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/e vibration control of tall buildings during earthquake excitations is a challenging task because of their complex seismic
behavior. /is paper investigates the optimum placement and properties of the tuned mass dampers (TMDs) in tall buildings,
which are employed to control the vibrations during earthquakes. An algorithm was developed to spend a limited mass either
in a single TMD or in multiple TMDs and distribute it optimally over the height of the building. /e nondominated sorting
genetic algorithm II (NSGA-II) method was improved by adding multivariant genetic operators and utilized to simulta-
neously study the optimum design parameters of the TMDs and the optimum placement. /e results showed that, under
earthquake excitations with noticeable amplitude in higher modes, distributing TMDs over the height of the building is more
effective in mitigating the vibrations compared to the use of a single TMD system. From the optimization, it was observed that
the locations of the TMDs were related to the stories corresponding to the maximummodal displacements in the lower modes
and the stories corresponding to the maximum modal displacements in the modes which were highly activated by the
earthquake excitations. It was also noted that the frequency content of the earthquake has significant influence on the
optimum location of the TMDs.

1. Introduction

Given the modern development plans of large cities, which
are designed to answer the needs of their fast-growing
population, it is anticipated that the buildings in such cities
will become taller and more expensive [1]. As result, the area
of investigating solutions to provide safety and serviceability
of tall buildings in case of natural hazards such as strong
winds and earthquakes has gained much attention in the last
decade.

/e current seismic design codes allow the structures to
undergo inelastic deformations during strong earthquakes.
Such structures would experience larger deformations but
less seismic forces; otherwise, the structure should sustain
much larger earthquake loads.

On the contrary, the deformations under wind and
earthquake loads are limited because of stability and ser-
viceability provisions. /e resultant structures are stiff
enough to withstand the wind loads, without forming

noticeable deformations, while simultaneously being ductile
enough to withstand strong earthquakes by adopting non-
linear behaviors.

However, particularly for controlling the vibrations in
tall buildings, the code-based approaches do not necessarily
lead to an applicable and affordable solution, as these
structures need to withstand much larger wind and earth-
quake loads even though they have much lower lateral
stiffness compared to low- and midrise buildings. Moreover,
because of their very high construction costs, they are usually
designed to endure for longer time periods, which increase
their risk of experiencing strong earthquakes over the course
of their service life.

A modern answer to these issues is the idea of structural
control systems that include a variety of techniques, which
can be classified into four main categories: passive, active,
semiactive, and hybrid.

From a historical point of view, passive control systems
such as base isolations and tuned mass dampers (TMDs)
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were the first of these techniques to be implemented.
Considerable research has focused on the passive controller
systems, and they are already utilized in many countries
[2, 3]. As these systems need no external power supply, they
are easier to implement and design, when compared to other
advanced controllers. In structural control problems, TMDs
have been successfully implemented in different structures
such as bridges [4, 5] and buildings [6–11] to reduce
earthquake- and wind-induced vibrations. Observations of
TMDs show that they can effectively reduce vibrations in
structures that are excited by high winds, high-speed trains,
and traffic loads and also help decrease the discomfort of the
inhabitants during minor earthquakes [5, 12, 13]. Under
earthquake excitations, the literature shows that the per-
formance of the TMDs decreases as the duration of exci-
tation shortens. /erefore, the TMDs are more effective for
structures subjected to narrowband long-duration far-fault
(FF) excitations compared to pulse-like near-fault (NF)
ground motions. As single TMD systems can be tuned to a
particular frequency, they are very sensitive to mistuning
and uncertainties. As a solution, multiple tuned mass
dampers (MTMDs) were first introduced by Xu et al. in 1990
[14], after which they have been studied in several research
studies [8, 9, 11, 15–19]. Li and Qu [20] considered the
structure as a single-degree-of-freedom (SDOF) system,
when connected to multiple TMDs, and studied the opti-
mum design parameters for those TMDs. With respect to
usingMTMD systems inmultistory buildings, Chen andWu
[8] studied the efficiency of using multiple TMDs in miti-
gating the seismic responses in a six-story building. After
that, Sakr [15] used partial floor loads as MTMDs. /ese
research studies show that the MTMD systems cover a wider
frequency range and are less sensitive to the uncertainties of
the system.

In addition to multistory buildings, several tall buildings
have benefited from the utilization of TMDs in controlling
their vibrations (see Figure 1).

As has been shown, most of them are equipped with a
single TMD, which is placed on the top level of the building.
/e studies also showed that using a single TMD on the top
levels of the tall buildings can effectively reduce wind-in-
duced motions [22, 23]. /is is because the structures re-
spond to the wind excitation with respect to their first
structural mode in which the top levels of the building have
maximum modal displacement. /erefore, placing a single
TMD on the top level with a tuning frequency closer to the
fundamental structural frequency can efficiently reduce the
structural responses. In another research, Elias andMatsagar
[9] studied the use of distributed MTMD systems in re-
ducing wind-induced vibrations in a tall building. /ey
concluded that the distributedMTMDs aremore effective, as
compared to a single TMD system and an MTMD system in
which all the TMDs are placed on the top level.

/e research studies show that TMDs are also effective in
mitigating earthquake vibrations in buildings. Arfiadi and
Hadi [6] used a hybrid genetic algorithm method to find the
optimum properties and the location of a TMD for a 10-
story building under earthquake excitation. In another re-
search, Pourzeinali et al. [24] utilized multiobjective

optimization to outline the design parameters of a TMD in a
12-story building under earthquake excitation. Li [11]
proposed a novel optimum criterion to optimize the
properties of double TMDs for structures under ground
acceleration. In another research, Elias et al. studied the
effectiveness of a distributed TMD system in vibration
control of a chimney [25]. /e research developments in
passive control of structures using TMDs are summarized by
Elias and Matsagar [26].

In all the research studies about tall buildings cited here,
either the parameters of the TMDs have mainly been studied
under wind-induced vibrations or a single TMD has been
studied under earthquake excitation; currently, studying the
optimum parameters of TMDs under earthquake excitation,
without limiting the number and location of TMDs, is still a
challenging task because of the stochastic nature of the
earthquakes and the complex seismic behavior of such
buildings, which mandate extensive and thorough studies.

Additionally, in contrast to the wind loads, during
earthquakes, the higher modes may have more noticeable
participation in the total response of tall buildings. /is is
mainly because of the (1) low frequency of the higher modes
in these structures, compared to low- and midrise buildings,
and (2) wide frequency content of the earthquakes that may
activate multiple modes in such buildings. /erefore, only
controlling the lower modes by placing TMDs on the top
levels would not necessarily lead to the optimum solution for
controlling the motions in these buildings during
earthquakes.

1.1. ProblemDefinition. /is paper addresses the mentioned
issues by studying the optimum placement and properties of
TMDs in a 76-story benchmark building as the case study
which is subjected to seven scaled earthquake excitations.
/e variables of the resultant optimization problem include
the positions and properties of the TMD. /e goal of the
optimization is to reduce the controlled-to-uncontrolled
ratio of the displacement, velocity, and acceleration seismic
responses. In order to solve such multiobjective optimiza-
tion problem, an improved revision of the nondominated
sorting genetic algorithm II (NSGA-II) is developed and
utilized.

In each loop, the algorithm generates an arrangement
and properties of the TMDs using the NSGA-II method and
sends them to the analyzer module to determine the re-
sponses of the building equipped with such a TMD ar-
rangement under different earthquake excitations. Based on
the responses, the algorithm assigns a fitness value for such
TMD arrangements. /e fitness value is an index that shows
how good or bad the obtained responses are. /e NSGA-II
then utilizes a refined history of the TMD arrangements and
corresponding fitness values for its next suggestion in the
next loop. In this study, the algorithm was allowed to spend
an applicable mass in a single TMD or distribute it through
multiple TMDs over the height of the building.

1.2. Contributions. /is research incorporates several con-
tributions in the field of passive control of tall buildings and
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optimization problems. First, the issues with a single TMD
system in controlling tall buildings are addressed, and im-
provements are proposed by studying multimode control via
distribution of the TMDs over the height of the building.
Likewise, it investigates how the frequency content of the
earthquake can a�ect the optimum position and properties
of the TMDs. Moreover, the performance of the NSGA-II
algorithm is enhanced by adding multivariant genetic op-
erations, and the resulting algorithms are presented. Finally,
the optimum hyperparameters of the genetic algorithm for
tackling similar problems are proposed by performing
sensitivity analysis.

1.3. Outlines. ­e mathematical settings of a structural
dynamic problem are mentioned in Section 2. ­en, the
NSGA-II method is described in Section 3. After that, the
case study is presented in Section 4, and the selection and
scaling of the earthquakes are noted. ­en, the results of the
sensitivity analysis of the GA hyperparameters for opti-
mizing the performance of the GA algorithm are presented,
and the optimization process is then detailed in Section 7.
Finally, the obtained results are presented and discussed in
Sections 8 and 9, and the relevant conclusions are drawn.

2. Mathematical Model of the Building

­e governing equation of the motion of a tall building
under earthquake excitation is as follows:

[M]{ €U} +[C]{ _U} +[K] U{ } � Pt{ }, (1)

where M, K, and C represent the mass, the sti�ness, and the
damping matrices of the structure and the TMDs:

[M] � Mst[ ] + Mt[ ],
[C] � Cst[ ] + Ct[ ],
[K] � Kst[ ] + Kt[ ].

(2)

Indexes st and t indicate the degree of freedom (DOF) of
the building and the TMDs, respectively.

­e external load vector, Pt, in Equation (1) comprises
inertial forces due to ground accelerations as follows:

Pt{ } � − €ug[M] 1t{ }, (3)

where 1t{ }(N+n)×1 � [1, 1, . . . , 1]
T and the term €ug represents

the ground accelerations.
­e structural responses, including displacement,

velocity, and acceleration matrices, can be expressed as
follows:

U{ } � ust1, ust2, . . . , ustN, ut1, ut2, . . . , utn{ },
V{ } � vst1, vst2, . . . , vstN, vt1, vt2, . . . , vtn{ },
A{ } � ast1, ast2, . . . , astN, at1, at2, . . . , atn{ },

(4)

where N and n represent the number of DOFs (DOF) for
the building and the TMDs, respectively. ­erefore, the
dimensions of the M, K, and C matrices are
(N + n) × (N + n).

150 m

300 m

450 m

600 m

Shanghai Tower
Shanghai, 2015 

Building height: 632 m
Damper position: 

125F/581 m
Type of damper: TMD

Ping An Finance Center
Shenzhen, 2017 

Building height: 599 m
Damper position: 113F/556 m

Type of damper: TMD

Shanghai World Financial Center
Shanghai, 2008 

Building height: 492 m
Damper position: 90F/394 m

Type of damper: ATMD

Petronas Twin Towers 1 and 2
Kuala Lumpur, 1998 

Building height: 452 m
Damper position: within four legs under 

skybridge (approx. 150 m above ground floor)
Type of damper: TMD

Princess Tower
Dubai, 2012 

Building height: 413 m
Damper position: 98F/363 m (estimated)

Type of damper: TLD

23 Marina
Dubai, 2012 

Building height: 392 m
Damper position: 86F/306 m

Type of damper: TMD

Almas tower
Dubai, 2008 

Building height: 360 m
Damper position: 

48-49F/212 m
Type of damper: TMD

TAIPEI 101
Taipei, 2004 

Building height: 508 m
Damper position: 

88F/378 m
Type of damper: TMD 432 park avenue

New York City, 2015 
Building height: 426 m

Damper position: 
85F/397 m

Type of damper: TMD

Figure 1: Tallest completed buildings with dampers [21].
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­e design parameters of a TMD include its damping,
tuning frequency, and mass. Generally, the ratios of these
parameters to the corresponding values of the structures
have more importance and are utilized in the design
procedures:

m0 �
mt

mst
,

β �
]t
]st
,

ψ �
ct
cst
,

(5)

where the parameters m0, β, and ψ refer to mass, frequency,
and damping ratios, while the indexes t and st indicate the
TMD and the structural properties.

In order to solve the equations of themotion, Newmark’s
β method is utilized. ­e average acceleration method is
considered by setting c � 1/2 and β � 1/4 in the related
formulations [27].

3. The Fast and Elitist Multiobjective Genetic
Algorithm NSGA-II

3.1. Introduction. In this paper, the NSGA-II method [28] is
utilized to investigate the optimum arrangement and
properties of TMDs in a tall building. NSGA-II is a non-
domination-based genetic algorithm invented for multi-
objective optimization problems. In this method, the initial
population is randomly generated, as in a normal GA
procedure, and then the algorithm sorts the population with
respect to the nondomination rank and the crowding
distance.

In general, X dominates Y if X is no worse than Y in all
the objectives and if X is better than Y in at least one
objective.

Among the nondominated solutions or a union of the
�rst ranks of nondominated solutions, NSGA-II seeks a
broad coverage. ­is will be achieved by crowding distance,
which is the Manhattan distance between the left and right
neighboring solutions for two objectives.

3.2. Repair. ­e repair method makes infeasible solutions
feasible. Figure 2 schematically shows the repair approach
for a solution space with an infeasible solution and two
solutions in the feasible region. In this research, an infeasible
solution includes the out-of-limit properties for TMDs. As is
shown, the repair function would project each of these
infeasible solutions to the closest feasible solution. ­e
developed repair function calculates the shortest distance of
the TMD properties (m0, β, andψ) in the infeasible solution
and corrects the chromosome with respect to the calculated
distance (see Algorithm 1).

3.3. Selection. ­e objective of selection is to choose the �tter
individuals in the population to create o�springs for the next
generation and then place them in a group commonly

known as the mating pool.­emating pool is then subjected
to further genetic operations that result in advancing the
population to the next generation and hopefully closer to the
optimal solution. In this research, the roulette wheel se-
lection method was utilized for developing the selector
function. As is also shown in Algorithm 2, the algorithm
selects the individuals based on a probability proportional to
the �tness. As is schematically illustrated in Figure 3, the
principle of roulette selection is a linear search through a
roulette wheel with the slots in the wheel weighted in
proportion to the individual’s �tness values. All the chro-
mosomes (individuals) in the population are placed on the
roulette wheel according to their �tness value [30]. In this
algorithm, a probability value is assigned to each individual
in the population. Based on these probabilities, the ranges [0,
1] are divided between the individuals so that each indi-
vidual obtains a unique range. ­e winning individual is
then selected by generating a random number between zero
and one and �nding the individual whose range includes this
random number.

In this algorithm, the ADDRANGE function assigns a
range to each individual based on their �tness value and
their position on the wheel and the RND(1) function gen-
erates a random value between zero and one.

3.4. Optimization Variables. In this study, three variables
were de�ned to be optimized by the NSGA. As is sche-
matically shown in Figure 4, the variables are as follows:

Constraint boundary

Infeasible
solution space

Closest

Feasible
solution spaceFittest

Optimum

Figure 2: Repair of an infeasible solution [29].

procedure REPAIR(individual)
st�DECODER(individual)
for each tmd in st
for each property in tmd
if not property in acceptableRange

property�CLOSESTINRANGE(property)
end if

tmd�RENEW(tmd, property)
end for

newIndividual�CODER(st)
end for
return newIndividual

end procedure

ALGORITHM 1: Repairing individuals.
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(1) Number of TMDs
(2) Position of the TMDs ⟶ story number
(3) TMDs’ properties ⟶ m0, β, andψ

­e variation domain for m0, β, and ψ is considered to
be in an applicable range, as shown in Table 1. ­e
maximum value of the total mass ratio of TMDs,
mt � ∑

n
i�1m0i, is limited to 3%, which is equal to the

considered limit for each TMD. ­is allows the GA al-
gorithm to either spend the allowable mass in a single
TMD or divide it among multiple TMDs and distribute
them over the height of the building. As is shown, the
damping and the frequency ratio of the TMDs are also
limited to applicable values.

3.5. Encoding. In this research, binary coding has been
considered for creating genes.­erefore, the design variables
of each TMD are coded into a binary string with a constant
number of genes as shown in Figure 5. Each o�spring
contains the design parameters for the TMD as follows:

m0 �
mt

mst
,

β �
]t
]st
,

ξ �
ct
cst
,

(6)

where the t and st indexes correspond to the TMD and the
structure, respectively.

ut1

ut2

K1

K2

m1

m2

C1

C2

utiKi
m2

Ci

utnKn
mn

Cn

us1

us2

usi

usN

Figure 4: Building equipped with TMDs.

37%
individual E

24% individual D

15%
individual C

14%
individual B

10%
individual A

Figure 3: Roulette wheel selection.

procedure MAKINGSELECTION(population)
�tPop� FITNESS(population)
sumFit� SUM(�tPop)
percentFit� �tPop/sumFit
rangeFitAdded�ADDRANGE(�tPop, percentFit)
randN�RND(1)
for each individual in population
r� rangeFitAdded(individual)
if randN in range r

selectedIndv� individual
exit

end if
end for
return selectedIndv

end procedure

ALGORITHM 2: Making individual selection.
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After developing the genes for each TMD, the chro-
mosomes are then created by combining all genes for each
solution. As a result, each chromosome contains the coded
data of all TMDs in the building. Using this definition, the
position of each TMD is represented by the position of the
related genes in the chromosome.

3.6. Genetic Operators

3.6.1. Crossover Function. In the crossover operation, two
selected parents exchange random parts of their chromo-
some to create new offsprings. An appropriate strategy for
selecting locations of the split points and the length of the
transferred genes depends on the problem characteristics
that highly affect the performance of the algorithm and the
quality of the final results.

In this regard, different alternatives have been studied in
this research to develop an appropriate crossover function.
Examples of crossover operation forms that have been
utilized in other research studies but were not appropriate
for this research are discussed as follows:

(1) Single/k-Point Crossover: Random Points in Whole
Chromosome. In the initial steps, a completely random se-
lection of the genes for crossover has been considered as a
commonly used crossover function. In this crossover type,
after the parents are nominated by the algorithm, one or k
points in the chromosome are randomly selected, and the
new offsprings are created by splitting and combining the
parents’ chromosomes at the selected points. /is process
has often resulted in producing too many meaningless and
low-quality offsprings, consequently reducing the perfor-
mance of the algorithm dramatically. Examples of mean-
ingless offsprings can include TMDs without one or more
properties (e.g., without mass or stiffness).

(2) Single/k-Point Crossover: Random Points in TMD Genes.
Preventing the production of meaningless offsprings, the
crossover function was improved in this study so that the

genes related to the TMDs in each parent could be selected
for performing a k-point crossover. Although the chance of
creating meaningless offsprings was noticeably reduced, the
results showed that the efficiency of the operator in im-
proving the results was not acceptable, as following this
process, all the genes within the considered range for a TMD
would be subjected to the same operations regardless of the
genes’ positions.

For example, the genes related to the stiffness of a TMD
in a parent were exchanged with those related to the
damping properties in another parent, which is not logical.
As a result, despite its improvements compared to the first
type, the second crossover type leads to a very low con-
vergence rate because of the production of low-quality
offsprings. In addition, one possible shortcut for reaching an
optimum solution was missed; this step involves attaching
the TMD of one parent to a story in another parent.

However, the maximum convergence rate obtained by
developing a two-variant crossover function is presented in
Algorithm 3. As is shown, in this function, in each call, one
of the two developed crossover variants would be selected
randomly. /ese variants are described as follows:

(i) Variant 1: in the first variation, the crossover op-
erator acts on each of the parameters of the TMDs
separately using the k-point crossover method,
meaning that, in each call, the crossover operator
acts on the stiffness, mass, or damping of the parents
and exchanges the related properties using the
k-point crossover function. /e produced offsprings
have TMDs in the same locations as their parents,
but with different properties. Investigation of the
performance of this function showed that this var-
iant improves the parameters of the TMDs re-
gardless of their positions.

(ii) Variant 2: the second crossover variation acts on the
location of TMDs in the parents. /e resultant
offsprings include TMDs with the same properties as
their parents but in other stories. /ese two cross-
over variations are demonstrated in Figure 6.

3.6.2. Mutation Function. In the genetic algorithm, the
mutation operator randomly changes one or multiple genes
of a parent to produce new offsprings. Generally, in the
binary coded chromosome, the following function is utilized
to change the genes:

Binarymutation(gen) �
1, if gen value � 0,

0, if gen value � 1.
􏼨 (7)

In GA problems, the mutation function helps the
algorithm to explore the solution space more broadly and
prevents it from sticking to the local minimums. In ad-
dition, a proper mutation function improves the con-
vergence speed. In this research, in order to develop an
appropriate mutation function, different variants were
studied. It is understood that developing the mutation
function without considering the characteristics of
the problem would result in producing meaningless

1 1 1 1 1 1 1 1 1 1 1 1 10 0 0 0 0 0 0 0 0 0 0

m0 β ξ

kt
ct

mtTMDi:

.........

Figure 5: Binary coding the TMD’s properties.

Table 1: Parameter variation domain for TMDs.

Parameters Min. value Max. value
mt (%) — 3
m0 (%) 0.2 3
β 0.8 1.3
ψ 5 40
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offsprings. Keeping this in mind, a two-variant mutation
function was developed, which acted on the (1) genes
related to TMD parameters and (2) group of genes related
to the location of the TMDs (See Algorithm 4).

3.7. Fitness Function. During the GA procedure, each so-
lution comprised an arrangement of TMDs with different
parameters. In order to evaluate an individual solution, three
objective functions were defined to shape the fitness func-
tion. /e objectives of the optimization were taken to be the
maximum ratios of displacement, velocity, and acceleration
responses in controlled condition to their uncontrolled
values as follows:

J1 � max.
uC

i

uUC
i

􏼠 􏼡
i�1,...,N

,

J2 � max.
vC

i

vUC
i

􏼠 􏼡
i�1,...,N

,

J3 � max.
aC

i

aUC
i

􏼠 􏼡
i�1,...,N

,

(8)

where i is the story number andN is the number of stories in
the building. /e pseudocode of the developed fitness
function is presented in Algorithm 5.

4. Benchmark Building

As a case study, a 76-story, 306m tall official building
consisting of the concrete core and concrete frames was
considered. /e total mass of the building was 153,000
tonnes. /e initial mathematical model of the building in-
cluded 76 transitional and 76 rotational degrees of freedom
in which the rotational degrees of freedom were then re-
moved by the static condensation method to create a 76-

degree-of-freedom model. /e damping matrix of the
building was calculated by considering a 1% damping ratio
for the first five modes using Rayleigh’s approach.

/e first five natural frequencies of the building were
0.16, 0.765, 1.992, 3.79, and 6.39Hz. /e first five mode
shapes of the building are presented in Figure 7.

5. Ground Motion Selection

In this research, the ground motions were selected and
scaled using an intensity-based assessment procedure,
considered according to ASCE/SEI 07-10. In this regard,
seven earthquakes’ real acceleration records were selected
from the Pacific Earthquake Engineering Research Center
(PEER) NGA strong motion database [31] (see Figure 8) and
then scaled using a design response spectrum [32, 33]. /e
peak ground acceleration (PGA) and other seismic pa-
rameters of the considered design response spectrum are
shown in Table 2.

/e specifications of the nonscaled and scaled selected
earthquakes are presented in Tables 3 and 4. /e spectra of
the nonscaled and scaled excitations are shown in Figure 9.

6. Sensitivity Analysis of Genetic
Algorithm Parameters

As the parameters of GAs are highly dependent on the
characteristics of each particular problem [34], the sensitivity
analysis on the GA parameters was performed and the op-
timum values were studied. Utilization of the obtained values
for the GA parameters resulted in improving the quality of the
solutions and the performance of the algorithm. As is shown
in Table 5, during the sensitivity analysis, the crossover and
mutation probabilities were iterated, and the GA results were
compared for the El Centro earthquake excitation.

/e results were then sorted using the NSGA function,
and the pareto fronts were obtained, as shown in Table 6.
Considering the first pareto set in this table, the resultant
optimum values for crossover and mutation probabilities
were 0.7 and 0.2, respectively.

As a result, the parameters of the NSGA-II were con-
sidered as they are shown in Table 7. /e sufficiency of 500
generations as the limit for the number of generations was
then evaluated, as shown in Figure 10.

7. Optimization Process

In order to study the optimum arrangement and properties
of the TMD in the benchmark building, a computer code
was developed based on the previously discussed theories
and functions. /e pseudocode of the program is presented
in Algorithm 6. In order to improve the performance of the
developed code and reduce the computation time, some
advanced computer programming techniques, such as
parallel computing, were utilized. As a result, the code
utilized multiple CPU cores to produce multiple populations
in parallel, and then all the populations were combined and
sorted in each generation.

(1) procedure CROSSOVER(individual1,individual2)
(2) if rnd(1)< 0.5
(3) rndTmd1�RANDOMSELECT TMD in individual1
(4) rndTmd2�RANDOMSELECT TMD in individual2
(5) k� rndint(3)
(6) tmd1New�K-POINTCROSSOVER(rndTmd1)
(7) tmd2New�K-POINTCROSSOVER(rndTmd2)
(8) offspring1�REBUILD(individual1, tmd1New)
(9) offspring2�REBUILD(individual2, tmd2New)
(10) else
(11) rndTmd1� RANDOMSELECT TMD in individual1
(12) rndTmd2�RANDOMSELECT TMD in individual2
(13) tmd1New� rndTmd2
(14) tmd2New� rndTmd1
(15) offspring1�REBUILD(individual1, tmd1New)
(16) offspring2�REBUILD(individual2, tmd2New)
(17) end if
(18) return (offspring1, offspring2)
(19) end procedure

ALGORITHM 3: Crossover operator.
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8. Results

/e results of the optimization process, including the op-
timum arrangement of the TMDs and their properties, are
shown in Figures 11–17./e drift and acceleration responses

for the top story, as the critical story, are summarized in
Table 8. As shown, the optimum number of TMDs is more
than one for some of the excitations.

