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In the recent years, several complex systems have been
investigated in nonlinear theory and have had a huge impact
on the scientist researches. Due to the complexity of their
design, analysis, and control, innovative insights had emerged
in this expanding area.

The purpose of this special issue is to draw attention
of the scientific community to recent advances in nonlinear
systems theory and their possible applications. The spe-
cial issue includes several high-quality papers written by
leading and emerging specialists in the field. It proposes
an array of novel complex models belonging to the class
of chaotic/hyperchaotic systems, fractional-order nonlinear
systems, game systems, and smart grid and multiagent sys-
tems. Stability analyses and bifurcation investigations are also
exposed for severalmodels. Advanced control techniques and
novel synchronization approaches are moreover suggested.
We can quote, in that sense, applications not only related to
the technology such as electronics and circuit design, multi-
media, networks, and robotics but also related to biomedical
and market domains.

More than 37 submissions from 21 countries (Alge-
ria, Cameroon, China, Egypt, Ethiopia, Greece, Honduras,
Hong Kong, Iran, Iraq, Lithuania, Mexico, Pakistan, Poland,
Saudi Arabia, Spain, Qatar, Thailand, Tunisia, Turkey, USA,
and Vietnam) have been received. Among the articles

collected, a large number of high-quality papers existed,
which led to 18 published articles with an acceptance rate
of 45% (higher than that of the journal). This contri-
bution reflects the strong interest in the considered sub-
ject.

Among the published papers in the special issue, three
research papers propose novel hyperchaotic/chaotic systems
supported by engineering applications and three other papers
solve innovative chaos synchronization problems. Three
papers propose bifurcation investigations of complex models
related to biomedical applications and another three papers
present bifurcation analysis and control of game models.
Finally, there are twopapers focusing on control ofmultiagent
systems, two papers on control of robotic systems in presence
of uncertainties, and two papers on control of coupled
oscillators by external forcing. A very short description of
the addressed topics, in the order of themes cited below, is
presented as follows.

In “Dynamic Analysis and Circuit Design of a Novel
Hyperchaotic System with Fractional-Order Terms,” by A.
Lassoued and O. Boubaker, a novel hyperchaotic system
with fractional-order polynomials is designed. Its highly
complex dynamics are investigated in terms of equilibrium
points, Lyapunov spectrum, and attractor forms and a related
electronic circuit is designed.
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In “Multimedia Security Application of a Ten-Term
Chaotic System without Equilibrium,” by X. Wang et al., a
new chaotic system without equilibrium is proposed. The
system is realized on an electronic card and applied in
multimedia security, such as image encryption and sound
steganography.

In “A New Nonlinear Chaotic Complex Model and Its
Complex Antilag Synchronization,” by E. E. Mahmoud and
F. S. Abood, a new chaotic Lü model with complex factors is
covered and a novel antilag synchronization approach is also
proposed.

In “Chaos Control in Fractional Order Smart Grid
with Adaptive Sliding Mode Control and Genetically Opti-
mized PID Control and Its FPGA Implementation,” by A.
Karthikeyan and K. Rajagopal, a specific smart grid system
and its nonlinear properties are investigated. The Lyapunov
exponents prove the existence of chaos and bifurcation. A
related fractional order model is then derived and its bifurca-
tion analysis is also investigated. Two different control meth-
ods are finally proposed to suppress the chaotic oscillations.

In “Centralized and Decentralized Data-Sampling Prin-
ciples for Outer-Synchronization of Fractional-Order Neural
Networks,” by J.-E. Zhang, new sufficient criteria for an outer-
synchronization of a fractional-order neural networks are
derived using centralized and decentralized data-sampling
principles.

In “Master-Slave Synchronization of 4D Hyperchaotic
Rabinovich Systems,” by K. Ding et al., some original master-
slave synchronization criteria are derived for 4Dhyperchaotic
Rabinovich systems and then extended for 3D chaotic Rabi-
novich systems.

In “Mixed Stimulus-Induced Mode Selection in Neu-
ral Activity Driven by High and Low Frequency Current
under Electromagnetic Radiation,” by L. Lu et al., a new
Hindmarsh-Rose neuron model with different types of elec-
trical stimulus impended with a high-low frequency current
is proposed and deeply analyzed with regard to the transmis-
sion of several complex signals.

In “Computer Simulation of Noise Effects of the Neigh-
borhood of Stimulus Threshold for a Mathematical Model
of Homeostatic Regulation of Sleep-Wake Cycles,” by W. Jin
et al., noise effects on sleep-wake cycles’ neuronal math-
ematical model determined by the hypocretin/orexin and
the local glutamate interneurons spatiotemporal behaviors
are analyzed. The conductance and the activation variable
of the modulation function are also investigated based on a
circadian input skewed in sine function.

In “Autaptic Modulation of Electrical Activity in a Net-
work of Neuron-Coupled Astrocyte,” by S. Guo et al., a
simple network is developed for the Hodgkin-Huxley neuron
coupled by astrocyte and the autapse and different modes
of electrical activities and oscillating behaviors are deeply
analyzed.

In “Study on Triopoly Dynamic Game Model Based on
Different Demand Forecast Methods in theMarket,” by J. Ma
et al., a new model of Triopoly game considering inaccurate
demand in the market is proposed. Bifurcation dynamics,
route to chaos, and basins of attraction are investigated.
Finally, a feedback control method is suggested.

In “Complexity Dynamic Character Analysis of Retailers
Based on the Share of Stochastic Demand and Service,” by J.
Ma et al., a modified price and demand game model based
on the stochastic demand and the retailer’s service level is
proposed. The bifurcation phenomena as well the chaotic
characteristics are shown. Finally, the chaos control of the
complex model is achieved.

In “Nonlinear Complex Dynamics of Carbon Emission
Reduction Cournot Game with Bounded Rationality,” by
L. Zhao, a novel Cournot duopoly game model of carbon
emission reduction based on the hypothesis of participant’s
bounded rationality is proposed. The dynamic adjustment
mechanism of emission reduction for enterprises is analyzed.
It is shown that the system can demonstrate chaotic phe-
nomenon. Finally, a delay feedback control is designed to
control the system’s complex dynamics.

In “A Novel Clustering Method Based on Quasi-
Consensus Motions of Dynamical Multiagent Systems,” by
N. Cai et al., a novel approach for clustering based on
quasi-consensus of dynamical high-ordermultiagent systems
is suggested and a necessary and sufficient condition for
checking the achievement of group consensus is given.

In “Leader-Follower Fixed-Time Group Consensus Con-
trol of Multiagent Systems under Directed Topology,” by Y.
Shang and Y. Ye, the fixed-time group consensus problem is
investigated for a leader-follower network of integrators with
directed topology. A nonlinear distributed control protocol,
based on local information, is proposed such that the follower
agents in each subgroup are able to track their corresponding
leaders in a prescribed convergence time regardless of the
initial conditions.

In “Design of Robust Supertwisting Algorithm Based
Second-Order Sliding Mode Controller for Nonlinear Sys-
temswith BothMatched andUnmatchedUncertainty,” byM.
Jouini et al., amodified design of the super-twisting controller
for nonlinear systems with matched and unmatched uncer-
tainties is proposed.The main contribution resides in adding
two terms to the classical design which leads to accelerating
the convergence and simultaneously limiting the overshoot
and shortening the settling time of the system response.

In “Tracking Control for Mobile Robots Considering the
Dynamics of AllTheir Subsystems: Experimental Implemen-
tation,” by J. R. Garcıa-Sanchez et al., the trajectory tracking
task in a wheeled mobile robot is solved by proposing a
three-level hierarchical controller that considers the math-
ematical model of the mechanical structure, actuators, and
power stage. Experimental results show the effectiveness and
robustness of the proposed control scheme.

In “Multistability Analysis and Function Projective Syn-
chronization in Relay Coupled Oscillators,” by A. T. Azar
et al., regions of stability are discovered in a general class
of Genesio−Tesi chaotic oscillators for which attractors
and limit cycles are shown and isospike diagrams are also
exposed. Finally, finite-time projective synchronization of
relay coupled oscillators is displayed.

In “Stabilization of a Network of the FitzHugh–Nagumo
Oscillators by Means of a Single Capacitor Based RC Filter
Feedback Technique,” by E. Adomaitienė et al., an original
control approach for unstable FitzHugh–Nagumo oscillators
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is proposed based on analytical, numerical, and also exper-
imental investigations. It is shown that a single capacitor is
sufficient to achieve this task if the oscillators are coupled
strongly enough.
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Regions of stability phases discovered in a general class of Genesio−Tesi chaotic oscillators are proposed. In a relatively large region
of two-parameter space, the system has coexisting point attractors and limit cycles. The variation of two parameters is used to
characterize themultistability by plotting the isospike diagrams for two nonsymmetric initial conditions.The parameters window in
which the jerk system exhibits the unusual and striking feature of multiple attractors (e.g., coexistence of six disconnected periodic
chaotic attractors and three-point attraction) is investigated.The second aspect of this study presents the synchronization of systems
that act as mediators between two dynamical units that, in turn, show function projective synchronization (FPS) with each other.
These are the so-called relay systems. In a wide range of operating parameters; this setup leads to synchronization between the
outer circuits, while the relaying element remains unsynchronized.The results show that the coupled systems can achieve function
projective synchronization in a determined time despite the unpredictability of the scaling function. In the coupling path, the outer
dynamical systems show finite-time synchronization of their outputs, that is, displaying the same dynamics at exactly the same
moment. Further, this effect is rather general and it has a wide range of applications where sustained oscillations should be retained
for proper functioning of the systems.

1. Introduction

Multistability, meaning the coexistence of many different
kinds of attractors, is an intrinsic property of many non-
linear dynamical systems and has become very important
research topic and received much attention recently [1, 2].
Multistability poses a threat for engineering systems because
the system may unpredictably switch into an undesirable
state. Multistability exhibits a rich diversity of stable states
of a nonlinear dynamical system and makes the system
offer a great flexibility. Particularly, when the number of
coexisting attractors generating from a dynamical system
tends to be infinite, the coexistence of many attractors

depending on the initial condition of a certain state variable
is alleged to be extreme multistability [3]. The occurrence
of multiple attractors, which implies multiple stability and
thus hysteretic dynamics, is one of the most important
phenomena encountered in nonlinear dynamical systems.
Such type of behavior has been reported in a wide range of
systems including electronic circuits [4], laser [5], biological
systems [6], Lorenz system [7], Josephson junction [8],
and chemical reactions [9]. Multiple attractor bifurcations
are said to occur when multiple coexisting attractors are
simultaneously created at a bifurcation point [10]. It has
been shown earlier that in some cases border collision
bifurcations may lead to multiple attractor bifurcations [11].
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More recently, Bao and collaborators [12] developed hidden
extreme multistability in memristive hyperchaotic system. In
that paper, they established a novel memristive hyperchaotic
system with no equilibrium based on the newly proposed
circuit realization scheme and investigated the phenomenon
of extreme multistability with hidden oscillation that reveals
the coexistence of infinitely many hidden attractors in the
proposed memristive hyperchaotic system. Kengne et al.
[13] presented the basic dynamical properties of a simple
autonomous jerk system including equilibria and stability,
phase portraits, frequency spectra, bifurcation diagrams, and
Lyapunov exponent plots. It is shown that the onset of chaos
is achieved via the classical period-doubling and symmetry-
restoring crisis scenarios. One of the key contributions
presented in their work was that the jerk system experiences
the striking feature of multiple attractors (e.g., coexistence of
four disconnected periodic and chaotic attractors) [13, 14]. It
is important to note that the results obtained revealed that
there are some unexplored parameters’ regions of this circuit
where four disconnected nonstatic attractors coexist.

The interaction of two nonlinear systems via a third
parameter-matched circuit typically leads to a variety of
significant behaviors, among which the most intriguing is
probably synchronization (known usually as relay synchro-
nization), that is, the coordination of a particular dynamical
property of their motion [15]. The interaction between two
chaotic systems has been deeply studied during the past
decade, focusing on the ability of synchronization even in the
presence of noise or delay. In [16], Wagemakers et al. exam-
ined the robustness of isochronous synchronization in simple
arrays of bidirectionally coupled systems. The results of the
study showed experimentally that the relaying unit does not
need to be identical to the outer systems which are the
ones to be synchronized. Sharma et al. in [17] proposed the
dynamics of nonlinear oscillators indirectly coupled through
a dynamical environment. The results of the study showed
that this form of indirect coupling leads to synchronization
and phase-flip transition in periodic as well as chaotic regime
of oscillators. The phase-flip transition in the case of relay
coupled system was investigated by Sharma et al. in [18]. In
that paper, the authors show that, in the absence of time delay,
relay coupling through conjugate variables has the same effect
as when the interactions involve a time delay. However, this
phase-flip transition does not occur abruptly at a certain crit-
ical value of the coupling parameter. Relay synchronization
(RS) has been used with electronic circuits, as a technique for
transmitting and recovering encrypted messages, which can
be sent bidirectionally and simultaneously [19]. Apart from
its technological applications, RS has also been proposed as a
possible mechanism at the basis of isochronous synchroniza-
tion between distant areas of the brain [20]. Nana andWoafo
proposed a theoretical and experimental synchronization of
three oscillators coupled as emitter-relay-receiver system [21].
They proposed an experimental setup and showed that it is
impossible to achieve a zero synchronization error due to
the tolerances of the electrical components. Somedemonstra-
tions of chaoticmasking of communication as well as selected
secure communication lines were observed. Gutiérrez et al. in
[22] showed that a generalized synchronization (GS) in relay

systems with instantaneous coupling could be obtained. The
authors proved the existence of GS in unidirectional coupled
units (drive system → response system) by checking the
ability of the response system to react identically to different
initial conditions of the same driver system, which can be
quantified by evaluating themutual false nearest neighbors or
by measuring the conditional Lyapunov exponents. Despite
such evidence of RS, there are still open questions of a funda-
mental nature. The main issue is to characterize properly the
relationship established in RS between the dynamics of the
relay system and that of the synchronized systems. From the
previously mentioned references, the literature needs a strict
analysis of the performance of the RS using a scaling function.
Besides, the projective synchronization (PS) has been used
in the research of secure communication because of the
unpredictability of the scaling functionwhichmay be a useful
element [23]. So the development of the function projective
synchronization in relay systems is important challenging
research point. This motivates the present study.

The aim of this work is to make some dynamical analysis
details of complex systems that can exhibit many major fea-
tures of the regular and chaotic motion which allows a better
understanding of its behavior and providing a generic route
of function synchronization in relay coupled jerk oscillators.

The remainder of the paper is organized as follows. In
Section 2, the nonlinear system is presented and the dynam-
ical behaviors of the circuit are identified with the help of a
numerical two-parameter Lyapunov exponent diagram. The
finite-time synchronization issue is formulated in Section 3
in which synchronization and numerical simulations are
presented. Finally, conclusions and remarks are given in
Section 4.

2. The Model and Its Behavior

2.1. Preliminaries. We consider the following chaotic system:

�̇�𝑖 (𝑡) = 𝑎𝑖𝑧𝑖+1 (𝑡) , 𝑖 = 1, 2, . . . , 𝑛 − 1
...

�̇�𝑛 (𝑡) = 𝑓 (𝑧 (𝑡)) ,
(1)

where 𝑧(𝑡) = (𝑧1(𝑡), 𝑧2(𝑡), . . . , 𝑧𝑛(𝑡))𝑇 is the system state
vector, 𝑎𝑖 the constants, and 𝑓(𝑧(𝑡)) the nonlinear smooth
function.Actually, through topological transformation,many
existing chaotic systems, such as Chen systems, Lorenz
systems, Lu systems, can be transformed as in the form
of system (1). More recently, a growing interest is in the
analysis of the LEs on Lyapunov diagrams, where we associate
colors for the largest and the second largest exponent varying
simultaneously two system’s parameters [24, 25]

Remark 1. In real world, the order of chaotic system (1)
usually will not go beyond fourth order. Therefore, the
subscripts is less than or equal to 4 (i.e., 𝑖 ≤ 4).

If we set 𝑖 = 3, the general class of Genesio–Tesi system
is obtained. This system is one of paradigms of chaos since
it captures many features of chaotic systems. It includes a
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Figure 1: Two complementary ways of characterizing the stability of the MO5 circuit in the plan (𝑎, 𝛾): (a) Lyapunov stability diagram,
where the orange shadings mark periodic oscillations and yellow and black denote the chaotic behaviors; (b) isospike diagrams displaying
the number of peaks in one period of 𝑥(𝑡). These two figures are plotted for the initial conditions (0.5, 0, 0). Regularity, multiperiodicity and
“chaos” are represented, respectively, in (b). Each color shows the number of peaks in one period 𝑇 of 𝑥(𝑡).
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Figure 2: In (a) Lyapunov diagram for the (𝑎, 𝛾) plane and in (b) isospike diagram for the same range of parameters as in (a) with the initial
conditions set at (0, 0.5, 0.5). These figures have been plotted with the same rank as the parameters in Figure 1.

simple square part and three simple ordinary differential
equations that depend on three positive real parameters. Let
us consider for this study the simple autonomous jerk system
with multiple attractors presented recently by Kengne et al.
and described by the following dynamics equations [13, 14]:

�̇�1 = 𝑥2,
�̇�2 = 𝑎𝑥3,
�̇�3 = −𝛾𝑥2 − 𝑥3 + 𝑝 (𝑥1) ,

(2)

where 𝑎 and 𝛾 are the positive constants and 𝑝(𝑥1) the
polynomial smooth function. For instance, the system is
chaotic for the parameters 𝑎 = 10, 𝛾 = 0.725, 𝑝(𝑥1) = 𝑥1−𝑥31.
Equation (2) represents a reliable and palpable resource for
generating a wide variety of nonlinear phenomena including
the multiple stability behavior. This system is capable of
displaying many disconnected attractors (for some suitable
sets of parameters) depending solely on the choice of initial

conditions [13].The following section underlines some unex-
plored parameter’s regions of systems proposed in (2) which
shows that many attractors coexist.

2.2. Stability Analysis of the Attractors. This section presents
in two complementary ways (described below) phase dia-
grams characterizing the far-reaching regular organization
induced by the set of stable oscillations of the circuit.
Although obtained using two very distinct algorithms, the
boundaries between chaotic and periodic regions match
perfectly by plotting on a fine parameter grid the largest
nonzero Lyapunov exponent. Such exponents are familiar
indicators that allow one to discriminate chaos (positive
exponents) from periodic oscillations (negative exponents).
Figures 1 and 2 depict the behavior of MO5 oscillator in
the plane (𝑎, 𝛾) for a mesh of 750 × 750 parameters points.
The results are obtained by using the standard fourth-order
Runge-Kutta algorithm with fixed time step ℎ = 5 × 10−3.
Figures 1 and 2 are obtained by adopting the initial values
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as (0.5, 0, 0) and (0, 0.5, 0.5), respectively. As usual the first
5 × 105 integration step disregarded as a transient time is
considered to approach the attractor. The discrimination of
the solutions and the account of the number of peaks within a
period of𝑥(𝑡) are detailed in [25]. Figures 1(a) and 2(a) display
the Lyapunov stability diagram, obtained by plotting in two
dimensions (in the plane (𝑎, 𝛾)) the largest nonzero Lyapunov
exponent for the same parameters. The initial conditions are
adopted as (0.5, 0, 0) and (0, 0.5, 0.5), respectively.The orange
shadingsmark periodic oscillations (negative exponents); the
yellow and black colors denote the chaotic behaviors (positive
exponent). It is worth noting that the diagrams plotted for the
same values of parameters and the different initial conditions
should be identical in the case where the circuit depicts
no multistability fashion. This aspect is not observed in
these two figures. The Lyapunov exponent points out this
difference. This method is limited because it can only bring
out the regions of coexistence between chaos and regularity,
when plotting the isospike diagrams to complete the analysis.
Figures 1(b) and 1(c) display the isospike diagrams in the
plane (𝑎, 𝛾) for the same values of the parameters for the
following initial conditions fixed as (0.5, 0, 0) and (0, 0.5, 0.5),
respectively. We use a palette of 17 colors to represent the
number of spikes contained in one period of the oscillate
state 𝑥(𝑡) as indicated by the color dots.Within the parameter
range chosen, we obtain 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13,
14, 15, 16, and 17 spikes in a single period 𝑇 of 𝑥(𝑡). The
black color denotes the chaotic behavior. These two figures
are used to study the 2D multistability in MO5 oscillators.
They consistency shows all coexistences between the regular
and nonregular oscillations.

2.3. Occurrence of Multiple Attractors. Most systems have
only one attractor or one single type of attractor. Others may
have two different types of coexisting attractors, most likely
strange attractors and periodic cycles. It is interesting and
striking to see that the simple system reported here has all
three different common types of attractors coexisting side
by side. Figure 2(a) presents the two-parameter Lyapunov
exponent diagrams in the plane for the following initial
conditions (0, 0, 0.5).The isospike is presented in Figure 2(b).
The same features observed in Figure 1(b) are also observed
with additional remarks. For instance, in Figure 1(b) we
observe two black bands indicating the chaotic domains.
One of these bands corresponds to the high values of 𝛾
which borders two distinct periodic structures; the structure
of period-3 and period-6 and decreases gradually when the
parameter 𝑎 is monitored, whereas in Figure 2(b) the same
band for the different conditions is encircled by two distinct
periodic structures, namely, period-3 and period-6 in the
three regions; the band here remains solid in its evolution
showing the stability of the chaotic attractors. The difference
between Figures 1(b) and 2(b) is a fundamental concept
resulting from the multistability of attractors. In this work,
we presented the multistability zones for the same ranges of
variation of the plane (𝑎, 𝛾).

Previous work [13] reports in some way a detailed
dynamical analysis of the system proposed in this work
and discovered that the system is capable of displaying four

Table 1: Coexistence of multiple solutions for suitable values of
parameters (𝑎, 𝛾).

𝑎 𝛾 Initial
conditions

Symmetric coexistence of two
attractors

17.63 0.6714 (±0.5, 0, 0) 𝑃𝑒𝑟𝑖𝑜𝑑-6 Figure 6(a1)
(0, ±0.5, ±0.5) 𝑃𝑒𝑟𝑖𝑜𝑑-4 Figure 6(a2)

18.16 0.7206 (±0.5, 0, 0) 𝑃𝑒𝑟𝑖𝑜𝑑-5 Figure 6(b1)
(0, ±0.5, ±0.5) 𝑃𝑒𝑟𝑖𝑜𝑑-3 Figure 6(b2)

18.22 0.6816 (±0.5, 0, 0) 𝑃𝑒𝑟𝑖𝑜𝑑-3 Figure 6(c1)
(0, ±0.5, ±0.5) 𝑃𝑒𝑟𝑖𝑜𝑑-6 Figure 6(c2)

17.37 0.7401 (±0.5, 0, 0) 𝐶ℎ𝑎𝑜𝑠 Figure 6(d1)
(0, ±0.5, ±0.5) 𝑃𝑒𝑟𝑖𝑜𝑑-6 Figure 6(d2)

18.03 0.7191 (±0.5, 0, 0) 𝐶ℎ𝑎𝑜𝑠 Figure 6(e1)
(0, ±0.5, ±0.5) 𝑃𝑒𝑟𝑖𝑜𝑑-3 Figure 6(e2)

disconnected attractors (for some suitable sets of parameters)
depending solely on the choice of initial conditions and six
disconnected ones using the perturbations method [13–15].
There is a relatively large parameters space of coexisting
attractors located on the top of Figure 2(a) where a symmetric
pair of point attractors coexists with other attractors. Our
analysis shows an additional feature of the coexistence of
multiple attractors involving a pair of asymmetric chaotic
attractors with a pair of asymmetric periodic ones. Six
disconnected attractors with three coexisting equilibrium
points attractors are presented instead of four reported
in [13] previously mentioned. The three coexisting points
obtained, respectively, with the following initial conditions
(−1, 0, 0) (0, 0, 0) (1, 0, 0) are an interesting feature of this
circuit. We recall that Sprott reported two coexisting equi-
libriums for a dynamical system with four quadratic nonlin-
earities to display a butterfly strange attractor. As shown in
Figures 3 and 4, the main coexisting regime is a symmetric
pair of point attractors coexisting with a symmetric periodic
cycle. However, there are several other coexisting regimes as
shown in Table 1. Out of well-known dynamics of the chaotic
systems encountered in the literature, we present another
interesting feature at period-12, two symmetric attractors,
conjugated in the phase plan with a nonsymmetric initial
condition. Figure 5 displays these dynamics.

The basins of attraction of the different attracting sets
provide more information about the coexisting attractors,
which are defined as the set of initial conditions whose
trajectories converge to the respective attractor. For the
following values of the parameters 𝑎 = 17.37 and 𝛾 = 0.7401
where a symmetric pair of point attractors coexists with a
symmetric pair of limit cycles in Figure 4(d), the basins in
the 𝑥2 = 0 (the second coordinate of system (1)) plane are
shown in Figure 7. The basins of the two point attractors are
indicated by yellow, red, and black, respectively, for the pair
of period-3 and period-6 and the pair of chaos. The blue
part represents the unbounded solution. The basins have the
expected symmetry about the 𝑦-axis and a fractal boundary.
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Figure 3: Isospike diagram in the (𝑎, 𝛾) panel, the red color codifies the zones with initial conditions (0.5, 0, 0) and the blue color codifies the
zones corresponding to initial conditions (0, 0.5, 0.5): (a) 3 peaks in one period of 𝑥(𝑡); (b) 5 peaks in one period of; (c) 6 peaks in one period
of. The region where the black color is visible is the region of 2D multistability.

3. Function Projective Synchronization in
Relay Coupled Oscillators

3.1. Problem Formulation. Now, let us present a theory of the
function projective synchronization in relay coupled systems.
Our scheme is given as follows: The outer systems noted 𝑋
and 𝑌 are the systems to synchronize while the relay unit is
noted by (𝑅). From this consideration, the outer systems are
described as follows:

�̇�1 (𝑡) = 𝑎1𝑧2 (𝑡) − 𝜉 (𝑧1 (𝑡) , 𝜌1 (𝑡) , 𝑚 (𝑡)) ,
�̇�𝑖 (𝑡) = 𝑎𝑖𝑧𝑖+1 (𝑡) , 𝑖 = 2, . . . , 𝑛 − 1

...
�̇�𝑛 (𝑡) = 𝑓 (𝑧 (𝑡)) ,

(3)

where 𝑧(𝑡) represents 𝑋(𝑡) = (𝑥1(𝑡), 𝑥2(𝑡), . . . , 𝑥𝑛(𝑡))𝑇 or
𝑌(𝑡) = (𝑦1(𝑡), 𝑦2(𝑡), . . . , 𝑦𝑛(𝑡))𝑇. 𝜉(𝑧1(𝑡), 𝜌1(𝑡), 𝑚(𝑡)) is the
coupling strength function.

The relay system can take the following form:
̇𝜌𝑖 (𝑡) = 𝑎𝑖𝜌𝑖+1 (𝑡) + 𝑢 (𝑡) , 𝑖 = 1, 2, . . . , 𝑛 − 1,
̇𝜌𝑛 (𝑡) = 𝑓 (𝜌 (𝑡)) + 𝑢𝑛 (𝑡) ,

(4)

where 𝑢(𝑡) = [𝑢1(𝑡), 𝑢2(𝑡), . . . , 𝑢𝑛(𝑡)]𝑇 is the controller to be
determined.

Definition 2. If there exists a scaling function𝑚(𝑡) satisfying
lim
𝑡→𝑡0

‖𝑒 (𝑡, 𝑚 (𝑡))‖ = 0 ∀𝑒 (𝑡0, 𝑚 (𝑡0)) ∈ 𝑅𝑛 (5)

then systems (3) and (4) achieve projective synchronization.

Remark 3. Chaos synchronization schemes such as complete
synchronization and antisynchronization are special cases of
function projective synchronization when 𝑚(𝑡) = 1 and
𝑚(𝑡) = −1, respectively.

Taking into account the synchronization between two
chaotic systems, take the drive relay as follows:

̇𝜌1 = 𝑎1𝜌2 + 𝑢1,
̇𝜌2 = 𝑎2𝜌3 + 𝑢2

...
̇𝜌𝑛 = 𝛾2𝜌2 + 𝛾3𝜌3 + ⋅ ⋅ ⋅ + 𝛾𝑛𝜌𝑛 + 𝑝 (𝜌1) + 𝑢𝑛.

(6)

Let us define the synchronization errors between our systems
as follows:

𝑒1 = 𝑥1 + 𝑦1 − 2𝑚 (𝑡) 𝜌1,
𝑒2 = 𝑥2 + 𝑦2 − 2𝜌2

...
𝑒𝑛 = 𝑥𝑛 + 𝑦𝑛 − 2𝜌𝑛.

(7)
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Figure 4: Phase portrait of coexisting attractors in the x-y plane: 𝑎 = 17.37, 𝛾 = 0.7401, with the following initial conditions: (a) (±1, 0, ±0.01);
(b) (±0.4, 0, ∓0.6); (c) (±0.58, 0, ∓0.6); (d) (1, 0, 0) for black attraction point, (0, 0, 0) for magenta attraction point, and (−1, 0, 0) for red
attraction point (red and black with symmetric initial conditions).
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Figure 5: (a) Period-12 for 𝑎 = 17.7 and 𝛾 = 0.6678 with initial conditions (0.5, 0, 0). (b) Period-12 for 𝑎 = 17.7 and 𝛾 = 0.6678 with initial
conditions (0, 0.5, 0.5).
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Figure 6: Coexistence of four different attractors (a pair of period-3, period-5, and period-6 and a pair of chaotic attractors) for (a), (b), (c),
(d), and (e), respectively, represented in Table 1. Notice that attractors are symmetric in pairs.

Considering (7), the dynamics of the errors become
̇𝑒1 = �̇�1 + ̇𝑦1 − 2𝑚 (𝑡) ̇𝜌1 − 2�̇� (𝑡) 𝜌1,

̇𝑒2 = �̇�2 + ̇𝑦2 − 2 ̇𝜌2
...

̇𝑒𝑛 = �̇�𝑛 + ̇𝑦𝑛 − 2 ̇𝜌𝑛.

(8)

From these equations, we obtain the following error dynam-
ics:

̇𝑒1 = −𝑘𝑒1 + 𝑎1 (𝑥2 + 𝑦2) − 2𝑎1𝑚(𝑡) 𝜌2 − 2�̇� (𝑡) 𝜌1
− 2𝑚 (𝑡) 𝑢1,

̇𝑒2 = 𝑎2𝑒3 + 2𝑢2
...
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Figure 7: Cross-section for 𝑥2 = 0 of the basins of the symmetric
pair period-3 cycle (yellow), pair of period-6 (red), and the pair of
chaotic attractors (black) of system (2) at 𝑎 = 17.37 and 𝛾 = 0.7401.
Blue zones correspond to unbounded solutions (color figure online).

̇𝑒𝑛 = 𝛾2𝑒2 + 𝛾3𝑒3 + ⋅ ⋅ ⋅ + 𝛾𝑛𝑒𝑛 + 𝑓 (𝑒1, 𝑥1, 𝜌1, 𝑦1, 𝑚 (𝑡))
+ 2𝑢𝑛,

(9)

where 𝑓(𝑒1, 𝑥1, 𝑦1, 𝜌1, 𝑚(𝑡)) = 𝑝(𝑥1) + 𝑝(𝑦1) − 2𝑝(𝜌1).
Let us choose the controllers in the following form:

𝑢1 = 1
2𝑚 (𝑡) (𝑎1 (𝑥2 + 𝑦2) − 2𝑎1𝑚(𝑡) 𝜌2 − 2�̇� (𝑡) 𝜌1

+ 𝜉 𝑒1𝛾0 sign (𝑒1)) ,
(10a)

𝑢𝑛 = −12 (𝑓 (0, 𝑥1, 𝜌1, 𝑦1, 𝑚 (𝑡))) , (10b)

𝑢2 = 0
...

𝑢(𝑛−1) = 0.
(10c)

Theorem 4. For the given scaling function matrix 𝑚(𝑡), the
projective function synchronization in relay coupled oscillators
between outer𝑋 and outer𝑌will occur under the relay (6) and
the control law (10a), (10b), and (10c).

Proof. In order to prove the stability of the scheme, let us
divide the errors dynamics (9) into two subsystems.

Subsystem 1

̇𝑒1 = −𝑘𝑒1 + 𝑎1 (𝑥2 + 𝑦2) − 2𝑎1𝑚(𝑡) 𝜌2 − 2�̇� (𝑡) 𝜌1
− 2𝑚 (𝑡) 𝑢1.

(11)

Subsystem 2

̇𝑒2 = 𝑎2𝑒3 + 2𝑢2
...

̇𝑒𝑛 = 𝛾2𝑒2 + 𝛾3𝑒3 + ⋅ ⋅ ⋅ + 𝛾𝑛𝑒𝑛 + 𝑓 (𝑒1, 𝑥1, 𝜌1, 𝑦1, 𝑚 (𝑡))
+ 2𝑢𝑛.

(12)

The criterion based on asymptotic stability which states that
“if the subsystem (11) is stable under the controller (10a), then
the overall stability of the scheme is guaranteed under the
controller (10b) and (10c)” was developed as necessary and
sufficient condition for the synchronization of the periodic
and chaotic systems [25]. On the basis of this criterion, let us
seek a suitable Lyapunov function to establish the asymptotic
stability of subsystems (11) and (12).

The errors of the scheme become
̇𝑒2 = 𝑎2𝑒3

...
̇𝑒𝑛 = 𝛾2𝑒2 + 𝛾3𝑒3 + ⋅ ⋅ ⋅ + 𝛾𝑛𝑒𝑛 + 𝑓 (𝑒1, 𝑥1, 𝜌1, 𝑦1, 𝑚 (𝑡))
− 𝑓 (0, 𝑥1, 𝜌1, 𝑦1, 𝑚 (𝑡)) .

(13)

Construct the dynamical Lyapunov function as follows:

𝑉 = 1
2
𝑛

∑
𝑖=2

𝑒2𝑖 . (14)

Then the time derivative of Lyapunov function 𝑉along the
trajectory of error system (13) is

𝑑𝑉
𝑑𝑡 = ̇𝑒2𝑒2 + ⋅ ⋅ ⋅ + ̇𝑒𝑛𝑒𝑛 = 𝛼𝑖

𝑛

∑
𝑖=2

𝑒𝑖𝑒𝑖+1 + 𝛾𝑛𝑒2𝑛

+ [𝑓 (𝑒1, 𝑥1, 𝜌1, 𝑦1, 𝑚 (𝑡)) − 𝑓 (0, 𝑥1, 𝜌1, 𝑦1, 𝑚 (𝑡))]
⋅ 𝑒𝑛,

(15)

where 𝛼𝑖 is a constant depending on the system parameters.
Since subsystem (11) is stable and 𝑒1(𝑡) → 0 then expression
(15) becomes

𝑑𝑉
𝑑𝑡 =

𝑛

∑
𝑖=2

𝛼𝑖𝑒𝑖𝑒𝑖+1 + 𝛾𝑛𝑒2𝑛 ≤ 𝑟2
𝑛

∑
𝑖=2

𝛼𝑖 + 𝛾𝑛𝑟2. (16)

The stability is guaranteed if expression (16) is negative. This
is possible if 𝛾𝑛 = −∑𝑛𝑖=2 𝛼𝑖 which is consistent with a general
class of jerk system [26, 27]. The proof is complete.

Definition 5. Consider outer 1 and outer 2 described by
systems (4) and (5), respectively. If there exists a constant
𝑡𝑟 = 𝑡𝑟(𝑒(0)) > 0, such that

lim
𝑡→𝑡𝑟

‖𝑒 (𝑡)‖ = 0 (17)

and ‖𝑒(𝑡)‖ ≡ 0when 𝑡 ≥ 𝑡𝑟, then the chaos synchronization in
relay coupled systems (3) and (4) is achieved in a finite time.
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Theorem 6. For any nonzero scaling function 𝑚(𝑡), the outer
system (3) can synchronize the outer system (4) with relay (6)
in a finite time given by

𝑡𝑟 = 1
(1 − 𝛾0)min (𝑘, 𝜉) ln (1 +

𝑒1 (0)1−𝛾0) . (18)

Proof. Let us choose as a Lyapunov function candidate

𝑈 = 𝑒1 . (19)

The time derivative of 𝑈 along the trajectories of the closed-
loop system (8) is given by

𝑑𝑈
𝑑𝑡 = ̇𝑒1sign (𝑒1)

= [−𝑘𝑒1 − 𝜉 𝑒1𝛾0 sign (𝑒1)] sign (𝑒1)
= −𝑘 𝑒1 − 𝜉 𝑒1𝛾0 .

(20)

Now, let 𝜂 = min(𝑘, 𝜉), then we obtain

𝑑𝑈
𝑑𝑡 = −𝜂 [𝑒1 + 𝑒1𝛾0] ≤ −𝜂 [𝑈 + 𝑈𝛾0] . (21)

From (21), we can obtain

𝑡𝑟 − 𝑡0 ≤ −1𝜂 ∫
𝑡𝑟

𝑡0

𝑈−𝛾0
(1 + 𝑈1−𝛾0)𝑑𝑈. (22)

If we suppose that 𝑡0 = 0 and 𝑈(𝑡𝑟) = 0 since the
synchronization is completed, hence

𝑡𝑟 ≤ 1
𝜂 (1 − 𝛾0) ln (1 + 𝑈1−𝛾0 (𝑡0)) . (23)

In addition 𝑈(𝑡0) = |𝑒1(0)|; hence

𝑡𝑟 ≤ 1
𝜂 (1 − 𝛾0) ln (1 +

𝑒1 (0)1−𝛾0) . (24)

This proof is complete.

Remark 7. The control objective is stated in the mathematical
form in (10a), (10b), and (10c). One advantage of this type of
controller is that it can be easily constructed through time
varying resistors, capacitors, or operational amplifiers and
their combinations or using a digital signal processor together
with the appropriate converters. The proposed work uses a
reduced number of control signals and parameters.

3.2. Numerical Results. In this section, a numerical example
and its simulations are presented to demonstrate the effec-
tiveness of the proposed scheme. To illustrate our method,
we choose the same circuit where the dynamical analysis is

[k, m(t)][k, m(t)]

u(t)

X R Y

Figure 8: Schematic representation of the relaymechanism.Oscilla-
tors𝑋 and𝑌 are coupled bidirectionally to oscillator𝑅with coupling
strength k.

described previously in this work. The dynamic equations of
outers is as follows, respectively, for𝑋(𝑡) and 𝑌(𝑡):

(𝑋) �̇�1 = 𝑥2 − 𝑘 (𝑥1 − 𝑚 (𝑡) 𝜌1) ,
�̇�2 = 𝑎𝑥3,
�̇�3 = −𝑏𝑥2 − 𝑥3 + 𝑝 (𝑥1) ,

(𝑌) ̇𝑦1 = 𝑦2 − 𝑘 (𝑦1 − 𝑚 (𝑡) 𝜌1) ,
̇𝑦2 = 𝑎𝑦3,
̇𝑦3 = −𝑏𝑦2 − 𝑦3 + 𝑝 (𝑦1) ,

(25)

where 𝑎 and 𝑏 are the positive constants and 𝑝(∙1) is the
polynomial smooth function.

For instance, the system is chaotic for the parameters
𝑎 = 10, 𝛾 = 0.725, 𝑝(𝜃1) = 𝜃1 − 𝜃31 for any variable 𝜃1.𝑚(𝑡) is the scaling function and 𝑘 is the coupling strength.
The impact of 𝑘 and 𝑚(𝑡) on the dynamical behaviors of the
entire coupled systems will be investigated later. We set the
following parameters: 𝑎 = 18.1 and 𝛾 = 0.625. From (10a),
(10b), and (10c) the controllers take the form

𝑢1 = 1
2𝑚 (𝑡) ((𝑥2 + 𝑦2) − 2𝑚 (𝑡) 𝜌2 − 2�̇� (𝑡) 𝜌1

+ 𝜉 𝑒1𝛾 sign (𝑒1)) ,
(26a)

𝑢2 = 1
2 (2 (𝑚 (𝑡) − 1) 𝜌1 + (2 − 8𝑚3 (𝑡)) 𝜌31

+ 6𝑚 (𝑡) 𝑥1𝑦1𝜌1) .
(26b)

Let us consider the following parameters: 𝜉 = 0.01, 𝑘 = 2
and 𝜂 = 0.01. The scaling function 𝑚(𝑡) is expressed as
𝑚(𝑡) = 𝑒0 + 0.1 sin(𝜋𝜙𝑡) with 𝑒0 and 𝜙 the positive constants.
Results of our “relay” synchronization in a system of three
circadian oscillators are shown in Figure 8. The repressors
from the three subsystems are labeled 𝑋, 𝑅, and 𝑌, respec-
tively. Although each of the oscillators is identical, the initial
conditions of the three circuits are different. Whatever the
situation of the systems, Wagemakers et al. showed that
outer systems can synchronize even if the relay unit has
different architecture [16]. There is phase synchrony between
the repressor output from oscillators 𝑋 and 𝑌. If we set the
following values of 𝑒0 and 𝜙 to 0.75 and 0.7, respectively, the
attractors of different systems are provided in Figure 9. The
diagrams in blue and black represent the outer 1 and outer 2,
respectively. The similarity of these graphs is complete. The
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Outer2
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Figure 9: Chaotic behavior for 𝑒0 = 0.75 𝜙 = 0.7 (blue and black
attractors correspond to outer 1 and outer 2, and the third in red
represents the relay).
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Figure 10: Cluster synchronization.

diagram in red displays the relay.The chaotic structure of the
relay system renders its manipulation bulky and difficult for
an attacker in the practical situations.

One of the major collective coherent behaviors in ensem-
bles of identical and nonidentical chaotic elements is global
and cluster synchronization. For complete synchronization
we focus on the existence and stability of unique uncondi-
tional clusters whose rise does not depend on the origin of the
outers. The cluster synchronization is established in relation
with the difference between the relay and the outers. Figure 10
presents the diagrams showing the cluster synchronization.
Figure 11 displays the global errors of the system given by (7).
It is important to observe that the stabilization of the one state
leads to other states of the scheme which is consistent with
our theory analysis. The errors of synchronization between
the outers are provided in Figure 12. From these graphs, we
remark that the relay circuit allows finite synchronization and
in a short time.

Remark 8. A typical assumption made by most chaotic
cryptosystems’ designers is that the system’s parameters play
the role of the keywhich is not seen as efficient inmany secure
schemes. In this paper we assume that 𝑚(𝑡) plays the role of

x1(t) + y1(t) − 2m(t)1(t)

x2(t) + y2(t) − 22(t)

x3(t) + y3(t) − 23(t)

2 4 6 80 12 14 16 18 2010

t

−1

−0.5

0

0.5

1

1.5

Figure 11: The global errors state of synchronization.

50 15 20 2510

t

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

0.8

1

1.2

1.4

x1 − y1

x2 − y2
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Figure 12: Synchronization errors between the outers.
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0.4
0.5
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0.8
0.9

Figure 13: Original function (red); retrieved function (blue) for 𝑎 =
18.1 and 𝛾 = 0.625.

the key. From (7) we can derive 𝑒1(𝑡) = 𝑥1+𝑦1−2𝑚(𝑡)𝜌1 → 0
as 𝑡 → 𝑡𝑟; that is, (𝑥1 + 𝑦1)/2𝜌1 can recover the message
signal 𝑚(𝑡). Figure 13 depicts the function𝑚(𝑡). The original
is plotted in red and the same function is recovered after a
short transient behavior.
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Figure 14: Bifurcation diagram with 𝑘 ∈ [0; 5].
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Figure 15: Bifurcation diagram 𝑒𝑜 ∈ [0.5, 0.8].

3.3. Scaling Function and “Relay” Synchronization. The
scheme described above depicts many interesting features. It
is possible to analyze a number of situations that are likely to
arise when the parameters of the scaling function are moni-
tored. For instance, when chaos synchronization is applied in
engineering applications such as in secure communications,
the chaos-based synchronization scheme is rather sensitive
to attacks. It is necessary to analyze the interactions of the
scaling function parameters which is naturally considered as
a key and the coupling strength k vis-à-vis of the scheme. For
small values of the coupling parameter k, the chaotic regime is
asynchronous; that is, 𝑋 ̸= 𝑌. Transition from asynchronous
to synchronous generation occurs through the intermittency
of “bubbling” type [28, 29]. Figure 14 shows that the variation
of the control parameters allows different behaviors which
are periodic or chaotic behavior. One can see that with
the increase in 𝑘, we move towards the region of periodic
synchronous generation. In this context, the optimal value
of the coupling which allows the synchronization between
the outers is about 1.45. If we vary the values of 𝑒0 and 𝜙
between the intervals [0.5 0.7] and [0, 5], respectively, the
bifurcation diagrams given on Figures 15 and 16 show a
consistent expectation of the function projective synchro-
nization working [30]. One can see that initially the systems
are asynchronous. After a while, the symmetry breaking
bifurcation occurs when 𝑒0 = 𝑒opt. With an increase in 𝑒0

0
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4.5
×10−8
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x
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Figure 16: Bifurcation diagrams with 𝜙 ∈ [0, 5].

self-modulation and transition to chaos take place.The errors
system remains practically weak when the constant 𝜙 varies.
Note that the knowledge of a set of parameters (𝑘, 𝑒opt, 𝜙) for
unauthorized agent remains a hard test. Their determination
is a requirement to detect the synchronization zone which is
an excellent agreement with our theoretical predictions.

4. Conclusions and Remarks

In this unexplored regime of the jerk system, new regions
of multistability have been found. The complex dynamics of
chaoticmotions are reported bymeans of Lyapunov exponent
spectrum. By varying the initial conditions, we are also able
to detect six coexisting stable attractors and three equilibrium
points attractors instead of four encountered in the literature.
And on the other hand, we have demonstrated that relay
synchronization can be associated with function projective
synchronization between the relay unit and the synchronized
systems.Themediating role of FPS implies the existence of an
invertible function that links the dynamics of the relay system
with those of the systems to be synchronized. The key role of
FPS is demonstrated by analyzing the bifurcation diagram of
the whole systemwith respect to the parameters of the scaling
function 𝑚(𝑡). Therefore, our results link the emergence of
relay synchronization in instantaneously coupled chaotic sys-
tems with the existence of FPSwith the relay system and open
the possibility of using relay units for secure communications
[31]. Comparing our results to those found in the literature
[13–21], the isospike diagrams show the overall behavior of
the system and the relay unit associated with the unpre-
dictability of the scaling function appears as a fundamental
for the feasibility of the reliable secure communications.
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This paper is concerned with master-slave synchronization of 4D hyperchaotic Rabinovich systems. Compared with some existing
papers, this paper has two contributions. The first contribution is that the nonlinear terms of error systems remained which
inherit nonlinear features from master and slave 4D hyperchaotic Rabinovich systems, rather than discarding nonlinear features
of original hyperchaotic Rabinovich systems and eliminating those nonlinear terms to derive linear error systems as the control
methods in some existing papers. The second contribution is that the synchronization criteria of this paper are global rather
than local synchronization results in some existing papers. In addition, those synchronization criteria and control methods for
4D hyperchaotic Rabinovich systems are extended to investigate the synchronization of 3D chaotic Rabinovich systems. The
effectiveness of synchronization criteria is illustrated by three simulation examples.

1. Introduction
The classic hyperchaotic Rabinovich system was a system
of 3D differential equations which was used to describe the
plasma oscillation [1]. In [2], a 4D hyperchaotic Rabinovich
system was introduced, which has been seen in wide applica-
tions in plasma oscillation, security communication, image
encryption, and cell kinetics; see, for example, [2–4].

There exist various dynamical behaviors of 4D hyper-
chaotic Rabinovich systems. Synchronization is the typical
dynamical behavior of chaotic systems [1, 5–31]. Master-slave
synchronization of Rabinovich systems has been observed
and attracted many researches’ interests. In [32], some local
synchronization criteria were derived for 3D Rabinovich
systems by using linear feedback control and Routh-Hurwitz
criteria. In [4, 13, 32], some synchronization criteria were
derived for 3D or 4D Rabinovich systems by the control
which eliminated all the nonlinear terms of the error system.
However, the Rabinovich systems are nonlinear systems in
which the nonlinear terms play an important role in the
dynamical evolution of trajectories. The linear error systems

can be derived by the control method of eliminating nonlin-
ear terms in error systems. Thus, how to design controllers
to remain nonlinear terms in error systems and how to use
those controllers to derive global synchronization criteria are
the main motivations of this paper.

In this paper, a master-slave scheme for 4D hyperchaotic
Rabinovich systems is constructed. Some global master-slave
synchronization criteria for 4D hyperchaotic Rabinovich
systems are derived by using the designed controllers. The
nonlinear features of error systems remained. Those control
methods and synchronization criteria for 4D Rabinovich
systems can be used to derive synchronization criteria for 3D
Rabinovich systems.Three examples are used to illustrate the
effectiveness of our results.

2. Preliminaries
Consider the following 4D Rabinovich system as a master
system:

�̇�1 (𝑡) = −𝑎𝑥1 (𝑡) + ℎ𝑥2 (𝑡) + 𝑥2 (𝑡) 𝑥3 (𝑡) ,�̇�2 (𝑡) = ℎ𝑥1 (𝑡) − 𝑏𝑥2 (𝑡) − 𝑥1 (𝑡) 𝑥3 (𝑡) + 𝑥4 (𝑡) ,
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�̇�3 (𝑡) = −𝑑𝑥3 (𝑡) + 𝑥1 (𝑡) 𝑥2 (𝑡) ,
�̇�
4 (𝑡) = −𝑐𝑥2 (𝑡) ,
𝑥1 (0) = 𝑥10 ,
𝑥2 (0) = 𝑥20 ,
𝑥3 (0) = 𝑥30 ,
𝑥4 (0) = 𝑥40 ,

(1)

where (𝑥1(𝑡), 𝑥2(𝑡), 𝑥3(𝑡), 𝑥4(𝑡))𝑇 ∈ R4 is the state variable
and 𝑎, 𝑏, 𝑐, 𝑑, and ℎ are four positive constants. When ℎ =6.75, 𝑎 = 4, 𝑏 = 1, 𝑐 = 2, and 𝑑 = 1, a hyperchaotic attractor
can be observed [2].

Because the trajectories of a hyperchaotic system are
bounded [2], one can assume that there exists a positive
constant 𝑙 such that

𝑥2 (𝑡) ≤ 𝑙, ∀𝑡 ≥ 0, (2)

where the bound 𝑙 can be derived by observing the trajectory𝑥2(𝑡) of 4D master system when Matlab is used to plot the
trajectory 𝑥2(𝑡) of master system.

One can construct the following slave scheme associated
with system (1):

̇𝑦1 (𝑡) = −𝑎𝑦1 (𝑡) + ℎ𝑦2 (𝑡) + 𝑦2 (𝑡) 𝑦3 (𝑡) + 𝑢1 (𝑡) ,
̇𝑦
2 (𝑡) = ℎ𝑦1 (𝑡) − 𝑏𝑦2 (𝑡) + 𝑦4 (𝑡) − 𝑦1 (𝑡) 𝑦3 (𝑡)

+ 𝑢2 (𝑡) ,
̇𝑦3 (𝑡) = −𝑑𝑦3 (𝑡) + 𝑦1 (𝑡) 𝑦2 (𝑡) + 𝑢3 (𝑡) ,
̇𝑦
4 (𝑡) = −𝑐𝑦2 (𝑡) + 𝑢4 (𝑡) ,
𝑦
1 (0) = 𝑦10 ,
𝑦2 (0) = 𝑦20 ,
𝑦3 (0) = 𝑦30 ,
𝑦4 (0) = 𝑦40 ,

(3)

where (𝑦1(𝑡), 𝑦2(𝑡), 𝑦3(𝑡), 𝑦4(𝑡))𝑇 ∈ R4 is the state variable of
slave system and 𝑢1(𝑡), 𝑢2(𝑡), 𝑢3(𝑡), and 𝑢4(𝑡) are the external
controls.

Let 𝑒𝑖(𝑡) = 𝑥𝑖(𝑡) − 𝑦𝑖(𝑡) for 𝑖 = 1, 2, 3, 4. Then, one can
construct the following error system for schemes (1) and (3):

̇𝑒1 (𝑡) = −𝑎𝑒1 (𝑡) + ℎ𝑒2 (𝑡)
+ (𝑥2 (𝑡) 𝑥3 (𝑡) − 𝑦2 (𝑡) 𝑦3 (𝑡)) − 𝑢1 (𝑡) ,

̇𝑒
2 (𝑡) = ℎ𝑒1 (𝑡) − 𝑏𝑒2 (𝑡) + 𝑒4 (𝑡)

− (𝑥1 (𝑡) 𝑥3 (𝑡) − 𝑦1 (𝑡) 𝑦3 (𝑡)) − 𝑢2 (𝑡) ,

̇𝑒3 (𝑡) = −𝑑𝑒3 (𝑡) + (𝑥1 (𝑡) 𝑥2 (𝑡) − 𝑦1 (𝑡) 𝑦2 (𝑡))
− 𝑢
3 (𝑡) ,

̇𝑒
4 (𝑡) = −𝑐𝑒2 (𝑡) − 𝑢4 (𝑡) ,
𝑒1 (0) = 𝑥10 − 𝑦10 ,
𝑒2 (0) = 𝑥20 − 𝑦20 ,
𝑒3 (0) = 𝑥30 − 𝑦30 ,
𝑒4 (0) = 𝑥40 − 𝑦40 .

(4)

In this paper, we design 𝑢1(𝑡) = 𝑘1𝑒1(𝑡) + 𝑘4𝑦22(𝑡)𝑒1(𝑡),𝑢2(𝑡) = 𝑘2𝑒2(𝑡), 𝑢3(𝑡) = 𝑘3𝑒3(𝑡), and 𝑢4(𝑡) = 𝑘5𝑒4(𝑡). Then,
the error system described by (4) can be rewritten as

̇𝑒1 (𝑡) = − (𝑎 + 𝑘1 + 𝑘4𝑦22 (𝑡)) 𝑒1 (𝑡) + ℎ𝑒2 (𝑡)
+ (𝑥2 (𝑡) 𝑥3 (𝑡) − 𝑦2 (𝑡) 𝑦3 (𝑡)) ,

̇𝑒2 (𝑡) = ℎ𝑒1 (𝑡) − (𝑏 + 𝑘2) 𝑒2 (𝑡) + 𝑒4 (𝑡)
− (𝑥1 (𝑡) 𝑥3 (𝑡) − 𝑦1 (𝑡) 𝑦3 (𝑡)) ,

̇𝑒3 (𝑡) = − (𝑑 + 𝑘3) 𝑒3 (𝑡)
+ (𝑥1 (𝑡) 𝑥2 (𝑡) − 𝑦1 (𝑡) 𝑦2 (𝑡)) ,

̇𝑒
4 (𝑡) = −𝑐𝑒2 (𝑡) − 𝑘5𝑒4 (𝑡) ,
𝑒1 (0) = 𝑥10 − 𝑦10 ,
𝑒2 (0) = 𝑥20 − 𝑦20 ,
𝑒3 (0) = 𝑥30 − 𝑦30 ,
𝑒4 (0) = 𝑥40 − 𝑦40 .

(5)

The main purpose of this paper is to design 𝑘1, 𝑘2, 𝑘3, 𝑘4,
and 𝑘5 to guarantee the global stability of the error system
described by (5).

3. Main Results: Synchronization Criteria

3.1. Synchronization Criteria for 4D Hyperchaotic Rabinovich
Systems. Now, we give some synchronization results for two
4Dhyperchaotic Rabinovich systems described by (1) and (3).

Theorem 1. If 𝑘5 > 0 and 𝑘1, 𝑘2, 𝑘3, and 𝑘4 satisfy
𝑘4 > 1

4 (𝑑 + 𝑘3) ,

(𝑎 + 𝑘1) > 𝑙2
4 (𝑑 + 𝑘3) +

ℎ2
(𝑏 + 𝑘2) ,

𝑙2 < 4𝑑 + 𝑘3𝑘4 (𝑘4 − 1
4 (𝑑 + 𝑘3))(𝑎 + 𝑘1 −

ℎ2
𝑏 + 𝑘2) ,

(6)

then two 4D hyperchaotic Rabinovich systems described by (1)
and (3) achieve global synchronization.
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Proof. One can construct Lyapunov function

𝑉 (𝑡) = 𝑒21 (𝑡) + 𝑒22 (𝑡) + 𝑒23 (𝑡) + 𝑒24 (𝑡) /𝑐2 . (7)

Calculating the derivative of 𝑉(𝑡) along with (5) gives

�̇� (𝑡) = − (𝑎 + 𝑘1 + 𝑘4𝑦22 (𝑡)) 𝑒21 (𝑡) + 2ℎ𝑒1 (𝑡) 𝑒2 (𝑡)
− (𝑏 + 𝑘2) 𝑒22 (𝑡) − (𝑑 + 𝑘3) 𝑒23 (𝑡)
+ 2 (𝑥2 (𝑡) + 𝑦2 (𝑡)) 𝑒1 (𝑡) 𝑒3 (𝑡) − 𝑘4𝑐 𝑒24 (𝑡)

≤ −( ℎ
√𝑏 + 𝑘2 𝑒1 (𝑡) − √𝑏 + 𝑘2𝑒2 (𝑡))

2

+ ℎ2
𝑏 + 𝑘2 𝑒

2

1
(𝑡)

− (𝑥2 (𝑡) + 𝑦2 (𝑡)2√𝑑 + 𝑘3 𝑒1 (𝑡) − √𝑑 + 𝑘3𝑒3 (𝑡))
2

+ (𝑥2 (𝑡) + 𝑦2 (𝑡))
2

4 (𝑑 + 𝑘3) 𝑒2
1
(𝑡) − 𝑘5𝑐 𝑒24 (𝑡)

− (𝑎 + 𝑘1 + 𝑘4𝑦22 (𝑡)) 𝑒21 (𝑡) .

(8)

It is easy to see that

ℎ2
𝑏 + 𝑘2 +

(𝑥2 (𝑡) + 𝑦2 (𝑡))24 (𝑑 + 𝑘3) < 𝑎 + 𝑘1 + 𝑘4𝑦22 (𝑡) (9)

and 𝑒𝑖(𝑡) ̸= 0 for 𝑖 = 1, 2, 3, 4 can ensure �̇�(𝑡) < 0.
The inequality described by (9) can be rearranged as

𝐴𝑦2
2
(𝑡) + 𝐵𝑦2 (𝑡) + 𝐶 > 0 (10)

with

𝐴 = 𝑘4 − 1
4 (𝑑 + 𝑘3) ,

𝐵 = − 𝑥2 (𝑡)2 (𝑑 + 𝑘3) ,

𝐶 = − 𝑥2
2
(𝑡)

4 (𝑑 + 𝑘3) −
ℎ2

(𝑏 + 𝑘2) + (𝑎 + 𝑘1) .

(11)

Solving (10), one can have

𝐴 > 0,
𝐶 > 0,

𝐵2 − 4𝐴𝐶 < 0;
(12)

that is,

𝑘4 > 1
4 (𝑑 + 𝑘3) ,

(𝑎 + 𝑘1) > 𝑥2
2
(𝑡)

4 (𝑑 + 𝑘3) +
ℎ2

(𝑏 + 𝑘2) ,
𝑥2
2
(𝑡)
< 4𝑑 + 𝑘3𝑘4 (𝑘4 − 1

4 (𝑑 + 𝑘3))(𝑎 + 𝑘1 −
ℎ2

𝑏 + 𝑘2) .

(13)

Due to the bound 𝑙 of trajectory 𝑥2(𝑡) in (2), one can get

(𝑎 + 𝑘1) > 𝑙2
4 (𝑑 + 𝑘3) +

ℎ2
(𝑏 + 𝑘2) ,

𝑙2 < 4𝑑 + 𝑘3𝑘4 (𝑘4 − 1
4 (𝑑 + 𝑘3))(𝑎 + 𝑘1 −

ℎ2
𝑏 + 𝑘2) .

(14)

By virtue of LaSalle Invariant principle, one can derive
that the trajectories of (5) will be convergent to the largest
invariant set in 𝑑𝑉(𝑡)/𝑑𝑡 = 0 when 𝑡 → ∞. One can also
obtain that �̇�(𝑡) < 0 for all 𝑒

𝑖(𝑡) ̸= 0, 𝑖 = 1, 2, 3, 4, which
means the stability of the error system described by (5), that
is, the synchronization of two hyperchaotic systems described
by (1) and (3). This completes the proof.

Remark 2. In [32], some synchronization criteria were
derived for 3D Rabinovich systems by using linear feedback
control and Routh-Hurwitz criteria. But those results were
local, rather than global. The synchronization criterion in
Theorem 1 of this paper is global, which is one contribution
of this paper.

Remark 3. Rabinovich systems are nonlinear dynamical sys-
tems, in which nonlinear terms play an important role in
the evolution of trajectories. In [13], some synchronization
criteria were derived for 4D Rabinovich systems by the
control which eliminated all the nonlinear terms of the
error system. In [4, 32], some synchronization criteria were
obtained for 3D Rabinovich systems by using the sliding
mode controls which also eliminated the nonlinear terms of
the error system. Although the linear error systems can be
easily obtained after the nonlinear terms of error systems
were eliminated and synchronization criteria for linear error
systems can also be easily derived, the nonlinear features
in the original 4D hyperchaotic systems were discarded. It
should be pointed out that the synchronization criterion in
Theorem 1 of this paper is global and the nonlinear terms of
error systems remained which inherit the nonlinear features
from master and slave 4D hyperchaotic Rabinovich systems
by the control methods in this paper, which are the main
contributions of this paper.

If 𝑘1 = 0, one can have the following corollary.
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Corollary 4. If 𝑘5 > 0, 𝑘1 = 0, and 𝑘2, 𝑘3, 𝑘4 satisfy
𝑘4 > 1

4 (𝑑 + 𝑘3) ,

𝑎 > 𝑙2
4 (𝑑 + 𝑘3) +

ℎ2
(𝑏 + 𝑘2) ,

𝑙2 < 4𝑑 + 𝑘3𝑘4 (𝑘4 − 1
4 (𝑑 + 𝑘3))(𝑎 −

ℎ2
𝑏 + 𝑘2) ,

(15)

then two 4D hyperchaotic Rabinovich systems described by (1)
and (3) achieve global synchronization.

If 𝑘2 = 0, one can derive the following corollary.

Corollary 5. If 𝑘5 > 0, 𝑘2 = 0, and 𝑘1, 𝑘3, 𝑘4 satisfy
𝑘4 > 1

4 (𝑑 + 𝑘3) ,

(𝑎 + 𝑘1) > 𝑙2
4 (𝑑 + 𝑘3) +

ℎ2
𝑏 ,

𝑙2 < 4𝑑 + 𝑘3𝑘4 (𝑘4 − 1
4 (𝑑 + 𝑘3))(𝑎 + 𝑘1 −

ℎ2
𝑏 ) ,

(16)

then two 4D hyperchaotic Rabinovich systems described by (1)
and (3) achieve global synchronization.

If 𝑘3 = 0, one can obtain the following corollary.

Corollary 6. If 𝑘5 > 0, 𝑘3 = 0, and 𝑘1, 𝑘2, 𝑘4 satisfy
𝑘4 > 1

4𝑑 ,

(𝑎 + 𝑘1) > 𝑙2
4𝑑 +

ℎ2
𝑏 + 𝑘2 ,

𝑙2 < 4 𝑑𝑘4 (𝑘4 −
1
4𝑑)(𝑎 + 𝑘1 −

ℎ2
𝑏 + 𝑘2) ,

(17)

then two 4D hyperchaotic Rabinovich systems described by (1)
and (3) achieve global synchronization.

If 𝑘1 = 𝑘2 = 𝑘3 = 0, one can have the following corollary.

Corollary 7. If 𝑎 > 𝑙2/4𝑑 + ℎ2/𝑏, 𝑘5 > 0, 𝑘1 = 𝑘2 = 𝑘3 = 0,
and 𝑘4 satisfies

1
4𝑑 < 𝑘4,

𝑙2 < 4 𝑑𝑘4 (𝑘4 −
1
4𝑑)(𝑎 −

ℎ2
𝑏 ) ,

(18)

then two 4D hyperchaotic Rabinovich systems described by (1)
and (3) achieve global synchronization.

Remark 8. Corollary 7 is easier to be used thanTheorem 1 and
Corollaries 4, 5, and 6. But Corollary 7 is more conservative
than those results.

3.2. An Application to Synchronization of 3D Chaotic Rabi-
novich Systems. Consider the following 3D Rabinovich sys-
tem as a master system:

�̇�1 (𝑡) = −𝑎𝑥1 (𝑡) + ℎ𝑥2 (𝑡) + 𝑥2 (𝑡) 𝑥3 (𝑡) ,
�̇�2 (𝑡) = ℎ𝑥1 (𝑡) − 𝑏𝑥2 (𝑡) − 𝑥1 (𝑡) 𝑥3 (𝑡) ,
�̇�3 (𝑡) = −𝑑𝑥3 (𝑡) + 𝑥1 (𝑡) 𝑥2 (𝑡) ,
𝑥1 (0) = 𝑥10 ,
𝑥2 (0) = 𝑥20 ,
𝑥3 (0) = 𝑥30 ,

(19)

where (𝑥1(𝑡), 𝑥2(𝑡), 𝑥3(𝑡))𝑇 ∈ R3 is the state variable and𝑎, 𝑏, 𝑑, ℎ are four positive constants. As the bound in (2), one
can assume that there exists a constant 𝑙 such that

𝑥2 (𝑡) ≤ 𝑙, ∀𝑡 ≥ 0. (20)

One can construct the following slave scheme associated
with system (19):

̇𝑦1 (𝑡) = −𝑎𝑦1 (𝑡) + ℎ𝑦2 (𝑡) + 𝑦2 (𝑡) 𝑦3 (𝑡) + 𝑢1 (𝑡) ,
̇𝑦2 (𝑡) = ℎ𝑦1 (𝑡) − 𝑏𝑦2 (𝑡) − 𝑦1 (𝑡) 𝑦3 (𝑡) + 𝑢2 (𝑡) ,
̇𝑦3 (𝑡) = −𝑑𝑦3 (𝑡) + 𝑦1 (𝑡) 𝑦2 (𝑡) + 𝑢3 (𝑡) ,

𝑦1 (0) = 𝑦10 ,
𝑦2 (0) = 𝑦20 ,
𝑦3 (0) = 𝑦30 ,

(21)

where (𝑦1(𝑡), 𝑦2(𝑡), 𝑦3(𝑡))𝑇 ∈ R3 is the state variable of slave
system and 𝑢1(𝑡), 𝑢2(𝑡), and 𝑢3(𝑡) are the external controls.

Let 𝑒𝑖(𝑡) = 𝑥𝑖(𝑡) − 𝑦𝑖(𝑡) for 𝑖 = 1, 2, 3. Then, one may
construct the following error system for schemes (19) and
(21):

̇𝑒1 (𝑡) = −𝑎𝑒1 (𝑡) + ℎ𝑒2 (𝑡)
+ (𝑥2 (𝑡) 𝑥3 (𝑡) − 𝑦2 (𝑡) 𝑦3 (𝑡)) − 𝑢1 (𝑡) ,

̇𝑒2 (𝑡) = ℎ𝑒1 (𝑡) − 𝑏𝑒2 (𝑡)
− (𝑥1 (𝑡) 𝑥3 (𝑡) − 𝑦1 (𝑡) 𝑦3 (𝑡)) − 𝑢2 (𝑡) ,

̇𝑒
3 (𝑡) = −𝑑𝑒3 (𝑡) + (𝑥1 (𝑡) 𝑥2 (𝑡) − 𝑦1 (𝑡) 𝑦2 (𝑡))

− 𝑢3 (𝑡) ,
𝑒1 (0) = 𝑥10 − 𝑦10 ,
𝑒2 (0) = 𝑥20 − 𝑦20 ,
𝑒3 (0) = 𝑥30 − 𝑦30 .

(22)
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In this paper, we choose 𝑢1(𝑡) = 𝑘1𝑒1(𝑡) + 𝑘4𝑦2(𝑡)2𝑒1(𝑡),𝑢2(𝑡) = 𝑘2𝑒2(𝑡), and𝑢3(𝑡) = 𝑘3𝑒3(𝑡).Thus, the 3D error system
described by (22) can be rewritten as

̇𝑒1 (𝑡) = − (𝑎 + 𝑘1 + 𝑘4) 𝑒1 (𝑡) + ℎ𝑒2 (𝑡)
+ (𝑥2 (𝑡) 𝑥3 (𝑡) − 𝑦2 (𝑡) 𝑦3 (𝑡)) ,

̇𝑒2 (𝑡) = ℎ𝑒1 (𝑡) − (𝑏 + 𝑘2) 𝑒2 (𝑡)
− (𝑥1 (𝑡) 𝑥3 (𝑡) − 𝑦1 (𝑡) 𝑦3 (𝑡)) ,

̇𝑒3 (𝑡) = − (𝑑 + 𝑘3) 𝑒3 (𝑡)
+ (𝑥1 (𝑡) 𝑥2 (𝑡) − 𝑦1 (𝑡) 𝑦2 (𝑡)) ,

𝑒
1 (0) = 𝑥10 − 𝑦10 ,
𝑒2 (0) = 𝑥20 − 𝑦20 ,
𝑒3 (0) = 𝑥30 − 𝑦30 .

(23)

Constructing the Lyapunov function

𝑉 (𝑡) = 𝑒21 (𝑡) + 𝑒22 (𝑡) + 𝑒23 (𝑡)2 (24)

and using the similar method in Theorem 1, one can have
the following synchronization for 3D chaotic Rabinovich
systems.

Theorem 9. If 𝑘1, 𝑘2, 𝑘3, 𝑘4 satisfy
𝑘4 > 1

4 (𝑑 + 𝑘3) ,

(𝑎 + 𝑘1) > 𝑙2
4 (𝑑 + 𝑘3) +

ℎ2
(𝑏 + 𝑘2) ,

𝑙2 < 4𝑑 + 𝑘3𝑘4 (𝑘4 − 1
4 (𝑑 + 𝑘3))(𝑎 + 𝑘1 −

ℎ2
𝑏 + 𝑘2) ,

(25)

then two 3D chaotic Rabinovich systems described by (19) and
(21) achieve global synchronization.

4. Three Illustrated Examples

Example 10. Consider the 4D hyperchaotic Rabinovich sys-
tem described by (1) with ℎ = 6.75, 𝑎 = 4, 𝑏 = 1, 𝑐 = 2,
and 𝑑 = 1. The initial condition is 𝑥1(0) = 0.1, 𝑥2(0) =0.1, 𝑥3(0) = 0, 𝑥4(0) = 0. Figures 1 and 2 demonstrate
attractors of (1), in which the bound of 𝑥2(𝑡) is 6.7, that is,|𝑥2(𝑡)| ≤ 6.7, ∀𝑡 ≥ 0.

Then, one can study slave Rabinovich system described
by (3). The initial condition is 𝑦1(0) = 0.1, 𝑦2(0) = 0.1,𝑦3(0) = −0.05, and 𝑦4(0) = 0.1. Defining 𝑒𝑖(𝑡) = 𝑥𝑖(𝑡) − 𝑦𝑖(𝑡)
for 𝑖 = 1, 2, 3, 4, one can derive error system (5), where the
initial condition is 𝑒1(0) = 𝑥1(𝑡) − 𝑦1(0) = 0, 𝑒2(0) =𝑥2(𝑡) − 𝑦2(0) = 0, 𝑒3(0) = 𝑥3(𝑡) − 𝑦3(0) = 0.05, and
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Figure 1: The attractor of (1) with ℎ = 6.75, 𝑎 = 4, 𝑏 = 1, 𝑐 = 2, and𝑑 = 1.
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Figure 2: The attractor of (1) with ℎ = 6.75, 𝑎 = 4, 𝑏 = 1, 𝑐 = 2, and𝑑 = 1.

𝑒4(0) = 𝑥4(𝑡) − 𝑦4(0) = −0.1. By using Theorem 1, one can
derive

𝑘4 > 1
4 (1 + 𝑘3) ,

(4 + 𝑘1) > 6.72
4 (1 + 𝑘3) +

6.752
(1 + 𝑘2) ,

6.72

< 41 + 𝑘3𝑘4 (𝑘4 − 1
4 (1 + 𝑘3))(4 + 𝑘1 −

6.752
1 + 𝑘2) .

(26)

If we choose 𝑘1 = 0.1, 𝑘2 = 21.78125, 𝑘3 = 4.61125, and 𝑘5 =1, then 𝑘4 > 0.9356. We choose 𝑘4 = 0.94. Figure 3 illustrates
the trajectories 𝑒1(𝑡), 𝑒2(𝑡), 𝑒3(𝑡), and 𝑒4(𝑡) for error system
(5), which can clearly demonstrate the synchronization of
hyperchaotic systems (1) and (3).
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Figure 3: The trajectories of (5) with 𝑘
1
= 0.1, 𝑘

2
= 21.78125, 𝑘

3
=4.61125, 𝑘

4
= 0.94, and 𝑘

5
= 1.

If 𝑘1 = 0 in (26), one can derive that

𝑘4 > 1
4 (1 + 𝑘3) ,

4 > 6.72
4 (1 + 𝑘3) +

6.752
(1 + 𝑘2) ,

6.72 < 41 + 𝑘3𝑘4 (𝑘4 − 1
4 (1 + 𝑘3))(4 −

6.752
1 + 𝑘2) .

(27)

After setting 𝑘2 = 14.1875, 𝑘3 = 21.445, and 𝑘5 = 1,
one can derive 𝑘4 > 1/44.89 by Corollary 4. We choose𝑘4 = 0.03. Figure 4 reveals the trajectories 𝑒1(𝑡), 𝑒2(𝑡), 𝑒3(𝑡),
and 𝑒4(𝑡) for error system (5), which can clearly illustrate the
synchronization of hyperchaotic systems (1) and (3).

If 𝑘2 = 0 in (26), one can obtain that

𝑘4 > 1
4 (1 + 𝑘3) ,

(4 + 𝑘1) > 6.72
4 (1 + 𝑘3) + 6.75

2,

6.72 < 41 + 𝑘3𝑘4 (𝑘4 − 1
4 (1 + 𝑘3)) (4 + 𝑘1 − 6.75

2) .

(28)

Setting 𝑘1 = 43, 𝑘3 = 10.2225, and 𝑘5 = 1, one can derive𝑘4 > 0.07 by Corollary 5. We choose 𝑘4 = 0.08. Figure 5 gives
the trajectories 𝑒1(𝑡), 𝑒2(𝑡), 𝑒3(𝑡), and 𝑒4(𝑡) for error system (5),
which can clearly reveal the synchronization of hyperchaotic
systems (1) and (3).
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Figure 5: The trajectories of (5) with 𝑘
1
= 43, 𝑘

2
= 0, 𝑘

3
= 10.2225,𝑘

4
= 0.08, and 𝑘

5
= 1.

If 𝑘3 = 0 in (26), one can have

𝑘4 > 14 ,
(4 + 𝑘1) > 6.7

2

4 + 6.752
(1 + 𝑘2) ,

6.72 < 4 1𝑘4 (𝑘4 −
1
4)(4 + 𝑘1 −

6.752
1 + 𝑘2) .

(29)
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Figure 6: The trajectories of (5) with 𝑘
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Figure 7: The trajectories of (19) with ℎ = 6.75, 𝑎 = 4.3, 𝑏 = 10.8,𝑐 = 2, and 𝑑 = 1.

Setting 𝑘1 = 19.2225, 𝑘2 = 14.1875, and 𝑘5 = 1, one can
derive 𝑘4 > 3.85 by Corollary 6. We choose 𝑘4 = 3.86.
Figure 6 gives the trajectories 𝑒1(𝑡), 𝑒2(𝑡), 𝑒3(𝑡), 𝑒4(𝑡) for error
system (5), which can clearly reveal the synchronization of
hyperchaotic systems (1) and (3).

Remark 11. It is easy to see that Corollary 7 fails to make any
conclusion because 4 < 6.72/4+6.752 when 𝑘1 = 𝑘2 = 𝑘3 = 0.
Example 12. Consider the 4D Rabinovich systems and the
error system described by (1), (3), and (5) with ℎ = 6.75,𝑎 = 4.3, 𝑏 = 10.8, 𝑐 = 2, and 𝑑 = 1, respectively, where
the initial conditions are the same as those in Example 10.
Figure 7 implies that |𝑥2(𝑡)| ≤ 0.1 for 𝑡 ≥ 0. FromCorollary 7,
one can have 𝑎 = 4.3 > 0.12/4 + 6.752/10.8 = 4.213,𝑘4 > 0.2581. We can choose 𝑘1 = 𝑘2 = 𝑘3 = 0, 𝑘4 = 0.26, and
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Figure 8: The trajectories of (5) with 𝑘
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Figure 9: The trajectories of (19) with ℎ = 6.75, 𝑎 = 4, 𝑏 = 1, and𝑑 = 1.

𝑘5 = 1. Figure 8 provides the trajectories 𝑒1(𝑡), 𝑒2(𝑡), 𝑒3(𝑡),
and 𝑒4(𝑡) for error system (5), which can clearly illustrate the
synchronization of Rabinovich systems (1) and (3).

Example 13. Consider the 3D hyperchaotic Rabinovich sys-
tems and the error system described by (19), (21), and (23)
with ℎ = 6.75, 𝑎 = 4, 𝑏 = 1, and 𝑑 = 1, respectively,
where the initial conditions are 𝑥1(0) = 0.1, 𝑥2(0) = 0.1,𝑥3(0) = 0, 𝑦1(0) = 0.1, 𝑦2(0) = 0.1, 𝑦3(0) = −0.05,𝑒1(0) = 𝑥1(𝑡) − 𝑦1(0) = 0, 𝑒2(0) = 𝑥2(𝑡) − 𝑦2(0) = 0, and𝑒3(0) = 𝑥3(𝑡)−𝑦3(0) = 0.05. Figure 9 implies that |𝑥2(𝑡)| ≤ 6.1
for 𝑡 ≥ 0.

Setting 𝑘1 = 14.1875 and 𝑘2 = 𝑘3 = 0, one can have 𝑘4 >0.26 by Theorem 9. We can choose 𝑘1 = 14.1875, 𝑘2 = 𝑘3 =0, and 𝑘4 = 0.3. Figure 10 gives the trajectories 𝑒1(𝑡), 𝑒2(𝑡),
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Figure 10: The trajectories of (23) with 𝑘
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4
= 0.3.

and 𝑒3(𝑡) for error system (23), which can clearly illustrate the
synchronization of chaotic systems (19) and (21).

5. Conclusions and Future Works

We have derived some global synchronization criteria for
4D hyperchaotic Rabinovich systems. We have kept the
nonlinear terms of error systems. Those control methods
and synchronization criteria for 4D hyperchaotic Rabinovich
systems can be used to study the synchronization of 3D
chaotic Rabinovich systems. We have used three examples
to demonstrate the effectiveness our derived results. In this
paper, we only consider the state feedback control. Our future
research focus is to design the time-delayed controllers.
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This paper proposes a robust supertwisting algorithm (STA) design for nonlinear systems where both matched and unmatched
uncertainties are considered. The main contributions reside primarily to conceive a novel structure of STA, in order to ensure the
desired performance of the uncertain nonlinear system.Themodified algorithm is formed of double closed-loop feedback, in which
two linear terms are added to the classical STA. In addition, an integral sliding mode switching surface is proposed to construct the
attractiveness and reachability of sliding mode. Sufficient conditions are derived to guarantee the exact differentiation stability in
finite time based on Lyapunov function theory. Finally, a comparative study for a variable-length pendulum system illustrates the
robustness and the effectiveness of the proposed approach compared to other STA schemes.

