2) =0.6 s and 𝑇(3) = 0.8 s.The fusion period of the fusion center is𝑇 = 1 s. Apparently, these three sensors are asynchronous.
There exist two actuators in this system. Here we assume

that Actuator 2 has a time-varying fault which occurs at𝜏𝑓 = 16.5 s with amplitude 𝑓(𝑡) = 1.5 + 0.1𝑒0.04(𝑡−𝜏𝑓). The
proposed method is used to diagnose the fault in the system.
To perform multimodel fusion filtering, three augmented
models are constructed corresponding to three possible
situations: normal mode, Actuator 1 fault, and Actuator 2
fault. Figure 1 gives the model probability evolutions during
the simulation time in one run. From Figure 1 we can
see that the probability of the normal model is dominant
before the fault happens. After 𝑡 = 16.5 s when the fault
of Actuator 2 occurs, the probability of normal model has a
sudden drop, while that of Actuator 2 fault increases rapidly.
Therefore, the fault can be correctly detected and located.
After that, the augmented IMM is switched to STF to track
the variation of the fault amplitude. In the simulation, the
value of detection time window 𝐿 is set to 3, which means
we need at least 3 s to conform the fault, which results in
the detection delay in Figure 1. Figures 2 and 3 show the
rootmean-squared errors (RMSE) of the state estimation and
the fault amplitude estimation over 500 Monte Carlo runs,
respectively. It can be seen from Figures 2 and 3 that both the
fused state estimates and the fused fault amplitude estimate
have the smallest RMSEs compared to single sensors, which
illustrate the effectiveness of the proposed fusion algorithm.
Meanwhile, Sensor 3 has worse estimation performance than
Sensor 1 and Sensor 2 since it has a lower sampling rate.

7. Conclusion

In this paper, we have presented a new approach for detect-
ing, isolating, and estimating time-varying fault based on
IMM and STF for asynchronous multisensor systems. An
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Figure 2: RMSE curves of state estimation.
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augmented IMMhas beenperformedby augmenting the fault
amplitude directly into the state vector, and the model prob-
ability generated by the augmented IMM has been used to
detect and isolate the fault, which is superior to other model-
based fault detection methods in that it has a clear detection
threshold, while the fault estimation has been achieved based
on STF which has good tracking performance for the time-
varying fault, even when abrupt changes exist. There are no
constraints on the number of the sensors or the initial sample
times and sampling rates of multiple sensors. The simulation
results demonstrate that the proposed algorithm can detect
fault quickly and estimate it accurately. Further works can
focus on the fault diagnosis problems on networked systems
and systems with state constraints.
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Recent developments in prognostic and health management have been targeted at utilizing the observed degradation signals to
estimate residual life distributions. Current degradationmodelsmainly focus on a population of “identical” devices or an individual
device with population information, not a single component in the absence of prior degradation knowledge. However, the fast
development of science and technology provides us with many kinds of new systems, and we just have the real-time monitoring
information to analyze the reliability for them. The fusion algorithm presented herein addresses this challenge by combining the
excellent modeling ability of Bayesian updating method for the multilevel data and the prominent estimation ability of ECM
algorithm for incomplete data. Residual life distributions and posterior distributions are first calculated through the Bayesian
updating method based on random initial a priori distributions.Then the a priori distributions are revised and improved for future
predictions by the ECM algorithm. Once a new signal is observed, we can reuse the fusion algorithm to improve the accuracy of
residual life distributions. The applicability of this fusion algorithm is validated by a set of simulation experiments.

1. Introduction

Modern engineering systems are overwhelmingly complex
because of increasing requirements on their functionalities
and qualities.These systems often have a high standard of sys-
tem reliability because a single failure can lead to catastrophic
consequences with profound impacts, extreme costs, and
potential safety hazards. It will take an exceedingly long time
for a system to fail, so prognostics for systems have become
extremely difficult, even if the actual operating conditions
are severe and rigorous. Therefore, effective methods that
can predict failure progression and evaluate the reliability of
the system have long been sought. When there are sufficient
monitoring data and efficient computational capability, prog-
nostics for components based on observed degradation data
is promising and effective [1–3].

The general path model is a typical method utilizing the
observed degradation signals of these degraded systems. Lu
and Meeker [4] introduced the model to the degradation
literature in 1993, for the first time. In their model, the
fixed-effects parameters affect the populations’ characteristics

and the random-effects parameters describe an individual
unit’s characteristics. Once the parameters are known, the
residual life is deterministic. Therefore, the core work is to
estimate the unknown fixed and random parameters. Lu and
Meeker used a two-stage method to estimate the unknown
parameters. Lu et al. [5] extended the degradation model and
suggested likelihood-based estimation methods. However,
these are not suitable for all types of degradation data. Su et
al. [6] considered random sample sizes and random repeated
measurement times for each product unit. They discussed
the advantages and disadvantages of two-stage least-squares
(LS) estimation, maximum modified likelihood (MML) esti-
mation, and maximum likelihood estimation (MLE). They
showed that the LS estimators are not consistent in the case of
random sample sizes. However,MLE can provide a consistent
estimator and has smaller biases and variances compared to
the LS and MML estimates. In the further study, Weaver et
al. [7] also used MLE to estimate the unknown parameters.
They extended the research and examined effects of sample
size on the estimation precision. Under the mixed-effect path
model,Wu and Shao [8] built the asymptotic properties of the
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(weighted) least-squares estimators. They used these proper-
ties to calculate approximate confidence intervals and point
estimates for percentiles of the failure-time distribution.They
used the weighted least-squares estimators to predict the
resistor of metal film and the metal fatigue crack length.

However, the above papers only focus on the estimation
of the unknown parameters about population devices and
need a fair amount of samples in the test. In order to solve
this problem, Robinson and Crowder [9] described a fully
Bayesian approach which allows a small sample size. They
used a variety of simple prior distributions and observed that
this aspect has little effect on the posterior distributions of
these data, showing that the information in the degradation
data dominates. So the Bayesian approach is more suitable
for the parameters estimation of an individual device with
population information compared with two-stage LS estima-
tion and MLE. Gebraeel et al. [10] developed two different
exponential degradation signal models. One model assumes
that the error fluctuations follow an iid random error process;
however, the second model considers that the error terms
follow a Brownian motion process. In their paper, they used
the Bayesian updating methods to combine the distribution
information of the parameters across the population and the
monitored degradation data from the individual device. The
Bayesian updatingmethods can update the stochastic param-
eters of degradation models, every time a new degradation
signal comes. Gebraeel [11] extended the Bayesian updating
procedure by assuming that the stochastic parameters in the
exponential degradation models follow a bivariate normal
distribution. Chakraborty et al. [12] further extended the
updating procedure and investigated the difference of the
life time distributions when the stochastic parameters do
not follow the normal distribution. They also built methods
for calculating Remaining Useful Life when the stochastic
parameters of the exponential model follow more general
distributions. Chen and Tsui [13] adopted a piecewise log-
linear degradation model and assumed the change time
of the two different phases is random. This assumption
explicitly accounts for the characteristics of different degra-
dation phases. When new observations were available, they
updated the a posteriori information of the model stochastic
parameters including regression coefficients and the variance
of the error term by using Bayesian methods. They also
suggested a new method which took the correlations into
consideration, among degradation predictions, to compute
the RUL distribution with better accuracy. Their approach
can be naturally extended to more general degradation
models.

The above Bayesian approaches can be applied to predict-
ing the RUL of an individual device with population informa-
tion. However, the fast development of science and technol-
ogy provides us with kinds of newly made systems, and we
just have the observed monitoring degradation information
to analyze the reliability of them. Traditional ways to predict
system failures often fail because the domain knowledge
and expert experience are limited and historical data is
nonexistent.

Therefore, effective methods that can predict failures of
these newlymade systems in the absence of prior degradation
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Figure 1: Vibration-based degradation signal.

knowledge have long been sought. Considering the excel-
lent modeling ability of Bayesian updating method for the
multilevel data and the prominent estimation ability of ECM
algorithm for incomplete data, the goal of our paper is to
develop a collaboration method between Bayesian updating
method and ECM algorithm to estimate the Remaining
Useful Life (RUL) of the newly made system just with real-
time sensing data. To verify the applicability of this fusion
algorithm, a set of simulation experiments are conducted.

The remainder of this paper is organized as follows. Sec-
tion 2 develops a separate Bayesian updatingmethod and cal-
culates the RUL distributions for the exponential degradation
model with a Brownian error term, under the assumption
that the prior distributions are known. Section 3 explains
the procedure of the fusion process in detail and estimates
the prior information for the Bayesian updating method by
our fusion algorithm. Section 4 illustrates the validity of the
collaborationmethod by a set of simulation experiments.The
paper concludes with some discussions and guidance for the
estimation of RUL of the single component without prior
degradation knowledge in Section 5.

2. Bayesian Updating Method and Residual
Life Distribution

In order to develop our collaboration method, we first
introduce the Bayesian updating method and its estimation
result of the Remaining Useful Life in this section. We will
adopt the exponential degradation signalmodel developed by
Gebraeel et al. [10, 11], Kaiser and Gebraeel [14], and Elwany
and Gebraeel [15] and assume that the error fluctuation of the
degradation model follows a Brownian motion process. As
our objective is to compute theRULof a single systemwithout
prior distribution knowledge, we believe that the adopted
exponential degradation model and the error fluctuation are
adequate for the given degradation path in Figure 1. For a
further discussion of model selection and evaluation, see Li
et al. [16].

Under the above assumption, we could use the Bayesian
updating procedure to compute the unknown random
parameters of the exponential degradation model. Once
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we have got the calculated posterior distributions of these
random parameters in the exponential degradation model,
we can derive the residual life distribution of the component.
However, in our paper we only have the real-timemonitoring
degradation signal for the newly made component, and prior
distributions are nonexistent. In order to utilize the Bayesian
updating procedure, we first assume we have got the accurate
and informative a priori information.Themethod of estimat-
ing these prior distributions will be illustrated and detailed
in Section 3.

2.1. The Degradation Signal Model. First, we review the
general definition of the Brownian motion process.

Definition 1. AstandardBrownianmotion process,𝑊(𝑡), 𝑡 ≥0, possesses the following properties:
1. If 𝑡0 < 𝑡1 < ⋅ ⋅ ⋅ < 𝑡𝑛, then 𝑊(𝑡0),𝑊(𝑡1) − 𝑊(𝑡0), . . . ,𝑊(𝑡𝑛) − 𝑊(𝑡𝑛−1) are mutually independent.
2. If 𝑠, 𝑡 ≥ 0, then𝑃 (𝑊 (𝑠 + 𝑡) − 𝑊 (𝑠) ∈ 𝐴) = ∫

𝐴
(2𝜋𝑡)−1/2 𝑒−𝑥2/2𝑡𝑑𝑥. (1)

3. With probability one 𝑡 → 𝑊(𝑡) is continuous.
The first part of the definition describes the fact that

the process 𝑊(𝑡) has independent increments. The second
part means that the increment 𝑊(𝑠 + 𝑡) − 𝑊(𝑠) follows a
normal distribution with mean zero and variance 𝑡. The third
part describes the fact that 𝑊(𝑡), 𝑡 ≥ 0, almost certainly
has continuous paths. For an in-depth discussion about the
Brownianmotion process and its properties, see Durrett [17].

Then, we let 𝑋(𝑡) denote the real-time monitoring signal
as a continuous stochastic process, with respect to time 𝑡. We
define the functional form of𝑋(𝑡) as𝑋(𝑡) = 𝜑 + 𝜃 exp(𝛽𝑡 + 𝜀 (𝑡) − 𝜎2𝑡2 )

= 𝜑 + 𝜃 exp (𝛽𝑡) exp(𝜀 (𝑡) − 𝜎2𝑡2 ) , (2)

where 𝜑 is the fixed intercept and represents the initial
degradation, and 𝛽 is a normal random variable such that
the mean of 𝛽 is 𝜇1 and the variance of 𝛽 is 𝜎21 . 𝜃 is a
lognormal random variable with mean 𝜇0 and variance 𝜎20 ,
and 𝜀(𝑡) = 𝜎𝑊(𝑡) is a Brownian motion with mean zero and
variance 𝜎2𝑡. Under the assumption that 𝜃, 𝛽, and 𝜀(𝑡) are
mutually independent, it is obvious to obtain that𝐸[exp(𝜀(𝑡)−(𝜎2𝑡/2))] = 1, and thus 𝐸(𝑆(𝑡) | 𝜃, 𝛽) = 𝜑 + 𝜃 exp(𝛽𝑡).

Furthermore, we find that it is easy to calculate with the
logarithmic degradation data.Thus, we define 𝑆(𝑡) as follows:𝑆 (𝑡) = ln (𝑋 (𝑡) − 𝜑) = ln 𝜃 + 𝛽𝑡 + 𝜀 (𝑡) − 𝜎2𝑡2 . (3)

By defining 𝜃 = ln 𝜃, 𝛽 = 𝛽 − 𝜎2/2, we can further simplify𝑆(𝑡) as follows: 𝑆 (𝑡) = 𝜃 + 𝛽𝑡 + 𝜀 (𝑡) . (4)

2.2. Bayesian Updating Process of Stochastic Parameters. We
let 𝑆𝑘 = 𝑆(𝑡𝑘) − 𝑆(𝑡𝑘−1), 𝑘 = 2, 3, . . . denote the difference
value of the monitored logged degradation signal at times 𝑡𝑘
and 𝑡𝑘−1, with 𝑆1 = 𝑆(𝑡1).

Then, suppose we have obtained the logged difference
value 𝑆1:𝑘 = {𝑆1, 𝑆2, . . . , 𝑆𝑘} at times 𝑡1, . . . , 𝑡𝑘. And the error
increments, 𝜀(𝑡𝑖) − 𝜀(𝑡𝑖−1), 𝑖 = 2, . . . , 𝑘, are independent
normal random variables. If the stochastic parameters, 𝜃
and 𝛽, are given, we can define the conditional joint density
function of 𝑆1:𝑘 as

𝑝 (𝑆1:𝑘 | 𝜃, 𝛽) = ( 1√2𝜋𝜎2)𝑘
⋅ exp( −(𝑆1 − 𝜃 − 𝛽𝑡1)22𝜎2𝑡1− 𝑘∑

𝑖=2

((𝑆𝑖 − 𝛽 (𝑡𝑖 − 𝑡𝑖−1))22𝜎2 (𝑡𝑖 − 𝑡𝑖−1) )). (5)

Generally, however, 𝜃 and 𝛽 will be unknown. Based on
the former assumption, we suppose we have got accurate and
informative priors. And we let 𝜋0(𝜃) and 𝜋1(𝛽) denote the
prior distributions on 𝜃 and 𝛽, respectively, where 𝜋0(𝜃) =𝑁(𝜇0, 𝜎20) and𝜋1(𝛽) = 𝑁(𝜇1, 𝜎21), 𝜇1 = 𝜇1−𝜎2/2.Then, given
the logged difference data, 𝑆1:𝑘, obtained at times 𝑡1, . . . , 𝑡𝑘,
the posterior joint distribution of (𝜃, 𝛽) can be expressed as
follows.

Theorem 2. Given the obtained logged degradation signal,𝑆1:𝑘, the conditional posterior joint distribution of (𝜃, 𝛽) is𝜃, 𝛽 | 𝑆1:𝑘 ∼ 𝑁(𝜇𝜃 ,𝑘, 𝜎2𝜃 ,𝑘, 𝜇𝛽 ,𝑘, 𝜎2𝛽 ,𝑘, 𝜌𝑘), where𝜇𝜃 ,𝑘= (𝑆1𝜎20 + 𝜇0𝜎2𝑡1) (𝜎21𝑡𝑘 + 𝜎2) − 𝜎20𝑡1 (𝜎21 ∑𝑘𝑖=1 𝑆𝑖 + 𝜇1𝜎2)(𝜎20 + 𝜎2𝑡1) (𝜎21𝑡𝑘 + 𝜎2) − 𝜎20𝜎21𝑡1 ,𝜇𝛽 ,𝑘= (𝜎21 ∑𝑘𝑖=1 𝑆𝑖 + 𝜇1𝜎2) (𝜎2𝑡1 + 𝜎20) − 𝜎21 (𝑆1𝜎20 + 𝜇0𝜎2𝑡1)(𝜎20 + 𝜎2𝑡1) (𝜎21𝑡𝑘 + 𝜎2) − 𝜎20𝜎21𝑡1 ,
𝜎2𝜃 ,𝑘 = 𝜎2𝜎20𝑡1 (𝜎21𝑡𝑘 + 𝜎2)(𝜎20 + 𝜎2𝑡1) (𝜎21𝑡𝑘 + 𝜎2) − 𝜎20𝜎21𝑡1 ,𝜎2𝛽 ,𝑘 = 𝜎2𝜎21 (𝜎20 + 𝜎2𝑡1)(𝜎20 + 𝜎2𝑡1) (𝜎21𝑡𝑘 + 𝜎2) − 𝜎20𝜎21𝑡1 ,𝜌𝑘 = −𝜎0𝜎1√𝑡1√(𝜎20 + 𝜎2𝑡1) (𝜎21𝑡𝑘 + 𝜎2) .

(6)

Proof. Given the prior distributions of 𝜃 and 𝛽, 𝜋0(𝜃) =𝑁(𝜇0, 𝜎20) and 𝜋1(𝛽) = 𝑁(𝜇1, 𝜎21), we can express the
conditional posterior joint distribution of (𝜃, 𝛽), 𝑝(𝜃, 𝛽 |𝑆1:𝑘), as follows:
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∝ 12𝜋𝜎

𝜃 ,𝑘
𝜎
𝛽 ,𝑘

√1 − 𝜌2
𝑘

⋅ exp
[[[[[[[[[[[[[[
− 12 (1 − 𝜌2

𝑘
)

⋅ (((((((
(

(𝜃 − 𝜇𝜃 ,𝑘)2𝜎2
𝜃 ,𝑘−2𝜌𝑘 (𝜃 − 𝜇𝜃 ,𝑘) (𝛽 − 𝜇𝛽 ,𝑘)𝜎
𝜃 ,𝑘

𝜎
𝛽 ,𝑘+(𝛽 − 𝜇𝛽 ,𝑘)2𝜎2

𝛽 ,𝑘

)))))))
)

]]]]]]]]]]]]]]
.

(7)

As our focus is on the fusion algorithm, for a further
detailed calculation of the posterior distribution of (𝜃, 𝛽),
see Gebraeel et al. [10].

2.3. Estimation of the Residual Life Distribution. Every time
a new degradation signal comes, we can compute a new
posterior distribution of (𝜃, 𝛽). As the objective of our paper
is to estimate the distribution of the RUL of the monitored
system, we suppose that the system’s failure occurs when the
observed degradation signal reaches the failure threshold, 𝑤,
and thus we need to estimate the time until the degradation
signal reaches 𝑤. In our paper, we assume that the threshold
value is a constant value.

The objective of prognostics is to compute the distribu-
tion of the failure time until the degradation signal reaches
the threshold 𝑤. To achieve this goal, we first calculate the
posterior distribution of (𝜃, 𝛽). Then, we let the random
variable 𝑆(𝑡 + 𝑡𝑘) denote the logged degradation signal value
obtained at time 𝑡 + 𝑡𝑘, 𝑡 > 0, given 𝑆1:𝑘 obtained at times𝑡1, . . . , 𝑡𝑘. Under the above assumption, the distribution of𝑆(𝑡 + 𝑡𝑘) given 𝑆1:𝑘 can be expressed as follows.

Theorem 3. Given the observed difference value of the logged
degradation data, 𝑆1:𝑘, the distribution of 𝑆(𝑡 + 𝑡𝑘) is 𝑆(𝑡 + 𝑡𝑘) |𝑆1:𝑘 ∼ 𝑁(𝜇(𝑡 + 𝑡𝑘), �̃�2(𝑡 + 𝑡𝑘)), where𝜇 (𝑡 + 𝑡𝑘) ≜ 𝑘∑

𝑖=1

𝑆𝑖 + 𝜇𝛽𝑡 = 𝑆 (𝑡𝑘) + 𝜇𝛽 ,𝑘𝑡,�̃�2 (𝑡 + 𝑡𝑘) ≜ 𝜎2𝛽 ,𝑘𝑡2 + 𝜎2𝑡. (8)

Proof. First, note that 𝑆(𝑡) = 𝜃+𝛽𝑡+𝜀(𝑡) and we can express𝑆(𝑡 + 𝑡𝑘) = 𝑆(𝑡𝑘) + 𝛽𝑡 + 𝜀(𝑡 + 𝑡𝑘)–𝜀(𝑡𝑘), where 𝑆(𝑡𝑘) = ∑𝑘𝑖=1 𝑆𝑖.
Therefore, given 𝑆1:𝑘, 𝑆(𝑡 + 𝑡𝑘) follows a normal distribution
with mean 𝜇(𝑡 + 𝑡𝑘) = 𝑆(𝑡𝑘) + 𝐸[𝛽]𝑡 = 𝑆(𝑡𝑘) + 𝜇𝛽 ,𝑘𝑡 and

variance �̃�2(𝑡 + 𝑡𝑘) = 𝑡2𝑉[𝛽] + 𝑉[𝜀(𝑡 + 𝑡𝑘) − 𝜀(𝑡𝑘)] = 𝜎2𝛽 ,𝑘𝑡2 +𝜎2𝑡.
Then, we let 𝑇 denote the RUL of the monitored system,

and we know that 𝑇 meets 𝑆(𝑇 + 𝑡𝑘) = ln𝑤. Given 𝑆1:𝑘,
the conditional cumulative distribution function (CDF) of 𝑇,𝐹𝑇|𝑆1:𝑘(𝑡) = 𝑝{𝑇 ≤ 𝑡 | 𝑆1:𝑘}, can be expressed as𝑃 (𝑇 ≤ 𝑡 | 𝑆1:𝑘) = 1 − 𝑃 (𝑆 (𝑡 + 𝑡𝑘) ≤ ln𝑤 | 𝑆1:𝑘)

= 1 − 𝑃(𝑍 < ln𝑤 − 𝜇 (𝑡 + 𝑡𝑘)√�̃�2 (𝑡 + 𝑡𝑘) )
= 𝑃(𝑍 ≥ ln𝑤 − 𝜇 (𝑡 + 𝑡𝑘)√�̃�2 (𝑡 + 𝑡𝑘) )
= Φ (𝑔 (𝑡)) ,

(9)

where 𝑍 represents a standard normal variable,Φ(∙) denotes
the CDF of the standard normal variable, and 𝑔(𝑡) = (𝜇(𝑡 +𝑡𝑘) − ln𝑤)/√�̃�2(𝑡 + 𝑡𝑘).

We compute the residual life distribution of the system
at time 𝑡𝑘, under the condition that the observed degradation
signal does not reach the threshold𝑤; that is,∑𝑘𝑖=1 𝑆𝑖 = 𝑆(𝑡𝑘) <
ln𝑤. Thus, we get

lim
𝑡→0

𝑔 (𝑡) = lim
𝑡→0

∑𝑘𝑖=1 𝑆𝑖 + 𝜇𝛽 ,𝑘𝑡 − ln𝑤√𝜎2
𝛽 ,𝑘

𝑡2 + 𝜎2𝑡 = −∞. (10)

Therefore, we get lim𝑡→0𝐹𝑇|𝑆1:𝑘(𝑡) = 0, which means that
the domain of the RUL, 𝑇, is (0,∞). We can express the
conditional probability distribution function (PDF) of 𝑇,
given 𝑆1:𝑘, as 𝑓𝑇|𝑆1:𝑘 ,𝑇≥0 (𝑡) = 𝜙 (𝑔 (𝑡)) 𝑔 (𝑡) , (11)

where 𝜙(⋅) denotes the PDF of the standard normal variable.
Given the conditional PDF of 𝑇, we can write the

expectation of RUL, at time 𝑡𝑘, as𝐸𝑇|𝑆1:𝑘 ,𝑇≥0 (𝑡) = ∫∞
0

𝑓𝑇|𝑆1:𝑘 ,𝑇≥0 (𝑡) 𝑑𝑡. (12)

In order to simplify the integral of expectation of RUL,
we use the failure equation 𝑆(𝑇 + 𝑡𝑘) = ln𝑤 to compute the
RUL, at time 𝑡𝑘, approximately. And according toTheorem 3,
given the difference value of logged degradation signal, 𝑆1:𝑘,
the distribution of 𝑆(𝑡 + 𝑡𝑘) follows 𝑆(𝑡 + 𝑡𝑘) | 𝑆1:𝑘 ∼ 𝑁(𝜇(𝑡 +𝑡𝑘), �̃�2(𝑡 + 𝑡𝑘)), and the mean of this distribution, 𝜇(𝑡 + 𝑡𝑘),
closely approximates 𝑆(𝑡 + 𝑡𝑘). Thus, we can write 𝜇(𝑇 + 𝑡𝑘) =
ln𝑤 and express the RUL, at time 𝑡𝑘, as

RUL𝑘 = ln𝑤 − 𝑆 (𝑡𝑘)𝜇𝛽 ,𝑘 , (13)

where RUL𝑘 is closely approximated to the expectation of
RUL.
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In other literature, the prior distribution parameters, 𝜎2,𝜇0, 𝜎20 , 𝜇1, 𝜎21 , are computed from historical monitoring data
or derived from domain knowledge and expert experience.
However, in this section we only have the real-time condition
degradation information and do not know the accurate prior
distribution parameters. What is more, the priors are fixed
in the whole Bayesian updating procedure in the previous
articles, and if the prior distribution parameters are inaccu-
rate, the posterior distribution for these unknown parameters
would have great errors. So our paper will solve these
problems in the next section.

3. Estimating the Prior Information by
Fusion Algorithm

In Section 2, we have estimated the RUL of the single com-
ponent by Bayesian updating procedure under the assump-
tion that a priori distributions were known. However, we
only have real-time observations and the prior distributions
needed in Bayesian updating process are nonexistent. So
our paper will develop a collaboration algorithm between
Bayesian updating and ECM algorithm to estimate these a
priori parameters.

3.1. The ECM Algorithm. We let Θ = [𝜎2, 𝜇0, 𝜎20 , 𝜇1, 𝜎21]
denote the unknown prior distribution parameters. Given
the difference value of logged degradation signal 𝑆1:𝑘, we can
express the log-likelihood function of 𝑆1:𝑘 as𝑙𝑘 (Θ) = ln [𝑝 (𝑆1:𝑘 | Θ)] = 𝑘∑

𝑗=2

ln [𝑝 (𝑆𝑗 | 𝑆1:𝑗−1,Θ)] , (14)

where 𝑝(𝑆1:𝑘 | Θ) is the joint PDF of 𝑆1:𝑘. Thus, we can write
the MLE ofΘ at time 𝑡𝑘 as

Θ̂ = argmax
Θ

𝑙𝑘 (Θ) , (15)

where Θ̂ is the variable value of Θ corresponding to maxi-
mum of 𝑙𝑘(Θ). Our goal is to estimate an appropriate prior
distribution parameter Θ̂. However, in formula (4) 𝜃 and 𝛽
are stochastic and unobserved, so the calculation of formula
(15) is hard to complete.

In order to avoid the above problem, we propose a col-
laboration algorithm between Bayesian updating and ECM
algorithm and use the fusion algorithm to estimate prior
distributions based on degradation signals. We let Θ𝑘 =[𝜎2𝑘 , 𝜇0,𝑘, 𝜇1,𝑘, 𝜎20,𝑘, 𝜎21,𝑘] denote the estimated parameters
based on degradation signals, 𝑆1:𝑘, and Θ̂(𝑖)𝑘 = [�̂�2(𝑖)

𝑘
, 𝜇(𝑖)
0,𝑘

,𝜇(𝑖)
1,𝑘

, �̂�2(𝑖)
0,𝑘

, �̂�2(𝑖)
1,𝑘

] denote the estimated variable value of Θ𝑘
of the 𝑖th iteration result in the ECM algorithm. We treat𝜃 and 𝛽 as the hidden variables, because 𝜃 and 𝛽 are
stochastic and unobserved in the whole degradation process.
Our objective is to calculate the variable value of Θ𝑘, so the𝐸-step of ECM algorithm can be written as𝑙 (Θ𝑘 | Θ̂(𝑖)𝑘 ) = 𝐸

𝜃 ,𝛽|𝑆1:𝑘 ,Θ̂
(𝑖)

𝑘

{ln𝑝 (𝑆1:𝑘, 𝜃, 𝛽 | Θ𝑘)} , (16)

where 𝐸
𝜃 ,𝛽|𝑆1:𝑘 ,Θ̂

(𝑖)

𝑘

is the conditional expectation of hidden

variables, 𝜃 and 𝛽, given Θ̂𝑖𝑘 and 𝑆1:𝑘.
Next we express the CM-step of ECM algorithm as

Θ̂
(𝑖+1/𝑆)

𝑘 = argmax
Θ

𝑙 (Θ𝑘 | Θ̂(𝑖)𝑘= [�̂�2(𝑖)𝑘 , 𝜇(𝑖)0,𝑘, 𝜇(𝑖)1,𝑘 , �̂�2(𝑖)0,𝑘 , �̂�2(𝑖)1,𝑘 ]) ,
Θ̂
(𝑖+2/𝑆)

𝑘 = argmax
Θ

𝑙 (Θ𝑘 | Θ̂(𝑖+1/𝑆)𝑘= [�̂�2(𝑖+1)𝑘 , 𝜇(𝑖)0,𝑘, 𝜇(𝑖)1,𝑘 , �̂�2(𝑖)0,𝑘 , �̂�2(𝑖)1,𝑘 ]) ,
Θ̂
(𝑖+3/𝑆)

𝑘 = argmax
Θ

𝑙 (Θ𝑘 | Θ̂(𝑖+2/𝑆)𝑘= [�̂�2(𝑖+1)𝑘 , 𝜇(𝑖+1)0,𝑘 , 𝜇(𝑖)1,𝑘 , �̂�2(𝑖)0,𝑘 , �̂�2(𝑖)1,𝑘 ]) ,
Θ̂
(𝑖+4/𝑆)

𝑘 = argmax
Θ

𝑙 (Θ𝑘 | Θ̂(𝑖+3/𝑆)𝑘= [�̂�2(𝑖+1)𝑘 , 𝜇(𝑖+1)0,𝑘 , 𝜇(𝑖+1)1,𝑘 , �̂�2(𝑖)0,𝑘 , �̂�2(𝑖)1,𝑘 ])...
Θ̂
(𝑖+1)

𝑘 = argmax
Θ

𝑙 (Θ𝑘 | Θ̂(𝑖+(𝑆−1)/𝑆)𝑘= [�̂�2(𝑖+1)𝑘 , 𝜇(𝑖+1)0,𝑘 , 𝜇(𝑖+1)1,𝑘 , �̂�2(𝑖+1)0,𝑘 , �̂�2(𝑖)1,𝑘 ]) ,

(17)

where 𝑆 (𝑆 = 5) is the dimension of vector Θ, and Θ̂(𝑖+1)𝑘
is the maximum value of Θ based on Θ̂(𝑖+(𝑆−1)/𝑆)𝑘 from the
derivative equation 𝜕𝑙(Θ𝑘 | Θ̂(𝑖+(𝑆−1)/𝑆)𝑘 )/𝜕�̂�2(𝑖)

1,𝑘
= 0. As our

focus is on the algorithm fusion process, for the theory of
ECM algorithm and its convergence analysis, see Meng and
Rubin [18], Van et al. [19], and Liu and Rubin [20].

3.2. The Collaboration between Bayesian Updating and ECM
Algorithm. After we have reviewed the ECM algorithm, we
begin our fusion process. Figure 2 shows the procedure of the
fusion process.

First, we use random initial a priori distributions to start
the fusion algorithm, when we collect the degradation signal𝑆(𝑡1) at time 𝑡1. Then, we get the posterior distribution of(𝜃, 𝛽), 𝑝(𝜃, 𝛽 | 𝑆1:𝑘), and a residual life distribution by
Bayesian updating method. Of course, the results are inac-
curate.

Then, we use the posterior distribution of (𝜃, 𝛽), 𝑝(𝜃,𝛽 | 𝑆1:𝑘), to substitute the distribution, given Θ̂(𝑖)𝑘 , of hidden
variables in the 𝐸-step. So, the 𝐸-step of the ECM algorithm
can be rewritten as𝑙 (Θ𝑘 | 𝑝 (𝜃, 𝛽 | 𝑆1:𝑘))= 𝐸𝜃 ,𝛽|𝑝(𝜃 ,𝛽|𝑆1:𝑘) {ln𝑝 (𝑆1:𝑘, 𝜃, 𝛽 | Θ𝑘)} . (18)

Because of the different 𝐸-step, we get a rewritten CM-step
which is different from the one in the ECM algorithm. In
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Figure 2: The collaboration algorithm between Bayesian updating and ECM algorithm.

order to get a more accurate estimated value, Θ̂𝑘, in ECM
algorithm we need multiple iterations. However, we can get
the optimal solution of Θ𝑘 only through 𝑆 (𝑆 = 5) steps
calculation, in our fusion algorithm. This will be proved in
Theorem 4. In our fusion algorithm the rewritten CM-step
can be expressed as

Θ̂
(1/5)

𝑘 = argmax
Θ

𝑙 (Θ𝑘 | 𝑝 (𝜃, 𝛽 | 𝑆1:𝑘)= [𝜎2𝑘 , 𝜇0,𝑘, 𝜇1,𝑘, 𝜎20,𝑘, 𝜎21,𝑘]) ,
Θ̂
(2/5)

𝑘 = argmax
Θ

𝑙 (Θ𝑘 | 𝑝 (𝜃, 𝛽 | 𝑆1:𝑘)(1/5)= [�̂�2𝑘 , 𝜇0,𝑘, 𝜇1,𝑘, 𝜎20,𝑘, 𝜎21,𝑘]) ,
Θ̂
(3/5)

𝑘 = argmax
Θ

𝑙 (Θ𝑘 | 𝑝 (𝜃, 𝛽 | 𝑆1:𝑘)(2/5)= [�̂�2𝑘 , 𝜇0,𝑘, 𝜇1,𝑘, 𝜎20,𝑘, 𝜎21,𝑘]) ,
Θ̂
(4/5)

𝑘 = argmax
Θ

𝑙 (Θ𝑘 | 𝑝 (𝜃, 𝛽 | 𝑆1:𝑘)(3/5)= [�̂�2𝑘 , 𝜇0,𝑘, 𝜇1,𝑘, 𝜎20,𝑘, 𝜎21,𝑘]) ,
Θ̂𝑘 = argmax

Θ

𝑙 (Θ𝑘 | 𝑝 (𝜃, 𝛽 | 𝑆1:𝑘)(4/5)= [�̂�2𝑘 , 𝜇0,𝑘, 𝜇1,𝑘, �̂�20,𝑘, 𝜎21,𝑘]) .

(19)

In this five-step calculation of formula (19), we can get the
optimal estimations 𝜎2𝑘 = �̂�2𝑘 , 𝜇0,𝑘 = 𝜇0,𝑘, 𝜇1,𝑘 = 𝜇1,𝑘, 𝜎20,𝑘 =�̂�20,𝑘, 𝜎21,𝑘 = �̂�21,𝑘, respectively.The results of the rewritten CM-
step are the a priori distributions of the next Bayesian updat-
ing procedure. Each time we collect a new degradation signal𝑆(𝑡𝑘) at time 𝑡𝑘, we can recalculate the a priori distributions
and the residual life distribution.

