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The wavelet analysis of the integral images can be used in extraction of the depth of the photographed/synthesized 3D objects.
The result of the analysis, however, depends on the colour/texture of the object and thus can be ambiguous. In this paper, we
propose to normalize the image before processing in order to avoid such an ambiguity, and to extract the depth without regard to
the colour/texture. The proposed technique is verified in multiple integral/plenoptic images and can be applied to multiview and
light-field displays as well.

1. Introduction

There are many 3D technologies [1–3] in 3D imaging. Par-
ticularly, the wavelets are used in 3D imaging, for instance,
in multiview video compression [4], in image coding [5], in
image fusion [6], as a quality metric [7], etc. The disparity
of stereoscopic images can be estimated [8], the shape of
the photographed/synthesized objects can be analysed, and
the depth can be extracted using the wavelet analysis of
the integral images [9–11]. In this paper, we propose the
technique to eliminate the texture effect. Based on the
similarity between the 3D images, where a 3D content is
represented in a single image plane consisting of the logical
image cells [12], our results can be applied to integral [13–15],
multiview [16–18], plenoptic images, and light-field displays
[19–21].

The result of the wavelet analysis of 3D images, however,
depends on the colour/texture of the surface of the object.
This effect was noticed before, and the most images in [9–11]
were binary BW images and most results were presented in
a qualitative visual form. This unexpected undesirable effect
must be reduced, but a solution has been unknown yet.

The intensity in any point of the image in the image plane
is proportional to the brightness of the point of the object
in that point. The intensity of all separated parts of voxel
pattern [22] is equal to the brightness of the corresponding
point of the object. The voxel patterns precede the wavelets;
thus, this important property is kept in wavelets. Therefore,
the wavelet coefficients depend on the colour; and the result
of the wavelet analysis of a multiview image is proportional
to the brightness of voxels (or pieces of surface in a texture
model).

Define the central view (CV) of an integral image as an
image, where the central pixels of all image cells of the integral
image are assembled in accordance with the location of the
cells; i.e., the centre pixel of the left top cell goes to the left top
corner of the CV, the centre pixel of the right top cell goes to
the right top corner of the CV, etc.; such image can be seen
by a hypothetic (nonexistent) camera located at the centre of
the lens array.

The CV can be calculated by applying the known inter-
lacing technique (see, e.g., [23]) along both dimensions of the
integral image.TheCVcanbe calculated for binary, greyscale,
or colour images; see Figure 3. In our paper, the CV is solely
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(a) (b)

Figure 1: (a) Binary BW integral image of digits 800 x 800 pixels (credits for the original colour image to Prof. B. Lee, SNU); (b) the central
view (CV) of this image (as seen through the camera located behind the central microlens of the lens array) 40 x 40 pixels.
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Figure 2:Wavelet coefficients of binary BW image Figure 1: (a) whole image, (b) each digit separately. (The depth plane is an integer number.)

used as a simple graphical picture of all objects of a 3D image,
because in the original integral image, the objects may look
unclear (nonsharp, or out-of-focus, or blurred, etc.); compare
Figures 1(a) and 1(b).

What is important is that it is unnecessary to calculate
the CV for the wavelet transform, and therefore not a one
operation with the wavelets needs the CV. In this context, the
central view is nothing but a descriptive illustration for the
journal paper.

Later in this paper we will name an integral/plenoptic
image by its CV (as “in Figure 1(b)”), but actually such a
referencing will mean the integral image (i.e., “Figure 1(a)”)
which corresponds to the named CV.

Previously, the colour dependence remained behind the
scene, and the depth was mixed with colours. In this paper,
as soon as we know an answer, we tried to open a door,
slightly. To restore the depth more correctly, we propose to
use the normalized image. Firstly, we would like to illustrate
the dependence on colours in the wavelet analysis of the
integral images.

2. Dependence of Wavelet
Coefficients on Colours

Consider colours of three digits in the 123-image. If all colours
are identical (as in theBW image in Figure 1), then thewavelet

coefficients are the same for every digit. Note that it is a
repainted colour image, originally provided by Prof. B. Lee.

The wavelet analysis of the binary BW image Figure 1
shows almost uniform shape (a flat-top curve) for the depth
planes between -6 and +6, where the digits of this 3D image
are presumably located in space; see Figure 2(a). The wavelet
coefficients for each digit processed separately are shown in
Figure 2(b), where all three maxima are close to each other.

Based on Figure 2(b), one may conclude that the digit 1
is located between the +1st and +2nd planes, digit 2 in 0th,
digit 3 between -2nd and -3rd planes. Outside of this region
(|depth| > 3), the wavelet coefficients monotonously decay.
Therefore later in the related Figures 4 and 5, we will show
the wavelet coefficients within the depth region [-2, +2] only,
where the expected result is a flat-top horizontal line.

Then, if the shades of grey of digits or their colours are
not the same as in Figure 3, the expected results of the wavelet
analysis would be different for every digit.

The results of the wavelet analysis (wavelet coefficients)
of greyscale images, Figures 3(a) and 3(b), are shown in
Figure 4(a). The wavelet coefficients of the colour digits,
Figures 3(c) and 3(d), are shown in Figure 4(b).

There is an essential difference between the wavelet
coefficients of digits of various colours. In all cases, instead of
a flat top and decay (as in Figure 2(a) for the binary image),
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(a) (b) (c) (d)

Figure 3: Various grey levels and colours of digits (CVs).
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Figure 4: Wavelet coefficients of images from Figure 2: (a) grey-scale, (b) colour.
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Figure 5: (a) Normalized image (CV). (b) Wavelet coefficients of normalized image.

the wavelet coefficients of grey images may rise up, fall down,
or have a maximum or minimum in the middle; see Figure 4.
These graphs can be treated ambiguously: either the digits
in the same plane have different colours, or the digits of the
same colour are located at different distances. A variety of
intermediate interpretations is also possible.

This confirms a strong dependence of the results on the
colours of voxels (texture); it is an undesirable side effect
in the depth (shape) extraction. Below, we describe how to
eliminate it.

3. Materials and Methods

In our examples, the source images are integral/multiview/
plenoptic images with the square grid of the image cells (a

cell is an area under a lenticular lens). The images were taken
from different independent sources, either photographs or
synthesized (computer-generated) images.

The multiview wavelets and the algorithm of the contin-
uous multiview wavelet transform are exactly the same as
presented in our previous paper about the multiview wavelets
[10, 11].

In order to avoid the undesirable effect of texture and to
restore the spatial structure without regard to the colours,
we propose to process so-called normalized image [24].
A normalized image is typically used in order to reduce
a nonuniform illumination in a local neighbourhood. The
normalized image can be built by the algorithm [25].Thenor-
malized image corresponding to the original image of digits
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(a) (b)

Figure 6: Source and normalized images of the house (CVs). The original colour image “house crop” is available “for free” at the website by
T. Georgiev [26].

Figure 1 is shown in Figure 5(a). The result of the wavelet
analysis of this normalized image is shown in Figure 5(b).

Despite insignificant imperfectness (such as non-100%
horizontal flat top), the graphs in Figures 2(a) and 5(b) are
similar to each other more than any graphs in Figure 4. This
means that the normalized image predominantly contains
the information about the 3D structure (depth), rather than
about colours (texture). For instance, the RMS difference
of the wavelet coefficients between the processed RGB and
BW images is 1.2 A.U. (normalized RMS error 60%); in grey
and BW images it is 0.7 A.U. (48%); however, in BW and
normalized images it is 2.5 – 4.2 times less (0.3 A.U, 19%).
This is not a complete elimination of the undesirable effect,
but its essential reduction.

Before processing, the colour images were transformed
into the grey-scaled images, but it is not necessary. The full-
colour images can be processed as well, by processing the R,
G, B colour components separately.

The dimensions of the images are as follows: the image of
digits is 800 x 800 pixels (CV and normalized image are 40
x 40 pixels), the rabbit 1350 x 1350 (CV and normalized 45 x
45), the books 4031 x 4031 pixels (CV and normalized 139 x
139), and the house 4575 x 4575 pixels (CV and normalized
75 x 90).

4. Results

To illustrate the proposed technique, we applied it to plenop-
tic/integral images from various sources. The normalization
is followed by the wavelet transform. In the examples, we
will compare the results (i.e., the wavelet coefficients for the
source and normalized images) by the depth planes and along
the rows (horizontal lines) in the array of the coefficients.

The original and normalized images of the house are
shown in Figure 6 (recall, this is a CV).

Consider, for example, the depth plane 0 and the row 70
of this image. The boundary line between the path and the
lawn is at the same time the line of the change of colour of the
texture. Because of that, the depth of this line is concealed
(hidden) in the original image; see the wavelet coefficients
and the graph along the horizontal row in Figures 7(a) and
7(b). What is important is that in the normalized image, this

line can be clearly seen as a separate pulse in Figures 7(c) and
7(d).

N.B. The first image of each pair in Figure 7 displays
the modulus of the wavelet coefficients (the black colour
means maximum, and the white colour means zero), while
the second graph is the full profile along the selected row.The
same layout will be used later in Figures 9, 11, and 12.

Also, note the difference in the average (mean) level
on the body of the car between the columns 45 and 65 as
indicated by the dashed line in Figures 7(b) and 7(d). The
influence of the texture colour of the body of the car is clearly
reduced in Figure 7(d) down to the average level of that row.

The source and normalized images of books are shown in
Figure 8.

In this example, we consider the depth plane -1, the row
95. Figures 9(c) and 9(d) clearly show a recognized 3D edge
(backbone of the book) as a separate pulse, but not a texture-
induced effect (a step pulse) as in Figures 9(a) and 9(b).

The influence of the texture is reduced in this image too.
The average level at the cover of the book is almost the same
along the row in the processed normalized image (shown in
Figures 9(b) and 9(d) by the dashed line).

N.B. The letters “EG” on the cover of the book in
Figure 9(a) are not a restored 3D structure, rather a texture
of the surface.

The source and normalized images of the rabbit are shown
in Figure 10. In the 3D analysis, two planes will be considered.

(1) Plane 2, row 13. The eye of the rabbit becomes clearly
recognized in the normalized image, while it is completely
invisible in the unnormalized one; see Figure 11.

(2) Plane 5, row 17. The same is valid for the nose. The
nose is clearly recognized in the processed normalized image,
while it is hidden in the source (unnormalized) image; see
Figure 12.

These two examples also demonstrate that the influence of
the texture is reduced in the normalized images, so as some
previously unrecognized features appear.

5. Discussion

We processed the greyscale images. Before processing, the
colour images (if any) were transformed into the grey-scaled
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Figure 8: Source and normalized images of books (CVs).The original colour image “input” is available “for free” at the website of T. Georgiev
[26].

images, but it is not necessary. The full-colour images can be
processed as well, by processing the RGB colour components.
Also, we used the BW normalized image; however in general,
each colour component can be normalized individually, and
a colourful normalized image could be obtained.

The numeration of the rows and columns in the array
of the wavelet coefficients is slightly different from that of
rows and columns in the CV, because of the different sizes.
(The size of the CV is fixed, but the array size at each depth
plane varies, because we did not make any assumptions about
the behaviour of the image beyond the sides of the original
image.) The difference is less than the number of the current
depth plane, but this small difference is out of the scope of the
current paper.

The 3D images used in this paper were obtained by the
independent authors either from a plenoptic camera (Figures

6 and 8) or by means of the computer simulation of the inte-
gral imaging (Figures 1 and 10). In either case, a lens arraywith
a square grid of microlenses or its computational equivalent
was used.Thehigh quality lens arrays are known for their very
uniform structure (a small deviation of the lens pitch across
the array). The proposed image processing procedure can be
applied to the 3D images built on the hexagonal grid of the
lenses (with properly redesigned wavelets).

Instead of a lens array, the 3D images can be also obtained
from a camera array, as described in [27] and in the references
in [3]; on the other hand, the layout of cameras in the
camera array might be less uniform than that of the lens
array. Moreover, the 3D imaging with the sensors at random
locations is demonstrated [28]. Therefore, we hope that a
wavelet processing can be in principle applied to 3D images
from the camera arrays; however the wavelets have to be
radically modified in this case.
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The layout is the same as in Figure 7.
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Figure 10: Source and normalized images of rabbit (CVs). The original colour image was provided by Prof. Lee by a personal request.

In the normalization of the most images (only a few of
many processed images are presented in this paper), we used
the default values 𝜎

1
= 18, 𝜎

2
= 24; however in a few cases,

these values were reduced to 𝜎
1
= 4.5, 𝜎

2
= 6.

6. Conclusions

The influence of colours (texture) is essentially reduced by
means of the normalized image instead of the source full-
colour or greyscale image.The technique is confirmed by pro-
cessing integral/plenoptic images from independent sources.
The numerical comparison became possible between the
planes andwithin each plane (because thewavelet coefficients
are normalized by definition, and because the integral image
itself is used in the normalized form). Integral, multiview,
plenoptic (light-field) images with the square grid of cells can
be processed. Colour images can be processed as well. The

proposed technique can be efficiently used in 3D imaging for
the depth extraction and the shape reconstruction without
regard to the colour/texture.

Data Availability

The plenoptic/integral image data used to support the find-
ings of this study were obtained from two sources. Namely,
two of four images we used in the examples are available
for free on the website “http://www.tgeorgiev.net/” by Dr. T.
Georgiev [26]; the other two images were kindly supplied by
Prof. B. Lee upon our personal request.
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A dual-wavelength digital holographic microscopy with premagnification is proposed to obtain the object surface measurements
over the large gradient. The quantitative phase images of specimens are captured in high precision by the processing of filtering
and phase compensation. The phase images are acquired without phase unwrapping, which is necessary in traditional digital
holographic microscopy; thereby the proposed system can greatly increase the speed of reconstruction. The results of numerical
simulation and optical experiments demonstrated that the reconstructed speed increased by 37.9 times, and the relative error of
measurement is 4% compared with the traditional holographic microscopy system. It means that the proposed system can directly
acquire the higher quality quantitative phase distribution for specimens.

1. Introduction

Digital holographic microscopy (DHM) is a powerful tech-
nology for the measurement of microscopic samples by
recording and reconstructing the amplitude and phase of the
wave. The dual-wavelength digital holographic microscopy
uses two different wavelength lasers to simultaneously record
the hologram and numerically reconstruct the phase infor-
mation according to phase distribution under two wave-
lengths. As early as 1998, a new method for the extraction of
quantitative phase imaging by using partially coherent illu-
mination and an ordinary transmission microscope was pro-
posed by A. Barty et al., which can recover a phase even in the
presence of amplitudemodulation [1]. A solution for absolute
phase measurements was presented by Cuche Etienne et al.
[2]. They introduced digital reference wave and phase mask,
which were applied in phase-contrast imaging and opti-
cal meteorology. This property of holograms offers phase-
contrast techniques, which can be used in quantitative 3D
imaging.The compensation of the inherent wave front curva-
ture by subtracting the reference hologram inDHM for quan-
titative phase-contrast imaging is introduced by Ferraro,
Pietro, et al. [3].This simple method can be implemented effi-
ciently under the ideal experimental conditions. The dual-
wavelength phase-shifting digital holography that selectively

extracts wavelength information fromfive wavelength-multi-
plexed holograms is presented by Tahara,Tatsuki, et al. [4].The
color hyperchaotic image encryption method by the DHM
and CA encoding algorithm is proposed by Sichuan Uni-
versity, which has great security and robustness [5, 6]. It
is an important application about digital holography. The
enhanced quantitative three-dimensional measurement sys-
tem is introduced by JaeYong Lee. It can simplify the con-
figuration by a dual-peak quantum dot wavelength converter
and a blue LED [7]. There are great researches for reducing
speckle noise and increasing the speed of reconstruction [8–
10]. We have successfully achieved the near real-time three-
dimensional surface measurement by digital holography [11,
12].