/e maximum number of TMDs is three, which cor-
responds to Bam and Manjil excitations, placed in 76, 75,
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Figure 6: Crossover types.

(1) procedure MUTATION(individual)
(2) if rnd(1)< 0.5
(3) rndTmd�RANDOMSELECT TMD in individual
(4) newStory� rndint(76)
(5) tmdNew�MOVETMD(rndTmd, newStory)
(6) offspring�REBUILD(individual, tmdNew)
(7) else
(8) rndTmd�RANDOMSELECT TMD in individual
(9) targetGenCount� rndint(10)
(10) for i� 1 to targetGenCount
(11) targetGen�RANDOMSELECTGEN(rndTmd)
(12) mutTmd�BINARYMUTATION(rndTmd, targetGen)
(13) end for
(14) offspring�REBUILD(individual, tmdNew)
(15) end if
(16) return (offspring)
(17) end procedure

ALGORITHM 4: Mutation operator.

(1) procedure FITNESS(benchmarkData, individualTmdAdded, excitation)
(2) ucontrolled

max , vcontrolledmax , acontrolled
max􏼈 􏼉 �MAXRESPONSE(benchmarkData, individualTmdAdded, excitation)

(3) type uuncontrolled
max , vuncontrolledmax , auncontrolled

max􏼈 􏼉as constant
(4) j1 � ucontrolled

max \uuncontrolled
max

(5) j2 � vcontrolledmax \vuncontrolledmax
(6) j3 � acontrolled

max \auncontrolled
max

(7) indvFitnessAdded� [individualTmdAdded, j1, j2, j3􏼈 􏼉]
(8) return (indvFitnessAdded)
(9) end procedure

ALGORITHM 5: Fitness of individuals.
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Figure 7: Five mode shapes of the 76-story building.
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Figure 8: Continued.
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Figure 8: Earthquake acceleration records obtained from Pacific Earthquake Engineering Research Center (PEER) [31]. (a) Bam, Iran, 2003.
(b) El Centro, USA, 1940. (c) Kobe, Japan, 1995. (d)Manjil, Iran, 2002. (e) Northridge, USA, 1971. (f ) Landers, USA, 1992. (g) San Fernando,
USA, 1994.

Table 2: Parameters of the design response spectrum.

Site class PGA Ss S1 Fa Fv SMS SM1 SDS SD1

B 0.919 2.431 g 0.852 g 1 1 2.431 g 0.852 g 1.621 g 0.568 g
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Table 3: Original earthquakes’ specifications.

Accelerogram Max. acceleration (g) Max. velocity
(cm/sec) Max. displacement (cm) Effective design

acceleration (g)
Predominant
period (sec)

Significant
duration (sec)

Bam 0.80 124.12 33.94 0.69 0.20 8.00
El Centro 0.44 67.01 27.89 0.30 0.06 11.46
Kobe 0.31 30.80 7.47 0.28 0.42 6.20
Manjil 0.51 42.45 14.87 0.47 0.16 28.66
Northridge 0.45 60.14 21.89 0.45 0.42 10.62
Landers 0.72 133.40 113.92 0.52 0.08 13.15
San Fernando 0.22 21.71 15.91 0.20 0.00 13.15

Table 4: Scaled earthquakes’ specifications.

Accelerogram Max. acceleration (g) Max. velocity (cm/sec) Max. displacement (cm) Effective design
acceleration (g)

Predominant
period (sec)

Significant
duration (sec)

Bam 0.78 128.55 33.95 0.64 0.20 8.24
El Centro 0.57 75.76 28.36 0.48 0.32 9.16
Kobe 0.56 38.83 15.68 0.56 0.36 4.16
Manjil 0.68 42.06 15.02 0.55 0.08 28.26
Northridge 0.59 64.57 22.16 0.58 0.40 10.40
Landers 0.73 141.02 113.78 0.56 0.08 12.92
San Fernando 0.60 23.71 15.88 0.61 0.10 6.03
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Figure 9: Mean matched spectrum compared to the target spectrum.

Table 5: Crossover and mutation variations.

Variation no. Crossover Mutation J1 J2 J3
1

0.6

0.1 0.845 0.917 0.941
2 0.2 0.860 0.926 0.950
3 0.3 0.855 0.924 0.948
4 0.4 0.839 0.915 0.942
5

0.7

0.1 0.862 0.925 0.946
6 0.2 0.835 0.913 0.939
7 0.3 0.861 0.925 0.947
8 0.4 0.846 0.919 0.944
9

0.8

0.1 0.869 0.929 0.950
10 0.2 0.876 0.932 0.952
11 0.3 0.842 0.915 0.941
12 0.4 0.852 0.922 0.947
13

0.9

0.1 0.871 0.930 0.951
14 0.2 0.866 0.927 0.947
15 0.3 0.874 0.932 0.953
16 0.4 0.839 0.913 0.939
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and 64th floors in both cases. Under both sets of excitations,
most of the mass for the TMDs was dedicated to those on the
top two floors. /e tuned frequency of the TMDs was close
to the fundamental frequency of the building for the top two
TMDs and about 1.24 times the fundamental frequency for
the TMD in the 64th-floor building. /e damping ratio of
the TMDs placed on the top two stories was close to the
maximum allowed value, which was 40, while it was about 14
for the TMD in the 64th-floor building.

It was observed that the controlled displacement re-
sponses of the building improved substantially by about 65%
under the Manjil earthquake excitation. On the contrary, the
objective J1 for the Bam earthquake had a value of about 0.95,
which means to about 5% improvement in reducing max-
imum displacements, compared to the uncontrolled re-
sponse. /is low objective value was also obtained under the
Landers earthquake, with a value of about 0.93 for J1, im-
plying 7% improvement in reducing the displacement

responses. However, the displacement response shows
substantial improvements in damping further oscillations
compared to uncontrolled buildings.

For Landers, Northridge, and San Fernando earth-
quakes, the TMDs were placed on stories 76 and 74, and
most of the allowed mass was dedicated to the TMD on the
roof. /e optimum tuning frequency of the TMDs was close
to the fundamental frequency of the building. /e damping
values of the TMDs were between 36.39 and 39.78, which
were close to the maximum considered damping ratio.

For the El Centro and Kobe earthquakes, the optimum
results were obtained by placing a single TMD system on the
roof. In both cases, all the allowed mass was utilized in the
TMD. Under these excitations, the frequency ratios of the
TMDs were registered as 1.06 and 1.05, which indicated a
tuning frequency closer to the fundamental frequency of the
building; the damping ratios of the TMDs were 39.53 and
39.78, which were close to the maximum allowed value.

9. Discussion

As mentioned in Results, the optimum target stories for
placing the TMDs included the top two stories for all of the
earthquake excitations and some other stories such as 74 and
64 for some of the earthquakes. In order to understand the
reasons behind this optimum arrangement, the building’s
mode shapes are again presented in Figure 18, but in each
mode, the stories with maximum displacements are also
marked. As shown, for the first three modes, the top three
stories have the maximum displacements. /e roof and the
75th and 61st stories, for the 4th mode, and the roof and the
75th and 64th stories, for the 5th mode, were the stories with
maximum modal displacements.

Consequently, it can be concluded that placing a TMD
on the top stories would improve the modal displacements
in all five modes, an observation which agrees with the
optimization results.

On the contrary, for some earthquakes, TMDs were
placed in the lower stories, which implies that the optimum
placement of the TMDs may also be related to some exci-
tation parameters. For this reason, fast Fourier trans-
formation (FFT) was performed for each earthquake’s
excitation record, and amplitudes for each building’s mode
frequency were then specified to investigate the effective
properties of the excitations, as shown in Figure 19.

As shown here, unlike other earthquakes, for the Bam
and Manjil earthquakes, the amplitude of the excitation in
the 4th and 5th modes is more than that in the lower modes.
As a result, although these higher modes have lower mass
participation factors, their participation in the total response
of the earthquake is increased by higher excitation ampli-
tudes. In order to theoretically study these results, the
displacement response of the building under the ground
motion is presented in equation (9) as sum of the modal
nodal displacements:

u(t) � 􏽘
N

n�1
un(t), (9)

Table 6: NSGA of crossover and mutation variations.

Pareto front Crossover variation no. Mutation variation no.
1 6 —
2 16 —
3 4 11
4 1 —
5 8 —
6 5 12
7 3 7
8 2 14
9 9 —
10 13 —
11 10 15

Table 7: Initial parameters of NSGA-II.

Number of
generations

Population
size

Crossover
probability

Mutation
probability

500 100 0.7 0.2

0
0

0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9

1

50 100 150 200 250 300 350 400 450 500
Generation

J1
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Figure 10: Trend of objectives during the generations.
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where un represents the nth mode’s displacements. /e
contribution of the nth mode to the nodal displacement u(t)
is

un(t) � ϕnqn(t), (10)

where qn refers to the modal coordinate which can be
calculated from the following equation:

€qn + 2ζnωn _qn + ω2
nqn � − Γn €ug(t), (11)

where Γn is the modal participation factor of the nth mode
and is the degree to which the nth mode participates in the
total response. /e modal participation factor can be cal-
culated based on the modal displacements and masses as
follows:

(1) population� INITIALIZEPOPULATION()
(2) repeat
(3) repeat
(4) {parent1, parent2}�MAKESELECTION (population)
(5) if rnd(1) ≥ crossoverProbability
(6) {offspring1, offspring2}�CROSSOVER(parent1, parent2)
(7) REPAIR(offsprint1, offspring2)
(8) COMPUTEFITNESS(offsprint1, offspring2)
(9) end if
(10) if rnd(1) ≥ mutationProbability
(11) {offspring1, offspring2}�MUTATION(parent1, parent2)
(12) REPAIR(offsprint1, offspring2)
(13) COMPUTEFITNESS(offsprint1, offspring2)
(14) until size(population) ≤ M
(15) tempPopulation� population
(16) newPopulation� [ ]
(17) repeat
(18) p � PARETOFRONT(tempPopulation)
(19) ps�CROWDINGDISTANCE(p)
(20) newPopulation� newPopulation + ps
(21) tempPopulation� tempPopulation-ps
(22) until size(tempPopulation)> 2
(23) population� newPopulation
(24) until generationNumber ≤ N

ALGORITHM 6: NSGA-II.
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Figure 11: Uncontrolled/controlled responses under the Bam earthquake. (a) Roof displacement response. (b) TMD specifications.
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ΓN �
ϕn{ }[M] 1{ }

ϕn{ }T[M] ϕn{ }
�
∑Nj�1mjϕjn
∑Nj�1mn

jϕ
2
jn

. (12)

Equation (11) is related to a single-degree-of-freedom
(SDOF) system with frequency and damping corresponding
to the nth mode.

As shown here, in each mode n, the nodal displacement
un(t) has a direct relationship with the modal displacements,
ϕn, which means that the stories with maximum modal dis-
placements would have greater participation in the building’s
modal response. In addition, it is obvious that the modal
response in the nth mode is also related to the frequency

content of the earthquake excitation, €ug, which means that a
larger acceleration amplitude at that mode’s frequency would
result in larger modal responses for that mode.

­erefore, the participation of a particular story in the
total response of the building would be more than that of the
other stories if the following conditions are met:

(1) ­e story has maximum modal displacement in the
modes with a larger modal participation factor

(2) ­e story has maximum modal displacement in the
nth mode with a lower participation factor, but the
ground motion has a larger Fourier transformation
amplitude in the nth mode’s frequency (fn)
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Figure 12: Uncontrolled/controlled responses under the El Centro earthquake. (a) Roof displacement response. (b) TMD speci�cations.
(c) Objective values.
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Figure 13: Uncontrolled/controlled responses under the Kobe earthquake. (a) Roof displacement response. (b) TMD speci�cations.
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­ese derivations validate the possibility of placing the
TMDs in stories other than the top stories, a conclusion that
agrees with the optimization results.

10. Conclusion

Considering the obtained results and related discussions in
previous sections, the following conclusions can be drawn:

(1) Compared to a single TMD on the roof level, a
distributed MTMD system is more e¥cient in im-
proving structural responses with the same amount

of masses under excitation for earthquakes that have
noticeable amplitude at the structure’s frequencies at
higher modes, a scenario likely to happen within the
lifetime of a tall building.

(2) ­e optimum stories for placement of the TMDs
includes

(a)­e stories withmaximummodal displacements
in the lower structural modes
(b) ­e stories with maximum modal displace-
ments in modes with frequencies at which the
earthquake excitation has noticeable amplitudes
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Figure 14: Uncontrolled/controlled responses under the Landers earthquake. (a) Roof displacement response. (b) TMD speci�cations.
(c) Objective values.
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Table 8: Comparison between controlled and uncontrolled drifts and absolute accelerations of the top story for di�erent earthquake
excitations.

Earthquake Max. drift (uncontrolled) Max. drift (controlled) Max. absolute acceleration
(uncontrolled, m/s2)

Max. absolute acceleration
(controlled, m/s2)

Bam 0.0184 0.0172 34.94 17.32
El Centro 0.0128 0.0111 20.99 16.11
Kobe 0.0079 0.0066 25.72 21.40
Manjil 0.0159 0.0074 28.51 9.30
Northridge 0.0178 0.0146 23.87 15.55
Landers 0.0282 0.0262 28.94 14.79
San Fernando 0.0092 0.0075 21.61 12.35
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(3) ­e optimum parameters for the TMDs that control
the vibrations in the lower modes include the
maximum allowed damping ratio.­is indicates that
increasing the damping ratio would improve the
performance of such TMDs.

(4) ­e results showed that the performance of the
TMDs was not good in reducing the initial maxi-
mums in displacement responses compared to their
reduction of the later maximums that occurred after
some initial oscillations.

(5) Even in the cases with immediate maximum dis-
placement responses, the MTMD system signi�-
cantly improves the damping.
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*e nonlinear seismic displacement demand prediction for low-period structures, i.e., with an initial fundamental period situated
in the plateau of design response spectra, is studied. In Eurocode 8, the computation of seismic displacement demands is
essentially based on a simplified method called the N2 method. Alternative approaches using linear computation with increased
damping ratio are common in other parts of the world. *e accuracy of three methods for seismic displacement demand
prediction is carefully examined for the plateau range of Type-1 soil class response spectra of Eurocode 8. *e accuracy is assessed
through comparing the displacement demand computed using nonlinear time-history analysis (NLTHA) with predictions using
simplified methods. *e N2 method, a recently proposed optimization of the N2 method, and the Lin and Miranda method are
compared. Nonlinear single-degree-of-freedom systems are subjected to several sets of recorded earthquakes that are modified to
match design response spectra prescribed by Eurocode 8.*e shape of Eurocode 8 response spectra after the plateau is defined by a
constant pseudovelocity range (1/T). However, the slope of this declining branch may be specified using precise spectral
microzonation investigation. However, the N2 method has been found to be particularly inaccurate with certain microzonation
response spectra that are characterized by a gently decreasing branch after the plateau.*e present study investigates the impact of
the slope of the decreasing branch after the plateau of response spectra on the accuracy of displacement demand predictions. *e
results show that the accuracy domain of the N2 method is restricted to strength reduction factor values around 3.5. Using the N2
method to predict displacement demands leads to significant overestimations for strength reduction factors smaller than 2.5 and
to significant underestimations for strength reduction factors larger than 4. Fortunately, the optimized N2 method leads to
accurate results for the whole range of strength reduction factors. For small values of strength reduction factors, up to 2.5, the
optimized N2 method and the Lin and Miranda method both provide accurate displacement demand predictions. However, the
accuracy of displacement demand prediction strongly depends on the shape of the response spectrum after the plateau. A gently
decreasing branch after the plateau affects the accuracy of displacement demand predictions. A threshold value of 0.75 for the
exponent of the decreasing branch (1/Tα) after the plateau is proposed. *is issue should be considered for the ongoing
developments of Eurocode 8.

1. Introduction

Structures do not remain elastic under extreme ground
motions. Nonlinear behavior is therefore crucial in seismic
response of structures. However, to avoid the use of more
elaborated analyses that are suitable for strategic buildings

only, structural-engineering approaches are generally based
on simplified methods to determine seismic actions. *e
prediction of nonlinear seismic demand using linear elastic
behavior for the determination of peak nonlinear response is
widely used for seismic design as well as for vulnerability
assessment. Existing methods involve either a linear
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response based on initial period and damping ratio, even-
tually corrected with factors, or a linear response based on
increased equivalent period and damping ratio.

It is well established that for medium-to-high period
structures, the displacements of elastic and inelastic systems
are approximately the same. *is empirical finding known as
the equal displacement rule (EDR) is nowadays widely used
for seismic design purposes, e.g., in Eurocode 8 [1]. *e basic
assumption of the EDR is to predict the seismic performance
of an inelastic system using the equivalent elastic system with
the same initial period and damping coefficient. For low-
period structures, the EDR loses its validity, since inelastic
displacements are larger than elastic displacements. Other
methods are therefore needed for this range of periods. *e
plateau range of the design spectra is particularly important
since it provides the highest spectral acceleration. Further-
more, most buildings in Europe have less than 5 stories and
thus have a natural period of less than 1 s. As a consequence,
the natural period of a large part of the European building
stock is located on the plateau of design spectra, i.e., out of the
assumed standard range of application of the EDR. Reliable
displacement demand predictions are therefore crucial for
seismic vulnerability assessment of existing buildings.*is is a
key issue in vulnerability assessment at urban scale, where
such displacement demand predictions are used for de-
termining building damage using mechanical methods [2].
On the plateau of design spectra, Riddell et al. [3] and later
Vidic et al. [4] proposed to compute the displacement de-
mand based on a linear variation of the strength reduction
factor as a function of the period. Alternative methods using
equivalent damping approaches [5] were also developed and
included in the design code in the US [6, 7].

*e N2 method developed by Fajfar [8] is based on the
equal displacement rule associated to a correction for the
plateau range of the response spectrum. A simplified version
of the N2 method was proposed in Eurocode 8 [1, 8]. *is
simplified version of the N2 method is investigated in this
study. However, the lack of accuracy of the simplified
version of the N2 method especially for low-period struc-
tures has already been pointed out by several research
studies [9, 10]. In case of high-strength reduction factors, the
simplified N2 method leads to unconservative results, since
displacement demand predictions are underestimated with
respect to nonlinear time-history analysis. By contrast, in
case of low-strength reduction factors, displacement de-
mand tends to be overestimated when using the simplified
N2 method. *erefore, an optimized version of the sim-
plified N2 method has recently been proposed in order to
improve the reliability of displacement demand predictions
[11]. *e objective of this paper is to investigate the accuracy
domain of the simplified N2 method and that of the opti-
mized N2 method for displacement demand prediction in
the plateau range of seismic design spectra. For comparison,
the Lin andMiranda [5] method using equivalent period and
damping ratio approaches is also investigated. *e accuracy
assessment is based on a comparison of the displacement
demand computed using nonlinear time-history analysis
(NLTHA) with the ones predicted by the three simplified
methods.

2. Seismic Displacement Demand Prediction

*e simplified version of the N2 method (according to
Eurocode 8 and called “N2 method” in the following for
simplicity), an optimized version of the simplified N2
method and the Lin andMiranda method are investigated in
this study. *ese methods are briefly described in the fol-
lowing sections.

2.1. N2 Method. Since Veletsos and Newmark [12], it has
been widely acknowledged that the displacements of elastic
and inelastic systems are approximatively the same (Equal
Displacement Rule, EDR).*is empirical rule was confirmed
by numerous numerical and experimental investigations
(e.g., [13]) except for low-period structures, for which in-
elastic displacements are higher than elastic displacements.
Another method is therefore needed to replace the EDR for
the plateau period range, where EDR is no longer valid. *e
basic assumption of the EDR is to model an inelastic system
using the equivalent elastic system with the same period and
the same damping ratio. As illustrated in Figure 1(a), the
EDR states that inelastic peak displacements (yp) are ap-
proximately equal to elastic peak displacements (yel)
whatever the selected yield strength (Fy � Fel/R or yield
displacement yy � yel/R) of the structure. Note that when
assuming the stiffness to be independent of the strength, the
EDR leads to a strength reduction factor (R) equal to the
global displacement ductility.

On the plateau period range of design spectra, Riddell
et al. [3] and later Vidic et al. [4] proposed a linear variation
of the strength reduction factor (R) as a function of the
period (T) for a constant displacement ductility demand (μ),
later used in EC8:

R � 1 +(µ − 1)
T

T0
. (1)

In this assumption, the strength reduction factor (R)
varies between 1 for a zero period and the value of the
displacement ductility demand for the period T0 being close
to the end of the plateau, TC. Based on equation (1), Fajfar
has introduced the N2 method [8] by considering two
domains, separated by the period T0. Eurocode 8 includes a
simplified version of the N2 method where the displacement
demand is determined as follows:

Sd �
Sde

Rμ
· Rμ − 1􏼐 􏼑 ·

TC

T
+ 1􏼢 􏼣, T<TC andRμ > 1,

Sd � Sde, T≥TC orRμ ≤ 1,

⎧⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎩

(2)

where the parameters TC, Sde, and Sae are the corner period
limiting the zone of the spectrum of maximum acceleration
(i.e., plateau), the spectral displacement of the structure with
an unlimited elastic behavior and the elastic spectral ac-
celeration, respectively. *ese parameters define the seismic
displacement demand (Sd). *e period T (period of vibra-
tion of the structure) and the strength reduction factor Rμ
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(Rμ � Sae/Say) are parameters defining building capacity.*e
value Say represents the yield acceleration of the structure.

2.2. Optimized N2 Method. *e second method that is
evaluated has been proposed by Diana et al. [11] and is based
on an optimization of the original N2 method. An exponent
correction to the classical N2 formulation has also been
proposed by Graziotti et al. in 2014 [14], based on shaking-
table tests; however, the correction is valid exclusively for
stiff masonry structures. *e proposal by Diana et al. [11]
enhances the N2 method to include an additional exponent
and multiplicative coefficients for correction. *e new
formula has been obtained by a global optimization meta-
heuristic employing a genetic algorithm to minimize dif-
ferences between the formula and the NLTHA. *e
approach of the optimized N2 method preserves the
mathematical compatibility with the previous N2 method.
*e formula is defined starting from (2), including three
coefficients, as follows:

Sd �
Sde

Rμ/1.48
·

Rμ

1.45
− 1􏼠 􏼡

1.35

·
TC

T
+ 1⎡⎣ ⎤⎦, T<TC andRμ > 1,

Sd � Sde, T≥TC orRμ ≤ 1.

⎧⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

(3)

At the end of the plateau, for periods close to TC, the
nonlinear displacement demand according to (3) may lead
to values that diverge notably from the EDR. *e com-
patibility with EDR in TC is nevertheless necessary because
EDR is valid after the plateau of the design spectrum,
according to EC8. *is drawback does not appear with the
N2method (see equation (2)).*is is due to the introduction

of three coefficients in (3). In order to avoid such a dis-
crepancy in the period range at the end of the plateau of the
response spectrum (i.e., for periods close to TC), the dis-
placement demand is limited by an additional condition
based on a relationship proposed by Michel et al. [10].
Figure 2 shows the relationship (proposition 2) which
corresponds to a linear variation of the displacement de-
mand with respect to the period (T).*e prolongation of the
EDR for the period range of the plateau corresponds to a
linear variation (proposition 1 in Figure 2). Proposition 2
keeps the linear variation but with an initial value of one
third of the spectral displacement at the end of the plateau.
*is linear relationship (proposition 2) was found to lead to
adequate upper bound values of the displacement demand
for large values of strength reduction factors [10]. According
to proposition 2, the displacement demand is computed as
follows:

Sd � Sd TC( 􏼁 ·
T

TC

·
2
3

+
1
3

􏼢 􏼣. (4)

With the optimized N2 method, the smaller value of (3)
and (4) is considered as the displacement demand prediction
for the period range of the plateau of the corresponding
design spectrum (between TB and TC).

2.3. Lin andMirandaMethod. *e Lin and Miranda method
(2008) is based on equivalent linearization. *e displace-
ment demand of a nonlinear single-degree-of-freedom
(SDOF) system is calculated considering the displacement
demand of an equivalent linear-elastic SDOF system having
a period and a damping ratio higher than those of the initial
nonlinear system [7]. *erefore, the inelastic displacement
demand of the nonlinear SDOF system is determined as

Fy = Fel/R

yy = yel/R yp = yel

Fel

Fo
rc

e

Inelastic

Displacement

Elastic

(a)

S e
, F

∗
/m

∗

F∗y/m∗

Se (T∗)
T∗ < TC

TC

d∗y d∗et d∗t d∗

Se(T∗)

TC

T∗ > TC

d∗y d∗t = d∗et d∗

S e
, F

∗
/m

∗

F∗y/m∗

(b)

Figure 1: (a) Schematic description of the equal displacement rule (EDR). (b) ADRS representation of the nonlinear displacement demand
according to EC8 (adapted from [1]).
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Sd � Sd Teq; ξeq􏼐 􏼑 � Sd Teq; ξ�5%􏼐 􏼑 · η � Sa Teq; ξ�5%􏼐 􏼑 ·
T2
eq

4π2
· η,

(5)

where Sd(Teq; ξeq) is the spectral displacement demand of
the equivalent system, Teq is the equivalent period of vi-
bration of the equivalent system; ξeq is the equivalent viscous
damping ratio, Sd(Teq; ξ�5%) is the displacement demand of
the linear system with 5% damping elastic ratio, and η is a
reduction factor depending from the damping ratio ξ. *e
reduction factor η can be determined as (numerical value to
be used for ξeq, not in “%”)

η �

����������
1

0.5 + 10 ξeq

􏽳

. (6)

*e equivalent period Teq and the equivalent damping
ratio ξeq depend on the strength reduction factor Rμ of the
nonlinear SDOF system and on the initial period of vibration
and damping ratio, respectively. Several equivalent linear
methods exist in literature that differ mainly for the func-
tions used to compute Teq and ξeq (e.g., Iwan [15]; Miranda
and Ruiz-Garćıa [16]; Sullivan et al. [17]).

