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The concept of the natural mate and the conjugate curves associated to a smooth curve in Euclidian 3-space were introduced
initially by Dashmukh and others. In this paper, we give some extra results that add more properties of the natural mate and
the conjugate curves associated with a smooth space curve in E>. The position vectors of the natural mate and the conjugate of
a given smooth curve are investigated. Also, using the position vector of the natural mate, the necessary and sufficient
condition for a smooth given curve to be a Bertrand curve is introduced. Moreover, a new characterization of a general helix

is introduced.

1. Introduction

The differential geometry of curves and surfaces is an
ancient topic in differential geometry, but it is still an active
area of research. This is because of its applications in several
fields such as computer graphics, computer vision, medical
imaging, physics, and aerospace. A helix plays a crucial role
in many applications in engineering and also, in DNA struc-
tures. In fact, a DNA molecule can be described by double
helix. Also, it has been observed that in a molecular model
of the DNA there are two side-by-side in opposing direction
helices linked by hydrogen bonds (cf. [1]). The rectifying
curves are used to analyze joint kinematics (cf. [2, 3]). The
Salkowski curves are useful in constructing closed curves
with constant curvature and continuous torsion such as
knotted curves (cf. [4]). The Salkowski curves are examples
of slant helice with constant curvatures.

In differential geometry, curves and their Frenet frames
play central roles for creating special surfaces (c.f [5-10]).
The Frenet frame associated with a regular curve in E°,
which is a moving frame along the curve, forms an ortho-
normal basis for the Euclidean space E® at each point of
the given curve. This allows geometers to analyze a curve

and to study the position vector of the given curve and other
curves. The terminologies of natural mate and conjugate
associated with a smooth curve were introduced and studied
in [11]. Mainly, some relationships between a given curve
and its natural mates were investigated in [11] as well as
the necessary and sufficient conditions for the natural mate
associated with a given Frenet curve to be a spherical curve,
a helix, or a curve with a constant curvature. The most nat-
ural geometric object in differential geometry of curves in
Euclidian 3-space is a position vector. The position vector
is very important, owing to its applications in mathematics,
engineering, physics, and other natural sciences.

In this paper, we investigate the position vectors of the
natural mate and the conjugate of a given space curve using
the Frenet frame of the given curve as a basis for E°. The
position vectors of the natural mate and conjugate curves
will be useful for studying the surfaces generated by these
curves such as ruled and translation surfaces. In Section 2
of this paper, we review some basic concepts of space curves
which will be used in the rest of this study. In Section 3, we
study the position vectors of natural mate and conjugate of a
unit speed curve with nonvanishing curvature and torsion.
Using the position vector of the natural mate, we give the
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necessary and suflicient condition for a given curve with
nonvanishing curvature and torsion to be a Bertrand curve.
Also, a new characterization for a general helix is proven.

2. Preliminaries

In this section, we review some basic concepts of the differ-
ential geometry of curves in Euclidean 3-space, and for more
detail, we refer the reader to [2, 3, 11-16]. First, we start with
the definition of a smooth space curve. A parametrized curve
ain E® is a map « : I — E>, where I is a real interval, given
by a(t) = (a,(t), ay(t), a5(t)) such that «,(¢),a,(t), and
ay(t) are smooth functions on I. « is a regular curve if
a'(t)#0 for all tel. The unit tangent vector, the unit
principal normal vector, and the unit binormal vector of
a regular curve « are defined by T'=a'/||a’||, N = (a'A&" /]|
a'nd" A’/ |), and B=a'Aa"/||a’Ad"||, respectively.
At any point of «, there are three planes spanned by the
vectors N, B, T,B, and T, N, these planes are the normal
plane, the rectifying plane, and the osculating plane, respec-
tively. The curvature and the torsion of a regular curve «

are given by k= ||0(’/\0£"H/||0¢’H3 and 7=det (a’,a”",a")/
||oc//\oc"||2, respectively, and « is called a Frenet curve if x
>0 and 7 #0. The Serret Frenet apparatus associated to «
is given by {x,7, T, N, B}.

Ifa’(t) =1 forall £ € I, then & is called a unit speed curve
and the Frenet- Serret equations are given by

T' = kN,
N' =—xT + 1B, (1)
B' = —1N.

In the rest of this section, we state definitions of some
special curves.

Definition 1. Let a : I — [E? be a smooth space curve. Then,
o is called a helix if its tangent makes a fixed angle with a
fixed direction.

Definition 2. Let a : I — [E? be a smooth space curve. Then,
o is called a slant helix if its principal normal makes a fixed
angle with a fixed direction.

Definition 3. Let a : I — [E? be a smooth space curve. Then,
a is called a rectifying curve if it lies in the rectifying plane at
each point.

It has been obtained by Chen in [3] that the distance
squared function of a rectifying curve is a quadratic polyno-
mial in its arc length.

Definition 4. Let a : I — E? be a smooth space curve. Then,
o is called a spherical curve if it lies in a sphere.

For a spherical curve, it is obvious to obtain that its dis-
tance from the center of the sphere, which the curve lies on,

Advances in Mathematical Physics

is equal to the radius of the sphere. This will play a role in
the proof of Theorem 10.

Definition 5. Let a : I — [E* be a smooth space curve. Then,
«a is called a Salkowski curve if it has constant curvature and
nonconstant torsion.

Definition 6. Given a unit speed curve a with nonvanishing
curvature and torsion. The natural mate of « is defined by
B= [(N)ds. If « has negative torsion, then its conjugate is
given by a = [(B)ds.

3. Natural and Conjugate Mates
Associated with a Smooth Space Curve

In this section, we give the position vectors of natural and
conjugate curves. Using position vectors of the mentioned
curves, we give more brand results which carry interesting
relationship between a given smooth curve and its associated
natural and conjugate curves.

Theorem 7. Let a: [ — > be a unit speed Frenet curve

with Serret-Frenet apparatus {x,7,T,N,B}. The natural
mate [3 of « is given by

B= (J(Kh)ds) T+hN - (J(Th)dS) B, 2)

where h=dd', d is the distance function of B, and d' is the
derivative of d with respect to s.

Proof. Since the unit tangent of B is given by Ty =N, we
have

B= J(Tﬁ)ds: J(N)ds:gT+hN+lB. (3)
Now, differentiating equation (3), we get
N:(g'—Kh)T+(h'+Kg—‘rl)N+(l'+Th)B. (4)

Thus, from equation (4), we have the following equations:

g —xh=0,
W +xg-tl=1, (5)
I'+1h=0.

Therefore, we have
g= J(Kh)ds,

I=- J(Th)ds‘
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Our task now is to find h. The distance squared function,
d?, of B is given by

d=g*+ W+ (7)
Now, differentiating equation (7), we get
dd' =gg' +hh' +1I'. (8)

Hence, using equations (5) and (6) in equation (8), we
obtain & = dd' which completes the proof. O

Now, as an application of Theorem 7, we give a criterion
for a Bertrand curve with a neat proof. First, we state the fol-
lowing definition and a well-known result regarding the
Bertrand curve.

Definition 8. A curve y : I — E? is called a Bertrand curve if
there is another curve y, different from vy, and a bijection #
between y and y such that y and 9 have the same principal
normal at each pair of corresponding points under #.

The following theorem is a well-know result, and it can
be found in many books of elementary differential geometry
of curves and surfaces.

Theorem 9. A curve y:1—E’ with k#0 and 7+0 is
called a Bertrand curve if and only if it satisfies the condition

ak+br=1, 9)
where a and b are constants.

Now, we give a criterion for a Bertrand curve in term of
natural mate.

Theorem 10. Let « : I — [E? be a unit speed curve with non-
zero curvature and nonzero torsion and Serret-Frenet appa-
ratus {x,7, T,N,B} and [3 be its natural mate. Then, the
following assertions are equivalent:

(1) « is a Bertrand curve
(2) 3 is a spherical curve
(3) BB lies in the rectifying plane of «

Proof. Let a : I — E® be a unit speed curve with x # 0 and
7 # 0. Then, from Theorem 7, the naturel mate of « is given by

ﬁ:(ﬁﬁ@ﬁ)T+hN-(JumdﬁB, (10)

where h = dd' and d is the distance function of 8. Now, fis a
spherical curve if and only if d is a positive nonzero constant if
and only if

B=¢T-c,B, (11)

where ¢, and c, are constants (i.e., 3 lies in the rectifying plane
of @), if and only if

N = (¢;k+¢,7)N, (12)

ifand only if ¢,k + ¢,7 =1 if and only if « is a Bertrand curve.
O

Remark 11. Theorem 10 gives a method to create a spherical
curve using a Bertrand curve. In [9], a method to create a
Bertrand curve using a spherical curve with Sabban frame
was introduced. Also, in [17], some methods to create spe-
cial curves such as helix, slant helix, Bertrand curves, and
Mannheim curves were introduced.

Corollary 12. If « is a Salkowski curve, then its natural mate
is given by

ﬁz%T. (13)

In what follows, we give an example of the natural mate
of a Salkowski curve, and for more detail in Salkowski curve,
we refer the reader to [4].

Example 13. Let a : I — [E°, be a Salkowski curve given by
a=(a;,a,, a,) where,

! L (1+2t)
o = - sin
! 1+ m? 4+8m
l+n 1
- in (1-2t)— = sin (t) |,
1 8msm( ) 2sm())

1 1-
oy = ( " cos (1+2¢t)
V1+m2 \4+8m

1+ 1
4—8:1 cos (1 -2t) + 3 cos (t)),

1 1
oy = ——— | — cos (2nt) |,
P V1+m? (4”” ( )>

(14)

where n=m/v/1+m2 and m+0, +1/v/3. This curve was
investigated by Salkowski in 1909.

This curve has ¥ =1 and torsion 7 = —tan (mt/v/m? + 1).
The unit tangent of « is given by T = (T, T,, T5) where

T, =~ cos (t) cos (nt) — n sin (t) sin (nt),
T, =n cos (t) sin (nt) — cos (nt) sin (t), (15)
n
T, = — sin (nt).
3= sin (nt)
Now, using Theorem 10, the natural mate 8 of « is given
by =T. Now, we draw pictures for « and its natural mate

when m =1/23 as shown in Figure 1. In this, Figure 1(a) is
the curve « and (b) is the natural mate of a. It can be



(a) The curve «
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(b) The blue curve is 8 lying on the unit sphere centered at the origin

F1GURE 1: The curve « and its natural mate 8 when m =1/23.

observed from (b) that the natural mate of « lies on a unit
sphere.

It can be easily observed from Theorem 10 that if & is a
circular helix or a Salkowski curve, then its natural mate
always lies on the rectifying planes of a.

In the coming theorem, we give a new criterion for a
general helix.

Theorem 14. Let a : [ — [ be a unit speed curve with non-
vanishing curvature and torsion. Then, « is a general helix if
and only if there exists a fixed direction orthogonal to its nat-
ural mate.

Proof. Let a : I — [ be a unit speed curve with nonvanish-
ing curvature and torsion, and f be its natural mate. First,
assume that « is a general helix, then there exists a fixed
direction makes a constant angle with its tangent. Let % be
a unit constant vector lies on that direction, then T-% =
cos 0 = constant, and B-% =sin 0 = constant. Now, using
Theorem 7, we have

B-U=cos0 J(Kh)ds —sin 6 J(Th)ds. (16)

Since « is a helix, then cos 6 [ xhds - sin 0 [(th)ds = 0.
Therefore, - % =0, which means that % is orthogonal to f3.
Conversely, assume that there exists a fixed direction
orthogonal to f3. Let % be a unit constant vector lies on that
direction, then 8- % = 0; therefore, N - % = 0 which implies
that T - % = constant, which means that « is a general helix.
O

Remark 15. In [7, 11], it has been proved that a smooth
curve with nonvanishing curvature and torsion is a general
helix if and only if its natural mate is a plane curve. Using
this fact and the result in Theorem 14, it can be concluded
that the axis of a helix is always normal to the plane contain-
ing its natural mate.

Now, we give the position vector for conjugate.
Theorem 16. Let o : I — E? be a Frenet curve with Serret-

Frenet apparatus {x,t, T,N, B} with negative torsion. The
conjugate mate & of « is given by

a= (J(Khl)ds> T+ N+ <s— J(Thl)ds)B, (17)

12

where h, = (1/7)(1 - d,
tion of a.

~d,d") and d, is the distance func-
Proof. Since the unit tangent of « is given by Ty = B, we have
a= J(Ta)dsz J(B)ds:g1T+h1N+llB. (18)

Now, differentiating equation (18) w.r.t the arc length,
we get

B= (g; - K”ll) T+ (hi + K9, —TZI)N+ (l{ +Th1)B. (19)
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Thus, from equation (19), we have the following equations:

gy —xh; =0,
h; +xg, —7l, =0, (20)
I'+7h =1.

Therefore, we have

9,= [(ho)as, .
I, =s- J(Thl)d5~

Our task now is to find h,. The distance squared function,
d3, of & is given by

di=gi+h+1. (22)
Now, differentiating equation (22), we get
dd' = g,g, +hhy + 1,1}, (23)

Hence, using equations (20) and (21) in equation (23), we
obtain dd' =s— [(th;) which implies that h, = (1/7)(1 -
diz —d,d]') which completes the proof. O

From Theorem 16, we have the following corollary.

Corollary 17. Let o : [ —> E? be a unit speed curve with
Serret-Frenet apparatus {x, T, T, N, B} with negative torsion.
Then,

(1) If & is a spherical curve, then h; =1/t
(2) If & is a rectifying curve, then h; =0

Proof. If & is a spherical curve, then its distance function d is
a constant. Thus, i, = 1/7. If « is a rectifying curve, then it
has been proved in [3] that its distance function d, satisfies
d2(s) = s* + ¢;5 + ¢, for some constants ¢, and c,. Therefore,
h,=0. O

4. Conclusion

The position vector of a curve in the Euclidian 3-space is the
most natural geometric object. It is important in many appli-
cations in several areas such as mathematics, engineering,
and natural sciences. Throughout this paper, we study the
position vectors of the natural and conjugate mates associ-
ated with a given smooth space curve in Euclidian 3-space.
The position vectors of the natural and the conjugate mates
associated with a given smooth curve are very useful for
studying these curves. Also, the position vector of the natural
mate associated to a given curve is used to prove a new cri-
terion for a helix and Bertrand curves. Moreover, it can be
easy to study the surfaces generated by the natural and con-

jugate mates associated with a smooth curve using their
position vectors.
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The aim of this paper is to study the warped product pointwise semislant submanifolds in the para-cosymplectic manifold with
the semi-Riemannian metric. For which, firstly we provide the more generalized definition of pointwise slant submanifolds and
related characterization results followed by the definition of pointwise slant distributions and pointwise semislant
submanifolds. We also derive some results for different foliations on distribution, and lastly, we defined pointwise semislant
warped product submanifold, given existence and nonexistence results, basic lemmas, theorems, and optimal inequalities for

the ambient manifold.

1. Introduction

To generalize the Riemannian product manifolds, Bishop
and O’Neil [1] introduced the concept of warped product
for the manifolds with negative curvature and showed the
surface of revolution as the simplest example of warped
product manifold. The authors of [2-5] studied the warped
product submanifolds for different manifolds. Warped prod-
uct plays the beneficial role in encoding the universe, and the
inequalities related to the second fundamental form with the
warping function cover the wide as well as important section
of it. These were firstly formulated by Chen in [6, 7].
Warped product for lightlike manifolds for the first time
was studied in [8] and for semi-Riemannian manifold under
the name PR-warped product on para-Kahler manifold in
[9], where he derived the aforesaid inequalities for the case
of semi-Riemannian metric. From there, the study on
warped product escalates among geometers with also in view
that the same has so many applications in the physics mainly
in general relativity and black hole theory [10].

Beside this, the name slant submanifolds were intro-
duced as the generalized version of holomorphic and totally
real cases of submanifolds by Chen in [11]. Further, the
theory extended to various manifolds with Riemannian as
well as semi-Riemannian metric by many geometers. Later,
in 2017, the authors in [12] defined the slant submanifolds
irrespective of the writinger angle for the semi-Riemannian
manifold and formulated three cases which are separately
explained and achieved some effective results with bunch
of examples. They defined it in terms of quotient g(¢X, tX)/
g(JX, JX) which is constant for the case of slant submani-
folds for every vector field X (spacelike or timelike) on the
submanifold M of manifold (M, ], g). As slant and semislant
submanifolds generalized to pointwise slant submanifolds
(former called quasi slant) by Etayo in [13], Chen and Garay
studied the same for the almost Hermitian case [14]. Sahin
[15] defined pointwise semislant notion of submanifolds
with an example. Recently, there are many interesting papers
related with submanifold theory, singularity theory, classical
differential geometry, etc. The readers can find more details
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about those techniques and theories in a series of papers
[16-29]. Moreover, interdisciplinary research is one of the
hottest trends in science; in the future work, we intend to
apply and combine the techniques and results presented in
[16-25] alongside with the methods in this paper to obtain
more new results.

The paper is structured as follows: Section 2 contains the
preliminary knowledge about ambient manifold, submani-
fold, and warped product with some important lemmas.
Section 3 defines the pointwise slant submanifold, character-
ization lemma, and an example. Section 4 and Section 5 deal
with the study of the pointwise slant distributions and point-
wise semislant submanifolds, respectively. Section 6 includes
the definition of warped product, some nonexistence results,
lemmas, and theorems provided with an example. Finally,
inequalities for the same submanifold are given in Section 7.

