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New techniques in computational and information sciences
have played an important role in keeping advancing the so
called knowledge economy. Advanced techniques have been
introduced to or emerging in almost every field of the scien-
tific world for hundreds of years, which has been accelerated
since the late 1970s when the advancement in computers and
digital technologies brought the world into the Information
Era. In addition to the rapid development of computational
intelligence and new data fusion techniques in the past thirty
years [1–4], mobile and cloud computing, grid computing
driven numeric computation models, big data intelligence,
and other emerging technologies have not only expanded the
scope of traditional simulation andmodelling in many scien-
tific and engineering disciplines [5–8] but also enabled the
fusion of traditional and contemporary methods in almost
every field in the world [9–11].

This special issue is to facilitate dissemination of recent
research outcomes resulting from applying innovative and
advanced techniques in computational and information sci-
ences to various scientific and engineering disciplines. The
papers included in this special issue were selected from
submissions to both Mathematical Problems in Engineer-
ing (MPE) directly and the 2014 International Conference
on Information Technology, Computation and Applications

(ICITCA2014) held in Anyang of China in December 2014,
which followed the success of ICITCA2013 [12]. In total,
two hundred and sixty-six (266) papers were submitted to
this special issue. Contributors were from more than 100
institutions in 25 countries, including Australia, Bulgaria,
Canada, China, Czech, Egypt, India, Iran, Japan, Korea,
Malaysia, Mexico, Pakistan, Portugal, Saudi Arabia, South
Africa, Taiwan,Thailand, Tunisia, Turkey,UAE,Ukraine,UK,
USA, and Uzbekistan. After rigorous peer review of each of
these submissions, thirty-nine revised papers were accepted
for publishing in this special issue. Depending on the comple-
tion time of revision and final editing, these papers have been
published progressively since September 2015.

Categorically, there are 15 papers in the broad area
of digital audio, video, and image processing and pattern
recognition. S. Zhao et al. presented a variational Bayesian
superresolution approach using adaptive image prior model.
C.-H. Hsieh and J.-D. Lee compared the markerless aug-
mented reality and stereo video see-through head-mounted
display device. L.-Y. He et al. proposed a hardy variation
framework for restoration of weather degraded images. W.
Wang et al. studied dehazing multiscale single image based
on adaptive wavelet fusion. M. Liang et al. investigated a
learning-based video superresolution reconstruction using
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spatiotemporal nonlocal similarity. M. A. Nematollahi et al.
proposed a robust digital speech watermarking for online
speaker recognition, whereas X. Zhang et al. used an infi-
nite student’s 𝑡-mixture model for robust speech emotion
recognition. Z. Jian et al. presented a new method of image
watermarking based on extended discrete Shearlet and inser-
tion in horizontal cone using the largest information entropy.
C. Ruan et al. combined WT with ICA to create a new
image denoising method. Y. Feng et al. described a method
of accurate modulation recognition for QPSK signals. P.
Li and W. Ge proposed a soft shadow detection method
based on MRF for remote sensing images. T. Yuan et al.
studied subtropical forestry index retrieval using terrestrial
Laser scanning and hemispherical photography. A color
texture image segmentation method based on fuzzy c-means
clustering and region-level Markov random field model was
presented by G. Liu et al., whereas a new means of automatic
recognition of Chinese person name was described by C. Gu
et al. A method of extracting vision-based faint vibration
using singular value decomposition was discussed by X. Lei
et al.

The second largest group of 11 papers is around data min-
ing techniques and applications. Areas covered include com-
munity detection in complex networks (by B. Xu et al.), bias
modelling relation extraction (by Y. Xiang et al.), error check-
ing for Chinese query (by J. Duan et al.), traffic flow forecast-
ing (by Z. Yu et al.), diffusion of vector field for active contour
model (by G. Liu et al.), semantic similarity measure con-
sidering multi-inheritance in biomedicine (by F. Yang et al.),
meteorological data analysis (by Z. Meng et al.), Chinese
character and sentence editing and analysis (byQ. Li andX. Li
and Y. Liu and H. Sun), and evaluation on system perfor-
mance (by N. Yang et al.).

Optimization and applications were reported in 7 articles.
Techniques used in these studies include particle swarm
optimization (S. Goudarzi et al. and M. Jakubcová et al.),
fuzzy neural networks (W. Lei et al.), genetic algorithms (Y.
Deng et al.), immersed boundary method (Mizuno et al.),
Bayesian prediction model (Z.-L. Xiang et al.), and con-
strained optimization by position and tangent vector (G. Hu
et al.).

There are four papers in adaptive control and automa-
tion for various systems, such as block preconditioners for
complex symmetric linear systems (S.-L. Wu and C.-X. Li),
EIV-based interference alignment scheme (Z. Kong et al.),
machine vision-based automatic detection (J. Chi et al.),
and decentralized control for large-scale interconnected non-
linear systems (T. Guo). Two papers were around information
system design and management in mobile or cloud environ-
ment (Y.-Q. Zhao and J. Hu et al.).

All these papers have made new contributions to the
broad areas of computational and information sciences.
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Conventionally, the camera localization for augmented reality (AR) relies on detecting a known pattern within the captured images.
In this study, a markerless AR scheme has been designed based on a Stereo Video See-Through Head-Mounted Display (HMD)
device.TheproposedmarkerlessAR scheme can be utilized formedical applications such as training, telementoring, or preoperative
explanation. Firstly, a virtual model for AR visualization is aligned to the target in physical space by an improved Iterative Closest
Point (ICP) based surface registration algorithm, with the target surface structure reconstructed by a stereo camera pair; then, a
markerless AR camera localization method is designed based on the Kanade-Lucas-Tomasi (KLT) feature tracking algorithm and
the Random Sample Consensus (RANSAC) correction algorithm. Our AR camera localization method is shown to be better than
the traditional marker-based and sensor-based AR environment. The demonstration system was evaluated with a plastic dummy
head and the display result is satisfactory for a multiple-view observation.

1. Introduction

In the past few decades, augmented reality (AR) has become
an attractive research topic with potentials in the fields
of machine vision and visualization techniques. As a part
of mixed reality and an alternative to virtual reality (VR),
AR allows users to see virtual objects overlay the physical
environment at the same time. According to the definition by
Azuma [1, 2], AR system has three important properties: first,
it combines real and virtual objects in a real environment;
second, it runs interactively, and in real-time; and third, it
registers (aligns) real and virtual objects with each other. AR
creates a “next generation, reality-based interface of human-
computer interaction” [3], provides information beyondwhat
the user can normally see, and augments our real world
experiences [4, 5].

Over the years, the applications of AR visualization
had been expanded to include more and more areas, such
as engineering, industrial manufacturing, navigation, enter-
tainment, and especially medical applications. The aim of
medical AR-based applications starts from a simple concept,
to see through the virtual object and see the patient’s medical

information along with the patient. AR brings benefits to
medical applications since it can help visualize medical
information along with the patient at the same time and
within the same physical space. Inmedical fields, AR creates a
way for advancedmedical display [6], which can be applied to
telementoring [7], medical procedure training [8], ormedical
data visualization [9]. Recently, applying augmented reality
(AR) technology to the image-guided navigation system
(IGNS) has become a new trend in medical technologies.
A medical AR system merges medical images or anatomical
graphic models into a scene of the real world [6, 10, 11].
From the literatures, we find that a successful medical AR
system has to deal with two major problems: first, how to
accurately align preoperative medical information with the
physical anatomy and, second, how to effectively and clearly
provide virtual anatomical information.

Conventional medical systems and applications display
medical information such as image slices or anatomical
structures using the virtual reality (VR) coordinate system on
a regular screen.Therefore, surgeons using such systems need
to have a good spatial concept in order to interpret the virtual-
to-real world transformation. In order to train a surgeon
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to have a god spatial concept, this usually requires a lot of
clinical experience. In contrast, AR provides an attractive
alternative for medical information visualization because the
displays use the real world coordinate system. In general,
a video see-through AR system uses a movable camera to
capture images from the physical space and draws virtual
objects onto the correct positions on the images. As a result,
the way to estimate the spatial relationship between the
camera and the physical space, that is, camera localization,
is the most important problem to be solved in an AR
system [12, 13]. The spatial relationship is also known as
the extrinsic parameters of the AR camera, which are three
translation parameters and three rotation parameters, and
can be referred to as the position and orientation of the
camera. A precise estimation of the extrinsic parameters
ensures that the medical information can be accurately
rendered on the scene captured from the physical space. A
conventional approach to estimate these extrinsic parameters
is to place a black-white rectangle pattern within the scene
which can be used as a reference to be detected in the camera
field of view (FOV) [14, 15] using computer vision techniques.
Once the reference pattern is detected in the AR camera
frame, the extrinsic parameters can be determined using
the perspective projection cameramodel. Alternatively, some
studies attach a couple of retroreflectivemarkers, for example,
infrared reflectivemarkers, on the AR camera and track these
markers by using an optical tracking sensor [13, 16, 17] in
order to estimate the position and orientation of the camera
by using the positions of these markers. However, in the
pattern-based or sensor-basedARdisplay, the FOVof camera
is limited because these artificial markers should be observed
with the FOV. In addition, the accuracy of AR rendering
depends on the size and likelihood of correct identification
of the pattern or markers within the FOV.

In this paper, we present a markerless AR scheme for
medical applications. The markerless AR scheme is mainly
based on a Video See-Through Head-Mounted Display
(HMD) device with a stereo camera on it. We use the
stereo camera to reconstruct feature point cloud of the target
for AR visualization. An improved ICP algorithm is then
applied to align the surface data to the virtual object created
from medical information. The improved ICP algorithm has
two additional characteristics. First, a random perturbation
technique is applied to provide the algorithm opportunities
to escape the local minima. Second, a weighting strategy is
added to the cost function of the ICP in order to weaken the
influence of outlier points.

When the AR camera moves, feature points are then
tracked by using the Kanade-Lucaz-Tomasi tracking algo-
rithm [18] on a frame by frame basis while updating the
extrinsic parameters. Moreover, the Random Sample Con-
sensus (RANSAC) [19] algorithm is applied to keep the KLT
tracking results stable in each frame in order to make the
AR visualization smoother and more accurate. Furthermore,
considering the target for AR rendering might be out of the
FOV of the AR camera, a reinitialization step is necessary
and can be accomplished by applying the Speeded-UpRobust
Features (SURF) [20] feature matching algorithm for target
detection.

The remainder of this paper is organized as follows:
in Section 2, we report on some related works about AR
visualization. Section 3 includes all material and methods of
the proposed system. Experimental results are presented and
discussed in Section 4. Finally, Section 5 gives the conclusion
of this work.

2. Related Works

Camera localization is a key component in dense 3D map-
ping, Simultaneous Localization and Mapping (SLAM) and
full-range 3D reconstruction. It is also the keypoint problem
of video-based AR visualization since we need to know the
pose and position of the camera in order to render the virtual
object onto the camera scene. There are different types of
methods for camera localization, and the most well-known
category of camera localization methods belongs to the
planar-based methods. In the past 10 years, the planar-based
methods have become one of themajor types in researches for
AR camera localization methods; one of the examples is the
widely used AR environment development library ARToolkit
[21]. In this type of method, a predesigned rectangle marker
would be placed inside the camera’s FOV, and a tracking
algorithm is then applied to the captured frames in order to
track the marker [22, 23].

Another category is the landmark-based approaches [24].
In this type of method, several landmark feature points are
extracted from the camera image by using feature extraction
algorithms. Descriptors of these landmark feature points are
also extracted for tracking and comparison with the 3D
locations of these landmark feature points. In each frame,
these landmark feature points are picked by tracking or
comparing their corresponding feature descriptors’ similar-
ities, and the pose of the camera can then be determined
[25, 26]. Besides, Kutter et al. [27] proposed a marker-
based approach to render the patient’s volume data on a
HMD device. Their scheme provides an efficient volume
rendering in an AR workspace and solves the problem of
occlusion by the physician’s hands. Later,Wieczorek et al. [28]
extended this scheme by improving the occlusion due to the
medical instrument and added new functions such as virtual
mirror to the AR system. Suenaga et al. [29] also proposed a
fiducial marker-based approach for on-patient visualization
of maxillofacial regions by using an optical tracking system
to track the patient and using a mobile device to visualize the
internal structures of the patient’s body. Nicolau et al. [30]
used 15 markers to perform the registration in order to use
AR to overlay a virtual liver over the patient. Debarba et al.
[31] proposed a method to visualize anatomic liver resections
in anAR environmentwith the use of a fiducialmarker, which
made locating the position and tracking of the medical data
in the scene possible.

Recently, there are somemarkerless AR systems proposed
in the literatures using various camera configurations. For
example, Maier-Hein et al. [32] implemented a markerless
mobile AR system by using a time-of-flight camera mounted
on a portable device, that is, a tablet PC, to see the patient’s
anatomical information. The registration method of this
approach is an anisotropic variant of the ICP algorithm and
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the speed performance is about 10 FPS. By using a RGB-
D senor, such as the Microsoft Kinect, Blum et al. [33]
utilize a display device to augment the volume information
of a CT dataset onto the user for anatomy education. They
employed a skeleton tracking algorithm to estimate the pose
of the user and scaled the generic CT volume according
to the size of the user before performing the AR overlay.
Since the depth data provided by Kinect are not sufficiently
accurate for pose estimation, Meng et al. [34] proposed an
improved method by using landmarks to increase the system
performance. Based on a similar concept, Macedo et al.
[35] developed an AR system to provide on-patient medical
data visualization using Microsoft Kinect. They used the
KinectFusion algorithmprovided byMicrosoft to reconstruct
the patient’s head data and a variant of the ICP algorithm
was used in conjunction with a face tracking strategy for
use during the medical AR. An extension to this approach
has been proposed recently in [36], in which a multiframe,
nonrigid registration scheme was presented to solve the
problem of displacement of natural markers on the patient’s
face. In order to speed up the huge computations required
for a real-time nonrigid registration, a lot of GPUs are needed
and the implementation of this systemwould be very complex
compared with the previous methods. Moreover, because the
patient undergoing an operation would be under anesthesia,
the appearance of his face would be unchanged, so there is no
need to perform nonrigid registration to align the CT data to
patient’s face. In summary, although the Microsoft Kinect is
popular for AR applications, it is inconvenient for use in the
clinical environment because its volume is too big to mount
on the physician’s head.

In light of these previous works, we propose a simple but
efficient framework for markerless augmented reality visual-
ization, which is based on the Stereo Video See-Through AR.
Themarkerless AR procedure mainly follows the principle of
landmark-based camera localization approach. An improved
ICP algorithm is applied for alignment of the virtual object
and the feature point cloud in the physical space. This
framework improves the previous studies in markerless AR
visualization by using a light-weight stereo HMD instead of a
heavier device such as theMicrosoftKinect, and it can achieve
amore accurate registration result by using an improved form
of the ICP.This system can be applied tomedical applications,
such as training, telementoring, or preoperative explanation.

3. Materials and Methods

The entire workflow of the proposed stereo AR scheme is
shown in Figure 1. Feature point cloud of the target object
is extracted and reconstructed by the stereo camera. The
improved ICP-based surface registration algorithm had been
designed and applied in order to align the virtual model to
the feature point cloud of the target in the physical space.

3.1. 3D Feature Point Cloud Reconstruction. Firstly, a stereo
camera setup is used to acquire 3D information of the target
in the world coordinate system (WCS). The SURF algorithm
is then utilized to extract feature points from the target object

region in left camera image. The corresponding points in
right camera image are then obtained by comparing the SURF
feature points in the right imagewith the aid of stereo epipolar
constrain. The object region is recorded for later use in the
tracking recovery stage.

According to pin-hole camera model, the perspective
projection between a 3D object point (𝑋,𝑌, 𝑍) and its
projection point (𝑥, 𝑦) can be described as
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where 𝐾 denotes the camera’s intrinsic parameters. The
parameter 𝑓
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point of the projected 2D image plane. 𝐸 denotes the camera’s
extrinsic parameters, which contains a 3 × 3 rotation matrix
R and a translation vector t between theWCS and the camera
coordinate system (CCS).We denote the projectionmatrix as
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So if a stereo camera pair is well-calibrated, we can obtain
intrinsic parameters and extrinsic parameters of the both
camera. For a feature point 𝑝

𝐿
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) in left camera image,

we can calculate a projection line in the WCS from the
perspective projection equation and the projectionmatrix P
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Also, assuming the corresponding point of𝑝
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The middle point of the common perpendicular between the
two projection lines in the WCS is then selected as the 3D
object point of the corresponding pair (𝑝

𝐿
,𝑝
𝑅
). By calculating

the 3D object point of each feature-corresponding pair, we
can obtain a 3D feature point cloud of the target object.
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Figure 1: Workflow of the proposed AR system.

3.2. Improved-ICP Algorithm for Virtual Model Alignment.
In this study, we designed an improved ICP-based surface
registration algorithm for spatial alignment of the virtual
object and the feature point cloud. The improved ICP algo-
rithm is based on the original ICP registration algorithm,
which is the most widely used method to solve the 3D
surface registration problem. However, ICP suffers from two
important weaknesses in dealing with local minimum and
outliers. Therefore, we added two strategies to improve the
ICP algorithm in order to overcome these drawbacks. A
weighting function is added to decrease the influence of
outliers, and a randomperturbation scheme is utilized to help
ICP escape from the local minimum.

3.2.1. Distance-Based Weighting Function. Assume that the
3D feature point cloud of the target 𝑃target is the floating data
𝐴 with 𝑚 points {𝑎

1
, 𝑎
2
, . . . , 𝑎

𝑚
} and the surface point cloud

of the virtual object is the reference data 𝐵 with 𝑛 points
{𝑏
1
, 𝑏
2
, . . . , 𝑏

𝑛
}. The original ICP used rigid transformation to

align these two 3D data point sets in an iterative manner. In
each iteration of ICP, every point 𝑎

𝑖
in 𝐴 first finds its closest

point 𝑏
𝑗
in 𝐵, and a cost function 𝐹 is then evaluated based on

the distance between each corresponding pair (𝑎
𝑖
, 𝑏
𝑗
). In our

improved ICP algorithm, we modified the cost function 𝐹 of
the ICP by adding a weighting function to the distances of all
closest corresponding pairs (𝑎

𝑖
, 𝑏
𝑗
) in order to deal with the

problem of outliers, as shown in
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where 𝑤
𝑖
is a distance-based weighting function, determined

according to the median of the distances of all the corre-
sponding pairs, as defined by
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otherwise.
(6)

3.2.2. Random Perturbation Scheme. The way that ICP
reaches a local minimum is by using a gradient descent
approach. In each iteration of the ICP, the cost function
is evaluated at the current solution and then moves along
the direction of gradient to the local minimum. When the
registration reaches convergence, we can get a transformation
solution 𝑇 which projects a set of points onto another set
of points, where the total sum of the distances between
these two point sets is the smallest. Although the actual
solution space of the cost function 𝐹 is multidimensional
since transformation 𝑇 comprises three rotation operations
(𝑅
𝑥
, 𝑅
𝑦
, 𝑅
𝑍
) and three translation operations (𝑇

𝑥
, 𝑇
𝑦
, 𝑇
𝑧
),

for the sake of convenience we will explain the concept of
perturbation strategy using a one-dimensional solution space
example as illustrated in Figure 2. Suppose the initial position
in solution space before using ICP is 𝑇Init and the converged
solution is 𝑇temp; thus, the ICP registration would reach 𝑇temp
from𝑇Init by exploring the range of |𝑇Init−𝑇temp|. Let 𝑟 denote
rotation element 𝑅 from the initial solution to the converged
solution; that is, 𝑟 = |𝑇Init − 𝑇temp|. The rotation in each
direction for perturbation is determined by using a parabolic
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Figure 2: Solution space of ICP cost function 𝐹.

probability density function, as denoted in (7). Larger values
have relative higher probabilities, which provide a greater
chance to escape from the local minimum:

𝑝 (𝑦) =

{{

{{

{

3𝑦
2

2𝛼3𝑟3
if − 𝛼𝑟 < 𝑦 < 𝛼𝑟

0 otherwise.
(7)

3.2.3. Improved-ICP Algorithm. Figure 3 shows the flowchart
of the improved-ICP registration scheme. The detailed steps
of the improved ICP are described as follows.

Step 1. Perform the standard ICP registration to align floating
data𝐴 to reference data 𝐵. The initial position in the solution
space is denoted as𝑇Init and the converged solution is denoted
as 𝑇temp. The final value of the cost function 𝐹 is recorded as
the current cost 𝐶.

Step 2. Check whether 𝐶 is better than the current best cost
of ICP 𝐶best or not. If it is, accept the transformation 𝑇temp as
the temporal best solution 𝑇best, update the best cost 𝐶 by 𝐶,
and go on to Step 3. Otherwise, move to Step 4.

Step 3. Perturb the aligned data 𝐴 with a transform 𝑇perturb.
A transformation 𝑇perturb is selected according to (7). The
transformation 𝑇perturb is then applied to the floating data 𝐴
and the algorithm moves back to Step 1 for performing ICP
registration.

Step 4. Check whether the result meets the stopping criteria
or not. If the best cost 𝐶 is below a threshold 𝐶thres or the
count of repetition reaches a certain value 𝑘, the algorithm
stops and outputs the final transformation 𝑇best. Otherwise,
go on to Step 5.

Step 5. Check if the perturbation range needs to be expanded
or not. If the cost function is not improved after 𝑛 times of
perturbations, then we scale 𝛼 in (7) to extend the searching
range. Otherwise, the searching range does not need to

be extended. After the decision of whether to extend the
perturbation range or not is made, the algorithm goes back
to Step 3.

3.3. Markerless AR Visualization

3.3.1. Tracking and Camera Pose Estimation. The flowchart
for the procedure for markerless AR visualization is shown in
Figure 4. The KLT tracker takes turns to track the extracted
feature points in the AR image. Assuming the tracking result
in each frame is denoted as a point set 𝑞

𝑡
, initially we

randomly select a number of 𝑁
𝑅
points from 𝑞

𝑡
. The first

estimation of extrinsic parameters is thus calculated by using
the EPNP camera pose estimation algorithm [40]. Then, we
use these extrinsic parameters to project the 3D points 𝐷

𝑞

of these features onto the AR frame, obtaining a set of 2D
projective points 𝑞proj, which has the number of 𝑁

𝑞
points.

Ideally, if all points are being tracked correctly, the projective
points 𝑞proj and the tracking points 𝑞𝑡 in camera image should
be overlapping or very close to each other. The 𝐿

2
-norm

distance,𝑑
𝑖
, for each pair of projective point 𝑞proj,𝑖 and tracked

point 𝑞
𝑡,𝑖
, is as shown in

𝑑
𝑖
=

𝑞
𝑡,𝑖
− 𝑞proj,𝑖

2
. (8)

If 𝑑
𝑖
is greater than a predefined threshold 𝜅, then the point

𝑞
𝑖
is considered as an outlier, that is, a tracking-failed point.

Otherwise, the point 𝑞
𝑖
is an inlier. Here, we choose three

pixels for the threshold 𝜅, which makes the AR display more
stable. By determining whether every point of 𝑞

𝑡
is inlier or

not, the “inlier rate” of this tracking result 𝑞
𝑡
is measured,

which implies the rate of how many points are being tracked
correctly in this frame. The inlier rate 𝑟

𝑡
of a frame in time 𝑡

is defined as

𝑟
𝑡
=

𝑁Inliers
𝑁Inliers + 𝑁Outliers

, (9)

where 𝑁Inliers stands for the number of feature points which
are tracked correctly and 𝑁Outliers represents the number of
outliers. If the inlier rate is higher than a predefined threshold
𝜁, it indicates that this estimation of extrinsic parameters in
the current frame is highly reliable and therefore we can use
this estimation result of extrinsic parameters to correct the
outliers. If a point is considered as an outlier, its projective
point is used to replace this outlier point. The threshold 𝜁 is
set to 0.8 in this study.

On the other hand, if the inlier rate is less than 𝜁, the
system randomly selects a different group in 𝑞

𝑡
to estimate

another set of extrinsic parameters. The inlier rate 𝑟
𝑡
is then

calculated again after finding projecting points 𝑞proj of 3D
points, 𝐷

𝑞
. If this process is performed over a times and all

inliers rates 𝑟
𝑡
are less than 𝜁, the system is determined as a

tracking failure, and a tracking recovery is required.

3.3.2. Tracking Recovery. When the tracking fails, we use the
SURF feature comparison method as a reference to help the
system recover to the original tracking status. As mentioned
above, in the step of feature point cloud reconstruction,
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a set of SURF keypoints is extracted from the target region
𝐼target and denoted as ptemp, while their corresponding SURF
descriptors𝐷temp are then estimated, as shown in

ptemp = {𝑝temp,𝑖 (𝑥, 𝑦) , 1 ≤ 𝑖 ≤ 𝑁𝑝temp
} ,

𝐷temp = {dtemp,𝑖 (𝑥, 𝑦) , 1 ≤ 𝑖 ≤ 𝑁𝑝temp
} ,

(10)

where 𝑝temp,𝑖 stands for the 𝑖th SURF keypoint in 𝐼target and
d
𝑖
is the SURF descriptor of 𝑖th SURF keypoint. As the AR

camera is turned on and being prepared for AR visualization,
from each frame 𝐼cam, which is the image captured by

the AR camera, another set of SURF keypoints pcam with
𝑁pcam points are extracted and denoted as

pcam = {𝑝cam,𝑗 (𝑥, 𝑦) , 1 ≤ 𝑗 ≤ 𝑁𝑝cam} ,

𝐷cam = {dcam,𝑗 (𝑥, 𝑦) , 1 ≤ 𝑗 ≤ 𝑁𝑝cam} .
(11)

For each SURF keypoint 𝑝cam,𝑖 in 𝐼cam, it is compared to
every SURF keypoint 𝑝temp in 𝐼target by calculating 𝐿2-norm
distance of their descriptors dtemp,𝑖 and dcam,𝑗:

𝐸
𝑖,𝑗
=

dtemp,𝑖 − dcam,𝑗

2
. (12)

A matching pair is selected if the 𝐿
2
-norm distance between

the descriptors is smaller than 0.7 times of the distance
to the second-nearest keypoint. Assuming the number of
successful corresponding pairs is 𝑁

𝑐
, then if 𝑁

𝑐
is greater

than a predefined threshold 𝜏, it implies that the target object
is probability in the FOV of the AR camera and the system
then moves to the next image-matching step. Otherwise, the
previous process continuously repeats until the criteria ismet;
that is,𝑁

𝑐
> 𝜏.

4. Experimental Results

The proposed markerless AR scheme is based on a Stereo
Video See-Through HMD device, a Vuzix Wrap 1200DXAR,
as show in Figure 5(a). Since this work is aimed for an
AR visualization of medical application, a plastic dummy
head is chosen as target object for AR visualization. The
computed tomography image of the dummy head is obtained
to construct the virtual object for visualization, as show in
Figure 5(b).



Mathematical Problems in Engineering 7

(a) (b)

Figure 5: (a) Vuzix Wrap 1200DXAR Stereo HMD and (b) reconstructed CT model of the dummy head.

(a) (b) (c)

Figure 6: Tools used to evaluate the accuracy of spatial alignment of medical information: (a) plastic dummy head, (b) MicroScribe G2X
digitizer, and (c) triangular prism for coordinate system calibration.

The proposed medical AR system has two unique fea-
tures: one is a marker-free image-to-patient registration and
the other is a pattern-less AR visualization. In this section,
experiments were carried out to evaluate the performance
with respect to these features. At first, the accuracy of the
medical information alignment is evaluated in Section 4.1. In
Section 4.2, visualization result of the proposed AR scheme is
shown.

4.1. Accuracy Evaluation of Alignment. In order to evaluate
the accuracy of the image-to-patient registration of the
proposed system, a plastic dummy head was utilized as the
phantom target object. Before scanning CT images of the
phantom, five skin markers were attached on the face of the
phantom, as shown in Figure 6(a). Since the locations of these
skin markers could easily be identified in the CT images,
these markers were considered as the reference to evaluate
the accuracy of registration. A commercial 3D digitizer,
G2X produced by Microscribe [41], as shown in Figure 6(b),
was utilized to establish the reference coordinate system
and estimate the location of the markers in the physical

space. According to its specification, the accuracy of G2X is
0.23mm,which is suitable for locating the coordinates of skin
markers as the ground truth for evaluation.

Before the evaluation, a calibration step was performed
to find the transformation Digi

W𝑇 between the stereo 3D
coordinate system, that is, the world coordinate system, and
the digitizer’s coordinate system 𝐶Digi. In order to perform
the calibration, a triangular prism with chessboard patterns
attached is used, as shown in Figure 6(c). This prism was
placed in the FOV of the stereo HMD. Corner points of the
chessboard were selected by the digitizer to be reconstructed
by the stereo camera. The two sets of 3D points, represented
by the coordinate systems of the digitizer and the stereo
HMD, respectively, were used to estimate a transformation
Digi
W𝑇 by using least mean square (LMS) method, so that the

3D points reconstructed by stereo camera can be transformed
to the digitizer’s coordinate system 𝐶Digi.

The plastic dummy head was placed in front of the FOV
of the stereo camera at a 60 cm distance. First, we used
the G2X digitizer to obtain the 3D coordinates of these
markers. Next, the stereo camera was utilized to reconstruct
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Figure 7: Result of spatial alignment between feature point cloud and virtual object surface from CT.

Table 1: Target registration error of each skin-attached marker after using various alignment methods.

Target 1 Target 2 Target 3 Target 4 Target 5 Average
MeanTRE (mm)
using Adaptive-ICP [37] 9.35 5.73 4.79 8.38 7.78 7.20

MeanTRE (mm)
using Random-ICP [38] 9.87 5.82 5.15 8.88 8.24 7.59

MeanTRE (mm)
using Fast-MICP [39] 4.51 5.13 3.56 1.57 1.66 3.28

MeanTRE (mm)
using improved ICP 3.47 2.22 3.06 3.55 3.77 3.21

the head’s feature point cloud. Next, another surface is
extracted from the CT image of the dummy head. The point
cloud was transformed to the 𝐶Digi by applying Digi

W𝑇 and
then registered to the preoperative CT images by using the
improved ICP algorithm. Image-to-patient registration is
evaluated by calculating the target registration error (TRE)
[42, 43] of the five skin markers. The TRE for evaluation is
defined as

TRE = 𝑀CT,𝑖 −
MI
W𝑇 (𝑀face,𝑖) , (13)

where𝑀CT,𝑖 denotes the coordinate of the 𝑖th marker in the
CT coordinate system and𝑀face,𝑖 is the coordinate of the 𝑖th
marker in 𝐶Digi. The transformation MI

W𝑇 represents the rigid
transformation obtained from the improved ICP algorithm.
Figure 7 shows the result of spatial alignment between feature
point cloud and the virtual object surface from CT; the
initial spatial position of the reconstructed facial surface
data (white) and CT surface data (magenta). The alignment

procedure was performed repeatedly 100 times, and each
time we slightly shifted the location and orientation of the
phantom. The TREs at each registration procedure were
recorded and the means and the average errors are shown
in Table 1. To demonstrate the performance of the improved
ICP algorithm, three variants of ICP methods, for example,
Adaptive-ICP [37], Random-ICP [38], and Fast-MICP [39],
are used for accuracy comparison. From the experimental
results, it is noted that the TREs using Adaptive-ICP and
Random-ICP are large because no good initial values are
given. For Fast-MICP, good initial condition is needed such
that the registration error can be reduced. On the other
hand, a good initial condition is not required in our case
because the proposed improved ICP algorithm can still
obtain good results by efficient error-minimization strategy.
As shown in Table 1, the mean TREs of the skin markers
using the proposed method are within the range of 2 to
4mm. On a personal computer with an Intel Core 2 Duo
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(a) (b)

Figure 8: Augmented reality visualization results of the proposed medical AR system using the plastic phantom head as testing subject.
(a) First row: original stereo images view, second row: AR visualization result. (b) AR visualization results in another view.

CPU 2.93GHzCPU with 2GBRAM, the processing frame
rate reached 30 frames/s.

4.2. Markerless AR Visualization Results. The proposed AR
system was tested on a plastic dummy head. In the case of
the dummy head, a 3D structure of the dummy head’s CT
image is reconstructed. The outer surface of the 3D structure
is extracted to build the virtual object for AR rendering,
as show in Figure 5(b). The AR visualization results from
different viewpoints are shown in Figure 8. The CT model
is well aligned to the position of dummy head. When the
camera starts moving, markerless AR scheme is applied to
both stereo image, and the extrinsic parameters of the two
cameras are estimated frame by frame. The CT model of the
dummy head is rendered in both stereo camera views.

4.3. Accuracy Evaluation of Camera Extrinsic Parameters
Estimation. For an AR system, the accuracy of the extrinsic
parameter estimation of the AR camera is themost important
thing. In order to evaluate the AR visualization part of the
proposed system, an optical tracking device, the PolarisVicra,
produced by Northen Digital Inc., was utilized to evaluate
the extrinsic parameter estimation results of the proposed
system. The Polaris Vicra is an optical spatial localization
apparatus, which can detect infrared reflective balls by using a
pair of infrared cameras. Since the reflective balls are fixed on
a cross-type device, called dynamic reference frame (DRF),
the posture and position of the DRF can thus be obtained.
The DRF was attached to the HMD in order to track the
AR camera by using the Polaris Vicra sensor. According to
the specification of this product, the localization error of the
Polaris Vicra is smaller than 1mm. Therefore, the posture
and position of the AR camera estimated by the Polaris
Vicra are considered as the comparative reference to evaluate
the accuracy of the proposed patternless AR system. In this
experiment, we have evaluated the proposed patternless AR

Table 2: Accuracy in each degree of freedom.

Degrees of freedom Mean error Standard deviation
Rotation in 𝑥 direction 3.33 degrees 1.38
Rotation in 𝑦 direction 2.31 degrees 1.52
Rotation in 𝑧 direction 0.72 degrees 0.46
Translation in 𝑥 direction 6.11mm 4.27
Translation in 𝑦 direction 5.96mm 3.59
Translation in 𝑧 direction 4.78mm 3.55

system by comparing results against the estimation results
obtained by the Polaris Vicra.

In this experiment, the extrinsic parameters of the HMD
camera estimated by the proposed system were compared
to the results estimated by the Polaris Vicra in 450 frames.
The differences for each of the six degrees of freedom were
measured. The tracking results of the Polaris Vicra are con-
sidered as the ground truth for comparison. Figure 9 shows
the evaluation results for rotation and Figure 10 shows the
evaluation results for translation. The blue curves represent
the estimation results of the proposed system, and the red
curves are the results estimated by the PolarisVicra.Themean
errors of each degree of freedom are shown in Table 2.

5. Conclusion

In traditional AR camera localization methods, a known
pattern must be placed within the FOV of the AR camera for
the purpose of estimating extrinsic parameters of the camera.
In this study, the shortcomings of the traditional methods are
improved. Amarkerless AR visualization scheme is proposed
by utilizing a stereo camera pair to construct the surface data
of the target, and an improved ICP based surface registration
technique is performed to align the preoperative medical
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Figure 9: Accuracy evaluation results of rotation estimation compared to the result of tracking device Polaris Vicra (rotation): (a) roll,
(b) pitch, and (c) yaw.

image model to the real position of the patient. A RANSAC-
based correction is integrated to solve the problem of the
AR camera location without using any pattern, and the
experimental results demonstrate that the proposed approach
provides an accurate, stable, and smooth AR visualization.

Compared to conventional pattern-based AR systems,
the proposed system uses only nature features to estimate
the extrinsic parameters of the AR camera. As a result,
it is more convenient and practical because the FOV of
the AR camera is not limited by the requirement of the
visibility of the AR pattern. A RANSAC-based correction
technique is used to improve the robustness of the extrinsic
parameter estimation of theAR camera.Theproposed system
has been evaluated on both image-to-patient registration
and AR camera localization with a plastic dummy head.
The system has since been tested on a human subject and
showed promising AR visualization results. In the future,
extensive clinical trials are expected for further investigation.

Furthermore, the medical AR environment is expected to be
integrated to an image-guided navigation system for surgical
applications.
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The vertical handover mechanism is an essential issue in the heterogeneous wireless environments where selection of an efficient
network that provides seamless connectivity involves complex scenarios. This study uses two modules that utilize the particle
swarm optimization (PSO) algorithm to predict and make an intelligent vertical handover decision. In this paper, we predict the
received signal strength indicator parameter using the curve fitting based particle swarmoptimization (CF-PSO) and theRBFneural
networks. The results of the proposed methodology compare the predictive capabilities in terms of coefficient determination (R2)
and mean square error (MSE) based on the validation dataset. The results show that the effect of the model based on the CF-PSO
is better than that of the model based on the RBF neural network in predicting the received signal strength indicator situation.
In addition, we present a novel network selection algorithm to select the best candidate access point among the various access
technologies based on the PSO. Simulation results indicate that using CF-PSO algorithm can decrease the number of unnecessary
handovers and prevent the “Ping-Pong” effect. Moreover, it is demonstrated that the multiobjective particle swarm optimization
based method finds an optimal network selection in a heterogeneous wireless environment.

1. Introduction

An efficient algorithm to determine the best network among
the available ones is significant for wireless networks. The
merits of each available network should be realized to
discover the best network. Several multicriteria schemes
based on artificial intelligence methods such as fuzzy logic,
neural networks, and genetic algorithms by [1, 2] have
weaknesses on scalability and modularity issues.They simply
cannot manage based on the high numbers of radio access
technologies (RATs) and the criteria of the heterogeneous
wireless networks (HWN). These algorithms have several
weaknesses in terms of scalability and complexity because

they enter all inputs from the different RATs to one fuzzy logic
block simultaneously rather than an exponential increase
based on the number of inference rules.

The field of future wireless networks is one of the
most attractive areas among researchers [3–6]. The proposed
algorithms in this area of research are classified into different
groups based on the analyses, studies, and tutorials found
in the related literature [3–6]. These algorithms are classi-
fied into different groups based on the expended decision
technique. Reference [7] proposed a novel method for RAT
selection, namely, the hopfield neural network RAT selection
mechanism (HRM), that utilizes the hopfield neural networks
as a strong decision-making tool. A new approach using
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information about data rate, monetary cost, and received
signal strength as different parameters to make a handover
decision has been reported by [8, 9]. The main weaknesses
are related to the computation of the error function and
the Jacobian inversion for acquiring a matrix in which the
sizes are equal to the whole of all the weights in the neural
network (NN). Therefore, the necessity for memory is very
high. Existing algorithms [8, 9] consider the service fee, the
received signal strength information (RSSI), user preference,
and so forth. The proposed algorithm in comparison with
the traditional RSSI-based algorithm enhances the outcomes
mainly for both the user and the network as a result of
the offered fuzzy based handover systems. In terms of
hybrid categories, [10] proposed a PSO-FNN-based vertical
handover decision scheme that could make an intelligent
handover decision based on the analysis of the network’s
position. The authors of [11] mainly dealt with a novel
vertical handover decision algorithm built on fuzzy logic
with the assistance of the Grey theory and the dynamic
weights adaptation. A neurofuzzy multiparameter-based ver-
tical handover decision algorithm (VHDA) was proposed
by [12]. The results of the performance evaluation carried
out by the handover quality indicator (used to quantify
QoS), which is related to the “Ping-Pong” effect, ESA, and
throughput, proved that the proposed VHDA offered better
QoS than the existing vertical handover methods. Pahlavan
et al. [13] method is a good representation of applying a
fuzzy logic-based normalized quantitative decision algorithm
and a differential prediction algorithm with a high level of
accuracy.

The vertical handover schemes stated above have their
own benefits, but they do not consider the complexity of
the network selection, and the allowance of lower compu-
tation cost function is unreasonable. Clearly, the decision
process should focus on a steadfast, intelligent algorithm to
execute an accurate decision and to shift to the best network
candidate quickly. The goal of this study is to propose a
novel network selection optimization algorithm that takes
advantage of the prediction model using the CF-PSO to
meet the requirements stated above. The usage of the CF-
PSO algorithm for prediction with the PSO algorithm for
selection has three purposes: (1) to serve as a validation
algorithm for the outcome of the MOPSO, (2) to decrease
the number of unnecessary handovers and prevent the “Ping-
Pong” effect, and (3) to select the best candidate access
point among various access technologies.This paper provides
a comparison based on two prediction methods, namely,
the CF-PSO and the RBF neural network, to predict the
RSSI. More importantly, this comparison evaluates the two
methods from different aspects, for example, time, coefficient
determination, and mean squared error. The results show
that the CF-PSO has better performance, which will be
presented in-depth in the following.The proposed method is
a step towards future computer-based optimization methods
where huge uncertainties by the optimization algorithmmust
be avoided. To do this, the prediction algorithm is com-
bined with the particle swarm optimization. The proposed
MOPSO-based vertical handover decision algorithm can
make an intelligent handover decision based on the network

Set RSSI for APi

Prediction of RSSI by CS-PSO 
algorithm

QoS factors observation

Network selection by MO-PSO

Figure 1: Proposed network selection model based on the Mul-
tiobjective Particle Swarm Optimization (MOPSO) in a wireless
heterogeneous environment.

position.The proposed network selection model is presented
in Figure 1.

The outline of this paper is as follows. First, the related
works are described in Section 2. In Section 3, the proposed
prediction methods based on CF-PSO and RBF network
are introduced. Then, the results of comparison based on
the proposed models are illustrated. Section 4 illustrates
the MOPSO-based vertical handover decision algorithm.
Section 5 analyzes the performance of the algorithm through
the simulation results. Finally, Section 6 concludes the paper.

2. Related Work

Many network selection algorithms have been proposed in
literature, in which PSO has been used for handover deci-
sions. It is initializedwith a set of randomparticles (solutions)
that finds an optimal result by updating the generations. The
optimum results are called particles, which fly throughout
the problem space by following the current optimal particles.
In addition, a GSM-like [14] hard handover algorithm has
been proposed where countermeasures prevent the Ping-
Pong effect by providing a baseline handover threshold
against power fluctuations due to channel variations. The
authors defined four rules where two rules were for pre-
venting unnecessary handovers (Ping-Pong effects) and one
rule was aimed at helping the loaded eNB j by delaying
handovers from eNB i. Moreover, the other rule was aimed at
alleviating the loaded eNB i by advancing handovers towards
eNB j. The PSO algorithm denoted that the neighbor with
which the eNB has the largest handover traffic exchange
was the best neighbor. Prior knowledge is required on the
optimization process that provided the parameterized form
of the controller, which was optimized by the MOPSO. It has
been shown that the dynamic optimization outperformed the
static optimization and produced a better mobility load bal-
ancing self-organizing network controller, which improved
the throughput and access probability by a few percents with
respect to the planning solution.

Wang et al. [15] proposed an always best connected (ABC)
maintained QoS handover decision scheme based on the
niche PSO algorithm. This literature reported the access
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network in terms of its current load and considered the
terminal in terms of its current velocity and residual electric
capacity. The authors also studied the application of QoS
requirement, preference of the user over the access network
coding system, and preference of the user over the access
network provider, and so forth.

In addition, Venkatachalaiah et al. [16] presented a
technique for forecasting the signal strength value that aids
in offering efficient handovers in wireless networks and the
PSO was expended to fine-tune the weighting function of the
handover decision. The proposed technique minimized the
number of handovers and was shown to have a very short
calculation time and better prediction accuracy compared
to hysteresis based decisions. In this paper, they described
the use of the Grey model in combination with the fuzzy
logic and PSO algorithms. Since prediction error is inevitable,
the output from the Grey model could be compensated with
the use of a fuzzy controller and then fine-tuned using PSO
algorithms.

The method by Liu and Jiang [11] is a good symbolic
example of using a fuzzy logic-based normalized quantitative
decision algorithm and a differential prediction algorithm
with a high level of accuracy. This scheme tried to control
handovers between WLANs and UMTS. A predecision sec-
tion was used in this algorithm. The forward differential
prediction algorithm was used to acquire the predictive
RSS, which could trigger a handover in advance. Moreover,
the predecision method was applied before the handover
decision module, which is able to filter the unnecessary data
and to provide a correct handover trigger. Optimizing the
selection method is an important subject of research, which
can lead to the decline of network signaling andmobile device
power loss and also boost network QoS and grade of service
(GoS).

Themain focus of this paper is to achieve betterQoSwhile
selecting the ABC network, using a novel RSSI prediction
algorithm based on curve fitting which uses an enhanced
PSO and a network selection algorithm based on MOPSO
for vertical handover in heterogeneous wireless networks.
The network selection algorithm utilizes dynamic optimized
weights using the AHP method to select the ABC network
in the heterogeneous environment of the cellular networks.
Dynamic weights of the parameters used in the cost function
for network selection are optimized using an improved
MOPSO algorithm.

3. Prediction of RSSI Using the Proposed
Prediction Methods

In this section, we intend to show that the CF-PSO has better
performance compared to the RBF as a prediction model.
Received signal strength indicator or RSSI is a common
metric used in handover decision-making [17]. The quality
and distance for each access point (AP) in the range can
be analyzed by scanning the RSSI via a mobile node (MN).
When the MN changes its location to an AP, the level of RSSI
for that AP will change. A real-tested measurement is used
to realize the RSSI level through the MN movement. This
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Figure 2: Collected RSSI for four APs through the scanning phase
by the Chanalyzer software.

scenario comprises one laptop as theMNwithin theAPs used
to offer the UMTS and WLAN services. Data is collected via
a MetaGeek Wi-Spy spectrum analyzer and the Chanalyzer
software. The most necessary L2 information was collected
using the Chanalyzer software as the information assists
in scheming the proposed prediction algorithm. Figure 2
displays the varying RSSI values during the MN movement
during 15 Sec. The RSSI is gathered by the Chanalyzer
software, which is installed in one laptop moving across the
four APs.

3.1. Prediction Using the Curve Fitting-Based Particle Swarm
Optimization. A prediction technique for vertical handover
using the CF-PSO algorithm is presented in this section.
Curve fitting is based on the procedure of creating a curve
or mathematical function, which has the best fit to the data
points, subject to constraints. In addition, the PSO is a kind
of swarm intelligence, which utilizes a group of particles that
form a swarm, moving across the search space observing
the best solution. Particles are treated as a point in an 𝑁-
dimensional space, which modifies their “flying” based on
their own flying experience as well as the flying experience
of other particles. Particles can change their positions based
on various types of information, namely, existing positions,
recent velocities, the distance between the current position
and the personal best position (pbest), and the distance
between the current position and the global best position
(gbest). Particles can route their positions in the solution
space, which are related to the best solution (fitness) that has
been realized thus far by these particles. This value is called
the personal best, pbest. Another best value, which is tracked
by the PSO, is the best value distance obtained subsequently
by the particles in the region of these particles. This item is
called gbest.The basic concept of the PSO focuses on the fast-
tracking particles based on their pbest and gbest locations
each time. The searching concept of the PSO algorithm is
shown in Figure 3. The change of the particle’s position can
be mathematically formed based on the following:

𝑉
𝑚+1

𝑖
= 𝜔 ∗ 𝑉

𝑚

𝑖
+ 𝑐
1
rand
1
× (pbest

𝑖
− 𝑠
𝑚

𝑖
) + 𝑐
2
rand
2

× (gbest − 𝑠
𝑚

𝑖
) ,

(1)
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Figure 3: Searching concept of the PSO.

where 𝑉
𝑚

𝑖
is velocity of particle i in iteration m, 𝜔 is inertia

factor, 𝑐
𝑖
is weighting factor, rand is uniformly distributed

random number between 0 and 1, 𝑠𝑚
𝑖
is current position of

particle 𝑖 in iteration𝑚, pbest
𝑖
is pbest of particle 𝑖, and gbest

is gbest of the group.
A small inertia weight facilitates a local search and a large

inertia weight (𝜔) assists a global search. Linearly declining
the inertia weight from a large value to a small value through
the course of the PSO run provides the best PSO performance
in comparison to the stable inertia weight settings. Inertia
factor (𝜔) is increased by the velocity of a particle at 𝑛th
position to achieve the changed velocity update as shown
in (1). 𝜔 is initialized to 1.0 and is steadily decreased over
time. The CF-PSO program was created and executed in the
MATLAB.

In the scanning stage, the RSSI data for each AP will be
entered as the input values to the CF-PSO to compute each
point of data (RSSI). The process is done by building upper
and lower bounds covering each RSSI value point collected
for the period of scanning time. Thus, the CF-PSO achieves
the next predicted RSSI value depending on how far the real
RSSI point is from the curve of fitting. This permits the MN
to forecast the next RSSI value of available APs and its current
attached AP and then obtains a handover decision with a low
latency.

The RSSI data for each APwill be entered as the input val-
ues to the CF-PSO to compute each point of data throughout
the scanning step. Creating higher and lower limits covering
each RSSI value point collected during the scanning time
completes the procedure.Therefore, the CF-PSO gets the next
predicted RSSI rate depending on the distance of the real
data with the curve of fitting. Through this method, the MN
can predict the next RSSI value of the available APs and the
existing attached AP to the available AP. Then, it makes the
best handover decision with the lowest latency.

In this study, the polynomial model has been selected for
use in the curve fitting model to obtain the degree of fitness
for each set of RSSI data that is related to a specific AP. The
polynomial model has enough flexibility for data with a high
level of complexity, such as the RSSI data. In addition, it is
linearwhich shows that the fitting process applies in plain and
effective ways. The CF-PSO works on collecting the RSSI for
each AP to find a close fit between the points of RSSI values
and then obtains the expected curve between them. In other

Input layer Hidden layer Output layer

Real Predictedvalue value

··
·

Figure 4: RBF neural network structure.

words, the curve fitting usually works to get close values to
maintain the curve in the production region. Equation (2)
presents the Polynomial model in the CF-PSO:

𝐹 (𝑥) = [𝑃
1
𝑋
4
+ 𝑃
2
𝑋
3
+ 𝑃
3
𝑋
2
+ 𝑃
4
𝑋
1
+ 𝑃
5
] . (2)

Further details about the RSSI prediction using the CF-PSO
are presented in Section 6.

3.2. Prediction Using the RBF Neural Network Method. The
artificial neural network (ANN) is used to develop, optimize,
estimate, predict, and monitor complicated systems. A new
and effective feed forward neural network with three layers
called the RBF neural network has fine characteristics of
approximation performance and global optimum [18]. In
general, the RBF network consists of the input layer, the
hidden layer, and the output layer. Each neuron in the input
layer is responsible for transferring the recorded signal to the
hidden layer. In the hidden layer, the radial basis function
is often used as the transfer function, while a simple linear
function is usually adopted in the output layer. The RBF
program was implemented in the MATLAB. The RBF neural
network with three layers as used in the paper is displayed in
Figure 4.

3.3. Comparative Analysis. After the scanning step, the RSSI
data of each AP will be inserted into the CF-PSO as the main
inputs for evaluating the best prediction achieved from the
RSSI variations throughout the time of the MN’s movement.
Hence, the MN will acquire an exact method that firstly
analyzes and then expects the next incoming RSSI for APs
in the scanning region.

In order to assess the performance of fit in the CF-
PSO as shown in Figure 5, the residual analysis has been
changed and used. This is to justify the ways in which the
CF-PSO can predict new RSSI values, with a great degree
of certainty, resulting from extremely variable RSSI data
collected from the APs. Three statistical estimators, namely,
the mean squared error (MSE) in (3), the coefficient of
determination (𝑅2) in (4), and the root mean square error
(RMSE) in (5), where if the RMSE is zero then the method
has outstanding performance, were used to evaluate the
performance of the CF-PSO:
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Figure 5: Process of CF-PSO prediction for RSSI of AP1, AP2, AP3, and AP4.
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where 𝑟 is the number of points, V
𝑝𝑖
is the estimated value, V

𝑎𝑖

is the actual value, and Vav is the average of the actual values.
The coefficient of determination, 𝑅2, of the linear regression
line between the estimated values of the neural network
model and the required output was also used as a measure of
performance [19].The closer the𝑅2 value is to 1, the better the
model fits to the actual data [20].Thismeasurement processes
how successful the fit is in describing the change in the data.
In other words, 𝑅-square is the square of the correlation
between the response values and the predicted response
values. It is also named the square of the multiple correlation
coefficients and the coefficient of multiple determinations.
𝑅
2’s for AP1, AP2, AP3, and AP4 are 0.9973, 0.9818, 0.99278,

and 0.9938, respectively. The correlation coefficient squared
(𝑅2) in four sets of calibration curves ranges from 0.98 to

1.00 indicating an almost perfect linearity of all the curves.
Figure 6 shows further details of AP1, AP2, AP3, and AP4.

The artificial neural network with RBF was used to
estimate the RSSI data. In this section, the explanation of
the experiment using the RBF neural network is presented.
The RSSI data will be inserted as inputs into the RBF in
order to examine the best prediction using this method. The
related results for the four APs are stated in Figure 7. In
summary, the RBF network consists of three layers including
the input layer, the hidden layer, and the output layer. The
ANN executes a nominal computation to offer an output.
Computation comprises the one-pass arithmetic steps. The
iterative and nonlinear computations are not complicated in
offering an output. The RBF networks were chosen because
thismethod involves a simple design that has just three layers.
In this study, the number of neurons in the hidden layer is set
to 15, the mean squared error (MSE) is 0.1 according to the
actual training process, and the 𝜎 (sigma) parameter is the
width of RBF by 0.02.

The main advantage is that the RBF has a hidden layer
that includes nodes known as the RBF units. Each RBF has
main factors that designate the location, deviation, or width
of the function’s center. The hidden component processes the
distance from the input data vector and the center of its RBF. If
the distance from the specific center to the input data vector
is zero, then the RBF has its own peak, and if the distance
increases, then the peak of RBF will decline steadily.
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Figure 6: 𝑅2 for AP1, AP2, AP3, and AP4.

In RBF, the hidden layer has different sets of weights
that are divided into two sets. These weights can connect the
hidden layer to the input and output layers as linkages. The
subjects of the basis functions are fixed into the weights that
are connected to the input layer. The issues of the network
outputs are fixed into the weights that connect the hidden
layer to the output layer. Since the hidden units are nonlinear,
the outputs of the hidden layer can be merged linearly and,
consequently, the processing is fast.Theoutput of the network
is retrieved using the following [21]:

𝑦
𝑘
(𝑥) =

𝑁

∑

𝑗=1

𝑤
𝑘𝑗
0
𝑗
(𝑥) + 𝑤

𝑘0
, (6)

where 𝑁 is the number of basis functions, 𝑤
𝑘𝑗

represents
a weighted connection between the basis function and the
output layer, 𝑥 is the input data vector, and 0

𝑗
is the nonlinear

function of unit 𝑗, which is typically a Gaussian form as
shown in the following [21]:

0
𝑗
(𝑥) = exp(−

𝑥 − 𝜇


2

2𝜎
2

𝑗

) , (7)

where 𝑥 and 𝜇 are the input and the center of the RBF
unit, respectively, and 𝜎

𝑗
is the spread of the Gaussian based

function [21]. The weights can be optimized by the least
mean square (LMS) algorithm once the centers of the RBF
units are determined. The centers are selected randomly
or by clustering the algorithms. In this paper, the centers
were nominated from the dataset randomly. The radial basis
artificial neural network model was trained to minimize the
MSE with the parameter (RSSI) as input and the desired
output (predicted RSSI). To design and verify the reliability
of the proposed model, the dataset was divided into two
different sets including the training and test data that are
80% and 20% of the total data, respectively. The test data are
not presented to the network in the training process. When
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Figure 7: Continued.
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Figure 7: Overall performance of RBF for AP1, AP2, AP3, and AP4.
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Table 1: Real and predicted RSSI values.

Time Real RSSI Predicted RSSI using CF-PSO Predicted RSSI using RBF
AP1 AP2 AP3 AP4 AP1 AP2 AP3 AP4 AP1 AP2 AP3 AP4

1 −20 −29 −27 −98
1.7 −23.5 −33.1 −29.6 −96.4 −38.2 −43.8 −27 −98
2 −27 −36 −31 −97
2.5 −28.5 −34.8 −37.4 −95.3 −34.5 −33 −31 −97
3 −30 −37 −40 −96
3.2 −32.5 −35.8 −45.2 −95 −30 −37 −40 −96
4 −33 −37 −60 −94
4.4 −38.3 −37.5 −59.1 −94.8 −33 −46.7 −60 −94
5 −38 −38 −68 −93
5.6 −43.3 −40.4 −71.9 −93.5 −38 −45.6 −68 −93
6 −45 −40 −80 −91
6.8 −47.9 −45.1 −82.2 −89.9 −45 −40 −64.6 −92.9
7 −50 −45 −81 −90
7.5 −50.6 −48.9 −86.5 −86.6 −49 −45 −81 −90
8 −57 −50 −87 −86
8.6 −54.9 −56.2 −90.5 −79.3 −57 −50 −87 −86
9 −57 −60 −93 −79
9.2 −57.5 −60.8 −91.2 −74.4 −57 −60 −80.2 −80.4
10 −60 −72 −87 −66
10.4 −63.3 −70.8 −89.3 −63 −60 −71.5 −87 −66
11 −66 −79 −85 −52
11.6 −70.3 −80.9 −83.7 −50.6 −65.5 −72 −64.5 −52
12 −70 −80 −82 −46
12.8 −78.9 −89.5 −75.4 −39 −65.6 −70.8 −59.2 −46
13 −80 −89 −76 −39
13.4 −83.9 −92.6 −70.6 −34.1 −70.9 −80 −76 −48.7
14 −94 −94 −68 −33
14.6 −95.6 −94.6 −61.1 −28.1 −90 −89 −68 −47.5
15 −98 −95 −56 −26

the training process was done, the reliability and overfitting
of the network were verified with the test data. The overall
performance of the proposed models in estimating the RSSI
of four APs has been graphically depicted in Figure 7.

The real and predicted RSSI values for four APs during 15
seconds have been stated in Table 1. By looking at Table 1, it is
observed that the CF-PSOmodel can estimate the RSSI value
about 800ms before the actual time.

It must be mentioned that an unsuitable selection of
the initial weights may cause local minimum data. In order
to prevent this unfavorable phenomenon, 30 runs for each
method are applied and in each run different random values
of initial weights are measured. Finally, in the RBF, the best-
trained network, which has minimum MSE of validated
data, is selected as the trained network. The estimation
performance of CF-PSO and RBF networks is assessed by
𝑅
2 and MSE. The output values are stated in Table 2. This

table shows the results of the 30 different running times with
iteration = 100.

Table 2 shows the 𝑅
2 values of all datasets for the CF-

PSO and RBFN. It is clear that the fit is rationally suitable

for all datasets with 𝑅 values of 1 for the CF-PSO. The RBFN
was found to be sufficient for estimation of the RSSI, whereas
the CF-PSO model showed a significantly high degree of
accuracy in the estimation of 𝑅

2 between 0.98 and 0.993.
In addition, the root of the MSE found that the smaller the
RMSEof the test dataset, the higher the predictive quality.The
assessment of the CF-PSO and RBF network models shows
the suitable predictive capabilities of the CF-PSO model.

4. Network Selection Using the Multiobjective
Particle Swarm Optimization (MOPSO)

Given the complexity of different access network technolo-
gies, anAI-based architecturewould provide an efficient solu-
tion with high accuracy, stability, and faster convergence for
vertical handover in heterogeneous wireless environments.
One of the most important aspects of modern communi-
cations deals with access to wireless networks by mobile
devices, looking for a good quality of service under the user’s
preferences. Nevertheless, a mobile terminal can discover
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Table 2: 𝑅2 and MSE values.

Run number
CF-PSO RBFN

𝑅
2 RMSE 𝑅

2 RMSE
AP1 AP2 AP3 AP4 AP1 AP2 AP3 AP4 AP1 AP2 AP3 AP4 AP1 AP2 AP3 AP4

1 0.99 0.98 0.99 0.99 0.69 0.78 0.69 0.63 0.93 0.72 0.78 0.72 1.36 1.98 1.98 1.98
2 0.98 0.98 0.98 0.99 0.78 0.78 0.78 0.69 0.91 0.72 0.66 0.82 0.98 1.98 1.56 1.90
3 0.97 0.98 0.99 0.99 0.79 0.59 0.69 0.69 0.80 0.69 0.67 0.72 0.90 1.02 0.98 1.02
4 0.99 0.99 0.99 0.99 0.69 0.69 0.69 0.69 0.92 0.72 0.68 0.80 0.98 1.98 1.43 1.02
5 0.99 0.98 0.98 0.99 0.69 0.79 0.59 0.59 0.88 0.70 0.78 0.86 0.99 1.36 1.98 1.98
6 0.97 0.98 0.99 0.99 0.79 0.69 0.69 0.69 0.86 0.70 0.64 0.82 1.02 0.98 1.99 1.98
7 0.99 0.98 0.99 0.99 0.69 0.69 0.69 0.69 0.93 0.68 0.77 0.82 1.36 1.36 1.36 0.98
8 0.99 0.98 0.98 0.99 0.69 0.59 0.59 0.69 0.93 0.72 0.68 0.74 1.36 1.98 0.98 0.99
9 0.97 0.99 0.99 0.98 0.79 0.59 0.69 0.89 0.91 0.72 0.76 0.74 0.98 1.98 1.43 1.02
10 0.99 0.98 0.99 0.99 0.69 0.69 0.69 0.69 0.90 0.69 0.67 0.72 1.43 1.33 1.36 1.36
11 0.99 0.98 0.99 0.99 0.69 0.69 0.69 0.69 0.72 0.72 0.68 0.70 1.35 1.98 1.36 1.98
12 0.99 0.98 0.99 0.99 0.69 0.69 0.69 0.69 0.98 0.70 0.68 0.76 0.99 1.33 1.89 1.98
13 0.99 0.99 0.99 0.98 0.59 0.69 0.59 0.80 0.96 0.70 0.64 0.72 1.33 1.36 0.98 1.89
14 0.99 0.99 0.99 0.99 0.69 0.69 0.69 0.59 0.93 0.68 0.67 0.72 1.36 0.98 1.36 1.36
15 0.99 0.98 0.99 0.98 0.69 0.69 0.69 0.79 0.93 0.72 0.58 0.72 1.36 1.98 0.98 1.36
16 0.99 0.98 0.99 0.99 0.58 0.69 0.79 0.69 0.93 0.72 0.56 0.83 1.36 1.98 0.99 1.89
17 0.99 0.98 0.99 0.99 0.69 0.59 0.69 0.69 0.90 0.69 0.85 0.82 1.89 1.89 1.02 0.98
18 0.98 0.99 0.99 0.97 0.78 0.69 0.69 0.79 0.82 0.72 0.58 0.80 0.98 1.98 1.36 1.89
19 0.99 0.99 0.97 0.99 0.69 0.69 0.69 0.69 0.88 0.70 0.58 0.86 0.99 1.36 1.36 0.98
20 0.96 0.98 0.99 0.99 0.80 0.69 0.79 0.59 0.86 0.70 0.54 0.87 1.02 1.36 1.98 1.36
21 0.99 0.98 0.99 0.99 0.69 0.69 0.69 0.69 0.93 0.68 0.57 0.82 1.36 0.98 1.98 0.98
22 0.98 0.99 0.99 0.99 0.69 0.69 0.59 0.69 0.93 0.72 0.58 0.72 1.36 1.98 1.89 1.98
23 0.99 0.99 0.99 0.98 0.69 0.69 0.69 0.79 0.91 0.73 0.56 0.87 0.98 0.98 0.98 1.98
24 0.98 0.99 0.99 0.99 0.78 0.59 0.69 0.69 0.90 0.79 0.57 0.82 1.89 1.43 1.36 1.89
25 0.97 0.98 0.99 0.99 0.79 0.69 0.69 0.79 0.91 0.72 0.58 0.80 0.98 1.98 0.98 1.89
26 0.90 0.98 0.99 0.98 0.88 0.69 0.69 0.79 0.93 0.70 0.58 0.87 1.36 0.98 1.35 0.98
27 0.99 0.99 0.97 0.99 0.69 0.79 0.79 0.69 0.92 0.70 0.54 0.88 0.98 1.36 0.98 1.36
28 0.98 0.99 0.99 0.99 0.69 0.69 0.69 0.59 0.97 0.70 0.47 0.88 1.35 0.98 0.99 0.98
29 0.99 0.99 0.99 0.98 0.69 0.69 0.69 0.79 0.95 0.72 0.58 0.82 1.01 1.98 1.02 1.35
30 0.98 0.98 0.99 0.99 0.69 0.69 0.69 0.69 0.91 0.72 0.56 0.89 0.98 1.98 1.36 1.89

more than one network of different technology along its route
in heterogeneous scenarios that are capable of connecting
to other wireless access points according to their quality
of service values. The characteristics of the current mobile
devices are designed to use fast and efficient algorithms
that provide solutions close to real-time systems. These
constraints have moved us to develop intelligent algorithms
that avoid the slow and massive computations associated
with direct search techniques, thus reducing the computation
time.

Initially, the RSSI is used to identify the existence of
wireless networks. In heterogeneous wireless environments
when the mobile device senses more than one wireless
network at the same time, the network selection with the best
QoS becomes the main problem. In the proposed model, in

the scanning phase, first, the physical layer metric (RSSI) of
the available networks in the heterogeneous environments
that perform an intelligence prediction is observed.

For this purpose, the CF-PSO model has been designed
in this paper as a novel prediction model to construct a
mathematical function, which has the best fit to a series of
data points for RSSI value in UMTS and WLAN networks.
In the scanning phase, the received signal strength indicator
parameter is measured as the main input to the CF-PSO
model to predict the received signal strength value for the
four access points and to select the best AP among themusing
the MOPSO algorithm in an intelligent manner.

The proposed network selection model evaluates a set
of cellular networks in the heterogeneous environments.
The cost function measures the quality of each network at
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every location while moving from one network to another.
In the vertical handover, the cost function can measure
the cost utilized by handing off to a particular network. It
is calculated for each network 𝑛, which covers the service
area of a user. The wireless network technology has the
ability to support high-rate data services with high spec-
trum efficiency. In the heterogeneous wireless networks,
streaming of multimedia data over heterogeneous wireless
networks has increased dramatically and video streaming
services have become more popular among different types of
multimedia services, such as video conferencing and voice
over internet protocol. Consideration of video streaming
on vertical handover where the capacity of the link is not
stable is vital because the network status has an effect on the
quality of video streaming. During the vertical handover, the
bandwidth changes suddenly and also the handover latency
leads to packet loss and disconnection of the video. In this
section, we explain the network selection during the vertical
handover in heterogeneous wireless networks to select the
best network to offer seamless video streaming. We can see
that the transferring rate and the quality of transmitted data
are strongly related to the bandwidth variation.

The proposed network selection scheme presents amulti-
objective decision-making (MODM) function that evaluates
different cellular networks in order to select the best one
in the heterogeneous networks. This function is defined by
using physical layer metrics such as RSS, ABR, bit error rate
(BER), SNR, and throughput of networks in heterogeneous
environments.

In the next stage, the ranking of the available networks
is performed based on the interface priority scores and the
application priority scores assigned in stage 1. Consider a
set of candidate networks 𝑆 = {𝑠

1
, 𝑠
2
, . . . , 𝑠

𝑁
} and a set of

quality of service factors 𝑄 = {𝑞
1
, 𝑞
2
, . . . , 𝑞

𝑀
}, where 𝑁 is

the number of candidate networks and 𝑀 is the number
of quality of service factors. In addition, each QoS factor
is considered to have its own weight and this weight shows
the effect of the factor on the network or user. Thus, each
network’s cost function can be calculated using (8), where
𝑊
𝑁
is calculated using the MOPSO (multiobjective particle

swarm optimization) MOPSO [24]. It is selected based on its
ability to change its weighting among each factor according
to network conditions and user preferences. Therefore,

𝐶
𝑁

= 𝑊Interface ×
𝑀

∑

𝑗=1

𝑞
𝑗
× 𝑊
𝑗
. (8)

It is known that various types of services need various
patterns of reliability, latency, and data rate. Therefore, we
consider the service type as the main metric. In terms
of network conditions, network-related parameters such as
available bandwidth and network latency must be measured
for efficient network usage.

In addition, the use of network information in the
selection for handover can be useful for load balancing
among various types of networks. Moreover, to maintain the
system’s performance, a range of parameters can be used in
the handover decision, such as the BER.Themobile terminal

condition also includes dynamic factors such as velocity,
moving pattern, moving histories, and location information.

QoS is another important parameter that ensures user
satisfaction to the fullest extent. The user can establish
preferences for the different QoS parameters depending on
the services required. The experimentation is more realistic
considering different sets of the user’s preferences, where,
more importantly, the QoS parameters have higher values
of weights. It must be mentioned that dynamic factors such
as available bandwidth, velocity, and network latency have
different values in various conditions. The set of significant
parameters is as follows: RSS, ABR, BER, SNR, and through-
put (𝑇) which is shown by vectorQN in

QN = [RSS ABR BER SNR 𝑇] . (9)

At the end, based on (8), the cost values of each user’s
requested service fromnetwork n can be computed.The com-
putation time constraint of MOPSO algorithm is relatively
low and eventually conforms to the multimedia time require-
ment for reliable communication over wireless networks.
Several algorithms related to theMOPSOhave been proposed
in the literature [25]. When using the MOPSO, it is possible
for the degree of the velocities to become very large. Two tech-
niqueswere advanced to control the increase of velocities.The
first is to modify the inertia factor in a dynamic manner and
the second is to use the constriction coefficient. In order to
improve the inertia and convergence of the particle over time,
a variant ofMOPSO called theModifiedMOPSO [24] is used,
where the inertia factor (𝜔) and constriction coefficient (𝛿)
have been introduced in the velocity update as shown in (1),
respectively. The network having the lowest cost function is
selected as the “always best connected” network or optimum
access network in heterogeneous environments. Based on the
MOPSO, a new handover decision algorithm is proposed to
seek the best network to connect the mobile node to the
access network. The proposed model has a cost function
to measure the quality of networks at each situation. Our
schemepredicted theRSSI each time to enhance the selection,
and the outputs of the prediction unit should be sent to the
selection unit. Since the selection of the best network is a
multiobjective problem, hence the MOPSO can be efficient
because access network selection has conflicting objectives in
terms of minimization and maximization. For example, the
vertical handover decision algorithm should select the access
network with high RSSI, ABR, SNR, and throughput, and this
algorithm also needs to select the best network with low BER,
handover rate, and outage probability. The operation of our
strategy is shown in Pseudocode 1.

5. Computational Experiments on the
Multiobjective Particle Swarm Optimization
(MOPSO)

In Section 3.3, the efficacy of the CF-PSO to predict the
received signal strength value for the four access points in
the neighborhood is shown. We explain the MOPSO as a
novel model, the best choice for the candidate access point,
and as a smart approach in the designed scenario. In the
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%% MOPSO Parameters

MaxIt=200; % Maximum Number of Iterations

nPop=50; % Population Size

nRep=50; % Repository Size

w=0.5; % Inertia Weight

wdamp=0.99; % Inertia Weight Damping Rate

c1=1; % Personal Learning Coefficient

c2=2; % Global Learning Coefficient

nGrid=5; % Number of Grids per Dimension

alpha=0.1; % Inflation Rate

beta=2; % Leader Selection Pressure

gamma=2; % Deletion Selection Pressure

mu=0.1; % Mutation Rate

%% Initialization

pop=repmat(empty particle,nPop,1);

for i=1:nPop

pop(i).Position=unifrnd(VarMin,VarMax,VarSize);

pop(i).Velocity=zeros(VarSize);

pop(i).Cost=CostFunction(pop(i).Position);

% Update Personal Best

pop(i).Best.Position=pop(i).Position;

pop(i).Best.Cost=pop(i).Cost;

end

% Determine Domination

pop=DetermineDomination(pop);

rep=pop(∼[pop.IsDominated]);

Grid=CreateGrid(rep,nGrid,alpha);

for i=1:numel(rep)

rep(i)=FindGridIndex(rep(i),Grid);

end

%% MOPSO Main Loop

for it=1:MaxIt

for i=1:nPop

leader=SelectLeader(rep,beta);

pop(i).Velocity = w*pop(i).Velocity . . .

+c1*rand(VarSize).*(pop(i).Best.Position-pop(i).Position) . . .

+c2*rand(VarSize).*(leader.Position-pop(i).Position);

pop(i).Position = pop(i).Position + pop(i).Velocity;

pop(i).Cost = CostFunction(pop(i).Position);

% Apply Mutation

pm=(1-(it-1)/(MaxIt-1)) ∧ (1/mu);

NewSol.Position=Mutate(pop(i).Position,pm,VarMin,VarMax);

NewSol.Cost=CostFunction(NewSol.Position);

rep=[rep; pop(∼[pop.IsDominated])]; % Add Non-Dominated Particles to REPOSITORY

rep=DetermineDomination(rep); % Determine Domination of New Resository Members

rep=rep(∼[rep.IsDominated]); % Keep only Non-Dminated Memebrs in the Repository

Grid=CreateGrid(rep,nGrid,alpha); % Update Grid

for i=1:numel(rep) % Update Grid Indices

rep(i)=FindGridIndex(rep(i),Grid);

end

if numel(rep)>nRep % Check if Repository is Full

Extra=numel(rep)-nRep;

for e=1:Extra

rep=DeleteOneRepMemebr(rep,gamma);

end

end

Pseudocode 1: Network selection by MOPSO pseudo-code.
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Figure 8: Simulation scenario.

MOPSO algorithm, we have performed simulations to show
the feasibility of the proposed scheme using the simulation
software, QualNet 7.0. This experiment is for the case of
a vertical handover between a 3G network and WLANs.
The scenario simulated in the QualNet is composed of the
UMTS BS and IEEE 802.11 APs. The WLAN is based on the
IEEE 802.11b standard, and the physical data rate is 11Mbps.
The capacity of a 3G Universal Mobile Telecommunications
System is 384 kbps. All links except for the wireless links have
a capacity of 100Mbps each. Ad hoc on-demand distance
vector (AODV) protocol is used as the reactive routing
protocol [26]. This protocol offers quick convergence when
the ad hoc network topology changes (typically, when a node
moves in the network).

As shown in Figure 8, the mobile node can be at a fixed
time in the coverage area of the UMTS. Nevertheless, due
to movement, it can travel into the areas that cover more
than one access network, that is, simultaneously within the
coverage areas of, for example, a UMTS BS and an IEEE
802.11 AP. Multiple IEEE 802.11 WLAN coverage areas are
usually comprised within a UMTS coverage area. Since the
WLAN1 has a lower coverage range when the mobile user is
moving out of aWLAN1 area, the existence of an accurate and
timely handoff decision to maintain the connectivity before
the loss of the WLAN access is necessary. Subsequently, the
user couldmove into the regions covered by aUMTSnetwork
and then the user couldmove into aWLAN2 area to achieve a
higher QoS at the lowest cost.Therefore, the user changes the
connection to the WLAN2.The mobile node associated with
the UMTS or WLANs monitors and measures 𝐷RSS which
is the diversity of the received signal strength between the
networks of the nearby WLANs/UMTS to check whether an
access network with high data rate is offered.

The performance of the proposed algorithm has been
assessed in a scenario when the mobile node moves with
a constant speed along a straight line path from the area
covered by WLAN1 to the one covered by UMTS and

then roams to the area covered by WLAN2. Clearly, with
the increase of distance, the average of RSS, ABR, SNR,
and throughput will be reduced and the BER will also be
increased. By calculating the cost value based on the number
of iterations, an optimal network can be selected as presented
in Figure 9.

The MOPSO algorithm using the CF-PSO prediction
is compared to the RBF network based on the number of
vertical handoffs. The scenario of a heterogeneous wire-
less network consisting of WLANs and Universal Mobile
Telecommunications System (UMTS)/B3G is demonstrated
in Figure 8. In the simulations, the evaluated heterogeneous
wireless networks contain 4 to 10 mobile terminals and
10 WLANs. The mobility of random way point is adopted
for each mobile node with random direction and random
velocity from 1 to 25m/s, the number of UMTSs equals
1, arrival rate of Poisson distribution is 6 to 16, and the
bandwidths of B3G/UMTS and WLAN are 384 kb/s and
54Mb/s, respectively. The topology covers an area of 2000m
in length and 2000m in width. The simulation considers
two classes of traffic, that is, constant bit rate (CBR) and
variable bit rate (VBR). Bursty applications produce VBR
(variable bit rate) traffic streams, while constant applications
produce CBR traffic streams. The CBR traffic stream is easy
to model and to predict its impact on the performance of
the network. Data rates of CBR of B3G and WLAN are 50
and 200 (Kbps) and low and high level data rates of VBR for
B3G and WLAN are 10 (Kbps) and 1.6 (Mbps), respectively
[27].

Figure 10 shows the evaluation of the proposed approach
by comparing the number of vertical handoffs. Clearly, the
proposed prediction approach considerably improves the
number of vertical handoffs. The 95% confidence intervals
of the simulation results in Figure 10 are created from 30
independent runs. The number of vertical handoffs of all
the approaches increases when the arrival rate increases. The
proposed prediction model, the CF-PSO approach, results
in the fewest vertical handoffs. Consequently, the CF-PSO
approach outperforms other approaches in the number of
vertical handoffs in heterogeneous wireless networks.

Figure 11 shows the variation of state between the cellular
heterogeneous networkswith respect to the distance based on
the proposed algorithm. Clearly, when the distance increases,
the cost value increases in the cellular networks. The effect
of increasing the number of iterations on the cost value has
been examined to find the number of iterations essential to
reach optima. Iterations are different from 10 to 100 based
on the fact that no significant variation was detected after
100 successive iterations for WLANs and UMTS cellular
networks, respectively.

6. Conclusion

We have proposed a new MOPSO-based vertical handover
decision algorithm. Our goal was to achieve an optimized
MOPSO in a small cost function, and for this reason, the
MOPSO rules were proposed for the heterogeneous wireless
networks. The CF-PSO prediction model is able to reduce
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Figure 9: (a) Average RSS versus distance, (b) ABR versus distance, (c) SNR versus distance, and (d) throughput versus distance in cellular
heterogeneous environment of WLANs and UMTS, where ABR: ABR = bandwidth × log

2
(1 + SNR) 𝑖 = 1, 2, 3 [22] and SNR: SNR

𝑖
= 𝐸
𝑏
/𝑁
𝑜

[23]; 𝐸
𝑏
is the received energy per bit and 𝑁

𝑜
is the noise power of the channel.

the number of unnecessary handovers and avoid the “Ping-
Pong” effect in the heterogeneous wireless environments.
Our novel section scheme was aimed at making mobile
nodes smart enough to be able to autonomously determine
the best network using data prediction. The experimental
results show that, in the prediction of the received signal
strength indicator parameter, the model based on CF-PSO
is more effective than the RBF neural network model. The
selection decision function is defined as a cost function
consisting of five parameters, namely, RSS, ABR, BER, SNR,
and throughput (𝑇). The proposed approach performed well
with several test problems in terms of the number of cost
function evaluations required, the quality of the solutions
found, the rate of successful minimizations, and the average
cost functions. Several experiments were performed for

the optimization of the vertical handover decision-making
algorithms in an intelligent manner in the heterogeneous
wireless networks.TheMOPSO-VHOhas a low cost function
compared to previous works. Simulation results indicated
that our proposed vertical handover decision algorithm was
able to minimize the cost function, reduce the number of
unnecessary handovers, avoid the “Ping-Pong” effect, and
select the best access network that is optimized to network
conditions, quality of service requirements, mobile terminal
conditions, and user preferences.
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A robust and blind digital speech watermarking technique has been proposed for online speaker recognition systems based
on Discrete Wavelet Packet Transform (DWPT) and multiplication to embed the watermark in the amplitudes of the wavelet’s
subbands. In order to minimize the degradation effect of the watermark, these subbands are selected where less speaker-specific
information was available (500Hz–3500Hz and 6000Hz–7000Hz). Experimental results on Texas Instruments Massachusetts
Institute of Technology (TIMIT), Massachusetts Institute of Technology (MIT), and Mobile Biometry (MOBIO) show that the
degradation for speaker verification and identification is 1.16% and 2.52%, respectively. Furthermore, the proposed watermark
technique can provide enough robustness against different signal processing attacks.

1. Introduction

Security and robustness of speaker recognition systems are
themain concerns in online environments [1]. Eight potential
cracks are available which made online speaker recognition
systems vulnerable [2]. Recently, speech watermarking is
used to secure the communication channel against inten-
tional and unintentional attacks for speaker verification and
identification purpose [3–7]. For this reason, the watermark
is embedded to verify the authenticity of the transmitter (i.e.,
sensor and feature extractors) and the integrity of the entire
authentication mechanism. However, applying speech water-
marking can seriously degrade the recognition performance.
Since the main aim of the speaker recognition technologies
is to enhance recognition performance, applying watermark
technology in this context is questionable due to its potential
degradation on recognition performance. Available speech
watermarking techniques [8–11] embed the watermark in
the special frequency range or the speech formants. How-
ever, these techniques can seriously degrade the speaker

recognition performance. Furthermore, watermarking and
speaker recognition systems have opposite goals whenever
the Signal-to-Watermark Ratio (SWR) is decreased and the
robustness of the watermark is increased. However, the
speaker identification and verification performance can be
decreased [5, 6, 12, 13]. Therefore, some researchers apply
semifragile watermarking to reduce this impact on recogni-
tion performance [14, 15]. Although semifragile watermark-
ing techniques can be used for tamper detection, a require-
ment is still needed for robust watermarking techniques to
protect the ownership.

In this paper, a novel digital speech watermarking tech-
nique is proposed for online speaker recognition systems
by using Discrete Wavelet Packet Transform (DWPT) and
multiplication. For this reason, watermark bits are embedded
where less speaker-specific subbands are available. Basically,
discriminative speaker features are within low and high
frequency bands: glottis is between 100Hz and 400Hz,
piriform fossa is between 4 kHz and 5 kHz, and constriction
of the consonants is 7.5 kHz [16–18].
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Figure 1:The eight selected wavelet subbands (2, 3, 4, 5, 6, 7, 13, and 14) where less speaker-specific information is available for watermarking
by applying DWPT decomposition.

The rest of this paper is organized as follows: first,
applied methodology is discussed; second, the proposed
digital robust speech watermarking algorithm is explained;
third, experimental result on the proposed digital speech
watermarking is evaluated; the effect of the proposed robust
digital speech watermarking technique on speaker recogni-
tion performance is given; and finally, conclusion and future
trend are drawn.

2. Methodology

Figure 1 shows the critical bands which are chosen to embed
the watermark. As seen in Figure 1, the selected bands
have less speaker-specific information which has caused
less degradation on the recognition performance of online
speaker recognition systems. For this reason, the speech
signal has decomposed into 16 critical bands by applying
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DWPT. Then, 8 critical bands (with numbers 2, 3, 4, 5, 6,
7, 13, and 14), where the amount of Fisher ratio (𝐹-ratio)
is not much, were chosen to have minimum degradation
on speaker-specific information. 𝐹-ratio curve in Figure 1 is
captured from previous work [3, 16] specifically.

3. Robust Digital Speech
Watermarking Algorithm

In this section, a robust digital speech watermarking tech-
nique based on robust multiplicative technique is proposed.
In this technique, the watermark is embedded by manipulat-
ing the amplitude of the speech signal [19]. For this reason,
the speech signal is segmented into nonoverlapping frames
with the length of 𝑁. Then, all the sampling of the frame is
manipulated based on the following equation:

𝑟
𝑖
= 𝛼 × 𝑠

𝑖
if 𝑚

𝑖
= 1,

𝑟
𝑖
=
1

𝛼
× 𝑠

𝑖
if 𝑚

𝑖
= 0,

(1)

where 𝛼 is the intensity of the watermark which must be
slightly greater than 1, 𝑚

𝑖
is watermark bit, 𝑠

𝑖
is the original

speech samples, and 𝑟
𝑖
is watermarked speech samples.

Whenever 𝛼 is increased, the robustness of the watermark
is increased, but the imperceptibility is decreased. 𝑠

𝑖
corre-

sponds to 𝑖th samples of the frame. 𝑟
𝑖
is the 𝑖th watermarked

sample of the frame.
It is demonstrated [19, 20] that, by knowing the water-

mark’s strength 𝛼, variance of the noise, and variance of the
original signal, it is possible to extract the watermark bit
from the energy of the signal by using a predefined threshold.
The detection for watermark bit is based on the following
equation:

𝑁

∑

𝑖=1

𝑟
2

𝑖
≷
0

1
𝑇, (2)

where 𝑇 is the amount of threshold which depends on the
variance of the noise and signal. This detection function
works well except for gaining attack. If all the samples
are multiplied by a constant, the watermark bits cannot be
detected at the receiver. In this paper, a rational watermark
detection technique has been applied to solve this problem.
For this reason, the speech frame is divided into two sets
𝐴 and 𝐵 which should have equal length and energy. If
their energy is not equal, then their energy can be equalized
by using a distortion signal. Next, the watermark bit is
embedded into 𝐴 set based on (1).

For the extraction of the watermark bit from the water-
marked frame, (3) has been applied

𝑅 =
∑

𝐴
𝑟
Order
𝑖

∑
𝐵
𝑟
Order
𝑖

≷
1

0
𝑇, (3)

where Order is an even number and Order = 4 is assumed to
provide a tradeoff between robustness and imperceptibility.

Due to the application of DWPT, the distribution of the
speech subbands is considered as a Generalized Gaussian

Distribution (GGD) which can be assumed as Weibull dis-
tribution when DFT is applied [21]. If GGD is assumed to be
𝜇
2

𝑠
= 0 and 𝜎2

𝑠
, then it can be expressed as follows:

𝑓
𝑠
(𝑠; 𝜇, 𝜎

𝑠
, V)

=
1

2Γ (1 + 1/V) 𝐴 (𝜎𝑠, V)
exp{−



𝑠 − 𝜇

𝐴 (𝜎
𝑠
, V)



V

} ,

(4)

where Γ(⋅) is gamma function which is represented by Γ(𝑥) =
∫
∞

0
𝑡
𝑥−1
𝑒
−𝑡
𝑑𝑡 ≅ √2𝜋𝑥

𝑥−1/2
𝑒
−𝑥, V is the shape of the distribu-

tion and can be estimated based on statistical moment of the
signal which is discussed briefly in Appendix A.

The amount of threshold for the detection of the water-
mark bit is estimated for Additive White Gaussian Noise
(AWGN) channel. Therefore, the received watermark signal
can be expressed based on the following equation:

𝑟
𝑖
= 𝛼 × 𝑠

𝑖
+ 𝑛

𝑖
if 𝑚

𝑖
= 1,

𝑟
𝑖
=
1

𝛼
× 𝑠

𝑖
+ 𝑛

𝑖
if 𝑚

𝑖
= 0,

(5)

where 𝑛
𝑖
is the noise which is added to the watermarked

speech signal. Equation (6) estimates the probability of the
watermark bit as follows:

𝑅 | 1 =
∑

𝐴
(𝛼 × 𝑠

𝑖
+ 𝑛

𝑖
)
4

∑
𝐵
(𝑠

𝑖
+ 𝑛

𝑖
)
4

⇒ 𝑅 | 1

=
𝛼
4
∑

𝐴
𝑠
4

𝑖
+ 4𝛼

3
∑

𝐴
𝑠
3

𝑖
𝑛
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+ 6𝛼

2
∑

𝐴
𝑠
2

𝑖
𝑛
2

𝑖
+ 4𝛼∑

𝐴
𝑠
𝑖
𝑛
3

𝑖
+ ∑

𝐴
𝑛
4

𝑖

∑
𝐵
𝑠
4

𝑖
+ 4∑

𝐵
𝑠
3

𝑖
𝑛
𝑖
+ 6∑

𝐵
𝑠
2

𝑖
𝑛
2

𝑖
+ 4∑

𝐵
𝑠
𝑖
𝑛
3

𝑖
+ ∑

𝐵
𝑛
4

𝑖

.

(6)

As seen in (6), the amount of the detection threshold depends
on the summation of the different parameters. Therefore,
different series (which are considered as normal distribution)
in the nominator anddenominator can be computed based on
Central Limit Theorem (CLT). Although some parameters,
like ∑

𝐴
𝑛
4

𝑖
, are always positive and cannot be modeled by

Gaussian distribution which may be negative, the probability
of a negative number which is generated by this Gaussian
distribution is very low due to the long length of the speech
frames and big amount for 𝜇. As a result, the mean and vari-
ance of each parameter of the nominator and denominator
are estimated based on (7) and (8), respectively. Consider the
following:

𝐸 {∑𝑠
4

𝑖
} = ∑𝐸{𝑠

4

𝑖
} = 𝑀𝜇

4
, (7)

var (∑ 𝑠
4

𝑖
) = 𝐸 {(∑(𝑠

4

𝑖
−𝑀𝜇

4
))}

2

= 𝐸 {(∑(𝑠
4

𝑖
− 𝜇

4
))}

2

= ∑𝐸{((𝑠
4

𝑖
− 𝜇

4
))}

2

= ∑(𝐸 {𝑠
8

𝑖
− 𝜇

2

4
})

= 𝑀𝜇
8
−𝑀𝜇

2

4
,

(8)
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where𝑀 is the length of each set of𝐴 and𝐵. By assuming that
𝑟 = 4 and 𝑟 = 8 and based on the moment of GGD which is
computed as in Appendix A, (9) are estimated as follows:

𝜇
4
=
𝜎
4

𝑠
Γ (1/V) Γ (5/V)
Γ2 (3/V)

,

𝜇
8
=
𝜎
8

𝑠
Γ
3
(1/V) Γ (9/V)
Γ4 (3/V)

.

(9)

Therefore, (10) is estimated as follows:
∑𝑠

4

𝑖
∼N (𝑀𝜇

4
,𝑀𝜇

8
−𝑀𝜇

2

4
) . (10)

By assuming Gaussian signal with zero mean, (11) can be
formulated. Consider
𝑛
𝑖
∼N (0, 𝜎

2

𝑛
)

⇒ 𝐸 {𝑛
𝑚

𝑖
}

=

{

{

{

0 for 𝑚 = 2𝑘 + 1

(𝑚 − 1) (𝑚 − 3) ⋅ ⋅ ⋅ × 1 × 𝜎
𝑚

𝑛
for 𝑚 = 2𝑘.

(11)

The distribution of the noise component with the moment of
4 can be estimated based on the following equation:

∑𝑛
4

𝑖
∼N (3𝑀𝜎

4

𝑛
, 96𝑀𝜎

8

𝑛
) . (12)

The rest of the components of (6) are simply expressed as
follows:

∑𝑠
3

𝑖
𝑛
𝑖
∼N (0,𝑀𝜇

6
𝜎
2

𝑛
) ,

𝜇
6
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𝜎
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,
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2
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2

𝑛
, 3𝑀𝜇
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3

𝑖
∼N (0, 15𝑀𝜎

2

𝑠
𝜎
6

𝑛
) .

(13)

Therefore, by using two free auxiliary parameters 𝑝 and 𝑞
which are stated in (14), 𝑅 | 1, 𝑝, 𝑞 is expressed by (15).
Consider the following:

𝑝 = ∑
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4

𝑖
,

𝑞 =
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(15)

where 𝑢 and 𝑤 are estimated based on the following equa-
tions:
𝑓
𝑈 (𝑢) ∼N (𝛼
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(16)

𝑓
𝑊 (𝑤) ∼N (𝑝 + 6𝑀𝜎
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𝜎
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𝜎
6

𝑛
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𝑛
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(17)

For estimating the PDF of 𝑅 | 1, 𝑝, 𝑞, computing the
density of 𝑢/𝑤 is required. By assuming 𝑢 and 𝑤 as normal
distribution and that they are independent, (18) can be
expressed (more details in Appendix B) as follows:

𝑓
𝑅|1,𝑝,𝑞 (𝑟) = ∫

∞

−∞

|𝑤| 𝑓𝑈,𝑊 (𝑤𝑟, 𝑤) 𝑑𝑤. (18)

By the assumption of independent and normal distribution
of 𝑈 and𝑊, 𝑓

𝑈,𝑊
(𝑢, 𝑤) can be expressed as follows:

𝑓
𝑈,𝑊 (𝑢, 𝑤) = 𝑓𝑈 (𝑢) × 𝑓𝑊 (𝑤) . (19)

It should be mentioned that the closed-form solution for
(17) is available which is fully discussed in the literature and
formulated as in the following equation:

𝐷 (𝑟) =
𝑏 (𝑟) 𝑐 (𝑟)

𝑎3 (𝑟)

1
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𝜎
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[2Φ(
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𝑎 (𝑟)
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+
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𝑒
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2

𝑢
/𝜎
2

𝑢
+𝜇
2

𝑤
/𝜎
2

𝑤
)
,

(20)

where each parameter is expressed as follows:

𝑎 (𝑟) = √
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+
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Φ (𝑟) = ∫

𝑟

−∞

1

√2𝜋

𝑒
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2

𝑑𝑢.

(21)

As a result, the density of 𝑅 | 1 can be formulated as follows:
𝑓
𝑅|1 (𝑟 | 1)

= ∫

𝑈

𝐿

∫

∞

−∞

𝑓
𝑅|1,𝑝,𝑞

(𝑟 | 1, 𝑝, 𝑞) 𝑓
𝑃
(𝑝) 𝑓

𝑄
(𝑞) ,

(22)

where 𝐿 and 𝑈 are the lowest bound and the highest bound
of the energy ratio between two sets of 𝐴 and 𝐵, respectively.
As discussed, these two sets should be selected and somehow
have equal energy approximately.This situation can be stated
as in the following equation:

𝐿 <
∑

𝐴
𝑟
4

𝑖

∑
𝐵
𝑟
4

𝑖

< 𝑈. (23)

The density of parameter 𝑃 is expressed as in (10). However,
the density of parameter 𝑞 is formulated as in (23) which is
estimated from the ratio between normal and independent
distributions

𝑓
𝑄
(𝑞) =

𝐷 (𝑞)

∫
𝑈

𝐿
𝐷(𝑞) 𝑑𝑞

. (24)
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Figure 2: Block diagram of embedding process in the proposed robust digital speech watermarking technique.

The probability of 𝑟 | 0 can be computed by using the
same manner. Then, the probability of detection error can be
estimated based on the following equation:

𝑃
𝑒
=
1

2
∫

∞

𝑇

𝑓 (𝑟 | 0) 𝑑𝑟 +
1

2
∫

𝑇

−∞

𝑓 (𝑟 | 1) 𝑑𝑟. (25)

As the main aim of the watermark detector is the minimiza-
tion of the error, the threshold is calculated as follows:

𝜕𝑃
𝑒

𝜕𝑇
= 0

⇒ 𝑓
𝑟 (𝑇 | 0) = 𝑓𝑟 (𝑇 | 1) .

(26)

The amount of the threshold is experimentally computed by
using simulation. In the following, the robust digital speech
watermarking technique has been developed based on the
statistical model which is fully described in this section.

As discussed, the watermark bits are embedded into
the specific frequency subbands of DWPT. Details of the
embedding and extraction process are presented in the
following algorithms.

Embedding process is as follows:

(a) Segment the original speech signal into frame Fi with
lengths of𝑁.

(b) Apply DWPT on each frame with 𝐿 levels to compute
the different sub-bands.

(c) Select specific frequency subbands in the last level and
arrange them into a data sequence.

(d) Divide the data sequence into two sets of𝐴 and𝐵with
equal length of𝑁/2 for each set. If these two sets have
different energy, their energy is equalized by using a
distortion.

(e) Apply a channel coding technique to improve the
robustness of the watermark bits.

(f) Embed the coded watermark into 𝐴 set based on
multiplication which is expressed in (1).

(g) Apply inverse DWPT to reconstruct the watermarked
signal.

Figure 2 shows the block diagram of the embedding process
in the proposed robust speech watermarking technique.

Extraction process is as follows:

(a) Segment the watermarked speech signal into frame Fi
with lengths of𝑁 (which can be considered as a public
key between the transmitter and receiver).

(b) Apply DWPT on each frame with 𝐿 levels to compute
the different subbands (which can be considered as a
public key between the transmitter and receiver).

(c) Select specific frequency subbands in the last level and
arrange them into a data sequence.

(d) Divide the data sequence into two sets of𝐴 and𝐵with
equal length of𝑁/2 for each set.

(e) Extract the watermark bits based on (3).

(f) Decode the watermark bits which are extracted from
all embedding frames.

4. Experimental Setup

In this part, the simulation was done to evaluate the perfor-
mance of the developed robust digital speech watermarking
technique. For this reason, this technique was applied sepa-
rately to evaluate its performance.The simulation results fully
confirmed the mathematical models which were developed
in previous section. It must be mentioned that 6300 speech
signals of TIMIT database were used in this experiment. The
simulation parameters were assumed as follows:

(a) The frame size was assumed to be 32ms which was
equal to 0.032 × 𝐹𝑠 = 512 samples. A watermark
bit was embedded into each frame. It is clear that
whenever the size of the original speech signal is
increased, the watermark capacity is increased.

(b) The required level for DWPT was assumed to be 4.
The watermarked subbands were considered as in
Figure 1. Daubechies’ wavelet functionwas applied for
DWPT.
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(c) Although the watermark’s intensity (𝛼) was changed
for simulation purpose, the overall assumption was
𝛼 = 1.15.

(d) For channel coding, Hammingmethodwas usedwith
its parameters being assumed to be 𝑛 = 15, 𝑘 = 11.

(e) The threshold was assumed to be 0.95. However, the
proper amount for the threshold was expected to be
a number near to 1 due to the equalization of energy
blocks in the developed algorithm.

In the following, simulations were done to study robustness,
imperceptibility, and payload of the developed robust digital
speech watermarking technique by using MATLAB. The
developed robust digital speech watermarking technique was
compared to state-of-the-art digital watermarking techniques
including DWT-SVD [22], LWT-SVD [23], and SVD-QIM
[24].

4.1. Robustness. Various intentional and unintentional
attacks were used for this experiment to evaluate the
robustness of the developed technique. The most common
method using BER was applied to evaluate the robustness of
watermarking which is defined as follows:

BER (𝑊, �̂�) = Number of error bits
Number of total bits

=
1

𝑁

𝑁

∑

𝑖=1

𝑊(𝑖) ⊗ �̂� (𝑖) ,

(27)

where ⊗ is the exclusive OR (XOR) operator,𝑁 is the length
of the watermark,𝑊 is the original watermark, and �̂� is the
extracted watermark.

Whenever BER is close to zero (due to less errors between
the original and extracted watermarks), the watermark tech-
nique provides good robustness.

For better, valid, and fair comparisons of the advantages
and disadvantages of each digital watermarking technique,
different speech attacks were designed to evaluate the robust-
ness of the different watermarking techniques. The following
attacks are common during the speech transmission through
telephony channel.

Speech Attacks

Additive White Gaussian Noise (AWGN). A 5 dB noise was
added to the signal for simulating ambient distortion.

Low Pass Filter (LPF). An elliptic LPF with 4KHz cutoff
frequency was performed on the watermarked signal.

Band Pass Filter (BPF). An elliptic BPF (from 300Hz to
3400Hz for simulation of the narrowband telephony chan-
nel) was performed on the watermarked signal.

A-Law. The watermarked signal was compressed and then
expanded by 𝐴-law with the prevailing parameter of 𝐴 =

87.6.

𝜇-Law. The watermarked signal was compressed and then
expanded by 𝜇-law with the prevailing parameter of 𝜇 = 255.

CELP9600. Apply 9.6 kbps CELP codecs on the watermarked
speech signal.

CELP 16K. Apply 16 kbps CELP codecs on the watermarked
speech signal.

Amplitude Variation. Increase or decrease the amplitude of
the watermarked signal up to 400% (multiplied by 4) or down
to 25% (divided by 4).

Resample 8 KHz. Convert the sampling rate of the water-
marked signal to 8KHz and then convert it back to the
original one.

Requantization. 16 bits of the watermarked samples were
quantized to 8 bits and then were requantized to 16 bits.

Table 1 summarizes the average BER of different digital
watermarking techniques. As reported, the average BER
for robust DWPT-Multiplication seriously outperformed the
other techniques. Based on the results in Table 1, it appeared
that embedding the watermarks in the transform domains
(DWPT and DWT) was superior to the time domain (SVD-
QIM) as the maximum BER in the robust watermarking
technique was for SVD-QIM.

4.2. Imperceptibility. Table 2 presents the average of the objec-
tive and subjective imperceptibility comparisons among dif-
ferent watermarking techniques (see International Telecom-
munications Union (ITU-T) method for the subjective mea-
surement of speech quality [25]). For fair comparison, similar
frame lengths, watermark bits, and assumptions were used
for these watermarking techniques. As seen in Table 2,
approximately less MOS music was reported for the speech
signals due to the short durations and less energy of the
speech signals. Despite the signals’ duration and energy, the
most important issue for the listeners was reporting the dis-
similarities, that is, howmuch of the quality of speech signals
was understood and how much of the quality of the speech
signals was enjoyable. Although SNR values for music were
expected to be more than those for speech, the listeners still
expected more quality from music than speech. Therefore,
they reported more MOS speech for this experiment. It can
be concluded that the listeners’ expectations from the speech
signals are different from those for the music signals.

4.3. Capacity. In this experiment, a memoryless binary
symmetric channel 𝐶BSC as in (28) was applied to compute
the capacity of the data channel for error-free watermark
transmission through telephony channel, where bitrate (𝑅)
for the channel was assumed to be 64 kbps [26]. Consider

𝐶BSC (𝑅,BER)

= 𝑅 [1 + BERLogBER
2

+ (1 − BER) Log(1−BER)
2

] .

(28)

Figure 4 shows 𝐶BSC based on the average BER (see Table 1)
for different watermarking techniques. It can be seen that the
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Table 1: Comparison of robustness (BER %) among different watermarking techniques.

Attack DWT-SVD Robust DWPT-Multiplication LWT-SVD SVD-QIM
No attack 0 0 0 0.02
AWGN (5 dB) 0.41 0.22 0.45 0.53
LPF (4KHz) 0.43 0.04 0.12 0.41
BPF (300Hz–3300Hz) 0.39 0.05 0.25 0.48
𝐴-law 0 0 0 0.08
𝜇-law 0 0 0 0.14
CELP9600 0.30 0.09 0.32 0.49
CELP16K 0.0817 0.11 0.41 0.42
Amplitude variation 0.49 0 0.42 0.36
Resample 8KHz 0.51 0.03 0.50 0.54
Requantization 0 0 0 0.44
Average 0.24 0.05 0.22 0.36

Table 2: Comparison among different watermarking techniques in terms of objective (SNR), subjective (MOS) measurements, and capacity
(bps).

Watermark techniques MOS speech∗∗ Speech SNR (dB) MOS music∗ Capacity (bps)
Robust DWPT-Multiplication 4.11 28.08 3.22 31.25–125
DWT-SVD 4.88 31.36 3.45 31.25
LWT-SVD 4.51 29.30 3.56 170.67
SVD-QIM 5 42.23 4.14 196
∗Efforts to understand the meaning scale were applied.
∗∗Quality scale was applied.

robust DWPT-Multiplication watermarking technique had
more capacity than LWT-SVD, QIM-SVD, and DWT-SVD
techniques.

4.4. Discussion on the Developed Robust Digital Speech
Watermarking. This section discusses the various aspects of
the DWPT-Multiplication robust watermarking technique.
Firstly, the effects of the threshold are discussed. Figure 5
shows BER in respect to different thresholds (𝑇) for the
various AWGN channels. Whenever the threshold became
larger, robustness of the watermark improved. Due to the
equalization of energy in each block, it was expected
that the proper value for the threshold was a number
near to 1.

Figure 6 presents BER versus the frame lengths for
the developed digital watermarking techniques in various
AWGN channels. For Figures 6 and 7, it can be seen that
the decreasing length of the frames could increase BER and
decrease SNR due to the increase in watermark distortion
which was induced by more watermark bits. Increasing SNR
in respect to the frame length (when longer frame length
was applied to watermarking) caused lesser distortion in
the watermarked signal. Choosing a shorter frame length
could increase BER because the shorter frame length was
easily affected by noise and had small energy. It is clear
that increasing the length of the frame means increasing
the duration of the host speech signal which can decrease

BER and increase SNR, as demonstrated in Figures 6 and
7. There is a limitation for frame length as increasing
the frame length does not improve imperceptibility and
robustness anymore. This length is determined by the signal
when it appears as quasi-stationary. Furthermore, choosing
a longer frame length can be effective to reduce BER in
serious noisy conditions. As seen in Figure 6, whenever
the size of frame increased, the watermark was detected
with less BER for serious noise (SNR = 0 dB). It shows
that the frame length is directly affected by robustness and
imperceptibility.

Figure 8 shows how BER was changed by the variation
of the strength of the watermark (𝛼). The robustness of the
developed watermarking technique was improved when the
strength of the watermark (𝛼) was increased. This situation
is because the watermark is embedded with more strength
in the speech signal. As seen in Figure 8, increasing the
strength of the watermark (𝛼) was effective only for serious
noisy channels (SNR = 0 dB or SNR = 20 dB). It seems
that increasing the strength of the watermark (𝛼) for clean
conditions is unnecessary.

Figure 9 shows how SNR was changed by the strength of
the watermark (𝛼). It is clear that increasing the strength of
the watermark (𝛼) can decrease SNR which also decreased
the signal quality. Furthermore, more distortion was injected
into the host signal by choosing a high value for 𝛼. Although
𝛼 = 1.5, SNR was more than 22 dB. There was a difference of
10 dB when 𝛼 was decreased to 1.01.
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Figure 3: Block diagram of extraction process in the proposed robust digital speech watermarking technique.

5. Effects of Robust
Watermarking on the Performance of
Speaker Recognition Systems

In this section, the effects of robust DWPT-Multiplication
digital speech watermarking on the performance of speaker

verification were evaluated in terms of two speaker verifica-
tion systems, that is, i-vector and GMM-UBM systems.

Table 3 shows the effect of robust digital speech water-
marking on the performance of different speaker verification
systems for different speech databases

|0.71 − 4.52| + |1.45 − 1.59| + |0.79 − 2.39| + |1.9 − 5.24| + |15.04 − 15.34| + |46 − 46.02| + |49.43 − 49.66| + |45.96 − 46.20| + |46 − 47.8| + |46.66 − 47.33| + |47 − 47.59|

11

= 1.16%.
(29)

As seen, the best results were reported for TIMIT speech
database which was a clean speech database.

Due to the mismatch in the channel, microphone, and
environment, other databases had a lesser performance than
TIMIT. As shown in Table 3, it appeared that i-vector with
MFCC outperformed other speaker verification systems.
Furthermore, robust speech watermarking affected MFCC
more than LPRC. From Table 3, the total effect of robust
digital speech watermarking was calculated to be 1.16%. This
amount is not small and shows that robust digital speech
watermarking has some degradation on the performance of
online speaker recognition systems which can justify the
application of frame selection before robust digital speech
watermarking.

Table 4 presents the effect of the developed robust
digital speech watermarking system on the performance of
GMM speaker identification system in terms of recognition
rate. As seen, the best recognition rates were reported for
TIMIT speech database which was a clean speech database.
Due to the mismatch in the channel, microphone, and
environment, other databases had less recognition rate than
TIMIT. Furthermore, it seems that MFCC outperformed
LPRC. From Table 4, the total degradation of robust digital
speech watermarking was calculated to be 2.52%. Therefore,
the degradation effect of robust digital speech watermarking
can be considerable and can be decreased by applying the
frame selection technique

|94.36 − 90.33| + |54.42 − 49.53| + |51.32 − 50.30| + |88.80 − 85.81| + |47.56 − 45.64| + |45.87 − 45.61|

6
= 2.52%. (30)

As seen in Tables 3 and 4, robust watermarking and the
speaker recognition system have opposite goals. Whenever
SWR decreased, the robustness of the watermark increased.

However, the performance of speaker recognition decreased
as confirmed in previous studies [5, 6, 12, 13]. There-
fore, selecting the frames which have less speaker-specific



Mathematical Problems in Engineering 9

45671 13117 15349 3668

Watermarking techniques

0
0.05

0.1
0.15

0.2
0.25

0.3
0.35

0.4
0.45

BE
R 

(%
)

D
W

T-
SV

D

LW
T-

SV
D

Q
IM

-S
V

D

CBSC

Ro
bu

st 
D

W
PT

-
M

ul
tip

lic
at

io
n

Figure 4: Binary symmetric channel capacity for different water-
marking techniques with average BER.
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Figure 5: Plot BER in respect to the threshold for different AWGN
channels.

information for watermarking can result in minimum degra-
dation on the recognition performance of the online speaker
recognition systems.

6. Conclusion and Future Works

In this paper, new robust digital speech watermarking tech-
nique was developed by applying DWPT and multiplication.
This watermarking technique is very robust against different
attacks such as filtering, additive noise, resampling, gain, and
compression. By embedding the watermark in less speaker
specific of the speech subbands, the degradation effect on the
recognition performance for this watermarking technique is
the minimum.
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Figure 6: Figure 3 shows the block diagramof the extraction process
in the proposed robust speech watermarking technique. Plot BER in
respect to frame size for different AWGN channels.
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Figure 7: Plot SNR in respect to frame length.

It will be the future work to study new adaptive multipli-
cation technique. Also, proposing synchronization technique
for this approach could be an improvedwatermark extraction
process.

Appendices

A. Shape of the Distribution Based on
Statistical Moment

The estimation for GGD shape parameters has been calcu-
lated by using moments of a signal. If 𝜇 = 0 and |𝑠| = 𝑦 is
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assumed for a signal with GGD distribution, then (A.1) can
be expressed as follows:

𝑓
𝑌
(𝑦) =

1

Γ (1 + 1/V) 𝐴 (𝜎𝑠, V)
exp{−

𝑦
V

(𝐴 (𝜎
𝑠
, V))V

} . (A.1)

Therefore, moments of this variable are calculated as follows:

𝐸 {|𝑠|
𝑟
} = 𝐸 {𝑦

𝑟
}

=
1

Γ (1 + 1/V) 𝐴 (𝜎𝑠, V)
∫

∞

0

𝑦
𝑟
𝑒
−(𝑦

V
/(𝐴(𝜎

𝑠
,V))V)

𝑑𝑦,

𝑟 > 0.

(A.2)

Table 3: The effect of robust watermarking on the performance of
speaker verification for different speech databases.

Database System
EER (%)
without
robust
WM

EER (%)
with
robust
WM

TIMIT

i-vector + MFCC 0.71 4.52
i-vector + LPRC 1.45 1.59

GMM-UBM +MFCC 0.79 2.39
GMM-UBM + LPRC 1.90 5.24

MIT

i-vector + MFCC 15.04 15.34
i-vector + LPRC 24.20 24.20

GMM-UBM +MFCC 46 46.02
GMM-UBM + LPRC 49.43 49.66

MOBIO

i-vector + MFCC 45.96 46.20
i-vector + LPRC 46 47.80

GMM-UBM +MFCC 46.66 47.33
GMM-UBM + LPRC 47 47.59

Table 4: The effect of robust watermarking on the performance of
speaker identification for different speech databases.

Feature Speech database
Recognition
rate (%)
without

robust WM

Recognition
rate (%) with
robust WM

MFCC
TIMIT 94.36 90.33
MIT 54.42 49.53

MOBIO 51.32 50.30

LPRC
TIMIT 88.80 85.81
MIT 47.56 45.64

MOBIO 45.87 45.61

By changing the variable 𝑤 = 𝑦
V
/(𝐴(𝜎

𝑠
, V))V, (A.3) is

formulated:

𝐸 {𝑦
𝑟
} =

1

Γ (1 + 1/V) 𝐴 (𝜎𝑠, V)

⋅ ∫

∞

0

[𝐴 (𝜎
𝑠
, V)]𝑟 𝑤𝑟/V

𝑒
−𝑤
𝐴 (𝜎

𝑠
, V)
1

V
𝑤

1/V−1
𝑑𝑤

=
[𝐴 (𝜎

𝑠
, V)]𝑟

VΓ (1 + 1/V)
∫

∞

0

𝑤
(𝑟+1)/V−1

𝑒
−𝑤
𝑑𝑤

=
[𝐴 (𝜎

𝑠
, V)]𝑟

VΓ (1 + 1/V)
Γ (
𝑟 + 1

V
) .

(A.3)

Therefore, (A.4) is expressed as follows:

𝐸 {𝑦
𝑟
} = [

𝜎
2

𝑠
Γ (1/V)
Γ (3/V)

]

𝑟/2

Γ ((𝑟 + 1) /V)
Γ (1/V)

. (A.4)

For 𝑟 = 1, (A.5) is expressed as follows:

𝐸 {𝑦} =
𝜎
𝑠
Γ (2/V)

√Γ (3/V) Γ (1/V)
. (A.5)
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Finally, the estimation for GGD shape parameters is esti-
mated as follows:

𝐸 |𝑠|

√𝐸 {𝑠2}

=
Γ (2/V)

√Γ (3/V) Γ (1/V)
. (A.6)

B. The Computation of
Statistical Density of a Ratio between
Two Independent Normal Variables

The computation of statistical density of a ratio between two
independent normal variables is formulated as follows:

𝑍 =
𝑈

𝑊

⇒ 𝑓
𝑍 (𝑧) =?

𝐹
𝑍 (𝑧) = 𝑃 (𝑍 ≤ 𝑧) = 𝑃(

𝑈

𝑊
≤ 𝑧)

𝑊>0

= 𝑃 (𝑈 ≤𝑊𝑧)

= 𝐸
𝑤

{{{

{{{

{

𝑃 (𝑈 ≤ 𝑤𝑧 | 𝑤)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

𝐹
𝑈|𝑊

(𝑤𝑧|𝑤)

}}}

}}}

}

⇒ 𝑓
𝑍 (𝑧) =

𝜕

𝜕𝑧
𝐹
𝑍 (𝑧)

=
𝜕

𝜕𝑧
𝐸
𝑤
{𝐹

𝑈|𝑊 (𝑤𝑧 | 𝑤)}

= 𝐸
𝑤
{
𝜕

𝜕𝑧
𝐹
𝑈|𝑊 (𝑤𝑧 | 𝑤)}

= 𝐸
𝑤
{𝑓

𝑈|𝑊 (𝑤𝑧 | 𝑤)}

= ∫𝑤𝑓
𝑈|𝑊 (𝑤𝑧 | 𝑤) 𝑓𝑊 (𝑤) 𝑑𝑤

= ∫𝑤𝑓
𝑈,𝑊 (𝑤𝑧 | 𝑤) 𝑑𝑤.

(B.1)

For 𝑤 < 0, the expression −𝑤 appeared which is finally
expressed as in the following equation:

𝑓
𝑍 (𝑧) = ∫

∞

−∞

|𝑤| 𝑓𝑈,𝑊 (𝑤𝑧 | 𝑤) 𝑑𝑤. (B.2)
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This study is devoted to investigating a flow around a stationary or moving sphere by using direct numerical simulation with
immersed boundary method (IBM) for the three-dimensional compressible Navier-Stokes equations. A hybrid scheme developed
to solve both shocks and turbulent flows is employed to solve the flow around a sphere in the equally spaced Cartesian mesh. Drag
coefficients of the spheres are compared with reliable values obtained from highly accurate boundary-fitted coordinate (BFC) flow
solver to clarify the applicability of the present method. As a result, good agreement was obtained between the present results and
those from the BFC flow solver. Moreover, the effectiveness of the hybrid scheme was demonstrated to capture the wake structure
of a sphere. Both advantages and disadvantages of the simple IBM were investigated in detail.

1. Introduction

Acoustic wave from rocket nozzle on the rocket launch
may critically damage satellites inside the payloads of the
rocket since the wave sometimes becomes quite strong. The
prediction of the crucial acoustic field around rocket launch-
ing sites has been conducted by the past enormous studies
and testing data [1]. However, more accurate and reliable
prediction is required to construct a new rocket launch site
more safely. Various numerical studies have been conducted
to realize qualitative prediction [2–4] until now. In real large-
scale liquid launch vehicles, generated acoustic waves are
suppressed bywater injection. For high accurate prediction of
the acoustic wave, the interaction between the water droplets
and the flows should be clarified from the physical aspect.

Fukuda et al. showed that acoustic waves are primarily
attenuated by the interactions between particles and tur-
bulence [5] from theoretical analysis. These particles that
interferedwith turbulence in their study are alumina particles
exhausted from the rocket nozzle or water droplets from

water injection at the rocket launch.However, themechanism
of the phenomenon for the attenuation has not been well
understood.

We develop the Cartesian flow solver with an immersed
boundary method (IBM) [6] to investigate the interactions
between particles and shocks by the direct numerical sim-
ulation (DNS). The objective of this study is to develop the
flow solver to investigate the supersonic flow as rocket plumes
around micro-meter-sized particles like alumina particles or
water droplets. Accordingly, the flow becomes high-Mach-
and low-Reynolds-number flow. To resolve real interaction
between flows and particle in this study, an Euler-Euler
approach is employed in the equally spaced Cartesian mesh
with sharp interface IBM techniques. A hybrid scheme is
also utilized to deal with flows of both shocks and vortical
wake around a fixed or moving sphere. A drag coefficient
is compared with numerical results obtained from the high
accurate boundary-fitted coordinate (BFC) grid solver [7]
and theoretical values [8]. We extended two-dimensional
numerical methods [6] to three-dimensional one to solve
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flows aroundmultiple particles passing through shock waves.
The aim of this study is to investigate gas-particle flow involv-
ing real interaction between flows and particles by large-scale
flow simulation. One of the most significant points for this
purpose is to keep the algorithm simple for optimization
and fast computation. Both simplicity and applicability of the
code should be preserved in this study.

2. Numerical Method

2.1. Governing Equations. The governing equations of the
present flow simulations are three-dimensional compressible
Navier-Stokes equations:

𝜕𝑄

𝜕𝑡
+

𝜕𝐸

𝜕𝑥
+

𝜕𝐹

𝜕𝑦
+
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𝜕𝑧
=

𝜕𝐸V

𝜕𝑥
+

𝜕𝐹V

𝜕𝑦
+

𝜕𝐺V

𝜕𝑧
,
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[
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[
[
[
[
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𝜌𝑢

𝜌𝑢
2

+ 𝑝

𝜌V𝑢

𝜌𝑤𝑢

(𝜌𝑒 + 𝑝) 𝑢

]
]
]
]
]
]
]
]
]
]

]

,
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[
[
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𝜌𝑢V
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[
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[
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,

(1)

where 𝐸, 𝐹, and 𝐺 are inviscid fluxes in the 𝑥-, 𝑦-, and
𝑧-directions, 𝐸V, 𝐹V, and𝐺V are viscous fluxes, and𝑄 contains
conservative variables. The pressure 𝑝 is related to the total
energy per unit mass 𝑒 by an equation of state:

𝜌𝑒 =
𝑝

𝛾 − 1
+

1

2
𝜌 (𝑢
2

+ V2 + 𝑤
2
) . (2)

Here, viscous stress tensor components are given as

𝜏
𝑥𝑥

=
2

3
𝜇 (2𝑢
𝑥

− V
𝑦

− 𝑤
𝑧
) ,

𝜏
𝑦𝑦

=
2

3
𝜇 (2V
𝑦

− 𝑤
𝑧

− 𝑢
𝑥
) ,

𝜏
𝑧𝑧

=
2

3
𝜇 (2𝑤

𝑧
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− V
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) ,
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𝑥𝑦
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𝑦𝑥

= 𝜇 (𝑢
𝑦

+ V
𝑥
) ,

𝜏
𝑦𝑧

= 𝜏
𝑧𝑦
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𝑧

+ 𝑤
𝑦
) ,

𝜏
𝑧𝑥

= 𝜏
𝑥𝑧

= 𝜇 (𝑤
𝑥

+ 𝑢
𝑧
) .

(3)

All variables are normalized by the freestream values
of the density, the sound speed, and the reference length.
The above equations are discretized on an equally spaced
Cartesianmesh with cell-centered arrangement. To eliminate
additional numerical dissipation everywhere, except in the
vicinities of shock waves and potential flows, the inviscid
terms are computed by a hybrid scheme that combines the
third-ordermonotone upstream-centered scheme for conser-
vation laws- (MUSCL-) Roe scheme [9] and the second-order
pseudo skew-symmetric scheme [10].

In our previous studies, we proposed the hybrid scheme
estimated by the Ducros sensor [11] 𝛽, pseudo skew-
symmetric scheme 𝐸turbulent, and MUSCL-Roe scheme 𝐸shock
as follows:

𝐸
𝑖+1/2

= (1 − 𝛽
𝑖+1/2

) 𝐸
𝑖+1/2,turbulent + 𝛽

𝑖+1/2
𝐸
𝑖+1/2,shock. (4)
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Here, the subscript 𝑖 + 1/2 denotes cell interface to evaluate
the numerical flux along with 𝑥-axis in this study.The sensor
𝛽 in (4) for switching the scheme is estimated by

𝛽
𝑖+1/2

= min (1, 𝜙
𝑖
+ 𝜙
𝑖+1

) ,

𝜙 =

{{{

{{{
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|∇ ⋅ u|

2
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2

+ 𝜀
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1,
|∇ ⋅ u|

2

|∇ ⋅ u|
2
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2

+ 𝜀
≥ 𝜃.

(5)

Here, 𝜀 = 10−15 is a small value that prevents division by
zero, and 𝜃 = 0.6 is the switching threshold. The vector u
is a velocity vector u = (𝑢, V, 𝑤). The numerical fluxes for
𝐸turbulent and 𝐸shock in (4) are calculated by the formulas of
(6) and (7):
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(6)

Here a value 𝜒 is set to be 0.05 to suppress the spurious
numerical oscillation

𝐸
𝑖+1/2,shock

=
1

2
[𝐸
𝑖
+ 𝐸
𝑖+1

−
𝐴 𝑖+1/2,Roe

 (𝑄
𝑖+1/2,𝑅

− 𝑄
𝑖+1/2,𝐿

)] ,

(7)

where 𝐴 is the flux Jacobian and the subscript Roe denotes
the Roe-averaged quantity of the left and right states. Here

|𝐴| = 𝑅 |Λ| 𝐿, (8)

where 𝑅 and 𝐿 are the right and left eigenmatrices of 𝐴,
respectively, and Λ = 𝐿𝐴𝑅 is a diagonal matrix.

In the previous study [6], the symmetric central difference
parts of (7) that are first and second terms of right hand side
were replaced by the ones of the pseudo skew-symmetric
form without losing the formal order of accuracy of the
equation. However, in this study, the skew-symmetric form
is not applied to (7) from the preliminary investigation.
Detailed information for the investigation is described in
Appendix A.

2.2. Immersed BoundaryMethod. A simple IBM based on the
level set function is used to represent object boundaries in this
study.The level set function is determined as a signeddistance
of minimal distance from the object surface. In the case of
multiple objects, multiple level set functions are calculated
based on simple minimum distance approach [12]. Whole
cells are classified into three categories of fluid cells (FC),
ghost cells (GC), and object cells (OC) by using the level set
function 𝜑 expressed as (9). The ghost cells behave as guard
cells between the fluid cells and object cells and are assigned
for two layers under the present definition:

𝜑OC < −2√3Δ𝑥,

−2√3Δ𝑥 ≤ 𝜑GC ≤ 0,

0 < 𝜑FC.

(9)

Figure 1 shows distributions of the classified cells around
a cut sphere in the present IBM. The blue, brown, and green
regions are assigned to the fluid, ghost, and object cells. The
blue, brown, and green hemispheres are surfaces of the image
points (𝜑 = 1.75Δ𝑥), zero level set (𝜑 = 0), and the threshold
of the object cells (𝜑 = −2√3Δ𝑥). Here, the circle symbols
of GC, IP, and IB represent a cell centroid of ghost cell, an
image point, and an immersed boundary point. Developed
numericalmethod in the previous study [6] in 2D is extended
to 3D directly. Flow quantities of ghost cells are determined
by using those of the image points. The flow variables of the
image points at the edge of a “probe” are defined by trilinear
interpolation from surrounding fluid cells. The probe is a
vector from GC through IB to IP in the direction normal
to the zero level set surface. The probe length expressed as
𝑑IP in (10) is the fixed value of 1.75 times of the mesh size
to avoid recursive reference in this study. The flow variables
of the ghost cell are determined by assumed distributions on
the probe. In this study, three velocity components of the
ghost cell are calculated by the linear extrapolation while
the density and the pressure are determined by Neumann
condition along with the probe expressed as

𝜌GC = 𝜌IP,

𝑢GC = 𝑢IP −
𝑑IP +

𝜑GC


𝑑IP
(𝑢IP − 𝑢IB) ,

VGC = VIP −
𝑑IP +

𝜑GC


𝑑IP
(VIP − VIB) ,

𝑤GC = 𝑤IP −
𝑑IP +

𝜑GC


𝑑IP
(𝑤IP − 𝑤IB) ,

𝑝GC = 𝑝IP.

(10)

2.3. Force Evaluation. Aerodynamic forces acting on the
object surface as pressure and friction can be evaluated
on the cell face between the fluid and the ghost cells. In



4 Mathematical Problems in Engineering

Surface of image pointsObject cell region

Ghost cell region Zero level set surface

IP

GC

IB

Probe

𝜑GC

dIP = 2√3Δx

Figure 1: Schematic of the present IBM for a sphere.

Algorithm A

Algorithm B

Cut face

Staircase

Figure 2: Representation of sphere for force evaluation.

the present method, a simple algorithm where the surface
polygons are not necessary to estimate the forces by using
staircase representation is employed. The blue and white
cells correspond to the fluid and ghost cells in Figure 2.
In algorithm A, an object boundary is considered as an
assemblage of piecewise linear surfaces. Accordingly, cut
faces should be determined to calculate the force components
between the fluid and ghost cells in algorithmA. In algorithm
B, on the other hand, the object is treated as a simple
staircase agglomeration. Therefore, the cell faces become
simple quadrangles because of the staircase representation
in algorithm B. Consequently, the latter algorithm is quite

simpler than the former algorithm because there is no need
to calculate the precise surface area for the force evaluation.
This becomes considerable especially in the case of moving
boundary problems. The validity and applicability of the
methodologies are described in Appendix B.

2.4. Sponge Region. The reflection of sound waves from
outer boundaries may affect the flow in the subsonic case.
Therefore, a numerical approach of the sponge layer proposed
by Mani [13] and Freund [14] is employed to suppress the
reflection. The method has several control parameters of 𝜎

and 𝑥sp as the strength of the sponge layer depending on the
flow field as follows:

𝜂target = −20
2 log 𝑒

1 − 𝑀2
∫

𝑥sp

0

𝜎 (𝑥) 𝑑𝑥,

𝜎 (𝑥) = 𝜎sp (
𝑥sp − 𝑥

𝑥sp
)

𝛽

,

𝑥sp = Δ𝑥 ⋅ 𝐿 sp,

𝜂target = −20
2 log 𝑒

1 − 𝑀2
∫

𝑥sp

0

𝜎sp (
𝑥sp − 𝑥

𝑥sp
)

𝛽

𝑑𝑥

= −20
2 log 𝑒

1 − 𝑀2

𝜎sp𝑥sp

𝛽 + 1
,

(11)

where 𝜂target, 𝐿 sp, 𝜎sp, and 𝛽 are the damping ratio of the
reflection, number of sponge layer cells, and parameters to
control the strength of the sponge. The sponge strength
should be adjusted based on the damping ratio.

2.5. Flowchart of the Flow Solver. Figure 3 shows a flowchart
of the current computational processes.The level set function
around a sphere is reconstructed due to the simple geometry.
To solve a flow around 3D arbitrary geometry, convection
and reinitialization of the level set function should be imple-
mented to accomplish rapid computation.

3. Comparison of Drag Coefficient

3.1. Computational Condition. A drag coefficient around a
sphere is compared between the current Cartesian and BFC
solvers. All computational conditions are summarized in
Table 1. Two kinds of numerical schemes for evaluating the
inviscid flux are as follows: (A) the developed hybrid scheme
and (B) the MUSCL-Roe scheme. Reynolds number based
on the sphere diameter and freestream values is fixed at 300,
while the freestream Mach numbers are set to be 0.3 and
1.2 as subsonic and supersonic flows. Two kinds of mesh
resolutions 0.1D and 0.05D are prepared for the comparison.
Total numbers of computational cells are 2 million (200 ×

100 × 100) for 0.1D and 16 million (400 × 200 × 200) for
0.05D. The schematic of a computational domain is shown
in Figure 4. All flow variables are specified by Dirichlet
boundary conditions at the inflow boundary and on density
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Figure 3: Flowchart.
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Figure 4: Computational domain (M03D010).

alone at the outflow boundary only for the case of subsonic
flow. Neumann conditions are used at other boundaries for
all variables. The sponge regions are arranged next to the
outer boundaries with ten layers especially in the subsonic
cases. The sphere geometry is represented by the Cartesian
mesh as shown in Figure 5.The black solid lines are grid lines
connecting cell centers. The bold red line is the boundary
of a sphere immersed in the Cartesian mesh. The blue,
white, and orange regions show fluid, ghost, and object cells,
respectively. Table 2 shows the boundary layer thickness 𝛿.

Table 1: Test cases.

Re Uniform flow Mesh size Scheme Case

300

0.3

0.10𝐷 A M03D010A
0.05𝐷 M03D005A
0.10𝐷 B M03D010B
0.05𝐷 M03D005B

1.2

0.10𝐷 A M12D010A
0.05𝐷 M12D005A
0.10𝐷 B M12D010B
0.05𝐷 M12D005B

Table 2: Boundary layer thickness.

Re 𝛿 Mesh size

300 0.058𝐷
0.10𝐷

0.05𝐷

From the estimation, just one cell may be allocated in the
boundary layer even in the case with the fine mesh.

The BFC solver is based on WENOCU6 method devel-
oped by Nonomura et al. [7, 15]. The number of grid points
of the BFC simulation is 107 × 48 × 177 as shown in Figure 20
and minimum grid resolution is 6.5 × 10−3D.
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(a) 0.1D (b) 0.05D

Figure 5: Sphere geometry in Cartesian mesh with IBM.

3.2. Computational Result at Mach 0.3. Instantaneous Mach
number distributions at Mach 0.3 are obtained as shown
in Figure 6. Even though asymmetric flow appears like in
Figure 6(a) in the BFC result, a symmetrical flow is observed
in the results of the MUSCL scheme with the coarse mesh
as shown in Figure 6(c). When the fine mesh is used, weak
asymmetric flow is observed even in the MUSCL scheme in
Figure 6(e). With regard to the proposed scheme, however,
asymmetric flows can be observed even in the coarse mesh
in Figure 6(b). In the case of the fine mesh with the proposed
scheme, the flow feature is quite similar to one obtained by the
BFC solver, as shown in Figure 6(d). As a result, qualitative
agreements are confirmed from the visualization.

In the previous 2D study [6], we confirmed that the
hybrid scheme worked well by visualizing the spatial dis-
tributions of the switching parameter 𝛽. Figure 7 shows
instantaneous 𝛽 distributions at center planes and isosurface
of 𝛽 = 1. In the previous study, we could observe that
the MUSCL scheme corresponding to the white region was
wrongly selected due to the acoustic wave reflection from
outer boundaries. In this study, however, theMUSCL scheme
is appropriately utilized for the specified region since the
unphysical reflection is suitably suppressed owing to the
sponge region. In the case of the finemesh, the regions solved
by the MUSCL and pseudo skew-symmetric schemes are
clearly separated. The white region for the MUSCL scheme
can be spread according to acoustic dipole from the sphere.
From both 2D images of Figure 7, the wake of the sphere
is covered by the pseudo skew-symmetric scheme, so that
the asymmetric flow can be produced by the low dissipation
nature of the scheme.

Thewake structure of a sphere atMach 0.3 is visualized by
second invariant of velocity tensors (𝑄-criterion) in Figure 8.
Hairpin type vortices are obtained by the BFC solver as shown
in Figure 8(a) and the proposed hybrid scheme as shown in
Figures 8(b) and 8(d). In the case of the MUSCL scheme,
however, the wake structure was not captured due to large
numerical dissipation even in the fine mesh.

Figure 9 summarizes time histories of drag and lift coeffi-
cients. Results from only the MUSCL scheme show constant
values in contrast with the ones from the hybrid scheme.
From the results, the hybrid scheme has an advantage in
capturing the unsteadiness that cannot be captured by the
MUSCL scheme:

𝐶
𝐷

=
24

Re
(1 + 0.15Re0.687)

⋅ (
{1 + exp [− (0.427/𝑀

4.63
) − (3.0/Re0.88)]}

1 + (𝑀/Re) [3.82 + 1.28exp (−1.25Re/𝑀)]
) .

(12)

Figure 10 shows time-averaged drag coefficients, where
black lines, red squares, and blue circles are results from the
BFC solver, hybrid scheme (A), and only MUSCL scheme
(B), respectively. In Figure 10(a), theoretically predicted value
from Carlson’s formula [8] in (12) is presented for the com-
parison. Both the total drag coefficients and the friction drag
coefficients of the current results were underestimated while
the pressure drag coefficients were overestimated. This could
be caused from lack of mesh resolution based on minimum
mesh sizes to resolve the boundary layer thickness described
in Table 2. The drag coefficients of (A) and (B) showed
almost the same values even though the wake structures were
quite different as denoted above. Consequently, the proposed
hybrid scheme is appropriate to capture both drag coefficient
and wake simultaneously.

Flow fields around a sphere are solved at freestream
Mach number 1.2 to confirm the validity of the current
numerical method for supersonic conditions. In the visual-
ization of Figure 11, the distortion of the density contours
is confirmed in the present results owing to the smaller
computational domain compared with the one for the BFC
solver. With regard to the wake structure, there is a little
difference between the hybrid and the MUSCL schemes.
The wake solved by the MUSCL scheme demonstrates more
dissipative feature than the one of the hybrid scheme. From
the visualization of the switching parameter 𝛽 in Figure 12,
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Figure 6: Mach number distributions at Mach 0.3.
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Figure 7: Instantaneous distributions of switching parameter 𝛽 (black: 𝛽 = 0, white: 𝛽 = 1) at Mach 0.3 (left: 2D centerplane, right: 3D
isosurface at 𝛽 = 1).
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Figure 8: Isosurfaces of second invariant of velocity gradient tensor (𝑄 = 1.0 × 10−5) colored by Mach number.

we can observe that the wake was solved by the pseudo
skew-symmetric scheme. The low dissipation characteristics
of the hybrid scheme work well to keep the flow structure.
Even in the coarse mesh computation, the distribution of the
switching parameter does not show big change.This indicates
that the flow structure can be captured by using themesh size
at this flow condition.

Time-averaged drag coefficients at Mach 1.2 in Figure 13
show the same trends as those at theMach number of 0.3.The
pressure drag coefficients are overestimated while the friction
drag coefficients are underestimated.

Consequently, the accuracy of the present flow solver
was confirmed by the discrepancy with the drag coefficient
from the high accurate BFC flow solver. All results could be
categorized into “A” (less than 5 percent discrepancy) and
“B” (5–10 percent discrepancy) in Table 3. In spite of the low
mesh resolution for the boundary layer thickness, this flow
solver demonstrates good applicability to predict the total
drag coefficient around a sphere in the flow condition.

4. Flow Simulation around a Moving Sphere

4.1. Computational Condition. To solve a real gas-particle
flow at the rocket launch, we have to confirm the validity of
a flow around moving particles. Therefore, next validation

Table 3: Performance of drag prediction.

Case Performance
M03D010A B
M03D010B B
M03D005A A
M03D005B A
M12D010A B
M12D010B B
M12D005A A
M12D005B A

is conducted to compare drag coefficient around a fixed
sphere and a moving sphere. In applying the sharp interface
IBM to the moving boundary problem, the so-called “fresh
cell” problem [16, 17] can occur due to sudden appear-
ance/disappearance of the fluid/ghost cell. This problem can
be suppressed by applying cut-cell like approach [17]. In this
simulation, however, no special treatment is implemented to
keep simple IBM to solve the flow around moving multiple
particles. Therefore, the accuracy of the present flow simu-
lation should be investigated by the flow around a moving
object.
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Figure 11: Density distributions at Mach 1.2.

Computational conditions are summarized in Table 4.
The Reynolds number based on the diameter of a sphere is
fixed to be 300 while theMach numbers based on themoving
velocities are set to be 0.3 and 1.2. Mesh resolutions are 0.1D
and 0.05D. The number of grid points is 200 × 100 × 100 for
0.1D and 400 × 200 × 200 for 0.05D cases. The schematic of a
computational domain is drawn in Figure 14. The boundary
conditions are the same as the previous fixed sphere cases.The
first capital characters of F and M declare the case of a fixed
sphere in uniform freestream and a moving sphere in static
flow, respectively.

4.2. Computational Result. Figure 15 demonstrates density
contours around a moving sphere at Mach 0.3 and Mach 1.2
at the beginning of themotion.The flow visualization around
a moving sphere shows qualitative agreements with the one
of the fixed sphere as shown in Figures 6 and 11. The flow
structure observed around a fixed sphere can be captured
around a moving sphere.

Table 4: Test cases.

Re Velocity Mesh size State Case

300

0.3

0.10𝐷 Fix M03D010F
0.05𝐷 M03D005F
0.10𝐷 Move M03D010M
0.05𝐷 M03D005M

1.2

0.10𝐷 Fix M12D010F
0.05𝐷 M12D005F
0.10𝐷 Move M12D010M
0.05𝐷 M12D005M

A developed Cartesian solver underestimated the friction
drag and overestimated the pressure drag for the fixed sphere
analysis as shown in Figures 10 and 13. In the case of the
moving sphere at Mach 0.3 and Mach 1.2, however, opposite
trends to the fixed cases were observed in both the pressure
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(a) M12D010A

(b) M12D005A

Figure 12: Instantaneous distributions of switching parameter 𝛽 (black: 𝛽 = 0, white: 𝛽 = 1) at Mach 1.2 (left: 2D centerplane, right: 3D
isosurface at 𝛽 = 1).

and the friction drag coefficients in Figures 16 and 17. This
trend was also confirmed for the 2D cylinder as shown in
Appendix B. Furthermore, the pressure and friction drag
coefficients at Mach 0.3 were scattered as shown in Figure 16.
In the case of the 2D cylinder, on the other hand, the values
of the friction drag coefficients were almost identical at
both Mach numbers. Therefore, this scattering could occur
from the small computational domain along with the 𝑥-axis
direction. Moreover, high frequency oscillations of the drag
coefficients were observed in Figures 16 and 17 especially in
the pressure drag coefficients of the coarse mesh resolution.
Although this pressure oscillation from the fresh cell problem
is a drawback of the present simple IBM which contains
no special treatments for the conservation law, it could be
suppressed by using finer mesh resolution of 0.05D. In a flow
simulation of gas-particle flow involving multiple particles
and shocks, the numerical oscillationmay be relatively weak-
ened due to the high-speed flow around particles. Therefore,
it is considered that the developed numerical method is
applicable for a flow simulation of the gas-particle flow with
moving particles.

5. Conclusion

A simple IBM for compressible flows was developed and
applied to flows around a stationary and a moving sphere. To
solve gas-particle flows consisting of shocks and turbulence, a
hybrid schemewas employedwith the simple IBM.Moreover,
a simple and rapid algorithm for force evaluation was imple-
mented and validated. Obtained drag coefficients around a
sphere were compared with the ones from high accurate BFC

solver. As a result, we could confirm several features of the
present numerical method as follows:

(1) Unsteady flow characteristics such as the wake struc-
ture and time variance of drag coefficient at Mach 0.3 could
be captured by the hybrid scheme. On the other hand, the
MUSCL-Roe scheme was not suitable to resolve the flow
unsteadiness due to the large numerical dissipation.

(2) The total drag coefficient of a fixed sphere showed
good agreement with the one from the BFC solver. The
pressure and friction drag components, however, were over-
and underestimated in the present IBM by the current mesh
resolutions in both subsonic and supersonic flows.

(3) The total drag coefficient of a moving sphere could
show grid convergence as same as the case of a fixed sphere.
The pressure and the friction drag components, however,
showed reversal trends with the results of a fixed sphere.

(4) The numerical oscillation of the drag coefficients
caused from the fresh cell problem could be suppressed by
the finemesh resolution. Consequently, we could confirm the
applicability of the developed numerical method to a flow
simulation of gas-particle flow with moving particles.

Next issue for the gas-particle flow simulation is to treat
the momentum and heat exchange between particles and a
flow by coupled simulation.

Appendices

A. Symmetric Central Difference Parts in
the Hybrid Scheme

We have two options for the symmetric central difference
parts of (7) as original terms or modified terms of 𝐸

𝑖+1/2,cent
used in the previous study [6]. Although the latter showed
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Figure 13: Time-averaged total, pressure, and friction drag coefficients at Mach 1.2.
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Figure 14: Computational domain for moving sphere.

good performance in the previous study, the former is more
straightforward expression than the latter. Therefore, drag
coefficient of a fixed sphere was compared between these
schemes at Mach 0.3 and Mach 1.2. The results obtained
from former (A), latter (C), and only MUSCL scheme (B)
are summarized in Table 5. The values show discrepancies
between the evaluated drag coefficients and the reference
value obtained by the highly accurate BFC solver.The original
MUSCL-Roe (A) showed smaller discrepancies than the pre-
vious scheme (C) as shown in Table 5. Consequently, scheme
(A) consisting of usual MUSCL-Roe fluxes was suitable for
the symmetric central difference parts in this flow regime.
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Figure 15: Initial density contours around a moving sphere (left: Mach 0.3, right: Mach 1.2).

B. Aerodynamic Force Evaluation without
Surface Polygons

To realize large-scale computations by high performance
computers, simple and easy programs are preferable from
the aspect of extensibility and rapid modification. The
aerodynamic force evaluation in IBM with Cartesian
mesh is one of the concerns due to the implicit boundary
representation. The object boundary is approximated as
assemblage of planes in 3D or lines in 2D in computational
cells in the present IBM. Although it is straightforward
procedure that the aerodynamic force is estimated by
using the cut planes, it may become time consuming work
especially for a moving boundary problem. Nonomura et al.

proposed simple force measurement technique for arbitrary
geometry based on the staircase representation. We applied
the technique to a fixed and moving object and numerical
tests were conducted as shown in Table 6. Algorithms “A”
and “B” indicate schematics of Figure 2. Algorithm A is
a force calculation method by using cut planes between
the ghost and fluid cells. Algorithm B, on the other hand,
is based on the staircase object representation proposed
by Nonomura et al. The object geometry is a 2D cylinder
in these cases. The cylinder moves along with 𝑥-axis. The
computational domain sizes are 70D and 10D along with 𝑥-
and 𝑦-axes based on the diameter of the cylinder D.

From the time-averaged drag coefficient at Mach 0.3
(Figure 18) and Mach 1.2 (Figure 19), trends of the grid
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Table 5: Discrepancy of drag coefficient.

Mach Scheme Mesh Δ𝐶
𝐷

Δ𝐶
𝐷𝑝

Δ𝐶
𝐷𝑓

0.3

A 0.10𝐷 4.3 −27.0 50.4
0.05𝐷 3.1 −16.5 32.1

B 0.10𝐷 7.7 −22.5 52.2
0.05𝐷 4.2 −18.1 37.0

C 0.10𝐷 4.5 −29.6 54.6
0.05𝐷 4.9 −15.7 35.2

1.2

A 0.10𝐷 9.4 −2.5 48.6
0.05𝐷 3.7 −4.4 30.5

B 0.10𝐷 10.7 −0.9 48.6
0.05𝐷 3.7 −4.6 30.8

C 0.10𝐷 10.5 −2.4 53.1
0.05𝐷 5.6 −2.3 31.5

convergence could be observed for both force evaluation
methods even though opposite tendencies were also clarified
between the cases of a fixed and a moving cylinder. From the
comparison of algorithms A and B, reasonable prediction of

Table 6: Test cases.

Re State Algorithm Velocity Mesh size Case

300 Fix

A
0.3 0.10𝐷 FAM03D010

0.05𝐷 FAM03D005

1.2 0.10𝐷 FAM12D010
0.05𝐷 FAM12D005

B
0.3 0.10𝐷 FBM03D010

0.05𝐷 FBM03D005

1.2 0.10𝐷 FBM12D010
0.05𝐷 FBM12D005

300 Move

A
0.3 0.10𝐷 MAM03D010

0.05𝐷 MAM03D005

1.2 0.10𝐷 MAM12D010
0.05𝐷 MAM12D005

B
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Figure 17: Time history of drag coefficient for fixed/moving sphere
at Mach 1.2 Relative Velocity.
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Figure 18: Time-averaged drag coefficient for fixed/moving sphere
at Mach 0.3 Relative Velocity.
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Figure 19: Time-averaged drag coefficient for fixed/moving sphere
at Mach 1.2 Relative Velocity.

Figure 20: Computational mesh for high-order boundary-fitted
coordinate flow solver.

the aerodynamic forces could be accomplished even in using
simpler algorithm B. Therefore, we employed algorithm B to
estimate drag coefficient for all computations in this paper.

C. Computational Mesh for Boundary-Fitted
Coordinate Solver

See Figure 20.
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Speech emotion classification method, proposed in this paper, is based on Student’s t-mixture model with infinite component
number (iSMM) and can directly conduct effective recognition for various kinds of speech emotion samples. Compared with the
traditional GMM (Gaussian mixture model), speech emotion model based on Student’s t-mixture can effectively handle speech
sample outliers that exist in the emotion feature space. Moreover, t-mixture model could keep robust to atypical emotion test
data. In allusion to the high data complexity caused by high-dimensional space and the problem of insufficient training samples,
a global latent space is joined to emotion model. Such an approach makes the number of components divided infinite and forms
an iSMM emotion model, which can automatically determine the best number of components with lower complexity to complete
various kinds of emotion characteristics data classification. Conducted over one spontaneous (FAUAibo Emotion Corpus) and two
acting (DES and EMO-DB) universal speech emotion databases which have high-dimensional feature samples and diversiform data
distributions, the iSMMmaintains better recognition performance than the comparisons.Thus, the effectiveness and generalization
to the high-dimensional data and the outliers are verified. Hereby, the iSMM emotion model is verified as a robust method with
the validity and generalization to outliers and high-dimensional emotion characters.

1. Introduction

In naturalistic human-computer interaction (HCI), speech
emotion recognition (SER) is becoming increasingly impor-
tant in various applications. In the literature, the studies on
speech emotion recognition may be categorized into the fol-
lowing: (a) the searching for robust speech emotion features,
(b) the study on emotion classification models (Gaussian
mixture model (GMM) [1] and regression are adopted, resp.,
for discrete emotionmodel and continual dimensionalmodel
[2–4]), (c) the study towards naturalistic emotional behavior,
and (d) the approaches that consider the complex envi-
ronment factors, for example, context dependent [5], cross-
language, and gender dependent speech emotion recognition
[6].

On account of simple structures and easy implementa-
tion, classifier models with Gaussian kernel are commonly
used in speech emotion recognition. However, the division
performance in space of Gaussian kernel largely depends
on the characterization of characters in the training samples

themselves. If a certain proportion of outliers (singular
points) arise in the actual emotion feature samples, it
may lead to the surge in number of divisory components,
which would seriously affect the recognition performance.
Moreover, in previous research on emotion models [7–9],
the model component numbers usually need to be gained
through a plenty of training on data. Then, when the
underfitting of emotion characteristics leads to mismatching
between test samples and training samples, the model com-
ponent number division will be affected, which results in the
performance degradation of classifiers. To solve the above
problems, this paper introduced feature classificationmethod
of speech emotion based on Student’s 𝑡-mixture model with
infinite component numbers (iSMM). First of all, based on
nonparametric Bayesian statistical distribution [10], Student’s
𝑡-distribution emotion model is set up for high-dimensional
space modeling of speech emotion features, while according
to the appropriate numbers of components characteristics
classification proceeds effectively. Then, the iSMM models
are based on normal distributions [11]. Compared to other
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models, their unique “long-tail” structures make them more
robust when handling outliers in speech emotion features
and monitoring data with underfitting sample spaces. At
last, profiting from latent variables with the hybrid model
distributions, the iSMM emotion model in this paper can
automatically determine the best composition numbers to
conduct the optimal partition of feature space. Meanwhile,
outliers in various kinds of speech emotion characters can be
effectively dealt with and the problem of model size selection
could be solved simultaneously.

In order to verify our proposed method, we adopt three
different databases in two different languages: Danish and
German. The cross-language speech emotion recognition
is still a challenge. Although the emotion expression has
a universal character in different nations and cultures, the
acoustic features are greatly impacted by different languages.
Hence, some of the emotion recognition algorithms may
achieve good result in one language while having poor
performance in another one.

The remainder of this paper is organized as follows.
Section 2 gives the introduction of Student’s 𝑡-mixturemodel.
Section 3 provides the detailed establishment of emotion
model based on the iSMM. Section 4 gives the experimental
results on different databases and different languages. Finally,
the conclusion is given in Section 5.

2. Speech Emotion Feature Classifiers Based
on Statistical Models

FA (factor analysis) is a statistical model to process high-
dimensional observed data of speech emotion. FA consists
of low-dimensional latent factors, generally, used for dimen-
sionality reduction of local offline data, such as GMM. The
combination of a series of factor analyses can form finite
local MFA (mixture factor analysis). However, during the
process of MFA applied, standardization may usually lead to
distribution errors on several factor components, which can
further result in the decline of performance with the presence
of underfitting data and outliers. The common solution is
adopting an independent dimensionality reduction strategy
instead of MFA, such as LDA (Linear Discriminant Analysis)
and PCA (Principal Component Analysis). However, not
only does this increase the complexity of the classification
scheme, but processing the singular values or outliers of
speech emotion features is also very difficult.

As shown in Figure 1, Student’s 𝑡-distribution is intro-
duced to replace the MFA in normal distribution, construct-
ing the finite Student’s 𝑡-distribution mixture model (SMM)
[12]. Specifically, the degree of freedom is integrated into
Student’s 𝑡-distribution as a new parameter, bringing the
model distribution a “long tail.” So, to outliers and atypical
feature data, emotion model could keep robust.

In allusion to speech emotion classifiers based on distri-
bution models, the finite mixture model is applied to assess
observed emotion sample data. The density expression of a
finite mixture model is formed as

𝛿 (x | 𝜗) =
𝐺

∑

𝑔=1

𝜏
𝑔
𝛿
𝑔 (x | 𝜃𝑔) , (1)

Factor analysis (FA) GMM

Mixture factor 
analysis (MFA)

PCA/LDA

Finite local combination

Adding the t-distribution
with “long tail”

SMM

iSMM
Bayesian 
criterion

Adding a countable infinite 
number of components

Figure 1: Statistical models for emotion data space.

where 𝜏
𝑔
> 0 and the mixture probability ∑𝐺

𝑔=1
𝜏
𝑔
= 1

is satisfied. 𝜗 = (𝜏
1
, . . . , 𝜏

𝐺
, 𝜃
1
, . . . , 𝜃

𝐺
) is the vector of

parameters while 𝛿
𝑔
(x | 𝜃

𝑔
) is the density of 𝑔th component

in the model. In the former research of setting up emotion
models for SER [9, 13], multivariate Gaussian distributions
are often used in the analytical formula of classifiers to express
the component densities, which is shown in Figure 2(a).
However, recent studies have consciously focused onmixture
models based on non-Gaussian frameworks which were used
for classification or clustering in high-dimensional data for
SER or other fields [14–17].

Being similar to Gaussian distribution and Skew-𝑡 distri-
bution [18], Student’s 𝑡-distribution is quite suitable for classi-
fying high-dimensional data or clustering.The AECM (alter-
nating expectation-conditionalmaximization) algorithm [19]
is often used to estimate the model parameters. Meanwhile,
the BIC (Bayesian information criterion) [20] may be intro-
duced to determine the types of model.

3. Establishment of the Emotion Model
Based on iSMM

In some cases such as exorbitant dimension of observed data
(usually in the spontaneous speech emotion databases) or
oversize number of components needed to be demarcated
in the emotion feature spaces, the parameters of the SMM
may be hard to control, thereby leading to the performance
degradation of classifiers. Under thismotivation, in thiswork,
an infinite mixture countable number of components are
introduced, constructing the iSMMmodel.

As shown in Figure 2(b), for each component, expec-
tations of mean are denoted by “I” and expectations of
covariance are represented as the shaded ellipse. So the iSMM
propels monitoring data to match the model, rather than
aiming at reducing the complexity through adjusting the
structure of the models themselves.

3.1. The Emotion Model Based on Student’s 𝑡-Distribution.
The distribution of the emotional samples in the feature
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Emotion feature data 1
Emotion feature data 2
Expectation of mean

(a) Component demarcation with GMM

Emotion feature data 1
Emotion feature data 2
Expectation of mean

(b) Component demarcation with iSMM

Figure 2: Plot of fitting multicomponent GMM and iSMM to the emotion feature corpus.

space could be described by multiple superposed Student’s 𝑡-
functions. Theoretically, iSMM model may fit arbitrary den-
sity distribution function, as long as there are enough mixed
Student’s 𝑡-components. In our research, iSMM is applied to
modeling various emotions. In detail, each emotion category
corresponds to an iSMMand is judged through themaximum
a posteriori probability criterion. Here, 𝑥𝑗 is the 𝑗th utterance
sample and 𝑐𝑘 represents the emotion category where 𝑘 =

1, . . . , 𝐾. Then, the maximum a posteriori probability is

𝑃 (𝑐
𝑘
| 𝑥
𝑗
) =

𝑃 (𝑥
𝑗


𝑐
𝑘) 𝑃 (𝑐𝑘)

𝑃 (𝑥
𝑗
)

. (2)

In (2), 𝑃(𝑐
𝑘
|𝑥
𝑗
) is obtained through each iSMM model.

For a given statement sample, the probability of feature vector
is a constant. Assume that each emotion possesses equal
probability; 𝑝

𝑘
is the probability of the 𝑘th emotion class:

𝑝
𝑘
= 𝑃 (y | Y

𝑘) , (3)

where y is the acoustic feature vector of corresponding speech
utterance and Y

𝑘
is the feature distribution model which

can be formulated by Student’s 𝑡-mixture model with iSMM.
Hence, identification of samples can be judged by

𝑐
𝑘
= arg max {𝑝

𝑘
} , (4)

where 𝑐
𝑘 stands for the emotion class label in the emotion

model.
Infinite Student’s 𝑡-factor mixture distribution, in this

paper, is introduced to structure the emotion classification
model. Suppose that the number of infinite substructures in
a model is countable, and then, according to the Dirichlet
process, the mixture model suitable for emotion feature
database could be obtained.

𝑝-dimensional emotion characteristics data y
𝑛
(𝑛 = 1,

. . . , 𝑁) can be described as

y
𝑛
= Au
𝑛𝑖
+ e
𝑛𝑖
, with prob. 𝜋

𝑖
. (5)

Among them, the probability of feature data sample is set
as 𝜋
𝑖
(𝑖 = 1, . . . , 𝐼), where ∑𝐼

1
𝜋
𝑖
= 1 and 𝐼 is the number

of the mixture compositions divided in the emotion feature
space. The corresponding 𝑞-dimensional (𝑞 < 𝑝) factor u

𝑛𝑖
is

distributed independently 𝑡(u𝑛𝑖 | 𝜉𝑖,Ω𝑖, V𝑖), where V𝑖 is called
degrees of freedom, parameter 𝜉𝑖 is 𝑞-dimensional vector,
and Ω𝑖 is a 𝑞 × 𝑞 positive definite symmetric matrix, which
represent the mean and variance of the 𝑖th emotion compo-
nent in low-dimensional feature subspaces. Furthermore, e𝑛𝑖
represents component error of the emotion features, which
obeys independent distribution 𝑡(e𝑛𝑖 | 0,D, V𝑖), where D
is a diagonal matrix and A is a 𝑝 × 𝑞 matrix shared by all
divided emotion components. Therefore it is defined as the
common emotion factor loading matrix. The 𝑡-distributions
𝑡(u
𝑛𝑖
| 𝜉
𝑖
,Ω
𝑖
, V
𝑖
) and 𝑡(e

𝑛𝑖
| 0,D, V

𝑖
) can be regarded as average

normal scale distributions N(u
𝑛𝑖
| 𝜉
𝑖
,Ω
𝑖
/𝑤
𝑛𝑖
) and N(e

𝑛𝑖
|

0,D/𝑤
𝑛𝑖
) with the precision scalar𝑤

𝑛𝑖
Gamma distributions;

that is,
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𝑖
,Ω
𝑖
, V
𝑖
)

= ∫N(u
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Ω
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𝑤𝑛𝑖

)G(𝑤
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V
𝑖

2
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V
𝑖

2
) d𝑤
𝑛𝑖
,

𝑡 (e
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| 0,D, V
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)

= ∫N(e
𝑛𝑖 | 0,

D
𝑤
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)G(𝑤𝑛𝑖 |
V
𝑖

2
,
V
𝑖

2
) d𝑤𝑛𝑖.

(6)

Here, data space model based on 𝑡-distribution of speech
emotion features could be gained, where the parameter set
of emotion model, Θ, contains the parameters 𝜉𝑖, Ω𝑖, V𝑖 (𝑖 =
1, . . . , 𝐼), A,D, and 𝜋𝑖 (𝑖 = 1, . . . , 𝐼 − 1).