In their work (2008), Lin and Miranda give the equiv-
alent period and the equivalent damping ratio as follows:

Teq � 1 +
m1

Tm2 · Rμ
1.8

− 1􏼐 􏼑􏼔 􏼕 · T,

ξeq � ξ�5% +
n1

Tn2
· Rμ − 1􏼐 􏼑.

(7)

Coefficients m1, m2, n1, and n2 depend on the postyield
stiffness ratio α (Table 1), Rμ and T are, respectively, the
strength reduction factor and the initial period of vibration
of the nonlinear SDOF and ξ�5% is the 5% damping elastic
ratio.

3. NLTHA Methodology

*e methodology used in this study for the nonlinear time-
history analysis (NLTHA) is similar to the one proposed in
previous investigations [2, 10]. Nonlinear responses of
SDOF systems exposed to acceleration time-histories are

computed and the difference between the obtained peak
displacement demands and those predicted by the various
simplified methods is calculated. *e nonlinear structural
behavior is described by the popular modified Takeda
hysteretic model. For each design spectrum, a set of 12
recordings is first selected from a database, such as the
European Strong Motion Database [19], and slightly mod-
ified to match the corresponding response spectrum.

3.1. Design Response Spectra. Response spectra according to
the soil classes of Eurocode 8 [1] are tested in this study.
More specifically, soil classes A, B, C, and D are used. *e
values of the parameters for the Type 1 defined by EC8 are
shown in Figure 3. *e values of the corner periods TB to TC
delimiting the plateau region of response spectra depend on
soil classes. *e shape after the plateau is defined by a
constant pseudovelocity range (1/T, from corner period TC
to period TD) followed by a constant relative displacement
range (1/T2 after TD). Additionally, some response spectra
resulting from spectral microzonation studies in Switzerland
are also considered in the analysis. Microzone response
spectra considered in this study are those of the towns of
Yverdon, Sion, and Martigny. In detail, microzone spectra
considered are S2, S3, and S4 for Yverdon, A1, A2, and A3
for Sion, and M3 for Martigny. *e response spectra
specified for the considered microzones in Yverdon [20] are
plotted in Figure 3. Figure 4 shows the response spectra
specified for the six microzones in Sion and Martigny ([21]).

*e plateau acceleration level of the response spectrum
for microzone S2 is higher and that for microzone S4 is lower
than the ones of EC8. Furthermore, the shapes after the
plateau diverge from the ones of EC8 response spectra. *e
response spectrum for microzone S2 has an exponent of the
declining branch after the plateau of α � 1.6 and that for
microzone S4 has an exponent of α � 0.74. *e response
spectrum for microzones S3 and S3 mod has a shape that is
compatible with EC8, which is characterized by a constant
pseudovelocity range (1/T) after the plateau.

*e plateau acceleration level of the response spectra of
microzones A1, A2, and A3 corresponds to the one of EC8
soil class A, C, and D respectively. However, plateau corners
of the response spectra of microzones A1 and A2 are
modified towards higher periods. *ese modifications are
related to increased seismic demands with respect to the
ones of corresponding soil classes defined in EC8. Plateau
acceleration levels of the response spectra of microzones M1
and M3 of Martigny are higher than those of Sion. *e
response spectrum of microzoneM1 is huge and thus related
to a larger seismic demand. Except for the low-period range,

Table 1: Coefficients for calculating equivalent period and
damping [18].

α (%) m1 m2 n1 n2

0 0.026 0.87 0.016 0.84
5 0.027 0.65 0.027 0.55
10 0.027 0.51 0.031 0.39
20 0.024 0.36 0.030 0.24

Proposition 2

Proposition 1

Plateau

TCTB
Period

00

Sd (TC)

1/3Sd (TC)

S d

Sd

Figure 2: A linear relationship of the displacement demand with
respect to the period (proposition 2) is used as a limitation of the
displacement demand prediction in the period range close to the
end of the plateau (i.e., for periods shorter but close to TC) [10].
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the response spectrum of microzone M2 is in accordance
with the response spectrum of soil class C. 	e upper corner
period of response spectrum of microzone M3 is situated
between the ones of EC8 soil class A and B.

3.2. Selection andModi�cation of Ground-MotionRecordings.
Recordings are selected in order to match the considered
response spectrum (target spectrum). 	rough a ranking
process of the recordings of the database following the
di�erence between their response spectrum and the target

spectrum, recordings are ordered.	e twelve highest ranked
recordings form the recording set related to the considered
target response spectrum. 	is selection is based on struc-
tural-engineering considerations only. As a consequence,
earthquakes with di�erent seismological features, such as
magnitude or epicentral distance, are incorporated into the
dataset.	emain objective is to perform a statistical study of
the nonlinear response of a structure undergoing any ac-
celeration recording. 	erefore, uncertainties related to
recordings are not considered.
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Figure 3: Eurocode 8: elastic response spectra for 5% damping ratio related to the soil classes A to E microzonation of Yverdon: elastic
response spectra for a return period of 475 years and 5% damping ratio related to the four microzones S2, S3, S4, and S3 mod, respectively.
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Figure 4: Microzonation of Sion andMartigny: elastic response spectra for a return period of 475 years and 5% damping ratio related the six
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*e selected recordings are modified afterwards with
the nonstationary spectral matching method of Abra-
hamson [22] in order to match the target spectrum in-
dividually. *is technique has the decisive advantage to
involve small modifications of the recordings, and thus, it is
ensured that the related structural response in the non-
linear domain is not significantly affected. *erefore, this
procedure allows the removal of the variability due to
ground motion in order to evaluate exclusively the vari-
ability due to the estimation of the structural response. As
shown by statistical characteristics of response spectra for
the sets of twelve recordings before and after modification,
the process repeated over ten iterations is very efficient for
matching target spectra. As an example, response spectrum
average and mean values plus and minus one standard
deviation are plotted in Figure 5 for soil classes A and B of
EC8. Figure 5 shows that the selection performed on the
twelve recordings for each set leads already to a good match
with respect to mean values. *e plots after modification
using the technique of Abrahamson show improvement in
matching the target spectrum, as well as significant re-
duction in the variability.

3.3.HystereticModel. *enonlinear SDOF systems involved
in this study are defined by their initial natural period, T

(corresponding to the initial stiffness of SDOF), the yield
displacement, and the hysteretic model according to which
the structure behaves in the nonlinear range. *e modified
Takeda model is used as a hysteretic model to compute the
nonlinear responses because it provides an adequate sim-
ulation of the behavior of materials such as reinforced
concrete. However, as already reported in other studies (e.g.,

[23, 24]) the results obtained by using other models, such as
the Q-model [25] or the Gamma model [26], would be
similar and would not alter the conclusions presented within
this work.

*e Takeda model has been proposed in an original
version by Takeda et al. [27].*emodified Takeda model has
been developed independently by Otani [28] and Litton [29]
and adapted by many researchers later on. *e version of
Allahabadi and Powell [30] is used hereafter. *e force-
displacement relationship, plotted in Figure 6, is specified
through five parameters: the initial stiffness, the yield dis-
placement, the postyield stiffness, a parameter governing the
stiffness degradation (α), and a parameter (β) specifying the
target for the reloading curve. In order to simulate the
behavior of conventional structures, appropriate values of
the parameters (α � 0.4 and β � 0.0) are used in all analyses.
A value of 5% has been selected for the hardening coefficient
(postyield stiffness).

3.4. Computation. *e methodology applied in this paper is
schematically described in Figure 7. Simulations are per-
formed for 18 values of the period, T, taken between 0.15 and
1 s and 12 instances of strength reduction factor, R, between
1.5 and 5. *e typical value for the initial damping ratio ξ is
set to 5%. Note that performing the computations with the
strength reduction factor as a variable has the advantage that
the level of the plateau is removed from the parameters. *is
approach provides a normalization of the results with re-
spect to the plateau level. Furthermore, using a constant
value for strength reduction factor (R) instead of a constant
ductility (µ) ensures the same level of nonlinearity for each
ground motion.
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Figure 5: Statistical characteristics of the response spectra for the sets of the twelve recordings selected for the best fit to the response
spectrum of the soil classes A and B of Eurocode 8 before (left) and after (right) modification for matching target spectrum.
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4. Results

*e computed nonlinear displacement demands are assessed
statistically by considering the average of the peak dis-
placements (NLTHA displacement demand) obtained for
the set of twelve ground motions corresponding to the
considered response spectrum.*e assessment is focused on
the plateau of the considered response spectrum, i.e., only
the values of the periods between the corner periods TB and
TC are taken into account.*e accuracy of the threemethods
(the N2 method, the optimized N2 method, and the Lin and
Miranda method) is then first qualitatively calculated using
the ratio of displacement demand prediction to NLTHA
displacement demand for the 12 strength reduction factors.
To account for the distribution of the nonlinear responses,
threshold limits for a certain range around the value of 1
should be defined. As overestimation of the displacement
demand is less problematic than underestimation, the
threshold limits are not considered symmetrically. Conse-
quently, underestimation by 10% and overestimation by 15%
are defined as acceptable. *erefore, the method may be
considered as accurate if the ratios remain within the
thresholds of 90% and 115% along the plateau range.

Moreover, in order to avoid threshold effects, up to two
values outside the defined limits are allowed. As an example,
Figures 8–10 show the statistical results for the EC8 response
spectrum for soil classes A, B, and D, respectively.*e results
for four selected values of the strength reduction factor are
plotted. *e results that are shown are typical of the per-
formed study. For soil class A, the corner periods delimiting
the plateau of the response spectrum are TB � 0.15 s and
TC � 0.4 s. *e plots on Figure 8 for R� 2, 3, 4, and 5 show
that the N2 method is only accurate for a single value of the
strength reduction factor, namely, R � 3.

For soil class B, the corner periods delimiting the response
spectrum plateau are TB � 0.15 s and TC � 0.5 s. *e plots in
Figure 9 for R� 1.5, 2.5, 3.5, and 4.5 show that the N2 method
is only accurate for the single value of the strength reduction
factor of R � 3.5. Displacement demand is systematically
overestimated for small values of R and underestimated for
high values of R, especially for the very short period range
(beginning of the plateau). By contrast, the optimized N2
method is accurate for all R values. *e Lin and Miranda
method is accurate for small values of the strength reduction
factor up to R � 2.5 while displacement demand is system-
atically overestimated for higher values of R.
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Figure 6: Force-displacement relationship defining the modified Takeda hysteretic model.
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For soil class D, the corner periods delimiting the re-
sponse spectrum plateau are TB � 0.2 s and TC � 0.8 s. 	e
plots in Figure 10 for R� 2.25, 2.75, 3.25, and 3.75 show that
the N2 method may be considered as accurate for R � 3.25
and relatively accurate for R � 3.75. Again, the optimized N2
method is accurate for all R values. By contrast, the Lin and
Miranda method may be considered as accurate only for the
value of R � 2.25. For the other values of R, the inaccuracy of
the Lin and Miranda method is essentially due to un-
derestimations of displacement demands for the very be-
ginning of the plateau, i.e., for periods close to TB, as shown
by plots in Figure 10.

4.1. Results for Eurocode 8 and Microzonation Response
Spectra. 	e assessment procedure described above is
performed for response spectra-related soil classes of
Eurocode 8, from A to D, and for few response spectra of
detailed microzonation studies (M3, S3, and S3 modi�ed).

	e accuracy of the three simpli�ed methods is then
quantitatively assessed using the relative ratio of displace-
ment demand prediction to NLTHA displacement demand
(|Δ|Ti) for the di�erent strength reduction factors. According
to Diana et al. [11], the global average discrepancy value is
used to assess the accuracy of the methods for the plateau
period range for each analyzed strength reduction factor.
	e global average discrepancy is de�ned as follows:

|Δ|R �
1
t
∑
t

i�1
|Δ|Ti [%], (8)

where T � T1, T2, . . . , Tt{ }, with T1 � TB and Tt � TC.
	e overall results for the N2 method are plotted in

Figure 11. 	e 3D surface corresponds to the global average
discrepancy values (|Δ|R) in z-axis plotted with respect to the
upper corner periods (TC) of the response spectrum plateau
in x-axis and to the values of strength reduction factor (R) in
y-axis.
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Figure 8: Assessment of the nonlinear displacement demands for soil class A and four values of strength reduction factors, R � 1 to R � 5.
	e ratio of predicted to actual (NLTHA) displacement demand is plotted with respect to the period. 	e plateau period range of the
corresponding response spectrum (0.15 s to 0.40 s) is considered for the assessment.
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*e values of the global average discrepancy have a
significant variation, ranging from about 4% at the mini-
mum up to more than 40% at the maximum. Figure 11
shows that minimum global average discrepancies occur
along a “valley” appearing at strength reduction factors (R)
values around 3.5. For low values of the upper corner periods
(TC ≤ 0.5 s) of the response spectrum plateau, the position of
the minimum is shifted down towards R � 3.

*e overall results for the optimized N2 method and the
Lin and Miranda method are plotted side by side in Fig-
ure 12. *e accuracy of the optimized N2 method is evi-
denced by Figure 12 (left) since the 3D surface of the global
average discrepancy values is relatively flat and does not
reach 10% at any point, ranging from 2% to 9%. *e ac-
curacy of the Lin and Miranda method is inferior to the one
of the optimized N2 method. In Figure 12 (right) the 3D
plots of the global average discrepancy of the Lin and Mi-
randa method are flat, in a similar way to the optimized N2
method, at low values of strength reduction factors of up to

about R � 2.5. *us, both methods are accurate for this
range of R. However, the discrepancies of the Lin and
Miranda method significantly increase for higher values of
R, especially for low values of the upper corner periods (TC).

Based on the results described above, a value of 8.5% is
selected in the following as a threshold for the global average
discrepancy to evaluate the accuracy of the methods. Such a
value ensures that the displacement demand predictions
practically remain within an acceptable range of 90% and
115% of the NLTHA displacement demand along the plateau
range.

In addition, the overall accuracy results are plotted in
Figure 13 using a pixelized representation. Figure 13 con-
tains a separate plot for each investigated method. In each
plot, pixel coordinates correspond to the values of strength
reduction factor (R) in y-axis with respect to the upper
corner periods (TC) of the response spectrum plateau in x-
axis. As a consequence, the results for EC8 soil class B for
instance appear along the vertical lines at TC � 0.5 s. *e
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Figure 9: Assessment of the nonlinear displacement demands for soil class B and four values of strength reduction factors, R � 1.5 to
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corresponding response spectrum (0.15 s to 0.50 s) is considered for the assessment.
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pixels are full if the method is accurate for the corresponding
couple of values (R and TC) and empty if the method is not
considered as accurate. Additional computations are per-
formed for intermediate values of upper corner period TC
according to speci�c response spectra of microzonation
studies of the cities of Martigny and Yverdon (see Section
3.1). 	e response spectrum of microzone M3 for Martigny
has an upper corner period for the plateau of TC � 0.46 s
(Figure 4).	e set of 12 recordings selected for microzone S3
of the spectral microzonation study of the city of Yverdon
[20] was used one more time but modi�ed to match an EC8
compatible response spectrum with an upper corner period
for the plateau of TC � 0.7 s. Another set of 12 recordings
selected for the upgrade of microzone S3 of Yverdon was
used to develop the EC8 compatible response spectrum with
upper corner plateau period of TC � 0.55 s. Consequently,
the seven upper corner periods (TC) of response spectra
considered are 0.4 s for EC8 soil class A; 0.46 s for microzone
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Figure 10: Assessment of the nonlinear displacement demands for soil class D and four values of strength reduction factors, R � 2.25 to
R � 3.75. 	e ratio of predicted to actual (NLTHA) displacement demand is plotted with respect to the period. 	e plateau period range of
the corresponding response spectrum (0.20 s to 0.80 s) is considered for the assessment.
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Figure 11: Overall results for the N2 method. 	e global average
discrepancy values are plotted in 3D (z-axis) with respect to the
strength reduction factor values (R) in y-axis and upper corner
period of the plateau (TC) in x-axis. A minimum “valley” appears
for R values around R � 3.5.
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M3 (Martigny); 0.5 s for EC8 soil class B; 0.55 s for modi�ed
microzone S3; 0.6 s for EC8 soil class C; 0.7 s for microzone
S3; and 0.8 s for soil class D. 	e 12 strength reduction
factors considered are: 1.50; 2.00; 2.25; 2.50; 2.75; 3.00; 3.25;
3.50; 3.75; 4.00; 4.50; and 5.00.

Figure 13 shows that the accuracy range of the N2
method is essentially restricted to values of strength re-
duction factors between R � 3 and R � 3.75. 	is range even
decreases with increasing values of the upper corner period

of the plateau (TC). For EC8 soil class D with TC � 0.8 s, the
N2 method is only accurate for strength reduction factors
between R � 3.25 and R � 3.75.	e accuracy range is shifted
down for short values of TC. For EC8 soil class A with
TC � 0.4 s, the N2 method is accurate for strength reduction
factors between R � 2.5 and R � 3. For smaller values of R,
the N2 method overestimates the displacement demand and
for higher values of R, displacement demand is under-
estimated. By contrast, the optimized N2method is generally
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Figure 12: Overall results for the optimized N2method (left) and Lin andMirandamethod (right).	e 3D surface plot of the global average
discrepancy values is �at and low for the optimized N2 method, meaning that the method is all over accurate. 	e Lin and Miranda method
shows similar trend but for low values of strength reduction factors only.
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Figure 13: Overall results for the accuracy assessment of the 3 investigated methods. Pixel coordinates correspond to strength reduction
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accurate. Except for values of strength reduction factor R � 3
and above in case of EC8 soil class A response spectrum, the
optimized N2 method is accurate for all soil classes and
microzones considered and for allR values.*e domain over
which the Lin and Miranda method is accurate may not be
obviously described. *e Lin and Miranda method tends to
be accurate for small values of strength reduction factors
(R≤ 3.0). For EC8 soil class A response spectrum, the Lin
and Miranda method performs well up to a value of R � 3.5.

4.2. Results for Response SpectrawithDifferent Shapes after the
Plateau. For EC8 response spectra, the shape after the
plateau is defined by a constant pseudovelocity range (1/T
from corner period TC to period TD) followed by a constant
relative displacement range (1/T2 after TD). However, dif-
ferent shapes after the plateau, more specifically gentler or
steeper decreasing branches, may be specified for instance in
case of detailed spectral microzonation studies. *e impact
of steeper or gentler branches than constant pseudovelocity
(1/T) decreasing branches on the accuracy of the dis-
placement demand prediction is also preliminarily in-
vestigated in this study. *e influence of the shape of the
decreasing branch of the response spectrum is found to be
particularly significant. Figure 14 shows the results obtained
for EC8 soil class C and similar response spectra. In these
plots, pixel coordinates correspond to the values of strength
reduction factor (R) in y-axis with respect to the exponent of
the declining branch (1/Tα) of the response spectrum pla-
teau in x-axis. As a consequence, the results for EC8 soil class
C appear along the vertical lines at α� 1.0 in Figure 14. As in
previous figures, the pixels are full if the method is accurate
for the corresponding couple of values (R, α) and empty if
the method is considered inaccurate.

Additional computations are performed for specific
response spectra, of the Yverdon spectral microzonation
study, that have the same upper corner period TC as soil
class C (TC � 0.6 s) but other values of the exponent of the
decreasing branch (1/Tα) after the plateau. *e response
spectrum of microzone S4 for Yverdon has an exponent of
the decreasing branch after the plateau of α � 0.74 [20].*e
response spectrum of microzone S2 for Yverdon has an
exponent of the decreasing branch after the plateau of α �

1.6 [20]. *e set of 12 recordings selected for microzone S3
for Yverdon, that has been used for simulations shown in
Figures 11–13 [20], are modified to match a corresponding
response spectrum with an exponent of the decreasing
branch after the plateau of α � 0.87. *e set of 12 re-
cordings selected for microzone S4 of Yverdon are mod-
ified to match a corresponding response spectrum with an
exponent of the decreasing branch after the plateau of
α � 0.66.

Figure 14 shows that the accuracy domain for the N2
method is strongly affected by the value of the exponent of
the decreasing branch after the plateau. *e accuracy do-
main is significantly reduced for α � 0.66 and shifted up
towards higher values of strength reduction factor for
α � 1.6.*e accuracy domains for the optimized N2 method
and the Lin and Miranda method are less affected for values

of α smaller than one but they are shifted down for α � 1.6.
For the Lin and Miranda method, the domain of accuracy
even increases for values of α smaller than one.

Figure 15 shows the results obtained for EC8 soil class D
and similar response spectra. *e results for EC8 soil class D
appear along the vertical lines at α � 1.0. Additional com-
putations are performed for specific response spectra of the
spectral microzonation study of the city of Sion with same
(or nearly the same for microzone A2) upper corner period
TC as soil class D (TC � 0.8 s) but with different values of the
exponent of the decreasing branch (1/Tα) after the plateau.
*e response spectrum of microzone A2 for Sion has an
exponent of the declining branch after the plateau of α �

0.77 (Figure 4). *e response spectrum of microzone A1 for
Sion has an exponent of the declining branch after the
plateau of α � 1.08 (Figure 4). *e response spectrum of
microzone A3 for Sion has an exponent of the declining
branch after the plateau of α � 1.49 (Figure 4). Figure 15
shows a similar yet more pronounced trend than Figure 14
regarding the accuracy domains for the three investigated
methods. *e N2 method may even be considered as
completely inaccurate in case of α � 0.77. *e accuracy
domain for the optimized N2 method is also strongly re-
duced for α � 0.77. *e accuracy domain is again shifted
towards higher values of strength reduction factor for α �

1.49 for the N2 method. By contrast, the accuracy domain of
the three methods is not affected for α � 1.08. *e accuracy
domains for the Lin and Miranda method are not signifi-
cantly affected by the values of α.

5. Summary and Conclusions

*e accuracy of three methods for nonlinear seismic dis-
placement demand predictions is carefully evaluated in this
study: the simplified version of the N2 method, the opti-
mized N2 method, and the Lin and Miranda method. *e
investigation is performed for the plateau range of response
spectra corresponding to the Eurocode 8 Type-1 soil classes
and to response spectra of detailed microzonation studies.
Accuracy is assessed through a comparison of the dis-
placement demand computed using nonlinear time-history
analysis (NLTHA) with the displacement demand predicted
by the three methods.

*e accuracy domain significantly depends on the re-
sponse spectrum plateau extension (value of the upper
corner period, TC). Furthermore, the accuracy of dis-
placement demand predictions is found to be dependent on
the shape of the response spectrum after the plateau. A less
steeply decreasing branch after the plateau affects the ac-
curacy.*e study focuses on SDOF and on hysteretic models
featuring ductile structural behavior under seismic actions.
*ese choices reflect the objectives of the study. Even if some
slight differences arise when using MDOF representations
(e.g., [31]), the essential characteristics of the seismic re-
sponse are captured by SDOF models.

*e results show that the simplified version of the N2
method provides accurate predictions for strength re-
duction factor values between R � 3 and R � 3.75. *is
range decreases further with increasing values of the upper
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Figure 15: Accuracy assessment of the three investigatedmethods for soil class D with respect to the exponent of the decreasing branch after
the plateau of the response spectrum.
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corner period for the plateau (TC). For EC8 soil class D with
TC � 0.8 s, the N2 method provides accurate results for
values between R � 3.25 and R � 3.75. Moreover, the ac-
curacy range is shifted down for short values of TC. For EC8
soil class A with TC � 0.4 s, the N2 method is accurate for
strength reduction factors between R � 2.5 and R � 3.