2. Preliminaries

Definition 1. A (2m + 1)-dimensional smooth manifold M
admits (¢, &,7, g) structure with ¢ as a (1,1)-tensor field,
& as a characteristic vector field, 7 as a globally differen-
tial 1-form, and g as a semi-Riemannian metric named as
an almost paracontact semi-Riemannian manifold (M, ¢,
&, 1, g) which satisfies

g’ =1-n®&nE) =1, (1)

g )==gle-»e-)+n(m() (2)

where I represents an identity transformation of tangent
space of M and ® represents a tensor product. A struc-

ture compatible semi-Riemannian metric “g” relates to #
as [30].

98 =n(). (3)

Equations (1) and (2) easily ensure the following:

rank (¢) =2m,
95 =0, (4)
ne¢=0,
glp-> ) +g(>9-)=0. (5)
Let @ be the fundamental 2-form on M; then,
P, ) =dn( ) =g(>9)- (6)

Basis. An almost paracontact semi-Riemannian manifold
always exists with a ¢ — basis{ E,, E%, £}, a certain type of local
pseudoorthonormal basis which includes E;, £ as space-like,
and E? = ¢, as timelike vector fields.

Definition 2 (see [31]). An almost paracontact semi-
Riemannian manifold M is termed as para-cosymplectic if
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the forms # and @ are parallel with respect to the Levi-
Civita connection V by

(7)

Lemma 3. Let M be a para-cosymplectic manifold with struc-
ture vector field & € T(TM); then,

ﬁxf =0, (8)
VX e I'(TM).

Proof. Directly follow with the help of Equations (4) and (7)
and covariant differentiation. O

2.1. Submanifold. Let M be an isometrically immersed
submanifold of a para-cosymplectic manifold M with an
induced nondegenerate metric g (denoted metric by same

symbol as on M), denoting V as Levi-Civita connection
and h as the second fundamental form on M. Thus, the
Gauss-Weingarten formulas are

Vi =VyiY +h(X,Y), (9)

Vil = -AX + Vi, (10)

for X, Y e I'(TM) (tangent bundle), and { € I'(TM*) (nor-
mal bundle); V* denotes normal connection, and A denotes

shape operator associated with the normal section on M.
The metric relation of A; and h is given as

9(AX,Y) =g(h(X,Y),0). (11)
Every X € I'(TM) is split as

eX =tX +nX. (12)

Similarly, every { € I(TM*") is split as
o=t +n"(, (13)

where tX and t+{ (nX and n*{) are the tangential parts (nor-
mal parts) of X and ¢(, respectively. Based on Equation
(12), the submanifold M classifies as anti-invariant if t =0
or invariant if n=0 on M. After using Equation (12) in
Equation (5), we get

g(X,tY)=—g(tX,Y). (14)

Now, from Lemma 3 and Equation (11), we have our
next result.
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Lemma 4. If M is a submanifold immersed in a para-

cosymplectic manifold M with structure vector field & €
I'(TM), then

V€=V X=VE=0,
h(X,&) =0, (15)

A(£ = 0, A(XJ_E,

for every X eI'(TM) and { € I(TM™).

Next, let us take two semi-Riemannian manifolds (M,
g,) and (Mp, g,) and a positive smooth function f on Mj.
Taking My x M as the product manifold along with canon-
ical projections,

0, : MgXMp—> My,
(16)

0y : MpXMp— Mp,

such that o, (pg, pr) = pp and o,(pg, pr) = py for any point
p=(pp Pr) € Mg x M. Then, the product manifold M, =

Mg x My is called warped product if metric g called the
warped metric on M, can be formulated as

9(X,Y) = gy(0y * (X), 0, % (V) (17)
+(f201)°g,(0; * (X), 05 % (Y)).

For every X,Y eI'(TM,,), “+” represents the derivation
map, and we call f as a warping function. Abstractly, the
metric can be written as

9=9,+19, (18)

where the warped product My, = My x ;M is split into a

product of the base space M and the fiber space M, except
that the fiber M, is warped [1, 32].

Proposition 5 (see [32]). The warped product submanifold
My, =My x ;Mp satisfies
(i) Vi Y = T(TM,)
(i) VU =V X = (XfIf)U
(iii) Vi,V =V, U = (g(U, V)If)Vf

for X, Y e I'(TMy) and U,V e I'(TMy), where V is the Levi-

Civita connection on My, V' is the connection on Mp, and
Vf is the gradient of f defined as g(Vf,X) = X{f.

Further, let {e,, -.ex, €x,1>'*€ams1 } De @ local orthonor-
mal basis on TM among which {e,, e, } are tangent to
M and {ex,,> *»€y,,41 ; are normal to M. If we set

= alh(ensy). o)
%Y €{ep et (19)

k€ {exis€ma >

then we get
2m+1 .
hene) = Y e e =glew e (20)
k=K+1

where hiy are the coefficients of h. Accordingly, squared
norm of the second fundamental form / is defined as

K+1

k]| = Z sxeyg(h(ex, ey),h(ex, ey)). (21)

x,y=1

3. Pointwise Slant Submanifolds

The semi-Riemannian manifold has difficulty of defining the
Writinger angle as the vector fields may be timelike. Thus,
the next definition is in the view of [12], generalizing the slant
submanifold in our ambient semi-Riemannian manifold.

Definition 6. An isometrically immersed submanifold M of
an almost paracontact manifold M is termed as pointwise
slant if at every point p € M, the quotient g(tX, tX)/g(¢X,
@X)=A(0) for >0 is independent of the choice of any
nonzero spacelike or timelike vector X € M, where M, =
{XeT,M: g(X,§)=0}. For slant angle 6, we say A(0) a
slant coefficient.

Remark 7. The value of A(8) can be

(i) A(0) = cosh*(0) € [l,00) for [tX|/|pX|>1; tX is
timelike or spacelike of each spacelike or timelike
vector field X adding 6> 0

(i) A(0) =cos*(0) € [0, 1] for |tX|/|pX]| < 1; tX is time-
like or spacelike of each spacelike or timelike vector
field X adding 0 <6 <27

(iii) A(6) = —sinh?(0) € (—00,0] for tX is timelike or
spacelike for any timelike or spacelike vector field
X adding 6 >0

Remark 8. The special cases are as follows:

(i) The constant value of A(8) throughout M implies M
is slant submanifold [11, 12]

(ii) The point p € M is called a complex point if t = ¢,
which means that the slant coefficient 1(9) is equal



to 1. The submanifold with every point as complex
point is complex or holomorphic submanifold

(iii) The point p € M is called a totally real point if t =0,
which means that the slant coefficient A(0) is equal
to 0. The submanifold with every point as totally
real point is totally real submanifold

Furthermore, let us take the union of all M P’s and denot-
ing the same by

T"M=| J{X eM,|g(X,§)=0}. (22)
peEM

Lemma 9. The submanifold M isometrically immersed in
para-cosymplectic manifold M is a pointwise slant subma-
nifold if and only if on every point p e M; there exists
A€ (—00,00) for some 0>0 such that ?X=MA(0)X for
each spacelike (or timelike) vector field X € M,

Proof. For each point p of a pointwise slant submanifold M,
the definition (22) follow as

g(tX, tX) = A(0) g(¢X, ¢X), (23)

for X € T,M. With the use of Equations (5) and (14) and the
condition that X € T,M in Equation (23), we get the desired
result. O

Proceeding further with some results which are not hard
to prove, any pointwise slant submanifold M satisfies

g(tX, tY) = A(0)g(9X, pY) = -A(0)g (X, Y),

g(nX,nY)=(1-4(0))g(¢X, ¢Y) =-(1-1(0))9(X, Y),
(24)

for X, Y e T*M.

Proposition 10. The submanifold M of a para-cosymplectic
manifold M is pointwise slant submanifold if and only if

(i) t'nX = (1-A(0))X and ntX = —n*nX for any space-
like (or timelike) vector field X € I'(TM)

(ii) (nl)ZC = M0)¢ for nonlightlike normal vector field (,
where A(0) is the slant coefficient of M

Proof. Assume M as a pointwise slant submanifold.

(i) Then for every X € T*M, ¢*X = X. On other way,

P X=X +ntX +t"nX+n"nX.  (25)

Equating tangential and normal parts and using
Lemma 9, we can attain the result
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(ii) Since { € I'(TM™), thus there exists X € I'(T*M) as
M is pointwise slant submanifold such that nX =.
Now, (n/)z( =ntntnX=-n"ntX=nt?X=21(0){.
The converse can be easily derived using same
equations

O

Theorem 11 (see [33]). A totally geodesic and connected
pointwise slant submanifold M of a para-cosymplectic mani-
fold M is a slant submanifold.

4. Pointwise Slant Distributions

Analogous to [34], we generalize slant distributions by defin-
ing pointwise slant distributions in M. Furthermore, we
study some basic characterizations for the distributions on
our ambient manifold.

Definition 12. A pointwise slant distribution ® on M is a
differentiable distribution for which the quotient g(fgX,
tX)/g(@X, pX) = Ay (0) is independent of the choice of
any spacelike or timelike vector field X € D,. Here,

(i) D, is the distribution at point p € M

(ii) teX is the projection of ¢X on the distribution D

(ili) Ag(0) is the slant coefficient corresponding to the
distribution ® on M for 6>0, and the value of
Ao () may be cos h*6, cos?6, or sin h’0

Remark 13.

(1) A pointwise slant distribution ® is invariant if
txX =X with Ay(0)=1 or anti-invariant for
t5X =0 with A5 (0) = 0. Other than these two cases,
we call the distribution to be proper pointwise slant
distribution [12]

(2) The distribution ® on M is as follows [9, 31]:
(i) totally geodesic: if h(X,Y) =0
(ii) involutive: if [X, Y] € D

for every X, Y € ®.

Corollary 14. The distribution D on the submanifold M is
pointwise slant distribution if and only if there exists A5 (0)

for 0 = 0 such that (tg)°X = Ay (0)X for any nonlightlike vec-
tor field X € D, c T,M.

Proof. The result follows similar to Lemma 9. O
5. Pointwise Semislant Submanifold

Definition 15. A submanifold M of a para-cosymplectic M is
named as pointwise semislant submanifold if the set of
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complementary orthogonal distributions {Dg,D,} exists
on M and fulfills the listed conditions:

(i) Dgq is @-invariant distribution, ie., Dy €Dy

(ili) D, is a pointwise slant distribution having A(6) as a
slant coefficient for 6 > 0

Remark 16. Further, submanifold M is

(i) proper pointwise semislant when Dq #0, D, # {0}
with nonconstant A(0)

(ii) proper slant submanifold when Dg ={0} and
D, # {0} with A(0) globally constant for 6 [35]

(ili) proper semi-invariant when Dg # {0} and D, #
{0} such that tX=0 for any X e I'(D,) [12]

(iv) invariant submanifold when ®, = {0} [35]

(v) anti-invariant submanifold when D ={0} and
tX =0 for every X e I'(D,) [35]

Remark 17. The decomposition of the tangent space can be
expressed in two ways:

(i) IfEeI(TM), the TM = (§) Dy D,

(i) If £ I(TM*), the TM =Dy’ ©D,. Here, Dy’ =
{XeDg : g(X,&) =0} < Dg. Thus, we have either
Dy =Dy or Dy = (£) @Dy [4]

Denote 9 and 9, as the projections, respectively, on the
distributions D¢ and D,. Then, any X € I'(TM) is split as

X=P,X+PX. (26)

Operating ¢, using Equation (12) and the case distribu-
tion Dq which is ¢-invariant on the previous equation, we
concluded that

tX = tP;X + tP X € [(TM), nX =nP,X € T (TM*).
(27)

As D, is pointwise slant distribution, by the conse-
quences of Corollary 14, we obtain that

£X =1(0)X, (28)

for X e I'(D,) with A(0) as the slant coefficient. Clearly, for
any point pe M, if & € TPM’ then

PX =tPs' X +tP, X + nP X, (29)

where %' is the projection on the distribution Dg'. But
this does not affect our result as & disappears when ¢ oper-
ates on Z.

However, the normal bundle denoted as TM* may be
written as

TM* =nD, &v, (30)

where v represents the subspace of normal bundle that is
invariant under ¢.

Lemma 18 (see [31]). The shape operator A of a proper
pointwise semislant submanifold M of para-cosymplectic
manifold M ensures the listed conditions:

9(PAuuS X) = g(VsU, X), (31)
AV =A,U, (32)
9(AX,U) =g (AupX, U), (34)

for Sel(TM), XeI'(TDg), U, Vel(TD,), and (€
r(T™m*).

Both when £ is normal or tangent to M, the integrability
and geodesic conditions brought out to be same after calcu-
lations for both the distributions, thus denoting them as
common Dg.

Lemma 19. If M is a proper pointwise semislant submani-
fold of para-cosymplectic manifold M, for &eI'(TM) or
EeI(TM?Y), the invariant distribution Dg on M is

(i) integrable if and only if h(tX,Y)=h(X,tY)
(ii) totally geodesic if and only if A,,; Y, =A,,tY
for X, Y €eI'(Dg) and U e I'(D,).

Proof. Equation (2) expands as
9([X. Y, U) ==g(p(VxY - V4X),0U),  (35)

for every nonzero vector fields X, Y € I'(Dg ) and U € I'(D,).
Using Equation (12) for the ¢U in Equation (35) and
followed by using Equations (5), (7), and (9) and Lemma 9,
we arrive at

(1-X(0)g([X, Y], U) = g(h(X,tY) - h(Y, tX),nU). (36)
Result (i) is clear using remark (28) as A(6) is noncon-

stant in Equation (36). Again, from Gauss formula and
Equation (2),

9(VxY,U) = 9(§ny U) = —g(sﬁxY, st) (37)



Employing Equations (7), (9), (11), (12), and (28) and
Remark 16 in Equation (37), result (ii) follows. O

Lemma 20. If M is a proper pointwise semislant submanifold
of para-cosymplectic manifold M, for £ € I'(TM) or &€
I'(TM*), the pointwise slant distribution D, on M is

(i) involutive if and only if

g(AnVU _AnUV’ tX) = g(AntUV_AntVU’X)
(38)

(ii) totally geodesic if and only if

g(AthX’ U) = g(AntVX’ U) (39)

for X eI'(Dg) and U,V € ['(D,).
Proof. Equation (2) implies

9([U, V], X) =-g([U, V], oX) + n([U, V])n(X),  (40)

for every nonzero vector fields X € I'(Dg) and U, V €
I'(D,). Solving separately the term {g(@[U, V], ¢X)} using
Equations (5), (7), (10), (12), and (28), we receive

99U, V], 9X) =A(0)g([U, V], X)
+ g(l'(@)V(Q)U -A O ©)v, x)
- g(AnVU - AnUV’ (PX)
+ g(AntVU_AntUV’X)’

(41)
where A'(0) is the first derivative of A(8). Surely, U, V are
orthogonal to X after using this fact in Equation (41), and
substituting in Equation (40), we get

(1=A(0)g([U, V], X) = g(=A, 1w U + A1y V> X)
+9(A U-A,,V, tX) (42)
+n({U, VI)n(X).

For & € I'(TM), one can replace X by & in Equation (42),
and consequently, we get

~MO)g([U, V].§) = g(h(U, §), ntV) = g(h(V, ), ntU).
(43)

Using Lemma 4 in Equation (43) and for reason that
A(0) a nonconstant, we get

n(U, V)) = 0. (44)
Therefore, in Equation (42) using Equation (44) along

with the facts that M is proper, we arrived at the desired
result (i).
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Further, using Gauss formula and employing Equations
(2), (7), (9), (11), (12), and (28) give

9(VyV.X) = MO)g(VxY, U) + (X 0)U() V. X)
+9(A, X, U) = g(A,vtX, U)U(ﬁUV)’?(X)'

(45)

Since & € I'(TM), we can replace X by & in Equation (45),
and consequently, we get

(1=-20)n(VyU) =-g(A, & V) +n(VyU),

(46)
(=AO)n(VyU) ==g(A, w5 V).
Using Lemma 4 in above expression, we get
n(VyU) =n(VyU) =o. (47)

Hence, Equation (45) implies that

(1=-M0))(Vy V. X) =g(A, X, U) = g(A,wtX, U).  (48)

Thus, from (48) and M as proper, X, Y, U as nonnull
vector fields, the proof of the (ii) directly follows. O

6. Pointwise Semislant Warped
Product Submanifold

Definition 21. A pointwise semislant warped product subma-
nifold M of a para-cosymplectic manifold M is a warped
product of an invariant submanifold M+ and a proper point-
wise slant submanifold M), either in the form Mg x ;M) or
M), x Mg, where f is a positive smooth function taken on
first submanifold in the product and slant coefficient of M,
is A(6). A trivial product is the case of such submanifold for
which warping function f is constant.

Proposition 22 (see [33]). A nontrivial pointwise semislant
warped product submanifold M of the form M) x ;Mg

with €€ I'(TM*") does not exist on a para-cosymplectic
manifold M.

Proposition 23 (see [33]). A nontrivial pointwise semislant
warped product submanifold M of the form M) x ;Mg

with & e I'(TM) does not exist on a para-cosymplectic man-
ifold M.