If the optical path difference is less than the equivalent
wavelength, the real phase distribution of object can be
directly obtained without phase unwrapping by the dual-
wavelength digital holographic interferometry. If the optical
path difference is greater than the equivalent wavelength,
the phase unwrapping process will be simplified by dual-
wavelength digital holographic interferometry. The noise
immunity and the scope of phase unwrapping algorithms
will be improved and expanded, respectively [13–15]. C. J.
Mann obtained themeasurement results of the surface height
over several microns of range by three-wavelength digital
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holography [16]. The optical path length can be converted to
physical thickness, and the sample height information will be
provided.The dual-wavelength DHM imaging experiment of
a stepped phase plate and the smoke particles were conducted
by P. Song et al. [17]. M.K. Kim et al. successfully achieved
three-dimensional imaging of resolution plates and cancer
cells using dual-wavelength DHM [18]. A phase-imaging
technique to quantitatively study the three-dimensional
structure of cells by simultaneous dual-wavelength reflection
digital holography was presented by A. Khmaladze et al. [19].
It proves that the dual-wavelength DHMallows a faster imag-
ing, which does not rely on the surrounding pixels to correct
the phase discontinuities, but simply compares two single-
wavelength phases. Dual-wavelength DHM has been widely
applied in the fields of surface topography measurement
[20–22], cell imaging [23, 24], 3D particle imaging [25, 26],
transparentmediumphysical quantitymeasurement [27–29],
and so on. Due to the limitation of the dual-wavelengthDHM
technique, more noise will be introduced with the increase
in synthesis wavelength and the expanding of the sample
range. The accuracy of measurement decreased as the noise
increased. The setup of dual-wavelength DHM consists of
two laser machines, which makes it difficult to ensure the
concentricity of two laser beams in an optical assembly. All
the above have the adverse effects on obtaining high precision
phase information.

A system of dual-wavelength DHM with premagnifica-
tion, which can directly and accurately obtain quantitative
phase images, is presented. The principle of surface topogra-
phy measurement and phase unwrapping method based on
dual wavelength digital holography is introduced. The effec-
tiveness of the system is verified by computer simulations
and optical experiments using the 1951 USAF target and the
standard groove object. Compared with the traditional single
wavelength DHM, the system can not only obtain the phase
information without phase unwrapping, but also get the low
noise and high precision quantitative phase images.

2. Experimental Principle

2.1. Principle. In dual-wavelength digital holographic micro-
scopy, two laser beams in different wavelengths from sepa-
rated laser sources are coupled into one beam, and the optical
assemblies are shown in Figure 1.The two lasers were used as
coherent light sources. Both beams are collimated by spatial
filter. Beam splitters (BS1) divide the beams into the reference
and the object arms. The object beam passes through the
sample and microscope objective. There are different tilts
in orthogonal directions for reference waves of two lasers,
which allows us to capture both wavelengths simultaneously.
Then the interference pattern between the reference waves
and object wave is recorded by a CCD camera.

The dual-wavelength composite digital hologram will be
acquired on the CCD, and the interference pattern can be
expressed as

𝐼
𝐻
(𝑥, 𝑦) = 𝑂12 + 𝑅12 + 𝑂22 + 𝑅22 + 𝑅1∗𝑂1

+ 𝑅1𝑂1∗ + 𝑅2∗𝑂2 + 𝑅2𝑂2∗ (1)

where 𝐼
𝐻
is the intensity of the composite digital holo-

gram, 𝑥, 𝑦 are the coordinates of the holographic plane, ∗ is
the complex conjugate, 𝑂

1
, 𝑂
2
are object beams, and 𝑅

1
, 𝑅
2

are reference beams.
The interferometric phase can be extracted by the spatial

filtering method and shifted to the center position to perform
the Fourier transform.The complex amplitude distribution of
the reproducing light field can be obtained as follows:

𝑂
𝑖
(𝑥, 𝑦) = 𝑅

𝑖
(𝑥, 𝑦) [𝑅

𝑖

∗ (𝑥, 𝑦)𝑂
𝑖
(𝑥, 𝑦)] 𝑖 = 1, 2 (2)

The intensity and the wavefront phase distribution of
optical field can be calculated according to the following ex-
pressions:

𝐼
𝑖
(𝑥, 𝑦) = 𝑂

𝑖
(𝑥, 𝑦)𝑅

𝑖

∗ (𝑥, 𝑦) (3)

Φ
𝑖
(𝑥, 𝑦) = arctan [ Im𝑂

𝑖
(𝑥, 𝑦)

Re𝑂
𝑖
(𝑥, 𝑦) ] (4)

In order to overcome the issue of phase ambiguity pro-
duced by single wavelength approach, a synthetic beat-wave-
length is used and expressed as follows:

Φ = Φ
1
(𝑥, 𝑦) − Φ

2
(𝑥, 𝑦) = 2𝜋𝑛ℎ𝜆

1

− 2𝜋𝑛ℎ𝜆
2

= 2𝜋𝑛ℎΛ (5)

where ℎ is the height distribution of the specimens,
which means the optical path difference of the twice of the
topography for reflection scheme. 𝑛ℎ is the optical path differ-
ence of the homogeneous sample in the air.Λ is the equivalent
wavelength defined as follows:

Λ = 𝜆
1
𝜆
2𝜆1 − 𝜆2 (6)

If the optical path difference is less than the equivalent
wavelength, the real phase of specimens can be directly ob-
tained without unwrapping. Otherwise, the phase distribu-
tion is wrapped between −𝜋 and +𝜋. In this case, the package
phase difference is compensated to obtain its equivalent
phase.

Φ{{{
Φ
1
(𝑥, 𝑦) − Φ

2
(𝑥, 𝑦) Φ > 0

Φ
1
(𝑥, 𝑦) − Φ

2
(𝑥, 𝑦) + 2𝜋 Φ < 0 (7)

In summary, the dual-wavelength digital holographic mi-
croscopy tomeasure the large gradient of specimens can solve
the problem of phase unwrapping with single-wavelength di-
gital holographic microscopy. As the range of measurement
increases, the noise of the phase distribution in the single-
wavelength digital holographic microscope also increases.
Therefore, the reasonable choice of wavelength and themeth-
od of noise reduction are key points in the dual-wavelength
holographic microscopy.

3. Experimental Results

3.1. Experimental Setup. The experiments were conducted in
a DHM developed by our team. The schematic diagram and
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Figure 1: The schematic diagram of dual-wavelength digital holographic microscopy. SF, spatial filter; M, mirrors; BS, beam splitters; S,
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Figure 2: (a) The schematic diagram of the dual-wavelength DHM system. SF, spatial filter; BS, beam splitters; M, mirrors; ND, neutral
density; DS, displacement stage; S, sample; MO, microscope objective; ATT, adjustable tilting stage; BO, beam obstacle. (b) Real picture of
DHM.

the setup are shown in Figure 2, where 𝜆
1
= 632.8 𝑛𝑚 and𝜆

2
= 532 𝑛𝑚, the equivalent wavelength, Λ = 3.34 𝜇𝑚. The

beams emitted by the two lasers pass through the beam
expanders and collimation systems (SF), the mirror and the
cube beam splitting prism (BS). Then the beam is divided
into two beams by beam splitter; one is object wave, and the
other is the reference wave. In the premagnification optical
path, the object wave, which is reflected by mirror, passes
through the microscope objective (MO, 10×,NA = 0.25 ) and
the sample. On the other hand, the reference wave passes
through beamobstacle and neutral density. It should be noted
that beam obstacle is turned on so that the optical path is
the one of off-axis digital holography (in this experiment,
the beam obstacle is turned on); otherwise, it will become
in-line digital holography. The two beams are combined by
the cube splitting prism. Finally, the interference hologram
is recorded by CCD (SENTECH STC-SBS241POE; the pixel
area is 1296𝑝𝑖𝑥𝑒𝑙×966𝑝𝑖𝑥𝑒𝑙 ). It is worth noting that the dual-
wavelength preamplification digital holographic microscopy
systems with large numerical aperture microscope objectives

can acquire more sample information, which can be com-
pressed to amplify the CCD acceptable sampling frequency
[30].

3.2. Numerical Simulation. In order to illustrate that the
phase image of sample whose optical path difference is less
than the equivalent wavelength can be obtained directly and
quickly by dual-wavelength DHM; a numerical simulation
experiment is carried out. The computer-generated cone is
a phase object with a maximum phase height of 2.5𝜇𝑚. The
simulation parameters of cone are as follows: 𝜆

1
= 632.8 𝑛𝑚,𝜆

2
= 532𝑛𝑚, in which each single wavelength is less than the

optical path difference. According to (6), the equivalentwave-
length is 3.34𝜇𝑚, which means that the dual-wavelength
phase unwrapping will obtain a continuous phase distribu-
tion. Based on the designed height, the wrapping phase dis-
tribution of single-wavelength and the phase distribution of
equivalent wavelength are shown in Figure 3, respectively.

To demonstrate the advantages and compare the unwrap-
ping speed of the dual-wavelength DHM and traditional
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Figure 3: Simulation results for slope: (a) phase distribution for 632.8 𝑛𝑚, (b) phase distribution for 532 𝑛𝑚, (c) phase distribution for
equivalent wavelength, and (d) 3D view of dual-wavelength phase distribution.
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Figure 4: 3D view of dual-wavelength phase distribution.

single-wavelength DHM, a 632.8 𝑛𝑚 wrapped phase image
is chosen to obtain the final height distribution by unwrap-
ping procedure, which is named the quality-guided phase
unwrapping algorithm. And the results for 632.8 𝑛𝑚 through
the quality-guided phase unwrapping algorithm [31, 32] are
shown in Figure 4.

The height distributions of cone by dual-wavelength
DHM and quality-guided phase unwrapping method are
compared. And the results are shown in Table 1. The results
show that both of them can accurately obtain the height dis-
tribution of the cone, but in terms of time, the dual-wave-
length holographic microscopy in the system is faster. The
speed of reconstruction by the proposed system is 37.9 times
more than the value of the quality-guided phase unwrapping
method.

3.3. Optical Experiment

3.3.1. Quantitative Phase Imaging of USAF 1951 Target. Based
on the dual-wavelength phase imaging system, the surface of
an USAF 1951 target was measured. At the same time, the
target was also measured by the scanning three-dimensional
profiler (NanoMap 500LS, AEP Technology Inc., USA) and
the results showed that the height was about 0 ∼ 100𝑛𝑚.
Since the sample height is much smaller than the single-
wavelength, the phase distribution of the sample can be
obtained directly. Figures 5 and 6 present the measurement
results using traditional single-wavelength and dual-wave-
length, respectively.

In the reconstruction process, filtering and secondary
phase distortion compensation processing are performed

[33–35]. The hologram is spectrally separated by Fourier
transform.Themicroscope objective lenswill introduce a sec-
ondary phase distortion factor in the system. In order to
obtain the real phase, two holograms are recorded, which are
the reference holograms for the background of the hologram
and the hologram of measured sample. The real phase can
be obtained by subtracting the two reconstruction phases of
hologram.

The comparison of the height distribution curve along the
middle symmetrical line of phase with different wavelength
(in Figures 5(a), 5(b), and 6(a)) is shown in Figure 7. The
height distribution along the middle symmetrical line of
sample was scanned by NanoMap 500LS and its absolute
height wasmeasured to be 54 nm.The average absolute height
and the relative error between the measurement result and
scanning result using three measurement methods are shown
in Table 2.

Table 2 shows that the result of the equivalent wavelength
is much closer to scanning value. From the experimental
results, it can be seen that both the traditional DHM and the
dual-wavelength DHM can obtain the phase distribution
of the object surface. It is not hard to see that the system
of dual-wavelength DHM can accurately obtain the three-
dimensional morphology distribution of the object surface.
The results prove that themeasurement accuracy and stability
of the proposed system are better than the traditional single
wavelength.

3.3.2. Quantitative Phase Imaging of Groove. The transparent
groove standard plate, which is artificially designed, was used
as an experimental sample to measure its three-dimensional
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Table 1: Comparison of two methods.

Method Maximum phase (𝜇𝑚) Time (𝑠)
Quality-guided phase unwrapping 2.5749 716.61
Dual-wavelength DHM (in the system) 2.5971 18.93
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Figure 5: Experimental results with single wavelength measurement. (a) Phase image for 632.8 𝑛𝑚, (b) height distribution for 632.8 𝑛𝑚, (c)
phase image for 532 𝑛𝑚, and (d) height distribution for 532 𝑛𝑚.
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Figure 6: Experimental results for equivalent wavelength. (a) Phase image for equivalent wavelength, (b) 3D view of dual-wavelength height
distribution.

Table 2: The comparison of the height distributions.

Wavelength( nm) Absolute height
( nm)

Relative error (compared with
the scanned value)

Variance

632.8 61.8 14.4% 1.925×10−4
532 99.3 83.8% 3.188×10−4
equivalent wavelength 47.5 13.8% 1.504×10−5
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Figure 8: Experimental results with single wavelength measurement. (a) Phase image for 632.8 𝑛𝑚, (b) phase image for 532 𝑛𝑚.
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Figure 9: Results for equivalent wavelength. (a) Phase distribution, (b) three-dimensional height distribution.

appearance. The width of groove is 1 𝑚𝑚 and the depth is9 𝜇𝑚. Figure 8(a) shows the phase distribution measured by
wavelength, 632.8 𝑛𝑚. Figure 8(b) shows the phase distribu-
tion measured by wavelength, 532 𝑛𝑚. It is clear to see that
there is phase folding in the phase distribution at each sin-
gle wavelength. The phase distribution measured by the dual
wavelength interference is shown in Figure 9.

The height distribution of the middle symmetrical line of
the groove (Figure 9(a)) is obtained by the median filtering,
which is shown in Figure 10. According to the formula of the
surface profile distribution and phase distribution (in (5)),

the height difference between the base and the bottom of the
groove 𝑏 = 0.936 𝜇𝑚. The relative error between the actual
groove height and experimental result is 4%,which is in good
agreement with the theoretical values.