3.3. Estimation of Prior Information. After we have finished
the fusion process, we begin to calculate the optimal variable
value of Θ𝑘 by our fusion algorithm. The log-likelihood
function of complete data can be expressed as

ln𝑝 (𝑆1:𝑘, 𝜃, 𝛽 | Θ𝑘)= ln𝑝 (𝑆1:𝑘 | 𝜃, 𝛽,Θ𝑘) + ln𝑝 (𝜃, 𝛽 | Θ𝑘)= −𝑘 + 22 ln 2𝜋 − 𝑘2 ln𝜎2𝑘 − (𝑆1 − 𝜃 − 𝛽𝑡1)22𝜎2
𝑘
𝑡1− 𝑘∑

𝑖=2

(𝑆𝑖 − 𝛽 (𝑡𝑖 − 𝑡𝑖−1))22𝜎2
𝑘
(𝑡𝑖 − 𝑡𝑖−1) − 12 ln𝜎20,𝑘 − 12 ln𝜎21,𝑘

− (𝜃 − 𝜇0,𝑘)22𝜎2
0,𝑘

− (𝛽 − 𝜇1,𝑘)22𝜎2
1,𝑘

.
(20)

According to formulas (18) and (19), we can compute the
rewritten 𝐸-step as follows:

𝑙 (Θ𝑘 | 𝑝 (𝜃, 𝛽 | 𝑆1:𝑘)) = 𝐸𝜃 ,𝛽|𝑝(𝜃 ,𝛽|𝑆1:𝑘) {ln𝑝 (𝑆1:𝑘, 𝜃, 𝛽 | Θ𝑘)}= −𝑘 + 22 ln 2𝜋 − 𝑘2 ln𝜎2𝑘
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− 𝑆21 − 2𝑆1 (𝜇𝜃 ,𝑘 + 𝜇𝛽 ,𝑘𝑡1) + 𝜇2𝜃 ,𝑘 + 𝜎2𝜃 ,𝑘 + 2𝑡1 (𝜌𝑘𝜎𝜃 ,𝑘𝜎𝛽 ,𝑘 + 𝜇𝜃 ,𝑘𝜇𝛽 ,𝑘) + 𝑡21 (𝜇2𝛽 ,𝑘 + 𝜎2𝛽 ,𝑘)2𝜎2
𝑘
𝑡1

− 𝑘∑
𝑖=2

𝑆2𝑖 − 2𝑆𝑖𝜇𝛽 ,𝑘 (𝑡𝑖 − 𝑡𝑖−1) + (𝜇2𝛽 ,𝑘 + 𝜎2𝛽 ,𝑘) (𝑡𝑖 − 𝑡𝑖−1)22𝜎2
𝑘
(𝑡𝑖 − 𝑡𝑖−1) − 12 ln𝜎20,𝑘 − 12 ln𝜎21,𝑘

− 𝜇2𝜃 ,𝑘 + 𝜎2𝜃 ,𝑘 − 2𝜇𝜃 ,𝑘𝜇0,𝑘 + 𝜇20,𝑘2𝜎2
0,𝑘

− 𝜇2𝛽 ,𝑘 + 𝜎2𝛽 ,𝑘 − 2𝜇𝛽 ,𝑘𝜇1,𝑘 + 𝜇21,𝑘2𝜎2
1,𝑘

.
(21)

Then, based on the rewritten CM-step, we can get the optimal�̂�2𝑘 , 𝜇0,𝑘, 𝜇1,𝑘, �̂�20,𝑘, �̂�21,𝑘 by the following steps, respectively. Step 1. By calculating 𝜕𝑙(Θ𝑘 | 𝑝(𝜃, 𝛽 | 𝑆1:𝑘)/𝜕𝜎2𝑘 = 0, we can
get the optimal

�̂�2𝑘 = 1𝑘 [[[[[[[
𝑆21 − 2𝑆1 (𝜇𝜃 ,𝑘 + 𝜇𝛽 ,𝑘𝑡1) + 𝜇2𝜃 ,𝑘 + 𝜎2𝜃 ,𝑘 + 2𝑡1 (𝜌𝑘𝜎𝜃 ,𝑘𝜎𝛽 ,𝑘 + 𝜇𝜃 ,𝑘𝜇𝛽 ,𝑘) + 𝑡21 (𝜇2𝛽 ,𝑘 + 𝜎2𝛽 ,𝑘)𝑡1+ 𝑘∑

𝑖=2

𝑆2𝑖 − 2𝑆𝑖𝜇𝛽 ,𝑘 (𝑡𝑖 − 𝑡𝑖−1) + (𝜇2𝛽 ,𝑘 + 𝜎2𝛽 ,𝑘) (𝑡𝑖 − 𝑡𝑖−1)2(𝑡𝑖 − 𝑡𝑖−1)
]]]]]]] . (22)

Step 2. By calculating 𝜕𝑙(Θ𝑘 | 𝑝(𝜃, 𝛽 | 𝑆1:𝑘)(1/5)/𝜕𝜇0,𝑘 = 0,
we can get the optimal 𝜇0,𝑘 = 𝜇𝜃 ,𝑘.
Step 3. By calculating 𝜕𝑙(Θ𝑘 | 𝑝(𝜃, 𝛽 | 𝑆1:𝑘)(2/5)/𝜕𝜇1,𝑘 = 0,
we can get the optimal 𝜇1,𝑘 = 𝜇𝛽 ,𝑘.
Step 4. By calculating 𝜕𝑙(Θ𝑘 | 𝑝(𝜃, 𝛽 | 𝑆1:𝑘)(3/5)/𝜕𝜎20,𝑘 = 0,
we can get the optimal �̂�20,𝑘 = 𝜎2𝜃 ,𝑘.

Step 5. By calculating 𝜕𝑙(Θ𝑘 | 𝑝(𝜃, 𝛽 | 𝑆1:𝑘)(4/5)/𝜕𝜎21,𝑘 = 0,
we can get the optimal �̂�21,𝑘 = 𝜎2𝛽 ,𝑘.

According to the above five steps, Θ̂𝑘 = [�̂�2𝑘 , 𝜇0,𝑘, 𝜇1,𝑘, �̂�20,𝑘,�̂�21,𝑘] can be expressed as

�̂�2𝑘 = 1𝑘 [[[[[[[
𝑆21 − 2𝑆1 (𝜇𝜃 ,𝑘 + 𝜇𝛽 ,𝑘𝑡1) + 𝜇2𝜃 ,𝑘 + 𝜎2𝜃 ,𝑘 + 2𝑡1 (𝜌𝑘𝜎𝜃 ,𝑘𝜎𝛽 ,𝑘 + 𝜇𝜃 ,𝑘𝜇𝛽 ,𝑘) + 𝑡21 (𝜇2𝛽 ,𝑘 + 𝜎2𝛽 ,𝑘)𝑡1+ 𝑘∑

𝑖=2

𝑆2𝑖 − 2𝑆𝑖𝜇𝛽 ,𝑘 (𝑡𝑖 − 𝑡𝑖−1) + (𝜇2𝛽 ,𝑘 + 𝜎2𝛽 ,𝑘) (𝑡𝑖 − 𝑡𝑖−1)2(𝑡𝑖 − 𝑡𝑖−1)
]]]]]]] ,

𝜇0,𝑘 = 𝜇𝜃 ,𝑘,�̂�20,𝑘 = 𝜎2𝜃 ,𝑘,𝜇1,𝑘 = 𝜇𝛽 ,𝑘,�̂�21,𝑘 = 𝜎2𝛽 ,𝑘.

(23)

We get the optimal �̂�2𝑘 , 𝜇0,𝑘, 𝜇1,𝑘, �̂�20,𝑘, �̂�21,𝑘 in each step,
respectively. However, it does not mean that Θ̂𝑘 = [�̂�2𝑘 , 𝜇0,𝑘, 𝜇1,𝑘, �̂�20,𝑘, �̂�21,𝑘] is the only maximum point of 𝜕𝑙(Θ𝑘 |𝑝(𝜃, 𝛽 | 𝑆1:𝑘)/𝜕Θ𝑘 = 0. So, we need a further discussion.
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Theorem 4. According to the result of formula (23), the
estimated Θ̂𝑘 is the only maximum point of 𝜕𝑙(Θ𝑘 | 𝑝(𝜃, 𝛽 |𝑆1:𝑘)/𝜕Θ𝑘 = 0.
Proof. First, from formula (21) we can get Θ̂𝑘 which is the
only solution of 𝜕𝑙(Θ𝑘 | 𝑝(𝜃, 𝛽 | 𝑆1:𝑘)/𝜕Θ𝑘 = 0. Next, we

prove that Θ̂𝑘 is corresponding to maximum 𝑙(Θ𝑘 | 𝑝(𝜃, 𝛽 |𝑆1:𝑘). We can perform the second derivative of log-likelihood
function on vectorΘ𝑘 as

𝜕2𝑙 (Θ𝑘 | 𝑝 (𝜃, 𝛽 | 𝑆1:𝑘))𝜕Θ𝑘𝜕Θ𝑇𝑘 =
[[[[[[[[[[[[[[[[[[

𝑘2𝜎4
𝑘

− 𝜏𝜎6
𝑘

0 0 0 00 − 1𝜎2
0,𝑘

0 𝜇0,𝑘 − 𝜇𝜃 ,𝑘𝜎4
0,𝑘

00 0 − 1𝜎2
1,𝑘

0 𝜇1,𝑘 − 𝜇𝛽 ,𝑘𝜎4
1,𝑘0 𝜇0,𝑘 − 𝜇𝜃 ,𝑘𝜎4

0,𝑘

0 12𝜎4
0,𝑘

− 𝜓1𝜎6
0,𝑘

00 0 𝜇1,𝑘 − 𝜇𝛽 ,𝑘𝜎4
1,𝑘

0 12𝜎4
1,𝑘

− 𝜓2𝜎6
1,𝑘

]]]]]]]]]]]]]]]]]]
, (24)

where

𝜏 = 𝑆21 − 2𝑆1 (𝜇𝜃 ,𝑘 + 𝜇𝛽 ,𝑘𝑡1) + 𝜇2𝜃 ,𝑘 + 𝜎2𝜃 ,𝑘 + 2𝑡1 (𝜌𝑘𝜎𝜃 ,𝑘𝜎𝛽 ,𝑘 + 𝜇𝜃 ,𝑘𝜇𝛽 ,𝑘) + 𝑡21 (𝜇2𝛽 ,𝑘 + 𝜎2𝛽 ,𝑘)𝑡1+ 𝑘∑
𝑖=2

𝑆2𝑖 − 2𝑆𝑖𝜇𝛽 ,𝑘 (𝑡𝑖 − 𝑡𝑖−1) + (𝜇2𝛽 ,𝑘 + 𝜎2𝛽 ,𝑘) (𝑡𝑖 − 𝑡𝑖−1)2(𝑡𝑖 − 𝑡𝑖−1) ,𝜓1 = 𝜇2𝜃 ,𝑘 + 𝜎2𝜃 ,𝑘 − 2𝜇𝜃 ,𝑘𝜇0,𝑘 + 𝜇20,𝑘,𝜓2 = 𝜇2𝛽 ,𝑘 + 𝜎2𝛽 ,𝑘 − 2𝜇𝛽 ,𝑘𝜇1,𝑘 + 𝜇21,𝑘.
(25)

Then we use the estimated variable value Θ̂𝑘 = [�̂�2𝑘 , 𝜇0,𝑘, 𝜇1,𝑘,�̂�20,𝑘, �̂�21,𝑘] in (23), and we can find the order principal minor
of the matrix in (24) as follows:Δ 1Θ𝑘=Θ̂𝑘 < 0,Δ 2Θ𝑘=Θ̂𝑘 > 0,Δ 3Θ𝑘=Θ̂𝑘 < 0,Δ 4Θ𝑘=Θ̂𝑘 > 0,Δ 5Θ𝑘=Θ̂𝑘 < 0.

(26)

Thus, we can conclude that (24) is a negative-definite matrix
when Θ𝑘 = Θ̂𝑘, which means that Θ̂𝑘 = [�̂�2𝑘 , 𝜇0,𝑘, 𝜇1,𝑘, �̂�20,𝑘,�̂�21,𝑘] is the only maximum point.

This fusion procedure between Bayesian updating and
ECM algorithm can be performed each time a new degra-
dation signal is observed. That is to say, each time the

degradation signal 𝑆(𝑡𝑘) is observed, we can recalculate Θ̂𝑘 =[�̂�2𝑘 , 𝜇0,𝑘, 𝜇1,𝑘, �̂�20,𝑘, �̂�21,𝑘] and obtain new estimates of residual
life for the newly made system. What is more, the initial
values of priors in the Bayesian updating for the first time
are unrestricted, and once we get a new Θ̂𝑘, it would be used
in the next Bayesian updating as the priors. In Section 4, we
will use simulation method to further evaluate the perfor-
mance of our collaboration algorithm and illustrate that the
unrestricted initial values of priors have little influence on the
estimated vector Θ̂𝑘 = [�̂�2𝑘 , 𝜇0,𝑘, 𝜇1,𝑘, �̂�20,𝑘, �̂�21,𝑘].
4. Simulation and Analysis

In this section, we will adopt the simulation method to fur-
ther evaluate the performance of our collaboration algorithm.
First, in order to represent a degradation process, we create a
set of simulation data based on the exponential degradation
model in Section 2. In the simulation, we assume that 𝜑 = 0,𝜃 ∼ 𝑁(0.02, 2 × 10−6), 𝛽 ∼ 𝑁(0.01, 1 × 10−6), 𝜀(𝑡) ∼ 𝑁(0, 𝑡 ⋅4×10−4). In order to observe enough degradation signals and
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Figure 3: Simulation of degradation path.

Table 1: Different initial prior distributions.

Data 𝜃 𝛽 𝜀(𝑡)
(1) 𝑁(0.1, 2 × 10−4) 𝑁(0.05, 1 × 10−4) 𝑁(0, 𝑡 ⋅ 4 × 10−3)
(2) 𝑁(0.2, 2 × 10−4) 𝑁(0.1, 1 × 10−4) 𝑁(0, 𝑡 ⋅ 4 × 10−3)
(3) 𝑁(0.3, 2 × 10−4) 𝑁(0.15, 1 × 10−4) 𝑁(0, 𝑡 ⋅ 4 × 10−3)
obvious degradation trend, we let the threshold 𝑤 = 60 and
the sampling interval (𝑡𝑖 − 𝑡𝑖−1) = 10, 𝑖 = 2, 3, 4, . . .. Figure 3
shows the trajectory of the simulated degradation signal. We
obtain 41 degradation samples, and the degradation reaches
the standard threshold, 𝑤 = 60, at time 𝑡 = 403.5.

We know that 𝜃 ∼ 𝑁(𝜇0, 𝜎20) and 𝛽 ∼ 𝑁(𝜇1 − 𝜎2/2, 𝜎21),
and 𝜇0 and 𝜇1 − 𝜎2/2 dominate the degradation and RUL.
We will use the estimated results of them to prove that
these unrestricted initial priors have little influence on the
estimated accuracy of the RUL. The different initial prior
distributions are as shown in Table 1.

On the other hand, in order to prove that our collabo-
ration algorithm can get a more accurate RUL than other
separate Bayesian updating methods, we will compare our
fusion algorithm with the method in Gebraeel et al. [10]. by
using the 2nd set of initial priors inTable 1. Figure 4 represents
the estimated results of 𝜇0. Figure 5 represents the estimated
results of 𝜇1 − 𝜎2/2.

From Figures 4 and 5, we know that the collaboration
algorithm can estimate the mean of 𝜃 and 𝛽 accurately
even with inaccurate prior information. Although we have
used a variety of inaccurate prior distributions, it can still be
observed that this aspect has little effect on the estimation
of the means of 𝜃 and 𝛽, showing that the degradation
measurements dominate and the collaboration algorithm is
effective. We can know that the estimated means of 𝜃 and 𝛽
gradually approximate to the simulated value, 0.02 and 0.01,
at time about 50, in spite of different initial priors.

The value estimated based on separate Bayesian method
The value estimated based on the 1st set of priors
The value estimated based on the 2nd set of priors
The value estimated based on the 3rd set of priors
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Figure 4: Estimated results of 𝜇0.
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Figure 5: Estimated results of 𝜇1 − 𝜎2/2.
What is more, our collaboration algorithm can get more

accurate estimations compared with the separate Bayesian
updating by using the 2nd set of initial priors in Table 1.

Given the estimated prior distributions we calculate the
point estimations of RUL of the newly made component.
Figure 6 shows the point estimations of RUL by our algorithm
and separate Bayesian updating method.



10 Journal of Control Science and Engineering

The true RUL
The RUL estimated based on separate Bayesian method
The RUL estimated based on the 1st set of priors
The RUL estimated based on the 2nd set of priors
The RUL estimated based on the 3rd set of priors

−50

0

50

100

150

200

250

300

350

400

450

RU
L

50 100 150 200 250 300 350 4000
Time

Figure 6: Point estimations of RUL by collaboration algorithm and
separate Bayesian Updating method.

From Figure 6, we can know that our collaboration algo-
rithm can get a more accurate RUL comparing with the sep-
arate Bayesian method. And inaccurate a priori distributions
have little effect on the estimation of the RUL. Furthermore,
the point estimations of RUL by our collaboration algorithm
can also reflect the fluctuation of degradation caused by
Brownianmotion error, and this can be known fromFigure 3.

5. Conclusion

In this paper, we presented a collaboration algorithm that
contains the characteristic of Bayesian updating and ECM
algorithm. The difficulties of the fusion process mainly
consist of two parts; the first is building the connection
between ECMalgorithm and Bayesian updating. It is not easy
to find another substitute for the 𝑖th iteration distribution
in the rewritten E-step, and the posterior distribution of
the Bayesian updating is an optimal one. The second is
proving the optimal estimating result about the prior infor-
mation. We can get a maximum estimating result, Θ̂𝑘 =[�̂�2𝑘 , 𝜇0,𝑘, 𝜇1,𝑘, �̂�20,𝑘, �̂�21,𝑘], by the rewrittenCM-step.However, it
does notmean that the estimating result is the onlymaximum
point of 𝜕𝑙(Θ𝑘 | 𝑝(𝜃, 𝛽 | 𝑆1:𝑘)/𝜕Θ𝑘 = 0. In this paper, we use
the second derivative of log-likelihood function on vectorΘ𝑘
and the order principal minor of the matrix in (24) to prove
it.

Our fusion algorithm can predict failures of newly made
systems in the absence of prior degradation knowledge.
Although our fusion algorithm started with random initial
a priori distributions, the simulation experiments show that
the inaccurate a priori distributions have little effect on
the estimation of the RUL, and our fusion algorithm can

get a better prediction than the separate Bayesian method.
Nevertheless, there are still some issues that needed further
investigation for the estimation of the RUL on the single
component without prior degradation knowledge.

First, we assume that the exponential degradation signal
model and the error fluctuation are adequate for the given
degradation path. Actually, we can not guarantee which
model is the best one by visual judgment. So we also need
to focus on model selection and evaluate the goodness-of-fit
of various degradation path models.

Second, we assume that the stochastic parameters of
the exponential degradation model are normally distributed.
However, the stochastic parameters may follow a Gamma
distribution or other distributions. Therefore, we also should
investigate the performance of our collaboration algorithm
when the underlying normal distribution assumptions are
not satisfied.

Third, our work started the RUL calculation in the
degradation processes assuming that the exact point-in-time
of the initial degradation is known. However, the functioning
systemwould be stable within a period of time, and the point-
in-time for the initial degradation is unknown and stochastic.
By considering the distribution of the initial degradation
point, we may be able to predict the RUL right after its
installment.
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Spiral bevel gears occupy several advantages such as high contact ratio, strong carrying capacity, and smooth operation, which
become one of the most widely used components in high-speed stage of the aeronautical transmission system. Its dynamic
characteristics are addressed by many scholars. However, spiral bevel gears, especially tooth fracture occurrence and monitoring,
are not to be investigated, according to the limited published issues. Therefore, this paper establishes a three-dimensional model
and finite element model of the Gleason spiral bevel gear pair. The model considers the effect of tooth root fracture on the system
due to fatigue. Finite element method is used to compute the mesh generation, set the boundary condition, and carry out the
dynamic load.The harmonic response spectra of the base under tooth fracture are calculated and the influence of main parameters
on monitoring failure is investigated as well. The results show that the change of torque affects insignificantly the determination of
whether or not the system has tooth fracture. The intermediate frequency interval (200Hz–1000Hz) is the best interval to judge
tooth fracture occurrence. The best fault test region is located in the working area where the system is going through meshing.The
simulation calculation provides a theoretical reference for spiral bevel gear system test and fault diagnosis.

1. Introduction

Spiral bevel gears are one of the most important components
of the aeronautical transmission system. Due to the harsh
working environment, failure occurs sometimes, and the
most common situation is resonance failure.The failure of the
spiral bevel gear transmission system often leads to serious
accidents; therefore, accurate detection, the positioning of
the fault, and eliminating hidden danger have very important
significance in improving the operating efficiency of the gear
system.

Most studies were related to spiral bevel gear modeling
and tooth contact analysis (TCA); Tsai and Chin [1] devel-
oped mathematical modeling of the tooth surface geometry
for bevel gear pairs based on the basic gearing kinematics and
involute geometry along with the tangent planes geometry.
Litvin et al. [2–6] proposed an integrated computerized
approach for spiral bevel gear drives and simulated mesh
and contact stress analysis; they reduced the magnitude of

transmission errors for reduction of noise and vibration and
found severe contact stresses areas to increase the endurance
of the gear drives; the proposed results were proved by the
manufacturing and test of prototypes. Sheveleva et al. [7, 8]
developed a modified computer program for tooth contact
analysis (TCA) for the most general case and provided
computer codes for contact path, bearing contact, and contact
pressure distribution. Simon [9] presented computer aided
tooth contact analysis in mismatched spiral bevel gears and
discussed the influence of relative position errors of meshing
pinion on tooth contact.

About spiral bevel gear fault detection, Zakrajsek et al.
[10] applied a variety of gear fault detection techniques to
investigate the growth and propagation of the fault; the
relationship between the system running time and pinion
damage was specified as well. Dempsey et al. [11] developed
the diagnostic tool by collecting vibration and oil debris
data from fatigue tests performed in Glenn spiral bevel
gear fatigue rigs. Decker and Lewicki [12] discussed the
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Figure 1: Pitch surface unfolded map.

damage detection effectiveness of the different metrics and
a comparison of effects of different accelerometer locations
by spiral bevel pinion running test. Ural et al. [13] predicted
the crack shape and fatigue life for a spiral bevel pinion
gear by using computational fracture mechanics, which was
based on linear elastic fracture mechanics theories combined
with finite element method. However, the detection in the
frequency domain and the influence of excitation were not
provided in these papers.

In the area of spiral gear dynamics analysis, Li and Hu
[14] analyzed the axial–lateral–torsional coupled spiral bevel
geared system theoretically and the dynamic behavior of the
system was investigated by numerical method. Yinong et al.
[15] studied the effect of the asymmetric mesh stiffness on the
8-DOF spiral bevel gear transmission system. Feng and Song
[16] investigated the effects of the dynamicmeshing force and
dynamic transmission error.

Therefore, through system vibration signal to determine
the occurrence of tooth fracture, thus eliminating the fault,
is a meaningful work. In this paper, a pair of Gleason
spiral bevel gears is mathematically modeled and a three-
dimensional solid model is generated as well. Finite element
method is applied to analyze the harmonic response of
the system; deformation amplitude and phase of the base
are calculated. Therefore some tooth fracture features and
main parameters’ influences are analyzed to assist the fault
recognition.

2. System Modeling

2.1. Three-Dimensional Precise Solid Modeling. Typical spiral
bevel gears applied in aeronautical transmission system are
manufactured by Gleason face hobbing process [17]. The
tooth profile of the spiral bevel gear is a spherical involute,
and its tooth profile is circular, and the tooth surface is a
complex three-dimensional surface.Therefore, themethod of
modeling the cylindrical gear tooth profile is not suitable for

the spiral bevel gear. By adding the auxiliary involute to the
tooth line equation, the accuracy of the tooth surface could
be increased.

In the spherical coordinate system, the spherical involute
equation on one side of outer space width is

𝑟 = 𝑅
𝜃 = 𝛿𝑓 + 𝑡 (𝛿𝑎 − 𝛿𝑓)

𝜑 = arccos (cos 𝜃/ cos 𝛿𝑏)
sin 𝛿𝑏 − arccos( tan 𝛿𝑏

tan 𝜃 ) ,
(1)

where 𝛿𝑏 is base angle; 𝛿𝑓 is root angle; 𝛿𝑎 is tip angle; 𝑅 is
sphere radius, that is, outer cone distance.

The spherical involute equation on the other side of outer
space width is

𝑟 = 𝑅
𝜃 = 𝛿𝑓 + 𝑡 (𝛿𝑎 − 𝛿𝑓) ;

𝜑 = arccos (cos 𝜃/ cos 𝛿𝑏)
sin 𝛿𝑏 − arccos( tan 𝛿𝑏

tan 𝜃 )

− (360
𝑧 − 𝜙𝑏)

(2)

here, 𝑧 is tooth number; 𝜑𝑏 is tooth thickness base angle.
When spiral bevel gears are in cutting processing, tooth

pitch surface unfolded drawing is shown in Figure 1.
The distance between cutting tool circle 𝑂1 and cone

circle 𝑂 is depicted as

𝐿1 = √𝑅𝑚2 + 𝑅𝑑2 − 2𝑅𝑚𝑅𝑑 sin𝛽𝑚, (3)

where 𝛽𝑚 is mean spiral angle; 𝑅𝑚 is mean cone distance; 𝑅𝑑
is the radius of cutting tool.
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(a) Healthy model (b) Tooth fracture model

Figure 2: Spiral bevel gear assembly model.

In circle 𝑂1, offset angle 𝑆0 of outer cone circle and 𝑆𝑘 of
inner cone circle are

𝑆0 = 180 − arccos
𝐿1 + 𝑅𝑑2 − 𝑅2

2𝐿1𝑅𝑑
𝑆𝑘 = 180 − arccos

𝐿1 + 𝑅𝑑2 − (𝑅 − 𝐵)2
2𝐿1𝑅𝑑 ;

(4)

here, 𝐵 is tooth thickness.
In circle 𝑂, offset angle 𝑗0 of outer cone circle and 𝑗𝑘 of

inner cone circle are

𝑗0 = arctan
𝑅𝑑 sin 𝑆0

𝐿1 + 𝑅𝑑 cos 𝑆0
𝑗𝑘 = arctan

𝑅𝑑 sin 𝑆𝑘
𝐿1 + 𝑅𝑑 cos 𝑆𝑘 .

(5)

According to the spherical geometrical relationship,
spherical angle 𝑞 corresponding to plane angle 𝑗 could be

𝑞0 = 𝑗0
sin 𝛿

𝑞𝑘 = 𝑗𝑘
sin 𝛿 ;

(6)

here, 𝛿 is reference cone angle.
Thus, 𝑞0𝑘 = 𝑞𝑘 − 𝑞0, that is, the rotation angle between

outer cone and inner cone in the spherical coordinate system.
The spherical involute equation on one side of inner space

width could be derived by substituting 𝑟 to (R-B) and adding
the value of 𝜑 to 𝑞0𝑘 in (1). Similarly, involute equation on the
other side of inner space width could be deduced as well.

In order to improve the accuracy of the three-
dimensional model, in this paper, a number of equally
spaced auxiliary spherical involute lines are inserted in the
direction of the tooth line. Substitute (R-B) to (R-0.1nB) in
(1) and (4), and 𝑛 is followed by 1, 2, 3 . . . 9 . . ., then involute
equation could be rederived.

Based on the above-mentioned involute equation, key
points of the curve are established by “law command” in
CATIA. Then “spline command” is applied to connect these
key points for the tooth profile involute curve, and “multisec-
tion surface command” is used to generate the tooth surface.
Moreover, tooth space ismodeled by “split command,” which

Table 1: System parameters.

Active gear Driven gear
Modulus 6
Pressure angle (∘) 20
Tooth number 15 46
Tooth width (m) 0.44 0.44
Shaft angle Σ(∘) 90
Mean spiral angle (∘) 35

is based on these tooth surfaces. Finally, with the Boolean
subtraction calculation of the solids, the parametricmodeling
of the spiral bevel gear could be successfully achieved, which
verifies the correctness of the design method [18].

In addition, due to long-term operation in the high-speed
circumstance, tooth root is prone to fatigue fracture. This
paper simulates the fractured tooth and completes the healthy
and fracture spiral bevel gear assembly model, as shown in
Figure 2; main parameters are listed in Table 1.

2.2. Finite Element Meshing and Pretreatment Process. The
geometric model in CATIA is introduced into ANSYS work-
bench 18.1, so finite element analysis model is obtained. As
friction contact analysis is a nonlinear problem, in order
to save the computing resources and improve calculation
accuracy, hexahedral meshing method is applied for calcula-
tion, and then the grid is refined in contact areas. The grid
size of the noncontact region of this model is defined as
5mm, and the contact area is defined as 1mm, which ensures
the rationality of the mesh and the maximum efficiency. At
the same time, in order to ensure the convergence of the
calculation results, the meshing model is firstly calculated,
and then the mesh size of the contact area is gradually
reduced. If the difference between calculation results is
small after multiple attempts, the result is convergent and
acceptable. Figure 3 shows the meshing model of spiral bevel
gear pair; the results tend to converge when the number
of nodes is 151443 and the number of elements is 47982 in
healthymodel; the number of nodes is 151749 and the number
of elements is 47728 in tooth fracture model.

After mesh is complete, the model is processing multiple
settings, that is, pretreatment process:

(1) Material definition: the model is set according to
steel properties, the active and driven gears belong to
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Figure 3: Spiral bevel gear meshing.

the same material, Young’s modulus is 2.1 × 1011 Pa,
Poisson’s ratio is 0.3, and the density is 7850 kg/m3.

(2) Contact definition: the calculation of the spiral
bevel gear pair is surface-to-surface contact problem
between the elastomers. It is of great importance to
select contact surface and target surface; the inap-
propriate selection will lead to excessive penetration,
affecting the accuracy of the solution. In general,
when the convex and concave surfaces contact, the
concave surface should be set as the target surface, so
the spiral bevel gear outer tooth surface is defined as
the target surface. In addition, the amount of pene-
tration between the two contact surfaces depends on
the normal contact stiffness. If the normal contact
stiffness is too large, it will increase solution iteration
number, which may lead to nonconvergence; if the
normal contact stiffness is too small, the penetra-
tion between nodes could be too large, resulting in
model instability. Based on the above analysis, this
paper firstly uses the small normal contact stiffness
coefficient and then gradually increases until analysis
results deviation is so small. The results show that the
best normal contact stiffness coefficient is 1.0 when
the normal contact stiffness coefficient is set from
0.001, 0.01, 0.1, 1.0, and 1.1.

(3) Rotational pair definition: the inner surfaces of the
gears are set as reference surfaces, and then the
rotational centers of reference surfaces are created.
Finally, a pair of rotational gears is defined.

(4) Solver definition: the general equation for harmonic
response analysis is

[𝑀] {�̈�} + [𝐶] {�̇�} + [𝐾] {𝑋} = {𝐹} , (7)

where [𝑀], [𝐶], and [𝐾] are the mass matrix, damp-
ing matrix, and stiffness matrix of the system. Matrix
[𝐹] is external excitation and is equal to 𝐹0 cos(𝜔𝑡).
The time-varying meshing stiffness, meshing line
displacement, and dynamic meshing force can be
regarded as periodic format and can be expanded in
Fourier series under fundamentalmeshing frequency.
In this paper, dynamic meshing force is simulated
as the excitation load, the torque is loaded in the
sinusoidal form, the sweep frequency is set from 0
to 2000Hz, initial phase angle is 0∘, and solution
intervals are 100.

(5) Boundary conditions and load setting: degree of free-
dom (DOF) is released only in rotational direction,
and the value of torque is 1200N⋅m,which is gradually
applied on the active gear.

3. Fault Diagnosis Analysis

3.1. Tooth Fracture Detection. The system is solved by the
augmented Lagrangian method in ANSYS and the first six
natural frequencies of the system are obtained, as shown in
Table 2. As illustrated in the table, the natural frequency of the
tooth fracture model decreases in each order; the frequency
deviation of the fourth and sixth order is relatively large.

The base of the driven gear is the optimum position
for deformation vibration detection sensor and acceleration
vibration detection sensor so that the base is also set in
response to the output in finite element method. Figure 4
shows the calculated deformation and acceleration harmonic
response maps.

Here, in order to separate ideal monitoring frequency,
three frequency intervals are defined to describe the sweep
frequency, that is, low frequency interval (below than 200
Hz), intermediate frequency interval (200Hz to 1000Hz),
and high frequency interval (greater than 1000Hz) [19].
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Table 2: Natural frequency.

Order Healthy tooth model frequency (Hz) Fracture tooth model frequency (Hz) Deviation (Hz)
(1) 18.4 12.0 6.4
(2) 168.0 140.8 27.2
(3) 206.5 147.3 59.2
(4) 678.1 571.6 106.5
(5) 1061.2 1042.4 18.8
(6) 1543 1367.3 175.7
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Figure 4: Harmonic response spectrum of spiral bevel gear.

In low frequency interval, the tooth fracture model has
a significant peak in the deformation amplitude spectrum,
while the healthy tooth model has a valley in this interval.
However, in the acceleration amplitude spectrum, the peaks
of two models are equivalent.

In intermediate frequency interval, the tooth fracture
model does not show an obvious peak in deformation and

acceleration amplitude spectrum, while the peak value of
healthy tooth model is very obvious. And there is no other
interference signal in this interval and adjacent interval, so
it can be effective in monitoring frequency interval for tooth
fracture detection.

In high frequency interval, the acceleration amplitude
spectrum is peaked at about 1050Hz in fracture model, and
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Figure 5: Influence of torque on harmonic response of spiral bevel gear.

the peak of healthy tooth model is four times that of the
fracture model.

Comparedwith Figures 4(a) and 4(c), several peaks of the
fracture are in the vicinity of the sidebands of the healthy,
and for each corresponding peak, the fracture is less than the
healthy; as is shown in Figure 4(a), the peaks also gradually
reduce with the increase of the frequency, so high frequency
interval cannot easily detect fracture tooth signal. However,
acceleration signal is mainly concentrated in intermediate
and high frequency intervals.

Compared with Figures 4(b) and 4(d), it can be seen
that deformation phase spectrum and acceleration phase
spectrum are corresponding to the contrary. And during the
sweep process, the phase will be reversed between 0∘ and
180∘ in different frequencies. In low frequency interval, the
healthy and the fracture coincide and separate from each
other quickly, so it is difficult to judge whether the tooth is
fractured. The phase mutation inversion is most pronounced
at about 600Hz in the intermediate interval, and it is depicted
in both the deformation and acceleration phase spectra. In
addition, phase reversal at 1400Hz in high frequency interval
is also relatively obvious.

In brief, low frequency, intermediate frequency, and high
frequency interval sections all have tooth fracture charac-
teristic signal; however, the intermediate frequency interval
(200Hz–1000Hz) is the best interval for detection among
others.

3.2. Influence of Torque on Harmonic Response of Spiral Bevel
Gear. In order to investigate the effect of torque (dynamic
meshing force) and other excitations on the harmonic
response of the spiral bevel gear system, tooth fracture
model is target object, and the torque of different sizes is

loaded without changing the other pretreatment process, so
excitation’s influence on tooth fracture detection could be
obtained. The harmonic response of each load is calculated,
respectively, and the result is shown in Figure 5. It can be
seen from Figure 5(a) that the torque magnitude has a great
influence on the peak value in low frequency interval, and
the peak value increases with the torque obviously. However,
the torque magnitude has little impact on the intermediate
frequency and high frequency intervals. As can be seen from
Figure 5(b), the phase spectrum does not change with the
increase of torque; that is, torque does not affect the harmonic
response phase. This conclusion successfully verifies the
experimental test in [12].