1. Introduction

Sliding Mode Control (SMC) strategy is considered an effec-
tivemethodology for control uncertain systems.This strategy
gives a major objective in control system design to attain
stability in the presence of uncertainties [1–5]. The design
of the SMC systems mainly consists of two steps: the choice
of the sliding mode switching surface and the design of the
sliding mode controller. Moreover, SMC has believed signif-
icant amount of interest due to several advantages, such that
fast convergence, high robustness, and invariance to certain
internal system parameter variations and its implementation
are easy [5–9]. On the other hand, the worst disadvantage of
the SMC methodology is the chattering phenomenon. Thus,
to reduce this problem of the chattering effect, numerous
techniques are proposed in literature [10–13]; one of them
is the supertwisting algorithm (STA) method. The STA has
become the prototype of Second-Order SlidingModeControl
(SOSMC) algorithm, which has the capability of system
robust stabilization, finite time convergence to the sliding
surface, and chattering reduction even in the presence of
uncertainties [14–16]. Also, it is able to enforce that the system

states converge to the sliding variable [17, 18]. Nevertheless,
the more disadvantage in the supertwisting algorithm is
difficulty of designing the gains of the signum function,
which leads a very slow convergence and slowly setting
time response [14]. In this context, several works have been
presented recently proving the stability of the STA using
Lyapunov theory and presenting an easy synthesis method of
these gains [18]. In addition, great effort has been devoted to
enhance the convergence and the robustness of the traditional
STA. We can quote some methods: paper [19] proposes the
addition of a new term in the classical STA, which leads to
improved convergence. In [18, 20], the regulationmechanism
has been modified by adding a linear term of the sliding vari-
able to the traditional STA. To this end, the aforementioned
methods can be only improving the speed convergence of the
sliding variable in zero, but they lead a large overshoot of the
system response.

In this paper we focus on developing a new modified
structure of STA with bounded uncertainty in order to limit
the overshoot and shorten the settling time of the system
response.This new structure has double closed-loop feedback
terms. The first one consists of an outer loop negative
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feedback to accelerate the sliding variable to close to zero and
the second feedback is a correction term about an auxiliary
variable to reduce the overshoot. Compared with the existing
results, the main contributions of this paper are highlighted
as follows:

(i) Apply the proposed method for an uncertain non-
linear system, considering two types of uncertainties
such as matched and unmatched.

(ii) An integral sliding surface is designed to construct the
reachability of the sliding mode.

(iii) A variable-length pendulum system is included to
illustrate the applicability of the proposed STA and
a comparative study is established with other STA
schemes.

The rest of this paper is organized as follows: Section 2
describes the mathematical system description and the prob-
lem formulation. The proposed approach is detailed in Sec-
tion 3. In Section 4, the proving of reaching condition using
the Lyapunov function is given. Simulation results are pre-
sented in Section 5, and conclusion remarks are in Section 6.

2. Mathematical System Description and
Problem Formulation

Consider a second-order uncertain nonlinear system
described by the state equation:

�̇�1 (𝑡) = 𝑥2 (𝑡) ,
�̇�2 (𝑡) = 𝑓 (𝑡, 𝑥) + Δ𝑓 (𝑡, 𝑥)

+ [𝑔 (𝑡, 𝑥) + Δ𝑔 (𝑡, 𝑥)] 𝑢 (𝑡) ,
𝑦 (𝑡) = 𝑥1 (𝑡) ,

(1)

where 𝑥1(𝑡), 𝑥2(𝑡) are the state variables of the system, 𝑥(𝑡) =[𝑥1(𝑡), 𝑥2(𝑡)]𝑇 ∈ R2 is the state vector, 𝑢(𝑡) ∈ R is the input
signal control, and 𝑦(𝑡) denotes the output vector. 𝑓(𝑡, 𝑥)
and 𝑔(𝑡, 𝑥) represent the nonlinear dynamic function and the
nonlinear control function, respectively.Δ𝑓(𝑡, 𝑥) andΔ𝑔(𝑡, 𝑥)
are the corresponding unknown uncertainties of nonlinear
vector which can be regarded as satisfying the following
assumptions.

Assumption 1. The matched uncertainty Δ𝑔(𝑡, 𝑥) is assumed
to be bounded by the unknown scalar 𝜁 > 0 such that

Δ𝑔 (𝑡, 𝑥) ⩽ 𝜁. (2)

Assumption 2. There exists an unknown nonnegative non-
linear function 𝛾(𝑡, 𝑥) such that the unmatched uncertaintyΔ𝑓(𝑡, 𝑥) is bounded as

Δ𝑓 (𝑡, 𝑥) ⩽ 𝛾 (𝑡, 𝑥) . (3)

The main objective of this paper is to design a control input
signal for the nonlinear uncertain system (1), which satisfies
assumptions (2) and (3), such that the sliding variable 𝜎(𝑡)
converges to zero in finite time.

Let us consider the classical STA with matched uncer-
tainty used for the design of second-order sliding mode
controller [18, 19]:

�̇� (𝑡) = −𝜆1 |𝜎 (𝑡)|1/2 sign (𝜎 (𝑡)) + 𝜐 (𝑡) ,
̇𝜐 (𝑡) = −𝜆3 sign (𝜎 (𝑡)) + Θ (𝑡) , (4)

where 𝜎(𝑡) and 𝜐(𝑡) are, respectively, the sliding variable and
the auxiliary variable, 𝜆1 and 𝜆3 are some positive constants,
and the uncertainty Θ(𝑡) can be expressed as follows:

Θ (𝑡) = 𝑘 (𝑡) sign (𝜎 (𝑡)) , (5)

where 𝑘(𝑡) is the amplitude of uncertainty. Its value should
satisfy the following inequalities:

0 ⩽ 𝑘 (𝑡) ⩽ 𝑀,
�̇� (𝑡) ≤ 𝑁, (6)

where𝑀 and𝑁 are positive constants.
In order to accelerate the convergence of the sliding

variable 𝜎(𝑡) to zero, the gain of signum function (𝜆1, 𝜆3)
must have large values. On the other hand, the values of 𝜆1
and 𝜆3 should be as small as possible to reduce the chattering
phenomenon [19]. To avoid the conflict, many researches
[18, 20, 21] propose the following STA system:

�̇� (𝑡) = −𝜆1 |𝜎 (𝑡)|1/2 sign (𝜎 (𝑡)) − 𝜆2𝜎 (𝑡) + 𝜐 (𝑡)
̇𝜐 (𝑡) = −𝜆3 sign (𝜎 (𝑡)) − 𝜆4𝜎 (𝑡) + Θ (𝑡) , (7)

where 𝜆2 and 𝜆4 are positive constants.
The modified structure (7) is used to obtain a faster

convergence of 𝜎(𝑡). However, if the absolute value of ̇𝜐(𝑡)
increased, then 𝜐 increased also; consequently this produces
a long setting time and overshoot of sliding variable. To solve
this problem, we propose a novel modified STA in the next
section.

3. Proposed Approach

The objective of this paper is to ameliorate the structure of
supertwisting algorithm in order to improve the convergence
of sliding variable. However, the proposed method includes
a new structure to limit the absolute value of 𝜐(𝑡) defined in
(7), in which a negative feedback term about 𝜐(𝑡) to ̇𝜐(𝑡) is
added. The new modified algorithm with double closed-loop
feedback can be formulated as follows:

�̇� (𝑡) = −𝜆1 |𝜎 (𝑡)|1/2 sign (𝜎 (𝑡)) − 𝜆2𝜎 (𝑡) + 𝜐 (𝑡)
̇𝜐 (𝑡) = −𝜆3 sign (𝜎 (𝑡)) − 𝜆4𝜐 (𝑡) + Θ (𝑡) , (8)

where 𝜆1, 𝜆2, 𝜆3, 𝜆4 are positive constants. The parameters
of the novel modified STA can be selected according to the
matched uncertainty (5). 𝜆1 and 𝜆3 can be fitted to reduce
the chattering phenomenon and 𝜆2 and 𝜆4 can be adjusted to
guarantee the convergence of the sliding variable 𝜎(𝑡). Using
relation (8) and the initial conditions (𝜎(0) > 0, 𝜐(0) = 0,
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Θ(0) = 0), we can calculate the regulation mechanism as
follows:

𝜐 (𝑡) = −𝜆3𝜆4 (1 − 𝑒−𝜆4𝑡) . (9)

From (8) and (9), we can note that the overshoot of the
sliding variable can be reduced by −𝜆4𝜐(𝑡) and the linear
correction term −𝜆2𝜎(𝑡)makes the system faster. Indeed, the
performance advantages of the new structure of ST are
achieved.

3.1. Stability Analysis of theNovel Structure of STA. In this sec-
tion, the task is to determinate sufficient conditions to ensure
the robustness of the modified algorithm with matched
uncertainty (5). Relation (8) can be driven as a mathematical
model:

�̇�1 (𝑡) = −𝜆1 𝑋1 (𝑡)1/2 sign (𝑋1 (𝑡)) − 𝜆2𝑋1 (𝑡)
+ 𝑋2 (𝑡) ,

�̇�2 (𝑡) = −𝜆3 sign (𝑋1 (𝑡)) − 𝜆4𝑋2 (𝑡)
+ 𝑘 (𝑡) sign (𝑋1 (𝑡)) ,

(10)

where [ 𝜎(𝑡)𝜐(𝑡) ] = [𝑋1(𝑡)𝑋2(𝑡) ].
To facilitate further development, we take 𝑧 = [ 𝑧1𝑧2 ] =

[ |𝑋1(𝑡)|1/2 sign(𝑋1(𝑡))
𝑋2(𝑡)

].
The derivative of the vector 𝑧 using (10) is given by

�̇� = 1𝑧1𝐴𝑧 + 1𝑧1 [
0

𝑘 (𝑡) 𝑧1] = 1𝑧1𝑄𝑧, (11)

where
𝑧1 = 𝑋11/2 ,
𝐴 = [

[
−𝜆12 − 𝜆22 𝑧1 12−𝜆3 −𝜆4 𝑧1

]
]

,

𝑄 = [
[
−𝜆12 − 𝜆22 𝑧1 12−𝜆3 + 𝑘 (𝑡) −𝜆4 𝑧1

]
]

.
(12)

Using the fact that𝜆1, 𝜆2, 𝜆3, and𝜆4 are positive scalars, then
the matrix 𝐴 is Hurwitz.

Choose 𝜆1 = 𝑎𝜆3 and 𝜆2 = 𝑏𝜆4, where 𝑎 > 0 and 𝑏 >0. The stability of the novel modified STA can be designed
according to the following theorem.

Theorem 3. Consider the new modified STA (8) with the
matched uncertainty (5). If the parameters 𝜆1, 𝜆2, 𝜆3, and 𝜆4
are positive constants, then the sliding mode of system (1) will
be built in finite time; that is, the sliding variable will converge
to the sliding surface in finite time.

Proof. Propose the following candidate Lyapunov function
with respect to the vector 𝑧:

𝑉 (𝑧) = 𝑧𝑇𝑃𝑧, (13)
where 𝑃 is a symmetric positive definite matrix as

𝑃 =
[[[[[
[

𝜆4𝜆2 + (2𝜆3𝜆1 )
2 −2𝜆3𝜆1

−2𝜆3𝜆1 1
]]]]]
]

= [[[[
[

𝑏 + (2𝑎)2 −2𝑎
−2𝑎 1

]]]]
]

. (14)

It is easy to show that the Lyapunov function (13) can be
bounded from both sides [17] by

𝛼min {𝑃} ‖𝑧‖2 ⩽ 𝑉 (𝑧) ⩽ 𝛼max {𝑃} ‖𝑧‖2 , (15)

where 𝛼min and 𝛼max are, respectively, the minimum and
maximum eigenvalues of 𝑃 and ‖𝑧‖2 is the Euclidean norm
of 𝑧.

Using relation (15), it results that

‖𝑧‖2 ⩾ 𝑉 (𝑧)𝛼max {𝑃} , (16)

‖𝑧‖2 ⩽ 𝑉 (𝑧)𝛼min {𝑃} . (17)

According to (17), it turns out that

𝑧1 ⩽ ‖𝑧‖ ⩽ 𝑉1/2 (𝑧)
𝛼min
1/2 {𝑃} . (18)

The time derivative of 𝑉(𝑧) can be calculated as follows:

�̇� (𝑧) = 𝑧𝑇𝑃�̇� + �̇�𝑇𝑃𝑧 = 𝑧𝑇𝑃 1𝑧1𝑄𝑧 + 1𝑧1𝑄
𝑇𝑧𝑇𝑃𝑧

= 1𝑧1 𝑧
𝑇 [𝑃𝑄 + 𝑄𝑇𝑃] 𝑧 = −𝑧𝑇𝐺𝑧,

(19)

where

𝐺 = [[[[
[

(4𝑏𝑎2 + 𝑏2)𝜆4 + 𝑎𝑏𝜆3𝑧1 + 4𝑘 (𝑡)
𝑎 𝑧1 − (2 + 𝑏) 𝜆4𝑎 − 2

𝑎2 𝑧1 −
𝑏

2 𝑧1 −
𝑘 (𝑡)𝑧1

− (2 + 𝑏) 𝜆4𝑎 − 2
𝑎2 𝑧1 −

𝑏
2 𝑧1 −

𝑘 (𝑡)𝑧1 2𝜆4 + 2
𝑎 𝑧1

]]]]
]

. (20)
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To guarantee �̇�(𝑧) is negative definite, (19) can be handled as
follows:

�̇� (𝑧) = −𝑧𝑇𝐺1𝑧 − 1𝑧1 𝑧
𝑇𝐺2𝑧 (21)

with

𝐺1 = [[[[
[

(4𝑏𝑎2 + 𝑏2)𝜆4 −(2 + 𝑏) 𝜆4𝑎
−(2 + 𝑏) 𝜆4𝑎 2𝜆4

]]]]
]

,

𝐺2 = [[[[
[

(𝑎𝑏𝜆3 + 4𝑘 (𝑡)𝑎 ) −( 2𝑎2 + 𝑏2 + 𝑘 (𝑡))
−( 2𝑎2 + 𝑏2 + 𝑘 (𝑡)) 2𝑎

]]]]
]

,
(22)

where 𝐺1 and 𝐺2 are symmetrical matrices.
The time derivative of 𝑉(𝑧) is bounded as follows:

�̇� (𝑧) ⩽ −𝛼min {𝐺1} ‖𝑧‖2 − 1𝑧1𝛼min {𝐺2} ‖𝑧‖2

⩽ −(𝛼min {𝐺1} + 1𝑧1𝛼min {𝐺2}) ‖𝑧‖2 ,
(23)

where 𝛼min({𝐺1}, {𝐺2}) are, respectively, the minimum eigen-
value of 𝐺1 and𝐺2.

Using (16)–(18), the inequality (23) can be expressed as
follows:

�̇� (𝑧) ⩽ −𝛼min {𝐺1}𝛼max {𝑃}⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
=𝛽1

𝑉 (𝑧)

− 𝛼min
1/2 {𝑃} 𝛼min {𝐺2}𝛼max {𝑃}⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
=𝛽2

𝑉1/2 (𝑧) ,
(24)

where 𝛽1 and 𝛽2 are positive constants.
Hence, the time derivative of 𝑉(𝑧) is bounded as follows:

�̇� (𝑧) ⩽ −𝛽1𝑉 (𝑧) − 𝛽2𝑉1/2 (𝑧) . (25)

Equation (25) shows that the derivative of the Lyapunov
function is negative definite (𝑉(𝑧) ⩽ 0). We can conclude
that the new modified STA (8) with matched uncertainty (5)
converges to zero in finite time.

3.2. Comparative Study. A comparative analysis has been
made to compare the convergence performances between the
different structures of supertwisting algorithm: the classical
STA, the modified STA (MSTA) (see references [18–21]), and
the novel modified STA. In order to obtain smaller amplitude
chattering, the parameters 𝜆1 and 𝜆3 should be adjusted as
small as possible, and the parameters 𝜆2 and 𝜆4 are selected
to guarantee the convergence of the sliding variable. These
parameters are chosen as 𝜆1 = 0.5, 𝜆2 = 2, 𝜆3 = 0.6, and
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Figure 1: Dynamic of the sliding variable and the auxiliary variable
with different structures of STA (blue line: the classical STA, red line:
the modified STA, and green line the novel modified STA).

Table 1: The performances of the different structures of STA.

Structure Overshoot Settling time
Classical STA 5.5% 33.8 s
Modified STA 6.52% 19 s
Novel modified STA 1.1% 18 s

𝜆4 = 2. Figure 1 shows the dynamic of the sliding variable and
the auxiliary variable with the following initial conditions:𝜎(0) = −15 and 𝜐(0) = −0.75.

It can be observed in Figure 1 and Table 1 that a faster
speed of the sliding variable approaching zero is obtained in
modified STA and the novel modified STA, as they add the
same linear correction term −𝜆2𝜎(𝑡) compared to classical
STA. Moreover, by the effect of the linear feedback term−𝜆4𝜐(𝑡) added in the novel modified structure, the sliding
variable 𝜎(𝑡) obtains small overshoot (1.1%). Thus, the new
structure of STA proposed achieves the best convergence
performances in terms of settling time and overshoot.

4. Sliding Mode Reachability

To reduce the steady error, an integral term of tracking error
is introduced, whichmakes up the integral sliding surface [22,
23] as follows:

𝜎 (𝑡) = ̇𝑒 (𝑡) + 𝑘1𝑒 (𝑡) + 𝑘2 ∫𝑡
0
𝑒 (𝜏) 𝑑𝜏, (26)

where 𝑒(𝑡) = 𝑦(𝑡) − 𝑦ref(𝑡) = 𝑥1(𝑡) − 𝑥ref(𝑡) is the tracking
error, 𝑦ref(𝑡) denotes the reference trajectory, and 𝑘1 and 𝑘2
are positive constants.

The time derivative of (26) yields that

�̇� (𝑡) = ̈𝑒 (𝑡) + 𝑘1 ̇𝑒 (𝑡) + 𝑘2𝑒 (𝑡)
= (�̇�2 (𝑡) − �̈�ref (𝑡)) + 𝑘1 (𝑥2 (𝑡) − �̇�ref (𝑡))

+ 𝑘2 (𝑥1 (𝑡) − 𝑥ref (𝑡)) .
(27)



Complexity 5

Using (1), the above equation can be rewritten as

�̇� (𝑡) = (𝑓 (𝑡, 𝑥) + Δ𝑓 (𝑡, 𝑥)
+ (𝑔 (𝑡, 𝑥) + Δ𝑔 (𝑡, 𝑥)) 𝑢 (𝑡) − �̈�ref (𝑡)) + 𝑘1 (𝑥2 (𝑡)
− �̇�ref (𝑡)) + 𝑘2 (𝑥1 (𝑡) − 𝑥ref (𝑡)) .

(28)

Substituting (8) into (28), the control law is given by

𝑢 (𝑡) = (𝑔 (𝑡, 𝑥) + Δ𝑔 (𝑡, 𝑥))−1 [−𝑓 (𝑡, 𝑥) − Δ𝑓 (𝑡, 𝑥)
+ �̈�ref (𝑡) − 𝑘1 (𝑥2 (𝑡) − �̇�ref (𝑡))
− 𝑘2 (𝑥1 (𝑡) − 𝑥ref (𝑡)) − 𝜆1 |𝜎 (𝑡)|1/2 sign (𝜎 (𝑡))
− 𝜆2𝜎 (𝑡) + 𝜐 (𝑡)] .

(29)

Theorem 4. Consider a dynamic uncertain second-order sys-
tem (1) subject both matched and unmatched uncertainties. If
the slidingmode surface is selected as (26) and the control input
is designed as (29); then, the states variables converge to the
trajectories signal and the sliding variable will reach the sliding
surface 𝜎(𝑡) = 0 in finite time.

Proof. Consider the Lyapunov function as follows:

𝑉 (𝜎, 𝑡) = 12𝜎 (𝑡)2 . (30)

To ensure that the sliding mode is reached in finite time, the
derivative of 𝑉(𝜎, 𝑡) with respect to time must be negative
definite.

Take the time derivative of Lyapunov function 𝑉(𝜎, 𝑡) as
follows:

�̇� (𝜎, 𝑡) = 𝜎 (𝑡) �̇� (𝑡) . (31)

Substituting (28) into (31), we can obtain

�̇� (𝜎, 𝑡) = 𝜎 (𝑡) [(𝑓 (𝑡, 𝑥) + Δ𝑓 (𝑡, 𝑥)
+ (𝑔 (𝑡, 𝑥) + Δ𝑔 (𝑡, 𝑥)) 𝑢 (𝑡) − �̈�ref (𝑡)) + 𝑘1 (𝑥2 (𝑡)
− �̇�𝑟𝑒𝑓 (𝑡)) + 𝑘2 (𝑥1 (𝑡) − 𝑥ref (𝑡))] .

(32)

Substituting equation (29) into (32), it results that

�̇� (𝜎, 𝑡) = 𝜎 (𝑡) [(𝑔 (𝑡, 𝑥) + Δ𝑔 (𝑡, 𝑥))−1
⋅ (−𝜆1 |𝜎 (𝑡)|1/2 sign (𝜎 (𝑡)) − 𝜆2𝜎 (𝑡) + 𝜐 (𝑡))] . (33)

Using (2) and (9), (33) can be calculated as

�̇� (𝜎, 𝑡) ⩽ − [(𝑔 (𝑡, 𝑥) + 𝜁)−1] [(𝜆1 |𝜎 (𝑡)|3/2

+ 𝜆2 |𝜎 (𝑡)|2 − |𝜎 (𝑡)| 𝜆3𝜆4 (1 − 𝑒−𝜆4𝑡))] ⩽ − |𝜎 (𝑡)|
⋅ (𝑔 (𝑡, 𝑥) + 𝜁)−1 [𝜆1 |𝜎 (𝑡)|1/2 + 𝜆2 |𝜎 (𝑡)| + 𝜆3𝜆4 (1
− 𝑒−𝜆4𝑡)]

(34)

0

u
R(t)

(t)

m

Figure 2: Pendulum system.

Table 2: Parameters values of the pendulum system.

Notations Significance Values
𝑚 Themass 1 kg
𝑔 The acceleration gravity 9.81m/s2

𝑅 The distance from𝑜 → 𝑚 0.8 + 0.1 sin 8𝑡 + 0.3 cos 4𝑡
𝜃ref The reference trajectory 0.5 sin 0.5𝑡 + 0.5 cos 𝑡

and then �̇�(𝜎, 𝑡) can be rewritten as

�̇� (𝜎, 𝑡) ⩽ −𝜂 |𝜎 (𝑡)| , (35)

where 𝜂 = (|𝑔(𝑡, 𝑥)|+𝜁)−1(𝜆1|𝜎(𝑡)|1/2 +𝜆2|𝜎(𝑡)|+ (𝜆3/𝜆4)(1−𝑒−𝜆4𝑡)). It is clear from (35) that if 𝜂 > 0, then �̇�(𝜎, 𝑡) is
negative definite.

Therefore, we conclude that the sliding mode can be
reached in finite time 𝜎(𝑡) = 0 and the control law as defined
in (29)would guarantee that𝑥(𝑡) → 𝑥ref(𝑡)when 𝑡 → ∞.

5. Simulation Results and Discussions

In this section, the effectiveness of our developed algorithm
will be illustrated using a pendulum system example. We
compare our results with those obtained by other existing
methods such as classical and modified STA (MSTA). The
pendulum system is driven by an engine installed on the top
side, which is called control torque 𝑢 (see Figure 2) [24].Thus,
the task is tracking some function 𝜃ref(𝑡) in real time by the
oscillation angle 𝜃(𝑡) of the road.

The dynamic equation of the pendulum system is
expressed by

̈𝜃 (𝑡) = −2�̇�𝑅 ̇𝜃 (𝑡) − 𝑔
𝑅 sin (𝜃 (𝑡)) + 1𝑚𝑅2 𝑢 (𝑡) . (36)

The parameters of this system are presented in Table 2.
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Figure 3: The response 𝑥1(𝑡) of the system with matched and
unmatched uncertainties.

We consider 𝑥1(𝑡) = 𝜃(𝑡) and 𝑥2(𝑡) = ̇𝜃(𝑡); the state space
of the pendulum system can be described by

�̇�1 (𝑡) = 𝑥2 (𝑡) ,
�̇�2 (𝑡) = −2�̇�𝑅𝑥2 (𝑡) − 𝑔

𝑅 sin (𝑥1 (𝑡)) + Δ𝑓 (𝑡, 𝑥)
+ ( 1𝑚𝑅2 + Δ𝑔 (𝑡, 𝑥)) 𝑢 (𝑡) ,

𝑦 (𝑡) = 𝑥1 (𝑡) .

(37)

The unmatched and matched uncertainties are chosen by the
following equations:

Δ𝑓 (𝑥, 𝑡) = 0.1 cos 3𝑡2 + 𝑥21 (𝑡) sin (0.5𝑥1 (𝑡))
+ 0.2 cos (2𝑥22 (𝑡)) + 𝑥22 (𝑡) ,

Δ𝑔 (𝑡, 𝑥) = 0.1 cos (2𝑥1 (𝑡)) .
(38)

According to Assumptions 1 and 2, it can be verified that𝛾(𝑡, 𝑥) = 0.3 + ‖𝑥‖2 and 𝜁 = 0.1. The bounded uncertainty
of the supertwisting algorithm can be selected as Θ(𝑡) =(0.1 sin(2𝜋𝑡)) sign(𝜎(𝑡)).

In the simulation, the initial values for the state system
(37) are selected as 𝑥1(0) = 0.5 and 𝑥2(0) = 1 and the
following parameters are used as 𝑘1 = 0.2, 𝑘2 = 0.01, 𝜆1 =25, 𝜆2 = 8, 𝜆3 = 2, and 𝜆4 = 1.

Figures 3 and 4 show, respectively, the system state
variables 𝑥1(𝑡) and 𝑥2(𝑡) of the pendulum system with
both matched and unmatched uncertainties using different
approaches. It is easy to see that the angular coordinate and
the angular velocity of the system for the three methods con-
verge to desired trajectories without chattering phenomenon
despite the presence of uncertainties. For comparison, we can
note that the performance results of our proposedmethod are
better than what is reported in [18] and [21].

However, the results of Figures 5 and 6 show that the
proposed structure of STA outperform the MSTA. Indeed,
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Figure 4: The response 𝑥2(𝑡) of the system with matched and
unmatched uncertainties.
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Figure 5: Sliding variable 𝜎(𝑡).

Figure 5 illustrates the evolution responses of the sliding
variable for the different structures of supertwisting algo-
rithm. We can note the novel modified STA given a faster
convergence of sliding variable and smallest tracking error
(Figure 6) compared to other results obtained by especially
using the classical and modified STA [18–21]. A similar
analysis can be seen in Table 3. The performance indexes
of different methods listed in this table confirm that the
novel modified STA has a faster settling time and shorting
overshoot.This indicates that the proposed approach is more
resistant to uncertainties.

The time evolution of the control signals shown in
Figure 7 clearly demonstrates that the case of using the
novel structure is producing small vibrations. In addition,
the superiority of the new modified STA is shown in Table 4.
Consequently, the proposed control method has good
performance qualities for the nonlinear model of pendulum
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Figure 6: Tracking error 𝑒(𝑡).
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Figure 7: Control inputs 𝑢(𝑡) for pendulum system.

Table 3: Comparison performances of the super-twisting algorithm.

Supertwisting
algorithm Overshoot Settling time

Classical [18]
𝐷𝜎 = 1.4%𝐷𝑥1 = 10%𝐷𝑥2 = 30%

𝑡𝑟,𝜎 = 0.8 sec𝑡𝑟,𝑥1 = 2 sec𝑡𝑟,𝑥2 = 0.18 sec
Modified
[18–21]

𝐷𝜎 = 1.12%𝐷𝑥1 = 6%𝐷𝑥2 = 26%
𝑡𝑟,𝜎 = 0.78 sec𝑡𝑟,𝑥1 = 0.8 sec𝑡𝑟,𝑥2 = 0.18 sec

Proposed
approach

𝐷𝜎 = 0.8%𝐷𝑥1 = 2%𝐷𝑥2 = 10%
𝑡𝑟,𝜎 = 0.75 sec𝑡𝑟,𝑥1 = 0.5 sec𝑡𝑟,𝑥2 = 0.15 sec

system in the presence ofmatched and unmatched uncertain-
ties.

Table 4: Control effort measures for different structures of STA.

Control input
under Classical STA Modified

STA
Novel modified

STA
‖𝑢‖ 26.41 26.53 26.00

6. Conclusion

In this paper, a new structure of supertwisting algorithm
is proposed and applied to an uncertain nonlinear system
subject to matched and unmatched uncertainties. The main
idea consists of adding two closed-loop feedback terms to the
traditional supertwisting with bounded uncertainty in order
to ameliorate the performances of the system response.Theo-
retical analysis is achieved to guarantee the stability using the
Lyapunov function. Therefore, a comparative study demon-
strates that the proposed approach can improve the conver-
gence of the sliding variable and makes the system faster
despite the presence of uncertainties.The proposed approach
shows favorable results compared with the methods reported
in the literature.
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The trajectory tracking task in a wheeled mobile robot (WMR) is solved by proposing a three-level hierarchical controller that
considers the mathematical model of the mechanical structure (differential drive WMR), actuators (DC motors), and power
stage (DC/DC Buck power converters). The highest hierarchical level is a kinematic control for the mechanical structure; the
medium level includes two controllers based on differential flatness for the actuators; and the lowest hierarchical level consists
of two average controllers also based on differential flatness for the power stage. In order to experimentally validate the feasibility
of the proposed control scheme, the hierarchical controller is implemented via a Σ–Δ-modulator in a differential drive WMR
prototype that we have built. Such an implementation is achieved by using MATLAB-Simulink and the real-time interface
ControlDesk together with a DS1104 board.The experimental results show the effectiveness and robustness of the proposed control
scheme.

1. Introduction

In recent years, wheeled mobile robots (WMRs) have been
widely studied [1–3]. As a matter of fact, diverse appli-
cations of WMRs have been reported in many fields like
handling explosives or radioactive materials/waste, plane-
tary and maritime exploration, mining and petrochemical
industry, medicine, agriculture, home, and entertainment,
among others [4–7]. On one hand, control of WMRs is not
an easy task since their models are nonlinear and are subject
to nonholonomic constraints [8, 9]. Despite these difficulties,
significant advances have been achieved in the design of
controllers solving several problems associated with aWMR:

regulation, path following, obstacle avoidance, and trajectory
tracking.

Nevertheless, to the best of the authors’ knowledge, any
of the control schemes reported with experiments until
now have not taken into account the full dynamics of the
three subsystems composing, in general, a WMR, that is,
(a) mechanical structure, (b) actuators, and (c) power stage.
This is because most controllers solving the aforementioned
problems have been designed by only taking into account the
kinematic/dynamicmodel of theWMRmechanical structure
and just few others have been designed by taking into
account the actuators mathematical model. This means that
importance of the power stage has been neglected. However,
it is stated in [10] that taking into account the power stage
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dynamics in the design of control algorithms formechatronic
systems leads to important improvements. Moreover, not
only dynamics of the power stage but also, if required, dynam-
ics associated with the electric power generation should be
considered. This is, by itself, an important current research
topic [11–19].

One of the main reasons why dynamics associated with
power stage and electric power generation are not considered
when designing controllers for WMRs is that the resulting
mathematical model becomes more complex and, hence,
design of the control algorithm also becomes more complex.
However, consideration of dynamics associated with these
subsystems could lead to new research areas where the power
electronics would play an important role with regard to the
storage, distribution, and transformation of electrical energy
[20–28]. Some approximations in this direction are presented
in [29, 30], where dynamics associated with actuators, power
stage, and electric power generation are considered inmecha-
tronic systems.

The remainder of this paper is organized as follows. Pre-
vious works on trajectory tracking for WMRs are reviewed
in Section 2, while a discussion on such a literature and
contribution of the present paper are given in Section 3. In
Section 4, design of a three-level hierarchical controller that
solves the trajectory tracking task in a WMR is presented.
Some experimental results obtained when controlling a
WMR prototype that we have built are shown in Section 5.
Finally, conclusions are given in Section 6.

2. Literature Review

With the purpose of underlining contribution of the present
paper, an exhaustive review of the more relevant literature on
trajectory tracking in differential drive WMRs is presented
below. Two main approaches related to the mechanical
structure have been proposed: (i) design based on the
WMR kinematic model and (ii) design based on the WMR
dynamic model. Thus, the state-of-the-art review is based on
whether or not dynamics associatedwith the other twoWMR
subsystems, that is, the actuators and the power stage, are
taken into account.

2.1. Considering Only the Mechanical Structure. This subsec-
tion describes previous works related to the trajectory track-
ing task, where the mathematical model, either kinematic or
dynamic, of only the mechanical structure of a differential
drive WMR is employed.

2.1.1. Kinematic Model. Papers that take into account the
kinematicmodel of a differential driveWMRwhen designing
control algorithms are considered here. Kanayama et al. [31]
proposed a stable tracking control strategy to determine the
linear and rotational velocities of a vehicle. They have also
shown through numerical simulations that their controller
is still effective when there are small disturbances. Samson
and Ait-Abderrahim [32] introduced a feedback controller
designed on the basis of a virtual reference for position and
orientation. Murray and Sastry [33] reported a methodology

to represent a WMR in chained form. They have also suc-
ceeded to track a preestablished trajectory by using sinusoids
as control inputs. A robust controller based on sliding modes
was proposed by Chacal and Sira-Ramı́rez [34], where the
system differential flatness property is used and stochastic
perturbation signals are considered.Walsh et al. [35] designed
an exponentially stable control law. Jiang and Nijmeijer [36]
introduced two controllers based on backstepping, a local
one and a global one. Both controllers achieve exponential
convergence. Kim and Oh [37] developed a modified input-
output linearization controller for nonsquare systems, where
the three state variables are considered as outputs. Jiang and
Nijmeijer [38] focused on a recursive technique to solve the
trajectory tracking and path following tasks when the system
is represented in a chained form.Thiswas carried out through
a coordinate transformation. Dixon et al. [39] implemented
a differentiable kinematic control law that uses a damped
dynamic oscillator, which achieves the exponential conver-
gence of the tracking and regulation errors to a neighborhood
of the origin. Another work introduced by Dixon et al. [40]
dealt with a differentiable kinematic control law that allows
simultaneously solving the trajectory tracking and regulation
problems, exponentially for the first one and asymptotically
for the second one. Additionally, Dixon et al. [41] elaborated a
variable structure-like tracking controller that is robust under
parametric uncertainty, also with exponential convergence of
the tracking and regulation errors to the origin. In [42], Lee
et al. solved the trajectory tracking and regulation problems
via a backstepping control. By using polar coordinates, Chwa
[43] designed a pair of discontinuous controllers to asymp-
totically stabilize the trajectory tracking errors in position
and in the heading direction. Thus, the trajectory tracking
and stabilization problems were solved. Klančar and Škrjanc
[44] proposed amodel-predictive trajectory tracking control,
where the linearized tracking error dynamics is used to
predict the behavior of a WMR. Another solution of the
trajectory tracking task was carried out by Tsai et al. [45],
where a robust visual tracking control to track a dynamic
moving object was considered. Lee et al. [46] carried out
a sliding mode control by using an RFID sensor space to
estimate the position of a WMR. Recently, Scaglia et al. [47]
suggested a linear interpolation basedmethodology to design
control algorithms. It is assumed that the evolution of the
system can be approximated by a linear interpolation. Hence,
the tracking errors can be reduced by decreasing the sampling
time. Cheng et al. [48] suggested a feedback control law via
Lyapunov’s directmethod and backstepping, achieving global
asymptotic stability. Lastly, Chwa [49] studied a fuzzy adap-
tive tracking controller by considering the slippage between
the wheels and the surface. Other relevant papers concerning
the controller design by using only the kinematic model of
the mechanical structure are [50–59].

2.1.2. Dynamic Model. One of the first papers where the
dynamic model of a WMR was taken into account for the
design of a controller was by d’Andréa-Novel et al. [60],
who obtained the WMR dynamic model through the Euler-
Lagrange formulation. In addition, they introduced a control
law based on static state feedback. Fierro and Lewis [61]
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elaborated a kinematic/torque control lawusing backstepping
to solve the trajectory tracking, path following, and stabiliza-
tion problems. Yang and Kim [62] suggested a sliding mode
controller, which is robust to bounded external disturbances.
Dong et al. [63] developed an adaptive robust controller
that does not require exactly knowing the WMR physical
parameters. Dixon et al. [64] dealt with a visual servoing
controller that adapts to the parametric uncertainty associ-
ated with the camera and with the mechanical parameters of
theWMR dynamic model. Likewise, Pourboghrat and Karls-
son [65] elaborated a robust adaptive controller to solve the
trajectory tracking and stabilization problems. Dong and
Kuhnert [66] focused on the design of an adaptive neural
network control that is robust to parametric uncertainty.
Chen et al. [67] proposed a kinematic control to gener-
ate the desired velocity profiles for the wheels. They also
formulated an adaptive sliding mode controller that allows
the real velocities to reach the desired ones. Solea et al.
[68] presented a robust sliding mode controller when there
are external disturbances and parametric uncertainty in the
WMR. Recently, Cao et al. [69] developed an adaptive kine-
matic controller (based on the backstepping method) and a
dynamic adaptive controller. The latter allows reaching the
desired velocity profiles imposed by the former. Shojaei et al.
[70] designed a control algorithm, robust under parametric
and nonparametric uncertainty, which combines an inverse
dynamics control and an adaptive robust PID control. Finally,
other contributions that employ the dynamic model only of
the WMR mechanical structure in the control design can be
found in [71–80].

2.2. Considering the Mechanical Structure and Actuators. It
has not been common to take into account the dynamics of
the actuators in research related to WMRs. However, it is
important to highlight that the exclusion of this dynamics
can cause degradation in the performance of a robot [81] and
even can produce system instability [82–84]. Few papers have
incorporated such dynamics into the control algorithms
when the kinematic or dynamic model of the WMR is
considered. This subsection reviews the research that has
employed the mathematical model of both the mechanical
structure and the actuators in the trajectory tracking control
design for differential drive WMRs.

2.2.1. Kinematic Model. By considering both the mechanical
structure and the actuators, Espinosa et al. [85] designed an
adaptive optimal controller in the drive control loop and an
optimal-fuzzy control for the trajectory tracking task for a
wheelchair when there are obstacles in the workspace. Silva-
Ortigoza et al. [86] designed a two-stage controller where the
first stage corresponds to a control based on input-output
linearization for the mechanical structure and the second
stage refers to a controller based on differential flatness for the
actuators. Recently, Zuo et al. [87] described a control strategy
that integrates a kinematic control and an adaptive wavelet
neural network, which is robust to disturbances. Lastly,
Silva-Ortigoza et al. [88] proposed a robust hierarchical

controller where the high-level control is based on input-
output linearization for themechanical structure and the low-
level control is based on a PI control for the actuators.

2.2.2. DynamicModel. Taking into account both the dynamic
model of the mechanical structure and the mathematical
model of the actuators during the control design stage for
the WMR is not easy, since control design becomes more
complex. However, it allows designing controllers that solve
the trajectory tracking problem more effectively. This can be
observed when the WMR is moving at high speeds or when
its mass is variable [89]. Motivated by these facts, Anupoju
et al. [90] designed three adaptive controllers, the first one
for the kinematic model of the mechanical structure, the
second one for the dynamic model of that same mechanical
structure, and the third one for the actuators. Das and Kar
[91] formulated an adaptive fuzzy logic-based controller. Hou
et al. [92] proposed a robust adaptive controller via back-
stepping and a fuzzy logic approach. More recently, Luo et
al. [93] elaborated an adaptive neural network dynamic
surface controller based on a disturbance observer, where
uncertain parameters were taken into account. Lastly, other
contributions that take into account the dynamic model of
themechanical structure and the dynamics of the actuators in
the control design are reported in [94–103].

2.3. Considering the Mechanical Structure, Actuators, and
Power Stage. Few controllers have considered themathemat-
ical models of the three subsystems that compose aWMR. In
such controllers, only the kinematic model of the WMR has
been used.

2.3.1. Kinematic Model. Ortigoza et al. in [104] presented a
trajectory tracking controller by considering an input-output
linearization-based controller for the mechanical structure,
a controller based on differential flatness for the actuators,
and a sliding mode plus PI controller for the power stage.
In [105], Sánchez et al. proposed a kinematic controller for
the WMR, a controller based on differential flatness for the
actuators, and a differential flatness-based controller for the
power stage. Controllers reported in [104, 105] were tested
only via numerical simulations.

3. Discussion and Contribution

After carrying out the review of the literature associated
with design of controllers for the trajectory tracking task in
differential drive WMRs, it was found that, generally, this
task has been solved in three directions: (a) by only using
the kinematic or dynamic model of the mechanical structure
[31–80], (b) by employing the kinematic/dynamic model of
the mechanical structure along with the dynamics of the
actuators [85–103], and (c) by considering the kinematic
model of themechanical structure alongwith the dynamics of
the actuators and power stage [104, 105]. In the last direction,
contributions that have carried out interesting efforts are
[106–114]. However, those papers only focus on the design of
the power stage without considering the other dynamics.
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Motivated by the aforementioned ideas, the hierarchical
control approach in mobile robotics (see [86, 104, 105, 115]),
and use of DC/DC converter-DC motor systems (see [116,
117]), the purpose of the present paper is threefold. First, it
aims, to introduce a three-level hierarchical controller that
considers dynamics of the three subsystems that compose
a WMR to solve, in a more complete way, the trajectory
tracking task. Second, it aims, to experimentally validate the
proposed controller by implementing it in aWMR prototype
that we have built, where the experimental results show
the effectiveness and robustness of the designed hierarchical
controller.Third, it aims, to experimentally compare to results
associated with a controller that neglects dynamics of the
power stage. After an assessment of the results, it is observed
that the performance of the WMR with the hierarchical
controller is better than, or at least similar to, the one achieved
with the control that neglects the dynamics of the power
stage.

4. Hierarchical Trajectory Tracking Control
via Σ–Δ-Modulator Considering the
Dynamics of All the WMR Subsystems

A hierarchical trajectory tracking controller for a differential
drive WMR is presented in this section, which is designed by
considering dynamics of all of the subsystems that integrate a
WMR.The systemunder study is shown in Figure 1, where the
three subsystems can be seen, that is, mechanical structure
(differential drive WMR), actuators (DCmotors), and power
stage (DC/DC Buck power converters). In such a figure, and
in the remainder of this paper, the parameters, components,
and variables associated with the right Buck converter-DC
motor and left Buck converter-DC motor are distinguished
by the subscripts 𝑟 and 𝑙, respectively. The design of the
hierarchical controller is carried out as follows:

(1) At the highest hierarchical level, a kinematic con-
troller for the mechanical structure delivers the
desired DC motor angular velocities 𝜔𝑟 and 𝜔𝑙. If
velocities of wheels reach these values, then theWMR
tracks the desired trajectory; that is, (𝑥, 𝑦, 𝜑) →(𝑥∗, 𝑦∗, 𝜑∗).

(2) At the medium level, two flatness-based controllers
deliver 𝜗𝑟 and 𝜗𝑙, the desired voltage profiles that
the Buck converters output voltages have to track. If
these desired voltages are reached, then the angular
velocities of the DC motors track the desired angular
velocity profiles; that is, (𝜛𝑟, 𝜛𝑙) → (𝜔𝑟, 𝜔𝑙).

(3) At the lowest level, two flatness-based average con-
trollers deliver 𝑢av𝑟 and 𝑢av𝑙 which ensure that the
Buck converters output voltages track the desired
voltage profiles; that is, (𝜐𝑟, 𝜐𝑙) → (𝜗𝑟, 𝜗𝑙).

In order to accomplish the trajectory tracking task for the
WMR, the controllers designed in (1)–(3) are interconnected
using a hierarchical approach. The switched implementation
of the resulting controller is performed at the Buck converters
by using the Σ–Δ-modulator [118].
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Figure 1: WMR complete system.

4.1. Control at the Highest Hierarchical Level: Mechanical
Structure. In this subsection, a kinematic controller that
solves the trajectory tracking task in a WMR is presented.

The kinematic model of a differential drive WMR, which
moves without slipping on the𝑋𝑌 plane, is given by [119]�̇� = ] cos𝜑,̇𝑦 = ] sin𝜑,�̇� = 𝜔, (1)

with the inputs

( ]𝜔 ) = (
𝑟2 𝑟2𝑟2𝑙 − 𝑟2𝑙)(

𝜔𝑟𝜔𝑙) , (2)

where (𝑥, 𝑦) is the position of the midpoint of the axis which
joins the wheels and 𝜑 is the orientation of the WMR. Also,𝑟 is radius of the driving wheels and 2𝑙 is distance between
them, while 𝜔𝑟 and 𝜔l are the right and left angular velocities
of the wheels, respectively. Lastly, ] is the straight line velocity
and 𝜔 is the angular velocity, both of theWMR (see Figure 1).
In these equations, and in the remainder of this paper, the
derivative with respect to time 𝑡 will be denoted by a “dot” or
by 𝑑/𝑑𝑡.

The control objective is tracking of the following reference
robot: �̇�∗ = ]∗ cos𝜑∗,̇𝑦∗ = ]∗ sin𝜑∗,�̇�∗ = 𝜔∗, (3)

where (𝑥∗, 𝑦∗) and 𝜑∗ represent the pose and orientation,
respectively, of the reference robot, whereas ]∗ and 𝜔∗ are its
reference inputs.Thus, in accordance with [98], the following
error signals are defined:

(𝑒1𝑒2𝑒3) = (
𝐾2 cos𝜑 𝐾2 sin𝜑 0−𝐾2 sin𝜑 𝐾2 cos𝜑 𝛼0 0 1)(

𝑥∗ − 𝑥𝑦∗ − 𝑦𝜑∗ − 𝜑) , (4)
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with 𝐾2 and 𝛼 being positive constants. In (4), the matrix is
globally nonsingular because its determinant is equal to 𝐾22 .
The time derivative of (4) is given as

( ̇𝑒1̇𝑒2̇𝑒3) = (
−𝐾2 𝑒2 − 𝛼𝑒30 −𝑒1 − 𝛼0 −1 )( ]𝜔 )
+( ]∗𝐾2 cos 𝑒3𝐾2]∗ sin 𝑒3 + 𝛼𝜔∗𝜔∗ ),

(5)

where (1) and (3) have been used.The following control inputs
have been retaken from [71]:

] = ]∗ cos 𝑒3 + 𝐾1𝑒1,𝜔 = 𝜔∗ + ]∗𝐾2𝑒2 + 𝐾3 sin 𝑒3, (6)

with 𝐾1 and 𝐾3 being positive constants. In [98], the follow-
ing positive function was defined:

𝑉 (𝑒1, 𝑒2, 𝑒3) = 12𝑒21 + 12𝑒22 + (1 − cos 𝑒3) . (7)

Through the analysis of its time derivative, �̇�, along trajec-
tories (5), when (6) are considered as control inputs, it was
shown that the error dynamics (5) is asymptotically stable;
that is, (𝑒1, 𝑒2, 𝑒3) = (0, 0, 0), since matrix in (4) is nonsin-
gular. This fact implies that system (1) in closed loop with (6)
achieves that (𝑥, 𝑦, 𝜑) → (𝑥∗, 𝑦∗, 𝜑∗)when 𝑡 → ∞. Likewise,
according to the stability analysis carried out in [98], it was
shown that 𝛼 = 1/𝐾3 and ]∗ must be greater than 0.

Lastly, by substituting (6) in (2), after some mathematical
manipulation, the controls are transformed into the right and
left angular velocities to be used as inputs. That is,

𝜔𝑟 = ]∗ (cos 𝑒3 + 𝑙𝐾2𝑒2) + 𝑙 (𝜔∗ + 𝐾3 sin 𝑒3) + 𝐾1𝑒1𝑟 , (8)

𝜔𝑙 = ]∗ (cos 𝑒3 − 𝑙𝐾2𝑒2) − 𝑙 (𝜔∗ + 𝐾3 sin 𝑒3) + 𝐾1𝑒1𝑟 . (9)

4.2. Control at the Medium Level: Actuators. The objective
of this subsection is to design a controller ensuring that
the actual angular velocities of the DC motors (𝜛𝑟, 𝜛𝑙) track
the desired angular velocity profiles imposed by the WMR
kinematic control (𝜔𝑟, 𝜔𝑙); that is, (𝜛𝑟, 𝜛𝑙) → (𝜔𝑟, 𝜔𝑙).

The mathematical model of a DC motor expressed in
terms of the angular velocity [119], 𝜛, is given by

𝐿𝑎 𝑑𝑖𝑎𝑑𝑡 = 𝜗 − 𝑅𝑎𝑖𝑎 − 𝑘𝑒𝜛,𝐽𝑑𝜛𝑑𝑡 = −𝑏𝜛 + 𝑘𝑚𝑖𝑎, (10)

where 𝜗 is the input voltage of the motor, 𝑖𝑎 is the armature
current, 𝑘𝑒 is the counterelectromotive force constant, 𝑘𝑚 is

the motor torque constant, 𝐿𝑎 is the armature inductance, 𝑅𝑎
is the armature resistance, 𝐽 is the moment of inertia of the
rotor and motor load, and 𝑏 is the viscous friction coefficient
of the motor.

Since the aforementioned parameters are required for
control design and manufacturer does not provide them, in
this paper such parameters are obtained via the experimental
characterization of the DC motor. For such an aim, a first-
order approximation of (10) is considered by assuming that
armature inductance may be neglected [120]. That is,𝑑𝜛𝑑𝑡 = −𝜇𝜛 + 𝛾𝜗, (11)

where

𝜇 = 1𝜏 ,𝛾 = 𝐾𝜏 , (12)

𝜏 = 𝐽𝑅𝑎𝑏𝑅𝑎 + 𝑘𝑒𝑘𝑚 ,𝐾 = 𝑘𝑚𝑏𝑅𝑎 + 𝑘𝑒𝑘𝑚 .
(13)

In order to get the numerical values of the parameters 𝜏
and 𝐾, an experimental characterization must be done. The
corresponding values of 𝜏 and 𝐾 associated with the right
motor characterization are𝜏𝑟 = 98 × 10−3,𝐾𝑟 = 540 × 10−3, (14)

and for the left motor 𝜏𝑙 = 98 × 10−3,𝐾𝑙 = 590 × 10−3. (15)

In this manner, using (11), (12), (14), and (15), the first-order
dynamic models of the DC motors are given by𝑑𝜛𝑟𝑑𝑡 = −10.2𝜛𝑟 + 5.5𝜗𝑟, (16)

for the right motor and𝑑𝜛𝑙𝑑𝑡 = −10.2𝜛𝑙 + 6𝜗𝑙, (17)

for the left motor.
On the other hand, with the intention to achieve(𝜛𝑟, 𝜛𝑙) → (𝜔𝑟, 𝜔𝑙), a differential flatness-based control [119,

121, 122] is proposed for the first-order linear system (11). To
this end, the dynamics (11) is rewritten in terms of the flat
output 𝐹1 = 𝜛, as

𝜗 = �̇�1 + 𝜇𝐹1𝛾 . (18)
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If the control input 𝜗 is chosen as

𝜗 = 𝛿 + 𝜇𝐹1𝛾 (19)

and it is replaced in (18), then the tracking problem related
to the angular velocity of the DC motor is reduced to control
the following system: �̇�1 = 𝛿, (20)

where 𝛿 is an auxiliary control. In order to ensure that 𝐹1 →𝐹∗1 when 𝑡 → ∞, a proper selection for 𝛿 is
𝛿 = �̇�∗1 − 𝑘𝑝 (𝐹1 − 𝐹∗1 ) − 𝑘𝑖 ∫𝑡

0
(𝐹1 − 𝐹∗1 ) 𝑑𝜎, (21)

with𝐹∗1 being the desired angular velocity, that is, either𝜔𝑟 or𝜔𝑙 for the right or the leftmotor, respectively, and (𝑘𝑝, 𝑘𝑖)posi-
tive constants. Once (21) is replaced in (20), the tracking error
is defined as 𝑒𝑚 = 𝐹1 − 𝐹∗1 , and the derivative with respect
to time of the resulting expression is calculated. Then, the
following tracking error dynamics is obtained:̈𝑒𝑚 + 𝑘𝑝 ̇𝑒𝑚 + 𝑘𝑖𝑒𝑚 = 0, (22)

whose characteristic polynomial is𝑝𝑐1 (𝑠) = 𝑠2 + 𝑘𝑝𝑠 + 𝑘𝑖. (23)

By equating (23) with a Hurwitz polynomial defined by𝑝𝑑1 (𝑠) = 𝑠2 + 2𝜉1𝜔𝑛1𝑠 + 𝜔2𝑛1 , (24)

where (𝜉1, 𝜔𝑛1) > 0, not only is 𝐹1 → 𝐹∗1 achieved, but also
the gains 𝑘𝑝 and 𝑘𝑖 are found. That is,𝑘𝑝 = 2𝜉1𝜔𝑛1 ,𝑘𝑖 = 𝜔2𝑛1 . (25)

4.3. Control at the Lowest Hierarchical Level: Power Stage. The
purpose of this subsection is to propose a controller that
allows the actual output voltages of the Buck converters(𝜐𝑟, 𝜐𝑙) to track the desired voltage profiles (𝜗𝑟, 𝜗𝑙) imposed
by controllers of the DC motors; that is, (𝜐𝑟, 𝜐𝑙) → (𝜗𝑟, 𝜗𝑙).

According to [118], the average dynamics of a Buck
converter are given as

𝐿𝑑𝑖𝑑𝑡 = −𝜐 + 𝐸𝑢av,𝐶𝑑𝜐𝑑𝑡 = 𝑖 − 𝜐𝑅 , (26)

where 𝑖 is electric current through the inductor 𝐿, 𝜐 is the out-
put voltage of the converter associated with the capacitor𝐶,𝑅
is the load resistance, and 𝐸 is voltage of the converter power
supply. Variable 𝑢av represents the switch position, which
is an average signal that satisfies 𝑢av ∈ [0, 1]. It is important
to mention that the switched model of the Buck converter is

obtained when 𝑢av is replaced by 𝑢 in (26), with 𝑢 being a
signal that takes values in the discrete set {0, 1}.

In order to design a differential flatness-based controller
for the converter [119, 123–125], the dynamics (26) is repre-
sented in terms of the flat output 𝐹2 = 𝜐, as follows:

𝑢av = 𝐿𝐶𝐸 �̈�2 + 𝐿𝑅𝐸�̇�2 + 1𝐸𝐹2, (27)

with the suitable definition of 𝑢av, given by

𝑢av = 𝐿𝐶𝐸 𝜂 + 𝐿𝑅𝐸�̇�2 + 1𝐸𝐹2. (28)

After replacing (28) in (27), the tracking problem, associated
with the output voltage of the Buck converter, is reduced to
control the system given by�̈�2 = 𝜂. (29)

In order to achieve that 𝐹2 → 𝐹∗2 when 𝑡 → ∞, with𝐹∗2 being the desired voltage profile at the converter output,
that is, either 𝜗𝑟 or 𝜗𝑙 for the right or left Buck converters,
respectively, a convenient proposal of 𝜂 is𝜂 = �̈�∗2 − 𝛽2 (�̇�2 − �̇�∗2 ) − 𝛽1 (𝐹2 − 𝐹∗2 )

− 𝛽0 ∫𝑡
0
(𝐹2 − 𝐹∗2 ) 𝑑𝜎. (30)

When (30) is substituted into (29) and after defining the
tracking error as 𝑒𝑐 = 𝐹2 − 𝐹∗2 , the following tracking error
dynamics is obtained:

...𝑒𝑐 + 𝛽2 ̈𝑒𝑐 + 𝛽1 ̇𝑒𝑐 + 𝛽0𝑒𝑐 = 0, (31)

whose characteristic polynomial is𝑝𝑐2 (𝑠) = 𝑠3 + 𝛽2𝑠2 + 𝛽1𝑠 + 𝛽0, (32)

which is forced to be stable by equating it with a Hurwitz
polynomial to achieve 𝐹2 → 𝐹∗2 , defined by𝑝𝑑2 (𝑠) = (𝑠 + 𝑎2) (𝑠2 + 2𝜉2𝜔𝑛2𝑠 + 𝜔2𝑛2) , (33)

with 𝑎2 > 0, 𝜉2 > 0, and 𝜔𝑛2 > 0. Hence, the gains 𝛽2, 𝛽1, and𝛽0 are determined by𝛽2 = 𝑎2 + 2𝜉2𝜔𝑛2 ,𝛽1 = 2𝜉2𝜔𝑛2𝑎2 + 𝜔2𝑛2 ,𝛽0 = 𝑎2𝜔2𝑛2 .
(34)

4.4. Hierarchical Tracking Control. In this subsection, con-
trollers designed in Sections 4.1, 4.2, and 4.3 are integrated
using a hierarchical approach (see [86, 104, 105, 115–117]) to
solve the trajectory tracking task for a differential driveWMR
when dynamics associated with each one of subsystems
composing the WMR are considered (see Figure 1).

Using the kinematic models associated with a differential
drive WMR (1) and a reference robot (3), it was found that
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velocity profiles 𝜔𝑟 and 𝜔𝑙, ensuring (𝑥, 𝑦, 𝜑) → (𝑥∗, 𝑦∗, 𝜑∗),
are given by (8) and (9), respectively. On the other hand,
profiles of voltages 𝜗𝑟 and 𝜗𝑙 that applied toDCmotors ensure(𝜛𝑟, 𝜛𝑙) → (𝜔𝑟, 𝜔𝑙) are given, according to (19) and (21), as

𝜗𝑟 = 𝛿𝑟 + 𝜇𝑟𝜛𝑟𝛾𝑟 , (35)

𝜗𝑙 = 𝛿𝑙 + 𝜇𝑙𝜛𝑙𝛾𝑙 , (36)

with the auxiliary controls 𝛿𝑟 and 𝛿𝑙 defined by

𝛿𝑟 = �̇�∗𝑟 − 𝑘𝑝𝑟 (𝜛𝑟 − 𝜛∗𝑟 ) − 𝑘𝑖𝑟 ∫𝑡
0
(𝜛𝑟 − 𝜛∗𝑟 ) 𝑑𝜎, (37)

𝛿𝑙 = �̇�∗𝑙 − 𝑘𝑝𝑙 (𝜛𝑙 − 𝜛∗𝑙 ) − 𝑘𝑖𝑙 ∫𝑡
0
(𝜛𝑙 − 𝜛∗𝑙 ) 𝑑𝜎, (38)

where

(𝜛∗𝑟 , 𝜛∗𝑙 ) = (𝜔𝑟, 𝜔𝑙) . (39)

Likewise, since each DC motor is driven by a Buck
converter, it is found from (28) and (30) that the actual
voltages at the converters outputs are ensured to converge to
their desire profiles; that is, (𝜐𝑟, 𝜐𝑙) → (𝜗𝑟, 𝜗𝑙), if the converter
transistors are commuted according to 𝑢𝑎V𝑟 and 𝑢𝑎V𝑙 , which
are given as

𝑢𝑎V𝑟 = 𝐿𝑟𝐶𝑟𝐸𝑟 𝜂𝑟 + 𝐿𝑟𝑅𝑟𝐸𝑟 ̇𝜐𝑟 + 1𝐸𝑟 𝜐𝑟, (40)

𝑢𝑎V𝑙 = 𝐿 𝑙𝐶𝑙𝐸𝑙 𝜂𝑙 + 𝐿 𝑙𝑅𝑙𝐸𝑙 ̇𝜐𝑙 + 1𝐸𝑙 𝜐𝑙, (41)

with the auxiliary controls 𝜂𝑟 and 𝜂𝑙 defined by

𝜂𝑟 = ̈𝜐∗𝑟 − 𝛽2𝑟 ( ̇𝜐𝑟 − ̇𝜐∗𝑟 ) − 𝛽1𝑟 (𝜐𝑟 − 𝜐∗𝑟 )
− 𝛽0𝑟 ∫𝑡

0
(𝜐𝑟 − 𝜐∗𝑟 ) 𝑑𝜎, (42)

𝜂𝑙 = ̈𝜐∗𝑙 − 𝛽2𝑙 ( ̇𝜐𝑙 − ̇𝜐∗𝑙 ) − 𝛽1𝑙 (𝜐𝑙 − 𝜐∗𝑙 )
− 𝛽0𝑙 ∫𝑡

0
(𝜐𝑙 − 𝜐∗𝑙 ) 𝑑𝜎, (43)

where

(𝜐∗𝑟 , 𝜐∗𝑙 ) = (𝜗𝑟, 𝜗𝑙) . (44)

Finally, since controllers (40) and (41) have been designed
on the basis of average models of the Buck converters,
the corresponding switched implementations, 𝑢𝑟 and 𝑢𝑙, are
achieved using a Σ–Δ-modulator [118]. Hence, both signals𝑢𝑟 and 𝑢𝑙 only take values in the discrete set {0, 1}. Thus,
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Figure 2: Block diagram of the hierarchical controller along with
the WMR.

synthesis of the average controllers (40) and (41) via a Σ–Δ-
modulator is given as

𝑢𝑟 = 12 [1 + sign (𝑒𝑟)] ,̇𝑒𝑟 = 𝑢𝑎V𝑟 − 𝑢𝑟, (45)

𝑢𝑙 = 12 [1 + sign (𝑒𝑙)] ,̇𝑒𝑙 = 𝑢𝑎V𝑙 − 𝑢𝑙. (46)

In summary, the switched controllers (45)-(46) ensure
that (𝜐𝑟, 𝜐𝑙) → (𝜗𝑟, 𝜗𝑙), so that (𝜛𝑟, 𝜛𝑙) → (𝜔𝑟, 𝜔𝑙). In
consequence, the control objective for the WMR is attained;
that is, (𝑥, 𝑦, 𝜑) → (𝑥∗, 𝑦∗, 𝜑∗). The integration of the hierar-
chical controller is shown in the block diagram presented in
Figure 2.

5. Experimental Results

In this section, some experiments are presented intended to
evaluate performance achieved by the hierarchical controller
that has been designed. Controller (8)-(9), (35)-(36), and
(45)-(46) has been tested on the WMR prototype shown in
Figure 3. This prototype has, as power stage, two DC/DC
Buck power converters. Controller reported in [98] is also
tested for comparison purposes. Since controller in [98] is
designedwithout taking into account the power stage dynam-
ics, another WMR prototype is employed, which possesses
H-bridges instead of DC/DC Buck power converters. See
Figure 4.

5.1. Experimental Results of the Hierarchical Controller.
Implementation of the hierarchical controller was carried out
in the differential drive WMR prototype shown in Figure 3,
which was designed and built at theMechatronics Laboratory
of CIDETEC-IPN.

The WMR prototype shown in Figure 3 is 0.39m in
length, 0.36m in width, and 0.35m in height, and its total
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Figure 3: A differential drive WMR prototype with a power stage composed by DC/DC Buck power converters.
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Figure 4: A differential drive WMR prototype with a power stage
composed by H-bridges.

mass is 19 kg. Parameters related to the wheels used in
controls (8) and (9) are given by

𝑟 = 0.075m,2𝑙 = 0.40m. (47)

Both wheels of the prototype are actuated by brushed DC
motors GNM3150+G2.6 (24V, 55W) which are provided
with a 20:1 gearbox, whose angular velocities are measured

via Autonics E50S8-1000 incremental encoders. Parameters
associated with DC motors, used in (35) and (36), are

𝜇𝑟 = 10.2,𝛾𝑟 = 5.5,𝜇𝑙 = 10.2,𝛾𝑙 = 6.
(48)

Likewise, each motor is driven by a DC/DC Buck power
converter, whose voltages (𝜐𝑟, 𝜐𝑙) and currents (𝑖𝑟, 𝑖𝑙) are
measured by Tektronix P5200A voltage probes and Tektronix
A622 current probes, respectively. Parameters associatedwith
Buck converters, used in switched controls (45), are

𝐿𝑟 = 10.129 × 10−3H,𝐿 𝑙 = 10.6 × 10−3H,𝐶𝑟 = 𝐶𝑙 = 220 × 10−6 F,𝑅𝑟 = 𝑅𝑙 = 100Ω,𝐸𝑟 = 𝐸𝑙 = 28V.
(49)

Figure 3 also shows connections of theWMRprototype to the
DS1104 board, Matlab-Simulink, and ControlDesk.

On the other hand, gains of the high-level controller (8)
and (9) were selected as

𝐾1 = 3,𝐾2 = 5,𝐾3 = 3, (50)
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while gains associated with the medium-level controllers
(35) and (36) were obtained by selecting their parameters as
follows: 𝜉1𝑟 = 𝜉1𝑙 = 0.75,𝜔𝑛1𝑟 = 𝜔𝑛1𝑙 = 20. (51)

Lastly, gains of the low-level controllers (45) were proposed
by choosing the following parameters:𝑎2𝑟 = 𝑎2𝑙 = 180,𝜉2𝑟 = 𝜉2𝑙 = 100,𝜔𝑛2𝑟 = 𝜔𝑛2𝑙 = 200.

(52)

The desired trajectory that is imposed on the WMR is
generated from the reference velocities ]∗ and𝜔∗ determined
by the following Bézier polynomials:

𝑝] (𝑡) = ] (𝑡𝑖) + [] (𝑡𝑓) − ] (𝑡𝑖)] 𝜓 (𝑡, 𝑡𝑖, 𝑡𝑓) ,𝑝𝜔 (𝑡) = 𝜔 (𝑡𝑖) + [𝜔 (𝑡𝑓) − 𝜔 (𝑡𝑖)] 𝜓 (𝑡, 𝑡𝑖, 𝑡𝑓) , (53)

where 𝑡𝑖 and 𝑡𝑓 are the initial and final times of the given
trajectory. Pairs [](𝑡𝑖), ](𝑡𝑓)] and [𝜔(𝑡𝑖), 𝜔(𝑡𝑓)] represent the
constant linear and angular velocities which are joined
smoothly through 𝑝] and 𝑝𝜔, respectively, over the time
interval [𝑡𝑖, 𝑡𝑓]. Function 𝜓(𝑡, 𝑡𝑖, 𝑡𝑓) is a polynomial given by

𝜓 (𝑡, 𝑡𝑖, 𝑡𝑓)
= ( 𝑡 − 𝑡𝑖𝑡𝑓 − 𝑡𝑖)3
× [10 − 15( 𝑡 − 𝑡𝑖𝑡𝑓 − 𝑡𝑖) + 6( 𝑡 − 𝑡𝑖𝑡𝑓 − 𝑡𝑖)2] .

(54)

The reference velocities ]∗ and 𝜔∗ were generated using (53)
according to Table 1. Thus, by using (3), the trajectory to be
tracked by the WMR in the 𝑋𝑌 plane, that is, (𝑥∗, 𝑦∗, 𝜑∗), is
depicted in subfigures (a) and (b) associatedwith Figures 5–9.

Figure 5 shows performance achieved under the varia-
tions given in Table 2 for the loads of the Buck converters.
Figure 6 presents results when the abrupt variations defined
in Table 3 are considered for the power supplies. Lastly,
Figure 7 depicts results when the abrupt changes presented in
Table 4 are considered for the inductances-capacitances of the
Buck converters.

According to experimental results in Figures 5–7, the
control objective is successfully achieved; that is, (𝑥, 𝑦, 𝜑) →(𝑥∗, 𝑦∗, 𝜑∗). Furthermore, it can also be seen that the hierar-
chical controller is robust with respect to abrupt variations in
the system parameters.

5.2. Experimental Results When the Power Stage Dynamics
Is Neglected. The experimental implementation of controller
reported in [98] is carried out in this section. The aim is to

Table 1: Desired trajectory defined by Bézier polynomials.

0 ≤ 𝑡 < 0.4: ]∗ = 𝑝](𝑡); 𝜔∗ = 0;
]𝑖(𝑡𝑖 = 0) = 0.1;
]𝑓(𝑡𝑓 = 0.4) = 0.7;0.4 ≤ 𝑡 < 1.3: ]∗ = 0.7; 𝜔∗ = 0;

1.3 ≤ 𝑡 < 1.8: ]∗ = 𝑝](𝑡); 𝜔∗ = 𝑝𝜔(𝑡);
]𝑖(𝑡𝑖 = 1.3) = 0.7; 𝜔𝑖(𝑡𝑖 = 1.3) = 0;
]𝑓(𝑡𝑓 = 1.8) = 0.5; 𝜔𝑓(𝑡𝑓 = 1.8) = 1.8;1.8 ≤ 𝑡 < 3.5: ]∗ = 0.5; 𝜔∗ = 1.8;

3.5 ≤ 𝑡 < 4.5: ]∗ = 𝑝](𝑡); 𝜔∗ = 𝑝𝜔(𝑡);
]𝑖(𝑡𝑖 = 3.5) = 0.5; 𝜔𝑖(𝑡𝑖 = 3.5) = 1.8;
]𝑓(𝑡𝑓 = 4.5) = 0.4; 𝜔𝑓(𝑡𝑓 = 4.5) = −1.8;4.5 ≤ 𝑡 < 5.5: ]∗ = 0.4; 𝜔∗ = −1.8;

5.5 ≤ 𝑡 < 5.8: ]∗ = 𝑝](𝑡); 𝜔∗ = 𝑝𝜔(𝑡);
]𝑖(𝑡𝑖 = 5.5) = 0.4; 𝜔𝑖(𝑡𝑖 = 5.5) = −1.8;
]𝑓(𝑡𝑓 = 5.8) = 0.3; 𝜔𝑓(𝑡𝑓 = 5.8) = −0.75;5.8 ≤ 𝑡 ≤ 6: ]∗ = 𝑝](𝑡); 𝜔∗ = 𝑝𝜔(𝑡);
]𝑖(𝑡𝑖 = 5.8) = 0.3; 𝜔𝑖(𝑡𝑖 = 5.8) = −0.75;
]𝑓(𝑡𝑓 = 6) = 0.2; 𝜔𝑓(𝑡𝑓 = 6) = −0.25.

Table 2: Abrupt changes in 𝑅𝑟 and 𝑅𝑙.𝑅𝑚𝑟 𝑅𝑚𝑙 Time interval𝑅𝑟 𝑅𝑙 𝑡 < 1 s
9% 𝑅𝑟 9% 𝑅𝑙 1 s ≤ 𝑡 < 3 s𝑅𝑟 𝑅𝑙 3 s ≤ 𝑡 < 5 s
9% 𝑅𝑟 9% 𝑅𝑙 5 s ≤ 𝑡

Table 3: Abrupt changes in 𝐸𝑟 and 𝐸𝑙.𝐸𝑚𝑟 𝐸𝑚𝑙 Time interval𝐸𝑟 𝐸𝑙 𝑡 < 1 s
75% 𝐸𝑟 75% 𝐸𝑙 1 s ≤ 𝑡 < 3 s𝐸𝑟 𝐸𝑙 3 s ≤ 𝑡 < 5 s
75% 𝐸𝑟 75% 𝐸𝑙 5 s ≤ 𝑡

Table 4: Abrupt changes in 𝐿 𝑟, 𝐶𝑟, 𝐿 𝑙, and 𝐶𝑙.𝐿𝑚𝑟 𝐶𝑚𝑟 𝐿𝑚𝑙 𝐶𝑚𝑙 Time interval𝐿𝑟 𝐶𝑟 𝐿 𝑙 𝐶𝑙 𝑡 < 1 s32% 𝐿𝑟 33% 𝐶𝑟 37% 𝐿 𝑙 33% 𝐶𝑙 1 s ≤ 𝑡 < 3 s𝐿 𝑟 𝐶𝑟 𝐿 𝑙 𝐶𝑙 3 s ≤ 𝑡 < 5 s32% 𝐿 𝑟 33% 𝐶𝑟 37% 𝐿 𝑙 33% 𝐶𝑙 5 s ≤ 𝑡
show that performance achieved with the hierarchical con-
troller introduced in the present paper is better than, or
at least similar to, performance achieved with controllers
that do not consider the dynamics of the power stage [31–
103]. For such an aim, the differential drive WMR prototype
depicted in Figure 4 was employed. It is stressed that power
stage of this prototype is composed by H-bridges instead of
Buck converters. The physical characteristics of this WMR
prototype are similar to those of the WMR prototype shown
in Figure 3. Controller gains as well as trajectory to be tracked
by the WMR prototype shown in Figure 4 are the same as
those used in Section 5.1.



10 Complexity

y∗ (x∗)

y(x)

0

0.25

0.5

0.75
y

 (m
)

0.5 1 1.50
x (m)

(a)

∗



0

2

4

6

(r
ad

)

2 4 60
t (s)

(b)

r

r

0

6

12

18

(r
ad

/s
)

2 4 60
t (s)

(c)

l

l

0

6

12

18

(r
ad

/s
)

2 4 60
t (s)

(d)

r
r

0

10

20

30
(V

)

2 4 60
t (s)

(e)

l
l

0

10

20

30

(V
)

2 4 60
t (s)

(f)

ir

0

2

4

(A
)

2 4 60
t (s)

(g)

il

0

2

4

(A
)

2 4 60
t (s)

(h)

Figure 5: Experimental results when uncertainties exist in 𝑅𝑟 and 𝑅𝑙.
Table 5: Abrupt changes in 𝐸𝑟 and 𝐸𝑙.𝐸𝑚𝑟 𝐸𝑚𝑙 Time interval𝐸𝑟 𝐸𝑙 𝑡 < 1 s

87.5% 𝐸𝑟 87.5% 𝐸𝑙 1 s ≤ 𝑡 < 3 s𝐸𝑟 𝐸𝑙 3 s ≤ 𝑡 < 5 s
87.5% 𝐸𝑟 87.5% 𝐸𝑙 5 s ≤ 𝑡

When the power supplies are subject to variations defined
in Table 3, the WMR shown in Figure 4 behaves as shown in
Figure 8. When the abrupt variations defined in Table 5 are

considered now for the power supplies, the WMR behaves
as depicted in Figure 9. As observed in Figure 8, controller
fails when solving the trajectory tracking task if variations in
power supplies are large enough (see Table 3). However, if the
variations aremuch smaller (see Table 5), the control success-
fully solves such a task; that is, (𝑥, 𝑦, 𝜑) → (𝑥∗, 𝑦∗, 𝜑∗). See
Figure 9.

6. Conclusions

A hierarchical controller solving the trajectory tracking task
in a differential driveWMRhas been introduced in this paper.
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Figure 6: Experimental results when uncertainties exist in 𝐸𝑟 and 𝐸𝑙.
This control scheme is composed by a kinematic controller
at the highest hierarchical level intended for the mechan-
ical structure. Two differential flatness-based controllers
are designed at the medium level intended for the WMR
actuators (DC motors). Two average differential flatness-
based controllers are employed at the lowest hierarchical level
intended for the power stage (Buck power converters).Hence,
this is the first time that a trajectory tracking controller is
designed for WMRs by taking into account the power stage
dynamics during the design stage.

The closed-loop switched practical implementation was
performed via Σ–Δ-modulation in a differential drive WMR
that was designed and built for such an aim.The experimental
results confirm that the control objective is achieved; that

is, (𝑥, 𝑦, 𝜑) → (𝑥∗, 𝑦∗, 𝜑∗), even when large, abrupt, and
simultaneous changes appear in the system parameters.
Additionally, the proposed controller was compared exper-
imentally to a control scheme that neglects the power stage
dynamics. According to experimental results, the proposal in
the present paper achieves better performances.

Although the control objective is shown above to be
achieved, the solution presented here only considers the
unidirectional trajectory tracking task. Concerning this task,
it is shown in [126] that this does not necessarily imply that
robot is limited when tracking complex trajectories.

Future research will be focused on solving other control
problems, such as obstacle avoidance and path-following, by
using a similar approach to the one presented in this work. It
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Figure 7: Experimental results when abrupt changes associated with 𝐿𝑟, 𝐶𝑟, 𝐿 𝑙, and 𝐶𝑙 appear.

would be convenient, however, that the robot power stage be
redesigned in order to perform bidirectional trajectory track-
ing [127–129].

It is worth mentioning that recent important contri-
butions on WMRs reported in the literature within the
past few months do not take into account dynamics of the
three subsystems composing a WMR (see [130–150]). In
this respect, consideration of such dynamics in the design
of controllers may lead to new research areas where power
electronics would play a very important role.
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Figure 8: Control objective is not accomplished when abrupt changes in Table 3, that is, associated with 𝐸, appear.
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Figure 9: Control objective is accomplished when abrupt changes associated with 𝐸 are small (see Tables 3 and 5).
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A system without equilibrium has been proposed in this work. Although there is an absence of equilibrium points, the system
displays chaos, which has been confirmed by phase portraits and Lyapunov exponents. The system is realized on an electronic
card, which exhibits chaotic signals. Furthermore, chaotic property of the system is applied in multimedia security such as image
encryption and sound steganography.

1. Introduction

Recently, there is an increased interest in multimedia com-
munication, which is vital in various areas ranging from
entertainment industries, economics, and medical applica-
tions to militaries [1, 2]. Several attempts have been made
to provide confidentiality, identity, and integrity. A consider-
able amount of studies about multimedia security has been
introduced, for example, data encryption, steganographic
messages, watermarking, ormultimedia authentication [1–6].

Extensive researches have shown that the use of chaos
for multimedia communication is a potential application [7–
11]. Because of the similar characteristics between chaotic
systems and cryptographic primitives, chaotic cryptography
is a major area of interest [12]. Liu et al. presented the audio
encryption scheme with confusion and diffusion [13]. They
based on a multiscroll chaotic system and one-time keys [13].
By using complex hyperchaotic systems, color image encryp-
tion was proposed [14]. Chaos maps with Markov properties
were applied to construct a new encryption algorithm [15].
In addition, Ghebleh and Kanso introduced a robust chaos
scheme to image steganography [16]. In order to generate
message authentication codes, suitability of chaos functions
was studied in [17].

In this work, we study a ten-term chaotic system without
equilibrium and its multimedia security application. The
chaotic attractors in this system are “hidden attractors”
because the basin of attraction for a hidden attractor is not
connected with any unstable fixed point [18–21]. It is noted
that the concept of hidden attractors has been suggested in
connection with the occurrence of unpredictable attractors
in multistable systems [21]. Researchers have shown that
multistability is connected with the occurrence of unpre-
dictable attractors [21–30]. Recently, hidden attractor has
been investigated in numerous systems such as Chua system
[19], drilling system [31], Lorenz-like system [32], Good-
win oscillator [33], electromechanical systems [34], two-
dimensional maps [35], phase-locked loop circuits [36], and
Rabinovich–Fabrikant system [37].

