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Decision-making is a complex issue due to the vague, imprecise, and indeterminate environment especially when attributes are
more than one and further bifurcated. To solve such types of problems, the concept of neutrosophic hypersoft set is proposed by
Smaranndache. In this paper, the primary focus is to extend the concept of neutrosophic hypersoft sets (NHSs) to the neu-
trosophic hypersoft matrices (NHSMs) with the essential study of matrices with suitable examples. Then, the analytical study of
some common operations for NHSM has been created. Lastly, decision-making issues have been presented by establishing a new
algorithm based on a score function, and it has been interpreted with the help of numerical example for the selection of teachers at
the college level. In this study, NHSM algorithm is elaborated efficiently and conveniently for optimal choice selection to solve

decision-making problems.

1. Introduction

In decision-making, among the multiattributive and mul-
tiobjective problems, in uncertain and vague environments,
it is difficult to differentiate valid from invalid and logical
from illogical. In these cases, decision makers get more
confused and uncertain. Zadeh developed fuzzy sets [1] to
deal with such type of information. Another issue in in-
formation is vagueness. Likewise, it is the type of uncertainty
where the investigators cannot’ separate between two unique
things, and to deal with vagueness, intuitionistic fuzzy sets
[2] are used. Later, Molodtsov [3] presents soft sets to
manage uncertainties and vagueness, and this research was
effectively applied in numerous applications such as game
theory, activity research, and probability [4]. Maji et al. [5, 6]
exhibited a logical study of the soft sets, which incorporates
every essential operators and property. The study was ex-
tended to fuzzy soft set [7] and intuitionistic softsets [8] to
deal uncertainity and vagueness. As a result, Smarandache

[9, 10] has presented the idea of neutrosophic sets, which is a
generalization of the crisp set, fuzzy set, and intuitionistic
fuzzy set.

In any case, from the philosophical perspective, truth-
ness, indeterminacy, and falsity of neutrosophic set always
lies in [0,1]. Maji [11] has extended the concept of a soft set
to neutrosophic soft set. The matrix representation and
aggregate operators of this idea were presented by Deli and
Broumi in [12]. Multicriteria decision-making MCDM
problems were solved by utilizing a neutrosophic soft set,
and many mathematicians have proposed their examination
work in various scientific fields by proposing TOPSIS,
VIKOR, etc. techniques, and this idea is likewise utilized in
advancing decision-making theories along with application
in the neutrosophic environment [13-17]. Akram et al.
[18-20] established group decision-making methods based
on hesitant N-soft sets, Pythagorean fuzzy TOPSIS, and
ELECTRIC I method in Pythagorean fuzzy information.
Garg [21, 22] had carried out lot of work related to decision-
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making problems using different tools relating to fuzzy,
intuitionistic, and neutrosophic theories. Mehmood et al.
[23, 24] used bipolar soft sets and spherical fuzzy sets for
decision-making problems. Sabbir and Naz [25] also worked
on bipolar soft sets.

Smarandache [26] displayed another strategy to manage
uncertainty by providing the extension of the soft set to the
hypersoft set and its hybrids, such as a fuzzy hypersoft set,
intuitionistic hypersoft set, and neutrosophic hypersoft set,
by changing the function into a multiargument function.

1.1. Motivation

(1) Multicriteria decision problems (MCDM) consist of
several attributes and indeterminacy. To deal with
such types, neutrosophic sets (NSs) are used because
(NSs) fully deal with indeterminacy, whereas to deal
with vagueness and uncertainty, neutrosophic soft
sets (NS’s) are used. However, when attributes are
more than one and further bifurcated, the concept of
neutrosophic soft set (NSs) cannot be used to tackle
such issues. There was a dire need to define the new
environment. For this purpose, the concept of
neutrosophic hypersoft set (NHSS) was proposed by
[27]. Matrices are more reliable, logical, and practical
for the decision makers and play an important role in
understanding, modeling, and solving the MCDM
problems.

(2) how MCDM problems can be represented in the
matrices’ form consisting of more than one attribute,
which is further bifurcated? The answer to this
question leads us to develop the matrix theory by
combining the concept of NHSS and soft matrix
theory and, hence, the motivation of the present
study.

(3) In this exploration, the primary focus is to extend the
neutrosophic hypersoft set (NHSS) concept to the
neutrosophic hypersoft matrices (NHSM) by the
essential study of matrices. This study helps us apply
all the definitions, operators, and properties of
matrices to NHSS and decision-making problems,
especially when attributes are more than one and
further subdivided.

Section 1 contains an introduction about soft set, neu-
trosophic soft set, hypersoft set, and neutrosophic hypersoft
sets. Section 2 deals with mathematical preliminaries, which
will be used in the rest of the paper. In Section 3 the concept
of NHSM has been discussed broadly with definitions and
suitable examples. In Section 4 basic operators of NHSM are
proposed along with their properties. In Section 5, a deci-
sion-making algorithm has been developed with the help of
score function and it is applied in the selection for the hiring
of teachers. This algorithm is briefer and more accurate
rather than others, and Section 6 contains some comparison
in Table 7 with the existing techniques of Hashmi et al. [28],
and finally, we will discuss the conclusion of the research

paper.
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2. Preliminaries

In this section, we present some definitions which will help
understand the rest of the article.

2.1. Soft Set [6]. Let % be the universal set and & be the set of
attributes with respect to . Let % (%) be the power set of %
and AC&. A pair (¥, ) is called a soft set over %, and its
mapping is given as

Fd — P(U). (1)

It is also defined as

(2)

(F/«jg{):{ F(e) € P(U) }

ec&, Fe)=Dife+d

2.2. Neutrosophic Soft Set [11]. Let % be the universal set and
& be the set of attributes with respect to %. Let 2 (%) be the
set of neutrosophic values of % and &/ € &. A pair (F, ) is
called a neutrosophic soft set over %, and its mapping is
given as

F: o — P(U). (3)

2.3. Hypersoft Set [21]. Let % be the universal set and
P (U)be the power set of %. Consider £',6%,¢%,...,¢", for
n>1, and let n be well-defined attributes, whose corre-
sponding attributive values are, respectively, the set
PP, L with NP =@, for i#j and
i,je{1,2,3,...,n}; then, the pair (F, L' xL*x
F3,..., L") is said to be hypersoft set over %, where

F L AP LL— P(U). (4)

2.4. Neutrosophic Hypersoft Set [23]. Let % be the universal
set and P (%) be the power set of %. Consider
e, 2,03, ..., for n>1; let n be well-defined attributes,
whose corresponding attributive values are, respectively, the
set P, L1 PP, ., L with 'NFV =3, for i+ and
i,je{l,2,3,...,n}, and their relation
P )L L, .., L = S;then, the pair (F, §) is said to
be neutrosophic hypersoft set (NHSS) over %, where

FL'XLxL L — P,
F(L' <L x L., 2") (5)
={{x, T(F (), I (F (), F(F (), x € U},

where T is the membership value of truthiness, .7 is the
membership value of indeterminacy, and F is the mem-
bership value of falsity such that 7, 7, #: % — [0, 1] also
0<T(F () + F(F()+F(F(S))<3.
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3. Neutrosophic Hypersoft Matrix (NHSM)

In this section, we have introduced some definition with
suitable examples.

3.1. NHSM. Let % ={u',v? ...,u*} and P (%) be the
universal set and power set of universal set, respectively; also,
consider £y, %), ..., Zp, for B> 1, where 8 is well-defined
attributes, whose corresponding attributive values are, re-
spectively, the set 2%, %%, ..., Zf and their relation
L x L x -~-><$Z, where a,b,c,...,z=1,2,...,n; then,
the pair (%, 2% x 5 x---x Z}) is said to be neutrosophic
hypersoft set over %, where F: (Z*x b x...x Z%)
— P () and it is defined as F (£ x Zg X eee X 32) =
[ To (), I (w), Fg (u)u € %R € (L5 x L5 x -+ x
ng)}. Table 1 represents the tabular form of NHSS Rg.
If 0=y W, 5,  where =123,
a,j=1,2,3,...,5 andk =a,b,c,...,z, then a matrix is

defined as
Oy, Oy, ... Oy
Oy Oy ... Oy
[Oij]axﬁ = : : t. : i (6)
Ou Op - Oy
where 0;; = (T3§ (u;), 13,§ (u;), F3,§ (u;),u; € %,,5,”?

b
€ (LIXLyx - x L)) = (T o Fijpor Fie)-
Thus, we can represent any neutrosophic hypersoft set in
terms of a neutrosophic hypersoft matrix (NHSM), and it

means that they are interchangeable.

Example 1. Teachers’ recruitment problem (TRP) is the
most complex and absurd task. There is no fixed and fab-
ricated design to know their subject knowledge or peda-
gogical skills. Therefore, decision makers find themselves in
a blind alley. Consequently, based on their own knowledge
and experience, they select a person who does not meet the
institutional requirement. Thus, TRP is typically a multi-
criteria decision-making MCDM problem.

Assumptions:

(i) Independent attributes are considered
(ii) Everyone attends the interview

(iii) Hesitant environment is not yet considered

Formulation of the Problem. Let us consider an institute that
wants to hire a teacher appropriate to its requirements, and
they received the following statistics-based CVs. Let Z be the
set of candidates for the teaching at the college level:

u={7",7%5°,5",7°} (7)

Also, consider the set of attributes as
o, = Qualification,
4, = Experience,
oy = Gender,

9 , = Publications.

(8)

Parameters:

(i) T, =universal set of teachers, wherei =1,2,3,4,5

(ii) A, =attributes, wherei = 1,2,3,4 that are further
categorized into the following:

(iii) &/ = qualification

(iv) &{ = {BS Hons., MS/Mphill, Phd, Post Doctorate}
(v) o5 = experience = {5y, 8yr, 10yr, 15yr}

(vi) &5 = gender = {Male, Female}

(vii) ﬂf = publications = {3, 5,8, 10+}

Let the function be F: /% x o8 x o x A9 — P(U)

Below are Tables 2-5 of their neutrosophic values

assigned by different decision makers.
The neutrosophic hypersoft set is defined as

F: (et} x ol x ol x dl}) — P(U). (9)

Let us assume

F (o x oy x ol x o) = F (Mphill, Syr, male,3) ={7", 7%, 7%, 7°},

F((at} x oty x aly x al}) = F (Mphill, 5yr, male, 3)

{ <", (Mphill{0.5,0.3,0.6}, 5yr{0.3,0.4, 0.7}, male{0.5,0.6, 0.9}, 3{0.6, 0.4,0.5}) >,

(10)

< 7%, (Mphill{0.3,0.2,0.1}, 5yr{0.6, 0.5, 0.3}, male{0.7, 0.8, 0.3}, 3{0.7,0.5,0.3}) >,
< T* (Mphill{0.7,0.3, 0.6}, 5yr{0.6, 0.4, 0.8}, male{0.8, 0.5, 0.4}, 3{0.6,0.2,0.1}) >,
< (Mphill{0.5, 0.4, 0.5}, 5yr{0.3, 0.6, 0.7}, male{0.9, 0.2, 0.1}, 3{0.4,0.5,0.3}) >, }.

Then, a neutrosophic hypersoft set of above-assumed
relation in the tabular form is represented in Table 6.
And, its matrix is defined as
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TaBLE 1: Matrix representation of NHSS.

8 Z Z5
' L g, (W', £1) L, (', Z3) X o, (1, L)
w L, (W, Z7) L, W, Z3) L, (2, L5)
u L g, (" L) L g, (", L5) L g, W%, Z5)

TaBLE 2: Decision makers will assign neutrosophic numbers to each candidate T; against qualification.

4l (qualification) g! g? g3 gt T°
BS Hons. (0.4,0.5,0.8) (0.7,0.6,0.4) (0.4,0.5,0.7) (0.5,0.3,0.7) (0.5,0.3,0.8)
MS/MPhil. (0.5,0.3,0.6) (0.3,0.2,0.1) (0.3,0.6,0.2) (0.7,0.3,0.6) (0.5,0.4,0.5)
Ph.D. (0.8,0.2,0.4) (0.9,0.5,0.3) (0.9,0.4,0.1) (0.6,0.3,0.2) (0.6,0.1,0.2)
Post doctorate (0.9,0.3,0.1) (0.5,0.2,0.1) (0.8,0.5,0.2) (0.8,0.2,0.1) (0.7,0.4,0.2)

TaBLE 3: Decision makers will assign neutrosophic numbers to each candidate T; against experience.

szi'z’ (experience) g! g? g3 gt g?
5yr. (0.3,0.4,0.7) (0.6,0.5,0.3) (0.5,0.6,0.8) (0.6,0.4,0.8) (0.3,0.6,0.7)
8yr. (0.4,0.2,0.5) (0.8,0.1,0.2) (0.4,0.7,0.3) (0.4,0.8,0.7) (0.7,0.5,0.6)
10yr. (0.7,0.2,0.3) (0.9,0.3,0.1) (0.8,0.3,0.2) (0.5,0.4,0.3) (0.5,0.2,0.1)
15yr. (0.8,0.2,0.1) (0.6,0.4,0.3) (0.9,0.4,0.1) (0.6,0.2,0.3) (0.5,0.3,0.2)
TaBLE 4: Decision makers will assign neutrosophic numbers to each candidate T; against gender.
a5 (Gen de r) g! g? g3 gt g°
Male (0.5, 0.6, 0.9) (0.7, 0.8, 0.3) (0.6, 0.4, 0.3) (0.8, 0.5, 0.4) (0.9, 0.2, 0.1)
Female (0.6, 0.4, 0.7) (0.3, 0.6, 0.4) (0.8,0.2, 0.1) (0.4, 0.5, 0.6) (0.8, 0.4, 0.2)
TaBLE 5: Decision makers will assign neutrosophic numbers to each candidate T; against publication.
% (publication) z T! T? T3 Tt T°
3 — (0.6, 0.4, 0.5) (0.7, 0.5, 0.3) (0.6, 0.4, 0.3) (0.6, 0.2, 0.1) (0.4, 0.5, 0.3)
5 — (0.8, 0.2, 0.4) (0.7, 0.3, 0.2) (0.8, 0.3, 0.1) (0.3, 0.4, 0.5) (0.3, 0.5, 0.8)
8 — (0.5, 0.3, 0.4) (0.6, 0.3, 0.4) (0.5, 0.7, 0.2) (0.8, 0.4, 0.1) (0.7, 0.4, 0.3)
10+ — (0.4, 0.9, 0.6) (0.8, 0.4, 0.2) (0.2, 0.6, 0.5) (0.7, 0.5, 0.2) (0.6, 0.4, 0.7)
TaBLE 6: The tabular form of the above relation.
o o 5 Gl
! (Mphill, (0.5,0.3,0.6)) (5yr, (0.3,0.4,0.7)) (male, (0.5,0.6,0.9)) (3, (0.6,0.4,0.5))
T? (Mphill, (0.3,0.2,0.1)) (5yr, (0.6,0.5,0.3)) (male, (0.7, 0.8,0.3)) (3, (0.7,0.5,0.3))
g (Mphill, (0.7,0.3,0.6)) (5yr, (0.6,0.4,0.8)) (male, (0.8,0.5,0.4)) (3, (0.6,0.2,0.1))
T* (Mphill, (0.5,0.4,0.5)) (5yr, (0.3,0.6,0.7)) (male, (0.9,0.2,0.1)) (3, (0.4,0.5,0.3))

[O

(Mphill, (0.5,0.3,0.6))
(Mphill, (0.3,0.2,0.1))
(Mphill, (0.7,0.3,0.6))
(Mphill, (0.5,0.4,0.5))

]4><4 =

(5yr, (0.3,0.4,0.7)) (male, (0.5,0.6,0.9)) (3, (0.6,0.4,0.5))
(5yr, (0.6,0.5,0.3)) (male, (0.7,0.8,0.3)) (3, (0.7,0.5,0.3))

(5yr, (0.6,0.4,0.8)) (male, (0.8,0.5,0.4)) (3, (0.6,0.2,0.1)) '

(11)

(5yr, (0.3,0.6,0.7)) (male, (0.9,0.2,0.1)) (3, (0.4,0.5,0.3))
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3.2. Square NHSM. Let O = [O .] be the NHSM of order
ax f, where O;; = (7Uk, f’]k, k) Then, O is said to be
square NHSM if a = 3. It means ‘that if an NHSM has the
same number of rows (attributes) and columns (alterna-

tives), it is a square NHSM.