3.2. Probabilistic Distribution Modeling of Emotion Features.
Because the topic of SER this paper discussed belongs
to supervised machine learning, in order to accomplish
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the mission of emotion classification, the focus on the pos-
terior distribution of stochastic variables of the emotion
feature parameters is unnecessary while the research about
the emotion characteristics data y

𝑛
for testing holds the main

part in our work.
For this purpose, the distribution of emotion characteris-

tics data tested is evaluated as 𝑃(y
𝑛
| Y). According to the

principle of the Bayesian framework, it is known that the
distribution above can be obtained through the calculation
of marginal likelihood about 𝑃(y

𝑛
| Θ) and posterior

distribution 𝑃(Y𝑘 | Θ), as the following formula:

log𝑝 (y
𝑛
| Y) = log∫ dΘ𝑝 (y

𝑛
| Θ) 𝑝 (Θ | Y)

≈ log∫ dC𝑞 (C) ∫ dA𝑞 (A) ∫ d𝜉dΛ𝑞 (𝜉,Λ)

⋅ {

𝑇

∑

𝑖=1

𝑝 (z𝑛𝑖 | 𝜋𝑖 (C)) 𝑝 (y


𝑛
| z𝑛𝑖,A, 𝜉𝑖,Λ𝑖,D, k𝑖)} ,

(7)

where the evaluation on posterior distribution of emotion
samples is obtained from training data of each type of
emotions. In formula (7), 𝑞(C), 𝑞(A), and 𝑞(𝜉𝑖,Λ𝑖) and
parameters D and k are gotten from inference prediction of
corresponding emotion categories in the infinite Student’s 𝑡-
distribution.

Furthermore, through applying step “E” in expectation-
maximization (EM) algorithm [21] to the test data y

𝑛
, the

posterior probability of latent variables 𝑧
𝑛
, which is derivation

from emotion characteristics, could be obtained. The iSMM
which is composed of several latent weights could approxi-
mate the real distribution of samples by the Student’s 𝑡-model.
The estimate of iSMM model includes three parameters: the
mixed weight of latent weight, the mean 𝜇, and variance ∑
of each 𝑡-distribution function. Hereby, the weight of latent
variables 𝑧

𝑛
is

𝑎
𝑧
𝑛

=
1

𝑁

𝑁

∑

𝑛

𝑃 (𝑧
𝑛
| y
𝑛
, Θ) . (8)

The recursive formula of mean and variance is

𝜇
𝑧
𝑛

=
∑
𝑁

𝑛
y
𝑛
𝑃 (𝑧
𝑛
| y
𝑛
, Θ)

∑
𝑁

𝑛
𝑃 (𝑧𝑛 | y𝑛, Θ)

, (9)

∑

𝑧
𝑛

=

∑
𝑁

𝑛
𝑃 (𝑧
𝑛
| y
𝑛
, Θ) (y

𝑛
− 𝜇
𝑧
𝑛

) (y
𝑛
− 𝜇
𝑧
𝑛

)
𝑇

∑
𝑁

𝑛
𝑃 (𝑧
𝑛
| y
𝑛
, Θ)

, (10)

𝑃 (𝑧
𝑛 | y𝑛, Θ) =

𝑎
𝑧
𝑛

𝑃𝑧
𝑛

(y𝑛 | 𝜃𝑧
𝑛

)

∑
𝐾

𝑘=1
𝑎
𝑘
𝑃
𝑘
(y | 𝜃
𝑘
)

, (11)

where 𝑃
𝑧
𝑛

(y | 𝜃) and 𝑃
𝑘
(y | 𝜃) are both Student’s 𝑡-

distribution.
At last, the forecast distribution y

𝑛
of characteristic in

each type of emotions can be calculated according to the
analyses above.

3.3. Evaluation: Decision Function of SER Based on Student’s
𝑡-Distribution. In speech emotion classification, label 𝑐

𝑘
rep-

resents a category of 𝐾 emotions in data sample set Y, where
Y = {y

1
, . . . , y

𝑁
} is the sample set of emotion features, in

which y
𝑛
(𝑛 = 1, . . . , 𝑁) is 𝑝-dimensional emotion data and

category number 𝑘 belongs to feature samples of speech for
training. During the process of testing, each emotion data
tested adopts the “E” step of EM algorithm to be derived.
At the same time, each prediction distribution of features is
calculated in emotion categories: 𝑃(y

𝑛
|Y𝑘). Based on formula

(4), the criterion of speech emotion model can be obtained
by Student’s 𝑡-distribution as

𝑐
𝑘
=
𝐾arg max
𝑘=0

𝐹 (Y
𝑘
, y
𝑛
; Θ) , (12)

where emotion feature vector y
𝑛 satisfying 1 ≤ 𝑛 ≤ 𝑁 is

extracted from the frame of each speech on the database in
use.

Based on the judgment criteria (12) and the conditional
distribution log𝑃(y

𝑛
|Y), the emotion model can be estab-

lished by Student’s 𝑡-distribution, and the decision function
for feature recognition could be inferred as follows:

𝑐
𝑘
= arg 𝐾max

𝑘=1

𝐹 (Y
𝑘
, y
𝑛
; Θ)

= arg 𝐾max
𝑘=1

log𝑃
Θ
(y
𝑛
| Y
𝑘
)

= arg 𝐾max
𝑘=1

[log∫ dΘ𝑃(y
𝑛
| Θ) 𝑃 (Θ | Y)] .

(13)

At the beginning of test on emotion model with Student’s
𝑡-distribution, step “E” for deriving model parameters is
carried out on each test data y

𝑛
. Meanwhile, according

to formula (11), the forecast distributions of each emotion
category are calculated as 𝑃(y

𝑛
| Y
1
), . . . , 𝑃(y

𝑛
| Y
𝐾
).

Consequently obtained by formula (13), the emotion category
𝑐
𝑘
, which possesses the maximum prediction distribution, is

the recognition results of emotion feature data tested.

3.4. Analysis on High-Dimensional Feature Space of Speech
Emotion Based on iSMM. The emotion model, where vari-
able and observed data is one-to-one correspondence, ben-
efits from Bayesian criterion and the average field theory
to obtain the relevant posterior distribution, which can be
implemented to determine the model structure for emo-
tion feature classification. For the reason of nonparametric
Bayesian statistics principle, the iSMM adjusts component
numbers on the basis of the distribution model established.

After the evaluation of decision function for SER accom-
plished, further analysis on the probability distributions
of parameters in the emotion model is necessary. High-
dimensional emotion feature samples generated by the iSMM
model are Y = {y1, . . . , y𝑁}. The iSMM is formed through
joining an accompanying countable infinite number of com-
ponents to the SMM, where the infinite dimensional latent
stochastic variables z

𝑛
introduced are one-to-one correspon-

dence with emotional features data y
𝑛
for experiment. The

constraint conditions of the latent emotion feature elements
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Figure 3: Probabilistic graphical model representation of the iSMM
emotion model. Circles represent stochastic variables, and arrows
describe conditional dependence between these variables.

in z
𝑛
are z
𝑛
∈ {0, 1} and∑

𝑖
z
𝑛
= 1. In Student’s 𝑡-distribution,

because y
𝑛
is the mixed component of emotion features

stemming from the 𝑖th partition on the sample space, thus
the specific feature element here satisfies z

𝑛
= 1 and other

elements are all 0. Therefore, the entirety latent variables
space of features could be set as Z = {z

1
, . . . , z

𝑛
}. According

to formula (3), themarginal distribution ofZ conforms to the
mixture probabilistic 𝜋 = {𝜋

1
, . . . , 𝜋

∞
}, which is given as

𝑃 (Z | 𝜋) =

𝑁

∏

𝑛=1

∞

∏

𝑖=1

𝜋
𝑧
𝑛𝑖

𝑖
. (14)

Then, based on the principle of nonparametric Bayesian
statistics, 𝜋 could be obtained by the stick-breaking [22]
method.

With respect to the data space y
𝑛
of emotion features

tested, in which it is assumed that samples are obeying
identically independent distribution, the decision function
can be represented as

𝐹 (Y
𝑘
, y
𝑛
; Θ) = log𝑃

Θ
(y
𝑛
| Y
𝑘
) = log 𝑞 (u | z,w)

=

𝑁

∏

𝑛=1

𝑇

∏

𝑖=1

N(u
𝑛𝑖
| �̃�u
𝑛𝑖

,

̃
∑u
𝑛𝑖

𝑤
𝑛𝑖

)

𝑧
𝑛𝑖

,

(15)

where the hyperparameters �̃�u
𝑛𝑖

and ̃∑u
𝑛𝑖

are inferred through
the estimation of latent variable z

𝑛
by the convergence crite-

rion standard [23]. The relationship between the variables in
the iSMM emotion model is shown in Figure 3.

According to the emotion model based on infinite Stu-
dent’s 𝑡-distribution, in the feature space, the calculation of
the posterior distribution 𝑃(Θ|Y) is essential. Therefore, the
boundary likelihood probability of emotion feature space
partitioned is necessary to be analyzed:

𝑃 (Y) = ∫𝑃 (Y, Θ) dΘ. (16)

In detail, because there are interactions between multiple
stochastic variables in 𝑃(Θ | Y), therefore, according to

the method which is in accordance with the Kullback-Leibler
(K-L) divergence theory described in previous research [24,
25], an arbitrary distribution 𝑞(Θ) is introduced to estimate
the actual posterior distribution 𝑃(Θ | Y). On the premise of
this assumption, the calculation of the boundary likelihood
function of feature data in the emotion model could be
realized by applying Student’s 𝑡-distribution:

log𝑃 (Y) = J (𝑞) + KL (𝑞 ‖ 𝑝)

= ∫ dΘ𝑞 (Θ) log 𝑃 (Y,Θ)
𝑞 (Θ)

+ KL (𝑞 ‖ 𝑝) ,
(17)

where KL(𝑞 ‖ 𝑝) is defined for estimating the K-L divergence
between the posterior distribution 𝑞(Θ) and the actual
posterior distribution 𝑃(Θ | Y) [8]. In the above equation,
for the K-L divergence is negative, J(𝑞) is the lower bound
of log𝑃(Y). According to the mean field approximation
principle [26], the estimation of the lower bound J(𝑞) can
be determined. Accordingly, predicted parameters of the
emotion features in 𝑞(Θ) could be calculated.

Therefore, the emotion model could automatically deter-
mine the best number of components with lower complexity
to complete various kinds of emotion characteristics data
classification.

4. Experimental Results

4.1. Experimental Settings. In the experiment, we conducted
three international general speech databases using the iSMM
emotion model for SER. In the previous related research
[27–29], the EMO-DB and Danish emotional speech (DES)
are databases based on speech performance; the utterances
included are obtained from the speakers under pressure of
simulation and performance.These two databases are chosen
to test the performance of the iSMM model in dealing with
different amount of data and speech categories. Aibo database
is composed of spontaneous speech, belonging to the natural
speech emotion. We conduct Aibo in the experiment to
evaluate the recognition performance of the iSMM emotion
model on imparity properties of speech emotion samples.

We adopted the OpenEAR toolkit [30] to extract numer-
ous low-level descriptors (LLD) including the delta and
double-delta functions and achieved 1,582 dimensional fea-
tures in total. After applying the LLD description crite-
rion, the mapping static feature vectors could be obtained
including original signal, the signal energy, pitch, timbre,
frequency, and MFCCs. Particularly, the focus in our work
is the performance of the iSMM emotion model proposed,
which is applied to the SER, rather than research on the
optimization algorithm about selecting features. Accordingly,
any promotion in recognition performance could be given
the credit to the emotion model proposed.

In this experiment, a set of 𝑁 = 1582 𝑝-dimensional
speech feature data from various corpus set y

𝑛
is generated

by the SMM [12], whose true underlying group structure
is known: the number of components 𝐼 is the number of
emotion classes (5 or 7) and the dimension of factors 𝑞 is
2. In each observed data y

𝑛
= (y𝑇
1𝑛
, y𝑇
2𝑛
)
𝑇, y
1𝑛

represents
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𝑝 = 10 dimensional subvector containing the latent stochas-
tic variables z

𝑛
, while y

2𝑛
is a𝑝
2
-dimensional subvector of test

variables with 𝑝
2
= 𝑝 − 𝑝

1
. Each observed data is obtained

by both SMM and iSMM by substitution into formulas in
Section 3:

y
𝑛
= (A𝑇
1
,A𝑇
2
)
𝑇

u
𝑛𝑖
+ e
𝑛𝑖
with prob. 𝜋

𝑖
. (18)

𝑝
1 × 𝑝 submatrix A1, the common factor loading matrix,

is

A𝑇
1

= (

0.5 −0.9 0.3 0.6 0.2 −0.7 0 0 0 0

0 0 0 0.8 −0.7 0.5 0.6 −0.4 0.3 −0.5

) ,

(19)

and all elements of 𝑝2 × 𝑞 submatrix A2 related to the
singularities are zero. Assume that 𝐼 = 5; then the mixing
proportion vector is𝜋 = (0.15 0.2 0.3 0.15 0.2).Themean
vectors of u

𝑛𝑖
are given by 𝜉

1
= (0 5)

𝑇, 𝜉
2
= (−5 0)

𝑇,
𝜉3 = (0 0)

𝑇, 𝜉4 = (5 0)
𝑇, and 𝜉5 = (0 −5)

𝑇 and their
covariance matrices are specified as

Ω
1
= (

0.1 0

0 0.5

) ,

Ω
2
= (

0.5 0

0 0.1

) ,

Ω
3
= (

1 0.9

0.9 1

) ,

Ω
4 = (

0.5 0

0 0.1

) ,

Ω
5
= (

0.1 0

0 0.5

) .

(20)

The degrees of freedom are V
1
= V
2
= V
4
= V
5
= 5 and V

3
= 3.

The covariance matrix D of e
𝑛𝑖
is a diagonal matrix, whose

diagonal elements are specified to be 0.2.

4.2. Experimental Analysis on Acting Corpus Using iSMM.
We conduct SER on the three general databases using four
emotion models: iSMM, SMM, GMM, and 𝐾NN (𝐾-nearest
neighbor) [31], respectively. The Berlin database, also known
as EMO-DB, contains utterances spoken in German. EMO-
DB is acquired, respectively, from phonetic performance
of five male and female actors, including seven kinds of
emotion data: anger, disgust, fear, sadness, boredom, neutral,
and happiness. There are a total of 800 utterances in EMO-
DB. In the literature [9], 20 respondents are invited to
conduct actual test of the 494 utterances. Then, the results
show that, in EMO-DB, the natural intelligible utterances
reach 60% and accurate selection of emotion is above 80%.
DES database is collected from 341 utterances within 5
kinds of emotion: anger, happiness, neutral, sadness, and
surprise.
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Figure 4: Confusion matrix between seven emotions of the EMO-
DB using the iSMMmodel.

We analyze the results reflected in Figure 4, which
demonstrates the normalized confusionmatrix of SER exper-
iment using the iSMM on the EMO-DB database. Com-
pared with the improved GMM in literature [9], the iSMM
proposed in our research has great improvement on SER
performance. Specifically, the recognition rates of “angry”
and “disgust” emotion are close to 100%. For the reason
of Student’s 𝑡-distribution, when dealing with EMO-DB,
such database with deficiency speech samples conducts the
EM algorithm to test emotion data y

𝑛
for latent variables

𝑧
𝑛
of emotional features. Thus, the prediction distribution

of emotion features in each category could be deduced as
𝑝(y
𝑛
| Y
𝑘
); as a result, influences of unstable recognition

performance caused by underfitting feature space can be
weakened.

However, analyzing the error result of “fear” and “bore-
dom” emotions, which are almost classified to “calm” and
“sad,” it is shown that the correlations of emotion feature
between them are relatively high. It should be noted that there
are two types of errors: false positive and false negative. In
our experiments, recognition accuracy is the ratio of correct
judgment:

Ac = 1 − FP, (21)

where Ac represents the accuracy and FP is the false positive.
Here, the inaccuracy consists of leakage probabilistic and
false drop rate.

Figure 5 reveals the result of SER on the Danish database
by the iSMM emotion model. DES is the speech emotion
database comparatively difficult to be recognized; on this
account, experimental results show decline of the emo-
tion recognition performance compared to Berlin database
overall. In particular, the recognition rates of “fear” and
“happy” are less than 80%. It is worth mentioning that, in
most cases, some key dimensions of emotion feature in the
speech emotion database possess the main information of
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Figure 5: Confusionmatrix between five emotions of the DES using
the iSMMmodel.

their categories. Compared to many other dimensions, the
necessity of their existence is much higher. Profiting from
the unique “long-tail” structures, Student’s 𝑡-distribution,
compared with the GMM emotionmodel, is able to select the
key dimensions with high feature information for component
partition. Hence, under similar conditions, the SER method
proposed in our work achieves obvious improvement of
performance compared with the literature [32] which uses
3DEC hierarchical classifier.

4.3. Analysis of Contrast Experiment between iSMM and
GMM on the Aibo Database. The Aibo speech database
(Batliner et al., 2008 [33]; Steidl, 2009 [34]) was gathered
from children accompanying pet robot Aibo developed by
SONY. Then, ten kinds of emotion classes contained in the
recordings, through machine learning, are mapped into the
four categories: anger, emphatic, neutral, and positive, while
the other samples are divided into to the fifth classes: rest.
Thereafter, through the recognition test to nonspecific person
by Björn et al. in 2009, the Aibo database is collated as the
recent corpus: Interspeech 2009 emotion challenge [35].

This section focuses on the effect of the iSMM algorithm
on emotion recognition from spontaneous speech database. It
is revealed by Figure 6 that, compared with the acting speech
databases, the recognition rates on the Aibo present striking
descent.

Analytically, due to strong continuous correlation
between emotional categories in spontaneous speech
databases, there exists a considerable amount of outliers and
singular values leading to classified errors during the process
of component demarcations by emotionmodels.These errors
are more frequent in describing the categories of feature
data, peculiarly, when conducting Gaussian distribution with
equal means and variances. Benefiting from the long-tail
structure of Student’s 𝑡-distribution, the iSMM possesses
more robustness to the atypical observation data (outliers).
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Figure 6:Confusionmatrix betweenfive emotions of theAibousing
the iSMMmodel.
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Figure 7: Comparison of SER accuracy between the iSMM and
GMM classifiers on five emotions of the Aibo.

Thus, compared to other models, the iSMM has distinct
superiority of SER performance on spontaneous speech
emotion samples.

Regarding the emotion feature samples of the spon-
taneous database Aibo, the data distribution of space is
discrete and there is lack of the training samples leading to
underfitting, since the speech material is evoked. Therefore,
this condition brings the emotion models a certain extent
of difficulties with component partition. The analysis of
Figure 7 shows that accuracies of correct classification on
Aibo using the GMM model keep a considerable low level,
especially on the two emotions: “positive” and “rest” are
even lower than 30%. The iSMM, by contrast, possesses
comprehensive advantages in SER. Particularly, on the three
emotions: “emphatic”, “anger,” and “rest”, there is a significant
improvement. Since there is a given mass of emotion fea-
tures with high redundancy distributing in the spontaneous
database, in the process of component spaces partitioned, the
GMMmodel conducts classification based on the principle of
mean square error, which may result in the large redundancy



8 Mathematical Problems in Engineering

Table 1: Average accuracy (%) of correct classification on the testing
data set of the three databases using four emotion models.

Database Emotion model
iSMM SMM GMM 𝐾NN

EMO-DB 86.9 85.4 82.7 81.2
DES 75.0 70.9 58.4 60.9
Aibo 42.8 38.2 30.8 31.4

of the singular points. In contrast, as the analysis above, the
ability to deal with outliers brings Student’s 𝑡-distribution
favorable fitness to emotion features of the spontaneous
speech.These aspects make the iSMMmodel keep a relatively
good performance and robustness on the Aibo database.

4.4. Integrated Analysis on Various Databases Using the Four
Emotion Models. The results of recognition experiment on
EOM-DB inGerman andDES inDanish show that the iSMM
model maintains good robustness for different language
speech emotion databases. In the iSMM emotion model,
each forecast distribution of component in emotion category
𝑝(y
𝑛

| Y
𝑘
) is a subset of the distribution of the initial

component.Through the stick-breaking principle in the time
domain, the number of infinite components on observed data
can be inferred. Whereas the numbers of components in the
GMM or 𝐾NN emotion models are changeless, as a result,
the speech feature data may be overfitting.

As shown in Table 1, the iSMM holds higher average
recognition rates on all databases than its comparison group.
The recognition experiment results using GMM and 𝐾NN
are almost flat, while SMM also has a significant advantage
in comparison to them. Given this difference, we found
that the iSMM and SMM approaches described here, which
achieve better results than GMM and 𝐾NN, profit from
the prediction distribution of emotion categories: 𝑃(y

𝑛
|

Y
𝑘
). This inference of component partition in EM algo-

rithm can effectively handle singular values and outliers.
Therefore, in Student’s 𝑡-distribution, the degradation of
recognition performance caused by outliers’ partition could
be reduced. Furthermore, compared to SMM, iSMM due to
the introduction of the infinite number of components has
better adaptability to the high-dimensional and underfitting
emotion feature data.

In further analysis, we can see that iSMM reaches the
recognition rates of 86.9% and 75.0% on German database
EMO-DB andDanish database DES, respectively.Thismeans
that our method is not significantly dependent on the lan-
guage type. The variance in features caused by language dif-
ferences can bemodeled universally using infinite Student’s 𝑡-
distribution, which is an important character compared with
GMM and other algorithms. Accordingly, we can see that the
GMM method achieves a good recognition rate of 82.7% in
EMO-DB, while giving a low recognition rate of 58.4% in the
Danish database.These results show the iSMM’s advantage in
cross-languagemodeling.The relatively low recognition rates
on Aibo database are mainly caused by naturalistic speech
data, rather than the language factor.

According to the former description in Sections 2 and 3,
we can obtain the total number of free parameters in iSMM,

Table 2: Time consumption (MS) of training features of “anger”
emotion on EMO-DB using four models.

Time consumption of training
Emotion model

iSMM SMM GMM 𝐾NN
335 562 3798 3976

which is (2𝐼−1)+𝑝+𝑞×(𝑝+𝑞)+0.5×𝐼×𝑞×(𝑞+1)−𝑞2. In the
FA +GMM, this number is (2𝐼−1)+2×𝑝×𝐼+𝐼×𝑞×𝑝−0.5×
𝐼×𝑞×(𝑞−1), while, in the SMMwith common factor loading
matrix, it is (2𝐼−1)+𝑝×𝐼+𝑞×𝑝−0.5×𝑞×(𝑞−1)+1+𝐼×(𝑝−1).
Therefore, in most cases, the iSMM has the smallest number
of free parameters. When 𝑝 is large and/or 𝐼 is not small, the
iSMM is a more feasible tool for modeling high-dimensional
data.

As shown in Table 2, the time consumption experimental
results are obtained by training features from the “anger”
emotion containing 128 utterances on EMO-DB. It is obvious
that the models based on Student’s 𝑡-distribution achieve less
time consumption than GMM and 𝐾NN. Particularly, the
proposed iSMM obtains the optimal result. Moreover, the
estimated means 𝜉

𝑖
, covariance Λ

𝑖
, and degrees of freedom

V
𝑖
in the iSMM can be used to visualize the distributions of

the factors in a low-dimensional latent space, enabling this
approach to perform clustering or classification in the latent
space.

It is worth mentioning that the independence of speaker,
the independence of text, the number of emotional categories
for classification, and the size of the database will all affect
the actual recognition performance of the emotion mode.
This paper puts forward a solution for SER on underfitting
samples. Subsequently, the iSMM emotion model possessing
good robustness is provided. However, as revealed in the
experiments on the Aibo database, at present, by using the
emotion models, the SER accuracy ratings on the sponta-
neous database are considerably low.Moreover, not only does
the promotion of comprehensive recognition performance
depend on the classifiers, but the optimization of selection on
speech features also plays an important role.

5. Conclusions

The mixture model based on Student’s 𝑡-distribution pro-
posed in this paper, when conducted to speech emotion
recognition, can process the outliers of feature samples by
the “long-tail” distribution structure. Furthermore, to reduce
the dependence of emotion model on the training samples,
in our research, an infinite number of components are
introduced constituting the iSMMemotionmodel. Given this
solution, the emotion model, by the possibility of automatic
partition of components on the feature space, realizes the self-
adaptation to various database samples.

Emotion expression is related to many factors, such as
personality, context, gender, age, and culture. These factors
may create various problems for the speech emotion recog-
nition. Emotions in speech are expressed and interpreted
according to different circumstances by humans (e.g., context
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dependent, personality specific, and gender dependent),
whichmay be the key to bring speech emotion recognition to
the real world applications. As a result, the further research
will focus on how to obtain a more appropriate combination
of the extractor of emotion feature and the classifier.
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Distant supervision (DS) automatically annotates free text with relation mentions from existing knowledge bases (KBs), providing
a way to alleviate the problem of insufficient training data for relation extraction in natural language processing (NLP). However,
the heuristic annotation process does not guarantee the correctness of the generated labels, promoting a hot research issue on
how to efficiently make use of the noisy training data. In this paper, we model two types of biases to reduce noise: (1) bias-dist to
model the relative distance between points (instances) and classes (relation centers); (2) bias-reward tomodel the possibility of each
heuristically generated label being incorrect. Based on the biases, we propose three noise tolerant models:MIML-dist,MIML-dist-
classify, andMIML-reward, building on top of a state-of-the-art distantly supervised learning algorithm. Experimental evaluations
compared with three landmark methods on the KBP dataset validate the effectiveness of the proposed methods.

1. Introduction

With the explosion of web resources, traditional supervised
machine learning, which relies on a small set of manually
annotated training samples, may not be able to catch up
with the up-to-date information needs. Likewise for relation
extraction, a hot research issue in NLP predicts semantic
relations for a pair of name entities.

DS (distant supervision/weak supervision) annotates a
large scale of free text with relation mentions from existing
KBs, providing a way to alleviate the problem of insufficient
training data for relation extraction. DS initially assigns
relation labels to sentences according to relation mentions
when a sentence contains a certain pair of entities but does
not care about whether it actually conveys the corresponding
semantic relation.Therefore, the heuristic annotation process
does not guarantee the correctness of the generated labels,
promoting a hot research issue on how to efficiently make use
of the noisy training data.

For example, suppose a name entity pair ⟨Obama,
Hawaii⟩ has three valid relation labels, travel to,
born in, and study in; according to the KB (i.e.,
Freebase), multiple sentences containing this entity pair
from large-scale free text will be marked to convey either of

the three relations (see S1–S3 in Table 1). However, we are
not able to decide the specific relation label for each sentence
in advance according to these annotations. Therefore, it is
difficult for traditional supervised learning algorithms to
learn directly from these heuristically annotated sentences.
In addition, due to the incompleteness problem of either the
KB or the free text, false negatives (FNs) and false positives
(FPs) are inevitable, giving rise to noisy training labels. For
example, at least one sentence in S1–S3 (Table 1) should
be labeled with study in according to the heuristics for
DS, but actually none of them conveys this relation due to
the incompleteness of free text. Similarly, because of the
incompleteness of the KB, we can hardly find any relation
from the KB that S3 can express.

Previous researches presented several methods to utilize
the heuristically generated labels and train weak classifiers
to predict unseen relations: single-instance learning (SIL) [1],
multi-instance learning (MIL) [2], multi-instance multilabel
learning (MIML) [3, 4] and some related extensions [5, 6], the
embeddingmodel [7] and thematrix factorizationmethod [8,
9], and so on. Among them, multi-instance multilabel learn-
ing for relation extraction (MIML-RE) proposed by [4] is one
of the state-of-the-art learning paradigms. MIML-RE treats
multiple sentences (i.e., S1–S3) that contain a certain pair of

Hindawi Publishing Corporation
Mathematical Problems in Engineering
Volume 2015, Article ID 969053, 10 pages
http://dx.doi.org/10.1155/2015/969053

http://dx.doi.org/10.1155/2015/969053


2 Mathematical Problems in Engineering

Table 1: Examples for DS annotated sentences.

⟨Obama,Hawaii⟩ Latent label

Relations from the KB
travel to ⟨O,H⟩

born in ⟨O,H⟩

study in ⟨O,H⟩

—

Annotated sentences

S1. President Obama will
again travel to Hawaii for
his annual holiday
tradition.

travel to

S2. Born in Honolulu,
Hawaii, Obama is a
graduate of Columbia
University and Harvard
Law School.

born in

S3. Obama plays golf nearly
every day while in Hawaii. —

name entity as a bag (multi-instance) and has all possible
labels (i.e., travel to, born in, and study in)marked
to these sentences (multilabel). Through modeling the dis-
tantly labeled data from the bag-level as well as the instance-
level, MIML-RE transfers the data to styles that traditional
supervised learning algorithms can easily deal with (seemore
details in Section 4).

Nevertheless, as mentioned above, the data generated
by DS heuristics contain noises such as wrong labels; it
is necessary to equip the learning algorithms with noise
reduction methods. In addition, we argue that the instance
diversity problem is prevalent for training weak classifiers.
That is, we cannot guarantee that all the instanceswe collected
and labeled through the DS heuristics are of high quality just
like those labeled by human labelers.

The noisy problem can also be learned about from
previous researches such as [10]. In [10], the authorsmanually
annotated over 1800 sentences from free text and compared
them to the KB. They finally got 5.5% FNs and 2.7% FPs,
which is a good evidence for using noisy reduction strategies.
Besides, from our observations toward the training data, we
found that the instance diversity problem is remarkable in
the dataset, reflected by the distributions for expectations (see
Figure 2).

In this paper, we model two types of biases for noise
reduction: (1) bias-dist tomodel the relative distance between
points (instances) and classes (relation centers); (2) bias-
reward to model the possibility of each heuristically gener-
ated label being incorrect. Bias-dist is modeled to weaken
the maximum probability assumption (the class with the
maximum probability should be assigned) during the EM
process in MIML-RE, so that it is not always true that the
class with the maximum probability is accepted. This bias
is proposed according to the diverse qualities of training
instances. Bias-reward is modeled to weaken the impact of
wrong labels, resulting in the case that wrong labels would be
with low predicting confidence. This bias aims at efficiently
modeling the noisy group-level labels. Based on the biases,
we propose three methods, MIML-dist (multi-instance mul-
tilabel learning with distance), MIML-dist-classify (multi-
instance multilabel learning with distance for classification),

and MIML-reward (multi-instance multilabel learning with
reward), building on top of theMIML-RE framework.There-
fore, this work can be seen as an extension of MIML-RE.

We set up experiments on one of the most popular
benchmark datasets, the KBP dataset built by Surdeanu et
al. [4]. Evaluation results compared with three landmark
algorithms validate the effectiveness of the proposed meth-
ods. Particularly, MIML-dist-classify is built in the predicting
phase, which is simple and fast to complete, boosting the
𝐹1 from the baseline 27.3% to 29.03%. MIML-dist-reward
converges much faster than the original algorithm which
reaches 29.01% on 𝐹1.

The contributions of this paper can be summarized as
follows: (1)We are the first to explicitly model the bias related
to the instance diversity problem and gain considerably
better results; (2) the modeling methods toward the two
types of biases are both validated to be efficient through the
experiments.

The rest of the paper is organized as follows: Section 2
briefly introduces the literature; Section 3 describes the two
types of biases; the models are detailedly described in
Section 4. Sections 5 and 6 are the implementations and
experiments. Discussion and conclusion are arranged at last.

2. Related Work

In this section, we briefly introduce the literature of distantly
supervised relation extraction and the noise reduction meth-
ods for it.

2.1. Relation Extraction. Relation extraction (RE) is a hot
research issue in NLP. In early researches, various approaches
based on rich syntactic and semantic features were proposed.
For example, Zelenko et al. introduced various subtree
kernels with Support Vector Machine and Voted Perceptron
learning algorithms [11]. In [12], the authors proposed three
types of subsequence kernels for RE on protein-protein
interactions and top-level relations from newspapers. Zhou
et al. used tree kernel-based method with rich syntactic and
semantic information and a context-sensitive convolution
tree kernel [13]. Recent work focused mostly on deep neural
network based structures, that is, single convolutional deep
neural network based model [14, 15] and the combination of
recursive neural network and convolutional neural network
based model [16].

2.2. Distant Supervision for Relation Extraction. Distant
supervision was firstly introduced in the biomedical domain
by mapping databases to medical texts [17]. Since then, DS
gained much attention in both information extraction (IE)
and further RE. Most of the earlier researches include [18, 19]
used single-instance learning according to the assumption
that one pair of entity only corresponds to a single relation.
In recent years, distant supervision is widely used in open
IE to map Wikipedia infoboxes to wiki contents or web-
scale texts [20, 21]. For RE, distant supervision is also
employed for mapping Freebase relations to large scales of
free text (i.e., New York Times) and predicting relations for
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unseen entity pairs [1–4]. Most aforementioned work used
SIL, MIL, or MIML to train classifiers, which set strong
baselines in this field. In addition, recent researches also
include embedding basedmodels that transferred the relation
extraction problem into a translation model like ℎ + 𝑟 ≈

𝑡 [22–24], nonnegative matrix factorization (NMF) models
[8, 9] with the characteristics of training and testing jointly,
integrating active learning and weakly supervised learning
[25], integer linear programming (ILP) [26], and so on.

2.3. Noise Reduction Methods for DS. One type of noise is
that we cannot decide the actual label for each instance
and can only estimate them according to some constrains.
At-least-one is a representative constrain which considers
that one relation label is positive when at least one of the
mentions in the bag gets the label but discards the others.
Related work directly modeled the noisy training data with
multi-instance frameworks and learned model parameters
through several times of EM iterations [2–4]. Intxaurrondo
et al. [27] employed several heuristic strategies to remove
useless mentions. Xu et al. [10] employed a passage retrieval
model to expand the training data from instances with high
confidence. Takamatsu et al. [28] directly model the patterns
that express the same relation. Another type of noise is the
wrong bag-level labels due to the incompleteness of either
the KB or the textual corpus. Min et al. [5] put another layer
to the MIML-RE architecture to model the true labels of
a bag to model the incompleteness of the KB. Ritter et al.
[6] added two parameters to directly model the missing of
texts and the missing of KBs and set them with fixed values;
they considered some side information such as popularity of
entities as well. Fan et al. [9] added a bias factor 𝑏 in their
model to represent the noises. The idea of considering the
instance diversity problemwhich relates to data quality in this
work is a bit similar to Xu’s passage retrieval model [10] but
we are from a distinct perspective. The bias modeling idea is
something like [6] but we model the missing in an indirect
way which employs ranking-based measures.

3. Biases

In this section, we generally describe the two types of biases
we propose.

3.1. Bias-Dist. Bias-dist (bias related to distance) aims at
tackling the instance diversity problem rising from the DS
annotation process. In traditional supervised machine learn-
ing, when human annotators label training instances, they
incline to label those instances that they are confident of and
discard the others so that a pure training set can be created.
A typical example is the annotation agreement standard for
evaluating a corpus and the instances whose labels are with
hardly any disagreements are usually considered as being of
high quality. On the contrary, there is no human intervention
for the DS annotation; hence the quality of training samples
cannot be guaranteed. As a result, when we use the classifier
to assign relation labels to instances, it is likely that the
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Figure 1: Gaussian distributions for illustrating the instance diver-
sity problem.

predicting score for the true relation label is lower than that
for a false label.

More clearly, we assume that the predicting scores for
the instances from two relation classes are drawn from
two individual Gaussian distributions and show the case
described above in Figure 1. Suppose 𝑝(𝑥) and 𝑞(𝑥) are two
Gaussian distributions with expectations 𝜇𝑝 and 𝜇𝑞 (0 <

𝜇𝑝 < 𝜇𝑞 < 1), respectively. We further assume that the
predicting scores for class 𝑝 and class 𝑞 follow these two
distributions. The 𝑥-axis of Figure 1 denotes the predicting
probabilities (scores) which range from 0 to 1. Suppose that
a point 𝑡𝑖 (i.e., 𝑖 = 0.8) on the 𝑥-axis indicates a high
probability (score) when predicting a certain instance 𝑚

using a multiclass classifier. For both of the two classes, 𝑡𝑖
may be an acceptable predicting score based on which we
can classify the corresponding instance 𝑚 into the positive
areas for both of them. However, the distances from 𝑡𝑖 to
𝜇𝑝 and 𝜇𝑞 reflect that distribution 𝑞(𝑥) has much stronger
ability to generate 𝑡𝑖 than 𝑝(𝑥). Thus in this case, according
to the predicting score 𝑡𝑖 and the mean for the two classes,
the instance𝑚 should be classified to 𝑞 rather than 𝑝.

To conclude, if the predicting scores for instances on
different relation classes distribute diversely, the maximum
probability assumption may not work well. Bias-dist is
proposed to weaken this assumption through replacing the
absolute predicting score to a relative form.

3.2. Bias-Reward. Bias-reward (bias according to label
reward) is proposed to model the incompleteness of the
KB and the textual corpus. The most typical setting for
multi-instance learning in the literature is the training bags;
that is, multiple instances containing a certain pair of name
entities would fall into the same bag and share the same sets
of labels.
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As illustrated in Table 1, the bag-level labels come from
the KB and would endure the incompleteness problem of
the KB or free text. Further, many works [4, 29, 30] define
bag-level positive labels as those from the KB and negative
labels as the relations that the key entity (the first name entity
in the pair) does not have according to the KB. As crucial
constraints for distant supervision, noisy bag-level labels have
bad effect on the models. Much formally, the constraints
emphasize that

(𝑧
𝑚

𝑖
= 𝑙 : ∀𝑙 ∈ 𝑃𝑖, ∃𝑚 ∈ x𝑖)

∧ (𝑧
𝑚


𝑖
= 𝑙

: ∀𝑙

∈ 𝑁𝑖, ¬∃𝑚


∈ x𝑖) ,

(1)

where x𝑖 stands for the 𝑖th bag, 𝑃𝑖 and 𝑁𝑖 denote the positive
and negative label sets for this bag, and 𝑧

𝑚

𝑖
is the relation

label for the𝑚th instance in the bag. If the KB is incomplete,
the bag would have wrong negative labels. And if the textual
corpus is not complete, the bagmay be associated with wrong
positive labels.

The problem of incompleteness is inevitable and has
become a popular issue for distant supervision. We also take
the entity Barak Obama as an example. If the KB we refer to
is a year 2005’s version but the free texts are recently collected,
it is likely that the relation president of ⟨Obama, U.S.⟩
is a wrong label and the sentences containing Obama
and U.S. would be divided into the negative instances for
the relation president of.

To reduce the bad effects by incorrect negative labels, we
add a reward to each bag-level negative label and multiply it
by a weighting factor that reflects the likelihood of being non-
negative. Meanwhile, we add a penalty to each positive label
and a weighting factor that reflects the likelihood of being
nonpositive. We use a ranking-based method to determine
the likelihood by computing rankings among all possible
labels. More details would be described in Section 4.4.

4. Bias Modeling for Multi-Instance
Multilabel Learning

In this section, we introduce the details of our methods for
bias modeling.

4.1. Notations and Concepts. MIML takes a number of bags
as the training data, learns a two-layer (the instance-level
and the bag-level) weak classifier, and predicts relations for
unseen sentences. For an easier description ofMIML-RE and
ourmethods, we define the following notations and concepts:

(i) D, the whole textual corpus;
(ii) R, the set of all known relation labels;
(iii) L, the set of known relations for a certain entity (the

first/key entity in a pair) from KB;
(iv) instance, sample, a sentence that contains the target

entity pair and its quantized version for classification,
respectively;

(v) bag/group, a set of instances that contain the same
entity pair;

(vi) w𝑧, the instance-level classifier (𝑧-classifier), a multi-
class classifier;

(vii) w𝑦, the bag-level classifier (𝑦-classifier), a set of binary
classifiers;

(viii) 𝜇𝑘, the expectation/mean of the probability distribu-
tion on predicting scores for relation 𝑘;

(ix) 𝜎𝑘, the variance of the probability distribution on
predicting scores for relation 𝑘;

(x) 𝑥, an instance in the dataset;

(xi) x𝑖, the 𝑖th bag;

(xii) 𝑃𝑖, the positive label set of the 𝑖th bag;

(xiii) 𝑁𝑖, the negative label set of the 𝑖th bag.

In addition, we use 𝑙, 𝑧, 𝑟, and 𝑦 to denote class labels
and 𝜏, 𝑐, 𝑡, 𝛼, 𝛽, 𝛾, 𝜂, and 𝜃 for predefined constants.
Thus, the training data for MIML-RE is constructed as the
following: multiple instances containing the same pair of
entities constitute a bag x𝑖, with all possible relations for the
pair as its positive label set 𝑃𝑖 andL \ 𝑃𝑖 as the negative label
set 𝑁𝑖.

4.2. MIML-Dist. We construct two individual models based
on bias-dist: (1) MIML-dist adds bias-dist to the training
steps of MIML-RE and updates the label assignment process
(𝐸-step); (2) MIML-dist-classify simply adds bias-dist in the
testing step for predicting new sentences. Following MIML-
RE, MIML-dist uses the maximum likelihood estimation
(MLE) to model the whole training data (2) and the hard
expectationmaximization (EM) algorithm to learn themodel
parameters (w𝑦 and w𝑧) iteratively ((3)–(6)). Consider

𝑝 (D) =

𝑛

∏
𝑖=1

𝑝 (y𝑖 | x𝑖,w𝑦,w𝑧)

=

𝑛

∏
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=

𝑀
𝑖

∏
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| z𝑖,w

𝑟

𝑦
) .

(2)

E-Step. For each instance in a bag, its label is decided by both
the instance-level classifier and the bag-level classifier. One
has

𝑧
𝑚

𝑖
= arg max

𝑧

𝑝 (𝑧 | 𝑥
𝑚

𝑖
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𝑧
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𝑚

𝑖
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𝑖
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𝑟

𝑖
| z
𝑖
,w𝑟
𝑦
) ,

(3)
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where z
𝑖
denotes the bag labels in which the label for the

current instance 𝑚 has been updated by the 𝑧-classifier and
𝑥
𝑚

𝑖
stands for the𝑚th instance in the 𝑖th bag. Consider

log𝑝 (𝑧 | 𝑥
𝑚

𝑖
,w𝑧, 𝜇𝑧)

= 𝛾 log𝑝 (𝑙 | 𝑥
𝑚

𝑖
,w𝑧)

+ (1 − 𝛾) log𝑝 [𝑝 (𝑙 | 𝑥
𝑚

𝑖
,w𝑧) | 𝜇𝑧]

𝑡
,

(4)

where 𝜇𝑧 is the mean value of the predicting scores for class
𝑧 and

𝑝 [𝑝 (𝑧 | 𝑥,w𝑧) | 𝜇𝑧] = [𝑝 (𝑧 | 𝑥,w𝑧) − 𝜇𝑧]
𝑡
. (5)

We assume that the predicting scores for each relation
follow a Gaussian distribution and 𝜇𝑧 is its expectation. The
variance𝜎𝑘 had little effect on the result according to our early
experiments so we discard it.

Then the model parameters are updated through the 𝑀-
step by (6).

M-Step. Consider the following:

w∗
𝑧
= arg max

w

𝑛

∏
𝑖=1

∏
𝑚∈𝑀

𝑖

𝑝 (𝑧
𝑚

𝑖
| 𝑥
𝑚

𝑖
,w) ,

w𝑟
∗

𝑦
= arg max

w
∏

1≤𝑖≤𝑛,𝑟∈𝑃
𝑖
∪𝑁
𝑖

𝑝 (𝑦
𝑟

𝑖
| z∗
𝑖
,w) .

(6)

The following two equations are used to infer the
instance-level and bag-level labels through corresponding
classifiers.

Inference. Consider the following:

𝑧𝑖
𝑚
∗

= arg max
𝑧

𝑝 (𝑧 | 𝑥
𝑚

𝑖
,w𝑧) ,

𝑦
𝑟

𝑖
= arg max
{0,1}

𝑝 (𝑦 | 𝑧
∗

𝑖
,w𝑟
𝑦
) .

(7)

In the testing phase, similar toMIML-RE,MIML-dist also
employs aNoisy-ormodel instead of at-least-one to avoid data
sparsity.

Noisy-or Model. Consider the following:

Noisy-or (𝑟)𝑖 = 1 − ∏
𝑚∈𝑀

𝑖

[1 − 𝑝 (𝑧 | 𝑥
𝑚

𝑖
,w𝑧)] . (8)

We show MIML-dist in Algorithm 1 (the procedures of
MIML-dist-classify and MIML-reward are similar except for
several tiny steps). The expectation 𝜇𝑘 for each class 𝑘 is
computed and stored after each label update in training (1.6-
1.7 in Algorithm 1).

4.3. MIML-Dist-Classify. Analogous to MIML-dist, MIML-
dist-classify also assumes that the predicting score for each
relation follows a Gaussian-like distribution. The differ-
ence between them is that MIML-dist-classify computes

(1) Training phase:
(1.1) foreach iteration 𝑒 in 𝑇

(1.2) foreach instance 𝑥 in each bag 𝑖

(1.3) foreach label 𝑙 inR

(1.4) 𝑙 = argmax
𝑙

𝑝 (𝑙 | 𝑥,w𝑦,w𝑧, 𝜇𝑙)

= argmax
𝑙

𝑝 (𝑙 | 𝑥,w𝑧, 𝜇𝑙)

× ∏
𝑟∈𝑃𝑖∪𝑁𝑖

𝑝 (𝑦𝑖 = 𝑟 | l
𝑖
,w𝑟
𝑦
)

(1.5) if 𝑙 != 𝑙org then

(1.6) 𝜇org ←
𝑁org × 𝜇org − 𝑝 (𝑙org | w𝑧, 𝑥)

𝑁org − 1

(1.7) 𝜇𝑙 ←
𝑁𝑙 × 𝜇𝑙 + 𝑝 (𝑙 | w𝑧, 𝑥)

𝑁𝑙 + 1
(1.8) end if
(1.9) end foreach
(1.10) 𝑧

∗
= argmax

𝑧

𝑝 (𝑧 | 𝑥,w𝑧)

(1.11) 𝑦
𝑟∗

= argmax
{0,1}

𝑝 (𝑦 | z∗
𝑖
,w𝑟
𝑦
)

(1.12) end foreach

(1.13) w∗
𝑧
= argmax

w

𝑛

∑
𝑖=1

∑
𝑚∈𝑀𝑖

log𝑝 (𝑙
𝑚∗

𝑖
| 𝑥
𝑚

𝑖
,w)

(1.14) w𝑙∗
𝑦

= argmax
w

∑
𝑖,𝑙

log𝑝 (𝑦
𝑙

𝑖
| 𝑧
∗

𝑖
,w)

(1.15) end foreach
(2) Testing phase:

(2.1) Predict the bag-level labels using Noisy-or model.

Algorithm 1: MIML-dist.

the expectations after all the training iterations and thus is
much easier and simpler than MIML-dist. It normalizes the
predicting probability in the testing phase by

log𝑝 (𝑙 | 𝑥, 𝜇𝑙,w𝑧)

= 𝜏 log𝑝 (𝑙 | 𝑥,w𝑧)

+ (1 − 𝜏) log [𝑝 (𝑙 | 𝑥,w𝑧) − 𝜇𝑙]
𝑡
.

(9)

When comparing MIML-dist with MIML-dist-classify,
from the perspective of time complexity, MIML-dist com-
putes bias-dist of each relation label for each instance, which
costsmuchwhen the scale of the training data is large or labels
are updated frequently. Moreover, the time complexity makes
the parameter tuning process more difficult. Comparatively,
MIML-dist-classify changes very little the original training
process, and if the model is trained (i.e., MIML-RE), it need
not be changed any more. The parameter tuning only locates
in the testing phase which is simple and fast.

To conclude, MIML-dist-classify is a kind of parameter
tuning strategy on the classification hyperplanes. It is efficient
for distant supervision because the training data in this task
suffer from the instance diversity problem much heavier
than most other supervised learning tasks, the training
data of which are carefully polished by annotators. It is
very likely that the probability distribution for each relation
class diversify from each other very much. MIML-dist is
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a more direct way to model bias-dist, in that it changes
the label assignment strategy by considering the impact of
data diversity. Compared with MIML-RE, MIML-dist lowers
down the chances of trapping into local minimums and thus
is expected to perform better than MIML-RE.

4.4. MIML-Reward. Different from the previous two meth-
ods which modify the probabilities produced by the 𝑧-
classifier, MIML-reward updates the probabilities generated
by the 𝑦-classifier. Concretely, the multiplication item in
(3) is updated by bias-reward. As mentioned above, we
import a ranking-based method to determine the likelihood
of each bag-level label being incorrect and add a reward or
penalty from the original probability. Formally, we define the
following notions:

(i) For a positive label, 𝑙-𝑙 is potentially wrong if some
irrelevant (negative or unlabeled) labels have higher ranks
than 𝑙.

(ii) For a negative label, 𝑙-𝑙 is potentially wrong if it has
a higher rank than some positive labels.

Moreover, we define 𝐾𝑙 as the instance that has the
maximum predicting confidence for label 𝑙 (the key instance
for 𝑙) in the bag and 𝑅(𝑙) as the number of labels that has a
higher rank than 𝑙:

𝐾𝑙 = arg max
𝑚∈𝑀

𝑖

𝑝 (𝑧
𝑚

𝑖
= 𝑙 | w𝑧, 𝑥

𝑚

𝑖
) ,

𝑅 (𝑙) = ∑

𝑙∈𝑅

𝐼 [𝑝 (𝐾𝑙 | w𝑧, x𝑖) > 𝑝 (𝐾𝑙 | w𝑧, x𝑖)]
(10)

in which 𝐼[𝑡] is the indicator function (if 𝑡 > 0, 𝐼[𝑡] = 1) and
𝑅 can be any label set. Intuitively, for a positive label 𝑙 in a bag,
the bigger 𝑅(𝑙) is, the more possible this label is wrong when
setting 𝑅 to be the nonpositive label set, while, for a negative
label 𝑙, the smaller 𝑅(𝑙


) is, the more possible this label tends

to be wrong, when setting 𝑅 to be the positive label set. We
employ two constants, 𝛼 and 𝛽 (𝛼 > 0, 𝛽 > 0), to denote the
intensity of the above tendencies and take them as a reward or
penalty to a single label.Theposterior probabilities at the bag-
level are computed instead by (𝑙 represents a positive label and
𝑙
 represents a negative label)

log𝑝 (𝑦𝑖 = 𝑙) = log
{

{

{

𝑝(𝑦𝑖 = 𝑙 | z𝑖,w
𝑙

𝑦
)

−
𝛼

Ζ
∑

𝑙∈𝑅\𝑃
𝑖

𝐼 [𝑝 (𝐾𝑙 | w𝑧, x𝑖) > 𝑝 (𝐾𝑙 | w𝑧, x𝑖)]

+ 𝜂
}

}

}

,

log𝑝 (𝑦𝑖 = 𝑙

) = log

{

{

{

𝑝(𝑦𝑖 = 𝑙

| w𝑙


𝑦
)

+
𝛽

Ζ
∑
𝑙∈𝑃
𝑖

𝐼 [𝑝 (𝐾𝑙 | w𝑧, x𝑖) > 𝑝 (𝐾𝑙 | w𝑧, x𝑖)] + 𝜃
}

}

}

,

(11)

where 𝑍 is the normalized factor which is set to be the
number of irrelevant labels (for each positive label) or the
number of positive labels (for each negative label). 𝜂 and 𝜃

are smoothing factors.
To conclude, MIML-reward is proposed to alleviate the

problem of noisy labels. As we can read from (3), the label
assignment is partly contributed by the bag-level labels (the
secondmultiplication item), which is built on the assumption
that all the bag-level labels are correctly annotated. However,
noisy labels are inevitable according to our previous analysis.
The penalty and reward mechanism for bias-reward is to
weaken the assumption, allowing that some labels could be
wrong and can be discovered and considered during training.
Similar ideas can be seen in [6, 8] who also took into account
the incorrectness of bag-level labels.

5. Implementation Details

For a fair comparison, most of the settings in implementation
followMIML-RE including the number of training iterations
𝑇 for EM (up to 8 times) and the number of folds 𝐹 for cross
validation to avoid overfitting (𝐹 = 3). The constants 𝛾 and
𝜏 were optimized on the developing set and were finally set
to be 0.7 and 0.5 for MIML-dist and MIML-dist-classify, and
the constant 𝑡 was set to be 2 for both the two methods. The
penalty and reward parameters 𝛼 and 𝛽 were set to be 0.2
and 0.2, respectively. For the smoothing parameters 𝜂 and
𝜃 in MIML-reward, we simply set them to 0.01. In addition,
we use the same features as MIML-RE which takes multiple
syntactic and semantic 𝑧-level features anddependency based
𝑦-level features. In addition, we added bias-dist only on those
positive labels but discarded the negative label NIL. We also
sampled 5% negative examples for training.

6. Experiments

6.1. Dataset Description. We test on the KBP dataset, one
of the benchmark datasets in this literature constructed
by Surdeanu et al. [4]. The resources are mainly from the
TAC KBP 2010 and 2011 slot filling shared tasks [25, 26]
which contain 183,062 and 3,334 entity pairs for training and
testing. The free texts come from the collection provided by
the shared task, which contains approximately 1.5 million
documents from a variety of sources, including newswire,
blogs, and telephone conversation transcripts. The KB is a
snapshot of the English version of Wikipedia. After the DS
annotation, we finally got 524,777 bags including 950,102
instances for training. For testing, 200 queries (a querymeans
a key entity) from the TAC KBP 2010 and 2011 shared tasks
containing 23 thousand instances are adopted, in which 40
queries constitute the developing set. The relation labels
include slots of person (per) and organization (org), and the
total number of labels is 41.

6.2. Experiments. We will show the evaluation metrics,
experiment results, and some observations from the data in
this section.



Mathematical Problems in Engineering 7

6.2.1. Evaluation Metrics

P/R Curve. Following previous work, we report the stability
of the algorithms by figuring 𝑃/𝑅 curves. A 𝑃/𝑅 curve
is generated through computing precision and recall by
selecting different proportions of the testing data. Generally,
the higher the position of a 𝑃/𝑅 curve is in the figure, the
more stable the corresponding algorithm is.

Final Precision, Recall, and F1. The metrics precision, recall,
and 𝐹1 are used to evaluate the performance of the models
on the whole testing dataset. And we denote them by Final
P, Final R, and Final F1 to distinguish them from other PRFs
with part of the testing data.

To specify, the testing set has the same data format as
the training set which is constituted by groups. And the
above metrics are computed according to the KBP slot filling
tasks [31, 32] (on the entity level) rather than sentential
classification.

6.2.2. Expectations for Each Relation. To show the inspira-
tions for proposing bias-dist, we computed the expectations
(means) for each relation after initialization (before training
epochs denoted by mean b) as well as at the end of training
(denoted bymean e).The values were computed by averaging
all the predicting scores for those instances that are classified
to that relation.This process was carried out onMIML-RE to
show the instance diversity problem that the algorithm may
suffer from. We report the distributions of expectations with
an error bar (Figure 2). In the figure, each circle denotes the
average predicting expectation among all the training epochs
for the relation corresponding to the 𝑥-axis, and the upper
error and the lower error stand for the maximum and the
minimum expectations during training. Thus, the uneven
curve shows the diversities between relations. We see that
the maximum average expectation is about 0.94 (index =
2, per:date of birth) but the minimum one is only 0.3
(index = 25, org:members). Since the 𝑧-classifier considers
only the absolute predicting confidence (both in training and
testing), it is likely that the actual relation label for an instance
just gets a small predicting score. Hence, a relative predicting
score is necessary due to the diversity.

Another interesting thing we observe is the upper and
lower errors.The distance between the upper and lower error
for one relation indicates the change of class center and
members during training. We see that several relations have
their predicting expectations almost unchanged during the
whole training process. We guess one reasonable explanation
is that the instances of these relations are indeed pure enough
for classification, so that the labels for these instances may
hardly change during EM.

6.2.3. Baselines. We compare our models with three base-
lines: Hoffmann, Mintz++, and MIML-RE. Hoffmann is one
of the representative MIML-based algorithms which uses
deterministic-or decision instead of relation classifiers and it
also enables relation overlaps [3]. Minz++ [4] is a modified
version of the originalMintzmodel [1] inwhich eachmention
is treated independently andmultiple predictions are enabled
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Figure 2: Diversities on expectations for different relations (rela-
tions that have no instances have been removed).
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Figure 3: 𝑃/𝑅 curves of MIML-dist-classify and baselines.

by applying Noisy-or. The performance of Mintz++ signifi-
cantly outperforms the original Mintz model. As to MIML-
RE, we choose the better model (also named as MIML-RE
in [4]), which contains a modified version of 𝑦-level features
from at-least-one.

6.2.4. Results. We firstly report the 𝑃/𝑅 curves of our pro-
posed models compared with the three baseline methods
mentioned above (Figures 3–5). The curves of the proposed
methods are generated after tuning parameters on the devel-
oping set, aiming at maximizing Final 𝐹1.

For comparison, the best curve of MIML-dist-classify is
tuned only based on the model generated by the last training
epoch (𝑇 = 8). From Figure 3 we read that MIML-dist-
classify has higher precision scores in both the low and the
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Figure 4: 𝑃/𝑅 curves of MIML-dist and baselines.
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Figure 5: 𝑃/𝑅 curves of MIML-reward and baselines.

high recall proportions compared with the baselines but is
worse than Mintz++ in the low recall proportion (0.05∼0.1).
However, the precision of Mintz++ drops down fast when
recall goes beyond 0.1, not as stable as the other methods.
Thuswe conclude that althoughMIML-dist-classify is simple,
it shows that bias-dist is beneficial to the final results.

MIML-dist has considerable good performance as
MIML-dist-classify (Figure 4) especially in the low recall
region (<0.15). We notice that when we fix the recall in
0.05–0.1, the precision of MIML-dist can be 5–10% points
higher than MIML-RE. Other than MIML-dist-classify, the
curve of MIML-dist has better overall performance than
Mintz++.

Figure 5 shows the results generated by MIML-reward.
We see that MIML-reward gains considerable improvements
compared to MIML-RE in the low-recall region (<0.1) but
falls beneath the model as the recall increases. Similar to
MIML-dist, MIML-reward performs better than Hoffmann
and Mintz++ almost over all the recall proportions.

Final𝑃, Final𝑅, and Final𝐹1 aremetrics that evaluate the
methods on the whole testing set, which are also important
performance measures in this literature. We can read from
Table 2 that MIML-dist-classify improves the baselines by
nearly 4% on recall while still keeping a relatively high
precision. MIML-dist improves both precision and recall and
achieves themaximumFinal𝑃 among all themodels.MIML-
reward has the maximum Final 𝑅 but its performance is
at the cost of some precision points. We noticed that all
the three methods we propose can enhance the baseline
MIML-RE on 𝐹1 by over 1.5%. And compared with the other
baselines, Hoffman and Mintz++, we observed that Final 𝐹1
is significantly improved by the proposed methods.

6.2.5. Case Study. We analyzed the predicted results of the
proposed methods and compare them with those predicted
byMIML-RE, which is a direct baseline of our work. Tomake
it clear, we show inwhat kinds of cases ourmethods canmake
up the deficiency of the baseline.

Take one of the testing samples as an example: a sentence
is predicted to org:city of headquarterswith the prob-
ability of 0.56 and to the negative class label NIL with the
probability of 0.43. According to the center of the positive
class (0.82) which is far from 0.56, the sentence will not be
predicted to the class any more after being normalized by
bias-dist. We also figured that several positive predictions
were directly replaced by the negative class after adding bias-
dist, which is a contribution to the overall precision.

The effect of bias-reward can be indirectly read from
the training bags to some extent since it depends on the
bag-level labels which cannot be extracted from the testing
set. According to the EM algorithm in MIML, the only
supervision (weak supervision) is the bag-level labels, and the
algorithm follows: if a label is positive in a bag, its ranking
is higher than any other label. Hence, if the bag-level label
is potentially wrong, it is likely that the algorithm falls into
local minimums. We counted the number of different label
assignments in each training epoch for MIML-reward and
MIML-RE and found that it is really a large number (i.e.,
352,192 different assignments in 950,102 when 𝑇 = 1). We
believe that this large number of differences can easily lead the
training algorithm to converge to distinguishing directions.

Another thing we found is that the improvements dis-
tributed a bit evenly rather than focusing only on several
specific relation labels. This indicates that the biases we
propose are reasonable and efficient to all relations.

7. Discussion

We see that the proposed models work well on the whole
testing dataset (Table 2) but from the 𝑃/𝑅 curves we realize
(Figures 3–5) that the improvements on different proportions
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Table 2: Best KBP2010 scores generated by the models.

Final
𝑃%

Final
𝑅%

Final
𝐹1%

Hoffmann 30.65 19.79 23.97
Mintz++ 26.24 24.83 24.97
MIML-RE 30.56 24.68 27.30
MIML-dist-classify 29.60 28.47 29.03
MIML-dist 31.42 26.58 28.79
MIML-reward 27.20 31.08 29.01

of testing data are not so consistent, especially for MIML-
dist and MIML-reward which perform much better at the
low recall proportion but get a bit depressing when recall
increases. We argue that there are several possible reasons:
(1) the parameters (i.e., constants or biases) are tuned on
the developing set to maximize the performance on Final
𝐹1 but not the 𝑃/𝑅 curve. So it is possible that other sets of
parameters that donot performwell on Final𝐹1may generate
a better curve (we indeed validated this through changing the
parameter 𝑇); (2) the cases of each relation are a bit different
that a fixed parameter toward all relation classes is not quite
appropriate (i.e.,𝛼 and𝛽 inMIML-reward); it is likely that the
parameters only work well over all the testing set rather than
some proportion. We need to further improve the learning
algorithm so thatmore noises can be reduced or discarded. In
addition, the hard EM training process suffers from the local
minimum problem and how to tackle it should be further
developed.

Another phenomenon we notice is that MIML-dist and
MIML-reward have lower time complexity than MIML-RE.
MIML-dist achieves the best result when 𝑇 = 6 and MIML-
reward gets the optimum when 𝑇 = 2. It is believed that
the biases especially bias-reward heavily change the label
assignments so that the algorithm can converge much faster.
As a result, we improve the time efficiency of the MIML
algorithm. MIML-reward only needs 4-5 hours’ running
time, compared with MIML-RE whose training may last
about 20 hours according to the authors.

Sometimes a simple method can achieve a good result,
such as MIML-dist-classify, which only modifies the label
assignment process in testing but boosts MIML-RE by 1.7%
on 𝐹1. Besides, bias-dist can be applied in any probability
classification model and bias-reward can also be integrated
in anyMIL framework which takes a bag as the basic training
unit. However, we realize that there is still a long way for weak
(distant) supervision to go since the results are still far behind
what those supervised learningmethods can achieve. Perhaps
some more work can be down on either feature engineering
or parameter selection.

8. Conclusion

In this paper, we propose three methods for distantly super-
vised relation extraction based on two types of biases. Among
them, MIML-dist-classify and MIML-dist aim at tackling
the instance diversity problem for different relations via

adding bias items either in the testing step or in the training
step. MIML-reward is introduced to model the bag-level
label noise by adding rewards for wrong negative labels and
penalties for wrong positive labels. Experimental results on
a landmark dataset validate the effectiveness of the proposed
methods, boosting Final𝐹1 by 1.5%–1.7%. In the future, more
flexible approaches would be researched to model the noises
caused by DS.
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Gradient vector flow (GVF) is an important external force field for active contour models. Various vector fields based on GVF have
been proposed. However, these vector fields are obtained with many iterations and have difficulty in capturing the whole image
area. On the other hand, the ability to converge to deep and complex concavity with these vector fields is also needed to improve.
In this paper, by analyzing the diffusion equation of GVF, a normalized set is defined and a dynamically normalized constraint of
vector fields is used for efficient diffusion, which makes the edge vector diffusing rapidly to the entire image region. In order to
improve the ability to converge to concavity, an enhanced diffusion term is integrated into the original energy functional. With the
dynamically normalized constraint and enhanced diffusion term, new vector fields of EDGVF (efficient and enhanced diffusion
for GVF) and EDNGVF (efficient and enhanced diffusion of NGVF) are obtained. Experimental results demonstrate that vector
fields with proposed method capture the entire image and are obtained with less iterations and computational times. In particular,
EDNGVF greatly improves the ability to converge to concavity.

1. Introduction

Active contour model (ACM) is one of the most important
methods for boundary extraction. It was firstly presented by
Kass et al. [1]. There are two foundational types in active
contour model, that is, parametric [1, 2] and geometric
active contour models [3]. The former represents curves or
surfaces explicitly in their parametric forms, while implicit
approaches based on level set [4, 5] are adopted in geometric
active contour. Comparedwith the parametric active contour,
geometric active contour has advantages in dealing with
complex image content. However, geometric active contour
always brings much computational cost since curves in
geometric active contour are implicitly represented as a level
set of higher dimensional functions. In parametric active
contour, curve deforms with the help of internal and external
forces. Internal force, which is defined by the curve itself, is
used to smooth the curve. External force computing from
image data pushes the curves toward target boundary. Thus,
external force plays a dominating role in converging to target

boundary. In this paper, we focus on the external force fields
in parametric active contour model.

In parametric active contour, a curve is represented as
](𝑠) = (𝑥(𝑠), 𝑦(𝑠)), 𝑠 ∈ [0, 1]. The curve is deformed to the
object boundary by minimizing the following energy func-
tional:

𝐸snake = ∫
1

0

1
2
(𝛼]2
𝑠
(𝑠) + 𝛽]2

𝑠𝑠
(𝑠)) + 𝐸ext (] (𝑠)) 𝑑𝑠, (1)

where ]
𝑠
(𝑠) and ]

𝑠𝑠
(𝑠) are the first and second derivatives of

](𝑠) with respect to arc length parameter 𝑠; the parameters 𝛼
and𝛽 are theweight constants. External energy𝐸ext is derived
from an image, which is usually computed as follows:

𝐸ext (𝑥, 𝑦) = −
∇ [𝐺
𝜎
(𝑥, 𝑦) ∗ 𝐼 (𝑥, 𝑦)]


2
, (2)

where 𝐺
𝜎
(𝑥, 𝑦) is a two-dimensional Gaussian function with

standard deviation 𝜎; 𝐺
𝜎
(𝑥, 𝑦) = (1/2𝜋𝜎2)𝑒−(𝑥

2
+𝑦

2
)/2𝜎2 . 𝐼 is

the gray intensity of an image. If an image is binary and the
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background of the image is zero-valued, external energy is
calculated as follows:

𝐸ext (𝑥, 𝑦) = − 𝐼 (𝑥, 𝑦) . (3)

Minimizing the energy functional of (1) with calculus of
variations [6], the Euler equation is obtained:

𝛼]
𝑠𝑠
(𝑠) − 𝛽]

𝑠𝑠𝑠𝑠
(𝑠) − ∇𝐸ext (𝑠) = 0. (4)

The first two terms are considered as the internal force, and
−∇𝐸ext(𝑠) is viewed as the external force imposing on the
deforming curve. Most of methods are concerned with the
external force fields in parametric active contour models,
such as gradient vector flow (GVF) vector field [7] and its
improvements [8–15].

In this paper, based on the analysis of GVF, a dynamical
constraint for the magnitude of vectors is performed by
defining a special set.The unit difference of vectormagnitude
between the nonzero vectors and zero vectors makes the
vectors rapidly diffuse to entire image region. On the other
hand, by incorporating an enhanced diffusion term, the
“equilibrium problems” [16–19] are greatly decreased.

2. Problem Analysis

GVF has a relative large capture range and can extract
some U-shaped concavities compared with original vector
field. However, GVF always fails to diffuse to entire image
[15] and has difficulty in extracting deep concavity. Various
methods modify the energy function of GVF to obtain new
vector fields, such as GVF in the normal direction (NGVF).
Unfortunately, these vector fields based on diffusion equation
always need too many iterations (usually cost more than 300
iterations) and have difficulty in enlarging to entire image.
For example, we take GVF. In GVF, vector field 𝑉(𝑥, 𝑦) is
calculated by minimizing the following energy functional:

𝐸GVF = ∫𝜇 |∇𝑉|
2
+
∇𝑓


2 𝑉 −∇𝑓


2
𝑑Ω, (5)

where 𝑓 is the edge mapping which is computed as −𝐸ext.
When |∇𝑓| is small, the energy is dominated by sum of the
squares of the partial derivatives of vector field 𝑉, yielding
a slowly varying field. When |∇𝑓| is large, the second term
dominates the integrand, and minimization is carried out by
setting𝑉 = ∇𝑓. 𝜇 is a regularization parameter governing the
tradeoff between the first term and the second term. Using
the calculus of variations, GVF is obtained by solving the
following Euler equation:

𝜇∇
2
𝑉− (𝑉−∇𝑓)

∇𝑓

2
= 0. (6)

In homogeneous region (|∇𝑓| = 0), the Laplacian oper-
ator (∇2) makes the vectors smoothly diffuse to image region.
The linear diffusion process [20] of vector field 𝑉(𝑥, 𝑦) in
homogeneous region is represented as follows:

𝑉
𝑡
= 𝜇∇

2
𝑉,

𝑉 (0) = ∇𝑓.
(7)

The solution is given as follows:

𝑉 (𝑡) = 𝜇𝐺
√2𝑡 ⊗∇𝑓, 𝑡 > 0

𝑉 (0) = ∇𝑓, 𝑡 = 0,
(8)

where 𝐺
√2𝑡 is the Gaussian function with the standard devi-

ation √2𝑡. According to (8), vectors near object boundaries
have strong magnitudes, while the magnitudes of vectors
gradually decrease to zero when moving away from the
boundaries. The diffusion becomes weak with the increase of
the number of iterations; it is difficult to capture entire image.
An example for the capture ranges of GVF is shown on the
left hand of Figure 1; it cannot capture entire image even with
300 iterations.Thus, the efficiency of generating vector field is
to be improved. In order to show the efficiency of generating
GVF, the capture ranges with the different iterations are
shown on the left hand of Figure 2.The capture range of GVF
with 40 iterations does not have obvious difference compared
with the effect by 20 iterations. Furthermore, there are not
enough strong forces which push contour to the concavity;
even the critical points which stop the contour convergence
to the concavity appear near the concavity, as shown in the
first row of Figure 3.

3. Proposed Method

Based on the above section, the diffusion operator makes the
vectors smoothly diffused, which stops the vectors diffusion
to entire image region. In order to avoid the excessive
smoothing, a dynamic constraint normalizing the set 𝑆 of
vectors is added in the diffusion equation. On the other hand,
in order to decrease the critical points of vector field, a new
energy functional term is integrated in the diffusion equation.

3.1. DynamicallyNormalizedConstraint for EfficientDiffusion.
A vector 𝑉(𝑥, 𝑦) in the normalized function set 𝑆 is defined
as follows:

𝑉 (𝑥, 𝑦) =

{{

{{

{

𝑉(𝑥, 𝑦)
𝑉 (𝑥, 𝑦)


, 𝑉 (𝑥, 𝑦) ̸= 0,

0, 𝑉 (𝑥, 𝑦) = 0.
(9)

Then, a new vector field is obtained by adding a dynamically
normalized constraint in GVF:

𝑉
𝑡
= 𝜇∇

2
𝑉− (𝑉−∇𝑓)

∇𝑓

2

𝑉 ∈ 𝑆. (10)

Because of the defined 𝑆, the unit difference between nonzero
vectors and zero vectors makes the gradient vector of edge
map fast diffuse to homogeneous region. From the above
equation, the defined set 𝑆 is nonsmooth (the magnitude of
vectors in 𝑆 is 0 or 1), while the Laplacian operator∇2 in GVF
has excessive smoothing effect.Therefore, Laplacian operator
makes the vector field diffuse to other regions until the vector
field enlarges the entire image region (themagnitude of every
vector in vector field becomes to 1). As shown in Figure 2, the
capture ranges of GVF and the above proposed vector field
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Figure 1: Comparisons of capture ranges of vector fields. From left to right: GVF and proposed method.

Figure 2: Comparisons of capture ranges between GVF and vector fields with proposed method from 20 to 40 iterations. From left to right:
GVF and proposed method. From top to bottom: vector fields by 20 and 40 iterations, respectively.
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(a)

(b)

(c)

Figure 3: Comparison of GVF, NGVF, and EDNGVF vector fields. (a) From left to right: GVF force field; magnified GVF field at concave
region and stationary point in GVF. (b) From left to right: the NGVF force field; magnified NGVF field at concave region and the saddle and
stationary points in NGVF. (c) From left to right: the EDNGVF force field; magnified force field in concave region.

with 20 and 40 iterations, respectively, are compared. On the
left hand of Figure 2, the capture range of GVF is limited and
is not obviously changing from 20 to 40 iterations, while the
capture range of vector field with proposed method enlarges

nearly entire image (except the corners of the image) with
only 40 iterations, as shown on the right hand of Figure 2.

Proposed dynamically normalized constraintmethod has
generality for diffusion equation. Similarly, it can be applied
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to NGVF. NGVF is obtained based on anisotropic diffusion
of 𝑉 = (𝑢, V), which is computed by the following equation:

𝑉
𝑡
= 𝜇𝑉
𝑁𝑁

− (𝑉−∇𝑓)
∇𝑓


2
, (11)

where 𝜇 is a constant and∇2𝑉 = 𝑉
𝑁𝑁

+𝑉
𝑇𝑇
.𝑉
𝑁𝑁

and𝑉
𝑇𝑇

are
obtained as follows:

𝑉
𝑁𝑁

=
𝑉2
𝑥
𝑉
𝑥𝑥

+ 𝑉2
𝑦
𝑉
𝑦𝑦

+ 2𝑉
𝑥
𝑉
𝑦
𝑉
𝑥𝑦

𝑉2
𝑥
+ 𝑉2
𝑦

,

𝑉
𝑇𝑇

=
𝑉

2
𝑥
𝑉
𝑦𝑦

+ 𝑉
2
𝑦
𝑉
𝑥𝑥

− 2𝑉
𝑥
𝑉
𝑦
𝑉
𝑥𝑦

𝑉2
𝑥
+ 𝑉2
𝑦

.

(12)

Then, a new vector field by adding the dynamically normal-
ized constraint inNGVF is obtained by iterating the following
equation:

𝑉
𝑡
= 𝜇𝑉
𝑁𝑁

− (𝑉−∇𝑓)
∇𝑓


2

𝑉 ∈ 𝑆, (13)

where 𝑉
𝑁𝑁

is the diffusion term; it has a similar effect of the
Laplacian operator in GVF.

Unlike the damping diffusion of GVF or NGVF, because
of the defined set 𝑆, edge gradient vectors keep nearly the
same velocity diffusion to other regions until the magnitude
of all the vectors becomes 1 (i.e., vector field captures
entire image region). Meanwhile, the force field generated
by concavity can generate enough force to push contour
convergence to the concavity, and the ability to converge to
boundary concavity is greatly enhanced.

3.2. The Energy Functional Term for Enhanced Diffusion.
In order to decrease the critical points of vector field,
the diffusion of vectors in homogeneous region should be
enhanced.The enhanced diffusion term is defined as follows:

𝐸 = −∫ |𝑉| 𝑑Ω. (14)

The minimization of ∫𝜇(−|𝑉|)𝑑Ω means the maximization
of ∫𝜇(|𝑉|)𝑑Ω; that is, this term makes the magnitude of
diffused vector |𝑉| large.This property of enhanced diffusion
term can decrease the critical points since the magnitude of
critical point is always zero-valued.

Based on the dynamically normalized constraint and
enhanced diffusion terms, the energy functional of enhanced
diffusion GVF is given:

𝐸EDGVF = ∫𝜇 (|∇𝑉|
2
− |𝑉|) +

∇𝑓

2 𝑉 −∇𝑓


2
𝑑Ω

𝑉 ∈ 𝑆.

(15)

Minimizing the above energy functional, a new vector
field, called EDGVF (efficient and enhanced diffusion for
GVF), is obtained by solving the following equation:

𝜇(∇
2
𝑉+

𝑉

|𝑉|
) − (𝑉−∇𝑓)

∇𝑓

2
= 0 𝑉 ∈ 𝑆. (16)

According to the above energy functional of equation, the
effect of enhanced diffusion is analyzed as follows: the energy
of ∫𝜇|∇𝑉|

2𝑑Ω makes the vector diffusion smooth, and the
vectors gradually decrease to 0 and the critical points may
appear. Meanwhile, the minimization of ∫𝜇(−|𝑉|)𝑑Ωmakes
the magnitude of diffused vector |𝑉| large. This property of
enhanced diffusion term could decrease the critical points
since the magnitude of critical point is always zero-valued.

It has better effect in dealing with concavity when the
enhanced diffusion term is integrated with anisotropic diffu-
sion equations. For example, we takeNGVF. In fact, Laplacian
operator in the normal direction 𝑉

𝑁𝑁
is got by minimizing

∞−𝐿𝑎𝑝𝑙𝑎𝑐𝑖𝑎𝑛 energy functional [21, 22].The∞−𝐿𝑎𝑝𝑙𝑎𝑐𝑖𝑎𝑛

energy functional is defined as follows:

∬
𝐺𝜎 ∗ ∇𝑉

𝐿∞ 𝑑Ω. (17)

Similar to𝐿2,𝐿∞ is the infinity norm.Then, the enhanced dif-
fusion term and dynamically normalized constraint are inte-
grated with NGVF. Thus, the energy functional of enhanced
diffusion for NGVF is defined as follows:

𝐸EDNGVF = ∬𝜇 (
∇𝑓

) (
𝐺𝜎 ∗ ∇𝑉

𝐿∞ − |𝑉|)

+
∇𝑓


2 𝑉 −∇𝑓


2
𝑑Ω 𝑉 ∈ 𝑆.

(18)

Different from NGVF, 𝜇(|∇𝑓|) is not a constant; 𝜇(|∇𝑓|) =

exp(−|∇𝑓|/𝑘); 𝑘 is a constant. Near the boundaries, the
anisotropic parameter 𝜇(|∇𝑓|) approaches 0; the boundaries
are not distorted by diffusion effect.

With calculus of variation, EDNGVF (efficient and
enhanced diffusion for NGVF) is calculated as follows:

𝜇 (
∇𝑓

) (𝑉𝑁𝑁 +
𝑉

|𝑉|
) − (𝑉−∇𝑓)

∇𝑓

2
= 0 𝑉 ∈ 𝑆. (19)

In homogeneous region, 𝜇(|∇𝑓|) approaches 1 and the dif-
fusion of vector field is enhanced. This property improves
the ability to extract complex concavity compared with
NGVF. The minimization of ∫𝜇(|∇𝑓|)(−|𝑉|)𝑑Ω makes the
magnitude of vector nonzero, which enhances the diffusion
of vector; meanwhile, the critical points in vector field are
greatly decreased. As shown in Figure 3, the vector fields of
GVF, NGVF, and EDNGVF at concavity are compared. The
critical points appear in GVF and NGVF, which are shown
in the first and second rows of Figure 3. Since the enhanced
diffusion term improves the diffusion ability of vectors, the
vectors generated by the deep concavity could diffuse enough,
and the critical points disappear in EDNGVF, as shown in the
final row of Figure 3. This property of EDNGVF makes the
contour converge to the concavity.

4. Experimental Results

In this section, the performances with several methods and
proposed method are compared. The edge map 𝑓 used in
snakes is normalized to the range [0, 1]; 𝛼 = 0.2 and
𝛽 = 0.1 are set for all experiments. For each tested image,
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the same initialization is employed for all tested methods.
The parameter 𝑘 for proposed method is set to 0.01 in all
the experiments unless otherwise stated. The vector field
with proposed method can capture entire image region, and
the efficiency of generating vector field is improved. Other-
wise, the proposed EDNGVF improves the performances in
extracting the concavity, which is verified in this section.

4.1. Capture Range and Efficiency of Generating Vector Fields.
In GVF force field, isotropic diffusion of GVF keeps the field
diffusing smoothly. The anisotropic diffusion in NGVF has
better effect in extracting concavity than isotropic diffusion
in GVF. However, the diffusion of GVF and NGVF becomes
weak as the number of iteration increases. Thus, GVF and
NGVF have difficulty in capturing entire image region. As
shown in the left column of Figure 4, GVF andNGVF cannot
capture entire image region, while the vector fields with
proposed method capture the whole image region, which are
shown in the right column of Figure 4.

In addition, the proposedmethod speeds up the diffusion
of vector fields; vector fields with proposed methods can be
obtained with less iterations and times compared with GVF
and NGVF. In order to test the generation efficiencies of
force fields, the minimum numbers of iterations and costing
times for enlarging the force fields to the same image region
are compared. The images in Figures 5 and 6 are tested. As
shown in Table 1, EDGVF and EDNGVF need from 50 to
120 iterations in test images. Meanwhile, GVF and NGVF
cost more than 200 iterations in each tested image. For
example, we take the image in the third row of Figure 5.
GVF iterates 2000, while EDNGVF only needs 100 iterations.
As shown in Table 1, the proposed vector field is generated
with the least iterations. Furthermore, vector fields with
proposed method cost the least times compared with GVF
and NGVF. Proposed method introduces a normalized set
and an enhanced diffusion energy term; these terms bring
up some extra computational cost, but they greatly speed
up the diffusion of vector field. The computational cost of
computing the introduced terms is much lower than the cost
of computing the diffusion equation in each iteration. As a
whole, vector fields with proposed method cost less times
compared with GVF and NGVF. As shown in Table 1, vector
fields with proposed method cost less times in each tested
image compared with GVF and NGVF.

4.2. Concavity Extracting. Because of the excessive smooth-
ing of Laplacian operator in GVF, it stops the contour conver-
gence to the deep concavity. NGVF and EDNGVF improve
the ability to converge to the deep concavity compared with
GVF.As shown in the first rowof Figure 5(a), the size of image
is 100 ∗ 100 pixels. The U-shaped concavity is 20-pixel long
and 5-pixel wide. The contour with GVF snake stops at the
entrance of concavity. NGVF only makes the diffusion along
the normal direction of the isophotes; the smooth effect is
decreased. The performance in dealing with deep concavity
withNGVF is shown in the first row of Figure 5(b). EDNGVF
is obtained by incorporating the enhanced diffusion term into
NGVF; meanwhile, the normalized set is defined to greatly

Table 1: Comparative analysis made for iterations of generating
GVF, NGVF, EDGVF, and EDNGVF force fields.

Image Method Iteration Time (s)

Image 1

GVF 1800 1.17
NGVF 400 0.53
EDGVF 100 0.12
EDNGVF 80 0.18

Image 2

GVF 800 0.48
NGVF 220 0.36
EDGVF 60 0.07
EDNGVF 50 0.11

Image 3

GVF 2000 6.96
NGVF 400 4.51
EDGVF 120 1.02
EDNGVF 100 1.24

Image 4

GVF 1400 1.15
NGVF 200 0.81
EDGVF 90 0.36
EDNGVF 80 0.44

Image 5

GVF 1200 0.67
NGVF 200 0.55
EDGVF 70 0.08
EDNGVF 50 0.11

enhance the diffusion effect.The performancewith EDNGVF
is shown in Figure 5(b). Both NGVF and EDNGVF succeed
in converging to the U-shaped concavity.

For some images with complex concavity, the vectors
generated by various edges in GVF and NGVF may have
conflict components and some critical points appear, which is
analyzed in [19]. As shown in Figure 3, GVF andNGVF suffer
from “equilibrium problem.” While EDNGVF enhances the
anisotropic diffusion, the conflict components in vector fields
are greatly decreased. Thus, EDNGVF can be more fit to
converge to complex concavity. As shown in Figure 5, the
size of image with cross shaped concavity is 100 ∗ 100
pixels. Because of the complexity of shape, the diffusion of
vectors near concavitymay be restrained by other vectors.The
evolutions of the contour with GVF and NGVF attain their
convergence prematurely, which are shown in the second
row of Figures 5(a) and 5(b). While the proposed method
enhances its performance, the evolution of contour is shown
in the second row of Figure 5(c) and the contour finally
converges to the concavity completely.

The images with highly nonconvex boundaries are also
tested. One takes, for example, the image with “hand” shape;
it has a size of 202 ∗ 188 pixels. As shown in the third
row of Figure 5(c), the hand is accurately extracted with
EDNGVF. The evolutions with GVF and NGVF snakes are
shown in the third row of Figures 5(a) and 5(b); both GVF
and NGVF failed to extract object boundaries. The images
in the first and second rows of Figure 6 are 126 ∗ 110 and
100 ∗ 100, respectively. The conflict components in GVF and
NGVF stop the contour evolving to the concave region. Local
minimum points and large conflict components are always
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Figure 4: Comparisons of capture ranges of vector fields. From top to bottom: comparisons of GVF and EDGVF and comparisons of NGVF
and EDNGVF.

formed in GVF and NGVF, which makes the contour stop at
the entrance of concave region, as shown in Figures 6(a) and
6(b). However, the conflict components in EDNGVF force
field are avoided by introducing the enhanced diffusion term;
the contour succeeds in attaining the deepest concavity with
proposed method, which is shown in Figure 6(c). Therefore,
for the U-shaped images, NGVF and proposed method
have advantages over GVF, while proposed EDNGVF has
better performance than NGVF and GVF in converging to
some complex concavities, such as cross shaped concavity.
The comparisons of GVF, NGVF, and EDNGVF show that
proposed EDNGVF can be more fit to extract gray images
with concavity.

Some gray images are also tested. Two images and the
corresponding initial contours are shown in Figures 7(a) and
8(a); the sizes of these two images are 135∗125 and 111∗100
pixels, respectively. The comparisons of GVF, NGVF, and
EDNGVF snakes are given. The same binary edge map is

performed for fair comparisons. For Figure 7, the initial con-
tour crosses the object; EDNGVF snake completely extracts
the boundary. Both GVF and NGVF suffer from local mini-
mum. As for Figure 8, the initial contour is placed inside the
object. Proposed method succeeds in extracting the bound-
ary, as shown in Figure 8(d). Meanwhile, both GVF and
NGVF snakes make the contour stop undesired locations,
which are shown in Figures 8(b) and 8(c), respectively. These
simulations for gray images also show that proposed method
has better performances than GVF and NGVF.

4.3. Comparisons with the State-of-the-Art Methods. In this
section, comparisons with some state-of-the-art methods are
given and analyzed. The vector fields, normally biased GVF
(NBGVF) and adaptive diffusion flow (ADF), are compared.
Based on the diffusion equation, ADF and NBGVF have
similar diffusion effect. Both of them could not capture entire
image region since the diffusion becomes weak because of
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(a) (b) (c)

Figure 5: Convergences of (a) GVF snake, (b) NGVF snake, and (c) EDNGVF snake.

the smooth effect of diffusion operator. On the other hand,
the performances of converging to concavity are compared.
NBGVF, ADF, and proposed method could extract some
images with concavity. However, for some complex concavi-
ties, proposedmethod has advantages overNBGVF andADF.
For example, one just takes the first image of Figure 6. As
shown in Figure 9, NBGVF andADF failed to converge to the
cross shaped concavity. While the performances of proposed
method are shown in Figure 6, the proposed method make
the contour succeed in converging to the concavity. Though
NBGVFandADFare obtained based on anisotropic diffusion
similar to NGVF, some conflict components of vectors always
appear in these vector fields. The enhanced diffusion term
is incorporated in the proposed method; the saddle points
are greatly decreased in EDNGVF vector field. Therefore, the
proposed method has advantages in extracting objects with
concavity compared with NBGVF and ADF.

5. Conclusion

In this paper, the efficient and enhanced diffusion terms
for vector fields are incorporated in the energy function to
obtain new vector fields. The proposed normalized set is
used to keep the speed of diffusion to enlarge the capture
range of vector field to the whole image region. On the
other hand, the enhanced diffusion term is used to decrease
critical points when it is integrated with anisotropic dif-
fusion. Experimental results on synthetic and gray images
show that proposed method greatly improves the generating
efficiency of vector field and the performances in dealingwith
concavity, especially the highly nonconvex boundaries, such
as cross shaped concavity. It is noted that proposed vector
fields are also based on boundary information; they still yield
unsatisfactory results when dealing with some images with
complex content, such as images with low contrast.We expect
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(a) (b) (c)

Figure 6: Convergences of (a) GVF snake, (b) NGVF snake, and (c) EDNGVF snake.

(a) (b)

(c) (d)

Figure 7: (a) Gray image with initial contour and convergences of (b) GVF snake, (c) NGVF snake, and (d) EDNGVF snake.
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(a) (b)

(c) (d)

Figure 8: (a) Medical image with initial contour and convergences of (b) GVF snake, (c) NGVF snake, and (d) EDNGVF snake.

Figure 9: Results with ADF and NBGVF. From left to right: result with ADF and result with NBGVF.

to construct a vector field based on the region information to
deal with the images with low contrast in the next task.
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In order to improve the image denoising ability, the wavelet transform (WT) and independent component analysis (ICA) are both
introduced into image denoising in this paper. Although these two algorithms have their own advantages in image denoising, they
are unable to reduce noises completely, which makes it difficult to achieve ideal effect. Therefore, a new image denoising method
is proposed based on the combination of WT with ICA (WT-ICA). For verifying the WT-ICA denoising method, we adopt four
image denoising methods for comparison: median filtering (MF), wavelet soft thresholding (WST), ICA, and WT-ICA. From the
experimental results, it is shown that WT-ICA can significantly reduce noises and get lower-noise image. Moreover, the average
of WT-ICA denoising image’s peak signal to noise ratio (PSNR) is improved by 20.54% compared with noisy image and 11.68%
compared with the classical WST denoising image, which demonstrates its advantage. From the performance of texture and edge
detection, denoising image byWT-ICA is closer to the original image.Therefore, the newmethod has its unique advantage in image
denoising, which lays a solid foundation for the realization of further image processing task.

1. Introduction

Noise can be interpreted as the factor which hinders the
people’s sense organ from understanding and accepting the
source information. In the process of the image’s acquisition
and transmission, due to pollution by Gaussian noise, the
image quality is declined seriously. It would produce unfavor-
able effects on the following image processing, such as seg-
mentation, compression, and image understanding.The pur-
pose of image denoising is to remove noises, while keeping
themain characteristics of information at the same time, such
as texture and edge information of image in order to improve
the quality of image. Previous studies showed that when the
peak signal to noise ratio (PSNR) of a simulation image is
lower than 14.2 dB, the probability of false detection of image
segmentation is more than 0.5%, and the estimated error of
parameters is more than 0.6% [1].

The conventional image denoising methods were based
on different statistical characteristics of noise and signal,
using the low-pass filters for denoising. In the spatial domain,
when the statistics characteristics of noise are unknown, local
smoothing operator is selected for denoising. The advantage

of thismethod is that images can be processed in parallel, and
less computation time is needed while the drawback is that
the selection of window size affects the ability of denoising
[2]. If the statistical characteristics of noise are known in the
frequency domain, theWiener filter [3] and least square filter
[4] can be used to perform global denoising. But using this
method, we need to know the statistical model of noise and
signal. As we cannot use simple stochastic process to describe
statistical model of image in real applications, the computa-
tional cost is relatively high. Low pass filtering method can
eliminate the noise effectively, but it can also make the image
edge fuzzy at the same time. There are some other denoising
methods based on level set, morphological filter, andMarkov
model [5–7]. To reduce Gaussian noises, many scholars have
proposed a series of denoising algorithm, including improved
wavelet denoising method [8], improved ICA denoising
method [9, 10], improved morphology denoising method [6,
11], method based on neural network [12], and filtering algo-
rithm for improved denoising method [13, 14]. However, the
Gaussian noise reduction was still a critical problem, as it was
difficult to be removed completely.
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In this study, the wavelet transform (WT) and inde-
pendent component analysis (ICA) are introduced to image
denoising, and a kind of WT and ICA-based fusion method
for denoising (WT-ICA) is proposed. The new method uses
wavelet threshold denoising method to remove Gaussian
noise in image; then, it applies ICA to separate the image
maximumly into image source signal and noise; finally, it
applies wavelet transform to denoise the separated image
source signal again. In this way, the new denoising method
can get the lower noise image as result. TheWC-ICA denois-
ing method achieves the full integration of the advantages of
WT and ICA. In the experiments, to obtain different noisy
images, we selected three images and added different noises.
In order to better verify the denoising ability of the new
method, the experiment adopts median filtering (MF),
wavelet soft thresholding (WST), ICA, andWT-ICA for com-
parison. The experimental results indicated that the quality
of processed image is greatly improved. The new method
can well preserve image texture features and edge details.
The PSNR is improved obviously and the obtained low noise
image is more conductive for further recognition. In order to
explain the effect of noise reduction, we calculate the PSNR
and perform edge detection on images, the results of which
demonstrate the superiority of the WT-ICA algorithm. The
new method has a unique advantage in the denoising Gaus-
sian signals in image, which lays a solid foundation for the
further image processing task.

2. Method of WT-ICA Fusion Denoising

Gaussian white noise is considered as the main image noise.
The denoising of Gaussian signal is difficult, which has
attracted the attention of many scholars. They proposed
numerous image denoising methods, some of which have
been used to process images and reduce Gaussian noises,
and some achievements have been obtained. However, these
methods are still unable to reach the ideal denoising effect [15,
16]. In this study, the WT and ICA are introduced into image
processing simultaneously. In order to reduce noise pollution
of images to the maximum extent, this study tries to combine
these two methods together for image denoising.

2.1. Wavelet Denoising. Wavelet transform has good proper-
ties of localization both in the time and frequency domains.
This characteristic can not only characterize the texture and
structure of images at different resolution levels, but also
contributes to the edge detection. Therefore, wavelet-based
denoising can extract and preserve the edge information,
which plays an important role in vision at the same time. It
takes the lead in realizing nonlinear transform denoising of
image. It is one of the hotspots in image processing field, and
more and more new methods are proposed.

All thewavelet denoisingmethods follow the basic princi-
ple: the wavelet coefficients of image source signal and noise
have different properties at different scales. By constructing
the corresponding evaluation criteria,WTusesmathematical
methods to process the corresponding wavelet coefficients
of noise signal in the wavelet domain. This study adopts
the wavelet threshold denoising method, and the evaluation

The original image

Feature extraction

Low-pass filter

The output signal

Feature 
information

Figure 1: Flow chart of wavelet denoising.

criterion is the predetermined threshold. That is, we process
wavelet coefficients according to a predetermined threshold.
If wavelet coefficients are less than a predetermined thresh-
old, these coefficients resulting from the noise thus can be
ignored. Otherwise, it is regarded that wavelet coefficients are
caused by the image signal source; thus, these coefficients are
kept or expanded, and then we reconstruct and restore them.
Finally, the low noise image is obtained.

On the one hand, from the mathematical point of view,
wavelet denoising belongs to function approximation in the
essence. On the other hand, it can seem as a signal filtering
problem when it is analyzed from the signal perspective.
Therefore, the wavelet denoising is actually an integration of
image features extraction and image low-pass filter. Figure 1
is the flow chart of wavelet denoising.

Suppose the noisy image signal is

𝑓 (𝑖, 𝑗) = 𝑠 (𝑖, 𝑗) + 𝑛 (𝑖, 𝑗) , (1)

where 𝑠(𝑖, 𝑗) is the image source signal and 𝑛(𝑖, 𝑗) is the noise
signal that follows 𝑁(0, 𝜎2). When performing the discrete
wavelet transform of observational image signal 𝑓(𝑖, 𝑗), the
wavelet coefficients are also composed of two parts: the
correspondingwavelet coefficients of image source signal and
the corresponding wavelet coefficients of noise signal.

The essence of image threshold denoising is to apply one-
dimensional wavelet transform to rows and columns of image
and then to perform threshold denoising of one-dimensional
signal. When making discrete sampling to the row vector as
in formula (1),𝑁 discrete points signal 𝑓(𝑛) can be obtained.
The discrete wavelet transform is

𝑊𝑓(𝛼, 𝑘) = 2−𝛼/2
𝑁−1
∑
𝑛=0

𝑓 (𝑛) 𝜓 (2−𝛼𝑛 − 𝑘) . (2)

In the above formula,𝑊𝑓(𝛼, 𝑘) is the wavelet coefficient,
and𝛼 is decomposition scale. Similarly, thewavelet transform
is performed on the column vectors.

This study adopts wavelet soft threshold denoising
method, the basic idea of which is carried out as follows.

Step 1. Apply wavelet transform to the two-dimensional
image signal, select the appropriate wavelet basis and decom-
position layer 𝛼, and calculate the decomposition of signal 𝑓
to the 𝛼 layer.
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Figure 2: Flow chart of ICA denoising.

Step 2. Conduct the threshold quantization to the decom-
posed high frequency coefficients, choose an appropriate
threshold for each layer 1 ∼ 𝛼, and make the soft threshold
quantization to the high frequency coefficients of the layer.

Step 3. Calculate the reconstruction of two-dimensional sig-
nal according to the low frequency coefficients in the 𝛼 layer
of the wavelet decomposition and the high frequency coeffi-
cient modified from 1 to 𝛼 layer of each layer, and obtain the
low noise image.

When the absolute value of the wavelet coefficients is
larger than a given threshold, let the soft threshold function
minus the threshold; otherwise, it is set to 0.This is described
as

𝑤
𝛼,𝑘

=
{
{
{

sgn (𝑤
𝛼,𝑘

) ⋅ (
𝑤𝛼,𝑘

 − 𝜆) ,
𝑤𝛼,𝑘

 > 𝜆,

0,
𝑤𝛼,𝑘

 ≤ 𝜆.
(3)

Among them, in the threshold function, 𝑤
𝛼,𝑘

is the
𝑘th wavelet coefficients in the 𝛼 scale, 𝑤

𝛼,𝑘

is the wavelet
coefficient after treatment with threshold function, and 𝜆 is
the threshold defined as

𝜆 = 𝜎√2 ln𝑀×𝑁, (4)

where 𝜎 is noise standard deviation.𝑀 and 𝑁 are rows and
columns of the image pixel, respectively.

2.2. ICA Denoising. ICA is widely used in the blind source
signal separation, such as the cocktail party problem [17, 18].
As the development of ICA research, it has broad applications
[19, 20]. Under certain conditions, ICA can well separate
hidden source signal from mixed signal. When it is used for
image processing, the main task is to extract image source
signal from noisy image and to achieve the denoising effect.
The basic idea of ICA noise reduction is to regard the noisy
image as a mixture of two independent signal sources which
are image source signal andnoise signal. For image denoising,
ICA separates the image source signal from the noise signal
with less loss of image details and achieves the purpose of
noise reduction.

The flow chart of ICA denoising is shown in Figure 2.
Assume that the ICA model with noise is

𝑥 = 𝐴𝑠 + 𝑛. (5)

Among them, 𝑥 is the observed image signal, 𝑠 = [𝑠1, 𝑠2,
. . . , 𝑠
𝑛

]𝑇 is the image source signal, 𝑛 = [𝑛1, 𝑛2, . . . , 𝑛𝑚]
𝑇 is the

noise signal, and 𝐴 is a mixed matrix of order𝑚 × 𝑛. 𝑠 and 𝑛
are independent of each other.

The mixing matrix is estimated by the method of max-
imum likelihood. However, in the ICA model with noise, it
is not enough to estimate only the mixing matrix. By the
inversion of formula (5), we can get

𝑊𝑥 = 𝑠 +𝑊𝑛. (6)

This is the estimation of independent component which
contains noise. However, it is expected that the estimation
is an independent component of source signal 𝑠

𝑖

, and the
component is allowed to achieve optimum in some extent,
that is, to contain the minimum noise.

This study uses FICA algorithm for image denoising.The
basic steps are as follows.

Step 1. Use the training set V without noise to estimate the
ICA base vector of V, where V = 𝐴𝑠. Obtain estimations
of union 𝐴 and order 𝑊

0

= 𝐴−1; then, calculate 𝑊 =

𝑊
0

(𝑊𝑇
0

𝑊
0

)−1/2.

Step 2. Estimate each component probability density 𝑠
𝑖

=

𝑤𝑇
𝑖

V. Apply ICA transform to the original signal with noise,
and calculate the sparse transform projection 𝑌 = 𝑊𝑋 based
on transform matrix𝑊.

Step 3. Use the maximum likelihood function of contraction
𝑔
𝑖

to get denoising estimation 𝑠
𝑖

= 𝑔
𝑖

(𝑦
𝑖

).

Step 4. Take an inversion to transform; then, get low image
noise estimation𝑋 = 𝑊𝑇𝑆.

Thus, it can be seen that ICA is to decompose the image
under certain criterion into a series of basis vectors that are
not related to each other, and then choose a certain amount
of basis vectors to reconstruct image referring to the criterion
which finally achieves the image denoising.

2.3. WT-ICA Denoising

2.3.1. The Idea of Fusion Denoising. In order to achieve better
denoising performance, this study further combines wavelet
transform with ICA and proposes a new denoising method
based on WT and ICA (WT-ICA). Given the original signal
𝑋 of image with noise, the newmethod first uses wavelet soft
threshold denoising algorithm to remove the part of Gaussian
noise, which can be regarded as the first image denoising.
In order to minimize information loss, it cannot perform
continuous wavelet transform denoising. The ICA is applied
to the obtained images with less noise to make a maximum
separation of the image source signal and noise signal; then,
it completes the ICA denoising. The image processed by ICA
can maintain a low distortion. However, there still exist some
noises in the current images obtained; thus, the wavelet soft
threshold denoising is used again to obtain higher-quality
image source signal.
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Figure 3: Flow chart of WT-ICA denoising.

We apply the wavelet soft threshold denoising again,
which is different from the classical secondwavelet denoising.
For the two wavelet threshold denoising methods in this
study, we make independent component analysis on the low
noise image which is obtained from the first step in order to
maximize the elimination of noise interference and enhance
the denoising performance.

2.3.2. The Basic Steps of the Fusion Algorithm. In this study,
based on the idea ofWT and ICA integration, we propose the
WT-ICA fusion method for image denoising. The flow chart
is shown in Figure 3.

The basic steps of fusion image denoising are as follows.

Step 1. Apply wavelet transform to the two-dimensional
image signal, and calculate the decomposition of signal 𝑋 in
the 𝛼 layer.

Step 2. Choose an appropriate threshold for each layer 1 ∼ 𝛼,
and conduct the soft threshold quantization to the high
frequency coefficients of the layer.

Step 3. Calculate the reconstruction of two-dimensional
signal according to the low frequency coefficients in the 𝛼
layer of the wavelet decomposition and the high frequency
coefficient modified from the first to the 𝛼 layer of each layer
to get low noise image𝑋.

Step 4. Use source image training set without noise to
estimate ICA-based vector and get the mixing matrix 𝐴.

Step 5. Apply ICA transform and the maximum likelihood
estimation to remove the noise estimation for low noise
image.

Step 6. Apply inverse transform of ICA to get image source
signal estimation𝑋.

Step 7. Repeat Steps 1–3 to get lower noise image.

3. Experimental of Image Denoising

3.1. The Original Image. In order to validate the newmethod,
we selected three groups of images in the experiments, as

shown in Figure 4. The pixel of standard lenna image in
Figure 4(a) is 512 × 512. To further verify the performance,
the Red Fuji apple image is selected, as shown in Figure 4(b)
which is captured by a certain type of apple harvesting robot
in natural environment. The camera model is the SONY
CYBERSHOT. The scenic image in Figure 4(c) is captured
by CANON ESO 600 D. For subsequent validation of image
denoising, three representative images are selected. These
three color images are converted to grayscale images, which
are shown in Figure 5.

3.2. Noise Reduction Experiments. The experimental opera-
tion platform in this study is described as follows: the host
configuration: CPU Intel Core2 Duo E7300 2.66GHz, RAM
1.99GB, Intel graphics G33/G31 ECF runtime environment:
MATLAB R2012a.

In order to better verify the new method, the fol-
lowing denoising methods are adopted in the experiment:
median filtering denoisingmethod (MF), wavelet soft denois-
ing method (WST), ICA denoising method, and WT-ICA
denoising method.These four denoising methods were com-
pared to each other.The window size for MFmethod is 3 ∗ 3.
The decomposition scale forWSF denoising method is 3.The
window size for orthogonal ICA transform is 8 ∗ 8.

3.2.1. Experiment 1. In order to better verify the validation of
the proposed denoising method, the denoising comparison
among four methods on the standard image of lenna is illus-
trated in Figure 6. The lenna gray image is superimposed to
Gaussian white noise with zeromean and different intensities
(𝜎
𝑛

2 = 0.001, 0.01, 0.05, 0.1) so that the noisy images are
obtained. Under different noise levels, as shown in Figure 6,
we get noise reduction results by using different denoising
methods. Figures 6(a)–6(d) list the images with noise and
noise reduction results with the condition of 𝜎

𝑛

2 equal to
0.001, 0.01, 0.05, and 0.1. From the first to the fifth columns
of each row, they are noisy image (NI), denoising results
obtained by median filtering (MF) method, WST denoising
method, ICA denoising method, and WT-ICA denoising
method, respectively.

3.2.2. Experiment 2. In order to further verify the effec-
tiveness of our algorithm, the Gaussian white noises with
zero mean and different intensities (𝜎

𝑛

2 = 0.01, 0.05, 0.1)
are superimposed on the gray image of apple, respectively,
to get noisy images. Then, a comparison is made among
noisy images obtained by using median filtering denoising,
soft threshold denoising, ICA denoising, and WT-ICA noise
reduction method, respectively. The above four denoising
methods are used to denoise the added noisy image. The
denoising results are shown in Figures 7(a)–7(c). The order
of Figure 7 is the same as that in Figure 6.

3.2.3. Experiment 3. We conduct the experiment 3 with the
mountain image. The procedure of experiment 3 is the same
as that of the experiment 2. The denoising results are shown
in Figures 8(a)–8(c).
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(a) Lenna (b) Apple (c) Mountain

Figure 4: The original color images.

(a) Lenna (b) Apple (c) Mountain

Figure 5: The original gray images.

3.3. Experimental Results and Analysis

3.3.1. Visual Analysis. In Figures 6–8, from the visual point of
view, it can be observed that four kinds of denoisingmethods
can reduce noises to a certain extent. But by comparing
the low noise images obtained from four kinds of denoising
methods, it can be seen that the denoising performance ofMF
method is relatively worse, the results of which retain more
noises and are fuzzy.Thedenoising results of theWSTdenois-
ing method and ICA denoising method are clearer than the
results of the MF denoising method, but there are still some
noises existing and the denoising is incomplete. Therefore,
to some extent, it needs to be further improved. Compared
to other three methods for noise reduction, the images
obtained by WT-ICA denoising method are the clearest
with lowest noise, the performance of which is the best.

3.3.2. The PSNR Evaluation. WT-ICA denoising method
greatly improves the performance of image restoration. The
visual quality has been greatly improved as well. However, as
the evaluation by human vision is subjective, it cannot verify
the real denoising performance in a fair and objective way.

In order to measure the performance of denoising algo-
rithm objectively, the PSNR of different images, mean square
error (MSE) of lenna, apple and mountain images by using
four denoising methods are listed in Tables 1 and 2, respec-
tively.These results are the average results of 20 times experi-
ments.

From both the results of PSNR and MSE, it can be
observed that the method proposed in this paper has obvious

Table 1: The PSNR comparison of different noise reduction meth-
ods.

Image 𝜎
𝑛

2 NI MF WST ICA WT-ICA

Lenna

0.001 30.2486 32.8937 31.2977 31.3042 35.8509
0.01 29.6274 28.4660 30.7974 29.7149 33.3217
0.05 27.7434 28.6445 30.1754 27.8348 33.1302
0.1 27.5489 28.2028 29.0964 28.2738 32.2946

Apple
0.01 28.6552 31.0486 31.7073 31.8736 35.5676
0.05 27.7477 31.0147 29.8020 31.8391 35.0163
0.1 27.5549 28.2936 30.1613 28.8020 33.1680

Mountain
0.01 27.8586 30.2643 30.5784 31.0982 33.6078
0.05 26.6541 30.0129 29.8475 28.8976 32.7673
0.1 25.9783 27.8951 28.1496 28.9571 32.0735

advantages compared with other methods. The PSNR is
improved by about 5∼8 dB, especially in high noise intensity;
that is, the signal-to-noise ratio is low,where the effect ismore
obvious and the advantage of this method can be reflected
more directly. The average of WT-ICA denoising image’s
PSNR is improved by 20.54% compared with noisy image,
and 11.68% compared with the classical WST denoising
image. Therefore, the advantage can be demonstrated obvi-
ously.

3.3.3. Texture Features Comparison. In order to verify the
characteristics of retaining image texture in this paper, the
joint statistical distribution of pixel and the edge gradient
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(a) 𝜎
𝑛

2

= 0.001

(b) 𝜎
𝑛

2
= 0.01

(c) 𝜎
𝑛

2

= 0.05

(d) 𝜎
𝑛

2

= 0.1

Figure 6: The denoising results of lenna.

Table 2:TheMSE comparison of different noise reductionmethods.

Image 𝜎
𝑛

2 NI MF WST ICA WT-ICA

Lenna

0.001 61.4078 33.3969 48.2288 48.1575 16.9040
0.01 70.8502 92.5712 54.1181 69.4370 30.2629
0.05 109.3291 88.8448 62.4513 107.0526 31.6272
0.1 114.3387 98.3551 80.0639 96.7604 38.3372

Apple
0.01 88.6262 51.0761 43.8886 42.2396 18.0435
0.05 109.2227 51.4765 68.0582 42.5766 20.4857
0.1 114.1801 96.3210 62.6538 85.6795 31.3531

Mountain
0.01 106.4683 61.1858 56.9168 50.4964 28.3335
0.05 140.4981 64.8321 67.3489 83.8147 34.3835
0.1 164.1536 105.5773 99.5681 82.6743 40.3395

with four kinds of denoising methods are calculated, and
the gray gradient cooccurrence matrix is used to extract

image texture features [21]. Taking lenna image with noised
intensity 𝜎

𝑛

2 = 0.01 as example, we calculate four typical
texture features: energy 𝑇

1

, correlation 𝑇
2

, grey entropy 𝑇
3

,
and moment of inertia 𝑇

4

, as shown in Table 3. In Table 3, OI
(original image) is the representation of the original image,
and the other codes are the same as Table 1. From the results,
the texture features of image processed byWT-ICAdenoising
method is closest to the original image, so the WT-ICA
denoising method is the best in retaining texture features.

3.3.4. Comparison on Edge Detection. In order to further
verify the feasibility of four methods of image denoising,
noise intensity 𝜎

𝑛

2 = 0.01 is added to the lenna image
(original image, noised image, and image denoising of four
kinds of methods).The results of edge detection are shown in
Figure 9.TheCanny edge detection operator is themost com-
monly used edge detection operator, which is recognized as
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Table 3: The typical texture features comparison among different denoising methods.

Typical texture features OI NI MF WST ICA WT-ICA
𝑇
1

0.0011 0.0021 0.0018 0.0008 0.0008 0.0009
𝑇
2

−135.6152 −286.1320 −203.8348 −97.6614 −83.7051 −125.7223
𝑇
3

2.2555 2.3420 2.3105 2.2743 2.2647 2.2459
𝑇
4

(×10−4) 1.5099 1.4299 1.4373 1.4195 1.3884 1.4897

(a) 𝜎
𝑛

2

= 0.01

(b) 𝜎
𝑛

2

= 0.05

(c) 𝜎
𝑛

2

= 0.1

Figure 7: The denoising results of apple.

an excellent detection operator [22]. From Figure 9, it can
be seen that the edge detection results of WT-ICA denoising
method is able to extract the whole contour information of
the image, which is closer to the original image. Thus, the
proposed method is more effective to keep image texture and
edge details.

Through these experiments, we compare and analyze
noise reduction ability and the denoising effect of four differ-
ent methods in Figures 5–9 and Tables 1–3, where the perfor-
mances are evaluated from the visual and objective aspects,
respectively. All the results in this study show that the effect of
WT-ICA denoising method proposed is the optimal.

4. Conclusion and Discussion

The image denoising for Gaussian noise is a difficult problem
in the image processing. For this task, the wavelet transform
and independent component analysis are introduced into

image denoising at the same time. These two algorithms
have their own advantages in image denoising. However, it
is difficult to achieve the ideal effect as noise reduction is
incomplete. In order to better reduce the noise, we combine
the two advantages ofWT and ICA, and a new image denois-
ing method based on WT and ICA (WT-ICA) is proposed.
The experimental results show that the noises of low noise
image are significantly reduced by using WST and ICA noise
reduction, where the resulting image is clearer and the PSNR
is improved. The denoising effects of these two methods
are slightly better than those of the median filter denoising
method. However, these two methods of image denoising
are still incomplete, which need to be further improved. The
quality of image processed by WT-ICA image denoising
method is greatly improved, where the value ofMSE is further
reduced, and the PSNR about 1–5 dB is improved. This new
method retains image texture and edge details very well,
and the obtained low noise image is more conducive for
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(a) 𝜎
𝑛

2

= 0.01

(b) 𝜎
𝑛

2

= 0.05

(c) 𝜎
𝑛
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Figure 8: The denoising results of mountain.

(a) OI (b) NI (c) MF

(d) WST (e) ICA (f) WT-ICA

Figure 9: Canny edge detector (lenna 𝜎
𝑛

2 = 0.01). Note: the symbols in Figure 9 are the same as Table 1.
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the further recognition and processing. It is demonstrated
thatWT-ICA denoising method is feasible.The effect is more
obvious especially in the case of high noise intensity, that is,
the signal-to-noise ratio is low.

Overall, there are lots of problems for image denoising
yet to be explored and solved. These problems should be
dealt with according to the specific image noise type by using
modern electronic equipment, such as spectrum analyzer,
or by selecting appropriate algorithms as image denoising
method [23, 24] such as partial differential equations that can
determine types of complicated noise. WT-ICA has become
one kind of research methods for image denoising. In this
paper, only Gaussian noise is discussed and the research on
non-Gaussian noise is waiting for further verification. Many
experts have turned to this research area, so it is necessary to
generalize the research results of Gauss noise to that of non-
Gaussian noise, which is still a difficult problem at present.

In machine vision, image denoising is an important step
in image processing. There are many other problems yet to
be solved, such as segmentation, recognition, and visual nav-
igation problems, which restrict the development of image
processing technology and need to be further studied.
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González, “Anisotropic phase-map denoising using a regu-
larized cost-function with complex-valued Markov-random-
fields,” Optics and Lasers in Engineering, vol. 48, no. 6, pp. 650–
656, 2010.
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This work presents a novel evaluation method, which can be applied in the field of risk assessment, project management, cause
analysis, and so forth. Two core technologies are used in the method, namely, modified Buckley Decision Making and Bayesian
Network. Based on the modified Buckley DecisionMaking, the fuzzy probabilities of element factors are calibrated. By the forward
and backward calculation of Bayesian Network, the structure importance, probability importance, and criticality importance of
each factor are calculated and discussed. A numerical example of risk evaluation for dangerous goods transport process is given to
verify the method. The results indicate that the method can efficiently identify the weakest element factor. In addition, the method
can improve the reliability and objectivity for evaluation.

1. Introduction

The applications of evaluation models almost extend to every
aspect of research, for example, forecasting traffic flows [1],
analyzing the causes of traffic accidents [2], evaluating the
risk of transport process [3], and discussing the origins
of driver fatigue [4]. In these topics, two targets attract
researchers’ interest: investigating the top-event occurrence
rate and exploring the influence degree of element factors.
Analytic hierarchy process (AHP), fuzzy analytic hierarchy
process (FAHP), fishbone diagram model (FDM), fault tree
analysis (FTA), andBayesianNetwork (BN) have proved to be
efficient approaches for studying them [5–9]. In thesemodels,
the probabilities of element factors are the foundation of
quantitative analysis. They are calibrated in the traditional
approach by the following three steps. (1) Construct judgment
matrix by introducing 1∼9 contrast scaling (K). (2)Normalize
processing of the matrix to calculate the eigenvector. (3)
Assign each element factor a value of element in eigenvector
as its probability value correspondingly. However, in the first
step, it has natural deficiency by using 1∼9 contrast scaling
to construct the judgment matrix. To illustrate this point, an
intensity of importance scale is given in Table 1.

Suppose a, b , and c are element factors. According to
Table 1, if b is slightly more important than a, then b : a =

3 : 1. Moreover, if c : b = 9 : 3 (in the view of scale table,
the weight ratio of element factors “c” and “b” is 9 : 3), then
the importance of factor “c” compared with “b” belongs to
the level of “strong importance.” At the same time, 9 : 3 is
equal to 3 : 1 mathematically. In other words, the weight
ratio of factors “c” and “b” is 3 : 1, so factor “c” is a little
more important than “b.” Therefore, it is conflicting between
the above two standpoints. Furthermore, if the relationship
between factors “c” and “b” applies to nexus between “c” and
“a,” then the weight ratio of factors “c” and “a” is 9 : 1.
Although factor “c” is 9 times of “a” in weight ratio, it is
not definite that factor “c” is extremely more important than
“a.” Therefore, it inevitably causes the confusion when using
the traditional approach. In addition, the judgment matrix
constructed by the traditional approach is a deterministic
matrix, which cannot well represent the fuzzy comparisons
between element factors ideally.

Aiming at the defects of traditional method, the 9/9∼
9/1 contrast scaling will be introduced into the Buckley
matrix; in addition, K-value will be replaced by trapezoidal
fuzzy number [3, 10]. Then the modified Buckley Decision
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Table 1: Scale and its implication.

1∼9 contrast
scaling (K) Intensity of importance

1 Equal importance
3 Moderate importance
5 Obvious importance
7 Strong importance
9 Extreme importance

2, 4, 6, 8 Intermediate values between two adjacent
judgments

Making method will be applied to calibrate the probabilities
of element factors. Using this technique, the calculation
becomes more rigorous and makes the importance degree
much more scientific despite of its complexity.

In the field of reasoning model, BN can be mapped
easily from the AHP, FAHP, FDM, and FTA models. Owing
to the conditional probability tables of BN, the diagram
calculation process of AHP, FAHP, FDM, and FTA can be
transformed into a logical table calculation process, which
helps to calculate intelligently. Based on the chain rule in
BN, the evaluation value of top-event as well as the structure
(probability, criticality) importance of each factor will be
obtained by the forward and backward calculation of BN.
The influence degree of each element factor can be effectively
indicated by the previous three importance indexes.

The remaining parts of this paper are organized as
follows. Section 2 introduces the new evaluation method. In
the method, modified Buckley Decision Making method is
applied to calibrate the probability of each element factor;
BN is served as the reasoning computation model; structure
importance, probability importance and criticality impor-
tance are designed as the evaluation indicators; Bucket Elim-
ination algorithm is modified to solve the BN. In Section 3, a
numerical example is given to verify themethod. Conclusions
are finally drawn in Section 4, along with recommendations
for future research.

2. The New Evaluation Method

2.1. Modified Buckley Decision Making. The probabilities of
element factors are fundamental to the evaluation process,
which rely on judgment matrix. Based on the Buckley
Decision Making method, the trapezoidal fuzzy number is
introduced to construct the judgment matrix. If element
factor 𝐼

𝑥
is extremely more important than 𝐼

𝑦
, then the

initialized fuzzy judgment matrix can be constructed as
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Then, the formula K = 9/(10 − K) is applied to modify
each element in the upper right corner of the matrix [11]. The
elements in the lower left corner of the matrix are derived
by construction rules of Buckley matrix [10]. Therefore, the
modified fuzzy judgment matrix is
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Similarly, based on the modified Buckley Decision Mak-
ing method, the matrix contained contrast between all the
element factors which is defined as
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𝛽

(𝑖=𝑘)
= (

𝑛

∏

𝑗=1

𝛽

𝑘𝑗
)

1/𝑛

, 𝛽 =

𝑛

∑

𝑖=1

[𝛽

(𝑖=𝑘)
] ;

𝛾

(𝑖=𝑘)
= (

𝑛

∏

𝑗=1

𝛾

𝑘𝑗
)

1/𝑛

, 𝛾 =

𝑛

∑

𝑖=1

[𝛾

(𝑖=𝑘)
] ;

𝛿

(𝑖=𝑘)
= (

𝑛

∏

𝑗=1

𝛿

𝑘𝑗
)

1/𝑛

, 𝛿 =

𝑛

∑

𝑖=1

[𝛿

(𝑖=𝑘)
] .

(4)

Then the fuzzy weight 𝑥

𝑘
of element factor 𝐼

𝑘
is calcu-

lated:

𝑥

𝑘
= (

𝛼

(𝑖=𝑘)

𝛿

,

𝛽

(𝑖=𝑘)

𝛾

,

𝛾

(𝑖=𝑘)

𝛽

,

𝛿

(𝑖=𝑘)

𝛼

) . (5)

Performing the same procedure for 𝑖 from 1 to n, we have

X = {𝑥

1
, 𝑥

2
, . . . , 𝑥

𝑘
, . . . , 𝑥

𝑛
} . (6)

Then, the value of element in X is assigned to each
element factor as its fuzzy probability value correspondingly.

2.2. BayesianNetwork. BayesianNetwork is a directed acyclic
graph with a series of conditional probability tables (CPTs)
[3, 12, 13]. It has become widely used in the field of evaluation
because of the conditional independence of BN nodes and
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bidirectional reasoningmechanism. In addition, AHP, FAHP,
FDM, and FTA models can be mapped to a BN easily, which
helps to establish BN models. Roughly speaking, in most of
AHP, FAHP, FDM, and FTAmodels, the relationship between
subnodes and parent nodes only involves “OR gate” and
“AND gate” (the logical relationships between events and
causes in AHP, FAHP, and FDM models are represented
by means of logical “AND” and “OR” gates). Therefore, it
is critical to discuss how an “OR gate” and an “AND gate”
convert into an equivalent BN.The conversions are shown in
Figures 1 and 2.

According to Figure 1, we have

𝑃 (𝑠 = 1 | 𝑖

1
= 0, 𝑖

2
= 0) = 0,

𝑃 (𝑠 = 1 | else) = 1.

(7)

According to Figure 2, we have

𝑃 (𝑠 = 1 | 𝑖

1
= 1, 𝑖

2
= 1) = 1,

𝑃 (𝑠 = 1 | else) = 0.

(8)

Based on the conversions, each gate (OR or AND) in the
AHP, FAHP, FDM, and FTA assigns the equivalent CPT to
the corresponding node in the BN and then the whole BN is
established [14]. Taking the conditional independence of BN
nodes into consideration, we get the joint probability distri-
bution function using chain rule, which is the foundation of
forward and backward calculation.

2.3. Evaluation Indicators. In the evaluation method, three
indicators, that is, structure importance (𝑄

St
𝑖
), probability

importance (𝑄

Pt
𝑖
), and criticality importance (𝑄

Ct
𝑖
), are

designed to evaluate the importance of each factor.
𝑄

St
𝑖
analyzes the influence of each factor with respect to

model structure. 𝑄Pt
𝑖
analyzes the influence of each factor

with respect to probability of each factor andmodel structure.
𝑄

Ct
𝑖

analyzes the influence of each factor with respect to
sensitivity and probability, which can reflect the fact that
reducing the occurrence probability of a large probability

Table 2: Parameters of calculation formulas.

Parameters Standing for
𝑇 Top-event
𝐼

𝑖
Element factor i

𝐼

𝑗
Element factor j

𝑛 Total numbers of all element factors
𝐼

𝑖
= 1 Element factor i occurs

𝐼

𝑗
= 1 Element factor j occurs

𝑝(𝑇 = 1) Occurrence probability of top-event
𝑝(𝐼

𝑖
= 1) Occurrence probability of element factor i

𝑝(𝐼

𝑗
= 1) Occurrence probability of element factor j

𝑝(𝑇 = 1 | ∙) Conditional probability of top-event when it happens

event is easier than a rare event [3]. The calculation formulas
of the above three indicators are defined by (9), where the
parameters are shown in Table 2:

𝑄

St
𝑖

= 𝑝 (𝑇 = 1 | 𝐼

𝑖
= 1, 𝑝 (𝐼

𝑗
= 1) = 0.5, 1 ≤ 𝑗 ̸= 𝑖 ≤ 𝑛)

− 𝑝 (𝑇 = 1 | 𝐼

𝑖
= 0, 𝑝 (𝐼

𝑗
= 1) = 0.5, 1 ≤ 𝑗 ̸= 𝑖 ≤ 𝑛) ,

𝑄

Pr
𝑖

=









𝑝 (𝑇 = 1 | 𝐼

𝑖
= 1) − 𝑝 (𝑇 = 1 | 𝐼

𝑖
= 0)









,

𝑄

Cr
𝑖

=

𝑝 (𝐼

𝑖
= 1) ∗









𝑝 (𝑇 = 1 | 𝐼

𝑖
= 1) − 𝑝 (𝑇 = 1 | 𝐼

𝑖
= 0)









𝑝 (𝑇 = 1)

.

(9)

2.4. Evaluation Methodology. Among various techniques for
solving BN, Bucket Elimination has proved to be one of the
most efficient approaches [15]. Considering the dimorphism
of BN mapped from AHP, FAHP, FDM, and FTA model,
the Bucket Elimination algorithm can be modified to reduce
the computational difficulty and to improve the efficiency
of calculation. Therefore, we define calculation rules of the
modified Bucket Elimination algorithm firstly; then, based
on the rules and modified Buckley Decision Making, put
forward the evaluation process.



4 Mathematical Problems in Engineering

Table 3: Parameters of calculation rules.

Parameters Standing for Note
𝐶

𝑖
The subnode event If the node represents element factor, 𝐶

𝑖
= 𝐼

𝑖

𝐶

𝑗
The parent node event /

𝑃

𝑖𝑗
The connection event /

𝑝

𝑖𝑗
The conditional probability table of 𝑃

𝑖𝑗
/

𝑝(𝐶

𝑖
= 1) The occurrence probability of 𝐶

𝑖
𝑝(𝐶

𝑖
= 1) = 𝑥

𝑖
, 𝑝(𝐶

𝑖
= 0) = 1 − 𝑥

𝑖

𝑝(𝐶

𝑗
= 1) The occurrence probability of 𝐶

𝑗
𝑝(𝐶

𝑗
= 1) = 𝑥

𝑖
, 𝑝(𝐶

𝑗
= 0) = 1 − 𝑥

𝑖

(1) Calculation Rules. In the modified Bucket Elimination
algorithm, three calculation rules are defined as follows (see
(10) ∼ (12)), where the parameters are shown in Table 3.

Rule 1. To deal with “singer-factor,” if we have𝐶

𝑖

𝑃𝑖𝑗

→ 𝐶

𝑗
, then

𝑃 (𝐶

𝑗
= 1) = 𝑝 (𝐶

𝑖
) × 𝑝

𝑖𝑗
= 𝑥

𝑖
𝑝

𝑖𝑗
,

where 𝑝

𝑖𝑗
= 0 or 1.

(10)

Rule 2. To deal with “ANDgate,” if we have ⋂

𝑖=𝑘+𝑛

𝑖=𝑘−𝑚
𝐶

𝑖

𝑃𝑖𝑗

→ 𝐶

𝑗
,

then

𝑝 (𝐶

𝑗
= 1) =

𝑖=𝑘+𝑛

∑

𝑖=𝑘−𝑚

𝑝 (𝐶

𝑖
) × 𝑝

𝑖𝑗

= 𝑥

𝑘−𝑚
× 𝑥

𝑘−𝑚+1
× ⋅ ⋅ ⋅ × 𝑥

𝑘
× ⋅ ⋅ ⋅ × 𝑥

𝑘+𝑛
× 1.

(11)

Rule 3. To deal with “OR gate,” if we have ⋃

𝑖=𝑘−𝑚

𝑖=𝑘−𝑚
𝐶

𝑖

𝑃𝑖𝑗

→ 𝐶

𝑗
,

then

𝑝 (𝐶

𝑗
= 1) =

𝑖=𝑘+𝑛

∑

𝑖=𝑘−𝑚

𝑝 (𝐶

𝑖
) × 𝑝

𝑖𝑗

= 1 − [(1 − 𝑥

𝑘−𝑚
) × (1 − 𝑥

𝑘−𝑚+1
)

× ⋅ ⋅ ⋅ × (1 − 𝑥

𝑘
) × ⋅ ⋅ ⋅ × (1 − 𝑥

𝑘+𝑛
) × 1] .

(12)

(2) Evaluation Process. The calculation process of the new
evaluation method is shown in Figure 3. According to the
evaluation process, the evaluation indicators are derived,
which indicate the importance of each element factor. Based
on the results, we can efficiently identify the weakest element
factor.

3. Numerical Example

Figure 4 shows an FTA model of risk evaluation for danger-
ous goods transport process, where 𝐼

𝑖
represents an element

factor. The corresponding importance of each factor (𝐼

𝑖
) is

given by experts. Based on the modified Buckley Decision
Making method, the fuzzy probabilities of all element factors
are calibrated (see Table 4).

Table 4: Fuzzy probabilities of element factors.

Element factor Fuzzy probability
𝐼

1
(0.021 07, 0.028 52, 0.038 31, 0.053 23)

𝐼

2
(0.018 97, 0.026 64, 0.035 25, 0.048 03)

𝐼

3
(0.024 65, 0.033 06, 0.043 22, 0.061 38)

𝐼

4
(0.002 50, 0.003 34, 0.004 07, 0.005 90)

𝐼

5
(0.023 28, 0.031 16, 0.041 59, 0.057 45)

𝐼

6
(0.006 82, 0.009 68, 0.013 09, 0.019 67)

𝐼

7
(0.034 91, 0.045 97, 0.056 38, 0.078 31)

𝐼

8
(0.036 44, 0.048 75, 0.059 69, 0.079 29)

𝐼

9
(0.003 82, 0.005 28, 0.007 30, 0.010 42)

According to Section 2.2, the BN is established (see
Figure 5).

As illustrated in Figure 5, the joint probability distribu-
tion function is derived in

𝑝 (𝑡) = 𝑝 (𝑡, 𝑆

1
, . . . , 𝑆

4
, 𝐼

1
, . . . , 𝐼

9
)

= 𝑝 (𝑡 | 𝑆

1
, 𝑆

2
, 𝐼

9
) 𝑝 (𝐼

9
) 𝑝 (𝑆

1
| 𝐼

1
, 𝐼

2
) 𝑝 (𝐼

1
) 𝑝 (𝐼

2
)

⋅ 𝑝 (𝑆

2
| 𝑆

3
, 𝑆

4
) 𝑝 (𝑆

3
| 𝐼

3
, 𝐼

4
, 𝐼

5
) 𝑝 (𝐼

3
) 𝑝 (𝐼

4
)

⋅ 𝑝 (𝐼

5
) 𝑝 (𝑆

4
| 𝐼

6
, 𝐼

7
, 𝐼

8
) 𝑝 (𝐼

6
) 𝑝 (𝐼

7
) 𝑝 (𝐼

8
) .

(13)

Based on Section 2.4, the evaluation value 𝑝(𝑡) =

(0.008 00, 0.012 71, 0.019 33, 0.032 95) and three importance
indexes are calculated as follows (see Figures 6–8).

According to Figure 6, the structure importance of each
element factor is sorted to be

𝑄

St
9

> 𝑄

St
3

= 𝑄

St
4

= 𝑄

St
5

= 𝑄

St
6

= 𝑄

St
7

= 𝑄

St
8

> 𝑄

St
1

= 𝑄

St
2
. (14)

According to Figure 7, the probability importance of each
element factor is sorted to be

𝑄

Pr
2

> 𝑄

Pr
1

> 𝑄

Pr
9

> 𝑄

Pr
3

> 𝑄

Pr
8

> 𝑄

Pr
5

> 𝑄

Pr
7

> 𝑄

Pr
6

> 𝑄

Pr
4
.

(15)

According to Figure 8, the criticality importance of each
element factor is sorted to be

𝑄

Cr
2

> 𝑄

Cr
1

> 𝑄

Cr
8

> 𝑄

Cr
7

> 𝑄

Cr
3

> 𝑄

Cr
5

> 𝑄

Cr
9

> 𝑄

Cr
6

> 𝑄

Cr
4

.

(16)
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p(Ii = 1) = (1/2, 1/2, 1/2, p(Ii = 1) takes the calibration value
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Figure 3: Calculation process of the new evaluation method.

T

S2S1 I9

I1 I2 S3 S4
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Figure 4: Fault tree.

As shown in (14), most structure importance of element
factors is equal. Therefore, it is not proper to indicate the
influence extent of different factors using only structure
importance. By a comparison of (14), (15), and (16), we

find that 𝑄

St
9
and 𝑄

Pr
9

are relatively large while 𝑄

Cr
9

is rel-
atively small. It indicates that 𝐼

9
has great effects on 𝑝(𝑡),

but it is difficult to reduce the influence of 𝐼

9
on 𝑝(𝑡) by

taking measures. In addition, ∀𝑖 ̸= 1, 2, 𝑄

Pr
1
, 𝑄

Pr
2

> 𝑄

Pr
𝑖

and 𝑄

Cr
1

, 𝑄

Cr
2

> 𝑄

Cr
𝑖
. It can be concluded that 𝐼

1
and 𝐼

2

have larger effects on 𝑝(𝑡) than the other factors, and it
can ameliorate the value of 𝑝(𝑡) efficiently by reducing the
occurrence probabilities of 𝐼

1
and 𝐼

2
.Therefore, in the actual

productions, it is significantly important to monitor the
procedures of 𝐼

1
and 𝐼

2
to ensure safety.

4. Conclusion

Based on the combination of modified Buckley Decision
Making and Bayesian Network, we present a new evaluation
method in this paper, which can be widely used in the field
of risk assessment, project management, cause analysis, and
so forth. By using modifier formula K = 9/(10−K), 9/9∼9/1
contrast scaling is successfully introduced into the Buckley
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Figure 7: Probability importance. Note: 𝑥 was only marked-out
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matrix. In addition, the elements in Buckley matrix are
trapezoidal fuzzy number, which can well represent the fuzzy
comparisons between element factors ideally. According to
the modified Buckley Decision Making method, we can cali-
brate the probability of each element factor more logically. As
has been said, the probabilities of factors are fundamental to
evaluation. Therefore, the application of this core technology
makes our evaluation method more reliable and objective.
Based on the bidirectional reasoning mechanism of BN, the
top-event occurrence rate (or evaluation value) and influence
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Figure 8: Criticality importance. Note: 𝑥 was only marked-out
partial numbers because of limited margin.

indexes of element factors are gained by the forward and
backward calculation. Then, according to the sequence of
these influence indexes, the impact of each element factor
can be represented. Therefore, we can identify the weakest
element factor efficiently. In addition, the application of CPTs
in BNcanmake the diagram calculation ofAHP, FAHP, FDM,
and FTA into a logical table calculation, which is beneficial to
the intelligence of calculating techniques.

There are many interesting directions in which we can
extend our work. Ongoing and future research that we are
pursuing are to construct a discrete time dynamic Bayesian
Network model, combining the modified Buckley Decision
Making method.
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For the search engine, error-input query is a common phenomenon.This paper uses web log as the training set for the query error
checking. Through the n-gram language model that is trained by web log, the queries are analyzed and checked. Some features
including query words and their number are introduced into the model. At the same time data smoothing algorithm is used to
solve data sparseness problem. It will improve the overall accuracy of the n-gram model. The experimental results show that it is
effective.

1. Introduction

Recently, with the development of search engine technology,
abundant web log is produced. These resources are naturally
used into query error checking and correcting. The error
checking is the crucial step for query correction. Chinese and
English belong to different language families; their queries
have differences among query length, spelling error, and so
forth.The average lengths of queries are 1.85words inChinese
as well as 2.35 words in English [1]. In English query log,
there are nearly 10% ∼15% of queries with the spelling error.
Although there are no spelling errors in Chinese queries
because those characters out of Chinese characters library
cannot be input, the phenomena that they are misused
and confused occur frequently [2]. For example, there are
some errors, as word omission and addition, reversing order
in Chinese. These errors cannot be detected directly. The
methods need a big vocabulary base learned from query logs
for error checking. But the neologism emerging quickly is
rarely provided in the base. For instance, there are 17.4% of
queries out of the query vocabulary in the MSN data set.
These uncollected vocabularies have greater risks of being
misused in queries. The results show that it accounts nearly
for 85% in the query error checking. Thus the dynamic
refreshed query log is necessary for query correction [3].

In this paper the query logs of SOGOU (http://www.so-
gou.com/) are used for the model learning and error check-
ing. Although the log formats of different search engines are
variations, they have some commondata items, such as, query
time, user ID, query, and page rank, as Table 1 shows.

The web log contains abundant resources for error check-
ing.We propose a query checkingmodel bymining query log
after it has been cleaned by wiping off its noise.

2. Related Work

Query error checking has received great attention these years;
their models involve more complex language problems [4,
5]. Large scales of query logs and related corpus are also
necessary for their model training. Many machine learning
and natural language processing technologies which are
very effective in textual entailment, free translation and
transliteration, and sentence analysis have been introduced
into query checking task [6]. In addition, some correction
features are learned from these query logs [7, 8].

There are two technical branches for query error check-
ing, including statistical and rule-based methods, respec-
tively [9, 10]. Rule-basedmethods use lexical analysis, shallow
syntax analysis, or other lingual rules for query analysis
and error checking. These methods have higher accuracy

Hindawi Publishing Corporation
Mathematical Problems in Engineering
Volume 2015, Article ID 985204, 5 pages
http://dx.doi.org/10.1155/2015/985204

http://dx.doi.org/10.1155/2015/985204


2 Mathematical Problems in Engineering

Table 1: Query log format of SOGOU.

Continued
time User ID Query string Page rank Page number URL

00:00:03 9717831746543397 奥运 (Olympics) 7 3 http://2008.olympic.cn/
00:00:03 7954902679225404 芜湖旅游 (Wuhu Tourism) 7 3 http://www.tourunion.com/spot/city/583340.htm

Query logs
Query 

preprocess
Query error checking 

model learning
Data 

smoothing
Query error 
checking learning

Query error 
checking

n-gram 
knowledge base

Query input Query error 
checking

Query 
suggestion

Figure 1: Query error checking model learning and its application.

for query checking. The rules also have limitations for their
usage, the query errors are various, and these rules can
not apply in all cases. Thus a sufficiently large rule base
for query error checking is needed. But the rule base is
not easy to acquire. The statistical methods are based on
a large corpus by some mathematical algorithms [11]. The
frequency of query words can be trained for further use.
The frequently cooccurring two words have more possibility
of being the meaningful unit; in other words, they prefer
to be the correct queries. Thus the interrelationship of the
adjacent words is put into the statistical model for query
error checking [12]. In this paper we propose the 𝑛-gram
method with word segmentation information. It combines
the language information into statistical model.

3. Query Error Checking Model

3.1. Data Preparing. The queries are put into the input box
of search engine.They need some corrections or adjustments
to meet user’s intents. When some results are returned, the
best results will be clicked and also recorded in the log
file. All these clues are saved as the query logs. Query log
is the user’s operation record. These log records are some
irregular data because users’ operating habits are different.
When these logs are used as experimental materials, they
must be preprocessed including removing this noise. Finally
it provides favorable conditions.

3.2. 𝑛-GramModel for Query Error Checking. We use 𝑛-gram
training model to train the web log; the training data is used
to detect whether the query is correct; if it is not correct
query, then it prompts the error checking results; the specific
operating process is shown in Figure 1.

In the query error checking model, the most important
thing is to calculate the frequency of cooccurrence of words
in context. With the help of the prior distribution of words in
context, the following word of every query can be predicted
by its prior knowledge.This method can be used to check the
query. For example, the query “大安门 (it is error form of

‘Tiananmen Square’; its correct Chinese form is天安门)” is
an error query that needs query error correction. The error
checking method will predict the next word by corpus and
choose the cue word for it. The formalization description is
as shown below.

Give a query string 𝑠 = 𝑤1, 𝑤2, 𝑤3, . . . , 𝑤𝑛; 𝑠 means the
query string which is composed of some words 𝑤

𝑖
. We can

compute the prior possibility of this query as

𝑃 (𝑠) = 𝑃 (𝑤1) × 𝑃 (𝑤2 | 𝑤1) × ⋅ ⋅ ⋅

× 𝑃 (𝑤

𝑛
| 𝑤1𝑤2 ⋅ ⋅ ⋅ 𝑤𝑛−1)

=

𝑛

∏

𝑖

𝑃 (𝑤

𝑖
| 𝑤1𝑤2 ⋅ ⋅ ⋅ 𝑤𝑖−1) ,

(1)

where 𝑤
𝑖
represents Chinese word or character; the possibil-

ity of 𝑤
𝑖
depends on its context; here context only means the

words ahead of 𝑤
𝑖
, which is the sequence of 𝑤1, 𝑤2, . . . , 𝑤𝑖−1.

When 𝑖 = 1, 𝑃(𝑤1 | 𝑤0) = 𝑃(𝑤1).
This model depends on context, such as the fact that 𝑤

𝑖

depends on𝑤
𝑖−1 ormore context words; it is a kind of context.

With the increase of the length of context, it will lead to the
parameters raising with exponential scale.

If there are 𝐿 training sets and the length of query strings
is 𝑛, it will produce 𝐿𝑖−1 histories for 𝑖 and 𝐿𝑛 free parameters.
For example, 𝐿 = 6000 and 𝑖 = 3; the number of free
parameters is nearly 216 billion; thus they are difficult to be
calculated. The approximate method should be adopted into
𝑛-gram model as follows:

𝑃 (𝑠) =

𝑛

∏

𝑖=1
𝑃 (𝑤

𝑖
| 𝑤

𝑖−𝑛+1 ⋅ ⋅ ⋅ 𝑤𝑖−1) . (2)

It is a kind of Markov model for query checking; 𝑃(𝑤
𝑖
|

𝑤

𝑖−𝑛+1, . . . , 𝑤𝑖−1) is its conditional possibility, also as 𝑃(𝑤
𝑖
|

𝑤

𝑖−1
𝑖−𝑛+1). Generally speaking, the longer the context window

is, the more complex the computing cost is. Thus 2-gram and
3-gram models are often adopted. The Maximum Likelihood



Mathematical Problems in Engineering 3

0.5 1 1.5 2 2.5 3
2000

2500

3000

3500

4000

4500

5000

5500

Size of training set

C
ov

er
ed

 p
ar

am
et

er
 n

um
be

rs

Existing parameter number
Total parameter number

×106

Figure 2: Relation between parameter coverage and size of data set.

Estimation (MLE) is used to estimate the parameters of𝑃(𝑤
𝑖
|

𝑤

𝑖−1
𝑖−𝑛+1) as follows:

𝑃 (𝑤

𝑖
| 𝑤

𝑖−1
𝑖−𝑛+1) = 𝑓 (𝑤𝑖 | 𝑤

𝑖−1
𝑖−𝑛+1) =

𝑐 (𝑤

𝑖

𝑖−𝑛+1)

∑

𝑤𝑖

𝑐 (𝑤

𝑖−1
𝑖−𝑛+1)
, (3)

where ∑
𝑤𝑖

𝑐(𝑤

𝑖

𝑖−𝑛+1) is the frequency of query 𝑤
𝑖

𝑖−𝑛+1 with 𝑤𝑖
cooccurrence in the query log. The following 2-gram model
is trained as shown in Figure 2. It is with 5,000 parameters as
test set, respectively, with 700,000, 1,400,000, 2,100,000, and
2,800,000 items as the training sets for parameter estimation.
Some groups of experiments are designed for parameter
estimation. It shows that the larger the training set is, the
more reliable the result for parameter estimation is. As the
results shown in Figure 2, the label for 𝑥-axis is the number
of covered parameters and the 𝑦-axis is the different training
scales.

From Figure 2, we conclude that with the increasing of
training scales, the coverage of parameters grows. But there
are some words with probabilities of zero in the parameter
estimation. We use query logs to train the 𝑛-gram model;
there are 14.7% queries for trigram and 2.2% queries for
bigram without occurring in the training, respectively. The
data sparseness problem is triggered by the lack of the
training corpus; it will be solved by the data smoothing
method in Section 3.3.

3.3. Data Smoothing. The 𝑛-grammodel needs large training
corpus to estimate parameters.When these parameters some-
time are not covered, their values will be initialized as zero;
it decreases the performance of the algorithm. Thus the data
smoothing method is introduced into our model.

There are many kinds of methods for data smoothing.
In the experiment, we will use the absolute discounting
smoothing operation on the experimental data [13]; its idea
is to lower the probability of seen words by subtracting

a constant from their counts. It discounts the seenword prob-
ability by subtracting a constant. It assumes that ∑

𝑤𝑖

𝑃(𝑤

𝑖
|

𝑤1, 𝑤2, . . . , 𝑤𝑖−1) = 1, adjusts the balance between nonzero
and zero parameters, and improves the performance of the
model as follows:

𝑃 (𝑠) =

𝑚+1
∏

𝑖=1
𝑃 (𝑤

𝑖
| 𝑤

𝑖−1
𝑖−𝑛+1) . (4)

4. Experimental Results

4.1. Data Set. There are about 2,900,000 query logs and
removing noise for experiment. After data cleaning, it collects
about 440,000 query entries without duplication; its com-
pression ratio is 15.3%.

4.2. Results. According to the proposed method, we use the
query log to do the following experiment. Firstly, we choose
10 days of continuous data and label these queries by manual
work. Secondly, randomly select three consecutive days’ data
as the training set and extract 2,000 correct queries and 2,000
error queries, respectively; it consists of 4,000 queries as the
test set. Finally segment the queries and train the bigram
model with data smoothing processing because the coverage
of bigram is good. Then acquire their parameters. We define
the Word Cooccurring Distributes (WCD) as (5) when the
number of cooccurring word is two, and the other numbers
are the same ways as follows:

WCD (𝑤
𝑖
𝑤

𝑖+1) =
𝑓 (𝑤

𝑖
𝑤

𝑖+1)

∑

𝑖
𝑓 (𝑤

𝑖
𝑤

𝑖+1)
. (5)

Figures 3, 4, 5, and 6 are the distributions when the
number of words is 2, 3, 4, and 5 in queries, respectively. For
the watching convenience, we use the WCD to describe the
correct queries and error queries, respectively, and give them
new names as WCD CQ for correct queries and WCD EQ
for error queries.

From the above figures known, WCD CQ is above
WCD EQ in certain level. It has relatively clear threshold
between correct queries and error queries. The correct
queries and error queries can be distinguished when the
thresholds are kept in the certain level. Thus this threshold is
very significant to distinguish right from error queries. They
mean that the correct queries are more frequently used than
error queries.

By occasion the error queries are higher than threshold.
We check these error queries and find that the error terms are
frequently used in the web log. It is the usual thing for most
users because they donot concern the spelling sometimes.We
can establish the general table for those frequent error queries
that are endowed with different threshold.

Through the figures above, we also conclude that under
the condition of the same number of query words, in most
cases, WCD CQ tends to be greater than WCD EQ except
the new net words occurring rapidly.

Another phenomenon is that when the number of Chi-
nese characters enlarges, their distribution decreases. Thus



4 Mathematical Problems in Engineering

5 10 15 20

Randomly selected samples

D
ist

rib
ut

io
n 

lo
g(
y

)

WCD_EQ
WCD_CQ

−30

−25

−20

−15

−10

−5

Figure 3: Distribution for two words in queries.
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Figure 4: Distribution for three words in queries.

Table 2: Accuracy for correct queries and error queries by Chinese
character.

Chinese character number 2 3 4 5
Accuracy of correct queries 84.97% 83.57% 68.39% 60.23%
Accuracy of error queries 89.25% 81.55% 85.57% 95.00%

we get the relations between number and accuracy as in
Table 2.

Here the meaning for measure is shown in Table 3,
accuracy of correct queries =𝐴/(𝐴+𝐵), and accuracy of error
queries =𝐷/(𝐶 + 𝐷).

Through the experiments we can draw the following
conclusion.The number of Chinese characters in queries has
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Figure 5: Distribution for four words in queries.
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Figure 6: Distribution for five words in queries.

Table 3: The confused set of measure.

Judged as right Judged as wrong
Correct query 𝐴 𝐵

Error query 𝐶 𝐷

a great influence on a query. When the number increases,
its effects on the thresholds will decrease and the ranges
of thresholds also gradually turn narrower. It will lead to
distinguishing the correct words difficultly.

The results of above several group experiments are con-
sistent with our expected effects. However, with the number
increasing, the correct rate and the discrimination of this
feature will drop down. It needs further investigation.
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Table 4: Improved results by word between correct queries and
error queries.

Word number 2 3 4 5
Correct queries 95.95% 85.92% 78.16% 71.59%
Error queries 86.02% 79.13% 84.08% 84.17%

Besides the number of Chinese characters and its pos-
sibility of affecting the error checking between correct and
error queries, the number of Chinese word is also a kind of
important feature. We analyze the correct queries and wrong
queries, respectively as shown in Table 4; the number of
Chinese words in correct queries is longer than that in wrong
queries.Thus itmeans that it is an important feature for query
error checking.

When the number of Chinese word as a feature is added
into the model, the results are improved significantly. Table 4
shows that the accuracy rate of correct queries increases to be
higher than that of error queries. It means that this feature is
effective.

5. Conclusion

In this paper, we propose an error checking model 𝑛-gram
model.The error checking method uses the different Chinese
character number of queries as a kind of feature and gets
their threshold to check the query. Then the Chinese word
number of queries is introduced into the model to improve
the performance. The new feature combination increases the
accuracy of correct queries and the recall of error queries.

Although this method achieves the anticipated effect,
when the word number of queries is more 6, its performance
will decrease. The following work will continue to improve
the error checking method.
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The objective of superresolution is to reconstruct a high-resolution image by using the information of a set of low-resolution
images. Recently, the variational Bayesian superresolution approach has beenwidely used. However, thesemethods cannot preserve
edges well while removing noises. For this reason, we propose a new image prior model and establish a Bayesian superresolution
reconstruction algorithm. In the proposed priormodel, the degree of interaction between pixels is adjusted adaptively by an adaptive
norm, which is derived based on the local image features. Moreover, in this paper, a monotonically decreasing function is used to
calculate and update the single parameter, which is used to control the severity of penalizing image gradients in the proposed prior
model. Thus, the proposed prior model is adaptive to the local image features thoroughly. With the proposed prior model, the
edge details are preserved and noises are reduced simultaneously. A variational Bayesian inference is employed in this paper, and
the formulas for calculating all the variables including the HR image, motion parameters, and hyperparameters are derived. These
variables are refined progressively in an iterative manner. Experimental results show that the proposed SR approach is very efficient
when compared to existing approaches.

1. Introduction

Superresolution (SR) technique [1–5] is an important branch
in image fusion technology which targets the reconstruction
of a high-resolution (HR) image from a set of degraded
low-resolution (LR) images. The LR images are usually
affected by warping, blurring, downsampling, and noising.
Due to advancement of the technology, superresolution has
been widely used in a broad range of applications such as
computer vision, medical imaging, public safety, andmilitary
reconnaissance.

SR is a typically ill-posed inverse problem that is hard to
solve without the introduction of some prior image infor-
mation [6–8]. Thus, a number of regularization-based SR
approaches have been proposed [9–11] by incorporating the
prior knowledge of the unknown high-resolution image in

the regularization strategy [12]. The authors in [9] proposed
a regularization-based SR approach based on the Tikhonov
regularizer using 𝐿2 norm. It can remove noises effectively;
however, it also blurs the image edges. Farsiu et al. [10]
proposed the bilateral total variation (BTV) regularizer,
which penalized gradient magnitudes measured by 𝐿1 norm,
with the intention of preserving edges in the reconstruction.
However, the BTV regularizer often produces artifacts in the
smoothed regions due to the use of 𝐿1 norm [11]. In [11], the
authors improved BTV with the norm 𝜌(𝑥, 𝑎) = 𝑎√𝑎2 + 𝑥2 −

𝑎
2, where 𝑥 is the gradient value and 𝑎 is a positive scale

parameter, and proposed the bilateral edge-preserving (BEP)
regularizer. This new norm can adaptively use 𝐿1 and 𝐿2

norms, and the transition from 𝐿1 to 𝐿2 can be controlled
by modifying the positive scale parameter 𝑎. Unfortunately,
the BEP regularizer employed a fixed scale parameter for
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the whole image and ignored the local image features. With
this drawback, it cannot well control the level of punishment
to local gradients.

It is well known that accurate registration which refers
to the estimation of motion information is a very important
factor in the success of the SR reconstruction method [13].
The above SR methods only registered the observations once
before reconstructing the HR image. This is not a robust
method.The error caused by an inaccurate registrationwould
produce poor effects in the reconstruction process [13]. Other
than the motion parameters, the hyperparameters related to
the image prior model and the noise model could intimately
affect the image reconstructing quality [12]. Recently, the
variational Bayesian method has been used for SR [14–16].
This method approximates the joint posterior distribution of
the unknowns, including the HR image, the motion parame-
ters, and the hyperparameters, using a tractable distribution
by minimizing the Kullback-Leibler (KL) divergence and by
estimating the unknowns simultaneously in each iteration.

The Bayesian approach uses a prior model to estimate
a priori knowledge of the unknown HR image. For edge-
preservation, the variational Bayesian approaches based on
TV prior model [14] and ℓ1 prior model [16] have been
proposed. In these two priormodels, the gradientmagnitudes
are measured by the 𝐿1 norm, and consequently both of
them can preserve edges. Compared with the TV prior, the
ℓ1 prior contains two model parameters, which constrain
certain preferred edge directions [15, 16]. However, the 𝐿1

norm may not always distinguish the real image features
from the effects of errors caused by inaccurate registration
and additive Gaussian noise. Therefore, some artifacts will
be produced in the smoothed image regions. Villena et
al. made progress by combining the TV prior model and
simultaneous autoregressive (SAR) (i.e., based on 𝐿2 norm)
prior model [15]. A similar approach is also applied to
the ℓ1 prior model. The problem is that it is difficult to
choose a proper parameter to balance the priors in the
combination.

In this paper, a variational Bayesian estimate of the HR
image, the motion parameters, and the hyperparameters are
proposed and derived and then given a set of LR images. In
order to overcome the difficulty of aforementioned SR meth-
ods, an adaptive image prior model is proposed, in which the
degree of interaction between pixels is adjusted adaptively by
using the norm 𝜌(𝑥, 𝑎) in order to preserve edges and remove
noises. It is important to note that we propose a method
for automatically estimating the scale parameters (i.e., 𝑎) to
the proposed prior model. Information needed to determine
these scale parameters is updated iteratively based on the
available estimated HR image. Experiment results show the
effectiveness of the proposed SR method.

The rest of this paper is organized as follows: the obser-
vation model and a Bayesian framework for image SR are
described in Section 2. The adaptive image prior model is
sketched in Section 3.The proposed SR approach is presented
in Section 4. Experimental results are demonstrated in
Section 5. Finally, the conclusion is given in Section 6. In
addition, Appendix is presented at the end of the paper
showing the solving process in detail.

2. The Problem Formulation

We formulate the problem to be solved in this section.
The formulation is divided into the observation model and
hierarchical Bayesian framework which are discussed below.

2.1. The Observation Model. Formulating an observation
model that relates the original HR image to the LR observa-
tions is the first step to fully analyze the SR reconstruction
problem.

Let 𝑢 denote the original HR image of size 𝑃
1
𝑁
1
× 𝑃
2
𝑁
2
,

and each observed LR image is of size 𝑁
1
× 𝑁
2
. 𝑃
1
and

𝑃
2
denote the downsampling factors in the horizontal and

vertical directions, respectively.TheHR image and LR images
are written in lexicographical notations as the vectors of
sizes 𝑃

1
𝑁
1
𝑃
2
𝑁
2

× 1 and 𝑁
1
𝑁
2

× 1, respectively. In this
work, the image acquisition process is modeled by geometric
transformation, blurring, downsampling, and adding with
white Gaussian noise. Thus, the following popular matrix
notation [15] is adopted to describe the acquisition process:

V
𝑘
= 𝐴𝐻

𝑘
𝐶 (𝑠
𝑘
) 𝑢 + 𝜀

𝑘
1 ≤ 𝑘 ≤ 𝐿, (1)

where V
𝑘
is one of a set (𝐿) of LR images,𝐴 (the dimension of

𝐴 is𝑁
1
𝑁
2
×𝑃
1
𝑁
1
𝑃
2
𝑁
2
) is the downsampling matrix,𝐻

𝑘
(the

dimension of𝐻
𝑘
is𝑃
1
𝑁
1
𝑃
2
𝑁
2
×𝑃
1
𝑁
1
𝑃
2
𝑁
2
) is the blurmatrix,

𝐶(𝑠
𝑘
) (the dimension of𝐶(𝑠

𝑘
) is𝑃
1
𝑁
1
𝑃
2
𝑁
2
×𝑃
1
𝑁
1
𝑃
2
𝑁
2
) is the

warp matrix, and 𝜀
𝑘
(the dimension of 𝜀

𝑘
is 𝑁
1
𝑁
2
× 1) is the

additive white Gaussian noise.
The motion that occurs during the image acquisition is

represented by warp matrix 𝐶(𝑠
𝑘
). In this paper, we assume

that the motion includes global rotation and translation;
that is, 𝑠

𝑘
= (𝜃
𝑘
, 𝑥
𝑘
, 𝑦
𝑘
)
𝑇, where 𝜃

𝑘
, 𝑥
𝑘
, and 𝑦

𝑘
are the

rotation angle and the displacement in horizontal direction
and vertical direction of the 𝑘th HR image, respectively,
relative to the reference frame. In this study, we assume that
the blur matrices 𝐻

𝑘
are determined by sensors. The sensor

PSF is usually modeled as a spatial averaging operator, and
the characteristics of this blur are usually assumed to be
known. Under these assumptions, the matrices𝐻

𝑘
and 𝐶(𝑠

𝑘
)

have a block circulant with circulant block structure. The
downsampling matrix𝐴 is determined by the downsampling
factors𝑃

1
and𝑃
2
, and it generates LR images from the warped

and blurred HR image.
For convenience, we define 𝐵(𝑠

𝑘
) = 𝐴𝐻

𝑘
𝐶(𝑠
𝑘
) and V =

{V
𝑘
}, where {⋅} is a set.