Fortunately, the optimized N2 method is generally accu-
rate, regardless of the values of strength reduction factor
and upper corner period for the plateau (TC). *e accu-
racy domain of the Lin and Miranda method is not easily
determined; this method tends to be accurate for small
values of strength reduction factors up to R � 2.5. As a

Earthquake Date Magnitude Distance
(km)

PGA
(m/s2) Soil A Soil B Soil C Soil D

A1 A2 A3 M2 M3 S2 S3 S4 S3mod

Friuli (as) 11.09.1976 5.3Mw 8 1.931 X
Friuli (as) 11.09.1976 5.5Mw 10 2.260 X
Friuli (as) 16.09.1977 5.4Mw 14 0.910 X
Volvi 04.07.1978 5.12Ms 16 1.125 X
El Asnam (as) 08.11.1980 5.2Mw 18 0.946 X
Friuli (as) 15.09.1976 6Mw 11 1.069 X X X X
Friuli (as) 15.09.1976 6Mw 17 2.319 X X
Basso Tirreno 15.04.1978 6Mw 18 1.585 X X X X X
Valnerina 19.09.1979 5.8Mw 5 2.012 X
Friuli 06.05.1976 6.5Mw 27 3.499 X
Volvi 20.06.1978 6.2Mw 29 1.430 X X X X X
Montenegro 24.05.1979 6.2Mw 33 2.652 X X
Montenegro 24.05.1979 6.2Mw 8 2.624 X
Montenegro 24.05.1979 6.2Mw 30 0.754 X
Montenegro 24.05.1979 6.2Mw 17 2.703 X
Alkion 25.02.1981 6.3Mw 25 1.176 X X X X X X
Aigion 15.06.1995 6.5Mw 43 0.911 X X
Adana 27.06.1998 6.3Mw 30 2.644 X X X
Montenegro 15.04.1979 6.9Mw 65 2.509 X X X X
Montenegro 15.04.1979 6.9Mw 21 2.198 X X X X X X X
Campano 23.11.1980 6.9Mw 23 1.776 X X X X
Campano 23.11.1980 6.9Mw 26 0.903 X X
Campano 23.11.1980 6.9Mw 16 1.725 X X X X X
Campano 23.11.1980 6.9Mw 48 1.362 X
Campano 23.11.1980 6.9Mw 33 0.975 X X X
Campano 23.11.1980 6.9Mw 32 3.166 X X
Alkion 24.02.1981 6.6Mw 33 3.036 X X X X X
Alkion 24.02.1981 6.6Mw 33 2.256 X
Alkion 24.02.1981 6.6Mw 34 2.838 X X X X X
Spitak 07.12.1988 6.7Mw 36 1.796 X X X X
Strofades 18.11.1997 6.6Mw 144 0.907 X X
Strofades 18.11.1997 6.6Mw 32 1.289 X X
Tabas 16.09.1978 7.4Mw 55 1.003 X X X
Tabas 16.09.1978 7.4Mw 11 3.779 X
Tabas 16.09.1978 7.4Mw 100 1.002 X
Manjil 20.06.1990 7.4Mw 81 0.951 X X X
Manjil 20.06.1990 7.4Mw 131 1.341 X X X X
Gulf of Akaba 22.11.1995 7.1Mw 93 0.894 X X X
Izmit 17.08.1999 7.6Mw 113 2.580 X X X X
Izmit 17.08.1999 7.6Mw 172 0.974 X X
Izmit 17.08.1999 7.6Mw 110 1.698 X
Izmit 17.08.1999 7.6Mw 48 2.334 X X X X X X X
Izmit 17.08.1999 7.6Mw 48 1.329 X
Izmit 17.08.1999 7.6Mw 78 1.040 X X X X X
Izmit 17.08.1999 7.6Mw 101 1.611 X
Izmit 17.08.1999 7.6Mw 96 1.120 X X X X X
Izmit 17.08.1999 7.6Mw 10 2.192 X X X
Izmit 17.08.1999 7.6Mw 39 1.266 X X X X
Izmit 17.08.1999 7.6Mw 34 3.542 X X X X X
Izmit 17.08.1999 7.6Mw 20 2.903 X X
Izmit 17.08.1999 7.6Mw 20 2.903 X
Izmit 17.08.1999 7.6Mw 103 0.871 X X X
Ano Liosia 07.09.1999 6.0Mw 16 2.601 X
Duzce 1 12.11.1999 7.2Mw 22 2.902 X
Kalamata 13.09.1986 5.9Mw 10 2.909 X X X X X
Umbria Marche 26.09.1997 5.7Mw 3 3.382 X
Umbria Marche 26.09.1997 5.7Mw 3 3.382 X X X

Sion Martigny Yverdon

Figure 16: Main characteristics of the selected records and their distribution in the different sets of the twelve recordings each
(as� aftershock).
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consequence, the simplified version of the N2 method leads
to significant overestimations of the displacement demand
for strength reduction factors smaller than 2.5 and to
significant underestimations for strength reduction factors
exceeding 4. For small values of the strength reduction
factor (R≤ 2.5), the optimized N2 method and the Lin and
Miranda method result in accurate displacement demand
predictions.

Accuracy of displacement demand predictions also
depends on the shape of the response spectrum after the
plateau. A gently decreasing branch after the plateau
considerably reduces accuracy. Although this finding needs
to be investigated in more detail in future studies, pre-
liminary results suggest a threshold value of the exponent
of the decreasing branch after the plateau. In order to
ensure a similar extent of the accuracy domain rather than
for EC8 response spectrum, a threshold value of 0.75 for
the exponent of the decreasing branch (1/Tα) after the
plateau is proposed. A value slightly larger than one for the
exponent of the declining branch after the plateau is not
problematic since it does not significantly affect the ac-
curacy domain of the methods. *is issue should be
considered for the ongoing developments of EC8.

Appendix

*e main characteristics of the selected earthquakes and
their distribution in the different sets of 12 recorded
earthquakes each involved in the study are summarized in
the table of Figure 16.
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Steel moment resisting frames are a structural system used throughout the world, mainly for their ductility and the speed and ease
of their construction.*ese buildings are usually designed per procedures based on seismic design codes, seeking to minimize the
total cost of the building. To aid in better building designs, researchers have proposed different methodologies, which have been
proven to be effective. However, their practical use has been limited by their low computational efficiency and their difficulty to
implement by practicing engineers. *is article proposes a method to improve the seismic performance of steel moment resisting
frame buildings based on eigenfrequency optimization. *e main advantage of the proposed method is its computational ef-
ficiency and that it is simple to implement. *e method is demonstrated for a four-story and an eight-story building, whose
seismic performance is compared to traditional building designs using nonlinear analyses and seismic fragility functions. *e
results show that the seismic performance improves significantly with the proposed method with respect to that of traditionally
designed buildings, reducing their seismic fragility and increasing their overstrength. *ese findings and the computational
efficiency of the method suggest that it is a viable alternative for use within engineering practice.

1. Introduction

Steel moment resisting frames (SMRF) are a structural
system used throughout the world. *is structural system is
used in many countries mainly for the speed and ease of its
construction and because of the satisfactory performance
demonstrated in recent earthquakes. Traditionally, these
buildings are designed by structural engineers according to
the ductility, strength, and drift provisions of seismic design
codes. *ese provisions change from code to code; for in-
stance, if the North American and other international
provisions are compared with the Eurocode 8 in terms of
drift requirements, it is found that the latter is more
stringent, and it can be evidenced in case of the stability
coefficient, which often controls the design of SMRF and
allows buildings to achieve a considerable overstrength [1].

Accounting for the need to produce designs within
reasonable times, current design codes provide guidelines

for designing SMRF based on elastic analyses, using factors
to account for the nonlinear nature of the seismic response
(q-factor for Eurocode 8 and R factor for American codes).
*is practice has remained mainstream through many de-
cades although it does not always lead to a conservative
design [2]. Acknowledging these facts, current design codes
are continuously under revision and they are updated as
findings from research programs and experience gained
from earthquake over the years become available [3].

*e result of the application of the seismic codes is that
most design offices use elastic models to design most SMRF
buildings, which are analyzed using the equivalent lateral
force or response spectrum analysis. *e mainstream
practice is to first calculate the section profiles that satisfy the
drift requirement, then proceed to check the strength and
ductility requirements, and finally design the member
connections. In this design process, the experience acquired
in previous projects plays an important role, as it serves as a
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guidance for the engineer, who often uses it to check the
design outcome. Frequently, most engineers aim to mini-
mize the total cost of the building because of the increasing
market competition. Because of this approach, the perfor-
mance of most SMRF buildings is close to the minimum
objective of the design code.

Reflecting on its ubiquity and to aid in better building
designs for SMRF buildings, researchers have proposed
different methodologies, which are based on two ap-
proaches: structural optimization and performance-based
design (PBD). In structural optimization, several methods
have been proposed [4] based on different optimization
frameworks [5] with objectives such as weight minimization
and performance optimization [6], for which they have used
several evolutionary optimization algorithms. Among them,
there are methods based on teaching-learning [7], ant colony
[8], harmony search [9], bee colony [10], colliding body [11],
dolphin echolocation [12], firefly algorithms with neural
networks [13], and cuckoo search [14]. In performance-
based design [15], SMRF are designed to meet certain
seismic performance goals, requiring successive iterations
that need a seismic performance evaluation. *is approach
has been applied to buckling-restrained frames [16, 17] and
self-centering SMF with braces [18] and for designing SMRF
with uncertainty quantification [19, 20].

Both approaches have demonstrated effectiveness in
improving the seismic design of SMRF, and PBD has earned
a recommendation per the ASCE as a pathway to impact
structural engineering [21]. However, despite these benefits
of structural optimization and PBD, their usage in engi-
neering practice has been limited. Many reasons can explain
this though there is a strong possibility that it is because
these approaches use nonlinear models for the buildings.
According to a survey in the US, nonlinear models are
considered by 60% of engineers as time consuming/not
practical [22] and have been identified as a factor that limits
the practical application of a design approach [23].

Contributing to the need of efficient and practical
methods which can attract the attention of practicing en-
gineers, this article proposes a method to improve the
seismic performance of SMRF, whose novelty is a problem
formulation that uses the natural frequencies as an objective
function to optimize the seismic design, and the constraints
to ensure the strength, capacity, and ductility requirements
of design codes. *is formulation brings two advantages to
the proposed method: (1) it is easy to implement since it uses
elastic models of the building and (2) it is computationally
efficient and easy to integrate within engineering practice.
*e application of the method is demonstrated for two
buildings, a four-story and an eight-story building. Both
buildings are first designed per the traditional approach of
engineering practice and then by the proposed method with
the aid of the Borg-MOEA algorithm [24]. *e method’s
improvements in seismic performance are demonstrated
using OpenSees [25] to compare the behaviour of this
building against the same building designed in a traditional
fashion. Further comparisons of the seismic performance are
conducted based on seismic fragility functions that were
developed based on the OpenSees results.

2. Eigenfrequency Optimization Method for
the Design of Steel Moment Resisting Frames

Eigenfrequency optimization describes a problem where one
or more natural frequencies,ωn, of a structure or mechanism
are optimized [26, 27]. *is approach makes sense when the
structures are subjected to dynamic loads whose response
depends on one or more of its natural frequencies. Several
problems involving dynamic loads in structural engineering
have been solved using eigenfrequency optimization, such as
maximizing the strength of RC column joints [28] and vi-
bration reduction in trusses [29]. Additionally, this approach
was used to optimize column dimensions using a surrogate
membrane model of reinforced concrete moment frames,
increasing the structure overstrength and ductility [30].

*e performance of a building during an earthquake
seems to be greatly affected by the smallest natural fre-
quencies of the structure. *e reliance of the seismic re-
sponse on the natural frequencies has been leveraged to
develop efficient structural analysis procedures for calcu-
lating the seismic response of buildings, such as the modal
pushover analysis [31, 32]. Moreover, several standards use
the dominating nature of the smallest natural frequencies to
recommend seismic response methods such as the equiva-
lent lateral force (ELF) and the modal response spectrum
analysis, both using elastic models of the buildings [33, 34].

*e natural frequencies of a structure are properties that
can be optimized using eigenfrequency optimization, sug-
gesting that it is a suitable approach to design buildings with
improved seismic performance. Furthermore, the optimi-
zation of the natural frequencies of a structure has low
computational costs since the objective function uses the
elastic model of the building to make the calculation, which
is significantly less complex than the nonlinear analyses
required by existing methods for optimizing the design of
SMRF.

2.1. Formulation of Eigenfrequency Optimization for Steel
Moment Resisting Frames. Developing an efficient formu-
lation of eigenfrequency optimization for SMRF has three
challenges. *e first one is that the elements sections in a
SMRF are represented by discrete variables, given by the
typical steel section profiles used in construction practice.
Handling this problem requires expressing the element
sections of the SMRF as a vector p of integer indexes, each
one corresponding to a section profile, which has associated
the corresponding section properties (area, moment of in-
ertia, etc.). A second challenge stems from the fact that the
problem optimizes natural frequencies; therefore, it is
necessary to introduce a constraint to the problem that limits
the cost of the building, ensuring a competitive design. *is
is addressed by imposing a limit W0 to the total weight of the
building W(p), which is a function of the profiles p of the
structural elements. A third challenge is ensuring that the
resulting design satisfies design code requirements for re-
sistance (e.g., strong column-weak beam) and functionality
(e.g., deflexion control). To overcome this challenge, each
element of the building (i.e., columns and beams) must be
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limited between a minimum profile pi,min and a maximum
profile pi,max. In addition to fulfilling design code re-
quirements, this scheme also contributes to limit the search
space, avoiding the possibility of generating unviable so-
lutions that would be discarded by the design code
constraints.

With those considerations into account, equation (1)
shows the formulation of the eigenfrequency optimization
problem for SMRF, based on the stiffness (K) and mass
matrixes (M) of a given structure. Here, ωn is defined as the
n-th natural frequency of the building and p is an integer
vector with the section profiles, which has associated the
corresponding section properties:

max ωn􏼈 􏼉n�1,...,N,

subject to pi,min ≤pi ≤pi,max

W(p)≤W0

K−ω2
nM􏼂 􏼃φn � 0.

(1)

*is formulation seeks to maximize the set of N first
natural frequencies of the structure, subjected to three
constraints. In the first constraint, pi,min and pi,max are the
minimum and maximum index values of each element
represented in p. *e second constraint accounts for the
volume limit previously discussed. *e third constraint
comes from the structural dynamic theory, and it means that
ωn is a natural frequency of the structure.

2.2. Integration of Eigenfrequency Optimization in the
Structural Design Workflow. Feasibility, understood as the
degree to which the optimization procedure is easy or
convenient to implement, is one critical aspect of an opti-
mization method to succeed in engineering practice [23]. As
demonstrated in equation (1), the proposed method uses the
elastic properties of the building, so it is feasible for
implementation in engineering practice. *is section dis-
cusses the details for its integration.

Figure 1 shows the typical design process of SMRF. It
starts with the evaluation of the gravity and seismic loads.
After that, designers propose a set of initial dimensions for
columns and beams, which are then used to check for the
drift limit of the building. If the drift limit is not satisfied, a
new set of dimensions is proposed until this condition is
met. After that, designers proceed to check the strength and
deflection requirements of design codes, and once these are
met, the design is considered complete.

To assist engineers in designing SMRF with better
seismic performance, the authors suggest applying the
method herein proposed after all code requirements are
satisfied, as illustrated by the dotted box in Figure 1. To
achieve this goal, designers need to solve the problem from
the previous section, considering the natural frequencies of
the building as the objective function. In this regard, the
authors recommend using the fundamental frequency as
objective function for low-rise (i.e., less than 5 stories)
buildings and adding more frequencies as the height in-
creases. In addition, it is a good idea to consider W0 as the
weight of the design they have already completed and setting

pmin,i as the index of the smallest section that satisfies the
strength and deflection requirements.

*is approach has several advantages. First, the design
that results from the optimization satisfies not only the
strength requirements but also the drift limit, as the method
is maximizing the fundamental frequency (i.e., minimizing
the fundamental period) and the drift limit is checked in the
elastic range. Consequently, optimized building will have a
smaller one than the traditionally designed building. *e
second advantage is that unlike existing methods, the
proposed method does not need to perform any nonlinear
analyses, significantly improving the computational per-
formance. A third advantage of the proposed method is that
the proposed formulation works for any type of buildings,
regardless of their irregularity and whether they are two-
dimensional and three-dimensional problems. In the latter
case, the stiffness matrix must be formulated using the
frame-type element which has 6 degrees of freedom on each
element end. Similarly, the mass matrix must account for the
additional degrees of freedom. In all cases, the method
requires that the strength and ductility requirements must be
met by the proper selection of the pi,min and the pi,max for the
members profiles. *e examples section provides strategies
to achieve these requirements, ensuring that capacity design
criteria such as strong column-weak beam are satisfied.

In this article, the software MATLAB® is used for cre-
ating functions with the implementation of this formulation.
An example function for a two-dimensional 8-story building
is available to download from this link.*e function receives
the indexes for columns and beams as inputs and returns the
first two periods (associated to the eigenfrequencies) as
outputs. In this study, the solver used is the Borg-MOEA
[24], a state-of-the-art multiobjective optimization algo-
rithm. *e periods are selected as outputs because most
algorithms are developed to minimize objective functions
and not for maximization, like in eigenfrequency. Since the
periods are inversely proportional to the frequencies, they
are a suitable variable that is physically significant for the
problem. *at said, the eigenfrequency optimization can be
solved using any multiobjective optimization algorithm.

3. Example Applications

Two structures are used to demonstrate the application of
the proposed method (Figure 2). *e first one is a four-story
building with three identical beam spans of 6m. *e second
one is an eight-story building with five spans, all of which are
6m length. All floors in both buildings have a story height of
3m.

*ese buildings were designed per the LRFD in the AISC
360-16 following the customary engineering practice and
then by the proposed method. Two section profile databases
were used for this purpose. Tables 1 and 2 show the profiles
used for beams and columns, which range from the IPE100
to the IPE600 and fromHEA100 to HEA600, respectively. In
both cases, the profiles were sorted in the ascending order of
the moment of inertia about the sections’ strong axis,
assigning the ID� 1 to the profiles IPE100 and HEA100,
which have the smallest value of each group. *e profiles
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with the largest moment of inertia (IPE600 for beams and
HEA600 for columns) had ID� 17 and ID� 19 assigned.
*is sorting is conducted to use the ID profiles of columns
and beams that constitute the p vector described in the

previous section, which is the optimization variable for the
problem.

For both buildings, the objective function and con-
straints were coded in MATLAB® and the multiobjective
evolutionary algorithm, Borg-MOEA [24] was used to solve
the problem.

3.1. Results for the 4-Story Building. *e proposed method
(Figure 1) is applied to a four-story building (Figure 2(a)).
*is building is first designed according to the customary
engineering practice for a base shear of 161.5 kN. *e design
results show that using profiles ID� 11 (HEA300) and
ID� 10 (IPE100) for columns and beams satisfy all the drift,
strength, and deflexion requirements.*is design has a mass
of 7.28 ton, which is used as the W0 limit for the problem
formulation. Since this is a low-rise building, the funda-
mental frequency was considered as the only objective
function.

A key step to formulate the optimization problem is
defining the first constraint and choosing suitable values for
pi,min and pi,max. As discussed in the previous section, these
must be chosen such that the resulting optimized design
complies with the resistance and functionality requirements

Evaluation of
gravity and

seismic loads

Set of member
dimensions is

proposed

Code drift is
satisfied?

Strength and
deflection

checks
Optimization

Yes

No

No

Yes Design
is Ok

Figure 1: Typical design process of steel moment resisting frames.*e dotted box represents the eigenfrequency optimization step proposed
in this article.
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Figure 2: Structures to be optimized. (a) 4-story SMRF. (b) 8-story SMRF.

Table 1: Sections for beams.

Profile ID Area (cm2) Inertia (strong axis) (cm4)
IPE100 1 10.3 171.1
IPE120 2 13.2 318.0
IPE140 3 16.4 541.1
IPE160 4 20.1 869.5
IPE180 5 23.9 1317.0
IPE200 6 28.5 1943.0
IPE220 7 33.4 2772.1
IPE240 8 39.1 3892.2
IPE270 9 45.9 5790.2
IPE300 10 53.8 8355.8
IPE330 11 62.6 11770.2
IPE360 12 72.7 16270.1
IPE400 13 84.5 23130.0
IPE450 14 98.8 33740.1
IPE500 15 116.0 48200.0
IPE550 16 134.0 67119.8
IPE600 17 156.0 92080.0
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of the design code. For pi,min, a good strategy for beams is
selecting the smallest profile that satisfies the serviceability
(deflexion) requirements of the design code. One way to
conduct this task is analyzing the floor system for the gravity
loads and finding the profile for which the deflexions are
closest to the code limit for the building. In this example,
beam ID� 9 (IPE270) satisfies the strength and deflexion
requirements; hence, they are used as the pi,min.

For columns, pi,min must be selected simultaneously with
the beams pi,max, ensuring that the strong column-weak
beam requirement is met. In this example, column ID� 10
(HEA280) and beam ID� 11 (IPE330) are selected for the
columns pi,min and beams pi,max. Based on engineering
experience and to avoid having an unnecessary large space,
ID� 12 (HEA320) and is set as the upper bounds for col-
umns (i.e., pi,max).

Table 3 shows the results of the building design per the
traditional method and the one proposed in this article. *is
result was achieved using the Borg algorithm configured to
perform 1000000 function evaluations, which required
21minutes of computing time running on a single core of a
Ryzen 7 1700 processor at 3.4GHz. To ascertain the con-
vergence of the Borg algorithm, this process was repeated
five times with different seed values, obtaining the same
results.

*e results (Table 3) show that the proposed method did
not change the building’s beam configuration, leaving all
floors with the initial ID� 10 (IPE300) profile. *is result
may stem from the additional constraint imposed to the
objective function that beams within a same floor must use
the same section profile. *is constraint was included to
accommodate construction practices, where it is common
for all beams within a same floor to use the same section.
Regarding columns, the method assigns ID� 12 (HEA320)
sections to columns of the first two stories and ID� 10
(HEA280) to columns in the top half of the building. *e
material consumption for this building is 7.22 ton, a 0.8%
reduction compared to the traditional alternative. In terms

of ratio of the column inertia to beam inertia, column
ID� 12 to beam ID� 10 in the first two floors of the opti-
mized design is 2.74, a 25% increase compared to the 2.18 in
the traditional design. On the other hand, for floors 3 and 4,
this ratio decreases to 1.63. In all cases, these ratios satisfy the
code constraints.

3.2. Results for the 8-Story Building. *e application of the
proposed method to the 8-story building (Figure 2(b)) has
one important difference compared to the 4-story building.
Being a midrise building that has twice the stories and two
additional beam spans compared to the four-story building,
selecting only one frequency as objective function may not
be the most appropriate option, as it could neglect the
potential impacts of higher frequencies on the building
seismic performance. Consequently, the first two frequen-
cies are selected as objective functions, turning this into a
multiobjective optimization problem.

Like the four-story building, the first step is to design the
building according to the customary engineering practice.
*is building was designed for a base shear of 755 kN. *e
section profiles that satisfy all design code requirements for
this building are ID� 17 (HEA500) for columns and ID� 11
(IPE330) for beams. *is initial design has a mass of 34.1 ton
that is used to calculate W0 for the optimization formulation
(equation (1)).

To define the section constraints of the optimization
problem, the smallest profile that satisfies the deflexion
requirement for beams is ID� 100 (IPE300); hence, it is used
to define the beams’ pi,min. For the upper limit for beams,
(pi,max) ID� 13 (IPE400) is selected, together with ID� 15
(HEA400) as pi,min for columns. *ese profiles ensure that
the column-to-beam inertia ratio of the building is at least
1.95. Lastly, profile ID� 19 (HEA600) is selected as the upper
bound for the column size.

*e optimization results obtained using the Borg-MOEA
[24] algorithm after 1000000 function evaluations are shown
in Table 4. Since the problem has two objectives, it does not
have a single solution. Instead, the optimization provides a
set of designs which are the nondominant solutions of the
problem. *is means that each solution has one frequency
smaller when individually compared to the others. For in-
stance, solution 1 has a smaller w1 than solution 3, but w2 is
smaller for the solution 3 compared to solution 1.

*e analysis of the designs allows identification of a
heightwise pattern for the structural elements. In terms of
the columns configuration, all designs start with section
ID� 19 (HEA600) at the bottom two stories of the building,
which is the section profile with the largest moment of

Table 2: Sections for columns.

Profile ID Area (cm2) Inertia (strong axis) (cm2)
HEA100 1 21.2 349.2
HEA120 2 25.3 606.0
HEA140 3 31.4 1033.1
HEA160 4 38.8 1672.8
HEA180 5 45.3 2509.9
HEA200 6 53.8 3692.0
HEA220 7 64.3 5410.2
HEA240 8 76.8 7763.1
HEA260 9 86.8 10449.9
HEA280 10 97.3 13669.9
HEA300 11 112.5 18260.1
HEA320 12 124.4 22930.2
HEA340 13 133.5 27689.8
HEA360 14 142.8 33090.0
HEA400 15 159.0 45070.0
HEA450 16 178.0 63720.0
HEA500 17 197.5 86969.9
HEA550 18 211.8 111900.1
HEA600 19 226.5 141199.9

Table 3: Design results for the 4-story building.

Story
Traditional design Optimized design

Column ID Beam ID Column ID Beam ID
1 11 10 12 10
2 11 10 12 10
3 11 10 10 10
4 11 10 10 10
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inertia. After that, the section is reduced to ID� 17
(HEA500) in solutions 1, 3, and 4 between the third and
seventh story and further reduced to ID� 15 (HE400) at the
eighth story. Solution 2 has a slight difference, using ID� 18
instead of ID� 17 at the third story. Regarding beams
configuration, the four designs have beam ID� 12 (IPE360)
at the bottom and ID� 13 (IPE400) at the sixth story, with
one story with ID� 11 (IPE300) and the remaining stories
with ID� 10 (IPE300).

3.3. Computational Performance. As stated in the In-
troduction section, the novelty of the method lies on the
problem formulation based on eigenfrequency optimization,
which offers important benefits in terms of computational
performance. *ese are achieved without incorporating
improvements and/or innovations in the solution technique.
For the two buildings used as example, the results were
obtained using the Borg-MOEA [24] algorithm, which is a
state-of-the-art method to solve multiobjective optimization
problems. Nevertheless, the formulation lends itself to other
solution techniques based on evolutionary algorithms.

For the 5-story building, 21minutes of computational
time using one core of a Ryzen 7 1700 processor were
necessary to obtain a solution. For the 8-story building, it
took 42minutes with the same conditions, with a total of
1000000 function evaluations. *ese computational times
compare favorably to others reported in literature, where for
two-dimensional problems, it may take between 12 hours
and 1.5 weeks depending on the problem formulation [35].

In terms of convergence, the proposed method in
combination with the Borg-MOEA algorithm showed a
good performance.*is was measured for the four-story and
the eight-story buildings by selecting five different sets of
initial population to start the searching process. In all cases,
the same result was obtained, regardless of the starting point.
Since the novelty of the proposed method relies on its
formulation, the computational efficiency, and ease of for-
mulation which it confers to the optimization problem, no
further tests were conducted as the Borg-MOEA is an al-
gorithm that has been used to solve more complex problems
[36, 37].

3.4. Application of the Method for 7ree-Dimensional
Buildings. As discussed previously, the formulation of the
proposed method also works for three-dimensional

buildings. However, there are two important considerations.
*e first one is that three-dimensional problems require the
use of an appropriate stiffness matrix, where each element
end must have 6 degrees of freedom. In this regard, the
authors recommend using the Timoshenko stiffness matrix.
Correspondingly, the mass matrix must account for the
additional degrees of freedom. *e strength, ductility, and
capacity requirements of design codes can be met by proper
selection of the pi,min and the pi,max, as demonstrated in the
examples above.