4. Conclusions

In order to solve the quantitative phase imaging problem
of traditional digital holographic microscopy system for the
large gradient of object surface, a dual-wavelength pream-
plification digital holographic microscopy optical system is
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proposed. The numerical simulation and experiments are
carried out and the effectiveness of the system is verified. The
experimental results of the sample phase imaging of the tra-
ditional DHM and dual-wavelength preamplification DHM
system are compared. The results show that the experimen-
tal system can effectively overcome the limitations of the
single-wavelength method in the imaging of complex surface
objects, increase the observation speed, and simplify the re-
construction process, which further validates the effective-
ness of the experimental system for quantitative phase imag-
ing.
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The ability to reliably measure the depth of the object surface is very important in a range of high-value industries. With the
development of 3D vision techniques, RGB-D cameras have been widely used to perform the 6D pose estimation of target objects
for a robotic manipulator. Many applications require accurate shapemeasurements of the objects for 3D templatematching. In this
work, we develop an RGB-D camera based on the structured light technique with gray-code coding. The intrinsic and extrinsic
parameters of the camera system are determined by a calibration process. 3D reconstruction of the object surface is based on the
ray triangulation principle. We construct an RGB-D sensing system with an industrial camera and a digital light projector. In the
experiments, real-world objects are used to test the feasibility of the proposed technique. The evaluation carried out using planar
objects has demonstrated the accuracy of our RGB-D depth measurement system.

1. Introduction

In recent years, 3D imaging has received a great value
in industrial and consumer applications. Machine vision
systems developed with 3D imaging allow faster and more
accurate measurement of components at manufacturing
whereabouts. Nowadays, RGB-D cameras, such as Microsoft
Kinect and Asus Xtion, are very popular due to the ability to
provide the depth information directly. However, they have
the limitation on accuracy and thus are not suitable for the
applications that require accurate shape measurements [1–3].
As a result, the development of real-time RGB-D cameras still
receives much attention from researchers and practitioners.
The objective is to provide highly accurate RGB-D sensing
techniques with more effective implementation approaches
in terms of the density of acquired point clouds, time
consumption, working environment, noise level, etc.

3D reconstruction based on the structured light tech-
nique has been investigated in the past few decades due
to its popularity in the manufacturing applications. Struc-
tured light systems are suitable solutions for structured light

scanning, 3D reconstruction, and 3D sensing with accurate
shape measurements [4, 5]. Structured light refers to the
process of projecting predesigned known patterns on the
scene and capturing the images to calculate the depth for
3D surface reconstruction. It is an important contribution to
the development of 3D measurement systems. The patterns
projected on the scene can be generated by a projector or
other devices [6], and the relationship between the light
source and the camera is a crucial factor. The accuracy of 3D
reconstruction depends on the correctness of the calibration,
which provides the relative pose between the camera and the
light source projector.

In recent literature, several works presented the struc-
tured light systems for 3D reconstruction and proposed
different approaches to deal with the related problems [7–
10]. Scharstein et al. [11] proposed a method for acquiring
high-complexity stereo image pairswith pixel-accurate corre-
spondence informationusing structured light. Someprevious
works such as [12–15] described various methods to perform
3D reconstruction and obtained some satisfactory results.
However, those techniques require to use precalibrated
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Figure 1: The overview of our RGB-D camera system with the structured light technique. The encoding pattern is a gray-code pattern. The
acquisition is the images captured by the camera for each pattern in the sequence. The decoding is a coded map.

cameras to find the 3D world coordinates of the projected
pattern. Thus, they highly depend on the accuracy of camera
calibration and may transfer the error to the projector
calibration. In [16], Huang and Tang described a method
to perform fast 3D reconstruction using one-shot spatial
structured light. Although the method can provide relatively
accurate results, the evaluation and analysis were not carried
out comprehensively. Some restrictions are also shown in
their experiments when performing the tests on complex
object surfaces. Cui and Dai [17] proposed a simple and
efficient 3D reconstruction algorithm using structured light
from 3D computer vision. However, their approach has
some limitations on measuring inclined objects, and the 3D
information cannot be recovered for the shadow areas.

In this work, we develop an RGB-D camera system based
on the structured light technique. A system flowchart is
shown in Figure 1.The encodingmethod is based on the gray-
code coding [5], and the 3D reconstruction is achieved by the
ray triangulation principle with the estimation of intersection
points.The accuracy and density of the obtained point clouds
are both high, and therefore it is suitable for the applications
such as accurate shapemeasurements, 3D object recognition,
and pose estimation for robotic manipulation.

This article is organized as follows: Section 2 presents
a general overview of the structured light system and an
accurate calibration method to derive the parameters of the
camera-projector system. Section 3 contributes a method to
create encoded patterns and decode the captured images
from the camera and presents a ray triangulation principle
for 3D computation by point intersection. Section 4 provides
some experimental results, including the experimental setup,
results with several different objects, and the evaluation of the
accuracy of the object reconstruction. Finally, Section 5 gives
the conclusion.

2. Background

2.1. Structured Light Technique. Currently, the development
of structured light systems is in high demand. The struc-
tured light technique is based on the principle described in
Figure 2. In general, the process of a structured light system
can be divided into three basic steps:

(i) Encoding. The encoding of the information into a
sequence of patterns is performed in the temporal
domain. A sequence of structured light patterns

Encoding Acquisition Decoding

Figure 2: The overview of three basic steps in the process of a
structured light system [1].

depends on the number of required patterns, param-
eters of the system, and the resolution of the projector
and the camera.

(ii) Acquisition.The sequence of patterns is projected on
the scene by a data projector, and a camera is used to
continuously capture the images.

(iii) Decoding. The captured pattern-coded images are
processed with the recognition of projected patterns
to find the corresponding points associated with the
projector and the camera.

In the implementation, there might be some additional
steps depending on the solution of the system designer.
It often follows a procedure to create range images, point
clouds, or mesh models and possibly integrates several
decoded coordinate maps, calibration, and triangulation
principle. The calibration is to determine the intrinsic and
extrinsic parameters of the camera and the projector, and
the reconstruction is usually based on the ray triangulation
principle by computing the intersection point.

2.2. Calibration. Calibration is an important issue which
greatly affects the accuracy of the results [18]. In the proposed
technique, firstly, we find the parameters of the system using
the calibration method by Moreno and Taubin [6]. It is
a simple and accurate method to calibrate the projector
and camera systems. In this method, the projected corner
locations are estimated with subpixel precision using local
homographies to each corner in the images as illustrated in
Figure 3. It includes three main steps as follows:

(i) The camera calibration step to determine the intrin-
sic parameters of the camera. Camera calibration
includes collecting a sequence of images of a planar
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Figure 3: An illustration of the structured light system calibration.
The captured image was selected in a set of the calibrated images,
which are the projector project the patterns on the checkerboard
and captured by the camera. The projected image is estimated with
subpixel precision using local homographies to each corner in the
captured images [1].

checkerboard pattern. The intrinsic camera calibra-
tion is derived by estimating the parameters using
the perspective camera model [19]. We find the
coordinates in the camera image plane for all of the
checkerboard corners captured with different pat-
tern orientations. We use OpenCV’s findChessboard-
Corners() function [20] to automatically find the
checkerboard corner locations. They are then refined
to approach the subpixel accuracy. Finally, OpenCV’s
calibrateCamera() function is used to derive the
calibrated camera parameters.

(ii) The projector calibration step is to determine the
intrinsic parameters of the projector. The mathemat-
ical model of our projector can be described the
same as the camera. But the projector cannot capture
the images from its viewpoint to find checkerboard
corners. In this situation, we know a relation between
the projector and image pixels extracted from the
structured light sequences. Thus, we can estimate the
checkerboard corner locations in the projector pixel
coordinates based on a local homography [6] as an
illustration in Figure 3.

(iii) The stereo system calibration step is to derive the
extrinsic parameters of the system, which consist of
the rotation matrix and the translation vector. We
use OpenCV’s stereoCalibrate() function with the
previously found checkerboard corner coordinates
and their projections. The stereo parameters are a
rotation matrix R and a translation vector T relating
the projector-camera pair.

3. RGB-D Sensing Based Using
Structured Light

3.1. Encoding and Decoding Patterns. The gray-code pattern
[4] is a sequence of images with black and white stripes
created for encoding the scene from the camera viewpoint.

Figure 4:The gray-code patterns for the RGB-D camera used by the
structure light technique [1].

Object

Projected
over time

Pattern 03

Pattern 02

Pattern 01

Camera and
Projector

· · ·

Figure 5: The acquisition of the projected patterns on an object.
The gray-code pattern is projected by the projector and the scene
is captured by the camera [1].

The pattern sequence has two types, one is the horizontal
stripe and the other is the vertical stripe, as illustrated in
Figure 4. All patterns are projected to a scene or an object
as shown in Figure 5. The horizontal patterns consist of 10
pattern images which represent 10-bit values for each pixel.
The first pattern is half black and half white, which represents
the most significant bit, and the rest patterns are the images
that switch between black and white in the columns. After
combining all of the 10 horizontal patterns into one image,
each column has the same 10 bits with the columns in the
same image.

Structured light encoding depends on the resolution of
the projector. The information is encoded into a sequence
of patterns performed in the temporal domain. Commonly
used approaches include gray-code coding and binary-code
coding. Gray codes can be calculated by first computing the
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Figure 6: The intersection point of two rays from the pixels in the
camera and projector coordinates [1].

binary representation of a number and then converting it
using the following process: copy the most significant bit as
it is, and replace the remaining bits (taking one bit at a time)
with the result of an XOR operation of the current bit, with
the previous bit of higher significance in the binary form.

For the binary-code coding, only two illumination levels
are used and encoded as 0 and 1. The gray-code coding is
an alternative to the binary representation, with only one bit
change at a time between any two adjacent numbers. If there is
an error reading on any changed bit, the valuewill never be off
bymore than one unit. In our system, we use a projector with
the resolution of 1024 × 768 and decode the pattern with 10
bits (210 = 1024 and 210 −offset = 768), where the number of
vertical patterns is ⌈log(1024)/log(2.0)⌉ = 10 and the number
of horizontal patterns is ⌈log(768)/log(2.0)⌉ = 10.

The camera captures the images of the projected patterns,
and the coding step is to decode each pixel in the captured
images into their corresponding decimal number presenting
the column and row. It will be used to create a coded map
as shown in Figure 1, which presents the corresponding point
between the projector and the camera.

3.2. 3D Reconstruction. With a robust projector-camera cal-
ibration step, we define the location and orientation of the
camera and projector with respect to the world coordinate
frame. In the pattern encoding and decoding step, we deter-
mine one pixel in image 𝐼𝑐 and its corresponding pixel in
image 𝐼𝑝. Our reconstruction is based on the ray triangulation
principle by the estimation of intersection points [4]. In order
to compute the direction vector, two points in a ray are
needed. The first point is the camera’s center of projection,
which is determined based on the extrinsic parameters of
the structured light system. The second point is the point
corresponding to the pixel fromwhich the ray passes through.
One ray passes through 𝑂𝑐 and 𝑝𝑐 of the left image (𝐼𝑐), and
the other ray passes through𝑂𝑝 and𝑝𝑝 of the right image (𝐼𝑝),
as shown in Figure 6. Here, 𝑂 is the origin of the system and
𝑝 is a pixel in the image.The 3D point cloud is obtained from

the intersection point 𝑃, which is a midpoint of the shortest
segment between the rays.

To estimate the intersection point, we consider two rays
𝑀 and𝑁 in 3D space passing through points 𝑝𝑐 and 𝑝𝑝 with
direction vectors →𝑥 and →𝑦 , respectively. Let the two closest
points on the lines be𝑚 and 𝑛, as defined in (1) and (2), where
𝑔 and 𝑘 are scalar values.

𝑚 = 𝑝𝑐 + 𝑔
→𝑥 (1)

𝑛 = 𝑝𝑝 + 𝑘
→𝑦 (2)

The𝑚𝑛 segment connecting rays𝑀 and𝑁 is perpendic-
ular to the rays, and therefore the dot product of the vectors
is equal to 0 as follows:

(𝑚 − 𝑛)→𝑥 = 0 (3)

(𝑚 − 𝑛)→𝑦 = 0 (4)

With (1) and (2), (3) and (4) are represented by

→𝑟 ⋅ →𝑥 + 𝑔→𝑥 ⋅ →𝑥 − 𝑘→𝑦 ⋅ →𝑥 = 0 (5)

→𝑟 ⋅ →𝑦 + 𝑔→𝑦 ⋅ →𝑥 − 𝑘→𝑦 ⋅ →𝑦 = 0 (6)

where
→𝑟 = 𝑝𝑐 − 𝑝𝑝 (7)

From (5) and (6), the scalar values are calculated by

𝑔 =
(→𝑟 ⋅ →𝑥) (→𝑦 ⋅ →𝑦) − (→𝑦 ⋅ →𝑥) (→𝑟 ⋅ →𝑦)

(→𝑦 ⋅ →𝑥) (→𝑦 ⋅ →𝑥) − (→𝑦 ⋅ →𝑦) (→𝑥 ⋅ →𝑥)
(8)

𝑘 =
(→𝑦 ⋅ →𝑥) (→𝑟 ⋅ →𝑥) − (→𝑥 ⋅ →𝑥) (→𝑟 ⋅ →𝑦)

(→𝑦 ⋅ →𝑥) (→𝑦 ⋅ →𝑥) − (→𝑦 ⋅ →𝑦) (→𝑥 ⋅ →𝑥)
(9)

The midpoint of the shortest segment are then estimated by

𝑃 =
𝑝𝑐 + 𝑔
→𝑥 + 𝑝𝑝 + 𝑘

→𝑦
2

(10)

4. Experiments

In the structured light system, the quality of the captured
images is important for obtaining a good pattern database
to perform the calibration, decoding, and reconstruction.
Hence, the resolution of the camera is usually higher than
the resolution of the projector. Then, the projection field of
view is adjusted inside the field of view of the camera. In the
experiments, we use a Flea3 FL3-U3-32S2C from Point Grey
Research with the image resolution of 2080 × 1552.The digital
light projector is a DLP Light Crafter 4500 projector from
Texas Instrument with the resolution of 1024 × 678. Their
focus length, resolution, zoom, and direction were selected
prior to calibration accordingly to the target of the system. All
devices are connected to a host computer. After the system is
calibrated, part of the system cannot be moved. We have to
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(a) 3D image of the font view (b) 3D image of the upper view

Figure 7: 3D reconstruction result with some objects (a lego box, three plastic pipes, and a big box), these objects are low reflecting light.

(a) 3D image of the font view (b) 3D image of the upper view

Figure 8: 3D reconstruction result with multiple objects (a cup, bottle, small box, lego box, and some plastic pipes), the bottle and cup are
with high reflecting light.

keep the distance and orientation between the projector and
the cameras intact; otherwise it will be essential to perform a
recalibration.

The settings of the camera and projector should be
adapted according to the lighting in the scene. Other lighting
sources projected directly in the scene should be rejected. If
not, the calibrated and reconstructed results will be affected.
The system was calibrated with 12 sets of acquired projected
checkerboard patterns. An acquisition set includes the images
captured by the camera for each pattern in the sequence.
After the system is calibrated as exposited in Section 2.2, the
calibration result is stored in a .yml file.