Example 2. Above defined Example 1 is also the example of
square NHSM.

3.3. Transpose of Square NHSM. Let O = [O;;] be the square
NHSM of order a x B, where O;; = (77, 7 F7y)s then,

O' is said to be transpose of square NHSM if rows and
columns of O are interchanged. It is denoted as

O =[O0y =(T 5o o Fi) =(T 50 0 F0) =105
(12)

Example 3. Transpose of the matrix define in Example 1 is
given as

(Mphill, (0.5,0.3,0.6)) (Mphill, (0.3,0.2,0.1)) (Mphill, (0.7,0.3,0.6)) (Mphill, (0.5,0.4,0.5))

(5yr, (0.3,0.4,0.7))
(male, (0.5,0.6,0.9))
(3, (0.6,0.4,0.5))

[O]ix4 =

3.4. Symmetric NHSM. Let O [O J] be the square NHSM
of order a x 3, where O;; = o jl]k, 91]k) then, O is said
to be symmetric NHSM 1fl 0'=0, ie, (T T F Gk

0 0
1]k) - ('J]kz’ jki’gjjki)'

3.5. Scalar Multiplication of NHSM. Let O = [O;;] be the
NHSM of order a x 3, where O;; = (77, 7y Fy) and s

(5yr, (0.6,0.5,0.3))
(male, (0.7,0.8,0.3))
(3, (0.7,0.5,0.3))

(5yr, (0.6,0.4,0.8))
(male, (0.8,0.5,0.4))
(3, (0.6,0.2,0.1))

(5yr, (0.3,0.6,0.7))
(male, (0.9,0.2,0.1))
(3, (0.4,0.5,0.3))

(13)

be any scalar then the product of matrix O and a scalar s is a
matrix formed by multiplying each element of matrix O by s.
It is denoted as sO = [sOij], where 0<s<1.

Example 4. Let us consider a NHSM [O],,4:

(Mphill, (0.5,0.3,0.6)) (5yr, (0.3,0.4,0.7)) (male, (0.5,0.6,0.9)) (3, (0.6,0.4,0.5))

(Mphill, (0.3,0.2,0.1)) (5yr, (0.6,0.5,0.3)) (male, (0.7,0.8,0.3)) (3, (0.7,0.5,0.3))
(Mphill, (0.7,0.3,0.6)) (5yr, (0.6,0.4,0.8)) (male, (0.8,0.5,0.4)) (3, (0.6,0.2,0.1)) |

[ ]4><4 =

(14)

(Mphill, (0.5,0.4,0.5)) (5yr, (0.3,0.6,0.7)) (male, (0.9,0.2,0.1)) (3, (0.4,0.5,0.3))

And, 0.1 is the scalar; then, scalar multiplication of
NHSM [O],,, is given as

(Mphill, (0.05,0.03,0.06)) (5yr, (0.03,0.04,0.07)) (male, (0.05,0.06,0.09)) (3, (0.06,0.04,0.05))
(Mphill, (0.03,0.02,0.01)) (5yr, (0.06,0.05,0.03)) (male, (0.07,0.08,0.03)) (3, (0.07,0.05,0.03))
(Mphill, (0.07,0.03,0.06)) (5yr, (0.06,0.04,0.08)) (male, (0.08,0.05,0.04)) (3, (0.06,0.02,0.01)) |
(Mphill, (0.05,0.04,0.05)) (5yr, (0.03,0.06,0.07)) (male, (0.09,0.02,0.01)) (3, (0.04,0.05,0.03))

[(0.1)Ol 44 =

(15)

Proposition 1. Let O = [O; ] and M = ()] be two
NHSM, where Oy = (T Iy Fiy) and .%1]—( l]k,

Proof
() S(10) = s[t0y] = ST 0.5 tF 5] =

M
j;;”ki G‘l]k) [(Stf/ ik> Stjljka Stg;)]k)] =st [(J ,]k’ f]k’ l]k)] =
st[OU]/ (st)O
For two scalars s,t € [0, 1], then (i) Slnce gfk’ ;’ ¢?]k:0 (0,1], so 5919 <197 2
(i) s(tO) = (st)O ;]k Stf,]k,s Tk SEF Tk
(ii) If s<t, then sO<tO (iii) Now, = (50, ] _ [(S‘sz]k’ j;‘)jk’sg?jk)] <

(iii) If OC, then sOCs. (T T f,]k,t%:’]k)] [0 ij] = 1O
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(iv) Ocll = [O;] € [ )] (ii) Since Of € NHSM,4, s0 (0! € NHSM,, ;. Now,
t o 0 o t)
p (0) =<[(9ijk’jijk’ Fiie)] )
o‘ G"O o
‘j 1]k’j11k<j1]k’ 1]k—‘/(ijk ([( j )])t (18)
G0 jki> & jki> ]kz
=s7; ijk <S'/ ijk> jz]k—sjzjk’ e%zﬂcz&%—qk
(16) =[5 7 3] = 0.
=>S[Oij] gs[ﬂ,-j]
=sOCs. (iii) proved with the help of example. O
O

Theorem 1. Let O = [Oij] be the NHSM of order axf3, 3.6. Trace of NHSM. Let O = [O,-j] be the square NHSM of

where O;; = (T {30 I 1o F i) Then, order a x 3, where O;; = (77> 7o F73) and a = B. Then,
(i) (sO)' = sO, where s € [0,1] trace of NHSM is denoted as tr(O) and is defined as
(ii) (Ot)t -0 tr(O) = Zz 1Lk= a[ iik («juk nk)]

(iii) IfO = [Oy;] is the upper triangular NHSM, then O' is

lower triangular NHSM and vice versa Example 5. Let us consider a NHSM [O],,:

Proof

(i) Here, (sO)',sO' € NHSM,4, s0
(s0)' = [(SJ,,k,Sf,]k,sgle)]
= (675 s 5750
= s[(T 5 I 5k Fo)|
AT A =50

(17)

(Mphill, (0.5,0.3,0.6)) (5yr, (0.3,0.4,0.7)) (male, (0.5,0.6,0.9)) (3, (0.6,0.4,0.5))
ol (Mphill, (0.3,0.2,0.1)) (5yr, (0.6,0.5,0.3)) (male, (0.7,0.8,0.3)) (3, (0.7,0.5,0.3)) 19
41 (Mphill, (0.7,0.3,0.6)) (5yr, (0.6,0.4,0.8)) (male, (0.8,0.5,0.4)) (3, (0.6,0.2,0.1)) |

(Mphill, (0.5,0.4,0.5)) (5yr, (0.3,0.6,0.7)) (male, (0.9,0.2,0.1)) (3, (0.4,0.5,0.3))

Then, tr (0) = (0.5-0.3-0.6) + (0.6 —0.5-0.3) Proposition 2. Let O = [O ]] be the square NHSM of order
+(0.8-0.5-0.4)+ (0.4-0.5-0.3) = —1.1. a x 3, where O;; = (9 l]k,jl]k,.%,jk) anda = 5. s be any
scalar then tr(sO) = str(O).
Proof.
o,z o,z
tr (SO) Sjnk + Sguk)] S nk nk + gftk)] = str (O) (20)
i= lk:a i= lk:a
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3.7. Max-Min Product of NHSM. Let O [OJ] and A/ =
[.ﬂ ] be two NHSM where O;; = (7 l]k, Uk’ Uk) and

im= (T oI ]km) Then, O and / are said to be
onformabl’ if t{1e1r dimensions are equal to each other
(number of columns of O is equal to number of rows of ./ ).

Ifl? - [Oij]aXﬁ and ./ = [ﬂjm]ﬁxy’ then O® .4 = [&im]“xy’
where
(5] = max m1n(J ,]k,]]km) min max(ffjk,]ﬁfm),
" min j; max(?fjk, gj/ilm) .
(21)

t S S S
(O®ﬂ) = (9km1’ ]kml’ cvkml)yXa

s (M o . M 0
< max mln(J mjk> jk,-), min j max(fmjk, fjk,-)> )
yXa

; gl Z0
mmjk maX(ijk, */'jki)

M M M 0 0 0 t t
(gm]k’jmjk’gmjk)yxﬁ®(9jki’jjki’gjki)ﬁxa =M 0.

3.8. Operators of NHSMs. Let O = [O;;] and M = [M;;] be

[O;
(gf jz]k"fljk) and

two  NHSM,  where
Mi; = (T 50 T i Fi)- Then
(i) Union:

ou =S, (24)

where 9fk—rsnax(57,]k, o]k) f,]k (i +
jl]k)/Z) and F; = min(F7y, F l]k)

(ii) Intersection:

onudl =S, (25)
where
s fot/4
Tije = min(T 0 T ),
0 M
7o (fijk + fijk) (26)
ijk 2 >

s _ M
gijk - max(gzjk’ gt]k)

(iii) Arithmetic mean:

O =S, (27)

where

Theorem 2. Let O = [O ]axﬁand M =
NHSM, where Oy; = (T {yo Iy F i) and M
j]km’ ]km) Then’
(OeM) =40
Proof. Let  O® M = [§1m]axy’ then,
[é’mgyxa, o' =[O0 il o and /' = (A 1)y
ow,
M
P (9?jk + gijk)
ijk 2 >
M
o (e + Tii)
ijk 2 >
0 M
()
ijk 2 .
(iv) Weighted arithmetic mean:
ool = 8,
where
10 2 M
. (w F/'Uk+w F/'ijk)
ijk = >
w' +w?
1 2 gl
oo (w' S+ ' i)
ijk = W+t )
1
g - (w 970k +w J«Uk)
ij

w+w

(v) Geometric mean:

oo =8,

where

[ﬂﬂn]ﬁw

be two
( ]km >

(22)

(OeH) =

(23)

(28)

(30)

1 2
~w L, w” > 0.

(31)
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T —fgo g (viii) Weighted harmonic mean:
ijk — ijk " ijko
o M = S, (37)
j?jk = \[f,‘ojk'fé”k: (32)
P P where
ijk = ijk 7 ijk W'+ W
915 = ,
(vi) Weighted geometric mean: i (wl/ T :‘ij) +(w2/ T Z%k)
oo =S, (33) 1 2
s w +w
Fijk =71 (38)
where (w /jth) (w /jljk)
wlw?2 w! i w? 1 2
Tijk = \/(9fjk) (T Fi = worw
wliw2 w! U N\W? (w /gl]k) (w /gl]k)
Fije = \/(fijk) (75) (34)
wl+w2 ! w?
g;jk = \/(97?1-1{)“} : (972/11{) > Proposition 3. Let O = [O; ] and M = [M;;] be two
wl w2>0 ;I/ZSAg‘%g/here Oz] - (szk’ 1]k’ 1]k) and ‘%1] - ( z]k’
’ ’ ijk> 7 ijk
! Yher;,
(vii) Harmonic mean: .
Oodl - S (i) (Qu.) =0 v
ol =S, (35) (ii) (ON.dL) = O .4t
where (iii) (O@l)" = O'e.M"
o (iv) (0¥ M) = O'e "
i & (v) (Oo.) =0 o.M
ije T 7 ijk (vi) (Oo¥.M)' = O o¥M"
270 7 (vii) (Ool)" = Otol*
T = o (36) (viii) (O“M)' = O'e". M
Fije T Fijk
. 2FLT Proof. (i)
ik = o
! gz]k + e9:th
t
o ;)' +jl“ 0
(Ou) = [( O‘z]k’ l]k) M’ mm(g kgﬁ))}
o (j(?ki + j/ilz) . 0 /A
[( 7 ki ]kz) % m1n(£“¥ jkirF jki)
(39)

=[50 750 F50) 1V (i i F )]

=74 7 7)) V(T 750 7))

=0'ua'.

Remaining parts are proved in a similar way. O
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Proposition 4. Let O = [0;;] and M = [M;;] be two upper (iii) (O@.M)° = O°@.M°
trzangularﬂNHSM /Ilwhere O;; (Fffk, fk, lk) and (iv) (0&”.M)° = O%@u°
(91 k’fl]k’gl k) Then) (OUﬂ) (Oﬂﬂ) (06'%) (V) (O@ﬂ)o _OOQ%O
(OGB“’/%) (OO.%) and (O™ M) are all upper triangular . 0_ o o
NHSM and vice versa. (vi) (O0¥“M)” =0O% oM
(vii) (Oe.Ml)® = O°eu®
Theorem 3. LCEEO :O[Oij]o and M = [/%U] be two NHSM, (viii) (O*.M)° = O°®.M°
Whe;_‘;loij = (T Lo Fin) and Mij = (T ka’ z]k’ z]k)
en,
() (Ou.)° =0°n.u® Proof. (i)
(i) (On.#)° =0°u.u®
_ 10
1 jl
(OU.)° = <max(9 o T C”k)(]kzijk) min( 9“”?’2))
[ Tiw+ T ]
= <min(9~”;’jk, ?ﬁ),w, max(gfjk, PJ‘ﬁ)
' ' (40)
o 0 o foY/A M M
(gz]k’jijk’gijk) n ('/'ijk’fijk’ ‘Cjijk)
o o oo \© M M ol \©
=('°7ijk>fijk’fijk) n(gijk’jijk"/'ijk)
=0%n.u’®.
Remaining parts are proved in a similar way. O (iv) (O M) = (M&"O)
Th 4. Let O = [O,] and .M = [M,;] be two NHSM, () (0. = (#e0)
eorem et il an = ;] be two
l] l] M w — w
where Ol] — ('jljk’ ?jk’g?jk) and ‘ﬂij = (g z]k’jéﬂk’ aéﬂk) (vi) (O0Y M) = (M o¥O)
Then, (vii) (Ool) = (M20)
(i) (OU.M) = (MUO) (viii) (0¥ M) = (M2*O)
(ii)) (ON) = (M NO)
(iii) (O M) = (M & O) Proof. (i)
[ Tk + ]i/‘%k .
(ou.) = <max(9fjk, T i) % min(F 5y, Fi )
r M 0
/A (jz ik T ji ‘k) . /A
<max(7ijk, gfjk),%, mln(f%”ijk, Fifjk) (41)

M
(g
=(7 e

= (MU O0,).

Remaining parts are proved in a similar way.

ji/j%k’ géﬂk) U( Uk’juk"/’l]k)
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Theorem 5. Let = [O,-]-], = [/llj] and N = [.% 1be
NHSM, where Oy; = (T (o Il Fiy)r Mij= (T ,]k)fljka
1]k) and Ni; = ( IJk’jljJVk’ GVI/JVk) Then,
(i) (QulYUN =0U (MU N)
(i) (On)YNN =0Nn (MNN)

(OUM)UN = (max(&‘fjk,J,Jk)

2

7(07% jl}k) min(FF’. 972/,1())

0 M N
(jijk +jijk +jijk) m

Journal of Mathematics
(iii) (Oo M) N +O (M N)

(iv) (OoM)o N +06 (Mo N)
v) (QoM)yoN+0o (MaN)

Proof. (i)

] (72 70 722)]

0 M N
= (max(gijk’jijk>gijk)>

(S5 + T+ Fiie)

3

O oM ol
= <max(gijk’gijk’9ijk)’

ijk> 7 ijk> i U T
=(T i i Fii) [(maX(J

M ol

( le’lek’ l]k)U ((9Z%kf

=0OU (AHUN).

