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Perturbation theory has long been the method of choice in
addressing the S-matrix and related observables predicted
by quantum field theories subject to well defined asymptotic
scattering states and an accordingly local and sufficiently
weak interaction, suggesting an analysis in terms of powers
of a small coupling. Gauge theories like Quantum Electro-
dynamics (QED), the electroweak sector of the Standard
Model (SM) of particle physics as a whole, and the primary
perturbative vertices of Quantum Chromodynamics (QCD)
describing, e.g., the creation of jets of hadrons from electron-
positron annihilation at large center-of-mass energies thanks
to asymptotic freedom are empirically very successful appli-
cations of this approach. Among many other important
results, they gave us a quantitative description of radiative
effects such as the deviation of the electron’s spin induced
magnetic moment (the 𝑔-factor) from the value predicted
by the Dirac equation, a quantitative explanation of the
Lamb shift, and the precise evolution of the strength of the
electromagnetic and strong couplings𝛼 and𝛼𝑠 in dependence
of the momentum transfer in given scattering processes.
On the conceptual side, a major accomplishment of the
perturbative approach is the demonstration by ’t Hooft and
Veltman of renormalizability of quantum gauge theory in
four space-time dimensions with and without spontaneous
gauge-symmetry breaking through a (renormalizable)Higgs-
field sector, implying the intactness of the predictivity of these
theories under the renormalization programme: the subtrac-
tion of loop-inherent infinities to dress only the parameters
of the tree-level theory under physically imposed conditions
and this to all loop orders. The thus enabled precise pre-
dictions of electroweak observables in the SM were impres-
sively confirmed by experiments performed at the Large
Electron-Positron Collider (LEP).

A genuine testing of the U(1) × SU(2) × SU(3) gauge
dynamics of the perturbatively understood SM beyond per-
turbation theory must, however, avoid model assumptions
such as suggestively parameterized parton distribution func-
tions and the associated factorization of soft-momentum,
nonperturbative contributions to hadronic polarization ten-
sors. One usually argues that lattice gauge theory—a first-
principle approach to QCD based on an ultraviolet (UV)
and infrared (IR) cutoff formulation on a finite 4D Euclidean
space-time lattice—produces results which do not rely on
such assumptions and this increasingly well as computa-
tional resources become more and more abundant and the
available conceptual and computational techniquesmore and
more refined. But even for the pure Yang-Mills case (no
fermions which couple to the gauge fields), there are various
issues inherent to this approach: (i) problems in the direct
simulation of dynamical processes (form factors at time-
like momentum transfer, certain decay amplitudes) due to
formulation of lattice gauge theory in Euclidean space-time,
(ii) finite-size scaling at finite temperature and its profound
impact on infrared sensitive thermodynamical quantities,
and (iii) customary simulations of the Euclidean Yang-
Mills partition function subject to the Wilson discretization
of the fundamental Yang-Mills action with the UV cutoff
dependence (lattice spacing) and coarsening effects usually
parameterized in terms of the perturbative Yang-Mills 𝛽
function. A nonperturbative, perfect quantum lattice action
by definition does not exhibit any cutoff dependence at
finite lattice spacing. It is, however, prohibitively expen-
sive to construct by successions of numerical block-spin
transformations. Apart from these technical problems, the
determination of static observables (which do not depend on
the Euclidean formulation), like the mass spectrum of light
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hadrons, is the result of black-box numerical experiments
and as such does not openly provide insights into the
underlying physics of ground-state structure, confinement,
chiral symmetry breaking, and excitability. There is activity
in lattice gauge theory, however, which poses these questions
about mechanisms directly, thus providing valuable guidance
to analytical approaches to nonperturbative Quantum Yang-
Mills theory.

Some of the contributions to this present special issue
focus on just such nonperturbative approaches to pure
Yang-Mills theory, QCD, and Yang-Mills thermodynamics.
Namely, the work of H. Reinhardt et al. investigates the
nonperturbative vacuum functional in the Hamiltonian for-
mulation of SU(2) and SU(3) QCD in Weyl-Coulomb gauge
both at finite and at zero temperature and for both situations,
pure Yang-Mills and fluctuating quark fields. The task is to
solve the functional Schrödinger equation with a duly gauge-
fixed Hamiltonian for the ground-state functional. This is
done in an approximate form in terms of minimizing energy
in a well-motivated Gaussian-variational ansatz (and cubic
plus quartic generalizations thereof) for the ground-state
functional. The associated kernels can be expressed as solu-
tions to Dyson-Schwinger and to gap equations which can
be solved subject to simplifying assumptions and boundary
(horizon) conditions to implement confinement (a highly
nonperturbative feat). Interesting quantities to compute are
the Wilson and Coulomb string tension. One then is led
to ask about the field configurations that mainly induce
them. This is done in comparison of the present continuum
approach to lattice results in discussing the role of center-
vortex loops and the magnetic monopoles that associate with
them. Finite temperature is introduced by compactification
of the spatial dimension after𝑂(4) rotation, and the Polyakov
loop as an order parameter for deconfinement is computed
with the according ground-state functional used to compute
the expectation of the 𝐴0 field in Polyakov gauge. Again,
the results are compared to lattice results yielding a good
agreement. Approaches like the one pursued by H. Reinhardt
et al. in this special issue have helped to elucidate a number
of important nonperturbative mechanisms in non-Abelian
gauge theory. Exemplarily, we now sketch the content of some
of the papers.

There are two interesting contributions in this special
issue, one by S. J. Brodsky and the other one by H. G.
Dosch, who base their nonperturbative approach to QCD
on the so-called AdS-QCD conjecture which is believed
to be related to the AdS-CFT holography correspondence,
conjectured by J. Maldacena to hold between 4D SU(𝑁 →
∞), N = 4 SUSY Yang-Mills theory, and the corresponding
5D supergravity dual theory on anti-de-Sitter background
space-time (AdS5). In particular, S. J. Brodsky first introduces
a mass scale into the QCD light-front Hamiltonian by adding
a term proportional to the special conformal operator which
then gives rise to a confining potential. This does not break
conformal invariance on the level of the QCD action. This
somewhat ad hoc procedure can be shown to follow from
the conjectured duality between light-front QCD and AdS5
if one introduces the AdS5 action by the dilaton along the
fifth dimension. Generalizing this by appealing to the full

superconformal algebra, Brodsky obtains, among interesting
insights about the light-front vacuum structure, a unified
hadron spectroscopy for mesons, baryons, and tetraquarks
with supersymmetric relations between meson and baryon
masses. H. G. Dosch (in collaboration with S. J. Brodsky
and G. de Teramont) makes the case for supersymmetry
across the light hadron spectrum very explicit in appealing
to the superconformal algebra to fix the form of the light-
front potential. On the other hand, heavy-quark symmetry
seems to ensure the survival of supersymmetry even though
conformal symmetry is strongly broken in the heavy-quark
limit.

A long-standing question about the asymptotic behavior
of perturbative expansions, here inQED, is pursued by I.Huet
et al. There are good, classical arguments that this expansion
does not converge. However, in particular, the leading large-
𝑁 photon amplitude in the effective Euler-Heisenberg (E-H)
theory can be constructed from a conjectured all-loop
expression of the imaginary part of the E-H Lagrangian
for scalar and spinor QED by Borel dispersion, suggesting
the usefulness of a perturbative approach in expanding this
amplitude in powers of 𝛼 in a convergent way. However, an
explicit example in 1 + 1 dimension does not support such a
possibility.

P. Mathieu discusses the possibility of performing exact
nonperturbative computations of functional integrals related
to the partition function and observables in 3D U(1) Chern-
Simons theory thanks to the Deligne cohomology classes of
its fiber bundles.

H. Weigel reports about his development of an efficient
method, based on scattering data (spectral method) about a
scalar field configuration of given topology (static solution
to the classical equation of motion), to compute its one-loop
effective potential (or vacuum polarization energy, VPE) in
a 1 + 1D 𝜙6 (nonrenormalizable) theory where fluctuations
do not naturally decompose into parity eigenstates since
the background field may connect inequivalent vacua (not
related by a parity transformation). Still, at the one-loop level,
the VPE can be fixed unambiguously by UV subtractions. As
a consequence, such a soliton may exhibit a VPE which no
longer exhibits the breaking of translational invariance it had
introduced on the classical level. This is an interesting, quan-
tum induced, emergent phenomenon. Quantifying VPEs for
even more general potentials may turn out to be insightful
regarding quantum effects in soliton binding.

T. Krajewski presents a beautiful discussion on an
extension of validity of the Wigner semicircle law for the
probability distribution of eigenvalues of 𝑁 × 𝑁 Hermitian,
independent Gaussian, or Wigner random matrices (off-
diagonal entries independent and identically distributed with
zero mean, diagonal entries identically distributed with finite
mean and independent of off-diagonal entries) in the large-
𝑁 limit to the case of correlated entries. Namely, assuming a
certain scaling bound for the cumulants of entries, he shows
by means of a renormalization-group equation for the effec-
tive action of the replica that bounds on effective cumulants
are implied. In the large-𝑁 limit, this, in turn, guarantees that
only Gaussian terms contribute such that one is back at the
semicircle law. Krajewski’s work is an important contribution
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in showing the universality of eigenvalue distributions in a
large class of high-dimensional random matrices.

The contribution by J. L. Rubin is a bit off the main
theme of the special issue, yet highly interesting: insights
derived from relativistic positioning systems for the structure
of space-time. Namely, he shows how causal axiomatics and
certain local 1D and 2D projective structures attached to
emitters are sufficient to deduce the 4D projective structure
of space-time.This allows, e.g., for amodification of Newton’s
force law on large distances.

M. Faber in his paper proposes a model of the electron
along the lines of a Skyrme-model-like construction (but
with a different potential term). The basic quantity, a spatial
dreibein, parameterizes unit quaternions, that is, group ele-
ments of SU(2) with nontrivial winding on its groupmanifold
𝑆3 which give rise to a connection, in turn, defining the
curvature tensor. Solving the static field equations, this yields
solitons whose topological charge can be matched to electric
charge after a reduction of the non-Abelian curvature to
the ’t Hooft tensor is performed. The extent of this static
field configuration essentially matches the classical electron
radius. There are two more topological quantum numbers
which relate to spin and photon number. The model allows
for magnetic currents which should make this description
of classical electrodynamics nonlocal. The ideas presented
here are very interesting because they may help to demystify
the electron. It would be welcome if the emergence of the
Compton wavelength, a more intuitive grasp of electron
spin, and the apparent pointlikeness of the electron in high-
energy scattering experiments could be understood, possibly
in extensions of the model incorporating quantum effects
from the outset and doing justice to L. de Broglie’s work on the
thermodynamics of the isolated particle.

The paper by T. Grandou et al. addresses an effective
formulation of QCD which exhibits locality in fermionic
Green’s functions upon a sophisticated and highly nonpertur-
bative functional integration (actually, functional differentia-
tion) of gluonic gauge-field fluctuations, using the Halpern
quadrature of the QCD partition function for the gauge
field 𝐴𝜇. In the present paper, the emergence of gauge-fixing
independence (the fundamental formulation of the QCD
partition function is subjected to gauge fixing) of nonpertur-
bative, fermionic Green’s functions is discussed in a sequence
of relaxed high-energy approximations (quenching, eikonal,
Fradkin’s representation of fermionic Green’s functions and,
finally, no Fradkin’s representation) to scattering of quarks
off quarks. This result is put into perspective by a very
instructive comparison with conventional, perturbatively
minded approaches to quark scattering in QCD and electron
scattering in QED.

Finally, there are two papers, one by I. Bischer and
one by S. Hahn and R. Hofmann, which explore conse-
quences of deconfining SU(2) Yang-Mills thermodynamics.
The former contribution addresses certain (nonperturbative)
radiative corrections to the pressure, arising from mas-
sive quasi-particle fluctuations. It is shown that fixed-order
dihedral diagrams exhibit a high-temperature dependence
starkly exceeding the Stefan-Boltzmann behavior. However,
it is demonstrated that an all-order resummation cures

this apparent problem and leads to well-bounded, purely
imaginary contributions at leading order (implying that these
radiative corrections do not admit a thermodynamical inter-
pretation).The second paper investigates the consequences of
the postulate that an SU(2) rather than a U(1) gauge principle
governs thermal photon gases, e.g., the Cosmic Microwave
Background (CMB), for the high-𝑧 cosmological model.
Specifically, amodification of the𝑇-𝑧 relation implies that the
high-𝑧 cosmological model has to contain less dark matter
than the ΛCDM standard model posits. This is argued to
resolve the tension in𝐻0 between fits to the power spectra of
the CMB and its cosmologically local extraction.

All papers of this special issue have undergone peer
review by one or two high-calibre referees. A substantial
fraction of manuscripts submitted had to be rejected.

Ralf Hofmann
Thierry Grandou
Mario Gattobigio
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The fermionic Green’s functions of QCD exhibit an unexpected property of effective locality, which appears to be exact, involving no
approximation. This property is nonperturbative, resulting from a full integration of the elementary gluonic degrees of freedom of
QCD. Recalling, correcting, and extending the derivations of effective locality, focus is put on the way nonabelian gauge invariance
gets realized in the fermionic nonperturbative regime of QCD.

1. Introduction

In some recent articles [1–5], a property, which bears on the
nonperturbative fermionic Green’s functions of QCD, has
been put forth under the name of effective locality (EL). This
property can be summarized as follows.

For any fermionic 2𝑛-point Green’s functions and related
amplitudes, the full gauge-fixed sum of cubic and quartic
gluonic interactions, with fermionic loops included, results in a
local contact-type interaction.This local interaction ismediated
by a tensorial field which is antisymmetric both in Lorentz and
color indices. Moreover, the resulting sum appears to be fully
gauge-fixing independent, that is, gauge-invariant.

This is an unexpected result because integrations of
elementary degrees of freedom ordinarily result in highly
nonlocal structures. The “effective locality” denomination,
which sounds like an oxymoron, accounts for this unusual
circumstance. It is worth pointing out that in the pure
euclidean YangMills case and up to the first nontrivial orders
of a semiclassical expansion, effective locality was observed as
a welcome property in an attempt to construct a formulation
dual to the original Yang Mills theory [6–8].

Now, apart from a supersymmetric extension, QCD is
not known for possessing any dual formulation and the full

EL functional expressions certainly attest to this difficulty.
It remains that, like in the pure Yang Mills situation of
[6, 7], the EL property may allow one to learn something
about the nonperturbative regime of QCD and this from first
principles.

In the next section a comparison of the QED and QCD
Green’s functions generating functional is given, while Sec-
tion 3 displays the property of effective locality in the simpler
situation of eikonal and quenching approximations where
it was first noticed and then in full generality. Eventually,
Section 4 presents some concluding remarks.

2. Contrasting Generating Functionals

In QED it has been known for quite a long time that manifest
covariance and manifest gauge invariance are competing
aspects of a generating functional construction. For short,
starting from a photonic Lagrangian density of

L0 = −1
4𝑓𝜇]𝑓𝜇] = −1

4 (𝜕𝜇𝐴] − 𝜕]𝐴𝜇) (𝜕𝜇𝐴] − 𝜕]𝐴𝜇) , (1)

and corresponding action (at 𝜆 = 1),
∫ d4𝑥L0 = −1

2 ∫𝐴𝜇 (−𝜕2)𝐴𝜇 + 𝜆
2 ∫ (𝜕𝜇𝐴𝜇)2 , (2)
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one may use the “inconvenient” (in Fermi’s words [1]) term
of (𝜕 ⋅ 𝐴)2 to generate any relativistic gauge (manifest
covariance), treating, for example, (𝜆/2) ∫(𝜕𝜇𝐴𝜇)2 as a kind
of “interaction.” Gauge invariance is then guaranteed by
enforcing charge conservation: clearly not a manifest way.

The construction can be summarized through the follow-
ing steps. Starting from the free-field case (𝜆 = 𝑒 = 0),
one has, with 𝐷𝐹

(0)
𝜇] = 𝑔𝜇]𝐷𝐹, (−𝜕2)𝐷𝐹 = 1, the free-field

generating functional

𝑍(0)
0 {𝑗} = exp { 𝑖

2 ∫ 𝑗 ⋅ 𝐷(0)
F ⋅ 𝑗} . (3)

Then one can proceed in Schwinger’s way with the “gauge-
interaction term”:

𝑍(𝜁)
0 {𝑗} = 𝑒𝑖(𝜆/2) ∫(𝜕𝜇𝐴𝜇)2 𝐴→(1/𝑖)(𝛿/𝛿𝑗)

⋅ 𝑒(𝑖/2) ∫ 𝑗⋅𝐷(0)F ⋅𝑗

= 𝑒−(𝑖/2)Tr ln[1−𝜆(𝜕⊗𝜕/𝜕2)]𝑒(𝑖/2) ∫ 𝑗⋅𝐷(𝜁)F ⋅𝑗, (4)

with

𝐷(𝜁)
F𝜇] = [𝑔𝜇] − 𝜁𝜕𝜇𝜕]

𝜕2 ]𝐷F, 𝜁 = 𝜆
1 − 𝜆 . (5)

The full Green’s functions generating functional now reads as
(𝜆 ̸= 0, 𝑒 ̸= 0)

𝑍(𝜁)
QED [𝑗, 𝜂, 𝜂]
= N𝑒𝑖 ∫ 𝜂⋅𝐺F[𝐴]⋅𝜂+𝐿[𝐴]+(𝑖/2)𝜆 ∫(𝜕

𝜇𝐴𝜇)
2 𝐴→(1/𝑖)(𝛿/𝛿𝑗)

⋅ 𝑒(𝑖/2) ∫ 𝑗⋅𝐷(0)F ⋅𝑗

(6)

with (the phase factor appearing in the second line of (4) is
absorbed into the normalization constantN)

𝐺𝐹 [𝐴] = [𝛾 ⋅ (𝜕 − 𝑖𝑒𝐴) − 𝑚]−1 ,
𝐿 [𝐴] = Tr ln [1 − 𝑖𝑒𝛾 ⋅ 𝐴𝑆F] , 𝑆F = 𝐺F [0] . (7)

This is the standard Schwinger solution for the QED gen-
erating functional. For any polynomial and/or exponential
functionalF[𝐴], the following differential functional identity
holds:

F [1
𝑖

𝛿
𝛿𝑗] ⋅ 𝑒(𝑖/2) ∫ 𝑗⋅𝐷(𝜁)F ⋅𝑗 ≡ 𝑒(𝑖/2) ∫ 𝑗⋅𝐷(𝜁)F ⋅𝑗 ⋅ 𝑒D𝐴 ⋅ F [𝐴]𝐴=∫𝐷(𝜁)F ⋅𝑗 (8)

with the so-called linkage operator

D
(𝜁)
𝐴 = − 𝑖

2 ∫ d4𝑥∫ d4𝑦 𝛿
𝛿𝐴 (𝑥) ⋅ 𝐷(𝜁)

F (𝑥 − 𝑦) ⋅ 𝛿
𝛿𝐴 (𝑦) . (9)

This identity can be used to write eventually

𝑍(𝜁)
QED [𝑗, 𝜂, 𝜂] = N𝑒(𝑖/2) ∫ 𝑗⋅𝐷(𝜁)F ⋅𝑗

⋅ 𝑒D(𝜁)𝐴 ⋅ 𝑒𝑖 ∫ 𝜂⋅𝐺F[𝐴]⋅𝜂+𝐿[𝐴]
𝐴=∫𝐷(𝜁)F ⋅𝑗

. (10)

Of course, this is the QED generating functional that would
result from linear and covariant gauge fixing of (−1/2(1 −
𝜆))(𝜕 ⋅ 𝐴)2. However, 𝜆 = 1 cannot be chosen as 𝐷(𝜁)

F𝜇]
would not be defined. It is at 𝜆 = 1 though that manifest
gauge invariance is maintained. As a result, Green’s functions
cannot display gauge invariance. As shown in (10), the bare
photon propagator remains explicitly gauge-dependent, and
through Ward-Takahashi identities, its radiative corrections
are checked to be gauge-invariant. For the whole set of
physical processes described by QED, the LSZ reduction
formula and equivalence theorem [9] allow one to pass from
nongauge-invariant Green’s functions to gauge-invariant 𝑆-
matrix elements. Recovering gauge invariance is therefore
a circuitous procedure and it seems that the nonabelian
structure of QCD offers a different possibility.

In the case ofQCD, the same canonical steps can be taken.
To sum up and within concise notations (color degrees being
understood)

𝑍(?)
QCD [𝑗, 𝜂, 𝜂] = N𝑒𝑖 ∫LQCD[(1/𝑖)(𝛿/𝛿𝑗)]𝑒(𝑖/2) ∫ 𝑗⋅𝐷(?)F ⋅𝑗,
L


QCD [𝐴] = 𝜂𝐺F [𝐴] 𝜂 + 𝐿 [𝐴] + L

 [𝐴] ,
(11)

where the following propagator, of course, does not exist:

(𝐷(?)
F

−1)𝑎𝑏
𝜇]

= −𝑖𝛿𝑎𝑏 [𝑔𝜇]𝜕2 − 𝜕𝜇𝜕]] . (12)

However, in QCD, unlike QED, one has

∫L
 [𝐴] = −1

4 ∫𝐹2 − 1
2 ∫𝐴𝜇

𝑎 (𝜕2)𝐴𝑎
𝜇

− 1
2 ∫ (𝜕𝜇𝐴𝑎

𝜇)2 ,
(13)

that is, omitting fermionic variables momentarily,

𝑍(?) [𝑗] = N𝑒−(𝑖/4) ∫ 𝐹2+(𝑖/2) ∫𝐴𝑎𝜇(𝐷(?)F )−1𝐴𝜇𝑎
𝐴→(1/𝑖)(𝛿/𝛿𝑗)

⋅ 𝑒(𝑖/2) ∫ 𝑗⋅𝐷(?)F ⋅𝑗.
(14)

Now, simply adding and subtracting a linear covariant
gauge-fixing term of (1/2𝜁)(𝜕⋅𝐴)2, it is elementary to proceed
and pass from an undefined 𝐷(?)

F to the well-defined and
covariant propagator 𝐷(𝜁)

F :

(𝐷(𝜁)
F

−1)𝑎𝑏
𝜇]

= −𝑖𝛿𝑎𝑏 [𝑔𝜇]𝜕2 + (1
𝜁 − 1) 𝜕𝜇𝜕]] (15)

and to a Green’s function QCD generating functional of

𝑍QCD [𝑗, 𝜂, 𝜂] = N𝑒(𝑖/2) ∫ 𝑗⋅𝐷(𝜁)F ⋅𝑗𝑒−(𝑖/2) ∫(𝛿/𝛿𝐴)⋅𝐷(𝜁)F ⋅(𝛿/𝛿𝐴)

× 𝑒−(𝑖/4) ∫ 𝐹2+(𝑖/2) ∫𝐴⋅(𝐷(𝜁)F )−1 ⋅𝐴

⋅ 𝑒𝑖 ∫ 𝜂⋅𝐺F[𝐴]⋅𝜂+𝐿[𝐴]
𝐴=∫𝐷(𝜁)F ⋅𝑗

,
(16)
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where fermionic dependence has been restored and the
differential functional identity (8) used again.

However, likewise, adding and subtracting a gauge fixing
of (1/2𝜉)(𝑛 ⋅ 𝐴)2, with 𝑛 being a lightlike vector, 𝑛2 = 0, one
gets (in the limit 𝜉 → 0, [9])

(𝐷(𝑛)
F )𝑎𝑏

𝜇]
(𝐾) = −𝑖𝛿𝑎𝑏 ( 𝑔𝜇]

𝐾2 + 𝑖𝜀 − 𝐾𝜇𝑛] + 𝐾]𝑛𝜇
(𝐾2 + 𝑖𝜀) (𝐾 ⋅ 𝑛)) (17)

and a Green’s function QCD generating functional of

𝑍QCD [𝑗, 𝜂, 𝜂] = N𝑒(𝑖/2) ∫ 𝑗⋅𝐷(𝑛)F ⋅𝑗𝑒−(𝑖/2) ∫(𝛿/𝛿𝐴)⋅𝐷(𝑛)F ⋅(𝛿/𝛿𝐴)

× 𝑒−(𝑖/4) ∫𝐹2+(𝑖/2) ∫𝐴⋅(𝐷(𝑛)F )−1⋅𝐴

⋅ 𝑒𝑖 ∫ 𝜂⋅𝐺F[𝐴]⋅𝜂+𝐿[𝐴]
𝐴=∫𝐷(𝑛)F ⋅𝑗

.
(18)

As many identical forms as desired can be obtained for𝑍QCD[𝑗, 𝜂, 𝜂], differing only in the intermediate gluonic field
function, 𝐷(𝑛)

𝐹 , 𝐷(𝜁)
𝐹 , and so forth.

In conclusion, the following points can be proposed.
(i) In QED (where 𝜆 = 1 cannot be chosen), these

standard functional operations amount to a quantization
in a given covariant gauge. Manifest Lorentz covariance is
maintained while manifest gauge invariance is not. Gauge
invariance is the matter of indirect recovering.

(ii) In QCD, surprisingly and explicitly due to the non-
abelian structure, manifest Lorentz covariance and manifest
gauge invariance can be preserved at a time.

(iii) Since no gauge fixing is really achieved, none of the
several forms of the QCD generating functional, with 𝐷(𝑛)

F ,
𝐷(𝜁)

F , or any other free-field function, do indeed correspond to
the usual QCD generating functional in the associated gauge.

(iv) There is but one possibility. Gauge field functions
(i.e., propagators) must show up as necessary intermediates
and not affect the fermionicmomenta of the QCD generating
functionals (16) and (18).

(v) Now, this is guaranteed by the property of effective
locality.

3. Effective Locality

The property of effective locality will be first displayed in a
simplified situation corresponding to the use of eikonal and
quenching approximations.

3.1. Effective Locality in a Small Example: Eikonal andQuench-
ing Approximations. With the help of the representation [10],

𝑒−(𝑖/4) ∫ 𝐹2 = N ∫ d [𝜒] 𝑒(𝑖/4) ∫(𝜒𝑎𝜇])2+(𝑖/2) ∫ 𝜒𝜇]𝑎 𝐹𝑎𝜇] (19)

any 𝐷𝐹-dependent form of 𝑍QCD[𝑗, 𝜂, 𝜂] can be used; for
example,

N𝑒(𝑖/2) ∫ 𝑗⋅𝐷(0)F ⋅𝑗 ∫ d [𝜒]
⋅ 𝑒(𝑖/4) ∫ 𝜒2𝑒D(0)𝐴 𝑒−(𝑖/2) ∫ 𝜒⋅𝐹+(𝑖/2) ∫𝐴⋅(−𝜕2)⋅𝐴

⋅ 𝑒𝑖 ∫ 𝜂⋅𝐺F[𝐴]⋅𝜂+𝐿[𝐴]
𝐴=∫𝐷(0)F 𝑗

.
(20)

However, representation (19) breaks the manifest gauge
invariance. This can be remedied either by gauging the 𝜒-
field [6, 7] or by means of an exact integration of the 𝜒-
field dependence. In the latter instance, the powerfulRandom
Matrix theory allows one to do it in the “small case” at least
[4]. So long as gauge invariance is concerned, however, none
of the above possibilities is necessary as effective locality
brings about a remarkable simplification.

Let there be a Fradkin’s representation of the functional𝐺𝐹[𝐴] [11]:

⟨𝑝 𝐺𝐹 [𝐴] 𝑦⟩ = 𝑒−𝑖𝑝⋅𝑦𝑖 ∫∞

0
d𝑠𝑒−𝑖𝑠𝑚2𝑒−(1/2)Tr ln(2ℎ)

× ∫ d [𝑢] {𝑚 − 𝑖𝛾 ⋅ [𝑝 − 𝑔𝐴 (𝑦 − 𝑢 (𝑠))]}
⋅ 𝑒(𝑖/4) ∫𝑠0 d𝑠[𝑢(𝑠)]2𝑒𝑖𝑝⋅𝑢(𝑠)

× (𝑒𝑔∫𝑠0 d𝑠𝜎⋅F(𝑦−𝑢(𝑠))𝑒−𝑖𝑔 ∫𝑠0 d𝑠𝑢(𝑠)⋅A(𝑦−𝑢(𝑠)))
+
,

(21)

where 𝑢(𝑠) is the 4-vector Fradkin’s field variable, the sub-
script + stands for 𝑠-Schwinger proper-time ordering, and
ℎ(𝑠1, 𝑠2) = ∫𝑠0 d𝑠Θ(𝑠1 − 𝑠)Θ(𝑠2 − 𝑠). This representation is
exact but fairly involved. In eikonal approximation (𝑢(𝑠) =𝑠𝑝) the ordered exponential reduces to

(𝑒𝑖𝑔𝑝𝜇 ∫+∞−∞ d𝑠𝐴𝑎𝜇(𝑦−𝑠𝑝)𝑇
𝑎)

+

= N∫ d [𝛼] ∫ d [Ω]

× 𝑒−𝑖 ∫+∞−∞ d𝑠Ω𝑎(𝑠)[𝛼𝑎(𝑠)−𝑔𝑝𝜇𝐴𝑎𝜇(𝑦−𝑠𝑝)]

× (𝑒𝑖 ∫+∞−∞ d𝑠𝛼𝑎(𝑠)𝑇𝑎)
+
.

(22)

In (22), the 𝛼,Ω are auxiliary variables introduced to take𝐴𝑎
𝜇-field dependence out of the ordered exponential; they are

to be integrated out exactly so that dealing with the original
time-ordered expressions is guaranteed. Again, this is doable
at least in the strong coupling limit of 𝑔 ≫ 1 of a quenching
approximation (𝐿[𝐴] = 0).
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A 4-pt Green’s function illustration can be given. One has
basically the expression

2∏
𝑖=1

∫ d𝑠𝑖 ∫ d [𝑢𝑖 (𝑠𝑖)] ∫ d [𝛼𝑖 (𝑠𝑖)] ∫ d [Ω𝑖 (𝑠𝑖)] (d)
∫ d [𝜒] 𝑒(𝑖/4) ∫ 𝜒2𝑒D(0)𝐴 𝑒+(𝑖/2) ∫𝐴𝑎𝜇𝐾𝜇]𝑎𝑏𝐴𝑏]𝑒𝑖 ∫𝑄𝑎𝜇𝐴𝜇𝑎 𝐴→0

,
(23)

𝐾𝑎𝑏
𝜇] = 𝑔𝑓𝑎𝑏𝑐𝜒𝑐𝜇] + (𝐷(0)

F
−1)𝑎𝑏

𝜇]
,

𝑄𝑎
𝜇 = −𝜕]𝜒𝑎𝜇] + 𝑔 [𝑅𝑎

1,𝜇 + 𝑅𝑎
2,𝜇] ,

(24)

𝑅𝑎
𝑖,𝜇 (𝑧) = 𝑝𝑖,𝜇 ∫ d𝑠𝑖Ω𝑎

𝑖 (𝑠𝑖) 𝛿4 (𝑧 − 𝑦𝑖 + 𝑠𝑖𝑝𝑖) ,
𝑖 = 1, 2,

(25)

where the dots in the first line of (23) account for the
integrand

𝑒−𝑖𝑠𝑖𝑚2𝑒−(1/2)Tr ln(2ℎ)𝑒(𝑖/4) ∫𝑠𝑖0 d𝑠𝑖 [𝑢

𝑖 (𝑠

𝑖 )]
2𝛿(4) (𝑥𝑖 − 𝑦𝑖

+ 𝑢𝑖 (𝑠𝑖)) 𝑒−𝑖 ∫ d𝑠𝑖Ω𝑎(𝑠𝑖 )𝛼𝑎(𝑠𝑖 ) (𝑒𝑖 ∫+∞−∞ d𝑠𝑖𝛼𝑎𝑖 (𝑠𝑖)𝜆
𝑎)

+
. (26)

Now,

𝑒−(𝑖/2) ∫(𝛿/𝛿𝐴)⋅𝐷(0)F ⋅(𝛿/𝛿𝐴) ⋅ 𝑒+(𝑖/2) ∫𝐴⋅𝐾⋅𝐴+𝑖 ∫𝐴⋅𝑄𝐴→0

= 𝑒−(1/2)Tr ln(1−𝐷(0)F ⋅𝐾) ⋅ 𝑒(𝑖/2) ∫𝑄⋅[𝐷(0)F ⋅(1−𝐾⋅𝐷(0)F )−1]⋅𝑄,
(27)

with

𝐷(0)
F ⋅ (1 − 𝐾 ⋅ 𝐷(0)

F )−1

= 𝐷(0)
F ⋅ (1 − [𝑔𝑓 ⋅ 𝜒 + 𝐷(0)

F
−1] ⋅ 𝐷(0)

F )−1

= − (𝑔𝑓 ⋅ 𝜒)−1 ,
(28)

and the locality

⟨𝑥 (𝑔𝑓 ⋅ 𝜒)−1 𝑦⟩ = (𝑔𝑓 ⋅ 𝜒)−1 (𝑥) 𝛿(4) (𝑥 − 𝑦) . (29)

The 4-pt fermionic Green’s function finally reads as

N
2∏
𝑖=1

∫ d𝑠𝑖 ∫ d [𝑢𝑖 (𝑠𝑖)] ∫ d [𝛼𝑖 (𝑠𝑖)] ∫ d [Ω𝑖 (𝑠𝑖)] (d) ∫ d [𝜒] 𝑒(𝑖/4) ∫ 𝜒2 ⋅ 1
√det (𝑓 ⋅ 𝜒) ⋅ 𝑒−(𝑖/2) ∫ d4𝑧𝑄(𝑧)⋅(𝑔𝑓⋅𝜒(𝑧))−1 ⋅𝑄(𝑧). (30)

with 𝑄𝑎
𝜇(𝑧) being the “currents” given in (24).

(i) This result is obviously gauge-independent, that is,
gauge-invariant. It cannot show up in the abelian QED case
as long hoped (R. P. Feynman, quoted in [12]). It generalizes
to the case of 2𝑛-point fermionic Green’s functions [13, 14].
When truncated to the YM case, the structure found in
[6, 7] is basically reproduced. Eventually, this result lends
itself to a (n analytically continued) Random Matrix exact
calculation which takes care of the full integration of the 𝜒-
field dependence and displays the full algebraic dependence
of fermionic Green’s functions on the 𝑆𝑈𝑐(3)-Lie algebra
invariants [13, 14].

3.2. Effective Locality in the General Case. It is possible to
relax any of the approximations used in the “small case”
and end up with the property of effective locality. Again this
can be illustrated in the simpler case of a fermionic 4-point
Green’s function:

𝑀(𝑥1, 𝑦1; 𝑥2, 𝑦2) = 𝛿
𝛿𝜂 (𝑦1) ⋅ 𝛿

𝛿𝜂 (𝑥1) ⋅ 𝛿
𝛿𝜂 (𝑦2)

⋅ 𝛿
𝛿𝜂 (𝑥2) ⋅ Z {𝑗, 𝜂, 𝜂}𝜂=𝜂=0;𝑗=0 = N∫ d [𝜒]

⋅ 𝑒(𝑖/4) ∫ 𝜒2𝑒D(𝜁)𝐴 𝑒+(𝑖/2) ∫ 𝜒⋅F+(𝑖/2) ∫𝐴⋅(D(𝜁)𝐹 )−1 ⋅𝐴 𝐺F (𝑥1, 𝑦1 |
𝑔𝐴)𝐺F (𝑥2, 𝑦2 | 𝑔𝐴) 𝑒𝐿[𝐴]𝐴=0 .

(31)

Gathering Gaussian𝐴𝑎
𝜇 dependence of𝐺𝐹(1 | 𝐴) and𝐺𝐹(2 |

𝐴),
exp [ 𝑖

2 ∫ d4𝑧𝐴𝜇
𝑎 (𝑧)𝐾𝑎𝑏

𝜇] (𝑧) 𝐴]
𝑏 (𝑧)

+ 𝑖 ∫ d4𝑧𝑄𝜇
𝑎 (𝑧) 𝐴𝑎

𝜇 (𝑧)] ,
(32)

requires 2 extra auxiliary variables; with

Φ𝑎
𝑖,𝜇] (𝑢𝑖; 𝑧) ≡ ∫𝑠𝑖

0
d𝑠𝑖𝛿(4) (𝑧 − 𝑦𝑖 + 𝑢𝑖 (𝑠𝑖))Φ𝑎

𝑖,𝜇] (𝑠𝑖) , (33)

a new piece of “interaction kernel” reads

𝐾spin
𝑎𝑏
𝜇] (𝑧)

= 2𝑔2 ∫𝑠1

0
d𝑠1𝛿(4) (𝑧 − 𝑦1 + 𝑢1 (𝑠1)) 𝑓𝑎𝑏𝑐Φ𝑐

𝜇],1 (𝑠1)
+ 2𝑔2 ∫𝑠2

0
d𝑠2𝛿(4) (𝑧 − 𝑦2 + 𝑢2 (𝑠2)) 𝑓𝑎𝑏𝑐Φ𝑐

𝜇],2 (𝑠2)
(34)

while “currents” 𝑄𝑎
𝜇](𝑧) get completed into

𝑄𝑎
𝜇 (𝑧)

= −2𝑔𝜕]Φ𝑎
I,]𝜇 (𝑧)
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− 𝑔∫𝑠1

0
d𝑠1𝛿(4) (𝑧 − 𝑦1 + 𝑢1 (𝑠1)) 𝑢1,𝜇 (𝑠1)Ω𝑎

1 (𝑠1)
− 2𝑔𝜕]Φ𝑎

2,]𝜇 (𝑧)
− 𝑔∫𝑠2

0
d𝑠2𝛿(4) (𝑧 − 𝑦2 + 𝑢2 (𝑠2)) 𝑢2,𝜇 (𝑠2)Ω𝑎

2 (𝑠2)
(35)

and generalized to a higher number of points of Green’s
functions in a formally similar way. Restoring the fermionic
determinant (i.e., relaxing the quenching approximation), the
needed functional operation is now

exp [− 𝑖
2 ∫ 𝛿

𝛿𝐴 ⋅ 𝐷(0)
F ⋅ 𝛿

𝛿𝐴]
⋅ exp [ 𝑖

2 ∫𝐴 ⋅ 𝐾 ⋅ 𝐴 + 𝑖 ∫𝑄 ⋅ 𝐴] ⋅ exp (𝐿 [𝐴]) ,
(36)

followed by the prescription of cancelling the potentials 𝐴𝑎
𝜇,

where

⟨𝑧 𝐾𝑎𝑏
𝜇]

 𝑧⟩
= [𝐾spin

𝑎𝑏
𝜇] (𝑧) + 𝑔𝑓𝑎𝑏𝑐𝜒𝑐𝜇] (𝑧)] 𝛿(4) (𝑧 − 𝑧)

+ ⟨𝑧  (𝐷
(0)
𝐹 )−1

𝑎𝑏

𝜇]

 𝑧
⟩ ,

𝑄𝑎
𝜇 (𝑧) = 𝜕]𝜒𝑎]𝜇 (𝑧) + 𝑄𝑎

𝜇 (𝑧) .

(37)

Another differential functional identity is relevant to this
operation [11]:

𝑒D𝐴F1 [𝐴]F2 [𝐴] = (𝑒D𝐴F1 [𝐴]) 𝑒←→D (𝑒D𝐴F2 [𝐴]) (38)

where the “cross-linkage” operator exp{←→D } is given by

←→
D = −𝑖 ∫

←𝛿
𝛿𝐴𝐷(0)

F

→𝛿
𝛿𝐴 , (39)

and the limit of 𝐴𝑎
𝜇 = 𝐴𝑎

𝜇 = 0 is to be taken in the end.
After cumbersome, still standard, calculations, one gets (up to
an irrelevant factor of exp((1/2)Tr ln(−𝐷(0)

F ))) the functional
statement of effective locality as

𝑒D𝐴F1 [𝐴]F2 [𝐴]𝐴=0
= N exp [− 𝑖

2 ∫𝑄 ⋅ �̂�−1 ⋅ 𝑄 − 1
2Tr ln �̂�]

⋅ exp [ 𝑖
2 ∫ 𝛿

𝛿𝐴 ⋅ �̂�−1 ⋅ 𝛿
𝛿𝐴 − ∫𝑄 ⋅ �̂�−1 ⋅ 𝛿

𝛿𝐴]
⋅ exp (𝐿 [𝐴])|𝐴→0 ,

(40)

at �̂�𝑎𝑏
𝜇] = 𝐾spin

𝑎𝑏
𝜇] + 𝑔𝑓𝑎𝑏𝑐𝜒𝑐𝜇], that is, locality and gauge

independence again, whatever the initial gauge field function

one begins with. However the famous duality relation of
coupling constants 𝑔 → 1/𝑔 is not verified inQCD contrarily
to the pure YM case.

This is nontrivial result, the more so if auxiliary field
integrations can be carried out exactly, as in the “small
case.” Now these auxiliary field variables are those related to
particular Fradkin’s representations, and one may therefore
wonder if such a property as effective locality is Fradkin’s
representation dependent, or not.

3.3. Effective Locality: Even More General. With the func-
tional 𝐿[𝐴] being local and fully gauge-invariant, one may
consider the case of a fermionic 2-point Green’s function
generalization to a higher number of points being trivial. One
has thus to consider an expression like

N∫ d𝑠 ∫ d [𝑢 (𝑠)] (d) ∫ d [𝜒] 𝑒(𝑖/4) ∫ 𝜒2
𝑒D(𝑜)𝐴 𝑒+(𝑖/2) ∫ 𝜒⋅𝐹+(𝑖/2) ∫𝐴⋅(𝐷(0)𝐹 )−1 ⋅𝐴𝐺F (𝑥, 𝑦 | 𝐴)𝐴→0

, (41)

where, again, the dots in the first line stand for the integrand
(26) and, this time, no particular representation is assumed
for 𝐺𝐹[𝐴]. Basically, this is
N∫ d [𝜒] 𝑒(𝑖/4) ∫ 𝜒2 𝑒D(0)𝐴 𝑒+(𝑖/2) ∫𝐴⋅𝐾⋅𝐴+𝑖 ∫𝐴𝜇𝑎𝜕]𝜒𝑎]𝜇𝐺F (𝑥, 𝑦 |

𝐴)𝐴→0
,

𝐾 = 𝑔𝑓𝑎𝑏𝑐𝜒𝑐𝜇] + (𝐷(0)
𝐹 )−1

𝑎𝑏

𝜇]
,

F1 [𝐴] = exp [ 𝑖
2 ∫𝐴 ⋅ 𝐾 ⋅ 𝐴 + 𝑖 ∫𝐴𝜇

𝑎𝜕]𝜒𝑎]𝜇] ,
F2 [𝐴] = 𝐺F (𝑥, 𝑦 | 𝐴) .

(42)

Up to a global factor ofN𝑒(1/2)Tr ln(−𝐷(0)F ) the core expression,
that is, the second line of (41), is

𝑒D𝐴F1 [𝐴]F2 [𝐴]𝐴=0 = exp [− 𝑖
2 ∫∇𝜒 ⋅ (𝑔𝑓 ⋅ 𝜒)−1 ⋅ ∇𝜒 − 1

2Tr ln (𝑔𝑓 ⋅ 𝜒)]

⋅ exp [ 𝑖
2 ∫ 𝛿

𝛿𝐴 ⋅ (𝑔𝑓 ⋅ 𝜒)−1 ⋅ 𝛿
𝛿𝐴]

⋅ exp [∫∇𝜒 ⋅ (𝑔𝑓 ⋅ 𝜒)−1 ⋅ 𝛿
𝛿𝐴]𝐺F (𝑥, 𝑦 | 𝐴)𝐴→0

.

(43)

Effective locality is manifest in the first line. In the third line,𝐺𝐹[𝐴] is not gauge-independent but acting upon it with the
two functional differentiations, followed by the prescription𝐴 → 0 yielding a manifestly gauge-independent result also.
As stated above, it is trivial to check that the same applies to
a product of 𝑛 functionals, ∏𝑛

𝑖=1𝐺F(𝑥𝑖, 𝑦𝑖 | 𝐴), that is, to a2𝑛-point fermionic Green’s function.
One may therefore conclude that while Fradkin’s repre-

sentations are useful to actual calculations and derivations
of further remarkable properties, the gist of effective locality
does not depend on them. This independence makes of
effective locality a property sound enough to support the
interpretation proposed in the current article.
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Figure 1: Effective Locality pictured in a rather symbolic way in
which the sum of all possible QCD interactions between 2 scattering
quarks “boils down” to a local contact-type interaction mediated by
the structure (−𝑔𝑓 ⋅ 𝜒)−1(𝑧).

Functional integrations (differentiations) reproduce the
Feynman graphs perturbative expansions, so that, if not taken
literally (analyticity in 𝑔 on one side, nonanalyticity on the
other side), one could propose that the pictorial representa-
tion of Figure 1 means effective locality in a symbolic way.

4. Conclusion

Decades of experience with the abelian case of QED have
probably made us forget that to calculate observables, it is
intrinsically not necessary to select a gauge [15]. Tomaintain an
explicit covariance though, for both historical and practical
reasons, one has admitted to break the manifest gauge
invariance in QED.

The case ofQCD seems to allow one to proceed in a differ-
ent way, and this is explicitly due to the nonabelian structure
of QCD, with its 3 and 4 linear gluonic self-couplings. The
result is a generating functional which displays covariant and
gauge-independent fermionic Green’s functions.

Originally derived on the basis of Fradkin’s representa-
tions for the closed fermionic loops and background field
fermionic propagators, the property of effective locality
appears to be more general indeed. The gist of effective
locality seems essentially related to the way nonabelian gauge
invariance gets realized in the nonperturbative regime of
QCD, and this is most easily disclosed by using functional
differentiation instead of functional integration.

This situation is new and very different from the abelian
case of QED or the perturbative regime of QCD: Up to
complications inherent to the nonabelian structure of QCD
in effect, gauge invariance follows the same indirect pattern
in either cases, Slavnov-Taylor identities playing the role
of Ward identities. Reaching the nonperturbative regime of
QCD (intense 𝐴𝑎

𝜇-fields and/or strong coupling 𝑔 ≫ 1) out
of the perturbative sector is now recognized as a dead end
because of the Gribov’s copy issue which opposes a violent
obstruction to this attempt [16, 17].

Such a difficulty does not show up in the effective locality
approach, and the fact that gauge invariance in this case
is direct may have something to do with the fact that the
only QCD states that are outright physical are those of the
nonperturbative regime ofQCD, that is, states of the hadronic
spectrum.

Conflicts of Interest

The authors declare that there are no conflicts of interest
regarding the publication of this paper.

References

[1] H. M. Fried, Y. Gabellini, T. Grandou, and Y.-M. Sheu, “Phys. J,”
C65, 395, 2010.

[2] H.M. Fried, T.Grandou, andY.-M. Sheu, “Ann. Phys,” 327, 2666,
2012.

[3] H. M. Fried, Y. Gabellini, T. Grandou, and Y.-M. Sheu, “Ann.
Phys,” 338, 107, 2013.

[4] H. M. Fried, T. Grandou, and Y.-M. Sheu, “Ann. Phys,” 344C,
78, 2014.

[5] H. M. Fried, P. H. Tsang, Y. Gabellini, T. Grandou, and Y.-M.
Sheu, “Ann. Phys,” 359, 1, 2015.

[6] H. Reinhardt, K. Langfeld, and L. V. Smekal, “Phys. Lett,” 300,
11, 1993.

[7] H. Reinhardt, “Dual description of QCD,” in Proceedings of
the conference Quark Confinement and the Hadron Spectrum II,
Villa Olmo, Como, Italy, June 26-29, 1996.

[8] M. Schaden, H. Reinhardt, P. A. Amundsen, and M. J. Lavelle,
“Nucl. Phys,” 339, 595, 1990.

[9] C. Itzykson and J. B. Zuber, Quantum Field Theory, McGraw-
Hill Inc., NY, USA, 1980.

[10] M. B. Halpern, “Phys. Rev,” 16, 1798, 1977.
[11] H. M. Fried, Functional Methods and Models in Quantum Field

Theory, the MIT Press, Cambridge, MA, USA, 1972.
[12] A. Zee, Quantum Field Theory in a Nutshell, Princeton Univer-

sity Press, 2nd edition, 2010.
[13] T. Grandou, “EPL,” Article ID 1650120, 107, 11001, 2014.
[14] H.M. Fried, T.Grandou, andR.Hofmann, “Int. J. ofMod. Phys,”

31, Nos. 20 & 21, 1650120, 25 pages, 2016.
[15] A. Maas, “On gauge fixing,” in Proceedings of the XXVIII

International Symposium on Lattice Field Theory, A. Maas, Ed.,
Villasimius, Italy, June 2010.

[16] “XIIth Quark Confinement and the Hadron Spectrum,”Thessa-
loniki, Greece, 28 Auust-02 September 2016.

[17] D. Zwanziger, private communication, 1st Winter Workshop in
Non-Perturbative Quantum Field Theories, INLN, Valbonne,
France, 18-20 January 2010, https://inis.iaea.org/search/search
.aspx?orig q=RN:45045764.

https://inis.iaea.org/search/search.aspx?orig_q=RN:45045764
https://inis.iaea.org/search/search.aspx?orig_q=RN:45045764


Review Article
Color Confinement, Hadron Dynamics, and
Hadron Spectroscopy from Light-Front Holography and
Superconformal Algebra

Stanley J. Brodsky

SLAC National Accelerator Laboratory, Stanford University, Stanford, CA, USA

Correspondence should be addressed to Stanley J. Brodsky; sjbth@slac.stanford.edu

Received 12 June 2017; Accepted 31 January 2018; Published 16 April 2018

Academic Editor: Ralf Hofmann

Copyright © 2018 Stanley J. Brodsky. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. The
publication of this article was funded by SCOAP3.

The QCD light-front Hamiltonian equation 𝐻LF|Ψ⟩ = 𝑀2|Ψ⟩ derived from quantization at fixed LF time 𝜏 = 𝑡 + 𝑧/𝑐 provides
a causal, frame-independent method for computing hadron spectroscopy as well as dynamical observables such as structure
functions, transverse momentum distributions, and distribution amplitudes. The QCD Lagrangian with zero quark mass has no
explicit mass scale. de Alfaro, Fubini, and Furlan (dAFF) have made an important observation that a mass scale can appear in the
equations of motion without affecting the conformal invariance of the action if one adds a term to the Hamiltonian proportional to
the dilatation operator or the special conformal operator. If one applies the dAFF procedure to the QCD light-front Hamiltonian,
it leads to a color-confining potential 𝜅4𝜁2 for mesons, where 𝜁2 is the LF radial variable conjugate to the 𝑞𝑞 invariant mass
squared. The same result, including spin terms, is obtained using light-front holography, the duality between light-front dynamics
and AdS5, if one modifies the AdS5 action by the dilaton 𝑒�휅2�푧2 in the fifth dimension 𝑧. When one generalizes this procedure
using superconformal algebra, the resulting light-front eigensolutions provide a unified Regge spectroscopy of meson, baryon, and
tetraquarks, including remarkable supersymmetric relations between the masses of mesons and baryons and a universal Regge
slope. The pion 𝑞𝑞 eigenstate has zero mass at 𝑚�푞 = 0. The superconformal relations also can be extended to heavy-light quark
mesons and baryons. This approach also leads to insights into the physics underlying hadronization at the amplitude level. I will
also discuss the remarkable features of the Poincaré invariant, causal vacuum defined by light-front quantization and its impact on
the interpretation of the cosmological constant. AdS/QCD also predicts the analytic form of the nonperturbative running coupling
𝛼�푠(𝑄2) ∝ 𝑒−�푄2/4�휅2 . The mass scale 𝜅 underlying hadron masses can be connected to the parameter ΛMS in the QCD running
coupling by matching the nonperturbative dynamics to the perturbative QCD regime. The result is an effective coupling 𝛼�푠(𝑄2)
defined at all momenta. One obtains empirically viable predictions for spacelike and timelike hadronic form factors, structure
functions, distribution amplitudes, and transverse momentum distributions. Finally, I address the interesting question of whether
the momentum sum rule is valid for nuclear structure functions.

1. Introduction

A profound question in hadron physics is how the proton
mass and other hadronic mass scales can be determined
by QCD since there is no explicit parameter with mass
dimensions in the QCD Lagrangian for vanishing quark
mass.This dilemma is compounded by the fact that the chiral
QCD Lagrangian has no knowledge of the conventions used
for units of mass such as MeV. Thus QCD with 𝑚�푞 = 0 can

in principle only predict ratios of masses such as 𝑚�휌/𝑚�푝, not
their absolute values. Similarly, given that color is confined,
how does QCD set its range without a parameter with
dimensions of length? It is hard to see how this mass scale
problem could be solved by “dimensional transmutation,”
since themass scale determined by perturbative QCD such asΛMS is renormalization scheme dependent, whereas hadron
masses are independent of the conventions chosen to regulate
the UV divergences.
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A remarkable principle, first demonstrated by de Alfaro,
Fubini, and Furlan (dAFF) [8] for conformal theory in 1 + 1
quantum mechanics, is that a mass scale can appear in a
Hamiltonian and its equations of motion without affecting
the conformal invariance of the action. The essential step
introduced by dAFF is to add to the conformal Hamiltonian
terms proportional to the dilation operator𝐷 and the special
conformal operator 𝐾. The unique result is the addition
of a harmonic oscillator potential 𝑉(𝑥) = 𝜅4𝑥2 to the
Hamiltonian,The group algebra ismaintained despite the fact
that𝐷 and𝐾 have dimensions. In fact, the new Hamiltonian
has “extended dilatation invariance” since the mass scale 𝜅
can be rescaled arbitrarily. This implies that only ratios of
the mass eigenvalues can be determined, not their absolute
values.

Brodsky et al. [9] have shown that a mass gap and color
confinement appears when one extends the dAFF proce-
dure to relativistic, causal, Poincaré invariant, light-front
Hamiltonian theory for QCD. The resulting predictions for
both hadronic spectroscopy and dynamics provide an elegant
description of meson and baryon phenomenology, including
Regge trajectories with universal slopes in the principal
quantum number 𝑛 and the orbital angular momentum 𝐿. In
addition, the resulting quark-antiquark bound-state equation
predicts a massless pion for zero quark mass.

In this contribution, I will review a number of recent
advances in holographic QCD, extending earlier reviews
given in [10–12] with a new emphasis on the impact of super-
conformal algebra and new applications. As I will discuss, the
resulting light-front eigensolutions provide a unified Regge
spectroscopy of meson, baryon, and tetraquarks, including
remarkable supersymmetric relations between the masses
of mesons and baryons and a universal Regge slope. The
combination of light-front holography with superconformal
algebra thus leads to the novel prediction that hadron physics
has supersymmetric properties in both spectroscopy and
dynamics. It also predicts the form of the QCD running
coupling at all scales and provides new insights into the
physics underlying hadronization at the amplitude level. I will
also discuss the remarkable features of the Poincaré invariant,
causal vacuum defined by light-front quantization and its
impact on the interpretation of the cosmological constant.
Finally, I address the interesting question of whether the
momentum sum rule is valid for nuclear structure functions.

Light-Front quantization is the natural formalism for
relativistic quantum field theory. Measurements of hadron
structure, such as deep inelastic lepton-proton scattering, are
made at fixed light-front time 𝜏 = 𝑡 + 𝑧/𝑐, analogous to a
flash photograph, not at a single “instant time.” As shown by
Dirac [13], boosts are kinematical in the “front form.” Thus
all formulae using the front form are independent of the
observer’s motion [14]; that is, they are Poincaré invariant.
The eigenstates of the light-front Hamiltonian𝐻LF = 𝑃+𝑃− −→𝑃2⊥ derived from the QCD Lagrangian encode the entire
the hadronic mass spectrum for both individual hadrons
and the multihadron continuum. The eigenvalues of the LF
Hamiltonian are the squares of the hadron masses 𝑀2�퐻:𝐻LF|Ψ�퐻⟩ = 𝑀2�퐻|Ψ�퐻⟩ [14]. The evaluation of the Wilson line

for gauge theories in the front form is discussed in [15]. In
addition, I will discuss the advantages of perturbative QCD
calculations using light-front-time-ordered perturbation the-
ory, including the use of 𝐽�푧 conservation.

The eigenfunctions of the light-front Hamiltonian𝐻LF =
𝑃+𝑃− −→𝑃2⊥ derived from the QCD Lagrangian correspond to
the single hadron and multihadronic continuum eigenstates.
The eigenvalues of the LF Hamiltonian are the squares of
the hadron masses 𝑀2�퐻: 𝐻LF|Ψ�퐻⟩ = 𝑀2�퐻|Ψ�퐻⟩ [14]. Here𝑃− = 𝑖(𝑑/𝑑𝜏) is the LF time evolution operator, and 𝑃+ =
𝑃0 + 𝑃�푧 and →𝑃⊥ are kinematical. The eigenfunctions of𝐻LF provide hadronic LF Fock state wavefunctions (LFWFs):
𝜓�퐻�푛 (𝑥�푖, →𝑘 ⊥�푖, 𝜆�푖) = ⟨𝑛 | Ψ�퐻⟩, the projection of the hadronic
eigenstate on the free Fock basis. The constituents’ physical
momenta are 𝑝+�푖 = 𝑥�푖𝑃+ and →𝑝⊥�푖 = 𝑥�푖→𝑃⊥ + →𝑘 ⊥�푖, and the𝜆�푖 label the spin projections 𝑆�푧�푖 . Remarkably one can reduce
the LF Hamiltonian theory for 𝑞𝑞mesons with 𝑚�푞 = 0 to an
effective LF Schrödinger equation in a single variable, the LF
radial variable 𝜁2 = 𝑏2⊥𝑥(1 − 𝑥).

The LFWFs are Poincaré invariant: they are independent
of 𝑃+ and 𝑃⊥ and are thus independent of the motion
of the observer. Since the LFWFs are independent of the
hadron’s momentum, there is no length contraction [16, 17].
Structure functions are essentially the absolute square of the
LFWFs. One thusmeasures the same structure function in an
electron-ion collider as in an electron-scattering experiment
where the target hadron is at rest.

Light-front wavefunctions thus provide a direct link
between the QCD Lagrangian and hadron structure. Since
they are defined at a fixed 𝜏, they connect the physical on-shell
hadronic state to its quark and gluon parton constituents,
not at off-shell energy, but off-shell in invariant mass squared
M2 = (∑�푖 𝑘�휇�푖 )2. They thus control the transformation of the
quarks and gluons in an off-shell intermediate state into the
observed final on-shell hadronic state. See Figure 1.

One of the most elegant features of quantum field theory
is supersymmetry, where fermionic and bosonic eigensolu-
tions have the samemass.The conformal group has an elegant2×2 Pauli matrix representation called superconformal alge-
bra, originally discovered by Haag et al. [18] (1975). The con-
formalHamiltonian operator and the special conformal oper-
ators can be represented as anticommutators of Paulimatrices𝐻 = 1/2[𝑄, 𝑄†] and 𝐾 = 1/2[𝑆, 𝑆†]. As shown by Fubini and
Rabinovici [19], a nonconformal Hamiltonian with a mass
scale and universal confinement can then be obtained by
shifting𝑄 → 𝑄+𝜔𝐾, the analog of the dAFF procedure.Thus
the conformal algebra can be extended even though 𝜔 has
dimension ofmass. In effect one has generalized supercharges
of the superconformal algebra [19]. The result of this shift
of the Hamiltonian is a color-confining harmonic potential
in the equations of motion. Remarkably the action remains
conformally invariant, and only onemass parameter appears.

As shown by Guy de Téramond, Günter Dosch and
myself, the bound-state equations of superconformal algebra
are, in fact, Lorentz invariant, frame-independent, relativistic
light-front Schrödinger equations, and the resulting eigen-
solutions are the eigenstates of a light-front Hamiltonian
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Figure 1: The meson LFWF connects the intermediate 𝑞𝑞 state, which is off of the 𝑃− energy shell and thus off-the-invariant mass shell
M2 > 𝑚2�퐻 to the physical meson state withM2 = 𝑚2�퐻. 𝑞 and 𝑞 can be regarded as effective dressed fields.
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Figure 2:The LF Schrödinger equations for baryons andmesons for
zero quark mass derived from the Pauli 2 × 2matrix representation
of superconformal algebra.𝜓± are the baryon quark-diquark LFWFs
where the quark spin 𝑆�푧�푞 = ±1/2 is parallel or antiparallel to the
baryon spin 𝐽�푧 = ±1/2. The meson and baryon equations are
identical if one identifies a meson with internal orbital angular
momentum 𝐿�푀 with its superpartner baryon with 𝐿�퐵 = 𝐿�푀 − 1.
See [1–3].

obtained from AdS5 and light-front holography. Light-front
quantization at fixed light-front time 𝜏 = 𝑡 + 𝑧/𝑐 provides a
physical, frame-independent formalism for hadron dynamics
and structure.

Superconformal algebra leads to effective QCD light-
front bound-state equations for bothmesons and baryons [1–
3]. The resulting set of bound-state equations for confined
quarks are shown in Figure 2. The supercharges connect the
baryon and meson spectra and their Regge trajectories to

M2 (GeV2)
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Figure 3: Comparison of the 𝜌/𝜔 meson Regge trajectory with the𝐽 = 3/2 Δ baryon trajectory. Superconformal algebra predicts the
degeneracy of the meson and baryon trajectories if one identifies
a meson with internal orbital angular momentum 𝐿�푀 with its
superpartner baryon with 𝐿�푀 = 𝐿�퐵 + 1. See [1, 2].

each other in a remarkablemanner: the superconformal alge-
bra predicts that the bosonic meson and fermionic baryon
masses are equal if one identifies each meson with internal
orbital angular momentum 𝐿�푀 with its superpartner baryon
with 𝐿�퐵 = 𝐿�푀 − 1; the meson and baryon superpartners
then have the same parity. Since 2 + 𝐿�푀 = 3 + 𝐿�퐵, the
twist-dimension of the meson and baryon superpartners are
also the same. Superconformal algebra thus explains the
phenomenological observation that Regge trajectories for
both mesons and baryons have parallel slopes.

The comparison between the meson and baryon masses
of the 𝜌/𝜔 Regge trajectory with the spin-3/2 Δ trajectory
is shown in Figure 3. The observed hadronic spectrum with𝑁�퐶 = 3 is seen to exhibit the supersymmetric features
predicted by superconformal algebra.
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Figure 4: The eigenstates of superconformal algebra have a 2 × 2 representation of mass degenerate bosons and fermions: a meson with𝐿�푀 = 𝐿�퐵+1, a baryon doublet with 𝐿�퐵, 𝐿�퐵+1 components, and a tetraquark with 𝐿�푇 = 𝐿�퐵. The breakdown of LF kinetic, potential, spin, and
quark mass contributions to each hadron is also shown.The virial theorem predicts the equality of the LF kinetic and potential contributions.

As illustrated in Figure 4, the hadronic eigensolutions
of the superconformal algebra are 2 × 2 matrices connected
internally by the supersymmetric algebra operators. The
eigensolutions of the supersymmetric conformal algebra
thus have a 2 × 2 Pauli matrix representation, where the
upper-left component corresponds to mesonic 𝑞𝑞 color-
singlet bound states; the two off-diagonal eigensolutions𝜓± correspond to a pair of Fock components of baryonic
quark-diquark states with equal weight, where the quark spin
is parallel or antiparallel to the baryon spin, respectively.
The fourth component corresponds to diquark-antidiquark
(tetraquark) bound states. The resulting frame-independent
color-confining bound-state LF eigensolutions can be iden-
tified with the hadronic eigenstates of confined quarks for
SU(3) color. In effect, two of the quarks of the baryonic
color-singlet 𝑞𝑞𝑞 bound state bind to a color 3�퐶 diquark
bound state, which then binds by the same color force to the
remaining 3�퐶 quark. As shown by t’Hooft in a string model
[20], the 𝑌 configuration of three quarks is unstable and
reduces to the quark-diquark configuration.The matching of
the meson and baryon spectra is thus due to the fact that
the same color-confining potential that binds two quarks to a
diquark also binds a quark to an antiquark.

Note that the same slope controls the Regge trajectories
of both mesons and baryons in both the orbital angular
momentum 𝐿 and the principal quantum number 𝑛. Only
one mass parameter 𝜅 = 𝜔2 appears; it sets the confinement
scale and the hadron mass scale in the chiral limit, as well
as the length scale which underlies hadron structure. We will
also use the notation 𝜆 = 𝜅2. In addition to the meson and
baryon eigenstates, one also predicts color-singlet tetraquark
diquark-antidiquark bound states with the same mass as the
baryon.

The LF Schrödinger equations for baryons and mesons
derived from superconformal algebra are shown in Figure 2.
As explained above, the baryons on the proton (Delta)
trajectory are bound states of a quark with color 3�퐶 and scalar
(vector) diquark with color 3�퐶.The proton eigenstates labeled𝜓+ (parallel quark and baryon spins) and 𝜓− (antiparallel
quark and baryon spins) have equal Fock state probability,
a feature of “quark chirality invariance.” Predictions for the
static properties of the nucleons are discussed in [21].

Superconformal algebra also predicts that the LFWFs of
the superpartners are related, and thus the corresponding
elastic and transition form factors are identical. The resulting
predictions for meson and baryon timelike form factors can
be tested in 𝑒+𝑒− → 𝐻𝐻�耠 reactions.

One can generalize these results to heavy-light [𝑄𝑞]
mesons and [𝑄[𝑞𝑞]] baryons [22]. The Regge slopes are
found to increase for heavy 𝑚�푄 as expected from heavy
quark effective field theory; however, the supersymmetric
connections between the heavy-light hadrons are predicted
to be maintained.

The LFWFs thus play the same role in hadron physics as
the Schrödinger wavefunctions which encode the structure
of atoms in QED. The elastic and transition form factors
of hadrons, weak-decay amplitudes, and distribution ampli-
tudes are overlaps of LFWFs; structure functions, transverse
momentum distributions, and other inclusive observables
are constructed from the squares of the LFWFs. In contrast
one cannot compute form factors of hadrons or other cur-
rent matrix elements of hadrons from overlap of the usual
“instant” form wavefunctions since one must also include
contributions where the photon interacts with connected but
acausal vacuum-induced currents. The calculation of deeply
virtual Compton scattering using LFWFs is given in [23]. One
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Prediction from AdS/QCD: meson LFWF
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Figure 5: Prediction from AdS/QCD and Light-Front Holography for meson LFWFs 𝜓�푀(𝑥, →𝑘 ⊥) and the pion distribution amplitude.

can also compute the gravitational form factors of hadrons. In
particular, one can show that the anomalous gravitomagnetic
moment 𝐵(𝑞2 = 0) vanishes identically for any LF Fock state
[24], in agreement with the equivalence theorem of gravity
[25, 26].

The hadronic LFWFs predicted by light-front holography
and superconformal algebra are functions of the LF kinetic

energy
→𝑘 2⊥/𝑥(1 − 𝑥), the conjugate of the LF radial variable

𝜁2 = 𝑏2⊥𝑥(1 − 𝑥), times a function of 𝑥(1 − 𝑥). The
hadronic LFWFs cannot be factorized as a function of→𝑘 2⊥ times a function of 𝑥. The resulting nonperturbative
pion distribution amplitude 𝜙�휋(𝑥) = ∫ 𝑑2→𝑘 ⊥𝜓�휋(𝑥, →𝑘 ⊥) =
(4/√3𝜋)𝑓�휋√𝑥(1 − 𝑥), presented in Figure 5, which controls
hard exclusive process, is consistent with the Belle data
for the photon-to-pion transition form factor [27]. The
AdS/QCD light-front holographic eigenfunction for the 𝜌
meson LFWF 𝜓�휌(𝑥, →𝑘 ⊥) gives excellent predictions for the
observed features of diffractive 𝜌 electroproduction 𝛾∗𝑝 →𝜌𝑝�耠, as shown by Forshaw and Sandapen [28].

2. Light-Front Holography

Five-dimensional AdS5 space provides a geometrical repre-
sentation of the conformal group. The color-confining light-
front equation for mesons of arbitrary spin 𝐽 can be derived
[4] from the holographic mapping of the “soft-wall model”
modification of AdS5 space for the specific dilaton profile
𝑒+�휅2�푧2 , where one identifies the fifth dimension coordinate𝑧 with the light-front coordinate 𝜁. Remarkably, AdS5 is
holographically dual to 3 + 1 space-time at fixed light-front
time 𝜏 = 𝑡 + 𝑧/𝑐. The holographic dictionary is summarized
in Figure 6. The combination of light-front dynamics, its
holographic mapping to AdS5 space, and the dAFF proce-
dure provides new insight into the physics underlying color
confinement, the nonperturbative QCD coupling, and the

LF(3 + 1) AdS5
de Teramond, sjb

Light-Front Holographic Dictionary

(x,
→
b ⊥) (z)

z

Fixed  = t + z/c

x
→
b ⊥

(1 − x)

 (x, ) = √x(1 − x)−1/2()
(R)2 = L2 − (J − 2)2

Light-front holography: unique mapping derived from equality of LF
and AdS formula for EM and gravitational current matrix elements

and identical equations of motion

 = √x(1 − x) →b 2⊥

Figure 6: The holographic dictionary which maps the fifth dimen-
sion variable 𝑧 of the five-dimensional AdS5 space to the LF radial
variable 𝜁 where 𝜁2 = 𝑏2⊥(1 − 𝑥). The same physics transformation
maps the AdS5 and (3 + 1) LF expressions for electromagnetic and
gravitational form factors to each other, from [4].

QCD mass scale. A comprehensive review is given in [29].
The 𝑞𝑞 mesons and their valence LF wavefunctions are the
eigensolutions of the frame-independent relativistic bound
state LF Schrödinger equation, the samemeson equation that
is derived using superconformal algebra. The mesonic 𝑞𝑞
bound-state eigenvalues formassless quarks are𝑀2(𝑛, 𝐿, 𝑆) =4𝜅2(𝑛 + 𝐿 + 𝑆/2). The equation predicts that the pion eigen-
state 𝑛 = 𝐿 = 𝑆 = 0 is massless at zero quark mass. The Regge
spectra of the pseudoscalar 𝑆 = 0 and vector 𝑆 = 1mesons are
predicted correctly, with equal slope in the principal quantum
number 𝑛 and the internal orbital angular momentum 𝐿. A
comparison with experiment is shown in Figure 7.
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perturbing in ⟨𝑚2�푞/𝑥⟩. The fitted value of 𝜅 = 0.59GeV for pseudoscalar mesons, and 𝜅 = 0.54GeV for vector mesons.

Light-Front Holography predicts not only meson and
baryon spectroscopy successfully, but also hadron dynamics,
including vector meson electroproduction, hadronic light-
front wavefunctions, distribution amplitudes, form factors,
and valence structure functions. The application to the
deuteron elastic form factors and structure functions is given
in [30, 31].