For reconstruction, our system includes three main steps.
Firstly, our system loads the calibration parameters and
projects one acquisition set of patterns on objects. Secondly,
decoding the captured pattern-coded images provides a
coded map to store the corresponding points between the
projector and the camera. Finally, with calibrated parameters
and the coded map, we apply the ray triangulation principle
to get the 3D point that will be rendered simultaneously
with one color image to create an XYZRGB point cloud. In
Figures 7 and 8, we present the 3D reconstruction results
of several objects. The results successfully measure objects
with reflecting light for some of the projected colors. After

performing the reconstruction, the 3D information of the
reconstructed objects is saved in a .txt file.

The evaluation of the proposed technique is performed
bymeasuring the dimension of a reconstructed checkerboard
pattern and its corner points. The checkerboard has the
dimension of 399 × 285𝑚𝑚2 and each small square has the
size of 28.5 × 28.5𝑚𝑚2 as demonstrated in Figure 9. After
performing the 3D reconstruction for this checkerboard, we
can use 3ds Max Design or Meshlab software to examine, as
shown in Figure 10. A distance measurement tool is used to
measure the dimension of the checkerboard. The accuracy is
presented in Table 1, with the errors of the corner points.This
table reports that our system can measure the objects with
high accuracy. Compared with the algorithms proposed by
Moreno et al. [6] with Max. error of 0.8546(%). They use a
method to estimate the image coordinates of 3D points in the
projector image plane and perform the calibration on both
projector and camera.WithMax. error of 0.1240(%), our pro-
posed method provides the better 3D reconstruction results.

5. Conclusion

In this work, we have developed an RGB-D camera system
based on the structured light technique. It contains a camera
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Table 1: Measuring the accuracy of a reconstructed checkerboard (CB) as shown in Figure 10.

Name Real CB (mm) Reconstructed CB (mm) Error (%)
Width of top checkerboard (AB) 399.000 399.382 0.0957
Width of bottom checkerboard (CD) 399.000 399.495 0.1240
Height of left checkerboard (AC) 285.000 284.746 0.0891
Height of right checkerboard (BD) 285.000 285.298 0.1045
Max. error 0.1240

Figure 9: The real dimension of each small square has the size of
28.5 × 28.5𝑚𝑚2 in the checkerboard reconstructed as shown in
Figure 10.

Figure 10: The 3D reconstruction of a checkerboard shown with
Meshlab software. We used a measuring tool of the Meshlab to
measure it.

and a projector to perform accurate shape measurements
with high-density point cloud outputs. 3D reconstruction
with multiple objects and performance evaluation of the
system are carried out in the real-world environment. Our
method has high accuracy as presented in the experimental
results. In the experiment, we tested the system with different
objects to check the surface of reconstruction and accuracy
evaluation. The results have demonstrated that the proposed
technique is feasible for dense 3Dmeasurement applications.
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Under the scalar paraxial approximation, an optical wavefield is considered to be complex function dependent on position; i.e.,
at a given location in space the optical field is a complex value with an intensity and phase. The optical wavefield propagates
through space and can be modeled using the Fresnel transform. Lenses, apertures, and other optical elements can be used to
control and manipulate the wavefield and to perform different types of signal processing operations. Often these optical systems
are described theoretically in terms of linear systems theory leading to a commonly used Fourier optics framework. This is the
theoretical framework that we will assume in this manuscript. The problem which we consider is how to recover the phase of an
optical wavefield over a plane in space. While today it is relatively straightforward to measure the intensity of the optical wavefield
over a plane using CMOS or CCD sensors, recovering the phase information is more complicated. Here we specifically examine
a variant of the problem of phase retrieval using two intensity measurements. The intensity of the optical wavefield is recorded in
both the image plane and the Fourier plane. To make the analysis simpler, we make a series of important theoretical assumptions
and describe how in principle the phase information can be recovered.Then, a deterministic but iterative algorithm is derived and
we examine the characteristics and properties of this algorithm. Finally, we examine some of the theoretical assumptions we have
made and how valid these assumptions are in practice. We then conclude with a brief discussion of the results.

1. Introduction

Visible light is an electromagnetic field with a wavelength that
ranges roughly from ultraviolet (300 nm) to infrared (800
nm). An electromagnetic field is vectorial in naturewith three
electric and magnetic orthogonal field components. When
designing amicrowave radio receiver (long wave wavelengths
relative to visible light) onemust consider how these different
magnetic and electric field components interact with each
other and with conducting strips of metal and dielectric
substrates that are used for impedance matching, mixing,
and waveguiding. The resulting equations (that follow from
Maxwell’s equations) are quite complex and require intensive
numerical calculation procedures since the different vectorial
components of the EM field interact with each other forming
coupled vectorial equations [1].

Fortunately when examining optical problems in the
visible regime it is often possible to make the scalar approx-
imation. This means that we can assume that the different

vectorial components of the optical wavefield do not “see”
each other and hence each vectorial component can be
treated independently as a separate scalar problem. This
approximation is very useful and quite accurate and can be
used to analyze a wide range of important and practical
optical problems.

Therefore in this manuscript we assume that a scalar
description of light propagation is valid and use the Fresnel
transform to relate an optical field in one plane to that in
another plane, where the optical planes are separated from
each other by an axial distance 𝑧. The light sources used
are assumed to be of a definite monochromatic temporal
frequency and are both temporally and spatially coherent
[2, 3]. Optical elements used to shape the form of the illumi-
nating wavefield are assumed to be “thin” and operate on an
incident optical field, multiplying it by a function describing
the optical element over a plane [4].The assumptions we have
described place us in a Fourier optics framework [4]. Fourier
optics is an important branch of optical theory since it allows
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the development of relatively simple and intuitive models of
optical systems.Thesemodels provide significant insight into
the characteristics of the underlying optical systems and are
also reasonably accurate. Furthermore Fourier optics builds
important bridges between disciplines in particular allowing
optical systems to be interpreted in terms of signal processing
operations that are commonly used in electrical engineering,
communication theory, and control engineering [4–9]. This
type of viewpoint can be extended still further with the devel-
opment of mixed space/time transforms or mixed space/
spatial frequency transforms such as the fractional Fourier
transform [10], the Linear Canonical Transform (LCT), and
perhaps even more generally the form ofWigner distribution
functions [11–17].

We note that in this theoretical framework if we know the
intensity and phase of the optical field in a give optical plane,
it is then possible to calculate (numerically or under certain
circumstances analytically) the field distribution in any other
plane using the LCT [18, 19] and hence we can image over a
3D volume, with varying levels of spatial resolution [19].

In a practical sense then it is important to be able to mea-
sure experimentally both the intensity and the phase of an
optical wavefield in a given plane. Nowadays high quality low
noise CCD and CMOS sensors are commercially available
and widely used.With these devices it is relatively straightfor-
ward tomeasure the intensity of an optical field in a particular
plane. We will now briefly discuss several techniques for
indirectly measuring the phase distribution of the field.

1.1. Digital Holography. Digital holography (DH) was first
proposed by Gabor himself in [20–22] and the first exper-
imental implementation was done by Goodman et al. in
[23]; later pioneering work was done by Yaroslawski, [24],
Onural and Scott [25], and Schnars and Jüptner [26]. More
recent theoretical and experimental analysis of these systems
is given [19, 27–36]. In holography we need both an object
wave and a so-called reference wave. Light from the laser
source in the optical setup is divided by a beam splitter into
a reference and illuminating plane waves. The illuminating
plane wave is directed by a mirror so that it illuminates
the object we wish to examine. The wavefront interacts with
a “thin” object and the resulting object wavefield scatters
and propagates a distance 𝑧 to the CCD/CMOS plane.
Meanwhile the reference wave is directed through the optical
system where it is recombined with the object wave at a
second beam splitter. Thus at the sensor plane we record
the interference between the reference and object wavefields
thereby recording a hologram. A drawback of this approach
is that the additional optics parts are required; a clean
stable reference beam is essential; and several undesired
“noise” terms, two DC terms and a twin image term, are
produced by the recording process. These terms can be
removed by capturing several phase shifted intensity images
and performing some postprocessing operations. Single shot
off-axis holography with a tilted plane reference wave is
possible; however the spatial resolution of the resulting real
image term (object wavefield) is significantly reduced. The
accuracy and limitations of this approach have already been
examined in several publications; see, for example, [33, 37].

1.2. Transport of Intensity. These approaches are quite differ-
ent in nature and require the capture of two separate intensity
distributions. Usually these distributions are captured in an
image plane and in a slightly defocused plane. Using the
so-called transport of intensity equation, see, for example,
[38, 39], it is possible to recover an estimate for the phase
distribution. There are several interesting aspects of the
reconstruction of the phase; firstly the reconstructed phase is
not wrapped over 2𝜋 and secondly with some reconstruction
approaches, namely, an FFT based approach to indefinite
integration, see [40], low frequencies can be more difficult to
recover.

1.3. Iterative Phase Retrieval. Finally we turn our attention to
iterative phase retrieval approaches. Here usually two ormore
intensity distributions are captured in different LCTdomains,
or in physical optics terms the intensity is captured in
several different optical planes. Often these different optical
planes are separated from each other by sections of free-
space and combinations of lenses, but also in the image and
corresponding Fourier transform planes. The origin of these
types of algorithms dates back to the iterative Gerschberg-
Saxton (GS) approach first published in the 70s and was
further developed Fienup et al. [41, 42].The initial algorithms
assumed that twomeasurements were made and the intensity
distribution was recorded in the image plane and in the
Fourier plane. Later algorithms extended these approaches to
work with multiple different Fresnel domains [43–47].

The image-Fourier plane (GS) algorithmworks as follows:
(1) One starts with an initial guess of the phase distribu-

tion in the image plane
(2) We then numerically calculate the Fourier transform

of this distribution and compare the calculated inten-
sity in the Fourier plane to the experimentally mea-
sured result. The calculated intensity distribution will
differ from the experimentally measured distribution
because our initial guess at the phase distribution will
not be correct

(3) At this stage we replace the incorrect numerically
calculated intensity distribution with the correct
experimentally measured intensity, while retaining
the phase values and numerically propagate the dis-
tribution back to the image plane

(4) We do not expect the calculated image intensity to
be the same as the measured intensity distribution.
Again we replace the numerically calculated distribu-
tion with the measured distribution

(5) Steps (2)-(4) are repeated until the algorithm con-
verges, i.e., when there is little difference between
the measured and calculated intensity distributions.
The similarity between themeasured and numerically
calculated distributions can be estimated with a root
mean square error measure [46].

In [41], Fienup directly compares the behavior of this algo-
rithm to gradient descent optimization approaches. The
behavior and properties of these algorithms have been of sig-
nificant interest in the field. It is generally said that for phase
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retrieval towork effectively one needs to have a good estimate
of the initial phase. When that is the case the algorithms
tend to converge to the nearest local minimum which in this
case would be one of the global minimums. And hence the
algorithm will return the real-physical phase distribution and
not a solution that merely satisfies the numerical constraints
of the problem but which has no physical meaning. In this
manuscript we will explore this question of multiple phase
solutions more closely, by examining a simplified version of
the phase retrieval problem. A major outstanding issue with
these iterative approaches is that algorithm often stagnates
in a local minimum yielding a poor estimate for the phase.
There is also the possibility that there are several different
solutions to this ill-posed problem, at least in the 1D case
[48].

In the iterative phase retrieval approach that we have
just been discussing the intensity distributions are captured
using CCD/CMOS arrays. And so in practice the intensity
distribution is only recorded over a finite spatial extent
and with a finite number of pixels which limits the spatial
resolution and also introduces numerical sampling effects
[37, 49]. The numerical procedures that are then used with
these 2D arrays of intensity values tend to rely on fast Fourier
transform (FFT) based algorithms for their implementation.
This requires developing the software and numerical tech-
niques for implementing these algorithms so that they are
sufficiently fast and so that other sampling rules and numer-
ical issues can be addressed [49]. This development, while
necessary, tends to concentrate attention on the software
implementation rather than on other physical andmathemat-
ical modeling aspects of the problem.

Therefore in this manuscript we deliberately take a dif-
ferent approach that emphasizes a theoretical analysis using a
relatively simplemodel. Similar to the iterative phase retrieval
approach we analyze how the phase may be estimated from
two intensity measurements: one made in the image plane
and one made in the Fourier plane. We do however make
an important simplification. We assume that we can measure
the intensity distribution in the Fourier plane over an infinite
extent and ignore any sampling or discretization process that
occurs due to the finite extent of the pixels in theCCD/CMOS
array. Furthermore we assume that the intensity distribution
in the image plane consists of a finite set of discrete point
sources. With these two simplifications we can derive an
analytical solution to the phase retrieval problem.

The manuscript is organized in the following manner:
In Section 2, we show, under assumptions, which we have
outlined in the text above and which are detailed in Section 2,
how the phase values can in principle be determined using an
analytical solution. To recover the phase values we must use
an iterative procedure which has a finite but large number of
steps. In Section 3, we examine an algorithm for implement-
ing the iterative strategy derived in Section 2 and examine
how the number of operations depends on the number of
contributing point sources in the image plane. We show that
there are multiple solutions to the phase retrieval problem.
We then examine approaches for reducing the number of
possible solutions. In Section 4, we finish with a brief discus-
sion of the presented analysis and highlight some practical

difficulties when extending the theoretical model to realistic
real-world phase measurements.

2. Analysis of an Idealized Experiment

We begin our analysis by examining the idealized optical
system depicted in Figure 1. There is a set of 𝑁 distinct
point sources, each with a known intensity value and hence
a known magnitude, 𝑎𝑛, where 𝑎𝑛 is the magnitude of point
source 𝑛. The phase value, 𝜙𝑛, associated with each point
source however remains the unknown physical parameter
that we wish to measure. So to reiterate, the problem as
depicted in Figure 1 is that we are given a set of 𝑁 point
sources with known amplitudes and unknown phase values.
We further assume that these points sources are uniformly
spaced a distance Δ from each other. We are also given
a second measurement, the intensity distribution in the
Fourier plane. What we have just described is very similar
to the practical iterative phase retrieval experiment described
in the Introduction. In a real experiment however these
intensity distributions are recorded by CCD/CMOS arrays
which have a finite extent, a finite number of pixels, and
which sample of the intensity distribution they measure.
These are critical factors when considering the performance
limitations of these systems; see [33, 36].They also complicate
the theoretical analysis and so nowwe neglect these factors so
that we can develop a simpler theoretical description of the
phase retrieval problem.

We imagine that we can measure the intensity in the
Fourier domain over an infinite extent and with a sampling
step size that is extremely small, so that any sampling effects
can be ignored. We also imagine that only a finite number of
perfect point sources in the input plane (with known intensity
but unknown phase) contribute to the Fourier plane intensity
distribution. Hence in this analysis we exclude any physical
imposed limiting factors on the ability of our system to make
a measurement. This will allow us to significantly simplify
the analysis and to concentrate on another and arguable
more important effect: the existence of a very high number
of alternative solutions to the phase retrieval problem. As
we shall see it is possible that many different combinations
of phase values can produce identical intensity distribu-
tions. Hence this phase retrieval problem is said to be ill-
posed.