Remaining parts are proved in a similar way. O

Theorem 6. Let = [O ,]] = [/llj] and N = [.% 1be
NHSM, where O;; (9;’]k, Vi F i) M = (T4

l]k’jl]k’
N and N —(9 ¥ F). Then,
1]k ij ijk> & ijk> 1]k

@gon(seN)=(On)s (ONN)

ik ijk

RN ),7(jﬁ ! ji/ﬁ(), min(?ﬂ F >:|

3 ijk> 7 ijk> (42)

, min(?i.o. F &‘“ﬁ))

Fi3) V(T Tio Fiie))

(ii) (O®.M)NN =
(iii) OU (M & N) =
(iv) (O®M)UN =

OnN e (NN
(Ou.d)® (OUN)
QUM @ (MUN)

Proof. (i)

ON (MeN) =(T o Fio Fiie 5

>

2 2

(0570, 02 280 o5 0]

2

gl | N 0
T+ T I
= {(I 1in<9?jk,( ik 11k)>)( ik

4

2

(75 + 755)/2) + (Fi + 7i3e)2)

_ min (glc])k +Jijk) (Jl]k+‘/1]k)
= i 5 ; 5 ,
o 71280 2250\

2 2

0 M
= |:<min(9fjk, 93%,(),@, max(

2

(flujk +ji/;<)

@{(min(gfjk,gi/};{), I :

, max(

(7 7302)) mw{(yw) >]
),

2

(43)

0 M
)

0 N
‘O;ijk’ gijk) >]

= (T3 7o Fi5) 0 (T T F i) [T T F5) 0 (T o o i)

=(Onu)s (ONN).
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The remaining parts are proved in a similar way. [

4. Neutrosophic Hypersoft Matrix (NHSM) in
Decision-Making Using Score Function

Suppose that some decision makers wish to select from «
number of objects. Each object is further characterized by f3
number of attributes, whose respective attributes form a
relation just like NHSM. Each decision makes different
neutrosophic values to these respective attributes. Corre-
sponding to these neutrosophic values for the required
relation, we get a NHSM of order « x . From this NHSM,
we calculate values’ matrices, which help to obtain a score
matrix. And, finally, we calculate the total score of each
object from the score matrix.

Value matrices are the real matrices that obey all the
properties of real matrices. Score function is also a real
matrix which is obtained from two or more value matrices.
Definition 1. Let O [O;;] be the NHSM of order ax f3,
where O;; (T 0 Il @0 «); then, the value of matrix O is
denoted as ‘7(05 an 1t is eﬁned as 7' (0) = [‘WO] of order
ax B, where? T g = I —F - The score of two
NHSM O = [O]] and M = [ﬂ] of[ order a x f3 is given as
SO, /%) =7 (0)+7 (M) and S (O, M) = [S;;], where
S =79+ %/” The total score of each object in universal
set is |Zh_1 cS’lJI

Algorzthm is graphically represented with Figure 1.

Step 1: construct a NHSM as defined in Section 3.1.

Step 2: calculate the value matrix from NHSM. Let O =
[Oij] be the NHSM of order axp, where
= (T I igo F s then, the value of matrix O is

11

Step 3: compute the score matrix with the help of value
matrices. The score of two NHSM O = [O,-j] and A =
[M;;] of order and axpf is given as §(O,. %)
=7 O)+7 (M) and SO, H) = [é’ij], where
Sy=V+7.

Step 4: compute the total score from the score matrix.
The total score of each object in the universal set is
3Ll

Step 5: find the optimal solution by selecting an object
of maximum score from the total score matrix.

4.1. Numerical Example. Teachers’ recruitment problem
(TRP) is the most complex and absurd task. There is no fixed
and fabricated design to know their subject knowledge or
pedagogical skills. Therefore, decision makers find them-
selves in a blind alley. Consequently, based on their own
knowledge and experience, they select a person who does not
meet the institutional requirement; thus, TRP is typically a
multicriteria decision-making MCDM problem.
Assumptions:

(i) Independent attributes are considered
(ii) Everyone attends the interview

(iii) Hesitant environment is not yet considered

Formulation of the Problem. Let us consider an institute that
wants to hire a teacher appropriate to its requirements, and
he received the following statistics-based CVs. Let % be the
set of candidates for the teaching at the college level:

denoted as 7 (0), and it is defined as 7' (0) = [78] of
order a x 3, where%O =T g = o ~F e
9/ = {91,92“@]3’ gt g% g% g7 g% g0 g0 gl g2 13 914,915}. (44)
Also, consider the set of attributes as (ii) &/ = {BS Hons., MS/Mphill, Phd, Post Doctorate}
_ Qualification (iii) /5 = Experience = {5yr, 8yr, 10yr, 15yr}
g —F ) ' (iv) o5 = Gender = {Male, Female}
2 = BXperience, (45) (v) /% = Publications = {3,5,8, 10+}

95 = Gender,
9, = Publications.

Parameters:

T, = universal set of teachers, wherei =1,2,3,4,5
A,; =attributes, wherei = 1,2, 3,4 that are further cat-
egorized into the following:

(i) &/{ = Qualification

The function F: o/ x Mb X A5 % szid —> P(%).

Let us assume the relatlon F ( (] x &ib x 95 x ,Qfd) =
F (Mphill, 5yr, male, 3) which is the actual requirement of
college for the selection of candidates.

Four candidates {72, 7°, 7%, 7'} are shortlisted on the
basis of assumed relation, i.e., (Mphill, 5yr, male, 3).

A jury of two members {A, B} is set for the selection of
shortlisted candidates. These jury members give their
valuable opinion in the form of NHSSs separately as
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Compute solution by
Calculate SEOE Compute selecting an
value matrix total score objectof

maximum
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FiGure 1: Flowchart of the proposed algorithm.

A = % (Mphill, 5yr, male, 3)
={ <77, (Mphill{0.5,0.3,0.6}, 5yr{0.3,0.4,0.7}, male{0.5, 0.6, 0.9}, 3{0.6, 0.4, 0.5}) >,
< 7°, (Mphill{0.3,0.2,0.1}, 5yr{0.6, 0.5, 0.3}, male{0.7, 0.8, 0.3}, 3{0.7, 0.5, 0.3}) >,
< 7 (Mphill{0.7,0.3, 0.6}, 5yr{0.6, 0.4, 0.8}, male{0.8, 0.5, 0.4}, 3{0.6,0.2,0.1}) >,
< 7™, (Mphill{0.5,0.4, 0.5}, 5yr{0.3,0.6, 0.7}, male{0.9,0.2,0.1}, 3{0.4,0.5,0.3}) > .},
B = & (Mphill, 5yr, male, 3) (o
={ <77, (Mphill{0.8,0.1,0.2}, 5yr{0.7, 0.4,0.3}, male{0.4, 0.6, 0.3}, 3{0.5,0.3,0.5}) >,
< 7°, (Mphill{0.8, 0.2, 0.1}, 5yr{0.7, 0.4, 0.3}, male{0.8, 0.2, 0.1}, 3{0.9,0.3,0.2}) >,
< 7% (Mphill{0.5, 0.3, 0.4}, 5yr{0.7, 0.3, 0.2}, male{0.9, 0.2, 0.1}, 3{0.4,0.2,0.7}) >,
<7, (Mphill{0.7,0.4, 0.2}, 5yr{0.2,0.4, 0.7}, male{0.7,0.2,0.1}, 3{0.6,0.3,0.4}) > ,}.

Let us apply the above define algorithm for the calcu-
lation of total score.

Step I (construction of NHSM):the above two NHSSs
are given in the form of NHSMs as

[ (Mphill, (0.5,0.3,0.6)) (5yr, (0.3,0.4,0.7)) (male, (0.5,0.6,0.9)) (3, (0.6,0.4,0.5))

Step II: calculation of the value matrices

defined in Step I

(Mphill, (0.3,0.2,0.1))
(Mphill, (0.7,0.3,0.6))
(Mphill, (0.5,0.4,0.5))
(Mphill, (0.8,0.1,0.2))
(Mphill, (0.8,0.2,0.1))
(Mphill, (0.5,0.3,0.4))
(Mphill, (0.7,0.4,0.2))

(5yr, (0.6,0.5,0.3))
(5yr, (0.6,0.4,0.8))
(5yr, (0.3,0.6,0.7))
(5yr, (0.7,0.4,0.3))
(5yr, (0.7,0.4,0.3))
(5yr, (0.7,0.3,0.2))
(5yr, (0.2,0.4,0.7))

of NHSMs

(male, (0.7,0.8,0.3))
(male, (0.8,0.5,0.4))
(male, (0.9,0.2,0.1))
(male, (0.4,0.6,0.3))
(male, (0.8,0.2,0.1))
(male, (0.9,0.2,0.1))
(male, (0.7,0.2,0.1))

(3, (0.7,0.5,0.3))

(3, (0.6,0.2,0.1)) |

(3, (0.4,0.5,0.3)) |
(3, (0.5,0.3,0.5)) T
(3, (0.9,0.3,0.2))

(3, (0.4,0.2,0.7)) |

(3, (0.6,0.3,0.4)) |

(47)
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TaBLE 7: Alternative rank comparison using NHSM and NSM techniques.

Method Alternative final ranking Optimal choice
Proposed in this paper Tr>ge>g8> g1 g?
Hashmi et al. [28] T2>g8>gMs g T?

[ (Mphill, (-0.4)) (5yr, (-0.8)) (male, (-1)) (3, (=0.3))7
7 (A)] = (Mphill, (0))  (5yr, (-0.2)) (male, (—=0.4)) (3, (-0.1))
(Mphill, (-0.2)) (5yr, (-0.6)) (male, (-0.1)) (3, (0.3))
L (Mphill, (-0.4)) (5yr, (1)) (male, (0.6)) (3, (-0.4)) ] (48)
[ (Mphill, (0.5))  (5yr, (0)) (male, (=0.5)) (3, (-0.3))7
7 (B)] - (Mphill, (0.5))  (5yr, (0))  (male, (0.5)) (3, (0.4)) .
(Mphill, (-0.2)) (5yr, (0.2)) (male, (0.6)) (3, (=0.5))
L (Mphill, (0.1)) (5yr, (-0.9)) (male, (0.4)) (3, (-0.1))]
Step III: computation of the score matrix by adding
value matrices obtained in Step II:
(Mphill, (0.1)) (5yr, (-0.8)) (male, (-1.5)) (3, (-0.6))
(S (A.B)] = (Mpl"lﬂl, (0.5)) (5yr, (-0.2)) (male, (0.1)) (3, (0.3)) ' (49)
(Mphill, (-0.4)) (5yr, (-0.4)) (male, (0.5)) (3, (-0.2))
(Mphill, (-0.3)) (5yr, (-1.9)) (male, (1)) (3, (-0.5))

Step IV: calculation of the score matrix:
2.8

0.1
Total score = . (50)
0.5

1.7

Step V: the candidate 7% will be selected for teaching at
the college level as the total score of I is highest
among the rest of the total score of candidates.

5. Result and Comparison Analysis

We propose an algorithm for NHSM of the real-world
problems, and results are compared with the algorithms on
NSM already established. Graphical representations of the
ranking of the proposed algorithm are given in Figure 1. The
proposed algorithm is valid and practical. As it could be
observed in the comparison Table 7, the proposed method’s
best selection is comparable with the already established
method, which is expressive in itself and approve the reli-
ability and validity of the proposed method. According to
the refinement of the philosophy of neutrosophy, it could be
a more efficient technique.

5.1. Limitations and Advantages of Proposed Matrix Theory.
The neutrosophic soft set theory is not very efficient in
selecting the optimal object of a decision-making problem
that possesses some attributes which are further divided,
whereas neutrosophic hypersoft matrix theory can be
applied.

The advantages of the proposed theory are

(1) Firstly, this new method’s specialty is that it may
solve any MCDM problem involving a huge number
of decision makers very easily along with a simple
computational procedure

(2) Secondly, when compared with existing methods for
MCDM problems under a neutrosophic environ-
ment, the proposed operators are consistent and
accurate, which illustrate their application’s
practicability

(3) Thirdly, the proposed method considers the inter-
relationships of attributes in practical application,
while existing approaches cannot

(4) Lastly, the proposed algorithm for MCDM problems
in this paper can further consider more correlations
between attributes, which means that they have
higher accuracy and greater reference value
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(5) The matrix is useful for storing (neutrosophic
hypersoft set) in the computer memory, which is
very useful and applicable

6. Conclusion

This paper has first defined NHSM theory and then intro-
duced some aggregate operators that are more functional to
make theoretical studies in the neutrosophic soft set arena.
Moreover, we have proposed the concept of the score
function. Additionally, the utilization of NHSM in the de-
cision-making problem (teacher recruitment problem
(TRP)) has been made with the score matrix’s assistance. At
the end, we compared the result with existing techniques and
showed that the purposed technique is more efficient and
refined. We expect, this paper will advance the future in-
vestigation on various calculations such as TOPSIS, VIKOR,
and AHP in other decision-making problems. Also, in fu-
ture, it can be linked with Pythagorean fuzzy interactive
Hamacher power aggression operators, interval-valued
q-rung orthopair fuzzy sets in decision-making, CN-q-
ROFS, connection number-based q-rung orthopair fuzzy set
and their application to the decision-making process, and
average operators based on the spherical cubic fuzzy
number.

Data Availability

The data used to support the findings of this study are
available from the author upon request.
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In this paper, the neutrosophic trimmed average, neutrosophic trimmed standard deviation, and neutrosophic trimmed co-
efficient of variation (NTCV) are introduced. The application of the proposed neutrosophic trimmed descriptive statistics is given
with the help of measurement data. The comparisons of the proposed NTCV are compared with the existing neutrosophic
coefficient of variation (NCV). From the comparisons, it is concluded that the proposed NTCV is more efficient than NCV in
terms of consistency and measures of indeterminacy. Based on the study, it is recommended to apply the proposed NTCV in the

industry when there is a need to make decisions on the basis of measurement data.

1. Introduction

The statistical methods and techniques are playing an im-
portant role in decision-making in all fields of social sciences,
medical sciences, and industries. Among them, the average
and coeflicient of variation (CV) have been widely used in
decision-making in the presence of more than one charac-
teristic. The average is used to select the variable of interest
which is better on average, and CV is applied to check the
consistency of that characteristic. For example, industrials are
interested to make the decision about the product on the basis
of measurements recorded by different operators. To make
the decision, a more consistent operator is selected using the
CV. It is important to note that better on the average does not
mean more consistent than the others. In other words, the CV
tells about the variation in the data. Less the variation means
better the data for the decision-making. A CV ofless than 10%
is considered very good and larger than 30% is not acceptable.
The variation in the data can be reduced by omitting the
outliers from the data. The outlier of the data can be removed
from the data using the idea of the trimmed mean. In this
method, a preselected percentage of the values are removed
from the starting and ending of the ordered data. The use of
the trimmed average is helpful to reduce the variation by

removing extreme observations from the data. Wu and Zuo
[1] proposed trimmed measures using the scale deviation
method. Alkhazaleh and Razali [2] worked on estimation
using the trimmed average. Yusof et al. [3] discussed various
trimmed methods. Wang et al. [4] introduced the mean
approach in medical science. Lugosi and Mendelson [5] in-
troduced heavy-tailed distribution. More information about
the application of trimmed measures can be seen in [6-10].

Uncertainty is defined as the lack of sureness about
measurement, parameters, and observations. For example,
measuring the water level, measuring rock joint roughness,
and measuring the lifetime of a virus is done under uncertain
environment. According to [11], “different sources of un-
certainty may affect the quality of measurement results:
environment, measurement setup, measuring instrument,
appraiser, measuring object, measuring procedure, physical
constants, the definition of the characteristic, software, and
calculations.” In case, when uncertainty is presented in the
data, the fuzzy logic can be applied for the analysis of the
data. The trimmed average under fuzzy logic can be applied
to remove the extreme observations from the fuzzy data. The
authors of [12-15] discussed the applications of trimmed
average using fuzzy logic. More applications can be seen in
(16, 17].
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Fuzzy logic is based on membership and nonmember-
ship values. Neutrosophic logic is a general form of logic that
deals with three measures, namely, the measure of truth
(membership), the measure of falsehood (nonmembership),
and the measure of indeterminacy. The fuzzy logic is a
special case of neutrosophic logic, see [18]. The information
about the measure of indeterminacy can be obtained from
the neutrosophic logic. The neutrosophic logic has been
applied in a variety of fields, see [19-21]. Using the idea of
neutrosophic logic, neutrosophic statistics which is the
extension of classical statistics was introduced by [22]. The
methods to analyze the neutrosophic data were discussed in
[23, 24]. Aslam [25] introduced the neutrosophic coefficient
of variation. Aslam and Bantan [26] introduced a mea-
surement system using neutrosophic statistics. More in-
formation on dealing neutrosophic numbers can be seen in
[27-29].