3.3. Influence of Measuring Point Position on Harmonic
Response of Spiral Bevel Gear. In order to improve the accu-
racy of the test, the influence of the measuring point position
on the harmonic response of the spiral bevel gear system
is studied. The responses of the different measuring points
are calculated without changing the other pretreatment, so
the best monitoring area could be found. The position of
the test points is shown in Figure 6, where point A is
the measuring point near the working area. The harmonic
response spectra of each measurement point are calculated,
respectively, and the results are shown in Figure 7. It can
be seen from Figure 7(a) that the peak of point C is more
obvious in the low frequency interval, and the peak of point A
is prominent in the intermediate frequency interval, whereas
the vibration of each point is not visible at high frequency
interval. According to Figure 7(b), each point has obvious
phase mutation inversion at about 600Hz (intermediate
frequency interval) and 1400Hz (high frequency interval).
Based on the above analysis and the conclusion in Section 3.1,
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Figure 6: Measuring points position.
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Figure 7: Harmonic responses of spiral bevel gear under different measuring points.

it can be seen that the measuring point near the working area
is the best test point when the system is monitored under
intermediate frequency interval.

4. Conclusion

Based on the meshing principle and gear cutting process, the
tooth involute equation of the bevel gear is obtained, and the
parametric spiral bevel gear three-dimensionalmodel and the
finite element model are established.

The analysis results draw the following conclusions:
(1) Compared with the healthy tooth model, natural

frequency in each order decreases in tooth fracture model,
and the natural frequency deviation of the fourth and sixth
order is relatively large. Although the low frequency, inter-
mediate frequency, and high frequency interval section have
tooth fracture signals, the intermediate frequency interval

(200Hz–1000Hz) is the best interval to determine whether
the tooth is fractured.

(2) The effect of torque on the harmonic response of the
spiral bevel gear is quite little, and the change of excitation
does not affect the fractured tooth monitoring.

(3)Theamplitude of the vibration signal near theworking
area is relatively strong, and it is the bestmeasuring point area
for detecting the fractured tooth signal.
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Effective fault diagnosis and reasonable life expectancy are of great significance and practical engineering value for the safety,
reliability, and maintenance cost of equipment and working environment. At present, the life prediction methods of the equipment
are equipment life prediction based on condition monitoring, combined forecasting model, and driven data. Most of them need to
be based on a large amount of data to achieve the problem. For this issue, we propose learning from the mechanism of cell division
in the organism. We have established a moderate complexity of life prediction model across studying the complex multifactor
correlation life model. In this paper, we model the life prediction of cell division. Experiments show that our model can effectively
simulate the state of cell division. Through the model of reference, we will use it for the equipment of the complex life prediction.

1. Introduction

Industrial systems and large-scale application equipment
work in the long term in the high pressure fluctuations,
corrosive, and other harsh environments. After a certain
period of time, it will inevitably fail. When the fault is
repairable, maintenance is usually done, but the maintenance
of the defective parts will generally reduce the accuracy,
performance, and reliability of the equipment. It ultimately
leads to degradation of equipment functions and improves
the overall cost of equipment spending. With the increase in
the number of equipment repairs, the degree of functional
degradation and maintenance costs gradually increased [1].
Therefore, when we make decisions on repairing industrial
systems and large equipment, we need to balance the factors
like prolonged service life, equipment downturn, increased
cost, and other factors. After several repairs, the functional
decline in the equipment and the total cost of the expenditure
are greater than the extension of the life of the industrial
equipment. At this point, it makes no sense to continue to
repair. In order to avoid overrepair, we need to do a proper
repair of the equipment and estimate a reasonable life, Ensur-
ing the balance between safety and economy of industrial
equipment and realizing the health management of gas
industrial equipment in complex environment. It is necessary

to establish a life forecast of industrial equipment related to
multiparameters (including operating environment, service
life, functional recession, and cost stacking) model. In order
to establish an effective model for predicting equipment life,
we learn from the biological perspective and abstract the life
prediction model of the normal equipment from the biologi-
cal life model.

Determining the life of industrial equipment involves
many factors, and its use environment is very complex. In
principle, it can be compared to the determination of biologi-
cal life as shown inTable 1. In order to predict the life of indus-
trial equipment, we need to draw on the life prediction
method of the cell to obtain the mathematical model of the
limited life of industrial equipment [2].

Figure 1 is a schematic diagram of the industrial equip-
ment life estimation based on the limited divisionmechanism
[3] of biological cells. Its main body has two parts: one is the
industrial equipment system and the other is the biological
system. We divided the factors that affect the life of the
living body to internal factors and external factors. The
same factors affecting the life of industrial equipment are
also divided into internal factors and external factors. The
establishment of a life-based estimation model based on the
limited divisionmechanism of biological cells requires a clear
understanding of the process structure of cell division (the
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Table 1: Analogy of fault diagnosis in biology and engineering.

Medical science Engineering
Disease diagnosis
Through observation, laboratory tests, and medical equipment
The conclusion is given by the doctor

Fault diagnosis
Through sensors, signal processing and testing instrument
The conclusion is given by diagnostic software

Multidisciplinary consultation
The doctor diagnosed the disease in many ways

Comprehensive diagnosis
Diagnose current faults with multiple diagnostic techniques

Disease prevention and health care
Physical examination, disease prediction, health care system
(health, subhealth, life expectancy, and safeguard measures: past,
present, and future)

Fault diagnosis and health management
Health monitoring, fault diagnosis, equipment life prediction (health,
subhealth, failure, component life prediction, decision/maintenance
recommendations, past, present, and future)

Internal factors
(characteristics)

Internal
factors

External
factors

External factors
(service
characteristics)

Determine input
parameters

Mathematical model

Division/
di�erentiation
of cells

Biological limited repair
mechanism

Estimated
lifetime

Biological
systems

Material

Manufacturing
process

Nucleus

Cytoplasm

Light
(temperature)

Enzyme

Nutrients

Working
frequency

Service
environment
parameters

Maintenance factor

Establish
correspondence

Establish
correspondence

Industrial
equipment Division/

di�erentiation of cell

Cell division Cell
di�erentiation

Figure 1: A schematic diagram of biological cell finite splitting mechanism and industrial equipment life estimation.

limited repair mechanism of the organism). Second, it is
necessary to clarify which parameter variables are related
(internal nuclear parameters, external light, nutrients, and
other factors). A mathematical model for estimating the life
expectancy of industrial equipment with moderate heterozy-
gosity is abstracted from the limited repair mechanism of
organisms. The relation between the parameter variables of
an organism and the physical parameters of an industrial
device determines the input of the mathematical model for
the estimation of the lifetime of an industrial device and
ultimately to achieve the purpose of estimating the life of
industrial equipment and to achieve a reasonable, nonexces-
sive maintenance.

2. Complex System

The study of complex systems was the rise of the “Complex
Systems,” the album published by the University of Science

on April 2, 1999. Its emergence is closely related to the study
of complexity. The question about complexity originated in
Austria, and in 1928 Bertalanffy raised the question of com-
plexity for the first time in his essay on “biological organism
systems.”

A system is a combination of elements that interact more
and more with each other. Any system has three aspects that
need to be studied: entity, attribute, and activity. Because of
the interaction between the entities that make up the system,
the concept of “state” is usually described. The research sys-
tem is to study the state change of the system, that is, the evo-
lution of the system.

2.1. The Classification and Characteristics of the System

(1) According to the Size of the System.There are small system,
large system, and giant system.
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(2) According to the Degree of Association for Subsystems
within the System. There are simple system and complex sys-
tem.

(3) According to the System and the outside World Contact
Situation.There are isolated system and open system.

The term “complex system” appeared on the “Complex
Systems” published by the University of Science on April
2, 1999, and the magazine made a brief description of the
“complex system”: by understanding the components of a
system (subsystems), the nature of the system cannot be fully
explained, and such systems are called complex systems. The
complex system is characterized by high order, being mul-
tiloop, being nonlinear, multitime scale, being hierarchical,
openness, uncertainty, morbid structure, and so on [4].

3. Cell Division Systems in Organism

Medical experiments have amply demonstrated that the
human body’s fiber cells can only be divided into 50 to
60 generations; thus the human lifespan is limited [5]. The
discovery of cell-limited division mechanism has opened a
wide world for the discussion of “biological life” from the
cell level. Postdoctoral Blackburn at Yale University found
telomere structure of the end of the cell chromosome; further
studies have also found telomerase; the role of telomerase
is to take off the telomere to replenish up, so that, for
telomere tomaintain a certain length, the cell can continue to
divide and to avoid aging and apoptosis. However, after the
differentiation and maturation of various tissues in normal
adults, the gene for producing telomerasewas closed. It can be
seen that in the process of human evolution, the mechanism
of cell cycle regulation has evolved into a very ingenious
system, which controls cell division properly and ensures the
stability, rapidity, and accuracy of cell division.

The parameters that affect cell division are as follows: A
Cell volume: DNA, RNA, ribose, and proteins make up the
quality of the cell; the cells must meet some of the necessary
conditions before splitting, one of which is the duplication of
DNA;B the interaction force between the nuclei: during the
period of normal metabolism, there is interaction between
the nucleus and the cytoplasm (with the exchange of matter,
energy, and information, internal and external factors); C
regional area mass density having an effect on cell division;
D the rate of cell division related to various environmental
factors.

Cell division is the basis of cell differentiation, tissue
renewal, and biological reproduction. As early as 19th cen-
tury, the researchers analyzed the process of cell division,
which was based on qualitative analysis, and quantitative
analysis can help to study the biological reaction process of
various factors within the cell division and analyze the details
of cell division.

Figure 2 shows each stage of cell division.
Cell cycle refers to the normal continuous division of cells

from the previous mitosis to the next time of the completion
of the continuous dynamic process, but also multistage,
multifactor participation in the precise and orderly regulation
process, which can be divided into 5 periods, that is, G0

Dormancy

Constraints:
the cell decides

whether to complete
the cycle

Replication of DNA
Ready to

split

Cell division
(mitosis)

M G1

G2 S

Figure 2: Cell division cycle.

period (Gap0, resting period), G1 period (Gap1, prophase
of DNA synthesis), S phase (DNA synthesis phase, DNA
synthesis period), G2 period (anaphase of DNA synthesis),
andM phase (mitosis, mitotic period). Twomain limit points
are found, that is, 1 G/S limit points (fromG1 phase to S phase
control cells can prevent the damage of base replication and
repair mutation of chromosome) and G2/M limit point (cells
in two control points can make the cell before the split phase
repairing on the duplicated DNA damage). By limiting the
point, even if the stimulus signal is removed, the cell will still
begin to replicate DNA. There are many enzymes involved
in the mammalian cell cycle. But one of the most important
enzymes is a group of two complexes, which act as a cyclic
protein-dependent kinase (CDKs) and a group of periodic
proteins (cyclins), which act as a subunit of the subunits and
are a kind of very significant silk/threonine protease [6, 7].

The main research content of this paper is to systemati-
cally analyze the cycle of cell division from the point of view
of the system and analyze the influence of the elements in
the cell on the cell division cycle from the simulation. The
relationship between cell life cycle and internal components
of cells was obtained. The relationship between cell cycle and
internal components was obtained by simplifying the cell
cycle by cell distribution.

4. Analysis and Modeling of Cell
Division Systems

4.1. The Role of Various Cell Division Proteins and
Their Influencing Factors

Gene Regulatory Protein E2F, pRB.Most animal cells over the
initial checkpoint rely on regulatory protein-inducible G1/S
gene expression.Themost important ones of these regulatory
factors is the E2F family, which regulates the expression of
most genes in the G1 term (e, a). The precise regulation of
the E2F activity ensures that the G1/S gene is expressed at the
appropriate point in the cell cycle. However, the function of
E2F is mainly controlled by PRB protein, and in stationary
cells, pRB inhibited the expression of E2F target gene.
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pRBp Protein. It provides a cell cycle brake device, but it is
not essential to regulating the cell cycle process but mainly
involved in cell cycle withdrawal and maintenance of cell
resting state. When E2F-dependent protein expression is not
inhibited by pRB, the cells exit the mitosis directly from the
Start checkpoint.

CDK Inhibitory Protein. P27 is a protein that has negative
effects on CDK kinase activity in cells. It can inhibit the
binding of CDK kinase and play an important role in the
negative regulation of cell cycle.

Cycle Protein D. Cyclin D mainly regulates the G1 phase of
cells, and its major synthesis is activated by AP1 (activation of
growth factor GF). The transcription factor E2F promotes it,
the inhibitory factors pRB and pRBp inhibit its transcription,
and cyclin D can activates the cycle protein-dependent
enzyme Cdk4–6, and then the active complex in the cell cycle
plays the primary role of pRB phosphorylation into pRBp.

Cyclic Protein E.Cyclic protein Emainly regulates G1/S phase,
and its synthesis is mainly activated by E2F, and it is inhibited
by pRB, which can be rapidly degraded by skp2. Cycle E
can activate Cdk2 protein E. The main role of the synthetic
complex cyclin E/Cdk2 is to phosphorylate pRBp to pRBpp,
followed by phosphorylation of p27 to degrade, andwhen p27
is degraded, the cells cross the G1/S test point and enter the S
period.

Cyclic Protein A. Cyclic protein A mainly regulates the cell
S phase and crosses S/G2 checkpoint. Its synthesis is mainly
affected by E2F activation, while being inhibited by pRBp
with degradation of APC-PCdc20. Cyclin A activates Cdc2
to form a complex, cyclin A/Cdk2, which is inhibited by p27
binding in the G1 phase and then released in the S phase.The
complex can phosphorylate E2F simultaneously, reducing the
synthesis of cyclin D, cyclin E, and cyclin A and inacti-
vating APC (late-promoting complex). APC (late-promoting
complex) is a large E3-linked enzyme thatmediates cell cycle-
regulated proteins that rely on ubiquitin-hydrolyzed proteins
to control events during replication and cell division, com-
bining ubiquitin and substrate, and degrade by proteasome.

Cycle Protein B. Cycle protein B mainly controls cell internal
checkpoints across the G2/M and M. It is mainly suppressed
by pRBp. It can be degraded by APCCdh1. When Cdk1
is activated, complex cyclin B/Cdc1 nuclear protein phos-
phorylation fiber layer will trigger the nuclear membrane
decomposition while phosphorylating APC, so that APC can
be activated by Cdc20. APCCdc20 has a biodegradable effect
on cyclin A and cyclin B. It breaks the protein safety factor,
releases the isolated enzyme, destroys the connection between
the sister chromosomes, and promotes cell mitosis.

4.2. Internal Processes and Modeling of Cell Division Cycles

4.2.1. Cell Division Process. Growth factor, GF, promotes the
expression of cyclin D and cyclin D with cdk4–6 (cyclin-
dependent kinases) and phosphorylates pRB to pRBp, and

with the decrease of PRB, E2F and cyclin E begin synthesiz-
ing. E2F synthesis accelerates the synthesis of cyclin E and
cyclin A. Cyclic protein E can phosphorylate pRBp to pRBpp,
while promoting the inhibition of phosphorylation of protein
p27 and then release periodic protein A.With the decrease of
p27, cyclin A increases and the cells enter S phase. Cyclin A
promotes the phosphorylation of E2F and degrades Cdh1. At
the same time, the binding of APC to Cdh1 is delayed and
the APC is inactivated. A decrease in APC activity degrades
cyclin E. During the release of cyclin B, the cell division cycle
enters M phase. At the same time cyclin B phosphorylated
APC, during degradation of protein safety factor, and then
released the separation of enzymes, to promote cell division.

4.2.2. Cell Division System Modeling. Cell division modeling
consists of 3 parts [8]: synthesis, degradation, and regulation.
The differential equation for each protein is

𝑑Cyclin
𝑑𝑡 = 𝑉synthesis − 𝑉Degradation

+ (𝑉Activation − 𝑉inactivation) .
(1)

Synthesis Regulation. If 𝑛 transcription factor (𝑋𝑖) activates or
suppresses the transcription of a gene and each gene is only
combined with one transcription factors, the rate of periodic
protein synthesis is

𝑉synthesis = 𝐾0 + 𝐾1 ∗ 𝐾𝑀1𝑋1 + ⋅ ⋅ ⋅ + 𝐾𝑛 ∗ 𝐾𝑀𝑛 ∗ 𝑋𝑛
1 + 𝐾𝑀1 ∗ 𝑋1 + ⋅ ⋅ ⋅ + 𝐾𝑀𝑛 ∗ 𝑋𝑛

∗ DT,
(2)

where DT is the gene concentration, 𝐾𝑀𝑖 is the ratio of the
transcription factor to the gene binding and separation, and
𝐾𝑖 is the transcription rate after the transcription factor binds
to the gene.

Degradation Regulation. The degradation of protein A is
regulated by the degradation factor 𝐵𝑖 in 𝑛 and each protein
binds only to one transcription factor; then the degradation
rate is

𝑉Degradation = 𝐾0 ∗ 𝑎 + 𝐾1 ∗ 𝐵𝑇1 ∗ 𝑛
𝐴 + 𝐾𝑀1 + ⋅ ⋅ ⋅

+ 𝐾𝑛 ∗ 𝐵𝑇𝑛 ∗ 𝐴
𝐴 + 𝐾𝑀𝑛 ,

(3)

where 𝐵𝑇𝑖 is the total concentration of degradation factor 𝐵𝑖,𝐾𝑀𝑖 is the ratio of degradation factor and protein separation
to synthesis, and 𝐾𝑖 is the degradation rate of degradation
factor and protein synthesis.

Modification Regulation. Protein modification is an enzy-
matic reaction, which is mainly Rice kinetic:

𝑉Activation/inactivation = 𝐾 ∗ [𝐸0] ∗ [𝑆]
𝐾𝑀+[𝑆] . (4)

𝐸0 is the total concentration of enzymes, 𝑆 is the substrate
concentration, and𝐾𝑀 is the Michaelis constant.

The process of synthesis modification of cyclin A in cells
is as follows:



Journal of Control Science and Engineering 5

𝑑𝐴
𝑑𝑡 = 𝑉synthesis

− (𝐾0 ∗ 𝐴 + 𝐾1 ∗ Cdc20a ∗ 𝐴
𝐾𝑀1 + 𝐴) .

(5)

𝑑𝐴/𝑑𝑡 = 0; you can know when Cdc20a (it is cell cycle
regulator) = 0 that we get the maximum 𝐴 = 𝑉synthesis/𝐾0.
When Cdc20a is large enough, 𝐴min = 𝑉synthesis/(𝐾1 ∗
Cdc20a − 𝑉synthesis) ∗ 𝐾𝑀1, in direct proportion to 𝐾𝑀1.

Then the formula can be simplified as follows:

𝑑𝐴
𝑑𝑡 = −𝐾0 ∗ 𝐴2 − (𝑉synthesis − 𝐾1 ∗ Cdc20a − 𝐾0 ∗ 𝐾𝑀1) /𝐾0 ∗ 𝐴 − (𝐾𝑀1 ∗ 𝑉synthesis) /𝐾0

𝐾𝑀1 + 𝐴 . (6)

Make

𝐴2 − 𝑉synthesis − 𝐾1 ∗ Cdc20a − 𝐾0 ∗ 𝐾𝑀1
𝐾0 ∗ 𝐴

− 𝐾𝑀1 ∗ 𝑉synthesis

𝐾0 = 0.
(7)

Because of (𝐾𝑀1∗𝑉synthesis)/𝐾0 > 0, the equation has two
positive and negative solutions, which are assumed to be 𝐴1
(<0) and 𝐴2 (>0). Then

𝐴1 + 𝐴2 = 𝑉synthesis − 𝐾1 ∗ Cdc20a − 𝐾0 ∗ 𝐾𝑀1
𝐾0

𝐴1 ∗ 𝐴2 = 𝐾𝑀1 ∗ 𝑉synthesis

𝐾0 .
(8)

Therefore, formula (8) can be reduced to

𝑑𝐴
𝑑𝑡 = −𝐾0 ∗ (𝐴 − 𝐴1) ∗ (𝐴 − 𝐴2)

𝐾𝑀1 + 𝐴 . (9)

Suppose 𝐾𝑀1 + 𝐴 = 𝑎 ∗ (𝐴 − 𝐴1) + 𝑏 ∗ (𝐴 − 𝐴2); then𝐴 = 𝐴2, 𝑑𝐴/𝑑𝑡 = 0, 𝐴 ̸= 𝐴2; at that time,

𝑑𝐴
𝑑𝑡 = −𝐾0 ∗ 1

𝑎/ (𝐴 − 𝐴2) + 𝑏/ (𝐴 − 𝐴1) . (10)

In the time domain solution,

(𝐴 − 𝐴1)𝑏 + 𝐴 − 𝐴2𝑎∗|𝐴−𝐴2|/(𝐴−𝐴1) = 𝑅 ∗ 𝑒−𝐾0∗𝑡 (11)

when 𝑡 = 0, 𝐴 = 0, 𝑅 = (−𝐴1)𝑏 + 𝐴−𝑎2 , when 𝐴 > 𝐴2,𝑑𝐴/𝑑𝑡 < 0, and when 𝐴 < 𝐴2, 𝑑𝐴/𝑑𝑡 > 0. When 𝑡 → +∞,
the steady-state value is 𝐴2. Time constant 𝑇 = 1/(((𝐾1 ∗
Cdc20a)/𝐾𝑀1)+𝐾0)mainly affected by (𝐾1∗Cdc20a)/𝐾𝑀1. If
we want to change the system’s response rate, we can increase
the value (𝐾1 ∗ Cdc20a)/𝐾𝑀1.

The proteins involved in all expected processes during
cell division are bound to follow this synthesis modification
process.

5. Simplification of Cell Division Model

Cell division was mainly manifested in the form of intra-
cellular protein cycle changing. Because cell division is a
continuous process, the content of the protein that assists in

completing the cell division is fluctuating. The main factor
in maintaining this ongoing process was determined by the
number of telomeres in the cell. When the number of telom-
eres was sufficient, the cells will divide when they receive
excitation information. Until the number of telomeres was
not sufficient to allow the cells to split, the division stopped.

But because of the limited telomere length, the process of
cell division would cease when the telomere number drops
to a certain extent. So we assumed that the number of intra-
cellular telomeres was a linear descent process, assuming that
the initial telomere number was𝐾, each time in the division,
the cells automatically shed 𝑗 telomeres; when the remaining
amount of telomeres reaches the set threshold the cell
division ends.

In the experiment, we assumed that, in the case of cells
that had been activated, it was found that there was an inter-
nal cycle between cyclin A and cyclin B from a small cycle of
division within the cell. We showed it in Figure 3. Assuming
that the influencing factor in this cycle was sufficient, the split
within a small cycle can continue. After neglecting some of
the variables, we studied the periodicity of cell division, and
we could show that the cell cycle was also expressed in this
small cycle.

In the model without periodic protein D, the factor pRB
was assumed to be zero. After the absence of the pRB factor,
its effect factor E2F has been at a high level without inhibition,
so we assumed that E2F had been in high expression in the
cell (at a fixed concentration). So we ignored the synthetic
equation of E2F and its compounds. In the whole model,
there was a cell growth factor, and because the growth factor
only affects the stability of the first stage of cyclin D, we
neglected cyclin D, since the target of cyclin D was pRB.
Because of the absence of pRB, the action product of cyclin
E was absent, so the first function of cyclin E was ineffective.
The function of cyclin E was phosphorylated by pRBp, which
promoted cyclin A (inhibited by pRBp) expression.

When the pRB factor was 0, cyclin D was ineffective, and
because pRB was ineffective, cyclin E lost the phosphoryla-
tion of pRBp, simply phosphorylation of p27, and because of
its modification of p27, it had little effect on p27. So we ignore
cyclin E, p27.

The postactivating factors Cdh1i and Cdh1a were used
in the internal regulation of cells, and their synthesis and
regulation processes were neglected under the established
values.

According to Figure 3, we conclude the final simplified
equation:
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Figure 3: Simplified cell model.

𝑑𝐴
𝑑𝑡 = 𝑉e2fa − 𝑉da ∗ Cdc20a ∗ 𝐴

𝑘da + 𝐴 − 𝑘dda
∗ 𝐴

𝑑Cdh1a
𝑑𝑡 = 𝑉1cdh1 ∗ 1 − Cdh1a

𝑘1cdh1 + 1 − Cdh1a − 𝑉2cdh1

∗ 𝐴 ∗ Cdh1a
𝑘2cdh1 + Cdh1a

𝑑𝐵
𝑑𝑡 = 𝑉b − 𝑘db2 ∗ Cdh1a ∗ 𝐵

𝑘bm2 + 𝐵 − 𝑘db ∗ 𝐵
𝑑Cdc20a

𝑑𝑡 = 𝑉m1b ∗ 𝐵 ∗ 1 − Cdc20a
𝑘1b + 1 − Cdc20a − 𝑉m2b

∗ Cdc20a
𝑘2b + Cdc20a .

(12)

(𝑉e2fa is the internal synthesis rate of protein A, 𝑉da is the
degradation rate, and 𝑘dda is the modifier coefficient. 𝑉1cdh1
is the internal synthesis rate of protein Cdh1a; 𝑉2cdh1 is the
degradation rate of protein Cdh1a.𝑉b is the internal synthesis
rate of protein B; 𝑘db2 and 𝑘db are the modifier coefficients.
𝑉m1b is the internal synthesis rate of protein Cdc20a; 𝑉2 is its
degradation rate of protein Cdc20a; 𝑘1b and 𝑘2b are protein
Cdc20a’s modifier coefficients.)

6. Experimental System Simulation

The experimental environment for this experiment is Mat-
lab2012a version, 64-bit Win7 system, CPUi5-4790T, core
frequency 2.0GHZ, and memory 6G.

In the experiment of simplified model, all of our intrinsic
parameters were derived from the whole model of the cell,
and the parameters were adjusted to the basis of the existing
experimental proof, which was beneficial to the experiment.
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Figure 4: Complete cell division system simulation.

Table 2 shows the internal parameters of simplified equa-
tion (12) for the model.

The internal parameter was brought into the equation
of the simplified model, and the function ode45s (Runge-
Kutta method) was used to solve the high order differential
equation of the completemodel of the cell, and the simulation
results were obtained.

Figure 4 shows the results of our overall model of cell
division, which expressed four periodic proteins that were
involved in the process of cell division. They were cyclin D,
cyclin E, cyclin A, and cyclin B (the rectangle diagram in the
upper right corner of Figure 4; the star linewas cyclinD, short
dashed line was cyclin E, the point line was cyclin A, and the
long dashed line was cyclin B).

Through experimental simulations, we set the values of
the variables of the various proteins in the cell and set
their initial values at the same time. Our model entered the
simulation with the passage of time. In the simulation results
of the model, we could observe the various periodic rules of
the four periodic proteins in the cells at the beginning of cell
division and how their relationship changed.

The simulation results of this model completely showed
the process and periodicity of the four major proteins in the
cell division cycle. Cyclin D entered the G1 phase after the
cells began to divide; then cyclin D began to increase grad-
ually. After that the cells were introduced into the S phase,
the expression of protein E began to rise gradually. With the
increase of cyclin E, the cells began to flow through S phase
and enter the G2 phase. Cycle protein D began to decrease
gradually. During the S/G2 period, circulating proteins A
and B began to increase. When the cells entered the S phase,
protein E began to decline rapidly, because G2 to M period is
very short, so the intracellular circulating protein D, protein
E, and protein A rapidly decline. When the cells passed M
phase and completed the division, the intracellular protein
content of each cycle decreased to aminimum. After entering
a number of cycles, we reach the end of the split points.

In the second step, as the overall model of the cell division
system was too complex, we must simplify it in the future
when applied to actual industrial equipment. According to



Journal of Control Science and Engineering 7

Table 2: Simplified parameter table.

Parameter Simulation value
Ve2fa 0.1𝜇M⋅h−1
Vda 0.3 h−1

𝑘da 0.1𝜇M
𝑘dda 0.1 h−1

V1cdh1 1 𝜇M⋅h−1
V2cdh1 4 h−1

𝑘1cdh1 0.01 𝜇M
𝑘2cdh1 0.01 𝜇M
Vb 0.1𝜇M⋅h−1
𝑘db2 2 h−1

𝐾bm2 0.1 𝜇M
𝑘db 0.5 h−1

Vm1b 2 h−1

Vm2b 0.7 𝜇M⋅h−1
𝑘1b 0.1 𝜇M
𝑘2b 0.1𝜇M

Table 2, we simulated the simplified cell model and obtained
the results after ignoring some of the values that did not affect
the overall rule.

In the simplified model of the model, the four main
features we extracted were still inherently periodic and
maintain a periodic curve similar to the global model. We
could observe the cycle variation of the cyclin in the fourmain
dominant simplified models and the change of the period
after the change factor in the simulation of the simplified
model. In this paper, Figure 5 shows the periodicity of the
cyclin A, cyclin B, Cdc20a, and Cdh1a in the simplifiedmodel
(where the blue dot was cyclin A, the red solid line was B, the
cyan dotted line was Cdh1a, and the indigo dotted line was
Cdc20a). Split starts from 0 seconds. When the telomere is in
accordance with the rule of linear decline to a certain value,
the split stopped. Starting from 0 seconds, protein A began
to increase first, and cyclin A synergistic Cdh1a began to
gradually increase. At about 1-second position, Cdch1a began
to drop. Since cyclin A promotes cyclin B expression, cyclin
A continues to rise, and protein B began expressing at the
end of the first period, and the synergistic factor Cdc20a of
cyclin B also began to rise. To the end of the division, they
were attributed to the minimum. Because it was a simplified
model, the cell division cycle was not complete but still can
express the division of cells.

Figure 6 shows the simulation results of intracellular
splitting after modifying the internal parameters of the
model. When the internal influencing factor was modified,
the expression cycle of each protein in the cell was abnormal;
the expression cycle became longer but did not affect the
normal division of the cell. However, when the impact
factor dropped to a certain extent, it would influence the
experimental results in Figure 7: the expression of the cell
cycle protein was no longer cyclical (cell cycle damage: the
cells are not split); we could analyze the cells effects of internal
factors in cell division cycle.
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Figure 5: Periodicity of cyclin in the simplified system.
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Figure 6: Periodicity of cyclin in the simplified system (changed
internal parameters).

By comparing the three graphs, it was possible to draw a
simple conclusion that the cell division was controlled by its
internal division factor and at the expression concentration of
its periodic protein. When we modify the parameters of the
cell division in themodel, the cell division will change (which
is shown in the case where the division period is longer
and the division time was different). Similarly, through real-
time monitoring of internal parameters, drawing waveforms,
we could clearly and intuitively observe the process of
intracellular division and cell health and life conditions. From
the experiment, we could have a complete understanding of
the cell cycle and life cycle, so as to predict the cell life.

In modern industrial equipment, the life cycle of indus-
trial equipment is determined by a number of similar intrinsic
factors and also in the performance characteristics of some of
its components. We need to understand the cell life by study-
ing cell division and then discover the relationship between
its intrinsic and performance characteristics in industrial
equipment (in a particular direction in the future). It is our
next task to link this conclusion to the life expectancy of large
industrial equipment in our reality. Through the abstraction
of cell division and lifespan prediction model, we abstract
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Figure 7: Termination of cell division.

a lifetime prediction model for industrial equipment and
conduct bionic research on the life of industrial equipment.

7. Conclusion

Because cell division mechanism has many applications in
engineering [9], the aim of this paper is to apply the model of
the life cycle prediction of industrial equipment by studying
the regularity of the cell life in the natural biological evolu-
tion.

Based on the experimental study and analysis, a cell
division model was established to study the cell division
cycle and mitotic factors. At the same time, through the
observation and analysis of a variety of cell division processes,
we use simplified parameters and other means to simplify the
cell division model.

Finally, we used a simplified model for simulation exper-
iments. After analyzing the results, it showed the following.

By controlling the concentration of some key factors in
cell division, the effect on the normal life of a cell can be
expressed intuitively. The reduction in the synthesis of cyclin
A inhibits cell division and reduces the expression of cyclin B,
thereby preventing cell division. But when the cyclin reaches
a certain concentration the cells will continue to divide and
the cell division cycle grows. Similarly, in normal industrial
equipment, we can still find the parameters of the device that
correspond to the factors affecting the cell division according
to the model of cell division. Then, by modeling the complex
system, we can predict the lifetime of the equipment.
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In order to diagnose sensor fault of aeroengine more quickly and accurately, a double redundancy diagnosis approach based on
WeightedOnline Sequential Extreme LearningMachine (WOS-ELM) is proposed in this paper.WOS-ELM, which assigns different
weights to old and new data, implements weighted dealing with the input data to get more precise training models. The proposed
approach contains two series of diagnosismodels, that is, spatialmodel and timemodel.The application of double redundancy based
on spatial and time redundancy can in real time detect the hard fault and soft fault much earlier. The trouble-free or reconstructed
time redundancy model can be utilized to update the training model and make it be consistent with the practical operation mode
of the aeroengine. Simulation results illustrate the effectiveness and feasibility of the proposed method.

1. Introduction

To serve as the heart of an aircraft, it is vital to ensure the secu-
rity of the aeroengine [1, 2]. One way to determine whether
the aeroengine is running with a fault or not is based on the
data collected from the embedded sensors, which must be
correct and supply the actual information. Regarding this, it is
very important to employ a precise diagnosis of the aero-
engine sensors’ faults.

Many algorithms have been presented to diagnose the
faults of the aeroengine sensors, such as Kalman filter [3],
Support Vector Machine [4, 5], Neural Network [6], and
wavelet [7]. Kalman filter is a widely used fault detection
method. By applying Kalman filter to filter aeroengine sen-
sors’ outputs, a set of residual sequences is therefore obtained
and analyzed to discover the faulty sensor. In [3], a bank
of Kalman filters are used to detect and isolate sensors’
faults, and another robust Kalman filter is used to detect any
statistics changes happening to the sensors or the actuators.
The premise of thismethod is to build an accurate aeroengine
state variable model. However, sometimes, it is difficult
or impossible to establish an accurate mathematical model.

Least squares support vector machine (LS SVM) online
prediction is proposed in [4]. Through residual, which is
obtained by comparing the actual outputs of the sensor and
those of LS SVMpredictionmodel established using the real-
time sensors’ outputs, the sensors’ faults can be detected
in real-time. Wireless sensor fault diagnosis based on RBF
neural network and ant colony optimization is presented in
[6]. Since the connection weights, the hidden centers, and the
widths have an important influence on the classification per-
formance of the RBF neural network in the learning process,
parameter selection has a close relation with the diagnosis
precision. The common disadvantage of these algorithms is
that they all need to set up a great deal of parameters, which
increase certain difficulty for their application.

Extreme Learning Machine (ELM) [8], proposed by
Huang et al., can solve this problem well. ELM only needs to
set up two parameters, that is, number of hidden layer neu-
rons and activation function [8], which may provide a more
convenient way to build diagnosis model for aeroengine sen-
sors. Furthermore, it shows faster training speed and higher
model’s accuracy than BP Neural Network [9, 10]. Never-
theless, ELM algorithm requires training all input data all
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Figure 1: WOS-ELM-based double redundancy FDR method.
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Figure 3: Testing accuracy with different activation functions.

at once. Sometimes, we cannot obtain all the sampling data
at one time. When the new data comes, it has to train the
model using the whole data again, which may increase its
training time. Online Sequential Extreme Learning Machine
(OS-ELM) [11] can enable the training data to be trained
one-by-one or chunk-by-chunk, which is a better choice for
real-time fault diagnosis. In recent years, OS-ELM algorithm
has been used in the field of fault diagnosis widely. Yin
et al. used OS-ELM algorithm to realize fault diagnosis
of rotating machinery [12]. Multiple model classifiers were
established, and simulation results illustrated its good ability
in classification. A fault diagnosis method based on weighted
dissolved extreme learningmachine (WELM) is presented for
transformer in [13]. WELM algorithm is proposed to deal
with data imbalance in dissolved gas analysis data. As an
improved algorithm, ImOs-ELM is presented in [14] to realize
aeroengine sensor fault diagnosis, which has great advantages
in real-time capability and accuracy.However, the aeroengine
sensor model is known in advance. Considering that we only
have the sensors’ output data when the plane flights are under
normal condition, and lack of the data when sensors’ faults
are happening, the achievement of aeroengine sensor fault
diagnosis based on OS-ELM algorithm shows a good ability
of generalization. In terms of aeroengine sensor data, sensor
output data obtained in different flight phases keeps changing
greatly.Therefore, weighted dealingwith the old andnewdata
can increase accuracy of diagnosis model. For this reason,
this paper utilizes WOS-ELM [15, 16] to build the diagnosis
model.