We refer back to Figure 1, where we have indicated that
the contributing point sources are Fourier-transformed by an
optical Fourier transform system. This type of optical system
is well known; see, for example, [4]. The distribution in the
Fourier plane is scaled by both the wavelength, 𝜆, of the light
source and the focal length of the lens. It is convenient for
our purposes here to set 𝜆𝑓 = 1 so that we can analyze
an unscaled Fourier distribution. Here this distribution is
incident on an ideal recording material, allowing us to record
the continuous intensity distribution. Then we perform a
second unscaled inverse Fourier transform on this intensity
distribution numerically. We note however that although we
perform two successive Fourier operations (a forward and
inverse transform), we do not arrive back at the input plane
distribution since we perform the second Fourier transform
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Figure 1: Depiction of phase retrieval setup for an idealized phase retrieval experiment, OFT: optical Fourier transform. A set of 𝑁 point
sources with known amplitude and unknown phase are present in the input plane. This distribution is Fourier-transformed by the lens and
the intensity of the resulting distribution in the Fourier plane is recorded. We assume that we can measure this intensity distribution over an
infinite extent andwith extremely high spatial resolution so that we can ignore the numerical effects of sampling due to theCCD/CMOSpixels.
We show how this intensity distribution is processed using a second Fourier transform, this time calculated numerically, and we examine its
properties in the “analysis plane” (as depicted above). We show how to determine the phase values of the𝑁 point sources in the input plane.

operation on the intensity of the Fourier distribution not on
its complex amplitude, as in a 4-f imaging system [50].

We thus begin by noting that the Fourier transform of a
point source is given by

𝐹𝑇 {𝛿 (𝑥 + 𝑋𝑛) 𝑎𝑛 exp (𝑗𝜙𝑛)} (V)
= exp (−𝑗2𝜋𝑋𝑛V) 𝑎𝑛 exp (𝑗𝜙𝑛) , (1)

where 𝑋𝑛 is the spatial location of point source “𝑛” while
the parameters 𝑎𝑛 and 𝜙𝑛 refer to its phase and amplitude
respectively. Hence for a sum of 𝑁 distinct point sources we
can write

𝐹𝑇{ 𝑁∑
𝑛=1

𝛿 (𝑥 − 𝑋𝑛) 𝑎𝑛 exp (𝑗𝜙𝑛)} (V)
= 𝑁∑
𝑛=1

exp (−𝑗2𝜋𝑋𝑛V) 𝑎𝑛 exp (𝑗𝜙𝑛) .
(2)

We are however interested in the intensity distribution of the
field in the Fourier plane. We remember that the intensity of
a complex number is given by that number times its complex
conjugate. With this relationship in mind we now write the
conjugate expression for (2)

𝐹𝑇{ 𝑁∑
𝑛=1

𝛿 (𝑥 − 𝑋𝑛) 𝑎𝑛 exp (𝑗𝜙𝑛)}
∗

(V)

= 𝑁∑
𝑛=1

exp (𝑗2𝜋𝑋𝑛V) 𝑎𝑛 exp (−𝑗𝜙𝑛) ,
(3)

where “∗” refers to a complex conjugate operation. We
can now write an analytical expression for the intensity
distribution in the Fourier plane which when simplified can
be written in the following form
𝐼FT (V)
= 𝑁∑
𝑛=1

𝑎2𝑛
+ 2𝑁−1∑
𝑛=1

𝑁−𝑛∑
𝑚=1

𝑎𝑚𝑎𝑚+𝑛 {cos [2𝜋 (𝑛Δ) V + 𝜙𝑚 − 𝜙𝑚+𝑛]} .
(4)

From (4) we can see that we have a sum of cosines. For
each given value of 𝑛 there is a specific spatial frequency
component 𝑓𝑠 = 𝑛Δ, and there are 𝑁 − 1 terms. It is easier
to analyze this double summation by initially concentrating
on a single spatial frequency component, i.e., for a specific
value of 𝑛, and we refer to such a component as 𝐼𝑛FT(V).
Noting the following trigonometric relationship, cos(𝐴+𝐵) =
cos(𝐴) cos(𝐵) − sin(𝐴) sin(𝐵), we can express 𝐼FT(V) as

𝐼FT (V) = 𝑁∑
𝑛=1

𝑎2𝑛 +
𝑁−1∑
𝑛=1

𝐼𝑛FT (V) , (5)

where

𝐼𝑛FT (V) = 2𝑁−𝑛∑
𝑚=1

𝑎𝑚𝑎𝑚+𝑛 cos [2𝜋𝑛ΔV + (𝜙𝑚 − 𝜙𝑚+𝑛)]
= 2 cos (2𝜋𝑛ΔV)𝑁−𝑛∑

𝑚=1

𝑎𝑚𝑎𝑚+𝑛 cos (𝜙𝑚 − 𝜙𝑚+𝑛)
+ 2 sin (2𝜋𝑛ΔV)𝑁−𝑛∑

𝑚=1

𝑎𝑚𝑎𝑚+𝑛 sin (𝜙𝑚 − 𝜙𝑚+𝑛) .
(6)
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We now consider the inverse Fourier transform of 𝐼𝑛FT(V),
which we specifically define as

𝑀𝑛 (𝑥) = ∫∞
−∞

𝐼𝑛FT (V) exp (+𝑗2𝜋𝑥V) 𝑑V, (7)

which is now in a spatial domain once again, specifically the
“analysis” plane in Figure 1. Noting that

𝐹𝑇 {sin (2𝜋𝑘0𝑥)} (𝑘) = 𝑗2 [𝛿 (𝑘 + 𝑘0) − 𝛿 (𝑘 − 𝑘0)] ,
𝐹𝑇 {cos (2𝜋𝑘0𝑥)} (𝑘) = 12 [𝛿 (𝑘 + 𝑘0) + 𝛿 (𝑘 − 𝑘0)] ,

(8)

then

𝑀𝑛 (𝑥) = 𝛿 (𝑥 + 𝑛Δ){𝑁−𝑛∑
𝑚=1

𝑎𝑚𝑎𝑚+𝑛 cos (𝜙𝑚 − 𝜙𝑚+𝑛)

− 𝑗𝑁−𝑛∑
𝑚=1

𝑎𝑚𝑎𝑚+𝑛 sin (𝜙𝑚 − 𝜙𝑚+𝑛)} + 𝛿 (𝑥 − 𝑛Δ)

⋅ {𝑁−𝑛∑
𝑚=1

𝑎𝑚𝑎𝑚+𝑛 cos (𝜙𝑚 − 𝜙𝑚+𝑛)

+ 𝑗𝑁−𝑛∑
𝑚=1

𝑎𝑚𝑎𝑚+𝑛 sin (𝜙𝑚 − 𝜙𝑚+𝑛)} .

(9)

We see from (9) that the complex numbers (arising from the
summation of sines and cosines) multiplying the 𝛿(𝑥 − 𝑛Δ)
and 𝛿(𝑥 + 𝑛Δ) components are complex conjugates of each
other. Hence we see that

𝑅𝑒 {𝑀𝑛 (𝑛Δ)} = 𝑁−𝑛∑
𝑚=1

𝑎𝑚𝑎𝑚+𝑛 cos (𝜙𝑚 − 𝜙𝑚+𝑛) , (10)

and that

𝐼𝑚 {𝑀𝑛 (𝑛Δ)} = −𝑁−𝑛∑
𝑚=1

𝑎𝑚𝑎𝑚+𝑛 sin (𝜙𝑚 − 𝜙𝑚+𝑛) . (11)

We also remember that the iterator 𝑛 above spans the range1 ≤ 𝑛 ≤ 𝑁 − 1. Examining (10) and (11) we recognize that the
only unknowns are the values for the phase parameters, 𝜙𝑛.
Both the initial amplitudes 𝑎𝑛 and the LHS of each equation
are given.TheLHSvalues are found by calculating the Fourier
transform of the intensity distribution that we measure in
the Fourier plane, see the “analysis plane” in Figure 1, and
determining the value of the resulting complex function at
the locations 𝑥 = 𝑛Δ.

We also note that the larger the value of 𝑛, the lower the
number of terms from (10) and (11) that contribute to both𝐼𝑚 {𝑀𝑛(𝑛Δ)} and 𝑅𝑒 {𝑀𝑛(𝑛Δ)}. When we set about trying to
find 𝜙𝑛 from (10) and (11), we start by first setting 𝑛 = 𝑁 − 1,
in which case the equations reduce to the following:

𝑅𝑒 {𝑀𝑁−1 [(𝑁 − 1)Δ]} = 𝑎1𝑎𝑁 cos (𝜙1 − 𝜙𝑁) , (12)

and

𝐼𝑚{𝑀𝑁−1 [(𝑁 − 1)Δ]} = −𝑎1𝑎𝑁 sin (𝜙1 − 𝜙𝑁) . (13)

If we arbitrarily set 𝜙1 = 0, then we can calculate 𝜙𝑁 from the
following

𝜙𝑁 = arctan [ sin (𝜙𝑁)
cos (𝜙𝑁)] , (14)

which means that we now have values for both 𝜙1 and 𝜙𝑁.
Now setting 𝑛 = 𝑁 − 2, (10) and (11) will reduce to the

following:

𝑅𝑒 {𝑀𝑁−2 [(𝑁 − 2) Δ]}
= 𝑎1𝑎𝑁−1 cos (𝜙1 − 𝜙𝑁−1) + 𝑎2𝑎𝑁 cos (𝜙2 − 𝜙𝑁) , (15)

and

𝐼𝑚 {𝑀𝑁−2 [(𝑁 − 2)Δ]}
= −𝑎1𝑎𝑁−1 sin (𝜙1 − 𝜙𝑁−1) − 𝑎2𝑎𝑁 sin (𝜙2 − 𝜙𝑁) . (16)

It is instructive to consider the next step in the procedure
before we generalize the results. Setting 𝑛 = 𝑁 − 3, and
substituting into (10) and (11), we arrive at

𝑅𝑒 {𝑀𝑁−3 [(𝑁 − 3) Δ]} − 𝑎2𝑎𝑁−1 cos (𝜙2 − 𝜙𝑁−1)
= 𝑎1𝑎𝑁−2 cos (𝜙1 − 𝜙𝑁−2) + 𝑎3𝑎𝑁 cos (𝜙3 − 𝜙𝑁) , (17)

and

𝐼𝑚{𝑀𝑁−2 [(𝑁 − 1)Δ]} + 𝑎2𝑎𝑁−1 sin (𝜙2 − 𝜙𝑁−1)
= −𝑎1𝑎𝑁−2 sin (𝜙1 − 𝜙𝑁−2) − 𝑎3𝑎𝑁 sin (𝜙3 − 𝜙𝑁) . (18)

Again we see that we can calculate the LHS of (17) and (18)
from an experimental measurement and by using values for𝜙2 and 𝜙𝑁−1 that were estimated in the previous iteration step.
We summarize our theoretical results so far:

(i) We set 𝜙1 = 0 and calculate 𝜙𝑁 using (14)
(ii) Once 𝜙1 and 𝜙𝑁 are determined, we need in turn to

determine 𝜙2 and 𝜙𝑁−1 from (12) and (13)
(iii) If we can find values for 𝜙2 and 𝜙𝑁−1, then we need to

repeat the process to determine 𝜙3 and 𝜙𝑁−2
(iv) We repeat this iterative process𝑁/2 − 1 times to find

all the unknown phase values

To proceed further we must therefore find a solution to the
following coupled set of equations

Ω𝑅 = 𝑎 cos (𝛼) + 𝑏 cos (𝛽 − Θ) , (19)

Ω𝐼 = 𝑎 sin (𝛼) − 𝑏 sin (𝛽 − Θ) , (20)

where 𝛼 and 𝛽 are the unknown phase values for a particular
step in the iterative procedure. Using a software package like
Mathematica it is possible to find an analytical solution for
these equations; however the solution is not unique: there are
8 possible coupled values for 𝛼 and 𝛽.
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Figure 2: Decision tree illustrating the choices made by the algorithm as it steps through the unknown phase values. At each stage of the
algorithm, a choice between two paths, Path 0 or Path 1, is made. A particular path through the solution space is then uniquely identified
with a bit sequence. For example, if the dashed red boxes are chosen at each stage of the algorithm being chosen, this corresponds to the path[1 0 0 . . . ..].

3. Algorithm Analysis

In this section we will examine some of the implications of
the theoretical analysis we have just derived. First we will
examine howwemay reduce the number of possible solutions
at each level of the iteration, reducing them from eight to
two. To find a phase value for each contributing point source
the algorithm must move through 𝑁/2 − 1 steps. At each
step a decision on which solution to take must be made;
we examine how this can be considered as a set of different
possible paths through the solution space. We examine the
character of the solutions produced by the algorithm. Finally
we examine how to prune (reduce) the solution space by
ruling out “unphysical” solutions and outline an algorithm for
implementing this procedure.

3.1. From Eight Solutions to Two. We note that it is possible to
rewrite the coupled equations, (19) and (20), in the following
form

Ω𝑅 = 𝑎𝑠1 + 𝑏𝑠2, (21)

Ω𝐼 = 𝑎√1 − 𝑠21 − 𝑏√1 − 𝑠22, (22)

where cos(𝛼) → 𝑠1, cos(𝛽 − Θ) → 𝑠2 and where we use
the trigonometric relation cos2(𝐴) + sin2(𝐴) = 1 and hence
we can write the sin(𝛼) in terms of the cos(𝛼), i.e., sin(𝛼) =√1 − [cos(𝛼)]2. Using (21) to find an expression for 𝑠2 and
subbing into (22) we can express 𝑠1 as a quartic equation with
four possible solutions [51]. For each value of 𝑠1 there are two
possible angles for 𝛼 that satisfy 𝑠1 = cos(𝛼) and hence eight
possible solutions for 𝛼 and similarly eight solutions for 𝛽.

This is where the difficulties with our phase retrieval
approach begin in earnest. Although it is possible to find
an analytical solution to the coupled equations (19) and
(20), the solution has eight different possible solutions for
the unknown pair: (𝛼, 𝛽). In reality however only one of
the solution pairs corresponds to the actual correct physical
result. If we randomly choose from these solutions we will

have a probability of 1/8 that we have chosen the physically
correct answer.

Having decided on a particular choice of (𝜙2, 𝜙𝑁−2), we
can then set 𝑛 = 𝑁 − 3 and repeat the process. Hence at each
step we have a 1/8 chance of guessing the physically correct
solution, and for 𝑁 point sources we will need to make
approximately𝑁/2 − 1 guesses at each step of the algorithm.
Hence the chance that we correctly guess the correct phase
for each point source is (1/8)𝑁/2−1, which would seem to be a
vanishingly small probability. In practical experimental phase
retrieval systems we may wish to find 𝑁 phase values where𝑁 ≈ 106.

Fortunately, we have found from numerical simulations
that although there are eight solutions possible in principal,
including solutions with complex values, in practice when we
substitute real physical parameters into our system of equa-
tions several of these solutions yield the same answer.Wehave
found that at each step in the algorithm only two solutions
are produced.This is the case for all simulations we have run.
We do not pursue this question further here, concluding that
at each step in an iterative algorithm we are able to find two
solutions that are physically valid and satisfy (19) and (20).