2. A System without Equilibrium and
Its Implementation

2.1. A System without Equilibrium. Chaotic systems without
equilibrium attract have been attracting a lot of interest [38–
42].Whenmentioning a chaotic systemwithout equilibrium,
it means that there is no real equilibrium in such a system.
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In this work, we study a general three-dimensional form
described by

�̇� = 𝑎
1
𝑦,

̇𝑦 = 𝑎
2
𝑥 + 𝑎
3
𝑦 + 𝑎
4
𝑧 + 𝑎
5
𝑥𝑧,

�̇� = 𝑎
6
𝑥 + 𝑎
7
𝑧 + 𝑎
8
𝑥𝑦 + 𝑎

9
𝑥𝑧 + 𝑎

10
,

(1)

in which 𝑎
𝑖
(𝑖 = 1, . . . , 10) are parameters and 𝑎

𝑖
̸= 0.

We can solve the following three equations to find the
system’s equilibrium:

𝑎
1
𝑦 = 0,

𝑎
2
𝑥 + 𝑎
3
𝑦 + 𝑎
4
𝑧 + 𝑎
5
𝑥𝑧 = 0,

𝑎
6
𝑥 + 𝑎
7
𝑧 + 𝑎
8
𝑥𝑦 + 𝑎

9
𝑥𝑧 + 𝑎

10
= 0.

(2)

From (2), we have

𝐴𝑥2 + 𝐵𝑥 + 𝐶 = 0, (3)

in which

𝐴 = 𝑎
2
𝑎
5
𝑎
9
− 𝑎2
5
𝑎
6
,

𝐵 = 𝑎
2
𝑎
5
𝑎
7
− 𝑎
4
𝑎
5
𝑎
6
− 𝑎2
5
𝑎
10
,

𝐶 = −𝑎
4
𝑎
5
𝑎
10
,

(4)

for

𝑎
5
𝑎
7
− 𝑎
4
𝑎
9
̸= 0. (5)

As a result, there is no equilibrium in general form (1) for

Δ = 𝐵2 − 4𝐴𝐶 < 0. (6)

Based on conditions (5) and (6) and 𝑎
𝑖
̸= 0, we have

applied a search procedure [40] to find the set of parameters
for which general form (1) does not have equilibrium. A set
of parameters has been found as follows:

𝑎
1
= 𝑎,

𝑎
2
= 𝑎
7
= 𝑎
8
= −1,

𝑎
3
= 𝑏,

𝑎
4
= 𝑐,

𝑎
5
= 𝑎
6
= 𝑎
10
= 1,

𝑎
9
= 𝑑,

(7)

where 𝑎, 𝑏, 𝑐, 𝑑 > 0. General form (1) is rewritten by

�̇� = 𝑎𝑦,

̇𝑦 = −𝑥 + 𝑏𝑦 + 𝑐𝑧 + 𝑥𝑧,

�̇� = 𝑥 − 𝑧 − 𝑥𝑦 + 𝑑𝑥𝑧 + 1.

(8)

It is simple to see that system (8) has no equilibrium for
𝑎 = 2, 𝑏 = 0.1, 𝑐 = 2.5, and 𝑑 = 0.3. However, it displays

chaos as shown in Figure 1. In this case, calculated Lyapunov
exponents of the system are illustrated in Figure 2. Lyapunov
exponents are 𝐿

1
= 0.2563, 𝐿

2
= 0, and 𝐿

3
= −0.5762 for

𝑡 = 10, 000. Positive Lyapunov exponent 𝐿
1
= 0.2563 verifies

the chaotic behavior of system (8). Attractors of system (8) are
hidden attractors according the introduced definition in [21].
It is noted that the hidden attractors are observed in systems
without equilibria, with no unstable fixed points or with one
stable fixed point [21].

2.2. Electronic Circuit Implementation of the Chaotic System
without Equilibrium. Electronic implementation of a chaotic
model is useful for confirming the model’s feasibility as well
as realizing applications [43–45].Themain aim of this section
is to design a circuit to realize the systemwithout equilibrium
by using electronic elements [46–51]. The chaotic system
must be rescaled for electronic circuit implementation. The
amplitude values of system (𝑥, 𝑦, and 𝑧) are in the interval
of (−80, 60). They are higher than the interval of (−15, 15)
which are electronic materials limitations. For scale process,
let 𝑋/2 = 𝑥, 𝑌/6 = 𝑦, and 𝑍 = 𝑧/4 and then adjust the
original state variables 𝑥, 𝑦, 𝑧 instead of the variables𝑋,𝑌,𝑍.
As a result, the scaled system finally becomes of the following
form:

�̇� = 3𝑎𝑌,

�̇� = −
1

3
𝑋 + 𝑏𝑌 +

2

3
𝑐𝑍 +
4

3
𝑋𝑍,

�̇� =
1

2
𝑋 − 𝑍 − 3𝑋𝑌 + 2𝑑𝑋𝑍 +

1

4
.

(9)

An electronic circuit is designed for the scaled system as
shown in Figure 3.

As can be seen in Figure 3, we selected 𝐶1 = 𝐶2 = 𝐶3 =
1 nF, 𝑅1 = 66 kΩ, 𝑅2 = 𝑅3 = 𝑅8 = 𝑅9 = 𝑅15 = 𝑅16 = 100 kΩ,
𝑅4 = 1200 kΩ, 𝑅5 = 4000 kΩ, 𝑅6 = 240 kΩ, 𝑅7 = 30 kΩ, 𝑅10 =
800 kΩ, 𝑅11 = 400 kΩ, 𝑅12 = 24000 kΩ, 𝑅13 = 67 kΩ, and 𝑅14
= 14 kΩ.The scaled chaotic systemwas done on the electronic
card (see Figure 4). All phase portraits on the oscilloscope
are shown in Figure 5, which illustrate the feasibility of the
system.

3. Image Encryption and Sound
Steganography Applications of the
System without Equilibrium

After considering the circuit implementation of the system, in
this section, image encryption and hiding of encrypted image
data in a sound file have been implemented to show that the
no-equilibrium chaotic system can be used in multimedia
security applications. In order to realize these applications,
firstly random number generator design has been done.

3.1. Random Number Generator (RNG) Design. One of the
most basic structures used in chaos-based encryption and
stenography applications is RNG. In this study, before the
security applications, a RNG design has been implemented
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Figure 1: Projections of attractors without equilibrium in (a) 𝑥 − 𝑦 plane, (b) 𝑥 − 𝑧 plane, and (c) 𝑦 − 𝑧 plane for 𝑎 = 2, 𝑏 = 0.1, 𝑐 = 2.5, and
𝑑 = 0.3 and initial conditions (𝑥(0), 𝑦(0), 𝑧(0)) = (1, 1, 1). The attractor of system (8) is “hidden” according to the definition introduced in
[21].

for use in these applications. In RNG design, mod (256)
operation has been performed by taking 13, 14, and 15
digits after the point of state variables obtained by using
Runge–Kutta 4 (RK4) algorithm. In this case, 8 bits of each
state variable are obtained in each iteration of the RK4
algorithm. Finally, each 8-bit sequence obtained from 3 state
variables (𝑥, 𝑦, 𝑧) has been XORed at each iteration to obtain
a random bit sequence of RNG. In Table 1, the statistical
NIST-800-22 test results of the random number sequence of
1,000,000 bits obtained from the designed RNG are shown.

The statistical NIST-800-22 test is known as the inter-
nationally accepted best random test. The NIST test is a
comprehensive test consisting of 15 different tests. In order to
be able to speak of a complete randomness, obtained 𝑃 values
from the all of 15 tests must be provided with the condition of
1 > 𝑃 value > 0.01. When the values in Table 1 are examined,

it is seen that the RNG based on the new system is successful
in all tests.

3.2. Image Encryption Application. In this application, image
encryption is performed using RNG obtained in Section 3.1.
In the application 128 × 128 pixel size image with gray scale
(“pepper”) is used. All pixels of the original image have
converted to binary and all binary bits have been subjected to
XOR processing with a random bit sequence obtained from
the RNG to perform encryption. The decryption process is
also performed by applying the reverse of the encryption pro-
cess. Figure 6 shows the original, encrypted, and decrypted
images. As seen in the figure, the encrypted image is not
understood. So, the encryption is visually very successful.
Correlation, histogram, entropy, and differential attack anal-
yses were also performed to analyze the performance of the
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Table 1: NIST-800-22 test results of the new chaotic system based RNG.

Statistical tests 𝑃 value Result
Frequency (Monobit) Test 0,4556674150378 Successful
Block-Frequency Test 0,312738896039824 Successful
Cumulative-Sums Test 0,5441395972238 Successful
Runs Test 0,117478755093071 Successful
Longest-Run Test 0,88635602631487 Successful
Binary Matrix Rank Test 0,594206193094231 Successful
Discrete Fourier Transform Test 0,783086624373691 Successful
Nonoverlapping Templates Test 0,0586441453317821 Successful
Overlapping Templates Test 0,868314176679646 Successful
Maurer’s Universal Statistical Test 0,349319372138117 Successful
Approximate Entropy Test 0,0419351614775444 Successful
Random-Excursions Test (𝑥 = −4) 0,746783846542712 Successful
Random-Excursions Variant Test (𝑥 = −9) 0,810174242469133 Successful
Serial Test-1 0,366073450623053 Successful
Serial Test-2 0,333453364381209 Successful
Linear-Complexity Test 0,992656091838689 Successful

2000 4000 6000 8000 100000
t

−1

−0.5

0

0.5

1

L
i

Figure 2: Lyapunov exponents of system without equilibrium (8)
for 𝑎 = 2, 𝑏 = 0.1, 𝑐 = 2.5, and 𝑑 = 0.3 and initial conditions
(𝑥(0), 𝑦(0), 𝑧(0)) = (1, 1, 1): 𝐿

1
(red), 𝐿

2
(green), and 𝐿

3
(blue).

Positive value of Lyapunov exponent 𝐿
1
indicates chaos of system

(8).

encryption. Figures 7 and 8 show correlation distributions
and histogram graphs. In these graphs, it is seen that encryp-
tion process provides a very homogeneous distribution. The
homogeneity of the encrypted image distributions shows
the encryption is good. In addition, we have implemented
some existing image encryption methods to compare with
our encryption method (see Tables 2 and 3). The entropy,
correlation, and differential attack (NPCR and UACI) results
and encryption time show the good performance of the
proposed image encryption method.

3.3. Sound Steganography Application. In this section, the
128 × 128 encrypted picture obtained in Section 3.2 has

Table 2: Security analysis result and comparisons (256 × 256
“pepper” image).

Entropy Correlation NPCR UACI
This work 7.9972 0.0042 99.9802 30.0634
Ref. [52] 7.9560 0.5210 99.6289 31.8345
Ref. [53] 7.9972 0.0520 99.6109 12.7548
Ref. [54] 7.9820 0.0052 99.5773 34.1402
Ref. [55] 7.9958 0.0068 99.6170 25.125
Ref. [56] 7.9991 0.0082 99.028 33.10
Ref. [57] 7.998 0.0071 99.50 33.39

Table 3: Encryption time and comparisons (256 × 256 “pepper”
image).

Encryption time (s)
This work 0.4865
Ref. [52] 1.6734
Ref. [58] 3.704
Ref. [59] 0.712
Ref. [60] 5.6544
Ref. [61] 0.5630

been hidden in the original sound as in Figure 9. In this
hiding process, firstly, the pixel values of the encrypted
picture are converted into binary numbers. Secondly, the
float values obtained from the sound data are converted
to 32-bit binary numbers. Finally, all the bits belonging
to the encrypted image are hidden by placing them in
the LSB bits of the 32-bit binary numbers of the selected
sound data using the RNG obtained in Section 3.1. As a
result, the sound data in which the encrypted image is
hidden is shown in Figure 9. There is no visual difference
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Figure 3: The circuit schematic of the scaled system.
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(a) (b)

Figure 4: The experimental circuit of the scaled chaotic system.

(a) (b)

(c)

Figure 5: All phase portraits of the scaled chaotic system on the oscilloscope: (a)𝑋 − 𝑌 plane, (b)𝑋 − 𝑍 plane, and (c) 𝑌 − 𝑍 plane.

between the original and embedded sound data seen in
Figure 9. This shows that the steganography application has
a good performance. Since it is not enough that there is
no difference visually between the original and embedded
sounds, analyses of correlation, histogram, entropy, mean
square error (MSE), maximum absolute error (MAXERR),
and the energy ratio (L2RAT) were also performed. As seen
in Figures 10 and 11, correlation distributions and histograms
of the original and embedded sounds are the same. In
addition, the results of the analyses in Table 4 indicate that
there is no difference between the original and embedded
sounds.Thismeans that the sound steganography application
based on the chaotic system without equilibrium has a good
performance.

Table 4: Security analysis of the steganography process.

Analysis Original sound Embedded sound
Correlation 0.9994 0.9994
Entropy 13.4926 13.4926
MSE 0
MAXERR 0
L2RAT 1

4. Conclusions

This paper introduces a 3D system without equilibrium,
which exhibits chaotic behavior. The system includes ten
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Figure 6: Original, encrypted, and decrypted images.
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Figure 7: Correlation distributions of original and encrypted images.
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Figure 8: Histograms of original and encrypted images.

terms and has been implemented easily by an electronic
circuit. The findings of this work add to a growing list of sys-
tems with hidden attractors. This work enhances our under-
standing of practical applications using systems with hidden
attractors. We have used the system without equilibrium for
image encryption and sound steganography. According to
our knowledge, this is the first time that the 128 kbit data
can be encrypted and hidden in sound files. Therefore the
findings of this work have important implications for future
practice. Other chaotic systems without equilibrium will be
discovered in our future researches.
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Figure 9: Original and embedded sound.
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A novel hyperchaotic system with fractional-order (FO) terms is designed. Its highly complex dynamics are investigated in terms
of equilibrium points, Lyapunov spectrum, and attractor forms. It will be shown that the proposed system exhibits larger Lyapunov
exponents than related hyperchaotic systems. Finally, to enhance its potential application, a related circuit is designed by using the
MultiSIM Software. Simulation results verify the effectiveness of the suggested circuit.

1. Introduction

Hyperchaos was discovered by Rössler in 1979 [1] and the
first hyperchaotic circuit was implemented by Matsumoto
in 1986 [2]. In these last years, hyperchaotic systems have
gained the interest of the scientific community and new
systems and circuits are proposed [3–8]. This great interest
can be explained by the aptitude of hyperchaotic systems
to generate complex dynamics characterized by more than
one positive Lyapunov exponent and attractors deployed in
multiple directions. In practical applications and particularly
in secure communication, chaotic synchronization has been
explored by using electronic circuits, namely, Duffing circuit
[9], Chua circuit [10], and Rössler circuit [11]. However, for
hyperchaotic circuits, many challenging problems are still
pending due to their complex behaviors.

On the other hand, several researches have attempted
to construct chaotic and hyperchaotic models with simple
algebraic structures highly recommended for circuit design.
The most famous chaotic one is the Jerk system proposed
by sprott, in 1994 [12, 13], which contains simple nonlinear
terms. However, it is well known that most systems contain
conventional nonlinear terms like piecewise linear functions
[14–17], integer order polynomials [8, 18], sine functions [19],
time delayed functions [20], and switching functions [21]. In
this framework, fractional-order polynomials could be used

to build complex chaotic behaviors and, to the best of our
knowledge, they have not been harnessed until now.

The purpose of this paper is to build a novel hyperchaotic
system with more complex dynamics than those proposed
by related works. Expecting that the PWNL function with
FO terms gives us more complex chaotic proprieties than
the piecewise linear one, this PWNL function is constructed
from absolute functions and FO polynomials. To enhance
the potential application of the proposed system, its related
circuit is designed afterwards with MultiSIM Software.

The rest of this paper is structured as follows. In Section 2,
the mathematical model of the hyperchaotic system is pro-
posed and its basic properties are presented. In Section 3,
the dynamic analysis of the novel system is investigated
by pointing out its elementary characteristics such as the
Lyapunov exponents, the attractor forms, and the equilibrium
points. In Section 4, the oscillator circuit of the hyperchaotic
system is designed afterwards.

2. Mathematical Model and Basic Properties

Let consider the mathematical model of the novel hyper-
chaotic system with FO terms expressed by the following
differential equations:�̇� = 𝑦,̇𝑦 = 𝑧,
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Figure 1: Projections of the attractor related to the hyperchaotic system (1) onto the spaces (𝑥, 𝑦, 𝑧), (𝑥, 𝑦), (𝑥, 𝑧), (𝑦, 𝑧), and (𝑤, 𝑦).�̇� = −𝑎𝑧 − 𝑏𝑦 + 𝐺 (𝑥)�̇� = 𝑘𝑦 − ℎ𝑤 + 𝐺 (𝑥) ,
(1)

with 𝐺(𝑥) being a nonlinear function defined as𝐺 (𝑥) = −𝑐𝑥2 + 𝑑 |𝑥| 𝑥 + 𝑚 |𝑥|𝑟 𝑥−1, 1 < 𝑟 < 2, (2)

where (𝑎, 𝑏, 𝑐, 𝑑, ℎ, 𝑘, 𝑚, 𝑟) are the system’s parameters and
(𝑥, 𝑦, 𝑧, 𝑤) are the state variables. 𝑟 is a fractional number
satisfying 1 < 𝑟 < 2. Since 𝑟 ̸= 1, |𝑥|𝑟𝑥−1 will never be
an indeterminate form. The nonlinear function 𝐺(𝑥) can be
written as follows:

𝐺 (𝑥) = {{{{{(−𝑐 − 𝑑) 𝑥
2 − 𝑚 (−𝑥)𝑟−1 , if 𝑥 < 0,0, if 𝑥 = 0,(−𝑐 + 𝑑) 𝑥2 + 𝑚𝑥𝑟−1, if 𝑥 > 0. (3)

System (1) can exhibit chaotic behavior if the general condi-
tion of dissipativity is satisfied such as𝜕�̇�𝜕𝑥 + 𝜕 ̇𝑦𝜕𝑦 + 𝜕�̇�𝜕𝑧 + 𝜕�̇�𝜕𝑤 = −𝑎 − ℎ < 0. (4)

As long as 𝑎 + ℎ > 0, system (1) is dissipative and it converges
to an attractor.Thus,when the parameters (𝑎, 𝑏, 𝑐,𝑑,𝑚, 𝑟, ℎ, 𝑘)
are equal to (0.93, 1.11,−0.11,−0.21, 6.26, 1.32, 0.001, 14) and
the initial condition is equal to (1, 1, 1, 1), system (1) generates
a strange attractor displayed in Figure 1. This attractor has



Complexity 3

100 200 300 400 500 600 700 800 900 10000

Time

−15

−10

−5

0

5

10

15

20
x

(a)

100 200 300 400 500 600 700 800 900 10000

Time

−250

−200

−150

−100

−50

0

50

100

150

200

250

w

(b)

−250

−200

−150

−100

−50

0

50

100

150

200

250

w

10 20 30 40 50 60 70 80 90 1000

Time
(c)

−15

−10

−5

0

5

10

15

20

x

10 20 30 40 50 60 70 80 90 1000

Time
(d)

Figure 2: Time series and sensitive dependence on initial conditions (1, 1, 1, 1) (blue) and (1.001, 1, 1, 1) (red): (a) and (d) variable 𝑥; (b) and
(c) variable 𝑤.
an asymmetrical form with respect to all the principal axes
characterized by two scrolls of different sizes.

The time series of the state variables 𝑥 and 𝑤 are
described in Figures 2(a) and 2(b). These signals represent
the chaotification rates of each variable. On the other hand,
system (1) is sensitive to initial conditions as shown in Figures
2(c) and 2(d). Note that the variation range of the variable𝑤 is
extended within [−250, 200], unlike the other variables. This
point must be considered in practical applications.

3. Dynamic Analysis

3.1. Equilibrium and Stability. The equilibrium points of
system (1) are obtained by solving these equations:𝑦 = 𝑧 = 𝑤 = 0,−𝑐𝑥2 + 𝑑 |𝑥| 𝑥 + 𝑚 |𝑥|𝑟 𝑥−1 = 0. (5)

Proposition 1. (i) If 𝑥 = 0, then 𝑤 = 0 and the origin 𝐻1 =(0, 0, 0, 0) is the first equilibrium of system (1).
(ii) If 𝑥 > 0, then 𝑤 = 0 and𝐻2 = (((𝑐 − 𝑑)/𝑚)1/𝛼, 0, 0, 0)

is an equilibrium of system (2) where 𝛼 = 𝑟 − 3.

(iii) If 𝑥 < 0, then 𝑤 = 0 and 𝐻3 = ((−(−𝑐 −𝑑)/𝑚)1/𝛼, 0, 0, 0) is an equilibrium of system (2) where 𝛼 =𝑟 − 3.
Proof. Case (i) is obvious.

For case (ii), we should solve the following equation: −𝑐+𝑑+𝑚𝑥𝑟−3 = 0which admits the solution 𝑥𝛼 = (𝑐−𝑑)/𝑚with𝛼 = 𝑟 − 3. The roots of this equation are given by [22]𝑥 =  (𝑐 − 𝑑)𝑚 1/𝛼 𝑒(𝑗𝜃1±2𝑛Π)/𝛼 (6)

with 𝑛 ∈ N, 𝜃1 being the phase of 𝑥𝛼, and 𝛼 being a fractional
number. Notice that the term (𝑐 − 𝑑)/𝑚 is positive when 𝑐 =−0.11, 𝑑 = −0.21, and𝑚 = 6.26. Then, 𝜃1 is equal to zero and
we have 𝑥 = ((𝑐 − 𝑑)/𝑚)1/𝛼.

For case (iii), we should solve the following equation:−𝑐−𝑑 − 𝑚(−𝑥)𝑟−3 = 0 which admits the solution (−𝑥)𝛼 = 𝑋𝛼 =(−𝑐−𝑑)/𝑚with 𝛼 = 𝑟−3.The roots of this equation are given
by [22] 𝑋 =  (−𝑐 − 𝑑)𝑚 1/𝛼 𝑒(𝑗𝜃2±2𝑛Π)/𝛼 (7)
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Table 1: Stability analysis of system (1).

Equilibrium point Jacobian matrix Corresponding eigenvalues Stability analysis

𝐻1 (0 1 0 00 0 1 00 −𝑏 −𝑎 00 𝑘 0 −ℎ)
𝜆1 = 0𝜆2 = −0.001𝜆3 = −0.465 + 0.945𝑖𝜆4 = −0.465 − 0.945𝑖 Stable point

𝐻2 ( 0 1 0 00 0 1 0Δ 1 −𝑏 −𝑎 0Δ 1 𝑘 0 −ℎ)
𝜆1 = −0.001𝜆2 = −1.273𝜆3 = 0.171 + 1.232𝑖𝜆4 = 0.171 − 1.232𝑖 Unstable point

Δ 1 = 2𝑑𝑥 − 2𝑐𝑥 + (𝑟 − 1)𝑚𝑥𝑟−2
𝐻3 ( 0 1 0 00 0 1 0Δ 2 −𝑏 −𝑎 0Δ 2 𝑘 0 −ℎ)

𝜆1 = −0.001𝜆2 = −2.297𝜆3 = 0.683 + 1.945𝑖𝜆4 = 0.683 − 1.945𝑖 Unstable point

Δ 2 = −2𝑑𝑥 − 2𝑐𝑥 − (𝑟 − 1)𝑚𝑥𝑟−2
with 𝑛 ∈ N, 𝜃2 being the phase of 𝑥𝛼, and 𝛼 being a fractional
number. Notice that the term (−𝑐 − 𝑑)/𝑚 is positive when𝑐 = −0.11, 𝑑 = −0.21, and𝑚 = 6.26. Then, 𝜃2 is equal to zero
and we have 𝑥 = (−(−𝑐 − 𝑑)/𝑚)1/𝛼.

When the parameters (𝑎, 𝑏, 𝑐, 𝑑, 𝑚, 𝑟, ℎ, 𝑘) are equal
to (0.93, 1.11, −0.11, −0.21, 6.26, 1.32, 0.001, 14), system
(1) admits three equilibrium points: 𝐻1 = (0, 0, 0, 0), 𝐻2 =(11.73, 0, 0, 0), and 𝐻3 = (−5.87, 0, 0, 0). For the stabil-
ity analysis, Table 1 gives the Jacobian matrix 𝐽 and its corre-
sponding eigenvalues calculated for each equilibrium point.

3.2. Lyapunov Exponents Analysis. System (1) exhibits four
Lyapunov exponents (LEs).These LEs are esteemed using the
Wolf algorithm [23], as shown in Figure 3 as

LE1 = 0.232,
LE2 = 0.020,
LE3 = 0,
LE4 = −1.169. (8)

Since the LE spectrum has two positive Lyapunov exponents;
thus system (1) is hyperchaotic. 𝜆1 is the largest positive one.
This exponent increases the expansion degree of the attractor
in the phase space.

In addition, the correspondingKaplan-Yorke dimension is𝐷𝐿 = 3 + (𝜆1 + 𝜆2 + 𝜆3)𝜆4 = 3.19. (9)

3.3. Routes to Chaos. System (1) can display periodic orbits,
chaos, and hyperchaos attractors under different conditions.
In fact, when the parameter 𝑚 varies and the parameters (𝑎,𝑏, 𝑐, 𝑑, 𝑟, ℎ, 𝑘) are fixed, two Hopf bifurcations are detected
as shown in Figure 4. These bifurcations are denoted H in
the bifurcation diagram and they appear when𝑚 = 0.99 and𝑚 = 2.11, respectively. Each Hopf point is characterized by a
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Figure 3: The Lyapunov exponent spectrum of the hyperchaotic
system (1).

first Lyapunov coefficient (FLC). A positive FLC indicates the
existence of a supercritical Hopf bifurcation, whereas a nega-
tive one indicates a subcritical Hopf bifurcation. In system (1),
the two points obtained are supercritical Hopf bifurcations.
This type of bifurcation indicates that the evolution to chaotic
behavior is possible.

In addition, as the parameter of bifurcation 𝑚 increases,
system (1) undergoes the following routes:

(i) If −1 ≤ 𝑚 ≤ 0.3, then system (1) exhibits periodic
orbit. Figure 5(a) shows this regular attractor with𝑚 = −0.5.

(ii) If 0.3 < 𝑚 ≤ 2.1, then system (1) converges to a fixed
point as shown in Figure 5(b).
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Table 2: The LEs of some typical attractors of system (1).𝑚 LE1 LE2 LE3 LE4 Attractor3.6 0 0 −0.42 0.8 Periodic orbit3.8 0.05 0 −0.01 −0.92 Chaotic attractor6 0.18 0.007 0 −1.10 Hyperchaotic attractor6.5 0.17 0.01 0 −1.16 Hyperchaotic attractor

Table 3: Comparative analysis with related hyperchaotic systems.

Hyperchaotic system Lyapunov exponents Kaplan-Yorke dimension

Proposed hyperchaotic system

LE1 = 0.231 𝐷KY = 3.19LE2 = 0.020
LE3 = 0

LE4 = −1.169
Piecewise linear hyperchaotic circuit [25]

LE1 = 0.064 𝐷KY = 3.089LE2 = 0.033
LE3 = 0

LE4 = −1.098
Hyperchaotic hyperjerk system [26]

LE1 = 0.142 𝐷KY = 3.134LE2 = 0.046
LE3 = 0

LE4 = −1.396
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Figure 4: Hopf bifurcations.

(iii) If 2.1 < 𝑚 ≤ 3.8, then another periodic orbit is
obtained as shown in Figure 5(c) with𝑚 = 1.

(iv) If 3.8 < 𝑚 ≤ 5.5, system (1) exhibits chaotic attractor.
Figure 5(d) shows this strange attractor with𝑚 = 4.5.

(v) If 5.5 < 𝑚 < 7, then system (1) exhibits hyperchaotic
attractor. Figure 5(e) shows this strange attractor with𝑚 = 6.

Some typical attractors are tabulated in Table 2 according
to the parameter𝑚.

3.4. Comparative Analysis. Referring to the survey paper
[24], the first Lyapunov exponent can be one of the compara-
tive criteria between hyperchaotic systems. Table 3 presents

a comparative analysis between system (1) and two related
ones, recently proposed in literature. Such a choice is based
on the fact that, identical to system (1), the first comparative
example contains linear piecewise functions whereas the
second one is based on the jerk equation. Based on Table 3, it
is clear that system (1) exhibitsmore complex dynamics.Thus,
this confirms the highlight potential applications of noninte-
ger order terms with respect to classical nonlinear terms.

4. Circuit Design

It is obvious that hardware implementation of chaotic systems
is an interesting task in engineering applications, namely,
for secure communications and random bits generation.
Therefore, the aim of this section is to design an analog circuit
that can build hyperchaotic behaviors according to system (1).

4.1. Design of the Analog Circuit with MultiSIM. For the
circuit implementation, we choose the particular case study
when the system parameter 𝑟 is fixed to 1.5. Thus, the
proposed system will be defined by the following model:�̇� = 𝑦,̇𝑦 = 𝑧,�̇� = −𝑎𝑧 − 𝑏𝑦 − 𝑐𝑥2 + 𝑑 |𝑥| 𝑥 + 𝑚√|𝑥|sgn (𝑥)�̇� = 𝑘𝑦 − ℎ𝑤 − 𝑐𝑥2 + 𝑑 |𝑥| 𝑥 + 𝑚√|𝑥|sgn (𝑥) , (10)

where the system parameters (𝑎, 𝑏, 𝑐, 𝑑, 𝑚, ℎ, 𝑘) are equal to
(1, 1, −0.11, −0.21, 5, 0.01, 14). System (10) exhibits four LEs
such as

LE1 = 0.18,
LE2 = 0.04,
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Figure 5: Different attractors forms exhibited by system (1) when parameter𝑚 varies.

LE3 = 0,
LE4 = −1.2.

(11)

Despite the observation of the obtained phase portraits of
system (10), we deduce that the maximum value of the signal𝑤 can reach the level of 250. Thus, 250V is a sufficiently high
voltage for the common components used in the proposed
circuit. Therefore, a linear transformation for system (10) is
necessary to decrease the amplitude of the state variables.
Letting 𝑢 = 𝑥/2, V = 𝑦/2, 𝑔 = 𝑧/2, and 𝑓 = 𝑤/160 and
then setting the original state variables 𝑥, 𝑦, 𝑧, and 𝑤 instead
of the variable 𝑢, V, 𝑔, and𝑓, the adjusted system becomes the
following one:�̇� = 𝑦,̇𝑦 = 𝑧,�̇� = 𝑎𝑧 − 𝑏𝑦 − 2𝑐𝑥2 + 2𝑑 |𝑥| 𝑥 + 𝑚√2√|𝑥|sgn (𝑥)�̇� = 𝑘𝑦 − 80ℎ𝑤 − 2𝑐𝑥2 + 2𝑑 |𝑥| 𝑥 + 𝑚√2√|𝑥|sgn (𝑥) .

(12)

The amplitude of the state variables of system (10) has
decreased as shown in Figure 6. Moreover, the two systems
(10) and (12) are equivalent since the linear transformation
does not change the physical properties of nonlinear systems.

To design the hyperchaotic circuit of system (12), only
common electronic components are used such as resistors,
capacitors, diodes, multipliers, and operational amplifiers. In
fact, the nonlinear terms of system (12) should be designed
first, namely, the quadratic term, the absolute function, the
sign function, and the square root function. The quadratic
term is implemented with the analog multiplier. The square
root element is designed with two operational amplifiers as
only active elements [27].The analog circuit of the square root
element is provided in Figure 7.

For the theoretical study and based on [27], the second
voltage source in Figure 7 should be fixed to 2.878V.
However, in experimentation applications, we have obtained
the root square function by using a stabilized voltage equal to2.9V as shown in Figure 8.This figure describes two voltages;
the first one is a positive source signal and the second one is
the output signal of the square root circuit. Based on these
results, the observed maximum voltages are equal to 720mV
and 900mV (≃ √0.72 = 0.88), respectively. Thus, the square
root function is correctly obtained with 2.9V. In addition,
based on MultiSIM results and experimental simulations, if
the source voltage is included in [2.7V, 3V] then system
(12) generates strange attractors. To avoid making this paper
more cumbersome, details on experiments and experimental
results will be soon presented in future works, confirming the
MultiSIM results.
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Figure 8: Experimental results of the square root function.
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The corresponding circuit equation of the hyperchaotic
system can be described as�̇� = 1𝑅1𝐶1𝑦,̇𝑦 = 1𝑅2𝐶2 𝑧,�̇� = − 1𝑅3𝐶3 𝑧 − 1𝑅4𝐶3𝑦 + 1𝑅5𝐶3 𝑥2 − 1𝑅6𝐶3 |𝑥| 𝑥+ 1𝑅7𝐶3√|𝑥|sgn (𝑥)�̇� = − 1𝑅8𝐶4𝑦 − 1𝑅9𝐶4𝑤 + 1𝑅5𝐶4 𝑥2 − 1𝑅6𝐶4 |𝑥| 𝑥+ 1𝑅7𝐶4√|𝑥|sgn (𝑥) .

(13)

According to system (12) and (13) and design considera-
tions, we fixed the values of the resistances and the capacitors
as 𝐶1 = 𝐶2 = 𝐶3 = 1 nF,𝐶4 = 0.1 nF,

𝑅1 = 𝑅2 = 100 kΩ,𝑅3 = 𝑅4 = 10 kΩ,𝑅5 = 4.554 kΩ,𝑅6 = 2.5 kΩ,𝑅7 = 0.2 kΩ,𝑅8 = 7 kΩ,𝑅9 = 1.25 kΩ.
(14)

Finally, the obtained circuit diagram, designed with Multi-
SIM Software, is provided in Figure 9 where the multiplier is
AD633 and the operator amplifier is UA741.

4.2. Simulation Results. For the oscillator circuit, all active
devices (UA741 and AD633) are powered by ±15V. Several
design considerations were taken into account to prevent
degrading the hyperchaotic behavior such as the adjustment
of the resistors and the capacitors for the integration opera-
tions.

The oscilloscope traces of the proposed circuit are shown
in Figure 10. Comparing the different hyperchaotic attractors
shown in Figures 6 and 10, a good qualitative agreement
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Figure 10: Simulation results of the hyperchaotic system with
MultiSIM Software.

between the numerical simulations with Matlab and the
electrical simulations with MultiSIM Software is observed.
In fact, for MultiSIM Software, we have obtained the same
attractors forms as those obtained by Matlab simulations.
However, in these last attractors, some saturation effects are
detected due to the operational amplifiers responses. To avoid
making this papermore cumbersome, details on experiments
and experimental results will be presented in future works,
where saturation effects of amplifiers will be deeply analyzed.

5. Conclusions
In this paper, a novel hyperchaotic system is proposed
by considering fractional-order polynomials. Analytical and
numerical results show that this system exhibits more com-
plex behaviors than those proposed by related works. More-
over, its analog circuit is designed and simulated with Mul-
tiSIM Software. In future works, experimental realization of

the hyperchaotic circuit will be proposed and the saturation
effects induced by the operational amplifiers will be analyzed.
Thereafter, the proposed circuit will be considered for secure
image encryption and decryption applications.
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The noise effects on a homeostatic regulation of sleep-wake cycles’ neuronal mathematical model determined by the hypocre-
tin/orexin and the local glutamate interneurons spatiotemporal behaviors are studied within the neighborhood of stimulus
threshold in this work; the neuronal noise added to the stimulus, the conductance, and the activation variable of the modulation
function are investigated, respectively, based on a circadian input skewed in sine function. The computer simulation results
suggested that the increased amplitude of external current input will lead to the fact that awakening time is advanced but the sleepy
time remains the same; for the bigger conductance and modulation noise, the regulatory mechanism of the model sometimes will
be collapsed and the coupled two neurons of the model show very irregular activities; the falling asleep or wake transform appears
at nondeterminate time.

1. Introduction

Noise not only is a problem for neurons, but also can be a
solution in information processing. Several strategies have
been adopted to use noise in this fashion; for example,
stochastic resonance is a process by which the ability of
threshold-like systems to detect and transmit weak signals
can be enhanced by the presence of a certain level of noise
[1]. Neural noise is a general term that designates random
influences on the transmembrane voltage of single neurons
and by extension of the firing activity of neural networks.
This noise can influence the transmission and integration of
signals from other neurons and alter the firing activity of
neurons in isolation [2–4], and there are some significant
effects near bifurcation points [5, 6], the weak neural noise,
that seem to be less relevant when the neurons operate
in spike generating regime for a suprathreshold; however,
the situation is completely different in the neighborhood of
threshold where noise can induce significant changes in the
impulse patterns; furthermore, in the central neural system,

the neurons oftenwork in the neighborhood of threshold, but
neurons are heterogeneous and noise is inevitable [7]. Sleep
is essential for the maintenance of the brain and the body,
yet many features of sleep are poorly understood and mathe-
matical models are an important tool for probing proposed
biological mechanisms; in addition, noise is an inevitable
factor in real neuronal systems, which plays an important
role in spatiotemporal dynamics of neuronal networks, for
nearly a century of study; some regulation nonlinear sleep
models about circadian [8], diversity-induced resonance [9],
temporal dynamics [10], physiological substrates [11, 12],
and more have been proposed to investigate the neural
regulatory mechanism for sleep-wake cycle; however, sleep
and its underlying processes still hold many mysteries; it
remains unclear how identified brain regions interact to bring
about the different stages of sleep and wakefulness, how the
timing of sleep depends on the length of time spent awake
and work load, and how pathologies associated with sleep,
such as narcolepsy, arise [13]. As we all know, there are
homeostatic formation mechanism and biological function
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between connection neurons [14, 15]; in this work, we study
the spatiotemporal behaviors of noise effects in the neigh-
borhood of stimulus threshold for a mathematical model
of homeostatic regulation of sleep-wake cycles proposed by
Postnova et al. [16].The effects of neuronal noise added to the
stimulus, the conductance, and the modulation function are
investigated, respectively, based on a circadian input skewed
in sine function proposed by Daan et al. [17].

2. Model and Input

The mathematical model of regulation sleep-wake cycles
employed in this work is suggested by Postnova et al., the
homeostatic regulation process in this model is determined
by the neuropeptide hypocretin/orexin (Hcrt/ox), and the
Hcrt/ox neurons are silent during sleep and active during
wakefulness depending on reciprocal excitatory synaptic
connections with local glutamate (Glu) interneurons. The
model formed by two simplified Hodgkin-Huxley type neu-
rons that are connected via Glu synapses, one of which
additionally contains Hcrt/ox as the functionally relevant
cotransmitter (see Figure 1 of [16]); particularly, they pro-
posed a novel modulation function for the synaptic efficacy
to regulate Hcrt/ox neuronal firing and silent state [16], and
the important role of the orexin also is studied by Rempe et
al. [13]. The mathematical model of regulation of sleep-wake
cycles is given in the following form [16]; the membrane of
two coupled neurons is given by

𝐶𝑑𝑉Glu
𝑑𝑡 = −𝐼lGlu − 𝐼NaGlu − 𝐼KGlu − 𝐼sysHcrt/Orx, (1)

𝐶𝑑𝑉Hcrt/Orx

𝑑𝑡 = −𝐼lHcrt/Orx − 𝐼NaHcrt/Orx − 𝐼KHcrt/Orx

− 𝐼sysGlu + 𝐼ext,
(2)

where the leak, sodium, and potassium currents are described
by

𝐼l
𝑛

= 𝑔l (𝑉𝑛 − 𝐸l) ,
𝐼Na
𝑛

= 𝑔Na𝛼Na
𝑛

(𝑉𝑛 − 𝐸Na) ,
𝐼K
𝑛

= 𝑔K𝛼K
𝑛

(𝑉𝑛 − 𝐸K) ;
(3)

here, 𝑛 refers to Hcrt/ox and Glu, respectively. The sodium
current is considered to be activated instantaneously; the
potassium current is activated with a time delay

𝑑𝑎K𝑛
𝑑𝑡 = 𝑎K𝑛∞ − 𝑎K𝑛

𝜏K , (4)

𝑎K𝑛∞ = 1
1 + exp (−𝑠K (𝑉𝑛 − 𝑉0K)) , (5)

𝑎Na = 𝑎Na𝑛∞ = 1
1 + exp (−𝑠Na (𝑉𝑛 − 𝑉0Na)) . (6)

And the transmembrane currents

𝐼synglu = 𝑔glu𝑎glu (𝑉Hcrt/Orx − 𝐸syn) , (7)

with

𝑑𝑎glu
𝑑𝑡 = 𝑎glu∞ − 𝑎glu

𝜏glu ,

𝑎glu∞ = 1
1 + exp (−𝑠syn (𝑉Glu − 𝑉spike))

,

𝐼synHcrt/orx = 𝐼glu(Hcrt/Orx) + 𝐼Hcrt/Orx,
𝐼glu(Hcrt/Orx) = 𝑔glu(Hct/Orx)𝑎glu(Hcrt/Orx) (𝑉Glu − 𝐸syn) ,

𝐼Hcrt/Orx = 𝑔glu(Hcrt/Orx)𝑎Hcrt/Orx (𝑉Glu − 𝐸syn) ,

(8)

which are modelled by

𝑑𝑎glu(Hcrt/Orx)

𝑑𝑡 = 𝑎Hcrt/Orx∞ − 𝑎glu(Hcrt/Orx)

𝜏Glu ,

𝑑𝑎Hcrt/Orx

𝑑𝑡 = 𝑀𝑎Hcrt/Orx∞ − 𝑎Hcrt/Orx

𝜏Hcrt/Orx
,

𝑎Hcrt/Orxu∞ = 1
1 + exp (−𝑠syn (𝑉Hcrt/Orx − 𝑉spike))

,

(9)

with a homeostatic function defined by

𝑑𝑀
𝑑𝑡 = 𝑀max −𝑀

𝜏increase − 𝑀𝑎Hcrt/Orx∞

𝜏decrese . (10)

All the parameters’ meaning and value of (1)–(10) are in detail
described in [16], as well as their supplements.

The external current input is applied to the Hcrt/ox
neuron as a circadian input proposed in [17], which is defined
by skewed sine function; an additional phase shift 𝜑 is added
to be consistent with day and night

𝐼ext = 𝐴 [0.97 sin (𝜔𝑡 − 𝜑) + 0.22 sin (2𝜔𝑡 − 𝜑)
+ 0.07 sin (3𝜔𝑡 − 𝜑) + 0.03 sin (4𝜔𝑡 − 𝜑)
+ 0.001 sin (5𝜔𝑡 − 𝜑) + 1] ,

(11)

where𝐴 is a parameter for scaling the amplitude of the stimu-
lus, 𝜔 is the angular frequency of the one-day-night circadian
current, and 𝜑 = 𝜋/3 is an additional phase shift in this work.

3. Computer Simulation of Noise Effects of
Regulation of Sleep-Wake Cycles

3.1. Regulation of Sleep-Wake Cycles of the Deterministic
Model. As an illustration for the mathematical model of
homeostatic regulation of sleep-wake cycles, the coupled
Hcrt/ox and Glu of sleep-wake cycles activities are shown
in Figures 1(b) and 1(c), respectively, under one typical
amplitude of external current input 𝐴 = 1.0 𝜇A/cm2 (shown
in Figure 1(a)); these neuronal activities are ongoing with
regulation function𝑀 (shown in Figure 1(d)). Seen from Fig-
ure 1, the presynaptic Hcrt/ox neuron induces firing (waking
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Figure 1: An illustration of the mathematical model of homeostatic regulation of sleep-wake cycles, the coupled Hcrt/ox (b), and Glu (c)
of sleep-wake cycles activities, respectively, under one typical amplitude of external current input 𝐴 = 1.0 𝜇A/cm2 (a), and the variety of
regulation function 𝑀 (d). Moreover, the increased amplitude of external current input will advance wake time but slightly change sleepy
time.

up) almost at half past six (marked by an arrow in Figure 1(b))
in the morning and recovers to the silence (falling asleep) at
half past twenty-three atmidnight; these results are consistent
with physiological time. The postsynaptic spikes appear with
a certain delay because Hcrt/ox postsynaptic potentials need
time for sufficient superposition that activates neuron. The
regulation function 𝑀 declines with beginning spike and
recovers when also the presynaptic firing is switched off.

One more interesting result we got in this work is that
the increased amplitude of external current input will lead to
awakening time being advanced; for example, the awakening
time will be advanced from half past six to half past three
in the morning while the amplitude 𝐴 of external current
input increased from 1.0𝜇A/cm2 to 12 𝜇A/cm2, but the sleepy
time still stays at half past twenty-three at midnight; this
phenomenonmay be like the fact that the older people’s sleep
becomes less and less.

3.2. Effects of Noise on Regulation of Sleep-Wake Cycles. Based
on research of deterministic regulation of sleep-wake cycles
model, we found that, to excite the coupled Hcrt/ox and Glu
of the sleep-wake cycles model neuron, the external stimulus
current amplitude must be greater than 0.465 𝜇A/cm2; there-
fore, in this section, the amplitude of external current input
is set to 𝐴 = 0.46 𝜇A/cm2 as a stimulus threshold only can
excite Hcrt/ox neuron in short duration, but the Glu neuron
just displays the subthreshold activity shown in Figure 2(a).

And, an additiveGaussianwhite noise is added to current,
conductance, and regulation function, respectively, to com-
pare study significant differences in the regulation process;
here, the Gaussian white noise 𝜉 is calculated according to

𝜉 = [(−4𝐷Δ𝑡 ) ln (𝑎)]
1/2

cos (2𝜋𝑏) , (12)

where Δ𝑡 is the time step of the integrator and 𝑎, 𝑏 ∈ [0, 1] are
uniformly distributed random numbers. The noise intensity
is adjusted by the parameter𝐷.

3.2.1. Effects of Current Noise. When the amplitude of exter-
nal current input locates within subthreshold regime, the reg-
ulation of sleep-wake cycles function cannot work normally;
for example,𝐴 = 0.46 𝜇A/cm2, as subthreshold external input
can only excite Hcrt/ox neuron in short duration one time
a day in the noonday, as shown in Figure 2(a), but the Glu
neuron just displays the subthreshold activity without any
fire; all of these results in the regulation function𝑀 generate
small vibration, which could be found in the bottom line of
Figure 2(a).

With the additional noise defined in (12), being added
to the right of (2) as current noise, the model produces
general regulated activation while the value of noise intensity
(D) is greater than a certain value even if the amplitude of
external current input locates within subthreshold regime, as
an example, when 𝐴 = 0.46 𝜇A/cm2 and 𝐷 ≥ 0.007, for
the other smaller intensity noise in neighborhood, leading
to the seemingly random regulation process (as shown in
Figure 2(b), where𝐷 = 0.006); occasionally, themodel shows
a sudden and terrible change; it could be seen in Figure 2(c)
with same noise intensity𝐷 = 0.006 too; the Glu neuron does
not respond (fire) toHcrt/ox neuron on the third cycle, which
looks like falling ill.

3.2.2. Effects of Conductance Noise. For an evaluation of the
efficacy of noise in the different conductance, we firstly have
examined the noise effects on the slow repolarizing variable
of two coupled neurons (Hcrt/ox and Glu); two different
noises with the same intensity as defined in (12) are added
to the right of (4) at the same time; the amplitude of external
current input is still set to 𝐴 = 0.46 𝜇A/cm2 as subthreshold
stimulus.The simulation results demonstrate that both of the
neurons of sleep-wake cycle model are excited (wakefulness)
all the time without sleep when noise intensity 𝐷 > 0.00002,
seeming to be losing sleep.

While 𝐷 ∈ [0.0000001, 0.00001], the model generates
similar regulation process; especially when 𝐷 is close to



4 Complexity

0

1
I e

xt
 (

A
/c

m
2
)

10 20 30 40 50 60 700 10 20 30 40 50 60 700
−80

20

V
 H

cr
t/o

x 
(m

V
)

0.5

M

1

10 20 30 40 50 60 700
Time (h)

10 20 30 40 50 60 700
−80

20

V
 G

lu
 (m

V
)

Time (h)

Time (h) Time (h)

(a)

0.5

M

1

10 20 30 40 50 60 700
Time (h)

10 20 30 40 50 60 700
−80

20

V
 H

cr
t/o

x 
(m

V
)

D = 0.006

0

1

I e
xt

 (
A

/c
m

2
)

10 20 30 40 50 60 700

Time (h)

Time (h) Time (h)

10 20 30 40 50 60 700
−80

20

V
 G

lu
 (m

V
)

(b)

0.5

M

1

10 20 30 40 50 60 700
Time (h)

−80

20

V
 G

lu
 (m

V
)

Time (h)

Time (h) Time (h)

10 20 30 40 50 60 700

−80

20

V
 H

cr
t/o

x 
(m

V
)

10 20 30 40 50 60 700

D = 0.001

0

1

I e
xt

 (
A

/c
m

2
)

10 20 30 40 50 60 700

(c)

Figure 2: In subthreshold regime, the amplitude of external current input is set to𝐴 = 0.46 𝜇A/cm2 to the deterministic regulation of sleep-
wake cyclesmodel stimulus which only can excite Hcrt/ox neuron, but theGlu neuron just displays the subthreshold activities (a), but, after an
additive Gaussian white noise is added to current, leading to the seemingly random regulation process, it sometimes shows similar regulation
function (b) (where the noise intensity𝐷 = 0.006); occasionally, the model shows a sudden and terrible change (c) (where 𝐷 = 0.006 too).

0.00001, the coupled two neurons can wake up (fire) about
half past six in the morning and become silent (sleepy) about
half past twenty-two atmidnight, shown in Figure 3(a), which
are similar to those in Figure 1. But, with the decreasing
noise intensity from 0.00001 to 0.0000001, the wake time
will be delayed more and more with the decrease of intensity
changing from about six o’clock in the morning to two o’clock

in the noonday; however, the sleepy time almost does not
change, staying at about half past twenty-two at midnight.

For the case of continued decrease of noise strength below
0.0000001, the similar regulation function will be broken like
behavior in Figure 2(c).

Moreover, the effects of individual noise also have been
examined separately; for the same strength noise, the Hcrt/ox
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Figure 3: Effects of conductance noise. With the amplitude of external current input still being set to 𝐴 = 0.46 𝜇A/cm2 as subthreshold
stimulus, the proper noise added to the slow repolarizing variable of two coupled Hcrt/ox and Glu neuron can produce the similar regulation
function (a). For the individual noise, the Hcrt/ox neuron’s conductance noise generates more significant effect on the regulation function
(b) than the Glu neuron (c). Furthermore, the neurons of sleep-wake cycle model are excited all the time without sleep when noise intensity
𝐷 > 0.00002.

neuron conductance noise generates more significant effect
on the regulation function than the Glu neuron, which could
be found in Figures 3(b) and 3(c).

3.2.3. Effects of the Modulation Function. To demonstrate the
effects of noise modulation function, the same amplitude
of external current input 𝐴 = 0.46 𝜇A/cm2 is chosen as
subthreshold stimulus; through the study of different noise,
we found that the regulation process of modulation function

almost does not change under the weak noise, as shown
in Figure 4(a) for 𝐷 = 0.000000001; the neurons’ activity
mainly depends on the external current input. For the bigger
strength of noise, the function of regulation will lose its
effectiveness (see Figure 4(b) for 𝐷 = 0.0000001) with
increasing noise intensity, even damaging the function of
the neurons themselves, as an example shown in Figure 4(c)
for 𝐷 = 0.01; the value (𝑀) of the modulation function
randomly changes from −40 to 20, obviously different from
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Figure 4: With the same subthreshold amplitude of external current input 𝐴 = 0.46 𝜇A/cm2, the small noise intensity of the modulation
function has weak effect on the regulation process, as shown in (a) for 𝐷 = 0.000000001, but, for the bigger strength of noise, the function
of regulation will lose its effectiveness ((b) for 𝐷 = 0.0000001), even damaging the function of the neurons themselves; the value of the
modulation function becomes very bigger and randomly changes within −40∼20 (c), all of whichmeans that homeostatic regulation function
of sleep-wake cycles is more sensitive to noise.

normal (see Figure 1), and the Glu neuron is depolarized for
a long duration, meaning that it is dead from the biological
point of view.

4. Conclusions

The positive and negative function of noise in the neigh-
borhood of stimulus threshold for a mathematical model
of homeostatic regulation of sleep-wake cycles are studied

based on a circadian input; the noise is added to the stimulus,
the conductance, and the modulation function; the results
illustrated that the weak current, conductance, and variable
of regulation function noise have significant influence on
the transitions between sleep and wakefulness, the bigger
amplitude of external current will advance wake time but
slightly change sleepy time, and the weak conductance and
modulation noise generate seemingly regulation process, but,
for the strong noise, the regulation function will lose its
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effectiveness and even damage the function of the neurons
themselves.
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The electrical activities of neurons are dependent on the complex electrophysiological condition in neuronal system, the three-
variable Hindmarsh-Rose (HR) neuron model is improved to describe the dynamical behaviors of neuronal activities with
electromagnetic induction being considered, and the mode transition of electrical activities in neuron is detected when external
electromagnetic radiation is imposed on the neuron. In this paper, different types of electrical stimulus impended with a high-
low frequency current are imposed on new HR neuron model, and mixed stimulus-induced mode selection in neural activity
is discussed in detail. It is found that mode selection of electrical activities stimulated by high-low frequency current, which also
changes the excitability of neuron, can be triggered owing to adding the Gaussian white noise.Meanwhile, themode selection of the
neuron electrical activity is much dependent on the amplitude 𝐵 of the high frequency current under the same noise intensity, and
the high frequency response is selected preferentially by applying appropriate parameters and noise intensity. Our results provide
insights into the transmission of complex signals in nerve system, which is valuable in engineering prospective applications such
as information encoding.

1. Introduction

Dynamic behaviors of neurons are significant to acquaintance
with signal exchange in the brain or even with related
diseases; as a result, preceding works have been investigated
[1–9]; based on this, several models are established to study
mode selection of neurons. The external forcing current and
other bifurcation parameters [10–26] are used to investigate
the transition between modes of electrical activities and
dynamical response because the excitability of neuron can be
changed by external electric stimuli effectively. For example,
Wang et al. [10, 11] studied the fact that neuron electrical
activities can be modulated by an external electric field
and the responses of three classes of Morris-Lecar neurons
to sinusoidal inputs and synaptic pulse-like stimuli. Lv et
al. [12] investigated mode transition of electrical activity
in a neuron under magnetic flow effect. Wang et al. [13]
discussed the possible electric response in biological neurons

under electric stimulus. Ciszak and Bellesi [14] considered
a network of coupled neurons in which the strength of the
interactions is modulated by synaptic long term potentiation
and depression. Tang et al. [15] confirmed that themembrane
potential of a neuron depends on the changes of transmem-
brane current, opening/closing of ion channels, and even
the regulation induced by astrocyte in a network composed
of neuron bridged by astrocyte, and a review for dynamics
in neuron and neuronal network [16, 17] was also provided
for possible guide. Zhang et al. [18] suggested that the HR
system may give an effective response to external stimulus
by adjusting its intrinsic parameter, and this transition mode
confirmed self-adaption of neuron. Djeundam et al. [19]
analyzed the bifurcations occurring in the 3DHRmodel with
and without random signal.

Indeed, the relevant topics about neurodynamics and
neuronal network have been investigated widely by the
known neuron models [20–29]. For example, Jun et al.
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[20] investigated dynamic characteristics of the fractional-
order Hindmarsh-Rose (HR) neuronal model, and the
results showed possible differences in dynamic characteristic
between the fractional-order HR neuronal model and an
integer-ordered model. Guo et al. [21] found that both
excitatory and electrical autapses increase the occurrence of
burst firing, thus reducing neuronal firing regularity. It is
also found that a time delay could decrease and suppress
the chaotic state in the case of inhibitory chemical self-
connections with a proper autaptic intensity [22–24]. Yi et
al. [25] constructed the fact that neuron can exhibit different
spiking patterns, even chaotic behaviors, depending on the
values of stimulus frequencies. Baptista et al. [27] studied the
combined action of chemical and electrical synapses in small
networks of HR neurons.

It is thought that real neuron activities are complex and
the oscillatory behaviors depend on the energy supply; as
a result, the calculation and estimation of general energy
are very important in dynamical systems. For example,
the Hamilton energy function [28] of generic dynamical
system is investigated to observe the emergence of action
potential and mode transition in electrical activities. Yamada
and Kashimori [29] found that the learning of face stimuli
makes the functional connections between these inferior
temporal networks. Ma et al. [30–32] investigated the death
and breakup of spiral wave in the neuronal network. With
the deepening of research development, more and more
achievements are observed [33–37]. Pinto et al. [33] analyzed
transitions between synchrony and asynchrony in both slow
oscillations and fast spikes by adding artificial electrical
coupling. Gu et al. [34] confirmed the on-off firing pattern
as noise-induced stochastic firing pattern near a subcritical
Hopf bifurcation point. Yilmaz et al. [36, 37] explained the
effects of an autapse localized pacemaker activity across a
Newman–Watts small-world network consisting of stochastic
Hodgkin–Huxley neurons.

As it can be known, the relevant experiments of the
neuron electrical activity play a vital role in achieving bio-
logical functions of the nervous system [38–43]. The latest
researches described the complex bifurcations related to real
experiments and HR neuron model; the experimental results
[38, 39] demonstrate the dynamics of a neuronal transition
from chaotic bursting to chaotic spiking in the nervous
system, which agree with published findings in theoretical
neuronal models [40, 41]. In addition, it is found that the
firing, spike frequency, and instantaneous spike frequency
observed in the experiment were simulated and explained
using HHmodels. References [42, 43] illustrate the dynamics
of different firing patterns and the frequency and temporal
coding mechanisms of aortic baroreceptor.

Neuron can be thought as an effective signal processor
and different external stimuli are encoded to give possible
outputs and response; thus signal can be propagated in
the nerve systems. In most of the previous works, specific
external stimulus is often used. In fact, neurons can receive
many signal inputs synchronously via multiple channels;
as mentioned in [44], a low frequency (LF) signal and a
high frequency (HF) forcing simultaneously confirmed that
neuron gave response sensitively to intensity compared with

angular frequency completely, and the energy dependence on
external forcing was also discussed.The potential mechanism
is that stronger stimulus can input enough energy to induce
mode transition while angular frequency can cause slight
modulation on firing rhythm at fixed intensity. Besides
the mode selection and transition in electrical activities,
coherence resonance is also interesting by applying appro-
priate forcing and changing membrane temperature [45,
46]. Electromagnetic induction and radiation are important
phenomenon in excitable media because external electro-
magnetic field can cause polarization and magnetization in
molecular level. Up to now, many nonlinear electric devices
such as negative resistor and memristor [47–49] can be
used to design oscillatory circuit and some circuits could be
effective in reproducing electrical activities in neurons. But,
themost important aspect could be that potentialmechanism
and application should be considered in physical view. For
example, electromagnetic induction on neuron generates
induction current and excitability of neuron is changed [50],
and external electromagnetic radiation could further induce
multiple mode response in electrical activities of neuron.

The high-low frequency signal is wildly applied in the
nonlinear system, which amount to two periodic forces. Such
two-frequency periodic forces are often used in many dif-
ferent fields, including commutation technologies, where
information carriers are usually HF signal modulated by LF
signal that encodes the data. The application of high-low
frequency signals is pervasive in neural systems; for example,
bursting neurons exhibit two widely different time scales;
two frequency signals correspond to different signal input
channels in the neuron. In addition,HF stimulation is playing
an important role in biological phenomena, such as increased
drug uptake by brain cells, resonantly enhanced biodegra-
dation of microorganisms, and ultrasonic irradiation of two
different frequency signals which has been seen to enhance
cavitation yield.

In this paper, different types of electrical stimulus
impended with a high-low frequency current are imposed on
HR neuron model, and the mixed stimulus-induced mode
selection in neural activity is discussed; thus the excitability of
neuron is time-varying. It is found that themode transition in
electrical activity can be investigated by adding the Gaussian
white noise. Meanwhile, it might be significant to explain the
phenomenon of signal transmission in neurons when other
signal types are imposed simultaneously.

2. Model and Scheme

According to the Maxwell electromagnetic induction the-
orem, the influence of dynamic behavior on the electrical
activity of each neuron can be attributed to the bioelectricity
within the nervous system (e.g., fluctuation of ion concen-
tration between the inside and outside of the cell). Therefore,
in this improved HR neuron model [50], the fluctuation of
electromagnetic radiation is established, and the influence
of magnetic flux is considered during the emergence of
collective electrical activities and signals propagation among
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a large set of neurons. The dynamical equations for the new
neuron model are described as follows:

𝑑𝑥

𝑑𝑡
= 𝑦 − 𝑎𝑥3 + 𝑏𝑥2 − 𝑧 − 𝑘

1
𝜌 (𝜑) 𝑥 + 𝐼ext,

𝑑𝑦

𝑑𝑡
= 𝑐 − 𝑑𝑥2 − 𝑦,

𝑑𝑧

𝑑𝑡
= 𝑟 [𝑠 (𝑥 + 1.6) − 𝑧] ,

𝑑𝜑

𝑑𝑡
= 𝑘𝑥 − 𝑘

2
𝜑,

(1)

where 𝑥, 𝑦, 𝑧, and 𝜑 describe the membrane potential, the
slow current associated with recovery variable, the adaption
current, and the magnetic flux across the membrane of
neuron, respectively.Theparameters are selected as 𝑎 = 1, 𝑏 =
3, 𝑐 = 1, 𝑑 = 5, 𝑟 = 0.006, and 𝑠 = 4. The external forcing
current 𝐼ext is the direct current when 𝐼ext = 𝐼, and 𝐼ext is
the high-low frequency current when 𝐼ext = 𝐼 + 𝐴 cos(𝜔𝑡) +
𝐵 cos(𝑁𝜔𝑡). 𝑘𝑥 and 𝑘

2
𝜑 describe the membrane potential-

induced changes on magnet flux and the leakage of magnet
flux, respectively. The term 𝑘

1
𝜌(𝜑)𝑥 is the feedback current

on the membrane potential induced by electromagnetic
induction, where 𝑘

1
is the feedback gain. The physical unit

is verified as follows:

𝑖 =
𝑑𝑞 (𝜑)

𝑑𝑡
=

𝑑𝑞 (𝜑)

𝑑𝜑

𝑑𝜑

𝑑𝑡
= 𝜌 (𝜑)𝑉 = 𝑘

1
𝜌 (𝜑) 𝑥, (2)

where 𝑉 is the induced voltage and has the same physical
units as variable 𝑥, and the dependence of electric charge on
magnet flux defined by the memory conductance is

𝜌 (𝜑) =
𝑑𝑞 (𝜑)

𝑑𝑡
= 𝛼 + 3𝛽𝜑2, (3)

where 𝛼, 𝛽 are parameters and 𝑞 is the charge across
the memristor. The 𝜌(𝜑) is the memory conductance of
a magnetic flux-controlled memristor [47, 48], which is
used to describe the coupling between magnetic flux and
membrane potential of neurons. In fact, induction current
can be triggered and fed back to membrane potential via
the memristor coupling, and the excitability of neuron can
be decreased. With this improved model, many phenomena
of electrical activity in the neuron are investigated under
the electromagnetic induction. Compared with the previous
models, our new model holds more variable parameters and
presents more complex dynamical behaviors by analyzing the
bifurcation of interspike interval (ISI).

3. Results and Discussion

In the numerical studies, the parameters are selected as 𝑘 =
0.9, 𝑘
1
= 0.4, 𝑘

2
= 0.5, 𝛼 = 0.4, and𝛽 = 0.02, the fourth-order

Runge–Kutta algorithm is used, the time step is set as 0.001,
the transient period for calculating is 1500 time units, and the
initial values for (𝑥, 𝑦, 𝑧, 𝜑) are set as (0.1, 0.2, 0.1, 0).
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Figure 1: Bifurcation diagram with the increasing of external direct
current 𝐼ext.

3.1. Neuron Electrical Activities Stimulated by External Direct
Current. In statistical view, the interspike interval is a
measure of the order in electrical activity of neuron. The
bifurcation diagram of ISI (i.e., the interspike interval) is
plotted with the increasing of external direct current 𝐼ext = 𝐼,
and numerical results are presented by Figure 1.

Although the excitability and response in electrical activ-
ities are changed by induction current equation (2), Figure 1
shows that the interspike interval of neuron is not detected
since the electric activity of neuron is quiescent statewhen the
external direct current 𝐼ext is increased from0 to 1.5.However,
it is also shown that there are multiple modes in electrical
activities of neuron when the external direct current 𝐼ext is
increased from 1.5 to 5.0.

Under different external direct current 𝐼ext, the sampled
time series of electrical activities of neuron are shown by
Figure 2, which can explore the dynamical properties of
electrical activities of neuron. It is also found that the
quiescent, spiking, bursting, and periodical states can be
observed by selecting appropriate external direct current 𝐼ext.

3.2. Neuron Electrical Activities Stimulated by High-Low Fre-
quency Current. When the periodical type of external high-
low frequency current 𝐼ext = 𝐼 + 𝐴 cos(𝜔𝑡) + 𝐵 cos(𝑁𝜔𝑡) is
considered, for simplicity, we set 𝐼 = 0; the term 𝐴 cos(𝜔𝑡)
is external low frequency (LF) signal with amplitude 𝐴, and
the term 𝐵 cos(𝑁𝜔𝑡) is high frequency (HF)modulation with
amplitude 𝐵, whose angular frequency is 𝑁 times that of the
low frequency signal,𝑁 ≫ 1. Then the change of bifurcation
diagram of ISI is calculated with different parameters, and the
results are shown in Figure 3.

Figure 3 confirmed that the parameters of external high-
low frequency current (i.e., 𝐵, 𝜔, 𝑁) play a crucial role
in the varieties of electrical activities when electromagnetic
induction 𝜑 is considered. Comparing the ISI diagram of the
three different parameters, the mode in electrical activities of
neuron is much dependent on the parameter 𝜔; this underly-
ingmechanismmight be that the low frequency signal ismore
important. Figure 3(a) shows that appropriate large amplitude
𝐵 is effective in making the electrical activities appear in
the continuous bursting state. It is found that the bursting
electrical activities can be transformed into spiking state and
quiescent state (when 𝜔 value ranges from 0.17 to 0.2, the ISI
value is zero) by increasing the parameter 𝜔 value as shown
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Figure 2: Sampled time series of membrane potential under different external direct current 𝐼ext. (a) 𝐼ext = 1.0. (b) 𝐼ext = 1.5. (c) 𝐼ext = 2.3.
(d) 𝐼ext = 3.5.

in Figure 3(b). The mode transformation by changing the
parameter𝑁 in neuron also can be observed in Figure 3(c).

With the increasing of amplitude value 𝐵 of HF, Figures
4(a)–4(d) show that the electrical activities of neuron can
transform the spiking state into the double bursting state.
With the increasing of frequency 𝜔, Figures 4(e)–4(h) make
it apparent that, for small values of the high-low frequency 𝜔,
the electrical activity of the neuron is found in a spiking state.
After increasing the frequency 𝜔 of the high-low frequency
current beyond some threshold value, the mode in electrical
activities of neuron undergoes a transition from the spiking
state to the bursting one. However, if we further increase 𝜔,
the electrical activity of neuron goes back to the spiking state.
That is, the mode in electrical activities of neuron undergoes
a succession of two transitions (spiking state → bursting
state → spiking state). In addition, with the increasing of
the parameter 𝑁 of HF, Figures 4(i)–4(l) confirm that the
electrical activity has not been changed and the bursting state
is maintained.This is consistent with the bifurcation diagram
for ISI in Figure 3.

3.3. Electrical Activities Stimulated by Direct Current and
Gaussian White Noise. It is obviously known that noise can
change the dynamical properties in electrical activities of
neurons; therefore, noise is imposed on the neuron to detect
the possible mode transition in electrical activities; here we
insert the noise into the electromagnet flux term of system
(1); it reads

𝑑𝑥

𝑑𝑡
= 𝑦 − 𝑎𝑥3 + 𝑏𝑥2 − 𝑧 + 𝐼ext − 𝑘

1
𝜌 (𝜑) 𝑥,

𝑑𝑦

𝑑𝑡
= 𝑐 − 𝑑𝑥2 − 𝑦,

𝑑𝑧

𝑑𝑡
= 𝑟 [𝑠 (𝑥 + 1.6) − 𝑧] ,

𝑑𝜑

𝑑𝑡
= 𝑘𝑥 − 𝑘

2
𝜑 + 𝜉 (𝑡) ,

(4)

where 𝜉(𝑡) is Gaussian white noise, which represents the
effect of external field or electromagnetic radiation-induced
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Figure 3: Bifurcation diagram with the increasing of different parameters. (a) 𝐴 = 1.6, 𝜔 = 0.04, and 𝑁 = 200. (b) 𝐴 = 1.6, 𝐵 = 1.6, and
𝑁 = 200. (c) 𝐴 = 1.6, 𝐵 = 1.6, and 𝜔 = 0.04.
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Figure 4: Sampled time series of membrane potential under different parameters. In the first layer, 𝐴 = 1.6, 𝜔 = 0.04, 𝑁 = 200, (a) 𝐵 = 0.1,
(b) 𝐵 = 0.9, (c) 𝐵 = 1.9, and (d) 𝐵 = 2.5. In the second layer, 𝐴 = 𝐵 = 1.6,𝑁 = 200, (e) 𝜔 = 0.001, (f) 𝜔 = 0.01, (g) 𝜔 = 0.04, and (h) 𝜔 = 0.2.
In the last layer, 𝐴 = 𝐵 = 1.6, 𝜔 = 0.04, (i) 𝑁 = 100, (j) 𝑁 = 300, (k) 𝑁 = 700, and (l) 𝑁 = 900. The external high-low frequency current is
set as 𝐼ext = 𝐴 cos(𝜔𝑡) + 𝐵 cos(𝑁𝜔𝑡).
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Figure 5: Bifurcation diagram with the increasing of external direct
current 𝐼ext.𝐷 = 0.2.

magnet flux on themembrane; its statistical properties can be
defined as ⟨𝜉(𝑡)⟩ = 0, ⟨𝜉(𝑡)𝜉(𝑡)⟩ = 2𝐷𝛿(𝑡 − 𝑡), and 𝐷 is the
noise intensity.

When the external direct current 𝐼ext = 𝐼 is considered,
the bifurcation analysis is carried at fixed noise intensity𝐷 =
0.2 of Gaussian white noise with the increasing of external
direct current 𝐼ext. Figure 5 shows that when the external
direct current is in the range 0∼1.4, the electrical activity is in
the quiescent state, and the interspike interval (ISI) value is
zero.When the external direct current is in the range 1.4∼5.0,
the results of Figure 5 show that themode of electrical activity
of the neuron can be transformed and the bursting state can
be reached when the small direct current is imposed under
the Gaussian white noise.

The sample time series for membrane potential are
calculated under different external direct currents in Figure 6.
When the direct current is 1.40, the electrical activity appears
in the bursting state. Figures 6(a)–6(d) confirm that the
different states (quiescent state, spiking state, and bursting
state) can be observed by appending the Gaussian white
noise.

3.4. Electrical Activities Stimulated by High-Low Frequency
Current and Gaussian White Noise. When the periodical
type of high-low frequency current 𝐼ext = 𝐼 + 𝐴 cos(𝜔𝑡) +
𝐵 cos(𝑁𝜔𝑡) is considered (for simplicity, here we set 𝐼 = 0),
Figure 7 shows the mode transformation of the neuron with
the increase of the high-low frequency current parameters
under the noise intensity 𝐷 = 0.2 of Gaussian white noise.
In the first layer of panel in Figure 7(a), there are interspike
intervals with the creasing of HF amplitudes, in the second
layer in Figure 7(b), there is ISI with differential frequency
of high-low frequency current, and in the third layer in
Figure 7(c), there is ISI with different parameter𝑁 of the HF
current.

Comparing the factors in Figure 7(a) with the distribu-
tion in Figure 3(a), it is interesting that they have a huge
differentiation in the profile. Figures 7(a) and 3(a) show that a
certain diversity of the neuronal electrical activity is observed
when noise intensity is fixed, and the electrical activities
can be effectively suppressed by increasing the amplitude
𝐵 of HF. The mode transition of the neuronal electrical
activity is transformed from bursting state to spiking state

and high frequency response of electrical activity is selected
preferentially when the Gaussian white noise is imposed.

Comparing Figure 7(b) with Figure 3(b), it is found
that ISI of neuronal electrical activity become small with
the frequency 𝜔 of high-low frequency current increases.
Bursting state can be triggered and high frequency response
of electrical activity is selected preferentially when high-low
frequency current and the Gaussian white noise are imposed.
Figures 7(c) and 3(c) show that the large transformations of
electrical activities cannot be triggered with the increasing
of HF current parameter 𝑁. Although the mode selection
in neuron electrical activity is not much dependent on
parameter𝑁 ofHF current, themode in electrical activities of
neuron is much dependent on the parameters (i.e., 𝐵, 𝜔, 𝑁).
Furthermore, the relevant time series of membrane potential
are provided with the increasing of different parameters (i.e.,
𝐵, 𝜔, 𝑁) in Figure 8.

It is confirmed that the bursting state of neuronal electri-
cal activity can be changed into differentmode by applying an
appropriate intensity of the Gaussian white noise in Figures
8(a)–8(d). With the increasing of the amplitude 𝐵 of HF
current, the time series of electrical activity become more
intensive. Figures 8(e)–8(h) and 8(i)–8(l) show that the trans-
formation of the neuronal electrical activity is not obvious
with the increasing of the high frequency signal parameters
when high-low frequency current and the Gaussian white
noise are imposed; this is consistent with the bifurcation
diagram for ISI in Figure 7.

Figure 9(a) is the time series ofmembrane potential when
𝐴 = 1.6, 𝜔 = 0.04, 𝑁 = 200, and 𝐵 = 7.2, and its
magnification is shown in Figure 9(b). In order to observe
the electrical activity of the neuron distinctly, the Fast Fourier
Transform (FFT) is performed by the Origin software, and
Fourier analysis converts a signal from its original domain
(sampled time series) to the power spectrum in the frequency
domain.Thepower spectra can be calculated bymanipulating
the FFT in Figure 9(c). We analyzed the results of intensive
oscillations; the frequency of high peak distribution and
low peak distribution (the frequency value is about 1.25) is
between the external HF frequency value (about 0.04) and
the external LF frequency value (about 8.0). It means that
the electrical activity of the neuron is affected by the signal
of high-low frequency current. Meanwhile, according to the
frequency value of the above results, the mode selection in
electrical activities of neuron might be more dependent on
the low frequency current. Figure 9(c) shows that when the
variation of power occurs around zero frequency, it signifies
cluster discharge in neuron electrical activity, and when
variation of power occurs around frequency 1.3, it illustrates
that the electrical activities of neuron are of uniform period;
this is consistent with the results in Figure 8.

Furthermore, the bifurcation diagrams are plotted with
the increasing of the noise intensity 𝐷 in Figure 10. It can be
seen that the mode transformation of the neuron electrical
activity by changing amplitude 𝐵 of HF current or the
frequency 𝜔 of high-low frequency current is more obvious
than that of changing parameter 𝑁 under the different noise
intensities. The effect of noise intensity is not obvious when
high-low frequency current and the Gaussian white noise are
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Figure 6: Sampled time series of membrane potential under different external direct current 𝐼ext. 𝐷 = 0.2. (a) 𝐼ext = 1.5. (b) 𝐼ext = 2.3. (c)
𝐼ext = 3.5. (d) 𝐼ext = 4.5.

imposed. Figures 10(a) and 10(b) shows that, with increasing
of amplitude 𝐵, the double bursting state of electrical activity
is developed into the spiking state. However, as shown in both
Figures 10(b) and 10(c), by changing the frequency 𝜔, the
double state of electrical activity is converted into the triple
bursting state, andwith alternation in parameter𝑁 in Figures
10(a) and 10(d), themode transformation of electrical activity
is not obvious.

4. Conclusions

In this paper, different types of electrical stimulus impended
with a high-low frequency current are imposed on new HR
neuron model, and mixed stimulus-induced mode selection
in neuron electrical activity is discussed in detail. Based on
the improved HR neuron model, the dynamics of electrical
activities of neuron is investigated by using the bifurcation
analysis and the time series analysis. The effect of the high-
low frequency current and the Gaussian white noise is also

considered. It is found that the influence by the amplitude 𝐵
of the HF current in electrical activity of the neuron is larger
than that of the other parameters (i.e., 𝜔, 𝑁) under the same
noise intensity, and the high frequency response is selected
preferentially by applying appropriate parameters and noise
intensity. The underlying mechanism can be related to the
induction current of high-low frequency signal.

5. Open Problems

In this previous investigations, mixed stimulus-induced
mode selection in neuron electrical activity driven by high-
low frequency current is discussed under the electromagnetic
radiation. Therefore, it is interesting to investigate the phase
shift between two periodic signals and the energy change
between the different states in further works. Vibrational
resonance within the whole parameter plane could be consid-
ered to get an insight into the transmission of LF signal in the
excitable neuron system. In addition, the Fourier coefficient



8 Complexity

150

100

50

0

IS
I

0 2 4 6 8 10

B

(a)

IS
I

900

600

300

0

0.00 0.05 0.10 0.15 0.20



(b)

150

100

50

0

IS
I

0 200 400 600 800 1000

N

(c)

Figure 7: Bifurcation diagram with the increasing of different parameters.𝐷 = 0.2. (a) 𝐴 = 1.6, 𝜔 = 0.04, and𝑁 = 200. (b) 𝐴 = 1.6, 𝐵 = 1.6,
and𝑁 = 200. (c) 𝐴 = 1.6, 𝐵 = 1.6, and 𝜔 = 0.04.
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Figure 8: Sampled time series of membrane potential under different parameters. In the first layer, 𝐴 = 1.6, 𝜔 = 0.04, 𝑁 = 200, (a) 𝐵 = 0.9,
(b) 𝐵 = 3.0, (c) 𝐵 = 7.2, and (d) 𝐵 = 9.0. In the second layer, 𝐴 = 1.6, 𝐵 = 1.6, 𝑁 = 200, (e) 𝜔 = 0.001, (f) 𝜔 = 0.01, (g) 𝜔 = 0.04, and (h)
𝜔 = 0.2. In the last layer, 𝐴 = 1.6, 𝐵 = 1.6, 𝜔 = 0.04, (i) 𝑁 = 100, (j) 𝑁 = 300, (k) 𝑁 = 700, and (l) 𝑁 = 900. The Gaussian white noise
intensity𝐷 = 0.2, and the external high-low frequency current is set as 𝐼ext = 𝐴 cos(𝜔𝑡) + 𝐵 cos(𝑁𝜔𝑡).
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Figure 9: Sampled time series of membrane potential and power spectrum of electrical activity.
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Figure 10: Bifurcation diagrams with the increasing of noise intensity 𝐷. (a) 𝐴 = 1.6, 𝐵 = 1.6, 𝜔 = 0.04, and 𝑁 = 50. (b) 𝐴 = 1.6, 𝐵 = 9.0,
𝜔 = 0.04, and𝑁 = 50. (c) 𝐴 = 1.6, 𝐵 = 1.6, 𝜔 = 0.2, and𝑁 = 50. (d) 𝐴 = 1.6, 𝐵 = 1.6, 𝜔 = 0.04, and𝑁 = 300.