Generally speaking, the fault occurring in sensor can
be categorized into two typical forms. One type is “hard
fault,” which shows obvious fault symptom and may cause
substantial losses, severe safety, significant casualties, and so
on. Due to its obvious fault symptom, it is relatively easy
to be detected and diagnosed. The other is “soft fault,” also
named incipient fault, whose fault symptom is very small
and the system has not been affected at the beginning, and
the fault symptom gradually becomes obvious as time goes
on, ultimately causing meltdowns. For “soft fault,” if it could
be detected and diagnosed as early as possible, subsequent
safety risk, system damage, and casualties would be avoided.
However, it is difficult to identify these weak fault symptoms
from the noises to detect and diagnose “soft fault” at the
beginning. Therefore, it is more challenging to detect and
diagnose “soft fault” in practical applications.

Considering the nonlinear characteristics of aeroengine
sensors’ relation and the advantage of ELM, this paper
introduces OS-ELM to detect and diagnose sensor faults.
To ensure the modeling accuracy, WOS-ELM algorithm,
assigning different weights to the old and new data, is intro-
duced to update the training model and promotes training
model closer to the real status of the aeroengine. To improve
the detection and diagnosis precision and timeliness and
realize multisensor composite faults, a double redundancy
strategy, that is, spatial redundancy and time redundancy, is
utilized. Combining ELM and double redundancy strategy,
a WOS-ELM-based double redundancy fault diagnosis and
reconstruction approach is presented to detect and diagnose
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Figure 4: Training results for sensors under normal state.

both “hard fault” and “soft fault” for the aeroengine sensor.
The main contributions of this paper include the following:

(1) AWOS-ELM-based double redundancy fault diagno-
sis and reconstruction approach is proposed for aeroengine
sensor.

(2) Intermediate parameters are deduced for the WOS-
ELM algorithm.

(3) Through the proposed approach, not only single
sensor fault, but also multiple sensor faults can be detected
and diagnosed.

The rest of this paper is organized as follows. Section 2
describes Weighted Online Sequential Extreme Learning
Machine (WOS-ELM). Section 3 depicts the WOS-ELM-
based double redundancy fault diagnosis and reconstruction
(FDR) method for aeroengine sensor. Section 4 discusses the
simulation result of aeroengine sensor fault diagnosis and
reconstruction. Section 5 draws conclusions for the whole
paper.

2. WOS-ELM

Considering that the training data may arrive chunk-by-
chunk or one-by-one (a special case of chunk), Online

Sequential Extreme Learning Machine (OS-ELM) was pro-
posed by Liang et al. [11] for single-hidden layer feedforward
neural network (SLFN)with additives andRBFhiddennodes.
Given a series of arbitrary independent samples (𝑥𝑖, 𝑦𝑖) ∈𝑅𝑛 × 𝑅𝑚, 𝑖 = 1, 2, . . . , 𝑁, the actual outputs of the SLFN with𝐿 hidden nodes for these𝑁 samples are given as follows [11].

𝑓𝐿 (𝑥𝑗) = 𝐿∑
𝑖=1

𝛽𝑖𝐺(𝜔𝑖, 𝑏𝑖, 𝑥𝑗) = 𝑦𝑗, 𝑗 = 1, 2, . . . , 𝑁, (1)

where𝜔𝑖 is the input weight vector connecting the input layer
neuron to the 𝑖th hidden neuron, 𝑏𝑖 is the bias of the 𝑖th
hidden node, 𝛽𝑖 is the output weight vector connecting the𝑖th hidden neuron to the output layer neuron, 𝐺(𝜔𝑖, 𝑏𝑖, 𝑥𝑗) is
the output of the 𝑖th hidden neuron with respect to the input𝑥𝑗, and 𝐿 is the number of hidden nodes.

OS-ELM neglects the time factor when dealing with the
training data. It means that old and new data are thought
to be the same in reflecting the operating statuses of some
equipment (i.e., aeroengine sensors in this paper). WOS-
ELM, considering the time factor and endowing different
weights to data sampled at different time period, is an
improvement of OS-ELM. The same as OS-ELM algorithm,
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Figure 5: Testing results for sensors under normal state.

WOS-ELM can also be divided into two phases, that is,
initialization phase and sequential learning phase.

2.1. Initialization Phase. Using a small chunk of training
data ℵ0 = {(𝑥𝑖, 𝑦𝑖)}𝑁0𝑖=1 from the given training set ℵ ={(𝑥𝑖, 𝑦𝑖) | 𝑥𝑖 ∈ 𝑅𝑛, 𝑦𝑖 ∈ 𝑅𝑚, 𝑖 = 1, . . . , 𝑁} for the initial
learning,𝑁0 respects the number of initial data, and𝑁0 ≥ 𝐿.
The initialization phase of WOS-ELM includes four steps as
follows.

Step 1. Randomly assign input weight 𝜔𝑖 and bias of hidden
neuron 𝑏𝑖 (𝑖 = 1, . . . , 𝐿) and give activation function and
number of hidden nodes 𝐿. Normally, different number
of hidden nodes and activation function show different
precision, which will be proved in the following simulation.

Step 2. Calculate the initial hidden layer output matrix𝐻0.
𝐻0 = [[[[[

𝐺 (𝜔1, 𝑏1, 𝑥1) ⋅ ⋅ ⋅ 𝐺 (𝜔𝐿, 𝑏𝐿, 𝑥1)... d
...

𝐺 (𝜔1, 𝑏1, 𝑥𝑁0) ⋅ ⋅ ⋅ 𝐺 (𝜔𝐿, 𝑏𝐿, 𝑥𝑁0)
]]]]]𝑁0×𝐿

. (2)

Step 3. Deduce the initial output weight 𝛽(0).
𝛽(0) = 𝑃0𝐻𝑇0 𝑌0, (3)

where 𝑃0 = (𝐻𝑇0𝐻0)−1, and 𝑌0 = [𝑦1 ⋅ ⋅ ⋅ 𝑦𝑁0]𝑇𝑁0×𝑚.
Step 4. Set 𝐾𝑘 = 𝐻𝑇𝑘𝐻𝑘 = 𝑃−1𝑘 (𝑘 = 0).
2.2. Sequential Learning Phase. For the (𝑘+1)th chunk of new
data,ℵ𝑘+1 = {(𝑥𝑖, 𝑦𝑖)}∑𝑘+1𝑗=0 𝑁𝑗𝑖=(∑𝑘𝑗=0𝑁𝑗)+1

(𝑁𝑘+1 stands for the number
of data in the (𝑘 + 1)th chunk); the sequential learning phase
is as in the following steps.

Step 1. Calculate the (𝑘 + 1)th partial hidden layer output
matrix𝐻𝑘+1.
𝐻𝑘+1

= [[[[[[

𝐺(𝜔1, 𝑏1, 𝑥(∑𝑘+1𝑗=0 𝑁𝑗)+1) ⋅ ⋅ ⋅ 𝐺 (𝜔𝐿, 𝑏𝐿, 𝑥(∑𝑘+1𝑗=0 𝑁𝑗)+1)... d
...

𝐺 (𝜔1, 𝑏1, 𝑥∑𝑘+1𝑗=0 𝑁𝑗) ⋅ ⋅ ⋅ 𝐺 (𝜔𝐿, 𝑏𝐿, 𝑥∑𝑘+1𝑗=0 𝑁𝑗)
]]]]]]𝑁𝑘+1×𝐿

. (4)
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Figure 6: Results of spatial redundancy submodels for step fault of N1.

Step 2. Calculate the (𝑘 + 1)th output weight 𝛽(𝑘+1).
The target output can be expressed as

𝑌𝑘+1 = [𝑦(∑𝑘𝑗=0𝑁𝑗)+1 ⋅ ⋅ ⋅ 𝑦∑𝑘+1𝑗=0 𝑁𝑗]𝑇𝑁𝑘+1×𝑚. (5)

In terms of OS-ELM algorithm,𝐾𝑘+1 can be expressed as
follows.

𝐾𝑘+1 = [ 𝐻𝑘𝐻𝑘+1]
𝑇 [ 𝐻𝑘𝐻𝑘+1] = 𝐾𝑘 + 𝐻𝑇𝑘+1𝐻𝑘+1. (6)

From (6), it can be seen that OS-ELM algorithm handles
new data and old data with equal weight, which ignores the
influence of time factor. Considering the fact that sensors’
output data often changes continuously and greatly when
the plane is in the different flight phases, this paper utilizes
weighted method to deal with the input data to improve the
accuracy of the diagnosis model. Thus, 𝐾𝑘+1 in the WOS-
ELM can be described as follows.

𝐾𝑘+1 = [𝜆𝐻𝑘𝐻𝑘+1]
𝑇 [𝜆𝐻𝑘𝐻𝑘+1] = 𝜆2𝐾𝑘 + 𝐻𝑇𝑘+1𝐻𝑘+1, (7)

where 𝜆 stands for weight of the old data, whose value can be
determined according to the root mean square error (RMSE)
at previous step. RMSE can be written as

RMSE = √ 1𝑛 ⋅
𝑛∑
𝑖=1

𝑑2𝑖 , (8)

where 𝑑𝑖 is the deviation between the predicted values of the
model and the real values. Define RMSE ∈ (𝑎, 𝑏) (𝑎, 𝑏 can be
set according to practical application). When RMSE < 𝑎, 𝜆 =
1.005; when RMSE > 𝑏, 𝜆 = 0.995; else 𝜆 = 1. Then, 𝐾−1𝑘+1 can
be deduced as

𝐾−1𝑘+1 = (𝜆2𝐾𝑘 + 𝐻𝑇𝑘+1𝐻𝑘+1)−1 = 1𝜆2 (𝐾−1𝑘
− 𝐾−1𝑘 𝐻𝑇𝑘+1 (𝜆2𝐼 + 𝐻𝑘+1𝐾−1𝑘 𝐻𝑇𝑘+1)−1𝐻𝑘+1𝐾−1𝑘 ) .

(9)

Considering that 𝐾−1𝑘+1 = 𝑃𝑘+1 and 𝐾−1𝑘 = 𝑃𝑘, we can
derive

𝑃𝑘+1 = 1𝜆2 (𝑃𝑘 − 𝑄𝑘𝑄𝑇𝑘𝜆2𝐼 + 𝐻𝑘+1𝑄𝑘) , (10)
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Figure 7: Results of time redundancy submodels for step fault of N1.
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where 𝑄𝑘 = 𝑃𝑘𝐻𝑇𝑘+1. Finally, 𝛽(𝑘+1) can be written as

𝛽(𝑘+1) = 𝛽(𝑘) + 𝑃𝑘+1𝐻𝑇𝑘+1 (𝑌𝑘+1 − 𝐻𝑘+1𝛽(𝑘)) . (11)

Step 3. Set 𝑘 = 𝑘 + 1, go to Step 1 in the sequential learning
phase, and continue sequential learning until finishing data
learning.

3. WOS-ELM-Based Double Redundancy
FDR Method

In this section, the proposed WOS-ELM is combined with
double redundancy strategy to realize multiple sensors’ FDR.
Double redundancy refers to spatial redundancy and time
redundancy.The former utilizes the redundancy information
among all the sensors, while the latter uses the redundancy
information of each sensor over consecutive time. In this
paper, we set up two submodels for each sensor and use them
to realize sensor fault diagnosis. The whole fault diagnosis
process of the 𝑛th sensor is shown in Figure 1. From Figure 1,
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Figure 9: Time redundancy results after reconstruction.

it can be seen that the whole diagnosis process contains two
stages, namely, offline modeling stage and online diagnosis
stage.

3.1. Offline Modeling. The offline modeling stage of the pro-
posed WOS-ELM-based double redundancy FDR is illus-
trated above the dashed line in Figure 1. The detailed
description of the offline modeling stage is as follows.

(1) Before training theWOS-ELMmodel, wavelet denois-
ing method is utilized to deal with the training data sampled
from sensors. In this way, the training data is obtained.

(2) Maximum and minimum normalization method is
used to normalize the denoised training data, and the data
is standardized to be in [−1, 1].

(3) Input the normalized training data into spatial redun-
dancy submodel and time redundancy submodel. For each
spatial redundancy submodel, the input is the output of all
sensors except the 𝑛th sensor at time 𝑡, and the output is
the 𝑛th sensor’s output at time 𝑡. For each time redundancy
submodel, the input is the output of the 𝑛th sensor from time𝑡 − 𝑝 to 𝑡 − 1, and the output is the 𝑛th sensor’s output at
time 𝑡. Then, we can get 𝑛 well-trained spatial redundancy
submodels and 𝑛 time redundancy submodels.

3.2. Online Diagnosis. When implementing the online mon-
itoring, follow the following steps to realize the online
detection of sensors’ fault after receiving the present sensor
data 𝑥new(1 × 𝑛) in real time.

(1)Thedata sampled from the aeroengine sensors is firstly
preprocessed as that at the offline modeling stage.

(2) Then, the preprocessed data is input into the well-
trained spatial redundancy submodels and time redundancy
submodels.These submodels’ outputs are the evaluated value
of each sensor at current time, from which we can calculate
the residuals by comparing with its real value.

(3) Thresholds are used to determine whether there are
sensors’ faults. Here, thresholds, which have great influence
on the accuracy of fault detection and diagnosis, should be set
according to practical applications. In this paper, the residual
sequence’s standard variance while the system is under the
normal situation is used to determine the thresholds. Gen-
erally, choose 𝑚 times of the standard variance. Assuming
that the meaning of the residuals sequence is 𝜇, the standard
variance is 𝜎; then the range of the threshold can be set as[𝜇 − 𝑚𝜎, 𝜇 + 𝑚𝜎] [14].

(4) As shown in Figure 1, when the spatial redundancy
residuals and the time redundancy residuals both exceed their
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Figure 10: Spatial redundancy results for soft fault.

thresholds, a hard fault of the 𝑛th sensor occurs. Suppose
the 𝑛th sensor encounters a hard fault. On the one hand,
as the input of each spatial redundancy submodel is the
other sensors’ signals, which are all normal, the 𝑛th sensor’s
evaluated value is correct, while the other spatial redundancy
submodels’ outputs are not. Since the 𝑛th sensor’s real value
shows fault signals, and the other sensors do not, all the
residuals exceed the thresholds. On the other hand, the time
redundancy submodels could give us a definite answer of
which sensor is running with fault. The sensor, whose time
redundancy residual exceeds the threshold, is the faulty one.
Furthermore, if there are more than one sensor falling in
hard faults, all the spatial redundancy submodels’ outputs
exceed the corresponding thresholds. For time redundancy
submodels, only the faulty sensor-related time redundancy
residuals exceed the corresponding thresholds.

(5) If neither the spatial redundancy residuals nor the
time redundancy residuals exceed the thresholds, but the
change rate of the spatial redundancy residual exceeds the
threshold for a long period of time, a soft fault may occur
to the related sensor. Otherwise, it may be treated as a false
alarm due to the change of flight phases. Considering that

the change rate of residual is small for short period, the time
interval is set to be 200 s, and the expression is shown as

𝑐 (𝑖) = 𝜀 (𝑖 + 200) − 𝜀 (𝑖) , (12)

where 𝜀(𝑖) is the spatial redundancy residuals at time 𝑖.
If there are more than one sensor falling in soft fault, then

the faulty sensor-related change rate of residual would exceed
its corresponding thresholds.

(6) When the spatial redundancy residuals, the time
redundancy residuals, and the change rate of spatial redun-
dancy residual do not exceed the thresholds, it seems to be
operated under normal status and there is no sensor fault.

During the FDR process, if the sensors’ data are normal,
the right data can be used as training data to make the spatial
redundancy submodels and the time redundancy submodels
more accurate and more suitable in the current flight phase.
The trained process is depicted in Section 2.2.

After the faulty sensors have been detected and diag-
nosed, the faulty sensor-related time redundancy submodels’
outputs can be used to reconstruct the fault signal. That is to
say, we used trouble-free or reconstructed sensors’ signals to
update the trainingmodels, whichmake the diagnosismodels
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Figure 11: Time redundancy results for soft fault of OP.

much closer to the actual sensor operating environment.
In order to ensure the diagnosis preciseness and system
safety, the weight for reconstructed sensors’ data should be
appropriately reduced.

4. Illustration and Discussion

In this section, the data is acquired in real time from the
sensors when the plane is in flight status. The simulation tool
isMATLAB (R2010a). Four sensors’ outputs are chosen in this
paper, including low pressure rotor speed (N1), high pressure
rotor speed (N2), engine exhaust temperature (EGT), and
oil press (OP). The sampling time interval is 1 second. The
number of the training data in the offline modeling is 6700,
and the number of the testing data in the online modeling is
about 6700.

4.1. Parameter Selection. In order to achieve better training
effect, the activation function and the number of hidden layer
neurons should be selected properly. To build the spatial
redundancy submodels, this paper chooses RBF, sin, and sig
as activation function in WOS-ELM algorithm, and set𝑁0 =800 and𝑁𝑘+1 = 6 based on lots of test. The training accuracy

Table 1: Activation function and the number of hidden nodes for
each sensor.

Sensor Type of activation
function

Number of hidden
layer neurons

N1 RBF 70
N2 sin 50
EGT sin 60
OP sin 30

and testing accuracy with different activation functions can
be seen in Figures 2 and 3.

In Figures 2 and 3, the 𝑥-axis is the number of hidden
nodes and the 𝑦-axis is the RMSE. From Figures 2 and 3,
we can see that different activation functions have different
influences on the accuracy of training process and testing
process. In order to achieve higher modeling accuracy, the
activation function and the number of hidden nodes for each
sensor are selected according to a large number of trials,
whose final results are shown in Table 1.

The training and testing results of these four sensors
under normal state are shown in Figures 4 and 5.



Journal of Control Science and Engineering 11

1000 2000 3000 4000 5000 6000 70000
Time (s)

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

N
1

EG
T

1000 2000 3000 4000 5000 6000 70000
Time (s)

−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

O
P

1000 2000 3000 4000 5000 6000 70000
Time (s)

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

N
2

1000 2000 3000 4000 5000 6000 70000
Time (s)

−0.2

−0.15

−0.1

−0.05

0

0.05

0.1

0.15

Change rate
Threshold

Change rate
Threshold

Change rate
Threshold

Change rate
Threshold

Figure 12: Change rate of spatial redundancy residuals.

Figure 4 shows that WOS-ELM algorithm has a good
ability of linear fitting, and it can track sensors’ output signal
perfectly. That is to say, using this algorithm can get well-
trained submodels.

Figure 5 shows that good effect can be received if these
well-trained models are applied to evaluate the testing sen-
sors’ outputs, which is well used in the sensors’ fault diagnosis
process.

4.2. Hard Fault Diagnosis. Hard fault refers to instantaneous
bigger step or mutations of the normal sensors’ outputs,
including step fault or pulse fault of sensors. Due to the fact
that the real aeroengine sensors’ faulty data is difficult to
obtain for many reasons, for example, protection measures
would be implemented when fault occurs, this paper adds a
constant gain 𝛼 to the original normal N1 signal to simulate
step fault. In this paper,𝛼 is set to be 1.15 from2500 s to 4000 s.
The results of the spatial redundancy submodels are shown in
Figure 6.

Figure 6 shows that when the step fault occurs to N1,
residuals of the four sensors all exceed their corresponding
thresholds from 2500 s to time 4000 s. Therefore, it cannot
distinguish faulty sensor from the spatial redundancy results.
As described in Section 3.2, the time redundancy models are

introduced to determine which sensor is faulty.The results of
the time redundancy submodels are shown in Figure 7.

From Figure 7, it is easy to see that the residual sequence
of N1 sensor exceeds its threshold at 2500 s, while the residu-
als of other sensors arewithin their corresponding thresholds.
Combining spatial redundancy model and time redundancy
model, we can conclude that N1 sensor encounters a hard
fault at the 2500 s. When sensors’ faults are diagnosed,
reconstruction should be done.The reconstruction of N1 can
be seen in Figure 8.

Figures 8 and 9 show that WOS-ELM algorithm can be
used to reconstruct fault signal, and the reconstructed signal
can also be input into the well-trained models for further
training.

4.3. Soft Fault Diagnosis. Soft fault refers to slow changing of
the sensors’ outputs, such as drift fault. In general, soft fault
is mainly caused by aging and zero drift of the aeroengine
sensor. In this paper, we can add a constant gain 𝛼 and a
constant deviation 𝛾 for OP from 2500 s to 4000 s.The results
of spatial redundancy submodels are shown in Figure 10 (𝛼 =
0.03, 𝛾 = 0.05).

Compared to hard fault, it is not easy to diagnose soft fault
due to tiny failure symptom at the early stage. In Figure 10,



12 Journal of Control Science and Engineering

EG
T

O
P

1000 2000 3000 4000 5000 6000 70000
Time (s)

−1.5

−1

−0.5

0

0.5

1

1.5
N

1

−1

−0.5

−1.5

0

0.5

1

1.5

1000 2000 3000 4000 5000 6000 70000
Time (s)

1000 2000 3000 4000 5000 6000 70000
Time (s)

1000 2000 3000 4000 5000 6000 70000
Time (s)

−1.5

−1

−0.5

0

0.5

1.5

1

N
2

−1.5

−1

−2

−0.5

0

0.5

1

1.5

Real value
Evaluated value
Reconstructed value

Real value
Evaluated value
Reconstructed value

Real value
Evaluated value
Reconstructed value

Real value
Evaluated value
Reconstructed value

actual
value

Figure 13: Reconstruction results.

it can be seen that all the spatial residuals are within the
thresholds ranges until around 3300 s. After around 3300 s,
all residuals exceed their corresponding thresholds except
N1 (whose residual keeps growth and is near the threshold),
which implies that some faults may occur. However, it is
difficult to make decision of which sensor is faulty.

Turn to look at the time redundancy submodels’ results,
which are shown in Figure 11. FromFigure 11, it is also difficult
to determine the faulty sensor. As described in Section 3.2, we
observe the change rate of the spatial redundancy residual,
which is shown in Figure 12. In Figure 12, the thresholds are
set to be −0.05 and 0.05. Considering that the development
of soft fault would go through a long period, there a soft fault
occurs only when the duration of change rate exceeds the
upper threshold or the lower threshold lasts for a long period.
In this paper, the duration exceeding the threshold is set as
300. Then, we can get the period of every sensor exceeding
the thresholds for Figure 12, shown in Table 2.

In Table 2, “—” stands for never exceeding the threshold.
According to Figure 12 and Table 2, we can confirm that the
OP sensor has a soft fault at time 3125 s (2625 + 200 + 300).
Here, 200 stands for the time lag for detecting the residual
errors, and 300 stands for the duration time for residual

Table 2: The period of every sensor exceeding the thresholds.

Sensor Exceed the upper
threshold period

Exceed the lower threshold
period

N1 — —
N2 — —
EGT — —
OP — 2625 s∼3923 s

change amplitude exceeding the thresholds. When detecting
the soft fault, it may have continued for a period. However,
considering that it had little effect on the flight of aircraft at
the beginning of the soft fault, time delay for detecting soft
fault is accepted.

Figure 13 illustrates the reconstructed results of the
four sensors when detecting the soft fault of OP. After
reconstruction, the results of its time redundancy submodel
can be shown as in Figure 14. The change of the spatial
redundancy residual ismore efficiently applied to sensors’ soft
fault detection.
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Figure 14: Time redundancy results after reconstruction.

5. Conclusion

In this paper, a double redundancy diagnosis approach based
on WOS-ELM is proposed to diagnose sensor fault for the
aeroengine. The proposed method contains two stages, that
is, offline modeling stage and online detection stage. At the
offline modeling stage, two series of models, namely, spatial
redundancy submodels and time redundancy submodels, are
trained to evaluate the sensors’ value for further online detec-
tion, diagnosis, and reconstruction. At the online diagnosis
stage, new sampled data is preprocessed to be input into these
well-trained submodels. According to the outputs of these
submodels and the practical sensors’ value, several residuals
are generated to diagnose sensors’ faults. After that, WOS-
ELM, which assigns different weights to the old and new
data, is proposed to adjust parameters of ELM to improve
the modeling accuracy. Simulation results show that the
proposed method can be well used in sensors fault diagnosis.

ThepresentedWOS-ELM-based double redundancy fault
diagnosis and reconstruction method can also be extended
using practical sampled sensors’ outputs. Furthermore, the
proposed method can be extended to other similar applica-
tion fields.
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Support vector regression algorithm is widely used in fault diagnosis of rolling bearing. A new model parameter selection method
for support vector regression based on adaptive fusion of the mixed kernel function is proposed in this paper. We choose the
mixed kernel function as the kernel function of support vector regression. The mixed kernel function of the fusion coefficients,
kernel function parameters, and regression parameters are combined together as the parameters of the state vector.Thus, themodel
selection problem is transformed into a nonlinear system state estimation problem. We use a 5th-degree cubature Kalman filter
to estimate the parameters. In this way, we realize the adaptive selection of mixed kernel function weighted coefficients and the
kernel parameters, the regression parameters. Compared with a single kernel function, unscented Kalman filter (UKF) support
vector regression algorithms, and genetic algorithms, the decision regression function obtained by the proposed method has better
generalization ability and higher prediction accuracy.

1. Introduction

The core components and important mechanical structures
of mechanical equipment will inevitably be subject to varying
degrees of failure with the complex operating conditions and
badworking environment. Itmay cause huge economic losses
and casualtieswhen equipment fails. Rolling bearing iswidely
used in rotating machinery, and its running state directly
affects the accuracy, reliability, and life of themachine. Timely
and accurate diagnoses for the fault of rolling bearing are
helpful to improve the reliability of equipment and reduce
the probability of accidents. Due to the highly nonlinear
nature between the fault and the characteristic, fault diagnosis
methods based on machine learning have been applied more
and more widely in the field of automation in recent years
[1–3]. Vapnik invented the superior performance of support
vector regression method (support vector regression, SVR)

[4]. The improved SVR algorithm will greatly improve the
accuracy of fault diagnosis.

The key to SVR is the kernel function and parameter
selection. There are several methods that have been used
to optimize the kernel and select the regression parameters,
such as cross validation learning [5, 6], gradient descent
learning [7, 8], evolutionary learning [9, 10], and positive
semidefinite programming learning [11, 12]. The model of
support vector regression and the selection of kernel param-
eters are relatively few, and it primarily uses the grid search
cross validation method and evolutionary method. But the
efficiency of these methods is very low because of the
exhaustive searching for optimal parameters [13]. When the
number of parameters is more than two, it becomes almost
impossible to operate, such as the genetic algorithm [14]
and particle swarm optimization algorithm [15]. The more
serious case is that the evolutionary algorithmmay easily fall
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into local optimization; that is, it only obtains a suboptimal
solution, rather than the optimal solution. Literature [16]
provides another way to estimate kernel parameters by using
the adjustment of multiparameters of LS-SVM as the param-
eter identification problem of a nonlinear dynamic system.
By using the smoothness of the system model, the kernel
parameters and the regression parameters are automatically
adjusted by the extended Kalman filter (EKF). Reference [17]
puts forward a new method based on the unscented Kalman
filter support vector regression model selection method
(UKF-SVR) to solve the loss function on the hyperparameters
of a nondifferentiable problem. However, considering the
accuracy of UKF, it is difficult to meet the needs of practical
applications, and when the system dimensions are high, the
performance of UKF is significantly degraded, leading to a
curse of dimensionality. In 2009, Arasaratnam and Haykin
proposed a cubature Kalman filter (CKF) that uses radial
quadrature rules for optimization sigma points and weights,
enhancing the ability to handle high dimensional nonlinear
state estimated accuracy and improving stability. CKF is
based on the 3rd degree of radial integration rule, andfiltering
accuracy is still limited [18]. Recently, [19] proposed a class
of high-order spherical and radial integral cubature Kalman
filters and proved that the five-order cubature Kalman filter
(5th-degree CKF) can obtain high accuracy and high stability
with low computational cost.

Although the above actions to resolve specific problems
have improved the algorithm, they are single kernel function
based on support vector regression. Kernel functions can be
divided into local kernel functions and global kernel func-
tions.The learning ability of local kernel functions is stronger,
and the extrapolation ability of global kernel functions is
stronger.The selection of kernel functions significantly affects
the generalization ability of support vector regression. Using
only one kernel function will often have limitations. Based
on the characteristics of the original kernel function, linear
fusion of a local kernel function and a global kernel function
constitutes a new kernel function, the mixed kernel function,
and the kernel function learned from the advantages of local
and global kernel functions that can accurately reflect the
actual characteristics of a sample. Hybrid kernel function
is introduced to determine the local kernel and the global
kernel function fusion coefficient. An appropriate fusion
coefficient can better exert the advantages of hybrid kernel
function. At present, combined weight values are often
determined by experience [20, 21]. Reference [20] refers to
the removing of pulmonary nodules which indicates that the
initial selection of mixed kernel function coefficients can be
based on Gray features, morphological features, and texture
features. And the support vector regression based on the
constructed hybrid kernel function cannot ensure the best
performance.

Because of this, this paper uses the mixed kernel function
as the kernel function of the SVM and the 5th-degree
CKF as the basic framework, adaptively adjusting the fusion
coefficient, kernel parameters, and regression parameters of
the mixed kernel function. The remainder of this article is
as follows: the first part is the description of the problem;

the second part is a review of the typical kernel function; the
third part is the parameter selectionmethod of support vector
regression based on the adaptive fusion of the mixed kernel
function; the fourth part is the analysis of the algorithm; the
fifth part is a simulation example; and the sixth part is the
summary.

2. Problem Description

2.1. Support Vector Regression. The ultimate goal of the
support vector regression is to find a regression function𝑓: 𝑅𝐷 → 𝑅:

𝑦 = 𝑓 (𝑥) = 𝑤𝑇𝜑 (𝑥) + 𝑏, (1)

where𝜑(𝑥) is a function that canmap data𝑥 from lowdimen-
sion to high dimensional feature space, 𝑤 is a weight vector,
and 𝑏 is a numeric value that can be up or down. Standard
support vector regression adopts 𝜀−insensitive function. It
is assumed that all the training data are fitted with a linear
function in the accuracy of 𝜀. The problem is translated
into an objective function to optimize the objective function
minimization problem as follows [22]:

min
𝑤∈𝑅𝑛,𝜉,𝜉∗,𝑏∈𝑅

1
2 ‖𝑤‖2 + 𝐶

2
𝑙∑
𝑖=1

(𝜉2𝑖 + 𝜉∗𝑖 2)
s.t. 𝑤𝑇𝜑 (𝑥𝑖) + 𝑏 − 𝑦𝑖 ≤ 𝜀 + 𝜉𝑖, 𝑖 = 1, 2, . . . , 𝑙

𝑦𝑖 − 𝑤𝑇𝜑 (𝑥𝑖) − 𝑏 ≤ 𝜀 + 𝜉∗𝑖 ,
𝑖 = 1, 2, . . . , 𝑙

𝜉𝑖, 𝜉∗𝑖 ≥ 0, 𝑖 = 1, 2, . . . , 𝑙,

(2)

where 𝜉𝑖, 𝜉∗𝑖 is the relaxation factor. When there is an error in
fitting, 𝜉𝑖, 𝜉∗𝑖 are greater than 0. If not, 𝜉𝑖, 𝜉∗𝑖 are all equal to 0.
The first term of the optimization function further smooths
the fitting function to improve generalization. The second
item is to reduce the error; when constant 𝐶 > 0, it indicates
the extent of the penalty for a sample out of error 𝜀.

The performance of support vector regression is affected
by the error penalty parameter 𝐶, which is the degree of
punishment that is used to process the mistakenly divided
sample.𝐶 is a tradeoff between the algorithm complexity and
degree of mistakenly classified samples. When the value of 𝐶
is small, it means that the punishment for the empirical error
of the original data is small. Machine learning complexity is
small, but the experience risk is high. When the value of 𝐶 is
larger, the empirical error penalty is larger, and the experience
risk is small. However, this can lead to high computational
complexity and poor generalization ability. Therefore, it is
very important to choose the appropriate punishment coef-
ficient 𝐶 for practical problems.

The structure of the support vector regression is shown
in Figure 1. Another key factor that affects the performance
of the support vector regression is the kernel function and
its parameters. The core of the support vector regression
algorithm is the introduction of kernel function. The kernel
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Figure 1: Schematic diagram of support vector regression.

function has two aspects: the construction of the kernel
function and the selection of the kernel function model.
In fact, the appropriate choice of the model is the key
to improve the performance of support vector regression.
Model selection determines the kernel function that is more
suitable for the data characteristics of the original sample data
before training. The kernel function involves two steps: first,
determine the type of kernel function, and then select the
relevant parameters of the kernel function. Current research
is focusing on the choice of the kernel function model.
Because different samples may have different characteristics,
the construction of the kernel function is more important
than the choice of kernel function. Construction of a good
kernel function is still a challenging problem.

High performance of support vector regression is difficult
to obtain with a single kernel function. The characteristics of
the actual sample are complicated and changeable and cannot
be completely characterized by the local kernel function
or the global kernel function. The mixed kernel function
combines the global kernel function and the local kernel
function according to a ratio that can accurately reflect the
characteristics of the actual sample based on the local and
global kernel functions.Therefore, the mixed kernel function
has good learning ability and good generalization ability.

2.2. 5th-Degree CKF Principle. Different nonlinear filters
have different performance characteristics. The estimation
performance of a nonlinear filter is dependent on the specific
nonlinear filter type. 5th-degree cubature Kalman filtering
algorithm can obtain high accuracy and high stability with
low computational cost; thus, it is selected to adaptively adjust
the fusion coefficient, kernel parameters, and regression
parameters. The general nonlinear system is given as follows:

𝑥𝑘 = f (𝑥𝑘−1) + 𝑤𝑘
𝑧𝑘 = h (𝑥𝑘) + V𝑘, (3)

where, 𝑥𝑘 is 𝑛-dimensional state vector; 𝑧𝑘 is 𝑚-dimensional
observation vector. f and h are known nonlinear functions.
Both {𝑤𝑘} and {V𝑘} are independent zero mean Gaussian
white noise.

Similar to theCKF, the structure of 5th-degreeCKF is also
divided into two steps: state prediction (time updating) and
measurement update. The core of the difference is that the
high-order volumeKalman filter uses the phase cubature rule
andweight coefficient of high dimension to solve the problem
above in introduction. High-order cubature rule satisfies

𝐼𝑈𝑛 = 𝑤𝑠1
𝑛(𝑛−1)∑
𝑗=1

(𝑔𝑠 (𝑠+𝑗 ) + 𝑔𝑠 (−𝑠+𝑗 ) + 𝑔𝑠 (𝑠−𝑗 )

+ 𝑔𝑠 (−𝑠−𝑗 )) + 𝑤𝑠2
𝑛∑
𝑗=1

(𝑔𝑠 (𝑒𝑗) + 𝑔𝑠 (−𝑒𝑗)) ,
(4)

where 𝑒𝑗 is the 𝑗th column of the unit vector matrix of 𝑛-
dimensional space. 𝑠+𝑗 and 𝑠−𝑗 are the set of points as follows:

{𝑠+𝑗 } = {√1
2 (e𝑘 + e𝑙) : 𝑘 < 𝑙, 𝑘 < 𝑙 = 1, 2, . . . , 𝑛}

{𝑠−𝑗 } = {√1
2 (e𝑘 − e𝑙) : 𝑘 < 𝑙, 𝑘 < 𝑙 = 1, 2, . . . , 𝑛} .