2.2. The Hierarchical Bayesian Framework. We use a hier-
archical Bayesian framework [17] to model the acquisition
process, the HR image 𝑢, the motion parameters {𝑠

𝑘
}, and the

hyperparameters 𝛼 and {𝛽
𝑘
}. Parameters 𝛼 and {𝛽

𝑘
} are the

model parameters of our proposed prior model and the noise
model, respectively. Thus, we can obtain the following joint
posterior distribution of 𝑢, {𝑠

𝑘
}, {𝛽
𝑘
}, and 𝛼 given V by using

the Bayes rule:

𝑝 (𝑢, {𝑠
𝑘
} , {𝛽
𝑘
} , 𝛼 | V)

=
𝑝 (V | 𝑢, {𝑠

𝑘
} , {𝛽
𝑘
}) 𝑝 (𝑢 | 𝛼) 𝑝 ({𝑠

𝑘
}) 𝑝 ({𝛽

𝑘
}) 𝑝 (𝛼)

𝑝 (V)
,

(2)
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where 𝑝(V | 𝑢, {𝑠
𝑘
}, {𝛽
𝑘
}) represents the conditional distribu-

tion of the LR images V and 𝑝(𝑢 | 𝛼), 𝑝({𝑠
𝑘
}), 𝑝({𝛽

𝑘
}), and

𝑝(𝛼) are prior distributions for the unknown image 𝑢, the
motion parameters {𝑠

𝑘
}, and the hyperparameters {𝛽

𝑘
} and

𝛼, respectively.
Suppose that the noise 𝜀

𝑘
in the LR image V

𝑘
(𝑘 =

1, 2, . . . , 𝐿) is the white Gaussian noise with a zero-mean
distribution 𝜀

𝑘
∼ N(0, 𝛽

−1

𝑘
), and we can write

𝑝 (𝜀
𝑘
| 𝛽
𝑘
) ∝ 𝛽

𝑁
1
𝑁
2
/2

𝑘
exp [−

𝛽
𝑘

2

𝜀𝑘


2

2
] , (3)

where ‖ ⋅ ‖
2
denotes the 𝐿2 norm of a given vector ⋅.

Due to 𝜀
𝑘

= V
𝑘
− 𝐵(𝑠
𝑘
)𝑢, we can obtain the conditional

distribution of the LR image V
𝑘
,

𝑝 (V
𝑘
| 𝑢, 𝑠
𝑘
, 𝛽
𝑘
)

∝ 𝛽
𝑁
1
𝑁
2
/2

𝑘
exp [−

𝛽
𝑘

2

V𝑘 − 𝐵 (𝑠
𝑘
) 𝑢



2

2
] .

(4)

Moreover, if we assume the statistical independence of
noises among the LR images, we can obtain the conditional
distribution of the LR images V

𝑝 (V | 𝑢, {𝑠
𝑘
} , {𝛽
𝑘
}) =

𝐿

∏

𝑘=1

𝑝 (V
𝑘
| 𝑢, 𝑠
𝑘
, 𝛽
𝑘
) . (5)

By using the available registration algorithm, the initial
values of motion parameters can be obtained. However, the
obtained initial values are often inaccurate. In this paper, we
refine the values of motion parameters by modeling them as
stochastic variables following Gaussian distributions (𝑠

𝑘
∼

N(𝑠
0

𝑘
, 𝛿
𝑘
)), which is similar to the model used in [15].

The prior distributions for the hyperparameters are
defined to be Gamma distributions (𝑡 ∼ Γ(𝑎

𝑡
, 𝑏
𝑡
), 𝑡 ∈

{𝛼, {𝛽
𝑘
}}). Gamma distributions for the hyperparameters

were selected because they are conjugate for the variance of
the Gaussian distribution; therefore, the posteriors will also
have Gamma distributions in the Bayesian formulation [18].

Our proposed adaptive image prior model, denoted by
𝑝(𝑢 | 𝛼), will be presented in the next section.

3. The Proposed Adaptive Image Prior Model

In this section,we propose an adaptive image priormodel and
then present amethod to calculate the scale parameter 𝑎 used
in the proposed prior model.

3.1. The Adaptive Image Prior Model. The adaptive norm
𝜌(𝑥, 𝑎) = 𝑎√𝑎2 + 𝑥2 − 𝑎

2 is used to measure the horizontal
and vertical gradients in which 𝑥 is the gradient value and 𝑎 is
a positive scale parameter.These parameters are to determine
the severity of penalizing image gradients. A new adaptive
image prior model is proposed and defined as follows:

𝑝 (𝑢 | 𝛼) ∝ (𝛼
1
𝛼
2
)
𝑁/4

⋅ exp{−

𝑁

∑

𝑖=1

[𝛼
1
𝜌 (∇
𝑥

𝑖
𝑢, 𝑎
𝑖,1
) + 𝛼
2
𝜌 (∇
𝑦

𝑖
𝑢, 𝑎
𝑖,2
)]} ,

(6)

where 𝑁 = 𝑃
1
𝑁
1
× 𝑃
2
𝑁
2
is the number of pixels in the

HR image. Symbols ∇
𝑥

𝑖
𝑢 and ∇

𝑦

𝑖
𝑢 represent the horizontal

and vertical gradient components, respectively, for the pixel
𝑖, 𝛼 = {𝛼

1
, 𝛼
2
} is the hyperparameter of this prior controlling

the degree of regularization, and 𝑎
𝑖,1

and 𝑎
𝑖,2

are the scale
parameters of the adaptive norms measuring the horizontal
and vertical gradient component, respectively, of pixel 𝑖.

If we take the logarithm, (6) becomes

log (𝑝 (𝑢 | 𝛼))

∝ −

𝑁

∑

𝑖=1

[𝛼
1
𝜌 (∇
𝑥

𝑖
𝑢, 𝑎
𝑖,1
) + 𝛼
2
𝜌 (∇
𝑦

𝑖
𝑢, 𝑎
𝑖,2
)] ,

(7)

where log(𝑝(𝑢 | 𝛼)) is proportional to a linear combination
of 𝜌((∇𝑥

𝑖
𝑢), 𝑎
𝑖,1
) and 𝜌((∇

𝑦

𝑖
𝑢), 𝑎
𝑖,2
), 𝑖 = 1, . . . , 𝑁. Equation (7)

is strictly a convex function because 𝜌(𝑥, 𝑎) is strictly convex
[11].

In addition, log(𝑝(𝑢 | 𝛼)) is adaptive, because the
following approximations of 𝜌(𝑥, 𝑎) can be obtained with the
assumption that parameter 𝑎 is fixed:

𝜌 (𝑥, 𝑎) ≈
1

2
𝑥
2 when 𝑥 → 0, (8)

𝜌 (𝑥, 𝑎) ≈ 𝑎 |𝑥| − 𝑎
2 when 𝑥 → ∞. (9)

Thus, 𝜌((∇𝑥
𝑖
𝑢), 𝑎
𝑖,1
) or 𝜌((∇

𝑦

𝑖
𝑢), 𝑎
𝑖,2
), 𝑖 = 1, . . . , 𝑁, in (7) can

use either 𝐿1 norm (i.e., (9)) or 𝐿2 norm (i.e., (8)) adaptively
based on the evaluation of the local image features.

Thus, the expression 𝐹 = 𝛼
1
𝜌(∇
𝑥

𝑖
𝑢, 𝑎
𝑖,1
) + 𝛼
2
𝜌(∇
𝑦

𝑖
𝑢, 𝑎
𝑖,2
)

can be approximated as

𝐹 ≈
𝛼
1

2

∇
𝑥

𝑖
𝑢


2

+ 𝛼
2
(𝑎
𝑖,2

∇
𝑦

𝑖
𝑢
 − (𝑎
𝑖,2
)
2

) ,

when ∇
𝑥

𝑖
𝑢
 → 0,

∇
𝑦

𝑖
𝑢
 → ∞;

(10)

𝐹 ≈ 𝛼
1
(𝑎
𝑖,1

∇
𝑥

𝑖
𝑢
 − (𝑎
𝑖,1
)
2

) +
𝛼
2

2

∇
𝑦

𝑖
𝑢


2

,

when ∇
𝑥

𝑖
𝑢
 → ∞,

∇
𝑦

𝑖
𝑢
 → 0;

(11)

𝐹 ≈ 𝛼
1
(𝑎
𝑖,1

∇
𝑥

𝑖
𝑢
 − (𝑎
𝑖,1
)
2

) + 𝛼
2
(𝑎
𝑖,2

∇
𝑦

𝑖
𝑢
 − (𝑎
𝑖,2
)
2

) ,

when ∇
𝑥

𝑖
𝑢
 → ∞,

∇
𝑦

𝑖
𝑢
 → ∞;

(12)

𝐹 ≈
𝛼
1

2

∇
𝑥

𝑖
𝑢


2

+
𝛼
2

2

∇
𝑦

𝑖
𝑢


2

,

when ∇
𝑥

𝑖
𝑢
 → 0,

∇
𝑦

𝑖
𝑢
 → 0.

(13)

For example, if there exists an edge along the hor-
izontal direction in an LR image, |∇

𝑦

𝑖
𝑢| of the pixel at

the edge is relatively large while |∇
𝑥

𝑖
𝑢| is small. Thus,

𝑎
𝑖,2
√(𝑎
𝑖,2
)
2
+ |∇
𝑦

𝑖
𝑢|2−(𝑎

𝑖,2
)
2 approximates to 𝑎

𝑖,2
|∇
𝑦

𝑖
𝑢|−(𝑎

𝑖,2
)
2

and 𝑎
𝑖,1
√(𝑎
𝑖,1
)
2
+ |∇
𝑥

𝑖
𝑢|2−(𝑎

𝑖,1
)
2 approximates to (1/2)|∇

𝑥

𝑖
𝑢|
2.

Therefore, 𝐹 approximates to (10). In the SR process based
on (10), when the LR pixel splits in both horizontal and
vertical directions into a block ofHR pixels, the large gradient
magnitude in the vertical direction will be preserved due
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to the 𝐿1 norm, and the small gradient magnitude in the
horizontal direction will be smoothed due to the 𝐿2 norm.
Thus whenever there exists an edge along horizontal or
vertical direction, 𝑎√𝑎2 + | ⋅ |2 − 𝑎

2 can act as the 𝐿1 norm
in the direction perpendicular to the edge, preserving large
gradients, and, at the same time, 𝑎√𝑎2 + | ⋅ |2 − 𝑎

2 can act
as the 𝐿2 norm in the direction along the edge, obtaining
relatively ideal smoothing effects. In (12), when |∇

𝑥

𝑖
𝑢| → ∞

and |∇
𝑦

𝑖
𝑢| → ∞, the 𝐿1 norm acts on both horizontal

and vertical directions, to preserve the edges. In (13), when
|∇
𝑥

𝑖
𝑢| → 0 and |∇

𝑦

𝑖
𝑢| → 0, the noise will be effectively

removed.

3.2. Adaptive Calculation of Parameter 𝑎. It is known that
the gradients produced by edges should be preserved, while
the gradients produced by errors, which suffer from inac-
curate registration and additive Gaussian noise, need to be
smoothed. Thus, the severity of penalizing image gradients
should be determined according to the local image features.
In 𝜌(𝑥, 𝑎), the scale parameter, 𝑎, can control the severity
of penalizing local gradients. For the gradients produced by
errors, 𝐿2 norm is a good choice. In this case, the scale
parameter should be set as a large value. When the value of
the scale parameter increases, 𝜌(𝑥, 𝑎) accepts a larger range
of errors and handles them like 𝐿2 norm [11]. Otherwise,
it should be set as a small value. Therefore, the property of
scale parameter should be constrained with the following
conditions: (1) its value is determined according to the local
image features, (2) the value is inversely proportional to
gradient magnitudes, and (3) the value is larger than zero.

We use the well-known monotonically decreasing func-
tion [19] to calculate 𝑎

𝑖,1
, and 𝑎

𝑖,2
in (6),

𝑎
𝑖,1

=
1

1 +
∇
𝑥

𝑖
𝑢


2
,

𝑎
𝑖,2

=
1

1 +
∇
𝑦

𝑖
𝑢


2
,

1 ≤ 𝑖 ≤ 𝑁,

(14)

where |∇𝑥
𝑖
𝑢| and |∇

𝑦

𝑖
𝑢| represent themagnitudes of horizontal

and vertical gradient components, respectively, for the pixel
𝑖.

For convenience, we use the symbol R to represent 𝑎
𝑖,1
,

and 𝑎
𝑖,2
; that is,R = {𝑎

𝑖,1
, 𝑎
𝑖,2
, 1 ≤ 𝑖 ≤ 𝑁}.

4. Variational Bayesian Superresolution

The variational Bayesian inference [14] is utilized to estimate
the unknowns. This variational Bayesian technique approx-
imates the true posterior distribution 𝑝(𝑢, {𝑠

𝑘
}, 𝛼, {𝛽

𝑘
} |

V) analytically by a tractable distribution 𝑞(𝑢, {𝑠
𝑘
}, 𝛼, {𝛽

𝑘
})

that minimizes the KL divergence, which can measure the
difference between the two distributions 𝑝(𝑢, {𝑠

𝑘
}, 𝛼, {𝛽

𝑘
} |

V) and 𝑞(𝑢, {𝑠
𝑘
}, 𝛼, {𝛽

𝑘
}). That is to say, by minimizing this

KL divergence, we can obtain the optimal approximation
distribution. Thus, we can obtain the following expression:

𝑞 (Ω) = argmin
𝑞(Ω)

𝐶KL (𝑞 (Ω) ‖ 𝑝 (Ω) | V)

= ∫ 𝑞 (Ω) log(
𝑞 (Ω)

𝑝 (Ω | V)
) 𝑑Ω

= ∫𝑞 (Ω) log(
𝑞 (Ω)

𝑝 (Ω, V)
) 𝑑Ω + const

= 𝐸 (𝑞 (Ω) , V) + const,

(15)

where Ω = {𝑢, {𝑠
𝑘
}, {𝛽
𝑘
}, 𝛼} and 𝑝(Ω, V) = 𝑝(V |

𝑢, {𝑠
𝑘
}, {𝛽
𝑘
})𝑝(𝑢 | 𝛼)𝑝(𝛼)𝑝({𝛽

𝑘
})𝑝({𝑠

𝑘
}).

Thus, (11) can be rewritten as

𝑞 (Ω) = argmin
𝑞(Ω)

𝐸 (𝑞 (Ω) , V) . (16)

Because (16) cannot be evaluated due to the form of (6), the
inequality√𝑒 ≤ (𝑒+𝑔)/2√𝑔with 𝑒 ≥ 0, 𝑔 > 0 is employed in
(6). This inequality was used in [14, 15]. Then, we can obtain

𝑝 (𝑢 | 𝛼) ≥ (𝛼
1
𝛼
2
)
𝑁/4 exp

{{

{{

{

−

𝑁

∑

𝑖=1

[
[

[

𝛼
1
(𝑎
𝑖,1

(∇
𝑥

𝑖
𝑢)
2

+ 𝑎
2

𝑖,1
+ 𝑔
𝑥

𝑖

2√𝑔
𝑥

𝑖

− 𝑎
2

𝑖,1
) + 𝛼

2
(𝑎
𝑖,2

(∇
𝑦

𝑖
𝑢)
2

+ 𝑎
2

𝑖,2
+ 𝑔
𝑦

𝑖

2√𝑔
𝑦

𝑖

− 𝑎
2

𝑖,2
)

]
]

]

}}

}}

}

= 𝑍 (𝛼, 𝑢, 𝑔) ,

(17)

where 𝑔 = {𝑔
𝑥

𝑖
, 𝑔
𝑦

𝑖
| 𝑖 = 1, . . . , 𝑁}, the auxiliary variables

𝑔
𝑥

𝑖
and 𝑔

𝑦

𝑖
are related to the unknown HR image, and they

need to be estimated (see (22)).Thus, we can obtain the upper
bound of 𝐸(𝑞(Ω), V)

𝐸 (𝑞 (Ω) , V) ≤ ∫ 𝑞 (Ω) log
𝑞 (Ω)

𝐾 (Ω, V, 𝑔)

= 𝐸 (𝑞 (Ω) , V, 𝑔) ,

(18)

where 𝐾(Ω, V, 𝑔) = 𝑝(V | 𝑢, {𝑠
𝑘
}, {𝛽
𝑘
})𝑍(𝛼, 𝑢, 𝑔)𝑝(𝛼)𝑝({𝛽

𝑘
})

𝑝({𝑠
𝑘
}).

As shown in [20], the minimization of 𝐸(𝑞(Ω), V)
can be replaced by the minimization of its upper bound
𝐸(𝑞(Ω), V, 𝑔). Thus, we can obtain the distributions 𝑞(𝑢),
𝑞({𝑠
𝑘
}), 𝑞({𝛽

𝑘
}), and 𝑞(𝛼) and 𝑔 by minimizing 𝐸(𝑞(Ω), V, 𝑔);

that is,

𝑞 (Ω) = argmin
𝑞(Ω)

𝐸 (𝑞 (Ω) , V) . (19)
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The details of equations derivation are given in Appendix
at the end of this paper. We obtain for the posterior distribu-
tion 𝑞(𝑢) the multivariate Gaussian with mean value

⟨𝑢⟩ = Σ
𝑢
[∑

𝑘

⟨𝛽
𝑘
⟩ 𝐵 (⟨𝑠

𝑘
⟩)
𝑇 V
𝑘
] (20)

and covariance

Σ
𝑢
= [

[

∑

𝑘

⟨𝛽
𝑘
⟩ 𝐵 (⟨𝑠

𝑘
⟩)
𝑇

𝐵 (⟨𝑠
𝑘
⟩)

+ ∑

𝑘

∑

𝑖

∑

𝑗

𝜉
𝑘𝑖𝑗

𝑂
𝑘𝑖
(⟨𝑠
𝑘
⟩)
𝑇

𝑂
𝑘𝑗

(⟨𝑠
𝑘
⟩)

+ (⟨𝛼
1
⟩ (∇
𝑥
)
𝑇

𝑊(𝑔
𝑥
) (∇
𝑥
)

+ ⟨𝛼
2
⟩ (∇
𝑦
)
𝑇

𝑊(𝑔
𝑦
) (∇
𝑦
))]

]

−1

,

(21)

where ⟨⋅⟩ denotes the expected value of ⋅, 𝑇 denotes the
transposed operator, 𝜉

𝑘𝑖𝑗
is a 3 × 3 region in the covariance

matrix Λ
𝑘
in (24), 𝑂

𝑘𝑟
(⟨𝑠
𝑘
⟩) = 𝐴𝐻

𝑘
𝑁
𝑘
, 𝑟 = 1, 2, 3, where𝑁

1
,

𝑁
2
, and 𝑁

3
denote partial derivatives of 𝐶(𝑠

𝑘
) for 𝜃

𝑘
, 𝑥
𝑘
, and

𝑦
𝑘
, respectively, and 𝑊(𝑔), ∀𝑔 ∈ (𝑅

+
)
𝑁 is a diagonal matrix,

in which the element on the diagonal is𝑊(𝑔)
𝑖𝑖
= 1/√𝑔

𝑖
.

Then, the following expressions are obtained for:

𝑔
𝑥

𝑖
= ⟨(∇

𝑥

𝑖
𝑢)
2

+ 𝑎
2
⟩
𝑞(𝑢)

,

𝑔
𝑦

𝑖
= ⟨(∇

𝑦

𝑖
𝑢)
2

+ 𝑎
2
⟩
𝑞(𝑢)

,

(22)

where ⟨⋅⟩
𝑞(∗)

denotes the expected value of ⋅ using 𝑞(∗).
We also obtain for the posterior distribution 𝑞({𝑠

𝑘
}) the

multivariate Gaussian with mean value

⟨𝑠
𝑘
⟩ = Λ

𝑘
[(𝛿
𝑘
)
−1

𝑠
0

𝑘

+ ⟨𝛽
𝑘
⟩ (Γ
𝑘
⟨𝑠
𝑘
⟩ + Ψ
𝑘
⟨𝑠
𝑘
⟩ + 𝑄
𝑘
− Φ
𝑘
)]

(23)

and covariance

Λ
𝑘
= ((𝛿
𝑘
)
−1

+ ⟨𝛽
𝑘
⟩ (Γ
𝑘
+ Ψ
𝑘
))
−1

. (24)

In (23) and (24), Φ
𝑘𝑖

= trace[𝐵(⟨𝑠
𝑘
⟩)
𝑇
𝑂
𝑘𝑗
(⟨𝑠
𝑘
⟩)Σ
𝑢
], Ψ
𝑘𝑖𝑗

=

trace[𝑂
𝑘𝑖
(⟨𝑠
𝑘
⟩)
𝑇
𝑂
𝑘𝑗
(⟨𝑠
𝑘
⟩)Σ
𝑢
], Γ
𝑘𝑖𝑗

= Υ
𝑇

𝑘𝑖
Υ
𝑘𝑗

with Υ
𝑘

= [𝑂
𝑘1

(⟨𝑠
𝑘
⟩)⟨𝑢⟩, 𝑂

𝑘2
(⟨𝑠
𝑘
⟩)⟨𝑢⟩, 𝑂

𝑘3
(⟨𝑠
𝑘
⟩)⟨𝑢⟩], and 𝑄

𝑘𝑖
= (V

𝑘
−

𝐵(⟨𝑠
𝑘
⟩)
𝑇
𝑂
𝑘𝑖
(⟨𝑠
𝑘
⟩)⟨𝑢⟩), for 𝑖, 𝑗 = 1, 2, 3.

Finally, we obtain the mean values of the hyperparameter
distributions, which are used to estimate hyperparameters,

⟨𝛽
𝑘
⟩ =

𝑁
1
𝑁
2
/2 + 𝑎

𝛽
𝑘

(1/2) ⟨
V𝑘 − 𝐵 (𝑠

𝑘
) 𝑢



2

2
⟩
𝑞(𝑢)

+ 𝑏
𝛽
𝑘

, (25)

⟨𝛼
1
⟩ =

𝑁 + 𝑎
𝛼
1

2∑
𝑖
(𝑎√𝑔

𝑥

𝑖
− 𝑎2) + 𝑏

𝛼
1

, (26)

⟨𝛼
2
⟩ =

𝑁 + 𝑎
𝛼
2

2∑
𝑖
(𝑎√𝑔

𝑦

𝑖
− 𝑎2) + 𝑏

𝛼
2

. (27)

At each iteration step, after obtaining the HR image, the
scale parametersR are updated using (10). We now conclude
our algorithm (Algorithm 1).

5. Experimental Results

Wewill give our experimental results in detail in this section.
The experimental environment and parameter settings are
presented in Section 5.1. The evaluation standards and sim-
ulated experimental results obtained by four popularly used
SR approaches and our proposed SR approach are illustrated
in Section 5.2. Some of the results on real dataset are given in
Section 5.3.

5.1. General Description. Wecompare the performance of our
proposed approachwith the bicubic approach, the BEPmodel
[11] based approach, the ℓ1 model [16] based approach, the
TVmodel [14] based approach, and the SARmodel [15] based
approach in terms of Peak Signal-to-Noise Ratio (PSNR),
Structural Similarity (SSIM) values [21], and thorough visual
inspection. The images presented in Figure 1 were chosen for
the simulation test. We used MATLAB R2009a on a 3.0GHz
Pentium Dual core computer with 4.0GB RAM.

We need to derive a set of LR images from original
images in the experiments. These LR images should have
been generated with subpixel motion, rotation, blurring,
downsampling, and noise addition. In the experiments, we let
𝜃
𝑘
∈ (−3∘, 3∘), 𝑥

𝑘
∈ (−1, 1), 𝑦

𝑘
∈ (−1, 1), 𝑘 = 1, 2, 3, 4, 5, and the

transformation of LR images be variant from each other. 3 × 3
average andGaussian blurring operators with deviation equal
to 1 were used in the simulation. The downsampling factors
were 𝑃

1
= 2 and 𝑃

2
= 2. Finally, additive zero-mean white

Gaussian noises were added to the LR images with Signal-
to-Noise Ratio (SNR) levels of 1 dB, 5 dB, 10 dB, and 30 dB,
respectively.Thus, in each level, five LR images were obtained
from each of the original images. The initial parameters used
in the experiments were set as follows: our proposedmethod:
𝑔
𝑥0

𝑖
= |∇
𝑥

𝑖
𝑢
0
|
2
+ (𝑎
0

𝑖,1
)
2, 𝑔𝑦0
𝑖

= |∇
𝑦

𝑖
𝑢
0
|
2
+ (𝑎
0

𝑖,2
)
2, 𝑎0
𝑖,1

= 1/(1 +

|∇
𝑥

𝑖
𝑢
0
|
2
), 𝑎0
𝑖,2

= 1/(1 + |∇
𝑦

𝑖
𝑢
0
|
2
), 𝛼0
1

= (𝑁/4)/∑
𝑖
(𝑎
0

𝑖,1
√𝑔
𝑥0

𝑖
−

(𝑎
0

𝑖,1
)
2
), and𝛼

0

2
= (𝑁/4)/∑

𝑖
(𝑎
0

𝑖,2
√𝑔
𝑦0

𝑖
−(𝑎
0

𝑖,2
)
2
); the ℓ1method:

𝑔
𝑥0

𝑖
= |∇
𝑥

𝑖
𝑢
0
|
2, 𝑔𝑦0
𝑖

= |∇
𝑦

𝑖
𝑢
0
|
2, 𝛼0
1

= (𝑁/4)/∑
𝑖
√𝑔
𝑥0

𝑖
, and

𝛼
0

2
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𝑖
√𝑔
𝑦0

𝑖
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𝑖
= |∇
𝑥

𝑖
𝑢
0
|
2
+|∇
𝑦

𝑖
𝑢
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|
2,
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Input:
The observations {V

𝑘
}; The motion parameters {𝑠0

𝑘
}; The hyper-parameters {𝛽0

𝑘
},

𝛼
0; The scale parametersR0; The parameters 𝑔0.

Output:
The HR image 𝑢;

(1) Use the Bicubic interpolation of the first LR image V
1
as initial value 𝑢

0 for the HR image.
(2) 𝑛 = 1;
(3) repeat
(4) Compute 𝑢

𝑛 by using (20) and (21);
(5) Compute 𝑔

𝑛 by using (22);
(6) Compute 𝑠

𝑛

𝑘
by using (23) and (24);

(7) Compute 𝛽
𝑛

𝑘
by using (25);

(8) Compute 𝛼
𝑛 by using (26) and (27);

(9) ComputeR𝑛 by using (14);
(10) 𝑛 = 𝑛 + 1;
(11) until convergence criterion is met
(12) Set 𝑢 = 𝑢

𝑛.

Algorithm 1: Our iterative SR algorithm.

(a) (b)

Figure 1: The 128 × 128 test images: (a) “zebra” and (b) “car.”

𝛼
0

= (𝑁/4)/∑
𝑖
√𝑔
0

𝑖
; the SAR method: 𝛼0 = (𝑁/2)/‖ℏ𝑢

0
‖
2

2

with Laplacian operator ℏ; the BEP method: 𝑔𝑥0
𝑖

= |𝑢
0

𝑖
−

𝑠
𝑙

𝑥
𝑠
𝑚

𝑦
𝑢
0

𝑖
|
2
+(𝑎
0

𝑖,1
)
2, where𝑎 is the scale parameter, 𝑠𝑙

𝑥
and 𝑠
𝑚

𝑦
shift

𝑢
0

𝑖
by 𝑙 and𝑚 pixels in the horizontal and vertical directions,

respectively, and these parameters are selected to obtain the
best reconstructions; consider 𝛼

0
= (𝑁/4)/∑

𝑖
√𝑔
0

𝑖
. For

all the methods, a bicubic interpolation of V
1
is used as

initial value 𝑢
0, 𝛽0
𝑘

= 𝑁/‖V
𝑘
− 𝐵(𝑠
𝑘
)𝑢
0
‖
2

2
, the initial motion

parameters were estimated using the method proposed in
[22], 𝛿

𝑘
= 0, and 𝑎

𝑡
= 𝑏
𝑡

= 0, 𝑡 ∈ {𝛼
1
, 𝛼
2
, {𝛽
𝑘
}}. In our

work, the convergence of the algorithmswas setwith the same
criterion ‖𝑢

𝑛+1
− 𝑢
𝑛
‖
2

2
/‖𝑢
𝑛
‖
2

2
≤ 10
−5.

5.2. Simulation Experiments. We used LR images derived
from artificial HR images to test our proposed approach.
The PSNR and SSIM are used to evaluate the reconstruction

quality of different approaches. The first set of experiments
was with the high level of noise (i.e., SNR = 1 dB and SNR
= 5 dB). For the second set of experiments, white Gaussian
noises with SNR = 10 dB and SNR = 30 dB were used and the
motion parameters were estimated in each iteration.

In the first set of experiments, we will show the improve-
ment of our proposed approach in heavy noise (i.e., SNR =
1 dB and SNR = 5 dB). Tables 1 and 2 show the PSNR values of
all the estimated HR images in heavy noise with average blur
and Gaussian blur. Based on the PSNR values, our proposed
method shows a good performance. Moreover, Tables 1 and
2 give the corresponding SSIM values that also demonstrate
the efficiency of our proposed method.

For the second set of experiments, themotion parameters
were estimated. In order to further illustrate the effective-
ness of our approach, we will present the reconstruction
results for “zebra” and “car” images in noise with SNR =
10 dB and SNR = 30 dB, respectively. Tables 3 and 4 show
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(a) Bicubic (b) SAR (c) ℓ1

(d) TV (e) BEP (f) Ours

(g) Error image of bicubic interpolation (h) Error image of SAR (i) Error image of ℓ1

(j) Error image of TV (k) Error image of BEP (l) Error image of ours

Figure 2: Results obtained by applying different approaches to LR zebra images corrupted with Gaussian blur and white Gaussian noise with
SNR = 10 dB and their corresponding error images. Brighter pixels represent a large error in error image.
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(a) Bicubic (b) SAR (c) ℓ1

(d) TV (e) BEP (f) Ours

(g) Error image of bicubic interpolation (h) Error image of SAR (i) Error image of ℓ1

(j) Error image of TV (k) Error image of BEP (l) Error image of ours

Figure 3: Results obtained by applying different approaches to LR car images corrupted with average blur and white Gaussian noise with
SNR = 30 dB and their corresponding error images. Brighter pixels represent a large error in error image.
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(a) Bicubic (b) SAR (c) ℓ1

(d) TV (e) BEP (f) Ours

Figure 4: The reconstructed images for “Adyoron” sequence obtained by different approaches. A subimage is enlarged and displayed at the
right bottom corner in the image.

Table 1: Comparisons of PSNR and SSIM with average blur and
white Gaussian noise with SNR = 1 dB and SNR = 5 dB.

SNR Bicubic SAR ℓ1 TV BEP Ours

Zebra
1 dB PSNR 18.51 21.15 21.62 20.24 21.72 22.27

SSIM 0.5645 0.6894 0.6780 0.6410 0.6953 0.7086

5 dB PSNR 18.63 22.39 22.63 22.29 22.70 24.06
SSIM 0.5645 0.7858 0.7889 0.7840 0.7905 0.8020

Car
1 dB PSNR 26.20 30.33 28.27 28.48 29.93 30.73

SSIM 0.7369 0.8365 0.7601 0.7697 0.8025 0.8563

5 dB PSNR 26.20 32.27 30.35 32.57 31.57 33.03
SSIM 0.7370 0.8938 0.8640 0.8957 0.8475 0.9121

the comparisons of PSNR values of bicubic approach, BEP
approach, ℓ1 approach, SAR approach, TV approach, and our
approach. Tables 3 and 4 also give the SSIM results of these
approaches with average blur and Gaussian blur, respectively.
From Tables 3 and 4, we can see the improvement of our
proposed approach over other testedmethods. Among all the
approaches tested, the proposed method achieves the highest
PSNR and SSIM values on both test images.

Table 2: Comparisons of PSNR and SSIM with Gaussian blur and
white Gaussian noise with SNR = 1 dB and SNR = 5 dB.

SNR Bicubic SAR ℓ1 TV BEP Ours

Zebra
1 dB PSNR 18.97 21.44 21.00 21.06 21.46 22.04

SSIM 0.6072 0.7053 0.6733 0.6742 0.7108 0.7255

5 dB PSNR 19.08 22.90 23.12 23.95 22.74 24.41
SSIM 0.6072 0.8012 0.7977 0.8173 0.7197 0.8236

Car
1 dB PSNR 26.56 30.27 29.40 29.43 30.41 31.45

SSIM 0.7511 0.8417 0.7771 0.7956 0.8573 0.8660

5 dB PSNR 26.77 32.86 33.06 33.61 32.16 34.64
SSIM 0.7512 0.8930 0.8869 0.9021 0.6576 0.9288

For visual quality comparison, the error images, that
is, the difference between the estimated HR image and the
original image, are shown in Figures 2 and 3. Our proposed
approach can preserve edge details well. Figures 2(g)–2(l)
and 3(g)–3(l) show the corresponding error images to the
reconstructed images obtained with different approaches.
Brighter pixels represent a large error. From these error
images, the difference between different SR approaches is
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(a) Bicubic (b) SAR (c) ℓ1

(d) TV (e) BEP (f) Ours

Figure 5: The reconstructed images for “EIA” sequence obtained by different approaches. A subimage is enlarged and displayed at the right
bottom corner in the image.

Table 3: Comparisons of PSNR and SSIM with average blur and
white Gaussian noise with SNR = 10 dB and SNR = 30 dB.

SNR Bicubic SAR ℓ1 TV BEP Ours

Zebra
10 dB PSNR 19.22 23.73 26.41 25.62 25.81 26.90

SSIM 0.6745 0.8247 0.8420 0.8360 0.8102 0.8766

30 dB PSNR 19.23 37.09 42.88 41.17 43.34 43.87
SSIM 0.6768 0.9207 0.9252 0.8744 0.9261 0.9413

Car
10 dB PSNR 26.45 34.51 35.95 35.96 34.98 36.32

SSIM 0.7690 0.8898 0.8857 0.8866 0.8816 0.9197

30 dB PSNR 26.45 38.73 40.29 39.81 44.78 48.74
SSIM 0.7710 0.9036 0.9160 0.9169 0.9288 0.9461

clearly observed. In general, our proposed approach can
obtain the highest PSNR and SSIMvalues, with the best visual
quality.

5.3. Experiments on Real Data. The performance of our
approach is tested with real dataset. The datasets are
those popular used video sequences, downloaded from

Table 4: Comparisons of PSNR and SSIM with Gaussian blur and
white Gaussian noise with SNR = 10 dB and SNR = 30 dB.

SNR Bicubic SAR ℓ1 TV BEP Ours

Zebra
10 dB PSNR 19.39 24.20 26.74 25.33 25.80 27.72

SSIM 0.6868 0.8364 0.8537 0.8510 0.8756 0.9167

30 dB PSNR 19.39 37.49 40.34 39.01 40.97 42.32
SSIM 0.6874 0.9128 0.9208 0.9194 0.9265 0.9491

Car
10 dB PSNR 26.77 34.98 36.09 36.01 36.26 36.55

SSIM 0.7793 0.8969 0.8956 0.8951 0.8325 0.9246

30 dB PSNR 26.78 44.11 46.14 46.17 47.58 49.01
SSIM 0.7812 0.9238 0.9246 0.9242 0.8624 0.9468

Milanfar’s website https://users.soe.ucsc.edu/∼milanfar/soft-
ware/sr-datasets.html. The first ten LR images were used to
reconstruct the HR image.

Figures 4 and 5 present the obtained HR images for two
of the image sequences downloaded. In Figures 4 and 5, the
HR images obtained by the bicubic and SAR approaches are
still blurred. In addition, there exist artifacts in theHR images
obtained by the BEP, ℓ1, and TV approaches. Our approach
is superior to the approaches compared.
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6. Conclusions

The errors caused by inaccurate registration and noises
in the traditional regularization-based SR methods often
produce unsatisfactory results in the reconstruction. Thus,
the variational Bayesian method, which can simultaneously
estimate the HR image, the motion parameters, and the
hyperparameters, has been used to improve the recon-
struction quality. However, the existing variational Bayesian
approaches cannot adapt to local image features.Therefore, in
this paper, a Bayesian SR approach is proposed by designing a
new adaptive image prior model, based on an adaptive norm.

Our adaptive image prior model can be adjusted auto-
matically based on the evaluation of the local image features;
therefore, this new model not only preserves edge details but
also avoids artifacts in the smoothed regions.We also propose
a method for automatically estimating the scale parameters
for the proposed adaptive image prior model. Information
needed to determine these scale parameters is updated in
each iteration step based on the available estimated HR
image, and they are calculated by using a monotonically
decreasing function. In our approach, the acquisition process,
the HR image, the motion parameters, and the hyperparam-
eters are modeled in a stochastic sense by using a hierarchical
Bayesian framework. And all unknowns are estimated by
employing the variational Bayesian inference.

The experimental results show that the HR images
obtained with our SR approach are better than those previ-
ously tested. In the proposed adaptive image prior model,
we only calculate the gradients of neighboring pixels at the
top and left of the center pixel for fast computation. We
will investigate further for the prior on the selection of 4-
neighbourhood or 8-neighbourhood in order to improve the
proposed algorithm in our future work.

Appendix

In this section we show how the calculations of all the
unknowns are carried out.

Because all the unknowns are independent, the following
expressions are obtained from (19):

𝑞 (𝑢)

= argmin
𝑞(𝑢)

𝐸 (𝑞 (𝑢) 𝑎 ({𝑠
𝑘
}) 𝑞 (𝛼) 𝑞 ({𝛽

𝑘
}) , V, 𝑔) ,

(A.1)

𝑔 = argmin
𝑔

𝐸 (𝑞 (𝑢) 𝑞 ({𝑠
𝑘
}) 𝑞 (𝛼) 𝑞 ({𝛽

𝑘
}) , V, 𝑔) , (A.2)

𝑞 (𝑠
𝑘
)

= argmin
𝑞(𝑠
𝑘
)

𝐸 (𝑞 (𝑢) 𝑞 ({𝑠
𝑘
}) 𝑞 (𝛼) 𝑞 ({𝛽

𝑘
}) , V, 𝑔) ,

(A.3)

𝑞 (𝛽
𝑘
)

= argmin
𝑞(𝛽
𝑘
)

𝐸 (𝑞 (𝑢) 𝑞 ({𝑠
𝑘
}) 𝑞 (𝛼) 𝑞 ({𝛽

𝑘
}) , V, 𝑔) ,

(A.4)

𝑞 (𝛼)

= argmin
𝑞(𝛼)

𝐸 (𝑞 (𝑢) 𝑞 ({𝑠
𝑘
}) 𝑞 (𝛼) 𝑞 ({𝛽

𝑘
}) , V, 𝑔) ,

𝛼 = {𝛼
1
, 𝛼
2
} .

(A.5)

From (A.1), we can obtain
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,

(A.6)

where ⟨⋅⟩
𝑞(∗)

denotes the expected value using 𝑞(∗) and ⟨⋅⟩ is
used for simplicity in the rest of this paper.

In order to calculate ⟨‖V
𝑘
− 𝐵(𝑠

𝑘
)𝑢‖
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2
⟩
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)
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) is first

expanded using its first-order Taylor value ⟨𝑠
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(A.12), resulting in
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(A.7)

Then, 𝐵(𝑠
𝑘
) is approximated by

𝐵 (𝑠
𝑘
) ≈ 𝐵 (⟨𝑠
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(A.8)

where 𝑂
𝑘𝑟
(⟨𝑠
𝑘
⟩) = 𝐴𝐻

𝑘
𝑁
𝑘
, 𝑟 = 1, 2, 3.
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Then the following approximation of ⟨‖V
𝑘
−𝐵(𝑠
𝑘
)𝑢‖
2

2
⟩
𝑞(𝑠
𝑘
)

can be obtained:

⟨
V𝑘 − 𝐵 (𝑠

𝑘
) 𝑢



2

2
⟩
𝑞(𝑠
𝑘
)

≈
V𝑘 − 𝐵 (⟨𝑠

𝑘
⟩) 𝑢



2

2

+

3

∑

𝑖=1

3

∑

𝑗=1

⟨𝛽
𝑘
⟩ 𝜉
𝑘𝑖𝑗

𝑢
𝑇
𝑂
𝑘𝑖
(⟨𝑠
𝑘
⟩)
𝑇

𝑂
𝑘𝑗

(⟨𝑠
𝑘
⟩) 𝑢.

(A.9)

Substituting (A.9) into (A.6), the covariance andmean values
of 𝑞(𝑢) can be calculated as

Σ
𝑢
= [

[

∑

𝑘

⟨𝛽
𝑘
⟩ 𝐵 (⟨𝑠

𝑘
⟩)
𝑇

𝐵 (⟨𝑠
𝑘
⟩)

+ ∑

𝑘

∑

𝑖

∑

𝑗

𝜉
𝑘𝑖𝑗

𝑂
𝑘𝑖
(⟨𝑠
𝑘
⟩)
𝑇

𝑂
𝑘𝑗

(⟨𝑠
𝑘
⟩)

+ (⟨𝛼
1
⟩ (∇
𝑥
)
𝑇

𝑊(𝑔
𝑥
) (∇
𝑥
)

+ ⟨𝛼
2
⟩ (∇
𝑦
)
𝑇

𝑊(𝑔
𝑦
) (∇
𝑦
))]

]

−1

,

⟨𝑢⟩ = Σ
𝑢
[∑

𝑘

⟨𝛽
𝑘
⟩ 𝐵 (⟨𝑠

𝑘
⟩)
𝑇 V
𝑘
] ,

(A.10)

where 𝜉
𝑘𝑖𝑗

is a 3 × 3 region in the covariance matrix Λ
𝑘
of

𝑞(𝑠
𝑘
). And 𝑊(𝑔), ∀𝑔 ∈ (𝑅

+
)
𝑁 is a diagonal matrix, in which

the element on the diagonal is𝑊(𝑔)
𝑖𝑖
= 1/√𝑔

𝑖
.

Then, we can get the following expressions from (A.2):

𝑔
𝑥

𝑖
= ⟨(∇

𝑥

𝑖
𝑢)
2

+ 𝑎
2
⟩
𝑞(𝑢)

,

𝑔
𝑦

𝑖
= ⟨(∇

𝑦

𝑖
𝑢)
2

+ 𝑎
2
⟩
𝑞(𝑢)

.

(A.11)

From (A.3), we can obtain

𝑞 (𝑠
𝑘
) ∝ exp {−

1

2
[⟨𝛽
𝑘
⟩ ⟨

V𝑘 − 𝐵 (𝑠
𝑘
) 𝑢



2

2
⟩
𝑞(𝑢)

+ (𝑠
𝑘
− 𝑠
0

𝑘
)
𝑇

(𝛿
𝑘
)
−1

(𝑠
𝑘
− 𝑠
0

𝑘
)]} ,

(A.12)

where 𝑇 denotes the transposed operator.
The approximation of ⟨‖V

𝑘
−𝐵(𝑠
𝑘
)𝑢‖
2

2
⟩
𝑞(𝑢)

can be obtained
by using (A.8) again,

⟨
V𝑘 − 𝐵 (𝑠

𝑘
) 𝑢



2

2
⟩
𝑞(𝑢)

≈ ⟨
V𝑘 − 𝐵 (⟨𝑠

𝑘
⟩) 𝑢 − Υ

𝑘
(𝑠
𝑘
− ⟨𝑠
𝑘
⟩)



2

2
⟩
𝑞(𝑢)

+ trace [𝐵 (⟨𝑠
𝑘
⟩)
𝑇

𝐵 (⟨𝑠
𝑘
⟩) Σ
𝑢
]

+ 2Φ
𝑇

𝑘
(𝑠
𝑘
− ⟨𝑠
𝑘
⟩)

+ (𝑠
𝑘
− ⟨𝑠
𝑘
⟩)
𝑇

Ψ
𝑘
(𝑠
𝑘
− ⟨𝑠
𝑘
⟩) ,

(A.13)

where Υ
𝑘

= [𝑂
𝑘1
(⟨𝑠
𝑘
⟩)⟨𝑢⟩, 𝑂

𝑘2
(⟨𝑠
𝑘
⟩)⟨𝑢⟩, 𝑂

𝑘3
(⟨𝑠
𝑘
⟩)⟨𝑢⟩],

Φ
𝑘𝑖

= trace[𝐵(⟨𝑠
𝑘
⟩)
𝑇
𝑂
𝑘𝑗
(⟨𝑠
𝑘
⟩)Σ
𝑢
], and Ψ

𝑘𝑖𝑗
=

trace[𝑂
𝑘𝑖
(⟨𝑠
𝑘
⟩)
𝑇
𝑂
𝑘𝑗
(⟨𝑠
𝑘
⟩)Σ
𝑢
], for 𝑖, 𝑗 = 1, 2, 3.

Thus, the covariance and mean values of 𝑞(𝑠
𝑘
) can be

calculated as

Λ
𝑘
= [(𝛿
𝑘
)
−1

+ ⟨𝛽
𝑘
⟩ (Γ
𝑘
+ Ψ
𝑘
)]
−1

,

⟨𝑠
𝑘
⟩ = Λ

𝑘
[(𝛿
𝑘
)
−1

𝑠
0

𝑘

+ ⟨𝛽
𝑘
⟩ (Γ
𝑘
⟨𝑠
𝑘
⟩ + Ψ
𝑘
⟨𝑠
𝑘
⟩ + 𝑄
𝑘
− Φ
𝑘
)] ,

(A.14)

where Γ
𝑘𝑖𝑗

= Υ
𝑇

𝑘𝑖
Υ
𝑘𝑗
, for 𝑖, 𝑗 = 1, 2, 3, and 𝑄

𝑘𝑖
= (V
𝑘
−

𝐵(⟨𝑠
𝑘
⟩)
𝑇
𝑂
𝑘𝑖
(⟨𝑠
𝑘
⟩)⟨𝑢⟩), for 𝑖, 𝑗 = 1, 2, 3.

From (A.5), we can obtain

𝑞 (𝛽
𝑘
) ∝ 𝛽

𝑁
1
𝑁
2
/2−1+𝑎

𝛽
𝑘

𝑘

⋅ exp
{

{

{

−𝛽
𝑘
[

[

𝑏
𝛽
𝑘

+

⟨
V𝑘 − 𝐵 (𝑠

𝑘
) 𝑢



2

2
⟩
𝑞(𝑢)

2

]

]

}

}

}

,

𝑞 (𝛼
1
) ∝ 𝛼

𝑁/4−1+𝑎
𝛼1

1

⋅ exp{−𝛼
1
[𝑏
𝛼
1

+ ∑

𝑖

𝑎√𝑔
𝑥

𝑖
− 𝑎
2
]} ,

𝑞 (𝛼
2
) ∝ 𝛼

𝑁/4−1+𝑎
𝛼2

2

⋅ exp{−𝛼
2
[𝑏
𝛼
2

+ ∑

𝑖

𝑎√𝑔
𝑦

𝑖
− 𝑎
2
]} .

(A.15)

The mean values of the distributions in (A.15) are given
by

⟨𝛽
𝑘
⟩ =

𝑁
1
𝑁
2
/2 + 𝑎

𝛽
𝑘

(1/2) ⟨
V𝑘 − 𝐵 (𝑠

𝑘
) 𝑢



2

2
⟩
𝑞(𝑢)

+ 𝑏
𝛽
𝑘

,

⟨𝛼
1
⟩ =

𝑁 + 𝑎
𝛼
1

2∑
𝑖
(𝑎√𝑔

𝑥

𝑖
− 𝑎2) + 𝑏

𝛼
1

,

⟨𝛼
2
⟩ =

𝑁 + 𝑎
𝛼
2

2∑
𝑖
(𝑎√𝑔

𝑦

𝑖
− 𝑎2) + 𝑏

𝛼
2

.

(A.16)
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Based on the previouswork byZhang andZheng (Aparameterized splitting iterationmethod for complex symmetric linear systems,
Japan J. Indust. Appl. Math., 31 (2014) 265–278), three block preconditioners for complex symmetric linear system with two-by-
two block form are presented. Spectral properties of the preconditioned matrices are discussed in detail. It is shown that all the
eigenvalues of the preconditioned matrices are well-clustered. Numerical experiments are reported to illustrate the efficiency of the
proposed preconditioners.

1. Introduction

Consider the following complex symmetric linear system:
(𝑊+ 𝑖𝑇) z = h, (1)

where z = 𝑥 + 𝑖𝑦, h = 𝑓 + 𝑖𝑔, and matrices 𝑊,𝑇 ∈ R𝑛×𝑛

are symmetric positive definite. Here 𝑖 = √−1 denotes the
imaginary unit.

Complex symmetric linear systems of this kind (1) are
important and arise in a variety of scientific computing and
engineering applications, such as diffuse optical tomography
[1], quantum chemistry and eddy current problem [2, 3],
structural dynamics [4–9], FFT-based solution of certain
time-dependent PDEs [10], molecular dynamics and fluid
dynamics [11], and lattice quantum chromodynamics [12].
One can see [13–16] for more examples and additional
references.

To efficiently solve complex symmetric linear system
(1), an efficient approach is that one can adopt some real
arithmetics to solve one of the several 2𝑛 × 2𝑛 equivalent real
formulations and avoid solving the complex linear system.
For example, the complex symmetric linear system (1) can be
equivalently written as

𝑅𝑧 ≡ [
𝑊 −𝑇

𝑇 𝑊
][

𝑥

𝑦
] = [

𝑓

𝑔
] ≡ 𝑏. (2)

For other forms of the real equivalent formulations of the
complex symmetric linear system (1), one can see [11, 13, 17]
for more details. The advantage of this form may be of two
aspects: one is that it may be directly and efficiently solved in
some real arithmetics by Krylov subspace methods (such as
GMRES [18]), by alternating splitting iteration method (such
as PMHSS [19–21]), and by C-to-R iterationmethods [17, 20],
and the other is that one can construct some preconditioning
matrices to improve the speed of Krylov subspace methods
for solving the block two-by-two linear system (2); that is to
say, one can use some preconditioned Krylov subspace meth-
ods for solving the block two-by-two linear system (2). As
for the latter, in [11], numerical experiments show that some
Krylov subspace methods with standard ILU preconditioner
for this formulation (2) can perform reasonably well. In [13],
several types of block preconditioners have been discussed
and argued that if either the real part or the symmetric
part of the coefficient matrix is positive semidefinite, block
preconditioners for real equivalent formulations may be a
useful alternative to preconditioners for the original complex
formulation. In [19], the PMHSS preconditioner has been
presented and numerical experiments show that the PMHSS
preconditioner is efficient and robust.

Recently, Zhang and Zheng [22] consider the application
of the block triangular preconditioner:
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𝑃
+
= [

[

𝑊 + 2𝛼𝑇𝑊−1𝑇 0

(1 − 𝛼) 𝑇
1
2
𝑊

]

]

, (3)

where 𝛼 is a given positive constant, together with a Krylov
subspace iterative solver. It is obvious that 𝑃

+
is positive (real)

stable; that is, its eigenvalues are all real and positive. In [22], it
is shown that all the eigenvalues of the preconditionedmatrix
𝑃
−1
+

𝑅 are clustered and the preconditioner 𝑃
+

performs
better than the preconditioner PMHSS [19, 21] under certain
conditions.

In this paper, based on the idea of Simoncini [23], we
consider the following preconditioner:

𝑃
−
= [

[

𝑊 + 2𝛼𝑇𝑊−1𝑇 0

(1 − 3𝛼) 𝑇 −
1
2
𝑊

]

]

(𝛼 > 0) . (4)

Obviously, the preconditioner 𝑃
−

is indefinite, which is
different from the preconditioner 𝑃

+
. Theoretical analysis

shows that all the eigenvalues of the preconditioned matrix
𝑃
−1
−

𝑅 are well-clustered. To illustrate the efficiency of the
preconditioner 𝑃

−
, we also consider two block diagonal

preconditioners below

𝐷
+
= [

[

𝑊 + 2𝑇𝑊−1𝑇 0

0 1
2
𝑊

]

]

,

𝐷
−
=
[
[

[

𝑊 +
2
3
𝑇𝑊−1𝑇 0

0 −
1
2
𝑊

]
]

]

.

(5)

Our numerical experiments show that the indefinite block
triangular preconditioner 𝑃

−
is slightly more efficient than

the positive stable block triangular preconditioner 𝑃
+
and

both the block triangular preconditioners are more efficient
than both the block diagonal preconditioners 𝐷

+
and 𝐷

−
.

Obviously, when 𝛼 = 1, the block triangular preconditioner
𝑃
+
reduces to the block diagonal preconditioner 𝐷

+
; when

𝛼 = 1/3, the block triangular preconditioner 𝑃
−
reduces to

the block diagonal preconditioner𝐷
−
.

The remainder of the paper is organized as follows. In
Section 2, eigenvalue analysis for the preconditionedmatrices
𝑃
−1
−

𝑅, 𝐷−1
+
𝑅, and 𝐷−1

−
𝑅 is described in detail. In Section 3,

the results of numerical experiments are reported. Finally, in
Section 4 we give some conclusions to end the paper.

2. Eigenvalue Analysis

In general, the spectral properties of the preconditioned
matrix give important insight into the convergence behavior
of the preconditioned Krylov subspacemethods. In partic-
ular, for many linear systems arising in practice, a well-
clustered spectrum usually results in rapid convergence of
the preconditioned Krylov subspace methods, such as CG,
MINRES, andGMRES [24].Therefore, in this section, we will
investigate the eigenvalue distribution of the preconditioned
matrices 𝑃−1

−
𝑅,𝐷−1
+
𝑅, and𝐷−1

−
𝑅.

The spectral distribution of 𝑃
−1
−

𝑅 is described in the
following theorem.

Theorem 1. Let 𝑊 and 𝑇 be symmetric positive definite
and let 𝜆 be the eigenvalue of the matrix 𝑃

−1
−

𝑅. Then the
eigenvalues of the preconditioned matrix 𝑃−1

−
𝑅 are 1 (with

algebraic multiplicity 𝑛) and 𝜆 = −2(𝜇 + 𝜂)/(𝜇 + 2𝛼𝜂) with
𝜇 = 𝑢

∗𝑊𝑢/𝑢∗𝑢 and 𝜂 = V∗𝑇𝑊−1𝑇V/V∗V, where (𝑢; V) is the
corresponding eigenvector of the eigenvalue 𝜆.

Proof. Let 𝜆 be an eigenvalue of 𝑃−1
−

𝑅 with eigenvector (𝑢; V).
Then

[
𝑊 −𝑇

𝑇 𝑊
][

𝑢

V
] = 𝜆[

[

𝑊 + 2𝛼𝑇𝑊−1𝑇 0

(1 − 3𝛼) 𝑇 −
1
2
𝑊

]

]

[
𝑢

V
] . (6)

Equation (6) is equivalent to

𝑊𝑢−𝑇V = 𝜆 (𝑊+ 2𝛼𝑇𝑊−1𝑇) 𝑢,

𝑇𝑢 +𝑊V = 𝜆 (1− 3𝛼) 𝑇𝑢−
𝜆

2
𝑊V.

(7)

Based on (7), we get

(𝜆 + 2) V = − 2 (1−𝜆 (1− 3𝛼))𝑊−1𝑇𝑢, (8)

(𝜆 + 2)𝑊𝑢− (𝜆 + 2) 𝑇V

= (𝜆 + 2) 𝜆 (𝑊+ 2𝛼𝑇𝑊−1𝑇) 𝑢.
(9)

Multiplying (8) by matrix 𝑇 yields

(𝜆 + 2) 𝑇V = − 2 (1−𝜆 (1− 3𝛼)) 𝑇𝑊−1𝑇𝑢. (10)

Combining (10) with (9), we have

(𝜆 + 2)𝑊𝑢+ 2 (1−𝜆 (1− 3𝛼)) 𝑇𝑊−1𝑇𝑢

= (𝜆 + 2) 𝜆 (𝑊+ 2𝛼𝑇𝑊−1𝑇) 𝑢.
(11)

Multiplying (11) by 𝑢∗/𝑢∗𝑢, note that 𝜇 = 𝑢∗𝑊𝑢/𝑢∗𝑢 and
𝜂 = V∗𝑇𝑊−1𝑇V/V∗V, and then we have

(𝜆 + 2) 𝜇 + 2 (1−𝜆 (1− 3𝛼)) 𝜂

= (𝜆 + 2) 𝜆𝜇 + 2𝛼𝜆 (𝜆 + 2) 𝜂,
(12)

which is

𝜆
2
(𝜇 + 2𝛼𝜂) + 𝜆 (𝜇 − 2𝛼𝜂+ 2𝜂) − 2 (𝜇 + 𝜂) = 0. (13)

Roots of (13) are

𝜆 = 1, 𝜆 = −
2 (𝜇 + 𝜂)

𝜇 + 2𝛼𝜂
, (14)

which completes the proof.
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Remark 2. From Theorem 1, it is not difficult to find that
the spectral distribution of 𝑃−1

−
𝑅 not only depends on the

parameter 𝛼, but also depends on the values of 𝜇 and 𝜂. If 𝛼 =

1 + 𝜇/2𝜂, then the preconditioned matrix 𝑃−1
−

𝑅 has precisely
two eigenvalues: ±1 whereas this is an ideal state, which is
difficult to achieve because 𝜇 and 𝜂 depend on the spectrum
of matrices 𝑊 and 𝑇𝑊

−1
𝑇. That is to say, 𝛼 = 1 + 𝜇/2𝜂 is

questionable in actual implementations. Even if possible, the
cost of the computation of the Schur complement 𝑇𝑊−1𝑇
may be high because matrix 𝑇𝑊−1𝑇 involves the inverse of
matrix𝑊.

In fact, based on the structure of the second eigenvalue,
𝜆 = −2(𝜇 + 𝜂)/(𝜇 + 2𝛼𝜂) with 𝜇 = 𝑢

∗𝑊𝑢/𝑢∗𝑢 and 𝜂 =

V∗𝑇𝑊−1𝑇V/V∗V, we can choose the value of 𝛼 to make all
the eigenvalues of the preconditioned matrix 𝑃−1

−
𝑅 more

clustered. A natural choice is 𝛼 = 1/2, which is independent
of the spectrum of matrices 𝑊 and 𝑇𝑊

−1𝑇. Obviously, in
this case, the preconditioned matrix 𝑃−1

−
𝑅 has precisely two

eigenvalues: 1 and −2. This fact is precisely stated as the
following corollary.

Corollary 3. Let 𝑊 and 𝑇 be symmetric positive definite and
let 𝜆 be the eigenvalue of the matrix 𝑃

−1
−

𝑅. If 𝛼 = 1/2, then
the eigenvalues of the preconditioned matrix 𝑃−1

−
𝑅 are 1 (with

algebraic multiplicity 𝑛) and −2 (with algebraic multiplicity 𝑛).

With respect to the spectral distribution of 𝑃−1
+

𝑅, the
following theorem is provided in [22].

Theorem 4. Let 𝑊 and 𝑇 be symmetric positive definite
and let 𝜆 be the eigenvalue of the matrix 𝑃

−1
+

𝑅. Then the
eigenvalues of the preconditioned matrix 𝑃−1

+
𝑅 are 1 (with

algebraic multiplicity 𝑛) and 𝜆 = 2(𝜇 + 𝜂)/(𝜇 + 2𝛼𝜂) with
𝜇 = 𝑢

∗𝑊𝑢/𝑢∗𝑢 and 𝜂 = V∗𝑇𝑊−1𝑇V/V∗V, where (𝑢; V) is the
corresponding eigenvector of the eigenvalue 𝜆.

Remark 5. Obviously, if we choose 𝛼 = 1+𝜇/2𝜂 inTheorem 4
[22], then the preconditioned matrix 𝑃

−1
+

𝑅 has precisely
one eigenvalue: 1, whereas this choice is questionable in
actual implementations and its reason is similar to that of
the preconditioner 𝑃

−
. If we choose 𝛼 = 1/2, then the

preconditioned matrix 𝑃
−1
+

𝑅 has precisely two eigenvalues: 1
and 2. Specifically, the following corollary is obtained.

Corollary 6. Let 𝑊 and 𝑇 be symmetric positive definite and
let 𝜆 be the eigenvalue of the matrix 𝑃

−1
+

𝑅. If 𝛼 = 1/2, then
the eigenvalues of the preconditioned matrix 𝑃−1

+
𝑅 are 1 (with

algebraic multiplicity 𝑛) and 2 (with algebraic multiplicity 𝑛).

From Corollaries 3 and 6, it is easy to find that the
preconditioned matrices 𝑃−1

−
𝑅 and 𝑃−1

+
𝑅 have precisely two

distinct eigenvalues. The former is 1 and −2, and the latter
is 1 and 2. So, in general, any Krylov subspace method with
optimality and Galerkin property may terminate in at most
two steps if roundoff errors are ignored. Based on the brief
discussion, in our numerical computations, we investigate the
spectral distribution of the preconditionedmatrices𝑃−1

−
𝑅 and

𝑃−1
+

𝑅 from two aspects: one is 𝛼 = 1/2, and the other is 𝛼 ̸=

1/2. From the numerical results of the preconditioner𝑃
−
(𝑃
+
),

the eigenvalue distributions of 𝑃−1
−

𝑅 and 𝑃−1
+

𝑅 with 𝛼 = 1/2
are slightly better than that of 𝑃−1

−
𝑅 and 𝑃−1

+
𝑅 with 𝛼 ̸= 1/2

from the viewpoint of eigenvalue clustering (specifically, one
can see the next section).

Concerning the spectral distribution of𝐷−1
−
𝑅, we have the

following theorem.

Theorem 7. Let 𝑊 and 𝑇 be symmetric positive definite
and let 𝜆 be the eigenvalue of the matrix 𝐷−1

−
𝑅. Then the

eigenvalues of the preconditioned matrix 𝐷−1
−
𝑅 are 1 (with

algebraic multiplicity 𝑛) and 𝜆 = −6(𝜇 + 𝜂)/(3𝜇 + 2𝜂) with
𝜇 = 𝑢

∗

𝑊𝑢/𝑢
∗

𝑢 and 𝜂 = V∗𝑇𝑊−1𝑇V/V∗V, where (𝑢; V) is the
corresponding eigenvector of the eigenvalue 𝜆.

Proof. Let 𝜆 be an eigenvalue of𝐷−1
−
𝑅with eigenvector (𝑢; V).

Then

[
𝑊 −𝑇

𝑇 𝑊
][

𝑢

V
] = 𝜆

[
[

[

𝑊 +
2
3
𝑇𝑊−1𝑇 0

0 −
1
2
𝑊

]
]

]

[
𝑢

V
] , (15)

which is equivalent to

𝑊𝑢−𝑇V = 𝜆(𝑊+
2
3
𝑇𝑊
−1
𝑇)𝑢,

𝑇𝑢 +𝑊V = −
𝜆

2
𝑊V.

(16)

Based on (16), we get

(𝜆 + 2) V = − 2𝑊−1𝑇𝑢, (17)

(𝜆 + 2)𝑊𝑢− (𝜆 + 2) 𝑇V

= (𝜆 + 2) 𝜆 (𝑊+
2
3
𝑇𝑊
−1
𝑇)𝑢.

(18)

Multiplying (17) by matrix 𝑇 yields

(𝜆 + 2) 𝑇V = − 2𝑇𝑊−1𝑇𝑢. (19)

Combining (18) with (19), we have

(𝜆 + 2)𝑊𝑢+ 2𝑇𝑊−1𝑇𝑢

= (𝜆 + 2) 𝜆 (𝑊+
2
3
𝑇𝑊
−1
𝑇)𝑢.

(20)

Multiplying (20) by 𝑢∗/𝑢∗𝑢, note that 𝜇 = 𝑢∗𝑊𝑢/𝑢∗𝑢 and
𝜂 = V∗𝑇𝑊−1𝑇V/V∗V, and then we have

(𝜆 + 2) 𝜇 + 2𝜂 = (𝜆 + 2) 𝜆𝜇 +
2
3
𝜆 (𝜆 + 2) 𝜂, (21)

which is equal to

𝜆
2
(3𝜇+ 2𝜂) + 𝜆 (3𝜇+ 4𝜂) − 6 (𝜇 + 𝜂) = 0. (22)

Both roots of (22) are

𝜆 = 1, 𝜆 = −
6 (𝜇 + 𝜂)

3𝜇 + 2𝜂
, (23)

which completes the proof.
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(d) 𝐷−1
−
𝑅

Figure 1: Spectrum of 𝑃−1
+

𝑅, 𝑃−1
−

𝑅,𝐷−1
+
𝑅, and𝐷−1

−
𝑅 for Example 1.

Similarly, the spectral distribution of𝐷−1
+
𝑅 is described in

the following theorem.

Theorem 8. Let 𝑊 and 𝑇 be symmetric positive definite
and let 𝜆 be the eigenvalue of the matrix 𝐷

−1
+
𝑅. Then the

eigenvalues of the preconditioned matrix 𝐷−1
+
𝑅 are 1 (with

algebraic multiplicity 𝑛) and 𝜆 = 2(𝜇 + 𝜂)/(𝜇 + 2𝜂) with
𝜇 = 𝑢∗𝑊𝑢/𝑢∗𝑢 and 𝜂 = V∗𝑇𝑊−1𝑇V/V∗V, where (𝑢; V) is the
corresponding eigenvector of the eigenvalue 𝜆.

3. Numerical Experiments

In this section, based on the above discussion, some numer-
ical experiments are reported to demonstrate the numerical
behavior of the 𝑃

+
, 𝑃
−
,𝐷
+
, and𝐷

−
preconditioning matrices

by solving the block two-by-two linear systems (2) with
the correspondingly preconditioned GMRES methods. To

compare the above four preconditioners on the basis of the
numbers of iteration counts (IT) and CPU times in seconds
(CPU), the following examples have been considered. In our
numerical experiments, all the computations are done with
MATLAB 7.0.

Example 1. The complex symmetric linear system (1) is of the
form

𝐴𝑥 ≡ (𝑊+ 𝑖𝑇) 𝑥 = 𝑏 (24)

with
𝑇 = 𝐼 ⊗𝑉+𝑉⊗ 𝐼,

𝑊 = 10 (𝐼 ⊗𝑉
𝑐
+𝑉
𝑐
⊗ 𝐼) + 9 (𝑒1𝑒

𝑇

𝑚
+ 𝑒
𝑚
𝑒
𝑇

1 ) ⊗ 𝐼,
(25)

where 𝑉 = tridiag(−1, 2, −1) ∈ R𝑚×𝑚, 𝑉
𝑐

= 𝑉 − 𝑒1𝑒
𝑇

𝑚
−

𝑒
𝑚
𝑒𝑇1 ∈ R𝑚×𝑚, and 𝑒1 and 𝑒

𝑚
are the first and the last
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Figure 2: Spectrum of 𝑃−1
+

𝑅, 𝑃−1
−

𝑅,𝐷−1
+
𝑅, and𝐷−1

−
𝑅 for Example 2.

unit vectors in R𝑚, respectively. Here 𝑇 and 𝑊 correspond
to the five-point centered difference matrices approximating
the negative Laplacian operator with homogeneous Dirichlet
boundary conditions and periodic boundary conditions,
respectively, on a uniform mesh in the unit square [0, 1] ×

[0, 1] with the mesh size ℎ = 1/(𝑚 + 1). The right hand side
vector 𝑏 is adjusted to be 𝑏 = (1+𝑖)𝐴1, with 1 being the vector
of all entries equal to 1 [5, 6].

Example 2. Consider the following complex symmetric lin-
ear system:

𝐴𝑥 ≡ [(−𝜔
2
𝑀+𝐾)+ 𝑖 (𝜔𝐶

𝑉
+𝐶
𝐻
)] 𝑥 = 𝑏, (26)

where 𝑀 and 𝐾 are the inertia and stiffness matrices, 𝐶
𝑉

and 𝐶
𝐻

are the viscous and hysteretic damping matrices,
respectively, and 𝜔 is the driving circular frequency. In our

numerical computations, we take 𝐶
𝐻

= 𝜇𝐾 with 𝜇 = 0.02
being a damping coefficient, 𝑀 = 𝐼, 𝜔 = 𝜋, 𝐶

𝑉
= 10𝐼, and

𝐾 the five-point centered difference matrix approximating
the negative Laplacian operator with homogeneous Dirichlet
boundary conditions, on a uniform mesh in the unit square
[0, 1] × [0, 1] with the mesh size ℎ = 1/(𝑚 + 1). In this
case, the matrix𝐾 ∈ R𝑛×𝑛 possesses the tensor-product form
𝐾 = 𝐼⊗𝑉

𝑚
+𝑉
𝑚
⊗ 𝐼with𝑉

𝑚
= ℎ−2tridiag(−1, 2, −1) ∈ R𝑚×𝑚.

In addition, the right hand side vector 𝑏 is adjusted to be
𝑏 = (1 + 𝑖)𝐴1, with 1 being the vector of all entries equal
to 1. For more detail, one can refer to [4–6, 13].

Firstly, the spectral distribution of the preconditioned
matrix has been provided because the spectral properties of
the preconditioned matrix give important insight into the
convergence behavior of the preconditioned Krylov subspace
methods. To illustrate the above results in Section 2, there
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(d) 𝛼 = 3/5 and 𝑃−1
−
𝑅

Figure 3: Spectrum of 𝑃−1
+

𝑅 and 𝑃−1
−

𝑅 for Example 1.

is a need to test the eigenvalue distributions of the precon-
ditioned matrix 𝑃−1

+
𝑅, 𝑃−1
−

𝑅, 𝐷−1
+
𝑅, and 𝐷−1

−
𝑅. To this end,

for convenience, all the matrices tested are 512 × 512 unless
otherwisementioned; that is, themesh is a 16×16 grid. For the
eigenvalue distributions of the preconditioned matrix 𝑃

−1
+

𝑅

and𝑃−1
−

𝑅, fromCorollaries 3 and 6,we choose𝛼 = 1/2. In this
case, Figures 1 and 2 plot the eigenvalue distributions of the
preconditioned matrix 𝑃

−1
+

𝑅, 𝑃−1
−

𝑅, 𝐷−1
+
𝑅, and 𝐷−1

−
𝑅, where

Figure 1 corresponds to Example 1 and Figure 2 corresponds
to Example 2.

Figures 1 and 2 show that the preconditioned matrices
𝑃
−1
+

𝑅 and 𝐷−1
+
𝑅 have two clustering points: 1 and 2; the

preconditioned matrices 𝑃−1
−

𝑅 and 𝐷−1
−
𝑅 have also two

clustering points: 1 and −2. From the viewpoint of eigenvalue
clustering, the eigenvalue distributions of 𝑃

−1
−

𝑅 and 𝑃−1
+

𝑅

with 𝛼 = 1/2 are slightly better than that of 𝐷−1
−
𝑅 and

𝐷−1
+
𝑅.

To investigate the effect on the spectral distribution of the
preconditioned matrices 𝑃

−1
+

𝑅 and 𝑃−1
−

𝑅 with the different
value of 𝛼, Figures 3 and 4 plot the eigenvalue distributions
of the preconditioned matrices 𝑃

−1
+

𝑅 and 𝐷−1
+
𝑅 from two

aspects:𝛼 < 1/2 and𝛼 > 1/2. For𝛼 < 1/2,we choose𝛼 = 2/5;
for 𝛼 > 1/2, we choose 𝛼 = 3/5. In this case, the eigenvalue
distributions of the preconditioned matrices 𝑃−1

+
𝑅 and 𝐷−1

+
𝑅

are provided; see Figures 3 and 4.
Based on Figures 1–4, it is not difficult to find that

the eigenvalue distributions of the preconditioned matrices
𝑃−1
+

𝑅 and 𝑃−1
−

𝑅 with 𝛼 = 1/2 are more clustered than
that of the preconditioned matrices 𝑃−1

+
𝑅 and 𝑃−1

−
𝑅 with

𝛼 ̸= 1/2 under certain conditions. This information may
imply that the priority selection of parameter 𝛼 in the
preconditioners 𝑃

+
and 𝑃

−
is 1/2. That is to say, 𝛼 = 1/2 for

the preconditioners 𝑃
+
and 𝑃

−
may bring about good results

when the preconditioners 𝑃
+
and 𝑃

−
are applied to solve
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Figure 4: Spectrum of 𝑃−1
+

𝑅 and 𝑃
−1
−

𝑅 for Example 2.

block two-by-two linear systems (2) with the correspondingly
preconditioned GMRES methods.

Secondly, we investigate the performance of the precon-
ditioners 𝑃

+
, 𝑃
−
, 𝐷
+
, and 𝐷

−
. To this end, we use GMRES(ℓ)

precoditioned with the above four preconditioners to solve
the system of linear equations (2). In the implementations,
it is noted that the choice of the restart parameter ℓ of
GMRES(ℓ) is no general rule, which mostly depends on a
matter of experience in practice. For the sake of simplicity,
the value of the restart parameter ℓ is 20. Based on the
aforementioned discussion, we choose 𝛼 = 1/2 for the
preconditioners𝑃

+
and 𝑃
−
.The purpose of these experiments

is just to investigate the influence of the 𝑃
+
, 𝑃
−
, 𝐷
+
, and 𝐷

−

preconditioner on the convergence behaviors of GMRES(20).
All tests are started from the zero vector, and the GMRES(20)
method terminates if the relative residual error satisfies


𝑟(𝑘)

2
𝑟
(0)2

< 10−6. (27)

In Tables 1 and 2, we present some iteration results
to illustrate the convergence behavior of the 𝑃

+
, 𝑃
−
,

𝐷
+
, and 𝐷

−
preconditioner. “𝑃

+
-GMRES(𝑚)” denotes the

𝑃
+
-preconditioned GMRES(𝑚) method. “𝑃

−
-GMRES(𝑚)”

denotes the 𝑃
−
-preconditioned GMRES(𝑚) method. “𝐷

+
-

GMRES(𝑚)” denotes the 𝐷
+
-preconditioned GMRES(𝑚)

method and “𝐷
−
-GMRES(𝑚)” denotes the 𝐷

−
-precondi-

tioned GMRES(𝑚) method.
From Tables 1 and 2, we observe that these four precon-

ditioners for the system of linear equations (2) are feasible
and competitive; in particular, the iteration counts of 𝑃

+
and

𝑃
−
are hardly sensitive to change in the mesh sizes. More

specifically, the numbers of iteration counts of the block
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Table 1: IT and CPU for Example 1.

Grid 8 × 8 16 × 16 32 × 32 48 × 48

𝑃
+
-GMRES(20) IT 2 2 2 2

CPU 0.031 0.078 2.078 17.656

𝑃
−
-GMRES(20) IT 2 2 2 2

CPU 0.016 0.062 2.031 17.547

𝐷
+
-GMRES(20) IT 4 5 6 6

CPU 0.036 0.078 3.016 29.469

𝐷
−
-GMRES(20) IT 4 4 5 5

CPU 0.32 0.078 2.641 24.313

Table 2: IT and CPU for Example 2.

Grid 8 × 8 16 × 16 32 × 32 48 × 48

𝑃
+
-GMRES(20) IT 2 2 2 2

CPU 0.031 0.093 2.031 16.802

𝑃
−
-GMRES(20) IT 2 2 2 2

CPU 0.016 0.047 1.985 16.672

𝐷
+
-GMRES(20) IT 5 5 5 4

CPU 0.048 0.062 2.672 19.678

𝐷
−
-GMRES(20) IT 4 4 4 4

CPU 0.32 0.063 2.282 20.078

triangular preconditioner 𝑃
−
are the same as that of the block

triangular preconditioner 𝑃
+
. From CPU times, the block

triangular preconditioner 𝑃
−
is less than the block triangular

preconditioner 𝑃
+
. That is to say, in terms of iteration counts

and CPU times, the block triangular preconditioner 𝑃
−
is

slightlymore efficient than the positive stable block triangular
preconditioner 𝑃

+
. Both the block triangular preconditioners

𝑃
+
and 𝑃

−
are more efficient than both the block diagonal

preconditioners𝐷
+
and𝐷

−
.

To investigate the efficiency of the block triangular pre-
conditioners 𝑃

+
and 𝑃

−
with 𝛼 = 1/2, here we consider two

aspects 𝛼 < 1/2 and 𝛼 > 1/2. For 𝛼 < 1/2, we choose 𝛼 = 2/5;
for 𝛼 > 1/2, we choose 𝛼 = 3/5. In this case, Tables 3 and 4 list
some iteration results to illustrate the convergence behavior
of the block triangular preconditioners 𝑃

+
and 𝑃

−
.

From Tables 3 and 4, when 𝛼 = 2/5 or 𝛼 = 3/5, the block
triangular preconditioners 𝑃

+
and 𝑃

−
for the system of linear

equations (2) are feasible as well. In terms of iteration counts
and CPU times, 𝛼 = 2/5 (𝛼 = 3/5) for the block triangular
preconditioners 𝑃

+
and 𝑃

−
is less efficient than 𝛼 = 1/2 for

the block triangular preconditioners 𝑃
+
and 𝑃

−
. By a lot of

numerical experiments, we find that the efficiency of 𝛼 = 1/2
may be more efficient than that of 𝛼 ̸= 1/2 when the block
triangular preconditioners 𝑃

+
and 𝑃

−
are applied to solve

the system of linear equations (2). A lot of numerical results
show that the optimal parameter 𝛼 of the block triangular
preconditioners 𝑃

+
and 𝑃
−
is 1/2.

4. Conclusion

In this paper, we have analyzed the spectral properties as
well as the computational performance of several types of

Table 3: IT and CPU for Example 1 with 𝛼 = 2/5 and 𝛼 = 3/5.

Grid 8 × 8 16 × 16 32 × 32 48 × 48
𝛼 = 2/5

𝑃
+
-GMRES(20) IT 4 4 5 5

CPU 0.032 0.125 3.672 31.095

𝑃
−
-GMRES(20) IT 4 4 5 5

CPU 0.36 0.094 3.672 31.796
𝛼 = 3/5

𝑃
+
-GMRES(20) IT 4 4 4 5

CPU 0.031 0.109 3.171 31.062

𝑃
−
-GMRES(20) IT 4 4 5 5

CPU 0.32 0.094 3.641 31.047

Table 4: IT and CPU for Example 2 with 𝛼 = 2/5 and 𝛼 = 3/5.

Grid 8 × 8 16 × 16 32 × 32 48 × 48
𝛼 = 2/5

𝑃
+
-GMRES(20) IT 4 4 4 4

CPU 0.032 0.11 3.016 25.562

𝑃
−
-GMRES(20) IT 4 4 4 4

CPU 0.36 0.078 3.015 26.031
𝛼 = 3/5

𝑃
+
-GMRES(20) IT 4 4 4 4

CPU 0.031 0.11 3.266 26.124

𝑃
−
-GMRES(20) IT 4 4 4 4

CPU 0.32 0.078 3.421 26.969

block preconditioners for complex symmetric linear system
with two-by-two block form. In contrast to the triangular
preconditioner 𝑃

+
discussed in [22], we have given the spec-

tral properties of the preconditioned matrices 𝑃−1
−

𝑅, 𝐷−1
−
𝑅,

and𝐷−1
+
𝑅. Theoretical analysis shows that all the eigenvalues

of the preconditioned matrices 𝑃−1
−

𝑅, 𝐷−1
−
𝑅, and 𝐷−1

+
𝑅 are

well-clustered. For the block triangular preconditioners 𝑃
+

and 𝑃
−
, the parameter 𝛼 = 1/2 may be top priority. Our

numerical experiments indicate that the block triangular
preconditioners 𝑃

+
and 𝑃

−
are more effective in comparison

to the symmetric indefinite block diagonal preconditioner𝐷
−

and the symmetric positive definite block diagonal precondi-
tioner𝐷

+
under certain conditions.

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgments

This research was supported by NSFC (no. 11301009)
and Natural Science Foundations of Henan Province (no.
15A110007).



Mathematical Problems in Engineering 9

References

[1] S. R. Arridge, “Optical tomography inmedical imaging,” Inverse
Problems, vol. 15, no. 2, pp. R41–R93, 1999.

[2] Z.-Z. Bai, “Block alternating splitting implicit iterationmethods
for saddle-point problems from time-harmonic eddy current
models,”Numerical Linear Algebra with Applications, vol. 19, no.
6, pp. 914–936, 2012.

[3] T. Sogabe and S.-L. Zhang, “A COCR method for solving
complex symmetric linear systems,” Journal of Computational
and Applied Mathematics, vol. 199, no. 2, pp. 297–303, 2007.

[4] A. Feriani, F. Perotti, and V. Simoncini, “Iterative system
solvers for the frequency analysis of linear mechanical systems,”
Computer Methods in Applied Mechanics and Engineering, vol.
190, no. 13-14, pp. 1719–1739, 2000.

[5] Z.-Z. Bai, M. Benzi, and F. Chen, “Modified HSS iteration
methods for a class of complex symmetric linear systems,”
Computing, vol. 87, no. 3-4, pp. 93–111, 2010.

[6] Z.-Z. Bai, M. Benzi, and F. Chen, “On preconditioned MHSS
iteration methods for complex symmetric linear systems,”
Numerical Algorithms, vol. 56, no. 2, pp. 297–317, 2011.

[7] S.-L. Wu and C.-X. Li, “A splitting iterative method for the
discrete dynamic linear systems,” Journal of Computational and
Applied Mathematics, vol. 267, pp. 49–60, 2014.

[8] S.-L. Wu, “Several variants of the Hermitian and skew-
Hermitian splitting method for a class of complex symmetric
linear systems,”Numerical Linear Algebra with Applications, vol.
22, no. 2, pp. 338–356, 2015.

[9] S.-L. Wu and C.-X. Li, “On semi-convergence of modified HSS
method for a class of complex singular linear systems,” Applied
Mathematics Letters, vol. 38, pp. 57–60, 2014.

[10] D. Bertaccini, “Efficient solvers for sequences of complex sym-
metric linear systems,” Electronic Transactions on Numerical
Analysis, vol. 18, pp. 49–64, 2004.

[11] D. D. Day and M. A. Heroux, “Solving complex-valued linear
systems via equivalent real formulations,” SIAM Journal on
Scientific Computing, vol. 23, no. 2, pp. 480–498, 2002.

[12] A. Frommer, T. Lippert, B. Medeke, and K. Schilling,Numerical
Challenges in Lattice Quantum Chromodynamics, vol. 15 of Lec-
ture Notes in Computational Science and Engineering, Springer,
Heidelberg, Germany, 2000.

[13] M. Benzi and D. Bertaccini, “Block preconditioning of real-
valued iterative algorithms for complex linear systems,” IMA
Journal of Numerical Analysis, vol. 28, no. 3, pp. 598–618, 2008.

[14] Z.-Z. Bai, “Structured preconditioners for nonsingular matrices
of block two-by-two structures,” Mathematics of Computation,
vol. 75, no. 254, pp. 791–815, 2006.

[15] X.-M. Gu, M. Clemens, T.-Z. Huang, and L. Li, “The SCBiCG
class of algorithms for complex symmetric linear systems
with applications in several electromagnetic model problems,”
Computer Physics Communications, vol. 191, pp. 52–64, 2015.

[16] X.-M. Gu, T.-Z. Huang, L. Li, H.-B. Li, T. Sogabe, and M.
Clemens, “Quasi-minimal residual variants of the COCG and
COCR methods for complex symmetric linear systems in
electromagnetic simulations,” IEEE Transactions on Microwave
Theory and Techniques, vol. 62, no. 12, pp. 2859–2867, 2014.

[17] O.Axelsson andA.Kucherov, “Real valued iterativemethods for
solving complex symmetric linear systems,” Numerical Linear
Algebra with Applications, vol. 7, no. 4, pp. 197–218, 2000.

[18] Y. Saad and M. H. Schultz, “GMRES: a generalized minimal
residual algorithm for solving nonsymmetric linear systems,”

SIAM Journal on Scientific and Statistical Computing, vol. 7, no.
3, pp. 856–869, 1986.

[19] Z.-Z. Bai, M. Benzi, F. Chen, and Z.-Q. Wang, “Preconditioned
MHSS iteration methods for a class of block two-by-two linear
systemswith applications to distributed control problems,” IMA
Journal of Numerical Analysis, vol. 33, no. 1, pp. 343–369, 2013.

[20] O. Axelsson, M. Neytcheva, and B. Ahmad, “A comparison
of iterative methods to solve complex valued linear algebraic
systems,”Numerical Algorithms, vol. 66, no. 4, pp. 811–841, 2014.

[21] Z.-Z. Bai, “On preconditioned iteration methods for complex
linear systems,” Journal of Engineering Mathematics, 2014.

[22] G.-F. Zhang and Z. Zheng, “A parameterized splitting iteration
method for complex symmetric linear systems,” Japan Journal of
Industrial and Applied Mathematics, vol. 31, no. 2, pp. 265–278,
2014.

[23] V. Simoncini, “Block triangular preconditioners for symmetric
saddle-point problems,” Applied Numerical Mathematics, vol.
49, no. 1, pp. 63–80, 2004.

[24] Y. Saad, Iterative Methods for Sparse Linear Systems, PWS
Publishing Company, Boston, Mass, USA, 1996.



Research Article
An Improved Genetic Algorithm with Initial Population
Strategy for Symmetric TSP

Yong Deng,1 Yang Liu,2 and Deyun Zhou1

1School of Electronics and Information, Northwestern Polytechnical University, Xian, Shaanxi 710072, China
2School of Computer and Information Science, Southwest University, Chongqing 400715, China

Correspondence should be addressed to Yong Deng; ydeng@nwpu.edu.cn

Received 18 June 2015; Accepted 9 August 2015

Academic Editor: Chih-Cheng Hung

Copyright © 2015 Yong Deng et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

A new initial population strategy has been developed to improve the genetic algorithm for solving the well-known combinatorial
optimization problem, traveling salesman problem. Based on the k-means algorithm, we propose a strategy to restructure the
traveling route by reconnecting each cluster. The clusters, which randomly disconnect a link to connect its neighbors, have been
ranked in advance according to the distance among cluster centers, so that the initial population can be composed of the random
traveling routes.This process is 𝑘-means initial population strategy. To test the performance of our strategy, a series of experiments
on 14 different TSP examples selected from TSPLIB have been carried out. The results show that KIP can decrease best error value
of random initial population strategy and greedy initial population strategy with the ratio of approximately between 29.15% and
37.87%, average error value between 25.16% and 34.39% in the same running time.

1. Introduction

Traveling salesman problem (TSP) is a well-known NP-hard
problem in many real-world applications, such as job-shop
scheduling and VLSI routing [1, 2]. The aim of TSP is to find
a complete, minimal-cost tour when a salesman is required to
visit each of 𝑛 given cities once and only once [3]. So far, TSP
has often been a touchstone for new strategies and algorithms
proposed to solve combinatorial optimization problem. In
this paper, we consider the symmetric TSP,where the distance
from city 𝑖 to city 𝑗 is the same as from city 𝑗 to city 𝑖.

Many methods have been developed for solving TSP,
including exact algorithms and approximate algorithms. The
exact algorithms are carried out to find the optimal solution
from all valid solutions in a number of steps. But, because
of exponential complexity [3], they are always infeasible
if the scale of TSP becomes large, for example, 100 cities
with approximately 10155 different solutions. In contrast, the
approximate algorithms, especially many bioinspired algo-
rithms [4–9], can obtain accepted solutions for many NP-
hard problems with (relatively) short running time. These
approaches are usually very simple, like Lin-Kernigan [10],

colony optimization (ACO) [11], and so on [12, 13]. All of them
are efficient approaches in most of the problems, but ACO,
for example, is not suitable for large-scale TSP because of its
computational cost 𝑂(𝑚𝑛2), in which 𝑚 is the ant numbers
and 𝑛 is the number of cities.

Genetic algorithm (GA) [14] is a global search algorithm
appropriate for problems with huge search, for example,
TSP, in which the initial population decides iterations, the
crossover realizes the construction of the offspring, and the
mutation operator maintains the diversity of the individuals.
So far, there is a lot of literature to improve the effectiveness
of crossover and mutation [2, 15–19]. Besides, as the first step
of any GA, how to initialize an efficient population plays an
important role in the process of solving a problem based on
GA. Toǧan and Daloǧlu [20] adopted the member grouping
strategy to reduce the size of the problem and the initial
population strategy to reduce the number of generations.
Chen et al. [21] developed a feature-based initial population
method for the optimization of job-shop problem. Sharma et
al. [22] proposed a domain-specific initial population strategy
for compliant mechanisms. Ahmed [23] used a sequential
sampling method for generating initial population.
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// 𝑥𝑦 is a city-location matrix
𝑡 ← 1 // 𝑡 is the current iterations
initialize Pop(𝑡) with𝑁 chromosomes Pop

𝑖
(𝑡) //𝑁 is the pop size

while not (terminating condition) do
for 𝑖 ← 1 to𝑁 do
𝑓
𝑖
← 𝑓(Pop

𝑖
(𝑡)) // 𝑓 is the fitness function

for 𝑖 ← 1 to𝑁 do
NewPop

𝑖
(𝑡 + 1) ← randomly choose Pop

𝑖
(𝑡) ∈ Pop(𝑡) with 𝑝

𝑗
= 𝑓
𝑗
/∑
𝑁

𝑘=1
𝑓
𝑘

CrossPop(𝑡 + 1) ← recombine (NewPop(𝑡 + 1)) with 𝑃
𝑐

//𝑃
𝑐
is the crossover probability

MutPop(𝑡 + 1) ←mutate (CrossPop(𝑡 + 1)) with 𝑃
𝑚

//𝑃
𝑚
is the mutation probability

Pop(𝑡 + 1) ← MutPop(𝑡 + 1)
𝑡 ← 𝑡 + 1

Algorithm 1: A simple genetic algorithm for TSP (𝑥𝑦).

In this paper, a new initial population method has been
developed to increase the quality of initial population. Based
on this method, the application performance of GA on TSP
becomes more efficient. The rest of the paper is organized as
follows. In Section 2, some related background theories are
presented. In Section 3, the proposed method is described.
In Section 4, experimental results are evaluated. In the final
section, a brief conclusion is given.

2. Preliminaries

Some basic theories are shown in this section, including TSP,
GA, and 𝑘-means clustering.

2.1. Traveling Salesman Problem. TSP is one of the most
widely studied combination optimization problems [3].
Mathematically, this problem can be stated as follows:

𝑇
𝑑
=

𝑛−1

∑

𝑖=1

𝑑 (𝑉
𝑖
, 𝑉
𝑖+1
) + 𝑑 (𝑉

𝑛
, 𝑉
1
) , (1)

where path set Path(𝜋) = {𝑉
1
, 𝑉
2
, . . . , 𝑉

𝑛
} is a permutation of

cities {1, 2, . . . , 𝑛} and 𝑑(𝑉
𝑖
, 𝑉
𝑖+1
) represents the distance from

city 𝑉
𝑖
to city 𝑉

𝑗
. The aim of TSP is to find a path from path

set Path(𝜋) to minimize 𝑇
𝑑
.

2.2. Genetic Algorithm. Genetic algorithm (GA) is an evo-
lutionary algorithm based on natural election, developed by
Holland [24]. It is to find approximate solutions for opti-
mization and search problems by computer simulation [25].
The aim of GA is to achieve better results through selection,
crossover, and mutation. Selection is to select the best solu-
tions preferentially according to the fitness function from
the population. The fitness function (𝑓(𝑇

𝑑
)) is defined over

the genetic representation and measures the quality of the
represented solution. In this paper, 1/𝑇

𝑑
is assigned to 𝑓(𝑇

𝑑
).

Crossover and mutation are used to generate a second gener-
ation population of solutions from those selected. Crossover

can vary the population from one generation to the next by
recombining “parent” solutions.Mutation alters some gene of
one solution to avoid local optimal solutions. In general, the
basic steps of GA for a problem are shown in Algorithm 1.

2.3. 𝑘-Means Clustering. 𝑘-means clustering is as well-known
as Lloyd’s algorithm [26], which aims to find 𝑘 centers from
𝑛 observations to minimize the mean distance from each
observation to their nearest center. More details about the
concepts and description of 𝑘-means clustering can be found
in a lot of literature [26–28]. In this paper, we present a simple
𝑘-means clustering to the initial population.

3. Proposed Method

The first step of GA is to generate an initial population in
which a set of possible solutions is contained. The quality of
this population plays an important role in solving a problem
by GA [20, 29]. As can be seen from Figure 1, in which a
TSP of 14 cities is considered, Figure 1(d) is the best solution
obtained from 3000 solutions generated randomly (RIP) [30]
and Figure 1(b) is the best solution from 3000 alternatives
with the proposed method (KIP), respectively. Figure 1(c) is
the best solution of this problem.

KIG is developed for TSP solution based on 𝑘-means
clustering and GA. 𝑘-means clustering is used to divide a
large-scale TSP into some small problems to obtain local opti-
mal solutions. Then, GA is carried out to globally optimize
the alternatives generated by randomly rewiring each local
optimal solution. Without loss of generality, consider a TSP
with 𝑁 cities, in which (𝑥

𝑖
, 𝑦
𝑖
) denotes the location of city

𝑖, 𝑖 = 1, 2, . . . , 𝑁. An initial population can be obtained as
follows.

Step 1. 𝑁 cities cluster into 𝐾 groups with 𝐾 = [√𝑁 + 0.5]
based on 𝑘-means clustering.

Step 2. GA is used to obtain the local optimal path of each
group and a global optimal path of𝐾 groups.
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G1

G2

G3

G4

L1

L2

L3

(a) 𝑘-means clustering

R1

R2

R3

(b) Randomly rewire to generate initial population

R1

R2

R3

(c) The best solution (d) Randomly initial population

Figure 1: The processes to initialize the population with 𝑘-means clustering. Firstly, 14 nodes are clustered into 4 groups. Secondly, GA is
used to obtain the local optimal path of each group and a global optimal path of 4 groups. Finally, disconnect and rewire to obtain the initial
population.

(a) Randomly initial population (b) Greedy initial population

(c) 𝑘-means clustering initial population (d) The best solution

Figure 2: Three methods to initialize the population of problem a280 [35]. (a) is RIG, (b) is generated by a greedy method (GIP) [25], (c) is
KIP, and (d) is the best solution of this problem.

Step 3. According to the global optimal path, one edge of each
local optimal path disconnects to rewire the front and back
groups.

Step 4. Repeating Step 3, an initial population can be gener-
ated.

Considering the 14 cities example as shown in Figure 1,
14 cities cluster into 4 groups𝐺

1
, 𝐺
2
, 𝐺
3
, 𝐺
4
. A global optimal

path {𝐺
1
, 𝐺
2
, 𝐺
3
, 𝐺
4
, 𝐺
1
} (the black path) and 3 local optimal

paths (the red and blue paths) can be seen from Figure 1(a).
Then, select one edge from each group (𝐿

1
, 𝐿
2
, 𝐿
3
) and dis-

connect to rewire the front and back group, such as Figure 1(a)
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// 𝑥𝑦 is a city-location matrix
𝑡 ← 1 // 𝑡 is the current iterations
initialize Pop(𝑡) with𝑁 chromosomes Pop

𝑖
(𝑡) //𝑁 is the pop size

while not (terminating condition) do
for 𝑖 ← 1 to𝑁 do
𝑓
𝑖
← 𝑓(Pop

𝑖
(𝑡)) // 𝑓 is the fitness function

for 𝑖 ← 1 to𝑁 do
Pop
𝑖
(𝑡 + 1) ← choose Pop

𝑘
(𝑡) satisfy 𝑓

𝑘
> 𝑓
𝑗
, 𝑗 ∈ {𝑖, 𝑖 + 1, 𝑖 + 2, 𝑖 + 3} and 𝑗 ̸= 𝑘

Pop
𝑖+1
(𝑡 + 1) ←mutate Pop

𝑖
(𝑡 + 1) by flip mutation method [31]

Pop
𝑖+2
(𝑡 + 1) ←mutate Pop

𝑖
(𝑡 + 1) by swap mutation method [32]

Pop
𝑖+3
(𝑡 + 1) ←mutate Pop

𝑖
(𝑡 + 1) by slide mutation method [33]

𝑖 ← 𝑖 + 4

𝑡 ← 𝑡 + 1

Algorithm 2: An improved genetic algorithm for TSP (𝑥𝑦) developed by Kirk [34].

Table 1: Results of different strategies with the same iterations.

Method RIP GIP KIP
Examples Best err. (%) Ave. err. (%) Ave. time (s) Best err. (%) Ave. err. (%) Ave. time (s) Best err. (%) Ave. err. (%) Ave. time (s)
berlin52 0.0000 5.1418 16.9338 0.0000 1.9531 18.2832 0.0000 3.0120 16.3208
kroA100 2.3761 4.8328 20.3049 0.2787 4.0082 22.5599 0.1035 2.5505 20.3318
pr144 1.3889 4.7425 23.4091 3.1847 6.0775 26.6297 2.0176 3.5041 26.5335
ch150 5.6974 9.5032 23.8436 4.1780 5.9298 27.4067 5.1038 6.7850 25.4257
kroB150 2.9646 6.4505 23.8947 6.3054 8.2309 27.4617 3.3544 5.8072 25.5628
pr152 1.4383 4.4424 24.1544 3.1397 4.2628 27.4174 2.5998 3.5800 26.4204
rat195 6.7733 9.2618 27.2911 7.8855 11.2154 30.5484 8.7133 11.3242 30.0717
d198 3.9011 6.8199 27.5327 5.1889 6.3098 32.1868 2.8149 4.5911 32.5780
kroA200 10.4079 13.3538 27.8636 11.1678 12.2504 32.4812 5.3725 8.8791 31.8691
ts225 16.0522 17.9204 29.5267 14.6896 15.499 33.6234 10.3008 14.5409 34.1776
pr226 5.2754 9.1196 29.7816 8.6261 12.9046 35.4601 4.9741 6.1991 36.3008
pr299 20.1269 24.5098 35.0112 29.1241 30.3129 42.5489 14.6584 17.0753 44.6964
lin318 30.1053 34.0994 36.2227 24.9692 31.5281 45.8366 15.0669 17.2412 47.2462
pcb442 54.7724 58.4570 45.8070 44.7984 49.0039 57.0011 22.5887 24.0461 62.8187
Average 11.5200 14.9039 27.9698 11.6812 14.2490 32.8175 6.9763 9.2240 32.8824

(disconnect) to Figure 1(b) (rewire). From Figure 1(b) (the
best solution from the initial population) to Figure 1(c) (the
best solution of this problem), one step ({𝑅

1
, 𝑅
2
, 𝑅
3
} →

{𝑅
1
, 𝑅
3
, 𝑅
2
}) can be achieved. Besides, a performance about

three methods on example a280 selected from TSPLIB [35] is
shown in Figure 2.

4. Experimental Results

We conduct the experiments on a computer with Intel Core
i3-2120 3.30GHz processor using MATLAB R2013a. To test
the efficiency of the proposed method, 14 different TSP are
taken from the TSPLIB [35] and 10 trials are examined for
each problem. Without loss of generality, an improved GA
developed by Kirk [34] was used to test the efficiency of the
proposed method. The basic steps of this improved method
are shown in Algorithm 2.

Firstly, the same iteration (20000) is considered to analyze
the time cost and the quality of the solutions. There is
no crossover but three mutations occurred 100% at each
iteration in the software. As we can see from Table 1, KIP
is superior to other methods: 64.29% of best error results
and 78.57% of average error results. Then, the same running
time is used to analyze the iterations and the quality of the
solutions by three methods on each problem. 64.29% of best
error results and 78.57% of average error results demonstrate
KIP more efficiently as shown in Table 2. Besides, Figure 3
shows the best solution varies by time about example pcb442.

5. Conclusion

In this paper, we present a new initial population strategy
(KIP) to improve GA that is used to find the optimal solution
for the well-known traveling salesman problem (TSP). To test
the performance of this strategy, 14 different TSP examples
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Table 2: Results of different strategies with the same time.

Method RIP GIP KIP
Examples Best err. (%) Ave. err. (%) Ave. time (s) Best err. (%) Ave. err. (%) Ave. time (s) Best err. (%) Ave. err. (%) Ave. time (s)
berlin52 2.2890 5.6054 16.3333 4.5497 5.4338 16.3333 0.0000 3.0120 16.3208
kroA100 2.4233 4.8220 20.3425 0.7447 4.4327 20.3425 0.1035 2.5505 20.3318
pr144 1.5751 2.9365 26.5358 1.8611 4.8923 26.5358 2.0176 3.5041 26.5335
ch150 4.7941 9.8965 25.4282 5.0946 7.7747 25.4282 5.1038 6.7850 25.4257
kroB150 2.9470 5.9548 25.5686 3.4723 6.9908 25.5686 3.3544 5.8072 25.5628
pr152 3.0562 4.2483 26.4266 1.7454 3.9500 26.4266 2.5998 3.5800 26.4204
rat195 6.3251 8.6355 30.0770 11.4580 12.9902 30.0770 8.7133 11.3242 30.0717
d198 4.4745 5.3608 32.5886 4.4171 4.9603 32.5886 2.8149 4.5911 32.5780
kroA200 9.3804 11.7009 31.8710 8.4947 11.349 31.871 5.3725 8.8791 31.8691
ts225 9.7628 13.5387 34.1798 11.1856 16.8642 34.1798 10.3008 14.5409 34.1776
pr226 6.6253 7.0874 36.3014 9.6295 12.8062 36.3014 4.9741 6.1991 36.3008
pr299 18.0739 21.8767 44.7099 24.5210 28.4839 44.7099 14.6584 17.0753 44.6964
lin318 25.4203 27.0580 47.2527 28.4007 29.9471 47.2527 15.0669 17.2412 47.2462
pcb442 40.6996 43.8170 62.8216 41.6218 45.9415 62.8216 22.5887 24.0461 62.8187
Average 9.8462 12.3242 32.8884 11.2283 14.0583 32.8884 6.9763 9.2239 32.8824
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Figure 3: Three strategies, for example, pcb442.

selected from TSPLIB and two other methods (RIP and GIP)
are used to experimentalize. The results show that the pro-
posed method is efficient: 64.29% of best error results and
78.57% of average error results (Tables 1 and 2). KIP can
decrease best error value of RIP and GIP with the ratio of
approximately between 39.44% and 40.28%, average error
value between 35.27% and 38.11% in the same iterations
(Table 1). KIP can decrease best error value of RIP and GIP
with the ratio of approximately between 29.15% and 37.87%,
average error value between 25.16% and 34.39% in the same
running time.
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Removing the haze effects on images or videos is a challenging and meaningful task for image processing and computer vision
applications. In this paper, we propose a multiscale fusion method to remove the haze from a single image. Based on the existing
dark channel prior and optics theory, two atmospheric veils with different scales are first derived from the hazy image. Then, a
novel and adaptive local similarity-basedwavelet fusionmethod is proposed for preserving the significant scene depth property and
avoiding blocky artifacts. Finally, the clear haze-free image is restored by solving the atmospheric scattering model. Experimental
results demonstrate that the proposed method can yield comparative or even better results than several state-of-the-art methods
by subjective and objective evaluations.

1. Introduction

Outdoor scene images captured in the bad weather are often
degraded due to the existence of the haze, fog, mist, or other
media. The main reason is that light rays reflected by the
object scene are absorbed by the medium aerosols resulting
in the direct attenuation. At the same time, the airlight is also
scattered by these aerosols during the propagation from the
scene points to the observer. Consequently, captured images
easily display poor quality such as low contrast, distorted
color, and inferior visibility.

Moreover, most of the vision systems such as outdoor
surveillance, remote sensing, object detection, and tracking
system would not work effectively due to the influence
of haze. Accordingly, attention has been paid widely to
image dehazing techniques in computer vision and image
processing applications in recent years. However, recovering
the original clear scene is a challenging task especially when
only one hazy image is given. At present, some dehazing
methods have been proposed. They are mainly divided into
two categories: multiple images dehazing and single image

dehazing. Narasimhan and Nayar [1, 2] presented a physics-
based model that described the appearances of scene in
fog or haze weather conditions. Based on the observation
that the scene depth was invariant in different bad weather
conditions while the camera was static, they estimated the
depth map and restored the scene contrast using two or
more captured images with the same scene. Although these
methods can produce good results in certain circumstances,
it is hard to obtain such multiple images from the same scene
in different bad weathers. Assuming the airlight was partially
polarized or unpolarized whereas the scene was polarized,
polarization based methods [3–7] were proposed to remove
the haze effects by using multi-images with different angles
of polarized filter. However, polarization filtering might lose
efficacy to dense fog situations due to the scattering. One
of the key points for removing the unwanted influence of
the hazy image is to get the accurate transmission map and
the atmosphere light. Kopf et al. [8] obtained the scene
depth map and corrected the color bias with the aid of
existing approximate 3D model or georeferenced digital
terrain and urban models. Nevertheless, it is limited in case
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no accurate or approximate models are obtained for some
existing images.

Recently, a number of single image dehazing methods
have been developed for overcoming the weakness of multi-
images or getting 3D model in advance. Fattal [9] estimated
the scene albedo and depth with the hypothesis that the
surface shading was locally uncorrelated with the transmis-
sion.This method is effective but fails when the hypothesis is
broken. Tan [10] observed that the images in clear days had
stronger contrast than those in bad weather. Simultaneously,
the variation of airlight mainly depended on the scene depth
and tended to be smooth. Consequently, they developed a
maximization local contrast method for restoring the scene.
Although this method can enhance the visibility, it yields
serious halos and oversaturated colors. Based on the dark
channel prior of the haze-free natural images, He et al. [11]
estimated the thickness of the haze and recovered a high
quality haze-free image. Although this method can achieve
ideal dehazing results, the cost of softmatting for refining the
transmission map is very large and unsuitable for real-time
applications. Tarel and Hautiere [12] proposed a linear com-
plexity visibility restoration method based on median filter.
While this method can meet the real-time requirements, the
median filter is not conformal and edge-preserving. To get
around this problem, Xiao and Gan [13] proposed a guided
joint bilateral filter for haze removal. By using bilateral filter,
Zhang et al. [14] introduced a new algorithm to remove
haze from a single image based on the assumption that
only the variation of transmission could result in large-
scale luminance variation in the fog-free image. However,
this method will fail in case the assumption does not hold.
Nishino et al. [15] introduced a Bayesian probabilisticmethod
that jointly estimated the scene albedo and depth from a
single hazy image. However, since it is hard to estimate
the multiple statistical prior models accurately, the dehazing
results obtained by this method may contain unnaturally
bright colors. More recently, C. O. Ancuti and C. Ancuti [16]
presented a fusion-based strategy that was able to accurately
restore images using only the original hazy or foggy image.
This method has high computing speed and yields similar
results with [8, 9, 11]. Kim et al. [17] restored the hazy image by
an optimized contrast enhancement procedure that balanced
the cost of contrast and information loss. Besides, they
proposed a quad-tree subdivision based searching method
for estimating the atmospheric light. Nevertheless, the quad-
tree searching method will not be robust if the maximum
value of the final subblock is noise. Zhang et al. [18] described
a hazy layer estimationmethod using low-rank technique and
overlap averaging scheme.The disadvantage is that it may not
work well for far scenes with heavy fog and great depth jump.

In this paper, we present a novel single image dehazing
method based on atmospheric scattering model. In the
basis of existing dark channel prior and optics theory, two
atmospheric veils with different scales are first derived from
the hazy image.Then, a local similarity-basedwaveletmethod
is proposed to fuse the two atmospheric veils adaptively,
which can reflect the scene depth information well. At last,
the scene is restored by solving the atmospheric scattering
model.

Comparedwith previous single image dehazingmethods,
our proposed method exhibits the following advantages.
Firstly, the proposed adaptive local similarity-based wavelet
fusion method shows better performance in preserving the
most discriminant scene depth. Secondly, our dehazing
methodperforms per-pixel computation efficiently and yields
very little artifacts. Moreover, the proposed method does not
need the postprocessing like He et al.’s exposure [11] and
Tarel and Hautiere’s tone mapping [12]. Finally, we test our
method on a number of natural and synthetic hazy images.
The comparative results display comparative or even better
dehazing results by subjective and objective evaluations.

The rest of this paper is organized as follows. In Section 2,
we review the atmospheric scattering model widely used
in dehazing task. Section 3 describes the proposed dehaz-
ing method in detail, mainly including atmospheric light
and atmospheric veil estimations, image fusion, and scene
restoration. In Section 4, we report and discuss the experi-
ment results. Finally, conclusions are provided in Section 5.

2. Atmospheric Scattering Model

In computer vision and image processing, the formation
of hazy image is commonly described by the atmospheric
scattering model [9–12]:

𝐼 (𝑥) = 𝐽 (𝑥) 𝑡 (𝑥) + 𝐴 (1 − 𝑡 (𝑥)) , (1)

where 𝐼 is the observed hazy image at location 𝑥, 𝐽 is the
scene radiance (the clear haze-free image), 𝐴 is the global
atmospheric light, and 𝑡 is the medium transmission which
is depended on the distance 𝑑(𝑥) between the object scene
and the observer while the atmosphere is homogenous. The
transmission is described as follows:

𝑡 (𝑥) = 𝑒
−𝛽𝑑(𝑥)

, (2)

where 𝛽 is the scattering coefficient of atmosphere.
The first term 𝐽(𝑥)𝑡(𝑥) describes that the reflected light

by the scene points is partially attenuated during the propa-
gation.The second term𝐴(1−𝑡(𝑥)) is called atmospheric veil
[12], which is generated by atmosphere scattering and leads
to color shift. The task of dehazing is to recover 𝐽 from 𝐼.

3. Proposed Dehazing Method

The proposed method can be mainly divided into four steps.
Firstly, the atmospheric light is estimated by the improved
quad-tree subdivision method. Then, atmospheric veils with
different scales are derived from the hazy image. Next, the
accurate atmospheric veil is obtained by fusing the two
veils. Finally, the scene radiance is restored by solving the
atmospheric scatteringmodel.The flow chart of the proposed
dehazing method is shown as in Figure 1.

3.1. Estimation of Atmospheric Light. Generally, the atmo-
spheric light 𝐴 is always considered as the brightest intensity
in the entire image because a large amount of haze makes
the object scene brighter than itself. However, this will be not
reliable when a white object is present in the scene. Kim et
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Figure 1: The flow chart of the proposed dehazing method.

al. [17] proposed a quad-tree subdivision method to estimate
atmospheric light, aiming at avoiding choosing the white
object.The basic idea of this method is that atmospheric light
should be estimated from the region with brighter intensity
and less texture. It searches the region with the largest score
obtained by the difference of its mean and standard deviation
iteratively.The atmospheric light is estimated as the value that
has the least distance to the pure white.

In this work, we opt for this method since it is simple
but efficient. However, it is not robust because the estimated
atmospheric light may be the noise. So we regard the mean
value of the top 5% brightest values in the selected region
as the atmospheric light for rejecting the noise influence
effectively.

3.2. Dark Channel Prior. He et al. [11] proposed a dark chan-
nel prior to the haze-free outdoor images, which supports that
most of local regions excluding the sky have very low intensity
in at least one color (𝑟𝑔𝑏) channel. The intensities of these
dark pixels are mainly caused by (1) shadows; (2) colorful
objects or surfaces; (3) dark objects or surfaces. Similarly, it
has been observed that the pixels in sky or hazy regions have
high values in all color channels. The dark channel is defined
as

𝐽
dark

(𝑥) = min
𝑐∈{𝑟,𝑔,𝑏}

( min
𝑦∈Ω(𝑥)

(𝐽
𝑐

(𝑦))) , (3)

where 𝐽
𝑐 is a channel of 𝐽 and Ω(𝑥) is a local neighborhood

centered at 𝑥. Based on the dark channel prior, 𝑡(𝑥) is a
constant in a local image patch. Thus, we define the local
transmission as �̃�(𝑥) and take the min operation with a local
patch on (1):

min
𝑐∈{𝑟,𝑔,𝑏}

( min
𝑦∈Ω(𝑥)

(𝐼
𝑐

(𝑦)))

= min
𝑐∈{𝑟,𝑔,𝑏}

( min
𝑦∈Ω(𝑥)

(𝐽
𝑐

(𝑦))) �̃� (𝑥) + 𝐴 (1 − �̃� (𝑥)) .

(4)

Since the 𝐽
dark is close to zero, we can estimate the

atmospheric veil term as

𝑉 = 𝐴 (1 − �̃� (𝑥)) = min
𝑐∈{𝑟,𝑔,𝑏}

( min
𝑦∈Ω(𝑥)

(𝐼
𝑐

(𝑦))) . (5)

It is coarsely good but contains some block effects, since
the atmospheric veil is not always constant in a patch. That is
to say, a local patch may contain the region where the scene
depth is discontinuous.

For the sake of avoiding this problem, Tarel and Hautiere
[12] estimated the atmospheric veil using median filter on
the minimal component of the hazy image. Although this
method is pixel-based and can get neutral atmospheric veil,
the scene depth cannot be preserved well due to two median
filter operations. Inspired by the above two methods [11, 12],
we will present an adaptive wavelet fusion method to obtain
accurate atmospheric veil in the next subsection.

3.3. Estimation of Atmospheric Veil. Now we describe an
adaptive wavelet image fusion method to estimate the atmo-
spheric veil accurately. Firstly, we acquire two atmospheric
veils with different scales. Then, a local similarity-based
wavelet fusion method is introduced to preserve the most
scene depth features.

3.3.1. Coarse Scale Atmospheric Veil. The image pyramid [19]
is a highly efficient and remarkable tool for image processing
such as enhancement, resolution, and image compression. It
extracts the image structure to represent image information
in different scales. Therefore, we reduce the resolution levels
of the pyramid representation for getting a coarse scale
version of the original image. A simple iterative image
pyramid algorithm is used for obtaining a relative smooth
image. The zero level of the pyramid, 𝐺

0

, is equal to the
original image. The next pyramid level, 𝐺

𝑖

, is subsample by
a factor 𝜂 to the last level 𝐺

𝑖−1

. Figure 2 shows the levels of
image pyramid expanded to the size of the original image. By
this procedure, the image is smoother and fewer details are
left in a larger scale. At last, the coarse scale version of original
image is obtained by

𝐼
0

(𝑥) =
1

𝑁

𝑁

∑

𝑖=1

𝐺
𝑖

(𝑥) , (6)

where 𝑁 is the number of pyramid level and 𝐺
𝑖

is each level
of the image pyramid.

The coarse scale of the original image is defined as the
minimum operation:

𝑉
𝐶

(𝑥) = min
𝑐∈{𝑟,𝑔,𝑏}

(𝐼
𝑐

0

(𝑥)) , (7)

where 𝐼
0

(𝑥) is the coarse scale version of the original
hazy image. Figure 3(a) shows an example of hazy image.
Figure 3(b) is the coarse scale atmospheric veil estimated by
our method.

3.3.2. Fine Scale Atmospheric Veil. During the propagation
of the visible spectrum from the light source to the sensor,
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Figure 2: The levels of image pyramid of “house” image.

the light with different wavelengths is scattered in different
degrees. Rayleigh scattering [20] describes a physical phe-
nomenon that light is scattered in propagation directions
by very small particles. According to Rayleigh law, the
scattered intensity is inversely proportional to biquadrate of
thewavelength.The blue and purple lights of visible spectrum

are scattered strongly at the very distant sky while a little light
is scattered in a close shot. However, the human visual system
is not sensitive to the purple light. This is the reason why
the distant sky seems blue in sunny day (grey in cloudy or
hazy day). In the condition of haze weather, the blue light is
scattered severely in long shots while it is scattered weakly
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Figure 3: Atmospheric veil estimation: (a) input hazy image; (b) coarse scale atmospheric veil; (c) fine scale atmospheric veil; and (d) fused
atmospheric veil.

in close shots, which can reflect the change of scene depth
indirectly. Hence, the blue channel of original hazy image
is chosen as the fine scale atmospheric veil 𝑉

𝐹

. Figure 3(c)
shows an example of the fine scale atmospheric veil.

3.3.3. Local Similarity-Based Wavelet Image Fusion. Over
past several decades, wavelet transform has been a pop-
ular tool for image fusion, which is a frequency domain
processing technique in multiscale levels [21–23]. Moreover,
the results are considered more suitable for human and
machine perception or further image processing tasks such as
segmentation, feature extraction, and object tracking. In this
section, we describe a local similarity-based wavelet image
fusion method for preserving the most important features of
the coarse and fine scale atmospheric veils.

(A) Local Similarity Definition. For each pixel 𝑥, we define the
local similarity as

LS (𝑥) =
1

1 + ∑
𝑦∈Ω(𝑥)

𝐼1 (𝑦) − 𝐼
2

(𝑦)


2

2

, (8)

where 𝐼
1

and 𝐼
2

are two corresponding local image patches
with same position, Ω(⋅) is a neighborhood of 𝑥, and ‖ ⋅ ‖

2

2

represents the Euclidean distance between 𝐼
1

(𝑦) and 𝐼
2

(𝑦).
Alternatively, the 2-norm can be replaced by other norms.
Since 2-norm is a common measurement and without loss
of generality, we adopt 2-norm in our experiments.The value

range of LS is [0, 1], which ensures that the neighborhoods of
two patches get high similarity if they are close to each other
and vice versa. This local similarity is more robust compared
to computing similarity of the two corresponding pixels since
some pixels in the coarse scale veil might not hold true values
after the image pyramid operation.

(B) Adaptive Wavelet-Based Fusion Algorithm. As analyzed in
Sections 3.3.1 and 3.3.2, the two atmospheric veils reflect the
scene depth information with different scales. Fusing them
effectively is very crucial for getting an accurate atmospheric
veil. Since the wavelet-based fusion strategies can fuse the
two images naturally and without artifacts, they have been
widely explored and applied in the fields of image or video
restoration [24, 25]. In this study, we propose an adaptive
wavelet-based fusion method. Given the coarse scale atmo-
spheric veil 𝑉

𝐶

and fine scale atmospheric veil 𝑉
𝐹

, multilevel
wavelet decomposition is performed on the two images,
respectively. For the two approximation subbands, the mean
of corresponding coefficients is used as the fused result.
For one pair of corresponding high frequency subbands, the
local similarity of each pixel is calculated using (8). Since
the edges in coarse scale can reflect the scene depth jump
with large probability while only a part of edges related to
outer contour in fine scale can reflect the scene depth jump,
we use the local similarity to measure the edge consistency
between the two atmospheric veils. Due to the side effect
of pyramid decomposition, the edges in coarse scale might
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not be the original ones. Hence, the edges in fine scale
atmospheric veil should be preserved as much as possible
in case a large local similarity is obtained between the two
scale atmospheric veils. The small similarity illustrates that
it might be texture in fine scale atmospheric veil and the
value in coarse scale atmospheric veil should be maintained
as much as possible. Therefore, the fused coefficient at 𝑙th
level of wavelet decomposition can be computed as

𝐶
𝑙

(𝑥) = (1 − LS (𝑥)) ⋅ 𝑉
𝑙

𝐶

(𝑥) + LS (𝑥) ⋅ 𝑉
𝑙

𝐹

(𝑥) . (9)

After fusing each pair of corresponding high frequency
subbands, the inverse wavelet transform is carried out. The
fusion procedure is described in Algorithm 1.

Algorithm 1 (the adaptive wavelet-based fusion algorithm).
Consider the following.
Input. Two images 𝑉

𝐶

and 𝑉
𝐹

, the number of decomposition
levels in wavelet transformation 𝐿, and the size of neighbor-
hood in computing local similarity 𝑟.
Output. The fused image 𝑉.

(1) Decompose𝑉
𝐶

and𝑉
𝐹

into approximation sub-bands
𝑉
𝑎

𝐶

and 𝑉
𝑎

𝐹

, and high frequency sub-bands 𝑉
ℎ,𝑙

𝐶

and
𝑉
ℎ,𝑙

𝐹

using wavelet transformation with 𝐿 levels:

[𝑉
𝑎

𝐶

, 𝑉
ℎ,𝑙

𝐶

] = wavedec2 (𝑉
𝐶

, 𝐿) ;

[𝑉
𝑎

𝐹

, 𝑉
ℎ,𝑙

𝐹

] = wavedec2 (𝑉
𝐹

, 𝐿) ,

(10)

where wavedec2(⋅) is a function of two dimension
wavelet decomposition.

(2) Calculate the approximation coefficient: Coef𝑎 =

(1/2)(𝑉
𝑎

𝐶

+ 𝑉
𝑎

𝐹

).
(3) Initialize: 𝑙 ← 0.
(4) Do 𝑙 ← 𝑙 + 1.
(5) Compute the local similarity LS𝑙

𝑟

between𝑉
ℎ,𝑙

𝐶

and𝑉
ℎ,𝑙

𝐹

with 𝑟 neighborhood:

LS𝑙
𝑟

(𝑥) =
1

1 + ∑
𝑦∈Ω(𝑥)


𝑉
ℎ,𝑙

𝐶

(𝑦) − 𝑉
ℎ,𝑙

𝐹

(𝑦)


2

2

. (11)

(6) Compute the high frequency coefficients at 𝑙th level
wavelet decomposition:

Coefℎ,𝑙 (𝑥) = (1 − LS𝑙
𝑟

(𝑥)) ⋅ 𝑉
ℎ,𝑙

𝐶

(𝑥) + LS𝑙
𝑟

(𝑥)

⋅ 𝑉
ℎ,𝑙

𝐹

(𝑥) .

(12)

(7) Until 𝑙 = 𝐿.
(8) Reconstruct the fused image 𝑉 using inverse wavelet

transform on [Coef𝑎,Coefℎ,𝑙]:

𝑉 = waverec2 (Coef𝑎,Coefℎ,l) , (13)

where waverec2(⋅) is a function of two dimension
wavelet reconstruction.

(9) Return 𝑉.

As we can see, the coarse scale atmospheric veil
(Figure 3(b)) preserves rough image details and ensures
the scene depth and the boundaries are not destroyed. In
Figure 3(c), the close shots are not influenced. However, the
cloud of the fine scale veil in the white rectangle characterizes
no visibility due to the scattering of the blue and the purple
lights. Fortunately, the coarse scale atmospheric veil can be
a relative complement for the lost information. Figure 3(d)
shows the fused atmospheric veil by applying Algorithm 1 on
𝑉
𝐶

and 𝑉
𝐹

. It exhibits complementary results and the clouds
in the white rectangle show better visibility than the ones
in the fine scale veil, while the scene depth information is
preserved better than the coarse scale veil.

3.4. The Scene Restoration. Once atmospheric veil 𝑉 and
atmospheric light𝐴 are obtained, the transmissionmap 𝑡 can
be estimated simply by

𝑡 (𝑥) = 1 −
𝑉 (𝑥)

𝐴
. (14)

As we know, the observed scene is shrouded by the
atmosphere more or less even in sunny days. If we remove
the haze directly using (14), the restored image may seem
unnatural. Therefore, a reference parameter 𝜔 (0 ≤ 𝜔 ≤ 1)

[11, 12] is introduced:

𝑡 (𝑥) = 1 − 𝜔 ⋅
𝑉 (𝑥)

𝐴
. (15)

According to the transmissionmap 𝑡 and the atmospheric
light 𝐴, we can recover the scene radiance according to
(1). However, the direct attenuation 𝐽(𝑥)𝑡(𝑥) will be zero
when 𝑡(𝑥) is close to zero and the sky or infinite distant
regions of the directly recovered 𝐽(𝑥) tend to be incorrect.
Consequently, the scene radiance 𝐽(𝑥) is recovered by

𝐽 (𝑥) =
𝐼 (𝑥) − 𝐴

max (𝑡, 𝑡
0

)
+ 𝐴, (16)

where 𝑡
0

is a lower bound used for restricting the transmis-
sion map. Algorithm 2 shows our dehazing procedure.

Algorithm 2 (the proposed single image dehazing algorithm).
Consider the following.
Inputs. Hazy image 𝐼, the number of pyramid 𝑁, wavelet
transformation levels 𝐿, the size of neighborhood in comput-
ing local similarity 𝑟, and parameter 𝜔, 𝑡

0

.
Outputs. Haze-free image 𝐽.

(1) Calculate the atmospheric light 𝐴 as described in
Section 3.1.

(2) Generate the coarse scale atmospheric veil 𝑉
𝐶

using
image pyramid with (6) and min operation with (7).

(3) Yield the fine scale atmospheric veil 𝑉
𝐹

by extracting
the blue channel of hazy image.
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(a) Hazy image (b) 𝜔 = 0.6 (c) 𝜔 = 0.7 (d) 𝜔 = 0.8 (e) 𝜔 = 0.9

Figure 4: Dehazing results with different 𝜔.

(4) Get the final atmospheric veil 𝑉 by fusing 𝑉
𝐶

and 𝑉
𝐹

using Algorithm 1.
(5) Compute the transmission map 𝑡 with (15).
(6) Recover the scene radiance 𝐽 with (16).

4. Results and Discussion

In this section, the performance of proposed dehazing
method is evaluated on a series of hazy images and compared
with several well-known single image dehazing methods.

In the experiments, we found that the parameters of 𝑁
and 𝐿 have little effect on the results. For example, as seen
from the subjective effect, the results with 𝐿 = 2 and 𝐿 =

3 have no obvious difference. Therefore, we set these two
parameters with fixed values as 𝑁 = 3 and 𝐿 = 2. In
contrast, 𝜔 has a greater impact on the results. Generally, the
value of 𝜔 is proportional to the density and set from 0.5 to
1.0. That is to say, small 𝜔 is assigned for removing the thin
haze. Figure 4 shows the dehazing results with changed 𝜔.
The size of neighborhood 𝑟 in computing local similarity local
similarity should be small. Since large 𝑟 will generate small
similarity, according to Algorithm 1, the edges in coarse scale
will be preserved with small similarity. Thus, edges related to
outer contour in fine scale will be neglected, which will make
scene depth not accurate. In addition, large 𝑟 will generate
large computational quantity. Therefore, 𝑟 is set to 3 × 3 in
experiments. Typically, 𝑡

0

is equal to 0.1 as mentioned in [11].

4.1. Subjective Observation. Figure 5 shows the dehazing
results of several well-known methods and the proposed

method in terms of subjective visibility on the so-called
“house” image. From this figure, we can see that there are
some color biases and halos in the dehazing results obtained
by Fattal [9] and Tarel and Hautiere [12], as shown in Figures
5(b) and 5(c). For other methods, Ancuti et al. [26] andWang
and Feng [27] recover the original scenes better relatively,
as shown in Figures 5(f) and 5(g). However, Ancuti et al.’s
method introduces the oversaturated color in the close tree
points.Wang and Feng’smethod [27] cannot remove the haze
completely. Kimet al.’smethod [17] yields serious artifacts and
the color of the close tree is also oversaturated (Figure 5(d)).
Similarly, the haze is not dehazed completely in Zhang et al.’s
result (Figure 5(e)). More unfortunately, the color is shifted
severely on some boundaries with abrupt scene depth jumps.
Despite the dark color, Meng et al.’s [28] and Lan et al.’s [29]
results exhibit similar effect and look very real and natural as
a whole, as shown in Figures 5(h) and 5(i). Nevertheless, the
color of white rectangular regions above the windows has not
been restored well. By contrast, our method can removemost
of the haze without introducing any artifacts (Figure 5(j)).
The restored scene images show better visibility and higher
contrast and preserve the real color. The contents in the
red rectangles indicate the obvious differences of various
methods.

Figure 6 shows the comparative results of the proposed
method with other four methods on “mountain” image. Seen
from the region of mountain, the color is obviously distorted
inYeh et al.’s [30] and oversaturated in Shiau et al.’s [31] results,
as shown in Figures 6(d) and 6(e). On the whole, the other
threemethods produce similar results except for the region of
sky (shown in Figures 6(b), 6(c), and 6(f)). However, it seems
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(a) (b) (c) (d)

(e) (f) (g) (h)

(i) (j)
Figure 5: Comparative results of the popular methods and the proposed method on “house” image: (a) input hazy image; (b) Fattal’s result
[9]; (c) Tarel and Hautiere’s result [12]; (d) Kim et al.’s result [17]; (e) Zhang et al.’s result [18]; (f) Ancuti et al.’s result [26]; (g) Wang and Feng’s
result [27]; (h) Meng et al.’s result [28]; (i) Lan et al.’s result [29]; and (j) our result with 𝜔 = 0.8.

that there is still a veil of mist over the scene in Figure 6(b).
And Lan et al.’s [29] result is a little oversaturated in the sky
(Figure 6(c)). Taken as a whole, our method gains relatively
satisfactory result (Figure 6(f)). It is worth noting that the
value of 𝑡

0

is set to 0.3 for “mountain” image.
Next, we compare the proposed method with Tan’s [10]

and Nishino et al.’s [15] methods on four representative
hazy images. Clearly, the color is distorted in Tan’s results
(Figure 7(b)), which might be caused by the maximum
local contrast operation. Nishino et al.’s results seem to
be more natural. But Nishino et al.’s method produces the
halos in the sky (shown in the third row of Figure 7(c)).
Relatively, our method again exhibits better dehazing results
(Figure 7(d)).

Figure 8(a) shows a nonhomogeneous hazy image and
Figures 8(b)–8(e) are the results of different methods. Com-
pared with others, the haze is removed in a more complete
way using Fattal’s method [9]. However, the phenomenon

of color shift appears to be visible in Figure 8(b). Tarel and
Hautiere’s [12] and Zhang et al.’s [14] results yield unpleasing
artifacts. C. O. Ancuti and C. Ancuti [16] are not helpful to
deal with this situation. Although our method also cannot
remove the haze nicely, the color and depth are kept more
real and natural.

4.2. Objective Evaluation. Except for the natural outdoor
scenes, we also test our method on synthetic hazy images
and evaluate it with objective criteria. The synthetic images
are from the project website provided by Tang et al. [32].
Figures 9(a) and 9(b) show the synthetic hazy images and
their corresponding haze-free images. Figures 9(c)–9(e) give
the comparative results of He et al.’s, Tang et al.’s, and ours.We
can see that our results aremore close to the haze-free images,
which is especially clear in the red rectangles.

Images captured in haze weather often suffer from
degrading contrast, distorting color, and missing image
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(a) (b)

(c) (d)

(e) (f)

Figure 6: Comparative results of the popular methods and the proposed method on “mountain” image: (a) input hazy image; (b) He et al.’s
result [11]; (c) Lan et al.’s result [29]; (d) Yeh et al.’s result [30]; (e) Shiau et al.’s result [31]; and (f) our results with 𝜔 = 0.85.

contents. Focusing on these issues, three criteria are applied
for objective evaluation as follows.

(i) Average Gradient [33]. For the sake of testing image
contrast between the recovered haze-free image and
the original haze-free image, the image average gra-
dient is calculated:

AG =
1

𝑀𝑁
∑

(𝑥,𝑦)

[(
𝜕𝐼 (𝑥, 𝑦)

𝜕𝑥
)

2

+ (
𝜕𝐼 (𝑥, 𝑦)

𝜕𝑦
)

2

]

1/2

, (17)

where (𝑥, 𝑦) is the location of a pixel. 𝐼(𝑥, 𝑦) is the
intensity of (𝑥, 𝑦). 𝑀𝑁 is the number of pixels of an
image.

(ii) Color Consistency [34]. For measuring the color
consistency between the restored haze-free image and
the original haze-free image, the color descriptor on

HSV color space and the color histogram intersection
are used to calculate the consistency:

CC = 1 −

𝑁−1

∑

𝑛=0

min (ℎ
𝑝

𝑛

, ℎ
𝑞

𝑛

) , (18)

where 𝑛 is the color level and ℎ
𝑝

𝑛

, ℎ
𝑞

𝑛

are the numbers
of the pixels in 𝑝 and 𝑞 with level 𝑛, respectively.

(iii) Structure Similarity [35]. Generally, human visual
perception is highly adapted for extracting structural
information from a scene. Exactly, the dehazing task
is closely connected with the human visual system.
So, SSIM index is employed to measure the restored
image quality:

SSIM (𝑝, 𝑞) =

(2𝜇
𝑝

𝜇
𝑞

+ 𝑐
1

) (2𝜎
𝑝𝑞

+ 𝑐
2

)

(𝜇2
𝑝

+ 𝜇2
𝑞

+ 𝑐
1

) (𝜎2
𝑝

+ 𝜎2
𝑞

+ 𝑐
2

)

, (19)
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(a) (b) (c) (d)

Figure 7: Comparative results of the popular methods and the proposed method on “ny12,” “ny17,” “y01,” and “y16”: (a) input hazy images;
(b) Tan’s results [10]; (c) Nishino et al.’s results [15]; and (d) our results with 𝜔 = 0.5, 0.65, 0.65, and 0.6, respectively.
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(a) (b)

(c) (d)

(e) (f)

Figure 8: Fog comparative results of the proposed algorithm and the conventional algorithms on “forest” image: (a) input hazy image; (b)
Fattal’s result [9]; (c) Tarel and Hautiere’s result [12]; (d) C. O. Ancuti and C. Ancuti’s result [16]; (e) Zhang et al.’s result [14]; and (f) our result
with 𝜔 = 0.9.

where 𝑝, 𝑞 are restored haze-free image and the
original haze-free image, respectively. 𝜇

𝑝

, 𝜇
𝑞

are the
mean intensities of 𝑝, 𝑞. 𝜎2

𝑝

, 𝜎
2

𝑞

are the variances of
𝑝, 𝑞. 𝜎

𝑝𝑞

is the covariance of 𝑝 and 𝑞. 𝑐
1

= (𝑘
1

𝐿)
2

and 𝑐
2

= (𝑘
2

𝐿)
2 are two variables for stabilizing

the division with weak denominator, where 𝐿 is the
dynamic range of the pixel-values, 𝑘

1

= 0.01, and
𝑘
2

= 0.03 by default.

Table 1 lists the objective comparisons of different meth-
ods on “dolls,” “teddy,” and “venus.” For “dolls” image, our

results are slightly inferior to the other methods on AG,
CC, and SSIM. For “teddy” image, our results yield the best
performances in terms of AG and CC, which means that our
restored images hold higher contrast and less color distortion.
For the criterion of structure similarity, all these methods
display very similar values which are close to 1.This indicates
that the structure information of restored images is well
maintained. Visually, the three methods yield very similar
results of the “teddy” image (the second row). For “venus”
image, our method yields much better results in terms of
AG and SSIM. The value of CC is lower than He et al.’s by
0.23, which demonstrates that the restored image of He et al.’s
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(a) (b) (c) (d) (e)

Figure 9: Synthetic hazy images and the comparative dehazing results. (a) Hazy images (called “dolls,” “teddy,” and “venus”); (b) haze-free
images; (c) He et al.’s [11] results; (d) Tang et al.’s [32] results, and (e) ours results with 𝜔 = 0.9, 0.9, and 0.99, respectively.

Table 1: Objective evaluation on synthetic hazy images.

Hazy images Methods AG CC SSIM

“Dolls”
He et al. [11] 4.61 0.21 0.8860

Tang et al. [32] 4.75 0.10 0.9037
Our 4.33 0.20 0.8255

“Teddy”
He et al. [11] 6.54 0.24 0.9987

Tang et al. [32] 6.79 0.17 0.9989
Our 7.76 0.25 0.9983

“Venus”
He et al. [11] 5.77 0.70 0.9911
Du et al. [24] 5.63 0.54 0.9944

Our 5.90 0.57 0.9972

method can better maintain the color information. However,
as seen from Figure 9(c), the color is obviously distorted,
especially in the upper left part. This phenomenon illustrates
that some objective criteria are not consistent with subjective
visualization. That is to say, these criteria can only reveal
partially the level of dehazing. Therefore, it is necessary to
explore some integrated criteria for evaluating the restored
result.

4.3. Running Time. Furthermore, the running time is con-
sidered in this paper. For fair comparison, we download
the code from the original author’s project website and run
the procedures on the same platform (Intel core i7 CPU,
16GB RAM). Table 2 lists the running time of four methods.
Because our proposed method is a linear function of the

number of the input image pixels, it is obviously faster than
others. For an image of size 𝑊 × 𝐻, the complexity of the
proposed dehazing algorithm is 𝑂 (𝑁 × 𝑊 × 𝐻 + 𝑊 × 𝐻 +

𝐿 × 𝑊 × 𝐻 + 𝑊 × 𝐻). That is, the complexity of our method
is linear and comparative or even lower than conventional
image dehazing methods. Although the complexity of Tarel
et al.’s method is also linear, two median filter operations
are very time-consuming. Obviously, Zhang et al.’s method
costs the longest time which might be caused by the utility
of overlap scheme and median filter. Instead, Meng et al.’s
method is very more time-saving compared with Tarel et al.’s
and Zhang et al.’s methods. In particular, our method runs
five times as fast as Meng et al.’s method for 1024 × 768

image.

5. Conclusions

In this paper, we address a novel single image dehazing
method based on wavelet fusion. Two atmospheric veils
with different scales are derived from the hazy image, one
of which is minimum channel after image pyramid while
the other one is the blue component. In order to get an
accurate atmospheric veil, we proposed an effectively local-
similarity based adaptive wavelet fusionmethod for reducing
blocky artifacts, which is the major novelty of this work.
The experimental results indicate that our method achieves
comparative or even better result by visual effect and objective
assessments.

However, ourmethod cannot remove the haze completely
for nonhomogeneous hazy and heavy foggy image. In addi-
tion, there are still unnecessary textures in the image of
scene depth. To overcome these limitations, a more robust
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Table 2: The comparisons of running time (s) with Zhang et al. [18], Tarel and Hautiere [12], and Meng et al. [28].

Methods 465 × 384 440 × 450 600 × 400 600 × 525 768 × 576 1024 × 768
Zhang 13.67 15.06 18.93 25.27 38.14 76.35
Tarel 3.32 3.73 6.83 9.43 19.29 60.36
Meng 1.85 2.05 2.35 3.14 4.25 7.73
Our 0.52 0.58 0.63 0.71 0.91 1.41

and practical dehazing method will be studied in the future
work.
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Aiming at improving the video visual resolution quality and details clarity, a novel learning-based video superresolution recon-
struction algorithm using spatiotemporal nonlocal similarity is proposed in this paper. Objective high-resolution (HR) estimations
of low-resolution (LR) video frames can be obtained by learning LR-HR correlation mapping and fusing spatiotemporal nonlocal
similarities between video frames.With the objective of improving algorithm efficiency while guaranteeing superresolution quality,
a novel visual saliency-based LR-HR correlation mapping strategy between LR and HR patches is proposed based on semicoupled
dictionary learning. Moreover, aiming at improving performance and efficiency of spatiotemporal similarity matching and fusion,
an improved spatiotemporal nonlocal fuzzy registration scheme is established using the similarity weighting strategy based on
pseudo-Zernike moment feature similarity and structural similarity, and the self-adaptive regional correlation evaluation strategy.
The proposed spatiotemporal fuzzy registration scheme does not rely on accurate estimation of subpixel motion, and therefore it
can be adapted to complexmotion patterns and is robust to noise and rotation. Experimental results demonstrate that the proposed
algorithm achieves competitive superresolution quality compared to other state-of-the-art algorithms in terms of both subjective
and objective evaluations.

1. Introduction and Motivation

Factors such as environmental changes, inaccurate focusing,
optical or motion blur, subsampling, and noise disturbance
can have a negative effect on video visual quality. Superres-
olution (SR) reconstruction technology [1–4] aims to recon-
struct high-resolution (HR) video sequences from their low-
resolution (LR) counterparts. With rapid and significant
development of computer vision, there is a growing need for
HR videos. Video visual resolution quality plays an important
role in accurate moving-target tracking and recognition in
intelligent video surveillance systems, which can provide
more important details of moving targets. HRmedical videos
are also very useful for doctors to make correct diagnoses.
Therefore, SR video has great research significance and
application potential.

In recent years, SR reconstruction technology has been
one of the most active research fields in smart image and

video analytics and processing. SR techniques have been
developed to solve SR problems from the frequency domain
to the spatial domain. Currently relevant studies include
three main categories: interpolation-based SR methods [5,
6], multiframe-based SR methods [7–9], and learning-based
SR methods [10, 11]. Interpolation-based SR methods have
relatively low computational cost and therefore arewell suited
for real-time applications. However, degradation models are
not applicable to these methods if blur and noise characteris-
tics vary for different LR video frames. Moreover, additional
video details cannot be effectively recovered using these
methods because some of the details of interest have usually
been blurred.

Multiframe-based SR methods produce HR video
sequences by fusing several LR video frames, making full
use of complementary and redundant information with
similar but not exactly identical details between adjacent
video frames at different spatiotemporal scales. At present,
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two main fields of research address this kind of method.
One branch is based on accurate estimation of subpixel
motion using methods such as the projections onto convex
sets (POCS) method, the maximum a posteriori (MAP)
estimation method, and the iterative back projection (IBP)
method, which can be applied only to video sequences
with relatively simple motions such as global translation.
These methods cannot be adapted to more complex motion
patterns such as local motion or angles of rotation. The
second branch [12, 13] is based on a recently proposed novel
probabilistic motion-estimation scheme based on nonlocal
similarity, which does not rely on accurate estimation of
subpixel motion and can be adapted to more complex
motion patterns. Using this novel scheme, Protter et al. [14]
proposed a nonlocal fuzzy registration scheme-based SR
reconstruction framework based on a 3D nonlocal mean
filter (3D NLM) [15]. Subsequently, Gao et al. [16] improved
the nonlocal similarity matching method based on Zernike
moment feature similarity and proposed a novel Zernike
moment-based SR method which improved the noise
robustness and rotation invariance of the NLM-based SR
process. However, multiframe-based SR methods cannot be
adapted to a larger magnification factor and usually fail when
insufficient complementary and redundant information
between video frames is provided.

In recent years, learning-based SR methods [17–19] have
receivedmuch attention.Thesemethods estimate themissing
high-frequency details in the input LR images by learning
the relationship between LR image patches and the corre-
sponding HR patches from a training set of LR and HR
image pairs. This kind of method can be adapted to larger
magnification factors and can produce better superresolved
results. This paper concentrates on the learning-based SR
method for video SR. Until now, nearly all studies of this
kind of method have focused on SR for static images. In this
paper, by combining the spatiotemporal similarities between
video frames, learning-based SRmethods will be extended to
the video SR field. In the learning-based image SR field, the
representative methods are the neighbor embedding-based
SR methods (NESR) and the sparse representation-based SR
methods (SRR).

Motivated by locally linear embedding (LLE), Chang et al.
[20] first proposed a neighbor embedding-based SR method,
which reconstructed HR patches by learning a mapping from
the local geometry of the LR image patch manifold to that
of the HR image patch manifold. Since then, numerous
other methods have been proposed and have achieved good
performance. Gao et al. [21] extended this method using
sparse neighbor embedding, in which the k-nearest neighbor
(k-NN) of each LR patch was adaptively chosen by describing
local structural information using the histograms of oriented
gradients (HoG) feature. Timofte et al. [22] proposed a
novel anchored neighborhood regression method for fast
example-based SR, in which the nearest neighbors were
computed using correlation with dictionary atoms rather
than Euclidean distance. However, when dealing with a
huge number of training patches, searching for the nearest
neighbor can be prohibitively slow and also can requiremuch
memory. Moreover, with increasing magnification factor,

the correlation between LR patches and their corresponding
HR patches becomes ambiguous [23].

Recently, sparse representation and dictionary learning
have been proven to be very effective for SR. In sparse
representation-based SR methods, some coupled dictionary
learning methods [24, 25] have been proposed for superreso-
lution. Lin and Tang [26] proposed a novel coupled subspace
learning strategy to learn mappings between different styles.
They first used correlative component analysis to find the
hidden spaces for each style to preserve correlative informa-
tion and then learned a bidirectional transform between the
two subspaces. Yang et al. [27] proposed a coupled dictionary
learningmodel for image superresolution.They assumed that
coupled HR and LR image dictionaries exist which have
the same sparse representation for each pair of HR and LR
patches. After learning the coupled dictionary pair, the HR
patch was reconstructed on the HR dictionary with sparse
coefficients coded by the LR image patch over the LR dic-
tionary. This coupled dictionary learning-based SR method
assumes that the representation coefficients of the image
pair are strictly equal in the coupled subspace. However,
this assumption is too strong to address the flexibility of
image structures at different resolutions. To overcome this
problem, in [28], a semicoupled dictionary learning-based SR
method was proposed, which relaxed the above assumption
and assumed that there exists a dictionary pair over which
the representations of HR and LR image patches have a stable
correlation mapping. He et al. [29] used a beta process for
sparse coding, establishing a mapping function between HR
and LR coefficients. Moreover, in the methods described
in [28–30], nonlocal similarities were used to enhance SR
performance.

However, these learning-based methods consider nonlo-
cal similarities only in the spatial region of the single image.
Therefore, they cannot be directly adapted to video superres-
olution because they do not make full use of spatiotemporal
correlation between video frames, which will influence video
spatiotemporal consistency to some extent. This paper aims
to solve this problem by extending the concept of single
frame-based nonlocal similarities to spatiotemporal nonlocal
similarities. A novel learning-based video superresolution
method using spatiotemporal nonlocal similarity constraint
is proposed which can be adapted to larger magnification
factors while effectively preserving video spatiotemporal
consistency.

This paper presents a novel learning-based video super-
resolution reconstruction algorithm using spatiotemporal
nonlocal similarity (LBST-SR).Thenovelty and contributions
of this paper are as follows:

(1) By combining LR-HR correlation mapping learning
and spatiotemporal nonlocal similarity, video SR
performance is further improved via fusion of non-
local similarity structural redundancies at different
spatiotemporal scales.

(2) With the aim of improving algorithm efficiency while
guaranteeing SR quality, the authors propose a novel
visual saliency-based correlation mapping strategy
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Figure 1: Observation model for video superresolution reconstruction.

between LR and HR patches based on semicou-
pled dictionary learning. In addition, a self-adaptive
regional correlation evaluation strategy based on
regional average energy and structural similarity is
used in spatiotemporal similarity matching.

(3) An improved spatiotemporal nonlocal fuzzy registra-
tion scheme using pseudo-Zernike moment (PZM)
and structural similarity is proposed for spatiotem-
poral similarity matching with the aim of further
improving SR accuracy and robustness.

The remainder of the paper is organized as follows.
Section 2 gives the observation model for video superresolu-
tion reconstruction. Section 3 presents the details of the pro-
posed LBST-SR algorithm. Section 4 gives the experimental
results and analysis. Conclusions are presented in Section 5.

2. Observation Model for Video
Superresolution Reconstruction

Theobservationmodel for video superresolution reconstruc-
tion shown in Figure 1, which describes the relationship
between HR and LR video frames for superresolution recon-
struction, can be formulated as follows:

𝑦
𝑡
= 𝐷𝐵

𝑡
𝑀

𝑡
𝑥
𝑡
+ 𝜃

𝑡
, 𝑡 = 1, 2, . . . , 𝑇, (1)

where 𝑥
𝑡
denotes the 𝑡th original HR video frame and 𝑦

𝑡

denotes the 𝑡th observed LR video frame, which is processed
by warping 𝑀

𝑡
, blurring 𝐵

𝑡
, downsampling 𝐷, and noise

disturbance 𝜃
𝑡
.𝑀

𝑡
describes themotions which occur during

video acquisition, such as global or local translation and
rotation. 𝑇 denotes the frame number in the video sequence.

3. Proposed LBST-SR Algorithm

3.1. Algorithm Architecture and Mathematical Formulation.
On the basis of LR-HR correlationmapping learning between
LR patches and the corresponding HR patches, this paper
aims to improve the performance of video superresolution
reconstruction further by combining spatiotemporal domain

nonlocal similarity structural redundancies at different spa-
tiotemporal scales. Therefore, in this paper, a novel learning-
based video superresolution reconstruction algorithm using
spatiotemporal nonlocal similarity (LBST-SR) is proposed.
ObjectiveHR estimations of LR video frames can be obtained
by learning LR-HR correlation mapping and fusing spa-
tiotemporal nonlocal similarity information between video
frames. With the aim of improving algorithm efficiency
while guaranteeing superresolution quality, LR-HR correla-
tion mapping is performed only for the visual salient object
region, and then an improved nonlocal fuzzy registration
scheme using pseudo-Zernikemoment feature and structural
similarity is proposed for spatiotemporal similarity matching
and fusion. The advantages of the proposed LBST-SR algo-
rithmmainly lie in the following three aspects: (1) it does not
rely on accurate estimation of subpixel motion and therefore
can be adapted to complex motion patterns (local motions,
angles of rotation, etc.); (2) it has high rotation invariance
effectiveness and is robust to noise and illumination; and
(3) it can be adapted to larger superresolution magnification
factors. The proposed algorithm architecture is shown in
Figure 2. It includes the following twomain processes: LR-HR
correlation mapping learning and spatiotemporal nonlocal
fuzzy registration and fusion.

Given an input LR video sequence 𝑌 =

{𝑦
𝑚
[𝑖, 𝑗, 𝑡]}

𝑇

𝑡=1
(𝑚 = 1, . . . , 𝑁) and a set of LR and HR

training pairs, the objective is to infer the corresponding HR
video sequence 𝑋 = {𝑥

𝑚
[𝑖, 𝑗, 𝑡]}

𝑇

𝑡=1
(𝑚 = 1, . . . , 𝑁), where

𝑚 ∈ [1,𝑁] and 𝑁 denotes the video frame number. The
mathematical model of the proposed LBST-SR algorithm
is formulated as minimizing the following objective energy
function:

𝑋
∗

=
{

{

{

argmin
𝑋

{𝐸
CML
SR (𝑋, 𝑌) + 𝜆𝐸

STNL
SR (𝑋, 𝑌)} , 𝑦 ∈ 𝑅so

argmin
𝑋

{𝐸
STNL
SR (𝑋, 𝑌)} , 𝑦 ∈ 𝑅nso,

(2)

where 𝑋∗ denotes the HR estimation of the video sequence.
𝑦 denotes the pixel in the LR sequence 𝑌. 𝑅so denotes the
salient object region in 𝑌, and 𝑅nso denotes nonsalient region
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in 𝑌. 𝐸CML
SR (𝑋, 𝑌) denotes an LR-HR correlation mapping

energy element, 𝐸STNL
SR (𝑋, 𝑌) denotes a spatiotemporal non-

local similarity regularization constraint element, and 𝜆 is
the balancing parameter between the two elements. Aiming
at improving algorithm time efficiency while guaranteeing
superresolution quality, the LR-HR correlation mapping is
established only for the human-eye concentrated salient
object region 𝑦 ∈ 𝑅so.

3.2. LR-HR Correlation Mapping Learning. The HR estima-
tions of LR video frames can be obtained by learning correla-
tionmapping between LR andHRpatches.With the objective
of improving algorithm efficiency while guaranteeing SR
quality, the LR-HRcorrelationmapping is established only for
the human-eye concentrated salient object region𝑅so ∈ 𝑅𝑌 in
the LR video frame 𝑌. In this paper, a saliency optimization
method based on robust background detection [31] is used
to detect and extract the visual salient region. The learning
process for LR-HR correlation mapping can be formulated as
follows: given the LR patch set 𝑌 and the HR patch set 𝑋,
the mapping process can be described as a process of seeking
a mapping function 𝑀 = 𝑓(⋅) from space 𝑌 to space 𝑋:
𝑋 = 𝑓(𝑌).

The correlation learning model based on a coupled
dictionary assumes that each pair of HR and LR patches has
the same sparse representation coefficients. This assumption
is too strong to address the flexibility of frame structures
at different resolutions, which will restrict superresolution
performance. Therefore, in this research, a more flexible and
stable semicoupled dictionary learningmethodhas beenused
to establish correlationmapping betweenHR and LR patches,
which assumes that there exists a stable correlation mapping
between the sparse representation coefficients of HR and LR
patches. In the LR-HR correlation learning process based
on semicoupled dictionary learning, the LR-HR dictionary
pair (𝐷

𝑦
, 𝐷

𝑥
) and the correlation mapping matrix𝑀 can be

obtained by minimizing the objective energy function given
in

min
{𝐷
𝑥
,𝐷
𝑦
,𝑀}

𝑋 − 𝐷
𝑥
𝑆
𝑥


2

𝐹
+

𝑌 − 𝐷

𝑦
𝑆
𝑦



2

𝐹

+ 𝛾

𝑆
𝑥
−𝑀𝑆

𝑦



2

𝐹
+ 𝜆

𝑥

𝑆𝑥
1 + 𝜆𝑦


𝑆
𝑦

1
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(3)

where 𝛾, 𝜆
𝑥
, 𝜆

𝑦
, and 𝜆

𝑤
denote the regularization parameters

needed to balance the terms in the objective function; 𝑆
𝑦

and 𝑆
𝑥
are the sparse representation coefficients of LR and

HR patches, respectively; ‖𝑋 − 𝐷
𝑥
𝑆
𝑥
‖
2

𝐹
and ‖𝑌 − 𝐷

𝑦
𝑆
𝑦
‖
2

𝐹

denote the reconstruction errors; ‖𝑆
𝑥
− 𝑀𝑆

𝑦
‖
2

𝐹
denotes the

mapping error; and 𝑑
𝑦,𝑖

and 𝑑
𝑥,𝑖

denote the atoms of 𝐷
𝑦
and

𝐷
𝑥
, respectively.
To solve the minimization problem for the objective

energy function in (3), it can be separated into three subprob-
lems: (1) sparse coding for training samples; (2) dictionary
updating; and (3)mapping updating.

Sparse Coding for Training Samples. With the initialization
of 𝑀 and the dictionary pair (𝐷

𝑦
, 𝐷

𝑥
), the sparse coding

coefficients 𝑆
𝑦
and 𝑆

𝑥
can be obtained by solving (4) using

𝐿
1
-optimization algorithms:
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where𝑀
𝑥
denotes themapping from 𝑆

𝑥
to 𝑆

𝑦
and𝑀
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DictionaryUpdating.With 𝑆
𝑦
and 𝑆

𝑥
fixed, the dictionary pair

(𝐷
𝑦
, 𝐷

𝑥
) can be updated using
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MappingUpdating.With the dictionary pair (𝐷
𝑦
, 𝐷

𝑥
), 𝑆

𝑦
, and

𝑆
𝑥
fixed, the mapping𝑀 can be updated as follows:

min
{𝑀}


𝑆
𝑥
−𝑀𝑆

𝑦



2

𝐹
+ (

𝜆
𝑤

𝛾
) ‖𝑀‖

2

𝐹
. (6)

By solving (6), the following expression can be derived:

𝑀 = 𝑆
𝑥
𝑆
𝑇

𝑦
(𝑆

𝑦
𝑆
𝑇

𝑦
+ (

𝜆
𝑤

𝛾
) ⋅ 𝐼)

−1

, (7)

where 𝐼 is an identity matrix.
After obtaining the LR-HR correlation mapping𝑀 using

the above learning process, the superresolution reconstruc-
tion is done by using it to derive the HR estimation of
the salient object region in the video frame. For the salient
object region 𝑅so ∈ 𝑅

𝑌
in LR video frame 𝑌, the following

optimization problem given in (8) is solved to obtain its HR
estimation:

min
{𝑆
𝑥,𝑖
,𝑆
𝑦,𝑖
}

𝑥𝑖 − 𝐷𝑥
𝑆
𝑥,𝑖


2

𝐹
+

𝑦
𝑖
− 𝐷

𝑦
𝑆
𝑦,𝑖



2

𝐹

+ 𝛾

𝑆
𝑥,𝑖
−𝑀𝑆

𝑦,𝑖



2

𝐹
+ 𝜆

𝑥

𝑆𝑥,𝑖
1
+ 𝜆

𝑦


𝑆
𝑦,𝑖

1
,

(8)

where 𝑦
𝑖
is a patch of LR video frame 𝑌 and 𝑥

𝑖
is the

corresponding patch in the initial estimation of HR video
frame 𝑋. An initial estimation of 𝑋 can be obtained using a
Bicubic interpolator. Equation (8) can be solved by alternately
updating 𝑆

𝑥,𝑖
and 𝑆

𝑦,𝑖
. The objective HR estimation 𝑥

𝑐𝑚

𝑖
of

each patch 𝑥
𝑖
in the salient object region 𝑅so ∈ 𝑅

𝑋
of 𝑋 can

be derived by solving

𝑥
𝑐𝑚

𝑖
= 𝐷

𝑥
𝑆
𝑥,𝑖
. (9)

3.3. Spatiotemporal Nonlocal Fuzzy Registration and Fusion.
The superresolution process based on the learned LR-HR
correlation mapping uses only the spatial information in
the video frame and the LR-HR mapping. Therefore, it

does not make full use of the spatiotemporal relationship
between video frames and therefore cannot preserve video
temporal consistency. Large quantities of spatiotemporal
nonlocal similarity information exist between video frames,
and these nonlocal redundancies are very useful for video
superresolution reconstruction. Therefore, in this research,
video spatiotemporal nonlocal similaritywas used to enhance
further the performance of the proposed superresolution
algorithm based on LR-HR correlation learning. With the
objective of improving the performance and efficiency of the
spatiotemporal nonlocal similarity matching, the spatiotem-
poral nonlocal fuzzy registration scheme was improved using
the similarity weighting strategy based on PZM feature simi-
larity and structural similarity and the self-adaptive regional
correlation evaluation strategy.

3.3.1. Improved Spatiotemporal Nonlocal Fuzzy Registration
Scheme Using PZM and Structural Similarity (ZSFR). Con-
sidering good rotation, translation, and scale-invariance
properties and insensitivity to noise and illumination of PZM
feature, the nonlocal fuzzy registration scheme could be
further improved by using this feature, resulting in a more
accurate and robust similarity measure between regional
features in the nonlocal spatiotemporal domain for weighting
calculations. In this way, the performance and robustness of
SR reconstruction could be further improved. Unlike tradi-
tional methods, the improved spatiotemporal nonlocal fuzzy
registration scheme does not rely on accurate estimation of
subpixel motion and therefore it can be adapted to complex
motion scenes and is robust to noise and rotation.