𝑄 and power spectrum could be introduced for evaluating the
response of the system to the input LF signal. As it is known
that the neuron network plays a significant role in the neuron
system, therefore, the neuron network state transformation
of different neuron models driving by the different external
signals might be investigated under the electromagnetic field;

the coherent resonance of the coupling neuron network is
expected to be observed.
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Based on the hypothesis of participant’s bounded rationality, our study formulated a novel Cournot duopoly gamemodel of carbon
emission reduction and, subsequently, analyzed the dynamic adjustment mechanism of emission reduction for enterprises. The
existence and stability of the equilibrium solution of game are further discussed by the nonlinear dynamics theory. Our findings
revealed that the parameters have key significance on the dynamic properties of the system. However, when the adjustment speed
gets too large, the system loses the original stability and vividly demonstrates complex chaos phenomenon. Higher market prices in
carbon trading have an outstanding impact on the stability of the system, which easily leads to system instability. Our study further
controlled the chaos behavior of the power system by the delay feedback control. The results of the numerical analysis depict that
the unstable behavior of the dynamic system can be controlled efficiently and quickly, in the quest to restore back a stable and
orderly market. Our novel method is proved to have provided decision makers with effective solution to market instability.

1. Introduction

Massive economic growth has resulted in severe environmen-
tal issues such as environmental pollution and global climate
warming. There is, therefore, huge concerns arising from the
United Nations Framework Convention on Climate Change
(UNFCCC) and various countries, to develop a series of
related policies and regulations to curb these environmental
menaces. Carbon emission trading (carbon trading for short)
is one of the key market mechanism approaches used to
reduce global greenhouse, thus carbon dioxide emission
reduction. On 9 May 1992, an environmental treaty on
the issue of climate change was negotiated and passed by
international governments and the United Nations Frame-
work Convention. In December 1997 in Tokyo, Japan, the
“Kyoto Protocol” was issued. The Kyoto Protocol launched
a market mechanism as a new solution to the problems
of greenhouse gas emission reduction with a focus on the
reduction of carbon dioxide since carbon emission has been
the principal greenhouse gas. This entails trading carbon as a
commodity: emitting carbon dioxide beyond the limits gen-
erates a potential cost; and conversely, those who are within
a defined scope hold a potential value.

Despite the fact that China is a developing country and
not subject to stricter obligation of reducing emissions under
the Kyoto Protocol, this global climate changes and the
carbon trading in developed countries around the world has
brought tremendous changes in China. Consequently, China
is playing an active role in the establishment of carbon trading
pilots in larger cities, such as Beijing, Shanghai, and other
provinces and cities. China has already initiated such pilot
projects and far advanced in its implementation. The main
participants in the carbon trading market are the industrial
enterprises. This carbon trading impacts on enterprises’
production processes, technology, profits, and other critical
aspects. Therefore, it is of great significance to study and
analyze the influence of carbon trading on the production,
decision-making, and profits of the enterprise, which would
provide sufficient theoretical basis for the perfection and
implementation of the right carbon trading policy.

Themain concerns about carbon emissions trading can be
categorized into three aspects: firstly, the initial allocation of
carbon emissions rights [1, 2]; secondly, the price of carbon
emissions trading [3]; and thirdly the economic benefits
arising from carbon emissions trading [4]. With regard to
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the development of carbon emissions trading, the industry
structure of the enterprises has a great impact on the carbon
trading. For instance, in the oligopolistic industry market,
the carbon trading price is more susceptible to the impact of
enterprises’ transactions, in consequence, making the carbon
emissions trading prices deviate from the market’s equilib-
rium price. Therefore, the research on the game behavior of
carbon emissions trading in oligopoly market has become a
vital problem that needs to be solved urgently.

The two classical models in the theory of oligopoly are
those of Cournot [5, 6] and Bertrand [7, 8]. In Cournot’s
model, the firms choose to compete on output quantity, and
in Bertrand’s model, they choose to compete on price. Both
models can be interpreted as static games where decisions
are made simultaneously and where each firm maximizes its
own profit, in a context of perfect and complete information
[9, 10]. This paper introduces carbon emission trading in
the classic Cournot output game framework and formulates
a novel Cournot duopoly game model of carbon emission
reduction based on the hypothesis of participant’s bounded
rationality. The dynamic adjustment mechanism of emission
reduction is also analyzed in this paper. According to the
hypothesis that the market inverse demand function and
the cost function are linear functions and the participants
have bounded rationality, our study constructs the nonlinear
dynamic Cournot game model to analyze the local stability
of the Nash equilibrium. The stability of the boundary
equilibrium for the four-dimensional dynamical system is
further analyzed based on the stability of the discrete system.
Consequently, the parameters conditions of interior equi-
librium and stability are obtained according to Schur-Cohn
criterion. Based on the analysis of all equilibrium’s stability
of the nonlinear investment game system, our study adopts
the numerical simulation results to analyze the influence of
the model parameters on the stability and complexity of the
dynamic system. The chaos behavior of the system is effec-
tively controlled by the delayed feedback control method.

This article is organized as follows: in Section 2, the
model is established based on the hypothesis of bounded
rationality. In Section 3, we discuss the existence and local
stability of the equilibrium points in the system. In Section 4,
we demonstrate the dynamic features of this system with
numerical simulations, including bifurcation diagram, phase
portrait, and sensitive dependence on initial conditions. In
Section 5, delayed feedback control is utilized to stabilize the
chaotic behaviors of the system.

2. Model Hypotheses and Establishment

Our study assumes that the two production enterprises
develop and produce homogeneous products. Each enter-
prise’s action strategy is to choose the amount of investment
in emission reduction during various periods and meet
the requirements: two participating companies develop the
corresponding emission reduction investment strategy in the
discrete timeline. The 𝐾𝑖(𝑡 − 1) reflects the company’s capital
stock in the period of the 𝑡−1, 𝑥𝑖(𝑡) for its single-stage carbon
emission reduction in the period of 𝑡, and emission reduction
cost coefficient is 𝛽𝑖 (𝛽 > 0), so the enterprise’s single-stage

emission reduction investment is𝛽𝑖𝑥𝑖(𝑡). Due to the existence
of a certain amount of capital depreciation, investment capital
stock 𝐾𝑖(𝑡 − 1) flows into the next economic period, and it
remains 𝜃𝐾𝑖(𝑡 − 1), among which 𝜃 (0 < 𝜃 < 1) stands
for the residual ratio. Thus, we can reach that the relational
expression in the adjacent two periods of investment capital
stock of enterprise 𝑖 is𝐾𝑖 (𝑡) = 𝜃𝐾𝑖 (𝑡 − 1) + 𝛽𝑖𝑥𝑖 (𝑡) , 𝑖 = 1, 2. (1)

For each particular enterprise’s products amount in a
certain period of time, production potential is determined
by the accumulation amount of corporate investment capital
in the period 𝐾𝑖(𝑡). Our study utilizes a linear form 𝑞𝑖(𝑡) =𝐵𝑖𝐾𝑖(𝑡) to represent [11], among which positive constant 𝐵𝑖
denotes the technological level of enterprises for innovative
production on emerging products. Thus, we can reach that𝑞𝑖(𝑡) = 𝐵𝑖(𝜃𝐾𝑖(𝑡 − 1) + 𝛽𝑖𝑥𝑖(𝑡)), 𝑖 = 1, 2.

Our study assumes that the sales price of this kind of
products on the market is a linear inverse demand function𝑝(𝑡) = 𝑎 − 𝑏𝑄(𝑡), 𝑎, 𝑏 > 0, and 𝑄(𝑡) = 𝑞1(𝑡) + 𝑞2(𝑡) represents
the sum of the two firms’ supply in the market. At the same
time, the firm’s linear production cost function 𝐶𝑖(𝑞𝑖(𝑡)) =𝑐𝑖𝑞𝑖(𝑡) (𝑖 = 1, 2), marginal costs 𝑐1 and 𝑐2 are positive numbers.

The relationship between the amount of carbon dioxide
produced by the enterprise during the production process
and its production 𝑞𝑖(𝑡) is expressed as a linear relationship
in the form of 𝑘𝑖𝑞𝑖(𝑡). 𝑘𝑖 (𝑘𝑖 > 0) is the coefficient of
carbon dioxide produced by the enterprise 𝑖. Therefore, the
enterprise’s total carbon emission is 𝑘𝑖𝑞𝑖(𝑡)−𝑥𝑖(𝑡) in the single
period of 𝑡. Each enterprise in the 𝑡 period has a certain quota
of carbon emissions rights-𝑦𝑖(𝑡), and the enterprise’s carbon
emissions trading volume is 𝑦𝑖(𝑡) − (𝑘𝑖𝑞𝑖(𝑡) − 𝑥𝑖(𝑡)), and the
market price of carbon trading is𝑃. If 𝑦𝑖(𝑡)−(𝑘𝑖𝑞𝑖(𝑡)−𝑥𝑖(𝑡)) >0, it means that the company sells the remaining carbon
emissions; on the other hand, if the company needs to buy the
lacking carbon emissions, 𝑦𝑖(𝑡) − (𝑘𝑖𝑞𝑖(𝑡) − 𝑥𝑖(𝑡)) = −(𝑦𝑗(𝑡) −(𝑘𝑗𝑞𝑗(𝑡) − 𝑥𝑗(𝑡))).

Based on the above assumptions about the function
relationship among the variables, the profit of the enterprise𝑖 in the period 𝑡 is calculated as follows:𝜋𝑖 (𝑥1 (𝑡) , 𝑥2 (𝑡)) = 𝑞𝑖 (𝑡) (𝑝 (𝑡) − 𝑐𝑖) − 𝛽𝑖𝑥𝑖 (𝑡)+ 𝑃 (𝑦𝑖 (𝑡) − (𝑘𝑖𝑞𝑖 (𝑡) − 𝑥𝑖 (𝑡))) ,𝑖 = 1, 2. (2)

The specific expression of each variable is substituted
into (2) and reaches first partial derivative about 𝑥𝑖(𝑡) on𝜋𝑖(𝑥1(𝑡), 𝑥2(𝑡)), and the marginal profits of the two enter-
prises are

𝜑1 (𝑡) = 𝜕𝜋1 (𝑥1 (𝑡) , 𝑥2 (𝑡))𝜕𝑥1 (𝑡) = 𝑃
+ 𝛽1(−𝑏𝐵1𝐵2 (𝜃𝐾2 (𝑡 − 1) + 𝛽2𝑥2 (𝑡)) + 𝑎𝐵1 − 𝑐1𝐵1−𝑃𝑘1𝐵1 − 1 − 2𝑏𝐵21 (𝜃𝐾1 (𝑡 − 1) + 𝛽1𝑥1 (𝑡)) ) , (3a)
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𝜑2 (𝑡) = 𝜕𝜋2 (𝑥1 (𝑡) , 𝑥2 (𝑡))𝜕𝑥2 (𝑡) = 𝑃
+ 𝛽2(−𝑏𝐵1𝐵2 (𝜃𝐾1 (𝑡 − 1) + 𝛽1𝑥1 (𝑡)) + 𝑎𝐵2 − 𝑐2𝐵2−𝑃𝑘2𝐵2 − 1 − 2𝑏𝐵22 (𝜃𝐾2 (𝑡 − 1) + 𝛽2𝑥2 (𝑡)) ) . (3b)

In reality, due to the asymmetry of market information
and the constraints of their own conditions, enterprises can
generally reach only limited degree of rationality in the
decision-making and cannot make a complete control on
the future market demand; therefore, the two production
enterprises will rely on their own local knowledge about the
marginal profits to adjust the emission reduction strategies
during the next period. In other words, if the business
observes the positive marginal profit in the current period,
then it will increase emission reduction in the period of𝑡 + 1 and vice versa. As a result, the enterprise’s dynamic
adjustment mechanism can be expressed as𝑥𝑖 (𝑡 + 1) = 𝑥𝑖 (𝑡) + 𝛼𝑖 (𝑥𝑖 (𝑡)) 𝜑𝑖 (𝑡) , 𝑖 = 1, 2, (4)

where 𝛼𝑖(𝑥𝑖(𝑡)) is a positive adjustment function and reflects
the company’s adjustment range of emission reduction based
on the marginal profits. Our study considers the form of the
adjustment function in linear form as 𝛼𝑖(𝑥𝑖(𝑡)) = 𝛼𝑖𝑥𝑖(𝑡),
the coefficient 𝛼𝑖 > 0 when the enterprise adjusts the rate of
emission reduction strategy according to the marginal profit
signal. Thus, (4) is𝑥𝑖 (𝑡 + 1) = 𝑥𝑖 (𝑡) + 𝛼𝑖𝑥𝑖 (𝑡) 𝜑𝑖 (𝑡) , 𝑖 = 1, 2. (5)

By connecting (1), (3a), (3b), and (5), in order to obtain
the same expression by replacing𝐾𝑖(𝑡−1)with 𝐼𝑖(𝑡), as shown
from (6), we obtained a four-dimensional discrete dynamical
model by replacing 𝐾𝑖(𝑡 − 1) with 𝐼𝑖(𝑡) as follows:𝑥1 (𝑡 + 1) = 𝑥1 (𝑡) + 𝛼1𝑥1 (𝑡) [𝑃

+ 𝛽1(−𝑏𝐵1𝐵2 (𝜃𝐼2 (𝑡) + 𝛽2𝑥2 (𝑡)) + 𝑎𝐵1 − 𝑐1𝐵1−𝑃𝑘1𝐵1 − 1 − 2𝑏𝐵21 (𝜃𝐼1 (𝑡) + 𝛽1𝑥1 (𝑡)) )]𝑥2 (𝑡 + 1) = 𝑥2 (𝑡) + 𝛼2𝑥2 (𝑡) [𝑃
+ 𝛽2(−𝑏𝐵1𝐵2 (𝜃𝐼1 (𝑡) + 𝛽1𝑥1 (𝑡)) + 𝑎𝐵2 − 𝑐2𝐵2−𝑃𝑘2𝐵2 − 1 − 2𝑏𝐵22 (𝜃𝐼2 (𝑡) + 𝛽2𝑥2 (𝑡)) )]𝐼1 (𝑡 + 1) = 𝜃𝐼1 (𝑡) + 𝛽1𝑥1 (𝑡)𝐼2 (𝑡 + 1) = 𝜃𝐼2 (𝑡) + 𝛽2𝑥2 (𝑡) .

(6)

The discrete dynamical system (6) is based on the
assumption that the market inverse demand function and
the production cost function are all linear forms, describing
the competition model of the emission reduction strategy
between the two production enterprises. The game partic-
ipants with bounded rational expectation will adjust the
emission reduction strategy in different periods according to
the marginal profits.

3. Analysis of Equilibrium Point’s Stability

In the dynamical system (6), let 𝑥𝑖(𝑡+1) = 𝑥𝑖(𝑡) and 𝐼𝑖(𝑡+1) =𝐼𝑖(𝑡) (𝑖 = 1, 2); we then get𝑥1 (𝑡) [𝑃
+ 𝛽1(−𝑏𝐵1𝐵2 (𝜃𝐼2 (𝑡) + 𝛽2𝑥2 (𝑡)) + 𝑎𝐵1 − 𝑐1𝐵1−𝑃𝑘1𝐵1 − 1 − 2𝑏𝐵21 (𝜃𝐼1 (𝑡) + 𝛽1𝑥1 (𝑡)) )]= 0𝑥2 (𝑡) [𝑃
+ 𝛽2(−𝑏𝐵1𝐵2 (𝜃𝐼1 (𝑡) + 𝛽1𝑥1 (𝑡)) + 𝑎𝐵2 − 𝑐2𝐵2−𝑃𝑘2𝐵2 − 1 − 2𝑏𝐵22 (𝜃𝐼2 (𝑡) + 𝛽2𝑥2 (𝑡)) )]= 0(1 − 𝜃)𝛽1 𝐼1 (𝑡) = 𝑥1 (𝑡)(1 − 𝜃)𝛽2 𝐼2 (𝑡) = 𝑥2 (𝑡) .

(7)

In solving (7), we obtained the four equilibrium points of the
dynamical system (6) as follows:𝐸0 = (0, 0, 0, 0) ,𝐸1 = ((1 − 𝜃) (𝑃 − 𝛽1 + 𝐵1𝛽1 (𝑎 − 𝑐1 − 𝑃𝑘1))2𝑏𝐵21𝛽21 , 0,𝑃 − 𝛽1 + 𝐵1𝛽1 (𝑎 − 𝑐1 − 𝑃𝑘1)2𝑏𝐵21𝛽1 , 0) ,

𝐸2 = (0, (1 − 𝜃) (𝑃 − 𝛽2 + 𝐵2𝛽2 (𝑎 − 𝑐2 − 𝑃𝑘2))2𝑏𝐵22𝛽22 , 0,𝑃 − 𝛽2 + 𝐵2𝛽2 (𝑎 − 𝑐2 − 𝑃𝑘2)2𝑏𝐵22𝛽1 )
𝐸∗ = ( (1 − 𝜃)𝑊13𝑏𝐵21𝛽21𝐵2𝛽2 , (1 − 𝜃)𝑊23𝑏𝐵1𝐵22𝛽1𝛽22 , 𝑊13𝑏𝐵21𝐵2𝛽1𝛽2 ,𝑊23𝑏𝐵1𝐵22𝛽1𝛽2) ,

(8)

where𝑊1 = 2𝐵2(𝑃 − 𝛽1)𝛽2 + 𝐵1𝛽1(𝛽2(1 + 𝐵2(𝑎 − 2𝑐1 + 𝑐2 −2𝑃𝑘1 + 𝑃𝑘2)) − 𝑃),𝑊2 = 𝐵1𝛽1(2𝑃 + (𝐵2(𝑎 + 𝑐1 − 2𝑐2 + 𝑃𝑘1 −2𝑃𝑘2) − 2)𝛽2) − 𝐵2(𝑃 − 𝛽1)𝛽2.
Easy to know, 𝐸0, 𝐸1, and 𝐸2 are the boundary equi-

librium points; 𝐸∗ is the only interior point equilibrium.
Since the real economic significance of the system equilib-
rium point is taken into account, only the case when the
equilibrium point is nonnegative is discussed. According to
the assumption that the parameters 𝑏, 𝛽1, 𝛽2, 𝐵1, 𝐵2, and 𝜃 are
positive parameters, so parameters need tomeet the following
conditions when 𝐸1, 𝐸2, and 𝐸∗are greater than zero:



4 Complexity𝑃 − 𝛽1 + 𝐵1𝛽1 (𝑎 − 𝑐1 − 𝑃𝑘1) > 0,𝑃 − 𝛽2 + 𝐵2𝛽2 (𝑎 − 𝑐2 − 𝑃𝑘2) > 0,𝑊1 > 0,𝑊2 > 0.
(9)

In the following analysis, the nonnegative condition (9) is
assumed to be true.

3.1. Boundary Equilibrium Point Stability. To discuss the sta-
bility of the equilibriumpoints (𝑥1, 𝑥2, 𝐼1, 𝐼2) of the dynamical
system (6), we first calculated the corresponding Jacobian
matrix:

𝐽 (𝑥1, 𝑥2, 𝐼1, 𝐼2) = ( 1 − 𝛼1𝑀1 −𝑏𝐵1𝐵2𝑥1𝛼1𝛽1𝛽2 −2𝑏𝜃𝐵21𝑥1𝛼1𝛽1 −𝑏𝜃𝐵1𝐵2𝑥1𝛼1𝛽1−𝑏𝐵1𝐵2𝑥2𝛼2𝛽1𝛽2 1 − 𝛼2𝑀2 −𝑏𝜃𝐵1𝐵2𝑥2𝛼2𝛽2 −2𝑏𝜃𝐵22𝑥2𝛼2𝛽2𝛽1 0 𝜃 00 𝛽2 0 𝜃 ), (10)

where𝑀1 = 𝛽1+2𝑏𝐵21𝛽1(𝜃𝐼1+2𝑥1𝛽1)−𝑃−𝐵1𝛽1(𝑎−𝑐1−𝑃𝑘1−𝑏𝐵2(𝜃𝐼2 + 𝑥2𝛽2)),𝑀2 = 𝛽2 + 2𝑏𝐵22𝛽2(𝜃𝐼2 + 2𝑥2𝛽2) − 𝐵2𝛽2(𝑎 −𝑐2 − 𝑃𝑘2 − 𝑏𝐵1(𝜃𝐼1 + 𝑥1𝛽1)) − 𝑃.
According to the Schur-Cohn stability criterion [12],

when all the eigenvalues of the characteristic polynomial
corresponding to the Jacobian matrix (10) are in the unit
circle on the complex plane, that is, the modulus of any

eigenvalue is less than 1, the equilibrium point (𝑥1, 𝑥2, 𝐼1, 𝐼2)
is asymptotically stable.

Proposition 1. Boundary equilibrium point is unstable.

Proof. Substituting 𝐸0 = (0, 0, 0, 0) into the general formula
(10) of the system Jacobianmatrix, the Jacobimatrix of system
(6) at the equilibrium point is expressed as follows:

𝐽 (𝐸0) =(((
(

1+ 𝛼1 (𝐵1 (𝑎 − 𝑐1) 𝛽1 − 𝛽1+𝑃 (1 − 𝐵1𝑘1𝛽1) ) 0 0 00 1 + 𝛼2 (+𝐵2 (𝑎 − 𝑐2) 𝛽2 − 𝛽2+𝑃 (1 − 𝐵2𝑘2𝛽2) ) 0 0𝛽1 0 𝜃 00 𝛽2 0 𝜃
)))
)

. (11)

We can reach four characteristic roots by calculation,
namely,𝜆1 = 𝜆2 = 𝜃,𝜆3 = 1 + 𝛼1 (𝐵1 (𝑎 − 𝑐1) 𝛽1 − 𝛽1 + 𝑃 (1 − 𝐵1𝑘1𝛽1)) ,𝜆4 = 1 + 𝛼2 (𝐵2 (𝑎 − 𝑐2) 𝛽2 − 𝛽2 + 𝑃 (1 − 𝐵2𝑘2𝛽2)) . (12)

From the nonnegative condition (9) of the equilibrium
point and the adjustment coefficient 𝛼𝑖 > 0, the latter two
characteristic roots both satisfy |𝜆3,4| > 1. Therefore, the
equilibrium point is unstable.

Proposition 2. 𝐸1 and 𝐸2 are unstable equilibrium points.

Proof. Jacobian matrix (10) in the specific form at the bound-
ary equilibrium point is

𝐽 (𝐸1) =((
(

1+ 𝛼1 (1 − 𝜃)𝐻1 (1 − 𝜃) 𝐵2𝛼1𝐻1𝛽22𝐵1𝛽1 (1 − 𝜃) 𝜃𝛼1𝐻1𝛽1 (1 − 𝜃) 𝜃𝐵2𝛼1𝐻12𝐵1𝛽10 1 + 𝛼2𝑊22𝐵1𝛽1 0 0𝛽1 0 𝜃 00 𝛽2 0 𝜃
))
)

, (13)

where𝐻1 = (1 − 𝐵1(𝑎 − 𝑐1 − 𝑃𝑘1))𝛽1 − 𝑃.
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By calculating the eigenvalue of the Jacobianmatrix 𝐽(𝐸1),𝜆1 = 𝜃, 𝜆2 = 1 + 𝛼2𝑊2/2𝐵1𝛽1, 𝜆3,4 = (1/2)(𝐻2 ±√𝐻22 − 4𝜃),
where𝐻2 = 1 + 𝜃 + (1 − 𝜃)𝛼1((1 − 𝐵1(𝑎 − 𝑐1 − 𝑃𝑘1))𝛽1 − 𝑃).

From the previous parameters that 𝐵1, 𝛼2 > 0, 𝜆2 > 1
can be pushed by the inequality equation (9).Thus, according
to discrete dynamical system’s equilibrium point stability
determination conditions in the second chapter, we can

know that𝐸1 is unstable boundary equilibrium. Similarly, the
border equilibrium 𝐸2 is also unstable.
3.2. Interior Point Equilibrium Stability. This section focuses
on the stability of interior point equilibrium 𝐸∗.The Jacobian
matrix (10) of interior point equilibrium 𝐸∗ is expressed as
follows:

𝐽 (𝐸∗) =(((
(

1− 2 (1 − 𝜃) 𝛼1𝑊13𝐵2𝛽2 −(1 − 𝜃) 𝛼1𝑊13𝐵1𝛽1 2 (1 − 𝜃) 𝜃𝛼1𝑊13𝐵2𝛽1𝛽2 −(1 − 𝜃) 𝜃𝛼1𝑊13𝐵1𝛽1𝛽2−(1 − 𝜃) 𝛼2𝑊23𝐵2𝛽2 1 − 2 (1 − 𝜃) 𝛼2𝑊23𝐵1𝛽1 −(1 − 𝜃) 𝜃𝛼2𝑊23𝐵2𝛽1𝛽2 2 (1 − 𝜃) 𝜃𝛼2𝑊23𝐵1𝛽1𝛽2𝛽1 0 𝜃 00 𝛽2 0 𝜃
)))
)

. (14)

The characteristic polynomial of thematrix 𝐽(𝐸∗) is given
as 𝑃(𝜆), and 𝑃(𝜆) = 𝜆4+𝑝1𝜆3+𝑝2𝜆2+𝑝3𝜆+𝑝4, and the poly-
nomial coefficients by the numerical calculation are as fol-
lows:

𝑝1 = −2(1 + 𝜃 − (1 − 𝜃)3 ( 𝑊2𝛼23𝐵1𝛽1 + 𝑊1𝛼1𝐵2𝛽2 )) ,
𝑝2 = ( (−1+𝜃)𝑊1𝛼1(2(1+3𝜃)𝐵1𝛽1−(1−𝜃)𝑊2𝛼2)

+𝐵2(3(1+4𝜃+𝜃2)𝐵1𝛽1−2(1+2𝜃−3𝜃2)𝑊2𝛼2)𝛽2 )3𝐵1𝐵2𝛽1𝛽2 ,

𝑝3 = −2𝜃 ( 3𝐵2𝛽2((2𝜃2−3+𝜃)𝑊2𝛼2+3(1+𝜃)𝐵1𝛽1)−(1−𝜃)𝑊1𝛼1(3(3+2𝜃)𝐵1𝛽1−8(1−𝜃)𝑊2𝛼2) )9𝐵1𝐵2𝛽1𝛽2 ,𝑝4 = 𝜃2.
(15)

From the Schur-Cohn stability criterion [12], if there
is an associated characteristic polynomial 𝑃(𝜆), that is, all
eigenvalues of the Jacobian matrix 𝐽(𝐸∗) are located in the
unit circle on the complex plane, then the coefficients of the
polynomial need to satisfy the conditions in the Schur-Cohn
stability criteria at the same time. The system parameters are
added to it and simplified:

𝑃 (1) = 1 + 𝑝1 + 𝑝2 + 𝑝3 + 𝑝4 = 𝛼1𝛼2 (𝜃 − 1)2𝑊1𝑊23𝐵1𝐵2𝛽1𝛽2 > 0,
𝑃 (−1) = 1 − 𝑝1 + 𝑝2 − 𝑝3 + 𝑝4 = [𝐵1𝐵2𝛽1𝛽2 ( 4(1+𝜃)(3(1+𝜃)−𝑁1)

−(1−𝜃)𝛼1(𝑃−𝛽1)(8(1+𝜃)−𝑁2) ) + ( 2(1−𝜃)𝐵22𝛼2(2(1+𝜃)−(1−𝜃)𝛼1(𝑃−𝛽1))(𝑃−𝛽1)𝛽22+𝐵21𝛽21𝑁3(4(1+𝜃)−𝑁1) )]3𝐵1𝐵2𝛽1𝛽2 > 0,1 ± 𝑝4 = 1 ± 𝜃2 > 0,
(16)

where𝑁1 = (1 − 𝜃)𝛼2(2𝑃 + (𝐵2(𝑎 + 𝑐1 − 2𝑐2 + 𝑃𝑘1 − 2𝑃𝑘2) −2)𝛽2), 𝑁2 = (1− 𝜃)𝛼2(5𝑃+ (𝐵2(𝑎 + 4𝑐1 −5𝑐2 +4𝑃𝑘1 −5𝑃𝑘2) −5)𝛽2), 𝑁3 = (1−𝜃)𝛼1(𝑃−(1+𝐵2(𝑎−2𝑐1+𝑐2−2𝑃𝑘1+𝑃𝑘2))𝛽2).
From the positive and negative assumptions of the system

parameters and inequality (9), we can learn that the stability
conditions 𝑃(1) > 0 and 1 ± 𝑝4 > 0 are tenable for sure.
Therefore, the sufficient conditions for the asymptotic sta-
bility of the internal point equalization 𝐸∗ of the dynamical
system (6) are classified as follows.

When 𝑃(−1) = 1 − 𝑝1 + 𝑝2 − 𝑝3 + 𝑝4 > 0 and |𝑀±3 | > 0,𝑝1 + 𝑝3 < 1 + 𝑝2 + 𝑝4𝑝2 − 𝑝2𝑝4 + 𝑝4 − 𝑝34 − 𝑝1𝑝3 + 𝑝21𝑝4

< 1 − 𝑝24 + 𝑝2𝑝4 − 𝑝2𝑝24 + 𝑝1𝑝3𝑝4 − 𝑝23 .
(17)

All the eigenvalues of 𝐽(𝐸∗) satisfy the |𝜆𝑖| < 1 (𝑖 = 1, 2, 3, 4),
so that the equilibrium point 𝐸∗ is stable when the condition
(17) is satisfied. From the above equilibrium point analysis,
we can see that the stability of the known equilibrium points
is dependent on the value of the system parameters.

4. Numerical Simulation

In order to intuitively analyze the dynamic behavior of model
(6), we used the numerical simulation to visually describe the
dynamic evolution process of the discrete dynamical system
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Figure 1: Bifurcation diagrams for system (6) with respect to the adjustment rate 𝛼1.
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Figure 2: Phase portraits for Figure 1 with various values of 𝑃 and 𝛼1.
(6) with the change of the model parameters, focusing on
the market price of carbon trading Pand adjusting speed 𝛼’s
influence on the dynamic nature of the system. Our study
assumes that the parameters are taken as follows: 𝑎 = 5, 𝑏 =1, 𝛽1 = 0.4, 𝛽2 = 0.5, 𝑘1 = 0.4, 𝑘2 = 0.6, 𝐵1 = 0.6, 𝐵2 =0.8, 𝑐1 = 0.3, 𝑐2 = 0.5, 𝜃 = 0.35.

Fixed enterprise 2’s strategy adjustment speed is 𝛼2 = 0.3.
Figure 1 shows the bifurcation diagram of system (6) with
enterprise 1 adjusting the speed 𝛼1, and the carbon trading

market price is 𝑃, and 𝑃 is 1.5 and 2, respectively. It is
easy to see that, in Figures 1(a) and 1(b), with the value 𝛼1
increase, the system from the internal equalization changes
period doubling bifurcation and eventually enters the chaotic
state. Figure 1 not only shows the different paths of chaos
in the system, but also shows that the larger the market
price of carbon trading 𝑃 is, the earlier the state variable
orbit enters into the chaotic state, and the system has the
stronger instability. Figure 2 gives amore detailed description
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Figure 3: The stability region of dynamic system (6) in (𝛼1, 𝛼2)-plane.
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Figure 4: Sensitivity of the dynamic system (6) to initial conditions when losing stability.

of the system orbit’s change, which is a two-dimensional
phase diagram corresponding to the values of the orbit in the
different states in Figure 1.

Figure 3 clearly validates this conclusion by calculating
the equilibriumpoint stability condition (17) through the pro-
gram and plotting the stable region of the system on the plane(𝛼1, 𝛼2). Comparing the two subgraphs of Figure 3, it can
be seen that the increase of 𝑃 leads to the decrease in the
stability of system (6), and the dynamic evolution of the
system becomes more unstable.

We selected the adjustment coefficient 𝛼1 = 1.23 of the
system in the chaotic state of Figure 1(b). The initial values of
the system are (𝑥1(0), 𝑥2(0), 𝐼1(0), 𝐼2(0)) = (0.2, 0.2, 0.2, 0.2)

and (0.20001, 0.2, 0.2, 0.2), and the evolution diagram of the
system state variables with the time is plotted. The partial
image is shown in Figure 4. As the number of iterations
increases, the same state variable is gradually separated under
the influence of two initial conditions and subsequently
conducts motion according to the respective orbit; thus,
system (6) has sensitive dependence on the initial condition.

In order to highlight the effect of the market price of
carbon trading on the stability of the orbital motion of the
dynamical system (6), the bifurcation results of the system
with different adjustment coefficients 𝛼1 are depicted in
Figure 5. Figure 5 shows the doubling cycle bifurcation
phenomenon. From Figure 5, the system becomes more
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Figure 5: Bifurcation diagram for dynamic system (6) with respect to the residual rate 𝑃.
unstable with the increase of 𝑃. This suggests that increases
in carbon trading’s market prices lead to the increase of
carbon stocks on the market, hence, facilitating environmen-
tal protectionism mechanisms which are environmentally
beneficial. Companies are also actively working for energy-
saving and emission reduction. When the price continues to
rise, it results in the increase of inventories in the market.
However, beyond a certain extent, the carbon stocks create
market’s oversupply, hence influencing the stability of the
market. Although, from an economic point of view, this
phenomenon is in line with the laws of the market, this
phenomenon depicts clearly an undesirable infinite loop
under the harmonious development and environmental
protection as it fails to achieve the desired environmental
protection.

5. Chaos Control

From the numerical simulation results of the evolution
process in system (6), it can be seen that the adjustment
speed and the marketing price of carbon trading have a great
influence on the stability of the system. The chaotic behavior
of the dynamical system (6) is controlled by the delayed
feedback control method, so that the system can be restored
to the stable motion state.

Adding the feedback control item 𝐾(𝑥1(𝑡) − 𝑥1(𝑡 + 1))
to system (6) and simplifying the system, we obtained the
following form of controlled dynamical system:𝑥1 (𝑡 + 1) = 𝑥1 (𝑡) + 𝛼11 + 𝐾𝑥1 (𝑡) [𝑃+ 𝛽1(−𝑏𝐵1𝐵2 (𝜃𝐼2 (𝑡) + 𝛽2𝑥2 (𝑡)) + 𝑎𝐵1 − 𝑐1𝐵1−𝑃𝑘1𝐵1 − 1 − 2𝑏𝐵21 (𝜃𝐼1 (𝑡) + 𝛽1𝑥1 (𝑡)) )]𝑥2 (𝑡 + 1) = 𝑥2 (𝑡) + 𝛼2𝑥2 (𝑡) [𝑃

+ 𝛽2(−𝑏𝐵1𝐵2 (𝜃𝐼1 (𝑡) + 𝛽1𝑥1 (𝑡)) + 𝑎𝐵2 − 𝑐2𝐵2−𝑃𝑘2𝐵2 − 1 − 2𝑏𝐵22 (𝜃𝐼2 (𝑡) + 𝛽2𝑥2 (𝑡)) )]𝐼1 (𝑡 + 1) = 𝜃𝐼1 (𝑡) + 𝛽1𝑥1 (𝑡)𝐼2 (𝑡 + 1) = 𝜃𝐼2 (𝑡) + 𝛽2𝑥2 (𝑡) .

(18)

The stability of the controlled system (18) is analyzed.
It is easy to know that the controlled system has the same
equilibrium point as the discrete dynamical system (6). The
Jacobian matrix corresponding to the controlled system (18)
is

𝐽 (𝑥1, 𝑥2, 𝐼1, 𝐼2) =((
(

1− 𝛼1𝑀11 + 𝐾 −𝑏𝐵1𝐵2𝑥1𝛼1𝛽1𝛽21 + 𝐾 −2𝑏𝜃𝐵21𝑥1𝛼1𝛽11 + 𝐾 −𝑏𝜃𝐵1𝐵2𝑥1𝛼1𝛽1𝐾 + 1−𝑏𝐵1𝐵2𝑥2𝛼2𝛽1𝛽2 1 − 𝛼2𝑀2 −𝑏𝜃𝐵1𝐵2𝑥2𝛼2𝛽2 −2𝑏𝜃𝐵22𝑥2𝛼2𝛽2𝛽1 0 𝜃 00 𝛽2 0 𝜃
))
)

. (19)

As shown in Figure 1(b), when the adjustment coeffi-
cient is about 1.21, system (6) enters the chaotic state. The

expression of the Jacobian matrix (19) in the interior point
equalization 𝐸∗ is given under the original parameter value:
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Figure 6: Bifurcation diagram of system (18) with respect to the controlling factor 𝑘.
𝐽
=(1 − 1.374531 + 𝐾 −0.687281 + 𝐾 −1.202721 + 𝐾 −0.481091 + 𝐾−0.1261 0.7478 −0.11034 −0.176540.4 0 0.35 00 0.5 0 0.35 ). (20)

Our study sets the characteristic polynomial of thematrix
(20) as 𝑃(𝜆) = 𝜆4 + 𝑢1𝜆3 + 𝑢2𝜆2 + 𝑢3𝜆 + 𝑢4, and when the
coefficients of the matrix satisfy the Schur-Cohn criterion,
then 1 + 𝑢2 + 𝑢4 > 𝑢1 + 𝑢31 ± 𝑢4 > 01 − 𝑢24 + 𝑢2𝑢4 − 𝑢2𝑢24 + 𝑢1𝑢3𝑢4 − 𝑢23> 𝑢2 − 𝑢2𝑢4 + 𝑢4 − 𝑢34 − 𝑢1𝑢3 + 𝑢21𝑢4.

(21)

The characteristic root of matrix (18) is located within
the unit circle on the complex plane, and it can be seen that
the internal equilibrium point of the controlled system (18)
is stable under the settled parameter values, and the chaotic
motion of system (6) can also be adjusted to the expected
stable orbit, and it can consequently reach the value range of
feedback gain intensity.

The effectiveness of control on the chaos of the discrete
dynamical system (6) is reached by numerical simulation.
Figure 6 shows that if we add the feedback control term𝐾(𝑥1(𝑡)−𝑥1(𝑡+1)) into the dynamic iterative equation on the
emission reduction of the controlled system (6), the unstable
orbit can be controlled as long as the feedback gain intensity𝐾 is greater than 0.231. The process that chaotic behaviors
of the controlled system under the different gain intensities
evolve from the initial value to the stable orbit is expressed
in Figure 7. By comparison, the time the state variable

reaches stable state in Figure 7(b) is shorter than that in Fig-
ure 7(a). The carbon trading market also gets stabilized more
quickly.

6. Conclusion

Based on the hypothesis of participant’s bounded rationality,
our study formulated a novel Cournot duopoly game model
of carbon emission reduction and subsequently analyzed the
dynamic adjustment mechanism of emission reduction of
the participating enterprises. The main idea in our model is
that each firm’s decision is to choose its carbon emission in
each period according to the marginal profit observed from
the previous period. We have established a corresponding
dynamics of players’ carbon emission adjustment and done
a detailed dynamic analysis for it. There are three boundary
equilibriums and a unique interior equilibrium in this system.
By analyzing the stability of each equilibrium point of the
discrete dynamical model system, the conditions of the
asymptotic equilibrium of the interior point were obtained
according to the Schur-Cohn stability criterion. Furthermore,
the numerical simulation model of this paper intuitively
shows the dynamic evolution process and the complexity of
the system. The simulation results revealed that the param-
eters influence the dynamic properties of the system. It is
observed that the equilibrium of the systemmay lose stability
via different bifurcations, either flip bifurcation or Neimark-
Sacker bifurcation. Moreover, when the adjustment speed
gets too high, the system is likely to lose the original stability
and even show complex chaos easily. Higher carbon trading
market prices affect the stability of the system andmay lead to
system instability. Finally, the delay control method has been
proved to effectively control the system in the quest to restore
back a stable and an equilibrium market.
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Figure 7: The evolution path of system (18) at different gain intensities.
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Apart from the price fluctuation, the retailers’ service level becomes another key factor that affects the market demand. This paper
depicts a modified price and demand game model based on the stochastic demand and the retailer’s service level which influences
the market demand decided by customers’ preference, while the market demand is stochastic in this model. We explore how the
price adjustment speed affects the stability of the supply chain system with respect to service level and stochastic demand. The
dynamic behavior of the system is researched by simulation and the stability domain and the bifurcation phenomenon are shown
clearly. The largest Lyapunov exponent and the chaotic attractor are also given to confirm the chaotic characteristic of the system.
The simulation results indicate that relatively small price adjustment speed may maintain the system at stable state. With the price
adjustment speed gradually increasing, the price system gets unstable and finally becomes chaotic. This chaotic phenomenon will
perturb the product market and this phenomenon should be controlled to keep the system stay in the stable region. So the chaos
control is done and the chaos can be controlled completely. The conclusion makes significant contribution to the system referring
to the price fluctuation based on the service level and stochastic demand.

1. Introduction

Bertrand duopoly model is frequently used when the com-
petitive behaviors are discussed in proper research. Hence,
the dynamic behaviors of the whole supply chain system have
already been probed. However, the retail service level plays an
important role in influencing the retail price which indirectly
changes the dynamic behaviors of the whole supply chain
system that contains one supplier and two retailers.

The two retailers are duopoly in the product market. Xiao
and Yang [1] established a price-service competition model
with the circumstance whereby the demand is uncertainty
in two competing supply chains considering the risk sen-
sitivity. The outcome showed the higher service investment
efficiency of one retailer may lead to lower optimal price
and service level of his rival. Yan and Pei [2] focused on
the retail service in a dual-channel supply chain, while the
result suggested that the improved retail services enhanced
the supply chain performance effectively in a dual-channel
supply chain.Hall et al. [3] engaged in the dynamic retail price
and ordering decisions in the category management setting,

and this research found brand’s own price and the cross-
price effect had an effect on the brand-by-brand market.
Ghosh and Mitra [4] examined the different and opposite
results to the ones obtained from a similar comparison in
the standard setting through comparing the Bertrand and
Cournot model in mixed markets with public and private
enterprises considering maximum welfare and maximum
profit separately.

C. H. Tremblay and V. J. Tremblay [5] introduced a
Cournot-Bertrand duopoly model in a Cournot-type firm
and a Bertrand-type firm based on the degree of prod-
uct differentiation. The Cournot-Bertrand equilibrium was
calculated and the analysis of the equilibrium was also
conducted. Sieke et al. [6] investigated the service level
based supply contracts including flat penalty contract and
unit penalty contract in a coordinated supply chain. The
optimal values of the contract parameters were decided and
service level measures were connected to traditional service
level measures. Ma and Zhang [7] analyzed the property of
three oligarchs which have different rationalities in insurance
market based on the price gamemodel and variable feedback
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control method. Naimzada and Tramontana [8] studied the
liner demand and cost functionswith product differentiation,
and a dynamic model was established to probe into the
stability properties in the mixed Cournot-Bertrand duopoly
model. Elsadany [9] developed a triopoly game to indicate
the characteristic of a dynamic Cournot game through three
bounded rational players. Jha and Shanker [10] introduced
the circumstance where a supplier produced products and
supplied them to a set of buyers.The lead time can be reduced
with an added cash cost and a service level constraint was also
included in the research. Wang and Ma [11] centered on the
limited information in a Cournot-Bertrand mixed duopoly
game model. The bounded rational principles were used to
help the two firmsmakemanagement decisions.He discussed
theNash equilibriumpoint and the local stability of the game.
Mahmoodi and Eshghi [12] added the price competition and
the stochastic demand into the duopoly supply chains; the
effect of price and the uncertainty demand on the systemwere
discussed.

Ahmed et al. [13] pointed out that the gradient adjustment
mechanism of price was applied in a dynamic Bertrand
duopoly in which the goods were differentiated. Kawabata
and Takarada [14] probed into the effect of free trade agree-
ments on the welfare in Bertrand and Cournot competition
model under differentiated products. Brianzoni et al. [15]
studied the mathematical properties and dynamics of a
Bertrandduopolywith horizontal differentiated products and
nonlinear costs, and the new evidence has been offered. Liu
and Wang [16] investigated the quality control game that
discussed the different risk attitudes affecting quality control
game of supply chain especially in logistics service supply
chain, instead of considering one member’s risk attitude and
ignoring the combination of two members’ risk attitudes.
Fang and Shou [17]managed supply uncertainty under supply
chain Cournot competition between two supply chains con-
sisting of a retailer and an exclusive supplier, respectively.

Esmaeilzadeh and Taleizadeh [18] conducted the optimal
pricing decisions for two complementary products in a two-
echelon supply chain under different market powers with
game theory approaches. Ma and Guo [19] examined the
impacts of information on the dynamical price game in
two Bertrand game models, whereby the player obtains
information of his rival before making decisions. Q.-H. Li
and B. Li [20] designed the dual-channel supply chain; thus
channel competition became inevitable. Hence, value-added
services provided by retailers were considered. Equilibrium
problems regarding retail services and fairness concerns
were analyzed. Protopappa-Sieke et al. [21] developed the
optimal two-period inventory allocation policies under mul-
tiple service level contracts in view of the fact that optimal
inventory allocation had a significant impact on profits in
the retail industry. How amanufacturer responds to a service
level contract was analyzed as considering to minimize the
expected costs.

The structure of the paper is as follows. Firstly, the basic
Bertrand duopoly model considering the service level and
stochastic demand is established in Section 2. Secondly, the
analysis of the model mentioned in the above section has
been conducted in Section 3. Then, we simulate the stability

domain and the dynamical behaviors, and the related discus-
sions have been made in Section 4. Lastly, the conclusion will
be given in Section 5.

2. Demand Model

Since oligopoly game model has already been researched in
previous literature, while the oligopoly situation has been
discussed, we consider that the other retailer comes into
the monopoly market. Due to the entrance of the other
retailer, exclusive monopoly was broken. What is more, the
marketing competition is more vehement. Retailer’s demand
is influenced by the other retailer’s price. In addition to retail
price, we also consider that the market demand is associated
with the service level of themselves and the competitors.
Meanwhile, we assume the products that two retailers sell
are homogeneous. Hence, the demand function of the two
retailers is shown as follows:

𝑑1 = 𝑎1 − 𝑏1𝑝1 + 𝑏2𝑝2 + 𝑘1V1 − 𝑘2V2,
𝑑2 = 𝑎2 − 𝑏1𝑝2 + 𝑏2𝑝1 + 𝑘1V2 − 𝑘2V1, (1)

where 𝑘𝑖 (𝑖 = 1, 2) shows the ratio of customers buying
the product, which represents the service discrepancy level
of the products. 𝑏𝑖 (𝑖 = 1, 2) represents the price sensitive
coefficient, which expresses the degree of market demand
influenced by the price of their products and competition’s
product price. Due to the difference of the price and service
level between two products, customers will make their own
choice according to the price and service level. We must
be clear that the higher the service level of the products is,
the more the consumers will choose to buy the products in
condition of the same price level facing the homogeneous
product.

In the expression above, we find that the market demand
is affected by both retail price and the service level.The higher
service level will bring about the larger cost. The cost of
service level is shown in

𝑐𝑖 = 𝜂𝑖 V
2
𝑖2 , 𝑖 = 1, 2. (2)

In (2), V𝑖 means the service level of two retailers. 𝜂𝑖 is the
influence coefficient, which is used to signify the influence
degree of the service level to cost.

While the product market is complex and stochastic,
the final demand of the customers is uncertain. We set the
demand as stochastic variable 𝑎𝑖, whereby the stochastic
demand is the sum of the fixed demand 𝑎𝑖,0 and the potential
stochastic part with market uncertainty 𝑒, that is, 𝑎𝑖 =𝑎𝑖,0 + 𝑒. And the expectation and variance of 𝑒 are 0 and𝑟, respectively. We assume that retailers can predict the
stochastic demand of their products. Retailers can help to
make decisions with the market information forecast, when
facing the uncertain factors in the product market. The
forecast value of the stochastic demand is 𝑓, and 𝑓 is
composed with stochastic variable 𝑎𝑖 and the error term 𝜀,
that is,𝑓𝑖 = 𝑎𝑖+𝜀.The expectation and variance of 𝜀 are 0 and 𝑠,
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separately. We have to point out that 𝑒 and 𝑠 are independent.
Just like the former research that in Li [22], we know

𝐸 (𝑎𝑖𝑓) = 𝑠𝑖𝑟𝑖 + 𝑠 𝑖𝑎𝑖,0 +
𝑟𝑖𝑟𝑖 + 𝑠 𝑖𝑓𝑖,

𝐸 ((𝑓 − 𝑎𝑖,0)2) = 𝑟 + 𝑠.
(3)

The profit function of the manufacturer is depicted in
(4). In this equation, 𝑤 represents the wholesale prices that
manufacturer sells the products to retailer:

𝜋𝑚 = (𝑑1 + 𝑑2) 𝑤. (4)

The retailers’ operating goal is to maximize profits. The
retailer’s profit function is shown as follows:

𝜋𝑅,𝑖 = (𝑝𝑖 − 𝑤 − 𝑐𝑖) 𝑑𝑖, 𝑖 = 1, 2. (5)

When retailers and manufacturer in the market share
the information, the expected profits decision models of
manufacturer and retailers are shown as follows, respectively:

max𝐸 (𝜋𝑖𝑠𝑚) = (𝑑1 + 𝑑2) 𝑤,
max𝐸 (𝜋𝑖𝑠𝑅,1) = [(𝑝1 − 𝑤 − 𝑐1) 𝑓1𝑑1] ,
max𝐸 (𝜋𝑖𝑠𝑅,2) = [(𝑝2 − 𝑤 − 𝑐2) 𝑓2𝑑2] .

(6)

We can deduce the marginal profits of two retailers
through calculating the first-order partial derivative of (6):

𝜕𝐸 (𝜋𝑁𝐼𝑅,1)
𝜕𝑝1 = (1 − 𝑔1) 𝑎0,1 + 𝑔1𝑓1 − 2𝑏1𝑝1 + 𝑏2𝑝2

+ 𝑘1V1 − 𝑘2V2 + 𝑏1𝑤 + 𝑏1𝜂1 V
2
12 ,

𝜕𝐸 (𝜋𝑁𝐼𝑅,2)
𝜕𝑝2 = (1 − 𝑔2) 𝑎0,2 + 𝑔2𝑓2 − 2𝑏1𝑝2 + 𝑏2𝑝1

+ 𝑘1V2 − 𝑘2V1 + 𝑏1𝑤 + 𝑏1𝜂2 V
2
22 .

(7)

For the sake of simplicity, we make 𝑔𝑖 = 𝑟𝑖/(𝑟𝑖 + 𝑠𝑖) (𝑖 =1, 2) in (7).

2.1. Optimal Decision. If there is only one retailer in the
market, the retailer regards profit maximization as the goal
to give the optimal decision in the circumstance of discrete
game.When there are two retailers in themarket, the optimal
decision of retailer 1 is influenced by retailer 2. Meanwhile,
retailer 2 optimal decision is also affected by retailer 1
decision. Hence, we assume the information in the market
can be shared between two retailers; that is, the optimal
decisions of two retailers are known to each other. When the
marginal profits reduce to zero, we have the optimal decision
for retailers. The retail price and the service level are the
decision variables.

For retailer 1, we calculate the first-order derivative of its
profit. When the marginal profit gets to zero, the optimal
retail price and optimal service level will be derived in
equation. The detailed process is as follows:

𝜕𝐸 (𝜋𝑁𝐼𝑅,1)
𝜕𝑝1 = 0,

𝜕𝐸 (𝜋𝑁𝐼𝑅,1)
𝜕𝑉1 = 0,

(8)

𝑝𝑖𝑠1 = 1
2𝑏1 ((1 − 𝑔1) 𝑎0,1 + 𝑔1𝑓1 + 𝑏2𝑝2 − 𝑘2V2 + 𝑏1𝑤

+ 3𝑘212𝜂1𝑏1) ,

V𝑖𝑠1 = 𝑘1𝑏1𝜂1 .

(9)

Analogously, the optimal decision of retailer 2 will be
conducted. Equation (10) has the same meaning as (8). The
optimal decision of retailer 2 is expressed in (11):

𝜕𝐸 (𝜋𝑁𝐼𝑅,2)
𝜕𝑝2 = 0,

𝜕𝐸 (𝜋𝑁𝐼𝑅,2)
𝜕𝑉2 = 0,

(10)

𝑝𝑖𝑠2 = 1
2𝑏1 ((1 − 𝑔2) 𝑎0,2 + 𝑔2𝑓2 + 𝑏2𝑝1 − 𝑘2V1 + 𝑏1𝑤

+ 3𝑘212𝜂2𝑏1) ,

V𝑖𝑠2 = 𝑘1𝑏1𝜂2 .

(11)

When two retailers make their own optimal decision, we
may further find the second derivatives of the retail prices and
service level are less than zero.Therefore, the optimal decision
of the system will be derived, which means the system has
the equilibrium point: 𝑝∗1 , 𝑝∗2 , V∗1 , V∗2 . The calculation will be
expressed as follows:

𝜕2𝐸 (𝜋𝑁𝐼𝑅,1)
𝜕2𝑝1 < 0,

𝜕2𝐸 (𝜋𝑁𝐼𝑅,1)
𝜕2𝑉1 < 0,

𝜕2𝐸 (𝜋𝑁𝐼𝑅,2)
𝜕2𝑝2 < 0,

𝜕2𝐸 (𝜋𝑁𝐼𝑅,2)
𝜕2𝑉2 < 0.

(12)
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Through jointing (9) and (11), the optimal solution of the
system will be solved:

𝑝∗1 = 2𝑏14𝑏21 − 𝑏22 (𝑅1 +
𝑏22𝑏1𝑅2 +

𝑏22𝑏1𝐵 + 𝐴) ,

𝑝∗2 = 2𝑏14𝑏21 − 𝑏22 (𝑅2 +
𝑏22𝑏1𝑅1 +

𝑏22𝑏1𝐴 + 𝐵) ,

V∗1 = 𝑘1𝑏1𝜂1 ,

V∗2 = 𝑘1𝑏1𝜂2 .

(13)

In (13), we have𝑅1 = (1−𝑔1)𝑎0,1+𝑔1𝑓1,𝑅2 = (1−𝑔2)𝑎0,2+𝑔2𝑓2,𝐴 = 𝑏1𝑤+𝑘1(3𝑘1𝜂2−𝑘2𝜂1)/𝑏1𝜂1𝜂2,𝐵 = 𝑏1𝑤+𝑘1(3𝑘1𝜂1−𝑘2𝜂2)/𝑏1𝜂1𝜂2.
2.2. The Complex Dynamics of the System. Due to the
complexity of the product market, the competition between
enterprises in the market is increasingly fierce. Retailers do
not know the perfect information of the market, while the
market is complex and customers’ demands are uncertain.
In addition, the more the transactions are, the greater the
uncertainty will be, the more incomplete the information
will be. Hence, the market demand cannot be forecasted
accurately. The bounded rationality expectations solve this
problem faultlessly. The retail price of next period will be
decided according to the retail price in this period and
the marginal profits, which makes up the discrete dynamic
system of the product market.

𝑝1 (𝑡 + 1) = 𝑝1 (𝑡) + 𝜃1𝑝1 (𝑡) ((1 − 𝑔1) 𝑎0,1 + 𝑔1𝑓1

− 2𝑏1𝑝1 + 𝑏2𝑝2 + 𝑘1V1 − 𝑘2V2 + 𝑏1𝑤 + 𝑏1𝜂1 V
2
12 ) ,

𝑝2 (𝑡 + 1) = 𝑝2 (𝑡) + 𝜃2𝑝2 (𝑡) ((1 − 𝑔2) 𝑎0,2 + 𝑔2𝑓2

− 2𝑏1𝑝2 + 𝑏2𝑝1 + 𝑘1V2 − 𝑘2V1 + 𝑏1𝑤 + 𝑏1𝜂2 V
2
22 ) .

(14)

In the equation above, 𝜃𝑖 (𝑖 = 1, 2) is the price adjustment
speed of retailer 𝑖, and the price adjustment speed is positive,
which is set to make sure that retail price of next period
is practically significant. When the marginal profit takes
positive value, the retail price of next period will increase.
However, when the marginal profit takes negative value, the
retail price of next period will decrease.

The system (14) is nonlinear; the system is running under
constant interference.When the system is disturbed, whether
it can maintain a predetermined trajectory, the stability of
the system becomes the primary question to study. What is
different from the linear system is that the nonlinear system
has multiple equilibriums. We obtain four equilibriums of
system (14): 𝐸0(0, 0), 𝐸1(0, (𝑅2 +𝐵)/2𝑏1), 𝐸2((𝑅1 +𝐴)/2𝑏1, 0),

𝐸∗((2𝑏1/(4𝑏21−𝑏22 ))(𝑅1+(𝑏2/2𝑏1)𝑅2+(𝑏2/2𝑏1)𝐵+𝐴), (2𝑏1/(4𝑏21−𝑏22 ))(𝑅2 + (𝑏2/2𝑏1)𝑅1 + (𝑏2/2𝑏1)𝐴 + 𝐵)).
We may find that 𝐸0, 𝐸1, 𝐸2 are boundary points, and 𝐸∗

is within the system. We guess that 𝐸∗ is the unique Nash
equilibrium. In order to verify the guess and analyze the
stability of the system, we calculate the Jacobian matrix of
system (14):

𝐽 (𝐸) = (𝐽11 𝐽12𝐽21 𝐽22) . (15)

In the equation above,

𝐽11 = 1 + 𝜃1𝑅1 + 𝜃1𝑏2𝑝2 + 𝜃1𝐴 − 4𝜃1𝑏1𝑝1,
𝐽12 = 𝜃1𝑏2𝑝1,
𝐽21 = 𝜃2𝑏2𝑝2,
𝐽22 = 1 + 𝜃2𝑅2 + 𝜃1𝑏2𝑝1 + 𝜃2𝐵 − 4𝜃2𝑏1𝑝.

(16)

𝐸∗ is the unique Nash equilibrium; the best profit of
the system can be obtained when the best decision is in𝐸∗. We all know that when the margin profit is more than
zero, the retailers will adjust their retail prices, until the
margin profit goes up to zero. At this time, the system
reaches to equilibrium state. Retailers will not change their
own retail price any more, and the equilibrium state will be
maintained by these two game players. Therefore, among all
the equilibrium points, only the Nash equilibrium 𝐸∗ has
practical significance. Then, this part will explore the local
stability of the Nash equilibrium by using the Jacobianmatrix
and the July criterion.

The characteristic polynomial of the Jacobian matrix
takes the following form:

𝐹 (𝜆) = 𝜆2 − (𝐽11 + 𝐽22) 𝜆 − (𝐽11𝐽22 − 𝐽12𝐽21) . (17)

In order to guarantee that the Nash equilibrium is local
stability, 𝐽𝑖,𝑗 (𝑖, 𝑗 = 1, 2)must satisfy the following limitations:

− (𝐽11 + 𝐽22) + (𝐽11𝐽22 − 𝐽12𝐽21) + 1 > 0,
(𝐽11 + 𝐽22) + (𝐽11𝐽22 − 𝐽12𝐽21) + 1 > 0,

𝐽11𝐽22 − 𝐽12𝐽21 < 1,
𝐽11 + 𝐽22 > 0.

(18)

Due to the fact that limitations are so complex, the process
to solve inequality (18) is very complicated. If the Nash
equilibrium satisfies inequality (18), we may insure that Nash
equilibrium is locally stable. We will probe into the dynamic
characteristic of the system through numerical simulation in
next section.

3. Dynamic Characteristics of the System

In consideration of the complexity of system (14), the numer-
ical simulation method will be employed in this paper as
this method has been widely used in most of the literatures.
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Figure 1: The stable range of system (14).

The stable region, bifurcation, and chaos will be investigated;
meanwhile, the largest Lyapunov exponent, entropy, chaotic
attractor, and the time domain response will be discussed
to verify the dynamic characteristics of this system. At last,
the sensitivity of initial value will be analyzed. We take the
parameter values as follows: 𝑔1 = 0.7, 𝑔2 = 0.6, 𝑎0,1 = 0.5,𝑎0,2 = 0.55, 𝑓1 = 0.6, 𝑓2 = 0.65, 𝑏1 = 1, 𝑏2 = 0.5, 𝑘1 = 1.1,𝑘2 = 1.2, V1 = 0.7, V2 = 0.6, 𝑤 = 0.1, 𝜂1 = 0.2, 𝜂2 = 0.3.
3.1. The Stable Region. The decision variables of the system
are retail prices of two retailers. As retail prices obtain
different values, the system will change to either the stable
range or the unstable range. Figure 1 depicts the stable region
of the system with blue range and the unstable of the system
with white region. When employed values are in the blue
range, the system will tend to the equilibrium state after
iteration period by period. Then the system will stay at the
Nash equilibrium state unless some factors outside break the
equilibrium state.

3.2. The Bifurcation and Chaos Behavior. The fixed point is
stable when all the eigenvalues of the Jacobian are in the unit
circle. When 𝜃1 and 𝜃2 satisfy the critical value, the system
appears as saddle point. If one characteristic root 𝜆2 = −1
and all the other eigenvalues are within the unit circle, the
fixed point will be unstable and produce period-doubling
bifurcation. From Figure 2, we can see that system (14) will
appear as period-doubling bifurcation.

We discuss the bifurcation and chaos behaviors of the
system in this section with parameter basin plots and the
bifurcation diagram. We set the initial values of the system
as 𝑝1(0) = 0.25 and 𝑝2(0) = 0.2, which represent the retail
price of two retailers at the first moment.

Figure 3 describes the parameter basin plots of system
(14) with respect to the price adjustment speeds 𝜃1 and 𝜃2.

3
−3

−2

−1

0

32
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Figure 2: The characteristic root of system (14).
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Figure 3: The parameter basin plots of system (14).

Different colors in this figure represent the stable region,
stable cycles of periods, and chaotic states separately: the light
blue range is the stable region, pink range means the stable
cycles of period 2, orange range is the stable cycles of period
3, yellow range is the stable cycles of period 4, green range
is the stable cycles of period 5, dark blue range is the stable
cycles of period 6, cyan range is the stable cycles of period
7, purple range is the stable cycles of period 8, red range
represents chaos, and white means divergence. If the retail
prices are in thewhite region, one of the retailers is outside the
product market, and the market will be oligopolistic market.
Through the observation of Figure 3, we find pink, yellow,
dark blue, and purple constitute the road from even period
cycles to chaos, the road being called the flip bifurcation in
discrete dynamical system; meanwhile, orange, green, and
cyan constitute the road from odd period cycles to chaos.
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Figure 5

By observing this figure, we may find the retail price
changes from the stable region to the even period cycles and
next it gets to chaotic region. This phenomenon is the flip
bifurcation, whereby the retailers adjust their own retail price,
the system will go from the even period cycles to the chaotic
region directly.

Figures 4(a) and 4(b) give the bifurcation diagram of
retail prices with respect to 𝜃1 when 𝜃2 = 1.2. This figure
can explain the complex dynamic behavior of the system
more intuitively, whereby one of the price adjustment speeds
is fixed and the other adjustment speed changes within a
certain range.This paper investigates the adjustment speed of
retailers’ prices firstly by keeping 𝜃2 fixed at 1.2 and 𝜃1 varying
from zero to 3. In Figure 4(a), retailer 1’s retail price is stable at
0.49 as 𝜃1 vary from zero to 1.95. Just at this time, the system
begins the first bifurcation, while the system runs into stable
cycles of period 2. As 𝜃1 increases to 2.47, the system gets
to stable cycles of period 4. When 𝜃1 gets the value of 2.58,
retail 1’s price goes into stable cycles of period 8. After that,
the system falls into a chaotic state.

Figure 4(b) depicts the bifurcation diagram of 𝑝2 with
respect to 𝜃1 when 𝜃2 = 1.2. The bifurcation points of this
figure are completely the same as the bifurcation points in
Figure 4(a). However, what is different from Figure 4(a) is the

value of retail price. Retailer 2’s retail price is stable at 0.415 as𝜃1 vary from zero to 1.95. Next, 𝑝2 gets to cycles of periods 2,
4, and 8 in sequence. In the end, 𝑝2 also falls into chaos.

Figures 5(a) and 5(b) describe the bifurcation behavior
of retail prices when 𝜃2 increases gradually and 𝜃1 keeps the
fixed value 1.2, which is the same as Figure 4; this shows
the complex dynamic behavior of retail price considering the
price adjustment speed of retailer 2 varying from zero to 3.5.
In Figure 5(a), as 𝜃2 is small and less than 2.22; the retail price
of retailer 1 keeps a fixed number of 0.488. After that, the retail
price falls into the stable cycles of period 2; when 𝜃2 increases
to 2.85, the retail price falls into the stable cycles of period
4; then when 𝜃2 goes to 2.98, the retail price falls into the
stable cycles of period 8; and so forth. After the system passes
throughmultiple iterations, it will turn into chaos, which will
not be expected to appear.

Analogously, the complex dynamic behavior of retail
price 2 considering the price adjustment speed of retailer 2
varying from zero to 3.5 will be shown in Figure 5(b). Firstly,
retailer price 2 is stable at 0.414 when 𝜃2 is at [0, 2.22]. Then
the system turns into bifurcation and chaos state orderly. It is
worth noting that the stable price of retailer 2 is less than that
of retailer 1, which means retailer 2 may possess more market
share. This phenomenon is not conducive to retailer 1. And
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Figure 6: 3D bifurcation diagram of 𝑝1 and 𝑝2.

retailer 1 must take measures to decrease its own retail price
to win more market demand.

Through the analysis of Figures 4 and 5, we find that
relatively small price adjustment speed may maintain the
system at stable state. Figure 6 shows the stability of the
system from a three-dimensional perspective. With the price
adjustment speed gradually increasing, the price system gets
unstable and finally becomes chaotic. Hence, from the point
of view ofmanagement, the retailer should choose a relatively
reasonable adjustment speed to alter the retail price in each
decision unit.

3.3. The Largest Lyapunov Exponent. The largest Lyapunov
exponent (LLE) is another way to make clear the complex
dynamic characteristics of the system. And the LLE repre-
sents the extreme sensitivity to initial value of the system
vividly that two of the same initial value generated in the
trajectory separate according to index methods with the
passage of time. As we want to judge whether the chaotic
phenomenon exists in the system, we just need to observe the
LLE intuitively. If the LLE is more than zero, it means that
the differences of the initial value increase with exponential
form after periods of iteration; that is, the system falls into
chaotic region. On the contrary, if the LLE is less than zero,
it means that the system is in stable state, while the system
is not initially sensitive and keeps a fixed value all the time.
When the LLE equals zero, the system is periodic and quasi-
periodic. The expression of LLE is as follows:

𝜆 = lim
𝑛→∞

1
𝑛
𝑛−1∑
𝑛=0

ln

𝑑𝑓 (𝑥𝑛, 𝜇)𝑑𝑥

 . (19)

We usedMATLAB to simulate Figures 7(a) and 7(b). Fig-
ures 7(a) and 7(b) explore the LLE with the increase of price
adjustment speed. The system acts out the complex dynamic
behavior as the price adjustment speed changes. In Fig-
ure 7(a), when 𝜃1 is in [0, 1.95], the LLE is less than zero and
the system is in stable state; while 𝜃1 is in [1.95, 2.6], the LLE
is equal to zero and the system is in bifurcation region; when𝜃1 is more than 2.6, the LLE is more than zero and the system
is in chaotic region. Figure 7(b) shows the LLE with respect
to 𝜃2, and it has the same changing process with 𝜃1. Figure 7

accounts for the state of the dynamic systemmore intuitively;
meanwhile, the bifurcation point and the chaos point in
Figure 7 are in consistent with the bifurcation diagrams.

3.4.The Entropy. Entropy is an important quantity to charac-
terize chaotic systems. In different types of dynamic systems,
the entropy values are different. Entropy values can be used
to distinguish between regular motion, chaotic motion, and
random motion. In the random motion system, the entropy
is unbounded; in the regular motion system, the entropy is
zero; in the chaoticmotion system, the entropy is greater than
zero. The greater the entropy, the greater the rate of loss of
information, the greater the degree of chaos in the system, or
the more complex the system.

It can be seen from Figure 8 that as the system progres-
sively enters chaos, the entropy of the system increases rapidly
from zero.The law of change is also the same as the change of
bifurcation and maximum Lyapunov exponent.

3.5. The Chaotic Attractor. The chaotic attractor investigates
the chaotic characteristics of the system and the chaotic
attractors will be given in Figures 9(a), 9(b), and 9(c),
while the price adjustment speeds are in stable region and
chaotic region, respectively. Strange attractor is the joint
action’s product of overall stability and local instability. All
the movement outside the attractor will finally converge to
the chaotic attractor. Meanwhile the movement inside the
attractor is instable. If the attractor is a fixed point, the system
is in stable state. On the contrary, when the attractor is not a
fixed point and period cycle, the system is in chaos.

In Figure 9(a), we judged on the parameter basin plots,
bifurcation diagram, the largest Lyapunov exponent, and
entropy of system; when 𝜃1 and 𝜃2 equal 1.2, they are all in
stable states, and at this moment the attractor is a fixed point.

From the parameter basin plots, bifurcation diagram, the
largest Lyapunov exponent, and entropy of system, we may
see that the systems are in chaotic states while 𝜃1 = 2.8,𝜃2 = 1.2 and 𝜃1 = 1.2, 𝜃2 = 3.2. Hence, the attractors expand
to a big area, and the system begins to do limit movement in
Figures 9(b) and 9(c). Then the attractors turn into chaotic
attractors. Just now, the system becomes complex and the
dynamic characteristics of the system are more obviously.

3.6. Time Domain Response. The time domain response
depicts the changing process of the price data with the
increase of time, which is arranged by the whole time index.
There are different shapes for the time domain response.
Figures 10(a), 10(b), and 10(c) describe the time domain
responses of the systemwhen the price adjustment speeds are
in stable region and chaotic region, respectively. In Figure 10,
blue line represents the retail price of retailer 1, and red line
represents the retailer price of retailer 2.

In Figure 10(a), 𝜃1 and 𝜃2 equal 1.2. The price adjustment
speeds are all in stable states. Then the two retail price fix at
the equilibrium point 𝐸∗(0.488, 0.414), and two retail price
will not change as the time changes. It is the same as Figure 9;
we set 𝜃1 = 2.8, 𝜃2 = 1.2, and 𝜃1 = 1.2, 𝜃2 = 3.2 in Figures
10(b) and 10(c). In Figure 10(b), while 𝜃1 is in stable region and
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Figure 8

𝜃2 is in chaotic area, the fluctuation of blue line is obviously
big compared to that of the red line, and the red line just tends
to the value 0.36. Uniformly in Figure 10(c), the fluctuation of
blue line is obviously small compared to that of the red line,
and the blue line just tends to the value 0.45 as 𝜃2 is in stable
region and 𝜃1 is in chaotic region. This phenomenon shows
that when the price adjustment speed is in stable state, the
time domain response is smooth. On the contrary, the time
domain response will be in big fluctuation while the price
adjustment speed is in chaotic state.

4. Chaos Control

With the findings of sections above, we come to the con-
clusion that if the adjustment speeds of the retail prices
are in chaotic region, the system will be complex, and the
manager cannot make decision in time that phenomenon is
not expected to appear in the product market. Therefore, we
should take measure to expand the stable region and control
the chaos further. From the management point of view, the
market is sharply fluctuating while the adjustment speeds of
the retail prices expand from the stable region to chaotic region;
hence the adjustment speeds of the retail pricesmust be in stable
region so as to keep the market smooth. Then the chaos control
method becomes necessary.

Here, we employ the widely used control method, that is,
parameter adjustment control method to control the chaotic
phenomenon. Ma and Li [23] adopted this kind of method to
control the complex dynamic behavior of the pricing game
models in a risk-averse supply chain, and the chaos has
been controlled perfectly. Hence, we also adopt parameter
adjustment control method so as to solve this problem in
this section. The manager may control the chaotic behavior
through introducing the control parameter 𝑢, and we set 𝑢 =0.6 as Ma et al. [24] have conducted the chaos control with
setting the control parameter as 0.6. The other parameters
employ the values set in the sections above. After that, the
stable range and the bifurcation diagram will be given to
account for the state of the system. With the parameter
adjustment control, the system will be

𝑝1 (𝑡 + 1) = (1 − 𝑢)(𝑝1 (𝑡) + 𝜃1𝑝1 (𝑡) ((1 − 𝑔1) 𝑎0,1
+ 𝑔1𝑓1 − 2𝑏1𝑝1 + 𝑏2𝑝2 + 𝑘1V1 − 𝑘2V2 + 𝑏1𝑤
+ 𝑏1𝜂1 V

2
12 )) + 𝑢𝑝1 (𝑡) ,
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𝑝2 (𝑡 + 1) = (1 − 𝑢)(𝑝2 (𝑡) + 𝜃2𝑝2 (𝑡) ((1 − 𝑔2) 𝑎0,2
+ 𝑔2𝑓2 − 2𝑏1𝑝2 + 𝑏2𝑝1 + 𝑘1V2 − 𝑘2V1 + 𝑏1𝑤
+ 𝑏1𝜂2 V

2
22 )) + 𝑢𝑝2 (𝑡) .

(20)

Figure 11 depicts the stable region after having been
controlled by the control parameter. Compared to the stable
region of system (14), the stable region of system (20)
increases obviously, whichmeans a relative large price adjust-
ment speed will not make the system run into chaos. This is
helpful for managers to adjust the retail price with a more
range.

The complex dynamic behavior of system (20) has been
investigated in Figures 12 and 13. The first bifurcation point
of the system is big compared to that before controlling, the
value of which is 5, and it is bigger than value (1.95) of first
bifurcation point in system (14) in Figure 9 depicting the
bifurcation diagram of 𝑝 with respect to 𝜃1 when 𝜃2 = 1.2.
Figure 10 shows the bifurcation diagram of 𝑝 with respect to𝜃2 when 𝜃1 = 1.2. It is similar to the phenomenon in Figure 12
that the first bifurcation point of the system is big compared
to that before controlling.The first bifurcation point expands
to 5.92 that the stable region of system (20) is enlarged.Hence,
the managers will make decisions relatively simple.

Bifurcation diagram of 𝑝 when the control parameter 𝑢
varies from 0 to 1 is given in Figure 14. When 𝑢 takes the
value of zero, system (20) will be the same as system (14),
and then the system is chaotic. With the increase of 𝑢, the
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Figure 11: The stable range of system (20).

system changes from the chaotic region to the bifurcation
region and finally falls into the stable region, which means
the chaos behavior has been controlled completely.

5. Conclusion

Previous researches have explored the price fluctuation
with price and demand game model in the supply chain

0.01
0 1.9 3.8 5.7 7.6

0.17

0.33

0.49

0.65

p

�휃1

Figure 12: Bifurcation diagram of 𝑝 with respect to 𝜃1 when 𝜃2 =1.2.

management. However the retailers’ service level has not
been involved in the basic demand model.This paper depicts
a modified Bertrand duopoly model based on the stochastic
demand and the retailer’s service level which influences the
market demand decided by customers’ preference, while the
market demand is stochastic in this model. How the price
adjustment speed affects the stability of the supply chain
system with respect to service level and stochastic demand
has been studied in this paper. The dynamic behavior of the
system is researched by simulation and the stability domain
and the bifurcation phenomenon are shown clearly. The
largest Lyapunov exponent, the chaotic attractor, and the
time series are also given to confirm the chaotic characteristic
of the system.



Complexity 11

0
0.02

0.15

0.28

0.41

0.54

2.2 4.4 6.6 8.8
�휃2

p

Figure 13: Bifurcation diagramof𝑝with respect to 𝜃2 when 𝜃1 = 1.2.

0 0.2 0.4 0.6 0.8 1
0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

u

p

Figure 14: Bifurcation diagram of 𝑝 when 𝑢 varies from 0 to 1.

We come to the conclusion that (1) with the price
adjustment speed gradually increasing, the price system
gets unstable and finally becomes chaotic; (2) a relatively
small price adjustment speed may maintain the system at
stable state; (3) chaos can be controlled completely with the
parameter control method. This chaotic phenomenon will
perturb the product market. Hence, the conclusion makes
significant contribution to the system, referring to the price
fluctuation based on the service level and stochastic demand.

In spite of the contribution that this paper has offered to
themanagers, some limitations still exist in this paper. Firstly,
the supply chain only contains two retailers; in order for this
study to bemore close to the reality and be used inmore scales
of enterprises, we may study the dynamic game behavior in
the three-oligarch product market. Secondly, this paper only
does the numerical simulation, while there are no real data
to support the conclusion of the paper. Hence, some real data
should be collected to identify the conclusion.
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This paper presents a novel approach for clustering, which is based on quasi-consensus of dynamical linear high-order multiagent
systems.The graph topology is associated with a selected multiagent system, with each agent corresponding to one vertex. In order
to reveal the cluster structure, the agents belonging to a similar cluster are expected to aggregate together. To establish the theoretical
foundation, a necessary and sufficient condition is given to check the achievement of group consensus. Two numerical instances
are furnished to illustrate the results of our approach.

1. Introduction

With a rapid increase in the scale of massive data and infor-
mation, the probing of potential knowledge in big data, such
as data structures and certain unknown correlations, has been
attracting more and more scholars. As an essential technique
of data mining, clustering has been widely applied in various
practical fields, such as linguistics [1], bonemicroarchitecture
analysis [2], community detection [3], wind power prediction
[4], image segmentation [5, 6], and even genome expression
study [7].

Clustering is about assigning certain set of data points
into different clusters, for the purpose of highlighting the
similitude of data points being organized in the same cluster,
while simultaneously reflecting the distinctions between dif-
ferent clusters [8]. In the past decades, diverse clustering algo-
rithms and criteria have been developed adequately, for
example, normalized cut [6] andmin-max cut [9] algorithms,
the graph partitioning algorithms [10], the algorithms based
on optimization ofmodularity functions [11], and the spectral
clustering algorithms [12].

In addition to the abovementioned literature, some clus-
tering algorithms have also been presented which are built
on the study of certain dynamical behaviors of networks,

for example, the random walk algorithms and the network
synchronization algorithms. Random walk implies shifting
along a random route, with each step to a new nearest vertex.
By random walk algorithms [13], the clustering structure of
a given network topology could be probed with the aid
of generated random walk flows. Conversely, the network
synchronization algorithm stands from another perspective
[14], which considers coordinating different signals among
vertices. Typically certain Kuramoto vibrator is employed,
such that synchronization of vibrations could be achieved
within the same group.

In this research article, a novel method for clustering is
presented, which is rooted upon observation to the motions
of dynamical multiagent systems. Concretely speaking, for
the purpose of discerning the different affiliations of vertices
in a given network, the selected dynamical multiagent system
should be linked with the concerned network topology, and
there should be a one-to-one correspondence between each
pair of dynamical agent and vertex. The agents keep on
moving inside a common space, either physical or abstract.
Those corresponding to the vertices that are affiliated with
any specific cluster should aggregate as time elapses. Finally,
the clustering structure would be uncovered automatically,
according to the formation of agent positions.
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Analogical topics as discussed above are usually referred
to as group consensus in the field of control theory. Yu
and Wang earlier were concerned with this phenomenon
in [15]. Hu et al. discussed group consensus for two classes
of dynamical multiagent systems, respectively, which are
systemswith hybrid protocols (there is discontinuous transfer
of information between nearest groups [16]) and systemswith
distinct groups comprising different types of agents [17]. To
achieve group synchronization of the coupled vibrators, Su
et al. considered both the adaptive pinning control strategy
[18] and the case with multiple leaders [19]. Xie et al.
[20] addressed the group consensus problem of first-order
systems. Other recent relevant studies include [21–23].