(5)

The weights 𝑤𝑠1 and 𝑤𝑠2 are
𝑤𝑠1 = 𝐴𝑛𝑛 (𝑛 + 2)
𝑤𝑠2 = (4 − 𝑛)𝐴𝑛(2𝑛 (𝑛 + 2)) ,

(6)

where Γ(𝑧) = ∫∞
0

exp(−𝜆)𝜆𝑧−1𝑑𝜆,
𝐴𝑛 = 2√𝜋𝑛/Γ(𝑛/2) is the surface area of the unit sphere.

According to the moment matchingmethod, when 𝑛 = 2, the
weight is

𝑤1 = Γ (𝑛/2)
(𝑛 + 2)

𝑤2 = 𝑛Γ (𝑛/2)
(2 (𝑛 + 2)) .

(7)
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Table 1: Four types of kernel functions and their characteristics.

Kernel function Characteristics
Linear kernel function:𝐾(𝑥𝑖, 𝑥𝑗) = 𝑥𝑖 ⋅ 𝑥𝑗.

It is a special case of the kernel function. The parameters are few and the speed is
fast [28].

Polynomial kernel function:𝐾(𝑥𝑖, 𝑥𝑗) = ((𝑥𝑖 ⋅ 𝑥𝑗) + 𝑐)𝑞, where 𝑐 and 𝑞 are the
kernel parameters and satisfy the condition 𝑐 ≥ 0,𝑞 ∈ 𝑁.

It is a global kernel function. And it becomes a linear kernel function when 𝑞 = 1.
The greater the value of 𝑞, the higher the dimension of mapping, and the greater
the amount of computation. When 𝑞 is too large, the complexity of the learning
machine is also increased. The promotion ability of the support vector regression
is reduced, and it is easy to introduce the phenomenon of overfitting [29].

Gauss kernel function (RBF kernel):𝐾(𝑥𝑖, 𝑥𝑗) = exp(−‖𝑥𝑖 − 𝑥𝑗‖2/𝜎2), where 𝜎 > 0.
RBF kernel function is a strong local kernel function, and the external pushing
ability decreases with the increase of parameters. Compared with the general
kernel functions, Gauss kernel function only needs to determine a parameter,
and constructing the kernel function model is relatively simple. Therefore, RBF
kernel function is currently the most widely used one [30].

Sigmoid kernel function:𝐾(𝑥𝑖, 𝑥𝑗) = tanh(𝜆(𝑥𝑖 ⋅ 𝑥𝑗) + 𝜑), where 𝜆, 𝜑 are the
kernel parameters and satisfy the condition𝜆 > 0, 𝜑 < 0.

The theoretical basis of support vector regression determines the global optimal
value of the support vector regression rather than the local minimum value. It
also ensures that it will not cause an overlearning phenomenon because of good
generalization ability of unknown samples [31].

This paper first chooses the mixed kernel function as
the kernel function of the support vector regression. The
problem with constructing the kernel function is to select
the fusion coefficients of the local kernel function and the
global kernel function, the kernel parameters, and the penalty
parameter 𝐶 of the mixed kernel function. Then, the fusion
coefficients are imbedded into the super kernel parameters as
the state vector so that the construction of the kernel function
and the selection of the parameters of the kernel function
can be transformed into a nonlinear filtering problem that
can be solved by the 5th-degree CKF. Finally, the adaptive
adjustment of the fusion coefficient as well as the estimation
of the kernel parameters and the penalty parameters is
determined.

3. Review of Classic Kernel Functions

The key to support vector regression is the introduction of
kernel function. When the data set is in a low dimensional
space, it is usually difficult to separate; when the data set is
mapped to a high dimensional space, the formation of new
data sets ismore easily separated, but the computational effort
for this method is huge. The introduction of kernel function
reduces computation in the high dimensional feature space
directly after the transformation that avoids the “curse of
dimensionality” problem. The kernel function is denoted
as 𝐾(𝑥𝑖, 𝑥𝑗), where 𝑥𝑖, 𝑥𝑗 are the sample data. Four types
of kernel functions are widely used in the research and
application of support vector regression [21], as shown in
Table 1.

Different kernel functions are selected to form different
support vector regressions. The linear kernel function, the
polynomial kernel function, and the Gauss kernel function
have been widely used. The most widely used one is the
RBF kernel function with good learning ability. No matter
what the conditions are, low dimensional, high dimensional,
small samples, and large samples, RBF kernel functions are
applicable. RBF kernel function has awide convergent region,
and it is an ideal classification basis function. Sigmoid kernel

function from neural networks in practical application is
limited. Only under specific conditions (parameters 𝑉 and𝐶 satisfy certain conditions) can the sigmoid kernel function
meet the conditions of symmetric and positive definite
kernel function. Sigmoid kernel function is proven to have
good global classification performance in the application of
neural networks, but the classification performance of the
application in SVM needs further research [23].

Kernel function skillfully solves the low dimensional
vectors that are mapped into a high dimensional curse
of dimensionality problem and improves machine learning
nonlinear processing ability. However, each kind of kernel
function has its own characteristics based on different ker-
nel functions of support vector regression with different
generalization abilities. At present, the kernel function is
divided into two categories: global kernel function and local
kernel function. The local kernel function is effective in
extracting the local character of the sample. The value of
kernel function is affected by the data points at a very close
distance, and the interpolation ability is stronger. Therefore,
learning ability is strong. The Gauss kernel function is a
local kernel function. Global kernel function is effective in
extracting the global characteristics of the samples. Kernel
function is only affected by the distance of data points of
the value, so generalization ability is strong [24]. Compared
with the local kernel function, the global kernel function
is weak. The linear kernel function, the polynomial kernel
function, and the sigmoid kernel function all are global kernel
functions. In short, the learning ability of a local kernel
function is strong, and its generalization ability is weak. The
generalization ability of a global kernel function is strong, but
its learning ability is weak.

4. Parameter Selection Method for Support
Vector Regression Based on Adaption
Fusion of Mixed Kernel Function

4.1. Mixed Kernel Function. Based on the above analysis,
we fuse the local and global kernel functions so that the
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mixed kernel function is of both strong learning ability and
generalization ability. In this section, we propose a mixed
kernel function based on adaptive fusion. The adaption
means that the weight of every kernel function in the mixed
kernel function is estimated by a filter rather than determined
according to past experiences.

Theorem 1. Denote the local and global kernel functions by𝐾𝑙𝑜𝑐𝑎𝑙(𝑥𝑖, 𝑥𝑗) and 𝐾𝑔𝑙𝑜𝑏𝑎𝑙(𝑥𝑖, 𝑥𝑗), respectively. Then, the mixed
kernel function can be expressed by

𝐾𝑚𝑖𝑥 (𝑥𝑖, 𝑥𝑗) = 𝑝1 ⋅ 𝐾𝑙𝑜𝑐𝑎𝑙 (𝑥𝑖, 𝑥𝑗) + 𝑝2
⋅ 𝐾𝑔𝑙𝑜𝑏𝑎𝑙 (𝑥𝑖, 𝑥𝑗) ,

(8)

where 𝑝1 and 𝑝2 are the weights of the two kernel functions in
the mixed kernel function and 0 ≤ 𝑝1, 𝑝2 ≤ 1, 𝑝1 + 𝑝2 = 1.
The mixed kernel function is still a Mercer kernel.

Proof. Since 𝐾local(𝑥𝑖, 𝑥𝑗) and 𝐾global(𝑥𝑖, 𝑥𝑗) are local and
global kernel functions, they both satisfy the Mercer condi-
tion [23]; that is, for any 𝜑(𝑥) ̸= 0 and ∫𝜑2(𝑥)𝑑𝑥 < 0, (9) is
satisfied.

∫𝐾local (𝑥, 𝑥) 𝜑 (𝑥) 𝜑 (𝑥) 𝑑𝑥𝑑𝑥 > 0
∫𝐾global (𝑥, 𝑥) 𝜑 (𝑥) 𝜑 (𝑥) 𝑑𝑥𝑑𝑥 > 0.

(9)

Since 0 ≤ 𝑝1, 𝑝2 ≤ 1, it can be derived that

𝑝1 ⋅ ∫𝐾local (𝑥, 𝑥) 𝜑 (𝑥) 𝜑 (𝑥) 𝑑𝑥𝑑𝑥 + 𝑝2
⋅ ∫𝐾global (𝑥, 𝑥) ⋅ 𝜑 (𝑥) 𝜑 (𝑥) 𝑑𝑥𝑑𝑥 > 0;

(10)

that is, ∫𝐾mix(𝑥, 𝑥)𝜑(𝑥)𝜑(𝑥)𝑑𝑥𝑑𝑥 > 0.
It has already been proven that any function can be

chosen as a kernel function as long as it satisfies the Mercer
condition. Therefore, mixed kernel function (8) can be cho-
sen as a kernel function since it satisfies theMercer condition.
The mixed kernel function is the convex combination of the
local and global kernel functions. The introduction of the
mixed kernel function eliminates the deficiencies in using a
single global or local kernel function.

When 𝑝1 = 0 or 𝑝2 = 0, the mixed kernel function
becomes a single kernel function. The model selection of
single kernel function based support vector regression only
concerns the selection of the internal parameters of the kernel
function. However, the model selection of mixed kernel
function based support vector regression concerns not only
the selection of the internal parameters of both the local and
global kernel functions but also the fusion coefficients of the
two kernel functions to make sure that the performance of
the mixed kernel function based support vector regression is
best. Before we train the support vector regression, we need
to determine the weighed fusion coefficients.The coefficients𝑝1 and 𝑝2 in (6) are usually determined by past experi-
ences. Since the mixed kernel function does not describe

the properties of the training samples very well, regression
forecast performance will be degraded. Currently, there is
no analytical method for the selection of fusion coefficients.
The fusion coefficients are usually selected according to
experience and it is difficult to estimate the coefficients on
line.

4.2. The Establishment of Parameter Filter Model

4.2.1. Mixed Kernel Function Based Support Vector Regression.
Differing from the support vector regression based on a
single kernel function, the support vector regression based
on a fused kernel function utilizes a fused kernel function
containing both local and global kernel functions; that is,𝜙(𝑥) in (2) is a high dimensional feature space function
composed of the mixed kernel function. To solve the convex
quadratic optimization problem defined by (2), we introduce
the Lagrange multipliers 𝛼𝑖, 𝛼∗𝑖 . Then, the optimization prob-
lem can be transformed into a dual problem as follows [25]:

min
𝑤∈𝑅𝑛,𝜉,𝜉∗,𝑏∈𝑅

1
2
𝑙∑
𝑖,𝑗=1

(𝛼∗𝑖 − 𝛼𝑖) (𝛼∗𝑗 − 𝛼𝑗) (𝑥𝑖 ⋅ 𝑥𝑗)

+ 𝜀 𝑙∑
𝑖=1

(𝛼∗𝑖 + 𝛼𝑖) −
𝑙∑
𝑖=1

𝑦𝑖 (𝛼∗𝑖 − 𝛼𝑖)

s.t.
𝑙∑
𝑖=1

(𝛼𝑖 − 𝛼∗𝑖 ) = 0
0 ≤ 𝛼𝑖, 𝛼∗𝑖 ≤ 𝐶, 𝑖 = 1, 2, . . . , 𝑙.

(11)

By solving the dual problem above, we can derive the solution
𝛼 = (𝛼1, 𝛼∗1 , 𝛼2, 𝛼∗2 , . . . , 𝛼𝑙, 𝛼∗𝑙 )𝑇of the original optimization
problem defined by (2). Replacing the inner product (𝑥𝑖 ⋅𝑥𝑗) in objective function (11) by the mixed kernel function𝐾mix(𝑥𝑖, 𝑥𝑗), we can construct a decision function as follows:

𝑓 (𝑥) = 𝑙∑
𝑖=1

(𝛼∗𝑖 − 𝛼𝑖)𝐾mix (𝑥𝑖 ⋅ 𝑥) + 𝑏. (12)

where 𝑏 is calculated in the following way. Select 𝛼𝑗 or 𝛼∗𝑘 in
an open interval. If 𝛼𝑗 is selected, then

𝑏 = 𝑦𝑗 −
𝑙∑
𝑖=1

(𝛼∗𝑖 − 𝛼𝑖)𝐾mix (𝑥𝑖, 𝑥𝑗) + 𝜀. (13)

If 𝛼∗𝑘 is selected, then
𝑏 = 𝑦𝑘 −

𝑙∑
𝑖=1

(𝛼∗𝑖 − 𝛼𝑖)𝐾mix (𝑥𝑖, 𝑥𝑗) − 𝜀. (14)

4.2.2. Predictive Output Function. Suppose the sample data
set of support vector regression is 𝐷 = {(𝑥𝑖, 𝑦𝑖) | 𝑖 ∈ 𝐼},
where 𝐼 = {1, 2, . . . , 𝑁} is the index set and 𝑦𝑖 is the objective
vector of the data. Divide the sample data into 𝑘 groups by the𝑘-fold cross validation method; that is,

𝐷𝑗 = {(𝑥𝑖, 𝑦𝑖) | 𝑖 ∈ 𝐼𝑗} , (15)
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where 𝑗 ∈ {1, 2, . . . , 𝑘}, 𝐼1∪𝐼𝑗∪⋅ ⋅ ⋅∪𝐼𝑘 = 𝐼,𝐷1∪𝐷2∪⋅ ⋅ ⋅∪𝐷𝑘 =𝐷. In each iteration randomly choose a group of data 𝐷𝑝 as
the prediction and the remaining 𝑘 − 1 groups as the training
database. Given the initial parameter 𝛾0, we use LIBSVM [26]
to train the support vector regression. Suppose the training
result is �̃� and �̃�. Then, the decision function is

𝑓 (𝑥) = 𝑙∑
𝑖=1

(�̃�∗𝑖 − �̃�𝑖)𝐾 (𝑥𝑖 ⋅ 𝑥) + �̃�, (16)

where �̃� = (�̃�1, �̃�∗1 , �̃�2, �̃�∗2 , . . . , �̃�𝑙, �̃�∗𝑙 )𝑇.
Substitute 𝐷𝑝 into (16) and we can derive the prediction

output of𝐷𝑝 as follows:
𝑦𝑝 (𝑥) = ∑

𝑡∈𝐼𝑝

(�̃�∗𝑝 − �̃�𝑝)𝐾 (𝑥𝑝 ⋅ 𝑥) + �̃�. (17)

Choose 𝐷𝑖, 𝑖 ∈ {1, 2, . . . , 𝑘} as the prediction group
and the remaining groups 𝐷1, . . . , 𝐷𝑖−1, 𝐷𝑖+1, . . . , 𝐷𝑘 as the
training groups. After 𝑘-fold cross validation regression
prediction, all data in sample data set𝐷 has one and only one
prediction output. Therefore, for parameter vector 𝛾, we can
define a prediction output function as follows:

𝑦 = ℎ (𝛾) . (18)

4.2.3. The Establishment of Parameter Filter Model. In this
paper, the kernel function weighted fusion coefficients 𝑝1,𝑝2, the local kernel function parameters, the parameters
of the global kernel function, and the penalty parameter
C are combined together as the support vector regression
parameters denoted as 𝛾. For convenience, let 𝑘1, 𝑘2 be the
kernel parameters of local kernel function and the kernel
parameters of the global kernel function, respectively. The
selection of the whole parameter can be used as a filter
estimation problem for a nonlinear dynamic system. The
establishment of parameters of nonlinear system is as follows:

𝛾 (𝑘) = 𝛾 (𝑘 − 1) + 𝑤 (𝑘) (19)

𝑦 (𝑘) = ℎ (𝛾 (𝑘)) + V (𝑘) , (20)

where 𝛾(𝑘) is an 𝑛-dimensional state vector parameter; 𝑦(𝑘)
is the output observation. Process noise𝑤(𝑘) and observation
noise V(𝑘) are both Gaussian white noise sequences with zero
mean and known variances 𝑄 and 𝑅.

Because solving the optimal kernel parameters can be
considered a fixed constant for a specific practical object,
we can establish the linear state equation with respect to the
parameters described in formula (19). For any state vector, all
primitive data has a predictive output after being trained and
predicted by LIBSVM, so a nonlinear observation equation
can be established as formula (20). For operation of the 5th-
degree cubature Kalman filtering algorithm, artificial process
noise and observation noise need to be added to the system
model.

4.3. Parameter Selection Method for Support Vector Regression
Based on Adaptive Fusion of Mixed Kernel Function. In

The parameter selection method for support
vector regression based on adaptive fusion of
mixed kernel function
Initialization:
(1) For original data set𝐷, select the mixed
kernel function, and set the initial parameter
state value 𝛾0.
(2) Divide𝐷 into 𝑘 groups by using 𝑘 fold
cross validation method denoted by𝐷1, 𝐷2, . . . , 𝐷𝑘.
While (Parameter state value does not meet the
set conditions) do
Time update process:
(3) Calculate weights 𝑤𝑠1, 𝑤𝑠2, 𝑤1, 𝑤2 using
formulas (6)-(7).
Measurement update process:
(4) Decompose one step prediction error
covariance matrix 𝑃𝑘|𝑘−1and evaluate the
cubature point 𝜉𝑖 according to formula (14) in
reference [19].
(5) Train the data set based on the LIBSVM
algorithm to obtain the final prediction output.
(6) Combining predict 𝑦, compute one step
prediction by using formula (12).
(7) Use formula (8)–(14) of reference [19] to
implement the subsequent measurement update.
End while
End

Algorithm 1: The detailed algorithm steps of the parameter
selection method for support vector regression based on adaptive
fusion of mixed kernel function.

this section, the method for selecting model parameters of
support vector regression and the specific steps of the pro-
posed algorithm are described. The design of the parameter
adjustment system is shown in Figure 2.

First, the k-fold cross validation method is used to divide
the original data set into 𝑘 groups. Select the local kernel
function and the global kernel function to determine the
mixed kernel function. Train this data set with 𝑘 sub-LIBSVM
based on the mixed kernel function. Then, the predictive
output is input to the 5th-degreeKalman filter. All parameters
of themodel are used as the state vector of the system; thus the
selection of model parameters is a nonlinear state estimation
problem.

In parameter system model (19) and (20), the real value
of observation vector 𝑦(𝑘) in each iteration is unchanged.
The observation vector is the original sample data of the
target value vector 𝑦(𝑘) = (𝑦1, 𝑦2, . . . , 𝑦𝑁)𝑇. We can make
the optimal state estimation for the parameter state vector 𝛾
according to the observation vectors of real values and pre-
dicted output values to obtain a minimum variance between
the real values 𝑦(𝑘) and predicted output values 𝑦. 5th-degree
cubature Kalman filter algorithm is used to estimate 𝛾. The
algorithm of the parameter selection method for support
vector regression based on adaptive fusion of mixed kernel
function includes two processes: the time update process and
the measurement update process as shown in Algorithm 1.
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Figure 2: Parameter adjustment structure of support vector regression based on adaptive fusion of the mixed kernel function.

The proposed algorithm combines the mixed kernel
function fusion coefficient, the kernel parameter, and penalty
parameter 𝐶 as the state parameter vector then obtains the
predicted output of the data set using the 𝑘-fold cross valida-
tionmethod based on LIBSVM. Finally, calculate the optimal
parameter state vector iteratively by the 5th-degree cubature
filtering algorithm.The goal of the proposed algorithm in this
paper is to search the optimal state vector 𝛾 recursively and
obtain the minimum error variance between the real target
value of the sample 𝑦(𝑘) and the predictive output of the
support vector regression 𝑦.
5. Algorithm Analysis

The value of the kernel function is influenced by the data
points that are close to each other in the algorithm of support

vector regression based on local kernel function, while in
the support vector regression based on local kernel function
algorithm the data points that are far from each other have
an effect on the value of the kernel function. Using only the
global kernel function or local kernel function has some lim-
itations in solving practical problems. It often cannot accu-
rately describe the characteristics of the actual sample. Thus,
it leads to poor performance of the support vector regression.
Themixed kernel function contains two different types of ker-
nel function, the local kernel function and global kernel func-
tion.This new kernel function can greatly improve the actual
sample properties. The support vector regression based on
themixed kernel function has good learning ability and good
generalization ability. However, choosing a mixed kernel
function coefficient fusion remains a difficult problem. Prior
knowledge of experts and simple cross validation operation
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are commonly used, but these methods cannot achieve high
performance support vector regression.

In this paper, we use a combination of parameters to
construct the kernel function. The parameters of the local
kernel function, the global kernel function, and the penalty
parameter C together form the parameters of the support
vector regression. Thus, the mixed kernel function can accu-
rately describe the actual samples according to the specific
characteristics of the sample, by adjusting theweighted fusion
coefficient of the local kernel function and the global kernel
function. The support vector regression based on the mixed
kernel function has stronger extrapolation ability due to
the highly integrated radial and spherical integral method
applied to 5th-degree cubature Kalman filter algorithm.
This algorithm has higher parameter estimation accuracy,
compared with the UKF algorithm and 3rd-degree cubature
Kalman filter algorithm.Therefore, the estimated result of the
parameter state vector is more accurate, and the parameters
brought into the support vector regression are better, and
the predictability of support vector regression is better.
We can understand the proposed support vector regression
parameter adjustment algorithm in another way. All the state
parameter vectors can be regarded as the kernel parameters
of the mixed kernel function, including the combination
parameter, the parameters of the local kernel function, the
parameters of the global kernel function, and the penalty
parameter 𝐶. The state estimation of the parameter vector is
performed based on the 5th-degree cubature Kalman filter
with high precision, and the optimal kernel parameter values
of the support vector regression are obtained.

6. Simulation Example

6.1. Subjects. We selected the experimental data of rolling
bearings for Electrical Engineering Laboratory of CaseWest-
ern Reserve University for analysis and verification [27].
The measured rolling bearing type is SKF6205. Single point
faults are, respectively, arranged on the driving end, the
bearing outer ring, the inner ring, and the rolling body with
spark erosion technique. The fault depth is 0.2794mm and
diameter 0.1778mm. The number of balls is 9. The rolling
bearing works under four states, including normal, inner ring
fault, outer ring fault, and rolling body fault. Acceleration
sensors are used to measure vibration signals with the tra-
ditional sampling method of signal acquisition and sampling
frequency 12 kHz. The data obtained is shown in Figure 3.

6.2. Feature Extraction. The study on extraction is used to
represent the fault state characteristic parameters of fault size
with 12, as shown in Table 2. We take 50 groups of data
from drive end of the vibration data directly. And each set
of data has intercepted 4096 sample points. Then, calculate
the characteristic parameters of each data.

6.3. Algorithms Comparison. In this simulation, the local
kernel function of themixed kernel function is theRBFkernel
function, and the global kernel function is the sigmoid kernel
function. The parameter vector of the mixed kernel function
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Figure 3: Vibration signals for four different types of faults.

is 𝛾 = [𝑝1, 𝑝2, 𝜎, 𝜆, 𝜑, 𝐶]𝑇, while the parameter vector based
on the kernel function of a single RBF is 𝛾 = [𝜎, 𝐶]𝑇. In
order to illustrate the effectiveness of the proposed algorithm,
support vector regression algorithm for single RBF kernel
function based on genetic algorithm (RBF-GA-SVR), support
vector regression algorithm for single RBF kernel function
based on UKF algorithm (RBF-UKF-SVR), support vector
regression algorithm for single RBF kernel function based
on CKF algorithm (RBF-CKF-SVR), mixed kernel function
based on UKF algorithm (MKF-UKF-SVR), and support
vector regression algorithm for mixed kernel function based
on CKF algorithm (MKF-CKF-SVR) are compared. The
prediction results for four states are shown as Figures 4–7.

For the convenience of description, we have the following
simplified definitions about the filtering algorithms:
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Figure 5: Prediction result for state 2.

Table 2: Sensitive features parameters.

Quantity symbol Characteristic index
T1 Mean
T2 Absolute average
T3 Peak
T4 Square root amplitude
T5 Root mean square value
T6 Variance
T7 Crooked
T8 Kurtosis factor
T9 Waveform factor
T10 Margin factor
T11 Peak factor
T12 Pulse factor

Algo1: MKF-5th-degree-CKF-SVR algorithm

Algo2: MKF-UKF-SVR algorithm

Algo3: RBF-5th-CKF-SVR algorithm

Algo4: RBF-UKF-SVR algorithm

Algo5: RBF-GA-SVR algorithm.

Table 3: Results of parameter estimation.

Algorithms Parameter vector 𝛾
Algo5 [99.992, 99.999]
Algo4 [1.683, 27.723]
Algo3 [0.681, 18.230]
Algo2 [0.912, 0.088, 1.501, 24.342]
Algo1 [0.902, 0.098, 0.708, 1.034, 2.127, 73.364]

In order to show the robustness of the proposed method
in front of typical noisy levels, we chose three different levels
of noise to experiment with 𝑅1 = 0.1, 𝑅2 = 0.3, and 𝑅3 =0.5, respectively.Theprediction results of these algorithms are
shown in Figures 8–10. Kernel parameter estimation results
and the prediction error results are shown in Tables 2 and 3,
respectively.

From the simulation results in Figures 4–7 and Tables 3
and 4, it can be seen that the kernel parameter of Algo5 is
larger, so it has poor generalization ability and larger predic-
tion error. Compared with the Algo5, the Algo4 algorithm
has higher prediction accuracy. This is mainly due to the use
of the filtering framework to estimate the kernel parameters.
Because of the high accuracy of 5th cubature Kalman filter
algorithm to estimate the parameters, kernel parameter
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Table 4: Results of sample prediction error.

Data Statistical indicators Algorithms
Algo1 Algo2 Algo3 Algo4 Algo5

Train data
MAE 0.0053 0.0073 0.0094 0.0156 0.0200
RMSE 0.0098 0.0146 0.0198 0.0298 0.0399
SD 0.0060 0.0090 0.0110 0.0179 0.0228

Test data
MAE 0.0095 0.0128 0.0171 0.0208 0.0274
RMSE 0.0111 0.0152 0.0195 0.0241 0.0319
SD 0.0110 0.0150 0.0203 0.0252 0.0331

Here, MAE represents mean absolute error, RMSE represents mean square error, and SD represents standard deviation.
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Figure 7: Prediction result for state 4.

values of Algo3 are smaller, and the predictive ability is
better than the Algo5 algorithm and Algo4 algorithm. But
its accuracy is lower than Algo2 due to the effect of the
mixed kernel. The proposed Algo1 algorithm characterizes
the sample information by using local and global kernel
function information. The Algo1 algorithm has stronger
generalization ability, and the prediction error is the least.
From the perspective of the fusion coefficient, coefficient of
the local kernel function RBF is 0.902.This is mainly because
the actual sample prefers to use the local kernel function, but

compared with the Algo3, the predicted accuracy of Algo1
algorithm is greatly improved. This is the key role played
by the global kernel function in the mixed kernel function,
whichmakes itmore complete and accurate to describe actual
sample information.

FromFigures 8, 9, and 10, the kernel parameter estimation
error becomes larger with the increasing noise levels. It
is normal that the large noise influences the accuracy of
the nonlinear filter. But the estimated errors are within the
allowable range.
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Figure 8: Prediction result of Algo1 for 𝑅1 = 0.1.
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Figure 9: Prediction result of MKF 5th-degree CKF-SVR for 𝑅2 =0.3.

7. Conclusions

The proposed algorithm parameter selection method for
support vector regression based on adaptive fusion of mixed
kernel function combines the mixed kernel function fusion
coefficient, kernel function parameter, and regression param-
eters together as the parameters of the state vector and
obtains the predicted output of the original data set based
on LIBSVM. The fusion coefficients are adaptively adjusted
by the 5th-degree Kalman filter, and the kernel function
parameters and the regression parameters are selected by
using the estimated parameters values. Finally, the prediction
of the bearing fault diagnosis experiment shows that the
kernel function and the parameters based on the method
proposed in this paper can obtain stronger generalization
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Figure 10: Prediction result of MKF 5th-degree CKF-SVR for 𝑅3 =0.5.
ability of the support vector regression and higher prediction
accuracy.
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This paper presents the method of synthesis of faults identification systems for electric servo actuators of multilink manipulators.
These actuators are described by nonlinear equations with significantly changing coefficients. The proposed method is based on
logic-dynamic approach for design of diagnostic observers for fault detection and isolation. An advantage of this approach is that
it allows studying systems with nonsmooth nonlinearities by linear methods only. For solving the task of faults identification, a
residual signal feedback was proposed to be used for observers. The efficiency of the proposed fault identification system was
confirmed by results of simulation.

1. Introduction

At present, the use of multilink manipulators (MM) has
considerably extended and the operations which are carried
out by them becomemore complicated [1–4].The occurrence
of any faults in actuators of MM may lead to significant
aggravation of quality of performance of the MM operations
and reduction of accuracy.Therefore, the reliability and safety
of such complex equipment at operating in autonomous
mode have the significant importance. Today themost typical
actuators of MM are electric servo actuators. One way to
improve the reliability of electric servo actuators of MM is
using real-time fault diagnosis and fault tolerant control [1].
Fault tolerant control is based on forming special control,
providing automatic stabilization of the main parameters of
actuators when faults occur [2]. For providing such control,
all possible faults should be timely detected and their values
should be estimated.

The problem of fault detection and isolation (FDI) was
extensively investigated for the past 20 years; see, for example,
the surveys [2, 5–8] and the books [9, 10]. Many problems

have been studied and solved: different methods of resid-
ual generation and relationships including robustness and
adaptive threshold test,𝐻∞-approach, and fuzzy logic; many
types of systems have been considered: linear, descriptor,
and different classes of nonlinear systems. Many practical
examples were considered; in particular, special book was
devoted to robotic systems [11].

As a rule, the electric servo actuators ofMMare nonlinear
essentially with such types of no differentiable nonlinearities
as saturation, Coulomb friction, backlash, and hysteresis [12].
Therefore, one has to use nonlinearmethods of the FDI.How-
ever, most of papers dealing with the FDI problem consider
the nonlinear systems with differential nonlinearities [13–16];
therefore they cannot be used in our case.

At present, there are several approaches for designing
diagnostic observers allowing fault diagnosis for systemswith
no differentiable nonlinearities. Among them there aremeth-
ods using the algebra of functions [17], the logic-dynamic
approach (LDA) [18–20], and others [21–24]. Whereas the
algebra of functions demands complex analytical calculations
using symbolic mathematical packages, the LDA allows

Hindawi
Journal of Control Science and Engineering
Volume 2017, Article ID 8168627, 8 pages
https://doi.org/10.1155/2017/8168627

https://doi.org/10.1155/2017/8168627


2 Journal of Control Science and Engineering

using the methods of linear algebra for nonlinear systems
and provides relatively simple procedure for synthesis of
diagnostic observers. The LDA includes three steps: replac-
ing the original nonlinear system with appropriate linear
system, constructing the set of linear diagnostic observers,
and adding to these observes the nonlinear parts. But LDA
can solve only FDI problem without fault identification. To
estimate the value of the faults, one uses in [19, 20] a feedback
in diagnostic observers. These methods provide the faults
identification for only first-order diagnostic observers. But
at case when electric servo actuators of MM have partially
measured state vector, then there are no guarantees that
observers will have first order.

The present paper suggests a solution to the problem of
developing themethod of synthesis of fault identification (FI)
system for electric servo actuators ofMMwhich are described
by mathematical model including differential equations with
nonlinearities and partially measured state vector. The pro-
posed method assumes the use of the diagnostic observers
based on LDA with special feedback signal dependent on the
residual for real-time identification of fault value.

The paper is organized as follows. Section 2 describes the
model of electric servo actuators of MM. Section 3 is devoted
to the synthesis of diagnostic observers for FDI using logic-
dynamic approach. Firstly, the main steps of this approach
are given and then the observers are described in detail. In
Section 4, the methods of synthesis of FI system for created
observers are presented. First, the analysis of mismatch of
states of electric servo actuator and the observer is given and
then the synthesis of residual signal feedback is shown. An
example is considered in Section 5. Section 6 concludes the
paper.

2. Description of Dynamics of Electric
Servo Actuators of MM

In this paper, the MM with PUMA type kinematic scheme
with 6 degrees of freedom is considered (see Figure 1). Today,
the MM with such kinematic scheme are mostly used in
industry. Each degree has an electric servo actuator that
includes DCmotor, reducing gear and sensors measuring the
electric current, angular speed of DC motor rotor, and angle
of rotation of output shaft of reducing gear.

It is expedient to use the second form Lagrange equation
or other methods to obtain the moment torques𝑀𝑖 in each
degree of freedom of the MM (see Figure 1) while moving its
gripper along the complex spatial trajectory, if laws of change
of generalized coordinates 𝑞𝑖 (𝑖 = 1, 6) of the MM are known.

The expressions for moments acting in each degree of
freedom of MM can be represented in the form [3]

𝑀𝑖 = 𝐻𝑖𝑖 (𝑞) ̈𝑞𝑖 + ℎ𝑖 (𝑞, ̇𝑞) ̇𝑞𝑖 +𝑀𝐸𝑖 (𝑞, ̇𝑞, ̈𝑞) , (1)
where 𝐻𝑖𝑖(𝑞) is the diagonal element of matrix of inertia
of MM; ℎ𝑖(𝑞, ̇𝑞) is the element of the vector of Coriolis
and centrifugal forces; and 𝑀𝐸𝑖(𝑞, ̇𝑞, ̈𝑞) is the torque which
represents interactions acting to ith degree of freedom from
other MM’s links and also action of the gravitational forces.
These values with the help of second Lagrange equation are
defined. Further for simplicity we will not write the index i.

l∗2

l∗1

l1

l2

l∗3

l3

q6

q5

q4

q3q2

q1

m1

m2 m3 mg

Figure 1: MM with PUMA type kinematic scheme.

It is assumed that the following typical faults are possible
in each electric servo actuator of the MM:

(i) The fault 𝑑1(𝑡) caused by change of value of Coulomb
friction moment �̃�cfg0 in reducing gear

(ii) The fault 𝑑2(𝑡) caused by change of value of Coulomb
friction moment �̃�cfm0 in DC motor

(iii) The fault 𝑑3(𝑡) caused by change of value of electrical
resistance �̃�.

Considering (1) and these faults, model of electric servo
actuator of the MM can be presented by the following
differential equations:

�̇�1 = 𝑥2,
�̇�2 = − 𝑐𝑖𝑔2𝐻(𝑞)𝑥1 −

(𝑘V𝑔 + ℎ (𝑞, ̇𝑞))𝐻 (𝑞) 𝑥2 − 𝑀𝐸 (𝑞, ̇𝑞, ̈𝑞)𝐻 (𝑞)
− 𝑀cfg0𝐻(𝑞) sign (𝑥2) + 𝑑1 (𝑡) ,

�̇�3 = 𝑥4,
�̇�4 = 𝑐𝑖𝑔𝐽 𝑥1 − 𝑐𝐽𝑥3 − 𝑘V𝑚𝐽 𝑥4 + 𝑘𝑚𝐽 𝑥5

− 𝑀cfm0𝐽 sign (𝑥4) + 𝑑2 (𝑡) ,
�̇�5 = −𝑘𝜔𝐿 𝑥4 − 𝑅𝐿𝑥5 + 𝑘𝑢𝐿 𝑢 + 𝑑3 (𝑡) ,

(2)

where 𝑥1 = ̇𝑎𝑔 and 𝑥2 = 𝑎𝑔 are speed and angle of output shaft
of reducing gear; 𝑥3 = ̇𝑎𝑚 and 𝑥4 = 𝑎𝑚 are speed and angle of
DC motor shaft; 𝑅, 𝐿, and 𝑥5 = 𝐼 are resistance, inductance,
and current of electric motor rotor circuits, accordingly; 𝑘𝜔
is a coefficient of counter-EMF; 𝑘𝑚 is a coefficient of motor
moment; J is a rotational inertia of rotating parts of reduction
drive and DCmotor; 𝑐 is rigidity of mechanical transmission;𝑖𝑔 is a coefficient of the reducing gear; 𝑢 is control signal;𝑘𝑢 is an amplifier gain; 𝑀cfm0 and 𝑀cfg0 are coefficients of
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Coulomb friction of DC motor and reducing gear; and the
variables 𝑑𝑗 (𝑗 = 1, 2, 3) represent the effects of faults on the
system and are of the form

𝑑1 (𝑡) = −�̃�cfg0𝐻(𝑞) sign (𝑥2) ,
𝑑2 (𝑡) = −�̃�cfm0𝐻(𝑞) sign (𝑥2) ,
𝑑3 (𝑡) = −�̃�𝐿 𝐼.