As mentioned earlier, the trimmed average is a useful
technique to reduce the variation by removing the extreme
observations from the data. In this method, a small per-
centage of values are removed to minimize the variation in
the data. The trimmed average helps to remove the outliers
from the data before calculating the traditional average. The
coefficient of variation under neutrosophic statistics is
known as the neutrosophic coefficient of variation (NCV)
and the coefficient of variation using the trimmed average
under neutrosophic statistics is known as the neutrosophic
trimmed standard deviation (NTSD). The coefficient of
variation using trimmed average under classical is called the
trimmed coeflicient of variation. Aslam [25] introduced
NCYV. By exploring the literature and best of our knowledge,
there is no work on neutrosophic trimmed average, neu-
trosophic trimmed standard deviation (NTSD), and NTCV.
In this paper, the introduction of average, standard devia-
tion, and coefficient of variation using the neutrosophic
statistics will be given. In addition, we will give the appli-
cation of the proposed NTCV using the measurement data
from the industry. It is expected that the proposed NTCV
will be helpful to increase the consistency as compared to
NCV. Furthermore, the proposed NTCV will be helpful to
minimize the measure of indeterminacy.

2. Methodology

Let Iye[I;, I;;] be an indeterminacy interval associated with
neutrosophic random
number X; = X, + Xy (i=1,2,3,...,ny) of size
nye€lng, nyl, where X;, n; and X, ny are the lower and
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upper values, respectively. The basic operations such as
multiplication, division, and inverse of these neutrosophic
numbers can be seen in [23, 24]. Suppose a data analyst has a
neutrosophic sample nye[n;, n;] and he is interested to find
a% neutrosophic trimmed average (NTA). Suppose that X;
and X, denote the lower and upper values of an indeter-
minate interval of measurement parts. The trimmed ob-
servation is denoted byky = nya, where « is the percentage
of values trimmed from the data. Suppose that Ry = ny —
nya shows the difference between the total observation and
trimmed observations. The following process can be adopted
to calculate a% neutrosophic trimmed average.

Step 1: arrange X; and Xj; observations in the as-
cending order

Step 2: trim kye[k;, ky] observations at both ends of
arranged data, where ky = nya

Step 3: compute NTA of remaining observations,
Ry =ny —nya, Rye[Ry, Ry]

The neutrosophic trimmed average, say T; of values
X, is calculated as

. 1 np—kp
Ty = Y X (1)
L j=k,+1

where index of summation runs from the lower value of ky
to the lower value of Ry.

The neutrosophic trimmed average, say Ty, of values Xy,
is calculated as

_ 1 ny—ky
Ty=o— Y Xup (2)
U i=ky+1

where index of summation runs from the upper value of ky
to the upper value of Ry.

The neutrosophic trimmed average, say Xy;, using
equations (1) and (2), is calculated by

. 1 np—kp ny—ky
Xni = R Z X tRo Z Xuilxni IXN":[IXL’ IXU]'
L i=k;+1 U i=ky+1

(3)

The neutrosophic trimmed sum of the square of ob-
servations from X ; is calculated by

(Xpi+ Xyl ) (X + Xyl ), (Xp + Xy ) (X + Xy ly)s

ny—ky

Z (XNi - YN:’)Z = Z

i=ky+1

min o _
gy < (Xpi + Xuily) (X + Xulp), (Xp + Xpily) (X + Xyly) >

> InelI Iy, (4)

(Xpi + Xpily) (X + Xylp), (Xp + Xpily) (X + Xyly)

i=ky+1 max( (Xpi+ Xyl ) (X + Xl ) (Xp + Xl ) (X + Xy ly)s
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where X; = 1/n; Yt Xp; and Xy = Uny Y2 Xy
The neutrosophic trimmed standard deviation (NTSD),
say Sy is given by

1 ny—ky o
SNt = o Z (Xni = Xni) ™ (5)
Ry i=ky+1

The neutrosophic trimmed coeflicient of variation
(NTCV) tells about the consistency and is computed by

s
CVyr = %Ij x 100. (6)
1

3. Application Using Measurement Data

Now, we present the case study from the automotive in-
dustry in Kachiran Company in Asia, see [30], for more
details. The company is a manufacturing housing clutch used
as automobile parts. To make a better decision about the
performance of these parts, the company needs the mea-
surements of these parts. The decision about the perfor-
mance depends on the consistency of the operators. The
operators working in the company have the instruction to
measure the length of the parts. The measurements of these
parts cannot be recorded completely; therefore, the mea-
surement observations are neutrosophic. The measurements
in mm by three operators are shown in Table 1.

From Table 1, it can be seen that the use of classical
statistics may mislead the managers in decision-making.
Therefore, the consistency of the operators in measuring will
be discussed with the help of the proposed methods. Let o =
1% and ny€e[10, 10]. The application of the proposed method
to find NTCV for operator 1 is stated as follows (Tables 2 and
3).

Step 1: arrange X; and X;; observations of operator 1 in
the ascending order as shown in Table 2.

Step 2: trim ky =1 observations at both ends of
arranged data, whereky =10x0.1. The
remaining data are given in Table 3.

Step 3: compute NTA of remaining observations,
Ry=10-2=8.

The neutrosophic trimmed average of values X, is
calculated as

1 8
To=g Y X =6212. (7)
i=2

The neutrosophic trimmed average of values X is
calculated as

_ 1
Ty=5 Y Xy = 62.24. (8)
i=2

The neutrosophic trimmed average is defined by

Xyi = 62.12 +62.241; I1ye[0,0.0019]. (9)

The neutrosophic trimmed sum of the square is calcu-
lated by

8
Y (Xyi — Xni)” = [0.0264,0.1059]. (10)
i=2

The neutrosophic trimmed standard deviation (NTSD),
say Sy is given by

1 8
SnT = gz Xyi - Xni)” =10.0575,0.1150].  (11)
i=2

The neutrosophic trimmed coefficient of variation
(NTCV) tells about the consistency and computed by
[0.0575,0.1150]

CVNT =—— X 100 =

0.0924,0.1851]. (12
[62.12,62.24] [ (2

The values of NTCV for other operators can be calcu-
lated in the same way as for operator 1. The neutrosophic
descriptive statistics for three operators are shown in Table 4.
From the first column of Table 4, it can be seen that, on
average in measurement, operator 2 is better than other
operators. We also note that the indeterminacy interval of
operator 3 is smaller than other operators. Therefore, op-
erator 3 is more consistent in measuring the length of
housing clutch parts. Based on this study, it is concluded that
the management can make the decision about the product
on the basis of measurement recorded by operator 3.

4. Comparative Study

Aslam [25] introduced the neutrosophic coefficient of
variation (NCV) under the neutrosophic statistics. In this
section, we will discuss the advantages of the proposed
NTCV with NCV. Note here that the proposed NTCV re-
duces to the existing NCV when no observation is trimmed
from the data (a =0%). To show the efficiency of the
proposed NTCV over NCV, we will consider the same
descriptive neutrosophic statistics of measurement data are
presented in the last section. The NCV and NTCV for three
operators are shown in Table 5. From column four of Table 5,
it can be noted that the values of NTCV from the proposed
method are smaller than the existing NCV which indicates
that the proposed NTCV is more consistent in measurement
as compared to NCV. For example, for the measurement
data given by operator 3, the indeterminate interval is from
0.0826 to 0.1695. On the contrary, this interval from the
existing NCV is from 0.1029 to 0.2045. From Table 5, it can
also be noted that the use of the proposed method increases
the efficiency of the values of the coefficient of variation.
From this study, it is concluded that the proposed NTCV is
smaller than the existing NCV. We conclude that the
proposed method is helpful to increase the consistency of
measurement. The neutrosophic forms of NCV and NTCV
along with the measures of indeterminacy are placed in
Table 6. The first values in neutrosophic form denote the
determined values under classical statistics and the second
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TaBLE 1: The real example data.
Operators
Part no
1 2 3
1 [62.14, 62.26] [62.09, 62.21] [62.09, 62.21]
2 [62.13, 62.25] [62.13, 62.25] [62.13, 62.25]
3 [62.05, 62.17] [62.05, 62.17] [62.04, 62.16]
4 [62.11, 62.23] [62.11, 62.23] [62.11, 62.23]
5 [62.19, 62.31] [62.19, 62.31] [62.19, 62.31]
6 [62.06, 62.18] [62.06, 62.18] [62.06, 62.18]
7 [62.07, 62.19] [62.08, 62.20] [62.07, 62.19]
8 [62.14, 62.26] [62.14, 62.26] [62.14, 62.26]
9 [62.24, 62.36] [62.24, 62.36] [62.23, 62.35]
10 [62.22, 62.34] [62.22, 62.34] [62.22, 62.34]
TaBLE 2: Observations of operator 1.

Xi 62.05 62.06 62.07 62.11 62.13 62.14 62.14 62.19 62.22 62.24
Xy 62.17 62.18 62.19 62.23 62.25 62.26 62.26 62.31 62.34 62.36
TaBLE 3: Trimmed observations of operator 1.

Xy 62.06 62.07 62.11 62.13 62.14 62.14 62.19 62.22
Xy 62.18 62.19 62.23 62.25 62.26 62.26 62.31 62.34
TaBLE 4: Neutrosophic descriptive statistics.

Operators Xyi SNT CVyr Range
1 [62.12, 62.24] [0.0575, 0.1150] [0.0924, 0.1851] 0.0927
2 [62.12,62.26] [0.0514,0.1078] [0.0826,0.1731] 0.0905
3 [62.12, 62.24] [0.0526,0.1053] [0.0845,0.1695] 0.085
TaBLE 5: The comparison in NCV and NTCV.

Operators NCV Status NTCV Status
1 [0.1003, 0.2011] Good [0.0924, 0.1851] Very good
2 [0.1013, 0.5628] Not acceptable [0.0826,0.1731] Very good
3 [0.1020, 0.2045] Good [0.0845, 0.1695] Very good
TaBLE 6: The comparison in NCV and NTCV.
Operators Neutrosophic form of NCV Neutrosophic form of NTCV
1 0.1003 +0.2011 I, In€e(0,0.5012] 0.0924 + 0.18511;, Iy€[0,0.5]
2 0.1013 +0.5628 Iy, Iye[0,0.82] 0.0826 +0.1731 Iy, Iye[0,0.5228]
3 0.1020 + 0.2045 I, I5e[0,0.5012] 0.0845 + 0.1695I, I y€[0,0.5]

part is indeterminate parts. For example, in neutrosophic
form 0.0826 +0.1731 I, 1ye[0,0.5228], the value 0.0826
presents the value of the coefficient of variation (CV) for
classical statistics. The value 0.1731 Iy, I ;€ [0, 0.5228], is the
indeterminate part with the measure of
indeterminacy(0.1731 — 0.0826)/0.1731 = 0.5228. We note
that the measure of indeterminacy from the existing method
is given by [25] is 0.82. From this study, it is concluded that
the proposed method is helpful to minimize the measure of

indeterminacy. We also compared the results of the pro-
posed study with interval statistics. The interval statistics
used intervals in order to capture the data inside the in-
tervals. Therefore, the interval statistics tells the values of
NTCV from 0.0826 to 0.173 without giving any information
about the measure of indeterminacy. Therefore, it is con-
cluded that the proposed NTCV is more efficient in measure
of indeterminacy than the existing CV proposed by [25] and
interval statistics.
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5. Concluding Remarks

In this paper, the neutrosophic trimmed average, neu-
trosophic trimmed standard deviation, and neutrosophic
trimmed coefficient of variation (NTCV) were introduced.
The application of the proposed neutrosophic trimmed
descriptive statistics was given with the help of measurement
data. The comparisons of the proposed NTCV are compared
with the existing neutrosophic coefficient of variation
(NCV). From this study, it is can be seen that the proposed
NTCV is more efficient than NCV in terms of measures of
indeterminacy. In addition, it can be seen that the proposed
NTCYV reduces the variation in the measurement data. The
proposed NTCV can be applied for the decision-making in
the industry when the data are obtained from the mea-
surement having the neutrosophy. The other trimmed sta-
tistical methods under neutrosophic statistics can be
considered as future research.
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In the field of operation research, linear programming (LP) is the most utilized apparatus for genuine application in various scales.
In our genuine circumstances, the manager/decision-makers (DM) face problems to get the optimal solutions and it even
sometimes becomes impossible. To overcome these limitations, neutrosophic set theory is presented, which can handle all types of
decision, that is, concur, not certain, and differ, which is common in real-world situations. By thinking about these conditions, in
this work, we introduced a method for solving neutrosophic multiobjective LP (NMOLP) problems having triangular neu-
trosophic numbers. In the literature study, there is no method for solving NMOLP problem. Therefore, here we consider a
NMOLP problem with mixed constraints, where the parameters are assumed to be triangular neutrosophic numbers (TNNs). So,
we propose a method for solving NMOLP problem with the help of linear membership function. After utilizing membership
function, the problem is converted into equivalent crisp LP (CrLP) problem and solved by any suitable method which is readily
available. To demonstrate the efficiency and accuracy of the proposed method, we consider one classical MOLP problem and solve
it. Finally, we conclude that the proposed approach also helps decision-makers to not only know and optimize the most likely
situation but also realize the outcomes in the optimistic and pessimistic business situations, so that decision-makers can prepare
and take necessary actions for future uncertainty.

1. Introduction

Linear programming (LP) problem has an important ap-
plication in various sectors of our daily life. The major
drawback faced by manager or decision-makers (DM) in
daily-life application is to determine the parameters. Because
of several factors in real-life problems, the real-life problems
are very complex. Due to uncertainty, the decision-makers
cannot always formulate the problem in a well-defined and
exact manner, nor can they always precisely predict the
outcome of viable decisions. To overcome these uncertainty
complex problems, we take more realistic descriptive
knowledge of experts, which can be represented as fuzzy

data. Firstly, the basic concept of fuzzy set theory was
proposed by Zadeh [1]. Further, the basic concept of fuzzy
decision-making was proposed by Bellman and Zadeh [2].
Thus, linear programming (LP) problem with fuzzy envi-
ronment would be very effective in solving real-life prob-
lems. If the parameters of LP problem are considered as
fuzzy, then it is called fuzzy linear programming (FLP)
problem. The concepts of the feasible solution and aefficient
solutions of the FLP problem were proposed by Ramik [3].
Maleki et al. introduced the idea of using the ranking
function for solving the FLP problem [4]. The concept of
sensitivity analysis for solving the FLP problem was pro-
posed by Ebrahimnejad [5]. A trapezoidal fuzzy number was
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considered by Wan and Dong [6] for solving LP problems
using multiobjective programming and membership func-
tion. Ganesan and Veeramani [7] also considered a new
fuzzy symmetric trapezoidal fuzzy number and solved it.
Another type of problem was considered by Lotfi et al. [8],
where all the parameters, variables, and constraints are
chosen as fully fuzzy LP (FFLP) problem and solved by
lexicographic method. Kumar et al. [9] also proposed a
method for solving FFLP problem with equality constraints
by using ranking function. Najafi and Edalatpanah [10] have
suggested some modifications of paper [9]. Many re-
searchers [11-13] considered the lexicographic technique to
apply in various problems like FFLP problem with triangular
numbers and FFLP problem with trapezoidal fuzzy
numbers.