The novelty of the current work compared with the afore-
mentioned results in the literature lies in several perspectives.
As far as we know, in the existing researches, the expected
clustering formation is prescribed in advance, paying primary
attention to synthesis of specific information transfer proto-
col for each group, so that the agents assigned to the group
could ultimately aggregate. In contrast, in the framework of
the current paper, the cluster distribution should completely
be determined by the topology of network itself, without the
need of any prerequisite knowledge aforehand. In this regard,
the advantage of the current work is explicit, especially in its
potential practicability.

Besides introducing a novel method for clustering, a
major contribution of this paper is proposing a criterion for
checking whether or not a high-order LTI (Linear Time-
Invariant) multiagent system can reach group consensus,
which generalizes the existing well-known necessary and
sufficient condition for consensus achievement [24–28]. In
fact, the existing condition on consensus is a particular
instance of the condition for group consensus presented here.

In addition to the above, the current paper provides an
exemplification of the usage of unstable dynamical systems,
whereas, in contrast, unstable systems are conventionally
regarded as being insignificant in control theory.

Theoretical studies on dynamical multiagent systems
have already been extensive in the area of control theory,
especially on the consensus problem. However, the appli-
cation instances corresponding to these theories that can
well support them are still scarce. Our exploration attempts
to introduce a practical scenario from the field of data
analysis, under a motivation to facilitate applying, verifying,
or enriching certain relevant researches.

The remaining part of the current paper holds the follow-
ing organization. The preliminaries and model formulation
are introduced in Section 2. In Section 3, the clustering
method is expounded in detail, based on theoretical analysis
on condition for group consensus. Section 4 exemplifies the
technique by two simulation cases. Finally, this paper is
concluded in Section 5.

2. Model Formulation and Preliminaries

The topology of the network for clustering can be expressed
by 𝐺 = 𝐺(𝑉, 𝐸), with 𝑉 being the vertex set and 𝐸 the
weighted edge set. The 𝐺 is assumed to be a graph of

𝑚th order, being undirected and connected. The ultimate
objective of clustering is to assign the 𝑚 elements of 𝑉
into divergent affiliations, in accordance with the topology
of 𝐺.

For such a purpose, a procedure rooted in observing the
motions of dynamical multiagent systems is put forward,
to figure out the clustering formation automatically. The
procedure is composed of the following two fundamental
steps.

Step 1. Define a dynamical multiagent system as follows and
attach with it the network topology concerned, with each
agent associated with one particular vertex.

�̇��푖 = ℎ (𝑡, 𝑥�푖) +
�푚∑
�푗=1

𝑤1�푗𝑓 (𝑡, 𝑥�푗, 𝑥�푖) (𝑖 = 1, 2, . . . , 𝑚) , (1)

where 𝑥�푖(𝑡) ∈ Θ (𝑖 = 1, 2, . . . , 𝑚) expresses the state of
agent 𝑖 which is moving in a normed state space Θ, 𝑤�푖�푗 ∈𝑅+ is the weight indicating the strength of communication
link between vertices 𝑖 and 𝑗, and the functions ℎ(⋅) and 𝑓(⋅)
express the self-dynamics and the dynamical interagent
information transfer protocol, respectively.

Step 2. Determine appropriate initial values 𝑥�푖(0) ∈ Θ (𝑖 =1, 2, . . . , 𝑚) and then let the dynamical system operate
autonomously.

As time elapses, group consensus or quasi-consensus
would manifest, as long as the overall setup of both the
structure and parameters of dynamical multiagent system
(1) is feasibly configured. Finally, a clustering result can be
concluded via observing the setup formed by the agent states
within the state space.

The definition below formulates the concept of group
consensus discussed in this paper.

Definition 1. For the dynamical multiagent system (1), if

lim
�푡→∞

𝑥�푖 (𝑡) − 𝑥�푗 (𝑡) = 0 (2)

then agents 𝑖 and 𝑗 reach an agreement. For a vertex set𝑉�푙 ⊂ 𝑉,
if ∀𝑖, 𝑗 ∈ 𝑉�푙, the agents 𝑖 and 𝑗 reach an agreement, and then
system (1) reaches a consensus in 𝑉�푙. If consensus is reached
in each 𝑉1, 𝑉2, . . . , 𝑉�푙, . . . , 𝑉�훽, respectively, with

𝑉1 ∪ 𝑉2 ∪ ⋅ ⋅ ⋅ 𝑉�푙 ⋅ ⋅ ⋅ ∪ 𝑉�훽 = 𝑉 (3)

then the entire dynamical system reaches a group consensus.

Remark 2. The assumption that the graph is both undirected
and connected is merely due to practical requirements of
clustering and is not due to any technical limitations.This can
be understood through later discussions.
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3. Group Consensus of Dynamical Linear
Time-Invariant Systems

In this section, the detail of the clustering process is elab-
orated by employing high-order LTI multiagent systems,
which are described as

�̇��푖 = 𝐴𝑥�푖 + 𝐹
�푚∑
�푗=1

𝑤�푖�푗 (𝑥�푗 − 𝑥�푖) (𝑖 = 1, 2, . . . , 𝑚) , (4)

where 𝑥�푖(𝑡) = [𝑥�푖1(𝑡) 𝑥�푖2(𝑡) ⋅ ⋅ ⋅ 𝑥�푖�푛(𝑡)]�푇 ∈ 𝑅�푛 (𝑖 =1, 2, . . . , 𝑚) expresses the state vector of agent i and matri-
ces 𝐴, 𝐹 ∈ 𝑅�푛×�푛 express the LTI self-dynamics of the
agents and the information transfer protocol between nearest
agents, respectively. The technique for successfully acquiring
a rational clustering result depends on appropriately selecting
values of the pair of matrices 𝐴 and 𝐹.

To this end, some previous results on consensus are
reviewed first.

Lemma 3 (see [28]). For the dynamical LTI high-order system
(4), if it reaches consensus, then, as 𝑡 → ∞, the motion of any
agent is regulated by the equation �̇� = 𝐴𝜉.
Lemma 4 (see [29]). The Laplacian matrix 𝐿 of a directed
graph 𝐺 has exactly one zero eigenvalue 𝜆1 = 0 iff 𝐺
includes a spanning tree, with the corresponding eigenvector
𝜙 = [1 1 ⋅ ⋅ ⋅ 1]�푇. Besides, all the remaining eigenvalues𝜆2, . . . , 𝜆�푚 have positive real parts.
Corollary 5. The Laplacian matrix 𝐿 of an undirected graph𝐺 has exactly a single zero eigenvalue 𝜆1 = 0 iff𝐺 is connected,
with the associated eigenvector 𝜙 = [1 1 ⋅ ⋅ ⋅ 1]�푇. Besides, all
the remaining eigenvalues 𝜆2, . . . , 𝜆�푚 ∈ 𝑅+.
Lemma 6 (see [28]). For the dynamical multiagent system (4)
with 𝜆1 = 0, 𝜆2, . . . , 𝜆�푚 as the eigenvalues of the Laplacian
matrix of the directed graph 𝐺, if 𝐴 is not Hurwitz then the
system reaches consensus iff

(1) the graph topology 𝐺 includes a spanning tree;
(2) all the matrices 𝐴 − 𝜆�푖𝐹 (𝑖 ∈ {1, 2, . . . , 𝑚} 𝜆�푖 ̸= 0) are

Hurwitz.

Lemma 3 implies that if a certain subset of agents reaches
a consensus, then the overall motion of this subset will
ultimately be dominated by the matrix A. As long as A
is Hurwitz, the motions of distinct consentaneous subsets
would independently converge to the origin of state space,
even without any exchange of information. Consequently,
in order to differentiate agents between distinct affiliations,
matrix A should not be Hurwitz. Actually, it is preferable for
A to be unstable to avoid the possibility of critical stability,
such that distinct clusters would mutually diverge.

Theorem 7. Consider the dynamical system (4). Suppose that
the spectrum of Laplacian matrix of the directed graph with
spanning tree is

{𝜆1 = 0, 𝜆2, . . . , 𝜆�푚} (5)

with the series of matrices

𝐴,𝐴 − 𝜆2𝐹, . . . , 𝐴 − 𝜆�훼−1𝐹 (6)

being not Hurwitz and

𝐴 − 𝜆�훼𝐹,𝐴 − 𝜆�훼+1𝐹, . . . , 𝐴 − 𝜆�푚𝐹 (7)

being Hurwitz. The pair of agents 𝑖 and 𝑖 + 1 (or𝑚 and 1, if 𝑖 =𝑚) reaches agreement iff the 𝑖th row 𝜓�푇�푖 of the productΨ = 𝑇𝑄
possesses the configuration:

𝜓�푇�푖 = [∗(1) 0(2) ⋅ ⋅ ⋅ 0(�훼−1) ∗(�훼) ⋅ ⋅ ⋅ ∗(�푚)] , (8)

where 𝑇 ∈ 𝑅�푚×�푚 represents any feasible solution of the matrix
equation

𝑇𝐿 = Φ =
[[[[[[[[
[

1 −1
1 −1
⋅ ⋅ ⋅ ⋅ ⋅ ⋅
1 −1

−1 0 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅ 1

]]]]]]]]
]

, (9)

𝑄 ∈ 𝑅�푚×�푚 represents the nonsingular matrix that transforms
the Laplacian matrix into the similar Jordan canonical form

𝑄−1𝐿𝑄 = 𝐽 =
[[[[[[[[
[

0
𝜆2 ∗
𝜆3 d

d ∗
𝜆�푚

]]]]]]]]
]

, (10)

and “∗” denotes any arbitrary value.
Proof. If the stack vector of the states of agents is defined as

𝑥�푇 = [𝑥�푇1 𝑥�푇2 ⋅ ⋅ ⋅ 𝑥�푇�푚]�푇 (11)

then the system dynamics can be described by

�̇� = (𝐼�푚 ⊗ 𝐴 − 𝐿 ⊗ 𝐹) 𝑥. (12)

Let �̃� = (𝑄−1 ⊗ 𝐼�푛)𝑥; then (12) can be transformed into

̇̃𝑥 = (𝐼�푚 ⊗ 𝐴 − 𝐽 ⊗ 𝐹) �̃� (13)

which is equivalent to
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[[[[[[[[[[[[[[[[[[
[

̇̃𝑥1̇̃𝑥2...
...
̇̃𝑥�훼...
̇̃𝑥�푚

]]]]]]]]]]]]]]]]]]
]

=

[[[[[[[[[[[[[[
[

𝐴
𝐴 − 𝜆2𝐹 Ω

d d

𝐴 − 𝜆�훼−1𝐹 Ω
𝐴 − 𝜆�훼𝐹 d

d Ω
𝐴 − 𝜆�푚𝐹

]]]]]]]]]]]]]]
]

[[[[[[[[[[[[[[[[[
[

�̃�1
�̃�2...
...
�̃��훼...
�̃��푚

]]]]]]]]]]]]]]]]]
]

, (14)

where “Ω” denotes an indefinite matrix that may be either 𝐹
or zero. Define the auxiliary vectors

𝜂�푖 =
�푚∑
�푗=1

𝑤�푖�푗 (𝑥�푖 − 𝑥�푗) (𝑖 = 1, 2, . . . , 𝑚) (15)

and the stacked form as

𝜂 = [𝜂�푇1 𝜂�푇2 ⋅ ⋅ ⋅ 𝜂�푇�푚]�푇 . (16)

It is evident that 𝜂 = (𝐿 ⊗ 𝐼�푛)𝑥 and
(𝑇 ⊗ 𝐼�푛) 𝜂 = (𝑇𝐿 ⊗ 𝐼�푛) 𝑥. (17)

Substituting (9) into the above equation yields

(𝑇𝐿 ⊗ 𝐼�푛) 𝑥 = (Φ ⊗ 𝐼�푛) 𝑥. (18)

It follows that
(Φ ⊗ 𝐼�푛) 𝑥 = (𝑇𝐿 ⊗ 𝐼�푛) 𝑥 = (𝑇𝐿 ⊗ 𝐼�푛) (𝑄 ⊗ 𝐼�푛) �̃�

= (𝑇𝑄𝐽𝑄−1 ⊗ 𝐼�푛) (𝑄 ⊗ 𝐼�푛) �̃�
= (𝑇𝑄𝐽 ⊗ 𝐼�푛) �̃� = (𝑇𝑄 ⊗ 𝐼�푛) (𝐽 ⊗ 𝐼�푛) �̃�.

(19)

According to (14), ̇̃𝑥�푚 = (𝐴 − 𝜆�푚𝐹)�̃��푚; thus
lim�푡→∞�̃��푚(𝑡) = 0 because 𝐴 − 𝜆�푚𝐹 is Hurwitz. Also, ̇̃𝑥�푚−1 =(𝐴 − 𝜆�푚−1𝐹)�̃��푚−1 + Ω�̃��푚 holds, leading to lim�푡→∞�̃��푚−1(𝑡) =0, because 𝐴 − 𝜆�푚−1𝐹 is Hurwitz and lim�푡→∞�̃��푚(𝑡) = 0.
A similar analysis can be recursively conducted till �̃��훼 is
derived. As a result, it can be concluded that

lim
�푡→∞
�̃�1 (𝑡) = ∗

lim
�푡→∞
�̃�2 (𝑡) = ∗
...

lim
�푡→∞
�̃��훼−1 (𝑡) = ∗

lim
�푡→∞
�̃��훼 (𝑡) = 0
...

lim
�푡→∞
�̃��푚 (𝑡) = 0.

(20)

Due to the structure of 𝐽 and the fact that 𝜆1 = 0, the
limits of the first n entries of vector (𝐽 ⊗ 𝐼�푛)�̃� are zero and the
limits of the entries indexed by 𝑛+1 to 𝑛(𝛼−1) are indefinite,
while the limits of the remaining entries are all zero. In other
words,

lim
�푡→∞
(𝐽 ⊗ 𝐼�푛) �̃�
= [ 0
(1)
⋅ ⋅ ⋅ 0
(�푛)
∗
(�푛+1)

⋅ ⋅ ⋅ ∗
�푛(�훼−1)

0 ⋅ ⋅ ⋅ 0]�푇 . (21)

Equation (19) can be rewritten as

(Φ ⊗ 𝐼�푛) 𝑥 = (Ψ ⊗ 𝐼�푛) (𝐽 ⊗ 𝐼�푛) �̃�. (22)

According to the structure of Φ, the fact that agents 𝑖 and 𝑖 +1 (𝑖 = 1, 2, . . . , 𝑚 − 1) reach an agreement implies that the
entries in the left side of (22) indexed from (𝑖 − 1)𝑛 + 1 to 𝑛𝑖
tend to approach zero. That is to say,

lim
�푡→∞
(𝜓�푇�푖 ⊗ 𝐼�푛) (𝐽 ⊗ 𝐼�푛) �̃� = 0. (23)

If 𝜓�푇�푖 = [∗(1) 0(2) ⋅ ⋅ ⋅ 0(�훼−1) ∗(�훼) ⋅ ⋅ ⋅ ∗(�푚)], then (23) is true
because of the structure of (21). Conversely, if lim�푡→∞(𝜓�푇�푖 ⊗𝐼�푛)(𝐽 ⊗ 𝐼�푛)�̃� = 0, by noticing the fact that agreements are
independent of the initial states and concerning the structure
of (21), one can conclude that

𝜓�푇�푖 = [∗(1) 0(2) ⋅ ⋅ ⋅ 0(�훼−1) ∗(�훼) ⋅ ⋅ ⋅ ∗(�푚)] . (24)

Remark 8. Theorem 7 can verify the agreement between any
two agents, since the index assignment is trivial for a network.
With this theorem, an overall portrait of the group consensus
can be easily derived.

Remark 9. For the sake of the clustering application, only the
undirected graph should be concerned. However, Theorem 7
ismore generalized since it addresses the systems with graphs
that could have directed arcs.

Remark 10. Matrix𝑇 can be figured out by solving thematrix
equation (9) as

𝑇 = Φ𝐿† (25)
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Figure 1: Instance with group consensus. Default edge weight is 1.

with 𝐿† expressing a Moore-Penrose inverse [30] of the
singular Laplacian matrix 𝐿. Besides, matrix 𝑄 is constituted
by the generalized eigenvectors of 𝐿. Therefore, it is simple to
compute the matrix product Ψ = 𝑇𝑄.
Remark 11. Both the matrices 𝑇 and 𝑄 are derived from the
Laplacian matrix. Thus, if only the value of 𝛼 is definite, the
clustering result merely depends on the topology of graph.

Remark 12. Theorem 7 is a bridge connecting the concept of
consensus with the diverse nonconsensus cases. The smaller
the value of 𝛼, the higher the degree of freedom that matrixΨ would possess, for the sake of ensuring agreement. Here
are two extremes: if 𝛼 = 2, then the overall system reaches
a consensus, whatever the value of Ψ is; oppositely, if all
the matrices 𝐴 − 𝜆�푖𝐹 (𝑖 ∈ {1, 2, . . . , 𝑚}) are not Hurwitz,
then there should be no agreement at all. Actually, the
existing well-known criterion for checking the consensus
[24–28] (summarized as Lemma 6 here) can be regarded as
a particular case or corollary of Theorem 7 when 𝛼 = 2.
4. Simulations on Clustering

This section will exemplify the presented technique of clus-
tering by two simple and typical simulation instances.

Example 1. Consider a graph in Figure 1.
The weighted adjacency matrix is

𝑊 =
[[[[[[[[[[[
[

0 1 1 0 0.1 0
1 0 1 0 0 0.1
1 1 0 0.1 0 0
0 0 0.1 0 1 1
0.1 0 0 1 0 0
0 0.1 0 1 0 0

]]]]]]]]]]]
]

(26)

with the associated Laplacian matrix

𝐿 =
[[[[[[[[[[[
[

2.1 −1 −1 0 −0.1 0
−1 2.1 −1 0 0 −0.1
−1 −1 2.1 −0.1 0 0
0 0 −0.1 2.1 −1 −1
−0.1 0 0 −1 1.1 0
0 −0.1 0 −1 0 1.1

]]]]]]]]]]]
]

(27)

and spectrum {0, 0.2, 1.095, 3, 3.105, 3.2}. Set the correspond-
ing multiagent system as

𝐴 = [0.25 1
−1 0.25] ,

𝐹 = [ 0 −10.5 1 ] .
(28)

In this instance, 𝐴 − 𝜆1𝐹 and 𝐴 − 𝜆2𝐹 are unstable and 𝐴 −𝜆3𝐹, . . . , 𝐴 − 𝜆6𝐹 are Hurwitz. Therefore, 𝛼 = 3. It yields that
𝑇

=
[[[[[[[[[[[
[

0.324 −0.324 0 0 0.029 −0.029
0 0.323 −0.323 −0.010 −0.01 0.02
1.563 1.563 1.875 −1.875 −1.562 −1.563
−0.020 0.01 0.010 0.323 −0.617 0.294
0.029 −0.029 0 0 0.912 −0.912
−1.895 −1.542 −1.563 1.566 1.248 2.189

]]]]]]]]]]]
]

,

𝑄

=
[[[[[[[[[[[
[

0.408 −0.408 0.035 −0.289 −0.706 0.289
0.408 −0.408 −0.035 −0.289 0.706 0.289
0.408 −0.408 0 0.577 0 −0.577
0.408 0.408 0 0.577 0 0.577
0.408 0.408 0.706 −0.289 0.035 −0.289
0.408 0.408 −0.706 −0.289 −0.035 −0.289

]]]]]]]]]]]
]

.

(29)

Consequently,

Ψ = 𝑇𝑄

=
[[[[[[[[[[[
[

0 0 0.064 0 −0.455 0
0 0 −0.032 −0.289 0.227 0.271
0 −4.083 0 0 0 −0.361
0 0 −0.645 0.289 −0.011 0.271
0 0 1.290 0 0.023 0
0 4.083 −0.677 0 0.216 −0.180

]]]]]]]]]]]
]

. (30)

Based on Theorem 7, it is explicitly known that agents 1∼
3 reach a consensus; meanwhile agents 4∼6 reach another
consensus. As a result, a clustering formation is clearly
exhibited. The motions of agents in the 2-dimensional state
space are illustrated in Figure 2.

Example 2. In the second example, consider the graph illus-
trated in Figure 3.
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The adjacency matrix is

𝑊 =
[[[[[[[[[[[
[

0 1 1 0 0 0
1 0 1 0 0 0
1 1 0 0.1 0 0
0 0 0.1 0 1 1
0 0 0 1 0 0
0 0 0 1 0 0

]]]]]]]]]]]
]

(31)

and the Laplacian matrix is

𝐿 =
[[[[[[[[[[[
[

2 −1 −1 0 0 0
−1 2 −1 0 0 0
−1 −1 2.1 −0.1 0 0
0 0 −0.1 2.1 −1 −1
0 0 0 −1 1 0
0 0 0 −1 0 1

]]]]]]]]]]]
]

(32)

with the spectrum {0, 0.0638, 1, 3, 3, 3.1362}. Let the associ-
ated agents be LTI second-order systems with

𝐴 = [0.25 2
−2 0.25] ,

𝐹 = [0.5 −14 0.5] .
(33)

In this case, 𝐴 − 𝜆1𝐹, 𝐴 − 𝜆2𝐹 are unstable, whereas 𝐴 −𝜆3𝐹, . . . , 𝐴 − 𝜆6𝐹 are Hurwitz. Still, 𝛼 = 3. It can be easily
derived that

𝑇

=
[[[[[[[[[[[
[

0.333 −0.333 0 0 0 0
0.167 0.5 −0.167 −0.167 −0.167 −0.167
5 5 5 −5 −5 −5

−0.167 −0.167 −0.167 −0.167 −0.833 −0.167
0 0 0 0 1 −1

−5.667 −5.333 −5 5 5 6

]]]]]]]]]]]
]

,

𝑄

=
[[[[[[[[[[[
[

0.408 0.417 0 0.289 0.707 −0.276
0.408 0.417 0 0.289 −0.707 −0.276
0.408 0.390 0 −0.577 0 0.590
0.408 −0.390 0 −0.577 0 −0.590
0.408 −0.417 −0.707 0.289 0 0.276
0.408 −0.417 0.707 0.289 0 0.276

]]]]]]]]]]]
]

.

(34)

As a result

Ψ = 𝑇𝑄

=
[[[[[[[[[[[
[

0 0 0 0 0.471 0
0 0.417 0 0.289 −0.236 0.276
0 12.242 0 0 0 0.376
0 0.417 0.707 −0.289 0 −0.276
0 0 −1.414 0 0 0
0 −13.076 0.707 0 −0.236 0.176

]]]]]]]]]]]
]

. (35)

According toTheorem 7, only two pairs of agents can achieve
agreement, respectively, which are agents 1 and 2 and agents
5 and 6. The state trajectories obtained from the experiment
are shown in Figure 4.

Although not all agents could achieve a precise group
consensus in this case, from Figure 4, the six agents can still
be differentiated as two distinct clusters, practically, because
the speed of divergence between the two clusters is much
faster than the speed of divergence of the agents inside any
cluster, in a certain time span. The variation of difference
between the states of agents 2 and 3 is illustrated in Figure 5,
which is 𝑥22(𝑡) − 𝑥32(𝑡).
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From Figure 5, one can clearly sense that the vicissitude
of the difference between agent 3 and the other agents in the
same cluster is sophisticated, including two phases: before𝑡 = 3, there is a tendency of agreement; however, afterwards,
the tendency turns into a departure. This can be intuitively
explained via a comparison with Example 1.

Let us inspect the dynamical equation of agent 3; that is,

�̇�3 = 𝐴𝑥3 + 𝐹∑
�푗∈�푉

1

𝑤3�푗 (𝑥�푗 − 𝑥3) + 𝐹∑
�푗∈�푉

2

𝑤3�푗 (𝑥�푗 − 𝑥3) . (36)

The vector field is composed of three components as shown
above: the autonomous force, the interactive force from the
nearest neighbors of the same cluster, and the interactive
force from the other cluster. During the first phase of
Example 2, the effect of the third component is relatively
weak, because of the small value of 𝑤43; thus the states of
agents belonging to the same cluster, that is, 1, 2, and 3,

tend to achieve a consensus; however, as time elapses and
the distance between the two clusters increases, the effect of
the third component also keeps on increasing and ultimately
it overwhelms the diminished second component and tears
agent 3 away from its nearest neighbors 1 and 2. By contrast, in
Example 1, a precise group consensus can be reached because
the interactive force from the third component is balanced
upon every agent.

5. Conclusion

A novel method for clustering is introduced in the current
paper, based on group consensus or quasi-consensus of the
motions of dynamical systems. For the sake of categorizing
the vertex set into disparate clusters, a specific dynamical
multiagent system is attached to the graph addressed, with
each vertex associated with an agent. If the dynamical system
is appropriately configured, then the agents affiliated with the
similar cluster should gradually assemble together in their
common state space; meanwhile the different clusters diverge
away mutually. In addition to the method of clustering,
a primary contribution is the presentation of a criterion
for checking whether or not a group consensus could be
reached by high-order linear multiagent systems, which is a
necessary and sufficient condition generalizing the previous
well-known condition of consensus. In fact, the scope of
possible utility of the condition for group consensus is
broader, beyond the clustering scenario being dealt with here.
Two typical simulation instances are exhibited to exemplify
the process of clustering method. As to the potential future
extensions, there are several explicit major directions: (1)
the method can be utilized to handle various real-world
applications such as image segmentation, electrocardiosignal
analysis, and classification of natural languages; (2) a further
exploration toward the mechanism of group consensus or
quasi-consensus could be conducted, and a more straight-
forward correlation between group consensus and the topo-
logical characteristics of networks might be obtained; (3) the
patterns of diverse nonconsensus motions can be studied in
depth.
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We suggest employing the first-order stable RC filters, based on a single capacitor, for control of unstable fixed points in an array
of oscillators. A single capacitor is sufficient to stabilize an entire array, if the oscillators are coupled strongly enough. An array,
composed of 24 to 30 mean-field coupled FitzHugh–Nagumo (FHN) type asymmetric oscillators, is considered as a case study.
The investigation has been performed using analytical, numerical, and experimental methods. The analytical study is based on the
mean-field approach, characteristic equation for finding the eigenvalue spectrum, and the Routh–Hurwitz stability criteria using
low-rank Hurwitz matrix to calculate the threshold value of the coupling coefficient. Experiments have been performed with a
hardware electronic analog, imitating dynamical behavior of an array of the FHN oscillators.

1. Introduction

A large number of adaptive control techniques have been
developed so far to stabilize unstable fixed points (UFP) of
dynamical systems. These include derivative control [1–3],
tracking filter technique, based on either low-pass or high-
pass first-order RC filters [4–9], and notch filter technique
that employs two second-order Wien-bridge filters with the
incommensurate resonance frequencies [10]. The delayed
feedback technique, though originally designed to control
chaos, that is, to stabilize unstable periodic orbits [11, 12],
under appropriate setting of parameters can stabilize the UFP
as well [5, 6, 13–19].

The above-mentioned techniques can stabilize unstable
nodes (UFPwith even number of real positive eigenvalues 𝜆𝑖,
e.g., 𝜆1,2 > 0 and no imaginary parts of the eigenvalues, i.e.,
Im 𝜆1,2 = 0) and unstable spirals (UFP with even number of
complex eigenvalues with positive real parts, e.g., Re 𝜆1,2 >0). However, the methods fail to stabilize saddle-type UFP,
more specifically, UFP with an odd number of real positive
eigenvalues, for example, 𝜆1 > 0, 𝜆2 < 0. To solve

the problem of the odd number limitation, Pyragas and
coauthors proposed to use an unstable first-order filter [20,
21]. It was an elegant idea to fight one instability by means of
another instability. The method was demonstrated for a vari-
ety of mathematical models and experimental systems [20–
23]. Later an unstable filter control was developed to stabilize
saddle-typeUFP in conservative andweakly damped systems
[24–26] also under the influence of delay (inertia) in the
feedback loop of the controller.

The first-order RC filters, based on a single capacitor,
as well as other methods developed for stabilizing the UFP
have been applied to single oscillators only.The question thus
arises: can a single capacitor stabilize a network of oscillators?
The answer depends on the properties of the network. Evi-
dently, if the oscillators in the array are uncoupled or weakly
coupled, a single capacitor is insufficient to control the entire
network. Each individual oscillator should be provided with
a separate controller. Such solution is impractical for appli-
cations. However, when the oscillators are coupled strongly
enough, one could expect that it is possible to stabilize the
entire network using a single controller.
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Figure 1: Network ofmean-field coupled oscillators,𝑂1, 𝑂2, . . . , 𝑂𝑁.𝐴1, 𝐴2, . . . , 𝐴𝑁 are the outputs of the corresponding oscillators and𝑅∗ are the coupling resistors.TheCN is the coupling node, in general
not accessible directly from outside, but via some passive resistive
network, represented here by an effective buffer resistor 𝑅𝑔.The Ctrl
is an accessible control node.

In this paper, we demonstrate the possibility of stabilizing
the network analytically, numerically, and experimentally.

2. Mathematical Model and Its Analysis

To be specific we consider an array of FitzHugh–Nagumo
(FHN) oscillators [27], also known in literature as Bon-
hoeffer–van der Pol (BVP) oscillators [28, 29]. The FHN
(or BVP) oscillator actually is a simplified version of the
Hodgkin–Huxley (HH) oscillator, imitating the dynamics of
spiking neurons [30]. A set of the FHNoscillators is described
by

�̇�𝑖 = 𝑎𝑥𝑖 − 𝑓 (𝑥𝑖) − 𝑦𝑖 − 𝑐𝑖,̇𝑦𝑖 = 𝑥𝑖 − 𝑏𝑦𝑖, 𝑖 = 1, 2, . . . , 𝑁. (1)

Here 𝑓(𝑥𝑖) is a nonlinear function approximated by a three-
segment piecewise linear function [31]

𝑓 (𝑥𝑖) = {{{{{{{{{
𝑑 (𝑥𝑖 + 1) , 𝑥𝑖 < −1,0, −1 ≤ 𝑥𝑖 ≤ 1,𝑔 (𝑥𝑖 − 1) , 𝑥𝑖 > 1. (2)

In (2) 𝑑 ≫ 𝑔. Therefore, 𝑓(𝑥) is an essentially asymmetric
function, in contrast to common FHN or BVP cubic function𝑥3 [27–29].Thebias parameters 𝑐𝑖 in (1) are intentionally set to
be different for each individual oscillator thus making them
nonidentical units.

An array of mean-field coupled (star coupling) oscillators
is sketched in Figure 1.

The array in Figure 1 is given by the 2N-dimensional
system

�̇�𝑖 = 𝑎𝑥𝑖 − 𝑓 (𝑥𝑖) − 𝑦𝑖 − 𝑐𝑖 + 𝑘 (⟨𝑥⟩ − 𝑥𝑖) ,̇𝑦𝑖 = 𝑥𝑖 − 𝑏𝑦𝑖, 𝑖 = 1, 2, . . . , 𝑁. (3)

Here ⟨𝑥⟩ is the mean value of the variables 𝑥𝑖
⟨𝑥⟩ = 1𝑁 𝑁∑

𝑖=1

𝑥𝑖. (4)

When an RC tracking filter is applied to the Ctrl node
(Figure 1) of the network the overall systembecomes (2𝑁+1)-
dimensional system

�̇�𝑖 = 𝑎𝑥𝑖 − 𝑓 (𝑥𝑖) − 𝑦𝑖 − 𝑐𝑖 + 𝑘 (𝑧 − 𝑥𝑖) ,̇𝑦𝑖 = 𝑥𝑖 − 𝑏𝑦𝑖, 𝑖 = 1, 2, . . . , 𝑁,�̇� = 𝜔𝑓 (⟨𝑥⟩ − 𝑧) . (5)

The cut-off frequency 𝜔𝑓 of the filter should be low (𝜔𝑓 ≪ 1)
to ensure tracking the state of the system under control. Note
that, in comparison with (3), here in the first equation the
mean ⟨𝑥⟩ is replaced with its filtered variable 𝑧. The case of a
single oscillator (𝑁 = 1, yielding the 3-dimensional system)
has been investigated in [31] Analysis of 2N-dimensional
system (3) and (2𝑁 + 1)-dimensional systems (5) is very
complicated. Therefore, we consider a mean-field approach.
The mean-field variables are obtained by directly averaging
the variables𝑥𝑖 and𝑦𝑖 and the parameters 𝑐𝑖 over all oscillators𝑖 in (3) and (5), respectively:

⟨�̇�⟩ = 𝑎 ⟨𝑥⟩ − ⟨𝑓 (𝑥𝑖)⟩ − ⟨𝑦⟩ − ⟨𝑐⟩ ,
⟨ ̇𝑦⟩ = ⟨𝑥⟩ − 𝑏 ⟨𝑦⟩ . (6a)

⟨�̇�⟩ = 𝑎 ⟨𝑥⟩ − ⟨𝑓 (𝑥𝑖)⟩ − ⟨𝑦⟩ − ⟨𝑐⟩ + 𝑘 (𝑧 − ⟨𝑥⟩) ,
⟨ ̇𝑦⟩ = ⟨𝑥⟩ − 𝑏 ⟨𝑦⟩ ,�̇� = 𝜔𝑓 (⟨𝑥⟩ − 𝑧) . (7a)

Note that (6a) lacks the term 𝑘(⋅ ⋅ ⋅ ), since (⟨𝑥⟩ − ⟨𝑥⟩) = 0.
For 𝑎𝑏 < 1 and |𝑐| < 1/(𝑏−𝑎) the steady-state solutions of

(1), (6a), and (7a) are presented by the following fixed points:

𝑥0𝑖 = − 𝑏𝑐𝑖1 − 𝑎𝑏 ,
𝑦0𝑖 = − 𝑐𝑖1 − 𝑎𝑏 ,𝑖 = 1, 2, . . . , 𝑁

(8)

⟨𝑥⟩0 = − 𝑏 ⟨𝑐⟩1 − 𝑎𝑏 ,
⟨𝑦⟩0 = − ⟨𝑐⟩1 − 𝑎𝑏 .

(9)

⟨𝑥⟩0 = − 𝑏 ⟨𝑐⟩1 − 𝑎𝑏 ,
⟨𝑦⟩0 = − ⟨𝑐⟩1 − 𝑎𝑏 ,

𝑧0 = − 𝑏 ⟨𝑐⟩1 − 𝑎𝑏 .
(10)

Note that the RC tracking filter in (7a) does not change the
position of the fixed point: compare (10) with (9). The values
given by (10) are independent on 𝑘, since ⟨𝑥⟩0 = 𝑧0 and the
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Figure 2: Real parts of the eigenvalues, Re𝜆1,2,3 as functions of the coupling parameter 𝑘. (a) Full view and (b) vertically stretched view.𝑎 = 3.4, 𝑏 = 0.16, and 𝜔𝑓 = 0.15. The arrow in plot (b) indicates the coupling parameter 𝑘th = 3.23, where the largest eigenvalues Re 𝜆2,3 cross
zero axis.

coupling term 𝑘 (𝑧 − ⟨𝑥⟩) in (7a) vanishes for the fixed point.
Thefixed points (9) and (10) are similar in form to fixed points
of the individual uncoupled oscillators (8), except the fact that
the fixed points (9) and (10) are single points, whereas (8)
yields𝑁 points in the phase space.

System (7a), when linearized around the fixed point (10),
reads

⟨�̇�⟩ = 𝑎 ⟨𝑥⟩ − ⟨𝑦⟩ + 𝑘 (𝑧 − ⟨𝑥⟩) ,
⟨ ̇𝑦⟩ = ⟨𝑥⟩ − 𝑏 ⟨𝑦⟩ ,�̇� = 𝜔𝑓 (⟨𝑥⟩ − 𝑧) . (11)

The corresponding characteristic equation, obtained
from differential equation (11) using a standard procedure,
has the following algebraic form:

𝜆3 + ℎ2𝜆2 + ℎ1𝜆 + ℎ0 = 0, (12)

where ℎ2 = −𝑎 + 𝑏 + 𝑘 + 𝜔𝑓, ℎ1 = 1 − 𝑎𝑏 + 𝑏𝑘 − (𝑎 − 𝑏)𝜔𝑓,ℎ0 = (1 − 𝑎𝑏)𝜔𝑓.
The fixed point of the mean field is stable, if the real parts

of all three eigenvalues Re 𝜆1,2,3 are negative. Equation (12)
has been solved numerically for different values of coupling
coefficient k (Figure 2) and the threshold value 𝑘th, for which
the largest Re 𝜆max = 0, is found.

In addition, the necessary and sufficient conditions of
stability can be estimated analytically from the Hurwitz
matrix

𝐻 = (ℎ2 ℎ0 01 ℎ1 00 ℎ2 ℎ0). (13)

According to the Routh–Hurwitz stability criterion
Re 𝜆1,2,3 < 0 if all diagonal minors of the 𝐻-matrix are
positive Δ 1 = ℎ2 > 0,Δ 2 = ℎ2ℎ1 − ℎ0 > 0,Δ 3 = ℎ0Δ 2 > 0. (14)

We start the analysis withΔ 3. SinceΔ 2 should be positive
according to the second inequality, the third inequality forΔ 3
can be simplified to ℎ0 > 0. This can be further simplified
to 𝑎𝑏 < 1, because 𝜔𝑓 > 0 by definition. The inequality𝑎𝑏 < 1 is always satisfied, since it was used to derive the fixed
points (8)–(10). Consequently, we are left with the first and
the second inequalities in (14). We define the threshold 𝑘th
requiring that for 𝑘 > 𝑘th the both minors, Δ 1 and Δ 2 are
positive. The first minor Δ 1 = ℎ2 is rather simple and 𝑘th1 is
readily obtained: 𝑘th1 = 𝑎 − 𝑏 − 𝜔𝑓. (15)
For the parameter values given in Figure 2, 𝑘th1 = 3.09. The
second inequality in (14) is more cumbersome and yields
quadratic equation with respect to 𝑘th2.𝑝2𝑘2th2 + 𝑝1𝑘th2 + 𝑝0 = 0, (16)

where 𝑝2 = 𝑏, 𝑝1 = 1−2𝑎𝑏+𝑏2 − (𝑎−2𝑏)𝜔, 𝑝0 = −(𝑎−𝑏)[1−𝑎𝑏 − (𝑎 − 𝑏)𝜔 + 𝜔2].
Analytical solution of (16)

𝑘th = (−𝑝1 ± √𝑝21 − 4𝑝2𝑝0)2𝑝2 (17)

gives two different values: 𝑘th2 = 3.23 and 𝑘th2 = 0.047.
Finally, we obtain 𝑘th = max(𝑘th1, 𝑘th2, 𝑘th2) = 3.23, which
is in an excellent agreementwith the numerical result, derived
fromFigure 2(b), where Re 𝜆2,3 cross the abscissa axis at 𝑘th =3.23.
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Figure 3: Waveforms from (5). (a) Mean-field variable ⟨𝑥⟩ of the synchronized array, (b) dynamical variable 𝑥1 of the first oscillator, (c)
mean-field variable ⟨𝑥⟩ of the unsynchronized (uncoupled) array, and (d) control term 𝑧 − ⟨𝑥⟩. 𝑁 = 24, 𝑘 = 3.4, 𝑎 = 3.4, 𝑏 = 0.16, and𝑐𝑖 = 43.5/(24 + 𝑖), where 𝑖 = 1, 2, . . . , 𝑁, 𝑑 = 60, 𝑔 = 3.4, and 𝜔𝑓 = 0.15. Control is switched on at 𝑡 = 100; in (a), (b), and (d) ⟨𝑥⟩ in the
coupling term is replaced with z; in (c) the whole control term 𝑘(𝑧 − 𝑥𝑖) is applied.
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Figure 4: Fixed point spectra 𝑥0𝑖 (𝑖 = 1, 2, . . . , 24). (a) Unsynchronized (uncoupled) oscillators from (8) and (b) stabilized oscillators from
numerical solution of (5) at 𝑡 = 200. Parameters are the same as in the caption of Figure 3.The higher and thicker lines in the spectra indicate
the mean-field fixed points ⟨𝑥⟩0.
3. Numerical Results

System (5) have been solved numerically using
Mathematica, version 9.0 software package. The results are
presented in Figure 3. The waveforms of the mean variable⟨𝑥⟩(𝑡) (Figure 3(a)) and of the individual oscillators, say𝑥1(𝑡) (Figure 3(b)), look nearly the same, since the array is
synchronized. Other variables 𝑥𝑖(𝑡), not shown in Figure 3,
have similar form with only small phase shifts, as expected
for nonidentical elements. The main difference is in the UFP
values 𝑥0𝑖 due to different bias parameters 𝑐𝑖. The differences
between the fixed points 𝑥0𝑖 of the individual oscillators
(𝑖 = 1, 2, . . . , 24) are brought out by the fixed point spectra,
presented in Figure 4.

It is worth noting that stabilization of the UFP can
be achieved in the unsynchronized (uncoupled) array
(Figure 3(c)) applying the whole control term 𝑘(𝑧 − 𝑥𝑖) in
(5) at 𝑡 = 100 with a sufficiently large coefficient 𝑘 > 𝑘th.
However, this feature is important from a theoretical point of
view only.The term 𝑘(𝑧−𝑥𝑖) in (5)means that it controls every
individual oscillator “𝑖.” It is easy to do in a mathematical
model, but in practical (experimental) situations, it requires
direct access to every neuronal oscillator. Moreover, from a
practical point of view, especially for a possible application to
neuronal systems there is no need to stabilize the UFP, if the

oscillators are not synchronized. Unsynchronized oscillators
yield low mean field, as evidenced by the left hand part (0 <𝑡 < 100) of the plot in Figure 3(c). For larger arrays, say𝑁 > 100, themean field becomes even lower.We recall that in
this paper we consider the case of coupled and synchronized
oscillators.

In Figure 4(a), ⟨𝑥⟩0 = −0.434 is in a good agreement
with the value calculated from (9). In the case of coupled
and stabilized array (Figure 3(b)) the spectrum is narrower
in comparison with the case of uncoupled oscillators due to
strong interaction between oscillators. In Figures 3(a), 3(c),
and 4(b)⟨𝑥⟩0 = −0.434. It well coincides with the value of⟨𝑥⟩0 in Figure 4(a).

4. Experimental Setup

The experiments have been carried out using an electronic
analog array, composed of 30 mean-field coupled FHN
type oscillators and described in detail elsewhere [32]. This
electronic array has been employed earlier to implement
experimentally both the repulsive synchronization [33, 34]
and the mean-field nullifying techniques [34, 35].

An individual FHN type oscillator is presented in
Figure 5(a). Dimensionless variables 𝑥, 𝑦, 𝑧, and t, as well as
the parameters 𝑎, b, c, d, 𝑔, and 𝑘 introduced in (5), are related
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Figure 5: Circuit diagrams. (a) FHN asymmetric electronic oscil-
lator. OA is an operational amplifier, for example, NE5534, 𝐷1 and𝐷2 are the BAV99 type diodes, 𝑉𝐷 = 0.6V. 𝐿 = 10mH, 𝐶 = 3.3 nF,𝑅1 = 𝑅2 = 1 kΩ, 𝑅3 = 510Ω, 𝑅4 = 30Ω, 𝑅5 = 510Ω (𝑅4 ≪ 𝑅5),𝑅6 = 275Ω (external resistor 220Ω in series with the coil ohmic
resistance 55Ω), 𝑅7 = (24 + i) kΩ, 𝑖 = 1, 2, . . . , 30, and 𝑉0 = −15V.
(b) The first-order RC chain. Note the negative resistor “−𝑅,” used
to compensate the positive buffer resistor 𝑅𝑔 of the network (see
Figure 1). The value of the capacitor 𝐶0 is specified in the caption
to Figure 7.

to the electrical values of the analog circuits (Figure 5) in the
following way:

𝑥𝑖 = 𝑉(𝑖)𝐶𝑉𝐷 ,
𝑦𝑖 = 𝜌𝐼(𝑖)𝐿𝑉𝐷 ,
𝑧 = 𝑉𝐶0𝑉𝐷 ,
𝑡 → 𝑡√𝐿𝐶,
𝜌 = √ 𝐿𝐶,

𝜔𝑓 = 𝑁√𝐿𝐶𝑅∗𝐶0 ,
𝑎 = 𝜌𝑅3 ,
𝑏 = 𝑅6𝜌 ,
𝑐𝑖 = 𝜌𝑉0𝑅(𝑖)7 𝑉𝐷 ,
𝑑 = 𝜌𝑅4 ,
𝑔 = 𝜌𝑅5 ,
𝑘 = 𝜌𝑅∗ .

(18)

RＣＨ
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+
−

Figure 6:Negative impedance converter: active circuit implementa-
tion of the negative resistor “−𝑅” in Figure 5(b). OA is an operational
amplifier, for example, NE5534. 𝑅01 = 𝑅02 = 300Ω. For 𝑅01 = 𝑅02,𝑅in = −𝑅03. The value of the resistor 𝑅03 is specified in the caption
to Figure 7.
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Figure 7: Experimental waveforms, the mean-field voltage ⟨𝑉𝐶⟩,
and the control current 𝐼ctrl. The arrow indicates the time moment,
when the RC chain (node Ctrl in Figure 5(b)) is connected to
the node Ctrl in Figure 1 (the electronic switch, connecting the
controller to the array and its driver is not shown in Figures 1 and 5
for simplicity). 𝑁 = 30, 𝑅∗ = 510Ω, 𝑅𝑔 = 100Ω, and 𝑅03 = 100Ω
(𝑅in = −100Ω; 𝑅𝑔 + 𝑅in = 0). 𝐶0 = 2.2 𝜇F.
Here 𝑉𝐷 is the breakpoint voltage of the forward current-
voltage characteristic of the diodes.

The negative resistor “−𝑅” in Figure 5(b) has been
implemented by means of the negative impedance converter
(Figure 6) [36]. The input resistance of the NIC 𝑅in < 0. The
capacitor 𝐶0 with negative resistor “−𝑅” in series should not
be confused with an unstable RC filter, employed to stabilize
saddle-type UFP [25, 26]. Here “−𝑅” simply compensates the
positive buffer resistor 𝑅𝑔 of the network. The RC tracking
filters are actually composed of the coupling resistors 𝑅∗
(Figure 1) and the capacitor 𝐶0; see also definition of the cut-
off frequency 𝜔𝑓 in (18).

5. Experimental Results

Experimental waveforms have been taken by means of a
digital camera from the screen of a multichannel analog
oscilloscope and are shown in Figure 7.

Similarly to the numerical results (Figure 3) the experi-
mental waveform in Figure 7 exhibits negative stabilized state
(the nonzero value is due to the dc bias 𝑉0 in Figure 5(a)).
Whereas the control current 𝐼ctrl in Figure 7 becomes vanish-
ingly small after a relatively short transient process.
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6. Discussion

The investigation performed here is not an end in itself. The
purpose of the study is the search of practical techniques
inhibiting activity of neuronal arrays. It is widely believed that
strong synchrony of spiking neurons in the brain causes the
symptoms of Parkinson’s disease [37].

One of the simplest methods to damp spiking neurons
is the external stimulation of certain brain areas with strong
high frequency (about 100 to 150Hz) periodic pulses. It is
a conventional clinically approved therapy for patients with
the Parkinson’s symptoms, so-called deep brain stimulation
(DBS) [38–40]. Unfortunately, the DBS treatment is often
accompanied with undesirable side effects. In recent papers
[41–43], it has been demonstrated that the high frequency
forcing eventually stabilizes the UFP of the neuronal oscil-
lators in case of HH, FHN, and other neuronal models. Two
shortcomings of the DBS have been emphasized [43]. Firstly,
though the spiking neurons are suppressed, relatively high
amplitude (10 to 20%) high frequency artifact oscillations
are observed. Secondly, the fixed points of the membrane
voltages are essentially moved from their natural values
because of the rectifying effect in the cells [43]. This can be
a reason of the side effects.

A number of more sophisticated methods to avoid syn-
chronization of interacting oscillators in general and more
specifically with the possible application to neuronal arrays
have been described in literature, for example [33, 37, 44–54].

Specifically, in [47] suppression of synchrony of coupled
oscillators by means of a passive oscillator is described. The
controller is a four-terminal third-order device with separate
recording and field application electrodes.The feedback loop
contains a second-order damped oscillator, an integrator, an
adder, and two amplifiers. Our controller is much simpler.
It is a two-terminal first-order device with the same voltage
sensing and current application electrode.The controller con-
tains a single capacitor and a negative impedance converter
(NIC) based on a single operational amplifier.The NIC is not
necessary, if the buffer resistance 𝑅𝑔 is small.

In addition, a recently found phenomenon of oscillation
quenching in the systems of coupled nonlinear oscillators is
worth mentioning [55–58]. It can manifest via two different
mechanisms, the so-called oscillation death and amplitude
death. The effect, in particular the oscillation death, can be
perspective for oscillation suppression in neuronal disorders,
such as the Parkinson’s disease and essential tremor.This type
of oscillation quenching depends on the intrinsic parameters
of the individual oscillators, but even more on the way and
the strength of coupling. The parameters of the oscillators
and the parameters of coupling can be easily controlled in
the artificially made physical, chemical, electronic, and so
on systems. However, these parameters are difficult to tune
in natural, for example, biological, systems. Therefore, the
techniques employing external feedback loops seem to be
advantageous solutions.

7. Conclusions

An array of coupled neuronal type oscillators, specifically
the FitzHugh–Nagumo cells, can be stabilized by means

of a single capacitor based RC filter feedback technique.
The feedback signals become vanishingly small, when the
UFP is stabilized, similarly to the feedback suppression of
synchrony described in [47]. This can be an advantage over
the nonfeedback techniques, for example, theDBS employing
external high frequency periodic forcing.

Our future work will focus on the investigation of an
array of weakly coupled FHN oscillators (k < 𝑘th), when
stabilization of the UFP is impossible. We hope that a single
capacitor based RC filter can desynchronize oscillators in the
array, somewhat likewise to the repulsive coupling [33, 34]
and the mean-field nullifying [34, 35] techniques.
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melienė, “Enhanced control of saddle steady states of dynamical
systems,” Physical Review E, vol. 88, no. 3, article 032904, 2013.
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R. Kirvaitis, andR. Stoop, “Neural spike suppression by adaptive
control of an unknown steady state,” Lecture Notes in Computer
Science, vol. 5768, no. 1, pp. 618–627, 2009.
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Another chaotic nonlinear Lü model with complex factors is covered here. We can build this riotous complex system when we
add a complex nonlinear term to the third condition of the complex Lü system and think of it as if every one of the factors is
mind boggling or complex. This system in real adaptation is a 6-dimensional continuous autonomous chaotic system. Different
types of chaotic complex Lü system are developed. Also, another sort of synchronization is presented by us which is simple for
anybody to ponder for the chaotic complex nonlinear system.This sort might be called a complex antilag synchronization (CALS).
There are irregular properties for CALS and they do not exist in the literature; for example, (i) the CALS contains or fused two
sorts of synchronizations (antilag synchronization ALS and lag synchronization LS); (ii) in CALS the attractors of the main and
slave systems are moving opposite or similar to each other with time lag; (iii) the state variable of the main system synchronizes
with a different state variable of the slave system. A scheme is intended to accomplish CALS of chaotic complex systems in light of
Lyapunov function. The acquired outcomes and effectiveness can be represented by a simulation case for our new model.

1. Introduction

The chaotic system is an extremely specific nonlinear dynam-
ical system. This chaotic system has numerous properties
like the sensibility to starting conditions and in addition a
sporadic, unusual conduct. The “butterfly effect” is the well-
known name of the sensibility of the introductory states of
the chaotic systems [1]. Since the development of the first
chaotic attractor in a three-dimensional (3D) self-governing
chaotic system in 1963 by Lorenz [2], over the most recent
30 years chaos has been seriously explored [3–5]. Other
chaotic systems were ordered in progression relying upon the
arrangement of Lorenz, for example, Lü and Chen chaotic
systems [6] and Liu chaotic system [7]. Each of the past
chaotic systems has one positive Lyapunov exponent, and
every one of them is three-dimensional chaotic system. Be
that as it may, there are likewise many fascinating cases
including complex factors which have not been effectively
investigated. For instance, we say here the mind-boggling

Lorenz conditions which are utilized to depict and reproduce
the physics of detuned laser and thermal convection of
fluid flows [8] and some of its dynamical properties are
contemplated in [9]. The electric field abundance and the
nuclear polarization sufficiency are both complex; for details
see [10] and reference therein. In secured communications,
utilizing complex variable expands the substance security of
the transmitted data [11]. Complex Lü and Chen systems are
presented and contemplated as of late in [12].

In 2007, Mahmoud et al. [12] introduced the complex Lü
system as follows: �̇� = 𝜌 (𝑦 − 𝑥) ,̇𝑦 = 𝜐𝑦 − 𝑥𝑧,�̇� = 12 (𝑥𝑦 + 𝑥𝑦) − 𝜇𝑧, (1)

where 𝜌, 𝜐, and 𝜇 are positive parameters, 𝑥 = 𝑤1 + 𝑗𝑤2 and𝑦 = 𝑤3+𝑗𝑤4 are complex components, 𝑧 = 𝑤5 is real variable,
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𝑗 = √−1, 𝑤𝑖 = 1, 2, . . . , 5, dots refer to derivatives according
to time, and the meaning of overbar is complex conjugate
variables.

Complex synchronization of chaotic (hyperchaotic) com-
plex systems is a critical nonlinear occurrence [13–25]. Com-
plex synchronization of chaotic complex systems considers a
couple of complex chaotic systems called main and slave sys-
tems, and it means to accomplish asymptotic tracking of the
conditions of the slave system to the conditions of the main
system. In the quest for the higher ability for enhancing the
security of communication systems, some efforts have been
dedicated to synchronization with complex-esteemed scal-
ing components between chaotic (hyperchaotic) complex-
variable systems. Lately, complex complete synchronization
(CCS) [13], complex lag synchronization (CLS) [14], com-
plex projective synchronization (CPS) [15], and modified
projective synchronizationwith complex scaling components
(CMPS) [16, 17] are explored for coupled chaotic complex
dynamical systems. Complexmodified generalized projective
synchronization (CMGPS) [18] and complexmodified hybrid
projective synchronization (CMHPS) [19] were executed
between the same or different dimensional partial request
complex chaotic (hyperchaotic). Complex generalized syn-
chronization as for a mind-boggling vector map [20, 21]
was presented for two indistinguishable or nonidentical
chaotic (hyperchaotic) complex-variable systems. The com-
plex modified projective synchronization of complex chaotic
(hyperchaotic) systems with uncertain complex parameters
was studied in [22, 23] while the complex modified function
projective synchronization of complex chaotic systems is
investigated in [24, 25].

As of late, a few sorts of synchronization with time
lag were concentrated; for example, antilag synchronization
(ALS), lag synchronization (LS), and modified projective
lag synchronization (MPLS) of two riotous or hyperchaotic
complex systems are investigated in [26–29]. In designing
the applications, time delay always exists. For example, in
the arrangement of telephone communication, the receiver
hears the speaker voice at time 𝑡. This is the speaker voice or
transmitter at time 𝑡 − 𝜏 (𝜏 ≥ 0 and it is the lag time). In
chaos communication, the time lag is the transmit flag that
transmits to the receiver’s end [26, 27].

In this research, we introduce a modern chaotic model
with complex components by embedding a complex nonlin-
ear expression to the third equation of the complex Lü system
(1) as �̇� = 𝜌 (𝑦 − 𝑥) ,̇𝑦 = 𝜐𝑦 − 𝑥𝑧,�̇� = 12 (𝑥𝑦 + 𝑥𝑦) − 𝜇𝑧 + 𝑗 Im (𝑥)Re (𝑦) , (2)

where 𝜌, 𝜐, and 𝜇 are positive parameters, 𝑥 = 𝑤1 + 𝑗𝑤2, 𝑦 =𝑤3 + 𝑗𝑤4, and 𝑧 = 𝑤5 + 𝑗𝑤6 are complex functions, Im(𝑥) is
imaginary part of 𝑥 equal to 𝑤2, and Re(𝑦) is the real part of𝑦 equal to 𝑤3.

In addition, we present a novel sort of synchronization
which we can name as complex antilag synchronization

(CALS). The term CALS can be dealt with as synchronizing
among ALS and LS. ALS occurs between the real part of the
main system and the imaginary part of a slave system, while
LS occurs between a real part of the slave system and an
imaginary part of the main system.

This paper is organized as follows: in the tracking sec-
tion invariance, dissipation, fixed points, and their stability
analysis of some points are contemplated. The complex
comportment of system (2) can without much of a stretch be
studied. As indicated by estimations of Lyapunov exponents,
we can figure the scope of parameters qualities at the chaotic
attractors numerically. We get the best classification of the
progression of (2) by the signs of Lyapunov types. We get
the Lyapunov dimension of (2). We develop different types
of chaotic complex Lü systems in Section 3. In Section 4 a
definition of CALS is acquainted and a scheme to achieve
CALS of chaotic complex nonlinear systems is proposed. In
Section 5, we study CALS of two indistinguishable chaotic
complexes Lü systems (2) as a case of Section 4. Finally, we
will find that the fundamental conclusions of our investiga-
tions are totalized in Section 6.

2. Basic Properties of System (2)

We study the basic dynamical analysis of our new system (2).
The real version of system (2) reads�̇�1 = 𝜌 (𝑤3 − 𝑤1) ,�̇�2 = 𝜌 (𝑤4 − 𝑤2) ,�̇�3 = 𝜐𝑤3 − 𝑤1𝑤5 + 𝑤2𝑤6,�̇�4 = 𝜐𝑤4 − 𝑤1𝑤6 − 𝑤2𝑤5,�̇�5 = 𝑤1𝑤3 + 𝑤2𝑤4 − 𝜇𝑤5,�̇�6 = −𝜇𝑤6 + 𝑤2𝑤3.

(3)

System (3) has many main dynamical qualities as track-
ing.

2.1. Symmetry and Invariance. In system (3), we notice that
this system is invariant transformation: (𝑤1, 𝑤2, 𝑤3, 𝑤4, 𝑤5,𝑤6) ⇒ (−𝑤1, −𝑤2, −𝑤3, −𝑤4, 𝑤5, 𝑤6); therefore if (𝑤1, 𝑤2, 𝑤3,𝑤4, 𝑤5, 𝑤6) is the solution of system (3), then (−𝑤1, −𝑤2, −𝑤3,−𝑤4, 𝑤5, 𝑤6) is known as the solution of the similar system.

2.2. Dissipation. It is clear to find ∇ ⋅ 𝑉 = ∑6𝑙=1(𝜕�̇�𝑖/𝜕𝑤𝑖) =𝜕�̇�1/𝜕𝑤1 + 𝜕�̇�2/𝜕𝑤2 + 𝜕�̇�3/𝜕𝑤3 + 𝜕�̇�4/𝜕𝑤4 + 𝜕�̇�5/𝜕𝑤5 +𝜕�̇�6/𝜕𝑤6 = −2𝜌 + 2𝜐 − 2𝜇 < 0. When 𝜐 < (𝜌 + 𝜇), the
system is dissipative and meets 𝑑𝑉/𝑑𝑡 = 𝑒−(𝜐−𝜌−𝜇)𝑡 with type
shape. It implies that the volume component 𝑉0 contracts to
the volume component𝑉0𝑒−(𝜐−𝜌−𝜇)𝑡 at the time 𝑡. At the point
when 𝑡 → ∞, each volume component which contains the
system direction congregates to 0 with exponent rate form𝜐 − 𝜌 − 𝜇. Thus, the majority of the system directions will
finally be limited to zero volume subset, and the dynamic
development is fixed on an attractor.
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2.3. Equilibria andTheir Stability. Theequilibria of system (3)
can be found by solving the tracking system of equations:0 = 𝜌 (𝑤3 − 𝑤1) ,0 = 𝜌 (𝑤4 − 𝑤2) ,0 = 𝜐𝑤3 − 𝑤1𝑤5 + 𝑤2𝑤6,0 = 𝜐𝑤4 − 𝑤1𝑤6 − 𝑤2𝑤5,0 = 𝑤1𝑤3 + 𝑤2𝑤4 − 𝜇𝑤5,0 = −𝜇𝑤6 + 𝑤2𝑤3.

(4)

Obviously, 𝐹0 = (0, 0, 0, 0, 0, 0) is trivial fixed point. Other
nonzero equilibria are given by𝐹1 = (0, √𝜇𝜐, 0, √𝜇𝜐, 𝜐, 0) ,𝐹2 = (0, −√𝜇𝜐, 0, −√𝜇𝜐, 𝜐, 0) ,𝐹3 = (√𝜇𝜐, 0, √𝜇𝜐, 0, 𝜐, 0) ,𝐹4 = (−√𝜇𝜐, 0, −√𝜇𝜐, 0, 𝜐, 0) ,𝐹5 = (√𝜇𝜐, 𝑗√𝜇𝜐,√𝜇𝜐, 𝑗√𝜇𝜐, 0, 𝑗𝜐) ,𝐹6 = (√𝜇𝜐, −𝑗√𝜇𝜐,√𝜇𝜐, −𝑗√𝜇𝜐, 0, −𝑗𝜐) ,𝐹7 = (−√𝜇𝜐, 𝑗√𝜇𝜐, −√𝜇𝜐, 𝑗√𝜇𝜐, 0, −𝑗𝜐) ,𝐹8 = (−√𝜇𝜐, −𝑗√𝜇𝜐, −√𝜇𝜐, −𝑗√𝜇𝜐, 0, 𝑗𝜐) .

(5)

2.3.1. Stability of 𝐹0. To study the stability of 𝐹0 the Jacobian
matrix of system (3) at 𝐹0 is

𝐽𝐹0 =(((((
(

−𝜌 0 𝜌 0 0 00 −𝜌 0 𝜌 0 00 0 𝜐 0 0 00 0 0 𝜐 0 00 0 0 0 −𝜇 00 0 0 0 0 −𝜇
)))))
)
. (6)

The characteristic polynomial equation is(𝜆 + 𝜌)2 (𝜆 + 𝜇)2 (𝜆 − 𝜐)2 = 0. (7)

Then the eigenvalues are 𝜆1 = 𝜆2 = −𝜌, 𝜆3 = 𝜆4 = −𝜇, and𝜆5 = 𝜆6 = 𝜐.The trivial fixed point (0, 0, 0, 0, 0, 0) is a stable
point if 𝜐 has negative values and 𝜌 and 𝜇 are positive and else,
it is not stable fixed point.

2.3.2. Stability of 𝐹1, 𝐹2, 𝐹3, and 𝐹4. 𝐹1, 𝐹2, 𝐹3, and 𝐹4 have the
same characteristic polynomial, which is[𝜆3 + 𝜆2 (𝜇 − ] + 𝜌) + 𝜆𝜇𝜌 + 2𝜇𝜐𝜌]⋅ [𝜆3 + 𝜆2 (𝜇 − ] + 𝜌) + 𝜆𝜇 (𝜌 − 𝜐) + 𝜇𝜐𝜌] = 0. (8)

According to the Routh-Hurwitz theorem [30] the necessary
and sufficient conditions for all roots to have negative real
parts are if and only if (stable fixed points)𝜐 < 𝜌 + 𝜇,𝜇𝜐𝜌 > 0,3𝜐 < 𝜌 + 𝜇,𝜇 (1 − 𝜐𝜌) + 𝜌 + 𝜐2𝜌 > 3𝜐;

(9)

otherwise they are unstable fixed points.
Likewise we can study the stability of 𝐹5, 𝐹6, 𝐹7, and 𝐹8.

2.4. Lyapunov Exponents. System (3) in vector notation can
be written as �̇� (𝑡) = 𝑔 (𝑤 (𝑡) ;𝑀) , (10)

where 𝑤(𝑡) = (𝑤1(𝑡), 𝑤2(𝑡), 𝑤3(𝑡), 𝑤4(𝑡), 𝑤5(𝑡), 𝑤6(𝑡))𝑇 is the
state space vector, 𝑔 = (𝑔1, 𝑔2, 𝑔3, 𝑔4, 𝑔5, 𝑔6)𝑇,𝑀 is the set of
parameters, and (⋅ ⋅ ⋅ )𝑇 indicates transpose.The equations for
small deviations 𝛿𝑤 from the trajectory 𝑤(𝑡) are𝛿�̇� (𝑡) = 𝐽𝑘𝐼 (𝑤 (𝑡) ;𝑀) 𝛿𝑤, 𝑘 = 𝐼 = 1, 2, 3, 4, 5, 6, (11)
where 𝐽𝑘𝐼 = 𝜕𝑔𝑗/𝜕𝑤𝐼 is the Jacobian matrix of the form

𝐽𝑘𝐼 =(((((
(

−𝜌 0 𝜌 0 0 00 −𝜌 0 𝜌 0 0−𝑤5 𝑤6 𝜐 0 −𝑤1 𝑤2−𝑤6 −𝑤5 0 𝜐 −𝑤2 −𝑤1𝑤3 𝑤4 𝑤1 𝑤2 −𝜇 00 𝑤3 𝑤2 0 0 −𝜇
)))))
)
. (12)

The Lyapunov exponents 𝑙𝐼 of the system are defined by [31]𝑙𝐼 = lim
𝑡→∞

1𝑡 log 𝜕𝑤𝐼 (𝑡)𝜕𝑤𝐼 (0) . (13)

To find 𝑙𝐼, (10) and (11) must be numerically determined
simultaneously. Runge-Kutta method of order 4 is used to
compute 𝑙𝐼.

For the case of 𝜌 = 21, 𝜐 = 10, and 𝜇 = 6, the initial
conditions are as follows: 𝑡0 = 0, 𝑤1(0) = 1, 𝑤2(0) = 2,𝑤3(0) = 3, 𝑤4(0) = 4, 𝑤5(0) = 5, and 𝑤6(0) = 6. We compute
the Lyapunov exponents as 𝑙1 = 2.034, 𝑙2 = 0, 𝑙3 = −0.99,𝑙4 = −4.16, 𝑙5 = −22.49, and 𝑙6 = −2.45.

This implies that our system (3) under this selection of𝜌, 𝜐, 𝜇 is a chaotic system due to the fact that one of the
Lyapunov exponents is positive.

The Lyapunov dimension of the attractors of (3) accord-
ing to Kaplan-Yorke conjecture is defined as [32]𝐷 = Ω + ∑Ω𝑘=1 𝑙𝑘𝑙Ω+1 , (14)

such that Ω is the largest integer that ∑Ω𝑘=1 𝑙𝑘 > 0 and∑Ω+1𝑘=1 𝑙𝑘 < 0.TheLyapunov dimension of this chaotic attractor
using (14) with 𝜌 = 21, 𝜐 = 10, and 𝜇 = 6 is𝐷 = 3.2509.
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Figure 1: The Lyapunov exponents 𝑙𝐼, 𝐼 = 1, 2, . . . , 6 of system (3) when we fix 𝜐 = 10 and 𝜇 = 6 and vary 𝜌 ∈ [20, 50].
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Figure 2:The bifurcation diagramof system (3) when the parameter𝜌 is varying 𝜌 ∈ [20, 50].
2.4.1. Fix 𝜐 = 10 and 𝜇 = 6 and Vary 𝜌 ∈ [20, 50]. In
light of Lyapunov exponents 𝑙𝐼 (13) the system’ parameter
qualities were computed (3) at which chaotic attractors,
periodic, quasiperiodic attractors and fixed points exist. The
review modifies and differs one parameter and fixes the
extra parameters as indicated by their states which fulfill
the dissipative condition and the dependability state of the
trifling fixed focuses.

Utilizing (13) we ascertain 𝑙𝐼, 𝐼 = 1, 2, . . . , 6, and the
estimations of 𝑙1, 𝑙2, . . . , 𝑙6 versus 𝜌 are plotted in Figure 1.

Obviously from Figure 1, when 𝜌 ∈ [20, 23.6] system (3)
has chaotic attractors. The intermittent or periodic attractors
of (3) exist for 𝜌 which lies in the interims (23.6, 24]. The
quasiperiodic conductmodels up when 𝜌 ∈ (24.1, 24.6]while
the arrangement is equilibrium point when 𝜌 ∈ (24.6, 50].

In Figure 2, we figure the bifurcation diagram of system
(3) when the parameter 𝜌 is varying or modifying to guaran-
tee that our system is chaotic. A bifurcation diagram outlines

a system parameter on the horizontal axis and a report of
the attractor’s action on the vertical axis. So, bifurcation
diagrams present a kind method to picture how a system’s
behavior varies according to the value of a parameter [33].
Figure 2 shows (𝜌, 𝑤5) bifurcation diagram for 𝜌 ∈ [20, 50].
It can be discerned that when 𝜌 ∈ [20, 23.6], system (3)
has solutions that approach chaotic attractors and when 𝜌 ∈(23.6, 24.6] it has periodic and quasiperiodic behavior. The
equilibrium points are shown when 𝜌 ∈ (24.6, 50]. The
dynamical behavior of Figure 2 is similar to this which is
given in Figure 1.

Testing this numerically (utilizing, e.g., Mathematica 7
programming) in different sections and best notes is found
and is agreeable with our outcomes. For instance, picking𝜐 = 10 and 𝜇 = 6, with the underlying conditions 𝑡0 = 0,𝑤1(0) = 1, 𝑤2(0) = 2, 𝑤3(0) = 3, 𝑤4(0) = 4, 𝑤5(0) = 5,
and 𝑤6(0) = 6, and when 𝜌 = 21, the arrangement of system
(3) has chaotic attractor (see Figure 3(a)). In Figure 3(b) the
arrangement is periodic with 𝜌 = 23.9. The quasiperiodic
attractor is represented in Figure 3(c),𝜌 = 24.2. In Figure 3(d)
the balance point is indicated when 𝜌 = 30.
3. Different Forms of Chaotic Complex
Lü Systems

In this section, we demonstrate that the complex Lü system
(2) is not just the one that has chaotic attractors with all
factors or variables being complex. In this way, we search for
different systems that yield chaotic conduct. We can build
these systems in light of system (1) by adding a complex
nonlinear term to the third equation of (1) with thought, all
factors are complex.We can build six different types of riotous
complex Lü systems and compute their Lyapunov exponents
as �̇� = 𝜌 (𝑦 − 𝑥) ,̇𝑦 = 𝜐𝑦 − 𝑥𝑧,�̇� = 12 (𝑥𝑦 + 𝑥𝑦) − 𝜇𝑧 + 𝑗Re (𝑥)Re (𝑦) , (15)
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Figure 3: For 𝜐 = 10 and 𝜇 = 6, vary 𝜌. (a) Chaotic attractor, 𝜌 = 21 in (𝑤1, 𝑤3, 𝑤5). (b) Periodic attractor, 𝜌 = 23.9 in (𝑤1, 𝑤3, 𝑤5). (c)
Quasiperiodic attractor, 𝜌 = 24.2 in (𝑤1, 𝑤3, 𝑤5). (d) Fixed point, 𝜌 = 30 in (𝑤1, 𝑤3, 𝑤5).
where 𝑙1 = 0.549, 𝑙2 = 0, 𝑙3 = 0, 𝑙4 = −4.19, 𝑙5 = −11.540,𝑙6 = −17.72, 𝜌 = 20, 𝜇 = 2.5, and 𝜐 = 18.�̇� = 𝜌 (𝑦 − 𝑥) ,̇𝑦 = 𝜐𝑦 − 𝑥𝑧,�̇� = 12 (𝑥𝑦 + 𝑥𝑦) − 𝜇𝑧 + 𝑗 Im (𝑥) Im (𝑦) , (16)

where 𝑙1 = 1.31, 𝑙2 = 0, 𝑙3 = 0, 𝑙4 = −5.804, 𝑙5 = −17.201,𝑙6 = −22.013, 𝜌 = 25, 𝜇 = 3, and 𝜐 = 12.�̇� = 𝜌 (𝑦 − 𝑥) ,̇𝑦 = 𝜐𝑦 − 𝑥𝑧,�̇� = 12 (𝑥𝑦 + 𝑥𝑦) − 𝜇𝑧 + 𝑗 Im (𝑦)Re (𝑧) , (17)

where 𝑙1 = 0.6, 𝑙2 = 0, 𝑙3 = 0, 𝑙4 = −4.88, 𝑙5 = −8.5, 𝑙6 =−11.65, 𝜌 = 19, 𝜇 = 2.5, and 𝜐 = 16.�̇� = 𝜌 (𝑦 − 𝑥) ,̇𝑦 = 𝜐𝑦 − 𝑥𝑧,�̇� = 12 (𝑥𝑦 + 𝑥𝑦) − 𝜇𝑧 + 𝑗 Im (𝑧)Re (𝑦) , (18)

where 𝑙1 = 0.957, 𝑙2 = 0, 𝑙3 = 0, 𝑙4 = −.98, 𝑙5 = −7.86, 𝑙6 =−13.7, 𝜌 = 22, 𝜇 = 4, and 𝜐 = 18.�̇� = 𝜌 (𝑦 − 𝑥) ,̇𝑦 = 𝜐𝑦 − 𝑥𝑧,�̇� = 12 (𝑥𝑦 + 𝑥𝑦) − 𝜇𝑧 + 𝑗Re (𝑧)Re (𝑦) , (19)
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where 𝑙1 = 1.200, 𝑙2 = 0.01, 𝑙3 = 0, 𝑙4 = −2.89, 𝑙5 = −10.96,𝑙6 = −15.04, 𝜌 = 27, 𝜇 = 5, and 𝜐 = 14.6.�̇� = 𝜌 (𝑦 − 𝑥) ,̇𝑦 = 𝜐𝑦 − 𝑥𝑧,�̇� = 12 (𝑥𝑦 + 𝑥𝑦) − 𝜇𝑧 + 𝑗 Im (𝑥)Re (𝑧) , (20)

where 𝑙1 = 1.6, 𝑙2 = 0, 𝑙3 = 0, 𝑙4 = −5.80, 𝑙5 = −16.908,𝑙6 = −19.20, 𝜌 = 20, 𝜇 = 3, and 𝜐 = 11.
All the above systems have one positive Lyapunov expo-

nent. We ascertain these Lyapunov types as we accom-
plished in system (2) indistinguishable beginning conditions
(Figure 1). The fundamental properties of these systems can
be likewise examined as we have in Section 2.

4. A Definition and Achievement for CALS

Consider the chaotic complex nonlinear system as follows:

ẋ = Ψx + F (x) , (21)

where x = (𝑥1,𝑥2, . . . , 𝑥𝑛)𝑇 ∈ 𝑐𝑛 is a state complex vector,
x = xRe + 𝑗xIm, xRe = (𝑤1,𝑤3, . . . , 𝑤2𝑛−1)𝑇, xIm = (𝑤2,𝑤4, . . . ,𝑤2𝑛)𝑇, 𝑗 = √−1, 𝑇 denotes transpose, Ψ ∈ 𝑅𝑛×𝑛 is real (or
complex) matrix of system parameters, F = (𝑓1, 𝑓2, . . . , 𝑓𝑛)𝑇
is a vector of nonlinear complex functions, and coordinating
Re and Im symbolize the real and imaginary parts of the state
complex vector x.

In this work we present and study the definition of CALS
of two systems of shape (21) (indistinguishable) with known
parameters by scheming a control plot. We tried its rightness
numerically.

We consider two indistinguishable chaotic complex non-
linear systems of shape (21): one is the main system (we
indicate the main system with the subscript𝑚) as

ẋ𝑚 = ẋRe𝑚 + 𝑗ẋIm𝑚 = Ψx𝑚 + F (x𝑚) , (22)

and the second is the controlled slave system (with subscript𝑠) as
ẋ𝑠 = ẋRe𝑠 + 𝑗ẋIm𝑠 = Ψx𝑠 + F (x𝑠) + L, (23)

where the additive complex controllers are as follows: L =(L1, L2, . . . , L𝑛)𝑇 = LRe + 𝑗LIm, LRe = (𝜁1, 𝜁3, . . . , 𝜁2𝑛−1)𝑇, and
LIm = (𝜁2, 𝜁4, . . . , 𝜁2𝑛)𝑇.
Definition 1. Two indistinguishable complex dynamical sys-
tems coupled in amain-slave configuration can exhibit CALS
if there exists a vector of the complex error function e defined
as

e = eRe + 𝑗eIm = lim
𝑡→∞

x𝑠 (𝑡) + 𝑗x𝑚 (𝑡 − 𝜏) = 0, (24)

where e = (𝑒1, 𝑒2, . . . , 𝑒𝑛)𝑇, x𝑚 and x𝑠 are the state com-
plex vectors of the main and slave, respectively, eRe =
lim𝑡→∞‖xRe𝑠 (𝑡)−xIm𝑚 (𝑡−𝜏)‖ = 0, eIm = lim𝑡→∞‖xIm𝑠 (𝑡)+xRe𝑚 (𝑡−𝜏)‖ = 0, eRe = (𝑒𝑤1 , 𝑒𝑤3 , . . . , 𝑒𝑤2𝑛−1)𝑇, eIm = (𝑒𝑤2 , 𝑒𝑤4 , . . . ,𝑒𝑤2𝑛)𝑇, and 𝜏 is the positive time lag.

In CALS we define the error in simple case:𝑥𝑠 (𝑡) + 𝑗𝑥𝑚 (𝑡 − 𝜏) = 0, as 𝑡 → ∞, where 𝑥 = 𝑤1 + 𝑗𝑤2[𝑤1𝑠 (𝑡) + 𝑗𝑤2𝑠 (𝑡)] + 𝑗 [𝑤1𝑚 (𝑡 − 𝜏) + 𝑗𝑤2𝑚 (𝑡 − 𝜏)] = 0,[𝑤1𝑠 (𝑡) + 𝑗𝑤2𝑠 (𝑡)] + [−𝑤2𝑚 (𝑡 − 𝜏) + 𝑗𝑤1𝑚 (𝑡 − 𝜏)] = 0,[𝑤1𝑠 (𝑡) − 𝑤2𝑚 (𝑡 − 𝜏)] + 𝑗 [𝑤2𝑠 (𝑡) + 𝑤1𝑚 (𝑡 − 𝜏)] = 0,⇒ 𝑤1𝑠 (𝑡) − 𝑤2𝑚 (𝑡 − 𝜏) = 0 ⇒ (LS)⇒ 𝑤2𝑠 (𝑡) + 𝑤1𝑚 (𝑡 − 𝜏) = 0 ⇒ (ALS) } ⇒ (CALS)
Box 1: Complex antilag synchronization (CALS).

In ALS the error in simple case:𝑥𝑠 (𝑡) + 𝑥𝑚 (𝑡 − 𝜏) = 0, as 𝑡 → ∞, where 𝑥 = 𝑤1 + 𝑗𝑤2[𝑤1𝑠 (𝑡) + 𝑗𝑤2𝑠 (𝑡)] + [𝑤1𝑚 (𝑡 − 𝜏) + 𝑗𝑤2𝑚 (𝑡 − 𝜏)] = 0,[𝑤1𝑠 (𝑡) + 𝑗𝑤2𝑠 (𝑡)] + [𝑤1𝑚 (𝑡 − 𝜏) + 𝑗𝑤2𝑚 (𝑡 − 𝜏)] = 0,[𝑤1𝑠 (𝑡) + 𝑤1𝑚 (𝑡 − 𝜏)] + 𝑗 [𝑤2𝑠 (𝑡) + 𝑤2𝑚 (𝑡 − 𝜏)] = 0,⇒ 𝑤1𝑠 (𝑡) + 𝑤1𝑚 (𝑡 − 𝜏) = 0 ⇒ (ALS)⇒ 𝑤2𝑠 (𝑡) + 𝑤2𝑚 (𝑡 − 𝜏) = 0 ⇒ (ALS) } ⇒ (ALS)
Box 2: Antilag synchronization (ALS) [27].