(3)

Equation (2) has nonlinearities and significantly changing
coefficients because of changes in parameters 𝐻(𝑞), ℎ(𝑞, ̇𝑞),
and𝑀𝐸(𝑞, ̇𝑞, ̈𝑞).
3. Synthesis of Diagnostic Observers
for FDI Using LDI

System (2) can be represented by the differential equation in
a matrix form as follows:

�̇� (𝑡) = 𝐹𝑥 (𝑡) + 𝐺𝑢 (𝑡) + 𝐵 (𝑥) + 𝐸𝑑 (𝑡) ,
𝑦 (𝑡) = 𝐶𝑥 (𝑡) , (4)

where 𝐵(𝑥) is a vector corresponding to the system nonlin-
earities, 𝑥 ∈ 𝑅5, 𝑦 ∈ 𝑅3, 𝐶 ∈ 𝑅3×5, 𝐹 ∈ 𝑅5×5, 𝐺 ∈ 𝑅5,
𝐹

=

[[[[[[[[[[[[[
[

0 1 0 0 0
− 𝑐𝑖𝑔2𝐻(𝑞) −(𝑘V𝑔 + ℎ (𝑞, ̇𝑞))𝐻 (𝑞)

𝑐𝑖𝑔𝐻(𝑞) 0 0
0 0 0 1 0
𝑐𝑖𝑔𝐽 0 − 𝑐𝐽 −𝑘V𝑚𝐽 𝑘𝑚𝐽
0 0 0 −𝑘𝜔𝐿 −𝑅𝐿

]]]]]]]]]]]]]
]

,

𝐸 =
[[[[[[[[
[

0 0 0
1 0 0
0 0 0
0 1 0
0 0 1

]]]]]]]]
]
,

𝐶 = [[
[
1 0 0 0 0
0 0 0 1 0
0 0 0 0 1

]]
]
,

𝐵 =
[[[[[[[[[[[
[

0
(−𝑀𝐸 (𝑞, ̇𝑞, ̈𝑞) − 𝑀cfg0 sign (𝑥2))𝐻 (𝑞)0

−𝑀cfm0 sign (𝑥4)𝐽0

]]]]]]]]]]]
]

,

𝑥 =
[[[[[[[[
[

𝑎𝑔̇𝑎𝑔𝑎𝑚̇𝑎𝑚𝐼

]]]]]]]]
]
,

𝐺 =
[[[[[[[[[[
[

0
0
0
0
𝑘𝑢𝐿

]]]]]]]]]]
]

.

(5)

If faults occur during the work of MM, they should be
promptly detected and identified. Then the fault tolerant
control can be used. The traditional methods of diagnosis
that focus on systems described by linear models cannot
provide the solution to the problem of synthesis of FI systems
for electric servo actuators of the MM described by model
with the parameters 𝐻(𝑞), ℎ(𝑞, ̇𝑞), and 𝑀𝐸(𝑞, ̇𝑞, ̈𝑞) that are
significantly variable and under the presence of the nonlinear
component 𝐵(𝑥).

In this paper, another synthesis method of FI systems
is proposed. This method includes two basic steps [25]: (1)
using LDA to construct the diagnostic observer [17, 18] which
can detect occurrence of specific faults; (2) introducing the
specific feedback in observers for identification of the fault
values [19]. Below these stages are considered in more detail.

The LDA to solve the FDI problem for system (4) includes
the following steps [18]: (1) replacing the initial nonlinear
system (4) by linear system; (2) solving the FDI problem
for the linear system with some additional restrictions and
obtaining the bank of linear observers; (3) transforming the
linear observers into the nonlinear ones. Thus, the nonlinear
diagnostic observers detecting the faults are of the following
general form:

�̇�∗ (𝑡) = 𝐹∗𝑥∗ (𝑡) + 𝐺∗𝑢 (𝑡) + 𝐵∗ (𝑥∗) + 𝑀∗𝑦 (𝑡) ,
𝑦∗ (𝑡) = 𝐶∗𝑥∗ (𝑡) , (6)

where 𝑥∗(𝑡) ∈ 𝑅𝑘 is the state vector of the observer, 𝑦∗(𝑡) is
the output vector, 𝐹∗ ∈ 𝑅𝑘×𝑘, 𝐺∗ ∈ 𝑅𝑘, 𝐵∗ ∈ 𝑅𝑘,𝑀∗ ∈ 𝑅𝑘×3,
and 𝐶∗ ∈ 𝑅𝑘 are constant matrices, and k is dimension of the
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observer; it is assumed that the matrices 𝐹∗ and 𝐶∗ can be
represented in a canonical form

𝐹∗ =
[[[[[
[

0 1 0 ⋅ ⋅ ⋅ 0
0 0 1 ⋅ ⋅ ⋅ 0
⋅ ⋅ ⋅

0 0 0 ⋅ ⋅ ⋅ 0

]]]]]
]
,

𝐶∗ = [1 0 0 ⋅ ⋅ ⋅ 0] .
(7)

The observer (6) generates the residual 𝑟(𝑡) = 𝑁𝑦(𝑡) −𝑦∗(𝑡) for certain row matrix 𝑁 ∈ 𝑅3 which has to be
determined. If there are no faults and 𝑑(𝑡) = 0, then 𝑟(𝑡) = 0;
if a fault occurs, 𝑟(𝑡) ̸= 0. It is well-known from the linear
FDI theory [2, 9, 26] that, for the observer design, the matrixΦwhereΦ𝑥(𝑡) = 𝑥∗(𝑡) in the unfaulty case after the response
to unlike conditions has died out plays the main role. In the
absence of faults, the following well-known set of equations
holds [2, 9, 26]:

𝐶∗Φ = 𝑁𝐶,
Φ𝐹 = 𝐹∗Φ +𝑀∗𝐶,
𝐺∗ = Φ𝐺,

𝐵∗ (𝑥∗) = Φ𝐵 (𝑥) .
(8)

For each fault 𝑑𝑖, the diagnostic observer 𝑂𝑖 should be
constructed. Matrices and vectors Φ, 𝐹∗, 𝐵∗(𝑥∗), 𝐺∗,𝑁, and𝑀∗ describing the observer can be found in (8) [17]. As a
result, the observers 𝑂1, 𝑂2, and 𝑂3 for the faults d1, d2, and
d3 were obtained:

𝑂1:

Φ =
[[[[[[[
[

1 0 0 0 0
(𝑘V𝑔 + ℎ (𝑞, ̇𝑞))𝐻 (𝑞) 1 0 0 0

0 0 𝑐𝑖𝑔𝐻(𝑞) 0 0

]]]]]]]
]
,

𝑀∗ =
[[[[[[[[[
[

−(𝑘V𝑔 + ℎ (𝑞, ̇𝑞))𝐻 (𝑞) 0 0
− 𝑐𝑖𝑔2𝐻(𝑞) 0 0
0 𝑐𝑖𝑔𝐻(𝑞) 0

]]]]]]]]]
]

,

𝑁 = [1 0 0] ,

𝐹∗ = [[
[
0 1 0
0 0 1
0 0 0

]]
]
,

𝐺∗ = [[
[
0
0
0
]]
]
,

𝐵∗ = [[[[
[

0
−𝑀𝐸 (𝑞, ̇𝑞, ̈𝑞) + 𝑀cfg0 sign (𝑥2)𝐻 (𝑞)0

]]]]
]
.

(9)

𝑂2:
Φ = [

[
0 0 0 1 0
0 0 − 𝑐𝐽 0 0]]

,

𝑀∗ = [[
[
𝑐𝑖𝑔𝐽 −𝑘V𝑚𝐽 𝑘𝑚𝐽0 − 𝑐𝐽 0

]]
]
,

𝑁 = [0 1 0] ,
𝐹∗ = [0 1

0 0] ,

𝐺∗ = [00] ,

𝐵∗ = [[
[
−𝑀cfm0 sign (𝑥4)𝐽0

]]
]
.

(10)

𝑂3:
Φ = [0 0 0 0 1] ,
𝑀∗ = [0 −𝑘𝜔𝐿 −𝑅𝐿] ,
𝑁 = [0 0 1] ,
𝐹∗ = 0,
𝐺∗ = 𝑘𝑢𝐿 ,
𝐵∗ = 0.

(11)

As a result, the synthesized observers 𝑂1, 𝑂2, and 𝑂3
provide solving the FDI problem for electric servo actuators
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of MM. Clearly, the observers 𝑂1 and 𝑂2 have order more
than one. This is caused by the fact that the electric servo
actuator (2) has the partiallymeasured state vector.Therefore,
the known methods [19, 20] for FI cannot be used. Below the
new synthesismethodof FI systems for observers constructed
by using LDA is proposed.

4. Synthesis of FI System for Observers
Created by Using LDA

To solve the problemof FI for synthesized observers, consider
how residual r(t) changes when the faults 𝑑𝑗(𝑡) occur. After
differentiating the equation for residual and taking into
account (4), (6), and (8), the following can be obtained:

̇𝑟 (𝑡) = 𝐶∗ (𝐹∗ (Φ𝑥 (𝑡) − 𝑥∗ (𝑡)) + Φ𝐵 (𝑥) − 𝐵∗ (𝑥∗)
+ Φ𝐸𝑑 (𝑡)) . (12)

The vector 𝑒(𝑡) ∈ 𝑅𝑘 is introduced which is a mismatch of
states of electric servo actuator and the observer:

𝑒 (𝑡) = Φ𝑥 (𝑡) − 𝑥∗ (𝑡) . (13)

Taking into account the vector 𝐶∗, the residual 𝑟(𝑡) is a
first element of mismatch vector 𝑒(𝑡) : 𝑟(𝑡) = 𝑒1(𝑡). Therefore,
(12) can be rewritten as

̇𝑒 (𝑡) = 𝐹∗𝑒 (𝑡) + Φ𝐵 (𝑥) − 𝐵∗ (𝑥∗) + Φ𝐸𝑑 (𝑡) . (14)

Analysis of (14) shows that if order of the obtained
observer is one (i.e., 𝑦∗(𝑡) = 𝑥∗(𝑡)), then if faults occur,
the following conditions are true: (1) 𝐹∗ = 0, (2) 𝑒(𝑡) =𝑟(𝑡) ∈ 𝑅1, and (3) 𝐵∗ = Φ𝐵. In this case, the feedback is
proportional to the residual signal as Tr(t) (𝑇 is the feedback
coefficient) and allows identifying the faults value [19, 20].
However, in case when order of the observer is more than
one, 𝐵∗ ̸= Φ𝐵 due to 𝑥∗(𝑡) ̸= Φ𝑥(𝑡). Moreover, in (6) the
components 𝐹∗𝑒(𝑡) and Φ𝐵(𝑥(𝑡)) are unknown. As a result,
it is impossible to make fault identification. To solve this
problem, one proposes a feedback of residual signal which
provides 𝑒(𝑡) = 0. In this case the value of this feedback is
proportional to the value of fault. This provides a possibility
of identifying the fault value.

After the introduction of proposed residual signal feed-
back, the model of observer will be

�̇�∗ (𝑡) = 𝐹∗𝑥∗ (𝑡) + 𝐺∗𝑢 (𝑡) + 𝐵∗ (𝑥∗) + 𝑀∗𝑦 (𝑡)
+ 𝑤 (𝑟) , (15)

𝑦∗ (𝑡) = 𝐶∗𝑥∗ (𝑡) , (16)

where 𝑤(𝑟) ∈ 𝑅𝑘 is the vector specifying feedback dependent
on the residual signal.

Considering the feedback (15), equation for themismatch
vector is as follows:

̇𝑒 (𝑡) = 𝐹∗𝑒 (𝑡) + Φ𝐵 (𝑥) − 𝐵∗ (𝑥∗) + Φ𝐸𝑑 (𝑡) − 𝑤 (𝑟) . (17)

Equation (17) can be rewritten in the form

̇𝑒1 (𝑡) = 𝑒2 (𝑡) − 𝑤1 (𝑟) ,
̇𝑒2 (𝑡) = 𝑒3 (𝑡) − 𝑤2 (𝑟1) ,
̇𝑒3 (𝑡) = 𝑒4 (𝑡) − 𝑤3 (𝑟) ,

...
̇𝑒V (𝑡) = 𝑒V+1 (𝑡) + 𝑓V𝑑𝑗 (𝑡) + 𝑎V − 𝑤V (𝑟) .

...
̇𝑒𝑘 (𝑡) = −𝑤𝑘 (𝑟) ,

(18)

where 𝑎V is the vth element of the vectorΦ𝐵(𝑥(𝑡))−𝐵∗(𝑥∗(𝑡)),
V = 1, 𝑘, and 𝑓V is the vth element of vectorΦ𝐿.

When 𝑤V+1(𝑟) = 0, . . . , 𝑤𝑘(𝑟) = 0 and the initial
conditions of the electric servo actuator and the observer
are agreed upon, 𝑒V+1(𝑡), . . . , 𝑒𝑘(𝑡) are zero regardless of
occurrence of the fault. Taking this into account, it is possible
to rewrite (18) in the form of a differential equation:

𝑓V𝑑𝑗 (𝑡) + 𝑎V = ̇𝑒V (𝑡) + 𝑤V (𝑟)
= ̈𝑒V−1 (𝑡) + �̇�V−1 (𝑟) + 𝑤V (𝑟)
= ...𝑒V−2 (𝑡) + �̈�V−2 (𝑟) + �̇�V−1 (𝑟) + 𝑤V (𝑟)
= 𝑒1(V) (𝑡) + 𝑤1(V−1) (𝑟) + ⋅ ⋅ ⋅ + 𝑤(1)V−1 (𝑟)
+ 𝑤V (𝑟) .

(19)

Making elements of the feedback vector, except the vth
element, proportional to the residual 𝑤𝑛(𝑟) = (𝑇𝑛/𝑇0)𝑟(𝑡)
(𝑛 = 1, V − 1) and𝑤V(𝑟) = (𝑇V/𝑇0)𝑟(𝑡)+(1/𝑇0)𝑧(𝑟) (𝑇0, . . . , 𝑇V
are feedback coefficients), one obtains

𝑓V𝑑𝑗 (𝑡) + 𝑎V = 𝑟(V) (𝑡) + 𝑇1𝑇0 𝑟(V−1) (𝑡) + ⋅ ⋅ ⋅
+ 𝑇V−1𝑇0 𝑟(1) (𝑡) +

𝑇V𝑇0 𝑟 (𝑡) +
1𝑇0 𝑧 (𝑟) .

(20)

Feedback coefficients 𝑇0, . . . , 𝑇V are chosen to guarantee the
stability of observers [25].

Consider 𝑓V𝑑𝑗(𝑡) + 𝑎V as input signal and 𝑟(𝑡) as output;
then (20) can be presented by a transfer function 𝑊 =𝑇0/(𝑇0𝑠V + ⋅ ⋅ ⋅ + 𝑇V + 𝑧(𝑠)), where s is the symbol of Laplace
transformation. Suppose that input 𝑓V𝑑𝑗(𝑡) + 𝑎V can be
presented by a polynomial of degree 𝑞 : 𝑓V𝑑𝑗(𝑡) + 𝑎V = 𝑏0+𝑏1𝑡+⋅ ⋅ ⋅+𝑏𝑞𝑡𝑞.TheLaplace transformation of such input is𝑄 =𝑏0/𝑠 + 𝑏1/𝑠2 + ⋅ ⋅ ⋅ + 𝑏𝑞/𝑠𝑞+1.Then the steady value of 𝑟(𝑡) can
be found as 𝑟(𝑡) = lim𝑠→0 = lim𝑠→0𝑊𝑄𝑠 = 𝑇0(𝑏0𝑠𝑞−1 + ⋅ ⋅ ⋅ +𝑏𝑞)𝑠/((𝑇0𝑠V+⋅ ⋅ ⋅+𝑇V)𝑠𝑞+1+𝑧(𝑠)𝑠𝑞+1).Assuming 𝑧(𝑠) = 𝑇V+1/𝑠+𝑇V+2/𝑠2 + ⋅ ⋅ ⋅ + 𝑇V+𝑞/𝑠𝑞 + 𝑇V+𝑞+1/𝑠𝑞+1, it is possible to obtain
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𝑟(𝑡) = lim𝑠→0(𝑇0(𝑏0𝑠𝑞−1 + ⋅ ⋅ ⋅ + 𝑏𝑞)𝑠/((𝑇0𝑠V + ⋅ ⋅ ⋅ + 𝑇V)𝑠𝑞+1 +𝑇V+1𝑠𝑞 + ⋅ ⋅ ⋅ + 𝑇V+𝑞+1)) = 0.
Thus, the introduction of such a feedback results in a

steady value of 𝑟(𝑡) = 0. This also results in resetting all
elements of the vector 𝑒(𝑡). For many real systems, value of
the fault is constant or slowly changes and it is sufficient to
introduce one integral of residual in feedback to achieve the
required accuracy of the faults identification: 𝑧(𝑟) = ∫ 𝑟(𝑡)𝑑𝑡.
Thus, after using this kind of feedback, residual tends to zero,
after the completion of the transition process, including the
event when the faults occur.This ensures the synchronization
of state vectors of the electric servo actuator and the observer.
Thus, fault dj can be found as

𝑑𝑗 (𝑡) = 1𝑓V𝑇0 ∫ 𝑟 (𝑡) 𝑑𝑡. (21)

After applying the proposed procedure for observers𝑂1, 𝑂2, and 𝑂3, we receive the following feedback for fault
identification:

𝑂1:
𝑤 = [𝑤11 𝑤12 0]𝑇 ,

𝑤11 = 𝑇1𝑇01 𝑟 (𝑡) ,
𝑤12 = 𝑇2𝑇01 𝑟 (𝑡) + ∫

1𝑇01 𝑟 (𝑡) 𝑑𝑡.
(22)

𝑂2:
𝑤 = [𝑤12 0]𝑇 ,

𝑤12 = 𝑇3𝑇02 𝑟 (𝑡) + ∫
1𝑇02 𝑟 (𝑡) 𝑑𝑡.

(23)

𝑂3:
𝑤 (𝑟) = 𝑇4𝑟 (𝑡) . (24)

Finally, considering the expression (21), it is possible to
identify the faults value for the electric servo actuators of the
MM:

�̃�cfg0 = −𝐻 (𝑞) sign ( ̇𝑎𝑔)𝑓V𝑇0 ∫ 𝑟 (𝑡) 𝑑𝑡,
�̃�cfm0 = −𝐽 sign ( ̇𝑎𝑚)𝑓V𝑇0 ∫ 𝑟 (𝑡) 𝑑𝑡,

�̃� = −𝑟 (𝑡) 𝐿𝑇4𝐼 .

(25)

Thus, the problem of identification of value of faults has
been solved.

5. Simulation of Performance of FI System

Analysis of effectiveness of developed FI system was imple-
mented using PUMA type of the MM. The FI system was
synthesized for electric servo actuator of second degree of
freedom of MM (see Figure 1). The results for other degrees
of freedom of the MM are similar.

The second degree of freedom of MM has the terms𝐻, ℎ,
and𝑀𝐸 as follows:
𝐻 = 𝐽𝑛2 + 𝐽𝑛3 + 𝑚2𝑙∗22 + 𝑚3𝑙∗23 + (𝑚3 + 𝑚𝑔) 𝑙22
+ 𝑚𝑔𝑙23 + 2𝑙2 (𝑚3𝑙∗3 + 𝑚𝑔𝑙3) cos 𝑞3,

ℎ = −2𝑙2 (𝑚3𝑙∗3 + 𝑚𝑔𝑙3) ̇𝑞3 sin 𝑞3,
𝑀𝐸 = [𝐽𝑛3 + 𝑚3𝑙∗23 + 𝑚𝑔𝑙23 + (𝑚3𝑙∗3 + 𝑚𝑔𝑙3) 𝑙2 cos 𝑞3]
⋅ ̈𝑞3 − 𝑙2 (𝑚3𝑙∗3 + 𝑚𝑔𝑙3) ̇𝑞23 sin 𝑞3 + 𝑔 [𝑚2𝑙∗2
+ (𝑚3 + 𝑚𝑔) 𝑙2] sin 𝑞2 + 𝑔 (𝑚3𝑙∗3 + 𝑚𝑔𝑙3)
⋅ sin (𝑞2 + 𝑞3)
− 12 [(𝐽𝑛2 − 𝐽𝑠2 + 𝑚2𝑙∗22 + (𝑚3 + 𝑚𝑔) 𝑙22) sin 2𝑞2
+ (𝐽𝑛3 − 𝐽𝑠3 + 𝑚3𝑙∗23 + 𝑚𝑔𝑙23) sin 2 (𝑞2 + 𝑞3)
+ 2𝑙2 (𝑚3𝑙∗3 + 𝑚𝑔𝑙3) sin (2𝑞2 + 𝑞3)] ̇𝑞21,

(26)

where 𝐽𝑠𝑖 and 𝐽𝑛𝑖 are the moments of inertia of link i along
its longitudinal and transverse axis passing through its center
of mass, accordingly; 𝑚𝑖 is the mass of link i; 𝑚𝑔 is the mass
of the load; 𝑙𝑖 is the length of link i; 𝑙∗𝑖 is the length from ith
joint to the center of mass of ith link; 𝑔 is the acceleration of
gravity; and 𝑞𝑖, ̇𝑞𝑖, ̈𝑞𝑖 are the angle of rotation of the link i and
its derivatives.

The following set of parameters of MM was used for
simulation: 𝑙1 = 𝑙2 = 𝑙3 = 0.5m, 𝑙∗1 = 0.1m; 𝑙∗2 = 𝑙∗3 = 0.2m,𝑚𝑔 = 5 kg; 𝑚1 = 25 kg, 𝑚2 = 𝑚3 = 5 kg; 𝐽𝑠2 = 0.007 kg⋅m2,𝐽𝑠3 = 0.005 kg⋅m2, 𝐽𝑛2 = 0.14 kg⋅m2, 𝐽𝑛3 = 0.2 kg⋅m2, 𝑅 =0.5Ω, 𝐿 = 0.0005H, 𝑘𝜔 = 0.04V⋅s, 𝑘𝑚 = 0.04N⋅m/A, 𝐽 =10−3 kg⋅m2, 𝑖𝑔 = 100; 𝑘𝑢 = 800,𝑀cfg0 = 𝑀cfm0 = 0.02N⋅m,
and 𝑘V𝑔 = 𝑘V𝑚 = 0.005N⋅m⋅s/rad.

The input signals 𝑞1 = sin(0.2𝑡), 𝑞2 = 𝑢 = sin(0.5𝑡), and𝑞3 = sin(𝑡) were applied to the electric servo actuator. The
parameters of feedback for observers were chosen as follows:

𝑇01 = 1.372 × 10−6,
𝑇02 = 2.564 × 10−4,
𝑇1 = 3.704 × 10−4,
𝑇2 = 0.033,
𝑇3 = 0.033,
𝑇4 = 100.

(27)
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Figure 2: Estimation of constant fault �̃�cfg0 value by proposed FI
system.
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Figure 3: Estimation of variable fault �̃�cfg0 value by proposed FI
system.
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Figure 4: Estimation of constant fault �̃�cfm0 value by proposed FI
system.

Faults were presented by changing the following values:

(i) Coulomb friction coefficient in reducing gear by 50%
(�̃�cfg0 = 0.02N⋅m and �̃�cfg0 = 0.02 sin(0.5𝑡)N⋅m) at
the time from 𝑡1 = 5 s to 𝑡3 = 15 s

(ii) Coulomb friction coefficient in DC motor by 50%
(�̃�cfm0 = 0.02N⋅m and �̃�cfm0 = 0.02 sin(0.5𝑡)N⋅m)
at the time from 𝑡2 = 10 s to 𝑡4 = 20 s

(iii) Electrical resistance �̃� by 50% (�̃� = 0.2Ω and �̃� =0.2 sin(0.5𝑡) Ω) at the time from 𝑡3 = 15 s to 𝑡5 = 25 s.
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Figure 5: Estimation of variable fault �̃�cfm0 value by proposed FI
system.
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Figure 7: Estimation of variable fault �̃� value by proposed FI system.

Values of introduced faults (curve 1) and estimated value
of fault (curve 2) are shown in Figures 2–7. It follows from
these figures that the constructed FI system provides accu-
rate estimation of occurred fault. The results of simulation
confirm the efficiency of the proposedmethod. Realization of
the synthesized FI systems does not present any difficulties.
These FI systems can be realized with the help of serial
microprocessors.
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6. Conclusion

In this paper, the method of synthesis of accurate FI systems
for electric servo actuators of the MM, which are described
by nonlinear differential equations with variable parame-
ters and partially measured state vector, is suggested. This
method consists in applying the logic-dynamic approach
for synthesis of diagnostic observers guaranteeing detection
and localization of possible faults and introducing of special
feedback in diagnostic observers, allowing identifying values
of faults. Efficiency of the proposed method was confirmed
by the results of simulation.The subject of further research is
application of the proposed method for synthesis of the fault
tolerant control systems for actuators of the MM.
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To isolate the problem source degrading the control loop performance, this work focuses on how to incorporate background
knowledge into Bayesian inference. In an effort to reduce dependence on the amount of historical data available, we consider a
general kind of background knowledge which appears in many applications. The knowledge, known as response information, is
about what faults can possibly affect each of the monitors. We show how this knowledge can be translated to constraints on the
underlying probability distributions and introduced in the Bayesian diagnosis. In this way, the dimensionality of the observation
space is reduced and thus the diagnosis can be more reliable. Furthermore, for the judgments to be consistent, the set of posterior
probabilities of each possible abnormality that are computed from different observation subspaces is synthesized to obtain the
partially ordered posteriors. The eigenvalue formulation is used on the pairwise comparison matrix. The proposed approach is
applied to a diagnosis problem on an oil sand solids handling system, where it is shown how the combination of background
knowledge and data enhances the control performance diagnosis even when the abnormality data are sparse in the historical
database.

1. Introduction

Fault diagnosis is a topic of practical significance in process
industries. In complex control loop systems, the control
performance could be degraded due to various reasons [1].
Sensors and instrumentation problems are usually revealed as
the systematic errors inmass or energy balance equations [2].
Poor control loop performance might also be due to changes
in the model or modeling error [3].

One challenge of control loop diagnosis is that some
similar evidences could be shared among different faults [4].
In a complex industrial control loop system, there may be
lots of observations. For example, a large-scale industrial
process includes thousands of process measurements [5].
Many diagnostic algorithms are often designed to identify
specific components, while the faults may propagate and
influence other components which are not to be detected
[6]; thus, the methods could be influenced by possible faults
in other components [7]. Moreover, all processes may run
subject to uncertainty due to missing information, noise, and

so on.Therefore, the occurrence of one faultmay lead to flood
of abnormal measurements and alarms and make it difficult
to distinguish true underlying source.

Fault diagnosis methods for control loop systems may
be classified into three categories, qualitative model-based
methods, quantitative model-based methods, and data-
driven methods [8–13]. However, these methods result in
problems when multiple abnormalities have the same influ-
ence on the measurements. To deal with these problems,
the methods were extended based on qualitative information
about signs, magnitudes, and so on, to consider the direction
and the magnitude of change [14, 15]. Also, Bayesian method
has been proposed; for example, a Bayesian network was
constructed from expert knowledge [16]. However, in these
methods, themodels are assumed to be known. Besides, fuzzy
logic methods were proposed [17]. All these previous works
rely on prior knowledge only.

To overcome the drawbacks of both quantitative and
qualitative model-based diagnosis approaches, data-driven
methods are developed [18]. For example, the support
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vector machine (SVM) methods were proposed that take
the diagnosis problem as a classification one [19]. Besides,
multivariate statistical processmonitoringmethodswere sug-
gested [20]. Nevertheless, the problem sources of abnormality
may not be explicitly identified by means of the variable
contribution methods [21].

Then, a systematic probabilistic approach based on
Bayesian inference was proposed that considers all possible
abnormal observations. A Bayesian framework for control
loop performance diagnosis was developed in [4]. The
measurements from plenty of monitors are synthesized to
generate a probabilistic result to diagnose the fault. Pernestal
[22] proposed using Bayesian approaches to isolate faults
in diesel engines. In a similar way, a data-based Bayesian
approach is suggested in [23], to diagnose underlying sources
of control performance degradation.

The main disadvantage with the data-driven or statistical
approaches in diagnosis is that their performance relies
heavily on the amount of available historical data. However,
the requirement of sufficient training data is hardly met in
diagnosis applications since faults are rare in normal pro-
cesses. On the one hand, in their general form, they require
sufficient historical samples from all faulty cases. However,
in practical applications, there is only a limited amount
of data available. On the other hand, the large number of
monitors is a principle challenge for Bayesian diagnosis to
be applied in industries. It is required in Bayesian inference
to estimate the joint likelihood probability density of the
observations from allmonitors. In previousworks, it is shown
that the computational effort in estimating the probabilities
grows exponentially with respect to the number of monitors
[24, 25] That phenomenon is also regarded as the curse of
dimensionality. It makes it difficult to correctly estimate the
likelihood probability in more than five dimensions with
practical sample sizes. These works using Bayesian methods
are based on training data only, and no explicit background
knowledge is integrated about the process under diagnosis.

There is also a general type of background knowledge
available. In this paper, we consider incorporating the back-
ground knowledge together with the training data under
the Bayesian framework in order to improve the diagnosis
even if the historical data are insufficient with respect to
the monitors number. Regarding the process knowledge, it is
possibly known that one measurement in observation vector
is equally distributed given different abnormalities. This type
of knowledge is very general and can be formulated as con-
straints on the underlying likelihood probability distributions
[22, 27]. It can express several types of process knowledge and
appear in many diagnosis applications naturally.

In this paper, the background information is expressed in
terms of response signaturematrix (RSM).With a translation
from RSM to the constraints of the marginal probability of
the likelihoods, the background knowledge is explicitly taken
into account in Bayesian control loop diagnosis. Moreover,
we also suggest using a moving window method to consider
a sequence of observation rather than a single observation in
the diagnosis. In order to evaluate the proposed approach, we
applied it to an oil sand solid handling system in such a case
where only a few samples from abnormalities are available.

The rest of this paper is organized as follows. A descrip-
tion of the Bayesian control performance diagnosis problem
is introduced first, and in Section 2 some terminologies
are reviewed. In Section 3, the problem studied in this
paper is stated formally, and in Section 4 Bayesian diagnosis
evaluating multiple consecutive observations is presented.
The computations of the posterior probabilities for different
modes considering historical data only are presented first,
and, the approach is extended to incorporate process knowl-
edge in Section 5. In Section 6, the proposed approach is
evaluated on the diagnosis problem on the oil sand solids
handling system, using training and background knowledge.
The conclusion is given in Section 7.

2. Preliminaries: Bayesian Diagnosis for
Control Loop Systems

Before going into the details of the Bayesian diagnosis,
some terminologies are introduced based on the definition
proposed in [23].

Component. Assume that the process under diagnosis consists
of some components which is possible to fail or not fail. In
a typical control loop, the components can be sensors, actu-
ators, controllers, process models, and so on [28]. Assume
there are 𝑃 components of interest. Each component may
have several different states. For example, a sensor may
consist of three states: unbiased, moderate biased, and severe
biased.

Mode. A mode of the process is defined as an assignment of
the states of all the components. It indicates the state of the
system. For example, a mode can be as follows: {controller is
normal, activator has severe stiction, process model has no
error, and sensor has moderate bias}. Each mode represents
the status under which the process is operating. It can be
normal state or abnormal state. Assume the total number
of the modes is 𝐽. If each component has 𝑛 states, 𝐽 = 𝑛𝑃.
The mode can be considered as a random scalar variable
described by𝑀 with values {𝑚𝑗}, 𝑗 = 1, . . . , 𝐽.
Observation. There are some monitors, sensors, or add-on
indirect measurements such as “ad hoc tests” conducted
by engineers, model-based diagnostic tests, and monitoring
algorithms that are designed to measure certain parameters.
They can be represented by a general designation, monitors.
the 𝑞th monitor is denoted by 𝜋𝑞. Assume there are 𝐿
monitors; then 𝑞 = 1, . . . , 𝐿. Each monitor output or
measurement signal can be represented by a discrete value;
for example, low, medium, and high are 3 possible values.
Define that observation is a 𝐿-dimension vector composed
of the discrete values of all monitor outputs. These outputs
may be preprocessed, for example, in diagnostic tests. The
observation vector X = (𝑋1, . . . , 𝑋𝐿) with the domain X =
X1×⋅ ⋅ ⋅×X𝐿. Denote an assignment of the observation vector
by X = 𝑥𝑘, 𝑘 = 1, . . . , 𝐾, where 𝐾 is the number of different
observations. If the 𝑙th monitor output has𝐾𝑙 discrete values,𝐾 = ∏𝐿𝑙=1𝐾𝑙. Each value𝑥𝑘 (𝑘 = 1, . . . , 𝐾) is an𝐿-dimensional
vector, and we write 𝑥𝑘 = (𝑥𝑘[1], . . . , 𝑥𝑘[𝐿]) to explicitly
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denote the elements. Consider the observation as a random
variable.

Training Data. A training sample at time 𝑡 consists of simul-
taneous values of the mode variable 𝑀 and the observation
vector 𝑋 at that time. The value is denoted by 𝑑𝑡 = (𝑥𝑡, 𝑚𝑡).
All training samples collected from different modes of the
system form the training dataset. A realization of training
data is denoted by𝐷. And𝐷𝑚𝑗 denotes the subset of training
data entries where the underlying mode is𝑚𝑗.
2.1. Bayesian Diagnosis. The Bayesian control loop diagnosis
proposed in [23] is briefly reviewed in this section. Each
component is possible to suffer from some abnormal oper-
ating conditions that may degrade the control performance.
Also, any fault in one component may influence the monitors
for the other components [4]. Consider there are certain
probabilistic interconnections between problem causes and
monitor outputs [4]. Bayesian inference is applied to compute
the probability of mode variable𝑀 given a current observa-
tion𝑋 and the training observation data set𝐷. The posterior
probability of every operating mode can be computed based
on Bayes’ rule.

𝑝 (𝑀 | 𝑋,𝐷) ∝ 𝑝 (𝑋 | 𝑀,𝐷) 𝑝 (𝑀) , (1)

where 𝑝(𝑋 | 𝑀,𝐷) is the likelihood probability and 𝑝(𝑀)
is the probability of mode 𝑀 which is typically specified
by a priori knowledge. The mode with the highest posterior
probability can be determined as the underlying mode based
on themaximumaposteriori (MAP) principle, and the related
abnormality is generally regarded as the fault source.