Let PZM(𝑘, 𝑙) and PZM
(𝑖, 𝑗) represent two PZM feature

vectors of local regions corresponding to pixel (𝑘, 𝑙) and pixel
(𝑖, 𝑗) in the nonlocal search region𝑁nonloc(𝑘, 𝑙) of pixel (𝑘, 𝑙),
which can be calculated as

PZM (𝑘, 𝑙) = (PZM
00
,PZM

11
,PZM

20
,PZM

22
,

PZM
31
,PZM

33
) ,

PZM
(𝑖, 𝑗) = (PZM

00
,PZM

11
,PZM

20
,PZM

22
,

PZM

31
,PZM

33
) ,

(10)

where PZM feature with order 𝑛 and repetition 𝑚 (0 ≤ 𝑛 ≤

∞, 0 ≤ |𝑚| ≤ 𝑛) of video frame 𝑓(𝑥, 𝑦) is defined as

PZM
𝑛𝑚

=
𝑛 + 1

𝜋
∬
𝑥
2
+𝑦
2
≤1

𝑓 (𝑥, 𝑦)𝑉
∗

𝑛𝑚
(𝑥, 𝑦) 𝑑𝑥 𝑑𝑦

=
𝑛 + 1

𝜋
∑

𝜌≤1

∑

0≤𝜃≤2𝜋

𝑓 (𝜌, 𝜃)𝑉
∗

𝑛𝑚
(𝜌, 𝜃) 𝜌,

𝑉
𝑛𝑚

(𝜌, 𝜃) = 𝑅
𝑛𝑚

(𝜌) exp (𝑗𝑚𝜃) ,

𝑅
𝑛𝑚

(𝜌) =

𝑛−|𝑚|

∑

𝑠=0

(−1)
𝑠
(2𝑛 + 1 − 𝑠)!𝜌

𝑛−𝑠

𝑠! (𝑛 + |𝑚| + 1 − 𝑠)! (𝑛 − |𝑚| − 𝑠)!
,

(11)
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where 𝜌 and 𝜃 are the radius and angle, respectively, of the
pixels in the polar coordinate system, 𝜌 = √𝑥2 + 𝑦2, and 𝜃=
tan−1(𝑦/𝑥). The function {𝑉

𝑛𝑚
(𝑥, 𝑦)} is the basis of PZM

feature, and 𝑉
∗

𝑛𝑚
(𝑥, 𝑦) denotes the complex conjugate of

𝑉
𝑛𝑚
(𝑥, 𝑦).
The nonlocal fuzzy registration scheme based on PZM is

based on a similarity match in the nonlocal spatiotemporal
domain between video frames at different spatiotemporal
scales, which is measured by the Euclidean distance between
regional PZM feature vectors. The weight 𝜔PZM

SR [𝑘, 𝑙, 𝑖, 𝑗, 𝑡] of
each pixel in the nonlocal spatiotemporal region is calculated
based on this similarity as follows:

𝜔
PZM
SR [𝑘, 𝑙, 𝑖, 𝑗, 𝑡]

=
1

𝐶 (𝑘, 𝑙)
exp

{

{

{

−


PZM (𝑘, 𝑙) − PZM

(𝑖, 𝑗)


2

2

𝜀2

}

}

}

,

(12)

where 𝜀 controls the decay rate of the exponential function
and the weight. 𝐶(𝑘, 𝑙) is a normalization constant, which is
calculated as follows:
𝐶 (𝑘, 𝑙)

= ∑

(𝑖,𝑗)∈𝑁nonloc(𝑘,𝑙)

exp
{

{

{

−


PZM (𝑘, 𝑙) − PZM

(𝑖, 𝑗)


2

2

𝜀2

}

}

}

.

(13)

Note that the higher the PZM order is, the more sensitive
the PZM is to noise.Therefore, in the experiments performed
in this study, only the first third-order moments, including
PZM

00
, PZM

11
, PZM

20
, PZM

22
, PZM

31
, and PZM

33
, were

calculated.
By analyzing the weight calculation formula for the PZM-

based nonlocal fuzzy registration scheme in (12), it is clear
that the time complexity is much too high and increases
with the number of LR video frames and the amplification
factor. To achieve further improvements in time efficiency
and the edge detail-preserving ability of the superresolution
algorithm, a novel spatiotemporal nonlocal fuzzy registration
scheme (ZSFR) was established by improving the PZM-based
spatiotemporal nonlocal fuzzy registration scheme using the
similarity weighting strategy based on PZM feature similarity
and structural similarity and the self-adaptive regional corre-
lation evaluation strategy.

The improvements in the ZSFR involve twomain aspects:
(1) with the aim of improving algorithm efficiency, a self-
adaptive regional correlation evaluation strategy based on
regional average energy and regional structural similarity
was constructed for nonlocal similarity matching; and (2)

an improved similarity weighting strategy based on regional
PZM feature similarity and regional structural similarity was
proposed for spatiotemporal nonlocal similarity matching,
with the aim of further improving SR performance. To
describe this improved ZSFR scheme, the following three
definitions are required.

Definition 1 (regional average energy). The video frame 𝐹 is
divided into many regions of equal size, and each region is
divided into 5 × 5 patches. The total number of pixels in
each region is Num, and the energy value of each pixel is
denoted by 𝑝

1
, 𝑝

2
, . . . , 𝑝Num, respectively. AE(𝑥, 𝑦) is defined

as the regional average energy centered on pixel (𝑥, 𝑦) and is
calculated as

AE (𝑥, 𝑦) =
Num
∑

𝑖=1

𝑝
𝑖

Num
. (14)

Definition 2 (PZM feature similarity). Given two regions cen-
tered on pixels (𝑘, 𝑙) and (𝑖, 𝑗), denoted by 𝑅(𝑘, 𝑙) and 𝑅(𝑖, 𝑗),
respectively, the corresponding feature vectors extracted
from these two regions are PZM(𝑘, 𝑙) and PZM

(𝑖, 𝑗). The
parameter 𝜀 controls the decay rate of the exponential func-
tion.The PZM feature similarity between these two regions is
defined as

RFS (𝑅 (𝑘, 𝑙) , 𝑅 (𝑖, 𝑗))

= exp
{

{

{

−


PZM (𝑘, 𝑙) − PZM

(𝑖, 𝑗)


2

2

𝜀2

}

}

}

.

(15)

Definition 3 (regional structural similarity). Given two
regions centered on pixels (𝑘, 𝑙) and (𝑖, 𝑗), denoted by 𝑅(𝑘, 𝑙)
and 𝑅(𝑖, 𝑗), respectively, 𝜂

(𝑘,𝑙)
and 𝜂

(𝑖,𝑗)
are the means of these

two regions, 𝜎
(𝑘,𝑙)

and 𝜎
(𝑖,𝑗)

are the standard deviations of
these two regions, and 𝜎

(𝑘,𝑙,𝑖,𝑗)
is the covariance between the

two regions. 𝑒
1
and 𝑒

2
are two constants. Then, the structural

similarity RSS(𝑅(𝑘, 𝑙), 𝑅(𝑖, 𝑗)) between the two regions is
defined as

RSS (𝑅 (𝑘, 𝑙) , 𝑅 (𝑖, 𝑗))

=
(2𝜂

(𝑘,𝑙)
𝜂
(𝑖,𝑗)

+ 𝑒
1
) (2𝜎

(𝑘,𝑙,𝑖,𝑗)
+ 𝑒

2
)

(𝜂2
(𝑘,𝑙)

+ 𝜂2
(𝑖,𝑗)

+ 𝑒
1
) (𝜎2

(𝑘,𝑙)
+ 𝜎2

(𝑖,𝑗)
+ 𝑒

2
)

.

(16)

In the improved spatiotemporal nonlocal fuzzy regis-
tration scheme, the regional correlation is first evaluated
to divide the local regions centered on all pixels (𝑖, 𝑗) in
the nonlocal search region for pixel (𝑘, 𝑙) into related and
unrelated regions. Only related regions are used to calculate
the weight, an approach which can further improve time
efficiency and is beneficial for mining the most similar
patterns to calculate the similarity weight. The regional
correlation is calculated by combining the regional average
energy and regional structural similarity. Moreover, a self-
adaptive threshold 𝛿adap is introduced, which yields a self-
adaptive regional correlation evaluation mechanism. If two
regions are related, the criterion is defined as

AE (𝑘, 𝑙) − AE (𝑖, 𝑗)

× (
(1 − RSS (𝑅 (𝑘, 𝑙) , 𝑅 (𝑖, 𝑗)))

2
) < 𝛿adap.

(17)

The self-adaptive threshold 𝛿adap is adaptively determined
by the average energyAE(𝑘, 𝑙) for the region centered on pixel
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(𝑘, 𝑙), which leads to a more accurate regional correlation
evaluation. 𝛿adap is calculated as

𝛿adap = 𝜆AE (𝑘, 𝑙) , (18)

where 𝜆 is an adjustment factor that controls 𝛿adap. Exper-
iments have confirmed that the best SR quality is obtained
when 𝜆 is set to 0.08.

With the aim of further improving superresolution
accuracy and detail-preserving ability, the similarity weight
𝜔
EPZM
SR [𝑘, 𝑙, 𝑖, 𝑗, 𝑡] is improved on the basis of the weighting

strategy given in (12) by combining the two factors of regional
PZM feature similarity and regional structural similarity.The
improved similarity weight 𝜔EPZM

SR [𝑘, 𝑙, 𝑖, 𝑗, 𝑡] is calculated as
follows:

𝜔
EPZM
SR [𝑘, 𝑙, 𝑖, 𝑗, 𝑡]

=

{{

{{

{

1

𝐶 (𝑘, 𝑙)
× RFS (𝑅 (𝑘, 𝑙) , 𝑅 (𝑖, 𝑗)) × (1 − 0.0002RSS (𝑅 (𝑘, 𝑙) , 𝑅 (𝑖, 𝑗))) , |AE (𝑘, 𝑙) − AE (𝑖, 𝑗) × (

(1 − RSS (𝑅 (𝑘, 𝑙) , 𝑅 (𝑖, 𝑗)))
2

) < 𝛿adap

0, otherwise,

=

{{{

{{{

{

1

𝐶 (𝑘, 𝑙)
× exp

{

{

{

−


PZM (𝑘, 𝑙) − PZM

(𝑖, 𝑗)


2

2

𝜀2

}

}

}

× (1 − 0.0002RSS (𝑅 (𝑘, 𝑙) , 𝑅 (𝑖, 𝑗))) , |AE (𝑘, 𝑙) − AE (𝑖, 𝑗) × (
(1 − RSS (𝑅 (𝑘, 𝑙) , 𝑅 (𝑖, 𝑗)))

2
) < 𝛿adap

0, otherwise,

(19)

𝐶 (𝑘, 𝑙) = ∑

(𝑖,𝑗)∈𝑁nonloc(𝑘,𝑙)

exp
{

{

{

−


PZM (𝑘, 𝑙) − PZM

(𝑖, 𝑗)


2

2

𝜀2

}

}

}

× (1 − 0.0002RSS (𝑅 (𝑘, 𝑙) , 𝑅 (𝑖, 𝑗))) , (20)

where (𝑘, 𝑙) denotes the pixel to be superresolved and (𝑖, 𝑗)

denotes a pixel in the nonlocal search region 𝑁nonloc(𝑘, 𝑙)
centered on pixel (𝑘, 𝑙). The parameter 𝜀 controls the decay
rate of the exponential function, as well as the weight. 𝐶(𝑘, 𝑙)
is a normalization constant.

3.3.2. Spatiotemporal Nonlocal Similarity Information Fusion
Based on ZSFR. Spatiotemporal nonlocal similarity informa-
tion fusion is based on the improved nonlocal fuzzy regis-
tration scheme using PZM feature similarity and structural
similarity. By learning spatiotemporal nonlocal similarities
between video frames, the similarity weight is calculated
according to (19). The HR estimation of the video frame to
be superresolved can then be obtained by spatiotemporal
information fusion, which is implemented by a weighted
average based on spatiotemporal nonlocal similarities.

Once the weight 𝜔EPZM
SR [𝑘, 𝑙, 𝑖, 𝑗, 𝑡] has been determined,

the HR estimation of each pixel in the video frame to be
superresolved can be obtained using the weighted average of
the pixels in the nonlocal spatiotemporal region. The objec-
tive superresolution energy function based on spatiotemporal
nonlocal similarity can be expressed as follows:

𝑥stnl = arg min
{𝑥(𝑘.𝑙)}



𝑥 (𝑘, 𝑙)

−

𝑡
2

∑

𝑡=𝑡
1

∑

(𝑖,𝑗)∈𝑁nonloc(𝑘,𝑙)

𝜔
EPZM
SR (𝑘, 𝑙, 𝑖, 𝑗, 𝑡) 𝑥 (𝑖, 𝑗)



2

2

,

(21)

where [𝑡
1
, 𝑡
2
] denotes a 3D spatiotemporal region (tempo-

ral sliding window). By minimizing the objective energy
function in (21), the HR estimation 𝑥stnl of each video frame
can be obtained as follows:

𝑥stnl

=
∑
(𝑘,𝑙)∈Ψ

∑
𝑡∈[𝑡
1
,𝑡
2
]
∑
(𝑖,𝑗)∈𝑁nonloc(𝑘,𝑙)

𝜔
EPZM
SR (𝑘, 𝑙, 𝑖, 𝑗, 𝑡) 𝑥

𝑡
(𝑖, 𝑗)

∑
(𝑘,𝑙)∈Ψ

∑
𝑡∈[𝑡
1
,𝑡
2
]
∑
(𝑖,𝑗)∈𝑁nonloc(𝑘,𝑙)

𝜔EPZM
SR (𝑘, 𝑙, 𝑖, 𝑗, 𝑡)

,

(22)

where Ψ denotes the video frame to be superresolved.
Consequently, the proposed learning-based video super-

resolution reconstruction using spatiotemporal nonlocal
similarity can be performed as follows:

𝑥
∗
=

{{{{{{{{

{{{{{{{{

{

arg min
{𝑥(𝑘.𝑙)}

𝐸
CML
SR + 𝜆



𝑥 (𝑘, 𝑙) −

𝑡
2

∑

𝑡=𝑡
1

∑

(𝑖,𝑗)∈𝑁nonloc(𝑘,𝑙)

𝜔
EPZM
SR (𝑘, 𝑙, 𝑖, 𝑗, 𝑡) 𝑥 (𝑖, 𝑗)



2

2

, (𝑘, 𝑙) ∈ 𝑅so

arg min
{𝑥(𝑘,𝑙)}



𝑥 (𝑘, 𝑙) −

𝑡
2

∑

𝑡=𝑡
1

∑

(𝑖,𝑗)∈𝑁nonloc(𝑘,𝑙)

𝜔
EPZM
SR (𝑘, 𝑙, 𝑖, 𝑗, 𝑡) 𝑥 (𝑖, 𝑗)



2

2

, (𝑘, 𝑙) ∈ 𝑅nso,

(23)
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Figure 3: Objective evaluation indices of the six algorithms for the “Satellite-1” sequence.

where 𝐸CML
SR denotes the energy function defined in (8) and 𝜆

is a balancing parameter.

3.4. Implementation Steps of the Proposed LBST-SR Algorithm.
The LBST-SR algorithm implementation includes the follow-
ing steps, as shown in Algorithm 4.

Algorithm 4. LBST-SR algorithm implementation steps are as
follows:
Input. LR video sequence {𝑦

𝑚
[𝑖, 𝑗, 𝑡]}

𝑇

𝑡=1
(𝑚 = 1, . . . , 𝑁), scale

amplification factor 𝑠, HR training dataset 𝑋, LR training

dataset 𝑌, nonlocal search region size 𝑊 × 𝑊, local region
size for similarity weight calculation𝐵×𝐵, weight-controlling
filter parameter 𝜀, and iteration scale 𝐾.

Output. The superresolved HR video sequence
{𝑥
𝑘
[𝑖, 𝑗, 𝑡]}

𝑇

𝑡=1
(𝑘 = 1, . . . , 𝑁).

Training Process

Step 1. Sample LR and HR patches from LR and HR training
datasets 𝑌 and𝑋, respectively.
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Figure 4: Objective evaluation indices of the six algorithms for the “Satellite-2” sequence.

Step 2. Train the LR-HRdictionary pair (𝐷
𝑦
, 𝐷

𝑥
) and the cor-

relation mapping matrix 𝑀 by LR-HR correlation learning
according to (3).

Superresolution Reconstruction Process

Step 1. Initialize LR video sequence {𝑦
𝑚
[𝑖, 𝑗, 𝑡]}

𝑇

𝑡=1
(𝑚 = 1,

. . . , 𝑁) using the Bicubic interpolator with the aim of obtain-
ing its HR initial estimation {𝑌

𝑝
[𝑖, 𝑗, 𝑡]}

𝑇

𝑡=1
(𝑝 = 1, . . . , 𝑁).

Step 2. According to the learned dictionary pair (𝐷
𝑦
, 𝐷

𝑥
) and

the LR-HR correlationmapping𝑀, map each LR patch of the
salient region 𝑅so of video frame to its HR estimation

∧

𝑥 using
(8) and (9).

Step 3. Update 𝑥 using the improved spatiotemporal nonlocal
similarity regularization constraint in (23).

Step 4. Iteratively refine the fusion result for further optimiza-
tion. Update the counter, 𝑡 = 𝑡 + 1. If 𝑡 ≤ 𝐾, return to Step 3;
otherwise, end the process.

4. Experimental Results and Analysis

4.1. Experimental Dataset and Evaluation Indices. The exper-
imental datasets in this paper consist of the benchmark video
sequences taken from the http://trace.eas.asu.edu/yuv/index
.html website and the spatial video sequences taken from
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Figure 5: Objective evaluation indices of the six algorithms for the “Forman” sequence.

the YOUKU website (http://www.youku.com/). The super-
resolution effects were validated in terms of both subjec-
tive visual evaluation and four objective quantitative indices:
peak signal-to-noise ratio (PSNR), structural similarity
(SSIM), feature similarity (FSIM), and root-mean-square
error (RMSE), which were calculated as follows:

PSNR = 10

⋅ log
10

255
2

(1/ (𝑀 × 𝑁))∑
𝑀

𝑖=1
∑
𝑁

𝑗=1
(𝑅 (𝑖, 𝑗) − 𝐹 (𝑖, 𝑗))

2
dB,

SSIM =
(2𝜂

𝑅
𝜂
𝐹
+ 𝑒

1
) (2𝜎

𝑅𝐹
+ 𝑒

2
)

(𝜂2
𝑅
+ 𝜂2

𝐹
+ 𝑒

1
) (𝜎2

𝑅
+ 𝜎2

𝐹
+ 𝑒

2
)
,

FSIM =
∑
𝑥∈Ω

𝑆
𝐿
(𝑥) ⋅ [𝑆

𝐶
(𝑥)]

𝜆

⋅ 𝑃𝐶
𝑚
(𝑥)

∑
𝑥∈Ω

𝑃𝐶
𝑚
(𝑥)

,

RMSE = √
1

𝑀 ×𝑁

𝑀

∑

𝑖=1

𝑁

∑

𝑗=1

(𝑅 (𝑖, 𝑗) − 𝐹 (𝑖, 𝑗))
2

,

(24)
where 𝑀 and 𝑁 denote the length and width of the
video frame; 𝑅 and 𝐹 denote the reconstructed frame and
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Figure 6: Objective evaluation indices of the six algorithms for the “Calendar” sequence.

the original frame, respectively; 𝜂
𝑅
and 𝜂

𝐹
are the means;

𝜎
𝑅
and 𝜎

𝐹
are the standard deviations for the original and

reconstructed frames; 𝜎
𝑅𝐹

is the covariance for the original
and reconstructed frames; 𝑒

1
and 𝑒

2
are constants;Ω denotes

the whole spatial domain of the video frame; 𝑆
𝐿
(𝑥) is a

similarity measure of the phase congruency and gradient
magnitude features between 𝑅 and 𝐹; 𝑆

𝐶
(𝑥) is a chrominance

similaritymeasure between𝑅 and𝐹;𝑃𝐶
𝑚
(𝑥) is used toweight

the importance of 𝑆
𝐿
(𝑥) in the overall similarity between

𝑅 and 𝐹, where 𝑆
𝐿
(𝑥), 𝑆

𝐶
(𝑥), and 𝑃𝐶

𝑚
(𝑥) are calculated

according to [32]. The greater the PSNR is, the closer

the reconstructed frame is to the original. The closer SSIM
(0 ≤ SSIM ≤ 1) is to 1, the greater is the similarity between the
original and reconstructed frame structures.The closer FSIM
(0 ≤ FSIM ≤ 1) is to 1, the greater is the similarity between
the original and reconstructed frame features.The smaller the
RMSE is, the closer the reconstructed frame is to the original.

4.2. Experimental Results andAnalysis. This section describes
the experiments that were carried out to evaluate the per-
formance of the proposed LBST-SR superresolution recon-
struction algorithm and a comparison of these results
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Figure 7: Objective evaluation indices of the six algorithms for the “Coastguard” sequence.

with five recently proposed representative state-of-the-art
superresolution algorithms in terms of both visual quality
and objective quantitative indices, including the learning-
based ANRSR [22], DPSR [30], and ScSR [27] algorithms,
the 3D nonlocal mean-based NL-SR [14] algorithm, and
the Zernike moment-based ZM-SR [16] algorithm. In the
experiments, ten benchmark and two spatial video sequences
were used: “Forman,” “Calendar,” “Coastguard,” “Suzie,”
“Mother Daughter,” “Miss America,” “Ice,” “Football,” “Car-
phone,” “Akiyo,” “Satellite-1,” and “Satellite-2.” Based on

the motion contents, these video sequences are divided into
three categories: (1) “Calendar,” “Suzie,” “Mother Daughter,”
“Miss America,” and “Akiyo” contain small-motion objects;
(2) “Forman,” “Coastguard,” “Carphone,” “Satellite-1,” and
“Satellite-2” contain moderate-motion objects; and (3) “Ice”
and “Football” contain fast-motion objects. Some complex
motion scenes exist in these dynamic sequences, such as
local motion patterns and rotations. Each video sequence
was decimated by a factor of 1 : 3 and then contami-
nated by additive Gaussian white noise with 𝜎 = 2. In
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(a) ANRSR (b) DPSR

(c) ScSR (d) NL-SR

(e) ZM-SR (f) LBST-SR

Figure 8: SR reconstruction visual effects for Frame 6 of the “Forman” sequence with a magnification factor of three.

the proposed LBST-SR algorithm, the spatiotemporal region
used for the similarity weight calculation in the nonlocal
similarity matching process was 3 × 3 × 6. Superresolution
with amagnification factor of threewas implemented in these
experiments.

4.2.1. Objective Quantitative Evaluations. The average SSIM,
PSNR, FSIM, and RMSE index values of ANRSR, DPSR,
ScSR, NL-SR, ZM-SR, and LBST-SR algorithms for the
twelve video sequences are shown in Tables 1, 2, 3, and 4,
respectively. Figures 3–7 show the PSNR, SSIM, and RMSE
values of the six algorithms for the “Satellite-1,” “Satellite-
2,” “Forman,” “Calendar,” and “Coastguard” sequences.

The results indicate that, in most cases, the proposed LBST-
SR algorithm yields better performance with higher PSNR,
SSIM, and FSIM values and smaller RMSE values than the
other five algorithms. In only a few cases, ZM-SR algorithm
achieves slightly better effects in terms of some indices than
the proposed LBST-SR algorithm. Moreover, the SSIM and
FSIM index values demonstrate that the results generated
by the proposed LBST-SR algorithm are much closer to the
original ones than the other five algorithms in terms of
structural similarity and feature similarity, because LR-HR
correlation mapping learning and spatiotemporal similarity
can recover high-frequency details of video frames more
accurately.
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Table 1: Average SSIM index values of the six algorithms.

Video sequences ANRSR DPSR ScSR NL-SR ZM-SR LBST-SR
Satellite-1 0.8485 0.8330 0.8388 0.8872 0.8881 0.9118
Satellite-2 0.7925 0.7654 0.7732 0.7732 0.8182 0.8701
Forman 0.7736 0.7379 0.7474 0.8184 0.8329 0.8612
Calendar 0.5274 0.4968 0.4954 0.5483 0.5508 0.5979
Coastguard 0.5507 0.5747 0.5255 0.5721 0.6022 0.6495
Suzie 0.7348 0.7117 0.7070 0.7456 0.7791 0.8048
Mother Daughter 0.7533 0.7232 0.7239 0.7896 0.8141 0.8186
Miss America 0.8043 0.7803 0.7802 0.8376 0.8664 0.8855
Ice 0.7596 0.7208 0.7163 0.8086 0.8061 0.8234
Football 0.5521 0.5210 0.5278 0.5683 0.5545 0.5941
Carphone 0.7211 0.6910 0.8793 0.7407 0.9114 0.7772
Akiyo 0.8159 0.7904 0.7926 0.8408 0.8573 0.8598

Table 2: Average PSNR index values of the six algorithms.

Video sequences ANRSR DPSR ScSR NL-SR ZM-SR LBST-SR
Satellite-1 32.6112 32.2610 32.2274 33.0043 33.0976 34.3359
Satellite-2 26.7393 27.6419 27.8432 27.8432 28.7216 30.9721
Forman 23.6094 28.8870 28.7007 29.3522 30.0658 30.0229
Calendar 21.8125 21.8218 21.7321 22.5146 23.3250 23.3826
Coastguard 23.5604 25.9583 25.8747 26.8223 27.7863 28.5933
Suzie 22.4611 27.5689 27.3860 27.5675 27.9919 28.5858
Mother Daughter 23.3212 25.4622 25.4056 25.5966 25.9141 25.6664
Miss America 25.4412 27.0984 26.5224 26.7219 27.0799 27.3240
Ice 20.0069 21.5826 21.4745 21.7167 21.8370 21.8413
Football 23.4603 24.3382 24.3644 25.1328 25.5998 26.0958
Carphone 21.6177 26.6009 26.1356 26.7163 27.5862 27.5311
Akiyo 26.3123 28.9223 28.9065 29.4792 29.9924 29.7895

Table 3: Average FSIM index values of the six algorithms.

Video sequences ANRSR DPSR ScSR NL-SR ZM-SR LBST-SR
Satellite-1 0.7817 0.7692 0.7781 0.7994 0.8082 0.8139
Satellite-2 0.8991 0.9035 0.9088 0.9088 0.9180 0.9423
Forman 0.8680 0.8977 0.9022 0.9214 0.9245 0.9359
Calendar 0.8675 0.8654 0.8654 0.8863 0.8912 0.9027
Coastguard 0.7852 0.8140 0.8207 0.8201 0.8399 0.8529
Suzie 0.8596 0.9177 0.9173 0.9291 0.9373 0.9460
Mother Daughter 0.8419 0.8797 0.8830 0.8889 0.9133 0.9125
Miss America 0.8819 0.9162 0.9138 0.9162 0.9307 0.9393
Ice 0.8330 0.8649 0.8740 0.9001 0.8978 0.9032
Football 0.8440 0.8405 0.8488 0.8545 0.8516 0.8673
Carphone 0.8368 0.8825 0.8793 0.8959 0.9114 0.9143
Akiyo 0.9019 0.9252 0.9264 0.9239 0.9353 0.9360

In terms of time efficiency of the spatiotemporal similar-
ity matching process for ten benchmark video sequences and
two spatial video sequences, the average time per video frame
for the spatiotemporal nonlocal fuzzy registration scheme
using PZM (ZFR) and the proposed improved nonlocal fuzzy

registration scheme using PZM and structural similarity
(ZSFR) is given in Table 5. Clearly, compared to ZFR scheme,
the proposed PZSFR scheme improves time efficiency sig-
nificantly while guaranteeing the similarity matching effect.
The reason lies mainly in the use of a self-adaptive regional
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(a) ANRSR (b) DPSR

(c) ScSR (d) NL-SR

(e) ZM-SR (f) LBST-SR

Figure 9: SR reconstruction visual effects for Frame 29 of the “Calendar” sequence with a magnification factor of three.

correlation evaluation strategy based on regional average
energy and regional structural similarity, which is an im-
provement over ZFR scheme.

4.2.2. Subjective Visual Evaluations. Figure 8 shows the SR
reconstruction visual effects of the six algorithms (ANRSR,
DPSR, ScSR, NL-SR, ZM-SR, and LBST-SR) for Frame 6 of
the “Forman” sequence, with the magnified local textures
marked by the red rectangular box. The frame contains
moderate-motion objects (such as local motions of head
and mouth and rotation motion of eyes) in the “Forman”
sequence. By analyzing global and local detail effects (such
as regions around the eyes), it is clear that the proposed

LBST-SR algorithm obtains a better visual effect than the
other five algorithms. The learning-based ANRSR, DPSR,
and ScSR algorithms produce annoying spot artifacts and
unnatural visual effects in the face regions. Edge detail
blurring phenomena are produced in the ZM-SR algorithm.
Some annoying block artifacts are generated in the NL-
SR algorithm, which mainly occurred because local com-
plex motions influenced the accuracy of nonlocal similarity
matching and fusion between video frames. The proposed
LBST-SR algorithmwas able to solve this problembecause the
spatiotemporal similarity matching process can be adapted
to complex motion patterns. In comparison, the proposed
LBST-SR algorithm not only has clearer edges and contours
but also produces smoother effects in the face part.



16 Mathematical Problems in Engineering

(a) ANRSR (b) DPSR

(c) ScSR (d) NL-SR

(e) ZM-SR (f) LBST-SR

Figure 10: SR reconstruction visual effects for Frame 18 of the “Coastguard” sequence with a magnification factor of three.

The superresolved results for Frame 29 of the “Calendar”
sequence are shown in Figure 9, with the magnified local
textures marked by red and blue rectangular boxes. The
results demonstrate that the proposed algorithm generates
the best visual effects and produces clearer contours and
details. The “Calendar” sequence contains complex object
motions, including translation motion, occluded areas, and
newly appearing object areas. The proposed algorithm still
performed well under such complex motion scenes, bene-
fitting mainly from the improved spatiotemporal nonlocal
fuzzy registration scheme based on PZM feature and struc-
tural similarity, which is robust to complex motion scenes.
The local magnified details indicate that ANRSR, DPSR,

and ScSR algorithms introduce noticeable annoying artifacts
around the edges of each number. ZM-SR algorithm shows
some blurring effects. In the local detail area marked by the
red rectangle, the quality of the proposed algorithm is com-
parable to the NL-SR algorithm, but in the magnified road
details areamarked by the blue rectangular box, the proposed
algorithm produces smoother effects, whereas discontinuous
edges and annoying block artifacts are generated in the NL-
SR algorithm.

Figure 10 shows the superresolved results for Frame 18
and the magnified local details of the “Coastguard” sequence.
The “Coastguard” sequence contains the complex back-
grounds and motions of both object and camera. Moreover,
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(a) ANRSR (b) DPSR

(c) ScSR (d) NL-SR

(e) ZM-SR (f) LBST-SR

Figure 11: SR reconstruction visual effects for Frame 1 of the “Akiyo” sequence with a magnification factor of three.

complex motions such as translation, occluded areas, and
newly appearing object areas exist in this sequence. Under
such complex motion scenes, the proposed LBST-SR algo-
rithm still performed better than the other five algorithms.
As can be observed from the magnified local details marked
by the red rectangle and details in the background regions,
annoying black spots and block artifacts are generated in
the ANRSR, DPSR, and ScSR algorithms. ZM-SR algorithm
produces blurred edges and details, especially in the complex
stone bank background area. Annoying block artifacts and
discontinuous edges are generated in the NL-SR algorithm
because its nonlocal similarity matching strategy cannot be
well adapted to the complex motion scenes.

The superresolved results for Frame 1 of the “Akiyo”
sequence are shown in Figure 11, with local details magnified
to emphasize visual quality.Themagnified visual effects of the
face region marked in the red rectangle demonstrate that the
proposed algorithm is superior to the other five algorithms
and produces a more natural and smoother visual effect.
ANRSR, DPSR, and ScSR algorithms produce annoying
artifacts in the face region and unnatural skin colors. NL-
SR algorithm produces block effects. And some blurring
phenomena are generated in the ZM-SR algorithm.

The “Satellite-2” sequence contains local motions, light
variation, and more object details. Figure 12 shows the super-
resolved results for Frame 3 of the “Satellite-2” sequence.
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Table 4: Average RMSE index values of the six algorithms.

Video sequences ANRSR DPSR ScSR NL-SR ZM-SR LBST-SR
Satellite-1 0.0027 0.0028 0.0028 0.0027 0.0026 0.0023
Satellite-2 0.0067 0.0060 0.0060 0.0059 0.0055 0.0044
Forman 0.0120 0.0072 0.0073 0.0072 0.0065 0.0067
Calendar 0.0080 0.0080 0.0080 0.0078 0.0071 0.0070
Coastguard 0.0113 0.0086 0.0087 0.0083 0.0073 0.0067
Suzie 0.0282 0.0170 0.0176 0.0176 0.0168 0.0158
Mother Daughter 0.0159 0.0132 0.0132 0.0130 0.0127 0.0130
Miss America 0.0269 0.0225 0.0240 0.0235 0.0225 0.0220
Ice 0.0216 0.0188 0.0191 0.0188 0.0186 0.0186
Football 0.0131 0.0116 0.0115 0.0113 0.0107 0.0101
Carphone 0.0300 0.0184 0.0192 0.0189 0.0173 0.0179
Akiyo 0.0102 0.0081 0.0081 0.0079 0.0075 0.0077

(a) ANRSR (b) DPSR

(c) ScSR (d) NL-SR

(e) ZM-SR (f) LBST-SR

Figure 12: SR reconstruction visual effects for Frame 3 of the “Satellite-2” sequence with a magnification factor of three.

The magnified details marked by the red rectangle demon-
strate that the proposed LBST-SR algorithm generates the
best visual effects, producing more natural visual effects and
clearer details. Annoying black spot artifacts and unnatural
visual effects are produced in the ANRSR, DPSR, and ScSR
algorithms. Block artifacts and jagged effects are generated
by the NL-SR algorithm, and ZM-SR algorithm produces
blurred object details.

5. Conclusions

A novel learning-based algorithm to implement video SR
reconstruction using spatiotemporal nonlocal similarity was

proposed in this paper. On the basis of LR-HR correla-
tion mapping, spatiotemporal nonlocal similarity structural
redundancies were used to improve SR quality further.
With the objective of improving algorithm efficiency while
guaranteeing SR quality, LR-HR correlation mapping was
performed only for the salient object region of the video
frame, followingwhich an improved spatiotemporal nonlocal
fuzzy registration scheme was established for spatiotemporal
similarity matching and fusion using the similarity weighting
strategy based on pseudo-Zernike moment feature similar-
ity and structural similarity and the self-adaptive regional
correlation evaluation strategy.The proposed spatiotemporal
nonlocal fuzzy registration scheme does not rely on accurate
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Table 5: Comparison of time efficiency for ZFR and ZSFR schemes.

Video sequences ZFR scheme (s) ZSFR scheme (s)
Satellite-1 75.43 40.80
Satellite-2 52.85 25.56
Forman 41.09 18.78
Calendar 141.13 63.95
Coastguard 37.84 18.23
Suzie 8.91 4.58
Mother Daughter 37.08 20.55
Miss America 9.24 4.20
Ice 36.58 17.85
Football 35.65 16.70
Carphone 8.98 4.10
Akiyo 41.43 19.77

estimation of subpixelmotion, and therefore it can be adapted
to complex motion patterns and is robust to noise and rota-
tion. Experimental results demonstrated that the proposed
algorithm achieves competitive SR quality compared to other
state-of-the-art algorithms in terms of both subjective and
objective evaluations.
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Besides inheriting the properties of classical Bézier curves of degree n, the corresponding 𝜆-Bézier curves have a good performance
on adjusting their shapes by changing shape control parameter. Specially, in the case where the shape control parameter equals zero,
the 𝜆-Bézier curves degenerate to the classical Bézier curves. In this paper, the shapemodification of 𝜆-Bézier curves by constrained
optimization of position and tangent vector is investigated.The definition and properties of 𝜆-Bézier curves are given in detail, and
the shape modification is implemented by optimizing perturbations of control points. At the same time, the explicit formulas of
modifying control points and shape parameter are obtained by Lagrange multiplier method. Using this algorithm, 𝜆-Bézier curves
are modified to satisfy the specified constraints of position and tangent vector, meanwhile the shape-preserving property is still
retained. In order to illustrate its ability on adjusting the shape of 𝜆-Bézier curves, some curve design applications are discussed,
which show that the proposed method is effective and easy to implement.

1. Introduction

Bézier curves are widely used in Computer Aided Geometric
Design (CAGD) and computer graphics (CG) which have
many properties that are helpful for shape design. Developing
more convenient techniques for designing and modifying
Bézier curves is an important problem in computer aided
design (CAD), computer aided manufacturing (CAM), and
NC technology fields; see [1]. However, shape design is time-
consuming andusually cannot be accomplished in one stroke.
After creating Bézier curves or surfaces, we often need to
modify them so that their shapes can satisfy our design
requirements.

Many efforts have beenmade to developmore convenient
and effective methods for shape modification of parametric
curves and surfaces. Piegl [2] proposed two methods to
alter the shape of NURBS curves, including control-point-
basedmodification and weight-basedmodification. Sànchez-
Reyes [3] developed a simple technique to modify NURBS
curves based on a perspective functional transformation of
arbitrary origin. Juhász [4] provided a weight-based shape
modification method, by which one can prescribe not only

the new position of an arbitrary chosen point of a plane
NURBS curves but the tangent direction as well. Hu et al.
[5, 6] developed a method for shape modification of NURBS
curves and surfaces with geometric constraint. However,
developing more effective way for shape modification of
Bézier curves is still an important problem. Inspired by the
results in [5, 6], Xu et al. [7] proposed a method to modify
the shape of Bézier curves by minimizing the changes of the
shape by least square, where explicit formulas are deduced
to calculate positions of new control points of the modi-
fied curve. Wu and Xia [8] investigated the optimal shape
modification of Bézier curves by geometric constraint, where
shapemodification of Bézier curve with added end-point and
tangent constraints is discussed. Wang et al. [9] presented
a method for shape modification of NURBS curves, which
is based on constrained optimization by means of altering
the corresponding weights of their control points. Juhász and
Hoffmann [10] investigated the effect of the modification of
knot values on the shape of B-spline curves. Han and Ren [11]
investigated geometric constrained optimization for shape
modification of Bézier curves and obtained precise formula
for it.
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Bézier curves have now become a powerful tool for
constructing free-form curves in CAD/CAM. However, the
Bézier model is imperfect, and it has its own shortage. That
is, after choosing the basis functions, the shape of a Bézier
curve is well determined by its control points. In the recent
years, in order to overcome the shortage of Bézier curves,
many scholars constructed new curves whose structures
are similar to the Bézier curves by introducing parameters
into basis functions; see [12–21]. These new curves share
many basic properties with the Bézier curves and at the
same time hold flexible shape adjustable property. Yan and
Liang [16] constructed a new kind of basis functions by a
recursive approach and defined a kind of parametric curves
called 𝜆-Bézier curves with shape parameter based on these
basis functions. The new curves have most properties of the
corresponding classical Bézier curves. Moreover, the shape
parameter can adjust the shape of the new curves without
changing the control points. Focusing on the problem of
shape modification of 𝜆-Bézier curves, we study the shape
modification of 𝜆-Bézier curves by constrained optimization
of position and tangent vector and obtain the explicit formu-
las of the modified control points and shape parameter.

The remainder of the paper is organized as follows. The
definition and properties of 𝜆-Bézier curves are given in
Section 2. In Section 3, we present the shape modification of
𝜆-Bézier curve by constrained optimization of single point
constraint. Practical examples are given in Section 4, and we
present some applications. At last, a short conclusion is given
in Section 5.

2. The Definition and Properties of
𝜆-Bézier Curves

2.1. Extension Basis Function. The definition of extension
Bernstein basis functions is given as follows [16].

Definition 1. Let 𝜆 ∈ [−1, 1]; for 𝑡 ∈ [0, 1], the following
polynomial functions

𝑏0,2 (𝑡; 𝜆) = (1− 2𝜆𝑡 + 𝜆𝑡
2
) (1− 𝑡)

2
,

𝑏1,2 (𝑡; 𝜆) = 2𝑡 (1− 𝑡) (1+𝜆−𝜆𝑡 + 𝜆𝑡
2
) ,

𝑏2,2 (𝑡; 𝜆) = (1−𝜆+𝜆𝑡
2
) 𝑡

2
,

𝑡 ∈ [0, 1]

(1)

are called the extension Bernstein basis functions of degree 2
associated with the shape parameter 𝜆.

For any integer 𝑛 (𝑛 ≥ 3), the functions 𝑏
𝑖,𝑛

(𝑡; 𝜆) (𝑖 =

0, 1, . . . , 𝑛), defined recursively by

𝑏
𝑖,𝑛

(𝑡; 𝜆) = (1− 𝑡) 𝑏
𝑖,𝑛−1 (𝑡; 𝜆) + 𝑡𝑏

𝑖−1,𝑛−1 (𝑡; 𝜆) ,

𝑡 ∈ [0, 1] ,
(2)

are called the extension Bernstein basis functions of degree 𝑛.
In the case 𝑘 = −1 or 𝑘 > 𝑙, we set 𝑏

𝑘,𝑙

(𝑡; 𝜆) = 0.

Theorem 2. The extension Bernstein basis functions of degree
n can be expressed explicitly as

𝑏
𝑖,𝑛

(𝑡; 𝜆)

= (1+
3𝐶
𝑖−1

𝑛−2

+ 𝐶
𝑖

𝑛−1

− 𝐶
𝑖

𝑛

𝐶𝑖
𝑛

𝜆−
2𝐶
𝑖

𝑛−1

𝐶𝑖
𝑛

𝜆𝑡 + 𝜆𝑡
2

)

⋅𝐶
𝑖

𝑛

𝑡
𝑖

(1 − 𝑡)
𝑛−1

(𝑖 = 0, 1, . . . , 𝑛) ,

(3)

where 𝑛 ≥ 2, 𝐶𝑖
𝑛

= 𝑛!/𝑖!(𝑛 − 𝑖)!.

The extension Bernstein basis functions (3) have the
following properties:

(a) Degeneracy. In the particular case where the shape
control parameter 𝜆 equals zero, the extension Bern-
stein basis functions of degree 𝑛 are just the classical
ones of the same degree.

(b) Nonnegativity. For any 𝜆 ∈ [−1, 1], 𝑏
𝑖,𝑛

(𝑡; 𝜆) ≥ 0 (𝑖 =

0, 1, . . . , 𝑛), where 𝑛 ≥ 2.

(c) Partition of Unity. One has ∑
𝑛

𝑖=0 𝑏
𝑖,𝑛

(𝑡; 𝜆) = 1.

(d) Symmetry. One has 𝑏
𝑖,𝑛

(1 − 𝑡; 𝜆) = 𝑏
𝑛−𝑖,𝑛

(𝑡; 𝜆) (𝑖 =

0, 1, . . . , 𝑛).

(e) Linear Independence. For any 𝜆 ∈ [−1, 1], the
extension Bernstein basis functions 𝑏

𝑖,𝑛

(𝑡; 𝜆) (𝑖 =

0, 1, . . . , 𝑛) are linearly independent.

2.2. Construction of 𝜆-Bézier Curves

Definition 3. Given control points P
𝑖

(𝑖 = 0, 1, . . . , 𝑛; 𝑛 ≥ 2)
in 𝑅
2 or 𝑅

3, then

p (𝑡; 𝜆) =

𝑛

∑

𝑖=0
P
𝑖

𝑏
𝑖,𝑛

(𝑡; 𝜆) , 𝑡 ∈ [0, 1] , 𝜆 ∈ [−1, 1] (4)

is called a 𝜆-Bézier curve of degree 𝑛 with shape parameter
𝜆, where basis functions 𝑏

𝑖,𝑛

(𝑡; 𝜆) (𝑖 = 0, 1, . . . , 𝑛; 𝑛 ≥ 2) are
defined by (3) (see Definition 3.2 in [16]).

From the properties of the extension Bernstein basis
functions (3), the 𝜆-Bézier curves (4) have the following
properties.

(a) End-Point Properties. For any 𝜆 ∈ [−1, 1], we have

p (0; 𝜆) = P0,

p (1; 𝜆) = P
𝑛

.

(5)

And the derivative at end-points will satisfy

p (0; 𝜆) = (𝑛 + 2𝜆) (P1 −P0) ,

p (1; 𝜆) = (𝑛 + 2𝜆) (P
𝑛

−P
𝑛−1) .

(6)
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Furthermore, the second derivative at end-points can be
represented as

p (0; 𝜆) = [2𝜆+ (4𝜆− 1) 𝑛 + 𝑛
2
]P0

+ [8𝜆+ (2− 8𝜆) 𝑛 − 2𝑛2]P1

+ [−10𝜆+ (4𝜆− 1) 𝑛 + 𝑛
2
]P2,

p (1; 𝜆) = [−10𝜆+ (4𝜆− 1) 𝑛 + 𝑛
2
]P
𝑛−2

+ [8𝜆+ (2− 8𝜆) 𝑛 − 2𝑛2]P
𝑛−1

+ [2𝜆+ (4𝜆− 1) 𝑛 + 𝑛
2
]P
𝑛

.

(7)

(b) Symmetry. Considering P0,P1, . . . ,P𝑛 (𝑛 ≥ 2) and
P
𝑛

,P
𝑛−1, . . . ,P0 (𝑛 ≥ 2), define the same 𝜆-Bézier curves; that

is,

p (𝑡; 𝜆;P0,P1, . . . ,P𝑛) = p (1− 𝑡; 𝜆;P
𝑛

,P
𝑛−1, . . . ,P0) . (8)

(c) Convex Hull Property. The entire 𝜆-Bézier curves must
lie inside the convex hull of its control polygon spanned by
P0,P1, . . . ,P𝑛 (𝑛 ≥ 2).

(d) Affine Invariance. The shape of 𝜆-Bézier curve is inde-
pendent of the choice of coordinates; that is, (4) satisfies the
following two equations:

p (𝑡; 𝜆;P0 +Q,P1 +Q, . . . ,P
𝑛

+Q)

= p (𝑡; 𝜆;P0,P1, . . . ,P𝑛) +Q

p (𝑡; 𝜆;MP0,MP1, . . . ,MP
𝑛

)

= Mp (𝑡; 𝜆;P0,P1, . . . ,P𝑛) ,

(9)

where Q is an arbitrary vector in 𝑅
2 or 𝑅

3 and M is an
arbitrary 𝑙 × 𝑙 matrix, 𝑙 = 2 or 3.

(e) Variation Diminishing Property. Since the extension Bern-
stein basis functions given in (3) form a group of (optimal)
normalized totally positive basis functions, the correspond-
ing 𝜆-Bézier curves possess variation diminishing property,
which means that no plane intersects 𝜆-Bézier curve more
often than it intersects the corresponding control polygon.

2.3. Performance Comparison of 𝜆-Bézier Curves, Bézier
Curves, and NURBS. A Bézier curve is defined as a para-
metric one which forms the basis of the Bernstein function.
However, once the control points and their corresponding
Bernstein polynomials are given, the shape of a Bézier curve
is formed uniquely and there is no possibility to adjust it
anymore. Modifying the shape of Bézier curves essentially
requires the adjustments of vertexes of the control polygon,
which is very inconvenient. For these reasons, the problem
of shape modification of curves is proposed. Although the

Table 1: Performance comparisons of 𝜆-Bézier curves, Bézier
curves, and NURBS.

Property 𝜆-Bézier
curves

Bézier
curves

NURBS
curves

Property of basis functions
Nonnegativity ✓ ✓ ✓

Partition of unity ✓ ✓ ✓

Symmetry ✓ ✓ ✓

Shape parameters ✓ M ∗

Linear independence ✓ ✓ ✓

Degeneracy ✓ M ✓

Property of the Curves
Variation diminishing property ✓ ✓ ✓

Affine invariability ✓ ✓ ✓

Convex hull property ✓ ✓ ✓

Symmetry ✓ ✓ ✓

End-point properties ✓ ✓ ✓

Extra degree of freedom ✓ M ✓

Computational complexity Low Low High
∗Theweights in NURBSmethods possess an effect for adjusting the shape of
the curves.

weights in NURBS method can adjust the shapes of NURBS
curve and the NURBS curve has good properties and can
express the conic section, the NURBS curve also has dis-
advantages, such as difficulty in choosing the value of the
weight, the increased order of rational fraction caused by
the derivation, and the need for a numerical method of
integration.

The shape parameters are applied to generate some curves
whose shape is adjustable as an extension of the existing
method. The 𝜆-Bézier curves (4) have most properties of
the corresponding classical Bézier curves. Moreover, the
shape parameter can adjust the shape of the 𝜆-Bézier curves
without changing the control points. With the increasing of
the shape parameter, the 𝜆-Bézier curves approach to the
control polygon or control net, and the 𝜆-Bézier model can
approximate the control polygon or control net better than
the classical Bézier model. In addition, the expressions of 𝜆-
Bézier curves defined in this paper are more concise com-
paredwith the Bézier curves andNURBS curves. Particularly,
when the shape parameter 𝜆 equals zero, the 𝜆-Bézier curves
(4) degenerate to the classicalBézier curves.

To sum up, with the extra degree of freedom provided
by the shape parameter 𝜆 in 𝑏

𝑖,𝑛

(𝑡; 𝜆) ≥ 0 (𝑖 = 0, 1, . . . , 𝑛),
the curves p(𝑡; 𝜆) can be freely adjusted and controlled by
changing the value of 𝜆 instead of changing the control
pointsP0,P1, . . . ,P𝑛. Performances of𝜆-Bézier curves, Bézier
curves, and NURBS curves are compared in detail in Table 1.

Figure 1 shows graphs of 𝜆-Bézier curves with the same
control polygon but different shape parameters. Figure 1(a)
shows the curves generated by the extension Bernstein basis
functions with 𝑛 = 4 and p(𝑡; 1) (solid lines), p(𝑡; 0)
(dashed lines), and p(𝑡; −1) (dot-dashed lines), respectively.
Figure 1(b) shows the curves generated by the extension
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(b) 𝜆-Bézier curves of degree 5

Figure 1: 𝜆-Bézier curves with the same control polygon but different shape parameters.

Bernstein basis functions with 𝑛 = 5 and p(𝑡; 1) (solid
lines), p(𝑡; 0) (dashed lines), and p(𝑡; −1) (dot-dashed lines),
respectively. From the figures, we can see that the 𝜆-Bézier
curves approach to the control polygon when the shape
parameter is increased.

3. Shape Modification for 𝜆-Bézier Curves by
Constrained Optimization

𝜆-Bézier curve of degree 𝑛 with control points P0,P1, . . . ,
P
𝑛

(𝑛 ≥ 2) is

p1 (𝑡; 𝜆1) =

𝑛

∑

𝑖=0
P
𝑖

𝑏
𝑖,𝑛

(𝑡; 𝜆1) , 𝑡 ∈ [0, 1] . (10)

Modified curves are

p2 (𝑡; 𝜆1) =

𝑙−1
∑

𝑖=0
P
𝑖

𝑏
𝑖,𝑛

(𝑡; 𝜆1) +
𝑚

∑

𝑖=𝑙

(P
𝑖

+ 𝛿
𝑖

) 𝑏
𝑖,𝑛

(𝑡; 𝜆1)

+

𝑛

∑

𝑖=𝑚+1
P
𝑖

𝑏
𝑖,𝑛

(𝑡; 𝜆1) ,

(11)

p3 (𝑡; 𝜆2) =

𝑙−1
∑

𝑖=0
P
𝑖

𝑏
𝑖,𝑛

(𝑡; 𝜆2) +
𝑚

∑

𝑖=𝑙

(P
𝑖

+ 𝛿
𝑖

) 𝑏
𝑖,𝑛

(𝑡; 𝜆2)

+

𝑛

∑

𝑖=𝑚+1
P
𝑖

𝑏
𝑖,𝑛

(𝑡; 𝜆2) .

(12)

Here, 𝛿
𝑖

= (𝛿
𝑥

𝑖

, 𝛿
𝑦

𝑖

, 𝛿
𝑧

𝑖

)
𝑇

(𝑖 = 𝑙, 𝑙 + 1, . . . , 𝑚) are perturbations
of control points P

𝑖

(𝑖 = 𝑙, 𝑙 + 1, . . . , 𝑚).

3.1. Position Vector Constraint. Suppose the position vector
of 𝜆-Bézier curves (10) is p1(𝑡∗; 𝜆1) = S1 and then that of
modified curve (11) satisfies p2(𝑡∗; 𝜆1) = S2; here

p2 (𝑡
∗

; 𝜆1) = S1 +

𝑚

∑

𝑖=𝑙

𝛿
𝑖

𝑏
𝑖,𝑛

(𝑡
∗

; 𝜆1) = S2. (13)

For 𝑛 ≥ 2 and 0 ≤ 𝑙 ≤ 𝑚 ≤ 𝑛, perturbation 𝛿
𝑖

can be
computed by constrained optimization with ∑

𝑚

𝑖=𝑙

‖𝛿
𝑖

‖
2 being

minimum.The Lagrange function is defined as follows:

𝐿 =

𝑚

∑

𝑖=𝑙

𝛿𝑖

2
+𝛼
𝑇

[S2 − p2 (𝑡
∗

; 𝜆1)] , (14)

where 𝛼𝑇 = (𝛼
𝑥

, 𝛼
𝑦

, 𝛼
𝑧

) is the Lagrange multiplier and ‖ ⋅ ‖ is
Euclidean norm.

Theorem 4. When 𝑡
∗

∈ (0, 1) and 𝑛 ≥ 2, then (14) has a
unique solution.

Proof. Let perturbation 𝛿
𝑖

= (𝛿
𝑥

𝑖

, 𝛿
𝑦

𝑖

, 𝛿
𝑧

𝑖

)
𝑇 satisfy

𝜕𝐿

𝜕𝛿𝑥
𝑖

=
𝜕𝐿

𝜕𝛿
𝑦

𝑖

=
𝜕𝐿

𝜕𝛿
𝑧

𝑖

= 0, 𝑖 = 𝑙, 𝑙 + 1, . . . , 𝑚

𝜕𝐿

𝜕𝛼𝑥
=

𝜕𝐿

𝜕𝛼𝑦
=

𝜕𝐿

𝜕𝛼𝑧
= 0.

(15)

We can obtain

𝛿
𝑖

=
1
2

[𝑏
𝑖,𝑛

(𝑡
∗

; 𝜆1)𝛼] , 𝑖 = 𝑙, 𝑙 + 1, . . . , 𝑚 (16)

S2 = S1 +

𝑚

∑

𝑖=𝑙

𝛿
𝑖

𝑏
𝑖,𝑛

(𝑡
∗

; 𝜆1) . (17)

Due to 𝑡
∗

∈ (0, 1), we know 𝑏
𝑖,𝑛

(𝑡
∗

; 𝜆1) > 0 (𝑖 = 𝑙, 𝑙+1, . . . , 𝑚).
Substituting (16) into (17), we can get the following equation:

[

𝑚

∑

𝑖=𝑙

𝑏
2
𝑖,𝑛

(𝑡
∗

; 𝜆1)]𝛼 = 2 (S2 − S1) . (18)

Namely,

𝛼 =
2 (S2 − S1)

∑
𝑚

𝑖=𝑙

𝑏2
𝑖,𝑛

(𝑡∗; 𝜆1)
. (19)
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Substituting (19) into (16) yields

𝛿
𝑖

=
𝑏
𝑖,𝑛

(𝑡
∗

; 𝜆1)

∑
𝑚

𝑖=𝑙

𝑏2
𝑖,𝑛

(𝑡∗; 𝜆1)
(S2 − S1) , 𝑖 = 𝑙, 𝑙 + 1, . . . , 𝑚. (20)

The control points can be modified by (20) such that
p2(𝑡∗; 𝜆1) = S2 is satisfied.

3.2. Tangent Vector Constraint. Let tangent vector of 𝜆-Bézier
curves (10) be p1(𝑡

∗

; 𝜆1) = T1 and that of modified curves
(11) satisfies p2(𝑡

∗

; 𝜆1) = T2. Obviously, the shape of the
curves can be preservedwell by tangent vectorT2, whereT2 is
dependent on control point p1(𝑡∗; 𝜆1) and the requirements.

For 𝑛 ≥ 3 and 1 ≤ 𝑙 < 𝑚 ≤ 𝑛 − 1, in order to fix the
end-points of modified curve, let 𝛿

𝑖

= (𝛿
𝑥

𝑖

, 𝛿
𝑦

𝑖

, 𝛿
𝑧

𝑖

)
𝑇 be the

perturbation, and then 𝛿
𝑧

𝑖

= 0 if it is plane curve.
According to (11), the following derivative is obtained:

p2 (𝑡
∗

; 𝜆1) =

𝑙−1
∑

𝑖=0
P
𝑖

𝑏


𝑖,𝑛

(𝑡; 𝜆1) +
𝑚

∑

𝑖=𝑙

(P
𝑖

+ 𝛿
𝑖

) 𝑏


𝑖,𝑛

(𝑡; 𝜆1)

+

𝑛

∑

𝑖=𝑚+1
P
𝑖

𝑏


𝑖,𝑛

(𝑡; 𝜆1)

=

𝑛

∑

𝑖=0
P
𝑖

𝑏


𝑖,𝑛

(𝑡; 𝜆1) +
𝑚

∑

𝑖=𝑙

𝛿
𝑖

𝑏


𝑖,𝑛

(𝑡; 𝜆1)

= T1 +

𝑚

∑

𝑖=𝑙

𝛿
𝑖

𝑏


𝑖,𝑛

(𝑡; 𝜆1) = T2.

(21)

Notice that 𝛿
𝑖

is nonunique if 𝑚 > 𝑙, and it can be
computed by constrained optimization with ∑

𝑚

𝑖=𝑙

‖𝛿
𝑖

‖
2 being

minimum.The Lagrange function is defined as follows:

𝐿 =

𝑚

∑

𝑖=𝑙

𝛿𝑖

2
+𝛽
𝑇

[T2 − p2 (𝑡
∗

; 𝜆1)] , (22)

where 𝛽𝑇 = (𝛽
𝑥

, 𝛽
𝑦

, 𝛽
𝑧

) is the Lagrange multiplier and ‖ ⋅ ‖ is
Euclidean norm.

Theorem 5. When 𝑡
∗

∈ (0, 1), (22) has a unique solution if
𝑚 > 𝑙 or 𝑚 = 𝑙 and 𝑡

∗ is not the maximum point.

Proof. Letting

𝜕𝐿

𝜕𝛿𝑥
𝑖

=
𝜕𝐿

𝜕𝛿
𝑦

𝑖

=
𝜕𝐿

𝜕𝛿
𝑧

𝑖

= 0, 𝑖 = 𝑙, 𝑙 + 1, . . . , 𝑚

𝜕𝐿

𝜕𝛽𝑥
=

𝜕𝐿

𝜕𝛽𝑦
=

𝜕𝐿

𝜕𝛽𝑧
= 0,

(23)

we can obtain

𝛿
𝑖

=
1
2

[𝑏


𝑖,𝑛

(𝑡
∗

; 𝜆1)𝛽] , 𝑖 = 𝑙, 𝑙 + 1, . . . , 𝑚 (24)

T2 = T1 +

𝑚

∑

𝑖=𝑙

𝛿
𝑖

𝑏


𝑖,𝑛

(𝑡
∗

; 𝜆1) . (25)

When𝑚 > 𝑙, 𝑏
𝑖,𝑛

(𝑡
∗

; 𝜆) (𝑖 = 𝑙, 𝑙 +1, . . . , 𝑚) are not all zero.
When 𝑚 > 𝑙 or 𝑚 = 𝑙 and 𝑡

∗ is not the maximum point, we
have 𝑏



𝑖,𝑛

(𝑡
∗

; 𝜆) ̸= 0. Substituting (25) into (24), we can get the
following expression:

𝛽 =
2 (T2 − T1)

∑
𝑚

𝑖=𝑙

[𝑏
𝑖,𝑛

(𝑡∗; 𝜆1)]
2 . (26)

Combining (24) and (26), we have

𝛿
𝑖

=
𝑏


𝑖,𝑛

(𝑡
∗

; 𝜆1)

∑
𝑚

𝑖=𝑙

[𝑏
𝑖,𝑛

(𝑡∗; 𝜆1)]
2 (T2 −T1) ,

𝑖 = 𝑙, 𝑙 + 1, . . . , 𝑚.

(27)

The control points can bemodified according to (27) such
that p2(𝑡

∗

; 𝜆1) = T2 is satisfied.

3.3. Position Vector and Tangent Vector Constraints. Let
position vector of 𝜆-Bézier curves (10) be p1(𝑡∗; 𝜆1) = S1 and
let tangent vector be p1(𝑡

∗

; 𝜆1) = T1; then, those of modified
curves (11) satisfy p2(𝑡∗; 𝜆1) = S2 and p2(𝑡

∗

; 𝜆1) = T2,
respectively, and here

p2 (𝑡
∗

; 𝜆1) = S1 +

𝑚

∑

𝑖=𝑙

𝛿
𝑖

𝑏
𝑖,𝑛

(𝑡
∗

; 𝜆1) = S2,

p2 (𝑡
∗

; 𝜆1) = T1 +

𝑚

∑

𝑖=𝑙

𝛿
𝑖

𝑏


𝑖,𝑛

(𝑡
∗

; 𝜆1) = T2.

(28)

When 𝑛 ≥ 3 and 1 ≤ 𝑙 < 𝑚 ≤ 𝑛 − 1, (11) has at least
two perturbations, which can be computed by constrained
optimization with ∑

𝑚

𝑖=𝑙

‖𝛿
𝑖

‖
2 being minimum. The Lagrange

function is defined as follows:

𝐿 =

𝑚

∑

𝑖=𝑙

𝛿𝑖

2
+𝛼
𝑇

[S2 − p2 (𝑡
∗

; 𝜆1)]

+𝛽
𝑇

[T2 − p2 (𝑡
∗

; 𝜆1)] ,

(29)

where 𝛼𝑇 = (𝛼
𝑥

, 𝛼
𝑦

, 𝛼
𝑧

) and 𝛽𝑇 = (𝛽
𝑥

, 𝛽
𝑦

, 𝛽
𝑧

) are the La-
grange multipliers and ‖ ⋅ ‖ is Euclidean norm.

Theorem 6. When 𝑡
∗

∈ (0, 1), (29) has a unique solution for
𝑛 ≥ 3 and 1 ≤ 𝑙 < 𝑚 ≤ 𝑛 − 1.

Proof. Setting

𝜕𝐿

𝜕𝛿𝑥
𝑖

=
𝜕𝐿

𝜕𝛿
𝑦

𝑖

=
𝜕𝐿

𝜕𝛿
𝑧

𝑖

= 0, 𝑖 = 𝑙, 𝑙 + 1, . . . , 𝑚

𝜕𝐿

𝜕𝛼𝑥
=

𝜕𝐿

𝜕𝛼𝑦
=

𝜕𝐿

𝜕𝛼𝑧
= 0,

𝜕𝐿

𝜕𝛽𝑥
=

𝜕𝐿

𝜕𝛽𝑦
=

𝜕𝐿

𝜕𝛽𝑧
= 0,

(30)
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we can obtain

𝛿
𝑖

=
1
2

[𝑏
𝑖,𝑛

(𝑡
∗

; 𝜆1)𝛼+ 𝑏


𝑖,𝑛

(𝑡
∗

; 𝜆1)𝛽] ,

𝑖 = 𝑙, 𝑙 + 1, . . . , 𝑚
(31)

S2 = S1 +

𝑚

∑

𝑖=𝑙

𝛿
𝑖

𝑏
𝑖,𝑛

(𝑡
∗

; 𝜆1) (32)

T2 = T1 +

𝑚

∑

𝑖=𝑙

𝛿
𝑖

𝑏


𝑖,𝑛

(𝑡
∗

; 𝜆1) . (33)

Substituting (31) into (32) and (33), we have the following
equations:

[

𝑚

∑

𝑖=𝑙

𝑏
2
𝑖,𝑛

(𝑡
∗

; 𝜆1)]𝛼+[

𝑚

∑

𝑖=𝑙

𝑏
𝑖,𝑛

(𝑡
∗

; 𝜆1) 𝑏


𝑖,𝑛

(𝑡
∗

; 𝜆1)]𝛽

= 2 (S2 − S1) ,

[

𝑚

∑

𝑖=𝑙

𝑏
𝑖,𝑛

(𝑡
∗

; 𝜆1) 𝑏


𝑖,𝑛

(𝑡
∗

; 𝜆1)]𝛼+
𝑚

∑

𝑖=𝑙

[𝑏


𝑖,𝑛

(𝑡
∗

; 𝜆1)]
2
𝛽

= 2 (T2 −T1) .

(34)

Denote

Δ = [

𝑚

∑

𝑖=𝑙

𝑏
2
𝑖,𝑛

(𝑡
∗

; 𝜆1)] [

𝑚

∑

𝑖=𝑙

[𝑏


𝑖,𝑛

(𝑡
∗

; 𝜆1)]
2
]

−[

𝑚

∑

𝑖=𝑙

𝑏
𝑖,𝑛

(𝑡
∗

; 𝜆1) 𝑏


𝑖,𝑛

(𝑡
∗

; 𝜆1)]

2

.

(35)

We know Δ ≥ 0 by inequality of Cauchy-Schwarz. Further,
we have

Δ = ∑

𝑙≤𝑖<𝑗≤𝑚

[𝑏
𝑖,𝑛

(𝑡
∗

; 𝜆1) 𝑏


𝑗,𝑛

(𝑡
∗

; 𝜆1)

− 𝑏


𝑖,𝑛

(𝑡
∗

; 𝜆1) 𝑏𝑗,𝑛 (𝑡
∗

; 𝜆1)]
2
.

(36)

For 1 ≤ 𝑙 < 𝑚 ≤ 𝑛 − 1 and 𝑡
∗

∈ (0, 1), the following
inequality can be easily obtained

𝑏
𝑖,𝑛

(𝑡
∗

; 𝜆1) 𝑏


𝑖+1,𝑛 (𝑡
∗

; 𝜆1) − 𝑏


𝑖,𝑛

(𝑡
∗

; 𝜆1) 𝑏𝑖+1,𝑛 (𝑡
∗

; 𝜆1)

> 0,
(37)

which implies Δ > 0. The following equations are presented
by (34):

𝛼 =
2
Δ

[(

𝑚

∑

𝑖=𝑙

[𝑏


𝑖,𝑛

(𝑡
∗

; 𝜆1)]
2
)(S2 − S1)

−(

𝑚

∑

𝑖=𝑙

𝑏
𝑖,𝑛

(𝑡
∗

; 𝜆1) 𝑏


𝑖,𝑛

(𝑡
∗

; 𝜆1)) (T2 −T1)] ,

𝛽 =
2
Δ

[(

𝑚

∑

𝑖=𝑙

𝑏
2
𝑖,𝑛

(𝑡
∗

; 𝜆1)) (T2 −T1)

−(

𝑚

∑

𝑖=𝑙

𝑏
𝑖,𝑛

(𝑡
∗

; 𝜆1) 𝑏


𝑖,𝑛

(𝑡
∗

; 𝜆1)) (S2 − S1)] .

(38)

Accordingly, when 𝑖 = 𝑙, 𝑙 + 1, . . . , 𝑚, substituting (38) into
(31) leads to

𝛿
𝑖

=
S2 − S1

Δ
[(

𝑚

∑

𝑖=𝑙

[𝑏


𝑖,𝑛

(𝑡
∗

; 𝜆1)]
2
)𝑏
𝑖,𝑛

(𝑡
∗

; 𝜆1)

−(

𝑚

∑

𝑖=𝑙

𝑏
𝑖,𝑛

(𝑡
∗

; 𝜆1) 𝑏


𝑖,𝑛

(𝑡
∗

; 𝜆1)) 𝑏


𝑖,𝑛

(𝑡
∗

; 𝜆1)]

+
T2 − T1

Δ
[(

𝑚

∑

𝑖=𝑙

𝑏
2
𝑖,𝑛

(𝑡
∗

; 𝜆1)) 𝑏


𝑖,𝑛

(𝑡
∗

; 𝜆1)

−(

𝑚

∑

𝑖=𝑙

𝑏
𝑖,𝑛

(𝑡
∗

; 𝜆1) 𝑏


𝑖,𝑛

(𝑡
∗

; 𝜆1)) 𝑏
𝑖,𝑛

(𝑡
∗

; 𝜆1)] .

(39)

The control points can be modified by (39) such that
p2(𝑡
∗

; 𝜆1) = T2 and p2(𝑡
∗

; 𝜆1) = T2.

3.4. Position Vector, Tangent Vector, and Shape Parameter
Constraints. Let position vector of 𝜆-Bézier curves (10) be
p1(𝑡∗; 𝜆1) = S1 and let tangent vector be p1(𝑡

∗

; 𝜆1) = T1;
then position vector and tangent vector of modified curves
(12) satisfy p3(𝑡∗; 𝜆2) = S2 and p3(𝑡

∗

; 𝜆2) = T2, respectively,
and here

p3 (𝑡
∗

; 𝜆2) = S1 +

𝑙−1
∑

𝑖=0
P
𝑖

[𝑏
𝑖,𝑛

(𝑡; 𝜆2) − 𝑏
𝑖,𝑛

(𝑡; 𝜆1)]

+

𝑚

∑

𝑖=𝑙

P
𝑖

[𝑏
𝑖,𝑛

(𝑡; 𝜆2) − 𝑏
𝑖,𝑛

(𝑡; 𝜆1)]

+

𝑚

∑

𝑖=𝑙

𝛿
𝑖

𝑏
𝑖,𝑛

(𝑡; 𝜆2)

+

𝑛

∑

𝑖=𝑚+1
P
𝑖

[𝑏
𝑖,𝑛

(𝑡; 𝜆2) − 𝑏
𝑖,𝑛

(𝑡; 𝜆1)]

= S2,
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p3 (𝑡
∗

; 𝜆2) = T1 +

𝑙−1
∑

𝑖=0
P
𝑖

[𝑏


𝑖,𝑛

(𝑡; 𝜆2) − 𝑏


𝑖,𝑛

(𝑡; 𝜆1)]

+

𝑚

∑

𝑖=𝑙

P
𝑖

[𝑏


𝑖,𝑛

(𝑡; 𝜆2) − 𝑏


𝑖,𝑛

(𝑡; 𝜆1)]

+

𝑚

∑

𝑖=𝑙

𝛿
𝑖

𝑏


𝑖,𝑛

(𝑡; 𝜆2)

+

𝑛

∑

𝑖=𝑚+1
P
𝑖

[𝑏


𝑖,𝑛

(𝑡; 𝜆2) − 𝑏


𝑖,𝑛

(𝑡; 𝜆1)]

= T2.

(40)

When 𝑛 ≥ 3 and 1 ≤ 𝑙 < 𝑚 ≤ 𝑛 − 1, then (12) has at least
two perturbations which can be computed by constrained
optimization with ∑

𝑚

𝑖=𝑙

‖𝛿
𝑖

‖
2 being minimum. The Lagrange

function is defined as follows:

𝐿 =

𝑚

∑

𝑖=𝑙

𝛿𝑖

2
+𝛼
𝑇

[S2 − p3 (𝑡
∗

; 𝜆2)]

+𝛽
𝑇

[T2 − p3 (𝑡
∗

; 𝜆2)] ,

(41)

where 𝛼𝑇 = (𝛼
𝑥

, 𝛼
𝑦

, 𝛼
𝑧

) and 𝛽𝑇 = (𝛽
𝑥

, 𝛽
𝑦

, 𝛽
𝑧

) are the
Lagrange multipliers and ‖ ⋅ ‖ is Euclidean norm.

Theorem 7. When 𝑡
∗

∈ (0, 1), (41) has a unique solution for
𝑛 ≥ 3 and 1 ≤ 𝑙 < 𝑚 ≤ 𝑛 − 1.

Proof. Letting
𝜕𝐿

𝜕𝛿𝑥
𝑖

=
𝜕𝐿

𝜕𝛿
𝑦

𝑖

=
𝜕𝐿

𝜕𝛿
𝑧

𝑖

= 0, 𝑖 = 𝑙, 𝑙 + 1, . . . , 𝑚

𝜕𝐿

𝜕𝛼𝑥
=

𝜕𝐿

𝜕𝛼𝑦
=

𝜕𝐿

𝜕𝛼𝑧
= 0,

𝜕𝐿

𝜕𝛽𝑥
=

𝜕𝐿

𝜕𝛽𝑦
=

𝜕𝐿

𝜕𝛽𝑧
= 0,

(42)

we can obtain

𝛿
𝑖

=
1
2

[𝑏
𝑖,𝑛

(𝑡
∗

; 𝜆2)𝛼+ 𝑏


𝑖,𝑛

(𝑡
∗

; 𝜆2)𝛽] ,

𝑖 = 𝑙, 𝑙 + 1, . . . , 𝑚
(43)

S2 = S1 +

𝑙−1
∑

𝑖=0
P
𝑖

[𝑏
𝑖,𝑛

(𝑡; 𝜆2) − 𝑏
𝑖,𝑛

(𝑡; 𝜆1)]

+

𝑚

∑

𝑖=𝑙

P
𝑖

[𝑏
𝑖,𝑛

(𝑡; 𝜆2) − 𝑏
𝑖,𝑛

(𝑡; 𝜆1)]

+

𝑚

∑

𝑖=𝑙

𝛿
𝑖

𝑏
𝑖,𝑛

(𝑡; 𝜆2)

+

𝑛

∑

𝑖=𝑚+1
P
𝑖

[𝑏
𝑖,𝑛

(𝑡; 𝜆2) − 𝑏
𝑖,𝑛

(𝑡; 𝜆1)]

(44)

T2 = T1 +

𝑙−1
∑

𝑖=0
P
𝑖

[𝑏


𝑖,𝑛

(𝑡; 𝜆2) − 𝑏


𝑖,𝑛

(𝑡; 𝜆1)]

+

𝑚

∑

𝑖=𝑙

P
𝑖

[𝑏


𝑖,𝑛

(𝑡; 𝜆2) − 𝑏


𝑖,𝑛

(𝑡; 𝜆1)]

+

𝑚

∑

𝑖=𝑙

𝛿
𝑖

𝑏


𝑖,𝑛

(𝑡; 𝜆2)

+

𝑛

∑

𝑖=𝑚+1
P
𝑖

[𝑏


𝑖,𝑛

(𝑡; 𝜆2) − 𝑏


𝑖,𝑛

(𝑡; 𝜆1)] .

(45)

Substituting (43) into (44) and (45), it follows that

[

𝑚

∑

𝑖=𝑙

𝑏
2
𝑖,𝑛

(𝑡
∗

; 𝜆2)]𝛼+[

𝑚

∑

𝑖=𝑙

𝑏
𝑖,𝑛

(𝑡
∗

; 𝜆2) 𝑏


𝑖,𝑛

(𝑡
∗

; 𝜆2)]𝛽

= 2(S2 −

𝑛

∑

𝑖=0
P
𝑖

𝑏
𝑖,𝑛

(𝑡; 𝜆2)) ,

[

𝑚

∑

𝑖=𝑙

𝑏
𝑖,𝑛

(𝑡
∗

; 𝜆2) 𝑏


𝑖,𝑛

(𝑡
∗

; 𝜆2)]𝛼+
𝑚

∑

𝑖=𝑙

[𝑏


𝑖,𝑛

(𝑡
∗

; 𝜆2)]
2
𝛽

= 2(T2 −

𝑛

∑

𝑖=0
P
𝑖

𝑏


𝑖,𝑛

(𝑡; 𝜆2)) .

(46)

Let

Δ = [

𝑚

∑

𝑖=𝑙

𝑏
2
𝑖,𝑛

(𝑡
∗

; 𝜆2)] [

𝑚

∑

𝑖=𝑙

[𝑏


𝑖,𝑛

(𝑡
∗

; 𝜆2)]
2
]

−[

𝑚

∑

𝑖=𝑙

𝑏
𝑖,𝑛

(𝑡
∗

; 𝜆2) 𝑏


𝑖,𝑛

(𝑡
∗

; 𝜆2)]

2

.

(47)

We know Δ ≥ 0 by inequality of Cauchy-Schwarz. Moreover,
we have

Δ = ∑

𝑙≤𝑖<𝑗≤𝑚

[𝑏
𝑖,𝑛

(𝑡
∗

; 𝜆2) 𝑏


𝑗,𝑛

(𝑡
∗

; 𝜆2)

− 𝑏


𝑖,𝑛

(𝑡
∗

; 𝜆2) 𝑏𝑗,𝑛 (𝑡
∗

; 𝜆2)]
2
.

(48)

For 1 ≤ 𝑙 < 𝑚 ≤ 𝑛 − 1 and 𝑡
∗

∈ (0, 1), the following
inequality can be easily obtained

𝑏
𝑖,𝑛

(𝑡
∗

; 𝜆2) 𝑏


𝑖+1,𝑛 (𝑡
∗

; 𝜆2) − 𝑏


𝑖,𝑛

(𝑡
∗

; 𝜆2) 𝑏𝑖+1,𝑛 (𝑡
∗

; 𝜆2)

> 0,
(49)
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Figure 2: Shape modification for quartic 𝜆-Bézier curve based on position vector constraint of single target point.

which implies Δ > 0.The following equations are deduced by
(46):

𝛼 =
2
Δ

[(

𝑚

∑

𝑖=𝑙

[𝑏


𝑖,𝑛

(𝑡
∗

; 𝜆2)]
2
)(S2 −

𝑛

∑

𝑖=0
P
𝑖

𝑏
𝑖,𝑛

(𝑡; 𝜆2))

−(

𝑚

∑

𝑖=𝑙

𝑏
𝑖,𝑛

(𝑡
∗

; 𝜆2) 𝑏


𝑖,𝑛

(𝑡
∗

; 𝜆2))

⋅(T2 −

𝑛

∑

𝑖=0
P
𝑖

𝑏


𝑖,𝑛

(𝑡; 𝜆2))] ,

𝛽 =
2
Δ

[(

𝑚

∑

𝑖=𝑙

𝑏
2
𝑖,𝑛

(𝑡
∗

; 𝜆2))(T2 −

𝑛

∑

𝑖=0
P
𝑖

𝑏


𝑖,𝑛

(𝑡; 𝜆2))

−(

𝑚

∑

𝑖=𝑙

𝑏
𝑖,𝑛

(𝑡
∗

; 𝜆2) 𝑏


𝑖,𝑛

(𝑡
∗

; 𝜆2))

⋅(S2 −

𝑛

∑

𝑖=0
P
𝑖

𝑏
𝑖,𝑛

(𝑡; 𝜆2))] .

(50)

Accordingly, for 𝑖 = 𝑙, 𝑙 + 1, . . . 𝑚, substituting (50) into (43),
we have

𝛿
𝑖

=
S2 − ∑

𝑛

𝑖=0 P𝑖𝑏𝑖,𝑛 (𝑡; 𝜆2)

Δ
[(

𝑚

∑

𝑖=𝑙

[𝑏


𝑖,𝑛

(𝑡
∗

; 𝜆2)]
2
)

⋅ 𝑏
𝑖,𝑛

(𝑡
∗

; 𝜆2) −(

𝑚

∑

𝑖=𝑙

𝑏
𝑖,𝑛

(𝑡
∗

; 𝜆2) 𝑏


𝑖,𝑛

(𝑡
∗

; 𝜆2))

⋅ 𝑏


𝑖,𝑛

(𝑡
∗

; 𝜆2)]

+
T2 − ∑

𝑛

𝑖=0 P𝑖𝑏


𝑖,𝑛

(𝑡; 𝜆2)

Δ
[(

𝑚

∑

𝑖=𝑙

𝑏
2
𝑖,𝑛

(𝑡
∗

; 𝜆2))

⋅ 𝑏


𝑖,𝑛

(𝑡
∗

; 𝜆2) −(

𝑚

∑

𝑖=𝑙

𝑏
𝑖,𝑛

(𝑡
∗

; 𝜆2) 𝑏


𝑖,𝑛

(𝑡
∗

; 𝜆2))

⋅ 𝑏
𝑖,𝑛

(𝑡
∗

; 𝜆2)] .

(51)
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Figure 3: Shape modification for quartic 𝜆-Bézier curve based on tangent vector constraint of single target point.
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Figure 4: Shape modification for quartic 𝜆-Bézier curve based on position vector and tangent vector constraint of single target point.

The control points can be modified by (51) such that
p3(𝑡∗; 𝜆2) = S2 and p3(𝑡

∗

; 𝜆2) = T2.

4. Practical Examples

In this section, we will give three examples to show the effects
of the proposed method.

Example 1. Given shape parameter 𝜆
1

= −1 and control
points {P

0

= (0, 0),P
1

= (2, 2.5),P
2

= (4.5, 0.4),P
3

=

(7, 2.8),P
4

= (9, 0.5)}, we can construct an original quartic
𝜆-Bézier curve. In Figures 2, 3, and 4, the shape modification
of 𝜆-Bézier curves by constrained optimization of position
vector and tangent vector with single target point S1 =

p1(0.6; 𝜆1) are obtained, where original curves are shown
as green solid lines and modified curves are shown as blue
dashed lines. Original target points S

1

are black dot and
modified target points S2 = p2(0.6; 𝜆1) are blue square point.
P∗
𝑖

(𝑖 = 0, 1, 2, 3, 4) are control points of modified curves.

Figure 5 illustrates the shape modification for quartic 𝜆-
Bézier curves by constrained optimization of position vector,
tangent vector, and shape parameter of single target point
S1 = p1(0.6; 𝜆1). In Figure 5, the shape parameter 𝜆

1

of
original curves equals −1, while the shape parameter 𝜆

2

of modified curves equals 1. The control points P
𝑖

(𝑖 =

0, 1, 2, 3, 4) of original curves are the same as those of the
curves in Figure 4. P∗

𝑖

(𝑖 = 1, 2, 3) are control points of
modified curves. Original curves are shown as green solid
lines and modified curves are shown as blue dashed lines,
where original target points S

1

are black dot and modified
target points S2 = p3(0.6; 𝜆2) are blue square point.

Example 2. Given shape parameter 𝜆
1

= 1 and control
points {P

0

= (0, 0),P
1

= (1, 2),P
2

= (2, 2.3),P
3

= (3,

0.4),P
4

= (5, 0.8),P
5

= (6, 2.1),P
6

= (8, 2.7),P
7

=

(9, 0.3)}, we can construct an original 𝜆-Bézier curve of
degree 7. Figure 6 illustrates the shape modification for it by
constrained optimization of position and tangent vector of
single target point S1 = p1(0.6; 𝜆1), where original curves are
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Figure 5: Shape modification for quartic 𝜆-Bézier curve based on position vector, tangent vector, and shape parameter constraint of single
target point.
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Figure 6: Shape modification for 𝜆-Bézier curves of degree seven with single target point.
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Figure 7: Shape modification for 𝜆-Bézier curves of degree nine with single target point.

shown as green solid lines and modified curves are shown
as red dashed lines. Original target points S

1

are black dot
and modified target points S2 = p2(0.6; 𝜆1) are red square
point. P∗

𝑖

(𝑖 = 3, 4) are modified control points, and the other
control points of original curves remain unchanged.

Example 3. Given shape parameter 𝜆1 = 1 and control
points {P0 = (0, 0.3),P1 = (1, 0.47),P2 = (2, 0.32), P3 =

(3, 0.3),P4 = (4, 0.37),P5 = (5, 0.67),P6 = (6, 0.4),P7 =

(7, 0.32),P8 = (8, 0.3),P9 = (9, 0.45)}, we can construct
an original 𝜆-Bézier curve of degree 9. Figure 7 illustrates
the shape modification for it by constrained optimization
of position and tangent vector of single target point S1 =

p1(0.6; 𝜆1), where original curves are shown as green solid
lines and modified curves are shown as violet dashed lines.
Original target points S1 are black dot and modified target
points S2 = p2(0.6; 𝜆1) are violet square point. P∗𝑖 (𝑖 = 6, 7)
are modified control points and the other control points of
original curves remain unchanged.

5. Conclusions

In this paper, we give the definition of 𝜆-Bézier curves
and discuss their properties in detail. It is shown that

𝜆-Bézier curves of degree 𝑛 with shape parameter keep many
properties of the corresponding traditional Bézier curves and
are more convenient than traditional ones. We can alter the
shape of 𝜆-Bézier curve by modifying the values of the shape
parameter without changing its control points. Further, we
investigate the shape modification of 𝜆-Bézier curves for
constrained optimization of single point constraint (includ-
ing modification of shape parameter and control points). In
order to modify the shape of 𝜆-Bézier curves effectively, we
obtain some explicit formulas for modifying control points
and shape parameter. Three practical examples show that
the method is applicable for computer aided design system.
Future work will focus on studying the shape modification
for 𝜆-Bézier surfaces.
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AppliedMathematics andComputation, vol. 218, no. 6, pp. 2863–
2879, 2011.
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Quadrature phase shift keying (QPSK) modulation has been widely applied in communication systems. With the increasing
development of QPSK modulation recognition, it is meaningful for ensuring validity and accuracy of recognition method.
Therefore, themethod of signal recognition has been presented based on the features ofQPSKmodulated signal, inwhich the feature
parameters of QPSK signal are extracted. Besides, signal classification is fulfilled through thresholds, and modulation recognition
is completed with quartic spectrum. The simulation results show that, the method can recognize QPSK modulation effectively in
less sample space condition and can be more accurate.

1. Introduction

Modulation recognition is the technology which can deter-
mine the modulation by analyzing the received signal in
the premise of unknown signal modulation (or only a little
known priori information).Modulation recognition technol-
ogy has been widely used in the communication field [1–
5], such as software radio platform and electronic warfare
technology.

The QPSK modulated signal has the features of low error
rate, strong antijamming ability, and low complexity [6], so
it is widely used in the intersatellite communications, such
as GPS navigation systems, BeiDou navigation systems [7],
and common data links (CDL) [8]. Recognition methods for
QPSK modulated signal can be categorized into two kinds:
the time-domain feature parameter methods and the high-
order cumulants methods [9–11]. However, the performances
of both methods are constrained by the number of sample
space, and neither of them considers how to distinguish the
QPSK modulated signals from the MPSK modulated ones.

In this paper, we focus on the need for recognizing the
QPSKmodulation and present a method based on extracting
the feature parameter of the signal, which can distinguish the
QPSK modulated signals from the MPSK modulated ones.
Details on analyzing the quartic spectrumofQPSK signal and
validating the feasibility of the method are discussed in the
later sections.

2. QPSK Signal and Feature Parameters

2.1. QPSK Signal Model. A QPSK signal can be expressed as

𝑠 (𝑡) = 𝐴 cos (𝜔0𝑡 + 𝜃𝑘) , 𝑘 = 1, 2, 3, 4, (1)

where 𝐴 is the signal amplitude; 𝜔0 is the carrier frequency;
𝜃𝑘, 𝑘 = 1, 2, 3, 4, are set as 0, 𝜋/2, 𝜋, and 3𝜋/2, respectively,
and the selection of 𝜃𝑘 is determined by the value of the base-
band code.

Table 1 shows the relationship between the base-band
code and 𝜃𝑘. Each QPSK base-band code contains 2-bit
information, which is represented by the symbol 𝑎𝑏. There
are four statuses in the symbol 𝑎𝑏, namely, 00, 01, 11, and 10.
Each status is represented by one of 𝜃𝑘, 𝑘 = 1, 2, 3, 4. The
various relationships between the phase values are designed
according to the Gray code [12].

2.2. Feature Parameters. Since the phase value of QPSK
is controlled by the base-band code, the change of the
amplitude information can be indicated by the change of
phase values. The nonamplitude modulated signal, such as
2FSK, MFSK, and MSK signals, can be distinguished from
QPSK signal through this feature. The QPSK signal contains
the information of the absolute phase, so the BPSK and ASK
modulation without the information of the absolute phase
can be distinguished from QPSK signal through this feature.
The instantaneous envelope’s mean of the QPSK signal is
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Table 1: The relationship between the base-band code and 𝜃𝑘.

𝑎𝑏 00 01 11 10
Phase values 𝜃

𝑘
0 𝜋/2 𝜋 3𝜋/2

close to 1, while the instantaneous envelope’s mean of the
QAM signal changes in a relatively large range, so QAM
can be distinguished from QPSK signal through this feature.
Above all, three feature parameters are needed to recognize
the QPSK modulations [13, 14].

(1) The maximum value of the spectral power density of
the normalized-centered instantaneous amplitude𝑅max of the
signal is given by

𝑅max =
MAX (





FFT (𝑎cn (𝑖))






2
)

𝑁𝑠

, (2)

where 𝑎cn(𝑖) is the normalized-centered instantaneous ampli-
tude and𝑁𝑠 is the number of samples per block.

(2) The standard deviation of the absolute value of the
centered nonlinear component of the instantaneous phase,
evaluated over the nonweak intervals𝛿𝑎𝑝 of the signal, is given
by

𝛿𝑎𝑝 =
√
1
𝑐

[

[

∑

𝑎
𝑛
(𝑖)>𝑎
𝑡

𝜑
2
NL (𝑖)

]

]

−
[

[

1
𝑐

∑

𝑎
𝑛
(𝑖)>𝑎
𝑡





𝜑NL (𝑖)





]

]

2

, (3)

where 𝑎𝑡 = 1 is a threshold which determinates the
nonweak signal; 𝑐 is the number of samples in 𝜑NL for which
𝑎𝑛(𝑖) > 𝑎𝑡; and 𝜑NL is the centered-nonlinear components of
instantaneous phase.

(3) The average value of the instantaneous amplitude 𝐸𝑎
is given by

𝐸𝑎 =

1
𝑁𝑠

𝑁
𝑠

∑

𝑛=1
𝑎 (𝑛) , (4)

where 𝑎(𝑛) is the instantaneous amplitude and 𝑁𝑠 is the
number of samples per block.

3. Quartic Spectrum and Modulation
Recognition Process

3.1. Quartic Spectrum Analysis of QPSK Signal. In this
section, quartic spectrum of QPSK signal is analyzed to
determine the modulation. Since four-phase values exist in
the QPSKmodulation, discrete spectral lines will appear near
the quadruple frequency [15] after the signal is processed by
quartic spectrum and FFT processing, which is significantly
different from otherMPSK (𝑀 ≥ 8) signals.TheQPSK signal
in (1) is squared, which can be expressed as

𝑆
2
(𝑡) =

𝐴
2

2

+

𝐴
2

2
cos (2𝜔0𝑡 + 2𝜃𝑘) , 𝑘 = 1, 2, 3, 4. (5)

In order to remove the DC component, a high-pass
filter is used after square processing. After another square

Table 2:The relationship between the base-band code and phase of
8PSK.

Code
0 0 0 0 1 1 1 1
0 0 1 1 1 1 0 0
0 1 1 0 0 1 1 0

Phase values 𝜃𝑘 0 𝜋/4 𝜋/2 3𝜋/4 𝜋 5𝜋/4 3𝜋/2 7𝜋/4

operation, the quartic spectrum of QPSK modulated signal
is got, which can be expressed as follows:

𝑆
4
(𝑡) =

𝐴
4

8

+

𝐴
4

8
cos (4𝜔0𝑡 + 4𝜃𝑘) , 𝑘 = 1, 2, 3, 4, (6)

where the phase values 4𝜃𝑘 will be 0, 2𝜋, 4𝜋, and 6𝜋,
respectively.

Then, (6) can be written simply as

𝑆
4
(𝑡) =

𝐴
4

8

+

𝐴
4

8
cos (4𝜔0𝑡) , 𝑘 = 1, 2, 3, 4. (7)

From (7), we can conclude that the discrete spectral lines
of QPSK signals will appear at quadruple frequency 4𝜔0 after
the quartic spectrumandFFTprocessing. ForMPSK (𝑀 ≥ 8)

modulation signal,𝑀 phase values are used. For example, the
phase values of 8PSK signal are shown in Table 2.

For 8PSK, after the quartic spectrum and FFT processing,
the value of 4𝜃𝑘 modulo 2𝜋 is 0 or 𝜋, so the discrete spectral
lines at the quadruple frequency will not appear. According
to this, the QPSK modulation can be distinguished from the
8PSK (MPSK,𝑀 ≥ 8) one.

3.2. Modulation Recognition Process. The modulation recog-
nition process of QPSK signal is shown in Figure 1.

Step 1. Three feature parameters of the signal being rec-
ognized are extracted successively, including the maximum
value of the spectral power density of the normalized-
centered instantaneous amplitude 𝑅max, the standard devia-
tion of the absolute value of the centered nonlinear compo-
nent of the instantaneous phase, evaluated over the nonweak
intervals 𝛿𝑎𝑝, and the average value of the instantaneous
amplitude 𝐸𝑎.

Step 2. The feature parameters are compared with the thresh-
old value set before. If the conditions 𝑅max > 𝑡(𝑅max), 𝛿𝑎𝑝 >
𝑡(𝛿𝑎𝑝), and𝐸𝑎 > 𝑡(𝐸𝑎) cannot bemet, it can be concluded that
the signal being recognized is not a QPSKmodulated one and
the recognition process will end.

Step 3. The quartic spectrum of the received signal is calcu-
lated. If the discrete spectral lines at the quadruple frequency
do exist, the modulation of the received signal will be
determined as QPSK.

4. Simulation

Simulation is performed to verify the correctness and effec-
tiveness of the modulation recognition method. The simula-
tion parameters are set as follows: the carrier wave frequency
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Figure 1: Modulation recognition process of QPSK signal.

is 102.3MHz; the code frequency is 10.23MHz; the sampling
frequency is 920.7MHz; and the number of sampling points
is 18000. Because the reasonable threshold values are closely
related to the simulation parameters above, a large number
of simulations and tests are performed to get the prior
knowledge and the threshold values are set as 𝑡(𝑅max) = 3.0,
𝑡(𝛿𝑎𝑝) = 0.6, and 𝑡(𝐸𝑎) = 1.2.

According to the first step of the recognition process,
three feature parameters are calculated. Firstly, themaximum
value of the spectral power density of the normalized-
centered instantaneous amplitude𝑅max is calculated. Figure 2
shows a plot of 𝑅max versus SNR. It can be clearly found that
the calculated feature parameter 𝑅max of QPSK signal can
meet the condition of 𝑅max > 𝑡(𝑅max). Meanwhile, 𝑅max of
MSK and QPSK signals is calculated under the same SNR
condition, and the results are shown in Figure 3. It can be
clearly found that𝑅max ofQPSK signal canmeet the condition
of 𝑅max > 𝑡(𝑅max), while the 𝑅max of MSK cannot, which
prove the rationality of the threshold 𝑡(𝑅max). Therefore, the
QPSKmodulation can be distinguished from theMSK one by
using the parameter 𝑅max.

Secondly, the standard deviation of the absolute value
of the centered nonlinear component of the instantaneous
phase, evaluated over the nonweak intervals 𝛿𝑎𝑝, is calculated.
Figure 4 shows a plot of 𝛿𝑎𝑝 versus SNR. It can be clearly
found that he calculated feature parameter 𝛿𝑎𝑝 can meet the
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Figure 2: The 𝑅max of QPSK signal.

conditions of 𝛿𝑎𝑝 > 𝑡(𝛿𝑎𝑝). Meanwhile, the same feature
parameter 𝛿𝑎𝑝 of BPSK and QPSK signals is calculated under
the same SNR condition, and the results are shown in
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Figure 3: The 𝑅max of QPSK and MSK signals.
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Figure 5. It can be found that the 𝛿𝑎𝑝 of QPSK signal canmeet
the condition of 𝛿𝑎𝑝 > 𝑡(𝛿𝑎𝑝), while the 𝛿𝑎𝑝 of BPSK cannot,
which prove the rationality of the threshold 𝑡(𝛿𝑎𝑝).Therefore,
the QPSK modulation can be distinguished from the BPSK
one by using the parameter 𝛿𝑎𝑝.

Thirdly, the average value of the instantaneous amplitude
𝐸𝑎 is calculated. Figure 6 shows a plot of 𝑡(𝐸𝑎) versus SNR.
It can be clearly found that he calculated feature parameter
𝐸𝑎 can meet the conditions of 𝐸𝑎 > 𝑡(𝐸𝑎). Meanwhile, the
same feature parameter 𝐸𝑎 of 16QAM and QPSK signals is
calculated under the same SNR condition, and the results are
shown in Figure 7. It can be found that the 𝐸𝑎 of QPSK signal
can meet the condition of 𝐸𝑎 > 𝑡(𝐸𝑎), while the 𝐸𝑎 of 16QAM
cannot, which prove the rationality of the threshold 𝑡(𝐸𝑎).
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Figure 5: The 𝛿𝑎𝑝 of QPSK and BPSK signals.
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Figure 6: The 𝐸𝑎 of QPSK signal.

Therefore, the QPSK modulation can be distinguished from
the 16QAM one by using the parameter 𝐸𝑎.

According to the second step of the recognition process,
the modulation of signals can be determined. Due to the
high similarity between QPSK and MPSK signals (𝑀 ≥ 8),
the quartic spectrum of the signals is analyzed to distinguish
them. Take the 8PSKmodulation as an example of the MPSK
signals. Figures 8 and 9 show the quartic spectrum of QPSK
and 8PSK signals, respectively, on condition that the SNR is
8 dB.

Figure 8 indicates that a discrete spectrum line does
exist at the quadruple frequency of the QPSK signal, while
Figure 9 indicates that no discrete spectrum lines exist at
the quadruple frequency of the 8PSK signal. By calculating
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Figure 8: Quartic spectrum of QPSK signal.

the ratio of themaximum peak value to themean value in the
quartic spectrum and comparing it with the threshold values,
it can be determined whether the signal is QPSK modulated
or not.

Another simulation is performed to test the performance
of the proposed method which is influenced by the number
of phase sample space. As a comparison, a simulation of
the method based on fourth-order cumulants under the
same conditions is also performed.The simulation results are
shown in Figures 10 and 11, in which the SNR is 10 dB.

Figure 10 indicates that, for the method based on fourth-
order cumulants, when the number of the phase sample space
is more than 200, QPSK signal can be recognized effectively,
while when the number of the phase sample space is less than
200, it is difficult to distinguish between QPSK modulation
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Figure 9: Quartic spectrum of 8PSK signal.
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Figure 10: The fourth-order cumulants of QPSK and 8PSK signals.

and 8PSK modulation. This is because the method based on
fourth-order cumulants can work well only when the sample
values of phase space appear with a similar probability, which
cannot be guaranteed when the number of phase sample is
insufficient.

Figure 11 indicates that, for the proposed method, the
QPSK signal can be distinguished easily form the 8PSK signal
as long as the number of phase sample space is greater than 30.
So the proposedmethod can still work well when the number
of the phase sample space is less than 200 (as long as it is
larger than 30), which cannot be done by the method based
on fourth-order cumulants. This is because, in the proposed
method, the quartic spectrum peak proportion is calculated
by energy integration, which does not need a large number of
phase samples.
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Simulations are also performed to test the correct recog-
nition rate of the proposed method and the traditional
method based on feature parameters. The result is shown in
Figure 12. It can be found that the correct recognition rate of
the proposed method is greater than that of the traditional
method based on feature parameters, especially for the SNR
range between 8 dB and 10 dB.

5. Conclusion

Wepresented amodulation recognitionmethod ofQPSK sig-
nal which is based on the combination of feature parameters
and the quartic spectrum analysis. Firstly, three vital feature

parameters of signal, which are the maximum value of the
spectral power density of the normalized-centered instanta-
neous amplitude 𝑅max, the standard deviation of the absolute
value of the centered nonlinear component of the instanta-
neous phase, evaluated over the nonweak intervals 𝛿𝑎𝑝, and
the average value of the instantaneous amplitude 𝐸𝑎, are
extracted. Secondly, the extracted parameters are compared
with the thresholds. Lastly, by analyzing the quartic spectrum
peak proportion, the recognition of QPSK modulation can
be realized. The simulation results show that the proposed
method can recognize QPSK modulation effectively in less
phase space samples and it is much more accurate than the
traditional method based on feature parameters.
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According to the features of Chinese personal name, we present an approach for Chinese personal name recognition based on
conditional random fields (CRF) and knowledge base in this paper.Themethod builds multiple features of CRFmodel by adopting
Chinese character as processing unit, selects useful features based on selection algorithmof knowledge base and incremental feature
template, and finally implements the automatic recognition of Chinese personal name from Chinese document. The experimental
results on open real corpus demonstrated the effectiveness of our method and obtained high accuracy rate and high recall rate of
recognition.

1. Introduction

Named Entity refers to identified entity using name, such as
person name, place name, and organization name [1]. Named
Entity Recognition is the process of identifying name or
symbol of specified events from natural language documents.
At present, there have been a lot of works on Named Entity
Recognition, especially on the person name, place name, and
organization name. Chinese personal names account for a
large proportion in the named entity, so Chinese personal
name recognition is a subquestion and also is the spot of Chi-
nese Named Entity Recognition. There are different forms of
Chinese names, and the choice of words forming name is very
optimal, so automatic Chinese personal name recognition is
one of the difficulties for Named Entity Recognition.

In the past several decades, many effective Chinese names
recognition algorithms have been proposed, which can be
classified into two categories: methods based on rules and
methods of statistics. The method based on rules commonly
match artificial rules to recognize Chinese names [2]. The
algorithm integrating boundary templates and local statistics
has been developed to identify Chinese names, which identi-
fied possible names using boundary templates extracted from
corpus with frequency and then corrected the recognition

results by local statistics of context and several heuristic
rules [3]. The experimental result proved effectiveness of the
proposed algorithm in literature and high speed for small-
scale corpus, but there were drawbacks, such as the fact that
the coverage of rules was limited, the fact that the design
was difficult, and the fact that transportability was poor. The
methods of statistics usually are used to recognize Chinese
names by statistical language model based on counting
Chinese names and their contexts of the large-scale language
corpus [4], so this method has a good portability and is the
most common approach. Two othermethods based onHMM
(hidden Markov model) and based on MEM (maximum
entropy model) have been proposed to identify Chinese
names, in which problem of person name recognition is
converted into a sequence annotation problem, but the strict
independence hypothesis must set in HMM, while tag offset
must be solved in MEM [5, 6].

CRF short for conditional random fields is a new prob-
ability graph model, which does not require strict indepen-
dence assumption, can easily contain a variety of character-
istics in the model, and can successfully solve the problem
of the label position, so it has been widely applied to natural
language processing, such as Chinese word segmentation,
speech tagging, andNamedEntity [7]. CRFmodel integrating
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many features can significantly improve the performance of
NamedEntity Recognition [8]; thereforewe present amethod
of Chinese personal name recognition based on CRF and
knowledge base according to the characteristics of Chinese
personal name. The method adopts Chinese character as
processing unit to build multiple features CRF model, uses
selection algorithm of the person name knowledge base and
incremental feature template to select features, and finally
implements the automatic person name recognition from
Chinese document.

The remaining of this paper is organized as follows.
Section 2 analyzes the characteristics of Chinese personal
name. In Section 3, we describe CRF and its applica-
tion on feature annotation. Section 4 builds the knowledge
base according to the features of Chinese personal names.
Section 5 describes the recognition process and illustrates the
details of the key content. Section 6 describes our experiment
based on our training corpus and open test corpus. We
make a conclusion of our work and present direction we are
forwarding in Section 7.

2. The Characteristics of Chinese
Personal Names

The names of Chinese people have their own tradition and
characteristics. Unlike westerners, the family name in China
is put first, followed by the given name.The family name and
the given name usually contain one or twoChinese characters
in order to avoid confusion [9]. After statistical analysis
on a large number of corpuses, we found that the main
characteristics of Chinese personal names are manifested in
the following aspects.

(1) The Usage of Characters in Family Names. Altogether,
some 22,000 family names have been used in China in the
past, some of them have been reserved, and only 3,500 are
commonly used nowadays, so usage of words in family names
is limited. Among all the family names, 100 common ones
cover almost 87% of the total population. The most popular
three are Li, Wang, and Zhang, respectively, occupying about
7.9%, 7.4%, and 7.1% of the whole Chinese population, so a few
words are the most popular, such as Zhang, Wang, Li, Zhao,
and Liu [10].

(2) The Usage of Characters in Given Names. The characters
used as name are many, but Chinese names are meant to
convey special meaning, and the given names often express
the best of wishes for the newborn. Therefore, they are
relatively concentrated. For example, the names formed by
the characters with high frequency occupied 30.1% of the
whole statistics’ 3345 names.

(3) The Characteristics of Personal Name’s Boundary Terms.
The boundary terms were formed by adjacent character with
personal name in the text, which include appellation words
(such as Mr, Ms, and Dr), action verbs (e.g., said and notes),
and punctuation (such as “ , ”). We can use these boundary
terms to determine the boundary of names, so these are
indexes for identifying person names.

X1 X2 X3 Xn−1 Xn

Y1 Y2 Y3 Yn−1 Yn

· · ·

Figure 1: The structure of CRF.

3. CRF

CRF refers to predicting the most likely marked sequence
by defining label sequences and observing conditional prob-
ability (𝑃(𝑌 | 𝑋)) of these sequences. The basic problem
of recognizing Chinese personal names from Chinese text
is to gain words tagging to serialized data. Therefore, it is
very suitable to select CRF for recognizing Chinese personal
names. CRF used to simulate the sequence data is a simple
chain graph or chart, as shown in Figure 1.

The recognition algorithm of Chinese personal name is as
follows.

Firstly, we select our using feature function, which is a key
process of model building and affects directly the recognition
performance of the model. On the basis of the analysis on
the characteristics of the Chinese people names, we introduce
itself features of word and features of context to select the
feature function (𝑓𝑘(𝑦𝑡−1, 𝑦𝑡, 𝑥, 𝑡)) in our model.

Secondly, weight estimation of feature function would
be calculated, which refers to calculating weight (𝜆𝑗) of
each feature function (𝑓𝑘(𝑦𝑡−1, 𝑦𝑡, 𝑥, 𝑡)), so this progress is
called training process of CRFs model. We choose maximum
likelihood estimate method to complete trainings and get the
weight of characteristic function in the form of iteration.

Finally, the recognition process of CRFs model would
be accomplished. If the observed sequence of segmentation
strings 𝑋 = (𝑥1, 𝑥2, . . . , 𝑥𝑇) is given, the condition sequence
maximumprobability𝑌 = (𝑦1, 𝑦2, . . . , 𝑦𝑇)would be gotten in
the process.

4. Knowledge Base of Chinese Personal Names

Experimental results indicate that global features are very
effective in improving the performance of Named Entity
Recognition [11]. The local features, such as word and term,
can be directly extracted from the training and test corpuses,
while the global feature could be extracted based on related
knowledge base. In our knowledge base, some information
should be included, such as the table used to record usage
of characters in family names, the table used to record usage
of characters in given names, the table used to record left
boundary words of person names, and the table used to
record right boundary words of person names. In corpus pre-
treatment, the global feature would be extracted by querying
our knowledge base. We construct knowledge base of names
in this paper according to tagged corpus of People’s Daily
published between January 2000 and June 2000.
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Figure 2: The process of Chinese names recognition.

(1) The table used to record usage of characters in family
names: the 317 commonest family names have been
included in this table, among which the number of
single characters is 312 and the number of hyphenated
characters is 4.

(2) The table used to record usage of characters in given
names: the 1132 common characters of given names
have been included in this table.

(3) The table used to record left boundary words of
person names, which includes 1380 words: the words
would fall into this table if the probability of left
boundary words is greater than the specified thresh-
old. The formulation for calculating probability is
given. If we use Left number to represent the number
of times those words are seen as left boundary words
and use Total number to show the number of total
times those words appeared, the probability of left
boundary words would be gotten as follows:

the probability of left boundary words

=
Left number
Total number

× 100%.
(1)

(4) The table used to record right boundary words of
person names, which includes 1380 words.The words
would fall into this table if the probability of right
boundary words is greater than the specified thresh-
old. The formulation for calculating probability is
given. Of course, if we use Right number to represent
the number of times those words are seen as right
boundary words and use Total number to show the
number of total times those words appeared, the
probability of right boundary words would be gotten
as follows:

the probability of left boundary words

=
Right number
Total number

× 100%.
(2)

5. Chinese Personal Names Recognition by
Combining CRF with Knowledge Base

5.1. Recognition Process. When using CRF model name
recognition, the global features, which are extracted accord-
ing to knowledge base, are introduced to improve the recog-
nition performance of Chinese names. Because the experi-
ment is accomplished using toolkit (CRF++), the format of
corpus must be transformed in this paper. The process is
shown in Figure 2.

5.2. Tagging Sets. In ourmethod,we transformed theChinese
names recognition problem into an equivalent sequence
tagging problem, so the tagging set is used to record the result
of sequence annotation, which is defined as {𝐵, 𝐼, 𝐸, 𝑆, 𝑂},
where 𝐵 refers to the first word of personal name, 𝐼 refers to
the middle word of person name, 𝐸 refers to the final word of
personal name, 𝑆 represents person namewith aword charac-
ter, and𝑂 represents wordwhich is not used for person name.

5.3. Feature Selection. In theory, CRF may contain any
features. Feature selection can affect greatly the training
effect of CRF, so an effective feature set should be selected
to obtain ideal accuracy and recall rate [12]. Based on the
features of the Chinese names above, 6 types of features are
selected in this paper, including the word, the speech of word,
and four Boolean values which refer to whether word falls
into the table used to record usage of characters in family
names, whether word falls into the table used to record usage
of characters in given names, whether word falls into the
table used to record left boundary words of person names,
and whether word falls into the table used to record right
boundary words of person names. For 6 types of features,
the first two categories belong to local features, and the four
Boolean values belong to global features extracted according
to the names of knowledge base. The meaning and the
corresponding values of various features are shown inTable 1.

Segments of training corpusmarked by the above features
are shown in Table 2, where the first column represents Ch,
the second column represents POS, the third column repre-
sents LN, the fourth column represents FN, the fifth column
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Table 1:The feature and the corresponding values ofChinese names.

Feature Value
The word (Ch) The word itself
The speech of word (POS) n B, n I, n E, v S, . . .
Belongs to family names (LN) LN or 0
Belongs to given names (FN) FN or 0
Belongs to left boundary words (LB) LB or 0
Belongs to right boundary words (RB) RB or 0

Table 2: The segments of training corpus.

0 1 2 3 4 5 6
新 nt B 0 0 0 0 0
华 nt I 0 0 0 0 0
社 nt E 0 0 0 0 0
记 n B 0 0 LB 0 0
者 n E 0 0 LB 0 0
胡 nr B LN 0 0 0 B
晓 nr I 0 FN 0 0 I
梦 nr I 0 FN 0 0 E
报 v B 0 0 0 RB 0
道 v E 0 0 0 RB 0

represents LB, the sixth column represents RB, and the final
column represents the results of the manual annotation.

5.4. Feature Templates Selection. For training learning of con-
ditional random fields, choosing suitable feature templates
is the key to identify Chinese personal name. Because there
are many selected features of person name, choosing suitable
feature templates is a complex process that requires repeated
experimental comparison. In this brief, we use incremental
selection algorithm to obtain the best feature templates, and
the specific implementation is described below.

(1) Set the feature of a word as the base feature of atomic
feature template. We would do, respectively, some
experiments combining the feature of a word with
other features of names and then put these features
into atomic feature template if the identification effect
is improved. Based on the many experimental results,
the suitable atomic feature template was determined.

(2) Build items of compound feature template according
to the characters of atomic feature template. We
would do, respectively, some experiments combining
atomic feature template with an item of compound
feature template and then put this item into the items
set of candidate compound feature templates if the
identification effect is improved. Based on the many
experimental results, items of compound feature
template were determined.

Table 3: The optimal feature template.

Template type Items

Atomic template

Ch(𝑛) (𝑛 = −2, −1, 0, 1, 2)
POS(𝑛) (𝑛 = −2, −1, 0, 1, 2)
LN(𝑛) (𝑛 = −2, −1, 0, 1, 2)
FN(𝑛) (𝑛 = −2, −1, 0, 1, 2)
LB(𝑛) (𝑛 = −2, −1, 0, 1, 2)
RB(𝑛) (𝑛 = −2, −1, 0, 1, 2)

Compound template

Ch(𝑛)/Ch(𝑛 + 1) (𝑛 = −1, 0)
Ch(𝑛)/POS(𝑛) (𝑛 = −2, −1, 0, 1, 2)
Ch(𝑛)/LN(𝑛 + 1) (𝑛 = −2, −1, 0, 1)
Ch(𝑛)/FN(𝑛 + 1) (𝑛 = −2, −1, 0, 1)
POS(𝑛)/LN(𝑛 + 1) (𝑛 = −2, −1, 0, 1)
POS(𝑛)/FN(𝑛 + 1) (𝑛 = −2, −1, 0, 1)
POS(𝑛)/LB(𝑛 + 1) (𝑛 = −2, −1, 0, 1)
POS(𝑛)/RB(𝑛 + 1) (𝑛 = −2, −1, 0, 1)

(3) Set atomic feature template as initial value of the
optimal feature template. We would do, respectively,
some experiments combining the optimal feature
template with items of candidate compound feature
template and then put this item into the optimal
feature template if the identification effect is
improved. Based on the many experimental results,
the optimal feature template was determined.

The optimal feature template is shown in Table 3. In order
to make full use of context information, we set the size
of feature window to 5 considering the influence of large
window on system performance.

5.5. The Training Methods of Model Parameters. For CRF
model, the weight is used to measure the importance of
feature function, which can be obtained by learning from
training data. The GIS and IIS are the two earliest algorithms
used to train model parameters of CRF, and they are iterative
gradient methods. Iterative gradient method is simple and
easy, but slow to convergence, so L-BFGS algorithm is widely
used to train model parameters of CRF, which is more
effective in convergence, and decreases space complexity and
time complexity compared with iterative gradient algorithm.
Therefore, we select the L-BFGS algorithm to train model
parameters in this paper.

6. The Testing Research and Analysis

6.1. The Experimental Data. We split corpus into two parts
in accordance with the ratio of 5 : 1, which is tagged on
People’s Daily published in January 1998 by Computational
Linguistics Institute of Peking University, and then choose
one as our training corpus and the other as our open test
corpus. Training corpus contains 1,558,558 words including
1,086 words used in names and test corpus contains 270,270
words including 2,125 words used in names. In addition, the
words, extracted randomly from training corpus, are set as of
a closed test corpus. Finally, 𝑃 (accuracy), 𝑅 (recall rate), and
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Table 4: The experimental results.

Methods Test types The number of Accuracy Recall rate 𝐹 value
In text Identified Identified correctly

CRF + knowledge base Closed 1 876 1 867 1 806 96.74% 96.29% 96.51%
Open 2 125 2 074 1 986 95.76% 93.46% 94.59%

CRF Closed 1 876 1 847 1 770 95.86% 94.37% 95.11%
Open 2 125 2 102 1 944 94.57% 92.61% 93.58%

𝐹 value are selected as evaluation standards of identification
performance, which could be calculated as follows:

𝑃 =
the number of names identified correctly

the number of names identified

× 100%,

𝑅 =
the number of names identified correctly

the number of names in the text

× 100%,

𝐹 =
2 × 𝑃 × 𝑅
𝑃 + 𝑅

× 100%.

(3)

6.2. The Experimental Results and Analysis. According to
the relation between training set and test set, testing can be
divided into closed testing and open testing. We made four
groups of recognition experiments to evaluate objectively the
recognition effect using the method combining CRF with
knowledge base. Among them, the two former groups of
experiments are closed testing and open testing based onCRF
+ knowledge base, and the two latter groups are closed testing
and open testing based on CRF. The experimental results are
shown in Table 4.

There are two local characteristics, words and speech of
words, in the CRF model, but we introduce global features
based on knowledge base (which is manually constructed) to
the CRFmodel. From the experimental results, it can be seen
that the accuracy, the recall rate, and 𝐹 value increased using
the method based on CRF + knowledge compared with that
based on CRF.𝐹 value increased by 1.50% in the close test and
by 1.01% in the open test. Above all, the recognition effect of
personal names would be improved by introducing the global
features.

There are two local characteristics, words and speech of
words, in the CRF model, but we introduce global features
based on knowledge base (which is manually constructed) to
the CRFmodel. From the experimental results, it can be seen
that the accuracy, the recall rate, and 𝐹 value increased using
the method based on CRF + knowledge compared with that
based on CRF, and 𝐹 value increased by 1.50% in the close
test and by 1.01% in the open test. Above all, the recognition
effect of person names would be improved by introducing the
global features.

The method based on statistical language model is used
to identify Chinese names from the large-scale corpus [5, 6].
The training corpus and test corpus used in literature [5, 6]
are the same as this paper, so wemake a series of experiments

Table 5: The experimental results.

Literature Method Accuracy Recall rate 𝐹 value
This paper CRF + knowledge base 95.76% 93.46% 94.59%
Literature [5] HMM 84.00% 94.00% 88.72%
Literature [6] MEM + rules 69.88% 91.65% 79.30%

using different methods. The experimental results are shown
in Table 5, which indicates that recognition effect is the best
using method proposed in this paper.

7. Conclusion

According to characters of Chinese personal name, we
presented the recognition method combining CRF and
knowledge base to identify Chinese personal names from
Chinese document and carried out some experiments using
this method on open and closed testing. The results of our
open and closed experiments show that its performance is
competitive. In the future, we will try to do some works
to improve the system performance, including introducing
semantic analysis, choosing word segment tool with preci-
sion, and perfecting dictionary related names.
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Cloud Software is a software complex system whose topology and behavior can evolve dynamically in Cloud-computing
environments. Given the unpredictable, dynamic, elasticity, and on-demand nature of the Cloud, it would be unrealistic to assume
that traditional software engineering can “cleanly” satisfy the behavioral requirements of Cloud Software. In particular, themajority
of traditional requirementsmanagements take document-centric approaches, which have low degree of automation, coarse-grained
management, and limited support for requirementsmodeling activities. Facing the challenges, based onmetamodeling frame called
RGPS (Role-Goal-Process-Service) international standard, this paper firstly presents a hierarchical framework of semantic-based
requirements content management for Cloud Software. And then, it focuses on some of the important management techniques in
this framework, such as the native storage scheme, an ordered index with keywords, requirements instances classification based
linear conditional random fields (CRFs), and breadth-first search algorithm for associated instances. Finally, a prototype tool
called RGPS-RM for semantic-based requirements content management is implemented to provide supporting services for open
requirements process of Cloud Software. The proposed framework applied to the Cloud Software development is demonstrated to
show the validity and applicability. RGPS-RM also displays effect of fine-grained retrieval and breadth-first search algorithm for
associated instance in visualization.

1. Introduction

Cloud computing is a collection of web-accessible resources,
provisioned under service-level agreements established via
negotiation, that should be dynamically composed and vir-
tualized based on consumers’ needs on an on-demand basis.
Cloud Software is a software complex systemwhose topology
and behavior can evolve dynamically in Cloud-computing
environments. Cloud Software tends to evolve at a rapid pace
to meet the continuous growing requirements. Due to this,
Cloud Software can support (i) coordination of independent
and self-interested parties, for example, Cloud consumers
and Cloud service providers, (ii) efficient reconfiguration of
existent and permanent Cloud service compositions, given
constantly changing Cloud consumer requirements, (iii)
dealing with incomplete knowledge about the existence of
Cloud participants and the services they provide, due to

the distributed nature of Cloud-computing environments,
and (iv) dynamic and automated composition of distributed
and parallel Cloud services [1, 2]. The adaptability of Cloud
Software to Cloud-computing environments and require-
ment variations becomes critical. Given the unpredictable,
dynamic, elastic, and on-demand nature of the cloud, it
would be unrealistic to assume that traditional software
engineering can “cleanly” satisfy the behavioral requirements
of Cloud Software [3]. Hence, a unified requirements meta-
modeling frame called RGPS (Role-Goal-Process-Service,
International Standard ISO/IEC19763) [4] is proposed by
merging functional and nonfunctional (context and trust-
worthy) requirements. This trend is an underlying driving
force for “X” as-a-service (XAAS).

A phenomenon worth noting is that vast stacks of
requirements of Cloud Software are deposited in the open
interconnected environment. The majority of traditional
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requirements management tools (such as QSS’s DOORS,
TBI’s Caliber-RM, and IBM Rational RequisitePro) store
requirements specifications and related information in mul-
tiuser database. This problem can fall into low degree of
automation, coarse-grained management, and limited sup-
port for requirements modeling activities. Software require-
ments are insufficient in semantic information and have
no unified metamodel. Moreover, traditional requirements
management was concerned with change control, version
management, and requirements tracking management, but it
cannot provide perfect support for requirements elicitation,
requirements analysis and requirements V&V, and other
activities. Requirements are low reuse and unsuitability for
complex software systems including Cloud Software.

Compared to traditional requirements management, re-
quirements management of Cloud Software shows new char-
acteristics: requirements management meets Cloud partic-
ipants to the greatest extent; requirements of Cloud Soft-
ware are not only personalized and uncontrolled, but also
managed to throughout ensure the lifecycle of requirements,
from induction period-growth period-maturity period and
finally to the decline period; requirements changes are more
complex and difficult to be controlled; requirements reuse is
needed to be more refined to achieve the finer granularity.

Accordingly, we argue that automatic construction of
Cloud Software is very important for Cloud services that
depend upon requirement capabilities.Themotivation of our
work is to provide a semantic-based requirements content
management for Cloud Software that is based on RGPS frame
and provides effective support for open requirements process.
Meanwhile, we make efforts to build prototype tool called
RGPS-RM and explore its function and performance.

2. Background

2.1. Metamodeling Frame RGPS. The ultimate goal of Cloud
Software is to realize mass customization at a low cost in
a short time. There are many challenges in requirements
engineering ofCloud Software as scarcity of standard descrip-
tion language (like WSDL and WADL) for Cloud service [5],
without unified domain knowledge for mass requirements
custom, and no unified description method for personalized
preference. Furthermore, due to uncertain requirements of
Cloud Software, current requirements modeling method is
difficult to deal with personalized, mass, and diversified
requirements of Cloud Software.

Wuhan University and Tsinghua University joined the
ISO/IEC/JTC1/SC32/WG2 workgroup, which made Interna-
tional Standard ISO/IEC19763-Metamodel Framework for
Interoperability (MFI) complex software systems includ-
ing Cloud Software [4]. Metamodel frame RGPS (Role-
Goal-Process-Service) is the most important standard. In
Figure 1, metamodel frame RGPS is a hierarchical and
cooperative frame, which sums up multilevel and multi-
granularity requirements as Role layer-Goal layer-Process
layer-Service layer and the relationship between these four
layers. In detail, the Role layer characterizes the organi-
zation, role, and actors and describes the interaction and

cooperation in problem domain; the Goal layer depicts
the decomposition of goals and determines the constraint
relationship among goals; the Process layer distinguishes
atomic processes and composite processes and defines the
inputs/outputs/preconditions/effects of processes; the Ser-
vice layer guides the construction of service aggregation of
service resources.

In fact, requirement modeling process, based on meta-
modeling frame RGPS, begins from the analysis of orga-
nizational structure of requirement-solved problem space,
through mapping and transformation between Role layer-
Goal layer-Process Layer-Service layer, and generates Cloud
service-based requirements specifications ultimately. The
normative formal definition of metamodeling frame RGPS is
OWL language.

2.2. Traditional Requirements Management System. Schwa-
ber and Sterpe provide a definition of requirements manage-
ment: “The storage of requirements, the tracking of relation-
ships among requirements, and the control of changes to
individual requirements and groups of requirements” [6].
Hence, traditional requirements management is the pro-
cess of documenting, analyzing, tracing, prioritizing, and
agreeing on requirements and then controlling change and
communicating to relevant stakeholders. For supporting
an efficient requirements management process, firms have
developed some specific tools, which can assist organizations
in defining and documenting requirements by allowing them
to store requirements in a central location.

2.2.1. DOORS. DOORS is a sophisticated product that can
manage requirements on large products. It treats individual
requirements as objects but presents them in a visual format
that resembles a structured, hierarchical requirements docu-
ment. The requirements display also shows attribute values,
indicators of links to other requirements, and colored bars
that indicate a requirement’s change status. Defining require-
ment links through the link matrix is clumsy, but DOORS
also provides several other link definition mechanisms.

2.2.2. Caliber-RM. Caliber-RM takes a database-centric ap-
proach to requirements management. Caliber-RM has fairly
loose integration with Word, but it has highly flexible import
capabilities. Caliber-RM provides a Windows Explorer-like
workplace for manipulating the hierarchical requirements
tree, with requirement details accessible through a tabbed
dialog on the right side of the screen. It can alsomanage trace-
ability relationships and attributes through a grid display.

2.2.3. RequisitePro. RequisitePro takes a document-centric
approach to requirements management, exhibiting the tight-
est integration with Word. It can mark selected blocks of text
to include in the database as discrete requirements. It is easy
to access the requirement details, including its revision his-
tory, attributes, traceability, hierarchy, and discussions. The
mechanisms it uses for synchronizing the requirements in the
database with the contents of the requirements specification
(SRS) are a bit clumsy [7, 8].
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Figure 1: Metamodeling frame RGPS (Role-Goal-Process-Service).

2.3. Requirements Management of Cloud Software. In addi-
tion to the above features, requirements management of
Cloud Software provides supporting services for other
requirements activities including requirements elicitation, re-
quirements analysis, and requirements validation.Themajor-
ity of traditional requirementsmanagements take document-
centric approaches because neither software requirements
have a unified metamodel nor computer needs to under-
stand contents of requirements specifications. Links between
requirements are constructed by manual way or informa-
tion retrieval technologies. Correspondingly, requirements
management of Cloud Software has metamodel frame
RGPS and needs semantic content management with RGPS
requirements (Cloud Software requirements). Keyword-
based matching is not enough to reuse and needs to improve
the granularity and accuracy, in which information retrieval
technologies may be inapplicable to build the relationship
among RGPS requirements.

3. Semantic-Based Requirements
Management Framework

Facing the new characteristic and challenges of semantic-
based requirementsmanagement for Cloud Software, we pro-
pose a hierarchical framework for semantic-based require-
ments management of Cloud Software, including semantic
requirements storage layer, semantic content management
layer, fine-grained semantic indexing layer, requirements
organization, and classification layer and commonAPIs layer,
as shown in Figure 2.

3.1. Semantic Requirements Storage Layer. When customizing
personalized requirements of Cloud Software, a requirements
description language called Service-Oriented Requirements
Language (SORL) [9] is to elicit users’ requirements precisely.
Based on metamodel Frame RGPS, user’s requirements in
SORL can be customized into goal model and process
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Figure 2: A hierarchical framework for semantic-based require-
ments management of Cloud Software.

chain step by step. Finally, these models expressed with
OWL can be saved as the corresponding Cloud service-
based requirements specifications. In order to get rid of the
document-centric management mode of traditional require-
ments management, this layer focuses on solving the storage
mechanisms of Cloud Software requirements and meeting
the manageability of massive Cloud Software requirements
under the complex network environment. This layer should
be necessarily scalable and efficient. Based on the native stor-
age scheme, it takes an ontology hypergraph representation as
data mode for its persistent storage, which effectively avoids
the costs of datamodel transformationwhen accessing Cloud
Software requirements data.

3.2. Fine-Grained Semantic Indexing Layer. Besides the basic
hypergraph traversal, Cloud Software requirements indices
mechanism is designed to accelerate the access to the per-
sistent storage, including tree triple indices. The approach
is based on the so-called triple indices which are B-tree
index structures built on tree triple sets. In the practical
implementation, an ordered index with keywords is an
important basis to achieve fine-grained granularity retrieve
requirements and to improve the flexibility of requirements
reuse.

3.3. Requirements Organization and Classification Layer. In
order to achieve an order cache and improve the efficiency of
hierarchical retrieval Cloud Software requirements, require-
ments classification algorithm is a necessary component in
typical classification tasks. Some typical algorithms are (1)
kernel-based algorithms, such as support vector machines
(SVMs) [10], which maximize the margin of confidence
of the classifier, and are the method of choice for many
such tasks and (2) probabilistic graphical models; they
represent correlations between labels by exploiting problem
structure. For example, conditional randomfields (CRFs) [11]

are a probabilistic framework for labeling and segmenting
structured data, such as sequences, trees, and lattices.

3.4. Hierarchical Retrieval Layer. In order to solve single and
unitary form in traditional retrieval, this layer constructs
concepts, properties, and instances indices to achieve com-
posite retrieval. In addition, association retrieval of Cloud
Software requirements is designed to find indirect relevance
of requirements instances, to support trace analysis, change
analysis, and postimplementation (i.e., free customization of
Cloud service-based requirements specifications).

3.5. Common Interfaces Layer. This layer provides well-
defined and rich APIs for integration and invocation services
of requirements management when it is needed by require-
ments activities. For example, requirements query service
gives fourmain interfaces, that is, SimpleQuery(), Advanced-
Query(), HierarchicalQuery(), and RelationQuery(). These
interfaces shield complex implementation of services and
guarantee transparency when requirements activities access
semantic-based requirements management system of Cloud
Software.

4. Key Technologies of Semantic-Based
Requirements Management Framework

4.1. Native Storage Scheme. Data storage modes can be cate-
gorized into three groups.

4.1.1. Memory-Based Storage Model. It loads all data into
memory with queries fast response, memory overhead sig-
nificantly.

4.1.2. Relational Object Database-Based Storage Model. It
organizes, operates, and manages data by using mature
database technologies. However, the performance bottleneck
is also inevitable because of the extra cost for data model
transformationwhen accessing Cloud Software requirements
data within a non-RDF persistent storage.

4.1.3. Native Storage Schema. It enhances storage and data
access performance, as the Cloud Software needs large
amount of Cloud Software requirements, as well as the
relational model and ontology graph model in the data
model conversion prone to impedancemismatch effect. OWL
specification defines a mapping OWL ontology 𝑂 into an
RDF graph 𝐺(𝑂). In fact, a Cloud Software requirement is
defined as a set of triples, a formal definition is given as
follows.

Definition 1. Suppose that𝐺 = (𝑉, 𝐸) is an RDF graph, where
𝑉 = {V

𝑥
| 𝑥 ∈ 𝑈 ∪ 𝐵 ∪ 𝐿}, and 𝐸 = {(V

𝑠
, V
𝑝
, V
𝑜
} | (𝑠, 𝑝, 𝑜) ∈ G},

𝑈 stands for an infinite set of URI references, 𝐵 for an infinite
set of blank nodes, and 𝐿 for an infinite set of RGPS literals.

We design a concise storage scheme as the class diagram
shown in Figure 3, which is implemented on Berkeley DB.
GraphVertex represents a vertex in 𝑉 and has three fields:
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Figure 3: Class diagram of hypergraph persistent storage.

oid, label, and type. Oid has the type of integer with the
length of 64 bits and is used to uniquely identify a vertex.
Label is a variable length string used to record the value
of URI reference or literal. Type is also a 64-bit integer
designed to encode specific semantic information of the
vertex in a bitmap manner. GraphEdge represents an edge,
where srcVertex, typeVertex, and tarVertex correspond to the
oids of three elements of a triple [12].

The native persistent storage takes the hypergraph repre-
sentation for Cloud Software requirement as the data model,
which effectively avoids the costs of data model transforma-
tion, and thereafter achieves an efficient and scalable access
to the RDF data.

4.2. Cloud Software Requirements Indices Schema. The data
indexing helps to ease the search of and access to data at
any given time. Most of the approaches maintain a set of six
indices covering all possible access schemes an RDF query
may require. These indices are PSO, POS, SPO, SOP, OPS,
and OSP (𝑃 stands for property, 𝑂 for object, and 𝑆 for
subject) [13]. These indices materialize all possible orders of
precedence of the three RDF elements. This representation
allows fast retrieval of all triple access patterns. Otherwise, it
is oriented to towards simple statement-based queries and has
limitations for efficient processing of more complex queries.

Besides the above set of six indices, there exists another
approach to facilitating complex queries. The approach is
based on the so-called an ordered index with keywords (see
Figure 4) which are structures built on Lexion and placement
table (postings). Lexion takes charge of keywords related to
postings. Placement table is designed as two-dimensional
pointer list: one includes pointers related to software require-
ments documents; another includes pointers pointing to
the same requirements documents where keyword-included
triples and records statistics of its frequency exist.

The first dimension pointer can easily obtain network
software requirements document related to the keywords.
The second dimension pointer can determine the exact
triple where the keyword appears and also returns relevant
statistical information. Thus, requirements indices schema
can ensure fine-grained retrieval and fast keyword search.

4.3. Cloud Software Requirements Instances Classification.
Based on metamodel frame RGPS, classification algorithms
(such as SVM, linear CRFs) are used to achieve the effective
organization of Cloud Software requirements and automatic

classification. The No Free Lunch (NFL) [14] theorem sug-
gests that amore useful strategy is to gain an understanding of
the dataset characteristics that enable different classification
algorithms perform well. Figure 5 shows the general process
of automatic classification of Cloud Software requirements.
Obviously, classification algorithm is crucial to automatic
classification of Cloud Software requirements. An algorithm’s
performance is measured on both the percentage of correct
classifications and computational complexity.

In document summarization area, many classification
algorithms consider the summarization task as two classes
and classify each sentence individually without leveraging the
relationship among sentences. One is in a discriminative way
with well-known algorithm such as support vector machine
(SVM). SVM is to find the decision surface that maximizes
the margin between the data points of the two classes. Yet, as
Cloud Software follows metamodel frame RGPS, its feature
space is so large and dependent that makes SVM algorithm
cannot fully exploit the potential useful features.

Conditional random fields (CRFs) are a probabilistic
framework for labeling and segmenting structured data, such
as sequences, trees, and lattices. Taken concept instance,
attribute, and attribute value of Cloud Software requirement
as three entities, if there is a relationship among the con-
cept instance, attribute, and attribute value, it is marked
1; otherwise it is marked 0. Input sequences of CRFs are
attribute value and edge. Suppose the attribute value sequence
𝑋 = (𝑥

1
, 𝑥
2
, . . . , 𝑥

𝑛
) and corresponding edge sequence 𝑌 =

(𝑦
1
, 𝑦
2
, . . . , 𝑦

𝑛
), the probability of𝑌 conditioned on𝑋 defined

in CRFs, 𝑃(𝑌 | 𝑋), is as follows:
𝑃 (𝑌 | 𝑋)

= 𝑍
𝑋

−1 exp(∑
𝑖,𝑘

𝜆
𝑘
𝑓
𝑘
(𝑦
𝑖−1
, y
𝑖
, 𝑋) +∑

𝑖,𝑙

𝑢
𝑙
𝑔
𝑙
(y
𝑖
, 𝑋)) ,

(1)

where𝑍
𝑋
is the normalization constant that makes the prob-

ability of all state sequences sum to one. 𝑓
𝑘
(𝑦
𝑖−1
, 𝑦
𝑖
, 𝑋) is an

arbitrary feature function over entire observation sequence
while 𝑔

𝑙
(𝑦
𝑖
, 𝑋) is a feature function of state at position 𝑖

and the observation sequence; 𝜆
𝑘
, 𝑢
𝑙
are the weights learned

for the feature functions 𝑓
𝑘
and 𝑢

𝑙
, reflecting the confidence

of feature function. The feature functions can measure any
aspect of a transition for 𝑦

𝑖−1
→ 𝑦
𝑖
, and the global charac-

teristics of𝑋.
Given the conditional probability of the state sequence

defined by a CRF in (2) and the parameters Λ, the most
probable sequence can be obtained as

𝑌
∗

= argmax
𝑌

𝑃
Λ
(𝑌 | 𝑋) (2)

which can be efficiently calculated by the Viterbi algorithm.
Obviously, CRF algorithms consider classification problem
with leveraging the relationship among RGPS features.

4.4. Hierarchical Retrieval. Hierarchical retrieval serves for
output visualization of semantic requirements management
and avoids unitary form in traditional retrieval. In addition,
association retrieval of RGPS requirements is designed to find
potential relevance of requirements instances.
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Figure 4: Diagram of an ordered index with keywords.
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Figure 5: Process of automatic classification of Cloud Software
requirements.

4.4.1. Compound Retrieval. One of the Cloud Software
requirements is viewed as ontology data in nature. It is nec-
essary to construct all kinds of composite indices, including
keywords, attribute, and concept instance, to support arbi-
trarily complex retrieval. On basis of keyword indexing, we
designs three indexing structures: ⟨𝑘,URI(𝑐), 𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦⟩, ⟨𝑘,
URI(𝑝), 𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦⟩, ⟨𝑘,URI(𝑖),URI(𝑝), 𝑓𝑟𝑒𝑞𝑢𝑒𝑛𝑐𝑦⟩, where
𝑘 is the keyword, URI(𝑐) is the concept, URI(𝑝) is the
attribute, URI(𝑖) is an instance URI, and frequency represents
occurrences of keyword 𝑘. And it in consequence supports
compound retrieval with SPARQL and SeRQL languages.

4.4.2. Association Retrieval. In order to find out the potential
relationship among Cloud Software requirements, it provides
support for requirement traceability of Cloud Software.
Requirements traceability is concerned with documenting
the life of a requirement. Traditionally, it is difficult to con-
struct the relationship among Cloud Software requirements
by manual way because it is not applied to fine-grained
changes of Cloud Software requirements. Through ontology-
based relation mining among Cloud Software requirements,

including machine automatic analysis, cluster analysis, and
statistical analysis, semantic relationship and measurable
relationship are found out to support requirements change
analysis and requirements version management.

Definition 2 (association relation). There are four association
relation modes in Cloud Software requirements as follows:

(i) 𝑅direct(𝑐1, 𝑐2) = 𝑟(𝑐
1
, 𝑐
2
) represents direct association

relation from the concept 𝑐
1
to the concept 𝑐

2
.

(ii) 𝑅direct(𝑖1, 𝑖2) = 𝑟(𝑖
1
, 𝑖
2
) represents direct association

relation from the instance 𝑖
1
to the instance 𝑖

2
.

(iii) 𝑅indirect(𝑐1, 𝑐2) = 𝑟(𝑐1, 𝑐𝑘)𝑟(𝑐𝑘, 𝑐𝑎) ⋅ ⋅ ⋅ 𝑟(𝑐𝑏, 𝑐2) represents
indirect association relation from the concept 𝑐

1
to

the concept 𝑐
2
, where 𝑐

1
, 𝑐
𝑘
, 𝑐
𝑎
, . . . , 𝑐

𝑏
, 𝑐
2
is sequence of

concepts.

(iv) 𝑅indirect(𝑖1, 𝑖2) = 𝑟(𝑖
1
, 𝑖
𝑘
)𝑟(𝑖
𝑘
, 𝑖
𝑎
) ⋅ ⋅ ⋅ 𝑟(𝑖

𝑏
, 𝑖
2
) represents

indirect association relation from the instance 𝑖
1
to

the instance, where 𝑖
1
, 𝑖
𝑘
, 𝑖
𝑎
, . . . , 𝑖

𝑏
, 𝑖
2
is sequence of

instances.

The distinction between the direction mode and indirect
mode is very important because it determines whether data
mining is needed for requirements data.

Fortunately, metamodeling frame RGPS has been clearly
defined relationship among the concepts existed in Cloud
Software requirements. We design breadth-first search algo-
rithm for associated instances under the help of meta-
modeling frame RGPS, without consideration of indirect
association.

The advantage of this algorithm is to fully utilize meta-
modeling frame RGPS to guide node expansion. However,
this RGPS-dependent relation is relatively strong and a large
number of nodes need to be expanded especially in complex-
ity of nested subclass. Notice that queue instead of stack is
used to control the instance expansion (see Algorithm 1).
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Input: instance 𝑖
1
, 𝑖
2

Output: association path between 𝑖
1
, 𝑖
2

Algorithm Description:
(1) Flag = 0;
/∗Flag is a flag for existing association path ∗/

(2) 𝑄 = null;
/∗Queue Q is an abstract data in which items are entered at one end and remove for the other end (FIFO),
inque, deque are names used for insertion operation and deletion operation respectively.∗/

(3) 𝑐
1
= class(𝑖

1
), 𝑐
2
= class(𝑖

2
);

/∗Get concept class 𝑐
1
, 𝑐
2
from instance 𝑖

1
, 𝑖
2
, i.e., 𝑖

1
∈ 𝑐
1
, 𝑖
2
∈ 𝑐
2
; ∗/

(4) Get indirect concept path from meta-modeling frame, 𝑅indirect(𝑐1, 𝑐2) = 𝑟(𝑐1, 𝑐𝑘)𝑟(𝑐𝑘, 𝑐𝑎) ⋅ ⋅ ⋅ 𝑟(𝑐𝑏, 𝑐2)

find corresponding association path from 𝑖
1
to 𝑖
2

where 𝑖
𝑘
∈ 𝑐
𝑘
, 𝑖
𝑎
∈ 𝑐
𝑎
,. . ., 𝑖
2
∈ 𝑐
2

(5) 𝑄.inque(𝑖
1
);

(6) While (!Flag‖𝑄 ̸= Φ)
{ 𝑖 = 𝑄.deque();

expand(𝑖);
/∗Expansion rule: ∀𝑖

𝑗
∈ 𝑐
𝑗
, if concept 𝑐

𝑗
, 𝑐
𝑚
has association relation 𝑟(𝑐

𝑗
, 𝑐
𝑚
),

then 𝑖
𝑗
can be expanded as: expand(𝑖

𝑗
) = {𝑖
0
| 𝑟(𝑖
𝑗
, 𝑖
0
), 𝑖
0
∈ 𝑐
𝑚
}
∗/

if (𝑖
2
∈ expand(𝑖))
{Flag = 1; return indirect association path.}

else if {
foreach(𝑖 ∈ expand(𝑖))
𝑄.inque(𝑖); // add 𝑖 to queue 𝑄
}

}

(7) Return null.

Algorithm 1: Breadth-first search algorithm for association relation.

5. Experiments and Results

5.1. An On-Demand Q/A Case in Traveling Domain. In this
section, experiments to test the semantic-based require-
mentsmanagement framework are provided.Through an on-
demand Q/A system case in traveling domain, the corre-
sponding instance of RGPS requirement is construed.

Take Xiamen traveling planning as an example, Mr. Li
chooses a suitable planning considering factors as weather
conditions, traffic information, and distance between Xia-
men University and corresponding destination. RGPS guides
dynamic requirements modeling by describing personalized
requirements from multirole, multiobjective, multiprocess,
and multiservices. A requirements description language
named SORL is to elicit users’ requirements precisely, and
requirement of Cloud Software that can be expressed with
OWL can be saved as the corresponding Cloud service-
based requirements specifications (Cloud service ontology)
in the end. A prototype tool called RGPS-RM for semantic-
based requirements content management is implemented to
provide supporting services for open requirements process of
Cloud Software.

Figure 6 demonstrates the process of automatic construc-
tion of Cloud Software. Figure 7 gives part of traffic services
categorization ontology. Cloud providers/services of travel-
ing domainmust be searched according to their geographical
location, offered services, deployment model, security mech-
anisms, pricing, and so forth.When one Cloud provider goes
out of business again, a compliant Cloud provider according

to the requirements must be chosen by searching method
(e.g., ontology-based generic search method [15] and hidden
Markov model-based service discovery method [16]) and it
must be ensured that Cloud services are interoperable.

5.2. RGPS-RM. In order to evaluate the effectiveness of the
proposed framework, a prototype tool called RGPS-RM is
built, whose backend database is Berkeley DB to ensure reli-
able and high performance. Combined with an on-demand
Q/A system case in traveling domain, Figure 8 shows an
overall view of RGPS-RM,which is very convenient for obser-
vation and navigation. Different colors dots denote Role layer
(red)-Goal layer (yellow)-Process Layer (blue)-Service layer
(green). RGPS-RM provides four main interfaces, that is,
SimpleQuery(), AdvancedQuery(),HierarchicalQuery(), and
RelationQuery(), to achieve arbitrary granularity retrieval.
Figure 8 shows center all kinds of #TripleItinerary’s associ-
ation relations which are searched by RelationQuery() using
breadth-first search algorithm for associated instances.

5.2.1. Performance Evaluation. In order to evaluate the per-
formance and native storage scheme, we compared RGPS-
RM with Sesame v2.7.14 against Lehigh University Bench-
mark (LUBM) [17]. Sesame was configured to store RDF data
in MySQL v5.6.22. All the experiments were conducted on a
server with two Dual-Core Intel Xeon CPUs (2.8GHz), 3 GB
DDR 333 RAM, and two 300GB hard disks.
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Query response time comparisons are shown in Figure 9.
RGPS-RM is better than Sesame in queries 1, 3, 7, 9, and
10. Since native storage scheme and RGPS requirements
indices schema in RGPS-RM are designed improving the
performance, the experimental results fully demonstrate the
effectiveness of the index structure.

RGPS-RM has similar query response time to Sesame
for queries 1, 3, 7, 9, and 10. RGPS-RM and Sesame use a
persistent storage based common hypergraph data model.
RGPS-RM is a prototype system. There is still much room to
improve it for query 1; RGPS-RM relies on some redundancy
in exchange for improving efficiency.
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Figure 8: RGPS-RM with relation query.
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Figure 9: Query response time comparison.

Table 1: Result of SVM and CRF in RGPS classification.

Algorithm Precision Recall 𝐹
1

SVM 88.6% 86.2% 0.874
CRF 95.6% 91.3% 0.934

5.2.2. Classification Result. We use precision, recall, and 𝐹
1
-

measure [18] to evaluate the results, which are widely used in
information retrieval.

We choose 500 RGPS requirements stored in RGPS-RM.
Evaluationwas performed through SVMandCRFs to classify
RGPS requirements. Table 1 shows that CRFs better than
SVM in both the average value of each category and as whole.

6. Conclusions

Cloud Software brings forward many new challenges to
traditional requirements management, particularly its low
degree of automation, coarse-grained management, and lim-
ited support for requirements modeling activities.

Based on metamodeling frame called RGPS (Role-Goal-
Process-Service) international standard, this paper presents
a hierarchical framework of semantic requirements content
management for Cloud Software, which has the following
key technologies: introducing native storage scheme to avoid
data model transformation; taking an ordered index with
keywords to support Cloud Software requirements in arbi-
trary granularity retrieval; employing linear CRFs to achieve
the effective organization of Cloud Software requirements
and automatic classification; and using breadth-first search
instance to find out the potential association relation among
Cloud Software requirements. In addition to the above, we
also construct prototype system called RGPS-RM, which
demonstrates perfect performance and exhibits effect of
breadth-first search algorithm for associated instance in
visualization.

The future work includes providing better supporting
services for requirements elicitation, requirements analysis
and requirement V&V, and other activities and completing
prototype system RGPS-RM and being applied in some areas
including Cloud-based e-business and Cloud-based mobile
augmentation.
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Shadows limitmany remote sensing applications such as classification, target detection, and change detection.Most current shadow
detection methods utilize the histogram threshold of spectral characteristics to distinguish the shadows and nonshadows directly,
called “hard binary shadow.” Obviously, the performance of threshold-based methods heavily rely on the selected threshold.
Simultaneously, these threshold-basedmethods do not take any spatial information into account. To overcome these shortcomings,
a soft shadow description method is developed by introducing the concept of opacity into shadow detection, and MRF-based
shadow detection method is proposed in order to make use of neighborhood information. Experiments on remote sensing images
have shown that the proposed method can obtain more accurate detection results.

1. Introduction

Remote sensing images are applied in many fields because
of the abundant information. However, shadows existing
universally in these images obstruct these applications for the
reduction or even loss of radiance in the shadow areas. On the
other hand, shadows may provide some useful information,
for example, building height, which make them valuable
in some applications, such as building extraction, surface
deformation analysis. Therefore, shadow detection is an
essential prestep in the remote sensing image processing. We
try to find a feasible shadow detection method by analyzing
the characteristics of shadows in remote sensing images.

Various shadow detection methods have been explored
during the last decades. Most of these methods are based
on the histogram threshold of extracted spectral features of
shadow areas. As shown in Figure 1, Jaynes et al. [1] observed
that pixels in shadow areas have lower intensity and proposed
an appropriate method using intensity threshold. Polidorio
et al. [2] utilized the higher saturation of shadows combining
the lower intensity to detect shadows in aerial color images.
And later, Huang et al. [3] used the property that pixels

in a shadow region usually have large hue value, low blue
color value, and small difference between green and blue
color values. These works have obtained a variety of good
results, but some drawbacks are also blocking their detection
accuracy. For example, dark objects may be misclassified as
shadows, while light ones in a shadow area may be treated as
nonshadows. Besides, it is also rather difficult to distinguish
the deep green grass from shadows.

In order to take full advantages of spectral features of
multiband images, invariant color spaces are often used to
stress the differences between shadows and nonshadows.
Haijian et al. [4] used the special properties of shadows in
HSV color space (i.e., high saturation, low value) to detect
shadows in high resolution satellite images and Arévalo et al.
[5] proposed a shadow detection method with a region
growing procedure in the C1C2C3 color space [6]. Tsai [7]
computed the ratio of hue/intensity in several color spaces,
including HSI, HSV, HCV, YIQ, and YCbCr to deshadow
color aerial images.Thesemethods did improve the detection
precision but are still not robust enough to get satisfactory
results. To improve the performance of thresholdingmethod,
many attempts have been proposed. Yang et al. [8] tried
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Thresholding method

Inspiration: extract shadows (different features)

(1) Jaynes et al. 2001, lower intensity
(2) Polidorio et al. 2003, higher hue and saturation
(3) Huang et al. 2004, small difference between green and blue

channels

Inspiration: make full use of multiband images (different color spaces)

(4) Haijian et al. 2008, HSV

(7) Tsai 2006, HIS, HSV, HCV, YIQ and YCbCr,
and HIS the optimal choice for the proposed approach

Inspiration: to improve the performance of thresholding

(8) Yang et al, 2008, combine thresholds of different features
(9) Liu and Xie, 2013, performed the principal component

transformation

Inspiration: to represent the nonuniform distributions of shadows

Soft shadow

(10) Wu et al. 2007, distance between pixel features

Only applicable for single surface

(11) Liu and Yamazaki 2012, dark-shadow, medium-shadow, and

Discrete nature
light-shadow

(5) Ar ́evalo et al. 2008, C1C2C3

Figure 1: Relationship of references.

to combine thresholds of different features, and Liu and
Xie [9] performed the principal component transforma-
tion of extracted feature before using its histogram. These
methods have achieved some good results in their intended
realms.

All the methods mentioned above are threshold-based
ones. Unfortunately, it is a high-risk strategy to divide images
only by a specific threshold because, in reality, the extracted
features of shadows usually do not obey the uniform distribu-
tion, which makes the selection of a proper threshold more
difficult. For example, intensity values in penumbras and
shadow boundaries are always between those in shadow and
nonshadow areas. It is hard to represent the actual situations
for the thresholding methods. Therefore, a natural way to
describe image is using the soft manner, for example, the
degree of each pixel belonging to the shadow or not, called
“soft shadow.” Wu et al. [10] used the distance between a
pixel and a feature set to measure the soft degree. Liu and
Yamazaki [11] divided shadows into three classes according

to the histogram: dark-shadow, medium-shadow, and light-
shadow. There are some limits in these methods, such as,
the applicability only for the images with single land surface
in [10] and the discrete nature in [11]. But the notion of
describing shadows with soft degree affords us a way to
represent the nonuniform distribution of shadows.

Inspired by [10, 11], we present a novel solution for
describing the “soft shadow” by introducing the concept
of opacity of image matting into shadow detection and
combining it with the intensity. Instead of using the thresh-
olding method, we propose an iterative detection method
based on Markov random field model (MRF) [12] which
serves as a powerful formal tool to take advantage of the
neighborhood interactions. In our method, the soft shadow
model is employed to estimate the probability of features and
MRF is utilized to model the distribution of label a priori.
Experiments on four pieces of QuickBird remote sensing
images have shown that the proposed method can obtain
more accurate detection results.

This paper is organized as follows: the determination of
shadow probability is described in Section 2, followed by
the proposed MRF-based shadow detection method built
in Section 3. Extensive experimental results are reported in
Section 4. Section 5 concludes the paper.

2. Shadow Probability

As mentioned above, the shadow is soft rather than hard for
the nonuniform distributions of spectral features in shadow
areas. In other words, “soft shadow” is more appropriate to
describe the shadows in remote sensing images. To measure
the degree of each pixel belonging to the shadow, in this study,
the concept of shadow probability is derived. If the shadow
probability of a pixel is 1, that means it is a shadow pixel. On
the contrary, the probability value of nonshadow pixel is 0.
For a pixel, a value closer to 1 means the greater the chance
of being shadows. In order to obtain appropriate probability
values, we proposed a novel shadow probability model which
combined intensity and opacity together.

2.1. Get the Probability by Intensity. There are many different
spectral characteristics of shadows, and among them, the
lower intensity is the primary one, and as stated in [13], it is
the most consistent one.Therefore, intensity is always chosen
to estimate the distance between shadow and nonshadow.
Meanwhile, experiments in [7] had shown that theHSImodel
was the optimal choice for the proposed approach. In fact, the
superiority ofHSI color spacemainly exists in that intensity is
independent of hue and saturation, whichmakes HSI achieve
more accurate intensity value. Hence, we transformed images
into HSI color space and use the intensity component to
describe shadow pixels. To make the distinction between
shadow and nonshadow areas more obvious, the inverse
tangent transformation [13] is performed on the intensity
component.

Let 𝑌 denote an intensity image defined on a 𝑚 × 𝑛

rectangular lattice set, let𝑌 denote the transformed intensity
image described later, and let 𝑠 = {11, 12, . . . , 𝑖𝑗, . . . , 𝑚𝑛}
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(a) (b)

Figure 2: Intensity contrast: (a) original intensity image and (b) transformed intensity image.

denote the set of pixel sites. Let the training shadow samples
be denoted by 𝑡 = {𝑡

1
, 𝑡
2
, . . . , 𝑡

𝑛
}, where 𝑡

𝑖
is the site set of the

𝑖th sample. Then, the transformation can be described as

𝑌

= (

1

𝜋
arctan 𝜁𝑑 + 0.5) ∗ √𝑌, (1)

where 𝑑 is the intensity distance between each pixel and the
mean of the shadow samples denoted by

𝑑 = 𝑦
𝑖𝑗
−

∑
𝑡𝑖∈𝑡
𝑦
𝑡𝑖

𝑛
, (2)

where 𝑖𝑗 denotes the pixel site (𝑖, 𝑗) and 𝑛 stands for the total
pixel number in the sample area.

The inverse tangent function in (1) can enlarge the differ-
ence between shadows and nonshadows.The parameter 𝜁 is a
sensitivity factor adjusting the change speed, whose empirical
value is 20. An example of this function is shown in Figure 2.
It can be seen that the intensity contrast in Figure 2(b)
is more obvious than that in Figure 2(a).

Aiming at achieving a shadow probability for each pixel,
the distance between the transformed intensity and mean
intensity of the sample shadow areas is used to measure
the degree of each pixel belonging to the shadow. Let 𝑋 =

{𝑥
11
, 𝑥
12
, . . . , 𝑥

𝑚𝑛
}, (𝑥
𝑖𝑗
∈ {1, 2}) denote the label field, where

𝑥
𝑖𝑗
= 1 indicates that the pixel on site (𝑖, 𝑗) is a shadow pixel.

Then, the shadow probability can be defined as

𝑃 (𝑌


𝑖𝑗
| 𝑋
𝑖𝑗
= 1) =

𝑌


𝑖𝑗
− 𝜇
𝑡

max
𝑖𝑗∈𝑠
(𝑌


𝑖𝑗
− 𝜇
𝑡
)

, (3)

where 𝜇
𝑡
is the mean value of sample areas in transformed

intensity image 𝑌. Then the nonshadow probability is
described as

𝑃 (𝑌


𝑖𝑗
| 𝑋
𝑖𝑗
= 2) = 1 − 𝑃 (𝑌



𝑖𝑗
| 𝑋
𝑖𝑗
= 1) . (4)

This probability is applicable when pixel intensities are
obviously different. However, in most cases, it is not accurate
enough for shadow detection. To improve the accuracy of
detection result, we introduce the concept of opacity of image
matting into shadow detection, which will be introduced in
the next section.

2.2. Introducing the Concept of Opacity. Image matting is the
process of extracting a foreground object from an image by
estimating the foreground opacity [14]. For shadowdetection,
it aims at extracting shadows from an image; therefore, it
is reasonable to regard shadows as foreground objects and
introduce the methods used in image mating to the field of
shadow detection.

In image matting, the color of the pixel on site (𝑖, 𝑗)
in channel 𝑐 is assumed to be a linear combination of the
corresponding foreground and background colors:

𝑌
𝑐

𝑖𝑗
= 𝛼
𝑖𝑗
𝐹
𝑐

𝑖𝑗
+ (1 − 𝛼

𝑖𝑗
) 𝐵
𝑐

𝑖𝑗
, (5)

where 𝛼
𝑖𝑗
is the pixel’s foreground opacity and 𝐹𝑐

𝑖𝑗
and 𝐵𝑐

𝑖𝑗

denote the foreground and the background. It is a massive
task to estimate the foreground and the background colors,
as well as the opacity. A closed-form solution [13] is presented
to extract the alpha matte directly without requiring reliable
estimates for 𝐹 and 𝐵. In this method, alpha is computed as

𝛼 = arg min 𝛼𝑇𝐿𝛼 + 𝜆 (𝛼𝑇 − 𝑏𝑇
𝑠
)𝐷
𝑠
(𝛼 − 𝑏

𝑠
) , (6)

where 𝜆 is a large constant, 𝐿 is a square matrix defined as
mating Laplacian [14],𝐷

𝑠
is a diagonalmatrix whose diagonal

elements are 1 for samplematrix and 0 for all other pixels, and
𝑏
𝑠
is the vector, which consists of specified alpha values for

the sampled pixels and 0 for all others. To describe shadow
in a soft manner, we suppose that shadow pixels are of the
foreground and the nonshadow ones are of the background.
Then, the shadow probability can be denoted by alpha [14].