After successful application of fuzzy sets in real-life
application, decision-makers (DM) want a more realistic
approach to handle the uncertainty in real-world prob-
lems. Thus, Atanassov [14] proposed the concept of a new
set which is combined with both membership functions
and nonmembership functions and the set was called
intuitionistic fuzzy set (IFS). IFS is an extension version of
fuzzy set. Singh and Yadav [15] proposed intuitionistic
fuzzy multiobjective linear programming problem with
various membership functions. Singh and Yadav [16]
proposed transportation problem with intuitionistic fuzzy
type-2 problem. Some of researchers [17-22] focused on
solving multiobjective LP (MOLP) problem and LP
problems with intuitionistic fuzzy numbers. Till now,
several works have been pioneered in both FS and IFS.
Afterwards, Smarandache [23] introduced the structure of
neutrosophic set (NS) for developing the solution of any
kind of real-world problem in a reasonable way. After
Smarandache, Wang et al. [24] disclosed the establish-
ment of single-typed neutrosophic set, which demands a
crucial position in NS theory. The notion of single-valued
neutrosophic set was more suitable for solving many real-
life problems like image processing, medical diagnosis,
decision-making, water resource management, and sup-
ply chain management. To reflect the decision-making
information in an objective way, the triangular neu-
trosophic numbers (TNN) can be used in real-life
problems to express the attribute value. This can not only
maintain the variables but also highlight the possibility of
various values within this interval. Of late, Abdel-Basset
et al. [25] solved LP problems under neutrosophic tri-
angular numbers by using ranking functions. An integer
programming problem with triangular neutrosophic
numbers was developed by Das and Edalatpanah [26]. For
the first time in neutrosophic sets, Das and Chakraborty
[27] proposed a model for solving LP problem in pen-
tagonal numbers. Ye et al. [28] introduced the idea of
finding the optimal solution of the LP problem in NNs
environment. Das [29] also used pentagonal neutrosophic
numbers in transportation problem. Pythagorean fuzzy
numbers also can handle the uncertainly problem. Wang
and Li [30] proposed a Pythagorean fuzzy number in
decision-making problem; for more details about the
applications of fuzzy extension sets, see [31-34].
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Our contribution, motivation, and novelties are as
follows.

1.1. Contribution. In this article, we mainly focused on
neutrosophic multiobjective linear programming (NMOLP)
problem with mixed constraints under triangular neu-
trosophic numbers. Several factors are also involved in our
day-to-day life; therefore, DM choose the neutrosophic
numbers for better results. In neutrosophic numbers, DM
always choose any membership function as per the problem.
Some basic operational laws of triangular neutrosophic
numbers are demonstrated to enhance the pertinence of our
proposed theory. With the progression of the study, a newly
conceptualized ranking function is established under tri-
angular neutrosophic number background. Utilizing this
constructive tool, the NMOLP problem is transformed into
crisp MOLP problem. Notably, the well-known various
membership functions are used for conversion into an
equivalent crisp convex programming problem.

1.2. Motivation. Neutrosophic sets play an important role in
uncertainty modelling. The development of uncertainty
theory plays a fundamental role in formulation of real-life
scientific mathematical model, structural modelling in en-
gineering field, medical diagnosis problem, and so forth.
How can we solve multiobjective linear programming based
triangular neutrosophic numbers? Is it possible to apply in
real-life problem? Still there is no method for application in
multiobjective linear programming problem having trian-
gular neutrosophic numbers. From this aspect, we try to
extend this research paper.

1.3. Novelties. A linear membership function is usually very
comfortable in real-life situations. It is defined by two points,
that is, the upper levels and lower levels of acceptability. A
numerical problem related real mathematical problem is set
forth to validate our anticipated hypothesis. Lastly, the
comparison work involving the ranking system of the al-
ternatives uplifted the superiority of our proposed suppo-
sition. To the best of our knowledge, no method is available
for solving NMOLP problem. Therefore, we attempt to
establish a new strategy to solve this problem.

The rest of the paper is organized as follows: Some basic
definitions and preliminaries are presented in Section 2. In
Section 3, the classical MOLP problem and membership
functions are presented. The proposed method is discussed
in Section 4. In Section 5, we present a numerical example,
and a real-life problem is discussed. The analysis of the result
is also discussed is Section 6. Finally, the conclusion is
discussed in Section 7.

2. Preliminaries

In this segment, we establish some fundamental mathe-
matical operations and definition which is required
throughout the paper.
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Definition 1 (see [31]). Consider that V in all-inclusive
discourse X, which is meant conventionally by x, is supposed
to be a single-valued neutrosophic (SVN) set if
V= {{x: [a? (x), a9 (x),a" (x)]): x € X}. The set is de-
scribed by a reality enrollment work, level of certainty:
af (x): X — [0,1]; an indeterminacy enrollment work,
level of vulnerability: a(x): X — [0,1]; and a false en-
rollment work, level of falsity: a" (x): X — [0, 1]. Also, a
SVN set satisfies the condition 0 < a? (x) + a4 (x) +a (x) < 3.

Definition 2 (see [30]). A triangular neutrosophic number
(TNN) is denoted by V = {(p', p"p"), (af,ad,a")) whose
three membership functions for the truth, indeterminacy,
and falsity of x can be defined as follows:

[
(x—p) P 1 m
W(X N <x< 5
T P
of, x=pl,
(xp(x):<
(pn_x) P m n
7 o, <x<p,
G F P
0, otherwise,
(Pm_x) q 4 m
7 D <x<p,
- P P
ol x=p",
al(x) = 3 (D
(x_Pn) q m n
7 s <x<p,
G- P P
L 1, otherwise,
( [
(P —X) r [ m
% <x< 5
T P
o, x=p",
a (x) =4
(x_pn) r m n
R R <x<p,
- P P
| 1 otherwise,

where 0<a?(x)+ al(x)+a (x)<3, x € R. Additionally,
when p' >0, Ris called a nonnegative TNN. Similarly, when
p' <0,R becomes a negative TNN.

Definition 3 (see[30]). LetA, = {(p', p™, p"), (a®, a4, a"))
and A, = (g, q". q"), (B, p%, B'))be two TNNs. Then the
arithmetic relations are defined as follows:

M) A@A, =((p'+q,p"+  q" p"+p"), (P AP,
alABL o AST)).
(i) A - A, = <(Pl -q,p"-q" p" - ql), (a? /\ﬁp, al
ABLa" AB)).
(i) A, ®A, = (plql,pmq’”,p”q”), (o AP, gﬂ/\ﬁq,cxr
ARV ifp >0, 9 >0,{(pq" p"q". p"q), (aF A

B ol AP o "ABY, if p' <0, 4 >0,(p"q",
pq", pq), (@ ABP AT AR " AR, if p' <0,
q <0.

(iv) A4, = {(Ap,Ap™ Ap"), (o o, a")),if A >
0, {(Ap", Ap™ A p)), (&, a’,a")),if A <0.

(v) A/A, = {((pl/q”,pm/qm, p"/ql); of ABEL o A B,
o AR (P'>0,q">0),Ap" g p" " plId);
o ABP AT ABL, AP (P <0,9">0),{(p"/q,
Pm/qm’ pl/qn);
o NBP,aABL " ABTY (" <0,9" <0).

Definition 4 (see [30]). Ranking neutrosophic numbers is
consistently assumed as a fundamental function in phonetic
dynamic and some other neutrosophic application frame-
works, which has been concentrated by numerous mathe-
maticians. Separation measure between two neutrosophic
numbers is firmly identified with the idea of neutrosophic
numbers which is closely related to the concept of ranking
neutrosophic numbers. Let A, = (p', p, p"); (af, a, &) be
a TNN. The ranking function for triangular neutrosophic
number A, is denoted by R(A;) and defined by
R(A) = (p'+ p™ + p"/9) (e + (1 — ) + (1 —a")).

Definition 5 (see [29]). Let A; and A, be two TNNs. Let
A =(ph P p™), (@b, ad,a7))
andA, = {(¢.q". q"), (B*, L ")) be two TNNs. Then, we
have the following:
D RAD<R(A) = A <A,

(i) R(AD=2R(A) = A=A,

(iii) R(A) =R(4,) = A, =4,

(iv) min (A, A,) = A, if Ay<A,orA, > A,

Definition 6. Let A, = {(p', p", p"), (&P, a4, a")) and
Ay = (g g™, g, (BF, B, B"))be two TNNs; then A, = A,
if and only if p'=¢., pm=q" p =q, af = P, a1 = B9,
and o = .

3. Classical Problem of MOLP

The popular multiobjective linear programming (MOLP)
issue with blended requirements is portrayed by



MinZ=[Zl,Zz,...,ZL]

o
Y bgyizd, g=12,...,n,
h=1

o
Y bgynsdy g=12...,m, )
st. o

o
Zbghyh zdg, g= 1,2,...,7’13
h=1

y,=20,h=12,...... ,0.

Definition 7. Let T, be the doable district for (2). A point y
is supposed to be productive or pareto ideal arrangement
solution of (2) if there does not survive any y € T, with
end goal thatZ (y)>Z,(y)Vw and Z, (y)>Z,(y) for
any w.

Definition 8. A point y € T, is supposed to be feeble pareto
ideal arrangement of (2) if there does not survive any y € T,
with end goal Z,,(¥) > Z,, (y) Vw, where w = 1,2,...... ,L.

3.1. Membership Functions. There are different techniques to
take care of a MOLP issue. These strategies are arranged into
two general classes: scalarization techniques and non-
scalarization techniques. These methodologies convert the
MOLP issue into a solitary target programming problem. In
the above literature study, we found that two types of
membership functions are used for solving MOLP problem.
Linear membership function is an emerging technique to
solve fuzzy linear programming problem. Linear function is
based on two points only, that is, upper level and lower level
of acceptability of the decision variable. In uncertainty
circumstances, this type of function is not fixed for all
conditions. Therefore, here we considered both linear and
nonlinear membership functions.

3.1.1. Linear Membership Functions. A linear membership
function p;); can be defined as follows:

(1, if Z,, < Lp,
U,-Z2 .
v (Zp (%)) = 1 UD —LD> if Lp<Zp<Up, (3)
p~Lp

3.1.2. Parabolic Membership Function. The parabolic
membership function pp); can be defined as follows:
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(1, if Zp, <Lp,
(Zp-Lp)* .
Zr(x)=41-—=— fL,<Z,<Up,
#PM( D ) (UD_ LD)Z D D D

(4)

Corollary 1 (see [17]). The following sets where A >0 are
convex sets:

[X:p(2,(0) 2,
{X:yH(ZI;(X))z)L,ZI;(X)s%(UP+Lp)}, (5)

{X: “P(Z}; (X)) 2/1}.

Proof. The proof is straightforward. O

4. Proposed Method

In this section, by using a new ranking function, we suggest a
new method for solving NMOLP problems. The main work
will be presented as follows:

Step 1: consider problem (2) of classical MOLP
problem.

Step 2: on the off chance that the coefficients of the goal
capacities, choice factors, and right-hand sides of re-
quirements are dubious, which are spoken with by
three-sided neutrosophic numbers, at that point
problem (2) becomes NMOLP problem and the
problem might be composed as

o
-N
Ybyyizdy, g=12...... 1y
h=1
> 5y < (6)
zbgh)’hﬁd ,g=12,...... 1y,
s.t. k=1
o N N
Zbghyh:dg>g:1;2, ...... » M3,
h=1

Step 3: utilizing the ranking function which is linear,
problem (7) is changed to the accompanying crisp
MOLP problem.
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MinZ=[Z\7,... 7"

Zgghyh Zag’ g=12,...... .

h=1

Zgghyh Sag, g= 1,2,...... » My, (7)
st 1o

Zgghyh:dg)g—l,z, ...... ,}’13,

h=1

}’h>0,h—1,2, ...... , 0.

Step 4: determine the goal programming as follows:
Find{y,, h=1,2,...,0}

Zp~Lp, D=1,2,...,L,

[
Zbghyhzdg,gz 1,2,...,1’[1,

h=1
o _ - (8)
s.t. Zbghyhﬁdg,g=l,2,...,n2,
h=1
0 o~ —_~
Z bghyh = dg, g= 1,2,. .5 N3,
h=1
thO,h—l,Z, ...... ,0
In problem (8), the symbol “ = ” is used to denote that

some deviation ought to be permitted while exacting
objective. To change the model in (8) into a crisp
programming model, we already discussed the above
linear and nonlinear membership functions.

Step 5: use appropriate enrollment works and change
the GP model into crisp programming model.

Step 6: solve the crisp programming problem using any
suitable technique or LINGO or MATLAB.

Theorem 1. An effective solution for (7) is a proficient so-
lution for (6).

Proof. The proof is straightforward.
So, from the above theorem, NMOLP problem (6) is
equal to settling crisp model (7).

5. Numerical Experiments

In this section, some numerical examples are given below to

illustrate the new model.

Example 1. Let us consider the following NMOLP problem:
Min Z;\, =541 +3xV2
Min Zif =2u)1 +7n ¥ 9)
st 20y +4y, 2253y 45y, <50V, T y,

+1Vy, 2107, 5,5, 20,

where the parameters are as follows:

5
3
2
7
2
4
1
1

= (4,5,6;0.8,0.6,0.4),
=(2.5,3,4;0.75,0.5,0.3),
=(2,2,3;1,0.5,0),
=(7,7,7.5;0.8,0.6,0.4),
=(1.5,2,2;0.9,0.6,0.2),
=(3,4,4;1,0.5,0), (10)
=(0.5,1,1;1,0.2,0.2),

=(1,1,1;1,0,0.5),

25 =(22,25,25;0.8,0.6,0.4),
10 = (9,10, 10; 1, 0.5,0),
50 = (50, 50, 55;0.75,0.5,0.3).

As Step 3, we use ranking function of Definition 5; the
above problem is equivalent to the following crisp MOLP

problem:

1
MinZ =3.001y, +2.058y,

_2
Min Z =194y, +4.3y,

s.t

1.283y, +3.05y, > 14.4, (11)
3.05y, +3.001y, <30.14,
0.723y, + 0.86y, > 8.05,

V1> ¥220.

Solving problem (11) as per Step 4, we have the following

solutions:

y, = (0,8.721),

y, = (11.53,0.08),

L, = 30.06, 1)
U, = 63.29,

L, = 31.26,

U, = 51.14,

where L;, U; are deviation points of membership functions.
Now, applying Step 5, problem (11) is equal to the ac-
companying GP model as follows:

Find{y,: h = 1,2}

s.t.

3.001y, +2.058y, ~ 30.06,

1.94y, + 4.3y, ~ 31.26,

1.283y, +3.05y, > 14.4, (13)
3.05y, +3.001y, < 30.14,

0.723y, + 0.86, > 8.05,

Y192 20.

Applying the membership functions and solving by
LINGO 18.0, the solution of (13) is reported in Table 1.
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TABLE 1: Result discussion of Example 2.

Membership functions

Solutions

Objective values

Linear
Parabolic

Y, = 4.24,y, = 3.97
¥, =532y, = 4.07

(20.89, 25.29; 0.8, 0.6, 0.4)
(24.14, 27.82; 0.8, 0.4, 0.2)

Example 2. Let us consider the following NMOLP problem:
Max Z;\, = ZNyl + lﬁNy2
Max Z?\, = iNyl + §Ny2
Ny +y, <50, (14)
s.t. iNyl + §Ny2 <10V,

Y1, ¥220.

Problem (14) can be modelled as a multiobjective
neutrosophic linear programming problem with single-
valued triangular neutrosophic numbers.

Max Zy, = (3,4,5;0.5,0.5,0.6)y, + (9,10, 11;0.5,0.7,0.4) y,

Max Z3 = (1,2,3;0.5,0.5,0.5)y, + (4,5,6;0.5,0.7,0.4) y,

(1,2,3;0.5,0.4,0.8)y, + (1,1,1;0.5,0.3,0.5), < (4,5,6;0.5,0.6,0.5), (15)

st (1,2,3;0.5,0.4,0.8)y, +(4,5,6;0.5,0.7,0.4)y, < (9,10,11;0.5,0.7,0.4)",

V1> Y2 20.