3. Color Confinement from LF Holography

Remarkably, the light-front potential using the dAFF proce-
dure has the unique form of a harmonic oscillator 𝜅4𝜁2 in the
light-front invariant impact variable 𝜁where 𝜁2 = 𝑏2⊥𝑥(1−𝑥).
The result is a single-variable frame-independent relativistic
equation of motion for 𝑞𝑞 bound states, a “Light-Front
Schrödinger Equation” [32], analogous to the nonrelativistic
radial Schrödinger equation in quantum mechanics. The
same result, including spin terms, is obtained using light-
front holography—the duality between the front form and
AdS5, the space of isometries of the conformal group—if
one modifies the action of AdS5 by the dilaton 𝑒�휅2�푧2 in the
fifth dimension 𝑧. The Light-Front Schrödinger Equation
incorporates color confinement and other essential spectro-
scopic and dynamical features of hadron physics, including

a massless pion for zero quark mass and linear Regge tra-
jectories with the same slope in the radial quantum number𝑛 and internal orbital angular momentum 𝐿. When one
generalizes this procedure using superconformal algebra, the
resulting light-front eigensolutions predict a unified Regge
spectroscopy of meson, baryon, and tetraquarks, including
remarkable supersymmetric relations between the masses of
mesons and baryons of the same parity.

It is interesting to note that the contribution of the “H”
diagram to 𝑄𝑄 scattering is IR divergent as the transverse
separation between 𝑄 and 𝑄 increases [33]. This is a signal
that pQCD is inconsistent without color confinement. The
sumof such diagrams could sum to the confinement potential𝜅4𝜁2 dictated by the dAFF principle that the action remains
conformally invariant despite the appearance of the mass
scale 𝜅 in the Hamiltonian.The 𝜅4𝜁2 confinement interaction
between a 𝑞 and 𝑞 will induce a 𝜅4/𝑠2 correction to 𝑅�푒+�푒− ,
replacing the 1/𝑠2 signal usually attributed to a vacuum gluon
condensate.

It should be emphasized that the value of the mass scale𝜅 is not determined in an absolute sense by QCD. Only
ratios of masses are determined, and the theory has dilation
invariance under 𝜅 → 𝐶𝜅. In a sense, chiral QCD has
an “extended conformal invariance.” The resulting new time
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Measure deeply virtual Compton scattering using
positronium-proton scattering

Measures difference of
LF times in proton or nucleus
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Figure 8: Doubly virtual Compton scattering on a proton (or
nucleus) can be measured for two spacelike photons 𝑞21, 𝑞22 < 0 with
minimal, tunable, skewness 𝜉 using positronium-proton scattering[𝑒+𝑒−]𝑝 → 𝑒+𝑒−𝑝�耠. One can also measure double deep inelastic
scattering and elastic positronium-proton scattering. One can also
create a beam of “true muonium” atoms [𝜇−𝜇−] [5, 6] using Bethe-
Heitler pair production just below threshold.

variable, which retains the conformal invariance of the action,
has finite support, conforming to the fact that the LF time
between the interactions with the confined constituents is
finite. The finite time difference Δ𝜏 between the LF times 𝜏
of the quark constituents of the proton could be measured
using positronium-proton scattering [𝑒+𝑒−]𝑝 → 𝑒+𝑒−𝑝�耠. This
process, which measures double diffractive deeply virtual
Compton scattering for two spacelike photons, is illustrated
in Figure 8. One can also study the dissociation of rela-
tivistic positronium atoms to an electron and positron with
light-front momentum fractions 𝑥 and 1 − 𝑥 and opposite
transverse momenta in analogy to the E791 measurements
of the diffractive dissociation of the pion to two jets [34].
The LFWF of positronium in the relativistic domain is the
central input. One can produce a relativistic positronium
beam using the collisions of laser photons with high energy
photons or by using Bethe-Heitler pair production below the𝑒+𝑒− threshold. The production of parapositronium via the
collision of photons is analogous to pion production in two-
photon interactions and Higgs production via gluon-gluon
fusion.

4. Light-Front Theory and QCD

One can derive the exact form of the light-front Hamiltonian𝐻LF directly from the QCD Lagrangian and avoid ghosts
and longitudinal gluonic degrees of freedom by choosing
the light-cone gauge 𝐴+ = 0. Quark masses appear in the
LF kinetic energy as ∑�푖(𝑚2/𝑥�푖). This can be derived from
the Higgs theory quantized using LF dynamics [35]. The
confined quark field 𝜓�푞 couples to the background Higgs
field 𝑔Ψ𝑞⟨𝐻⟩Ψ�푞 via its Yukawa scalarmatrix element coupling
𝑔�푞⟨𝐻⟩𝑢(𝑝)1𝑢(𝑝) = 𝑚�푞 × (𝑚�푞/𝑥) = 𝑚2/𝑥. The usual Higgs
vacuum expectation value ⟨𝐻⟩ is replaced by a constant zero

mode when one quantizes the Standard Model using light-
front quantization [35].

PQCD factorization theorems and the DGLAP [36–38]
and ERBL [39–42] evolution equations can also be derived
using the light-front Hamiltonian formalism [40]. In the
case of an electron-ion collider, one can represent the cross-
section for 𝑒 − 𝑝 collisions as a convolution of the hadron
and virtual photon structure functions times the subprocess
cross-section in analogy to hadron-hadron collisions. This
nonstandard description of 𝛾∗𝑝 → 𝑋 reactions gives new
insights into electroproduction physics, physics not apparent
in the usual infinite-momentum frame description, such as
the dynamics of heavy quark-pair production. Intrinsic heavy
quarks at high 𝑥 also play an important role [43].

The LF Heisenberg equation can in principle be solved
numerically by matrix diagonalization using the “Discretized
Light-Cone Quantization” (DLCQ) [44] method. Antiperi-
odic boundary conditions in 𝑥− render the 𝑘+ momenta
discrete as well as limiting the size of the Fock basis. In
fact, one can easily solve 1 + 1 quantum field theories such
as QCD(1 + 1) [45] for any number of colors, flavors, and
quark masses using DLCQ. Unlike lattice gauge theory, the
nonperturbative DLCQ analysis is in Minkowski space, is
frame-independent, and is free of fermion-doubling prob-
lems. AdS/QCD, based on the AdS5 representation of the
conformal group in five dimensions, maps to physical 3 +
1 space-time at fixed LF time; this correspondence, “light-
front holography” [32], is now providing a color-confining
approximation to𝐻QCD

LF for QCD(3 + 1). This method gives a
remarkable first approximation to hadron spectroscopy and
hadronic LFWFs. A newmethod for solving nonperturbative
QCD “Basis Light-Front Quantization” (BLFQ) [46], uses the
eigensolutions of a color-confining approximation to QCD
(such as LF holography) as the basis functions, rather than the
plane-wave basis used in DLCQ, thus incorporating the full
dynamics of QCD. LFWFs can also be determined from the
covariant Bethe-Salpeter wavefunction by integrating over 𝑘−
[47]. A review of the light-front formalism is given in [14].

5. Measuring LFWFs of Hadrons,
Atoms, and Nuclei

One can in fact measure the LFWFs of QED atoms using
diffractive dissociation.

For example, suppose one creates a relativistic positron-
ium beam. It will dissociate by Coulomb exchange in a thin
target: [𝑒+𝑒−] + 𝑍 → 𝑒+𝑒−𝑍. The momentum distribution
of the leptons in the LF variables 𝑥 and 𝑘⊥ will determine
the first derivative of the atomic LFWF (𝑑/𝑑𝑘⊥)𝜓(𝑥, →𝑘 ⊥).
When 𝑘2⊥/𝑥(1 − 𝑥) > 4𝑚2�푒 one can observe the transition
from NR Schrödinger theory where 𝜓(𝑥, →𝑘 ⊥) ∝ 1/𝑘4⊥ to the
relativistic domain, where 𝜓(𝑥, →𝑘 ⊥) ∝ 1/𝑘2⊥. One can thus
test predictions from BLFQ (Basis Light-Front Quantization)
[48]. Higher Fock states are also possible, such as [𝑒+𝑒−] +𝑍 → 𝑒+𝑒−𝛾𝑍 and [𝑒+𝑒−] + 𝑍 → 𝑒+𝑒−𝑒+𝑒−𝑍.?

Positronium dissociation is analogous to the Ashery
measurements of the pion LFWF: 𝜋𝐴 → JetJet𝐴 [49], where
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Figure 9: (a) Amodel for evolution starting with a nonperturbative hadronic LFWF. (b) Hadronization and evolution ending with a hadronic
LFWF. The intermediate quark and gluon states are off the 𝑃− energy shell and thus off-the-invariant mass shell M2 > 𝑚2�퐻. In the off-shell
domainM2−𝑀2�퐻 > 𝜅2, the intermediate quarks and gluons obey the DGLAP and ERBLQCD evolution. If a cluster of quarks and antiquarks
satisfiesM2 −𝑀2�퐻 < 𝜅2, the intermediate state sees the color confinement interaction. The meson LFWF connects the intermediate 𝑞𝑞 state,
which is off of the 𝑃− energy shell and thus off-the-invariant mass shellM2 > 𝑚2�퐻 to the physical meson state withM2 = 𝑚2�퐻. The LF angular
momentum 𝐽�푧 is conserved at every vertex.

one observes the transition from Gaussian fall-off to power
law fall-off at large 1/𝑘2⊥ as predicted by AdS/QCD. When
𝑘2⊥/𝑥(1 − 𝑥) > 4𝑚2�푒 one can measure the transition from
NR Schrödinger theory to the relativistic domain, where
𝜓(𝑥, →𝑘 ⊥) ∝ 1/𝑘2⊥. Similarly, one could also measure the
LFWF of a nucleus like a deuteron by dissociating relativistic
ions 𝑑𝐴 → 𝑝𝑛𝐴. At large 1/𝑘2⊥ one could observe the transi-
tion to the “hidden-color” Fock states predicted byQCD [50].

6. Calculations Using LF-Time-Ordered
Perturbation Theory and Hadronization
at the Amplitude Level

LF-time-ordered perturbation theory can be advantageous
for perturbative QCD calculations. An excellent example
of LF-time-ordered perturbation theory is the computation
of multigluon scattering amplitudes by Cruz-Santiago et al.
[51]. In this method, the propagating particles are on their
respectivemass shells: 𝑘�휇𝑘�휇 = 𝑚2, and intermediate states are
off-shell in invariant mass; that is, 𝑃− ̸= ∑ 𝑘−�푖 . Unlike instant
form, where one must sum 𝑛! frame-dependent amplitudes,
only the 𝜏-ordered diagrams where each propagating particle
has positive 𝑘+ = 𝑘0 + 𝑘�푧 can contribute. The number of
nonzero amplitudes is also greatly reduced by noting that the
total angularmomentum projection 𝐽�푧 = ∑�푛−1�푖 𝐿�푧�푖 +∑�푛�푖 𝑆�푧�푖 and
the total 𝑃+ are conserved at each vertex. In a renormalizable
theory, the change in orbital angular momentum is limited toΔ𝐿�푧 = 0, ±1 at each vertex [52].

A remarkable advantage of LF time-ordered perturbation
theory (LFPth) is that the calculation of a subgraph of any
order in pQCD only needs to be done once; the result
can be stored in a “history” file. This is due to the fact

that in LFPth the numerator algebra is independent of the
process; the denominator changes, but only by a simple
shift of the initial 𝑃−. Another simplification is that loop
integrations are three dimensional: ∫𝑑2→𝑘 ⊥ ∫10 𝑑𝑥. Unitarity
and explicit renormalization can be implemented using the
“alternate denominator” method which defines the required
subtraction counterterms [53].

The new insights into color confinement given by
AdS/QCD suggest that one could compute “hadronization at
the amplitude level” [54] using the confinement interaction
and the LFWFs predicted by AdS/QCD and Light-Front
Holography. For example, as illustrated in Figure 1, themeson
LFWF connects the off-the-invariant mass shell quark and
antiquark to the on-shell asymptotic physical meson state.

The invariant mass of a color-singlet clusterM is the key
variable which separates perturbative and nonperturbative
dynamics. For example, consider 𝑒+𝑒− annihilation using LF𝜏-ordered perturbation theory. At an early stage in LF time,
the annihilation will produce jets of quarks and gluons in an
intermediate state off the 𝑃− energy shell. If a color-singlet
cluster of partons in a jet satisfiesM2 −𝑀2�퐻 < 𝜅2, the cluster
constituents are effective degrees of freedom which will be
ruled by the 𝜅4𝜁2 color-confinement potential. At this stage,
the LFWF𝜓�퐻 converts the off-shell partons to the asymptotic
states, the on-shell hadrons. IfM2 > 𝜅2 one can apply pQCD
corrections, for example, from DGLAP and ERBL evolution
[39–42].

Amodel for the two stages of hadronization and evolution
is illustrated in Figure 9. In the off-shell domainM2 −𝑀2�퐻 >
𝜅2, the intermediate quarks and gluons obey DGLAP and
ERBL evolution.

Thus quarks and gluons can appear in intermediate off-
shell states, but only hadrons are produced asymptotically.



Advances in High Energy Physics 9

Thus the AdS/QCD Light-Front Holographic model suggests
how one can implement the transition between perturbative
and nonperturbative QCD. For a QED analog, see [5, 6].

7. Light-Front Spin and
Light-Front 𝐽�푧 Conservation

A central, unique property of light-front quantization is 𝐽�푧
conservation [52]; the 𝑧-component of angular momentum
remains unchanged under Lorentz transformations gener-
ated by the light-front kinematical boost operators. The spin
along the �̂� direction defined by the light-front Lorentz
transformation is preserved because ⟨𝐽3⟩LF = 𝑠�푧 for all
momenta 𝑝�휇. 𝐽�푧 conservation underlies the Jaffe spin sum
rule [55].

Particles in the front form move with positive 𝑘+ = 𝑘0 +𝑘�푧 ≥ 0. The quantization axis for 𝐽�푧 for each particle is
the same axis �̂� which defines LF time 𝜏 = 𝑡 + 𝑧/𝑐. Thus𝑆�푧 and 𝐿�푧 refer to angular momentum in the �̂� direction.
As in nonrelativistic quantum mechanics, 𝐽�푧 = ∑�푛�푖=1 𝑆�푧�푖 +∑�푛−1�푛=1 𝐿�푧�푖 for any 𝑛-particle intermediate or Fock state. There
are 𝑛 − 1 relative orbital angular momenta. It is conserved
at every vertex and is conserved overall for any process and
“LF helicity” refers to the spin projection 𝑆�푧 of each particle
and “LF chirality” is the spin projection 𝑆�푧 for massless
particles. In a renormalizable theory 𝐿�푧 can only change by
one unit at any vertex. This leads to a rigorous selection
rule for amplitudes at fixed order in pQCD [52]: |Δ𝐿�푧| ≤ 𝑛
in an 𝑛th order perturbative expansion. This selection rule
for the orbital angular momentum can be used to eliminate
interaction vertices in QED and QCD and provides an
upper bound on the change of orbital angular momentum in
scattering processes at any fixed order in perturbation theory.

By definition, spin and helicity can be used interchange-
ably in the front form. LF chirality is conserved by the
vector current in electrodynamics and the axial current
of electroweak interactions. Each coupling conserves quark
chirality when the quark mass is set to zero. A compilation of
LF spinor matrix elements is given in [40].

Light-front spin is not the same as the usual “Wick helic-
ity,” where spin is defined as the projection of the particle’s
three-momentum

→𝑘 . Wick helicity is thus not conserved
unless all particles move in the same direction. Wick helicity
can be frame dependent. For example, In the case of 𝑔𝑔 → 𝐻,
the Wick helicity assignment is (+1) + (+1) → 0 in the CM
frame, but it is (+1)+ (−1) → 0 for collinear gluons if the two
gluons move in the same direction.

The twist of a hadronic interpolating operator corre-
sponds to the number of fields plus |𝐿�푧|. The pion LF Fock
state for 𝜋 → 𝑞𝑞 with twist-2 corresponds to (𝐽�푧�휋 = 0) →(𝑆�푧�푞 = +1/2) + (𝑆�푧 = −1/2) with zero relative orbital angular
momentum 𝐿�푧�푞�푞. This is the Fock state of the pion that decays
to ℓ] via the LF chiral-conserving axial current 𝛾�휇𝛾5. The
twist-3 pion in the OPE corresponds to 𝐽�푧�휋 = 0 → (𝑆�푧�푞 =
+1/2) + (𝑆�푧�푞 = +1/2) + (𝐿�푧 = −1) or 𝐽�푧 = 0 → (𝑆�푧�푞 =
−1/2) + (𝑆�푧�푞 = −1/2) + (𝐿�푧�푞�푞 = −1), where 𝐿�푧 is the relative
orbital angularmomentumbetween the quark and antiquark.

The twist-3 Fock state couples the pion to the chiral-flip
pseudoscalar 𝛾5 operator. The GMOR relation connects the
twist-2 and twist-3 Fock states when 𝑚�푞 ̸= 0 [56]. The twist-
3 proton with 𝐽�푧�푝 = +1/2 in AdS/QCD is a bound state of
a quark with 𝑆�푧�푝 = 1/2 and a spin-zero diquark [𝑞𝑞] with
𝐿�푧�푞[�푞�푞] = 0, and the twist-4 proton in AdS/QCD is a bound
state of a quark with 𝑆�푧�푝 = −1/2 and spin-zero diquark
[𝑞𝑞] with relative orbital angular momentum 𝐿�푧�푞[�푞�푞] = +1.
LF holography predicts equal probability for the twist-3 and
twist-4 Fock states in the nucleon for𝑚�푞 = 0.

One can use LF 𝐽�푧 conservation to determine the con-
tribution of Fock states of different twist in a scattering
amplitude by using the fact that amplitudes with nonzero
relative 𝐿�푧 between the outgoing particles vanish in the
forward direction. For example, consider pion electropro-
duction 𝛾∗𝑝 → 𝜋0𝑝 for a polarized photon with LF spin𝑆�푧�훾 = −1. If the proton’s LF spin 𝑆�푧�푝 = −1/2 is unchanged,
then 𝐽�푧tot = +1/2 : 𝛾∗�푇(𝑆�푧�훾 = +1) + (𝑆�푧�푝 = −1/2) → +(𝐽�푧�휋 =
0) + (𝑆�푧�푝 = −1/2) + (𝐿�푧�휋0−�푝 = +1) vanishes at 𝑡 = 0 for the
twist-2 pion. However, the non-spin-flip proton amplitude𝐽�푧tot = 1/2 : 𝛾∗�푇(𝑆�푧�훾 = +1) + 𝑆�푧�푝 = (−1/2) → [(𝑆�푧�푞 =
−1/2) + (𝑆�푧�푞 = −1/2) + (𝐿�푧�푞�푞 = +1)]�휋0 + 𝑆�푧�푝 = (−1/2) for the
twist-3 pion Fock state is finite at 𝑡 = 0. A similar result holds
for the contribution of the twist-2 pion and twist-4 proton.
See Figure 10.

Similarly one can utilize the behavior of the amplitude𝛾∗He4 → 𝜋0He4 on a spin-zero helium target.The pion twist-
2 amplitude with 𝐽�푧tot = +1 : 𝛾∗�푇(𝑆�푧�훾 = +1)+(𝑆�푧He = 0) → [(𝑆�푧�푞 =+1/2) + (𝑆�푧�푞 = −1/2) + (𝐿�푧�푞�푞 = 0)]�휋0 + (𝑆�푧He = 0) + (𝐿�푧�휋0He4 = 1)
vanishes at 𝑡 = 0, whereas the amplitude with a pion twist-
3 amplitude 𝐽�푧tot = +1 : 𝛾∗�푇(𝑆�푧�훾 = +1) + (𝑆�푧He = 0) → [(𝑆�푧�푞 =+1/2)+(𝑆�푧�푞 = −1/2)+(𝐿�푧�푞�푞 = +1)]�휋0 +(𝑆�푧He = 0)+(𝐿�푧�휋0He4 = 0)
is finite at 𝑡 = 0, thus discriminating between contributions
using the twist-2 and twist-3 pion amplitudes.

8. The Light-Front Vacuum

It is important to distinguish the LF vacuum from the conven-
tional instant-form vacuum. The eigenstates of the instant-
form Hamiltonian describe a state defined at a single instant
of time 𝑡 over all space, and they are thus acausal as well as
frame-dependent. The instant-form vacuum is defined as the
lowest energy eigenstate of the instant-formHamiltonian. As
discussed by Zee [57], the cosmological constant is of order10120 times larger than what is observed if one computes
the effects of quantum loops from QED. Similarly, QCD
instantons and condensates in the instant-form vacuum give
a contribution of order 1042. The contribution of the Higgs
VEV computed in the instant-form vacuum is 1054 times too
large.

In contrast, the vacuum in LF Hamiltonian theory is
defined as the eigenstate of𝐻LF with lowest invariant mass. It
is defined at fixed LF time 𝜏within the causal horizon, and it is
frame-independent; that is, it is independent of the observer’s
motion. Vacuum loop diagrams from quantum field theory
do not appear in the front-form vacuum since the +momenta
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are positive: 𝑘+�푖 = 𝑘0�푖 + 𝑘�푧�푖 ≥ 0, and the sum of + momenta
is conserved at every vertex. The creation of particles cannot
arise from the LF vacuum since ∑�푖 𝑘+�푖 ̸= 𝑃+vacuum = 0.
Propagation with negative 𝑘+ does not appear. The physical
vacuum state can also have 𝑘+ = 0 modes corresponding
to a flat energy-momentum background, analogous to a
classical scalar Stark or Zeeman field. For example, Reinhardt
and Weigel [58] have shown that the Nambu-Jona-Lasino
(NJL) model can lead to a nontrivial physical LF vacuum. In
the case of the Higgs theory, the traditional Higgs vacuum
expectation value (VEV) is replaced by a “zero mode” [35].
All phenomenological consequences of the Higgs theory in
the StandardModel are unchanged in the LF formulation. As
noted in Section 6, the 𝑚2/𝑥 term in the LF kinetic energy(𝑘2⊥ + 𝑚�푞)/𝑥 arises from the interaction of a quark within a
hadron in QCD with its Yukawa interaction with the Higgs
background zero mode.

The physics associated with quark and gluon QCD
vacuum condensates of the instant form are replaced by
physical effects contained within the hadronic LFWFs.This is
referred to as “in-hadron” condensates [59–61]. For example,
as discussed in Section 7, the GMOR relation relating the
vacuum-to-pion matrix elements of the axial current and
pseudoscalar operators is satisfied in LF theory as a relation
between the twist-2 and twist-3 Fock states [56]. The usual
properties of chiral symmetry are satisfied; for example,
as discussed in Section 2, the mass of the pion eigenstate
computed from LF holography vanishes for zero quark mass.

The universe is observed within the causal horizon, not
at a single instant of time. The causal, frame-independent
light-front vacuum can thus provide a viable match to the
empty visible universe [61]. The huge contributions to the
cosmological constant from quantum field theory loops thus
do not appear if one notes that the causal, frame-independent
light-front vacuum has no quantum fluctuations, in dramatic
contrast to the acausal, frame-dependent instant-form vac-
uum; the cosmological constant arising from quantum field
theory thus vanishes if one uses the front form. The Higgs
LF zero mode [35] has no energy-momentum density, so it
also gives zero contribution to the cosmological constant.The
observed nonzero value could be a property of gravity itself,
such as the “emergent gravity” postulated by Verlinde [62].
It is also possible that if one solves electroweak theory in a
curved universe, the Higgs LF zero mode would be replaced
with a field of nonzero curvature which could give a nonzero
contribution to the cosmological constant.

9. The QCD Coupling at All Scales

The QCD running coupling 𝛼�푠(𝑄2) sets the strength of
the interactions of quarks and gluons as a function of the
momentum transfer 𝑄. The dependence of the coupling 𝑄2
is needed to describe hadronic interactions at both long
and short distances. The QCD running coupling can be
defined [63] at all momentum scales from a perturbatively
calculable observable, such as the coupling 𝛼�푠�푔1(𝑄2), which
is defined from measurements of the Bjorken sum rule.
At high momentum transfer, such “effective charges” satisfy

asymptotic freedom, obey the usual pQCD renormalization
group equations, and can be related to each other without
scale ambiguity by commensurate scale relations [64].

The dilaton 𝑒+�휅2�푧2 soft-wall modification of the AdS5
metric, together with LF holography, predicts the functional
behavior of the running coupling in the small 𝑄2 domain
[65]: 𝛼�푠�푔1(𝑄2) = 𝜋𝑒−�푄2/4�휅2 . Measurements of 𝛼�푠�푔1(𝑄2) are
remarkably consistent [66] with this predicted Gaussian
form; the best fit gives 𝜅 = 0.513 ± 0.007GeV. See Figure 11.
Brodsky et al. [7, 65, 67] have also shown how the parameter𝜅, which determines the mass scale of hadrons and Regge
slopes in the zero quark mass limit, can be connected to the
mass scale Λ �푠 controlling the evolution of the perturbative
QCD coupling. The high momentum transfer dependence of
the coupling 𝛼�푔1(𝑄2) is predicted by pQCD. The matching
of the high and low momentum transfer regimes of 𝛼�푔1(𝑄2),
both its value and its slope, then determines a scale 𝑄0 =0.87±0.08GeVwhich sets the interface between perturbative
and nonperturbative hadron dynamics. This connection can
be done for any choice of renormalization scheme, such as the
MS scheme, as seen in Figure 11. The result of this perturba-
tive/nonperturbative matching is an effective QCD coupling
defined at allmomenta.Thepredicted value ofΛMS = 0.339 ±0.019GeV from this analysis agrees well the measured value
[68] ΛMS = 0.332 ± 0.017GeV. These results, combined
with the AdS/QCD superconformal predictions for hadron
spectroscopy, allow one to compute hadron masses in terms
of ΛMS:𝑚�푝 = √2𝜅 = 3.21ΛMS,𝑚�휌 = 𝜅 = 2.2ΛMS, and𝑚�푝 =√2𝑚�휌, meeting a challenge proposed by Zee [69]. The value
of 𝑄0 can be used to set the factorization scale for DGLAP
evolution of hadronic structure functions and the ERBL
evolution of distribution amplitudes. Deur, de Téramond,
and I have also computed the dependence of𝑄0 on the choice
of the effective charge used to define the running coupling
and the renormalization scheme used to compute its behavior
in the perturbative regime. The use of the scale 𝑄0 to resolve
the factorization scale uncertainty in structure functions and
fragmentation functions, in combination with the scheme-
independent principle of maximum conformality (PMC) [70]
for setting renormalization scales, can greatly improve the
precision of pQCD predictions for collider phenomenology.

10. Is the Momentum Sum Rule Valid for
Nuclear Structure Functions?

Sum rules for deep inelastic scattering are usually analyzed
using the operator product expansion of the forward virtual
Compton amplitude, assuming it depends in the limit 𝑄2 →∞ on matrix elements of local operators such as the energy-
momentum tensor. The moments of structure functions and
other distributions can then be evaluated as overlaps of the
target hadron’s light-front wavefunction, as in the Drell-Yan-
West formulae for hadronic form factors [71–74]. The real
phase of the resulting DIS amplitude and its OPE matrix
elements reflects the real phase of the stable target hadron’s
wavefunction.
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The “handbag” approximation to deeply virtual Compton
scattering also defines the “static” contribution [75, 76] to
themeasured parton distribution functions (PDF), transverse
momentum distributions, and so on. The resulting momen-
tum, spin, and other sum rules reflect the properties of the
hadron’s light-front wavefunction. However, the final-state
interactionswhich occur after the lepton scatters on the quark
can give nontrivial contributions to deep inelastic scattering
processes at leading-twist and thus survive at high 𝑄2 and
high 𝑊2 = (𝑞 + 𝑝)2. For example, the pseudo-𝑇-odd Sivers
effect [77] is directly sensitive to the rescattering of the struck
quark. Similarly, diffractive deep inelastic scattering (DDIS)
involves the exchange of a gluon after the quark has been
struck by the lepton [78]. In each case the corresponding
DVCS amplitude is not given by the handbag diagram since
interactions between the two currents are essential. These
“lensing” corrections survive when both𝑊2 and𝑄2 are large
since the vector gluon couplings growwith energy. Part of the
final-state phase can be associated with a Wilson line as an
augmented LFWF [79] which does not affect the moments.

TheGlauber propagation of the vector system𝑉produced
by the DDIS interaction on the nuclear front face and its
subsequent inelastic interaction with the nucleons in the
nuclear interior 𝑉 + 𝑁�푏 → 𝑋 occurs after the lepton
interacts with the struck quark.The corresponding amplitude
for deeply virtual Compton scattering is not given by the
handbag diagram alone since interactions between the two
currents are essential. Because of the rescattering dynamics,
the DDIS amplitude acquires a complex phase from Pomeron
and Regge exchange; thus final-state rescattering corrections
lead to nontrivial “dynamical” contributions to the measured
PDFs; that is, they are a consequence of the scattering process
itself [80]. The 𝐼 = 1 Reggeon contribution to DDIS
on the front-face nucleon then leads to flavor-dependent
antishadowing [81, 82]. This could explain why the NuTeV
charged current measurement 𝜇𝐴 → ]𝑋 scattering does not
appear to show antishadowing, in contrast to deep inelastic
electron-nucleus scattering as discussed in [83].

Diffractive deep inelastic scattering is leading-twist, and
it is an essential component of the two-step amplitude which
causes shadowing and antishadowing of the nuclear PDF. It is
important to analyze whether the momentum and other sum
rules derived from the OPE expansion in terms of local oper-
ators remain valid when these dynamical rescattering correc-
tions to the nuclear PDF are included. The OPE is derived
assuming that the LF time separation between the virtual
photons in the forward virtual Compton amplitude 𝛾∗𝐴 →
𝛾∗𝐴 scales as 1/𝑄2. However, the propagation of the vector
system𝑉 produced by the DDIS interaction on the front face
and its inelastic interaction with the nucleons in the nuclear
interior𝑉+𝑁�푏 → 𝑋 are characterized by a nonvanishing LF
time interval in the nuclear rest frame. Note also that shad-
owing in deep inelastic lepton scattering on a nucleus involves
nucleons facing the incoming lepton beam. The geometrical
orientation of the shadowed nucleons is not a property of the
nuclear LFWFs used to evaluate the matrix elements of local
currents. Thus leading-twist shadowing and antishadowing
appear to invalidate the sum rules for nuclear PDFs. The

same complications occur in the leading-twist analysis of
deeply virtual Compton scattering 𝛾∗𝐴 → 𝛾∗𝐴 on a nuclear
target. Thus the leading-twist multinucleon processes which
produce shadowing and antishadowing in a nucleus are not
accounted for using the 𝑄2 → ∞ OPE analysis.

11. Summary

The light-front Hamiltonian equation 𝐻LF|Ψ⟩ = 𝑀2|Ψ⟩
derived fromquantization at fixedLF time 𝜏 = 𝑡+𝑧/𝑐provides
a causal, Poincaré–invariant method for solving QCD. The
eigenvalues 𝑀2�퐻 are the squares of the hadronic masses, and
the eigensolutions provide the LF Fock state wavefunctions
Ψ�푛(𝑥�푖, →𝑘 ⊥�푖, 𝜆�푖) controlling hadron dynamics. The LFWFs Ψ�푛
are independent of the hadron’s momentum; that is, they are
boost invariant and satisfy momentum and spin sum rules.
Light-Front Quantization thus provides a physical, frame-
independent formalism for hadron dynamics and structure.
Observables such as structure functions, transverse momen-
tum distributions, and distribution amplitudes are defined
from the hadronic light-front wavefunctions.

The full QCD LF equation can be reduced for massless
quarks to an effective LF Shrödinger radial equation for the
valence |𝑞𝑞⟩ Fock state of 𝑞𝑞mesons

[− 𝑑2
𝑑𝜁2 +

4𝐿2 − 1
4𝜁2 + 𝑈 (𝜁2)]𝜓 = 𝑀2𝜓 (1)

and similar bound-state equations for baryons, represented as
quark + diquark-cluster |𝑞[𝑞𝑞]⟩ eigenstates. The “radial” LF
variable 𝜁2 = 𝑏2⊥𝑥(1 − 𝑥) of LF theory is conjugate to the LF
kinetic energy. The identical equation is derived from AdS5,
where the fifth coordinate 𝑧 is identified with 𝜁 (Light-Front
Holography).

The color-confining potential 𝑈(𝜁2) = 𝜅4𝜁2 + 2𝜅2(𝐽 − 1)
can be derived from soft-wall AdS5 by incorporating the
remarkable dAFF principle that a mass scale can appear in
the Hamiltonian while retaining the conformal invariance
of the action. The result is a color-confining LF potential
which depends on a single universal constant 𝜅 with mass
dimensions. In addition, by utilizing superconformal algebra
[3], the resulting hadronic color-singlet eigenstates have a2 × 2 representation ofmass degenerate bosons and fermions:
a |𝑞𝑞⟩ meson with 𝐿�푀 = 𝐿�퐵 + 1, a baryon doublet |𝑞[𝑞𝑞]⟩
with 𝐿�퐵 and 𝐿�퐵 + 1 components of equal weight, and a
tetraquark |[𝑞𝑞][𝑞 𝑞]⟩with 𝐿�푇 = 𝐿�퐵. See Figure 4.Thus ratios
of hadron masses such as 𝑚�휌 = 𝑀�푝/√2 are predicted. The
individual contributions LF kinetic energy, potential energy,
spin-interactions, and the quark mass to the mass squared of
each hadron are also shown.The virial theorem for harmonic
oscillator confinement predicts the equality of the LF kinetic
and potential contributions to𝑀2�퐻 for each hadron.

One obtains new insights into the hadronic spectrum,
light-front wavefunctions, and the 𝑒−�푄2/4�휅2 Gaussian func-
tional form of the QCD running coupling in the nonper-
turbative domain using light-front holography—the duality
between the front form and AdS5, the space of isometries
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of the conformal group. AdS/QCD also predicts the analytic
form of the nonperturbative running coupling 𝛼�푠(𝑄2) ∝
𝑒−�푄2/4�휅2 , in agreement with the effective charge measured
from measurements of the Bjorken sum rule. This analysis
also provides a connection between nonperturbative QCD
and PQCD at a scale 𝑄0 and a prediction for ΛMS from the
proton or 𝜌mass.

Other LF Holographic predictions include the following:

(1) Universal Regge slopes in 𝑛 and 𝐿 for mesons:𝑀2(𝑛, 𝐿) = 4𝜅2(𝑛 + 𝐿) for mesons and 𝑀2(𝑛, 𝐿) =4𝜅2(𝑛 + 𝐿 + 1) for baryons, consistent with measure-
ments.

(2) The pion eigenstate is a massless 𝑞𝑞 bound state for
chiral QCD (𝑚�푞 = 0).

(3) Empirically viable predictions for spacelike and time-
like hadronic form factors, structure functions, distri-
bution amplitudes, and transverse momentum distri-
butions [84].

(4) Superconformal extensions to heavy-light quark
mesons and baryons.

In addition, superconformal algebra leads to remarkable
supersymmetric relations betweenmesons and baryons of the
same parity. The mass scale 𝜅 underlying confinement and
hadron masses can be connected to the parameter ΛMS in
the QCD running coupling by matching the nonperturbative
dynamics, as described by the effective conformal theory
mapped to the light-front and its embedding in AdS space,
to the perturbative QCD regime. The result is an effective
coupling defined at all momenta. This matching of the
high and low momentum transfer regimes determines a
scale 𝑄0 which sets the interface between perturbative and
nonperturbative hadron dynamics. The use of 𝑄0 to resolve
the factorization scale uncertainty for structure functions and
distribution amplitudes, in combination with the principle of
maximal conformality (PMC) for setting the renormalization
scales [70], can greatly improve the precision of perturbative
QCD predictions for collider phenomenology. The absence
of vacuum excitations of the causal, frame-independent
front-form vacuum has important consequences for the
cosmological constant. I have also discussed evidence that
the antishadowing of nuclear structure functions is non-
universal, that is, flavor dependent, and why shadowing and
antishadowing phenomena may be incompatible with sum
rules for nuclear parton distribution functions.

Future work will include the extension of superconformal
representations to pentaquark and other exotic hadrons,
comparisons with lattice gauge theory predictions, the con-
struction of an AdS/QCD orthonormal basis to diagonal-
ize the QCD light-front Hamiltonian, hadronization at the
amplitude level, and the computation of intrinsic heavy quark
higher Fock states.
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Susan Gardner, Fred Goldhaber, Paul Hoyer, Dae Sung
Hwang, Rich Lebed, Simonetta Liuti, Cedric Lorcé, Valery
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[84] R. S. Sufian, G. F. de Téramond, S. J. Brodsky, A. Deur, andH. G.
Dosch, “Analysis of nucleon electromagnetic form factors from
light-front holographic QCD: The spacelike region,” Physical
Review D: Particles, Fields, Gravitation and Cosmology, vol. 95,
no. 1, article 014011, 2017.

https://arxiv.org/abs/0901.0770
https://arxiv.org/abs/0901.0770
https://arxiv.org/abs/1611.02269


Review Article
Hamiltonian Approach to QCD in Coulomb Gauge: A Survey of
Recent Results

H. Reinhardt , G. Burgio, D. Campagnari, E. Ebadati, J. Heffner, M. Quandt,
P. Vastag, and H. Vogt
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We report on recent results obtained within the Hamiltonian approach to QCD in Coulomb gauge. Furthermore this approach is
compared to recent lattice data, whichwere obtained by an alternative gauge-fixingmethod andwhich show an improved agreement
with the continuum results. By relating the Gribov confinement scenario to the center vortex picture of confinement, it is shown
that the Coulomb string tension is tied to the spatial string tension. For the quark sector, a vacuum wave functional is used which
explicitly contains the coupling of the quarks to the transverse gluons and which results in variational equations which are free
of ultraviolet divergences. The variational approach is extended to finite temperatures by compactifying a spatial dimension. The
effective potential of the Polyakov loop is evaluated from the zero-temperature variational solution. For pure Yang–Mills theory,
the deconfinement phase transition is found to be second order for SU(2) and first order for SU(3), in agreement with the lattice
results.The corresponding critical temperatures are found to be 275MeV and 280MeV, respectively.When quarks are included, the
deconfinement transition turns into a crossover. From the dual and chiral quark condensate, one finds pseudocritical temperatures
of 198MeV and 170MeV, respectively, for the deconfinement and chiral transition.

1. Introduction

One of the most challenging problems in particle physics is
the understanding of the phase diagram of strongly interact-
ing matter. By means of ultrarelativistic heavy ion collisions
the properties of hadronic matter at high temperature and/or
density can be explored. From the theoretical point of view
we have access to the finite-temperature behavior of QCD by
means of lattice Monte-Carlo calculations. Due to the sign
problem, this method fails, however, to describe baryonic
matter at high density or, more technically, QCD at large
chemical baryon potential [1].Therefore, alternative, nonper-
turbative approaches to QCDwhich do not rely on the lattice
formulation and hence do not suffer from the notorious sign
problem are desirable. In recent years, much effort has been
devoted to develop nonperturbative continuum approaches.
These are based on either Dyson–Schwinger equations [2–7]
or functional renormalization group flow equations [8, 9], or

they exploit the variational principle in either the Hamilto-
nian [10, 11] or covariant [12, 13] formulation of gauge theory.
There are also semiphenomenological approaches assuming
a massive gluon propagator [14] or the Gribov–Zwanziger
action [15]; see [16].

In this talk, I will review some recent results obtained
within the Hamiltonian approach to QCD in Coulomb gauge
both at zero and at finite temperatures; for earlier reviews, see
[17, 18]. After a short introduction to the basic features of this
approach, I will summarize the essential zero-temperature
results for pure Yang–Mills theory and compare them to
recent lattice data which were obtained by an alternative
gauge-fixingmethod, which is expected to yield results closer
to the continuum theory. After that, I will show by means
of lattice calculations that the so-called Coulomb string
tension is linked not to the temporal but to the spatial
string tension. In this context, I will demonstrate that the
Gribov–Zwanziger confinement scenario is related to the
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center vortex picture of confinement. I will then report
on new variational calculations carried out for the quark
sector of QCD. After that I will extend the Hamiltonian
approach to QCD in Coulomb gauge to finite temperatures
by compactifying a spatial dimension [19]. Numerical results
will be given for the Polyakov loop and the chiral and dual
quark condensates. Finally, I will give some outlook on future
research within the Hamiltonian approach.

2. Variational Hamiltonian Approach to
Yang–Mills Theory

For pedagogical reason let me first summarize the basic
features of the Hamiltonian approach in Coulomb gauge
for pure Yang–Mills theory. The Hamiltonian approach to
Yang–Mills theory starts from Weyl gauge 𝐴0(x) = 0 and
considers the spatial components of the gauge field 𝐴�푎

�푖 (x) as
coordinates. The momenta are introduced in the standard
fashion Π�푎

�푖 (x) = 𝛿𝑆YM[𝐴]/𝛿�̇��푎
�푖 (x) = −𝐸�푎�푖 (x) and turn out

to be the color electric field E�푎(x). The classical Yang–Mills
Hamiltonian is then obtained as

𝐻 = 12 ∫𝑑3𝑥 (E2 (x) + B2 (x)) , (1)

where

𝐵�푎�푘 (x) = 𝜀�푘�푙�푚 (𝜕�푙𝐴�푎
�푚 (x) − 𝑔2𝑓�푎�푏�푐𝐴�푏

�푙 (x) 𝐴�푐
�푚 (x)) (2)

is the non-Abelian color magnetic field with 𝑔 being the
coupling constant. The theory is quantized by replacing
the classical momentum Π�푎

�푖 with the operator Π�푎
�푖 (x) =−i𝛿/𝛿𝐴�푎

�푖 (x).The central issue is then to solve the Schrödinger
equation 𝐻𝜙[𝐴] = 𝐸𝜙[𝐴] for the vacuum wave functional𝜙[𝐴]. Due to the use of Weyl gauge, Gauß’s law D̂ ⋅ Π𝜙[𝐴] =0 (with D̂ = 𝜕 + 𝑔A being the covariant derivative in
the adjoint representation) has to be put as a constraint on
the wave functional, which ensures the gauge invariance of
the latter. Instead of working with explicitly gauge invariant
states, it is more convenient to fix the gauge and explicitly
resolveGauß’s law in the chosen gauge.This has the advantage
that any (normalizable) wave functional 𝜙[𝐴] is physically
admissible for a variational approach, while the price to pay is
a significant complication of the gauge-fixed Hamiltonian. A
particular convenient choice of gauge for this method turns
out to be Coulomb gauge 𝜕 ⋅ A = 0.

After canonical quantization in Weyl gauge 𝐴0 = 0 and
resolution of Gauß’s law in Coulomb gauge 𝜕 ⋅ A = 0 one
finds the following gauge-fixed Hamiltonian [20]:

𝐻 = 𝐻T + 𝐻C (3)

with

𝐻T = 12 ∫𝑑3𝑥 (𝐽−1 [𝐴]Π�푎 (x) ⋅ 𝐽 [𝐴]Π�푎 (x) + B�푎 (x)
⋅ B�푎 (x)) ,

(4)

where

𝐽 [𝐴] = Det (−D̂ ⋅ 𝜕) (5)

is the Faddeev–Popov determinant and

𝐻C = 𝑔22 ∫𝑑3𝑥∫𝑑3𝑦𝐽 [𝐴]−1 𝜌�푎 (x) 𝐽 [𝐴]
⋅ [(−D̂ ⋅ 𝜕)−1 (−𝜕2) (−D̂ ⋅ 𝜕)−1]�푎�푏 (x, y) 𝜌�푏 (y)

(6)

is the so-called Coulomb term with the color charge density

𝜌�푎 (x) = 𝑓�푎�푏�푐A�푏 (x) ⋅Π�푐 (x) + 𝜌�푎�푚 (x)
≡ 𝜌�푎YM (x) + 𝜌�푎�푚 (x) . (7)

This expression contains besides the charge density of the
matter fields 𝜌�푎�푚 also a purely gluonic part. Due to the
implementation of Coulomb gauge, the scalar product in the
Hilbert space of wave functionals 𝜙[𝐴] = ⟨𝐴 | 𝜙⟩ is defined
by

⟨𝜙 | ⋅ ⋅ ⋅ | 𝜓⟩ = ∫D𝐴𝐽 [𝐴] 𝜙∗ [𝐴] ⋅ ⋅ ⋅ 𝜓 [𝐴] . (8)

Here, the functional integration is over transverse spa-
tial gauge fields and the Faddeev–Popov determinant 𝐽[𝐴]
appears due to Coulomb gauge fixing with the standard
Faddeev–Popov method. The Faddeev–Popov determinant
(5) in the integration measure represents the Jacobian of the
change of variables from “Cartesian” to “curvilinear” variables
in Coulomb gauge.With the gauge-fixedHamiltonian (3) one
has to solve the stationary Schrödinger equation 𝐻𝜙[𝐴] =𝐸𝜙[𝐴] for the vacuum wave functional 𝜙[𝐴]. Once 𝜙[𝐴] is
known, all observables and correlation functions can, in prin-
ciple, be calculated. This has been attempted by means of the
variational principle using Gaussian type ansatz for the vac-
uum wave functional [21, 22]. However, the first attempts did
not properly include the Faddeev–Popov determinant, which
turns out to be crucial in order to describe the confinement
properties of the theory. Below, I will discuss the variational
approach developed in [10, 11], which differs from previous
attempts by the ansatz for the vacuum wave functional, the
treatment of the Faddeev–Popov determinant and, equally
important, by the renormalization; see [23] for further details.

2.1. Variational Solution of the Schrödinger Equation. The
ansatz for the vacuum wave functional is inspired by the
quantum mechanics of a particle in a spherically symmetric
potential for which the ground state wave function is given
by 𝜙(𝑟) = 𝑢(𝑟)/𝑟, where the radial wave functional 𝑢(𝑟)
satisfies a standard one-dimensional Schrödinger equation
and 𝑟 represents (the square root of the radial part of) the
Jacobian of the transformation from the Cartesian to spheri-
cal coordinates. Our ansatz for the vacuum wave functional
is given by

𝜙YM [𝐴] = 1
√𝐽 [𝐴]

⋅ exp [−12 ∫𝑑3𝑥∫𝑑3𝑦𝐴�푎
�푘 (x) 𝜔 (x, y) 𝐴�푎

�푘 (y)]
≡ 1

√𝐽 [𝐴]𝜙YM [𝐴] .
(9)
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Figure 1: Dyson–Schwinger equation for the ghost propagator.

The inclusion of the preexponential factor has the advantage
that it eliminates the Faddeev–Popov determinant from the
integration measure in the scalar product (8). Furthermore,
for the wave function (9), the gluon propagator is given up to
a factor of 1/2 by the inverse of the variational kernel 𝜔(x, y).
As the numerical calculation shows [24] in the Yang–Mills
sector theCoulomb term𝐻C (6) can be ignored.The reason is
the presence of the Faddeev–Popov determinant in the pure
Yang–Mills term of 𝐻C (see (6)), which ensures that in the
numerator of the expectation value the gluon energy 𝜔(p)
occurs only in the combination 𝜔(p) − 𝜒(p) (see [10]), which
is infrared vanishing.The Faddeev–Popov determinant 𝐽[𝐴],
however, drops out from 𝐻C in the quark sector, since 𝐽[𝐴]
commutes with the charge density 𝜌�푎�푚(x) of the quarks; see
(31).

Calculating the expectation value of the remaining parts
of the Yang–Mills Hamiltonian (4) with the wave functional
(9) up to two loops, the minimization of the energy density
with respect to 𝜔(x, y) yields the following gap equation
in momentum space (Due to translational and rotational
invariance, kernels such as𝜔(x, y) can be Fourier transformed
as 𝜔(x, y) = ∫(𝑑3𝑘/(2𝜋)3)eik⋅(x−y)𝜔(𝑘) where the new kernel
in momentum space depends on 𝑘 = |k| only. For simplicity,
we will use the same symbol for the kernel in position
and momentum space and go back and forth between both
representations with impunity.):

𝜔2 (𝑘) = k2 + 𝜒2 (𝑘) + 𝑐, (10)

where 𝑐 is a finite renormalization constant resulting from the
tadpole and

𝜒�푎�푏�푘�푙 (x, y) = −12 ⟨𝜙 | 𝛿2 ln 𝐽 [𝐴]𝛿𝐴�푎
�푘 (x) 𝛿𝐴�푏

�푙
(y) | 𝜙⟩

= 𝛿�푎�푏𝑡�푘�푙 (x − y) 𝜒 (x − y)
(11)

represents the ghost loop (𝑡�푘�푙(x) = 𝛿�푘�푙 − 𝜕�푘𝜕�푙/𝜕2 is the
transverse projector). This can be expressed in terms of the
ghost propagator:

𝐺 (x, y) = ⟨𝜙 | (−D̂ ⋅ 𝜕)−1 (x, y) | 𝜙⟩ , (12)

which is evaluated with the vacuum wave functional
(9) in the rainbow-ladder approximation, resulting in a
Dyson–Schwinger equation for the form factor

𝑑 (k) = 𝑔k2𝐺 (k) (13)

of the ghost propagator which is diagrammatically illustrated
in Figure 1. This equation has to be solved together with the
gap equation (10).

Dyson–Schwinger equations are functional differential
equations and their solutions are uniquely determined only

after providing appropriate boundary conditions. In the
present case, the so-called horizon condition

𝑑−1 (0) = 0 (14)

is assumed, which is the key point in Gribov’s confinement
scenario. Its physical implications will be discussed later.
The equations given in (10) and Figure 1 can be studied
analytically in the infrared using power law ansatz:

𝜔 (𝑝) = 𝐴𝑝−�훼,
𝑑 (𝑝) = 𝐵𝑝−�훽. (15)

Assuming a bare ghost-gluon vertex and the horizon condi-
tion (14), one finds, for the IR exponents of gluon and ghost
form factor (15), the sum rule

𝛼 = 2𝛽 − (𝑑 − 2) , (16)

where 𝑑 is the number of spatial dimensions (i.e., 𝑑 = 3 is our
real world). The coupled gluon gap equation (10) and ghost
DSE (Figure 1) allow for a single solution in 𝑑 = 2,

𝛽 = 0.4, (17)

and for two solutions in 𝑑 = 3,
𝛽 = 1,
𝛽 = 0.796. (18)

The numerical solutions of the gluon gap and ghost DSE are
shown in Figure 2. The numerical solutions reproduce the
result (18) of the IR analysis. At large momenta, the gluon
energy 𝜔(𝑝) approaches the photon energy |p| in agreement
with asymptotic freedom, while 𝜔(𝑝) diverges like ∼ 1/|p| in
the IR, which implies the absence of free gluons in the IR and
signals confinement.

Alternative to the variational approach, one can indi-
rectly determine the vacuum wave functional by solving
the functional renormalization group flow equations for the
various propagators and vertex functions of the Hamiltonian
approach. Restricting the flow equations to those for the
ghost and gluon propagators, one finds for the ghost form
factor the result shown in Figure 3. Starting with a constant
ghost form factor in the ultraviolet, the ghost form factor
develops an infrared singularity as the momentum cutoff
of the flow equation tends to zero. This is nicely seen in
Figure 3(b), which shows a cut through Figure 3(a) at fixed
renormalization group scale 𝑘.

Let us also mention that it is not necessary to assume the
horizon condition (14) in the case of 𝐷 = 2 + 1 dimensions,
where it is a direct consequence of the coupled equations
for the ghost and gluon propagators obtained from the vari-
ational principle. Finally, the horizon condition (14) is also
seen in the lattice data for the ghost form factor; see Section 3.

2.2. Physical Implications of the Ghost Form Factor. As can be
seen from its definition (13), the ghost form factor expresses
the deviation of Yang–Mills theory from QED, where the
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Figure 2: Numerical solution of the coupled gap equation for 𝜔 (10)
and Dyson–Schwinger equation for the ghost form factor 𝑑 (13) for
the renormalization constant 𝑐 = 0 for 𝑑 = 3 spatial dimensions
[25]. The scale is fixed by the Coulomb string tension; see Section 4.

Faddeev–Popov operator in Coulomb gauge is given by the
Laplacian, that is, the ghost propagator is 𝐺(𝑝) = 1/𝑝2.

Coulomb gauge is called a physical gauge since in QED
the remaining transverse components are the gauge invariant
degrees of freedom.This is not the case for Yang–Mills theory.
However, Coulomb gauge can be viewed as a physical gauge
also in the case of Yang–Mills theory in the sense that the
inverse ghost form factor in Coulomb gauge represents the
dielectric function of the Yang–Mills vacuum [32]:

𝜖 (𝑘) = 𝑑−1 (𝑘) . (19)

The horizon condition (14) guarantees that this function
vanishes in the infrared, 𝜖(𝑘 = 0) = 0. This implies that
the Yang–Mills vacuum is a perfect color dielectric, that is, a
dual superconductor. In this way, the Hamiltonian approach
in Coulomb gauge relates Gribov’s confinement scenario to
the dual Meißner effect, a confinement mechanism realized
through the condensation of magnetic monopoles and pro-
posed by Mandelstam and ’t Hooft [33, 34]. The dielectric
function obtained here as inverse ghost form factor is also
in accord with the phenomenological bag model picture of
hadrons. Inside the hadron, that is, at small distance, the
dielectric function is that of a normal vacuum while outside
the physical hadrons the vanishing of the dielectric constant
implies the absence of free color charges by Gauß’s law.

3. Comparison with Lattice Calculation

Let us now compare the results of the variational solution
with lattice calculations. Figure 4 shows the gluon energy and
the ghost form factor in 𝑑 = 2 spatial dimension obtained
in the variational approach [27] together with the lattice data
[28]. The agreement is in general quite satisfactory, in par-
ticular, in the IR and the UV. There are, however, significant
deviations in the mid-momentum regime. A similar picture

is obtained in 𝑑 = 3 [35]. Figure 5 shows the static gluon
propagator𝐷 = 1/(2𝜔) in Coulomb gauge obtained in SU(2)
gauge theory in 𝑑 = 3. It is remarkable that the lattice data
can be nicely fitted by Gribov’s formula [15] (see Figure 7):

𝜔 (𝑝) = √𝑝2 + 𝑀4

𝑝2 , (20)

where 𝑀 is the so-called Gribov mass. Using a Wilsonian
string tension of 𝜎�푊 = (440MeV)2 one finds 𝑀 ≃ 880MeV.
The variational calculations reproduce the infrared behavior
of the lattice propagator perfectly and are also in reasonably
agreement with the lattice data in the ultraviolet. However, in
the mid-momentum regime, some strength is missing in the
variational calculation. This missing strength is the result of
the Gaussian type ansatz for the vacuum wave functional. In
[36], the ansatz for the vacuumwave functional was extended
to include also cubic and quartic terms of the gauge field in
the exponent of the vacuum wave functional:

𝜙 [𝐴] ∼ exp [−𝑆 [𝐴]] , (21a)

𝑆 [𝐴] = 12 ∫𝐴𝜔𝐴 + 13! ∫ 𝛾(3)𝐴𝐴𝐴
+ 14! ∫ 𝛾(4)𝐴𝐴𝐴𝐴,

(21b)

and one finds the full curve in Figure 5, which gives a much
better agreement with the lattice data in the mid-momentum
regime. Let us stress that the inclusion of the cubic and quartic
terms in the exponent of the vacuum wave functional does
not change the IR behavior of the gluon propagator, which is
determined exclusively by the ghost loop 𝜒(p).

The lattice calculation of the ghost form factor 𝑑(𝑝) (13)
is more involved than that of the gluon propagator since it
requires the inversion of the Faddeev–Popov operator (−D̂ ⋅
𝜕), which requires high numerical accuracy for field configu-
rations near the Gribov horizon, where the Faddeev–Popov
operator has a very small eigenvalue. It turns out that the
lattice results for the ghost form factor depend on how the
Coulomb gauge is implemented on the lattice. In principle,
this is done by maximizing the gauge-fixing functional

𝐹�푡 [𝑔] = ∑
x,�푖
Re tr𝑈�푔

�푖 (𝑡, x) → max (22)

with respect to all spatial gauge transformations 𝑔(x). In (22)
the summation is over all spatial links at a fixed time 𝑡 and
the maximization is performed at all lattice times. In the
continuum limit the extremum condition 𝛿𝐹[𝑔]/𝛿𝑔(x) = 0
yields the Coulomb gauge 𝜕 ⋅ A = 0.

The lattice gauge-fixing condition yields a gauge copy
which lies within the first Gribov region, but usually not
within the fundamental modular region composed of those
copies which give the absolute maximum of the functional
(22). Therefore, in practice, one repeatedly performs random
gauge transformations and selects in the end, that is, after
Coulomb gauge fixing, the gauge copywhich yields the largest
maximum of the gauge-fixing functional (22). This copy is
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[28]: (a) gluon energy and (b) ghost form factor.
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Figure 5: The static gluon propagator in Coulomb gauge calculated
on the lattice for SU(2) gauge theory (crosses). The dashed and
the full curves show the result of the variational calculation using,
respectively, a Gaussian and non-Gaussian ansatz for the vacuum
wave functional.

called “best copy” since it is assumed that this method yields
a gauge copy which is the best representative of the global
maximum. Figure 6 shows the result for the ghost form factor
using the “best copy” gauge fixing. The obtained ghost form
factor has an IR exponent of 𝛽 ≃ 0.5, which is at odds with
the sum rule (16) given that an IR exponent of 𝛼 = 1 is
obtained for the lattice gluon propagator; see (20).This result
is puzzling since the sum rule is considered incontrovertible
as it is obtained under quite mild assumptions. However, in
[37], it was shown that for the 𝑈(1) lattice gauge theory on𝑆2 the “best copy” method does not necessarily provide the
best approximation to the fundamental modular region. An
alternative lattice gauge-fixing method consists in choosing
not the “best” Gribov copy but that gauge copy which mini-
mizes the lowest eigenvalue of the Faddeev–Popov operator
[38]. This configuration is referred to as the “lowest” Gribov
copy. As argued in [39], the “lowest copy” method should
yield results closer to the continuum theory.We have used the
“lowest copy” (lc) method to recalculate the ghost and gluon
propagator; see [40]. While the gluon propagator is basically
the same as obtained with the “best copy” (bc) method (see
Figure 7), the ghost form factor gets further enhanced in
the IR as the number of gauge-fixing attempts increases (see
Figure 8). (To find the absolute extremum in the bc and
lc approach, we have repeated the gauge-fixing procedure a
large number 𝑁�푟 = 10, . . . , 10000 of times, starting each
time from a different random gauge transformation of the
original configuration. In general, the number 𝑁�푟 of gauge-
fixing trials is indicative of the number of Gribov copies
included, even though the exact relation is complicated and
nonlinear [40].) Although we did not find a strict saturation
for a sufficiently large number of gauge-fixing attempts, the
IR exponent of the ghost form factor is compatible with the

continuum result of 𝛽 ≃ 1 (see Figure 9), in agreement with
the sum rule (16).

4. The Coulomb String Tension

The Coulomb term 𝐻C (6) plays an important role in
the Gribov–Zwanziger confinement scenario. Its Yang–Mills
vacuum expectation value

𝑉C = 𝑔2 ⟨(−D̂ ⋅ 𝜕)−1 (−𝜕2) (−D̂ ⋅ 𝜕)−1⟩ (23)

provides an upper bound for the potential between static
point-like color charges and is referred to as (non-Abelian)
Coulomb potential. The Coulomb potential found within the
variational approach [10, 11, 25] is shown in Figure 10(a).
At small distances it behaves like an ordinary Coulomb
potential, 𝑉C(𝑟) ∼ 1/𝑟, and increases linearly at large
distances with a coefficient given by the so-called Coulomb
string tension 𝜎C. It was shown in [41] that this quantity is
an upper bound to the Wilsonian string tension 𝜎W. On the
lattice one finds 𝜎C/𝜎W ≈ 2 ⋅ ⋅ ⋅ 4 [29, 42, 43]. Due to the
constraint 𝜎C ≥ 𝜎W in the Gribov–Zwanziger confinement
scenario a necessary condition for confinement is that the
non-Abelian Coulomb potential (23) rises at least linearly at
large distances.

One may now ask, what field configurations induce the
horizon condition, 𝑑−1(0) = 0, and the linearly rising
Coulomb potential 𝑉C (23) and thus confinement? Given
the relation of Gribov’s confinement scenario to the dual
superconductor, we expect magnetic monopoles to play a
substantial role. Lattice calculations carried out in the so-
called indirect maximum center gauge, which contains the
maximum Abelian gauge in an intermediate step, showing
that magnetic monopoles are tied to center vortices [44].
This can be also understood in the continuum [45]. Center
vortices are string-like gauge field configurations in𝐷 = 3 or
world surfaces in 𝐷 = 4, for which the Wilson loop equals
a nontrivial center element of the gauge group, provided the
loop has nontrivial linking with the center vortices. (By the
Bianchi identity center vortices form closed loops in 𝐷 = 3
and closed surfaces in𝐷 = 4.)

Lattice calculations provide strong evidence that confine-
ment is due to center vortices. Indeed, when the center vortex
content of the gauge field configurations is removed, one
finds that theWilsonian string tension and thus confinement
disappears [46].

On the lattice center vortices can be detected as follows
[47]: one first brings the gauge field configurations into the
so-called maximal center gauge:

∑
�푥,�휇

tr𝑈2
�휇 (𝑥) → max, (24)

which rotates a link as close as possible to a center element,
for example, 𝑍�휇(𝑥) = ±1 ∈ 𝑍(2) for the gauge group SU(2).
Subsequently, one performs a so-called center projection:

𝑈�휇 (𝑥) → 𝑍�휇 (𝑥) (25)

which replaces each link with its nearest center element.
One is then left with 𝑍(2) links, which form closed center
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vortices, the only nontrivial field configurations in a 𝑍(2)
theory. When a center vortex pierces a Wilson loop it
contributes a nontrivial center element to the latter. It was
shown in [48] that the center vortices obtained in this way are
physical objects in the sense that they show the proper scaling
behavior; that is, their area density survives the continuum
limit. This property distinguishes the center vortices found
after center projection in the maximal center gauge from
other gauges like, for example, the Laplacian center gauge
[44].

The center vortex content of a gauge field configuration
can be removed [46] by multiplying the original link variable𝑈�휇(𝑥) by its center projection 𝑍�휇(𝑥):

𝑈�휇 (𝑥) → 𝑈�휇 (𝑥) ⋅ 𝑍�휇 (𝑥) . (26)

Figure 6 shows the ghost form factor obtained on the lattice
when the center vortices are removed from the ensemble of
gauge field configurations as described above [29]. The ghost
form factor becomes infrared flat and the horizon condition
is lost. This shows that center vortices induce the horizon
condition which is the cornerstone of Gribov’s confinement
scenario. This also shows that Gribov’s confinement scenario
is tied to the center vortex picture of confinement. This is in
accordwith the observation that center vortices andmagnetic
monopoles are located on the Gribov horizon of Coulomb
gauge [42].

When center vortices are removed as described above,
the static color potential extracted from a Wilson loop loses
its linearly rising part; that is, the Wilsonian string tension𝜎W disappears after center vortex removal. Since 𝜎C ≥ 𝜎W
this does not necessarily imply that elimination of center
vortices also removes the Coulomb string tension. In [29], the
non-Abelian Coulomb potential was calculated after center
projection and center vortex removal. Removing the center
vortices also eliminates the Coulomb string tension while
center vortex projection keeps only the linearly rising part
of the non-Abelian Coulomb potential; see Figure 10(b).
This result is perhaps not so surprising since center vor-
tices live on the Gribov horizon (more precisely on the
common boundary between the Gribov horizon and the
fundamental modular region [42]), which represents the
domain of the infrared dominant field configurations in the
Gribov–Zwanziger confinement scenario.
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At finite temperature different Wilsonian string ten-
sions are measured from temporal and spatial Wilson loops
referred to as temporal and spatial string tension, respectively.
Above the deconfinement phase transition these two Wilso-
nian string tensions decouple.While the spatial string tension
increases above the critical temperature, the temporal string
tension disappears. On the lattice it is not difficult to see that
in the center projected 𝑍(2) theory the temporal and spatial
Wilsonian string tensions, that is, the area law in the temporal
and spatialWilson loop, are produced by temporal and spatial
center vortices, respectively.The latter are formed exclusively
by spatial center-valued links:

𝑈�푖 (𝑥) → 𝑍�푖 (𝑥) , (27)

which will be referred to as spatial center projection in the
following. (In 𝐷 = 3, spatial center vortices are closed
lines formed by a “stack” of spatial plaquettes with nontrivial
value after center projection. Geometrically, they extend in
the time direction (on the dual lattice) and can thus link
with spatial Wilson loops. The terminology in 𝐷 = 4 is
similar; that is, spatial center vortices are hypersurfaces on the
dual lattice which are composed of spatial plaquettes on the
original lattice, which are nontrivial after center projection.
Geometrically, such spatial vortices extend in one space and
one time direction and may hence link with spatial Wilson
loops.) Analogously multiplying the spatial link by its nearest
center projected 𝑍(2) element,

𝑈�푖 (𝑥) → 𝑈�푖 (𝑥) ⋅ 𝑍�푖 (𝑥) , (28)

removes all spatial center vortices and thus the spatial string
tension while the temporal links are unaffected. Therefore,
the temporal string tension, which can be calculated from
the correlator of Polyakov loops and hence from temporal
links exclusively, will not be affected by the spatial center
vortex removal. Figure 11(a) shows the quantity 𝑝4𝑉C(𝑝)
whose infrared limit gives the Coulomb string tension,
lim�푝→0𝑝4𝑉C(𝑝) = 8𝜋𝜎C. As one observes, the Coulomb
string tension disappears already when only the spatial
center vortices are removed. This clearly shows that the
Coulomb string tension is related to the spatial string tension
and not to the temporal one. This explains also the finite-
temperature behavior of the Coulomb string tension, which
increases with the temperature above the deconfinement
phase transition just like the spatial string tension; see
Figure 11(b).

Anecessary condition for theGribov–Zwanziger confine-
ment scenario to be realized is that the ghost form factor is
infrared divergent, which is indeed found in the variational
approach and also on the lattice; see Figure 6(b). However,
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the infrared divergence disappears when one removes the
center vortices or the spatial center vortices only as can be
seen in Figure 6(a). Also, the spatial center vortex projection
produces the same ghost form factor as full center projection.
This also explains why the infrared divergence of the ghost
form factor does not disappear above the deconfinement
phase transition.Thus both features of theGribov–Zwanziger
confinement scenario, the infrared divergent ghost form

factor and the linearly rising Coulomb potential, are caused
by spatial center vortices and are thus tied to the spatial string
tension, which increases above the deconfinement transition.

5. Variational Approach to the Quark Sector

The variational approach to Yang–Mills theory in Coulomb
gauge presented in Section 2 has been extended to full QCD
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in [30, 49, 50]. The Hamiltonian of full QCD in Coulomb
gauge is given by

𝐻QCD = 𝐻T + 𝐻Q + 𝐻C, (29)

where𝐻T is the Hamiltonian of the transverse gluon degrees
of freedom (4),𝐻C is the Coulomb interaction (6), and

𝐻Q

= ∫𝑑3𝑥𝜓† (x) [𝛼 ⋅ (−i∇ + 𝑔𝑡�푎A�푎 (x)) + 𝛽𝑚0] 𝜓 (x) (30)

is the Hamiltonian of the quarks coupling to the transverse
gluon field. Here, 𝛼, 𝛽 are the usual Dirac matrices, 𝑡�푎
denotes the generator of the color group in the fundamental
representation, and𝑚0 is the bare current quarkmass (of elec-
troweak origin) which will be neglected in the following. Fur-
thermore, when the quarks are included, the matter charge
density in the Coulomb Hamiltonian𝐻C (7) is given by

𝜌�푎�푚 (x) = 𝜓† (x) 𝑡�푎𝜓 (x) . (31)

In [30, 50], the quark sector of QCD has been treated within
the variational approach using the following ansatz for the
QCD wave functional

𝜙 [𝐴]⟩ = N
1

√𝐼 [𝐴]𝜙YM [𝐴] 𝜙Q [𝐴]⟩ , (32)

where 𝜙YM is the Yang–Mills vacuum functional (9) and

𝜙Q [𝐴]⟩
= exp [−∫𝑑3𝑥∫𝑑3𝑦𝜓†

+ (x) 𝐾 (x, y) 𝜓− (y)] |0⟩ , (33)

with

𝐾(x, y)
= 𝛽𝑆 (x, y)

+ 𝑔∫𝑑3𝑧 [𝑉 (x, y; z) + 𝛽𝑊(x, y; z)]𝛼 ⋅ A�푎 (z) 𝑡�푎
(34)

being the quark wave functional. Here, 𝑆, 𝑉, and 𝑊 are
variational kernels. Furthermore, |0⟩ is the Fock vacuum of
the quarks which represents the bare Dirac sea. Finally,

𝐼 [𝐴] = ⟨𝜙Q [𝐴] | 𝜙Q [𝐴]⟩ = det (id + 𝐾†𝐾) (35)

is the quark determinant. The ansatz (32) treats the quark
determinant 𝐼[𝐴] and the Faddeev–Popov determinant (5)
on equal footing.