Proposition 24. A nontrivial pointwise semislant warped
product submanifold M of the form Mg x (M, with §€

I(TM,) does not exist on a para-cosymplectic manifold M.

Proof. Directly follow from Lemma 4 and Proposition 5. [J
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Lemma 25. For a nontrivial pointwise semislant warped
product submanifold M = Mg x (M, of a para-cosymplectic
manifold M,

g(h(X, U),ntU) - g(h(X,tU),nU) =0, (49)

g(h(X, tU), nU) = A(6) (X In )g(U, U), (50)
VX € I'(Dg) and U € I'(D,).

Proof.

(1) Since g(h(X, U),ntU) = g(V4U,ntU) for Xe
I'(TMg) and U € I'(M,), on right side, using Equa-
tions (5), (7), and (12), Proposition 5, and Lemma
9, we have

g(h(X,U),ntU) =—(X1n f)g(tU, tU)
—g(%XnU, tU) (51)
-A0)(XIn f)g(U, U).

Equations (10), (11), and (14) and Lemma 9 further
help to achieve (49)

(2) As g(h(X, tU), nU) = g(V 4tU, nU), next substitut-
ing nU = ¢@U —tU applying Equations (5) and (7),
Proposition 5, and Lemma 9 and the facts that My
is invariant, we get (50)

O

Proposition 26. If M = Mg x (M, is a nontrivial pointwise

semislant warped product submanifold of a para-cosymplectic

manifold M, then

(1- A(e))g(ﬁxu, Y) = g(h(X, 1Y), nU) — g(h(X, Y), ntU),
(52)

(1- A(e))g(%v, X) = g(h(U, tX), nV) - g(h(U, X), ntV),
(53)

VX,Y eI'(Dy) and U,V € I'(D;).
Proof. As g(VxU, Y) ==g(@VxU,@Y),n(V,U) = -g(V &,
U) = 0. Using Equations (7), (9), and (12) and Lemma 9 in

above expression gives (52). In similar way, we can prove (53).
O

Lemma 27. A nontrivial proper pointwise semislant subma-
nifold M = Mg x ;M) of a para-cosymplectic manifold M

satisfies

g(h(X, Y),nU) =0, (54)

7
g(h(X, V), nU) = ~gX(Inf)g(V, U) - X(in f)g(tV, U),
(55)
g(h(X,tV),nU)=—-9X(In f)g(tV,U) (56)
-AM0)X(Inf)g(V,U),
g(h(X, V), ntU)=-eX(In f)g(V, tU) (57)

+A(0)X(In f)g(V, U),
VX, Y €I(Dg) and U, V € I'(D,).

Proof. Result (54) is not hard to prove using Equations (7),
(12), and (14) and Proposition 5. Substituting tU =V in
Equation (49) gives g(h(X,V),nU) = g(h(X,U),nV); one
can replace nV =@V —tV, and using Equations (5) and (7)
and Proposition 5 gives (55). Putting V =tV and U =tU,
respectively, in Equation (55) gives results (56) and (57). [

Lemma 28. If M = Mg X ;M) is a nontrivial pointwise semi-
slant warped product submanifold of a para-cosymplectic
manifold M, then

(i) for E€ I(TMgy),

g(h(tX, V), nU) = =(X = n(X)&)(In f)g(V, U)
—¢X(Inf)g(tV, U)
(58)

(ii) for Ee T(TM*),

g(h(tX,V),nU)=-X(In f)g(V, U)

(59)
—¢X(Inf)g(tV, U)

VX € I'(Dg) and U,V e T(D,).
Proof. Replacing X = ¢X in Equation (55) and having the
fact that submanifold Mg is invariant, both results directly
follow. O

Proposition 29. Let M =Mg X (M, be nontrivial point-
wise semislant warped product submanifold of a para-
cosymplectic manifold M, then

g(h(X, V), ntU) - g(h(X, tU), nV) =" (0)X(0)g(U, V),
(60)

VX €I(Dg) and U,V eT(D,), and A'(0) is the first
derivative of slant coefficient.

Proof. Using metric and para-cosymplectic condition

9<§XU> V) :_9(§X‘PUJPV)> (61)



this expression under the effect of Equations (5), (9), (12),
and (14) turns as

g(ﬁXU, V) = —g(@xtU, tv) — g(h(X, tU), nV))
+g(§xt*nU+nan, V). o

Further, using Propositions 10 and (5) ended with the
desired result. O

Proposition 30. A nontrivial pointwise semislant warped
product submanifold M = Mg x (M, of a para-cosymplectic

manifold M satisfies the following:
(i) For £ e I'(TM),

g(h(tX, V), nU) + g(h(X, V), ntU)

(63)
=—[(1-M0))X -n(X)¢](In f)g(V, V)
(ii) For & e I(TM™),
g(h(tX, V), nU) + g(h(X, V), ntU) (64)

= ~[(1=A(6))X])(1n f)g (V. U)

VX e I(TMg) and U, V € T(TM,).

Proof. Lemma 28 and Equation (57) of Proposition 26
directly give the results. O

Definition 31. The submanifold M = Mg x (M) is named as
mixed totally geodesic if for every X € I'(Dg ) and U € I'(D,)

h(X,U)=0. (65)

Theorem 32. If M =Mq x (M, is a mixed totally geodesic
pointwise semislant warped product submanifold of a para-
cosymplectic manifold M, following cases arise:

(i) IfE e I'(TM), then M is either a trivial product or a
warped product of a holomorphic (complex) subma-
nifold and a totally real submanifold

(ii) If &€ e [(TM™), then M is either a trivial product or a
warped product of two complex submanifolds

Proof. Using definition (59), M satisfies h(X, U) =0 as well
as h(¢X,U)=0 (as Mg is ¢-invariant) for X € I'(TMg)
and U € I'(TM,). Using this condition in proposition (58)
when & e I'(TM), we get

[(1=A(0))1X = n(X)¢](In f)g(V,U)=0.  (66)

Indicate either In f =0 implies the trivial case or [(1 —
A(0)]X =n(X)E, after taking inner product with &, and in
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the view of Remark 8, the condition for the totally real
holds for the submanifold M,. Following similar way for
the second case, we ended up with A(0) =1 which is the
condition for complex submanifold. O

Theorem 33. A mixed totally geodesic pointwise semislant
warped product submanifold M =Mgq x (M) of a para-

cosymplectic manifold M satisfies
e(ntU In f)|[X| = g((ﬁxt)x, tU), (67)

V spacelike (or timelike) vector fields X e I'(TMg) and
UeI(TM,).

Proof. As g(VytX,tU) = g(Vy)X, tU) + g(tV 4 X, tU),
under the effects of Equation (14), Proposition 5, and Lemma
9, it turns

g(ﬁxtx, tU) =g(§xt)x, tU) +A(6)(U In f)g(X, X).
(68)

Other way, g(VytX,tU)+ g(VynX,tU)=g(V X,
tU); with this expression under the use of Equations (5),
(7), and (12), Proposition 5, and Lemma 9, g(?XnX, tU) =
0 and M as mixed totally geodesic, we have

g(ﬁxtx, tU) = A(6)(U In f)g(X, X) + &(ntU In f)|| X|]*.
(69)

This expression with the use of Equation (68) and for the
reason vector field X can be spacelike or timelike yields the
result. O

Example 34. Consider a 7-dimensional smooth manifold
M=R®xR*cR” having standard Cartesian coordinates
as (1, ¥ V3 V4 Vsr Ve £) and defining a structure (¢, ¢,
1.g) as

Pe) =€y, Pe; = €5, Pe3 = €5, Pey =€), Pes = €,

pes = e, pe; =0,
E=e,n=dtandg(e,e;) = g(e, e,) = g(es, e3)
=g(ee;) =1,

glesey) = gl(es: e5) = g(egs €5) = —1,
(70)

for {e,, e, } as alocal orthonormal frame on I'( TM). Obvi-
ously, M over (¢,&1,g) fufills the condition of para-
cosymplectic manifold. Let M be a submanifold of M with
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& tangent to it and defined for x,y € R, u,v>0 and some
k(constant) as

M(x,y,u,v,2) = ((x + y) cosh u, (x + y) sinh v, u, (x + y)
- sinh u, (x +y) cosh v, v, kx — ky + z).

(71)
The vector fields that generates the tangent bundle TM are

X = cosh ue, + sinh ve, + sinh ue, + cosh ve; + ke,

Y = cosh ue, + sinh ve, + sinh ue, + cosh ves — ke,

U= (x+y) sinh ue, +e; + (x+y) cosh ue,, (72)
V = (x+y) cosh ve, + (x + y) sinh ve; + ¢,

Z=e,.

After calculations, it is found that the invariant distribu-
tions (Dg ® <€) is the span of subspace {X,Y,Z} and
pointwise slant distribution D, is the span of subspace {U,

V} with 22 = (1/(1 - x* —2)*)Id such that x? + y* # 1; then,
the slant coefficient is

(i) A(0) =cosh?0 for x* +y* < 1
(ii) A(6) =cos?6 for x* + y* > 1

As the distributions (Dq & <€) and D, are integrable,
let M and M, be their respective integral manifolds such
that M = Mg X /M), turns a nontrivial 5-dimensional point-

wise semislant warped product submanifold of M with
induced metric g(semi-Riemannian) as

g=kdX* +I2dY? +dZ* + (1-x* - y*) {dU* - dV?},
(73)
with warping function f = /(1 — x2 — »2).

Let M be an another submanifold of M with & normal to
it and defined for x, y,u, v € R as

M(x, y, u,v) = (xu, X, U+ yv, yu, u + v, xv, 0). (74)
Then, the vector fields that generates TM are
X =ue, +e,+veg,
Y =ve; + ue, + e,
U=uxe, +e;+ye, +es,

V = ye; + xeg).

The invariant distribution Dq is the span of subspace
{X, Y}, and pointwise slant distribution D, is the span of

subspace {U, V} with 2= (x/(x> - y2)*)I such that x* #
% then, the slant coefficient is

(i) A(8) =cosh 20 for x* > y*
(ii) A(6) =cos?6 for y* > x>
As the distributions D¢ and D, are integrable, let M

and M, be their respective integral manifolds such that
M = Mg x (M, turns a nontrivial 4-dimensional pointwise

semislant warped product submanifold of M with induced
metric g(semi-Riemannian) as

g= 1+ =v)dxX? - (1+ 4> —v")dY?

(76)
+ (x2 —}/2){dU2 - dVZ},

with warping function f =./(x2 - y2).
7. Inequalities

This section includes the geometric sharp inequalities for the
aforesaid submanifold M = Mg x ;M) for the case § tangent
and normal to M.

Lemma 35 (see [31]). Let M = Mg X M) be a pointwise semi-
slant warped product submanifold of a para-cosymplectic man-
ifold M. Then, M ensures

g(h(X, U),8) = -g(h(X, 9U), ¢(), (77)
g(h(X, U), ¢{) = -g(Vx9U,{), (78)
g(h(X, U), ) =~-g(Vz9U. (), (79)

VX eI'(Dg), Uel(D,), and { € I'(v).

Theorem 36. Let M = Mg x (M) be a pointwise semislant

warped product submanifold of a para-cosymplectic manifold
M with EeT(TM). If My is an invariant submanifold of
(2n, + 1)-dimension and M, is a proper pointwise slant
submanifold 2n,-dimension satisfying V@D, C ¢D,, the
succeeding inequalities holds for h

2
[]|* = ny(1+2°(0)||VIn £|° + ‘ 3% forS, =S,

(80)

2
1h? < ny(1+2%(6)|Vin £ + Hh?s for$,<S,,

where A(0) is the slant coefficient corresponding to M,,
V(ln f) is the gradient of Inf, ||hv®2||2:g(hv(®5,§)z),
h,(Dg, D)) with its v component and invariant distri-
bution Dg, S;=(h,)* + (K)’, and S, = (k)" + (k).
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Proof. For & e I'(TM), choose the local orthonormal frame
on the following:

(a) Mg by {e;,e; =¢e;} for i={l,-,n; and e;=¢ for
i=2n; +1 such that g(e,e;) =¢; =1 implies g(e;,
ey)=¢,=—1and g(&,&)=¢ =1

(b) M, by (2,2, = (1\/[A@)te,} for r={1n;)
and such that g(e,.e)=¢, =1 implies g(e, e )=
g =-1

(0) (nM)) by & =(1/y/|-
n,), having g(e, 2,) =
@(} such that g({,, ;) =
g =-1

(1-A(6))|)ne, for r={1,-
g&,=-1and on v by {CI,CZ

_1 1mphes g((, ,zz )

Compute ||h]|* which is given as

I = [12(Der> De)|* + 2| 1(Dgs DI + [1~(Do D)

(81)
The first term ||h(Dg, Dy )||* can be expanded as
IIh(gs’gs)llzzg( (D3> Da) 1(Dg, Dg))
= Z )-h(ene)))
i,j=0
tErg; (h( i" ]) (ell,e]))
+egpg(h(ese;), hiesep)) (82)
wercgalben o) her )

+ Zososg (eg> €:)> h(ep €;))
eO)’h(ei’ ea))]'

As Dq is totally geodesic and Equation (54) of Lemma
27 directs that h(Dg, Dg) € v using which, we can write

+&gg(h(es

h(epe;) = hily+ My h(eg e)) = Hy + Wy,

h(eney) =BG+ hiyCu h(er ep) = oG+ hi
(83)
h(ep €;) = ol + Hiolr,

h(ep ) =

hOzCl + hOz(l' ( ) =
ool + hgocl’-
Simplifying these expressions in Equation (82) and using

Equation (19) and Lemma 4 and in view of orthonormal
frame, we get

1h(De, D)

n ny

= X300 0) } {00 - 00)')
{4 =)} () - ()}
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The integrable condition of the D4 and Equation (77) of
the Lemma 35 implies that

W)=y -y
After substitution of Equation (84) in (86), we get

M

1\? 2 D ||?
||h(@s’®s)|2:42”2[<hij> - (1) } =||A
i,j=1I=1
(87)
For the second part, we have
17D Dy)II* = g(h(Dg> D), h(Dg D))
= Y leEg(hene,). hiese,))
i=1r=1
+8’8rg(h<ez’> r)’h(ei”ér)) (88)
+egpg(hlesep), hie,e))
+ E4E /g(h(elr, E,J), h(ei/,ér,))
+80 rg(h(e ér)’h(ez’ér))

where

ey ) =y, + By ML e ) =5, 3y

(89)

h(ene,)=h e+ b ¢+ H .0y, hiere) o)
= hls,rrlés + hi’r’cl + hil/rrcl/,

h(eO’ ) h()re + hOrcl + h()rcl’ (60, ) (91)

= ho/es + hOr/(l + I’lor/(l/.

After simplifying Equation (88) using expressions in
Equation (91), we get

{ ) (hb)z—<h¢~>2—<hzf>2}
(1))

“
{0000~ 00 - )}

(D, D)
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Using Equations (55), (56), (58), (77), and (78), we have

hzs'r =€y (ln f)g(ér’ és)’ h?’r = _ei<1n f)g(ér’ és)’
ey =A@ I 1)g(e 2,
hl

= =A0)eq (0 f)g(en e, (1) = (1) )

(1) = (W, ) and ()= ()"

Substituting above values in Equation (92), we have

(2 D = (1-+2(6) 3 [t 1)~ (e )7
{0}y )
(94)
Since 3.71[(¢;(In £))* = (e (In £))*] = g(V(In £).¥(In f))
=||[V(In f)||* and using the condition that V'¢(D,)

c
¢(D,) in formula (78), we concluded that h(Dg,D,) <

¢(D,), above equation leads to
17(Da> Do) [P =1y (1+A2(O)[V(In f)[|*. (95

Lastly,

where the included expressions are as below:

h(e.e) = hie,+ G+ Bl
h(e,e) = hie, + B0 +hhgy
(97)
h(e, ) =, e+ h ¢+ h Ly,
h(e,es) = i, + ol + B

Employing these expressions in Equation (96) in view
of the chosen frame and simplifying, we get

(@)= 3 o ()" ()}

11

Using the condition that V*¢(D,) C¢(D,) in formula
(79), we concluded that h(D,,D,) € ¢(D,), which implies
the Equation (98) with

(e[ = 3 {02+ 05)7)

7,5,t=1 (99)

{0+ ().

Result directly follows by letting S, = (kS,)* +
S, = ()" + (I,)%. 0

Remark 37. Equality holds if S; = S,.

Theorem 38. Let M =Mq x (M, be a pointwise semislant
warped product submanifold of a para-cosymplectic manifold
M with & normal to M such that & € T(v). If Mg is an invari-
ant submanifold of 2n,-dimension and M, is a proper
pointwise slant submanifold of 2n,-dimension satisfying
VoD, € ¢D,, the succeeding inequalities holds for h

8] = ny(1+A%(60) || VIn f]|° + || e >S,,

[B]]° < ny(1+2%(0)||VIn f|| + ||hd= <S,,

(100)

where A(0) is the slant coefficient corresponding to M,,

V(ln f) is the gradient of Inf, ||h?5||2=g(hv(®g,fbg),
h,(Dg,Dg)) with its v component and invariant distri-
bution Dg, S; = (h,)* + (K)’, and S, = (k)" + (k).