By utilizing our Step 3 to Step 6, the optimal solution of
the above problem is reported in Table 2.

5.1. Real-Life Application: Diet Problem. In this section, to
show the application of the proposed method, the real-life
problem is solved by the proposed method, and it is con-
cluded that the proposed method can be applied in any real-
life problem. For a very simple diet problem in which the
nutrients are starch and protein as a group, the two types of
foods with data are given in Table 3.

The activities and their levels in the model are given as
follows: activity j: to include 1kg of food type j in the diet,
associated level y., for j=1, 2. The various nutrients in the
model lead to different constraints. For example, the amount
of starch contained in the diet is 5y, + 2y,, which must
be>5 for feasibility. Similarly, y, +2y,>6. In this diet
problem, the total cost of food and the procurement cost of
food should be minimized. Since the cost coefficients and all
other coefficients are indecisive and also contain the inde-
terminacy part, the problem is modelled as a bilevel mul-
tiobjective linear programming problem.

The formulation of the above problem is given as follows:

MinZy, = (2,3,4,;0.6,0.5,0.5)y, +(1,1,1;0.5,0.7,0.5)y,

Min Z3, = (1,2,3;0.6,0.5,0.5)y, +(2,3,4;0.6,0.5,0.5)y,

(4,5,6;0.6,0.5,0.5)y, +(1,2,3;0.5,0.7,0.5)y, > (4,5,6;0.6,0.5,0.5)", (16)

st (1,1,1;0.5,0.7,0.5)y, +(1,2,3;0.5,0.7,0.5)y, > (5,6,7;0.5,0.6,0.5)",

V1> ¥220.
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TABLE 2: Result discussion of Example 2.

Membership functions Solutions

Objective values

(18.26, 19.98, 25.43; 0.5, 0.7, 0.6)
(54, 8.5, 13; 0.5, 0.7, 0.6)

Linear y, =187,y, =125
Parabolic y; = 1.58,y, = 1.52
TaBLE 3: Data considered by the manager.
) Nutrient units/kg of food type
Nutrients .
Food 1 Food 2 Minimum requirements
Starch 5 1 5
Protein 2 2 6
Cost/kg 3 1
Procurement cost/kg 2 3

TABLE 4: Results of diet problem.

Membershlp Solutions Objective values
functions

Linear ¥, =05,y, =25 (3.5,4,4.5;0.6,0.5,0.5)
Parabolic Yy =3,9,=0 (3,6,9; 0.5, 0.7, 0.5)

TaBLE 5: Comparison of the proposed method with the existing
method [17].

Membership functions Proposed method Existing method [17]

Linear 4 4.8
Parabolic 6 7

Using our method, the above problem is solved using our
Step 3 to Step 5, and the above optimal solution is obtained
in Table 4.

6. Result Analysis

In the above literature study, we found that there is no
method for solving multiobjective linear programming
problem in neutrosophic environment. Therefore, for ra-
tionality and effectiveness of the proposed method, we
consider another uncertainty problem, that is, intuitionistic
fuzzy numbers. Singh and Yadav [17] considered the same
problem and solved it with various membership functions.
Here, we consider the diet problem for comparison of our
proposed method with the existing method.

From Table 5, we get that our result is better than the
existing results. Since the object of the problem is mini-
mization, so based on this point of view, our results are
better than the existing approach under both linear and
parabolic membership functions. Therefore, we can con-
clude that our proposed algorithm is a new way to handle the
uncertainty in real-life problems.

7. Conclusions

In this paper, we develop a new method for solving neu-
trosophic multiobjective LP (NMOLP) problems, and the
model is transformed into a MOLP problem by using

ranking function. After successful application in ranking
function, we use scalarization technique to convert the goal
programming (GP) problem. We also investigated various
membership functions to solve the GP model. As per our
discussion, the DM choose the membership functions in-
dependently which fit the model. From the obtained results,
we conclude that the nonlinear membership functions, that
is, parabolic functions, are always better than linear mem-
bership functions (parabolic > linear). To the best of our
knowledge, there is no method in literature for solving
NMOLP problem by using membership functions. We also
used our proposed method to demonstrate a numerical
example. Our proposed method is a new way in neu-
trosophic environment to handle multiobjective program-
ming problem. There are various scopes in the future to
develop our algorithm, like application in real-life problem
from industrial sector, transportation problem, and as-
signment problem.
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The purpose of this paper is to introduce the notation of single-valued neutrosophic hyper BCK-subalgebras and a novel concept
of neutro hyper BCK-algebras as a generalization and alternative of hyper BCK-algebras, that have a larger applicable field. In
order to realize the article’s goals, we construct single-valued neutrosophic hyper BCK-subalgebras and neutro hyper BCK-
algebras on a given nonempty set. The result of the research is the generalization of single-valued neutrosophic BCK-subalgebras
and neutro BCK-algebras to single-valued neutrosophic hyper BCK-subalgebras and neutro hyper BCK-algebras, respectively.
Also, some results are obtained between extended (extendable) single-valued neutrosophic BCK-subalgebras and single-valued
neutrosophic hyper BCK-subalgebras via fundamental relation. The paper includes implications for the development of single-
valued neutrosophic BCK-subalgebras and neutro BCK-algebras and for modelling the uncertainty problems by single-valued
neutrosophic hyper BCK-subalgebras and neutro hyper BCK-algebras. The new conception of single-valued neutrosophic hyper
BCK-subalgebras and neutro hyper BCK-algebras was given for the first time in this paper. We find a method that can apply these

concepts in some complex networks.

1. Introduction

The theory of logical (hyper) algebra is related to the study of
certain propositional calculi and tries to solve logical prob-
lems using (hyper) algebraic methods. Jun et al. [1] has in-
troduced a logical (hyper) algebra named hyper BCK-algebras
as development of BCK-algebras, which were initiated by
Imai and Iseki [2] in 1966 as a generalization of the concept of
set-theoretic difference and propositional calculus. The theory
of neutrosophic set as an extension of classical set and
(intuitionistic) fuzzy set [3], and interval-valued (intuition-
istic) fuzzy set, is introduced by Smarandache for the first time
in 1998 [4] and mentioned second time in 2005 [5]. This
concept handles problems involving imprecise, indetermi-
nacy, and inconsistent data and describes an important role in
the modelling of unsure hypernetworks in all sciences. Re-
cently, due to the importance of these subjects, by combining
the neutrosophic sets and (hyper) BCK-algebras, some re-
searchers worked in more branches of neutrosophic (hyper)
BCK-algebras such as MBJ-neutrosophic hyper BCK-ideals in

hyper BCK-algebras, an approach to BMBJ-neutrosophic
hyper BCK-ideals of hyper BCK-algebras, structures on doubt
neutrosophic  ideals of (BCK/BCI)-algebras under
(S, T)-norms, BMBJ-neutrosophic subalgebras in
(BCI/BCK)-algebras, MBJ-neutrosophic ideals of
(BCK/BCI)-algebras, implicative neutrosophic quadruple
BCK-algebras and ideals, neutrosophic hyper BCK-ideals,
implicative neutrosophic quadruple BCK-algebras and ideals,
bipolar-valued fuzzy soft hyper BCK ideals in hyper BCK-
algebras, single-valued neutrosophic ideals in Sostak’s sense,
and multipolar intuitionistic fuzzy hyper BCK-ideals in hyper
BCK-algebras [6-16]. Recently, a novel concept of neu-
trosophy theory titled neutro (hyper) algebra as development
of classical (hyper) algebra and partial (hyper) algebra is
introduced by Smarandache [17].

A neutro (hyper) algebra is a system that has at least one
neutro (hyper) operation or one neutro axiom (axiom that is
true for some elements, indeterminate for other elements,
and false for the other elements), while a partial (hyper)
algebra is a (hyper) algebra that has at least one partial
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(hyper) operation, and all its axioms are classical (i.e., ax-
ioms true for all elements). Smarandache proved that a
neutron (hyper) algebra is a generalization of a partial
(hyper) algebra and showed that neutro (hyper) algebras are
not partial (hyper) algebras, necessarily. Hamidi and
Smarandache [18] introduced the concept of neutro BCK-
subalgebras as a generalization of BCK-algebras and pre-
sented main results in neutro BCK-subalgebras as an ex-
tension of BCK-algebras structures and their applications. In
addition, the concept of neutro (hyper) algebra is studied in
different branches such as neutro algebra structures and
neutro (hyper) graph [19, 20].

Regarding these points, one of the aims of this paper is to
introduce the concept of single-valued neutrosophic hyper
BCK-subalgebras and extendable single-valued neu-
trosophic BCK-subalgebras and generalize the notion of
single-valued neutrosophic hyper BCK-subalgebras by
considering the notion of single-valued neutrosophic BCK-
subalgebras. Also, we want to establish the relationship
between single-valued neutrosophic BCK-algebras and
single-valued neutrosophic hyper BCK —algebras. So a
strongly regular relation is applied on any hyper BCK-al-
gebras using the concept of single-valued neutrosophic
hyper BCK-subalgebras, and a quotient hyper BCK-algebras
(BCK — algebras) can be obtained. The main aim of this
study is to introduce the notation of neutro hyper BCK-
algebras as a generalization of neutro BCK-algebras in
regard to single-valued neutrosophic hyper BCK-sub-
algebras. In the study of neutro hyper BCK-algebra, despite
having key mathematical tools, there are some limitations.
The union of two neutro hyper BCK-algebra is not neces-
sarily a neutro hyper BCK-algebra so the class of neutro
hyper BCK-algebra is not closed under any given algebraic
operation. In addition, neutro hyper BCK-algebras are
different with (intuitionistic fuzzy) hyper BCK-algebras and
single-valued neutrosophic hyper BCK-algebras so could not
generalize the capabilities of (intuitionistic fuzzy) single-
valued neutrosophic hyper BCK-algebras to neutro hyper
BCK-algebras.

2. Preliminaries

Definition 1 (see [2]) Let X # . Then a universal algebra
(X, 9,0) of type (2,0) is called a BCK-algebra if, for all,
x, ¥,z € X:

(BCI-1) ((xey)e(x02))e(z0y) = 0,

(BCI -2) (xp(xpy))ey =0,

(BCI-3)xpx =0,

(BCI-4)xpy =0 and yox =0 imply x = y,

(BCK - 5) 0px = 0, where o (x, y) is denoted by xpy.
Definition 2 (see [1]). Let X+ and
P*(X)={Y|@+Y < X}. Then foramap 9: X*> — P*(X),
a hyperalgebraic system (X, 9,0) is called a hyper BCK-
algebra if, for all, x, y,z € X:

(H1)(x92)9 (y92) < x99y,

(H2)(x9y)9z = (x92) 9y,
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(H3)x9X <« x,

(H4)x < y and y < x imply x = y,

where x <y is defined by 0ex9y, VA BCH,
A<«<B&VaecAdbeBstaxhb,

(A9B) = U, eapep(@adb), and 9 (x, y) is denoted by
x9y.

We will call X is a weak commutative hyper BCK-algebra
ifvx,y e X, (x9 (x9y)n (y9 (y9x)+ [21].

Theorem 1 (see [1]). Let (X, 9,0) be a hyper BCK-algebra.
Then Vx, y,z € X and A,BC X:

(i) (090)=0,0<x, (09x) =0,
A<0=A=0
(ii) x < x, x 9y < x and y < z implies that x 9z < x 9 y
(iii)) AOB< A, A< A and ACB implies A< B

x € (x90) and

Definition 3 (see [22]). Let (X, 9,0) be a hyper BCK-al-
gebra. A fuzzy set y: X — [0,1] is called a fuzzy hyper
BCK-subalgebra if Vx,y e X, A (u(x9))>T i, (u(x),

# ().

Definition 4 (see [5]). Let V be a universal set. A neu-
trosophic subset (NS) X in V is an object having the fol-
lowing form: X = {(x,Tx (x),Ix(x),Fx(x))|x €V}, or
X:V — [0,1] x [0, 1] x [0, 1], which is characterized by a
truth-membership function Ty, an indeterminacy-mem-
bership function Iy, and a falsity-membership function Fy.
There is no restriction on the sum of Ty (x), Iy (x), and
Fy (x).

3. Single-Valued Neutrosophic Hyper
BCK-Subalgebras

In this section, the concept of single-valued neutrosophic
hyper BCK-subalgebras will be considered as a general-
ization of single-valued neutrosophic BCK-subalgebras,
and some of its properties will be investigated. We will
also prove that single-valued neutrosophic hyper BCK-
subalgebras and single-valued neutrosophic BCK-sub-
algebras are related, and single-valued neutrosophic hyper
BCK-subalgebras and single-valued neutrosophic BCK-
subalgebras can be constructed from single-valued neu-
trosophic hyper BCK-subalgebras via a fundamental re-
lation. We will define the concept of extendable single-
valued neutrosophic BCK-subalgebras and will show that
any infinite set is an extended single-valued neutrosophic
BCK-subalgebra.

Throughout this section, we denote hyper BCK-algebra
(X,9,0) by X. From now on, for all, x,y e [0,1],
Toin (%, ¥) = min{x, y} and S, (x, y) = max{x, y} are
considered as triangular norm and triangular conorm, re-
spectively. In the following definition, the notation of single-
valued neutrosophic hyper BCK-subalgebra of any given
nonempty is defined.
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Definition 5. A single-valued  neutrosophic  set
A=(Ty I, Fy) in an X is called a single-valued neu-
trosophic hyper BCK-subalgebra of X, if
(D) ATy (x9) 2T i (Ta (), T4 ()

(i) V(T4 (x9y)) <Spax (T4 (x), 14 ()

(iii) V(F4 (x9y)) <Spax (F4 (x), Fo ()

The importance of the following theorems is to deter-
mine the role and the effect of truth-membership function

T ,, indeterminacy-membership function I,, and falsity-
membership function F, on the element 0 € A.

Theorem 2. Let A= (T,,1,,F,) be a single-valued neu-
trosophic hyper BCK-subalgebra of X. Then
(i) Tp(0) 2T 4 (x)
(ii) AN(T,(x90)) =T 4(x)
(ifi) A (T, (09x)) =T, (0)

Proof

(i) Let xeX. Since 0ex9x, we get that
(i) Let xeX. Since xe€x90, we get that
Toa(x)=2A(T4(x90) 2T, (T4(x), T4(0)) =T4(x). So
A(T4(x90)) =T 4 (x).
(iii) Immediate by Theorem 1. O

Theorem 3. Let A= (T,,14,F,) be a single-valued neu-
trosophic hyper BCK-subalgebra of X. Then
(i) 1,(0)<I,(x)
(ii) V(I4(x90)) =1,(x)
(iii) V (1, (09x)) = I, (0)

Proof

(i) Let x € X. Since 0 € x9x, we get that I, (0)<
V(T4 (x9%)) <Spax (T4 (%), 14 (x)) =14 (x).
(ii) Let xeX. Since xex90, we get that

T,(x)<V(I4(x90)) <Spax (T4 (x),14(0)) =1,(x).
So V(I,4(x90)) =1,(x).

(iii) Immediate by Theorem 1. O

Corollary 1. Let A= (T ,,14,F,) be a single-valued neu-
trosophic hyper BCK-subalgebra of X. Then
(i) F,(0)<F,(x)
(ii) V (F, (x 90)) = F, (x)
(iii) V(F 4 (09x)) = F 4 (0)
(iv) Tpin (T4 (x),1 4
(0), F4 (0)) ST i, (T4 (0), 14 (x), F o (x))

In the following theorem, we construct single-valued
neutrosophic subset on any nonempty set.

Theorem 4. Let 0 ¢ X#&. Then there exist a hyper-
operation “9,” a single-valued neutrosophic subset

A= (T, 1, Fy) of X' = XU{0} such that (X', 9,0) is a
hyper BCK-algebra and A is a single-valued neutrosophic
hyper BCK-subalgebra of X'.