The ansatz (33) reduces for 𝑊 = 0 to the quark wave
functional used in [49] while for 𝑉 = 𝑊 = 0 it becomes the
BCS-type wave functional considered in [51–53]. A comment
is here in order concerning the choice of the Dirac structures
in the ansatz for the vacuum wave functional (33), (34). The
first coupling term (∼V) is the usual quark-gluon coupling,
which also occurs in the QCD Hamiltonian (30). This cou-
pling form is mandatory to capture the quark-gluon coupling
of the QCD Hamiltonian in the vacuum expectation value.
The second coupling term (∼W) was included for technical
reasons. With these two coupling terms all UV divergences
cancel in the variational equations; see below. There exist, of
course, more Dirac structures for the quark-gluon couplings.
The variational principle guarantees that the inclusion of
further Dirac structures with additional variational kernels
can only improve the quality of the description. With the
wave functional (32) the expectation value of the QCD
Hamiltonian was calculated up to two loops. Variation with
respect to the two kernels 𝑉 and 𝑊, which describe the
coupling of the quarks to the transverse gluons, gives two
equations, which can be solved explicitly in terms of the scalar
kernel 𝑆 and the gluon energy 𝜔 yielding

𝑉 (p, q) = 1 + 𝑆 (𝑝) 𝑆 (𝑞)
𝑝𝑃 (𝑝) (1 − 𝑆2 (𝑝) + 2𝑆 (𝑝) 𝑆 (𝑞)) + 𝑞𝑃 (𝑞) (1 − 𝑆2 (𝑞) + 2𝑆 (𝑝) 𝑆 (𝑞)) + 𝜔 (|p + q|) , (36)

𝑊(p, q) = 𝑆 (𝑝) + 𝑆 (𝑞)
𝑝𝑃 (𝑝) (1 − 𝑆2 (𝑝) − 2𝑆 (𝑝) 𝑆 (𝑞)) + 𝑞𝑃 (𝑞) (1 − 𝑆2 (𝑞) − 2𝑆 (𝑝) 𝑆 (𝑞)) + 𝜔 (|p + q|) , (37)

where we have defined the quantity

𝑃 (𝑝) = 11 + 𝑆2 (𝑝) . (38)

The variational equation for the scalar kernel 𝑆, referred to
as gap equation, is highly nonlocal and can only be solved
numerically. However, one can show analytically that all
UV divergences in this equation cancel: the UV-divergent

contributions to 𝑆(𝑘) induced by the kernels 𝑉 and 𝑊 are
given, respectively, by

𝐶F16𝜋2𝑔2𝑆 (𝑘) [−2Λ + 𝑘 ln Λ𝜇 (−23 + 4𝑃 (𝑘))] ,
𝐶F16𝜋2𝑔2𝑆 (𝑘) [2Λ + 𝑘 ln Λ𝜇 (103 − 4𝑃 (𝑘))] . (39)

Here, 𝐶F = (𝑁2
C − 1)/2𝑁C is the quadratic Casimir, Λ is the

UV cutoff, and 𝜇 is an arbitrary momentum scale. In the sum
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of the two terms given by (39), the linear UV divergences
obviously cancel. Furthermore, the sum of the logarithmic
UVdivergences of these two terms cancels against the asymp-
totic contribution to the gap equation induced by the Cou-
lomb kernel,

− 𝐶F6𝜋2𝑔2𝑘𝑆 (𝑘) ln Λ𝜇 . (40)

Due to the exact cancellation of all UV divergences no
renormalization of the gap equation is required. This is
certainly a big advantage of the present ansatz (33) for the
quark wave functional. Using the gluon propagator ∼ 1/𝜔
obtained in the Yang–Mills sector as input, the quark gap
equation can be solved within a quenched calculation. In this
approach, the coupling constant 𝑔 is determined by fixing
the chiral quark condensate to its phenomenological value
[30]. Figure 12 shows the vector kernels 𝑉(p, q), 𝑊(p, q)
obtained in this way, as function of the modulus 𝑝 = 𝑞
of the ingoing quark momenta and the cosine of the angle
between them, 𝑧 = cos∢(p, q). These kernels are peaked in
the mid-momentum regime. Furthermore, the vector kernel𝑉 is about a factor of two larger than the kernel𝑊. Figure 13
shows the scalar kernel 𝑆(𝑝) and the mass function

𝑀(𝑝) = 2𝑝𝑆 (𝑝)
1 − 𝑆2 (𝑝) (41)

on a logarithmic scale. For the sake of comparison we also
quote the curves obtainedwhen the coupling to the transverse
gluons is neglected. More precisely, this corresponds to
putting 𝑔 = 0 in the ansatz (34) and discarding the second
(perturbative) part in the approximation

𝑉C (𝑝) ≈ 8𝜋𝜎C𝑝4 + 𝑔2𝑝2 (42)

for the Coulomb potential (see (23)). As one observes, the
inclusion of the coupling to the transverse gluon changes only
the mid- and large-momentum regime while the infrared
behavior is not changed at all. This is perhaps a little bit
surprising but should have been expected in view of the fact
that the non-Abelian Coulomb term [the first part in (42)],
which gives rise to a linearly rising potential at large distances
and dominates the infrared behavior of the gap equation.
Let us also mention that we do not find chiral symmetry
breaking from our equations when the linearly rising part of
the Coulomb potential is neglected.

6. Hamiltonian Approach to
Finite-Temperature QCD by Compactifying
a Spatial Dimension

In [24, 54] the variational approach to Yang–Mills theory
in Coulomb gauge was extended to finite temperatures by
making a quasiparticle ansatz for the density matrix of the
grand canonical ensemble where the quasiparticle energy
was determined by minimizing the free energy.The resulting
variational equations could be solved analogously to the

ones at zero-temperature. There is, however, a more efficient
way to treat Yang–Mills theory at finite temperature within
the Hamiltonian approach. The motivation comes from the
Polyakov loop

𝑃 [𝐴0] (x) = 1𝑑�푟 trP exp [i𝑔∫�퐿

0
𝑑𝑥0𝐴0 (𝑥0, x)] , (43)

where 𝐴0 = 𝐴�푎
0𝑡�푎 is the temporal gauge field in the funda-

mental representation, P is the path ordering prescription,𝑑�푟 denotes the dimension of the representation of the gauge
group, and 𝐿 = 1/𝑇 is the length of the compactified Euclid-
ean time axis which represents the inverse temperature. The
Polyakov loop cannot be calculated straightforwardly in the
Hamiltonian approach due to the unrestricted time interval
and the use of the Weyl gauge 𝐴0 = 0. Both problems
are overcome in the more efficient Hamiltonian approach to
finite-temperature quantum field theory developed in [19].
This approach does not require an ansatz for the density
matrix of the grand canonical ensemble and allows the
evaluation of the Polyakov loop. In this novel approach, one
exploits the 𝑂(4) invariance to interchange the Euclidean
time axis with one spatial axis. The temporal (anti)periodic
boundary conditions to the fields become then spatial bound-
ary conditions, while the new (Euclidean) time axis has
infinite extent as is requiredwithin theHamiltonian approach
(see below). The upshot is that the partition function at
finite temperature 𝐿−1 is entirely given by the ground state
calculated on the spatial manifold R2 × 𝑆1(𝐿), where 𝑆1(𝐿)
is a circle with length 𝐿. The whole thermodynamics of
the theory is then encoded in the vacuum calculated on
the partially compactified spatial manifold R2 × 𝑆1(𝐿). This
approach was used in [55] to study Yang–Mills theory at
finite temperature and in [31] to calculate the Polyakov
loop within the Hamiltonian approach. Furthermore, in
[56], the so-called dual quark condensate was evaluated
using this approach. Let us briefly sketch its main pro-
perties.

Consider finite-temperature quantum field theory in
the standard functional integral approach. Here the finite
temperature is introduced by going to Euclidean space and
compactifying the Euclidean time dimension by imposing
periodic and antiperiodic boundary conditions for Bose and
Fermi fields, respectively,

𝐴(𝑥0 = 𝐿2) = 𝐴(𝑥0 = −𝐿2) , (44a)

𝜓(𝑥0 = 𝐿2) = −𝜓(𝑥0 = −𝐿2) . (44b)

The length of the compactified dimension 𝐿 represents then
the inverse temperature 𝑇−1 = 𝐿. One can now exploit the𝑂(4) invariance of the Euclidean Lagrangian to rotate the
Euclidean time axis into a space axis and, correspondingly,
one spatial axis into the Euclidean time axis. Of course,
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thereby all vectorial quantities transform in the same way;
that is, we can choose the transformation:

𝑥0 → 𝑥3,
𝐴0 → 𝐴3,
𝛾0 → 𝛾3,
𝑥1 → 𝑥0,
𝐴1 → 𝐴0,
𝛾1 → 𝛾0,
𝑥2 → 𝑥1,
𝐴2 → 𝐴1,

𝛾2 → 𝛾1,
𝑥3 → 𝑥2,
𝐴3 → 𝐴2,
𝛾3 → 𝛾2.

(45)

After this rotation we are left with the spatial periodic and
antiperiodic boundary conditions:

𝐴(𝑥3 = 𝐿2) = 𝐴(𝑥3 = −𝐿2) ,
𝜓 (𝑥3 = 𝐿2) = −𝜓(𝑥3 = −𝐿2) .

(46a)
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As a consequence of the𝑂(4) rotation our spatial manifold is
nowR2 × 𝑆1(𝐿) instead ofR3 while the temporal manifold is
R independent of the temperature; that is, the temperature
is now encoded in one spatial dimension while time has
infinite extension. We can now apply the usual canonical
Hamiltonian approach to this rotated space-time manifold.
As the new time axis has infinite extension ℓ → ∞, the
partition function is now given by

𝑍 (𝐿) = lim
ℓ→∞

tr exp (−ℓ𝐻 (𝐿)) , (47)

where𝐻(𝐿) is the usualHamiltonian obtained after canonical
quantization, however, now defined on the spatial manifold
R2×𝑆1(𝐿). Taking the trace in the basis of the exact eigenstates
of theHamiltonian𝐻(𝐿), we obtain for the partition function
(47):

𝑍 (𝐿) = lim
ℓ→∞

∑
�푛

exp (−ℓ𝐸�푛 (𝐿))
= lim

ℓ→∞
exp (−ℓ𝐸0 (𝐿)) .

(48)

The full partition function is now obtained from the ground
state energy calculated on the spatial manifold R2 × 𝑆1(𝐿).
Introducing the energy density 𝑒(𝐿) on R2 × 𝑆1(𝐿) by
separating the volume 𝐿ℓ2 of the spatial manifold from the
energy, we have

𝐸0 (𝐿) = 𝐿ℓ2𝑒 (𝐿) . (49)

For the physical pressure

𝑃 = 1𝐿 𝜕 ln𝑍𝜕𝑉 , 𝑉 = ℓ3 (50)

one finds from (48)

𝑃 = −𝑒 (𝐿) , (51)

while the physical energy density 𝜀 is obtained as

𝜀 = 𝜕 (𝐿𝑒 (𝐿))𝜕𝐿 − 𝜇𝜕𝑒 (𝐿)𝜕𝜇 . (52)

To distinguish this quantity from the (negative) Casimir
pressure 𝑒(𝐿) [see (51)], which also appears as an energy
density in our formalism after the transformation [seee (45)],
we will denote 𝑒(𝐿) as pseudo energy density. Finally, after the𝑂(4) rotation (45), the finite chemical potential 𝜇 enters the
single-particle Dirac Hamiltonian ℎ in the following form:

ℎ (𝜇) = ℎ (𝜇 = 0) + i𝜇𝛼3, (53)

where 𝛼3 is the third Dirac matrix and ℎ(𝜇 = 0) the standard
Dirac operator coupled to the gauge field.

6.1. Free Bose and Fermi Gases. To illustrate the above
approach let us first consider a relativistic Bose gas with
dispersion relation 𝜔(𝑝) = √p2 + 𝑚2, where we assume for

simplicity a vanishing chemical potential. The thermody-
namical pressure obtained from the grand canonical ensem-
ble for such a system is given by

𝑃 = 23 ∫ 𝑑3𝑝
(2𝜋)3

𝑝2𝜔 (𝑝)𝑛 (𝑝) ,
𝑛 (𝑝) = 1

exp (𝛽𝜔 (𝑝)) − 1 ,
(54)

where 𝑛(𝑝) are the finite temperature Bose occupation num-
bers. On the other hand, one finds for the ideal Bose gas
with dispersion relation 𝜔(𝑝) = √p2 + 𝑚2 the pseudo energy
density on the spatial manifold R2 × 𝑆1(𝐿) [19]:
𝑒 (𝐿) = 12 ∫ 𝑑2𝑝⊥(2𝜋)2

1𝐿
∞∑

�푛=−∞

√p2⊥ + 𝑝�푛2 + 𝑚2,
𝑝�푛 = 2𝑛𝜋𝐿 ,

(55)

where 𝑝�푛 are the bosonic Matsubara frequencies. This quan-
tity does not look at all like the negative of the pressure
(54), as it should by (51). In fact, as it stands it is ill-defined:
the integral and the sum are both divergent. To make it
mathematically well defined, we first use the proper-time
regularization of the square root:

√𝐴 = 1Γ (−1/2)
⋅ lim
Λ→∞

[∫∞

1/Λ2

𝑑𝜏𝜏−3/2 exp (−𝜏𝐴) − 2Λ + O (Λ−1)] .
(56)

The divergent constant appears because the limit Λ → ∞
of the incomplete Γ-function is not smooth; it drops out
when taking the difference to the zero-temperature case after
(59) below. With this replacement, the momentum integral
in (55) can be carried out in closed form. For the remaining
Matsubara sum, we use the Poisson resummation formula:

12𝜋
∞∑

�푘=−∞

exp (i𝑘𝑥) = ∞∑
�푛=−∞

𝛿 (𝑥 − 2𝜋𝑛) , (57)

by whose means we obtain

12𝜋 ∫∞

−∞
𝑑𝑧𝑓 (𝑥) ∞∑

�푘=−∞

ei�푘�훽�푧 = 1𝛽
∞∑

�푛=−∞

𝑓 (𝜔�푛) (58)

for any function 𝑓(𝑧). The term with 𝑘 = 0 on the r.h.s.
represents the zero-temperature limit of the l.h.s. After use of
(58) the proper-time integral can also be carried out, yielding
for the pseudo energy density (55):

𝑒 (𝐿) = − 12𝜋2
∞∑

�푘=−∞

( 𝑚𝑘𝐿)2 𝐾2 (𝑘𝐿𝑚) , (59)

where 𝐾](𝑧) is the modified Bessel function. The term with𝑘 = 0 is divergent and represents the pseudo energy density
of the zero-temperature vacuum, which should be eliminated
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from the pressure. The remaining terms 𝑘 ̸= 0 are all finite
and also the remaining sum converges. This sum, however,
cannot be carried out analytically for massive bosons (the
same applies to the integral in the grand canonical expression
(54) for the pressure). In the zero-mass limit, we find from
(59) for the pressure (51)

𝑃 = 𝜁 (4)𝜋2 𝑇4 = 𝜋290𝑇4, (60)

which is Stefan–Boltzmann law, the correct result also
obtained from the grand canonical ensemble. For massive
bosons the evaluation of the sum in (59) as well as the
evaluation of the integral in (54) has to be done numeri-
cally. The result is shown in Figure 14(a). As expected the
pressure calculated from the compactified spatial dimension
reproduces the result of the usual grand canonical ensemble.
Figure 14(b) shows the various contributions to the pressure.
It is seen that only a few terms in the sumof (59) are necessary
to reproduce the result of the grand canonical ensemble to
good accuracy.

In the case of the relativistic Fermi gas with dispersion
relation 𝜔(𝑝) = √p2 + 𝑚2 the energy density on R2 × 𝑆1(𝐿)
is given by

𝑒 (𝐿) = −2∫ 𝑑2𝑝⊥(2𝜋)2
1𝐿

∞∑
�푛=−∞

√p2⊥ + (𝑝�푛 + i𝜇)2 + 𝑚2,
𝑝�푛 = 2𝑛 + 1𝐿 𝜋,

(61)

where we have now included a nonvanishing chemical poten-
tial 𝜇. To make this expression mathematically well defined
one has to resort again to the proper-time regularization and
Poisson resummation technique sketched above.The result is

𝑒 (𝐿) = 2𝜋2
∞∑
�푛=0

cos [𝑛𝐿 (𝜋𝐿 − i𝜇)] ( 𝑚𝑛𝐿)2 𝐾−2 (𝑛𝐿𝑚) . (62)

Again, the term with 𝑛 = 0 represents the zero-temperature
vacuum energy density, which is divergent and has to be
removed. As before, this expression can only be calculated in
closed form for massless particles. For the remaining sum to
converge, an analytic continuation i𝜇𝐿 → 𝜇 ∈ R is required
to carry out the sum

∞∑
�푛=1

(−1)�푛 cos (𝑛𝜇)𝑛4 = 148 [− 715𝜋2 + 2𝜋2𝜇2 − 𝜇4] . (63)

Continuing back to real chemical potentials one finds
through (51) for the pressure

𝑃 = 112𝜋2 [ 715𝜋4𝑇4 + 2𝜋2𝑇2𝜇2 + 𝜇4] , (64)

which is the correct result obtained also from the usual grand
canonical ensemble.

In [55], the above approach was used to study Yang–Mills
theory at finite temperature. For this purpose, it is merely
required to repeat the variational Hamiltonian approach on

the spatial manifoldR2 × 𝑆1(𝐿). Due to the one compactified
spatial dimension the three-dimensional integral equations
of the zero-temperature case are replaced with a set of two-
dimensional integral equations distinguished by different
Matsubara frequencies. Below, I will use this approach to
calculate the effective potential of the Polyakov loop, the order
parameter of confinement.

6.2. The Polyakov Loop. Consider SU(𝑁) gauge theory at
finite temperature, where the temperature is introduced by
the usual periodic boundary condition in the temporal direc-
tions (44a) and (44b). Gauge transformations preserving
this boundary conditions need to be periodic only up to an
element 𝑧 of the center 𝑍(𝑁) of the gauge group,

𝑈(𝑥0 = 𝐿) = 𝑧𝑈 (𝑥0 = 0) , 𝑧 ∈ 𝑍 (𝑁) . (65)

Since there are 𝑁 center elements, this theory has a residual
global 𝑍(𝑁) symmetry, which remains after gauge fixing.
However, there are quantities which are sensitive to such
a 𝑍(𝑁) symmetry transformation. The most prominent
example is the Polyakov loop (43). A gauge transformation
of the form (65) multiplies the Polyakov loop by the center
element 𝑧, that is,

𝑃 [𝐴�푈
0 ] = 𝑧𝑃 [𝐴0] . (66)

The expectation value of the Polyakov loop

⟨𝑃 [𝐴0] (x)⟩ ∼ exp (−𝐹∞ (x) 𝐿) (67)

can be shown to be related to the free energy 𝐹∞(x) of a static
color point charge located at x [57]. In a confining theory this
quantity has to be infinite since there are no free color charges,
while in a deconfinedphase it is finite. Accordinglywe find for
the expectation value of the Polyakov loop

⟨𝑃 [𝐴0] (x)⟩{{{
= 0 confined phase,
̸= 0 deconfined phase. (68)

From (66), it follows that the Polyakov loop vanishes in a
center symmetric state. Hence, in the deconfined phase the𝑍(𝑁) center symmetrymust be obviously broken. In the con-
tinuum theory the Polyakov loop can be most easily calcu-
lated in the Polyakov gauge:

𝜕0𝐴0 = 0, 𝐴0 color diagonal. (69)

In this gauge, one finds, for example, for the SU(2) gauge
group, that the Polyakov loop

𝑃 [𝐴0] (x) = cos(12𝑔𝐴0 (x) 𝐿) (70)

is a one-to-one function of the gauge field, at least in the fun-
damental modular region of this gauge. It can be shown,
see [14, 58–60], that instead of the expectation value of the
Polyakov loop ⟨𝑃[𝐴0]⟩ one may alternatively use the Poly-
akov loop of the expectation value, 𝑃[⟨𝐴0⟩], or the expecta-
tion value of the temporal gauge field itself, ⟨𝐴0⟩, as order
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Figure 14:The pressure of a free massive Bose gas (a) calculated from equation (59) (full curve) and from the grand canonical ensemble (54)
(crosses). (b) The pressure when the summation index in equation (59) is restricted to |𝑛| = 1, 2 and 5.
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Figure 15:The effective potential of the Polyakov loop 𝑒(𝑎, 𝐿) (71) as function of the background field 𝑥 = 𝑎3𝐿/2𝜋. The curvature is neglected(𝜒 = 0) and the gluon energy assumed to be (a) 𝜔(𝑝) = 𝑝 (UV form) and (b) 𝜔(𝑝) = 𝑀2/𝑝 (IR form), respectively; see [31] for more details.

parameter of confinement in the gauge (69). This analysis
also shows that the most efficient way to obtain the Polyakov
loop is to carry out a so-called background field calculation
with a temporal background field 𝑎0(x) = ⟨𝐴0(x)⟩ chosen in
the Polyakov gauge and then calculate the effective potential𝑒[𝑎0] of that background field. From the minimum 𝑎0 of this
potential one evaluates the Polyakov loop 𝑃[⟨𝐴0⟩] = 𝑃[𝑎0],
which can then serve as the order parameter of confine-
ment.

Such a calculationwas done a long time ago in [61], where
the effective potential 𝑒[𝑎0]was calculated in one-looppertur-
bation theory.The result is shown in Figure 15(a). The poten-
tial is periodic due to center symmetry. The minimum of
the potential occurs at the vanishing background field, which
gives 𝑃[𝑎0 = 0] = 1 corresponding to the deconfined phase.

This is, of course, expected due to the use of perturbation the-
ory. Below, I present the results of a nonperturbative evalua-
tion of 𝑒[𝑎0] in the Hamiltonian approach in Coulomb gauge.

At first sight it seems that the Polyakov loop cannot be
calculated in the Hamiltonian approach due to the use of the
Weyl gauge 𝐴0 = 0. However, we can now use the alterna-
tive Hamiltonian approach to finite temperature introduced
above, where the temperature is introduced by compactify-
ing a spatial dimension. Here, we compactify the 𝑥3-axis and
consequently put also the background field along this axis,
a = 𝑎e3. In the Hamiltonian approach, the effective potential
of a spatial background field a can be easily calculated by
minimizing the expectation value of the Hamiltonian under
the constraint ⟨A⟩ = a. The resulting energy ⟨𝐻⟩a = 𝐿2ℓ𝑒(a)
is then (up to the spatial volume factor) the effective potential.
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So the effective potential 𝑒(a) is nothing but the pseudo
energy density considered earlier, but now calculated in a
background gauge with the constraint ⟨A⟩ = a.

6.3.The Effective Potential of the Polyakov Loop. After lengthy
calculations exploiting the gluon gap equation (10), one finds
for the effective potential of the Polyakov loop the following
expression:

𝑒 (𝑎, 𝐿) = ∑
�휎

1𝐿
∞∑

�푛=−∞

∫ 𝑑2𝑝⊥(2𝜋)2 (𝜔 (p�휎) − 𝜒 (p�휎)) , (71)

where 𝜔(𝑝) is the gluon energy and 𝜒(𝑝) is the ghost loop.
These quantities have to be taken with the momentum
variable

p�휎 = p⊥ + (𝑝�푛 − 𝜎 ⋅ 𝑎) e3, (72)

where p⊥ is the momentum corresponding to the two
uncompactified space dimensions while 𝑝�푛 = 2𝜋𝑛/𝐿 is the
Matsubara frequency resulting from the compactification of
the third dimension. Furthermore, 𝜎 ⋅ 𝑎 ≡ 𝜎�푏𝑎�푏 denotes
the product of the color background field with the root
vectors 𝜎�푏 of the gauge group. Equation (71) includes also the
summation over the roots 𝜎 of the gauge group. In [31, 62],
the effective potential (71) was explicitly calculated using for𝜔(𝑝) and 𝜒(𝑝), the results from the variational calculation
in Coulomb gauge at zero-temperature [25]. This represents
certainly an approximation since, in principle, one should use
the finite-temperature solutions obtained in [55].

Before I present the full results let me ignore the ghost
loop 𝜒(𝑝) in (71) and consider the ultraviolet and infrared
limit of the gluon energy. If we choose the ultraviolet limit𝜔(𝑝) = 𝑝, we obtain from (71) with 𝜒(𝑝) = 0 precisely the
Weiss potential, shown in Figure 15(a), which corresponds
to the deconfined phase. Choosing for the gluon energy its
infrared limit 𝜔(𝑝) = 𝑀2/𝑝, one finds from (71) with 𝜒(𝑝) =0 the (center symmetric) potential shown in Figure 15(b).
From its center symmetric minimum 𝑎 = 𝜋/𝐿 one finds
a vanishing Polyakov loop 𝑃[𝑎] = 0 corresponding to the
confined phase. Obviously, the deconfining phase transition
results from the interplay between the confining infrared and
the deconfining ultraviolet potentials. Choosing for the gluon
energy the sum of the UV- and IR-parts 𝜔(𝑝) = 𝑝 + 𝑀2/𝑝,
which can be considered as an approximation to the Gribov
formula (20), one has to add the UV and IR potentials and
finds a phase transition at a critical temperature𝑇�푐 = √3𝑀/𝜋.
With theGribovmass𝑀 ≈ 880MeV this gives a critical value
of𝑇�푐 ≈ 485MeV for the color group SU(2), which ismuch too
high as compared to the lattice value of 312MeV [63]. One
can show analytically [31, 62] that the neglect of the ghost loop𝜒(𝑝) = 0 shifts the critical temperature to higher values. If one
uses for the gluon energy 𝜔(𝑝) the Gribov formula (20) and
includes the ghost loop 𝜒(𝑝), one finds the effective potential
shown in Figure 16(a), which shows a second-order phase
transition and gives a transition temperature of𝑇�푐 ≈ 269MeV
for the gauge group SU(2), which is in the right ballpark.
The Polyakov loop 𝑃[𝑎] calculated from the minimum 𝑎 of
the effective potential 𝑒(𝑎, 𝐿) (71) is plotted in Figure 17(a)

as function of the temperature. After the phase transition it
approaches rather rapidly (at about 𝑇/𝑇�푐 ∼ 1.1) its limiting
value ⟨𝑃⟩ = 1 contrary to the lattice results. Such behavior is
also observed in analogous calculations in the path-integral
approach in Landau gauge; see, for example, [13, 14]. As
shown in [14], the Polyakov loop approaches less rapidly
its limiting value when two-loop contributions are included.
This refers also to the Polyakov loop obtained for the gauge
group SU(3) shown in Figure 16(b).

The effective potential for the gauge group SU(3) can be
reduced to that of the SU(2) group by noticing that the SU(3)
algebra consists of three SU(2) subalgebras characterized by
the three positive roots 𝜎 = (1, 0), (1/2, √3/2), (1/2, −√3/2).
One finds

𝑒SU(3) (𝑎, 𝐿) = ∑
𝜎>0

𝑒SU(2) [𝜎] (𝑎, 𝐿) . (73)

The resulting effective potential for SU(3) is shown in Fig-
ure 18 as function of the components of the background field
in the Cartan algebra, 𝑎3 and 𝑎8. Above and below 𝑇�푐 the
absolute minima of the potential occur in both cases for 𝑎8 =0 because of charge conjugation invariance. Cutting the two-
dimensional potential surface at 𝑎8 = 0, one finds the effective
potential shown in Figure 16(b), which shows a first-order
phase transition with a critical temperature of 𝑇�푐 ≈ 283MeV.
The first-order nature of the SU(3) phase transition is also
seen in Figure 17(b), where the Polyakov loop 𝑃[𝑎] is shown
as function of the temperature.

6.4.The Dual Quark Condensate. The dual quark condensate
was originally introduced in [64] andwas discussed in amore
general context in [65]. This quantity has been calculated on
the lattice [66, 67], in the functional renormalization group
approach [68] and in the Dyson–Schwinger approach [69].
The dual condensate is defined by

Σ�푛 = ∫2�휋

0

𝑑𝜑2𝜋 exp (−i𝑛𝜑) ⟨𝜓𝜓⟩�휑 , (74)

where ⟨𝜓𝜓⟩�휑 is the quark condensate calculated with the𝑈(1)-valued boundary condition:

𝜓(𝑥0 + 𝐿2 , x) = ei�휑𝜓(𝑥0 − 𝐿2 , x) . (75)

For 𝜑 = 𝜋 these boundary conditions reduce to the usual
finite-temperature boundary conditions of the quark field
in the functional integral representation of the partition
function; see (44a) and (44b). On the lattice it is not difficult
to show that the quantity Σ�푛 (74) represents the vacuum
expectation value of the sum of all closed Wilson loops
winding precisely 𝑛-times around the compactified time axis.
In particular, the quantity Σ1 represents the expectation
value of all closed loops winding precisely once around the
compactified time axis and is therefore called the dressed
Polyakov loop.The phase in the boundary condition (75) can
be absorbed into an imaginary chemical potential:

𝜇 = i
𝜋 − 𝜑𝐿 (76)
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Figure 16: Effective potential of the Polyakov loop (71) as function of the background field 𝑥 = 𝑎3𝐿/2𝜋 at various temperatures, for the gauge
groups (a) SU(2) and (b) SU(3).
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Figure 17: The Polyakov loop as function of the temperature (a) for SU(2) and (b) for SU(3).

for fermion fields satisfying the usual antisymmetric bound-
ary condition 𝜓(𝑥0 + 𝐿/2, x) = −𝜓(𝑥0 − 𝐿/2, x). In the Ham-
iltonian approach to finite temperatures of [19], where the
compactified time axis has become the third spatial axis, the
phase-dependent boundary condition (75) or equivalently
the imaginary chemical potential (76) manifests itself in the
momentum variable along the (compactified) three axes,
which reads

𝑝3 = 𝑝�푛 + i𝜇 = 2𝜋𝑛 + 𝜑𝐿 , 𝑝�푛 = 2𝑛 + 1𝐿 𝜋, (77)

where 𝑝�푛 is the usual fermionic Matsubara frequency [see
(61)]. Using the zero-temperature quark mass function𝑀(𝑝)
calculated in [30], one finds in the Hamiltonian approach

to QCD of [50] for the dual quark condensate after Poisson
resummation the leading expression [56]:

Σ�푛 = −𝑁𝜋2 ∫∞

0
𝑑𝑝 𝑝2𝑀(𝑝)

√𝑝2 + 𝑀2 (𝑝) [𝛿�푛0 + sin (𝑛𝛽𝑝)
𝑛𝛽𝑝 ] , (78)

where 𝑁 denotes the number of colors. In the same way,
one can compute the quark condensate ⟨𝜓𝜓⟩�휑 shown in
Figure 19(a). For the dressed Polyakov loop one finds the
temperature behavior shown in Figure 19(b), where we also
compare with the result obtained when the coupling to the
transverse gauge field degrees of freedom is neglected (𝑔 = 0).
As one observes there is no difference at small temperatures in
accordwith the fact that themass function𝑀(𝑝)has the same
infrared behavior, whether the coupling to the transverse
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gluons is included or not. The slower UV decrease of the full
mass function causes the dual condensate to reach its high-
temperature limit:

lim
�퐿→0

Σ1 = −𝑁𝜋2 ∫∞

0
𝑑𝑝 𝑝2𝑀(𝑝)

√𝑝2 + 𝑀2 (𝑝)
= lim

�퐿→∞
⟨𝜓𝜓⟩�휑=�휋

(79)

only very slowly. We expect, however, that this limit is
reached fasterwhen the finite-temperature solutions are used.
This will presumably also convert the crossover obtained for
the chiral condensate, see Figure 19(b), into a true phase
transition as expected for chiral quarks. From the inflexion
points of the chiral and dual condensate one extracts the
values of 𝑇pc

�휒 ≃ 170MeV and 𝑇pc
�푐 ≃ 198MeV for the pseu-

docritical temperatures of the chiral and deconfinement

transition, respectively. For comparison, one finds on the
lattice for realistic quark masses 𝑇pc

�휒 ≃ 155MeV and 𝑇pc
�푐 ≃165MeV [70, 71].

7. Conclusions

In my talk, I have presented some recent results obtained
within theHamiltonian approach toQCD inCoulomb gauge.
I have first shown that the so-called Coulomb string tension
is not related to the temporal but to the spatial string tension.
This relation explains the finite-temperature behavior of the
Coulomb string tension, namely, the fact that it does not
disappear but even increases above the deconfinement transi-
tion. I have then studied the quark sector ofQCD inCoulomb
gauge using a Slater determinant ansatz for the quark wave
functional, which includes in particular the quark-gluon cou-
pling by two differentDirac structures. Our calculations show
that there is no spontaneous breaking of chiral symmetry
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when the (linearly rising) infrared part of the Coulomb
potential is excluded. Furthermore, choosing the Coulomb
string tension from the lattice data we can reproduce the
phenomenological value of the quark condensate when the
coupling of the quarks to the transverse gluon is included.

I have then extended the Hamiltonian approach to QCD
in Coulomb gauge to finite temperatures by compactifying a
spatial dimension.Within this approach, I have calculated the
effective potential of the Polyakov loop as well as the chiral
and dual quark condensate as function of the temperature.
Using our zero-temperature solution as input, from the
Polyakov loopwe predict a critical temperature for the decon-
finement phase transition of about 𝑇�푐 ∼ 275MeV for
SU(2), and 𝑇�푐 ∼ 280MeV for SU(3). Furthermore, the cor-
rect order of the phase transition was found for SU(2)
and SU(3). For full QCD our calculations of the dual and
chiral quark condensate predict pseudocritical temperatures
of 𝑇pc

�휒 ≃ 170MeV for the chiral and 𝑇pc
�푐 ≃ 198MeV for the

deconfinement transition. In all these finite-temperature cal-
culations the zero-temperature variational solutions were
used as input, which is likely the reason that the critical
temperatures currently obtained are too high as compared to
lattice data. The solution of the variational principle at finite
temperature will be the next step in our investigation of the
QCD phase diagram.
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We show that if the non-Gaussian part of the cumulants of a random matrix model obeys some scaling bounds in the size of the
matrix, thenWigner’s semicircle law holds.This result is derived using the replica technique and an analogue of the renormalisation
group equation for the replica effective action.

1. Introduction

Random matrix theory (see the classical text [1]) first
appeared in physics in Wigner’s work on the level spacing
in large nuclei. Since then, it has proven to have multiple
applications to physics and other branches of science (see,
e.g., [2]). Most of these applications rely on the universal
behaviour of some of the observables for matrices of large
size. A simple example is Wigner’s semicircle law for the
eigenvalue density that holds in the large𝑁 limit for matrices
whose entries are independent and identically distributed.

Understanding the universal behaviour of eigenvalue dis-
tributions and correlations ranks among the major problems
in randommatrix theory. In this respect, the renormalisation
group turns out to be a powerful technique. Introduced in the
context of critical phenomena in statistical mechanics by K.
Wilson to account for the universality of critical exponents,
the latter has also been proven to be useful in understanding
probability theory. For instance, it leads to an insightful proof
of the central limit theorem (see the review by Jona-Lasinio
[3] and references therein).

The renormalisation group has been used to derive
the semicircle law for random matrices in the pioneering
work of Brézin and Zee [4]. In the latter approach, the
renormalisation group transformation consists in integrating
over the last line and columnof amatrix of size𝑁+1 to reduce

it to amatrix of size𝑁.This leads to a differential equation for
the resolvent 𝐺(𝑧) = 1/𝑁⟨Tr(𝑧 − 𝑀)−1⟩ in the large 𝑁 limit
whose solution yields the semicircle law.

In this paper, we follow a different route: we first express
the resolvent as an integral over replicas and introduce a
differential equation for the replica effective action. This
differential equation is a very simple analogue of Polchinski’s
exact renormalisation group equation [5]. It is used to derive
inductive bounds on the various terms, ensuring that the
semicircle law is obeyed provided the cumulants of the
original matrix model fulfil some simple scaling bounds in
the large𝑁 limit.

This paper is based on some work in collaboration with
Krajewski et al. in which we extend Wigner’s law to random
matrices whose entries fail to be independent [6] to which we
refer for further details.There have been other works on such
an extension (see [7–9]).

2. What Are Random Matrices?

A random matrix is a probability law on a space of matrices,
usually given by the joint probability density on its entries:

𝜌 (𝑀) = 𝜌 (𝑀11,𝑀12, . . .) . (1)
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Thus, a random matrix of size 𝑁 is defined as a collection
of 𝑁2 random variables. However, there is a much richer
structure than this, relying notably on the spectral properties
of the matrices.

Here, we restrict our attention to a single randommatrix.
Note that it is also possible to consider several random
matrices, in which case the noncommutative nature ofmatrix
multiplication plays a fundamental role, leading to the theory
of noncommutative probabilities.

There are two important classes of probability laws on
matrices:

(i) Wigner ensemble: the entries are all independent
variables:

𝜌 (𝑀) = ∏
�푖,�푗

𝜌�푖�푗 (𝑀�푖�푗) , (2)

up to the Hermitian condition𝑀�푖�푗 = 𝑀�푗�푖.
(ii) Unitary ensemble: the probability law is invariant

under unitary transformations:

𝜌 (𝑈𝑀𝑈†) = 𝜌 (𝑀) , (3)

for any unitary matrix 𝑈 ∈ 𝑈(𝑁).
The only probability laws that belong to both classes are

the Gaussian ones:

𝜌 (𝑀) ∝ exp − 12𝜎2Tr (𝑀)2 , (4)

up to a shift of𝑀 by a fixed scalar matrix.
The main objects of interest are the expectation values of

observables, defined as

⟨O⟩ = ∫𝑑𝑀𝜌 (𝑀)O (𝑀) . (5)

Among the observables, the spectral observables defined as
symmetric functions of the eigenvalues of 𝑀 play a crucial
role in many applications. This is essentially due to their
universal behaviour: in the large 𝑁 limit, for some matrix
ensembles and in particular regimes, the expectation values
of specific spectral observables do not depend on the details
of the probability law 𝜌(𝑀).

Universality is at the root of the numerous applications
to physics and other sciences, since the results we obtain
are largely model-independent. Among the applications to
physics, let us quote the statistics of energy levels in heavy
nuclei, disordered mesoscopic systems, quantum chaos, chi-
ral Dirac operators, and so forth.

3. Wigner’s Semicircle Law

In this paper, we focus on the eigenvalue density, defined as

𝜌 (𝜆) = 1𝑁 ⟨ ∑
1≤�푖≤�푁

𝛿 [𝜆 − 𝜆�푖 ( 𝑀√𝑁)]⟩ . (6)
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Figure 1: Spectrum of a large (𝑁 = 1000) Hermitian matrix with a
Gaussian distribution (𝜎 = 1).

In particular, a universal behaviour is expected in the large𝑁
limit for some ensembles.

For a Gaussian random Hermitian matrix 𝜌(𝑀) ∝
exp − (1/2𝜎2)Tr(𝑀2), the eigenvalue density obeys Wigner’s
semicircle law:

lim
�푁→∞

∫
R

𝑑𝜆 𝜆�푘𝜌 (𝜆)
= {{{

12𝜋𝜎�푘+2 ∫
2�휎

−2�휎
𝑑𝜆 𝜆�푘√4𝜎2 − 𝜆2, if 𝑘 is even,

0, if 𝑘 is odd.
(7)

Empirically, 𝜌(𝜆) may be determined by plotting the his-
togramof eigenvalue of amatrix taken at randomwith a given
probability law (see Figure 1).

The derivation of Wigner’s semicircle in the large𝑁 limit
is based on the resolvent (also known as the Green function):

𝐺 (𝑧) = lim
�푁→+∞

1𝑁 ⟨Tr(𝑧 − 𝑀√𝑁)
−1⟩

= 𝑧2𝜎2 (1 − √1 − 4𝜎
2

𝑧2 ) .
(8)

Then, the density of eigenvalues is recovered as

𝜌 (𝜆) = 𝐺 (𝜆 − i0+) − 𝐺 (𝜆 + i0+)2i𝜋 , (9)

where we have used the relation1𝑥 ± i0+ = p.v. 1𝑥 ∓ 2i𝜋𝛿 (𝑥) . (10)

In the large 𝑁 limit, for the Gaussian model, the resolvent
obeys the self-consistency equation (also known as the
Schwinger-Dyson equation) (see, e.g., [10], Section VII.4):

𝐺 (𝑧) = ∞∑
�푘=0

𝜎�푘𝐺�푘 (𝑧)𝑧�푘+1 = 1𝑧 − 𝜎𝐺 (𝑧) . (11)
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Its solution that behaves as 1/𝑧 for large 𝑧 is
𝐺 (𝑧) = 𝑧2𝜎2 (1 − √1 − 4𝜎

2

𝑧2 ) . (12)

Taking the cut of the square root on the negative real axis, we
obtain Wigner’s semicircle law (7) in the large𝑁 limit.

The semicircle law is not limited to the Gaussian case; it
also holds forWignermatrices in the large𝑁 limit. A random
Hermitian𝑁 ×𝑁matrix is a Wigner matrix if

(i) real and imaginary parts of upper diagonal elements
are independent and identically distributed (i.i.d.)
with mean 0 and variance 𝜎;

(ii) diagonal elements are i.i.d. with finite mean and
variance and independent of the off-diagonal ones.

Then, in the limit 𝑁 → +∞, the eigenvalue distribution
of𝑀/√𝑁 is the semicircle law (7).

The original proof is of combinatorial nature and involves
the expectation of the moments:

lim
�푁→+∞

1𝑁�푘/2+1 ⟨Tr (𝑀�푘)⟩
= {{{

(2𝑙)!(𝑙!)2 (𝑙 + 1) , for 𝑘 = 2𝑙 even,
0, for 𝑘 odd.

(13)

To derive this result, the idea is to first factorise 𝜌 for aWigner
ensemble as

𝜌 (𝑀) = ∏
�푖

𝜌�耠 (𝑀�푖�푖)∏
�푖<�푗

𝜌�耠�耠 (Re𝑀�푖�푗) 𝜌�耠�耠 (Im𝑀�푖�푗) , (14)

where 𝜌�耠 is the common probability density of the real
diagonal terms and 𝜌�耠�耠 is the common probability density of
the real and imaginary parts of the off-diagonal terms.

Then, we expand the trace and integrate over the inde-
pendent real variables 𝑀�푖�푖, Re𝑀�푖�푗, and Im𝑀�푖�푗. The power
of 𝑁 in the expectation of a given moment arises from the
denominator 1/𝑁�푘/2+1 and from the number of independent
indices in the summations. In the large 𝑁 limit, the only
configurations that survive are counted by Catalan numbers:𝐶�푙 = (2𝑙)!/(𝑙!)2(𝑙+1). Since the latter also appear in the Taylor
expansion,

𝑧2𝜎2 (1 − √1 − 4𝜎
2

𝑧2 ) = ∑
�푙≥0

(2𝑙)!(𝑙!)2 (𝑙 + 1) 𝜎
2�푙

𝑧2�푙+1 , (15)

we conclude that

𝐺 (𝑧) = lim
�푁→+∞

1𝑁 ⟨Tr(𝑧 − 𝑀√𝑁)
−1⟩

= lim
�푁→+∞

∞∑
�푘=0

1𝑧�푘+1 1𝑁�푘/2+1 ⟨Tr (𝑀�푘)⟩

= 𝑧2𝜎2 (1 − √1 − 4𝜎
2

𝑧2 ) .
(16)
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Figure 2: Examples of graph associated with cumulants.

This is the form of the resolvent which leads to Wigner’s
semicircle law. Here, we see universality at work: in the large𝑁 limit, the eigenvalue density is given by the semicircle law,
whatever the probability densities 𝜌�耠 and 𝜌�耠�耠 are. However,
this result relies on the independence of the matrix elements.
In the next section, wewill extend it tomatrices whose entries
are not necessary independent.

4. Wigner’s Law beyond Wigner Ensembles

Let us introduce the cumulants, defined through their gener-
ating function:

⟨𝑀�푖1�푗1 ⋅ ⋅ ⋅𝑀�푖𝑘�푗𝑘⟩�푐
= 𝜕𝜕𝐽�푗1�푖1 ⋅ ⋅ ⋅

𝜕𝜕𝐽�푗𝑘�푖𝑘 log ⟨expTr (𝑀𝐽)⟩
�퐽=0 .

(17)

In the physics terminology, these are the connected correla-
tion functions. In particular, the Gaussian cumulants vanish
beyond the quadratic term:

𝜌 (𝑀) ∝ exp − 12𝜎2Tr (𝑀2)
⇒ {{{

⟨𝑀�푖�푗𝑀�푘�푙⟩�푐 = 𝜎2𝛿�푖�푙𝛿�푗�푘
vanish otherwise.

(18)

Therefore, cumulants of degree higher than 2 are a measure
of the deviation from the Gaussian case.

Turning back to the general case, for each cumulant, we
construct an oriented graph as follows (see Figure 2 for some
examples):

(i) Vertices are distinct matrix indices in the cumulant.
(ii) There is an edge from 𝑖 to 𝑗 for every𝑀�푖�푗.
Since nonquadratic cumulants measure deviations from

the Gaussian case, if the perturbation is small, it is reasonable
to expect that the semicircle law is still obeyed.

To state this result, recall that an oriented graph is
Eulerian if every vertex has an equal number of incoming and
outgoing edges. Equivalently, it means that every connected
component admits an Eulerian cycle, that is, an oriented
cycle that passes through all edges, respecting the orientation.
Furthermore, let us denote by V(𝐺), 𝑒(𝐺), and 𝑐(𝐺) the
numbers of vertices, edges, and connected components of 𝐺,
respectively.
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Theorem 1 (Wigner’s law for matrices with dependent
entries). Let 𝜌�푁 be a probability law on the space of Hermitian𝑁×𝑁matrices𝑀 such that its cumulants can be decomposed
as 𝐶�퐺 = 𝐶�耠�퐺+𝐶�耠�耠�퐺, with 𝐶�耠�퐺 being a Gaussian cumulant and 𝐶�耠�耠�퐺
being a perturbation such that, uniformly in the vertex indices𝑖1, . . . , 𝑖V(�퐺) (i.e., all constants involved should not depend on
these indices),

(i) lim�푁→∞𝑁V(�퐺)−�푐(�퐺)−�푒(�퐺)/2𝐶�耠�耠�퐺(𝑖1, . . . , 𝑖V(�퐺)) = 0 if 𝐺 is
Eulerian,

(ii) 𝑁V(�퐺)−�푐(�퐺)−�푒(�퐺)/2𝐶�耠�耠�퐺(𝑖1, . . . , 𝑖V(�퐺))is bounded if 𝐺 is not
Eulerian.

Then, the moments of the eigenvalue distribution of the matrix𝑀/√𝑁 converge towards the moments of the semicircle law,
with 𝜎 given by the Gaussian cumulant ⟨𝑀�푖�푗𝑀�푘�푙⟩�푐 = 𝜎2𝛿�푖�푙𝛿�푗�푘:

lim
�푁→∞

∫
R

𝑑𝜆 𝜆�푘𝜌�푁 (𝜆)

= {{{{{
12𝜋𝜎�푘+2 ∫

2�휎

−2�휎
𝑑𝜆 𝜆�푘√4𝜎2 − 𝜆2 if 𝑘 is even,

0 if 𝑘 is odd.
(19)

For instance, for the graph

i j

k
l

which is not Eulerian, with V = 3, 𝑒 = 4, and 𝑐 = 2, the
cumulant should obey

1𝑁 ⟨(𝑀�푖�푗)2𝑀�푗�푘𝑀�푙�푙⟩�푐 ≤ 𝐾, (20)

with 𝐾 being a constant that does not depend on the indices𝑖, 𝑗, 𝑘, and 𝑙. On the other hand, for the graph

i j,

which is Eulerian, with V = 2, 𝑒 = 4, and 𝑐 = 1, we impose

lim
�푁→+∞

1𝑁 ⟨(𝑀�푖�푗)2 (𝑀�푗�푖)2⟩�푐 = 0 (21)

uniformly in 𝑖 and 𝑗.
As an illustration, we recover the case ofWigner matrices

(with finite moments). Indeed,

(i) there is no graph with V ≥ 3 (independence of off diagonal matrix elements);

(ii) for V = 1 and V = 2, 𝑒 ≥ 3, bounds are satisfied because of 1/𝑁�푒/2 and all moments are assumed to be finite;

(iii) C
i j (𝑖, 𝑗) = ⟨𝑀�푖�푗⟩�푐 = ⟨𝑀�푖�푗⟩ = 0 (off diagonal elements have mean value 0);

(iv)
C

i j (𝑖, 𝑗) = ⟨𝑀�푖�푖𝑀�푗�푗⟩�푐 = ⟨𝑀�푖�푖𝑀�푗�푗⟩ − ⟨𝑀�푖�푖⟩⟨𝑀�푗�푗⟩ = 0 (independence of diagonal elements);

(v)
C

i j (𝑖, 𝑗) = ⟨𝑀�푖�푗𝑀�푗�푗⟩�푐 = ⟨𝑀�푖�푗𝑀�푗�푗⟩ − ⟨𝑀�푖�푗⟩⟨𝑀�푗�푗⟩ = 0 (independence of diagonal and off diagonal elements);

(vi)
C

i j (𝑖, 𝑗) = ⟨𝑀�푖�푗𝑀�푖�푗⟩�푐 = ⟨𝑀�푖�푗𝑀�푖�푗⟩ − ⟨𝑀�푖�푗⟩⟨𝑀�푖�푗⟩ = ⟨(Re𝑀�푖�푗)2 − (Im𝑀�푖�푗)2⟩ + 2i⟨Re𝑀�푖�푗Im𝑀i�푗⟩ = 0 (independence
of real and imaginary parts and equality of their distributions with mean value 0);

(vii)
C

i j = 𝜎2 is the Gaussian cumulant leading to the semicircle law.

The case of unitarily invariant matrices is critical since
the bounds are saturated (see [6]). This is consistent since we
know that the semicircle law is not obeyed by unitary non-
Gaussian ensembles [11].

It is possible to give a combinatorial proof of this result
based on the relation between moments and cumulants:

⟨𝑀�푖1�푗1 ⋅ ⋅ ⋅𝑀�푖𝑘�푗𝑘⟩
= ∑
�퐼1,...,�퐼𝑝 partition of
{(�푖1 ,�푗1),...,(�푖𝑘 ,�푗𝑘)}

⟨∏
�푖�푗∈�퐼1

𝑀�푖�푗⟩
�푐

⋅ ⋅ ⋅⟨∏
�푖�푗∈�퐼𝑝

𝑀�푖�푗⟩
�푐

. (22)

In the moment method, we have to estimate

1𝑁�푘/2+1 ⟨Tr (𝑀�푘)⟩
= 1𝑁�푘/2+1 ∑

1≤�푖1 ,...,�푖𝑘≤�푁

⟨𝑀�푖1�푖2 ⋅ ⋅ ⋅𝑀�푖𝑘�푖1⟩ .
(23)

Then, we express the moments in (23) in terms of cumulants
using (22) and represent each cumulant as a graph. Because
of the trace, one has to draw Eulerian cycles on the graphs
after some vertex identifications.Then, the scaling bounds on
the cumulants can be used to show that only Gaussian terms
survive.
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5. Proof Based on the Replica Effective Action

Let us give a renormalisation group proof of this result based
on the replica effective action. The use of replicas in random
matrix theory is a classical subject (see, e.g., [12] or [13]). To
begin with, let us note that

Tr(𝑧 − 𝑀√𝑁)
−1 = 𝜕𝜕𝑧 log det(𝑧 − 𝑀√𝑁) . (24)

It is convenient to express the logarithm using the replica
method. First, observe that

log (𝐴) = lim
�푛→0

𝐴�푛 − 1𝑛 . (25)

Then, we express the 𝑛th power of the determinant as a
Gaussian integral over 𝑛 replicas of a complex vector of size𝑁 (with a factor of 𝜋�푛�푁 included in the measure):1

det�푛 (𝑧 −𝑀) = ∫𝑑𝑋 exp − Tr (𝑋† (𝑧 −𝑀)𝑋) , (26)

which fit into an𝑁 × 𝑛 complex matrix𝑋 = (𝑋�푖,�푎) 1≤�푖≤�푁
1≤�푎≤�푛

.
The limit 𝑛 → 0 may be worrisome; its meaning is as

follows. Because of 𝑈(𝑛) invariance, any perturbative result
in powers of 1/𝑧 is a polynomial in 𝑛, from which we retain
only the linear term. Of course, this may not hold beyond
perturbation theory, where replica symmetry breaking can
occur.

After averaging over𝑀 with the random matrix density𝜌(𝑀), we obtain the following expression for the resolvent:

𝐺 (𝑧)
= − 1𝑁 𝜕𝜕𝑧 [∫𝑑𝑋 exp {−Tr (𝑋†𝑋) + 𝑉0 (𝑋)}] order 1

in �푛
, (27)

where the replica potential is

𝑉0 (𝑋) = log⟨exp Tr(𝑋† 𝑀√𝑁𝑋)⟩ . (28)

Because of the logarithm, the potential involves the cumu-
lants and can be expanded over graphs as

𝑉0 (𝑋) = ∑
�퐺

oriented graph

1|Aut (𝐺)|𝑁�푒(�퐺)/2
⋅ ∑
1≤�푖1 ,...,�푖V(𝐺)≤�푁

all different

𝐶�퐺 (𝑖1, . . . , 𝑖V(�퐺))

⋅ ∏
�푒 edge

(𝑋𝑋†)
�푖𝑠(𝑒)�푖𝑡(𝑒)

,
(29)

where 𝑠(𝑒) is the source of edge 𝑒 and 𝑡(𝑒) is its target.
Let us introduce a replica effective action, obtained by a

partial integration:

𝑉 (𝑡, 𝑋) = log∫𝑑𝑌exp{−Tr (𝑌†𝑌)𝑡 + 𝑉0 (𝑋 + 𝑌)}
− 𝑁𝑛 log 𝑡.

(30)

= +


t

Figure 3: Graphical interpretation of the renormalisation group
equation.

The parameter 𝑡 ranges between 0 (where we have no
integration, 𝑉(𝑡 = 0,𝑋) = 𝑉0(𝑋)) and 𝑡 = 1/𝑧.

The effective potential obeys a semigroup property that
follows from Gaussian convolution (see, e.g., [14], Section
A10.1):

𝑉 (𝑡 + 𝑠, 𝑋)
= log∫𝑑𝑌exp{−Tr (𝑌†𝑌)𝑠 + 𝑉 (𝑡, 𝑋 + 𝑌)}
− 𝑁𝑛 log 𝑠.

(31)

For small 𝑠 = 𝑑𝑡, it translates into the following renormalisa-
tion group equation, which is a simple version of Polchinski’s
exact renormalisation group equation [5]:

𝜕𝑉 (𝑡, 𝑋)𝜕𝑡 = ∑
�푖,�푎

(𝜕2𝑉 (𝑡, 𝑋)𝜕𝑋�푖,�푎𝜕𝑋�푖,�푎 +
𝜕𝑉 (𝑡, 𝑋)𝜕𝑋�푖,�푎

𝜕𝑉 (𝑡, 𝑋)𝜕𝑋�푖,�푎 ) . (32)

The first term on the RHS is referred to as the loop term,
since it creates a new loop in the Feynman graph expansion
of the effective action, while the second inserts a one-particle
reducible line and is referred to as the tree term (see Figure 3).

Taking into account the boundary condition 𝑉(𝑡 = 0,𝑋) = 𝑉0(𝑋), it is convenient to write (32) in integral form:

𝑉 (𝑡, 𝑋)
= 𝑉0 (𝑋)
+ ∫�푡
0
𝑑𝑠∑
�푖,�푎

(𝜕2𝑉 (𝑠, 𝑋)𝜕𝑋�푖,�푎𝜕𝑋�푖,�푎 +
𝜕𝑉 (𝑠, 𝑋)𝜕𝑋�푖,�푎

𝜕𝑉 (𝑠, 𝑋)𝜕𝑋�푖,�푎 ) .
(33)

This allows us to derive inductive bounds in powers of 𝑡 =1/𝑧.
From a physical point of view, we evaluate the effective

potential by a large succession of small partial integrations,
with a total weight given by 𝑡. Let us stress that, in our context,
this differential equation is merely a tool to control the 𝑡
dependence of the effective action after integrating with a 𝑡-
dependent propagator.
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Figure 4: Action of the differential operators on the vertices of the effective action.

The effective potential also admits an expansion over
graphs:

𝑉 (𝑡, 𝑋) = ∑
�퐺

oriented graph

1|Aut (𝐺)|𝑁�푒(�퐺)/2
⋅ ∑
1≤�푖1 ,...,�푖V(𝐺)≤�푁

all different

𝐶�퐺 (𝑡; 𝑖1, . . . , 𝑖V(�퐺))

⋅ ∏
�푒 edge

(𝑋𝑋†)
�푖𝑠(𝑒)�푖𝑡(𝑒)

.
(34)

This leads to a graphical interpretation of the action of the two
differential operators in the renormalisation group equation
(see Figure 4). Indeed, in the expansion (see (34)), an edge
joining a vertex carrying label 𝑖 to a vertex carrying 𝑗 is
equipped with a factor ∑�푎𝑋�푖,�푎𝑋�푗,�푎, with 𝑎 being a replica
index. Then, the differential operator 𝜕/𝜕𝑋�푖,�푎 (resp., 𝜕/𝜕𝑋�푗,�푎)
removes the outgoing (resp., incoming) half edge. Finally, the
remaining half edges are reattached and the vertices identified
to yield a new graph on the RHS of (33), with one less edge.
These operations are performed on the same graph for the
loop term and on distinct ones for the tree term.

Let us decompose the effective cumulants appearing in
(34) into Gaussian ones and perturbations and expand both
in a power series in 𝑡 = 1/𝑧:

𝐶�퐺 (𝑡) = ∞∑
�푘=0

𝑡�푘 [[ 𝐶
�耠(�푘)
�퐺⏟⏟⏟⏟⏟⏟⏟

Gaussian

+ 𝐶�耠�耠(�푘)�퐺⏟⏟⏟⏟⏟⏟⏟⏟⏟
perturbation

]
] . (35)

The Gaussian terms are those that are constructed using only
theGaussian term in the initial potential𝑉0(𝑋). Even if𝑉0(𝑋)
is quartic in 𝑋, this does not hold for the Gaussian part of𝑉�푡(𝑋), which contains terms of all orders. The perturbation
collects all the remaining terms; they contain at least one non-
Gaussian perturbation from 𝑉0(𝑋).

The renormalisation group equation (33) allows us to
prove inductively on 𝑘 that the perturbations 𝐶�耠�耠(�푘)�퐺 obey the
same scaling bound imposed on 𝐶�耠�耠(0)�퐺 = 𝐶�耠�耠�퐺(0) and that the
purely Gaussian terms do not grow too fast.

(i) lim�푁→∞𝑁V(�퐺)−�푐(�퐺)−�푒(�퐺)/2[𝐶�耠�耠(�푘)�퐺 ] order 0
in �푛

= 0 if 𝐺 is
Eulerian.

(ii) 𝑁V(�퐺)−�푐(�퐺)−�푒(�퐺)/2[𝐶�耠�耠(�푘)�퐺 ] order 0
in �푛

is bounded if 𝐺 is not
Eulerian.

(iii) 𝑁V(�퐺)−�푐(�퐺)−�푒(�퐺)/2[𝐶�耠(�푘)�퐺 ] order 0in �푛
is bounded for any 𝐺.

This involves a combinatorial discussion based on the
graphical interpretation of Figure 4 which can be found in
[6]. Let us simply mention that the terms that may violate the
bounds are of higher order in 𝑛.Thus, they are harmless when
taking the limit 𝑛 → 0 before the limit𝑁 → +∞.

Finally, using (27) and the renormalisation group equa-
tion (33), the resolvent can be expressed as

iG(z) =
1
z

+
1

N3/2z2 .
∑

1≤i≤N

( ; i)C
ＩＬ＞？Ｌ 0 ＣＨ n

1
z

[ ] (36)

The scaling bounds for the non-Gaussian cumulants impose,
perturbatively in 1/𝑧,

C
i
( ; i) =0.ＦＣＧ

N→∞

1

N ＩＬ＞？Ｌ 0 ＣＨ n
1
z

[ ] (37)

Therefore, only the Gaussian cumulants contribute and we
recover Wigner’s semicircle law.

6. Conclusion and Outlook

In this paper, we have argued that Wigner’s semicircle law
remains valid for matrices with dependent entries. The
deviation from the independent case is measured by the joint
cumulants of the entries, which are assumed to fulfil some
scaling bound for large 𝑁. To establish this result, we have
introduced an effective action for the replicas. This effective
action obeys a renormalisation group equation that allowed
us to prove perturbative bounds on the effective cumulants.
As a consequence of these bounds, only the Gaussian terms
contribute in the large 𝑁 limit, thus establishing the validity
of Wigner’s semicircle law.

It may also be of interest to investigate the case of the
sum of a random matrix𝑀 and a deterministic one 𝐴 (see,
e.g., [13], where such a model is discussed). In this case, the
resolvent is expressed as
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𝐺 (𝑧) = − 1𝑁 𝜕𝜕𝑧 [∫ 𝑑𝑋 exp {−Tr (𝑋† (𝐴 + 𝑧)𝑋) + 𝑉0 (𝑋)}] order 1
in �푛

. (38)

In our context, the deterministic matrix 𝐴 induces a non-
trivial kinetic for the replicas. In particular, if 𝐴 is a discrete
Laplacian, it yields a nontrivial renormalisation group flow
that bears some similarities with the QFT renormalisation
group. In this case, we expect to exploit the true power of the
renormalisation group equation, with a discussion of fixed
points and scaling dimensions.
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Surprisingly, the issue of events localization in spacetime is poorly understood and a fortiori realized even in the context of Einstein’s
relativity. Accordingly, a comparison between observational data and theoretical expectationsmight then be strongly compromised.
In the present paper, we give the principles of relativistic localizing systems so as to bypass this issue. Such systemswill allow locating
users endowed with receivers and, in addition, localizing any spacetime event. These localizing systems are made up of relativistic
autolocating positioning subsystems supplemented by an extra satellite. They indicate that spacetime must be supplied everywhere
with an unexpected local four-dimensional projective structure besides the well-known three-dimensional relativistic projective
one. As a result, the spacetime manifold can be seen as a generalized Cartan space modeled on a four-dimensional real projective
space, that is, a spacetimewith both a local four-dimensional projective structure and a compatible (pseudo-)Riemannian structure.
Localization protocols are presented in detail, while possible applications to astrophysics are also considered.

1. Introduction

The general principles of the relativistic localizing systems
have been defined in a previous paper [1] with just a few
details on the projective underlying structure provided by
these localizing systems. The latter are based on the so-called
relativistic positioning systems [2–9]. The protocols of rela-
tivistic positioning are a priori rather simple. For instance, in
a four-dimensional spacetime, we can consider four emitting
satellites and users with their respective (timelike) worldlines.
The four emitters broadcast “emission coordinates” which are
no more and no less than time stamps generated by onboard
clocks and encoded within EM signals propagating in space-
time.Then, a so-called four-dimensional emission grid can be
constructed from this relativistic positioning system and its
system of emission coordinates. This grid can be eventually
superposed to a grid of reference supplied by a “system of
reference” (e.g., the well-known WGS84 system). And then,
from this superposition, the positions of the users can be
deduced in the given system of reference. More precisely, in
relativistic positioning systems, the emitters broadcast not

only their own time stamps, but also the time stamps they
receive from the others. This process of echoes undergone
by the time stamps enables users to construct the four-
dimensional emission grid because they can then deduce the
spacetime positions of the four emitters. And then, because
the positions of the four emitters can be known also in a
given system of reference the users can deduce their own
positions in this system of reference from their positions in
the emission grid.

Here, we focus on the relativistic localizing systemswhich
are systems incorporating relativistic positioning subsystems.
We showhow causal axiomatics [10–13] andparticular projec-
tive structures (actually, compasses) homeomorphic to 𝑃R1

and 𝑃R2 attached all along the worldlines of the emitters
of the localizing systems are sufficient to justify a four-
dimensional projective structure of the spacetime; in addition
to the well-known three-dimensional projective structure.

Beforehand, to proceed in the difficult and delicate
description of the relativistic localizing systems, we first need
to define as clearly as possible the terminology and the
different conventions and notations.
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2. Notations and Conventions

We consider a constellation of satellites called “emitters”
which typically broadcast numerical values (called “time
stamps”) generated, for instance, by embarked onboard
clocks.(1) The “main” emitters are denoted by E, E, Ẽ, and Ê

with their respective worldlines W, W, W̃, and Ŵ.
The “ancillary” emitterS and the “user”U have their
worldlines denoted, respectively, byWS andV.(2) The main emitters constitute the relativistic position-
ing system.(3) The ancillary emitterS and the main emitters consti-
tute the relativistic localizing systems.(4) The event to be localized is always denoted by the
small capital letter 𝑒.(5) TheuserU collects along its worldline all the data—in
particular, the time stamps—fromwhich the localiza-
tion of the event 𝑒 is deduced.Among these data, there
are those for identifying physically the event 𝑒 such as,
for instance, its shape, its spectrum, and so forth, and
which are obtained from apparatus making physical
analyses embarked onboard each mean emitter.(6) Any explicit event will be marked by symbols like
“∙,” “∗,” “∼,” “̂,” and so forth, or also by small
capital letters like “𝑝,” “ℓ,” and so forth. Non-marked
or numbered events will refer to general or generic,
unspecified events. For instance, 𝐸∙ will be a specified
eventwhile𝐸 or𝐸2 will be generic, unspecified events.(7) The generic events 𝐸, 𝐸, �̃�, �̂�, 𝑆, and 𝑈 belong,
respectively, to theworldlinesW,W,W̃,Ŵ,WS, and
V.(8) The time stamps will be denoted by the Greek letters
“𝜏,” “𝜏,” “�̃�,” “�̂�,” and “ ∘𝜏.”The first four previous time
stamps are “generated” and broadcast, respectively, by
the main emitters E, E, Ẽ, and Ê, and the last one
is “generated” and broadcast by the ancillary emitter
S. The four main emitters not only generate their
own time stamps but transmit also the time stamps
they receive. These main emitters constitute the var-
ious autonomous autolocating relativistic positioning
systems from which the relativistic localizing systems
presented further are constructed.(9) Two classes of time stamps are considered:

(i) The time stamps which are generated and then
broadcast by the emitters at given events on their
worldlines. Then, we agree to mark the corre-
sponding time stamps like the given events. For
instance, if an emitter generates and broadcasts
a time stamp at the specified event �̃�∙ or at
the generic event 𝐸1, then the respective time
stamps will be denoted by �̃�∙ or 𝜏1.

(ii) The time stamps which are the emission (or
time) coordinates of an event 𝐾—specified or

not—will be denoted by “𝜏�퐾,” “𝜏�퐾,” “�̃��퐾,” “�̂��퐾,”
and “ ∘𝜏�퐾.”(10) The ancillary emitter S generates and broadcasts its

own time stamp ∘𝜏 and it broadcasts also its time
(emission) coordinates provided by the relativistic
positioning system. In other words, it is also a partic-
ular user of the relativistic positioning system like the
user U. Contrarily to the ancillary emitter, the user
does not necessarily broadcast its emission coordi-
nates.(11) Projective frames at events 𝐸 will be denoted by F�퐸.
There are sets of “canonical projective points [⋅ ⋅ ⋅ ]�퐸”
which are the following:

(i) F�퐸 ≡ {[0]�퐸, [1]�퐸, [∞]�퐸} for projective frames of
the real projective line 𝑃R1, and

(ii) F�퐸 ≡ {[0, 0]�퐸, [1, 1]�퐸, [0,∞]�퐸, [∞, 0]�퐸} for pro-
jective frames of the 2-dimensional real projec-
tive space 𝑃R2.

The subscripts will be canceled out if there are no
ambiguities on the referring event.(12) The celestial circles/spheres are denoted by C, and
then C�퐾 is the celestial circle/hemisphere at the
event 𝐾. The celestial circles are invoked in the
definition of the “echoing systems” of relativistic
localizing systems in (2 + 1)-dimensional space-
time presented in Section 4. Considering relativistic
localizing systems and their corresponding echoing
systems (Section 5) in (3+1)-dimensional spacetime,
then 2-dimensional projective spaces 𝑃R2 are also
considered. But, contrarily to the relativistic localizing
systems in (2 + 1)-dimensional spacetime, the 2-
dimensional real projective spaces 𝑃R2 cannot be
immersed in spheres 𝑆2 (orR2). Then, as well-known
from the cell decomposition of 𝑃R2 = R2 ∪ 𝑃R1,
the Euclidean spaceR2 is identified in a standard way
with a hemisphere of 𝑆2 while 𝑃R1 is identified with
half of the equatorial boundary (see, e.g., [14, p. 10–14]
for details).(13) We denote by (see [15, Def. 3.1, p. R16] and [16])1

(i) “≺” the causal order,
(ii) “≪” the chronological order, and
(iii) “→” the horismos (or horismotic relation/order).(14) We call “emission (or positioning) grid R�푛

�푃” the
Euclidean space R�푛 of positioning, and “localization
(or quadrometric/pentametric) grid R�푚

�퐿 ” and
“anisotropic localization (or quadrometric/penta-
metric) grid R�푚

�퐴�퐿” two different Euclidean spaces
R�푚−1 × R∗ ascribed to two different, particular sets
of time coordinates used for the localization.(15) TheacronymsRPS andRLSmean, respectively, “Rela-
tivistic Positioning System” and “Relativistic Localizing
System.”



Advances in High Energy Physics 3

Ur

E

E

E


E


Figure 1: The causal structure of the RPS.

Ur

e

Ur

EpEp

E∙
E
∙

≪

Figure 2: The causal structure of the RLS.

3. RLSs in (1 + 1)-Dimensional Spacetime

In this (1+1)-dimensional case, there are twomain emittersE
andE constituting the RPS, and with the ancillary emitter S
they constitute the RLS. We first give the causal structures of
the RPS and the associated RLS. In Figures 1 and 2, and also,
in all other subsequent figures representing a causal structure,
the arrows represent always the horismotic relation between
two events.

3.1. The Causal Structure of the RPS. We have the causal
structure (see Figure 1 and Table 1) for the autolocating RPS
from which the positioning of the userU is realized.

Then, the position of the user at the event 𝑈�푟 in the
emission gridR2

�푃 is𝑈�푟 ≡ (𝜏�耠, 𝜏�耠). Also, the user can know from
the autolocating process the positions of the two emitters:𝐸�耠 ≡ (𝜏�耠, 𝜏�耠�耠) and 𝐸�耠 ≡ (𝜏�耠�耠, 𝜏�耠). Moreover, ephemerides are
regularly uploaded onboard the main emitters which broad-
cast with their time stamps these ephemerides to the users.
From these data, that is, ephemerides and positions of the
main emitters, the users can deduce their own positions with
respect to a given system of reference (e.g., the terrestrial
frame of WGS84). This is the core and the important interest
of the autolocating positioning systems to immediately fur-
nish the positions of the users with respect to a given system
of reference.

3.2. The Causal Structure of the RLS. In this very specific (1 +1)-dimensional case, the localized event 𝑒 is necessarily the
intersection point of two null geodesics. The causal structure
is shown in Figure 2 and Table 2.

Table 1: The events and their broadcast time stamps in the RPS.

Event Broadcasts time stamp(s) Received at𝐸�耠�耠 𝜏�耠�耠 𝐸�耠𝐸�耠�耠 𝜏�耠�耠 𝐸�耠𝐸�耠 (𝜏�퐸 = 𝜏�耠, 𝜏�耠�耠) 𝑈�푟𝐸�耠 (𝜏�耠�耠, 𝜏�耠 = 𝜏
�퐸
 ) 𝑈�푟

Table 2: The events and their broadcast time stamps in the RLS.

Event Broadcasts time stamp(s) Received at𝐸∙ 𝜏∙ 𝐸�푝𝐸∙ 𝜏∙ 𝐸�푝𝐸�푝 (𝜏∙, 𝜏�푝 = 𝜏�퐸𝑝 ) 𝑈�푟𝐸�푝 (𝜏�퐸𝑝 = 𝜏�푝, 𝜏∙) 𝑈�푟
Then, the protocol of localization gives the following time

coordinates for 𝑒 ≡ (𝜏�푒, 𝜏�푒) in the localization grid R2
�퐿: 𝜏�푒 =𝜏�퐸∙ = 𝜏∙ and 𝜏�푒 = 𝜏

�퐸
∙ = 𝜏∙.