So, the shadow probability using alpha is denoted by

𝑃 (𝑌
𝛼

𝑖𝑗
| 𝑋
𝛼

𝑖𝑗
= 1) = 𝛼

𝑖𝑗
,

𝑃 (𝑌
𝛼

𝑖𝑗
| 𝑋
𝛼

𝑖𝑗
= 2) = 1 − 𝛼

𝑖𝑗
.

(7)

Finally, taking into account both intensity and opacity, the
shadow probability can be described as

𝑃 (𝑌
𝑖𝑗
| 𝑋
𝑖𝑗
= 𝑘) =

{

{

{

𝑃(𝑌


𝑖𝑗
| 𝑋
𝑖𝑗
= 𝑘) 𝛿

𝑖𝑗
≤ 𝜃

𝑃 (𝑌
𝛼

𝑖𝑗
| 𝑋
𝛼

𝑖𝑗
= 𝑘) 𝛿

𝑖𝑗
> 𝜃,

(8)
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Procedure detectShadow(𝑌)
𝑎𝑙𝑝ℎ𝑎 ← solveAlpha(𝑌)/∗By (6)∗/
/∗𝑎𝑙𝑝ℎ𝑎 is an array records the parameter alpha for each pixel site∗/
𝑃(𝑌
𝛼

𝑖𝑗
| 𝑋
𝛼

𝑖𝑗
) ← 𝑎𝑙𝑝ℎ𝑎 /∗By (7)∗/

𝑌

←colorTransform(𝑌)

𝑃(𝑌


𝑖𝑗
| 𝑋
𝑖𝑗
) ← 𝑌

/∗By (1)∗/
𝑃(𝑌
𝑖𝑗
| 𝑋
𝑖𝑗
) ← 𝑃(𝑌

𝛼

𝑖𝑗
| 𝑋
𝛼

𝑖𝑗
), 𝑃(𝑌

𝑖𝑗
| 𝑋
𝑖𝑗
)

/∗By (8)∗/
initSeg← histogramOpacity(𝑃(𝑌𝛼

𝑖𝑗
| 𝑋
𝛼

𝑖𝑗
))

/∗Obtain the initial segment according to the histogram of probability computed through the opacity, ∗/
while (iter ≤maxIter)
/∗Apply the feature condition probability iteratively until the algorithm reaches the maximum iteration number ∗/
𝑃(𝑋
𝑖
= 𝑘 | 𝑋

𝑁𝑖𝑗
) ← priorPercent (seg, 𝛽)

/∗By Potts model∗/
/∗In the first iteration, seg = initSeg∗/
seg←MAPcriteria(𝑃(𝑌

𝑖𝑗
| 𝑋
𝑖𝑗
), 𝑃(𝑋

𝑖
= 𝑘 | 𝑋

𝑁𝑖𝑗
))

/∗Segment the image into shadows and nonshadows using the MAP criteria.∗/
Endwhile
𝑅𝑒𝑠𝑢𝑙𝑡 = seg;

Return 𝑅𝑒𝑠𝑢𝑙𝑡

Algorithm 1

where 𝑘 ∈ {1, 2} and 𝛿
𝑖𝑗
= |𝛼
𝑖𝑗
−(1−𝛼

𝑖𝑗
)|, and the parameter 𝜃,

whose value is decided by the histogram of 𝛿, is a parameter
to adjust the effect of intensity and opacity when determining
the shadow probability.

3. MRF Shadow Detection Method

Aiming at partitioning an image into shadows area and
nonshadows area, the procedure of shadow detection can
be treated as a process of image labeling. The thresholding
methods label each pixel individually based on its intensity.
It has some obvious defects. The first one is its ignorance of
the interaction information between neighbors, which seri-
ously impacts the detection accuracy. Besides, imprecision
is associated with remote sensing images inherently since a
pixel always represents an area of the land space, which also
makes the thresholding methods fail to retain enough infor-
mation from the original images compared to soft methods.
Therefore, in this study, aiming at obtaining more accurate
detection results, we design a soft shadow detection method
by resorting to MRF to incorporate spatial information.

Let 𝑌 denote an intensity image defined on a 𝑚 × 𝑛

rectangular lattice set and let 𝑋 = {𝑥
11
, 𝑥
12
, . . . , 𝑥

𝑚𝑛
} denote

the label field, where 𝑥
𝑖𝑗
∈ {1, 2} with 1 and 2 indicating

shadow area and nonshadow area, respectively. In the
Bayesian image segmentation framework, the segmented
image𝑋 is obtained by

𝑥
𝑖𝑗
= argmax

𝑥𝑖𝑗

{𝑃 (𝑦
𝑖𝑗
| 𝑋
𝑖𝑗
= 𝑘) 𝑃 (𝑋

𝑖
= 𝑘 | 𝑋

𝑁𝑖𝑗
)} , (9)

where 𝑃(𝑦
𝑖𝑗
| 𝑋
𝑖𝑗
= 𝑘) is the class conditional probability

which represents the characteristics of extracted features
of pixels. In our proposed method, the shadow probability
described in Section 2 is employed as the class conditional

probability. 𝑃(𝑋
𝑖
= 𝑘 | 𝑋

𝑁𝑖𝑗
) is the prior probability which

defines the interaction between each pixel and its neighbors,
where𝑁

𝑖𝑗
is the set of neighborhood pixels of pixel (𝑖, 𝑗). Potts

model is a simple and efficient one to represent the interac-
tions of neighboring pixels clearly. Although some improved
complex Potts models have been proposed, the classical
model is sufficient enough to this study. Therefore, for sim-
plicity without loss of generality, we employ the classical Potts
model to describe the label field𝑋 in our proposed method.

Given a remote sensing image 𝑌 in the visible spectrum,
the training samples can be obtained by scribbling different
lines on shadow area and nonshadow area, respectively. After
that, the opacity can be estimated by (6). Then, the input
image is transformed into the HSI color space to get the
corresponding transformed intensity image. Based on this,
the shadow probabilities are computed and applied in our
iterative shadow extraction procedure.

The details of our proposedMRF-based shadowdetection
algorithm are described as in Algorithm 1.

4. Experiments and Discussion

In this section, we show the experimental results for verifying
the performance of the proposed method. We implemented
all these algorithms in MatLab 2009a. The present experi-
ments were performed on a personal computer with an Intel
Pentium Dual-Core 2.2GHz CPU and 8G random access
Memory, under the Microsoft Windows 7 environment.

4.1. Data Sets. To evaluate the performance of proposed
shadow detection method, four pieces of QuickBird urban
images were chosen. The first image shown in Figure 3(a),
which is acquired in September 2003, refers to a 280 × 280
pixel image in the visible spectrum. It mainly consists of grass
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Figure 3: Results of different neighborhood size. (a) The first QB image, (b) result of 3 × 3, (c) result of 5 × 5, and (d) result of 7 × 7.

areas, buildings, and their shadows. The next two images
show different scenes of Beijing acquired in May 2011 and
April 2011, respectively, and their sizes are 300 × 300 and
280 × 280 (see Figures 5(a) and 6(a)). They mainly contain
roads, trees, grass, buildings, blue roofs, and shadows of trees
and buildings. The fourth image represents a crop of 256 ×
256 pixels of the Wuhan University acquired in 2004 (see
Figure 7(a)). There are six land covers: roads, bared land,
trees, buildings, water, and shadows.

The main variation among the selected scenes is the
complexity of scenes contents. For example, types of land
covers in the first image (Figure 3(a)) are less than the others.
Meanwhile, in the first image, shadows mainly obscured by
buildings are relatively larger, whereas in “WuhanUniversity”
image (Figure 7(a)), there are many fragmental tree shadows
in addition to building shadows. This different complexity
can affect the performance of our proposed shadow detection
method which will be discussed later.

4.2. Parameter Setting. Some parameters in our experiments
were chosen empirically. In detail, 𝜁 = 20 for intensity trans-
form function and 𝛽 = 0.3 for Potts model. However,
the parameter 𝜃 used in the shadow probability function
should be set in accordance with specific images, because its
value is determined by the histogram of 𝛿 as mentioned in
Section 2.2. In our experiments, 0.98, 0.91, 0.88, and 0.95 are
set as the values of 𝜃 for Figures 3(a), 5(a), 6(a), and 7(a),
respectively.

Another important parameter in the proposed MRF-
based method is the size of neighborhood. Three shadow
detection experiments using different neighborhood sizes,
namely, 3 × 3, 5 × 5, and 7 × 7, were performed on the first
image. And the results shown in Figure 3 represent that the
best choice should be 3 × 3 because it can preserve as much
as possible the image details. So, such a neighborhood size
has been adopted in all the following experiments.

4.3. Experiment Setup. Before running our detection
method, a sample image should be prepared by scribbling
nonshadows in black and shadows in white. In order to
get enough samples, white scribbles should be placed
on all different kinds of land surfaces in shadow areas.
Simultaneously, black scribbles for the nonshadow samples
should mark all the regions that should not be mixed with
shadows.

In order to obtain the shadow probability, two procedures
are performed: one for computing the probability by the
opacity image and the other for the transformed intensity
image. Figure 4(b) shows the detection result on the first QB
image of shadow probability model using opacity only, while
Figure 4(c) displays the result using transformed intensity
only. As seen from Figure 4(b), the detection has lost some
little shadow areas and misclassified some nonshadow pixels
as shadows ones. The main reason lies in the insufficiency
of samples in corresponding areas. Obviously, it is not
sufficient to reply on opacity only. Simultaneously, Figure 4(c)
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Figure 4: Results using different probability models, (a) the ground truth of the first QB image, (b) opacity only, (c) intensity only, and (d)
the proposed soft shadow model.

shows that detection using intensity only gets many speckled
shadows caused by dark pixels on trees or buildings.

Then, the final shadow probability is obtained by combin-
ing the opacity with transformed intensity. As expected, the
result using the final probability has obviously less misclas-
sifications, which is shown in Figure 4(d). In summary, the
superiority of our novel soft shadow model is clearly demon-
strated by the comparison of the results shown in Figure 4.

4.4. Results and Discussions

4.4.1. Comparative Method. In order to verify the superiority
of the proposed shadow detection method to the threshold-
ing ones, three methods are employed as the competitors:
bithreshold method [8], PCAHSI [9], and H/I method [7].

(i) Bithreshold method [8]: firstly, transform the image
into HIS color space, compute the normalized differ-
ence of intensity (𝐼) and saturation (𝑆) components,
and obtain the initial detection by its threshold.Then,
get the detection result of 𝐼 channel by histogram
threshold. The final result is obtained by performing
AND operation on two detected results mentioned
above.

(ii) PCAHSI [9]: firstly, compute the shadow index (SI)
based on principal component transformation and

HIS model. Then, image is divided into the shadow
area and nonshadow area by SI histogram threshold.

(iii) H/I method [7]: firstly, compute the ratio of H/I in
HSI color space and get initial result by H/I thresh-
old. Then obtain a shape mask by applying a Sobel
operator on the 𝐼 component. Finally, by overlapping
the shape mask with the existing shadow mask of
shadowed regions from the logical AND operator, a
shape-preserved shadow mask is derived.

4.4.2. Visual Comparison. Figures 5 and 6 present the results
on “Beijing scene” images of our proposed method and the
competitive ones. In these experiments, the corresponding
ground truth images (Figures 5(c) and 6(c)) are obtained
by careful photo interpretation. Subfigures (d)–(g) in both
Figures 5 and 6 show the detection results of bithreshold
method, PCAHSI, H/I method, and the proposed method,
respectively. As seen fromFigure 5, the thresholdingmethods
make seriousmisclassification because the intensity of trees is
very similar to that of shadows. Only by using the histogram
thresholds, the thresholdingmethods are not efficient enough
to distinguish between trees and shadows accurately, while
the proposed method describes each pixel with shadow
probability and decides whether a pixel is a shadow one or
not by considering the neighbor information. Therefore, the
proposed method appears to be the most satisfactory one.
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Figure 5: Results on “Beijing scene 1.” (a) The QB image, (b) sample image, (c) the ground truth, (d) bithreshold, (e) PCAHSI, (f) H/I, and
(g) proposed method.

The comparison between Figures 6(d)–6(f) and 6(g)
shows that our proposed method is obviously superior to
the referenced ones. The competitive results show many
misclassified speckle noises. In these noises, some are caused
by small dark objects in nonshadow areas and others are
caused by the fragmented shadow of trees. As the purpose
of the present work is to separate the shadows from their
producer, those are consider as noises. However, this prob-
lem is solved in Figure 6(g), where small misclassification
islands are eliminated by the spatial information between
neighboring pixels. Moreover, in Figures 6(d)–6(f), some
high intensity objects in shadow areas are misclassified as

nonshadows, which shows that the hard shadow models
cannot accurately represent the nonuniform distributions
of spectral features in shadow areas. On the contrary, the
misclassifications in Figure 6(g) are greatly reduced, which
mainly benefits from the accurate nonuniform description
capability of the proposed shadow probability model and the
powerful spatial modeling ability of the MRF used in our
method.

4.4.3. Quantitative Comparisons. To obtain a quantitative
comparison between different algorithms, both recall and
precision are employed as indicators. Recall represents how
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(a) (b) (c)

(d) (e) (f)

(g)

Figure 6: Results on “Beijing scene 2.” (a) The QB image, (b) sample image, (c) the ground truth, (d) bithreshold, (e) PCAHSI, (f) H/I, and
(g) proposed method.

many true shadowpixels have been detected as shadowpixels,
which is denoted by

DR =
𝑁
𝑐

𝑁
𝑡

× 100%, (10)

where 𝑁
𝑡
is the number of true shadow pixels, which is

counted from a true shadow mask obtained by careful photo
interpretation manually and 𝑁

𝑐
is the number of pixels

correctly detected, which is computed by performing AND
operation on the detected result and the true shadow mask.

Precision indicates how many shadow pixels have been
detected correctly which is denoted by

DP =
𝑁
𝑐

𝑁
𝑑

× 100%, (11)

where𝑁
𝑑
is the number of pixels labeled as shadow.

From the definition, it is easy to conclude that the recall
favors overdetection and the precision favors underdetection.
That is to say, high recall combined with a low precision
means overdetection shadows.
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(a) (b) (c)

(d) (e) (f)

(g)

Figure 7: Results on “Wuhan University” image. (a) The QB image, (b) sample image, (c) the ground truth, (d) bithreshold, (e) PCAHSI, (f)
H/I, and (g) proposed method.

We applied all competitive algorithms and proposed
method on a “Wuhan University” QB image shown in
Figure 7. Correspondingly, we measured the recall and pre-
cision of each method and listed their values in Table 1.

As seen from Table 1, recall of bithreshold and PCAHSI
methods is 1, whereas their precision is only 0.4601 and
0.5645, respectively, which shows that bothmethods obtained
overdetection results. The similar results can also be found
in Figures 7(d) and 7(e). Although the H/I method achieved
more accurate result (shown in Figure 7(f)) compared to
bithreshold and PCAHSI, it still produces serious misdetec-
tion islands in the final map. From the quantitative results
as shown in Table 1, it is easy to conclude that the proposed

Table 1: Recall and precision of “Wuhan University” image.

Method Bithreshold PCAHSI H/I Proposed
DR 1 1 0.7320 0.9882
DP 0.4601 0.5645 0.6741 0.7890

method can obtain more accurate shadow detection results
than the competitors for its shadow probability models.

4.5. Limits. By carefully observing the detection results of the
proposedmethod on different images (Figures 5(g), 6(g), and
7(g)), we can found that the more complex the surface is,
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(a) (b)

(c) (d)

Figure 8: Results on images with different surface. (a) The first QB image, (b) “Wuhan University” image, (c) result on (a), and (d) result on
(b).

Table 2: Recall and precision of images with different surface.

Image First QB image Wuhan University
DR 1 0.9882
DP 0.8961 0.7890

the more dissatisfactory the result will be. In order to give
a quantitative evaluation, we compared the results on the
first QB image and “Wuhan University” image (see Figure 8).
Their values of recall and precision are listed in Table 2.

As mentioned in Section 4.1, the first QB image contains
only three types of land covers, while “Wuhan University”
image consists of six different types. Accordingly, the recall
and precision for the first QB image are 1 and 0.8961, respec-
tively. These values for “Wuhan University” image descend
to 0.9882 and 0.78901, respectively. The main reason is that
it is hard to provide sufficient samples in a complex image.
Whenwe scribbled samples, pixels belonging to different land
covers may be selected as the training samples. Even worse,
pixels of the same land covers but with different intensity, for
example, the light buildings and dark buildings, may also be
selected. A possible way to eliminate this limit is to jointly use
the shape of sample land covers. And this may be our future
work.

5. Conclusions

In this paper, we focus on the design of a soft shadow
description method, where both intensity and opacity are
employed to estimate a soft degree for each pixel to measure
the extent of belonging to shadows. Based on the soft
shadow description, MRF-based iterative detection method
is proposed to make full use of the interactions between
neighboring pixels. The proposed method is tested on four
pieces ofQuickBird remote sensing images.The experimental
results have demonstrated that the proposed method can
obtain more accurate results, compared to three competitors.
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Computation of semantic similarity between words for text understanding is a vital issue in many applications such as word sense
disambiguation, document categorization, and information retrieval. In recent years, different paradigms have been proposed to
compute semantic similarity based on different ontologies and knowledge resources. In this paper, we propose a new similarity
measure combining both superconcepts of the evaluated concepts and their common specificity feature. The common specificity
feature considers the depth of the Least Common Subsumer (LCS) of two concepts and the depth of the ontology to obtain
more semantic evidence. The multiple inheritance phenomenon in a large and complex taxonomy is taken into account by all
superconcepts of the evaluated concepts. We evaluate and compare the correlation obtained by our measure with human scores
against other existingmeasures exploiting SNOMEDCT as the input ontology.The experimental evaluations show the applicability
of the measure on different datasets and confirm the efficiency and simplicity of our proposed measure.

1. Introduction

In the last few years, the amount of available electronic
information has increased sharply in many research areas
such as biomedicine, education, psychology, linguistics, cog-
nitive science, and artificial intelligence. As we know, most
of the information sources are presented in unstructured or
semistructured textual formats. Hence, it is an urgent issue
to process the text information from a semantic perspective.
Understood as the degree of taxonomical proximity, semantic
similarity computes the likeness between words and plays a
very important part in the above-mentioned fields such as
word sense disambiguation [1], word spelling correction [2],
automatic language translation [3], document categorization
or clustering [4], information extraction and retrieval [5–7],
detection of redundancy, and ontology learning [8, 9]. It is
worth mentioning that many applications of semantic sim-
ilarity computation are discussed in the biomedical domain
due to the availability of numerous medical ontologies and
resources that organizemedical concepts into hierarchies. For

example, semantic similarity between concepts of ontologies
such as Gene [10, 11] was computed with the aim of assessing
protein functional similarity [6].

As mentioned above, semantic similarity is relevant to
many research areas. Designing accurate computingmethods
is important for improving the performance of applications
dependent on semantic similarity. Essentially, semantic simi-
larity measures assess a score between a pair of wordsmaking
use of the information from some predefined knowledge
sources (such as ontologies or domain corpora) containing
the semantic evidence. Therefore, the accuracy of semantic
similarity approaches relies on the knowledge sources. So
far, many semantic similarity measures have been proposed,
which can be classified according to the domain knowledge
itself exploited and the theoretical principles. The semantic
similarity measures can be roughly divided into several
categories as follows: (1)measures based on the taxonomical
structure of the ontology, which are strategies estimating
semantic similarity by counting the number of nodes or edges
separating two concepts [12–14]; even if these methods are
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the most intuitive and easy to implement, they suffer from the
limitation that they work properly requiring consistent and
rich ontologies; (2) measures utilizing information content
(IC) of concepts, which are methods exploiting the notion of
IC defined as a measure of the fruitful semantic information
of concepts and computed by counting the occurrence of
words in large corpora [15–17]; their shortcomings are that it
is necessary to perform time-consuming analysis of corpora
and that the IC values depend on the considered corpora;
(3) measures using the amount of cooccurrences between
word contexts, which are approaches constructing context
vectors of concepts by extracting contextual words (within
a fixed window of context) from a corpus of textual docu-
ments including the evaluated concepts and computing the
similarity of concepts as the cosine of the angle between their
context vectors [11, 18, 19]. Similar to the methods motioned
in category (2), the availability and suitability of corpora affect
the applicability of these measures.

Usually, these measures can obtain good performance
when we employ large and general purpose knowledge bases
like WordNet [20]. Some of them have been applied to
the biomedical field using domain information extracted
from clinical data or relevant medical ontologies such as
SNOMED CT (https://uts.nlm.nih.gov/home.html) [21, 22]
or MeSH (http://www.nlm.nih.gov/mesh/meshhome.html)
[22, 23] in the Unified Medical Language System (UMLS)
[22] and authors compared these measures and analyzed
and evaluated them over certain datasets to determine their
advantages and limitations with respect to the background
knowledge source [24–26].

In this paper, firstly, we review and investigate different
measures for semantic similarity computation. Then, we
propose a new measure considering the multiple inheritance
in ontologies and the common specificity feature of the
evaluated concepts in order to obtain a more accurate sim-
ilarity between concepts. Finally, we evaluate the proposed
measure using two datasets of biomedical term pairs scored
for similarity by human experts and exploiting SNOMEDCT
as the input ontology. We compare the correlation obtained
by our measure with human scores against other measures.
The experimental evaluations confirm the efficiency of the
proposed measure.

Besides Section 1, the paper is organized as follows.
Section 2 investigates the basic methods for semantic sim-
ilarity including the taxonomy-based measures, the IC-
based measures, and the context vector measures. Section 3
presents the proposed measure for semantic similarity and
its main advantages. Section 4 evaluates and compares the
measure against the analyzed measures using SNOMED CT
as the input ontology. Section 5 analyzes and discusses the
experimental results. The final section is the conclusions of
the paper.

2. Existing Measures for Computing
Semantic Similarity

Theexistingmeasures for semantic similarity are discussed as
follows.

2.1. Measures Based on the Taxonomical Structure. The sim-
plest way of computing similarity for concepts is the measure
based on path length developed by Rada et al. [13]. The
measure quantifies the shortest distance between the two
concept nodes 𝑐

1
and 𝑐
2
:

dis (𝑐
1
, 𝑐
2
) = 𝑁

1
+ 𝑁
2
, (1)

where𝑁
1
and𝑁

2
stand for theminimumnumber of is-a links

from 𝑐
1
and 𝑐
2
to their LCS, respectively.

Wu and Palmer [14] introduced a measure based on path
length that considers the depth of the concepts only in the
hierarchy. It is based on the assumption that concepts lower
down in the taxonomy aremore similar than those higher up:

simW&P (𝑐1, 𝑐2) =
2 × 𝑁

3

𝑁
1
+ 𝑁
2
+ 2 × 𝑁

3

, (2)

where 𝑁
3
is the number of is-a relations from the LCS of

the evaluated concepts to the root of the ontology. And the
similarity value ranges from 1 (for identical concepts) to 0.

Leacock and Chodorow [12] proposed a measure for
similarity in which the shortest path length between two
concepts was scaled by twice the maximum depth 𝐷 of the
hierarchy:

simL&C (𝑐1, 𝑐2) = − log(
𝑁
1
+ 𝑁
2
+ 1

2 × 𝐷
) . (3)

Besides, there are other measures for semantic similarity
based on structure. Li et al. [27] developed a measure
combining the depth of the ontology and the shortest path:

simLi (𝑐1, 𝑐2) = 𝑒
−𝛼path(𝑐

1
,𝑐
2
) 𝑒
𝛽ℎ − 𝑒−𝛽ℎ

𝑒𝛽ℎ + 𝑒−𝛽ℎ
, (4)

where ℎ is the minimum depth of the LCS in the hierarchy,
path(𝑐

1
, 𝑐
2
) is the shortest path between two concepts, and𝛼 ≥

0 and 𝛽 > 0 stand for the contribution of the shortest path
and the depth, respectively. The optimal parameters for the
measure were 𝛼 = 0.2 and 𝛽 = 0.6.

Al-Mubaid and Nguyen [24] proposed a cluster-based
measure combining path length and common specificity that
considers the depth of the LCS of two concepts and the depth
𝐷 of ontology. They defined the clusters as the branches of
the ontology with respect to the root node. The common
specificity of concepts 𝑐

1
and 𝑐
2
is defined as follows:

CSpec (𝑐
1
, 𝑐
2
) = 𝐷

𝑐
− Depth (LCS (𝑐

1
, 𝑐
2
)) , (5)

where𝐷
𝑐
is the depth of the cluster including concepts 𝑐

1
and

𝑐
2
. Thus the CSpec(𝑐

1
, 𝑐
2
) feature determines the “common

specificity” of two concepts in the cluster. The smaller the
common specificity value of two concept nodes is, the more
information they share. Thus, they will be more similar. The
semantic distance measure is defined as follows:

SemDistA&N (𝑐1, 𝑐2)

= log ((Path − 1)𝛼 × (CSpec)𝛽 + 𝑘) ,
(6)



Mathematical Problems in Engineering 3

where 𝛼 and 𝛽 (𝛼 > 0, 𝛽 > 0) are contribution factors of two
features, 𝑘 is a constant whichmust be greater than or equal to
1 to insure that the distance is positive and the combination is
nonlinear, and Path is the length of the shortest path between
the two concept nodes.

Batet et al. [25] proposed a similarity measure which
takes into account all the superconcepts (subsumers of the
evaluated terms) belonging to all the possible paths between
the concept nodes and defined the measure as the ratio
between the amount of nonshared information and the sum
of shared and nonshared information.The similaritymeasure
of two concepts consideringmultiple inheritance is defined as
follows:

simB&S (𝑐1, 𝑐2)

= −log
2

𝑇 (𝑐1) ∪ 𝑇 (𝑐2)
 −
𝑇 (𝑐1) ∩ 𝑇 (𝑐2)


𝑇 (𝑐1) ∪ 𝑇 (𝑐2)


,

(7)

where 𝑇(𝑐
𝑖
) = {𝑐
𝑗
∈ 𝐶 | 𝑐

𝑗
is superconcept of 𝑐

𝑖
} ∪ {𝑐
𝑖
} and 𝐶

is the concept set.
From the measures introduced above, we can get a

conclusion that the LCS of two concepts plays a vital part
in the computation for semantic similarity of concepts. For
some measures, it is enough that just only ontology is
used as background knowledge (no corpus with domain
data is needed), which makes them heavily depend on the
ontology itself. Besides, the minimum path (shortest path)
also plays an important part. For large ontologies, such as
SNOMED CT, there is a phenomenon that one or both
concepts inherit from several is-a hierarchies. In this case,
Al-Mubaid and Nguyen [24] used the minimum path to
get the maximum semantic similarity. However, it may omit
much other available taxonomical knowledge. Here, multiple
possible paths can exist between any two concepts, but only
the shortest one is selected among those paths. To solve the
problem, we can take all the superconcepts into account and
try to get more semantic evidence in the case of multiple
inheritance, whichmakes themeasure for semantic similarity
more accurate.

In a view of an independent domain, in order to get
high accuracy, most path-based measures rely on large and
general purpose taxonomy. Usually, researchers may choose
WordNet to apply thesemeasures because of its perfect struc-
ture. However, the coverage of biomedical terms in WordNet
is so limited that the accuracy of similarity assessments for
medical terms is poor [11, 28]. So Pedersen et al. [11], Al-
Mubaid and Nguyen [24], and Batet et al. [25] adopted these
measures to the biomedical domain by exploiting SNOMED
CT as the input ontology.

2.2. Measures Based on Information Content. Thesemeasures
evaluate the similarity of concepts depending on the amount
of shared information between two concepts. According to
the information theory, concepts are evaluated by their IC. IC
can be considered as a measure which quantifies the amount
of information that a given concept expresseswhen appearing
in taxonomy. Resnik [17] stated that concept semantic simi-
larity depends on the amount of shared information between
them.

In Resnik’s seminal work [17], IC is computed according
to𝑝(𝑐) representing the probability of occurrence of a concept
𝑐 in a corpus:

IC (𝑐) = − log𝑝 (𝑐) . (8)

Usually, in a general context, 𝑝(𝑐) estimation is severely
hampered due to textual ambiguity and data sparseness
problems [29]. In fact, the tagged corpora about domain
information like biomedicine are limited. Authors [15, 17]
estimated concept appearance from SemCor [30] that is a
semantically tagged text consisting of 100 passages from
the Brown Corpus based on WordNet. Because the manual
tagging scheme is based on the fine grained structure of word
senses covered by WordNet, the 𝑝(𝑐) estimation is accurate
but is limited to the coverage of corpora that covered less than
13% of the available word senses in WordNet.

To guarantee the consistency of similarity computation,
coherence of 𝑝(𝑐) computation based on taxonomical struc-
ture should be taken into account. Meanwhile, to compute
the value, both the explicit appearances of concept 𝑐 and
its specializations must be considered. Thus, Resnik [17]
proposed themeasure for calculating 𝑝(𝑐) showed as formula
(9). Consider

𝑝 (𝑐) =
∑
𝑛∈𝑤(𝑐)

count (𝑛)
𝑁

, (9)

where 𝑤(𝑐) is the set of words subsumed by concept 𝑐 and𝑁
is the total number of observed corpus terms excluding those
that are not subsumed by any WordNet class.

Resnik [17] mentioned concepts in a lower level which
are usually more specialized and share more information
represented by LCS of both concepts in taxonomy. So the
more the IC of the subsumer of concepts is, the more
similar the concepts are. Based on the premise above, Resnik
measures the similarity as the IC of the LCS of concepts:

simres (𝑐1, 𝑐2) = IC (LCS (𝑐1, 𝑐2)) . (10)

To tackle the problem of Resnik’s measure that the
similarity value will be the same if any two concepts have the
same LCS, both studies by Jiang andConrath [15] and Lin [16]
improved Resnik’s measure.

Lin measured the similarity as the ratio between the IC of
the LCS of the two concepts and the summation of the IC of
the two concepts:

simlin (𝑐1, 𝑐2) =
2 × IC (LCS (𝑐

1
, 𝑐
2
))

(IC (𝑐
1
) + IC (𝑐

2
))
. (11)

Jiang and Conrath calculated the dissimilarity between
concepts illustrating the similarity of concepts with formula
(12). Consider

disJ&c (𝑐1, 𝑐2) = (IC (𝑐1) + IC (𝑐2)) − 2

× IC (LCS (𝑐
1
, 𝑐
2
)) .

(12)

As mentioned above, the IC-based similarity assessments
will not get the best performance when we use a general pur-
pose corpus such asWordNet or SemCor due to their limited
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coverage of biomedical terms. For this reason, Pedersen et
al. [11] applied these measures to the biomedical domain by
exploiting SNOMED CT and computing the IC of concepts
using Mayo Clinic Corpus of Clinical Notes as a domain
corpus.

2.3. Context Vector Measures Computing Semantic Related-
ness. Patwardhan and Pedersen [19] proposed a measure
of semantic relatedness that represents a concept with a
context vector which performs more flexible than similarity
measurements, since the information source for the context
vectors is a raw corpus of text and the concepts do not
need to be connected via a path of relations in ontology.
They built gloss vectors corresponding to each concept in
WordNet using the cooccurrence information along with
the WordNet definitions. In their experiments, the glosses
seemed to contain content rich terms.Theywould distinguish
various concepts much better than text drawn from more
generic corpus if authors chose the WordNet glosses. And
the WordNet glosses can be viewed as a corpus of contexts
consisting of about 1.4 million words. The gloss vector
measure got the highest correlation with respect to human
judgment using different benchmarks [19].

Pedersen et al. [11] constructed cooccurrence vectors that
represent the contextual profile of concepts and applied the
measure to the biomedical filed. In their study, they created
context vectors corresponding to each concept in SNOMED
CT using a set of word vectors. The word vectors for all
words occurring in the clinical notes referred to here were
produced with the Mayo Clinic Corpus of Clinical Notes. In
these vectors, the window size of the context is one line of the
text.

Then, the semantic relatedness of two concepts 𝑐
1
and 𝑐
2

is computed as the cosine of the angle between their context
vectors with formula (13). Consider

relvector (𝑐1, 𝑐2) =
→V
1
⋅
→V
2

V1
 ⋅
V2

, (13)

where V
1
and V

2
are the context vectors corresponding to

𝑐
1
and 𝑐
2
, respectively. Note that the context vector measure

has different performance according to the different choices
about clinical notes in the experiments. In other words, this
measure depends heavily on the availability and quality of the
corpora.

3. Proposed Measure for Computing
the Semantic Similarity

According to the analysis of similarity measures above, we
know measures based on IC or context vectors depend on
corpora. As a matter of fact, corpora consist of unstructured
or semistructured textual data. Corpora need to be prepro-
cessed to obtain enough semantic informationwhich brings a
heavy computational burden. In the biomedical domain, it is
very difficult to get enough clinical data due to the sensitivity
of patient data, which may cause data sparseness problems.
For these reasons, the applicability of these measures may
be hampered by the availability of enough suitable data. On

the contrary, path-based measures only use the structure of
ontologies and do not require preprocessing of text data,
which makes them have low computational complexity. But
every coin has two sides. Path-basedmeasures are very simple
and it cannot get more semantic evidence to perform better
than other measures like IC-based measures and context
vector relatedness measures.

From the path-based measures, we know that when the
path length between each of concepts and their LCS is
calculated, only the minimum path length is found out and
kept for use, even if all paths may be calculated. However,
in the taxonomy, one or both concepts may inherit from
several is-a hierarchies. For this reason, there exists a case of
multiple inheritance [25, 31], especially in large and complex
taxonomies (e.g., SNOMED CT) including thousands of
interrelated concepts in the hierarchies. For example, in
Figure 1, if we choose the minimum distance among all the
paths between 𝑐

1
and 𝑐
2
, the contributions of the noncommon

superconcepts of the two concepts in the taxonomy are
omitted, which affects the accuracy of the measures.

In this paper, we improve significantly the measure of Al-
Mubaid and Nguyen [24] and propose a new modified mea-
sure for semantic similarity combining both superconcepts of
the evaluated concepts and common specificity feature which
can capture more semantic evidence. The proposed measure
can achieve better performance than other measures based
on structure and keep their simplicity.

To take into account contributions of all noncommon
superconcepts of the evaluated concepts, we consider the
concepts themselves and all their noncommon supercon-
cepts instead of the minimum path length to capture more
semantic evidence for similarity. Besides, in our measure, we
also consider the common specificity feature of the concepts
nodes scaled by the depth of the concept nodes and the depth
of their LCS. Thus, we combine noncommon superconcepts
with common specificity in order to get more semantic
information for computing similarity between two concepts.

Let 𝑐
𝑖
stand for 𝑖th concept of an ontology. Then 𝑁(𝑐

𝑖
) is

defined as the set of all superconcepts of 𝑐
𝑖
including 𝑐

𝑖
itself.

Thus the number of noncommon superconcepts of concepts
can be defined as follows:

NonComSub (𝑐
1
, 𝑐
2
) =
𝑁 (𝑐1) ∪ 𝑁 (𝑐2)



−
𝑁 (𝑐1) ∩ 𝑁 (𝑐2)

 .
(14)

Here the NonComSub value can be an indication of the
path length of the two concepts. For example, the number
of noncommon superconcepts for concepts 𝑐

1
and 𝑐
2
is 3 in

Figure 1.
On the other hand, the common specificity feature is

defined as follows [24]:

ComSpec (𝑐
1
, 𝑐
2
) = 𝐷 − Depth (LCS (𝑐

1
, 𝑐
2
)) , (15)

where 𝐷 is the depth of the ontology and the ComSpec
feature determines the common specificity of two evaluated
concepts.The smaller theComSpec value of two concepts, the
more information they share, and thus the more similar they
are.
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Figure 1: Ontology with multi-inheritance.

Then, we use logarithm function of NonComSub and
ComSpec to represent semantic distance which is inverse to
semantic similarity.Therefore, the semantic distance between
concepts 𝑐

1
and 𝑐
2
is defined as follows:

SemD (𝑐
1
, 𝑐
2
) = log (NonComSub × ComSpec + 1) . (16)

It is worth mentioning that any concept can be compared
with itself. In this case, the semantic distance is 0. This
measure can be applied to all concepts and does not need to
check whether or not the two concepts compared are distinct.

4. Evaluation

Measures of semantic similarity are usually evaluated by
comparing the computed similarity values of the measures
against the human judgments using correlation coefficient.
The higher the correlation value against the human experts’
similarity scores are, the better the measure is.

In the biomedical field, there are no standard human
rating datasets for semantic similarity like manually rated
concept sets created by Rubenstein and Goodenough [32]
and Miller and Charles [33]. Pedersen et al. [11] stated that
it is necessary to choose sets of words manually scored for
the evaluation of concept semantic similarity measures in
biomedicine. In their research, they created a set of 30 concept
pairs regarding medical disorders with the help of Mayo
Clinic experts.The set was annotated by three physicians and
nine medical coders. All three physicians are specialists in
the area of rheumatology. Finally, after a series of processing,
the average of the similarity values of 30 concept pairs was
normalized in a scale between 1 and 4.The average correlation
between physicians is 0.68 while the average correlation
between medical coders is 0.78. The 30 medical term pairs
with averaged experts’ similarity scores are showed in Table 1.

Pedersen et al. [11] applied the standard to evaluate
the path-based and the IC-based measures by exploiting
SNOMED CT taxonomy as domain ontology and the Mayo
Clinical Corpus andThesaurus as corpora, respectively.Med-
ical coders had a better understanding about the notion of
similarity because they were pretrained during the construc-
tion of the original dataset. So medical coders’ ratings seem
to reproduce better the concept of (taxonomic) similarity,

whereas physicians’ ratings seem to represent a more general
concept of (taxonomic and nontaxonomic) relatedness. Al-
Mubaid and Nguyen [24] just compared their concept simi-
larity value against coders’ ratings, while Batet et al. [25]made
a comparison between concept similarity value obtained and
scores of both of them.

In this paper, in order to compare the performance of
our measure with other measures in the biomedical domain
objectively, we used the set of 30 concept pairs from literature
[11] (called Dataset 1) and the set of 36 biomedical term
pairs from literature [6] (called Dataset 2) as experimental
datasets.The 36medical termpairs inDataset 2with averaged
human’ similarity scores are showed in Table 2, in which the
human scores are the average evaluated scores of reliable doc-
tors. We use UMLS Knowledge Source (UMLSKS) browser
(https://uts.nlm.nih.gov/home.html) for SNOMEDCT to get
information on the terms in the two datasets. The compar-
ative results using Dataset 1 with respect to both physicians
andmedical coders and results usingDataset 2with respect to
human are shown inTable 3. Note that ourmeasures compute
semantic distance while human ratings represent similarity.
So a linear transformation should be performed.

5. Discussion

ForDataset 1, there are 29 out of 30 concept pairs in SNOMED
CT and the average correlation between physicians is 0.68
while the average correlation between medical coders is 0.78.
The evaluation results show that the path-based similarity
measures obtain lower correlations than 0.36 and 0.66 for
physicians and coders, respectively. It indicates that the accu-
racy of path-basedmeasures is limited.Thesemeasures utilize
the minimum path length without considering multiple
inheritances, which causes much useful semantic evidence
to be ignored. For the IC-based measures, they improve the
results of most measures based on path length generally with
the highest value 0.75 for coders and 0.60 for physicians. And
the lowest correlation is 0.62 for coders, which outperforms
most structure-basedmeasure with exception of SemDistA&N
(0.66) and SimB&S (0.79). The coverage of biomedical terms
in domain corpora is limited. Due to the high dependency on
the availability of domain data, the accuracy of the IC-based
similarity approaches is hampered.

The measure SimB&S shows good performance consid-
ering both common and uncommon information of the
evaluated concepts. However, when using SimB&S to compute
semantic similarity, we should check if the two concepts are
the same; otherwise wewould get an infinitely large similarity
value.

With respect to the context vector measure, there are
four cases with changing corpus size and corpus selection.
From the results, we can see that the best correlations are
0.84 for the physicians and 0.75 for the coders under the
condition of 1 million notes involving only the diagnostic
section. That is, the correlation value with the context vector
measure is higher than ours only if 1 million notes are used
to create the vectors. Moreover, the data corpus used to
create vectors was constructed by physicians of the same
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Table 1: Dataset 1: 30 medical term pairs with physicians’ and corders’ similarity scores [11].

Term 1 Term 2 Physician ratings Coder ratings
(Averaged) (Averaged)

Renal failure Kidney failure 4.0 4.0
Heart Myocardium 3.3 3.0
Stroke Infarct 3.0 2.8
Abortion Miscarriage 3.0 3.3
Delusion Schizophrenia 3.0 2.2
Congestive heart failure Pulmonary edema 3.0 1.4
Metastasis Adenocarcinoma 2.7 1.8
Calcification Stenosis 2.7 2.0
Diarrhea Stomach cramps 2.3 1.3
Mitral stenosis Atrial fibrillation 2.3 1.3
Chronic obstructive pulmonary disease Lung infiltrates 2.3 1.9
Rheumatoid arthritis Lupus 2.0 1.1
Brain tumor Intracranial hemorrhage 2.0 1.3
Carpal tunnel syndrome Osteoarthritis 2.0 1.1
Diabetes mellitus Hypertension 2.0 1.0
Acne Syringe 2.0 1.0
Antibiotic Allergy 1.7 1.2
Cortisone Total knee replacement 1.7 1.0
Pulmonary embolus Myocardial infarction 1.7 1.2
Pulmonary fibrosis Lung cancer 1.7 1.4
Cholangiocarcinoma Colonoscopy 1.3 1.0
Lymphoid hyperplasia Laryngeal cancer 1.3 1.0
Multiple sclerosis Psychosis 1.0 1.0
Appendicitis Osteoporosis 1.0 1.0
Rectal polyp Aorta 1.0 1.0
Xerostomia Alcoholic cirrhosis 1.0 1.0
Peptic ulcer disease Myopia 1.0 1.0
Depression Cellulitis 1.0 1.0
Varicose vein Entire knee meniscus 1.0 1.0
Hyperlipidemia Metastasis 1.0 1.0

clinic and so there were some limitations in the way of
interpreting and formalizing knowledge. Thus the context
vector measure strongly depends on the amount and quality
of the background corpus. The measure can show good
performance just in the particular situation and domain. If
we want to obtain higher correlation, we should try best
to make preparations in choosing the size and quality of
the information sources. The results show that the accuracy
of the approach decreases for other corpus configurations
noticeably. For example, when 100,000 notes involving all
sections are used, the correlations drop to 0.41 for physicians
and 0.53 for coders.

The correlations obtained by our measure are 0.67 for
physicians and 0.77 for coders while the average correla-
tion between physicians is 0.68 and the average correlation
between medical coders is 0.78. The proposed measure has
made obvious improvement to SemDistA&N (0.77 versus
0.66). The correlation for physicians is higher than other
measures except for context vector measure and the corre-
lation for coders is higher than other measures except for

SimB&S (0.79). And the correlation is 0.75 considering both
sets of experts, which is rather high among all the measures
mentioned in this paper. Ourmeasure gets higher correlation
values than all the IC-based measures shown in Table 3.

From Table 3, we can see that the correlation values for
coders are always higher than that for physicians except
for context vector measure which explains that medical
coders’ ratings with more pretraining are more reliable than
physicians’ ratings. As a result, many similarity measures
compare similarity against similarity scores ofmedical coders
to obtain much better correlations.

For Dataset 2, we can find 34 out of 36 concept pairs
in SNOMED CT. We compare our measure with other
structure-based similarity measures with respect to human
scores. The correlation of Al-Mubaid and Nguyen measure
is 0.735 which is higher than other measures. However,
the correlation value obtained by our measure is 0.774.
The comparative result (0.774 versus 0.735) shows that the
proposed measure outperforms other measures shown in
Table 3.
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Table 2: Dataset 2: 36 medical term pairs with averaged human
similarity scores [6].

Term 1 Term 2 Human
Anemia Appendicitis 0.031
Dementia Atopic dermatitis 0.062
Bacterial pneumonia Malaria 0.156

Osteoporosis Patent ductus
arteriosus

0.156

Amino acid sequence Antibacterial agents 0.156
Acquired
immunodeficiency
syndrome

Congenital heart
defects

0.062

Otitis media Infantile colic 0.156
Meningitis Tricuspid atresia 0.031
Sinusitis Mental retardation 0.031
Hypertension Kidney failure 0.500
Hyperlipidemia Hyperkalemia 0.156
Hypothyroidism Hyperthyroidism 0.406
Sarcoidosis Tuberculosis 0.406
Vaccines Immunity 0.593
Asthma Pneumonia 0.375
Diabetic nephropathy Diabetes mellitus 0.500

Lactose intolerance Irritable bowel
syndrome

0.468

Urinary tract
infection Pyelonephritis 0.656

Neonatal jaundice Sepsis 0.187

Sickle cell anemia Iron deficiency
anemia

0.437

Psychology Cognitive science 0.593
Adenovirus Rotavirus 0.437
Migraine Headache 0.718
Myocardial ischemia Myocardial infarction 0.750
Hepatitis B Hepatitis C 0.562
Carcinoma Neoplasm 0.750
Pulmonary valve
stenosis Aortic valve stenosis 0.531

Failure to thrive Malnutrition 0.625
Breast feeding Lactation 0.843
Antibiotics Antibacterial agents 0.937
Seizures Convulsions 0.843
Pain Ache 0.875
Malnutrition Nutritional deficiency 0.875
Measles Rubeola 0.906
Chicken pox Varicella 0.968
Down syndrome Trisomy 21 0.875

Through the observation of the experimental results on
two datasets, we find that our measure performs much
better than almost all the similarity measures including the

path-based measures and the IC-based measures. We make
significant improvements to the measure of Al-Mubaid and
Nguyen in the case of multi-inheritance which exists in
SNOMED CT.

In addition, we adopt the Pearson correlation coefficient
(𝑝 value) as a measure of the strength of the relation between
human ratings of similarity and computational values [30].
The smaller the 𝑝 value is, the more significant the relation is.
In all cases, the 𝑝 values for our results on both Dataset 1 and
Dataset 2 are less than 0.001 (0.1% chance), which explains
that the correlation values using our measure are significant
statistically.

By all accounts, our measure is only based on an ontology
structure and it can provide a comparatively high accuracy
without any dependency on data preprocessing and avail-
ability. Meanwhile, it keeps the simplicity of structure-based
measures and overcomes their shortcomings that multi-
inheritance phenomenon does not fully considered. The
measure nonlinearly combines the evaluated concepts’ non-
common information considering the different taxonomical
hierarchies and their common specificity feature, which has
made obvious improvement to other measures. Note that
there exists the case ofmultiple inheritance inwhich concepts
may be subsumed by several superconcepts in the largest and
most widely used knowledge source such as SNOMED CT,
MeSH in the UMLS, or WordNet. From the experiments,
our measure has very good performance in ontologies with
multi-inheritance. When the input ontology does not have
the multiple inheritance of concepts, the measure can also
be accurate. Therefore, the accuracy and application of our
approach are very impressive and significant especially in the
biomedical domain.

6. Conclusions

In the paper, we propose a similaritymeasure that nonlinearly
combines the evaluated concepts’ noncommon informa-
tion considering the different taxonomical hierarchies with
their common specificity feature. The measure keeps the
simplicity without parameter tuning. In the experiments,
we use SNOMED CT, a large and detailed ontology with
multiple inheritance between concepts, as input ontology.
The experimental results show that our measure has rather
high correlation values with respect to both physicians and
coders and the measure outperforms most approaches based
on taxonomical structure and IC and context vectors.

As we know, recently, measuring semantic similarity of
concepts within multiple ontologies has become more and
more important. As future work, we will extend the measure
to multiple ontologies such as SNOMED CT, MeSH, and
WordNet.
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Table 3: Correlations across measures for physicians, coders, and both on 29 pairs of Dataset 1 and correlations across measures for human
on 34 pairs of Dataset 2 using SNOMED CT as ontology.

Measure Dataset 1 Dataset 2
Physicians Coders Both Human

Path length 0.36 0.51 0.48 0.586
Leacock and Chodorow 0.35 0.50 0.47 0.677
Wu and Palmer N/A 0.29 N/A 0.686
Li et al. N/A 0.37 N/A 0.694
Choi and Kim N/A 0.15 N/A 0.440
Al-Mubaid and Nguyen (SemDistA&N) N/A 0.66 N/A 0.735
Montserrat Batet et al. (SimB&S) 0.60 0.79 0.73 N/A
Resnik 0.45 0.62 0.55 N/A
Lin 0.60 0.75 0.69 N/A
Jiang and Conrath 0.45 0.62 0.55 N/A
Context vector (1m notes, diagnostic section) 0.84 0.75 0.76 N/A
Context vector (1m notes, all sections) 0.62 0.68 0.69 N/A
Context vector (100,000 notes, diagnostic section) 0.56 0.59 0.60 N/A
Context vector (100,000 notes, all sections) 0.41 0.53 0.51 N/A
Our measure 0.67 0.77 0.75 0.774
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In order to retrieve gap fraction, leaf inclination angle, and leaf area index (LAI) of subtropical forestry canopy, here we acquired
forestry detailed information by means of hemispherical photography, terrestrial laser scanning, and LAI-2200 plant canopy
analyzer. Meanwhile, we presented a series of image processing and computer graphics algorithms that include image and point
cloud data (PCD) segmentation methods for branch and leaf classification and PCD features, such as normal vector, tangent plane
extraction, and hemispherical projection method for PCD coordinate transformation. In addition, various forestry mathematical
models were proposed to deduce forestry canopy indexes based on the radiation transfer model of Beer-Lambert law.Through the
comparison of the experimental results on many plot samples, the terrestrial laser scanner- (TLS-) based index estimation method
obtains results similar to digital hemispherical photograph (HP) and LAI-2200 plant canopy analyzer taken of the same stands and
used for validation. It indicates that the TLS-based algorithm is able to capture the variability in LAI of forest stands with a range
of densities, and there is a high chance to enhance TLS as a calibration tool for other devices.

1. Introduction

The forest has an irreplaceable status in improving the Earth’s
environment of human habitation and slowing down global
environmental degradation trend. Tree canopy performs
three important functions such as tree’s photosynthesis,
interchange of gases and evaporation of water between the
atmosphere and the plant body, and plant growth and devel-
opment, so how to solve and explore the finemeasurement of
tree canopy and find an effective way to calculate the canopy
indexes, such as leaf area index, crown density, and leaf area
density, is a main task in forestry research and an important
topic of inverse analysis aimed at plant growth mechanism.

In recent years, there have been several methods of
obtaining canopy morphology structure and measuring trees
parameters. Firstly, plant canopy analyzer and traditional
mechanical instruments for treesmeasurement are inefficient
and are affected by leaf overlapping and aggregation effects

in addition to the solar zenith angle. Secondly, hyperspectral
radiometer has been used to measure the canopy from top
to down and usually includes recorded reflection from the
ground [1, 2]. It is capable of producing one-shot topographic
and spectral intensity information, which will enable a
simultaneous study of structural and biochemical vegetation
parameters, but this method is constrained by atmospheric
conditions and accuracy of aerial photography and it is
not theoretically supported by modern physical models.
Additionally, airborne LIDAR can be used to monitor plant
biomass and growth [3, 4], but merely relying on finitely echo
waveform with attenuation and noise to account for detailed
forest features is far from enough.Thus, airborne LIDAR data
are always collected for generating digital forestry models
at national level or large scale instead of fine scale with
single tree measurement [5, 6]. Moreover, the TLS scans
pulse laser over the full upper hemisphere and part of the
lower hemisphere by using a mirror rotating in the vertical
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plane (the zenith scan) and rotation of the instrument to
provide azimuthal coverage.The time-dependent intensity of
reflected light from each laser pulse is recorded, providing a
waveform that may include responses from multiple targets
[7, 8]. The laser produces an energy pulse that is distributed
in time. The shape of the outgoing pulse is consistent and
has a well-defined peak. Reflections from targets are time-
delayed copies of this pulse where the range to the target
is simply inferred from the arrival time of the pulse peak
relative to the peak of the outgoing pulse. TLS can mosaic
the multiview scanning data, thereby ensuring scanning data
completeness and reducing the impact of foliage cover and
eventually getting 3D point cloud model of real stumpage.
Due to high-precision and high-density characteristics, the
TLS-based method is taken as the most appropriate method
for tree measurement, and it can also serve as a calibration
tool for airborne laser scanning and other measurement
applications with ground sampling [9, 10].

In recent years, there have been primarily several meth-
ods to calculate tree indexes from TLS PCD.

(1) Different space partitioning methods and projection
strategies on PCD were used to calculate vegetation
architecture and foliage assemblage in each space cell
and then to indicate trees’ growth index [11, 12]. For
example, Zheng and Moskal [13] presented a new
voxel-based method with line quadrat direction to
retrieve the biophysical characteristics of the forest
canopy including extinction coefficient, gap fraction,
and overlapping effect along the direction of the line
quadrat and estimated effective leaf area (ELA) from
TLS point cloud data. Béland et al. [14] investigated
the use of a voxel-based approach to retrieve leaf
area distribution of individual trees from PCD and
provided vertical as well as radial distributions of leaf
area in individual trees to estimate savanna vegeta-
tion structural parameters. Zheng and Moskal [15]
developed circular point cloud slicing to explore the
spatial variation of point density for both azimuthal
angular and radial directions; his result showed that
comprehensive scan combination could fully repre-
sent the canopy structure and structural variation
of the heterogeneous forest stand. Cifuentes et al.
[16] processed the collected 3D point clouds of forest
canopy using fully representative voxel-based and
multiscale models. Moreover, ray tracing algorithms
are designed to transform these discrete PCD into
hemispherical view, in order to assess their impact on
the gap fraction estimates derived from TLS data.

(2) The physical model and forestry formula were applied
to PCD for forestry index calculation. For exam-
ple, the semi-analytic Pgap and Radiative Transfer
(CanSPART) model was designed to predict tree gap
probability (Pgap) profiles. Then, a canopy struc-
ture model based on simple geometric forms and
parameterized with plot-scale statistical biometric
data was used to predict gap probability (Pgap) pro-
files.The experimental result showed that CanSPART
mathematical model performed better in clumped

canopies than a simple exponential model [17].
Another method combining beer laws and using least
square fitting techniques to reconstruct the normal
vectors is presented, so it can indirectly and nonde-
structively retrieve foliage elements’ orientation and
distribution from PCD obtained by using a terres-
trial laser scanning (TLS) approach [18]. Moreover,
Jensen’s inequality and Beer-Lambert law are also
adopted to construct a parametric model for estimat-
ing leaf area density at the voxel scale from TLS data.
Compared with existing ray-tracing algorithms, the
model, involving computational geometry methods,
can retrieve more useful information on forest struc-
ture and leaf area [19].

(3) Computer graphics and computer vision theory were
studied for TLS point cloud processing. To pro-
cess incomplete TLS data sets, some methods based
on a structure-aware global optimization approach
(SAGO) or allometric theory are proposed [20, 21].
These methods obtain the approximate tree skeleton
from a distance minimum spanning tree and define
the stretching directions of the branches on the tree
skeleton. Then, missing branch data are recovered
using different similarity functions and tree skele-
ton is smoothed by employing Laplacian function.
Finally, the additional branches are synthesized and
leaves are added to form the plausible crown geom-
etry. Other researches [22] used a series of cylinders
to build up visible branches, and the major stems in
a relatively dense managed forest could be located
by proposed automatic stem-mapping algorithm. For
the nonvisible branches, crown feature points are
extracted and hierarchical particle flow technique
is designed to synthesize high order branches; thus
visually convincing tree models that are consistent
with scan data are produced and more pieces of
information of scanned leaves can be used for recon-
struction [23].

Although many researchers have done a lot of valuable
work in agriculture or forestry measurement, how to design
an effective and convenient forestry monitoring method to
estimate biomass data of woods is still a research hotspot.
Hemispherical photography (HP), also known as fisheye
or canopy photography, is a technique to estimate solar
radiation and characterize plant canopy geometry using
photographs taken looking upward through an extreme
wide-angle lens [24]. HP entails five steps: photograph
acquisition, digitization, registration, classification, and index
calculation. Registration, classification, and calculation are
accomplished using dedicated hemispherical photography
analysis software. According to the principal of hemispherical
photography, here we designed a new method to calculate
the forestry index from PCD, which also include similar
steps: PCD classification to identify leaf part and branch
part, using hemispherical projection to transform leaf PCD
into HP pattern, and calculation forestry index based on the
PCD in HP pattern. Then, in order to verify the effectiveness
of our new method, we took detailed comparison in many
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(a) (b)

Figure 1: Canopy image collection by using fisheye camera.

(a) (b)

Figure 2: Hemispherical photographs of forest canopy.

aspects to illustrate strengths andweaknesses of eachmethod.
The rest of this paper is organized as follows. In the section
of materials and methods, we firstly used full-frame fisheye
camera to capture bottom views of forestry canopy and
designed image segmentation methods to retrieve the gap
fraction and effective LAI of the canopy. Secondly, we used
Leica C10 TLS to scan the same forestry to obtain different
density PCD and meanwhile presented PCD feature extrac-
tion and classification methods to figure out normal vectors
of PCD and leaf inclination angles. Besides, LAI was deduced
from proposed hemisphere projection and application of
forestry mathematical models. In the section of experiments
and results, we compared three methods in many aspects
to illustrate the effectiveness of our TLS-based method and
provide concluding remarks for future work.

2. Data Collection and Analyses

2.1. Using Hemispherical Photography for Forestry Analysis.
We used Canon 5D MARK III full-frame digital single lens

reflex and Canon EF 24–105mm f/4 L fisheye USM Lens
as the tools for capturing high-precision bottom view of
forestry canopy. Figure 1 shows the process of experimental
data collection by our fisheye camera, and the captured
hemispherical photographs of forestry stands are shown in
Figure 2.

We took hemispherical photographs at 10 a.m., so the
photos are affected by sunlight with nonuniform brightness.
This paper presents an image segmentation algorithm with
strategy of adaptive threshold selection to classify pixels of
leaf element from HP denoted by 𝐼fisheye in order to eliminate
errors and occlusion caused by branches and background.
Specific formulas are as follows:

𝐵 (𝑖, 𝑗) = {
0 𝐵 (𝑖, 𝑗) ≥ ave (𝑖, 𝑗) ∗ 𝑒

(ave(𝑖,𝑗)−𝛽
1
)
𝛼1 sky

0 𝐵 (𝑖, 𝑗) < ave (𝑖, 𝑗) ∗ 𝑒
(ave(𝑖,𝑗)−𝛽

2
)
𝛼2 branch,

(1)

ave (𝑖, 𝑗) =
(∑
𝑚

𝑖=1∑
𝑚

𝑗=1 𝑆 (𝑖, 𝑗))

(𝑚 ∗ 𝑚)
, (2)
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(a) (b)

Figure 3: Using TLS to scan trees on our campus.

Figure 4: The forestry PCD obtained by TLS.

where 𝐼fisheye is divided into many small subblocks 𝐵 with
size of 𝑚 ∗ 𝑚, 𝛼1, 𝛽1, 𝛼2, 𝛽2 are regulation factors, and 𝑆 rep-
resents saturation component of each subblock 𝐵. Through
adjustment of ave(𝑖, 𝑗) value, the optimal image segmentation
results of leaf element extraction from HP are achieved.
Consequently, we divide hemispherical photograph 𝐼fisheye
into 𝑛 concentric rings with the same width, as shown in
Figure 2, by red lines, where 𝑛 = 9. Each concentric ring
corresponds to the different solar zenith angle 𝜃.Then we can
calculate canopy gap fraction 𝑇(𝜃) of each solar zenith angle
using the following formula:

𝑇 (𝜃) =
sum (𝐵 (𝑖, 𝑗, 𝜃) == 0)

sum (𝐵 (𝑖, 𝑗, 𝜃) ∼= 111)
. (3)

2.2. Forestry Analysis Based on PCD

2.2.1. Data Collection by TLS. Weused Leica Scan StationC10
to scan the same woods and obtain their PCD for processing.
The specifications ofC10 are described inTable 1, andFigure 3
shows our experiment about tree data acquisition using Leica
C10 scanner.

The scanning PCD of woods are shown in Figure 4. In
order to calculate the effective leaf area index,we firstly design
feature extraction methods to extract leaf PCD from the
whole forestry PCD.

Table 1: The specifications of Leica Scan Station C10.

C10 technical details
Accuracy of single
measurement
[position/distance/angular
(horizontal/vertical)]

6mm/4mm/60𝜇rad/60𝜇rad
(12/12)

Range 300m @ 90%; 134m @ 18%
albedo (minimum range 0.1m)

Scan resolution

Spot size
From 0 to 50m: 4.5mm
(FWHH-based);
7mm (Gaussian-based)

Point spacing
Fully selectable horizontal and
vertical range; <1mmminimum
spacing

Laser plummet
Laser class: (IEC 60825-1)
Centering accuracy: 1.5mm
Laser dotted diameter: 2.5mm

Laser color Green, wavelength = 532 nm
visible

Environmental lighting Fully operational between bright
sunlight and complete darkness

2.2.2. PCD Features Extraction. Reliable feature extraction
from 3D point cloud data is an important problem in
many application domains, such as reverse engineering,
object recognition, industrial inspection, and autonomous
navigation. Many researchers have proposed many kinds of
algorithms to extract the geometric features from 3D point
cloud data [20, 25]. Tree’s PCDobtained by laser scanner have
properties of both color and space location, but under the
interference of external environment, such as illumination
change and leaf swaying in the wind, the existing features
of PCD, such as leaf, branch, and fruit, are inadequate to
identify different tree organs. Therefore, in this paper new
PCD features of topological structure and tangent space
information are designed for PCD classification.
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2.2.3. Topological Structure of PCD. We denote PCD set by
𝑃, 𝑃 ⊂ 𝑅

3, and 𝑝𝑖 = (𝑥𝑖, 𝑦𝑖, 𝑧𝑖)
𝑇 is the point that belonged

to set 𝑃. The 𝑘 nearest points of 𝑝𝑖 are denoted by 𝑝

𝑗 =

(𝑥𝑗, 𝑦𝑗, 𝑧𝑗)
𝑇 with mean value 𝑢 = (1/𝑘)∑

𝑘

𝑗=1 𝑝𝑗, and the
covariance matrix of points 𝑝𝑖 and its neighbor is defined as
𝐶𝑝 = (1/𝑁)∑

𝑁

𝑗=1(𝑝𝑗 − 𝑢)(𝑝𝑗 − 𝑢)
𝑇. After taking eigenvalue

decomposition, such as 𝐶𝑝
𝑖

V𝑖 = 𝜆𝑖V𝑖, the eigenvalue 𝜆𝑖 =
{𝜆0,𝑖, 𝜆1,𝑖, 𝜆2,𝑖} and eigenvector V𝑖 = {V0,𝑖, V1,𝑖, V2,𝑖} of 𝐶𝑝 are
calculated, where the eigenvalue 𝜆𝑖 quantitatively shows the
data variance along the axis V𝑖 or the compactness of the point
distribution along the axis V𝑖, so the V0,𝑖 corresponding to the
smallest eigenvalue 𝜆0,𝑖 is the normal vector of 𝑝𝑖. Having
got the norm vector of each PCD, we can use the following
formula to calculate the covariancematrix𝑉𝑝

𝑖

of normvector:

𝑉𝑝
𝑖

=
1

𝑁

𝑁

∑

𝑗=1

(V0,𝑗 − V𝑖) (V0,𝑗 − V𝑖)
𝑇
, (4)

where V𝑖 = (1/𝑁)∑
𝑁

𝑗=1 V𝑗 is the average norm vector of
𝑝𝑖’s neighbors. Consequently, we perform singular value
decomposition on 𝑉𝑝

𝑖

to identify the principal components
of 𝑃’s spatial distribution. Specifically, we analyze the relative
magnitudes of the top three eigenvalues 𝑒𝑖 = {𝑒0,𝑖 𝑒1,𝑖 𝑒2,𝑖}

of 𝑉𝑝
𝑖

. We expect 𝑒0,𝑖 ≈ 𝑒1,𝑖 ≈ 𝑒2,𝑖 for isotropic spatial
distributions (corresponding to fruits), 𝑒0,𝑖 ≥ 𝑒1,𝑖 ≈ 𝑒2,𝑖

for predominantly linear distributions (branches), and 𝑒0,𝑖 ≈
𝑒1,𝑖 ≥ 𝑒2,𝑖 for roughly planar distributions (leaves). In brief,
the topological structure of PCD can be represented by 𝑒𝑖 =
{𝑒0,𝑖 𝑒1,𝑖 𝑒2,𝑖}.

2.2.4. Tangent Space Character of PCD. Next, we design algo-
rithm to calculate local tangent space character of PCD and
determine 𝑘 nearest neighbors 𝑝𝑗 of 𝑝𝑖, 𝑝


𝑗 = {𝑝


1, 𝑝

2, . . . , 𝑝


𝑘}.

We assume that a set of data points are sampled from a 𝑑-
dimensional affine subspace; that is,

𝑝


𝑗 = c𝑖 +Q𝑖𝜃𝑗 + 𝜀𝑗 (1 ≤ 𝑗 ≤ 𝑘) , (5)

where 𝜀𝑗 ∈ 𝑅
3 represents noise vector, 𝜃𝑗 ∈ 𝑅

𝑑 is projection
coordinates about 𝑝𝑗 on the local tangent space, and Θ𝑖 =
[𝜃1, 𝜃2, . . . , 𝜃𝑘]. 𝑑 ≤ 3. c𝑖 ∈ 𝑅

3 is the origin coordinates of
the tangent space and Q𝑖 ∈ 𝑅

3×𝑑 is a matrix which forms
an orthonormal basis of the affine subspace. The problem
of linear manifold learning amounts to seek c𝑖,Q𝑖, 𝜃𝑗 to
minimize the reconstruction error 𝐸; that is,

min
c
𝑖
,Q
𝑖
,𝜃
𝑗

𝑘

∑

𝑗=1


𝑝𝑗 − c𝑖 −Q𝑖𝜃𝑗



2

2
= min

c
𝑖
,Q
𝑖
,Θ

𝑃 − c𝑖 −QΘ
2

2
. (6)

The matrix of 𝑝𝑖 neighborhood is denoted by 𝑋𝑖 =

[𝑝

1, 𝑝

2, . . . , 𝑝


𝑘], and we extract local information by calculat-

ing the eigenvectors and eigenvalue of the correlation matrix
(𝑋𝑖 − 𝑝



𝑖𝑒
𝑇
)
𝑇
(𝑋𝑖 − 𝑝



𝑖𝑒
𝑇
). Here 𝑝𝑖 = (1/𝑘)∑

𝑘

𝑗=1 𝑝𝑗, and 𝑒 is a
𝑘-dimensional column vector of all ones; that is,

𝑋𝑖 (I −
1

𝑘
11𝑇)𝑋𝑇𝑖 = U𝑖Λ𝑖U

𝑇

𝑖 , (7)

where U𝑖 = [𝑢
1
𝑖 , 𝑢
2
𝑖 , . . . , 𝑢

𝑘
𝑖 ] is orthogonal matrix, and the

diagonal elements of the diagonal matrix Λ𝑖 are monotone
decreasing, so the local tangent space information for the
sample point 𝑝𝑖 is calculated:

c𝑖 =
1

𝑘
X𝑖1,

Q𝑖 = [u1𝑖 , u
2

𝑖 , . . . , u
𝑑

𝑖 ] ,

Θ𝑖 = Q𝑇𝑖 X𝑖 (I −
1

𝑘
11𝑇) .

(8)

From the above derivation, we can calculate the column
vector 𝑢𝑚𝑖 which is corresponding to the smallest diagonal
element of Λ𝑖, and 𝑢

𝑚
𝑖 is also the normal vectors of local

tangent space on 𝑝𝑖.
After the above analysis, a series of features about

each point 𝑝𝑖 are obtained, described as 𝐹𝑝
𝑖

= {V0,𝑖, 𝑒0,𝑖, 𝑒1,𝑖,
𝑒2,𝑖, 𝑢
𝑚
𝑖 }, where V0,𝑖 = (V𝑖,𝑥, V


𝑖,𝑦, V

𝑖,𝑧) is the normal vector of

𝑝𝑖, 𝑒0,𝑖, 𝑒1,𝑖, 𝑒2,𝑖 represent the distribution of V0,𝑖, and 𝑢
𝑚
𝑖 are

normal vectors of local tangent space on 𝑝𝑖.

2.3. PCD Classification Using GMM and EM Algorithm.
The scanning PCD data belong to the two semantic classes
(branch and leaf). In this section, we combine Gaussian mix-
ture model (GMM) classifier and expectation maximization
(EM) algorithm to classify forestry PCD.

GMM is a weighted sum of 𝐴 component Gaussian
densities as given by (9),

𝑝 (𝐹𝑝 | 𝜆) =

𝐴

∑

𝑖=1

𝜔𝑖𝑔 (𝐹𝑝 | 𝜇𝑖, 𝜎𝑖) , (9)

where 𝐹𝑝 is a continuously valued data vector of PCD (i.e.,
measurement or features), 𝜔𝑖, 𝑖 = 1, . . . , 𝐴, are the mixture
weights, and 𝑔(𝐹𝑝 | 𝜇𝑖, 𝜎𝑖), 𝑖 = 1, . . . , 𝐴, are the component
Gaussian densities. PCD can be divided into two categories,
which are branch and leaf, respectively, so 𝐴 = 2. Each
component density is a formofGaussian function, withmean
vector 𝜇𝑖 and covariance matrix 𝜎𝑖, and 𝜔𝑖 is the weight
coefficient of each class.The expansion formula of𝑔 is defined
as follows:

𝑔 (𝐹𝑝 | 𝜇𝑖, 𝜎𝑖) =
1

(2𝜋𝜎𝑖)
1/2

⋅ exp {−1
2
(𝐹𝑝 − 𝜇𝑖)


𝜎
−1

𝑖 (𝐹𝑝 − 𝜇𝑖)} .

(10)

The mixture weights satisfy the constraint that ∑𝑀𝑖=1 𝜔𝑖 =
1. The complete Gaussian mixture model is parameterized
by the mean vectors, covariance matrices, and mixture
weights from all component densities. These parameters are
collectively represented by the notation, 𝜆 = {𝜔𝑖, 𝜇𝑖, 𝜎𝑖}, 𝑖 =

1, . . . , 𝐴.Then the expectationmaximization (EM) algorithm
is proposed to maximize the likelihood 𝑝(𝐹𝑝 | 𝜆) of the data
𝐹𝑝 drawn from an unknown distribution. In each iterative
process of the algorithm, two steps of EMare executed. Firstly,
estimate the distribution of the hidden variable according
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to the current value of the parameters; secondly, modify the
parameters in order to maximize the joint distribution of the
data and the hidden variable. Specific formula is expressed as
follows:

𝜆
∗
= argmax

𝜆

𝑁


∏

𝑗=1

𝐴

∑

𝑘=1

𝜔𝑘𝑔 (𝐹𝑝 | 𝜆) , (11)

where 𝑁
 represents total number of the calculated PCD.

The output of the GMM and EM generates an independent
classification for each of the 3D PCD based solely upon
PCD’s feature vectors and confirmed in our experiments;
such classification can be quite effective and the different
plant organs are distinguished; thus, the whole PCD can be
divided into two types: branches 𝑃branch and leaves 𝑃leaf.

2.4. Spherical Projection of Classified PCD. In this section,
we convert the segmented woods PCD from Cartesian
coordinate system to spherical coordinate system with a
radius of one, which projects the PCD onto the surface of a
hemisphere. The aim of the stereographic projection was to
project all points from the surface of the upper hemisphere
(3D space) into the projection plane that is a 2D space. For
example, the PCD 𝑃leaf(𝑥𝑖, 𝑦𝑖, 𝑧𝑖) projected onto the spherical
surface would be 𝑃


leaf(𝑟𝑖, 𝜑𝑖, 𝜃𝑖), where 𝜑 is azimuth, and

𝜃 is zenith angle. The projection process is computed and
converted using

𝑟𝑖 =
√𝑥
2
𝑖
+ 𝑦
2
𝑖
+ 𝑧
2
𝑖
,

𝜑𝑖 = arctan(
𝑦𝑖

𝑥𝑖

) ,

𝜃𝑖 = arccos(
𝑧𝑖

𝑟𝑖

) .

(12)

After the projection transform, each point 𝑃leaf(𝑟𝑖, 𝜑𝑖, 𝜃𝑖)
is projected onto the 𝑋-𝑌 plane and the hemispherical
photograph 𝐼fisheye transformed from PCD is obtained. In the
following section, we use forestry models to calculate canopy
indicators.

3. Canopy Indicator Retrieval

3.1. Gap Fraction and Clumping Index Calculation. Accord-
ing to formula (1) in Section 2.1, the gap fraction𝑇(𝜃) of 𝐼fisheye
and 𝐼fisheye under different viewing zenith angle is calculated:

𝑇 (𝜃) =
sum (𝐵 (𝑖, 𝑗, 𝜃) == 0)

sum (𝐵 (𝑖, 𝑗, 𝜃) ∼= 111)
,

𝐵 ∈ 𝐼fisheye or 𝐼


fisheye.

(13)

Many optical instruments measure canopy gap fraction
based on radiation transmission through the canopy. Assum-
ing random spatial distribution of leaf, the effective LA1
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Figure 5: Leaf inclination angle calculation based on PCD.

can be calculated from the gap fraction by adopting Miller’s
theorem [26] summarized in the following equation:

LAI = 2∫

𝜋/2

0

ln( 1

𝑇 (𝜃)
) cos 𝜃 sin 𝜃 𝑑𝜃. (14)

Discrete integral form of formula (14) is shown as follows:

LAI = 2

𝑛

∑

𝑖=1

ln( 1

𝑇 (𝜃𝑖)
) cos 𝜃𝑖 sin 𝜃𝑖Δ𝜃, (15)

where 𝑛 represented the number of rings which divided the
HP into small sections according to the zenith angle and is
mentioned in Section 2.1. Consequently, the clumping index
Ω can be defined by logarithmic mean value of the gap
fraction, and specific formula is expressed as follows:

Ω (𝜃) =

ln (𝑇 (𝜃, 𝜑))

ln (𝑇 (𝜃, 𝜑))
. (16)

3.2. Leaf Inclination Angle Calculation Based on PCD. The
branch and leaf PCD, denoted by 𝑃branch and 𝑃leaf, are
classified by the method of Section 2. In addition, the normal
vector V0,𝑖 = (V𝑖,𝑥, V


𝑖,𝑦, V

𝑖,𝑧) of each leaf point 𝑝𝑖 ∈ 𝑃leaf is

obtained, so the leaf inclination angle 𝛼𝑖 can be described as
the included angle between V0,𝑖 and

⇀
𝑍 = (0, 0, 1) axis, which

is defined by formula (17) and shown in Figure 5:

𝛼𝑖

= arccos(
(V𝑖,𝑥 ⋅ 0 + V𝑖,𝑦 ⋅ 0 + V𝑖,𝑧 ⋅ 1)

(√(V
𝑖,𝑥
)
2
+ (V
𝑖,𝑦
)
2
+ (V
𝑖,𝑧
)
2
∗ √02 + 02 + 12)

).

(17)
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The average leaf inclination angle 𝛼 can be found by comput-
ing the following equation:

𝛼 =
∑
|𝑃leaf|
𝑖=1

𝛼𝑖
𝑃leaf



, (18)

where |𝑃leaf| is the number of points in the cloud.

3.3. LAI Calculation Based on Ellipsoid Model. Leaf oriented
distribution is a critical component for estimating LAI from
optical measurements. The LAI estimation process is usually
computed based on the following equation which derived
from Beer-Lambert law:

LAI = − ln𝑇 (𝜃) cos (𝜃)
𝐺 (𝜃, 𝛼)

, (19)

where 𝛼 represent average leaf inclination angle, where 𝑇(𝜃)
is the gap fraction defined as the probability of abeam
transmitted through the canopy with an incident angle 𝜃.

The following ellipsoidal distribution function [27] is
chosen for 𝐺(𝜃, 𝛼) in this study for its simplicity and reason-
able generality.𝐺(𝜃, 𝛼) is the extinction coefficient, defined as
the mean projection of unit foliage area on the plane normal
to the direction of the beam and specified as formula (20):

𝐺 (𝜃, 𝛼) =

(𝑥
2
+ tan2𝜃)

1/2
cos 𝜃

𝑥 + (sin−1𝜀1) /𝜀1
, 𝑥 ≤ 1,

𝐺 (𝜃, 𝛼) =

(𝑥
2
+ tan2𝜃)

1/2
cos 𝜃

𝑥 + (1/2𝜀2𝑥) ln [(1 + 𝜀2) / (1 − 𝜀2)]
, 𝑥 > 1,

(20)

where 𝜀1 = (1 − 𝑥
2
)
1/2 and 𝜀2 = (1 − 𝑥

−2
)
1/2. The value of 𝑥 is

related to the vertical 𝑎 and horizontal 𝑏 axes of the ellipsoid
by 𝑥 = 𝑏/𝑎. When 𝑥 = 1 the distribution is spherical (ran-
dom) and 𝐺(𝜃, 𝛼) = | sin 𝜃|. As 𝑥 increases or decreases from
1, the area distribution becomes planophile or erectophile,
respectively [28]. In addition, we used ellipsoidal leaf angle
distribution [29] to describe the relationship between the leaf
orientation and the zenith angle of the radiation. 𝑥 can be
estimated by average leaf orientation:

𝑥 = −3 + (
𝛼

9.65
)

−0.6061

. (21)

If a set of 𝛼 values are assumed to be 𝛼 = {5
∘
, 15
∘
, 25
∘
,

35
∘
, . . .}, we can draw the diagram illustrating the 𝐺(𝜃, 𝛼)

values versus the variation of 𝜃 as shown in Figure 6.
Observed 𝐺(𝜃, 𝛼) appear to be a relatively stable value of 0.5
when 𝜃 ≈ 57

∘, so the LAI can be calculated by the following
formula as 𝜃 is equal to 57.5∘:

LAI =
− ln𝑇 (57.5∘) cos (57.5∘)

𝐺 (57.5
∘
)

. (22)

As mentioned earlier, the average leaf inclination angle 𝛼
can be obtained by (18). Meanwhile, 𝑥 value can be calculated
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Figure 6: Extinction coefficient versus average leaf inclination angle
and beam incident angle.

by using (21), and it follows that the ellipsoidal distribution of
leaf angles can be represented as follows:

𝑃 (𝛼) =
2𝑥
3 sin𝛼

𝜎 (cos2𝛼 + 𝑥2sin2𝛼)2
, (23)

where 𝛼 is the leaf inclination angle and

𝜎 = 𝑥 +

arcsin (√1 − 𝑥2)

√1 − 𝑥2
, 𝑥 < 1,

𝜎 = 𝑥 +

ln (1 + √1 − 𝑥−2) / (1 − √1 − 𝑥−2)

2𝑥√1 − 𝑥−2
, 𝑥 ≥ 1,

𝑥 = −3 + (
𝛼

9.65
)

−0.6061

.

(24)

Using (23), we can calculate PCD angles distribution of
different tree organs, which can be compared with our
method of PCD features extraction. The similar results have
been obtained as shown in Figures 8(c) and 8(h).

3.4. LAI Retrieval by Iterative InversionMethod. By substitut-
ing (20) and (21) into (19), we can get

𝑇sim (𝜃) = 𝑒
𝜏
,

𝜏 =
LAI√𝑥2 + tan2𝜃

𝑥 + (sin−1√1 − 𝑥2/√1 − 𝑥2)

,

𝑥 = −3 + (
𝛼

9.65
)

−0.6061

.

(25)

Supposing the initial values of LAI, 𝛼 and 𝜃 are known,
and the simulative gap fraction 𝑇sim(𝜃) can be obtained by
(25). Meanwhile, we have got canopy gap fraction 𝑇(𝜃) of
each solar zenith angle 𝜃 using formula (3). Consequently, we
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adjust the value of LAI and 𝛼 to satisfy the minimization of
(26) and thus the appropriate quantity of LAI and 𝛼 that can
be obtained as the ideal results of the forestry indicators:

(LÂI, �̂�) = argmin
𝐴,𝛼

∑

𝜃

(𝑇 (𝜃) − 𝑇sim (𝜃))
2
. (26)

3.5. LAI Estimation Based on the Clumping Index. Another
expression form of formula (19) can be written as

LAIt ⋅ Ω = LAI = − ln𝑇 (𝜃) cos (𝜃)
𝐺 (𝜃, 𝛼)

, (27)

where LAIt is the true leaf area index and Ω is the clumping
index [30]. Specific formula is as follows:

LAIt = LAI
Ω

, (28)

Ω (𝜃) =

ln (𝑇 (𝜃, 𝜑))

ln (𝑇 (𝜃, 𝜑))
. (29)

Through calculating the logarithmic mean of gap frac-
tion, we can get clumping index Ω and true leaf area index
LAIt.

4. Experimental Results

4.1. Experimental Setup. There is a dense forest behind
Nanjing Forestry University, and we randomly chose stand
sample plots in this forestry as the experimental subject.
Then, the experiment was set up at this sample plot with
some tree species such as Pterocarya stenoptera C. DC, Sect.
Leucoides Spach, and Sophora japonica Linn.We, respectively,
used three devices such as TLS, fisheye camera, and LAI-
2200 plant canopy analyzer [31] to scan the same trees
at fixed position and fixed angle of 90 degrees, just as
shown in Figure 7(a). Forestry field measurements were
performed sequentially for the many plots to capture the
canopy structural dynamics. All instruments were newly
procured and factory calibrated. All optical measurements
were conducted near sunset or under overcast conditions
because the parameter sensitivity and the retrieval errors
increase under direct illuminations. Meanwhile, we adopted
our methods to compute leaf area index, mean tilt angle,
canopy gap fraction, and so forth from obtained data and
compared all the results.

4.2. Experiment Using Fisher Eye Camera. We took hemi-
spherical photographs of the forestry canopy by fisheye lens
and Canon 5d (Mark III) camera and used our algorithm to
process the image in order to calculate the relevant forestry
indexes. The specific details are as follows.

In Figure 7, (b) is the hemispherical photograph taken
by our devices. After our image processing algorithm, the
result is shown in (c) that branch and background pixels
are removed. The gap fraction versus different zenith angle,
illustrated by red lines in (d), is calculated from 12 different
hemispherical photographs of the same forestry canopy.

Meanwhile, we also used LAI-2200 to measure the gap
fraction at 5 zenith angles such as 7∘, 23∘, 38∘, 53∘, and 68

∘,
which basically coincided with the results of HP and is shown
by blue lines. If we change the number of concentric rings of
the HP, the value of variable 𝑛 changes from 9 to 288, and the
corresponding gap fraction results of the same HP are shown
in (e).

4.3. Experiment Using TLS. This trial used TLS to capture
PCD of forest stand and adopted classification and projection
algorithm as originally proposed by us to calculate canopy
indexes. In addition, we adopted LAI-2200 to calculate
parameters of the same forest stand and compared the results
of various sampling plots obtained by these devices. The
specific details are illustrated in Figure 8.

Figure 8(a) shows the scanned PCD of the same forest
plot. (b) shows the classification result of our algorithm
that divides the PCD into two class: leaf and branch. (c) is
leaf angle distribution diagram, in which yellow and green
histograms, respectively, represent leaf and branch angle
distribution of dense PCD, and blue and red histograms,
respectively, represent leaf and branch angle distribution of
sparse PCD. The inclination angle of leaf PCD presents uni-
formdistribution, but branch point shows vertical properties,
so the number of branch points in cloud gradually increased
as the angle approaches 90 degrees. The forestry PCD after
classification is projected onto the hemisphere coordinates
(Figure 8(d)) and hemisphere plane (Figure 8(e)). By using
image segmentation method to process Figure 8(e), we can
get the corresponding gap fraction values versus the variable
of zenith angle, which is shown in (f). Comparison diagram
(g) depicts calculated gap fraction versus different zenith
angel with three methods: hemispherical photography, ter-
restrial laser scanning, and LAI-2200 plant canopy analyzer.
While zenith angle varies at the range from 30 to 90 degrees
(labeled by green dotted lines and most relevant to LAI
estimation), we can find that the gap fraction obtained by
these three methods got the same results. The calculation
results of formula (23) are displayed by (h), which depicts
inclination angle distribution of branch and leaf PCD, and
the shapes of these curves are similar to the histogram
distribution in (c). By substituting (3) and (20) into (19), (i)
illustrates the result of LAI values obtained from PCD. In all
six PCD types, a range of high, medium, and low densities
was recorded, which reflects the variation of LAI estimation
using our methods. When the zenith angle varies within the
range from 40 to 70 degrees, the LAI value estimated by
terrestrial laser scanning method tended to be similar to the
result of hemispherical photography method and LAI-2200
device, as labeled by red dotted lines and red pentagram in
(i), respectively. In order to reflect the statistical testing of
our work, we adopted sampling strategy that allows us to
gain information about a site without looking at every plot
in the forestry. Sampling involves taking measurements on
some small plots that are representative of the larger study
area and using the data to represent the entire study area.
By locating quadrats using random or stratified sampling,
we simultaneously chose other plots in the forestry and used
the threemethods to obtain each quadrat’s index. Comparing
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Figure 7: Calculation of canopy gap fraction from hemispherical photographs.

with LAI retrieved from different optical methods, we drew
Figure 8(j) to show a very good relationship among the LAI
values estimated using HP and PCD methods (𝑅2 = 0.7052,
RMSE = 0.1323). A good relationship between the LAI-2200
5-ring and PCD (𝑅2 = 0.5742, RMSE = 0.1590) can also be
observed in Figure 8(k).

4.4. Experimental Result Analysis. Using our three methods,
hemispherical photography, LAI-2200 plant canopy analyzer,
and terrestrial laser scanning, the experimental results are
obtained and summarized in Tables 2–5. In Tables 2 and 5, the
total parameters of the same forest stand are estimated from
HP and PCD projection image, combining with theoretical
approaches mentioned above, such as Miller’s method (equa-
tion (14)), Iterative inversion method (equation (26)), LAI
calculation according to single zenith angle (equation (22)),
and canopy clumping index calculation by (29). In addition,
we examine the effect of our results on the calculation
accuracy with LAI-2200 plant canopy analyzer (Table 4).

Judging by these tables and Figures 8(j) and 8(k), it can be
found that the three methods get similar results of measuring
forestry stand, as labeled by digits in bold. Conversely, we
also find that each method has its own disadvantages. Firstly,
the hemispherical photography based gap fraction estimation
method will be affected by the light environment in the
forest stands and camera exposure index. For example, cloudy
skies are ideal light conditions for digital hemispherical
photograph to differentiate foliage elements from the sky
background and branch elements of hemispherical pho-
tographs. Considering the effectiveness of LAI-2200 device,
one of the traditional underlying assumptions has been that
foliage absorbs all the radiation in the blue waveband seen by
the sensor (320–490 nm). This is usually a good assumption
under diffuse light conditions such as uniform overcast, just
before sunrise, or just after sunset. In direct sunlight, however,
reflectance of foliage causes a much greater overestimation
of the gap fraction and underestimation of leaf area index,
so the mechanism for correcting measurements for the radi-
ation reflected and transmitted by the foliage is necessarily
dependent when the scattering errors are the highest. In
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Figure 8: Continued.
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Figure 8: Canopy parameter calculation based on the laser PCD.

short, results measured by LAI-2200 still have deviation and
depend on artificial correction, whereas, the TLS-based gap
fraction estimation method using laser can work in both
cloudy and sunny light conditions. The measurement errors
of TLS are affected by the density of the sampling points and
size of laser beam spot, as well as the accuracy of classification
algorithm for leaf and branch PCD recognition. Secondly,
combining with salient feature extraction from PCD, the
PCD can be applied not only to estimate the gap fraction
by spherical projection method but also to estimate leaf
inclination angle from normal vector calculation of PCD. In
addition, terrestrial laser scanning method can estimate the
LAI from a 3D perspective and permanently record the 3D
structural information of forest canopy.Thirdly, the abundant
information implicitly contained within the PCD generated
using TLS could provide more information about the canopy
structure besides LAI. This includes timber volume, leaf
area density, leaf morphology, carbon content, and canopy

volume. The additional information will enhance our ability
to monitor forest tree structure from a 3D perspective
dynamically, which could provide useful data for the long-
term ecological studies.

5. Conclusions and Future Work

In order to nondestructively estimate the forestry indicators
of heterogeneous canopies, we used three methods, hemi-
spherical photography, LAI-2200 plant canopy analyzer, and
terrestrial laser scanning, to acquire high dimensional data
of forestry stand from different perspectives. In addition,
combining with forestry empirical models, we design geo-
metrical projection methods, PCD classification, and image
segmentation algorithm to estimate parameters of forestry
stand. Our results have shown that the TLS could be used
to estimate LAI for heterogeneous forests at forest plot level
without the restriction of the light environment. Meanwhile,
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Table 2: LAI calculation based on hemispherical photography.

Data Gap fraction of 57∘ degrees LAI Canopy clumping index
Miller’s method Iterative inversion method Equation (22) of singe angle

HP 1 0.2132 1.4893 1.7204 1.6606 0.9338
HP 2 0.1802 1.4924 1.7261 1.8416 0.9375
HP 3 0.1746 1.4813 1.7067 1.8755 0.9406
HP 4 0.1990 1.4860 1.6993 1.7346 0.9304
HP 5 0.1954 1.4828 1.7158 1.7544 0.9277
HP 6 0.1970 1.4822 1.7099 1.7460 0.9269
HP 7 0.1696 1.4493 1.6663 1.9070 0.9412
HP 8 0.1647 1.4716 1.6976 1.9382 0.9354
HP 9 0.1699 1.4623 1.6744 1.9047 0.9374
HP 10 0.1694 1.4829 1.6998 1.9079 0.9319
HP 11 0.1741 1.4876 1.7117 1.8786 0.9295
HP 12 0.1699 1.4696 1.6992 1.9046 0.9343

Table 3: Average leaf inclination angle calculation based on PCD.

Experimental data Average inclination
angle of branch PCD

Average inclination
angle of leaf PCD

Medium-density PCD1 59.5360 degrees 54.5971 degrees
High-density PCD1 58.2641 degrees 54.2190 degrees
Low-density PCD1 67.9814 degrees 53.4913 degrees
Medium-density PCD 2 58.4761 degrees 54.1445 degrees
Low-density PCD 2 58.7912 degrees 54.1732 degrees
High-density PCD 2 69.5972 degrees 53.8981 degrees
Average inclination angle 62.1077 degrees 54.0872 degrees

Table 4: Parameters obtained by LAI-2200.

Case Mean leaf inclination angle Diffusion noninterception LAI and standard deviation
1 49.536 degrees 0.184 1.938 ± 0.22
2 52.732 degrees 0.233 2.105 ± 0.14
3 51.130 degrees 0.211 1.921 ± 0.19
4 52.178 degrees 0.194 2.224 ± 0.20
5 50.791 degrees 0.207 1.883 ± 0.17
6 49.870 degrees 0.193 2.001 ± 0.12

Table 5: LAI calculation based on PCD.

PCD data Gap fraction of 57
degrees

LAI Canopy
clumping indexMiller’s method Iterative inversion method Equation (22) of singe angle

Low-density PCD1 0.3460 1.2169 1.2887 1.1661 0.9778
Medium-density PCD1 0.1393 2.2692 2.4095 2.2092 0.9296
High-density PCD1 0.1283 2.4099 2.6309 2.3559 0.9138
Low-density PCD2 0.3438 1.2224 1.3383 1.1662 0.9761
Medium-density PCD2 0.1894 1.9356 2.1179 1.8581 0.9557
High-density PCD2 0.1184 2.4654 2.6572 2.3485 0.9328
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we are able to demonstrate relationships between HP, LAI-
2200, and TLS for canopy index estimation. The relationship
also suggests that TLS could serve as a calibration tool
for HP-based and airborne LiDAR-based LAI estimation.
In the future work, we will adopt LiDAR, high spectral
radiometer and tracing radiation canopy architecture ana-
lyzer, and TLS to comprehensively obtain forestry stand
data with forestry-related calculation model proposed to
estimate forestry parameters. As further development of these
tools and methods for extracting biophysical and ecological
parameters from TLS data sets, long-term forest ecosystem
monitoring will benefit from repeatable techniques assuring
data for sustainable forest management practices.

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgments

Thiswork is supported by theNational Natural Science Foun-
dation of China (31300472), Natural Science Foundation of
Jiangsu Province (BK2012418, BK2012815), and Fundamental
Research Funds for Rubber Research Institute, CATAS (RRI-
KLOF201501). In addition, we appreciate the experimental
devices provided by National Basic Research Program of
China (973 Program, 2012CB416904) and Priority Academic
Program Development of Jiangsu Higher Education Institu-
tions.

References

[1] S. Hancock, P. Lewis, M. Foster, M. Disney, and J.-P. Muller,
“Measuring forests with dual wavelength lidar: a simulation
study over topography,” Agricultural and Forest Meteorology,
vol. 161, pp. 123–133, 2012.

[2] B. Koch, “Status and future of laser scanning, synthetic aperture
radar and hyperspectral remote sensing data for forest biomass
assessment,” ISPRS Journal of Photogrammetry and Remote
Sensing, vol. 65, no. 6, pp. 581–590, 2010.

[3] A. Ferraz, F. Bretar, S. Jacquemoud et al., “3-D mapping of a
multi-layered Mediterranean forest using ALS data,” Remote
Sensing of Environment, vol. 121, pp. 210–223, 2012.

[4] A. Peduzzi, R. H. Wynne, T. R. Fox, R. F. Nelson, and V. A.
Thomas, “Estimating leaf area index in intensively managed
pine plantations using airborne laser scanner data,” Forest
Ecology and Management, vol. 270, pp. 54–65, 2012.

[5] C. Alexander, P. K. Bøcher, L. Arge, and J.-C. Svenning,
“Regional-scale mapping of tree cover, height and main phe-
nological tree types using airborne laser scanning data,” Remote
Sensing of Environment, vol. 147, pp. 156–172, 2014.

[6] P. Polewski, W. Yao, M. Heurich, P. Krzystek, and U. Stilla,
“Detection of fallen trees in ALS point clouds using a Nor-
malized Cut approach trained by simulation,” ISPRS Journal of
Photogrammetry and Remote Sensing, 2015.

[7] D. Seidela, S. Fleckb, and C. Leuschner, “Analyzing forest
canopies with ground-based laser scanning: a comparison with
hemispherical photography,” Agricultural and Forest Meteorol-
ogy, vol. 154, pp. 1–8, 2012.

[8] J. L. Lovell, D. L. B. Jupp, G. J. Newnham, and D. S. Culvenor,
“Measuring tree stem diameters using intensity profiles from
ground-based scanning lidar from a fixed viewpoint,” ISPRS
Journal of Photogrammetry and Remote Sensing, vol. 66, no. 1,
pp. 46–55, 2011.

[9] V. Kankare, J. Vauhkonen, T. Tanhuanpää et al., “Accuracy
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Although näıve Bayes learner has been proven to show reasonable performance in machine learning, it often suffers from a few
problems with handling real world data. First problem is conditional independence; the second problem is the usage of frequency
estimator. Therefore, we have proposed methods to solve these two problems revolving around naı̈ve Bayes algorithms. By using
an attribute weighting method, we have been able to handle conditional independence assumption issue, whereas, for the case
of the frequency estimators, we have found a way to weaken the negative effects through our proposed smooth kernel method.
In this paper, we have proposed a compact Bayes model, in which a smooth kernel augments weights on likelihood estimation.
We have also chosen an attribute weighting method which employs mutual information metric to cooperate with the framework.
Experiments have been conducted on UCI benchmark datasets and the accuracy of our proposed learner has been compared with
that of standard näıve Bayes. The experimental results have demonstrated the effectiveness and efficiency of our proposed learning
algorithm.

1. Introduction

Näıve Bayes classifier is a supervised learning method based
on Bayes rule of probability theory, running on labeled
training examples and driven by a strong assumption that
all attributes in the training examples are independent from
one another on the given training examples known as naı̈ve
Bayes assumption or näıve Bayes conditional independence
assumption. Naı̈ve Bayes classifier has high performance and
rapid classification speed and has exhibited its effectiveness
especially in huge training instances with plenty of attributes
mainly because of its independence assumption [1].

In practice, classification performance is affected by the
attribute independence assumption which is usually vio-
lated in real world. However, due to the attractive advan-
tages of efficiency and simplicity, both stemming from the
attribute independence assumption, many researchers have
proposed effective methods to further improve the perfor-
mance of naı̈ve Bayes classifier by weakening the attribute

independence without neglecting its advantages. We catego-
rize some typical previous methods of relaxing näıve Bayes
assumption and give brief reviews in Section 3. However, we
have found out that attribute weighting method has drawn
relatively little attention among those previous methods in
improving naı̈ve Bayes classifier, especially in the case when
attribute weighting method is combined with kernel method
in a reasonable way.

Although Chen andWang [2] proposed attribute weight-
ingmethodwith the kernel, their weighting scheme generates
a series of parameters from least squares cross-validation
which is less meaningful in terms of interpretation than
our proposed method. In contrast, we propose an attribute
weighting algorithm based on attribute weighting framework
with kernel method. Our method makes the weights embed-
ded in kernel have relatively interpretable meaning; thus we
can flexibly choose different metrics andmethods tomeasure
the weights based on our attribute weighting framework.
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Contributions of this paper are threefold:

(i) We briefly make a survey of ways to improve näıve
Bayes, especially focusing on those naı̈ve Bayes
weighting methods.

(ii) We propose a novel attribute weighting framework
called Attribute Weighting with Smooth Kernel Den-
sity Estimation, simply AW-SKDE. The AW-SKDE
framework employs a smooth kernel that makes the
probabilistic estimation of likelihood to be dominated
by the weights, which enables the combination of
kernel methods and weighting methods. After setting
up the kernel, we can generate a set of weights
directly by using various methods cooperating with
the kernel.

(iii) On the AW-SKDE framework, we propose a learner
called AW-SKDEMI in which we choose the mutual
information criterion to measure the dependency
between an attribute and its class label.

Our experimental results show that mutual information
criterion based on AW-SKDE framework exhibits superior
performance compared to standard naı̈ve Bayes classifier.

The paper is organized as follows: we briefly make a
survey of ways to improve näıve Bayes in Section 2. In
Section 3, we introduce the background of our study. In
Section 4, we first propose our attribute weighting framework
based on kernel density estimation. After that, we propose
a method employing the mutual information criterion for
attribute weighting based on our proposed framework. In
Section 5, we describe the experiment and results in detail.
Lastly, we draw conclusions for our study and describe the
future research in Section 6.

2. Related Work

A number of methods that weaken attribute independent
assumption for naı̈ve Bayes have been proposed in the
recent years. Jiang et al. [3] made a survey about improving
näıve Bayes method. Those methods are broadly divided
into five main categories: structure extension, feature selec-
tion, data expansion, local learning, and attribute weight-
ing. We make a brief review by following this categoriza-
tion.

For data expansion, Kang and Sohn [4] have presented
an algorithm called propositionalized attribute taxonomy
learner, simply PAT-learner. In PAT-learner, the training data
set is first disassembled into small pieces with attributes
values; then, PAT-learner rebuilds a new data set called PAT-
Table by using divergence between the distribution of the
class labels associated with the corresponding attributes at
the disassembled date set. Kang and Kim [5] also proposed a
Bayes learner based on PAT-learner, called propositionalized
attribute taxonomy guided näıve Bayes learner (PAT-NBL).
They utilize propositionalized data set and PAT-Table that
is generated from PAT-learner to build näıve Bayes classi-
fiers.

Wong [6] has focused on the discretization method of
attributes to improve naı̈ve Bayes. Wong has proposed a

hybrid method for continuous attributes and mentioned that
discretizing continuous attributes in a data set using different
methods can improve the performance of näıve Bayes learner.
Also, Wong provides a nonparametric measure to evaluate
the dependence level between a continuous attribute and the
class.

In structure extension, Webb et al. [7] have proposed
a method called aggregating one-dependence estimators,
simply AODE. In AODE, the conditional probability of test
instances given class is tuned by one attribute value which
occurs in the test instance. After the training stage, AODE
outputs an average one-dependence estimator. AODE is a lazy
method of structure extension of Bayesian network. Jiang et
al. [3] have proposed hidden naı̈ve Bayes, simplyHNB, which
is also a kind of structure extension method.

As for attribute weighting methods, we have two ways to
get attribute weights. The first one is to construct a function
with the parameters of attributeweight and to let this function
fit itself with the training data by estimating theweights. Zaidi
et al. [8] have proposed a weighted näıve Bayes algorithm,
called weighting to alleviate the näıve Bayes independence
assumption, simply WANBIA. Based on WANBIA frame-
work, the authors have described two methods to obtain
the attribute weights: WANBIACLL, which maximizes the
conditional log likelihood function and WANBIAMSE, which
minimizes mean squared error function.

Chen and Wang [2] have also proposed an algorithm to
minimize mean squared error function in order to obtain
the attribute weights. In another paper, Chen and Wang [9]
have proposed a method called subspace weighting naı̈ve
Bayes (simply SWNB) that is a näıve Bayes weightingmethod
to deal with high-dimensional data. Using the local feature-
weighting technique, SWNB has the ability to describe
different contributions of attributes in the training data set
and outputs an optimal set of attribute weights fitting a Logit
normal priori distribution.

There are many other methods that can be categorized
into attribute weighting. Lee et al. [10] have calculated
attributes weight via Kullback-Leibler divergence between
the attribute and class label. Wu and Cai [11] have pro-
posed decision tree-based attribute weighted AODE, simply
DTWAODE. DTWAODE generates a set of attribute weights
directly, and the weight value decreases according to attribute
depth in the decision tree. Omura et al. [12] have proposed a
weighting method, called confidence weight for näıve Bayes,
and that confidence weight is derived from the probabilities
of the majority class in the training data set.

3. Background

In this section, we explain the concepts of machine learning
methods used in this paper, including naı̈ve Bayes classifier,
näıve Bayes attribute weighting, and kernel density estima-
tion for näıve Bayes categorical attributes. The symbols used
in this paper are summarized in Notations section.

3.1. Naı̈ve Bayes Classifier. In supervised learning, consider a
training data setD = {x(1), . . . , x(n)} composed of 𝑛 instances,
where each instance x = ⟨𝑥1, . . . , 𝑥𝑚⟩ ∈ D (𝑚-dimensional
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vector) is labeled with class label 𝑐 ∈ 𝐶. For the posterior
probability of 𝑐 given x, we have

𝑝 (𝑐 | x) =
𝑝 (x | 𝑐) ⋅ 𝑝 (𝑐)

𝑝 (x)
∝ 𝑝 (x | 𝑐) . (1)

But likelihood 𝑝(x | 𝑐) cannot be directly estimated from
D because of insufficient data in practice. Näıve Bayes uses
attributes independence assumption to alleviate this problem;
from the assumption, 𝑝(x | 𝑐) is shown as follows:

𝑝 (x | 𝑐) =
𝑚

∏

𝑖=1
𝑝 (𝑥𝑖 | 𝑐) . (2)

In the training phase, only 𝑝(𝑥𝑖 | 𝑐) and 𝑝(𝑐) need to be
estimated for each class 𝑐 ∈ 𝐶 and each attribute value 𝑥𝑖 ∈
𝐴 𝑖. The estimation method uses the frequency of 𝑥𝑖 given 𝑐
and the frequency of 𝑐 for 𝑝(𝑥𝑖 | 𝑐) and 𝑝(𝑐), respectively.

In the classification phase, if we have a test instance t =
⟨𝑡1, . . . , 𝑡𝑚⟩ where 𝑡𝑚 is an attribute value of the attribute 𝑚
in the test instance, näıve Bayes classifier outputs a class label
prediction of t based on the frequency estimation of 𝑝(𝑥𝑖 | 𝑐)
and 𝑝(𝑐) which have been generated in the training phase.
The classifier of naı̈ve Bayes is shown as follows:

𝐶NB (t) = argmax
𝑐∈𝐶

𝑝 (𝑐)

𝑚

∏

𝑖=1
𝑝 (𝑥𝑖 | 𝑐) . (3)

As it was aforementioned, naı̈ve Bayes assumption con-
flicts withmost real world applications (note that it is rare that
attributes in the same data set do not have any relationships
between each other). Therefore, many researchers provide
proposals to relax näıve Bayes assumption effectively, which
have been reviewed in Section 2.

In this paper, we focus on attribute weighting methods
combined with kernel density estimation technique which is
applied to näıve Bayes learner in order to relax conditional
independence assumption.

3.2. Naı̈ve Bayes Attribute Weighting. Generally, näıve Bayes
attribute weighting scheme can be formulated in several
forms. Firstly, the weight to each attribute is defined as
follows:

𝑝 (𝑐 | x) = 𝑝 (𝑐)
𝑚

∏

𝑖=1
𝑝 (𝑥𝑖 | 𝑐)

𝑤𝑖
. (4)

If the weight depends on attribute and class, the corre-
sponding formula is as follows:

𝑝 (𝑐 | x) = 𝑝 (𝑐)
𝑚

∏

𝑖=1
𝑝 (𝑥𝑖 | 𝑐)

𝑤𝑐𝑖
. (5)

The following formula is used for the case when the
weight depends on attribute value:

𝑝 (𝑐 | x) = 𝑝 (𝑐)
𝑚

∏

𝑖=1
𝑝 (𝑥𝑖 | 𝑐)

𝑤𝑖,𝑥𝑖
. (6)

Referring back to (4), when ∀𝑤𝑖 = 𝑤, the formula is
shown as follows:

𝑝 (𝑐 | x) = 𝑝 (𝑐)
𝑚

∏

𝑖=1
𝑝 (𝑥𝑖 | 𝑐)

𝑤
. (7)

It is worthwhile to mention that (7) is considered as a
special case of näıve Bayes classifier, where each attribute
𝐴 𝑖 has the same weight ∀𝑤𝑖 = 𝑤 = 1. In other words,
näıve Bayes classifier ignores the importance of attributes.
From information theoretic perspective, naı̈ve Bayes classifier
abandons the chance of digging more information from D
to reduce the entropy of class. This is one of the reasons
why attribute weighting method provides more accuracy of
classification result than näıve Bayes classifier.

In our approach, we follow (4) that assigns 𝑤𝑖 which
corresponds to the attribute 𝐴 𝑖. But instead of using 𝑤𝑖 as an
exponential parameter, we incorporate 𝑤𝑖 into 𝑝(𝑥𝑖 | 𝑐) so
that it works in a more generalized form. The weight in our
paper works in the kernel, as is shown in (13), described in
Section 4.1.

Based on information theoretic perspective, attribute
weighting method tries to find out which attribute will give
more information for classification than other attributes. If
an attribute 𝐴 𝑖 in data set D provides more information to
reduce the entropy of class label 𝐶 than other attributes, then
𝐴 𝑖 will be assigned with a higher weight.

3.3. Kernel Density Estimation for Naı̈ve Bayes Categorical
Attributes. In näıve Bayes learner, which has been discussed
in Section 3.1, the likelihood 𝑝(𝑎(𝑗)

𝑖
| 𝑐) is often estimated

by 𝑓𝑐(𝑎
(𝑗)

𝑖
), the frequency of 𝑎(𝑗)

𝑖
given 𝑐; note that 𝑎(𝑗)

𝑖
is the

value of attribute 𝑖 at the 𝑗th instance in a data set D. From
a statistical perspective, a nonsmooth estimator has the least
sample bias, but it also has a large estimation variance [2, 13]
at the same time. Aitchison and Aitken [14] have proposed
a kernel function and Chen and Wang [2] have proposed a
variant of smooth kernel function alternating the frequency.
The definition of their kernel function in [2] is as follows.

Given a test instance t = ⟨𝑡1, . . . , 𝑡𝑚⟩ where 𝑡𝑚 is an
attribute value of the attribute𝑚 in the test instance,

𝜅 (𝑡𝑖, 𝑎
(𝑗)

𝑖
, 𝜆𝑐𝑖) =

{
{
{

{
{
{

{

1 −





𝐴 𝑖





− 1





𝐴 𝑖





𝜆𝑐𝑖: 𝑡𝑖 = 𝑎
(𝑗)

𝑖

1





𝐴 𝑖





𝜆𝑐𝑖: 𝑡𝑖 ̸= 𝑎
(𝑗)

𝑖
.

(8)

Note that 𝜅(𝑡𝑖, 𝑎
(𝑗)

𝑖
, 𝜆𝑐𝑖) is a kernel function for𝐴 𝑖 given 𝑐,

which may become an indicator if 𝜆𝑐𝑖 = 0. 𝜆𝑐𝑖(= 𝑤𝑐𝑖 ⋅ 𝜆𝑐) is
the bandwidth such that 𝜆𝑐 = 1/√𝑛𝑐, 𝜆𝑐𝑖 ∈ [0, 1], and 𝑛𝑐 is a
number of instances inD given 𝑐.

In [2], they have used (8) to estimate 𝑝(𝑡𝑖 | 𝑐) as follows:

𝑝 (𝑡𝑖 | 𝑐, 𝜆𝑐𝑖) =
1
𝑛𝑐

𝑛𝑐

∑

𝑗=1
𝜅 (𝑡𝑖, 𝑎

(𝑗)

𝑖
, 𝜆𝑐𝑖)

= 𝑓𝑐 (𝑡𝑖) +(
1





𝐴 𝑖





− 𝑓𝑐 (𝑡𝑖)) 𝜆𝑐𝑖,

(9)



4 Mathematical Problems in Engineering

where we use 𝑝(𝑡𝑖 | 𝑐, 𝜆𝑐𝑖) instead of 𝑝(𝑡𝑖 | 𝑐). (Note that
𝑝(𝑐) is still estimated by frequency.) They minimize the cost
function to take out a series𝑤𝑐𝑖 for each𝐴 𝑖 in class 𝑐.The cost
function is defined as follows:

𝐽 (𝑤𝑐) =

𝑚

∑

𝑖=1

𝐴𝑖

∑

𝑎𝑖

(𝑝 (𝑎𝑖 | 𝑐) − 𝑝 (𝑎𝑖 | 𝑐, 𝑤𝑐𝑖))
2
. (10)

Hence, the classifier is formulated as follows:

𝐶 (t) = arg max
𝑐∈𝐶

𝑝 (𝑐)

𝑚

∏

𝑖=1
𝑝 (𝑡𝑖 | 𝑐, 𝜆𝑐𝑖) . (11)

4. AW-SKDE Framework and
AW-SKDEMI Learner

As mentioned earlier, in this section, we propose an attribute
weighting framework working on the categorical attribute
called Attribute Weighting with Smooth Kernel Density Esti-
mations, simply AW-SKDE. Based on the AW-SKDE frame-
work, a learner named AW-SKDEMI is proposed, in which
mutual information attribute weighting is applied.

4.1. AW-SKDE Framework. In (8), we pose an assumption
that if a certain attribute 𝐴 𝑖 has more importance for
classification given class label, in other words,𝐴 𝑖 can provide
more information to reduce the indeterminacy of class 𝑐, then
the value of 𝑝(𝑎(𝑗)

𝑖
| 𝑐) should be more close to 𝑓𝑐(𝑎

(𝑗)

𝑖
);

otherwise, if 𝐴 𝑖 is less meaningful for classification, then
𝑝(𝑎

(𝑗)

𝑖
| 𝑐) should be more close to 1/|𝐴 𝑖|. We let the

bandwidth𝜆𝑐𝑖 = (1−𝑤𝑖)
2
×𝜆𝑐, where𝑤𝑖 ∈ [0, 1], 𝜆𝑐 = 1/√𝑛𝑐,

and 𝑛𝑐 is the number of instances labeled𝐶 = 𝑐.The variation
of (8) according to our proposal is as follows:

𝜅 (𝑡𝑖, 𝑎
(𝑗)

𝑖
, 𝑤𝑖)

=

{
{
{

{
{
{

{

1 −





𝐴 𝑖





− 1





𝐴 𝑖





(1 − 𝑤𝑖)
2
𝜆𝑐: 𝑡𝑖 = 𝑎

(𝑗)

𝑖

1





𝐴 𝑖





(1 − 𝑤𝑖)
2
𝜆𝑐: 𝑡𝑖 ̸= 𝑎

(𝑗)

𝑖
.

(12)

The estimation 𝑝(𝑡𝑖 | 𝑐, 𝑤𝑖) of probability of 𝑝(𝑡𝑖 | 𝑐) is
described as follows:

𝑝 (𝑡𝑖 | 𝑐, 𝑤𝑖) =
1
𝑛𝑐

𝑛𝑐

∑

𝑗=1
𝜅 (𝑡𝑖, 𝑎

(𝑗)

𝑖
, 𝑤𝑖)

= 𝑓𝑐 (𝑡𝑖) +(
1





𝐴 𝑖





− 𝑓𝑐 (𝑡𝑖))
(1 − 𝑤𝑖)

2

√𝑛𝑐

.

(13)

Hence, AW-SKDE framework is defined as follows:

𝐶AW-SKDE (t) = arg max
𝑐∈𝐶

𝑝 (𝑐)

𝑚

∏

𝑖=1
𝑝 (𝑡𝑖 | 𝑐, 𝑤𝑖) . (14)

The AW-SKDE framework incorporates a smooth kernel
to make the probabilistic estimation of likelihood dominated
by the weights. This enables natural combination of kernel
methods and weighting methods. After setting up the kernel,
we can generate a set of weights estimated by variousmethods
cooperating with the kernel.

Table 1: Time complexity (𝑚: the number of attributes, 𝑛: the
number of training examples, 𝑘: the number of classes, and V: the
average number of values for an attribute).

Algorithm Training time Classification time
NB 𝑂(𝑚𝑛) 𝑂(𝑘𝑚)

AW-SKDEMI
𝑂(𝑚𝑛𝑘 + 𝑚

2
+ 𝑚V) 𝑂(𝑘𝑚)

4.2. AW-SKDEMI Learner. Our approach generates a set
of attribute weights 𝑤𝑖 ∈ [0, 1] by employing mutual
information between 𝐴 𝑖 and 𝐶. It makes sense that if one
attribute has more mutual information with class label, the
attribute will provide more classification ability than other
attributes and therefore should be assigned a larger weight.

The average weight𝑤𝑖 avg of each attribute𝐴 𝑖 is defined as
follows:

𝑤𝑖 avg =
𝐼 (𝐴 𝑖; 𝐶)

∑

𝑚

𝑖=1 𝐼 (𝐴 𝑖; 𝐶)
, (15)

where the definition of 𝐼(𝐴 𝑖; 𝐶) is as follows:

𝐼 (𝐴 𝑖; 𝐶) = ∑

𝑖,𝑐

𝑝 (𝑎𝑖 | 𝑐) 𝑝 (𝑐) log
𝑝 (𝑎𝑖 | 𝑐)

𝑝 (𝑎𝑖)
. (16)

We also incorporate split information used in C4.5 [15]
with 𝑤𝑖 split into our weighting scheme to avoid choosing the
attributes with lots of values. The split information for each
𝐴 𝑖 is defined as follows where 𝑎(𝑗)

𝑖
is the value of attribute 𝐴 𝑖

at 𝑗th instance (as described in Notations section):

𝐴 𝑖 split = − ∑
𝑎𝑖∈𝐴𝑖

𝑝 (𝑎𝑖) log𝑝 (𝑎𝑖) . (17)

Now, the weight of 𝐴 𝑖 is defined as follows:

𝑤𝑖 =

𝑤𝑖 avg/𝐴 𝑖 split

∑

𝑚

𝑖=1 (𝑤𝑖 avg/𝐴 𝑖 split)
. (18)

We feed AW-SKDEMI with a training data set D. In
the training stage, we generate 𝑤𝑖 avg, 𝐴 𝑖 split, and 𝑤𝑖 out for
each 𝐴 𝑖. In the classification phase, we give a test instance t;
then AW-SKDEMI classifier is formed; a prediction of class is
outputted finally. The learning algorithm of AW-SKDEMI is
described in Algorithm 1.

During the training phase, AW-SKDEMI only needs to
construct conditional probability tables (CPT), which are
the tables that contain joint probabilities of attributes and
a class label. In terms of time complexity, the calculation
of 𝐼(𝐴 𝑖; 𝐶), 𝑤𝑖 avg, 𝐴 𝑖 split, and 𝑤𝑖 requires 𝑂(𝑚𝑛𝑘), 𝑂(𝑚

2
),

𝑂(𝑚V), and 𝑂(𝑚2
), respectively. Therefore, the total time

complexity is𝑂(𝑚𝑛𝑘+𝑚2
+𝑚V) in the training phase. In the

classification phase, the algorithm time complexity is𝑂(𝑘𝑚).
We summarize the time complexity ofAW-SKDEMI andnaı̈ve
Bayes in Table 1.

Here, we also present a framework named Attribute
Weighting with Light Smooth Kernel Density Estimation,
simply AW-LSKDE, which does not consider the bandwidth.
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AW-SKDEMI:
Input: training data setD and a test instance t
Output: the class estimation of t
Training phase:
begin
(1) for each 𝑎𝑖 and 𝑐 in 𝐴 𝑖 and 𝐶:

estimate 𝑝(𝑎𝑖, 𝑐), 𝑝(𝑐), 𝑝(𝑎𝑖 | 𝑐), 𝑝(𝑎𝑖) and |𝐴 𝑖|.
(2) for each 𝐴 𝑖 and 𝐶:

𝐼 (𝐴 𝑖; 𝐶) = ∑

𝑖,𝑐

𝑝 (𝑎𝑖 | 𝑐) 𝑝 (𝑐) log
𝑝 (𝑎𝑖 | 𝑐)

𝑝 (𝑎𝑖)

(3) for each 𝐴 𝑖:

(a) 𝑤𝑖 avg =
𝐼 (𝐴 𝑖; 𝐶)

∑

𝑚

𝑖=1 𝐼 (𝐴 𝑖; 𝐶)

(b) 𝐴 𝑖 split = −∑
𝑎𝑖∈𝐴𝑖

𝑝 (𝑎𝑖) log𝑝 (𝑎𝑖)

(c) 𝑤𝑖 =
𝑤𝑖 avg/𝐴 𝑖 split

∑

𝑚

𝑖=1 (𝑤𝑖 avg/𝐴 𝑖 split)

end.
Classification phase:
begin
(1) for each dimension of test instance t and 𝐶:

𝑝 (𝑡𝑖 | 𝑐, 𝑤𝑖) = 𝑓𝑐
(𝑡𝑖) + (

1





𝐴 𝑖






− 𝑓

𝑐
(𝑡𝑖))

(1 − 𝑤𝑖)
2

√𝑛𝑐

(2) Output the class value

𝐶AW-SKDEMI (t) = arg max
𝑐∈𝐶

𝑝 (𝑐)

𝑚

∏

𝑖=1
𝑝 (𝑡𝑖 | 𝑐, 𝑤𝑖)

end.

Algorithm 1: Mutual information based Attribute Weighting with
Smooth Kernel Density Estimation (AW-SKDEMI) algorithm.

AW-LSKDE can be regarded as a simple version of AW-
SKDE.According to (8), we directly let𝜆𝑐𝑖 = 1−𝑤𝑖 where𝑤𝑖 ∈
[0, 1]. Hence, the kernel 𝜅(𝑡𝑖, 𝑎

(𝑗)

𝑖
, 𝜆𝑐𝑖) is changed to 𝜅(𝑡𝑖, 𝑎

(𝑗)

𝑖
,

𝑤𝑖) which is defined as follows:

𝜅 (𝑡𝑖, 𝑎
(𝑗)

𝑖
, 𝑤𝑖) =

{
{
{

{
{
{

{

1





𝐴 𝑖





+






𝐴 𝑖





− 1





𝐴 𝑖





𝑤𝑖: 𝑡𝑖 = 𝑎
(𝑗)

𝑖

1





𝐴 𝑖





(1 − 𝑤𝑖) : 𝑡𝑖 ̸= 𝑎
(𝑗)

𝑖
.

(19)

The estimation 𝑝(𝑡𝑖 | 𝑐, 𝑤𝑖) is described as follows:

𝑝 (𝑡𝑖 | 𝑐, 𝑤𝑖) =
1
𝑛𝑐

𝑛𝑐

∑

𝑗=1
𝜅 (𝑡𝑖, 𝑎

(𝑗)

𝑖
, 𝑤𝑖)

=

1





𝐴 𝑖





+𝑤𝑖 (𝑓𝑐 (𝑡𝑖) −
1





𝐴 𝑖





) .

(20)

We also build an attribute weighting näıve Bayes learner
with mutual information metric based on this AW-LSKDE
framework, called AW-LSKDEMI. The method of obtain-
ing the weight of 𝐴 𝑖 is the same as that of AW-SKDEMI

learner. Unfortunately, AW-LSKDE framework does not give
us encouraging results. The experimental results of AW-
LSKDEMI learner can be found in Table 3 with analysis of the
results.

Table 2: Description of data sets used in the experiments.

Data set Instances Attributes Classes Missing Numeric
Anneal 898 39 6 Y Y
Balance-scale 625 5 3 N Y
Breast-cancer 286 10 2 Y N
Breast-w 699 10 2 Y N
Colic 368 23 2 Y Y
Credit-a 690 16 2 Y Y
Dermatology 366 35 6 Y Y
Glass 214 10 7 N Y
Heart-statlog 250 14 2 N Y
Hepatitis 155 20 2 Y Y
Ionosphere 351 35 3 N Y
Lymph 148 19 4 N Y
Primary-tumor 339 18 21 Y N
Segment 2310 20 7 N Y
Sick 3772 30 2 Y Y
Vehicle 846 19 4 N Y
Vote 435 17 2 Y N

Table 3: Experimental results in terms of classifiers’ accuracy. Note
that accuracies are estimated using 10-fold cross-validationwith 95%
confidence interval.

Data set Näıve Bayes AW-SKDEMI AW-LSKDEMI

Anneal 93.99 ± 1.55 96.55 ± 1.19 76.17 ± 2.79
Balance-scale 91.36 ± 2.20 91.36 ± 2.20 89.6 ± 2.39
Breast-cancer 71.68 ± 5.22 72.38 ± 5.18 70.28 ± 5.30
Breast-w 97.28 ± 1.21 96.85 ± 1.29 88.41 ± 2.37
Colic 82.07 ± 3.92 81.79 ± 3.94 79.62 ± 4.12
Credit-a 85.94 ± 2.59 86.09 ± 2.58 83.62 ± 2.76
Dermatology 97.81 ± 1.50 97.81 ± 1.50 75.14 ± 4.43
Glass 77.10 ± 5.63 76.64 ± 5.67 62.62 ± 6.48
Heart-statlog 83.70 ± 4.58 83.70 ± 4.58 77.78 ± 5.15
Hepatitis 89.03 ± 4.92 89.03 ± 4.92 79.35 ± 6.37
Ionosphere 92.02 ± 2.83 91.45 ± 2.93 86.61 ± 3.56
Lymph 85.81 ± 5.62 85.81 ± 5.62 76.35 ± 6.85
Primary-tumor 50.15 ± 5.32 49.85 ± 5.32 24.78 ± 4.60
Segment 89.09 ± 1.27 88.70 ± 1.29 75.28 ± 1.76
Sick 97.48 ± 0.50 97.03 ± 0.54 93.88 ± 0.76
Vehicle 66.67 ± 3.18 66.90 ± 3.17 61.82 ± 3.27
Vote 90.11 ± 2.81 89.89 ± 2.83 91.49 ± 2.62
Average 84.78 ± 3.23 84.81 ± 3.22 76.05 ± 3.86

5. Experimental Results

In order to compare AW-ESKDMI, AW-LSKDEMI, and näıve
Bayes in terms of classification accuracy, we have conducted
experiments on UCI Machine Learning Repository Bench-
mark Data Sets [16]. The UCI benchmark data sets that we
have used are shown in Table 2. Note that we have conducted
preprocessing to each data set: removing missing values and
discretizing numerical attribute values.
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In the implementation of our algorithm, all the probabil-
ities including 𝑝(𝐶 = 𝑐) and 𝑝(𝐴 𝑖 = 𝑎𝑖, 𝐶 = 𝑐) are estimated
via Laplacian smoothing which is shown as follows:

𝑝 (𝐶= 𝑐) =

count (𝑐) + 1
𝑛 + |𝐶|

𝑝 (𝐴 𝑖 = 𝑎𝑖, 𝐶 = 𝑐) =
count (𝑎𝑖, 𝑐) + 1
𝑛𝑖 +






𝐴 𝑖





× |𝐶|

,

(21)

where 𝑛 is the number of training examples for which the
class value is known; 𝑛𝑖 is the number of training examples for
which both attribute 𝑖 and the class are known. The count(∙)
is the count value of ∙. The quotient of 𝑝(𝐴 𝑖 = 𝑎𝑖, 𝐶 = 𝑐) as
the dividend and 𝑝(𝐶 = 𝑐) as the divisor result in conditional
probability 𝑝(𝐴 𝑖 = 𝑎𝑖 | 𝐶 = 𝑐).

To compare the performance of the algorithms, we
have adapted 𝑡-test with 10-fold cross-validation. We have
conducted the experiments by applying our algorithm and
standard näıve Bayes on the same training data sets as well
as the same test data sets. The performance of the algorithm
is evaluated through classification accuracy.

Table 3 shows the comparison of accuracies among stan-
dard naı̈ve Bayes, AW-SKDEMI learner, and AW-LSKDEMI

learner.
It can be seen that AW-SKDEMI learner shows four better

results, six even results, and seven worse results than näıve
Bayes within seventeen UCI data sets. AW-LSKDEMI learner
only has one better result. Note that accuracies are estimated
using 10-fold cross-validation with 95% confidence interval.
AW-SKDEMI has a significant performance in the anneal
data set and the mean accuracy of the AW-SKDEMI learner
is 84.81 which is better than that of naı̈ve Bayes’ 84.78.
This experimental result can prove that our new attribute
weighting model AW-SKDEMI is efficient and effective. AW-
LSKDEMI learner has performed poorly due to the ignorance
of bandwidth parameters in the kernelmethods which results
in a relatively larger bias.

6. Conclusions and Future Work

In this paper, a novel attribute weighting framework called
Attribute Weighting with Smooth Kernel Density Estimations,
simply AW-SKDE framework, has been proposed. The AW-
SKDE framework enables the estimation of likelihood to be
dominated by attribute weights. Based on AW-SKDE, AW-
SKDEMI has been proposed to exploit mutual information.
We have conducted experiments on seventeen UCI bench-
mark data sets andmade a comparison of accuracy among the
standard NB, AW-SKDEMI, and AW-LSKDEMI. The exper-
imental result proves that our new learner, AW-SKDEMI, is
efficient and effective. Also, due to the relatively larger bias in
the algorithm of AW-LSKDEMI, it has underperformed.

Even though AW-SKDEMI shows comparable results, as
shown in Table 3, it does not quite outperform näıve Bayes.
In the future work, we plan to improve AW-SKDE framework
and investigate more effective attribute weighting methods
instead of the weight measurement method with mutual
information between attributes and class label.

Notations

𝐴 𝑖: The 𝑖th attribute in data set
|𝐴 𝑖|: The cardinality of attribute 𝑖
𝑎

(𝑗)

𝑖
: The value of 𝐴 𝑖 at 𝑗th instance

D = {x(1), . . . , x(n)}: Training data set consists of 𝑛
instances

x = ⟨𝑥1, . . . , 𝑥𝑚⟩: An instance,𝑚-dimensional
vector, x ∈ D

𝐶: Class label, 𝐶 = {𝑐1, . . . , 𝑐|𝐶|}
𝑐: An element of 𝐶, 𝑐 ∈ 𝐶
t = ⟨𝑡1, . . . , 𝑡𝑚⟩: A test instance,𝑚-dimensional

vector
𝑃(𝑒): The unconditioned probability of

event 𝑒
𝑃(𝑒 | 𝑔): The conditional probability of 𝑒

given 𝑔
̂
𝑃(∙): An estimation of 𝑃(∙)
𝑓𝑐(⋅): The frequency of ⋅ given 𝑐
𝑤𝑖 ∈ [0, 1]: The weight-value of attribute 𝐴 𝑖
𝐼(𝐴 𝑖; 𝐶): The mutual information between

𝐴 𝑖 and 𝐶.
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Czech University of Life Sciences Prague, Kamýcká 1176, 165 21 Prague 6 Suchdol, Czech Republic

Correspondence should be addressed to Michala Jakubcová; jakubcovam@fzp.czu.cz
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The presented paper provides the analysis of selected versions of the particle swarm optimization (PSO) algorithm. The tested
versions of the PSO were combined with the shufflingmechanism, which splits the model population into complexes and performs
distributed PSO optimization. One of them is a new proposed PSO modification, APartW, which enhances the global exploration
and local exploitation in the parametric space during the optimization process through the new updating mechanism applied on
the PSO inertia weight. The performances of four selected PSO methods were tested on 11 benchmark optimization problems,
which were prepared for the special session on single-objective real-parameter optimization CEC 2005. The results confirm that
the tested new APartW PSO variant is comparable with other existing distributed PSO versions, AdaptW and LinTimeVarW. The
distributed PSO versions were developed for finding the solution of inverse problems related to the estimation of parameters of
hydrological model Bilan.The results of the case study, made on the selected set of 30 catchments obtained fromMOPEX database,
show that tested distributed PSO versions provide suitable estimates of Bilan model parameters and thus can be used for solving
related inverse problems during the calibration process of studied water balance hydrological model.

1. Introduction

Particle swarm optimization (PSO)was established in 1995 by
Kennedy and Eberhart [1]. It is an evolutionary optimization
technique inspired by a behaviour of population of individu-
als, which form groups or swarms like flock of birds or school
of fishes. It workswith population of particles, which are find-
ing the optimal solution during their search within the search
space by collaboration between individuals and by exchang-
ing information about their best position in the space.

The PSO belongs to the stochastic, metaheuristic evolu-
tionary computational techniques, which are based on the
swarm intelligence [2].Themain benefits of this optimization
are the small number of parameters, which need to be adjust-
ed, and an easy implementation.When comparingwith stand-
ard local search methods, the PSO does not require a knowl-
edge about the gradient of the optimized function [3, 4].

Its optimization process often suffers from premature
convergence or from trapping in the local optimum. There-
fore, the recent PSO research focuses on the development of

new adaptation strategies. The most important adaptations
improve the particle’s velocity estimates by the adaptation of
PSO inertia weight [5, 6].

Special attention is also put on the development of
distributed version of PSO [7, 8]. The original population
is divided into subswarms or complexes. The complexes
are simultaneously evolving over the parametric space, and
they periodically exchange information according to some
prescribed migration rules [9, 10].

The PSO has been successfully applied into many real-
life optimization problems in engineering. In recent years,
the PSO optimization significantly enhances the estimation
of parameters of hydrological models [11–14].

For example, Jiang et al. [15] applied PSO for calibration
of the rainfall-runoff model HIMS. They compared classical
PSO algorithm with distributed PSO versions, which are
using the complexes and shuffling mechanism. They found
out that the distributed PSO variants are significantly better
than the original one.
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Zambrano-Bigiarini and Rojas [16] developed the stand-
alone global optimization for calibrating the hydrological
models based on the PSO (called hydroPSO and is available
for R interpreter). The methods enable testing different PSO
versions on calibration of analysed hydrological model. The
group of tested PSO versions showed good optimization per-
formance, and it was an effective and efficient tool for calibra-
tion of both surface and groundwater hydrological models.

Themain aim of the presented paper is to test the selected
PSO distributed versions on single-objective benchmark
optimization problems and to apply them on calibration
of hydrological model Bilan. The case study is conducted
on 30US catchments, for which the data of hydrological
and meteorological forcings are obtained from MOPEX
experiment [17].

The rest of the paper is organized as follows. Section 2
provides details of the standard PSO algorithm and its tested
modifications. Section 3 explains methodology used dur-
ing single-objective benchmark optimization problems and
methodology of the rainfall-runoff model simulations with
description of the Bilan rainfall-runoff model. Results are
summarized in Section 4 and discussion is provided in Sec-
tion 5. Finally, the main findings are concluded in Section 6.

2. Particle Swarm Optimization

This section provides description of tested versions of dis-
tributed PSO. At first, the original PSO is described, and then
the analysed variants of PSO are provided. The distribution
strategy is explained in the last section.

2.1. The Original PSO. The original PSO algorithm estimates
a new particle’s location using information of particle’s veloc-
ity. The velocity ⃗

𝑉
𝑖
= (V
𝑖1
, V
𝑖2
, . . . , V

𝑖Dim) is updated as

⃗
𝑉

𝑡+1

𝑖
=

⃗
𝑉

𝑡

𝑖
+ 𝑐
1
⋅

⃗
𝑈

𝑡

1
⊗ (

⃗
𝑃

𝑡

𝑖
−

⃗
𝑋

𝑡

𝑖
) + 𝑐
2
⋅

⃗
𝑈

𝑡

2
⊗ (

⃗
𝐺

𝑡
−

⃗
𝑋

𝑡

𝑖
) , (1)

and the location ⃗
𝑋
𝑖
= (𝑥
𝑖1
, 𝑥
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, . . . , 𝑥

𝑖Dim) is simply defined as
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=
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, (2)

for all 𝑖 = 1, . . . , 𝑆, where 𝑆 is the total number of particles
in swarm population, 𝑑 = 1, . . . ,Dim, where Dim is the
total number of dimensions (i.e., the number of parameters of
hydrological model), 𝑐

1
and 𝑐
2
denote acceleration constants

predefined by the user, and ⃗
𝑈
1

and ⃗
𝑈
2

are independent
random vectors sampled from a uniform distribution in the
range [0, 1].

The component with particle’s previous best position
⃗

𝑃
𝑖

= (𝑝
𝑖1
, 𝑝
𝑖2
, . . . , 𝑝

𝑖Dim) in (1) represents the cognition
knowledge of swarm particles. When optimization problem
is the minimization, 𝑓( ⃗
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𝑖
) ≤ 𝑓(

⃗
𝑋
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𝑖
. The component with the best

position among all particles ⃗
𝐺 = (𝑔

1
, 𝑔
2
, . . . , 𝑔Dim) in (1)

controls the social influence of swarm particles. For all ⃗
𝑋
𝑖

in the population 𝑓(
⃗

𝐺

𝑡
) ≤ 𝑓(

⃗
𝑋

𝑡

𝑖
). 𝑓 is the analysed single-

objective function [1, 19].

The particle’s locations are in our research initialized
randomly within the search space using the initialization
based on the Latin hypercube sampling technique [20, 21].
Particle’s velocity is initialized randomly from the interval
[−

⃗
𝑉

max
,
⃗

𝑉

max
], where ⃗

𝑉

max is equal to ⃗
𝑋

max [22, 23].

2.2. Analysed Modifications of PSO. We analysed four ver-
sions of the PSO algorithm. They differ according to the
applied particle’s velocity adaptation. All versions were tested
as asynchronous distributed PSO. The modifications are the
following.

ConstrFactor. In the first modification, the parameter of
constriction factor𝐾 is implemented into the PSO algorithm
[24]. If the adapted particle’s velocity with 𝐾 is as
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𝐾 =
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, (4)

where 𝜑 = 𝑐
1
+ 𝑐
2
and 𝜑 > 4.

LinTimeVarW. In the second PSO modification, the linearly
decreasing inertiaweight𝑤 is used [25].The adapted particle’s
velocity equation is shown in

⃗
𝑉

𝑡+1

𝑖
= 𝑤 ⋅

⃗
𝑉

𝑡

𝑖
+ 𝑐
1
⋅

⃗
𝑈

𝑡

1
⊗ (

⃗
𝑃

𝑡

𝑖
−

⃗
𝑋

𝑡

𝑖
) + 𝑐
2
⋅

⃗
𝑈

𝑡

2

⊗ (
⃗

𝐺

𝑡
−

⃗
𝑋

𝑡

𝑖
) .

(5)

The value of inertia weight decreases at each iteration linearly
from 𝑤max = 0.9 to 𝑤min = 0.4 and is simply defined as

𝑤iter =
itermax − iter

itermax
⋅ (𝑤max − 𝑤min) + 𝑤min. (6)

AdaptW. One of the adaptive inertia weights from [26] was
used in this paper. The modification of the inertia weight
parameter is as

𝑤iter = (𝑤max − 𝑤min) ⋅
→

𝑃𝑠

𝑡

+ 𝑤min, (7)

for which

→

𝑃𝑠

𝑡

=

∑

𝑛

𝑖=1
⃗

𝑆

𝑡

𝑖

𝑛

,

⃗
𝑆

𝑡

𝑖
=

{

{

{

1 if 𝑓 (
⃗

𝑃

𝑡

𝑖
) < 𝑓 (

⃗
𝑃

𝑡−1

𝑖
)

0 if 𝑓 (
⃗

𝑃

𝑡

𝑖
) = 𝑓 (

⃗
𝑃

𝑡−1

𝑖
) ,

(8)

where ⃗
𝑆
𝑖
shows the success of 𝑖th particle, →𝑃𝑠 is the success

percentage of the swarm, 𝑛 is the size of the population,
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Require: NC, S comp, termination criteria
(1) initialize the position and velocity of all particles
(2) repeat
(3) E ← sorted X in increasing order according to the functional value
(4) for each complex 𝑗 = 1 to NC do
(5) Aj ← divided E into NC complexes
(6) for each particle 𝑖 = 1 to S comp in Aj do
(7) if (𝑓( ⃗

𝑋
𝑖
) < 𝑓(

⃗
𝑃
𝑖
)) then

(8) ⃗
𝑃
𝑖
=

⃗
𝑋
𝑖

(9) �⃗�
𝑖
= (

𝑤max + 𝑤min
2

− 𝑤min) ⋅
⃗

𝑈 + 𝑤min

(10) else
(11) �⃗�

𝑖
= (

𝑤max + 𝑤min
2

− 𝑤min) ⋅
⃗

𝑈 + (

𝑤max + 𝑤min
2

)

(12) end if
(13) end for
(14) for each particle 𝑖 = 1 to S comp in Aj do
(15) ⃗

𝐺 = min { ⃗
𝑃
0
,
⃗

𝑃
1
, . . . ,

⃗
𝑃S comp}

(16) ⃗
𝑉
𝑖
= �⃗�
𝑖
⋅

⃗
𝑉
𝑖
+ 𝑐
1
⋅

⃗
𝑈
1
⊗ (

⃗
𝑃
𝑖
−

⃗
𝑋
𝑖
) + 𝑐
2
⋅

⃗
𝑈
2
⊗ (

⃗
𝐺 −

⃗
𝑋
𝑖
)

(17) ⃗
𝑋
𝑖
=

⃗
𝑋
𝑖
+

⃗
𝑉
𝑖

(18) end for
(19) end for
(20) until termination criteria is met

Algorithm 1: PSO algorithm with APartW adaptation and SCE mechanism.

𝑤min = 0, and 𝑤max = 1. The adaptive inertia weight value is
updated based on a feedback parameter which is in this case
the variable of percentage of success.

TheAdaptWPSOmethod provided the best performance
in the original paper of Nickabadi et al. [26], and it was
also the best modification of inertia weight out of total 27
distributed variants of PSO (for details see [27]).

APartW. The proposed new adaptive inertia weight modifi-
cation is based on the current position of the particle, and it
combines the global exploration and local exploitation in the
space. The value of the inertia weight parameter is updated
at each generation according to the development of particle’s
location. If the particle improves its position compared to
the best location achieved so far, it is closer to the searched
optimal value. So, if 𝑓( ⃗

𝑋

𝑡

𝑖
) < 𝑓(

⃗
𝑃

𝑡−1

𝑖
), the local exploitation is

supported. The inertia weight is calculated as

�⃗�

𝑡

𝑖
= (

𝑤max + 𝑤min
2

− 𝑤min) ⋅
⃗

𝑈

𝑡
+ 𝑤min, (9)

and thus, for random vector ⃗
𝑈 sampled from a uniform

distribution in the range [0, 1], 𝑤min = 0.1 and 𝑤max = 0.9;
the resulted inertia weight is between [0.1, 0.5].

On the other hand, if the particle does not achieve better
position, the global exploration is encouraged. So, if 𝑓( ⃗

𝑋

𝑡

𝑖
) ≥

𝑓(
⃗

𝑃

𝑡−1

𝑖
), the resulted inertia weight is computed as

�⃗�

𝑡

𝑖
= (

𝑤max + 𝑤min
2

− 𝑤min) ⋅
⃗

𝑈

𝑡
+ (

𝑤max + 𝑤min
2

) , (10)

where the variables are the same as in (9) and the inertia
weight is thus between [0.5, 0.9].

2.3. Distributed Version of PSO. During the optimization
process, a premature convergence to a local optimum could
appear. Due to this, different distribution strategies of the
swarm were developed [27, 28]. A new distribution strategy
of the swarm called shuffled complex evolution (SCE) was
proposed by [9]. In this paper, the SCE-PSO method intro-
duced by [29] is used, where the shuffled complex evolution
is combined with the PSO optimization. The only difference
in our research is that all particles from the complex are
participating in the PSO algorithm, not only a predefined
number of them.

In the SCE strategy, after initialization of particle’s posi-
tion and velocity, the whole population is divided into
a predefined number of complexes NC. The division is
according to the functional value of each particle. All particles
are sorted in increasing order, and then each 𝑗th complex
receives ⃗

𝑋
𝑗
,

⃗
𝑋
𝑗+NC, ⃗

𝑋
𝑗+2NC, . . . particles [30]. Each complex

simultaneously searches through the parametric space, and,
after a predefined number of iterations in one complex, all
particles return to the swarm. The shuffling of particles and
redistribution into the complexes are made, and the process
is repeated until the termination criteria are satisfied.

The shuffling mechanism preserves the population diver-
sity and helps to prevent premature convergence. The SCE-
PSO was already applied for comparison of 27 modifications
of PSO in our previous research [27], and it was found that
the SCE strategy gives significantly better results.

In this paper, all four PSO variants were extended into
a distributed version using SCE-PSO technique. Since the
APartW algorithm is a new proposed version, the simplified
PSO algorithm using APartW adaptation and SCE mecha-
nism is shown inAlgorithm 1, where 𝑆 comp is the number of
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particles in one complex. The other PSO modifications differ
only on lines 9, 11, and 16 in Algorithm 1.

3. Methodology of Single-Objective
Optimization Problems

We analysed the tested distributed versions of PSO on two
sets of single-objective optimization problems. All optimiza-
tion problems were minimizations. The total number of
analysed optimization problems was 15.

The first set is represented by the 11 benchmark problems,
which were specially prepared for CEC 2005 single-objective
optimization session [31]. The total number of optimization
runs was 1100 (i.e., 11 benchmark functions × 4 PSO
variants × 25 program runs).

The second set consists of 120 optimization problems. On
30 datasets ofMOPEX catchments, we analysed 4 benchmark
questions, which are standard objective functions used for
solving inverse problem related to calibrations of hydrological
models [32, 33]. Each optimization based on one objective
function and one data forcing for one catchmentwas repeated
25 times. The total number of optimization runs was 12 000
(i.e., 4 objective functions × 30 catchments × 4 PSO variants
× 25 program runs).

All algorithms, benchmark functions, and Bilan model
were written in C++ programming language, and the code
ran under 64-bit Linux operating system. All graphs and sta-
tistical tests were made in R statistical software environment
[34].

3.1. The CEC 2005 Benchmark Optimization Problems. In
order to compare the optimization algorithms, the single-
objective benchmark optimization problems are analysed.
We used 11 benchmark functions from the special session
on single optimization problems CEC 2005 [31]. This set
of benchmark functions was used by many researches for
solving optimization problems [27, 35, 36].

We tested the following minimization benchmark prob-
lems: sphere (𝑓

1
), Schwefel 1.2 (𝑓

2
), elliptic rotated (𝑓

3
),

Schwefel 1.2 with noise (𝑓
4
), Schwefel 2.6 (𝑓

5
), Rosenbrock

(𝑓
6
), Griewank rotated (𝑓

7
), Ackley rotated (𝑓

8
), Rastrigin

(𝑓
9
), Rastrigin rotated (𝑓

10
), and Weierstrass rotated (𝑓

11
).

The optimization problems 𝑓
1
–𝑓
5
are unimodal functions;

the remaining𝑓
6
–𝑓
11

aremultimodal functions. For formulas
of all functions, range of the search space, location of the
minimum value, and other descriptions, see [31].

The setting of distributed PSO versions follows [22, 27,
37]. The number of complexes is set to 6, and there are
25 particles at each complex. The number of shuffling is 5,
and the maximum number of function evaluation is set to
10 000 ⋅ Dim. The problem space has 30 dimensions due to
preservation the setup from [27]. For results analysis, the total
number of optimization runs is set to 25, where each run
stops when the maximum number of function evaluations is
achieved. In terms of the PSO coefficients, the acceleration
constants for modifications with inertia weight are 𝑐

1
=

𝑐
2
= 2, and the acceleration constants for adaptation using

constriction factor are 𝑐
1
= 𝑐
2
= 1.49445 with constriction

coefficient 𝐾 = 0.729.

3.2. Optimization of the Hydrological Model: Case Study.
After comparison of the analysed optimization algorithms
on benchmark functions, the developed distributed versions
of PSO were applied on solving the real-life optimization
related to the estimation of values of parameters of lumped
hydrological model Bilan.

The settings of PSO parameters on Bilan optimization
problems were selected after running several tests with
different parameter settings. The number of complexes is set
to 3. Each complex is composed of 40 particles, and the
number of generations in one complex is 20. The number
of shuffling is 10. To analyse the results, the total number
of model runs is 25. The acceleration constants and value
for constriction factor are the same as in the single-objective
benchmark optimization problems.

3.2.1. The Hydrological Model Bilan. In the case study, the
calibration of Bilan rainfall-runoff model is studied. Bilan is
a lumped physically based water balance model developed in
T. G.MasarykWater Research Institute in the Czech Republic
[38]. It is a standard tool commonly used for assessment of
water balance in the catchment [39–41].

It is a conceptual hydrological model, which explains
the hydrological balance of a catchment using the system
of mathematical relationships, which preserve mass balance.
It describes basic principles of water balance on ground, in
the zone of aeration, including the effect of vegetation cover
and groundwater. The main model forcings are time series
of precipitation [mm], air temperature [∘C], and relative air
humidity [%]. Time series of air temperature and relative air
humidity are used to estimate the potential evapotranspira-
tion [39, 42].

The temporal dynamics of reservoirs is described by first-
order differential equations, which are numerically solved
using the Euler method. The calculated total streamflow is
given by two components of the river flow. The fast response
is simulated through direct runoff reservoir, and the second
slow runoff component is explained with baseflow reservoir
[43]. The Bilan scheme is shown in Figure 1, and further
description of the model could be found in [42].

The total amount of parameters of the daily version of the
Bilan model is six, and they are listed in Table 1. The search
space was constrained with physically meaningful ranges
of parameters (see column PC in Table 1). The parameter
constraints were estimated by an expert knowledge.

3.2.2. Objective Functions. The Bilan model is calibrated
against the observed streamflow data, so the model time
series of observed streamflow are used for calibrating of
the model. Therefore, different calibration indices based on
information obtained from model residuals are used for
estimation of Bilan parameters.The solution of related inverse
problem, which minimizes the analysed hydrological index,
objective function, was used.This approach is a standard way
of calibration of lumped hydrological models [44, 45].

The investigated objective functions are in hydrological
modelling commonly used accuracy criteria: mean squared
error (MSE), mean absolute error (MAE), mean absolute
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Table 1: Parameters of the daily version of Bilan model [18].

Name Description PC1

Spa Capacity of the soil moisture storage Spa ∈ ⟨0, 200⟩

Alf Parameter of rainfall-runoff equation (direct runoff) Alf ∈ ⟨0, 1⟩

Dgm Temperature/snow melting factor Dgm ∈ ⟨0, 200⟩

Soc Parameter controlling distribution of percolation into interflow and groundwater recharge under summer
conditions Soc ∈ ⟨0, 1⟩

Mec Parameter controlling distribution of percolation into interflow and groundwater recharge under snow melt
conditions Mec ∈ ⟨0, 1⟩

Grd Parameter controlling outflow from groundwater storage (baseflow) Grd ∈ ⟨0, 1⟩

1PC = parameter constraints.

Air temperature Relative air humidity Precipitation

Type of regime Potential 
evapotranspiration

Winter Snow melting Summer

Water balance on land 
surface

Snow water 
storage

Water balance on land 
surface

Water balance in soil Soil moisture

Water balance in 
groundwater

Groundwater 
storage

Total streamflow

Entry series

Distribution between interflow and groundwater flow

Water balance on 
land surface, in soil

Baseflow
Direct
runoffInterflow

Figure 1: Scheme of the Bilan rainfall-runoff model [18].

percentage error (MAPE), and Nash-Sutcliffe efficiency (NS)
[32, 33, 46].

The analysed objective functions are defined as

MSE =

1

𝑁

𝑁

∑

𝑖=1

(𝑅 [𝑖] − 𝑅𝑀 [𝑖])

2
,

MAE =

1

𝑁

𝑁

∑

𝑖=1

|𝑅 [𝑖] − 𝑅𝑀 [𝑖]| ,

MAPE =

1

𝑁

𝑁

∑

𝑖=1

|𝑅 [𝑖] − 𝑅𝑀 [𝑖]|

𝑅 [𝑖]

,

FRV =

∑

𝑁

𝑖=1
(𝑅 [𝑖] − 𝑅𝑀 [𝑖])

2

∑

𝑁

𝑖=1
(𝑅 [𝑖] − 𝑅)

2
,

(11)

where 𝑅 is observed streamflow [mm], 𝑅𝑀 is modelled
streamflow [mm], 𝑅 is mean of the observed streamflow
[mm], and 𝑁 is the total number of observations.

The fraction residual variance (FRV) was used for the cal-
ibration purposes; however, its extension the Nash-Sutcliffe
coefficient is used for standardized assessment of the results
of calibration of hydrological models Nash [47, 48]. NS is
defined as

NS = 1 − FRV. (12)

3.2.3. Dataset. For evaluation of the optimization ability
of the proposed PSO modifications, we calibrated Bilan
using datasets from 30 US catchments. The meteorological
and hydrological data were obtained from Model Parameter
Estimation Experiment project (MOPEX) [17], which serves
for benchmarking of hydrological models and calibration
approaches.

For the analysis, the daily records from 1948 to 2003

were used. The main meteorological forcings of Bilan model
were mean areal precipitation, mean air temperature cal-
culated as an average of given maximum and minimum
daily temperature, and potential evaporation. Table 2 lists
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Table 2: Characteristics of the catchments.

USGS ID Lat. Long. Area
[km2] Soil type Veg. type1

01127000 41.5980 −71.9850 1147 Sandy loam MF
01197500 42.2320 −73.3550 454 Sandy loam MF
01321000 43.3528 −74.2708 790 Sandy loam MF/CS
01371500 41.6860 −74.1660 1144 Silt loam MF
01372500 41.6531 −73.8731 291 Silt loam MF
01426500 42.0031 −75.3839 957 Silt loam MF
01445500 40.8306 −74.9786 171 Sandy loam MF
01503000 42.0353 −75.8033 3591 Silt loam MF
01512500 42.2181 −75.8486 2386 Silt loam MF
01518000 41.9083 −77.1297 454 Silt loam MF
01531000 42.0022 −76.6350 4032 Silt loam MF
01534000 41.5583 −75.8950 616 Loam MF
01541000 40.8969 −78.6772 507 Loam MF
01541500 40.9717 −78.4061 597 Loam MF
01543500 41.3172 −78.1033 1102 Loam MF
01548500 41.5217 −77.4478 972 Silt loam MF
01556000 40.4631 −78.2000 468 Sandy loam MF
01558000 40.6125 −78.1408 354 Sandy loam MF
01559000 40.4850 −78.0190 1313 Sandy loam MF
01560000 40.0717 −78.4928 277 Silt loam MF
01562000 40.2158 −78.2656 1216 Silt loam MF
01567000 40.4783 −77.1294 5397 Sandy loam MF
01574000 40.0822 −76.7203 821 Silt loam MF
01610000 39.5369 −78.4578 5002 Loam MF
01628500 38.3220 −78.7550 1744 Clay MF/CS
01631000 38.9139 −78.2111 2642 Loam CS
01634000 38.9767 −78.3364 1236 Loam CS
01643000 39.3880 −77.3800 1315 Silt loam MF
01664000 38.5306 −77.8139 998 Clay loam CS
01668000 38.3222 −77.5181 2568 Clay loam CS
1MF = mixed forest; CS = closed shrublands.

the major characteristics of each catchment including lati-
tude, longitude, drainage area, dominant soil, and vegetation
types.

4. Results

4.1. The CEC 2005 Benchmark Optimization Problems. Fig-
ure 2 presents the convergence graphs for each benchmark
function while utilizing all four distributed modifications
of the PSO algorithm. The 𝑥-axis indicates the number of
function evaluations and the 𝑦-axis the logarithmic value of
the best fitness, that is, the difference between the searched
and the best achieved functional value. A decline with the
number of evaluations is clearly visible for LinTimeVarW,
AdaptW, and APartW modifications in all functions, and
it thus indicates the approach to the global optimum.

The ConstrFactor variant has the worst performance, where
the decline towards the global optimum is not evident.

For the statistical comparison, the nonparametric
Wilcoxon test was used according to [49]. Inputs to the
testing procedure were the best fitness values achieved for
the PSO modifications. The optimization performance of
the new proposed APartW was statistically compared only
with the AdaptW variant because the AdaptW was the best
modification in the research papers of [26, 27], and thus it
serves as a benchmark method.

Table 3 summarizes results of the Wilcoxon test, and
other statistical indices are also indicated.Theminimum, 25%
quartile, median, 75% quartile, maximum, mean, standard
deviation, and 𝑃 value are available. All 25 program runs of
each modification were compared in each numbered evalua-
tion. The values reflect the best achieved fitness and report
other statistical indices belonging to the same numbered
evaluation.

The results of the analysis in Table 3 show that the
APartW modification gives significantly better results for
three benchmark functions (𝑓

4
, 𝑓
7
, and 𝑓

11
). In functions

𝑓
3
, 𝑓
5
, and 𝑓

9
, there is no significant difference between

APartW and AdaptW. Beyond that, in functions 𝑓
1

and
𝑓
2
, both APartW and AdaptW found the global minimum.

For multimodal functions 𝑓
6
, 𝑓
8
, and 𝑓

10
, the AdaptW

variant gives significantly better results.The differences in the
APartW and AdaptW are in agreement with the convergence
graphs on Figure 2.

Based on our findings, we can conclude that the APartW
version of PSO is comparable with AdaptW modification
in optimizing chosen benchmark functions. The APartW is
reliable for single-objective optimization and thus suitable
for calibration of the Bilan rainfall-runoff model parameters,
where only one objective function at time is minimized.

4.2. The Calibration of Bilan Model. For calibration of the
Bilan model, hydrological and meteorological data from
30US catchments were used. The analysis of the main
findings from all catchments is provided, but for clarity,
the detailed results from only one catchment are displayed.
The chosen catchment (USGS ID 01531000) provides the
outline of obtained results, and it serves to perform the overall
findings.

We used the ensemble simulations of the total number of
model runs equal to 25. At each ensemble simulation, only
one objective functionwas optimized.Within all simulations,
we also calculated the remaining three accuracy criteria for
evaluating the overall performance.

The results in Table 4 show the best achieved values of
objective functions within all 30 catchments. The optimized
objective function is in the first column; the calculated criteria
are in the last four columns. It is evident that the APartW
method provides similar results to the LinTimeVarWversion.
They both reached the best values in four cases (highlighted
in bold in the table). In addition, the ConstrFactor gave the
worst results (reached the best values in two cases), and,
on the other hand, the AdaptW method achieved the best
results (reached the best values in six cases). Even though
the APartW method does not provide the best value of
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Figure 2: Continued.
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Figure 2: Convergence graphs for the best fitness of the ConstrFactor, LinTimeVarW, AdaptW, and APartW modifications for the evaluated
benchmark functions 𝑓

1
–𝑓
11
.

Table 3: Statistical indices of 11 benchmark functions for the APartW and AdaptW modifications.