Thus, the main issue to construct a Bayesian diagnostic
system is estimating the likelihood in line with the training
observation data 𝐷. Following the results of [22, 23], a
Bayesian algorithm is presented for the likelihood estimation
for control loop diagnosis.

3. Formal Problem Formulation

Consider that there is a general type of background infor-
mation and multiple consecutive observations available. The
task is to determine which fault(s) which has caused the
measurements, given consecutive observations 𝑋, training
data 𝐷, and background knowledge 𝑄 that is described as
follows.

Background Knowledge in Terms of Probability Constraints.
Background information usually comes from expert or pro-
cess knowledge. It can be described as𝑄. It can be considered
to consist of two parts of information. One specifies the
prior probability for the modes, and the other defines that
there are elements, representing the monitor outputs, in
the observation vector which are equally distributed under
different modes.

In addition, rather than considering a single observation
as [23], assume that 𝑟 consecutive observations are recorded
and that the same fault is present during collection of these

observations. Now, the fault diagnosis problem studied in this
work can be stated formally as to compute𝑝 (𝑀𝐽𝑟 = 𝑚𝑗 | 𝑋𝐽1 = 𝑥𝑘1 , . . . , 𝑋𝐽𝑟 = 𝑥𝑘𝑟 , 𝐷, 𝑄) , (2)

that is, to compute the probabilities that each mode 𝑚𝑗 is
present at a time instant 𝐽𝑟, given the training dataset 𝐷,
the background knowledge 𝑄, and the observation values𝑋𝐽1 = 𝑥𝑘1 , . . . , 𝑋𝐽𝑟 = 𝑥𝑘𝑟 from the control loop process
under diagnosis. The subscripts on 𝐽 are used to denote
observation vectors from consecutive instants and those on𝑘 to enumerate the observation values.

In the following, the posterior probabilities of each
mode given consecutive observations are calculated with the
training data only.

4. Bayesian Inference Using
Training Data Only

To solve the stated problem (2), a new method is proposed
for learning the likelihood probability distribution. Before
going into the details, first let us present a previous result on
inference based on training data only.

According to Bayes’ rule, to compute (2), the likelihood
probability needs to be calculated:𝑝 (𝑋𝐽1 = 𝑥𝑘1 , . . . , 𝑋𝐽𝑟 = 𝑥𝑘𝑟 | 𝑀𝐽𝑟 = 𝑚𝑗, 𝐷)= 𝑝 (𝑋𝐽1 = 𝑥𝑘1 , . . . , 𝑋𝐽𝑟 = 𝑥𝑘𝑟 | 𝑀𝐽𝑟 = 𝑚𝑗, 𝐷𝑚𝑗) , (3)

where𝐷𝑚𝑗 denotes the training data under mode𝑀 = 𝑚𝑗.
Assume that the likelihood of all possible values of

observation under mode𝑚𝑗 is parameterized by Θ𝑚𝑗 ,𝑝 (𝑥𝑘 | 𝑚𝑗, Θ, 𝑄) = 𝜃𝑘|𝑚𝑗 ,Θ𝑚𝑗 = {𝜃1|𝑚𝑗 , . . . , 𝜃𝐾|𝑚𝑗} ,
𝜃𝑘|𝑚𝑗 > 0, 𝐾∑

𝑘=1

𝜃𝑘|𝑚𝑗 = 1. (4)

LetΩ𝑚𝑗 denote the space of all the likelihood parameters
when the mode𝑀 = 𝑚𝑗. Also, the prior probability of these
parameters is Dirichlet distributed

𝑓(Θ𝑚𝑗 | 𝑄) = Γ (∑𝐾𝑘=1 𝛼𝑘|𝑚𝑗)∏𝐾𝑘=1Γ (𝛼𝑘|𝑚𝑗) 𝐾∏𝑘=1𝜃𝛼𝑘|𝑚𝑗−1𝑘|𝑚𝑗
, 𝛼𝑘|𝑚𝑗 > 0. (5)

It can be shown that the Dirichlet distribution is the only
possible choice for 𝑓(Θ𝑚𝑗 | 𝑄) under certain, not very re-
strictive assumptions [29]. One attractive property of Dirich-
let distribution is that it is conjugate to the multinomial dis-
tribution [30], and the distribution for the training samples
is proportional to the multinomial distribution. This makes
the computations particularly simple. Further, the parameters𝛼1|𝑚𝑗 , . . . , 𝛼𝐾|𝑚𝑗 of the distribution are required. Γ(⋅) is the
gamma function. For real number 𝑥, Γ(𝑥) = (𝑥 − 1)!.
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By marginalizing over all the likelihood parameters, we
have 𝑝 (𝑋𝐽1 = 𝑥𝑘1 , . . . , 𝑋𝐽𝑟 = 𝑥𝑘𝑟 | 𝑀𝐽𝑟 = 𝑚𝑗, 𝐷𝑚𝑗)= ∫

Ω𝑚𝑗

𝑝 (𝑋𝐽1 = 𝑥𝑘1 , . . . , 𝑋𝐽𝑟 = 𝑥𝑘𝑟 | 𝑀𝐽𝑟
= 𝑚𝑗, Θ𝑚𝑗 , 𝐷𝑚𝑗)𝑓 (Θ𝑚𝑗 | 𝑚𝑗, 𝐷𝑚𝑗) 𝑑𝜃𝑚𝑗 .

(6)

For the first factor of the integral (6), given the likelihood
parameters Θ𝑚𝑗 and assuming that these observations from
mode𝑚𝑗 are independent,𝑝 (𝑋𝐽1 = 𝑥𝑘1 , . . . , 𝑋𝐽𝑟 = 𝑥𝑘𝑟 | 𝑀𝐽𝑟 = 𝑚𝑗, Θ𝑚𝑗 , 𝐷𝑚𝑗)= 𝑝 (𝑥𝑘1 | 𝑚𝑗, Θ𝑚𝑗) ⋅ . . . ⋅ 𝑝 (𝑥𝑘𝑟 | 𝑚𝑗, Θ𝑚𝑗)= 𝜃𝑘1|𝑚𝑗 × ⋅ ⋅ ⋅ × 𝜃𝑘𝑟|𝑚𝑗 .

(7)

And for the second factor, following the derivation of [23], we
can write 𝑓(Θ𝑚𝑗 | 𝑚𝑗, 𝐷𝑚𝑗)

= 𝑝 (𝐷𝑚𝑗 | Θ𝑚𝑗 , 𝑚𝑗)𝑓 (Θ𝑚𝑗 | 𝑚𝑗)𝑝 (𝐷𝑚𝑗 | 𝑚𝑗) . (8)

Further, the likelihood of training data subset 𝐷𝑚𝑗 related to
the operating mode𝑚𝑗 can be calculated as

𝑝 (𝐷𝑚𝑗 | Θ𝑚𝑗 , 𝑚𝑗) = 𝐾∏
𝑘=1

𝜃𝑛𝑘|𝑚𝑗
𝑘|𝑚𝑗

, (9)

where 𝑛𝑘|𝑚𝑗 is the number of training data samples with the
observation 𝑥𝑘 from the mode𝑚𝑗.

Then combining (7)–(9) and substituting in (6), likeli-
hood (3) can be obtained.

To introduce the consecutive observations, first some
notations are needed. Let 𝜀obs ⊂ X denote the set of distinct
values present in consecutive observations X𝐽1:𝑟 = (𝑋𝐽1 ,. . . , 𝑋𝐽𝑟), and let 𝑁𝑥𝑘 be the total number of observations
in X𝐽1:𝑟 with the value 𝑥𝑘. Following [31], the likelihood
probability is given by the expression𝑝 (𝑋𝐽1 = 𝑥𝑘1 , . . . , 𝑋𝐽𝑟 = 𝑥𝑘𝑟 | 𝑀𝐽𝑟 = 𝑚𝑗, 𝐷, 𝑄)

= ∏𝑥𝑘∈𝜀obs∏𝑁𝑥𝑘−1𝑚=0 (𝑛𝑘|𝑚𝑗 + 𝛼𝑘|𝑚𝑗 + 𝑚)∏𝑟−1𝑚=0 (𝑁𝑚𝑗 + 𝐴𝑚𝑗 + 𝑚) , (10)

where𝑁𝑚𝑗 = ∑𝐾𝑘=1 𝑛𝑘|𝑚𝑗 is the count of the hypothetical sam-
ples and 𝐴𝑚𝑗 = ∑𝐾𝑘=1 𝛼𝑘|𝑚𝑗 is the count of training samples.
Theorem A.1 in the appendix can be referred to for the
derivation of (10).

Table 1: A priori response information.

Monitor 𝑀 = 𝑚0 (no
fault) 𝑀 = 𝑚1 𝑀 = 𝑚2 𝑀 = 𝑚3 𝑀 = 𝑚4 ⋅ ⋅ ⋅𝜋1 — 0 0 𝑟 0𝜋2 — 𝑟 0 0 𝑟𝜋3 — 0 𝑟 0 0

5. Bayesian Diagnosis
Incorporating RSM and Data

To combine the background knowledge with training data,
first, the problem dimensionality needs to be reduced uti-
lizing the probability constraints implied in the available
background information, and in the dimension-reduced
subspaces, estimate the likelihoods with Bayesian inference.
In this way, the estimation accuracy can be improved in the
case of small amount of available historical samples that is
often encountered in real applications since abnormalities
are rare in normal process operations. Then, from the set
of posterior probabilities that might be inconsistent as they
are computed from different subspaces, derive the partially
ordered posteriors that are consistent in the original proba-
bility space.

5.1. Background Knowledge Expressed as RSM. In many
applications, there are only a few historical samples available.
Therefore, the process knowledge must be explicitly handled.
We consider a general type of process knowledge about what
abnormalities can possibly affect each of the monitors. It can
be expressed in terms of the following: “observation 𝑋𝑘 has
the same but maybe unknown probability distribution under𝑀 = 𝑚𝑠 and𝑀 = 𝑚𝑡.”

Table 1 gives an example of such knowledge. “𝑟” at the𝑙th row and the 𝑗th column represents a response signature
meaning that the 𝑙th element of the observation that is
from the 𝑙th monitor is affected under abnormal mode 𝑚𝑗,
compared with that under the normal mode. The likelihood
distribution of the 𝑙th observation element given 𝑀 = 𝑚𝑗
is different from that under the normal mode 𝑀 = 𝑚𝑗. In
other words, the 𝑙th monitor output would respond when the
operatingmode turns into the 𝑗th abnormal operatingmode.
And “0” in the table indicates that the likelihood probability
distribution is the same as that under the fault free mode. Or
to say, the 𝑙th monitor measurement shows zero response to
the 𝑗th abnormal mode.

The matrix corresponding to the response information
table is the Response Signature Matrix (RSM), denoted by𝑅 = (𝑟𝑙𝑗)𝐿×𝐽, and use “1” for “𝑟” in the matrix. For example,
the RSM according to Table 1 is

𝑅 = (0 0 0 1 0 ⋅ ⋅ ⋅0 1 0 0 1 ⋅ ⋅ ⋅0 0 1 0 0 ⋅ ⋅ ⋅) . (11)
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5.2. Dimensionality Reduction. Using training data only, the
Bayesian diagnosis would suffer from the curse of dimen-
sionality. In statistics, the phrase reflects the sparsity of data
in multiple dimensions. That phenomenon is an inevitable
problem in Bayesian diagnosis. For instance, when a process
employs 20 monitors, each one having the same three states
that are low, medium, and high, the total number of possible
observation values is 320 = 3.497×109.This large observation
space requires substantially more data to estimate.

Consider any two operating modes 𝑚𝑠 and 𝑚𝑡, and the
domain of discourse consists only of these two modes.𝑝 (𝑚𝑠) + 𝑝 (𝑚𝑡) = 1. (12)

For the 𝑙th monitor 𝜋𝑙, 𝑟𝑙𝑠 = 𝑟𝑙𝑡 = 0 indicates that the
marginal probability distributions of the 𝑙th monitor output
under the two modes are equal; that is,𝑝 (𝑋 [𝑙] = 𝑥𝑘 [𝑙] | 𝑚𝑠, 𝑄) = 𝑝 (𝑋 [𝑙] = 𝑥𝑘 [𝑙] | 𝑚𝑡, 𝑄) . (13)

Therefore, the 𝑙th monitor readings can be ignored, and it is
possible to reduce the dimension by one. Whereas if 𝑟𝑙𝑠 = 1
or 𝑟𝑙𝑡 = 1, (13) does not hold. Thus, this measurement must
be taken into account in the probability computation. Define𝛾𝑠𝑡 = {𝑙 ∈ {1, . . . , 𝐿} : 𝑟𝑙𝑠 = 1 or 𝑟𝑙𝑡 = 1} (14)

as a set of numbers of monitors whose readings are affected
by the 𝑠th or the 𝑡th abnormality, and 𝑑𝑠𝑡 is the dimension of𝛾𝑠𝑡, or to say, the number of the elements of set 𝛾𝑠𝑡. Given the
background knowledge in terms of response information, 𝑑𝑠𝑡
is usually smaller than𝐿. Take the response information given
in Table 1 as an example, we can obtain 𝛾12 = {2}, 𝛾13 = {3},𝛾14 = {1}, 𝛾15 = {2}, 𝛾23 = {2, 3}, 𝛾24 = {1, 2}, 𝛾25 = {2}, 𝛾34 ={1, 3}, 𝛾35 = {2, 3}, and 𝛾45 = {1, 2}.

Define 𝑍𝑠𝑡𝑟 ≜ (𝑍[𝑙1], . . . , 𝑍[𝑙𝑑𝑠𝑡]), where 𝑙1, . . . , 𝑙𝑑𝑠𝑡 ∈ 𝛾𝑠𝑡
is the observation element vector, each element of which
represents a monitor output whose distribution is affected
under mode 𝑚𝑠 or 𝑚𝑡. 𝑍𝑠𝑡𝑟 is with the domain Z𝑠𝑡 = X𝑙1 ×⋅ ⋅ ⋅ × X𝑙𝑑𝑠𝑡

that is a 𝑑𝑠𝑡-dimensional observation space, a
subspace of X. Also, define 𝑍𝑠𝑡−𝑟 as the observation vector
whose probability is unaffected. For instance, 𝑍12𝑟 = (𝑍[2])
and 𝑍12−𝑟 = (𝑍[1], 𝑍[3]). From (13), we have𝑝 (𝑍𝑠𝑡−𝑟 | 𝑚𝑠, 𝑄) = 𝑝 (𝑍𝑠𝑡−𝑟 | 𝑚𝑡, 𝑄) . (15)

Combining (12), it can be obtained that𝑝 (𝑍𝑠𝑡−𝑟 | 𝑄) 𝑝 (𝑚𝑗 | 𝑄) = 𝑝 (𝑍𝑠𝑡−𝑟, 𝑚𝑗 | 𝑄) , 𝑗 = 𝑠, 𝑡. (16)

(16) indicates that when only two modes instead of all 𝐽
modes are considered, 𝑍𝑠𝑡−𝑟 is independent of mode variable.
Then, it is easy to prove𝑝 (𝑋 | 𝑚𝑠, 𝑄)𝑝 (𝑋 | 𝑚𝑡, 𝑄) = 𝑝 (𝑍𝑠𝑡𝑟 | 𝑚𝑠, 𝑄)𝑝 (𝑍𝑠𝑡𝑟 | 𝑚𝑡, 𝑄) . (17)

Therefore, while comparing the likelihoods of the obser-
vation under two modes, the monitor outputs corresponding

to 𝑍𝑠𝑡−𝑟 can be ignored, and only those related to 𝑍𝑠𝑡𝑟 are
needed to be taken into the probability computation. In this
way, given the background information, the dimension of
observation space can be reduced from𝐿 to𝑑𝑠𝑡. Let𝐾𝑠𝑡 denote
the total count of different observations in Z𝑠𝑡. Note that in
the following, 𝑍𝑠𝑡𝑟 is written as 𝑍 for simplicity.

In the 𝑑𝑠𝑡-dimensional subspace Z𝑠𝑡, the likelihood can
also be obtained applying Bayesian inference as follows.

First, consider the likelihood estimation given one obser-
vation. We want to compute𝑝 (𝑍 = 𝑧𝑘 | 𝑚𝑗, 𝐷, 𝑄) ,𝑧𝑘 = (𝑧𝑘 [𝑙1] , . . . , 𝑧𝑘 [𝑙𝑑𝑠𝑡]) ∈ Z𝑠𝑡, 𝑗 = 𝑠, 𝑡. (18)

Assume that the likelihood of all possible values of 𝑑𝑠𝑡-
dimensional observation under mode 𝑚𝑗 is parametrized by
a set of parameters Θ𝑚𝑗 ,𝑝 (𝑧𝑘 | 𝑚𝑗, Θ, 𝑄) = 𝜃𝑘|𝑚𝑗 ,Θ𝑚𝑗 = {𝜃1|𝑚𝑗 , . . . , 𝜃𝐾𝑠𝑡|𝑚𝑗} ,

𝑧𝑘 ∈ Z𝑠𝑡, 𝜃𝑘|𝑚𝑗 > 0, 𝐾𝑠𝑡∑
𝑘=1

𝜃𝑘|𝑚𝑗 = 1, 𝑗 = 𝑠, 𝑡. (19)

Also, the prior probability of these parameters is assumed to
be Dirichlet distributed.

𝑓(Θ𝑚𝑗 | 𝑄) = Γ (∑𝐾𝑠𝑡
𝑘=1

𝛼𝑘|𝑚𝑗)∏𝐾𝑠𝑡
𝑘=1

Γ (𝛼𝑘|𝑚𝑗)
𝐾𝑠𝑡∏
𝑘=1

𝜃𝛼𝑘|𝑚𝑗−1
𝑘|𝑚𝑗

,
𝛼𝑘|𝑚𝑗 > 0, 𝑧𝑘 ∈ Z𝑠𝑡, 𝑗 = 𝑠, 𝑡. (20)

Then, applying Bayesian inference, the likelihood (18) can be
obtained as this expression

𝑝 (𝑍 = 𝑧𝑘 | 𝑚𝑗, 𝐷, 𝑄) = 𝑛𝑘|𝑚𝑗 + 𝛼𝑘|𝑚𝑗𝑁𝑚𝑗 + 𝐴𝑚𝑗 , 𝑗 = 𝑠, 𝑡, (21)

where 𝑁𝑚𝑗 = ∑𝐾𝑠𝑡
𝑘=1

𝑛𝑘|𝑚𝑗 and 𝐴𝑚𝑗 = ∑𝐾𝑠𝑡
𝑘=1

𝛼𝑘|𝑚𝑗 are the count
of hypothetical samples and training samples, respectively.

Now consider we have 𝑟 consecutive observations 𝑧𝑘1 , . . . ,𝑧𝑘𝑟 ∈ Z𝑠𝑡, define 𝜔obs ⊂ Z𝑠𝑡 as the set of distinct values
presenting in the consecutive 𝑑𝑠𝑡-dimensional observations
Z𝐽1:𝑟 = (𝑍𝐽1 , . . . , 𝑍𝐽𝑟), and 𝑁𝑧𝑘 is the total number of obser-
vations in Z𝐽1:𝑟 with value 𝑧𝑘. The sought likelihood can be
obtained as𝑝 (𝑍𝐽1 = 𝑧𝑘1 , . . . , 𝑍𝐽𝑟 = 𝑧𝑘𝑟 | 𝑀𝐽𝑟 = 𝑚𝑗, 𝐷, 𝑄)

= ∏𝑧𝑘∈𝜔obs∏𝑁𝑧𝑘−1𝑚=0 (𝑛𝑘|𝑚𝑗 + 𝛼𝑘|𝑚𝑗 + 𝑚)∏𝑟−1𝑚=0 (𝑁𝑚𝑗 + 𝐴𝑚𝑗 + 𝑚) , 𝑗 = 𝑠, 𝑡. (22)
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Given the prior probabilities for the modes, the posterior
probability can also be computed.𝑝 (𝑚𝑗 | 𝑍𝐽1 = 𝑧𝑘1 , . . . , 𝑍𝐽𝑟 = 𝑧𝑘𝑟 , 𝐷, 𝑄)

= 𝑝 (𝑍𝐽1 = 𝑧𝑘1 , . . . , 𝑍𝐽𝑟 = 𝑧𝑘𝑟 | 𝑀𝐽𝑟 = 𝑚𝑗, 𝐷, 𝑄) 𝑝 (𝑚𝑗 | 𝑄)𝑝 (𝑍𝐽1 = 𝑧𝑘1 , . . . , 𝑍𝐽𝑟 = 𝑧𝑘𝑟 | 𝐷, 𝑄) ,
𝑗 = 𝑠, 𝑡.

(23)

5.3. Consistent Partially Ordered Posteriors. For 𝐽 modes,
there are totally (1/2)𝐽(𝐽 − 1) pairs of modes. As discussed
in the last section, for each pair, the posteriors of each of the
two modes can be obtained. However, the probability space
contains only those two modes, not all the 𝐽 modes; thus,
these pairs of computed posteriors might be inconsistent.

Construct a pairwise comparison matrix C. To simplify
the notation, write the posterior probability of mode𝑚𝑗; that
is, 𝑝(𝑚𝑗 | 𝑍𝐽1 = 𝑧𝑘1 , . . . , 𝑍𝐽𝑟 = 𝑧𝑘𝑟 , 𝐷, 𝑄) as 𝑝𝑗. Let C be the
set of (𝐽 × 𝐽) positive reciprocal matrix

C = (𝑐𝑠𝑡)𝐽×𝐽 = (𝑝𝑠𝑝𝑡)𝐽×𝐽 , (24)

where each entry 𝑐𝑠𝑡 is the ratio of the posteriors of modes𝑚𝑠
and𝑚𝑡. Therefore, the matrix is of the form

C = (((((
(

1 𝑝1𝑝2 ⋅ ⋅ ⋅ 𝑝1𝑝𝐽𝑝2𝑝1 1 ⋅ ⋅ ⋅ 𝑝2𝑝𝐽... d𝑝𝐽𝑝1 𝑝𝐽𝑝2 ⋅ ⋅ ⋅ 1
)))))
)

, (25)

where 𝑐𝑠𝑡 = 1/𝑐𝑡𝑠, 𝑐𝑠𝑠 = 1, 𝑐𝑠𝑡 > 0, 𝑠, 𝑡 ∈ {1, . . . , 𝐽}. This
comparisonmatrix consists of paired reciprocal comparisons
based on (17). By definition (25), C is a positive reciprocal
matrix.

Combining (22) and (23), we have

𝑐𝑠𝑡 = 𝑝𝑠𝑝𝑡
= 𝑝 (𝑍𝐽1 = 𝑧𝑘1 , . . . , 𝑍𝐽𝑟 = 𝑧𝑘𝑟 | 𝑀𝐽𝑟 = 𝑚𝑠, 𝐷, 𝑄) × 𝑝 (𝑚𝑠 | 𝑄)𝑝 (𝑍𝐽1 = 𝑧𝑘1 , . . . , 𝑍𝐽𝑟 = 𝑧𝑘𝑟 | 𝑀𝐽𝑟 = 𝑚𝑡, 𝐷, 𝑄) × 𝑝 (𝑚𝑡 | 𝑄)

(26)

or in an equivalent form

𝑐𝑠𝑡 = ∏𝑧𝑘∈𝜔obs∏𝑁𝑧𝑘−1𝑚=0 (𝑛𝑘|𝑚𝑠 + 𝛼𝑘|𝑚𝑠 + 𝑚)∏𝑧𝑘∈𝜔obs∏𝑁𝑧𝑘−1𝑚=0 (𝑛𝑘|𝑚𝑡 + 𝛼𝑘|𝑚𝑡 + 𝑚)
× ∏𝑟−1𝑚=0 (𝑁𝑚𝑡 + 𝐴𝑚𝑡 + 𝑚)∏𝑟−1𝑚=0 (𝑁𝑚𝑠 + 𝐴𝑚𝑠 + 𝑚) × 𝑝 (𝑚𝑠 | 𝑄)𝑝 (𝑚𝑡 | 𝑄) .

(27)

What are the priorities of the modes with respect to the
posterior probability? Consider the consistency of the matrix

C. C is consistent if 𝑐𝑖𝑗𝑐𝑗𝑘 = 𝑐𝑖𝑘, ∀𝑖, 𝑗, 𝑘. The original matrix
C itself may be inconsistent. In order to determine which
mode has the maximum probability, we need to derive a
consistent partially ordered relationship set of all the modes{𝑚1, . . . , 𝑚𝐽} from the paired comparisons of the posteriors
(maybe inconsistent) given in C.

There is a number of ways to obtain the vector of
priorities.With emphasis on consistency,we suggest adopting
an eigenvalue formulation [32]. Using this formulation, our
problem becomes

Cw = 𝜆maxw, (28)

where 𝜆max is the principal or largest eigenvalue of C. The
principal eigenvector w = (𝑤1, . . . , 𝑤𝐽); 𝑤1 > ⋅ ⋅ ⋅ > 𝑤𝐽 is
the partially ordered vector for all 𝐽 modes with respect to
their posterior probabilities. It is easy to prove that, for any
estimate x,

lim
𝑘→∞

1𝜆𝑘max
C𝑘x = 𝑎w, (29)

where 𝑎 > 0 is a constant and w is principal eigenvector
of C. The formula can be interpreted roughly as follows: “if
we begin with an estimate and operate on it successively
by C/𝜆max to get new estimates, the result converges to a
constant multiple of the principal eigenvector.”

Therefore, the mode corresponding to the largest element𝑤1 is the sought operatingmode based on theMAP principle.
To sum up, following is the algorithm of the proposed

diagnosis method for complex control loops that incorpo-
rates training data and background knowledge of response
information.

(a) Based on process knowledge expressed as RSM, for
each pair of modes𝑚𝑠 and𝑚𝑡, obtain 𝛾𝑠𝑡 according to
(14).

(b) For each pair of modes, in an observation subspace
Z𝑠𝑡 with respect to 𝛾𝑠𝑡, compute the likelihood of each
possible observation 𝑧𝑘 under𝑚𝑠 and𝑚𝑡, respectively,
with (22).

(c) Construct the pairwise comparison matrix C with
(25), (26), or (27).

(d) Compute the eigenvector w using (28), and the mode
corresponding to the largest element 𝑤1 is the sought
operating mode.

6. Evaluation Results for Oil Sand Solids
Handling System Diagnosis

6.1. Diagnostic Settings. We now consider solids handling
system for evaluation. This system is the first stage of the
oil sands process, which is a typical setup used for oil sands
mining operations. The flowchart is presented in Figure 1
that is based on the industrial application [26]. From the
flowchart, the mass of each truckload of the oil sand solid
and the time when it was dumped into the dump hopper
are available in a database. After being crushed, the solid is
transported into the surge pile through the conveyor belt.
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(Controller output)
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Figure 1: Oil sand solid slurry preparing system [26].

Table 2: Modes considered.

Mode Mix box density
model error

WENCO system
instrument bias Weightometer bias Slurry flow meter

bias Density meter bias Water valve stiction𝑚1 — — — — — —𝑚2 ∗ — — — — —𝑚3 — ∗ — — — —𝑚4 — — ∗ — — —𝑚5 — — — ∗ — —𝑚6 — — — — ∗ —𝑚7 — — — — — ∗
A level indicator gives a reading, from 0% to 100%, of the
relative level of the surge pile. A weightometer is on themixer
feed conveyor which feed oil sand from the surge pile to the
slurry mixer. The slurry is prepared in this mixer by adding
water to the oil sand. The amount of water is controlled
by a slurry density controller. The controller output is the
volumetric flow rate of water. A slurry flow meter and a
density meter give the readings of the volumetric flow rate
and the density of the effluent slurry, respectively.

In our simulation, four instruments 𝑌1 (database), 𝑌3
(weightometer), 𝑌4 (slurry flow meter), and 𝑌5 (density
meter) are subject to possible bias. The control valve that
is used to manipulate the water flow may suffer from
stiction, and due to linearization, themodel for slurry density
controller is subject to error.

The system is designed to run under seven modes as
shown in Table 2. The first mode 𝑚1 is the No Fault mode.
Each of the other sixmodes is under a fault of one component.
Mode 𝑚2 represents the density model error due to the
linearization, 𝑚3, 𝑚4, 𝑚5, and 𝑚6 consider bias in each of
the four instruments 𝑌1, 𝑌3, 𝑌4, and 𝑌5, and 𝑚7 considers
stiction of thewater valve. In this table, a “—” denotes that the

corresponding component is fault free and a “∗” represents
that the component has fault. Nine monitors are available
for diagnosis, as shown in Table 3. 200 simulation runs were
performed for each case, aswell as 60 runs used for validation.
As there are totally 9monitors, the generic Bayesian diagnosis
using training data only is a 9-dimensional problem. In other
words, each likelihood probability given each underlying
mode that is needed in the inference is a 9-dimensional joint
probability. It is obvious that the available historical samples
are very far from sufficient to generate accurate likelihood
estimation.

The process knowledge of response information is given
(Table 3). From this table, the corresponding RSM can be
written that represents the implied probability constraints.
According to (14), all 𝛾𝑠𝑡 sets for each value of 𝑠 and 𝑡
(𝑠, 𝑡 ∈ {1, 2, 3, 4, 5, 6, 7}) can be obtained. For instance, 𝛾23 ={2, 4, 5, 6, 7}with a reduced dimension 𝑑𝑠𝑡 = 5.Then, for each
pair of modes, the likelihood of each possible observation
under each mode is computed, respectively, in a subspace
with respect to 𝛾𝑠𝑡. Finally, through the pairwise comparison
matrix C, the underlying operating mode can be determined
using the eigenvalue formulation.
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Table 3: Monitors and a priori response information.

Monitor Description 𝑚1 𝑚2 𝑚3 𝑚4 𝑚5 𝑚6 𝑚7𝜋1 Slurry model validation — 0 0 𝑟 𝑟 0 𝑟𝜋2 Density flow model validation — 𝑟 0 𝑟 0 𝑟 0𝜋3 Slurry density disturbance model validation — 0 0 𝑟 𝑟 𝑟 𝑟𝜋4 Data reconciliation residuals for 𝑌1 — 0 𝑟 𝑟 𝑟 0 0𝜋5 Data reconciliation residuals for 𝑌3 — 0 𝑟 𝑟 𝑟 0 0𝜋6 Data reconciliation residuals for 𝑌4 — 𝑟 0 𝑟 0 𝑟 0𝜋7 Data reconciliation residuals for 𝑌5 — 0 𝑟 𝑟 0 0 0𝜋8 Data reconciliation residuals for the control valve input — 0 0 𝑟 𝑟 𝑟 𝑟𝜋9 Valve stiction monitor — 0 0 0 0 𝑟 0
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Figure 2: The underlying and diagnosed modes for each validating sample. (a) Underlying mode; (b) modes diagnosed using training data
only; (c) modes diagnosed incorporating training data and response information.

6.2. Bayesian Diagnosis Using RSM and Historical Data. In
order to evaluate diagnosis performance, two criteria are
used. One is the false negative rate, which can be obtained
using the simple quotient𝐹𝑁 = 𝑛inc𝑛inc + 𝑛cor , (30)

where 𝑛inc is the number of validating samples that are
incorrectly diagnosed and 𝑛cor is the number of samples
that are correctly diagnosed. The misdiagnosis rate is related
to mode number. In order to exclude the influence of the
mode number, we define a relative misdiagnosis rate (RMR),
and the aforementioned misdiagnosis rate will be referred
to as absolute misdiagnosis rate (AMR). Assume that the
underlying mode of a validating sample is 𝑚𝑗; calculate
posteriors of all 𝐽modes. If there are 𝑡 posteriors that are less
than the posterior of the underlying mode 𝑝(𝑚𝑗 | 𝑒𝑘), the
correct diagnosis number for this sample will be 𝑡/(𝐽 − 1),
and the incorrect diagnosis number be 1−𝑡/(𝐽−1).Then 𝑛cor
and 𝑛inc are obtained by adding up the correct and incorrect

number of all validating samples, respectively. Finally, the
RMR is obtained using the same quotient in (30). By such
definition, when 𝑝(𝑚𝑗 | 𝑥𝑘) is larger than posteriors of all
other modes, it will be counted as one correct diagnosis; also,
when 𝑝(𝑚𝑗 | 𝑥𝑘) is larger than some other posteriors, still a
positive fraction will be added to 𝑛cor.

In order tomimic the background knowledge of response
information, we obtained 10000 samples through 10000 runs
of simulation and established the response information table
based on the distribution of these samples.

The diagnosis performance of the proposed approach is
evaluated in comparison with diagnosis using training data
only.

In Figure 2, the horizontal axis represents the sample
number. The underlying mode of the 1–60, 61–120, 121–180,
181–240, 241–300, 301–360, and 361–420 sample is 𝑚1, 𝑚2,𝑚3, 𝑚4, 𝑚5, 𝑚6, and 𝑚7, respectively. In Figure 2(a), the
true underlying modes for each validating sample are shown,
while in Figures 2(b) and 2(c), the modes diagnosed without
and with incorporating of background knowledge are shown,
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Figure 3: Average AMR and RMR from diagnosis with or without
incorporating background knowledge.

respectively. Green points represent the samples that are
correctly diagnosed, and pink points represent those incor-
rectly diagnosed. Not surprisingly, the proposed diagnosis
approach incorporating background knowledge expressed as
response information results in the better performance, while
without use of the background knowledge, the diagnosis
performs worse in the percentage of mode diagnosed.

The average AMR and the RMR from diagnosis with
or without incorporating response information are shown
in Figure 3. It is clearly observed that when combining
the background knowledge together with the training data,
diagnosis results are much better than when only training
data is incorporated.

7. Conclusions

Theobjective is to isolate the problem source that is degrading
the control performance. In order to reduce dependence on
the amount of data available, our approach is to emphasize
the use of background information and incorporate the
background knowledge of response information into the
diagnosis. The knowledge in general terms of RSM can
be translated to constraints on the underlying probability
distribution. We introduce the constraints in the Bayesian
inference such that the dimensionality of the observation
space is reduced, and thus the diagnosis can be enhanced.
Moreover, for the comparative judgments to be consistent,
the set of posterior probabilities computed from different
observation subspaces is synthesized by using the eigenvalue
formulation on pairwise comparison matrix; therefore, we
can obtain the partially ordered posteriors and then deter-
mine the state of the process under diagnosis.The approach is
applied to a diagnosis problem on an oil sand solids handling

system. The advantage of combining background knowledge
and data is achieved even when the amount of training
data is limited. To sum up, training data and background
knowledge are used for solving different parts of the control
performance diagnosis problems. When both are used, the
optimal diagnosis is achieved.

Appendix

Theorem A.1 (see [31]). Let 𝜀obs and 𝑁𝑥𝑘 be defined as in
Section 4. Let 𝑀𝐽𝑑 and 𝑋𝐽𝑙 , 𝑙 = 1, . . . , 𝑟, be discrete variable,
and let {1, . . . , 𝐾} be the domain of 𝑋𝐽𝑙 . Let 𝐷 denote training
data. Introduce parameters Θ according to (4), and let the
density 𝑓(Θ) be given by (5). Then it holds that𝑝 (𝑋𝐽1 = 𝑥𝑘1 , . . . , 𝑋𝐽𝑟 = 𝑥𝑘𝑟 | 𝑀𝐽𝑟 = 𝑚𝑗, 𝐷, 𝑄)

= ∏𝑥𝑘∈𝜀𝑜𝑏𝑠∏𝑁𝑥𝑘−1𝑚=0 (𝑛𝑘|𝑚𝑗 + 𝛼𝑘|𝑚𝑗 + 𝑚)∏𝑟−1𝑚=0 (𝑁𝑚𝑗 + 𝐴𝑚𝑗 + 𝑚) , (A.1)

where 𝑛𝑘|𝑚𝑗 is the number of samples in training data where the
observation is𝑋𝑗 = 𝑥𝑘 when𝑀𝑗 = 𝑚𝑗,𝑁𝑚𝑗 = ∑𝐾𝑘=1 𝑛𝑘|𝑚𝑗 , and𝐴𝑚𝑗 = ∑𝐾𝑘=1 𝛼𝑘|𝑚𝑗 .
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A novel approach to fault diagnosis for a class of nonlinear uncertain systems with triangular form is proposed in this paper.
It is based on the extended state observer (ESO) of the active disturbance rejection controller and linearization of dynamic
compensation. Firstly, an ESO is designed to jointly estimate the states and the combination of uncertainty, faults, and nonlinear
function of nonlinear uncertain systems. It can derive the estimation of nonlinear function via the state estimations and system
model. Then, linearization of dynamic compensation is employed to linearize the system by offsetting nonlinear function
mandatorily using its estimation. An observer-based residual generator is designed on the basis of the prior linearized model for
fault diagnosis. Moreover, threshold treatment technique is adopted to improve the robustness of fault diagnosis. This method is
utilizable and simple in construction and parameter tuning. And also we show the construction of ESO and give the corresponding
convergence proof succinctly. Finally, a numerical example is presented to illustrate the validity of the proposed fault diagnosis
scheme.