Proof. For £ e I'(TM™), choose the local orthonormal frame
on the following:

(a) Mq by {e;, e, = ge;} for i={1,---,n, } such that g(e;
e;) = ¢ =1 implies g(e;, e;) =&, = -1

|-A(0)]|)te,} for r= {1,---,n2_}

> ér) = 5r =1 1mp11es g(ér/’ ér/)

(b) M, by {e,.e=(1/
and such that g(e,
ér/ = —

(c) (nM,) by e,=(1/1/]-(1 - A(0))|)ne, for r={1,,
n,}, having g(_ e)=&=-1and on v by {{;,{; =
@(} for I={1,---,n;} and {; =& for I=2ny + 1 such
that g({;,(;) =g =1 implies g({;,{y)=¢y=-1
and g(&,&) =y = 1

Further, result can be acquired carrying the same steps
as above proof and using Equations (33) and (34) of
Lemma 18. U
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In this paper, we theoretically realize bidirectional controlled quantum teleportation by using ten-qubit entangled state method.
This paper uses a case to introduce the specific process of realizing quantum teleportation: Alice sends an unknown four-qubit
GHZ state to Bob, and Bob sends an arbitrary three-qubit GHZ state to Alice. In addition, Charlie controls the transfer to
ensure the integrity of the protocol. A ten-qubit quantum channel is constructed and used in this paper. Then, the unitary
matrix transformation is used to complete the communication protocol. The research results show that the communication
protocol constructed in this paper is more efficient than most communication protocols.

1. Introduction

Quantum information has become increasingly popular in
recent years. Quantum communication is a new communi-
cation method which uses quantum superposition state
and quantum entanglement effect to transmit information.
Quantum communication is based on three principles, along
with uncertainty, measurement collapse, and no-cloning
theorem in quantum mechanics. Quantum communication
is an absolutely secure means of communication that cannot
be eavesdropped or cracked. Quantum communication is
mainly divided into quantum teleportation and quantum
key distribution. This paper studies the communication
mode of quantum teleportation.

In this paper, BQCT by using ten-qubit entangled state is
devised. Alice has unknown qubit state A, B,C, D, a, b, ¢, d;
Bob has unknown qubit state E, F, G, e, f, g, h, i; and Charlie
has unknown qubit state e. Alice sends arbitrary four-qubit
GHZ state to Bob, Bob transmits unknown three-qubit
GHZ state to Alice, and ten-qubit entangled state is used
as quantum channel. Alice performs a five-qubit GHZ-
state measurement on qubits A, B, C, D, a; and Bob operates

a four-qubit GHZ-state measurement on qubits E, F, G, f.
Both Alice and Bob tells Charlie to the basis of measure-
ment, and Charlie controls the process of the protocol. If
Charlie believes the protocol is safety, Charlie measures the
remaining quantum state using single-qubit basis and tells
Alice and Bob about information of the used basis. Alice
and Bob can obtain the initial state by appropriate unitary
operations. In contrast, this protocol efficiency is relatively
high.

2. Literature Review

In 1935, Einstein et al. proposed a paradox to prove the
incompleteness of quantum mechanics, which is referred to
as “EPR paradox” [1]. In 1964, Bell presented Bell inequality
to support localized realism and can prove the completeness
of quantum mechanics in mathematics [2].

In the field of quantum information, quantum teleporta-
tion is very important. In 1993, quantum teleportation was
first proposed [3]. In 2013, Zha et al. present the first bidi-
rectional quantum controlled teleportation (BQCT) protocol
[4]. In 2016, the scheme which has three controllers was


https://orcid.org/0000-0002-4526-1189
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2022/3828446

proposed for BCQT via seven-qubit entangled state to con-
vey one-qubit each other [5]. In 2017, Zadeh et al. presented
bidirectional quantum teleportation (BQT) without control-
ler to teleport an arbitrary two-qubit state to each other
simultaneously via an eight-qubit entangled state [6]. In
2018, Sarvaghad-Moghaddam et al. used five-qubit
entangled states as a quantum channel to teleport one-
qubit each other under permission of controller [7]. In
2019, Zhou et al. used six-qubit cluster state to send single-
qubit and three-qubit GHZ state to each other [8]. In 2020,
Zhou et al. proposed BQCT of two-qubit states through
seven-qubit entangled state [9]. Protocol which transmits
two-qubit each other and two-qubit and three-qubit each
other about six-qubit quantum channel was reported as well
[10]. In 2021, Jiang et al. presented BQCT of three-qubit
GHZ state through an entangled eleven-qubit quantum
channel [11] and Huo et al. presented asymmetric BCQT
of two- and three-qubit states via an entangled eleven-
qubit quantum channel [12]. In 2022, Kazemikhah et al.
present asymmetric bidirectional controlled quantum tele-
portation protocol of two-qubit and three-qubit unknown
states using eight-qubit cluster state [13].
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3. Construction of Quantum Channel

Quantum communication is a new communication method
which uses quantum superposition state and quantum
entanglement effect to transmit information. Quantum com-
munication is an absolutely secure means of communication
that cannot be eavesdropped or cracked. Therefore, in this
paper, the quantum channel adopted is

1
|lP>abccde hij = > ‘0000000000>ﬂb£d€ jhij + |0000011111>abcde jhij
fjhij — o f jhij f jhij

+ +[1111100000) +]1111111111)

abcdefjhij) :

(1)

abcdef jhij

This quantum channel can not only be theoretically pro-
posed but also constructed. The step method is as follows.

Step 1. The ten-qubit initial state is prepared like

¥'0) abeedef jnij = 0} ®10),, ®10), ®10),; ®0), ® |0); ® |0), ® |0),, ® [0); ® |0) . (2)

Step 2. Two Hadamard gates are implemented to qubits a
and f. Then, the state [{) ;s i; changes into

) 19+ 1a) g 10y, 510, 00),@ o), @

abecdef jhij = \/E

Step 3. When qubit a can be control qubits and qubits b, c,
d, e are target qubits, CNOT gates operate on [¥') ;e nij-

In the same way, CNOT gates operate on [¥'}) ;. defjnij When

qubits f can be control qubits and qubits g, h, i, j are target
qubits. We can obtain the quantum channel [¥;) ;. caefnij-

4. Bidirectional Quantum
Controlled Teleportation

4.1. Quantum Teleportation. Suppose Alice has an arbitrary
four-qubit GHZ state

[¥) apcp = ®[0000) 4 + BI1111) 4 pepy- (4)

(10} + 1))
S

®[0),®(0), ®[0);®[0);. (3)

And Bob has an arbitrary three-qubit GHZ state
1¥)grg = v1000) g + #[111) g (5)

where |af* + |B]> =1, [v]* + |u|> = 1. Alice and Bob do
not know what &, f3, v, and u are. Alice wants to transmit
A,B,C,D to Bob who wants to transmit E, F,G to Alice
through ten-qubit quantum channel. Supervisor Charlie
who has qubit e controls whether or not the protocol con-
tinues. We have ten-qubit state quantum channel

1
|¥/>ubccdefjhij = E [‘0000000000>ubcdefjhij + ‘000001 111 1>abcdefjhij

+]1111100000) +[1111111111)

abcdef jhij abcdefjhij] :

(6)
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Here, qubits a,b,c,d belong to Alice, qubits f, g, h,i
belong to Bob, and qubit j belongs to Charlie, respectively.
The initial state of the total system is

|lP>ABCDEFGabcdefghij = |lP>ABCD ® |lP>EFG ® |lP>abcdefghij' (7)

Four-qubit GHZ states which form a set of basis can be
described as

&)= 7(|0000> [1111)), [8;) = 7 (|0001) +[1110)),
&) = 7 (|0011) +[1100)), [§5) = 7 (|0111) + |1000)),
|&5) = 7 (10101) + [1010)), [&5 ) = 7 (|0110) +[1001)),
&) = 7 (0100) + [0100)), §>=7(|0010> |1111)).
(8)

Five-qubit GHZ states which form a set of basis can be
described as

‘lP>ABCDEFGahcdefghij =

3
vi) = 7(|00000>+|11111>) i>=7(|oooo1> 11110)),
|vs) = 7(|00010>+|11101>) *>=7(|00100> 11011)),
|vs) = 7(|01000>+|10111>) i>=7(|ooo11> 111100)),
ly2) = 7(|00110>+|11001>) i>:7(|01100> 110011)),
lvs) = 7(|00111>+|11ooo>) £y = %(|01110> 110001)),
[yi) = %(|01101>+|10010>) 0= %(\01011) |10100)),
|ﬁ3>:%(|01110>+|10001>), 7(\01111) 110000)),
[Vi5) = %|01010) 10101)), |y3s) = 7(|00101> 11010)).
©)

Alice can carry out a five-qubit GHZ-state measurement
on qubits A, B, C, D, a, and Bob can carry out a four-qubit
GHZ-state measurement on qubits E, F, G, f. Then, quan-
tum state ), popprGaedefgnij €a0 be expressed as

‘W[(M) + |yI>)ABCDa(|€1> “51 EFGf’00000000>hcdeghij +(|y3) + |Y§>)A3cpa(m> + ‘E EFGf‘11100000>bcdeghij

(VD) + 7)) ascon ([82) + 182)) gy 000011} s+ (173D + 13D hancm (168 * 162)) gy 1T D))
+ [3"[(“’3) = 1v2)) ancoa ([€1) + |E;>)Epcf’00000000>bcdeghij + (V1) = 1)) ascoa (161) + |£1_>)Epgf‘11100000>bcdeghij
+(v3) = 172)) acpa (|2) + |££>)EFGf)00001111>bcdeghij + (V1) = 1)) aena (162) + |E;>)EFGf‘11111111>bcdegh1‘j]
o[ (117) + 7)) ancon (165) = 162)) g 00000000} g+ (17) = 2D (165) + 162)) gy 11100000
+(191) + V1)) ascoa ([E1) + |£I>)EFGf)OOOOl111>bcdeghij +(1v3) *+ V2D apena (162) - |E;>)EFGf‘11111111>bcdeghij]
+ﬁ.‘4[(h’;> - |YE>)ABCDa(|EZ> |£2 EFGj)OOOOOOO())bcdeghij +(y1) - ‘y;>)ABCDa(|EZ> 1€2) EFGf’lll()OOOO)bcdeghij
+(1v2) = 1V2)) apcoa ([E1) — 1€1) EFGf)OOOOIIIwbcdeghij +(1V7) = V1)) ascoa (|81) = 181) EFGf‘11111111>bcdeghij]

’ ﬁﬂ[(h’;) - ‘y;>)ABCDa(|EZ> 152) EFGf’OOOOOOOO)hchghiJ’] +

4.2. Quantum Teleportation Results. As mentioned above,
both Alice and Bob tell each other the measurement basis
by the classical channel and different basis vectors which
Alice and Bob choose and the corresponding collapse state
is as Table 1. Then, Charlie is told the measurement results
by the classical communication channel. And Charlie can
perform single-qubit Von Neumann measurement on |+)
or |-) and

(10)

1 1
|+>=\ﬁ(|0>+|1>) \—>=ﬁ(|0>—|1>)- (11)

Then, if Charlie wants to continue the protocol, he needs to
deliver his result to both Alice and Bob. Finally, Alice and Bob
use correct unitary operations on their state to obtain the state
teleported by the other party. The different collapse states and
unitary operations in |+) or |-) are as Tables 2 and 3. In
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TaBLE 1: The collapsed states of qubits b, ¢, d, e, g, h, i, j under Alice’s and Bob’s GHZ-state measurement.

Alice’s results Bob’s results Collapsed state of qubits b, ¢, d, e, g, h, i, j

(28] &) av[00000000) + Bv|11110000) + a|00001111) + Bu|11111111)
vi) 1&1) v|00000000) + Bv|11110000) — ay|00001111) — Bu|11111111)
v1) &) av|00001111) + Bv[11111111) + a|00000000) + Bu|11110000)
[29) &) av[00001111) + Bv|11111111) — au|00000000) — Bu|00000000)
v1) [39) v|00000000) — Bv|11110000) + au|00001111) — Bu|11111111)
v1) &) av[00000000) — Bv|11110000) — au|00001111) + B|00000000)
v1) 1€0) av[00001111) — Bv|11111111) + au|00000000) — By|11110000)
v1) &) av|00001111) — Bv|11111111) — ag|00000000) + B|11110000)
lv3) 139} av|11110000) + Bv|00000000) + ap[11111111) + B|00001111)
v3) [€0) av|11110000) + Sv|00000000) — 4| 11111111) — B1/00001111)
v3) &) av|11111111) + Bv]00001111) + ag|11110000) + B|00000000)
[29) &) av[11111111) + Bv|00001111) — ap|11110000) — B|00000000)
lv2) &) av|11110000) — Bv|00000000) + au|11111111) — B4|00001111)
v2) &) av|11110000) — Bv|11110000) — ay|00001111) + Bu|00000000)
1v2) &) av|11111111) — Bv]00001111) — ag|11110000) — Bu|00000000)
lv2) &) av[11111111) — Bv|00001111) — ap|11110000) + Bu|00000000)

TaBLE 2: The specific unitary transformation and collapsed states correspond to Alice’s, Bob’s, and Charlie’s measurement results.

Alice’s results Bob’s results Charlie’s results  Collapsed state of qubits b, ¢, d, g, h,i,j  Alice’s unitary operator Bob’s unitary operator

Iy1) 139} |+) («|000) + B]111)) ® (v|0000) + ¢|1111)) I®I®l I®I®I®l
[yT) 139} I-) («|000) — B]111)) ® (v|0000) + 4|1111)) ZolIsl IeIelIel
i) &) |+) (¢|000) + B|111)) ® (v|0000) — p|1111)) I1®I®I ZeI®lI®l
(29 [} -) (]000) — B|111)) ® (v[0000) — |1111)) ZeIel ZeI®Iel
[yT) &) [+) («]000) + ]111)) ® (v|0000) + 4|1111)) I®I®l IeIeIel
[%8) &) |-) (a]000) — B|111)) ® (1|0000) + v|1111)) ZoIe®l XoXeX®X
(29 &) +) (2/000) + B|111)) ® (1£/0000) + v|1111)) I®9I®] XeX®X®X
(29 &) -) (2|000) — B|111)) ® (—¢£|0000) + v[1111)) ZoI®l iYeI®lel
Iy 139} [+) (a]000) — B|111)) ® (v|0000) + 1|1111)) ZoI®l I®I®Iel
ly7) 139} I-) («|000) + B|111)) ® (v|0000) + ¢|1111)) I®I®l I®I®I®l
Iyy) (%} +) (2]000) — B|111)) ® (v|0000) — p|1111)) ZoI®l ZoI®Iel
lyy) &) ) (¢|000) + B|111)) ® (v|0000) — p|1111)) I1®I®] ZeI®l®l
ly7) &) [+) («|000) — B|111)) ® (1£0000) +v|1111)) I®I®l XeX®eX®X
ly7) &) I-) («|000) + 8]111)) ® (¢40000) +v|1111)) I®I®l XeXeXeX
vy E5) |+) (2|000) — B|111)) ® (—¢£|0000) + v[1111)) ZeI®l iYoX®X®X
Iyr) &) -) (|000) + B|111)) ® (—¢|0000) + v[1111)) I®I®l iYeI®lel
Tables 2 and 3, i is an imaginary unit, X, Y, and Z are Pauli X(‘: ;)Y(O :)Z:(; i)’:(; ?) (12)

matrices, and I is the identity matrix. These matrices have the
form
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TaBLE 3: Following the above table.

e aenn et colpdseorquinhodghi M B e
ly3) 139} [+) (B|000) + a|111)) ® (v|0000) + p¢|1111)) XeoXeX IeI®le®l
ly3) 39} I-) (B|000) — a|111)) ® (v|0000) + p1|1111)) -iY®X®X I®I®I®l
lys) [} [+) (B|000) + |111)) ® (v|0000) — p|1111)) X®X®X ZeI®I®l
lys) (3%} I-) (B|000) — a|111)) ® (—v|0000) + g|1111)) iYeX®X —iY®I®I®l
ly3) &) [+) (a]000) + B|111)) ® (u|0000) + v|1111)) XoXeX XeX®X®X
[y2) &) I-) (—PB|000) + & 111)) ® (14/0000) + v|1111)) —-iY®X®X XeXoX®X
lys) &) |+) (B|000) + | 111)) ® (—2|0000) + v|1111)) X®X®X -iY®eX®X®X
lys) &) I-) (=B|000) + | 111)) ® (—2|0000) + v|1111)) -iY®eX®X iYoX®X®X
ly5) 139} [+) (—P|000) + a111)) ® (v|0000) + p4[1111)) -iY®X®X IeIelel
ly2) &) |-) (=B|000) — &|111)) ® (v|0000) + p|1111)) -X®X®X I®I®I®l
v2) (%} [+) (=B|000) + a|111)) ® (v|000O0) — |1111)) iYoX®X ZeI®Iel
[v2) 1€1) [-) (B|000) — &|111)) ® (1£|0000) + v|1111)) iYeXe®X XeX®XeX
ly3) &) [+) (a]000) — B|111)) ® (1|0000) + v|1111)) -X®X®X XeoXeXeX
ly5) &) I-) (=B|000) — &|111)) ® (1/0000) + v|1111)) -X®X®X XeXoX®X
[v2) 1€5) [+) (B|000) — «|111)) ® (—1£|0000) +v|1111})) iYeXe®X iYeX®X®X
ly) &) I-) (B|000) + | 111)) ® (12/0000) — v|1111)) X®X®X —iY®eX®X®X

TaBLE 4: Comparing the efficiency of different protocols.