Remark 1. It matters to notice that the two events of reception𝑈�푟 and 𝑈�푟 are matched by the user on the basis of a crucial
identification of the physical data transmitted by the two
main emitters (see convention 5) which allow explicitly
identifying the physical occurrence of an event 𝑒. And then,
the whole different time stamps collected at these two events
can be therefore considered by the user as those needed to
make the localization of 𝑒.
3.3. Consistency between the Positioning and

Localizing Protocols: Identification

Definition 2 (consistency). We say that the localizing and the
positioning protocols or systems are “consistent” if and only
if the time coordinates (𝜏�퐾, 𝜏�퐾, . . .) ascribed to each event𝐾 belonging to an emitter’s worldline and provided by the
localization (resp. positioning) system are the same as those
provided by the positioning (resp., localization) system.

Remark 3. In this (1 + 1)-dimensional case, when we identify
the time stamps 𝜏�푒 and 𝜏�푒 with, respectively, 𝜏�퐸∙ and 𝜏

�퐸
∙ , then

the localization is equivalent to the positioning. This leads to
the general Definition 5 below.

Remark 4. The consistency between the localizing and the
positioning protocols is not an absolute necessity. We can
obtain different time coordinates for the same event 𝐾
belonging to an emitter’s worldline from the positioning
system or the localizing one if we change the time stamps
ascriptions in the protocols of localization presented further.
Then, we can choose arbitrarily the emission grid or the grid
of localization to position the event𝐾, and, then, we can refer
to the preferred grid for the time coordinates ascribed to any
other event, positioned or localized. In other words, because
the systems of localization include implicitly by construction
derived positioning systems, the latter can differ from the
initial ones. In this case, the consistency is not satisfied but
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Figure 3: The causal structure of the RPS in a (2 + 1)-dimensional
spacetime.

we can still refer the time coordinates of any event with
respect to the localization grids rather than to the emission
grids. The only advantage of the consistency is that once the
events are localized then the time coordinates can be ascribed
indifferently to any of the two grids.

Definition 5. Let a localized event 𝑒 and an event 𝐾 on the
worldlines of amain emitter or of the ancillary emitter be such
that 𝑒 → 𝐾 or 𝐾 → 𝑒 or 𝑒 = 𝐾. Then, we call “identification”
in the emission (position) grid the ascription of an emission
coordinate of 𝑒 to an emission coordinate of𝐾.

4. RLSs in (2 + 1)-Dimensional Spacetime

In this case, there are three main emitters E, E, and Ẽ
constituting the autolocating RPS and, again, an ancillary
emitter S with which they constitute the RLS.

4.1. The Causal Structure of the RPS. This causal structure is
described in Figure 3 and Table 3.

Then, the position in the emission grid R3
�푃 of the user at𝑈�푟 is (𝜏�耠, 𝜏�耠, �̃��耠), and those of 𝐸�耠, 𝐸�耠, and �̃��耠 are, respectively,(𝜏�耠, 𝜏�耠�耠�耠, �̃��耠�耠�耠), (𝜏�耠�耠, 𝜏�耠, �̃��耠�耠), and (𝜏�耠�耠�耠, 𝜏�耠�耠, �̃��耠).

Remark 6. It matters to notice that in autolocating RPSs the
time stamp broadcast by each main emitter is also one of its
emission coordinates, for example, 𝜏�퐸 = 𝜏�耠 for E at 𝐸�耠 in
Table 1 and 𝜏�耠 = 𝜏

�퐸
 for E at 𝐸�耠 in Table 3. This property is

common to any RPS whatever is the spacetime dimension.

4.2. The Description of the RLS and Its Causal Structures.
The determination of the first emission coordinate 𝜏�푒 for the
event 𝑒 to be localized is obtained from a first system of light
“echoes” associated with the privileged emitter E. And then,
this system is linked to one event of reception 𝑈�푟 ∈ V where
all the time stamps are collected by the user. We denote by
Ech this system of light “echoes” on the worldline of the
given, privileged emitter E.

Also, one of the key ingredient in the echoing process
presented below is the way any event 𝐾 in the past null cone

Table 3: The events and their broadcast time stamps.

Event Broadcasts time stamp(s) Received at𝐸�耠�耠�耠 𝜏�耠�耠�耠 �̃��耠𝐸�耠�耠�耠 𝜏�耠�耠�耠 𝐸�耠�̃��耠�耠�耠 �̃��耠�耠�耠 𝐸�耠𝐸�耠�耠 𝜏�耠�耠 𝐸�耠𝐸�耠�耠 𝜏�耠�耠 �̃��耠�̃��耠�耠 �̃��耠�耠 𝐸�耠𝐸�耠 (𝜏�퐸 = 𝜏�耠, 𝜏�耠�耠�耠, �̃��耠�耠�耠) 𝑈�푟𝐸�耠 (𝜏�耠�耠, 𝜏�耠 = 𝜏
�퐸
 , �̃��耠�耠) 𝑈�푟�̃��耠 (𝜏�耠�耠�耠, 𝜏�耠�耠, �̃�̃

�퐸
 = �̃��耠) 𝑈�푟

of 𝐸�푝 is associated with a “bright” point on the celestial circle
C�퐸𝑝

(see Figure 8). Because 𝐾 → 𝐸�푝, we can only consider
null “directions” 𝑘�퐸𝑝 at the origin 𝐸�푝 and tangent at 𝐸�푝 to
the null geodesic joining 𝐾 to 𝐸�푝. The abstract space whose
element are these past null directions we callN−. This space
can be represented by the intersection C�퐸𝑝

of the past null
cone with a space-like surface passing through an event𝑁�푝 ∈
W in the past vicinity of 𝐸�푝, that is, 𝑁�푝 ≪ 𝐸�푝. Then, the
exterior of this celestial circle represents space-like directions.

In physical terms, the significance ofC�퐸𝑝
is the following.

Light rays reaching the event 𝐸�푝 and detected by the “eye” of
the satellite correspond to null lines through 𝐸�푝 whose past
directions constitutes the field of vision of the “observing”
satellite.This isN− and it is represented by the celestial circle
C�퐸𝑝

which is an accurate geometrical representation of what
the satellite actually “sees.” For, the satellite can be considered
as permanently situated at the center of a unit circle (his
circle of vision) onto which the satellite maps all it detects
at any instant. Then, the mapping of the past null directions
at 𝐸�푝 to the points of C�퐸𝑝

we can call the sky mapping.
Additionally, because (1) the circle 𝑆1 is homeomorphic to the
real projective line 𝑃R1 and (2)we need angle measurements
to frame the points of C�퐸𝑝

associated with any event 𝐾 in
the past null cone of 𝐸�푝 to be furthermore localized, then
a particular production process of projective frame for C�퐸𝑝

must be devised and incorporated in the echoing system
definition now given below.

Definition 7 (the echoing system Ech). The echoing system
Ech associated with the privileged emitter E is based on the
following features (see Figure 4 and Table 4):

(i) One primary event 𝐸�푝 with its celestial circleC�퐸𝑝
.

(ii) Three secondary events 𝐸∙, �̃�∙, and S∙, associated,
respectively, with the canonical projective points[0]�퐸𝑝 , [∞]�퐸𝑝 , and [1]�퐸𝑝 of the projective frame F�퐸𝑝

defined onC�퐸𝑝
.

(iii) Two ternary events: 𝐸⬦ and 𝐸�耠�耠.
(iv) A compass onC�퐸𝑝

with a moving origin anchored on
the projective point [1]�퐸𝑝 ofC�퐸𝑝

associated with S∙.
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Figure 4: The causal structure of Ech with the event 𝑒.
Table 4: The events and their broadcast time stamps in the Ech
system.

Event Broadcasts time stamp Received at𝐸⬦ 𝜏⬦ 𝐸∙𝐸�耠�耠 𝜏�耠�耠 �̃�∙
S∙ 𝜏S∙ 𝐸�푝𝐸∙ 𝜏⬦ 𝐸�푝�̃�∙ 𝜏�耠�耠 𝐸�푝

(v) An event of reception𝑈�푟 ∈ V at which all the data are
collected and sent by the emitter E.

The determination of the second (resp., third) emission
coordinate 𝜏�푒 (resp., �̃��푒) for the event 𝑒 to be localized is
obtained from a second (resp., third) system of “echoes”
associated with the privileged emitter E (resp., Ẽ). It is also
linked to one event of reception 𝑈ℓ (resp. �̃�ℓ) where all the
time stamps are collected.We denote byEch (resp., Ẽch) this
second (resp., third) system of “echoes” on the worldline of
the privileged emitter Ech (resp., Ẽch).

Then, we have the following.

Definition 8 (the echoing systemsEch and Ẽch). The defini-
tions of the echoing systemsEch and Ẽch are obtained when
making the following substitutions of events andmarks in the
definition of Ech:

(i) For Ech: (𝑈, 𝐸, 𝐸, �̃�) → (𝑈, 𝐸, �̃�, 𝐸) and ∙ → ∗,
(ii) For Ẽch: (𝑈, 𝐸, 𝐸, �̃�) → (�̃�, �̃�, 𝐸, 𝐸) and ∙ → �耠.

Then, we have the causal structure of the echoing system
Ech (Figure 4 and Table 4); the other two causal structures
for Ech and Ẽch (Figures 5 and 6) are deduced from the
causal structure ofEch bymaking the substitutions indicated
in Definition 8. We indicate also the three structures with the
event 𝑒 (Figure 7).
Remark 9. Again (Remark 1), it matters to notice that the
three events of reception 𝑈�푟, 𝑈�푟, and �̃��푟 (Figure 7) are
matched by the user on the basis of an identification of the
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Figure 6: The causal structure of Ẽch with the event 𝑒.
physical data for 𝑒 transmitted by the main emitters (see
convention 5).

4.3. The Projective Frames and the Time Stamps Correspon-
dences. The realization of the RLS is based on a sort of
spacetime parallax, that is, a passage from angles “𝛼” mea-
sured on celestial circles to spatiotemporal distances. And
thus, because spatiotemporal distances are evaluated from
time stamps “𝜏” in the present context, we need to make the
translation of angles into time stamps. This involves onboard
compasses embarked on each main emitter to find somehow
the bearings. Then, this translation is neither more nor less
than a change of projective frames.

To make this change of projective frames effective, we
need to define the projective frames on the celestial circles
attached to each main emitter. This can be done ascribing
to specific “bright points” detected on the celestial circles
both angles and time stamps.This ascription is then naturally
achieved if these bright points are the main emitters them-
selves since they broadcast the time stamps. But, if we have
three emitters for the RPS, then only two bright points can be
detected on each celestial circle attached to eachmain emitter.
And, we need three bright points to have a projective frame
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Table 5: The change of projective frame and the corresponding
events.

Event F�퐸𝑝
F�휏
�퐸𝑝𝑒 [tan𝛼�푒] [𝜏�푒]𝐸∙ [0] [𝜏⬦]�̃�∙ [∞] [𝜏�耠�耠]

S∙ [1] [𝜏S∙ ]

on the celestial circle homeomorphic to 𝑃R1, hence the need
for the ancillary emitter S. The change of projective frames
is described in Table 5 and Figures 8 and 9. For instance, the
main emitterEbroadcasts the time stamp 𝜏⬦ at the secondary
event 𝐸∙, and the former is then received by the emitter E
at the primary event 𝐸�푝. Also, if E is always associated by
convention with the canonical projective point [0]�퐸𝑝 on the
celestial circle ofE, then we deduce that 𝜏⬦ corresponds by a
projective transformation to 0. And then, we proceed in the
same way with the other two canonical projective points.

As a result, the relations between the angles and the time
stamps are the following:

tan𝛼�푒 = [𝜏⬦ : 𝜏�耠�耠 | 𝜏�푒 : 𝜏S∙] = [𝜏⬦ : 𝜏�耠�耠 | 𝜏�푒][𝜏⬦ : 𝜏�耠�耠 | 𝜏S∙]≡ M (𝜏�푒) , (1a)

tan𝛼�푒 = [𝜏⬦ : 𝜏�耠�耠 | 𝜏�푒 : 𝜏S∗] = [𝜏⬦ : 𝜏�耠�耠 | 𝜏�푒][𝜏⬦ : 𝜏�耠�耠 | 𝜏S∗]≡ M (𝜏�푒) ,
(1b)

tan �̃��푒 = [�̃�⬦ : �̃��耠�耠 | �̃��푒 : �̃�S] = [�̃�⬦ : �̃��耠�耠 | �̃��푒][�̃�⬦ : �̃��耠�耠 | �̃�S]≡ M̃ (�̃��푒) ,
(1c)

where [𝑎 : 𝑏 | 𝑐 : 𝑑] is the cross-ratio of the four projective
points 𝑎, 𝑏, 𝑐, and 𝑑:

[𝑎 : 𝑏 | 𝑐 : 𝑑] = [𝑎 : 𝑏 | 𝑐][𝑎 : 𝑏 | 𝑑]
where [𝑎 : 𝑏 | 𝑐] = [𝑎 : 𝑏 | 𝑐 : ∞] = (𝑎 − 𝑐𝑏 − 𝑐) . (2)

Conversely, the time coordinates for the event 𝑒 are then
obtained from the angles measurements and the following
formulas:

𝜏�푒 = (𝜏⬦ − 𝜏�耠�耠 [𝜏⬦ : 𝜏�耠�耠 | 𝜏S∙] tan𝛼�푒1 − [𝜏⬦ : 𝜏�耠�耠 | 𝜏S∙] tan𝛼�푒 ) , (3a)

𝜏�푒 = (𝜏⬦ − 𝜏�耠�耠 [𝜏⬦ : 𝜏�耠�耠 | 𝜏S∗] tan𝛼�푒1 − [𝜏⬦ : 𝜏�耠�耠 | 𝜏S∗] tan𝛼�푒 ) , (3b)

�̃��푒 = (�̃�⬦ − �̃��耠�耠 [�̃�⬦ : �̃��耠�耠 | �̃�S] tan �̃��푒1 − [�̃�⬦ : �̃��耠�耠 | �̃�S] tan �̃��푒 ) . (3c)

And thus, the event 𝑒 is localized in the localization grid R3
�퐿.

Then, we deduce the following lemma.

Lemma 10. The map

S : (tan𝛼�푒, tan𝛼�푒, tan �̃��푒) ∈ T
3 → (𝜏�푒, 𝜏�푒, �̃��푒) ∈ T

3, (4)

whereT3 ≡ (𝑃R1)3 is an automorphism.

Proof. This is obvious from the relations (1a)–(1c), because
M,M, and M̃ are bijective Möbius transformations.

4.4. The Consistency between the Positioning and
Localization Protocols

Theorem 11. The localization and the positioning protocols or
systems in a (2 + 1)-dimensional spacetime are consistent.
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Proof. The consistency must be satisfied if 𝑒 is an element of
the emitters’ worldlines. Indeed, the localization protocol is
consistent with the positioning protocol if the set of events
on the emitters’ worldlines fromwhich the localization of any
event 𝑒 is possible are themselves localizable.

Case 1 (𝑒 ∈ WS). We consider two cases: 𝑒 ≪ S∙ andS∙ ≪ 𝑒.
The other cases with S∗ or 𝑆�耠 instead of S∙ give the same
results. Now, we start with the assumption 𝑒 ≪ S∙ from
which we deduce the following causal structure:

Ep

e≪∙
(5)

In particular, from S∙ ≪ 𝑒 → 𝐸�푝, we find2 that S∙ ≺𝑒 ≺ 𝐸�푝, and then, with S∙ → 𝐸�푝, we obtain3 S∙ → 𝑒 → 𝐸�푝.
But then2, we have S∙��≪𝑒. With the assumption 𝑒 ≪ S∙, we
deduce also 𝑒��≪S∙, and therefore S∙ = 𝑒. Hence, we consider
that S∙ = 𝑒 and with the other two sets of events S∗ with𝐸�푝 or 𝑆�耠 and �̃��푝, we deduce finally that 𝑒 = S∙ = S∗ =𝑆�耠 ≡ 𝑆. Therefore, we conclude that the time coordinates of𝑒 provided by the positioning system are 𝜏�푒 = 𝜏�푆, 𝜏�푒 = 𝜏�푆, and�̃��푒 = �̃��푆.

Besides, from the projective frames, we have also

tan𝛼�푒 = [𝜏⬦ : 𝜏�耠�耠 | 𝜏�푒 : 𝜏S∙] = 1, (6a)

tan𝛼�푒 = [𝜏⬦ : 𝜏�耠�耠 | 𝜏�푒 : 𝜏S∗] = 1, (6b)

tan �̃��푒 = [�̃�⬦ : �̃��耠�耠 | �̃��푒 : �̃�S] = 1. (6c)

And therefore, we obtain𝜏�푒 = 𝜏S∙ ,𝜏�푒 = 𝜏S∗ ,�̃��푒 = �̃�S , (7)

which are the coordinates of 𝑆.
In conclusion, the localization protocol is consistent with

the positioning one.

Case 2 (𝑒 is a primary event: 𝑒 = 𝐸�푝(primary) ∈ W). In this
case, we obtain the causal structure (Figure 10).

Then, from the three echoing causal structuresEch,Ech,
and Ẽch, we have 𝑒 = 𝐸�푝 = 𝐸∗ = 𝐸�耠 where 𝐸∗ is associated
with the projective point [∞]�퐸𝑝 and 𝐸�耠 is associated with the

projective point [0]̃
�퐸𝑝
. Consequently, we have tan𝛼�푒 = ∞

and tan �̃��푒 = 0. Also, we have 𝐸∙ = 𝐸�耠�耠 and �̃�∙ = �̃�⬦ from
which we deduce from the positioning system that their time
coordinates are equal; that is, we have (one of the emission
coordinates is equal to the broadcast one in the positioning
protocol; see Remark 6)𝜏

�퐸
∙ = 𝜏∙ = 𝜏�耠�耠 = 𝜏

�퐸
 ,�̃�̃

�퐸
∙ = �̃�∙ = �̃�⬦ = �̃�̃

�퐸
⬦ . (8)

Besides, from the localization protocol, we have

tan𝛼�푒 = [𝜏⬦ : 𝜏�耠�耠 | 𝜏�푒 : 𝜏S∙] =? (not defined) , (9a)

tan𝛼�푒 = [𝜏⬦ : 𝜏�耠�耠 | 𝜏�푒 : 𝜏S∗] = ∞, (9b)

tan �̃��푒 = [�̃�⬦ : �̃��耠�耠 | �̃��푒 : �̃�S] = 0. (9c)

Hence, we deduce 𝜏�푒 =?,𝜏�푒 = 𝜏�耠�耠,�̃��푒 = �̃�⬦. (10)

And from the positioning protocol, because 𝐸�푝 is a
positioned point with emission coordinates (𝜏�퐸𝑝 , 𝜏∙, �̃�∙), we
have also 𝜏�푒 = 𝜏�퐸𝑝 = 𝜏∙,

�̃��푒 = �̃��퐸𝑝 = �̃�∙, (11)

and therefore, with (8), we deduce the consistency for two
time stamps. Actually, 𝜏�푒 is not obtained by localization but
by identification (Definition 5). Indeed, we know that 𝑒 is
an element of W and that 𝜏�푒 = 𝜏�퐸𝑝 is broadcast by the
identified main emitter E. This determination of 𝜏�푒 is then
similar to the emission coordinate ascription presented in the(1 + 1)-dimensional case for which localization is equivalent
to positioning (Remark 3), hence the consistency.

Case 3 (𝑒 is a secondary event: 𝑒 = 𝐸∙(secondary) ∈ W or𝑒 = 𝐸�耠(secondary) ∈ W). Then, the causal structure is the
following whenever 𝑒 = 𝐸∙ (Figure 11):

(i) 𝑒 = 𝐸∙(secondary) ∈ W. Then, the localization pro-
tocol at 𝐸�푝 gives the formula tan𝛼�푒 = [𝜏⬦ : 𝜏�耠�耠 | 𝜏�푒 :
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Figure 10: The causal structure for the three echoing protocols Ech, Ech, and Ẽch whenever 𝑒 = 𝐸�푃.
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Figure 11: The causal structure for the three echoing protocols Ech, Ech, and Ẽch whenever 𝑒 = 𝐸∙.
𝜏S∙] = 0 because 𝐸∙ is associated with the projective
point [0]�퐸𝑝 . Therefore, we have 𝜏�푒 = 𝜏⬦. But, from
the positioning protocol, the emission coordinate 𝜏

�퐸
∙

of 𝐸∙ relative to the main emitter E is 𝜏⬦ broadcast
at the ternary event 𝐸⬦. Hence, 𝜏

�퐸
∙ = 𝜏⬦ and

we deduce the consistency of the localization proto-
col with the positioning protocol for one emission
coordinate.

(ii) 𝑒 = 𝐸�耠(secondary) ∈ W. The reasoning is similar to
the previous one.Then, we deduce the consistency for�̃��푒 = �̃�

�퐸
 = �̃��耠�耠 because (1) �̃��푝 is the primary event for𝐸�耠 and �̃��耠�耠 is the ternary event for 𝐸�耠, and (2) [�̃�⬦ :�̃��耠�耠 | �̃��푒 : �̃�S] = ∞ which involves �̃��푒 = �̃��耠�耠.

Now, we consider two distinct causal structures of local-
ization 𝑎 and 𝑏 such that 𝑒 = 𝐸∙�푎 = 𝐸�耠�푏 fromwhich we deduce
the consistency for 𝜏�푒 and �̃��푒. Furthermore, as in Case 2, we
deduce 𝜏�푒 by identification (Definition 5) and we obtain 𝜏�푒 =𝜏
�퐸
∙𝑎 = 𝜏

�퐸
𝑏 , hence the consistency.

Case 4 (𝑒 is a ternary event). For instance, we can set 𝑒 = 𝐸⬦.
But then, we have also 𝑒 = 𝐸⬦ → 𝐸�푃 on WE which is
impossible since we have only the chronological order on the
emitters’ worldlines.

Remark 12. From this theorem, we can then notice that RLSs
are based on autolocalization protocols similarly to RPSs
which are based on autolocation protocols. As a result, RLSs
and RPSs are independent of any system of reference.
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4.5. The Local Projective Structure

Definition 13. We call

(i) Emission grid the Euclidean space R3
�푃 ≡ R3 of the

positioned events 𝑒�푃 = (𝜏�푒, 𝜏�푒, �̃��푒);
(ii) Localization (or quadrometric) grid the Euclidean

space R4
�퐿 ≡ R3 × R∗ of the localized events 𝑒�퐿 =(𝜏�푒, 𝜏�푒, �̃��푒, ∘𝜏�푒), where ∘𝜏�푒 is provided by the ancillary

emitter S by identification from the horismotic rela-
tion 𝑆�퐿 → 𝑒�푃 (𝑆�퐿 ∈ WS) or the “message function”
[11] 𝑓−S : R3

�푃 → WS; that is, the time stamp ∘𝜏�퐿
broadcast by S at 𝑆�퐿 is such that ∘𝜏�퐿 ≡ ∘𝜏�푒;

(iii) Anisotropic localization (or quadrometric) grid the
Euclidean space R4

�퐴�퐿 ≡ R3 × R∗ of events 𝑒�퐴�퐿 =( ∘𝜏�푒𝜏�푒, ∘𝜏�푒𝜏�푒, ∘𝜏�푒�̃��푒, ∘𝜏�푒).
Definition 14. We denote by 𝐼 : R4

�퐿 → R4
�퐴�퐿 the bijective map

such that 𝐼(𝑒�퐿) = 𝑒�퐴�퐿. And we denote by 𝜋 : R4
�퐴�퐿 → R3

�푃 the
submersion such that 𝜋(𝑒�퐴�퐿) = 𝑒�푃.
Remark 15. In these definitions, the time coordinate ∘𝜏�푒 must
be nonvanishing. If this condition is not satisfied we can,
nevertheless, always consider that the ancillary emitter S

generates a time number ∘𝜌 and broadcasts 𝑒 ∘�휌 ≡ ∘𝜏. This can be
realized from a real-time computer with ∘𝜌 as the generated
input and 𝑒 ∘�휌 as the broadcast output. Obviously, we can
assume the same for the main emitters.

Let 𝑔 be an element of 𝐺𝐿(4,R) such that 𝑔 ⋅ 𝑒�퐴�퐿 = 𝑒�耠�퐴�퐿.
And thus, 𝐺𝐿(4,R) acts linearly on R4

�퐴�퐿. Then, the action of𝐺𝐿(4,R) onR4
�퐿 andR

3
�푃 is nonlinear and locally transitive and

it defines homographies (i.e., conformal transformations):

𝑒�耠�푃 = (𝐴 ⋅ 𝑒�푃 + 𝑏𝑐 ⋅ 𝑒�푃 + 𝜇 ) ,
𝑔 ≡ (𝐴 𝑏

�푡𝑐 𝜇) , (12a)

∘𝜏�耠�푒 = ∘𝜏�푒 (𝑐 ⋅ 𝑒�푃 + 𝜇) , (12b)

where 𝜇 ∈ R, (𝑏, 𝑐) ∈ (R3)2, and 𝐴 ∈ 𝑀3×3(R). Let us notice
that ∘𝜏�푒 does not intervene in (12a). Moreover, we deduce
that 𝑃𝐺𝐿(4,R) acts locally transitively on R3

�푃. Therefore, we
obtain the following.

Theorem 16. The (2 + 1)-dimensional spacetime manifold has
a local 3-dimensional projective structure inherited from its
causal structure.

Proof. Let 𝑥, 𝑡, and 𝑠�푖 (𝑖 = 1, 2, 3) in R4
�퐴�퐿 be such that𝑥 ≡ 𝑒�퐴L = (𝑥3 = ∘𝜏�푒𝜏�푒, 𝑥2 = ∘𝜏�푒𝜏�푒, 𝑥1 = ∘𝜏�푒�̃��푒, 𝑥0 = ∘𝜏�푒) ,𝑡 ≡ (𝑡3 = 𝑡0 tan𝛼�푒, 𝑡2 = 𝑡0 tan𝛼�푒, 𝑡1 = 𝑡0 tan �̃��푒, 𝑡0) ,(𝑡0 ̸= 0) ,

𝑠1 ≡ (𝑠31 = 𝑠01𝜏S∙ , 𝑠21 = 𝑠01𝜏⬦, 𝑠11 = 𝑠01𝜏�耠�耠, 𝑠01 = 𝜏S∙𝜏⬦𝜏�耠�耠) ,(𝑠01 ̸= 0) ,
𝑠2 ≡ (𝑠32 = 𝑠02𝜏S∗ , 𝑠22 = 𝑠02𝜏⬦, 𝑠12 = 𝑠02𝜏�耠�耠, 𝑠02= 𝜏S∗𝜏⬦𝜏�耠�耠) , (𝑠02 ̸= 0) ,
𝑠3 ≡ (𝑠33 = 𝑠03�̃�S , 𝑠23 = 𝑠03�̃�⬦, 𝑠13 = 𝑠03�̃��耠�耠, 𝑠03= �̃�S �̃�⬦�̃��耠�耠) , (𝑠03 ̸= 0) .

(13)

Then, the relations (1a)–(1c) can be put in the forms
(𝛼, 𝛽, 𝜇, ] = 0, 1, 2, 3; no summation on 𝑖 = 1, 2, 3)

𝐾�푖
�훼,�훽,�휇,]𝑠�훼�푖 𝑠�훽�푖 𝑥�휇𝑡] = 0,

𝐾0
�훼,�훽,�휇,]𝑠�훼�푖 𝑠�훽�푖 𝑥�휇𝑡] ̸= 0, (14)

where the coefficients of the tensors𝐾�푖 take only the values 0
or ±1 and the only nonvanishing coefficient of𝐾0 is𝐾0

0,0,0,0.
Then, it is easy to show that for all 𝑔�푥 and 𝑔�푡 in𝐺𝐿(4,R) there
exists 𝑔 ∈ 𝐺𝐿(4,R) such that

𝐾�푖 (𝑔 ⋅ 𝑠�푖, 𝑔 ⋅ 𝑠�푖, 𝑔�푥 ⋅ 𝑥, 𝑔�푡 ⋅ 𝑡) = 0,𝐾0 (𝑔 ⋅ 𝑠�푖, 𝑔 ⋅ 𝑠�푖, 𝑔�푥 ⋅ 𝑥, 𝑔�푡 ⋅ 𝑡) ̸= 0. (15)

In particular, if 𝑔 ≡ Id and if the 𝑠�푖 are fixed, then the set of
localized events 𝑥 ≡ 𝑒�퐴�퐿 ∈ R4

�퐴�퐿 is an orbit of 𝐺𝐿(4,R) and
the set of corresponding events 𝑒�푃 = 𝜋(𝑒�퐴�퐿) is an orbit of the
projective group 𝑃𝐺𝐿(4,R).

And then, because the relations (14) are homogeneous
polynomials, we deduce that R4

�퐴�퐿 has a projective structure
as expected.

Remark 17. ThemapS defined locally byM−1×M−1×M̃−1
on

R3
�푃 is the so-called “solderingmap4” S of Ehresmann defined

on 𝑃R3 = R3
�푃 ∪ 𝑃R2 to the spacetime manifoldM:

PR3 × PR3 PR3

ℳ PR3≃
ＦＩ＝.

S ≃
ＦＩ＝.

M−1 × M
−1

× M−1 (16)

And the set of homogeneous equations 𝐾�푖(𝑠�푖, 𝑠�푖, 𝑡, 𝑥) = 0
when the 𝑠�푖 are fixed defines leaves in the trivial bundle𝑃R3 × 𝑃R3. After reduction of the bundle R4 × R4 → M
to this projective bundle, the projective Cartan connection
in the sense of Ehresmann [17] is defined as the differential𝑑𝐾 ≡ 𝑑𝐾1 × 𝑑𝐾2 × 𝑑𝐾3 with respect to the vertical variables
V ≃ (tan𝛼�푒, tan𝛼�푒, tan �̃��푒) and the horizontal variables 𝑒�푃;
and thus, the tangent spaces of these horizontal leaves are the
annihilators/contact elements of 𝑑𝐾.
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Figure 12: The causal structure of the RPS in a (3 + 1)-dimensional
spacetime.

Remark 18. Also, as a result, the spacetime manifold can be
considered as a “generalized Cartan space” which is endowed
with both (1) a “projective Cartan connection” (of dimension
4) providing a local projective structure, and (2) a compatible
(pseudo-)Riemannian structure viewed for instance as a
horizontal section in the four-dimensional anisotropic grid.

Also, we can eventually define a Ehresmann connection
providing a horizontal/vertical splitting in the tangent space
of the principal bundle of projective frames of the spacetime
manifold. And then, once this Ehresmann connection is
given, we can define from this splitting a projective Cartan
connection5 which can be viewed as the infinitesimal changes
of the projective frames with respect to themselves.

5. RLSs in (3 + 1)-Dimensional Spacetime

We need similarly four main emitters E, E, Ẽ, and Ê
providing a RPS and, again, one ancillary emitter S emitting
its time coordinates and its own time stamp ∘𝜏 from a clock to
get a RLS.

5.1. The Causal Structure of the RPS. The protocol becomes
more and more complex to implement. Indeed, sixteen time
stamps are needed to provide to the users their positions in a
given system of reference. These positions are obtained from
the knowledge the users acquire of their own positions and
those of themain emitters both in the emission grid and in the
system of reference; and this is due to the ephemerides that
the emitters upload to the users and the autolocating process.
The causal structure of the RPS is shown in Figure 12 and
Table 6.

The position in the emission grid R4
�푃 of the user at 𝑈�푟 is(𝜏�耠, 𝜏�耠, �̃��耠, �̂��耠).

5.2.The Description of the RLS. As in the (2+1)-dimensional
case, we need a system of light echoes associated with each
privileged emitter, each linked to an event of reception on
the user’s worldline. Again, we denote by Ech the system of

Table 6: The events 𝐸�耠, 𝐸�耠, �̃��耠, and �̂��耠 and their broadcast time
stamps received at 𝑈�푟.
Event Broadcasts time stamps𝐸�耠 (𝜏�耠 = 𝜏�퐸 , 𝜏(iv), �̃��耠�耠�耠, �̂�(iv))𝐸�耠 (𝜏�耠�耠, 𝜏�耠 = 𝜏

�퐸
 , �̃��耠�耠, �̂��耠�耠�耠)�̃��耠 (𝜏�耠�耠�耠, 𝜏�耠�耠, �̃��耠 = �̃�̃

�퐸
 , �̂��耠�耠)�̂��耠 (𝜏(iv), 𝜏�耠�耠�耠, �̃�(iv), �̂��耠 = �̂�̂

�퐸
 )

light echoes for the privileged emitter E with 𝐸�푝 as primary
event. But now, contrarily to the (2 + 1)-dimensional case, we
must consider celestial spheres rather than celestial circles.
And then, we have again sky mappings from the past null
cones directions at the primary events to the “bright” points
on the associated celestial spheres. Nevertheless, we have only
homeomorphisms between hemispheres with half of their
boundaries and 𝑃R2. Thus, a problem occurs a priori in
this (3 + 1)-dimensional case because we have two disjoint
hemispheres for each celestial sphere. And then, consecutive
problems appear for the choice and the realization of these
hemispheres in the localizing protocol. However, we show
in the sequel this problem vanishes completely when con-
sidering the full set of echoing systems and the particular
hemispheres implementation we present for the emitters. We
need, first, the following definition for the determination of
the first emission coordinate 𝜏�푒.
Definition 19 (the echoing system Ech). The echoing system
Ech associated with the privileged emitter E is based on the
following features (see Figure 15):

(i) One primary event 𝐸�푝 with its celestial sphereC�퐸𝑝
.

(ii) Four secondary events𝐸∙, �̃�∙, and �̂�∙ with the ancillary
event S∙, associated, respectively, with the canonical
projective points [∞, 0]�퐸𝑝 , [0,∞]�퐸𝑝 , [0, 0]�퐸𝑝 , and[1, 1]�퐸𝑝 of the projective frame F�퐸𝑝

defining one
specific hemisphere of the celestial sphere C�퐸𝑝

(Fig-
ure 15).

(iii) One ternary event 𝐸♯ for 𝐸∙, two ternary events 𝐸⬦
and 𝐸⬦ for �̃�∙, two ternary events 𝐸�耠�耠 and 𝐸�耠�耠 for �̂�∙,
and none for S∙,

(iv) Two compasses on the specific hemisphere of C�퐸𝑝

defined above with a moving origin anchored on the
projective point [1, 1]�퐸𝑝 associated with S∙.

(v) One event of reception 𝑈�푟 ∈ V at which all the data
are collected and sent by the emitterE.

Then,we have the following hierarchy of events in the four
different echoing systems Ech, Ech, Ẽch, and Êch:

(i) Four primary events 𝐸�푝, 𝐸�푝, �̃��푝, and �̂��푝, each
with three secondary events and one ancillary event
(Table 7).

(ii) Four horismotic relations 𝐸�푝 → 𝑈�푟, 𝐸�푝 → 𝑈�푟, �̃��푝 →�̃��푟, and �̂��푝 → �̂��푟, where the chronologically ordered
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Table 7:The four primary events and their secondary/ancillary events with their corresponding projective points on the celestial hemispheres
C�퐸𝑝

,C�퐸𝑝
,C̃

�퐸𝑝
, andĈ

�퐸𝑝
homeomorphic to 𝑃R2.

Echoing system Primary event [∞, 0] [0,∞] [0, 0] [1, 1]
Ech 𝐸�푝 ∈ W 𝐸∙ �̃�∙ �̂�∙ S∙

Ech 𝐸�푝 ∈ W �̃�† �̂�† 𝐸† S†

Ẽch �̃��푝 ∈ W̃ �̂�∗ 𝐸∗ 𝐸∗ S∗

Êch �̂��푝 ∈ Ŵ 𝐸�耠 𝐸�耠 �̃��耠 S�耠

events of reception 𝑈�푟, 𝑈�푟, �̃��푟, and �̂��푟 belong to the
user worldlineV.

(iii) One or two (normal and shifted) ternary events by
secondary event except for the ancillary event:

Ech: 𝐸∙ : 𝐸♯, �̃�∙ : 𝐸⬦, 𝐸⬦, �̂�∙ : 𝐸�耠�耠, 𝐸�耠�耠, (17a)

Ech: �̃�† : 𝐸♯, �̂�† : 𝐸⬦, �̃�⬦, 𝐸† : 𝐸�耠�耠, �̃��耠�耠, (17b)

Ẽch: �̂�∗ : �̃�♯, 𝐸∗ : �̃�⬦, �̂�⬦, 𝐸∗ : �̃��耠�耠, �̂��耠�耠, (17c)

Êch: 𝐸�耠 : �̂�♯, 𝐸�耠 : �̂�⬦, 𝐸⬦, �̃��耠 : �̂��耠�耠, 𝐸�耠�耠. (17d)

(iv) Two events associated with the projective points[∞, 0] and [0,∞] define the equatorial circle dividing
the celestial sphere 𝑆2 ≃ 𝑃R2#𝑃R2 in two celestial
hemispheres C which are identified to a unique
projective space 𝑃R2. In other words, the directions
of propagation of the light rays detected as bright
points on the hemispheres are not considered. This
could be a problem a priori. Actually, this difficulty is
completely canceled out from the operating principles
of RLSs as we will see in the sequel.

(v) Two compasses on each celestial hemisphere C�퐸𝑝
,

C�퐸𝑝
,C̃

�퐸𝑝
, andĈ

�퐸𝑝
with a commonmoving origin for

angle measurements anchored on the projective point[1, 1].
(vi) We recall thatS broadcasts as a particular user its own

emission coordinates (𝜏�푆, 𝜏�푆, �̃��푆, 𝜏�푆) obtained from the
positioning system for all 𝑆 ∈ WS. It broadcasts also
all along WS its own time coordinate denoted again
by ∘𝜏.

5.3. The Causal Structure of the RLS. We represent (Figures
13 and 14 and Tables 8 and 9) only the causal structure for
the echoing system Ech; the other echoing systems Ech,
Ẽch, and Êch can be easily obtained from the symbolic
substitutions deduced from Table 7 and (17a)–(17d).

5.4. The Projective Frame, the Time Stamps Correspondence,
and the Consistency. We consider the projective frame at the
primary event 𝐸�푝 and the time stamps correspondence asso-
ciated with the change of projective frame on C�퐸𝑝

(Table 10
and Figure 15). Obviously, the other correspondences and

changes of projective frames can be deduced in the same
way for the three other primary events. Then, we obtain four
corresponding pairs of time coordinates for 𝑒 in the four
celestial hemispheres (Table 11).

Then, the change of projective frame on the celestial
hemisphere gives the following relation:

(𝑎 𝑑 𝑔𝑏 𝑒 ℎ𝑐 𝑓 𝑘)(1 0 0 1 𝜌 tan𝛼�푒0 1 0 1 𝜌 tan𝛽�푒0 0 1 1 𝜌 )
= (𝑢𝜏♯ V𝜏⬦ 𝑤𝜏�耠�耠 (𝑢 + V + 𝑤) 𝜏S∙ 𝑟𝜏∙�푒𝑢𝜏∙ V𝜏⬦ 𝑤𝜏�耠�耠 (𝑢 + V + 𝑤) 𝜏S∙ 𝑟𝜏∙�푒𝑢 V 𝑤 (𝑢 + V + 𝑤) 𝑟 ) ,

(18)

where 𝜌𝑢V𝑤𝑟(𝑢 + V + 𝑤) ̸= 0, and where the determinant
of the square matrix on the l.h.s. of this equality must be
nonvanishing. Then, we deduce that

(𝑢𝜏♯ V𝜏⬦ 𝑤𝜏�耠�耠𝑢𝜏∙ V𝜏⬦ 𝑤𝜏�耠�耠𝑢 V 𝑤 )(1 𝜌 tan𝛼�푒1 𝜌 tan𝛽�푒1 𝜌 )
= 𝑟 (𝑢 + V + 𝑤)(𝜏S∙ 𝜏∙�푒𝜏S∙ 𝜏∙�푒1 1) ,

(19)

and we can take in addition 𝑢 + V + 𝑤 = 𝑟 = 1.
Obviously, we obtain from the three other echoing sys-

tems three other similar systems of equations for the other
six unknown time coordinates given in Table 11 for 𝑒.

Now, besides, we have necessarily the relations:𝜏∙�푒 = 𝜏�耠�푒 ,𝜏∙�푒 = 𝜏†�푒 ,�̃�∗�푒 = �̃�†�푒 ,�̂�∗�푒 = �̂��耠�푒.
(20)

Indeed, if one of these four precedent equalities is not
satisfied, then itmeans that if the event 𝑒, the worldlines of the
main emitters, and the ancillary one are fixed, then, at least
one time stamp among the eight can vary. And then, one of
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Figure 13: The echoing system Ech.
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Figure 14: The causal structure for the four echoing systems Ech,
Ech, Ẽch, and Êch with the event 𝑒. The chronological order
between S∙, S†, S∗, and S�耠 belonging toWS can be different.
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Figure 15: The projective disk on the celestial hemisphere C�퐸𝑝

centered at 𝐸�푝 and the four canonical projective points and the
corresponding projective point for 𝑒.
the eight angles on the four celestial hemispheres necessarily
can vary as well. But then, it would mean that the position of
the event 𝑒 seen on the celestial hemispheres of the four main
emitters can vary arbitrarily whenever 𝑒 is fixed. In other

Table 8: The secondary/ancillary events and their broadcast time
stamps in the Ech system.

Event Broadcasts time stamps Received at𝐸∙ (𝜏♯, 𝜏∙ = 𝜏
�퐸
∙ ) 𝐸�푝�̃�∙ (𝜏⬦, 𝜏⬦) 𝐸�푝�̂�∙ (𝜏�耠�耠, 𝜏�耠�耠) 𝐸�푝

S∙ (𝜏S∙ , 𝜏S∙ ) 𝐸�푝
Table 9: The ternary events and their broadcast time stamps in the
Ech system.

Event Broadcasts time stamps Received at𝐸♯ 𝜏♯ 𝐸∙𝐸⬦ 𝜏⬦ �̃�∙𝐸⬦ 𝜏⬦ �̃�∙𝐸�耠�耠 𝜏�耠�耠 �̂�∙𝐸�耠�耠 𝜏�耠�耠 �̂�∙
words, 𝑒 might have more than one corresponding “bright”
point on each celestial hemisphere; and, in particular, because
we have continuous functions, then it might correspond to𝑒, in particular, a connected “bright” line on one of the
four celestial hemispheres. This would involve necessarily
the existence of more than one and only one horismotic
relation “→.”This situation can be encountered in the case of
the existence of conjugate points for light-like geodesics for
instance in Riemannian manifolds. Then, considering only
one horismos, the relations (20) must be satisfied.

Then, we obtain the following.

Lemma 20. Let T4 ≡ (𝑃R1)4 be the 4-torus. Then, the RLS
provides a map

M4 : (tan𝛼�푒, tan𝛼�푒, tan �̃��푒, tan �̂��푒) ∈ T
4 →(𝜏�푒, 𝜏�푒, �̃��푒, �̂��푒) ∈ T
4

(21)

which is an automorphism.
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Table 10: The change of projective frame and the corresponding
events.

Event F�퐸𝑝
F�휏
�퐸𝑝𝑒 [tan𝛼�푒, tan𝛽�푒] [𝜏∙�푒 , 𝜏∙�푒]𝐸∙ [∞, 0] [𝜏♯, 𝜏∙ = 𝜏

�퐸
∙ ]�̃�∙ [0,∞] [𝜏⬦, 𝜏⬦]�̂�∙ [0, 0] [𝜏�耠�耠, 𝜏�耠�耠]

S∙ [1, 1] [𝜏S∙ , 𝜏S∙ ]
Table 11: The pairs of time coordinates for 𝑒 deduced in the four
celestial hemispheres.

Celestial hemisphere Time coordinates for 𝑒
C�퐸𝑝

(𝜏∙�푒 , 𝜏∙�푒)
C�퐸𝑝

(𝜏†�푒 , �̃�†�푒 )
C̃
�퐸𝑝

(�̃�∗�푒 , �̂�∗�푒 )
Ĉ
�퐸𝑝

(�̂��耠�푒, 𝜏�耠�푒)
Proof. This lemma can be easily proved simply by solving
systems of equations like (19) but we indicate interesting
intermediate homogeneous equations in the computations.
From the relations (20) and the equations at each primary
event such as (19) at 𝐸�푝, we deduce that there are four linear
relations between “tan𝛼” and “tan𝛽.” And then, it can be
shown that we obtain four Möbius relations linking the four
tan𝛼’s to the four time coordinates 𝜏�푒, 𝜏�푒, �̃��푒, and �̂��푒 of 𝑒
generalizing the situation encountered in the precedent (2 +1)-dimensional case.

More precisely, considering the primary event 𝐸�푝, we
obtain (19). At the other primary event �̃��푝, we obtain the
similar following relations (] ̸= 0):

(𝑝�̃�♯ 𝑞�̃�⬦ 𝑚�̃��耠�耠𝑝�̂�∗ 𝑞�̂�⬦ 𝑚�̂��耠�耠𝑝 𝑞 𝑚 )(1 ] tan �̃��푒1 ] tan �̃��푒1 ]

)
= 𝑛 (𝑝 + 𝑞 + 𝑚)(�̃�S∗ �̃�∗�푒�̂�S∗ �̂�∗�푒1 1 ) ,

(22)

where again we can impose the relations 𝑛 = 𝑝 + 𝑞 + 𝑚 = 1.
Then, from now and throughout, we set

𝜏�푒 ≡ 𝜏∙�푒 = 𝜏�耠�푒 ,𝜏�푒 ≡ 𝜏∙�푒 = 𝜏†�푒 ,�̃��푒 ≡ �̃�∗�푒 = �̃�†�푒 ,�̂��푒 ≡ �̂�∗�푒 = �̂��耠�푒.
(23)

And then, it can be shown that the relations (19) and (22),
those depending explicitly on the time stamps, can be put in
the following forms (𝑝, 𝑞 = 1, . . . , 4 and 𝜇, ] = 0, 1, . . . , 4):𝐾�푝�푞�휇]𝑠�푝𝑆�푞𝑥�휇𝑡] = 0,𝐾�푝�푞�휇]𝑠�푝𝑆�푞𝑥�휇𝑡] = 0, (24a)

�̃��푝�푞�휇]�̃��푝�̃��푞𝑥�휇𝑡] = 0,
�̂��푝�푞�휇]�̂��푝�̃��푞𝑥�휇𝑡] = 0, (24b)

where𝑥 ≡ ( ∘𝜏�푒𝜏�푒, ∘𝜏�푒𝜏�푒, ∘𝜏�푒�̃��푒, ∘𝜏�푒�̂��푒, ∘𝜏�푒) ,𝑡 ≡ (𝜇 tan𝛼, 𝜇 tan𝛽, 𝜇 tan �̃�, 𝜇 tan �̃�, 𝜇) , (25a)

𝑠 ≡ (𝜏♯, 𝜏⬦, 𝜏�耠�耠, 𝑠0) ,
𝑠 ≡ (𝜏∙, 𝜏⬦, 𝜏�耠�耠, 𝑠0 = 𝑠0) , (25b)

�̃� ≡ (�̃�♯, �̃�⬦, �̃��耠�耠, �̃�0) ,
�̂� ≡ (�̂�∗, �̂�⬦, �̂��耠�耠, �̂�0 = �̃�0) , (25c)

𝑆 ≡ (
𝜏S∙ 𝜏⬦ 𝜏�耠�耠𝜏S∙ 𝜏⬦ 𝜏�耠�耠1 1 1

 ,

𝜏♯ 𝜏S∙ 𝜏�耠�耠𝜏∙ 𝜏S∙ 𝜏�耠�耠1 1 1

 ,

𝜏♯ 𝜏⬦ 𝜏S∙𝜏∙ 𝜏⬦ 𝜏S∙1 1 1

 ,
𝜏♯ 𝜏⬦ 𝜏�耠�耠𝜏∙ 𝜏⬦ 𝜏�耠�耠1 1 1

) ,
(26a)

�̃� ≡ (
�̃�S∗ �̃�⬦ �̃��耠�耠�̂�S∗ �̂�⬦ �̂��耠�耠1 1 1

 ,

�̃�♯ �̃�S∗ �̃��耠�耠�̂�∗ �̂�S∗ �̂��耠�耠1 1 1

 ,

�̃�♯ �̃�⬦ �̃�S∗�̂�∗ �̂�⬦ �̂�S∗1 1 1

 ,
�̃�♯ �̃�⬦ �̃��耠�耠�̂�∗ �̂�⬦ �̂��耠�耠1 1 1

) ,
(26b)

where 𝑠0 and �̃�0 are nonvanishing arbitrary coefficients and𝜇 ̸= 0. Hence, we have four homogeneous algebraic equations
linking the vectors 𝑡 and 𝑥. Obviously, we have also four
other similar homogeneous equations for 𝑥 and another 𝑡�耠 ≃(tan𝛼, tan𝛽, tan �̂�, tan �̂�) deduced from the echoing systems
at the other two primary events 𝐸�푝 and �̂��푝:𝐾�푝�푞�휇]𝑠�耠�푝𝑆�푞𝑥�휇𝑡�耠] = 0,

𝐾�푝�푞�휇]𝑠�耠�푝𝑆�푞𝑥�휇𝑡�耠] = 0, (27a)

�̃��푝�푞�휇]�̃��耠�푝�̂��푞𝑥�휇𝑡�耠] = 0,
�̂��푝�푞�휇]�̂��耠�푝�̂��푞𝑥�휇𝑡�耠] = 0, (27b)
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where 𝑠�耠0 = 𝑠�耠0 and �̃��耠0 = �̂��耠0 are nonvanishing arbitrary coef-
ficients. And then, because 𝑥 is determined completely from
(24a)-(24b), (27a)-(27b) are linearly depending on (24a)-
(24b) which involves that we have linear relations between
the two sets of “angles” 𝑡 ≃ (tan𝛼, tan𝛽, tan �̃�, tan �̃�) and 𝑡�耠 ≃(tan𝛼, tan𝛽, tan �̂�, tan �̂�). Hence, taking linear combinations
of the systems of equations (27a)-(27b) and (24a)-(24b)
and taking into account also the remaining equations in
(19) and (22) not depending on the time stamps we can
deduce a system of four homogeneous equations linking 𝑦 ≡(tan𝛼, tan𝛼, tan �̃�, tan �̂�, 1) and 𝑧 ≡ (𝜏�푒, 𝜏�푒, �̃��푒, �̂��푒, 1):

𝐻�푖
�휇,]𝑦�휇𝑧] = 0, (𝑖 = 1, 2, 3, 4) , (28)

where 𝑠0, �̃�0, 𝑠�耠0, and �̃��耠0 do not intervene anymore. And (28)
determines univocally 𝑥 up to the time coordinate ∘𝜏�푒, that
is, (𝜏�푒, 𝜏�푒, �̃��푒, �̂��푒). Moreover, (28) is another expression for
Möbius transformations between each given angle and a
linear combination of (𝜏�푒, 𝜏�푒, �̃��푒, �̂��푒), hence the result for an
automorphism on the 4-torus.

Remark 21. We can notice from Lemma 20 that we obtain
the time coordinates (𝜏�푒, 𝜏�푒, �̃��푒, �̂��푒) for 𝑒 from only two
echoing systems, for example, at 𝐸�푝 and �̃��푝 with the four
“angles” (tan𝛼, tan𝛽, tan �̃�, tan �̃�), or from the four echoing
systems at 𝐸�푝, 𝐸�푝, �̃��푝, and �̂��푝 with the four “angles”(tan𝛼, tan𝛼, tan �̃�, tan �̂�).
Theorem 22. The localization and the positioning protocols or
systems in a (3 + 1)-dimensional spacetime are consistent.

Proof. The proof is obvious because (1) the RLS in the (3 +1)-dimensional case has a causal structure which can be
decomposed in four causal substructures each equivalent to
the one given for the RLS in the (2 + 1)-dimensional case and(2) we need only the “angles” 𝛼 to localize 𝑒 in each of these
subsystems of localization.

5.5. The Local Projective Structure

Definition 23. We call

(i) Emission grid the Euclidean space R4
�푃 ≡ R4 of the

positioned events 𝑒�푃 = (𝜏�푒, 𝜏�푒, �̃��푒, �̂��푒);
(ii) Localization (or pentametric) grid the Euclidean space

R5
�퐿 ≡ R4 × R∗ of the localized events 𝑒�퐿 =(𝜏�푒, 𝜏�푒, �̃��푒, �̂��푒, ∘𝜏�푒) where ∘𝜏�푒 is provided by the ancillary

emitter S by identification from the horismotic rela-
tion 𝑆�퐿 → 𝑒�푃 (𝑆�퐿 ∈ WS) or the “message function”
[11] 𝑓−S : R4

�푃 → WS; that is, the time stamp ∘𝜏�퐿
broadcast by S at 𝑆�퐿 is such that ∘𝜏�퐿 ≡ ∘𝜏�푒;

(iii) Anisotropic localization (or pentametric) grid the
Euclidean space R5

�퐴�퐿 ≡ R4 × R∗ of events 𝑒�퐴�퐿 =( ∘𝜏�푒𝜏�푒, ∘𝜏�푒𝜏�푒, ∘𝜏�푒�̃��푒, ∘𝜏�푒�̂��푒, ∘𝜏�푒).

Definition 24. We denote by 𝐼 : R5
�퐿 → R5

�퐴�퐿 the bijective map
such that 𝐼(𝑒�퐿) = 𝑒�퐴�퐿. And we denote by 𝜋 : R5

�퐴�퐿 → R4
�푃 the

submersion such that 𝜋(𝑒�퐴�퐿) = 𝑒�푃.
Let 𝑔 be an element of 𝐺𝐿(5,R) such that 𝑔 ⋅ 𝑒�퐴�퐿 =𝑒�耠�퐴�퐿. And thus, 𝐺𝐿(5,R) acts linearly on R5

�퐴�퐿. Then, the
action of 𝐺𝐿(5,R) on R5

�퐿 and R4
�푃 defines homographies (i.e.,

conformal transformations):

𝑒�耠�푃 = (𝐴 ⋅ 𝑒�푃 + 𝑏𝑐 ⋅ 𝑒�푃 + 𝜇 ) ,
𝑔 ≡ (𝐴 𝑏

�푡𝑐 𝜇) , (29a)

∘𝜏�耠�푒 = ∘𝜏�푒 (𝑐 ⋅ 𝑒�푃 + 𝜇) , (29b)

where 𝜇 ∈ R, (𝑏, 𝑐) ∈ (R4)2, and 𝐴 ∈ 𝑀4×4(R). Therefore, we
obtain the following.

Theorem 25. The (3+1)-dimensional spacetime manifold has
a local 4-dimensional projective structure inherited from its
causal structure.

Proof. The proof is similar with the proof of Theorem 16 but
with the systems of homogeneous equations (24a)-(24b) or
(27a)-(27b) or (28) instead of the system (14).

Remark 26. The map S defined locally by M4 on R4
�푃 is the

so-called “soldering map” S of Ehresmann defined on 𝑃R4 =
R4
�푃 ∪ 𝑃R3 to the spacetime manifoldM:

ℳ PR4≃
ＦＩ＝.

PR4 × PR4 PR4

S ≃
ＦＩ＝.

M4 (30)

And the set of homogeneous equations (24a)-(24b) or
(27a)-(27b) or (28) defines leaves in the trivial bundle 𝑃R4 ×𝑃R4. After reduction of the bundle R5 × R5 → M to this
projective bundle, the projective Cartan connection in the
sense of Ehresmann [17] is defined as the differential 𝑑𝐻 ≡𝑑𝐻1 ×𝑑𝐻2 ×𝑑𝐻3 ×𝑑𝐻4 with respect to the vertical variables
V ≃ (tan𝛼, tan𝛼, tan �̃�, tan �̂�) and the horizontal variables 𝑒�푃;
and thus, the tangent spaces of these horizontal leaves are the
annihilators/contact elements of 𝑑𝐻.

Remark 27. As in the (2 + 1)-dimensional case (see
Remark 18), the spacetime manifold can be considered as a
“generalized Cartan space” which is endowed with both (1)
a “projective Cartan connection” (of dimension 5) providing
a local projective structure and (2) a compatible (pseudo-)
Riemannian structure viewed for instance as a horizontal
section in the five-dimensional anisotropic grid.
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6. Conclusion

The previous results are obtained on manifolds of dimension
less than or equal to four and satisfying only causal axiomat-
ics. This involves only the following assumptions:

(i) A finite speed of light from the existence of the
horismotic relation “→,”

(ii) Isotropy (compasses) because the conformal invari-
ance is a common consequence of all the causal
axiomatics (Malament’s Theorem [13], Woodhouse’s
axiomatics [11], King-Hawking-McCarty’s axiomatics
[12], e.g.; see also [10]).

(iii) Homogeneity is void ofmeaning in causal axiomatics.

And then, we deduced that

(i) the spacetime manifold has a local projective struc-
ture in addition to the global (pseudo-)Riemannian
structure.

(ii) The spacetime manifold is a “generalized Cartan
space” with a “projective Cartan connection” (see
Remarks 18 and 27). A forthcoming publication is
planned to clarify these aspects.

(iii) The space and time coordinates are locally trans-
formed by homographies. Indeed, the time stamps(𝜏�훼) = (𝜏�푒, 𝜏�푒, �̃��푒, �̂��푒) (𝛼 = 1, . . . , 4) are the “emission
coordinates.” Then, they define a null coframe (𝑑𝜏�훼)
also called “null GPS coordinates” which are linearly
related to timelike (GPS) coordinates [5] such as the
usual space and time coordinates (𝑢�훼) ≡ (𝑥, 𝑦, 𝑧, 𝑡).
Therefore, we obtain transformations similar to the
transformations (29a) for the space and time coordi-
nates:

𝑢�훼 = (𝑈�훼
�훽𝑢�耠�훽 + V�훼𝑤�휇𝑢�耠�휇 + 𝜌 ) , 𝛼, 𝛽, 𝜇 = 1, . . . , 4. (31)

Besides, applying by inquisitiveness these projective aspects
in astrophysics, we consider a modification of the Newton’s
law of gravitation by a homography:→𝐹 (→𝑟 0) ≡ −𝐺𝑚0𝑚𝑟20 (𝛼 + 𝛽𝑡 + 𝜇𝑟0)2 �̂�0, �̂�0 = →𝑟 0𝑟0 , (32)

where we consider that →𝐹 , the time 𝑡, and the radial distance𝑟0 between the punctual masses𝑚0 and𝑚 are evaluated with
respect to a frame attached to𝑚, and 𝛼, 𝛽, and 𝜇 are constants.

This modification differs from those investigated in
MOND theories which satisfy the so-called Milgrom’s law
[18]. Also, contrarily to MOND theories, the present modi-
fication of Newton’s law preserves the action/reaction prin-
ciple. This modification is based on the notion of projective
tensor differing from the usual notion of Euclidean tensor.

We can quote É. Cartan on this notion of Euclidean
tensor [19, Section 23, p. 22]. The latter can be considered
as a set of numbers (𝑢1, 𝑢2, . . . , 𝑢�푟) brought into coinci-
dence with another set of numbers (𝑢�耠1, 𝑢�耠2, . . . , 𝑢�耠�푟) by a

linear transformation 𝑆�표 corresponding to a rotation 𝑅�표 in
a given “underlying” Euclidean space R�푘. Then, the linear
transformation 𝑆�표 corresponds to another transformation 𝑅�표
preserving the origin 𝑜 of R�푘. Thus, we obtain tensors at this
origin.

Now, a projective tensor can be considered as a set
of numbers (V1, V2, . . . , V�푟) brought into coincidence with
another set of numbers (V�耠1, V�耠2, . . . , V�耠�푟) by a linear transfor-
mation 𝑆�표 corresponding to an homography 𝐻�표 preserving
the origin 𝑜 (𝐻�표 is then a central collineation of center 𝑜) of
a given “underlying” Euclidean spaceR�푘. In other words, the
equivariance is defined for Euclidean tensors with respect to
linear groups of transformations whereas the equivariance
for projective tensors is defined with respect to the group of
central collineations which is a subgroup of the projective
group.

Also, if we have tensor fields, that is, tensors at different
origins 𝑝 elements of a manifold (as space of parameters),
then, there correspond fields (or families) of transformations𝑆�푝 on this manifold associated with fields of rotations 𝑅�표,�푝
(Euclidean tensor fields) or fields of central collineations𝐻�표,�푝 (projective tensor fields) associated with the origin𝑜 of the underlying Euclidean space R�푘. Then, the tensor
fields are equivariant if and only if the equivariance is
satisfied at any point 𝑝. We recognize in this description the
structure of a tensor bundle of rank 𝑘 of which the transition
morphisms (functions) are the rotation or the collineation
fields, the transformation fields 𝑆�푝 are defined from the local
trivializations of the bundle, and the origin 𝑜 is an element
of the fiber. Moreover, the equivariance of tensor fields is
obviously the so-called left-invariance with respect to right
actions of structural groups.

Then, we consider, first, the (non-modified) force of
gravitation →𝐹 as a Euclidean vector field with a spherical
symmetry with respect to the point 𝑝0 where the mass 𝑚0 is
located. The mass 𝑚 is at the point 𝑝 and, as indicated pre-
viously, →𝐹 and →𝑟 0 are evaluated with respect to a Euclidean
frame attached to 𝑝. Then, clearly, rotating this frame does
not change 𝑟0 and it rotates in the same way the vector �̂�0.

Second, if →𝐹 is modified to be a projective vector field
with a spherical symmetry with respect to 𝑝0, we must
proceed as follows. In this projective framework, the central
collineation fields𝐻�표,�푝 are defined such that at each𝑝 they are
particular changes of projective frames F�푝. More precisely,
we recall that the projective frames of a projective space of
dimension four are defined by six vectors in a vector space
of dimension five of which five are linearly independent.
Then, projective transformations, that is, homographies, are
the linear, injective transformations in this five-dimensional
vector space which is also called the space of homogeneous
coordinates. Then, central collineations are those projective
transformations preserving, up to a multiplicative factor, a
particular, given five-dimensional vector, that is, the origin 𝑜
of the five-dimensional fiber. In general, this vector is chosen
among the vectors of a given projective frame. Moreover, 𝑝
can be kept invariant with respect to central collineations
which constitute a subgroup of the group of projective
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transformations. Indeed, these central collineations can also
be viewed as local changes of inhomogeneous coordinates
centered at 𝑝, that is, 𝑝 is the origin of the local system of
coordinates. Hence, if (𝑥, 𝑦, 𝑧, 𝑡) are space and time coordi-
nates centered at 𝑝 such that 𝑝 ≡ (0, 0, 0, 0) = (𝑥�푝, 𝑦�푝, 𝑧�푝, 𝑡�푝),
then the changes of coordinates we must consider are given
by the homographies (31) where V�훼 = 0 (𝛼 = 1, . . . , 4); that is,
we have central collineations 𝐻�푝,�표 : (𝑢�耠�훼) ≡ (𝑥�耠, 𝑦�耠, 𝑧�耠, 𝑡�耠) →(𝑢�훼) ≡ (𝑥, 𝑦, 𝑧, 𝑡) such that

𝑢�훼 = 𝑈�훼
�훽𝑢�耠�훽(𝑞 + ℎ𝑡�耠 + →𝑘 ⋅ →𝑟�耠) , (33)

where
→𝑟�耠 ≡ (𝑢�耠�푖) ≡ (𝑥�耠, 𝑦�耠, 𝑧�耠) (𝑖, 𝑗, . . . = 1, 2, 3), (𝑈�훼

�훽 ) is a
matrix field, 𝑞 and ℎ are scalar fields, and

→𝑘 is a vector field
all of them depending on 𝑝.

In particular, if the time and space splitting of the Newto-
nian physics is maintained in this change of coordinates, then
wemust have𝑈�푖

4 = 𝑈4
�푖 = 0. And then, we deduce in particular

that

𝑟 = 𝜆 𝑟�耠(𝑞 + ℎ𝑡�耠 + →𝑘 ⋅ →𝑟�耠) ,
𝑡 = 𝜇 𝑡�耠(𝑞 + ℎ𝑡�耠 + →𝑘 ⋅ →𝑟�耠) , (34)

where 𝜆 = det(𝑈�푖
�푗) and 𝜇 = 𝑈4

4 . Also, from (33), considering

that (1) →𝐹 is a projective five-vector with two vanishing
components, that is, →𝐹 ≡ (𝐹1, 𝐹2, 𝐹3, 0, 0), and (2) the central
collineations are represented (or, are originated from) by the
linear transformations 𝑈 ≡ (𝑈�푎

�푏 ) (𝑎, 𝑏 = 1, . . . , 5) such that𝑈�푎
5 = 0, 𝑈5

�푖 = 𝑘�푖 (𝑖 = 1, . . . , 3), 𝑈5
4 = ℎ, and 𝑈5

5 = 𝑞, then we
obtain in particular 𝐹�푖 ≡ ∑3

�푗=1𝑈�푖
�푗𝐹�耠�푗.

Then, it is easy to see that (32) becomes equivariant with
respect to these changes of coordinates if and only if we set
the necessary but, nevertheless, sufficient condition that the

vector field
→𝑘 satisfies the relation

→𝑘 ≡ 𝜎→𝑟�耠0/𝑟�耠0, where 𝜎 is a

scalar field depending on 𝑝 and
→𝑟�耠0 is the vector from 𝑝 to 𝑝0

in the new system of coordinates. Indeed, with this condition,
we obtain the new Newtonian force:→𝐹�耠 (→𝑟�耠0) ≡ −𝐺𝑚0𝑚𝑟�耠20 (𝛼�耠 + 𝛽�耠𝑡�耠 + 𝜇�耠𝑟�耠0)2 �̂��耠0, �̂��耠0 = →𝑟�耠0𝑟�耠0 . (35)

More precisely, the equivariance is obtained as soon as
→𝑟�耠 is

equal to
→𝑟�耠0 , that is, whenwemove along the line joining𝑝 and𝑝0, and then,→𝐹 is an equivariant, projective vector field along

this line onto which only the Newton’s law is experimentally
evaluated. Also, we obtain the field of transformations 𝑆�푝 as
expected and a justification of the modification (32) of the
Newton’s law of gravitation.

r

v 6(r)

3(r)
1(r)
2(r)
4(r)
5(r)

Figure 16

Furthermore, →𝐹 is then only equivariant with respect to
a subgroup of the central collineations because we must set→𝑘 ≡ 𝜎�̂��耠0. This is the result of (1) the central symmetry of →𝐹
and (2) the Newtonian physics framework with the time and
space splitting. Also, it can be noticed that in this Newtonian
context, the terms such as 𝛽𝑡 + 𝜇𝑟0 in the expression of →𝐹
may sound like a Minkowski inner product and could be
the expression of a retarded Newtonian force as there exist
retarded fields in electromagnetism.

In addition, we assume that the centripetal acceleration is
a projective object and that it is modified in the same way as
the Newton’s law of gravitation: V2/𝑟0 → (𝛼 + 𝛽𝑡 + 𝜇𝑟0)V2/𝑟0.

Then, if we modify the Newton’s law of gravitation
with a homography as indicated above preserving the mass
distribution 𝜌(𝑟) to see the relative change between 𝜌(𝑟) and
the radius 𝑟, then we can deduce the following rotational
velocity field:

V (𝑟) ≡ ((1 + 𝑎𝑡 + 𝑏𝑟) 𝑀 (𝑟)𝑟 )1/2
where 𝑀(𝑟) ≡ ∫�푟

0
𝑢�푘𝜌 (𝑢) 𝑑𝑢. (36)

Then, whenever 𝑡 = 1 and for different mass distributions𝜌, we obtain the following qualitative curves if we consider𝑘 = 2 for spherical distributions of mass in (36) (Figure 16
and Table 12).

Then, we see that the curves have a resemblance to
the observed data. This suggests more exhaustive studies of
the relations between galactic mass densities and rotational
velocity fields according to relations (36) with varying expo-
nent 𝑘. Moreover, the modified force →𝐹 in (32) depends on
the time 𝑡 which could be related to a notion of cosmological
expansion, a relation which could be also studied in future
works.

Finally, a last question arises from these projective
aspects: what could be the vanishing points in such spacetime
manifolds modeled locally by four-dimensional projective
spaces? These vanishing points are at infinity in a projective
space of dimension 3, and then, they appear to be points of
congruence of timelike worldlines not necessarily crossing in
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Table 12

Rotational velocity Mass distribution 𝑎 𝑏
V1 𝜌1 (𝑟) = {{{3 if 𝑟 ≤ 10 if 𝑟 ≥ 1 −0.7 0.5
V2 𝜌2(𝑟) = 𝑒−�푟2 (Gaussian) −0.7 0.5
V3 𝜌3(𝑟) = 11 + 2𝑟2 (Lorentzian) −0.7 0.5
V4 𝜌4(𝑟) = 𝑒−�푟 (Exponential) −0.7 0.5
V5 𝜌5(𝑟) = 𝑟𝑒−�푟 −0.7 0.5
V6 𝜌6(𝑟) = 10000𝜌1(10𝑟) + 𝜌5(𝑟) −0.7 5
the four-dimensional spacetime. Hence, could this produce a
sort of Big-Bang effect?
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Endnotes

1. Roughly speaking, let 𝑥 and 𝑦 be two events in space-
time. Then, (1) 𝑥 ≺ 𝑦 means that 𝑦 is in the future null
cone of 𝑥 or in its interior, (2) 𝑥 ≪ 𝑦 means that 𝑦 is in
the interior of the future null cone of 𝑥, and (3) 𝑥 → 𝑦
means that 𝑥 and 𝑦 are joined by a null geodesic starting
from 𝑥 to 𝑦. The relation of order → is reflexive and it is
also called the horismotic relation (see, e.g., [15, p. R9]).

2. In [16]: (i) Condition (V): 𝑥 ≪ 𝑦 ⇒ 𝑥 ≺ 𝑦. (ii)
Condition (VII): 𝑥 → 𝑦 ⇔ 𝑥 ≺ 𝑦 and 𝑥��≪𝑦.

3. Lemma 1-1 [16]: Let 𝑥, 𝑦, and 𝑧 be points in a causal
space. If 𝑥 ≺ 𝑦 ≺ 𝑧 and 𝑥 → 𝑧 then 𝑥 → 𝑦 → 𝑧.

4. The ancillary emitter S can also be considered as the
“soldering” emitter.

5. We can notice that projective Cartan connections differ
from Ehresmann connections which are projector fields
(in principal bundles) but projective Cartan connec-
tions are not; the word “projective” does not refer to
a projection in a vector space but to the projective
geometry/frames. Also, these two connections differ
from the notion of Cartan connection in the sense of
Ehresmannwhich is associated with the definition of the
soldering map.