*e second consideration is the selection of the number
of frequencies. Due to the almost unlimited number of
possible three-dimensional buildings, it is not easy to pro-
vide a thumb-rule to select the number of frequencies.
Nonetheless, the authors recommend a similar approach to
the one used by design codes to select the number of modes
in a response spectrum analysis, ensuring that number of
modes achieves a minimum percentage of the building mass.

4. Seismic Performance Evaluation

In order to have a comprehensive view of the implications of
the proposed method in the seismic performance, OpenSees
[25] was used to create fiber models for the traditionally
designed buildings design and the ones designed with the
proposed method. Beam and columns are modeled using
force-based elements with fibers of steel. *e model uses five
integration points, with the steel modeled considering
Es � 200GPa, Fy � 350MPa, Fu � 450MPa, and a rupture
deformation εrup � 14%. *e foundation is modeled as rigid,
and the gravity loads for the model are calculated based on
the expected loads and using the combination 1.05D+ 0.25L.
Corotational effects are included to account for contribution
of the geometric stiffness matrix at large deformations. *e
seismic performance is evaluated using pushover analysis
through displacement control, with a load pattern pro-
portional to the first mode of vibration of the building. *e
buildings are pushed to a 10% roof drift ratio (i.e., the ratio
between roof displacement and the buildings height) in
1mm increments.

4.1. Evaluation of the 4-Story Building. *e pushover results
for the traditionally designed building and the building
designed per the proposed method are shown in Figure 3.
*e X-axis shows the roof drift ratio (RDR) of the buildings

Table 4: Design results for the 8-story building.

Story
Traditional Solution 1 Solution 2 Solution 3 Solution 4

Col. ID Beam ID Col. ID Beam ID Col. ID Beam ID Col. ID Beam ID Col. ID Beam ID
1 17 11 19 12 19 12 19 12 19 12
2 17 11 19 11 19 10 19 10 19 10
3 17 11 17 10 18 10 17 10 17 10
4 17 11 17 10 17 10 17 10 17 10
5 17 11 17 10 17 10 17 11 17 10
6 17 11 17 13 17 13 17 13 17 13
7 17 11 17 10 17 10 17 10 17 11
8 17 11 15 10 15 10 15 10 15 10
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as percent, and the Y-axis shows the ratio (Vs/Vdesign) be-
tween the base shear Vs in the pushover and the design base
shear Vdesign of the building.

*e results from this analysis show that the buildings
have almost identical performance up to 1.5% roof drift,
suggesting that the seismic performance for small earth-
quakes will be similar. After this point, the building designed
per the proposed method shows better performance,
exhibiting a higher overstrength (maximum Vs/Vdesign). On
the other hand, both buildings have similar values for the
postpeak slope. To further investigate the seismic perfor-
mance improvements of the proposed method, the SPO2-
FRAG software [38] is used to generate fragility functions at
the life safety (3% RDR) and the collapse fragility (4.5%
RDR) levels.

Compared to the traditionally designed building, the
seismic performance at the life safety and collapse levels for
the building designed following the procedure presented is
improved. An acceleration Sa� 0.625 g is required for a 10%
of probability of exceedance for the traditionally designed
building at the collapse prevention level. For the building
designed according to the method herein proposed,
Sa� 0.70 g (T1� 0.94 s) is needed to reach this probability,
representing a 12% increase. *e results for the life safety
level (Figure 4) show similar improvements in the building
designed following the proposed method. Considering
again, a 10% of exceedance probability and an acceleration
Sa� 0.50 g is needed for this building, which is 10.2% higher
than in its traditionally designed counterpart (0.454 g).

Summing up the results for this case, the building
designed according to the proposed method has improved
performance over the traditional one at the life safety and the
collapse prevention levels. *ese benefits come without any
additional costs in materials and were achieved after less
than 30minutes of computational time.

4.2. Evaluation of the 8-Story Building. *e pushover results
for the 8-story traditionally designed building and the four
designs obtained using the proposed method are shown in
Figure 5.

Several observations can be drawn from these results. To
start, all the buildings designed per the proposed method
have a higher overstrength ratio (largest Vs/Vdesign value)
than the traditional design. In addition, these four buildings
reach this value close to a 3.5% RDR, which is also higher
than the 3.1% RDR at which it occurs for the traditional
building. Comparing the four designs obtained per the
proposed method, solutions 1, 2, and 4 show similar per-
formance levels, as demonstrated by their almost
overlapping pushover curves. On the other hand, the
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Figure 3: Pushover results for the four-story buildings.
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Figure 4: Results for the (a) life safety and (b) collapse fragility
functions.
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performance observed for solution 2 is slightly worse, albeit
by small margin. When RDR smaller than 1.5% is consid-
ered, the behaviour observed for all buildings is similar,
suggesting that they will exhibit similar performance when
subjected to small earthquakes.

Overall, the pushover results for the eight-story
building show similar benefits to those observed for the 4-
story building. Moreover, the improvements for the
overstrength ratio and its associated RDR are slightly
higher than the ones in the four-story building, suggesting
that the use of two frequencies as objective functions in-
stead of one has brought better solutions. *ese findings
support the argument that the designs obtained for the
eight-story building will have similar or better improve-
ments compared with the traditional design in the life
safety and collapse fragility.

5. Conclusions and Future Work

A method to design steel moment resisting frames has been
proposed based on eigenfrequency optimization. Compared
to existing alternatives, the proposed method has the ad-
vantages of being computationally efficient and feasible to
implement. *ese benefits stem from the fact that the
method uses the information of elastic models of the
buildings.*e application of the method is demonstrated for
a four-story and an eight-story building, whose seismic
performance is evaluated using nonlinear fiber models
which are used to develop seismic fragility functions. *e
findings of this study support the following conclusions:

(1) *e proposed method produces designs of steel
moment frames that have superior seismic perfor-
mance than buildings designed following the cus-
tomary engineering practice. *e results from the
seismic performance for a four-story building show
that the building designed using the proposed
method is 12% less susceptible to collapse than its
traditionally designed counterpart.

(2) *e method is computationally efficient, as it allowed
us to obtain a design in less than half hour of com-
puting time for the four-story building and in less
than one hour for the eight-story building. In addi-
tion, since the method uses elastic models, it is feasible
to implement by practicing engineers without major
efforts, suggesting that it can be integrated in the
design workflow of engineering offices.

(3) Eigenfrequency optimization is a viable framework
to optimize the design of steel moment frames,
which lends itself to be implemented and solved
using evolutionary approaches like genetic
algorithms.

(4) *e method can be used for buildings with more
complex dynamic responses as it allows in-
corporation of more than one natural frequency as
objective function. *e application for an eight-story
building suggests that this practice may bring ad-
ditional benefits in the seismic performance com-
pared to when only one frequency is considered. For
this building, the pushover results show that the
designs that result from the method application have
higher overstrength than the traditional design. In
addition, they also showed that the postpeak range
starts at a larger roof drift ratio than in the traditional
design.

*e buildings used to demonstrate the application of the
method in this study were regular buildings, whose elevation
can be represented by two-dimensional frames. However,
the proposed method can also be used to optimize the
seismic design of three-dimensional buildings with minimal
changes compared to two-dimensional buildings. *e
implementation details and recommendations are also
provided in this work.

Future research on this topic can be pursued in several
topics. One interesting area is evaluating the benefits of the
proposed method for other building configurations, par-
ticularly for high-rise buildings where several frequencies are
needed to capture the dynamic response and which would be
required as objective functions. Considering the potential to
be a computationally efficient method, it is a worthy topic
to investigate the method application to optimize three-
dimensional buildings with different types of irregularities.
Finally, it is worth exploring the potential benefits of using
other solution techniques such as simulated annealing, ant
colony, and a wide family of evolutionary algorithms instead
of the genetic algorithms used in this work.
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and Juan Bojórquez 1
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In this paper, various moment-resisting steel frames (MRSFs) are subjected to 30 narrow-band motions scaled at different ground
motion intensity levels in terms of spectral acceleration at first mode of vibration Sa(T1) in order to perform incremental dynamic
analysis for peak and residual interstory drift demands.*e results are used to compute the structural reliability of the steel frames
by means of hazard curves for peak and residual drifts. It is observed that the structures exceed the threshold residual drift of 0.5%,
which is perceptible to human occupants, and it could lead to human discomfort according to recent investigations. For this
reason, posttensioned connections (PTCs) are incorporated into the steel frames in order to improve the structural reliability. *e
results suggest that the annual rate of exceedance of peak and residual interstory drift demands are reduced with the use of PTC.
*us, the structural reliability of the steel frames with PTC is superior to that of the MRSFs. In particular, the residual drift
demands tend to be smaller when PTCs are incorporated in the steel structures.

1. Introduction

Currently, most of the seismic design regulations recommend
the use of maximum interstory drift as the main engineering
demand parameter. Nevertheless, earthquake field re-
connaissance has evidenced that residual drift demands after
an earthquake play an important role in the seismic per-
formance of a structure. For example, several dozen damaged
reinforced concrete structures in Mexico City had to be
demolished after the 1985 Michoacan earthquake because of
the technical difficulties to straighten and to repair buildings
with large permanent drifts [1]. Okada et al. [2] reported that
several low-rise RC buildings suffered light structural damage
but experienced relatively large residual deformations as a
consequence of the 1995Hyogo-KenNambu earthquake even

though they had sufficient deformation capacity. After ex-
amining 12 low-to-mid-rise steel office buildings (particularly
10 with structural system based on steel moment-resisting
frames) structurally damaged and leaned after the same
earthquake, Iwata et al. [3] highlighted that the cost of repair
of leaned steel buildings linearly increased as the maximum
and roof residual drift increased. Based on their study, the
authors suggested that steel buildings should be limited to
maximum and roof residual drift about 1.4% and 0.9%, re-
spectively, to satisfy a repairability limit state that meets both
technical and economical constraints. More recently, a field
investigation in Japan indicated that a residual interstory drift
of about 0.5% is perceptible for building occupants [4].
Bojórquez and Ruiz-Garćıa [5] by comparing peak and re-
sidual drift demand hazard curves have observed that if steel
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frames exhibit peak drift demands about 3%, they could
experience residual drifts larger than 0.5%, which is the
threshold residual drift that could be tolerable to human
occupants, and it could lead to human discomfort [4] when
subjected to narrow-band earthquake groundmotions of high
intensity. *erefore, several researchers have demonstrated
that the estimation of residual drift demands should also play
an important role during the design of new buildings [6–8]
and the evaluation of the seismic structural performance of
existing buildings [9–13].

In the present study, motivated by the need to reduce peak
and residual interstory drift demands, PTCs are incorporated
into various MRSFs. Posttensioned steel moment-resisting
frames are structural systems proposed in recent years as an
appropriate alternative to welded connections of moment-
resisting frames in seismic zones [14–27]. *ey are designed
to prevent brittle fractures in the area of the nodes of steel
frames, which can cause severe reduction in their ductility
capacity, as occurred in many cases during the 1994
Northridge and the 1995 Kobe earthquakes. *e philosophy
of structures with PTC is that under an intense earthquake
motion, beams and columns remain essentially elastic con-
centrating the damage on the energy dissipating elements,
which can be easily replaced at low cost. Moreover, they
provide capacity of energy dissipation and self-centering
which can significantly reduce the residual demands. *e
structural performance of the selected MRSFs is compared
with the structures with PTC through incremental dynamic
analysis and the estimation of the structural reliability of the
frames in terms of peak and residual interstory drift demands.
With this aim, four MRSFs and the same structures with PTC
(here named FPTC frames with posttensioned connections)
are subjected to 30 long-duration groundmotions recorded at
the lake zone of Mexico City where most of the damages were
found in buildings as a consequence of the 1985 Michoacan
earthquake. In general, it is observed that the structural re-
liability of the steel frames with PTC is superior to that of the
MRSFs. In particular, the residual drift demands tend to be
smaller than 0.5% (which is perceptible for building occu-
pants) when PTCs are incorporated into the steel structures.

2. Methodology

2.1. Structural Steel Frame Models. Two groups of four
structural steel frame models are selected for the study. *e
first group of structures corresponding to moment-resisting
steel frames was designed according to the Mexico City
Building Design Provisions (MCSDPs) [28].*e buildings are
assumed to be for office occupancy. *ey have 4, 6, 8, and 10
stories, and 3 bays, hereafter indicated as F4, F6, F8, and F10,
respectively. *e dimensions of the frames are shown in
Figure 1. *e beams and columns are A36 steel W sections. A
bilinear hysteretic model for accounting the nonlinear ma-
terial behavior with 3% of postyielding stiffness was con-
sidered for the analyses, and the damping used was 3% of
critical. *e fundamental periods of vibration (T1) are 0.9,
1.07, 1.20, and 1.37 s, respectively. On the other hand, the
FPTCs were designed in accordance with the recommen-
dations proposed by Garlock et al. [21], which basically start

with the design of the steel frames as usually done (consid-
ering rigid connections), and then, the semirigid post-
tensioned connections are designed to satisfy the
requirements of the serviceability and resistance conditions.
*e beam-column connections consist of two angles bolted to
the flanges of the beam and to the column flange (top and
seat). For the design of posttensioned connections, steel grade
50 was used for the angles. *e length of the angles was taken
equal to the width of the flange of the beams (bf ). Different
angle sizes were tested, but at the end, 152×152×13mm
angles were used in all the cases. Posttensioned cables consist
of seven wires with an area of 150mm2, withstanding a load of
279 kN; they are parallel to the axis of the beam passing
through the interior columns and fixed to the outer face of the
columns at the ends of the frame. An initial tension of the
cables less than 0.33 times their maximum capacity was used
according with the suggestions given by Garlock et al. [21].
*e four FPTC models are identified here as F4PTC, F6PTC,
F8PTC, and F10PTC, for the frames with 4, 6, 8, and 10
stories, respectively. *e FPTC models have fundamental
periods of vibration of 0.89, 1.03, 1.25, and 1.37 s, respectively.
*e columns of the ground floor are fixed at the base without
being posttensioned. *e beam and column members used
for all the frames are illustrated in Table 1. Note that the
mechanical characteristics and dimensions of beams and
columns are the same for both theMRSFs and FPTC. Figure 2
shows a typical assembly of a posttensioned steel frame.

2.2. Connection Model: Nonlinear Hysteretic Behavior.
*e hysteretic rules that represent the cyclic behavior of the
semirigid connections of the posttensioned frames are char-
acterized by moment-rotation curves (M-θr), with shapes
similar to a flag. *is representation characterizes the non-
linearity, self-centering capability, and energy dissipation
capacity of the connection. Experimental tests with isolated
angles, subjected to cyclic and monotonic loads, conducted by
Shen andAstaneh-Asl [29] showed a stable cyclic response and
good capability of hysteretic energy dissipation. In general,
ultimate strength exceeded 3 times the yield strength, and
ductility reached values between 8 and 10. *e strength and
stiffness in bending of the posttensioned connections is

8.0m 8.0m 8.0m

3.
5m

3.
5m

3.
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Variable number of stories

Figure 1: Geometrical characteristics of the MRSFs.
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provided by the contribution of the angles of the PTC and by
posttensioned strands. Wires and angles work as springs in
parallel. Posttensioned strands exhibit linear behavior, while
connecting angles behave nonlinearly. Figure 3 shows a typical
example of a hysteretic curve corresponding to a post-
tensioned connection. *is behavior was modeled by mean of
equations (1) and (2) which represent the loading and
unloading curves, respectively, obtained from the superposi-
tion of the exponential equation proposed by Richard [30] for
semirigid connections and the linear contribution of the
strands, as well as decompression moments (Md) and the
closing moment (Mc) of the connection. *e first function,
given by equation (1), corresponds to the initial loading cycle;
two types of variables are observed: (1) variables depending
only on geometric and physical properties of angles, such as
initial (k) and postyield (kp) stiffnesses, the reference moment
(Mo), and N that defines the curvature in the transition be-
tween the linear and plastic behavior and (2) variables
depending on the number and type of tendons such as the
rigidity of the posttensioned tendons (kθS) and the bending
moment associated with the opening of the connection
(named decompression moment, Md) which is a function of

the resulting initial tension in the tendons. *e second
function, given by equation (2), defines the unloading and
reloading process in the connection; Ma and θa are the
maximum values reached in each cycle, and the parameter φ
defines the magnitude of the closing moment of the con-
nection (Mc), which must be greater than zero in order to
insure complete closure of the connection after getting
complete unloading; moreover, this parameter largely defines
the EH dissipation capacity of the connection (enclosed area).
*e curves obtained with the modified model exhibit good
accuracy in comparison with experiment results, and they
were modeled in RUAUMOKO [31] as the flag-shaped bi-
linear hysteresis [32].

M � Md +
k− kp􏼐 􏼑θr

1 + k− kp􏼐 􏼑θr􏼐 􏼑/Mo

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌
N

􏼔 􏼕
1/N

+ kp + kθS􏼐 􏼑θr,

(1)

M � Ma −
k− kp􏼐 􏼑 θa − θr( 􏼁

1 + k− kp􏼐 􏼑 θa − θr( 􏼁􏼐 􏼑/φMo

􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌
N

􏼔 􏼕
1/N

− kp + kθS􏼐 􏼑 θa − θr( 􏼁.

(2)

2.3. EarthquakeGroundMotions. A total of 30 narrow-band
earthquake ground motions recorded at soft soil sites of
Mexico City are used for the time story analyses of theMSRF
and FPTC. *e main characteristic of the selected ground
motions recorded on soft soils is that they demand large
energy on structures in comparison to those recorded on
firm soils [33, 34]. *e ground motions were recorded in
sites where the period of the soil was close to two seconds
and structures were more severely damaged during the 1985
Mexico City Earthquake. *e duration was computed
according with Trifunac and Brady [35]. Table 2 summarizes
the most important characteristics of the records. In the
table, while PGA and PGV denote the peak ground accel-
eration and velocity, tD indicates duration.

2.4. Evaluation of Structural Reliability. *e incremental
dynamic analysis [36] is used to assess the seismic perfor-
mance of the steel frames under narrow-band motions at
different intensity levels. Next, the well-known seismic
performance-based assessment procedure suggested by the
Pacific Earthquake Engineering Center [37] in the United
States was employed in this study, which indicates that the
mean annual frequency of exceedance of an engineering
demand parameter (EDP) of interest exceeding a certain
level EDP can be computed as follows:

λ(EDP> edp) � 􏽚
IM

P[EDP> edp | IM � im] · dλIM(im)
􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌,

(3)

where IM denotes the ground motion intensity measure
(e.g., peak ground acceleration, spectral acceleration at the

Table 1: Relevant characteristics of the steel frames.

Frame F4 F6 F8 F10
Number of
stories 4 6 8 10

Internal columns
Story 1 W21× 122 W30×173 W36× 210 W36× 280
Story 2 W21× 122 W30×173 W36× 210 W36× 280
Story 3 W21× 111 W30×148 W36×194 W36× 245
Story 4 W21× 111 W30×148 W36×194 W36× 245
Story 5 W30×124 W36×170 W36× 210
Story 6 W30×124 W36×170 W36× 210
Story 7 W36×160 W36×182
Story 8 W36×160 W36×182
Story 9 W36×150
Story 10 W36×150
External columns
Story 1 W18× 97 W27×146 W36×194 W36× 280
Story 2 W18× 97 W27×146 W36×194 W36× 280
Story 3 W18× 86 W27×129 W36×182 W36× 245
Story 4 W18× 86 W27×129 W36×182 W36× 245
Story 5 W27×114 W36×160 W36× 210
Story 6 W27×114 W36×160 W36× 210
Story 7 W36×135 W36×182
Story 8 W36×135 W36×182
Story 9 W36×150
Story 10 W36×150
Beams
Story 1 W16× 67 W18× 71 W21× 83 W21× 68
Story 2 W16× 57 W18× 76 W21× 93 W21× 93
Story 3 W16× 45 W18× 76 W21× 93 W21× 101
Story 4 W16× 40 W16× 67 W21× 83 W21× 101
Story 5 W16× 50 W18× 71 W21× 101
Story 6 W16× 45 W18× 65 W21× 93
Story 7 W18× 55 W21× 73
Story 8 W18× 46 W21× 68
Story 9 W21× 57
Story 10 W21× 50
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first-mode period of vibration, and inelastic displacement
demand at the building’s fundamental period of vibration)
and P[EDP> edp | IM � im] is the conditional probability
that an EDP exceeds a certain level of EDP given that the IM
is evaluated at the groundmotion intensity measure level im.
In addition, dλIM(im) refers to the differential of the ground
motion hazard curve for the IM. In this context, while the
first term in the right-hand side of equation (3) can be
obtained from probabilistic estimates of the EDP of interest
with incremental dynamic analyses, the second term in
equation (3) is represented by the seismic hazard curve,
which can be computed from conventional Probabilistic
Seismic Hazard Analysis (PSHA), evaluated at the ground
motion intensity level im. Note the importance of the

ground motion intensity measure for assessment of seismic
performance, which is the joint between earthquake engi-
neering and seismology. In this study, the spectral accel-
eration at first mode of vibration Sa(T1) was selected as IM,
in such a way that equation (3) can be expressed as

λ(EDP> edp) � 􏽚
Sa T1( )

P EDP> edp Sa
􏼌􏼌􏼌􏼌 T1( 􏼁 � sa􏽨 􏽩

· dλSa T1( ) sa( 􏼁
􏼌􏼌􏼌􏼌􏼌

􏼌􏼌􏼌􏼌􏼌,

(4)

where dλSa(T1)(sa) � λSa(T1)(sa)− λSa(T1)(sa + dsa) is the
hazard curve differential expressed in terms of Sa(T1).
Equation (4) was used to evaluate the structural reliability
of the study-case frames in terms of two EDPs: peak and
residual interstory drift demands. For evaluating the first
term in the integrand for peak and residual drift demands, a
lognormal cumulative probability distribution was used
[5]. *erefore, the term P(EDP > edp | Sa(T1) � sa) is an-
alytically evaluated as follows:

P EDP> edp Sa
􏼌􏼌􏼌􏼌 T1( 􏼁 � sa􏼐 􏼑 � 1−Φ

ln edp− 􏽢μlnEDP Sa| T1( )�sa

􏽢σ lnEDP Sa| T1( )�sa

⎛⎝ ⎞⎠,

(5)

where 􏽢μlnEDP|Sa(T1)�sa
and 􏽢σlnEDP|Sa(T1)�sa

are the geometric
mean and standard deviation of the natural logarithm of the
EDP, respectively, and Φ(·) is the standard normal cumu-
lative distribution function. It is important to say as Bojórquez
et al. [38] indicate that the ground motion records used in the
present study allow the use of spectral acceleration at first
mode of vibration as intensity measure due to its sufficiency
with respect to magnitude and distance and because of the
similarity of the spectral shape of the records since they have
similar values of the spectral parameter Np [39].

2.5. Seismic Performance in terms of Peak and Residual Drift
Demands: MRSFs vs Steel Frames with PTC. *e first step to

PT strands

Shim
plate

Angle

PT
strands

Reinforcing
plate

Figure 2: Angles and posttensioned strands in the FPTC structures.
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θr
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Figure 3: Moment-relative rotation hysteretic curve for the
posttensioned connections.
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evaluate the structural reliability is the computation of the
incremental dynamic analysis; thus, the maximum or residual
interstory drift at different values of the ground motion in-
tensity measure which in the present study is Sa(T1) is cal-
culated. Figure 4 illustrates as an example the incremental
dynamic analysis of the traditional frame F4 under the selected
narrow-band motions. It can be observed the increase of the
maximum interstory drift as the spectral acceleration at first
mode of vibration tends to increase. Likewise, notice that the
uncertainty in the structural response also tend to increase for
larger values of Sa(T1).*en, the fragility curves are computed
through equation (5), which are combined with the seismic
hazard curves to compute the mean annual rate of exceedance,
thus the structural reliability via equation (4) in terms of peak
and residual interstory drift. Note that in this case, the spectral
acceleration hazard curves corresponding to the first-mode
period of vibration of each building and for the Secretaŕıa de
Comunicaciones y Transportes (SCT) site in Mexico City were
developed following the procedure suggested by Alamilla [40].

*eMexican City seismic design code takes into account
the peak interstory drift. Recently, Bojórquez and Ruiz-
Garćıa [5] demonstrated that, for MRSFs designed with the
Mexican City Building Code, the control of maximum or
peak interstory drift demands does not necessarily guarantee
a good seismic performance in terms of residual drift de-
mands. In fact, by comparing peak and residual drift de-
mand hazard curves, Bojórquez and Ruiz-Garćıa [5]

concluded that, for steel structures that exhibit peak drift
demands of about 3% (the threshold recommended by the
MCSDP to avoid collapse), the maximum residual drifts is
larger than 0.5%, which is the threshold residual drift that
could be tolerable to human occupants, and it could lead to
human discomfort identified from recent field investigations
[4] when subjected to narrow-band earthquake ground
motions of high intensity. For this reason, the residual
interstory drift should be considered in future versions of the

Table 2: Narrow-band motions used for the present study.