The number  The number The The
Year and  of Alice’s of Bob’s number of efficiency
reference transmitted  transmitted = quantum of
qubits qubits channel  protocol
2019 9
[14] 3 3 6 54.6%
2020 9
[10] 2 2 6 40%
2020 9
[10] 2 3 6 45.5%
2021
0,
[11] 3 3 11 30%
2022
0,
[13] 2 3 8 38.5%
This 4 3 10 46.7%
paper

5. Comparison of Efficiency

The protocol efficiency of bidirectional quantum controlled
teleportation can be defined as

C

= (13)

n

Here, ¢ represent the total number of qubits to be trans-
mitted by both parties and g is the total number of quantum
channel in the protocol. In this paper, the total number of
qubits to be transmitted is seven and the total number of
quantum channel is ten. The efficiency of this bidirectional

quantum controlled teleportation # is equal to 46.7%. The
other protocols are as Table 4, and the efficiency of this
scheme is relatively high.

6. Conclusion

In conclusion, this paper proves that the implementation of
BQCT protocol using quantum channel constructed by
entanglement of ten-qubit is more efficient than traditional
methods. In addition, quantum communication is an abso-
lutely safe means of communication because it cannot be
eavesdropped or cracked. Therefore, the quantum channel
constructed in this paper can be used for communication
with better security and confidentiality than the existing
communication means. However, at present, the research
results of this paper only verify its feasibility in theory, and
future empirical research is needed to verify its feasibility
in practice.
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In the present note, we study e-LP-Sasakian 3-manifolds M>(e) whose metrics are conformal #-Ricci-Yamabe solitons (in short,
CERYS), and it is proven that if an M?(€) with a constant scalar curvature admits a CERYS, then £,{ is orthogonal to { if and only
if A—eo=-2¢el+ (mr/2)+ (1/2)(p+ (2/3)). Further, we study gradient CERYS in M>(€) and proved that an M>(e) admitting
gradient CERYS is a generalized conformal #-Einstein manifold; moreover, the gradient of the potential function is pointwise
collinear with the Reeb vector field . Finally, the existence of CERYS in an M?*(€) has been drawn by a concrete example.

1. Introduction

The index of a metric generates variety of vector fields such
as space-like, time-like, and light-like vector fields. There-
fore, the study of manifolds with indefinite metrics becomes
of great importance in physics and relativity. About three
decades ago, the concept of e-Sasakian manifolds was into-
duced by Bejancu and Duggal [1]. Later, Xufeng and Xiaoli
[2] have shown that these manifolds are real hypersurfaces
of indefinite Kaehlerian manifolds. Recently, the manifolds
with indefinite structures have also been studied by several
authors such as [3-7].

The concept of conformal Ricci flow was introduced by
Fischer [8] as a generalization of the classical Ricci flow
equation, which is defined on an #n-dimensional Riemannian
manifold M by the equations

%‘t’ =-2(s+ ) -pg. rg)=-1. (1)

where p defines a time dependent nondynamical scalar field
(also called the conformal pressure), g is the Riemannian
metric, and r and S represent the scalar curvature and the

Ricci tensor of M, respectively. The term —pg plays a role
of constraint force to maintain r in the above equation.

In 2015, Basu and Bhattacharya [9] proposed the con-
cept of conformal Ricci soliton on M and is defined by

£y9+2S= {%(pn+2)—2A}g, (2)

where £, represents the Lie derivative operator along the
smooth vector field U on M and A € R (R is the set of real
numbers).

In [10], Guler and Crasmareanu established a scalar
combination of Ricci and Yamabe flows; this new class of
geometric flows called Ricci-Yamabe flow of type (I, m)
and is defined by

0
3:9(0) =2I8(g(1)) -mr(t)g(),  9(0)=go»  (3)
for some scalars [ and m.

A solution to the Ricci-Yamabe flow is called Ricci-
Yamabe soliton if it depends only on one parameter group
of diffeomorphism and scaling. A Riemannian manifold is
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said to have a Ricci-Yamabe solitons (RYS) if [11]
£yg+ (2A-mr)g+21S=0, (4)

where I, m, A € R.

In [12], Zhang et al. studied conformal Ricci-Yamabe
soliton (CRYS), which is defined on an n-dimensional Rie-
mannian manifold by

£Ug+218+{2A—mr—]lq(pn+2)}g:0. (5)

Motivated by the above studies, we introduce the notion
of conformal #-Ricci-Yamabe soliton (CERYS). A Riemann-
ian manifold M of dimension 7 is said to have CERYS if

1
£yg9+2IS+ {ZA—mr— —(pn+2)}g+20n®77:0, (6)
n

where [, m, A,0 € R and # is a 1-form on M.

If U is the gradient of a smooth function f on M, then
equation (6) is called the gradient conformal #-Ricci-
Yamabe soliton (gradient CERYS) and takes the form

V2f+lS+{A— %—%<p+%>}g+an®n:0, (7)

where V?f is said to be the Hessian of f. A CRYS (or gradi-
ent CRYYS) is said to be shrinking, steady or expanding if A
<0, =0 or >0, respectively. A CERYS (or gradient CERYYS)
reduces to

(i) conformal# — Riccisolitonif I=1,m=0,
(ii) conformal# — Yamabe solitonif /=0,m =1,
(iii) conformal# — Einstein solitonif /=1, m = —1.

If S(V,,V,)={A-(mr/i2)-(172)(p+ (2/n))}g(V,, V,
)+0on(V,)n(V,) for all vector fields V,, V, on M, then we
call the manifold as a conformal #-Einstein manifold. Fur-
ther, if 0 =0, that is, S(V,, V,) ={A - (mr/2) — (1/2)(p + (
2/n))}g(V,,V,), then M is called a conformal Einstein
manifold. If an e-LP-Sasakian 3-manifold M?(e) satisfies
(6) (resp., (7)), then we say that M>(e) admits a CERYS
(resp., gradient CERYS).

The study of indefinite structures of the manifolds
admitting various types of solitons is of high interest of
researchers from different fields due to its wide applications
in general relativity, cosmology, quantum field theory, string
theory, thermodynamics, etc. This is why, the researchers
from various fields are attracted by this study. For more
details about the related studies, we recommend the papers
([13-25]) and the references therein.

In this paper, we handle the study of M?(e) admitting
CERYS. The article is unfolded as follows: Preliminaries on
M3 (€) are the focus of Section 2. Sections 3 and 4 are dedi-
cated to conferring the CERYS and gradient CERYS in M?
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(), respectively. At last, we model an example of M>(e)
which helps to examine the existence of CERYS on M?>(e).

2. Preliminaries

A differentiable manifold of dimension # is called an e-Lor-
entzian para-Sasakian (in short, M>(€)), in case it admits a
(1, 1) tensor field ¢, a contravariant vector field ¢, a 1-form
#, and a Lorentzian metric g fulfilling [6]

‘P2V1 =V +1(V)§ n(g)=-1, (8)

980 =-e n(Vi)=eg(Vy,{), ¢t=0, n(eV,)=0,

(©)
9(@Vi9Va) =g(Vi, Vo) —en(Vin(V,),  (10)

(Vv,@)Va=g(Vi, Vo)E +en(Vy) Vi +2en(Vin(V,)1E,
(11)

VVIC: epVy, (12)

for all vector fields V,, V, on M>(e), where € is -1 or 1
according as ( is space-like or time-like vector field, and V
represents the Levi-Civita connection with respect to g.

Moreover, in an M*(€), we have [6, 22]

(Vv 1) Vo =®(Vy, Vo) = g(9V1, Va), (13)
RV, V)l =n(V,)V,=n(V,)V,, (14)
R, V)V,y=€eg(Vy, V) —n(V,)V, (15)
R V) =-R(V, O =V, +1(V ), (16)
S(Vi,{) =2q(V,) & Q¢ =2€L, (17)

where @ is a symmetric (0, 2) tensor field, R is the curvature
tensor, and Q is the Ricci operator related by g(QV,, V,)
=S(V,, V,).

We note that if € = 1 and ( is time-like vector field, then
an M?(e) is usual LP-Sasakian manifold of dimension 3.

Definition 1. An M?(€) is called a generalized #-Einstein
manifold if its Ricci tensor S(# 0) satisfies

S(Vi, Va) =ag(Vy, Va) + bn(Vi)n(Vsy) +cg(@Vis Va),
(18)
where a, b, and ¢ are scalar functions of e. If c=0 (resp., b

=c¢=0), then M>(e) is called #-Einstein (resp., Einstein)
manifold.
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Proposition 2. In an M>(¢), the Ricci tensor S is expressed as
r er
S(Vi V)= (5=€)a (Vi Vo) + (S5 = 3)n(Vin(Va),
(19)
for any V,,V, on M?(e).

Proof. Since in an M?(e€), the conformal curvature tensor
vanishes, therefore, we have

R(Vl’ Vz)Vs = S(Vz’ V3)V1 - S(Vl’ Va)Vz
+9(Vy V3)QV, = g(Vy, V5)QV, (20)
r
3 (9(Vy, V3)Vi=g(Vy, V3)Vs),

which by putting V, ={ then using (9), (14), and (17)
leads to

A(V2)QV, =1(V1)QV, = (€= 2) (n(V1) Vo =n(V2)V)).

2
(21)

Again, putting V, = { in (21) then using (8) and (17), we
find

Qvi=(3-€)Vi+ (3 -3¢)n(vi)e. (22)
The inner product of (22) with V, gives (19). O
3. M*(e) Admitting CERYS
First, we prove the following theorem.

Theorem 3. If an M?(€) with the constant scalar curvature
admits a CERYS, then

mr 1 2
A—€G——2€l+7+§<p+§>. (23)

Moreover, £,,( is orthogonal to { if and only if (23) holds.

Proof. Let an M>(e) admit a CERYS, then by using (19) in
(6), we have

(€ua) (Vi Vo) =={ (= mr+20-261- (p+ ) bgv,, vy
~ {i(er=6) + 20 n(Vy)n(Va).
(24)

The covariant differentiation of (24) with respect to V,
leads to

(VV3£U9)(V1’ V,) ==1(V3r) g9V, 9V,) + m(Vir)g(Vy, V)
—{l(er—6) +20}(g(@V3 Vi)n(Vy) + g(¢Vs Va)n(Vy)).
(25)

As g is parallel with respect to V, then the relation [26].

(’EUVVIQ -Vy tyg- V[U,Vl]g) (V2 V3)

==9((£uV)(V1, V3), V3) = g((£uV) (V15 V2)s Vi),
(26)

turns to

(Vvlﬁug)(vz, V3)=9((£4V)(V1, Vi), V3)

(27)
+9((£uV)(V1, V,), Vs).

Due to symmetric property of £V, equation (27) takes
the form

29((£yV)(V1, V5), Vy) = (VV1£U9)(V2’ Vs)
+(Vy,£u9) (V1 Vs3) (28)
- (vaug)(vv V).

Using (25) in (28), we have

29((£gV)(V1: Va), Vs) =
“H(Vin)g(@Vy 9Vs) + (Var)g(@Vi9Vs) = (Var)g(eVi, ¢Vs)}
+m{(Vir)g(Vy Vi) + (Vor)g(Vi Vi) = (Var)g(Vi Va)}
—2{l(er—6) +20}g(¢V1, Vy)n(Vs).
(29)

By eliminating V5 from the foregoing equation, it fol-
lows that

2(£gV)(V V,) =
HVir) (Ve +1(V2)0) + (Var) (Vi +1(V1)E) = (Dr)g(9Vi, 9V2)}
—2e{l(er = 6) + 20}g(9Vy, Vo)l m{(Vir)Vy + (Vo) Vi = (Dr)g(Vi, Vo) b
(30)
where V,I1=g(Dl, V,), D stands for the gradient operator

with respect to g. Taking V, = { and using r constant (hence
(Dr=0) and ({r=0)), (30) turns to

(£gV)(V1,0) =0. (31)

The covariant derivative of (31) with respect to V, leads
to

(VV2£UV)(V1’ () =—€(€yV)(V1, 9V5), (32)

which by using in (VyR)(V,,V,)V,= (vvlng)(Vz,
V3) = (Vy £yV)(Vy, V3), we deduce

(VuR)(V1, §)¢ =0. (33)

The Lie derivative of R(V,{){ ==V, —y(V){ along U



yields

(VuR) (V15 8)C+2(£40) Vy — €g (V15 £40)8 = —(£ym) (V1)C,
(34)

which by using (33) reduces to
(Eun)(V1)E==21(£C)Vy + €g(V1, £5C)¢. (35)

Now, taking the Lie derivative of #(V,)=eg(V,,{), it
follows that

(Eun) V1 = e(£yg) (V15 €) + €g(V1, £4C). (36)

Taking V, = in (24), we find
(£y9)(V1,0) = {—2€A +emr—4l+20 + e(p + i) }W(V1)-
(37)
Again, taking the Lie-derivative of g({, {) = —¢, we have

(£09)(5,€) = —2en(£40). (38)

Now, by combining the equations (35)-(38), we have

2
{ZeA—emr+4l—20—e<p+ 3) }(pZVI:O. (39)
From the foregoing equation, it follows that

1 2
A—ea:—261+m—r+—(p+—>

0, 40
2 2 3 (40)

where ¢?V, #0.

Next, from the equations (37)-(40), we observe that #(
£40) =0, i.e, £,¢ is orthogonal to {. Conversely, from (37)
and (38), one can see that if £,{ is orthogonal to {, then
(40) immediately follows. This completes the proof. O

In particular, if /=1, m =0 =0, then (40) reduces to A
=-2e+ (1/2)(p + (2/3)). Thus, we have the following.

Corollary 4. If an M>(e) with the constant scalar curvature
admits a conformal Ricci soliton, then the soliton on M?>(€)
is concluded as follows:

(i) ife =1, (i.e., { is time-like), then the soliton on M?>(€)
is expanding, steady, or shrinking according to p >
(10/3), = (10/3), or <(10/3)

(ii) if e=—1, (i.e, { is space-like), then the soliton on
M?3(€) is expanding, steady or shrinking according
to p> (—14/3), = (~14/3), or <(~14/3)

Next, if m=1,1=0=0, then (40) reduces to A= (r/2)
+ (1/2)(p + (2/3)). Thus, we have the following.
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Corollary 5. If an M>(e) with the constant scalar curvature
admits a conformal Yamabe soliton, then the soliton on M?
(€) is expanding, steady or shrinking according to p>—(r +
(2/3)), = = (r+(2/3)) or <—(r+(2/3)).

Again, if I=1,m=-1,0 =0, then (40) reduces to A =—
2e—(r/2) + (1/2)(p + (2/3)). Thus, we have the following.

Corollary 6. If an M>(e) with the constant scalar curvature
admits a conformal Einstein soliton, then the soliton on M?
(€) is concluded as follows:

(i) ife =1, (i.e., { is time-like), then the soliton on M>(€)
is expanding, steady, or shrinking according to p > (
10/3) +r, = (10/3) + 1 or <(10/3) +r

(ii) if e=—1, (i.e, { is space-like), then the soliton on
M?(€) is expanding, steady or shrinking according
top>(—14/3)+r, =(—14/3) +r or <(—14/3) +r.

Furthermore, let an M>(€) admit a CERYS at U = (, then
from (6), we have

(£09) (V1 Vo) +2I8(V 1, V,) + {ZA— mr — (p+ g) }g(Vl, V,)
+20n(V,)n(V,) =0,
(41)

which by using the value (£,9)(V}, V,) =g(Vy (V) +
9V szc) =2eg(9pV,,V,), we arrive

1 mr 1 2
S(V1>V2):—7 A—7—5 P+§ gV Vs)

o €
- j’I(Vz)ﬂ(Vz) ~7 9@V, V,), where 1+0.
(42)
By putting V, = in (42) and using (17), we find
mr 1 2
A-eo=-2el+ — + °). 43
€0 e+2+2<p+3> ( )

Thus, we have the following.

Corollary 7. If an M>(e) admits a CERYS at U ={, then
M?3(€) is a generalized conformal n-Einstein manifold and
the scalars A and o are related by (43). Moreover, the nature
of the soliton on M?(€) is concluded as Corollaries 4 and 6.

Definition 8. A vector field U on an M>(e) is called torse
forming vector field in case [27].

Vy, U=fVi+y(V1)U, (44)

where f and y are smooth function and 1-form, respectively.
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Let us consider an M?(€) admitting a CERYS, further
considering the Reeb vector field { as a torse-forming vector
field. Thus, from (44), we have

Vv O=fVi+y(V1)S (45)

for all V, on M?*(€). Taking the inner product of (45)
with {, we find

Q(VV1C>C)=€f’1(V1)_€Y(V1)- (46)
Also, from (12), we find
g(Vy,5.0) =0. (47)

Thus, the last two equations give y = fr (where € #0),
and hence (45) turns to

Vy, C=f(Vi+n(Vy)0). (48)
Now, in view of (48), we have
(£c9)(V1’ Vy) =2f{g(Vy, Vo) +n(Vi)n(Vy)}- (49)

By virtue of (49), (42) turns to

S(Vy,V,)= —%{A +f- ? - % (p+ %) }g(Vl, V,)

- (e o n(VyIn(V). 140,
(50)

Thus, we state the following.