References

[1] J. L. Rubin, “Relativistic pentametric coordinates from rela-
tivistic localizing systems and the projective geometry of the
spacetime manifold,” Electronic Journal of Theoretical Physics,
vol. 12, no. 32, pp. 83–112, 2015.

[2] B. Coll, “Elements for a theory of relativistic coordinate systems:
formal and physical aspects,” in Proceedings of the XXIII Spanish
Relativity Meeting (EREs ’00), J.-F. Pascual-Sánchez, L. Flora, A.
S. Miguel, and F. Vicente, Eds., pp. 53–65, World Scientific Pub-
lishing Company, Incorporated, Valladolid, Spain, September
2000.

[3] T. B. Bahder, “Navigation in curved space–time,” American
Journal of Physics, vol. 69, no. 3, pp. 315–321, 2001.
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[19] É. Cartan,TheTheory of Spinors, Dover Publications, New York,
NY, USA, 1981.



Research Article
Cosmic Microwave Background as a Thermal Gas of SU(2)
Photons: Implications for the High-𝑧 Cosmological Model and
the Value of𝐻0

Steffen Hahn1 and Ralf Hofmann2

1Karlsruhe Institute of Technology (KIT), Karlsruhe, Germany
2Institut für Theoretische Physik, Universität Heidelberg, Philosophenweg 16, 69120 Heidelberg, Germany

Correspondence should be addressed to Steffen Hahn; steffen.t.hahn@gmail.com

Received 9 May 2017; Revised 20 June 2017; Accepted 16 July 2017; Published 16 October 2017

Academic Editor: Edward Sarkisyan-Grinbaum

Copyright © 2017 Steffen Hahn and Ralf Hofmann. This is an open access article distributed under the Creative Commons
Attribution License, which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is
properly cited. The publication of this article was funded by SCOAP3.

Presently, we are facing a 3𝜎 tension in the most basic cosmological parameter, the Hubble constant 𝐻0. This tension arises when
fitting the Lambda-cold-dark-matter model (ΛCDM) to the high-precision temperature-temperature (TT) power spectrum of
the Cosmic Microwave Background (CMB) and to local cosmological observations. We propose a resolution of this problem
by postulating that the thermal photon gas of the CMB obeys an SU(2) rather than U(1) gauge principle, suggesting a high-𝑧
cosmological model which is void of dark-matter. Observationally, we rely on precise low-frequency intensity measurements in the
CMB spectrum and on a recent model independent (low-𝑧) extraction of the relation between the comoving sound horizon 𝑟𝑠 at
the end of the baryon drag epoch and𝐻0 (𝑟𝑠𝐻0 = const). We point out that the commonly employed condition for baryon-velocity
freeze-out is imprecise, judged by a careful inspection of the formal solution to the associated Euler equation. As a consequence, the
above-mentioned 3𝜎 tension actually transforms into a 5𝜎 discrepancy. To make contact with successful low-𝑧 ΛCDM cosmology
we propose an interpolation based on percolated/depercolated vortices of a Planck-scale axion condensate. For a first consistency
test of such an all-𝑧 model we compute the angular scale of the sound horizon at photon decoupling.

1. Introduction

Since the pioneering work by Yang and Mills [1] on the
definition of a local four-dimensional, classical, and minimal
field theory, which is based on the nonabelian gauge group
SU(2), much progress has been made in elucidating the role
of topologically stabilized and (anti)-self-dual field config-
urations in building the nonperturbative ground state and
influencing the properties of its excitations [2–8]. In partic-
ular, the deconfining phase is subject to a highly accurate
thermal ground state estimate [9, 10], being composed of so-
called Harrington-Shepard (anti)calorons [11]. This (cosmo-
logically relevant) ground state invokes both an adjoint Higgs
mechanism [12–15], rendering two out of three directions
of the SU(2) algebra massive (free thermal quasiparticles),
and a U(1)𝐴 chiral anomaly [2, 3, 5, 6], giving mass to
the Goldstone mode induced by the associated dynamical

breaking of this global symmetry. Radiative corrections to
thermodynamical quantities, evaluated on the level of free
thermal (quasi)particles, are minute and well under control
[9, 10]. Note that this is in contrast to the large effects
of radiative corrections attributed to the effective QCD
action at zero temperature in [16, 17] which are exploited
as potential inducers of vacuum energy in the cosmological
context in [18–22]. However, it was argued in [23, 24] that
QCD condensates, which contribute to the trace anomaly
of the energy-momentum tensor (as implied by the effective
action), do not act cosmologically.

Postulating that thermal photon gases obey an SU(2)
rather than aU(1) gauge principle, the SU(2) Yang-Mills scale
can be inferred from low-(radio)frequency spectral intensity
measurements, for example [25], of the Cosmic Microwave
Background (CMB) [26], prompting the name SU(2)CMB.
Below we will use the name SU(2)CMB synonymously for the
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Figure 1:The 𝑇-𝑧 scaling relation𝑇/(𝑇0(𝑧+1)) in SU(2)CMB (solid).
Note the emergence of 𝑇/𝑇0 = 0.63(𝑧 + 1) for 𝑧 ≳ 9 (dotted). The
conventional U(1) theory for thermal photon gases associates with
the dashed line. Data taken from [27] after slight and inessential
correction.

implied cosmologicalmodel. To investigate the consequences
of this postulate towards the equation of state radiative
corrections are entirely negligible [9]. When subjecting local
energy conservation in a Friedmann-Lemaı̂tre-Robertson-
Walker (FLRW) universe to this equation of state the numer-
ical temperature (𝑇)-redshift (𝑧) relation (𝑇(𝑧)) of the CMB
follows; see Figure 1 [27, 28], where a comparison with the
conventional U(1) photon gas is shown. The curvature of𝑇/(𝑇0(𝑧 + 1)) (𝑇0 = 2.725K denoting today’s CMB tempera-
ture) at low 𝑧 is due to the influence of the SU(2) Yang-Mills
mass scale on the equation of state. In [28] an argument is
given why recent observational “extractions” of 𝑇(𝑧), which
claim no deviations from the conventional behavior 𝑇(𝑧) =𝑇0(𝑧 + 1), are circular. One has 𝑇/𝑇0 = 0.63(𝑧 + 1) at high𝑧 and therefore a lower slope compared to the conventional
case. In an approximation, where recombination at 𝑧∗ is
subjected to thermodynamics, the decoupling condition isΓTh(𝑇∗) = 𝐻(𝑧∗) where ΓTh denotes the Thomson photon-
electron scattering rate at the decoupling temperature 𝑇∗ ∼3000K. We have (Ω0,𝑏 + Ω0,DM)/Ω0,𝑏 ∼ 6.5 ≡ 𝑅𝑚,1 whereΩ0,𝑏 and Ω0,DM denote the respective ratios of today’s energy
densities in baryons and cold dark matter to the critical
density. Since 𝑧∗,SU(2)CMB

/𝑧∗,ΛCDM ∼ 1/0.63 this roughly
matches (1/0.63)3 ∼ 4 ≡ 𝑅𝑚,2. If a strong matter domination
can be assumed during recombination then 𝑅𝑚,1 should be
equal to 𝑅𝑚,2 but, due to matter-radiation equality occurring
at 𝑧 ∼ 1080 in SU(2)CMB, this assumption is not quite met,
explaining the mild discrepancy between 𝑅𝑚,1 and 𝑅𝑚,2. Still,
we take this rough argument and the desired minimality of
the cosmological model as motivations to omit cold dark
matter in the high-𝑧 cosmological model which operates
down to recombination and well beyond it.

Concerning the number of massless neutrinos 𝑁], a
conservative input is used: 𝑁] = 3 [29]. This high-𝑧 model,
composed of SU(2)CMB, baryonic matter, and massless

neutrinos (𝑁] = 3), is sufficient to predict the sound horizon𝑟𝑠 at the end of the baryon drag epoch which, in turn, can be
confronted with the 𝑟𝑠-𝐻0 relation, recently extracted from
local cosmological observations [30], to determine the value
of 𝐻0. The value of 𝑟𝑠, as computed in a high-𝑧 model,
rather sensitively depends on the definition of redshift 𝑧drag
for baryon-velocity (V𝑏) freeze-out. Usually, 𝑧drag is identified
with the maximum position of the so-called drag visibility
function 𝐷drag [31, 32]. However, inspecting the solution V𝑏
of the corresponding Euler equation, given as a functional
of 𝐷drag, one concludes that this definition applies only
in the limit of zero peak width. Realistic results for the
ionization fraction 𝜒𝑒, obtained by numerical integration of
the according Boltzmann hierarchy (recfast [33]), imply
that the width of this peak extends over several hundred
units of redshift in both cases ΛCDM and SU(2)CMB. As a
consequence, a more precise definition of 𝑧drag is in order
which associates with the left flank of 𝐷drag. Therefore, we
will in the following refer to this corrected redshift for the
freeze-out of V𝑏 as 𝑧lf ,drag. Our value 𝑟𝑠(𝑧lf ,drag) ∼ 1660, after
intersection with the 𝑟𝑠-𝐻0 relation of [30], determines the
value of 𝐻0 in good agreement with the value obtained in
[34]. Also, wewould like to point out that, as a consequence of
the corrected baryon-velocity freeze-out condition, the value
of 𝐻0 in ΛCDM, obtained by this method, is now at a 5𝜎
discrepancy with the value published in [34].

To be able to compute the CMB power spectra, our
consistent high-𝑧 SU(2)CMB cosmological model of (3) needs
to be connected to the observationally well cross-checkedΛCDM low-𝑧 parametrization of the universe’s composition.
To facilitate such an interpolation, a candidate real scalar
field 𝜑 representing the dark sector is the so-called Planck-
scale axion (PSA) condensate [35–37] which rests on chiral
symmetry breaking within the Planckian epoch and the axial
anomaly invoked by deconfining thermal ground states of
Yang-Mills theories. Notice that the only Yang-Mills theory
exhibiting the deconfining phase from today to well beyond
recombination is SU(2)CMB. A model, where 𝜑 undergoes
coherent and damped oscillations at late times such as to
effectively represent ΛCDM, is falsified by the redshift 𝑧𝑞,
where the universe’s expansion starts to accelerate, being
too high. This prompts the idea that interpolation between
SU(2)CMB at high 𝑧 and ΛCDM at low 𝑧 is achieved by
the U(1) topologically stabilized solitonic configurations
(vortices) of the PSA condensate occurring in percolated
form (due to a Berezinskii-Kosterlitz-Thouless phase tran-
sition following their very creation during a nonthermal
phase transition at very high 𝑧) down to intermediate 𝑧
where a depercolation transition partially liberates them to
effectively represent a pressureless vortex gas. Whether or
not the cores of depercolated PSA vortices properly serve as
dark-matter halos in spiral galaxies to explain the observed
flattening of rotation curves and the lensing signatures of
bullet galaxies is an open question. Likewise, it is not yet
guaranteed that this new cosmological model, which exhibits
radiation domination and baryon freeze-out prior to photon
decoupling, explains the observed angular power spectra of
the CMB.
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Table 1: Cosmological parameter values employed in the computations and their sources, taken from [28].

Parameter Value Source𝐻0 (SU(2)CMB) (73.24 ± 1.74) km s−1Mpc−1 [34]𝐻0 (ΛCDM) (67.31 ± 0.96) km s−1Mpc−1 TT + low 𝑃, [38]𝑇0 2.725K [39]Ω𝛾,0ℎ2 2.46796 × 10−5. Based on 𝑇0 = 2.725KΩ𝑏,0ℎ2 0.02222 ± 0.99923 TT + low 𝑃[38]ΩCDM,0ℎ2 0.1197 ± 0.0022 TT + low 𝑃, [38]𝜂10 6.08232 ± 0.06296 Based on Ω𝛾,0ℎ2, TT + low 𝑃[38]𝑌𝑃 0.252 ± 0.041 TT, [38]𝑁eff 3.15 ± 0.23 Abstract, [38]

This work is organized as follows. In Section 2 we explain
our high-𝑧 cosmological model SU(2)CMB, introduced in
[28], and compare it with the conventional ΛCDM cosmol-
ogy. The modification of decoupling conditions due to finite
widths visibility functions is discussed in Section 3. Based
on this, we perform the computation of 𝑟𝑠 and confront
it with the 𝑟𝑠-𝐻0 relation of [30] to determine the value
of 𝐻0. Subsequently, in Section 5 we investigate whether
coherent and damped oscillations of the PSA field can
realistically represent ΛCDM at low 𝑧, with a negative result.
According to [28] we are thus led to propose an interpolation
between high-𝑧 SU(2)CMB and low-𝑧 ΛCDM in terms of
percolated PSA vortices which, at some intermediate redshift𝑧𝑝, partially undergo a depercolation transition. Such amodel
is demonstrated to be consistent with the extremely well
observed angular scale of the sound horizon at photon
decoupling [38]. Finally, we summarize our results and
provide an outlook on how the new model can be tested
further by confrontation with the power spectra of various
CMB angular correlation functions.

2. Definition of Cosmological Model SU(2)CMB

In a flat FLRW universe, a cosmological model is given in
terms of the 𝑧-dependence of the Hubble parameter

𝐻(𝑧) = 𝐻0√∑
𝑖

Ω𝑖 (𝑧), (1)

where𝐻0 is today’s cosmological expansion rate andΩ𝑖(𝑧) =𝑓𝑖(𝑧)Ω𝑖,0. Here Ω𝑖,0 is the fraction of the energy density𝜌𝑖,0 of fluid 𝑖 to the critical density 𝜌𝑐,0 today. The function𝑓𝑖(𝑧) is determined by energy conservation subject to fluid 𝑖’s
equation of state. Fromnow onwework in supernatural units
(𝑐 = ℏ = 𝑘𝐵 = 1) where Newton’s constant 𝐺 has units of
inverse mass squared. Table 1 lists the parameter values used
subsequently.

2.1. The Conventional ΛCDM Model. In the conventional
high-𝑧 ΛCDMmodel 𝐻(𝑧) is given as

𝐻(𝑧) = 𝐻0 [(Ω𝑏,0 + ΩCDM,0) (𝑧 + 1)3

+ (1 + 78 ( 411)4/3𝑁eff)Ω𝛾,0 (𝑧 + 1)4]1/2 .
(2)

Here nonrelativisticmatter decomposes into baryonic (𝑏) and
cold dark matter (CDM). The radiation component contains
photons with two polarizations, two relativistic vector modes
with three polarizations each, and 𝑁eff flavours of massless
neutrinos with two polarizations each.Ω𝛾,0 is today’s fraction
of photonic energy density to critical energy density (for
details see [38]).

2.2. Modifications of ΛCDM towards SU(2)CMB. In high-𝑧 SU(2)CMB the Hubble parameter is given as

𝐻(𝑧) = 𝐻0 [Ω𝑏,0 (𝑧 + 1)3 + 4

⋅ (0.63)4 (1 + 732 (1623)4/3𝑁])Ω𝛾,0 (𝑧 + 1)4]1/2 .
(3)

In this case, only baryonic matter is present. We reiterate that
both models, (2) and (3), need to be supplemented by a dark
sector to yield successful low-𝑧 ΛCDM cosmology; see (32).
The radiation sector is modified due to a different number of
relativistic degrees of freedom and due to the SU(2)CMB high-𝑧 temperature-redshift relation 𝑇(𝑧); for details see [27, 28].
3. The End of Recombination

The comoving sound horizon 𝑟𝑠 at redshift 𝑧 is defined as

𝑟𝑠 (𝑧) = ∫∞
𝑧

d𝑧 𝑐𝑠 (𝑧)𝐻 (𝑧) , (4)

whereby 𝑐𝑠 denotes the sound velocity in the primordial
baryon-electron-photon plasma, given as

𝑐𝑠 ≡ 1
√3 (1 + 𝑅) . (5)

The function 𝑅(𝑧) is determined by 3/4 of the ratio of energy
densities in baryons and photons. In ΛCDM we have

𝑅 (𝑧) ≡ 111.019 𝜂10𝑧 + 1 , (6)

whereas in SU(2)CMB one obtains

𝑅 (𝑧) ≡ 111.019 𝜂10(0.63)4 (𝑧 + 1) . (7)

The values of 𝜂10 can be read off Table 1.
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3.1. Conventional Freeze-Out. The final stages of recombina-
tion can be characterized in a twofold way. One considers
either (i) photon temperature freeze-out, which is relevant
for the peak structure in the temperature-temperature (TT)
angular power spectrum of the CMB or (ii) baryon-velocity
freeze-out, which is detectable in thematter correlation func-
tion (galaxy counts). Concerning case (i), the conventional
criterion, which fixes the redshift 𝑧∗, reads

𝜏 (𝑧∗) = 𝜎𝑇∫𝑧∗
0

d𝑧 𝜒𝑒 (𝑧) 𝑛𝑏𝑒 (𝑧)(𝑧 + 1)𝐻 (𝑧) = 1, (8)

where 𝜎𝑇 denotes the total cross section forThomson scatter-
ing, 𝜒𝑒 is the ionization fraction (calculated with recfast),
and 𝑛𝑏𝑒 refers to the density of free electrons just before
hydrogen recombination, given as

𝑛𝑏𝑒 (𝑧) = 410.48 ⋅ 10−10𝜂10 (1 − 𝑌𝑃) (𝑧 + 1)3 cm−3. (9)

Here 𝑌𝑃 denotes the helium mass fraction in baryons (see
Table 1). Concerning case (ii), the conventional criterion is
defined as

𝜏drag (𝑧) = 𝜎𝑇∫𝑧
0
d𝑧 𝜒𝑒 (𝑧) 𝑛𝑏𝑒 (𝑧)(𝑧 + 1)𝐻 (𝑧) 𝑅 (𝑧) = 1. (10)

3.2. Corrected Freeze-Out. We now show that conditions (8)
and (10) are imprecise due to the finitewidths of the respective
visibility functions. To see this, we have to analyze the formal
solution of the Boltzmann hierarchy for the temperature
perturbation and of the Euler equation for V𝑏 [31, 32, 40].
Since the argument is similar for both cases we focus on the
latter only. The Euler equation reads

V̇𝑏 = �̇�𝑧 + 1V𝑏 + 𝑘Ψ + ̇𝜏drag (Θ1 − V𝑏) , (11)

where 𝑘 is the comoving wave number (omitted as a subscript
in the following), Θ1 denotes the (relative) dipole of the
temperature anisotropy [41], andΨ represents theNewtonian
gravitational potential. The overdot demands differentiation
with respect to conformal time. Transforming the conformal
time to a redshift dependence, the solution of (11) is

V𝑏 (𝑧)𝑧 + 1 = lim
𝑍↗∞

∫𝑍
𝑧
d𝑧

⋅ 𝑒−𝜏drag(𝑧 ,𝑧)𝐻(𝑧) (𝑧 + 1) ( ̇𝜏drag (𝑧)Θ1 (𝑧) + 𝑘Ψ (𝑧))
∼ lim
𝑍↗∞

∫𝑍
𝑧
d𝑧𝐷drag (𝑧, 𝑧)Θ1 (𝑧) .

(12)

Here 𝜏drag is defined as

𝜏drag (𝑧, 𝑧) ≡ ∫𝑧
𝑧

d𝑧 ̇𝜏drag (𝑧)𝐻 (𝑧) , (13)

and the visibility function 𝐷drag(𝑧, 𝑧) is represented by

𝐷drag (𝑧, 𝑧) ≡ 𝑒−𝜏drag(𝑧 ,𝑧) ̇𝜏drag (𝑧)𝐻 (𝑧) (𝑧 + 1) . (14)

In order to study freeze-out the function Θ1 in (12) is
considered slowly varying. Therefore, the variability of the
integral solely depends on 𝐷drag within its peak region. In
both cases ΛCDM and SU(2)CMB function 𝐷drag exhibits a
broad peak in dependence of 𝑧 whose shape and maxima do
not depend on 𝑧; see Figure 2. Note that (10) describes the
maxima 𝑧max,drag of 𝐷drag(𝑧, 𝑧). However, due to the finite
width the integral in (12) is not saturated at 𝑧 = 𝑧max,drag
but rather ceases to vary for 𝑧 < 𝑧lf ,drag where lf denotes
the maxima of the 𝑧 derivative of 𝐷drag. Therefore, 𝑧lf ,drag
defines the freeze-out point more realistically than 𝑧max,drag.
According to Figure 2’s caption the values of 𝑧drag, 𝑧lf ,drag
deviate substantially. Namely,

𝑧drag = 1813,
𝑧max,drag = 1789,

𝑧lf ,drag = 1659
(SU (2)CMB) ,

𝑧drag = 1059,
𝑧max,drag = 1046,

𝑧lf ,drag = 973
(ΛCDM) .

(15)

An analogous discussion applies to photon temperature
freeze-out with the following results (see [28]):

𝑧∗ = 1694,
𝑧max,∗ = 1694,

𝑧lf ,∗ = 1555
(SU (2)CMB) ,

𝑧∗ = 1090,
𝑧max,∗ = 1072,

𝑧lf ,∗ = 988
(ΛCDM) .

(16)

4. The Value of 𝐻0
Subjecting the freeze-out redshifts of (15) to (4) under
consideration of (2) and (3) yields

𝑟𝑠 (𝑧drag) = (129.22 ± 0.52)Mpc (SU (2)CMB) ,
𝑟𝑠 (𝑧lf ,drag) = (137.19 ± 0.45)Mpc (SU (2)CMB) ,
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Figure 2: Normalised function 𝐷drag(𝑧, 𝑧), defined in (14), if 𝑧 ≤ 𝑧max,drag for SU(2)CMB (a) and ΛCDM (b). Redshift 𝑧lf ,drag is defined as the
position of the maximum of d𝐷drag/d𝑧 (position of left flank of 𝐷drag) whereas 𝑧max,drag denotes the position of the maximum of 𝐷drag. The
value of 𝑧drag, defined in (10), essentially coincides with 𝑧max,drag: 𝑧drag = 1813 ∼ 𝑧max,drag = 1789 for SU(2)CMB and 𝑧drag = 1059 ∼ 𝑧max,drag =1046 for ΛCDM.This should be contrasted with 𝑧lf ,drag = 1659 for SU(2)CMB and 𝑧lf ,drag = 973 for ΛCDM.The hatched area under the curve
determines the freeze-out value of V𝑏/(𝑧 + 1).
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Figure 3: The 𝑟𝑠(𝑧lf ,drag)-𝐻0 relation (curved band) of [30] in
confrontation with the high-𝑧 predictions of 𝑟𝑠(𝑧lf ,drag) and 𝑟𝑠(𝑧drag)
in ΛCDM and SU(2)CMB (horizontal bands) of (17). Vertical bands
indicate the values of 𝐻0 extracted in [38] (low) and in [34] (high).
Note that there is a ∼3𝜎 tension. However, a ∼7𝜎 discrepancy exists
between the 𝐻0 values of (64.3 ± 1.1) km s−1Mpc−1 and (72.9 ±1.2) km s−1Mpc−1 associated with the intersections of 𝑟𝑠(𝑧lf ,drag)
in ΛCDM and in SU(2)CMB, respectively, with the 𝑟𝑠(𝑧lf ,drag)-𝐻0
relation. Taking 𝐻0 = (73.24 ± 1.7) km s−1Mpc−1 from [34] the
discrepancy between this value and (64.3 ± 1.1) km s−1Mpc−1 is
about 5𝜎.

𝑟𝑠 (𝑧drag) = (147.33 ± 0.49)Mpc (ΛCDM) ,
𝑟𝑠 (𝑧lf ,drag) = (154.57 ± 3.33)Mpc (ΛCDM) .

(17)

In Figure 3, these (𝐻0 independent) values of the sound
horizon are confronted with the 𝑟𝑠-𝐻0 relation of [30]. Note

the good agreement between the values of 𝐻0 implied by𝑟𝑠(𝑧lf ,drag) in SU(2)CMB and the extraction performed in [34].
On the other hand, 𝑟𝑠(𝑧drag) reproduces the value of 𝐻0
published in [38] which exhibits a 3𝜎 tension compared
to [34]. However, according to Figure 3, the more realistic
freeze-out value 𝑧lf ,drag in ΛCDM entails

𝐻0 = (64.5 ± 1) km s−1Mpc−1. (18)

Thus, in ΛCDM there actually is a 5𝜎 discrepancy between
the value of𝐻0 quoted in [34] and obtained by confrontation
of 𝑟𝑠 with the 𝑟𝑠-𝐻0 relation of [30].

5. Planck-Scale-Axion Field and Interpolation
of High-𝑧 with Low-𝑧 Cosmology

Here we would like to analyze cosmological models which
link low-𝑧 ΛCDM with high-𝑧 SU(2)CMB. We assume a
dark sector which originates from a real, minimally coupled
scalar field, a pseudo Nambu-Goldstone mode of dynamical
chiral symmetry occurring at the Planck scale [35, 36],
whose potential is due to the chiral U(1)𝐴 anomaly invoked
by (anti)calorons of the deconfining, thermal ground state
of Yang-Mills theories [1–3, 6, 42–44]. This prompts the
name Planck-scale axion (PSA). The only Yang-Mills theory,
which is deconfining well above recombination, is SU(2)CMB
because otherwise there would not be just one species of
photons.

The radiatively protected potential for the axion conden-
sate 𝜑, arising due to the thermal ground state of SU(2)CMB
[43, 44], reads as follows:

𝑉 (𝜑) = (𝜅Λ CMB)4 ⋅ (1 − cos
𝜑𝑚𝑃) , (19)
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where Λ CMB ∼ 10−4 eV, 𝜅 is a dimensionless factor of order
unity, and the reduced Planck mass reads

𝑚𝑃 ≡ 1.22 × 1019√8𝜋 GeV = (8𝜋𝐺)−1/2 . (20)

With a canonical kinetic term for 𝜑 the according equation of
motion is

�̈� + 3𝐻�̇� + d
d𝜑𝑉 (𝜑) = 0, (21)

where an overdot signals the derivative with respect to
cosmological time.

In a first attempt at a ΛCDM - SU(2)CMB interpolation
we assume spatially homogeneous 𝜑-field dynamics subject
to ΛCDM constraints at low 𝑧. It turns out, however, that
such a model predicts a value of 𝑧𝑞, defined as the zero of the
deacceleration parameter

𝑞 (𝑧) ≡ 𝑧 + 1
2�̂�2 (�̂�2) − 1, (22)

of about 𝑧𝑞 ∼ 3 which is much higher than the realistic value∼0.7 obtained in ΛCDM.Therefore, as a second proposal we
abolish the energy density arising from spatially homogeneous
configurations of the field 𝜑. Rather, we conceive the dark-
matter sector in ΛCDM as a piece of energy density due
to depercolated topological solitons (vortices) of the field 𝜑
which percolate instantaneously into a dark-energy like piece
at some redshift 𝑧𝑝 such that 𝑧re ≪ 𝑧𝑝 ≪ 𝑧lf ,drag.The origin of
such a vortex percolate, with hierarchically ordered core sizes,
could be due to Hagedorn transitions of Yang-Mills theories
in the early universe which are accompanied by Berezinskii-
Kosterlitz-Thouless transitions in the axionic sector. Today’s
value of ΩΛ would then be interpreted in terms of not-
yet depercolated vortices. Indeed, in such an interpolation
between ΛCDM and SU(2)CMB a value of 𝑧𝑝 ∼ 155 can
be fitted to the angular size of the sound horizon at photon
decoupling. At 𝑧lf ,drag the extra contribution to dark-energy
amounts to ∼0.65% of the baryonic energy density which is
consistent with SU(2)CMB.

5.1. Spatially Homogeneous, Coherent Oscillations. Here we
discuss a cosmological model where the interpolation
between ΛCDM and SU(2)CMB is attempted by a spatially
homogeneous PSA field undergoing damped and coherent
oscillations at late times. This models a pressureless com-
ponent (cold dark matter) and component with negative
pressure (dark-energy). Notice that these two components
represent fluids that are not separately conserved.

The Hubble equation reads

𝐻2 = 8𝜋𝐺3 (12 �̇�2 + 𝑉 (𝜑) + 𝜌𝑏 + 𝜌𝑟) ≡ 8𝜋𝐺3 𝜌𝑐. (23)

Here 𝜌𝑟 denotes radiation-like energy density including
SU(2)CMB (for 𝑧 ≤ 9 radiation energy density is severely
suppressed in the cosmological model; for 𝑧 > 9 the
thermal ground state and the masses of the vector modes of

SU(2)CMB can be neglected) and three flavours of massless
neutrinos; 𝜌𝑏 is the energy density of baryons, in addition to
the energy density (1/2)�̇�2+𝑉(𝜑) associatedwith the spatially
homogeneous PSA field 𝜑which evolves temporally. Eqs. (21)
and (23) can be cast into fully dimensionless equations by
rescaling with powers of 𝑚𝑃 in the following way:

𝑉 = 𝑚4𝑃�̂�,
𝜌𝑖 = 𝑚4𝑃𝜌𝑖 (𝑖 = 𝑏, 𝑟) ,
𝜑 = 𝑚𝑃𝜑,
𝐻 = 𝑚𝑃�̂�.

(24)

In general, dimensionless quantities (after rescaling with
the appropriate power of 𝑚𝑃) are indicated by the hat-
symbol. After rescaling and in dependence of 𝑧 (21) and (23)
transmute into

𝜑 [(𝑧 + 1) �̂�]2

+ 𝜑 [12 (𝑧 + 1)2 (�̂�2) − 2 (𝑧 + 1) �̂�2] + d̂𝑉
d𝜑 = 0, (25)

�̂�2 = 13
�̂� + 𝜌𝑏,0 (𝑧 + 1)3 + 𝜌𝑟1 − (1/6) (𝑧 + 1)2 𝜑2 , (26)

where a prime demands 𝑧-differentiation. In (26) we approx-
imate 𝜌𝑟 as

𝜌𝑟 = 𝜌𝛾,0
⋅ {{{{{

0 (𝑧 < 9)
4 (0.63)3 (1 + 732 (1623)4/3 3) (𝑧 + 1)4 (𝑧 ≥ 9) .

(27)

With the initial conditions

𝜑 (𝑧 = 𝑧𝑖) = 𝜑𝑖,
𝜑 (𝑧 = 𝑧𝑖) = 0 (28)

for sufficiently large 𝑧𝑖 (no roll; in practice one safely can
choose 𝑧𝑖 ∼ 50) the solution to (25) subject to (26) is unique.
To fix the values of 𝜅 in (19) and 𝜑𝑖 in (28) we demand

𝜌𝑐,0 = 3𝐻208𝜋𝐺 = 3𝑚4𝑃�̂�20 (29)

and thatΩΛ coincideswith typical fit valueΩΛ ∼ 0.7 obtained
in ΛCDM cosmology [38]:

ΩΛ = 𝑚4𝑃𝜌𝑐,0 lim𝑧↘0 (�̂� − 12 ((𝑧 + 1) �̂�𝜑)2) ∼ 0.7. (30)

Figure 4 shows the deacceleration parameter 𝑞(𝑧) for the
model defined by (25), (26), (29), and (30). Obviously, this
model is falsified by a much too high value of the zero 𝑧𝑞 of𝑞(𝑧).
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Figure 4: The deacceleration parameter 𝑞(𝑧) of (22) for the model
defined by (25), (26), (29), and (30). Notice that the value of the zero𝑧𝑞 of 𝑞(𝑧) is 𝑧𝑞 ∼ 3. This is much higher than the realistic value𝑧𝑞 ∼ 0.7 obtained in ΛCDM.

5.2. Percolated and Unpercolated Vortices. Here the basic idea
invokes the fact that a PSA field 𝜑, due to nonthermal phase
transitions of the Hagedorn type (e.g., there should be an
SU(2)𝑒 Yang-Mills theory of scale Λ 𝑒 ≫ Λ SU(2)CMB

going
confining at 𝑇 ∼ Λ 𝑒) is subject to U(1)𝐴 winding and
in this way creation of a density of percolated topological
solitons (vortex percolate) with a hierarchical ordering of
core sizes. Percolation could be understood as a Berezinskii-
Kosterlitz-Thouless phase transition [45, 46]. Effectively, this
percolate represents homogeneous, constant energy density.
As the universe expands the vortex percolate is increasingly
stretched, and at around some critical redshift 𝑧𝑝 ≪ 𝑧lf ,drag it
releases a part of its solitons characterized by some specific
core size. The ensuing vortex gas acts cosmologically like
pressureless matter. Vortices of larger core sizes remain
trapped in the percolate. For this scenario to be a consistent
interpolation of SU(2)CMB andΛCDMwe need to assure that𝑧𝑝 ≫ 𝑧re ∼ 6 [47, 48].

With the definition of (27) the cosmological model to be
considered thus reads

�̂�2 = 13 (𝜌𝑏 + 𝜌DS + 𝜌𝑟) , (31)

where 𝜌DS is the dark sector energy density, defined as

𝜌DS = 𝜌Λ + 𝜌CDM,0 ⋅ {{{
(𝑧 + 1)3 (𝑧 < 𝑧𝑝)
(𝑧𝑝 + 1)3 (𝑧 ≥ 𝑧𝑝) , (32)

where 𝜌Λ and 𝜌CDM,0 are today’s values of the dark-energy and
cold-dark-matter densities associated with (30) and the value
quoted in Table 1, respectively.

In order to fix the value of 𝑧𝑝 we confront the model
of (31) and (32) with the observed angular scale 𝜃∗ of the
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Figure 5: Function 𝜃∗(𝑧𝑝) for ΩΛ = 0.7, ΩDM,0 = 0.26, Ω𝑏,0 = 0.04,Ω𝛾,0 = 4.6 × 10−5, and 𝐻0 = 73.24 km s−1Mpc−1 for the high-𝑧 SU(2)CMB and low-𝑧 ΛCDM interpolating cosmological model
considered. Also indicated is the value 𝜃∗ = 0.597∘ (dashed line),
fitted to the CMB TT power spectrum.

sound horizon at CMB photon decoupling, occurring at 𝑧lf ,∗.
Theoretically, 𝜃∗ is given as

𝜃∗ = 𝑟𝑠 (𝑧lf ,∗)∫𝑧lf ,∗
0

(d𝑧/𝐻 (𝑧)) . (33)

Tomatch 𝜃∗ = 0.597∘, as extracted in [38] from the TT power
spectrum, we require 𝑧𝑝 = 155.4; see Figure 5. This yields a
percentage of vacuum energy at CMB photon decoupling of
about

ΩDM,0Ω𝑏,0 ( 𝑧𝑝 + 1
𝑧lf ,∗ + 1)3 ∼ 0.65%. (34)

The omission of vacuum energy in our SU(2)CMB high-𝑧 cos-
mological model of (3) thus is justified for the interpolating
model defined in (31) and (32).

6. Summary and Outlook

In the present work we have analyzed, based on a modified
temperature-redshift relation for the CMB which, in turn,
derives from the postulate that thermal photon gases are
subject to an SU(2) rather than a U(1) gauge principle, a
high-𝑧 cosmological model which is void of dark-matter and
considers three species of massless neutrinos. Such a model
predicts (after a reconsideration of baryon-velocity freeze-
out) a value of the sound horizon 𝑟𝑠 which, together with
a model independent extraction of the 𝑟𝑠-𝐻0 relation from
cosmologically local observations in [30], yields good agree-
ment with the value of𝐻0 determined by low-𝑧 observations
in [34]. The same 𝑟𝑠-𝐻0 relation predicts a low value of 𝐻0
in standard ΛCDM cosmology which is at a 5𝜎 discrepancy
with the value given in [34].
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Motivated by the above results, an interpolation betweenΛCDM at low 𝑧 and our new high-𝑧 model is called for.
In a first attempt, we have investigated whether coherent
and damped oscillations of a Planck-scale axion condensate
can realistically accomplish this, with a negative result. With
[28] we were thus led to propose an interpolation in terms
of percolated PSA vortices which, at some intermediate𝑧𝑝, partially undergo a depercolation transition. We have
demonstrated this model to be consistent with the angular
scale of the sound horizon at photon decoupling.

The new model needs to be tested against the various
CMB angular spectra. Our hope is that radiative corrections
in SU(2) Yang-Mills thermodynamics, which play out at low𝑧, are capable of explaining the large-angle anomalies of the
CMB [49].
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We review how vertex constraints inherited from the thermal ground state strongly reduce the integration support of loop four-
momenta associated with massive quasiparticles in bubble diagrams constituting corrections to the free thermal quasiparticle
pressure. In spite of the observed increasingly suppressing effect when increasing 2-particle-irreducible (2PI) loop order, a
quantitative analysis enables us to disprove the conjecture voiced in hep-th/0609033 that the loop expansion would terminate at
a finite order. This reveals the necessity to investigate exact expressions of (at least some) higher-loop order diagrams. Explicit
calculation shows that although the behaviour of the 2PI three-loop contribution at low temperatures displays hierarchical
suppression compared to lower loop orders, its high-temperature expression instead dominates all lower orders. However, an
all-loop-order resummation of a class of 2PI bubble diagrams is shown to yield an analytic continuation of the low-temperature
hierarchy to all temperatures in the deconfining phase.

1. Introduction

There is a variety of topologically nontrivial solutions to
classical equations of motion in SU(2) gauge theory on
a flat Euclidean spacetime manifold. That the trivial vac-
uum may not be the relevant one at nonzero temperature
becomes apparent in the problems of the standard per-
turbative approach, in particular in the infrared problem
already pointed out by Linde in 1980 [1]. Divergences in
the soft-magnetic sector, as encountered in small-coupling
expansions at high temperature [2–8], motivated by asymp-
totic freedom [9–11], invalidate the perturbative expansion
starting at some finite order [12] and hint at relevant
substructures that are missed. Indeed, lattice-based studies
relate topological configurations to fundamental properties
of Yang-Mills theory [13–15]. An approach to finding a
thermal ground state estimate that includes gauge field con-
figurations of nontrivial topology reveals that Harrington-
Shepard (anti)calorons [16] of topological charge |𝑘| = 1 are
the constituents of this ground state with spatially densely
packed centers and overlapping peripheries. Their contri-
bution is manifest in the nontriviality of the spatial and

scale-parameter average (spatial coarse-graining) of the two-
point field-strength correlator in association with the mag-
netic field of an (anti)caloron [17]. Lattice gauge theory
qualitatively reproduces certain aspects of this correlation in
infrared sensitive thermodynamical quantities such as the
pressure, provided that the differentialmethod is used which
appeals to the nonperturbative beta function [18, 19]. How-
ever, this function needs to be approximated. On the other
hand, the integral method [20], which does not rely on the
beta function but introduces an integration constant, yields
results that are largely disparate, the reason being the choice
of integration constant (no negative pressure) and finite-
volume artifacts [21].

In this work, we give an overview of recent proceedings
in the treatment of radiative corrections to the pressure
of this thermal ground state beyond two-loop order. These
corrections are obtained by a loop expansion of the three
effective gauge fields (quasiparticles) obtained after coarse-
graining over the ground state constituent configurations,
two of which become massive by an adjoint Higgs mecha-
nism. We find that resummation of infinitely many diagrams
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is necessary to obtain a finite result which after resummation
is well-controlled in the case of the diagrams treated here. A
much more detailed and technical presentation of our results
can be found in [22].

Thiswork is structured as follows. In Section 2, we present
a nonexhaustive way of using constraints in the massive
sector to reduce the number of possible loop-momentum
configurations in bubble diagrams in a purely combinatorical
way. In Section 3, we state the contributions of all bubble
diagrams in themassive sector up to three loops and conclude
why resummation is necessary.This resummation of a partic-
ular family of diagrams is finally demonstrated in Section 4
and followed by a summary and conclusions in Section 5.

2. Sign Constraints in Massive
Bubble Diagrams

In this section, we explain the origin and structure of sign
constraints onmassive quasiparticle loopmomentamediated
by four-vertices. We state the results of an efficient book-
keeping explained in [22] in terms of the ratio of the number
of nonexcluded sign configurations and the number of a
priori possible sign configurations. To close the section, an
explanation of why nonvanishing diagrams exist at any finite
loop order is given.

The full set of Feynman rules for the quasiparticles pop-
ulating the thermal ground state in the deconfining phase is
listed in [17]. Here, we restrict the discussion to 2PI diagrams,
by which we mean bubble diagrams that do not become 1PI
contributions to a polarisation tensor upon cutting any single
line, including only the two massive fields (corresponding
to two su(2) algebra directions that are broken by the
thermal ground state and obtain a mass by an adjoint Higgs
mechanism).This implies that only four-vertices may appear.
The first important fact for what follows is that those massive
fields propagate strictly on-shell𝑝2 = 𝑚2 = 4𝑒2 𝜙2 , (1)

where 𝑝 is any four-momentum, 𝑚 is the mass, 𝑒 is the
effective gauge coupling, and |𝜙| is the gauge invariant mod-
ulus of the inert, adjoint scalar field associated with densely
packed (anti)caloron centers in the thermal ground state [17,
23] which sets the scale of maximal resolution. The second
important fact is that the scattering channels at four-vertices
are restricted not to resolve higher energies than this scale.
By this we mean that each four-vertex hosts a superposition
of channels corresponding to the threeMandelstam variables𝑠, 𝑡, and 𝑢 constrained by |𝑠|, |𝑡|, |𝑢| ≤ |𝜙|2. By virtue of
the on-shellness, each constraint on a Mandelstam variable
implies a restriction of the energy-signs of the respective loop
momenta according to [24](𝑝 + 𝑞)2 ≤ 𝜙2 ⇒

sgn (𝑝0) = − sgn (𝑞0) ,(𝑝 − 𝑞)2 ≤ 𝜙2 ⇒
sgn (𝑝0) = sgn (𝑞0) .

(2)

Table 1: Ratio 𝑅 of allowed versus a priori possible energy-sign and
scattering-channel combinations for 2PI bubble diagrams up to six
loops. 𝑆 denotes a diagram’s symmetry factor.

Loop number Diagram number 𝑅 𝑆−1 𝑅 ⋅ 𝑆
3 1 0.1667 48 0.00347222
4 1 0.0463 48 0.00096451
5 1 0.0139 128 0.00010851
5 2 0.0123 32 0.00038580
6 1 0.0044 320 0.00001366
6 2 0.0036 32 0.00011253
6 3 0.0033 16 0.00020898
6 4 0.0033 120 0.00002572

b

a

d

c

1

48
·

Figure 1: The only 2PI three-loop diagram (symmetry factor 1/48,𝑅 = 1/6).
Hence, for all scattering channel combinations in a diagram,
one can exclude several sign configurations. We define the
ratio 𝑅 of a diagram by the sum (over channel combinations)
of the numbers of nonexcluded sign configurations divided
by the number of a priori possible sign configurations times
the number of channel combinations (22𝑛 ⋅3𝑛, where 𝑛 denotes
the number of vertices). In Figure 1 through Figure 5 we give
all 2PI diagrams up to six-loop order and their respective
values of 𝑅. All results are listed in Table 1.

In agreement with a simple counting argument given in
[25], we observe a monotonic decrease of 𝑅 with increasing
loop order. However, none of the diagrams become com-
pletely excluded. Indeed, one can show that diagrams with
nonexcluded sign configurations (i.e., diagrams with 𝑅 > 0)
exist at any finite loop order [22]. This is most transparent in
the class of diagrams of highest symmetry, namely, Figure 1,
and the diagrams symmetric under the 𝑛-th dihedral group,
Figures 2, 3(a), and 4. In this class, there is a vertex channel
combination such that only the twomomenta connecting the
same two vertices appear as pairs in a constraint, for example,
for the diagram in Figure 4 the configuration(𝑝1 − 𝑝6)2 = (𝑝2 − 𝑝7)2 = (𝑝3 − 𝑝8)2= (𝑝4 − 𝑝9)2 = (𝑝5 − 𝑝10)2 ≤ 𝜙2 , (3)

where the equalities stem from momentum conservation at
each vertex. One independent constraint, however, is not
sufficient to exclude all sign configurations and it follows that
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Figure 2: The only 2PI four-loop diagram (symmetry factor 1/48, 𝑅 = 5/108 = 0.0463).
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Figure 3: The first and second 2PI five-loop diagram (symmetry factors 1/128 (first) and 1/32 (second), 𝑅 = 1/72 = 0.0139 (first) and𝑅 = 1/81 = 0.0123 (second)).
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Figure 4: The first and most symmetric 2PI six-loop diagram (symmetry factor 1/320, 𝑅 = 17/3888 = 0.0044).
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(a) The second and third 2PI six-loop diagrams (symmetry factors 1/32 and
1/16, 𝑅 = 7/1944 = 0.0036 and 𝑅 = 13/3888 = 0.0033)
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(b) The fourth 2PI six-loop diagram
(symmetry factor 1/120, 𝑅 = 1/324 =
0.0031). This is the only nonplanar
diagram up to six-loop order

Figure 5
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𝑅 > 0. In the cases of lower-symmetry diagrams in Figures
3(b) and 5 there are fewer nonexcluded configurations com-
pared to Figures 3(a) and 4, respectively, so indeed symmetry
appears to be associated with the ratio 𝑅.

Despite this drawback, the actual order of magnitude of
the higher-loop order diagrams is not at all obvious from
these sign considerations.Thus it is necessary to consider full
expressions of the loop integrals to make definite statements
about the convergence properties of the loop expansion. In
the next section, we hence discuss the results of explicit
calculations up to three-loop orderwhich display hierarchical
ordering at low temperatures but a dominating three-loop
contribution at high temperatures.

3. The Massive Sector up to Three Loops

3.1. One-Loop Pressure. In general, the expansion of the
deconfining pressure in SU(2) Yang-Mills thermodynamics
reads 𝑃 = 𝑃gs + 𝑃1−loop + Δ𝑃, (4)

where 𝑃gs = −4𝜋Λ3𝑇 denotes the negative contribution
from the ground state estimate,𝑃1−loop represents the pressure
exerted by noninteracting thermal quasiparticles (one-loop),
and Δ𝑃 summarises all radiative corrections as expanded in
ascending loop orders. Here, Λ denotes the Yang-Mills scale.
Unlike in standard perturbation theory, the radiative correc-
tions do not represent an asymptotic (power) series in the
coupling constant. As hinted in Section 2, the usefulness of
loop ordering in this case stems from the increasing number
of constraints on loop integrationswith increasing loop order.
Loosely speaking, the quantity which serves as a (nonlocal)
expansion parameter is the highly constrained volumeof loop
momenta over the unconstrained volume. The expectation
consistent with previous calculations [26, 27] is that fixed-
order contributions to Δ𝑃 decrease strongly enough with
increasing loop order and number of constraints so as to
render the expansion convergent in the standard mathemat-
ical sense. As we discuss below, however, this is not the
case at high temperatures, where resummation techniques
have to be applied in order to extend the convergent low-
temperature behaviour. On the level of free quasiparticles,
the trace anomaly of the energy-momentum tensor, which
rises linearly in 𝑇, is invoked by both 𝑃gs and the massive
contribution of 𝑃1−loop [28].

Restricting ourselves to the massive sector only, the one-
loop pressure reads [17]

𝑃 (𝜆)|1−loop = −Λ4 12𝜆4(2𝜋)6𝑃 (2𝑎) , (5)

where

𝑃 (𝑦) = ∫∞
0

d𝑥 𝑥2 log [1 − 𝑒−√𝑥2+𝑦2] , (6)

𝜆 ≡ 2𝜋𝑇/Λ, and 𝑎 ≡ 𝑚/2𝑇. The one-loop pressure rapidly
saturates into the𝑇4 behaviour of the Stefan-Boltzmann limit.
Notice that, even at high temperatures, where this limit is

p1

p2

1

8
·

Figure 6:The two-loop diagram for the pressure in the massive sec-
tor of deconfining SU(2) Yang-Mills thermodynamics (symmetry
factor 1/8).
approached in a power-like way, the number of independent
polarisations is six rather than four due to the thermal ground
state minutely breaking the original gauge symmetry. This
means that including the massless gauge mode one arrives
at eight rather than six polarisations as generally utilised in
perturbative and phenomenological “bag model” [29] calcu-
lations, the two additional degrees of freedom originating
from the scalar magnetic monopole and its antimonopole
[17]. The thermal ground state contribution 𝑃gs would be
modelled by a temperature-dependent bag pressure.

3.2. Two-Loop Correction. The pressure contribution associ-
ated with the two-loop diagram in Figure 6 reads [26, 27]

Δ𝑃|2−loop = −2𝑒2𝑇4𝜆6 ∫ d𝑟1d𝑟2d cos 𝜃
⋅ 𝑟21𝑟22√𝑟21 + 𝑚2√𝑟22 + 𝑚2 × [14 − 2 𝑘4𝑚4]

⋅ 𝑛𝐵(2𝜋√ 𝑟21 + 𝑚2𝜆3 )
⋅ 𝑛𝐵(2𝜋√ 𝑟22 + 𝑚2𝜆3 ) ,

(7)

where

𝑘2 ≡ 𝑝1𝑝2 = −√𝑟21 + 𝑚2√𝑟22 + 𝑚2 − 𝑟1𝑟2 cos 𝜃 (8)

is defined as the Lorentz-invariant product of the dimension-
less (we normalise physical four-momentum components 𝑃𝜇
by |𝜙| to arrive at dimensionless components 𝑝𝜇. Likewise,
the physical mass is made dimensionless:𝑚 = 2𝑒) loop four-
momenta 𝑝1 and 𝑝2, 𝑟1 = |p1| and 𝑟2 = |p2| denote the
moduli of their spatial parts, 𝑛𝐵(𝑥) = (exp(𝑥) − 1)−1 refers to
the Bose-Einstein distribution function, and the integration
is subject to the constraint2𝑚2 − 2√𝑟21 + 𝑚2√𝑟22 + 𝑚2 − 2𝑟1𝑟2 cos 𝜃 ≤ 1. (9)

In Figure 7(a), the temperature dependence of the numerical
integrations in (7) and (5) is shown in terms of their ratio.
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Figure 7: The two-loop pressure contribution (a) and moduli of the three-loop pressure corrections (b), 1/3Δ𝑃|3−loop,𝑠𝑠 (solid) and2/3Δ𝑃|3−loop,𝑠𝑡 (dashed), divided by themassive sector one-loop pressure𝑃|1−loop. In (b), the continuous curves represent the analytical high-𝑇
expressions from [22], while the dots and triangles are the respective 𝑠𝑠 and 𝑠𝑡Monte Carlo (MC) results.

3.3.Three-LoopCorrection. Thepressure contribution associ-
ated with the diagram in Figure 1 has been calculated in [22].
After relabelling (𝑎, 𝑏, 𝑐, 𝑑 → 𝑝1, 𝑝3, 𝑝2, 𝑝4) and in terms of
dimensionless momenta, it reads

Δ𝑃|3−loop = 𝑖 Λ448𝜆2 𝑒4 1(2𝜋)6 ∑signs∫ d𝜃1d𝜑1d𝑟1d𝑟2d𝜃3
⋅ ∑
{𝑟3}

𝑟21𝑟22𝑟23 sin 𝜃1 sin 𝜃3 × 𝑃 (𝑝𝑖)
⋅ 𝑛𝐵 (𝑟1) 𝑛𝐵 (𝑟2) 𝑛𝐵 (𝑟3) 𝑛𝐵 (𝑟4)8 𝑝01𝑝02𝑝03𝑝04 .

(10)

The first sum in (10) runs over allowed sign combinations for𝑝0𝑖 , 𝑖 = 1, . . . , 4. All four-momenta 𝑝𝑖 ≡ (𝑝0𝑖 , p𝑖) are on-shell,|𝑝0𝑖 | ≡ √p2𝑖 + 𝑚2, and are parametrised as

𝑝4 ≡ 𝑝2 + 𝑝3 − 𝑝1,
p2 ≡ (00𝑟2),

p3 ≡ 𝑟3( 0
sin 𝜃3
cos 𝜃3),

p1 ≡ 𝑟1(sin 𝜃1 cos𝜑1
sin 𝜃1 sin𝜑1

cos 𝜃1 ).

(11)

In the equivalent cases 𝑠𝑠, 𝑡𝑡, 𝑢𝑢 (diagonal), the integration is
constrained by

(𝑝1 + 𝑝4)2 = (𝑝2 + 𝑝3)2 ≤ 1. (12)

Summing over these cases, the resulting contribution toΔ𝑃|3−loop is denoted by 1/3Δ𝑃|3−loop,𝑠𝑠. On the other hand,
for the equivalent cases 𝑠𝑡, 𝑠𝑢, 𝑡𝑢, 𝑡𝑠, 𝑢𝑠, 𝑢𝑡 (off-diagonal) the
constraints on the integration read

(𝑝1 + 𝑝4)2 = (𝑝2 + 𝑝3)2 ≤ 1,(𝑝1 − 𝑝2)2 = (𝑝3 − 𝑝4)2 ≤ 1. (13)

The sum of these cases amounts to 2/3Δ𝑃|3−loop,𝑠𝑡, such that

Δ𝑃|3−loop = 13 Δ𝑃|3−loop,𝑠𝑠 + 23 Δ𝑃|3−loop,𝑠𝑡 . (14)

The second sum in (10) runs over all solutions in 𝑟3 of
sgn (𝑝02)√𝑟22 + 𝑚2 + sgn (𝑝03)√𝑟23 + 𝑚2 − √𝑟21 + 𝑚2

= − [𝑟21 + 𝑟22 + 𝑟23 − 2𝑟1𝑟2 cos 𝜃1− 2𝑟1𝑟3 (sin𝜑1 sin 𝜃1 sin 𝜃3 + cos 𝜃1 cos 𝜃3)
+ 2𝑟2𝑟3 cos 𝜃3 + 𝑚2]1/2 .

(15)
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The polynomial 𝑃({𝑝𝑖}) reads
𝑃 ({𝑝𝑖}) = 144 − 12 1𝑚4 {(𝑝1𝑝2)2 + (𝑝1𝑝3)2 + (𝑝1𝑝4)2

+ (𝑝2𝑝3)2 + (𝑝2𝑝4)2 + (𝑝3𝑝4)2} + 36
⋅ 1𝑚6 {(𝑝1𝑝2) (𝑝1𝑝3) (𝑝2𝑝3)+ (𝑝1𝑝2) (𝑝1𝑝4) (𝑝2𝑝4) + (𝑝1𝑝3) (𝑝1𝑝4) (𝑝3𝑝4)+ (𝑝2𝑝3) (𝑝2𝑝4) (𝑝3𝑝4)} + 12
⋅ 1𝑚8 {(𝑝1𝑝2)2 (𝑝3𝑝4)2 + (𝑝1𝑝3)2 (𝑝2𝑝4)2
+ (𝑝1𝑝4)2 (𝑝2𝑝3)2 − (𝑝1𝑝2) (𝑝1𝑝3) (𝑝2𝑝4) (𝑝3𝑝4)− (𝑝1𝑝2) (𝑝1𝑝4) (𝑝2𝑝3) (𝑝3𝑝4)
− (𝑝1𝑝3) (𝑝1𝑝4) (𝑝2𝑝3) (𝑝2𝑝4)} ,

(16)

and the Bose-Einstein distribution shorthand notation is

𝑛𝐵 (𝑟) ≡ 𝑛𝐵 (2𝜋√𝑟2 + 𝑚2𝜆3/2 ) . (17)

This complicated expression can be evaluated by Monte
Carlo methods for low temperatures (close to the critical
temperature 𝜆𝑐 = 13.87) due to the Bose suppression of large
spatial momenta 𝑟1 and 𝑟2. However, the high-temperature
limit is inaccessible in this way, since the maxima of the
product of the Bose functions 𝑛𝐵(𝑟𝑖) and polynomials in 𝑟𝑖
get shifted to large 𝑟𝑖 like 𝜆3/2. Analysing the properties of the
constraints, it is possible to obtain analytic high-temperature
expressions for both diagonal and off-diagonal contribution
whose leading powers in 𝜆 read [22]13 Δ𝑃|3−loop,𝑠𝑠 ≈ 𝑖Λ4 13375 1(2𝜋)15 1𝑚4 (1 + 14𝑚2 )

⋅ (𝜋4 − 90𝜁 (5))2 𝜆13 ≡ 𝑖𝑐13Λ4𝜆13, (18)

where 𝜁(𝑥) denotes Riemann’s zeta function and the numeri-
cal value of the coefficient is 𝑐13 = 5.2968 ⋅ 10−20 and23 Δ𝑃|3−loop,𝑠𝑡 ≈ 𝑖Λ4𝑒4 𝐶(2𝜋)4 112𝑚4 𝜆4

≈ 𝑖Λ4𝜆4 ⋅ 2.2011 ⋅ 10−12, (19)

where

𝐶 ≡ 12304 1(2𝜋)5
⋅ √ 4𝑚2 + 1𝑚4 (132 + 7264 1𝑚4 + 31024 1𝑚8 ) .

(20)

The numerical values are obtained using the high-
temperature plateau value of the mass and coupling𝑚 = 2𝑒 = 2√8𝜋.
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Figure 8:Monte Carlo results ofΔ𝑃|3−loop/𝑃|1−loop close to 𝜆𝑐 (dots).
The solid line is a smooth interpolation of the latter while the dashed
line represents |Δ𝑃|2−loop|/𝑃|1−loop.

In Figure 7, we compare the results of the two-loop
and three-loop expressions Δ𝑃|2−loop and Δ𝑃|3−loop =1/3Δ𝑃|3−loop,𝑠𝑠 + 2/3Δ𝑃|3−loop,𝑠𝑡 divided by the one-loop
expression 𝑃|1−loop. We emphasise the excellent matching of
the Monte Carlo results at low temperatures with the high-
temperature approximations, displaying a consistent transi-
tion into the power laws (18) and (19). Firstly we note that in
the 3-loop case the off-diagonal contribution 2/3Δ𝑃|3−loop,𝑠𝑡 is
subleading to the diagonal contribution 1/3Δ𝑃|3−loop,𝑠𝑠. This
allows us to neglect the former in the following discussions,
while we stress that the power of an additional independent
vertex constraint is impressively demonstrated by a reduction
of the power law from 𝜆13 to 𝜆4.

Comparing |Δ𝑃|2−loop| and |Δ𝑃|3−loop| with 𝑃|1−loop,
apparently the high-temperature behaviour of |Δ𝑃|3−loop| is
dramatically exceeding the lower orders. However, as shown
in Figure 8, at low temperatures a hierarchical ordering|Δ𝑃|3−loop| ≪ |Δ𝑃|2−loop| is in fact observed. This leads us
to the following conclusion: A fixed-order loop expansion
is inappropriate at high temperatures. Instead, one needs to
consider a resummation of diagrams with large contributions
like the three-loop diagram which should then analytically
continue the controlled low-temperature situation. This is
demonstrated in the next section and amounts to the resum-
mation of the family of dihedrally symmetric diagrams intro-
duced in Section 2.Wewill comment on the imaginary nature
of some contributions after this resummation procedure.

4. Resummation of the
Highest-Symmetry Diagrams

In order to make sense of the high-temperature behaviour of
the three-loop diagram, we consider a truncated version of
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the Dyson-Schwinger (DS) equation of the four-vertex which
reads

= + , (21)

where undotted vertices are tree-level vertices, dotted vertices
are (fully) resummed vertices, and loop lines correspond to

(fully) resummed propagators. For a nonvanishing result of
the tree-level vertex (in the absence of massless fields), it is
required that two external lines carry an algebra index of the
first broken direction and the other two lines carry an index
of the second broken direction. We assume in the following
that this tensorial structure also holds for the resummed
vertex. This amounts to a scalar form factor 𝑓(𝜆, 𝑖), 𝑖 = 𝑠, 𝑡, 𝑢,
multiplying the tree-level expression. Resummation of the
propagators amounts to only mild deviations from the tree-
level expressions [25].This justifies using the latter for further
argumentation. Then (21) has the interpretation of iteratively
summing the following infinite number of diagrams

c

1

= +

c

2

= + o

1

= + +

c

3

= + + +

· · ·

(22)

When closing legs into two (extra) loops, this becomes the
resummation of the class of dihedrally symmetric bubble
diagrams:

= + + + + + · · · (23)

In the high-temperature limit the Mandelstam variables are
constrained like

|𝑠| , |𝑡| , |𝑢| ≤ 𝜙2 = Λ32𝜋𝑇 ∝ 1𝑇 → 0. (24)

Hence, for 𝜆 ≫ 𝜆𝑐 it is then sufficient to consider 𝑓(𝜆, 0) ≡𝑓(𝜆) which is independent of the loop integrations and can
be factored out in the DS equation; namely,

= + ⇒

f() ΔP|2−loop = ΔP|2−loop + f() ΔP|3−loop .

(25)

Solving for 𝑓(𝜆) yields
𝑓 (𝜆) = Δ𝑃|2−loopΔ𝑃|2−loop − Δ𝑃|3−loop ≈ −0.94 ⋅ 1015𝑖𝜆−11.6, (26)

where in the final step we worked to leading order in 𝜆 and
used for Δ𝑃|2−loop a fit to numerical data between 𝜆 = 200 =14.42𝜆𝑐 and 𝜆 = 1000 = 72.10𝜆𝑐 which yields Δ𝑃|2−loop =−5 ⋅ 10−5Λ4𝜆1.4 and for Δ𝑃|3−loop we used the power law of
(18).The fact thatΔ𝑃|2−loop is real whileΔ𝑃|3−loop is imaginary
ensures that 𝑓(𝜆) is free of singularities. Using this result
to calculate the two-loop and three-loop contributions with
resummed vertices now yields the well-bounded results

𝑓2 (𝜆) Δ𝑃|3−loop = −4.7 ⋅ 1010𝑖Λ4𝜆−10.2,
𝑓 (𝜆) Δ𝑃|2−loop = 4.7 ⋅ 1010𝑖Λ4𝜆−10.2 (27)



8 Advances in High Energy Physics

to leading order in 𝜆, implying that these leading orders
exactly cancel. Subleading order contributions are thus safely
bounded and contain imaginary contributions. We interpret
the small imaginary contributions as nonthermal modifi-
cations of the thermodynamically self-consistent one-loop
pressure.Their originmay be inhomogeneities in the thermal
ground state and thus the packing voids between densely
packed (anti)caloron centers. A rather reassuring observation
is that if one postulates that the fractional form of 𝑓(𝜆) in
(26) persists down to low temperatures, this would imply
that 𝑓(𝜆) ≈ 1 close to 𝜆𝑐 which would be consistent with
the hierarchy displayed already at the nonresummed level as
illustrated in Figure 8.

5. Summary and Conclusions

We aimed in this work to provide an insight into how
radiative corrections beyond two-loop order to the thermal
ground state of SU(2) Yang-Mills theory can be organised.
The vertex constraints arising from the thermal ground state
have been demonstrated to be insufficient to reduce the loop
expansion to a finite number of diagrams. Moreover, explicit
calculation of the 2PI three-loop diagram in the massive
sector showed that these constraints are also not strong
enough to extend the hierarchy in loop orders observed at
low temperatures up to high temperatures. Resummation
of corresponding classes of diagrams, however, has been
demonstrated to be a promising resolution to this problem,
yielding well-bounded corrections at all temperatures. The
arising small nonthermal (imaginary) corrections to the
pressure have been interpreted as a result of inhomogeneities
in the thermal ground state constituted of densely packed
centers of Harrington-Shepard (anti)calorons. At this stage it
is not yet clear if further 2PI bubble diagrams in the massive
sector are sufficiently constrained prior to resummation,
due to lower symmetry and hence likely lower number of
possibly equivalent constraints (Section 2), or if more resum-
mation procedures are necessary and possible to control the
expansion. For an exhaustive understanding of the radiative
corrections, the massless and mixed sectors will also have to
be treated in a similar manner.

The subject of how to organise the computation of radia-
tive corrections in deconfining Yang-Mills thermodynamics
thus is a broad one. Being of immediate urgency, it would
be important to analyse diagrams symmetric under the 𝑛th
dihedral group (Section 2) that are generated by one massless
and one massive propagator per bubble.
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[14] R. Höllwieser, M. Faber, J. Greensite, U. M. Heller, and Š.
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I will summarize the present state of a long-term effort to obtain information on the large-order asymptotic behaviour of the QED
perturbation series through the effective action. Startingwith the constant-field case, I will discuss the Euler-Heisenberg Lagrangian
in various dimensions and up to the three-loop level.This Lagrangian holds the information on theN-photon amplitudes in the low-
energy limit, and combining it with Spinor helicity methods explicit all-N results can be obtained at the one-loop and, for the “all
+” amplitudes, also at the two-loop level. For the imaginary part of the Euler-Heisenberg Lagrangian, an all-loop formula has been
conjectured independently byAffleck, Alvarez, andManton for Scalar QED and by Lebedev andRitus for SpinorQED.This formula
can be related through a Borel dispersion relation to the leading large-N behaviour of the N-photon amplitudes. It is analytic in the
fine structure constant, which is puzzling and suggests a diagrammatic investigation of the large-N limit in perturbation theory.
Preliminary results of such a study for the 1 + 1 dimensional case throw doubt on the validity of the conjecture.

1. Motivation

In 1952 Dyson [1] shocked the high energy physics commu-
nity by declaring that, quite generally, the QED perturbation
series cannot converge. Writing the series as𝐹 (𝑒2) = 𝑐0 + 𝑐2𝑒2 + 𝑐4𝑒4 + ⋅ ⋅ ⋅ , (1)

Dyson argues, “suppose, if possible, that the series converges
for some positive value of 𝑒2; this implies that 𝐹(𝑒2) is
an analytic function of 𝑒 at 𝑒 = 0. Then for sufficiently
small values of 𝑒, 𝐹(−𝑒2) will also be a well-behaved analytic
function with a convergent power-series expansion.”

He then argues that, on physical grounds, this cannot be
the case, since for 𝑒2 < 0 the QED vacuum will be unstable
due to a runaway production of 𝑒+𝑒− pairswhich coalesce into
like-charge groups.

Shortly later Hurst [2] already provided a mathematical
proof of this fact for scalar 𝜆𝜙3 theory.The proof is essentially
based on the following three elements.

(1) The use of the inequality

𝐹∏
𝑖=1

( 1𝑝2𝑖 + 𝜅2) ≥ 𝐹𝐹(∑𝐹
𝑖=1 𝑝2𝑖 + 𝐹𝜅2)𝐹 (2)

to establish lower bounds for arbitrary Feynman
diagrams (in the Euclidean).

(2) Proof that the number of distinct Feynman diagrams
at 𝑛th loop order grows like (𝑛/2)!𝑛!.

(3) Absence of sign cancellations between graphs.

In 1994, ‘t Hooft [3] found another very general, but very
different, argument against convergence of the perturbation
series based on renormalon chains. Thus today it is believed
that the perturbation series in nontrivial quantum field
theories generically is asymptotical rather than convergent,
so that summation methods must be used. Of those by
far the most important one is Borel summation, since it is
ideally suited to the typical factorial growth of perturbation
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theory coefficients. Let me remind you that, for a factorially
divergent series

𝐹 (𝑔) ∼ ∞∑
𝑛=0

𝑐𝑛𝑔𝑛+1, (3)

one defines the Borel transform as𝐵 (𝑡) ≡ ∞∑
𝑛=0

𝑐𝑛 𝑡𝑛𝑛! . (4)

If 𝐵(𝑡) has no singularities on the positive real axis and does
not increase too rapidly at infinity, one can also define the
Borel integral �̃� (𝑔) ≡ ∫∞

0
𝑑𝑡 𝑒−𝑡/𝑔𝐵 (𝑡) . (5)�̃� is the Borel sum of the original series 𝐹. 𝐹 is asymptotic

to �̃� by construction, although the true physical quantity
represented by the series 𝐹 might still differ from �̃� by
nonperturbative terms.The Borel transform remains a useful
concept evenwhen it leads to singularities, since those usually
contain information on the large-order structure of the
theory. In many cases they can be traced either to instantons,
renormalons, or Euclidean bounces.

Until recently, there was a dearth of nontrivial examples
for field theory models where sufficient information would
be available to decide the question of Borel summability in
a definite manner. Fortunately, this has changed through the
advent of supersymmetry; in recent years Borel summability
(or Borel nonsummability) has been rigorously demonstrated
in a number of supersymmetric models [4].

Even when Borel summability does not apply, Borel
analysis can still be very useful through the use of Borel
dispersion relations. This goes as follows. Assume that a
function 𝐹(𝑔) has an asymptotic series expansion

𝐹 (𝑔) ∼ ∞∑
𝑛=0

𝑐𝑛𝑔𝑛, (6)

where the expansion coefficients 𝑐𝑛 have the leading-order
large 𝑛 behaviour 𝑐𝑛 ∼ 𝜌𝑛Γ (𝜇𝑛 + ]) (7)

with some real constants 𝜌 > 0, 𝜇 > 0, and ]. It is easy to
see that such a series is not Borel-summable, since the Borel
integral (5) can never converge (e.g., in the textbook case𝜇 = ] = 1 it has a pole at 𝑡 = 1/𝜌). Nevertheless, applying
a dispersion relation to this integral one can show that the
leading contribution to its imaginary part for small 𝑔 is given
by

Im𝐹 (𝑔) ∼ 𝜋𝜇 ( 1𝜌𝑔)]/𝜇

exp[−( 1𝜌𝑔)1/𝜇] . (8)

Coming back to the case of QED, given the arguments by
Dyson and ‘t Hooft it is certainly safe to exclude a nonzero

convergence radius of the full QED perturbation series.
However, despite the immense work that has gone into low-
order perturbative QED computations, presently still little is
known about the precise large-order behaviour of the coeffi-
cients. Contrary to the case of scalar field theories mentioned
above, straightforward estimates based on lower bounds for
individual diagrams cannot be used in gauge theory, since
here Feynman diagrams come with different signs, and gauge
invariance is known to lead to cancellations between them.
And these cancellations are particularly extensive in the
abelian case, where there are no obstructing color factors.
Thus QED in this respect is more difficult than QCD, which
is made worse by the absence of (space-time) instantons
in QED, which in the nonabelian case can provide some
large-order information. In 1977 Cvitanovic [5] suggested,
based on an analysis of the calculation of the three-loop
anomalous magnetic momentum 𝑔 − 2 which he had done
with Cvitanovic and Kinoshita [6], that these cancellations
should be taken into account by counting the number of
classes of gauge-invariant diagrams, rather than the number
of individual diagrams. He also conjectured that, for the case
of 𝑔 − 2, they reduce the coefficients of the perturbation
series sufficiently to make it convergent in the quenched
approximation. This conjecture, though nowadays forgotten,
is actually still standing, since neither Dyson’s nor ‘t Hooft’s
arguments work in the absence of fermionic bubbles.

Here I will summarize the state of a long-term effort
[7–15] to get information on the large-order behaviour of
the QED perturbation series using the Euler-Heisenberg
Lagrangian and its higher-loop radiative corrections.