Record Date Magnitude Station PGA (cm/s2) PGV (cm/s) tD (s)
1 19/09/1985 8.1 SCT 178.0 59.5 34.8
2 21/09/1985 7.6 Tlahuac deportivo 48.7 14.6 39.9
3 25/04/1989 6.9 Alameda 45.0 15.6 37.8
4 25/04/1989 6.9 Garibaldi 68.0 21.5 65.5
5 25/04/1989 6.9 SCT 44.9 12.8 65.8
6 25/04/1989 6.9 Sector popular 45.1 15.3 79.4
7 25/04/1989 6.9 Tlatelolco TL08 52.9 17.3 56.6
8 25/04/1989 6.9 Tlatelolco TL55 49.5 17.3 50.0
9 14/09/1995 7.3 Alameda 39.3 12.2 53.7
10 14/09/1995 7.3 Garibaldi 39.1 10.6 86.8
11 14/09/1995 7.3 Liconsa 30.1 9.62 60.0
12 14/09/1995 7.3 Plutarco Eĺıas Calles 33.5 9.37 77.8
13 14/09/1995 7.3 Sector popular 34.3 12.5 101.2
14 14/09/1995 7.3 Tlatelolco TL08 27.5 7.8 85.9
15 14/09/1995 7.3 Tlatelolco TL55 27.2 7.4 68.3
16 09/10/1995 7.5 Cibeles 14.4 4.6 85.5
17 09/10/1995 7.5 CU Juárez 15.8 5.1 97.6
18 09/10/1995 7.5 Centro urbano Presidente Juárez 15.7 4.8 82.6
19 09/10/1995 7.5 Córdoba 24.9 8.6 105.1
20 09/10/1995 7.5 Liverpool 17.6 6.3 104.5
21 09/10/1995 7.5 Plutarco Eĺıas Calles 19.2 7.9 137.5
22 09/10/1995 7.5 Sector popular 13.7 5.3 98.4
23 09/10/1995 7.5 Valle Gómez 17.9 7.18 62.3
24 11/01/1997 6.9 CU Juárez 16.2 5.9 61.1
25 11/01/1997 6.9 Centro urbano Presidente Juárez 16.3 5.5 85.7
26 11/01/1997 6.9 Garćıa Campillo 18.7 6.9 57.0
27 11/01/1997 6.9 Plutarco Eĺıas Calles 22.2 8.6 76.7
28 11/01/1997 6.9 Est. # 10 Roma A 21.0 7.76 74.1
29 11/01/1997 6.9 Est. # 11 Roma B 20.4 7.1 81.6
30 11/01/1997 6.9 Tlatelolco TL08 16.0 7.2 57.5

0

0.05

0.1

0.15

0.2

0.25

0.3

0 500 1000 1500 2000
Sa(T1) (cm/s2)

M
ax

im
um

 in
te

rs
to

ry
 d

rif
t

Figure 4: Incremental dynamic analysis of frame F4.
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Mexican Building Code to guarantee an adequate structural
dynamic behavior of buildings prone to earthquakes. To
further illustrate the importance of residual drift demands in
comparison with peak interstory drift demands via seismic
analysis. Two damage indicators are computed. *e first
damage parameter is calculated as the ratio of the maximum
interstory drift demand divided by 3%, the threshold value of
maximum drift to avoid collapse according to the MCBC, in
such a way that values equal to or larger than one of this
maximum drift damage index (IDmax) indicates the failure of
the system in terms of peak drift. On the other hand, the
second damage index IDres is similar to the first one but the
residual peak drift demand divided by a value of 0.5% should
be considered (the threshold residual drift limit that could be
perceptible to human occupants and it could lead to human
discomfort [4]). Values larger than one of IDres are related to
the structural failure in terms of residual demands. Figure 5
compares the IDmax and IDres hazard curves for all theMRSFs
at different performance levels. It is observed that in the case

of the frames F4, F6, F8, and F10, when the damage index is
equals to one, the mean annual rate of exceedance (MARE)
is smaller in terms of peak interstory drift demands in
comparison with the residual drift. In other words, the
structural reliability of the selected MRSFs is larger for peak
drifts indicating that the control of maximum demand does
not necessarily guarantee the same level of safety in terms of
residual drift demands. For this reason, if the parameter to
estimate the structural performance of structures is the
maximum interstory drift demand, it is necessary to obtain
larger structural reliability levels aimed to provide adequate
structural performance in terms of residual drift because it is
necessary to obtain at least the same structural reliability in
terms of IDmax and IDres. For this reason, with the aim to
increase the seismic performance for residual drift demands,
PTCs are incorporated in the selected MRSFs.

*e seismic hazard curves in terms of maximum
interstory drift damage index IDmax obtained for the MRSFs
and the PTC steel frames are compared in Figure 6. In this
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Figure 5: Comparison of the IDmax and IDres hazard curves for the MRSFs: (a) F4, (b) F6, (c) F8, and (d) F10.
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figure, it can be observed that the structural reliability or
the mean annual rate of exceeding a specific value of
maximum interstory drift is in general smaller for the steel
frame with PTC. *us, the seismic performance in terms of
peak demands is increasing when the PTCs are in-
corporated in the traditional MRSFs, which also could
represent an increase in the structural reliability for the
residual interstory drift demands as will be discussed
below.

*e comparison of the structural reliability for the
MRSFs and the PTC frames in terms of residual drift de-
mands provided by the IDres (damage index in terms of
residual displacements) is illustrated in Figure 7. As it was
expected, the mean annual rate of exceedance of IDres value is
reduced when PTCs are incorporated into the traditional
steel frames, which is valid for all the structures under
consideration. In such a way, the use of PTC is a good
alternative, for example, as a solution for rehabilitation of

buildings or in order to reduce peak and residual drift
demands of traditional structural steel systems under severe
earthquakes.

Finally, a comparison of the mean annual rate of
exceedance values when the damage index is equal to one in
terms of IDmax for the MRSFs and in terms of IDres for the
PTC steel frames is provided in Table 3. *e aim of using the
MARE values for IDmax is because they represent the target
structural reliability levels obtained buildings designed
according to the Mexican Building Code. *us, the MARE
values in terms of IDres for the PTC steel frames should be
reduced in comparison to those of peak interstory drift for
the MRSFs to guarantee that by including PTC in the tra-
ditional steel frames, it is possible to satisfy the structural
reliability for the residual demands provided by the re-
quirements of the Mexican Code. In Table 3, a column name
ratio was used which represents the ratio of MARE of IDres
(PTC steel frames) divided by IDmax (MRSFs), and values
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Figure 6: Comparison of the IDmax curves for the MRSFs and the PTC steel frames with (a) 4 stories, (b) 6 stories, (c) 8 stories, and (d) 10
stories.
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smaller or equal to one indicates that the structural reliability
is larger in terms of residual drift demands for the PTC
frames comparing with the peak drifts of the MRSFs. It is
observed that the values of the mean annual rates of
exceedance for the PTC steel frames are in general smaller to
those of the traditional structures when the damage index is
equal to one.

3. Conclusions

*e structural reliability of four moment-resisting steel
frames is estimated in terms of peak and residual interstory
drift seismic demands. For this aim, all the structures are
subjected to 30 narrow-band ground motion records of the
soft soil of Mexico City. *e numerical results indicates that
the structural reliability of the traditional steel frames is not
adequate in terms of residual interstory drift demands. For
this reason, PTCs are incorporated into the selected steel
framed buildings in order to increase the structural reliability
based on a damage index for the residual interstory drifts. As
it was expected, for most of the steel framed buildings, the
ability of self-centering for the steel frames incorporating PTC
reduces significantly the residual demands; in fact, for this
type of structural systems, the structural reliability is larger in
terms of residual interstory drifts formost of the frames under
consideration in comparison with peak demands of the
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Figure 7: Comparison of the IDres hazard curves for the MRSFs and the PTC steel frames with (a) 4 stories, (b) 6 stories, (c) 8 stories, and
(d) 10 stories.

Table 3: Mean annual rate of exceedance values when the damage
index is equal to one in terms of IDmax for the MRSFs and in terms
of IDres for the PTC steel frames.

Steel
frame

MARE for
IDmax � 1

Steel
frame

MARE for
IDres � 1 Ratio

F4 0.00024 F4 0.00019 0.79
F6 0.00046 F6 0.00024 0.52
F8 0.00089 F8 0.00057 0.64
F10 0.00067 F10 0.00072 1.07
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MRSFs. Moreover, the seismic performance in terms of peak
demands is also increasing when PTCs are incorporated into
the traditional MRSFs. It is concluded that the use of PTC is a
good alternative as a solution for rehabilitation of buildings or
in order to reduce peak and residual interstory drift seismic
demands of traditional structural steel systems under severe
earthquakes. Furthermore, PTC in steel frames could be an
interesting solution toward structural systems with high
seismic resilience.
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[5] E. Bojórquez and J. Ruiz-Garćıa, “Residual drift demands in
moment-resisting steel frames subjected to narrow-band
earthquake ground motions,” Earthquake Engineering and
Structural Dynamics, vol. 42, no. 11, pp. 1583–1598, 2013.

[6] S. Pampanin, C. Christopoulos, and M. J. Nigel Priestley,
“Performance-based seismic response of frame structures
including residual deformations: part II: multi-degree of

freedom systems,” Journal of Earthquake Engineering, vol. 7,
no. 1, pp. 119–147, 2003.

[7] D. Pettinga, C. Christopoulos, S. Pampanin, and N. Priestley,
“Effectiveness of simple approaches in mitigating residual
deformations in buildings,” Earthquake Engineering &
Structural Dynamics, vol. 36, no. 12, pp. 1763–1783, 2006.

[8] J. Erochko, C. Christopoulos, R. Tremblay, and H. Choi,
“Residual drift response of SMRFs and BRB frames in steel
buildings designed according to ASCE 7-05,” Journal of
Structural Engineering, vol. 137, no. 5, pp. 589–599, 2011.
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.e phenomenon of hospital functional interruption has been widely observed in the historical moderate-strong earthquakes,
indicating that hospital functionality cannot be well considered in the current seismic design methods. .e concept of seismic
resilience pays enough attention to postearthquake functionality of buildings, and it is particularly significant for the urban
hospitals which play critical role in the urban postearthquake rescue and recovery. .is study proposes a framework to assess the
seismic resilience of urban hospitals, by incorporating the fault tree analysis (FTA) to consider the interdependency between the
damage of nonstructural components and the functionality of medical equipment, as well as the effect of external supplies on the
functionality of hospital. .e proposed framework is then applied to a case-study hospital, and the results indicate that this
hospital needs 1.1 days to resume emergency functionality under REDi repair strategy after design basis earthquake (DBE), while it
needs 28.8 days to resume emergency functionality under REDi repair strategy after maximum considered earthquake (MCE). It is
found that the seismic resilience of this hospital after MCE cannot meet the community requirements on the recovery time, and
necessary measures are needed to improve the seismic resilience. .e proposed framework provides the quantitative results of
seismic resilience assessment in the preearthquake environment and can further support emergency response planning and
seismic retrofits strategies.

1. Introduction

Urban hospitals are generally expected to offer timely
medical services for the earthquake injuries once the
moderate-strong earthquakes strike the city. However, the
phenomenon of hospital functional interruption has been
widely observed in the historical moderate-strong earth-
quakes [1, 2], indicating that hospital functionality cannot
be well considered in the current seismic design methods.
.e past engineering experience confirmed that the current
design codes [3–5] can generally satisfy the requirement on
the structural safety. However, nonstructural components
damage and functional loss of medical equipment cannot
be prevented, and past earthquakes [6–8] have shown that
the failure of nonstructural components and medical
equipment are the main reason for hospital functional
interruption.

Seismic resilience, the ability of a system to maintain
preearthquake functionality or recover to a new level, is
treated as a promising alternative to deal with the problem of
hospital functionality which has been ignored in current
seismic codes. Several studies have been performed to study
the seismic resilience of hospitals. Yavari et al. [9] defined the
hospital performance levels (fully functional, functional,
affected functional, and not functional) by utilizing damage
data from past earthquakes. .e indicators, such as the
quality of service and life [10], patient waiting time [11], and
functional downtime [12], have been separately adopted
to assess the seismic resilience of hospitals. Cimellaro et al.
[13] proposed a fast methodology for disaster resilience
quantification where factor analysis was used to identify
representative factors from varieties of dimensions. Iuliis
et al. [14] proposed an interesting method to evaluate the
downtime of building structures from three parts (actual
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damage, irrational delays, and utilities disruption) by in-
troducing the fuzzy logic, which are expected to increase the
accuracy of resilience evaluation. Monti and Nuti [15] used
logical schemes to describe the complex hospital organi-
zation and presented a reliability-based procedure to assess
the failure probability of hospital services after a seismic
event, paying no attention on the recovery process. Bruneau
et al. [16] proposed a hospital resilience quantification
framework by incorporating the physical performance and
hospital functionality. Pan American Health Organization
(PAHO) [17] gave a hospital safety guide in the form of
checklists and scoring system which aims to quickly de-
termine the interventions that can improve its seismic safety.
Fault tree analysis (FTA) is a kind of method for analysing
complex systems reliability and safety [18], and it has been
applied to the building system failure analysis [19, 20].
Jacques et al. [21] analysed the functionality of critical
clinical and support services by FTA where fault trees were
established based on three main factors (staff, structure, and
stuff), but the damage data (e.g., utility loss and its duration)
from seismic surveys are needed in their method.

In the postearthquake environment, the functionality
of medical equipment is greatly affected by the damage
extent of nonstructural components. .e interdependency
between the damage of nonstructural components and the
functionality of medical equipment, which has been
generally ignored in the previous studies, is significant for
the seismic resilience assessment of hospitals. Besides, the
external supplies also have an obvious effect on the
functionality of hospital, and the situation of external
supplies needs to be included in the seismic resilience
assessment of hospitals.

In light of the above discussions, a framework for the
assessment of the seismic resilience of hospitals is firstly
proposed. .e fault tree analysis (FTA) is used in this
framework to consider the interdependency between the
damage of nonstructural components and the functionality
of medical equipment, as well as the effect of external
supplies on the functionality of hospitals. .e different re-
pair strategies, i.e., series, parallel, and Resilience-based
Earthquake Design Initiative (REDi) methods [22], are
also included in this framework. Finally, the proposed
framework is applied to a case-study hospital, and the
quantitative assessment results on the seismic resilience are
obtained. Innovative building damage assessment methods
[23] and retrofit strategies [24] provide lots of alternatives
which can be used to improve seismic resilience of hospitals.
.e proposed framework can further support the assessment
and choice of emergency response planning and seismic
retrofits strategies.

2. Resilience Assessment Framework

Based on earthquake observations, PAHO [17] recognized
the importance of hospital safety and put forward the fol-
lowing safety objectives: life safety, investment protection,
and functional protection. .ese objectives aim to ensure
that hospitals not only remain standing but hold func-
tionality. By considering the safety objectives proposed by

PAHO, the following indicators are used in the framework:
damage state, casualties, economic loss, and availabilities of
medical services. In order to reflect the critical role of
emergency functionality in the treatment of earthquake-
induced casualties, hospital services are divided into full
and emergency. Full means that all components in hospitals
are undamaged and hospitals can provide routine and
emergency services. Emergency indicates that parts of ser-
vices are interrupted, but emergency service remains op-
erational. .e other two functionality levels are life safety
and none. Life safety means that the hospital has lost its
capacity of providing medical service, but the main structure
would not experience the damage that threat people’s life.
None indicates that the main structure of the hospital has
experienced severe damage or even collapse. Table 1 sum-
marizes the four levels of functionality for hospitals and the
corresponding definition..e functionality levels are ranked
in the order of implementation difficulty: full, emergency,
life safety, and none.

.is framework has five main blocks: the earthquake
selection, the physical response, the loss analysis, func-
tionality evaluation, and resilience assessment. .e response
of structure, in terms of maximum interstory displacement
ratio (MIDR) and peak floor acceleration (PFA) are obtained
by dynamic time history analysis, enable the fragility analysis
of structural, nonstructural components, and medical
equipment in hospitals. FEMA P58 [25–27] provide a rich
component fragility function database for structural and
nonstructural components; however, the functionality of
medical equipment and external supplies need to be added.
.e economic loss and the number of casualties are esti-
mated according to the damage states of all components in
hospitals. .e estimation of functionality level is operated
before repair work (if needed) by the estimation rules
mentioned above and repeated until the repair work finishes
(i.e., updating the functionality level when the repair work
progresses). FTA is adopted in this framework to consider
the effect of interdependencies on emergency functionality
failure. Meanwhile, the selection of repair strategy, such as
parallel repair strategy, serial repair strategy, and REDi
methods, has an important effect on the recovery phase.
.us, these three repair strategies are also included, and the
quantitative effects can be observed in the following case
study. Finally, the functionality curve Q(t) is used in the in
this framework. Assessment of the resilience of hospitals in
future earthquakes inherently entails significant un-
certainties. .e resilience of hospitals depends on a number
of factors which include the intensity of ground shaking, the
response of structures, the vulnerability of components to
damage, etc. In the framework, Monte Carlo simulation
method is used to consider the uncertainties related to those
factors.

Figure 1 shows the details and flow chart for the pro-
posed framework..e details on the functionality evaluation
(i.e., step of estimating functionality level in Figure 1) are
specially explained here. After the physical responses (e.g.,
damage state of components and medical equipment), the
results of loss analysis (e.g., casualties) are obtained. If
components and medical equipment are not damaged, the
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functionality of hospital would be in the Full level. Once
some components or medical equipment are damaged, then
FTA is used to analyse whether the hospital can provide the
emergency medical service. If not, the rest two levels will be
determined by the casualties.

.e framework ends with the computed resilience level,
and the resilience index [28] adopted herein is expressed as

R � 􏽚
tOE+TLC

tOE

Q(t)

TLCdt
, (1)

TLC is the control time interested and TOE is the time when
the event happens.

3. Case Study

3.1. Hospital Description. .e hospital used in this study is a
five-story reinforced concrete frame building which is 68m
long, 45m wide, and 18.9m high (Figure 2). Figure 3 il-
lustrates the plan of the first and fifth floor and shows the
location of critical departments in emergency service. .e
reinforced concrete frames are designed based on Chinese
seismic design code [5]. .e seismic fortification intensity of
this building is seven, and soil class is II.

For nonlinear dynamic analysis of the hospital, fourteen
groundmotion records were selected from the PEER ground
motion database with the following criteria: (a) the moment
magnitude Mw of the seismic events is above 6.0; (b) the
average shear wave velocity of the upper 30m soil Vs30
varies from 260m/s to 510m/s; and (c) the mean acceler-
ation response spectra of selected groundmotions match the
seismic design spectra of DBE level in Chinese seismic
design code [5]. .e comparison between the response
spectra of selection records and the design spectra is shown
in Figure 4, and the good agreement can be observed be-
tween them.

Nonlinear time history analysis is performed on three-
dimensional frames (Figure 5) by SAP2000 [29]. Beams
and columns are modelled using frame elements, and the
slabs are modelled as rigid diaphragms. Uniaxial moment
plastic hinges are assigned at both ends of the beams, and
P-M-M interaction hinges are assigned at the bottom of
columns. P-delta effect is considered in the analysis.
MIDR and PFA are used in this study to quantify the
damage of structural components, nonstructural com-
ponents, and medical equipment. Figure 6 shows the mean
MIDR of this building under SLE (service level earth-
quake), DBE, and MCE. Figure 7 presents the mean PFA
of this building under the above intensity levels. .e
results in Figure 6 indicate that this building meets the

MIDR requirements (i.e., MIDR<1/50) of reinforcement
concrete frames in Chinese seismic design code for the
collapse prevention.

.e logic scheme of the hospital functionality is shown in
Figure 8 to illustrate the detailed architecture of hospital
medical service. Resuscitation room, radiology department,
supply room, oxygen room, and distribution room are lo-
cated on the first floor. .e red arrows in Figure 8 indicate
the patient’s transfer route from the rescue room to ward.
Two elevators and five stairs ensure access to ORs. Two
external power grids (black arrows) provide power for the
hospital, and no backup generator is equipped here. .e
emergency service depends on four subsystems: building
and medical system, supply system, gas system, and electric
system. Hospitals usually set up multiple departments or
rooms with the same function to work together in order to
expand their treatment capacity (e.g., two operating rooms
are set up on the fifth floor in the case study hospital). .e
interdependencies and redundancies of hospital systems
should be considered comprehensively in the estimation of
hospital functionality.

FTA is a kind of method to analyse the reliability and
safety of complex systems based on the logical combi-
nation of a series events..e failure of emergency function
is firstly selected as top event of fault tree. .en, in-
termediate events and basic events are determined by the
causal link from top to bottom. .e intermediate events
are chosen as critical departments in emergency func-
tionality. .e fault tree of emergency service is created in
collaboration with hospital managers (Figure 9). Rooms
or medical equipment with the same functions are con-
nected with AND logic gates to critical departments or
rooms in which the redundancy can be taken into account.
.e basic events, shown as circles, are selected as the
damages to critical medical equipment, nonstructural
components damage, and loss of external power supply
which can be simulated or estimated in preearthquake
resilience assessment. .e detailed information of all basic
events is summarized in Table 2. .e interdependencies
between damage of nonstructural components and
medical equipment are considered here. For example,
some sophisticated medical equipment (CT and DR) and
medical rooms have special requirements on temperature,
humidity, dust, etc. .e damage of architecture non-
structural components (e.g., partition wall and pipeline)
and interruption of power supply will lead to the in-
terruption of equipment and emergency functionality.

3.2. Functionality Analysis. .e fragility functions for
nonstructural components are taken from FEMA P-58 [27],
and those of medical equipments are assumed to be the same
as those of electrical equipments due to the lack of data. .e
fragilities and consequence functions of basic events in fault
tree are listed in Table 2. .e failure probability and repair
time of external electric grids under different seismic hazards
are also assumed in Table 3 for the same reason.

Nonstructural components generally have several
damage states, and the corresponding consequence

Table 1: Four levels of functionality and the corresponding
definition.

Functionality Definition
Full No damage
Emergency Emergency service keeps operational

Life safety Emergency functionality stops
but no casualties occur

None No entry or collapse
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functions are di�erent. When using FTA to evaluate the
emergency functionality, it is necessary to understand the
operation conditions of medical equipment and select the
allowable damage states of nonstructural components. For
example, CT has strict requirements on air temperature
and cleanliness during operation, and the dust generated
by partition cracks may cause the CT to run out. So the
allowable damage state of partition should be the crack
state (i.e., lowest damage state of the partition). For the
components that have several damage states, the conse-
quence functions (e.g., repair time) need to be referred to
FEMA P-58, and they are not listed in Table 2 for the
succinctness.

Performance Assessment Calculation Tool (PACT)
[27] is used to calculate the repair cost and repair time
under parallel and serial repair strategies. �e repair cost
is a concerned indicator for hospital managers. Figure 10
shows the median repair cost for the three intensities. At
levels of DBE and MCE, the total cost of repair is several
magnitudes higher than that at SLE. Probability that the
emergency functionality of hospital can keep operational
after earthquakes is shown in Figure 11. �e emergency
functionality is very likely to be continuous under SLE,
but the probability reduces to 38.4% under DBE. After
MCE, the emergency functionality will be interrupted
entirely. �e loss caused by nonstructural components

Damage

FTA

Emergency
failure

Casualties

None

Life safety

Emergency

Full

Select ground motions
at intensity level N

Run hospital inelastic
structural model

Assess damage to non-
structural components

and supplies

Calculate economic
loss and the number of

casualties

Estimate functionality
level

Repair

Assess seismic
resilience

Repair work

N

N

N N

Y Y

Y

Y

Figure 1: Seismic resilience assessment framework of a hospital.
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Figure 2: �e location and exterior of the case study hospital.
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accounts for a large portion of the overall economic loss,
con�rming again on the importance of nonstructural
components.

3.3. Resilience Analysis. According to the resilience as-
sessment framework in this study, the hospital function-
ality level needs to be updated with repair processes. �e

3
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7

5 6

1

(a)

9
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50 10 15 m20

(b)

Figure 3: Hospital building plans. (a) First �oor. (b) 5th �oor. �e rooms numbered from 1 to 9 are resuscitation room, pharmacy,
distribution room, magnetic resonance imaging (MRI) room, digital radiography (DR) room, computed tomography (CT) room, supply
room, ward, operation room 1, and operation room 2, respectively.
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Figure 5: Finite element model of case study hospital.
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recovery curve illustrated in Figure 12 can be plotted along
with time. �e median functionality is used as the post-
earthquake hospital functionality, and the T1 and T2 in
curves are equal to median recovery time to higher
functionalities, respectively. For comparing the resilience
index of a case-study hospital under MCE, DBE, and SLE,

TLC is equal to the longest recovery time under three
intensities. �ree main repair strategies (parallel, serial,
and REDi methods) are considered in the case study.
Parallel strategy assumes that repair work is carried out
simultaneously at all �oors, while serial strategy assumes
that repair work is carried out from ground to top �oor.
Both repair strategies assume that all damaged compo-
nents are repaired sequentially within one �oor. Compare

Table 2: Fragilities of basic events in the fault tree and repair time.

No. Event EDP (Median, dispersion) Repair time (days)
1 Ventilator 1 PFA (1, 0.5) (1, 0.5)
2 Refrigerator PFA (1, 0.5) (1, 0.5)
3 Blood analyser PFA (0.5, 0.5) (1, 0.5)
4 Urine analyser PFA (0.5, 0.5) (1, 0.5)
5 CT PFA (1, 0.5) (0.2, 0.5)
6 CT wall IDR (0.005, 0.4)
7 DR PFA (1, 0.5) (0.2, 0.5)
8 DR wall IDR (0.004, 0.4)
9 Portable DR PFA (1, 0.5) (1, 0.5)
10 Shadow-less lamp 1 PFA (1, 0.5) (1, 0.5)
11 Partition in OR1 IDR (0.005, 0.4)
12 Shadow-less lamp 1 PFA (1, 0.5) (1, 0.5)
13 Partition in OR2 IDR (0.005, 0.4)
14 Anesthesia machine PFA (1, 0.5) (1, 0.5)
15 Ventilator 2 PFA (1, 0.5) (1, 0.5)
16 C-arm X-ray machine PFA (1, 0.5) (1, 0.5)
17 Disinfection machine PFA (1, 0.5) (1, 0.5)
18 Partition 3 IDR (0.005, 0.4)
19 Elevator 1 PFA (0.39, 0.45)
20 Elevator 2 PFA (0.39, 0.45)
21 Oxygen generator PFA (1, 0.5) (1, 0.5)
22 Oxygen pipe PFA (1.5, 0.4)
23 Distribution room PFA (0.73, 0.45) (0.6, 0.4)

Table 3: External electric grid (E24 and E25) failure probability and repair time (days).