Theorem 9. If an M>(e) admits a CERYS at U ={ with
torse-forming vector field {. Then, M>(€) is a conformal y-
Einstein manifold.

In particular, if o = —€f, then (50) takes the form S(V,

V) = ~(UD{A+f = (mr2) = (172)(p + (2/3)) }g(V1, V),
[#0. Thus, we have the following.

Corollary 10. An M>(e) admitting a CERYS with torse-
forming vector field { is a conformal Einstein manifold if o
=f for space-like vector field (or o =—f for time-like vector
field).

4. Gradient CERYS on M°(¢)
Let the metric g on M>(¢€) be a gradient CERYS. Then, equa-
tion (7) can be expressed as
mr 1 2
Vy,Df +1QV, + {A— >3 (p + §) }V2 +eon(V,){=0,
(51)

for all V, on M>(e), where D stands for the gradient
operator of g.
The covariant derivative (51) with respect to V, leads to

Vv, Vv, Df = =l{(Vy,Q V2 + Q(Vy, V2) }
1/ 2 v
- {A— % -3 (p+ §> }VV1V2+m 12(r) v, (52)

—ea{g(eV, V) +n(Vy,V,){ +en(V,)eV, }.

Interchanging the role of V, and V, in (52), we have

Vv, Vv, Df = =I{(Vv, Q) V1 + Q(Vy, V1) }

- {A— % - % (p+ %) }VVZVI +m sz(r) v, (53)
—ea{g(eVy V){+n(Vy, Vi)l +en(Vy)eV,}.

By using (51)-(53), the well-known relation R(V, V)
Df =Vy Vy Df =Vy Vy, Df =V, 1 Df takes the form
R(V,, V,)Df = l{ (VVZQ) Vi- (VVl Q) VZ}
m
+ E{V1(7)V2 = Va(r)Vi} (54)
+o{n(Vi)eVy=n(Vy)eV,}-

The covariant differentiation of (22) with respect to V,
gives

Vy(r

) (v, +n(v)0)

2
+ (5 =3€) @@V Vo) + en(Vy)gVo),
(55)

(Vv,QV, =

which by replacing V, = { then using (8) and (9) reduces to
er

(VVZQK:_(? _3)§0V2~ (56)

Again, replacing V), by { in (55) and using (9), we find

GQvi= L wianmryn. @)

Subtracting (57) from (56), we find

€r

(7, Q)¢ (QV, = (5 &)

3)gVs = 2 (Vi n(Vi)0):
(58)

Now, putting V, = in (54) then using (8) and (9), we
have

R, V)Df = H{(V, Q)¢ = (Q) Vo } + 2 {L(r) Vo = Va(r)} — o0V,
(59)



Taking the inner product of foregoing equation with {
and using (58), we infer

9REV)DF.O) = LMV + Vo)) (60)

From relation (15), we have

9(R(G, V,)Df, §) ==(Vaf ) = C(f)n(Vs).- (61)
By combining equations (60) and (61), it follows that (

Vof) +{{f + (em{(r)12)}n(V,) + (em/2)V,(r) =0 for any
V, on M?(€). Therefore, for r constant, we have

U =Df = —e(¢f)- (62)
This informs that the vector field U is pointwise collinear
with {.

Now, taking the covariant derivative of (62) with respect
to V,, we have

Vy, Df = —e{V,(Ef)C} = (Ef)p V- (63)
The inner product of (63) with { gives
9(Vy,Df. ) = Vi (f). (64)
From (63) and (64), we arrive
Vy,Df =—-eg(Vy,Df.$)¢ = ((f)pVy. (65)

The inner product of (51) with { leads to g(Vlef, )
={-2l-eA+0+ (emr/2)+ (el2)(p + (2/3))}n(V,), which
in view of (40) reduces to

9(Vy,Df.¢) =0. (66)

Thus, (51) together with (65) and (66) takes the form

1 1 2 1
ovi=-qfa-" -3 (o4 3) fyi- Tt f@neve 120

(67)

This informs that M>(€) is a generalized conformal #-
Einstein manifold.
Next, from (51) and (63), we have

Qv o {a= "3 (04 3) boeontvi)d= Vi@t + e@hovs

(68)

By putting V; = { in (68) then using (8), (9), and (17), we
find

{2el+A—eo— g - % <p+ %) }C=€{C(Cf)(}- (69)
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The inner product of (69) with { and the use of (9) and
(40) leads to ¢(Cf) =0.

If possible, we suppose that {=0d/0t then the above
equation takes the form

2o (70)

It is noticed that the potential function f=d, +1td,
where d, and d, are independent of t, satisfies equation
(70). By considering the above facts, we can state the
following.

Theorem 11. Let an M?>(€) admit a gradient CERYS. Then,

(i) M>(€) is a generalized conformal n-Einstein manifold

(ii) the gradient of the potential function f is pointwise
collinear with the Reeb vector field { and f satisfies
equation (70) and it is governed by f =d, + td,.

Example 1. We consider the manifold M? = {(u,, u,, u;) €
R}, where (u;, u,, u;) are the usual coordinates in R’. Let
K, Ky, and x5 be the vector fields on M given by

0
K, =cosh u; — +sinh u, —, x
1 Saul 3au2 2
3 (71)
=sinh u,— +coshu, — ,x, =e— =,
?0u, Pou,’ ¢

and these are linearly independent at each point of M>.
Let g be the Lorentzian metric defined by

1, forl<i<2,
gk %) =< —e, fori=j=3, (72)

0, otherwise.

We define #, a 1-form as (V) = eg(V,, ;) for all V,
on M>. Let ¢ be the (1, 1) tensor field defined by

PK; =Ky @Ky =Ky, PRy =0. (73)

Using the linearity of ¢ and g, we yield

() =-L¢*V, =V, +7(V){, g(9V1, 9V,)

(74)
=g(V, Vo) —en(Vin(Vy),
for all V|, V, on M?
Now, by direct computations, we obtain
(K1, 16,] =0, [Ky, 3] = —€Ky,  [K), K] = —€K,. (75)
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By using well-known Koszul’s formula, we find

k=0, Vyx=-k3 V.x,=0, Vox,=-135 V 1x,=0,

Vi k=0, V,Kk3=—-€K,, V x3=-€k;, V, x3=0.

(76)

Let V, =V, '% + V%, + V,’k; and V,=V,'x + V,>
K, + V, 5 be the vector fields on M>. Then, for x; = one
can easily verify that

Vy{=epV, and (Vy @)V,

(77)
=g(V1, Vo) +en(Vy) Vi + 2en(Vy)n(Vy)E.
Thus, the manifold M? is an e-LP-Sasakian 3-manifold.
By using the above results, we can easily obtain the fol-
lowing components of the curvature tensor R:
R(xy, 16,1, = €kcy,

R(iys 1)1, = =€k, R(Kyp, ) K3 =0,

R(Ky, 13)K =0,  R(ky, k3)ky = —€K3,  R(Ky, K3)K3 = —Ky,

R(ieys 163)10) = —€i3, Rk, K3)K, =0, R(ieys 163 )13 = =¥, -

(78)
We calculate the Ricci tensors as follows:

S(xy, k) =S(kyo ,) =0,  S(iz,43) =-2=r=2. (79)
By putting V, =V, = k5 in (42) and using S(k;, k3) = -2,
it follows that

mr 1 2
A—€0=—2€l+7+5<p+§). (80)

Again putting V, =V, =, in (42) and using S(x;, x;)
=0, we obtain A= (mr/2)+ (1/2)(p+ (2/3)). Thus, from
(80), we find o =2I. Hence, we can say that for A= (mr/2)
+(172)(p+(2/3)) and o=2I, the data (g,(,I,m, A, 0)
defines a CERYS on the manifold (M?, ¢,{, 1, g, €).
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We present a new three-dimensional global potential energy surface (PES) for the ground state of Na,F system. A total of about
1460 points were generated for the PES. All of the points have been carried out by using the coupled-cluster single-, double-, and
perturbative triple-excitations [CCSD(T)]. Two Jacobi coordinates, R and 6, and the frozen molecular equilibrium geometries
were used. We mixed the basis sets of aug-cc-pCVQZ for the sodium atom and the basis sets of aug-cc-pCVDZ for the
fluorine atom with an additional (3s3p2d) set of midbond functions; the energies obtained were extrapolated to the complete
basis set limit. The whole calculation adopted supramolecular approximation approach. We divided the potential energy
surface into three regions, the peak region, the well region, and the long range region, and calculate the single point energy,
respectively. Our ab initio calculations will be useful for future studies of the collision-induced absorption for the Na,-F dimer,

and it can be used for modeling the dynamical behavior in Na,F system too.

1. Introduction

Because the alkali atoms are small electron affinity, the excess
electron in the alkali anion is loosely bound in space. Recently,
Alkali metal diatomic molecules are found to be form stoichio-
metric system with various new elements. On the contrary,
sodium fluoride phosphate is the core of the electrolyte mate-
rial NaF, and other electronic injection material introductions
of organic optoelectronic devices have become a good lumi-
nescent material [1-4]. Na,F system belongs to super valence
compounds containing odd electronic; it has good nonlinear
optical properties, so the scientists study on super molecular
structure of alkali metal fluoride which has always maintained
a strong interest in Na,F system [5-7].

The first thing we should do is to build precise PES when
we studied reaction kinetics characteristics. In the past ten
years, some studies on polarization molecular science of
the system offer Na,F system structure and the dynamic
response process [8-14]. Through investigation, we learned
that most of the potential energy surface of Na,F system
before is studied using semiempirical fitting.

In our calculations, there were 1460 adiabatic energy
points chosen from previous 3D diabatic PES. In this paper,

our calculations covered a wide range of interaction energy
of the potential energy surface including the peak area, the
well area, and the long-range area. We considered this sys-
tem is vibrational weakly bound van der Waals complexes
and the good performance on similar optimization, then
we used the CCSD (T) calculation method for single point
of interaction energy. By fitting, we gave the algebraic ana-
Iytic function of the Na,F system. Finally, we analyzed the
three-dimensional characteristics of the potential energy
surface.

2. Methodology

The electronic related functions must be considered when
we do calculation, because the single-point energy calcula-
tion and geometric optimization (including optimization to
transition states) are the most common types of tasks. The
sensitivity of geometric optimization to the basis group is
much lower than the calculation of single point energy,
and the time of geometric optimization is ten times, dozens
of times, or even hundreds of times of the single point calcu-
lation, so the geometric optimization absolutely does not
need large basis group; using medium basis group is enough.
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In consideration of computational efficiency, we have cho-
sen the basis sets of aug-cc-pCVQZ for the sodium atom
and the basis sets of aug-cc-pCVDZ for the fluorine atom.
In order to improve the convergence of basis set, we added
an additional (3s3p2d) set of midbond functions (mf) at
the midpoint of R. We used quantum analysis framework
in the process of computing the Jacobi coordinates system
(r,R,0). As shown in Figure 1, r is the distance of Na-Na,
R is the length of the vector connecting the Na-Na center
of mass and the F atom, and 6 is the angle between R and
the x-axis. For a given value of R, the angle 0 changes from
0° to 360" in steps of 10°. We calculated 1460 geometries
for the whole interaction energy, and the ground state of
the spacing is r, = 3.228q, [15].

The whole ab initio calculations have been calculated
with Gaussian 09 W perform packet [16]. We considered
all electronic correlation calculation processes. When we cal-
culated the interaction between alkali metal pairs to the
atom fluoride for the supramolecular systems described
here, they are only weakly adsorbed on a substrate, so the
method of supramolecular was used.

In order to avoid the fluorine atom to be too close to the
geometric center of Na-Na set, in the process of calculation,
we added diffuse augmentation functions to ensure that the
basis permits polarization by Na-Na. In the peak area (the
short range) 0a, < R < 4a,and 0 = -60° ~ 60° and120° ~ 240°,
we used the interval equal step way AR=0.1a,. In the well
area0a, < R < 4ayandf = —70° ~ 110° and 250° ~ 290°, we used
the interval equal step way AR = 0.24,,. In the long-range area
4a, < R <12a, and 0 = —0° ~ 360°, we used the interval equal
step way AR = la,. The aim is to hope that it describes the
characteristics of the peak value and potential well more
clearly.

We calculated the freeze the nuclear energy (E) as follows:

E(1,R,0)= Ep(r, R,0)+E,(r,R,0)+E/(r,R,0) (1)

where E(..) represents the total electronic energy of respective
species including zero point correction. The function contains
the location of the potential peak range Ep, the well area Ew,
and the long range El. The peak range and the well range
include a damped dispersion expansion.

The exponential functional form is as follows:

ErRO)=Y Y fAOR) x S Bcos),  (2)

n=41=0,2---

where the term f, (x) is defined by
RS
fn(x)zl_e };}F (3)

A(r,0) and B(r, ) denote expansions in Legendre poly-
nomials P;(cos 0):
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TaBLE 1: Parameters for the analytic PES of the Na,F system.

l a b,
0 5.272x 1077 4.011x107°
2 1.411x107° 8.643 x 1077
4 9.565x 107° 6.153 x 1077
6 3.099x 1078 2.225x1077
8 5.057 x 107° 2.457 x 107°

Ll

A(r,0) = Y a'(r)Py(cos 0),
a (4)

B(r,0) = Y b'(r)P)(cos ).

=0

We present all the fitting parameters for the analytic PES
in Table 1; the 1460 ab initio points on the PES are fitted to a
10-parameter algebraic form. The maximum error is
0.0565%, and the average absolute error is less than
0.00483%.

3. Results and Discussion

We show the behavior of the potential energy surface from
ten different anglers as we can see in Figure 2. From the pic-
ture, we can analyze that the peak appears in the region of
0a, < R < 3a,, with the increase of R ten different points of
view of potential energy are gradually increasing. An obvi-
ous the potential barrier appears at 8 = 0°. After reaching dif-
ferent peaks, the potential energy reduces with the increase
of R. In the scope of R > 54, the potential energy changes
flatten. Potential energy curve appearing in the overall trend
is consistent; there are differences between the local
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phenomena. The calculation results show that the highest
peak to linearity of Na-Na-F angle of 0” the height of the bar-
rier is 721 eV at R=2.64,.

Figure 3 shows the details of Figure 2 when we discuss R
in the potential well area. In Figure 3, we can clearly see that
an obvious potential well appears at 6 = 90°. When the angle
changes from 70 to 90 degrees by the interval equal step way
AB =10°, the position of the potential well also decreases
with the increase of R coordinates, 90 degrees at the mini-
mum, that is, the potential energy surface potential well
position. The shallow potential well appears as the Na-F-
Na configuration angle of 90%; the depth of potential well is
-5.3061 eV at R = 3a,,.

In Figure 4, we can see clearly that as theRincreases in
the large area of the long range, the interaction converges
to the same asymptotic value. The shape of a “T” backwards
(Na-F-Na) is the lowest energy configuration of -5.3061 eV
at R=3a, which is close to that obtained from the experi-
ment [17].

In Figure 5, we show the 3D-PES for angles 0 =-0"~
360°. The figure shows that the potential energy changes
the present strong anisotropy. The highest peak to linearity
of Na-Na-F angle of 0° is very clear. Also we can see that a
shallow well appears at 0 = 90".

There are two obvious peaks on the ground state poten-
tial energy surface in Figure 5. The peak corresponds to the
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left Na,+F, and the right peak corresponds to the Na-F-Na
reactants. We can easily see that the whole potential energy
changes in large angle are anisotropic. By analytic potential
energy function, we can know that whether there are two
symmetric saddle points on the static potential energy sur-

TaBLE 2: Comparison of the barriers with experimental values.

Parameters Experimental data Ref. Relative Ours Relative
(Ref. [17]) [12] error error

Ry nai(G0) 3.30 3224 23% 3228 2.18%

D(eV) 5.3 572 7.9% 5306 0.1%

face, reaction for the threshold. Such features, reflects the
alkali metal diatomic molecules interact with the fluorine
atoms, in short range has the strong exclusive but in the
long-range attract each other.

In Table 2, we compared the calculation results with the
experimental data and analyzed the previous calculation
results of others. Because the basis group used in our calcu-
lation is appropriate, there is not much difference with the
experimental results, so our model is reasonable and the cal-
culation is reliable.

4. Conclusion

We adopted ab initio calculation method to calculate the
ground state potential energy of Na,F system and r, fixed
at 3.228a,. We draw out the potential energy surface in the
whole process of the three-dimensional space, by the conti-
nental scientific drilling CCSD (T) method and aug-cc-
pCVQZ/aug-cc-pCVDZ+332 basis set for the sodium atom
and the fluorine atom, respectively. Compared with previous
experience and semiempirical potential curves earlier, our
theoretical results agree well with the experimental data.
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Let (M, g) and (M,, h) be two Hermitian manifolds. The doubly warped product (abbreviated as DWP) Hermitian manifold of
(M,, g) and (M,, h) is the product manifold M, x M, endowed with the warped product Hermitian metric G = f>g + f>h, where
f, and f, are positive smooth functions on M, and M,, respectively. In this paper, the formulae of Levi-Civita connection, Levi-
Civita curvature, the first Levi-Civita Ricci curvature, and Levi-Civita scalar curvature of the DWP-Hermitian manifold are
derived in terms of the corresponding objects of its components. We also prove that if the warped function f; and f, are
holomorphic, then the DWP-Hermitian manifold is Levi-Civita Ricci-flat if and only if (M,, g) and (M,, h) are Levi-Civita
Ricci-flat manifolds. Thus, we give an effective way to construct Levi-Civita Ricci-flat DWP-Hermitian manifold.