2. The 1-Loop Euler-Heisenberg Lagrangian

The Euler-Heisenberg Lagrangian (“EHL”) is the one-loop
QED effective Lagrangian for a constant external field.
Heisenberg andEuler [16] obtained for it in 1936 the following
well-known proper-time representation:

L
(1)
spin (𝐹) = − 18𝜋2 ∫∞0 𝑑𝑇𝑇3 e−𝑚2𝑇⋅ [ (𝑒𝑎𝑇) (𝑒𝑏𝑇)

tanh (𝑒𝑎𝑇) tan (𝑒𝑏𝑇) − 𝑒23 (𝑎2 − 𝑏2) 𝑇2 − 1] . (9)

Here 𝑎, 𝑏 are the two invariants of the Maxwell field, related
to E, B by 𝑎2 − 𝑏2 = 𝐵2 − 𝐸2, 𝑎𝑏 = E ⋅ B. (10)

The analogous result for Scalar QED was obtained by
Weisskopf [17] but will be called “Scalar Euler-Heisenberg
Lagrangian” in the following:

L
(1)
scal (𝐹) = 116𝜋2 ∫∞0 𝑑𝑇𝑇3 e−𝑚2𝑇 [ (𝑒𝑎𝑇) (𝑒𝑏𝑇)

sinh (𝑒𝑎𝑇) sin (𝑒𝑏𝑇)+ 𝑒26 (𝑎2 − 𝑏2) 𝑇2 − 1] . (11)

The Euler-Heisenberg Lagrangian (“EHL”) holds informa-
tion on the one-loop 𝑁-photon amplitudes, but only in the
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Figure 1: Sum of diagrams equivalent to the one-loop EHL.

low-energy limit (since a constant field can emit only zero-
energy photons).

Thus diagrammatically L(1)(𝐹) is equivalent to the sum
of the Feynman graphs shown in Figure 1, where all photon
energies are small compared to the electron mass, 𝜔𝑖 ≪ 𝑚.

In [10] it was shown how to carry out explicitly the
construction of these limiting low-energy amplitudes starting
from the weak-field expansion of the EHL:

L (𝐹) = ∑
𝑘,𝑙

𝑐𝑘𝑙𝑎2𝑘𝑏2𝑙. (12)

It turned out that if one fixes the number of photons, their
momenta 𝑘1, . . . , 𝑘𝑁, and a helicity assignment for each pho-
ton, then in this limit the full dependence on the momenta
and polarization vectors is carried by a unique invariant.Thus
the magnitude of the amplitude can be specified by a single
number, which will be essential for our whole approach.

Except for the purely magnetic case, the EHL has also
an imaginary part related to vacuum pair creation by the
electric field component (to be called “Sauter-Schwinger pair
creation” in the following) [18, 19]. In the purely electric case
one finds, from the poles in the 𝑇-integration, the following
decomposition due to Schwinger [19]:

ImL
(1) (𝐸) = 𝑚48𝜋3𝛽2 ∞∑

𝑘=1

1𝑘2 exp [−𝜋𝑘𝛽 ] ,
ImL

(1)
scal (𝐸) = − 𝑚416𝜋3𝛽2 ∞∑

𝑘=1

(−1)𝑘𝑘2 exp [−𝜋𝑘𝛽 ] . (13)

(𝛽 = 𝑒𝐸/𝑚2). In the following we will focus on the weak-
field limit 𝛽 ≪ 1 where only the first of these “Schwinger-
exponentials” is relevant.

The nonperturbative dependence of the Schwinger-
exponentials on the field supports the interpretation of
field-induced pair creation as a vacuum tunneling effect, as
proposed by Sauter as early as 1931 [18].

As usual in quantum field theory, the real and imaginary
parts of the EHL are related by a dispersion relation. For
the𝑁-photon amplitudes at full momentum, this would be a
standard dispersion relation performeddiagram-by-diagram,
relating the diagrams of Figure 1 to the “cut diagrams” shown
in Figure 2, involving on-shell electrons.

However, in the zero-energy limit the cut diagrams all
vanish, since a finite number of zero-energy photons cannot
create a pair on-shell. Thus what counts here is only the
asymptotic behaviour for a large number of photons, and
instead of an ordinary dispersion relation we have to use a
Borel dispersion relation. This works in the following way [7].

++ · · ·

Figure 2: Cut diagrams giving the imaginary part of the𝑁-photon
amplitudes.

Consider the purely magnetic EHL. Expanding it out in
powers of the field yields

L
(1) (𝐵)
= − 18𝜋2 ∫∞0 𝑑𝑇𝑇3 e−𝑚2𝑇 [ 𝑒𝐵𝑇

tanh (𝑒𝐵𝑇) − 13 (𝑒𝐵𝑇)2 − 1]
= 2𝑚4𝜋2 ∞∑

𝑛=2

𝑐(1)𝑛 𝑔𝑛
(14)

with an effective expansion parameter 𝑔 = (𝑒𝐵/𝑚2)2, and
coefficients 𝑐(1)𝑛 that can be written in terms of the Bernoulli
numbers 𝐵𝑛:

𝑐(1)𝑛 = − 22𝑛−4𝐵2𝑛(2𝑛) (2𝑛 − 1) (2𝑛 − 2) . (15)

Here 𝑐(1)𝑛 holds information on the 𝑁 = 2𝑛 photon ampli-
tudes. The asymptotic behaviour of the coefficients can be
easily studied using well-known properties of the Bernoulli
numbers. One finds𝑐(1)𝑛

𝑛→∞∼ (−1)𝑛 18 Γ (2𝑛 − 2)𝜋2𝑛 (1 + 122𝑛 + 132𝑛 + ⋅ ⋅ ⋅) . (16)

Thanks to the factor (−1)𝑛, the individual terms on the right
hand side of (16) all give convergent Borel integrals. This
is one (rather roundabout) way of seeing that the purely
magnetic EHL has no imaginary part and does not give rise
to pair creation.

The analogous expansion for the purely electric field case
is almost the same:

L
(1) (𝐸)= − 18𝜋2 ∫∞0 𝑑𝑇𝑇3 e−𝑚2𝑇 [ 𝑒𝐸𝑇

tan (𝑒𝐸𝑇) + 13 (𝑒𝐸𝑇)2 − 1]= 2𝑚4𝜋2 ∞∑
𝑛=2

(−1)𝑛 𝑐(1)𝑛 𝑔𝑛, (17)

where now 𝑔 = (𝑒𝐸/𝑚2)2, but with the same 𝑐(1)𝑛 . However,
the additional factor (−1)𝑛 makes the series nonalternating,
which is crucial, because now the termwise use of expansion
(16) leads to divergent Borel integrals. These divergent
integrals do, however, all possess well-defined imaginary
parts, by a (now ordinary) dispersion relation. One finds
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a perfect match between expansion (16) and Schwinger’s
expansion (13):

𝑐(1)𝑛 ∼ (−1)𝑛 18 Γ (2𝑛 − 2)𝜋2𝑛 → ImL(1) (𝐸) ∼ 𝑚48𝜋3 ( 𝑒𝐸𝑚2
)2 exp(−𝜋𝑚2𝑒𝐸 ) ,𝑐(1)𝑛 ∼ (−1)𝑛 18 Γ (2𝑛 − 2)𝜋2𝑛 122𝑛 → ImL(1) (𝐸) ∼ 𝑚48𝜋3 ( 𝑒𝐸𝑚2

)2 122 exp(−2𝜋𝑚2𝑒𝐸 ) ,... ...
(18)

3. The Euler-Heisenberg Lagrangian at
Higher Loops

Proceeding to higher-loop orders, the two-loop EHL L(2) is
generated by the diagrams shown in Figure 3 (here and in the
following it is understood that internal photon corrections are
put in all possible ways).

As in the one-loop case, L(2) will have an imaginary
part iff the field is not purely magnetic. This imaginary
part corresponds to the one-loop “cut diagrams” depicted in
Figure 4.

The two-loop EHL was first studied by Ritus, both for
Spinor [20] and for Scalar QED [21]. These calculations, as
well as later recalculations [12, 22, 23], resulted in a type of
rather intractable two-parameter integrals. However, the first
few coefficients of the weak-field expansions of the two-loop
EHLs have been computed [7, 12, 23]. As to the imaginary
parts, the Schwinger formulas (13) generalize to the two-loop
level as follows [24]:

ImL
(2) (𝐸) = 𝑚48𝜋3𝛽2 ∞∑

𝑘=1

𝛼𝜋𝐾spin
𝑘

(𝛽) exp [−𝜋𝑘𝛽 ] ,
ImL

(2)
scal (𝐸)= 𝑚416𝜋3𝛽2 ∞∑

𝑘=1

(−1)𝑘+1 𝛼𝜋𝐾scal
𝑘 (𝛽) exp [−𝜋𝑘𝛽 ] .

(19)

(𝛼 = 𝑒2/4𝜋), where
𝐾scal,spin
𝑘

(𝛽) = − 𝑐𝑘√𝛽 + 1 +O(√𝛽) ,
𝑐𝑘 = 12√𝑘 𝑘−1∑𝑙=1 1√𝑙 (𝑘 − 𝑙) , 𝑘 ≥ 2, 𝑐1 = 0 (20)

(these coefficients, also called 𝑐𝑛, should not be confused
with the weak-field expansion coefficients introduced above).
Thus at two loops the 𝑘th Schwinger-exponential appears
with a prefactor which is still a function of the field strength,
of which presently only the lowest order terms in the weak-
field expansion are known. Still, things become very simple
at leading order in this expansion: adding the one-loop and

two-loop EHLs, one finds, for example, for the Spinor QED
case [24],

ImL
(1) (𝐸) + ImL

(2) (𝐸) 𝛽→0∼ 𝑚4𝛽28𝜋3 (1 + 𝛼𝜋) e−𝜋/𝛽, (21)

and this result is spin-independent (but for the normaliza-
tion). In [24] it was further noted that if one assumes that in
this weak-field approximation higher order corrections just
lead to an exponentiation

∞∑
𝑙=1

ImL
(𝑙) (𝐸) 𝛽→0∼ ImL

(1) (𝐸) e𝛼𝜋 (22)

then the e𝛼𝜋 factor can be absorbed into the Schwinger factor
e−𝜋/𝛽 by the following mass-shift:𝑚(𝐸) ≈ 𝑚 − 𝛼2 𝑒𝐸𝑚 . (23)

Moreover, the existence of this mass-shift can be indepen-
dently confirmed in two different ways. First, the same mass-
shift had been found by Ritus already before in the crossed
process of electron propagation in the electric field [25].
Second, in the tunneling picture it can be interpreted as the
correction to the Schwinger pair creation rate due to the pair
being created with a negative Coulomb interaction energy
at a definite distance, taking the Coulomb interaction into
account at the one-photon exchange level [24].

And although this was not known to the authors of [24],
an analogous exponentiation had already been conjectured
two years before for the Scalar QED case by Affleck et
al. [26]. However, those authors used a totally different
approach based on worldline instantons. To explain this
concept, we first have to discuss Feynman’s worldline path
integral representation of the QED effective action.

4. Worldline Representation of the QED
Effective Action

In 1950 Feynman presented, in an appendix to one of his
groundbreaking papers on themodern,manifestly relativistic
formalism of QED [27], also an alternative first-quantized
formulation of Scalar QED, “for its own interest as an
alternative to the formulation of second quantization.”There
he provides a simple rule for constructing the complete Scalar
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Figure 3: Feynman diagrams contributing to the 2-loop EHL.

+ + · · ·

Figure 4: Feynman diagrams contributing to 2-loop Schwinger pair
creation.

QED 𝑆-matrix by representing the scalar particles in terms of
relativistic particle path integrals, and coupling them through
photons in all possible ways. Upon restriction to the purely
photonic part of the 𝑆-matrix (no external scalars) and to
the “quenched” contribution (only one virtual scalar), this
“worldline representation” can be stated very compactly in
terms of the (quenched) effective action Γ[𝐴]:Γscalar [𝐴] = ∫𝑑4𝑥Lscalar [𝐴]= ∫∞

0

𝑑𝑇𝑇 e−𝑚
2𝑇∫

𝑥(𝑇)=𝑥(0)
D𝑥 (𝜏) 𝑒−𝑆[𝑥(𝜏)]. (24)

Here 𝑇 denotes the proper-time of the scalar particle in the
loop, 𝑚 its mass, and ∫

𝑥(𝑇)=𝑥(0)
D𝑥(𝜏) a path integral over

all closed loops in space-time with fixed periodicity in the
proper-time. The worldline action 𝑆[𝑥(𝜏)] has three parts:𝑆 = 𝑆0 + 𝑆ext + 𝑆int. (25)

They are given by𝑆0 = ∫𝑇
0
𝑑𝜏 �̇�24 (free propagation) ,

𝑆ext = 𝑖𝑒 ∫𝑇
0
�̇�𝜇𝐴𝜇 (𝑥 (𝜏)) (external photons) ,

𝑆int = − 𝑒28𝜋2 ∫𝑇0 𝑑𝜏1 ∫𝑇
0
𝑑𝜏2 �̇� (𝜏1) ⋅ �̇� (𝜏2)(𝑥 (𝜏1) − 𝑥 (𝜏2))2(internal photons) .

(26)

The kinetic term 𝑆0 describes the free propagation of the
scalar, 𝑆ext describes its interaction with the external field,
and 𝑆int generates the corrections due to internal photon
exchanges in the loop. Expanding out the two interaction
exponentials leads back to Feynman diagrams, however with
the important difference that no particular ordering of the
photon legs along the loop needs to be fixed. Thus the term𝑆ext alone upon expansion yields the diagrams of Figure 1
(where each leg now stands for an interaction with the
arbitrary field 𝐴(𝑥)).

The “worldline instanton” of Affleck et al. [26] is an
extremal trajectory of the worldline path integral for a

stationary phase approximation. For the case of a constant
electric field in the 𝑧 direction this extremal action trajectory
is given by a circle in the (Euclidean) 𝑡-𝑧 plane:𝑥instanton (𝜏) = 𝑚𝑒𝐸 (0, 0, cos(2𝜋𝜏𝑇 ) , sin(2𝜋𝜏𝑇 )) . (27)

It can be shown that in the weak-field (= large mass) limit
the imaginary (although not the real) part of the effective
Lagrangian can be well-approximated by replacing the path
integral with this single trajectory:

ImL
(quenched)
scalar (𝐸) ∼ e−𝑆[𝑥instanton]. (28)

This is easily evaluated to be

(𝑆0 + 𝑆ext) [𝑥instanton] = 𝜋𝑚2𝑒𝐸 ,𝑆int [𝑥instanton] = −𝛼𝜋. (29)

Thus the contribution of 𝑆0 + 𝑆ext just reproduces the leading
(one-loop) Schwinger-exponential of (13) and the one of 𝑆int
the e𝛼𝜋 factor.

ThusAffleck et al. arrive, with very little effort, at the same
exponentiation for Scalar QED that Lebedev and Ritus find in
Spinor QED:

ImL
(all-loop)
scal (𝐸) = ∞∑

𝑙=1

ImL
(𝑙)
scal (𝐸)

𝛽→0∼ −𝑚4𝛽216𝜋3 exp [−𝜋𝛽 + 𝛼𝜋]= ImL
(1)
scal (𝐸) e𝛼𝜋.

(30)

Their argument assumes the field to be weak, but there is no
restriction on the strength of the coupling 𝛼. We note the
following:

(i) Formula (30), if true, constitutes a rare case of an
all-loop summation of an infinite series of graphs
of arbitrary loop order. Those graphs are shown in
Table 1.

(ii) According to [26], the contribution of all non-
quenched diagrams gets suppressed in the weak-field
limit.

(iii) Perhaps, most surprisingly, the scalar mass appearing
in (30) is already the physically renormalized one,
implying that the worldline instanton approach auto-
matically takes all mass renormalization counterdia-
grams into account. This is remarkable considering
that the determination of the physicalmass parameter
for the EHL becomes a rather nontrivial issue already
at two loops [20, 22, 23].

Thus, according toAffleck et al. a true all-loop summation
has produced the factor e𝛼𝜋, which is not only unreasonably
simple but also perfectly analytical in the fine structure
constant 𝛼!. According to what has been said above, this
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Table 1: Feynman diagrams contributing to the AAM formula.

Number of loops Number of external legs
4 6 8 ⋅ ⋅ ⋅

1 ⋅ ⋅ ⋅
2 ⋅ ⋅ ⋅ ⋅ ⋅ ⋅
3 ⋅ ⋅ ⋅ d ...
... ... d d ...
would seem to point towards extensive cancellations between
Feynman diagrams. However, neither [26] nor [24]made this
point, perhaps because the Schwinger pair creation rate is a
rather peculiar quantity.Thus our next goal will be to transfer
the exponential factor from the imaginary to the real part of
the EHL, by a Borel dispersion relation, and from there to the
low-energy photon 𝑆-matrix through the same procedure as
at one-loop:

ImL
disp. rel.→ ReL → Γ [𝑘1, 𝜀1; . . . ; 𝑘𝑁, 𝜀𝑁] . (31)

First we need to see whether our one-loop Borel disper-
sion relation can be extended to the multiloop level. For this
it will be useful to consider the simplest possible nonzero
constant-field background, which is the self-dual one.

5. The Self-Dual Case

As we mentioned above, the two-loop correction to the EHL
for a purely electric or purely magnetic field are known
only in terms of intractable integrals, and only the first few
coefficients have been calculated so far. However, this case is
not the simplest one that one can consider; mathematically
much better behaved is the one of a (Euclidean) constant self-
dual field, defined by 𝐹𝜇] = (1/2)𝜀𝜇]𝛼𝛽𝐹𝛼𝛽. The field strength
tensor can be written as

𝐹 =( 0 𝑓 0 0−𝑓 0 0 00 0 0 𝑓0 0 −𝑓 0). (32)

At the one-loop level, the self-dual (“SD”) EHLs for Scalar
and Spinor QED are special cases of (9) and (11). Anticipating
the result of the two-loop calculation below, it will be useful

here to eliminate the proper-time integral and perform a
change of variables from 𝑓 to 𝜅 ≡ 𝑚2/2𝑒𝑓. This leads to [8]

L
(1)(SD)
scal (𝜅)= 𝑚4(4𝜋)2 1𝜅2 [− 112 ln (𝜅) + 𝜁 (−1) + Ξ (𝜅)] , (33)

where the function Ξ(𝑥) is defined as follows:Ξ (𝑥) ≡ ∫𝑥
0
𝑑𝑦 ln Γ (𝑦) − 𝑥 ln Γ (𝑥) + 𝑥22 ln (𝑥) − 𝑥24− 𝑥2 . (34)

The Spinor EHL in this SD case after renormalization differs
from the scalar one only by a trivial global factor of −2 (the
reason for the independence of spin is that theDirac equation
in such a background possesses a hidden supersymmetry
[28]).

Remarkably, for the SD case it is possible to do all
integrals in closed form not only at one loop but even at two
loops, in both Scalar and Spinor QED. The results can be
written compactly in terms of the digamma function 𝜓(𝑥) ≡Γ(𝑥)/Γ(𝑥) [8]:

L
(2) (𝑓) = −2𝛼 𝑚4(4𝜋)3 1𝜅2 [3𝜉2 (𝜅) − 𝜉 (𝜅)] ,

L
(2)
scal (𝑓) = 𝛼 𝑚4(4𝜋)3 1𝜅2 [32𝜉2 (𝜅) − 𝜉 (𝜅)] . (35)

Here 𝜅 ≡ 𝑚2/2𝑒𝑓 and𝜉 (𝑥) ≡ −𝑥(𝜓 (𝑥) − ln (𝑥) + 12𝑥) (36)
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(note that 𝜉(𝑥) = Ξ(𝑥)). Using the well-known expansion of
the digamma function at 𝑥 = ∞ in terms of the Bernoulli
numbers 𝜓 (𝑥) ∼ ln𝑥 − 12𝑥 − ∞∑

𝑘=1

𝐵2𝑘2𝑘𝑥2𝑘 (37)

one finds the following closed-form expressions for the one-
and two-loop weak-field expansion coefficients 𝑐(1,2)(SD)𝑛 (we
write them down for the Spinor case):𝑐(1)(SD)𝑛 = − 𝐵2𝑛2𝑛 (2𝑛 − 2) ,𝑐(2)(SD)𝑛 = 1(2𝜋)2 {2𝑛 − 32𝑛 − 2𝐵2𝑛−2 + 3𝑛−1∑

𝑘=1

𝐵2𝑘2𝑘 𝐵2𝑛−2𝑘(2𝑛 − 2𝑘)} .
(38)

Further, in this self-dual case there is also an analogue of the
distinction between a purely magnetic and a purely electric
field. For real 𝑓 the SD EHL turns out to have a weak-field
expansion with alternating coefficients, so that it is Borel-
summable, and there is no imaginary part. Thus we call
this case “magnetic-like.” Taking imaginary 𝑓 removes the
alternating sign and creates a pole in the Borel integral, which
implies an imaginary part for the EHL.Thus we call this case
“electric-like.” This imaginary part of the self-dual EHL with
complex 𝑓 is obtained from (35) simply by using the analytic
continuation of the digamma function and thus also known
in closed form.

Studying the self-dual case turned out to be useful in three
ways:

(i) For this case we could verify that the Borel dispersion
relation (8) can be used to construct the imaginary
part of the EHL from the weak-field expansion even
at the two-loop level. That is, the asymptotic three-
parameter matching (7) works, and (more nontriv-
ially) the Borel summation procedure does not miss
any nonperturbative terms (see [29] for a case where
such a thing actually occurred, even at one-loop).

(ii) The AAM exponentiation formula (30) can be gen-
eralized to the SD case unchanged, by a simple
modification of the worldline instanton to a double
circle,𝑥instanton (𝜏) = 𝑚√2𝑒𝐸 (cos(2𝜋𝜏𝑇 ) , sin(2𝜋𝜏𝑇 ) ,
cos(2𝜋𝜏𝑇 ) , sin(2𝜋𝜏𝑇 )) . (39)

And the initial step of exponentiation (21) is easy
to verify explicitly from (33) and (35). This holds
independently of spin.

(iii) The effective action for a self-dual field is unphysical,
since such a field cannot be real in Minkowski space.
Nevertheless, it still carries information on the phys-
ical photon amplitudes; the self-duality condition

corresponds precisely to a projection on the “all +”
(or “all –”) photon amplitudes [30, 31]. Thanks to the
closed-form expressions (35), even at the two-loop
level we are still able to write down a closed-form all-𝑁 expression for this particular polarization choice:Γ(1) [𝑘1, 𝜀+1 ; . . . ; 𝑘𝑁, 𝜀+𝑁] = −2 (2𝑒)𝑁(4𝜋)2𝑚2𝑁−4

𝑐(1)(SD)𝑁/2 𝜒𝑁,Γ(2) [𝑘1, 𝜀+1 ; . . . ; 𝑘𝑁, 𝜀+𝑁]= −2𝛼𝜋 (2𝑒)𝑁(4𝜋)2𝑚2𝑁−4
𝑐(2)(SD)𝑁/2 𝜒𝑁.

(40)

As was mentioned above, here all the dependence on
momenta and polarization is absorbed by a unique (inde-
pendent of loop order) invariant 𝜒𝑁. Using Spinor helicity
techniques, this invariant can be constructed explicitly for all𝑁 [10].

6. Synthesis: A Conjecture for
the Photon 𝑆Matrix

We are now ready to state a conjecture for the 𝑁-photon
amplitudes at arbitrary loop level 𝑙 [11]. Consider the 𝑙-loop
correction to the purely electric EHL, and define its weak-
field expansion coefficients by

L
(𝑙) (𝐸) = ∞∑

𝑛=2

𝑐(𝑙) (𝑛) ( 𝑒𝐸𝑚2
)2𝑛 (41)

(note the change of convention with respect to (14)). Assum-
ing that the AAM formula (30) holds and that the Borel
dispersion relation (8) works at each loop order, we can
conclude that the leading asymptotic factorial growth rate
must be the same at each loop order, namely, ∼Γ(2𝑛 − 2):𝑐(𝑙) (𝑛) 𝑛→∞∼ 𝑐(𝑙)∞𝜋−2𝑛Γ (2𝑛 − 2) . (42)

And here 𝑐(𝑙)∞ relates to the leading Schwinger-exponential at𝑙 loops:
ImL

(𝑙) (𝐸) 𝛽→0∼ 𝑐(𝑙)∞e−𝜋𝑚
2/𝑒𝐸. (43)

At two loops, the numerical calculations of [7] confirm this,
but only if physical mass renormalization is used! For generic
mass renormalization one finds instead a leading factorial
behaviour ofΓ(2𝑛), and it is only through a cancellation of this
leading order term between the unrenormalized EHL and its
mass renormalization counterterm that this leading factorial
behaviour gets reduced to the same Γ(2𝑛 − 2) behaviour
as at one loop. At the 𝑙-loop level, it is still not difficult
to establish the leading factorial growth of the weak-field
expansion coefficients before renormalization, which is𝑐(𝑙) (𝑛) 𝑛→∞∼ Γ (2𝑛 + 2𝑙 − 4) . (44)

Thus at higher-loop orders the correctness of the AAM
conjecture requires increasingly extensive cancellations in
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the mass renormalization process to cut the leading factorial
growth all the way down to Γ(2𝑛 − 2).

Now let us consider the ratio of the 𝑙-loop to the one-
loop coefficients. Combining (42) and (43) with the AAM
conjecture (30), we find at any fixed loop order

lim
𝑛→∞

𝑐(𝑙) (𝑛)𝑐(1) (𝑛) = 𝑐(𝑙)∞𝑐(1)∞

AAM= 1(𝑙 − 1)! (𝛼𝜋)𝑙−1 . (45)

At this stage, let us switch to the self-dual case. This is not
essential for our argumentation, but we prefer it for two
reasons: first, more is known explicitly about the SD EHL;
second, as mentioned above the SD EHL directly translates
into one particular helicity component of the 𝑁-photon
amplitude, the one with all helicities equal (“all +” or “all −”).

Using our above rule for the conversion of the self-dual
weak-field expansion coefficients into the “all +” photon
amplitudes, which is independent of the loop order, we get
the following statement for the “all +” amplitudes in the limit
of large photon number𝑁 = 2𝑛:

lim
𝑁→∞

Γ(𝑙) [𝑘1, 𝜀+1 ; . . . ; 𝑘𝑁, 𝜀+𝑁]Γ(1) [𝑘1, 𝜀+1 ; . . . ; 𝑘𝑁, 𝜀+𝑁] = lim
𝑁→∞

𝜒𝑁𝑐(𝑙) (𝑁/2)𝜒𝑁𝑐(1) (𝑁/2)= 1(𝑙 − 1)! (𝛼𝜋)𝑙−1 . (46)

Summing this relation over 𝑙 we get
lim
𝑁→∞

Γ(total) [𝑘1, 𝜀+1 ; . . . ; 𝑘𝑁, 𝜀+𝑁]Γ(1) [𝑘1, 𝜀+1 ; . . . ; 𝑘𝑁, 𝜀+𝑁] = 𝑒𝛼𝜋. (47)

Assuming sufficient uniformity in 𝑙 of the convergence for𝑁 → ∞, one could now conclude that the amplitude
must be analytic in 𝛼 for some sufficiently large 𝑁. But
analyticity of the complete amplitude can certainly be safely
excluded by renormalons and other arguments. Therefore
uniformity must fail, and it is easy to see how this comes
about diagrammatically. In Figure 5 we show the diagrams
contributing to the EHL up to four loops, not showing the
external legs.

In the worldline instanton based derivation of the AAM
conjecture (30), only quenched diagrams contribute to the
weak-field limit of the imaginary part of the electric EHL;
thus this must also be true for the leading asymptotic
terms in the large 𝑁 expansion of the weak-field expansion
coefficients; nonquenched diagrams must get suppressed for𝑁 → ∞. However, the number of such diagrams is strongly
growing with the loop order, so that the process of the
suppression of the nonquenched contributions by increasing𝑁 should slow down with increasing 𝑙. This provides a good
reason for uniformity to fail for the whole amplitude, but
there is no obvious reason to expect such a nonuniformity
if one stays inside the class of quenched diagrams from the
beginning.This ledDunne and one of the authors in 2006 [11]
to conjecture that perturbation theory converges for the QED
photon amplitudes in the one-electron-loop approximation.
If true, this would imply enormous cancellations between
Feynman diagrams, presumably due to gauge invariance.

l = 1

l = 2

l = 3

l = 4

.

.

.
.
.
.

Figure 5: Diagrams contributing to the EHL up to four loops
(external legs not shown).

Only afterwards we learned that, as mentioned in the
beginning, Cvitanovic [5] had conjectured the analogous
statement for the electron 𝑔 − 2 factor,
7. Three Predictions for the Three-Loop EHL

To either disprove or further corroborate this conjecture, a
calculation of the EHL at the three-loop level is called for. We
would like to see the following three things happen:

(1) We should see the next term of the exponentiation:

lim
𝑛→∞

𝑐(3) (𝑛)𝑐(1) (𝑛) = 12 (𝛼𝜋)2 . (48)

(2) At three loops there is already a nonquenched con-
tribution, and it should be suppressed in the large 𝑁
limit.

(3) The convergence of 𝑐(3)(𝑛)/𝑐(1)(𝑛) should not be
slower than the one of 𝑐(2)(𝑛)/𝑐(1)(𝑛) when only
quenched diagrams are taken.

However, a calculation of the three-loop EHL in𝐷 = 4 seems
presently technically out of reach.

8. QED in 1 + 1 Dimensions

The proper-time representation of the one-loop EHL is
essentially independent of dimension. In 2008 Krasnansky
[32] studied the Scalar EHL in various dimensions also at two
loops and found, in particular, the rather surprising fact that
the Scalar EHL in 1 + 1 dimensions even at two loops has
a structure almost identical to the one of the self-dual Scalar
EHLs in 3+1 dimensions. Let us contrast the two cases: above
we wrote down the self-dual field strength tensor for𝐷 = 4:

𝐹 =( 0 𝑓 0 0−𝑓 0 0 00 0 0 𝑓0 0 −𝑓 0). (49)
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We also gave the Scalar EHL for this background:

L
(2)(4𝐷)
scal (𝜅) = 𝛼 𝑚4(4𝜋)3 1𝜅2 [32𝜉2 − 𝜉] ,𝜉 (𝜅) = −𝜅 (𝜓 (𝜅) − ln (𝜅) + 12𝜅) . (50)

In 2D the field strength tensor is 𝐹 = ( 0 𝑓
−𝑓 0 ), and the two-

loop Scalar QED EHL comes out as [32]

L
(2)(2𝐷)
scal (𝜅) = − 𝑒232𝜋2 [𝜉22𝐷 − 4𝜅𝜉2𝐷] ,𝜉2𝐷 = −(𝜓(𝜅 + 12) − ln (𝜅)) . (51)

Since higher-loop calculations are somewhat easier in two
dimensions, this suggests using the 2D case as a toymodel for
studying the AAM conjecture. An effort along these lines was
started in [13], however switching from Scalar to SpinorQED.
Here we derived an analogue of the AAM conjecture in 2D,
also using the worldline instanton approach, and established
the correspondences between the 4D and 2D cases shown in
Box 1.

There are two essential differences. First, in 2D the fine
structure constant �̃� is not dimensionless. Thus the exponent
of the AAM formula (rhs of third line) here involves also
a factor of 𝜅2, which in the formula for the asymptotic
behaviour of the weak-field expansion coefficients (rhs of
fourth line) leads to a shift in the argument between the 𝑙-loop
and the one-loop coefficients. Thus in 2D the leading asymp-
totic growth of the coefficients increases with increasing loop
order, as it does in the 4D case before mass renormalization,
and correspondingly it can be shown that the contributions
to the EHL from mass renormalization are asymptotically
subleading and thus irrelevant for our purposes (although
the fermion propagator in 2D does not have UV divergences,
mass renormalization is still a quite nontrivial issue; see [33]
and refs. therein). Presumably this relates to the fact thatQED
in 2D is confining.

In any case, all three of our three-loop predictions above
have an analogue in the 2D case. In [13] we also obtained the
following formulas for the one- and two-loop EHLs in 2D
Spinor QED:

L
(1) (𝜅)= −𝑚24𝜋 1𝜅 [ln Γ (𝜅) − 𝜅 (ln 𝜅 − 1) + 12 ln( 𝜅2𝜋)] ,

L
(2) (𝑓)= 𝑚24𝜋 �̃�4 [�̃� (𝜅) + 𝜅�̃� (𝜅) + ln (𝜆0𝑚2) + 𝛾 + 2] ,

(52)

where we have now abbreviated�̃� (𝑥) ≡ 𝜓 (𝑥) − ln𝑥 + 12𝑥 . (53)

5 10 15
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1.0

Figure 6: Convergence of 𝑐(2)2𝐷(𝑛)/𝑐(1)2𝐷(𝑛 + 1) to the AAM prediction
(normalized such that the limit is unity).

Comparing with the Scalar QED result (51), we see that the
Spinor QED one is significantly simpler, as it involves the
digamma function only linearly. This is another surprise,
since in 4D the Scalar and Spinor EHLs do not show
structural differences.

Remarkably, the two-loop EHL can (up to an irrelevant
constant) even be written in terms of derivatives of the one-
loop EHL:

L
(2) (𝑓) = −�̃�4 (𝑚2 𝜕𝜕𝑚2

)2L(1) (𝑓) . (54)

From (52) we find for the one- and two-loop weak-field
expansion coefficients

𝑐(1)2𝐷 (𝑛) = (−1)𝑛+1 𝐵2𝑛4𝑛 (2𝑛 − 1) ,𝑐(2)2𝐷 (𝑛) = (−1)𝑛+1 �̃�8 2𝑛 − 12𝑛 𝐵2𝑛. (55)

From this we can, using properties of the Bernoulli numbers,
easily show that

lim
𝑛→∞

𝑐(2)2𝐷 (𝑛)𝑐(1)2𝐷 (𝑛 + 1) = �̃�𝜋2. (56)

This verifies the 2D AAM-like formula of Box 1 at the lin-
earized level.

In Figure 6 we show the convergence to the asymptotic
limit, which is rather rapid.

Even in the 2D case, the calculation of the three-loop EHL
turned out to be a formidable task, and it is only very recently
that we were able to obtain it in a form suitable for computing
a sufficient number of the weak-field expansion coefficients
[14, 15].

At three loops, we have the three Feynman diagrams
shown in Figure 7.

Here the solid lines denote the electron propagator in the
constant field. A and B are quenched; C is nonquenched.
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4D QED ←→ 2D QED𝛼 = 𝑒24𝜋 ←→ �̃� = 2𝑒2𝜋𝑚2

Im Γ𝐷=4 ∼ e−𝑚
2𝜋/𝑒𝐸+𝛼𝜋 ←→ Im Γ𝐷=2 ∼ e−𝑚

2𝜋/𝑒𝐸+𝛼𝜋2𝜅2

lim
𝑛→∞

𝑐(𝑙)4𝐷 (𝑛)𝑐(1)4𝐷 (𝑛) = (𝛼𝜋)𝑙−1(𝑙 − 1)! ←→ lim
𝑛→∞

𝑐(𝑙)2𝐷 (𝑛)𝑐(1)2𝐷 (𝑛 + 𝑙 − 1) = (�̃�𝜋2)𝑙−1(𝑙 − 1)!
Mass renormalization essential ←→ Mass renormalization irrelevant

Box 1: Correspondences between the 4D and 2D cases.

A B C

Figure 7: Three-loop Feynman diagrams.

The last one is by far the easiest one, and it is straight-
forward to obtain for it the following compact integral
representation:

L
3𝐶 (𝑓) = 𝑒316𝜋3𝑓 ∫∞

0
𝑑𝑧 𝑑𝑧𝑑�̂� 𝑑𝑧

⋅ sinh 𝑧 sinh 𝑧 sinh �̂� sinh 𝑧[sinh (𝑧 + 𝑧) sinh (�̂� + 𝑧)]2
⋅ e−2𝜅(𝑧+𝑧

+𝑧+𝑧)

sinh 𝑧 sinh 𝑧 sinh (�̂� + 𝑧) + sinh �̂� sinh 𝑧 sinh (𝑧 + 𝑧) .
(57)

This representation turned out to be quite adequate for a
numerical calculation of the first 9 weak-field expansion
coefficients 𝑐(3)𝐶 (𝑛) of diagram C. In Figure 8 we use these
nine coefficients to show that this unquenched contribution
is indeed asymptotically subleading.

This settles point 2 of our wish list above!
Diagrams A and B are much more difficult, but the use of

the “traceless gauge” choice 𝜆 = 2 led to simplifications and
in particular to manifesting IR finiteness term by term. We
managed to compute the first coefficient analytically

𝑐3𝐴+𝐵 (0) = (−32 + 74𝜁 (3)) �̃�264 (58)

and fivemore coefficients numerically. Using these to plot the
ratio (𝑐(3)𝐴+𝐵(𝑛)/𝑐(1)2𝐷(𝑛 + 2))/((�̃�𝜋2)2/2) we get Figure 9.

Thus we are falling even below the asymptotic prediction!
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Figure 8: The ratio (𝑐(3)𝐶 (𝑛)/𝑐(1)2𝐷(𝑛 + 2))/((�̃�𝜋2)2/2) for 𝑛 = 0, . . . , 8.
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Figure 9:The ratio (𝑐(3)𝐴+𝐵(𝑛)/𝑐(1)2𝐷(𝑛 + 2))/((�̃�𝜋2)2/2) for 𝑛 = 0, . . . , 5.
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9. Conclusions and Outlook

Let us summarize:

(i) We have presented here first results of a calculation of
the three-loop 2D EHL.This is the first calculation of
a three-loop effective Lagrangian in QED.

(ii) Although so far we have been able to compute only
six coefficients of theweak-field expansion (we should
be able to obtain a few more) it seems already very
likely that the analogue of the AAM conjecture fails
in 2D QED. This would throw also serious doubts on
the validity of the 4D AAM conjecture.

(iii) However, since the coefficient ratios fall below, rather
than above, the asymptotic prediction, the riddle of
the unreasonable smallness of loop corrections remains.
Presumably the worldline instanton approach cap-
tures some valid information on large-scale cancel-
lations between Feynman diagrams but needs refine-
ment beyond two loops.

(iv) We have also made an effort to make the point that
theQEDphoton amplitudes in the limit of low energy
and large number of photons are very natural objects
for a study of the asymptotic properties of the QED
perturbation series.

(v) It should also have become clear that physical mass
renormalization is essential for asymptotic estimates
in QED! Unless mass renormalization is done phys-
ically, QED perturbation theory will break down
already at the two-loop level, because the two-loop
contribution to any helicity component of the 𝑁-
photon amplitude will, at least in the low-energy
limit, dominate over the one-loop one for sufficiently
large 𝑁. This implies, in particular, that approaches
to the study of the large-order behaviour of the QED
perturbation series that are indifferent to the issue
of physical mass renormalization ought to be viewed
with caution.

(vi) As an aside, it would be interesting to study also the
QCD𝑁-gluon amplitudes for large𝑁 from the point
of view of mass renormalization.
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[18] F. Sauter, “Über das Verhalten eines Elektrons im homogenen
elektrischen Feld nach der relativistischen Theorie Diracs,”
Zeitschrift für Physik, vol. 69, no. 11-12, pp. 742–764, 1931.

[19] J. Schwinger, “On gauge invariance and vacuum polarization,”
Physical Review, vol. 82, pp. 664–679, 1951.

[20] V. I. Ritus, “Lagrangian of an intense electromagnetic field
and quantum electrodynamics at short distances,” Journal of
Experimental andTheoretical Physics, vol. 69, p. 1517, 1975, [Sov.
Phys. JETP 42 (1975) 774].

[21] V. I. Ritus, “On the relation between the quantum electrody-
namics of an intense field and the quantumelectrodynamics
at small distances,” Zh.Eksp.Teor.Fiz, vol. 73, pp. 807–821, 1977
(Russian).

[22] W. Dittrich and M. Reuter, Effective Lagrangians in Quantum
Electrodynamics, Springer, Berlin, Germany, 1985.



12 Advances in High Energy Physics

[23] M. Reuter, M. G. Schmidt, and C. Schubert, “Constant external
fields in gauge theory and the spin 0,1,2,1 path integrals,”Annals
of Physics, vol. 259, no. 2, pp. 313–365, 1997.

[24] S. L. Lebedev and V. I. Ritus, “Virial representation of the
imaginary part of the lagrange function of the electromagnetic
field,” Zh.Eksp.Teor.Fiz, vol. 86, pp. 408–421, 1984.

[25] V. I. Ritus, “Method of eigenfunctions and mass operator in
quantum electrodynamics of a constant field,” Zh.Eksp.Teor.Fiz,
vol. 75, pp. 1560–1583, 1978.

[26] I. K. Affleck, O. Alvarez, and N. S. Manton, “Pair production at
strong coupling in weak external fields,”Nuclear Physics, Section
B, vol. 197, no. 3, pp. 509–519, 1982.

[27] R. P. Feynman, “Mathematical formulation of the quantum
theory of electromagnetic interaction,” Physical Review A, vol.
80, p. 440, 1950.

[28] A. D’Adda and P. Di Vecchia, “Supersymmetry and instantons,”
Physics Letters B, vol. 73, no. 2, pp. 162–166, 1978.

[29] A. Das and G. V. Dunne, “Large-order perturbation theory and
de Sitter/anti de Sitter effective actions,” Physical Review. D.
Third Series, vol. 74, no. 4, 044029, 9 pages, 2006.

[30] M. J. Duff and C. J. Isham, “Self-duality, helicity, and supersym-
metry:The scattering of light by light,” Physics Letters B, vol. 86,
no. 2, pp. 157–160, 1979.

[31] M. J. Duff and C. J. Isham, “Self-duality, helicity and coherent
states in nonabelian gauge theories,”Nuclear Physics. B, vol. 162,
no. 2, pp. 271–284, 1980.

[32] M. Krasnansky, “Two-loop vacuum diagrams in background
field and the Heisenberg-Euler effective action,” International
Journal of Modern Physics A. Particles and Fields. Gravitation.
Cosmology, vol. 23, no. 32, pp. 5201–5215, 2008.

[33] A. Das, J. Frenkel, C. Schubert, and B. Phys. Lett, “Infrared
divergences, mass shell singularities and gauge dependence of
the dynamical fermion mass,” Physics Letters B, vol. 720, no. 4-
5, pp. 414–418, 2013.



Research Article
Supersymmetry across the Hadronic Spectrum

Hans Günter Dosch

Institut für Theoretische Physik der Universität Heidelberg, Heidelberg, Germany

Correspondence should be addressed to Hans Günter Dosch; h.g.dosch@gmail.com

Received 16 May 2017; Accepted 20 June 2017

Academic Editor: Thierry Grandou

Copyright © 2017 Hans Günter Dosch.This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. The
publication of this article was funded by SCOAP3.

Semiclassical light-front bound-state equations for hadrons are presented and compared with experiment.The essential dynamical
feature is the holographic approach; that is, the hadronic equations in four-dimensional Minkowski space are derived as
holograms of classical equations in a 5-dimensional anti-de Sitter space. The form of the equations is constrained by the imposed
superconformal algebra, which fixes the form of the light-front potential. If conformal symmetry is strongly broken by heavy quark
masses, the combination of supersymmetry and the classical action in the 5-dimensional space still fixes the form of the potential.
By heavy quark symmetry, the strength of the potential is related to the heavy quark mass. The contribution is based on several
recent papers in collaboration with Stan Brodsky and Guy de Téramond.

1. Introduction

Semiclassical approximations play an essential role in quan-
tum field theories. Think of atomic or molecular physics: in
spite of all refinement of renormalizedQED, the semiclassical
Dirac and Schrödinger equations not only are of enormous
practical advantage but also are essential in order to exhibit
structural properties.

The search for semiclassical approximations even in
strongly interacting quantum field theories received a signif-
icant advance through the Maldacena conjecture [1], which
postulates the correspondence of a superconformal gauge
quantum field theory in 4 dimensions with a classical gravita-
tional theory in a 5-dimensional anti-de Sitter space (AdS5).
Here a light-front Hamiltonian for meson and boson wave
functions is presented, which is based on the holographic
AdS/CFT correspondence and receives essential dynamical
constraints from an implemented superconformal algebra.

The kinematical frame is based on the light-front (LF)
quantization at fixed LF time 𝑥+ = 𝑥0 + 𝑥3; I refer
for the essential features and the importance of this frame
to the contribution of Stan Brodsky in the same volume.
In the two constituent sectors, an essential variable is the
boost invariant transverse separation 𝜁 = √𝑥1𝑥2|→𝑏 ⊥,2 −→𝑏 ⊥,1|, where 𝑥𝑖 and →𝑏 ⊥,𝑖, 𝑖 = 1, 2, are the longitudinal

momentum fractions and the transverse coordinates of the
two constituents, respectively.

Since in the holographic correspondence there is only one
variable to describe the internal structure of hadrons, namely,
the coordinate of the 5th dimension, hadrons with more than
two constituents have to be treated as clusters. In that case,
one introduces the effective longitudinalmomentum fraction𝑥𝑎eff = ∑𝑁𝑎

𝑖=1 𝑥𝑖, where 𝑁𝑎 is the number of constituents in
the cluster 𝑎, and correspondingly one introduces an effective
transverse coordinate

→𝑏 eff

⊥,𝑎 = (∑𝑁𝑎
𝑖=1 𝑥𝑖→𝑏 ⊥,𝑖)/𝑥𝑎eff . The effec-

tive boost invariant separation is then 𝜁 = √𝑥𝑎eff𝑥𝑏eff |→𝑏 eff

⊥,𝑏 −→𝑏 eff

⊥,𝑎|. There is no theoretical limit for the number of the
constituents in the cluster.

In the conformal limit (massless quarks), the LF Hamil-
tonian in the two-particle sector does not contain the longi-
tudinal variable 𝑥𝑖 or 𝑥𝑖eff explicitly:

𝐻 = − 𝑑2𝑑𝜁2 + 4𝐿2 − 14𝜁2 + 𝑈 (𝜁) ; (1)

here, 𝐿 is the LF angular momentum. In this approach,
the squared hadron masses are the eigenvalues of the LF
Hamiltonian.
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In order to get some insight into the LF potential 𝑈(𝜁),
which is in principle determined by the QCD Lagrangian, we
turn to the dynamical scheme of AdS5/CFT correspondence.

AdS5 is a maximally symmetric 5-dimensional space with
the metric

(𝑑𝑠)2
= 𝑅2𝑧2 ((𝑑𝑥0)2 − (𝑑𝑥1)2 − (𝑑𝑥2)2 − (𝑑𝑥3)2 − (𝑑𝑧)2) , (2)

where the coordinate of the 5th dimension 𝑧 is the holo-
graphic variable.

From the AdS5 action, one derives the field equations of
AdS, which are interpreted as bound-state wave equations.
As noticed and exploited first by Brodsky and de Téramond
[2], the structure of the field equations from the AdS5
action is equal to the structure of the LF Hamilton, if one
identifies the holographic variable 𝑧 with the boost invariant
separation 𝜁. FromunperturbedAdS, one obtains a vanishing
LF potential. This is no wonder: the space AdS5 has maximal
symmetry that in turn leads to a conformal symmetry in the
holographically corresponding 4-dimensional quantum field
theory and no scale can appear.

In order to introduce interaction, one has to break the
maximal symmetry. This is done by introducing a dilaton
term 𝑒𝜑(𝑧) into the AdS action. Due to the occurrence of
covariant derivatives in the AdS Lagrangian, the derivation of
the Euler-Lagrange equations is rather tedious, but finally one
obtains for a meson wave function [3]Φ𝜇1⋅⋅⋅𝜇𝐽

= 𝜖𝐽𝜇1⋅⋅⋅𝜇𝐽𝜙𝐽,𝐿(𝜁)
the bound-state equation:

(− 𝑑2𝑑𝜁2 + 4𝐿2 − 14𝜁2 + 𝑈 (𝜁)) 𝜙𝐽 (𝜁) = 𝑀2𝜙𝐽 (𝜁)
with 𝑈 (𝜁) = 12𝜑 (𝜁) + 14𝜑 (𝑧)2 + 2𝐽 − 32𝜁 𝜑 (𝜁) ;

(3)

here, 𝜖𝐽𝜇1⋅⋅⋅𝜇𝐽 is the polarization tensor of a meson with total
angular momentum 𝐽; the LF angular momentum 𝐿 is related
to the AdS mass by (𝑚𝑅)2 = −(2 − 𝐽)2 + 𝐿2.; the holographic
variable 𝑧 is identified with the LF separation 𝜁.

For Baryons, a dilaton factor 𝑒𝜑(𝜁) does not lead to an
interaction and there one has to introduce an additional
Yukawa term 𝑢𝑉(𝜁)𝑢 in the 5-dimensional fermionic AdS
action.The wave function is split into a positive-chirality and
a negative-chirality component:

𝑢𝜇1⋅⋅⋅𝜇𝐽−1/2 (𝑝) = 1 + 𝛾52 𝑢⋅⋅⋅ (𝑝) 𝜓𝐵+ (𝜁)
+ 1 − 𝛾52 𝑢⋅⋅⋅ (𝑝) 𝜓𝐵− (𝜁)

(4)

and one obtains the wave equations [3] with the potential𝑈± = 𝑉2 ± 𝑉 + ((1 + 2𝐿)/𝜁)𝑉:
(− 𝑑2𝑑𝜁2 + 4 (𝐿 + 1)2 − 14𝜁2 + 𝑈− (𝜁))𝜓𝐵− (𝜁)

= 𝑀2𝜓𝐵− (𝜁) ,
(5)

(− 𝑑2𝑑𝜁2 + 4𝐿2 − 14𝜁2 + 𝑈+ (𝜁))𝜓𝐵+ (𝜁) = 𝑀2𝜓𝐵+ (𝜁) . (6)

For phenomenological reasons one has chosen ad hoc [4–
8]

𝑒𝜑(𝜁) = 𝑒𝜆𝑀𝑧2 , 𝑉 (𝜁) = 𝜆𝐵𝑧; (7)

which leads to the potential for

𝑚𝑒𝑠𝑜𝑛𝑠: 𝑈 (𝜁) = 𝜆2𝑀𝜁2 + 2𝜆𝑀 (𝐽 − 1) , (8)

𝑏𝑎𝑟𝑦𝑜𝑛𝑠: 𝑈± (𝜁) = 𝜆2𝐵𝜁2 + 2𝐿𝜆𝐹 + 𝜆𝐹 (12 ± 12) . (9)

These potentials lead to linear Regge trajectories and a
massless pion. For the Delta trajectory, however, one has
to choose formally half-integer twist (i.e., to add 1/2 to the
angular momentum 𝐿) in order to get agreement with the
data.

2. Constraints Given by the Superconformal
Graded Algebra

Although one obtains in that way a satisfactory description
of several essential features of hadron spectroscopy, there are
some points that are not so satisfactory. First, and this is the
most important shortcoming, the special choice of maximal
symmetry breaking given in (7) is completely arbitrary
and has no theoretical foundation. Second, the symmetry
breaking formesons and baryons is completely unrelated, and
finally the remarkable fact that the Regge slopes of mesons
and baryons are very similar, which implies that 𝜆𝑀 ≈ 𝜆𝐵 in
(7), is in this context completely fortuitous.

In the search for further dynamical constraints, we go
back to the originalMaldacena correspondence [1] of a classi-
cal 5-dimensional theory and a 4-dimensional quantum field
theory. There the latter is heavily constrained by symmetries:
it is superconformal; that is, it obeys supersymmetry and
conformal symmetry. Since our goal is to find a semiclassical
approximation to QCD, it is not too far-fetched to investigate
superconformal quantum mechanics (QM).

Supersymmetric QM is very simple [9]. It is built on
a graded algebra consisting of two fermionic operators
(supercharges),𝑄 and𝑄†, and a bosonic operator (theHamil-
tonian), 𝐻, with the anticommutation and commutation
relations:

{𝑄,𝑄†} = 𝐻,
{𝑄, 𝑄} = {𝑄†, 𝑄†} = 0;

[𝑄,𝐻] = [𝑄†, 𝐻] = 0.
(10)

A matrix realization in a Hilbert space with two compo-
nents is

𝑄 = (0 𝑞
0 0) ,

𝑄† = ( 0 0
𝑞† 0) ,

(11)
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Figure 1: The 𝜋 − 𝑁 trajectory and the 𝜌 − Δ trajectory from [10].

𝑞 = − 𝑑𝑑𝑥 + 𝑓𝑥 + 𝑉 (𝑥) ,
𝑞† = 𝑑𝑑𝑥 + 𝑓𝑥 + 𝑉 (𝑥) ,

(12)

where 𝑓 is a dimensionless constant and 𝑉 is the arbitrary
superpotential.

If the superpotential 𝑉 = 0, then there is no scale present
and also conformal symmetry holds: one can extend the
supersymmetric (graded) algebra 9 to a superconformal one
by introducing the additional supercharges 𝑆 and 𝑆†, which
can be viewed as a square root of the special conformal
transformation 𝐾, since {𝑆, 𝑆†} = 𝐾; for more details, see
[10, 11]. In matrix notation, one can write

𝑆 = (0 𝑥
0 0) ,

𝑆† = (0 0
𝑥 0) .

(13)

Following the procedure introduced by de Alfaro et al.
[12] for the conformal algebra and extended by and Fubini
and Rabinovici [13] to the superconformal algebra, one can
construct a new Hamiltonian 𝐺 inside the superconformal
algebra:

𝐺 = {𝑅𝜆, 𝑅†𝜆} with𝑅𝜆 = 𝑄 + 𝜆𝑆, 𝑅†𝜆 = 𝑄† + 𝜆𝑆†. (14)

In this generalization of the Hamiltonian, a scale 𝜆 appears
naturally, since the supercharges 𝑆 and 𝑄 have different
physical dimensions.

The new Hamiltonian is diagonal with

𝐺11 = − 𝑑2𝑑𝑥2 + 4 (𝑓 + 1/2)2 − 1
4𝑥2 + 𝜆2𝑥2

+ 2𝜆 (𝑓 − 12) ,
(15)

𝐺22 = − 𝑑2𝑑𝑥2 + 4 (𝑓 − 1/2)2
4𝑥2 + 𝜆2𝑥2 + 2𝜆 (𝑓 + 12) . (16)

By construction, the eigenvalues of the two operators are
identical and the operator 𝑅†𝜆 transforms an eigenstate of 𝐺11
with eigenvalue 𝐸 ̸= 0 into an eigenfunction of 𝐺22.

If we identify 𝑓 = 𝐿 + 1/2 and 𝑥 = 𝜁, it turns
out that the potentials occurring in the new Hamiltonian
in (15) and (16) are exactly the potentials following from
the ad hoc introduced Yukawa term in (7) in the fermion
action. Furthermore, the operator 𝐺11 is the Hamiltonian of
a meson with 𝐿 = 𝐽 = 𝑓 + 1/2 (see (8)). And 𝐺22 is the
Hamiltonian of the baryon component 𝜓𝐵+ with 𝐿 = 𝑓 − 1/2
(see (9)). That is, the meson eigenfunction of 𝐺11 with LF𝐿𝑀 = 𝑓 + 1/2 has the same eigenvalue as a baryon with𝐿𝐵 = 𝑓 − 1/2, eigenfunction of 𝐺22. The supercharge 𝑅†𝜆
transforms the meson wave function into a wave function of
the mass-degenerate baryon. A meson with 𝐿𝑀 = 𝑓 + 1/2
is superpartner of baryon with 𝐿𝐵 = 𝑓 − 1/2; mesons with𝐿𝑀 = 0 (𝜋, e.g.) have no superpartner, since the supercharge𝑅†𝜆 annihilates its wave function.
3. Spin Effects

In the superconformal quantum mechanical approach, no
internal quark spin effects are foreseen, in contrast to the
AdS5 approach for mesons. The meson Hamiltonian derived
in the frame of the superconformal QM, 𝐺11, differs from
the one derived from AdS by the constant 𝜆𝑠, where 𝑠 is
the total quark spin of the meson. Supersymmetry demands
the occurrence of the same term also for baryons; that is,
we arrive at the following expression for the supersymmetric
Hamiltonian for mesons and baryons:

𝐺 = {𝑅𝜆, 𝑅†𝜆} + 𝜆𝑠I, (17)

where for 𝜋 and its SUSY partner, namely, the nucleon, we
have 𝑠 = 0, and for 𝜌 and its SUSY partner Δ, we have 𝑠 = 1.
Generally, for baryons, 𝑠 is the lowest possible internal spin of
the cluster.The results for the 𝜋−𝑁 and the 𝜌−Δ trajectories
are displayed in Figure 1; they show especially for Δ and 𝜌 the
nearly perfectly realized symmetry.
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Figure 2: The 𝐾, Λ; 𝐾∗, Σ∗; 𝜂, Ξ; and 𝜙, Ξ∗ trajectories, from [14].

4. Completing the Supersymmetric Multiplet

The supersymmetric quadruplet containing the meson and
the baryon is not yet complete, since the partner of negative
chirality component of the baryon, 𝜓𝐵−, is missing. We
can complete the supersymmetric multiplet by applying the
fermion operator 𝑅†𝜆 to that negative-chirality component
baryon wave function and thus obtain a bosonic state. This
operator, which transforms the meson wave function in the
positive-chirality baryonwave function, can be interpreted as
transforming a quark into an antidiquark cluster in the colour
representation {3}. Therefore the operator 𝑅†𝜆 applied to the
negative-chirality component of a baryon will give a wave
function 𝜙𝑇 = 𝑅†𝜆𝜓𝐵−, which can be interpreted as that of a
tetraquark consisting of a diquark cluster and an antidiquark
cluster.The SUSY quadruplet can be arranged in a 2×2matrix
in the following way: ( 𝜙𝑀(𝐿𝐵+1) 𝜓𝐵−(𝐿𝐵+1)𝜓𝐵+(𝐿𝐵) 𝜙𝑇(𝐿𝐵)

) .
Candidates for complete supermultiplets with fitting

quantum numbers 𝐼(𝐽𝑃) are
𝑏1(1235)1(1+) and 𝑁+,−(940)(1/2)(1/2+) and as
tetraquark 𝑓0(980)0(0+),
𝑎2(1320)1(2+) and Δ+,−(1230)(3/2)(3/2+) and as
tetraquark 𝑎1(1260)1(1+).

A special feature of tetraquarks is that states consisting of
a spin-singlet and a spin-triplet cluster are degenerate in 𝐺
parity.

5. Beyond the Chiral Limit

It is reasonable to assume that small quark masses do not
affect superconformal dynamics; that is, the LF potentials
remain unchanged and only the invariant mass is affected;
that is, the chiral expression ∑𝑖(𝑘2⊥𝑖/𝑥𝑖) has to be replaced
by ∑𝑖((𝑘2⊥𝑖 + 𝑚2

𝑖 )/𝑥𝑖). To first approximation, this gives
an additive term to the squared hadron mass [14–16] for
mesons 𝑀2

𝑀 = 4𝜆(𝑛 + 𝐿𝑀) + 2𝜆𝑠 + Δ𝑀2
2(𝑚1, 𝑚2) and for

baryons: 𝑀2
𝐵 = 4𝜆(𝑛 + 𝐿𝐵 + 1) + 2𝜆𝑠 + Δ𝑀2

3(𝑚1, 𝑚2, 𝑚3),
where Δ𝑀2[𝑚1, . . . , 𝑚𝑛] = (𝜆2/𝐹)(𝑑𝐹/𝑑𝜆) with 𝐹[𝜆] =
∫1
0
⋅ ⋅ ⋅ ∫ 𝑑𝑥1 ⋅ ⋅ ⋅ 𝑑𝑥𝑛𝑒−(1/𝜆)(∑𝑛𝑖 (𝑚2𝑖 /𝑥𝑖))𝛿(∑𝑛

𝑖 𝑥𝑖 − 1).
From 𝜋 and 𝐾 mass, the light quark masses are deter-

mined to𝑚𝑞 = 0.046 GeV and𝑚𝑠 = 0.357 GeV; the resulting
spectra are shown in Figure 2.

6. Strong Breaking of Conformal Symmetry by
Heavy Quark Masses

In heavy-light hadrons, where one constituent is heavy and
the other is light, we have still ultrarelativistic kinematics,
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Figure 3: Trajectories for heavy-light hadrons with strongly broken conformal symmetry, from [14].

but conformal symmetry is strongly broken. Supersymme-
try, however, can still survive and can give, together with
AdS/CFT breaking, crucial dynamical constraints.

Let us go back to the SUSY algebra in (11) and (12). From𝐻 = {𝑄,𝑄†}, we can express the mesonic LF potential in
terms of 𝑉(𝑥). For a meson with 𝐽𝑀 = 𝐿𝑀 = 𝐿 + 1, we
obtain

𝑈Susy (𝜁) = 𝑉2 + 2𝐿 + 1𝜁 𝑉 − 𝑉. (18)

With a dilaton term 𝑒𝜑(𝜁), we obtain, from theAdS/CFTaction
for the same meson,

𝑈dil (𝜁) = 14 (𝜑)2 + 2𝐿𝑀 − 32𝜁 𝜑 + 12𝜑. (19)

It has been shown in [14] that the two expressions are only
compatible if

𝜑 (𝜁) = 12𝜆𝐴𝜁2 + 𝐵,
𝑉 (𝜁) = 12𝜆𝐴𝜁.

(20)

Thus, the combination of SUSY with AdS constraints implies
that the LF potential even for strongly broken conformal
invariance is harmonic; the strength, however, is not deter-
mined. The resulting hadronic spectrum is for mesons 𝑀2 =4𝜆𝑄(𝑛 + 𝐿) + 𝜇22 and for baryons𝑀2 = 4𝜆𝑄(𝑛 + 𝐿 + 1) + 𝜇23 .

In Figure 3, the heavy-light hadrons together with lin-
ear trajectories are displayed. In all cases where several
recurrences are observed, the data are within the expected
accuracy compatible with the predicted harmonic potential.
The approximate masses of many states, which are still to
be observed, can be predicted in that way [14]. The average
values for the scale parameters for hadrons, which contain
one 𝑐-quark or 𝑏-quark, are √𝜆𝑐 = 0.71 ± 0.04GeV and√𝜆𝑏 = 1.06 ± 0.1GeV.

7. Constraints from Heavy Quark Symmetry

If the mass of the heavy quark 𝑀𝑄 goes to ∞, it decouples
and heavy quark symmetry (HQS) holds [17]. This has as
a consequence that the decay constant of the heavy-light
pseudoscalar meson, 𝑓𝑀, scales in that limit with the inverse
square root of the meson mass [17, 18]:

√𝑀𝑀𝑓𝑀 → 𝐶. (21)

With mass dependence of the wave functions modified
according to themodification of the invariant mass discussed
above, we can include the mass dependence into the wave
function:

𝜓(𝑚)𝑛,𝐿 = 1𝑁𝑚

𝑒−(1/2𝜆)∑𝑛𝑖=1(𝑚2𝑖 /𝑥𝑖)𝜓(0)𝑛,𝐿, (22)

where𝜓(0)𝑛,𝐿 is the wave function in the case ofmassless quarks.
From this wave function, one derives the decay constant:

𝑓𝑀 = 1
√∫1

0
𝑑𝑥 𝑒−𝑚2𝑄/𝜆(1−𝑥)

⋅ √ 𝜆𝜋 ∫1
0
𝑑𝑥 𝑒−𝑚2𝑄/2𝜆(1−𝑥)√𝑥 (1 − 𝑥).

(23)

Performing an integration by steepest descent, one
obtains

𝑓𝑀 = √ 6𝜋𝑒 (1 + erf (12)) 𝜆3/2𝑚2
𝑄

. (24)

Taking into account the fact that, in the limit of 𝑚𝑄 → ∞,
the heavy quark mass and the meson mass become equal,
comparison of this equation with (21) yields that 𝜆𝑄 ∼𝑀𝑀. Thus, HQS demands that, for heavy quark masses, the
scale parameter 𝜆 increase. It relates 𝜆𝑏 with 𝜆𝑐 even in a
quantitative way, as can be seen from Figure 4.
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Figure 4:The scale parameter√𝜆 for different pseudoscalarmesons
versus the meson mass. The solid line is the functional dependence√𝜆 ∼ √𝑀𝑀 as predicted by HQS.

8. Conclusions

We were motivated by the Maldacena conjecture, which
relates a classical gravitational theory in AdS5 to a super-
conformal colour gauge QFT with infinitely many colours.
Our approach, which aimed at a semiclassical approximation,
led to superconformal quantum mechanics on the light
front. The form of the light-front potential is determined by
the superconformal algebra. This model describes essential
features of light hadron spectra: linear trajectories in orbital
and radial excitations and a massless pion. The observed
similarity of meson and baryon spectra is a consequence
of the supersymmetry between the wave functions. We
also predict tetraquarks with definite masses and quantum
numbers.

The supersymmetry seems to survive even in the case
where conformal symmetry is strongly broken by heavy
quark masses. Here, the supersymmetry, together with the
embedding into AdS5, implies a harmonic potential 𝜆𝜁2 also
for heavy-light hadrons, but the scale parameter√𝜆 increases
with heavy quarkmass, in quantitative accordancewith heavy
quark symmetry.

Our model does not contain colour degrees of freedom,
but the fact that all states have zero width is well compatible
with the 𝑁𝐶 → ∞ limit of QCD; the accuracy, which is
generally about 10%, is also compatible with the application
of this limit to an 𝑁𝐶 = 3 theory. The model can also
be applied beyond spectroscopy [8, 19], but in this case
additional assumptions and input are necessary.
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We introduce Deligne cohomology that classifies𝑈(1) fibre bundles over 3 manifolds endowed with connections.We show how the
structure of Deligne cohomology classes provides a way to perform exact (nonperturbative) computations in 𝑈(1) Chern-Simons
theory (BF theory, resp.) at the level of functional integrals. The partition functions (and observables) of these theories are strongly
related to topological invariants well known to the mathematicians.

1. Introduction

Consider the following actions:

𝑆CS𝑁 [𝐴] = 2𝜋𝑁∫
R3
𝐴 ∧ 𝑑𝐴 = 2𝜋𝑁∫

R3
𝐴 ∧ 𝐹,

𝑆BF𝑁 [𝐴, 𝐵] = 2𝜋𝑁∫
R3
𝐵 ∧ 𝑑𝐴 = 2𝜋𝑁∫

R3
𝐵 ∧ 𝐹,

(1)

where 𝐴 and 𝐵 are 𝑈(1) connections. Here, the coupling
constant𝑁 is any real number.

The gauge transformation 𝐴 → 𝐴 + 𝑑Λ, where Λ is a
function that leaves the actions (1) invariant. Since in the
quantum context we consider the complex exponential of the
action, the invariance required is less restrictive. Indeed, we
can consider an invariance of 𝑆 up to an integer:

𝑆 → 𝑆 + 2𝜋𝑛, 𝑛 ∈ Z ⇒ 𝑒𝑖𝑆 → 𝑒𝑖𝑆 (2)

which implies that𝑁 is quantized. Studying the gauge invari-
ance properties of the holonomies, which are the observables
of Chern-Simons and BF theories, it turns out that the most
general gauge transformation is 𝐴 → 𝐴 + 𝜔Z, where 𝜔𝑍
is a closed 1-form with integral periods. On a contractible
open set this transformation reduces to the classical one since,
by Poincaré Lemma, there exists Λ such that 𝜔Z = 𝑑Λ.

In particular, this is the case when the theory is defined in
R3 which is a contractible space. However, this generalized
gauge transformation enables defining a theory on any closed
(i.e., compact without boundary) 3-manifold𝑀.The classical
gauge transformation appears thus to be a particular case of
the quantum one.

In this paper we will consider the equivalence classes
according to this quantum gauge transformation. These
classes classify 𝑈(1) fibre bundles over 𝑀 endowed with
connections and their collection is the so-called first Deligne
cohomology group of 𝑀. We will show that this structure
enables performing exact computations in the framework of𝑈(1) Chern-Simons and BF theories.

2. Deligne Cohomology

Themost general statementwe can start from is a collection of
local gauge fields 𝐴𝛼 in open sets 𝑈𝛼 that cover the manifold𝑀 we are considering. We suppose these open sets and their
intersections to be contractible, so that we can in particular
use the Poincaré Lemma inside. To define a global field,
we need to explain how 𝐴𝛼 and 𝐴𝛽 stick together in the
intersection 𝑈𝛼 ∩ 𝑈𝛽. This, by definition, is done thanks to
a gauge transformation:

𝐴𝛽 = 𝐴𝛼 + 𝑑Λ 𝛼𝛽 in 𝑈𝛼𝛽 = 𝑈𝛼 ∩ 𝑈𝛽. (3)
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The antisymmetry of this relation in 𝛼 and 𝛽 implies that𝑑(Λ 𝛼𝛽 +Λ 𝛽𝛾 +Λ 𝛾𝛼) = 0, makingΛ 𝛼𝛽 +Λ 𝛽𝛾 +Λ 𝛾𝛼 a constant
in𝑈𝛼 ∩𝑈𝛽 ∩𝑈𝛾 that is an integer (since (4) is nothing but the
cocycle condition for a 𝑈(1) fibre bundle):
Λ 𝛼𝛽 + Λ 𝛽𝛾 + Λ 𝛾𝛼 = 𝑛𝛼𝛽𝛾 ∈ Z

in 𝑈𝛼𝛽𝛾 = 𝑈𝛼 ∩ 𝑈𝛽 ∩ 𝑈𝛾.
(4)

The symmetry in 𝛼, 𝛽, and 𝛾 of this last relation implies that

𝑛𝛼𝛽𝛾 − 𝑛𝛼𝛽𝛿 + 𝑛𝛼𝛾𝛿 − 𝑛𝛽𝛾𝛿 = 0. (5)

Thus, the generalization of our gauge potential on
any closed 3-manifold 𝑀 imposes considering a collection(𝐴𝛼, Λ 𝛼𝛽, 𝑛𝛼𝛽𝛾) constituted of a family of potentials 𝐴𝛼
defined in open sets 𝑈𝛼, a family of functions Λ 𝛼𝛽 defined
in the double intersections 𝑈𝛼𝛽, and a family of integers
defined in the triple intersections 𝑈𝛼𝛽𝛾 (all those open sets
and intersections being contractible). Elements of those
collections are related by

𝐴𝛽 = 𝐴𝛼 + 𝑑Λ 𝛼𝛽 in 𝑈𝛼𝛽.
Λ 𝛼𝛽 + Λ 𝛽𝛾 + Λ 𝛾𝛼 = 𝑛𝛼𝛽𝛾 ∈ Z in 𝑈𝛼𝛽𝛾

𝑛𝛼𝛽𝛾 − 𝑛𝛼𝛽𝛿 + 𝑛𝛼𝛾𝛿 − 𝑛𝛽𝛾𝛿 = 0
(6)

These statements define a Deligne cocycle.
We need now to describe how this collection transforms

when we perform a gauge transformation of the 𝐴𝛼:
𝐴𝛼 → 𝐴𝛼 + 𝑑𝑞𝛼 in 𝑈𝛼, (7)

where the family of 𝑞𝛼 is a family of functions defined in the𝑈𝛼. This implies that Λ 𝛼𝛽 have to transform according to

Λ 𝛼𝛽 → Λ 𝛼𝛽 + 𝑞𝛼 − 𝑞𝛽 − 𝑚𝛼𝛽 in 𝑈𝛼𝛽, (8)

where the family 𝑚𝛼𝛽 consists in integers, mainly because𝑛𝛼𝛽𝛾 do. Finally, 𝑛𝛼𝛽𝛾 transform thus according to

𝑛𝛼𝛽𝛾 → 𝑛𝛼𝛽𝛾 − 𝑚𝛽𝛾 + 𝑚𝛼𝛾 − 𝑚𝛼𝛽 in 𝑈𝛼𝛽𝛾. (9)

Hence, the collection (𝑞𝛼, 𝑚𝛼𝛽) where 𝑞𝛼 are functions
defined in the 𝑈𝛼 and 𝑚𝛼𝛽 are integers defined in the
intersections 𝑈𝛼𝛽 together with the set of rules

𝐴𝛼 → 𝐴𝛼 + 𝑑𝑞𝛼 in 𝑈𝛼
Λ 𝛼𝛽 → Λ 𝛼𝛽 + 𝑞𝛼 − 𝑞𝛽 − 𝑚𝛼𝛽 in 𝑈𝛼𝛽
𝑛𝛼𝛽𝛾 → 𝑛𝛼𝛽𝛾 − 𝑚𝛽𝛾 + 𝑚𝛼𝛾 − 𝑚𝛼𝛽 in 𝑈𝛼𝛽𝛾

(10)

generalizes the idea of gauge transformation. These rules
define the addition of a Deligne coboundary to a Deligne
cocycle. The quotient set of Deligne cocycles by Deligne
coboundaries is the first Deligne cohomology group𝐻[1]𝐷 .