Remark 2. When 𝜏 = 0 in (24) we define complex antisyn-
chronization CAS between (22) and (23).

Remark 3. If we define e = lim𝑡→∞‖x𝑠(𝑡) − 𝑗x𝑚(𝑡 − 𝜏)‖ and𝜏 = 0, we get CCS of systems (22) and (23) [13], while if 𝜏 > 0,
we obtain CLS of the same systems [14].

Remark 4. The complex state is as follows:𝑗 = 𝜌 (cos 𝜃 + 𝑗 sin 𝜃) , (25)

where 𝜌 = |𝑗| = 1 (𝜌 is the modulus of 𝑗) and 𝜃 = 𝜋/2 (𝜃 is
the phase of 𝑗).
Remark 5. The sum of the imaginary part of slave system
xIm𝑠 (𝑡) and the real part of main system xRe𝑚 (𝑡 − 𝜏) is vanishing
when 𝑡 → ∞ (ALS) [27].

Remark 6. The error between the real part of slave system
xRe𝑠 (𝑡) and the imaginary part of main system xIm𝑚 (𝑡 − 𝜏) goes
to zero as 𝑡 → ∞ (LS) [26].

Remark 7. Thedifference between CALS and ALS [27] can be
illustrated from Boxes 1 and 2.

Theorem 8. If nonlinear controller is designed as

L = LRe + 𝑗LIm = −Ψx𝑠 (𝑡) − F (x𝑠 (𝑡))− 𝑗 [Ψx𝑚 (𝑡 − 𝜏) + F (x𝑚 (𝑡 − 𝜏))] − 𝜉e,= −ΨxRe𝑠 (𝑡) − FRe (x𝑠 (𝑡)) +ΨxIm𝑚 (𝑡 − 𝜏)+ FIm (x𝑚 (𝑡 − 𝜏)) − 𝜉eRe + 𝑗 [−ΨxIm𝑠 (𝑡)
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− FIm (x𝑠 (𝑡)) −ΨxRe𝑚 (𝑡 − 𝜏) − FRe (xm (𝑡 − 𝜏))− 𝜉eIm] ,
(26)

then the main system (22) and the slave system (23) are moving
in CALS manner asymptotically, 𝜉 > 0.
Proof. From the definition of CALS,

e = eRe + 𝑗eIm = x𝑠 (𝑡) + 𝑗x𝑚 (𝑡 − 𝜏) . (27)

So

ė = ėRe + 𝑗ėIm = ẋ𝑠 (𝑡) + 𝑗ẋ𝑚 (𝑡 − 𝜏) ,
ė = ėRe + 𝑗ėIm= ẋRe𝑠 (𝑡) − ẋIm𝑚 (𝑡 − 𝜏) + 𝑗 [ẋIm𝑠 (𝑡) + ẋRe𝑚 (𝑡 − 𝜏)] , (28)

and from chaotic complex systems (22) and (23), we get the
error complex dynamical system as follows:

ė = ėRe + 𝑗ėIm = ΨxRe𝑠 (𝑡) + FRe (x𝑠 (𝑡)) −ΨxIm𝑚 (𝑡− 𝜏) − FIm (xm (𝑡 − 𝜏)) + LRe + 𝑗 [ΨxIm𝑠 (𝑡)+ FIm (x𝑠 (𝑡)) +ΨxRe𝑚 (𝑡 − 𝜏) + FRe (x𝑚 (𝑡 − 𝜏))+ LIm] .
(29)

By separating the real and the imaginary parts in (29), the
error complex system is written as

ėRe = ΨxRe𝑠 (𝑡) + FRe (x𝑠 (𝑡)) −ΨxIm𝑚 (𝑡 − 𝜏)− FIm (x𝑚 (𝑡 − 𝜏)) + LRe,
ėIm = ΨxIm𝑠 (𝑡) + FIm (x𝑠 (𝑡)) +ΨxRe𝑚 (𝑡 − 𝜏)+ FRe (x𝑚 (𝑡 − 𝜏)) + LIm.

(30)

For positive parameters, we may now define a Lyapunov
function for this system by the tracking positive definite
quantity:

𝑉 (𝑡) = 12 [(eRe)𝑇 eRe + (eIm)𝑇 eIm] ,= 12 [(𝑒2𝑤1 + 𝑒2𝑤3 + ⋅ ⋅ ⋅ + 𝑒2𝑤2𝑛−1)+ (𝑒2𝑤2 + 𝑒2𝑤4 + ⋅ ⋅ ⋅ + 𝑒2𝑤2𝑛)] = 12 ( 𝑛∑
ℎ=1

𝑒2𝑤2ℎ−1
+ 𝑛∑
ℎ=1

𝑒2𝑤2ℎ) .
(31)

Note now that the total time derivative of 𝑉(𝑡) along the
trajectory of error system (30) is as follows:�̇� (𝑡) = (ėRe)𝑇 eRe + (ėIm)𝑇 eIm,= (ΨxRe𝑠 (𝑡) + F (xRe𝑠 (𝑡)) −ΨxIm𝑚 (𝑡 − 𝜏)− F (xIm𝑚 (𝑡 − 𝜏)) + LRe)𝑇 eRe + (ΨxIm𝑠 (𝑡)+ F (xIm𝑠 (𝑡)) +ΨxRe𝑚 (𝑡 − 𝜏) + F (xRe𝑚 (𝑡 − 𝜏))+ LIm)𝑇 eIm.

(32)

By substituting from (26) about LRe and LIm in (32) we obtain�̇� (𝑡) = −𝜉 [(eRe)𝑇 eRe + (eIm)𝑇 eIm] ,
= −𝜉( 𝑛∑

ℎ=1

𝑒2𝑤2ℎ−1 + 𝑛∑
ℎ=1

𝑒2𝑤2ℎ) . (33)

Obviously, 𝑉(𝑡) is a positive definite capacity and its subor-
dinate is negatively definite; therefore as per the Lyapunov
hypothesis, intricate mistake system (29) is asymptotically
steady, which implies that 𝑒𝑤2ℎ → 0 and 𝑒𝑤2ℎ−1 → 0 as 𝑡 → ∞
and ℎ = 1, 2, . . . , 𝑛. Along these lines, the CALS between
systems (22) and (23) is accomplished. This supplements the
confirmation.

At last, by applying it for two comparable riotous com-
plexes Lü systems in Section 5, our composition is stated.

5. Example

5.1. Construction of the Controller. In the current subsection,
we can demonstrate the likelihood and effectiveness of the
proposed synchronization plot in the forward segment. We
review the CALS of two indistinguishable chaotic complex
Lü systems.The main and the slave systems are consequently
defined, individually, as follows:�̇�𝑚 = 𝜌 (𝑦𝑚 − 𝑥𝑚) ,̇𝑦𝑚 = 𝜐𝑦𝑚 − 𝑥𝑚𝑧𝑚,�̇�𝑚 = 12 (𝑥𝑚𝑦𝑚 + 𝑥𝑚𝑦𝑚) − 𝜇𝑧𝑚 + 𝑗𝑤2𝑚𝑤3𝑚,

(34)

�̇�𝑠 = 𝜌 (𝑦𝑠 − 𝑥𝑠) + 𝐿1,̇𝑦𝑠 = 𝜐𝑦𝑠 − 𝑥𝑠𝑧𝑠 + 𝐿2,�̇�𝑠 = 12 (𝑥𝑠𝑦𝑠 + 𝑥𝑠𝑦𝑠) − 𝜇𝑧𝑠 + 𝑗𝑤2𝑠𝑤3𝑠 + 𝐿3,
(35)

where 𝑥𝑚 = 𝑤1𝑚+𝑗𝑤2𝑚, 𝑦𝑚 = 𝑤3𝑚+𝑗𝑤4𝑚, 𝑧𝑚 = 𝑤5𝑚+𝑗𝑤6𝑚,𝑥𝑠 = 𝑤1𝑠+𝑗𝑤2𝑠, 𝑦𝑠 = 𝑤3𝑠+𝑗𝑤4𝑠, 𝑧𝑠 = 𝑤5𝑠+𝑗𝑤6𝑠, 𝐿1 = 𝜁1+𝑗𝜁2,
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𝐿2 = 𝜁3+𝑗𝜁4, and 𝐿3 = 𝜁5+𝑗𝜁6 are complex control functions,
respectively, which are to be determined.

Complex systems (34) and (35) can be formed, respec-
tively, as

(�̇�𝑚̇𝑦𝑚�̇�𝑚) = (
−𝜌 𝜌 00 𝜐 00 0 −𝜇)(

�̇�𝑚̇𝑦𝑚�̇�𝑚)
+( 𝑜−𝑥𝑚𝑧𝑚12 (𝑥𝑚𝑦𝑚 + 𝑥𝑚𝑦𝑚) + 𝑗𝑤2𝑚𝑤3𝑚),

(36)

(�̇�𝑠̇𝑦𝑠�̇�𝑠) = (
−𝜌 𝜌 00 𝜐 00 0 −𝜇)(

�̇�𝑠̇𝑦𝑠�̇�𝑠)
+( 𝑜−𝑥𝑠𝑧𝑠12 (𝑥𝑠𝑦𝑠 + 𝑥s𝑦𝑠) + 𝑗𝑤2𝑠𝑤3𝑠)

+(𝐿1𝐿2𝐿3).
(37)

So, by comparing complex systems (36) and (37) with the
form of systems (22) and (23), respectively, we find

Ψ = (−𝜌 𝜌 00 𝜐 00 0 −𝜇) ,
F (x𝑚) = ( 𝑜−𝑥𝑚𝑧𝑚12 (𝑥𝑚𝑦𝑚 + 𝑥𝑚𝑦𝑚) + 𝑗𝑤2𝑚𝑤3𝑚),
F (x𝑠) = ( 𝑜−𝑥𝑠𝑧𝑠12 (𝑥𝑠𝑦𝑠 + 𝑥𝑠𝑦𝑠) + 𝑗𝑤2𝑠𝑤3𝑠).

(38)

According toTheorem 8, the controller is computed as

𝐿 = [−Ψx𝑠 (𝑡) − F (x𝑠 (𝑡))] − 𝑗 [Ψx𝑚 (𝑡 − 𝜏) + F (x𝑚 (𝑡 − 𝜏))] − 𝜉e,
(𝐿1𝐿2𝐿3) =(

−𝜌 (𝑦𝑠 (𝑡) − 𝑥𝑠 (𝑡)) − 𝑗𝜌 (𝑦𝑚 (𝑡 − 𝜏) − 𝑥𝑚 (𝑡 − 𝜏)) − 𝜉𝑒1−𝜐𝑦𝑠 (𝑡) + 𝜑1 − 𝑗 (𝜐𝑦𝑚 (𝑡 − 𝜏) − 𝜑2) − 𝜉𝑒2−𝜑3 + 𝜇𝑧𝑠 (𝑡) − 𝑗𝑤2𝑠 (𝑡) 𝑤3𝑠 (𝑡) − 𝑗 (𝜑4 − 𝜇𝑧𝑚 (𝑡 − 𝜏) + 𝑗𝑤2𝑚 (𝑡 − 𝜏)𝑤3𝑚 (𝑡 − 𝜏)) − 𝜉𝑒3),
(39)

where 𝜑1 = 𝑥𝑠(𝑡)𝑧𝑠(𝑡), 𝜑2 = 𝑥𝑚(𝑡 − 𝜏)𝑧𝑚(𝑡 − 𝜏), 𝜑3 =1/2(𝑥𝑠(𝑡)𝑦𝑠(𝑡) + 𝑥𝑠(𝑡)𝑦𝑠(𝑡)), and 𝜑4 = 1/2(𝑥𝑚(𝑡 − 𝜏)𝑦𝑚(𝑡 −𝜏) + 𝑥𝑚(𝑡 − 𝜏)𝑦𝑚(𝑡 − 𝜏)). So, the controller in (39) can be written as

(𝜁1 + 𝑗𝜁2𝜁3 + 𝑗𝜁4𝜁5 + 𝑗𝜁6) =(
−𝜌 (𝑤3𝑠 (𝑡) − 𝑤1𝑠 (𝑡) − 𝑤4𝑚 (𝑡 − 𝜏) + 𝑤2𝑚 (𝑡 − 𝜏)) − 𝜉𝑒𝑤1−𝜐 (𝑤3𝑠 (𝑡) − 𝑤4𝑚 (𝑡 − 𝜏)) + 𝜑5 − 𝜉𝑒𝑤3−𝜑7 + 𝜇 (𝑤5𝑠 (𝑡) − 𝑤6𝑚 (𝑡 − 𝜏)) + 𝑤2𝑚 (𝑡 − 𝜏)𝑤3𝑚 (𝑡 − 𝜏) − 𝜉𝑒𝑤5)

+ 𝑗(−𝜌 (𝑤4𝑠 (𝑡) − 𝑤2𝑠 (𝑡) + 𝑤3𝑚 (𝑡 − 𝜏) − 𝑤1𝑚 (𝑡 − 𝜏)) − 𝜉𝑒𝑤2−𝜐 (𝑤4𝑠 (𝑡) + 𝑤3𝑚 (𝑡 − 𝜏)) + 𝜑6 − 𝜉𝑒𝑤4−𝜑8 + 𝜇 (𝑤6𝑠 (𝑡) + 𝑤5𝑚 (𝑡 − 𝜏)) − 𝑤2𝑠 (𝑡) 𝑤3𝑠 (𝑡) − 𝜉𝑒𝑤6 ),
(40)

where 𝜑5 = 𝑤1𝑠(𝑡)𝑤5𝑠(𝑡) − 𝑤2𝑠(𝑡)𝑤6𝑠(𝑡) − 𝑤1𝑚(𝑡 − 𝜏)𝑤6𝑚(𝑡 −𝜏) − 𝑤2𝑚(𝑡 − 𝜏)𝑤5𝑚(𝑡 − 𝜏), 𝜑6 = 𝑤1𝑠(𝑡)𝑤6𝑠(𝑡) + 𝑤2𝑠(𝑡)𝑤5𝑠(𝑡) +𝑤1𝑚(𝑡−𝜏)𝑤5𝑚(𝑡−𝜏)−𝑤2𝑚(𝑡−𝜏)𝑤6𝑚(𝑡−𝜏), 𝜑7 = 𝑤1𝑠(𝑡)𝑤3𝑠(𝑡)+𝑤2𝑠(𝑡)𝑤4𝑠(𝑡), 𝜑8 = 𝑤1𝑚(𝑡−𝜏)𝑤3𝑚(𝑡−𝜏)+𝑤2𝑚(𝑡−𝜏)𝑤4𝑚(𝑡−𝜏).
5.2. Numerical Results. To demonstrate and confirm the
value of the suggested plot, we clarify the recreation conse-
quences of the CALS among two indistinguishable chaotic
complex systems (34) and (35). Systems (34) and (35) with the
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Figure 4: CALS between two identical systems (34) and (35) with the controller (40). (a) 𝑤1𝑚(𝑡 − 𝜏) and𝑤2𝑠(𝑡). (b) 𝑤2𝑚(𝑡 − 𝜏) and𝑤1𝑠(𝑡). (c)𝑤3𝑚(𝑡 − 𝜏) and 𝑤4𝑠(𝑡). (d) 𝑤4𝑚(𝑡 − 𝜏) and 𝑤3𝑠(𝑡). (e) 𝑤5𝑚(𝑡 − 𝜏) and 𝑤6𝑠(𝑡). (f) 𝑤6𝑚(𝑡 − 𝜏) and 𝑤5𝑠(𝑡).
controller (40) are illuminated numerically, and the parame-
ters are picked as 𝜌 = 23, 𝜇 = 6, and 𝜐 = 10. The underlying
necessity of the main model and the underlying state of
the slave models 𝜉, 𝜏 are considered basically (𝑥𝑚(0), 𝑦𝑚(0),

𝑧𝑚(0))𝑇 = (1 + 2𝑗, 3 + 4𝑗, 5 + 6𝑗)𝑇, (𝑥𝑠(0), 𝑦𝑠(0), 𝑧𝑠(0))𝑇 =(−1 − 2𝑗, −3 − 4𝑗, −5 − 6𝑗)𝑇, 𝜉 = 10, and 𝜏 = 0.2.
In Figure 4 the arrangements of (34) and (35) are plotted

which are subject to different beginning conditions and
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Figure 5: CALS errors between systems (34) and (35): (a)𝑤1𝑠(𝑡)−𝑤2𝑚(𝑡−𝜏). (b)𝑤2𝑠(𝑡)+𝑤1𝑚(𝑡−𝜏). (c)𝑤3𝑠(𝑡)−𝑤4𝑚(𝑡−𝜏). (d)𝑤4𝑠(𝑡)+𝑤3𝑚(𝑡−𝜏).
(e) 𝑤5𝑠(𝑡) − 𝑤6𝑚(𝑡 − 𝜏). (f) 𝑤6𝑠(𝑡) + 𝑤5𝑚(𝑡 − 𝜏).
demonstrate that CALS is to be surely accomplished after
a next to no time 𝑡. We can see that 𝑤1𝑠, 𝑤3𝑠, 𝑤5𝑠 have a
similar indication of 𝑤2𝑚, 𝑤4𝑚, 𝑤6𝑚 with time lag, while𝑤2𝑠, 𝑤4𝑠, 𝑤6𝑠 have an inverse indication of 𝑤1𝑚, 𝑤3𝑚, 𝑤5𝑚
with time lag. This implies that LS is accomplished between
the imaginary part of system (34) and the real part of system
(35) while ALS happens between the real part of slave system
(34) and the fanciful part of the main system (35). It is
clear from Figure 4 that the state variables of the main
system synchronize with different state variables of the slave

system. In this way, the CALS gives more prominent security
in secure communications. Figure 4 indicates that CALS is
accomplished after little time interim. The CALS errors are
plotted in Figure 5. Of course from the above exschemeatory
contemplations the CALS errors 𝑒𝑤2ℎ−1 and 𝑒𝑤2ℎ converge to
zero as 𝑡 → ∞ and ℎ = 1, 2, 3. In Figure 5 it can be seen
that the errors will approach zero after little estimation of 𝑡.
The development of the attractors of main and slave systems
in the wake of accomplishing the CALS is shown in Figure 6.
Anothermarvel is represented in Figure 6 anddoes notmodel
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Figure 6: The attractors of systems (34) and (35). (a) Attractor of the main system has the opposite shape of the slave system. (b) Attractor
of the main system has the similar shape of the slave system.

up in a wide range of synchronizations in the writing. The
attractors of the main and slave systems in CALS are moving
in opposite or similar shape to each other with different state
variables and time lag as found in Figure 6. In Figure 6(a),
the attractor of the main system in (𝑤1𝑚(𝑡 − 𝜏), 𝑤3𝑚(𝑡 −𝜏), 𝑤5𝑚(𝑡 − 𝜏)) has the opposite shape of the slave system in(𝑤2𝑠(𝑡), 𝑤4𝑠(𝑡), 𝑤6(𝑡)), while the attractor of the slave system
in (𝑤1𝑠(𝑡), 𝑤3𝑠(𝑡), 𝑤5(𝑡)) has the similar shape of the main
system with time lag in (𝑤2𝑚(𝑡 − 𝜏), 𝑤4𝑚(𝑡 − 𝜏), 𝑤6𝑚(𝑡 − 𝜏)) as
shown in Figure 6(b).

In the numerical reenactments, we register the module
errors and phase errors of main and slave models, respec-
tively. For every unpredictable number, themodule and phase
are resolved as follows:

𝜌𝑥 = √(𝑥Re)2 + (𝑥Im)2, (41)

𝜃𝑥 =
{{{{{{{{{{{{{{{{{
arctan(𝑥Im𝑥Re) , 𝑥Re > 0, 𝑥Im ⩾ 0,2𝜋 + arctan(𝑥Im𝑥Re) , 𝑥Re > 0, 𝑥Im < 0,𝜋 + arctan(𝑥Im𝑥Re) , 𝑥Re < 0.

(42)

Figure 7models themodules errors and phases errors ofmain
system (34) and slave systems (35). It is clear from Figures
7(a), 7(b), and 7(c) that themodules errors 𝜌𝑥𝑚 −𝜌𝑥𝑠 , 𝜌𝑦𝑚 −𝜌𝑦𝑠 ,
and 𝜌𝑧𝑚 − 𝜌𝑧𝑠 converge to zero as 𝑡 → ∞, while the phases
errors 𝜃𝑥𝑚 − 𝜃𝑥𝑠 , 𝜃𝑦𝑚 − 𝜃𝑦𝑠 , and 𝜃𝑧𝑚 − 𝜃𝑧𝑠 go to 𝜋/2 or −𝜋/2 as𝑡 → ∞; see Figures 7(d), 7(e), and 7(f).

6. Conclusions

In this paper, we have presented a cutting edge chaotic com-
plex Lü system (2) and we concentrated the elements of it. By
affixing an unpredictable expression of the third condition of
the complex Lü system (1), we can develop this system. In this
system all factors are intricate. Our system in real adaptation
is six measurements or by different words system (2) are
high measurements. In spite of this, our new system does not
create hyperchaotic practices. Consequently, we close from
these outcomes that the expansion in the measurements is
the important and not sufficient condition for producing
hyperchaotic practices. The steadiness investigations of the
fixed purposes of system (2) are completed. We presented in
Section 3 different types of chaotic complex Lü systemswhich
can be comparatively explored as we accomplished for system
(2) in Section 2. These new systems leave room for further
investigations.

We present another kind of complex synchronization
which is called complex antilag synchronization (CALS). A
definition of CALS of two indistinguishable chaotic complex
systems is given. We dissect and concentrate the CALS
concerning two indistinguishable chaotic complex nonlinear
systems.The CALS can be concentrated just in complex non-
linear systems. The CALS can be considered as syncretizing
among ALS and LS (see Figure 4). LS occurs between a real
part of the slave system and an imaginary part of the main
system, while ALS occurs between the real part of the main
system and the fanciful part of a slave system. In CALS, the
state variables of the main system synchronize with different
state variables of the slave system (see Figure 4). Thus, CALS
gives more prominent security in secure interchanges. The
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Figure 7: The modules errors and phases errors of systems (34) and (35): (a) 𝜌𝑥𝑚 − 𝜌𝑥𝑠 versus 𝑡. (b) 𝜌𝑦𝑚 − 𝜌𝑦𝑠 versus 𝑡. (c) 𝜌𝑧𝑚 − 𝜌𝑧𝑠 versus 𝑡.
(d) 𝜃𝑥𝑚 − 𝜃𝑥𝑠 versus 𝑡. (e) 𝜃𝑦𝑚 − 𝜃𝑦𝑠 versus 𝑡. (f) 𝜃𝑧𝑚 − 𝜃𝑧𝑠 versus 𝑡.
most outstanding normal for the CALS is the attractors of
the main and slave systems are moving in opposite or similar
shape to each other with different state variables (see Figures
6(a) and 6(b)).Thesemarvels did not come to pass and appear
for any sorts of synchronization in the writing.

A scheme is laid out to acknowledge CALS of two
indistinguishable chaotic complex nonlinear systems in view
of Lyapunov capacities. Amid this scheme, we analytically
concluded the control complex capacities to accomplish

CALS. It is simple and advantageous to utilize this scheme
for chaotic and hyperchaotic complex systems. We apply
our scheme, for instance, for two indistinguishable chaotic
complex systems with different introductory qualities, main
system (34) and slave systems (35). All the hypothetical
outcomes are verified by numerical recreations of our case.
A great assertion is found as shown in Figures 4, 5, and
6. In Figure 7 we register the modules errors and phase
errors in light of the fact that, in the complex nonlinear
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dynamical systems, the noticeable or quantifiable physical
amounts more often than not are module and phase.
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The impact of inaccurate demand beliefs on dynamics of a Triopoly game is studied. We suppose that all the players make their
own estimations on possible demand with errors. A dynamic Triopoly game with such demand belief is set up. Based on this
model, existence and local stable region of the equilibriums are investigated by 3D stable regions of Nash equilibrium point. The
complex dynamics, such as bifurcation scenarios and route to chaos, are displayed in 2D bifurcation diagrams, in which 𝑒1 and 𝛼
are negatively related to each other. Basins of attraction are investigated and we found that the attraction domain becomes smaller
with the increase in price modification speed, which indicates that all the players’ output must be kept within a certain range so as
to keep the system stable. Feedback control method is used to keep the system at an equilibrium state.

1. Introduction

A Triopoly is a market structure dominated by three firms in
the market. The market is known as Cournot game if firms
choose quantities as their strategic variables to maximize
their profits in an uncertain demand environment.

In conventional market games, players are supposed to
have common accurate demand functions of market. The
dynamics of such system with this assumption have been
intensively investigated in literature [1–8].

Assuming cost function to be twice differentiable increas-
ing, Elabbasy et al. [1] analyzed the dynamics of oligopoly
games with three types of players: bounded rational, naive,
and adaptive.

Ma and Liu [2] studied a generalized nonlinear Fokker-
Planck diffusion equation with external force and absorption.
They obtained the corresponding exact solution expressed by𝑞-exponential function and the solutions can have a compact
behavior or a long tailed behavior.

Yassen and Agiza [3] studied a repeated Cournot game
model with delayed bounded rationality in the duopoly
market and demonstrated that the lagged structure is helpful

to expand the stable region of the system via numerical
simulations.

Ma andRen [4] focused on the influence of parameters on
themacroeconomics IS-LMmodel and improved the analysis
capabilities of the traditional economic models to suit the
actual macroeconomic environment. They found that the
system order has an important influence on the running state
of the system.

Tramontana and Elsadany [5] discussed a triopolistic
market with heterogeneous firms when the demand function
is isoelastic. He found that double routes lead to chaos, via
period-doubling and Neimark–Sacker bifurcations.

Ma and Ji [6] built a Triopoly outputs game model in
electric powermarket.They obtained that the Triopolymodel
is a chaotic system and it is better than the duopoly model in
applications.

Ma and Wu [7] studied the complexity of a Triopoly
price game model and influence of delayed decisions on
the stability. All those approaches assume that there is one
uniform and accurate market demand function available and
shared by all player.
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Ma and Pu [8] researched the Cournot-Bertrand duopoly
model with the application of nonlinear dynamics theory.
They analyzed the stability of the fixed points and gave the
bifurcation diagram and Lyapunov exponent spectrum along
with the corresponding chaotic attractor.The research results
show that either the change of output modification speed or
the change of price modification speed will lead the market
to the chaotic state which is disadvantageous for both of the
firms.

All those literatures assume that there is one accurate
market demand function, which is shared by all players. In
practice, demand functions may be influenced by lots of dif-
ferent factors and every player has to estimate his ownmarket
demand function on the basis of past experience.

Because it is impossible for the firms to get the whole
information, they cannot know the accurate demand func-
tion, so all the players have to make an estimate for demand
function. Compared to real market demand function, it is
inevitable for all the players to make demand evaluation
biases. Thus, it is important to study how dynamics of the
Triopoly game will be influenced by those evaluation biases,
in terms of equilibrium points, local stability, and system per-
formance.

A few works have been done to investigate the system
dynamics, equilibrium offset with inaccurate demand beliefs.
Bischi et al. [9] studied a model of a quantity-setting duopoly
market with misspecified demand, the global dynamics of
this game was investigated, and the number of steady states
and their welfare properties were characterized. The impact
of misspecified demand on the steady state was also studied.
However, the asymmetric systemwith heterogeneous players’
behavior has not been considered.

Wang andMa [10] considered a Cournot-Bertrandmixed
duopoly game model with limited information about the
market and opponent. They studied the local stability of the
game model at the Nash equilibrium point and discussed the
influences of the parameters on the system’s performance.

Bischi et al. [11] considered a repeated oligopoly game in
single product Cournot oligopolies and proposed a method
to learn demand function in a repeated oligopoly game via a
closed loop feedback of real market price, which adjusts the
evaluated demand function.

Guo and Ma [12] built a collecting price game model for
a close-loop supply chain system with a manufacturer and
a retailer who have different rationalities. They analyzed the
influences of parameters on complex dynamic phenomena,
such as the bifurcation, chaos, and continuous power spec-
trum.

Qiu et al. [13] studied the impact of uncertain demand on
dynamic output-settingmarket games. A dynamic game with
uncertain demand for two heterogeneous players was built.
Based on this model, the impact of uncertain demand on the
game’s complex dynamics was investigated. Sun and Ma [14]
constructed the three-oligopoly gamemodel and investigated
the existence of the fixed points. The 3D stable regions were
given. The complex dynamic behavior of the game model is
studied and the chaos was successfully controlled.

In this paper, we analyze the complex dynamics of a Tri-
opoly model with heterogeneous players and demand evalu-
ation bias, focusing on the following perspectives:

(1) Impact of demand estimate bias on equilibrium,
stable region, and profits.

(2) Impact of adjustment strategy on basins of attraction.

The paper is organized as follows. In Section 2, a Triopoly
game model with inaccurate demand belief is established.
In Section 3, the existence and local stability of equilibrium
points are discussed. The effects of inaccurate demand on
stable region, profit, and equilibriums are shown in Sec-
tion 4. Dynamical behaviors of the game are investigated by
numerical simulations using 2D bifurcation diagrams [15] in
Section 5. Basins of attraction [16] of the model are given
in Section 7. In Section 8, conclusions are drawn from our
analysis.

2. The Cournot Triopoly Game Model

We consider a Cournot Triopoly game in which the price and
the demand of firm 𝑖’s product are denoted by 𝑝𝑖 and 𝑞𝑖, 𝑖 =1, 2, 3, and the demand functions for the three firms are as
follows: 𝑝 = 𝑎 − 𝑏 (𝑞1 + 𝑞2 + 𝑞3) (1)

in which 𝑎 and 𝑏 are both positive constants. Assume that all
the three firms have nonlinear cost function considering that
if 𝑞𝑖 exceeds a certain level, the cost will increase quickly and
the cost function of the 𝑖th firm has a quadratic form [3]:𝐶𝑖 (𝑞𝑖) = 𝑐𝑖𝑞2𝑖 (𝑖 = 1, 2, 3) . (2)

While in practice, not all the firms can get the whole
information, they may do not know demand function (1), so
all the players have tomake an estimate for demand function.

For each player, we assume that the actual demand
function held by player 𝑖 can be denoted by multiplying the
demand function (1) with an error coefficient 𝑒𝑖. And it has
the following form:𝑝 = 𝑒𝑖 (𝑎 − 𝑏 (𝑞1 + 𝑞2 + 𝑞3)) (3)

which is called its subjective demand function.
The error coefficient 𝑒𝑖 which is between (0, 3)means the

imperfection degree of player 𝑖 about the market.
If 𝑒𝑖 = 1, it indicates that the evaluated demand function

is just the true demand function. If 𝑒𝑖 < 1, it indicates that
the demand is underestimated by player, while if 𝑒𝑖 > 1, it
indicates the case where the demand is overestimated.

So the firms can get their maximum profits according to
the following profit functions:

𝜋1 (𝑡) = 𝑒1 (𝑎 − 𝑏 (𝑞1 + 𝑞2 + 𝑞3)) 𝑞1 − 𝑐1𝑞21𝜋2 (𝑡) = 𝑒2 (𝑎 − 𝑏 (𝑞1 + 𝑞2 + 𝑞3)) 𝑞2 − 𝑐2𝑞22𝜋3 (𝑡) = 𝑒3 (𝑎 − 𝑏 (𝑞1 + 𝑞2 + 𝑞3)) 𝑞3 − 𝑐3𝑞23,
(4)
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in which𝜋𝑖(𝑡) is the profit of firm 𝑖. Hence, themarginal profit
functions of firms in period 𝑡 are given by

𝜕𝜋1 (𝑡)𝜕𝑞1 (𝑡) = 𝑒1 (𝑎 − 2𝑏𝑞1 (𝑡) − 𝑏 (𝑞2 (𝑡) + 𝑞3 (𝑡))) − 2𝑐1𝑞1
𝜕𝜋2 (𝑡)𝜕𝑞2 (𝑡) = 𝑒2 (𝑎 − 2𝑏𝑞2 (𝑡) − 𝑏 (𝑞1 (𝑡) + 𝑞3 (𝑡))) − 2𝑐2𝑞2
𝜕𝜋3 (𝑡)𝜕𝑞3 (𝑡) = 𝑒3 (𝑎 − 2𝑏𝑞3 (𝑡) − 𝑏 (𝑞2 (𝑡) + 𝑞1 (𝑡))) − 2𝑐3𝑞3,

(5)

while in practice, firms usually cannot get the whole informa-
tion. For example, they cannot know other firm’s price in the
next period in advance, for which they cannot compute the
price by themarginal profit functions above. In this paper, we
consider all the firms as bounded rational players and their
next-period price decisions are made on the basis of the local
estimate to their marginal profit in current period. So the
players make their strategies as the following form:

𝑞𝑖 (𝑡 + 1) = 𝑞𝑖 (𝑡) + 𝑘𝑖𝑞𝑖 (𝑡) 𝜕𝜋𝑖 (𝑡)𝜕𝑞𝑖 (𝑡) (𝑘𝑖 = 𝛼, 𝛽, 𝛾) . (6)

The equation means that if the marginal profit of the
current period is positive, the firm will raise its price the next
period; otherwise, it will reduce it. So the dynamical Triopoly
system can be described as

𝑞1 (𝑡 + 1) = 𝑞1 (𝑡) + 𝛼𝑞1 (𝑡) 𝐺1 (𝑡)𝑞2 (𝑡 + 1) = 𝑞2 (𝑡) + 𝛽𝑞2 (𝑡) 𝐺2 (𝑡)𝑞3 (𝑡 + 1) = 𝑞3 (𝑡) + 𝛾𝑞3 (𝑡) 𝐺3 (𝑡) , (7)

where

𝐺1 (𝑡) = 𝑒1 (𝑎 − 2𝑏𝑞1 (𝑡) − 𝑏 (𝑞2 (𝑡) + 𝑞3 (𝑡))) − 2𝑐1𝑞1𝐺2 (𝑡) = 𝑒2 (𝑎 − 2𝑏𝑞2 (𝑡) − 𝑏 (𝑞1 (𝑡) + 𝑞3 (𝑡))) − 2𝑐2𝑞2𝐺3 (𝑡) = 𝑒3 (𝑎 − 2𝑏𝑞3 (𝑡) − 𝑏 (𝑞2 (𝑡) + 𝑞1 (𝑡))) − 2𝑐3𝑞3.
(8)

0 < 𝛼, 𝛽, 𝛾 < 1 denote the players’ adjustment speeds, respec-
tively.

3. Equilibrium Points and Local Stability

3.1. EquilibriumPoints. According to system (7), let𝑝𝑖(𝑡+1) =𝑝𝑖(𝑡); then eight equilibrium points can be obtained:𝐸1 = (0, 0, 0)
𝐸2 = (0, 𝑎𝑒2(2 (𝑐2 + 𝑏𝑒2)) , 0)
𝐸3 = ( 𝑎𝑒1(2 (𝑐1 + 𝑏𝑒1)) , 0, 0)
𝐸4 = (0, 0, 𝑎𝑒3(2 (𝑐3 + 𝑏𝑒3)))
𝐸5 = (0, 𝑎𝑒2 (2𝑐3 + 𝑏𝑒3)(4𝑐2𝑐3 + 4𝑏𝑐2𝑒3 + 4𝑏𝑐3𝑤2 + 3𝑏2𝑒2𝑒3) ,𝑎𝑒3 (2𝑐2 + 𝑏𝑒2)(4𝑐2𝑐3 + 4𝑏𝑐2𝑒3 + 4𝑏𝑐3𝑒2 + 3𝑏2𝑒2𝑒3))
𝐸6 = ( 𝑎𝑒1 (2𝑐2 + 𝑏𝑒2)(4𝑐2𝑐1 + 4𝑏𝑐1𝑒2 + 4𝑏𝑐2𝑒1 + 3𝑏2𝑒2𝑒1) ,𝑎𝑒2 (2𝑐1 + 𝑏𝑒1)(4𝑐2𝑐1 + 4𝑏𝑐1𝑒2 + 4𝑏𝑐2𝑒1 + 3𝑏2𝑒2𝑒1) , 0)
𝐸7 = ( 𝑎𝑒1 (2𝑐3 + 𝑏𝑒3)(4𝑐3𝑐1 + 4𝑏𝑐1𝑒3 + 4𝑏𝑐3𝑒1 + 3𝑏2𝑒3𝑒1) , 0,𝑎𝑒3 (2𝑐1 + 𝑏𝑒1)(4𝑐3𝑐1 + 4𝑏𝑐1𝑒3 + 4𝑏𝑐3𝑒1 + 3𝑏2𝑒3𝑒1)) ,

(9)

and the Nash equilibrium point𝐸8 = (𝑞∗1 , 𝑞∗2 , 𝑞∗3 ) (10)

can be obtained, where

𝑞∗1 = (4𝑎𝑐2𝑐3𝑒1 + 2𝑎𝑏𝑐2𝑒1𝑒3 + 2𝑎𝑏𝑐3𝑒1𝑒2 + 𝑎𝑏2𝑒1𝑒2𝑒3)(2 (4𝑐1𝑐2𝑐3 + 3𝑏2𝑐1𝑒2𝑒3 + 3𝑏2𝑐2𝑒1𝑒3 + 3𝑏2𝑐3𝑒1𝑒2 + 2𝑏3𝑒1𝑒2𝑒3 + 4𝑏𝑐1𝑐2𝑒3 + 4𝑏𝑐1𝑐3𝑒2 + 4𝑏𝑐2𝑐3𝑒1))
𝑞∗2 = (𝑎𝑒2 (2𝑐1 + 𝑏𝑒1) (2𝑐3 + 𝑏𝑒3))(2 (4𝑐1𝑐2𝑐3 + 3𝑏2𝑐1𝑒2𝑒3 + 3𝑏2𝑐2𝑒1𝑒3 + 3𝑏2𝑐3𝑒1𝑒2 + 2𝑏3𝑒1𝑒2𝑒3 + 4𝑏𝑐1𝑐2𝑒3 + 4𝑏𝑐1𝑐3𝑒2 + 4𝑏𝑐2𝑐3𝑒1))
𝑞∗3 = (𝑎𝑒3 (2𝑐1 + 𝑏𝑒1) (2𝑐2 + 𝑏𝑒2))(2 (4𝑐1𝑐2𝑐3 + 3𝑏2𝑐1𝑒2𝑒3 + 3𝑏2𝑐2𝑒1𝑒3 + 3𝑏2𝑐3𝑒1𝑒2 + 2𝑏3𝑒1𝑒2𝑒3 + 4𝑏𝑐1𝑐2𝑒3 + 4𝑏𝑐1𝑐3𝑒2 + 4𝑏𝑐2𝑐3𝑒1)) .

(11)

It can be seen from above that𝐸8 is independent of the adjust-
ment factors. From an economic point of view, that means

the value of the system local stability point in this dynamic
game is independent of the players’ adjustment speed, but just
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determined by the characteristics of the system. We can find
from (11) that if 𝑒𝑖 of player 𝑖 increases and 𝑒𝑗 of other players
remains the same, 𝑞∗𝑖 will increase.

3.2. Nash Points in Error-Free System-Benchmark. If the
players have perfect knowledge, their subjective demand
functions totally coincide with the real ones. Setting 𝑒1 = 𝑒2 =𝑒3 = 1 in (11), we can get

𝑞∗1 = 𝑎 (𝑏 + 2𝑐2) (𝑏 + 2𝑐3)(6𝑏2𝑐1 + 6𝑏2𝑐2 + 6𝑏2𝑐3 + 4𝑏3 + 8𝑏𝑐1𝑐2 + 8𝑏𝑐1𝑐3 + 8𝑏𝑐3𝑐2 + 8𝑐1𝑐2𝑐3)
𝑞∗2 = 𝑎 (𝑏 + 2𝑐1) (𝑏 + 2𝑐3)(6𝑏2𝑐1 + 6𝑏2𝑐2 + 6𝑏2𝑐3 + 4𝑏3 + 8𝑏𝑐1𝑐2 + 8𝑏𝑐1𝑐3 + 8𝑏𝑐3𝑐2 + 8𝑐1𝑐2𝑐3)
𝑞∗3 = 𝑎 (𝑏 + 2𝑐1) (𝑏 + 2𝑐2)(6𝑏2𝑐1 + 6𝑏2𝑐2 + 6𝑏2𝑐3 + 4𝑏3 + 8𝑏𝑐1𝑐2 + 8𝑏𝑐1𝑐3 + 8𝑏𝑐3𝑐2 + 8𝑐1𝑐2𝑐3) .

(12)

Note that the denominator of 𝑞∗1 , 𝑞∗2 , and 𝑞∗3 is the same, the
output depends on the cost of the players, and the greater the
cost, the lower the yield. These results match the results in
[17].

3.3. Local Stability of SystemEquilibriums. In order to analyze
the stability of the preceding equilibrium points, the Jacobian
matrix for discrete dynamic system (7) is found as follows:

𝐽 = ( 𝐽1 −𝛼𝑏𝑒1𝑞1 −𝛼𝑏𝑒1𝑞1−𝛽𝑏𝑒2𝑞2 𝐽2 −𝛽𝑏𝑒2𝑞2−𝛾𝑏𝑒3𝑞3 −𝛾𝑏𝑒3𝑞3 𝐽3 ) (13)

in which𝐽1 = 1 − 𝛼𝑞1 (2𝑐1 + 2𝑏𝑒1)− 𝛼 (𝑒1 (𝑏 (𝑞2 + 𝑞3) − 𝑎 + 2𝑏𝑞1) + 2𝑐1𝑞1)𝐽2 = 1 − 𝛽𝑞2 (2𝑐2 + 2𝑏𝑒2)− 𝛽 (𝑒2 (𝑏 (𝑞1 + 𝑞3) − 𝑎 + 2𝑏𝑞2) + 2𝑐2𝑞2)𝐽3 = 1 − 𝛾𝑞3 (2𝑐3 + 2𝑏𝑒3)− 𝛾 (𝑒3 (𝑏 (𝑞1 + 𝑞2) − 𝑎 + 2𝑏𝑞3) + 2𝑐3𝑞3) .
(14)

According to Routh-Hurwitz condition, the necessary and
sufficient conditions for equilibrium points to be asymptot-
ically stable are that all roots of the characteristic equations
have magnitudes of eigenvalues less than 1.

Remark 1. 𝐸1, 𝐸2, 𝐸3, 𝐸4 are unstable equilibrium points.
As for 𝐸1, 𝐽1 = 1 + 𝑎𝛼 > 1 is one eigenvalue which

corresponds to 𝐸1, so 𝐸1 is an unstable equilibrium point.
As for 𝐸2, 𝐽1 = 1 + 𝛼𝑒1𝑎(1 − 𝑏𝑒2/(2𝑐2 + 2𝑏𝑒2)) > 1 is

one eigenvalue which corresponds to 𝐸2, so 𝐸2 is an unstable
equilibrium point. In the same way we can prove that 𝐸3 and𝐸4 are unstable equilibrium points.

Remark 2. 𝐸5, 𝐸6, and 𝐸7 are unstable equilibrium points.
As for 𝐸5, 𝐽1 = 1 − 𝛼(𝑒1(𝑏(𝑞2 + 𝑞3) − 𝑎)) is one eigenvalue

which corresponds to 𝐸1; set 𝑞2 = 𝑎𝑒2(2𝑐3 + 𝑏𝑒3)/(4𝑐2𝑐3 +

4𝑏𝑐2𝑒3 + 4𝑏𝑐3𝑒2 + 3𝑏2𝑒2𝑒3), 𝑞3 = 𝑎𝑒3(2𝑐2 + 𝑏𝑒2)/(4𝑐2𝑐3 +4𝑏𝑐2𝑒3 + 4𝑏𝑐3𝑒2 + 3𝑏2𝑒2𝑒3), and then 𝑏(𝑞2 + 𝑞3) − 𝑎 < 0, so𝐽1 = 1 − 𝛼(𝑒1(𝑏(𝑞2 + 𝑞3) − 𝑎)) > 1.
So 𝐸5 is an unstable equilibrium point. In the same way

we can prove that 𝐸6 and 𝐸7 are unstable equilibrium points.
From an economic point of view, in the stable state of

this dynamic game, no player is forced to withdraw from the
market.

As for 𝐸8, the necessary and sufficient condition of
asymptotic stability is that all the eigenvalues are inside the
unit circle in complex plane. So a stable system must satisfy
the following conditions: 𝑓 (1) = 1 + 𝐴 + 𝐵 + 𝐶 > 0−𝑓 (−1) = 1 − 𝐴 + 𝐵 − 𝐶 > 0𝐶2 − 1 < 0

(1 − 𝐶2)2 − (𝐵 − 𝐴𝐶)2 > 0,
(15)

where 𝑓(𝜆) = 𝜆3 + 𝐴𝜆2 + 𝐵𝜆 + 𝐶 = 0 is the characteristic
polynomial at 𝐸8.

For convenience, we set the parameters as follows:𝑎 = 10,𝑏 = 0.2,𝑐1 = 0.1,𝑐2 = 0.1,𝑐3 = 0.1,𝑒1 = 0.9,𝑒2 = 1.0;𝑒3 = 1.1;

(16)

and the initial values are chosen as (1, 1, 1).
According to the parameters above,𝐸8 = (9.4832, 10.0100, 10.4867) . (17)
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Figure 1: The stable region of Nash equilibrium point, (𝑒1, 𝑒2, 𝑒3) =(0.9, 1.0, 1.1).
Its Jacobian matrix is

𝐽 (𝐸8) = (1.0 − 5.31𝛼 −1.71𝛼 −1.71𝛼−2.0𝛽 1.0 − 6.01𝛽 −2.0𝛽−2.31𝛾 −2.31𝛾 1.0 − 6.71𝛾) . (18)

The characteristic equation of Jacobian matrix (18) is𝑓 (𝜆) = 𝜆3 + 𝐴1𝜆2 + 𝐵1𝜆 + 𝐶1 = 0 (19)

in which𝐴1 = (5.31𝛼 + 6.01𝛽 + 6.71𝛾 − 3.0)𝐵1 = ((6.71𝛾 − 1.0) (5.31𝛼 + 6.01𝛽 − 2.0) − 3.42𝛼𝛽− 3.94𝛼𝛾 − 4.62𝛽𝛾 + (5.31𝛼 − 1.0) (6.01𝛽 − 1.0))𝐶1 = 2.31𝛾 (3.42𝛼𝛽 + 1.71𝛼 (5.31𝛼 − 1.0)) − (3.94𝛼𝛾+ 4.62𝛽𝛾) (5.31𝛼 + 6.01𝛽 − 2.0) − (6.71𝛾 − 1.0)⋅ (3.42𝛼𝛽 − (5.31𝛼 − 1.0) (6.01𝛽 − 1.0))+ 2.31𝛾 (2.0𝛽 (6.01𝛽 − 1.0) + 3.42𝛼𝛽) .

(20)

As what can be shown in Figure 1, a stable region in the space
of (𝛼, 𝛽, 𝛾) is determined by the above inequalities. In the
stable region, the final prices of the three oligarchs will stay
stable at𝐸8 after a number of games. FromFigure 1, we can see
that the market is stable when V ∈ [0, 1], but the market may
be unstable when 𝛼, 𝛽, 𝛾 increases.The economic meaning of
the stable region is that if (𝛼, 𝛽, 𝛾) is in the stable region, prices
of three firms will achieve the Nash equilibrium at last.

3.4. The Effects of Parameters 𝑒𝑖 on Stable Region. In order
to analyze the effects of parameter 𝑤 on stable region, let
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Figure 2: The stable region of Nash equilibrium point, (𝑒1, 𝑒2, 𝑒3) =(1, 1.1, 1.2).
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Figure 3: The stable region of Nash equilibrium point, (𝑒1, 𝑒2, 𝑒3) =(0.8, 0.9, 1).
(𝑒1, 𝑒2, 𝑒3) = (1, 1.1, 1.2) and (0.8, 0.9, 1), respectively; then
the corresponding stable region is shown in Figures 2 and 3.
From the comparison we find that, with the increase of 𝑒𝑖, the
stable region narrows.

From an economic point of view, if the players overesti-
mate the demand, the range of price adjustment speed will
be smaller; however if the players underestimate the demand,
the range of price adjustment speed will be bigger.

4. Bifurcation Diagrams

4.1. 2D Bifurcation Diagrams and Interactive Relationships
between 𝑒1 and 𝛼, 𝛽, and 𝛾. 2D bifurcation diagram is a
more powerful tool in the numerical analysis of nonlinear
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Figure 4: (𝑒1, 𝛼)-2D bifurcation diagram with 𝛽 = 0.2 and 𝛾 = 0.1.
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Figure 5: (𝑒1, 𝛼)-2D bifurcation diagram with 𝛽 = 0.25 and 𝛾 = 0.1.
dynamics than a 1D bifurcation diagram. In the 2D bifurca-
tion diagram, bifurcation scenarios and route to chaos can
be displayed more clearly. In this section, the 2D bifurcation
diagram will be used to analyze the effects of players’
adjustment speeds and 𝑒1 on system stability.

For convenience, we choose 𝑒2 = 1 and 𝑒3 = 1.1 and
study the interactive relationships between 𝑒1 and 𝛼 by 2D
bifurcation diagrams.

First let 𝛾 = 0.1 and 𝛽 = 0.2, 0.25, 0.3, respectively; then
three (𝛼, 𝑒1) 2D bifurcation diagrams are shown in Figures 4,
5, and 6.

In Figures 4–6, different colors are assigned to each region
to show the particular behavior of system (7), that is, light
green, stable states; yellow, period-2 stable cycles; purple,
period-4; gray, chaotic state; dark green, escape.

In the 2D bifurcation diagrams, the system exhibits a
sequence of flip bifurcations to chaos (which means that the
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Figure 6: (𝑒1, 𝛼)-2D bifurcation diagram with 𝛽 = 0.3 and 𝛾 = 0.1.
market will fall into chaos), then to divergence at last (which
means the players will be out of the market).

As seen from Figure 4, if player 1’s adjustment speed
is relatively slow (in the brown area), the economic system
will be in a stable state. Along with the increase in the
adjustment speed parameters, the economic system will
experience cyclical shocks, chaos, and even disappearance.
Obviously, relatively large parameters are detrimental to the
economic system.

We can find the following results from Figures 4, 5, and 6,

(1) We find that, in the stable region in every figure, with
the increase in 𝛼, the maximum of 𝑒1 decreases; with
the increase in 𝑒1, the maximum of 𝛼 decreases.

(2) We find that, with the increase in 𝛽, stable region
reduces, while escape region does not expand obvi-
ously, but period-2 stable cycles expand obviously.

Secondly fix 𝛽 at 0.1, let 𝛾 = 0.2, 0.25, 0.3, respectively, and
then three (𝛼, 𝑒1) 2D bifurcation diagrams can be shown in
Figures 7, 8, and 9. Comparing Figures 7, 8, and 9, we find
that, with the increasing of 𝛾, stable region reduces, while
escape region does not expand obviously, but period-2 stable
cycles and period-4 stable cycles expand obviously, from the
comparison of Figures 7, 8, and 9, stable region of player 1
reduces when 𝛽 and 𝛾 increase.

Let 𝛽 = 0.2 and 𝛾 = 0.2, and then we can get Figure 10.
Comparing Figures 4 and 10, we can find that 𝛽 and 𝛾 are

nearly symmetrical and any parameter (𝛽 and 𝛾) of changes
will make stable region smaller.

4.2. 1D Bifurcation Diagrams and Interactive Attractors. We
will display the consistency between 1D bifurcation diagrams
and 2D bifurcation diagrams for Figure 10 and show the
attractors.

In Figure 10, 𝛽 = 0.2 and 𝛾 = 0.2; if 𝑒1 is fixed at 0.9,
then we can get the bifurcation diagrams with 𝛼 in Figure 11,
in which blue set of points denotes 𝑝1(𝑡), red set of points
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Figure 7: (𝑒1, 𝛼)-2D bifurcation diagram with 𝛽 = 0.1 and 𝛾 = 0.2.
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Figure 8: (𝑒1, 𝛼)-2D bifurcation diagram with 𝛽 = 0.1 and 𝛾 = 0.25.
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Figure 9: (𝑒1, 𝛼)-2D bifurcation diagram with 𝛽 = 0.1 and 𝛾 = 0.3.
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Figure 10: (𝑒1, 𝛼)-2D bifurcation diagram with 𝛽 = 0.2 and 𝛾 = 0.2.
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Figure 11: Bifurcation diagram with 𝛼, 𝛽 = 0.2 and 𝛾 = 0.2.
denotes 𝑝2(𝑡), and black set of points denotes 𝑝3(𝑡). As can
be seen, system (7) loses its stability when 𝛼 = 0.2, and
after a series of flip bifurcations, it falls into chaos when 𝛼 =0.36, which is consistent with Figure 10. We can find that,
with the same cost, the player 𝑖 with bigger 𝑒𝑖 has a higher
equilibrium output, and player 𝑖 with smaller 𝑒𝑖 has a lower
equilibrium output. We also give the corresponding largest
Lyapunov exponent (LLE), which is consistent with Figure 12.

According to Figure 8, when 𝛼 = 0.3 and 𝛽 = 0.6, LLE is
positive, then system (7) is in chaos, and the chaotic attractor
is shown in Figure 13.

From an economic point of view, the appearance of flip
bifurcation means market gradually going into the chaotic
state from the constant and violent fluctuations.

Under certain conditions, higher 𝑒1 can improve the
equilibrium result, as shown in Figure 11. However, it is
not to say that the increase in 𝑒1 will certainly increase the
equilibrium output, if 𝑒1 goes beyond the stability region.
Increase in 𝑒1 may lead to fluctuations in the system and not
necessarily can play a role in improving production, which
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Figure 13:The chaotic attractor of system (7) with 𝛼 = 0.36, 𝛽 = 0.2,
and 𝛾 = 0.2.
can be seen in Figures 14, 15, and 16. We also find that the
increase in 𝑒1 will decrease output of other players.
5. The Effects of 𝑒𝑖 on Profits

Next we will discuss the effects of 𝑒𝑖 on profits; merge (4)–(7):𝑞1 (𝑡 + 1) = 𝑞1 (𝑡) + 𝛼𝑞1 (𝑡)[𝑒1 (𝑎 − 2𝑏𝑞1 (𝑡) − 𝑏 (𝑞2 (𝑡) + 𝑞3 (𝑡))) − 2𝑐1𝑞1]𝑞2 (𝑡 + 1) = 𝑞2 (𝑡) + 𝛽𝑞2 (𝑡)[𝑒2 (𝑎 − 2𝑏𝑞2 (𝑡) − 𝑏 (𝑞1 (𝑡) + 𝑞3 (𝑡))) − 2𝑐2𝑞2]𝑞3 (𝑡 + 1) = 𝑞3 (𝑡) + 𝛾𝑞3 (𝑡)[𝑒3 (𝑎 − 2𝑏𝑞3 (𝑡) − 𝑏 (𝑞2 (𝑡) + 𝑞1 (𝑡))) − 2𝑐3𝑞3]𝜋1 (𝑡) = 𝑒1 (𝑎 − 𝑏 (𝑞1 + 𝑞2 + 𝑞3)) 𝑞1 − 𝑐1𝑞21𝜋2 (𝑡) = 𝑒2 (𝑎 − 𝑏 (𝑞1 + 𝑞2 + 𝑞3)) 𝑞2 − 𝑐2𝑞22𝜋3 (𝑡) = 𝑒3 (𝑎 − 𝑏 (𝑞1 + 𝑞2 + 𝑞3)) 𝑞3 − 𝑐3𝑞23.

(21)
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Figure 14: Bifurcation diagram with 𝑒1, 𝛼 = 0.2, 𝛽 = 0.2, and 𝛾 =0.1.
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Figure 15: Bifurcation diagram with 𝑒1, 𝛼 = 0.3, 𝛽 = 0.2, and 𝛾 =0.1.
The effects of 𝑒1 on the three firms’ profits can be shown

in Figures 17–19.
The values of the parameters are the same as above, blue

set of points denotes𝜋1(𝑡), red set of points denotes𝜋2(𝑡), and
black set of points denotes 𝜋3(𝑡).

We can conclude from Figure 17 that if 𝑒1 < 1.3, with
increase of 𝑒1, 𝜋1(𝑡) increases,𝜋2(𝑡) and𝜋3(𝑡) decrease; when𝑒1 > 1.3, all the firms’ profits will lose stability and even fall
into chaos. Comparing Figures 15 and 16, we can get Figures
18 and 19.

When the speed of adjustment is accelerated, increase of𝑒1 may cause the system to lose stability, not necessarily to
improve the profit.

An interesting phenomenon is that, compared with bifur-
cation diagramwith 𝑒1, fluctuations in profits are smaller than
fluctuations in output.
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Figure 16: Bifurcation diagram with 𝑒1, 𝛼 = 0.2, 𝛽 = 0.2, and 𝛾 =0.2.
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Figure 17: Effects of 𝑒1 on profits, 𝛼 = 0.2, 𝛽 = 0.2, and 𝛾 = 0.1.
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Figure 18: Effects of 𝑒1 on profits, 𝛼 = 0.3, 𝛽 = 0.2, and 𝛾 = 0.1.
6. Chaos Control

According to the above numerical simulation, we can see that
if the firms’ price adjustment speeds are beyond the stable
region, the market will lose stability and even fall into chaos.
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Figure 19: Effects of 𝑒1 on profits, 𝛼 = 0.2, 𝛽 = 0.2, and 𝛾 = 0.2.
Chaos in the economic systems is harmful to all the firms.
In order to avert the risk, it is expedient for prices chosen by
Triopoly to maintain at Nash equilibrium.

Many methods for the chaos control have been pro-
posed, such as time-delayed feedback method [18], modified
straight-line stabilization method [19], OGY method [20],
and pole placement method [21]. In this section, feedback
control method proposed by Elabbasy et al. [1] is used, so the
controlled system is given by𝑞1 (𝑡 + 1) = 𝑞1 (𝑡) + 𝛼𝑞1 (𝑡)[𝑒1 (𝑎 − 2𝑏𝑞1 (𝑡) − 𝑏 (𝑞2 (𝑡) + 𝑞3 (𝑡))) − 2𝑐1𝑞1]

𝑞2 (𝑡 + 1) = 𝑞2 (𝑡) + 𝛽𝑘 + 1𝑞2 (𝑡)[𝑒2 (𝑎 − 2𝑏𝑞2 (𝑡) − 𝑏 (𝑞1 (𝑡) + 𝑞3 (𝑡))) − 2𝑐2𝑞2]𝑞3 (𝑡 + 1) = 𝑞3 (𝑡) + 𝛾𝑞3 (𝑡)[𝑒3 (𝑎 − 2𝑏𝑞3 (𝑡) − 𝑏 (𝑞2 (𝑡) + 𝑞1 (𝑡))) − 2𝑐3𝑞3] ,
(22)

where 𝑘 is the controlling factor and the Jacobian matrix of
(22) is given as

𝐽 = ( 𝐽1 −𝛼𝑏𝑒1𝑞1 −𝛼𝑏𝑒1𝑞1− 𝛽𝑘 + 1𝑏𝑒2𝑞2 𝐽2𝑘 + 1 − 𝛽𝑘 + 1𝑏𝑒2𝑞2−𝛾𝑏𝑒3𝑞3 −𝛾𝑏𝑒3𝑞3 𝐽3 ), (23)

where𝐽1 = 1 − 𝛼𝑞1 (2𝑐1 + 2𝑏𝑒1)− 𝛼 (𝑒1 (𝑏 (𝑞2 + 𝑞3) − 𝑎 + 2𝑏𝑞1) + 2𝑐1𝑞1)𝐽2 = 1 − 𝛽𝑞2 (2𝑐2 + 2𝑏𝑒2)− 𝛽 (𝑒2 (𝑏 (𝑞1 + 𝑞3) − 𝑎 + 2𝑏𝑞2) + 2𝑐2𝑞2)𝐽3 = 1 − 𝛾𝑞3 (2𝑐3 + 2𝑏𝑒3)− 𝛾 (𝑒3 (𝑏 (𝑞1 + 𝑞2) − 𝑎 + 2𝑏𝑞3) + 2𝑐3𝑞3) .
(24)
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Figure 20: Bifurcation diagram with 𝛼, 𝑘 = 0.5.
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Figure 21: Bifurcation diagram with 𝛼, 𝑘 = 1.
In the practicemarket, 𝑘 can be considered as the learning

ability or adaptability of firm 2. For example, firm 2 analyzed
the information in the past and adjusted the speed of price. As
what can be seen from Figures 20, 21, and 22, the chaos can be
delayed and even eliminated with proper 𝑘. As for Figure 11,
set 𝑘 = 0.5, 1, 2, respectively; we can get Figures 20–22.

As can be seen, with the increase of the control factor𝑘, the emergence of bifurcation is delayed. So if the second
bounded rational player adopts this adjustment method, the
price game can reach equilibrium state finally.

Let 𝛼 = 0.35, 𝛽 = 0.2, and 𝛾 = 0.2, according to Figure 11;
the system is in chaos, if 𝛼, 𝛽, and 𝛾 are fixed, and player
2 changes the controlling factor 𝑘; we can get the following
bifurcation diagram with the controlling factor 𝑘. As can see
from Figure 23, when 𝑘 < 0.028, the system is in a chaotic
state, when 0.029 ≤ 𝑘 ≤ 0.030, the system is in a 16-period
cycle, when 0.031 ≤ 𝑘 ≤ 0.037, the system is in 8-period
cycle, when 0.038 ≤ 𝑘 ≤ 0.16, the system is in a 4-period
cycle, when 0.16 ≤ 𝑘 ≤ 0.76, the system is in a 2-period cycle
state, and the system reaches equilibrium state when 𝑘 ≤ 0.76.
7. Global Stability of the System

In order to investigate the impact of price adjustment speed
on the global stability, we introduced basins of attraction,
which include attraction domain, attractor, and escaping area.
Let (𝑒1, 𝑒2) = (1, 1), and fix 𝑞3 at 10, 7, 5. We make basins of
attraction with initial output 𝑞1 and 𝑞2.
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Figure 22: Bifurcation diagram with 𝛼, 𝑘 = 2.
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Figure 23: Bifurcation diagram with the controlling factor 𝑘, 𝛼 =0.35, 𝛽 = 0.2, and 𝛾 = 0.2.
The attraction domain is the set of initial output where

the same attractor will emerge after a series of iteration if the
initial price is taken from the attraction domain. As for the
attractor, if it is one equilibrium point, from an economic
point of view, the corresponding attraction domain will be
a safe region, which means that if the initial output of two
sides is in the safe region, the system will remain stable after
iteration. If the initial price is in the escape area, the system
will fall into divergence at last.

By fixing the system parameters as mentioned above and
setting (𝛼, 𝛽) = (0.3, 0.1), (0.3, 0.25), respectively, six basins of
attraction about (𝑝1, 𝑝2) of the system are shown in Figures
24–29 in which the green region denotes attraction domain,
the red set of points denotes attractor, and the blue set of
points denotes escape area.

In Figure 24, when 𝛼 = 0.3, 𝛽 = 0.1, and 𝑞3 = 10, the
system is in 2-period cycle, and we can see that the attraction
domain is an irregular hexagon. In Figure 25, when 𝛼 = 0.3,𝛽 = 0.25, and 𝑞3 = 10, the system is in period-2 state,
which means that if the initial prices of two sides are in
this attraction domain, then outputs will oscillate between
two points at last. The attraction domain is also an irregular
pentagon area and chaotic attractor appears. In Figure 26,
when 𝛼 = 0.3, 𝛽 = 0.1, and 𝑞3 = 7, the system is in 2-period
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Figure 24: Basins of attraction, 𝛼 = 0.3, 𝛽 = 0.1, and 𝑞3 = 10.
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Figure 25: Basins of attraction, 𝛼 = 0.3, 𝛽 = 0.25, and 𝑞3 = 10.
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Figure 26: Basins of attraction, 𝛼 = 0.3, 𝛽 = 0.1, and 𝑞3 = 7.
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Figure 27: Basins of attraction, 𝛼 = 0.3, 𝛽 = 0.25, and 𝑞3 = 7.
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Figure 28: Basins of attraction, 𝛼 = 0.3, 𝛽 = 0.1, and 𝑞3 = 5.
cycle. In Figure 27, when 𝛼 = 0.3, 𝛽 = 0.25, and 𝑞3 = 7, the
system is in chaos. In Figure 28, when 𝛼 = 0.3, 𝛽 = 0.1, and𝑞3 = 5, the system is in 4-period cycle. In Figure 29, when𝛼 = 0.3, 𝛽 = 0.25, and 𝑞3 = 5, the system is in chaos.

Comparing Figures 24–29, we find that the attraction
domain reduceswith the increase of pricemodification speed.
Obviously, when 𝛽 of player 2 increases, in the attraction
domain, the range of 𝑞2 reduces. We can also find that, with
increase of 𝑞3, attraction domain reduces, although not so
obvious.

From an economic perspective, the initial outputs of firm
1 and 2 should be lower in order to maintain market stability.

8. Conclusion

In this paper, Triopoly game with inaccurate demand beliefs
is considered. Suppose all the firms as bounded rationally
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Figure 29: Basins of attraction, 𝛼 = 0.3, 𝛽 = 0.25, and 𝑞3 = 5.
players with demand evaluation bias. Equilibrium output is
negatively related to players’ costs; the value of 𝑒𝑖 is negatively
related to range of stability.

2D bifurcation diagram is introduced and we find that
with the increase of output modification speed or 𝑒𝑖, the
system will fall into chaos via period-doubling bifurcations.
Increase in 𝑒1 will increase equilibrium output 𝑞1 while
decreasing equilibrium output of other players.

Basins of attraction are investigated and results show that
if a player speeds up his own output adjustment, the output
of this player in the attraction domain will become smaller.
In order to maintain market stability, a firm’s output must be
kept within a certain range. Feedback control method is used
to help the system to keep at an equilibrium state.
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Autapse connection is considered on a biological neuron coupled by astrocyte, and the effect of autapse driving-induced response
in electrical activities is investigated. In this paper, a simple network is developed on the Hodgkin-Huxley (HH) neuron coupled by
astrocyte and the autapse effect is also considered. The modulation of autapse connected to HH neuron can change the membrane
potential by applying time-delayed feedback along a close loop. It is found that the self-adaption of autapse driving can make the
network of neuron-astrocyte generate different modes of electrical activities, and oscillating behavior of Ca2+ and IP3 setting is
controlled. This new network model can give potential understanding about self-adaption of neuron to external forcing when the
coupling of astrocyte and autapse is considered.

1. Introduction

It is ever believed that neuron is the most important basic
unit of nerve system, and many experimental evidences have
confirmed that gliocyte, particularly, astrocyte, can play an
important role in changing the fluctuation of membrane
potential of neuron by adjusting the concentration of Ca2+ via
IP3 (inositol triphosphate) [1–3]. It is also found that astrocyte
can format the inputting and activity of synapse [4, 5] and
regulate the processing propagation of electrical signal in
neurons [6–9]. Autapse [10–15] is often connected to some
moderate neurons, and the feedback on membrane potential
is realized by adding time-delayed forcing current on the
membrane, where autapse is a specific synapse connected
to the neuron via close loop. When autapse connection is
triggered, the electrical activities and dynamical response
will be changed [16–18]. Furthermore, autapse driving in the
network can regulate the collective behaviors of network by
generating continuous pulse or wave fronts, thus synchro-
nization; pattern selection can be realized [19–22]. Readers
can find brief survey for neurodynamics and dynamics in

neuronal network in [23] and references therein. The author
of this paper ever explained the formation mechanism of
autapse connection to neuron; it is argued that formation of
autapse can be helpful to enhance signal propagation along
an auxiliary loop; thus autapse is developed [24]; then time
delay and feedback gain are used to describe the properties
of this loop. On the other hand, the electrical activities of
neurons can be changed when neurons or neuronal tissue are
exposed to electromagnetic radiation; for example, failure in
heart induced by electromagnetic radiation [25] is discussed.
In fact, complex electromagnetic induction is triggered in
neurons during the exchange of ions current across mem-
brane because the distribution of charged ions is changed.
Therefore, Lv et al. suggested that magnetic flux [26, 27]
can be used to detect the effect of electromagnetic induction
and further for the effect of electromagnetic radiation [28].
Furthermore, Xu et al. argued [29] that autaptic driving
can be helpful for neuron to suppress the electromagnetic
radiation. Therefore, it is important to further discuss the
network connection of neurons that the self-adaption of
autapse connection can be understood.
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In fact, most of the previous works about neurodynamics
have discussed the neuron-coupled astrocyte model [30–
34] and some results could be helpful to understand the
occurrence of seizure-like behavior [35]. Based on the well-
known neuron models, networks with different topological
connections have been set to investigate the synchronization
stability [36, 37], pattern selection, and mode transition in
collective behaviors [38–45]. Indeed, reliable and biophysical
neuron model is critical and important for further investi-
gation on neurodynamics and potential mechanism of some
neuronal diseases [46]. Therefore, it is interesting to set a
more reliable neuron model that the effect of autapse driving
and astrocyte on electrical activities can be explored. In this
paper, we propose an improved neuron model coupled by
astrocyte and autapse connection is also considered. The
modulation of autapse driving on electrical activities in
astrocyte-coupled neuronwill be discussed, and the exchange
of signal between astrocyte and neurons can be detected and
understood.

2. Model Setting and Description

For simplicity but biophysical meaning, Hodgkin-Huxley
neuronmodel will be driven by autaptic current, and additive
modulation from astrocyte will be considered; it reads as
follows:

𝐶𝑚 𝑑𝑉𝑑𝑡 = 𝑔𝑘𝑛4 (𝑉𝑘 − 𝑉) + 𝑔Na𝑚3ℎ (𝑉Na − 𝑉)

+ 𝑔𝐿 (𝑉𝐿 − 𝑉) + 𝐼ext + 𝐼astro + 𝐼aut
𝑑𝑚
𝑑𝑡 = 𝛼𝑚 (𝑉) (1 − 𝑚) − 𝛽𝑚 (𝑉)𝑚
𝑑ℎ
𝑑𝑡 = 𝛼ℎ (𝑉) (1 − ℎ) − 𝛽ℎ (𝑉) ℎ
𝑑𝑛
𝑑𝑡 = 𝛼𝑛 (𝑉) (1 − 𝑛) − 𝛽𝑛 (𝑉) 𝑛,

(1)

where the coefficients [7] for (1) are defined by

𝛼𝑚 = 0.1 25 − 𝑉
exp [(25 − 𝑉) /10] − 1 ;

𝛽𝑚 = 4 exp [−𝑉18 ] ;

𝛼ℎ = 0.07 exp [−𝑉20 ] ;

𝛽ℎ = 1
exp [(30 − 𝑉) /10] + 1 ;

𝛼𝑛 = 0.01 10 − 𝑉
exp [(10 − 𝑉) /10] − 1 ;

𝛽𝑛 = 0.125 exp [−𝑉80 ] ,

(2)

where 𝑉 is the membrane potential, 𝑚, 𝑛, ℎ are the gate vari-
able, and 𝐼ext denotes an external forcing current, respectively.

𝐼aut represents the autaptic current from autapse connection
to the neuron, and in case of electric autapse driving, the
autaptic current is calculated as follows:

𝐼aut = 𝑔𝑒 (𝑉 (𝑡 − 𝜏) − 𝑉 (𝑡)) , (3)

where 𝑔𝑒 and 𝜏 are the feedback gain and time delay,
respectively. Positive feedback is triggered to excite and
enhance the oscillating behavior by setting negative values for
𝑔𝑒, while positive value for 𝑔𝑒 can generate negative feedback
to suppress the excitability and bursting behaviors in neuron.
𝐼astro defines the additive forcing current generated by astro-
cyte which changes the concentration of calcium and inositol
triphosphate (IP3) via adjusting the neurotransmitter such as
ATP and glutamic acid. The modulation for concentration of
IP3 can be approached by

𝑑 [IP3]
𝑑𝑡 = 1

𝜏IP3

([IP3]∗ − [IP3])

+ 𝑟IP3
Θ (𝑉 − 50.0mV) ,

(4)

where [IP3]∗ is the concentration of IP3 under equilibrium
state and the parameter 𝑟IP3

represents the response efficiency
of astrocyte to action potential, also called production ratio
for IP3. That is, the larger 𝑟IP3

, the larger density of distribu-
tion of mGluR on themembrane.Θ(∗) is Heaviside function;
as a result, the astrocyte can change the electrical activities
of neuron and generate IP3 when the action potential or
membrane potential is beyond 50mV. The fluctuation of IP3
makes the receptor of IP3 trigger release of calcium ion;
thus concentration of calcium ion [Ca2+] began to oscillate.
For simplicity, Li-Rinzel [47] model is used to describe the
oscillating of [Ca2+]; it is often calculated by

𝑑 [Ca2+]
𝑑𝑡 = −𝐽Channel (𝑞) − 𝐽Pump − 𝐽Leak

𝑑𝑞
𝑑𝑡 = 𝛼𝑞 (1 − 𝑞) − 𝛽𝑞𝑞,

(5)

where 𝐽Channel(𝑞) denote the calcium ion flux emitted from
endoplasmic reticulum to cytoplasm via channels of IP3
receptor and thus the concentration of calcium ion is
increased. 𝐽Pump is ATP-independent pump flux that calcium
ion is pumped into calcium store. 𝐽Leak is leakage current from
endoplasmic reticulum to cytoplasm. Order parameter 𝑞 is
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the gate variable that calculates the open probability of ion
channels. The calcium flux [34] is described by

𝐽Channel (𝑞) = 𝑐1V1𝑚∞3𝑛∞3𝑞3 ([Ca2+] − [Ca2+]ER) ;

𝐽Pump =
V3 [Ca2+]2

𝑘32 + [Ca2+]2
;

𝐽Leak = 𝑐1V2 ([Ca2+] − [Ca2+]ER) ;

𝑚∞ = [IP3]
[IP3] + 𝑑1

;

𝑛∞ = [Ca2+]
[Ca2+] + 𝑑5

;

𝛼𝑞 = 𝑎2𝑑2
[IP3] + 𝑑1
[IP3] + 𝑑3

;

𝛽𝑞 = 𝑎2 [Ca2+] .

(6)

And the forcing current from astrocyte is often approached
by [30]

𝐼astro = 2.11Θ (ln𝑦) ln𝑦;
𝑦 = [Ca2+] /nM − 196.69.

(7)

As reported in [48–50], many chemical neurotransmitters
are released to gaps of cells when the concentration of
calcium ions is increased; for example, it is argued that the
release of glutamic acid can trigger the release of calcium
ions. However, blocking the transmission of glutamic acid
between astrocytes seldom prevents the release of glutamic
acid induced by increase of calcium ion concentration; it
could account that glutamic acid comes from the interior of
cells. It is believed that concentration increase in calcium ions
is necessary setting to trigger the release of glutamic acid.
When glutamic acid is released to gaps of cells, it is used as
neurotransmitter to act on the ionophilic receptors (NMDA,
AMPA), and depolarization of neuron occurs to trigger an
action potential; as a result, signal propagation from synapse
is regulated. It is found in [50] that slow introverted currents
(SICs) via NMDA receptor can connect to thalamus neurons
when pulse induced by Ca2+ oscillating in concentration was
released and propagated to gaps between cells. For simplicity,
the forcing current associated with astrocyte dependence
on calcium concentration is approached in (7) described
as above. The physical unit in astrocyte for calcium ions is
𝜇mol/L, pA is used for current, and the cell or neuron is
described as a sphere with a radius about 25 𝜇m, and the
density of current of 𝐼astro is 𝜇mol/L⋅cm2 to be consistent
with the physical units in Hodgkin-Huxley neuron model.
For detailed description, Table 1 gives the parameter setting
and physical units.

Table 1: Parameter values setting.

Parameter Value and meaning
𝐶𝑚 1 𝜇F/cm2
𝑔𝐾 36.0ms/cm2

𝑔Na 120.0ms/cm2

𝑔𝐿 0.3ms/cm2

𝑉𝐾 −12.0mV
𝑉Na 115.0mV
𝑉𝐿 10.6mV
[IP3]∗ 160.0 nmol/L
1/𝜏IP3 0.00014 (m/s)
𝑐0 2.0 𝜇mol/L
𝑐1 0.185
V1 6 s−1

V2 0.11 s−1

V3 0.9 𝜇mol/L⋅s
𝑘3 0.1 𝜇mol/L
𝑑1 0.13 𝜇mol/L
𝑑2 1.049 𝜇mol/L
𝑑3 0.9434 𝜇mol/L
𝑑5 0.08234 𝜇mol/L
𝑎2 0.2 𝜇mol/L⋅s
𝑟IP3 Response efficiency of astrocyte to action potential
𝑔𝑒 Feedback gain in autapse
𝜏 Time delay in autapse

3. Numerical Results and Discussion

The fourth-order Runge-Kutta algorithm is presented to find
numerical solution of membrane potential with time step
0.001. The parameter 𝑟IP3

is set to change different values,
and the electric autapse driving is considered. Then the
dynamical response in action potential is investigated to
explore the possible biological function of autapse connection
in the astrocyte-coupled neuron network. At first, the autapse
connection is switched off, the external forcing is imposed
on neuron as 𝐼ext = 10.0 𝜇mol/L⋅cm2 at 𝑡 < 40 s, the calcium
concentration of astrocyte and IP3 is calculated at 𝑟IP3

= 0.2,
and the results are plotted in Figure 1.

It is found that the membrane potential is decreased to
quiescent state when the external forcing current is removed
and the oscillating in Ca2+ is also stabilized, the mechanism
is that astrocyte and neuron are coupled with weak inten-
sity, insufficient IP3 is not effective to trigger continuous
oscillation in calcium concentration, and the exchange of
transmembrane current is suppressed. Now, the effect of
autapse connection and driving is considered by activating
the autapse connection; for example, time delay in electric
autapse is set 𝜏 = 2, and positive feedback is investigated in
Figure 2 by setting different feedback gains in the autapse.

It is found that the membrane potentials of neuron
begin to fluctuate when the feedback gain in the electric
autapse is increased beyond the threshold (𝑔𝑒 = −0.48);
furthermore, the IP3 and Ca2+ follow its oscillating behavior
to modulate the membrane potential greatly. The potential
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Figure 1: Sampled time series for membrane potential (a), calcium concentration in astrocyte (b), and IP3 in astrocyte (c), 𝑟IP3 = 0.2, and the
external forcing current regulates the neuronal activities by setting 𝐼ext = 10.0 𝜇mol/L⋅cm2 at 𝑡 < 40 s; the autaptic current is set as zero.
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Figure 2: Sampled time series for membrane potential of neuron coupled by astrocypte when autapse driving is considered at 𝜏 = 2, for (a)
𝑔𝑒 = −0.1, (b) 𝑔𝑒 = −0.5, and (c) 𝑔𝑒 = −1.0. The parameter is set as 𝑟IP3 = 0.2, and inserted figures are enlarged ones. And the external forcing
current regulates the neuron by 𝐼ext = 10.0 𝜇mol/L⋅cm2 at 𝑡 < 40 s.

mechanism is that positive feedback in autapse connection
to neuron remembers the previous stimuli and continuous
stimuli imposed on neuron can be effective to enhance
the excitability of neuron, and then the neuron is excited.
Furthermore, the oscillation of Ca2+ and changes of IP3 are
calculated in Figure 3.