Proof. Let x,yeX'. Define “9” on X' by
0, if x =0,

xJy= {{O,x}, if x = y,x#0,. Clearly, (X', 9,0) is a
X, otherwise

hyper BCK-algebra. Now, it is easy to see that every single-
valued  neutrosophic  set A= (T4, I4,F,) that
T,(00=1,1,(0)=F,(0)=0 is a single-valued neu-
trosophic hyper BCK-subalgebra of X'.

Let SVNh={A = (T4, 14, F,)|Aisasingle—-
valued neutrosophic hyper BCK — subalgebra of X}, whence
X is a hyper BCK-algebra and |X]|>1. O

Corollary 2. Let X #+ &. Then X can be extended to a hyper
BCK-algebra that |SVNh| = |R].

Proof. Let X = {x}. Then (X, 9, x) is a hyper BCK-algebra
such that x 9 x = {x}. Then for a single-valued neutrosophic
set, A= (T, 14,Fy) by Ty(x)=1,(x)=F,(x)=a is a
single-valued neutrosophic hyper BCK-subalgebra of X,
where a € [0,1]. If |X|>2; then by Theorem 4, we can
construct at least a hyper BCK-subalgebra on X. Now,
Vo € [0,1] define A= (T, ,1,,F,) by

1, ifx=0,

Ta =14 ifxs0,
0, ifx=0,

1 0=14 ifxz0, ()
0, ifx=0,

Fa =14 ifxs0.

Obviously, A= (T, ,I,,F,) a single-valued neu-
trosophic hyper ~BCK-subalgebra of X and so
ISVNA| = [[0, 1]].

Let X be a hyper BCK-algebra, A = (T'4,1,,F,) asingle-
valued neutrosophic hyper BCK-subalgebra of X and
o B,y €[0,1]. Define T4 ={xe X|T,(x) >a} 1P =
{[xeX|I,(x)<p}, Fy={x e X|F,(x)<y}, and A(“I’%’y)
={xeX|T (x)>a,1,(x)<B,Fu(x)<y}.

Considering the relation between single-valued neu-
trosophic hyper BCK-subalgebras and (fuzzy) hyper BCK-
subalgebra is the main aim of the following results via the
level subsets. O

Theorem 5. Let A= (T,,1,,F,) be a single-valued neu-
trosophic hyper BCK-subalgebra of X. Then

(i) 0 € ABY =Te 0I5 nF,
(i) APY) is a hyper BCK-subalgebra of X

(iii) f 0O<a<a’ <1, then TS <T%,1%21% and F& 2FY

Proof

(i) Clearly, A@BY = A0 AP AY and by Theorems 2 and
3, and Corollary 1, we get that 0 € A@BY),



(ii) Let x, y € T%. Then T, (T4 (x), T4 (y)) = a. Now,
for any, zex9y,T,(z) 2inf(T,(x9y)) 2T i, (T4
(x), T4(y))=a. Hence,z € T4,andso x 9 y C T"‘ In similar
a way, x,y € Iﬁ NF, implies that x9yc (I nFV) Then
A@BY) s 2 hyper BCK subalgebra of X.

(iii) Immediate. d

Corollary 3. Let A= (T,,1,,F,) be a single- valued neu-
trosophzc hyper BCK-subalgebra of X. If 0< oc <a' <1, then
AW js g hyper BCK-subalgebra of A@® )

Let X be a hyper BCK-algebra, S be a hyper BCK-
subalgebra of X and a, &', 3,8',y,y" € [0,1]. Define

[we] o, ifxes,
T  (x)= .

a, ifx¢s,
', ifx e,

188 (x) :Jlﬁ fo s 2)
> I x >
, " ifxeS,
w (x):le fo S
Yy, itx ¢S

Thus, we have the following theorem.

Theorem 6. Let X be a hyper BCK-algebra and S be a hyper
BCK-subalgebra of X. Then
(i) Tk’"“l] is a fuzzy hyper BCK-subalgebra of X
(i) Il[f’ﬁ] is a fuzzy hyper BCK-subalgebra of X
(iii) FB”V] is a fuzzy hyper BCK-subalgebra of X
(iv) A= (Tg“»“']’lf’ﬁ],FB}’y]) is a single-valued neu-
trosophic hyper BCK-subalgebra of X

Proof

(i) Let x, y € X. If x, y € S, since S is a hyper subalgebra of
X, we get that xSyCS and so

Tx9y)> arl*l(5)=a >Tmm<T/£“""'] (0, Tl y)).

(3)

If (xeSandy ¢S) or (x¢Sandy € S) or (x¢Sandy /
ES) then /\T[”I] (x9y) € {a,a'}. Thus, /\T[”,] (x9y)

T in (T ] (x), T[““ I ()), and so T[’”‘] is a fuzzy hyper
BCK subalgebra of X

(ii) and (iii) They are similar to (i).

(iv) Let x,y € X. If x,y €S, since S is a hyper BCK-
subalgebra of X, we get that x9ycS, and so
VIPA (29 ) <P (9) = of <8, (1FF (), If ] ().
If (xeSandy ¢S) or (xeSandy € S) or (xeSand yeb),
then VIPF(x9y)e{Bp). Thus, VIl (x9y)<

Smax (I 4 567 (x), I[M ] (»)). In a similar way, we can see that
VEP' (x9y) < smax(Fg” L), 771 (1)) an by item (i),

A= (Tf’“,],lff’ﬁ,],FA [y»y']) is a single-valued neu-
trosophic hyper BCK-subalgebra of X.
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Let X be a hyper BCK-algebra and x,y € X. Then
xpy=3dneN, (a,,

..»a,) € X"and3u € 9 (ay,...,a,)such that{x, y} Cu.
The relation f3 is a reflexive and symmetric relation but not
transitive relation. Let C (/) be the transitive closure of 5 (the
smallest transitive relation such that contains f8). Borzooei
et al. in [21], proved that for any given weak commutative
hyper BCK-algebra X, C(f) is a strongly regular relation on
X, and ((X/C(pB)),0,0) is a BCK-algebra, where
C(B) (x)eC(B) () = C(B) (x9y) and 0 = C(B) (0).

Considering the relation between single-valued neu-
trosophic hyper BCK-subalgebras and single-valued neu-
trosophic BCK-subalgebras has very important, especially in
extension of single-valued neutrosophic BCK-subalgebras.
So we prove the following theorems and corollaries. O

Theorem 7. Let X be a weak commutative hyper BCK-
subalgebra and A= (T,,1,,F,) be a single-valued neu-
trosophic hyper BCK-subalgebra of X. Then there exists a
single-valued neutrosophic set A = (T 4,1,,F,) of BCK-al-
gebra ((X/C(p)), 9,0) that Vx,y € X,

(i) T4 (C(B)(0)) =T, (C(B)(x))

(ii) if yC(B)x, then T, (C(B)(x)) = T, (C(B) ()

(iii) T, (C(B)(0) < I (C(B) (x))

(iv) if yC(B)x, then I,(C(B)(x)) = I, (C(B)(»))

(v) FA(C(B)(0)) <F,(C(P)(x)

(vi) if yC(B)x, then F,(C(P)(x)) = F4(C(B)(»)

Proof. Let x,y,t€X. Then on (X/C(P)), define
T, (C(B)(1) = {% C(Zi _— 10 €C(P)

rctre (550 BB
2 (C(B) (1) = 152 SL’FA L TOCEE,

Theorems 2 and 3, we get that: o

(i) T, (C(ﬁ) (0)) = Ty 0) = /\t’c(/g)xTA (t’) =Ty (C (/5)
(x))
(i) Since xC(B)y and C(p) is transitive, we get that
T4 (CB) (%) = Ncpala(t) 2 Ny Tat) =T, (C(P)
) o o

(i)  TL(C(B)(0) = 14(0)<Vycipla(t) =T,(C(B)
(x))
(i) Since xC(B)y and C(p) is transitive, we get that
I, (C(B) (%) = Vicla (1) = Vicyla(t) = 1, (C(B) ()

(v) and (vi) They are similar to (iii) and (iv),
respectively. O

Theorem 8. Let X be a weak commutative hyper BCK-
subalgebra and A = (T4,1,,F,) be a single-valued neu-
trosophic hyper BCK-subalgebra of X. Then there exists a
single-valued neutrosophic subset A = (T ,,1,,F,) of BCK-
algebra ((X/C(p)), 9,0) that Vx,y € X:

(i) There exists t € x9y such that T ,(C(B) (x9y))
= TA (t)
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(ii) There exists t1€ x 9y such that 1,(C(f)(x9y)) =
I, (t)

(iii) There exists tie x 9y such that F,(C(B)(x9y)) =
Fy (1)

Proof

(i) Let x, y € X. Applying Theorem 7,

T4 (C(B)(x)eC(B) () =T, (C(P (xIy)

=T,{C(B)(m)|mexIy}= sC(/[\i)m T, (s). (4)

mex 9y

Now, since sC(B)m and m € x9 y, thens € xJ y, and so
there exists t € x 9 y such that T, (¢) = /\sC(ﬁ)m T 4 (s).
(ii) Let x, y € X. Then mex9y

I (CB) (x)eC(B) () = T (C(B) (x 9 )

“LCPMInexdyl= v 1,0 (5)
nexdy

N J—
X [0 1],,1/TBC(ﬁ),X

Proof. Choice Tg=T,4, Iz =1, and Fz=F,. Then by
Theorem 7, (i) Vx € X,
T (C(B)(0)=T5(C(B)(x)),
I5(C(B)(0)) < Ix(C(P) (x)), (7)
Fp(C(B)(0)) < Fp(C(P)(x)).

(i) By Theorem 8, Vx,yeX;

{t.t',t"} cx 9y that

there exists

N Y [0

Now, since tC(f)n and n € x99 y, then t € x 9 y, and so
there exists t' € x 9y such that I, (t') = Necpn L4 (®).

nexdy

(iii) It is similar to item (ii).

Some categorical properties of single-valued neu-
trosophic BCK-subalgebras is investigated in the following
theorem based on the categorical properties of single-valued
neutrosophic hyper BCK-subalgebras. O

Theorem 9. Let X be a weak commutative hyper BCK-al-
gebra and A = (T 4,1,,F,) be a single-valued neutrosophic
hyper BCK-subalgebra of X. Then there exists a single-valued
neutrosophic ~ BCK-subalgebra ~ B = (T, 15, Fg)  of
(X/CB),FpC(B)(0)  that  (T9m<T,, (I;9m)
>1,and(Iz9Fg)>F,) or the following diagrams are quasi
commutative:

X

X
UG X = 011 g ©

T (C(B)(xIy)) =T 4 (1),
Ig(C(B) (x9y)) =1, (¢), (8)
Fu(C(B)(x9y)) = F, (tn).

So

Ts(C(B)(x)eC (P (y) =TE(C(B) (x9y)) =T, (1) 2 A (T4 (x9y))

2 Tpin (T4 (%), T () 2 Toyin (T (C(B) (x)), T (C(B) (1)),
Ig(C(B) (x)eC(B) (») = I (C(P) (x 9 y)) = I, (t1) <V (I, (x9y))

< Smax (14 (%), 14 (1)) < Spuax (15 (C (B) ()), I (C(B) (1)),
Fg(C(B) (x)eC(B) () = Fx(C(B)(x9y)) = Fo(tm) <V (F,(x9y))

< Stnax (Fa (%), F5 () < Sipa (F5 (C(B) (x)), F5 (C(B) (1))).

Therefore, B = (Ty,15 Fp) is a single-valued neu-
trosophic BCK-subalgebra of (X/C(f)), (T'p9m)<T,,
(Izg9m)=>1,, and (Iz9m)>F,.

Based on the fundamental relation, we can obtain the
single-valued neutrosophic BCK-subalgebras, and single-
valued neutrosophic BCK-subalgebras are derived from

(9)

some single-valued neutrosophic hyper BCK-subalgebras. In
this regard, it is important that single-valued neutrosophic
BCK-subalgebras are derived from single-valued neu-
trosophic hyper BCK-subalgebra with minimal order. So the
concepts of (extended) extendable single-valued neu-
trosophic BCK-subalgebra are introduced as follows. [
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(i) Let (X, 0,0) be a BCK-algebra and (Y, 9,0) be a hyper
BCK-algebra. We say that the BCK-algebra X is derived
from the hyper BCK-algebra Y if X is isomorphic to a
nontrivial quotient of Y (X = (Y/C(f3))).

(ii) A single-valued neutrosophic BCK-subalgebra A =
(T4, 14 Fy) of X is called an extendable single-valued
neutrosophic BCK-subalgebra, if there exist a hyper BCK-
algebra (Y, 9,0), a single-valued neutrosophic hyper BCK-
subalgebra B = (T, I, Fp) of Y, and neN such that
(X, 9,A)] =I(Y, 9,B)| —n, and BCK-algebra X is derived
of hyper BCK-algebra Y. If X =Y and almost everywhere
(TpI4sFy) = (TgIg, Fp) ((Ty, 14 Fy) = (Tg Iy Fplae
that means [{x; T (x) # T (x), 14 (x)#15 (x),F, (x)#Fg
(%)} = 1), we will say that it is an extended single-valued
neutrosophic BCK-subalgebra.

The following example introduces an extendable single-
valued neutrosophic BCK-subalgebra.

Example 1. Let X = {-1,-2,-3,-4}. Then A = (T4, I4,F,)
is a single-valued neutrosophic BCK-subalgebra of BCK-
algebra (X, 9,-1) (see Table 1).

Now, set Y =1{0,-1,-2,-3,-4}=XU{0}. Then
B = (T, I, Fp) is a single-valued neutrosophic hyper BCK-
subalgebra of (Y, 9,0) (see Table 2).

(TA(x)’ I,(x),Fy (x)) 9 (TA()’)’ Io(y), Fy (J’)) = (TA (x9y)aIA(x‘9)/)>FA(x‘9)’))~

It can be easily seen that (T4(x),I,(x),F,(x))
<I(Ty(¥),14(¥),Fs(y) = x < y. It is easy to see that
(X, 9", (T 4(0),1,(0),F,(0))) is a hyper BCK-algebra.

(T4 (), 14 (%), Fy ()0 (Ta (0, 14 (0), F5 () = ‘]

We just prove BCI-4. Let x, y € X and

(TA (x)’IA (x)’FA (x))Q(TA (}’)) I ()’)) Fy (J/))
= (TA (x), 14 (x),Fy (x))Q(TA D14 () Fy (;V))
= (T4(0),1,(0), F4(0)).
(12)
Since A is a one to one map, 0 e x9y and 0 € y 9x. It
follows that (T, (x),14(x),F,(x)) = (To,(»),1,(y),F,
(). It is easy to see that BCI-1, BCI-2, BCI-3, and BCK-5

are valid, and so (X, 0, (T, (0),1,(0),F,(0))) is a BCK-
algebra. O

Corollary 4. Let (X, 9, (T, (0),1,(0),F,(0))) be a hyper
BCK-algebra and A = (T 4,14, F,) be a single-valued neu-
trosophic hyper BCK-subalgebra of X. Then there exists a
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Clearly, (Y/C(B)) =X, [Y|=1X|+1, and so
A= (T, I, F,) is an extendable single-valued neu-
trosophic BCK-subalgebra of (X, 9,-1).

In the following theorem, we try to generate BCK-al-
gebras based on single-valued neutrosophic hyper BCK-
subalgebras.