Func. PSO Min 25% Median 75% Max Mean Std P value1

𝑓
1

APartW 5.68𝐸 − 14 3.98𝐸 − 13 6.93𝐸 − 12 8.41𝐸 − 10 1.94𝐸 − 05 8.52𝐸 − 07 3.87𝐸 − 06 1.000
AdaptW 0.00𝐸 + 00 5.68𝐸 − 14 1.14𝐸 − 13 1.71𝐸 − 13 2.27𝐸 − 13 1.02𝐸 − 13 6.14𝐸 − 14

𝑓
2

APartW 5.68𝐸 − 14 5.12𝐸 − 13 9.66𝐸 − 13 5.46𝐸 − 12 2.68𝐸 − 11 3.73𝐸 − 12 5.77𝐸 − 12 0.970
AdaptW 5.68𝐸 − 14 2.27𝐸 − 13 3.98𝐸 − 13 6.82𝐸 − 13 1.53𝐸 − 12 5.16𝐸 − 13 4.33𝐸 − 13

𝑓
3

APartW 3.72𝐸 + 05 1.99𝐸 + 06 4.05𝐸 + 06 7.30𝐸 + 06 2.92𝐸 + 07 6.33𝐸 + 06 6.71𝐸 + 06 0.439
AdaptW 4.17𝐸 + 05 7.08𝐸 + 05 1.02𝐸 + 06 1.57𝐸 + 06 2.30𝐸 + 06 1.15𝐸 + 06 5.78𝐸 + 05

𝑓
4

APartW 1.48𝐸 − 01 3.29𝐸 + 00 9.75𝐸 + 00 5.00𝐸 + 01 1.17𝐸 + 03 1.02𝐸 + 02 2.48𝐸 + 02 0.000∗∗∗
AdaptW 1.08𝐸 + 03 4.28𝐸 + 03 6.66𝐸 + 03 1.07𝐸 + 04 1.74𝐸 + 04 7.62𝐸 + 03 4.22𝐸 + 03

𝑓
5

APartW 2.58𝐸 + 03 3.32𝐸 + 03 4.15𝐸 + 03 4.78𝐸 + 03 6.10𝐸 + 03 4.11𝐸 + 03 9.63𝐸 + 02 0.424
AdaptW 2.20𝐸 + 03 3.51𝐸 + 03 4.07𝐸 + 03 4.92𝐸 + 03 6.68𝐸 + 03 4.26𝐸 + 03 1.28𝐸 + 03

𝑓
6

APartW 3.25𝐸 + 02 1.01𝐸 + 05 1.35𝐸 + 08 1.21𝐸 + 09 1.03𝐸 + 10 1.19𝐸 + 09 2.51𝐸 + 09 1.000
AdaptW 1.71𝐸 − 03 3.83𝐸 + 00 4.06𝐸 + 00 7.47𝐸 + 00 1.80𝐸 + 01 5.76𝐸 + 00 4.87𝐸 + 00

𝑓
7

APartW 2.84𝐸 − 14 3.69𝐸 − 11 1.23𝐸 − 02 3.45𝐸 − 02 7.72𝐸 + 03 3.09𝐸 + 02 1.54𝐸 + 03 0.040∗
AdaptW 2.84𝐸 − 14 9.86𝐸 − 03 2.22𝐸 − 02 3.69𝐸 − 02 6.15𝐸 − 02 2.56𝐸 − 02 1.69𝐸 − 02

𝑓
8

APartW 2.08𝐸 + 01 2.16𝐸 + 01 2.17𝐸 + 01 2.18𝐸 + 01 2.19𝐸 + 01 2.17𝐸 + 01 2.03𝐸 − 01 0.968
AdaptW 2.06𝐸 + 01 2.14𝐸 + 01 2.16𝐸 + 01 2.18𝐸 + 01 2.20𝐸 + 01 2.15𝐸 + 01 3.89𝐸 − 01

𝑓
9

APartW 6.37𝐸 + 01 8.66𝐸 + 01 1.08𝐸 + 02 1.21𝐸 + 02 1.56𝐸 + 02 1.05𝐸 + 02 2.58𝐸 + 01 0.770
AdaptW 5.67𝐸 + 01 7.36𝐸 + 01 9.35𝐸 + 01 1.17𝐸 + 02 1.50𝐸 + 02 9.48𝐸 + 01 2.57𝐸 + 01

𝑓
10

APartW 1.60𝐸 + 02 7.92𝐸 + 02 1.23𝐸 + 03 1.41𝐸 + 03 1.96𝐸 + 03 1.14𝐸 + 03 5.13𝐸 + 02 0.973
AdaptW 1.34𝐸 + 02 2.05𝐸 + 02 2.46𝐸 + 02 3.03𝐸 + 02 6.71𝐸 + 02 2.59𝐸 + 02 1.05𝐸 + 02

𝑓
11

APartW 2.73𝐸 + 01 3.16𝐸 + 01 3.33𝐸 + 01 3.58𝐸 + 01 3.94𝐸 + 01 3.35𝐸 + 01 3.30𝐸 + 00 0.049∗
AdaptW 2.93𝐸 + 01 3.44𝐸 + 01 3.72𝐸 + 01 3.99𝐸 + 01 6.30𝐸 + 01 4.13𝐸 + 01 1.08𝐸 + 01

1
𝑃 value of the statistical Wilcoxon test. Nonsignificant differences in medians are highlighted in bold; significantly better median in terms of the new adaptive

PSO APartW is highlighted in bold with stars (∗ for 0.01 < 𝑃 value ≤ 0.05; ∗∗∗ for 𝑃 value ≤ 0.001).

the optimized objective function, it achieves good results for
the other criteria which are not optimized.

In order to determine whether the implementation of
the distributed PSOmodifications into Bilanmodel increases
the model performance, we compared our results with the
integrated binary search (BS) optimization technique. The
best achieved objective criteria for all catchments using BS
method are the following: MSE = 1.044𝐸 + 00, MAE =

3.598𝐸 − 01, MAPE = 3.287𝐸 − 01, and NS = 7.462𝐸 −

01. The results are for optimization based on MSE, MAE,

MAPE, and NS, respectively. In comparison with Table 4, the
optimization with PSOmethod is always better than with the
integrated BS method.

Table 5 displays results from the contrast test of the unad-
justed medians according to [49]. After pairwise comparison
of all PSO modifications, we determined the ranks of each
method. The APartW variant achieved the first rank once,
the second rank two times, and the third rank once. The best
method seems to be the AdaptW, which achieved the best
results two times and the second rank also two times. On
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Table 4: Best values of all objective functions achieved in the total set of 30 catchments.The best calculated value for each optimized objective
function (OOF) is highlighted in bold.

OOF PSO modif. MSE MAE MAPE NS

MSE

ConstrFactor 6.674𝐸 − 01 3.473E − 01 4.186𝐸 − 01 7.172𝐸 − 01

LinTimeVarW 5.816𝐸 − 01 3.598𝐸 − 01 4.041𝐸 − 01 7.466𝐸 − 01

AdaptW 5.816E − 01 3.594𝐸 − 01 4.144𝐸 − 01 7.466E − 01
APartW 6.253𝐸 − 01 3.547𝐸 − 01 3.376E − 01 7.297𝐸 − 01

MAE

ConstrFactor 7.432𝐸 − 01 3.564𝐸 − 01 3.380𝐸 − 01 7.097𝐸 − 01

LinTimeVarW 7.776𝐸 − 01 3.445𝐸 − 01 3.380E − 01 7.339E − 01
AdaptW 6.822E − 01 3.421E − 01 3.420𝐸 − 01 7.329𝐸 − 01

APartW 6.854𝐸 − 01 3.442𝐸 − 01 3.484𝐸 − 01 7.259𝐸 − 01

MAPE

ConstrFactor 7.800𝐸 − 01 3.550𝐸 − 01 3.290𝐸 − 01 6.808𝐸 − 01

LinTimeVarW 8.020𝐸 − 01 3.477E − 01 3.181E − 01 6.962𝐸 − 01

AdaptW 8.020𝐸 − 01 3.480𝐸 − 01 3.238𝐸 − 01 6.894𝐸 − 01

APartW 6.849E − 01 3.485𝐸 − 01 3.300𝐸 − 01 7.202E − 01

NS

ConstrFactor 7.268𝐸 − 01 3.544𝐸 − 01 3.380E − 01 7.257𝐸 − 01

LinTimeVarW 5.816𝐸 − 01 3.605𝐸 − 01 4.015𝐸 − 01 7.466𝐸 − 01

AdaptW 5.816E − 01 3.594𝐸 − 01 4.144𝐸 − 01 7.466E − 01
APartW 6.219𝐸 − 01 3.504E − 01 3.581𝐸 − 01 7.333𝐸 − 01

Table 5: The contrast test of the unadjusted medians with ranking. Rank is ranking based on contrast test; W.Rank is ranking based on
Wilcoxon pair test.

ConstrFactor LinTimeVarW AdaptW APartW Rank W.Rank
MSE

ConstrFactor — 372.66 373.23 373.22 4 4
LinTimeVarW −372.66 — 0.57 0.55 3 3
AdaptW −373.23 −0.57 — −0.01 1 2
APartW −373.22 −0.55 0.01 — 2 1

MAE
ConstrFactor — 374.78 374.82 374.82 4 4
LinTimeVarW −374.78 — 0.04 0.04 3 3
AdaptW −374.82 −0.04 — 0.00 2 2
APartW −374.82 −0.04 −0.00 — 1 1

MAPE
ConstrFactor — 374.96 375.02 375.02 4 4
LinTimeVarW −374.96 — 0.06 0.05 3 3
AdaptW −375.02 −0.06 — −0.00 1 1-2
APartW −375.02 −0.05 0.00 — 2 1-2

NS
ConstrFactor — 375.01 374.91 374.91 4 4
LinTimeVarW −375.01 — −0.10 −0.10 1 1
AdaptW −374.91 0.10 — −0.00 2 2
APartW −374.91 0.10 0.00 — 3 3

the other hand, the worst is the ConstrFactor version, which
was always worse than the others. Additionally, differences
inmedians between LinTimeVarW, AdaptW, andAPartW are
very small, which indicates similar performances.

In addition to the contrast test, we also conducted the
Wilcoxon pair test of medians according to [49]. The ranks
are displayed in the last column in Table 5. The obtained
results confirm the results from the contrast test. The differ-
ences in the ranks are in the simulations based on MSE and

MAPE objective functions, where APartW variant is better
than theAdaptWor as good asAdaptW, respectively. In terms
of Wilcoxon test, the APartW is the best modification and
ConstrFactor is again the worst.

Since the APartW modification is a new proposed PSO
variant, in Figure 3 is displayed the time series of observed
and modelled runoff using this method. For clarity, only
one chosen year is depicted. The figure gives an example of
ensemble simulations with the Bilanmodel, where the results
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Table 6: Parameters of Bilan model for catchment 01531000 obtained by the best model of each PSO modification. The optimized objective
function was NS, and the last column indicates the value of that criterion.

PSO modif. Spa Alf Dgm Soc Mec Grd NS
ConstrFactor 198.7 0.091 1.55 7.05𝐸 − 3 10.68𝐸 − 3 0.352 0.622
LinTimeVarW 199.9 0.559 1.59 2.33𝐸 − 3 6.00𝐸 − 3 0.276 0.644
AdaptW 200.0 0.552 1.59 2.38𝐸 − 3 6.09𝐸 − 3 0.275 0.644
APartW 178.3 0.186 1.33 5.85𝐸 − 3 17.33𝐸 − 3 0.301 0.621
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Figure 3: Observed streamflow and corresponding simulations
from Bilan model using APartW optimization. The optimized
objective function was NS. Catchment 01531000, year 1976.

from the total 25model runs are coloured in grey. It is evident
that the envelope curve of the ensemble simulations would
cover most of the observed data points. In the figure, also the
streamflow calculated by the best model is plotted (red line),
that is, the simulation with the highest value of NS.

From Figure 3 it can be seen that the simulation by the
best model underestimates the runoff. This behaviour is also
clear from the scatter plot displayed in Figure 4, where the
regression line lies below the 1 : 1 line. The corresponding
residuals, that is, differences between observed and simulated
streamflow, are depicted in Figure 5. The range of the
residuals is approximately [−13.7, 18.3] for ensemble runs
and [−7.4, 10.7] for the best model.

The values of parameters obtained by the best model
of each PSO modification for the chosen catchment are in
Table 6. The obtained Nash-Sutcliffe efficiency values are also
indicated in the table. It is seen that the NS are very similar
for all PSO modifications. The APartW variant achieved the
smallest NS value, but it was not significantly smaller than the
others.

The results showed that the PSO versions using adaptive
inertia weight for calibration of the Bilan model give better
results than other PSO modifications. This is in agreement
with Nickabadi et al. [26]. We found out that the linearly
decreasing inertia weight for updating the particle’s velocity
is more promising than the constriction factor, which is in
contradictionwith Eberhart and Shi [22], but, in our research,
the distributed versions were used.

5. Discussion
5.1. The CEC 2005 Benchmark Optimization Problems. Both
AdaptW and APartW modifications obtained the global
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Figure 4: Scatter plot of observed and modelled runoff using
APartW optimization. The optimized objective function was NS.
Catchment 01531000, year 1976.
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Figure 5: Calculated residuals using APartW optimization. The
optimized objective function was NS. Catchment 01531000, year
1976.

minimum, where the error value was less than 10

−8, in
three functions. These functions are 𝑓

1
, 𝑓
2
(unimodal), and

𝑓
7
(multimodal), and the results are comparable with our

previous research [27].
Better results were obtained by Liang and Suganthan [35],

who applied distributed PSO algorithm with local search.
They achieved the global optimum in functions 𝑓

1
, 𝑓
2
, 𝑓
3
,

𝑓
6
, and𝑓

7
.The swarmwas dynamic with frequent regrouping

and the swarm’s size was very small.
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Bui et al. [36] achieved the global optimum in the
unimodal functions 𝑓

1
, 𝑓
2
, and 𝑓

4
using different versions

of PSO. Their algorithms did not converge to the global
minimum in any multimodal function, and, thus, we can
consider our distributed PSO versions better.

Our results are similar to the results obtained by Nick-
abadi et al. [26]. Their algorithms achieved the global opti-
mum in functions 𝑓

1
, 𝑓
2
, and 𝑓

8
.

When comparing our results with other optimization
techniques within the CEC 2005 benchmark problems, our
distributed PSO versions give comparable results as CoEVO
algorithm [50]. They also obtained the global optimum in
functions 𝑓

1
, 𝑓
2
, and 𝑓

7
. Our results are better than the

DE algorithm of Rönkkönen et al. [51], which achieved
the global optimum in functions 𝑓

1
and 𝑓

7
or better than

BLX MA method of Molina et al. [52], which converged only
in functions 𝑓

1
and 𝑓

9
.

5.2. The Calibration of Bilan Model. Our best obtained NS
values (>0.74, see Table 4) are comparable to a work of Brauer
et al. [53, 54], who implemented the hydroPSO package [16]
for calibration of the Wageningen lowland runoff simulator
(WALRUS). The WALRUS is a rainfall-runoff model often
used in sloping lowland catchments. The differences in their
work are that, during the calibration of the model, they used
1 year of discharge observations and optimized 4 parameters.
Their best achieved NS values for two catchments were 0.87
and 0.83. In our work, we used 30 years of observation and
calibrated 6 parameters for 30 catchments.

Similar values of NS criteria were also obtained by Jiang
et al. [55] in the calibration of the Xin’anjiang hydrological
model, by Lawrence et al. [56] in calibration of theHBVmodel
or by Zhang et al. [57] in calibration of SWAT hydrological
model. Thus, we can consider our optimized parameters of
the Bilan model as sufficient estimation, and therefore the
used PSO distributed versions are suitable for the calibration.

The Bilan model was extended by a shuffled complex
differential evolution (SCDE) global optimization method
and the model was applied on 234 catchments in the Czech
Republic. The best achieved NS values during calibration
of the Bilan model using SCDE were between 0.78 and
0.80, whereas using existing integrated local optimization
technique with expert knowledge it was 0.73 [58]. Our
obtained resultswere comparablewith this research; however,
different dataset was used.

To determine if our distributed versions of PSO improve
the model performance, we compared our results with
the binary search method. The binary search is a default
optimization technique integrated in the Bilan model. We
found out that the objective criteria obtained from the PSO
optimization gave better results. Therefore, the implementa-
tion of the PSO into the Bilan model improves the model
simulations.

6. Conclusions

The main aim of this paper was to test 4 selected PSO
distributed versions on single-objective benchmark opti-
mization problems and to apply them on calibration of

hydrological model Bilan. For all 4 PSO versions, 3275

optimization problems were analysed, in which 275 min-
imizations for benchmark problems (i.e., 11 benchmark
functions × 25 program runs) and 3000 inverse hydrological
problems (i.e., 4 objective functions × 30 catchments × 25
program runs) were solved.

The new proposed variant APartW was compared
with other existing PSO modifications—ConstrFactor, Lin-
TimeVarW, and AdaptW on 11 benchmark functions pre-
pared for the special session on real-parameter optimization
of CEC 2005. The APartW version is comparable with the
AdaptW and LinTimeVarW variants, whereas the ConstrFac-
tor had the worst performance.

The statistical comparison of AdaptW and APartWmod-
ifications showed that both methods obtained the global
minimum in three functions (𝑓

1
, 𝑓
2
, and 𝑓

7
). The APartW

variant gave significantly better results in functions 𝑓
4
, 𝑓
7
,

and 𝑓
11
. Beyond that, in functions 𝑓

3
, 𝑓
5
, and 𝑓

9
, there was

no significant difference between the APartW and AdaptW
methods.

All four PSO modifications were implemented into the
Bilan rainfall-runoff model for solving inverse hydrological
problems. Based on the contrast test of the unadjusted medi-
ans and Wilcoxon test, it was found out that the APartW and
AdaptW variants provided the best results. The ConstrFactor
performed the worst.

Our results highlighted that distributed versions of PSO
are promising in single-objective optimization problems. It
was confirmed that adaptive variants of the inertia weight
are better than linearly decreasing weight. It was also found
out that the PSO modifications with parameters of inertia
weight give significantly better results than the variant with
constriction factor.

The results of this paper extended the range of utilization
of the PSO global optimization techniques. The performance
of the distributed versions of PSO is promising, and the
algorithms can be implemented into other real optimization
problems. For future work, we would like to incorporate the
PSO with its distributed modifications into other hydrologi-
cal models for rainfall-runoff simulations.
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This paper presents a variation of the fuzzy local information c-means clustering (FLICM) algorithm that provides color texture
image clustering. The proposed algorithm incorporates region-level spatial, spectral, and structural information in a novel fuzzy
way.The new algorithm, called RFLICM, combines FLICM and region-levelMarkov random fieldmodel (RMRF) together tomake
use of large scale interactions between image patches instead of pixels. RFLICMcan overcome theweakness of FLICMwhen dealing
with textured images and at the same time enhances the clustering performance. The major characteristic of RFLICM is the use of
a region-level fuzzy factor, aiming to guarantee texture homogeneity and preserve region boundaries. Experiments performed on
synthetic and remote sensing images show that RFLICM is effective in providing accuracy to color texture images.

1. Introduction

Image segmentation is one of themost important tasks in com-
puter vision, and many other fields of application are closely
related to it, including pattern recognition, remote sensing,
and medical diagnostics. The purpose of segmentation is to
partition an image into homogeneous regions. Although
manymethods have been proposed to solve this problem, the
fuzzy c-means algorithm (FCM) [1] has been widely applied
to image segmentation, because its fuzzy nature allows more
original information being considered. FCM has some obvi-
ous advantages such as the straightforward implementation,
the fairly robust behavior, the applicability to multichannel
data, and the ability to model uncertainty within the data [2].
However, the traditional FCM failed to consider the spatial
information, whichmay cause poor results when dealingwith
images corrupted by noise, outliers, and other image artifacts.

To compensate this drawback of FCM, many attempts
have been proposed, including adding a preprocessing image
smoothing step before clustering [3] or incorporating spatial
context in different ways, for example, the fuzzy membership

function refinement [4, 5], the dissimilarity function improve-
ment [6], the objective function regularization [2, 7], and the
fuzzy treatment of hidden Markov random field (MRF)
model-based image segmentation (HMRF-FCM) [8]. More
recently, following the method of objective function regular-
ization, Krinidis and Chatzis [9] presented a robust image
clustering method called fuzzy local information c-means
(FLICM). In FLICM, the clustering is dependent on both
the spectral and local spatial information which cooperate by
using a fuzzy factor. However, this algorithm assumes that the
label of one pixel is only related to the labels of its neighboring
pixels.Therefore, only interactions between neighboring pix-
els can be used, which makes the algorithm defective in deal-
ingwith color texture images due to the lack of information of
large scale interactions between image patches instead of
pixels.

In recent years, there is an increasing trend to analyze
images based on image regions in order to make use of differ-
ent kinds of large scale local information (e.g., spectral, spa-
tial, and structural information).TheMRFmodel is one of the
most popularmethods to integrate these kinds of information
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together, because of its powerful capability of describing the
continuity of image characteristics. Based on region-level
MRF (RMRF), Yang and Jiang [10, 11] proposed a gray image
segmentationmethod and showed good performance; Clausi
et al.’s research group also presented algorithms to deal with
gray images [12], multivariate images [13], and polarimetric
SAR images [14]. All of these methods have shown the
superiority to pixel-based ones.

Inspired by the success of RMRF-based image segmen-
tation methods in image segmentation, this paper improves
FLICM into a region-based version, named RFLICM. In
RFLICM, a novel fuzzy factor is defined by the basic idea of
RMRF and incorporated into the objective function of FCM.
The fuzzy factor can simultaneously incorporate the region-
level spatial, structural, and spectral information in a fuzzy
way and helps to guarantee the texture homogeneity as well as
preserving region boundaries. All these characteristics make
RFLICM more general and suitable for color texture image
segmentation.

The remainder of the paper is organized as follows.
Section 2 briefly describes the fuzzy local information c-
means algorithm, followed by the basic theory of RMRF-
based image segmentation. The RFLICM algorithm is intro-
duced in Section 3. Experimental results are presented in
Section 4 and conclusions are drawn in Section 5.

2. Related Work

2.1. Fuzzy Local Information c-Means (FLICM) Clustering
Algorithm. In [9], a fuzzy factor is used to incorporate local
spatial and gray level information into the objective function
of FCM:
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where 𝑖th pixel is the center of the local window (e.g., 3 ×
3), 𝑘 is the reference cluster, and pixel 𝑗 belongs to the set
of neighboring pixels falling into the window around the 𝑖th
pixel (denoted as 𝑁

𝑖
). 𝑑
𝑖𝑗
is the spatial Euclidean distance

between pixel 𝑖 and 𝑗 and 𝑢
𝑗𝑘

is the membership of the 𝑗th
pixel in the 𝑘th cluster.

Local minimum extreme of 𝐽
𝑚
is obtained iteratively as

follows.

Step 1. Set clusters number 𝑐, fuzzification parameter𝑚, and
the stopping condition 𝜖.

Step 2. Initialize randomly the fuzzy partition matrix.

Step 3. Set the loop counter 𝑏 = 0.

Step 4. Calculate the cluster prototype using
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Step 5. Compute membership values using
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Step 6. If max{𝑈(𝑏) − 𝑈(𝑏+1)} < 𝜖, then stop; otherwise, set
𝑏 = 𝑏 + 1 and go to Step 4.

2.2. RMRF-Based Image Segmentation. Assume the image
has been over-segmented previously into𝑁

𝑅
disjoint regions.

In region-level methods [11–14], all pixels in the same region
are assumed to have the same label. Let 𝐶 = {𝐶

𝑟1
, 𝐶
𝑟2
, . . . ,

𝐶
𝑟𝑁𝑅

} be the label image. In the Bayesian image segmentation
framework, the segmented image 𝐶 is:

𝐶 = argmax
𝐶

{𝑃 (𝑋 | 𝐶) 𝑃 (𝐶)} , (5)

where𝑃(𝑋 | 𝐶) and𝑃(𝐶) are the class conditional probability
and prior probability, respectively. With the assumption that
the noise in the image is independent Gaussian white noise,
𝑃(𝑋 | 𝐶) can be written as follows:
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.
And if RMRF is used tomodel the prior probability, 𝑃(𝐶) can
be described as:

𝑃 (𝐶) =
1
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} , (7)
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𝐶
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where 𝛽 is the potential function. Equation (10) can be solved
by simulated annealing (SA) [16] or iterative conditional
mode (ICM) [17]. For the sake of efficiency, ICM is a good
choice. In this paper, we denote the ICM algorithm based
on the RMRF as RICM. By using a RMRF model-based
prior probability, RICM can make use of the large scale
local spectral, spatial, and structural information during the
segmentation process.

3. Region-Level Fuzzy Local Information
c-Means (FLICM) Clustering Algorithm

Motivated by the successful application of RMRF to image
segmentation, we propose, in this paper, a novel framework
for image clustering by extending FLICM to a region-based
version, called RFLICM.

For each region, some region-level features are extracted
firstly. For example, 𝜇

𝑖
and Σ

𝑖
are the mean value and

covariance matrix of 𝑟
𝑖
, respectively, 𝑎

𝑖
and 𝑏
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are the area

and boundary length of 𝑟
𝑖
, respectively, and 𝑏

𝑖𝑗
is the common
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and 𝑟
𝑗
, satisfying the constraint

of 𝑏
𝑖
= ∑
𝑗∈𝜂𝑖

𝑏
𝑖𝑗
.

3.1. The Region-Level Fuzzy Factor. In order to overcome the
defect of FLICM on using large scale information, the new
fuzzy factor should take into account the region-level spatial,
spectral, and structural information. Following the basic idea
of RMRF, the fuzzy factor for each region is only determined
by its direct neighboring region set 𝜂

𝑖
. So, in this paper, the

novel region-level fuzzy factor for region 𝑟
𝑖
is defined as
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where 𝑢
𝑟𝑗𝑘

is the membership value of 𝑟
𝑗
belonging to 𝑘th

cluster.
It is easy to see that the factor𝑅𝐺

𝑘𝑟𝑖
makes the influence of

regions within the direct neighborhood 𝜂
𝑖
, to change flexibly

according to their areas, boundary lengths, and mean values.
Therefore, more region-level information can be used to deal
with color texture segmentation. In (11), ‖𝜇

𝑖
− 𝜇
𝑗
‖ acts like a

normalizing coefficient preventing (𝑏
𝑖𝑗
𝑎
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a too large value. Similar to 𝐺
𝑘𝑟𝑖
, (2), 𝑅𝐺

𝑘𝑟𝑖
also reflects the

damping extent of the neighboring regions to be assigned to

different labels. So the designed fuzzy factor has the ability to
force neighboring regions to be equally labeled.

3.2. General Framework of RFLICM. We assume that all
pixels in the same region have the same membership value
belonging to different clusters. So the objective function
RFLICM is defined as
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where 𝛽 is a constant weighting parameter, it has the similar
function as the potential function in RMRF-based image
segmentation, (10). The first term in the right part of (12)
depicts the fidelity of clustering result to image data, and
the second term is a smooth term that forces neighboring
regions to have the same label. The parameter 𝛽 controls the
contribution of these two terms.

In this paper, we assume that pixels in each cluster follow
a Gaussian distribution. So the distance measure 𝑑(𝑟

𝑖
, V
𝑘
) is

defined as
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where V
𝑘
and Σ

𝑘
are the mean value and covariance matrix of

the 𝑘th cluster, respectively, and 𝐵 is the spectral number of
the image being processed.

Similar to FLICM, a solution of the objective function of
RFLICM, (12), can be obtained through an iterative process,
which is carried as follows.

Step 1. Get the initial partition of the input image.

Step 2. Set the number 𝑐 of the cluster prototypes, fuzzifica-
tion parameter 𝑚, weighting parameter 𝛽, and the stopping
condition 𝜖.

Step 3. Set the loop number 𝑏 = 0, perform FCM clustering
on image pixels, and get the initial region level fuzzy partition
matrix 𝑈(0) based on the minimizing membership the rule:
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where 𝑢
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the 𝑘th cluster.

Step 4. Calculate the cluster prototypes using
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Table 1: Different 𝛽 selected for RICM.

Image Figure 1(a) Synthetic color texture images in Figure 2 Figure 3(a) Figure 4(a)
The 1st one The 2nd one The 3rd one The 4th one

𝛽 2.5 4.0 10.0 2.0 2.0 1.5 2.0

Step 5. Calculate the membership functions using

𝑢
𝑟𝑖𝑘

=
1

∑
𝑐

𝑗=1
((𝑑2 (𝑟

𝑖
, V
𝑘
) + 𝐺
𝑘𝑟𝑖
) / (𝑑2 (𝑟

𝑖
, V
𝑗
) + 𝐺
𝑗𝑟𝑖
))
(1/(𝑚−1))

.

(16)

Step 6. If max{𝑈(𝑏) − 𝑈(𝑏+1)} < 𝜖, then stop; otherwise, set
𝑏 = 𝑏 + 1 and go to Step 4.

When the algorithm has converged, a defuzzification
process of maximummembership is employed to convert the
partition matrix 𝑈 to a segmentation result:

𝐶
𝑟𝑖
= argmax

𝑘

{𝑢
𝑟𝑖𝑘
} , 𝑘 = 1, 2, . . . , 𝑐. (17)

A constraint is imposed on the membership value 𝑢
𝑟𝑖𝑘

in
(15) to avoid the underfitting of Gaussian parameters:

𝑢
𝑟𝑖𝑘
=
{

{

{

𝑢
𝑟𝑖𝑘
, 𝑢
𝑟𝑖𝑘
≥
1

𝑐
,

0, otherwise.
(18)

Another issue that is worthy to be pointed out is the
determination of the weighting parameter 𝛽. It controls the
smooth strength of the region-level fuzzy factor. In this paper,
we employ an increasing schedule for 𝛽 to guarantee the
accuracy of parameter estimation and the homogeneity of
segmentation result. It increases with the iterative procedure:

𝛽
(𝑏)

= 𝛽
(0)

+ 0.9
𝑏 log (2𝑏 − 1) . (19)

At the first stage of the iteration, 𝛽 takes a small value to
depress the influence of the region-level fuzzy factor 𝐺

𝑟𝑖𝑘
,

which forces the estimated Gaussian parameter to fit well the
image data. As 𝛽 increases, more large scale local spectral,
spatial, and structural information is introduced into the
clustering procedure. Finally, 𝛽 reaches its limitation, the
iteration procedure arrives at a balance state, and 𝐺

𝑟𝑖𝑘
begins

to help to refine the final result.

4. Experimental Results

In this section, we show the performance of the proposed
method by presenting results on synthetic images and remote
sensing images. Furthermore, we compare the efficiency
of RFLICM with HMRF-FCM [8], FLICM [9], and RICM
described in Section 2.2. For FLICM, we set the window size
as 3 × 3. For HMRF-FCM, we use the 2nd neighborhood.

For both RICM and our proposed RFLICM, mean shift
algorithm (MS) [18] is chosen to get the initial partition. In
this experiment, we set 𝛽(0) = 10 for our algorithm and set
different 𝛽 for RICM using the trial-and-error method (we
select the parameter in the range of [1 10] with the interval
of 0.5, and the one with the highest segmentation accuracy
is recorded and is listed in Table 1). For MS, it is difficult
to choose the optimal parameter set. How to choose good
parameters is out of the scope of this paper. Intuitively, if
parameters are set too large, therewill be a risk of losing useful
information in the initial oversegmentation; otherwise, large
scale interactions cannot be obtained and employed properly.
In this paper, we just experimentally choose both the spatial
resolution parameter and the range resolution parameter to
be 6 and the size of the smallest segment to be 10.

In order to quantitatively evaluate the proposed method,
both accuracy acc and Kappa coefficient kc are used as
indicators [19]. If 𝑃

𝑖𝑗
is the proportion of subjects that were

assigned to the 𝑖th class by the first image and the 𝑗th class by
the second image, denote 𝑃

𝑖⋅
= ∑
𝑐

𝑗=1
𝑃
𝑖𝑗
and 𝑃
⋅𝑗
= ∑
𝑐

𝑖=1
𝑃
𝑖𝑗
, the

values of acc and kc are defined as

acc =
𝑐

∑

𝑘=1

𝑃
𝑘𝑘
,

kc =
∑
𝑐

𝑘=1
𝑃
𝑘𝑘
− ∑
𝑐

𝑘=1
𝑃
⋅𝑘
𝑃
𝑘⋅

1 − ∑
𝑐

𝑘=1
𝑃
⋅𝑘
𝑃
𝑘⋅

.

(20)

First of all, we apply these methods to a synthetic noisy
image shown in Figure 1(a), which was obtained by adding
Gaussian noise (zero mean noise with 0.06 variance) to a
four-color checkerboard image shown in Figure 1(b).The size
of the noisy image is 128 × 128, and the gray levels of four
desired regions are 0, 0.3333, 0.6667, and 1.0, respectively.The
segmentation results are shown in Figure 1. From Figures 1(c)
and 1(d), one can find that both FLICM and HMRF-FCM
can separate the image into proper regions but still have
some obvious misclassifications and seriously smoothed
boundaries, while Figures 1(e) and 1(f) show that RICM
and RFLICM can obtain more accurate boundaries and less
misclassifications. The most interesting comparison can be
found between the result of RFLICM (Figure 1(f)) and those
of referenced methods (Figures 1(c)–1(d)); it is obvious that
RFLICM shows the best performance to resist image noise.
The corresponding acc and Kappa are listed in Table 2. The
quantitative indicators also show that the proposed method
is more robust than the referenced ones.

Secondly, we apply these four algorithms to a group of
synthetic color texture image, which are shown in the first
row of Figure 2. The first three images are obtained from the
PragueTexture SegmentationData generator [15], and the last
one is synthetized from four different kinds of remote sensing
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Table 2: Comparison accuracies of four different algorithms on the noisy image in Figure 1 (acc/kc).

Method FLICM HMRF-FCM RICM RFLICM
acc/kc 0.8948/0.8277 0.9511/0.9301 0.9603/0.9584 0.9708/0.9692

(a) (b) (c)

(d) (e) (f)

Figure 1: Segmentation results of a synthetic noise image. (a)The synthetic noisy image; (b) the ground truth image; (c) the result of FLICM;
(d) the result of HMRF-FCM; (e) the result of RICM; and (f) the result of RFLICM.

textures.The 2nd row shows the corresponding ground truth
images. The segmentation results of FLICM, HMRF-FCM,
RICM, and RFLICM are shown in the 3rd, the 4th, the 5th,
and the last row in Figure 2, respectively.

From the segmentation results, it is easy to be seen that
both FLICM and HMRF-FCM cannot get acceptable results:
most texture areas are wrongly labeled. The main reason is
that they only employ the interactions between image pixels.
Therefore, there is not enough information to be used for
describing texture models in images. The RICM algorithm
can get rather better results than FLICM and HMRF-FCM.
But it is very easy to trap into local minima, which results
in inconsistent segmentation results, while, for all of these
textured images, our proposed method can get rather sat-
isfactory results. As shown in the last row in Figure 2, the
segmentation results exhibit homogeneous texture regions
and also pretty good boundaries. Such results have verified
the basic idea of this paper to improve FLICM into a region-
based version. Table 3 also gives the quantitative comparison
results of these four algorithms on these synthetic color
texture images.Thehighest values are highlighted in the table.

It is clearly illustrated that the proposed RFLICM algorithm
gives rise to better texture segmentation performance than
the referenced ones.

Besides, we also applied the same four algorithms on the
multispectral high resolution remote sensing images, which
are shown in Figures 3(a) and 4(a), respectively. Figure 3(a)
is a piece of 256 × 256 Quickbird image of an outskirt
in Wuhan, and Figure 4(a) is a 438 × 438 Spot5 image of
Pingshuo area, China. Their segmentation results are shown
in Figures 3 and 4, respectively. And the corresponding
quantitative measurements are recorded in Table 4.

In Figure 3(a), there are mainly three kinds of land cover
types: the farmland, trees, and buildings. All of these types
have rich texture information. The segmentation results of
FLICM and HMRF-FCM have a lot of misclassifications.
This is caused by the fact that using pixel-level interactions
only cannot effectively model the complex texture pattern
over the image. Furthermore, both acc and kc are very low.
The RICM algorithm can get better results than these pixel-
based methods but still has obvious misclassification. The
RFLICM algorithm performs much better than the others
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Test images

(a)

Ground truth

(b)

FLICM

(c)

HMRF-FCM

(d)

RICM

(e)

RFLICM

(f)

Figure 2: Results of synthetic color texture images.The 1st row shows four synthetic color images.The first three images are obtained from the
Prague Texture Segmentation Data generator [15] and the last one is synthetized from four different kinds of remote sensing textures.The 2nd
row shows the corresponding ground truth images.The 3rd, 4th, 5th, and last row show the segmentation results from FLICM, HMRF-FCM,
RICM, and the proposed method, respectively.
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Table 3: Comparison accuracies of four different algorithms on the synthetic color texture images in Figure 2 (acc/kc).

The 1st image The 2nd image The 3rd image The 4th image Average
FLICM 0.4819/0.2282 0.6681/0.4849 0.6501/0.5470 0.4556/0.3036 0.5639/0.3909
HMRF-FCM 0.8941/0.8408 0.8093/0.7136 0.9090/0.8774 0.8732/0.8123 0.8714/0.8110
RICM 0.9998/0.9901 0.9596/0.9387 0.8520/0.7926 0.9506/0.9262 0.9405/0.9119
RFLICM 0.9998/0.9901 0.9894/0.9838 0.9887/0.9849 0.9723/0.9583 0.9876/0.9793

(a) (b) (c)

Buildings
Trees

Farmland
Unlabeled

(d)

Buildings
Trees

Farmland
Unlabeled

(e)

Buildings
Trees

Farmland
Unlabeled

(f)

Figure 3: Segmentation results of a QuickBird image. (a) The Quickbird image of an outskirt in Wuhan City, China; (b) the ground truth
image; (c) the result of FLICM; (d) the result of HMRF-FCM; (e) the result of RICM; and (f) the result of RFLICM.

Table 4: Comparison accuracies of four different algorithms on the
high resolution remote sensing images (acc/kc).

Figure 3(a) Figure 4(a) Average
FLICM 0.5129/0.2566 0.6379/0.4909 0.5754/0.3738
HMRF-FCM 0.6340/0.4692 0.7112/0.5904 0.6726/0.5298
RICM 0.8638/0.7856 0.7850/0.6935 0.7936/0.7395
RFLICM 0.8810/0.8121 0.8734/0.8148 0.8772/0.8135

since large scale (spectral, spatial, and structural) information
can be employed in a fuzzy way in the clustering procedure.
Therefore, it leads to a consistent result, with acc and kc being
the highest, that is, more than 88% and 81%, respectively.

In Figure 4(a), four different kinds of land cover types
are obviously distributed, with highly staggered appearance.
The rich texture characteristics of this image make the results
of FLICM and HMRF-FCM with serious misclassification.
The result of RICM also contains much nonhomogeneous
regions. It is mainly because that RICM cannot use the
smooth term in a fuzzy way. Compared with the referenced
methods, our proposed method shows a much better perfor-
mance, with acc and kc more than 87% and 81%, respectively.

We also evaluate the computational time for all methods
in the previous experiment. All of these algorithms are
executed on a computer with an Intel Pentium Dual-Core
2.2GHz central processing unit (CPU) and 4G random
access memory.The computation time is recorded in Table 5.
It can be shown that the proposed method is a little slower
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(a) (b) (c)

Forest
Farmland I
Farmland II

Urban area
Unlabeled

(d)

Forest
Farmland I
Farmland II

Urban area
Unlabeled

(e)

Forest
Farmland I
Farmland II

Urban area
Unlabeled

(f)

Figure 4: Segmentation results of a Spot5 image. (a) The Spot5 image of Pingshuo area, China; (b) the ground truth image; (c) the result of
FLICM; (d) the result of HMRF-FCM; (e) the result of RICM; and (f) the result of RFLICM.

Table 5: Computational time (in seconds).

Methods FLICM HMRF-FCM RICM RFLICM
Figure 1(a) 22.31 197.61 34.22 33.43
The 1st of Figure 2 29.78 180.72 46.18 39.62
The 2nd of Figure 2 21.9 213.74 32.10 29.61
The 3rd of Figure 2 58.35 126.50 61.72 62.84
The 4th of Figure 2 46.03 147.78 55.34 53.39
Figure 3(a) 40.95 85.26 50.99 48.55
Figure 4(a) 65.11 157.83 71.07 70.16
Average 40.63 158.50 50.23 48.23

than FLICM. It is slower mainly because of the time con-
sumed by creating the initial oversegmentation and the use of
more complicated distance function in our proposedmethod.
But considering the accuracy obtained, it is worthy for us to
pay such a price.

5. Conclusion

In this paper, a novel region-level fuzzy local information
c-means (RFLICM) algorithm for image segmentation was

presented. The proposed method can detect the clusters of
color texture images. It overcomes the disadvantages of the
FLICMalgorithmby incorporating region-level spectral, spa-
tial, and structural information.The region-level fuzzy factor
used in RFLICM aims tomodel in the fuzzymanner the large
scale interactions between image regions instead of pixels. In
terms of accuracy, experimental results of both synthetic and
real datasets have illustrated that our proposed algorithm has
better performance than that of FLICM, HMRF-FCM, and
RICM.The color texture image experiments exhibited several
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unacceptable failures for all referenced methods, but the pro-
posed RFLICM always gave accurate segmentation results.

However, compared with FLICM, RFLICM need a pre-
partition step which should provide a deliberate oversegmen-
tation to preserve as much details as possible. Besides, it
also needs to provide an initial value 𝛽(0) for the weighting
parameter, while FLICM is completely free of any parameter
determination. Although the segmentation results are not too
sensitive to this value if it is in a proper range, we have to
use the trial-and-error method to find a suitable value for the
segmented images (in our experiments 10 is good enough).
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Combined with the problem of single direction of the solution of the existing sentence similarity algorithms, an algorithm for
sentence semantic similarity based on syntactic structure was proposed. Firstly, analyze the sentence constituent, then through
analysis convert sentence similarity into words similarity on the basis of syntactic structure, then convert words similarity
into concept similarity through words disambiguation, and, finally, realize the semantic similarity comparison. It also gives the
comparison rules in more detail for the modifier words in the sentence which also have certain contributions to the sentence.
Under the same test condition, the experiments show that the proposed algorithm is more intuitive understanding of people and
has higher accuracy.

1. Introduction

Information retrieval has become an effective way for people
to access resources, and the effectiveness of retrieval has been
an important index that people are most concerned about.
Previous retrieval results are confined to literal meaning of
the request sentence that users input. With the develop-
ment of the semantic web technology and natural language
processing technology, people began to pay more attention
to the real intention behind the sentence that users input,
that is, seeing the essence through the phenomenon and
returning themost satisfactory search results to the users.The
key to this process is the calculation of similarity. Sentence
similarity computation has become an important research
content in the field of Chinese information processing and
has a wide range of applications in information retrieval,
text classification, question answering system and machine
translation, and so forth.

Sentence similarity computation generally consists of
three levels: syntactic similarity, semantic similarity, and
pragmatic similarity, in which the pragmatic similarity is
the highest goal and it is quite difficult to realize at present.
Adding semantic similarity computation on the premise of

syntactic similarity can greatly improve the retrieval effect
and meet the needs of people.

In this paper, with the help of the function of syntactic
analysis and semantic role labeling of LTP platform (Lan-
guage Technology Platform) of Harbin Institute of Technol-
ogy [1], similarity calculation method is proposed on the
basis of sentence constituent analysis, and the calculation of
words similarity based onHowNet is translated into relatively
simple calculation of the concept similarity through words
disambiguation. The proposed algorithm not only makes up
for the defects of lack of semantic of literal matching algo-
rithms, but also simplifies the complexity of the algorithm,
and finally improves the precision.

2. Calculation of Words Similarity
Based on HowNet

2.1. Calculation of Words Similarity of HowNet. Sentence
similarity computation can be finally attributed to words sim-
ilarity computation.This paper calculates thewords similarity
with the help of “HowNet” platform [2] which is a common
sense knowledge base with concepts represented by Chinese
and English words for describing the objects and revealing
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NO.=037649
W C=Da
G C=verb [da3]
S C=
E C=∼cao gao, ∼fu gao
W E=work out
G E=verb [51work◼verb◼-0◼vt,sobj,ofnpa◼21 ]

S E=
E E=
DEF={compile|bian ji}
RMK=

Box 1: Representation of HowNet concept.

the relationships between concepts and the relationships
between their attributes as the basic contents [3].

In “HowNet,” all words are described by one or several
“concepts,” and each concept is described by a group of
“sememes.” The sememe is used to describe the smallest
meaningful unit of a “concept” and each sememe represents
a different role. Each concept in HowNet is described with a
record as shown in Box 1.

Listed in Box 1 is the word “Da” which means “work out”:
“NO.” means concept number; “W C, G C, S C, E C, W E,
G E, S E, E E” represent the words, part of speech, positive
evaluation, examples, English words, English part of speech,
positive evaluation in English, English examples, respectively.
“DEF” is a semantic representation of sememe collection
described by “knowledge description language.” Thus, the
description of concepts in HowNet is more complex, which
has also brought great difficulties to the calculation of words
similarity.

For the two Chinese words𝑊
1

and𝑊
2

, if𝑊
1

has𝑚 senses
(i.e., concepts), 𝑆

11

, 𝑆
12

, . . . , 𝑆
1𝑚

, 𝑊
2

has 𝑛 senses (concepts):
𝑆
21

, 𝑆
22

, . . . , 𝑆
2𝑛

; HowNet provides that the similarity between
𝑊
1

and 𝑊
2

be the maximum value of various concept
similarity; that is,

Sim (𝑊
1

,𝑊
2

) = max
𝑖=1...𝑚,𝑗=1...𝑛

Sim (𝑆
1𝑖

, 𝑆
2𝑗

) . (1)

The calculation of concept similarity can be finally
attributed to the calculation of sememe similarity. The calcu-
lation of sememe similarity mainly has three kinds of meth-
ods: one is proposed by Zhang and Li [4] which considers
the influence of the number of public nodes and depth on
similarity; one is the formula of sememe similarity based on
the theory of the commonness and individuality proposed
by Lin [5]; the other is the method of HowNet calculating
the similarity through semantic distance (gotten by a sememe
hierarchy tree composed of sememe hyponymy) [3]; that is,

Sim (𝑝
1

, 𝑝
2

) =
𝛼

𝑑 + 𝛼
. (2)

In the above formula, both 𝑝
1

and 𝑝
2

mean sememes, 𝛼 is
an adjustable parameter, and 𝑑 which is a positive integer is
the length of the path of 𝑝

1

to 𝑝
2

in the sememe hierarchy.

The words included in “HowNet” are divided into two
categories: notional words and function words. In actual text,
the similarity of notional words and function words is always
zero; the similarity computation of notional concept is more
complex because it is described in a semantic representation
and readers can refer to the article of “HowNet lexical
semantic similarity computation” by Liu and Li [3].

Thus, HowNet attributes the similarity problem of two
words to the similarity problemof two concepts. But knowing
from the relationship between words and concepts, if the
relationship between the two is one-to-one, the concept of
HowNet can be directly taken as themeaning of theword (i.e.,
that word is equal to the concept); if the relationship between
the two is one-to-many or many-to-many, then the similarity
of various concepts of the two words needs to be calculated
one by one, and then take the maximum.

2.2. Improvement onWord Similarity Computation of HowNet

2.2.1. Word Disambiguation. Considering the problem of
more complex algorithm and large amount of calculation in
the second relationship above, this paper has improved this
problem.

HowNet only considers two isolated words in the calcu-
lation of word similarity. If the word is placed in the sentence,
the corresponding concept of the word is actually deter-
mined, and the task here is matching each word obtained
by segmentation with the specific concept of the word in
HowNet through word disambiguation. Thus, there is no
second relationship in the problem of calculating word sim-
ilarity in HowNet, and the algorithm has become relatively
simple. This paper does the multidimensional word sense
disambiguation based on HowNet with the segmentation
results of LTP platform of Harbin Institute of Technology,
then corresponds the word to its corresponding concept, and
finally calculates the similarity of concepts. The algorithm of
word disambiguation is as follows.

Step 1. Process the target sentence in segmentation and POS
(part of speech) tagging with the help of LTP and take all the
notional words for calculation.

Step 2. Take out one word for POS disambiguation. Deter-
mine the corresponding concept of the word in HowNet
according to the POS tagging from word segmentation of
LTP. If the corresponding sense to the POS is only one, then
the concept of the word can be determined according to the
POS tagging. If the corresponding sense to the POS is more
than one, then go to Step 3.

Step 3. Example matching disambiguation: take out all the
senses of the word with the same POS, put the collocation
(including their part of speech) before and after the word to
be disambiguated into calculation, and find the correspond-
ing concept in HowNet. The specific steps are as follows:

(1) if the collocation before and after the word to be dis-
ambiguated just coincides with the example match of
one sense in HowNet, then its concept can be directly
determined;
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(2) if there is no agreement with the example matching,
then do matching calculation according to the POS
and the sense of the collocation before and after the
word to be disambiguated, and identify the sense with
the highest match degree as the concept of the word.
For example, the collections to be disambiguated is
“da cu (i.e., buy vinegar)”; take “cu (i.e., vinegar)”
and all the collections of the verb senses of “da” into
matching calculation; then it can confirm that the “da”
in “da cu” and the “da” in “da jiang you (i.e., buy soy)”
have the same concept.

Step 4. Repeat Step 2, until the concepts of all words are
completed.

2.2.2. Adding the Relationship of Antonymy and Oppositeness.
Although HowNet provides eight kinds of relationship
between sememes in description, but HowNet only uses
hyponymy between sememes in the calculation of word
similarity. So the range of word similarity value was specified
in [0, 1]. This paper added antonymy and oppositeness
between sememes when computing word similarity on the
basis of HowNet; thus the range of word similarity value was
extended to [−1, 1]. If the two words have the relationship of
the following conditions, calculatewords similarity according
to the following method, else calculate the similarity in
accordance with the original method of HowNet:

(1) check converse set and antonym set in HowNet, if the
two sememes of their concepts have the relationship
of antonymous and converse (the word in italics), for
example,

tall: attribute → measurement → stature →

tall
short: attribute → measurement → stature →

short

(2) check converse set and antonym set in HowNet, if the
two hypernym sememes of their concepts have the
relationship of antonymous and converse (the word
in italics), for example,

agree: events → static → state → statemental
→ attitude → attitudebygood → agree
disagree: events → static→ state → statemen-
tal → attitude → attitudebybad → disagree

(3) the two sememes of their concepts appear in the sen-
timent words set of HowNet, such as ⟨positive com-
ment words, negative comment words⟩ and ⟨positive
sentiment words, negative sentiment words⟩.

Thus the similarity of the two words is Sim(𝑆
1

, 𝑆
2

) =

−Sim(𝑊
1

,𝑊
2

), in which Sim(𝑊
1

,𝑊
2

) is the similarity value
of the corresponding concepts of the words, namely, the word
similarity value.

3. Sentence Similarity Computation

Sentence similarity refers to thematching extent in semantics
of two sentences which is a real number between the value of
[0, 1]; the greater the value, the greater the similarity of the
two sentences.

If the two sentences are the same in semantics, its value is
1; if the two sentences in semantics are completely different, its
value is 0. Considering the addition of the word relationship
of antonymy and oppositeness, this paper expands the value
of the sentence similarity to the real interval [−1, 1]. The
value of −1 indicates that the semantic meaning of the two
sentences is completely opposite or completely contrary; the
value closer to −1, the bigger the opposite or contrary degree
in semantics.

3.1. Algorithm Introduction of Sentence Similarity. At present,
the algorithms of the calculation of sentence similarity
mainly have three kinds: the method based on keyword
information, themethod based on semantic information, and
the method based on syntactic structure information. Each
kind of method with its own features solves the problem of
sentence similarity from a different point of view.The specific
algorithms at present are the following: string matching
method based on keywords [6], the TF-IDFmethod based on
vector space model [7], the calculation method of sentence
similarity based on semantic dictionary [3], the calculation
method of sentence similarity based on dependency analysis
[8], and so on.

The proposing and the practice of these methods have
played a very good role in promoting the research on Chinese
sentence similarity, but each has its own disadvantages: the
method based on keyword information only considers the
surface information of the words, without deep understand-
ing; semantic dictionary, despite making up for the defects
in the keyword method, is by the limit to the corpus itself
and the unknown words; dependency analysis takes into
account the sentence dependency structure information, but
the algorithm is complex and the cost is too much.

In this paper, with the integration of syntactic structure
information, keyword semantic information, and other fac-
tors, a calculationmethod of sentence semantic similaritywas
put forward based on syntactic structure, in order to improve
the accuracy of sentence similarity computation.

3.2. Syntactic Structure. This paper thinks that the overall
similarity builds based on the partial similarity. Breaking
a complex integration into parts and obtaining the overall
similarity through the similarity of the parts helps to solve
the problem of sentence similarity computation, in which the
key is the syntactic analysis.

A sentence is a language unit of complete meaning that
consists of words or phrases according to a certain gram-
matical structure. The components of a sentence are called
the sentence elements; thus words and phrases constitute the
sentence elements. Since sentence elements are the units of
constructing a sentence, according to the level and the struc-
ture characteristics of the sentence, the sentence elements are
divided into six kinds: subject, predicate, object, attributive,
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Root Yan jiu suo zhong xin zhu ren

n n n

shi

v nh wp

.Liu Ting

ATT

HED

ATT SBV VOB
wp

Figure 1: Syntactic analysis example of LTP.

adverbial, and complement. Syntactic analysis is to analyze
the elements of a sentence and its structure relationship. The
method of sentence elements analysis is a common method
of syntax analysis, also known as the “central component
analysis” [9]. This method thinks that a sentence, regardless
of length, contains main component, secondary component,
and additional component, of which subject and predicate
are the main component, object and complement are the
secondary component, and attributive and adverbial are the
additional components. The subject which is the statement
of the predicate usually precedes the predicate, while the
predicate is the core of the whole sentence, so it should first
analyze the major components of a sentence, the subject and
the predicate, and then determine the other components.

The method of sentence elements analysis rules the
corresponding relationship of sentence elements and the
words, pays attention to find the corresponding relationship
between the sentence elements and the part of speech, and
can directly reflect the logical relationship of the meaning the
sentence elements express.

Using the method of sentence elements analysis can
quickly analyze the trunk and branches of the sentence with
more complex structure and contribute to understanding and
mastering the sentence. That the structure of the sentence
sticks out a mile after sentence elements analysis helps us to
compute the sentence similarity based on partial matching.

In this paper, using LTP platform of Harbin Institute of
Technology as the sentence analysis tool helps to determine
the center words and the sentence elements. LTP is a Chi-
nese natural language processing service platform based on
cloud computing technology. LTP has developed an XML-
based natural language processing results expression and
on this basis provides a rich set of bottom-up, efficient,
high-precision Chinese natural language processingmodules
including lexical, syntactic, semantic analysis, and other five
Chinese processing core technologies [1]. A syntactic analysis
example of LTP is as shown in Figure 1.

In Figure 1, the “HED,” the root points, is the predicate
head of the sentence in which its predicate head is “be.”
In addition, the word segmentation, part of speech tagging,
and dependency parsing tagging contained in the analytical
structure have provided a good foundation for the calculation
of sentence similarity.

3.3. Sentence Similarity Algorithm of This Paper. According
to the introduction above, the sentence is divided into
three parts by sentence elements analysis: main component,
secondary component, and additional component. In order
to do the partial component matching calculation better, on

Figure 2: Analysis process of sentence 1 and sentence 2.

the basis of the results of LTP analysis, this paper divided
the sentence into three parts: subject component, predicate
component, and object component. According to the “HED”
LTP tagged, we can determine the predicate component, the
subject component on its left, and the object component
on its right. From the linguistic knowledge, any sentence
is composed by key component (subject, predicate, object,
etc.) and modifier component (attributive, adverbial and
complement, etc.), while the effect of key component on the
sentence is significantly greater than modifier component
[10]. Therefore, some articles in the sentence similarity
computation only consider the role of key component, but
also modifier component of the sentence sometimes has
certain influence on similarity computation as follows.

Sentence 1: I like her red and pink face.
Sentence 2: I like his naughty and lovely face.

If only the key component of the sentence is calculated,
the component division (including part of speech tagging)
can be obtained through the results by LTP.

Component division of sentence 1 is I/r like/v
face/n./wp.
Component division of sentence 2 is I/r like/v
face/n./wp.

The analysis process is as shown in Figure 2.
In the above sentences, “r” means pronoun, “v” means

verb, “n” means noun, “a” means adjective, and “u” means
auxiliary.

Thus, the similarity of the two sentences is “1”; that is,
sentence 1 and sentence 2 are exactly the same, but the two
sentences are different in fact. Therefore, this paper suggests
to properly consider the modifier component, in order to
improve the accuracy of sentence similarity computation, but
some modifiers cannot calculate, such as the adverb in the
following.

Sentence 3: He/r jumps/v really/d high/a !/wp.
Component division is He/r jumps high/v !/wp.
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Table 1: Part of speech and tagging and abbreviation.

Part of speech Tagging and abbreviation Part of speech Tagging and abbreviation
Noun n Pronoun r
Time noun t Adjective a
Space noun s Number n
Verb v Adverb d

Table 2: Main part of speech of key words in the sentence components.

Key component The part of speech of key words Modified component The part of speech of key words
Subject n, r Attributive n, a, v, r
Predicate v, a Adverbial a, v, s, t, d
Object n, r Complement v, a

After the analysis of annotation results of partiallymature
corpus (2003 Edition) of “People’s Daily” (January, 2000)
based on LTP, we found that the subject and the object
part of a sentence is mainly a noun or a pronoun, the
predicate part is mainly a verb or an adjective, and the
part of speech of the words in attributive, adverbial, and
complement parts includes more, but the contribution to
semantic understanding is also the noun (specifically time
nouns and space nouns in adverbial), pronouns, verbs, and
adjectives (as Tables 1 and 2 show).Therefore, wewill consider
all nouns, verbs, pronouns, and adjectives in the sentence in
the calculation of sentence similarity and consider two special
kinds of part of speech in addition: numerals modifying
different quantifiers and adverbs saying “no” (considered in
negative sentence). Through word frequency statistics we
have also found that the contribution degree of different
notional words to the sentence is different. According to the
statistical results, nouns, verbs, adjectives, and pronounswere
given the weights of 0.3, 0.3, 0.2, and 0.2 (since the frequency
of numerals is low, numerals are treated in accordance
with pronouns), as a measure of contribution degree to the
sentence, and were recorded as 𝜃

1

, 𝜃
2

, 𝜃
3

, and 𝜃
4

.
Considering various aspects, this paper puts forward the

following calculation formula of sentence semantic similar-
ity:

Sim (𝑆
1

, 𝑆
2

) = 𝛽
1

⋅ 𝛽
2

𝛽
1

= 𝑘 ⋅ 𝜆 ⋅ 𝛾 ⋅ 𝜑

𝛽
2

= [𝛼
1

Sim
1

(𝐵
1

, 𝐵
2

) + 𝛼
2

Sim2 (𝐵1, 𝐵2)


+ 𝛼
3

Sim
3

(𝐵
1

, 𝐵
2

)] .

(3)

The value of Sim(𝑆
1

, 𝑆
2

) is decided by two parts: 𝛽
1

which
indicates similarity adjustment coefficient and 𝛽

2

which
represents the semantic similarity value. 𝛽

1

also contains four
specific parameters: 𝑘, 𝜆, 𝛾, and 𝜑.

(1) The parameter 𝑘 means sentence pattern adjustment
coefficient, used to adjust the calculation of sen-
tence similarity in different patterns. Considering the
interrogative sentence differs greater in tone with
other sentence patterns, the adjustment coefficient

in the interrogative sentence relative to imperative
sentences, declarative sentences, and exclamatory
sentences is set to 0.1; the coefficient between other
patterns is set to 0.5; the value of 𝑘 is 1 in the same
sentence pattern.

(2) The parameter 𝜆 means sentence component coeffi-
cients, namely, the adjustment coefficient when the
division of sentence composition is unequal; its value
is set to 2∗𝑖/(𝑚+𝑛),𝑚 and 𝑛, respectively, indicate the
number of components that 𝑆

1

and 𝑆
2

contain, and 𝑖 is
the number of corresponding components in 𝑆

1

and
𝑆
2

.
(3) The parameter 𝛾means negative coefficient, while the

predicate heads in 𝑆
1

and 𝑆
2

are obviously antony-
mous and contrary or before the predicate head in 𝑆

1

relative to in 𝑆
2

is the word “no”, the value of 𝛾 is set
to −1.

(4) The parameter 𝜑 is a supplementary coefficient,
namely, if the predicate heads of the two sentences are
antonym; besides the subject and the object of the two
sentences exchange; then the value of 𝜑 is set to −1.

(5) Since a sentence is divided into three parts after
syntactic analysis, so the value of 𝛽

2

is composed
by Sim

1

(𝑆
1

, 𝑆
2

), Sim
2

(𝑆
1

, 𝑆
2

), and Sim
3

(𝑆
1

, 𝑆
2

), respec-
tively, say subject component similarity, predicate
component similarity, and object component similar-
ity. Because the value of Sim

2

(𝑆
1

, 𝑆
2

)may be negative,
so its absolute value will be taken. 𝛼

1

, 𝛼
2

, and 𝛼
3

that, respectively, represent the coefficients of the
three parts are assigned to the weight of 0.3, 0.5,
and 0.2 according to the contribution of the sentence
elements and practical experience.

In addition, when the corresponding components of
the sentence are compared, there may appear the cases of
modifiers with different structure and words with different
number (see Table 3 about the following examples); for
convenience of calculation, this paper makes the following
provisions in the comparison of the same components. If the
corresponding components of the two sentences

(1) have the same relationship and more than one word,
the centerword of the component and otherwords get
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Table 3: Part of experimental data of sentence similarity computation.

Test sentences Method 1 Method 2 Method 3
C1: The capital of Beijing is beautiful.
(Chinese text: Shou du Beijing hen mei li.)
C2: Our capital is Bejing.
(Chinese text: Wo men de shou du shi Beijing.)

0.5714 0.5000 0.1276

C3: He knitted a long scarf.
(Chinese text: Ta da le yi tiao chang chang de wei jin.)
C4: He held up a beautiful umbrella.
(Chinese text: Ta da le yi ba piao liang de yu san.)

0.5000 0.6625 0.4274

C5: He went to work today.
(Chinese text: Ta jin tian shang ban le.)
C6: He didn’t go to work yesterday.
(Chinese text: Ta zuo tian mei shang ban.)

0.5714 0.5500 −0.7720

C7: I enjoy comfortable life.
(Chinese text: Wo xi huan shu shi de sheng huo.)
C8: Hands up if you agree.
(Chinese text: Tong yi de ren qing ju shou.)

0.0000 0.0000 0.0770

C9: I love to eat apples.
(Chinese text: Wo ai chi ping guo.)
C10: The fruit I like are apples.
(Chinese text: Wo xi huan de shui guo shi ping guo.)

0.4444 0.3600 0.1928

C11: How is she recently?
(Chinese text: Ta zui jin hao ma?)
C12: She is very fine recently.
(Chinese text: Ta zui jin hen hao.)

1.0000 0.7750 0.1000

C13: He pushed his younger brother over.
(Chinese text: Ta ba di di tui dao le.)
C14: His younger brother was pushed over by him.
(Chinese text: Di di bei ta tui dao le.)

0.7500 0.5400 1.0000

the weight in accordance with the distribution of 0.6
and 0.4, such as ADV (adverbial structure) in C5 and
C6;

(2) have the same relationship and more than one non-
central word, the POS of noncentral words gets the
weight according to the proportion of noun, verb,
adjective, and pronoun. If the POS of more than
one word are the same, calculate their similarity,
respectively, taking the maximum;

(3) have part of the same relationship, only compare the
same relationship, such as ATT (attributive structure)
in one component, ATT (attributive structure) and
VOB (verb-object structure) in another component,
finally coordinate with granularity coefficient which
is 2 ∗ 𝑖/(𝑚 + 𝑛), in which 𝑖 is the number of the same
relationship within the corresponding components,
and 𝑚 and 𝑛, respectively, represent the number of
relationship in the corresponding components of the
two sentences;

(4) have different relationship, only calculate the similar-
ity for the parts with the same part of speech and
finally coordinate by granularity coefficient which is
2 ∗ 𝑖/(𝑚 + 𝑛), 𝑖 is the number of words with the same
part of speech, and𝑚 and 𝑛, respectively, represent the
number of words in the corresponding components
of the two sentences, such as the object component

Figure 3: Syntactic analysis result of LTP.

in C9 and C10; if the relationship does not match, do
the comparison of the center word, such as the subject
component in C7 and C8.

Besides, if the two sentences, respectively, contain the
word “Ba” and the word “Bei” and the similarity between
the subject (object) of a sentence and the object (subject) of
another sentence is greater than a certain threshold (0.5), then
the similarity of two sentences is 1.

Here is the first set of examples in the experiments, which
shows the calculation process of sentence similarity:

(1) syntactic analysis (as shown in Figure 3),

(2) component analysis (as shown in Figure 4),

(3) word disambiguation:

𝑆
1

: capital/n DEF = {place: PlaceSect = {capital},
belong = {place: PlaceSect = {country}, domain =
{politics}}}
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Root Wo men de shou du shi Beijing
r u n v ns wp
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Figure 4: Component analysis result of LTP.

Beijing/n DEF = {place: PlaceSect = {capital},
belong = “China”, modifier = {ProperName}}
beautiful/a DEF = {beautiful}
𝑆
2

: we/r DEF = {specific: PersonPro={1st Person},
quantity = {mass}}
capital/nDEF= {place: PlaceSect = {capital}, belong =
{place: PlaceSect = {country}, domain = {politics}}}
is/v DEF = {be}
Beijing/n DEF = {place: PlaceSect = {capital},
belong = “China”, modifier = {ProperName}}

(4) sentence similarity computation:

Sim (𝑆
1

, 𝑆
2

)

=
2 ∗ 𝑖

𝑚 + 𝑛
× {0.3Sim [(capital,Beijing) , (we, capital)]

+ 0.5Sim [(beautiful) , (is)]}

=
2 × 2

2 + 3
[0.3 × (0.4 × 0.0444 + 0.6 × 0.7333)

+ 0.5 × 0.0444] = 0.1276.

(4)

3.4. Results and Analysis of the Experiment. This paper selects
three kinds of methods of sentence similarity to make
comparisons.

Method 1. Methods based on the keyword, such as the
sentence similarity computing formula proposed by Peking
University Institute of Computational Linguistics [11], are as
follows:

2𝑐

𝑚 + 𝑛
, (5)

wherein 𝑐 represents the number of key words appearing
together in the two sentences and 𝑚 and 𝑛 represent the
number of key words in the two respective sentences.

Method 2. The sentence similarity in the methods based on
the combination of the word form and word order depends

on the surface similarity and word order similarity, please see
the literature of teacher He and Wang [12], the formula is

Sim (𝑆
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, 𝑆
2

) = 𝛼
1

Sim
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wherein Sim
𝑠

(𝑆
1

, 𝑆
2

) represents surface similarity,
Sim
𝑝

(𝑆
1

, 𝑆
2

) represents the word order similarity, 𝛼
1

and 𝛼
2

are constants, and 𝛼
1

+ 𝛼
2

= 1.

Method 3. The similarity calculation method based on syn-
tactic structure in this paper, please refer to formula (3).

Some experimental data of sentence similarity computa-
tion are shown in Table 3.

It is seen from the results of the experiment in Table 3
that Methods 1 and 2 cannot reflect the essential relations
between sentences well; the algorithm in this paper considers
the semantic relations between sentences better from the
perspective of semantics, and the results are more suitable
with the intuitive understanding of people, such as the
comparison of C3 and C4; this algorithm also considers
the influence of the sentence pattern which conveys seman-
tics to the sentence, adds the sentence pattern adjustment
coefficient, and makes the results more in line with the
understanding of people than the other two methods, such
as C11 and C12; sentence similarity computation with the
relationship of antonymy or oppositeness is also designed in
this paper (such as C5 and C6), which makes the calculation
results of positive and negative distinction; the closer the
value to −1, the closer the meaning of the two sentences to
antonymy or oppositeness; in addition, the algorithm was
designed between declarative sentences, “Ba” sentences and
“Bei” sentences from syntactic structure, which makes the
similarity calculation more accurate, such as C13 and C14.
But the structure of Chinese sentence is complex and it is not
suitable for all sentences using unified algorithm, such as C9
and C10; the result is 0.1928 with our algorithm; obviously
this similarity value cannot reflect the original intention of
the two sentences. Here Shi-sentence is involved, in which
the subject and the object represent the same semantic
relationship in one sentence, and the subject and object can be
interchangeable, so we will consider appropriate conversion
of sentence structure in the future; of course there is a lot of
problems that need to be solved.
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4. Conclusion

Based on the analysis of the existing sentence similarity
algorithm, the sentence semantic similarity algorithm based
on syntactic structure was proposed, and adding semantic
similarity computation in the premise of syntactic similarity
can greatly improve the effectiveness of retrieval. First of all,
do an analysis on sentence components with the help of the
LTP platform of Harbin Institute of Technology; then make
semantic comparisons based on syntactic structure of the
sentence. Since themeaning of a sentence depends ultimately
on themeaning of thewords, in this paper, theword similarity
was calculated after the word was translated into the concept
through word disambiguation with the help of HowNet,
hereby realizing semantic comprehension. Meanwhile con-
sidering modifier words in the sentence components with
certain contribution, it gives more detailed rules to further
distinguish the relations between sentences. The experimen-
tal results show that, under the same test condition, the
proposed algorithm results are more in accordance with
the actual situation and obviously improve the calculation
accuracy. By the limit of LTP platform of Harbin Institute
of Technology and HowNet, such as the imperfect definition
of the word concepts in HowNet and the deviation in POS
tagging of the two platforms, to a certain extent affected the
accuracy of sentence similarity computation. In addition, we
will also go to deep research on complex sentence structures
to solve the problem of special sentence patterns such as “be”
sentences.
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The study of community detection algorithms in complex networks has been very active in the past several years. In this paper,
a Hybrid Self-adaptive Community Detection Algorithm (HSCDA) based on modularity is put forward first. In HSCDA, three
different crossover and two different mutation operators for community detection are designed and then combined to form
a strategy pool, in which the strategies will be selected probabilistically based on statistical self-adaptive learning framework.
Then, by adopting the best evolving strategy in HSCDA, a Multiobjective Community Detection Algorithm (MCDA) based on
kernel k-means (KKM) and ratio cut (RC) objective functions is proposed which efficiently make use of recommendation of
strategy by statistical self-adaptive learning framework, thus assisting the process of community detection. Experimental results
on artificial and real networks show that the proposed algorithms achieve a better performance compared with similar state-of-
the-art approaches.

1. Introduction

Since many complex systems, such as the Internet, social
networks, and biological networks, can be modeled as com-
plex networks, the study of complex networks is essential
to better understand and analyze such systems. In complex
networks, community structure [1] refers to the node groups
which have the feature that connections between the nodes in
the same group are dense and connections between different
groups are sparse. In addition to the properties of small
world, scale-free, and high clustering coefficient, community
structure is another important feature of complex networks.
Community detection [2] (also known as network clustering,
graph clustering) is to find a division of nodes to obtain
community structure. Community detection is helpful to
better understand the topology and functions of complex
networks [3]. For example, mining community structure on
the Internet can not only improve the web search results
and enhance the user experience but also implement the hot

topic tracking system. Obtaining the community structure
of social networks can help to find social circles with the
same hobbies. Therefore, it is essential to further study the
community detection in complex networks.

Fortunato [2], Schaeffer [4], and Newman’s [5] articles
provide a good overview on the community detection appro-
aches. The community detection approaches include tra-
ditional methods, divisive algorithms, and modularity-
based methods. As one of the most popular methods, the
modularity-based methods have attracted many researchers’
attention, with the most characteristic feature of converting
the network clustering problem into an optimization problem
by maximizing the modularity 𝑄 presented by Girvan and
Newman [6]. With the increase of network size, calculating
the communities with maximal modularity is NP-hard [7].
Therefore, heuristic and intelligent optimization algorithms
are often used to tackle the problem. For example, GN algo-
rithm [6] generated candidate solutions by using heuristic
operations, such as moving a node to other communities,
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switching nodes in different communities, decomposing or
merging communities, and then selecting the best commu-
nity division by calculating𝑄 valueswith simulated annealing
Metropolis criterion. FN [8] algorithm is a community
detection algorithm proposed by Newman in 2004; the basic
idea is to use greedy optimization algorithm to maximize 𝑄
value. BGLL algorithm [9] utilized the network topology and
modularity to compute the division of community structures;
the time complexity of the algorithm is proved to be linear.

Small-scale communities cannot be detected from some
large complex networks by optimizing the modularity, which
is the resolution limit [10]. To conquer the limit, a number
of modified modularity measurements, such as modularity
density [11], kernel 𝑘-means (KKM), and ratio cut (RC) [12],
are developed and introduced into the objective function,
which promotes a group of new detection methods based on
multiobjective optimization. Recentmultiobjective optimiza-
tion algorithms for community detection include MOGA-
net [13], MOCD [14], and MOEA/D-net [15]. MOGA-net
algorithmuses community fitness (CF) and community score
(CS) as two objectives to be optimized to solve community
detection problem.MOCD algorithm employed PESA-II [16]
to optimize the objective functions intra and inter and used
two methods (max𝑄 and max𝐷) to select suitable solutions
from Pareto dominant solution set. MOEA/D-net algorithm
employed MOEA/D to optimize negative ratio association
(NRA) and ratio cut (RC) [15] to find dominant solutions.

The above work shows that the modularity-based intel-
ligent optimization algorithms for community detection
attract much attention of researchers. In order to further
improve the performance of intelligent optimization algo-
rithms for community detection, the paper proposes a new
framework including hybrid evolving strategies and adaptive
learning mechanism based on evolutionary algorithm. The
work includes two parts. In the first part, the modularity
𝑄 is used as the objective function because of its simplicity
and easy understanding. A Hybrid Self-adaptive Commu-
nity Detection Algorithm (HSCDA) based on modularity is
put forward. In HSCDA, three different crossover and two
different mutation operators for community detection are
designed and then combined to form a strategy pool, in
which the strategies will be selected probabilistically based
on statistical self-adaptive learning framework. Experimental
results show that HSCDA is able to achieve competitive
modularity compared to other modularity-based algorithms,
GN, FN, and BGLL. In the second part, a Multiobjective
Community Detection Algorithm (MCDA) is proposed, in
which KKM and RC are used as two optimization objectives
instead of the modularity. The primary evolving strategy of
MCDA is decided by the self-adaptive learning framework
in HSCDA. Pareto mechanism is used to preserve the good
solutions. Experimental results show that MCDA achieves
a better performance compared with HSCDA and other
multiobjective based algorithms, MOGA-net, MOCD, and
MOEA/D-net.

The rest of this paper is organized as follows: Section 2
gives the problem statements. In Section 3, the proposed algo-
rithms for community detection are presented. In Section 4,
the performances of the proposed algorithms are validated on

both computer-generated networks and real world networks.
We also compare our algorithms with other approaches. The
conclusions are finally summarized in Section 5.

2. Network Community Detection Problem

Assume that a network 𝐺 is defined as 𝐺 = (𝑉, 𝐸), where 𝑉
denotes the node set and𝐸 denotes the edge set.The topology
of the network is usually represented by adjacent matrix 𝐴 =
(𝐴
𝑖𝑗
). The elements in the matrix are 0 or 1. 𝐴

𝑖𝑗
= 1 indicates

that the nodes 𝑖 and 𝑗 are connected, whereas 𝐴
𝑖𝑗
= 0

represents the nodes 𝑖 and 𝑗 are unconnected.
Community structure is a universal property of many

complex networks in real world. The community is the node
subset, which has a relatively tight connection between the
inner nodes and a relatively sparse connection between the
external nodes [17]. Since the concept of connection is not
clearly defined, there are many ways to measure community
structure.

The modularity 𝑄 proposed by Girvan and Newman is
the most popular measurement [6]. 𝑄 is defined as follows:

𝑄 =
1

2𝑑
∑

𝑖,𝑗

(𝐴
𝑖𝑗
−
𝑘
𝑖
𝑘
𝑗

2𝑑
)𝛿 (𝑖, 𝑗) , (1)

where 𝑑 is the total number of edges in the network, 𝐴
𝑖𝑗

is the adjacent matrix of the network, and 𝑘
𝑖
is the degree

of node 𝑖; if the nodes 𝑖 and 𝑗 are in the same community,
𝛿(𝑖, 𝑗) = 1; otherwise it is 0. If the value of 𝑄 is bigger
than 0, the community structure begins to appear in complex
networks. If 𝑄 value is greater than 0.3, there is a clear
community structure in complex networks. If 𝑄 value is
close to 1, community structure is more obvious. In the real
world complex networks, 𝑄 value is usually between 0.3
and 0.7. The advantage of modularity is easy understanding
and lower computational cost. The problem of community
detection based onmodularity is an optimization problem by
maximizing modularity 𝑄.

In order to solve problem of limit of modularity resolu-
tion [10], Li et al. in [11] introduced a new objective function,
the modularity density𝐷, which is defined as

𝐷 =

𝑚

∑

𝑖=1

𝐿 (𝑉
𝑖
, 𝑉
𝑖
) − 𝐿 (𝑉

𝑖
− 𝑉
𝑖
)

𝑉𝑖


, (2)

where 𝑉
𝑖
is the node set of 𝑖th community in all 𝑚 com-

munities, 𝐿(𝑉
𝑖
, 𝑉
𝑖
) = ∑

𝑖∈𝑉𝑖 ,𝑗∈𝑉𝑖
𝐴
𝑖𝑗
, and |𝑉

𝑖
| is the node

number in𝑉
𝑖
. The greater the value of the modularity density

𝐷, the more accurate the community found. In order to
analyze network topology structure in different resolutions
and find community of networks in more detail, the expres-
sion of modularity density is improved continuously and
then decomposed to several parts to form a multiobjective
optimization problem for community detection. One of the
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Input: Adjacent matrix 𝐴 of network 𝐺
Parameters: population size (popsize), max generations (gen), crossover probability (pc),
mutation probability (pm), initial probability of adaptive strategy (p)
Output: Optimal solution of the current iteration
Step 1. Initialization

(1.1) Initialize each individual by label propagation mechanism (see Algorithm 2).
(1.2) Calculate objective function 𝑄 using formula (1).

Step 2. Self-adaptive learning
For each individual, select a strategy from hybrid evolutionary strategy pool (see Section 3.1.3)

using roulette wheel selection according to the selected probability,
then update the selected probability of each strategy by self-adaptive learning framework (see Section 3.1.4).
Step 3. Local search

Apply hill-climbing search (see Section 3.1.5) to the individual with highest 𝑄 value in the current population for local search.
Once a better individual is generated, the new individual will replace the chosen one.
Repeat until no more better individual is get or the number of search reaches the maximum,
then the individual is the current best solution of the population.
Step 4. Stopping criteria:

If (iterations < gen), iterations ++, and go to Step 2; otherwise, stop the algorithm and output.

Algorithm 1: The flow of HSCDA.

popular decompositions is KKM [12] and RC [12], which are
defined as follows:

KKM = 5 (𝑛 − 𝑚) −
𝑚

∑

𝑖=1

𝐿 (𝑉
𝑖
, 𝑉
𝑖
)

𝑉𝑖


,

RC =
𝑚

∑

𝑖=1

𝐿 (𝑉
𝑖
, 𝑉
𝑖
)

𝑉𝑖


.

(3)

The smaller the KKM value is, the closer the internal
group will be, and the smaller the RC is, the sparser the
links between nodes of internal and external community
will be. Therefore, community detection problem can also
be modeled to a multiobjective optimization problem by
minimizing KKM and RC.

3. Description of Proposed Method

In this section, the detailed information of HSCDA and
MCDA is depicted.

3.1. HSCDA. In order to further improve the solution qual-
ity of intelligent optimization algorithms for community
detection problems based on modularity, HSCDA is pro-
posed based on evolutionary algorithm. In HSCDA, three
different crossover and two different mutation operators
for community detection are designed and then combined
to form a strategy pool, in which the strategies will be
selected probabilistically by roulette wheel selection based
on statistical self-adaptive learning framework. The flow of
HSCDA is shown in Algorithm 1.

3.1.1. Individual Encoding. A partition Ω of the network
𝐺 is encoded as an integer string x = {𝑥

1
, 𝑥
2
, . . . , 𝑥

𝑛
},

where x denotes an individual, 𝑛 is the number of nodes
in the network, and 𝑥𝑖 is community label of node 𝑖,

𝑥
𝑖
∈ {1, 2, . . . , 𝑛}. Nodes with the same community label

are considered in the same community. Note that a network
of 𝑛 nodes can be divided into 𝑛 communities at most; in
this case, each node consists of a community, which can be
denoted as {1, 2, . . . , 𝑛}. Moreover, there are many different
representations corresponding to the same partition. For
example, given a network of 4 nodes, {2, 1, 3, 2} and {1, 3, 2, 1}
represent the same partition {{1, 4}, {2}, {3}}; that is, nodes
1 and 4 belong to the first community, node 2 belongs to
the second one, and node 3 belongs to the third one. This
direct encoding mode can be easily used without knowing
the additional information such as the size of community
structures in advance.

3.1.2. Population Initialization AlgorithmBased on Label Prop-
agation Mechanism. To both reduce the searching space and
promote diversity, the paper adopts initialization mechanism
based on label propagation [12], whichmakes full use of prior
knowledge of network topology to generate a population that
densely connected nodes have a unique label.

Assume that the neighbor set of a node 𝑖 is 𝑁(𝑖) =
(𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑘
) and let 𝑙(𝑖) be the label of node 𝑖. In label

propagation mechanism, the label of each node depends on
the label with biggest proportion of labels in its neighbor set;
it is defined as follows:

𝑙 (𝑖) = arg max
𝑟

∑

𝑗∈𝑁(𝑖)

𝛿 (𝑙 (𝑗) , 𝑟) , (4)

where 𝑟 represents the community labels of nodes in 𝑁(𝑖).
If 𝑙(𝑗) and 𝑟 are the same labels, then 𝛿(𝑙(𝑗), 𝑟) equals 1
and otherwise 0. After label propagation, densely connected
nodes can be set as the same label quickly. Algorithm 2 shows
the flow of initialization algorithm using label propagation.

3.1.3. Hybrid Evolutionary Strategy Pool. In order to enhance
the capability of evolution of the algorithm and thus to
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Input: Population with each node divided into different communities, that is, 𝑙(𝑖) = 𝑖, 𝑖 ∈ {1, 2, . . . , 𝑛}
Output: Population after initialization
For 𝑚 = 1 : popsize //for all individuals in population
For 𝑝 = 1 : 5 //the number of propagation iterations is set to 5
For 𝑖 = 1 : 𝑛 //for all nodes in the network
If (𝑁(𝑖) > 1)

For all node 𝑗 in𝑁(𝑖)
𝑙(𝑖) ← Equation (4)

End For
Else //node 𝑖 has only one neighbor 𝑗

𝑙(𝑖) = 𝑙(𝑗) //assign the label of neighbor 𝑗 to 𝑖
End If

End For
End For

End For

Algorithm 2: Algorithm of population initialization.

improve the quality of solution, six different strategies
for community detection are designed to make up the
hybrid evolutionary strategy pool. Every evolutionary strat-
egy includes crossover and mutation operators. Individual
chooses different strategies adaptively and then gradually
improves its solution structure.

Given two individuals 𝑥
𝑎
and 𝑥
𝑏
, three different crossover

and two different mutation operators are designed as follows.

Crossover 1 Is Block Crossover. Two positions of 𝑎 and 𝑏 (1 ≤
𝑎 ≤ 𝑏 ≤ 𝑛) are randomly selected at first. Then, the labels
(from 1 to a and from (𝑏 + 1) to 𝑛) are selected from 𝑥

𝑎
to

replace the labels of the same position of a new individual 𝑥
𝑐
,

while the labels in the other position (from (𝑎 + 1) to 𝑏) in 𝑥
𝑐

are set to the same as in 𝑥
𝑏
. In the same way, the labels (from

1 to 𝑎 and from (𝑏 + 1) to 𝑛) are selected from 𝑥
𝑏
to replace

the labels of the same position of a new individual 𝑥
𝑑
, and

the labels in the other position (from (𝑎+1) to 𝑏) in 𝑥
𝑑
are set

to the same as in 𝑥
𝑎
. This process will generate two offspring

individuals 𝑥
𝑐
and 𝑥

𝑑
.

Crossover 2 Is a Single Point of Double Crossing Crossover.
Firstly, randomly select a node called V

𝑖
in 𝑥
𝑎
and mark its

label as 𝑥𝑖
𝑎
. Then all of nodes with the same label as 𝑥𝑖

𝑎
are

set to the same label in 𝑥
𝑏
, thus generating a new individual

𝑥
𝑐
; that is, 𝑥𝑘

𝑏
← 𝑥
𝑖

𝑎
, ∀𝑘 ∈ {𝑘 | 𝑥𝑘

𝑎
= 𝑥
𝑖

𝑎
}. Meanwhile, the

node V
𝑖
with label 𝑥𝑖

𝑏
in 𝑥
𝑏
is found out and then let all of

nodes belonging to this community in 𝑥
𝑏
be set in the same

label in 𝑥
𝑎
, 𝑥𝑘
𝑎
← 𝑥
𝑖

𝑏
, ∀𝑘 ∈ {𝑘 | 𝑥𝑘

𝑏
= 𝑥
𝑖

𝑏
}, thus generating

a new individual 𝑥
𝑑
. This process will generate two offspring

individuals 𝑥
𝑐
and 𝑥

𝑑
.

Crossover 3 Is a Two-WayCrossing Over [18]. Firstly, randomly
select twonodes called V

𝑖
and V
𝑗
and ensure that their labels𝑥𝑖

𝑎

and 𝑥𝑗
𝑎
are different. Then let all of nodes belonging to these

two communities in 𝑥
𝑎
be set as the corresponding commu-

nities in 𝑥
𝑏
to generate a new individual 𝑥

𝑐
. Meanwhile, the

nodes V
𝑖
, V
𝑗
in𝑥
𝑏
are found out with different labels, andmake

sure that the corresponding nodes in 𝑥
𝑎
are set as belonging

to these two communities.Thus, the new individual𝑥
𝑑
will be

generated. This operator is an extended version of Crossover
2 and will also generate two offspring individuals 𝑥

𝑐
and 𝑥

𝑑
.

Mutation 1. Firstly, get the community structure according to
the labels of nodes of an individual. Secondly, select a node in
each community randomly and then change the label of this
node into the label of one of its neighbor nodes.

Mutation 2. Firstly, get the community structure according to
the labels of nodes of an individual. Secondly, select a node
in each community randomly and then change the label of
this node into the label of its neighbors which has the highest
duplication. If the labels of neighbor node are different from
each other, then randomly select a label from neighbor nodes
to assign.

Combine the above three crossover and two mutation
operators mutually and thus generate the following six evo-
lutionary strategies to form the hybrid evolutionary strategy
pool:

Strategy 1: Crossover 1 + Mutation 1.
Strategy 2: Crossover 1 + Mutation 2.
Strategy 3: Crossover 2 + Mutation 1.
Strategy 4: Crossover 2 + Mutation 2.
Strategy 5: Crossover 3 + Mutation 1.
Strategy 6: Crossover 3 + Mutation 2.

3.1.4. Self-Adaptive Learning Framework. Based on strategy
pool, a statistical self-adaptive learning framework is intro-
duced into HSCDA. The individual adaptively chooses the
appropriate strategy in different stages of the algorithm
depending on the evolution effect of the strategy. In the
self-adaptive learning framework, each strategy is given
the corresponding probability of being selected. Individual
selects evolution strategy by roulette wheel selection.

In particular, each individual 𝑖 (𝑖 = 1, 2, . . . , 𝑝𝑜𝑝𝑠𝑖𝑧𝑒)
has a selective probability vector 𝑝

𝑖
for strategy, 𝑝

𝑖
=

[𝑝
𝑖1
, 𝑝
𝑖2
, . . . , 𝑝

𝑖𝑀
], where 𝑝

𝑖𝑗
means the probability of which
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𝑖th individual chooses 𝑗th strategy from all 𝑀 strategies in
the hybrid strategy pool.𝑀 is 6 in the paper.

The difference of the individual before and after evolving
by a strategy is used to measure the evolution effect of that
strategy, which is defined as follows:

diff =


𝑄new − 𝑄old
𝑄best


, (5)

where 𝑄new is the modularity of the individual 𝑖. 𝑄old rep-
resents the modularity of the individual 𝑖 in last generation.
𝑄best denotes the best individual in current population.Then,
the change quantity of the probability is defined as follows:

deta = rand
1 + 𝑒−diff

, (6)

where rand is a random value in (0, 1) used to make a dis-
turbance to avoid learning too fast. Suppose that individual
𝑖 selects 𝑚th strategy by the roulette wheel selection from
the strategy pool with the probability of 𝑝

𝑖𝑚
(old); then the

selective probability of individual 𝑖 in the next generation will
be updated to 𝑝

𝑖𝑚
(new), which is calculated as follows when

𝑄new − 𝑄old > 0:

𝑝
𝑖𝑚 (new) =

𝑝
𝑖𝑚 (old) + deta

𝑝
𝑖𝑚 (old) + deta + ∑

𝑀

𝑗=1,𝑗 ̸=𝑚
𝑝
𝑖𝑗 (old)

. (7)

If 𝑄new − 𝑄old ≤ 0, 𝑝𝑖𝑚(new) is calculated as follows:

𝑝
𝑖𝑚 (new) =

{{{{{{

{{{{{{

{

𝑝
𝑖𝑚 (old) − deta

𝑝
𝑖𝑚 (old) − deta + ∑

𝑀

𝑗=1,𝑗 ̸=𝑚
𝑝
𝑖𝑗 (old)

, if 𝑝
𝑖𝑚 (old) − deta > 0,

(1 − deta) × 𝑝𝑖𝑚 (old)
(1 − deta) × 𝑝𝑖𝑚 (old) + ∑

𝑀

𝑗=1,𝑗 ̸=𝑚
𝑝
𝑖𝑗 (old)

, if 𝑝
𝑖𝑚 (old) − deta ≤ 0.

(8)

However for other strategies, the selective probability
𝑝
𝑖𝑗 ̸=𝑚
(new) should be updated to make sure ∑𝑀

𝑗=1
𝑝
𝑖𝑗
(new) =

1. Given 𝑇
1
= 𝑝
𝑖𝑚
(old) + deta + ∑𝑀

𝑗=1,𝑗 ̸=𝑚
𝑝
𝑖𝑗
(old), 𝑇

2
=

𝑝
𝑖𝑚
(old) − deta + ∑𝑀

𝑗=1,𝑗 ̸=𝑚
𝑝
𝑖𝑗
(old), and 𝑇

3
= (1 − deta) ×

𝑝
𝑖𝑚
(old) + ∑𝑀

𝑗=1,𝑗 ̸=𝑚
𝑝
𝑖𝑗
(old), 𝑝

𝑖𝑗 ̸=𝑚
(new) is calculated as fol-

lows:
𝑝
𝑖𝑗 ̸=𝑚 (new)

=

{{{{{{{{{

{{{{{{{{{

{

𝑝
𝑖𝑗 ̸=𝑚 (old)
𝑇
1

, if 𝑄new − 𝑄old > 0,

𝑝
𝑖𝑗 ̸=𝑚 (old)
𝑇
2

, if 𝑄new − 𝑄old ≤ 0, 𝑝𝑖𝑚 (old) − deta > 0,

𝑝
𝑖𝑗 ̸=𝑚 (old)
𝑇
3

, if 𝑄new − 𝑄old ≤ 0, 𝑝𝑖𝑚 (old) − deta ≤ 0.

(9)

Individuals in the next generation will make a choice
of the evolving strategies according to the updated selective
probabilities. Therefore, HSCDA can make the individual
adaptively choose the appropriate strategies at different
stages.

3.1.5. Local Search. In order to improve convergence speed
and alleviate trapping into local optima, the hill-climbing
method suggested in [18] is adopted here as a local search
mechanism. Hill-climbing method is a kind of optimization
method commonly used in local search, which usually starts
from an arbitrary solution of current problems and tries
to change an element of this solution to find a better
solution. Once this change produces a better solution, then
the new solution replaces the selected solution. The process
is repeated until there is no better solution to be produced or

reaching the stopping criteria. It is worth noting that the hill-
climbingmethod is only for the individual which has the best
fitness value, so as to avoid excessive amount of calculation.

3.2.MCDA. Experiments (see Sections 4.2 and 4.3) show that
the effect of the community structure detection algorithm
based on the optimization of modularity is not good for
the real network clustering. In order to further improve the
solution quality, MCDA is proposed. In MCDA, strategy 6
with the largest proportion of selection of the best individual
in HSCDA is considered as the strategy of MCDA; KKM and
RC are set as two objective functions. The reason to adopt
single strategy instead of adaptive framework based hybrid
strategy pool is that individuals have to compare with each
other to calculate chosen probability of evolving strategy in
self-adaptive learning framework, while Pareto mechanism
in MCDA cannot make a definite decision of which is good
or poor between any two individuals. The same reason leads
to the fact that the local hill-climbing search cannot be
introduced into MCDA directly. The specific flow of MCDA
is shown in Algorithm 3.

4. Experimental Results and Analysis

4.1. Normalized Mutual Information. Normalized Mutual
Information (NMI) [20] is commonly used to estimate the
similarity between the true clustering results and the detected
ones. Two vectors, 𝐴 and 𝐵, are inputted during the process
of comparison. 𝑖th bit of the vector represents the class of 𝑖th
node. The NMI(𝐴, 𝐵) is then defined as follows:

NMI =
−2∑
𝐶𝐴

𝑖=1
∑
𝐶𝐵

𝑗=1
𝐶
𝑖𝑗
log (𝐶

𝑖𝑗
𝑁/𝐶
𝑖.
𝐶
.𝑗
)

∑
𝐶𝐴

𝑖=1
𝐶
𝑖.
log (𝐶

𝑖.
/𝑁) + ∑

𝐶𝐵

𝑗=1
𝐶
.𝑗
log (𝐶

.𝑗
/𝑁)
, (10)
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Input: Adjacent matrix 𝐴 of network 𝐺
Parameters: population size (popsize), max generations (gen), crossover probability (pc), mutation probability (pm)
Output: Pareto front solutions.
Step 1. Initialization

(1.1) Initialize the population with population initialization algorithm based on label propagation mechanism (Algorithm 2)
(1.2) Calculate individual objective functions KKM and RC with formula (3)
(1.3) Calculate the rank of each individual
If at least one objective value of individual 𝑝 is better than that of individual 𝑞,

and all objects of 𝑝 are not worse than those of 𝑞, then 𝑝 dominates 𝑞. This is for each individual division level (rank),
and the rank of all non-dominant individuals is defined as 1,
and the other individual’s rank plus 1 with the number of individuals who control it.

(1.4) Calculate crowding distance
Calculate the distance between one individual and other individual in the same rank by

the crowding distance calculation method refers to [19].
Step 2. Adopt the evolutionary strategy 6 to generate offspring individuals
Step 3. Pick out the dominant solutions of current generation from the population

The rank of all individuals is calculated first,
then select the individuals whose rank is 1 to construct dominant solutions of the current generation.
Step 4. Using the pruning mechanism to update the population

(4.1) Combine the dominant solutions with the present population to form a new population
(4.2) Calculate the rank of each individual and sort them from small to large.
(4.3) Select popsize individuals as the next generation according to the rank.

Step 5. Stopping criteria
If (iterations < gen), iterations ++ and go to Step 2, otherwise, stop the algorithm and output the dominant set of solutions.

Algorithm 3: The flow of MCDA.

Table 1: Characteristics of four real world networks.

Network Nodes Edges True clustering
results

Karate Club 34 78 2
Dolphin 62 159 2
Football 115 613 12
Polbooks 105 441 3

where 𝐶
𝐴
(𝐶
𝐵
) is the number of clusters in vector 𝐴 (𝐵), 𝐶

is the mixing matrix which consists of vector 𝐴 and vector
𝐵, 𝐶
𝑖𝑗
is the number of elements shared in common by 𝑔th

classification of vector 𝐴 and by 𝑗th classification of vector
𝐵, 𝐶
𝑖.
(𝐶
.𝑗
) is the sum of elements of 𝐶 in row 𝑖 (column 𝑗),

and 𝑁 is the number of nodes of the network. The value of
NMI(𝐴, 𝐵) is in the interval [0, 1]. If NMI(𝐴, 𝐵) = 1, then𝐴 =
𝐵. If NMI(𝐴, 𝐵) = 0, then 𝐴 and 𝐵 are totally different.

4.2. Experimental Results and Analysis of HSCDA. The para-
meters of HSCDA are set as follows: population size is 100,
crossover probability is 0.8, mutation probability is 0.2, the
initial selection probabilities of evolving strategies in strategy
pool for each individual are set as 𝑝 = [1/6, 1/6, 1/6, 1/6,
1/6, 1/6], and the maximum number of iterations is 100.

Zachary’s Karate Club network [21], Dolphin social net-
work [22], American college Football network [23], and
Books onUSpolitical network (Polbooks) [24] are commonly
used real networks for benchmarking. Characteristics of
these four networks are shown in Table 1. For details, please
see the related references.

Table 2: NMI of HSCDA, GN, FN, and BGLL in four real networks.

Algorithm Karate Club Dolphin Football Polbooks
GN 0.58 0.55 0.88 0.56
FN 0.69 0.57 0.76 0.53
BGLL 0.59 0.52 0.89 0.57
HSCDA 0.80 0.59 0.89 0.57

HSCDA is applied to four real networks, respectively;
the average of optimal solutions of HSCDA after running 30
times is recorded. Table 2 lists comparison results between
HSCDA and GN, FN, and BGLL algorithm in terms of
NMI, where the results of GN, FN, and BGLL are taken
from [25]. As seen from the table, the NMIs of HSCDA are
superior to other three algorithms except that NMIs are the
same as BGLL in Football and Polbooks. Table 3 shows the
comparison results of 𝑄 values of HSCDA, GN, FN, and
BGLL; we can find that 𝑄 values obtained from HSCDA
are higher than the other three algorithms. This is because
adopting hybrid evolution strategies based on self-adaptive
learning framework can improve solution quality of HSCDA.
Community structures calculated by HSCDA on four real
networks are given in Figure 1. Results of Tables 2 and 3 and
Figure 1 show that HSCDA is more accurate than GN, FN,
and BGLL.

4.3. Analysis of Evolution Effect of Strategies in Self-Adaptive
Learning Framework. To analyze the actual evolution effect
of evolving strategy in hybrid strategy pool, the selected count
of each evolving strategy of the optimal solutions (run 30
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Figure 1: Continued.
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Figure 1: Clustering results on four real networks by HSCDA.

Table 3: 𝑄 value of HSCDA, GN, FN, and BGLL in four real
networks.

Algorithm Karate Club Dolphin Football Polbooks
GN 0.4013 0.5194 0.5996 0.5168
FN 0.3801 0.4897 0.5773 0.5020
BGLL 0.4188 0.5188 0.6021 0.4986
HSCDA 0.4198 0.5277 0.6023 0.5272
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Figure 2: Selected proportion of strategies of the optimal solutions.

times independently) is recorded and shown in Figure 2. As
shown in Figure 2, the selected proportion of strategy 6 is
the highest in all strategies, which means that the evolution
effect of strategy 6 is superior to others when dealing with
the community detection problem.

From the results in Tables 2 and 3 and Figure 1, it is
shown that HSCDA is superior to other methods based on
modularity. However, according to the results in Tables 2 and
3, the improvement of 𝑄 is not in accordance with NMI;
that is, for Football and Polbooks, 𝑄 value of HSCDA is
superior to BGLL while NMI is the same as BGLL. The
reason of the phenomenon is that 𝑄 cannot fully disclose
the essential of natural group in real networks. To improve
the cluster effect, we further propose MCDA. In MCDA,
strategy 6 is considered as the strategy of MCDA and KKM
and RC are set as two objective functions. The reason to
adopt single strategy instead of adaptive framework based
hybrid strategy pool is that individuals have to compare
with each other to calculate chosen probability of evolving
strategy in self-adaptive learning framework, while Pareto
mechanism in MCDA cannot make a definite decision of
which is good or poor between any two individuals.The same
reason leads to the fact that the local hill-climbing search
cannot be introduced into MCDA. The experimental results
and analysis are detailed in the next section.

4.4. Experimental Results andAnalysis ofMCDA. Theparam-
eters of MCDA are set as follows: population size is 100,
crossover probability is 0.9, mutation probability is 0.1, and
maximum number of iterations is 100. MCDA and three
multiobjective algorithms (MOGA-net [13], MOCD [14], and
MOEA/D-net [15]) are compared in experiments on artificial
synthetic network and four real world networks, respectively.
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Figure 4: Cluster results of MCDA in Karate Club network.

The results show thatMCDAhas better solution accuracy and
obtains true network clusters in several real networks.

4.4.1. Experimental Results and Analysis on Artificial Syn-
thetic Network. In order to compare with other community
detection algorithms based on multiobjective optimization,
we do experiments on artificial synthetic benchmark network
proposed by Lancichinetti et al. [26], which is an extension
of classic GN benchmark network proposed by Newman
[6]. The network contains 128 nodes which are divided into
four communities of 32 nodes each. The average degree of
each node is 16. The proportion of outdegree of the node
is controlled by mixing parameter. The network becomes
vaguer when 𝜇 increases, which means that it is harder to
figure out the true clusters on this occasion.

By adjusting values ofmixing parameter𝜇 in the synthetic
network, 11 networks in which mixing parameter 𝜇 changes
from 0 to 0.5 with interval 0.05 are generated to test the
algorithm. NMI is used to measure the similarity between
true network clusters and test results. For each network, we
calculate average of the biggest NMI value after the algorithm
independently running 30 times. Figure 3 shows the curve of
NMI obtained from four different algorithms.

In Figure 3, we found that when 0.1 < 𝜇 < 0.35, MCDA
andMOEA/D-net can find the true network clusters (NMI is
1), while the NMI value of MOGA-net and MOCD declined

obviously. When 0.35 < 𝜇 < 0.45, all the algorithms fail
to obtain the true clusters, but the NMI of MCDA is still
higher than 0.8, which shows that MCDA outperforms other
three algorithms when dealing with the vaguer networks.
When 𝜇 = 0.5, the effect of all algorithms was poor, and it
is reasonable since the community structure is fully fuzzy at
present. It can be seen from Figure 3 that MCDA has a better
performance in most cases (0 < 𝜇 < 0.48) compared with
MOGA-net, MOCD, and MOEA/D-net, which is the benefit
of the good solution space searching ability of strategy 6 for
community detection.

4.4.2. Simulation Results and Analysis of Real Networks.
MCDA is applied to four real world networks mentioned
above. Cluster results with max 𝑄 and max NMI are shown
from Figures 4 to 7. Figure 4 shows results of Zachary’s
Karate Club network, Figure 5 shows results ofDolphin social
network, results of American college Football network are
shown in Figure 6, and results of Books on US politics are
shown in Figure 7.

From Figure 4(a), it is clear that MCDA can successfully
detect the true community structures (corresponding to
NMI = 1). Figure 4(b) shows the community structure cor-
responding to highest 𝑄 value. It is obvious that Figure 4(b)
is the subgraph of Figure 4(a).
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Figure 5: Cluster results of MCDA in Dolphin network.
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Figure 6: Cluster results of MCDA in Football network.
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Figure 7: Clustering results of MCDA in Polbooks network.
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Figure 5(a) shows that MCDA obtains the true com-
munity structures of Dolphin social network (NMI = 1).
Figure 5(b) shows MCDA divides the structure on the right
part in Figure 5(a) into 3 smaller communities. Thus, from
optimizing modularity 𝑄 point of view, MCDA is also
effective for detecting the community structures of Dolphin
network without wrong clustering.

Some nodes in Football network are not connected with
nodes in the same community, while the connection between
nodes of this community and nodes of other communities is
more close. When the network is in the real clustering, the
modularity 𝑄 is −0.0239, which is much less than 𝑄 value
obtained by the algorithm. It shows that the true clusters are
not completely complying with network community cluster
rule. Because of the complicated structure, it is difficult to
completely detect its real cluster. According to the cluster
results from Figure 6(b) with max𝑄, MCDA obtains 10
clusters.We observed that somenodes like 12, 25, 29, 37, 43, 51,
59, 60, 64, 70, 81, 83, 91, 98, and 111 are misplaced. Figure 6(a)
shows community structures detected byMCDAwithNMI =
0.9269; it still has a good reference value because of the high
NMI.

Similar to Football network, Books on US politics net-
work itself shows high complexity. From the comparison of
Figures 7(a) and 7(b), although part of nodes ismisplaced and
real clusters cannot be completely detected, it can still make
NMI be 0.6283 and𝑄 be 0.5264, which ismeaningful in terms
of solution precision.

5. Conclusion

To further improve the solution quality of intelligent opti-
mization algorithms for community detection, HSCDA and
MCDA are proposed based on evolutionary algorithm,
respectively. In HSCDA, 𝑄 is set as the objective function
and six different evolution strategies are designed to construct
hybrid evolution strategy pool. Evolution strategy is chosen
according to the probability through roulette wheel selection
based on statistical self-adaptive learning framework. In
MCDA, KKM and RC are set as the two objective functions;
strategy 6 which has the largest proportion of selection of the
best individual inHSCDA is set as themain evolution strategy
and the dominant solution set is kept with Paretomechanism.
Experiments show that HSCDA has higher solution quality
comparedwith other community detection algorithmswhich
use 𝑄 as the objective function (such as GN, FN, and
BGLL). Compared with HSCDA, MCDA can obtain true
structure of some of the real world networks and achieves
competitive results compared with othermultiobjective com-
munity detection algorithms (such as MOGA-net, MOCD,
and MOEA/D-net).
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Extended discrete shearlet provides a directional multiresolution decomposition. It has been mathematically shown that extended
discrete shearlet is a more efficient representation for the signals containing distributed discontinuities such as edges, compared to
discrete wavelet.Multiresolution analyses such as curvelet and ridgelet share similar properties, yet their directional representations
are significantly different from that of extended discrete shearlet. Taking advantage of the unique properties of directional
representation of extended discrete shearlet, we develop an image watermark algorithm based on the largest information entropy.
In proposed algorithm, firstly, 1-level extended discrete shearlet transform decomposes the test image into directional components
on horizontal cone; each directional component reflects directional features and textured features differently. Next, the directional
component whose information entropy is the highest is selected to carry watermark. Compared with related algorithms based on
DWT and DCT, the proposed algorithm tends to obtain preferable invisibility when it is robust against common attacks.

1. Introduction

Image watermark is one of the most active and challenging
subjects in the information hiding research because it is an
efficient solution to protect the copyright of the digital media.
Wavelets have been widely applied in image watermark
owning to their perfect performance for piecewise smooth
signals in one dimension [1, 2].

However, wavelets are not actually optimal representation
for signals in two dimensions or higher dimensions such as
images [3–7]. In fact, wavelets not only fail to preserve the
detailed features but they also fail to capture the directional
features [3, 7].With the development ofmultiresolution anal-
ysis, various multiresolution methods have been proposed
to overcome this limitation of wavelets, and it has been
experimentally proved that these multiresolution methods
perform well in image watermark [4, 5, 8]. Among various
multiresolutionmethods, discrete shearlet [6, 9] is a relatively
new multiresolution method, which has drawn considerable
attention and has been applied in some fields of image
processing such as image denoising, image approximations,

and image inpainting for its superior performance in dealing
with signals in high dimensions [6, 9–11]. Extended discrete
shearlet [9, 11] is derived from discrete shearlet transform. It
is based on a simple but rigorous mathematical framework
which is composed of directional orthonormal bases; each
orthonormal base exhibits high directional sensitivity and is
highly anisotropic. The extended discrete shearlet transform
attempts to obtain a sparse image representation which
contains more directional information and preserves more
detailed information than discrete wavelet.

Taking advantage of these unique properties of extended
discrete shearlet, we develop an image watermark algorithm
based on extended discrete shearlet transform and the largest
information entropy [12, 13]. In proposed algorithm, by using
extended discrete shearlet transform, an image is composed
into directional components on the horizontal cone; each
directional component is transformed into a set of shearlet
coefficients. The watermark is embedded into the largest
coefficients of the directional component whose information
entropy is the highest. The proposed algorithm is compared
with DCT-based algorithm and DWT-based algorithm.
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2. Correlation with Basic Theory

2.1. Correlation with Shearlet Transform. A 2D affine system
with composite dilations [6, 9, 14] is described by

SH (𝜓) =
{{
{{
{

𝜓
𝑎,𝑠,𝑡

(𝑥) = 𝑎−3/4𝜓 (𝐴−1
𝑎
𝐵−1
𝑠

(𝑥 − 𝑡))

= 𝑎−3/4𝜓((

1
𝑎

−
𝑠

𝑎

0 1
√𝑎

)𝑥− 𝑡) , 𝑎 > 0, 𝑠 ∈ 𝑅, 𝑡

∈ 𝑅2
}}
}}
}

,

(1)

where the parabolic scaling matrices 𝐴
𝑎
= (𝑎, 0; 0, √𝑎) (𝑎 >

0) are associated with scale transform and the shear matrices
𝐵
𝑠

= (1, 𝑠; 0, 1) are related to area-preserving geometrical
transform. The generating function 𝜓 is chosen like a tensor
product by

�̂� (𝜉) = �̂� (𝜉1, 𝜉2) = �̂�1 (𝜉1) �̂�2 (
𝜉2
𝜉1
) , (2)

where 𝜓1 is continuous wavelet which is supported with
supp �̂�1 ⊂ [−2, −1/2] ∪ [1/2, 2] and 𝜓2 is a bump function
with certainweak additional properties and is supportedwith
supp �̂�2 ⊂ [−1, 1].

The associated continuous shearlet transform [6, 9–11, 14]
is defined by

SH
𝑓
(𝑎, 𝑠, 𝑡) = ⟨𝑓, 𝜓

𝑎,𝑠,𝑡
⟩ . (3)

The shearlet transform is a function associated with 𝑎, 𝑠, and
𝑡, whereas wavelet transform is a function which is merely
associated with 𝑎 and 𝑡. Themain idea of the shear parameter
𝑠 is to capture directional features, such as orientations of
curves [6, 9, 11]. As a consequence, the shearlet is able to
capture directional information. Figure 1 illustrates the ability
of capturing directions of the shearlet transform.

2.2. Correlation with Discrete Shearlet Transform. By sam-
pling SH(𝜓) on an appropriate discrete set of 𝑎, 𝑠, and 𝑡,
a discrete shearlet transform is obtained [6, 9, 10, 14]. The
discrete shearlet transform is described by

{𝜓(𝑑)
𝑗,𝑙,𝑘

(𝑥) = det𝐴𝑑

𝑗/2

𝜓 (𝐵𝑙
𝑑
𝐴𝑗
𝑑
𝑥− 𝑘) : 𝑗 ≥ 0,

− ⌈2𝑗/2⌉ ≤ 𝑙 ≤ ⌈2𝑗/2⌉ , 𝑘 ∈𝑍2, 𝑑 = 0, 1} ,
(4)

where 𝐴0 = (4, 0; 0, 2), 𝐴1 = (2, 0; 0, 4), 𝐵0 = (1, 0; 1, 1), and
𝐵1 = (1, 1; 0, 1). If 𝜓(𝑑)

𝑗,𝑙,𝑘
satisfy the property

∑
𝑗,𝑙,𝑘

⟨𝑓, 𝜓
(𝑑)

𝑗,𝑙,𝑘
⟩

2
= 𝑓


2
, (5)

the discrete shearlet transform forms a tight frame for 𝐿2(𝑅).

For any 𝜉 = (𝜉1, 𝜉2) ∈ �̂�2, 𝜉1 ̸= 0, suppose

∑
𝑗≥0

�̂�1 (2
−2𝑗𝜔)


2
= 1 for |𝜔| ≥

1
8
;

2𝑗

∑
𝑙=−2𝑗

�̂�2 (2
𝑗𝜔− 𝑙)


2
= 1 for |𝜔| ≤ 1.

(6)

Specifically, define

�̂�(0) (𝜔) = �̂�(0) (𝜔1, 𝜔2) = �̂�1 (𝜔1) �̂�2 (
𝜔2
𝜔1

) ,

�̂�(1) (𝜔) = �̂�(1) (𝜔1, 𝜔2) = �̂�1 (𝜔2) �̂�2 (
𝜔1
𝜔2

) ,

(7)

where 𝜓1 is a discrete wavelet function with supp �̂�1 ⊂
[−1/2, −1/16] ∪ [1/16, 1/2] and 𝜓2 is a bump function with
supp �̂�2 ⊂ [−1, 1]. From the supporting condition of �̂�1 and
�̂�2, 𝜓𝑗,𝑙,𝑘 in frequency domain is supported with

supp �̂�(0)
𝑗,𝑙,𝑘

⊂ {(𝜔1, 𝜔2) : 𝜔1 ∈ [−2
2𝑗−1, − 22𝑗−4]

∪ [22𝑗−4, 22𝑗−1] ,

𝑙2−𝑗 + 𝜔2

𝜔1


≤ 2−𝑗} .

(8)

Equation (8) implies that each element �̂�
𝑗,𝑙,𝑘

is supported
on a pair of trapezoids, each of which is contained in a box
of approximate size 22𝑗 × 2𝑗 and oriented along line of slope
−𝑙2−𝑗 [6, 9, 10, 14].

2.3. Correlation with Extended Discrete Shearlet. Extended
discrete shearlet [6, 11] is obtained by directly extending
discrete shearlet. Yet its framework is slightly different from
that of the discrete shearlet. Framework of the extended
discrete shearlet is composed of directional orthonormal
bases; each orthonormal basis provides anisotropic window
functions elongated along the direction determined by shear
matrix. In addition, the extended discrete shearlet framework
uses a MRA approach to compute shearlet coefficients and
uses an iterativemethod to approximate the inverse. Based on
this construction, a given image is explicitly decomposed into
variously directional components for different cones when
extended discrete shearlet is associated with different shear
matrices and direction numbers; each directional component
reflects directional features and textured features differently
(see Figure 2); besides, a stable reconstruction of a given
image is obtained.

Actually, the extended discrete shearlet framework
exhibits highly directional sensitivity; and, furthermore, the
extended discrete shearlet framework is optimally sparse
representation and is well localized in both the spatial
and the frequency domains. Based on these properties,
the extended discrete shearlet can be considered as an
appropriate transform for image watermark.
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Figure 1: (a) 𝜓
𝑎,𝑠,𝑡

in the time domain for 𝑎 = 0.3, 𝑠 = 0, and 𝑡 = 0. (b) 𝜓
𝑎,𝑠,𝑡

in the frequency domain for 𝑎 = 0.3, 𝑠 = 0, and 𝑡 = 0. (c) 𝜓
𝑎,𝑠,𝑡

in
the time domain for 𝑎 = 0.3, 𝑠 = −0.5, and 𝑡 = 0. (d) 𝜓

𝑎,𝑠,𝑡
in frequency domain for 𝑎 = 0.3, 𝑠 = −0.5, and 𝑡 = 0.

3. A Novel Watermark Algorithm Based on
Extended Discrete Shearlet

The most important issue in extended discrete shearlet-
based watermark algorithm is how to choose the watermark
embedding location or the effective coefficients to be embed-
ded, since the choice of watermark embedding location has
an effect on both invisibility and robustness of watermark
algorithm to some extent [1, 2, 4, 5, 8]. In this section, a
novel algorithm for image watermark is proposed, which
is based on combining the analysis of extended discrete
shearlet coefficients [6, 11] and the basic theory of the largest
information entropy to search the watermark embedding
location for different images.

3.1. Analysis of Extended Discrete Shearlet Coefficients. After
1-level extended discrete shearlet decomposition associated
with shearmatrix𝐵0 and direction numbers𝑚, the test image
of size𝑁 ×𝑁 is decomposed into𝑚 directional components
on horizontal cone (see Figure 2(b)); each of directional
components is transformed into a set of shearlet coefficients.

Each directional component reflects directional features
and preserved textured features differently; therefore, the
occurring probabilities of different pixel values in each
directional component are different from those of all others
and the probability distribution of each directional com-
ponent’s information is different from that of all others in
confusion degree. The higher information entropy [12, 13] of
the directional component is, the more uncertain occurring
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Figure 2: The extended discrete shearlet transform results corresponding to different directions and shear matrices.
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probabilities of its different pixel values are, and probability
distribution of its information is more disordered and more
chaotic; thatmeans it can hidemorewatermark bits. Based on
this analysis, the directional component whose information
entropy is the largest is selected to carry watermark. The
information entropy of the 𝑙th directional component on
horizontal cone is computed as follows:

(1) Mark pixel values of the 𝑙th directional component by
(𝑋𝑙1, 𝑋

𝑙

2, . . . , 𝑋
𝑙

𝑁∗𝑁
).

(2) Count occurring probability (𝑝𝑙1, 𝑝
𝑙

2, . . . , 𝑝
𝑙

𝑗
, . . . , 𝑝𝑙

𝐾
)

of different pixel values of the 𝑙th directional com-
ponent; here 𝐾 is the total number of different pixel
values.

(3) Calculate the information entropy of the 𝑙th direc-
tional component by

𝑆𝑙 = −
𝐾

∑
𝑗=1

𝑝𝑙
𝑗
log
2
(𝑝𝑙
𝑗
) , (9)

where 𝑙 (𝑙 = 1, . . . , 𝑚).
Generally, watermark insertion is realized by modifying

some special values of pixels or transforming domain coef-
ficients [1, 2, 4, 5]. Here watermark insertion is realized by
modifying the largest 𝑛×𝑛 coefficients of selected directional
component in extended discrete shearlet domain.

3.2. Watermark Insertion Using the Largest Information
Entropy. For an image 𝑤 used as watermark, in order to
uniformly and randomly spread bits over the host image, it
needs to be transformed into a binary image by

𝑤𝑤 (𝑖, 𝑗) =
{
{
{

−1 if 𝑤 (𝑖, 𝑗) > Tr

1 else,
1 ≤ 𝑖, 𝑗 ≤ 𝑛. (10)

Here threshold Tr is selected byOSTAmethod. After process-
ing the watermark image 𝑤, a binary image 𝑤𝑤 is obtained
and then reshaped to binary sequence 𝑤𝑚 with length 𝑛 × 𝑛.

According to the above analysis in Section 3.1, the direc-
tional component, whose information entropy is the highest,
can hide more watermark bits and is selected to carry water-
mark. To obtain directional components on horizontal cone,
a l-level extended discrete shearlet decomposition is applied
to test image 𝐼 with size 𝑁 × 𝑁, which is associated with
shear matrix 𝐵0 and direction numbers 𝑚. Then, to find out
the directional component whose information entropy is the
highest, information entropy of each directional component
on horizontal cone is computed by (9).

Here we suppose the 𝑝th (1 ≤ 𝑝 ≤ 𝑚) directional
component’s information entropy is the highest. Then the
binary sequence 𝑤𝑚 is embedded into the largest 𝑛 × 𝑛
coefficients of the 𝑝th directional component by

𝑦(𝑝) (𝑖, 𝑗)

=
{
{
{

𝑥(𝑝) (𝑖, 𝑗) (1 + 𝑎 × 𝑏 (𝑘)) , if 𝑥(𝑝) (𝑖, 𝑗) ≥ 𝑇

𝑥(𝑝) (𝑖, 𝑗) , else,

(11)

where 1 ≤ 𝑘 ≤ 𝑛×𝑛, 𝑎 is used to control embedding strength,
and 𝑇 is the threshold.

Finally, the watermarked image 𝐼
𝑤
is obtained after 1-level

extended inverse discrete shearlet transform by using these
modified shearlet coefficients.

3.3. Watermark Extraction. The watermark can be extracted
correctly from the watermarked image without original test
image.The extracting process is as follows, which ismirroring
embedding process.

To extract embedded watermark bits from the water-
marked image, 1-level extended discrete shearlet decompo-
sition is firstly applied to the watermarked image, where the
shear matrix is selected as 𝐵0 and the number of direction is
𝑛; then shearlet coefficients of every directional component
on horizontal cone are obtained.

Then, the watermarked coefficients are found out accord-
ing to watermark size and the location key of embedding
watermark. The extracted watermark bits are recovered into
a sequence �⃗� by

𝑚(𝑡) =
(𝑥(𝑝)
𝑖𝑗

− 𝑥(𝑝)
(𝑖,𝑗)

)

𝑎 × 𝑥(𝑝)
(𝑖,𝑗)

, when 𝑥(𝑝)
𝑖𝑗

≥ 𝑇, (12)

where 1 ≤ 𝑖, 𝑗 ≤ 𝑁, 1 ≤ 𝑡 ≤ 𝑛 × 𝑛, and 𝑇 is the threshold.
Finally, the extracted watermark 𝑤𝑤 is recovered by

reshaping �⃗�.

4. Experimental Results

4.1. Invisibility of Watermark. Invisibility is an evaluative
measure of perceptual quality of the watermarked image.
In a satisfactory image watermark algorithm, watermark
should not cause much degradation of perceptual quality
of the watermarked image. In the proposed algorithm, a
64 × 64 watermark image is embedded into different test
images (“Lena,” “Boat,” and “Barbara” with 512 × 512) to
test invisibility, where the number of directions is 9 and the
embedding strength is 0.1.

As shown in Table 1, there are not much visual differences
between original test images and their corresponding water-
marked images. In addition, the PSNR value of each water-
marked image is above 53 dB, andNC value of corresponding
extracted watermark image is above 0.98. The extracted
watermarks are all easily distinguishable. Whether from a
subjective view or from the objective view, the proposed
algorithm has preferable invisibility.

Furthermore, by analyzing the absolute difference
between the test image and the watermarked image, it is
not difficult to find that the watermark tends to spread on
these regions with strong edges and extreme brightness.
In particular, it is noted that the watermarked image is
magnified a hundred times.

4.2. Robustness of the Proposed Algorithm. Robustness is a
default measure which is used to evaluate the watermarked
image’s resistance against attacks. In a satisfactory algorithm
for image watermark, the watermark would not be easily
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Table 1: The experimental results of invisibility.

Lena Boat Barbara

The test images

The watermarked images

PSNR/MSE 53.1768/0.3129 53.5148/0.2895 53.6411/0.2812

The absolute difference between original images and
their corresponding watermarked image

The extracted watermark

NC 0.9849 0.9848 0.9850

removed from the watermarked image after common and
deliberate attacks. In this paper, we simulate the real situation
of disguised attacks and check out robustness for the pro-
posed algorithm, where the number of orientations is 9 and
the embedding strength is 0.1.

4.2.1. Robustness to Scaling Attack. For the “Lena” image and
“Barbara” image, when scaling parameters are 1/2, 3/4, 3/2,
2, and 4, the extracted watermarks are still distinguishable
and NC values are all above 0.90. For the “Boat” image, the
extracted watermarks are still distinguishable and NC values
are all above 0.90 when scaling parameters are 3/4, 3/2, 2,
and 4. With the increase of scaling attack parameter, PSNR
values are increasing; MSE values are decreasing. Therefore,
the proposed algorithm can resist scaling attack.

4.2.2. Robustness to JPEG Compression Attack. JPEG lossy
compression is the most common attack during the trans-
formation of the watermarked image. In order to evaluate
robustness of proposed algorithm, every watermarked image
is compressed using JPEGwith different quality factors. From
extracted watermarks in Table 3, it is not hard for anyone to
observe that extracted watermark is still distinguishable until
the quality factor is set to 30. In addition, for all test images,
PSNR values are all above 30 dB; NC values are all above
0.8. Therefore, the proposed algorithm is very robust against
JPEG compression.

4.2.3. Robustness to Filtering Attack. As shown in Table 4,
whether Gaussian low-pass filtering, average filtering, or
median filtering, the extracted watermarks are still distin-
guishable for the “Lena” image and the “Barbara” image. In
addition, NC values are all above 0.855 for the “Lena” image,
0.77 for the “Boat” image, and 0.86 for the “Barbara” image.
However, the extracted watermarks are imperfect for the
“Boat” image.

4.2.4. Robustness under Various Noises Attack. The water-
marked image is easily disturbed by various noises. In the
test, we add “Salt and Pepper” (Table 5) noise and “Gaussian”
white noise (Table 6) to the watermarked images.

For the watermarked image with “Salt and Pepper” noise,
with the increase of noise attack strength, more and more
noise points appear in the extracted watermark, but the
extracted watermark is still distinguishable and complete
until the attack strength is set to 0.05. When the attack
strength is set to 0.05, the extracted watermark is not perfect
but distinguishable; the NC value is 0.8262 for the Lena
image, 0.7866 for the Boat image, and 0.7861 for the Barbara
image, respectively.

Similarly, for the watermarked image under the attack of
“Gaussian” white noise, when the noise mean is set to zero,
noise points increasingly appear in extracted watermark with
the increase of noise variance. The extracted watermarks are
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Table 2: Experimental results under the scaling attack.

Scaling parameter 1/4 1/2 3/4 3/2 2 4
Lena

PSNR 28.9888 34.6526 40.2526 45.8866 45.7492 45.9472
MSE 82.0732 22.2750 6.1350 1.6766 1.7304 1.6533
NC 0.7778 0.9302 0.9731 0.9824 0.9819 0.9819

The extracted watermark

Boat
PSNR 26.3117 31.1662 35.9492 42.4460 42.2792 42.5013
MSE 152.0217 49.7120 16.5257 3.7024 3.8473 3.6540
NC 0.6982 0.8154 0.9009 0.9771 0.9692 0.9712

The extracted watermark

Barbara
PSNR 23.6562 25.4999 29.1969 35.8845 35.6902 35.9257
MSE 280.1925 183.2677 78.2331 16.7738 17.5412 16.6155
NC 0.7671 0.9009 0.9658 0.9756 0.9751 0.9751

The extracted watermark

Table 3: Experimental results under the attack of JPEG lossy Compression.

Quality factor 30 40 50 60 75 90
Lena

PSNR 35.1718 36.0294 36.4005 42.2603 53.2168 48.0330
MSE 19.7649 16.0294 14.8947 6.1242 0.3100 0.8313
NC 0.8252 0.8506 0.9004 0.9160 0.9453 0.9849

The extracted watermark

Boat
PSNR 33.3926 34.3324 34.6845 38.6331 53.5308 47.9809
MSE 29.7727 23.9794 22.1121 8.9077 0.2884 1.0351
NC 0.8101 0.8423 0.8955 0.9077 0.9233 0.9834

The extracted watermark

Barbara
PSNR 30.6849 31.9392 32.2378 36.1950 53.8219 46.1332
MSE 55.5383 41.6065 38.8416 15.6165 0.2697 1.5840
NC 0.8257 0.8457 0.8706 0.9146 0.9438 0.9834

The extracted watermark
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Table 4: Experimental results under filtering attack.

Filter
Gaussian

low-pass filtering
(13 ∗ 13)

Average filtering
(4 ∗ 4)

Average filtering
(8 ∗ 8)

Median filtering
(3 ∗ 3)

Windows
median filtering

(2 ∗ 3)

Windows
median filtering

(3 ∗ 4)
Lena

PSNR 41.2527 33.8154 31.2694 36.0472 33.0632 30.7585
MSE 4.8731 27.0112 48.5448 16.1570 33.5627 54.7312
NC 0.9619 0.9058 0.8560 0.8955 0.8652 0.8608

The extracted watermark

Boat
PSNR 38.8456 31.3718 28.6105 32.1768 29.8478 28.7947
MSE 8.4824 47.4128 89.5425 39.3914 67.3442 85.8246
NC 0.8677 0.7930 0.7710 0.8193 0.7891 0.7764

The extracted watermark

Barbara
PSNR 33.7961 25.9565 24.0378 25.3074 24.8688 23.6426
MSE 27.1314 164.9810 256.6278 191.5741 211.9325 281.0734
NC 0.9580 0.8960 0.8604 0.9038 0.8652 0.8901

The extracted watermark

Table 5: Experimental results under the attack of “Salt and Pepper” noise.

Attack strength d = 0.001 d = 0.005 d = 0.01 d = 0.02 d = 0.05
Lena

PSNR 34.8891 28.3823 25.3281 22.3135 18.4735
MSE 21.0945 94.3727 195.0891 381.7102 924.1257
NC 0.9814 0.9741 0.9741 0.9268 0.8262

The extracted watermark

Boat
PSNR 35.5080 28.3722 25.3806 22.4128 18.3500
MSE 18.2927 94.5926 188.3749 373.0794 950.7809
NC 0.9834 0.9712 0.9482 0.9331 0.7866

The extracted watermark

Barbara
PSNR 35.3764 28.0243 25.2388 22.5369 18.4612
MSE 18.8555 102.4817 194.6269 362.5728 926.4612
NC 0.9814 0.9717 0.9727 0.9316 0.7861

The extracted watermark
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Table 6: Experimental results under the attack of “Gaussian” white noise (mean = 0).

Variance v = 0.00001 v = 0.00005 v = 0.0001 v = 0.0005 v = 0.001
Lena

PSNR 47.9293 42.5216 39.7561 32.9411 29.9570
MSE 1.0475 3.6585 6.8782 33.0349 65.6718
NC 0.9849 0.9766 0.9575 0.8721 0.8345

The extracted watermark

Boat
PSNR 48.0248 42.5474 39.7670 32.9706 29.9739
MSE 1.0247 3.6169 6.8608 32.8114 65.4169
NC 0.9854 0.9697 0.9565 0.8643 0.8179

The extracted watermark

Barbara
PSNR 48.0677 42.5511 39.7595 32.9428 29.9936
MSE 1.0146 3.6138 6.8727 33.0220 65.1206
NC 0.9844 0.9663 0.9443 0.8701 0.8301

The extracted watermark

still distinguishable and perfect for all test images until the
noise variance is set to 0.0005. When the noise variance is set
to 0.0005 and 0.001, the extracted watermark is incomplete
but distinguishable for all test images; the NC values are all
above 0.8. Therefore, the proposed algorithm can resist noise
attack to some extent.

4.2.5. The Comparison Experiments of Related Algorithm.
To verify the effectiveness of the proposed algorithm, the
proposed algorithm is compared with related algorithms
based on DWT and DCT. DCT-based watermark algorithm
is performed by embedding watermark in the largest 𝑛 × 𝑛
coefficients of the first-level DCT subband. Watermarking
based on DWT is performed by embedding watermark in
the largest 𝑛 × 𝑛 coefficients of the first-level subband, where
a one-level DWT decomposition is performed using “Haar”
wavelet.

To be fair, both the watermark image and the test
images are the same to all algorithms. Table 7 shows the
results of comparison on “Lena” image. As shown in Table 7,
the proposed algorithm outperforms other algorithms in
invisibility. Meanwhile, in robustness against these attacks,
such as scaling attack and cropping attack, the proposed
algorithm gets advantage over other algorithms.

In Table 2, although the NC values of proposed algorithm
are not higher than other algorithms except no attack and

scaling attack, it is noted that PSNR values of proposed
algorithm are higher than other algorithms except cropping
middle (50%). In other words, watermarkwhich is embedded
in host image cause much degradation of perceptual quality
of the watermarked image, yet the quality of the watermarked
image for proposed algorithm is better.

5. Conclusion

This paper tries to implement an image watermark by taking
advantage of the unique advantages of extended discrete
shearlet and selecting watermark embedding location based
on the highest information entropy. The unique advantages
of extended discrete shearlet made the watermark system
more invisible. Experimental results demonstrate that visual
performance of the watermarked images is preferable to that
of related algorithms based on DWT and DCT; meanwhile,
the proposedwatermark algorithm can resist common attack.
Therefore, the extended discrete shearlet can be considered as
an appropriate transform for digital watermark.
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Table 7: Comparison on “Lena” image (NC/PSNR).

DCT DWT DST
No attack 0.9849/34.7284 dB 0.9849/33.7641 dB 0.9849/53.1768 dB
Scaling (25%) 0.7699/27.8846 dB 0.7686/28.0819 dB 0.7778/29.9888 dB
Scaling (50%) 0.9243/31.6796 dB 0.9261/31.6349 dB 0.9302/34.6526 dB
Scaling (4) 0.9809/34.7284 dB 0.9749/33.8214 dB 0.9819/45.9472 dB
JPEG (10) 0.8428/29.2431 dB 0.9824/29.0396 dB 0.7056/30.6196 dB
JPEG (30) 0.9429/31.9655 dB 0.9844/31.5159 dB 0.8252/35.1718 dB
JPEG (50) 0.9819/32.5494 dB 0.9849/32.0032 dB 0.9004/36.4005 dB
Cropping right (50%) 0.7222/9.6540 dB 0.9790/9.6459 dB 0.9712/9.6617 dB
Cropping right (75%) 0.7280/7.0743 dB 0.8530/7.0719 dB 0.8579/7.0764 dB
Cropping middle (50%) 0.7100/11.6153 dB 0.8750/27.3320 dB 0.8901/11.6305 dB
Salt & Pepper noise (0.1) 0.6934/15.4339 dB 0.6331/15.3887 dB 0.6729/15.4918 dB
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Images captured in fog conditions often suffer from weather of poor visibility which fades the colors and reduces the contrast in
the scene. This paper proposes a novel regularization method which utilizes space transformation in order to restore the hidden
scene with high dynamic range and enhanced edge information. In order to efficiently improve the visualization, the proposed
method is built upon contrast stretching which can obtain better estimation map as well as solve the problem. Using minimum
energy constraints, the algorithm recovers scene albedo on a number of haze images. Experimental results show that the method
effectively achieves accurate and true representation.

1. Introduction

Bad weather condition is a significant factor in the degrada-
tion of the optical image quality.This has been an unavoidable
issue for decades and has not afforded a clear structure in
many applications involving scene understanding [1, 2]. For
instance, it cannot help acquire visibility when autonomously
navigating a robot or vehicle [3]. It decreases object recog-
nition and detection accuracy. Scene irradiance is unable to
provide valid information. The indisputable fact is that there
are a large number of uncertain elements, such as fog and
haze, which attenuate and constrain scene appearance and
severely alter the scene radiance. In other words, the clear
observation of objects in the scene is hidden as a result of
aerosol particles. Furthermore, atmospheric absorption and
scattering cause contrast loss and visual vividness deviation
in images [4]. Restoring the hidden scene appearance via the
analysis of atmospheric propagationmodel is, therefore, a key
indication in solving the problem.

Scattering is a process by which a particle redistributes
a fraction of the incident energy into a total solid angle
[5, 6]. The scattering properties depend on the refractive
index and size of the particles. According to the haze particle’s

size and the type of camera, the monochrome atmospheric
scattering model which followed Koschmieder law is used to
describe colors and contrast of scene points in bad weather
[7, 8]. Nevertheless, this equation is ill-posed especially for
the single-image dehazing. Earlier techniques targeting on
removal of light scattering distortion in opticalmodel include
exploiting the polarization effects to compensate for visibility
degradation [9, 10]. However, it needs multiple photographs
to afford several of polarized haze priors. Other treatments
have enormously changed with the reason that the rigorous
physicalmodel which could describe atmospheric absorption
and scattering was exhumed [8]. They continued the works
of McCartney [7] to draw on what is already known about
atmospheric optics and to develop models and methods
for recovering pertinent scene properties. Many successful
approaches lie on using this model and stronger priors. Tan
[11] assumes that a visibility scene has a higher contrast
ratio than the hazy image. It means that maximizing the
contrast could lift and restore the image quality. Nevertheless,
the results inevitably suffer from halo artifacts if overcom-
pensated. Fattal [12] broke the vector of surface albedo
coefficients into a sum of two components, one parallel to the
air-light and another plumb to the air-light. It has presented

Hindawi Publishing Corporation
Mathematical Problems in Engineering
Volume 2015, Article ID 515349, 11 pages
http://dx.doi.org/10.1155/2015/515349

http://dx.doi.org/10.1155/2015/515349


2 Mathematical Problems in Engineering

locally irrelevance of the shading and scene transmission to
solve the problem. He et al. [13] propose a dark channel
prior (DCP) to estimate the transmission function with soft-
matting and improve the speed by guided filter [14]. Similarly,
the dark channel prior was also employed in [15–17] for single
image dehazing. The key points of Nishino et al. [18] and
Caraffa and Tarel [19] assume the image obeys MRF (FMRF)
distribution and utilize hidden fields energy to iterate the
optimal observation fields. In order to infer the atmosphere
veil, Liu et al. [20] and Li et al. [21] use regularizationmethod
to refine the minimal component image for preserving the
edges and gradients of images.

According to the analysis of recent methods mentioned
above, most existing endeavors are devoted to find out the
priors and constraints for restoration of the image from
statistics. Indeed, prior filtermethodswere also demonstrated
to be successful removal methods for single images, such as
median filter [22], guided filter [14], bilateral filter [15], and
TV filter [20, 21]. However, most methods only focus on the
similarities and differences between pixels [20] or patches [18]
as priors and do not consider many striking features (edge)
covered or degraded by scattering effect. Hence, there are
small amounts of edges that can be used as constraints to
correct the image restoration. As a result, these methods may
cause halo artifacts, blurred visibility, and lower contrast.

Therefore, our method is to add extra restrictions and
define compact sets in order to refine the slight structure.
Specifically, taking advantage of the regularization theory
and getting the final solution based on the observation data
which has the physical reality and mathematical tractability
[23, 24] are the way to go. In this paper we present a Hardy
space method which allows the more differential operator
(pseudo differential operator) to generate a great deal of edge
and texture as the constraint prior. Compared with previous
dehazing algorithms, the main contribution of this paper
contains the following aspects: (I) according to a lack of
edge information in the foggy image, proposed algorithm
can provide plenty of edges and textures through showing
anisotropic-pseudo-differential kernel on Hardy space to
obtain abundant priori constraints. (II) By taking advantage
of characterization of similarity between Hardy space H1

and Lebesgue space L1, we make H1 spaces associated with
Hardy-Littlewoodmaximal operator to describe the infimum
of H1 space as well as to solve rough estimation of the
cost function caused by the previous algorithm. Compared
with the recent effective implementations with complex con-
straints such as MRF [11, 20], FMRF [19], and graph theory
[12], our technique is able to restore a hazy image, which
shows more visually plausible results. Experimental results
demonstrate that our compound regularizationmethod is not
only able to restrain the noise and blurring effect but also
able to reveal important image features, such as edges and
textures.

The outline of the paper is as follows. In the next section,
we present our new defogging algorithm based variational
framework; the details regarding our optimal technique are
discussed in this section. In Section 3 we report and discuss
the results while in Section 4 our method is summarized.

Haze image

Sensor
Air-light

Scene

Atmosphere
Direct attenuation

Figure 1: Effects of atmospheric scattering.

2. Single Image Dehazing

The task of image restoration is to estimate the latent high
quality images given the low-quality observations. For sim-
plicity and clarity, in the following review of previous works,
we take the minimum-energy restriction based on Hardy
space H1 as a canonical restoration problem. In this plot,
we are interested in image restoration where we are desired
to obtain a number of edges and textures as the priories
of diffusion model in order to restore the degraded image.
Therefore, we focus on the analysis of haze optical model
and point out the disadvantage of the typical regularization
model. Afterwards, we consider that a classical H1 space
can completely replace L1 space, which are better to suit for
characterizing the geometric features of foggy image. More
importantly, through rigorous analysis, we find a handy way
which can seek the infimum of the space to solve minimum
problem.

2.1. Haze Optical Model. In general, objects appear hazier
and this is attributed to scattering and absorption along the
viewing ray as light travels from the source to the viewer.
Scattering and absorption of light by the propagation media
are the main reasons of image degradation in foggy scenes.
Therefore, it is necessary to analyze the mechanisms of
scattering in the atmosphere. Although the exact nature of
molecules and particles which influences the light from the
source to lose intensity and undergo a spectral shift is highly
complex, in reality, it spreads out energy from its original
direction.

Following this assumption [7] and on the basis of
Bouguer’s exponential law of attenuation, Narasimhan and
Nayar [8] proposed that the degradation image at any
pixel recorded by a monochrome camera is decomposed
into “Attenuation” and “Air-light.” The former is the direct
attenuation factor when light travels in straight lines from a
scene to the observer. The second term is scattered ambient
light in the atmosphere reaching the observer in addition to
the radiance propagated from the scene. As the result, the
total irradiance is usually described by the sum of the direct
attenuated irradiance and the air-light irradiance as depicted
in Figure 1.The atmospheric scatteringmodel which is widely
used in hazy images is defined as follows:

𝐼 (𝑥) = 𝐽 (𝑥) 𝑒
−𝛽𝑑(𝑥)

⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

Attenuation term
+𝐴 (1 − 𝑒−𝛽𝑑(𝑥))
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

,

Supplementary term
(1)
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where 𝐼(𝑥) is the observed intensity at pixel 𝑥, 𝐽(𝑥) is the
scene radiance or haze-free image, 𝐴 is the sky brightness
for the whole image pixels, 𝛽 is the scattering coefficient of
the atmosphere, and 𝑑(𝑥) is the depth of the scene point.
Note that themonochromemodel assumes that the scattering
coefficient 𝛽 is the same for all the color channels.

It is an impossible task to calculate 𝐽(𝑥) which represents
the true intensity in a clear day without any idea about the
three parameters 𝛽, 𝑑(𝑥), and 𝐴. According to the results of
previous research [21], (1) can be rewritten as

𝐼 (𝑥) = 𝐽 (𝑥) (1−
Supplementary term

𝐴
)

+ Supplementary term.
(2)

For convenience, we call Supplementary term𝑉(𝑥). As
suggested by [13], 𝐴 can be easily estimated automatically.
Hence, there are only 2 parameters to calculate for solving this
problem. If we take the attenuation term as the breakthrough
point, it is obvious to see𝑉(𝑥) ≥ 0 due to its physical property.
Accordingly we intend to use minimization of (2) to describe
maximum value of 𝑉(𝑥):

min
𝑐∈{𝑟,𝑔,𝑏}

⟨𝐼
𝑐
(𝑥)⟩ − lim

𝑐∈{𝑟,𝑔,𝑏}

⟨𝐽
𝑐
(𝑥) (1− 𝑉 (𝑥)

𝐴
)⟩

= 𝑉 (𝑥) .

(3)

By deriving from (3), we can get min
𝑐∈{𝑟,𝑔,𝑏}

⟨𝐽
𝑐
(𝑥)⟩ ≥ 0 and

min
𝑐∈{𝑟,𝑔,𝑏}

⟨1 − 𝑉(𝑥)⟩ ≥ 0. In that case, the range of 𝑉(𝑥) is

0 ≤ 𝑉 (𝑥) ≤ min
𝑐∈{𝑟,𝑔,𝑏}

⟨𝐼
𝑐
(𝑥)⟩ . (4)

Obviously, as described in [21], maximizing the contrast
of the resulting image is equivalent to maximizing 𝑉(𝑥)

assuming that 𝑉(𝑥) is smoothness:

arg max
𝑉

∫
Ω

𝑉 (𝑥) − 𝛼𝜙 (‖∇𝑉‖
2
) 𝑑𝑥. (5)

However, [21] is a nonconvex optimization problem
which is very hard to obtain.More importantly,∇𝑉 grows less
when the fog concentration is great, and it cannot provide effi-
cient information for degradation shown in Figure 2. Here,
we adapt modifiedminimization energy restriction to pursue
the maximum of the 𝑉(𝑥) while allowing discontinuities
along edges.

2.2. Edge Diffusion Model via Anisotropic Pseudodifferential
Operator on Hardy Space. Total variation (TV) is a well-
known model proposed by Rudin et al. [25] which is a very
successful and efficient method for image restoration as its
ability could preserve edges due to the piecewise constant
regularization property of the TV norm [26]. For any degra-
dation factor, we consider the following total variation based
image restoration problem:

inf
𝑉∈𝐵𝑉(Ω)

𝐸
𝑉
= ∬

Ω

𝑉max − 𝑉


2
𝑑𝑥 𝑑𝑦

⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

data-fidelity term

+ 𝜆R (𝑉)⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

regularization term
, (6)

Figure 2: The change diagram of image gradient and restoration
before and after hazy degradation.

where R(𝑉) = ∬
Ω
|∇𝑉|𝑑𝑥 𝑑𝑦, ∇ is the first-order derivative

operator, and 𝜆 > 0 is a parameter to balance the influence
between data-fidelity term and a regularization term.The reg-
ularity term is understood beyond the conventional Sobolev
space𝑊1,1

(Ω), instead, as the TV Radon measure. The main
characteristic of the TV image model is that it has shown
more singularities and edges which is an important visual
cue in computer vision. However, if the estimated gradient is
not satisfied with the requirement, then the restoration image
tends to be over-smooth and to lose texture [27]. Evidently,
the more mist concentration has, the less gradient priors are
pushing the quality of restored image into a decline.

In order to add extra edge restrictions, pseudodifferential
operator 𝑇 is a good way to solve this problem which
can contain more geometric features of singularity and
local mutation characteristics for restoring the foggy image.
However, ∀𝑥, 𝑥 ∈ 𝐿

1
, 𝑇 : 𝑥 → 𝑦, facto 𝑇 is not self-

mapping. In contrast, it is bounded,which has effect onHardy
space H1, that is, analogical space of L1. More importantly,
as far as energy function is concerned, the regular terms
represented to that of the local minimum energy. Although
it can guarantee lower semicontinuity and compactness in L1
space, the minimum value still needs infimum to measure
the accuracy in the space. Inspired by these works above, we
propose a novel variational model onH1 space as regularizer
to seek more features and stable infimum for foggy image
restoration.

Typically, Hardy space is associated with Laplace operator
Δ and Riesz transform ∇(Δ)

−1/2, but all of these depend on
smoothness of operator whose integral equals 1, and these
spaces cannot describe the features of singularity in foggy
images. Therefore, how to utilize pseudodifferential operator
to representHardy space becomes a significant point.Wenote
operator 𝜎, which followed several assumptions:

(1) 𝜎 is a nonsmooth function, and more geometric
features of singularity can be demonstrated by 𝜎;

(2) the classic Hardy space 𝐻𝑝
(R)𝑛 can be characterized

by the area integral, square function, and themaximal
function defined by semigroup 𝑒−𝑡𝜎 and 𝑒−𝑡√−𝜎;

(3) 𝜎 should be considered to have the anisotropic kernel
that is robust and overcome the defect that the



4 Mathematical Problems in Engineering

isotropic kernel does not have enough capability to
extract fine multidirectional intensity variation of
image.

In view of these conceptions, we consider Hardy space
which is depicted by a anisotropic-pseudodifferential oper-
ator as a general regularization term which satisfies these
assumptions. In this paper, we denote operator 𝜎 as follows
[28]:

𝜎 (𝐷)𝑓 := (2𝜋)−𝑛 ∫ 𝑒𝑖⟨𝑥,𝜀⟩𝑓𝜎 (𝑥, 𝜀) 𝑑𝜀, (7)

where ⟨𝑥, 𝜀⟩ = ∑
𝑛

𝑘=1
𝑥
𝑘
𝜀
𝑘
, 𝑓 is the result of inverse Fourier

transform, 𝜎(𝐷) is pseudodifferential positive homogeneous
operator, and its symbol 𝜎(𝑥, 𝜀) is positive homogeneous
function of degree 𝛾. Let 𝜎(𝑥, 𝜀) ∈ 𝐶

∞
(R𝑛

/0); if 𝑙 = 0,
we note 𝐾0

(𝑥) = 𝐹
−1
(𝑒
−𝜎(𝑥,𝜀)

) and else if 𝑙 ≥ 1, 𝐾𝑙
(𝑥) =

𝐹
−1
(𝜎(⋅)

𝑙
𝑒
−𝜎√(⋅)

)(𝑥), where 𝐹−1 is inverse Fourier transform.
In that case, the pointwise estimation of kernel in operator
family 𝑒−𝑡√𝜎(𝐷) can be shown as follows.

Lemma 1. ∀𝛼 ∈ N𝑛
∪ {0}, and 𝜕𝛼𝐾0 is smoothness function in

R𝑛 and there is a constant 𝐶
𝛼
, as follows:


𝜕
𝛼
𝐾

0
(𝑥)

≤ 𝐶

𝛼
(1+ |𝑥|)−𝑛−|𝛼|−𝛾 . (8)

Lemma2. If 𝑙 ≥ 1, ∀𝛼 ∈ N𝑛
∪{0}, 𝜕𝛼𝐾𝑙 is smoothness function

and there is a constant 𝐶
𝑙,𝛼
, as follows:


𝜕
𝛼
𝐾
𝑙
(𝑥)

≤ 𝐶

𝑙,𝛼
(1+ |𝑥|)−𝑛−|𝛼|−𝑙𝛾 . (9)

Using these ratiocinations, we can consider the nontangential-
maximal function defined by operator family {𝑒−𝑡

𝛾
𝜎
}:

𝑁
𝜎
𝑓 (𝑥) = sup

(𝑦,𝑡)∈Γ(𝑥)


𝑒
−𝑡
𝛾
𝜎(𝐷)

𝑓 (𝑦)

, (10)

where Γ(𝑥) = {(𝑦, 𝑡) ∈ R𝑛+1
+
} : |𝑥 − 𝑦| < 𝑡. Recall that 𝜎 is

defined by (7); we justify the conclusion particularly through
showing:

𝐻
𝑃
(R

𝑛
) = {𝑓 ∈ 𝐿

𝑃
(R

𝑛
) : 𝑁

𝜎
𝑓∈𝐿

𝑃
(R

𝑛
)} ,

𝑓
𝐻𝑝(R𝑛)

≈
𝑁

𝜎
𝑓
𝐿𝑝(R𝑛)

.

(11)

Proof. On the one hand, we first notice that

(𝐾
0
∗ 𝑓) (𝑥) = (𝑒

−𝑡
𝛾
𝜎(𝐷)

𝑓) (𝑥) , (12)

where 𝐾0
(𝑥) = 𝐹

−1
(𝑒
−𝜎(𝜀)

)(𝑥). In that case, we immediately
know from the expression of Lemma 1 that |𝐾0

| ≤ 𝐶(1 +
|𝑥|

−(𝑛+𝛾)
) and |∇𝐾0

| ≤ 𝐶(1 + |𝑥|−(𝑛+𝛾+1)). With reference to
[29],


𝑁
𝜎(𝐷)

𝑓
𝐿𝑝(R𝑛)

≤ 𝐶
𝑓
𝐻𝑝(R𝑛)

, ∀𝑓 ∈ 𝐻
𝑃
(R

𝑛
) . (13)

On the other hand, we note continuous integrable function𝜓
defined in [1,∞) satisfying

𝜓 (𝑠)
 ≤ 𝐶𝑁𝑠

−𝑁
, ∀𝑁 > 0,

∫

∞

1
𝑠
𝑘
𝜓 (𝑠) 𝑑𝑠 =

{

{

{

1, 𝑘 = 0,

0, 𝑘 = 1, 2, . . . .

(14)

We also denote 𝜃(𝑥) = ∫
∞

1
𝜓(𝑠)(𝐾

0
)
𝑠
(𝑥)𝑑𝑠. Clearly, 𝜃(𝜀) =

∫
∞

1
𝜓(𝑠)(𝑒

−𝜎(𝑠𝜀)
)𝑑𝑠, and it is very easily to verify ∀𝑓 ∈

𝐻
𝑃
(R𝑛

); 𝜃(𝜀) is Schwartz function [30]. So we prove that

𝑓
𝐻𝑝(R𝑛)

=



sup
𝑡>0

𝜃𝑡 ∗ 𝑓


𝐿𝑝(R𝑛)

=



sup
𝑡>0



∫

∞

1
𝜓 (𝑠) (𝜑

0
)
𝑡𝑠
∗ 𝑓 (𝑠) 𝑑𝑠



𝐿𝑝(R𝑛)

≤





∫

∞

1

𝜓 (𝑠)
 sup
𝑡>0


(𝜑

0
)
𝑡𝑠
∗ 𝑓 (𝑠)


𝑑𝑠



𝐿𝑝(R𝑛)

≤ 𝐶

𝑁
𝜎,𝜌,𝛽

𝑓
𝐿𝑝(R𝑛)

.

(15)

Moreover, inspired by [31], we believe that anisotropic-
pseudodifferential kernel (ANPDKs) can attain the edge map
strength (EMS). From the ANPDKs, anisotropic directional
derivatives (ANDDs) are derived to capture the local direc-
tional intensity variation of an image and then the EMS is
obtained using the ANPDKs. For this purpose, (10) can be
specified by

𝑁
𝜎,𝜌
𝑓 (𝑥) = sup

(𝑦,𝑡)∈Γ(𝑥)



𝑒
−𝑡
𝛾
√𝜎(𝐷)(

𝜌
2

0

0 𝜌
−2
)√𝜎(𝐷)

𝑓 (𝑦)



,

𝜌 ≥ 1,

(16)

where 𝜌 is the anisotropic factor and√𝜎 = (𝑥, 𝑦)𝑇. ANPDKs
can be obtained through rotation:

𝑁
𝜎,𝜌,𝛽

= 𝑒
−𝑡
𝛾
√𝜎(𝐷)𝑅𝛽(

𝜌
2 0
0 𝜌
−2 )𝑅𝛽√𝜎(𝐷)

,

𝑅
𝛽
= (

cos𝛽 sin𝛽
− sin𝛽 cos𝛽

) ,

(17)

where 𝑅
𝛽
is the rotation matrix. Furthermore, ANDDs can

be received by first order derivative of ANPDKs (𝑁𝜎,𝜌,𝛽
)

=

(𝜕𝑁
𝜎,𝜌
/𝜕𝑥)(𝜃, 𝑥). This suggests that the noise robustness is

highly dependent on the scale while the edge resolution
is dependent on the ratio of the scale to the anisotropic
factor.More importantly, the image convolution results by the
ANPDKs reveal edge stretch effect.

2.3. Infimum for Constrained Energy Minimization. Follow-
ing the demonstration of the above, formula (6) can be
rewritten as

inf
𝑉∈𝐵𝑉(Ω)

𝐸
𝑉
= ∬

Ω

𝑉max − 𝑉


2
𝑑𝑥 𝑑𝑦

⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

data-fidelity term

+𝜆R (𝑁
𝜎,𝜌,𝛽

𝑉)
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

regularization term

, (18)
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where R(𝑁𝜎,𝜌,𝛽
𝑉) = ∬

Ω
|∇(𝑁

𝜎,𝜌,𝛽
𝑉)|𝑑𝑥 𝑑𝑦. Generally, we

adapt cross-iteration method to solve this problem. But
iteration is very complex. If we can turn a diffuse equation
minimum problem to find out an infimum in H1 space, then
the trouble becomes easy to resolve. It suggests that, in order
to find out the existence of H1 representation of an infimum
problem, we can try and look for the maximal operator in the
following ways.

Lemma 3. Define 𝜙
𝑡
∈ R𝑛, which is a normalized surface

measurement on the sphere with center point (0, 0) and radius
of 𝑡. Let telescopic function 𝜙 be 𝜙

𝑡
, which can be represented as

𝜙
𝑡
(𝑥) = 𝑡

−𝑛
𝜙(𝑥/𝑡); then𝑀𝑓(𝑥) = sup |𝜙

𝑡
∗ 𝑓(𝑥)| [32].

Lemma 4. For any fixed |𝑥| ≥ 2, |𝑦| > 0, it is obvious that
|(𝜙(𝑥 − 𝑦) − 𝜙(𝑥))| ≤ 𝐶|𝑥|

−𝑛 and |(𝜙(𝑥 − 𝑦) − 𝜙(𝑥))| ≤
𝐶|𝑦||𝑥|

−𝑛−1 [33].

By applying Lemmas 3 and 4, we now prove the following
alternative theorem: If 𝑓 ∈ 𝐻

1
(R𝑛

), when 0 < 𝑃 ≤ 1, then
‖𝑀𝑓‖

𝐿
𝑃 ≤ 𝐶‖𝑓‖

𝐻
𝑃 . In particular, if 𝑝 = 1 one can express

𝑀𝑓
𝐿1 ≤ 𝐶

𝑓
𝐻1 . (19)

Proof. It follows directly from atomic decomposition
characteristics of Hardy space so that we notice that
∫
R𝑛
|𝑎
𝑖
(𝑦)|

−1/𝑝
𝑑𝑦 = 0. In addition, due to the fact that

0 < 𝑝 ≤ 1, 𝑓 ∈ 𝐻
1
(R𝑛

). So, 𝑀𝑓 = ∑𝑀𝑎
𝑖
and we get

the conclusion if we can prove the inequality ‖𝑀𝑎
𝑖
‖
𝑝
≤ 𝐶.

In this case, we let support set of atoms 𝑎 locate cube 𝑄,
where it satisfies ‖𝑎

𝑖
‖
∞
≤ |R|−1/𝑝. Combining Lemma 4, we

immediately conclude the function

𝜙 (𝑥 − 𝑦) − 𝜙 (𝑥)
 ≤ 𝐶

𝑦
 |𝑥|

−𝑛−1
, |𝑥| > 2 𝑦

 > 0. (20)

Following the property of translation invariant, we candenote
the center of 𝑄 to be an origin point. Therefore, we use
decomposing strategy instead of ‖𝑀𝑎

𝑖
‖
𝑝
:

∫
R𝑛

𝑀𝑎𝑖


𝑝

𝑑𝑥 = ∫
|𝑥|<2R

𝑀𝑎𝑖


𝑝

𝑑𝑥+∫
|𝑥|≥2R

𝑀𝑎𝑖


𝑝

𝑑𝑥

= 𝐴+𝐵,

(21)

where 𝐴 leads to reliable inequalities that are specified by
Cauchy-Schwartz inequalities:

𝐴 ≤ (∫
|𝑥|<2R

𝑑𝑥)

1−𝑝/2
+(∫

|𝑥|<2R

𝑀𝑎𝑖


𝑝

𝑑𝑥)

𝑝/2

≤ (2R)𝑛−𝑛𝑝/2 𝑎𝑖
 ≤ 2𝑛−𝑛𝑝/2 ≤ 𝐶

𝐴
.

(22)

For 𝐵,

𝑀𝑎𝑖
 = ∫

|𝑥|≥2R

𝜙 (𝑥 − 𝑦) 𝑎𝑖 (𝑦)
 𝑑𝑦

= ∫
|𝑥|≥2R

(𝜙 (𝑥 −𝑦) − 𝜙 (𝑥)) 𝑎𝑖 (𝑦)
 𝑑𝑦

≤ ∫
|𝑥|≥2R

|𝑥|
−𝑛−1 𝑦



𝑎𝑖 (𝑦)
 𝑑𝑦

≤ |𝑥|
−𝑛−1

∫
|𝑥|≥2R

𝑦


𝑎𝑖 (𝑦)
 𝑑𝑦

≤ 𝐶 |𝑥|
−𝑛−1

R
𝑛+1−𝑛/𝑝

(23)

because |𝑥| > 2R and 𝑝 > 0; then we have 𝐵 ≤

∫
|𝑥|≥2R |𝑥|

−𝑛𝑝−𝑝
𝑑𝑥 ≤ 𝐶

𝐵
which deduces to a common

representation for ‖𝑀𝑎
𝑖
‖
𝑝
≤ 𝐴 + 𝐵 ≤ 𝐶. As a result, (18)

is equal to

inf
𝑉∈𝐵𝑉(Ω)

𝐸
𝑉
= ∬

Ω

𝑉max − 𝑉


2
𝑑𝑥 𝑑𝑦

⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

data-fidelity term

+𝜆R (𝑁
𝜎,𝜌,𝛽

𝑉𝑀)
⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟

regularization term

.