3.2. Solution Paths. From the previous section we have found
that it is possible at each stage in the iterative procedure
to reduce the number of solutions to two possible answers.
At each stage in the algorithm then a “binary” choice has
to be made about which solution to choose. If we have 𝑁
contributing point sources thenwemustmove through𝑁/2−1 stages. In Figure 2, we depict how to track our progress
through such a decision tree, in this example making the
following choices at each stage of the algorithm, [1, 0, 0, . . .];
see the red dashed boxes in Figure 2. In general then there
are 2(𝑁/2−1) possible paths in total and each possible path is
identified as a unique binary number. For example, if𝑁 = 8,
then there are 23 or 8 possible solutions and if𝑁 = 16, there
are 27 or 128 solutions while if𝑁 = 32 the number of possible
solutions jumps to 32,768.
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3.2.1. Results of Numerical Simulations. We have run numer-
ous numerical simulations of the equations derived in
Section 2 with some interesting results that we now summa-
rize.

(i) The correct phase solution is always found among the
other different solutions

(ii) The overwhelming majority of solutions have com-
plex numbers for the phase and hence can be excluded
as real physical solutions to the phase retrieval prob-
lem

(iii) There are often several other real valued solutions in
addition to the actual real solution

(iv) We have run several numerical simulations with𝑁 =32. In one runwe found that there are 32,768 solutions
of which 32, 764 are complex and the 2 remaining
solutions are real valued, one of which is the correct
phase solution. On a second run we found that
only 32, 762 solutions were complex while the 6
remaining were real valued, one of which was the
correct solution.

We conclude that if we had unlimited computing resources
and time it would in principle be possible to calculate all
possible solutions even when 𝑁 is very large, for example,𝑁 ≈ 106. In practice however this calculation would result in
a solution space of 2499999 , which is not feasible with standard
computing resources. When 𝑁 is relatively small and all the
possible solutions can be calculated we have found that the
vast majority are complex valued, and only a small number
of solutions are real valued.

3.3. Pruning the Solution Space. From the preliminary anal-
ysis we have reported in the previous section, we find that
the overwhelmingmajority of the solutions yield phase values
that are complex and hence “unphysical” in nature and can
be discarded. This opens up the opportunity of pruning
the solution space. We will now outline a strategy that
can be employed to greatly reduce the search space. This
solution depends on unique binary number that identifies
each particular path through the search space and we note
that it will be a 2(𝑁/2−1)-bit number. As we move through the
solution space we will need a variable, which we refer to as𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛 to keep track of where we are in the search tree. We
will also need an iterator variable 𝑘 to refer to the “stage” of
the algorithm; see Figure 2.

From Figure 2 we see that at the first stage, i.e., when𝑘 = 1, we identify values for 𝜙1 and 𝜙𝑁 and when 𝑘 = 2,
we identify possible candidates for 𝜙2 and 𝜙𝑁−1, which we
denote by 𝑆0 and 𝑆1. We initially set 𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛 to be all zeros
and of length 2(𝑁/2−1). For example if 𝑁 = 8 then initially𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛 would be set to 𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛 = 000. We also need to
address the individual bits in 𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛 specifically. We do
this using the following notation 𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛[𝑛], where 𝑛 refers
to 𝑛𝑡ℎ individual bit. We illustrate this with the following
example: Consider the case when 𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛 = 10010 and then𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛[1] = 1, 𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛[2] = 0, and 𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛[4] = 1.

The algorithm then runs as follows:

(i) For a given𝑁, set 𝑘 = 1 and 𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛 = 000 . . ., where
the length of 𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛 is 2(𝑁/2−1),

(ii) WHILE 𝑘 < 𝑁/2,
(1) Using Eq. (20) and Eq. (21), find 𝑆0 and 𝑆1
(2) IF 𝑙𝑜𝑐a𝑡𝑖𝑜𝑛[𝑘] = 0, then (𝜙𝑘, 𝜙𝑁−𝑘+1) = 𝑆0, ELSE(𝜙𝑘, 𝜙𝑁−𝑘+1) = 𝑆1
(3) IF (𝜙𝑘, 𝜙𝑁−𝑘+1) are real valued then 𝑘 = 𝑘 + 1,
(4) ELSE:

IF 𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛[𝑘] = 0 then set 𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛[𝑘] = 1,
ELSE 𝑘 = 𝑘 − 1, and 𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛[𝑘] = 1

(iii) Return 𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛
This algorithmwill run through the search space checking

the solutions. If a complex solution is found it will choose
the alternate solution. For a given stage in the algorithm if
both 𝑆0 and 𝑆1 are complex the algorithm will go back up the
search tree, updating 𝑙𝑜𝑐𝑎𝑡𝑖𝑜𝑛 and choosing a different path
through the search space. This algorithm will return only the
first real valued solution it finds but can bemodified to return
all solutions that are physically significant.

When employing the “pruning” approach to search the
solutions space we must still search a very large space;
however the depth of the search per path will be greatly
reduced; see, for example, [52]. This will significantly reduce
the number of numerical operations performed.Whether the
phase retrieval problem can be solved depends on the rate of
branching (or the depth of the search) before a given path
can be excluded from further search. From a preliminary
analysis based on simulations results we find that the depth
when one must search a path before an incorrect complex
value is returned as the phase estimate can be modeled
using statistical methods. We have found that the average
path “length” approximately follows a negative exponential
distribution similar to speckle intensity statistics [37, 53].

4. Conclusion

In this manuscript we have examined the problem of mea-
suring the phase of an optical wavefield. In the Introduction,
we briefly reviewed several approaches for making this mea-
surement before concentrating on iterative phase retrieval.
In these phase retrieval problems an attempt is made to
estimate the phase of wavefield using usually two or more
intensity distributions captured in different Linear Canon-
ical Transform planes. An iterative FFT based algorithm is
employed that tunes/modifies the phase values iteratively so
that the difference between a numerically calculated intensity
distribution and an experimentally captured intensity distri-
bution is minimized. Fienup [41] compares this algorithmic
approach to a gradient descent algorithm. As is often the case
with such optimization algorithms, they can stagnate at local
minima, producing phase estimates that are quite far from the
correct physical solution. This is particularly the case when
the initial guess at the phase distribution is quite far from
this correct physical solution [46]. This is an important issue
and different approaches for improving these algorithms are
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an active research topic. There is however understandably an
emphasis on the numerical aspects of these algorithms.

Here we have deliberately chosen to examine a simplified
version of the phase retrieval problem, assuming that we can
make perfect measurements of the intensity distribution in
an image and its corresponding Fourier plane. We assume
that the distribution in the image plane consists of 𝑁 point
sources with unknown phase values. Importantly we assume
that we can measure the intensity distribution in the Fourier
plane over an infinite extent and with an infinitely fine
resolution; in short we assume that we can perfectly measure
the continuous intensity distribution. We have found the
following under these idealized conditions:

(1) It is possible in principal to find solutions to the phase
retrieval problem that satisfy the physical constraints
of the problem. The algorithm for finding these
solutions works iteratively but deterministically and
will find among the many solutions returned the
physically correct solution

(2) The number of solutions is enormous; if there are𝑁 contributing point sources there are 2(𝑁/2−1) pos-
sible solutions; however the overwhelming majority
of these solutions are complex valued and hence
“unphysical” and can be excluded as potential solu-
tion candidates

(3) We can modify the algorithm so that “unphysical”
solutions are excluded which we refer to as pruning.
Using a pruning approach we can significantly reduce
the space of possible solutions. The performance of
the pruning approach can be approximately estimated
using statistical techniques. A critical factor deter-
mining whether the algorithm can be computed in a
realistic time is the “branching” rate or depth of search
before a given solution can be excluded

It is important to also highlight the significant practical
shortcomings of this theoretical analysis.

4.1. Physical Model. We model the field whose phase values
we wish to recover as a set of point sources (with known
amplitude) in an image plane which are separated uniformly
from each other by a fixed distance, Δ. Of course an optical
wavefield is continuous in nature and so this representation is
only an approximation of the real physical field. Nevertheless
in standard iterative phase retrieval problems, the intensity
value measured at each pixel is considered to be a point
source; hence the description of the field that we use is in
keeping with the standard approach in the literature.

There is however a difference in the modeling in this
paper for the intensity distribution recorded in the Fourier
plane. In this paper we effectively assume that we canmeasure
the continuous Fourier plane intensity; i.e., it is as if we can
record and measure the intensity over an infinite plane in the
Fourier domain and with an infinitely fine spatial resolution.
Making these assumptions means that we can develop conve-
nient analytical equations relating the unknown phase values
directly to experimental measurements. These analytical
equations are used then to develop the iterative algorithm

so that the phase values can be estimated. This contrasts
with real experimental systems in that the intensity in the
Fourier plane ismeasured only at a finite number of locations,
i.e., at each pixel, and is therefore sampled. And secondly
the Fourier intensity distribution is only measured over the
finite extent of the CCD/CMOS array. This summarizes the
theoretical differences between the analysis presented in this
manuscript and the standard theoretical treatment of the
iterative phase retrieval problem.

We note however that it is possible to replicate experi-
mentally the theoretical conditions we have assumed in the
manuscript. We can achieve this bymaking several individual
measurements of the Fourier plane intensity distribution
where we move the CCD/CMOS array between measure-
ments. Then using standard digital signal processing opera-
tions we synthetically increase both the spatial resolution and
the spatial extent of the measurement by stitching together
the single intensity measurements.

4.2. Effects of Noise. A significant shortcoming of this the-
oretical approach is the effect that even small amounts of
measurement noise would have on the algorithm. In every
experiment there will be measurement error, for example,
electronic noise in the readout of a CCD or CMOS device.
If a measurement is made on a variable that has a low
signal level, the relative error tends to be larger [36]. In the
situation described here, we find that intensity measurements
associated with higher spatial frequencies have a lower
number of contributing point sources. For example, the
highest spatial frequency component of the measurement has
contributions from only two point sources. In general (but
not always) these measurements will contain the most noise.
Thesemeasurements however are used to directly estimate 𝜙1
and 𝜙𝑁, which in turn feed iteratively back into the algorithm
and are repeatedly used to estimate the remaining phase
values.

So we can see that to turn this theoretical approach into a
practical solution would require careful experimental mea-
surements and the development of additional signal pro-
cessing algorithms to overcome unavoidable noise in these
measurements. Nevertheless we hope that by approaching
the phase retrieval problem from a different direction we
stimulate some new interesting ideas and insights and also
shed some light on the character of the solution space for
the phase distributions that are recovered from intensity
measurements.

4.3. Extension to 2D. In this manuscript we deliberately
focused on a simple 1D theoretical model (we only consider
the 𝑥 and 𝑧 spatial coordinates) so that we could examine dif-
ferent aspects of the phase retrieval problem.We choose to set𝜙1 to zero and then iteratively solve for the other phase values.
Extension to 2D,wherewe consider both𝑥 and𝑦 aswell as the𝑧 spatial coordinates, is not necessarily straightforward and
will change depending on the geometry of the contributing
point sources. For example, if the contributing point sources
are arranged in a square lattice, then the highest spatial
frequency components arise from the two point sources that
are spatially separated from each other by the largest amount,
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i.e., the vertices of the square. The square has four vertices;
we can assign a phase value of zero to only one of those
vertices, which acts as an effective reference value for the
others. Sequential illumination with lines of 1D light could
also be considered whereupon the 1D analysis considered
here could be more easily extended.

Data Availability

This is a theoretical paper: all signal processing data can be
generated from equations therein.
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Unmanned Aerial Vehicles (UAVs) can be used for close range mapping. In engineering survey works, the conventional survey
involves huge cost, labour, and time. Low-cost UAVs are very practical in providing reliable information for many applications such
as road design. UAVs can provide the output that meets the accuracy of engineering surveys and policies, especially for small-scale
mapping.UAVs are also a competitive technologywhich is stable and rapidly developing, same as other surveying technologies.This
study investigates the performance of multirotor UAV for road design. This study involves four phases which consist of preliminary
study, data collection, data processing, and analysis. This study focuses on the UAV as a tool to capture data of the ground from a
certain altitude. The analysis includes UAV flight planning, image acquisition, and accuracy assessment of road design. It can be
concluded that UAVs can be used to provide data for road design with reliable accuracy.

1. Introduction

Developed countries are constantly faced with high main-
tenance cost of aging transportation highways. The growth
of the motor vehicle industry and accompanying economic
growth has generated a demand for safer, better perform-
ing, less congested highways [1]. The growth of commerce,
educational institutions, housing, and defense has largely
drawn from government budgets in the past, making the
financing of public highways a challenge. The multipurpose
characteristics of highways, economic environment, and
the advances in highway pricing technology are constantly
changing. Therefore, the approaches to highway financing,
management, and maintenance are constantly changing as
well. Management of safety is a systematic process that strives
to reduce the occurrence and severity of traffic accidents.
The man/machine interaction with road traffic systems is
unstable and poses a challenge to highway safety man-
agement [2]. High accuracy of topographical information
and features information are very important in good road
alignment design [3].There are many previous methods used
to capture topography information such as manned satellite

imagery, radar, LiDAR, and land survey. The Ground Sam-
pling Distance (GSD) is the most important characteristic
to be considered during road design. The other information
such as elevation and positioning also influences the road
design.

Previously, topography information especially in road
design was obtained from land survey using total station.
The land survey method required a lot of time to complete
the survey especially for large area. Therefore, this method
also increased the cost of the project and labour used to
complete the project.The land surveymethod totally relies on
human resource in order to carry out road design. Therefore,
the road design is prone to the systematic error done by
human. The undulated area is a challenge for land survey
method because it requires the human to climb up and
down and access the challenging site on their own. The other
factor is weather conditions and land ownership issue during
conducting the land survey. The long road alignment might
cause a lot of errors and it might have problem to merge
the data at the end [4]. The other method used to capture
topography information is Light Detection and Ranging
(LiDAR). This method offers the accurate topographic data
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for road design application. LiDAR method can cover the
large area in a minutes and could provide the accurate data.
LiDAR is also an active sensor which is capable of capturing
data the day or night. However, this method is very expensive
which can affect the total project cost. Satellite imagery also
can be used to obtain topographic information for road
design application.The satellite imageries were captured from
thousand kilometres from the earth surface [5]. This method
could provide the location and classification of topographic
information. This method also has its own problem due to
the revisit time of the satellite at the same location, weather
condition which refer to cloudy condition, and resolution of
the satellite images.

The key for increasing the safety of highway systems is
to design, build, and maintain them to be far more tolerant
of the average range of this man or machine interaction with
highways. Technological advancements in highway engineer-
ing have improved the design, construction, andmaintenance
methods used over the years. These advancements have
allowed for newer highway safety innovations. By ensuring
that all situations and opportunities are identified, consid-
ered, and implemented as appropriate, they can be evaluated
in every phase of highway planning, design, construction,
maintenance, and operation to increase the safety of our
highway systems.