3. Structure of the Space of Deligne
Cohomology Classes

𝐻[1]𝐷 is naturally endowed with a structure of Z-modulus. It
can be described in particular through two exact sequences.
The first one is

0 → Ω1
Ω1Z = (Ω1Ω10) × (Ω10Ω1Z) → 𝐻[1]𝐷 (Z) → 𝐻2 (Z) = 𝐹2 ⊕ 𝑇2 → 0, (11)

whereΩ1/Ω1Z is the quotient of the 1 formby the closed 1 form
with integral periods and𝐻2(Z) is the space of cohomology
classes of the manifold. This is an abelian group, which can
thus be decomposed as a direct sum of a free part 𝐹2 = Z𝑏

2

and a torsion part 𝑇2 = Z𝑝1 ⊕ ⋅ ⋅ ⋅ ⊕ Z𝑝𝑛 . This exact sequence
shows that the space of Deligne cohomology classes can be

thought as a set of fibres over the discrete net constituted by
𝐻2(Z) and inside which we can move thanks to elements ofΩ1/Ω1Z (see Figure 1).

The second exact sequence that enables representing𝐻[1]𝐷
is

0 → 𝐻1 (R
Z
) = (Ω10Ω1Z) × 𝑇2 → 𝐻[1]𝐷 (Z) → Ω2Z = (Ω1Ω10) × 𝐹2 → 0, (12)

where 𝐻1(R/Z) is the first cohomology group R/Z-valued
and Ω2Z is the set of closed2 forms with integral periods.

This exact sequence leads to the representation shown in
Figure 2.
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Those two exact sequences contain the same information.

≃≃

≃≃

0
Ω1

Ω1
Z

H[1]
D H2 0

0 H1 (R
Z
) H[1]

D Ω2
Z 0

Ω1
0

Ω1
Z

×
Ω1

Ω1
0

Ω1
0

Ω1
Z

× T2 Ω1

Ω1
0

× F2

T2 × F2

(13)

4. Operations and Duality on Deligne
Cohomology Classes

Given two Deligne cohomology classes 𝐴 and 𝐵 with respec-
tive representatives (𝐴𝛼, Λ 𝛼𝛽, 𝑛𝛼𝛽𝛾) and (𝐵𝛼, Θ𝛼𝛽, 𝑚𝛼𝛽𝛾), we
define a Deligne cohomology class𝐴⋆𝐵 with representative:

(𝐴𝛼 ∧ 𝑑𝐵𝛼, Λ 𝛼𝛽𝐵𝛽, 𝑛𝛼𝛽𝛾𝐵𝛾, 𝑛𝛼𝛽𝛾Θ𝛾𝜌, 𝑛𝛼𝛽𝛾𝑚𝛾𝜌𝜎) . (14)

The integral of a Deligne cohomology class 𝐴 with
representative (𝐴𝛼, Λ 𝛼𝛽, 𝑛𝛼𝛽𝛾) over a cycle 𝑧 is defined by

∮
𝑧
𝐴 =

Z
∑
𝛼
∫
𝑧𝛼=𝑈𝛼∩𝑧

𝐴𝛼 −∑
𝛼𝛽
∫
𝑧𝛼𝛽=𝑈𝛼𝛽∩𝑧

Λ 𝛼𝛽, (15)

where =
Z
means that the equality is satisfied inR/Z, that is, up

to an integer. This integral is nothing but a holonomy, that is,
a typical observable of Chern-Simons and BF quantum field
theories.This definition ensures gauge invariance in the sense
described in the introduction.

We can define in the same way the integral over𝑀 of𝐴⋆𝐵 which provides a generalization of Chern-Simons and BF
abelian actions:

∫
𝑀
𝐴 ⋆ 𝐵 =

Z
∑
𝛼
∫
𝑈𝛼
𝐴𝛼 ∧ 𝑑𝐵𝛼 −∑

𝛼𝛽
∫
𝑈𝛼𝛽

Λ 𝛼𝛽𝐵𝛽

+ ∑
𝛼𝛽𝛾

∫
𝑈𝛼𝛽𝛾

𝑛𝛼𝛽𝛾𝐵𝛾 − ∑
𝛼𝛽𝛾𝛿

∫
𝑈𝛼𝛽𝛾𝛿

𝑛𝛼𝛽𝛾Θ𝛾𝜌.
(16)

Let us point out that the first term is nothing but the local
classical action, the other terms ensuring the gluing of local
expressions up to an integer.

Note that

𝑍1 × 𝐻[1]𝐷 → R

Z

(𝑧, 𝐴) → ∮
𝑧
𝐴

(17)

defines a bilinear pairing from the space 𝑍1 of 1 cycle and
the space of Deligne cohomology classes (both considered as
Z-moduli) in R/Z as well as

𝐻[1]𝐷 × 𝐻[1]𝐷 → R

Z

(𝐴, 𝐵) → ∫
𝑀
𝐴 ⋆ 𝐵.

(18)

Starting from that remark and for later convenience, we
will consider Pontrjagin dual (𝑋)# = Hom (𝑋,R/Z) of a
group 𝑋. Considering Hom as a functor, we can show that
the following sequences are exact:

0 → (Ω2Z)# → (𝐻[1]𝐷 )# → (𝐻1 (R
Z
))# → 0,

0 → (𝐻2)# → (𝐻[1]𝐷 )# → (Ω1
Ω1Z)

#

→ 0.
(19)

Moreover, the information of the first two exact sequences is
included in those two new ones.

0

0

0

0 0

0

0

0

≃ ∩ ∩

≃∩∩

Ω1

Ω1
Z

H[1]
D H2

H1 (R
Z
) H[1]

D Ω2
Z

( Ω1

Ω1
Z

)
#

(H[1]
D )#(H2)#

(Ω2
Z)# (H[1]

D )# (H1 (R
Z
))#

(20)

The Pontrjagin dual is a generalization to distributional
objects. Finally, we see that 𝑍1 ⊂ (𝐻[1]𝐷 )# in the sense of (17).
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5. Decomposition of Deligne
Cohomology Classes

The structure of Deligne cohomology classes is such that each
class 𝐴 can be decomposed as the sum of an origin indexed
on the cohomology of 𝑀 (basis of the discrete fibre bundle
of Deligne cohomology classes) and a translation taken inΩ1/Ω1Z:

𝐴 = 𝐴0a + 𝜔, a ∈ 𝐻2 (Z) . (21)

The result of functional integrals over the space of Deligne
cohomology classes will not depend on the choice of the ori-
gins, but the complexity of the computations will. Thus, our
goal is to find convenient origins with algebraic properties
that will enable performing computations easily.

Concerning the translations, we can decompose (non-
canonically)Ω1/Ω1Z as

Ω1
Ω1Z ≃ Ω1

Ω10 ×
Ω10Ω1Z , (22)

whereΩ10 denotes the set of closed 1 form. Furthermore

Ω10Ω1Z ≃ (R
Z
)𝑏1 , (23)

𝑏1 being the first Betti number. We will call zero modes the
elements 𝜔0 ∈ Ω10/Ω1Z. With this decomposition, we obtain

∀𝜔0 ∈ Ω10Ω1Z , ∀𝜔 ∈ Ω1
Ω1Z , ∫

𝑀
𝜔 ⋆ 𝜔0 =

Z
0. (24)

Let us consider generators 𝑧𝑎 of the free part of the
homology of𝑀.Then, by Pontrjagin duality, we can associate
to it a unique element 𝜂𝑧𝑎 ∈ (𝐻[1]𝐷 )#. Thus, for a fibre over
∑𝑎𝑚𝑎𝑧𝑎 ∈ 𝐹1 ≃ 𝐹2 we will consider as origin the element

𝐴m = ∑
𝑎
𝑚𝑎𝜂𝑧𝑎 ∈ (𝐻[1]𝐷 )# . (25)

Note that

∫
𝑀
𝐴m ⋆ 𝐴n =

Z
0 (26)

since it represents a linking number which is necessarily
an integer. We impose as a convention the so-called zero
regularisation:

∫
𝑀
𝐴m ⋆ 𝐴m =

Z
0 (27)

which is ill-defined as self-linking. Finally, if we decompose
𝜔0 ∈ Ω10/Ω1Z as𝜔0 = ∑𝑏 𝜃𝑏𝜌𝑏 with∮𝑧𝑎𝜌𝑏 = 𝛿𝑏𝑎, then we obtain

∫
𝑀
𝐴m ⋆ 𝜔0 =

Z
m ⋅ 𝜃. (28)

Let us consider now a generator 𝜏𝑎 of the componentZ𝑝𝑎
of the torsion part of the homology of 𝑀. This means that𝜏𝑎 is the boundary of no surface, but 𝑝𝑎𝜏𝑎 is. Consider now𝜂𝜏𝑎 ∈ (𝐻[1]𝐷 )# defined by

𝜂𝜏𝑎 = (0, 𝑚𝛼𝛽𝑝𝑎 , 𝑛𝛼𝛽𝛾) , (29)

where 𝑝𝑎𝑛𝛼𝛽𝛾 = 𝑚𝛽𝛾 − 𝑚𝛼𝛾 + 𝑚𝛼𝛽. Thus, for a fibre over
∑𝑎 𝜅𝑎𝜏𝑎 ∈ 𝑇1 ≃ 𝑇2 we will consider as origin the element

𝐴0
𝜅
= ∑
𝑎
𝜅𝑎𝜂𝜏𝑎 ∈ (𝐻[1]𝐷 )# . (30)

This choice has several advantages since we can show that

∫
𝑀
𝐴0
𝜅1
⋆ 𝐴0
𝜅2
=
Z
−𝑄 (𝜅1, 𝜅2) , (31)

where 𝑄 is the so-called linking form, which is a quadratic
form over the torsion of the cohomology. Also

∫
𝑀
A0
𝜅
⋆ 𝐴m =

Z
0 (32)

for any free origin 𝐴m and

∫
𝑀
𝐴0
𝜅
⋆ 𝜔 =

Z
0 (33)

for any translation 𝜔.
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6. 𝑈(1) Chern-Simons and BF Theories

Chern-Simons abelian action is generalized as

𝑆CS𝑁 [𝐴] = 2𝜋𝑁∫
𝑀
𝐴 ⋆ 𝐴. (34)

Since ∫𝑀𝐴 ⋆ 𝐴 ∈ R/Z, then𝑁 has to be quantized here:

𝑁 ∈ Z. (35)

The partition function is defined as

𝑍CS𝑁 = 1
NCS𝑁

∫
(𝐻[1]𝐷 )

#
𝑒𝑖𝑆CS𝑁 [𝐴]D𝐴, (36)

NCS𝑁 being a normalization that has to cancel the intrinsic
divergence of the functional integral.The functional measure
we use is then

𝑑𝜇CS𝑁 [𝐴] = D𝐴𝑒𝑖𝑆CS𝑁 [𝐴]. (37)

Assume that this measure verifies the so-called Cameron-
Martin property; that is,

𝑑𝜇CS𝑁 [𝐴 + 𝜔] = 𝑑𝜇CS𝑁 [𝐴] 𝑒4𝑖𝜋𝑁∫𝑀𝐴⋆𝜔𝑒2𝑖𝜋𝑁∫𝑀 𝜔⋆𝜔 (38)

for a fixed connection 𝐴 and a translation 𝜔, then, for 𝑗𝛾 a
translation in (𝐻[1]𝐷 )# associated with a cycle 𝛾:

𝑑𝜇CS𝑁 [𝐴 + 𝑚 𝑗𝛾
2𝑁] = 𝑑𝜇CS𝑁 [𝐴] . (39)

Using the algebraic properties given before, we can compute
exactly the Chern-Simons abelian partition function.

As a convention, for the normalization we choose

NCS𝑁 = ∫(Ω1/Ω1
Z
)#
𝑒𝑖𝑆CS𝑁 [𝜔]D𝜔 = ∫

(Ω1/Ω10)
#
𝑒𝑖𝑆CS𝑁 [𝜔]D𝜔 (40)

which corresponds to the trivial fibre of Deligne bundle for
our theory defined over a manifold 𝑀. This trivial fibre is
the (only) one that constitutes Deligne bundle if we consider
a theory over 𝑆3. This choice enables establishing a link
with Reshetikhin-Turaev abelian invariant (see [1]). Note that
usually the normalization of Reshetikhin-Turaev invariant is
chosen to be related to 𝑆1×𝑆2. However if the normalization is
done with respect to 𝑆3 then one recovers in the abelian case
the invariants obtained with convention (40).

This way, we find

𝑍CS𝑁 = ∑
𝜏A∈𝑇2

𝑒−2𝑖𝜋𝑁𝑄(𝜏A ,𝜏A). (41)

Analogous considerations apply to BF abelian theory whose
generalized action is

𝑆BF𝑁 [𝐴, 𝐵] = 2𝜋𝑁∫
𝑀
𝐴 ⋆ 𝐵 (42)

(𝑁 being here also quantized) which leads to a partition
function written as

𝑍BF𝑁 = ∑
𝜏A∈𝑇2

∑
𝜏B∈𝑇2

𝑒−2𝑖𝜋𝑁𝑄(𝜏A ,𝜏B) = 𝑛∏
𝑖=1

gcd (𝑝𝑖, 𝑁) 𝑝𝑖. (43)

Computations of expectation values of observables can
also be performed thanks to this method in both Chern-
Simons and BF abelian theories (see [1, 2]).

7. Conclusion

Several correspondences in the nonabelian case, mainly𝑆𝑈(2), have been established formally, that is, with manip-
ulations of ill-defined quantities:

(1) Chern-Simons partition function is related to
Reshetikhin-Turaev topological invariant [3].

(2) BF partition function is related to Turaev-Viro topo-
logical invariant [4].

(3) The squaremodulus of Chern-Simons partition func-
tion is equal to the BF partition function [5].

This is summed up on the following diagram:

𝑍CS𝑁
2 Cattaneo⋅ ⋅ ⋅ 𝑍BF𝑁

Witten
... ... Ponzano, Regge . . .

RT𝑁2 =
Turaev

TV𝑁

(44)

the only result perfectly rigorously established being the one
of Turaev, Reshetikhin, and Viro (see [6–8]).

In the abelian case, we saw that Deligne cohomology
approach enables defining rigorously functional integration
in the specific case of Chern-Simons and BF theories. Using
this tool, we show that the previous diagram is no longer
correct and has to be replaced by the following one:

𝑍CS𝑁
2 Thuillier &M.̸= 𝑍BF𝑁

Guadagnini &Thuillier ‖ ‖ Thuillier &M.
RT𝑁2 ̸= TV𝑁,

(45)

where the hypothesis of Turaev are not necessarily satisfied
with abelian representations, leading to an inequality in general.

This shows that the abelian theories, contrary to what
could be expected, are not a simple trivial subcase of the
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nonabelian ones. However, we expect to find some traces of
this abelian case in the nonabelian one, which is the aim of
present works.
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We discuss a model with stable topological solitons in Minkowski space with only three degrees of freedom, the rotational angles
of a spatial Dreibein. This model has four types of solitons differing in two topological quantum numbers which we identify with
electric charge and spin.The vacuum has a two-dimensional degeneracy leading to two types of massless excitations, characterised
by a topological quantum number which could have a physical equivalent in the photon number.

1. Introduction

In our mathematical description of nature we use two
different concepts. Following Einstein we formulate gravity
in a geometrical language, whereas particle physics uses the
algebraic formulae of quantum field theory. To unify the two
very successful theories most physicists try quantized gravity.
I go here into the opposite direction and follow first steps in
a geometrical formulation of particle physics. We should find
out from experiments the direction which we should take in
our investigations. Nature may give us some hints about the
mechanisms. I get my first intuition from the sine-Gordon
model and its experimental realisation with a pendulum
model. The mathematics of the sine-Gordon model is nicely
described in [1]. Here I want only to repeat the most inter-
esting physical pictures of this model. It is a fully relativistic
model in 1 + 1D, where the velocity of light corresponds
to the propagation velocity 𝑐 of small amplitude waves. In
the experimental realisation (see [1]), this velocity is of the
order of 1m/s. Besides waves, we find two types of particle-
like excitations, kinks, and antikinks. They behave in many
ways like particles. Their energy density is concentrated in a
certain region in space with a total energy defining the mass.
The three contributions to the energy, stress energy, potential
energy, and kinetic energy have different dependencies on the
velocity V of a moving kink. The potential energy is decreas-
ing; stress energy and kinetic energy are increasing with V.

As expected for a relativistic model, the three contributions
nicely sum up to a mass increasing with 𝛾 = 1/√1 − (V/𝑐)2. A
moving kink is Lorentz contracted. In the mechanical model,
we can easily imagine what nature does to decrease the size
of the kink. To accelerate the pendula at the front of the
kink the angle between them has to increase, leading to a
smaller size of the kink.The pendulummodel gives me some
idea on how nature could work to realise the phenomena of
special relativity. Even more impressive is the existence of
two types of kinks, kinks and antikinks and their interaction.
They behave like charged particles: kinks and kinks repel;
kinks and antikinks attract each other. In soft collisions
kinks behave similarly to billiard balls. In hard collisions
the diameters of kinks shrink proportional to 1/𝛾 and get
point-like. Further, we can observe how kinks and antikinks
annihilate. In the mechanical model the annihilation due
to friction effects gives rise to the emission of waves. In
the abstract theoretical model solitons and antisolitons get
through each other with a small time delay. Mathematically
we can separate the various kink configurations in homotopy
classes differing in their winding number. This is condensed
in the relation Π1(S1) = Z of homotopy theory.

I get a second hint from a simple model teaching us about
the nature of 4𝜋-rotations. I saw it for the first time in Figure41.6 on page 1149 of “Gravitation” byMisner et al. [2]. A ball is
attached with several wires to the surrounding, for example,
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with eight wires to the corners of a cube. Rotating the ball
one or two times around some axis leads to a complete mess
of the strings. But after a 4𝜋-rotation one can disentangle
the wires without moving the ball. We can learn from this
model that a body which is connected to the surrounding
returns only after a 4𝜋-rotation to his original state. For a
disconnected body this happens already after a 2𝜋-rotation.
This is mathematically formulated in the relationΠ1(S3) = 1.
There is a continuous transition between 4𝜋-rotations and
no rotation. This ball model gives me a hint on how possibly
nature realises particles with spin 1/2 just by connecting them
with the surrounding.

Thirdly, I want to mention that, observing phenomena
at and below the atomic scale, we always observe particles
or clicks and never waves. Remember the double-slit experi-
ment. In this interference experiment of electrons or photons,
the wave-picture appears only after several hundreds or
thousands of particles have been registered on the screen.

In the main part of this article, I describe a Lorentz
covariantmodel which has stable topological excitations with
properties of particles. In a certain sense, it is a generalisation
of the sine-Gordon model to 3 + 1D. Several features of this
model were already described in a few articles [3–8]. In this
article, I will mainly concentrate on topological questions.

2. Definition of the Model

We are using a scalar SO(3)-field in 3 + 1DMinkowski space.
The only degrees of freedom of this model are therefore
three rotational angles, for example, the three Euler angles,
describing the rotations of a spatial Dreibein. Work with
SU(2) is simpler than using SO(3)-matrices, that is, with2 × 2-matrices. Since SU(2) is the double covering group of
SO(3) there is an essential difference between SU(2)- and
SO(3)-fields. Every field configuration of an SO(3)-field is
twice realised by SU(2)-fields. The two realisations differ by
a transformation with the nontrivial center element, by a 2𝜋-
rotation. We have to remember this property using SU(2)-
matrices:

𝑄 (𝑥) = e−i�훼(�푥)
�㨀→�휎 �㨀→�푛 (�푥) = cos𝛼 (𝑥) − i→𝜎 →𝑛 (𝑥) sin𝛼 (𝑥) , (1)

at every site 𝑥 in 𝑀4. The symbol 𝑄 we are using reminds
us of quaternions, invented by Rodrigues [9] in the year
1840, to describe active rotations with the three imaginary
quaternionic units i, j, k. In (1), they are represented by
Pauli matrices i fl −i𝜎1, j fl −i𝜎2, k fl −i𝜎3. →𝑛 is a
three-component unit vector and →𝜎 →𝑛 fl ∑3

�푖=1 𝜎�푖𝑛�푖 is the
component of the Pauli matrices in direction of →𝑛 . Rotations
are unit quaternions 𝑄 = 𝑞0 − i→𝜎 →𝑞 with 𝑞20 + →𝑞 2 = 1. Their
manifold is isomorphic to S3.

The idea for the definition of the dynamical part of the
Lagrangian is its identification with the square of the area
density on S3 in appropriate units of an action density. We
start defining tangential vectors:

𝜕�휇𝑄 fl −i→𝜎→Γ �휇𝑄 with →𝜎→Γ �휇 fl
3∑
�푖=1

𝜎�푖Γ�휇�푖, (2)

(tangential one-forms) to S3. We would like to emphasise
that →𝐴�휇 = 2→Γ �휇 is a trivial connection but →Γ �휇 is not. With
the cross-product →𝑅�휇] fl

→Γ �휇 × →Γ ] we can get the square

of the area density →𝑅�휇]
→𝑅�휇]

and define the Lagrangian in
appropriate SI-units with 𝛼�푓 fl 𝑒20/4𝜋𝜖0ℏ𝑐:

L fl Ldyn −Hpot fl −𝛼�푓ℏ𝑐4𝜋 (14→𝑅�휇]
→𝑅�휇] + Λ (𝑞0))→𝑅�휇] fl

→Γ �휇 × →Γ ],→Γ �휇

(2)= i2Sp (→𝜎𝜕�휇𝑄𝑄†) .
(3)

Up to a proportionality factor, the kinetic term Ldyn of this
model agrees with the Skyrme term in the Skyrmemodel [10].
To get stable solitons, Skyrme suggested to use a mass term
for the vector field→Γ �휇 leading to Skyrmions with short-range
forces which are accepted as approximations for nucleons.We
want to describe particles with long-range Coulombic forces
and have therefore to avoid the Skyrme term. The Hobart-
Derrick theorem [11, 12] allows as additional terms only terms
without derivative, a potential term, which we chose as

Λ (𝑞0) = 𝑞2�푚0 . (4)

Therefore, we have a two-dimensionalmanifold of degenerate
vacua; the equatorial sphere S2equ is defined by 𝑞0 = 0. The
choice of the potential term (4) has two immediate physical
consequences.There are two Goldstone bosons which we can
identify with the two photon degrees of freedom. Further, we
get nontrivial field configurations of finite energy which can
be classified byΠ2(S2equ) = Z, by themap ofS2equ to the sphere
S2∞ at spatial infinity.

3. Stable Solitons of Finite Energy

Inserting the time-independent hedgehog ansatz

𝑞0 = cos𝛼 (𝑟) ,→𝑞 = →𝑛 (r) sin𝛼 (𝑟) ,
→𝑛 (r) = →𝑟𝑟 ,
𝛼 (𝑟) ∈ [0, 𝜋2 ]

(5)

into Lagrangian (3), we get the Euler-Lagrange equation:

𝜕2�휌 cos𝛼 + (1 − cos2𝛼) cos𝛼𝜌2 − 𝑚𝜌2cos2�푚−1𝛼 = 0
with 𝜌 = 𝑟𝑟0 ,

(6)
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Figure 1: Contributions to the radial energy density according to (8)
in units of 𝛼�푓ℏ𝑐/𝑟0.
a nonlinear differential equation, which we can most easily
solve for𝑚 = 3. It has the simple solution

𝛼 (𝑟) = arctan 𝜌,
sin𝛼 (𝑟) = 𝜌√1 + 𝜌2 ,
cos𝛼 (𝑟) = 1√1 + 𝜌2 .

(7)

leading to the radial energy density:

ℎ = 𝛼�푓ℏ𝑐𝑟0 [ 𝜌22 (1 + 𝜌2)2 + 𝜌2(1 + 𝜌2)3 + 𝜌2(1 + 𝜌2)3] . (8)

The radial dependencies of its three contributions are
shown in Figure 1. At large distances the radial energy density
agrees with the Coulombic energy density of a point charge.
As one can clearly see, the singularity at the origin that point-
charges usually are suffering from is removed. The tangential
and the potential energy density have equal shapes and decay
faster.They lead to a deviation from the Coulomb interaction
at distances in the order of 𝑟0 and smaller. The total energy
sums up to 𝐸 = (𝛼�푓ℏ𝑐/𝑟0)(𝜋/4). Comparing this result with
the rest energy of an electron we get a value for the scale 𝑟0 of
2.21 fm.

The hedgehog configuration, defined in (5), is schemat-
ically depicted in the upper diagram of Figure 2. It maps
R3 to half of S3. This half-sphere is indicated in the lower
diagram of Figure 2. By the electric field, the hedgehog is
wired to the surrounding. If the center of the hedgehog
is rotated by 4𝜋, the tangled lines of constant →𝑛 -field can
be disentangled without further rotation of the center, and
the original configuration can get restored. This behaviour
reminds us of the rotational property of spin-1/2 particles.

(a)
q0 × 1

q3 × k

q1 × i, q2 × jS2？ＫＯ

Q(r)

(b)

Figure 2: (a) Scheme of the hedgehog configuration (5). The small
blue arrows show the imaginary part →𝑞 = →𝑛 (r) sin𝛼(𝑟) of the 𝑄-
field in an arbitrary plane through the origin.The longmagenta lines
indicate the electric field lines of a point charge, the lines of constant→𝑛 -field. (b) Half-sphere covered by the hedgehog configuration.

4. Topological Quantum Numbers

We can find a further relation to spin in the number of
coverings of S3, the topological charge Q which we define in
spherical coordinates 𝑟, 𝜗, 𝜑 by

Q fl
12𝜋2 ∫∞

0
d𝑟 ∫�휋

0
d𝜗∫2�휋

0
d𝜑→Γ �푟 (→Γ �휗 × →Γ �휑) . (9)

The configuration of (5) and Figure 2 results in Q =1/2. Continuous modifications of the soliton field do not
change Q and the homotopy class of the configuration. The
homotopy class can be changed by parity transformationsΠ�푛 : →𝑛 → −→𝑛 in the internal space and by transformations
with the nontrivial center element 𝑧 = −1. The four types
of solitons which we get by these transformations are shown
in Table 1. 𝑄-values with 𝑞0 ≥ 0 are indicated by full blue
arrows and with 𝑞0 ≤ 0 by dashed green arrows. Besides
the topological charge, the four configurations differ in the
direction of the rotational axis of the 𝑄-field at infinity
which we will relate in (16)–(18) with the electric charge 𝑄el.
This field at large distances from the center determines the
interaction with other solitons, attraction, or repulsion. The
pairs of configurations with the same electric charge differ
in the value ±1/2 of the topological charge, in the chirality.
We can combine pairs of solitons with Q = ±1/2 either to
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Table 1: Soliton types differ by transformations with Π�푛 and 𝑧. The signs of →𝑛 and 𝑞0 and the topological quantum numbers 𝑄el and Q are
quoted. The configurations are spherically symmetric.

Transf. 1 𝑧 Π�푛 𝑧Π�푛→𝑛 →𝑟 /𝑟 −→𝑟 /𝑟 −→𝑟 /𝑟 →𝑟 /𝑟𝑞0 ≥0 ≤0 ≥0 ≤0𝑄el −1 1 1 −1
Q 1/2 1/2 −1/2 −1/2
Diagram

Figure 3: Dipole configuration with 𝑆 = 1. The small blue arrows
show the imaginary part →𝑞 = →𝑛 (r) sin𝛼(𝑟) of the 𝑄-field in an
arbitrary plane through the centers of both solitons. Full arrows
correspond to 𝑞0 ≤ 0 and dashed arrows to 𝑞0 ≤ 0.
Q = 0 or to Q = ±1. Since SU(2) is the spin group and due to
the above described properties of the soliton configurations
under 4𝜋 rotations we dare to identify the absolute value of
the topological charge with the spin quantum number:𝑠 = |Q| . (10)

We would like to remember that, within SO(3), the two
configurations which differ in the sign of Q are identical.

Traversing the center of a soliton we follow a rotation
of the local Dreibeins by ±2𝜋. This may answer a question,
posed byTsung-DaoLee in a talk given inVienna in the 1980s:
“why does the mass break chiral symmetry?”

Besides its group theoretical properties, spin is a contri-
bution to the total angular momentum. We will investigate
these angular momentum properties in a dipole configu-
ration. Since a dipole is uncharged, the field at infinity is
independent of the direction, it approaches, for example,
lim�푟→∞𝑄(r) = −i𝜎3. The symmetry of the vacuum is broken.
We can combine the first configuration in Table 1 with the
second to total spin 𝑆 = 1 or with the third to 𝑆 = 0. The
energy for 𝑆 = 0 is slightly lower than that for 𝑆 = 1, the
configuration shown in Figure 3. During a rotation of the
dipole, the vacuum has to remain unchanged; a rigid rotation
is not possible. If the dipole axis is rotated, for example, by

Figure 4: Configuration of Figure 3, after rotation by 𝜋/4.
𝜋/4, as shown in Figure 4, the centers of the solitons have
to rotate by the same angle. These rotations contribute to the
total angular momentum.

Dipole configurations are not stable due to the attractive
interaction between the charges.Their time evolution follows
the general equations of motion [3]:

𝜕�휇 [→Γ ] × →𝑅�휇]] + →𝑞 dΛ
d𝑞0 = 0 (11)

derived from the Lagrangian (3). The energy-momentum
tensor

Θ�휇
] = −𝛼�푓ℏ𝑐4𝜋 {(→Γ ] × →Γ �휎) (→Γ �휇 × →Γ �휎)} −L (𝑥) 𝛿�휇] (12)

turns out to be symmetric.There is no special symmetrisation
necessary as inMaxwell’s elecrodynamics [13]. Since there are
no external forces, the force density is vanishing:

𝑓] = 𝜕�휇Θ�휇
] = 0. (13)

To determine a static potential one has to fix the positions
of the centers at a chosen distance 𝑑. For distances 𝑑 ≫ 𝑟0
the Coulombic behaviour is nicely reproduced, as can be
seen in the diploma theses [14–16]. For distances 𝑑 ⪅ 𝑟0 the
interaction strength increases.
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5. Electrodynamic Limit

One gets a pure Coulombic behaviour in the limit 𝑟0 → 0
where one arrives at theWu and Yang description [17] of dual
Dirac monopoles by two degrees of freedom which we can
choose as a normalised three-dimensional vector field →𝑛 . In
this limit, we get 𝑄 (𝑥) = −i→𝜎 →𝑛 (𝑥) ,→Γ �휇 (𝑥) (2)= →𝑛 (𝑥) × 𝜕�휇→𝑛 (𝑥) ,→𝑅�휇] (𝑥) (3)= 𝜕�휇→𝑛 (𝑥) × 𝜕]→𝑛 (𝑥) .

(14)

This is a description where the singularity of the Dirac string
is removed, but the singularity of the Coulomb field is still
present. The Lagrangian (3) reduces to (The same degrees of
freedom but a different Lagrangian is used in the Fadeev-
Niemi = Skyrme-Fadeev = Baby-Skyrme model [18–20]. The
same Lagrangian was used in [21].)

LED = − 14𝜇0 ∗𝐹�휇] (𝑥) ∗𝐹�휇] (𝑥) (15)

with the dual field strength tensor
∗𝐹�휇] (𝑥) = − 𝑒04𝜋𝜀0𝑐→𝑅�휇]

→𝑛
= − 𝑒04𝜋𝜀0𝑐→𝑛 (𝑥) [𝜕�휇→𝑛 (𝑥) × 𝜕]→𝑛 (𝑥)] . (16)

In this limit hedgehogs are characterised by point-like
singularities in space and closed world-lines of line-like
singularities in space-time:

𝑗�휇 = −𝑒0𝑐 �푁∑
�푖=1

∫ d𝜏�푖 d𝑋�휇 (𝜏�푖)
d𝜏�푖 𝛿4 (𝑥 − 𝑋 (𝜏�푖)) = (𝑐𝜌, j) . (17)

Charges and fields are related by the inhomogeneousMaxwell
equations:12𝜇0 ∮

�휕�푉
d𝑥�휇d𝑥]∗𝐹�휇] = 16 ∫

�푉
d𝑥�휇d𝑥]d𝑥�휌𝜖�휇]�휌�휎𝑗�휎. (18)

Already here we see an essential difference to Maxwell’s
theory. Charges are quantized; there are no other charges
possible than integer multiples of the elementary charge 𝑒0.
We get two further differences from the equations of motion:𝜕�휇→𝑛𝑔�휇 = 0. (19)

They allow for nonvanishing magnetic currents:

𝑔�휇 = 𝑐𝜕]⋆𝑓]�휇 ⇐⇒ {{{
𝜌mag = ∇B,
g = −∇ × E − 𝜕�푡B. (20)

The solutions of the homogeneous Maxwell equations fulfil
the equations of motion (19). But there are further solutions
possible which fulfil the relations:

Bg (19)= 0,
𝑐2B𝜌mag

(19)= g × E, (21)

equivalent to the equations of motion (19). The presence of
unquantized closed magnetic currents may be a discrepancy
to experiments. But we could explain it with the observation,
mentioned in the introduction, that in the experiment we
only detect particles and never waves. We can speculate that
such currents contribute to the recently intensively discussed
dark matter. Further, we read from these equations that there
are no solutions possible where E and B are parallel. This
seems obviously also in contradiction to experiments, where
it is rather simple to produce static parallel electric and
magnetic fields. In this case it is more difficult to find an
excuse. It could be that E and B are locally perpendicular and
they appear to be parallel only in the average over space or
time. This is the price to pay for restricting charges to integer
multiples to the elementary charge and the fields to the two
degrees of freedom of the →𝑛 -field.
6. Coulomb and Lorentz Forces

By the artificial splitting (16) of a single field𝑄(𝑥) in particles
and their fields we reduce Θ�휇

] to the symmetric energy-
momentum tensor,

𝑇�휇
] (𝑥) (12)= − 1𝜇0 ⋆𝐹]�휎 (𝑥) ⋆𝐹�휇�휎 (𝑥) −LED (𝑥) 𝛿�휇] , (22)

and split the force density in two contributions

𝑓] = 𝜕�휇Θ�휇
] = 𝑓�휇

charges + 𝜕]𝑇�휇
]
(13)= 0, (23)

showing clearly the presence of Coulomb and Lorentz forces:

𝑓0
charges = 1𝑐 jE,
fcharges = 𝜌E + j × B. (24)

Here we would like to underline that the magnetic currents g
do not contribute to electromagnetic forces.

7. U(1) Gauge Invariance

AU(1) gauge invariance appears as a rotational invariance by𝜔(𝑥) around the →𝑛 -axis. By a rotation in colour space with

Ω (𝑥) = ei�휃(�푥)
�㨀→�푒 𝜙(�푥)

�㨀→
�퐿 ei�휔(�푥)

�㨀→�푛
�㨀→
�퐿 . (25)

We can rotate the →𝑛 -field in 3-direction:

→𝑛 = (sin 𝜃 cos𝜙
sin 𝜃 sin𝜙
cos 𝜃 ) → →𝑛 �耠

fl Ω→𝑛 = (001) = →𝑒 3. (26)

Under this transformation the vector field →𝐿 →Γ �휇 transforms

to →𝐿 →Γ �耠

�휇 = Ω(Γ�휇 − i𝜕�휇)Ω† with

→Γ �耠

�휇 = [(1 − cos 𝜃) 𝜕�휇𝜙 + 𝜕�휇𝜔]→𝑒 3. (27)
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The curvature →𝑅�휇] gets rotor form and turns out to be
invariant against the rotations with 𝜔(𝑥):→𝑅�휇] = 𝜕�휇→Γ �耠

] − 𝜕]→Γ �耠

�휇

= [−𝜕�휇 cos 𝜃𝜕]𝜙 + 𝜕] cos 𝜃𝜕�휇𝜙]→𝑒 3. (28)

The far field of a hedgehog soliton is the electric field strength
of a classical electron and the vector field of a dual Dirac
monopole: →𝐸 �耠

�푟 = 𝑒04𝜋𝜀0
→𝑒 3𝑟2 ,

→Γ �휑 (𝜗)𝑟 sin 𝜗 = 1 − cos 𝜗𝑟 sin 𝜗 →𝑒 3
(29)

with a Dirac string along the 3-direction.

8. Hopf Number

In Figure 2(a), we realised that the field lines of a point charge
are lines of constant →𝑛 -field. We find also this relation for
the dipole fields in Figures 3 and 4. Since in our model the
vacuum has broken symmetry the field at infinity, “∞” is
independent of the direction. Thus we get the isomorphism
R3 ∪ ∞ ∼ S3. Due to the topological relation 𝜋3(S2) = Z

there is an additional quantum number for the →𝑛 -field, the
Hopf number, or Gauß linking number V of fibresF defined
by →𝑛F = const and thus by certain values 𝜃F and 𝜙F. This
linking number is especially interesting in regions where we
can neglect the influence of charges, in regions of pure →𝑛 -
field, where the Lagrangian reduces toLED of (16). According
to the Hobart-Derrick theorem [11, 12] such configurations
are unstable, if they move with a velocity slower than the
speed of light 𝑐. Movingwith 𝑐 they have an action constant in
time and can be used to describe electromagnetic waves. For
simplicity we choose the 𝑧-axis in the direction of motion;
then it is sufficient to describe these configurations in R3

given by the coordinates 𝑥, 𝑦, and 𝜁 = 𝑧 − 𝑐𝑡. The linking
number V is a topological invariant. Its natural physical
equivalent is the number of photons 𝑛�훾 in this configuration.
As an example of such a configuration in R3 with V = 1 we
defined in the diploma thesis [22] a field by an area preserving
map ofS2 to a circle rotating with 𝜑 around the line 𝜌 = 𝜌0 =3, 𝜁 = 0, defined in cylindrical coordinates 𝜌, 𝜑, 𝜁 by

cos 𝜃 = {{{{{
(𝜌 − 𝜌0)2 + 𝜁22 − 1 ≤ 11 else

𝜙 = 𝜑 + arctan 𝜁𝜌 − 𝜌0 .
(30)

For a given →𝑛 -field one can get the linking number in R3 by
the famous formula of Carl Friedrich Gauß:

V = 14𝜋 ∮
C1

∮
C2

r1 − r2r1 − r2
3 ⋅ (dr1 × dr2) , (31)

(a)

(b)

Figure 5: Stereographic view with parallel eyes at a fibre neighbour-
hood. (a) Fibre F on a torus in R3. Dreibeins of red tangential
vectors and blue and cyan tangential vectors are drawn at three
positions. (b) Gauß map CF of F with red radial vector →𝑒 �耠

F(𝑠)
and blue and cyan tangential vectors at the corresponding three
positions.

by a double integral. We get from the observation of the
neighbourhood of a single fibre F another determination
of V, by a single integral. We parametrize the position
along the fibre with some parameter 𝑠. We determine the
tangential vector eF(𝑠) to the fibre and a unit vector to some
neighbouring fibre, for example, defined by the perpendicular
component e�휃(𝑠) fl (∇ cos 𝜃F/|∇ cos 𝜃F|)|⊥ of the gradient∇ cos 𝜃F(𝑠). We get a local Dreibein with e⊥(𝑠) fl eF(𝑠) ×
e�휃(𝑠). Then we determine the rotational velocity along the
fibre by

d𝜔
d𝑠 fl e⊥ ⋅ ∇�푠e�휃 = eF (e�휃 × ∇�푠e�휃) . (32)

It turns out that the integrated rotational angle 𝜔 depends on
the radius𝑅 = √(𝜌 − 𝜌0)2 + 𝜁2 of the torus surrounded by the
fibre

𝜔 (𝑅) fl ∮
F

d𝜔
d𝑠 d𝑠 ̸= 2𝜋𝑛, 𝑛 ∈ N (33)

and is not an integer. Its dependence on 𝑅 is depicted in
Figure 6.This is understandable from the Gaußmap eF(𝑠) →
e�耠F(𝑠) and e�휃(𝑠) → e�耠�휃(𝑠) to the S2

G unit sphere; see Figure 5.
e�耠F(𝑠), plotted from the origin of S2

G by →𝑒 �耠F(𝑠) = →𝑒 F(𝑠),
draws a curve CF on S2

G (With bold symbols e we indicate
the vectors and with →𝑒 the set of its coordinates.). e�耠�휃(𝑠) and
e�耠⊥(𝑠) are defined as vectors in the tangential space at eF(𝑠)
by the coordinate equalities →𝑒 �耠�휃(𝑠) = →𝑒 �휃(𝑠) and →𝑒 �耠⊥(𝑠) =→𝑒 ⊥(𝑠). Their parallel transport alongCF is nontrivial, except
for CF that is a great circle. Deviations from a great circle
lead to an additional contribution of the curved geometry on
S2

G to the rotational angle. Indicating the position on S2G in
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Figure 6: Contributions 𝜔(𝑅) and Δ𝜔(𝑅) to the determination of
the rotational angle of the fibre neighbourhood.

Figure 7: Configurations with higher linking numbers arranged
with the shape of a torus or in spiral form.

spherical coordinates →𝑒 �耠F = (sin𝛼 cos𝛽, sin𝛼 sin𝛽, cos𝛼),
we can derive, for the corresponding spherical coordinate
bases e�훼 and e�훽, the affine U(1) connection:

𝐶�훼 = 0,
𝐶�훽 = cos𝛼

sin𝛼 ,
→𝐶 = 𝐶�훼

→𝑒 �훼 + 𝐶�훽
→𝑒 �훽

(34)

which is trivial for meridians and the equator of S2
G. The

additional contribution reads

Δ𝜔 (𝑅) fl ∮ d𝑠d→𝑒 �耠F
d𝑠 ⋅ →𝐶. (35)

The sum of both contributions gives then the expected value:

𝜔 (𝑅) + Δ𝜔 (𝑅) = 2𝜋V. (36)

Both contributions of our example are shown in Figure 6; they
give V = −1.

With the conjecture that the photon number of a con-
figuration is given by the Gauß linking number V of fibres,
configurations with higher linking numbers V correspond
to states with several photons. In such configurations, see
Figure 7; the linked fibres are spiraling several times. The
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Figure 8: In a strong magnetic field the Na-D-line splits into three
spectral lines with Δ𝑀�퐿 = 0, ±1 and Δ𝑀�푆 = 0.
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x
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Figure 9: Different projections of rotations around a circle produce
different polarisations.

spiral in the right diagram of Figure 7 reminds us of circular
polarised waves.

It may be helpful to have a look at experiments. The Na-
D-line in a strong magnetic field splits into three lines, the
Lorentz triple (see Figure 8), according to Δ𝑀�퐿 = 0, ±1.
It is interesting to observe the three spectral lines parallel
and perpendicular to the magnetic field, as depicted in
Figure 10. The lines with Δ𝑀�퐿 = 0, the “𝜋-components,”
are linearly polarised with an azimuth dependency of the
intensity 𝐼(𝜗) = sin2 𝜗. The Δ𝑀�퐿 = ±1-lines, the “𝜎-
components,” are circularly polarised with 𝐼(𝜗) = (1/2)(1 +
cos2 𝜗). If the circular polarised lines are observed in the
direction perpendicular to the B-field they appear linearly
polarised. This reminds us of different projections of circular
motion, of a spiral in the comoving 𝑥, 𝑦, 𝑧 − 𝑐𝑡 frame; see
Figure 9.

Here a problem may appear. Rotations of a spiral do not
change their chirality. After a rotation by 𝜋 a right-handed
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B

~
BPerpendicular

Parallel

Emission ΔML = ±1

 

ΔML = 0

Figure 10: Scheme of observation of the Na-D-line in a strong magnetic field.

spiral remains right-handed as one can easily check with a
right-handed thread of a screw. It is well-known that right
polarised light can be easily transformed to linear polarised
and to left polarised light by quarter-wave plates.These plates
have perpendicular fast and slow axes.

This looks as a counterargument for the interpretation
of the Hopf number as photon number. But it may also be
an unknown feature of polarised light? Looking carefully at
polarisation filters, one realises that filters exist for linear
polarised light only! Right and left circular polarised light
is detected by transforming it with quarter-wave plates, by
interaction with matter, to linear polarisation.

9. Conclusion

The model described in this article is based on a field of
SO(3)-matrices in 3 + 1D Minkowski space-time. Therefore,
themodel has 3 degrees of freedomonly, corresponding to the
3 Euler angles.These rotationalmatrices can be interpreted as
describing the field of orientations of spatial Dreibeins at the
points of space-time. In this sense, this simple model needs
only the degrees of freedom of space and time to describe the
various phenomena discussed in this article. To formulate the
algebra of this model we are using the simpler representation
of rotations by SU(2)-matrices. As a consequence of this
treatment we have to take into account the fact that for every
SO(3)-configuration there exist two SU(2)-configurations
representing the same field. Vector fields (potentials) and
tensor fields (field strength) are derived from the basic soliton
field 𝑄(𝑥).

The Lagrangian (3) of the model contains two terms. The
kinetic term is proportional to the square of the curvature→𝑅�휇] or to the dual field strength. Such a term is well-known
from electrodynamics and QCD.The potential term reminds
us of the Higgs potential and the cosmological constant.
According to the Hobart-Derrick theorem a quarter of the
mass of solitons would contribute with its average to the
cosmological constant. The transition from 𝑄 = 1 and Λ =1/𝑟40 to Λ = 0 releases an energy density of 𝛼�푓ℏ𝑐/(4𝜋𝑟40) =4.8 keV/fm3 = 7.7 ⋅ 1029 J/m3 and could have contributed
to inflation. Further, the potential term allows for a two-
dimensional degeneracy of the vacuum states.

In this model, there appear particle-like excitations as
topological solitons. Their mass is field energy only. The
field configurations are characterised by three topological

quantum numbers which could find a physical realisation as
electric charge, spin quantum number, and photon number.
The topological structure does not allow two solitons to
occupy the same space. This could be the topological origin
of the Pauli principle. Charges appear as integer multiples
of an elementary charge. No fractional charges are possible
for stable excitations. Charges are characterised by regions
where the spatial Dreibein rotates by 2𝜋. Such regions
interact via Coulomb and Lorentz forces. The electric force
follows the 1/𝑟2 behaviour at large distances and increases for
high momentum transfers. The distinction between charges
and their fields is unnecessary. Such a distinction can be
introduced as an approximation and simplifies the compar-
ison with our physical experience. Eigenangular momentum
(spin) appears as a consequence of orbitalmotion.Thedegen-
erate vacuum allows for two types of massless excitations,
which could be related to the two polarisations of photons.
U(1) gauge invariance emerges in the electrodynamic limit
as rotational invariance of the above-mentioned Dreibein
around the →𝑛 -axis.

Despite the small number of degrees of freedom there
are further nonquantized disturbances possible. Magnetic
currents as violations of the homogeneousMaxwell equations
propagate with the speed of light and contribute to force
fields only via their field strengths. Further we find waves
in the rotational angle 𝜔 = 2𝛼 with energy contributions
from the potential term in theHamiltonian.The cosmological
discoveries of recent years allow attributing these two types of
disturbances to dark energy and dark matter contributions.

The investigations seem to support the conjecture that
the particles we find in experiments are topological soli-
tons characterised by topological quantum numbers. They
produce only spots on films and clicks in detectors. Waves
seem to escape and are not directly detected. Waves could
disturb the paths of particles and could contribute to a
subquantum medium leading to quantum mechanics. In
analogy to Couder’s silicon oil drop experiments [23–26], the
interference of waves created by the particle themselves with
the vacuum waves could serve as a guiding wave field for
particles.

If this model reproduced some features of nature, the two
types of long-range forces which we find, gravitational and
Coulomb forces, would be described in a geometricalmanner
with the degrees of freedom of space-time only. This would
give a hint that particle physics could be closely related to
gravitation.
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We propose an efficient method to compute the vacuum polarization energy of static field configurations that do not allow
decomposition into symmetric and antisymmetric channels in one space dimension. In particular, we compute the vacuum
polarization energy of the kink soliton in the 𝜙6 model. We link the dependence of this energy on the position of the center of
the soliton to the different masses of the quantum fluctuations at negative and positive spatial infinity.

1. Motivation

It is of general interest to compute quantum corrections to
classical field configurations like soliton solutions that are
frequently interpreted as particles. On top of the wish list, we
find the energies that predict particle masses. The quantum
correction to the energy can be quite significant because the
classical field acts as a background that strongly polarizes
the spectrum of the quantum fluctuations about it. For that
reason, the quantum correction to the classical energy is
called vacuum polarization energy (VPE). Here, we will
consider the leading (i.e., one-loop) contribution.

Field theories that have classical soliton solutions in var-
ious topological sectors deserve particular interest. Solitons
fromdifferent sectors have unequal winding numbers and the
fluctuation spectrum changes significantly from one sector to
another. For example, the number of zero modes is linked
to the number of (normalizable) zero modes that in turn
arise from the symmetries that are spontaneously broken by
the soliton. Of course, the pattern of spontaneous symmetry
breaking is subject to the topological structure. On the other
hand, the winding number is typically identified with the
particle number. The prime example is the Skyrme model
[1, 2] wherein the winding number determines the baryon
number [3, 4]. Many properties of baryons have been studied
in this soliton model and its generalization in the past [5].

More recently, configurations with very large winding num-
bers have been investigated [6] and these solutions were iden-
tified with nuclei. To obtain a sensible understanding of the
predicted nuclear binding energies, it is, of course, important
to consider the VPE, in particular when it is expected to
strongly depend on the particle number. So far, this has not
been attempted for the simple reason that the model is not
renormalizable. A rough estimate [7] (see [8] for a general
discussion of the quantum corrections of the Skyrmion and
further references on the topic) in the context of the 𝐻-
dibaryon [9, 10] suggests that the VPE strongly reduces the
binding energy of multibaryon states.

As already mentioned, one issue for the calculation of the
VPE is renormalization. Another important one is, as will
be discussed below, that the VPE is (numerically) extracted
from the scattering data for the quantum fluctuations about
the classical configuration [11]. Though this so-called spectral
method allows for direct implementation of standard renor-
malization conditions, it has limitations as it requires suffi-
cient symmetry for partial wave decomposition.Thismay not
be possible for configurations with an intricate topological
structure associated with large winding numbers.

The 𝜙6 model in 𝐷 = 1 + 1 dimensions has soliton solu-
tionswith different topological structures [12, 13] and the fluc-
tuations do not decouple into parity channels. The approach
employed here is also based on scattering data but advances
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the spectral method such that no parity decomposition is
required.We will also see that it is significantly more effective
than previous computations [14–16] for the VPE of solitons in𝐷 = 1+1dimensions that are based onheat kernel expansions
combined with 𝜁-function regularization techniques [17–19].

Although the 𝜙6 model is not fully renormalizable, at
one-loop order, the ultraviolet divergences can be removed
unambiguously. However, another very interesting phe-
nomenon emerges.The distinct topological structures induce
nonequivalent vacua that manifest themselves via different
dispersion relations for the quantum fluctuations at positive
and negative spatial infinity. At some intermediate position,
the soliton mediates between these vacua. Since this position
cannot be uniquely determined, the resulting VPE exhibits a
translational variance. This is surprising since, after all, the
model is defined through a local and translational invariant
Lagrangian. In this paper, we will describe the emergence
of this variance and link it to the different level densities
that arise from the dispersion relations. To open these results
for discussion (the present paper reflects the author’s invited
presentation at the 5thWinterWorkshop on Non-Perturbative
Quantum Field Theory based on the methods derived in [20]
making some overlap unavoidable), it is necessary to review
in detail the methods developed in [20] to compute the
VPE for backgrounds in one space dimension that are not
(manifestly) invariant under spatial reflection.

Following this introductory motivation, we will describe
the 𝜙6 model and its kink solutions. In Section 3, we will
review the spectral method that ultimately leads to a variant
of the Krein–Friedel–Lloyd formula [21] for the VPE. The
novel approach to obtain the relevant scattering data will
be discussed in Section 4 and combined with the one-loop
renormalization in Section 5. A comparison with known
(exact) results will be given in Section 6 while Section 7
contains the predicted VPE for the solitons of the 𝜙6 model.
Translational variance of the VPE that emerges from the exis-
tence of nonequivalent vacua will be analyzed in Section 8.
We conclude with a short summary in Section 9.

2. Kinks in 𝜙6 Models

In𝐷 = 1 + 1 dimensions, thedynamics for the quantum field𝜙 are governed solely by a field potential 𝑈(𝜙) that is added
to the kinetic term

L = 12𝜕�휇𝜙𝜕�휇𝜙 − 𝑈 (𝜙) . (1)

For the𝜙6model, we scale all coordinates, fields, and coupling
constants such that the potential contains only a single
dimensionless parameter 𝑎:

𝑈(𝜙) = 12 (𝜙2 + 𝑎2) (𝜙2 − 1)2 . (2)

From Figure 1, we observe that there are three general cases.
For 𝑎2 > 1/2, two degenerate minima at 𝜙 = ±1 exist. For0 < 𝑎2 ≤ 1/2, an additional local minimum emerges at 𝜙 =0. Finally, for 𝑎 = 0, the three minima at 𝜙 = 0 and 𝜙 =±1 are degenerate. Soliton solutions connect different vacua

between negative and positive spatial infinity. For 𝑎 ̸= 0, the
vacua are at 𝜙 = ±1 and the corresponding soliton solution is
[12]

𝜙�퐾 (𝑥) = 𝑎 𝑋 − 1√4𝑋 + 𝑎2 (1 + 𝑋)2 with 𝑋 = e2√1+�푎
2�푥. (3)

Its classical energy is

𝐸cl (𝑎) = 2 − 𝑎24 √1 + 𝑎2 + 4𝑎2 + 𝑎48 ln
√1 + 𝑎2 + 1√1 + 𝑎2 − 1 . (4)

The case 𝑎 = 0 is actually more interesting because two
distinct soliton solutions do exist.Thefirst one connects𝜙 = 0
at 𝑥 → −∞ to 𝜙 = 1 at 𝑥 → ∞:

𝜙�퐾1 (𝑥) = 1√1 + e−2�푥
, (5)

while the second one interpolates between 𝜙 = −1 and 𝜙 = 0:
𝜙�퐾2 (𝑥) = − 1√1 + e2�푥

. (6)

These soliton configurations are shown in Figure 2. In either
case, the classical mass is 𝐸cl = 1/4 = (1/2)lim�푎→0𝐸cl(𝑎).
This relation for the classical energies reflects the fact that
as 𝑎 → 0 the solution 𝜙�퐾(𝑥) disintegrates into two widely
separated structures, one corresponding to 𝜙�퐾1(𝑥) and the
other to 𝜙�퐾2(𝑥).

The computation of the VPE requires the construction
of scattering solutions for fluctuations about the soliton. In
the harmonic approximation, the fluctuations experience the
potential

𝑉 (𝑥) = 12 𝜕2𝑈(𝜙)𝜕𝜙2 �휙=�휙sol(�푥) (7)

generated by the soliton (𝜙sol = 𝜙�퐾, 𝜙�퐾1 , or 𝜙�퐾2). These three
potentials are shown in Figure 3. For 𝑎 ̸= 0, the potential is
invariant under 𝑥 ↔ −𝑥. But the particular case 𝑎 ≡ 0 is not
reflection symmetric, though 𝑥 ↔ −𝑥 swaps the potentials
generated by 𝜙�퐾1 and 𝜙�퐾2 . The loss of this invariance disables
the separation of the fluctuation modes into symmetric and
antisymmetric channels, which is the one-dimensional ver-
sion of a partial wave decomposition. Even more strikingly,
the different topological structures in the 𝑎 = 0 case
cause lim�푥→−∞𝑉(𝑥) ̸= lim�푥→∞𝑉(𝑥), which implies different
masses (dispersion relations) for the fluctuations at positive
and negative spatial infinity.

3. Spectral Methods and Vacuum
Polarization Energy

The formula for the VPE (see (13)) can be derived from first
principles in quantum field theory by integrating the vacuum
matrix element of the energy density operator [22]. It is, how-
ever, also illuminative to count the energy levels when sum-
ming the changes of the zero point energies.This sum isO(ℏ)
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Figure 1: The field potential (see (2)) in the 𝜙6 model for various values of the real parameter 𝑎 = 1, 1/2, 0 from (a) to (c).
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Figure 2: The two soliton solutions for 𝑎 = 0: (a) see (5); (b) see (6).
and thus one-loop order (ℏ = 1 for the units used here).
We call the single particle energies of fluctuations in the
soliton type background 𝜔�푛 while 𝜔(0)�푛 are those for the trivial
background. Then, the VPE formally reads

𝐸vac = 12 ∑
�푛

(𝜔�푛 − 𝜔(0)�푛 )ren.
= 12∑�푗 𝜖�푗 + 12 ∫∞0 𝑑𝑘𝜔�푘Δ𝜌ren. (𝑘) , (8)

where the subscript indicates that renormalization is required
to obtain a finite and meaningful result. On the right hand
side, we have separated the explicit bound state (sum of
energies 𝜖�푗) and continuum (integral over momentum 𝑘)
contributions. The latter involves Δ𝜌ren.(𝑘) which is the
(renormalized) change of the level density induced by the
soliton background. Let 𝐿 be a large distance away from the
localized soliton background. For 𝑥 ∼ 𝐿, the stationary wave
function of the quantum fluctuation is a phase shifted plane
wave 𝜓(𝑥) ∼ sin[𝑘𝑥 + 𝛿(𝑘)], where 𝛿(𝑘) is the phase shift
(of a particular partial wave) that is obtained from scattering
off the potential (see (7)). The continuum levels are counted
from the boundary condition 𝜓(𝐿) = 0 and subsequently
taking the limit 𝐿 → ∞. The number 𝑛(𝑘) of levels with
momentum less than or equal to 𝑘 is then extracted from𝑘𝐿+𝛿(𝑘) = 𝑛(𝑘)𝜋.The corresponding number in the absence

of the soliton is 𝑛(0)(𝑘) = 𝑘𝐿/𝜋, trivially. From these, the
change of the level density is computed via

Δ𝜌 (𝑘) = lim
�퐿→∞

𝑑𝑑𝑘 [𝑛 (𝑘) − 𝑛(0) (𝑘)] = 1𝜋 𝑑𝛿 (𝑘)𝑑𝑘 , (9)

which is often referred to as the Krein–Friedel–Lloyd formula
[21]. Note that Δ𝜌(𝑘) is a finite quantity; but ultraviolet
divergences appear in the momentum integral in (8) and
originate from the large 𝑘 behavior of the phase shift. This
behavior is governed by the Born series

𝛿 (𝑘) = 𝛿(1) (𝑘) + 𝛿(2) (𝑘) + ⋅ ⋅ ⋅ , (10)

where the superscript reflects the power to which the poten-
tial (see (7)) contributes.Though this series does not converge
(e.g., in three space dimensions, the series yields 𝛿(0) → 0
which contradicts Levinson’s theorem) for all 𝑘, it describes
the large 𝑘 behavior well since 𝛿(�푁+1)(𝑘)/𝛿(�푁)(𝑘) ∝ 1/𝑘2
when 𝑘 → ∞. Hence, replacing

Δ𝜌 (𝑘) → [Δ𝜌 (𝑘)]�푁
= 1𝜋 𝑑𝑑𝑘 [𝛿 (𝑘) − 𝛿(1) (𝑘) − 𝛿(2) (𝑘) − ⋅ ⋅ ⋅ − 𝛿(�푁) (𝑘)] (11)

produces a finite integral in (8) when 𝑁 is taken sufficiently
large. We have to add back the subtractions that come with
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Figure 3: Scattering potentials for the quantum fluctuations in the 𝜙6 model. (a) Typical example for 𝑎 ̸= 0; (b) the case 𝑎 = 0 with the two
potentials generated by 𝜙�퐾1 (full line) and 𝜙�퐾2 (dashed line).

this replacement. Here, the spectral methods take advantage
of the fact that each term in the subtraction is uniquely related

to a power of the background potential and that Feynman
diagrams represent an alternative expansion scheme for the
vacuum polarization energy

EN
＆＄[V] = + + +

V(x) V (x) V (x)

V (x)V (x)V (x)

· · · . (12)

The full lines are the free propagators of the quantum
fluctuations and the dashed lines denote insertions of the
background potential (see (7)), eventually after Fourier trans-
formation. These Feynman diagrams are regularized with
standard techniques, most commonly in dimensional regu-
larization.They can thus be straightforwardly combined with
the counterterm contribution, 𝐸CT[𝑉], with coefficients fully
determined in the perturbative sector of the theory. This
combination remains finite when the regulator is removed.

The generalization to multiple channels is straightfor-
ward by finding an eventually momentum dependent diag-
onalization of the scattering matrix 𝑆(𝑘) and summing
the so-obtained eigenphase shifts. This replaces 𝛿(𝑘) →(1/2𝑖) ln det 𝑆(𝑘) (the proper Riemann sheet of the logarithm
is identified by constructing a smooth function that vanishes
as 𝑘 → ∞) and analogously for the Born expansion (see (10)
and (11)). Since after Born subtraction the integral converges,
we integrate by parts to avoid numerical differentiation and
to stress that the VPE is measured with respect to the trans-
lationally invariant vacuum. We then find the renormalized
VPE to be, with the sum over partial waves reinserted,

𝐸vac [𝑉] = ∑
ℓ

𝐷ℓ{{{
12∑�푗 (𝜖ℓ�푗 − 𝑚)

− ∫∞
0

𝑑𝑘4𝜋i 𝑘√𝑘2 + 𝑚2 [ln det 𝑆 (𝑘)]�푁}}} + 𝐸�푁FD [𝑉]
+ 𝐸CT [𝑉] .

(13)

Here,𝐷ℓ is the degree of degeneracy (e.g.,𝐷ℓ = 2ℓ+1 in three
space dimensions). The subscript𝑁 refers to the subtraction
of𝑁 terms of the Born expansion, as, for example, in (11). We
stress that, with𝑁 taken sufficiently large, both the expression
in curly brackets and the sum 𝐸�푁FD[𝑉] +𝐸CT[𝑉] are individu-
ally ultraviolet finite and no cutoff parameter is needed [23].

4. Scattering Data in One Space Dimension

In this section, we obtain the scattering matrix for general
one-dimensional problems and develop an efficient method
for its numerical evaluation. This will be at the center of the
novel approach to compute the VPE.

We first review the standard approach that is applicable
when𝑉(−𝑥) = 𝑉(𝑥) (e.g., Figure 3(a)).Then, the partial wave
decomposition separates symmetric 𝜓�푆(−𝑥) = 𝜓�푆(𝑥) and
antisymmetric, 𝜓�퐴(−𝑥) = −𝜓�퐴(𝑥) channels. The respective
phase shifts can be straightforwardly obtained in a variant of
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the variable phase approach [24] by parameterizing 𝜓(𝑥) =
e�푖[�푘�푥+�훽(�푘,�푥)] and imposing the obvious boundary conditions𝜓�耠�푆(0) = 0 and 𝜓�퐴(0) = 0. (The prime denotes the derivative
with respect to 𝑥.) The wave equation turns into a nonlinear
differential equation for the phase function 𝛽(𝑘, 𝑥). When
solved subject to lim�푥→∞𝛽(𝑘, 𝑥) = 0 and lim�푥→∞𝛽�耠(𝑘, 𝑥) = 0,
the scattering matrix is given by [11]

12𝑖 ln det 𝑆 (𝑘) = −2Re [𝛽 (𝑘, 0)]
− arctan

Im [𝛽�耠 (𝑘, 0)]𝑘 + Re [𝛽�耠 (𝑘, 0)] .
(14)

Linearizing and iterating the differential equation for 𝛽(𝑘, 𝑥)
yield the Born series (see (10)). At this point, it is advanta-
geous to use the fact that scattering data can be continued to
the upper half complex momentum plane [25, 26]. That is,
when writing 𝑘 = 𝑖𝑡, the Jost function, whose phase is the
scattering phase shift when 𝑘 is real, is analytic for Re[𝑡] ≥ 0.
Furthermore, the Jost function has simple zeros at imaginary𝑘 = 𝑖𝜅�푗 representing the bound states. Formulating the
momentum integral from (13) as a contour integral automat-
ically collects the bound state contribution and we obtain a
formula as simple as [11, 22]

𝐸(�푆)vac = ∫∞
�푚

𝑑𝑡2𝜋 𝑡√𝑡2 − 𝑚2
× [ln {𝑔 (𝑡, 0) (𝑔 (𝑡, 0) − 1𝑡 𝑔�耠 (𝑡, 0))}]�푁+ 𝐸�푁FD [𝑉] + 𝐸CT [𝑉]

(15)

for the VPE. Here, 𝑔(𝑡, 𝑥) is the nontrivial factor of the Jost
solutionwhose𝑥 → 0 properties determine the Jost function.
The factor function solves the differential equation

𝑔�耠�耠 (𝑡, 𝑥) = 2𝑡𝑔�耠 (𝑡, 𝑥) + 𝑉 (𝑥) 𝑔 (𝑡, 𝑥) , (16)

with the boundary conditions 𝑔(𝑡,∞) = 1 and 𝑔�耠(𝑡,∞) = 0;
iterating 𝑔(𝑡, 𝑥) = 1 + 𝑔(1)(𝑡, 𝑥) + 𝑔(2)(𝑡, 𝑥) + ⋅ ⋅ ⋅ produces the
Born series.

In general, however, the potential 𝑉(𝑥) is not reflection
invariant and no partial wave decomposition is applicable.
Even more, there may exist different masses for the quantum
fluctuations

𝑚2�퐿 = lim
�푥→−∞

𝑉 (𝑥) ,
𝑚2�푅 = lim

�푥→∞
𝑉 (𝑥) (17)

as it is the case for the 𝜙6 model with 𝑎 = 0 (cf. Figure 3(b)).
We adopt the convention that𝑚�퐿 ≤ 𝑚�푅; otherwise, we simply
swap 𝑥 → −𝑥.Three different casesmust be considered. First,
above threshold, both momenta 𝑘 and 𝑞 = √𝑘2 + 𝑚2�퐿 − 𝑚2�푅

are real. To formulate the variable phase approach, we
introduce the matching point 𝑥�푚 and parameterize

𝜓 (𝑥) = 𝐴 (𝑥) e�푖�푘�푥
𝐴�耠�耠 (𝑥) = −2𝑖𝑘𝐴�耠 (𝑥) + 𝑉�푝 (𝑥) 𝐴 (𝑥)

𝑥 ≤ 𝑥�푚𝜓 (𝑥) = 𝐵 (𝑥) e�푖�푞�푥
𝐵�耠�耠 (𝑥) = −2𝑖𝑞𝐵�耠 (𝑥) + 𝑉�푝 (𝑥) 𝐵 (𝑥) 𝑥 ≥ 𝑥�푚.

(18)

Observe that the pseudopotential

𝑉�푝 (𝑥) = 𝑉 (𝑥) − 𝑚2�퐿 + (𝑚2�퐿 − 𝑚2�푅)Θ (𝑥 − 𝑥�푚) (19)

vanishes at positive and negative spatial infinity. The differ-
ential equations (18) are solved for the boundary conditions𝐴(−∞) = 𝐵(∞) = 1 and 𝐴�耠(−∞) = 𝐵�耠(∞) = 0. There are
two linearly independent solutions 𝜓1 and 𝜓2 that define the
scattering matrix 𝑆 = (𝑠�푖�푘) via the asymptotic behaviors

𝜓1 (𝑥) ∼ {{{
e�푖�푘�푥 + 𝑠12 (𝑘) e−�푖�푘�푥 as 𝑥 → −∞𝑠11 (𝑘) e�푖�푞�푥 as 𝑥 → ∞,

𝜓2 (𝑥) ∼ {{{
𝑠22 (𝑘) e−�푖�푘�푥 as 𝑥 → −∞
e−�푖�푞�푥 + 𝑠21 (𝑘) e�푖�푞�푥 as 𝑥 → ∞.