The results in Figure 3 confirmed that enough high con-
centration in IP3 is critical to trigger and enhance continuous
oscillation of Ca2+ when electric autapse is set with strong
feedback gain being applied. When the external forcing cur-
rent is removed, the concentration of IP3 is decreased quickly
because continuous release of neurotransmitter occurs in
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Figure 3: Fluctuation in Ca2+ concentration and IP3 concentration is calculated by applying different feedback gains 𝑔𝑒 in electric autapse
with time delay 𝜏 = 2.The parameter is set as 𝑟IP3 = 0.2. And the external forcing current regulates the neuron by setting 𝐼ext = 10.0 𝜇mol/L⋅cm2
at 𝑡 < 40 s.

presence of external stimuli beyond threshold. The inter-
action between neurotransmitter and metabolic receptor of
astrocyte (mGluRs) can produce more IP3; as a result, IP3-
independent Ca2+ can induce rapid release of Ca2+ from
endoplasmic reticulum. On the other hand, positive feedback
in electric autapse can also increase the IP3 concentration;
thus the concentration of Ca2+ can be enhanced; for example,
𝑔𝑒 = −1.0. Furthermore, the case of negative feedback is
considered by setting positive feedback gain in the electric
autapse; the results are plotted in Figure 4.

It is found that the fluctuation of membrane potential
can be suppressed, and the neuronal activities are changed
to become quiescent state when autapse driving imposed
negative feedback on the neuron. Furthermore, the Ca2+ and
IP3 concentration are calculated in Figure 5.

That is, negative feedback in electric autapse can suppress
the fluctuation of membrane potential and then the ion
current of Ca2+; as a result, the concentration of IP3 is also
decreased completely. Indeed, neuron can be induced to
trigger hyperexcitability when neuron is coupled by astrocyte
with stronger intensity (e.g., larger value setting for 𝑟IP3

).
In case of smaller 𝑟IP3

, the positive feedback in electric
autapse becomes dominant and very important to enhance
the excitability of neuron and also the oscillation in Ca2+
concentration. Furthermore, larger 𝑟IP3

(=0.8) is used to
investigate the same problem by applying external forcing
current 𝐼ext = 10.0 𝜇mol/L⋅cm2 with a transient period 𝑡 = 40 s
from beginning, and the results are plotted in Figure 6.

It is confirmed that oscillating behavior of Ca2+ concen-
tration and increase in IP3 concentration can also be detected
by setting larger coupling intensity between neuron and
astrocyte (larger 𝑟IP3

) when autapse connection is removed
or the autaptic current is set as zero. In case of large value
setting for 𝑟IP3

, Ca2+ and IP3 show slight oscillation in
concentration when external forcing current is removed. It
is interesting to detect the inhibition effect on Ca2+ and IP3
oscillation in concentration by applying negative feedback in
electric autapse, and the results are calculated in Figures 7
and 8.

It is found in Figure 7 that the spiking behavior of neuron
can be suppressed by electric autapse with negative feedback;
even the coupling between neuron and astrocyte is enhanced
by setting larger 𝑟IP3

. Furthermore, the changes of Ca2+ and
IP3 are calculated in Figure 8.

It is consistent with the previous prediction that Ca2+
keeps oscillating and IP3 holds large concentration when
autaptic modulation on membrane potential under negative
feedback is weak because the astrocyte contributes more in
regulating the membrane potential than electric autapse in
this case. By further increasing in the negative feedback in
electric autapse, the oscillating behavior in Ca2+ and IP3 will
be suppressed completely due to the modulation of electric
autapse. It is important to detect and discuss whether positive
feedback in autapse can enhance the oscillating behaviors of
Ca2+ and IP3 in case of larger value setting for 𝑟IP3

, and the
results are shown in Figures 9 and 10.
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Figure 4: Sampled time series for membrane potential of neuron are calculated when neuron is coupled by astrocypte and autapse driving
with negative feedback is considered at 𝜏 = 2, for (a) 𝑔𝑒 = 0.1, (b) 𝑔𝑒 = 0.5, and (c) 𝑔𝑒 = 1.0. The parameter is set as 𝑟IP3 = 0.2, and inserted
figures are enlarged ones. And the external forcing current regulates the neuron by 𝐼ext = 10.0𝜇mol/L⋅cm2 at 𝑡 < 40 s. The inserted figures are
enlarged to show the sampled time series for membrane potential from 𝑡 = 39.8 to 40.2ms.
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Figure 5: Fluctuation in Ca2+ concentration and IP3 concentration is calculated by applying different feedback gains 𝑔𝑒 in autapse with time
delay 𝜏 = 2. The parameter is set as 𝑟IP3 = 0.2. And the external forcing current regulates the neuron by setting 𝐼ext = 10.0 𝜇mol/L⋅cm2 at
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external forcing current regulates the neuron by 𝐼ext = 10.0𝜇mol/L⋅cm2 at 𝑡 < 40 s. The autaptic current is set as zero, and the inserted figure
is enlarged to show the sampled time series for membrane potential from 𝑡 = 39.8 to 40.2ms.
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Figure 7: Sampled time series for membrane potential of neuron coupled by astrocypte when autapse driving is considered at 𝜏 = 2, for
(a) 𝑔𝑒 = 0.1, (b) 𝑔𝑒 = 0.5, and (c) 𝑔𝑒 = 1.0. The parameter is set as 𝑟IP3 = 0.8, and inserted figures are enlarged ones. And the external
forcing current regulates the neuron by 𝐼ext = 10.0 𝜇mol/L⋅cm2 at 𝑡 < 40 s. The inserted figure is enlarged to show the sampled time series for
membrane potential from 𝑡 = 39.8 to 40.2ms.

It is confirmed that positive feedback in electric autapse
can further enhance the oscillating behavior of Ca2+ and
IP3 and also the excitability of neuron when the coupling
intensity between neuron and astrocyte is set as higher
value. As it is known, the autaptic modulation in autapse

also depends on the value setting for time delay, which is
dependent on the close loop. As a result, different time delays
in electric autapse are selected to check the response of
electrical activities and the oscillating behaviors of Ca2+ and
IP3, and the results are plotted in Figures 11 and 12.
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Figure 8: Fluctuation in Ca2+ concentration and IP3 concentration is calculated by applying different feedback gains 𝑔𝑒 in autapse with time
delay 𝜏 = 2. The parameter is set as 𝑟IP3 = 0.8. And the external forcing current regulates the neuron by 𝐼ext = 10.0 𝜇mol/L⋅cm2 at 𝑡 < 40 s.
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Figure 9: Sampled time series for membrane potential of neuron coupled by astrocypte when autapse driving is considered at 𝜏 = 2, for
(a) 𝑔𝑒 = −0.1, (b) 𝑔𝑒 = −0.5, and (c) 𝑔𝑒 = −1.0. The parameter is set as 𝑟IP3 = 0.8, and inserted figures are enlarged ones. And the external
forcing current regulates the neuron by 𝐼ext = 10.0 𝜇mol/L⋅cm2 at 𝑡 < 40 s. The inserted figure is enlarged to show the sampled time series for
membrane potential from 𝑡 = 39.8 to 40.2ms.
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Figure 10: Fluctuation in Ca2+ concentration and IP3 concentration is calculated by applying different feedback gains 𝑔𝑒 in autapse with time
delay 𝜏 = 2. The parameter is set as 𝑟IP3 = 0.8. And the external forcing current regulates the neuron by setting 𝐼ext = 10.0 𝜇mol/L⋅cm2 at
𝑡 < 40 s.

It is found in Figure 11 that the spiking behavior is
enhanced and began to show bursting behavior with increas-
ing the time delay in electric autapse; even the coupling
intensity between neuron and astrocyte is set as small value
for 𝑟IP3

= 0.2. Furthermore, the oscillating behavior of
Ca2+ and changes of IP3 concentration are calculated in
Figure 12.

It is confirmed in Figure 12 that the concentration of
IP3 is decreased and the oscillating behavior in Ca2+ is also
suppressedwhen the time delay in autapse is small. By further
increasing the time delay in autapse, the memory effect
makes neuron remember the action potential and oscillating
behavior for Ca2+ though the intrinsic time delay in electric
autapse is finite. Finally, the bifurcation analysis is carried out
and the dependence of Ca2+, IP3, and ISI on parameters 𝑟IP3

and 𝑔𝑒 is discussed in Figure 13, respectively.
It is confirmed that the consistent oscillating behaviors

of Ca2+ and IP3 are dependent on the selection of 𝑟IP3
,

and positive feedback in autapse is effective to enhance
the oscillating behaviors and bursting firing in electrical
activities. In fact, the Ca2+ oscillating in astrocyte is much
complex when uncertain perturbation such as noise and
time delay is considered [51–53]. Different disturbances on
excitable media are often described by applying different
types of noise (additive or multiplicative) on the media
and possible statistical properties are discussed [54]. Mutual
coupling between astrocyte and neuron driven by autapse

can trigger complex stimuli for neuron, astrocyte by setting
different external forcing currents, and time delay and feed-
back gain in autapse; as a result, the response of electrical
activities becomes more complex. That is, both of autaptic
modulation and astrocyte can cooperate and contribute the
mode selection of electrical activities in neurons; thus the
self-adaption of neurons can be enhanced.

In summary, autapse connection and driving, external
forcing, and also the coupling between neuron and astrocyte
all contribute the oscillating behavior for Ca2+ by increasing
the IP3 concentration beyond the threshold to keep continu-
ous oscillating in Ca2+ concentration. As a result, continuous
action potential is triggered to propagate the electric signal
between neurons. As mentioned in [24], formation and
development of autapse can be associated with the self-
adaption of neuron to external stimuli; particularly, it could
be associatedwith injury in the neuron loop of circuit because
only a few of neurons are found to be connected with autapse.
Extensive evidences also confirmed that external setting of
electric field can be effect to bridge the injured parts of axon;
thus blocked signal can be propagated [55]. In this way, it
could give guidance to further understand the formation
mechanism of autapse; in the case of astrocyte modulation,
the autaptic driving still plays an important role in regulating
the signal exchange between neurons and astrocyte; these
results could be helpful for further investigation on collective
neuronal network composed of a large number of neurons
coupled by astrocytes.
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Figure 11: Sampled time series for membrane potential of neuron coupled by astrocypte when autapse driving is considered different time
delays at 𝑔𝑒 = −0.5, for (a) 𝜏 = 0.1, (b) 𝜏 = 6, and (c) 𝜏 = 15. The parameter is set as 𝑟IP3 = 0.2, and inserted figures are enlarged ones. And the
external forcing current regulates the neuron by setting 𝐼ext = 10.0𝜇mol/L⋅cm2 at 𝑡 < 40 s.The inserted figure is enlarged to show the sampled
time series for membrane potential from 𝑡 = 39.8 to 40.2ms.
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Figure 13: Bifurcation diagram for Ca2+, IP3, and ISI is calculated by setting different 𝑟IP3 and 𝑔𝑒, respectively.

4. Conclusions

Based on the Hodgkin-Huxley neuron model, the effects of
astrocyte modulation and autapse connection are considered
to set an improved neuron-astrocyte-autapse network model
so that the biological function of autapse can be discussed.
For the isolate neuron models, the dynamical properties in
electrical activities have been extensively investigated to be
consistent with the experimental series. The biological role
of astrocyte is confirmed on the mode transition of electrical
activities in neuron coupled by astrocyte, and action potential
is controlled by Ca2+ oscillation and changes of IP3 via
release of neurotransmitter. Autapse connection to neuron
has confirmed that autaptic modulation could be helpful
to enhance excitability of neuron under positive feedback
while spiking and bursting behaviors can be suppressed by
negative feedback in autapse. As a result, it is important to
set a complete neuron model so that the biological func-
tion of astrocyte and autapse connection can be estimated

completely. Based on our proposed new neuron model, it is
found that autapse connection can also be helpful to change
the oscillating behaviors for Ca2+ and also the changes of IP3;
as a result, electric response to external forcing and mode
selection in neuron can be self-adaptive.

The main contribution of this submission could be that
we proposed a new neuronal network model developed
from the biological HH model with the biological effect
of astrocyte and autapse connection being considered. It
explains the biological function of autapse connection and
intrinsic exchange of signal in neuron from molecular level.
It could be helpful to investigate the collective behavior of
neuronal network composed of large number neurons.
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We investigate a specific smart grid system and its nonlinear properties. Lyapunov exponents are derived to prove the existence
of chaos and bifurcation and bicoherence contours are investigated to show the parameter dependence and existence of quadratic
nonlinearities, respectively. A fractional order model of the smart grid system (FOSG) is then derived and bifurcation of the FOSG
system with variation in the commensurate fractional order of the system is investigated to show that largest Lyapunov exponent
of the system exists in fractional order. Hence we proposed two different control methods to suppress the chaotic oscillations. In
the first method we derive fractional order adaptive sliding mode control (FOASMC) algorithm to control chaotic oscillations and
in the second method we used genetically optimized fractional order PID controllers (GAFOPID) for chaos control. Numerical
simulations are conducted to show the effectiveness of the controllers and also to prove that GAFOPID controllers aremore effective
than FOASMC controllers for fractional order systems. The GAFOPID controllers are then realized in FPGA to show that the
proposed methodology is hardware realizable.

1. Introduction

Smart grid holds the promise that the power sector can go
“green” by taking more aggressive measures to lower the
carbon dioxide (CO2) emissions through efficient integration
of renewable energy sources [1, 2]. Smart grids and its tech-
nologiesmodernize our electric grids ensure safe, secure, cost
effective, and reliable power transmission [3, 4]. Nonlinear
phenomenon in power systems such as voltage collapse and
oscillatory phenomenon can be analyzed using chaos theory
[5]. Unpredictability and high sensitivity to initial conditions
are the important characters of chaotic systems which led to
severe blackouts and power system failures [6].

Control of chaotic systems in science and engineering
is an important research area in the control literature [7].
Particularly chaos controlmethodologies have been of greater
use in nonlinearity suppression of electrical systems such as
in brushless DC motor [8], bifurcation and chaos control
in a permanent magnet synchronous motor [9, 10], and PI

controlled induction motor [11]. Uncertainty plays an impor-
tant role in controlling nonlinearity in power systems. As
discussed in literatures, the uncertainty caused by the state
changes because of parallel distribution and generation in
smart grids are not investigated [12, 13].

Recently many researchers have shown interest in the
study of fractional order nonlinear systems [14–16]. Methods
for simulating fractional order chaotic systemwere presented
by Petras [17] and Matlab solutions for numerical analysis
of fractional order chaotic systems were discussed by Trza-
ska [18]. In chaos control of electrical systems fractional
order controllers play an important role as larger Lyapunov
exponents occur when fractional orders are close to “1” [19–
21]. Chaos suppression in fractional order brushless DC
motor using sliding mode controllers [19] and fractional
order permanent magnet synchronous motor, pi controlled
induction motor by extended back stepping control [20],
and fractional order PMSM motors with adaptive nonlinear
controllers [21] is earlier investigated in the literatures. The
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stability of fractional order systems using Lyapunov stability
theory has been investigated in the literature [22, 23]. A
fractional order controller to stabilize the unstable fixed
points of an unstable open-loop system was proposed by
Tavazoei and Haeri [24]. A delayed feedback control (DFC)
based on the act-and-wait concept for nonlinear dynamical
systems was proposed by Konishi et al. [25], which reduces
the dynamics ofDFC systems to that of discrete-time systems.
The control and synchronization of an induction motor
system were investigated by Jin et al. [26]. Fractional order
controller design for brushless DC motors and induction
motors were investigated in the literature [19, 20]. FPGA
implementation of fractional order systems is first discussed
by Rajagopal et al. [27, 28].

Recently many digital implementations of chaotic sys-
tems have been proposed and implemented in field pro-
grammable gate arrays (FPGA) [29–31]. Image crypto sys-
tems using chaotic random number generators are imple-
mented in FPGA and are of greater interest because of the
robustness and complexity of the chaos encryption systems
[32]. FPGA based weak signal detectors using a Duffing
oscillator were proposed by Rashtchi and Nourazar [33].
Multiscroll attractors and their digital implementation using
FPGA are extensively investigated in recent years [29, 34].
Memristor based chaotic system and its FPGA circuits were
proposed by Xu et al. [35].

Motivated by the above discussions, in this paper we
propose a chaos control scheme for a fractional order smart
grid model with fractional order adaptive sliding mode
controllers (FOASMC) and genetically optimized fractional
order PID controllers (FOGAPID). Dynamic analyses of the
specific smart grid integer order dimensionless model [36]
like Lyapunov exponents and bifurcation and bicoherence
plots are derived to prove that chaos exists for selective values
of the parameters. The fractional order smart grid (FOSG)
model is then derived from the integer order smart grid
model [36]. Bifurcation analysis of the FOSG system for
variations fractional orders is investigated to prove that the
largest Lyapunov exponent exists when fractional order is
close to “1.” Hence fractional order adaptive sliding mode
(FOASM) controllers and genetically optimized fractional
order PID controllers are proposed to suppress the chaotic
oscillations. By numerical simulations GAFOPID controllers
are proven effective compared to the FOASM controllers.
The proposedGAFOPID controllers are then implemented in
FPGA to show that the proposed control scheme is hardware
realizable.

2. Chaotic Dynamics of Smart Grid

In this section we investigate the chaotic dynamics of the
specific smart grid system [36]. The dynamics of the system
depends on rotator angle 𝛿𝑡, load voltage angle 𝛿𝐿, load
voltage 𝑉𝐿, angular rotation 𝜔, and inverter current 𝑖0. To
analyze the chaotic behavior of the smart grid parameters
[𝛿𝑡, 𝜔, 𝛿𝐿, 𝑉𝐿]𝑇 are taken as fixed parameters and 𝑖0 is taken
as the variable parameter. For simplicity the parameters are

assumed as 𝑥 = [𝑥1, 𝑥2, 𝑥3, 𝑥4]𝑇 = [𝛿𝑡, 𝜔, 𝛿𝐿, 𝑉𝐿]𝑇. The dim-
ensionless model of the smart grid system is as given in

�̇�1 = 𝑥2,
�̇�2 = 0.573 − 0.167𝑥2 + 20𝑥4 cos (𝑥1 − 𝑥3 + 1.483)

+ 11.667𝑥4 cos (𝑥1 + 1.483) ,
�̇�3 = 69 − 93.33𝑥4 − 179.05𝑥24 − 50𝑖0𝑥4 sin𝑥3

− 300𝑥4 sin 𝑥3 cos (𝑥1 − 1.483) ,
�̇�4 = 25.322𝑥24 + 13.054𝑥4 + 3.529𝑥4 cos (𝑥1 − 1.483)

− 3.529𝑥4 cos𝑥3 cos (𝑥3 − 1.483)
+ 42.353𝑥4 sin𝑥3 cos (𝑥1 − 1.483)
+ 7.059𝑖0𝑥4 sin𝑥3
− 42.353𝑥4 sin𝑥3 cos (𝑥3 − 1.483)
− 35.294𝑥4 sin (𝑥3 + 1.483)
+ 0.588𝑖0𝑥4 cos𝑥3 + 2.941𝑥4 cos (𝑥3 − 1.483)
+ 1.31778.

(1)

System (1) shows chaotic behavior for the selected initial
conditions [0.3, 0.2, 0.1, 0.97] and 𝑖0 = 0.01. Figure 1 shows
the 3D phase portrait of the smart grid system (1).

3. Dynamic Analysis of the Smart Grid System

In this section we investigate the properties of the smart grid
system discussed in Section 2. The initial conditions for the
analysis are taken as in Section 2.

3.1. Equilibrium Points and Jacobian Matrix. The smart
grid system (1) has one unstable equilibrium point 𝐸1 =0.7336, 0, 0.8731, 0.2278. The characteristic equation of sys-
tem (1) is given as𝜆4+32.4𝜆3+530.9𝜆2+444.29𝜆−4541 and the
eigenvalues are 𝜆1,2 = −15.46 ± 15.98𝑖, 𝜆3 = −3.85, 𝜆4 = 2.38
and 𝜆4 is the unstable focus.

The Jacobian matrix of the smart grid system (1) at any
point 𝑋 ∈ 𝑅4 is found as

𝐽 (𝑋) =
[[[[[
[

0 1 0 0
𝑓5 (𝑥) 0.167 𝑓9 (𝑥) 𝑓6 (𝑥)
𝑓10 (𝑥) 0 𝑓8 (𝑥) 𝑓3 (𝑥)
𝑓4 (𝑥) 0 𝑓1 (𝑥) 𝑓2 (𝑥)

]]]]]
]

(2)

and the elements of matrix are the functions defined as

𝑓1 (𝑥) = 3.529𝑥4 sin 𝑥3 cos (𝑥3 − 1.483)
+ 3.529𝑥4 cos𝑥3 sin (𝑥3 − 1.483)
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Figure 1: 3D phase portraits of the smart grid system (1).

+ 42.353𝑥4 cos𝑥3 cos (𝑥1 − 1.483)
+ 7.059𝑖0𝑥4 cos𝑥3
− 42.353𝑥4 cos𝑥3 cos (𝑥3 − 1.483)
+ 42.353𝑥4 sin𝑥3 sin (𝑥3 − 1.483)
− 35.294𝑥4 cos (𝑥3 + 1.483)
− 0.588𝑖0𝑥4 sin𝑥3
− 2.941𝑥4 sin (𝑥3 − 1.483) ,

𝑓2 (𝑥) = 50.644𝑥4 + 13.054 + 3.529 cos (𝑥1 − 1.483)
− 3.529 cos𝑥3 cos (𝑥3 − 1.483)
+ 42.353 sin𝑥3 cos (𝑥1 − 1.483)
+ 7.059𝑖0 sin𝑥3
− 42.353 sin𝑥3 cos (𝑥3 − 1.483)
− 35.294 sin (𝑥3 + 1.483) + 0.588𝑖0 cos𝑥3
+ 2.941 cos (𝑥3 − 1.483) ,

𝑓3 (𝑥) = −93.33 − 358.1𝑥4 − 50𝑖0 sin𝑥3
− 300 sin𝑥3 cos (𝑥1 − 1.483) ,

𝑓4 (𝑥) = −3.529𝑥4 sin (𝑥1 − 1.483)
− 42.353𝑥4 sin𝑥3 sin (𝑥1 − 1.483) ,

𝑓5 (𝑥) = −20𝑥4 sin (𝑥1 − 𝑥3 + 1.483)
− 11.667𝑥4 sin (𝑥1 + 1.483) ,

𝑓6 (𝑥) = 20 cos (𝑥1 − 𝑥3 + 1.483)
+ 11.667 cos (𝑥1 + 1.483) ,

𝑓7 (𝑥) = −50𝑖0𝑥4 cos𝑥3
+ 300𝑥4 cos𝑥3 cos (𝑥1 − 1.483) ,

𝑓9 (𝑥) = 20𝑥4 sin (𝑥1 − 𝑥3 + 1.483) ,
𝑓10 (𝑥) = 300𝑥4 sin𝑥3 sin (𝑥1 − 1.483) .

(3)

3.2. Lyapunov Exponents and Kaplan-Yorke Dimension. Lya-
punov exponents of a nonlinear system define the conver-
gence and divergence of the states. The existence of positive
Lyapunov exponents confirms the chaotic behavior of the
system [37, 38]. We take the parameters of the smart grid
system (1) with initial conditions and parameters as in
Section 2; then the Lyapunov exponents of the smart grid
system (1) are numerically found as

𝐿1 = 0.270809,
𝐿2 = −1.408465,
𝐿3 = −7.882472,
𝐿4 = −25.888492.

(4)

Since there are positive Lyapunov exponents in (4), it
is clear that the smart grid system (1) is chaotic. Figure 2
shows the Lyapunov exponents of the smart grid system. We
note that the sum of the Lyapunov exponents of system (1) is
negative. In fact,

𝐿1 + 𝐿2 + 𝐿3 + 𝐿4 = −34.908 < 0. (5)

This shows that the smart grid system (1) is dissipative.
Also, the Kaplan-Yorke dimension of the smart grid

system (1) is derived as

𝐷KY = 3 + 𝐿1 + 𝐿2 + 𝐿3𝐿4 = 3.3484. (6)

3.3. Bifurcation. In order to understand the parameter
dependence of the smart grid system, we fix all the other
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Figure 2: Lyapunov exponents of the smart grid system (1).

parameters ([𝑥1, 𝑥2, 𝑥3, 𝑥4]𝑇 = [𝛿𝑡, 𝜔, 𝛿𝐿, 𝑉𝐿]𝑇), 𝑖0 is varied,
and the behavior of the integer order smart grid system (1) is
investigated.The bifurcation plot for various states versus the
inverter current 𝑖0 is given by Figures 3(a), 3(b), 4(a), and 4(b).
From the figures, it is clear that, for the values 0 ≤ 𝑖0 ≤ 2.78,
the system shows denser points confirming the existence of
system’s largest positive Lyapunov exponent. Therefore, from
the Lyapunov exponents and bifurcation diagrams in these
figures, a conclusion can be obtained that chaos exists in
smart grid system (1) for a certain range of parameters.

3.4. Bicoherence. The bicoherence or the normalized bispec-
trum is a measure of the amount of phase coupling that
occurs in a signal or between two signals. Both bicoherence
and bispectrum are used to find the influence of a nonlinear
system on the joint probability distribution of the system
input. Phase coupling is the estimate of the proportion
of energy in every possible pair of frequency components(𝑓𝑗, 𝑓𝑘). Bicoherence analysis is able to detect coherent signals
in extremely noisy data, provided that the coherency remains
constant for sufficiently long times, since the noise contribu-
tion falls off rapidly with increasing number of segments 𝑁.

The autobispectrum of a chaotic system is given by
Pezeshki [39]. He derived the autobispectrum with the
Fourier coefficients

𝐵 (𝜔1, 𝜔2) = 𝐸 [𝐴 (𝜔1) 𝐴 (𝜔2) 𝐴∗ (𝜔1 + 𝜔2)] , (7)

where 𝜔𝑛 is the radian frequency and 𝐴 is the Fourier coeffi-
cients of the time series.Thenormalizedmagnitude spectrum
of the bispectrum known as the squared bicoherence is given
by

𝑏 (𝜔1, 𝜔2) = 𝐵 (𝜔1, 𝜔2)2𝑃 (𝜔1) 𝑃 (𝜔2) 𝑃 (𝜔1 + 𝜔2) , (8)

where 𝑃(𝜔1) and 𝑃(𝜔2) are the power spectrums at 𝑓1 and 𝑓2.
The motivation to study the bicoherence is twofold. First,

the bicoherence can be used to extract information due to
deviations from Gaussianity and suppress additive (colored)
Gaussian noise. Second, the bicoherence can be used to detect
and characterize asymmetric nonlinearity in signals via

quadratic phase coupling or identify systems with quadratic
nonlinearity. The bicoherence is the third-order spectrum.
Whereas the power spectrum is a second-order statistics,
formed from 𝑋(𝑓) ∗ 𝑋(𝑓), where 𝑋(𝑓) is the Fourier trans-
form of 𝑥(𝑡), the bispectrum is third-order statistics formed
from𝑋(𝑓𝑗)∗𝑋(𝑓𝑘)∗𝑋(𝑓𝑗+𝑓𝑘).The bispectrum is therefore a
function of a pair of frequencies (𝑓𝑗, 𝑓𝑘). It is also a complex-
valued function.The (normalized) square amplitude is called
the bicoherence (by analogy with the coherence from the
cross-spectrum). The bispectrum is calculated by dividing
the time series into 𝑀 segments of length 𝑁_seg, calculating
their Fourier transforms and biperiodogram, then averaging
over the ensemble. Although the bicoherence is a function
of two frequencies the default output of this function is a
one-dimensional output, with the bicoherence refined as a
function of only the sum of the two frequencies.

Figures 5 and 6 depict the contours of the bicoherence
of the states 𝑥 and 𝑦 for the smart grid system (1). Figure 7
shows the bicoherence contours of all the states together.
Shades in yellow represent the multifrequency components
contributing to the power spectrum. From Figures 5, 6,
and 7, the cross-bicoherence is significantly nonzero, and
nonconstant, indicating a nonlinear relationship between
the states. In Figures 5 and 6 (autobicoherence) the yellow
shades indicate that the nonlinear relationship of the states𝑥 and 𝑦 is not narrowband processes. The yellow shades
and nonsharpness of the peaks, as well as the presence of
structure around the origin in Figure 7 (cross-bicoherence),
indicate that the nonlinearity between the states 𝑥, 𝑦, 𝑧, 𝑤 is
not of the quadratic nonlinearity and hencemay be because of
nonlinearity of higher dimensions. The most two dominant
frequencies (𝑓1, 𝑓2) are taken for deriving the contour of
bicoherence. The sampling frequency (𝑓𝑠) is taken as the
reference frequency. Direct FFT is used to derive the power
spectrum for individual frequencies and Hankel operator is
used as the frequency mask. Hanning window is used as the
FIR filter to separate the frequencies.

4. Fractional Order Current Driven
Induction Motor

In this section we will derive the dimensionless fractional
order model of the induction motor. The dimensionless
integer order model of a PI speed regulated current driven
induction motor is given by [36] as follows:

𝐷𝑞1𝑥1 = 𝑥2,
𝐷𝑞2𝑥2 = 0.573 − 0.167𝑥2 + 20𝑥4 cos (𝑥1 − 𝑥3 + 1.483)

+ 11.667𝑥4 cos (𝑥1 + 1.483) ,
𝐷𝑞3𝑥3 = 69 − 93.33𝑥4 − 179.05𝑥24 − 50𝑖0𝑥4 sin𝑥3

− 300𝑥4 sin𝑥3 cos (𝑥1 − 1.483) ,
𝐷𝑞4𝑥4 = 25.322𝑥24 + 13.054𝑥4

+ 3.529𝑥4 cos (𝑥1 − 1.483)
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+ 0.588𝑖0𝑥4 cos𝑥3
+ 2.941𝑥4 cos (𝑥3 − 1.483) + 1.31778.

(9)

The initial conditions and the parameters are the same
as discussed for the integer order model in Section 2. The
fractional orders 𝑞𝑖 with 𝑖 = 1, 2, 3, 4 are kept close to “1” to get
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Figure 8: 3D phase portraits of the fractional order smart grid system.

the largest Lyapunov exponents. Figure 8 shows the 3D phase
portraits of the fractional order smart grid (FOSG) system for𝑞𝑖 = 992.
5. Dynamic Analysis of the FOSG System

5.1. Bifurcation with Fractional Order. Most of the dynamic
properties of the integer order system (1) like the Lyapunov
exponents and bifurcation with parameters are preserved in
the fractional order if 𝑞𝑖 > 0.985, where 𝑖 = 1, 2, 3, 4.
The most important analysis of interest when investigating
a fractional order system is the bifurcation with fractional
orders. Figure 9(a) shows the bifurcation of the FOSG system
with commensurate fractional order 𝑞1 = 𝑞2 = 𝑞3 = 𝑞4 = 𝑞
and Figure 9(b) shows the 3D state portrait (𝑥2, 𝑥3, 𝑥4 plane)
of the FOSG system for various commensurate fractional
orders 𝑞1 = 𝑞2 = 𝑞3 = 𝑞4 = 𝑞. The largest positive
Lyapunov exponent (𝐿1 = 0.271921) of the FOSG system
appears when 𝑞 = 0.992 against its largest integer order
Lyapunov exponent (𝐿1 = 0.270809). Hence fractional order
chaos suppression/control proves efficient compared to the
integer order controls as the systems show the largest positive

Lyapunov exponent in fractional order close to “1.” It can also
be seen that, as the fractional order 𝑞 decreases, the FOSG
system starts losing its largest positive Lyapunov exponent.
When 𝑞 ≤ 0.98 the only positive Lyapunov exponent of the
system becomes negative and thus the chaotic oscillations in
the system disappear.

5.2. Stability Analysis of FOSG System

Commensurate Order. For commensurate FOSG system of
order 𝑞, the system is stable and exhibits chaotic oscillations
if |arg(eig(𝐽𝐸))| = |arg(𝜆𝑖)| > 𝑞𝜋/2, where 𝐽𝐸 is the Jacobian
matrix at the equilibrium 𝐸 and 𝜆𝑖 are the eigenvalues of the
FOSG system, where 𝑖 = 1, 2, 3, 4. As seen from the FOSG
system, the eigenvalues should remain in the unstable region
and the necessary condition for the FOSG system to be stable
is 𝑞 > (2/𝜋)tan−1(|Im 𝜆|/Re 𝜆). As we know, the eigenvalues
of the system are𝜆1,2 = −15.46±15.98𝑖, 𝜆3 = −3.85, 𝜆4 = 2.38
and it is clearly seen that 𝜆4 is an unstable focus and hence 𝜆4
contributes to the existence of chaotic oscillations in FOSG
system.
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Incommensurate Order. The necessary condition for the
FOSG system to exhibit chaotic oscillations in the incom-
mensurate case is 𝜋/2𝑀 − min𝑖(|arg(𝜆𝑖)|) > 0, where 𝑀 is
the LCM of the fractional orders. If 𝑞𝑥 = 0.99, 𝑞𝑦 = 0.98,𝑞𝑧 = 0.97, and 𝑞𝑤 = 0.96, then 𝑀 = 100. The charac-
teristic equation of the system evaluated at the equilibrium
is det(diag[𝜆𝑀𝑞𝑥 , 𝜆𝑀𝑞𝑦 , 𝜆𝑀𝑞𝑧 , 𝜆𝑀𝑞𝑤] − 𝐽𝐸) = 0 and by
substituting the values of 𝑀 and the fractional orders,
det(diag[𝜆99, 𝜆98, 𝜆97, 𝜆96] − 𝐽𝐸) = 0, the characteris-
tic equation for the equilibrium point 𝐸1 is 𝜆390 + 𝜆295
+ 𝜆294 + 33.21𝜆293 + 1.17𝜆292 + 𝜆199 + 33.23𝜆198 +521.14𝜆197 + 33.40𝜆196 + 38.59𝜆195 + 0.167𝜆194 + 6.56𝜆193

+ 𝜆102 + 33.40𝜆101 + 557.57𝜆100 + 606.81𝜆99 + 38.94𝜆98 −0.18𝜆97369.75𝜆96 + 𝜆4 + 32.4𝜆3 + 530.9𝜆2 + 444.29𝜆 − 4541.
The approximated solution of the characteristic equation is𝜆390 = 0.72, whose argument is zero, which is the mini-
mum argument, and hence the stability necessary condition
becomes 𝜋/200 − 0 > 0 which solves for 0.01571 > 0.
Hence, the FOSG system is stable and chaos exists in the
incommensurate system.

5.3. Bicoherence of FOSG System. In Section 3.4, we have
discussed the bicoherence of integer order smart grid. In
this section we will investigate the bicoherence of FOSG
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system. The commensurate fractional order of the FOSG
system is taken as 0.992. As can be seen from Figures
10(a) and 10(b), compared to the integer order bicoherence
contours (Figures 5 and 6), the bicoherence of FOSG systems
showsmultifrequency components contributing to the power
spectrum. The multifrequency components can be seen
denser in FOSG bicoherence confirming the existence of
higher dimension spectrums. Also the same can be observed
when investigating the bicoherence contours of all states
together as seen from Figure 10(c). When compared with the
integer order all state bicoherence (Figure 7), we can see that
the fractional order bicoherence shows more yellow shades
confirming the cross-bicoherence is significantly nonzero,
and nonconstant, indicating a nonlinear relationship between
the states. Hence by the above investigations we conclude that
the nonlinearities occurring in the fractional order model of
the smart grid system are more of the multifrequency nature
and thus contributing to greater power spectrums compared
to the integer order bicoherence.

6. Adaptive Sliding Mode Control of
Nonlinearity in FOSG

The control goal of this paper is to design a suitable adaptive
slidingmode controller for suppression of chaotic oscillations
in the fractional order smart grid (FOSG) system (9). For
deriving the robust ASMC controller for system (9), let us
redefine the fractional order system with an adaptive sliding
mode controller 𝑢𝑖(𝑡), 𝑖 = 1, 2, 3, 4,

𝐷𝑞1𝑥1 = 𝑥2 + 𝑢1,
𝐷𝑞2𝑥2 = 0.573 − 0.167𝑥2

+ 20𝑥4 cos (𝑥1 − 𝑥3 + 1.483)
+ 11.667𝑥4 cos (𝑥1 + 1.483) + 𝑢2,

𝐷𝑞3𝑥3 = 69 − 93.33𝑥4 − 179.05𝑥24 − 50�̂�0𝑥4 sin𝑥3
− 300𝑥4 sin 𝑥3 cos (𝑥1 − 1.483) + 𝑢3,

𝐷𝑞4𝑥4 = 25.322𝑥24 + 13.054𝑥4
+ 3.529𝑥4 cos (𝑥1 − 1.483)
− 3.529𝑥4 cos𝑥3 cos (𝑥3 − 1.483)
+ 42.353𝑥4 sin 𝑥3 cos (𝑥1 − 1.483)
+ 7.059�̂�0𝑥4 sin 𝑥3
− 42.353𝑥4 sin 𝑥3 cos (𝑥3 − 1.483)
− 35.294𝑥4 sin (𝑥3 + 1.483)
+ 0.588�̂�0𝑥4 cos𝑥3

+ 2.941𝑥4 cos (𝑥3 − 1.483) + 1.31778
+ 𝑢4.

(10)

The initial conditions are the same as in Section 2 and the
parameter value 𝑖0 is assumed unknown and is estimatedwith
a parameter estimate �̂�0.
6.1. Controller Design

6.1.1. Problem Statement. In this section we investigate the
adaptive fractional order sliding mode control (FOASMC)
of a fractional order system. Let us define a generalized
fractional order system with FOASMC as

𝐷𝑞𝑥 = 𝑓 (𝑥) + 𝐹 (𝑥) 𝑎 + 𝑢 (𝑡) , (11)

where 𝑞 is the fractional order of the system and where 𝑢(𝑡) is
the adaptive controller for controlling the chaotic oscillations
in the slave system.

Let us define the control error as

𝑒 = 0 − 𝑥. (12)

The sliding surface for the fractional order integral sliding
mode control [40, 41] is defined as

𝑠 (𝑒) = 𝑒 + 𝑘 ∫ 𝑒 (𝜏) 𝑑𝜏. (13)

The fractional first derivative of the sliding surface is derived
as

𝐷𝑞𝑠 = 𝐷𝑞𝑒 + 𝑘𝑒. (14)

The fractional order error dynamics is defined as

𝐷𝑞𝑒 = −𝐷𝑞𝑥. (15)

Using (11) and (12) in (15)

𝐷𝑞𝑒 = −𝑓 (𝑥) − 𝐹 (𝑥) 𝑎 + 𝑢 (𝑡) . (16)

Let us define the adaptive controller as

𝑢 (𝑡) = 𝑓 (𝑥) + 𝐹 (𝑥) 𝑎 − 𝑘𝑒 − 𝜂 sgn (𝑠) − 𝜌𝑠, (17)

where 𝑘, 𝜂, 𝜌 are positive gain values, 𝑎 is parameter estimate
fractional order system, and 𝑠 is the sliding surface.

Using (17) in (16), the error dynamics simplifies to

𝐷𝑞𝑒 = −𝐹 (𝑥) [𝑎 − 𝑎] − 𝜂 sgn (𝑠) − 𝜌𝑠. (18)

The Lyapunov candidate function to analyze the stability of
the controller is defined as

𝑉 = 1
2𝑠2 + 1

2 (𝑎 − 𝑎)2 . (19)

The Lyapunov first derivate is derived as

�̇� = 𝑠 ⋅ ̇𝑠 + (𝑎 − 𝑎) (− ̇̂𝑎) . (20)
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Figure 10: Bicoherence of FOSG system.

By definition of fractional calculus [42–44],

�̇� (𝑡) = 𝐷1−𝑞𝑡 ⋅ 𝐷𝑞𝑡𝑥 (𝑡) . (21)

Using (21) in (20),

�̇� = 𝑠 ⋅ 𝐷1−𝑞𝑡 ⋅ 𝐷𝑞𝑡 𝑠 − (𝑎 − 𝑎) (𝐷1−𝑞𝑡 ⋅ 𝐷𝑞𝑡 𝑎) . (22)

Finding the sign of the Lyapunov first derivative using (22)
seemsdifficult andhenceweuse themodified fractional order
Lyapunov method defined by Rajagopal et al. [19] as

1
2𝐷𝑞𝑡𝑥2 (𝑡) ≤ 𝑥 (𝑡) 1

2𝐷𝑞𝑡𝑥 (𝑡) , 𝑞 ∈ (0, 1) . (23)

Using (23), (18), and (17) in (20),

�̇� ≤ 𝑘𝑠 [−𝐹 (𝑥) (𝑎 − 𝑎) − 𝜂 sgn (𝑠) − 𝜌𝑠]
− (𝑎 − 𝑎) (𝐷𝑞𝑎) . (24)

Let us define the parameter estimate laws as

𝐷𝑞𝑎 = 𝑘𝑠 ⋅ 𝐹 (𝑥) . (25)

Using (25) in (24)

�̇� = −𝜂 𝑠𝑤 − 𝜌𝑠2 (26)

as 𝜂 and 𝜌 are all positive and �̇� is negative definite. Using
Barbalat’s lemma [45], we conclude that 𝑒(𝑡) → 0 as 𝑡 → ∞.

6.1.2. Adaptive Sliding Mode Control of FOSG System. The
main control objective of this paper is to design adaptive
sliding mode controllers (𝑢1, 𝑢2, 𝑢3, 𝑢4) such that the chaotic
oscillations in the FOSG system are controlled. Sliding mode
control methodology is a simple approach to robust control
and good at dealing with dynamic uncertainty [40].The con-
trol design procedure consists of two steps: first constructing
a sliding surface which presents the desired dynamics [41, 46]
and second selecting a switching control law so as to verify
sliding condition.

Let us define the integral sliding surface as

𝑠𝑖 = 𝑥𝑖 + 𝑘𝑖 ∫
𝑡

0
𝑥𝑖 (𝜏) 𝑑𝜏, 𝑖 = 1, 2, 3, 4. (27)

The fractional derivate of the sliding surface is given by

𝐷𝑞𝑖𝑠𝑖 = 𝐷𝑞𝑖𝑥𝑖 + 𝑘𝑖𝑥𝑖, 𝑖 = 1, 2, 3, 4. (28)

For any initial conditions, the problem control of chaotic
oscillations in FOSG system is equivalent to that of the states
of the FOSG system remaining on the surface 𝑠𝑖 for all 𝑡 > 0.
When the system operates in the sliding surface, it satisfies𝑠 = 0 and 𝐷𝑞𝑖𝑠 = 0 for 𝑖 = 1, 2, 3, 4.

The parameter estimation errors are given by

𝑒𝑖0 = �̂�0 − 𝑖0. (29)
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The fractional derivative of the parameter estimation errors
is

𝐷𝑞𝑒𝑖0 = 𝐷𝑞 �̂�0 − 𝑖0. (30)

Let us the define the adaptive sliding mode controllers as

𝑢1 = −𝑥2 − 𝑘1𝑥1 − 𝜂1sgn (𝑠1) − 𝜌1𝑠1,
𝑢2 = −0.573 + 0.167𝑥2 − 20𝑥4 cos (𝑥1 − 𝑥3 + 1.483)

− 11.667𝑥4 cos (𝑥1 + 1.483) − 𝑘2𝑥2
− 𝜂2sgn (𝑠2) − 𝜌2𝑠2,

𝑢3 = −69 + 93.33𝑥4 + 179.05𝑥24 + 50�̂�0𝑥4 sin𝑥3
+ 300𝑥4 sin𝑥3 cos (𝑥1 − 1.483) − 𝑘3𝑥3
− 𝜂3sgn (𝑠3) − 𝜌3𝑠3,

𝑢4 = −25.322𝑥24 − 13.054𝑥4
− 3.529𝑥4 cos (𝑥1 − 1.483)
+ 3.529𝑥4 cos𝑥3 cos (𝑥3 − 1.483)
− 42.353𝑥4 sin𝑥3 cos (𝑥1 − 1.483)
− 7.059�̂�0𝑥4 sin𝑥3
+ 42.353𝑥4 sin𝑥3 cos (𝑥3 − 1.483)
+ 35.294𝑥4 sin (𝑥3 + 1.483)
− 0.588�̂�0𝑥4 cos𝑥3
− 2.941𝑥4 cos (𝑥3 − 1.483) − 1.31778 − 𝑘4𝑥4
− 𝜂4sgn (𝑠4) − 𝜌4𝑠4,

(31)

where 𝑘𝑖, 𝜌𝑖, 𝜂𝑖 for 𝑖 = 1, 2, 3, 4 are positive constants and the
parameter estimate of 𝑖0 is

𝐷𝑞 �̂�0 = −50𝑠3𝑥4 sin 𝑥3 + 7.059𝑠4𝑥4 sin𝑥3
+ 0.588𝑠4𝑥4 cos𝑥3 − 𝑘𝑒𝑖0 ,

(32)

where 𝑘 is the estimation gain and is always positive.

6.2. Stability Analysis of the Controller

Theorem 1. Considering that adaptive sliding mode control
input law in (15) is used to control the FOSG system in (10) with
parameter estimate in (32), then the controller (31) is globally
asymptotically stable.

Proof. To check the stability of the controlled system, let us
consider the following Lyapunov candidate function:

𝑉 = 1
2 [𝑠21 + 𝑠22 + 𝑠23 + 𝑠24 + 𝑒2𝑖0] . (33)

The first derivative of the Lyapunov candidate function is

�̇� = 𝑠1 ̇𝑠1 + 𝑠2 ̇𝑠2 + 𝑠3 ̇𝑠3 + 𝑠4 ̇𝑠4 + 𝑒𝑖0 ̇𝑒𝑖0 . (34)

By definition of fractional calculus [42–44], we obtain

�̇� (𝑡) = 𝐷1−𝑞𝑡 ⋅ 𝐷𝑞𝑡𝑥 (𝑡) . (35)

Applying (35) in (34)

�̇� = 𝑠1𝐷1−𝑞1𝑡 ⋅ 𝐷𝑞1𝑡 𝑠1 + 𝑠2𝐷1−𝑞2𝑡 ⋅ 𝐷𝑞2𝑡 𝑠2 + 𝑠3𝐷1−𝑞3𝑡
⋅ 𝐷𝑞3𝑡 𝑠3 + 𝑠4𝐷1−𝑞4𝑡 ⋅ 𝐷𝑞4𝑡 𝑠4 + 𝑒𝑖0𝐷1−𝑞𝑡 ⋅ 𝐷𝑞𝑡 𝑒𝑖0 .

(36)

Thus, it is clear that stability calculations with (36) are very
difficult. So, we use modified Lyapunov stability theory as
given in [19].

Let 𝑥(𝑡) be a time continuous and derivable function. As
proved in [19], for any time instant 𝑡 ≥ 𝑡0, we have

1
2𝐷𝑞𝑡𝑥2 (𝑡) ≤ 𝑥 (𝑡) ⋅ 𝐷𝑞𝑡𝑥 (𝑡) ∀𝑞 ∈ (0, 1) . (37)

Using (37) in (34)

�̇� ≤ 𝑠1 [𝐷𝑞1𝑥1 + 𝑘1𝑥1] + 𝑠2 [𝐷𝑞2𝑥2 + 𝑘2𝑥2]
+ 𝑠3 [𝐷𝑞3𝑥3 + 𝑘3𝑥3] + 𝑠4 [𝐷𝑞4𝑥4 + 𝑘4𝑥4]
+ 𝑒𝑖0𝐷𝑞 �̂�0.

(38)

Using the ASM controllers (31) and parameter estimate (32)
in (38),

�̇� ≤ −𝜂1 𝑠1 − 𝜂2 𝑠2 − 𝜂3 𝑠3 − 𝜂4 𝑠4 − 𝜌1𝑠21 − 𝜌2𝑠22
− 𝜌3𝑠23 − 𝜌4𝑠24.

(39)

As 𝜌𝑖 and 𝜂𝑖 are positive for 𝑖 = 1, 2, 3, 4, using Barbalat’s
lemma [45], the Lyapunov first derivative (39) is a negative
definite function which infers that the controller is stable and
is valid for any bounded initial conditions.

7. Numerical Simulations

The FOSG system (10) with the robust adaptive sliding
mode controller (31) and parameter estimate (32) with initial
conditions as in Section 2 and initial condition for the
parameter estimate 𝑖0(0) = 0.1 are numerically analyzed
using Matlab. The fractional orders of the FOSG system are
chosen as commensurate order 𝑞 = 0.992. The controller
gains are taken as 𝑘𝑖 = 10 and sliding surface gains are taken
as 𝜌𝑖 = 25 and 𝜂𝑖 = 0.1 with 𝑖 = 1, 2, 3, 4.

The state trajectories of the controlled fractional order
induction chaotic system (10) are shown in Figure 11(a).
Figure 11(b) shows the parameter estimate with controller in
action. It can be clearly observed that the state trajectories
converge to zero as soon as the controller is introducedwhich
clearly shows that the fractional order system (9) is well-
controlled by the adaptive controller with the uncertainty in
the inverter current 𝑖0.
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(a) Time history of the controlled states of FOSG system
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Figure 11

8. Chaos Control with Genetically
Optimized Fractional Order PID
Controllers (GAFOPID)

Fractional order PID (FOPID) controllers described by using
fractional calculus are the most common and useful algo-
rithm in control systems engineering. Inmost cases, feedback
loops are controlled using PID algorithms; they are designed
to correct error(s) between instant value(s) in a system and
chosen set point values. Design of FOPID controller using
genetic algorithms (GA) which is a stochastic global search
method uses the process of natural evolution. It is one of
the methods used for optimization and successfully applied
in [47, 48]. GA have to be initialized before the algorithm
can proceed.The initialization of the population size, variable
bounds, and the evaluation objective functions are required,
to evaluate the best gain values of FOPID controller for
the system. An objective function could be created to find
a FOPID controller that gives a minimal error. The error
functions such as sum absolute error (SAE) are used as
objective functions in this work.

Let us define the fractional order PID controllers as

𝑢𝑖 = 𝐾P𝑒𝑖 + 𝐾I ∫𝑡
0

𝑒𝑖𝑑𝜏𝛽 + 𝐾D
𝑑𝛿𝑒𝑖𝑑𝑡𝛿 , 𝑖 = 1, 2, 3, 4, (40)

where𝑢𝑖 is the fractional order PID action control, 𝛿,𝛽 are the
fractional order differential and integral operators [42–44], 𝑒𝑖
is the error signal given by 𝑒𝑖 = 0 − 𝑥𝑖, and 𝐾P, 𝐾I, 𝐾D are the
proportional, integral, and the derivative gains to suppress the
nonlinearity in the FOSG system.

Matlab optimization tool box is used for numerical
simulation with the following options:

Variable bounds matrix of the proportional, integral,
and the derivative gains =[−0.001, 0.001], but for the
states 𝑥3, 𝑥4 the values are multiplied to hundred and
ten for the difference of variation range.
Population size = 100, GA. Generally the bigger the
population size, the better the final approximation.
Number of generations = 100.

Table 1: FOPID controller gain values optimized with GA.

FOPID controller 𝐾P 𝐾I 𝐾D𝑢1 0.0601 0.0975 0.2522
𝑢2 0.0830 0.1151 0.1719
𝑢3 0.0081 0.3316 0.0417
𝑢4 −0.0365 0.2448 0.2107

Selection function = stochastic uniform.
Crossover fraction = 0.8.
Mutation function = Gaussian.
Stopping criteria = error performance criterion.
Length of the chromosome = 12, decimal coding.

The objective function is written based on error performance
criterion sum absolute error as

fitness = 1
∑ (𝑒𝑖) , 𝑖 = 1, 2, 3, 4. (41)

Table 1 shows the FOPID gain values after running the GA
solver from the optimization tool with the options cited
above, we get the best solutions tracked over generations
for the complete chaos suppression of the FOSG system via
fractional order PID controllers using gains values genetically
optimized; Figure 12 shows the time history of the FOSG
states (𝑥1, 𝑥2, 𝑥3, 𝑥4) and Figure 13 shows the time history of
parameter estimate.

As seen from Figures 10 and 12, in the fractional order
adaptive sliding mode controller (FOASMC) method of
control the states converge at 𝑡 = 0.462 s whereas in the
GAFOPID based control, the states converge at 𝑡 = 0.22 s.
The states control in Figures 10 and 12 and the parameter
estimation plots shown in Figures 11 and 13 clearly indicate
that GAFOPID controllers are efficient compared to the
FOASMC controllers. As can be seen from Figures 11 and 13,
FOASMCbased parameter estimation (𝑡 = 0.2521 s) is slower
than the GAFOPID controllers (𝑡 = 0.1746 s). This proves
that the optimized controllers are better in performance
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Figure 12: Time history of GAFOPID controlled FOSG system states.
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Figure 13: Time history of GAFOPID controlled parameter estimates.

than sliding mode controllers in the case of nonlinearity
suppression in fractional order systems.

9. FPGA Implementation of the FOSG
System and GAFOPID Controllers

9.1. FPGA Implementation of the FOSGSystem. In this section
we discuss the implementation of the proposed fractional
order smart grid system in FPGA [49–54] using the Xilinx
(Vivado) System Generator toolbox in Simulink. Firstly
we configure the available built-in blocks of the System
Generator toolbox. The Add/Sub blocks are configured with
zero latency and 32/16-bit fixed point settings. The output
of the block is configured to rounded quantization in order
to reduce the bit latency. For the multiplier block a latency
of 3 is configured and the other settings are the same as in
Add/Sub block. Next we will have to design the fractional
order integrator which is not a readily available block in the
System Generator [49]. Hence we implement the integrators
using the mathematical relation discussed in [50] and the

value of ℎ is taken as 0.001 and the initial conditions are
fed into the forward register with fractional order taken
as 𝑞 = 0.992 for FOSG system. The sinusoidal functions
are implemented using the CORDIC 6.0 blocks and Figures
14, 15, 16(a), and 16(b) show the Xilinx RTL schematics
of the FOSG system implemented in Kintex 7 (device =
7k160t; package = fbg484 S) and 3D phase portraits of the
FPGA implemented FOSG system, power utilized by the
system and power utilized for various fractional orders,
respectively. Table 2 shows the resources utilized by the
FOSG system including the clock frequency. Increasing the
sampling time period in some implementations may lead to
a clock frequency mismatch and hence plays a critical role
in implementation. Also negative time slack may also create
problems while implementing the design and hence choosing
constraints may also be critical in cases where the number
of logical operations is more. Also avoiding DDR clocks
helps in reducing the route delays. For analyzing the power
consumed by the controllers, we use the approximation
methodology discussed in [53, 54]. It confirms that larger
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Figure 14: Xilinx schematics of the FOSG system implemented in Kintex 7 (device = 7k160t; package = fbg484 S).
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Figure 15: 3D phase portraits of the FPGA implemented FOSG system.

Table 2: Resources utilized by the FOSG system.

Kintex 7 k160t Utilization Available Utilization% Clock frequency
𝑓max Used

LUT 1027 101400 1.01 500Mhz 311Mhz
FF 954 202800 0.47 300Mhz 160Mhz
DSP 51 600 8.5 500Mhz 352Mhz
IO 132 285 46.3 250Mhz 161Mhz
BUFG 3 32 9.37 300Mhz 127Mhz
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Figure 16: (a) Power utilized by FOSG system. (b) Power utilized for various fractional orders.

Table 3: Resource utilization of GAFOPID controllers.

Kintex 7 k160t Utilization Available Utilization% Clock frequency
𝑓max Used

LUT 1124 101400 1.11 500Mhz 339Mhz
FF 850 202800 0.42 300Mhz 140Mhz
DSP 36 600 6.00 500Mhz 344Mhz
IO 129 285 45.26 250Mhz 129Mhz
BUFG 1 32 3.13 300Mhz 112Mhz

power will be consumed by the system when the FOSG
system shows largest Lyapunov exponents (𝑞 = 0.992). To
utilize the power of FPGA, the computation needs to be
divided into several independent blocks of threads that can be
executed simultaneously [51]. The performance on FPGA is
directly related to the number of threads and its performances
decrease when number of branching instructions increases.
Hence we designed the system and the GAFOPID controllers
as four parallel threads each as shown in Figures 18 and 19.
The fractional order operators are implemented as building
blocks and the so-called frame delay is not noticeable in
the FPGA hardware implementation due to its parallel data
structure, unlike a microprocessor-based implementation.
While FPGA implementations have a reputation for being
difficult to design, with the help of systematic methodology,
a system can be put together with less work than is required
for more traditional software-based realizations [52].

9.2. FPGA Implementation of GAFOPID Controllers. In this
section we implement the proposed fractional order geneti-
cally optimized PID controllers (GAFOPID) derived in (15)
along with the fractional parameter update law (16). For
implementation of the entire control scheme we use Kintex
7 (device = 7k160t; package = fbg484 S). The fractional order
of the FOSG system and GAFOPID controllers are kept as𝑞 = 0.992. For analyzing the power consumed by the con-
trollers, we use the approximation methodology discussed
in [54]. It confirms that larger power will be consumed

by the controller when the FOSG system shows the largest
Lyapunov exponent. Figure 17 shows the RTL schematics of
the GAFOPID controllers implemented in Kintex 7 (device
= 7k160t; package = fbg484 S). Figures 18(a) and 18(b) show
the power utilization of the controller and power utilization
with change in fractional orders, respectively. Table 3 shows
the resources utilized by the GAFOPID controllers. Figure 19
shows the time history of the FOSG states controlled with
FPGA implemented GAFOPID controllers. Figure 20 shows
the time history of parameter estimates.The initial conditions
for the numerical analysis are taken as in Section 7.

10. Conclusion

In this work we investigated the nonlinearity in a specific
smart grid system. We showed the existence of chaotic
oscillations for specific initial conditions and inverter current
value. Fractional order smart grid dimensionless model of
the smart grid is derived and investigated. Bifurcation of the
system with fractional orders is investigated and it is shown
that the largest Lyapunov exponent of the system exists in
the fractional order. Hence fractional order control schemes
for suppression of chaotic oscillations with fractional order
adaptive sliding mode control (FOASMC) and genetically
optimized fractional order PID control (GAFOPID) are
derived. Numerical simulations prove that GAFOPID con-
trollers are effective compared to FOASMC for chaos control
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Figure 17: Xilinx schematics of the GAFOPID controllers implemented in Kintex 7 (device = 7k160t; package = fbg484 S).
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Figure 20: Time history of parameter estimates.

in fractional order systems. The proposed GAFOPID con-
trollers are implemented in FPGA to show that the control
scheme is hardware realizable. Power utilization for various
fractional orders is presented and it is shown that the system
uses maximum power when the FOSG system exhibits its
largest Lyapunov exponent.
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This paper investigates the fixed-time group consensus problem for a leader-follower network of integrators with directed topology.
A nonlinear distributed control protocol, based on local information, is proposed such that the follower agents in each subgroup are
able to track their corresponding leaders in a prescribed convergence time regardless of the initial conditions. Simulation examples
are presented to demonstrate the availability of our theoretical results.

1. Introduction

The past decade has witnessed an increasing attention on
cooperative control of multiagent systems due to its broad
applications in diverse fields including distributed computa-
tion, formation of unmanned vehicles, data fusion of sensor
networks, synchronization of coupled chaotic oscillators,
flocking, and swarming. A fundamental issue in coordination
of multiagent systems is the consensus problem, which
requires that all the agents should reach an agreement using
the local information of their neighbors, which is determined
by the underlying communication topology. Toward this
aim, an essential step is to design proper distributed control
laws such that as time goes on, all the agents converge to
a consistent value asymptotically; see, e.g., [1–3] for some
representative works on this topic. More backgrounds and
applications of consensus problems can be found in the
survey papers [4, 5] and references therein.

Most of the existing work focuses on complete consensus
in the sense that all agents ultimately achieve a common
group decision value [4]. However, in many real-world
circumstances in cooperative control, a group of agents
should be able to split into multiple subgroups and different
consistent states are desired with the changes of environ-
ments, situations, and tasks. Examples include pattern for-
mation of bacteria colonies, predator evasion and separated
foraging for animal herds, cooperative task searching for

autonomous vehicles, and coordinated military operations.
As a generalization of complete consensus problems, group
consensus has been studied intensively in recent years [6–
11], where the agents in a network are divided into multiple
subgroups and the states of agents in each subgroup can reach
an individual consistent state asymptotically. For example,
a group consensus protocol is proposed in [6] for the first-
order continuous-time multiagent systems with switching
topology by using double-tree-form transformation, which
converts the group consensus problem into the stability of
a corresponding reduced system. A combinatorial necessary
and sufficient condition for discrete-time group consensus
problem is proposed in [11]. Moreover, many applications
in cooperative control require dynamic leaders, which can
be virtual for their followers [1, 12]. The leader-follower
consensus problems are more challenging than their leader-
less counterparts because these controllers not only ensure
the consensus of the followers but also determine the final
consensus value, which is defined by the dynamic leader.
Recently, a leader-follower group consensus protocol has
been proposed for second-order multiagent systems in [13].
An event-triggered control protocol has been introduced in
[14] to achieve leader-follower group consensus for nonlinear
multiagent systems.

It is worth noting that, for the aforementioned works,
the (group) consensus can only be reached in an asymp-
totic manner; namely, the settling time is infinite. In many
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applications, a high speed convergence characterized by a
finite-time control law is essential. Finite-time consensus can
lead to better disturbance rejection and more robustness
against uncertainties [15]. Numerous finite-time controllers
have been designed for both complete consensus problems
(e.g., [16–20]) and group consensus problems (e.g., [21, 22]).
Recently, a new concept, called fixed-time stability, has been
proposed in [23], which guarantees a finite settling time
independent of initial conditions.This fixed-time approach is
promising since the knowledge of initial conditions is usually
not available in advance in distributed systems. Based on the
fixed-time stability notion, many new results are reported.
For example, in the leaderless cases, the fixed-time average
consensus has been investigated in [24–26] for the first-order
integrator systems over undirected topologies. Several fixed-
time group consensus protocols are analyzed in [27] over
undirected topologies. Fixed-time leader-follower consensus
for second-order multiagent systems with bounded input
uncertainties is studied in [28], while unknown nonlinear
inherent dynamics are considered in [29] for first-order
leader-follower multiagent systems. The fixed-time master-
slave synchronization control problems for the delayed
Cohen-Grossberg neural networks and delayed memristor-
based recurrent neural networks are studied in [30, 31],
respectively. Two fixed-time distributed control strategies are
proposed in [32] such that leaderless and leader-follower
consensus can be reached over directed communication
topology. It is worth noting that previous works heavily rely
on the symmetry property of the network topology, and [32]
is the only one dealing with general asymmetric topology
concerning fixed-time consensus problems to our knowledge.

In this paper, we aim to move a further step along this
line of research by studying leader-follower fixed-time group
consensus for multiagent systems under directed topology.
The contribution of this paper is twofold. First, a general-
ization of the fixed-time leader-follower consensus protocol
is proposed to accommodate both directed topology and
multiple leaders. Second, an explicit estimation of the settling
time is presented regardless of initial conditions.

The rest of the paper is organized as follows. Section 2
provides some preliminaries and formulates the leader-
follower group consensus problem. Section 3 is devoted to
the analysis of our proposed fixed-time control strategy. Some
numerical examples are given in Section 4 to illustrate the
correctness of the obtained theoretical results. A conclusion
is drawn in Section 5.

2. Background and Preliminaries

To start with, we fix some standard notations that will be
used throughout the paper. The cardinality of a set 𝑆 and
the absolute value of a number 𝑠 ∈ R are denoted by |𝑆|
and |𝑠|, respectively. Let R+ represent the set of nonnegative
real numbers. Denote by 𝑀T the transpose of a matrix 𝑀.
The maximum and minimum eigenvalues of a symmetric
matrix𝑀 are denoted by 𝜆max(𝑀) and 𝜆min(𝑀), respectively.1𝑁 ∈ R𝑁 is a vector with all the entries being 1, and
diag(𝑎1, . . . , 𝑎𝑁) ∈ R𝑁×𝑁 is a diagonal matrix with diagonal
entries 𝑎1, . . . , 𝑎𝑁. Similar notations will be adopted for block

diagonal matrices. For a vector 𝑥 = (𝑥1, . . . , 𝑥𝑁)T ∈ R𝑁 and𝑎 ≥ 0, we define ⌊𝑥⌉𝑎 = (sgn(𝑥1)|𝑥1|𝑎, . . . , sgn(𝑥𝑁)|𝑥𝑁|𝑎)T,
where sgn(⋅) is the signum function. For 𝑝 > 0, the 𝑝-norm‖ ⋅ ‖𝑝 is defined as ‖𝑥‖𝑝 = (∑𝑁𝑖=1 |𝑥𝑖|𝑝)1/𝑝 for a vector 𝑥 ∈ R𝑁.
The following lemma relating different norms is often used
in the analysis of fixed-time consensus problems, a proof of
which can be found in [33].

Lemma 1. Let 𝑥 ∈ R𝑁 and 𝑝 > 𝑞 > 0. Then‖𝑥‖𝑝 ≤ ‖𝑥‖𝑞 ≤ 𝑁1/𝑞−1/𝑝 ‖𝑥‖𝑝 . (1)

2.1. Graph Theory. The communication network of a multia-
gent system can often be described by a directed graph [34].
Let 𝐺 = (𝑉, 𝐸, 𝐴) be a weighted directed graph, where the
node set 𝑉 = {1, 2, . . . , 𝑁} represents 𝑁 follower agents and
the edge set 𝐸 ⊆ 𝑉 × 𝑉 describes the information exchange
among the followers.Here,𝐴 = (𝑎𝑖𝑗) ∈ R𝑁×𝑁 is the associated
weighted adjacency matrix of the graph, where 𝑎𝑗𝑖 ̸= 0 if(𝑖, 𝑗) ∈ 𝐸 and 𝑎𝑗𝑖 = 0 otherwise. A path in 𝐺 from 𝑖1 to 𝑖𝑘 is a
sequence of distinct nodes (𝑖1, . . . , 𝑖𝑘) such that (𝑖𝑗, 𝑖𝑗+1) ∈ 𝐸
for 𝑗 = 1, . . . , 𝑘 − 1. 𝐺 is said to have a spanning tree if
there exists a node, called root, which has a path to any other
nodes in the graph 𝐺. The (in-degree) Laplacian matrix of 𝐺
is defined as 𝐿 = (𝑙𝑖𝑗) ∈ R𝑁×𝑁 with 𝑙𝑖𝑖 = ∑𝑗 ̸=𝑖 𝑎𝑖𝑗 and 𝑙𝑖𝑗 = −𝑎𝑖𝑗
for 𝑖 ̸= 𝑗. It is well-known that 𝐿 is positive semidefinite and
zero is an eigenvalue of 𝐿 with the eigenvector 1𝑁. Moreover,
if𝐺 contains a spanning tree, then zero is algebraically simple
and all other eigenvalues of 𝐿 are with positive real parts [3].
Let 𝐺 be the directed graph with node set 𝑉 ∪ {0} and edge
set having the form 𝐸∪{(0, 𝑖) | for some 𝑖 ∈ 𝑉}. Assume that𝐵 = diag(𝑏1, . . . , 𝑏𝑁) is a nonnegative diagonal matrix with𝑏𝑖 > 0 if and only if (0, 𝑖) is an edge in 𝐺. Some properties of𝐻 fl 𝐿 + 𝐵 are characterized by the following lemma.

Lemma 2 (see [35]). If 𝐺 has a spanning tree with 0 being the
root, then𝐻 is nonsingular. Let(𝑝1, . . . , 𝑝𝑁)𝑇 = 𝐻−𝑇1𝑁,𝑃 = diag (𝑝1, . . . , 𝑝𝑁) ,𝑄 = 𝑃𝐻 +𝐻𝑇𝑃. (2)

Then both matrices 𝑃 and 𝑄 are positive definite.

To explore the group consensus, a grouping G = {G1, . . . ,
G𝐾} of the graph 𝐺 is defined by dividing its node set
into disjoint subgroups {G𝑘}𝐾𝑘=1. In other words, G satisfies⋃𝐾𝑘=1G𝑘 = 𝑉 and G𝑘 ∩ G𝑘 = 0 for 𝑘 ̸= 𝑘. We write
G1 = {1, . . . , 𝑟1}, G2 = {𝑟1 + 1, . . . , 𝑟2}, . . . ,G𝐾 = {𝑟𝐾−1 +1, . . . , 𝑁} and let 𝑟0 = 0 and 𝑟𝐾 = 𝑁. We assume that
the interactions between agents in the same subgroup are
cooperative; namely, 𝑎𝑖𝑗 ≥ 0 if 𝑖, 𝑗 ∈ G𝑘 for some 𝑘. Each
subgroupG𝑘 (1 ≤ 𝑘 ≤ 𝐾) inherits the structure of𝐺 naturally
in the sense of induced subgraph [34]. For each 1 ≤ 𝑘 ≤ 𝐾,
the (in-degree) Laplacian matrix ofG𝑘 is similarly defined as𝐿𝑘 = (𝑙𝑖𝑗) ∈ R|G𝑘|×|G𝑘| with 𝑙𝑖𝑖 = ∑𝑗∈G𝑘, 𝑗 ̸=𝑖 𝑎𝑖𝑗 and 𝑙𝑖𝑗 = −𝑎𝑖𝑗 for𝑖 ̸= 𝑗.
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Let Θ = {𝜃1, 𝜃2, . . . , 𝜃𝐾} be the set of 𝐾 virtual leader
agents. We make the following assumption.

Assumption 3. Fix any 𝑘 ∈ {1, . . . , 𝐾}. For each 𝑖 ∈ G𝑘, there
is a path from 𝜃𝑘 to 𝑖. Moreover, there is no edge from 𝜃𝑘 to𝑗 ∈ G𝑘 for 𝑘 ̸= 𝑘.

Assumption 3 indicates that the follower agents in each
subgroup G𝑘 have access to the information of their own
leader 𝜃𝑘 but not to that of the other leaders directly. This
assumption eases analysis for multiple leaders, which is also
adopted in [13, 14]. We assume that the weight 𝑎𝑖𝜃𝑘 ≥ 0 for𝑖 ∈ G𝑘 and denote 𝐵𝑘 = diag(𝑎𝑟𝑘−1+1,𝜃𝑘 , . . . , 𝑎𝑟𝑘𝜃𝑘) ∈ R|G𝑘|×|G𝑘|

for 1 ≤ 𝑘 ≤ 𝐾. Note that, under Assumption 3, the matrix𝐻𝑘 fl 𝐿𝑘 + 𝐵𝑘 is nonsingular by Lemma 2. Moreover,

𝑃𝑘 = diag (𝑝𝑘,𝑟𝑘−1+1, . . . , 𝑝𝑘,𝑟𝑘) ,𝑄𝑘 = 𝑃𝑘𝐻𝑘 + 𝐻T
𝑘 𝑃𝑘 (3)

are positive definite, where (𝑝𝑘,𝑟𝑘−1+1, . . . , 𝑝𝑘,𝑟𝑘)T = 𝐻−T𝑘 1|G𝑘|.
Define the block diagonalmatrix𝑄 by𝑄= diag(𝑄1, . . . , 𝑄𝐾)∈
R𝑁×𝑁, which is also positive definite.

Assumption 4. Fix any 𝑘 ∈ {1, . . . , 𝐾}. For each 𝑖 ∈ G𝑘
and 𝑘 ̸= 𝑘, ∑𝑗∈G

𝑘

𝑎𝑖𝑗 = 0. Moreover, for each 𝑖 ∈ G𝑘,∑𝑘 ̸=𝑘∑𝑗∈G

𝑘

|𝑎𝑖𝑗| ≤ 𝑎𝑖𝜃𝑘 . These inequalities hold strictly for

at least one 𝑖 ∈ 𝑉.
The first part of Assumption 4, commonly known as

the intergroup balance condition, indicates a balance of
influence between an agent in a subgroup and all agents in any
other subgroup and is typically required for group consensus
problems in the existing literature; see, e.g., [6–11, 13, 14, 27,
36]. The second part of Assumption 4 suggests that, for each
follower agent 𝑖, the accumulated influence stemming from
agents in other subgroups should be dominated by that from
the agent’s leader. In bird flight formation, for example, it
has been observed that the flock leaders often have strong
influence while the groups of followers are evolved to interact
with proximal 6-7 birds only with minimal information
exchange rate [37, 38]. This assumption plays a key role in
our analysis of fixed-time consensus over directed network
topology.

2.2. Fixed-Time Stability. Consider the general differential
equation �̇� (𝑡) = 𝑓 (𝑡, 𝑥 (𝑡)) ,𝑥 (0) = 𝑥0, (4)

where 𝑥 ∈ R𝑛 and 𝑓 : R+ ×R𝑛 → R𝑛 is a nonlinear function.
The solutions of (4) are understood in the sense of Filippov
[39]. Suppose that the origin is an equilibrium of (4).

Definition 5 (see [15]). The origin of system (4) is a globally
finite-time equilibrium if there is a function 𝑇 : R𝑛 → R+,
called settling time function, such that, for all 𝑥0 ∈ R𝑛, the

solution 𝑥(𝑡, 𝑥0) of system (4) is defined and 𝑥(𝑡, 𝑥0) ∈ R𝑛 for𝑡 ∈ [0, 𝑇(𝑥0)) and lim𝑡→𝑇(𝑥0)𝑥(𝑡, 𝑥0) = 0.
Definition 6 (see [23]). The origin of system (4) is said to
be globally fixed-time stable if it is globally finite-time stable
and the settling time function 𝑇(𝑥0) is bounded; namely,
there is some 𝑇max > 0 such that 𝑇(𝑥0) ≤ 𝑇max for any𝑥0 ∈ R𝑛.

For example, the origin of the simple scalar system �̇� =−𝑥1/3 is a globally finite-time equilibrium with 𝑇(𝑥0) =(3/2) 3√|𝑥0|2. The origin of �̇� = −⌊𝑥⌉1/3 − ⌊𝑥⌉2 is a globally
fixed-time equilibrium because 𝑇(𝑥0) ≤ 𝜋 for any 𝑥0 ∈ R.

Lemma 7 (see [24, 32]). Suppose that there is a continuous
radially unbounded function V : R𝑛 → R+ such that (i)
V(𝑥) = 0 ⇔ 𝑥 = 0 and (ii) any solution 𝑥(𝑡) of (4) satisfies the
inequality V̇(𝑥(𝑡)) ≤ −𝑎V𝑝(𝑥(𝑡))−𝑏V𝑞(𝑥(𝑡)) for some 𝑎, 𝑏 > 0,𝑝 = 1 − 1/(2𝜇), 𝑞 = 1 + 1/(2𝜇), and 𝜇 > 1/2. Then the origin
is globally fixed-time stable and the following estimate of the
settling time holds:

𝑇 (𝑥0) ≤ 𝑇max = 𝜋𝜇√𝑎𝑏 , ∀𝑥0 ∈ R
𝑛. (5)

This lemma provides a good estimate of the settling time
independent of the initial conditions.

2.3. Problem Formulation. We consider the following multi-
agent system with 𝑁 follower agents and 𝐾 virtual leaders
governed by

�̇�𝑖 = 𝑢𝑖, 𝑖 ∈ 𝑉,�̇�𝜃𝑘 = 𝑢𝜃𝑘 , 𝑘 ∈ {1, . . . , 𝐾} , (6)

where 𝑥𝑖 ∈ R𝑚 (resp., 𝑥𝜃𝑘 ∈ R𝑚) is the state of agent 𝑖 (resp.,
leader 𝜃𝑘) and 𝑢𝑖 ∈ R𝑚 (resp., 𝑢𝜃𝑘 ∈ R𝑚) is the control input
of agent 𝑖 (resp., leader 𝜃𝑘).Theunknown input𝑢𝜃𝑘 is assumed
to be bounded by a known constant 𝜔; that is, ‖𝑢𝜃𝑘‖∞ ≤ 𝜔 for
all 1 ≤ 𝑘 ≤ 𝐾.

In this paper, we extend the notion of fixed-time equilib-
rium in Definition 6 to the setting of coordination control of
multiagent systems and define the leader-follower fixed-time
group consensus as follows.

Definition 8. The multiagent system (6) is said to achieve
leader-follower fixed-time group consensus if, for some
appropriately designed distributed inputs {𝑢𝑖}𝑖∈𝑉, there exists
a constant 𝑇max > 0 so that, for any initial condition of the
agents and the bounded inputs {𝑢𝜃𝑘}𝐾𝑘=1, it holds that 𝑥𝑖(𝑡) =𝑥𝜃𝑘(𝑡) for all 𝑖 ∈ G𝑘, 𝑘 = 1, . . . , 𝐾, and 𝑡 ≥ 𝑇max.

For simplicity, we assume 𝑚 = 1 in the following.
However, the analysis is valid for 𝑚 > 1 by using the
properties of the Kronecker product.
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3. Fixed-Time Group Consensus Analysis
under Directed Topology

In this section, motivated by the fixed-time control tech-
niques used in [24, 27, 32], we design the following distributed
controller for follower agents in order to realize leader-
follower fixed-time group consensus:

𝑢𝑖 = 𝛼[[[[ ∑
𝑗∈G𝑘∪𝜃𝑘

𝑎𝑖𝑗 (𝑥𝑗 − 𝑥𝑖) + ∑
𝑘 ̸=𝑘

∑
𝑗∈G
𝑘


𝑎𝑖𝑗𝑥𝑗]]]]
𝑝

+ 𝛽[[[[ ∑
𝑗∈G𝑘∪𝜃𝑘

𝑎𝑖𝑗 (𝑥𝑗 − 𝑥𝑖) + ∑
𝑘 ̸=𝑘

∑
𝑗∈G
𝑘


𝑎𝑖𝑗𝑥𝑗]]]]
𝑞

+ 𝛾 sgn( ∑
𝑗∈G𝑘∪𝜃𝑘

𝑎𝑖𝑗 (𝑥𝑗 − 𝑥𝑖) + ∑
𝑘 ̸=𝑘

∑
𝑗∈G
𝑘


𝑎𝑖𝑗𝑥𝑗) ,
(7)

for 𝑖 ∈ G𝑘, 𝑘 = 1, . . . , 𝐾, where 𝛼, 𝛽 > 0, 𝛾 ≥ 𝜔 are positive
control gains, 𝑝 ∈ (0, 1), and 𝑞 = 1/𝑝. Note that only local
information between neighboring agents is needed.

Assumption 9. Denote 𝜌=max1≤𝑘≤𝐾, 𝑖∈G𝑘 ∑𝑘 ̸=𝑘∑𝑗∈G𝑘𝑝𝑘𝑖|𝑎𝑖𝑗|,
where {𝑝𝑘𝑖} are defined in (3). Assume that 𝜆min(𝑄) > 𝜌.