Pf (E24) Repair time (median, dispersion) Pf (E25) Repair time (median, dispersion)
SLE 0.1 (0.5, 0.5) 0.1 (2, 0.5)
DBE 0.2 (1, 0.5) 0.3 (4, 0.5)
MCE 0.3 (2, 0.5) 0.4 (0.3, 4)
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to parallel and serial strategies, REDi method makes im-
provements on the allocation of labor and repair scheme
which �ts the reality.

�e quanti�cation of the four functionality levels (Table 1)
is needed, in order to compute the resilience index expressed
by equation (1).�e values of functionality functionQ for four
functionality levels (high to low) is 1.0, 0.5, 0.3, and 0.0, by
comprehensively considering the suggestions from experts
and hospital managers, as well as our engineering experience.
Figure 13 shows the recovery curves of hospital for the cases of
three di�erent earthquake levels and three di�erent repair
strategies.

It can be observed that the SLE has no e�ect on the
emergency functionality, and the hospital also can recover
to preearthquake level very quickly. �e emergency
functionality would be interrupted by the strike of DBE
and MCE, but the main building of hospital would be life
safety. �e case study hospital needs 1.1 days to resume
emergency functionality under REDi repair strategy after
DBE, while it needs 28.8 days to resume emergency
functionality under REDi repair strategy after MCE. It
would take 8.2 days and 50 days to recover to the pre-
earthquake level when the hospital is subjected to DBE and
MCE, respectively.

�e impact of the repair strategy is obvious for the
cases of DBE and MCE. Figure 14 presents the recovery
curves for di�erent repair strategies when the hospital is
subjected to MCE. �e recovery curves in parallel and
serial strategies provide the lower and upper bound for
that in REDi strategy.

When calculating resilience index R by equation (1), TLC
is taken as 50 days which equals the �nal recovery time
corresponding to MCE. �e results of �nal recovery time
and resilience index under SLE, DBE, and MCE are sum-
marized in Table 4. �e resilience index of case study
hospital under MCE equals 0.39 which is much lower than
that under SLE (0.99) and DBE (0.92).

After earthquakes, the number of injuries and the
demand for medical services will change signi�cantly over
time. For example, the injuries in the Northbridge
earthquake were more frequent than usual, but injury
admissions tended to return to normal levels after several
days [30]. As seriously injured patients have a narrow
window of survival, the hospital functionality (especially
the emergency functionality) should be coordinated with
the demand of injuries and meet the minimum survival

time. According to the analysis of the case study hospital,
the recovery time (e.g., 28.8 days for case of MCE) of the
emergency functionality is too long to cure numerous
injuries. �e results indicate that the case study hospital
needs to be retro�tted or strengthened to improve its
seismic resilience.

4. Conclusions

A framework is proposed in this study to assess the seismic
resilience of hospital. �e fault tree analysis (FTA) is used in
this framework to consider the interdependency between the
damage of nonstructural components and the functionality
of medical equipment, as well as the e�ect of external
supplies on the functionality of hospital. �e di�erent repair
strategies (i.e., series, parallel, and REDi) are also considered
in this framework. Finally, the proposed framework is ap-
plied to a case-study hospital, and the main conclusions are
as following:

(1) �e adoption of FTA in the framework facilitates the
consideration of interdependency between the
damage of nonstructural components and the
functionality of medical equipment, as well as the
e�ect of external supplies on the functionality of
hospital, making the framework provide more re-
alistic assessment results on seismic resilience.

(2) �e case-study hospital needs 1.1 days to resume
emergency functionality under REDi repair strategy
after DBE (design basis earthquake), while it needs
28.8 days to resume emergency functionality under
REDi repair strategy after MCE (maximum con-
sidered earthquake). �e seismic resilience of case
study hospital after MCE cannot meet the com-
munity requirements on the recovery time, and
decision-makers need to take necessary measures to
improve the seismic resilience.

(3) �e repair strategy has clear e�ects on the recovery
time and resilience assessment results, and it
should be noted that the quantitative assessment
results provided by this framework depend the
selection of repair strategy (i.e., series, parallel, and
REDi).

�e lack of fragility and consequence data of medical
equipment and external supplies may in�uence the
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Emergency
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Time
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Figure 12: Hospital systems functionality curve and earthquake resilience.
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quantitative results but would not affect the flexibility and
usage of the proposed framework. However, attention
should be paid to the usability of the fault tree proposed
in the case study because of differences among hospitals,
and a revised fault tree may be needed. .e direct ex-
tensions of results beyond the case study are not sug-
gested due to the specific seismic hazards and structure
type here. Extensive applications of this framework will
be completed by the cooperation of experts from different
multidisciplinary such as engineers, architects, specialists
in hospital equipment, and health-care professionals. .e
framework provides evaluation criteria for the update
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Figure 13: Recovery curves under (a) recovery curves under the parallel strategy, (b) recovery curves under the serial strategy, and
(c) recovery curves under REDi strategy.
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Figure 14: Recovery curves under MCE by different repair
strategies.

Table 4: Resilience index and recovery time of case study hospital
under three intensity levels.

Earthquake intensity Recovery time (days) R
SLE 0.1 0.99
DBE 8.2 0.92
MCE 50 0.39

Advances in Civil Engineering 9



strategy and can be further applied to other types of
critical facilities.

Data Availability

.e ground motions used in this study are deposited in
the Pacific Earthquake Engineering Research Centre (PEER)
Next Generation Attenuation (NGA) relationships database
(http://ngawest2.berkeley.edu/). .e software PACT is used
to support this study, and it is available at https://www.
atcouncil.org/p-58.
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.is paper presents the numerical results of concrete footing-soil foundation seismic interaction mechanism..e concrete footing
has beenmade with two different shapes, but with the equal volume of concrete material..e concrete footing-soil foundation has
been analyzed using nonlinear finite elements, with the fixed-base state. .e simulated near-fault ground motions have been
applied to the concrete footing-soil foundation..e problem has been formulated based on the settlement controlled analysis..e
local geotechnical conditions of all configurations have been analyzed. .e numerical analysis results indicate that the shape of a
concrete footing alters seismic response, revises inertial interaction, enhances damping ratio, improves load carry capacity,
modifies cyclic differential settlement, revises failure patterns, minimizes nonlinear deformation, and changes cyclic strain energy
dissipation. .e novelty of this research work is the strain energy has more been dissipated with artistic concrete footing design.

1. Introduction

A number of the buildings have been collapsed due to
improper soil-footing interaction; it has occurred when
dynamic or seismic forces have been applied to them. .e
improvement of soil-footing seismic interaction mechanism
is an art in geotechnical earthquake engineering design and
needs to select appropriate footing shape to enhance the
safety of the structure.

.ere are many experimental, numerical, and theoretical
research studies which mainly focus on differential settle-
ment and bearing capacity of the soil when the soil has been
subjected to simulated seismic loading, liquefaction, and
landslide. .e outcome of these research studies has been
realizing failure mitigation of soil foundation and in-
troducing different methods for improving soil foundation
stability [1–12]. Using research idea from different branches
of science and applying them in geotechnical earthquake
engineering is an acceptable research methodology. In this
regard, there is an investigation on quantitative shape
evaluation of graphite particles in ductile iron [13]; with
attention to this research work, the effect of concrete footing
shape in minimizing differential settlement of soil

foundation needs to be investigated. However, the geo-
technical earthquake engineering is a young field, and the
concept of the seismic stress response of concrete footing-
soil foundation model is a complicated mechanism and
needs more investigation. In the present study, the seismic
design of concrete footing with considering the configura-
tion of concrete footing to minimize differential settlement
at the base of concrete footing has been investigated.
Earthquake includes differential settlement, but the shape of
concrete footing in producing differential settlement has not
been studied with considering seismic response at the base of
a concrete footing, energy dissipation, hysteretic soil
damping, strain travel paths, inertial interaction, nonlinear
deformation patterns, and footing-soil seismic interaction
mechanism. We hope all we have done could support the
seismic design of concrete footing in considering the safety
of concrete footing and soil foundation to support solving
geotechnical earthquake engineering problems.

2. Problem Definition

In the previous studies, many investigations have been made
in understanding the differential settlement of soil, when the
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soil has been subjected to dynamic loading [2, 3, 6, 12]. .e
present investigations analyzed the soil foundation-concrete
footing seismic interaction mechanism and stability, with
considering concrete shape. .ere is no investigation on the
effect of concrete footing geometry to soil foundation-
concrete footing seismic interaction present in the litera-
ture, and the associated simulation indirectly even cannot be
found in the literature..e idea to do this research work is to
understand the effect of concrete footing shape on (i) soil
foundation-concrete footing seismic interaction mecha-
nism, (ii) the differential settlement, (iii) the nonlinear
deformation, (iv) the strain paths, and (v) the failure pat-
terns. Two types of concrete foundations have been con-
sidered and have been analyzed numerically. .e concrete
footing and soil foundation, simultaneously, have been
subjected to seismic loading. In all configurations, single
concrete footing has been analyzed. In the present study, the
specific geometry of concrete footing may increase or reduce
soil-footing interaction. From the theoretical concept point
of view, to provide an appropriate solution for this problem,
and for solving and demonstrating this elasticity problem,
the ABAQUS software has been employed. .e ABAQUS
has been employed to solve and explain many engineering
problems in the various fields through numerical simulation
[12, 14–18]. .e ABAQUS has the ability to solve nonlinear
problems in high quality. To design the concrete footing with
maximum safety and minimum cost, two different config-
urations of concrete footing have numerically been in-
vestigated. In both configurations, the same volume and
grade of concrete have been used. .e method of embedded
concrete footing in the soil foundation is adopted, and also
the interaction method for soil foundation with concrete
footing in ABAQUS environment has been adopted. .e
footing and soil have been loaded. .e problem has been
formulated based on the settlement controlled analysis. .e
seismic response of concrete footing and soil foundation in
all models has been compared.

3. Domain Theoretical Concept for
Present Analysis

.e nonlinear deformation develops due to six components
of stresses applied to a body element; the six components of
stresses are σx, σy, σz, τxy, τxz, and τyz.

Two types of distortions arise: (i) direct strain
εx, εy, and εyz from σx, σy, and σz and (ii) angular distor-
tions exy, exz, and eyz from τxy, τxz, and τyz. .e strains and
rotation components for each tensor may be expressed in
terms of their respective displacements gradients:
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Consequently, the complete distortion of a volume el-
ement may be expressed as the sum of corresponding strains
and rotations in the matrix form [19]. In this study, the
nonlinear finite element analysis has been applied to analyze
seismic behavior of concrete footing-soil foundation in-
teraction. Accordingly, the soil foundation and concrete
footing have numerically been investigated. .e six strain
components will not act independently; they have a direct
relationship with the displacements. Under earthquake
function, due to loading, unloading, and reloading process,
an element can translate, rotate, compress, or elongate.

4. Materials and Modeling

.e concrete footing-soil foundation has been modeled
using nonlinear finite elements, with the fixed-base state.
.e soil foundation is 1.8∗1.8∗ 0.9 (m). .e concrete
footing for configuration-1 and configuration-2 are
0.6∗ 0.6∗ 0.4 (m) and 0.4∗ 0.9∗ 0.4 (m), respectively. For
both models, the concrete foundation of 0.2∗ 0.2∗ 0.2 (m) is
installed on center of concrete footing. .e soil foundation-
concrete footing seismic interaction has been evaluated. .e
concrete footing configuration is with two different shapes
and equal volume. In the numerical analysis, the typical
mesh has been used. .e concrete footing is placed on a
horizontal surface of the soil foundation; it is shown in
Figures 1 and 2. .e simulated near-fault ground motions,
with equal magnitude, have numerically been applied to
concrete footing and soil foundation. .e acceleration
history of the earthquake occurred in Norcia, Italy, has been
used in numerical analysis and is shown in Figures 3 and 4.
From 22 to 28 seconds of the earthquake, the main seismic
excitation has been observed. In comparing E, N, and Z
comps, the E comp has maximum acceleration history and
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nonlinearity tolerance in Norcia Earthquake. However, due to
these reasons, the E comp has been selected for numerical
analysis. .e mechanical properties of materials have been
used in this analysis, extracted from those reported in the
literature, and are shown in Table 1..e soil is often discretized
with solid finite elements. Nonlinear numerical analysis has
been performed based on realistic seismic data. .e earth-
quake data have been used in numerical analysis and are
reported by AMATRICE station, with 8.9 (km) distance from
the epicenter of the earthquake. .e Norcia Earthquake

occurredwith 6.2magnitude, at the location of 42.71N 13.17E,
and depth of 10.0 km, on 1 : 36 : 33 UTC, 24 August 2016.

5. Numerical Analysis, Discussion, and
Verification of the Result

Enhancement geometry of a concrete footing considerably
changes soil-footing seismic interaction mechanism, and
this process leads to develop a new concept for the satis-
factory seismic design of a concrete footing..emorphology

(a) (b)

Figure 1: Soil models. (a) Configuration-1. (b) Configuration-2.

(a) (b)

Figure 2: Concrete footing-soil configurations. (a) Configuration-1. (b) Configuration-2.

–4
–2

0
2

–4
–2

0
2

0 10 20 30 40 50
–4
–2

0
2

E–comp

N–comp

A
cc

el
er

at
io

n 
(m

/s
2 )

Time (sec)

Z–comp

Figure 3: Acceleration history of Norcia Earthquake [20].
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of concrete footing influences on the shear strain travel paths
and seismic energy distribution..emeaningful relationships
have been observed between simulated near-fault ground-
shaking and energy dissipation mechanism at each config-
uration..e characteristics of seismic waves are altered as it is
facing different simulated geomorphological conditions. .e
seismic wave dispersion modifies damping ratio and governs
nonlinear deformation patterns of soil foundation and
footing-soil seismic interaction mechanism. However, the
morphology of concrete footing significantly affects the
amplitude of earthquake groundmotions; it may be known as
“geomorphological conditions effect” in concrete footing-soil
foundation seismic design. .e numerical analysis results
have confirmed that the geomorphological condition influ-
ence to strain energy dissipation, and this process leads to
developing nonlinear deformation patterns and differential
settlement with the specific shape at each configuration, and
subsequently, it is understood that the geomorphological
conditions are important in the distribution of earthquake
damage. .e flexible soil foundation area-to-ridge concrete
footing area interaction is responsible for the failure mech-
anism of soil foundation at each configuration. However, the
design of concrete footing shape at each configuration is
important in the stability of concrete footing and soil
foundation as well. .e modified shape of concrete footing
leads to change in the concrete footing center of gravity and
shape of cyclic load distribution; this phenomenon results in
the modification of concrete footing-soil foundation seismic
interactionmechanism and seismic load response. And on the
other hand, the geomorphological conditions and mor-
phology of concrete footing are responsible for developing
characteristics of strain paths, and the strain path is a factor in
developing a differential settlement, failure mechanism, de-
formation, and bearing capacity. .e seismic site response is
highly variable with respect to concrete footing morphology,
while the volume of used concrete is equal in both config-
urations, and cost effectiveness of the project is considered
with seismic design of concrete footing. .e geotechnical
condition is another factor in ground motion behavior
prediction. .e geomorphological condition affects the
seismic response of an infrastructure. It can suggest beyond
the theoretical seismic design; it requires to numerically
simulate the influence of geomorphological conditions to
predict seismic stability of the infrastructure. .e near-fault
ground motions change strain energy dissipation via travel
path of seismic wave propagation. .e hysteretic behavior of
soil significantly affects the concrete footing seismic response.
.is process affects concrete footing and soil foundation
inertial interaction and leads to stress response of the soil
foundation. Cyclic seismic load response has been developed
due to concrete footing morphology, and it is shown in
Figures 5 and 6. .e seismic loading and concrete footing

morphology are responsible for soil compaction, modify soil
foundation shear strength, and alter concrete footing-soil
foundation seismic interaction mechanism. .e geo-
morphological conditions affect wave motion behavior, and it
causes differential ground deformation and differential ro-
tations of concrete footing along its base to interact with soil
foundation. .e wave energy propagates in different di-
rections and results in forming cyclic volumetric strain and
produces nonlinear deformation for each configuration; it is
shown in Figures 7 and 8. In configurations 1 and 2, the
different ground motions response has been observed; it

Table 1: Mechanical properties of materials [21, 22].

Materials Modulus elasticity, E
(MPa)

Poisson’s
ratio, (])

Friction angle, ϕ
(degree)

Dilatancy angle, ψ
(degree)

Cohesion, c
(kPa)

Unit weight, c

(kN/m3) Ref

Soil 120 0.35 53 21 0.01 22.68 [21]
Concrete 49195 0.24 — — — 24.405 [22]
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developed with respect to concrete footing shape, and this
phenomenon supports in earthquake damage estimation,
when the movement of seismic wave radiates along the
base and sides of the concrete footing. .e seismic wave
radiate dislocates the concrete footing at any possible
directions, and this phenomenon results in accelerating
model and releasing cyclic strain energy. .e hysteretic
energy dissipation is scattered in all configurations, with
the critical mechanism in respect to the flexible the soil
foundation area-to-the ridge concrete footing area in-
teraction; this mechanism is responsible for failure
mechanism of soil foundation at each configuration. In-
ertia has been developed due to near-fault ground mo-
tions applied to each configuration; it has appeared in the
form of base shear, moment, and torsional excitation and
causes differential displacements and nonlinear de-
formation rotation, with a different magnitude in respect
to the soil foundation flexibility and concrete footing

shape. .e damping ratio in configuration-2 is reduced by
15% compared to configuration-1. .e shape of concrete
footing governs hysteretic soil damping and inertial in-
teraction; this process occurs based on kinematic interaction
of concrete footing-soil foundation characteristics and causes
concrete foundation motions in soil foundation. .e non-
linear deformation significantly influences the overall con-
crete footing seismic behavior, especially with respect to
damping and seismic degrees of damage.

.e stress third invariant behavior is depicted in
Figures 9–12. A comparative numerical analysis of the
seismic response between two differently shaped and equal
volume of concrete footing under significantly invariant
stresses through establishing nonlinear finite element
analysis has been made. .e stress third invariant at the base
of concrete footing for configuration-1 is formed with higher
strain energy and lower energy dissipation magnitude
compared to configuration-2. .is complex mechanism
influences load carry capacity of soil foundation and types of
earthquake damage. .e evaluated results show that the
shearing resistance at configuration-2 is improved due to
lower degradation of soil by cyclic loading. .e nonlinear
seismic load-cyclic strain curve expresses the variation of
stiffness and shear strength at the base of the concrete
footing. .e cyclic strain energy causes increasing nonlinear
shear deformation and soil foundation failure if cyclic shear
stress increases more than the shear strength of the soil
foundation. Figure 9 shows the stress invariant at the base of
concrete footing for configurations 1 and 2. As a result, the
cyclic strain behavior would be expected to provide a more
reliable prediction of differential settlement, in considering
concrete footing-soil foundation seismic interaction. .e
nonlinear seismic load-cyclic strain relationship at both
configurations shows the higher strain energy concentration
is developed at the base of the configuration-1, with respect
to the magnitude and shape of the seismic loading. However,
the differential settlement is significantly minimized in
configuration-2. .e higher cyclic strain energy concen-
tration has a direct relationship with nonlinear shear de-
formation and nonlinear volume change. .e failure
patterns are plotted in Figure 9, in such a way that red and
blue zone implies a fully plastic state. Due to the nature of
cyclic loading, nonplastic deformation occurred in any
possible direction. .e geometry of the failure patterns
shows the plastic slice has been occupied more area in
configuration-1. .e plastic deformation morphology shows
that the differential settlement for both models is not the
same, and a higher magnitude of differential settlement
occurred in configuration-1.

Figures 10 and 11 show the cyclic stress behavior of the
configurations 1 and 2 in respect to the size and shape of the
plastic deformation. And it describes increment of cyclic
stress invariant. .e stronger response of earthquake
shaking in the configuration-1 has been observed. However,
it is a possibility for permanent deformation in
configuration-1. .e strong strain in several parts of the
configuration-1 results in permanent nonlinear shear de-
formations and nonlinear volume change. .e nonlinear
volumetric strain often refers to ground failure. It is the
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possibility of ground failure in the form of lateral ground
displacement, and it can contribute to the failure of the soil
foundation.

Color map surface projection techniques are used in
matrix analysis to simulate results of ABAQUS software,
which is reported in cyclic stress invariant. According to
Figure 12, by using the matrix in numerical simulation, the
development of cyclic stress invariant due to seismic ac-
celeration load response at the base of the soil foundation is
illustrated. Figure 12 shows the seismic load travel paths and
seismic load directions. .e loading and reloading process
has been depicted in different colors. .e load distribution
among two soil foundations is varied; configuration-2 is
subjected to more distributed cyclic load compared to
configuration-1; it is a result of increasing stable soil-
concrete footing interaction in configuration-2. It can be

concluded that the stability of configuration-2 is higher than
configuration-1.

.e minimum strain energy density allows the influence
of the T-stress on the mixed modes I/II fracture strength
[23]. And the specimen geometry can strongly influence the
mode-I fracture strength [24]. .e hysteretic energy dissi-
pation influences the flexible soil foundation area-to-the
ridge concrete footing area interaction and governs failure
mechanism. .e configurations 1 and 2 affect strain energy
dissipation, according to their geometry. .e results of the
numerical analysis show good agreements with those re-
ported in the literature.

.e different types of loads can store elastic energy
before damage, and this energy storage accelerates and
develops damage mechanism [25–33]. In the present nu-
merical analysis, it has been observed that the shape of
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Figure 11: Cyclic stress invariant for configurations 1 and 2. (a) Configuration-1. (b) Configuration-2.
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concrete footing causes storage strain energy mechanism
and strain energy dissipation as well..e cyclic strain energy
causes deformation, with respect to the shape of the concrete
footing. .e soil foundation was subjected to the seismic
excitation and deforms. .is deformation occurs according
to an internal energy mechanism and concrete footing
shape. .is internal energy is known as strain energy. In the
present study, the strain energy has more been dissipated
with artistic concrete footing design. .e configuration of
soil foundation-concrete footing significantly modified
strain energy storage and damage patterns. .e stress
component distribution due to the external forces depends
on the strain energy function. However, the shape of con-
crete footing directly affects seismic acceleration response,
damping mechanism, energy dissipation, load carry ca-
pacity, differential settlement, nonlinear deformation,
strain-stress travel paths, and inertial interaction.

6. Conclusion

.e nonlinear finite elements are applied in the analysis of
concrete footing-soil seismic interaction mechanism. .e
concrete footing is built up with two different shapes and
equal volume. .e simulated near-fault ground motions
have been applied to each configuration. In the present
study, the following aims have been achieved:

(i) It has been found that the concrete footing-soil
interaction and morphology of differential settle-
ment have been changed with respect to the shape of
the concrete footing.

(ii) .e local geotechnical conditions have been mod-
ified ground-shaking characteristics. .e anoma-
lous damage distributions may not derive with the
select appropriate shape of a concrete footing,
considering local site conditions.

(iii) .emorphology of concrete footing affects the seismic
energy travel paths, andmeaningful relationships have

been observed between simulated near-fault ground-
shaking and energy dissipationmechanism..e strain
energy has more been dissipated with artistic concrete
footing design.

(iv) .e shape of concrete footing governs hysteretic soil
damping and inertial interaction; these processes
have occurred based on kinematic interaction of
concrete footing-soil foundation characteristics.

(v) .e higher strain energy concentration has been
observed at the base of the configuration-1, with
respect to the magnitude and shape of the seismic
loading response. .e differential settlement is
significantly minimized in configuration-2.

(vi) .e cyclic strain causes plastic cyclic deformation,
with respect to the shape of concrete footing and
related to increment of stress. According to the
numerical results, this approach supports in fore-
casting the seismic stability of concrete footing.
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In this study, three restricted cold-bending channel-angle buckling-restrained brace (CCA-BRB) specimens were experimentally
characterised by a low-reversed cyclic loading test. 0ree specimens had steel cores with cruciform cross section. Two restraining
units were assembled to form an external constraint member, each of which was composed of an equilateral cold-bending channel
and two equilateral cold-bending angles via welding. A gap or a thin silica gel plate was set between the internal core and the
external constraint member to form an unbonded layer. Several evaluation parameters on the seismic performance, hysteretic
behaviour, and energy dissipation capability of the CCA-BRB was investigated, including hysteresis curve, skeleton curve,
compression strength adjustment factor, measured and computed stiffness, energy dissipation coefficient, equivalent viscous
damping ratio, ductility coefficient, and cumulative plastic deformation.0e test results and evaluation indices demonstrated that
the hysteretic performance of braces with a rigid connection was stable. A Ramberg–Osgood model and two model parameters
were calibrated to predict, with fidelity, the skeleton curve of CCA-BRB under cyclic load. 0e initial elastic stiffness of the brace
used in practice should contain overall portions of the brace instead of the yielding portion of the brace. Finally, all the tested
CCA-BRBs exhibited a stable energy absorption performance and verified the specimens’ construction was rational.

1. Introduction

As a kind of structure system with excellent ductility, the
braced frame is often used in seismic structures. However,
the general brace itself will suffer from comprehensive
problems such as strength stiffness degradation and low-
cycle fatigue fracture after buckling when under the action of
cyclic load. A buckling-restrained brace (BRB) is an energy
dissipation damper of metal yielding which has advantages
of stable energy dissipation capacity, easy construction and
fabrication with low cost, etc. [1]. A BRB can provide stable
lateral stiffness and load-carrying capacity for a frame
structure. As a result, BRBs have been used extensively in
existing and new structures to enhance the earthquake re-
sistance [2–6].