1. Introduction

It is well-known that the classification of various Ricci-flat
manifolds are important topics in differential geometry. In
1967, Tani [1] first proposed the concept of Ricci-flat space
in Riemannian geometry. Alvarez-Gaume and Freedman [2]
showed that Ricci-flat space is a kind of space with great signif-
icance in theoretical physics, which attracted many scholars’
research [3, 4]. In 1988, Bando and Kobayashi [5] character-
ized the Ricci-flat metric on Einstein-Kaghler manifold. In
2014, Liu and Yang [6] gave a sufficient and necessary condi-
tion for Hopf manifolds to be Levi-Civita Ricci-flat.

Levi-Civita connection is one of the most natural
and effective tools for studying Riemannian manifolds
[7]. In the complex case, Hsiung et al. [8] studied the
general sectional curvature, the holomorphic sectional
curvature, and holomorphic bisectional curvature of
almost Hermitian manifolds by Levi-Civita connection
and showed the relevance of above sectional curvatures.
In 2012, Liu and Yang [8] gave Ricci-type curvatures
and scalar curvatures of Hermitian manifolds by Levi-
Civita connection (resp. Chern connection and Bismut
connection) and obtained the relevance of these
curvatures.

Warped product and twisted product are important
methods used to construct manifold with special curvature
properties in Riemann geometry and Finsler geometry. In
Riemann geometry, Bishop and O’Neill [9] constructed Rie-
mannian manifolds with negative curvature by warped
product. Then, Brozos-Va’zquez et al. [10] used the warped
product metrics to construct new examples of complete
locally conformally flat manifolds with nonpositive curva-
ture. After that, Leandro et al. [11] proved that an Einstein
warped product manifold is a compact Riemannian mani-
fold and its fibre is a Ricci-flat semi-Riemannian manifold.

On the other hand, warped product was extended to real
Finsler geometry by the work of Asanov [12, 13]. In 2016,
He and Zhong [14] generalized the warped product to com-
plex Finsler geometry and proved that if complex Finsler
manifold (M, F,) and (M,, F,) are projectively flat, then
the DWP-complex Finsler manifold is projectively flat if
and only if the warped functions are positive constants.
Moreover, He and Zhang [15] extended the doubly warped
product to Hermitian case and got the Chern curvature,
Chern Ricci curvature, and Chern Ricci scalar curvature of
DWP-Hermitian manifold. They also gave the necessary
and sufficient condition for a compact nontrivial DWP-
Hermitian manifold to be of constant holomorphic sectional
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curvature. Recently, Xiao et al. [16] systematically studied
holomorphic curvatures of doubly twisted product complex
Finsler manifolds, and they [17] gave the necessary and suf-
ficient condition for doubly twisted product complex Finsler
manifold to be locally dually flat.

Thus, it is natural and interesting to ask the following
question. Let (M, g) and (M,, h) be two Levi-Civita Ricci-
flat Hermitian manifolds, whether the DWP-Hermitian
manifold is also a Levi-Civita Ricci-flat Hermitian manifold.
Our purpose of doing this is to study the possibility of con-
structing Levi-Civita Ricci-flat manifold.

The structure of this paper is as follows. In Section 2, we
briefly recall some basic concepts and notations which we
need in this paper. In Section 3, we derive formulae of
Levi-Civita connection, Levi-Civita curvature, the first
Levi-Civita Ricci curvature, and Levi-Civita scalar curvature
of DWP-Hermitian manifolds. In Section 4, we show that if
the warped function f; and f, are holomorphic, then the
DWP-Hermitian manifold is Levi-Civita Ricci-flat if and
only if (M;,g) and (M,,h) are Levi-Civita Ricci-flat
manifolds.

2. Preliminary

Let (M,],G) be a Hermitian manifold with dimcM =n;
here, J is the complex structure, and G is a Hermitian metric.
For a point p € M, the complexified tangent bundle T§M

=T,M®C is decomposed as
Cap— 710 0,1
T,M=T,"Me&T, M, (1)

where T;‘OM and Tg’lM are the eigenspaces of J correspond-
ing to the eigenvalues v/~1 and —v/—1, respectively.

In this paper, we set 0, = 0/0z* and 0, = 0/0z". Let z =
(z',---,z") be the local holomorphic coordinates on M; then,
the vector fields (0,,:--,0,) form a basis for T;’OM. Levi-

Civita connection V€ on the holomorphic tangent bundle
T};OM is defined by [18]

Vi€ =7V : (M, TVM) (M, T,M® T,M) -~ I'(M, T,M ® T*°M).

(2)

In local coordinate system, its connection is as follows
[18]:

o0 . ., O
Va/az”a [g£ - aﬁﬁ’
3)
vie g — £ =T g
0/0z¢ oz 3.8° E,Ba_zy’

where the Levi-Civita connection coefficients I" Vﬁ and I'? ap
are given by [18]

1 -
FZ‘Bz EGYE(aaGﬁg+aﬁG0@), (4)
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Tep= —Gyg(a Gpe = 0Giga)- )
Let Ke (M, ’T,M®T*"°M & T'°M) be the Levi-
Civita curvature tensor such as
K(X,Y)s = Vi V1% = ViOViCs = Vigys, (6)
where X, Y € TPM ,s € T""M. In the local coordinate system,
the coefficients of K are given by

K, [aﬁr

& A e A e
= —3,I% +T\ It rr} (7)

o By ay” pA By

Definition 1 (see [6]). The first Levi-Civita Ricci curvature
KW on the Hermitian manifold (M, J, G) is defined by

1) _ . /_ 1) 7 an 158
KW =/ 1K pdz*ndzF, (8)
where
( ) GyaKaﬁyﬁ’ (9)
Kays = GesK, (10)

Levi-Civita Ricci scalar curvature S, on T°M is given
by

af 1
chzcﬁKiB)‘ (11)

Definition 2 (see [6]). Hermitian metric G on M is called
Levi-Civita Ricci-flat if

KY(G)=0. (12)

Let (M,,g) and (M,,h) be two Hermitian manifolds
with dimcM, =m and dimgM, = n; then, M =M, x M, is
a Hermitian manifold with dimeM =m + n.

Denote m, : M — M, and m, : M — M, the natural
projections. Note that 7,(z) =z, and 7,(z) =z, for every z
=(z,,2,) € M with z; = (!, ---,z2™) € M, and z, = (2™, -
,Z™) € M,

Denote  dm, : T (M) — TM,, dr, : T*(M) —
T'"M, the holomorphic tangent maps induced by 7, and
7,, respectively. Note that dm,(z,v) = (z;, v,) and dm,(z, v)
=(z,,v,) for every v=(v;,v,) € T*(M) with v, = (v},
V") € T;;OMI and v, = (v"*1,... ymn) € T 0M

Definition 3 (see [15]). Let (M, g) and (M, h) be two Her-
mitian manifolds. f, : M, — (0,+00) and f, : M, — (0,+
00) be two positive smooth functions. The doubly warped
product (abbreviated as DWP) Hermitian manifold (; M,

X 1 M,, G) is the product Hermitian manifold M =M, x
M, endowed with the Hermitian metric G: M — R*
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defined by

Glzv) = (from)* (2)h(m(2), dmy(v)),

(13)

(fre ”2)2(2)9(771 (2), dmy(v)) +

for z=(z;,2z,) €M and v=(v,,v,) € T*’M. f, and f, are
warped functions; the DWP-Hermitian manifold of (M,, g
) and (M,, h) is denoted by (; M, x ; M,, G).

Ifeither f, = 1 or f, = 1, then (; M, X ; M,, G) becomes a

warped product of Hermitian mamfolds (M,, g) and (M,
h). If f,=1 and f, =1, then (; M, x ; M,,G) becomes a

product of Hermitian manifolds (M ( 1 9) and (M,, h). If nei-
ther f; nor f, is constant, then we call (f M, x sz,G)

nontrivial DWP-Hermitian manifolds of (M ( 1»g) and (M
h).

Notation 4. Lowercase Greek indices such as a, 3, and y will
run from 1 to m + n, lowercase Latin indices such as i, j, and
k will run from 1 to m, and lowercase Latin indices with a

prime, such as i', j', and k, will run from m + 1 to m + n.
Quantities associated to (M;,g) and (M,, h) are denoted

with upper indices 1 and 2, respectively, such as I" ;kl and

g2
r ;.,k, are Levi-Civita connection coefficients of (M, g)

and (M,, h), respectively.
Denote

The fundamental tensor matrix of G is given by

2 fzgi" 0
@-(Z)- (™ ° )
oveovt 0 ffhi,j,

and its inverse matrix (GF%) is given by

) -2 _ji 0
(Gﬁa) _ (e ) (16)
0 fiW'

Proposition 5. Let (fM X My, G) be a DWP-Hermitian
manifold of (M, g) and (M,, h). Then, the Levi-Civita con-

3
nection coefficients I Z/S associated to G are given by
Iy = Ff],
=151 25 8%
k= £ 1% S0
¥, = FZ )
5’ =fi gfﬁ 6/’
= e,
s, =rf =0.

Proof. Substituting (15) and (16) into (4), we obtain

1 7
k ke ke
rk= —G (8,Gye +9,Gi0) + 3G (a,.Gj:, + a].GI_:,)

1 ,:/0G; 0G; 1 7{9G5 9G
= _GM( I T SR Ly i
2 (az’ * 0z * 2 0z * 07/

f> 995 of 209
__f22 k1<2f26 ,g]l+f§ a], +2fZaJ xl+f2 aZJI

1 (99 097\ _
-5 (50 v )=,

Similarly, we can obtain other equations of Proposition
5. O

(18)

Plugging (15) and (16) into (5), we have the following
proposition.

Proposition 6. Let (; M, x ; M,,G) be a DWP-Hermitian
manifold of (M,, g) and (M,, h). Then, the Levi-Civita con-
nection coefﬁczents Faﬁ associated to G are given by

ri= r"
k k1 9f,
F— = fzfz Zlh’_"

19,
rk = 2 5%,
i,j f2 a il ]

! _ Fk/ (19)

/r’

! /af
Fé(] _fl fzhkl 12' ]z’

’ af
k' _ 1
F?j =1 ala}

F5.1=FE, =VU.
T

I"k
i



3. Levi-Civita Ricci Scalar Curvature of Doubly
Warped Product Hermitian Manifolds

In this section, we derive formulae of Levi-Civita curvature,
Levi-Civita Ricci curvature, and Levi-Civita Ricci scalar cur-
vature of DWP-Hermitian manifold.

Proposition 7. Let (;,M,; x ; M,,G) be a DWP-Hermitian
manifold of (M;,g) and (M,, h). Then, the coefficients of
Levi-Civita curvature tensor K¢, are given by

afy
/7 0f, 9f.
K, = K,tqs + £ 5. 90 (20)
' of, of, '
o _ d1%1y st 21
Kk’j" k’/s’ +1,°9 7537 hs,j,5k, (21)
_» 40f, 0f
t  _ 219191,
Kklys_ 2 ﬁﬁ k/j/) (22)
/ _ " af af
t 21 t'] 2 2
Kk]s’ —f1 h azl, g gkj’ (23)
19f afz e 1.10f, (093 agi} i
k;s =f1 f2 07 97" 8" Ef oz g 07 oz %
(24)
afzafz 5 t’_ afl ’l’ ah’l’ i
kJS =111 0z 977 0.9y _fl azs oz o7 6”
(25)
af, of 19f, [1 O\ st , o7
o fzfz ! lasz s foI 8_|:§<E)zs +azk{>6f+ azk]’ ’
(26)
7 06, Of 796 [1(09a 094\ 5 09
k15 fle lazzfali sj f1f2 Zﬁ[ﬁ(aztl+azkl)8;+ azk]}’
(27)

Ko _B Inf, t fz zl’afz 51’_ah5’j_’ S
K< 0z5 07 ? oz \ 07/ o "

99" 0 ) o I 5 q0f, (99g . 99;
+f2fh g//|:9 fligtl fi 1 ltli(gk}+ 91>])

Foz 7 azoz 297 5 \or T ok
(28)
o _ ’lnf, S *f 1 19f; (99 _ g 5t
K= g0z O 19 9\ 0z 97 )k
> on'" of, T ’f, 1 Ty O (Mg Oy
1295 === T — t= |
9zF o7 azk' 0z 2 97" \ oz oz
(29)

K =K! , =K'- =K' =K', =K'~ =0.
K ks kj's ki's k' kji's' 0 (30)
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Proof. Using (7), we have

A 1 1
K, = =[0Ik, - 0T, + TLTY, - IATS, + TAT - AT, }

st Ak

(31)

Taking the formulae of Proposition 5 and Proposition 6
into (31), we obtain

1

1
a['t al"t 1 11 .1
t k i pt it it
Kk]s - azjs - azk st It - F}s Fik +strj F]SF1 k
T Of, Of
t 2 Il 2 2 t
- Kk]5 f h 0z l’a i’
(32)

Similarly, we can obtain other equations of Proposition
7. O

Proposition 8. Let (; M, x ; M, G) be a DWP-Hermitian
manifold of (M,, g) and (M,, h). Then,

i afz afz

Kk]sp fz Kk]sp fl fzhx oz i oz i gs]gkp’
9f, 9f,
xl 1 1
k’;’S'P fl k’;” g +f B 35 07 hs} hkp
_ afz afz 6,
kjs'p' ozl 0z kj »’
afl afl h 67

Kisp~ 3zl ozs KTOP
of; 9f, 5t of, (994 agi} i ol
2592 ¢ 7f2az5/ a7 o7 )W

_ af1 afz z afl ’1’ ah I
Kz =fif2 by f—fl e 86 s

afz] afl fziz/ l agﬂ + agﬁ 8[ ags,l 6,’,,
0z 0zk 940 v oz' |2\ 0z°  0zF) ) 0z

Kk]sp fl f2 kp

-3
Kkjs; =f1 f2

. of Of of oh Ohg
k']’s’p fol fakz’ s] P f1_1|:_<azg + azkl>6]7 azk] 81
K 7_=f _azlnfl _f zlafl agsf_agsj

Kisp' ~J UKD 52507 ey 5\ ~ 37

¢ —
+f2 S]lah afzh +6l f2

Y a9k ol
. ih"'l_’S’z, ale (ah,i,,,, oh. lﬂ
2 o \oz oz

0zF g7I' ¥
2 In f i af ohy Ohg
k]sp_fzgkpa 2 f2 kp — 71{

o7/ 0z
agtl of | 1 0°f, 1 530f, (99 _99;
tfihg [azkwg’”‘%’azkaz’ "2 f’ﬁ(?)zi " azk> ‘
Kyjep = K = Ky = Kigg = K = Kig = 0. (33)
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Proof. According to (10), we get

+ Gy K’

=G, K’ b

K, L

kjs — (34)

Kigp =

Substituting (20), (27), and (15) into (34), we have

Zhll afzafz t

1 o Fy
6)=f§1<k;s,—, s ppn 2%

07! ozt gngP
(35)

Kkjs;s:Gr< k]s+fl ala!gsjk

Similarly, we can obtain other equations of Proposition
8. O

Proposition 9. Let (;, M, x ; M,,G) be a DWP-Hermitian

manifold of (M,,g) and (M,, h). Then, the coefficients of

the first Levi-Civita Ricci curvature fo% are given by

(1) 2 0f, 0f, i
Kkj_ flalralf k]h >
(1) _ 20f, af1 sl
Kk’f B k’J 2f2 0zl 0z° klg ’ (36)
(1 _
Kk’f =0,
kY=o
kj

1 2
where K%) and K;jz are coefficients of the first Levi-Civita
J

Ricci curvature of g and h, respectively.

Proof. From (9) and (16), we get

Ky = GPKyjp5= GPKyyg + +GPK, (37)

js'p'”

According to (16) and the first equation of proposition 8,
we have

afzafz i
K +f1 a_la_’ —h .

(38)

5 2 ! 22,7 9f5 Of
GPKkjs[uzfzng<f§Kkjs§ ‘*’fff%hl 2 =2 5 kp)7

5 357 999

Similarly, by using (16) and the third equation of propo-
sition 8, we can get

2 0f, 0f, ﬁhs’l_’.

07" 0z (39)

5’17 -
G Kk]s’p’ _fl

Replacing the summation index i’ on the right side of
(38) with s’ and then taking it and (39) into (37), we can
obtain

W _ 20/, 0f, a7
Ky = 2f12a lz,aj, k]h : (40)

5
Similarly, we can obtain
W) _ ) of, of, 7
1) _ 1 —2Y%1%1,
Kk’7 - Kk’7 +2f 0z! 0z° M9
kY —o (41)
k/} 5
kY=o
Koo
This completes the proof. O

Theorem 10. Let (; M, x ; M,,G) be a DWP-Hermitian
manifold of (M, g) and (M, h). Then, the Levi-Civita Ricci

. .
scalar curvature of G along a nonzero vector v=(v',v' ) €
1,0 . .
T,°M is given by

. : o, 200
S1c(v) =£2°S4(v1) + f1°Su(v2) + 2f1f g I%B_J;
7 of, of °T )
2 -2 —Zhsll’ 2 2 ,
+2f 1S5 35 92

where S,(v;) and S,,(v,) are Levi-Civita Ricci scalar curva-
tures of g and h, respectively.