The new technology such as UAV photogrammetry
opens numerous applications in the close range domain,
combining aerial and terrestrial photogrammetry but also
introduces low-cost alternatives to the conventional manned
aerial photogrammetry [6–9]. UAV systems also offer various
applications other than mapping such as surveillance, arche-
ological, geohazard studies, monitoring, and fire disaster [10–
22]. The UAV system is equipped with various intelligent
sensors such as barometer, Inertial Navigation System (INS),
Global Positioning System (GPS), flight control, navigation
control, sonar, and infrared and Electronic Speed Controller
(ESC) [23–27]. There are many kinds of UAVs available
in the market which are affordable. UAV photogrammetry
describes photogrammetric measurement platforms which
operate as either remotely controlled, semiautonomously, or
autonomously. The definition covers balloons, kites, gliders,
airships, rotary, and fixed wing UAVs with the capability
for photogrammetric data acquisition in manual, semiauto-
mated, and automated flight modes [28]. Model helicopters
are able to operate closer to the object and are highly flexible
in navigation compared to fixed wing UAVs. Microdrones are
more stable against environmental conditions such as wind.
The developments of model helicopters and comparable
autonomous vehicles are primarily driven by the artificial
intelligence. Nowadays, close range areas can be mapped
by combining aerial and terrestrial photogrammetry using
UAV technologies and also as an alternative way for large
area mapping [29]. Low cost UAVs are used in mapping
projects with low budgets. However, in the previous years,
low-cost UAVs have reached a level of practical reliability
and professionalism which allow the use of these systems
such as mapping platforms. In study, the multirotor UAV is
used to capture the topographic information for road design
application.

2. Methodology

This study involves four phases which include preliminary
study and planning, data collection, data processing, results,
and analysis. The methodology plays an important role in
implementing this study accordingly. The first phase is on
the preliminary study and the planning of the work which
are crucial parts of the study that require a lot of reading
and planning. The first phase also includes reconnaissance,
calibration of the equipment, and measurement of data. The
next phase is ondata collection usingUAV images and getting
the detailed plans from the unit facilities of UiTM Puncak
Alam. Then, both sets of data are processed in the laboratory
for the third phase of this study which is data processing. The
UAV images are processed using the UAV Agisoft PhotoScan
softwarewhich can generate the X, Y, and Z coordinates of the
proposed road. This phase also includes the construction of
roadmapping of the area of interest. After the data processing
is completed, the results are analysed. The flowchart of the
research methodology is shown in Figure 1.

Reconnaissance survey is a general study of an area of
interest that might be used for a road or airfield. The recon-
naissance survey report should summarise all the collected
information, including a description of the site, a conclusion
on the economy of its use, and, wherever possible, maps. For
UAV surveys, the important thing is the area of coverage
of the site. Furthermore, the reconnaissance must include
geographical features for the decision-making of minimum
flying height, direction of flight path, and type of UAV used.
Other than that, this survey also needs to consider the wind
direction tomake sure that it is carried out smoothly and also
for the direction of the flying path to obtain better image cap-
ture. Figure 2 shows the location of study. Camera calibration
is carried out before acquiring the digital aerial images or
aerial photographs for the purpose of recovering all camera
parameters for digital image processing. This study used a
4K camera with 4000 x 3000 resolution and the process of
camera calibration also gives a result of focal length, principal
points, radial lens distortion, and tangential lens distortions.
These camera parameters need to be included during the
interior orientation step in digital image processing

The UAV used in this study is the Quad-Rotors, Phantom
3 Professional. The UAV weight (including battery and
propellers) is about 1280 g and the diagonal size (excluding
propellers) is 350 mm. Its maximum speed can achieve 16
m/s (ATTI mode, no wind) and has a GPS Mode that uses
GLONASS satellite.TheUAVmaximumflight time is approx-
imately about 23 minutes. A single person can operate this
UAV to collect the image data. The hardware uses IOS Ipad
to control the flight planning and a computer for processing.
The detailed plan is acquired from the unit facilities in the
DWG file in AutoCAD and it can be georeferenced using
the ArcGIS software. After that, the acquired UAV images
were processed using the Agisoft PhotoScan software. Next,
the outputs are transferred to the AutoCAD and the ArcGIS
software to analyse the outputs.

2.1. Data Acquisition and Flight Planning. Flight planning
involves the control of dimension of the study area, number
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Figure 1: Research methodology.

Figure 2: Location of study area.

of strips required, pixel size, photo scale flying height, and
percentage of the end lap and side lap. The Map Pilot used is
a friendly software for the drone, module Waypoint Editor,
and it is able to design flight planning. There are about
122 number of images with 148 m flying height created
in the flight planning. In general, the aerial photographs
should be overlapped at least 80% and the side for at least
60%. This requirement needs to be fulfilled to make sure
that quality photogrammetry results could be obtained. The
customised parameters such as spatial resolution, altitude,

Figure 3: Flight planning for acquisition of data.

endlap, sidelap, and wind direction are as shown in Figure 3.
After parameters setting of the flight planning is completed
in the Map Pilot, the flight planning is uploaded to the UAV.
After uploading, the start button is pressed to begin the image
acquisition. Once it started, the UAV gave information of
the current altitude of the mission. After the UAV entered
the survey area, images are automatically captured every 2.5
seconds and identical speed is used to ensure accurate data.
Once the mapping is completed, the UAV returned to the
takeoff location and landed automatically.
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Table 1: Coordinates of road design.

CPs Conventional Road Design UAV Images road Design
X (m) Y (m) Z(m) X (m) Y (m) Z(m)

CP1 -26926.806 3109.908 42.124 -26926.435 3110.456 41.431
CP2 -26847.403 3128.347 44.154 -26847.554 3128.184 44.310
CP3 -26715.708 3158.090 39.246 -26716.024 3157.619 38.570
CP4 -26813.002 3178.296 41.423 -26813.127 3178.034 41.133
CP5 -27024.207 3186.877 43.806 -27024.254 3186.939 44.205
CP6 -26967.798 3240.365 43.403 -26967.768 3240.422 43.903
CP7 -27064.443 3216.702 43.206 -27064.472 3216.801 43.322
CP8 -27167.600 3078.530 44.500 -27167.648 3078.670 44.406
CP9 -27188.670 2957.179 44.720 -27188.601 2957.334 45.069
CP10 -27182.072 2969.390 44.407 -27181.878 2969.580 45.146
CP11 -27078.698 2825.722 48.370 -27078.685 2825.727 48.610
CP12 -26879.317 2724.228 48.912 -26879.289 2724.209 48.114
CP13 -26860.444 2769.504 49.188 -26860.493 2769.433 48.635
CP14 -26851.342 2876.084 45.039 -26851.430 2875.994 44.772

Figure 4: Location of GCPs and CPs.

2.2. Preprocessing and Processing. The ground control points
(GCPs) and check points (CPs) are collected using GPS
observation through the rapid static technique. This tech-
nique can determine the position informationwhich includes
Northing, Easting, and Elevation (X, Y, and Z) through
postprocessing by using the GNSS Solution software. This
software can convert the raw data to a Rinex file, where it
can be used in any GPS processing software for adjustments.
The rapid static technique only takes 5 to 20 minutes for
observation. In this study, there are six GCPs established
for absolute orientation and fourteen CPs. For a better view,
Figure 4 shows all the locations of the GCPs and CPs.

After data acquisition has been completed using the
multirotor UAV, all acquired raw images data and GCPs are
processed using the Agisoft PhotoScan software. The results
are presented in the form of a digital map or hardcopy.
TheAgisoft PhotoScan software requires camera information
such as pixel size, focal length, radial lens distortion, and
tangential distortion to carry out the interior orientation.
A total of six GCPs have been established during absolute
orientation. After adding the raw images data in the Agisoft
PhotoScan software, the process will start with aligning
the photo input in a high accuracy setting and using the
Reference for Pair Preselection.The key and tie point limit are
40,000 and 20,000. After aligning the photos, a reference to

establish theGCPon theUAV images is selected by importing
the coordinates in the (txt) file. The coordinate is illustrated
by point features in the software, where it needs to move
the point to the exact location of the GCP. The process will
produce Orthophoto and a map.

2.3. Data Analysis andAssessment. Theobjective of this study
is to assess the accuracy of road mapping from the UAV
product. There are two assessments describing the point and
visual analysis. For quantitative accuracy, the error difference
between the coordinates of check points by GPS (rapid static
technique) and UAV processed images data is assessed using
RMSE. After the accuracy assessment has been conducted,
an alternative road can be designed using the UAV data
and ground survey mapping of the study area. The designed
road is focused on increasing the efficiency of road flow. The
optimal road alignment is determined based on topographic
map of the area andmapping the existing road network.There
are two types of alignments which are vertical and horizontal
alignment. The horizontal and vertical alignments based on
topographic features from the UAV data are determined.

3. Results and Analysis

Theanalysis of the accuracy of the road mapping, production
of the road map and all the results will be analysed in this
chapter, including the evaluation of UAV images for road
design or alternative road. All calculations are made for the
RMSE point accuracy assessments and the road design. The
accuracy is analysed based on computation of the RMSE
between the coordinates of 3D stereo model and the check
points. The locations of the check points are shown in
Figure 4 with 14 samples (Table 1). It shows the comparisons
between CPs using GPS and the 3D coordinates of the stereo
model in Agisoft Photoscan software.

It can be seen that the accuracy could be achieved
using the UAV system. The smaller the value of the RMSE
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Figure 5: Digitized features from UAV images.

Figure 6: Digital surface models of UAV images data.

calculated, the higher the accuracy. Hence, the accuracy
of the orthophoto can be calculated by the RMSE value.
The latitude, longitude, and elevation (X, Y, and Z) are
processed using the GNSS Solution software where the raw
data collected from the site are converted to (Rinex) file to be
used in any GPS processing software for adjustments. After
processing the raw data of the UAV images in the Agisoft
Photoscan software, the outcome of orthomosaic in a (tif) file
will be imported to the Global Mapper software in order to
carry out the digitisation of the features as shown in Figure 5.
The analyses are carried out based on road features and
the elevation produced by the Digital Surface Model (DSM)
(Figure 6). The digitised features are displayed in ArcGIS to
visualise the difference from the AutoCAD drawing.

After both road designs are completed, both UAV images
and conventional road design are compared with the coor-
dinate of chainage in every 30 meter intervals. In the CDS
software, parameters of the road are needed to design the road
curve such as bearing in, bearing out, and the optimumradius
for the road curve. Two road curves have been designed
with the radius of 50 and 60 meters for the first and second
curve. After clicking the position of the Intersection Point
and keying in the value of radius, bearing in and bearing out
the software will calculate the other parameters values which
are available for the designed road curve such as arc, chord,
and tangent length. Figure 7 shows the finished road design

Figure 7: Complete road designs for UAV Images andConventional
Survey.

with 50 and 60 m radius. This radius follows the public work
department standards for Exclusive Motorcycle Lane, EML.

4. Discussions

After producing the adjustment coordinates, the WGS84
coordinate system is converted to a local coordinate system
from angular units to meters. The coordinate system that is
chosen is Cassini Malaysia, Selangor, by using Kertau as a
datum. The reason that the coordinate system is converted
to Cassini Malaysia is because it is easy to analyse the meter
units than the angular degree minutes and seconds, where it
can check the miss-closure (meter) of the data. The RMSE for
x, y, and z coordinates are ± 0.155metres, ± 0.228metres, and
± 0.479 metres, respectively (Table 2).

In the Global Mapper software, digitising of features are
carried out using orthophoto image and then exported to
ArcGIS in order to produce a map.The analysis only focused
on road features and it could be displayed in ArcGIS to
visualise the differences between UAV road mapping and
conventional road mapping. The AutoCAD drawings are
obtained from the unit facilities of UiTM Puncak Alam.
Figure 8 shows the slight difference between two methods
of producing the map; the road with the pink outline is
drawn using the AutoCAD software which is obtained from
conventional ground measurement while the grey outline is
digitised from the UAV’s orthophoto in the Global Mapper
software.

5. Conclusions and Recommendations

Road mapping is produced from the UAV images using the
Agisoft Photoscan software to create an orthophoto image.
All the images went through the scaling and level process
which also referred to the orientations such as interior,
relative, and exterior orientation. It is demonstrated that the
UAV together with the digital camera are capable of acquiring
aerial photograph successfully for large scale mapping in a
short amount of time. This study shows that UAV is also
capable of producing road mapping at the selected study
area. All of the results are analysed using the Root Mean
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Table 2: Analysis on disparity between conventional and UAV coordinates.

CPs X(m) Y(m) Z(m) X2(m) Y2(m) Z2(m)
CP1 -0.371 -0.548 -0.693 0.138 0.300 0.480
CP2 0.151 0.163 -0.156 0.023 0.027 0.024
CP3 0.316 0.471 0.676 0.100 0.222 0.457
CP4 0.125 0.262 0.290 0.016 0.069 0.084
CP5 0.047 -0.062 -0.399 0.002 0.004 0.159
CP6 -0.030 -0.057 -0.500 0.001 0.003 0.250
CP7 0.029 -0.099 -0.116 0.001 0.010 0.013
CP8 0.048 -0.140 0.094 0.002 0.020 0.009
CP9 -0.069 -0.155 -0.349 0.005 0.024 0.122
CP10 -0.194 -0.190 -0.739 0.038 0.036 0.546
CP11 -0.013 -0.005 -0.240 0.000 0.000 0.058
CP12 -0.028 0.019 0.798 0.001 0.000 0.637
CP13 0.049 0.071 0.553 0.002 0.005 0.306
CP14 0.088 0.090 0.267 0.008 0.008 0.071
RMSE (m) 0.155 0.228 0.479

Figure 8: Visual Accuracy Assessments of Both Road Designs.

Square Error (RMSE). RMSE can assess the accuracy of the
UAV images using the check points that have been measured
on the ground for data validation analysis. The designed
road in this study is for proposing an alternative road to
increase the efficiency of road traffic flow.TheDigital Terrain
Model (DTM) data from the UAV images processed is used
to evaluate the geographic features where it must follow the
design policy parameters in order to help control the design
of the road. The safety of the users must also be calculated by
selecting the super elevation of the proposed road.Therefore,
the alternative road can be designed using the parameters for
road design provided by public work department standards.
In the future, the accuracy of the orthophoto can be improved
and enhanced by increasing the number of GCPs and CPs
during data collection in the field using the GPS technique.
It can also minimise the RMSE in data processing. The use
of DTM (digital terrain model) for road design to check the
accuracy of the road designed and to improve the validation
of using UAV for road design construction. Different types of
UAV should be used to improve the flexibility of the survey
works; for example, a fixed wing UAVcan cover a large area to

get more details for the topographical map to design a road.
Different methods of camera calibration could be applied to
optimise the quality of theUAV image processing.MyRTKnet
data should be used as a base for better control of the
coordinate GCP to apply on the UAV images for processing.
Different flying heights should be applied for UAV to conduct
better results for road design.
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Aiming at the problem that the single-intensity phase retrieval method has poor reconstruction quality and low probability of
successful recovery, an improvedmethod is proposed in this paper. Ourmethod divides the phase retrieval into two steps: firstly, the
GS algorithm is used to recover the amplitude in the spatial domain from the single-spread Fourier spectrum, and then the classical
GS algorithm using two intensity measurements (one is recorded and the other is estimated from the first step) measurements is
used to recover the phase. Finally, the effectiveness of the proposed method is verified by numerical experiments.