1. Introduction

In the past few decades, fault diagnosis technology has been
advanced by leaps and bounds, and there has been significant
research activity in the design and analysis of fault diagnosis
[1–4]. Furthermore, the method based on analytic models is
one of the most pioneer and in-depth approaches in fault
diagnosis area (see, e.g., [5–14]). Model-based diagnosis can
make great use of the system information and has a high
diagnosis precision for fault location, fault type judgement,
and amplitude estimation of fault. It is mainly applicable
for linear systems, whereas in many practical situations,
nonlinear properties of the control systems cannot be ignored
in dealing with fault diagnosis problem. Therefore, it has
practical significance in research fault diagnosis method for
nonlinear systems based on analytic models [15].

At present, model-based fault diagnosis for nonlinear
systems is generally based upon two kinds of basic theory:
One way is to linearize the original nonlinear system near its
working point using state feedback linearization technique
to obtain the linear model. And the residual is designed
based on unknown input decoupled technique to minimize
the influence of the modeling error which is treated as

unknown input.The other is that nonlinear observer method
or nonlinear parameter estimation method is applied to fault
diagnosis for nonlinear systems directly, without resort to any
linearization. In a word, model-based fault diagnosis can be
defined as the determination of faults of a system from the
comparison of available system measurements with a prior
information represented by the system’s mathematical model
through generation of residual quantities and their analysis
[16]. A back-propagation neural network fault detection
method was employed in [17] to detect the proton exchange
membrane fuel cell (PEMFC) current fault type. According
to the diagnosis results, the reconfiguration mechanism
determined three nonlinear controllers based on feedback
linearization approaches which are, respectively, built to
adjust the voltage and pressure difference in the case of
normal to be selected. The sliding mode observer for the
nonlinear fault diagnosis was designed to observe the whole
nonlinear system and actuator in [18]. Then the faults are
diagnosed according to the residual value changes of two
observers. In [15], the system model was decomposed by(𝐵, 𝐾, 𝜙) and the observer with high sensitivity for faults
and strong robustness for unknown input disturbances was
designed by using the decoupling technology. Reference [19]
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proposed a new approach based on adaptive sliding mode
observer to detect, isolate, and identify faults to deal with
the shortcomings that existing model-based fault diagnosis
methods of aircraft engines require high precision engine
model. Reference [20] established a time-varying failure
model of aeroengine control and designed an adaptive
observer to estimate the state, actuator, and sensor faults of
the system simultaneously. In recent years, various diagnosis
methods based on the knowledge have been proposed,
including neural network method, rough set-based method,
genetic algorithm-basedmethod, expert systemmethod, and
wavelet transform method. But all these methods have well-
defined control limits [21].

The novel method broke through some limitations in
this paper, compared with the above-mentioned methods, as
assumption of measurable system variables and amplitude
and type limitation about faults. It can be concluded from
theoretical analysis and simulation results that the proposed
method is easily used to identify the fault and get its approx-
imate function, which differs from traditional methods. Ref-
erence [22] investigated fault diagnosismethod based on ESO
which estimated several faults directly. References [23, 24]
also estimated fault directly using ESO to get its approximate
function. Without doubt, this method took uncertainty as
part of the fault in uncertain systems, which led to large error
of estimated fault and actual fault. Reference [25] used the
same technique, but here too there was the same issue about
misinformation and inaccurate fault estimation. In short, this
method has poor robustness.

In this paper, system variables are estimated to derive the
estimation of nonlinear function using ESO with high track-
ing accuracy, high estimation precision, and less sensitivity to
model errors and external disturbances. Then, linearization
of dynamic compensation is employed to linearize the system
via estimated value. And the residual system is constructed
based on full-order state observer for the prior linearized
model to get approximate function of fault. Moreover, in
order to strengthen the robustness of fault diagnosis, this
paper adopts threshold value treatment technique. Eventually
the complex fault diagnosis problem of nonlinear system is
simplified as one of linear system to perform the task of fault
diagnosis, and the method is robust.

The rest of this paper is organized as follows. In Section 2,
the problem of nonlinear fault diagnosis is formulated. The
proposed fault diagnosis scheme is presented in Section 3.
In Section 4, the derivation of threshold for robust fault
detection is given. Section 5 describes a simulation example
to illustrate the effectiveness of the robust fault diagno-
sis method. Finally, Section 6 presents some concluding
remarks.

2. Problem Statement

Consider a class of uncertain nonlinear systems described by

�̇� (𝑡) = 𝜓 (𝑥 (𝑡) , 𝜔 (𝑡)) + 𝐵𝑢 (𝑡) + 𝐵𝑓𝑓 (𝑡) ,
𝑦 (𝑡) = 𝐶𝑥 (𝑡) , (1)

where 𝑥(𝑡) ∈ 𝑅𝑛, 𝑢(𝑡) ∈ 𝑅, and 𝑦(𝑡) ∈ 𝑅 are the system state
vector, input vector, and output vector, respectively. 𝑓(𝑡) ∈ 𝑅
is the dynamic process fault of nonlinear system, and𝜔(𝑡) ∈ 𝑅
is the disturbance or uncertainty of the system. 𝜓 : 𝑅𝑛 → 𝑅𝑛
is a real nonlinear vector function and has the form as follows:

𝜓 (𝑥 (𝑡) , 𝜔 (𝑡)) =

[[[[[[[[[[[[[
[

𝜓1 (𝑥1, 𝑥2)...
𝜓𝑖 (𝑥1, . . . , 𝑥𝑖+1)...

𝜓𝑛−1 (𝑥1, . . . , 𝑥𝑛−1) + 𝑥𝑛𝜓𝑛 (𝑥1, . . . , 𝑥𝑛)

]]]]]]]]]]]]]
]

. (2)

𝐵 = [0, 0, 0, . . . , 𝑏]𝑇1×𝑛 is the input matrix. 𝐶 = [1, 0, 0, . . . ,0]1×𝑛 is the output matrix. In addition, 𝐵𝑓 = [0, 0, 0, . . . , 1]𝑇1×𝑛
is the fault coefficient matrix.

There are many practical applications of such systems,
such as Vander Pol oscillator system and robot arm system.
Research on fault diagnosis for such systems has both
theoretical and practical importance. It is shown in [26] that
the coordinate change

𝑥1 = 𝑥1,
�̇�𝑖 = 𝑥𝑖+1, 𝑖 = 1, 2, . . . , 𝑛 − 1,
�̇�𝑛 = 𝜙 (𝑥1, 𝑥2, . . . , 𝑥𝑛, 𝑡) + 𝜔 (𝑡) + 𝑏𝑢 (𝑡) + 𝑓 (𝑡) .

(3)

transforms the system into the triangular form

�̇�𝑖 = 𝑥𝑖+1, 𝑖 = 1, 2, . . . , 𝑛 − 1,
�̇�𝑛 = 𝜙 (𝑥1, 𝑥2, . . . , 𝑥𝑛, 𝑡) + 𝜔 (𝑡) + 𝑏𝑢 (𝑡) + 𝑓 (𝑡) ,
𝑦 = 𝑥1,

(4)

where 𝜙 represents nonlinear function of the transformed
system (4).

2.1. System Variables Estimation. In this paper, we estimate
the system variables by designing ESO with high tracking
accuracy and high estimation precision.

By defining a new system state in system (4) as 𝑥𝑛+1 =𝜙(𝑥1, 𝑥2, . . . , 𝑥𝑛, 𝑡) + 𝜔(𝑡) + 𝑓(𝑡), the augmented system can
be obtained as

�̇�𝑖 = 𝑥𝑖+1, 𝑖 = 1, 2, . . . , 𝑛 − 1,
�̇�𝑛 = 𝑥𝑛+1 + 𝑏𝑢0 (𝑡) ,

�̇�𝑛+1 = ̇𝜙 + �̇� + ̇𝑓 = 𝜑 (𝑥, 𝑡) ,
𝑦 = 𝑥1.

(5)

In order to track the system states 𝑥1, . . . , 𝑥𝑛 efficiently,
in this work it is proposed to extend uncertainty, faults, and
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nonlinear function as a new system state 𝑥𝑛+1 and design an
ESO as follows: 𝑥1 = 𝑧1 (𝑡) − 𝑦 (𝑡) ,

�̇�𝑖 = 𝑧𝑖+1 (𝑡) − 𝛽𝑖𝑔𝑖 (𝑥1) , 𝑖 = 1, 2, . . . , 𝑛 − 1,
...

�̇�𝑛 = 𝑧𝑛+1 (𝑡) − 𝛽𝑛𝑔𝑛 (𝑥1) + 𝑏𝑢 (𝑡) ,
�̇�𝑛+1 = −𝛽𝑛+1𝑔𝑛+1 (𝑥1) ,

(6)

where 𝑧(𝑡) ∈ 𝑅𝑛+1 and 𝑢(𝑡) ∈ 𝑅 are ESO state and input.𝛽𝑖 (𝑖 = 1, . . . , 𝑛 + 1) are observer parameters, and 𝛽1 =1/ℎ, . . . , 𝛽𝑖 = (0.2 + 102−𝑖)/ℎ𝑖 (𝑖 = 2, . . . , 𝑛 + 1). Based on the
experience, the observer parameter can be roughly selected
and adjusted in the light of Fibonacci sequence. ℎ is sampling
period. Also the function 𝑔(𝑥1) can be expressed as

𝑔𝑖 (𝑥1) =
{{{{{{{

𝑥1𝑎 sign (𝑥1) , 𝑥1 > 𝛿
𝑥1𝛿1−𝑎 , 𝑥1 ≤ 𝛿,

(𝑖 = 1, 2, . . . , 𝑛 + 1) ,
(7)

where 𝑎 ∈ (0, 1) and 𝛿 is range length of linear interval which
is of a minor amount.

Let 𝑥𝑖 = 𝑥𝑖 − 𝑧𝑖, 𝑖 = 1, 2, . . . , 𝑛 + 1. From (5) and (6), the
observer estimation error can be shown aṡ̃𝑥1 = 𝑥2 + 𝛽1𝑔1 (𝑥1) ,

...
̇̃𝑥𝑛−1 = 𝑥𝑛 + 𝛽𝑛−1𝑔𝑛−1 (𝑥1) ,
̇̃𝑥𝑛 = 𝑥𝑛+1 + 𝛽𝑛𝑔𝑛 (𝑥1) ,

̇̃𝑥𝑛+1 = 𝜑 (𝑥, 𝑡) + 𝛽𝑛+1𝑔𝑛+1 (𝑥1) .

(8)

Theorem 1. Denoting the Jacobian matrix of system (8) as𝐴1(𝑥), let 𝐹(𝑥) = ̇̃𝑥; that is, 𝐴1(𝑥) = 𝜕𝐹/𝜕𝑥. If there exist two
symmetric positive definite matrices 𝑃1, 𝑄1, such that ∀𝑥 ̸= 0,
the matrix 𝑆(𝑥) = 𝐴𝑇1𝑃1 + 𝑃1𝐴1 + 𝑄1 is negative semidefinite
in some neighborhood Ω of the origin. Then system (8) is
asymptotically stable.

Proof. For the symmetric positive definite matrices 𝑃1,𝑄1, let
us consider a Lyapunov function candidate

𝑉1 (𝑥) = 𝐹𝑇𝑃1𝐹. (9)
Assuming that𝐴1(𝑥) is singular, then one can find a nonzero
vector 𝑦0 such that 𝐴1(𝑥)𝑦0 = 0. Since

𝑦𝑇0 𝑆𝑦0 = 𝑦𝑇0𝐴𝑇1𝑃1𝑦0 + 𝑦𝑇0 𝑃1𝐴1𝑦0 + 𝑦𝑇0𝑄1𝑦0 (10)

the singularity of𝐴1 implies that 𝑦𝑇0𝐴𝑇1𝑃1𝑦0 +𝑦𝑇0 𝑃1𝐴1𝑦0 = 0;
we can get

𝑦𝑇0 𝑆𝑦0 = 𝑦𝑇0𝑄1𝑦0 (11)
which contradicts the assumed negative definiteness of 𝑆.

The invertibility and continuity of 𝐴1 guarantee that the
function 𝐹(𝑥) can be uniquely inverted. This implies that𝐹(𝑥) ̸= 0 for 𝑥 ̸= 0. Given the above result, the function𝑉1(𝑥) = 𝐹𝑇𝑃1𝐹 is positive definite.

The derivative of 𝑉1 can be written

�̇�1 (𝑥) = �̇�𝑇𝑃1𝐹 + 𝐹𝑇𝑃1�̇�. (12)

Using the fact that �̇� = 𝐴1𝐹, we can get

�̇�1 (𝑥) = 𝐹𝑇𝐴𝑇1𝑃1𝐹 + 𝐹𝑇𝑃1𝐴1�̇� = 𝐹𝑇𝑆𝐹 − 𝐹𝑇𝑄1𝐹. (13)

Because 𝑆 is negative semidefinite and 𝑄1 is positive definite,�̇�1 is negative definite. If𝑉1(𝑥) → ∞ as ‖𝑥‖ → ∞, system (8)
is globally asymptotically stable based on Lyapunov theorem.

Note that as long as we select appropriately parameters𝛽1, . . . , 𝛽𝑛+1, ESO can estimate both states 𝑥1(𝑡), . . . , 𝑥𝑛(𝑡) of
system (4) and the extended state 𝑥𝑛+1(𝑡) = 𝜙 + 𝜔 + 𝑓 very
well; that is,

𝑧1 (𝑡) → 𝑥1 (𝑡) , . . . , 𝑧𝑛 (𝑡) → 𝑥𝑛 (𝑡) ,
𝑧𝑛+1 (𝑡) → 𝑥𝑛+1 (𝑡) = 𝜙 (𝑥1, 𝑥2, . . . , 𝑥𝑛, 𝑡) + 𝜔 (𝑡) + 𝑓 (𝑡) . (14)

Also ESO is evolved by the optimal control, and large
quantities engineering experiences from practice show that
ESO is convergent.

2.2. Linearization Process. The estimation of nonlinear func-
tion 𝜙(𝑧1, 𝑧2, . . . , 𝑧𝑛, 𝑡) can be derived and the extended
state estimation 𝑧𝑛+1(𝑡) can be got with 𝑛 system state
estimations and system model. On this basis we substitute
the estimation of nonlinear function for its value and then
select appropriately control variable to achieve linearization
of dynamic compensation. In this work, the control variable
is given by

𝑢 (𝑡) = 𝑢0 − 𝜙𝑏 ; (15)

then nonlinear system (4) is turned into linear integrator
series control system (16); that is,

�̇�𝑖 = 𝑥𝑖+1 (𝑡) , 𝑖 = 1, 2, . . . , 𝑛 − 1,
�̇�𝑛 = 𝑏𝑢0 (𝑡) + 𝜛 (𝑡) + 𝑓 (𝑡) ,
𝑦 = 𝑥1,

(16)

where 𝜛(𝑡) is the sum of not eliminated uncertainty and
estimation errors.

It is easy to know that system state estimations contain
disturbing information to make uncertainty weakened by
linearization of dynamic compensation.

3. Fault Diagnosis

As mentioned above, nonlinear system (4) is turned into
linear integrator series control system (16) by linearization
of dynamic compensation which simplifies fault diagnosis of
nonlinear system into that of linear system, whereafter a full-
order fault detection filter is designed for linearized system,
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achieving convergence of observation error as well as fault
diagnosis based on residual error system. Linear integrator
series control system (16) can be uniformly expressed in state
equations of general forms as, distinctly,

�̇� = 𝐴𝑥 (𝑡) + 𝐵𝑢0 (𝑡) + 𝐵𝜛𝜛 (𝑡) + 𝐵𝑓𝑓 (𝑡) ,
𝑦 = 𝐶𝑥, (17)

with

𝐴 =
[[[[[[
[

0 1 0 ⋅ ⋅ ⋅ 0
0 0 1 ⋅ ⋅ ⋅ 0
... ... ... d 1
0 0 0 ⋅ ⋅ ⋅ 0

]]]]]]
]𝑛×𝑛

,

𝐵 =
[[[[[[
[

0
0
...
𝑏

]]]]]]
]𝑛×1

,

𝐶 = [1 0 ⋅ ⋅ ⋅ 0]
1×𝑛

,

𝐵𝜛 = 𝐵𝑓 =
[[[[[[
[

0
0
...
1

]]]]]]
]𝑛×1

,

(18)

and (𝐴, 𝐶) is an observable pair which is verifiable by

rank[ 𝐶𝐶𝐴...
𝐶𝐴𝑛−1

]
𝑛×𝑛

= 𝑛.
Based on (17), an observer-based residual generator can

be designed as

̇̂𝑥 = 𝐴𝑥 (𝑡) + 𝐵𝑢0 (𝑡) + 𝐿 (𝑦 (𝑡) − 𝑦 (𝑡)) ,
𝑦 = 𝐶𝑥 (𝑡) , (19)

where 𝐿 is the gain matrix which needs to be set.
Defining the state estimation and the residual, 𝑒(𝑡) =𝑥(𝑡) − 𝑥(𝑡) and 𝜀(𝑡) = 𝑦(𝑡) − 𝑦(𝑡), respectively, the dynamics

of the residual generator are governed by

̇𝑒 (𝑡) = (𝐴 − 𝐿𝐶) 𝑒 (𝑡) + 𝐵𝜛𝜛 (𝑡) + 𝐵𝑓𝑓 (𝑡) ,
𝜀 (𝑡) = 𝐶𝑒 (𝑡) . (20)

Denote the sum of fault and error by 𝑓𝜛(𝑡) = 𝑓(𝑡) +𝜛(𝑡). Note that 𝑓𝜛(𝑡) is input of the residual generator, so
the relation between residual 𝜀(𝑡) and input 𝑓𝜛(𝑡) can be
definitely obtained to perform the task of fault diagnosis. In
addition, the design and analysis in this paper are based on
the assumptions as follows:

(A1) The real time action ‖𝜙‖ is bounded.

(A2) 𝑏 is a known constant.
(A3) 𝜛(𝑡) remains bounded before and after the occurrence

of a fault; that is, ‖𝜛(𝑡)‖ ≤ 𝜆𝜛.
With this method, the fault diagnosis problem can be

transformed into the problem of pole placement. Now the
object is to compute the gain 𝐿 to make residual generator
asymptotically stable and fulfill the following performance
indicators:

(A1) Residual generator (20) is asymptotically stable when
no fault occurs.

(A2) For the required property 𝜏 > 0, transfer function𝐺(𝑠) between the sum 𝑓𝜛(𝑡) and residual signal 𝜀(𝑡)
satisfies inequality ‖𝐺(𝑠)‖ > 𝜏 when a fault occurs.

Theorem 2. Consider the dynamics of residual generator (20)
rewritten by

̇𝑒 (𝑡) = (𝐴 − 𝐿𝐶) 𝑒 (𝑡) + 𝐵𝜛𝜛 (𝑡) + 𝐵𝑓𝑓 (𝑡) ,
𝜀 (𝑡) = 𝐶𝑒 (𝑡) ; (21)

under the assumption given above, suppose the expected
eigenvalues of filter (19) are 𝜆∗𝑖 (𝑖 = 1, 2, . . . , 𝑛). If there
exist two symmetric positive definite matrices 𝑃,𝑄 and a state
feedback matrix𝐾 verifying Lyapunov equation (𝐴 − 𝐿𝐶)𝑇𝑃+𝑃(𝐴 − 𝐿𝐶) = −𝑄 and 𝜆𝑖(𝐴 − 𝐶𝑇𝐾) = 𝜆∗𝑖 , respectively,
then residual generator (19) is asymptotically stable, and also
𝐿 = 𝐾𝑇.
Proof. For the symmetric positive definite matrices 𝑃,𝑄, let
us consider a quadratic Lyapunov function candidate

𝑉 (𝑡) = 𝑒𝑇𝑃𝑒. (22)

If there are no fault and uncertainty, that is, 𝑓(𝑡) = 0 and𝜛(𝑡) = 0, we can get �̇�(𝑡) based on (20)

�̇� (𝑡) = ̇𝑒𝑇𝑃𝑒 + 𝑒𝑇𝑃 ̇𝑒
= 𝑒𝑇 (𝐴 − 𝐿𝐶)𝑇 𝑃𝑒 + 𝑒𝑇𝑃 (𝐴 − 𝐿𝐶) 𝑒
= 𝑒𝑇 [(𝐴 − 𝐿𝐶)𝑇 𝑃 + 𝑃 (𝐴 − 𝐿𝐶)] 𝑒 = −𝑒𝑇𝑄𝑒.

(23)

Then we get �̇�(𝑡) < 0. Since 𝑉(𝑡) → ∞ as ‖𝑒(𝑡)‖ → ∞, the
residual generator (19) is globally asymptotically stable based
on Lyapunov theorem.

As previously stated, (𝐴, 𝐶) is an observable pair. Thus,
integrator series control system (16) is completely observable.
And all the eigenvalues of residual generator (19) can be
configured arbitrarily based on pole placement theorem; that
is, there exists a state feedback matrix 𝐾 such that 𝜆𝑖(𝐴 −𝐶𝑇𝐾) = 𝜆∗𝑖 .

Based on duality principle, the observability of (𝐴, 𝐶) is
equivalent to the controllability of (𝐴𝑇, 𝐶𝑇). Computing dual
coefficient matrices 𝐴 = 𝐴𝑇, 𝐵 = 𝐶𝑇, pole assignment
method is employed to calculate state feedback matrix 𝐾
with (𝐴, 𝐵) and the expected eigenvalues 𝜆∗𝑖 (𝑖 = 1, 2, . . . , 𝑛).
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Therefore, the gain matrix is determined according to the
conditions of convergence of the monitor and pole assign-
ment method; that is, 𝐿 = 𝐾𝑇.
Remark 3. Let us denote the eigenvalues of the matrix 𝐴 −𝐶𝑇𝐾 by 𝜆𝑖(𝐴 − 𝐶𝑇𝐾). The equality 𝜆𝑖(𝐴 − 𝐶𝑇𝐾) = 𝜆∗𝑖
means that all the eigenvalues of filter (19) can be configured
arbitrarily.

From the dynamics of the residual generator (20), we can
transfer function 𝐺(𝑠) between the sum 𝑓𝜛(𝑡) and residual
signal 𝜀(𝑡) as follows:

𝐺 (𝑠) = 𝜀 (𝑠)𝐹𝜛 (𝑠) = 𝐶 (𝑠𝐼 − 𝐴 + 𝐿𝐶)−1 𝐵𝑓
= 𝐸𝑛−1𝑠𝑛−1 + 𝐸𝑛−2𝑠𝑛−2 + ⋅ ⋅ ⋅ + 𝐸0𝛼 (𝑠) ,

(24)

where

𝛼 (𝑠) = det (𝑠𝐼 − 𝐴 + 𝐿𝐶) = 𝑠𝑛 + 𝛼𝑛−1𝑠𝑛−1 + ⋅ ⋅ ⋅ + 𝛼1𝑠
+ 𝛼0,

𝐸𝑛−1 = 𝐶𝐵𝑓,
𝐸𝑛−2 = 𝐶𝐴𝐵𝑓 + 𝛼𝑛−1𝐶𝐵𝑓,

...
𝐸1 = 𝐶𝐴𝑛−2𝐵𝑓 + 𝛼𝑛−1𝐶𝐴𝑛−3𝐵𝑓 + ⋅ ⋅ ⋅ + 𝛼2𝐶𝐵𝑓,
𝐸0 = 𝐶𝐴𝑛−1𝐵𝑓 + 𝛼𝑛−1𝐶𝐴𝑛−2𝐵𝑓 + ⋅ ⋅ ⋅ + 𝛼1𝐶𝐵𝑓.

(25)

Then we have

𝐹𝜛 (𝑠) = 𝜀 (𝑠)
𝐶 (𝑠𝐼 − 𝐴 + 𝐿𝐶)−1 𝐵𝑓

= 𝜀 (𝑠) ⋅ 𝛼 (𝑠)𝐸𝑛−1𝑠𝑛−1 + 𝐸𝑛−2𝑠𝑛−2 + ⋅ ⋅ ⋅ + 𝐸0 .
(26)

By applying the inverse Laplace transformation to (26), we
have

𝑓𝜛 (𝑡) = 𝐿−1 [ 𝜀 (𝑠)
𝐶 (𝑠𝐼 − 𝐴 + 𝐿𝐶)−1 𝐵𝑓]

= 𝐿−1 [ 𝜀 (𝑠) ⋅ 𝛼 (𝑠)𝐸𝑛−1𝑠𝑛−1 + 𝐸𝑛−2𝑠𝑛−2 + ⋅ ⋅ ⋅ + 𝐸0 ] .
(27)

The above equation shows the definite relationship
between the sum 𝑓𝜛(𝑡) and residual signal 𝜀(𝑡). Also The-
orem 2 indicates that if there is no fault, filter (19) can
accurately track the state and output of system (17). That
is to say, the residual signal is asymptotically stable at zero.
When a fault occurs, there is a sudden change in the state and
output of system (17), but filter (19) cannot track them timely.
Thus, the residual signal is large at first which can be used

to detect fault. From (27), we can approximately estimate the
fault 𝑓(𝑡) based residual signal 𝜀(𝑡) to identify fault. Now the
comprehensive analysis proves that the proposed scheme is
effective for fault diagnosis of system (1).

In addition, linearization of dynamic compensation
ensures that the uncertainties would not interfere with fault
diagnosis, because the uncertainties are offset by its estima-
tion. References [23, 24] estimated fault directly using ESO
to get its approximate function. Without doubt, this method
took uncertainty as part of the fault in uncertain systems,
which led to large error of estimated fault and actual fault
such that the result of fault diagnosis is inaccurate. Compared
with [23, 24], the method in this paper is complex to some
extent. But the proposed fault diagnosis method based on
linear system is mature and applicable. The most important
thing is that the proposed method is more robust.

4. Threshold Analysis

Robust technique is employed in this paper to enhance the
reliability of fault detection and reduce the false alarm rate.
There are two kinds of robust techniques: the unknown input
decoupled observer technique and the limited threshold tech-
nique. For uncertainties of the system, threshold treatment
technique is adopted to realize robust fault evaluation in
the algorithm. When the residual signal exceeds the defined
threshold, we can identify that there exists fault based on the
mechanism. Otherwise, there is no fault.

Theorem 4. For system (4), ESO (6) is designed to estimate
the states, and also the observer-based residual generator (19) is
designed to diagnose fault. If there is no fault, the residual signal
satisfies the following inequality for the time domain 𝑡 ∈ [𝑡1, 𝑡2]:

‖𝜀 (𝑡)‖ ≤ 𝜆1𝑇𝜆𝜛. (28)

Proof. By defining the state transfer matrixΘ(𝑡), then we can
get

Θ (𝑡, 𝜏) = 𝑒(𝐴−𝐿𝐶)(𝑡−𝜏). (29)

For 𝑡 ∈ [𝑡1, 𝑡2], we have
𝑒 (𝑡) = Θ (𝑡, 𝑡1) 𝑒 (𝑡1) + ∫𝑡

𝑡1

Θ (𝑡, 𝜏) 𝐵𝑓𝑓 (𝜏) 𝑑𝜏
+ ∫𝑡
𝑡1

Θ (𝑡, 𝜏) 𝐵𝜛𝜛 (𝜏) 𝑑𝜏.
(30)

At the initial time 𝑡1, state estimations are the same as true
values; that is, 𝑥(𝑡1) = 𝑥(𝑡1); that is, 𝑒(𝑡1) = 0.

Based on norm theory, we obtain

‖𝑒 (𝑡)‖ ≤ ∫
𝑡

𝑡1

Θ (𝑡, 𝜏) 𝐵𝑓𝑓 (𝜏) 𝑑𝜏


+ ∫
𝑡

𝑡1

Θ (𝑡, 𝜏) 𝐵𝜛𝜛 (𝜏) 𝑑𝜏




6 Journal of Control Science and Engineering

≤ ∫𝑡
𝑡1

Θ (𝑡, 𝜏) 𝐵𝑓𝑓 (𝜏) 𝑑𝜏
+ ∫𝑡
𝑡1

Θ (𝑡, 𝜏) 𝐵𝜛𝜛 (𝜏) 𝑑𝜏.
(31)

By substituting the above inequality into (20), then we have

‖𝜀 (𝑡)‖ = ‖𝐶𝑒 (𝑡)‖
≤ ∫𝑡
𝑡1

𝐶Θ (𝑡, 𝜏) 𝐵𝑓𝑓 (𝜏) 𝑑𝜏
+ ∫𝑡
𝑡1

𝐶Θ (𝑡, 𝜏) 𝐵𝜛𝜛 (𝜏) 𝑑𝜏
= ∫𝑡
𝑡1

𝐶Θ (𝑡, 𝜏) 𝐵𝜛𝜛 (𝜏) 𝑑𝜏 ≤ 𝜆1𝑇𝜆𝜛,

(32)

where 𝑇 is the length of the time domain; that is, 𝑇 = 𝑡2 − 𝑡1.
And

𝜆1 = sup
𝑡,𝜏∈[𝑡1,𝑡2]

𝐶Θ (𝑡, 𝜏) 𝐵𝜛 . (33)

Therefore the threshold Γ can be set as 𝜆1𝑇𝜆𝜛; that is, Γ =𝜆1𝑇𝜆𝜛. Then the fault detection can be performed using the
following mechanism:

‖𝜀 (𝑡)‖ ≤ Γ, there is no fault,
‖𝜀 (𝑡)‖ > Γ, there is a fault. (34)

5. Example and Simulation

Consider the following nonlinear system with a fault:

�̇�1 = 𝑥2 (𝑡) ,
�̇�2 = cos 0.6𝑡 ⋅ 𝑥1 (𝑡) + cos 0.7𝑡 ⋅ 𝑥2 (𝑡)

+ 0.5 sign (sin 𝑡) + 𝑢 (𝑡) + 𝜔 (𝑡) + 𝑓 (𝑡) ,
𝑦 = 𝑥1.

(35)

From (35), we can know that nonlinear function is

𝜙 (𝑥1, 𝑥2, 𝑡) = cos 0.6𝑡 ⋅ 𝑥1 (𝑡) + cos 0.7𝑡 ⋅ 𝑥2 (𝑡)
+ 0.5 sign (sin 𝑡) . (36)

The combination of uncertainty, fault, and nonlinear
function Φ(𝑥1, 𝑥2, 𝑡) = 𝜙(𝑥1, 𝑥2, 𝑡) + 𝜔(𝑡) + 𝑓(𝑡) is tracked
by ESO which can be designed based on system (6). And so
are the states 𝑥1, 𝑥2. According to the estimations of states
and system structure, the estimation of nonlinear function𝜙(𝑥1, 𝑥2, 𝑡) can be obtained.

In the simulation example, 𝜔(𝑡) is white noise with an
energy of 0.01, permissible estimating error 𝛾 = 0.8, time-
domain length𝑇 = 5, and the fault detection threshold Γ = 5.

2 4 6 8 10 12 14 16 18 200
t

2 4 6 8 10 12 14 16 18 200
t

The state estimation error of x1

The state estimation error of x2

−2

−1

0

1

2

 x
2

−0.1

−0.05

0

0.05

0.1

 x
1

Figure 1: State estimation errors for 𝑓1(𝑡).

Theparameters of ESOare adopted as𝑎 = 0.01, 𝛿 = 0.01, 𝛽1 =100, 𝛽2 = 65, 𝛽3 = 80, and step length ℎ = 0.01. And the
faulty signal is nominated as having two types:

𝑓1 (𝑡) = {{{
0, 𝑡 < 0,
3.5 sin 𝑡, 𝑡 ≥ 0,

𝑓2 (𝑡) = {{{
0, 𝑡 < 0,
3.5𝑡, 𝑡 ≥ 0.

(37)

The simulation considers the effect of the two fault signals
separately. When sine function fault 𝑓1(𝑡) occurs, the state
estimation errors are given in Figures 1 and 2 showing the
combination of uncertainty, fault, and nonlinear functionΦ(𝑥1, 𝑥2, 𝑡) = 𝜙(𝑥1, 𝑥2, 𝑡) + 𝜔(𝑡) + 𝑓(𝑡) tracking trajectory
and it can be seen from this figure that a good tracking
performance of the proposed ESO is achieved. Figure 3 shows
the capability of the proposed method to track sine function
fault 𝑓1(𝑡) and diagnose the fault. When ramp function fault𝑓2(𝑡) occurs, the state estimation errors given by ESO are
illustrated in Figure 4, and the tracking effects of ESO on
the combinationΦ(𝑥1, 𝑥2, 𝑡) can be seen in Figure 5. Figure 6
shows the ramp function fault signal 𝑓2(𝑡) and its estimation.
From Figures 1 and 4 and Figures 2 and 5, it is seen that all the
true values are approached by the estimated ones fleetly on
the system states and the combination which is estimated by
the ESO.The existence of band-limitedwhite noise influences
the accuracy of estimation, but the fault estimations can also
track them timely which we can know from Figures 3 and 6.

On the other hand, it can be shown from Figures 1–6
that system states 𝑥1, 𝑥2 themselves have sharply periodic
oscillation and their oscillatory period is 6 s. Although the
oscillation has a great effect on fault diagnosis of the system
and tracking performance, the tracking errors are converged
and the fault estimations are accurate. That is, the variation
of tracking error is caused by the periodic oscillation of states
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Figure 2: CombinationΦ(𝑥1, 𝑥2, 𝑡) estimate and true value for𝑓1(𝑡).
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Figure 3: 𝑓1(𝑡) and its estimation.

𝑥1, 𝑥2. Therefore, the proposed method needs to overcome
the oscillation to track states and faults.The simulation results
illustrate that the tracking of states and faults can be achieved
by the proposed method.

6. Conclusion

In this paper, based on the ESO of the active disturbance
rejection controller and linearization of dynamic compen-
sation, a robust fault diagnosis scheme for a class of non-
linear uncertain systems with triangular form is presented.
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Figure 4: State estimation errors for 𝑓2(𝑡).
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Figure 5: CombinationΦ(𝑥1, 𝑥2, 𝑡) estimate and true value for𝑓2(𝑡).

Compared with other methods, a good advantage is that
the proposed method is more robust. The combination of
uncertainty, fault, and nonlinear function is defined as a new
system state. The ESO has a good tracking performance for
system states and the combination. Then nonlinear system is
linearized with state estimations by linearization of dynamic
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Figure 6: 𝑓2(𝑡) and its estimation.

compensation to realize fault diagnosis. The robustness and
fault detection are enhanced via the appropriately designed
threshold in the diagnostic decision-making stage. A simu-
lation example is used to illustrate the effectiveness of the
proposed method.
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