Note that Assumption 9 is feasible since𝜌will tend to zero
when |𝑎𝑖𝑗| tends to zero for 𝑖 ∈ G𝑘, 𝑗 ∈ G𝑘 , and 𝑘 ̸= 𝑘. On
the other hand,𝑄 is a positive definite matrix, which does not
rely on these intergroupweights {𝑎𝑖𝑗}. Assumption 9, together
with Assumption 4, implies intuitively that the coupling
strengths within each subgroup and among the leader and
its followers are strong enough while the coupling strengths
between different subgroups should be weak. Assumptions 3,
4, and 9 are the usual standard ones when considering the
problems of group consensus or cluster synchronization.

Theorem 10. Under Assumptions 3, 4, and 9, the multiagent
system (6) with protocol (7) achieves leader-follower fixed-time
group consensus, and the convergence time is bounded by

𝑇max = 𝑐1𝜋 (1 + 𝑝)𝑐2 (𝜆min (𝑄) − 𝜌) (1 − 𝑝) , (8)

where

𝑐1 = ( 𝑝𝛼𝑝 + 1)2𝑝/(𝑝+1) + ( 𝑝𝛽𝑞 + 1)2𝑝/(𝑝+1)
+ 2(𝑞−1)/(𝑞+1) ( 𝑝𝛼𝑝 + 1)2𝑞/(𝑞+1)
+ 2(𝑞−1)/(𝑞+1) ( 𝑝𝛽𝑞 + 1)2𝑞/(𝑞+1) ,

𝑐2 = {{{{{{{
min {𝛽2𝑁1−2𝑞, 𝛼2} , 𝑖𝑓 0 < 𝑝 ≤ 12 ;
min {𝛽2𝑁1−2𝑞, 𝛼2𝑁1−2𝑝} , 𝑖𝑓 12 ≤ 𝑝 < 1,

(9)

and 𝑝 = max1≤𝑘≤𝐾, 𝑖∈G𝑘𝑝𝑘𝑖.
Proof. Let �̃�𝑖 = 𝑥𝑖 − 𝑥𝜃𝑘 for 𝑖 ∈ G𝑘, 1 ≤ 𝑘 ≤ 𝐾, and�̃�𝑖 = ∑𝑗∈G𝑘∪𝜃𝑘 𝑎𝑖𝑗(𝑥𝑗 −𝑥𝑖)+∑𝑘 ̸=𝑘∑𝑗∈G

𝑘

𝑎𝑖𝑗𝑥𝑗 for 𝑖 = 1, . . . , 𝑁.

Denote �̃� = (�̃�1, . . . , �̃�𝑁)T and �̃� = (�̃�1, . . . , �̃�𝑁)T. Therefore,
we obtain

�̃� = −𝐻�̃� = (diag (−𝐻1, . . . , −𝐻𝐾) + �̃�) �̃�, (10)

where𝐻1, . . . , 𝐻𝐾 are defined in (3) and

�̃� = ((
(

0 𝐴12 ⋅ ⋅ ⋅ 𝐴1𝐾𝐴21 0 ⋅ ⋅ ⋅ 𝐴2𝐾... ... d
...𝐴𝐾1 𝐴𝐾2 ⋅ ⋅ ⋅ 0

))
)

∈ R
𝑁×𝑁. (11)

Here, each block 𝐴𝑘𝑘 = (𝑎𝑖𝑗) ∈ R|G𝑘|×|G𝑘 | (inheriting from
the weighted adjacency matrix 𝐴) characterizes the weights
between agents in subgroupsG𝑘 andG𝑘 for 𝑘 ̸= 𝑘. It follows
fromAssumption 4 that𝐻 is strictly diagonally dominant and
hence invertible [40]. Therefore, �̃� = 0 if and only if �̃� = 0,
meaning that the leader-follower fixed-time group consensus
is achieved if only if �̃� converges to zero in fixed time.

In view of (6) and (10), we have ̇̃𝑦𝑖 = ∑𝑗∈G𝑘 𝑎𝑖𝑗(𝑢𝑗 −𝑢𝑖)+𝑎𝑖𝜃𝑘(𝑢𝜃𝑘 −𝑢𝑖)+∑𝑘 ̸=𝑘∑𝑗∈G𝑘 𝑎𝑖𝑗𝑢𝑗. Consider the Lyapunov
function

V (𝑡) = 𝐾∑
𝑘=1

∑
𝑖∈G𝑘

𝑝𝑘𝑖(𝛼 �̃�𝑖𝑝+1𝑝 + 1 + 𝛽 �̃�𝑖𝑞+1𝑞 + 1 ) . (12)

For each 𝑖 ∈ G𝑘, 1 ≤ 𝑘 ≤ 𝐾, we write 𝑢𝑖 = 𝑢𝑖1 + 𝑢𝑖2, where
𝑢𝑖1 = 𝛼[[[[ ∑

𝑗∈G𝑘∪𝜃𝑘

𝑎𝑖𝑗 (𝑥𝑗 − 𝑥𝑖) + ∑
𝑘 ̸=𝑘

∑
𝑗∈G
𝑘


𝑎𝑖𝑗𝑥𝑗]]]]
𝑝

+ 𝛽[[[[ ∑
𝑗∈G𝑘∪𝜃𝑘

𝑎𝑖𝑗 (𝑥𝑗 − 𝑥𝑖) + ∑
𝑘 ̸=𝑘

∑
𝑗∈G
𝑘


𝑎𝑖𝑗𝑥𝑗]]]]
𝑞

(13)

and 𝑢𝑖2 = 𝛾 sgn(∑𝑗∈G𝑘∪𝜃𝑘 𝑎𝑖𝑗(𝑥𝑗−𝑥𝑖)+∑𝑘 ̸=𝑘∑𝑗∈G𝑘 𝑎𝑖𝑗𝑥𝑗).The
time derivative of (12) along the solution of (6) satisfies
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V̇ (𝑡) = 𝐾∑
𝑘=1

∑
𝑖∈G𝑘

[[𝑝𝑘𝑖 (𝛼 ⌊�̃�𝑖⌉𝑝 + 𝛽 ⌊�̃�𝑖⌉𝑞) ⋅ ( ∑
𝑗∈G𝑘

𝑎𝑖𝑗 (𝑢𝑗 − 𝑢𝑖) + 𝑎𝑖𝜃𝑘 (𝑢𝜃𝑘 − 𝑢𝑖) + ∑
𝑘 ̸=𝑘

∑
𝑗∈G
𝑘


𝑎𝑖𝑗𝑢𝑗)]]
= 𝐾∑
𝑘=1

∑
𝑖∈G𝑘

[[𝑝𝑘𝑖 (𝛼 ⌊�̃�𝑖⌉𝑝 + 𝛽 ⌊�̃�𝑖⌉𝑞) ⋅ ( ∑
𝑗∈G𝑘

𝑎𝑖𝑗 (𝑢𝑗1 − 𝑢𝑖1) − 𝑎𝑖𝜃𝑘𝑢𝑖1 + ∑
𝑘 ̸=𝑘

∑
𝑗∈G
𝑘


𝑎𝑖𝑗𝑢𝑗1)]]
+ 𝐾∑
𝑘=1

∑
𝑖∈G𝑘

[[𝑝𝑘𝑖 (𝛼 ⌊�̃�𝑖⌉𝑝 + 𝛽 ⌊�̃�𝑖⌉𝑞) ⋅ ( ∑
𝑗∈G𝑘

𝑎𝑖𝑗 (𝑢𝑗2 − 𝑢𝑖2) + 𝑎𝑖𝜃𝑘 (𝑢𝜃𝑘 − 𝑢𝑖2) + ∑
𝑘 ̸=𝑘

∑
𝑗∈G
𝑘


𝑎𝑖𝑗 (𝑢𝑗2 − 𝑢𝑖2))]] ,
(14)

where we exploited Assumption 4 in the last term on the
righthand side of (14). By observing that 𝑢𝑗2 − 𝑢𝑖2 ≤ 𝛾 −𝛾 sgn(�̃�𝑖), 𝑢𝜃𝑘 − 𝑢𝑖2 ≤ 𝜔 − 𝛾 sgn(�̃�𝑖) ≤ 𝛾 − 𝛾 sgn(�̃�𝑖), and𝑢𝑗2 − 𝑢𝑖2 ≤ 𝛾 − 𝛾 sgn(�̃�𝑖), we obtain from (14) that

V̇ (𝑡) ≤ 𝐾∑
𝑘=1

∑
𝑖∈G𝑘

[[𝑝𝑘𝑖 (𝛼 ⌊�̃�𝑖⌉𝑝 + 𝛽 ⌊�̃�𝑖⌉𝑞)
⋅ ( ∑
𝑗∈G𝑘

𝑎𝑖𝑗 (𝑢𝑗1 − 𝑢𝑖1) − 𝑎𝑖𝜃𝑘𝑢𝑖1 + ∑
𝑘 ̸=𝑘

∑
𝑗∈G
𝑘


𝑎𝑖𝑗𝑢𝑗1)]]= −12 (𝛼 ⌊�̃�⌉𝑝 + 𝛽 ⌊�̃�⌉𝑞)T 𝑄(𝛼 ⌊�̃�⌉𝑝 + 𝛽 ⌊�̃�⌉𝑞)
+ 12 (𝛼 ⌊�̃�⌉𝑝 + 𝛽 ⌊�̃�⌉𝑞)T [diag (𝑃1, . . . , 𝑃𝐾) �̃�
+ �̃�Tdiag (𝑃1, . . . , 𝑃𝐾)] ⋅ (𝛼 ⌊�̃�⌉𝑝 + 𝛽 ⌊�̃�⌉𝑞) .

(15)

Recall the definition of 𝜌 in Assumption 9, and it follows from
the Geršgorin disc theorem [40] that the eigenvalues of the
matrix diag(𝑃1, . . . , 𝑃𝐾)�̃� + �̃�Tdiag(𝑃1, . . . , 𝑃𝐾) lie within the
interval [−𝜌, 𝜌]. Hence, we have

V̇ (𝑡) ≤ −12 (𝜆min (𝑄) − 𝜌) (𝛼 ⌊�̃�⌉𝑝 + 𝛽 ⌊�̃�⌉𝑞)T
⋅ (𝛼 ⌊�̃�⌉𝑝 + 𝛽 ⌊�̃�⌉𝑞) (16)

by using the Rayleigh-Ritz theorem [40].
Next, we will estimate the righthand side of (16). Fol-

lowing [32], we set ℎ1(�̃�) = (𝛼⌊�̃�⌉𝑝 + 𝛽⌊�̃�⌉𝑞)T(𝛼⌊�̃�⌉𝑝 +𝛽⌊�̃�⌉𝑞) = 𝛼2∑𝑁𝑖=1 |�̃�𝑖|2𝑝 + 2𝛼𝛽∑𝑁𝑖=1 |�̃�𝑖|𝑝+𝑞 + 𝛽2∑𝑁𝑖=1 |�̃�𝑖|2𝑞,ℎ2(�̃�) = V2𝑝/(𝑝+1)(𝑡), and ℎ3(�̃�) = V2𝑞/(𝑞+1)(𝑡). It follows from
(12) and Lemma 1 that

ℎ2 (�̃�) ≤ ( 𝑝𝛼𝑝 + 1 ( 𝑁∑
𝑖=1

�̃�𝑖)𝑝+1
+ 𝑝𝛽𝑞 + 1 ( 𝑁∑

𝑖=1

�̃�𝑖)𝑞+1)2𝑝/(𝑝+1) ≤ ( 𝑝𝛼𝑝 + 1)2𝑝/(𝑝+1)

⋅ ( 𝑁∑
𝑖=1

�̃�𝑖)2𝑝 + ( 𝑝𝛽𝑞 + 1)2𝑝/(𝑝+1)
⋅ ( 𝑁∑
𝑖=1

�̃�𝑖)2𝑝(𝑞+1)/(𝑝+1)
(17)

since 𝑝, 𝑞 > 0 and 0 < 2𝑝/(𝑝+1) < 1. Similarly, since 2𝑞/(𝑞+1) > 1, we obtain
ℎ3 (�̃�) ≤ ( 𝑝𝛼𝑝 + 1 ( 𝑁∑

𝑖=1

�̃�𝑖)𝑝+1
+ 𝑝𝛽𝑞 + 1 ( 𝑁∑

𝑖=1

�̃�𝑖)𝑞+1)2𝑞/(𝑞+1)
≤ 2(𝑞−1)/(𝑞+1) ( 𝑝𝛼𝑝 + 1)2𝑞/(𝑞+1)( 𝑁∑

𝑖=1

�̃�𝑖)2𝑞(𝑝+1)/(𝑞+1)
+ 2(𝑞−1)/(𝑞+1) ( 𝑝𝛽𝑞 + 1)2𝑞/(𝑞+1)( 𝑁∑

𝑖=1

�̃�𝑖)2𝑞 .

(18)

We consider two cases according to the value of 𝑝.
Case 1 (0 < 𝑝 ≤ 1/2). In this case, we have

ℎ1 (�̃�) ≥ 𝛼2( 𝑁∑
𝑖=1

�̃�𝑖)2𝑝 + 2𝛼𝛽𝑁1−𝑝−𝑞( 𝑁∑
𝑖=1

�̃�𝑖)𝑝+𝑞
+ 𝛽2𝑁1−2𝑞( 𝑁∑

𝑖=1

�̃�𝑖)2𝑞
(19)

by Lemma 1. If ∑𝑁𝑖=1 |�̃�𝑖| ≥ 1, then ℎ1(�̃�) ≥𝛽2𝑁1−2𝑞(∑𝑁𝑖=1 |�̃�𝑖|)2𝑞 by (19), and moreover, (∑𝑁𝑖=1 |�̃�𝑖|)2𝑝 ≤(∑𝑁𝑖=1 |�̃�𝑖|)2𝑞, (∑𝑁𝑖=1 |�̃�𝑖|)2𝑝(𝑞+1)/(𝑝+1) ≤ (∑𝑁𝑖=1 |�̃�𝑖|)2𝑞, and(∑𝑁𝑖=1 |�̃�𝑖|)2𝑞(𝑝+1)/(𝑞+1) ≤ (∑𝑁𝑖=1 |�̃�𝑖|)2𝑞. Recalling the definition
of 𝑐1, we have

ℎ1 (�̃�) ≥ 𝛽2𝑁1−2𝑞𝑐1 (ℎ2 (�̃�) + ℎ3 (�̃�)) (20)



6 Complexity

by using (17) and (18). If ∑𝑁𝑖=1 |�̃�𝑖| ≤ 1, then ℎ1(�̃�) ≥𝛼2(∑𝑁𝑖=1 |�̃�𝑖|)2𝑝 by (19), and moreover, (∑𝑁𝑖=1 |�̃�𝑖|)2𝑞 ≤(∑𝑁𝑖=1 |�̃�𝑖|)2𝑝, (∑𝑁𝑖=1 |�̃�𝑖|)2𝑝(𝑞+1)/(𝑝+1) ≤ (∑𝑁𝑖=1 |�̃�𝑖|)2𝑝, and(∑𝑁𝑖=1 |�̃�𝑖|)2𝑞(𝑝+1)/(𝑞+1) ≤ (∑𝑁𝑖=1 |�̃�𝑖|)2𝑝. Analogously, it follows
from (17) and (18) that

ℎ1 (�̃�) ≥ 𝛼2𝑐1 (ℎ2 (�̃�) + ℎ3 (�̃�)) . (21)

Case 2 (1/2 ≤ 𝑝 < 1). In this case, we have

ℎ1 (�̃�) ≥ 𝛼2𝑁1−2𝑝( 𝑁∑
𝑖=1

�̃�𝑖)2𝑝
+ 2𝛼𝛽𝑁1−𝑝−𝑞( 𝑁∑

𝑖=1

�̃�𝑖)𝑝+𝑞
+ 𝛽2𝑁1−2𝑞( 𝑁∑

𝑖=1

�̃�𝑖)2𝑞
(22)

by Lemma 1. If ∑𝑁𝑖=1 |�̃�𝑖| ≥ 1, we recover (20) similarly. If∑𝑁𝑖=1 |�̃�𝑖| ≤ 1, it follows again from (17) and (18) that

ℎ1 (�̃�) ≥ 𝛼2𝑁1−2𝑝𝑐1 (ℎ2 (�̃�) + ℎ3 (�̃�)) . (23)

Combining (20), (21), and (23) with (16), we are led to the
conclusion that

V̇ (𝑡) ≤ − 𝑐22𝑐1 (𝜆min (𝑄) − 𝜌) (ℎ2 (�̃�) + ℎ3 (�̃�))
≤ − 𝑐22𝑐1 (𝜆min (𝑄) − 𝜌) (V2𝑝/(𝑝+1) (𝑡) + V

2𝑞/(𝑞+1) (𝑡)) . (24)

Recall that 𝑞 = 1/𝑝, and Lemma 7 yields that the convergence
time is bounded by 𝑇max = 𝑐1𝜋(1 + 𝑝)/𝑐2(𝜆min(𝑄) − 𝜌)(1 −𝑝) regardless of initial conditions by taking 𝑎 = 𝑏 =(𝑐2/2𝑐1)(𝜆min(𝑄) − 𝜌) and 𝜇 = (1 + 𝑝)/2(1 − 𝑝) > 1/2. Based
on the comments above, the leader-follower fixed-time group
consensus is achieved and the proof is complete.

Remark 11. Notice that the convergence time upper bound𝑇max is fixed regardless of the initial conditions of the agents.
Moreover, it is easy to check that 𝑇max decreases with respect
to 𝛼 and 𝛽, but independent of 𝛾. When 𝐾 = 1, that is, there
exists only one leader, the problem reduces to the fixed-time
leader-follower consensus, which has been solved in [32].

Remark 12. It is worth noting that the fixed-time group
consensus tracking method studied in [27] essentially relies
on the symmetry of the communication topology of each sub-
group, which is not applicable here. Without the symmetry
condition, a more careful analysis with two cases regarding
the range of parameter 𝑝 is needed. The parameter 0 <𝑝 < 1 contributes to the fixed-time stability [23, 24], and the
division of the two cases is due to technical reasons. Note that

the dependence of upper bound of the settling time, 𝑇max, on𝑝 is involved and nonmonotone (recall that 𝑞 = 1/𝑝). Thus,
the convergence time for the two cases 𝑝 < 1/2 and 𝑝 > 1/2
is not comparable in general.

Remark 13. In controller (7), the third term𝛾 sgn(∑𝑗∈G𝑘∪𝜃𝑘 𝑎𝑖𝑗(𝑥𝑗 − 𝑥𝑖) + ∑𝑘 ̸=𝑘∑𝑗∈G
𝑘

𝑎𝑖𝑗𝑥𝑗) aims to

deal with the dynamic leaders. If 𝜔 = 0, that is, the leaders
are static, one can choose the parameter 𝛾 = 0. In this case,
the control protocol becomes

𝑢𝑖 = 𝛼[[[[ ∑
𝑗∈G𝑘∪𝜃𝑘

𝑎𝑖𝑗 (𝑥𝑗 − 𝑥𝑖) + ∑
𝑘 ̸=𝑘

∑
𝑗∈G
𝑘


𝑎𝑖𝑗𝑥𝑗]]]]
𝑝

+ 𝛽[[[[ ∑
𝑗∈G𝑘∪𝜃𝑘

𝑎𝑖𝑗 (𝑥𝑗 − 𝑥𝑖) + ∑
𝑘 ̸=𝑘

∑
𝑗∈G
𝑘


𝑎𝑖𝑗𝑥𝑗]]]]
𝑞

(25)

for 𝑖 ∈ G𝑘, 𝑘 = 1, . . . , 𝐾, which is consistent with the protocol
in [24] in the special case of 𝐾 = 1 and 𝐴 = 𝐴T.

4. Numerical Examples

In this section, we present some numerical examples to illus-
trate our theoretical results. Consider a multiagent system
(6)-(7) with 𝐾 = 3 leader agents and 𝑁 = 9 follower agents
having G1 = {1, 2, 3, 4}, G2 = {5, 6}, and G3 = {7, 8, 9}. The
network topology𝐺 together with its associated edge weights
is shown in Figure 1. The control inputs for the three leaders
are taken as 𝑢𝜃1 = −1, 𝑢𝜃2 = 1 + cos(𝑡), and 𝑢𝜃3 = 2 cos(𝑡);
they are bounded by 𝜔 = 2. By direct calculations, we have𝜌 = 1.2 and 𝜆min(𝑄) = 1.5. It is then easy to check that
Assumptions 3, 4, and 9 are true. It is noteworthy that some
negative weights between different subgroups are present.
They indicate that the interactions between nodes in different
subgroup can be competitive [27, 36], which play a crucial
role in the analysis of bipartite consensus over signed graphs
[41].

Example 1 (𝑝 = 1/3 and 𝑞 = 3). In this example, we consider
the case of 𝑝 = 1/3 < 1/2. By taking 𝛼 = 𝛽 = 1 and 𝛾 = 2, we
obtain fromTheorem 10 an explicit estimation of the settling
time as 𝑇max ≈ 4.5 × 106 s, which is independent of the initial
conditions of the multiagent system. With the initial con-
ditions (𝑥𝜃1(0), 𝑥𝜃2(0), 𝑥𝜃3(0), 𝑥1(0), 𝑥2(0), 𝑥3(0), 𝑥4(0), 𝑥5(0),𝑥6(0), 𝑥7(0), 𝑥8(0), 𝑥9(0)) = (−3, 1, 6, −2, 4, −1, 3, 4, −6, 4, 3,−5) and (𝑥𝜃1(0), 𝑥𝜃2(0), 𝑥𝜃3(0), 𝑥1(0), 𝑥2(0), 𝑥3(0), 𝑥4(0), 𝑥5(0),𝑥6(0), 𝑥7(0), 𝑥8(0), 𝑥9(0)) = (150, 100, −200, −130, 200, −150,300, 250, −125, 300, −250, −100), the simulation results are
shown in Figures 2(a) and 2(b), respectively.We observe that,
for all the initial conditions, the follower agents are able to
track their corresponding leaders quite rapidly. In view of
the conservativeness of our theoretical estimation, a more
practical settling time could be derived by simulating the
dynamical system for the followers with sufficiently large ini-
tial conditions.This is viable since the fixed-time convergence
is theoretically guaranteed and thus the convergence timewill
tend to a finite limit as the initial conditions increase. As
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Figure 1: Communication topology.
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Figure 2: Leader-follower fixed-time group consensus for the multiagent system (6)-(7) in Example 1. (a) is for (𝑥𝜃1 (0), 𝑥𝜃2 (0),𝑥𝜃3 (0), 𝑥1(0), 𝑥2(0), 𝑥3(0), 𝑥4(0), 𝑥5(0), 𝑥6(0), 𝑥7(0), 𝑥8(0), 𝑥9(0)) = (−3, 1, 6, −2, 4, −1, 3, 4, −6, 4, 3, −5); and (b) is for (𝑥𝜃1 (0), 𝑥𝜃2 (0), 𝑥𝜃3 (0),𝑥1(0), 𝑥2(0), 𝑥3(0), 𝑥4(0), 𝑥5(0), 𝑥6(0), 𝑥7(0), 𝑥8(0), 𝑥9(0)) = (150, 100, −200, −130, 200, −150, 300, 250, −125, 300, −250, −100).
such, we estimate the convergence time as about 10 s through
simulations over sufficiently large initial conditions.

Example 2 (𝑝 = 2/3 and 𝑞 = 3/2). In this example, we
consider the case of 𝑝 = 2/3 > 1/2. By taking 𝛼 =𝛽 = 1 and 𝛾 = 2 again, we obtain from Theorem 10 an

explicit estimation of the settling time as 𝑇max ≈ 1.3 ×104 s, which is independent of the initial conditions of the
multiagent system. With the same initial conditions as in
Example 1, the simulation results are shown in Figures 3(a)
and 3(b), respectively. Similarly, the estimated settling time
upper bound is very conservative. By simulating the system
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Figure 3: Leader-follower fixed-time group consensus for the multiagent system (6)-(7) in Example 2. (a) is for (𝑥𝜃1 (0), 𝑥𝜃2 (0), 𝑥𝜃3 (0),𝑥1(0), 𝑥2(0), 𝑥3(0), 𝑥4(0), 𝑥5(0), 𝑥6(0), 𝑥7(0), 𝑥8(0), 𝑥9(0)) = (−3, 1, 6, −2, 4, −1, 3, 4, −6, 4, 3, −5); and (b) is for (𝑥𝜃1 (0), 𝑥𝜃2 (0), 𝑥𝜃3 (0), 𝑥1(0),𝑥2(0), 𝑥3(0), 𝑥4(0), 𝑥5(0), 𝑥6(0), 𝑥7(0), 𝑥8(0), 𝑥9(0)) = (150, 100, −200, −130, 200, −150, 300, 250, −125, 300, −250, −100).
with sufficiently large initial conditions, the convergence time
can be determined as about 10 s.

5. Conclusions

In this paper, the fixed-time consensus problem is generalized
to the group tracking control ofmultiagent systemswithmul-
tiple leaders and the underlying communication topology is
composed of a directed network. A newdistributed controller
is proposedwhich solves the leader-follower fixed-time group
consensus problem. An explicit estimation of the settling
time is provided regardless of the initial conditions. As future
works, we will consider how to obtain sharper estimation
of the settling time over directed networks and study the
effect of communication delays as well as robustness against
disturbances.
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This paper aims to investigate the outer-synchronization of fractional-order neural networks. Using centralized and decentralized
data-sampling principles and the theory of fractional differential equations, sufficient criteria about outer-synchronization of
the controlled fractional-order neural networks are derived for structure-dependent centralized data-sampling, state-dependent
centralized data-sampling, and state-dependent decentralized data-sampling, respectively. A numerical example is also given to
illustrate the superiority of theoretical results.

1. Introduction

Fractional operator has become visible in application
domains [1–15]. As the demanding performance expectations
with uncertainty, fractional operator offers more degrees of
freedom to designers to meet some predefined performance
indexes. After gradually recognizing the importance of
fractional operator, it is found that the description of
fractional-order model is more accurate and totally different
from that of the corresponding integer-order model. As
a direct application, the characteristic of fractional-order
model can be used to identify possible behavior of electrical
signals from neurons. In physical implementation of
neurodynamic systems, arbitrary order analog fractance
circuit is most appropriate, which reveals profoundly the
relationships among neural circuit elements [9–11]. In that
way, real neurodynamic systems should be addressed by
fractional-order models. Fractional-order neurodynamic
systems can better describe how action potentials in neurons
are launched and spread. In addition, fractional-order
neurodynamic systems possess infinite memory, and yet,
integer-order neurodynamic systems are not of such feature
[3–8, 12–15]. Therefore, fractional-order neurodynamic
systems have the potential to accomplish what integer-
order ones can not do. More feasible analysis methods and

easy-to-use techniques to be deal with fractional-order
neurodynamic systems are worth looking into.

As a coherent behavior within nonlinear systems, syn-
chronization of nonlinear systems has attracted phenomenal
worldwide attention. Many studies have shown that synchro-
nization mechanism is a universal phenomenon and has a
wide range of applications in engineering systems. Gener-
ally, two schemes for synchronization are frequently used:
inner-synchronization and outer-synchronization. For inner-
synchronization, all nodes within a network will achieve a
coherent behavior. However, for outer-synchronization, all
individuals in two networks will achieve identical behav-
iors. In many application fields, outer-synchronization may
seem practical [16–23]. For example, in heuristic computa-
tional intelligence, it is known that outer-synchronization
is rooted in brain-inspired computing from evolutionary
strategies to cognitive tasks. Nevertheless, results focusing
on outer-synchronization of complex control systems have
seldom been reported [19]. Control strategy for outer-
synchronization deserves more investigation.

Sampled-data control through only using the local infor-
mation has recently generated significant research interest
[24–38]. Unlike continuous-time control, which requires
the continuous communication data, sampled-data control
is more appropriate under networked environment. For
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control systems, once we can give effective sampling policies
and schedule, then the sampled-data control will reduce
communication data and save energy dramatically. Thus,
how to develop high-efficiency, heuristic information-based
sampled-data control with the ultimate aim of maximizing
the data collected is worth studying [38]. However, relevant
studies of the data-sampling strategy for control systems are
still in early stage.

Motivated by the above discussions, in this paper, we
introduce the centralized and decentralized data-sampling
principles to achieve outer-synchronization between coupled
fractional-order neural networks. The efficient allocation of
the limited energy resources of centralized and decentralized
data-sampling principles that maximizes the information
value of the data collected is clearly a step forward. Mean-
while, to more efficiently design the sampling method, we
merge the structure and state clusters through centralized and
decentralized data-sampling principles and then select the
best sampling time. On the basis of some analytical tools of
fractional differential equations, a series of criteria on outer-
synchronization are derived. It should be noted that such
criteria capture the information on sampling pattern andmay
have much wider application range.

The rest of the paper is organized as follows. In Section 2,
we present the preliminaries and problem formulation. In
Section 3, we state main results in detail. In Section 4,
simulation example is illustrated. Finally, Section 5 concludes
the paper.

2. Preliminaries and Problem Formulation

First, some preliminaries of fractional operator are given.
Fractional integral 𝐼𝑞(⋅) for H(𝑡) with order 𝑞 > 0 is

described as

𝐼𝑞H (𝑡) = 1Γ (𝑞) ∫
𝑡

𝑡0

(𝑡 − 𝑠)𝑞−1H (𝑠) 𝑑𝑠, 𝑡 ≥ 𝑡0, (1)

where Γ(⋅) is Gamma function and 𝑡0 is the initial time.
Caputo fractional derivative 𝐶𝐷𝑞𝑡0(⋅) for H(𝑡) ∈

C𝑚+1([𝑡0, +∞),R) with order 𝑞 > 0 is described as

𝐶𝐷𝑞𝑡0H (𝑡) = 1Γ (𝑚 − 𝑞) ∫
𝑡

𝑡0

H(𝑚) (𝑠)
(𝑡 − 𝑠)𝑞−𝑚+1 𝑑𝑠, 𝑡 ≥ 𝑡0, (2)

where Γ(⋅) is Gamma function,𝑚−1 < 𝑞 < 𝑚, 𝑚 is a positive
integer, and 𝑡0 is the initial time.

One-parameter Mittag-Leffler function 𝐸𝑞(⋅) is described
as

𝐸𝑞 (𝑠) = +∞∑
𝑘=0

𝑠𝑘Γ (𝑘𝑞 + 1) , (3)

where Γ(⋅) is Gamma function, 𝑞 > 0, and 𝑠 is a complex
number.

Consider a class of fractional-order neural networks

𝐶𝐷𝑞𝑡0𝑥𝑖 (𝑡) = −𝑎𝑖 (𝑡) 𝑥𝑖 (𝑡) + 𝑛∑
𝑗=1

𝑏𝑖𝑗 (𝑡) 𝑓𝑗 (𝑥𝑗 (𝑡))
+ 𝑢𝑖 (𝑡) , 𝑖 = 1, 2, . . . , 𝑛,

(4)

where 0 < 𝑞 < 1, 𝑎𝑖(𝑡) > 0, 𝑏𝑖𝑗(𝑡) and 𝑢𝑖(𝑡) are
piecewise continuous and bounded, and feedback function𝑓𝑗(⋅) satisfies
0 ≤ 𝑓𝑗 (U1) − 𝑓𝑗 (U2)

U1 −U2
≤ 𝐹𝑗,

∀U1,U2 ∈ R, U1 ̸= U2,
(5)

in which 𝐹𝑗 > 0, 𝑗 = 1, 2, . . . , 𝑛.
For the centralized data-sampling principle, (4) is rewrit-

ten as

𝐶𝐷𝑞𝑡0𝑥𝑖 (𝑡) = −𝑎𝑖 (𝑡) 𝑥𝑖 (𝑡𝑘) + 𝑛∑
𝑗=1

𝑏𝑖𝑗 (𝑡) 𝑓𝑗 (𝑥𝑗 (𝑡𝑘))
+ 𝑢𝑖 (𝑡) , 𝑖 = 1, 2, . . . , 𝑛,

(6)

where 𝑡𝑘 is simple notion of 𝑡𝑘(𝑡) with 𝑘(𝑡) = max{K : 𝑡K ≤ 𝑡}
and 0 = 𝑡0 < 𝑡1 < ⋅ ⋅ ⋅ < 𝑡𝑘 < ⋅ ⋅ ⋅ is uniform for all the system
states. Every neuron intersperses its state to its out-neighbors
and receives the state information from its in-neighbors at the
same time point 𝑡𝑘.

For the decentralized data-sampling principle, (4) is
rewritten as

𝐶𝐷𝑞𝑡0𝑥𝑖 (𝑡) = −𝑎𝑖 (𝑡) 𝑥𝑖 (𝑡𝑖𝑘) + 𝑛∑
𝑗=1

𝑏𝑖𝑗 (𝑡) 𝑓𝑗 (𝑥𝑗 (𝑡𝑗𝑘))
+ 𝑢𝑖 (𝑡) , 𝑖 = 1, 2, . . . , 𝑛,

(7)

where 𝑡𝑖𝑘 is simple notion of 𝑡𝑖𝑘(𝑡) with 𝑘(𝑡) = max{K : 𝑡𝑖K ≤ 𝑡}
and 0 = 𝑡𝑖0 < 𝑡𝑖1 < ⋅ ⋅ ⋅ < 𝑡𝑖𝑘 < ⋅ ⋅ ⋅ is distributed for𝑖 ∈ {1, 2, . . . , 𝑛}. Each neuron 𝑖 pushes its state information
to its out-neighbors at time 𝑡𝑖𝑘 when it updates its state. It
receives the information of in-neighbor state at time 𝑡𝑗

𝑘
when

the neighbor neuron 𝑗 updates its state.
Now, we state definition and problem formulation.

Definition 1 (see [19]). For any two trajectories 𝑤(𝑡) =(𝑤1(𝑡), 𝑤2(𝑡), . . . , 𝑤𝑛(𝑡))𝑇 and 𝑤(𝑡) = (𝑤1(𝑡), 𝑤2(𝑡), . . . ,𝑤𝑛(𝑡))𝑇 of (4) starting from different initial values 𝑤(0) and𝑤(0), if there exists some control scheme such that

lim
𝑡→+∞

‖𝑤 (𝑡) − 𝑤 (𝑡)‖ = 0, (8)

then we call system (4) can achieve outer-synchronization,
where ‖ ⋅ ‖ denotes norm.

Let 𝑢(𝑡) = (𝑢1(𝑡), 𝑢2(𝑡), . . . , 𝑢𝑛(𝑡))𝑇 and V(𝑡) = (V1(𝑡),
V2(𝑡), . . . , V𝑛(𝑡))𝑇 be two trajectories of (6) starting from
different initial values 𝑢(0) and V(0). Defining 𝑧𝑖(𝑡) = 𝑢𝑖(𝑡) −
V𝑖(𝑡), 𝑖 = 1, 2, . . . , 𝑛, it follows that
𝐶𝐷𝑞𝑡0𝑧𝑖 (𝑡) = −𝑎𝑖 (𝑡) 𝑧𝑖 (𝑡𝑘) + 𝑛∑

𝑗=1

𝑏𝑖𝑗 (𝑡) ℎ𝑗 (𝑡𝑘) ,
𝑖 = 1, 2, . . . , 𝑛,

(9)
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where ℎ𝑗(𝑡) = 𝑓𝑗(𝑢𝑗(𝑡)) − 𝑓𝑗(V𝑗(𝑡)), 𝑗 = 1, 2, . . . , 𝑛, for all𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1), 𝑘 = 0, 1, 2, . . . .
When we adopt the centralized data-sampling principle

via structure to achieve outer-synchronization of (6), accord-
ing to Definition 1, we need to design control strategy based
on system structure of (9) such that

lim
𝑡→+∞

‖𝑧 (𝑡)‖ = 0, (10)

where ‖ ⋅ ‖ denotes norm, 𝑧(𝑡) = (𝑧1(𝑡), 𝑧2(𝑡), . . . , 𝑧𝑛(𝑡))𝑇.
When we adopt the centralized data-sampling principle

via state to achieve outer-synchronization of (6), in this case,
consider state measurement error

𝑒𝑖 (𝑡) = 𝑧𝑖 (𝑡𝑘) − 𝑧𝑖 (𝑡) , 𝑖 = 1, 2, . . . , 𝑛, (11)

where 𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1), 𝑘 = 0, 1, 2, . . . . According to
Definition 1, we need to design control strategy based on state
measurement error (11) such that

lim
𝑡→+∞

‖𝑧 (𝑡)‖ = 0, (12)

where ‖ ⋅ ‖ denotes norm, 𝑧(𝑡) = (𝑧1(𝑡), 𝑧2(𝑡), . . . , 𝑧𝑛(𝑡))𝑇.
Let 𝑢(𝑡) = (𝑢1(𝑡), 𝑢2(𝑡), . . . , 𝑢𝑛(𝑡))𝑇 and V(𝑡) =(V1(𝑡), V2(𝑡), . . . , V𝑛(𝑡))𝑇 be two trajectories of (7) starting

from different initial values 𝑢(0) and V(0). Defining 𝑧𝑖(𝑡) =𝑢𝑖(𝑡) − V𝑖(𝑡), 𝑖 = 1, 2, . . . , 𝑛, it follows that
𝐶𝐷𝑞𝑡0𝑧𝑖 (𝑡) = −𝑎𝑖 (𝑡) 𝑧𝑖 (𝑡𝑖𝑘) + 𝑛∑

𝑗=1

𝑏𝑖𝑗 (𝑡) ℎ𝑗 (𝑡𝑗𝑘) ,
𝑖 = 1, 2, . . . , 𝑛,

(13)

where ℎ𝑗(𝑡) = 𝑓𝑗(𝑢𝑗(𝑡)) − 𝑓𝑗(V𝑗(𝑡)), 𝑗 = 1, 2, . . . , 𝑛, for all
𝑡 ∈ [𝑡𝑗
𝑘
, 𝑡𝑗
𝑘+1

), 𝑘 = 0, 1, 2, . . . .
When we adopt the decentralized data-sampling princi-

ple via state to achieve outer-synchronization of (7), in this
case, consider state measurement error

𝑒𝑖 (𝑡) = 𝑧𝑖 (𝑡𝑖𝑘) − 𝑧𝑖 (𝑡) , 𝑖 = 1, 2, . . . , 𝑛, (14)

where 𝑡 ∈ [𝑡𝑖𝑘, 𝑡𝑖𝑘+1), 𝑘 = 0, 1, 2, . . . . According to
Definition 1, we need to design control strategy based on state
measurement error (14) such that

lim
𝑡→+∞

‖𝑧 (𝑡)‖ = 0, (15)

where ‖ ⋅ ‖ denotes norm, 𝑧(𝑡) = (𝑧1(𝑡), 𝑧2(𝑡), . . . , 𝑧𝑛(𝑡))𝑇.
Next, we present relevant lemmas.

Lemma 2 (see [1]). Let 0 < 𝑞 < 1. IfH(𝑡) ∈ C1[𝑡0, +∞], then
𝐶𝐷𝑞𝑡0 |H (𝑡)| ≤ sgn (H (𝑡)) 𝐶𝐷𝑞𝑡0H (𝑡) , 𝑡 ≥ 𝑡0, (16)

where

𝐶𝐷𝑞𝑡0 |H (𝑡)| = 1Γ (1 − 𝑞) ∫
𝑡

𝑡0

(𝑑/𝑑𝑠) |H (𝑠)|(𝑡 − 𝑠)𝑞 𝑑𝑠. (17)

Lemma 3 (see [39]). Given 𝑞 > 0, letA(𝑡) be nonnegative and
locally integrable on [𝑎, 𝑏); let G(𝑡) be continuous, bounded,
nonnegative, and nondecreasing on [𝑎, 𝑏). Assuming Y(𝑡) to
be nonnegative and locally integrable on [𝑎, 𝑏) with
Y (𝑡) ≤ A (𝑡) +G (𝑡) ∫𝑡

0
(𝑡 − 𝑠)𝑞−1Y (𝑠) 𝑑𝑠,

𝑡 ∈ [𝑎, 𝑏) ,
(18)

then
Y (𝑡)

≤ A (𝑡)
+ ∫𝑡
0

+∞∑
𝑘=1

[[G (𝑡) Γ (𝑞)]𝑘
Γ (𝑘𝑞) (𝑡 − 𝑠)𝑘𝑞−1A (𝑠)] 𝑑𝑠,

𝑡 ∈ [𝑎, 𝑏) .

(19)

Moreover, ifA(𝑡) is nondecreasing on [𝑎, 𝑏), then
Y (𝑡) ≤ A (𝑡) 𝐸𝑞 (G (𝑡) Γ (𝑞) 𝑡𝑞) , 𝑡 ∈ [𝑎, 𝑏) , (20)

where Γ(⋅) is Gamma function and 𝐸𝑞(⋅) is one-parameter
Mittag-Leffler function.

In the following, we end this section with some notations
that are needed later.

Let 𝛽𝑖 > 0 (𝑖 = 1, 2, . . . , 𝑛) be positive constants,
throughout this paper; denote

𝜃𝑖 (𝑡) = 𝑎𝑖 (𝑡) − 𝐹𝑖𝑏+𝑖𝑖 (𝑡) ,
𝜆𝑗 (𝛽, 𝑡) = 𝜃𝑗 (𝑡) − 𝐹𝑗 𝑛∑

𝑗=1,𝑗 ̸=𝑖

𝛽𝑖𝛽𝑗
𝑏𝑖𝑗 (𝑡) ,

𝜌 (𝑡) = max
1≤𝑖≤𝑛

{𝑎𝑖 (𝑡) − 𝐹𝑖𝑏−𝑖𝑖 (𝑡)} ,
(21)

𝑀 = max
1≤𝑗≤𝑛

sup
𝑡≥𝑡0

{𝑎𝑗 (𝑡) + 𝑛∑
𝑖=1

𝛽𝑖𝛽𝑗
𝑏𝑖𝑗 (𝑡) 𝐹𝑗} , (22)

where 𝑏+𝑖𝑖 (𝑡) = max{0, 𝑏𝑖𝑖(𝑡)}, 𝑏−𝑖𝑖 (𝑡) = min{0, 𝑏𝑖𝑖(𝑡)}. For
vector V = (V1,V2, . . . ,V𝑛)𝑇, vector norm ‖V‖ =∑𝑛𝑖=1 𝛽𝑖|V𝑖|. In addition, by the boundedness of 𝑎𝑖(𝑡) and𝑏𝑖𝑗(𝑡), there exist positive constants 𝐵 and 𝐶 such that

sup
𝑡≥𝑡0

𝜌 (𝑡) ≤ 𝐵,
max
1≤𝑗≤𝑛

sup
𝑡≥𝑡0

𝜆𝑗 (𝛽, 𝑡) ≤ 𝐶. (23)

3. Main Results

For problem formulation in preceding section, in this sec-
tion, we propose the corresponding control schemes for
centralized data-sampling principle and decentralized data-
sampling principle, respectively.

To facilitate the narrative, we first address the control
designs, then review, and analyze the theoretical results.
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3.1. Centralized Data-Sampling Principle

Theorem 4. Let 0 < 𝜀 < 1 and 𝜄 > 0 be positive constants
with 𝐵𝜀 ≤ 𝜄 and 𝐶𝜀 ≤ 𝜄(2 − 𝜀). Assume that there exist positive
constants 𝛽𝑖 > 0 (𝑖 = 1, 2, . . . , 𝑛) such that 𝜆𝑗(𝛽, 𝑡) ≥ 𝜄 for all𝑗 = 1, 2, . . . , 𝑛 and 𝑡 ∈ [𝑡0, +∞). Set 𝑡𝑘+1 as a time point such
that

𝑡𝑘+1
= sup
𝜏≥𝑡𝑘

{𝜏 : min
1≤𝑗≤𝑛

( 1Γ (𝑞) ∫
𝑡

𝑡𝑘

(𝑡 − 𝑠)𝑞−1 𝜆𝑗 (𝛽, 𝑠) 𝑑𝑠)
≤ 𝜀, ∀𝑡 ∈ (𝑡𝑘, 𝜏]}

(24)

for 𝑘 = 0, 1, 2, . . . . Then system (6) reaches outer-
synchronization.

Proof. From 𝜆𝑗(𝛽, 𝑡) ≥ 𝜄 for all 𝑗 = 1, 2, . . . , 𝑛 and 𝑡 ∈[𝑡0, +∞), together with (23), it follows that

𝜄Γ (𝑞) ∫
𝑡

𝑡𝑘

(𝑡 − 𝑠)𝑞−1 𝑑𝑠
≤ 1Γ (𝑞) ∫

𝑡

𝑡𝑘

(𝑡 − 𝑠)𝑞−1 𝜆𝑗 (𝛽, 𝑠) 𝑑𝑠
≤ 𝐶Γ (𝑞) ∫

𝑡

𝑡𝑘

(𝑡 − 𝑠)𝑞−1 𝑑𝑠;
(25)

then

𝜄 (𝑡 − 𝑡𝑘)𝑞Γ (𝑞 + 1) ≤ 1Γ (𝑞) ∫
𝑡

𝑡𝑘

(𝑡 − 𝑠)𝑞−1 𝜆𝑗 (𝛽, 𝑠) 𝑑𝑠
≤ 𝐶 (𝑡 − 𝑡𝑘)𝑞Γ (𝑞 + 1) ,

(26)

for all 𝑗 = 1, 2, . . . , 𝑛 and any 𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1). According to (9),𝑧(𝑡) = (𝑧1(𝑡), 𝑧2(𝑡), . . . , 𝑧𝑛(𝑡))𝑇 will not update until
min
1≤𝑗≤𝑛

( 1Γ (𝑞) ∫
𝑡

𝑡𝑘

(𝑡 − 𝑠)𝑞−1 𝜆𝑗 (𝛽, 𝑠) 𝑑𝑠) = 𝜀 (27)

at time point 𝑡 = 𝑡𝑘+1. Thus, we get 𝜄(𝑡𝑘+1 − 𝑡𝑘)𝑞/Γ(𝑞+1) ≤ 𝜀 ≤𝐶(𝑡𝑘+1 − 𝑡𝑘)𝑞/Γ(𝑞 + 1), which implies

𝜀𝐶 ≤ (𝑡𝑘+1 − 𝑡𝑘)𝑞Γ (𝑞 + 1) ≤ 𝜀𝜄 , (28)

for 𝑘 = 0, 1, 2, . . . .Then

𝑡𝑘 ≥ 𝑡0 + 𝑘(Γ (𝑞 + 1) 𝜀
𝐶 )1/𝑞 ; (29)

therefore, the Zeno behavior can be excluded. Combining
with (24) and (28),

1Γ (𝑞) ∫
𝑡𝑘+1

𝑡𝑘

(𝑡𝑘+1 − 𝑠)𝑞−1 𝜆𝑗 (𝛽, 𝑠) 𝑑𝑠 ≤ 𝐶𝜀𝜄 ≤ 2 − 𝜀,
1Γ (𝑞) ∫
𝑡𝑘+1

𝑡𝑘

(𝑡𝑘+1 − 𝑠)𝑞−1 𝜆𝑗 (𝛽, 𝑠) 𝑑𝑠
≥ min
1≤𝑗≤𝑛

1Γ (𝑞) ∫
𝑡𝑘+1

𝑡𝑘

(𝑡𝑘+1 − 𝑠)𝑞−1 𝜆𝑗 (𝛽, 𝑠) 𝑑𝑠 = 𝜀,
(30)

so

𝜀 ≤ 1Γ (𝑞) ∫
𝑡𝑘+1

𝑡𝑘

(𝑡𝑘+1 − 𝑠)𝑞−1 𝜆𝑗 (𝛽, 𝑠) 𝑑𝑠 ≤ 2 − 𝜀, (31)

for 𝑘 = 0, 1, 2, . . . . By the definition of vector norm in this
paper, from (9), now let us consider 𝑧𝑖(𝑡) (𝑖 = 1, 2, . . . , 𝑛) at
time 𝑡 = 𝑡𝑘+1,

𝑧 (𝑡𝑘+1) =
𝑛∑
𝑖=1

𝛽𝑖 𝑧𝑖 (𝑡𝑘+1) =
𝑛∑
𝑖=1

𝛽𝑖
𝑧𝑖 (𝑡𝑘) +

1Γ (𝑞)
⋅ ∫𝑡𝑘+1
𝑡𝑘

(𝑡𝑘+1 − 𝑠)𝑞−1

⋅ [
[
−𝑎𝑖 (𝑠) 𝑧𝑖 (𝑡𝑘) + 𝑛∑

𝑗=1

𝑏𝑖𝑗 (𝑠) ℎ𝑗 (𝑡𝑘)]]
𝑑𝑠
 =
𝑛∑
𝑖=1

𝛽𝑖

⋅
𝑧𝑖 (𝑡𝑘) +

1Γ (𝑞) ∫
𝑡𝑘+1

𝑡𝑘

(𝑡𝑘+1 − 𝑠)𝑞−1 [
[
−𝑎𝑖 (𝑠) 𝑧𝑖 (𝑡𝑘)

+ 𝑏𝑖𝑖 (𝑠)𝑚𝑖 (𝑡𝑘) 𝑧𝑖 (𝑡𝑘)
+ 𝑛∑
𝑗=1,𝑗 ̸=𝑖

𝑏𝑖𝑗 (𝑠)𝑚𝑗 (𝑡𝑘) 𝑧𝑗 (𝑡𝑘)]]
𝑑𝑠
 =
𝑛∑
𝑖=1

𝛽𝑖

⋅
𝑧𝑖 (𝑡𝑘) {1 −

1Γ (𝑞) ∫
𝑡𝑘+1

𝑡𝑘

(𝑡𝑘+1 − 𝑠)𝑞−1

⋅ [𝑎𝑖 (𝑠) − 𝑏𝑖𝑖 (𝑠)𝑚𝑖 (𝑡𝑘)] 𝑑𝑠} + 1Γ (𝑞)
⋅ 𝑛∑
𝑗=1,𝑗 ̸=𝑖

∫𝑡𝑘+1
𝑡𝑘

(𝑡𝑘+1 − 𝑠)𝑞−1

⋅ [𝑏𝑖𝑗 (𝑠)𝑚𝑗 (𝑡𝑘) 𝑧𝑗 (𝑡𝑘)] 𝑑𝑠
 ,

(32)

where

𝑚𝑖 (𝑡) = {{{
ℎ𝑖 (𝑡)𝑧𝑖 (𝑡) , 𝑧𝑖 (𝑡) ̸= 0,
0, 𝑧𝑖 (𝑡) = 0. (33)
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According to (5), obviously, 0 ≤ 𝑚𝑖(𝑡) ≤ 𝐹𝑖 for all 𝑖 =1, 2, . . . , 𝑛, 𝑡 > 𝑡0, and
𝑏−𝑖𝑖 (𝑠) 𝐹𝑖 ≤ 𝑏𝑖𝑖 (𝑠)𝑚𝑖 (𝑡𝑘) ≤ 𝑏+𝑖𝑖 (𝑠) 𝐹𝑖. (34)

Notice that 𝐵𝜀 ≤ 𝜄; then for any 𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1],
1Γ (𝑞) ∫
𝑡𝑘+1

𝑡𝑘

(𝑡𝑘+1 − 𝑠)𝑞−1 [𝑎𝑖 (𝑠) − 𝑏𝑖𝑖 (𝑠)𝑚𝑖 (𝑡𝑘)] 𝑑𝑠
≤ 1Γ (𝑞) ∫

𝑡𝑘+1

𝑡𝑘

(𝑡𝑘+1 − 𝑠)𝑞−1 [𝑎𝑖 (𝑠) − 𝑏−𝑖𝑖 (𝑠) 𝐹𝑖] 𝑑𝑠
≤ 𝐵Γ (𝑞) ∫

𝑡𝑘+1

𝑡𝑘

(𝑡𝑘+1 − 𝑠)𝑞−1 𝑑𝑠 = 𝐵 (𝑡𝑘+1 − 𝑡𝑘)𝑞Γ (𝑞 + 1)
≤ 𝐵𝜀𝜄 ≤ 1;

(35)

thus

1 − 1Γ (𝑞) ∫
𝑡𝑘+1

𝑡𝑘

(𝑡𝑘+1 − 𝑠)𝑞−1 [𝑎𝑖 (𝑠) − 𝑏𝑖𝑖 (𝑠)𝑚𝑖 (𝑡𝑘)] 𝑑𝑠
≥ 0.

(36)

By (32) and (36),

𝑧 (𝑡𝑘+1) =
𝑛∑
𝑖=1

𝛽𝑖 𝑧𝑖 (𝑡𝑘+1) ≤
𝑛∑
𝑖=1

𝛽𝑖𝑧𝑖 (𝑡𝑘) {1 − 1Γ (𝑞)
⋅ ∫𝑡𝑘+1
𝑡𝑘

(𝑡𝑘+1 − 𝑠)𝑞−1 [𝑎𝑖 (𝑠) − 𝑏𝑖𝑖 (𝑠)𝑚𝑖 (𝑡𝑘)] 𝑑𝑠}
+ 1Γ (𝑞)

𝑛∑
𝑖=1

𝛽𝑖
⋅ 𝑛∑
𝑗=1,𝑗 ̸=𝑖

∫𝑡𝑘+1
𝑡𝑘

(𝑡𝑘+1 − 𝑠)𝑞−1 𝑏𝑖𝑗 (𝑠)𝑚𝑗 (𝑡𝑘) 𝑧𝑗 (𝑡𝑘) 𝑑𝑠

≤ 𝑛∑
𝑗=1

𝛽𝑗 𝑧𝑗 (𝑡𝑘) {1 − 1Γ (𝑞)
⋅ ∫𝑡𝑘+1
𝑡𝑘

(𝑡𝑘+1 − 𝑠)𝑞−1 [𝑎𝑗 (𝑠) − 𝑏+𝑗𝑗 (𝑠) 𝐹𝑗] 𝑑𝑠} + 1Γ (𝑞)
⋅ 𝑛∑
𝑖=1

𝑛∑
𝑗=1,𝑗 ̸=𝑖

𝛽𝑗 𝑧𝑗 (𝑡𝑘)
⋅ ∫𝑡𝑘+1
𝑡𝑘

[(𝑡𝑘+1 − 𝑠)𝑞−1 𝛽𝑖𝛽𝑗
𝑏𝑖𝑗 (𝑠) 𝐹𝑗]𝑑𝑠

≤ 𝑛∑
𝑗=1

𝛽𝑗 𝑧𝑗 (𝑡𝑘) {1 − 1Γ (𝑞)
⋅ ∫𝑡𝑘+1
𝑡𝑘

(𝑡𝑘+1 − 𝑠)𝑞−1 𝜆𝑗 (𝛽, 𝑠) 𝑑𝑠} ≤ (1 − 𝜀)
⋅ 𝑛∑
𝑗=1

𝛽𝑗 𝑧𝑗 (𝑡𝑘) = (1 − 𝜀) 𝑧 (𝑡𝑘) ,

(37)

which leads to

𝑧 (𝑡𝑘) = 𝑜 (𝑡−𝑞−1
𝑘

) , 𝑡𝑘 → +∞, (38)

hence

lim
𝑡𝑘→+∞

𝑧 (𝑡𝑘) = 0. (39)

Recalling system (9), we have

lim
𝑡→+∞

‖𝑧 (𝑡)‖ = lim
𝑡→+∞

𝑛∑
𝑖=1

𝛽𝑖 𝑧𝑖 (𝑡) − 𝑧𝑖 (𝑡𝑘) + 𝑧𝑖 (𝑡𝑘)

= lim
𝑡→+∞

𝑧 (𝑡𝑘) + lim
𝑡→+∞

𝑛∑
𝑖=1

𝛽𝑖


1Γ (𝑞) ∫
𝑡𝑘+1

𝑡𝑘

(𝑡 − 𝑠)𝑞−1

⋅ [
[
−𝑎𝑖 (𝑠) 𝑧𝑖 (𝑡𝑘) + 𝑛∑

𝑗=1

𝑏𝑖𝑗 (𝑠) ℎ𝑗 (𝑡𝑘)]]
𝑑𝑠


≤ lim
𝑘→+∞

𝑧 (𝑡𝑘) + lim
𝑡→+∞

𝑀 𝑛∑
𝑗=1

𝛽𝑗 𝑧𝑗 (𝑡𝑘) 1Γ (𝑞) ∫
𝑡

𝑡𝑘

(𝑡
− 𝑠)𝑞−1 𝑑𝑠 ≤ lim

𝑘→+∞

𝑧 (𝑡𝑘) +𝑀
⋅ lim
𝑡→+∞

(𝑡𝑘+1 − 𝑡𝑘)𝑞Γ (𝑞 + 1) 𝑧 (𝑡𝑘) = 0;

(40)

where 𝑀 is defined in (22). It can be concluded that outer-
synchronization of system (6) is proved.

Remark 5. From inequality (28), we can see

[Γ (𝑞 + 1) 𝜀
𝐶 ]1/𝑞 ≤ 𝑡𝑘+1 − 𝑡𝑘 ≤ [Γ (𝑞 + 1) 𝜀

𝜄 ]1/𝑞 (41)

for all 𝑘 = 0, 1, 2, . . ., which excludes the Zeno behavior for
rule (24).

Theorem 6. Let 𝜑(𝑡) be a positive and continuous function on[𝑡0, +∞). Set 𝑡𝑘+1 as a time point such that

𝑡𝑘+1 = sup
𝜏≥𝑡𝑘

{𝜏 : ‖𝑒 (𝑡)‖ ≤ 𝜑 (𝑡) , ∀𝑡 ∈ (𝑡𝑘, 𝜏]} (42)

for all 𝑘 = 0, 1, 2, . . ., where 𝑒(𝑡) = (𝑒1(𝑡), 𝑒2(𝑡), . . . , 𝑒𝑛(𝑡))𝑇
is defined in (11). If there exist positive constants 𝛽𝑖 > 0 (𝑖 =1, 2, . . . , 𝑛) such that min1≤𝑗≤𝑛𝜆𝑗(𝛽, 𝑡) ≥ 𝑁 for some 𝑁 > 0
and all 𝑡 ≥ 𝑡0, sup𝑡≥𝑡0(1/Γ(𝑞)) ∫𝑡𝑡0(𝑡 − 𝑠)𝑞−1𝜑(𝑠)𝑑𝑠 < +∞, then
system (6) reaches outer-synchronization.
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Proof. According to Lemma 2, from (9) and (42),

𝐶𝐷𝑞𝑡𝑘 ‖𝑧 (𝑡)‖ =
𝑛∑
𝑖=1

𝛽𝑖𝐶𝐷𝑞𝑡𝑘 𝑧𝑖 (𝑡) ≤
𝑛∑
𝑖=1

sgn (𝑧𝑖 (𝑡))

⋅ 𝛽𝑖𝐶𝐷𝑞𝑡𝑘𝑧𝑖 (𝑡) =
𝑛∑
𝑖=1

sgn (𝑧𝑖 (𝑡)) 𝛽𝑖{{{
−𝑎𝑖 (𝑡) 𝑧𝑖 (𝑡𝑘)

+ 𝑛∑
𝑗=1

𝑏𝑖𝑗 (𝑡) ℎ𝑗 (𝑡𝑘)}}}
= 𝑛∑
𝑖=1

sgn (𝑧𝑖 (𝑡)) 𝛽𝑖{{{
−𝑎𝑖 (𝑡)

⋅ [𝑧𝑖 (𝑡𝑘) − 𝑧𝑖 (𝑡) + 𝑧𝑖 (𝑡)] + 𝑛∑
𝑗=1

𝑏𝑖𝑗 (𝑡)

⋅ [𝑚𝑗 (𝑡𝑘) 𝑧𝑗 (𝑡𝑘) − 𝑚𝑗 (𝑡) 𝑧𝑗 (𝑡) + 𝑚𝑗 (𝑡) 𝑧𝑗 (𝑡)]}}}
= 𝑛∑
𝑖=1

sgn (𝑧𝑖 (𝑡)) 𝛽𝑖{{{
−𝑎𝑖 (𝑡) 𝑒𝑖 (𝑡) + 𝑛∑

𝑗=1

𝑏𝑖𝑗 (𝑡)𝑚𝑗 (𝑡𝑘)
⋅ 𝑒𝑗 (𝑡) − 𝑎𝑖 (𝑡) 𝑧𝑖 (𝑡) + 𝑏𝑖𝑖 (𝑡)𝑚𝑖 (𝑡𝑘) 𝑧𝑖 (𝑡)
+ 𝑛∑
𝑗=1,𝑗 ̸=𝑖

𝑏𝑖𝑗 (𝑡)𝑚𝑗 (𝑡𝑘) 𝑧𝑗 (𝑡)}}}
≤ 𝑛∑
𝑗=1

{𝑎𝑗 (𝑡)

+ 𝑛∑
𝑖=1

𝛽𝑖𝛽𝑗
𝑏𝑖𝑗 (𝑡) 𝐹𝑗}𝛽𝑗 𝑒𝑗 (𝑡)

− 𝑛∑
𝑗=1

{{{
𝑎𝑗 (𝑡) − 𝑏+𝑗𝑗 (𝑡) 𝐹𝑗 − ∑

𝑖=1,𝑖 ̸=𝑗

𝛽𝑖𝛽𝑗
𝑏𝑖𝑗 (𝑡) 𝐹𝑗}}}

⋅ 𝛽𝑗 𝑧𝑗 (𝑡) ≤ −𝑁 ‖𝑧 (𝑡)‖ + 𝑀‖𝑒 (𝑡)‖ ≤ −𝑁 ‖𝑧 (𝑡)‖
+ 𝑀𝜑 (𝑡) ,

(43)

where𝑀 is defined in (22), and

𝑚𝑖 (𝑡) = {{{{{
ℎ𝑖 (𝑡)𝑧𝑖 (𝑡) , 𝑧𝑖 (𝑡) ̸= 0,
0, 𝑧𝑖 (𝑡) = 0. (44)

On the other hand, by (43),

‖𝑧 (𝑡)‖
≤ 𝑧 (𝑡0)

+ 1Γ (𝑞) ∫
𝑡

𝑡0

(𝑡 − 𝑠)𝑞−1 [−𝑁 ‖𝑧 (𝑠)‖ + 𝑀𝜑 (𝑠)] 𝑑𝑠

= 𝑧 (𝑡0) − 1Γ (𝑞) ∫
𝑡

𝑡0

(𝑡 − 𝑠)𝑞−1𝑁‖𝑧 (𝑠)‖ 𝑑𝑠

+ 1Γ (𝑞) ∫
𝑡

𝑡0

(𝑡 − 𝑠)𝑞−1𝑀𝜑(𝑠) 𝑑𝑠

≤ 𝑧 (𝑡0) − 1Γ (𝑞) ∫
𝑡

𝑡0

(𝑡 − 𝑠)𝑞−1𝑁‖𝑧 (𝑠)‖ 𝑑𝑠 +𝑀𝛿,
(45)

for 𝑠 ∈ [𝑡𝑘, 𝑡), 𝑡 ∈ [𝑡𝑘, 𝑡𝑘+1), where (1/Γ(𝑞)) ∫𝑡
𝑡0
(𝑡 −

𝑠)𝑞−1𝜑(𝑠)𝑑𝑠 ≤ 𝛿 < +∞.
Using Lemma 3, from (45), it follows

lim
𝑡→+∞

‖𝑧 (𝑡)‖ ≤ lim
𝑡→+∞

Θ𝐸𝑞 (−𝑁 (𝑡 − 𝑡0)𝑞) = 0,
𝑡 ≥ 𝑡0,

(46)

whereΘ = ‖𝑧(𝑡0)‖ +𝑀𝛿, which implies that ‖𝑧(𝑡)‖ converges
to 0 by the sampling time sequence {𝑡𝑘}+∞𝑘=0 . Therefore, system
(6) reaches out-synchronization.

3.2. Decentralized Data-Sampling Principle

Theorem 7. Let 𝜙(𝑡) = (𝜙1(𝑡), 𝜙2(𝑡), . . . , 𝜙𝑛(𝑡))𝑇 be positive
and continuous on [𝑡0, +∞). Set 𝑡𝑘+1 as a time point such that

𝑡𝑘+1 = sup
𝜏≥𝑡𝑘

{𝜏 : 𝑒𝑖 (𝑡) ≤ 𝜙𝑖 (𝑡) , ∀𝑡 ∈ (𝑡𝑖𝑘, 𝜏]} (47)

for 𝑖 = 1, 2, . . . , 𝑛 and all 𝑘 = 0, 1, 2, . . ., where 𝑒(𝑡) =(𝑒1(𝑡), 𝑒2(𝑡), . . . , 𝑒𝑛(𝑡))𝑇 is defined in (14). If there exist positive
constants 𝛽𝑖 > 0 (𝑖 = 1, 2, . . . , 𝑛) such thatmin1≤𝑗≤𝑛 𝜆𝑗(𝛽, 𝑡) ≥𝐾 for some 𝐾 > 0 and all 𝑡 ≥ 𝑡0, and sup𝑡≥𝑡0(1/Γ(𝑞)) ∫𝑡𝑡0(𝑡 −𝑠)𝑞−1‖𝜙(𝑠)‖𝑑𝑠 < +∞, then system (7) reaches outer-synchro-
nization.

Proof. According to Lemma 2, from (13) and (47),

𝐶𝐷𝑞𝑡𝑘 ‖𝑧 (𝑡)‖ =
𝑛∑
𝑖=1

𝛽𝑖𝐶𝐷𝑞𝑡𝑘 𝑧𝑖 (𝑡) ≤
𝑛∑
𝑖=1

sgn (𝑧𝑖 (𝑡))

⋅ 𝛽𝑖𝐶𝐷𝑞𝑡𝑘𝑧𝑖 (𝑡) =
𝑛∑
𝑖=1

sgn (𝑧𝑖 (𝑡)) 𝛽𝑖{{{
−𝑎𝑖 (𝑡) 𝑧𝑖 (𝑡𝑖𝑘)

+ 𝑛∑
𝑗=1

𝑏𝑖𝑗 (𝑡) ℎ𝑗 (𝑡𝑗𝑘)}}}
= 𝑛∑
𝑖=1

sgn (𝑧𝑖 (𝑡)) 𝛽𝑖{{{
−𝑎𝑖 (𝑡)

⋅ [𝑧𝑖 (𝑡𝑖𝑘) − 𝑧𝑖 (𝑡) + 𝑧𝑖 (𝑡)] + 𝑛∑
𝑗=1

𝑏𝑖𝑗 (𝑡)
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⋅ [𝑚𝑗 (𝑡𝑗𝑘) 𝑧𝑗 (𝑡𝑗𝑘) − 𝑚𝑗 (𝑡𝑗𝑘) 𝑧𝑗 (𝑡)

+ 𝑚𝑗 (𝑡𝑗𝑘) 𝑧𝑗 (𝑡)]}}}
= 𝑛∑
𝑖=1

sgn (𝑧𝑖 (𝑡)) 𝛽𝑖{{{
−𝑎𝑖 (𝑡)

⋅ 𝑒𝑖 (𝑡) − 𝑎𝑖 (𝑡) 𝑧𝑖 (𝑡) + 𝑏𝑖𝑖 (𝑡)𝑚𝑖 (𝑡𝑖𝑘) 𝑧𝑖 (𝑡)
+ 𝑛∑
𝑗=1

𝑏𝑖𝑗 (𝑡)𝑚𝑗 (𝑡𝑗𝑘) 𝑒𝑗 (𝑡)

+ 𝑛∑
𝑗=1,𝑗 ̸=𝑖

𝑏𝑖𝑗 (𝑡)𝑚𝑗 (𝑡𝑗𝑘) 𝑧𝑗 (𝑡)}}}
≤ 𝑛∑
𝑗=1

{𝑎𝑗 (𝑡)

+ 𝑛∑
𝑖=1

𝛽𝑖𝛽𝑗
𝑏𝑖𝑗 (𝑡) 𝐹𝑗}𝛽𝑗 𝑒𝑗 (𝑡) −

𝑛∑
𝑗=1

{{{
𝑎𝑗 (𝑡)

− 𝑏+𝑗𝑗 (𝑡) 𝐹𝑗 − ∑
𝑖=1,𝑖 ̸=𝑗

𝛽𝑖𝛽𝑗
𝑏𝑖𝑗 (𝑡) 𝐹𝑗}}}

𝛽𝑗 𝑧𝑗 (𝑡)
≤ −𝐾 ‖𝑧 (𝑡)‖ + 𝑀‖𝑒 (𝑡)‖ ≤ −𝐾 ‖𝑧 (𝑡)‖ + 𝑀𝜙 (𝑡) ,

(48)

where𝑀 is defined in (22), and

𝑚𝑗 (𝑡𝑗𝑘) =
{{{{{{{

ℎ𝑗 (𝑡𝑗𝑘)𝑧𝑗 (𝑡𝑗𝑘) , 𝑧𝑗 (𝑡𝑗𝑘) ̸= 0,
0, 𝑧𝑗 (𝑡𝑗𝑘) = 0.

(49)

On the other hand, by (48),

‖𝑧 (𝑡)‖
≤ 𝑧 (𝑡0)

+ 1Γ (𝑞) ∫
𝑡

𝑡0

(𝑡 − 𝑠)𝑞−1 [−𝐾 ‖𝑧 (𝑠)‖ + 𝑀𝜙 (𝑠)] 𝑑𝑠

= 𝑧 (𝑡0) − 1Γ (𝑞) ∫
𝑡

𝑡0

(𝑡 − 𝑠)𝑞−1𝐾‖𝑧 (𝑠)‖ 𝑑𝑠

+ 1Γ (𝑞) ∫
𝑡

𝑡0

(𝑡 − 𝑠)𝑞−1𝑀𝜙 (𝑠) 𝑑𝑠

≤ 𝑧 (𝑡0) − 1Γ (𝑞) ∫
𝑡

𝑡0

(𝑡 − 𝑠)𝑞−1𝐾‖𝑧 (𝑠)‖ 𝑑𝑠 +𝑀𝜌,

(50)

for 𝑠 ∈ [𝑡𝑖𝑘, 𝑡), 𝑡 ∈ [𝑡𝑖𝑘, 𝑡𝑖𝑘+1), where (1/Γ(𝑞)) ∫𝑡
𝑡0
(𝑡 −

𝑠)𝑞−1‖𝜙(𝑠)‖𝑑𝑠 ≤ 𝜌 < +∞.
Using Lemma 3, from (50), it follows

lim
𝑡→+∞

‖𝑧 (𝑡)‖ ≤ lim
𝑡→+∞

Π𝐸𝑞 (−𝐾 (𝑡 − 𝑡0)𝑞) = 0, 𝑡 ≥ 𝑡0, (51)

whereΠ = ‖𝑧(𝑡0)‖ +𝑀𝜌, which implies that ‖𝑧(𝑡)‖ converges
to 0 by the sampling time sequence {𝑡𝑖𝑘}+∞𝑘=0 , 𝑖 = 1, 2, . . . , 𝑛.
Therefore, system (7) reaches out-synchronization.

Remark 8. As Theorem 5 in [19], under the data-sampling
rule in Theorem 6 or Theorem 7, the interevent interval of
each system state is strictly positive and possesses a common
positive lower bound. Furthermore, the Zeno behavior is
excluded.

Remark 9. For the sampled-data control, how to choose the
proper scheme with the ultimate aim of maximizing the data
collected to control the system is challenging. For example,
as revealed in [9, 10], it is extremely difficult to design the
sampling time point inherited from the sampled-data control
strategy. However, according to Theorems 4–7, this situation
can be effectively solved if the centralized and decentralized
data-sampling principles are cleverly utilized.

Remark 10. For three control schemes inTheorems 4–7, these
are just the type and level of points, not the merits of good
points of difference.Theorem 4 is entirely focused around the
centralized data-sampling principle via structure. Theorem 6
is concerned with the centralized data-sampling principle via
state. Theorem 7 is to place emphasis on the decentralized
data-sampling principle via state.

Remark 11. Note that the sampled-data control in Theorems
4–7 exerts only at the sampling time point, that is, every
system state employs only its neighbors’ information at𝑡𝑘 or 𝑡𝑖𝑘. Thus, compared with the continuous-time con-
trol strategy, the control schemes in Theorems 4–7 can
effectively save the bandwidth and reduce the communica-
tion cost. Moreover, the results obtained here are the first
ones on centralized and decentralized data-sampling prin-
ciples for outer-synchronization of fractional-order neural
networks.

Remark 12. The key features of outer-synchronization in
Theorems 4–7 are follows. (1) Each outer-synchronization
scheme is closely related to the sampling time point. Once
the sampling time point is given, the states of the con-
trolled fractional-order neural networks will achieve outer-
synchronization. (2) Centralized data-sampling principle via
structure makes full use of the characteristic of system itself,
while centralized or decentralized data-sampling principle
via state skillfully combines the feature of state measurement
error.

Remark 13. The analytical methods for outer-synchro-
nization in Theorems 4–7 are quite different from conven-
tional complete synchronization, projective synchronization,
phase synchronization, distributed synchronization, pinning
synchronization, and cluster synchronization.

4. A Numerical Example

In this section, a numerical example is utilized to show the
effectiveness of the results obtained.
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Figure 1: Dynamics of 𝑢1(𝑡) and V1(𝑡) in the triggering mechanism
as Theorem 4.

Consider a class of fractional-order neural networks as
follows:

𝐶𝐷𝑞𝑡0𝑥1 (𝑡) = −𝑎1 (𝑡) 𝑥1 (𝑡) + 𝑏11 (𝑡) 𝑓1 (𝑥1 (𝑡))
+ 𝑏12 (𝑡) 𝑓2 (𝑥2 (𝑡)) + 𝑢1 (𝑡) ,

𝐶𝐷𝑞𝑡0𝑥2 (𝑡) = −𝑎2 (𝑡) 𝑥2 (𝑡) + 𝑏21 (𝑡) 𝑓1 (𝑥1 (𝑡))
+ 𝑏22 (𝑡) 𝑓2 (𝑥2 (𝑡)) + 𝑢2 (𝑡) ,

(52)

where 𝑞 = 1/2, 𝑡0 = 0, 𝐴 = ( 𝑎1(𝑡) 00 𝑎2(𝑡) ) = ( 1.5 00 1.5 ), 𝐵 =
( 𝑏11(𝑡) 𝑏12(𝑡)𝑏21(𝑡) 𝑏22(𝑡)

) = ( 0.3 −0.7−1.2 −0.1 ), 𝑢 = ( 𝑢1(𝑡)𝑢2(𝑡) ) = ( 0.10.1 ), 𝑓1(X) =
𝑓2(X) = 1/(1 + 𝑒−X).

By direct calculation, we can obtain

𝜆1 (𝛽, 𝑡) = 𝑎1 (𝑡) − 𝐹1𝑏+11 (𝑡) − 𝐹1𝛽2𝛽1
𝑏21 (𝑡) ,

𝜆2 (𝛽, 𝑡) = 𝑎2 (𝑡) − 𝐹2𝑏+22 (𝑡) − 𝐹2𝛽1𝛽2
𝑏12 (𝑡) .

(53)

To choose 𝜀 = 0.2, 𝜄 = 0.8, 𝛽1 = 𝛽2 = 1, then it follows
that 𝐵 = 1.6, 𝐶 = 1.05. Hence the following inequalities hold:

𝐵𝜀 − 𝜄 ≤ 0,
𝐶𝜀 − 𝜄 (2 − 𝜀) ≤ 0. (54)

According to Theorem 4, system (52) reaches outer-syn-
chronization. Figures 1 and 2 depict the dynamics of 𝑢1(𝑡)
and V1(𝑡), 𝑢2(𝑡) and V2(𝑡) in the triggering time points as
Theorem 4, respectively. Figure 3 describes the release time
points and release intervals.

To select 𝜑(𝑡) = 1/(𝑡 + 1)1/2, together with
sup
𝑡≥0

1Γ (1/2) ∫
𝑡

0
(𝑡 − 𝑠)𝑞−1 1

(𝑠 + 1)1/2 𝑑𝑠 < +∞, (55)
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Figure 2: Dynamics of 𝑢2(𝑡) and V2(𝑡) in the triggering mechanism
as Theorem 4.
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Figure 3: The release time points and release intervals in the
triggering mechanism as Theorem 4.

according to Theorem 6, system (52) reaches outer-syn-
chronization. Figures 4 and 5 depict the dynamics of 𝑢1(𝑡)
and V1(𝑡), 𝑢2(𝑡) and V2(𝑡) in the triggering time points as
Theorem 6, respectively. Figure 6 describes the release time
points and release intervals.

To select 𝜙1(𝑡) = 1/(𝑡+1)1/2, 𝜙2(𝑡) = 1/(𝑡+2)1/2, together
with

sup
𝑡≥0

1Γ (1/2) ∫
𝑡

0
(𝑡 − 𝑠)𝑞−1 1

(𝑠 + 1)1/2 𝑑𝑠 < +∞,
sup
𝑡≥0

1Γ (1/2) ∫
𝑡

0
(𝑡 − 𝑠)𝑞−1 1

(𝑠 + 2)1/2 𝑑𝑠 < +∞,
(56)
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Figure 4: Dynamics of 𝑢1(𝑡) and V1(𝑡) in the triggering mechanism
as Theorem 6.
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Figure 5: Dynamics of 𝑢2(𝑡) and V2(𝑡) in the triggering mechanism
as Theorem 6.

according to Theorem 7, system (52) reaches outer-
synchronization. Figures 7 and 8 depict the dynamics
of 𝑢1(𝑡) and V1(𝑡), 𝑢2(𝑡) and V2(𝑡) in the triggering time
points as Theorem 7, respectively. Figure 9 describes the
release time points and release intervals.

Remark 14. In existing publications, there has been no the-
oretic criterion to achieve outer-synchronization of (52). In
addition, using centralized or decentralized data-sampling
principle to analyze and control fractional-order systems is
also rare.
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Figure 6: The release time points and release intervals in the
triggering mechanism as Theorem 6.
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Figure 7: Dynamics of 𝑢1(𝑡) and V1(𝑡) in the triggering mechanism
as Theorem 7.

Remark 15. According to simulation analysis in Figures
1–9, there is no essential difference regarding outer-
synchronization performance in three control schemes as
Theorems 4–7. By comparative analysis of Figures 3, 6, and
9, the release intervals via control scheme as Theorem 4 are
relatively minor, and the triggering time points via control
scheme as Theorem 7 are spread more thinly.

5. Concluding Remarks

In this paper, we show that outer-synchronization of
fractional-order neural networks can be achieved by apply-
ing appropriate centralized and decentralized data-sampling
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Figure 8: Dynamics of 𝑢2(𝑡) and V2(𝑡) in the triggering mechanism
as Theorem 7.
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Figure 9: The release time points and release intervals in the
triggering mechanism as Theorem 7.

principles. Such theoretical results improve and supple-
ment some existing related results. The results obtained
here are sufficient conditions for outer-synchronization of
fractional-order neural networks and may remain room for
improvement. Further extensions would be welcome: (1)
outer-synchronization of fractional-order neural networks
considering both conservativeness and complexity; (2) ana-
lyzing the outer-synchronization of fractional-order neural
networks subject to time-delay; (3) analyzing the outer-
synchronization of fractional-order neural networks subject
to stochastic disturbance.
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