1. Introduction

Most of the information in the optical field is contained in
the phase, such as the depth and shape of the object and so
on. The oscillation frequency of the optical field is as high as
1015 Hz. However, existing detection devices can only record
intensity, directly [1]. Phase retrieval method recovers lost
phase from recorded intensitymeasurements with someprior
knowledge, which plays an important role in the imaging
field. Phase retrieval problem arises in numerous of areas,
such as crystallography [2–4], optics [5–9], astronomical
imaging [10], microscopy [11, 12], biomedical [13], and holo-
graphic imaging[14, 15].

In 1972, Gerchberg and Saxton first proposed an alternate
projection-based phase retrieval algorithm, the Gerchberg-
Saxton (GS) algorithm [16]. The main idea of GS algorithm
is to use the intensity of the spatial domain and the Fourier
domain to recover the phase of the optical field. Subsequently,
Fienup proved that the GS algorithm had obvious error-
decreasing properties, Error Reduction (ER) algorithm, and
Hybrid Input-Output (HIO) algorithm were proposed [17].
At present, ER algorithm and HIO algorithm are considered
to be the most effective methods in the field of phase retrieval
[18]. Since the above algorithms are only suitable for a positive

linear transformation system, nobody cares about any linear
transformation system.Therefore, Yang and Gu proposed the
amplitude-phase detection theory in arbitrary linear trans-
formation systems, namely, the Yang-Gu (Y-G) algorithm
[19]. In 2015, Guo et al. optimized the iterative algorithm
and proposed two improved GS iterative phase retrieval
algorithms, which were the spatial phase perturbation GS
algorithm and the combined GS HIO algorithm. For the
two improved algorithms, the squared value of the squared
error value rapidly drops to an acceptable value, and the lost
phase can be successfully recovered in the spatial domain and
Fourier domain, whichmeans that both algorithms can jump
out of the local minimum value and convergence to the global
minimum [9].

The GS algorithm was originally proposed in connection
with the problem of reconstructing phase given only two-
intensity measurements in the spatial domain and Fourier
domain, i.e., given two intensity measurements (one is
recorded in the spatial domain and the other is estimated
in the Fourier domain) measurements. Unfortunately, such
two intensity measurements at two different planes cannot
be measured in some cases. Therefore, a GS algorithm using
single-intensity measurement with some prior knowledge
combined was proposed to recover the phase. However the
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Figure 1: Flow chart of classical GS algorithms using two intensity measurements, i.e., TIPR.

single-intensity phase retrieval method has the drawbacks of
poor reconstruction quality and low probability of successful
recovery. This paper proposes an improved method based
on single-intensity measurement, Two-Step Phase Retrieval
(TSPR) from single-intensity measurement algorithm. The
main idea of the TSPR algorithm is to first recover the
amplitude (i.e., the square root of the intensity) in the spatial
domain using the Single-Intensity Phase Retrieval (SIPR)
algorithm with some prior knowledge and then recover the
phase in the spatial domain using the Two-Intensity Phase
Retrieval (TIPR) algorithm. Experimental results demon-
strate that our proposed TSPR algorithm can effectively
enhance the quality of phase recovered and the probability
of successful recovery.

2. Basic Principles

The complex amplitude 𝑔(𝑥, 𝑦) is

𝑔 (𝑥, 𝑦) = 𝑔 (𝑥, 𝑦)
 exp (𝑖𝜑 (𝑥, 𝑦)) (1)

Its Fourier transform form is

𝐺 (𝜉, 𝜂) = 𝐺 (𝜉, 𝜂)
 exp (𝑖𝜓 (𝜉, 𝜂)) (2)

where 𝑔(𝑥, 𝑦) and 𝐺(𝜉, 𝜂) denote the complex amplitude in
the spatial domain and Fourier domain, respectively, |𝑔(𝑥, 𝑦)|
and |𝐺(𝜉, 𝜂)| denote the amplitude in the spatial domain and
Fourier domain, respectively, 𝜑(𝑥, 𝑦) and 𝜓(𝜉, 𝜂) denote the
phase in the spatial domain and Fourier domain, respectively.
Phase retrieval refers to recovering the losing phase 𝜑(𝑥, 𝑦)
in the spatial domain from two amplitudes |𝑔(𝑥, 𝑦)| and
|𝐺(𝜉, 𝜂)|.

The flow chart of the classical GS algorithm is shown
in Figure 1. This algorithm was first proposed and was

easily used to solve the phase retrieval problem using two
intensity measurements. exp(i𝜙

0
(x, y)) denotes the initialized

phase distribution function.The algorithm repeatedly iterates
between the spatial domain and the Fourier domain until the
error 𝜀 satisfies the termination condition [20].

3. Two-Step Phase Retrieval Using Single-
Intensity Measurement

The TIPR algorithm uses the two intensity measurements
recorded in the spatial domain and the Fourier domain,
respectively, to recover the amplitude and phase in the spatial
domain with high quality. Although the TIPR algorithm can
achieve good results, in some case, it is difficult to obtain two
intensity measurements simultaneously in the both spatial
and Fourier domains.

Therefore, the SIPR algorithm is proposed, and it can
recover the phase from single-intensity measurement in the
Fourier domain with some prior knowledge. However, the
SIPR method has low probability of successful recovery
and poor quality. As shown in Figure 2, the purpose of
the experiment is to test the SIPR method’s performance
to recover the amplitude and phase. The coded aperture is
generated by a uniform distribution. The sampling rate of
the coded aperture is used as a variable parameter in the
experiment. The sampling rate gradually increased from 0.1
to 0.7; the step length is 0.05. The experiment runs 500
times independently to compute the probability of successful
recovery. If the SNR of the phase reconstructed is greater
than 25 dB, the reconstruction is deemed as successful. The
probability of successful recovery versus sampling rate for
both amplitude and phase is shown in Figure 2.

As depicted in Figure 2, it can be found that the SIPR
method can achieve high probability of successful recovery



International Journal of Optics 3

0.1 0.2 0.3 0.4 0.5 0.6 0.7
sampling rate

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Pr
ob

ab
ili

ty
 o

f s
uc

ce
ss

fu
l r

ec
ov

er
y

SIPR-amplitude
SIPR-phase

Figure 2: Probability of successful recovery of amplitude and phase versus sampling rate.

(x,y)

Impose
Fourier

Constraint

Impose
Real–Space
Constraint

SIPR TIPR

Impose
Fourier

Constraint

Impose
Real–Space
Constraint

Input:


(x,y)

(x,y)


x,y)

Input:  Output: 

(x,y)


 (,)=

,)=

 (,)

(,)
 ·exp{j(,)}

 ·exp{j (,)}

Output:(x,y)





-1

-1


(


(

Figure 3: Flow diagram of the TSPR algorithm.

of the amplitude, but the probability of successful recovery
of the phase is very low and unstable. Hence, our TSPR
method is proposed to solve the phase retrieval problem
from single-intensity measurement. Firstly, SIPR method is
used to recover the amplitude in the spatial domain from
the intensity in the Fourier domain and the support set in
the spatial domain. Then, TIPR method using two intensity
measurements (one of the two intensity measurements is
recorded in the Fourier domain and the other is estimated
in the spatial domain from the first step) is used to recover
the phase in the spatial domain.

The flow chart of TSPR method is shown in Figure 3,
which includes the following steps: (1) initialize the ampli-
tude 𝐴

1
and phase 𝜑

0
(x, y) in the spatial domain, i.e., use all-

one amplitude and randomized phase. (2) Perform Fourier
transform on the complex amplitudes and replace the ampli-
tude after the Fourier transform in the Fourier domain with
the recorded Fourier amplitudes 𝐴

2
. (3) Perform the inverse

Fourier transform on the synthesized complex amplitude in

the Fourier domain and multiply it with the support in the
spatial domain. (4) Repeat steps (2)-(3) until the amplitude
converges in the spatial domain. (5) The classical TIPR
algorithm using the recorded Fourier amplitude 𝐴

2
and the

estimated amplitude |𝑔𝑒𝑠𝑡(x, y)| from the first step is used to
iteratively recover the phase in the spatial domain.

The complex amplitude of the initialization is as follows:

𝑔 (𝑥, 𝑦) = 𝐴
1
. ∗ exp [𝜑

0
(𝑥, 𝑦)] (3)

The optical setup of imaging process of the TSPRmethod
is shown in Figure 4.The coded aperture and CCD are placed
on the front and back focal planes of the lens, respectively.

Firstly, the complex optical field 𝑢(𝑥, 𝑦) is filtered through
the coded aperture 𝑀 to obtain a complex optical field
𝑢
𝑀
(𝑥, 𝑦) and then imaged by a Fourier lens; finally the

intensity is recorded in theCCDplane.The intensity recorded
at the CCD plane is expressed as follows:

𝐼
𝐶𝐶𝐷
= F [𝑢𝑀 (𝑥, 𝑦)]


2 (4)
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Figure 4: The optical setup of imaging process.
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Figure 5: Comparison of SIPR algorithm and TSPR algorithm. (a) A 0/1 randomly distributed coded aperture. (b) and (c) are the amplitude
and phase of the complex optical field behind the coded aperture. (d) The intensity recorded in the Fourier domain. (e) and (f) are the
amplitude and phase recovered using SIPR algorithm. (g) and (h) are the amplitude and phase recovered using TSPR algorithm.

The main purpose of this paper is to recover the phase of
the complex optical field𝑢

𝑀
(𝑥, 𝑦) from the recorded intensity

measurement 𝐼
𝐶𝐶𝐷

.

4. Numerical Experiments

In order to verify the effectiveness and superiority of our
proposed method, three experiments are presented in this
section. The first simulation experiment is the single recon-
struction experiment. The second simulation experiment is
to test the performance of TSPR algorithm under differ-
ent coded apertures. The final simulation experiment is to
compare the performance of the different phase retrieval
algorithms.

4.1. Experiment 1: Single Reconstruction Experiment. The
purpose of the experiment is to verify the feasibility of our
proposed TSPR method. Two grayscale images (“Lena” and
“Cameraman” with 256 × 256 pixels) are chosen in the
experiment. The two images are multiplied by the coded
aperture (256 × 256 pixels) to obtain the amplitude and
phase, respectively. Then the complex amplitude is syn-
thesized by amplitude and phase. The coded aperture is
0/1 random distribution. The sampling rate in this exper-
iment is 0.4, and the phase retrieval results are shown in
Figure 5.

Figure 5(a) is the coded aperture with 0/1 randomly dis-
tributed, and the sampling rate is 0.4. Figures 5(b) and 5(c) are
the amplitude and phase of the complex optical field behind
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Figure 7: Three types of coded apertures with sampling rate of 0.3. (a) Uniform random sampling pattern. (b) Radial line sampling pattern.
(c) Variable density sampling pattern.

the coded aperture to be retrieved. Figure 5(d) is the intensity
recorded in the Fourier domain. Figures 5(e) and 5(f) are
the amplitude and phase recovered using the SIPR algorithm,
and the Signal-to-Noise Ratio (SNR) is 343.04 dB and 19.85
dB, respectively. Figures 5(g) and 5(h) are the amplitude and
phase recovered using the TSPR algorithm, and their SNR
is 343.04dB and 45.58dB, respectively. Comparing Figures
5(f)–5(h), it is easy to find that the quality of phase recovered
is greatly improved by our TSPR method.

The trend of the amplitude and phase with the number
of iterations in our TSPR method is shown in Figure 6. In
the first step (i.e., SIPR) of TSPR, the amplitude can be well
recovered, but the phase recovered is poor. As the number of
iterations increases, the SNR of the phase recovered can only
reach about 19dB. However, in the second step (i.e., TIPR) of

the TSPR, the SNR of the phase recovered increases as high
as 45 dB. Compared with SIPR method, TSPR method can
greatly improve the SNR of phase reconstructed.

4.2. Experiment 2: Reconstruction Experiments under Dif-
ferent Coded Apertures. The coded aperture in Experiment
1 is a uniform random sampling pattern. The purpose of
Experiment 2 is to test the performance of the TSPR method
under different coded apertures.

In Figure 7, three different types of the coded apertures
are selected, such as Uniform Random (UR) sampling, Radial
Line (RL) sampling, and Variable Density (VD) sampling.
The sampling rate of the coded aperture is used as a vari-
able parameter in the experiment, and the sampling rate
is set from 0.1 to 0.7. Each set of experiments with the
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Figure 9: Probability of successful recovery versus sampling rate.

same parameters runs 500 times independently. Compute
the recovered Average Signal-to-Noise Ratio (ASNR) and
probability of successful recovery. The ASNR and probability
of successful recovery versus sampling rate under different
coded apertures are shown in Figures 8 and 9, respectively.

As shown in Figure 8, as the sampling rate increases,
the TSPR algorithm achieves higher ASNR for phase recov-
ered than the SIPR algorithm under three different coded
apertures. In Figure 9, the best choice for coded aperture
is uniform random sampling pattern, which achieve the
optimal performance. The probability of successful recovery
has also been significantly improved and has a good stability.
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Figure 10: ASNR versus sampling rate.

The reason is that the support set of the uniform random
sampling pattern is relatively uniform distributed in the
spatial domain, while the support set of the other two coded
apertures is more concentrated to the center, so the phase
cannot be retrieved well.

4.3. Experiment 3: Reconstruction Experiment under Different
Sampling Rates. The purpose of Experiment 3 is to com-
pare the performance of phase retrieval between our TSPR
method and the other two algorithms (TIPR algorithm and
SIPR algorithm) under different sampling rates. The coded
aperture uses a uniform random sampling pattern with a
sampling rate varies from 0.1 to 0.7 and the step size is
0.05. Under the same parameters, experiments runs 500
times independently. The ASNR and probability of successful
recovery versus sampling rate for different algorithms are
presented in Figures 10 and 11, respectively.

As shown in Figures 10 and 11, the TIPR method is the
best, the TSPR method is the second, and the SIPR method
is the worst. The reason is that TIPR method has the most
known information, i.e., the two intensity measurements
at two different planes. The difference between the TSPR
method and the SIPRmethod is that the TSPRmethod draws
on the idea of the TIPRmethod. Firstly, use the SIPRmethod
to estimate the amplitude in the spatial domain, then use the
TIPR method to recover the phase. In summary, the TSPR
method is superior to the SIPR method.

5. Conclusion

This paper proposes an improved TSPR algorithm to solve
the problem of poor quality and low success rate of SIPR
method. TSPR algorithm is completed in two steps: firstly,
SIPR algorithm is used to recover the amplitude in the spatial
domain, then TIPR algorithm is used to recover the phase in
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Figure 11: Probability of success versus sampling rate.

the spatial domain. Finally, the effectiveness and superiority
of the TSPRmethod are verified.The experiment comparison
results demonstrate that the proposed method can effectively
improve the ASNR and probability of successful recovery
under the same parameters. TSPR algorithm can recover the
lost phase from known amplitude in the Fourier domain and
support set in the spatial domain.
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