(20)

By equating the solutions and their derivatives at 𝑥�푚, the
scattering matrix is obtained from the factor functions as

𝑆 (𝑘) = (e−�푖�푞�푥𝑚 00 e�푖�푘�푥𝑚
)( 𝐵 −𝐴∗𝑖𝑞𝐵 + 𝐵�耠 𝑖𝑘𝐴∗ − 𝐴�耠∗)

−1

× ( 𝐴 −𝐵∗𝑖𝑘𝐴 + 𝐴�耠 𝑖𝑞𝐵∗ − 𝐵�耠∗)(e�푖�푘�푥𝑚 00 e−�푖�푞�푥𝑚
)

for 𝑘 ≥ √𝑚2�푅 − 𝑚2�퐿,
(21)

where 𝐴 = 𝐴(𝑥�푚), and so forth. The second case refers to𝑘 ≤ √𝑚2�푅 − 𝑚2�퐿 still being real but 𝑞 = i𝜅 becoming imaginary

with 𝜅 = √𝑚2�푅 − 𝑚2�퐿 − 𝑘2. The parameterization of the wave
function for 𝑥 > 𝑥�푚 changes to 𝜓(𝑥) = 𝐵(𝑥)e−�휅�푥 yielding
the differential equation 𝐵�耠�耠(𝑥) = 𝜅𝐵�耠(𝑥) + 𝑉�푝(𝑥)𝐵(𝑥). The
scattering matrix then is a single unitary number

𝑆 (𝑘) = − 𝐴 (𝐵�耠/𝐵 − 𝜅 − 𝑖𝑘) − 𝐴�耠𝐴∗ (𝐵�耠/𝐵 − 𝜅 + 𝑖𝑘) − 𝐴�耠∗ e2�푖�푘�푥𝑚
for 0 ≤ 𝑘 ≤ √𝑚2�푅 − 𝑚2�퐿.

(22)
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It is worth noting that𝑉�푝 ≡ 0 corresponds to the step function
potential. In that case, the above formalism obviously yields𝐴 ≡ 𝐵 ≡ 1 and reproduces the textbook result

𝛿step (𝑘)
= {{{{{{{{{{{

(𝑘 − 𝑞) 𝑥�푚, for 𝑘 ≥ √𝑚2�푅 − 𝑚2�퐿
𝑘𝑥�푚 − arctan(√𝑚2�푅 − 𝑚2�퐿 − 𝑘2𝑘 ) , for 𝑘 ≤ √𝑚2�푅 − 𝑚2�퐿.

(23)

In the third regime also 𝑘 becomes imaginary and we need
to identify the bound states energies 𝜖 ≤ 𝑚�퐿 that enter
(13). We define real variables 𝜆 = √𝑚2�퐿 − 𝜖2 and 𝜅(𝜆) =√𝑚2�푅 − 𝑚2�퐿 + 𝜆2 and solve the wave equation subject to the
initial conditions 𝜓�퐿 (𝑥min) = 1,

𝜓�耠�퐿 (𝑥min) = 𝜆,
𝜓�푅 (𝑥max) = 1,
𝜓�耠�푅 (𝑥max) = −𝜅 (𝜆) ,

(24)

where 𝑥min and 𝑥max represent negative and positive spatial
infinity, respectively. Continuity of thewave function requires
the Wronskian determinant

𝜓�퐿 (𝑥�푚) 𝜓�耠�푅 (𝑥�푚) − 𝜓�푅 (𝑥�푚) 𝜓�耠�퐿 (𝑥�푚) != 0 (25)

to vanish. This occurs only for discrete values 𝜆�푗 that in
turn determine the bound state energies 𝜖�푗 = √𝑚2�퐿 − 𝜆2�푗
(the bosonic dispersion relation does not exclude imaginary
energies that would hamper the definition of the quantum
theory; this case does not occur here).

5. One-Loop Renormalization in
One Space Dimension

To complete the computation of the VPE, we need to sub-
stantiate the renormalization procedure. We commence by
identifying the ultraviolet singularities. This is simple in 𝐷 =1 + 1 dimensions at one-loop order as only the first diagram
on the right hand side of (12) is divergent. Furthermore, this
diagram is local in the sense that 𝐸(1)FD ∝ (1/𝜖) ∫ 𝑑𝑥 [𝑉(𝑥) −𝑚2�퐿], where 𝜖 is the regulator (e.g., from dimensional reg-
ularization). Hence, a counterterm can be constructed that
removes not only the singularity but also the diagram in total.
This is the so-called no tadpole condition and implies

𝐸(1)FD + 𝐸(1)CT = 0. (26)

In the next step, we must identify the corresponding Born
term in (10). To this end, it is important to note that the
counterterm is a functional of the full field 𝜙(𝑥) that induces
the background potential (see (7)). Hence, we must find the
Born approximation for𝑉(𝑥)−𝑚2�퐿 rather than the one for the

pseudopotential 𝑉�푃(𝑥) (see (19)). The standard formulation
of the Born approximation as an integral over the potential
is, unfortunately, not applicable to 𝑉(𝑥) − 𝑚2�퐿 since it does
not vanish at positive spatial infinity. However, we note that𝑉(𝑥) −𝑚2�퐿 = 𝑉�푃(𝑥) + (𝑚2�퐿 −𝑚2�푅)Θ(𝑥 − 𝑥�푚) = 𝑉�푝(𝑥) +𝑉step(𝑥)
and that, by definition, the first-order correction is linear in
the background and thus additive. We may therefore write

𝛿(1) (𝑘) = 𝛿(1)�푃 (𝑘) + 𝛿(1)step (𝑘)
= −12𝑘 ∫∞

−∞
𝑑𝑥 𝑉�푝 (𝑥)�푥𝑚 + 𝑥�푚2𝑘 (𝑚2�퐿 − 𝑚2�푅)

= −12𝑘 ∫∞
−∞

𝑑𝑥 𝑉�푝 (𝑥)0 .
(27)

The Born approximation for the step function potential has
been obtained from the large 𝑘 expansion of 𝛿step(𝑘) in
(23). The subscripts in (27) recall that the definition of the
pseudopotential (see (19)) induces an implicit dependence on
the (artificial) matching point 𝑥�푚. Notably, this dependence
disappears from the final result. This is the first step towards
establishing the matching point independence of the VPE.

The integrals in 𝐸(1)FD and 𝐸(1)CT require further regulariza-
tion when 𝑚�퐿 ̸= 𝑚�푅. In that case, no further finite renormal-
ization beyond the no tadpole condition is realizable.

6. Comparison with Known Results

Before presenting detailed numerical results for VPEs, we
note that all simulationswere verified to produce 𝑆†𝑆 = 1 after
attaching pertinent flux factors to the scattering matrix (see
(20)). These flux factors are not relevant for the VPE as they
multiply to unity under the determinant in (13). In addition,
the numerically obtained phase shifts (i.e., (1/2𝑖) ln det 𝑆)
have been monitored to not vary with 𝑥�푚. Since this is
also the case for the bound energies, the VPE is verified to
be independent of the unrestricted choice for the matching
point.

TheVPE calculation based on (13) has been applied to the𝜙4 kink and sine–Gordon soliton models that are defined via
the potentials

𝑈�퐾 (𝜙) = 12 (𝜙2 − 1)2 ,𝑈SG (𝜙) = 4 (cos (𝜙) − 1) , (28)

respectively. The soliton solutions 𝜙�퐾 = tanh(𝑥 − 𝑥0) and𝜙SG(𝑥) = 4 arctan(e−2(�푥−�푥0)) induce the scattering potentials
𝑉�퐾 (𝑥) − 𝑚2 = 6 [tanh2 (𝑥 − 𝑥0) − 1] ,
𝑉SG (𝑥) − 𝑚2 = 8 [tanh2 [2 (𝑥 − 𝑥0)] − 1] . (29)

In both cases, we have identical dispersion relations at posi-
tive and negative spatial infinity: 𝑚 = 𝑚�퐿 = 𝑚�푅 = 2 for the
dimensionless units introduced above. The simulation based
on (13) reproduces the established results 𝐸(�퐾)vac = √2/4 − 3/𝜋
and 𝐸(SG)vac = −2/𝜋 [27]. These solitons break translational
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invariance spontaneously and thus produce zeromode bound
states in the fluctuation spectrum. In addition, the 𝜙4 kink
possesses a bound state with energy√3 [27]. All bound states
are easily observed using (25). The potentials in (29) are
reflection symmetric about the soliton center 𝑥0 and the
method of (15) can be straightforwardly applied [11]. How-
ever, this method singles out 𝑥0 (typically set to 𝑥0 = 0) to
determine the boundary condition in the differential equa-
tion and therefore cannot be used to establish translational
invariance of the VPE. On the contrary, the boundary condi-
tions for (18) are not at all sensitive to 𝑥0 and we have applied
the present method to compute the VPE for various choices
of 𝑥0, all yielding the same numerical result.

The next step is to compute the VPE for asymmetric
background potentials that have 𝑚 = 𝑚�퐿 = 𝑚�푅. For the lack
of a soliton model that produces such a potential, we merely
consider a two-parameter set of functions

𝑉�푝 (𝑥) → 𝑉�푅,�휎 (𝑥) = 𝐴𝑥e−�푥2/�휎2 (30)

for the pseudopotential in (18). Although (15) is not directly
applicable, it is possible to relate 𝑉�푅,�휎(𝑥) to the symmetric
potential

𝑉�푅 (𝑥) = 𝐴 [(𝑥 + 𝑅) e−(�푥+�푅)2/�휎2 − (𝑥 − 𝑅) e−(�푥−�푅)2/�휎2]
= 𝑉�푅 (−𝑥) (31)

and apply (15). In the limit 𝑅 → ∞, interference effects
between the two structures around 𝑥 = ±𝑅 disappear, result-
ing in twice the VPE of (30). The numerical comparison is
listed in Table 1. Indeed, the two approaches produce identical
results as 𝑅 → ∞. The symmetrized version converges only
slowly for wide potentials (large 𝜎) causing obstacles for the
numerical simulation that do not at all occur in the present
approach.

7. Vacuum Polarization Energies in
the 𝜙6 Model

We first discuss the VPE for the 𝑎 ̸= 0 case. A typical
background potential is shown in Figure 1(a). Obviously, it
is reflection invariant and thus the method based on (15)
is applicable. In Table 2, we also compare our results to
those from the heat kernel expansion of [15] since, to our
knowledge, it is the only approach that has also been applied
to the asymmetric 𝑎 = 0 case in [14]. Not surprisingly, the
twomethods based on scattering data agree within numerical
precision for all values of 𝑎. The heat kernel results also agree
for moderate and large 𝑎; but for small values, deviations of
the order of 10% are observed. The heat kernel method relies
on truncating the expansion of the exact heat kernel about
the heat kernel in the absence of a soliton. Although in [15]
the expansion has been carried out to the eleventh(!) order,
leaving behind a very cumbersome calculation, this does not
seem to provide sufficient accuracy for small 𝑎.

We are now in the position to discuss the VPE for 𝑎 = 0
associated with the soliton 𝜙�퐾1(𝑥) from (5).The potentials for
the fluctuations and the resulting scattering data are shown in

Figure 4. By construction, the pseudopotential jumps at 𝑥�푚 =0. However, neither the phase shift nor the bound state energy
(the zero mode is the sole bound state) depends on 𝑥�푚. As
expected, the phase shift has a threshold cusp at√𝑚2�푅 − 𝑚2�퐿 =√3 and approaches 𝜋/2 at zeromomentum.This is consistent
with Levinson’s theorem in one space dimension [28] and the
fact that there is only a single bound state. In total, we find
significant cancellation between the bound state and contin-
uum contributions𝐸vac = −0.5 + 0.4531 = −0.0469. (32)

The result −0.1264√2 = −0.1788 (the factor √2 is added to
adjust the datum from [14] to the present scale) of [14] was
estimated relative to 𝑉�훼(𝑥) = (3/2)[1 + tanh(𝛼𝑥)] for 𝛼 = 1.
Our results for various values of 𝛼 are listed in Table 3. These
results are consistent with 𝑉�훼(𝑥) turning into a step function
for large 𝛼. For the particular value 𝛼 = 1, our relative VPE
thus is Δ𝐸vac = −0.0469 − 0.1660 = −0.2129. In view of the
results shown in Table 2, especially for small 𝑎, these data
match within the validity of the approximations applied in
the heat kernel calculation.

8. Translational Variance

So far, we have computed the VPE for the 𝜙6 model soliton
centered at 𝑥0 = 0. We have already mentioned that there
is translational invariance for the VPE of the kink and
sine–Gordon solitons. It is also numerically verified for the
asymmetric background (see (30)). In those cases, the two
vacua at 𝑥 → ±∞ are equivalent and 𝑞 = 𝑘 in (20). When
shifting 𝑥 → 𝑥+𝑥0, the transmission coefficients (𝑠11 and 𝑠22)
remain unchanged relative to the amplitude of the incoming
wave while the reflection coefficients (𝑠12 and 𝑠21) acquire
opposite phases. Consequently, det 𝑆 is invariant. For unequal
momenta, this invariance forfeits and the VPE depends on𝑥0. This is reflected by the results in Table 4 in which we
present the VPE for 𝑉�훼(𝑥) = (3/2)[1 + tanh(𝛼(𝑥 + 𝑥0))] and
the 𝜙6 model soliton 1/√1 + e−2(�푥+�푥0). Obviously, there is a
linear dependence of the VPE on 𝑥0 with the slope insensitive
to specific structure of the potential. This insensitivity is
consistent with the above remark on the difference between
the two momenta. Increasing 𝑥0 shifts the vacuum with the
biggermass towards negative infinity, thereby removing states
from the spectrum and hence decreasing the VPE.

The effect is immediately linked to varying the width of a
symmetric barrier potential with height𝑚2�푅 − 𝑚2�퐿 = 3:

𝑉(�푥0)SB (𝑥) = 3Θ(𝑥02 − |𝑥|) . (33)

For this potential, the Jost solution (see (16)) can be obtained
analytically [20] and the VPE has the limit

lim
�푥0→∞

𝐸vac [𝑉(�푥0)SB ]𝑥0 ≈ −0.102, (34)

which again reveals the background independent slope
observed above.
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Table 1: The 𝑅 dependent data are half the VPE for the symmetrized potential, (31) computed from (15). The data in the column “present”
list the results obtained from (13) for the original potential (see (30)).

𝑅 1.0 1.5 2.0 2.5 3.0 3.5 Present𝐴 = 2.5, 𝜎 = 10 −0.0369 −0.0324 −0.0298 −0.0294 −0.0293 −0.0292 −0.0293𝑅 4.0 5.0 6.0 7.0 8.0 9.0 Present𝐴 = 0.2, 𝜎 = 4.0 −0.0208 −0.0188 −0.0170 −0.0161 −0.0158 −0.0157 −0.0157
Table 2: Different methods to compute the VPE of the 𝜙6 soliton for 𝑎 ̸= 0.

𝑎 0.001 0.01 0.05 0.1 0.2 1.0 1.5
Heat kernel ([15]) −1.953 −1.666 −1.447 −1.349 −1.239 −1.101 −1.293
Parity sep. (equation (15)) −2.145 −1.840 −1.595 −1.461 −1.298 −1.100 −1.295
Present (equation (13)) −2.146 −1.841 −1.596 −1.462 −1.297 −1.102 −1.297
Table 3: VPE for background potential 𝑉�훼(𝑥) defined in the main
text. The entry “step” gives the VPE for the step function potential𝑉(𝑥) = 3Θ(𝑥) using (23) and its Born approximation from (27) for𝑥�푚 = 0.
𝛼 1.0 2.0 5.0 10.0 30.0 Step𝐸vac 0.1660 0.1478 0.1385 0.1363 0.1355 0.1355

Table 4: The VPE as a function of the position of the center of the
potential for 𝑉�훼 and the 𝜙6 model soliton. Δ𝐸vac is the difference
between the VPEs of the latter and 𝑉1.
𝑥0 𝐸vac−2 −1 0 1 2𝛼 = 5 0.341 0.240 0.139 0.037 −0.064𝛼 = 2 0.351 0.250 0.148 0.046 −0.057𝛼 = 1 0.369 0.267 0.166 0.064 −0.038𝜙6 0.154 0.053 −0.047 −0.148 −0.249Δ𝐸vac −0.215 −0.214 −0.213 −0.212 −0.211

Having quantitatively determined the translation vari-
ance of the VPE, it is tempting to subtract 𝐸vac[𝑉(�푥0)SB ].
Unfortunately, this is not unique because 𝑥0 is not the
unambiguous center of the soliton. For example, employing
the classical energy density 𝜖(𝑥) to define the position of the
soliton 1/√1 + e−2(�푥−�푥), which is formally centered at 𝑥, as an
expectation value leads to

𝑥�푠 = ∫𝑑𝑥𝑥𝜖 (𝑥)∫ 𝑑𝑥 𝜖 (𝑥) = 𝑥 + 12 . (35)

This changes the VPE by approximately 0.050.This ambiguity
also hampers the evaluation of theVPE as half that of a widely
separated kink–antikink pair

𝜙�퐾�퐾 (𝑥) = [1 + e2(�푥−�푥)]−1/2 + [1 + e−2(�푥+�푥)]−1/2 − 1 (36)

similar to the approach for (31). The corresponding back-
ground potential 𝑉�퐵 is shown in Figure 5. For computing the
VPE, the large contribution from the constant but nonzero

potential in the regime |𝑥| ≲ 𝑥 should be eliminated. The
above considerations lead to12 lim

�푥→∞
{𝐸vac [𝑉�퐵] − 2𝐸vac [𝑉(2�푥)SB ]} = −0.170,

12 lim
�푥→∞

{𝐸vac [𝑉�퐵] − 2𝐸vac [𝑉(2�푥𝑠)SB ]} = −0.120. (37)

When the VPE from 𝑉(2(�푥+1.2))SB is subtracted, the main result
(see (32)) is matched. Eventually, this can be used to define
the center of the soliton.

Now, we also understand why the VPE for 𝑎 ̸= 0 diverges
as 𝑎 → 0 (cf. Table 2). In that limit, kink and antikink
structures separate and the “vacuum” in between produces
an ever-increasing contribution (in magnitude).

Finally, we discuss the link between the translational
variance and the Krein–Friedel–Lloyd formula (see (9)). We
have already reported the VPE for the step function potential
when 𝑥�푚 = 0. We can also consider 𝑥�푚 → ∞:

𝐸vac [𝑉(�푥𝑚)step ]𝑥�푚 → − sign (𝑥�푚) [∫√3
0

𝑑𝑘4𝜋 2𝑘2 − 3√𝑘2 + 1
+ ∫∞
√3

𝑑𝑘4𝜋 2𝑘2 − 2𝑘√𝑘2 − 3 − 3√𝑘2 + 1 ] ≈ 0.101 sign (𝑥�푚) ,
(38)

reproducing the linear dependence on the position from
above. Formally, that is, without Born subtraction, the inte-
gral (see (38)) is dominated by

∫ 𝑑𝑘2𝜋 𝑘√𝑘2 + 1 [𝑘 − √𝑘2 − 3]
∼ ∫ 𝑑𝑘2𝜋√𝑘2 + 1 𝑑𝑑𝑘 [√𝑘2 − 3 − 𝑘]
= ∫ 𝑑𝑘2𝜋√𝑘2 + 1 𝑑𝑑𝑘 [𝑞 − 𝑘] .

(39)

Essentially, this is that part of the level density that originates
from the different dispersion relations at positive andnegative
spatial infinity.
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Figure 4: (a) Potential (𝑉) and pseudopotential (𝑉�푝) for fluctuations about a 𝜙6 soliton with 𝑎 = 0. The pseudopotential is shown for 𝑥�푚 = 0.
(b) Resulting phase shift, that is, (1/2𝑖) ln det 𝑆 (full line), and its Born approximation (dashed line).

V
B
(x

)

x = 2

x = 4

x = 6

−3

−2

−1

0

1

2

3

0 5 10−5−10

x

Figure 5: Backgroundpotential for the kink–antikink pair (see (36))
for different separation instances.

9. Conclusion

We have advanced the spectral methods for computing vac-
uumpolarization energies (VPEs) to also apply to static local-
ized background configurations in one space dimension that
do not permit a parity decomposition for the quantumfluctu-
ations.The essential progress is the generalization of the vari-
able phase approach to such configurations. Being developed
from spectralmethods, it adopts their amenities, as, for exam-
ple, an effective procedure to implement standard renor-
malization conditions. A glimpse at the bulky formulas for
the heat kernel expansion (alternative method to the prob-
lem) in [14–16] immediately reveals the simplicity and effec-
tiveness of the present approach. The latter merely requires
numerically integrating ordinary differential equations and
extracting the scattering matrix thereof (cf. (18) and (21)).
Heat kernel methods are typically combined with 𝜁-function
regularization. Then, the connection to standard renormal-
ization conditions is not as transparent as for the spectral
methods, though that is problematic only when nonlocal
Feynman diagrams require renormalization, that is, in larger

than 𝐷 = 1 + 1 dimensions or when fermion loops are
involved.

We have verified the novel method by means of well-
established results, as, for example, the 𝜙4 kink and sine–
Gordon solitons. For these models, the approach directly
ascertains translational invariance of the VPE. Yet, the main
focus was on the VPE for solitons in 𝜙6 models because its
soliton(s) may connect inequivalent vacua leading to back-
ground potentials that are not invariant under spatial reflec-
tion. This model is not strictly renormalizable. Nevertheless,
at one-loop order, a well-defined result can be obtained from
the no tadpole renormalization condition although no fur-
ther finite renormalization is realizable because the different
vacua yield additional infinities when integrating the coun-
terterm. The different vacua also lead to different dispersion
relations for the quantum fluctuations and thereby induce
translational variance for a theory that is formulated by an
invariant action. We argue that this variance is universal, as
it is not linked to the particular structure of the background
and can be related to the change in the level density that is
basic to the Krein–Friedel–Lloyd formula (see (9)).

Besides attempting a deeper understanding of the vari-
ance by tracing it from the energy momentum tensor, future
studies will apply the novel method to solitons of the 𝜙8
model. Its elaborated structure not only induces potentials
that are reflection asymmetric but also leads to a set of
topological indexes [29] that are related to different particle
numbers. Then, the novel method will progress the under-
standing of quantum corrections to binding energies of com-
poundobjects in the soliton picture. Furthermore, the present
results can be joined with the interface formalism [30], which
augments additional coordinates along which the back-
ground is homogeneous, to explore the energy (densities) of
domain wall configurations [31].
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We study the radiative decay widths of vector quarkonia for the process of 𝐽/𝜓(𝑛𝑆) → 𝜂𝑐(𝑛𝑆)𝛾 and Υ(𝑛𝑆) → 𝜂𝑏(𝑛𝑆)𝛾 (for principal
quantum numbers 𝑛 = 1, 2, 3) in the framework of Bethe-Salpeter equation under the covariant instantaneous ansatz using a 4 × 4
form of BSE.The parameters of the framework were determined by a fit to the mass spectrum of ground states of pseudoscalar and
vector quarkonia, such as 𝜂𝑐, 𝜂𝑏, 𝐽/𝜓, andΥ.These input parameters so fixed were found to give good agreements with data onmass
spectra of ground and excited states of pseudoscalar and vector quarkonia, leptonic decay constants of pseudoscalar and vector
quarkonia, two-photon decays, and two-gluon decays of pseudoscalar quarkonia in our recent paper. With these input parameters
so fixed, the radiative decay widths of ground (1𝑆) and excited (2𝑆, 3𝑆) states of heavy vector quarkonia (𝐽/Ψ and Υ) are calculated
and found to be in reasonable agreement with data.

1. Introduction

Studies on mass spectra and decays of heavy quarkonia (𝑐𝑐
and 𝑏𝑏) have become a hot topic in recent years, due to
observation of many new states at various high energy accel-
erators at BABAR, Belle, CLEO, and BES-III collaborations
[1–4]. All this has opened up new challenges in theoretical
understanding of heavy hadrons and provide an important
tool for exploring the structure of these simplest bound states
in QCD and for studying the nonperturbative (long distance)
behavior of strong interactions.

As regards the dynamical framework, to investigate these
properties is concerned; many nonperturbative approaches,
such as lattice QCD [5], chiral perturbation theory [6], QCD
sum rules [7], heavy-quark effective theory [8], NRQCD
[9], dynamical-equation based approaches like Schwinger-
Dyson equation and Bethe-Salpeter equation (BSE) [10–15],
and potential models [16] have been proposed to deal with
the long distance property of QCD.

Bethe-Salpeter equation (BSE) [11, 15, 17–19] is a conven-
tional approach in dealing with relativistic bound state prob-
lems. From the solutions, we can obtain useful information

about the inner structure of hadrons, which is also crucial in
treating hadronic decays.The BSE framework which is firmly
rooted in field theory provides a realistic description for ana-
lyzing hadrons as composite objects. Despite its drawback of
having to input model-dependent kernel, these studies have
become an interesting topic in recent years, since calculations
have shown that BSE framework using phenomenological
potentials can give satisfactory results as more and more data
are being accumulated. The BSE is frequently adopted as
starting point of QCD inspired models, due to the fact that
this equation has a firm base in quantum field theory.

In a recent work [20, 21], we employed a 4 × 4 represen-
tation for two-body (𝑞𝑞) BS amplitude for calculating both
the mass spectra and the transition amplitudes for various
processes. However, the price one pays in this approach is
to solve a coupled set of Salpeter equations for both pseu-
doscalar and vector quarkonia. However, in [21], we explicitly
showed that these coupled Salpeter equations can indeed
get decoupled in the heavy-quark approximation, leading to
mass spectral equations with analytical solutions for both
masses, as well as eigenfunctions for all the ground and
excited states of pseudoscalar and vector 𝑐𝑐 and 𝑏𝑏 systems
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in an approximate harmonic oscillator basis. These analytical
forms of eigenfunctions for ground and excited states so
obtained were used to evaluate the transition amplitudes for
different processes in [21]. Thus, in [21], we had calculated
the mass spectrum, weak decay constants, two-photon decay
widths and two-gluon decay widths of ground (1𝑆) and radi-
ally excited (2𝑆, 3𝑆, . . .) states of pseudoscalar charmonium
and bottomonium such as 𝜂𝑐 and 𝜂𝑏, as well as the mass
spectrum and leptonic decay constants of ground state (1𝑆)
and excited (2𝑆, 1𝐷, 3𝑆, 2𝐷, 4𝑆, and 3𝐷) states of vector
charmonium and bottomonium such as 𝐽/𝜓 and Υ, using
this formulation of 4 × 4 Bethe-Salpeter equation under
covariant instantaneous ansatz (CIA). Our results were in
good agreement with data (wherever available) and other
models. However, in all the above processes, the quark
antiquark loop involved a single hadron-quark vertex, which
was simple to handle.

However for the transitions such as𝑉 → 𝑃+𝛾, the process
requires calculation of triangle quark-loop diagram involving
two hadron-quark vertices and is difficult to evaluate in BSE-
CIA, which gives rise to complexities in amplitudes. However
in [22, 23], they demonstrated an explicit mathematical
procedure for handling such problems in 4×4 representation
of BSE. Thus, in the present work, we will precisely apply an
instantaneous formalism employing 4 × 4 BSE under CIA
for transitions involving the process, 𝑉 → 𝑃𝛾, where such
problems do not enter in the calculations of [21].

This paper is organized as follows. In Section 2, we give
the formulation of 4 × 4 BSE under CIA. In Section 3, we
give the derivation of the hadronic process 𝑉 → 𝑃 + 𝛾
in the framework of 4 × 4 BSE under CIA and calculate its
radiative decay widths. The numerical results for radiative
decay widths of the processes are worked out. Section 4 is
reserved for discussions and conclusion.

2. Formulation of BSE under CIA

We give a short derivation of Salpeter equations in this
section, giving only the main steps. The 4D BSE for 𝑞𝑞
comprising equal mass fermionic quarks of momenta 𝑝1,2
and masses 𝑚1 = 𝑚2(=m), respectively, is written in 4 × 4
representation as

(�𝑝1 − 𝑚1) Ψ (𝑃, 𝑞) (�𝑝2 + 𝑚2)
= 𝑖
(2𝜋)4 ∫𝑑4𝑞𝐾(𝑞, 𝑞)Ψ (𝑃, 𝑞) , (1)

where the 4 × 4 BS wave function is sandwiched between
the inverse propagators of the quark and the antiquark,
whose individual momenta 𝑝1,2 are related to the internal
momentum 𝑞 and total momentum 𝑃 of hadron of mass 𝑀
as 𝑝1,2𝜇 = (1/2)𝑃𝜇 ± 𝑞𝜇. We further decompose the internal
momentum, 𝑞𝜇, as the sum of its transverse component,
𝑞𝜇 = 𝑞𝜇 − (𝑞 ⋅ 𝑃)𝑃𝜇/𝑃2 (which is orthogonal to total hadron
momentum 𝑃𝜇), and the longitudinal component, 𝜎𝑃𝜇 = (𝑞 ⋅
𝑃)𝑃𝜇/𝑃2 (which is parallel to 𝑃𝜇). Thus, 𝑞𝜇 = (𝑀𝜎, 𝑞), where
the transverse component, 𝑞, is an effective 3D vector, while
the longitudinal component, 𝑀𝜎, plays the role of the time

component. The 4D volume element in this decomposition
is 𝑑4𝑞 = 𝑑3𝑞𝑀𝑑𝜎. To obtain the 3D BSE and the hadron-
quark vertex, use an ansatz on the BS kernel𝐾 in (1) which is
assumed to depend on the 3D variables 𝑞𝜇, 𝑞𝜇 as

𝐾(𝑞, 𝑞) = 𝐾 (𝑞, 𝑞) . (2)

Hence, the longitudinal component, 𝑀𝜎 of 𝑞𝜇, does not
appear in the form 𝐾(𝑞, 𝑞) of the kernel and we define 3D
wave function 𝜓(𝑞) as

𝜓 (𝑞) = 𝑖2𝜋 ∫𝑀𝑑𝜎Ψ (𝑃, 𝑞) . (3)

Substituting (3) in (1), with definition of kernel in (2), we get
a covariant version of Salpeter equation

(�𝑝1 − 𝑚1) Ψ (𝑃, 𝑞) (�𝑝2 + 𝑚2)
= ∫ 𝑑3𝑞

(2𝜋)3𝐾(𝑞, 𝑞) 𝜓 (𝑞) , (4)

and the 4D BS wave function can be written as

Ψ (𝑃, 𝑞) = 𝑆𝐹 (𝑝1) Γ (𝑞) 𝑆𝐹 (−𝑝2) , (5)

where

Γ (𝑞) = ∫ 𝑑3𝑞
(2𝜋)3𝐾(𝑞, 𝑞) 𝜓 (𝑞) (6)

plays the role of hadron-quark vertex function. Following a
sequence of steps given in [20, 21], we obtain four Salpeter
equations:

(𝑀 − 2𝜔)𝜓++ (𝑞) = −Λ+1 (𝑞) Γ (𝑞) Λ+2 (𝑞) ,
(𝑀 + 2𝜔)𝜓−− (𝑞) = Λ−1 (𝑞) Γ (𝑞) Λ−2 (𝑞) ,

𝜓+− (𝑞) = 𝜓−+ (𝑞) = 0
(7)

with the energy projection operators, Λ±𝑗(𝑞) = (1/2𝜔𝑗)[�𝑃𝜔𝑗/𝑀 ± 𝐼(𝑗)(𝑚𝑗 + ��̂𝑞)], 𝜔2𝑗 = 𝑚2𝑗 + 𝑞2, and 𝐼(𝑗) = (−1)𝑗+1, where𝑗 = 1, 2 for quarks and antiquarks, respectively.The projected
wave functions,𝜓±±(𝑞), in Salpeter equations are obtained by
the operation of the above projection operators on 𝜓(𝑞) (for
details see [20, 21]) as

𝜓±± (𝑞) = Λ±1 (𝑞) �𝑃𝑀𝜓 (𝑞) �𝑃𝑀Λ±2 (𝑞) . (8)

To obtain themass spectral equation, we have to start with
the above four Salpeter equations and solve the instantaneous
Bethe-Salpeter equation. However, the last two equations do
not contain eigenvalue 𝑀 and are thus employed to obtain
constraint conditions on the Bethe-Salpeter amplitudes asso-
ciated with various Dirac structures in 𝜓(𝑞), as shown in
detail in [21]. The framework is quite general so far. In fact
the above four equations constitute an eigenvalue problem
that should lead to evaluation ofmass spectra of pseudoscalar
and vector charmonium and bottomonium states such as 𝜂𝑐,
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Figure 1: Feynman diagram for the first and second figures corresponding to the quark and antiquark emitting the photon, respectively, for
the transition 𝑉 → 𝑃𝛾.

𝜂𝑏, 𝐽/𝜓, and Υ (see [21]). The numerical results [21] of mass
spectra of P and V quarkonia participating in the radiative
decays studied in this paper are listed in Section 3. We now
give details of calculation of decay widths for the process,𝑉 → 𝑃 + 𝛾, in the next section.

3. Electromagnetic Transition of 𝑉→ 𝑃+𝛾
The lowest order, Feynman diagrams for the process, 𝑉 →𝑃𝛾, are given in Figure 1, where𝑉(1−−) and 𝑃(0−+) are vector
and pseudoscalar quarkonia, respectively. The second dia-
gram is obtained from the first one by reversing the directions
of internal fermionic lines.

The electromagnetic transition amplitude 𝑀𝑓𝑖, corre-
sponding to Figures 1(a) and 1(b), is given by the one-loop
momentum integral as in [23, 31, 32]:

𝑀𝑓𝑖 = −𝑖𝑒𝑞 ∫ 𝑑4𝑞
(2𝜋)4

⋅ Tr [Ψ𝑃 (𝑃, 𝑞)�𝜖Ψ𝑉 (𝑃, 𝑞) 𝑆−1𝐹 (−𝑝2)
+ Ψ𝑃 (𝑃, 𝑞) 𝑆−1𝐹 (𝑝1) Ψ𝑉 (𝑃, 𝑞)�𝜖] ,

(9)

where 𝑃 and 𝑃 are momenta of the initial and final hadrons,
respectively, 𝑝1, 𝑝1, −𝑝2, and −𝑝2 are initial and final
momenta of the quark and antiquark, respectively, 𝑘 is the
momentum of the outgoing photon, and Ψ𝑃 and Ψ𝑉 are the
4D BS wave functions of pseudoscalar and vector quarkonia
involved in the process and are expressed as Ψ𝑉(𝑃, 𝑞) =𝑆𝐹(𝑝1)Γ(𝑞)𝑆𝐹(−𝑝2) and Ψ𝑃(𝑃, 𝑞) = 𝑆𝐹(−𝑝2)Γ(𝑞)𝑆𝐹(𝑝1). 𝑒𝑞
is the electric charge of quarks. 𝜖𝜇 is the polarization vector of
the emitted photon. We have used the momentum relations𝑃 = 𝑝1 + 𝑝2, 𝑃 = 𝑝1 + 𝑝2, 𝑘 = 𝑃 − 𝑃, and 𝑝2 = 𝑝2 for first
diagram. However for second diagram, the last momentum
relation is 𝑝1 = 𝑝1, while the other relations are the same
as in first diagram. Here, the second term (coming from

Figure 1(b)) in (9) gives the same contribution as the first term
(coming from Figure 1(a)), and hence we can write𝑀𝑓𝑖 as
𝑀𝑓𝑖
= −2𝑖𝑒𝑞 ∫ 𝑑4𝑞

(2𝜋)4Tr [Ψ𝑃 (𝑃, 𝑞)�𝜖Ψ𝑉 (𝑃, 𝑞) 𝑆−1𝐹 (−𝑝2)] (10)

with an overall multiplicative factor of 2.
This equation can be reduced to 3D forms by defining

the 3D wave function, 𝜓(𝑞) = (𝑖/2𝜋) ∫𝑀𝑑𝜎Ψ(𝑃, 𝑞). Thus,
one can write the instantaneous Bethe-Salpeter form for the
electromagnetic transition amplitude between two bound
states as (see [33])

𝑀𝑓𝑖 = −2𝑒𝑞𝑀 ∫ 𝑑3𝑞
(2𝜋)3

⋅ Tr {�𝑃𝜓++𝑃 (𝑞)�𝜖𝜓++𝑉 (𝑞) −�𝑃𝜓−−𝑃 (𝑞)�𝜖𝜓−−𝑉 (𝑞)} ,
(11)

where we resolve the amplitude corresponding to the first
term (i.e., Figure 1(a)) in the previous equation into ++ and−− components, where the dominant contribution comes
from the ++ components, while the contribution from the−− components is less than 1 percent [34]. Thus we can, to a
good approximation, write the total amplitude for the process𝑉 → 𝑃𝛾 in terms of only the ++ components as

𝑀𝑓𝑖 = −2𝑒𝑞𝑀 ∫ 𝑑3𝑞
(2𝜋)3Tr {�𝑃𝜓++𝑃 (𝑞)�𝜖𝜓++𝑉 (𝑞)} , (12)

where 𝑞 = 𝑞 + (1/2)�̂� and 𝑀 is the mass of the initial
quarkonia.The relativistic BS wave function of 𝑃(0−+)meson
bound state is taken as in [21]:

𝜓𝑃 (𝑞) = 𝑁𝑃 [𝑀 +��𝑃 + ��̂𝑞�𝑃𝑚 ]𝛾5𝜙𝑃 (𝑞) , (13)

where 𝑃 is the momentum of the final state P-quarkonia,𝑁𝑃
is the BS normalization of the final state P-quarkonia, and𝑀
is the mass of the final state P-quarkonia.
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The relativistic BS wave function of 𝑉(1−−) quarkonium
can ultimately be written as in [21]:

𝜓𝑉 (𝑞)
= 𝑁𝑉 [𝑀�𝜀 + 𝑞 ⋅ 𝜀𝑀𝑚 + �𝜀�𝑃 + �𝑃𝑞 ⋅ 𝜀𝑚 − �𝑃�𝜀��̂𝑞𝑚 ]𝜙𝑉 (𝑞) . (14)

Here, 𝜀 is the polarization vector of the vector quarkonia
and𝑁𝑉 is the BS normalizer of the initial state quarkonia.We
wish to mention that (13) above is obtained by starting from
themost general expression forΨ(𝑃, 𝑞) in Eq. (17) of [21].The
general decomposition of instantaneous wave function in the
center of mass frame of dimensionality𝑀 is given in Eq. (18)
of [21]. This instantaneous wave function Ψ𝑃(𝑞) is put into
the last two Salpeter equations, and the constraint conditions
on the amplitudes (given in Eq. (19) of [21]) are obtained.
We thus obtain Eq. (20) of [21]. This is then put into the first
two Salpeter equations to obtain the two coupled equations
(Eq. (21) of [21]). Solving them simultaneously leads to (13)
of present paper (which is Eq. (23) in [21]), written in terms
of 𝜙𝑃. Similarly we obtain Ψ𝑉(𝑞) in (14) written in terms
of 𝜙𝑉. These scalar functions 𝜙𝑃,𝑉(𝑞) satisfy the harmonic
oscillator equation, Eq. (37) of [21], whose solutions are
worked out by using the power seriesmethod in Eq. (37)–(41)
of [21], with plots of these wave functions given in Figures 1-
2 (for P-quarkonia) and Figures 3-4 (for V quarkonia) in
[21]. Thus we want to mention that the complete 2-fermion
wave functions, Ψ𝑃,𝑉(𝑞), are ultimately expressed in terms
of summation over various Dirac structures multiplying
a single scalar function 𝜙𝑃,𝑉(𝑞), whose detailed algebraic
expressions (Gaussian functions) are not approximations, but
are obtained as analytic solutions of the algebraic form of
the mass spectral equations for P and V quarkonia (with the
complete spectrum written down in terms of principal quan-
tum number 𝑁 in Eq. (35)-(36) of [21]) in an approximate
harmonic oscillator basis.

The projected wave function for positive energy, 𝜓++(𝑞),
is obtained by the operation of projection operators on𝜓𝑃(𝑞)
and 𝜓𝑉(𝑞), respectively, as in (8):

𝜓++𝑃 (𝑞) = Λ+1 (𝑞) �𝑃𝑀𝜓𝑃 (𝑞) �𝑃𝑀Λ+2 (𝑞)
𝜓++𝑉 (𝑞) = Λ+1 (𝑞) �𝑃𝑀𝜓𝑉 (𝑞) �𝑃𝑀Λ+2 (𝑞) ,

(15)

where Λ+1,2(𝑞) = (1/2𝜔)[(�𝑃/𝑀)𝜔 ± 𝑚 ± ��̂𝑞], Λ+1,2(𝑞) =
(1/2𝜔)[(�𝑃/𝑀)𝜔 ± 𝑚 ± ��̂𝑞], are called projection operators
and 𝜔2 = 𝑚2 + 𝑞2 and 𝜔2 = 𝑚2 + 𝑞2. The relativistic positive
energy wave function of equal mass pseudoscalar quarkonia
in the center of mass system can be expressed as

𝜓++𝑃 (𝑞) = 𝑁𝑃𝜙𝑃 (𝑞)2 𝛾5 {𝑀 [𝑚2𝜔2 + 𝑚𝜔 − 𝑞2𝑚𝜔]
−�𝑃 [𝑚2𝜔2 + 𝑚𝜔] + ��̂𝑞�𝑃 [ 𝑚𝜔2 + 1𝜔 ]} .

(16)

And the relativistic positive energy wave function of equal
mass vector quarkonia in the center of mass system can be
written as

𝜓++𝑉 (𝑞) = 𝑁𝑉𝜙𝑉 (𝑞)2 {𝑀[𝑚2𝜔2 − 𝑚𝜔 + 𝑞2𝑚𝜔]�𝜀 + 𝑀𝑞
⋅ 𝜀 [ 𝑚𝜔2 − 1𝜔] + [𝑚2𝜔2 − 𝑚𝜔 ]�𝜀�𝑃 + 𝑞 ⋅ 𝜀 [ 𝑚𝜔2 − 1𝜔]�𝑃
− [ 𝑚𝜔2 − 1𝜔]�𝑃�𝜀��̂𝑞 + 𝑞 ⋅ 𝜀𝑚𝜔��̂𝑞�𝑃 − 𝑀𝑞 ⋅ 𝜀𝑚𝜔 ��̂𝑞} .

(17)

The conjugate of 𝜓++𝑃 (𝑞) is evaluated from 𝜓++𝑃 (𝑞) =𝛾0(𝜓++𝑃 )+𝛾0, after a sequence of steps is expressed as

𝜓++𝑃 (𝑞) = −𝑁𝑃𝜙𝑃 (𝑞)2 𝛾5 {𝑀 [𝑚2𝜔2 + 𝑚𝜔 − 𝑞2𝑚𝜔]
−�𝑃 [𝑚2𝜔2 + 𝑚𝜔] +�𝑃��̂𝑞 [ 𝑚𝜔2 + 1𝜔 ]} .

(18)

Now, if we evaluate the total transition amplitude using (12),
(17), and (18), we get

𝑀𝑓𝑖 = −𝑒𝑞𝑁𝑃𝑁𝑉2𝑀 ∫ 𝑑3𝑞
(2𝜋)3 𝜙𝑃 (𝑞) 𝜙𝑉 (𝑞) [TR] , (19)

where

[TR] = Tr{−𝛾5�𝑃�𝑃 [𝑚2𝜔2 + 𝑚𝜔]
⋅ [𝑀[𝑚2𝜔2 − 𝑚𝜔 + 𝑞2𝑚𝜔]�𝜖�𝜀 − [ 𝑚𝜔2 − 1𝜔]�𝜖�𝑃�𝜀��̂𝑞
− 𝑀𝑞 ⋅ 𝜀𝑚𝜔 �𝜖��̂𝑞] + 𝛾5�𝑃�𝑃��̂𝑞 [ 𝑚𝜔2 + 1𝜔 ] [𝑀𝑞
⋅ 𝜀 [ 𝑚𝜔2 − 1𝜔]�𝜖 + [𝑚2𝜔2 − 𝑚𝜔 ]�𝜖�𝜀�𝑃 + 𝑞 ⋅ 𝜀𝑚𝜔 �𝜖��̂𝑞�𝑃]} .

(20)

Evaluating trace over the gammamatrices, one can obtain the
expression:

[TR] = −4𝑀𝜖𝜇]𝛼𝛽𝑃𝜇𝑃]𝜖𝛼𝜀𝛽 [ 𝑚𝜔2 + 1𝜔 ]
⋅ [𝑚3𝜔2 − 𝑚2𝜔 + ( 𝑚𝜔2 − 1𝜔) 𝑞 ⋅ 𝑞] ,

(21)

where 𝑃 and 𝑃 are momenta of the initial (V) and final
(P) quarkonia, respectively. One can rewrite the transition
amplitude after evaluation of the gamma matrices as

𝑀𝑓𝑖 = 2𝑒𝑞𝑁𝑃𝑁𝑉∫ 𝑑3𝑞
(2𝜋)3 𝜙𝑃 (𝑞) 𝜙𝑉 (𝑞) [

𝑚𝜔2 + 1𝜔 ]
⋅ [𝑚3𝜔2 − 𝑚2𝜔 + ( 𝑚𝜔2 − 1𝜔) 𝑞 ⋅ 𝑞]
⋅ 𝜖𝜇]𝛼𝛽𝑃𝜇𝑃]𝜖𝛼𝜀𝛽.

(22)
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The decay width for 𝑉 → 𝑃𝛾 can be expressed as (see [32])

Γ𝑉→𝑃𝛾 =
�⃗�8𝜋𝑀2 𝑀𝑓𝑖

2 ;
�⃗� = 12𝑀 [𝑀2 −𝑀2] .

(23)

From (22) for total amplitude,𝑀tot, one can obtain

𝑀𝑓𝑖2 = 𝑓 (𝑞)2 (𝜖𝜇]𝛼𝛽𝑃𝜇𝑃]𝜖𝛼𝜀𝛽)2
= (𝑀4 + 10𝑀2𝑀2 +𝑀4) 𝑓 (𝑞)2 ,

(24)

where

𝑓 (𝑞) = 2𝑒𝑞𝑁𝑃𝑁𝑉∫ 𝑑3𝑞
(2𝜋)3 𝜙𝑃 (𝑞) 𝜙𝑉 (𝑞) [

𝑚𝜔2 + 1𝜔 ]
⋅ [𝑚3𝜔2 − 𝑚2𝜔 + ( 𝑚𝜔2 − 1𝜔) 𝑞 ⋅ 𝑞] .

(25)

One can obtain the expression of the decay rate of heavy
quarkonia for the process, 𝑉 → 𝑃𝛾, as

Γ𝑉→𝑃𝛾
= 164𝜋 [𝑀3 + 𝑀4𝑀 −𝑀2𝑀− 𝑀6𝑀3 ]

3 𝑓 (𝑞)2 .
(26)

𝑀 and𝑀 are the masses of the pseudoscalar heavy quarko-
nia (𝜂𝑐, 𝜂𝑏) and vector heavy quarkonia (𝐽/𝜓, Υ), respectively.
In the expression for𝑓(𝑞),𝑁𝑉 and𝑁𝑃 are the BS normalizers
for heavy vector and pseudoscalar quarkonia, respectively,
which are given in a simple form as in [21]:

𝑁𝑉 = [16𝑚𝑀𝑉∫ 𝑑3𝑞
(2𝜋)3

𝑞2𝜔3 𝜙2𝑉 (𝑞)]
−1/2 ,

𝑁𝑃 = [16𝑀𝑃𝑚 ∫ 𝑑3𝑞
(2𝜋)3

𝑞2𝜔 𝜙2𝑃 (𝑞)]
−1/2 .

(27)

The ground state (1𝑆) wave function and the radial wave
functions for the 2𝑆 and 3𝑆 excitations for initial heavy vector
quarkonia are written as in Eq. (41) of [21]:

𝜙𝑉 (1𝑆, 𝑞) = 1
𝜋3/4𝛽3/2𝑉 𝑒−𝑞2/2𝛽2𝑉 ,

𝜙𝑉 (2𝑆, 𝑞) = (32)
1/2 1

𝜋3/4𝛽3/2𝑉 (1 − 2𝑞2
3𝛽2𝑉) 𝑒−𝑞2/2𝛽2𝑉 ,

𝜙𝑉 (3𝑆, 𝑞)
= (158 )1/2 1

𝜋3/4𝛽3/2𝑉 (1 − 20𝑞2
15𝛽2𝑉 +

4𝑞4
15𝛽4𝑉) 𝑒−𝑞2/2𝛽2𝑉

(28)

Table 1: Input parameters of BSE-CIA framework.

𝐶0 𝜔0 (GeV) Λ (GeV) 𝐴0 𝑚𝑐 (GeV) 𝑚𝑏 (GeV)
0.210 0.150 0.200 0.010 1.490 5.070

Table 2: 𝛽𝑃 and 𝛽𝑉 values for ground state and excited states of 𝜂𝑐,𝜂𝑏, 𝐽/𝜓, and Υ (in GeV) in present calculation (BSE-CIA).

1−− state 𝛽𝑉 0−+ state 𝛽𝑃𝐽/𝜓(1𝑆) 0.2466 𝜂𝑐(1𝑆) 0.3486𝜓(2𝑆) 0.2442 𝜂𝑐(2𝑆) 0.3454𝜓(3𝑆) 0.2420 𝜂𝑐(3𝑆) 0.3422Υ(1𝑆) 0.5066 𝜂𝑏(1𝑆) 0.7165Υ(2𝑆) 0.5018 𝜂𝑏(2𝑆) 0.7097Υ(3𝑆) 0.4972 𝜂𝑏(3𝑆) 0.7032

and the ground state (1𝑆) wave function and the radial
wave functions for the 2𝑆 and 3𝑆 excitations for final heavy
pseudoscalar quarkonia are written as in Eq. (41) of [21]:

𝜙𝑃 (1𝑆, 𝑞) = 1
𝜋3/4𝛽3/2𝑃 𝑒−𝑞2/2𝛽2𝑃 ,

𝜙𝑃 (2𝑆, 𝑞) = (32)
1/2 1

𝜋3/4𝛽3/2𝑃 (1 − 2𝑞2
3𝛽2𝑃 ) 𝑒−𝑞2/2𝛽2𝑃 ,

𝜙𝑃 (3𝑆, 𝑞)
= (158 )1/2 1

𝜋3/4𝛽3/2𝑃 (1 − 20𝑞2
15𝛽2𝑃 +

4𝑞4
15𝛽4𝑃) 𝑒−𝑞2/2𝛽2𝑃 ,

(29)

where 𝑞 = 𝑞 + (1/2)|�⃗�| and |�⃗�| = (𝑀𝑉/2)(1 −𝑀2𝑃/𝑀2𝑉).
The inverse range parameters for pseudoscalar

and vector meson, respectively, are 𝛽𝑃 =(4(𝑚𝜔2𝑞𝑞/√1 + 2𝐴0(𝑁 + 3/2)))1/4 and 𝛽𝑉 =
(2(𝑚𝜔2𝑞𝑞/√1 + 2𝐴0(𝑁 + 3/2)))1/4 and are dependent on
the input kernel and contain the dynamical information, and
they differ from each other only due to spin-spin interactions.

We had recently calculated the mass spectrum of ground
and excited states of 𝑃 and 𝑉 quarkonia in [21]. The input
parameters employed in this calculation that were fit from
the mass spectrum of ground state pseudoscalar and vector
quarkonia in [21] are given in Table 1.

The numerical values of inverse range parameters 𝛽𝑃 and𝛽𝑉 for various P and V quarkonia in the radiative transitions
studied in this paper are listed in Table 2.

We had fixed the input parameters by studying the mass
spectra for 𝑃 and 𝑉 quarkonia for a number of states.
However in Tables 3 and 4, we list only the spectra of the
quarkonia for which we have done calculations of radiative
decay widths in this paper.

Numerical Results. We use the same input parameters listed
in Table 1, to calculate the decay widths for the process 𝑉 →𝑃 + 𝛾. The results of radiative decay widths of our model are
listed in Table 5.
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Table 3: Masses of ground and radially excited states of 𝜂𝑐 and 𝜂𝑏 (in GeV) in present calculation (BSE-CIA) along with experimental data
and their masses in other models.

BSE - CIA Expt. [4] Pot. model [24] QCD sum rule [7] LQCD [25] Re. P. model [26]
𝑀𝜂𝑐(1𝑆) 2.9509 2.983 ± 0.0007 2.980 3.11 ± 0.52 3.292 2.981
𝑀𝜂𝑐(2𝑆) 3.7352 3.639 ± 0.0013 3.600 4.240 3.635
𝑀𝜂𝑐(3𝑆) 4.4486 4.060 3.989
𝑀𝜂𝑏(1𝑆) 9.0005 9.398 ± 0.0032 9.390 9.66 ± 1.65 7.377 9.398
𝑀𝜂𝑏(2𝑆) 9.7215 9.999 ± 0.0028 9.947 8.202 9.990
𝑀𝜂𝑏(3𝑆) 10.4201 10.291 10.329

Table 4: Masses of ground and radially excited states of heavy vector quarkonium, 𝐽/𝜓 and Υ, in BSE-CIA along with their masses in other
models and experimental data (all units are GeV).

BSE - CIA Expt. [4] Rel. Pot. model [26] Pot. model [24] BSE [27] LQCD [28]
𝑀𝐽/𝜓(1𝑆) 3.0974 3.0969 ± 0.000011 3.096 3.0969 3.0969 3.099
𝑀𝜓(2𝑆) 3.6676 3.6861 ± 0.00034 3.685 3.6890 3.686 3.653
𝑀𝜓(3𝑆) 4.1945 4.03 ± 0.001 4.039 4.1407 4.065 4.099
𝑀Υ(1𝑆) 9.6719 9.4603 ± 0.00026 9.460 9.4603 9.460𝑀Υ(2𝑆) 10.1926 10.0233 ± 0.00031 10.023 9.9814 10.029𝑀Υ(3𝑆) 10.6979 10.3552 ± 0.00005 10.355 10.3195 10.379

Table 5: Radiative decay widths of equal mass heavy vector quarkonium of ground state (1𝑆) and radially excited states (2𝑆, 3𝑆) in present
calculation (BSE-CIA) along with their decay widths in other models and experimental data (all values are in unit of Kev).

Transition Our work Expt. [4] LFM [29] PM [30]
Γ𝐽/𝜓(1𝑆)→𝜂𝑐(1𝑆)𝛾 2.0054 1.5687 ± 0.011 1.67 ± 0.05 1.8
Γ𝜓(2𝑆)→𝜂𝑐(2𝑆)𝛾 0.5709 0.2093 ± 0.002 0.4
Γ𝜓(3𝑆)→𝜂𝑐(3𝑆)𝛾 0.2984
ΓΥ(1𝑆)→𝜂𝑏(1𝑆)𝛾 0.3387 0.043+0.09−0.03 0.001
ΓΥ(2𝑆)→𝜂𝑏(2𝑆)𝛾 0.1053 0.0002
ΓΥ(3𝑆)→𝜂𝑏(3𝑆)𝛾 0.0781

4. Discussions and Conclusion

We have employed a 3D reduction of BSE (with a 4 × 4 repre-
sentation for two-body (𝑞𝑞) BS amplitude) under covariant
instantaneous ansatz (CIA) and used it for calculating the
amplitudes and decay widths for ground and radially excited
states of vector (𝐽/Ψ and Υ) quarkonia in the process, 𝑉 →𝑃 + 𝛾.

The numerical values of decay widths calculated in this
BSE framework for (1𝑆, 2𝑆, 3𝑆) states of 𝐽/𝜓 and Υ are shown
in Table 5. The numerical calculation in this work has been
done using Mathematica. We first fit our parameters to the
ground state masses of 𝜂𝑐, 𝜂𝑏, 𝐽/𝜓, and Υ. Using the input
parameters (along with the input quark masses) listed in
Table 1, we obtained the best fit to these ground state masses.
The same set of parameters above was used to calculate the
masses of all the other (excited) states of 𝜂𝑐, 𝜂𝑏, 𝐽/𝜓, and Υ,
as well as the leptonic decay constants of these states. Two-
photon as well as two-gluon decay widths of 𝜂𝑐 and 𝜂𝑏 were
further studied (see our recent paper [21]).

The results obtained for decay width of ground and radi-
ally excited states of 𝐽/𝜓 and Υ are somewhat on the higher
side in comparison to central values of data for these states,

which might be probably due to the absence of the negative
energy part employed in (11), where we have considered only
the positive energy part (as in [34] employed earlier for heavy
mesons). However, from Table 5, a wide range of variation of
radiative decaywidths of 𝐽/Ψ(1𝑆) andΨ(2𝑆) states in different
models can be observed. However, the important thing is that
our radiative decay width values for vector quarkonia show a
marked decrease as one goes from 1𝑆 to 3𝑆 state for 𝐽/𝜓 andΥ, which is again in conformity with data and other models.
We have also given our predictions for radiative decay widths
of Ψ(3𝑆), Υ(1𝑆), Υ(2𝑆), and Υ(3𝑆) states, for which data is
currently not yet available. The aim of doing this study was
to mainly test our analytic forms of wave functions in (28)-
(29) obtained as solutions of mass spectral equations in an
approximate harmonic oscillator basis obtained analytically
from the 4×4 BSE as our starting point (that had so far given
good predictions for leptonic decays of P and V quarkonia
and the two-photon and the two-gluon decays ofP-quarkonia
[21]), to the single photon radiative decays of V quarkonia.
This would in turn lead to validation of our approach, which
provides a much deeper insight than the purely numerical
calculations in 4 × 4 BSE approach that are prevalent in the
literature.
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In the process of arriving at analytic solution of spectra
by solving the coupled Salpeter equations, we have worked
in approximate harmonic oscillator basis, also employing
approximation 𝜔 ∼ 𝑚 for heavy quarks. We do concede that
some numerical accuracy has been lost in the process, but at
the same time we have obtained a much deeper understand-
ing of the mass spectra of quarkonia, where the equations are
expressible in terms of the principal quantum number𝑁. We
wish to mention that to the best of our knowledge we have
not encountered any work in 4 × 4 representation of BSE that
treats this problem analytically. On the contrary all the other4×4 approaches adopt a purely numerical approach of solving
the coupled set of Salpeter equations, which may enhance
the numerical accuracy, but this is at the expense of a deeper
understanding of the spectral problem. We further wish to
mention that the correctness of our approximations can be
judged by the fact that our plots of wave functions obtained
analytically for various states of 𝑃 and 𝑉 quarkonia [21] are
very similar to the corresponding plots of wave functions
of various states of these quarkonia obtained by purely
numerical approach in [13].

We are also not aware of any other BSE framework,
involving 4 × 4 BS amplitude, with all the Dirac structures
incorporated (in fact many works use only the leading Dirac
structure), that treats these problems analytically and uses the
algebraic forms of wave functions derived analytically from
mass spectral equation for calculation of various transitions.
To the best of our knowledge, all the other 4 × 4 BSE
approaches treat this problem numerically after obtaining the
coupled set of equations.
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A simple transformation of field variables eliminates Coulomb forces from the theory of quantum electrodynamics. This suggests
that Coulomb forces may be an emergent phenomenon rather than being fundamental. This possibility is investigated in the
context of reducible quantum electrodynamics. It is shown that states exist which bind free photon and free electron fields. The
binding energy peaks in the long-wavelength limit. This makes it plausible that Coulomb forces result from the interaction of the
electron/positron field with long-wavelength transversely polarized photons.

1. Introduction

Quantum electrodynamics (QED), although very successful,
is not a mathematically rigorous theory. Several difficulties
have to be resolved or circumvented during the search for
a consistent theory. One of them is the excess number of
degrees of freedom in the description of the electromagnetic
fields. In this context, the approach of Gupta [1] and Bleuler
[2] is well known. An alternative is found in the work of
Creutz [3]. He uses a unitary transformation which yields
wave functions which do not undergo Coulomb forces. In
quantum chromodynamics, the light cone gauge is used
because then only transverse gluons remain [4]. In the present
work, the assumption is that only transverse photons exist
and that the number of degrees of freedom of the electromag-
netic field is two. The argument of Creutz is used in opposite
direction to define field operators which satisfy the Maxwell
equations in presence of Coulomb forces.

Recently, Verlinde [5, 6] developed a cosmological theory
in which gravity forces are emergent forces, in the sense
that they are produced by other, more fundamental, forces
of nature. A similar statement is investigated here for the
role of Coulomb forces in QED. Not only are the degrees of
freedom of the electromagnetic field limited to two, but also
the Hamiltonian does not contain a Coulomb potential.

Further mathematical problems of QED disappear if one
abandons the axiom that representations of the canonical
commutation and anticommutation relations must be irre-
ducible.This reducibleQED is studied in thework of Czachor
and collaborators (see [7–9] and references given in these
papers). This formalism can be simplified along the lines
worked out by the author in a series of papers [10–12].

The reduction of the representation involves an integra-
tion over three-dimensional wave vectors. At fixed wave vec-
tor, the system is purely quantum mechanical and consists of
a pair of harmonic oscillators at each position in space-time
to cover transversely polarized photons. A 16-dimensional
Hilbert space describes the different states of an electron-
positron field.

The mediation of Coulomb forces by transverse photons
can be understood by analogy with the polaron problem of
Solid State Physics.The polaron [13] is a state binding an elec-
tronwith quantized lattice vibrations. In a polarizedmedium,
the electric field of the electron is completely screened by
redistribution of charges in its vicinity. The remaining inter-
actions between electron and medium result in an attractive
force betweenpairs of polarons. In some situations, it is strong
enough to form bipolarons.

The present work shows that a free electron field can form
a bound state with transversely polarized photons to form
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a dressed electron field. By analogy with the polaron case,
one can then expect that dressed electrons interact with each
other and that Coulomb forces can be explained in this way.

The next section introduces a transformation of field
variables which adds Coulomb forces to transverse photons
interacting with a charge field. The new field variables form
what is called here the emergent picture of QED. They
satisfy the full Maxwell equations. Section 3 highlights some
aspects of reducible QED. Section 4 discusses the proof
of the existence of bound states of transverse photons in
interaction with the electron field. The final section gives a
short discussion of what actually has been achieved.

2. The Emergent Picture

In [3], the temporal gauge, also called Weyl gauge or Hamil-
tonian gauge, is used. A unitary transformation �̂� is defined
by a generator �̂�(x) through

𝑉 = exp(𝑖 ∫ d3x�̂� (x)) . (1)

The generator is of the form

�̂� (x) = 𝑞
4𝜋 ∫ d3yÂ (𝑥) ⋅ x − y

x − y3
𝑗0 (y) . (2)

Here, 𝑞 is the elementary unit of charge. Bold characters are
used to indicate 3-vectors. The result of [3], in the context of
standard QED, is that

𝑉∇ ⋅ Ê�̂�−1 = ∇ ⋅ Ê − 𝑞𝑗0, (3)

where Ê(𝑥) are the electric field operators. If they satisfy
Gauss’s law in the presence of a charge distribution 𝑗0(x), then�̂�E�̂�−1 satisfies Gauss’s law in absence of charges.

In the present work, the trick of [3] is directly applied to
define new electric field operators:

𝐸�耠�耠�훼 (𝑥)
= 𝐸�耠�훼 (𝑥)

+ 𝜇0𝑐
4𝜋

𝜕
𝜕𝑥�훼 ∫ dy 1x − y

�̂� (−𝑥0) 𝑗 0 (y, 0) �̂� (𝑥0) .
(4)

Here, �̂�(𝑥0) = exp(−𝑖𝑥0�̂�/ℏ𝑐) is the time evolution of the
interacting system. The new operators are marked with a
double prime to distinguish them from the operators of the
noninteracting system and those of the interacting system.
The latter are denoted with a single prime. One verifies
immediately that Gauss’ law is satisfied:

∑
�훼

𝜕
𝜕𝑥�훼𝐸
�耠�耠
�훼 (𝑥) = −𝜇0𝑐𝑗 0�耠 (𝑥) . (5)

The second term of (4) is the Coulomb contribution to
the electric field. The curl of this term vanishes. Hence, it is
obvious to take

𝐵�耠�耠�훼 (𝑥) ≡ 𝐵�耠�훼 (𝑥) . (6)

This implies the second of the four equations of Maxwell,
stating that the divergence of 𝐵�耠�耠�훼 (𝑥) vanishes. Also the fourth
equation, absence of magnetic charges, follows immediately
because 𝐸�耠�耠(𝑥) and 𝐸�耠(𝑥) have the same curl. Faraday’s law
remains to be written as

(∇ × 𝐵�耠�耠 (𝑥))
�훼
− 1
𝑐

𝜕
𝜕𝑥0𝐸
�耠�耠
�훼 (𝑥) = −𝜇0𝑗 �耠�耠�훼 (𝑥) (7)

with

𝑗 �耠�耠�훼 (𝑥) = − 1
𝜇0𝑐

𝜕
𝜕𝑥0 (𝐸

�耠�耠
�훼 (𝑥) − 𝐸�耠�훼 (𝑥)) . (8)

Finally, take 𝑗 �耠�耠0 (𝑥) = 𝑗 �耠0 (𝑥). A short calculation shows that the
newly defined current operators 𝑗 �耠�耠�휇 (𝑥) satisfy the continuity
equation.

One concludes that a formalism of QED is possible
which does not postulate the existence of longitudinal or
scalar photons. Two pictures coexist: the original Heisenberg
picture and what is called here the emergent picture. In both
pictures, the time evolution of all operators is the same, but
the definition of the electromagnetic field operators differs. In
the original description, only transversely polarized photons
exist. On the other hand, the field operators of the emergent
picture satisfy the fullMaxwell equations, includingCoulomb
forces.

3. Reducible QED

A dominant characteristic of reducible QED, in the version
used here, is that many expressions look familiar from
standard QED, except that integrations over the wave vector
aremissing.They are postponed to the evaluation of quantum
expectation values. As a consequence, field operators depend
on both position 𝑥 in spacetime and wave vector k inR3. For
instance, the electromagnetic potential operators are defined
by

𝐴�훼 (𝑥) = 1
2𝜆𝜀
(H)
�훼 (kph) [𝑒−�푖�푘ph𝜇 �푥𝜇𝑎H + 𝑒�푖�푘ph𝜇 �푥𝜇𝑎†H]

+ 1
2𝜆𝜀
(V)
�훼 (kph) [𝑒−�푖�푘ph𝜇 �푥𝜇𝑎V + 𝑒�푖�푘

ph
𝜇
�푥𝜇𝑎†V] .

(9)

Here, 𝑎H, 𝑎†H, 𝑎V, and 𝑎†V are the creation and annihilation
operators of horizontally, respectively, vertically polarized
photons. The dispersion relation of the photon is 𝑘ph0 = |kph|
as usual. 𝜀(H)�훼 (kph) and 𝜀(V)�훼 (kph) are polarization vectors. The
parameter 𝜆 is introduced for dimensional reasons.

A consequence of the missing integration over the wave
vector is that equal-time fields become noncommutative. For
instance, a calculation starting from (9) shows that

[𝐴�훼 (x, 0) , 𝐴�훽 (y, 0)]−
= 𝑖𝜆2

2 𝐹�훼,�훽 (kph) sin (kph ⋅ (x − y)) ,
(10)

where 𝐹(kph) projects onto the plane orthogonal to kph. If the
integration over kph is executed, then the standard result of
vanishing equal-time commutators follows.
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Another feature of the theory is that wave functions are
properly normalized for each wave vector separately. For
instance, if𝜓 describes an electron/positron field, then𝜓k is a
wave function in the kth Fock space and satisfies ⟨𝜓k | 𝜓k⟩ =1 for each value of k. Superpositions of wave functions with
different wave vector are allowed. The general wave function
is therefore of the form

𝜓k = ∑
�푋⊂{1,2,3,4}

√𝜌�푋 (k) |𝑋⟩ for any k. (11)

The set 𝑋 selects one of the 16 possible states of an elec-
tron/positron field.The empty set 0 refers to the vacuum state
|0⟩. Normalization requires that

∑
�푋⊂{1,2,3,4}

𝜌�푋 (k) = 1 for any k. (12)

Ultraviolet divergences are avoided by requiring that 𝜌�푋(k)
with 𝑋 ̸= 0 vanishes for large values of |k|. Similarly, the
general wave function of the free electromagnetic field is of
the form

𝜓kph =
∞

∑
�푚,�푛=0

√𝜌�푚,�푛 (kph)𝑒�푖�휙(�푚,�푛) |𝑚, 𝑛⟩ . (13)

Normalization requires that

∞

∑
�푚,�푛=0

𝜌�푚,�푛 (kph) = 1 for any kph. (14)

The Dirac currents 𝑗�휇(𝑥) are defined in terms of Dirac
spinors �̂��푟(𝑥) which satisfy a free Dirac equation (see [11] for
details). The Dirac equation is only used to define currents
𝑗�휇(𝑥) in absence of interaction with the electromagnetic
fields. No interacting Dirac equation is considered. Instead,
the interactions between the free field operators are described
by the usual interactionHamiltonian in aHeisenberg picture.
See (17) below.

4. Bound States

Let �̂�†↑ denote the creation operator for an electron with spin
up. An example of a realistic electron field is described by

𝜓el = 𝑒�푖�휒(k)√1 − 𝜌el (k) |0⟩ + √𝜌el (k)�̂�†↑ |0⟩ . (15)

Similarly, a realisticwave function for a horizontally polarized
photon is

𝜓ph = √𝜌ph (kph)𝑎†H |0⟩ + √1 − 𝜌ph (kph) |0⟩ . (16)

The Hamiltonian is the usual one, with interaction part

�̂�I = ∫ dx𝑗 �휇 (x, 0) 𝐴�휇 (x, 0) . (17)

Assume that 𝜌el(−kel) = 𝜌el(kel).Then the average interaction
energy of a product state 𝜓 = 𝜓ph𝜓el vanishes for symmetry

reasons.However, there exist entangledwave functionswhich
lower the total energy.

Choose, for instance, an entangled wave function of the
form

𝜓kph,k = [𝜏 (kph, k) 𝑎†H + 1 − 𝜏 (kph, k)]

⋅ √𝜌 (kph) 𝜌el (k)�̂�†↑ |0⟩

+ √1 − 𝜌 (kph) 𝜌el (k) |0⟩ ,

(18)

where 𝜏(kph, k) equals either 1 or 0. Assume in addition that
the electron density 𝜌el(k) has a Gaussian shape. Then an
explicit calculation shows that the binding energy peaks for
long-wavelength horizontally polarized photons with wave
vector kph in principle direction 1 (see [12] for detailed
calculations). Moreover, the total energy is lower than that of
the free electron.One concludes that there exist states binding
an electron field and a transversely polarized photon field.

5. Discussion

In a theory with only transverse photons and no Coulomb
forces, a simple transformation of the field variables, given by
(4), introduces new variables which satisfy the full Maxwell
equations. The new variables form what is called here the
emergent picture of QED. The time evolution of operators is
the same in the emergent picture as in the originalHeisenberg
picture. Hence, one can avoid introducing Coulomb forces if
one does not want to have them.

Is this transformation more than a mathematical trick?
A plausible explanation of the physics behind this trans-
formation is that long-wavelength transverse photons pro-
duce effective forces between different parts of the elec-
tron/positron field. The expectation is that these effective
forces coincide with what is known as Coulomb forces.

Investigation of the scenario sketched above starts with
a mathematical proof that transverse photons do interact
with the electron/positron field and even can form bound
states. This proof is given in the context of reducible QED
because this formalism allows for a mathematically rigorous
treatment. Details of the proof are found elsewhere [12]. The
next thing to do is an analysis of the time evolution of these
bound states. This analysis is still missing.
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