Diverse experiments show that BRBs have a substantial
energy absorption capability under cyclic loading [7, 8]. In
1976, an early buckling-restrained attempt to propose a
brace with dissipating energy yet does not buckle was re-
ported in an experimental study [9]. 0e brace consisted of a
single flat plate as the internal core and a square steel pipe
filled with mortar as the external constraint member. Since
then, various structural forms and experimental studies of
traditional BRBs were proposed by investigators around the
world [10–13]. However, there were a series of issues af-
fecting the traditional BRBs, in which the core buckling
restrained by steel tube filled with concrete or mortar, such
as the need for higher precision control between the external
concrete member and the core steel member, and the
complex processes of wet concrete pouring, further
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increasing the complexity of component fabrication and
prolonging the production cycle. Based on the above rea-
sons, scholars have put forward various forms of all-steel
BRBs [14–21], which only require clamping the inner core
with section steel or composite steel members to impose
constraints, and the all-steel BRBs have the advantages of
simple construction, convenient assembly, and lighter
weight. Kuwahara et al. proposed the �rst representative all-
steel buckling-restrained brace in 1993 of which circular
steel tubes were used to support the inner core (the inner
circular tube) and the outer constraint members (the outer
circular tube) [14]. �e all-steel BRBs had steel cores with
rectangular cross sections and were studied through a
uniaxial test program [15] or subassemblage testing [16, 17].
�e all-steel BRBs with cruciform cross-section core are
generally used to provide large lateral restraint force to frame
structures, and several axial cycle tests have been conducted
to study the hysteresis behaviour of the all-steel BRBs with
cruciform cross-section core [18–21]. In addition, several
shaking table tests have been conducted on concrete and
steel frames equipped with BRBs [22, 23]. A novel type of
BRB, called cold-bending channel-angle buckling-restrained
brace (CCA-BRB), has been proposed and tested by the
authors. �is paper describes the characteristics, hysteresis
behaviour, and energy dissipation capability of the new BRB.

2. Layouts of the CCA-BRB

Each CCA-BRB consists of an internal steel core, external
constraint members, and an unbonded layer between them
(Figure 1). �e steel core is subjected to the axial load while
constraint members provide lateral support to the steel core
and prevent the core from buckling. �e external constraint
members of the CCA-BRB are composed of two restraining
units, each of which consists of an equilateral cold-bending
channel and two equilateral cold-bending angles via welding
(Figure 2). �e ratio of web height to �ange plate width of
the channel is 2 :1. Each CCA-BRB has the steel core with
cruciform cross section which consists of three portions: a
yielding portion, a transition portion, and a connection
portion (Figure 3). A gap must be present between the
internal core and the external constraint members while the
gap can be adjusted to form an unbonded layer. �e thin
layer of unbonded material along the internal steel core
eliminates shear transfer during the elongation and con-
traction of the core and also accommodates its lateral ex-
pansion when in compression.

Figure 3 shows the cross-sectional schematic diagram of
the CCA-BRB and the dimension parameters: hc denotes the
width and tc the thickness of the steel core; hcc denotes the
web height, bcc the �ange width, and tcc the thickness of the
cold-bending channel steel; hca denotes the vertical limb
height, bca the horizontal width and tca the thickness of the
cold-bending angle steel.

3. Component Testing

3.1. Specimen Design. �e geometric dimension parameters
of the specimens are listed in Table 1, and the meaning of

each parameter is shown in Figure 3, in which Ly represents
the yielding portion length of the core, Ltr the transition
portion length of the core, Lcon the connection portion
length of the core, Ltotal the total length of the core, and Lem
the length of the external constraint members.

A construction drawing of the BRB-1 specimen is shown
in Figure 4. �e internal steel core of CCA-BRB is composed
of three �at plates via full-�llet welding by carbon dioxide arc
welding.�e core of CCA-BRBwas a Q235 steel member with
a variable cross section, in which the dimensions of the
yielding portion section were 68mm× 68mm× 8mm and
connection portion section 128mm× 128mm× 8mm. �e
yielding portion length Ly of the core was 800mm, the
transition portion length Ltr 100mm (50mm on each side),
the connection portion length Lcon 300mm (150mm on each
side), and the total length of the core Ltotal 1200mm. �e
external restraining members of CCA-BRB are composed of
two cold-bending channels and four cold-bending angles in
which all components were made of Q235 steel. �e cross-
section dimensions of the channel were 140mm×
70mm× 5mm and the angle 60mm× 60mm× 5mm. �e

Clamping plate

Square end plateExternal channel steel

 Core member

External
angle steel 

Figure 1: Exploded view of the CCA-BRB.

Fillet weld Angle Channel

Figure 2: Diagram of the restraining units via welding.
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design length of all restraining components Lem was 1160mm
which is shorter than the core 40mm; that is, each side is
reserved the axial compression space of 20mm tomeet the 2%
compressive strain (each end splits an average of 1% de-
formation) of the core and left a certain margin to consider
the machining error. Each channel and two angles were
bound via �llet welds.

Note that 1mm gap was set between the internal core
and the external constraint members of the specimens on
each side with pasting 1-millimeter-thick silica gel plate
along the yielding portion of the core to reduce the friction
when in compression. A 25-millimeter-thick square plate
was welded at the end of the core via full penetration weld,
and the dimensions of the plate were 200mm× 200mm.
Based on the realistic consideration of the test �xture, a 18-
millimeter-thick holding plate (the dimensions of the
holding plate were 150mm× 100mm) and the square end
plate were bound via �llet weld to form a �xed joint to satisfy
test loading.

3.2. Experimental Setup. Figure 5 indicates the experimental
setup of the specimens. Both the ends of the specimens are
connected to a PWS-500 electrohydraulic servo actuator at
the Jiangsu Key Laboratory of Environmental Impact and
Structural Safety in Engineering of China University of
Mining and Technology by which an axial cyclic load was
applied. �e actuator had a cyclic load capacity of ±500 kN
and a displacement capacity of ±200mm. To observe the
axial deformation, two displacement meters were set at the
upper end of the specimens and two at the lower end.

3.3. Loading Protocol. �e loading protocols adopted in this
low-reversed cyclic loading test are shown in Figure 6. �e
parameter used to de�ne the test program was the core axial
strain, and three loading protocols were adopted corre-
sponding to three specimens. Corresponding to the speci-
men BRB-1, two loading cycles were performed to an
amplitude increment in the core axial strains of 0.5%, 1.0%,

x

y
External channel

External angle

Fillet weld

Cruciform
core member

(a)

x

y

hc × tc

hcc × bcc × tcc hca × bca × tca

(b)

Lem

Lcon Ltr Ly Ltr Lcon

Ltotal

(c)

Figure 3: Schematic diagram of the CCA-BRB. (a) Midspan section; (b) end section; (c) dimensions of the CCA-BRB.

Table 1: Geometric dimension parameters and loading protocol of the specimens.

Specimen hc× tc
(mm)

hcc× bcc× tcc
(mm)

hca× bca× tca
(mm)

Ly
(mm)

Ltr
(mm)

Lcon
(mm)

Ltotal
(mm)

Lem
(mm) Loading protocol

BRB-1 68× 8 140× 70× 5 60× 60× 5 800 50 150 1200 1160 Loading protocol 1
BRB-2 68× 8 140× 70× 5 60× 60× 5 800 50 150 1200 1160 Loading protocol 2
BRB-3 68× 8 140× 70× 5 60× 60× 5 800 50 150 1200 1160 Loading protocol 3
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and 1.5% followed by �ve loading cycles of 2% strain to
complete the experiment (see the loading protocol 1).
Corresponding to the specimen BRB-2, two loading cycles
were performed with 0.5%, 1.0%, and 1.5% core axial strain
followed by �ve loading cycles of 2% strain to complete the
experiment (see the loading protocol 2). �e di¥erence of
loading protocols between BRB-1 and BRB-2 was the
loading type of BRB-1 traction after compression and BRB-2
compression after traction. According to the requirements
of GB50011-2010 [24], the parameter corresponding to the

specimen BRB-3 was de�ned at levels of 1/300, 1/200, 1/150,
and 1/100 bracing length under tension-compression three
times (see the loading protocol 3). On the basis of the loading
protocols, when the specimens BRB-1 and BRB-2 completed
�ve 2% axial strain loadings, the value of CPD, which is a
normalized expression of the cumulative plastic de-
formation, was measured at 212 which satis�es the plastic
deformation capability requirements on the BRB speci�ed in
ANSI/AISC 341-10 [25].�e core axial displacement loading
protocol of each specimen is shown in Table 2. �e core
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Figure 4: Construction drawing of the BRB-1. (a) Steel core; (b) top view; (c) front view; (d) A-A section; (e) B-B section.
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length was 1200mm, and the core yielding portion length
was 800mm.

3.4.Material Properties. Based on the request of GB/T228.1-
2010 [26], the material properties tests of the internal steel
core and external constraint members of varying thicknesses
were measured. �e corresponding material property index
is shown in Table 3, in which E denotes elastic Young’s
modulus, fy the steel yield strength, fu the steel tensile
strength, and fy/fu the steel yield-tensile strength ratio.

4. Test Results and Performance Analysis

4.1. Hysteresis Curve. �e hysteresis curves of the specimens
are plotted with the recorded axial force in the brace as
ordinate against the axial displacement measured across the
entire brace including connections as abscissa (Figure 7).
�e vertical coordinate is the measured axial load of the
specimens, and its sign convention is positive tension and
negative compression. �e horizontal coordinate is the
measured axial deformation, and the sign convention is the
same. It is noteworthy that the �exibility of the connections
contributes only slightly to the overall displacement; further,
the axial deformation measured by the displacement meter
mainly re�ects the axial deformation of the yielding segment
of the brace.

�e hysteresis loops resulting from the low-reversed
cyclic loading test show that all the test braces exhibited
stable hysteretic behaviour for all displacement ampli-
tudes, with a plump hysteresis curve and substantial
energy absorption capability. It can be seen that there was
no signi�cant sti¥ness or strength degradation when the
test completed, and the loading and unloading sti¥-
nesses were basically the same. In addition, the force-
displacement loops showed a distinct cyclic hardening
characteristic and an asymmetrical feature between ten-
sion and compression. It must be pointed out that the BRB
with a rigid connection produce a moment on the loading
setup which should be considered in the structural design
of the frame.

4.2. SkeletonCurve. �e skeleton curves of the specimens are
shown in Figure 8, in which the curves are almost identical.
It is seen that the skeleton curves of three specimens present
distinct bilinear characteristics, and there is an obvious
in�exion between the elastic stage and the plastic stage. �e
core of each specimen has a noticeable strengthened seg-
ment after entering the plastic stage.

In order to concise the variation law of the skeleton curve
of the CCA-BRB, the Ramberg–Osgood model [27] is used
to �t the skeleton curves of the specimens.�e formula of the
Ramberg–Osgood model is given by

Δε
2
�
Δεe
2
+
Δεp
2
�
Δσ
2E

+
Δσ
2K′
( )

1/n
, (1)

where Δε represents total strain amplitude; Δεe and Δεp
represent, respectively, elastic strain amplitude and plastic
strain amplitude; Δσ represents stress amplitude; K′ and n
represent, respectively, cyclic hardening coeªcient and
cyclic hardening exponent. �e �tting parameters of the
Ramberg–Osgood model are shown in Table 4.

Figure 9 plots the �tting skeleton curves. It is seen that
the �tting curve was little di¥erent from that of test points
curve, indicating that the Ramberg–Osgood model can be
used to simulate the skeleton curve of CCA-BRB under
cyclic loading.

4.3. Compression Strength Adjustment Factor. Due to the
Poisson e¥ect, the lateral cross section of the internal core
tended to increase under compression; thus, the internal
core may contact the external constraint member. Fur-
ther, a frictional force at the contact surface was generated
to increase the axial force of the core under the com-
pression stage. In addition, the bearing capacity under
compression is greater than that under tension, a¥ecting
the asymmetry characteristic of tension and compression
of a brace.

�e asymmetry between tension and compression of a
brace is generally expressed by the compression strength
adjustment factor β [28], which is de�ned by

βi �
NCi,max

NTi,max
, (2)
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Figure 5: Experimental setup schematic diagram.

Advances in Civil Engineering 5



A
xi

al
 st

ra
in

 (%
)

3

2

1

0

–1

–2

–3
0 2 4 6 8 10 12

Cycle number

Loading protocol 1

(a)

A
xi

al
 st

ra
in

 (%
)

Loading protocol 2

0 2 4 6 8 10 12
Cycle number

3

2

1

0

–1

–2

–3

(b)

A
xi

al
 st

ra
in

 (%
)

Loading protocol 3

0 2 4 6 8 10 12
Cycle number

2.0

1.5

1.0

0.5

0.0

–0.5

–1.0

–1.5

–2.0

(c)

Figure 6: Loading protocols of the specimens.

Table 2: Axial displacement loading protocols of the specimens.

Specimen Loading sequence Axial strain (%) Axial displacement (mm) Bracing length ratio Cycle number

BRB-1, BRB-2

1 ±0.5 ±4 1/300 2
2 ±1.0 ±8 1/150 2
3 ±1.5 ±12 1/100 2
4 ±2.0 ±16 1/75 5

BRB-3

1 ±0.5 ±4 1/300 3
2 ±0.75 ±6 1/200 3
3 ±1.0 ±8 1/150 3
4 ±1.5 ±12 1/100 3

Table 3: Material properties of steel.

Plate position Steel type �ickness (mm) E (MPa) fy (MPa) fu (MPa) fy/fu
Core member Q235 8 2.01× 105 265 425.6 0.62
External channel Q235 5 2.03×105 270.7 430.4 0.63
External angle Q235 5 2.03×105 270.1 433.8 0.62
Square end plate Q235 25 2.05×105 256.8 415.2 0.62
Clamping plate Q345 18 2.06×105 368.2 512.4 0.72
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where NCi,max and NTi,max represent the maximum axial
compression and the maximum axial tension, respectively,
during the ith hysteresis loop.

�e values of compression strength adjustment factor
during the distinct loading displacement amplitudes are
shown in Table 5. Based on the requirements of ANSI/AISC
341-10, the compression strength adjustment factor of a BRB
must not exceed 1.3. It can be seen that the increase factors of
BRB-1 and BRB-2 were 1.092 and 1.118, respectively, which
remained lower than the limit value 1.3 of the code under the
loading amplitude of 2% core axial strain. �e coeªcient
value of BRB-3 was 1.050 which is still below 1.3 when the
core axial strain remained within 1.5%. �e above-described
indicated that the CCA-BRB still exhibited a stable and
symmetrical hysteretic behaviour, with an adequate energy
dissipation capacity even when the core axial strain reached
2%.
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Figure 7: Hysteresis curves of the specimens. (a) BRB-1; (b) BRB-2; (c) BRB-3.
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Figure 8: Skeleton curves of the specimens.

Table 4: Fitting parameters.

Specimen
Fitting parameter

K′ (MPa) n

BRB-1 439.6 0.165
BRB-2 464.5 0.17
BRB-3 373.2 0.13
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4.4. Measured and Computed Sti�ness Values. Based on the
experimental data, the initial elastic sti¥ness and the sec-
ondary sti¥ness which are of interest in the mechanical
characterization of the brace are identi�ed in this section. As
shown in Figure 3(c), the core of the brace with a cruciform
cross section consists of a yielding portion, a transition
portion, and a connection portion throughout, with the

cross section of the yielding stage smaller than the cross
sections of the transition portion and the connection por-
tion. �e total elastic sti¥ness of the brace is the summation
in series of the individual sti¥ness of the segments described
above. �e formula for the total elastic sti¥ness of the core is
given by

Kc
total �

1
1/Kc

y( ) + 2 1/Kc
tr( ) + 2 1/Kccon( )( )

, (3)

where Kc
total represents the total elastic sti¥ness, Kc

y rep-
resents the elastic sti¥ness of the yielding portion, Kc

tr
represents the elastic sti¥ness of the transition portion,
and Kc

con represents the elastic sti¥ness of the connection
portion.

�e values of computed elastic sti¥ness for the yielding
portion, the transition portion, and the connection portion
are, respectively,
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Figure 9: Fitting skeleton curves of the specimens. (a) BRB-1; (b) BRB-2; (c) BRB-3.

Table 5: Compression strength adjustment factor of the specimens.

Specimen
Compression strength adjustment factor under

each core axial strain
0.5% 1% 1.5% 2%

BRB-1 1.024 1.043 1.079 1.092
BRB-2 1.012 0.979 1.038 1.118

BRB-3 0.5% 0.75% 1.0% 1.5%
1.007 1.037 1.027 1.050
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K
c
y �

AyE

Ly
≈
1,024mm2 × 201GPa

800mm
� 275.3 kN/mm, (4)

K
c
tr �

Acon −Ay􏼐 􏼑E

lnAcon − lnAy􏼐 􏼑Ltr

≈
(1,984− 1,024)mm2 × 201GPa
(ln 1,984− ln 1,024) × 50mm

� 5,829.6 kN/mm,

(5)

K
c
con �

AconE

Lcon
≈
1,984mm2 × 201GPa

150mm
� 2,658.6 kN/mm

(6)
where Ay and Acon represent, respectively, the cross-
sectional area of the yielding portion and the connection
portion. Based on the above values given by equations
(4)–(6), the total elastic stiffness Kc

total, given by equation (3),
is 200.8 kN/mm.

Table 6 lists the computed stiffness, measured stiffness,
and the difference between these values for each specimen.
0e computed elastic stiffness values given in columns 2, 3,
4, and 5 were obtained from equations (3)–(6), respectively.
0e measured stiffness values given in columns 6 and 7 were
computed by fitting the tensile section of the skeleton curve
(using a double broken line model) of each brace. Column 6,
labelled Km

total, corresponds to the slope of the axial force-
displacement relationshipmeasured for the elastic portion of
the fitting skeleton curve, whereas, column 7, labelled K2,
corresponds to the slope measured for the plastic portion of
the fitting skeleton curve.

As can be seen from Table 6, the computed total elastic
stiffness value given by equation (3) is in close accordance
with the value measured from the test data. In theory, the
stiffness values used in the design should contain the entire
portions of the brace. If the stiffness value for yielding portion
be used in the design instead of the overall stiffness, then the
stiffness value is overestimated by 37%. In addition, if as-
suming that the cross area over the entire length is equal toAy,
then the stiffness value is calculated to be 171.5 kN/mm and
the stiffness value is still figured to be undervalued by 15%.

4.5. Secondary Stiffness. 0e secondary stiffness which
usually can also be written as postyielding stiffness is of
interest for the mechanical properties of the BRB and de-
pends in general on the loading course. 0e measured values
of secondary stiffness and postyielding ratio, α � K2/Km

total,
of each specimen are given in columns 7 and 8 of Table 6,
respectively. Column 8, labelled α, corresponds to the ratio
of elastic stiffness to secondary stiffness.

4.6. Energy Dissipation Index. Energy dissipation capacity is
an important index for evaluating the performance of CCA-
BRB. In this section, the energy dissipation capacity of each
specimen is evaluated via parameters which contain energy
dissipation coefficient and equivalent viscous damping ratio.
0e parameters of the specimens were obtained from the
hysteresis curves and are listed in Table 7. According to

Section 4.5.6 of JGJ/T101-2015 [29], the values for the energy
dissipation coefficient and the equivalent viscous damping
ratio are calculated by, respectively,

ψ �
SBEDFB

S△OAB + S△OCD( 􏼁
,

ζ �
SBEDFB

2π S△OAB + S△OCD( 􏼁
,

(7)

where SBEDFB, as shown in Figure 10, represents the hysteresis
loop area of a brace enveloped by one displacement ampli-
tude, S△OAB and S△OCD represent the area of triangle OAB
and triangle OCD, respectively. It can be seen from Table 7
that the energy dissipation coefficient and the equivalent
viscous damping ratio of each specimen show a trend of
gradual increase with the increase of loading displacement
amplitude. Further, the gradual increasing trend of energy
dissipation indices indicates that the brace has a substantial
and repeatable capability to absorb earthquake energy.

4.7. Ductility Coefficient. 0e deformation capacity which
determines the maximum displacement of a brace is an
important index for evaluating the seismic performance of
CCA-BRB and is expressed via the ductility coefficient. 0e
ductility coefficient of a brace refers to the ratio of the
maximum displacement to the yield displacement of the
brace before the obvious strength degradation of the hys-
teresis curve. 0e coefficients of each specimen are listed in
Table 7. According to Section 4.5.4 of JGJ/T101-2015 [29],
the formula is given by

μ �
dmax

dy
, (8)

where dmax and dy represent maximum displacement and
yield displacement, respectively, of the brace. It can be seen
from Table 7 that the ductility coefficient values of BRB-1
and BRB-2 appear to be 11.4 and 12.4, respectively, once the
core axial strain reaches 2.0%, and the value of BRB-3 ap-
pears to be 7.4, once the core axial strain reaches 1.5%. In
addition, the specimens have a large and substantial plastic
deformation capability.

4.8. Cumulative Plastic Deformation Capability. An index
used in practice to evaluate the plastic deformation capa-
bility of a brace is the cumulative plastic strain or, alter-
natively, the cumulative plastic deformation.0e cumulative
plastic deformation [30] of the brace can be defined by

η � 􏽘
n

i�1

2 dmax+

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌i + dmax−

􏼌􏼌􏼌􏼌
􏼌􏼌􏼌􏼌i􏼐 􏼑

dy
− 4⎡⎣ ⎤⎦, (9)

where |dmax+|i and |dmax−|i represent the absolute values of
the maximum tensile displacement and the maximum
compressive displacement, respectively, during each visit i
into the inelastic range. 0e last column of Table 7 lists the
cumulative plastic deformation values of each specimen. It
can be seen from Table 7 that the values of BRB-1 and BRB-2
appear to be 311 and 327, once the core loading
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displacement amplitude reaches the axial strain of 2.0%, and
the value of BRB-3 appears to be 167.6, once the core loading
displacement amplitude reaches the axial strain of 1.5%.
Further, it is noted that the cumulative plastic deformation
values of BRB-1 and BRB-2 during the testing protocol
exceed the requirement of the minimum limit (200) set by
the ANSI/AISC 341-10, indicating that the brace has an
excellent plastic deformation capability.

5. Conclusions

In this study, low-reversed cyclic loading tests of three CCA-
BRB specimens under three loading protocols were con-
ducted to consider the seismic performance, hysteretic be-
haviour, and energy dissipation capability of CCA-BRBs.
Based on the experimental results and several evaluation
indices, the main conclusions drawn are the following:

(1) �e observed hysteretic behaviour of the CCA-BRB
with a rigid connection was excellent for all dis-
placement amplitudes, indicating that the brace had
a stable capability to absorb seismic energy.

(2) �e skeleton curves of three CCA-BRB specimens
present distinct bilinear characteristics. �e
Ramberg–Osgood model was adopted to approxi-
mate the skeleton curve of the brace, and two model
parameters were found to �t the skeleton curves with

little di¥erence, indicating that the Ramberg–
Osgood model can be used to simulate the skeleton
curve of CCA-BRB under cyclic load.

(3) �e computed initial elastic sti¥ness was in close
agreement with the value measured from the test
data, indicating that the sti¥ness used in the design
should contain overall portions of the brace.

(4) All CCA-BRB specimens showed a stable energy
absorption performance to enhance the resistance of
existing and new structures during strong earth-
quake shaking.

Appendix

Derivation of Equation (5)

Schematic diagram of the derivation of equation (5) is shown
in Figure 11. �e elongation d(Δl) of microsegment dx can
be given by

d(Δl) �
Fdx

EA(x)
, (A.1)

where the cross-sectional area A(x) can be given by

A(x) � Acon −
Acon −Ay

Ltr
x. (A.2)

With integrating equation (A.1), the elongation of
transition region can be obtained as

Δl � ∫
l

F dx

EA(x)
�
F

E
∫
l

dx

Acon − Acon −Ay/Ltr( )x

�
F

E
×

Ltr
Ay −Acon

ln Acon −
Acon −Ay

Ltr
x( )

∣∣∣∣∣∣∣∣∣∣

Ltr

0

�
FLtr
E

×
lnAy − lnAcon

Ay −Acon
.

(A.3)

Table 7: Ductility indices and energy dissipation indices of the specimens.

Specimen
Energy dissipation coeªcient Equivalent viscous damping

ratio Ductility coeªcient Cumulative plastic deformation
0.5% 1.0% 1.5% 2.0% 0.5% 1.0% 1.5% 2.0%

BRB-1 2.646 2.894 2.902 2.854 0.421 0.461 0.462 0.454 11.4 311.2
BRB-2 2.609 2.851 2.900 2.835 0.415 0.454 0.461 0.451 12.4 326.6

0.5% 0.75% 1.0% 1.5% 0.5% 0.75% 1.0% 1.5%
BRB-3 2.612 2.770 2.896 3.050 0.416 0.441 0.461 0.485 7.4 167.6
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Figure 10: Calculation diagram of energy dissipation index.

Table 6: Comparison of computed and measured sti¥ness values.

Specimen
Computed elastic sti¥ness (kN/mm) Measured sti¥ness (kN/

mm) Di¥erence

Kcy equation (4) Kc
tr equation (5) Kccon equation (6) Kc

total equation (3) Km
total K2 α Ktotal (%)

BRB-1 275.3 5,829.6 2,658.6 200.8 199.86 8.15 0.041 −0.47
BRB-2 275.3 5,829.6 2,658.6 200.8 210.85 9.01 0.043 5
BRB-3 275.3 5,829.6 2,658.6 200.8 192.22 7.01 0.036 −4.27
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With transforming equation (A.3), the sti¥ness of
transition region can be given by

Kc
tr �

F

Δl
�

Acon −Ay( )E
lnAcon − lnAy( )Ltr

. (A.4)
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