(24)

3. Numerical Calculation Method and Results

In this section, we present the numerical method and results
on seven experiments to validate the theoretical results and
show that the proposed model can recover the original
image from its degraded image well, especially for piecewise
constant images.

3.1. Parameters Determination. In order to efficiently esti-
mate the factor 𝑉(𝑥) from (24), first of all, we need to
transform the image space to Hardy space. Thus (7) can be
rewritten as [34]

(𝜎 (𝐷) 𝑓) (𝑥) := ∫𝐾 (𝑥, 𝑦) 𝑓 (𝑦) 𝑑𝑦, (25)

where 𝑘(𝑥, 𝑦) := (2𝜋)−𝑛 ∫
R𝑛
𝑒
𝑖⟨𝑥−𝑦,𝜀⟩

𝜎(𝑥, 𝜀)𝑑(𝜀) is a kernel
function. 𝜎(𝑥, 𝜀) is the amplitude of each pixel and ⟨𝑥 −

𝑦, 𝜀⟩ is a phase. In practice, 𝑥 − 𝑦 means the difference of
position. Taking the relationship between adjacent pixels into
consideration, the simplest way is to convert the pixels into
spectrum, thus calculating 𝜎(𝑥, 𝜀) and using a 𝐿 × 𝐿 training
block centered on 𝑥

𝑐
to find out 𝑒𝑖⟨𝑥−𝑦,𝜀⟩, where 𝐿 = 5. After

that, anisotropic-pseudodifferential kernel can be described
followed by (17). As a result, ‖𝑁𝜎,𝜌,𝛽

𝑉‖
𝐿
𝑝 = ‖𝑉‖

𝐻
𝑝 . In

addition, to guarantee the accuracy of a minimum, we obtain
the infimum of Hardy space by Hardy-Littlewood maximal
operator.

As shown in Figure 3, In the numerical calculation
method, we evaluate the transmission map by split Bregman
method.The SB approach deals with nonlinear minimization
problem into linear problem, which combines the accelerated
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Figure 3: Flow chart for this program.
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Figure 4: Reduction of halo effect by depth adjustment using different parameters.

iterative strategy and fasted convergence speed method. To
implement the SB method, we need to construct more
accurate forward differences of objective function to con-
strain attenuated factor. From this aspect, it is verified the
correction of the above discussion. Next we present the
detailed algorithm of the proposed scheme.

(1) Initialization

(a) The air-light was estimated through [13].
(b) Obtain the gradient of 𝑉(𝑥) and then transform the

image pixel 𝑝(𝑖, 𝑗) into the form of Hardy space
‖∇𝑓‖

𝐻
1
(R𝑛) = �̃�

𝜎,𝜌,𝛽

𝑖
∇𝑉

𝑖
, where �̃�𝜎,𝜌,𝛽 is a reciprocal

basis of 𝑁𝜎,𝜌,𝛽, 𝑁𝜎,𝜌,𝛽
∗ �̃�

𝜎,𝜌,𝛽
= 𝛿, 𝑡 = 0.3, 𝛾 = 4

which is defined in (10).
(c) Find out the infimum gradient of Hardy space

∑𝑀�̃�
𝜎,𝜌,𝛽

∇𝑉.
(d) Set the initial estimate as 𝑢0 = 𝑉max, 𝑑

0

𝑥
= 0, 𝑑0

𝑦
= 0,

𝑏
0

𝑥
= 0, 𝑏0

𝑦
= 0.

(2) Cross-Iteration. (a) Outer loop: ‖𝑢𝑘 − 𝑢
𝑘−1
‖
2
/‖𝑢

𝑘
‖
2
>

tol. (b) Update parameters. (c) Inner loop: calculate 𝑢𝑘+1,
(𝑑

𝑘+1

𝑥
, 𝑑

𝑘+1

𝑦
), 𝑏𝑘+1

𝑥
, 𝑏𝑘+1
𝑦

. (d) Estimate 𝑉(𝑥).

(3) Refine the Supplementary Term. (a) Adjust the 𝑉final(𝑥) =
𝜔𝑉(𝑥) 𝜔 = 0.8∼1.4 which is regarded as a parameter that
controls the strength of the visibility restoration. (b) Acquire
the real image: 𝐽(𝑥) = (𝐼(𝑥) − 𝑉final(𝑥))/(1 − 𝑉final(𝑥)/𝐴).

An illustration of the adjusting step for getting the
transmission map and real scene is shown in Figure 4. More
edges and textures on the hill in the image are challenging
to estimate the transmission map. Obviously, after L1 space
being converted to Hardy space, the proposed method can
get sharp depth edges consistent with the fog scene. By
using different parameter 𝜔, our approach isolates fine edges
between different depth objects with much finer detail.

3.2. Experiment onDensity of Aerosol Particles. Figure 5 com-
pares the proposedmethodwith the approach byNishino and
Fattal. Fattal [12] estimates the density map (he called it the
depth map in his article) through uncorrelated characteristic
of object shading and scene transmission in a simple local
region. Nishino’s algorithm [18] is mainly to obtain the
density map by factorial Markov random field. Apparently,
the estimated images are more or less the same, but the
proposed method produced better consistency. For instance,
in Figure 5(c), more details can be seen across orange colors
of different pumpkins due to the density map showing plenty
of structure information. Similarly, the proposed haze-free
images are vivid and contrast is stronger. This is because of
edge and texture prior on the entire image. Figure 6 illustrates
the importance of edge prior for defogging. As shown in
zoom comparison, edge prior determines how much the
quality of the recovery image. For example, Tarel and TV-
L1 algorithms show different degrees of having fog-opaque
pixels around foreground objects. The challenge in Figure 6
is the depth discontinuity caused by the green leaves in
front of the scene. The proposed gets the plenty of edges
consistent used by anisotropic pseudodifferential operator.
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(a) (b) (c)

Figure 5: Displayed results of the proposed algorithm and othermethods on the pumpkin image: in the rows, the input foggy image (top), the
estimated haze density (middle), and the estimated albedo image (down) are shown. In the columns, these are the results of each algorithm,
(a) Fattal’s algorithm, (b) Nishino’s algorithm, and (c) the proposed algorithm.

By gradient priors of different regions, our approach isolates
fine edges between different depth objects with much finer
detail than TV-L1 methods, especially in the area marked by
red rectangles. Many of branches and leaves as well as a large
number of weeds around the pumpkins in Figure 5 can be
observed. In contrast, Tarel computes depth value but cannot
generate the details for these gradients altogether. Although
TV-L1 considered this factor, the edges were not highlighted
which caused insensitive contrast.

Figures 7 and 8 compare the proposed procedures with
those of He et al. Though the theories are different, both
estimate the transmission map to solve the problem. The
density map was transformed into transmission values by
𝑡(𝑥) = 𝑒

−𝛽𝑑(𝑥) (in fact the proposed method estimates the
(1 − 𝑡)), which follows (1).

Obviously, it has already captured the transmission map
(b), but neither described the details for the edges and
textures. Consequently, the improved estimation can be
represented well by gradient constraint, so the quantity of (f)
is better than (c). (b) easily shows the depth map obtained by

guided filtering [14] with dark channel estimation and (e) the
depth map by proposed method.The guided filter is an edge-
preserving filter that can be applied to improve dark channel
results, while carefully tuning a lot of parameters is necessary.

More importantly, the fact that once DCP loses effective-
ness would lead to the disastrous consequences illustrated
by (c). Our approach more accurately estimates the depth
variation of the scene at finer granularity around the whole
scene because of efficient gradient information. The results
shown in (e) and (f) demonstrate the accuracy.

3.3. Experiment on Comparison of Conventional Algorithms.
To quantitatively evaluate the performance of our approach,
we utilized the synthetic image dataset built by Tarel et al.
[34]. The results of the proposed brief are illustrated on
typical images in Figures 9 and 10. The performances were
robust and significantly outperformed the others. Figure 9
is landscape image with loss of visibility near the skyline.
All methods successfully improve visibility and local contrast
of the scene, but many of them have distortion and halo
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(a) (b) (c)

(d) (e) (f)

Figure 6: Dehazing results of the proposed algorithm and other methods on the house image. In the rows, the input foggy image (top), zoom
in comparison (middle), and the estimated albedo image (down) are shown. In the columns, these are the results of each algorithm, (a) Tarel’s
algorithm, (b) TV-L1 algorithm, and (c) the proposed algorithm.

He

Our

(d) (e) (f)

(a) (b) (c)

Figure 7: Comparison of depth estimates for depth image. On the top row is He Algorithm and the other row is the proposed method.
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He

Our

(a) (b) (c)

(d) (e) (f)

Figure 8: Specific factorization steps of two methods on aviation image. He’s algorithm is on the top row: (a) the dark channels, (b) the
transmission maps obtained by guided filter, and (c) the dehazed image. The proposed algorithm is shown on the second row: (d) rough
estimates maps by morphological operation, (e) the refined transmission map, and (f) the restoration image.

(a) (b) (c)

(d) (e) (f)

Figure 9: Restoration of a natural scene with clouds and mists. The observation image is on the left. Defogging results of (a) Fattal, (b) He,
(c) Kopf, (d) Tan, (e) Tarel, and (f) ours.

artifacts, especially on the clouds and huge stone. Compared
with Tan’s approach, although both of us increase the edges
to enhance visibility, Tan’s algorithms [11] produced plenty
of saturated pixels, owing to simply maximizing the contrast
of every image patch without considering extra restriction.
More specifically, Tan models the air-light using MRF but
every term that follows with more contrast produces a larger
number of edges. Oppositely, the proposedmethod promotes
confidence level of edges based on prior restriction, so
the result exhibits greater consistency in colors besides the
removal of haze. Moreover, colorfulness and contrast are also
an evaluation indicator measuring the degree of color image
quality. Although Fattal andKopf provide good performances
in the region close to the sensor, the haze is not removed

effectively in the far away regions. While Tarel’s and He’s
methods, respectively, show reasonably good results, they
have the color cast phenomenon in the lost range. Our pro-
posed method provides distinctively superior performance
as shown in Figure 9. Furthermore, in sharp contrast, the
proposed method can recover the image structure based
on variational framework computations per pixel which did
not generate artifacts. Recovery of Figure 10 is prone to
contaminate the clouds and produces artifacts in mountains.

Figure 11 shows the results compared with the abovemen-
tioned approaches. It plots the objective indicators during all
of the briefs and clearly reflects the comprehensive perfor-
mance of every algorithm.Theproposedmethod has received
more edges and gradients, mainly due to the dimming out of



10 Mathematical Problems in Engineering

(a) (b) (c)

(d) (e) (f)

Figure 10: Restoration of a natural scene with clouds and mists. The observation image is on the left. Defogging results of (a) Fattal, (b) He,
(c) Kopf, (d) Tan, (e) Tarel, and (f) proposed algorithm.
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Figure 11: Evaluation index distribution on each kind of algorithms.

spare details in the estimating density step in Hardy space.
Although Tan also shows enough edges and gradients, Tan’s
method regulated image contrast in association with the
number of edges anddid not directly consider the influence of
attenuation. In addition, the proposed method not only Pre-
vents recovery image from the contamination and artifacts
but also casts improved blue tints and local contrast. These
results get better quantitative scores in DIIVINE, SSIM, and

PSNR which were used in [35]. In simpler terms, the energy
minimization method is suitable for dehazing.

4. Conclusion

This paper proposed a dehazing algorithm based on variation
framework which can estimate the density of haze and
restore the actual scene. The rough transmission map is
first estimated and refined on Hardy space where the rich
details and textures are dimmed out in order to satisfy
minimum energy constraints. Afterwards, through refining
the density map, we can obtain the real higher image quality.
The proposed algorithm not only recovers scene albedo by
taking advantage of variational iteration but also retrieves the
transmission map. Experimental test results verified that the
method effectively achieves accurate and true representation.
In the future, this method will be researched in depth to
improve operation efficiency and further application to video
dehazing.
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The uniqueness of Chinese makes Chinese language a hotspot in language learning. In view of the problem of wrongly written
character teaching in Chinese language teaching, it provides a simple, convenient, and efficient input method of wrongly written
characters and realizes a dynamic generation and editing system for wrongly written Chinese character font, which solves the
problems of real-time edit, coding, and input of wrongly written character in editing process using dynamic editing technology,
and provides a convenient input method of wrongly written character in editing, printing, typesetting, and the research of digital
Chinese language teaching.This method can also be used in dynamic editing, generation and processing of ancient variants, Oracle
bone inscriptions, Bronze inscription, folk combined characters, and other fonts.

1. Introduction

With the increase of economic strength, economic and cul-
tural exchanges between China and the world grow increas-
ingly, and theworld paysmore andmore attention toChinese,
with the phenomenon of “Chinese fever” frequently heating
up. Chinese attracts worldwide attention with its unique
charm and it is precisely the unique characteristics of Chinese
thatmakeChinese learningmore difficult. In the last analysis,
this certain difficulty is determined by the complex structure
of Chinese, among which Chinese characters writing is the
most difficult to learn. It is easy for beginners to write wrong
words, and the writing errors with different Chinese learners
have different rules, thus causing a certain degree of difficulty
in Chinese characters teaching. The status of the teaching
difficult in Chinese characters has restricted the development
of the domestic Chinese language teaching and teaching
Chinese as a foreign language (TCFL). Although the writing
mistakes for Chinese characters can hardly be avoided, but
there are no large-scale error statistical analysis results for
wrongly written characters which can provide guidance and
reference for Chinese characters teaching. On the one hand,
there aremany difficulties in computer processing of wrongly

written characters (e.g., editing, coding, input and output,
printing and typesetting of wrongly written characters, etc).
On the other hand, it currently lacks coding scheme of
wrongly written characters in line with international stan-
dards and simple and effective input method of wrongly
written characters in the field. Thus it makes difficulties for
computer processing of wrongly written characters.

Therefore, it is very necessary for researching and design-
ing a simple and effective generating and processing scheme
for wrongly written Chinese characters.

2. Application Requirement and Present
Situation of Generating System for Wrongly
Written Chinese Characters

2.1. Chinese Characters Represented in the Computer. To use
Chinese characters in the computer system, the first problem
to be solved is how to input Chinese characters into a
computer. The prerequisite of processing the information
of Chinese characters into the computer is to encode each
Chinese character, and these codes are collectively referred
to as Chinese characters code. But the characteristics of
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variouswords and complex shape of Chinese charactersmake
Chinese characters have a different encoding rule compared
to ASCII code. Therefore, our country introduced a unified
coding standard specially used for Chinese characters infor-
mation exchange between computer systems: “character set
for information interchange of Chinese characters encoding;”
that is, Chinese characters GB code, also called “interchange
code,” and all Chinese characters codes should follow the
standard.

Chinese characters machine code, also known as the
“Chinese characters ASCII code” or the “code” for short,
refers to the code composed of 0 and 1 in binary notation
for computer internal storage, processing and transmitting
Chinese characters, and also it is formed by the highest GB
code byte after treatment.

A set of computer keyboard symbols designed for the
convenience of Chinese characters input is called “Chinese
characters outer code,” also called “input code”. The exter-
nal code commonly used includes phonetic code (such as
spelling), font code (such as five strokes), water code (such
as location code), and sound form code (such as smart
ABC). The input code in the computer must be converted
into machine code and then can be carried on storage and
processing [1].

In order to output Chinese characters glyph using the
computer, it usually needs to store the related information of
Chinese characters font in the computer; thus the font has
been formed.Digital information ofChinese characters glyph
stored in the font is called Chinese characters font code, a
font code of one Chinese word corresponding to a unique
machine code. There are a variety of classification for fonts;
based on the different coding standard it can be divided into
GB2312-80 font, GBK font, GB18030 font, and so forth; in
terms of language it can be divided into Chinese font, foreign
language font, graphic symbols, and so forth; according to the
format it can be divided into Truetype font, PostSCript font
and OpenType font, and so forth.

2.2. Existing Problem and Demand in Generation of Wrongly
Written Chinese Characters. It is a very common thing for
Chinese characters input, typesetting, and printing using
computer currently in the field of office automation and
printing. Therefore, the computer font must be used in the
treatment of Chinese characters. However, if the Chinese
characters which are not existing in the computer fonts are
to be input and printed, it will be a long haul. There are two
commonly used methods: one is making Chinese characters
which are not in the computer fonts with character-creation
program; the other is using images to substitute the Chinese
characters temporarily. As the wrongly written characters are
not in the fonts, a few wrongly written characters can be
generated using the above methods. But with more and more
people learning Chinese characters and the exponentially
growing phenomenon of types and number of writing errors,
it could not meet the need of digital Chinese language teach-
ing by making Chinese characters with character-creation
program and editing wrongly written characters images.

Many scholars began to research in words editing and
recognition and have made some achievements, typically
such as the “wrongly written Chinese characters processing
solution based on Unicode” [2, 3] written by teacher Li
and Lin at the Inner Mongolia Normal University, which
expressed the wrongly written character codewith an orthog-
raphy as the center and the orthography plus variant selector
based on IVS (ideographic variant sequences) standard from
Unicode 5.1 and applied OpenType font technology for input
and output.

The word processing method above stores the wrongly
written characters using idle area in standard font or infre-
quently used Chinese characters code region on the basis of
the original font, whose biggest deficiency is the occupation
of valuable coding space of Chinese characters. And with
the expansion of the scale of wrongly written characters,
these reserved intervals will soon be exhausted. For example,
customized Chinese GBK code are [AAA1-AFFE], [F8A1-
FEFE], and [A140-A7A0], just three sections, sum of 1894;
customized Unicode code is [E000-F8FF], total of 6400 [1],
that is only for 6400 even though each Chinese character
takes one wrong word. But the reality is that one Chinese
character has far more than one wrong word. So the existing
words input and processing method has many defects in the
processing of large quantities of wrongly written characters.
In addition modern Chinese characters font library is based
on the font file as a unit, each font file contains a kind of
Chinese characterswith different encoding, and eachChinese
character is described by glyph outline which makes the
description of wrongly written characters more troubling
because of the wide varieties of wrongly written Chinese
characters decided by its generation. Outline font can ensure
the output font quality but is not conducive to the edit and
dynamically generation of wrong words font [4–6]. So it will
become more and more troubling using glyph outline for
character description.

Therefore, it needs to find an input and editingmethod for
wrongly writtenChinese characters based on font description
[7–9], so as to open the edit number of wrong words,
facilitate user input, better serve the publishing and printing
of wrongly written Chinese characters, and provide digital
typo editing and printing environment for Chinese teaching
especially teaching Chinese as a foreign language in particu-
lar.

3. Dynamic Description Library for Wrongly
Written Characters Font

According to the requirement above, we propose a method
based on font coding of wrongly written Characters, which
establishes a dynamic description library for wrongly written
characters font (shorted for DDL in the following), makes
a dynamic vector description of wrongly written characters
font using stroke segment and stroke unit [10, 11], then
finds the feature points in the glyph skeleton, carries on the
quantification and storage through the feature points, and
ultimately realizes font coding of wrongly written Characters.
The application of DDL solves the difficulty of font dynamic



Mathematical Problems in Engineering 3

Orthographic copy 

Font description algorithm

Font collection

Skeleton extracting DDL

Insert⁄move⁄delete stroke units
Move/delete selected points

Change thickness 
Orthographic copy

Font 
generation

Font dynamic editing

Figure 1: Creation process of DDL.

editing and font transformation caused by using glyph outline
description of wrongly written Chinese characters and solves
the problem of difficult editing and difficult writing in
wrongly written Chinese characters teaching.

3.1. Description of Wrongly Written Characters Font. Accord-
ing to the writing method of modern Chinese characters,
we introduce the concepts of directed stroke segment and
directed stroke unit to describe glyph skeleton of wrongly
written Characters in DDL. The directed stroke segment
is a directed line, which can recognize stroke starting,
stroke wielding, and stroke collection in the process of font
generation of wrongly written Characters.The coordinates of
start point and ending point of each segment are represented
as “shi” point and “zhu” point. Let (𝑋

𝑖
, 𝑌
𝑖
) be “shi” point and

let (𝑋
𝑗
, 𝑌
𝑗
) be “zhu” point, so the one-dimensional vector of

the directed segment 𝑆
𝑖𝑗
is

𝑆
𝑖𝑗
= (𝑋
𝑖
, 𝑌
𝑖
, 𝑋
𝑗
, 𝑌
𝑗
) . (1)

The stroke unit is a complete stroke structure composed
of one or more directed segments, supposing one stroke unit
consists of 𝑛 segments, so this stroke unit can be described
as a vector of 𝐸

𝑛
, 𝐸
𝑛
= (𝑆
𝑖1𝑗1
, 𝑆
𝑖2𝑗2
, . . . , 𝑆

𝑖𝑛𝑗𝑛
). For any 𝑘 ∈

{1, 2, . . . , 𝑛} and 𝑆
𝑖𝑘𝑗𝑘

which is shorted for 𝑆
𝑘
, the stroke unit

above can be recorded as below for short:

𝐸
𝑛
= (𝑆
1
, 𝑆
2
, . . . , 𝑆

𝑛
) . (2)

In addition, the “shi” point of the first segment 𝑆
1
is

called the starting point of 𝐸
𝑛
, and the “zhu” point of the last

segment 𝑆
𝑛
is called the ending point of 𝐸

𝑛
.

3.2. Definition of Stroke Unit. In the font description library,
“boundary point” is used to segment each stroke unit. Each
stroke unit has the starting point and the ending point. In
order to make the starting point and the ending point of
different strokes not confused, defined symbols are added
before the starting point of each stroke unit so as to define
stroke unit, and the defined symbols are called boundary
point. Suppose the boundary point is𝐷 = (𝐷

1
, 𝐷
2
); then the

description vector of 𝐸
𝑛
is

𝐸
𝑛
= (𝐷
1
, 𝐷
2
, 𝑆
1
, 𝑆
2
, . . . , 𝑆

𝑛
) . (3)

3.3. Coding Description of Wrongly Written Characters. A
wrongly written Chinese character is a collection of its

stroke units. For the convenience of computer recognition,
this collection is represented as the arrangement of stroke
units, according to Chinese characters written order. Sup-
pose one Chinese character consists of “𝑚” stroke units:
𝐸
𝑛1
, 𝐸
𝑛2
, . . . , 𝐸

𝑛𝑚
; thus the description vector of this wrongly

written character is

𝑍𝑋 = (𝐸
𝑛1
, 𝐸
𝑛2
, . . . , 𝐸

𝑛𝑚
) . (4)

The description vector of all wrongly written characters
is processed into codes in the description library which are
stored in a text file, and in order to define different wrongly
written character codes defined symbols “𝐻 = (𝐻

1
, 𝐻
2
) and

𝑇 = (𝑇
1
, 𝑇
2
)” are added before the first stroke unit and after

the last stroke unit; thus the description vector of this wrongly
written character is

𝑍𝑋 = (𝐻
1
, 𝐻
2
, 𝐸
𝑛1
, 𝐸
𝑛2
, . . . , 𝐸

𝑛𝑚
, 𝑇
1
, 𝑇
2
) . (5)

3.4. Dynamic Description Algorithm. The main function of
dynamic description algorithm is to regulate and store stroke
units information after drawing and adjustment. The steps of
the algorithm are as follows.

Step 1. Open font description library and initialize variables,
including the initialization operation of boundary point 𝐷,
starting point𝐻, ending point 𝑇, the number of stroke units
ele num, and font description library ZXDATA(i).

Step 2. Select the type of operation. If the operation is “Ins,”
then insert the stroke unit; if the operation is “Mov,” then
move the stroke unit; if the operation is “Del,” then delete
the stroke unit; if the operation is “MovDot,” then move the
selected point (“shi” point or “zhu” point); if the operation is
“Change,” then change the thickness of the stroke unit; if the
operation is “Copy,” then do transparent copy; if the operation
is “NoOper,” then turn to Step 3.

Step 3. Save the operation and close the font description
library.

Inserting stroke units can be achieved through inserting
each stroke segment of the stroke unit one by one, andmoving
the whole stroke unit can be achieved through modifying
each point of the stroke unit (except boundary points). In
conclusion, the creation process of DDL is shown in Figure 1.

It can be seen fromFigure 1 that thewrongly written char-
acters are dynamically edited from the standard characters



4 Mathematical Problems in Engineering

(a) (b) (c)

Figure 2: Diagram of connection of feature points of the wrongly written character font of “pen.”

(i.e., orthography), so we establish the connection between
the two fonts through the list; the list node structure is as
shown in (6), in which identifier domain “Tag” values 0 or
1 (“0” means standard characters, and “1” means wrongly
written characters), chain domain “Link” stores a pointer to
the next node in the same list, and coding domain “Code”
stores the codes of that Chinese characters. Structure of list
node is as follows:

[Tag Code Link] (6)

When editing the wrong word, first enter the correct
word in word document and then depict the skeleton of the
orthographic (i.e., stroke units) using “transparent copy” in
software. The system will record information of the feature
points and store the orthographic codes in the head node
of the list, then edit the wrong word using operations (such
as moving the stroke unit) provided by the software based
on orthographic font, and last save the operations; thus the
wrong word codes will be stored in the node and inserted
into the corresponding list and so on. While editing a new
word, it can be stored in another list. Moreover all head nodes
of the lists will be established “orthographic index” in order
to facilitate retrieval. When exiting the system, the system
will automatically update all the font codes and generate the
recent text file to ensure the smooth implementation of the
initialization when opening the description library next time.

3.5. Extraction and Encoding of the Feature Points. According
to the above description of dynamic description library, the
extraction of feature points relates to the extraction of stroke
segments and stroke units of wrong written characters font.
The extraction algorithm of stroke units in the font can be
achieved through searching boundary points, and the extrac-
tion algorithm of stroke segments can be achieved through
analyzing “shi” points and “zhu” points of stroke units. So
the extraction algorithm of feature points is implemented as
follows.

Step 1. Open font description library and initialize variables
as follows.

Open ZXscript.
Int by num←0, bd num←0.
Point𝐷 ← (𝑚, 0),𝐻 ← (𝑚, 0), 𝑇 ← (𝑚,𝑚).
ZXDATA(i) ← {𝑚, 0,𝑚,𝑚}.

Step 2. Compare the types of feature points. If the type is
“boundary point,” turn to Step 2.1; if it is “shi” point, turn to
Step 2.2; if it is “shu” point, turn to Step 2.3; else turn to Step
2.4.

Step 2.1. Add 1 to the number of stroke units, that is, by num=
by num + 1.

Step 2.2. Add 1 to the number of stroke segments, that is,
bd num = bd num + 1.

Step 2.3. Save the coordinate of feature points.

Step 2.4. The extraction of the first feature point is over. Turn
to Step 2 to continue to extract the next word.

Step 3. Save and close font description library.

If the description vector in font description library
is 𝑍𝑋 = (𝐻

1
, 𝐻
2
, 𝐸
𝑛1
, 𝐸
𝑛2
, . . . , 𝐸

𝑛𝑚
, 𝑇
1
, 𝑇
2
), the wrongly

written characters font codes of feature points through
extraction algorithm of feature points are 𝐸

𝑛
= (by num,

bd num, 𝑆
1
, 𝑆
2
, . . . , 𝑆

𝑛
).

For example, the feature points of the wrongly written
character “pen” through extraction algorithm of feature
points are shown in Figure 2 (as shown in Figure 2(a));
word recognition program gets the font of “pen” by connec-
tion according to these feature points codes (as shown in
Figure 2(b)). So any wrongly written characters font can be
dynamically presented in this system.
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1. Editor module for wrongly written characters font

2. Feature extraction module for wrongly written characters font

3. Encoding module for wrongly written characters font

4. Input module for wrongly written characters

5. Real-time dynamic editing module for wrongly written characters

Figure 3: Module diagram of input system of wrongly written characters and its realization.

The extraction of the characteristics of wrongly written
characters font has provided the possibility for the coding of
wrongly written characters font. For example, the font corre-
sponding to thewrongly written character “pen” consists of 10
stroke units, 13 segments, and 21 feature points, and the codes
of the feature points are “72, −64, 0, −6, −19, −6, −7, −64, 0,
−3, −17, −6, −14, −6, −14, −64, 0, −6, −14, −2, −10, −64, 0, 4,
−20, 4, −8, −64, 0, 9, −17, 4, −14, −64, 0, 4, −14, 9, −10, −64,
0, 12, −9, −12, −4, −64, 0, −11, 0, 11, −3, −64, 0, −13, 5, 14, 2,
−64, 0, −1, −6, −1, 10, 0, 12, 14, 12, 15, 9, 15, 9, −64, −64,,,,,,” (as
shown in Figure 2(c)).

4. Dynamic Generation and Editing System for
Wrongly Written Characters

Combining the above algorithm, this paper creates an input
system of wrongly written characters for real-time dynamic
editing by making a font library for wrongly written char-
acters. The system includes the following: editor module for
wrongly written characters font, feature extraction module
for wrongly written characters font, encoding module for
wrongly written characters font, input module for wrongly
written characters, and real-time dynamic editingmodule for
wrongly written characters (as shown in Figure 3).

(1) Editor module for wrongly written characters font:
edit the wrongly written character that the user needs
in real time and dynamically make visual modifi-
cation and combination on stroke structures based
on the orthography, such as insert, move, and delete
stroke units, insert, move, and delete selected points,
transparent copy, and the change thickness. Then the
system will transfer the edited structure information
of wrongly written characters font to feature extrac-
tion module for wrongly written characters font.

(2) Feature extraction module for wrongly written char-
acters font: analyze the structure data of wrongly
written characters font received, extract the feature
points of the wrongly written character using extrac-
tion algorithm of feature points, and transfer the
feature point data to the encodingmodule forwrongly
written characters font.

(3) Encodingmodule forwronglywritten characters font:
encode and store the feature point data extracted from

feature extraction module for wrongly written char-
acters font through encoding algorithm for wrongly
written characters font.

(4) Input module for wrongly written characters: input
the corresponding key code through the key board
(the system temporarily can only use 26 letter keys
and 10 digital keys for wrongly written characters
input); the program will display the wrong word in
the editor on the basis of the codes of wrongly written
characters font according to the key code.

(5) Real-time dynamic editing module for wrongly writ-
ten characters: receive the wrongly written characters
information that needs to be adjusted and edited and
call editormodule for wrongly written characters font
to edit in real time and dynamically the wrong word
in the document.

5. Example Demonstration for Dynamically
Generation of Wrongly Written Characters

The following is the demonstration through this system based
on a wrongly written characters font of “pen”.

(1) Select orthography “pen” as the copy object in the edit
module for wrongly written characters font, change
the structure of bamboo prefix to make it a wrongly
written character “pen” through stroke unit editing,
and save the word “pen” (as shown in Figure 4).

(2) Every stroke unit of the wrongly written character
“pen” extracted through the extraction algorithm
of feature points from feature extraction module
(the values of the sequence support dynamic mod-
ification) is expressed as a sequence composed of
several two-dimensional coordinates (𝑋

𝑖
, 𝑌
𝑖
), sev-

eral sequences, and an index code corresponding
to orthography “pen;” compose the feature codes of
the wrongly written character “pen” (as shown in
Figure 5).

(3) Input the corresponding digital key or letter key of
this wrongly written character (i.e., key codes) in edit
environment “ ”, and the wrongly written character
will appear (as shown in Figure 6).
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Figure 4: Editing process of the wrongly written character “pen” from the orthography “pen.”

Figure 5: Coding and feature extraction of the wrongly written character “pen.”

Figure 6: Coding process of the wrongly written character “pen” using digital key “1.”

(4) When doing dynamic edit to the wrongly written
character, first input this wrongly written character
through the key board, then right-click this character
to enter edit mode, and modify the character accord-
ing to the need, and the modified character will be
added and stored into the character font list (as shown
in Figure 7).

6. Conclusion

In view of the problem and the status of wrongly written
Chinese characters input in printing and digital Chinese

language teaching, this paper studies and designs a real-
time and dynamic editing system based on wrongly written
characters font for wrongly written characters input and
processing; besides it makes full use of the characteristics of
changeable structure and complex font of modern Chinese
characters to combine the edit and modify font library of
wrongly written characters and Chinese characters copy and
ensures dynamic production of various forms of wrongly
written characters font without changing the original font
structure. This system provides an acquisition source of
wrongly written characters for printing, typesetting, and
digital Chinese language teaching, so it provides a simple,
convenient, and efficient input method for wrongly written
characters.
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Figure 7: Process of dynamic editing of wrongly written character “pen.”
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A novel supernetworks framework of knowledge system based on complex networks is proposed for presenting the multidimen-
sional,multilevel, dynamic complexity characteristics and initiative, adaptability, and purposefulness of knowledgemainbody in the
university. This model differs from the existing knowledge diffusion method. In order to make good use of abundant information
of themainbody and improve the performance of knowledge diffusion, agent-basedmodel and supernetworks method are adopted
to exploit the complex correlation among the knowledge mainbody, knowledge carrier, and knowledge element. Firstly, the agent-
based supernetworks model of knowledge diffusion was established by use of complex adaptive system theory and supernetworks
analysis method. Secondly, the multilevel structure definition of supernetworks and knowledge networks of mainbody, element,
and carrier in the knowledge systemwere described in detail.Thirdly, for verifying the validity of the model, a local search operator
was designed, which can improve the effectiveness and efficiency of knowledge diffusion. Experimental studies based on synthetic
datasets show that the proposed method can exhibit good performance, especially providing theoretical and practical guidance for
establishing harmonious relationship between students and teachers.

1. Introduction

At present, knowledge plays a crucial role in all walks of
life, so knowledge management has already become the latest
trend of the economic growth and becomes an important part
of the economy life. For all the knowledge activities, there
are the three most important factors, knowledge innovation,
knowledge transfer, and utilization, to affect the economy
development. Because colleges and universities are the main
platform of knowledge and theoretical innovation center and
have intensive intellectual resources and strong innovation
ability, knowledge diffusion and exchange activities must
have the support of all levels in an organization. With the
rapid development of society and economy, colleges and
universities play other important roles, such as the cen-
ters for knowledge innovation, the incubator of knowledge
corporations, and the intellectual support of high and new
technology, which make functions of colleges and universi-
ties more extensive and have brought greater demands for
knowledge management. How tomake university knowledge

organization systems serve society and economy better is the
key problem that should be solved in the current emergency.

Knowledge system consists of all kinds of knowledge
elements and their relations, which is open, nonlinear, and
far from equilibrium system. According to the system engi-
neering theory, the elements and relationships of knowledge
system could be abstracted into nodes and edges, so we can
build the networkmodel for all levels of knowledge to further
analyze the internal mechanism from network perspective.
Knowledge networks, as a concept created and promoted
by contemporary economists from Sweden in 1955, refer to
the institutions and activities involving the production and
distribution of scientific knowledge [1].

With the rapid development of complex network theory
and application cases in different fields, complex network
provides a new perspective and methods for analyzing the
knowledge networks, especially, as the WS small-world net-
works model [2] and the BA scale-free networks model [3]
proposed; the study on knowledge network is achieving a
climax at home and abroad. Cowan [4–8] has finally arrived
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at conclusion that the structure of small-world networks
is the best for knowledge diffusion between individuals by
examining the influence of networks structure such as regular
networks, random networks, and small-world networks.
By introducing average knowledge stocks and knowledge
variance, Kim and Park [9] modeled knowledge diffusion
based on social networks analysis and investigated the impact
of networks structure on the performance of knowledge
diffusion; the last results show that the small-world networks
are the most efficient and equitable structure for knowledge
diffusion. Chu [10] built the new model on dynamics of
behavior of knowledge communication based on complex
networks by perfecting the behavior rules (pull and push)
in Cowan models. Morone and Taylor utilize the rules to
simulate the knowledge propagation in a general face-to-face
network [11]. Jianxun constructed a knowledge propagation
dynamicsmodel to systematically discuss the dynamic evolu-
tionary problemof knowledge propagation based on complex
networks [12]. Li and Sun thought that within a group the
increase of the knowledge of individual relied on the efforts
of individuals and the knowledge spillover effect brought by
the nearest individuals in the neighborhood [13]. By applying
the complex networks theory and organization, Wanly and
Hu made final conclusions that knowledge propagation was
closely related to the spreading speed of knowledge in
organization, the success probability, and the attitudes of
knowledge owners [14, 15].

Exhibiting the dynamic evolution of scientific knowledge,
the knowledge network has been studied extensively as
a complex networks system. Homogenous network model
was used to build up knowledge network for the transfer
of knowledge, which could not really reflect the complex
dynamics of knowledge generation and dissemination in
the social networks. Aiming at meeting the actual situ-
ation of knowledge system which consists of knowledge
elements, knowledge mainbody, and knowledge carriers,
the supernetworks concept was introduced to establish the
knowledge network model. Nagurney and Dong [16] define
the supernetworks as networks of networks. The prevalence
of supernetworks in the world is illustrated by multimodal
transportation networks, complex logistical networks, elec-
tric power generation and distribution networks, multitier
financial networks, and software technology social networks.
Supernetworks theory brings together optimization the-
ory, networks theory, game theory, multicriteria decision-
making, and dynamic system theory. The supernetworks
were utilized to depict how flows and prices evolve on two,
three, or more networks that are integrated as a system
and how the flows on the different networks interact. Many
applications of supernetworks have been identified such as
Nagurney [17], Nagurney andDong [16], Nagurney et al. [18],
and Nagurney and Toyasaki [19], especially the application
of knowledge supernetworks [20]. Based on the character-
istics of knowledge intensive and organization management
theory, the knowledge supernetworks model was built to
demonstrate the power of the supernetworks framework in
abstracting decision-making and allowing for multicriteria
decision-making as well as the determination of the optimal

production of the knowledge products through the optimal
allocation of resources in the paper [21].

With intensive intellectual resources and strong innova-
tion ability, universities are china’s main force for knowledge
innovation, communication, and innovative personnel train-
ing. Because of the social features in the process of economic
development, universities are abstracted into the adaptive,
self-organization evolutionary complex systems. For knowl-
edge system, there are many factors that influence knowledge
diffusion, including knowledge element networks structure,
knowledge carrier networks topology, and the characteristics
of knowledge mainbody, such as the age, personality, literacy,
interest in learning, and active thinking, which directly
determine the topology structure of knowledge networks and
the behaviors of mainbody for transmitting and absorbing
knowledge.

Exploring and mining the inner mechanism and dynam-
ics of knowledge networks, it will be better for us to master
the dynamic characteristics of student’s knowledge structure,
improve the most effective ways of collecting, putting in
order, preserving, and disseminating knowledge, reach rapid
uniformdistribution of knowledge networks, inspire teachers
and students with innovating knowledge, and build harmo-
nious networks environment of knowledge dissemination.

In this paper, we present a novel supernetworks frame-
work of knowledge system based on complex networks,
to detect heterogeneity of the nodes (knowledge element,
knowledge mainbody, and knowledge carrier) and the com-
plexity of internal structure and interactions among them in
the university knowledge organization systems. The knowl-
edge supernetworks model was built based on the multia-
gent system theory and complex networks method, which
incorporates three subnetworks and various related elements
into one structure and view the problem in a systematic
way, namely, knowledge mainbody networks, which are
composed of knowledge receptors, knowledge disseminators,
and interaction between them; knowledge element networks,
which are composed of knowledge elements and the inter-
connections among them; and knowledge carrier networks,
which are composed of the carriers of knowledge, and the
interaction among them.

This paper proceeds as follows. Section 2 defines the
knowledge networks by exploring the characteristics of uni-
versity knowledge system; Section 3 establishes the knowl-
edge supernetworks model; Section 4 makes a simulation
experiment and analyzes the result. Based on it, this part
draws a conclusion.

2. Knowledge System Definition

Knowledge elements, knowledge mainbody, and knowledge
carrier are the knowledge resources of the university orga-
nization management, which display more and more the
characters of complex nonlinear system along with environ-
ment changes; that is to say, the university knowledge man-
agement is essentially a complex adaptive system of knowl-
edge dissemination. Because of knowledge elements, knowl-
edge mainbody and knowledge carrier are being complex
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KENs KCNs

KMNs

UKSNs

Figure 1: Sketch of university knowledge supernetworks system for
knowledge diffusion.

interactions among related elements, and therefore we can
describe the relationships by networks model, in particular,
for effectively describing the nodes with different nature
properties and the links with different topology networks,
and that the university knowledge supernetworks (UKSNs)
model was built to embody the complex networks system
with multilevel, multitiered, multidimensional, multicriteria,
and multiattribute (Figure 1).

Definition 1. Knowledge element networks (KENs) are
defined as a two-tuple 𝐺𝑘 = (𝑉𝑘, 𝐸𝑘−𝑘), where 𝑉𝑘 =

{𝑘𝑒1, 𝑘𝑒2, 𝑘𝑒3, . . . , 𝑘𝑒𝑛} is the set of the nodes for knowledge
elements and the 𝑛 represents the node numbers in the
knowledge element networks. 𝐸𝑘−𝑘 = {𝑒1, 𝑒2, 𝑒3, . . . , 𝑒𝑚} is the
set of the edges in the knowledge element networks, and the
𝑚 represents the number of edges in the knowledge element
networks, where 𝑒𝑘 = 𝑟𝑖𝑗 = (𝑘𝑒𝑖, 𝑘𝑒𝑗); if there is the same
knowledge core between 𝑘𝑒𝑖 and 𝑘𝑒𝑗, then 𝑟𝑖𝑗 = 1; otherwise,
𝑟𝑖𝑗 = 0.

Definition 2. Knowledge mainbody networks (KMNs) are
defined as a two-tuple 𝐺𝑝 = (𝑉𝑝, 𝐸𝑝) as follows. 𝑉𝑝 =

{𝑝1, 𝑝2, 𝑝3, . . . , 𝑝𝑛} is the set of mainbody in the knowledge
mainbody networks and 𝑛 represents the number of persons.
𝐸𝑝−𝑝 = {(𝑝𝑖, 𝑝𝑗) | 𝑖, 𝑗 = 1, 2, 3, . . . , 𝑚} is the set of
edges in the knowledge mainbody networks and (𝑝𝑖, 𝑝𝑗)

represents similar research, or knowledge communication
and cooperation between themainbody 𝑝𝑖 and themainbody
𝑝𝑗.

Definition 3. Knowledge carrier networks (KMNs) are
defined as a two-tuple 𝐺𝑚 = (𝑉𝑚, 𝐸𝑚), where 𝑉𝑚 =

{𝑚1, 𝑚2, 𝑚3, . . . , 𝑚𝑛} is the set of knowledge carriers in the
knowledge carrier networks and 𝑛 represents the number of
knowledge carriers. 𝐸𝑚−𝑚 = {(𝑝𝑖, 𝑝𝑗) | 𝑖, 𝑗 = 1, 2, 3, . . . , 𝑚}

is the set of edges in the knowledge carrier networks and
(𝑝𝑖, 𝑝𝑗) represents the interaction between the carrier 𝑝𝑖 and
the carrier 𝑝𝑗.

Definition 4. Knowledge supernetworks system is defined
as a six-tuple 𝑈𝐾𝑆𝑁𝑠 = (𝐺𝑝, 𝐺𝑘, 𝐺𝑚, 𝐸𝑝−𝑚, 𝐸𝑝−𝑘, 𝐸𝑚−𝑘)

as follows. 𝐺𝑝 is the knowledge mainbody networks. 𝐺𝑘
is the knowledge element networks. 𝐺𝑚 is the knowledge

carrier networks. 𝐸𝑝−𝑚 is the mapping from the knowledge
mainbody networks 𝐺𝑝 to the knowledge carrier networks
𝐺𝑚; namely, 𝐸𝑝−𝑚 = 𝑀(𝑝) ∪ 𝑃(𝑚), where 𝑀(𝑝𝑖) = {𝑚𝑗 |

𝑚𝑗 ∈ 𝑉𝑚, 𝜃(𝑝𝑖, 𝑚𝑗) = 1} as follows.

A 𝑀(𝑝𝑖) stands for the set of mainbody 𝑝𝑖 owning the
knowledge carriers.

B 𝜃(𝑝𝑖, 𝑚𝑗) = 1 means the mainbody 𝑝𝑖 owning the
knowledge carrier 𝑚𝑗, 𝑗 = 1, 2, 3, . . . , 𝑛, and 𝑛 is the
number of knowledge carriers.

Consider𝑃(𝑚𝑖) = {𝑝𝑗 | 𝑝𝑗 ∈ 𝑉𝑝, 𝜙(𝑚𝑖, 𝑝𝑗) = 1} as follows.

A 𝑃(𝑚𝑖) is the set of knowledge mainbody 𝑝𝑗 owning
the knowledge carriers.

B 𝜙(𝑚𝑖, 𝑝𝑗) = 1means knowledge mainbody 𝑝𝑗 owning
knowledge carrier 𝑚𝑖, 𝑗 = 1, 2, 3, . . . , 𝑛, and 𝑛 is the
number of knowledge mainbody owning knowledge
carrier𝑚𝑖.

𝐸𝑝−𝑘 is the mapping from the knowledge mainbody𝐺𝑝 to
the knowledge element networks 𝐺𝑘; namely, 𝐸𝑝−𝑘 = 𝐾(𝑝) ∪
𝑃(𝑘𝑒), where 𝐾(𝑝𝑖) = {𝑘𝑒𝑗 | 𝑘𝑒𝑗 ∈ 𝑉𝑘, 𝜑(𝑝𝑖, 𝑘𝑒𝑗) = 1} as
follows.

A 𝐾(𝑝𝑖) represents the set of knowledge mainbody 𝑝𝑖
owning the knowledge elements.

B 𝜑(𝑝𝑖, 𝑚𝑗) = 1 means the knowledge 𝑝𝑖 owning the
knowledge element 𝑘𝑒𝑗, 𝑗 = 1, 2, 3, . . . , 𝑛, and 𝑛 is the
number of knowledge elements.

Consider 𝑃(𝑘𝑒𝑖) = {𝑝𝑗 | 𝑝𝑗 ∈ 𝑉𝑝, 𝜓(𝑘𝑒𝑖, 𝑝𝑗) = 1}, where

A 𝑃(𝑘𝑒𝑖) is the set of knowledge mainbody owning the
knowledge elements;

B 𝜙(𝑘𝑒𝑖, 𝑝𝑗) = 1means knowledgemainbody𝑝𝑗 owning
the knowledge element 𝑘𝑒𝑖, 𝑗 = 1, 2, 3, . . . , 𝑛, and 𝑛 is
the number of knowledge agents owning knowledge
element 𝑘𝑒𝑖.

𝐸𝑚−𝑘 is the mapping from knowledge carrier networks
𝐺𝑚 to knowledge element networks 𝐺𝑘; namely, 𝐸𝑚−𝑘 =

𝐾(𝑚)∪𝑀(𝑘𝑒), where𝐾(𝑚𝑖) = {𝑘𝑒𝑗 | 𝑘𝑒𝑗 ∈ 𝑉𝑘, 𝜎(𝑚𝑖, 𝑘𝑒𝑗) = 1}
as follows.

A 𝐾(𝑚𝑖) represents the set knowledge carrier𝑚𝑖 includ-
ing the knowledge elements.

B 𝜎(𝑚𝑖, 𝑘𝑒𝑗) = 1means knowledge carrier𝑚𝑖 including
knowledge elements 𝑘𝑒𝑗, 𝑗 = 1, 2, 3, . . . , 𝑛, and 𝑛 is the
number of knowledge elements.

Consider 𝑀(𝑘𝑒𝑖) = {𝑚𝑗 | 𝑚𝑗 ∈ 𝑉𝑚, 𝜏(𝑘𝑒𝑖, 𝑚𝑗) = 1} as
follows.

A 𝑀(𝑘𝑒𝑖) stands for the set of the knowledge element 𝑘𝑒𝑖
owning the knowledge carrier.

B 𝜏(𝑘𝑒𝑖, 𝑚𝑗) = 1 means the knowledge element 𝑘𝑒𝑖
being included by the knowledge carrier 𝑚𝑗, 𝑗 =

1, 2, 3, . . . , 𝑛, and 𝑛 is the number of knowledge
carriers owning knowledge element 𝑘𝑒𝑖.
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Definition 5. Knowledge mainbody in knowledge supernet-
works is defined as agent; namely, 𝐴𝑔𝑒𝑛𝑡 = (𝑀𝑎𝑟𝑘, 𝐶𝑎𝑡𝑒,

𝐿𝑜𝑐𝑎, 𝑃𝑒𝑟𝑠), where 𝑀𝑎𝑟𝑘 is the identification of agent for
distinguishing between agents. 𝐶𝑎𝑡𝑒 is the classification of
agent in the knowledge supernetworks model and 𝐶𝑎𝑡𝑒 ∈

{1, 0, −1}; 𝐶𝑎𝑡𝑒 = 1 shows that agent is the knowledge
disseminator (such as teacher),𝐶𝑎𝑡𝑒 = 0 represents that agent
is the knowledge receptor (such as student), and 𝐶𝑎𝑡𝑒 = −1
means that agent is themanager or other.𝐿𝑜𝑐𝑎 is the cognitive
abilities for agent perceiving situations. 𝑃𝑒𝑟𝑠 is the qualitative
attributes of agent in the process of knowledge diffusion; that
is, 𝑃 = (𝑟𝑒 𝑠, 𝑘𝑛𝑜𝑤, 𝑎𝑏 𝛼, 𝑟𝑒 𝛽, 𝜆, 𝑖𝑛 𝜄, 𝑎𝑡 𝜓) as follows.

𝑟𝑒 𝑠 is the relationship strength of agent and its
surrounding other agents.

𝑘𝑛𝑜𝑤 is the knowledge levels of agent, and 𝑘𝑛𝑜𝑤[𝑘],
𝑘 = 1, 2, . . . , 𝑛,. means the amount of knowledge of
agent owning the𝑁th kind of knowledge element.

𝑎𝑏 𝛼 is the absorption coefficient, while agent acts as
the knowledge receptor; it means the ability of agent
absorbing new knowledge.

𝑟𝑒 𝛽 is the release coefficient, while agent acts as the
knowledge disseminator; it means the ability of agent
releasing their knowledge.

𝜆 is the happiness index and represents the satisfac-
tion of agent for the current environments.

𝑖𝑛 𝜄 is the innovation coefficient of agent in knowledge
supernetworks.

𝑎𝑡 𝜓 is the outdated coefficient of agent in knowledge
supernetworks.

3. Knowledge Supernetworks Model

In university organization system, knowledge system mainly
includes tacit knowledge and explicit knowledge. Explicit
knowledge can be encoded by specific means and forms for
learners to master, and tacit knowledge cannot be encoded
and expressed by the fixed pattern, but it can certainly be
mastered for learners through certain channels. Based on the
characteristics of university knowledge system, in this paper,
the two ways of knowledge diffusion weremainly considered,
namely, interpersonal interactive mode (person-person) and
person-carrier interactive mode (person-carrier-person).

(1) Interpersonal interactive mode means knowledge
interaction between knowledge receptor and knowledge
disseminator. In evolution process of university knowledge
supernetworks system, the knowledge level of each node
(agent) can affect the knowledge level of their neighbor nodes,
and the knowledge level of each nodewas under the influence
of the neighbor nodes.

In the time 𝑡, we randomly choose𝐴𝑔𝑒𝑛𝑡𝑖 and assume that
its knowledge level in field 𝑘 is 𝑘𝑛𝑜𝑤𝑖[𝑘], and the knowledge
level of his neighbor 𝐴𝑔𝑒𝑛𝑡𝑗 is 𝑘𝑛𝑜𝑤𝑗[𝑘]; then 𝐴𝑔𝑒𝑛𝑡𝑖, as
the knowledge disseminator, must satisfy the conditions as
follows: A 𝑘𝑛𝑜𝑤𝑖[𝑘](𝑡) > 𝑘𝑛𝑜𝑤𝑗[𝑘](𝑡); B 𝑟𝑒 𝑠𝑖𝑗(𝑡) > 0;
C 0 < 𝜆𝑖(𝑡) ≤ 1. When the knowledge system is evolving

with the simulation time series, the knowledge level of𝐴𝑔𝑒𝑛𝑡𝑗
will change in accordance with the following formula:

𝑘𝑛𝑜𝑤𝑗 [𝑘] (𝑡 + 1)

= 𝑘𝑛𝑜𝑤𝑗 [𝑘] (𝑡) + 𝑎𝑏 𝛼𝑗

× 𝑟𝑒 𝛽𝑖 × [𝑘𝑛𝑜𝑤𝑖 [𝑘] (𝑡) − 𝑘𝑛𝑜𝑤𝑗 [𝑘] (𝑡)] .

(1)

Sometimes, the knowledge elements in the field 𝑘 of
the teachers, as the knowledge disseminator, are dynamic
increasing with the following formula:

𝑘𝑛𝑜𝑤𝑖 [𝑘] (𝑡 + 1) = 𝑘𝑛𝑜𝑤𝑖 [𝑘] (𝑡) × (1 + 𝑖𝑛 𝜄𝑖) . (2)

Meanwhile, in knowledge system, the knowledge level of
knowledge receptors and knowledge disseminators would
outdate as follows:

𝑘𝑛𝑜𝑤𝑖 [𝑘] (𝑡 + 1) = 𝑘𝑛𝑜𝑤𝑖 [𝑘] (𝑡) × (1 − 𝑎𝑡 𝜓𝑖) (3)

𝑘𝑛𝑜𝑤𝑗 [𝑘] (𝑡 + 1) = 𝑘𝑛𝑜𝑤𝑗 [𝑘] (𝑡) × (1 − 𝑎𝑡 𝜓𝑗) . (4)

(2) Person-carrier interactivemodemeans that the teach-
ers, as the knowledge disseminators, enforce coding by
knowledge carriers (such as documents, books) and the
students, as the knowledge receptors, learn knowledge by
knowledge carriers in the university knowledge supernet-
works system. In the simulation time 𝑡, we randomly choose
the teacher 𝐴𝑔𝑒𝑛𝑡𝑖 to carry out knowledge innovation in the
field 𝑘, so the knowledge level of the teacher will change as
formula (3). Based on the dominance of tacit knowledge, the
new knowledge element was transferred in the knowledge
supernetwork system, and the knowledge elements of the
knowledge receptor 𝐴𝑔𝑒𝑛𝑡𝑗 will change as follows:

𝑘𝑛𝑜𝑤𝑗 [𝑘] (𝑡 + 1) = 𝑘𝑛𝑜𝑤𝑗 [𝑘] (𝑡)

+ 𝑘𝑛𝑜𝑤𝑖 [𝑘] (𝑡) × 𝑖𝑛 𝜄𝑖 × 𝜎𝑖 × 𝑎𝑏 𝛼𝑗.

(5)

𝜎𝑖 is the dominance rate of tacit knowledge for 𝐴𝑔𝑒𝑛𝑡𝑖.
In the knowledge supernetworks system, the amount of

knowledge stock for 𝐴𝑔𝑒𝑛𝑡𝑖 in the field 𝑘 at the simulation
time 𝑡 is

𝑘𝑛𝑜𝑤𝑖 (𝑡) =

𝑛

∑

𝑘=1

𝑘𝑛𝑜𝑤𝑖 [𝑘] (𝑡) . (6)

In the knowledge supernetworks system, the average knowl-
edge stock for networks system at the simulation time 𝑡 is

𝑘𝑛𝑜𝑤 (𝑡) =
1

𝑁

𝑁

∑

𝑖=1

𝑘𝑛𝑜𝑤𝑖 (𝑡) . (7)

In knowledge supernetworks system, the variance of knowl-
edge stock for networks system at the simulation time 𝑡 is
defined as follows:

𝜎 (𝑡) =
1

𝑁
[

𝑁

∑

𝑖=1

𝑘𝑛𝑜𝑤
2

𝑖
(𝑡) − 𝑁𝑘𝑛𝑜𝑤

2

(𝑡)] . (8)
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Figure 2: Comparison of the CC and APL in different sizes of university knowledge supernetworks system.

4. Simulation and Results

Based on the natural division of complex objective systems
on certain level, agent-based modeling can establish the
corresponding agent model, which describes the complexity
of knowledge diffusion networks and the dynamics of the
interactions among agents by multiagent interactions. In
the university knowledge supernetworks system, in order to
fully demonstrate the properties of intelligence, adaptability,
intentionality, learning, and interactive collaboration, the
networks model was designed and modeled by multiagent
simulation platform software Netlogo. In particular, for the
sake of analyzing the influence of network topology on
networks sizes, we run the model of university knowledge
supernetworks system in different networks sizes (the dif-
ferent number of nodes), as shown in Figure 2 for the
comparison of clustering coefficient and average path length
of knowledge supernetworks model in different networks
sizes with different rewiring probability. The horizontal axis
in Figure 2(a) is rewiring probability 𝑝 and the vertical axis
in Figure 2(a) is clustering coefficient (CC). The horizontal
axis in Figure 2(b) is rewiring probability 𝑝 and the vertical
axis in Figure 2(b) is average path length (APL). From the
comparison graph (Figures 2(a) and 2(b)), we can see that
there are not obvious correlations between networks size and
networks statistical properties for the generation algorithmof
knowledge supernetworks systemmodel in the same rewiring
probability 𝑝, so that the simulation of university knowledge
supernetworks system model will be analyzed in the same
networks size (𝑁 = 5000) with the complex networks theory
and methods.

(1) The Influence of Knowledge Transition Pattern on Knowl-
edge Diffusion. For fully exploring the influence of the knowl-
edge transition pattern on knowledge diffusion efficiency in

the university knowledge supernetworks system, we run the
system model in different modes of knowledge diffusion,
such as interpersonal interactive mode (p-p), person-carrier
interactivemode (p-c-p), andmixedmode (mixed), as shown
in Figures 3 and 4.

The horizontal axis in Figure 3(a) is the simulation
time (∗1000) and the vertical axis in Figure 3(a) is average
knowledge stock (AKS) in university knowledge supernet-
works system. The horizontal axis in Figure 3(b) is the
time series (∗1000) and the vertical axis in Figure 3(b) is
average knowledge stock (AKS) in knowledge mainbody
networks of university knowledge supernetworks system.
The results, shown in Figure 3(b), indicate that there are
the significant differences in knowledge diffusion efficiency
based on different knowledge transition pattern in the uni-
versity knowledge supernetworks. Knowledge stock is static
and represents knowledge repertory level of a system at
a time point and reflects status of producing knowledge
and innovative potential of a system. For the interpersonal
interactive mode (p-p), knowledge is directly communicated
between knowledge disseminators and knowledge receptors,
so knowledge transfer path is the shortest and knowledge
diffusion is the highest effective. For the person-carrier inter-
active mode (p-c-p), firstly, knowledge is transferred from
knowledge disseminators to knowledge carriers by means
of knowledge externalizing and encoding; then knowledge
receptors acquire the useful knowledge from the knowledge
carriers. Because of the indirect way in knowledge diffusion
from knowledge disseminators to knowledge receptors, the
knowledge transfer path gets longer and the knowledge
diffusion gets significantly slow and ineffective with the time.
Themixedmode (mixed), which integrated the interpersonal
interactive mode (p-p) and the person-carrier mode (p-
c-p) based on the specified proportion (in the university
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Figure 3: The influence of knowledge transfer pattern on AKS in university knowledge supernetworks.
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Figure 4: The influence of knowledge transfer mode on VKS in knowledge supernetworks system and knowledge mainbody networks.

knowledge supernetworksmodel, both of all is 50%), embod-
ies the good compromise for knowledge diffusion between
interpersonal interactivemode andperson-carrier interactive
mode. The results, shown in the Figure 3(a), indicate the
changed trends of average knowledge elements stock for the
different knowledge diffusion patterns with time series. The
major difference between Figures 3(a) and 3(b) is the initial
knowledge stock in the externalizing process of innovation
knowledge.

The horizontal axis in Figure 4(a) is the simulation time
(∗1000) and the vertical axis in Figure 4(a) is variance of
knowledge stock (VKS) in university knowledge supernet-
works system. The horizontal axis in Figure 4(b) is the
time series (∗1000) and the vertical axis in Figure 4(b) is
variance of knowledge stock (VKS) in knowledge mainbody
networks of university knowledge supernetworks system. As
can be seen from Figures 4(a) and 4(b), we can find that
when the time is lesser than 300, the variance of knowledge

stock in knowledge supernetworks and knowledgemainbody
networks has a sudden increase, and the rate of change
for different mode reaches 50%, 60%, and 70%. When the
time continues to increase, the variance of knowledge in
knowledge supernetworks and knowledge mainbody net-
works will go down in the modes of p-p and mixed, but
the variance of knowledge stock in knowledge supernetworks
and knowledge mainbody networks will continue to increase
for a long time in the mode of p-c-p. The internal factors,
which caused the various variance of knowledge stock in dif-
ferent knowledge diffusion patterns, are the heterogeneity of
network nodes. In particular, the network nodes include not
only the nodes which represent knowledge disseminators and
knowledge receptors in the knowledge mainbody networks
but also the nodes which represent knowledge elements and
carriers in the knowledge element networks and knowledge
carrier networks, meanwhile the results demonstrate that
the heterogeneity of networks topology exercises a great
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Figure 5: The influence of individual idiosyncrasy on efficiency of knowledge diffusion ((a) represents the knowledge absorption coefficient
of knowledge receptors).

influence on knowledge diffusion. Because of higher demand
in the process of knowledge diffusion, it is certainly far-from-
equilibrium for knowledge diffusion in knowledgemainbody
networks. In interpersonal interactive mode, the conditions
and the circumstances are relatively easy for transferring
knowledge, and it provides an easy and efficient way to
communicate knowledge between knowledge disseminators
and receptors. So, there is the rapid growth of knowledge
stock in the knowledge supernetworks system. The trend of
variance of knowledge stock rises in the early stages, and then
gradually smoothes, which means the intense shock of the
variance of knowledge stock in a short time period; then the
variance of knowledge stock will gradually slow decline with
simulation times. Because of introducing the mechanisms
of knowledge innovation and knowledge elimination in the
knowledge supernetworks model, the knowledge stock of
system will achieve a relatively stable status in the end.

(2) The Influence of Individual Idiosyncrasy on Efficiency of
Knowledge Diffusion. The process of knowledge diffusion
is influenced by learning capacity of knowledge receptors,
reputation of knowledge disseminator, conditions of com-
munication between members, and so forth. The university
supernetworks system, which is composed of the knowl-
edge element networks, knowledge carrier networks, and
knowledge mainbody networks, possesses the probabilities
of knowledge learning, knowledge innovation, knowledge
communication, and knowledge spreading. The knowledge
receptors and the knowledge disseminators, which form the
agents of the knowledge mainbody networks, individual
idiosyncrasy, such as physical condition, personal emotion,
and external environments, will have a big impact on the
knowledge digestive and absorptive capacity of knowledge

receptors and the knowledge release capacity of knowledge
disseminators in the process of knowledge diffusion.

The horizontal axis in Figure 5(a) is the time series
(∗1000) and the vertical axis in Figure 5(a) is variance of
knowledge stock (VKS) in university knowledge supernet-
works system. The horizontal axis in Figure 5(b) is the time
series (∗1000) and the vertical axis in Figure 5(b) is variance
of knowledge stock (VKS) in knowledge mainbody networks
of university knowledge supernetworks system. Based on the
different knowledge absorption coefficient 𝑎 of knowledge
receptors, Figure 5 shows the knowledge evolution process
in the special external environments. The results, shown in
Figure 5, indicate that the ability to accept knowledge (knowl-
edge absorption coefficient) for knowledge receptors directly
affects the knowledge stock, the growth speed, and efficiency
of knowledge mainbody. While the knowledge absorption
coefficient 𝑎 is less than 0.5 in the knowledge supernet-
works model, the evolution process of knowledge diffusion
was considered to be slow, even lumbering, which means
knowledge diffusion was inefficient, and the overall vibration
of knowledge system was in balance; the system knowledge
increment maintained a constant rate of vibration for the
rest of simulation time. So, it is very difficult to create new
balanced knowledge distribution and harmonious dynamic
environments in the knowledge supernetworks system. On
the contrary, while the knowledge absorption coefficient is
more than 0.5 in the knowledge supernetworks model, the
evolution process of knowledge diffusion has rapid progress,
which means knowledge diffusion was more efficient. Owing
to the knowledge stock of knowledge mainbody (knowledge
receptors) increasing rapidly, the knowledge distribution is
imbalanced in the early stage; then, it was fast reaching a new
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equilibrium; the system knowledge increment maintained a
constant rate of vibration for the remainder time.

5. Conclusions

According to multidimensions, distribution, and dynamics
of the university knowledge system and initiative, adaptabil-
ity, and purposefulness of knowledge mainbody (agent) in
knowledge diffusion, in this paper, the knowledge super-
networks model of the university knowledge diffusion was
established by complex adaptive system theory and supernet-
works analysis method, and further the multilevel structure
of supernetworks was defined and analyzed in detail. The
university knowledge supernetworks system was formed by
knowledge element networks, knowledge mainbody net-
works, and knowledge carrier networks. After the knowledge
supernetworks model based on Netlogo platform was run for
time after time, the author put forward the feasibility scheme
that could meet the teaching and administration of actual
circumstance. The results of simulation in Netlogo indicate
that the process of knowledge diffusion between knowledge
receptors and knowledge disseminators is dynamic complex
interactive process. We find that the simulation results match
the real law of knowledge diffusion in the university, which
verify this paper’s analysis on the factors influencing the
knowledge diffusion of knowledge mainbody. It shows that
the individual idiosyncrasy in the knowledge mainbody
networks is an important factor for us to construct the
harmonious environment of knowledge diffusion. Future
research will aim at improving efficiency and applying pro-
posed knowledge supernetworks model to process real-life
university knowledge networks.
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A novel interference alignment (IA) scheme based on the errors-in-variables (EIV) mathematic model has been proposed to
overcome the channel state information (CSI) estimation error for the MIMO interference channels. By solving an equivalently
unconstrained optimization problem, the proposed IA scheme employing a weighted total least squares (WTLS) algorithm can
obtain the solution to a constrained optimization problem for transmit precoding (TPC) matrices and minimizes the distortion
caused by imperfect CSI according to the EIVmodel. It is shown that the design of TPCmatrices can be realized through an efficient
iterative algorithm. The convergence of the proposed scheme is presented as well. Simulation results show that the proposed IA
scheme is robust over MIMO interference channels with imperfect CSI, which yields significantly better sum rate performance
than the existing IA schemes such as distributed iterative IA, maximum signal-to-interference-plus-noise ratio (Max SINR), and
minimum mean square error (MMSE) schemes.

1. Introduction

The importance of the interference management has been
emphasized in [1, 2]. It is of paramount importance to
conceive efficient interferencemanagement schemes formul-
tiuser wireless networks. Interference alignment (IA) has
been proposed as a powerful and promising technique to
mitigate the interference in multiuser interference channels
[1–3]. In [1], Jafar and Shamai first characterized the degrees
of freedom (DoF) for two-usermultiple inputmultiple output
(MIMO) interference channels. The earlier studies [1–3] of
his group were focused on the DoF for various distributed
systems. Since then, IA technique has been used to structure
interfering signals to occupy a reduced-dimensional inter-
ference subspace at the receivers and thus maximize the
multiplexing gain (or the sum rate of system).

Recently, various algorithms for IA and IA-inspired
schemes in different scenarios [4–8] have been proposed.
Among them, maximum signal-to-interference-plus-noise
ratio (Max SINR) scheme [5] so far has been regarded as
one of the most effective schemes, without being proven to

be convergent. Some other kinds of iterative schemes, such
as iterative CJ08 scheme [5] and MMSE scheme [9], are also
widely used in IA. Andmost of these former works rely upon
perfect channel state information (CSI). However, realistic
practical channel estimation (CE), feedback, quantization,
and so forth have errors. Therefore, CSI at the transmitter
and receiver is far from being perfect. It is revealed in [10]
that the performance of IA scheme is sensitively degraded
due to the uncertainties of CSI. Lately, several works on IA
schemes with imperfect channel knowledge have focused
on this aspect. In [11], the authors investigate an iterative
beamforming design algorithm so as to maximize the sum
outage rate for MIMO interference channels. Specifically, in
[12, 13], the authors propose a minimummean squared error
(MMSE) scheme that takes CSI error into account to align the
interference.This MMSE approach is further extended to the
robust MSE-based iterative transceiver designs in [14], which
effectively improve the BER performance of MIMO inter-
ference system. A robust lattice alignment method designed
by using the existing conventional Iterative IA algorithm is
presented in [15] for quasistatic MIMO interference channels
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with imperfect CSI as well. In addition, [16, 17] investigate
the effect of CSI mismatch and develop several adaptive
interference alignment schemes with CSI error.

In contrast to previousworks above, we, in this paper, take
the errors-in-variables (EIV) model into consideration from
the essence of IA with imperfect CSI and employ an unbiased
parameter estimation technique in such a linear measure-
ment error model instead of the conventional method of
minimizing projector distances of interference subspaces.
Hence, the estimation problem can be easily converted into
the problem of solving a linear system of equations. Our
goal is to overcome the distortion caused by the imperfect
CSI at transmitters and optimize the sum rate performance
under a given and feasible DoF. To this end, an EIV-based
system model of interference management is established.
Meanwhile, a weighted total least squares- (WTLS-) based
estimation algorithm is proposed to update the transmit
precoding (TPC)matrices for the implementation of accurate
IA. Unlike the Max SINR scheme, our proposed WTLS-
based (or EIV-based) IA scheme is proven to be convergent.
Simulation results show that the proposed WTLS-based IA
scheme can improve IA performance under the scenarios
with different variances of error for direct link estimation and
interference links estimations. Against this background, the
major contributions of this paper are summarized as follows:

(1) We firstly introduce the EIV model into IA. More
explicitly, we set out to establish an EIV-based system
model of an IA scheme with imperfect CSI for the sake
of exploiting the unbiasedWTLS parameter estimation
algorithm to estimate TPC matrix in such a linear
measurement error model.

(2) We propose a WTLS-based IA scheme to convert
the IA-based constrained optimization problem under
the condition of imperfect CSI into an equivalently
unconstrained optimization problem in the transmitted
signal estimation. More explicitly, the unconstrained
optimization problem is derived by minimizing ana-
lytically over the correction of the measurement data
matrix, and an iterative algorithm for the solution of
the unconstrained optimization problem is presented.
What is more, ourWTLS-based IA scheme is proven to
be convergent by employing the large data matrix.

The rest of this paper is organized as follows. In the next
section, the EIV-based system model is first introduced. In
Section 3, we present the proposed WTLS-based IA scheme
with CSI uncertainties and discuss the convergence issues.
In Section 4, we demonstrate the proposed algorithm with
numerical simulations. At last, we conclude with Section 5.

Notation.The superscript ∗, superscript 𝑇, and superscript𝐻
stand, respectively, for conjugate, transpose, and Hermitian
transpose. Matrices and vectors are set in bold-face letters.
A(𝑖, :) or A

𝑖,: denotes the 𝑖th row of A, and A(:, 𝑗) or A:,𝑗
denotes the 𝑗th column of A. I is the identity matrix and
0 is the all-zero matrix. a

𝑖,𝑗
is the (𝑖, 𝑗)th element of A.

cov(x) denotes the covariance matrices of a random vector x.
‖A‖
2
, 𝐸{A}, and det(A) denote 𝑙2-norm, the expectation, and
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Figure 1: 𝐾-user MIMO interference channels model.

the determinant of A, respectively. C𝑀×𝑁 is the space of
complex 𝑀 × 𝑁 matrices. CN(a,A) is complex Gaussian
distribution with mean a and covariance matrix A.

2. EIV-Based System Model

In this paper, we consider 𝐾-user IA scheme over MIMO
interference channels. As shown in Figure 1, each transmitter
and receiver is equipped with 𝑁

𝑡
and 𝑁

𝑟
antennas, respec-

tively. The channel output at receiver 𝑘 is defined as follows:

y
𝑘
=

𝐾

∑

𝑙=1
H
𝑘𝑙
x
𝑙
+ z
𝑘
= H
𝑘𝑘
V
𝑘
s
𝑘
+

𝐾

∑

𝑙 ̸=𝑘

H
𝑘𝑙
V
𝑙
s
𝑙
+ z
𝑘
, (1)

where y
𝑘

∈ C𝑁𝑟×1 represents the received signal vector
at receiver 𝑘 and x

𝑙
∈ C𝑁𝑡×1 is the 𝑁

𝑡
× 1 transmitted

signal vector at transmitter 𝑙. H
𝑘𝑙
∈ C𝑁𝑟×𝑁𝑡 represents the

channel fade coefficients from transmitter 𝑙 to receiver 𝑘 for
𝑙, 𝑘 = 1, . . . , 𝐾, where each element is assumed to obey
an independent and identically distributed (i.i.d.) complex
Gaussian random process with zero mean and unit variance
CN(0, 1). z

𝑘
∈ C𝑁𝑟×1 is noise vector at receiver 𝑘, which is

complex-valued additive white gaussian noise (AWGN) with
elements normal distributed as CN(0, 𝜎2I). V

𝑘
∈ C𝑁𝑡×𝑑𝑘

is the TPC matrix with unit-norm and linearly independent
columns at transmitter 𝑘, where 𝑑

𝑘
is the DoF to meet

feasibility of IA scheme at transmitter 𝑘. s
𝑘
represents the data

streams from transmitter 𝑘, where the transmitted streams are
i.i.d. such that 𝐸{s

𝑘
s𝐻
𝑘
} = I.

Furthermore, the data streams received at receiver 𝑘 can
be described as

ŝ
𝑘
= U𝐻
𝑘
y
𝑘
= U𝐻
𝑘

𝐾

∑

𝑙=1
H
𝑘𝑙
V
𝑙
s
𝑙
+U𝐻
𝑘
z
𝑘
, (2)

where U
𝑘
∈ C𝑁𝑟×𝑑𝑘 is receiving filter matrix with unit-norm

and linearly independent columns at receiver 𝑘.
In most IA schemes, perfect CSI is assumed. However,

CSI is far from being perfect in realistic practical system.
We assume that only imperfect estimation of global CSI is
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available at each terminal.The feedback channels are assumed
to be error-free. The imperfect CSI model can be quantized
according to

H
𝑘𝑙
=
̂H
𝑘𝑙
+
̃H
𝑘𝑙
, ∀𝑙, 𝑘 ∈ {1, 2, . . . , 𝐾} , (3)

where ̂H
𝑘𝑙
is the estimated channel matrix from transmitter 𝑙

to receiver 𝑘 and ̃H
𝑘𝑙
is the CSI error matrix between the true

and available information.This error matrix is assumed to be
i.i.d. zero-mean complex Gaussian, and

𝐸 {
̃H
𝑘𝑘
̃H𝐻
𝑘𝑘
} = 𝜎

2
ℎ,II, ∀𝑘 ∈ {1, 2, . . . , 𝐾} , (4)

𝐸 {
̃H
𝑘𝑙
̃H𝐻
𝑘𝑙
} = 𝜎

2
ℎ,III, ∀𝑙 ̸= 𝑘 ∈ {1, 2, . . . , 𝐾} , (5)

𝐸 {
̃H
𝑘𝑙
̃H𝐻
𝑖𝑗
} = 0, ∀𝑘 ̸= 𝑖, 𝑙 ̸= 𝑗, (6)

where the parameters 𝜎2
ℎ,I and 𝜎

2
ℎ,II indicate the variance

of error for direct link estimation and interference links
estimations [10], respectively. From (3) to (6), we know
̃H
𝑘𝑘

∼ CN(0, I − 𝜎
2
ℎ,II) and ̃H

𝑘𝑙
∼ CN(0, I − 𝜎

2
ℎ,III). If

𝜎
2
ℎ,I, 𝜎

2
ℎ,II → 0, then the imperfect CSI model reduces to the

case that perfect CSI is available at terminals, and when 𝜎2
ℎ,I,

𝜎
2
ℎ,II → 1, it represents that no CSI is available terminals.The

parameters 𝜎2
ℎ,I and 𝜎

2
ℎ,II can potentially have different values

corresponding to different accuracy of channel estimation of
the direct links and that of the interference links.

Due to imperfect CSI, then (2) can be written as

ŝ
𝑘
= U𝐻
𝑘

𝐾

∑

𝑖=1

̂H
𝑘𝑖
V
𝑖
s
𝑖
+U𝐻
𝑘
z
𝑘

= U𝐻
𝑘
̂H
𝑘𝑘
V
𝑘
s
𝑘
+U𝐻
𝑘

𝐾

∑

𝑙 ̸=𝑘

̂H
𝑘𝑙
V
𝑙
s
𝑙
+U𝐻
𝑘
z
𝑘

= U𝐻
𝑘
(H
𝑘𝑘
−
̃H
𝑘𝑘
)V
𝑘
s
𝑘

+U𝐻
𝑘
(

𝐾

∑

𝑙 ̸=𝑘

H
𝑘𝑙
V
𝑙
s
𝑙
−

𝐾

∑

𝑙 ̸=𝑘

̃H
𝑘𝑙
V
𝑙
s
𝑙
)+U𝐻

𝑘
z
𝑘
.

(7)

From (7), we hardly find that the IA scheme with CSI
error is relative with EIV model. However, when the last two
terms on the right-hand part of (7) aremoved to the left-hand
part, it will be clear that

ŝ
𝑘
+[−U𝐻

𝑘
(

𝐾

∑

𝑙 ̸=𝑘

H
𝑘𝑙
V
𝑙
s
𝑙
−

𝐾

∑

𝑙 ̸=𝑘

̃H
𝑘𝑙
V
𝑙
s
𝑙
)−U𝐻

𝑘
z
𝑘
]

= (U𝐻
𝑘
H
𝑘𝑘
−U𝐻
𝑘
̃H
𝑘𝑘
)V
𝑘
s
𝑘
.

(8)

Obviously, from above (8), the terms of interference and
noise −U𝐻

𝑘
(∑
𝐾

𝑙 ̸=𝑘
H
𝑘𝑙
−∑
𝐾

𝑙 ̸=𝑘
̃H
𝑘𝑙
)V
𝑙
s
𝑙
−U𝐻
𝑘
z
𝑘
are considered as

the measurement errors of the interested parameter ŝ
𝑘
, while

the CSI error term U𝐻
𝑘
̃H
𝑘𝑘
is considered as the measurement

error of the interested parameter U𝐻
𝑘
H
𝑘𝑘
. Definitely, this IA

system model with imperfect CSI in (8) satisfies the EIV
model [18, 19].

Briefly, the above EIV-based system model can be
described by a corrected system of equations [18, 19]Y+ΔY =

(H + ΔH)X, where Y ≈ HX and X is the parameter to be
estimated, while ΔY and ΔH are the perturbations of Y and
H, respectively.

As a result, the transmitted signal estimation problem for
the IA with imperfect CSI can be defined as a constrained
optimization problem: an appropriate cost function depend-
ing on the data is minimized over the estimated parameters.

The classical method, so-called generalized total least
squares (TLS) [18, 20–22], is proposed as a parameter
estimation technique for the EIV model when all elements
in channel matrices are perturbed by i.i.d. Particularly, the
WTLS [19, 23–25] became popular in the mathematics field
during this decade since its estimator has a better statistical
accuracy under more general noise assumptions. So in the
next section we will focus our attention on the WTLS in a
realistic CSI error-based interference channel.

3. WTLS-Based Interference Alignment
Scheme with Imperfect CSI

In this section, the proposed WTLS-based IA scheme will be
investigated to solve the IA-based constrained optimization
under the condition of imperfect CSI. While minimizing
analytically over the correction matrix, the constrained
optimization problem can be changed into an equivalently
unconstrained optimization problem. And an effective way
to set the weights will also be considered. At the end of this
section, an iterative algorithm will be presented for the sake
of solving the WTLS-based optimization.

3.1. IA-Based Constrained Optimization with CSI Uncertain-
ties. Looking back on (8), we assume that perfect IA is
available and V

𝑘
s
𝑘
is the true value of its approximation

estimation ̂V
𝑘
s
𝑘
(𝑘 ∈ {1, 2, . . . , 𝐾}) such that

ŝ
𝑘
+U𝐻
𝑘
(−

𝐾

∑

𝑙 ̸=𝑘

̂H
𝑘𝑙
̂V
𝑙
s
𝑙
− z
𝑘
) = U𝐻

𝑘
̂H
𝑘𝑘
̂V
𝑘
s
𝑘
,

ŝ
𝑘
≈ U𝐻
𝑘
H
𝑘𝑘
̂V
𝑘
s
𝑘
,

(9)

where we start with arbitrary TPC matrix and receiving filter
matrix. Here we define a measurement data matrix D with
CSI errors at 𝑘th receiver

D ≜ [U𝐻
𝑘
̂H
𝑘𝑘

ŝ
𝑘
− U𝐻
𝑘
(

𝐾

∑

𝑙 ̸=𝑘

̂H
𝑘𝑙
̂V
𝑙
s
𝑙
+ z
𝑘
)]

= [U𝐻
𝑘
̂H
𝑘𝑘

U𝐻
𝑘
̂H
𝑘𝑘
̂V
𝑘
s
𝑘
] = [A B] ,

(10)

where A ≜ U𝐻
𝑘
̂H
𝑘𝑘

and B ≜ U𝐻
𝑘
̂H
𝑘𝑘
̂V
𝑘
s
𝑘
. According to (3),

the measurement data matrixD can be given by

D

= [U𝐻
𝑘
H
𝑘𝑘
− U𝐻
𝑘
̃H
𝑘𝑘

ŝ
𝑘
− U𝐻
𝑘
(

𝐾

∑

𝑙 ̸=𝑘

̂H
𝑘𝑙
̂V
𝑙
s
𝑙
+ z
𝑘
)]
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= [U𝐻
𝑘
H
𝑘𝑘

ŝ
𝑘
] − [U𝐻

𝑘
̃H
𝑘𝑘

ŝ
𝑘
− U𝐻
𝑘
̂H
𝑘𝑘
̂V
𝑘
s
𝑘
]

= Dtru − [̃A ̃B] = Dtru − ̃D,
(11)

where Dtru ≜ [U𝐻
𝑘
H
𝑘𝑘

ŝ
𝑘
], ̃A ≜ U𝐻

𝑘
̃H
𝑘𝑘
, ̃B ≜ ŝ

𝑘
−

U𝐻
𝑘
̂H
𝑘𝑘
̂V
𝑘
s
𝑘
, and ̃D ≜ [̃A ̃B]. Dtru is the true value of

data matrix D, and ̃D is measurement error. And ̃d
𝑖
, 𝑖 ∈

{1, 2, . . . , 𝑑
𝑘
}, is 𝑖th independent column of ̃D𝐻; it is with

covariance matrices (covariance information of measure-
ment error)

W
𝑖
≜ cov (̃d

𝑖
) , 𝑖 ∈ {1, 2, . . . , 𝑑

𝑘
} . (12)

We define an extendedmatrix of the approximate estima-
tion ̂V

𝑘
s
𝑘

̂X ≜ [

̂V
𝑘
s
𝑘

−I
] ≜ [

X
−I
] , ∀𝑘 ∈ {1, 2, . . . , 𝐾} . (13)

An alternative expression for the EIV-based system
model (8) is

D̂X = 0,

DtruXtru ≈ 0,
(14)

with

Xtru ≜ [
V
𝑘
s
𝑘

−I
] ≜ [

X0

−I
] , ∀𝑘 ∈ {1, 2, . . . , 𝐾} (15)

provided that the initial data matrix D is available and the
error weights information is {W

𝑖
}

𝑑
𝑘

𝑖=1, corresponding to each
row of data matrix D, which totally depends on the quality
of CSI. When the data matrix D is confirmed, we set out
to seek for a minimal correction ΔD to compensate for the
measurement errors ̃D, so that the WTLS optimization [23]
in the presence of a mixture of perfect CSI and CSI error can
be defined as

min
V̂
𝑘
s
𝑘
,ΔD

𝑑
𝑘

∑

𝑖=1










(√W
𝑖
)

−1
Δd
𝑖










2

2

,

s.t. (D+ΔD) [
̂V
𝑘
s
𝑘

−I
] = 0,

(16)

where ΔD𝐻 = [Δd1, Δd2, . . . , Δd𝑑
𝑘

]. The optimization
variables are V

𝑘
s
𝑘
and ΔD. Let (̂V

𝑘,opts𝑘, ΔDopt) be an opti-
mal point of the WTLS optimization problem. Thereupon,
̂V
𝑘,opts𝑘 is an optimalWTLS estimation of the true valueV

𝑘
s
𝑘

andD+ΔDopt is an optimalWTLS estimation of the true data
Dtru.

The first step of WTLS optimization is to minimize
the cost function. The minimization with respect to the
correction can be carried out as follows:

𝑓 (X) = min
Δd1,Δd2 ,...,Δd𝑑

𝑘

𝑑
𝑘

∑

𝑖=1










(√W
𝑖
)

−1
Δd
𝑖










2

2

,

s.t. D̂X+
[

[

[

[

[

Δd𝐻1 ̂X
.
.
.

Δd𝐻
𝑑
𝑘

̂X

]

]

]

]

]

= 0.

(17)

For a certain ̂V
𝑘
s
𝑘
, (𝑘 ∈ {1, 2, . . . , 𝐾}), ̂X is fixed and

the constraint of (17) can be treated as linear equations to
optimize variables {Δd

𝑖
}

𝑑
𝑘

𝑖=1. The set of linear equations in
{Δd
𝑖
}

𝑑
𝑘

𝑖=1 can be expressed as

D̂X+
[

[

[

[

[

Δd𝐻1 ̂X
.
.
.

Δd𝐻
𝑑
𝑘

̂X

]

]

]

]

]

= 0

⇐⇒
̂X𝐻Δd

𝑖
= − [(D̂X)

𝑖,:
]

𝐻

,

𝑖 = 1, 2, . . . , 𝑑
𝑘
.

(18)

Let us define residual matrix 𝑄(X) ≜ D̂X. The 𝑖th
row of the 𝑄(X) is denoted by 𝑞𝐻

𝑖
(X); that is, 𝑄𝐻(X) =

[𝑞1(X), 𝑞2(X), . . . , 𝑞𝑑
𝑘

(X)]. As a result, the constraint of (17)
can be treated the same way as

̂X𝐻Δd
𝑖
= − 𝑞
𝑖 (
X) , 𝑖 = 1, 2, . . . , 𝑑

𝑘
, (19)

and thus the constrained optimization problem 𝑓(X) can
be separated according to different Δd

𝑖
. In this way, the

constrained minimization problem (17) is transformed to 𝑑
𝑘

independent optimization problems

𝑓 (X) =
𝑑
𝑘

∑

𝑖=1
𝑓
𝑖 (
X) ,

𝑓
𝑖 (
X) =min

Δd
𝑖










(√W
𝑖
)

−1
Δd
𝑖










2

2

,

s.t. ̂X𝐻Δd
𝑖
= − 𝑞
𝑖 (
X) ,

𝑖 = 1, 2, . . . , 𝑑
𝑘
,

(20)

and the optimal correction is

Δd
𝑖,opt = −W𝑖̂X (̂X

𝐻W
𝑖
̂X)
−1
𝑞
𝑖 (
X) , 𝑖 = 1, 2, . . . , 𝑑

𝑘
. (21)

Employing (21) and the solution of Δd
𝑖
can be written as

ΔDopt =

[

[

[

[

[

[

𝑞
𝐻

1 (X) (̂X
𝐻W1̂X)

−1
̂X𝐻W1

.

.

.

𝑞
𝐻

𝑑
𝑘

(X) (̂X𝐻W𝑑
𝑘

̂X)
−1
̂X𝐻W

𝑑
𝑘

]

]

]

]

]

]

. (22)
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Hence, the solution of (17) becomes the well-known
function [18, 26] as follows:

𝑓 (X) =
𝑑
𝑘

∑

𝑖=1
𝑞
𝐻

𝑖
(X) (̂X𝐻W𝑖̂X)

−1
𝑞
𝑖 (
X)

=

𝑑
𝑘

∑

𝑖=1
𝑞
𝐻

𝑖
(X) 𝑅−1
𝑖
(X) 𝑞𝑖 (X) ,

(23)

where 𝑅
𝑖
(X) ≜ ̂X𝐻W

𝑖
̂X.

As a result, the WTLS constrained optimization problem
(17) is changed into an equivalently unconstrained optimiza-
tion problem as follows:

min
X
𝑓 (X) . (24)

3.2. Unconstrained Optimization. The second step of the
WTLS optimization is to solve the unconstrained optimiza-
tion problem (24). However, generally, the analytic solution
is unavailable [18, 23]. Thus, we propose a numerical method
to solve the unconstrained optimization problem.

From the unconstrained optimization problem (24), we
have the necessary condition for (23)

∇x∗𝑓 (X) = 0, (25)

where ∇x∗𝑓(X) is conjugate gradient [27] for the uncon-
strained optimization problem (24).

According to the matrix theory [27, 28], the conjugate
gradient which is presented in the appendix is

∇x∗𝑓 (X) =
𝑑
𝑘

∑

𝑖=1
{𝑅
−1
𝑖
(X) 𝑞∗
𝑖
(X) [a𝑇

𝑖

− 𝑞
𝑖 (
X) 𝑅−1
𝑖
(X)X𝑇 cov (ã∗

𝑖
)

+ 𝑞
𝑖 (
X) 𝑅−1
𝑖
(X) cov (̃𝑏∗

𝑖
, ã∗
𝑖
)]} ,

(26)

where a
𝑖
, ã
𝑖
, 𝑏
𝑖
, and ̃𝑏

𝑖
are, respectively, the 𝑖th column of A𝐻,

̃A𝐻, B𝐻, and ̃B𝐻. Note that, in the EIV-based IA system, s
𝑘

and ̂X are vectors; thus the solution ofX is univariate case. In
this case, 𝑅

𝑖
(X) is a single component matrix, while 𝑞

𝑖
(X), 𝑏
𝑖
,

and ̃𝑏
𝑖
are all single component vectors. The data weights are

W
𝑖
= cov (̃d

𝑖
) =

[

[

cov (ã
𝑖
) cov (ã

𝑖
,
̃
𝑏
𝑖
)

cov (̃𝑏
𝑖
, ã
𝑖
) cov (̃𝑏

𝑖
)

]

]

≜ [

wã
𝑖

wã
𝑖
�̃�
𝑖

w
�̃�
𝑖
ã
𝑖

w
�̃�
𝑖

] , 𝑖 = 1, 2, . . . , 𝑑
𝑘
.

(27)

Since there is no closed-form solution for (25), we use an
iterative algorithm to solve the problem. Let X(𝑙) represent
the approximate value of the 𝑙th iterative result and let X(𝑙+1)

represent the value of the 𝑙 + 1th iterative result. Thus, we
define the approximation function of (24) as follows:

𝐺(X(𝑙+1),X(𝑙)) =
𝑑
𝑘

∑

𝑖=1
{𝑅
−1
𝑖
(X(𝑙)) 𝑞∗

𝑖
(X(𝑙)) 𝑞

𝑖
(X(𝑙))

⋅ 𝑅
−1
𝑖
(X(𝑙)) [w

�̃�
∗

𝑖
ã∗
𝑖

− (X(𝑙+1))
𝑇

wã∗
𝑖

] +𝑅
−1
𝑖
(X(𝑙))

⋅ 𝑞
∗

𝑖
(X(𝑙+1)) a𝑇

𝑖
} .

(28)

Substituting the expression of 𝑞
𝑖
(X) (the expression of

𝑞
𝑖
(X) is detailed in the appendix) into (28), thus (28) can be

rewritten as

𝐺(X(𝑙+1),X(𝑙)) =
𝑑
𝑘

∑

𝑖=1
{𝑅
−1
𝑖
(X(𝑙)) [(X(𝑙+1))

𝑇

a∗
𝑖
− 𝑏
∗

𝑖
]

⋅ a𝑇
𝑖
+𝑅
−1
𝑖
(X(𝑙)) [(X(𝑙))

𝑇

a∗
𝑖
− 𝑏
∗

𝑖
]

⋅ [(X(𝑙))
𝐻

a
𝑖
− 𝑏
𝑖
] 𝑅
−1
𝑖
(X(𝑙))

⋅ [w
�̃�
∗

𝑖
ã∗
𝑖

− (X(𝑙+1))
𝑇

wã∗
𝑖

]} .

(29)

Hence, the approximationX(𝑙+1) is defined as the solution
of the following equation:

𝐺(X(𝑙+1),X(𝑙)) = 0. (30)

Substituting (29) into (30), we obtain a system of linear
equations with respect to X(𝑙+1),
𝑑
𝑘

∑

𝑖=1
{𝑅
−1
𝑖
(X(𝑙)) [(X(𝑙))

𝑇

a∗
𝑖
− 𝑏
∗

𝑖
] [(X(𝑙))

𝐻

a
𝑖
− 𝑏
𝑖
]

⋅ 𝑅
−1
𝑖
(X(𝑙)) (X(𝑙+1))

𝑇

wã∗
𝑖

−𝑅
−1
𝑖
(X(𝑙)) (X(𝑙+1))

𝑇

⋅ a∗
𝑖
a𝑇
𝑖
} =

𝑑
𝑘

∑

𝑖=1
{𝑅
−1
𝑖
(X(𝑙)) [(X(𝑙))

𝑇

a∗
𝑖
− 𝑏
∗

𝑖
]

⋅ [(X(𝑙))
𝐻

a
𝑖
− 𝑏
𝑖
] 𝑅
−1
𝑖
(X(𝑙))w

�̃�
∗

𝑖
ã∗
𝑖

−𝑅
−1
𝑖
(X(𝑙))

⋅ 𝑏
𝑖
a𝑇
𝑖
}

⇒

𝑑
𝑘

∑

𝑖=1
{𝑅
−1
𝑖
(X(𝑙)) [(X(𝑙))

𝑇

a∗
𝑖
− 𝑏
∗

𝑖
] [a𝑇
𝑖
(X(𝑙))

∗

− 𝑏
𝑖
]

⋅ 𝑅
−1
𝑖
(X(𝑙)) (X(𝑙+1))

𝑇

wã∗
𝑖

−𝑅
−1
𝑖
(X(𝑙)) (X(𝑙+1))

𝑇

⋅ a∗
𝑖
a𝑇
𝑖
}

𝑇

=

𝑑
𝑘

∑

𝑖=1
{𝑅
−1
𝑖
(X(𝑙)) [(X(𝑙))

𝑇

a∗
𝑖
− 𝑏
∗

𝑖
]

⋅ [a𝑇
𝑖
(X(𝑙))

∗

− 𝑏
𝑖
] 𝑅
−1
𝑖
(X(𝑙))w

�̃�
∗

𝑖
ã∗
𝑖

−𝑅
−1
𝑖
(X(𝑙))

⋅ 𝑏
𝑖
a𝑇
𝑖
}

𝑇
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⇒

𝑑
𝑘

∑

𝑖=1
{𝑅
−2
𝑖
(X(𝑙)) 


a𝐻
𝑖
X(𝑙) − 𝑏

𝑖







2
wã
𝑖

−𝑅
−1
𝑖
(X(𝑙))

⋅ a
𝑖
a𝐻
𝑖
}X(𝑙+1) =

𝑑
𝑘

∑

𝑖=1
{𝑅
−2
𝑖
(X(𝑙)) 


a𝐻
𝑖
X(𝑙) − 𝑏

𝑖







2
wã
𝑖
�̃�
𝑖

−𝑅
−1
𝑖
(X(𝑙)) 𝑏

𝑖
a
𝑖
} ,

(31)

which is equivalent to a standard system of linear equations
𝐹(X(𝑙))X(𝑙+1) = 𝑇(X(𝑙)) where

𝐹 (X(𝑙)) ≜
𝑑
𝑘

∑

𝑖=1

[

[

wã
𝑖






a𝐻
𝑖
X(𝑙) − 𝑏

𝑖







2

𝑅
2
𝑖
(X(𝑙))

−

a
𝑖
a𝐻
𝑖

𝑅
𝑖
(X(𝑙))

]

]

,

𝑇 (X(𝑙)) ≜
𝑑
𝑘

∑

𝑖=1

[

[

wã
𝑖
�̃�
𝑖






a𝐻
𝑖
X(𝑙) − 𝑏

𝑖







2

𝑅
2
𝑖
(X(𝑙))

−

𝑏
𝑖
a
𝑖

𝑅
𝑖
(X(𝑙))

]

]

.

(32)

On the basis of (29)–(32), we repeat the iterative process
and obtain a series of values X(𝑙) and X(𝑙+1) to approximate
to accurate value. The iteration continues until ‖X(𝑙+1) −
X(𝑙)‖
𝐹
/‖X(𝑙+1)‖

𝐹
< 𝛿0, and 𝛿0 is a given tolerance.

After the iterative process above, we have the final X(𝑙),
approximate to accurate value. Assume that

Xopt = X(𝑙) = ̂V(𝑙)
𝑘
s
𝑘
, 𝑘 ∈ {1, 2, . . . , 𝐾} . (33)

Finally, the estimated TPC matrix ̂V
𝑘,opt =

̂V(𝑙)
𝑘
(𝑘 ∈

{1, 2, . . . , 𝐾}) can be readily obtained. Hence, the series of
estimated values ̂V

𝑘,opt (𝑘 ∈ {1, 2, . . . , 𝐾}) are optimized to
the true value of the TPC matrix V

𝑘
(𝑘 ∈ {1, 2, . . . , 𝐾}) by

using WTLS-based IA optimization method.
The procedures of the above iteration are outlined in the

following algorithm which is presented to solve (24).

Algorithm 1 (WTLS-cased IA optimization algorithm).

(1) Start with arbitrary TPCmatrixV
𝑘
and receiving filter

matrix U
𝑘
.

(2) Set the data matrix with CSI error D ≜ [A B] =

[U𝐻
𝑘
̂H
𝑘𝑘

U𝐻
𝑘
̂H
𝑘𝑘
̂V
𝑘
s
𝑘
], the measurement error ̃D =

[U𝐻
𝑘
̃H
𝑘𝑘

ŝ
𝑘
− U𝐻
𝑘
̂H
𝑘𝑘
̂V
𝑘
s
𝑘
], and the extended matrix

of the approximate estimation ̂V
𝑘
s
𝑘

:
̂X ≜

[
V̂
𝑘
s
𝑘

−I ] , 𝑘 ∈ {1, 2, . . . , 𝐾}. Caculate the error weights
information {W

𝑖
}

𝑑
𝑘

𝑖=1. According to (4) and (5), give
the variances of CSI error, while a convergence tol-
erance 𝛿0 of WTLS estimation algorithm should also
be given.

(3) According to (13), obtain an initial valueX(1) ofWTLS
estimation.

(4) Begin iteration, and set the iteration counter 𝑙 = 1.
(5) Let 𝑅

𝑖
(X(𝑙)) = (̂X(𝑙))𝐻W

𝑖
̂X(𝑙), for 𝑖 = 1, 2, . . . , 𝑑

𝑘
.

(6) Compute the residual matrix 𝑄(X(𝑙)) = AX(𝑙) − B.

(7) Define the iterative approximation function as
𝐺(X(𝑙+1),X(𝑙)) = 0 and work out X(𝑙+1).

(8) Increase the iteration counter 𝑙 = 𝑙 + 1.
(9) Repeat steps 5 through 8 until ‖X(𝑙+1) −

X(𝑙)‖
𝐹
/‖X(𝑙+1)‖

𝐹
< 𝛿0.

(10) The solution of optimal WTLS estimation is Xopt =

X(𝑙).
(11) Finally, according to (13) and constraint of TPC

matrix [5], obtain the TPC matrix V
𝑘
. Let V

𝑘
=

̂V
𝑘,opt, 𝑘 ∈ {1, 2, . . . , 𝐾}.

(12) Calculate U
𝑘
from U

𝑘
∑
𝑙 ̸=𝑘

H
𝑘𝑙
V
𝑙
= 0 or MMSE

method [5].

In this WTLS-based IA optimization scheme, the sum
rate result for stream 𝑠 of user 𝑘 is given by (34) where the
(H
𝑘𝑘
−
̃H
𝑘𝑘
)V
𝑘,𝑠
V𝐻
𝑘,𝑠
(H
𝑘𝑘
−
̃H
𝑘𝑘
)
𝐻 in (34) is the desired signal,

and the first, second, third, and fourth terms in (35) represent
the interference purely by channel uncertainty, interstream
interference, other user interferences, and AWGN, respec-
tively:

𝑅
(𝑠)

𝑘,sum = log
2
det (I

+
̂Z−1
𝑘,𝑠
(H
𝑘𝑘
−
̃H
𝑘𝑘
)V
𝑘,𝑠
V𝐻
𝑘,𝑠
(H
𝑘𝑘
−
̃H
𝑘𝑘
)

𝐻

) ,

(34)

where

̂Z
𝑘,𝑠
=
̃H
𝑘𝑘
V
𝑘,𝑠
V𝐻
𝑘,𝑠
̃H𝐻
𝑘𝑘
+

𝑑
𝑘

∑

𝑡=1
𝑡 ̸=𝑠

H
𝑘𝑘
V
𝑘,𝑡
V𝐻
𝑘,𝑡
H𝐻
𝑘𝑘

+

𝐾

∑

𝑙=1
𝑙 ̸=𝑘

𝑑
𝑙

∑

𝑡=1
H
𝑘𝑙
V
𝑙,𝑡
V𝐻
𝑙,𝑡
H𝐻
𝑘𝑙
+𝑃
𝑘,noiseI.

(35)

V
𝑘,𝑠

is the TPC for stream 𝑠 of user 𝑘 and 𝑃
𝑘,noise is the power

of noise at user 𝑘.The numerator of (34) is the desired signal
power, while the denominator ̂Z

𝑘,𝑠
of (34) is interferences

plus noise [11]. And the first, second, third, and fourth terms
in ̂Z
𝑘,𝑠

of the right-hand side of (35) represent the internal
perturbation purely by CSI error, interstream interference,
other user interferences, and AWGN, respectively. Hence, all
sum rate of𝐾-user IA scheme can be derived easily as follows:

𝑅sum =

𝐾

∑

𝑘=1

𝑑
𝑘

∑

𝑠=1
𝑅
(𝑠)

𝑘,sum. (36)

3.3. Convergence Issue. In this part, we present the conver-
gence issue of the above iterative algorithm for the WTLS
optimization in the previous part. The convergence issue
equalsWTLS estimationXwhich converges toX0 or̂Xwhich
converges to Xtru in probability [23, 29, 30].

Define the variance of each element ofmeasurement error
matrix ̃D

𝜎
2
𝑖,𝑗
≜ 𝐸 {

̃
𝑑
2
𝑖,𝑗
} , 𝑖 = 1, 2, . . . , 𝑑

𝑘
, 𝑗 = 1, 2, . . . , 𝑁

𝑡
+ 1. (37)
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We allow some of 𝜎
𝑖,𝑗

to be equal to 0. The following
assumptions (I) to (VI) are satisfied:

(I) For a fixed 𝐽 ⊂ {1, 2, . . . , 𝑁
𝑡
+1}, every 𝑗 ∉ 𝐽 and every

𝑖 = 1, 2, . . . , 𝑑
𝑘
satisfy 𝜎

𝑖,𝑗
= 0.

(II) There exists 𝜀 > 0 such that, for every 𝑖 = 1, 2, . . . , 𝑑
𝑘
,

𝜆min(W𝑖) ≥ 𝜀2.
(III) The elements of ̂X are nonzero vector.
(IV) There exists 𝛼 ≥ 2 with 𝛼 ≥ |𝐽| − 1 such that

sup
(𝑖≥1,𝑗∈𝐽)𝐸{|

̃
𝑑
𝑖,𝑗
|
2𝛼
} < ∞.

(V) ∑𝑁
𝑑
𝑘
=𝑑0
[𝜆max(A𝐻A)/𝜆2min(A

𝐻A)]𝑟 < ∞, 𝑑0 ≥ 1, and
𝑁 is infinite.

(VI) ∑𝑁
𝑑
𝑘
=𝑑0
[√𝑑
𝑘
/𝜆min(A𝐻A)]𝑟 < ∞, 𝑑0 ≥ 1, and 𝑁 is

infinite.

Then the WTLS optimization estimation X converges to X0
almost surely (a.s.), as 𝑑

𝑘
is large enough. The details of the

proofs of convergence and consistency can be found in [23].
And the convergence, availability, and consistency of WTLS
optimization estimation are well investigated [18, 23, 29, 30].

From above statements, we find that if 𝑑
𝑘
is large enough,

estimation X converges to X0 with probability tending to
1. That means the number of rows of the data matrix D
must be so large that estimation X converges to X0 with
100% probability. Mathematically, it seems feasible. However,
realistically, it is unfeasible in interference management of
multiuser MIMO communication system. Since the DoF
cannot be infinite. A compromise is reached by the extending
the row spacef of the data matrixD

D ≜

[

[

[

[

[

[

[

[

[

[

[

[

U𝐻
𝑘1
̂H
𝑘𝑘

U𝐻
𝑘1
̂H
𝑘𝑘
V
𝑘1s𝑘

U𝐻
𝑘2
̂H
𝑘𝑘

U𝐻
𝑘2
̂H
𝑘𝑘
V
𝑘2
s
𝑘

.

.

.

.

.

.

U𝐻
𝑘𝑛
̂H
𝑘𝑘

U𝐻
𝑘𝑛
̂H
𝑘𝑘
V
𝑘𝑛
s
𝑘

.

.

.

.

.

.

]

]

]

]

]

]

]

]

]

]

]

]

, (38)

where D ∈ C𝑁×(𝑁𝑡+1) and V
𝑘𝑛

and U
𝑘𝑛
(𝑛 = 1, 2, . . .) are the

arbitrary initialized TPC matrix and receiving filter matrix,
respectively. The relevant evaluation of 𝑛 will be discussed in
the next section.

4. Numerical Results

In this section, simulations are conducted to evaluate the
performance of our WTLS-based IA scheme presented in
Section 3 for multiuser MIMO interference system with
imperfect CSI.

Without loss of generality, the CSI errors are assumed to
be i.i.d. zero-mean complex Gaussian, and Gaussian input is
considered. size of data matrix D is fixed in Figures 2 to 5;
that is, the value of 𝑛 in (38) is fixed (here we set 𝑛 = 64),
while theWTLS estimation convergence tolerance 𝛿0 = 10−5.
The parameters 𝛼 and 𝛽 indicate the variance of CSI errors
for direct link and interference links, respectively. For given
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Figure 2: The sum rate performance of different IA schemes with
imperfect CSI for 𝐾 = 3 and𝑁

𝑡
= 𝑁
𝑟
= 3 and for the cases 𝛼 = 𝛽 =

0.1 and 𝛼 = 𝛽 = 0.01.

𝛼 and 𝛽, we first generate ̃H
𝑘𝑘
and ̃H

𝑘𝑙
randomly according to

a zero-mean complex Gaussian distribution from (4) and (5).
After ̃H

𝑘𝑘
and ̃H

𝑘𝑙
are generated as such, we generate ̂H

𝑘𝑘
and

̂H
𝑘𝑙
according to (3) to (6), and the true channel is determined

by (3). In each plot presented in this section, the sum rate
performance is computed via Monte Carlo simulations using
1000 independent channel realizations.

Figure 2 shows the sum rate performance of different IA
schemes with imperfect CSI for the cases 𝛼 = 𝛽 = 0.1 and
𝛼 = 𝛽 = 0.01, respectively, where we have 𝐾 = 3 users
and 𝑁

𝑡
= 𝑁
𝑟
= 3 antennas at each node. The theoretical

maximumDoF which is 4 can be achieved, which means one
of the transmitters can obtain 2 DoF and the other two are
with 1DoF.That is to say, this system is unsymmetricalMIMO
interference network. It can be observed that the sum rates of
all schemes increase as the variance of CSI error decreases.
However, the sum rates of all schemes have the error-floor
effect because of the internal perturbation purely by CSI
error and the interstream interference. From Figure 2, it is
seen that the proposedWTLS-based IA scheme outperforms
the Max SINR [5], MMSE [13, 14], and Iterative IA [5]
(i.e., CJ08 algorithm) schemes for all SNR under different
variances of CSI error scenarios. The Max SINR and MMSE
schemes show good performance almost comparable to our
proposed WTLS-based IA scheme at low SNR. However, as
the SNR increases, the sum rates of Max SINR and MMSE
schemes increase at slower rate than that of the WTLS-based
IA scheme. Particularly, the sum rate of Max SINR scheme
degrades to that of MMSE scheme as the SNR increases
(these two schemes themselves converge as SNR increases),
while both of them still outperform Iterative IA scheme.
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Figure 5: The achievable per-stream rate of the proposed WTLS-
based IA scheme for the case 𝛼 = 𝛽 = 0.1.

Generally, Figure 2 shows that there is a considerable gain by
using our WTLS-based IA scheme especially under a serious
CSI error scenario. Meanwhile, the number of iterations in
WTLS-based IA scheme is not more than 10 [19]. It is much
less than 100 iterations in both Max SINR and Iterative IA
schemes and still less than 16 iterations [13, 14] in MMSE
scheme (this MMSE scheme is slightly more complicated
as Lagrange multipliers need to be computed to design the
transmit beamformers [31]).

Figure 3 portrays the sum rate performance of different
IA schemes with imperfect CSI for the cases 𝛼 = 𝛽 = 0.1
and 𝛼 = 𝛽 = 0.01, respectively, where we have 𝐾 = 3 users
and 𝑁

𝑡
= 𝑁
𝑟
= 4 antennas at each node. The theoretical

maximum DoF is 6 which can be achieved, which means
each transmitter is with 2 DoF. That is to say, this system
is symmetrical MIMO interference network. Comparing to
Figure 2, although the sum rates of all schemes increase as the
variance of CSI error decreases, the increasement of the sum
rates of all schemes is limited due to the more inter-stream
interference with imperfect CSI. It can be observed that the
proposedWTLS-based IA scheme still outperforms the other
schemes for all SNR under different variances of CSI error
scenarios. Our proposedWTLS-based IA scheme can achieve
a better performance than the other schemes even at lowSNR.
Generally, the proposedWTLS-based IA scheme is proven to
have good performance under the scenario of symmetrical
multiple interstream interference.

Figure 4 illustrates the achievable sum rate of the pro-
posed WTLS-based IA scheme for different variances of CSI
error, where we have 𝐾 = 3 users and𝑁

𝑡
= 𝑁
𝑟
= 3 antennas

at each node. It is seen that the achievable sum rate decreases
as the variance of CSI error increases. When the variance of
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Figure 6: The sum rate performance of the proposed WTLS-based IA scheme with different sizes of data matrixD for 𝐾 = 3,𝑁
𝑡
= 𝑁
𝑟
= 3.

CSI error becomes sufficiently small, the achievable sum rate
surely approaches the one with perfect CSI. The starlike and
dotted lines represent the achievable sum rate of the proposed
WTLS-based IA scheme with different variances of CSI error
for direct link 𝛼 and interference links 𝛽, respectively. It can
be observed that the sum rate decays as the variance of CSI
error only for direct link or interference links increases. The
increasement of the variance of CSI error for direct link 𝛼
has a much worse effect on the achievable sum rate than that
of the variance of CSI error for interference links 𝛽. This
leads to a conclusion that transmitter can achieve a desired
transmission rate by allocating minimum required resources
according to CSI.

Figure 5 describes achievable per-stream rate of the
proposed WTLS-based IA scheme versus SNR in 𝐾-user
interference channels, where we have 𝛼 = 𝛽 = 0.1. As shown
in Figure 5, the achievable per-stream rate monotonically
increases, and it saturates in the high SNR regime. However,
because of the negative effect of interuser interference, the
achievable per-stream rate monotonically decreases as the
number of the users increases. It can be also observed that the
per-stream rate performance of single stream case for each
user is much better than the case of the multiple streams case
for each user. The reason is that interstream interference has
a negative effect on the rate performance under the CSI error
scenario. Generally, under a CSI error scenario (especially a
serious CSI error scenario), the more users or antennas the
communication system has, the worse the rate performance
will be.

Figures 6(a) and 6(b) show the sum rate performance of
the proposed WTLS-based IA scheme with different sizes of

data matrixD for 𝛼 = 𝛽 = 0.1 and 𝛼 = 𝛽 = 0.01, respectively,
where we have 𝐾 = 3 users and 𝑁

𝑡
= 𝑁
𝑟
= 3 antennas

at each node. It can be observed that the sum rate increases
as the size of data matrix Dmagnifies. In other words, when
the value of 𝑛 in (38) increases, the sum rate performance of
the proposed WTLS-based IA scheme increases. From both
Figures 6(a) and 6(b), it can be found that the sum rate
performance increases more slowly when the value of 𝑛 is
larger than 64. The sum rate begins to converge as 𝑛 = 128.
These observations confirm that if the number of rows of the
data matrix D is large enough, estimation X converges to X0
with probability tending to 1.

5. Conclusions

In this paper, we have considered the sum rate performance
of different IA schemes under the condition of CSI uncer-
tainties. We have established an EIV-based system model of
IA with imperfect CSI and presented an IA scheme based
on WTLS error analysis algorithm for turning the imperfect
CSI-based IA optimization (i.e., constrained optimization
problem) into an equivalently unconstrained optimization
problem in the transmitted signal estimation. Meanwhile,
the convergence of the proposed WTLS-based IA scheme
is presented as well. Numerical results have shown that the
proposed WTLS-based IA scheme can effectively improve
the sum rate performance of the MIMO interference channel
system compared with several existing IA schemes under
different scenarios of CSI error. Numerical results have also
shown that the larger the number of rows of the data matrix
D is, the higher the accuracy of estimation X is.
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Appendix

Conjugate Gradient of 𝑓(X)

𝑞
𝐻

𝑖
(X), 𝑞

𝑖
(X), and 𝑅

𝑖
(X) are all the functions of argument X.

For the sake of convenience, they can be expressed by X as
follows:

𝑞
𝐻

𝑖
(X) = (D̂X)

𝑖,:
= ([A B] [

X
−I
])

𝑖,:
= (AX−B)𝑖,:

= (A
𝑖,:X−B𝑖,:) = a𝐻

𝑖
X− b𝐻
𝑖
,

(A.1)

𝑞
𝑖 (
X) = (a𝐻

𝑖
X− b𝐻
𝑖
)

𝐻

= X𝐻a
𝑖
− b
𝑖
, (A.2)

𝑅
𝑖 (
X) = ̂X𝐻W𝑖̂X = [X𝐻 −I] cov (̃d𝑖) [

X
−I
]

= [X𝐻 −I] [
[

cov (ã
𝑖
) cov (ã

𝑖
,
̃b
𝑖
)

cov (̃b
𝑖
, ã
𝑖
) cov (̃b

𝑖
)

]

]

[

X
−I
] .

(A.3)

Obviously, 𝑓(X) is a scalar function. We can treat 𝑓(X)
as function with respect to 𝑞

𝑖
(X) and 𝑅

𝑖
(X). According to

the conjugate gradient method for unconstraint optimization
and the chain rule of matrix derivative [27, 28], we have

𝜕𝑓 (X)
𝜕X∗

=

𝑑
𝑘

∑

𝑖=1

𝜕𝑓 (𝑞
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, 𝑅
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=
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[
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𝑇

𝑖
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𝜕X∗
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𝐻

𝑖
𝑅
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𝑖
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𝑖
)

𝜕𝑞
𝑖

+

𝜕𝑅
𝑇
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(X)

𝜕X∗
𝜕 (𝑞
𝐻

𝑖
𝑅
−1
𝑖
𝑞
𝑖
)

𝜕𝑅
𝑖

] ,

(A.4)

where 𝑞
𝑖
(X) is a vector, while 𝑅

𝑖
(X) is matrix. Note that,

in the EIV-based IA system, s
𝑘
and ̂X are vectors; thus

the solution of X is univariate case. In this case, 𝑅
𝑖
(X) is

a single component matrix, while 𝑞
𝑖
(X), b

𝑖
, and ̃b

𝑖
are all

single component vectors. According to the derivative rules
of functionwith vector argument [27, 28], the 𝜕(𝑞𝐻

𝑖
𝑅
−1
𝑖
𝑞
𝑖
)/𝜕𝑞
𝑖

in the first term of (A.4) can be rewritten as

𝜕 (𝑞
𝐻
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𝑅
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𝑞
𝑖
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∗

𝑖
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According to the derivative rules of function with matrix
argument relevant to matrix inverse [28], 𝜕(𝑞𝐻

𝑖
𝑅
−1
𝑖
𝑞
𝑖
)/𝜕𝑞
𝐻

𝑖
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the second term of (A.4) can be written as
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Then (A.4) can be rewritten as follows:
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We can derive (A.7) by deducing the terms of 𝜕𝑞
𝑖
(X)/𝑑X∗

and 𝜕𝑅
𝑖
(X)/𝜕X∗. Firstly, the derivative term of 𝜕𝑞

𝑖
(X)/𝜕X∗

can be derived from (A.2)
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Secondly, derivative term of 𝜕𝑅
𝑖
(X)/𝜕X can be derived

from (A.3)
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𝑖
,
̃
𝑏
𝑖
)

cov (̃𝑏
𝑖
, ã
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Finally, substituting (A.8) and (A.9) into (A.7), we obtain the
conjugate gradient of 𝑓(X)
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Vibration measurement is important for understanding the behavior of engineering structures. Unlike conventional contact-
type measurements, vision-based methodologies have attracted a great deal of attention because of the advantages of remote
measurement, nonintrusive characteristic, and no mass introduction. It is a new type of displacement sensor which is convenient
and reliable. This study introduces the singular value decomposition (SVD) methods for video image processing and presents a
vibration-extracted algorithm.The algorithms can successfully realize noncontact displacementmeasurements without undesirable
influence to the structure behavior. SVD-based algorithm decomposes a matrix combined with the former frames to obtain a set
of orthonormal image bases while the projections of all video frames on the basis describe the vibration information. By means
of simulation, the parameters selection of SVD-based algorithm is discussed in detail. To validate the algorithm performance
in practice, sinusoidal motion tests are performed. Results indicate that the proposed technique can provide fairly accurate
displacement measurement. Moreover, a sound barrier experiment showing how the high-speed rail trains affect the sound barrier
nearby is carried out. It is for the first time to be realized at home and abroad due to the challenge of measuring environment.

1. Introduction

Vibration measurement is an important step for under-
standing the behavior of engineering structures. Traditional
measurement devices, such as accelerometer [1] and global
positioning systems [2, 3], have been widely used in the
industry. However, these contact-type measurements have
several limitations. For example, the introduction of a sensor
may affect the behavior of structures. Inmany situations, such
as remote measurement, high temperature, and magnetic
fields, installation of a sensor is difficult and themeasurement
accuracy may be interfered.

Therefore, significant interest has been given to the
development of noncontact measuring techniques, such as
speckle photography [4], hologram interferometry [5], and
laser Doppler vibrometer [6]. Meanwhile, the vision-based
technique offers an effective alternative to noncontact dis-
placement measurement. This technique benefits from the
progress in image acquisition and computer vision with the
advantages of remote measurement, nonintrusive character-
istic, and no mass introduction. Hence, this technique has

been applied in several areas, including structuresmonitoring
[7–11], human motion [12], and underwater measurement
[13]. Lee and Shinozuka [10] used image processing tech-
niques, such as texture recognition and projections of the
captured image, to accomplish real-time displacement mea-
surement of a flexible bridge. Jurjo et al. [11] presented an
experimental methodology for the dynamic analysis of slen-
der structures based on the digital image acquisition and
processing techniques. Trigo et al. [13] implemented a com-
bined computer vision and adaptive Kalman filter approach
to identify the coordinates of control points in underwa-
ter environment. Reference [14] of Park et al. realized 3D
displacement measurement model for health monitoring of
structures using a motion capture system.

In essence, these vision-based methodologies are based
on a series of image processing techniques for realizing video
vibration extraction, including edge detection, image seg-
mentation, and feature tracking. However, effective features
are complex and difficult to find. In addition several param-
eters and thresholds must be adjusted in each step of the
process to ensure a good performance. In this work, an
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alternative methodology is proposed, which introduces the
singular value decomposition (SVD) methods for vibration
extraction. The SVD method is a common matrix-factor-
ization algorithm in linear algebra that is equivalent to coor-
dinate transform in high dimensional space and can therefore
reveal the internal data structure and achieve dimensionality
reduction. The SVD method has been widely used in many
fields, such as principal component analysis [15, 16], noise
reduction [17], faint signal extraction [18, 19], and machine
condition monitoring [20].

This work explores the SVD method for video vibration
extraction, and the vibration-extracted SVD-based algo-
rithms are presented. Methodology of SVD-based extraction
algorithm is investigated in detail in Section 2. A motion
simulation of a black circle is introduced to show how the
selection of parameters affects the measurement precision.
The experiments, sinusoidal motion of a point and train
excitation of sound barrier are development. In experiment
part, the only needed preparation in advance is one adhesive
marker having a negligible mass with respect to the vibrating
structure. The additional marker especially can be omitted
when the structure has distinct surface patterns, such as
textures or edges. In addition, a modification for improving
the matching accuracy is reported. The procedure for the
SVD-based algorithm is simple, practical, and pervasive and
requires little expert interference. The performance of the
algorithm is validated by both simulation and experimental
examples. The results show that it can accurately extract
vibrating signals of large civil structures.

2. Methodology of SVD-Based
Extraction Algorithm

SVD is a common matrix-factorization algorithm in linear
algebra that can be defined as follows. For amatrixA ∈ R𝑚×𝑛,
two orthogonal matrices U = [u1, u2, . . . , u𝑚] ∈ R𝑚×𝑚 and
V = [k1, k2, . . . , k𝑛] ∈ R𝑛×𝑛 exist to meet the following form:

A = UDV𝑇, (1)

where D is an 𝑚 × 𝑛 rectangular diagonal matrix with
nonnegative real numbers on the diagonal, D = [diag(𝜎1,
𝜎2, . . . , 𝜎𝑞),O], or its transposition decided by 𝑚 < 𝑛 or
𝑚 > 𝑛, while O is a zero matrix 𝑞 = min(𝑚, 𝑛). The diagonal
entries 𝜎

𝑖
(𝑖 = 1, 2, . . . , 𝑞, 𝜎1 ≥ 𝜎2 ≥ ⋅ ⋅ ⋅ ≥ 𝜎

𝑞
> 0) are known

as the singular values of A. The 𝑚 columns of U and the 𝑛

columns of V are called the left-singular vectors and right-
singular vectors of A, respectively.

To reveal the essence of SVD, (1) can be converted to
another form of column vectors u

𝑖
and k
𝑖
:

A = 𝜎1u1k
𝑇

1 +𝜎2u2k
𝑇

2 + ⋅ ⋅ ⋅ + 𝜎
𝑞
u
𝑞
k𝑇
𝑞
, (2)

where u
𝑖

∈ R𝑚×1, k
𝑖

∈ R𝑛×1, and 𝑖 = 1, 2, . . . , 𝑞. Accord-
ing to the SVD theory, the vectors u

𝑖
(𝑖 = 1, 2, . . . , 𝑞), ortho-

normal to one another, form the orthonormal basis of the
𝑚-dimensional space; the vectors k

𝑖
, orthonormal to one

another, form the orthonormal basis of 𝑛-dimensional space.
From (2), the SVD breaks a matrix into simple and mean-
ingful pieces, whereas the magnitudes of 𝜎

𝑖
(𝑖 = 1, 2, . . . , 𝑞)

represent the energy distribution of the pieces. The front
singular values are large, which point to where the interesting
information is, whereas the latter values are nearly close
to zero, which can be regarded as noise. Thus, the former
𝑘 (𝑘 ≤ 𝑞) pieces can be truncated as the approximation of
the original matrix as follows:

A ≈ 𝜎1u1k
𝑇

1 +𝜎2u2k
𝑇

2 + ⋅ ⋅ ⋅ + 𝜎
𝑘
u
𝑘
k𝑇
𝑘
. (3)

The SVD provides an approach for factoring the matrix
into a series of linear approximations that expose the under-
lying structure and discover the redundancy of thematrix. As
a result, dimensionality reduction and information extraction
can be realized. In this work, the SVD technique is applied to
analyzemotion video and extract the vibration signals behind
the video.Unlike traditional image processing techniques, the
SVD-based extraction algorithm does not need any image
manipulation, such as edge detection, image segmentation,
and feature tracking, which require the adjustment of several
parameters and threshold values. The extraction procedure
mainly contains two steps: matrix decomposition and image
projection. A set of orthonormal image bases (OIB) is
obtained by decomposing a matrix created from the former
video frames, which exposes the vibrating structure of the
video. The vibration information is then revealed in some
component signals after projecting all the frames on the OIB.

From the brief procedure, the SVD-based extraction algo-
rithm is simple and straightforward. Based on the intrinsic
characteristics of SVD, the algorithm is robust to noise and
can always obtain smooth extracted results. The algorithm
principle is explained in Section 2.1. More details about the
use of the algorithm, such as the meaning of the component
signals and the discussion of the algorithm parameters, are
discussed in Sections 2.2 and 2.3.

2.1. Principle of the SVD-Based Algorithm. Given a video con-
taining 𝑛 frames, each frame is an 𝐻 × 𝑊 image, denoted by
𝐹
𝑗
, 𝑗 = 1, 2, . . . , 𝑛. Before applying the SVD-based extraction

algorithm, a scope is first selected in the video image. The
selection of the scope must ensure that the video in the scope
always focuses on themoving object or feature.Therefore, the
information hidden in the scope is all about the vibration and
SVD can reveal the reliable signals.

Suppose that the height of the scope is ℎ and the width
is 𝑤. The subimages truncated from the video frames are
denoted by 𝑅

𝑗
, 𝑗 = 1, 2, . . . , 𝑛. The subimages to column vec-

tors are transformed and the former 𝑚 vectors are combined
into a global matrix, which can be described as G

𝑚×(𝑤×ℎ)
=

[𝑅1(:), 𝑅2(:), . . . , 𝑅𝑚(:)]
𝑇 using MATLAB code for explaining

conveniently.
The matrix G

𝑚×(𝑤×ℎ)
is then decomposed by SVD, and

matrices U, D, and V are then obtained. In the diago-
nal matrix D, the former 𝑘 significant singular values are
reserved, whereas the rest are set to zero. Thus, the decom-
position can be expressed as follows:

G
𝑚×(𝑤×ℎ)

= U
𝑚×𝑘

⋅D
𝑘×𝑘

⋅V𝑇
(𝑤×ℎ)×𝑘

= 𝜎1u1k
𝑇

1 +𝜎2u2k
𝑇

2 + ⋅ ⋅ ⋅ + 𝜎
𝑘
u
𝑘
k𝑇
𝑘
,

(4)
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where 𝜎1 ≥ 𝜎2 ≥ ⋅ ⋅ ⋅ ≥ 𝜎
𝑘

> 0 and 𝑘 < 𝑚; the def-
initions of U, D, and V are similar to (1). In (4), the vectors
k
𝑖
(𝑖 = 1, 2, . . . , 𝑘) are orthonormal to one another and form

the orthonormal basis of (𝑤 × ℎ)-dimensional space. Given
the length of the vector k

𝑖
is 𝑤 × ℎ, k

𝑖
can be rewritten as

matrix form, denoted by 𝐼
𝑖,𝑤×ℎ

. Thus, the matrices 𝐼
𝑖,𝑤×ℎ

(𝑖 =

1, 2, . . . , 𝑘) form a set of OIB. According to the SVD theory,
this set of OIB may reveal some characteristics of the video.
Given that the subimages forming the matrix G

𝑚×(𝑤×ℎ)
all

reflect the vibration of the same object, the OIB may expose
the underlying vibration structure of the video, which is
verified later by the motion simulation of black circle.

Corresponding to the 𝑖th component, the vector 𝜎
𝑖
u
𝑖
is a

coordinate of the projection of the global matrixG
𝑚×(𝑤×ℎ)

on
the basis vector k

𝑖
(or 𝐼
𝑖,𝑤×ℎ

):

G ⋅ k
𝑖
= (𝜎1u1k

𝑇

1 +𝜎2u2k
𝑇

2 + ⋅ ⋅ ⋅ + 𝜎
𝑘
u
𝑘
k𝑇
𝑘
) ⋅ k
𝑖

= 𝜎
𝑖
u
𝑖
k𝑇
𝑖

⋅ k
𝑖
= 𝜎
𝑖
u
𝑖

(5)

or

G ⋅ k
𝑖
= [𝑅1 (:) ,𝑅2 (:) , . . . , 𝑅

𝑚
(:)]
𝑇

⋅ k
𝑖

= [𝑅1 ⊗ 𝐼
𝑖,𝑤×ℎ

, 𝑅2 ⊗ 𝐼
𝑖,𝑤×ℎ

, . . . , 𝑅
𝑚

⊗ 𝐼
𝑖,𝑤×ℎ

]
𝑇

= [𝜎
𝑖
𝑢
𝑖1, 𝜎𝑖𝑢𝑖2, . . . , 𝜎𝑖𝑢𝑖𝑚]

𝑇

,

(6)

where 𝜎
𝑖
u
𝑖
= [𝜎
𝑖
𝑢
𝑖1, 𝜎𝑖𝑢𝑖2, . . . , 𝜎𝑖𝑢𝑖𝑚]

𝑇 and the operation ⊗ is
defined as follows: given twomatrices of the same dimension,
A and B, A ⊗ B = ∑

𝑖
∑
𝑗
𝑎
𝑖𝑗
𝑏
𝑖𝑗
. Thus, 𝜎

𝑖
𝑢
𝑖𝑗
is the projection

of 𝑅
𝑗
on 𝐼
𝑖,𝑤×ℎ

and 𝜎
𝑖
u
𝑖
is the projection signal of the 𝑚

subimages on 𝐼
𝑖,𝑤×ℎ

, which reveals the vibration information
of the former 𝑚 frames on the 𝑖th principal direction.

Similar to (6), all the subimages 𝑅
𝑗

(𝑗 = 1, 2, . . . , 𝑛) can
be projected on the set of OIB, and the 𝑖th projection signal
can be considered as principal component 𝐶

𝑖
∈ R𝑛×1 (𝑖 =

1, 2, . . . , 𝑘):

𝐶
𝑗𝑖

= 𝑅
𝑗
⊗ 𝐼
𝑖,𝑤×ℎ

, (7)

where 𝐶
𝑖

= [𝐶1𝑖, 𝐶2𝑖, . . . , 𝐶𝑛𝑖]
𝑇. These component signals

reflect the vibration information of the whole video.
The procedure of the SVD-based extraction algorithm is

listed as follows:

(a) A fixed scopewith the size of ℎ×𝑤 is selected from the
video image, in which the subimage always focuses on
the moving object or feature.

(b) The subimages in the scope is truncated from the
video, and the former 𝑚 subimages are combined to
form a global matrix G

𝑚×(𝑤×ℎ)
.

(c) The SVD is then applied to G
𝑚×(𝑤×ℎ)

, and the key 𝑘

singular values are retained with the corresponding
orthonormal vectors k

𝑖
(𝑖 = 1, 2, . . . , 𝑘) reshaped as

ℎ × 𝑤 matrices that represent a set of OIB.
(d) All the subimages are projected on the set of OIB and

the 𝑘 component signals are obtained, which reflect
the vibration information of the video.

For easy understanding, the procedure is illustrated in
Figure 1 by applying the method to a simulation example.
The SVD-based algorithm is then applied to extract the path
coordinates. For conciseness, the motion equations, whose
shape is an ellipse, are expressed as follows:

𝑥 (𝑡) = 10 cos (2𝜋𝑓𝑡)

𝑦 (𝑡) = 6 sin (2𝜋𝑓𝑡) ,

(8)

where the vibration frequency 𝑓 = 1Hz and the sampling
frequency 𝑓𝑠 = 50Hz. The algorithm parameters are set as
𝑚 = 50 and ℎ = 𝑤 = 50. The extraction results with their
spectra are shown in Figure 2.

The first component signal has small variation around a
high level, which may be assumed as the brightness informa-
tion of the subimages.The second and third components have
the same spectrum peak as the input frequency, indicating
that these two signals may be related to the video vibration.
Compared with the input motion in (8), the second compo-
nent signal is similar to the 𝑥 input, and the third is similar
to the 𝑦 input. Moreover, the other components vibrate
faster with high harmonic spectra, and their amplitudes are
small compared with the former components.Thus, the latter
components can be regarded as disturbance terms introduced
by the computational accuracy error, which can be explained
by the fact that the former three components account for
more than 98% of the total signal energy. In practice, only
the former three singular values and their corresponding
orthonormal vectors are calculated to save computing time,
which can be conveniently realized by the function svds.

The results show that the SVD-based extraction algo-
rithm is similar to dimension reduction. Although the pixels
of the video image can be considered as features reflecting
the video vibration, the extraction algorithm can remarkably
reduce the feature dimension and obtain only the 𝑘 compo-
nent signals, which reveal the vibration information hidden
behind the video. OIB has an important role in the process
and deeply exposes the underlying vibration structure of the
video. The brief processes and the results demonstrate that
the SVD-based extraction algorithm is efficient and effective.
Similar to the NCC-based algorithm, the SVD-basedmethod
is robust to different lighting conditions because it directly
extracts the brightness information as the first component
signal.

However, with regard to the actual physical significance
of the components, an explicit conclusion based on the theo-
retical analysis above is difficult to achieve, while the NCC-
based algorithm can be used to help explain the process from
the numerical simulation perspective.

2.2. Significance Analysis of the Component Signals. From the
decomposition in (4), the globalmatrixG

𝑚×(𝑤×ℎ)
is composed

of 𝑘 component matrices, which can be expressed as

G
𝑚×(𝑤×ℎ)

= 𝜎1u1k
𝑇

1 +𝜎2u2k
𝑇

2 + ⋅ ⋅ ⋅ + 𝜎
𝑘
u
𝑘
k𝑇
𝑘

= G1,𝑚×(𝑤×ℎ) +G2,𝑚×(𝑤×ℎ) + ⋅ ⋅ ⋅ +G
𝑘,𝑚×(𝑤×ℎ)

,

(9)

where G
𝑖,𝑚×(𝑤×ℎ)

= 𝜎
𝑖
u
𝑖
k𝑇
𝑖
, 𝑖 = 1, 2, . . . , 𝑘. Equation

(9) shows that each component matrix is equivalent to a
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Figure 1: Procedure illustration of the SVD-based algorithm to the simulation example.

vibration subvideo containing 𝑚 frame images whose sizes
are 𝑤 × ℎ. In other words, the vibration in the original
video can be decomposed into 𝑘 vibration components in
the subvideos, whereas each subvideo corresponds with the
corresponding singular value or the component signal. The
physical significance of the component signals can be realized
by reconstructing the subvideos and analyzing these com-
ponents through the NCC-based algorithm. However, the
reconstructed subvideos showed that obtaining the obvious
vibration intuitively is difficult. The reason is that the first
component signal, variating slightly on a high level, is a
reflection of image average brightness, so the corresponding
subvideo contains all brightness information, whereas the
other subvideos only display extra difference about vibration
free from brightness, thereby bringing difficulty to the signif-
icance analysis. Therefore, we reconstruct the subvideos by
another way: 𝑠𝑉

𝑖,𝑚×(𝑤×ℎ)
= G1,𝑚×(𝑤×ℎ) + G

𝑖,𝑚×(𝑤×ℎ)
, 𝑖 ≥ 2, and

consider 𝑠𝑉
𝑖,𝑚×(𝑤×ℎ)

as the 𝑖th subvideo. The reconstitution
procedure is illustrated as in Figure 3.

After obtaining the subvideos, the SVD-based algorithm
is performed by considering the first frame of the original
video 𝐹1,𝐻×𝑊 as the source image and the subvideo frames
as the template images.The results of the simulation example
in Section 2.1 are shown in Figures 4(a) and 4(b).

The results showed that the SVD-extracted signals in the
𝑥-direction are constant, except for the second subvideo,
whose 𝑥-direction signal is a standard cosine signal similar
to that of the input 𝑥 in (8). The signals in the 𝑦-direction

are constant, except for the third subvideo, whose𝑦-direction
signal is a standard sine signal similar to that of the input 𝑦

in (8). Therefore, the second and third components signals
are related to the simulation inputs 𝑥 and 𝑦, respectively,
and both reflect the vibration information of the original
video, whereas the other components are not related to the
vibration status. In practice, only the former three component
signals are needed in performing the SVD-based extraction
algorithm because the first component signal represents the
brightness variation of video, while the second and third
components reveal all the vibration information.

The trajectories of the second and third subvideos are
plotted in Figure 4(c). These two trajectories are overall
orthogonal, which can be interpreted by the decomposition
irrelevance of SVD. Thus, the SVD-based extraction algo-
rithm provides two orthonormal image bases: 𝐼2,𝑤×ℎ and
𝐼3,𝑤×ℎ. When the original video is projected on these two
bases, the vibration in original video is decomposed into two
orthogonal vibration, which are simple and easy to analyze
and contained in the subvideos.

To further exhibit the algorithm effect, another simula-
tion example with a complicated vibrating path is provided
with the inputs

𝑥 (𝑡) = 10 cos (2𝜋𝑓𝑡)

𝑦 (𝑡) = 6 sin (2𝜋𝑓𝑡) + 8 sin (2𝜋 ⋅ 2.7𝑓𝑡) .

(10)
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Figure 2: Simulation results by applying the SVD-based algorithm.
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Figure 3: Reconstitution of the component subvideos from the decomposition of SVD.

The results obtained by applying the SVD-based algo-
rithm for significance analysis are shown in Figure 5. Only
the second and third components reflect the video vibration
information, whereas the others are not related to the vibra-
tion. Although the complexity of the inputs increases, the
orthogonality between the trajectories is still satisfied. The
only difference is that the two trajectories are globally rotated
with an angle compared with the simple example.

2.3. Selection of Algorithm Parameters. Several parameters
must be chosen in applying the SVD-based algorithm, includ-
ing the size and shape of the scope and the count of frames
𝑚 used in the decomposition of SVD. Instead of using width
𝑤 and height ℎ to describe the scope, the scope area 𝑆 =

(𝑤 × ℎ) and width-height ratio 𝜌 = (𝑤/ℎ) are used as
the representation of size and shape. The selection of these
parameters influences the performance and computing time.
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Figure 4: Significance analysis by applying the SVD-based algorithm: (a) 𝑥-direction vibration of the subvideos; (b) 𝑦-direction vibration of
the subvideos; and (c) trajectories of the second and third subvideos.

The extent of the influence of these parameters is discussed in
this section.

Considering the simulation in Section 2.1 as an example,
and by performing the SVD-based algorithm in the case of
one parameter varying and the others fixed, the algorithm
performance along the varying parameter is obtained. The
curve of the performance provides an idea on the selection of
algorithm parameters.The variation ranges of the parameters
are shown in Table 1.

Two criteria are proposed for evaluating the performance:
the Correlation Coefficient (CC), used to determine the

Table 1: Variation ranges of the parameters.

𝑚 𝑆 𝜌

1 5–100 900 = (30 × 30) 1
2 50 3 × 3–100 × 100 1
3 50 900 = (30 × 30) 0.05–20

waveshape matching degree, and the Root-Mean-Square
Ratio (RMSR) between the extracted signal and real input,
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Figure 5: Significance analysis of another complicated simulation: (a) 𝑥-direction vibration of the subvideos; (b) 𝑦-direction vibration of the
subvideos; and (c) trajectories of the second and third subvideos.

used to measure the recovering accuracy, which are defined
as follows:

CC (𝑠, 𝑟) =

(𝑠 − 𝑠)
𝑇

(𝑟 − 𝑟)

√(𝑠 − 𝑠)
𝑇

(𝑠 − 𝑠)√(𝑟 − 𝑟)
𝑇

(𝑟 − 𝑟)

RMSR (𝑠, 𝑟) =

√(𝑠 − 𝑠)
𝑇

(𝑠 − 𝑠)

√(𝑟 − 𝑟)
𝑇

(𝑟 − 𝑟)

,

(11)

where 𝑠 ∈ R𝑛×1 is the extracted signal; 𝑟 ∈ R𝑛×1 is the real
input; 𝑠 is the mean value of 𝑠; and 𝑟 is the mean value of 𝑟.

The CC ranges from 0 to 1, where 0 means no correlation and
1 indicates perfect correlation.

2.3.1. Influence of the Parameter𝑚. Let the parameter𝑚 range
from 5 to 100, whereas the scope is set as 900 = (30 × 30,
𝜌 = 1), as shown in the first line of Table 1. Applying the
SVD-based algorithm, the results are shown in Figure 6. The
red curves marked by circle markers are the CC and RMSR
criteria between the second component signal and the input
𝑥, whereas the blue curves marked by square markers are the
criteria between the third component signal and the input 𝑦.
Figure 6(c) displays the computing time of different 𝑚.
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Figure 6: Influence of the parameter 𝑚: (a) CC criterion of the second and third components signals with the 𝑥- and 𝑦-inputs; (b) RMSR
criterion of the second and third components signals with the 𝑥- and 𝑦-inputs; and (c) computing time of different 𝑚.

When 𝑚 is small, the CC and RMSR increase gradually.
After a value about 46, CC gets close to 1 and RMSR tends
towards stability, indicating that large 𝑚 is needed to ensure
good performance.The tendency of RMSR, which is not to 1,
indicates that the amplitude of extracted signal is unequal to
the real input. Thus, the magnitude of the extracted signals
does not have physical significance. Figure 6(c) shows that
the computing time increases linearly along with𝑚.Thus, the
selection of𝑚needs balance between the computing time and
the algorithm performance.

2.3.2. Influence of the Parameter 𝑆. The area 𝑆 changes under
the condition of𝑚 = 50 and 𝜌 = 1; that is, the scope is square.
Suppose that the side length of square scope ranges from 3 to
100. The results are shown in Figure 7.

Figure 7 shows that the CC criterion remains unchanged
around 1 and the RMSR increases linearly along with the
side length, indicating that the scope area has little effect on
the algorithm performance, except for enlarging the signal
amplitude. However, the scope area has a significant impact
on computing time, which increases quadratically.

2.3.3. Influence of the Parameter 𝜌. Assuming 𝑆 = 900 and
𝑚 = 50, the width-height ratio 𝜌 changes from 0.05 to
20. Notably, when 𝜌 is small, the corresponding relationship
changes to the extracted results: the second component
corresponds to the input 𝑦 instead of 𝑥, whereas input 𝑥 is
reflected by the third component.Thus, adjustments aremade
by inverting the order of the two components at small 𝜌 in
Figures 8(a) and 8(b).
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Figure 7: Influence of the parameter 𝑆: (a) CC criterion of the second and third components signals with the 𝑥- and 𝑦-inputs; (b) RMSR
criterion of the second and third components signals with the 𝑥- and 𝑦-inputs; and (c) computing time of different 𝑆.

The results show that the width-height ratio 𝜌 also has
little impact on the CC criterion, except for the inversion of
the corresponding relationship. The RMSR result shows that
the amplitude of the component signals changes along with
𝜌. When 𝜌 is small, the vibration signal in the horizontal
direction is suppressed so that the extracted result has a small
amplitude. Meanwhile, the signal in the vertical direction is
promoted to obtain a large amplitude. Thus, the 𝑥-direction
signal switches to the third component and the 𝑦-direction
signal switches to the second. When 𝜌 is large, the result is
opposite. Therefore, the amplitude of the results is decided
by both the area and the width-height ratio; that is, the SVD-
based algorithmhas directivity.When the scope has emphasis
in one direction, the vibration on this direction is easier to
extract and may have a larger amplitude. The circular scope

may be more suitable for use despite its complexity, which is
not further studied in this work. In addition, the computing
time does not significantly change because the size of scope
is constant, as shown in Figure 8(c).

In conclusion, (a) the matching degree is only related
to 𝑚 and is related to neither the scope, the size, nor
the shape. Large 𝑚 is helpful for extracting the vibration
signals accurately but also increases computing time. (b)The
amplitude of the extracted signals is not equal to the practical
inputs, which depends on the size and shape of the scope.
Large area and long direction increase the amplitude. (c)The
computing time is related to 𝑚 and the scope area, except
for the scope shape. The impact of the scope area is greater
than 𝑚, indicating that the calculated amount of the matrix
decomposition in (4) is decided by𝑚 and the scope area ℎ×𝑤.
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Figure 8: Influence of the parameter 𝜌: (a) CC criterion of the second and third components signals with the 𝑥- and 𝑦-inputs; (b) RMSR
criterion of the second and third components signals with the 𝑥- and 𝑦-inputs; and (c) computing time of different 𝜌.

Finally, the selection of parameters can be summarized as
follows:

(a) A larger 𝑚 is better, but the selection needs balance
between the performance and the computing time.

(b) The size of the scope should not be too large.
(c) Square scope is simple and suitable.
(d) To ensure good results, 𝑚 can be set large at the price

of decreasing the area.

3. Experimental Verification

3.1. Grating Ruler Shake Table Test. In order to evaluate
the performance of the SVD-based vibration extraction

technique, the pixel level accuracy, and the target track ability
of a dynamic response, a laboratory test was carried out using
a grating ruler which called incremental grating displacement
sensormoving table subjected to sinusoidal excitation. In this
experiment, the grating ruler was fixed in the moving table
so that it can accurately track the motion signals of moving
table. The sampling frequency of the grating ruler is 20Hz
and the grating pitch is 0.02mm with 1 um resolving power.
One target was fixed on a table which could be programmed
to move in one direction with an arbitrary amplitude and
frequency. As shown in Figure 9(a), video camera was placed
at about 3m away from the table and stood at comfortable
height so that the shake table exists in camera plane. It should
be better that the image plane be parallel to the object plane
but not necessary.
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Figure 9: Grating ruler shake table test: (a) grating ruler table; (b) test configuration.
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Figure 10: Comparison between measured dynamic displacements: (a) time domain; (b) frequency domain.

In this experiment, the camera captures the target panel
with 200 frames per second and detects the motion of target
on a connected computer as shown in Figure 9(b).The actual
pixel size of a digital image was measured by predesigned
target panel; the size of a pixel was calibrated such that
1 pixel corresponds to about 0.185mm. The shake table
was programmed to move along 𝑥-direction in sinusoidal
motion of 1.5mm amplitude, with a frequency of 0.5Hz. The
whole measurement was taken for 10 seconds. In the whole
process of experiment, the displacement obtained by vision
system was compared with that measured by the grating
ruler. The size of the captured image was 500 × 500; the
algorithm parameters are set as 𝑚 = 100; and the scope
is square with the size of 50 × 50 which covers part of the
white circular target panel. Some postprocessing is necessary
because the vibration signal obtained directly by SVD-based
algorithm cannot agree with grating ruler data. Figure 10

shows horizontal displacement time histories measured by
the vision-based system and the grating ruler.

Themaximum error is 0.15mm and basically within error
limit of 0.1mm. The extraction precision between these two
algorithms is almost the samewhile the SVD-based algorithm
costs less computation time than the NCC-based algorithm.
Therefore, both algorithms can successfully accomplish the
vibration extraction and obtain the same conclusion. How-
ever, the difference is that the SVD-based algorithm concen-
trates all the vibration information in the second component,
whereas the NCC-based algorithm divides the information
into two signals. The SVD-based algorithm finds a principal
direction of vibration different from the 𝑥- and 𝑦-directions,
and the results of NCC are the projections of the principal
direction on 𝑥 and 𝑦 similar to rotation of coordinates.
Thus, the SVD-based algorithm reveals the vibration essence,
whereas theNCC-based algorithm obtains results with actual
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Figure 11: (a) Viaduct installed with sound barriers; (b) experimen-
tal setup; and (c) one image of the shot video.

physical meaning and the unit of results is pixel. Altogether,
the vision-based vibration extraction using singular value
decomposition is available.

3.2. Measurement of Sound Barrier Experiment. An attempt
to extract the vibration of sound barrier is reported to validate
the effectiveness of the proposed algorithms in field. Sound
barrier, also called sound-wall or noise barrier, is a platy
structure designed to protect inhabitants on both sides of the
railway from noise pollution. It has been found that sound
barrier is the most effective method of mitigating roadway,
railway, and industrial noise sources.

However, with the increase in the train speed, strong
suction and impact are introduced when high-speed trains
pass by the section installed with sound barriers, leading to
violent vibrations of the barriers that may cause the fatigue
of materials and loose assembly. In addition, when the sound
barriers are damaged and fall on the railway track, disastrous
consequences may occur. Thus, to improve the performance
of sound barriers, the vibration course when the high-speed
train passes should be first measured. However, traditional
measurement methods are difficult to use because of the
inconvenience to install the barriers at the working train line.
Therefore, vision-based measurement has been put forward
to solve such problem.

The viaduct installed with sound barriers is located in
Kunshan, as shown in Figure 11(a). The experiment is set up
below the viaduct in Figure 11(b). The setup mainly includes
a PC and a high-speed camera, which are used to capture
the displacement vibration video. When a high-speed train
passed by, a video containing the vibration of sound barrier
is shot at 232 frames per second. One image of the video is
displayed in Figure 11(c). In practice, the assumption that the
deformation of barrier is negligible relative to the vibration is
acceptable. Although the barrier is shot at a certain elevation,
the vibration in the video can be considered as the projection
of the actual movements on the imaging plane of the camera,
which has no effect on the extraction of vibration properties.

Applying the SVD-based extraction algorithm to the
barrier video, the second and third components signals with

their corresponding spectrum are shown in Figure 12. The
algorithm parameters are set as 𝑚 = 100; the scope is square
with the size of 50×50, whose position is displayed as the red
frame in Figure 11(c).The second component clearly indicates
the moment of train arrival, and three obvious spectral peaks
can be observed in its spectrum at 10.42, 21.07, and 45.77Hz,
which can be considered as the characteristic frequencies of
the sound barrier. The third component signal indicates the
moment of train arrival; however, its spectrum implies that it
is more similar to white noise. Thus, the vibration informa-
tion of the barrier comes together in the second component.

Actually, comparing the proposed method with tradi-
tional measurements is difficult because of assembling incon-
venience. However, the trends of vibration are obvious when
the train arrives and accord with standard signal of sound
barriers. The accuracy of SVD-based algorithms is proved in
measurement of harmonicmotion experiment. In a word, the
vision technique can successfully accomplish the vibration
extraction of sound barrier.

4. Conclusions

In this study, a simple and effective algorithm based on the
SVD methods was investigated for vibration extraction. The
algorithms realized the noncontact and remote measure-
ments requiring little expert interference and extra prepara-
tion.The SVD-based algorithm skillfully obtains a set of OIB
by performing a simple matrix decomposition; the projec-
tions of the video frames on this OIB represent the vibration
information. Further, through the study of simulation, we
found that only the second and third components signals
contain the vibration information, which are orthogonal.
Thus, the algorithm can be sped up using the SVD function
to calculate only the former three singular values. It can be
observed obviously that the SVD-based algorithm spends far
less time than the traditional NCC-based algorithm in the
measurement of harmonic motion experiments. The selec-
tion of algorithm parameters was also discussed, providing
the foundation for making better use of the SVD-based
algorithm. In addition, it is the first time to measure the
vibration of high-speed rail trains sound barrier. Both the
simulation and experimental study validated the effectiveness
of the proposed algorithms. The experimental example also
showed the reliable ability to accurately extract vibrating sig-
nals in practice. The vision-based techniques can accomplish
vibration measurement of large civil structures, where access
for installation of conventional instrumentation is difficult.

Further work is under way to research the theoretical
explanation of the OIB. Moreover, the obtaining of OIB
requires the participation of the former 𝑚 frames and im-
pedes the real-time extraction of vibration, which needs fur-
ther improvement.
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Electric arc furnace (EAF) causes the harmonics to impact on the supply network greatly and harmonic elimination is a very
important research work for the power quality associated with EAF. In the paper, a fundamental wave amplitude prediction
algorithm based on fuzzy neural network for harmonic elimination of EAF current is proposed. The proposed algorithm uses
the learning ability of the neural network to refine Takagi-Sugeno type fuzzy rules and the inputs are the average of the current
measured value in different time intervals. To verify the effectiveness of the proposed algorithm, some experiments are performed
to compare the proposed algorithm with the back-propagation neural networks, and the field data collected at an EAF are used in
the experiments. Moreover, the measured amplitudes of fundamental waves of field data are obtained by the sliding-window-based
discrete Fourier transform on the field data. The experiments results show that the proposed algorithm has higher precision. The
real curves also verify that the amplitude of fundamental wave current could be predicted accurately and the harmonic elimination
of EAF would be realized based on the proposed algorithm.

1. Introduction

Electric arc furnace (EAF) smelts the rawmetal by generating
arcs and has been widely used in the steel industry. For
the characteristics of electric arc and meltdown processes,
EAF causes some undesirable disturbing effects, such as
harmonics and flicker, which would have high impact on
the supply network [1]. Therefore, harmonic elimination is
of important theoretical significance and practicalmotivation
for the power quality associated with EAF.

Traditionally, most researches focus on the steady-state
modeling for harmonic elimination and some improved
models of EAF are presented recently. The cubic spline
interpolation is proposed to model the voltage-current char-
acteristic of EAF [2], and a new EAF-specific model based
on field measurements of instantaneous furnace voltages and
currents is presented [3]. Moreover, a mathematical model of
the 3-phase AC of EAF is proposed in a more macroscopic
level of modeling [4]. However, due to the instability of
smelting process and the randomness of the arc generation,

establishing a precise model of the EAF is extremely difficult.
Moreover, because some physical responses of EAF cannot
be obtained from the theoretical study easily, the assump-
tions of parameters would simplify the EAF model and the
analysis results would be affected. Artificial neural network
(ANN) learns the relationship between output and input
by adjusting the interconnections of neurons and has been
adopted for harmonic elimination [5–11]. In particular, an
ANN-based inductances on-line estimation of the swinging
power cables is discussed for efficient power control of
EAF [12]. Nevertheless, opaqueness is major shortcoming of
ANN. Hence, to deal with this problem, the fuzzy neural
network (FNN) is proposed [13]. FNN is a combined system
with ANN and fuzzy logic technique. The fuzzy concepts
could improve the transparency for understanding the inner
working of ANN, and for fuzzy logic technique, the fuzzy
rules have clear semantic meanings; namely, FNN has the
advantages of learning optimization ability of ANN and the
human-like thinking of fuzzy logic technique. In addition,
the parameter of FNN could be determined easily. Adaptive
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Figure 1: Diagram of EAF power supply system model.

neurofuzzy inference system (ANFIS) is one kind of FNNand
a first-order Takagi-Sugeno fuzzy system. Since ANFIS could
excellently estimate a system with uncertainty, a newmethod
based on ANFIS is proposed to evaluate the slag quality in
EAF using power quality indices [14].

This paper proposes a fundamental wave amplitude pre-
diction algorithm based on FNN for harmonic elimination of
EAF current. For the proposed algorithm, ANFIS is used to
predict the real-time amplitude of fundamental wave current
of EAF, which could provide a guarantee for the realization
of harmonic elimination. The inputs are the average of
the current measured value in different time intervals. To
verify the effectiveness of the proposed algorithm, some
experiments are performed on the field data collected at an
EAF. In the experiments, the proposed algorithm is compared
with the back-propagation neural networks (BPNN) for
estimating the fundamental wave amplitude. Moreover, the
measured values of fundamental wave amplitude of field data
are obtained by the sliding-window-based discrete Fourier
transform (SW-DFT) on the field data.The paper is organized
as follows.Thepower supply systemmodel and the equivalent
circuit of EAF are described in Section 2. In Section 3, the
proposed algorithm is presented in detail. In Section 4, the
experiments results are discussed to verify the effectiveness
of the proposed algorithm. Finally, Section 5 concludes the
paper.

2. Electric Arc Furnace

The EAF power supply systemmodel is shown in Figure 1. 𝑇
1

is a supply transformer and 𝑇
2
is a furnace transformer. 𝑍

𝑆
is

the grid impedance and 𝑍
𝐶
is the busbar impedance of EAF.

According to the state variables of EAF, such as the arc length,
the current value, and the temperature, the controller could
regulate the stalls of output voltage of the furnace transformer
and the electrode position.The equivalent circuit is shown in
Figure 2. 𝑅

𝑠
and 𝐿

𝑠
are equivalent to the grid impedance.The

transformer with a ratio of 𝑇
𝑝
:1 is equivalent to 𝑇

1
and 𝑇

2
.

𝑅
𝑐
and 𝐿

𝑐
are equivalent to the busbar impedance. 𝑉

𝑠
is the

power source. Time-varying resistance 𝑅
𝐸
and 𝑉

𝑏
are the arc

equivalent model.

3. The Proposed Algorithm

According to the characteristics of EAF, a fundamental wave
amplitude prediction algorithm is presented in the paper

EAF

Rs
Ls

Vs

Rc
Lc

RE

Vb

Tp : 1

Figure 2: Equivalent circuit of EAF.

and the architecture of the proposed algorithm is shown in
Figure 3. By predicting the fundamental wave amplitude, the
nonfundamental components of EAF current are separated
out and used as the command signal to control the power
electronic converter to generate the harmonic current, which
could counteract the harmonic of EAF, so the grid current
only contains the fundamental wave. The output of the
proposed algorithm, 𝑖

𝑓
(𝑡 + 𝑛 + 1), is the prediction amplitude

of fundamental wave current and 𝑛 is the number of inputs.
The inputs of the proposed algorithm are the average of
the current measured value in different time intervals; for
example, 𝑖

𝑚
(𝑡
𝑛
) is the 𝑛th inputs and could be obtained by

the following equation:

𝑖
𝑚
(𝑡
𝑛
) =

1
𝑘

𝑘

∑

𝑗=0
𝑖
𝑚
(𝑡 + (𝑛 − 1) (𝑘 + 1) + 𝑗) , (1)

where 𝑘 is a fixed integer and equals the number of samplings
in time intervals.