Proof. According to (11), the Levi-Civita Ricci scalar curva-
ture of G is given by

S0 = GPK) = UK + TR + GUIKG) VK.
]

(43)
Combining (16) and (40), we have
1
Gk]K f—2 k]< +2 IZL]Z f2 g hs’ I>
_ o U af af
_ 2 2151 0J2 9J,
=f2S,(n) +2f 1 f5h 3 oz

Similarly, we can get

!

ij_’K]i) = f7 2 L (v)) +2f; f22 49f19f; (45)

0z lazs
K1) _
GHK,) =0, (46)
Gk =o. (47)
kj
Taking (44)-(47) into (43), we obtain (42). O

Theorem 11. Let (; M, % ;M,,G) be a DWP-Hermitian
manifold of (M,,g) and (M, h). If f, and f, are holo-
morphic functions on M, and M,, respectively, then S;-(v)

=f2°S,(v) + f1°Su(vs).



Proof. If f, and f, are holomorphic functions on M, and M,,
respectively, i.e.,

% =
,l >
0z (48)
afZ =0.
oz'
Thus,
s 40f, Of
2 2 sl 1271 _ 49
2f; 50 =0 (49)
7 of, Of
2 s'l 2 2 _
22" B o, (50)

Substituting (49) into (42), we have S;(v) :fngg(vl)
+ 178 (v). O

4. Levi-Civita Ricci-Flat Doubly Warped
Product Hermitian Manifolds

Let (M, g) and (M,, h) be two Levi-Civita Ricci-flat Hermi-
tian manifolds; one may want to know whether the DWP-
Hermitian manifold (; M; x ; M,, G) is also a Levi-Civita

Ricci-flat Hermitian mamfold We shall give an answer to
this question in this section.

Theorem 12. Let (; M, x ; M,,G) be a DWP-Hermitian

manifold of (M,,g) and (M, h). If f, and f, are holo-
morphic functions on M, and M, respectively, then (; M,

X s M, G) is Levi-Civita Ricciflat if and only if (M,, g)
and (M, h) are Levi-Civita Ricci-flat.

Proof. If f, and f, are holomorphic functions on M, and M,,
respectively, i.e.,

% - O’
‘ (51)
of,
_, = 0_
o7

Taking above equations into the first formula and sec-
ond formula of (36), we get

Lohof,
12 = IZ,a lzlgk]h =0, (52)
Lo of.
2 Y1 1 sl
2f, 97 w79 =0. (53)

Firstly, we assume (; M; x ; M,, G) be Levi-Civita Ricci-
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flat; using Definition 2 and (36), we have

1
K(l) 2f—2 f2 f2 h’MZO,

kj 1 oz 97" I
M _ > 0f1 0f
2 h[l - ’
o= K 2 e - (54)
1 _
Kk,j—O,
kY=o
kj

Substituting (52) and (53) into the first formula and sec-
ond formula of (54), respectively, we get

1) (1 _
Ky = K =0,
( % )
1 1
ka? B Kk'? =0 (55)
1 _
Kkr} - 07
kY=o
kj
Obviously,
1
KW =
] b
) (56)
K%Y =0
K7
According to Definition 2, these mean that (M, g) and

(M,, h) are Levi-Civita Ricci-flat.
Conversely, we assume (M;,g) and (M,, h) are Levi-
Civita Ricci-flat; according to Definition 2, we know that

Ki(;‘) -0, (57)
]
2
K" —o. (58)
K

Since f, and f, are holomorphic, thus (52) and (53) are
established. Then, taking (52), (53), (57), and (58) into
(36), we obtain

(W _
Ky =0,
K" o,
0 59)
Kklj = 0;
kY=o
Ki
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By Definition 2, (59) indicates that (; M, x M), G) is
Levi-Civita Ricci-flat. |

Notation 13. Theorem 12 implies that when warped func-
tions to be holomorphic, then the DWP-Hermitian manifold
is a Levi-Civita Ricci-flat Hermitian manifold if and only if
its component manifolds are Levi-Civita Ricci-flat. Thus,
this theorem provides us an effective way to construct
Levi-Civita Ricci-flat DWP-Hermitian manifold.

5. Conclusions

In this paper, we derived formulae of Levi-Civita connection,
Levi-Civita curvature, the first Levi-Civita Ricci curvature,
and Levi-Civita scalar curvature of the DWP-Hermitian
manifold and proved that if the warped function f; and f,
are holomorphic, then the DWP-Hermitian manifold is
Levi-Civita Ricci-flat if and only if (M, g) and (M,, h) are
Levi-Civita Ricci-flat manifolds. Thus, we gave an effective
way to construct Levi-Civita Ricci-flat DWP-Hermitian
manifold.
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Cavitating flow fields downstream of triangular multiorifice plates with different geometrical parameters were measured by PIV
technique, and effects of orifice size, orifice number, and orifice layout on turbulence intensity and Reynolds stress were
analyzed. The experimental results showed that the turbulence intensity and Reynolds stress downstream of the different
multiorifice plates exhibited sawtooth-like profiles. Decrease in orifice size, increase in orifice number, and taking staggered
layout could contribute to intensification of turbulence mixing and shear effects of multiple cavitating jets downstream of the
multiorifice plates and thus reaching the expected cavitation effects.

1. Introduction

Once flow velocity reaches a certain point where the pres-
sure of flow lowers below the saturated vapor pressure at
the corresponding temperature, a cavitation phenomenon
will occur in liquids. The collapse of cavitation bubbles in
the zone where pressure rises can generate super high pres-
sure and temperature and forms microjets and shock waves
in a micro second interval and thus will cause severe damage
to ship propellers, hydraulic release structures, hydraulic
components, and hydraulic machinery. Conversely, Pandit
and Joshi [1] applied hydrodynamic cavitation into the
hydrolysis of fatty oil. Since then, hydrodynamic cavitation
has been studied for the potential application in water treat-
ment. Many studies have found that the hydraulic condition
of cavitation reactor was the major factor and played an
important role in effective wastewater treatment [2-5]. Dong
et al. [6] and Yao et al. [7] studied the cavitational character-
istics due to circular and triangular multiorifice plates, and
their results revealed that the multiorifice plates with larger
and more orifices incurred stronger cavitation and hence
improving the degradation rate. And Dong et al. [8] studied

the degradation of hydrophilic and hydrophobic mixture
due to the combination of the Venturi tube with the multi-
orifice plates. Wang et al. [9], Geng et al. [10], and Dong
and Qin [11], respectively, used hydrodynamic cavitation
due to the Venturi tube to kill Escherichia coli in raw water.
They focused on the effects of variable diffusion angle, vary-
ing throat lengths, throat velocity, treatment time, cavitation
number, and initial concentration of Escherichia coli on the
killing rate. Also, killing rate of pathogenic microorganisms
in raw water by hydrodynamic cavitation due to triangular
and square multiorifice plates was, respectively, studied by
the references [12-15]. As mentioned above, the characteris-
tics of cavitating flow directly affect the degradation rates of
refractory pollutants and the killing rates of pathogenic
microorganisms. Dong et al. [16, 17] and Zhang et al. [18],
respectively, reported time-averaged velocity and pressure
distributions of the Venturi tube and triangular multiorifice
plates and their combinations. In fact, characteristics of
cavitating filed flow behind cavitation reactors such as
multiorifice plates contribute further to understanding the
mechanisms of degrading refractory pollutant and of killing
pathogenic microorganism by hydrodynamic cavitation and
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to optimizing the design of cavitation reactor. However, less
study of turbulence characteristics downstream of the multi-
orifice plates was reported. In this paper, cavitating flow
fields downstream of 5 triangular multiorifice plates with
different orifice sizes, numbers and layouts were measured
by PIV technique, and the effects of the geometric parame-
ters on turbulence intensity and Reynolds stress were
analyzed.

2. Experimental Facility and Methodology

The experimental apparatus is shown in Figure 1. Five
types of triangular multiorifice plates were designed in
the experiment as shown in Figure 2. The size of each
plate was 50 mm x 50 mm. The total orifice area of each
plate remained the same. The orifice numbers of these
multiorifice plates were n=9, 16, 25, and 64, and the ori-
fice sizes were a=2.6, 4.0, 5.1, and 6.7 mm, respectively.
The checkerboard-type and staggered layouts of orifices
were arranged on the plates. The geometric parameters
of the multiorifice plates are shown in Table 1. The size
of cross-section of the working section was 50 mm x 50 mm,
and the length of the working section was 200 mm. The
top and two sides of the working section were installed
by polymethyl methacrylate for observation window. The
multiorifice plates and working section were made of
stainless steel plate, which were fabricated by computer-
controlled machine tool.

The basic principle of PIV technique is that the trace
particles can be of good reflectivity and tracking features,
whose relative density is equivalent to the fluid evenly spread
in the measured flow field. Then, the moving images of these
particles will be captured by a camera at certain interval
before matching the particles in adjacent images. In this
way, the parameters of movements can be worked out
through calculating the velocity vector at each point in the
flow filed. In this paper, lots of cavitation bubbles existed
in the high-velocity flow, and since the tiny bubble and the
moving fluid have better following characteristics, the speed
of moving bubble was almost equal to that of fluid particle.
So the motion of bubble can be used to reflect the motion
of fluid particle. The Dantec 3D-PIV was used to measure
the instantaneous velocity field downstream of the triangular
multiorifice plates. The sampling frequency was 15Hz, and
the time interval of instantaneous flow field was 0.02s. Con-
sidering that the number of instantaneous flow field should
statistically meet the need of steady turbulent flow, 500
groups of instantaneous flow fields verified by the preexper-
iment were chosen to analyze the turbulence intensity and
Reynolds stress of flow fields.

The measuring position was along the center line on the
top surface in the working section, ranging within 50 mm
x200mm. In order to analyze and compare turbulence
characteristics in detail, the working section was divided into
8 cross-sections as shown in Figure 3 and the positions of
cross-sections are listed in Table 2. For the sake of compar-
ison, the position of cross-section was nondimensionalized
by the length of working section (L =200 mm).
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FIGURE 1: Sketch of experimental setup. 1: inner solution tank,
2: centrifugal pump, 3: control valves, 4: pressure gauge, 5: working
section, 6: rotator flow meter, and 7: water cooling tank.

3. Results and Discussion

The relative longitudinal turbulence intensity can be
expressed as

o= Y2 (1)

(2)

where # and v denote longitudinal and vertical fluctuating
velocities and U means velocity of orifice.

3.1. Effect of Orifice Size on Turbulence Intensity and
Reynolds Stress. The distribution of relative turbulence
intensity at cross-section 1-1 was taken for an example,
and variation in relative turbulence intensity for the 4 multi-
orifice plates, namely, side length of orifice a =2.6, 4.0, 5.1,
and 6.7 mm, is shown in Figure 4. It follows from the Figure
that there exist different extents of turbulence as a result of
shearing and mixing effects of multiple jets downstream of
multiorifice plates. The turbulence intensity for a =4.0 mm
plate exhibits obvious sawtooth-like distribution. Intense
turbulence means that the fluctuating velocity is larger,
which can induce cavitation. Variation of turbulence inten-
sity T, with vertical height y/H is smaller, the turbulence
intensity for a=6.7 mm plate is the weakest among the 4
multiorifice plates, and the turbulence intensities for a =
2.6mm and 5.1 mm plates are in between for a =4.0 mm
and a = 6.7 mm plates.

Distribution of Reynolds stress for the 4 multiorifice
plates with different orifice sizes is shown in Figure 5. It
follows that variation in Reynolds stress downstream of
multiorifice plates also exhibits a sawtooth-like distribution,
which means strong shearing effect took place among the
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FIGURE 2: Triangular multiorifice plates.

TaBLE 1: Geometric parameters of triangular multiorifice plates.

Orifice number Orifice arrangement Side length of orifice, mm

9 Checkerboard-type 6.7
16 Checkerboard-type 5.1
25 Checkerboard-type 4.0
64 Checkerboard-type 2.6
25 Staggered 4.0

F1GURE 3: Cross-section positions downstream of multiorifice plate.

high-velocity multiple jets. The sawtooth-like distribution of
Reynolds stress for a = 5.1 mm plate is denser than that for
a=6.7mm plate and exhibits alternative fluctuations
between positive and negative directions. Reynolds stress
due to a=4.0mm plate is larger than that due to a=
5.1 mm plate along the vertical line, implying that the shear-
ing effect among multiple jets downstream of the plate with
smaller orifice is stronger. The reason is that velocity gradient
between multijet and ambient fluid became larger due to the
smaller orifice, so more intense entrainment and mixing
occur, thus producing more eddies and increasing internal
disturbance and turbulence energy in cavitating flow field.

TaBLE 2: Dimensionless cross-section positions behind multiorifice
plates.

Cross-section x/L Cross-section x/L
1-1 0.05 5-5 0.25
2-2 0.1 6-6 0.35
3-3 0.15 7-7 0.5
4-4 0.2 8-8 0.75

z

=

0 0.5 1 1.5 2

—+—a=6.7 mm ——a=4.0 mm

—0—a=>51mm —%—a=2.6mm

FIGURE 4: Effect of orifice size on turbulence intensity.

It was found through further comparison between a=
4.0mm and 2.6 mm plates that the sawtooth-like distribu-
tion of Reynolds stress due to the latter was denser, but
variation in the values was within a smaller range. Also,
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FiGure 5: Effect of orifice size on Reynolds stress.

Reynolds stress for the latter was basically smaller than
that for the former. It means the intense shearing effect
could not occur for the minimum orifice in this
experiment.

3.2. Effect of Orifice Number on Turbulence Intensity and
Reynolds Stress. The variation of relative turbulence intensity
for 4 multiorifice plates with different orifice numbers is
shown in Figure 6. It can be seen from Figure 6 that the tur-
bulence intensity for 9-orifice plate approximates a straight-
line, and for 16-orifice and 64-orifice plates, the intensities
exhibit sawtooth-like distributions. However, there are some
larger values of turbulence intensity for 25-orifice plate, it
means that a more intense turbulent shearing field occurred,
and that numerous high-frequency and small-size eddies
were generated in the field, which contributed to transfer
of turbulence energy and increased pressure fluctuation.
Therefore, an appropriate increase in orifice number could
contribute to intensifying interjet mixing and to prompting
formation, growth, and collapse of cavitation bubble, leading
to intense cavitation effect.

Distribution of Reynolds stress due to multiorifice plates
with different orifice numbers is shown in Figure 7. As can
been seen in Figure 7, Reynolds stress downstream of 16-
orifice plate changes between positive and negative range,
which is more intense than that downstream of 9-orifice
plate. In addition, the value of Reynolds stress due to 25-
orifice plate is larger than that due to 16-orifice plate. All
of these implied that the more the orifice number, the stron-
ger the turbulence exchange and shearing effect, which could
prompt the formation, growth, and collapse of cavitation
bubbles. It was found based on the further comparison
between 25-orifice and 64-orifice plates that the sawtooth-
like distribution of Reynolds stress due to the latter was
denser. However, the value of Reynolds stress due to 64-
orifice plate only fluctuated within a smaller range, which
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FIGURE 7: Effect of orifice number of Reynolds stress.

was probably the weakening effect of combined jets due to
more orifice numbers.

3.3. Effect of Orifice Layout on Turbulence Intensity and
Reynolds Stress. Two multiorifice plates with the same
size and number of orifice but different layouts of
checkerboard-type and staggered orifices were taken for the
effect on layout. The distribution of turbulence intensity is
shown in Figure 8. It follows from the figure that variation
in turbulence intensity for the checkerboard-type layout is
relatively mild; however, the variation for the staggered lay-
out is steeper. The reason is that the flow field due to the stag-
gered layout was of more intense entraining and mixing
effects of multiorifice plates.
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The distribution of Reynolds stress due to two plates
with the same size and number of orifice but different
layouts of the checkerboard-type and staggered orifices is
shown in Figure 9. We can easily see the variation in Reyn-
olds stress due to the two plates is similar.

4. Conclusion

There existed different turbulence due to shearing and
mixing effects of multiple jets downstream of different mul-
tiorifice plates. The turbulence intensity for a = 4.0 mm and
25-orifice plates exhibited apparent sawtooth-like distribu-
tion, which contributed to transfer of turbulence energy
and increase in pressure fluctuation. Also, the variation in

turbulence intensity for the staggered layout plate was
steeper than that for the checkerboard-type one; Reynolds
stress downstream of different multiorifice plates also
exhibited sawtooth-like profiles. Appropriately decreasing
the orifice size (a =4.0 mm), increasing the orifice number
(n=25), and taking staggered layout could contribute to
intensifying turbulence mixing and shearing effects of multi-
ple jets downstream of multiorifice plates, thus resulting in
an expected cavitation effect. Improving the velocity of
orifice and designing the various shapes of orifice will be
considered in the following study.
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