For the proposed algorithm, ANFIS is adopted for pre-
dicting the amplitude of fundamental wave current of EAF,
and the architecture is shown in Figure 2. The algorithm has
five layers. In the same layer, the nodes are with the same
activation function. To facilitate the implementation of the
proposed algorithm, each input uses the same linguistic term,
and the linguistic terms set is {𝐴1, 𝐴2, . . . , 𝐴𝑚}, where 𝑚 is
the number of fuzzy linguistic terms. Since the membership
functions are determined automatically by training process,
the value of 𝑚 may not be set beforehand. In layer 1, each
node function is the membership values of each input with
respect to its linguistic term 𝐴

𝐿
, 𝐿 ∈ {1, 2, . . . , 𝑚}, and the

Gaussian function is used as the membership functions. In
layer 2, each node is a circle node labeled ∏ and plays the
role of a simple multiplier. There are 𝑚𝑛 nodes in this layer
and the output of each node represents the firing strength of
the rule. In layer 3, each node is a circle node labeled 𝑁 and
calculates the ratio of the activation level of the 𝑖th rule to the
total of all activation level. In layer 4, there are𝑚𝑛 nodes in the
layer and each node calculates the contribution of the overall
output; namely, it is simply the product of the normalized
firing strength and the function of consequent, which is a
first-order polynomial. Layer 5 has only one node labeled ∑
to indicate that it performs the function of a simple summer.
The output of the node is final output, 𝑖

𝑓
(𝑡 + 𝑛 + 1), which is
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Figure 3: The proposed algorithm for harmonic elimination of EAF current.

the prediction amplitude of fundamental wave current and is
given by

𝑖
𝑓
(𝑡 + 𝑛 + 1) =

𝑚
𝑛

∑

𝑞=1

{

{

{

𝑤
𝑖

∑
𝑚
𝑛

𝑝=1 𝑤𝑝
⋅ (

𝑚

∑

𝑐=1
𝑎
𝑞

𝑐
𝑥
𝑐
+ 𝑏
𝑞
)
}

}

}

, (2)

where 𝑎𝑞
𝑐
and 𝑏
𝑞
are the consequent parameters.

For the proposed algorithm, a hybrid learning process
is adopted to tune all the modifiable parameters to make
the output match the measured value. The hybrid learning
process adjusts the consequent parameters in a forward pass
and the antecedent parameters in a backward pass [15]. This
is a linear combination of the modifiable parameters. For this
observation, we can divide the parameter set into two sets.
Consider

𝑃 = 𝑃1 ⊕𝑃2, (3)

where 𝑃 is the set of total parameters. 𝑃1 is the set of
antecedent parameters. 𝑃2 is the set of consequent parame-
ters. ⊕ is the sum operation.

For the forward path, the least square method is used to
identify the consequent parameters. Now, for a given set of
values of elements of 𝑃1, we can obtain the following matrix
equation based on the train data:

𝐵𝑋 = 𝑌, (4)

where 𝐵 contains the unknown parameters in 𝑃2, 𝑋 is the
input matrix, and 𝑌 is the output.

A least squares estimate is sought to minimize ‖𝐵𝑋−𝑌‖2,
which is a problem for linear regression.Thus, the calculation
for the parameters set 𝐵 is:

𝐵
∗
= (𝑋
𝑇
𝑋)
−1
𝑋
𝑇
𝑌. (5)

In the backward path, the error signals propagate back-
ward. The antecedent parameters are updated by the descent
method, through minimizing the error between the output

of the network and that of real system, which is a quadratic
function:

𝐸 (Ψ) =
1
2

𝑁

∑

𝑑=1
(𝑦 (𝑑) − 𝑖

𝑓
(𝑑))

2
, (6)

whereΨ represents the training data set and𝑁 is the number
of the training data.

In a recursivemanner, with respect toΨ, the update of the
parameters of membership function can be written as

𝑐
𝐴
𝐿

(𝑧 + 1) = 𝑐
𝐴
𝐿

(𝑧) − 𝜂
𝜕𝐸

𝜕𝑐
𝐴
𝐿

𝜎
𝐴
𝐿

(𝑧 + 1) = 𝜎
𝐴
𝐿

(𝑧) − 𝜂
𝜕𝐸

𝜕𝜎
𝐴
𝐿

,

(7)

where 𝑐
𝐴
𝐿

and 𝜎
𝐴
𝐿

are the centers of the function and the
widths of the membership function. 𝜂 is the learning rate and
𝜂 > 0.

Therefore, the amplitude of fundamental wave current
could be predicted correctly by the proposed algorithm
and the harmonic elimination of EAF would be realized.
In the next section, the experiments results will show the
effectiveness of the proposed algorithm.

4. Experiments Results

In the section, some experiments are performed to evaluate
the effectiveness of the proposed algorithm.The experiments
focus on comparing the proposed algorithm with BPNN for
estimating the fundamental wave amplitude and the field data
are used in the experiments. The field data are collected at
an EAF at the second side of furnace transformer and the
sampling rate is 50 kHz (1000 amples/per cycle for the ideal
case of f = 50Hz). To facilitate analysis, the values of field
data are normalized. For the experiments, the 4000 samples
from field data are divided into the training set and the test
set based on the Monte Carlo cross-validation at the ratio
that equaled 4 : 1. The root mean squares error of prediction
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Table 1: RMSEP values of 10 times experiments for 10 inputs.

Number The proposed algorithm BPNN
1 5.73𝐸 − 05 2.6432𝐸 − 04

2 4.54𝐸 − 05 1.7707𝐸 − 04

3 5.81𝐸 − 05 1.2414𝐸 − 04

4 4.94𝐸 − 05 1.5082𝐸 − 04

5 4.08𝐸 − 05 1.6229𝐸 − 04

6 3.26𝐸 − 05 1.4230𝐸 − 04

7 4.34𝐸 − 05 1.7170𝐸 − 04

8 5.53𝐸 − 05 1.8885𝐸 − 04

9 3.47𝐸 − 05 2.4323𝐸 − 04

10 7.08𝐸 − 05 2.2032𝐸 − 04

The average RMSEP 4.8764E − 05 1.8450E − 04

(RMSEP) is used to estimate the predictive ability of the
proposed algorithm and BPNN. For the proposed algorithm,
the training epoch number is 100, the training error goal is
zero, the initial step size is 0.01, the step size decrease rate
is 0.7, and the step size increase rate is 1.3. For BPNN, the
number of training epochs is 100, the learning rate is 0.01, the
number of hidden neurons is 10, and the training error goal
is zero. Moreover, the measured amplitudes of fundamental
waves of field data are obtained by SW-DFT on the field
data. Because the inputs are the average of measured value in
different time intervals, the number of inputsmaynot be fixed
and could be set according to the analysis demand.Hence, the
experiments are performed with different numbers of inputs
and the results are discussed in the following.

For the number of inputs is 10, the RMSEP values of
10 times experiments are shown in Table 1. Since assessing
the sampling bias, the division of field data and the calcula-
tion process would be implemented repeatedly. The average
RMSEP values of the proposed algorithm and BPNN are
4.8764E − 05 and 1.8450E − 04, respectively. The proposed
algorithm is more effective and improves the prediction
precision by 73.57% than BPNN. According to the average
RMSEP value, the measured value curve and predictions
curves of the proposed algorithm and BPNN for other 2000
samples fromfield data are shown in Figure 5, and themodels
of the proposed algorithm and BPNN are based on the
number 2 experiment results. It also shows that the proposed
algorithm has higher effectiveness.

For the number of inputs is 20, the RMSEP values of 10
times experiments are shown in Table 2.The average RMSEP
values of the proposed algorithm and BPNN are 3.92E − 06
and 6.77E − 05, respectively.The proposed algorithm is more
effective and improves the prediction precision by 94.21%
than BPNN. According to the average RMSEP value, the
measured value curve and predictions curves of the proposed
algorithm and BPNN for the 2000 samples used in Figure 4
are shown in Figure 6, and the models of the proposed
algorithm and BPNN are based on the number 9 experiment
results. The predictive ability of BPNN is decreased with the
number of inputs being increased and that of the proposed
algorithm is still better. It also shows that the proposed
algorithm has higher effectiveness.

Table 2: RMSEP values of 10 times experiments for 20 inputs.

Number The proposed algorithm BPNN
1 3.92𝐸 − 06 6.77𝐸 − 05

2 3.73𝐸 − 06 7.23𝐸 − 05

3 3.72𝐸 − 06 3.73𝐸 − 05

4 3.60𝐸 − 06 4.12𝐸 − 05

5 3.63𝐸 − 06 9.32𝐸 − 05

6 3.45𝐸 − 06 2.59𝐸 − 05

7 3.45𝐸 − 06 2.17𝐸 − 05

8 3.50𝐸 − 06 9.61𝐸 − 05

9 3.68𝐸 − 06 4.65𝐸 − 05

10 3.47𝐸 − 06 9.52𝐸 − 05

The average RMSEP 3.92E − 06 6.77E − 05
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Figure 4: The structure of ANFIS used in the proposed algorithm.

Therefore, the experiments results verify that the effec-
tiveness of the proposed algorithm is higher; namely, the
amplitude of fundamental wave current could be predicted
accurately, and the harmonic elimination of EAF would be
realized based on the proposed algorithm.

5. Conclusions

The paper proposes a fundamental wave amplitude predic-
tion algorithm based on FNN for harmonic elimination
of EAF current. The proposed model has some advan-
tages as follows. First, it has higher prediction capability
for fundamental wave amplitude. Second, it is almost not
affected by the number of inputs changed. Third, it uses the
learning ability of the neural network to implement and refine
Takagi-Sugeno type fuzzy rules to predict the fundamental
wave amplitude. Fourth, by the hybrid learning process, all
the best parameters of membership functions are obtained.
The experiments results also verify the effectiveness of the
proposed algorithm. Since the train time may be affected by
the number of inputs, in the future research work, we will
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use some feature extraction approaches to further improve
the training performance of the proposed algorithm.
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Considering the different types of error and the nonlinearity of the meteorological measurement, this paper proposes a nonlinear
partial least squares method for consistency analysis of meteorological data. For a meteorological element from one automated
weather station, the proposed method builds the prediction model based on the corresponding meteorological elements of other
surrounding automated weather stations to determine the abnormality of the measured values. For the proposed method, the
latent variables of the independent variables and the dependent variables are extracted by the partial least squares (PLS), and
then they are, respectively, used as the inputs and outputs of neural network to build the nonlinear internal model of PLS. The
proposed method can deal with the limitation of traditional nonlinear PLS whose inner model is the fixed quadratic function
or the spline function. Two typical neural networks are used in the proposed method, and they are the back propagation neural
network and the adaptive neuro-fuzzy inference system (ANFIS). Moreover, the experiments are performed on the real data from
the atmospheric observation equipment operationmonitoring system of Shaanxi Province of China.The experimental results verify
that the nonlinear PLS with the internal model of ANFIS has higher effectiveness and could realize the consistency analysis of
meteorological data correctly.

1. Introduction

Meteorological observation is the premise for the correctness
of weather analysis, forecast, and severe weather warning [1].
For many meteorological factors, there is not any consistent
methodology used for the related measuring instruments.
Therefore, the consistency analysis is of important practical
motivation for the purposes of scientific research and
resource management of the meteorological data [2].

Consistency analysis of meteorological data is based on
the continuity and the uniformity of the distribution [3]. For
determining the abnormality of the meteorological data, the
observation data of an automated weather station are com-
pared with the prediction values, which are calculated
according to the corresponding meteorological data of other
surrounding automated weather stations [4].The consistency
analysis methods of meteorological data include the spa-
tial interpolation algorithm, the spatial regression test, the
Madsen-Allerupt approach, and the climate statistical com-
parison method [5–9]. These methods consider that there
exists the linear relationship for the space distribution of

meteorological elements; namely, the measured values of a
meteorological element of some automated weather stations,
whose space location is near, have greater similarity. Since
most of the meteorological measurement processes are non-
linear, the adequacy of these linear methods would be
affected. A nonlinear autoregressive neural network is pre-
sented for consistency analysis of meteorological data and
the approach has learning capacity of nonlinear dependencies
from a large volume of potentially noisy data [10]. Never-
theless, because of the black-box of the neural network, the
understandable heuristic knowledge could not be provided
[11]. Partial least squares (PLS) is a classical regression
method [12]. PLS synthetically extracts the information for
the independent variables and determines the latent variables
which have the best interpretation capability. PLS has been
widely used in many different domains [13–16].The core idea
of PLS is a kind of linear regression [17]. PLS with nonlinear
internal model, which uses a polynomial or spline nonlinear
function as the internalmodel, is proposed to improve regres-
sion accuracy [18]. The forms of the polynomial and spline
function are restricted, and the neural network (NN) can

Hindawi Publishing Corporation
Mathematical Problems in Engineering
Volume 2015, Article ID 143965, 8 pages
http://dx.doi.org/10.1155/2015/143965

http://dx.doi.org/10.1155/2015/143965


2 Mathematical Problems in Engineering

PLS 
external 
model

+

t

u

X

Y

N
on

lin
ea

r i
nt

er
na

l m
od

el

F
The next principal component

The next principal component
E+

−

−

· · ·

· · ·

· · ·

�̂�

Figure 1: The flowchart of the proposed method.

approximate a nonlinear function with arbitrary precision
[19]. Hence, using NN to build the internal model of PLS
would reduce the residual and have better effectiveness.

In this paper, a nonlinear partial least squares method
for consistency analysis of meteorological data is proposed.
For a meteorological element from one automated weather
station, the proposed method builds the prediction model
based on the corresponding meteorological elements of
other surrounding automated weather stations to determine
the abnormality of the measured values. For the proposed
method, the latent variables of the independent variables and
the dependent variables are extracted by PLS, and then they
are, respectively, used as the inputs and outputs of neural
network to build the nonlinear internal model of PLS. Two
typical neural networks are used in the proposed method,
and they are the back propagation neural network and the
adaptive neuro-fuzzy inference system. Experiments are per-
formed on the real data from the atmospheric observation
equipment operationmonitoring system of Shaanxi Province
of China. The organization of this paper is as follows. The
proposed method is presented in detail in Section 2. In
Section 3, the experimental results are discussed. Finally,
Section 4 concludes the paper.

2. The Proposed Method

For the consistency analysis of meteorological data, Y repre-
sents the prediction value of a meteorological element of an
automated weather station, and X represents the measured
values of the corresponding meteorological element of sur-
rounding automated weather stations. The flowchart of the
proposedmethod is shown in Figure 1, where t is the principal
component of X, u is the principal component of Y,E is the
residual matrix of X, and F is the residual matrix of Y.

The steps of the proposed method are explained as
follows.

Step 1. Initialize u, and u = y
𝑖
, where y

𝑖
is the 𝑖th column

vector of Y.

Step 2. Calculatew, which is the weight vector ofX, andw𝑇 =
u𝑇X/(u𝑇u).

Step 3. Normalize w, and w𝑇new = w
𝑇

old/‖w
𝑇

old‖.

Step 4. Calculate t, and t = Xw/(w𝑇w).

Step 5. Calculate c, which is the weight vector of Y, and c𝑇 =
t𝑇Y/(t𝑇t).

Step 6. Normalize c, and c𝑇new = c
𝑇

old/‖c
𝑇

old‖.

Step 7. Calculate u, and u = Yc/(c𝑇c).

Step 8. If the change of t at the 𝑘th iteration is less than or
equal to the threshold, then go to the next step; otherwise, go
to Step 2.

Step 9. Calculate p, which is the loading matrix of X, and
p𝑇 = t𝑇X/(t𝑇t).

Step 10. Calculate q, which is the loading matrix of Y, and
q𝑇 = u𝑇Y/(u𝑇u).

Step 11. Use t and u as the inputs and outputs of NN to build
the nonlinear internal model of PLS. For training process, the
objective function is min J = min ‖u− gout(t)‖2, where gout(t)
is the output of NN for a pair of t and u.

Step 12. Calculate the residual matrices for the 𝑖th principal
component, and

E
𝑖+1
= E
𝑖
− t
𝑖+1

p𝑇
𝑖+1
,

F
𝑖+1
= F
𝑖
− u
𝑖+1

q𝑇
𝑖+1
,

(1)

where E
0
= X and F

0
= Y.
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Step 13. Let X = E and Y = F and calculate the next
principal component until the rank ofX is zero.Then, output
the results.

Since the proposed method retains the external model of
PLS and uses NN to build the internalmodel, it has the robust
capability of PLS and the adaptive learning capability of NN.
The data are mapped by the external characteristics of PLS
and then used for training the NN; namely, the multivariate
modeling is decomposed. Hence, for the proposed method,
the related information fromdata is removed and the number
of network independent weights is reduced. The noise-
sensitiveness of NN and the local minima problem could be
avoided [20].

For the proposedmethod, two typical neural networks are
used for the internal model. They are the back propagation
neural network (BPNN) and the adaptive neuro-fuzzy infer-
ence system (ANFIS). BPNN always includes three layers,
which are the input layer, the hidden layer, and the output
layer [21–23]. The transfer function of the hidden layer is
usually a tangent s-type function, and the transfer function of
the output layer is purelin function. For BPNN, a neuron is an
activation function containing weights and bias parameters.
The number of neurons in hidden layer is usually determined
by the expert knowledge. Moreover, BPNN adopts a back
propagation algorithm to train the parameters of activation
functions. ANFIS is one of themost commonly used learning
systems for the Tagaki-Sugeno fuzzy rule [24]. ANFIS adopts
the subtractive clustering algorithm to determine the initial
rules and then uses a neural network with fixed five layers for
tuning the rule parameters [25, 26]. In layer 1, each node func-
tion is the membership values of each input with respect to
its linguistic term, and the standardGaussian function is used
as the membership functions. In layer 2, each node plays
the role of a simple multiplier, and the output of each node
represents the firing strength of the rule. In layer 3, each node
calculates the ratio of the activation level of a rule to the total
of all activation levels. In layer 4, each node calculates the
contribution of the overall output; namely, it is simply the
product of the normalized firing strength and the function
of consequent, which is a first order polynomial. Layer 5
computes the overall output as the summation of all input,
and it is the final output. In the next section, the experimental
results will estimate the effectiveness of the proposedmethod.

3. Experimental Results

In the section, we perform BPNN, ANFIS, PLS, the nonlinear
PLS with the internal model of BPNN (NPLSB), and the
nonlinear PLS with the internal model of ANFIS (NPLSA) to
build the predictionmodels for the atmospheric pressure and
the air temperature. The measured values of the atmospheric
pressure and the air temperature used in the experiments are
obtained from five automated weather stations of Shaanxi
Province of China. The five automated weather stations are
the Xi’an station (XiA), the Lin Tong station (LinT), the Xian
Yang station (XianY), the Lan Tian station (LanT), and the
Jing Yang station (JingY). LinT, XianY, LanT, and JingY

Figure 2: The locations of the automated weather stations.

surround XiA and the locations of them are shown in
Figure 2.

The automated weather station records the measured
values of the atmospheric pressure and the air temperature
per hour. The data recorded from March 31, 2013, 7:00 am,
to April 5, 2013, 7:00 am, are used in the experiments. The
data are divided into the training set and the test set. The
data recorded from April 4, 2013, 8:00 am, to April 5, 2013,
7:00 am, are selected into the test set; namely, there are 24
continuous samples. The rest of the data are selected into the
training set. The test set for the atmospheric pressure and the
air temperature is listed in Table 1.

For the experiments, themeteorological elements of LinT,
XianY, LanT, and JingY are the input variable and that of XiA
is the output variable. For BPNN, the three-layer classical
structure is adopted. Since the number of the input variables
and the output variables is 4 and 1, respectively, the number of
nodes of the input layer, the hidden layer, and the output layer
of BPNN is 4, 5, and 1, respectively.The learning rate of BPNN
is 0.01. For ANFIS, the number of the input variables and the
output variables is 4 and 1. The initial step size is 0.01; the
step size decrease rate is 0.7 and the step size increase rate 1.3.
For the subtractive clustering algorithm in ANFIS, the radii
value is 0.3. Moreover, for BPNN and ANFIS, the number of
iterations is 100 and the training error goal is zero. ForNPLSB,
the number of the hidden layer nodes is still 5, and the other
parameters are the same as those of BPNN. The related
parameters of NPLSA are the same as those of ANFIS. For
PLS, NPLSB, and NPLSA, the number of latent variables is
determined according to the root-mean-squared error of
leave-one-out cross validation (RMSECV), which is

RMSECV = √
(𝑦cv − 𝑦cv)

𝑇
(𝑦cv − 𝑦cv)

𝑛cv
,

(2)

where 𝑦cv and 𝑦cv are the prediction values and the measured
values of the cross validation set, respectively, and 𝑛cv is the
number of samples in the cross validation set.

To estimate the effectiveness of the several meth-
ods, RMSECV, the root-mean-squared error of prediction
(RMSEP), the squared correlation coefficient of cross val-
idation (𝑅2cv), and the squared correlation coefficient of
prediction (𝑅2

𝑝
) are adopted in the experiments.
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Table 1: The test set for the atmospheric pressure and the air temperature.

Number Time The atmospheric pressure The air temperature
LinT XianY LanT JingY XiA LinT XianY LanT JingY XiA

1 2013-04-04, 8:00 956.5 951.3 943.6 956.5 960.1 13.1 13.8 13.5 13.3 14.3
2 2013-04-04, 9:00 956.6 951.6 943.6 956.7 959.8 14.6 14.5 17.8 14.9 14.8
3 2013-04-04, 10:00 957.1 952.2 943.8 957.3 960.5 16.0 15.2 20.7 16.4 16.6
4 2013-04-04, 11:00 957.4 952.4 944.0 957.2 960.9 17.4 16.7 21.4 17.6 16.7
5 2013-04-04, 12:00 957.2 952.9 944.3 957.6 961.3 18.5 17.2 19.4 17.7 18.1
6 2013-04-04, 13:00 957.6 953.1 945.3 957.7 961.5 18.1 15.1 17.4 16.6 17.4
7 2013-04-04, 14:00 958.0 953.2 946.1 958.0 961.9 16.6 13.4 15.5 14.8 15.1
8 2013-04-04, 15:00 958.8 953.4 946.6 958.3 962.3 14.6 13.3 13.0 13.6 14.1
9 2013-04-04, 16:00 959.2 954.0 947.0 958.8 962.6 13.6 12.8 12.2 13.3 14.4
10 2013-04-04, 17:00 960.1 954.9 947.8 959.8 963.7 13.4 12.2 12.5 13.1 13.7
11 2013-04-04, 18:00 960.9 955.5 948.6 960.6 964.3 13.2 12.1 12.4 12.6 13.2
12 2013-04-04, 19:00 961.5 956.0 949.0 961.2 964.9 12.7 12.0 12.0 12.3 13.1
13 2013-04-04, 20:00 962.5 957.5 950.0 962.8 966.3 12.9 11.8 11.9 12.3 12.9
14 2013-04-04, 21:00 964.2 959.1 951.5 963.8 967.8 12.3 11.5 11.7 12.2 12.6
15 2013-04-04, 22:00 965.7 960.7 952.7 965.4 969.5 12.2 11.3 11.5 12.1 12.4
16 2013-04-04, 23:00 967.1 961.8 953.6 966.5 970.4 12.2 11.6 11.4 12.1 12.4
17 2013-04-05, 0:00 967.4 962.6 954.7 967.6 970.9 12.5 11.7 11.5 11.4 12.5
18 2013-04-05, 1:00 968.5 963.7 954.7 968.3 972.2 11.4 11.0 11.3 11.7 11.7
19 2013-04-05, 2:00 969.4 964.6 956.7 969.5 973.5 11.9 10.1 10.4 12.3 11.7
20 2013-04-05, 3:00 969.9 965.1 957.1 969.9 973.8 11.5 9.9 9.5 11.6 11.3
21 2013-04-05, 4:00 970.5 965.4 957.3 970.6 974.3 11.7 10.0 9.8 11.2 10.9
22 2013-04-05, 5:00 970.9 966.6 958.2 971.2 974.9 11.3 9.5 9.5 11.2 10.9
23 2013-04-05, 6:00 972.2 967.4 959.1 972.3 975.9 10.9 9.3 9.4 9.5 11.1
24 2013-04-05, 7:00 973.5 968.5 960.2 973.1 977.6 10.5 7.5 9.5 8.4 9.0

RMSEP is defined as

RMSEP = √
(𝑦
𝑝
− 𝑦
𝑝
)

𝑇

(𝑦
𝑝
− 𝑦
𝑝
)

𝑛
𝑝

,

(3)

where 𝑦
𝑝
and 𝑦

𝑝
are the predicted values and the measured

values of the validation set, respectively, and 𝑛
𝑝
is the number

of samples in the validation set.
𝑅

2

cv is defined as

𝑅

2

cv =
[

[

[

Cov (𝑦cv, 𝑦cv)

√𝐷 (𝑦cv)√𝐷 (𝑦cv)

]

]

]

2

, (4)

where Cov(⋅) is the covariance operation and 𝐷(⋅) is the
variance operation.
𝑅

2

𝑝
is defined as

𝑅

2

𝑝
=

[

[

[

Cov(𝑦
𝑝
, 𝑦
𝑝
)

√𝐷(𝑦𝑝
)√𝐷(𝑦𝑝

)

]

]

]

2

. (5)

In addition, the experiments are implemented in MAT-
LAB 8.3.0.532. The running environment is a general-
purpose personal computer with an Intel i5-3570 CPU and

Table 2: The experimental results of the atmospheric pressure.

RMSECV RMSEP 𝑅

2

cv 𝑅

2

𝑝

BPNN 0.163395903 0.337439578 0.998936313 0.998278264
ANFIS 0.190364302 0.392870682 0.998562304 0.997790304
PLS 0.190007317 0.206610965 0.998722938 0.998863103
NPLSB 0.22292217 0.245773894 0.998128883 0.998978292
NPLSA 0.187911122 0.206022346 0.998725125 0.998909366

4GB of RAM.The operating system was MicrosoftWindows
7 Professional.

The experimental results of the atmospheric pressure are
shown in Table 2. Although the RMSECV value of BPNN is
the smallest and 𝑅2cv of BPNN is the largest, the RMSEP value
of BPNN is larger than those of PLS, NPLSB, and NPLSA.
The effectiveness of BPNN is worse. The RMSEP value of
ANFIS is the largest, and the effectiveness of ANFIS is the
worst. Since the RMSEP value of NPLSB is smaller than
that of BPNN, integrating BPNN with PLS could improve
the prediction capability of BPNN. However, the RMSECV
value and the RMSEP value of PLS are smaller than those
of NPLSB, and the internal model of NPLSB would be
premature. The RMSEP value of NPLSA is the smallest, and
NPLSA has the advantages of learning optimization ability of
NN and the humanlike thinking of fuzzy logic technique.The
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Figure 3: Predicted values versus measured values scatter diagram of different methods for the atmospheric pressure. (a) BPNN; (b) ANFIS.
(c) PLS; (d) NPLSB; (e) NPLSA.
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Figure 4: Predicted values versus measured values scatter diagram of different methods for the air temperature. (a) BPNN; (b) ANFIS; (c)
PLS; (d) NPLSB; (e) NPLSA.
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Table 3: The experimental results of the air temperature.

RMSECV RMSEP 𝑅

2

cv 𝑅

2

𝑝

BPNN 1.037487187 1.332233517 0.918536597 0.872725179
ANFIS 8.085338479 2.170228406 0.094549969 0.388821374
PLS 1.213714866 0.456261327 0.916428889 0.972870763
NPLSB 1.435580531 0.719608885 0.884730456 0.948672289
NPLSA 1.213713736 0.456171577 0.912147703 0.972870089

experimental results verify that the effectiveness of NPLSA is
the highest for the atmospheric pressure. Figure 3 shows the
scatter diagrams of measured values versus predicted values
of BPNN, ANFIS, PLS, NPLSB, and NPLSA for the atmo-
spheric pressure. For BPNN andANFIS, a few samples are far
away from the diagonal line.Thepoints of PLS andNPLSB are
mainly distributed on both sides of the diagonal line. Almost
all of the points of NPLSA are in the diagonal line, and the
prediction capability of NPLSA is better.

The experimental results for the air temperature are
summarized in Table 3. For the RMSECV value and the
RMSEP value of ANFIS being the largest, the effectiveness of
ANFIS is the worst. Although the RMSECV value of BPNN
is the smallest, the RMSEP value is still larger. The RMSEP
value of NPLSB is smaller than that of BPNN and is larger
than that of PLS. Hence, using BPNN to build the internal
model of PLS may enhance the prediction capability to a
certain extent. The RMSECV value and the RMSEP value of
NPLSA are both the smallest. Therefore, the NPLSA model
is still more accurate. Figure 4 shows the scatter diagrams of
measured values versus predicted values of BPNN, ANFIS,
PLS, NPLSB, and NPLSA for the air temperature. Almost
all of the points of BPNN and ANFIS are far away from
the diagonal line. For NPLSB, a few pieces of data are far
away from the diagonal line. The points of PLS and NPLSA
are mainly distributed on both sides of the diagonal line.
Moreover, the points of NPLSA are closer than those of PLS,
and the prediction capability of NPLSA is still better.

In summary, the experimental results verify that NPLSA
has higher predictive capability for the atmospheric pressure
and the air temperature. Using the method for consistency
analysis of meteorological data, if the measured values devi-
ating from the prediction values exceed a preset threshold,
the measured values would be labeled as abnormality. Hence,
NPLSA could realize the consistency analysis of meteorolog-
ical data correctly.

4. Conclusions

In the paper, a nonlinear partial least squares method for
consistency analysis of meteorological data is proposed. The
proposed model has some advantages as follows. First, the
proposed method could realize the consistency analysis of
meteorological data. Second, the proposedmethod integrates
the robust capability of PLS and the adaptive learning capabil-
ity of NN to predict the meteorological data correctly. Third,
the multivariate modeling is decomposed with the data being
mapped by the external characteristics and used for training

the NN. Fourth, the noise-sensitive and the local minima
problem of NN could be avoided to a certain extent. BPNN
and ANFIS are used for building the internal model of PLS.
The experimental results also verify the effectiveness of
NPLSA is high. Since the performance of the proposed
method may be affected by the training process, in the future
research work, some advanced schemes would be adopted to
further improve the training process.
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We present a novel decentralized tracking control scheme for a class of large-scale nonlinear systems with partial state constraints.
For the first time, backstepping design with the newly proposed BLF is incorporated to effectively deal with the control problem
of nonlinear systems with interconnected constraints. To prevent the states of each subsystem from violating the constraints, we
employ a special barrier Lyapunov function (BLF), which grows to infinity whenever its argument approaches some finite limits.
By ensuring boundedness of the barrier Lyapunov function in the closed loop, we ensure that those limits are not transgressed.
Asymptotic tracking is achieved without violation of the constraints, and all closed-loop signals remain bounded. In the end, an
illustrative example is presented to demonstrate the performance of the proposed control.

1. Introduction

The control problem of constrained systems is by far one
of the most common challenges faced by control engineers.
In practical physical systems, constraints are ubiquitous,
such as physical stoppages, saturation, and performance
and safety specifications. Violation of the constraints during
operation may result in performance degradation, hazards,
or system damage. Driven by practical needs and theoretical
challenges, the rigorous handling of constraints in control
design has become an important research topic in recent
decades. Various techniques have been developed to solve
the constrained control problems, namely, override control
[1], linear model predictive control [2] for linear systems,
invariance control [3], nonlinear reference governor [4], and
nonlinear model predictive control [5] for nonlinear systems.

Integrator backstepping design was developed in [6] for
nonlinear systems with triangular structures and has become
a very popular nonlinear control design. This control design
can overcome some restrictions that traditional Lyapunov-
based design faced, such as matching conditions, extended
matching conditions, or growth conditions, and has been
applied to a large class of systems. The concept of control

Lyapunov functions (CLFs) was used to construct stable
controllers, and for simplicity, quadratic Lyapunov functions
(QLFs) of the form𝑉(𝑧) = (1/2)𝑧

𝑇
𝑃𝑧were often proposed as

CLF candidates. However, it is not until recently that insights
into structural properties of stabilizable constrained systems
were provided. In [7], backstepping design was introduced
to stabilize a class of pure strict feedback nonlinear systems.
Full states constraints but system output were considered
and systematic control method was developed based on
choosing appropriate symmetrical BLF. The reason why this
method can really work lies in the fact that the BLF will
approach infinity whenever error signals 𝑧

𝑖
approach 𝑘

𝑏𝑖

and thus the constraint violation is avoided. Following this
result, the control problem of output constrained systemwith
state and output feedback was investigated in [8], where
not symmetrical BLF but asymmetrical one was used to
add flexibility in control design and relaxes the restriction
on initial conditions; then system with time-varying output
constrains was considered in [9, 10], as well as multiple
BLFs under a switching scheme [11]. Other works [12–16]
extended this systematic design to systems with full state
constrains, adaptive neural control, indirect adaptive fuzzy
control, the adaptive control for output-feedback constraint
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systems, and the nonlinear switched systems. A practical
electrostatic microactuator system control was presented in
[15, 17] within this framework.

However, despite the maturity of BLF in dealing with
SISO systems, the more challenging control problem of
constrained large-scale systems has received little attention,
for the reason that the constrained states are distributed in
the subsystems. In this paper, we tackle the tracking problem
of large-scale nonlinear system with partial states constrains,
motivated by the fact that full state constrains systems and
output constrained systems mentioned before are subset of
it. By using a BLF, new decentralized tracking control design
is presented based on backstepping methodology, but more
efforts are made to deal with the constrained states of the
subsystems. The stability analysis shows that all closed-loop
signals are ensured to be bounded, and the output tracking
errors can converge to zero asymptotically. Simulation results
demonstrate the effectiveness of the proposed approach.

2. Problem Statement

Consider a partial constrained large-scale system comprised
of 𝑁 subsystems interconnected by their outputs. The 𝑖th
subsystem Σ

𝑖
(𝑖 = 1, . . . , 𝑁) is given by

�̇�
𝑖,1
= 𝑥
𝑖,2
+ 𝑓
𝑖,1
(𝑥
𝑖,1
) + 𝑔
𝑖,1
(𝑦)

.

.

.

�̇�
𝑖,𝑝𝑖−1

= 𝑥
𝑖,𝑝𝑖

+ 𝑓
𝑖,𝑝𝑖−1

(𝑥
𝑖,𝑝𝑖−1

) + 𝑔
𝑖,𝑝𝑖−1

(𝑦)

�̇�
𝑖,𝑝𝑖

= 𝑥
𝑖,𝑝𝑖+1

+ 𝑓
𝑖,𝑝𝑖
(𝑥
𝑖,𝑝𝑖
) + 𝑔
𝑖,𝑝𝑖
(𝑦)
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𝑖,𝑞𝑖+1
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𝑖,𝑞𝑖
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𝑖,𝑞𝑖
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= 𝑥
𝑖,𝑞𝑖+2
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𝑖,𝑞𝑖+1

(𝑥
𝑖,𝑞𝑖+1
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𝑖,𝑞𝑖+1

(𝑦)
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�̇�
𝑖,𝑛𝑖

= 𝑢
𝑖
+ 𝑓
𝑖,𝑛𝑖
(𝑥
𝑖
) + 𝑔
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(𝑦)

𝑦
𝑖
= 𝑥
𝑖,1
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(1)

where 𝑥
𝑖
= [𝑥

𝑖,1
, . . . , 𝑥

𝑖,𝑛𝑖
]
𝑇

∈ 𝑅
𝑛𝑖 , 𝑢
𝑖
∈ 𝑅, and 𝑦

𝑖
∈

𝑅 are the state vector, control input, and system output,
respectively, 𝑥

𝑖,𝑗
= [𝑥

𝑖,1
, . . . , 𝑥

𝑖,𝑗
]
𝑇, 𝑦 = [𝑦

1
, . . . , 𝑦

𝑁
]
𝑇,

𝑓
𝑖,𝑗

are smooth nonlinear functions, and 𝑔
𝑖,𝑗

are smooth
nonlinear interconnections, where 𝑗 = 1, . . . , 𝑛

𝑖
; 𝑥
𝑖,𝑝𝑖
, . . . , 𝑥

𝑖,𝑞𝑖

are constrained states of 𝑖th subsystem, where 1 ≤ 𝑝
𝑖
≤

𝑞
𝑖
≤ 𝑛
𝑖
are constants. The control objective is to design

decentralized controller 𝑢
𝑖
such that the system outputs 𝑦

𝑖,1

can track a desired trajectory 𝑦
𝑖,𝑟

while ensuring that all
closed-loop signals are bounded and that the state constrains
of 𝑥
𝑖,𝑝𝑖
, . . . , 𝑥

𝑖,𝑞𝑖
are not violated.

For 𝑗 = 𝑝
𝑖
, . . . , 𝑞

𝑖
, the constraints 𝑘

𝑖,𝑗
are specified so that

𝑥
𝑖,𝑗

is not driven out of the interval |𝑥
𝑖,𝑗
| < 𝑘

𝑖,𝑗
. However,

when 𝑝
𝑖

̸= 1, then, for 𝑗 = 1, . . . , 𝑝
𝑖
− 1, the constraints

𝑘
𝑖,𝑗

are not explicitly specified as problem requirement. To
keep the real constraints 𝑘

𝑖,𝑗
, 𝑗 = 𝑝

𝑖
, . . . , 𝑞

𝑖
, never violated,

the constraints 𝑘
𝑖,𝑗
, 𝑗 = 1, . . . , 𝑝

𝑖
− 1, are artificially imposed

as part of the design procedure.

Assumption 1. The reference signals 𝑦
𝑖,𝑟
(𝑡) and their first 𝑛

𝑖

derivatives are piecewise continuous and bounded in the
interval (−∞,∞), and the bounds of 𝑦

𝑖,𝑟
(𝑡) and 𝑦

(𝑗)

𝑖,𝑟
are

specified as

𝑦𝑖,𝑟 (𝑡)
 ≤ 𝐴 𝑖,0 < 𝑘𝑖,1,


𝑦
(𝑗)

𝑖,𝑟
(𝑡)

≤ 𝑌
𝑖,𝑗

(2)

for all 𝑡 ≥ 0, where 𝑗 = 1, 2, . . . , 𝑞
𝑖
− 1.

Remark 2. The large-scale nonlinear systems considered in
this paper are more complicated than output constrains [8]
and full state constrains [12] because of the interconnections.
Moreover, when 𝑝

𝑖
= 𝑞
𝑖
= 1 with 𝑁 = 1, system (1) is

equivalent to [8], andwhen𝑝
𝑖
= 1, 𝑞
𝑖
= 𝑛
𝑖
with𝑁 = 1, system

(1) is equivalent to [12], so the systems discussed in [8, 12] are
just subset of system (1).

3. Controller Design

In this section, adaptive decentralized controller design for
system (1) is presented. Instead of QLF used in [6], BLF is
introduced to tackle the constrain states.

Define the error variables 𝑧
𝑖
= [𝑧
𝑖,1
, . . . , 𝑧

𝑖,𝑛𝑖
]
𝑇 and a

change of coordinates:

𝑧
𝑖,𝑗
= 𝑥
𝑖,𝑗
− 𝛼
𝑖,𝑗−1

, 1 ≤ 𝑗 ≤ 𝑛
𝑖
, (3)

where 𝛼
𝑖,𝑗−1

is the stabilizing function to be designed and
𝛼
𝑖,0
= 𝑦
𝑖,𝑟
.

Step 1. To keep the constraint 𝑘
𝑖,1
not violated, we employ the

following BLF in this design procedure:

𝑉
𝑖,1
=
1

2
log

𝜅
2

𝑖,1

𝜅
2

𝑖,1
− 𝑧
2

𝑖,1

, (4)

where

𝜅
𝑖,1
= 𝑘
𝑖,1
− 𝐴
𝑖,0
. (5)

It can be shown that 𝑉
𝑖,1
is positive definite and continuously

differentiable in the open set |𝑧
𝑖,1
| < 𝜅
𝑖,1
, and thus it is a valid

Lyapunov function candidate. The derivative of𝑉
𝑖,1
along the

closed-loop trajectories is

�̇�
𝑖,1
=

𝑧
𝑖,1
�̇�
𝑖,1

𝜅
2

𝑖,1
− 𝑧
2

𝑖,1

=
𝑧
𝑖,1
(𝑥
𝑖,2
+ 𝑓
𝑖,1
+ 𝑔
𝑖,1
− �̇�
𝑖,0
)

𝜅
2

𝑖,1
− 𝑧
2

𝑖,1

=
𝑧
𝑖,1
(𝑧
𝑖,2
+ 𝛼
𝑖,1
+ 𝑓
𝑖,1
+ 𝑔
𝑖,1
− �̇�
𝑖,0
)

𝜅
2

𝑖,1
− 𝑧
2

𝑖,1

.

(6)



Mathematical Problems in Engineering 3

Design the stabilizing function 𝛼
𝑖,1
as

𝛼
𝑖,1
= − (𝜅

2

𝑖,1
− 𝑧
2

𝑖,1
) 𝑐
𝑖,1
𝑧
𝑖,1
− 𝑓
𝑖,1
− 𝑔
𝑖,1
+ �̇�
𝑖,0
, (7)

where 𝑐
𝑖,1
> 0 is constant, so that

�̇�
𝑖,1
= 𝑧
𝑖,2
− (𝜅
2

𝑖,1
− 𝑧
2

𝑖,1
) 𝑐
𝑖,1
𝑧
𝑖,1
. (8)

The derivative of 𝑉
𝑖,1
along (8) is

�̇�
𝑖,1
= −𝑐
𝑖,1
𝑧
2

𝑖,1
+

1

𝜅
2

𝑖,1
− 𝑧
2

𝑖,1

𝑧
𝑖,1
𝑧
𝑖,2
. (9)

Step 𝑗 (2 ≤ 𝑗 ≤ 𝑞
𝑖
). To design a control that does not drive 𝑥

𝑖,𝑗

out of the interval |𝑥
𝑖,𝑗
| < 𝑘
𝑖,𝑗
, we choose the following BLF

candidate:

𝑉
𝑖,𝑗
= 𝑉
𝑖,𝑗−1

+
1

2
log

𝜅
2

𝑖,𝑗

𝜅
2

𝑖,𝑗
− 𝑧
2

𝑖,𝑗

. (10)

The derivative of 𝑉
𝑖,𝑗
along the closed-loop trajectories is

�̇�
𝑖,𝑗
= �̇�
𝑖,𝑗−1

+

𝑧
𝑖,𝑗
�̇�
𝑖,𝑗

𝜅
2

𝑖,𝑗
− 𝑧
2

𝑖,𝑗

= �̇�
𝑖,𝑗−1

+

𝑧
𝑖,𝑗
(𝑧
𝑖,𝑗+1

+ 𝛼
𝑖,𝑗
+ 𝑓
𝑖,𝑗
+ 𝑔
𝑖,𝑗
− �̇�
𝑖,𝑗−1

)

𝜅
2

𝑖,𝑗
− 𝑧
2

𝑖,𝑗

.

(11)

Design the stabilizing function 𝛼
𝑖,𝑗
as

𝛼
𝑖,𝑗
= −

𝜅
2

𝑖,𝑗
− 𝑧
2

𝑖,𝑗

𝜅
2

𝑖,𝑗−1
− 𝑧
2

𝑖,𝑗−1

𝑧
𝑖,𝑗−1

− (𝜅
2

𝑖,𝑗
− 𝑧
2

𝑖,𝑗
) 𝑐
𝑖,𝑗
𝑧
𝑖,𝑗

− 𝑓
𝑖,𝑗
− 𝑔
𝑖,𝑗
+ �̇�
𝑖,𝑗−1

,

(12)

where 𝑐
𝑖,𝑗
> 0 is constant, so that

�̇�
𝑖,𝑗
= −

𝜅
2

𝑖,𝑗
− 𝑧
2

𝑖,𝑗

𝜅
2

𝑖,𝑗−1
− 𝑧
2

𝑖,𝑗−1

𝑧
𝑖,𝑗−1

− (𝜅
2

𝑖,𝑗
− 𝑧
2

𝑖,𝑗
) 𝑐
𝑖,𝑗
𝑧
𝑖,𝑗
+ 𝑧
𝑖,𝑗+1

.

(13)

The derivative of 𝑉
𝑖,𝑗
along (13) is

�̇�
𝑖,𝑗
= −

𝑗

∑

𝑙=1

𝑐
𝑖,𝑙
𝑧
2

𝑖,𝑙
+

1

𝜅
2

𝑖,𝑗
− 𝑧
2

𝑖,𝑗

𝑧
𝑖,𝑗
𝑧
𝑖,𝑗+1

. (14)

Step 𝑞
𝑖
+ 1. To eliminate the residual coupling term of the

previous step, 𝑎
𝑖,𝑞𝑖+1

must be designed alone. The following
Lyapunov candidate was chosen:

𝑉
𝑖,𝑞𝑖+1

= 𝑉
𝑖,𝑞𝑖

+
1

2
𝑧
2

𝑖,𝑞𝑖+1
. (15)

The derivative of 𝑉
𝑖,𝑞𝑖+1

along the closed trajectories is

�̇�
𝑖,𝑞𝑖+1

= �̇�
𝑖,𝑞𝑖
+ 𝑧
𝑖,𝑞𝑖+1

�̇�
𝑖,𝑞𝑖+1

= −

𝑞𝑖

∑

𝑙=1

𝑐
𝑖,𝑙
𝑧
2

𝑖,𝑙
+

1

𝜅
2

𝑖,𝑞𝑖
− 𝑧
2

𝑖,𝑞𝑖

𝑧
𝑖,𝑞𝑖
𝑧
𝑖,𝑞𝑖+1

+ 𝑧
𝑖,𝑞𝑖+1

(𝑧
𝑖,𝑞𝑖+2

+ 𝛼
𝑖,𝑞𝑖+1

+𝑓
𝑖,𝑞𝑖+1

+ 𝑔
𝑖,𝑞𝑖+1

− �̇�
𝑖,𝑞𝑖
) .

(16)

Design the stabilizing function 𝛼
𝑖,𝑞𝑖+1

as

𝛼
𝑖,𝑞𝑖+1

= −
1

(𝜅
2

𝑖,𝑞𝑖
− 𝑧
2

𝑖,𝑞𝑖
)

𝑧
𝑖,𝑞𝑖

− 𝑐
𝑖,𝑞𝑖+1

𝑧
𝑖,𝑞𝑖+1

− 𝑓
𝑖,𝑞𝑖+1

− 𝑔
𝑖,𝑞𝑖+1

+ �̇�
𝑖,𝑞𝑖
,

(17)

where 𝑐
𝑖,𝑞𝑖+1

> 0 is constant, so that

�̇�
𝑖,𝑞𝑖+1

= −

𝑧
𝑖,𝑞𝑖

(𝜅
2

𝑖,𝑞𝑖
− 𝑧
2

𝑖,𝑞𝑖
)

− 𝑐
𝑖,𝑞𝑖+1

𝑧
𝑖,𝑞𝑖+1

+ 𝑧
𝑖,𝑞𝑖+2

.

(18)

The derivative of 𝑉
𝑖,𝑞𝑖+1

along (18) is

�̇�
𝑖,𝑞𝑖+1

= −

𝑞𝑖+1

∑

𝑗=1

𝑐
𝑖,𝑗
𝑧
2

𝑖,𝑗
+ 𝑧
𝑖,𝑞𝑖+1

𝑧
𝑖,𝑞𝑖+2

. (19)

Step 𝜄 (𝑞
𝑖
+ 2 ≤ 𝜄 ≤ 𝑛

𝑖
). The design procedure is similar to

traditional backstepping design procedure, and we give the
results directly:

𝑉
𝑖,𝜄
= 𝑉
𝑖,𝜄−1

+
1

2
𝑧
2

𝑖,𝜄
, (20)

𝛼
𝑖,𝜄
= −𝑧
𝑖,𝜄−1

− 𝑐
𝑖,𝜄
𝑧
𝑖,𝜄
− 𝑓
𝑖,𝜄
− 𝑔
𝑖,𝜄
+ �̇�
𝑖,𝜄−1

, (21)

�̇�
𝑖,𝜄
= −𝑧
𝑖,𝜄−1

− 𝑐
𝑖,𝜄
𝑧
𝑖,𝜄
+ 𝑧
𝑖,𝜄+1

, (22)

�̇�
𝑖,𝜄
= −

𝜄

∑

𝑙=1

𝑐
𝑖,𝑙
𝑧
2

𝑖,𝑙
+ 𝑧
𝑖,𝜄
𝑧
𝑖,𝜄+1

, (23)

where 𝑐
𝑖,𝜄
> 0 is constant, 𝑧

𝑖,𝑛𝑖+1
:= 0, and 𝑢 := 𝛼

𝑖,𝑛𝑖
. Then we

have

�̇�
𝑖,𝑛𝑖

= −𝑧
𝑖,𝑛𝑖−1

− 𝑐
𝑖,𝑛𝑖
𝑧
𝑖,𝑛𝑖
, (24)

𝑢 = −𝑧
𝑖,𝑛𝑖−1

− 𝑐
𝑖,𝑛𝑖
𝑧
𝑖,𝑛𝑖

− 𝑓
𝑖,𝑛𝑖

− 𝑔
𝑖,𝑛𝑖

+ �̇�
𝑖,𝑛𝑖−1

, (25)

�̇�
𝑖,𝑛𝑖

= −

𝑛𝑖

∑

𝑗=1

𝑐
𝑖,𝑗
𝑧
2

𝑖,𝑗
. (26)

4. Stability Analysis

Theorem 3. Consider the closed-loop systems (1), (8), (13),
(18), (22), (24), and (25) under Assumption 1. Denote by𝐴

𝑖,𝑗
an

upper bound for 𝛼
𝑖,𝑗
in the compact set Ω

𝑖,𝑗
, where 1 ≤ 𝑗 ≤ 𝑞

𝑖
;

that is,

𝐴
𝑖,𝑗
≥ sup


𝛼
𝑖,𝑗
(𝑥
𝑖,𝑗
, 𝑧
𝑖,𝑗
, 𝑦
(𝑗)

𝑖,𝑟
: 𝑐
𝑖,𝑗
, 𝜅
𝑖,𝑗
)

, (27)

where 𝜅
𝑖,𝑗

= [𝜅
𝑖,1
, . . . , 𝜅

𝑖,𝑗
]
𝑇, 𝑐
𝑖,𝑗

= [𝑐
𝑖,1
, . . . , 𝑐

𝑖,𝑗
]
𝑇, and

𝑦
(𝑗)

𝑖,𝑟
= [𝑦
(0)

𝑖,𝑟
, . . . , 𝑦

(𝑗)

𝑖,𝑟
]
𝑇. So 𝛼

𝑖,𝑗
is parameterized by 𝑐

𝑖,𝑗
, 𝜅
𝑖,𝑗
. The

compact set Ω
𝑖,𝑗
is defined by

Ω
𝑖,𝑗
:= {𝑥

𝑖,𝑗
, 𝑧
𝑖,𝑗
, 𝑦
(𝑗)

𝑖,𝑗
:


𝑥
𝑖,


≤ 𝐷
𝑧𝑖,

+ 𝐴
𝑖,−1

,


𝑧
𝑖,


≤ 𝐷
𝑧𝑖,
,

𝑦
()

𝑖,𝑟


≤ 𝑌
𝑖,
}

(28)
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with 1 ≤  ≤ 𝑗, where

𝐷
𝑧𝑖,

:= 𝜅

√1 − 𝑒−2𝑉(0). (29)

Define 𝑧
𝑖
= [𝑧
𝑖,𝑗
]
𝑇 and 𝑗 = 1, . . . , 𝑁

𝑖
. Given the constraints

𝜅
𝑖,1
, . . . , 𝜅

𝑖,𝑞𝑖
, and 𝑘

𝑖,𝑗+1
> 𝐴
𝑖,𝑗
+ 𝜅
𝑖,𝑗+1

, 𝑗 = 1, . . . , 𝑞
𝑖
− 1, when

𝑧
𝑖 (0) ∈ Ω𝑧𝑖(0)

:= {𝑧
𝑖
:

𝑧
𝑖,𝑗


< 𝜅
𝑖,𝑗
, 1 ≤ 𝑗 ≤ 𝑞

𝑖
} , (30)

then the following properties hold.

𝑃1. The signals 𝑧
𝑖,𝑗
(𝑡) remain in the set Ω

𝑧𝑖
:= {𝑧
𝑖
: |𝑧
𝑖,𝑗
| ≤

𝐷
𝑧𝑖,𝑗
, ‖𝑧
𝑖,𝑞𝑖+1:𝑛𝑖

‖ ≤ √2𝑉(0)} for ∀𝑡 > 0, where 𝑗 =

1, 2, . . . , 𝑞
𝑖
and 𝑧
𝑖,𝑞𝑖+1:𝑛𝑖

:= [𝑧
𝑖,𝑞𝑖+1

, . . . , 𝑧
𝑖,𝑛𝑖
]
𝑇.

𝑃2. The states 𝑥
𝑖,𝑗

remain in the set Ω
𝑥𝑖
:= {𝑥
𝑖
: |𝑥
𝑖,𝑗
| ≤

𝐷
𝑧𝑖,𝑗
+ 𝐴
𝑖,𝑗−1

≤ 𝑘
𝑖,𝑗
, 𝑗 = 𝑝

𝑖
, . . . , 𝑞

𝑖
}, for ∀𝑡 > 0; that is,

the state constraints are never violated.
𝑃3. All closed-loop signals are bounded.
𝑃4. The output tracking errors 𝑧

𝑖,1
(𝑡) converge to zero

asymptotically; that is, 𝑦
𝑖
(𝑡) → 𝑦

𝑖,𝑟
(𝑡) as 𝑡 → ∞.

Proof. The properties 𝑃1∼𝑃4 will be proved in sequence as
follows.

𝑃1. Define Lyapunov function as

𝑉 =

𝑁

∑

𝑖=1

𝑉
𝑖,𝑛𝑖
. (31)

The time derivative of 𝑉 is

�̇� = −

𝑁

∑

𝑖=1

𝑛𝑖

∑

𝑗=1

𝑐
𝑖,𝑗
𝑧
2

𝑖,𝑗
. (32)

From (32), it is clear that 𝑉(𝑡) ≤ 𝑉(0), so

𝑁

∑

𝑖=1

{

{

{

𝑞𝑖

∑

𝑗=1

1

2
log

𝜅
2

𝑖,𝑗

𝜅
2

𝑖,𝑗
− 𝑧
2

𝑖,𝑗
(𝑡)

+

𝑛𝑖

∑

𝑗=𝑞𝑖+1

1

2
𝑧
2

𝑖,𝑗
(𝑡)

}

}

}

≤ 𝑉 (0) . (33)

When 𝑗 = 1, . . . , 𝑞
𝑖
, we have that

𝑁

∑

𝑖=1

𝑞𝑖

∑

𝑗=1

1

2
log

𝜅
2

𝑖

𝜅
2

𝑖
− 𝑧
2

𝑖,𝑗
(𝑡)

≤ 𝑉 (0)

⇒
1

2
log

𝜅
2

𝑖

𝜅
2

𝑖
− 𝑧
2

𝑖,𝑗
(𝑡)

≤ 𝑉 (0)

⇒ 𝑧
𝑖,𝑗
≤ 𝜅
𝑖
√1 − 𝑒−2𝑉(0) = 𝐷

𝑧𝑖,𝑗
.

(34)

On the other hand, when 𝑗 = 𝑞
𝑖
+ 1, . . . , 𝑛

𝑖
, we have that

𝑁

∑

𝑖=1

𝑛𝑖

∑

𝑗=𝑞𝑖+1

1

2
𝑧
2

𝑖,𝑗
(𝑡) ≤ 𝑉 (0)

⇒

𝑧
𝑖,𝑞𝑖+1:𝑛𝑖


≤ √2𝑉 (0).

(35)

Hence, 𝑧
𝑖,𝑗
(𝑡) remains in the compact set Ω

𝑧
for ∀𝑡 > 0.

𝑃2. From (3), we have that

𝑥
𝑖,1
= 𝑧
𝑖,1
+ 𝛼
𝑖,0 (36)

with 𝑎
𝑖,0
= 𝑦
𝑖,𝑟
. From (28), (29), and Assumption 1, it is clear

that

𝑥
𝑖,1
≤ 𝐷
𝑧𝑖,1
+ 𝐴
𝑖,0
≤ 𝜅
𝑖,1
+ 𝐴
𝑖,0
≤ 𝑘
𝑖,1
. (37)

From (28), we know that |𝑥
𝑖,1
| ≤ 𝐷
𝑧𝑖,1
+𝐴
𝑖,0
, |𝑧
𝑖,1
| ≤ 𝐷
𝑧𝑖,1
, and

|𝑦
(1)

𝑖,𝑟
| ≤ 𝑌
𝑖,1
, so that the stabilizing function 𝛼

𝑖,1
is bounded.

Then we can conclude that an upper bound𝐴
𝑖,1
can be found

from (27). Similar to (36) and (37) and from (3), (28), and (29)
and 𝑘
𝑖,𝑗+1

> 𝐴
𝑖,𝑗
+ 𝜅
𝑖,𝑗+1

, we have

𝑥𝑖,2
 = 𝑧𝑖,2 + 𝛼𝑖,1 ≤ 𝑘𝑖,2 (38)

Progressively, after verifying |𝑥
𝑖,𝑗−1

| ≤ 𝐷
𝑧𝑖,𝑗−1

+𝐴
𝑖,𝑗−2

, |𝑧
𝑖,𝑗−1

| ≤

𝐷
𝑧𝑖,𝑗−1

, and |𝑦𝑗−1
𝑖,𝑟
| ≤ 𝑌

𝑖,𝑗
with 𝑗 = 2, . . . , 𝑞

𝑖
, we can conclude

that the stabilizing function |𝛼
𝑖,𝑗−1

| is bounded by𝐴
𝑖,𝑗−1

from
(27). Then it is clear that |𝑥

𝑖,𝑗
| = 𝑧
𝑖,𝑗
+ 𝛼
𝑖,𝑗−1

≤ 𝑘
𝑖,𝑗
.

𝑃3. For 𝛼
𝑖,𝑗
, 𝑥
𝑖,𝑗
, 𝑧
𝑖,𝑗
(𝑗 = 1, . . . , 𝑞

𝑖
) are all bounded from

𝑃1 and 𝑃2, and together with the fact that ‖𝑧
𝑖,𝑞𝑖+1:𝑛𝑖

‖ ≤

√2𝑉(0), we can progressively show that the remaining 𝛼
𝑖,𝑗

and 𝑥
𝑖,𝑗

are also bounded for 𝑗 = 𝑞
𝑖
+ 1, . . . , 𝑛

𝑖
. Then it is

straightforward to show that the control 𝑢 is bounded. Thus,
all closed-loop signals are bounded.

𝑃4. From (32), we have

�̇� ≤ −𝑐

𝑁

∑

𝑖=1

𝑧
𝑇

𝑖
𝑧
𝑖
, (39)

where 𝑐 = min{𝑐
𝑖,𝑗
}, 𝑖 = 1, . . . , 𝑁, 𝑗 = 1, . . . , 𝑛

𝑖
. By LaSalle-

Yoshizawa theorem [6, p.24 Theorem 2.1], we know that
log(𝜅2
𝑖,𝑗
/(𝜅
2

𝑖,𝑗
− 𝑧
2

𝑖,𝑗
)) → 0, 𝑗 = 1, . . . , 𝑞

𝑖
, and 𝑧

𝑖,𝑗
→ 0,

𝑗 = 𝑞
𝑖
+ 1, . . . , 𝑛

𝑖
. Then we can directly get that 𝑧

𝑖,1
(𝑡) → 0;

that is, 𝑦
𝑖
(𝑡) → 𝑦

𝑖,𝑟
(𝑡) as 𝑡 → ∞.

5. Simulation Results

In this section, we consider the following large-scale system
consisting of two second-order subsystems:

�̇�
1,1

= 𝑥
1,2
+ sin (𝑥

1,1
) + 𝑦
2
cos (𝑦

1
) ,

�̇�
1,2

= 𝑢
1
+ 𝑥
1,1
+ 𝑥
1,2
+ 𝑦
1
+ 𝑦
2
,

𝑦
1
= 𝑥
1,1
,

�̇�
2,1

= 𝑥
2,2
+ 0.1𝑥

3

2,1
+ sin (𝑦

1
𝑦
2
) ,

�̇�
2,2

= 𝑢
2
+ 𝑥
2,1
𝑥
2,2
+ tanh (𝑦

1
𝑦
2
) ,

𝑦
2
= 𝑥
2,1
,

(40)

where 𝑦
1
= 𝑥
1,1
, 𝑦
2
= 𝑥
2,1
, and 𝑥

2,2
are required that

|𝑦
1
| ≤ 𝑘

1,1
= 1.2, |𝑦

2
| ≤ 𝑘

2,1
= 1.2, and |𝑥

2,2
| ≤

𝑘
2,2

= 1.6. The reference signals are 𝑦
1,𝑟
(𝑡) = 0.5(sin(𝑡) +

sin(0.5𝑡)) and 𝑦
2,𝑟
(𝑡) = sin(0.5𝑡). As far as we know, the exist-

ing decentralized control approaches cannot be applied to
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the system Σ
1
− Σ
2
because of the existing output and state

constraints.
Based on the control scheme proposed in this paper, we

have

𝛼
1,1

= − (𝜅
2

1,1
− 𝑧
2

1,1
) 𝑐
1,1
𝑧
1,1

− sin (𝑥
1,1
) − 𝑦
2
cos (𝑦

1
) + ̇𝑦
1,𝑟
,

𝛼
2,1

= − (𝜅
2

2,1
− 𝑧
2

2,1
) 𝑐
2,1
𝑧
2,1

− 0.1𝑥
3

2,1
− tanh (𝑦

1
𝑦
2
) + ̇𝑦
2,𝑟
,

(41)

and the control input 𝑢 can be designed as

𝑢
1
= −

1

(𝜅
2

1,1
− 𝑧
2

1,1
)

𝑧
1,1
− 𝑐
1,2
𝑧
1,2

− (𝑥
1,1
+ 𝑥
1,2
) − (𝑦

1
+ 𝑦
2
) + �̇�
1,1
,

𝑢
2
= −

(𝜅
2

2,2
− 𝑧
2

2,2
)

(𝜅
2

2,1
− 𝑧
2

2,1
)

𝑧
2,1
− (𝜅
2

2,2
− 𝑧
2

2,2
) 𝑐
2,2
𝑧
2,2

− (𝑥
2,1
𝑥
2,2
) − tanh (𝑦

1
𝑦
2
) + �̇�
2,1
,

(42)

where the design parameters are chosen as 𝜅
1,1

= 0.3, 𝜅
2,1

=

0.2, 𝜅
2,2

= 0.8, and 𝑐
1,1

= 𝑐
1,2

= 𝑐
2,1

= 𝑐
2,2

= 2.
The tracking performances are shown in Figures 1 and

2, the control performances of constrained state 𝑥
2,2

and
the unconstrained state 𝑥

1,2
are plotted in Figure 3, and the

control input signals are shown in Figure 4.
From Figures 1 and 2, we can see that the interconnected

output signals 𝑦
1
and 𝑦

2
can track the reference signals

𝑦
1,𝑟

and 𝑦
2,𝑟

asymptotically, while the constraints |𝑦
1
| ≤

𝑘
1,1

= 1.2 and |𝑦
2
| ≤ 𝑘

2,1
= 1.2 are not violated. From

Figure 3, we can see that the constrained state 𝑥
2,2
, which

has never broken the constraint |𝑥
2,2
| ≤ 𝑘
2,2

= 1.6, together
with the unconstrained state 𝑥

1,2
, is bounded in the closed

loop. The simulation results have shown that although the
partial constraint systemsΣ

1
andΣ

2
interconnectedwith each

other through their constrained outputs, the decentralized
controller proposed in this paper can achieve good control
performance, which further verifies the feasibility of our
control scheme.

6. Conclusion

The problem of tracking control for a class of interconnected
large-scale systems with partial state constraints has been
considered. Such systems are very common in practice due to
physical/performance limitations. The main contribution of
this paper is the first extension of the BLF-based backstepping
control methodology to interconnected large-scale systems
with distributed constrained states. Future research will focus
on extending the proposed approach to a more general class
of nonlinear systems.
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This study proposes an automatic reading approach for a pointer gauge based on computer vision. Moreover, the study aims to
highlight the defects of the current automatic-recognitionmethod of the pointer gauge and introduces a method that uses a coarse-
to-fine scheme and has superior performance in the accuracy and stability of its reading identification. First, it uses the region
growing method to locate the dial region and its center. Second, it uses an improved central projection method to determine the
circular scale region under the polar coordinate system and detect the scale marks. Then, the border detection is implemented
in the dial image, and the Hough transform method is used to obtain the pointer direction by means of pointer contour fitting.
Finally, the reading of the gauge is obtained by comparing the location of the pointer with the scale marks.The experimental results
demonstrate the effectiveness of the proposed approach.This approach is applicable for reading gauges whose scalemarks are either
evenly or unevenly distributed.

1. Introduction

With the rapid development of information technology, the
digital meter has been widely applied. But pointer gauge
is still very popular in various fields due to its simple
structure, high reliability, low price, and easy operation.
However, owing to the nondigital signal output of the pointer
gauge, a computer cannot conduct the processing and remote
transmission of the data collected by the pointer gauge. This
limits its application. Therefore, the method of providing the
pointer gauge with digital features, such as automatic reading
and transforming the collected value into the digital signal,
should be urgently solved for wider application. In particular,
in the process of calibration or metrological verification [1],
the checkers need to read the output values of the standard
and the indicating value of the calibrated gauge, respectively,
and then make a comparison. Random errors may occur in
this case, due to the limited acuity of human observation.
Furthermore, when an operator is far away from the gauge,
the operator has to repeat the reading and manually record
the indicating value. This not only increases the operator’s

burden but also lowers the efficiency of the gauge calibration.
To overcome the above limitations and to make the pointer
gauge more user-friendly, new technologies are expected to
digitalize its reading. At present, machine vision is widely
utilized to detect the gauge dial and pointer and then conduct
a reading.

This study aims at the application of pressure gauge
verification and proposes a computer vision based automatic
reading approach for a pointer gauge that adopts a coarse-
to-fine scheme. In this approach, the dial region and its
center of the pointer gauge are located by, first, using the
region growing method. Then, the circular scale region is
determined by the adaptive threshold method under the
polar coordinate system. In the circular region, the scale
marks distribution diagram is produced using improved
central projection. According to the scale marks distribution
diagram, the main scale marks are located in the circular
scale region of the dial. In the following steps, the Hough
transformation is used to detect the pointer in the dial
region and obtain its direction. Finally, the distance method
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is adopted to obtain the indicating value of the gauge by
comparing the pointer direction with the position of the scale
marks.

Since the indicating value is determined by comparing the
pointer direction and the locations of the scale marks, this
approach is also suitable for gauges wherein the scale marks
are unevenly distributed. Therefore, the proposed approach
is, in fact, a general approach for gauge calibration.

2. Related Work

2.1. Configuration of Hardware System Used in Gauge Ver-
ification. The hardware system used in gauge verification
generally comprises the following configuration [2–5] which
is shown in Figure 1. During the working process, the high
precise gauge and the calibrated gauge are placed on the
worktable. A computer sends impulse signals to the motor
driver. Therefore, the stepping motor is controlled to make
theworktablemove to allow for the adjustment of the location
of the gauge, so that the gauges can be appropriately placed
in the camera’s view, while the standard signal source sends
reference signals to the calibrated pointer gauge and the high
precise gauge. The indicating value of the high precise gauge
is treated as standard data. Next, computer vision is applied to
automatically recognize the values indicated by the calibrated
and standard gauges. Finally, a comparison is made between
the two values and the verification result is reached.

For some other pointer gauges, the standard data pro-
duced by the reference signal generator is directly inputted

into the computer by the other signal-acquisition equipment.
The verification result is achieved by comparing the standard
data with the indicating value of the calibrated gauge, which
is extracted using computer vision.

2.2. The Process of Automatic Reading of the Pointer Gauge
Based on Computer Vision. Figure 2 shows the procedure of
the image processing used to recognize the pointer gauge
value. First, to improve the image quality, the gauge image
has to be preprocessed by means of noise suppression and
image enhancement. Next, image processing and analyzing
methods are used to detect the pointer and scale marks.
According to the pointer direction and the location of scale
marks, the value indicated by the pointer gauge can be
detected. Finally, the indicating value results are outputted.
Therefore, the automatic recognition methods of the gauge
indicating value mainly include three parts:

(1) image preprocessing aimed to improve image quality
and suppress noise,

(2) gauge pointer and scale marks detection based on
image processing and analyzing,

(3) automatic recognition of the pointer gauge indicating
value.

2.3. Related Work of the Pointer Gauge Indicating Value
Detection. In the existing literature, the pointer gauge
image should be preprocessed to remove noise or enhance
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the image, especially for the images extracted from industrial
fields. Image preprocessing improves the image resolution.
Thus, it is easier to detect the features relating to pointer and
scale marks by means of image analyzing.

Image preprocessing of the pointer gauge mainly com-
prises two parts. First, image preprocessing is used to filter
out interference and noise that result from the change of
environment. For example, in [6], the homomorphic filtering
method was adopted to process the gauge image that has
a large area of glare and reflection. Second, image prepro-
cessing is used to correct an image distortion caused by
camera imaging or different shooting angles. For instance,
[7] discussed how to reduce the reading error when the
gauge dial was uneven with the camera lens surface. The
papers [8, 9] proposed an intelligent method of gauge value
reading to avoid the influence of imaging distortion; this
method was able to correct the angle between the pointer and
the zero-scale marks and the angle between the zero-scale
marks and the other longer scale marks. It also adopted the
Newton interpolation method to approximate the functional
relationships between the pointer angle and its indicating
value.

After image preprocessing, image segmentation should
be implemented to obtain a binarization image, wherein the
threshold-segmentation method is always applied [10–13]. In
the following step, image thinning needs to be conducted in
the binarization image to achieve a one-pixel-wide pointer
image.Then, straight-line fitting is used to detect the pointer.
So the key point of the automatic recognition of the gauge
indicating value is the detection of the pointer and scale
marks. In the existing literature, several methods for pointer
detection, such as subtractionmethod, the templatematching
method, the Hough transform method, and the central pro-
jectionmethod,were proposed. In the subtractionmethod [4,
14, 15], two gauge images with roughly the same backgrounds
were taken by camera, while the pointer pointed toward a
different scale.When one image was subtracted from another
one, there were only two pointers left in the difference image.
Next, the difference image was segmented to detect the
pointer. Finally, the gauge’s indicating value could be obtained
by calculating the position of the pointer and scale marks.
The subtraction method was easily implemented by means
of image subtraction. However, the different image not only
reserves the pointer target but also leaves out a lot of noise due
to the influence of illumination.Therefore, in many cases, the
subtraction method does not produce reliable results.

In the template feature method [16], the features that
represent the pointer and its direction, such as shape, area,
and gray distribution, formed amultiple parameters template
used to match the pointer in the gauge image for pointer
detection. Since the template comprises multiple cues of the
pointer and its direction, the template feature method could
avoid the influence of an uneven illumination and other
environmental changing factors. However, the process of a
template match is too complicated to accurately detect the
pointer.

The Hough transform method has often been used in
pointer detection. In [17, 18], after edge detection and image
thinning in the gauge image, the Hough transform method

or its improved version was applied to detect the pointer by
fitting the pointer edge. The Hough transform method could
achieve good results for the pointer gauge that has many
words and symbols on the dial. In [19, 20], a novel pointer
detection method, called central projection, was described.
Themain idea of the central projection method was to search
for the pointer location bymeans of calculating the projection
from the feature points to the known central point. Every
projection value corresponded to the angle of the straight
line that connected the projection and central points. There
must be an angle that corresponds to the largest number
of projection points and represents the pointer. Hence, the
central projection method was always used to determine the
location of the gauge pointer.

The least squares method [21] was also a straight-line
fitting method, just like the Hough transformmethod, which
was used to detect the pointer. Compared with the Hough
transform method, the least squares method required fewer
calculations.

After the pointer was detected, angle and distance meth-
ods [22]were always used to determine the indicating value of
the point gauge. The angle method recognized the indicating
value by calculating the deflection angle between the detected
pointer and the zero-scale mark, according to the formula
𝑀 × 𝛽/𝛼. Here, 𝑀 was the range, 𝛼 was the premeasured
angle between the maximum- and zero-scale mark, and 𝛽

was the angle between the current pointer and zero-scale
mark.The distancemethod [23] obtained the indicating value
by calculating the distance between the pointer and nearest
scale mark. In this method, each scale reticule was located
and labeled with the corresponding scale number in a two-
dimensional coordinate system. If the distance between the
pointer and each reticule is as follows:

𝑑
𝑖
=

𝐴𝑥𝑖 + 𝐵𝑦𝑖 + 𝐶


√𝐴2 + 𝐵2
, (1)

then the indicating value of the pointer is

𝑆
𝑛
= 𝑆
𝐿
+

𝑑
1

𝑑
1
+ 𝑑
0

× (𝑆
𝐻
− 𝑆
𝐿
) . (2)

Here (𝑥
𝑖
, 𝑦
𝑖
) is the coordinate of the points in the scale marks,

𝑑
𝑖
is the distance between the point and the line 𝐴𝑥 + 𝐵𝑦 +

𝐶 = 0, 𝑆
𝑛
represents the indicating value of the pointer, 𝑆

𝐻

and 𝑆
𝐿
are the values of the scale marks which are located

on both sides of the pointer, and 𝑑
1
and 𝑑

0
are the distance

between the pointer and the nearest scale marks on both
sides, respectively. The angle method is simpler than the
distance method, but it is unsuitable for the pointer gauge in
which the scale is uneven.

3. Overview of Our Work

As mentioned above, the current methods for gauge reading
recognition are limited in terms of their practical application,
mainly due to two deficiencies. (1)Theexistingmethods were
all implemented in the global gauge images. Therefore, the
pointer and scale marks segmentation cannot be accurately
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conducted when there is some interference or where there
is some complex writing on the gauge dial. (2) In many
studies, the scale marks are not precisely detected. Hence, the
indicating value of the pointer gauge with an uneven scale
cannot be recognized.

This study aims to overcome the shortcomings of the
existing methods. As its contextual application, it also aims
to improve the calibration of the pressure gauge and develop
an automatic recognition method of pointer gauge readings
based on machine vision. This method implements a scheme
that takes detection from coarse to fine in terms of the
pointer and scale marks detection. First, the pointer gauge’s
dial region is located in a global image. Then, the dial’s
annular scale region is located. In the following steps, the
scale marks are detected in the annular scale region and the
pointer is detected in the dial region. Finally, based on the
results of the detection of the pointer and scale marks, the
improved distance method is used to recognize the gauge’s
value. Since the improved distance method is implemented
from the coarse region to the fine target, it has a strong
ability for suppressing interference. Since the indicating value
is obtained from the pointer and scale marks detection, the
method is also suitable for reading the gauge whose scale
marks are unevenly distributed.

3.1. Machine Vision Based Pressure Gauge Verification System.
Metrological departments usually calibrate pressure gauges
with piston manometers. In this case, the standard pressure
output of piston manometers, given by manually added
weights, is passed on to the tested pressure gauge. Then, the
qualification of the pressure gauge is determined through
reading, analysis, and comparison of the indicating value. In
general, verification personnel manually handle this process
through observation by recording and analyzing the indicat-
ing value of the gauge panel. Many problems still exist with
this verification method. They include (1) low accuracy and
repeatability in human visual observations and (2) poor work
efficiency, due to the large workload of verification personnel.
Hence, development of an automatic verification method
for the pressure pointer gauge will boost the advancement
of the technology used in their production and verification
capabilities. The system composition for pointer pressure
gauge verification is shown in Figure 3. We can see that
images of pointer gauges are obtained through a camera and
processed and analyzed by computer, wherein the indicating
values of the standard pressure gauge and the test gauge
are detected and recognized. The final results of the gauge
reading will be displayed on amonitor to operators and reach
a verification conclusion based on the analyses of the above
readings.The detection software also has suchmultifunctions
as the storage of historical data, graphical display, and image
switching to realize the automatic verification of pointer
gauges.

3.2. Introduction of OurWork. In this study, a new automatic
recognition method of the pointer gauge that indicates value
is proposed. Figure 4 shows a block diagram of this method.

In general, the computer vision based automatic recog-
nition method of indicating value comprises two parts. One

Piston gauge
Calibrated gauge

Standard gauge

Display PC

Camera

Image 
capture card

Figure 3: Schematic of a machine vision based pressure gauge
verification system.

part is the detection of the indicating value of the pointer
gauge. This mainly includes the scale detection and the
pointer detection, which refer to the location of the dial
region and the dial center, the determination of the annular
scale region in the dial, the scale detection, and the pointer
detection. The other is the automatic recognition of the
reading. Namely, it makes the final judgment of the gauge
reading according to the detected direction of the pointer and
the distribution of the scale marks. As seen in Figure 4, the
automatic recognition of the indicating value, proposed in
this paper, falls into five steps.

(1) The dial region and its center location: first, in the
entire image, the dial region can be determined by
semi-interaction (using the mouse to drop down
the box in the image). The pixel point with the
biggest gray value is searched out in the dial region
and taken as the seed point of the region growing
method used to produce the circular region in the
dial. In the process of the region growing method,
the similarity threshold value between the pixel points
is automatically determined. Finally, according to the
results of the region growing method, the radius and
center of the circular dial are obtained.

(2) Determination of the scale region in the dial: the
image coordinate is first converted into the polar
coordinate with the dial center as its origin, which
is used to express the coordinate of each pixel in the
image. Then, by comparing the pixel sum of the low
gray value with that of the high gray value in the
annular region, the annular scale region in the dial is
determined. And finally, it is copied into a new image
as the annular scale region.

(3) The scale marks are detected using the central pro-
jection method. In the newly generated annular scale
region image, first, the scale mark segmentation is
conducted by theOSTUmethod to form the binariza-
tion scale image.Then, the angle of each line that links
the black pixel with the circle center is calculated,
and the number of each angle is obtained. The angles
with large numbers (connecting line) in a narrow
angle range correspond to the thick scalemarks (main
scales) on the dial. Thus, the angles of the scale marks
in the scope of 0∘–360∘ are obtained.
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Scale detection by central projection method

Segment the image in annular scale
region by OSTU to obtain the

binarization scale image

Traverse the black pixel points in the
image, link each black point to the

circle center, and then calculate the angle
of the connecting line to get that of

each coarse scale mark

Detection of gauge pointer by Hough
transform

Utilize the Canny operator to perform
border detection on the dial image

Use the adaptive threshold value to
perform the Hough transform on dial

border image and fit the gauge pointer
contour

Calculate the pointer direction within

The indicating value reading

Calculate the indicating value
according to the pointer direction and

the dial scale distribution

Dial region and center location

Search the pixel point with maximum
gray in the dial region as the seed

Conduct region growing from the seed
point and adaptively determine the
similarity principle between the pixels

Obtain the center and radius of
circular dial region by region growing

Determination of annular scale region in the dial

Convert the image into the polar
coordinates with the dial center as its

origin center

Determine the annular scale region by
comparison between the pixel sum of
low gray value and that of high gray

value

Copy the circular scale region
established into a new image

the scope of 0– Obtain the scale in the scope of 0–360
degrees.

360 degrees.

Figure 4: The flow chart of the pointer gauge indicating value recognition.

(4) Pointer detection: first, the Canny operator is used
to implement the border detection. Then, the Hough
transform method is used to fit the detected edge
and obtain the pointer contour. Finally, the pointer
direction is obtained according to the center position
and the pointer contour.

(5) The indicating value is calculated according to the
pointer direction and the dial scale distribution.

4. Indicating Value Recognition Approach of
Pointer Gauge

4.1. Pointer Gauge Indicating Value Detection. As mentioned
above, the detection of the indicating value is achieved
through the scale and pointer detection. As for the scale
detection, first, the gauge center and dial region should be
located, followed by the extraction of the annular scale region
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(a) Typical pointer gauge (b) The results of the dial region growing method

Figure 5: The diagram of the dial region growing results.

and the scale mark detection. Finally, the detection of the
pointer direction is performed.

4.1.1. Dial Region and Its Center Location. As for the detection
of the indicating value, first the gauge pointer and its direction
should be detected to determine its rotation center. In general,
the gauge’s dial center is the pointer’s rotation center. Hence,
first, the dial center should be detected. In this study, the
circular dial region is detected for determining the dial center.
As is shown in Figure 5(a), typically, there are the labels,
words, and scale marks in the circular dial. Therefore, it is
difficult to confirm the circular region of the dial by such
segment methods as the border and threshold values. In
view of the above, this paper introduces the adaptive-region-
growing method to locate the gauge’s circular region and,
further, to obtain its dial center. The specific steps are as
follows.

(1) The placement of the seed [24]: since the dial is
usually white, the region with a high gray level or
the pixel point with the highest gray level in the
gauge is certainly located at the part where the dial
is. Therefore, the latter is selected as the seed point of
the region growing.

(2) Subject to the similarity of the pixel gray level, the
expansion of the dial region is conducted from the
seed point. However, it is hard to fix an appropriate
similarity threshold value of the gray level between
pixels. As is shown in Figure 5(b), the circular dial
region cannot be completely produced with a small
threshold value, while an oversized dial region will be
generated with a large threshold value.

This study proposes an adaptive method to determine
the similarity threshold value of the gray level; the concrete
process is as follows.

(A) A small similarity threshold value, 𝑇, of the gray
level is empirically chosen, and then, the dial region
growing method is conducted from the seed point.

(B) The ratio of the circumscribed rectangle’s length and
width of the newly generated dial region is calculated
to detect whether it is in the 0.95–1.05 range.

(C) If the ratio of the length and width fails to meet
the conditions in (B), the similarity threshold value
would be increased with a certain step length (𝑆),
and the first step, (A), would continue to conduct
the region growing from the seed point. However,
if it meets the conditions in (B), the growing region
will be the circular dial region, the center of the
circumscribed rectangle will be the circle center, and
the smaller value between the length and width will
be the diameter of the circular region (Figure 6).

4.1.2. Polar Coordinate Based Scale Region Location

(1) Image in Polar Coordinates. In general, in light of the
circular permutation, the pointer gauge scale marks are
distributed around the center. Therefore, to correctly and
expediently show where the scale marks in the image are,
the polar coordinate system is utilized to position the pixels
in the image. In this study, a conversion from the image
coordinates into the polar coordinates is performed. This
means that the pixel coordinates, expressed by the rectangular
image coordinate system, are converted into those expressed
by polar coordinates. The polar coordinates defined in this
study are shown in Figure 7, the circle center being its origin.

(2) Detection of the Scale Region in the Dial. The procedure
for scale region detection based on the adaptive threshold
method is as follows.

(A) The circular dial radius detected in Section 4.1.1 is
taken as the initial radius 𝑅, its decreasing step length
being 𝑏 and the initial 𝑛 = 1. In the gauge dial, the
gray value difference between the scale marks and
dial background is generally rather large. Therefore,
the adaptive threshold value method can be adopted
to segment the scale. In the polar coordinate, the
annular binarization image is gained by employing
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(a) (b)

(c) (d)

Figure 6: The region growing results under different pixel similarity threshold values.
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Figure 7: Schematic of the polar coordinate.

the OSTU method [25] to perform the binarization
segmentation in the annular region.

(B) The ratio between the number of black andwhite pixel
points in the annular binarization region between the
radius 𝑅 and 𝑅−𝑛∗𝑏 is calculated and denoted by 𝑟

1
.

After reducing the inner radius, according to the step
length 𝑏, the ratio between the number of black and

white pixel points in the region between 𝑅−(𝑛+1)∗𝑏
and 𝑅 is computed and denoted by 𝑟

2
.

(C) If 𝑟
1
is obviously different from 𝑟

2
, the inner radius

and the outer radius of the scale region would be 𝑅 −
(𝑛 + 1) ∗ 𝑏 and 𝑅, respectively.

(D) If 𝑟
1
is approximated to 𝑟

2
, the annulus between 𝑅 −

(𝑛 + 1) ∗ 𝑏 and 𝑅 would still be in the circular scale
region. At thismoment, let 𝑛 = 𝑛+1; the ratio between
the number of black and white pixel points in the
annulus between 𝑅 − (𝑛 + 1) ∗ 𝑏 and 𝑅 is computed
and is still denoted by 𝑟

2
. Then, go to (B) (Figure 8).

After obtaining the annular scale region in the above
polar coordinate, the scale region is selected on the basis of
angle and radius and copied into a new image, called the scale
mark region image𝑀 (Figure 9).

4.1.3. Scale Mark Detection Based on the Improved Central
Projection Method. In the newly generated image,𝑀, which
is the annular scale region, the OSTU method is adopted to
segment the scale marks to form the binarized scale image.
In this image, the pixel value of the scale mark is 0 (black)
and those in other places are 255 (white). Each black pixel
point and the circle center are linked, and the slope, 𝐾, of
the connecting line is calculated according to the formula
𝑘 = tan𝛼, wherein 𝛼 is the angle between the 𝑥-axis and
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(a) (b)

(c)

Figure 8: Schematic of scale mark region detection.

(a) (b)

Figure 9: The scale mark region diagram and its binarized image.
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(b) The rectangular coordinate system

Figure 10: Schematic of the image coordinate system and the rectangular coordinate system.

the connecting line between the black pixel point and the
circular center. Due to the origin of the image coordinate
being in the top left corner and the𝑦-axis running downward,
it is inconvenient to denote the central angle within the
scope of 0∘–360∘. Therefore, in this study, the rectangular
coordinate system, with the image center as its origin, is
introduced to express the angle between the black pixel
point on the scale mark and the circle center, instead of the
image coordinate system. As is shown in Figure 10, the angles
between the black pixel point and the circle center are in the
0∘–360∘ range.

After calculating the number for angle 𝛼, the angle with
a large number (connecting lines) in a small angle range is
that of the thick scale mark (main scale) on the dial.The steps
to detect the scale mark by central projection are detailed as
follows.

(1) The black pixel point and the image central point,
that is, the circle center (𝑥

0
, 𝑦
0
) in the new image, are linked

to determine the slope 𝑘, which is converted to an angle
according to the following formula:

𝛼 = arctan (𝑘) ∗ 180

𝜋
. (3)

(2) As shown in Figure 10, the image coordinate system
is transformed to a rectangular one. The angle 𝛼, following
formula (4), is converted into an angle in the rectangular
coordinate:

𝜃 = −𝛼 𝑖 < 𝑟, 𝑗 > 𝑟, the first quadrant

𝜃 = 180 − 𝛼 𝑖 < 𝑟, 𝑗 < 𝑟, the second quadrant

𝜃 = 180 − 𝛼 𝑖 > 𝑟, 𝑗 < 𝑟, the third quadrant

𝜃 = 360 − 𝛼 𝑖 > 𝑟, 𝑗 > 𝑟, the forth quadrant.

(4)
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Figure 11: The angle histogram.

(3) An angle histogram is generated by recording the
occurrence frequency of each angle. Figure 11 shows the angle
histogram.

(4) The angle with the most occurrence times in the
histogram is selected and denoted by max; all the angles
whose occurrence times are more thanmax /2 are found.The
occurrence times of the angles are denoted by 𝑓(𝜃). Here, 𝜃
represents the angles that occur more than max /2.

(5) For every angle 𝜃, we calculate the weighted average
value anglemean(𝑚), according the following to formula:

anglemean (𝑚)

=
𝑓 (𝜃 + 1) ∗ (𝜃 + 1) + 𝑓 (𝜃) ∗ (𝜃) + 𝑓 (𝜃 − 1) ∗ (𝜃 − 1)

𝑓 (𝜃 + 1) + 𝑓 (𝜃) + 𝑓 (𝜃 − 1)
.

(5)

Here,𝑚 is the sign of the angle.
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Figure 12: The location of the thick scale marks.

(6) Calculate specific value 𝑃, according to the following
formula:

𝑃 =
anglemean (𝑚)

anglemean (𝑚 + 1)
. (6)

If 𝑃 is within the 0.9–1.1 range, anglemean(𝑚) is the angle
of the thick scale mark. All the angles sorted out successively
are taken as 𝛼

0
, 𝛼
1
, 𝛼
2
, . . ., which correspond to the thick

scale marks. Therefore, the thick scale marks are located on
Figure 12.

4.1.4. Improved Hough Transform-Based Pointer Detection.
The edge detection is implemented in the pointer gauge
image, using the Canny operator to obtain the edge image
of the gauge. Then, the Hough transform method is adopted
to fit the straight line in the image to obtain all the straight
lines among which the pointer border is included. Finally,
only the pointer border can be determined by excluding the
other straight edges.

(1) The Hough transform method is adopted to fit the
straight line and find all the straight lines in the image. In
addition, each straight line described in the image coordinate
system by 𝑦 = 𝑘𝑥 + 𝑏 is calculated.

(2)The distance, 𝑑, from the circle center, (𝑥
0
, 𝑦
0
), to the

straight line is calculated according to the following formula:

𝑑 =

𝑦0 − 𝑘 ∗ 𝑥0 − 𝑏


√1 + 𝑘2
. (7)

Based on prior knowledge, we know that the distance
from the circle center to the straight line of the pointer is
much less than the diameter of the dial; all the straight lines

Figure 13: Schematic of pointer fitting and its direction.

conforming to 𝑑 < 2𝑟/10 are picked out. Here, 𝑟 is the
diameter of the dial.

(3) The angle of each straight line in (1) is calculated
according to formula (8) and stored into an array angle[]:

𝜑 =
arctan (𝑘) ∗ 180

𝜋
. (8)

(4) As the angles of the pointer direction are acute ones,
generally in the range of 2∘ ∼ 10

∘, the angle Δ𝜑 is calculated
subject to the following formula:

Δ𝜑 =
angle [𝑛] − angle [𝑛 + 1] . (9)

If it is in the situation where 2 < Δ𝜑 < 10, the straight line
should be selected as one side of the pointer. Therefore, both
lines where the two sides of the pointer lie can be found.

(5) According to the straight lines of the two sides, the
pointer direction can be determined.

4.2. The Pointer Gauge Indicating Value Recognition. As is
shown in Figure 11, the intersection point, 𝐺, of the two
straight lines of the pointer border is calculated and then
linked to the circle center 𝑂(𝑥

0
, 𝑦
0
). The angle of the

line, 𝑂𝐺, is calculated. In accordance with the position of
the intersection point, 𝐺, the angle, 𝛽, in the rectangular
coordinate system is computed according to formula (1)
(Figure 13).

According to the angle, 𝛽, the readings, 𝐷
0
, 𝐷
1
, . . . , 𝐷

𝑛
,

corresponding to each thick scale mark are obtained. Based
on the angle that corresponds to the thick scale mark
and its number, 𝑛, which is detected in Section 4.1.4, the
pointer reading can be determined according to formula (10).
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Table 1: Experimental samples.

Sample name Image resolution Sample character The purpose of sample selection
The pressure gauge with many
labels and a lot of writing on the
dial.

1000/750
A lot of writing on the dial, which may
influence the location of the dial center
and the pointer segmentation.

Verify the robustness of the
algorithm and the capability of
resisting interference.

Flow gauge with the uneven
scale. 500/500 Uneven distribution of the scale marks. Verify the universality of the

algorithm.

The scale within the adjacent thick scale marks is divided by
linear interpolation:

𝑆indicating value

=

{{{{{{{{{{{{

{{{{{{{{{{{{

{



𝛼
0
− 𝛽

𝛼
0
− 𝛼
1



(𝐷
1
− 𝐷
0
) , 𝛼

0
< 𝛽 < 𝛼

1



𝛼
1
− 𝛽

𝛼
1
− 𝛼
2



(𝐷
2
− 𝐷
1
) + 𝐷
1
, 𝛼

1
< 𝛽 ≤ 𝛼

2

.

.

.



𝛼
𝑛−1

− 𝛽

𝛼
𝑛−1

− 𝛼
𝑛



(𝐷
𝑛
− 𝐷
𝑛−1

) + 𝐷
𝑛−1

, 𝛼
𝑛−1

< 𝛽 ≤ 𝛼
𝑛
.

(10)

Here, 𝛼
0
, 𝛼
1
, 𝛼
2
, . . . , 𝛼

𝑛
are the angles that correspond to the

thick scale marks.

5. Experimental Results and Analysis

To verify the effectiveness of the proposed approach, a series
of experiments are conducted to test its performance.

5.1. Experiment Design. The experiments include two parts.
First, the images of the different kinds of pointer gauges are
selected to conduct the simulation experiments and verify
the effectiveness and applicability of the approach. Then,
the pressure gauge calibration system, which is composed
of a float gauge, high precise pressure gauge, test pressure
gauge, camera, and computer, is established to verify the
actual performance of this approach in the pointer gauge
calibration.

5.2. Part One of the Experiments: Reading Identification of
the Various Pointer Gauges

5.2.1. Samples Selection. As can be seen in Table 1, two groups
of representative samples are selected for the experiment.
They include the pressure gauge with a lot of writing on the
dial and the flow gauge with an uneven scale.

5.2.2. Experimental Results and Analysis. In this part of
the experiment, we adopt the proposed approach to the
automatic recognition of the indicating value of the above
mentioned two types of gauges. To verify the effectiveness
of the proposed approach, Figures 14 and 15 illustrate the
experimental results of each step.

Figure 14(a) is the original pointer gauge image. From
Figure 14(a), we can see that the pointer and scale marks

cannot be directly detected by segmentation methods since
there is a lot of writing on the dial. Therefore, the proposed
approach applies an idea that conducts a coarse-to-fine
search. The dial and scale regions are located first, since they
are more easily detected than the pointer and scale marks. As
shown in Figures 14(c) and 14(d), the dial region is located
using the adaptive-region-growing method, and the scale
region is detected under the polar coordinate system. Then,
in both regions, the pointer and scale marks are accurately
detected. As shown in Figures 14(e) and 14(f), the improved
Hough transform method is adopted to detect the pointer
and the improved central projectionmethod is used to detect
the scale marks. The location of the thick scale marks is
determined according to the angle histogram generated from
the central projection of the scale marks. Their indicating
values are given according to the location of the thick scale
marks. The scale values within any two adjacent thick marks
are determined by linear division. According to the direction
of the pointer and the location of the scale marks, the angle
method, which is adopted in the adjacent thick scale marks,
is used to indicate the pointer gauge value.

The proposed approach detects the pointer direction and
the scale marks location, respectively. In Figures 15(e) and
15(f), it can be seen that the location of the scale marks is
precisely obtained by the angle histogram and the pointer is
detected in the dial region. Based on the location of the scale
marks and the pointer direction, the distance between the
pointer and the adjacent scale marks can be calculated using
the distance method; then, the pointer indicating value can
be estimated.Therefore, whether or not the distribution of the
scale is even, the proposed approach is able to precisely detect
the gauge’s indicating value, while the most current existing
methods cannot.

5.3. Part Two of the Experiments: The Recognition of the Float
Pointer Gauge Indicating Value

5.3.1. The System and Procedure of Experiments. To verify
the performance of the practical application of the proposed
approach in practical application, the float gauge is used as the
pressure gauge verification system. The type of float gauge is
Y-047. The main technical parameters of the float gauge are
described as follows. The range of output pressure is 0.01–
0.25MPa; the accuracy class is ±0.05%; the rated pressure
is 0.5MPa; and the standard weights are from 0.01MPa
to 25MPa. A high-precision gauge is used as the standard
pressure gauge whose accuracy class is 1.5. The test gauge
is a gauge with general accuracy. A visual detection system
is established in front of the float gauge. An optical lens,
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(a) The original gauge image (b) The dial region of the manual interception

(c) Detection results of dial center and dial region (d) Detection results of scale region

𝛼1 𝛼2 𝛼3 𝛼4𝛼0 𝛼5 𝛼6 𝛼7 𝛼8 𝛼9 𝛼10

(e) Angle histogram for scale marks detection (f) Results of the pointer and scale marks
detection

Figure 14: The detection results of the pointer gauge with a lot of writing on the dial.

whose focal length can be adjustable from 10 to 20mm, and
a 500-megapixel HD CMOS camera with a 60 fps frame
rate are applied as image sensors. The system is equipped
with a coaxial light source, which is placed on the camera
lens. The hardware configuration of the computer used in
this experiment is Inter Pentium(R) Dual, CPU E2200, and

2.2GHz. The programming environment is VS2010. The
verification system of the pointer gauge that is based on
computer vision is shown in Figure 16. The camera used in
the experiments takes images of the high-precision standard
gauge and the test gauge. The proposed approach is adopted
to detect the indicating value of both standard and test gauges.



Mathematical Problems in Engineering 13

(a) Original gauge image (b) Dial region by manual interception

(c) Detection results of dial center and dial region (d) Detection results of scale region

𝛼1 𝛼2 𝛼3𝛼0

(e) Angle histogram for scale marks detection (f) Results of the pointer and scale marks
detection

Figure 15: The detection results of the pointer gauge with an uneven scale.

According to the gauge calibration regulations, the exper-
iment procedure is as follows. First, a positive stroke is
conducted. Here, the float gauge’s output is increased by
gradually loading the weights, while the gauge’s indicating
value is increased. At each indicating value test point, the
camera takes images of both the standard pointer and test
gauges. The proposed approach is to use the images to
recognize the indicating values. Then, a negative stroke is
conducted, of which the process is that the float gauge output
is reduced from the highest test point by gradually unloading
the weights, while the gauge’s indicating value is accordingly
reduced. An image of each test point is taken to recognize the
indicating values.

5.3.2. Experimental Results and Analysis. The experimental
results are shown in Figures 17 and 18. The gauge’s upper
limit is 0.25MPa; the lower limit is 0MPa. Whatever the
experiment is, in the positive or negative stroke, the float
gauge output intervals are 0.025MPa. The detection results
for the indicating values of the standard and test gauges are
shown in Tables 2 and 3, respectively.

As can be seen from the experimental results, the pro-
posed approach is applicable to the pressure gauge ver-
ification. The indicating values of the test and standard
gauges can be obtained by the proposed approach, instead of
being obtained through manual observation. The test gauge
calibration is completed by comparing the indicating value
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Figure 16: The experimental system of gauge test.

Figure 17: The standard gauge results.

Figure 18: The test gauge results.

of the test gauge with that of the standard gauge. From the
experimental results in Tables 2, 3, and 4, comparing the
visual data with the manual reading, we can see that the
detection results of the indicating value based on computer
vision are more accurate, valid and have more significant
digits and a faster detection speed.

5.4. Experimental Conclusion. From the above experimental
results, we can draw the following conclusions.

(1) The indicating value of the pointer gauge can be
effectively detected using themethod proposed in this

paper; the approach can be used for pressure gauge
verification.

(2) The approach proposes a stable frame about the
reading identification of the pointer gauge. From
big region to small target, the approach first locates
the scale and the pointer region. Then, it precisely
segments the pointer and scale marks in the target
area. Finally, the indicating value of the gauge is
obtained based on the direction of the pointer and
the distribution of the scale marks. This framework
is a general recognition method of a pointer gauge
based on computer vision and has good interference
immunity. However, to achieve more satisfactory
results in its practical application, each step has to be
improved. For example, in the process of locating of
the dial region based on the region growing method,
many factors need to be considered to determine
whether the use of this method should be terminated.

(3) In its practical application, the image preprocessing
method should be used along with the proposed
method, so as to obtain more satisfactory results,
especially for some industrial field applications.

6. Conclusion

This study proposes a pointer gauge automatic reading
approach based on computer vision. The approach aims at
overcoming the defects in the current pointer gauge auto-
matic reading approach and the application of pressure gauge
verification. According to the framework of the proposed
approach, which is conducted from big-region segmentation
to small-target detection, first, the target region in the dial
is located. Then, the pointer and scale marks are detected in
this region. Finally, the indicating gauge value is obtained. As
such, the proposed approach has good interference immunity
and is applicable for both gauges with and without evenly
distributed scale marks. The approach can be widely applied
to the reading identification of different types of pointer
gauges.

The proposed method is robust and precise enough to be
used in pointer gauge verification.However, in some practical
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applications, especially in the industrial field, it should be
used by combining it with image preprocessing methods
so as to achieve better effects. The improved approach can
also be used for the pointer gauge whose dial is noncircular.
Therefore, in the future we will conduct the following studies
to complete the digitization work on the pointer gauge, so as
to develop a general indicating value readingmethod. (1)The
image preprocessing methods will be developed to eliminate
the influence of stray or reflective light or to correct the image
distortion caused by changes in the relative position between
the camera and gauge. (2) A general automatic reading
method will be developed for different types of pointer
gauges, which can be used in various hardware systems and
have a unified standard output format.
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In order to improve the prediction accuracy of the traffic flow, this paper proposes two combinational forecast models based on
GM, ARIMA, and GRNN. Firstly, the paper proposes the concept of associate-forecast and the weight distribution method based
on reciprocal absolute percentage error and then uses GM(1,1), ARIMA, and GRNN to establish a combinational model of highway
traffic flow according to the fixed weight coefficients. Then the paper proposes the use of neural networks to determine variable
weight coefficients and establishes Elman combinational forecast model based on GM(1,1), ARIMA, and GRNN, which achieves
the integration of these three individuals. Lastly, these two combinational models are applied to highway traffic flow on Chongzun
of China and the experimental results verify their effectiveness compared with GM(1,1), ARIMA, and GRNN.

1. Introduction

The traffic flow forecast is an important research in modern
intelligent transportation and an accurate traffic prediction is
a premise and a key to achieve traffic control and planning
[1]. Long-term traffic flow forecast is based on hours, days,
months, and even years for the unit of time [2], which
is very important to the traffic forecast. On one hand,
long-term traffic prediction can contribute to the planning
and construction of the rational road distribution. On the
other hand, it will help conduct the road maintenance in
the operation department and schedule the construction
progress timely [3].

Over the years, the scholars have been dedicated to
research in this field and made a series of predictive models.
Kim and Hobeika established a real-time traffic flow forecast
using ARIMA model [4]. Lee and Fambro established a
sub-ARIMA forecasting model in short-term traffic flow
[5]. Yao and Cao used an ARIMA method to predict the
traffic trend and analyzed the applicability of ARIMA with
real data [6]. Brian and Demetsky used a neural network
to forecast short-term traffic flow and it was proved that
the method had better results [7]. Dougherty and Cobbett

established a prediction model with BP neural network to
predict the urban traffic [8] and Dia established a neural
network forecasting model with time delay [9]. Ma et al. used
BP (Backpropagation) and RBF (Radial Basis Function) to
establish a dynamic traffic flow forecast model and raised the
data preprocessing methods and forecast model evaluation
[10]. Tiefeng used an improved genetic neural networkmodel
for urban traffic flow prediction [11] and the experiment also
confirmed the effectiveness. Guo et al. who considered the
delay and nonlinearity made use of GM(1, 1 | 𝜏, 𝑟) model to
predict urban road traffic flow [12].

In fact, these forecast methods mentioned above have
their own advantages and disadvantages. After all, the pre-
dictive ability of a single forecast model is limited. If they
can be effectively combined to achieve complementarities,
the prediction precision can be improved greatly. The sci-
entifically and rationally combinational forecast model can
extremely avoid the adverse effects of the use of a sin-
gle model and play their respective advantages. Bates and
Granger first proposed a combinational forecast model [13],
which has become an important development of forecast
technology. Li et al. used a dynamic weight combination of
the historical average, Euclidean distance, and dynamic time
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warping distance to predict the intersection traffic flow in
Xiamen Lotus [14]. Baochun et al. proposed an adjustable
parameter genetic gray system theory to predict short-term
traffic flow [15]. Zhuoping and Yuxian established a variable
weight combinational model for railway cargo traffic and got
better prediction accuracy [16]. Zhang andWang proposed a
combinational forecast model of the genetic algorithm and
the time delay neural network [17]. In addition, [18–25],
respectively, merged the data mining technology, rough set
theory, fuzzy logic, support vector machines, particle swarm
optimization, ant colony algorithm, and chaos algorithm into
the forecast models to predict the traffic flow.

From the above, we can see that the combinational model
is an effective way to improve the accuracy rate of the
traffic flow forecast. Because of an actual problem of long-
term traffic flow, we propose two fusion forecast models
of GM, ARIMA, and GRNN. The first model is a fixed
weight coefficient combination which is established based
on three individual models. After using the methods of
the associate-forecast and the reciprocal absolute percent-
age error to allocate the fixed weights of different models,
we build a combinational forecast model and output the
final forecast results. The second method is a combination
of variable weight coefficients according to Elman neural
networks. GM(1, 1), ARIMA, and GRNN are integrated to
establish a randomweight combination. After comparing the
experimental results of two combinational predictionmodels
with three individuals, the rationality and accuracy of the
models in this paper are verified.

2. GM(1,1)

In 1986, Julong proposed gray system theory [26], that is, to
take small samples, poor information, and uncertain system
as the research object and to extract valuable information
through the partially known information processing and
extending. Tapping the potential law among data has been
found to achieve a correct understanding and effective
control of the system behavior. Gray system theory with the
help of concepts such as space and smooth discrete functions
established a differential dynamic gray model in the use of
discrete data sequence, which is called GM (Grey Model).

The modeling mechanism of GM is illustrated as follows:

(1) The original irregular data is summed up into the
spanning number by adding processing functions.

(2) The data from GM must be generated via the inverse
spanning reduction before they can be used.

GM(𝑚, 𝑛) is a GM model with 𝑚-order equation and 𝑛

variables, which is applied to the analysis of the dynamic
relationship between variables but not suitable for forecast-
ing. GM(1, 1), on the other hand, is a system model that
contains a single variable and 1-order differential equation
and is applicable to predicting the future changes according
to the previous values of the single variable. It is the most
common one in all the GMmodels.

The general steps of GM(1, 1)modeling are as follows:

(1) The original data 𝑋
(0) = {𝑥(0)(𝑡) | 𝑡 = 1, 2, . . . , 𝑛} in

each time point is accumulated sequentially to form
a new sequence 𝑋(1) = {𝑥(1)(𝑡) | 𝑡 = 1, 2, . . . , 𝑛}. The
calculation formula of 𝑥(1)(𝑡) is

𝑥
(1)

(𝑡) =

𝑡

∑
𝑖=1

𝑥
(0)

(𝑖) , 𝑡 = 1, 2, . . . , 𝑛 (1)

and order 𝑥(1)(1) = 𝑥
(0)

(1).

(2) Then there is a 1-order albino differential equation
with a single variable: 𝑑𝑥(1)(𝑡)/𝑑𝑡 + 𝛼𝑥(1)(𝑡) = 𝛽.
𝛼 and 𝛽 are undetermined coefficient, where 𝛼 is
the development coefficient and 𝛽 is the amount of
grey which can be obtained by using the least square
method; namely,

[𝛼, 𝛽]
𝑇
= (𝐵
𝑇
𝐵)
−1

𝐵
𝑇
𝑌,

𝐵 =

(
(
(
(
(
(

(

−
(𝑥
(1)

(2) + 𝑥(1) (1))
2

1

−
(𝑥(1) (3) + 𝑥(1) (2))

2
1

...
...

−
(𝑥(1) (𝑛) + 𝑥(1) (𝑛 − 1))

2
1

)
)
)
)
)
)

)

,

𝑌 = [𝑥
(0)

(2) , 𝑥(0) (3) , . . . , 𝑥(0) (𝑛)]
𝑇
.

(2)

(3) By calculating the above result, the cumulative value
of the sequence is gotten:

𝑥
(1)

(𝑘 + 1) = (𝑥
(0)

(1) −
𝛽

𝛼
) 𝑒
−𝛼𝑘

+
𝛽

𝛼
. (3)

(4) Finally, the prediction value is obtained by a reduction
process:

𝑥
(0)

(𝑘 + 1) = 𝑥
(1)

(𝑘 + 1) − 𝑥
(1)

(𝑘)

= (1− 𝑒
𝛼
) (𝑥
(0)

(1) −
𝛽

𝛼
) 𝑒
−𝛼𝑘

.

(4)

GM(1, 1) does not require large samples or the data to
be subject to certain distribution. According to only a small
amount of data, it can complete a forecast satisfactorily.
Because its predictable geometry is a monotonic smooth
curve, it is suitable for the dynamic prediction that the time
series is short with less data and the volatility is not too
large. When the amount of data is large and it has strongly
stochastic volatility, the prediction error is often big and the
prediction accuracy tends to be low.
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3. ARIMA

ARIMA (Autoregressive Integrated Moving Average) pro-
posed by Box and Jenkins is a time series forecast method
[27] and it is also known as Box-Jenkins model. For
ARIMA(𝑝, 𝑑, 𝑞), AR is autoregression and 𝑝 is the number of
autoregressive items.MA and 𝑞 are similar to AR and𝑝, while
𝑑 is the number of differencing times when series becomes
stationary.

The ARIMA model data which is processed must be
stationary; that is, the mean and covariance of the sequence
do not change with time advection. The data sequence first
needs to go through a series of data testing such as a figure
test, an autocorrelation and a partial correlation function test,
a run test, a characteristic root test, ADF, KPSS, and other
methods for their stability. If the data sequence is not smooth,
you need to make it smooth through the methods such as
difference and logarithmic differential treatment.

After steady data processing, ARMA (Autoregressive and
Moving Average) is used to fit data. It is the mixture of
AR (Autoregressive) and MA (Moving Average) with the
form of differential equations. For normal, smooth, and zero-
mean time sequence {𝑥𝑡}, if 𝑥𝑡 relies not only on the historic
values of the previous 𝑝 steps as 𝑥𝑡−1, 𝑥𝑡−2, . . . , 𝑥𝑡−𝑝 but also
on each of the interferences with the previous 𝑞 steps as
𝑎𝑡−1, 𝑎𝑡−2, . . . , 𝑎𝑡−𝑞 (𝑝, 𝑞 = 1, 2, . . .), we can get general ARMA
according to the multiple linear regression:

𝑥𝑡 =

𝑝

∑
𝑖=1

𝜑𝑖𝑥𝑡−𝑖 −

𝑞

∑
𝑗=1

𝜃𝑗𝑎𝑡−𝑗 + 𝑎𝑡, (5)

where 𝑎𝑡 ∼ NID(0, 𝜎2𝑎). Formula (5) represents a 𝑝-order AR
and a 𝑞-order MA model, recorded as ARMA(𝑝, 𝑞). 𝑝 and
𝑞 denote the orders of AR and MA components and 𝜑𝑖 (𝑖 =

1, 2, . . . , 𝑝) and 𝜃𝑗 (𝑗 = 1, 2, . . . , 𝑞) denote, respectively, the
parameters of each part.

The general modeling steps of ARMA are as follows.

(1) Model Identification and Order. Which model can be
appropriate is often based on the ACF (autocorrelation
function) and PCF (partial correlation function). Then, it is
necessary to calculate the values of 𝑝 and 𝑞. ACF and PCF are
just a preliminary determination for the orders and the set of
candidate models. Then we should choose the optimal focus
from alternative models. If the regression coefficient passes
by 𝑡-test, it indicates a significant effect. On the contrary,
some coefficients should be removed according to the actual
situation but it is not necessary to be done completely and the
characteristic roots are needed for further test.

(2) Parameter Estimation and Adaptation Test. After the
completion of the initial fixed order, the mean, variance, and
all the values of 𝜑𝑖 and 𝜃𝑗 need to be determined for further
model application. Next, we must determine if the model
can properly describe the given time series, namely, adaptive
model testing; that is, the essence of the independence of the
model is whether residual sequence {𝑎𝑡} is a white noise or
not.

ARIMA can predict the curve for short-term and long-
term forecasts and it has smaller prediction error than AR.
When the amount of data is sufficient, it has relatively
high prediction accuracy. However, its parameter estimation
is a bit complex and when the amount of data is not
enough and the regularity is not strong, a large amount of
computationwill result in obvious time delaywhich decreases
the prediction accuracy.

4. GRNN

GRNN (generalized regression neural network) proposed in
1991 by D. F. Specht, an American scholar, is a branch of RBF
network. Based on nonparametric regression, it has a strong
nonlinear mapping ability to suit for solving the problem
of curve fitting. Compared with RBF, GRNN has stronger
advantages on approximation ability and learning speed and
its training process is also more convenient. Therefore, it
has been widely used in the decision-making control system,
signal process, finance, energy, and other fields [28, 29].

4.1. The Structure of GRNN. GRNN is composed of four
layers, namely, the input layer, the hidden layer, the sum-
mation layer, and the output layer. When the network input
𝑋 = [𝑥1, 𝑥2, . . . , 𝑥𝑛]

𝑇, the corresponding output 𝑌 =

[𝑦1, 𝑦2, . . . , 𝑦𝑘]
𝑇.The structure of GRNN is shown in Figure 1.

4.2. GRNN Modeling Process. The input layer receives input
samples and the number of neurons is equal to the input
vector dimensions in the study samples, and then the input
layer directly passes the input variables to the hidden layer.
The number of hidden layers is equal to that of the learning
samples and neuron transfer function is described as formula
(6), where 𝑋 is network input variables, 𝑋𝑖 is the 𝑖th neuron
corresponding learning samples, and 𝜎 is a smooth factor.
Neurons in the summation layer are partitioned into two
types. The first neurons compute arithmetic sum of those in
the hidden layer (formula (7)) and the second ones compute
weighted sum (formula (8)). 𝑦𝑖𝑗 is the connection weight
between the 𝑖th neuron in the hidden layer and the 𝑗th
one in the summation layer. The number of neurons in the
output layer is equal to input vector dimension in the learning
samples and you can get estimated values in this layer when
the second neurons are divided by the first ones in the
summation layer (formula (9)):

𝑃𝑖 = exp[−
(𝑋 − 𝑋𝑖)

𝑇
(𝑋 − 𝑋𝑖)

2𝜎2 ] , 𝑖 = 1, 2, . . . , 𝑛, (6)

𝑆𝐷 =

𝑛

∑
𝑖=1

𝑃𝑖, (7)

𝑆𝑁𝑗 =

𝑛

∑
𝑖=1

𝑦𝑖𝑗𝑃𝑖, 𝑗 = 1, 2, . . . , 𝑘, (8)

𝑦𝑖 =
𝑆𝑁𝑗

𝑆𝐷
, 𝑗 = 1, 2, . . . , 𝑘. (9)
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Figure 1: The structure of GRNN.

For generalized regression neural networks, once the
learning samples are identified, the corresponding values
of the network structure and connection weights between
neurons will be also determined. Therefore, we just make
manual adjustment for the smooth factor in the training
process to get the regression estimation results [30].

Similar to other neural network models, GRNN is also
able to discover the hidden rules from the large data and then
integrate this learning information into the linking weights
between neurons, but the prediction accuracy is poor when
the training samples are less.

5. The Combinational Forecast Model Based
on GM(1,1), ARIMA, and GRNN

An individual prediction model often has certain one-
sidedness, so different forecast models in accordance with a
proper form can comprehensively utilize all kinds of informa-
tion provided by them and they can learn from each other so
as to effectively improve the prediction accuracy, which is the
concept of combinational forecast [31]. Due to the influence
of various factors such as weather, holidays, commercial and
industrial layout, and social and economic activities, the
traffic flow has strong uncertainty and complexity.Therefore,
it is difficult to obtain satisfactory prediction effect for a single
mathematical model.

Based on the weights, it is to be determined whether or
not combinational forecast can be split into fixed weight and
variable weight. This paper proposes a fixed weight and a
variable weight combinational forecast based on GM(1, 1),
ARIMA, and GRNN and experimental results indicate that
they are effective compared with three individual models.

Definition 1 (associate-forecast absolute error). Let 𝑋(𝑡) =

{𝑥(𝑡)} (𝑡 = 1, 2, . . . , 𝑛) be the real traffic flow sequence with
the 𝑙-step prediction. The process of using the sequence of
𝑥(1), 𝑥(2), . . . , 𝑥(𝑛 − 2𝑙) to predict the sequence of 𝑥(𝑛 − 2𝑙 +

1), 𝑥(𝑛 − 2𝑙 + 2), . . . , 𝑥(𝑛 − 𝑙) is regarded as associate-forecast.
The estimates of 𝑥(𝑡) (𝑡 = 𝑛 − 2𝑙 + 1, 𝑛 − 2𝑙 + 2, . . . , 𝑛 − 𝑙)

are called prediction values and 𝑒(𝑡) = 𝑥(𝑡) − 𝑥(𝑡) (𝑡 =

𝑛−2𝑙+1, 𝑛−2𝑙+2, . . . , 𝑛−𝑙) are regarded as associate-forecast
absolute errors.

Definition 2 (combinational forecast model). Suppose that
{𝑥(𝑡)} (𝑡 = 1, 2, . . . , 𝑛) is the real traffic flow sequence and
get fitted values recorded as 𝑓(𝑡) (𝑡 = 𝑛− 𝑙+1, 𝑛− 𝑙+2, . . . , 𝑛)
by using 𝑚 individual models to make up a combinational
forecast. The combinational forecast model is as follows:

𝑓 (𝑡) = 𝜙 (𝑓1 (𝑡) , 𝑓2 (𝑡) , . . . 𝑓𝑚 (𝑡)) , (10)

where 𝜙(⋅) is a function determined by the combination of
rules and𝑓𝑖(𝑡) is a prediction value of the 𝑖th individualmodel
at time 𝑡.

5.1. The Fixed Weight Combinational Forecast Models of
GM(1,1), ARIMA, and GRNN

Definition 3 (fixedweight combinational forecastmodel). Let
{𝑥(𝑡)} (𝑡 = 1, 2, . . . , 𝑛) be the traffic real values and record the
prediction fitted values as 𝑓(𝑡) (𝑡 = 𝑛 − 𝑙 + 1, 𝑛 − 𝑙 + 2, . . . , 𝑛)
by using𝑚 individual models for a combinational prediction.
Then the fixed weight combinational forecast model is as
follows:

𝑓 (𝑡) =

𝑚

∑
𝑖=1

𝜔𝑖𝑓𝑖 (𝑡) . (11)

𝜔𝑖 and 𝑓𝑖(𝑡) are the weight and prediction value of the 𝑖th
individual model, respectively, and ∑

𝑚

𝑖=1 𝜔𝑖 = 1.

The selection of weights in combination with a forecast
model is extremely important. The reasonable weight dis-
tribution can improve the prediction accuracy, while it can
reduce forecast accuracy on the contrary. Common weight-
selection methods mainly include the nonoptimal weighting
and the optimal one.

Thenonoptimal weightingmethod is often based on error
statistics, including the arithmetic mean method, the inverse
of the variance, standard deviation, and other methods. The
weight of the arithmetic averagemethod is evenly distributed,
which treats an average of all models. Though it is easy to
calculate, it ignores the importance of every predictionmodel
and therefore the prediction accuracy will decrease.

The optimal one is based on certain optimal criteria to
construct the objective function for minimizing it under
some constraint conditions. This method has higher predic-
tion accuracy, but the calculation is more complicated, which
needs to solve linear and nonlinear programming.

Considering the advantages and disadvantages of these
methods, we present a method to calculate the weights by
associate-forecast mean absolute percentage error, which is
described below.

(1) Let 𝑒𝑖(𝑡) and 𝑥𝑖(𝑡) be the associate-forecast absolute
percentage error and the real value of the 𝑖th individ-
ual model at time 𝑡 and MAPE𝑖is the mean absolute
percentage error with 𝑙-step prediction; namely,

MAPE𝑖 =
1
𝑙

𝑛−𝑙

∑
𝑡=𝑛−2𝑙+1



𝑒𝑖 (𝑡)

𝑥𝑖 (𝑡)


, 𝑖 = 1, 2, . . . , 𝑚. (12)

(2) The greater the error of the model, the smaller
the weights. Therefore, in the combinational model,
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the weights are calculated in the form of the recipro-
cal; namely,

𝜔𝑖 =
1/MAPE𝑖

∑
𝑚

𝑗=1 (1/MAPE𝑗)
, 𝑖 = 1, 2, . . . , 𝑚. (13)

(3) The final combinational forecast model composed of
GM(1, 1), ARIMA, and GRNN is as follows:

𝑓 (𝑡) = 𝜔GMGM (𝑡) + 𝜔ARIMAARIMA (𝑡)

+ 𝜔GRNNGRNN (𝑡) .
(14)

5.2. The Elman Combinational Model Based on GM(1,1),
ARIMA, andGRNN. When formula (10) is a nonlinear time
function, it turns into a nonlinear combinational forecast
model. The artificial neural network can close any nonlinear
function in arbitrary precision and the connection layer
of Elman neural network has a dynamic memory function
suitable for time series forecast problems. Therefore, this
paper proposes the use of Elman on GM(1, 1), ARIMA, and
GRNN for a nonlinear combination. The weight of each
model is determined by Elman in learning and training in
order to avoid the problem that it is difficult to determine
them.

5.2.1. Elman Neural Network. A typical Elman neural net-
work is composed of the input layer, the hidden layer, the link
layer, and the output layer. The connection of the input, the
hidden, and the output layer is similar to that of the forward
feedback network.The unit in the input only plays the role of
signal transmission and the transfer function of the hidden
layer can be linear or nonlinear.The link layer, also known as
a context or a state layer, is used tomemorize the output value
of the implicit unit at the previous time and together with the
input of the network as the input of the hidden one at the next
moment.

The expression of nonlinear state space in Elman neural
network is

𝑥 (𝑘) = 𝜑 (𝜔
in
𝑢 (𝑘) +𝜔𝑥 (𝑘 − 1)) ,

𝑦 (𝑘) = 𝑔 (𝜔
out

𝑥 (𝑘)) .

(15)

𝑘 is the number of training the neural network with 𝑢 of
the input vector and 𝑥 is output vector of the hidden layer
neuron with 𝑦 of the output vector. 𝜔in, 𝜔, and 𝜔out denote
connection weight matrix from the input layer to the hidden
layer, the link layer to the hidden layer, and the hidden layer
to the output layer, respectively. 𝜑(⋅) is the transfer function
in the hidden layer and 𝑔(⋅) is that in the output layer.

5.2.2. Elman Combinational Model Based on GM(1,1),
ARIMA, andGRNN. The structure of Elman variable weight
combinational forecast model based on GM(1, 1), ARIMA,
and GRNN is shown in Figure 2. Suppose there are 𝑁 =

𝑁1 + 𝑁2 data in the traffic original sequence, where 𝑁1
is the number of training samples and 𝑁2 is that of test
samples. Apply separately GM(1, 1), ARIMA, and GRNN to

Original 
data

GM(1, 1)

ARIMA

GRNN

Single model 
forecast

Elman
combination

Input OutputHidden

Connect

x(k − 1)

x(1)

u(k)
x(n)

y(k)
...

...

...

𝜔

𝜔
in 𝜔

out

Figure 2: The structure of Elman combinational model based on
GM(1, 1), ARIMA, and GRNN.

𝑁1 training samples for 𝑙-step forecast and take their own
prediction results as the training samples of Elman and the
corresponding original data as the desired output. Then 𝑁2
test samples are tested in Elman and their output in Elman
will be the final prediction results.

5.3. Indicating Evaluation. This paper introduces MAPE
(mean absolute percentage error), RMSE (root-mean-square
error), and EC (equal coefficient) as measures of traffic
prediction error, which are calculated as follows:

MAPE =
1

𝑁2

𝑁
2

∑
𝑖=1



𝑦sim (𝑖) − 𝑦real (𝑖)

𝑦real (𝑖)


,

RMSE = √
1

𝑁2

𝑁
2

∑
𝑖=1

(𝑦sim (𝑖) − 𝑦real (𝑖))
2
,

EC = 1−
√∑
𝑁
2

𝑖=1
(𝑦sim (𝑖) − 𝑦real (𝑖))

2

√∑
𝑁
2

𝑖=1
𝑦sim (𝑖)

2
+ √∑

𝑁
2

𝑖=1
𝑦real (𝑖)

2
.

(16)

𝑦sim represents the predicted value of the traffic flow, 𝑦real
indicates the real value, and𝑁2 is the total number of the test
samples. The smaller MAPE and RMSE the better, while the
bigger EC the better [32].

6. Experiments and Analysis

To analyze the effect of the combinational forecastmodel, this
paper takes 54 pieces of highway traffic data on Chongzun of
China from January 2009 to June 2013 as experimental objects
which are conducted for six-step prediction.The initial data is
described in detail in Figure 3. EViews 6 [33], the gray system
theorymodeling software 3.0, andMATLABR2012b are used
in these experiments.
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Table 1: Alternative model evaluation form.

(𝑝, 𝑞) 𝑅
2 AIC SC HQC MAPE TIC

(0, 7) 0.432531 24.71815 25.01071 24.82469 23.0989 0.15
(2, 1) 0.235191 24.97244 25.10041 25.01836 21.0768 0.13
(0, 1) 0.112571 25.03513 25.07652 25.05035 20.0233 0.13
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Figure 3: Traffic flow monthly in 2009–2013.

6.1. Calculations of Three Individual Models and
the Combinational Models

(1) GM(1, 1) Forecast. As seen from Figure 3, the annual
export traffic increases gradually, so we choose GM(1, 1) to
set up an individual model.

The initial amount of data required by GM(1, 1)model is
not big, so we take the former 42 items of initial sequence as
𝑋
(0).
According to formulas (1) and (2), we obtain the param-

eters 𝛼 = −0.001463 and 𝛽 = −0.000002. Based on formula
(3), we get a prediction model as follows:

𝑥
(1)

(𝑘 + 1) = 18448768𝑒0.020941𝑘 − 18448685. (17)

By using this model to do the associate-forecast for 43–48
items, the average prediction error is 8.966%.

(2) ARIMA Forecast. Self-correlation and partial correla-
tion functions are shown in Figure 4, which indicates the
instability of raw data. After one-time difference, the data is
stable. Autocorrelation and partial autocorrelation function
of differential data sequence are shown in Figure 5, which
shows that PACF tends to 0 soon after 𝑘 = 8 and so does
ACF after 𝑘 = 7, so 𝑝 = 8 and 𝑞 = 7. In examining the
model, 𝑅2 of AR model is too low, having been eliminated.
Neither ARMA(3, 2) nor ARMA(1, 2) has passed the 𝑡-test
and the final choice of alternative models is shown in Table 1,
in which 𝑅

2 is to determine the coefficient of correction and
MAPE represents the mean absolute percentage error.

Fitting analysis according to Table 1, the bigger adjusted
𝑅2 the better, while the smaller AIC (Akaike Information
Code) and SC (Schwartz Criteria) the better. The smaller
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Figure 4: AC and PAC of 2009–2012.
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Figure 5: ACF and PCF of 1-order differential data.

MAPE the better and the smaller TIC (Theil Inequality
Coefficient) the better. Based on the above information and
the fact that the lower-order ARMA is available instead of
the higher-order MA because of difficulty of calculation,
ARMA(2, 1) is selected for the best predictive model.

Here unit root and 𝑄-statistical test are used to test the
white noise. Unit root test is shown in Figure 6 and all the
inverses of roots are inside unit root.The result of𝑄-statistical
test is shown in Figure 7 and all the probabilities are greater
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Figure 7: 𝑄-statistical test of ARMA(2, 1).

than 0.05. White noise has passed and ARIMA(2, 1, 1) can be
used for prediction.

ARIMA(2, 1, 1) forecast model is

𝑥𝑡 = − 1.182𝑥𝑡−1 − 0.5117𝑥𝑡−2 + 𝑎𝑡 − 0.9709𝑎𝑡−1. (18)

By using this model to do associate-forecasts for 43–48
items, the MAPE is 21.077%.

(3)GRNN Forecast.We take the traffic real values at the times
𝑡 − 6, 𝑡 − 5, 𝑡 − 4, 𝑡 − 3, 𝑡 − 2, and 𝑡 − 1 as traffic flow factors
at time 𝑡; that is, the number of input nodes of GRNN is 6
and the real value at time 𝑡 is the desired output. Due to small
sample data, thirty training samples and six test samples are
generated in the form of a rolling arrangement. Then GRNN
neural network is established to predict traffic flow from item
43 to item 48.

Input (t)

3

10
1

Hidden
Output

Output (t)

1

w

w
w

b
b

0

1 + +

Figure 8: Elman diagram based on GM(1, 1), ARIMA(2, 1, 1), and
GRNN.

In the experiment, a smooth factor, spread, increases
gradually from 0.1 to 10 with step 0.5 and the final choice
spread is equal to 1 according to the smallest MAPE. At this
time, the prediction results determined byGRNNare 833966,
804699, 879517, 804699, 717632, and 879517 and the average
error is 23.158%.

(4) The Fixed Weight Combinational Forecast. Based on
the above calculation results, the associate-forecast average
percentage error of GM(1, 1), ARIMA(2, 1, 1), and GRNN is
8.966%, 21.077%, and 23.158%. According to formulas (12)
and (13), it is obtained that 𝜔GM = 54.668%, 𝜔ARIMA =

23.469%, and 𝜔GRNN = 21.359%, so the final fixed weight
combinational forecast model is

𝑓 (𝑡) = 0.54668GM (𝑡) + 0.23469ARIMA (𝑡)

+ 0.21359GRNN (𝑡) .
(19)

(5) Elman Combinational Forecast. The associate-forecast
values of GM(1, 1), ARIMA(2, 1, 1), and GRNN are taken
into Elman neural network as the input samples, the cor-
responding real values as the desired output, and their
prediction values from item 49 to item 54 as training samples,
in which Elman structure is shown in Figure 8.

In this experiment, the maximum-minimum method is
used for data normalization and the number of iteration is
1000. The training function uses traingdx and the number of
hidden layer nodes changes from 10 to 20 with an increment
of 2. Based on the results ofMAPE, the final number of nodes
in the hidden layer is 10.Therefore, the final prediction results
are 1136600, 1155800, 1136500, 1137400, 1136100, and 1136000.

6.2. Estimation Results. Using GM(1, 1), ARIMA(2, 1, 1),
GRNN, the fixed weight combinational forecast model, and
the Elman one, respectively, the next six-step predictions
are shown in Table 2 and the absolute percentage errors are
described in Table 3. As seen from it, the minimum error rate
of the fixed weight combinational forecast is 0.5655%, the
maximum one is up to 12.8971%, and the mean one is just
3.461%, which indicates high prediction accuracy. Similarly,
the minimum, maximum, and the mean error rates of Elman
are 0.1009%, 6.7957%, and 2.083%, respectively, which shows
higher prediction accuracy.

The evaluation of each model is shown in Table 4. As
can be seen, either MAPE or RMSE of the fixed weight
combination and Elman is less than any individual forecast
model, which indicates the combinational model has bet-
ter accuracy than any single one. Meanwhile, EC of both
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Table 2: Prediction results of various models.

Number Original data GM(1, 1) ARIMA(2, 1, 1) GRNN Fixed weight combination Elman combination
49 1152588 1121280.28 1206742 985628 1112362.621 1136600
50 1240072 1147047.804 972305.3 1025797 1080138.998 1155800
51 1145253 1173407.477 1156832 1025797 1137988.538 1136500
52 1136254 1200372.907 1058670 1025797 1129828.181 1137400
53 1159378 1227958.015 1080283 985628 1141539.764 1136100
54 1152588 1256177.042 1104963 1025797 1171480.671 1136000

Table 3: Comparison of absolute percentage error.

Number GM(1, 1) ARIMA(2, 1, 1) GRNN Fixed weight Elman
49 2.7163% 4.6985% 14.4857% 3.4900% 1.3871%
50 7.5015% 21.5928% 17.2792% 12.8971% 6.7957%
51 2.4584% 1.0110% 10.4305% 0.6343% 0.7643%
52 5.6430% 6.8281% 9.7212% 0.5655% 0.1009%
53 5.9152% 6.8222% 14.9865% 1.5386% 2.0078%
54 8.9875% 4.1320% 11.0005% 1.6392% 1.4392%

Table 4: Indicating evaluation of all the models.

Indicating MAPE RMSE EC
GM(1, 1) 5.537% 70677.07226 96.9969%
ARIMA(2, 1, 1) 7.514% 122003.5323 94.6112%
GRNN 12.984% 156271.6237 92.8232%
Fixed weight 3.461% 68271.32815 97.0241%
Elman combination 2.083% 37086.25415 98.3908%

combinational models is higher than any individual, which
also illustrates that both combinations are closer to actual
observations and have better prediction results. In short,
no matter from which index evaluation, the combinational
forecasts are undoubtedly good choices.

Furthermore, bothMAPE and RMSE of Elman combina-
tion are less than those of the fixed weight, while the latter
has higher EC, which indicates the former is more suitable
for the traffic forecast. Elman neural network relies on history
to learn and has no need to design a mathematical model.
It makes the dynamic adjustment to the weight of every
individual model and it has high prediction accuracy.

The comparison of the traffic flow between the original
series and each predictionmodel is shown in Figure 9 and the
comparative graph further verifies two combinationalmodels
proposed in this paper can fit the actual data better.

6.3. Contrast of the Combinational Models. As seen from
Table 4, the prediction effect of GRNN is the worst,
ARIMA(2, 1, 1) is middle, and GM(1, 1) is the best in three
individualmodels.However, is the effect of the combinational
forecast of three models best or not? Can better prediction
results be gotten if the worst individual model is removed
from the models?

To this end, this paper makes the following experiment
further. First of all, get rid of the worst GRNN model
and use GM(1, 1) and ARIMA(2, 1, 1) for fixed weight and
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Figure 9: The comparison of various models.

Elman combinational forecast, respectively. Then remove
ARIMA(2, 1, 1) and only use GM for Elman prediction. The
results of prediction percentage error are shown in Figure 10.

The comparison of average percentage error is shown in
Table 5, which includes the combinational forecast of three
individual models and some combinations except GRNN
and except ARIMA(2, 1, 1) in turn. Although GM(1, 1) is
the optimal model and GRNN is the worst model in view
of the individual model, the combinational forecast results
show that some useful information may be lost if the bigger
error forecast model is simply given up.The precision of fixed
weight combination composed of GM(1, 1), ARIMA(2, 1, 1),
and GRNN is higher than that of the same combination of
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Table 5: Comparison of MAPE in different combinational models.

Indicating MAPE
GM 5.537%
GM-Elman combination 4.870%
Fixed weight combination of GM and ARIMA 3.891%
Elman combination of GM and ARIMA 3.536%
Fixed weight combination of GM, ARIMA, and GRNN 3.461%
Elman combination of GM, ARIMA, and GRNN 2.083%

GM(1, 1) and ARIMA(2, 1, 1) andmuch higher than individ-
ual GM(1, 1). Similarly, the precision of Elman combination
of three individual models is better than that of GM(1, 1) and
ARIMA(2, 1, 1) and much better than GM-Elman.

In brief, by comparisons of all kinds of the combinational
models, we can see that the proposed fixed weight and Elman
combination of threemodels have higher accuracy than those
of twomodels.Meanwhile, the accuracy of the combinational
forecasts of two models is higher than that of any individual
model. Of course, in these experiments, all the results of
Elman combinational forecast are superior to the fixedweight
combination in the same conditions.

7. Conclusions

This paper introduces the combinationalmodels of GM(1, 1),
ARIMA, and GRNN to predict highway traffic flow on
Chongzun of China. The fixed weight combination takes
the mean absolute percentage error of associate-forecast
as the basic element of weight calculation. Elman variable

weight one relies on neural network structure and learning
algorithm automatically adjusting the weights and outputting
the optimal prediction. As seen from the comparison of
the simulation experiments, either combinational model has
higher prediction accuracy than any individual one. Even
if the prediction results are in the case of large differences
between individual models, the combinational models can
still obtain good prediction accuracy.

In short, the combinational model can overcome the
shortcomings of various independent models and improve
the prediction performance. Even if the prediction result of
a model is not ideal, when combined with another good
prediction model, it can also improve prediction effect rather
than compromise prediction effect. Anyway, how to select
the appropriate models for combination is still a question
and how to distribute the weight of each individual model is
worthy of thinking deeply.

Conflict of Interests

The authors declare that there is no conflict of interests
regarding the publication of this paper.

Acknowledgments

This paper was sponsored by Jilin Provincial Science and
Technology Department of China (Grant nos. 20120302
and 20130206041GX), Changchun Science and Technology
Bureau of China (Grant no. 14KT009), the Doctoral Program
of Higher Education of China (Grant no. 20110043110011),
“Twelfth Five-Year Plan” Science and Technology Research
Projects of Jilin Province Department of Education (Grant
no. 2014160), and the National Natural Science Fund Project:
Youth Science FundProject (Grant no. 61402193).The authors
would like to thank the organizations for their supports.

References

[1] L. Cui, Research onmethods of traffic flow predicting of the urban
road network based on themulti cross-section information [Ph.D.
thesis], Dalian Maritime University, Dalian, China, 2012.

[2] J. Yaping, G. Junliang, and Z. Junwei, “Short-term traffic flow’s
forecasting by fusing wavelet neural network and historical
trend model,”Modern Computer, vol. 3, pp. 26–29, 2013.

[3] W. Sun, Research and application of forecasting model based on
the traffic flow in Chongzun expressway [M.S. thesis], Xiamen
University, 2013.

[4] C. Kim and A. G. Hobeika, “Short-term demand forecasting
model from real-time traffic data,” in Proceedings of the Infras-
tructure Planning and Management, pp. 540–550, ASCE, June
1993.

[5] S. Lee and D. B. Fambro, “Application of subset autoregressive
integrated moving average model for short-term freeway traffic
volume forecasting,” Transportation Research Record, no. 1678,
pp. 179–188, 1999.

[6] Y. Yao and F. Cao, “Short-time traffic flow prediction based on
ARIMA,” Technology & Economy in Areas of Communications,
vol. 35, no. 3, pp. 105–107, 2006.



10 Mathematical Problems in Engineering

[7] L. S. Brian and M. J. Demetsky, “Short-term traffic flow
prediction: neural network approach,” Transportation Research
Record, vol. 1453, pp. 98–104, 1994.

[8] M. S. Dougherty and M. R. Cobbett, “Short-term inter-urban
traffic forecasts using neural networks,” International Journal of
Forecasting, vol. 13, no. 1, pp. 21–31, 1997.

[9] H. Dia, “An object-oriented neural network approach to
short-term traffic forecasting,” European Journal of Operational
Research, vol. 131, no. 2, pp. 253–261, 2001.

[10] J. Ma, X.-D. Li, and Y. Meng, “Research of urban traffic flow
forecasting based on neural network,” Acta Electronica Sinica,
vol. 37, no. 5, pp. 1092–1094, 2009.

[11] W. Tiefeng, “Study of improved BP neural network on forecast-
ing city traffic flow,” Transportation Science & Technology, vol.
242, no. 5, pp. 92–94, 2010.

[12] H. Guo, X. Xiao, and F. Jeffrey, “Urban road short-term traffic
flow forecasting based on the delay and nonlinear grey model,”
Journal of Transportation Systems Engineering and Information
Technology, vol. 13, no. 6, pp. 60–66, 2013.

[13] J. M. Bates and C. W. J. Granger, “Combination of forecasts,”
Operational ResearchQuarterly, vol. 20, no. 4, pp. 451–468, 1969.

[14] Y.-H. Li, L.-M. Liu, and Y.-Q. Wang, “Short-term traffic flow
prediction based on combination of predictive models,” Journal
of Transportation Systems Engineering and Information Technol-
ogy, vol. 13, no. 2, pp. 34–41, 2013.

[15] W. Baochun, Z. Ruiru, L. Min, and Y. Yaning, “Based on the
genetic of gray GM(1,1,𝜌) of the model short-term traffic flow
prediction,” Electronic Design Engineering, vol. 20, no. 13, pp.
165–171, 2012.

[16] Y. Zhuoping and G. Yuxian, “Railway freight volume predic-
tion based on variable-weight combinational model,” Railway
Freight Transport, vol. 10, no. 1, pp. 17–19, 2009.

[17] H.-Z. Zhang and J. Wang, “Application of data mining on
short-term traffic flow forecasting model,” Computer Integrated
Manufacturing Systems, vol. 14, no. 4, pp. 690–695, 2008.

[18] P. V. V. K. Theja and L. Vanajakshi, “Short term prediction of
traffic parameters using support vector machines technique,”
in Proceedings of the 3rd International Conference on Emerging
Trends in Engineering and Technology (ICETET ’10), pp. 70–75,
IEEE, November 2010.

[19] C. Affonso, R. J. Sassi, and R. P. Ferreira, “Traffic flow
breakdown prediction using feature reduction through Rough-
Neuro fuzzy networks,” in Proceedings of the International Joint
Conference on Neural Network (IJCNN ’11), pp. 1943–1947, IEEE,
San Jose, Calif, USA, August 2011.

[20] D. Hush and B. Horne, “Progress in supervised neural net-
works,” IEEE Signal Processing Magazine, vol. 10, no. 1, pp. 8–39,
1993.

[21] T. Edwards, R. J. Tansley, and N. D. Frank, “Traffic trends anal-
ysis using neural networks,” in Proceedings of the International
Workshop on Application of Neural Networks to Telecommunica-
tions (IWANNT ’97), pp. 158–164, Melbourne, Australia, 1997.

[22] Z. Xuehai, Short-term traffic prediction and application based on
ant colony algorithm [M.S. thesis], Yunnan University, 2011.

[23] H.Guoguang,M. Shoufeng, and L. Yu, “Study on the short-term
forecasting for traffic flow based on wavelet analysis systems,”
Engineering-Theory & Practice, vol. 22, no. 9, pp. 101–106, 2003.

[24] H. Jiaxing, C. Yan, and Z. Lidong, “Traffic flow prediction
algorithm study via chaos RBF network,” Journal of University of
Jinan (Science and Technology), vol. 26, no. 2, pp. 152–155, 2012.

[25] N. Davey, S. P. Hunt, and R. J. Frank, “Time series prediction
and neural networks,” in Proceedings of the 5th International
Conference on Engineering Applications of Neural Networks
(EANN ’99), pp. 93–98, Warsaw, Poland, September 1999.

[26] D. Julong, Grey Forecast and Decision, Huazhong University of
Science of Technology Press, Wuhan, China, 1986.

[27] G. E. Box and G. M. Jenkins, Time Series Analysis: Forecasting
and Control, Holden-Day, San Francisco, Calif, USA, 1976.

[28] C. Ming, Matlab Neural Network Theory and Examples of Fine
Solution, Tsinghua University Press, Beijing, China, 2013.

[29] L. Jingwei and B. Tengfei, “Application of ARIMA-GRNN
model in dam safety monitoring,” Water Resources and Power,
vol. 31, no. 7, pp. 48–50, 2013.

[30] W. Xiaochuan, S. Feng, Y. Lei, and L. Yang, 43 Cases Analysis
of MATLAB Neural Network, Beijing University of Aeronautics
and Astronautics Publishing, 2013.

[31] M. Jie, Research on network security threat situation assessment
and analysis [Ph.D. thesis], Huazhong University of Science and
Technology, Wuhan, China, 2010.

[32] Y. Danhui, Data Analysis and EViews Application, China Ren-
min University Press, Beijing, China, 2008.

[33] X. Zhang, Eview Guide and Case, Quantitative Economics
Applications Series, Machinery Industry Press, Beijing, China,
2007.



Research Article
Word Sense Disambiguation for Chinese Based on
Semantics Calculation

Yuntong Liu and Hua Sun

School of Computer and Information Engineering, Anyang Normal University, Anyang, China

Correspondence should be addressed to Yuntong Liu; liuyt liuyt@126.com

Received 29 October 2014; Revised 23 December 2014; Accepted 3 January 2015

Academic Editor: Chih-Cheng Hung

Copyright © 2015 Y. Liu and H. Sun. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

In order to use semantics more effectively in natural language processing, a word sense disambiguation method for Chinese based
on semantics calculation was proposed. The word sense disambiguation for a Chinese clause could be achieved by solving the
semantic model of the natural language; each step of the word sense disambiguation process was discussed in detail; and the
computational complexity of the word sense disambiguation process was analyzed. Finally, some experiments were finished to
verify the effectiveness of the method.

1. Introduction

Currently, semantics is becoming more and more important
in natural language processing. Scholars had made great
progress inWSDresearch by analyzing the semantic relations.

Based on the semantic relevancy calculated according to
HowNet, aWSDmethodwas discussed [1]. AWSDalgorithm
which could disambiguate the word sense of the polysemy
by the semantic relatedness in WordNet was proposed [2].
A two-stage WSD method was researched according to the
semantic information on the Wiki [3]. Using the distance
between words in the graph based model, a graph based
WSDmethodwas studied [4].TheChinese sentence could be
disambiguated based onHowNet in a question answering sys-
tem [5]. A WSD algorithm based on the semantic relevancy
in HowNet was researched [6]. A 𝑘-pruning algorithm for
semantic relevancy calculatingmodel of natural languagewas
studied [7]. WSD can be achieved by solving a model based
onWordNet [8]. According to the semantic tree inWordNet,
word sense could be disambiguated [9, 10].

Although the research had made considerable achieve-
ments, the WSD results were still not accurate enough in
practice. In order to solve the problem more effectively
and accurately, a WSD algorithm for the Chinese sentences
was proposed. By the method, a Chinese clause could
be disambiguated by analyzing the semantic relevancy. In

the end, we verified the effectiveness of the method through
some experiments.

2. The Basic Theory

2.1. The Semantic Relevancy Calculation Model. Suppose that
each word𝑊

𝑖
(except for the predicate words) in a sentence

(𝐶
𝑆
) semantically describes another word𝑊

𝐺𝑖
; the semantic

relevancy between 𝑊
𝑖
and 𝑊

𝐺𝑖
could be represented by the

correlation function Rel(𝑊
𝑖
,𝑊
𝐺𝑖
).

Suppose there are 𝑚 kinds of parsing process for the
sentence𝐶

𝑆
; in the 𝑖th parsing process𝑓

𝐴𝑖
,V are the predicate

words, S are the subject words, and 𝑂 are the object words.
The semantic relevancy of the sentence for 𝑓

𝐴𝑖
can be

expressed by formula (1), as shown in Figure 1:

𝑓
𝐴𝑖
= 𝐾
𝑆𝑉𝑂
∗ (Rel (𝑆, 𝑉) + Rel (𝑂, 𝑉)) +

𝑛

∑

𝑖=1

∗ Rel (𝑊
𝑖
,𝑊
𝐺𝑖
) .

(1)
In formula (1), 𝑛 is the number of words in 𝐶

𝑆
(not

including S, V, and O), 𝐾
𝑆𝑉𝑂

is the weight coefficient,
generally, 𝐾

𝑆𝑉𝑂
should be proportional to the length of the

sentence, and𝐾
𝑆𝑉𝑂
> 1.

The Basic Principle of Model Solution. The most reasonable
parsing process would be the parsing process which had the
max semantic relevancy in all the𝑚 kinds of parsing process.
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Figure 1: The𝑚 kinds of parsing process for a sentence.

In the calculation process, the grammatically partial
words should be neglected.

2.2. The Basic Method to Solve the Model. According to the
semantic structure, all the sentences in Chinese could be
divided into two kinds:

(i) the simple sentences: the sentences without subordi-
nate sentences,

(ii) the complex sentences: the sentences with subordi-
nate sentences.

In the process to solve themodel, a simple sentencemight
be selected, and resolute it to aword, and repeat the resolution
process until the sentence becomes a simple sentence. And, in
the resolution process, WSD could be finished.

3. The Word Sense Disambiguation Process

Most words in a Chinese sentence are polysemies; the WSD
process could be solved by the following steps.

3.1. Get All the “𝑉-Sequences” for a Sentence. If a word (𝑊) in
a sentence is polysemy and one of the senses may be a verb
or an adjective, the wordW could be classified as “𝑉-Word.”
“𝑉-Word” is a word that may be the predicate word (𝑉) in the
sentence.

Select all the “V-Words”; the other words remain
unchanged; we can arrange all the possible “V-sequences” for
the sentence. When a “V-Word” is arranged, no matter how
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All the V-Words

All the “V-sequences”

Figure 2: All the “V-sequences” for a sentence with 3 “V-words.”

many senses of the “V-Word”were, thewordwould be treated
as two kinds: {V, a common vocabulary}. In mathematical
theory, a sentence with 𝑛 “V-Words” could be arranged in
2
𝑛
− 1 kinds of “V-sequence.” As an example, Figure 2 shows

all the “V-sequences” for a sentence with 3 “V-Words.”

3.2. Get All the Simple Sentences for a “𝑉-Sequence”. Gener-
ally a simple clause contains only one “V-Word,” so it is easy
to get all the simple sentences by the exhaustive method. As
an example, Figure 3 shows all the simple sentences for a “V-
Word (𝑉

𝑖
)” in a V-sequence.

In Figure 3, there might be 𝑚 ∗ 𝑛 kinds of the simple
sentences for 𝑉

𝑖
at most.
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Figure 3: All the simple sentences for 𝑉
𝑖
.

The word might be S or O

Create all the “SVO-group”
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Figure 4: All the “SVO-group” for a simple sentence.

3.3. Get All the “SVO-Group” for a Simple Sentence. Get all
the words which might be the subject words (S) or the object
words (O) by calculating the semantic relevancy; if the value
of Rel(𝑊,𝑉) is greater than the threshold, the word might
be 𝑆 or O. It is easy to get all the “SVO-group” for a simple
sentence, as shown in Figure 4.

3.4. Dividing a Simple Sentence into Segments. Generally, a
sentence (𝐶

𝑆
) could be divided into several segments as in

Figure 5.
In Figure 5, L is the segment between S, V, and O, 𝐴

𝐵
is

prepositive attributive, 𝐴
𝐴
is postpositive attributive, and 𝑃

𝐷

is adverbial.

3.5. Turning the Segments into Some Simple Semantic Units. A
segment 𝐿 between S, V, and O could be turned into several
simple semantic units in semantic logic as in Figure 6.

For any simple semantic units, there would be the
following semantic features:

(i) for any word𝑊
𝑖
,𝑊
𝐺𝑖

is in the same simple semantic
unit (𝑊

𝑖
semantically describes another word𝑊

𝐺𝑖
);

(ii) in the semantic analyzing process, a simple semantic
unit could be treated as a whole, and its internal
grammatical structure had no effect on the other
analyzing process.

3.6. WSD for Simple Semantic Units. Most words are poly-
semies in natural language, so a semantic description relation
graph (SDRG) for a simple semantic unit could be created for
WSD. In the SDRG, all the senses of a polysemy are created as
a “Generalized Vertex” and each sense is created as a vertex
in the “Generalized Vertex” set.

· · ·· · ·· · ·· · ·

· · · · · · · · ·

AA PD AB

VS O

LLLL

L

Figure 5: Dividing a simple sentence into segments.

L

V

V

· · ·· · ·· · ·· · ·· · ·· · ·

· · · · · · · · ·

PD ABAA

Simple semantic unit
AA + S

Simple semantic unit
PD + V

Simple semantic unit
PD + V

L was turned into
simple semantic unit

S

S

O

O

Figure 6: Turning 𝐿 into simple semantic units.

As shown in Figure 7,𝑊𝑗
𝑖
is the 𝑗th sense of𝑊

𝑖
and𝑊𝑞𝑝 is

the 𝑞th sense of𝑊
𝑝
, and𝑊𝑞𝑝 had been semantically described

by𝑊𝑗
𝑖
; then a directed edge between𝑊𝑗

𝑖
and𝑊𝑞𝑝 should be

created, and, in words list, a directed edge should be created
at the same time.

In Figure 7, there were the following key features.

(i) Except for the final “Generalized Vertex,” there is only
one goal for any “GeneralizedVertex” to describe, and
the outdegree of any “Generalized Vertex” is 1.

(ii) In each “Generalized Vertex,” all the edges of a
spanning tree must connect to the same vertex.

(iii) A SDRG, for each parsing method, must be a span-
ning tree of the complete graph of all the “Generalized
Vertices.”

So, the best SDRG of the best parsing method for the
simple semantic units must be the maximum spanning tree
(MST) of the complete semantic description relation graph
of all the “Generalized Vertices.”The specific details had been
discussed in references [11].

3.7. Get the Best Simple Clause Resolution Sequence. Accord-
ing to formula (1), we could calculate the semantic relevancies
of each simple clause and sum up all the values. There would
be many different resolution sequences, so we should search
and calculate each resolution sequence by exhaustive method
during the calculation process.The resolution sequences with
the best semantic relevancies are the best parsing method in
semantics.

After Step 1 to Step 7, the semantic model could be solved
and each polysemous word could be disambiguated.
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Figure 7: The SDRG of a semantic unit.

4. The Computational Complexity

The key difficult problem is the computational complexity
because the exhaustive methods are used in each step. Is the
method too complex for calculating?

Suppose a sentence contained𝑚words and n “V-Words,”
each word is 𝑡 senses averagely; the time complexity for each
step is analyzed as follows (Figure 9).

Step 1. Consider 𝑂(2𝑛); each “V-Word” contains only 2 kinds
of grammatical function.

Step 2. Consider𝑂((𝑚/(𝑛 + 1))2); because the average length
between two “V-Words” is𝑚/(𝑛 + 1), the average length of a
simple clause would be (𝑚/(𝑛 + 1))2.

Step 3. Consider 𝑂(𝑘); 𝑘 is a constant number. In theory,
the time complexity is 𝑂((𝑚/(𝑛 + 1))2/4) ∗ 𝑂(3𝑡); however,
there would be less loss of accuracy if top-𝑘method was to be
adopted.

Step 4. Consider 𝑂(4); a simple sentence might be divided
into 4 segments (𝐿) except for SVO.

Step 5. Consider 𝑂(3); a segment 𝐿 might be turned into 3
simple semantic units.

Step 6. Consider 𝑂(((𝑚/(𝑛)) ∗ 𝑡)2/2); a segment 𝐿 might be
turned into 3 simple semantic units; the average length of
semantic units is between 𝑚/𝑛 and 𝑚/(3𝑛); an approximate
algorithm for the problem was discussed in [11].

Step 7. Consider𝑂(𝑛!); therewould be 𝑛 simple clauses, so the
maximum kind of simple clause resolution sequence is 𝑛!.

The Time Complexity. Consider the following:

𝑂 (2
𝑛
) ∗ 𝑂((

𝑚

𝑛 + 1
)

2

) ∗ 𝑂 (𝑘) ∗ 𝑂 (4) ∗ 𝑂 (3) ∗ 𝑂 (𝑛!)

∗ 𝑂(
(𝑚/𝑛) ∗ 𝑡)

2

2
) = 𝑂(2

𝑛
∗ 𝑛! ∗ 𝑚

4
∗
𝑡
2

𝑛4
) .
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Figure 8: The correct rates for different conditions.
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Figure 9: (0.05 ∗ 𝑚5 ∗ 𝑡2)/the average time.

Averagely, 𝑛 is less than 5, 𝑡 is less than 5, and only the
value of𝑚 would be great, so the time complexity would not
high enough for calculation in practice.

5. Experimental Results and Analysis

In the experiments, 200 Chinese sentences were selected
and the HowNet was used as the lexical semantics library
when calculating the semantic relevancy between two words
(Windows XP; CPU: Xeon E5-2403, 2GHz; memory: 8G).

From the experimental results (Table 1), we can see the
following.

(i) The correct rates decrease with the length of the
clause.

(ii) The computational complexity increases with the
length of the clause.

(iii) The time of solving the semantic model is in the same
order of 𝑚5 ∗ 𝑡2; this means that the computational
complexity is 𝑂(𝑚5 ∗ 𝑡2) in practice.

Using the same 200 Chinese sentences and the method in
[1], we made some comparative experiments; the results are
shown in Table 2.

In theory and practice, the correct rates would decrease
with the length of the clause (Figure 8), but the author did
not treat the different length of the clause in [1].
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Table 1: Experimental results.

Sentences
length

Sentences
number

Number of
meaning items

The average
time (ms)

The correct rates for different threshold
0.3 0.4 0.5 0.6 0.7 0.8 0.9

≤10 11 3.4 15215 83.9% 79.3% 72.4% 61.6% 53.7% 42.4% 34.5%
11–15 26 4.3 178433 75.6% 74.1% 74.0% 57.0% 50.3% 40.8% 33.4%
16–20 42 4.1 521731 68.9% 69.0% 64.2% 56.3% 48.5% 39.6% 31.6%
21–25 51 3.5 1338696 58.7% 67.2% 50.7% 52.2% 45.3% 37.7% 29.7%
26–30 36 3.1 3115185 62.5% 57.5% 45.7% 43.4% 40.0% 35.4% 26.3%
31–35 18 2.8 6639568 58.1% 56.4% 51.2% 46.0% 38.8% 33.9% 27.5%
36–40 10 2.4 7427105 53.8% 40.9% 39.8% 35.4% 35.3% 31.4% 25.0%
>40 6 2.3 11814337 41.7% 39.1% 36.4% 34.5% 31.7% 28.6% 23.5%

Table 2: The correct rates of the comparative experiments.

Sentences
length

Sentences
number

Threshold = 0.8 Threshold = 0.5
Our method The comparative method Our method The comparative method

≤10 11 42.4% 37.2% 72.4% 62.0%
11–15 26 40.8% 34.1% 74.0% 64.6%
16–20 42 39.6% 35.4% 64.2% 58.5%
21–25 51 37.7% 32.8% 50.7% 46.1%
26–30 36 35.4% 35.3% 45.7% 52.0%
31–35 18 33.9% 23.4% 51.2% 47.7%
36–40 10 31.4% 19.7% 39.8% 37.1%
>40 6 28.6% 16.8% 36.4% 21.7%

6. Summaries

In this paper, a word sense disambiguation method for
Chinese based on semantics calculation was researched and
WSD could be achieved by solving the semantic relevancy
calculation model, and the relations between accuracy and
the time complexity were explored by experiments. However,
the experimental data was not enough and the accuracy was
not high enough. These problems will be explored in the
future research.
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