Theorem 10. Let (X, 9,0) be a hyper BCK-algebra, A =
(Tp,14,F,) be a single-valued neutrosophic hyper BCK-
subalgebra of X, and X = {(T 4 (x),I,(x),F,(x)) |x € X}.
If A is one to one map, then:

(i) There exists a hyperoperation “9'” on X such that

(X, 9, (T4(0),1,(0),F4(0)) is a hyper BCK-
algebra

(ii) There exists a single-valued neutrosophic hyper BCK-
subalgebra A= (T,,14,F,) of X related to
A= (T, 14 Fy)

(iii) There exists an operation “9” (relatedto 9) on X
that (X, 0, (T 4(0),1,(0),F,(0))) is a BCK-algebra

Proof
(i) Let x, y € X. Define a hyperoperation 9" on X, by

(10)

(i) Let xeX. Define A(A(x))=A(x). Clearly,
A= (T, 1,4 F,) is a single-valued neutrosophic hyper
BCK-subalgebra of (X, 9').

(iii) Assume x, y € X. Define an operation p on X by

(TA (%), 14(x),F o (x))s
(VT4 (x9y), NI, (x9y), A\F,(x9y)) otherwise.

ify=0,
) (11)

binary operation “p0” on X, such that (X, 0, (T4(0),1,
(0), F4(0))) is a BCK-algebra.

In the following theorem, we try to generate hyper BCK-
algebras based on single-valued neutrosophic hyper BCK-
subalgebras.

Theorem 11. Let X be a nonempty set, 0¢ X and
X' = XU {0}. Then there exist a hyperoperation “9”on X', a
hyperoperation “9' ” on X', a binary operation “0” on X', a
single-valued neutrosophic subset A = (T 4, 1,,F ) of X', and
a single-valued neutrosophic subset B = (Tp, I, Fp) of X'
that:

(i) (X', 9,0) is a hyper BCK-algebra, and
A= (T4, 1,4 Fy) is a single-valued mneutrosophic
hyper BCK-subalgebra of X'
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TaBLE 1
0 -1 -2 -3 —4
-1 -1 -1 -1 -1
-2 -2 -1 -2 -2
-3 -3 -3 -1 -3
—4 -4 -4 —4 -1
-1 -2 -3 —4
T, 1 0.2 0.4 0.6
I, 0.1 0.3 0.7 0.9
F, 0.05 0.25 0.45 0.65
TABLE 2
9 0 -1 -2 -3 —4
e {0} {0} {0} {0} {0}
-1 -1 {0,-1} {0,-1} {e,—-1} {0,-1}
-2 {-2} {-2} {0, -1} {-2} {-2}
-3 {-3} {-3} {-3} {0,-1} {-3}
-4 {4} {-4} {-4} {-4} {0, -1}
0 -1 -2 -3 -4
Ty 1 1 0.2 0.4 0.6
Iy 0.1 0.1 0.3 0.7 0.9
Fjp 0.05 0.05 0.25 0.45 0.65

(i) (X', 9", (T 4(0),1,(0),F,(0)) is a hyper BCK-al-
gebra, and A= (T, 14, F,) is a single-valued
neutrosophic hyper BCK-subalgebra of X'

(iii) (X', 0, (T4(0),1,(0),F,(0)) is a BCK-algebra,
and B = (T, 1, Fy) is a single-valued neutrosophic
BCK-subalgebra of X'

(iv) 1X'] = |X'| + 1

Proof. Let |X|>2 and b € X be fixed. For any x,y € X',
define a binary hyperoperation 9 on X' as follows:

(0, ifx=0,
{0,b}, ifx=yandx#0,
x9y=41{b}, ifx=bandy=0, (13)
{0,b}, ifx=bandy#0,
| X, otherwise.

Now, we show that (X', 9,0) is a hyper BCK-algebra.
We just check that conditions (H1) and (H2) are valid.

(H1): Let x,y,z € X'. If x =0, then (x92)9 (y9z2) =
{019 (y92)={0}<x0y. If x="0, then (x92)9 (yIz)
c{0,b}9 (y92)c{0,b} <x9y. If x ¢ {0,b}, we consider
the following cases:

Case 1: x=y#z. Then
=x9x ={0,b} <{0,b} =x9y.
Case 2: x=z#y. Then (x9z)9(y9z)=1{0,b}9
(y92) ={0,b} <x=x9y.

Case 3: y=z#x. Then (x92)9 (y92z)cx9{0,b} =
{0,b} <x =x9y.

(x92)9(y92)=x9y

Case4: x# y#z. Then (x92)9 (y92z) =x9y =x<x
=x9y.

Case 5: x=y=z. Then (x92)9(y9z)={0,b} <
{0,b} =x9y.

(H2): Let x,y,ze€ X. The proof of (x9y)9z=
(x9z) 9 y is similar to that of (H1), and then it is easy to see
that (X', 9,0) is a hyper BCK-algebra. Consider a single-
valued neutrosophic subset A = (T 4,14, F,) of X' such that
TA(O) = TA(b) =1, IA(O) = IA(b) = FA(O) = FA(b) =0;
by equation (2) and some modifications, we get that

AT 4 (x99)) 2 Tinin (Ta (%), T4 (1)),
V(I4(x9)) < Spax (1a (), 14 (1)), (14)
V(FA (xsy)) SSmax(FA('X)’FA())))'

Hence, A = (T4, 1,,F ) is a single-valued neutrosophic
hyper BCK-subalgebra of (X', 9,0). Now, Vx, y € X; define
a hyperoperation 9' on X' by

A)9A(Y) = (T4 (), 1, (x), F4 (x)) 9 (T4 (1), 14 (9), F4(»))
=(To(x9y), I, (x9y),Fy(x9y)).
(15)

Define a single-valued neutrosophic subset B = (T, I,
Fj) of X' by

B(A(x)) = A(x),
or (Tg(T 4 (%)), I (15 (x)), Fg (F5 (%)) = (T (x), 15 (x), F4 (),
(16)

and an operation o on bd by

(T4 (), 14 (x), F4 ()@ (T4 (9), 14 (9), Fo ()
=(V(TA(x)9 ' Tu (), A (14 () Ty (), A(Fa(x)9 Fy(3))).
(17)

It can be easily seen that (T, (x),I, (x),F, (x))
<HToI,(»),Fu(y) = x<y, (X,9,(T,4 (0,1,
(0),F,(0))) is a hyper BCK-algebra, A = (T, (x),I, (x),
F,(x)) is a single-valued neutrosophic hyper BCK-sub-
algebra of X', (X', 9, (T 4(0),1,(0),F,(0))) is a BCK-al-
gebra, and B = (T5(x),I5(x),F5(x)) is a single-valued
neutrosophic BCK-subalgebra  of X', and since
T(0) = To(b) = 1, 1,(0) = I, (b) = F,(0) = F, (b) = 0,
we get that |X'| = |X'| + 1. O

Corollary 5. Each nonempty set can be constructed to an
extendable single-valued neutrosophic BCK-subalgebra.

4. Neutro Hyper BCK-Algebras

Smarandache in [17] introduced the concept of neutro hyper
operation. An n-ary (for integer n>1) hyperoperation
9: X" — P(Y) is called a neutro hyper operation if it has
n-plets in X" for which the hyperoperation is well-defined
Y (ay,a,,...,a,) € P(Y) (degree of truth (1)), n-plets in X"
for which the hyperoperation is indeterminate (degree of
indeterminacy (I)), and n-plets in X" for which the
hyperoperation is outer-defined 9 (a;,a,,...,a,) ¢ P(Y)
(degree of falsehood (F)), where T,I,F € [0,1], with



(T,1,F)# (1,0,0) that represents the n-ary (total) hyper
operation and (T,I,F) # (0,0, 1) that represents the n-ary
anti hyper operation.

In this section, we introduce a novel concept of neutro
hyper BCK-algebras as a generalization of neutro BCK-al-
gebras and analyze their properties. The main motivation of
the concept of neutro hyper BCK-algebra is a generalization
of neutro BCK-algebra, which is defined as follows.

Definition 7. Let X+ @ and P* (X) = {Y | F #Y < X}. Then
for a map 9: X*> — P*(X), a hyperalgebraic system
(X, 9,0) is called a neutro hyper BCK-algebra if it satisfies
in the following neutro axioms:

(H1) (3x,y,z € X that (x9z2)9 (y9z)<xx9y) and
(3Ix',y',2' € X that (x'9z2)9(y' 92" ) «x'9y" or
indeterminate)

(H2) (3x,y,z € X that (x9y)9z= (x92)9y) and
(3x',y",z' € X that (x'9y")9z1#(x'92)9y" or
indeterminate)

(H3) (3x € X that x9X <« x) and (Ix' € X that
x' 9X « x' or indeterminate)

(H4) (3x,y € X that if x< y and y < x imply x = y)
and (Ix’,y" € X that if x' <y’ and y' «x' imply
x'#y' or indeterminate),

where a «b is defined by 0 € adb, and VA,BCH,
A<BeVae Adb e Bs.ta<kb

If (X,9,0) is a neutro hyperalgebra and satisfies in
condition (H1) to (H4), then we will call it is a neutro hyper
BCK-algebra of type 4 (i.e., it satisfies 4 neutro axioms).

Investigation of partial order relation on neutro hyper
BCK-algebra plays a main role in Hass diagram, so we have
the following results.

Theorem 12. Let (X, 9,0) be a neutro hyper BCK-algebra,
x, ¥,z € X and A,B,C<X. Then

(i) 3x,y € X such that (x9y)<x

(ii) 3x,y € X such that (x9y) £ x

(iii) Ix € X such that x < x

(iv) 3x € X such that x « x

(v) 3A,BC X such that A< A

(vi) AA, BC X such that A « A

Proof. We prove only the item (ii), and other items are similar
to it. Since (X, 9, 0) is a neutro hyper BCK-algebra, there exists
x € Xsuch that (x 9 X) « X. It follows that there exista, y € X
such that a € x 9 y and a « x. Hence, (x9y) £ x. O

Theorem 13. Let (X, 9,0) be a neutro hyper BCK-algebra,
x, ¥,z € X and A,B,C<X. Then

(i) if A< B, then (AUC) <« (BUC)
(ii) if A 4 B, then (AUC) « (BUQC)
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Proof

(i) Let a € A be arbitrary. Since A < B, there exists b € B
such that a<b. Hence, for a € (AUC), there exists
b e (BUQC) such that a<b and so (AUC) <« (BUC).

(ii) Since A « B, there exists a € A such that for all,
b € B, we have a « b. Hence, there exists a € (AUC) such
that for all, be (BUC), we get that a4b and so
(AuC) « (BUQ). O

Example 2. (i) Every neutro BCK-algebra (X, 9,0) is a
neutro hyper BCK-algebra. Since, for all, x, y € X, can define
a hyperoperation 9 on X by x9y = {xpy}.

(ii) Consider N*=1{0,1,2,3,...}. Define
{0,x} ifx<y
_Jo (x,9) = (2,3)or (x,y) = (3,2)
x9y= 5 x=y=Tor(x ) = (0,1) . Clearly,
x otherwise

(N*, 9,0) is a neutro hyper BCK-algebra.
The following theorem shows that neutro hyper BCK-
algebras are the generalization of hyper BCK-algebras.

Theorem 14. Every hyper BCK-algebra can be extended to a
neutro hyper BCK-algebra.

Proof. Let (X, 9,0) be a hyper BCK-algebra and « ¢ X. For
all, x, y € XU{a}, define 9, on XU{a} by x9,y=x9y,
where, x,y € X and whence « € {x, y}, define x9,y is
indeterminate or x 9,y € X U {a}.

We show that how to construct neutro hyper BCK-al-
gebras from BCK-algebras. O

Example 3. Let X ={0,1,2,3,4} and consider Table 3.
Then

(i) If a=0, then (X, 9,,0) is a neutro hyper BCK-
algebra and if a = 1, then (X\{3,4,5}, 9,,0) is a
hyper BCK-algebra

(ii) (X, 9,,0) is a neutro hyper BCK-algebra and
(X\{4,5}, 9,,0) is a hyper BCK-algebra

(iii) If s = z = 0, w = 3, then (X, 93,0) is a neutro hyper
BCK-algebra, and for s = 1, z = 3, (X\{5}, 9;,0) is
a hyper BCK-algebra. If s=2z=0, w= V2, then
(X, 93,0) is a neutro hyper BCK-algebra of type 4

The importance of the following theorem is to construct
of neutro hyper BCK-algebra from any given nonempty set.

Theorem 15. Let 0 ¢ X+ . Then there exists a hyper-
operation “9” on X' = XU{0} such that (X', 9,0) is a
neutro hyper BCK-algebra.

Proof. Let 0 ¢ X+ . Using Theorem 4, there exist a
hyperoperation “9” on X' = X U {0} such that (X', 9,0)isa
hyper BCK-algebra. Now, apply Theorem 14; there exist a
hyperoperation “9’ ” on X' = X U {0} such that (X', 9',0) is
a neutro hyper BCK-algebra.
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TaBLE 3: Neutro hyper BCK-algebras.

9, 0 1 2 3 4 5
0 0 0 0 0 2 0
1 1 0 a 2 4 3
2 2 2 0,2 0 2 0
3 3 0 1 2 4 5
4 1 4 2 1 4 3
5 0 4 0 1 4 0
9, 0 1 2 3 4 5
0 0 0 0 0 2 0
1 1 0,1 0 0,1 4 5
2 2 2 0 2 5 0
3 3 3 3 0 0 0
4 2 1 2 4 1 2
5 5 0 4 0 0 x
9, 0 1 2 3 4 5
0 0 0 0 0 0 5
1 1 0,2 1 1 s 0
2 2 0,2 0,2 0,2 0,2 3
3 3 3 3 0,2 z 0
4 4 4 4 4 0,2 1
5 2 0 2 2 2 w

Let (X, 9,,0;) and (X,, 9,,0,) be two neutro hyper
BCK-algebras. Define 9 on X; x X, by (x, )9 (x',y) =
(x9,x",y9,y"), where (x,y), (x',y") € X, x X, and say
that (x,y)< (x',y") & (0,,0,) € (x, )9 (x',y"). The
following theorem investigates the properties of partial order
relation on product of Neutro hyper BCK algebras. O

Theorem 16. Let (X, 9,,0,) and (X,,9,,0,) be two
neutro hyper BCK-algebras. Then

(D) V(x,p), (x,y) e X; x Xy, (x, )< (x,y) =

(x & ,x")and (y ¥,y")

(”) V(x’y)a (x,ay,) € Xl X Xz’ (x))’) « (XIJ/I) —
(x< x)or (y<,y")

(iii) 3(x, y), (x',y") € X; x X5, (04,0,) € ((x,¥)9
(x',¥"))9 (x, )

(iv) 3(x, y), (x',y") € X; x X5, (0,,0,) ¢ ((x,9)9
(x',¥"))9 (x, )

Proof

(i) Immediate

(i) Let (x,9), (x',y") € X; x X,. Then (0,,0,) €
(x,)9(x',y"), if and only if (0,,0,) €
(x9,x',99,y"), if and if only 0, ¢ x9x' or
0, ¢ y9y',and ifand only if (x < ;x") or (y <,y")

(iii) Since (X;, 91,0,) and (X,, 9,,0,) be two neutro
hyper BCK-algebras, there exist x,y € X;,x',y'
€X, such  that 0, e (x9y)9x  and
0, € (x'9y")9x". Tt follows that I(x, y), (x',y")
€ X, xX,, (0,0,) € (6, MI(x', ¥y NI (x,y)

(iv) Since (X, 9,,0;) and (X,, 9,,0,) be two neutro
hyper BCK-algebras, there exist x,ye€ X;,x
1,y € X, such that 0,¢ (x9y)9x and

0, ¢ (x'9y")9x". Tt follows that I(x, y), (x',y")
€ X; X X5, (01,0,)6/((x, ) 9 (x', ¥') 9 (x, y)

We need to extend neutro hyper BCK-algebras to a
larger class of neutro hyper BCK-algebras, so we apply the
notation of product on neutro hyper BCK-algebras as
follows. O

Theorem 17. Let (X, 9,,0,) and (X,,9,,0,) be two
neutro hyper BCK-algebras. Then (X, x X,, 9, (0,,0,)) is a
neutro hyper BCK-algebra.

Proof. We prove only the item (H4), and other items by
Theorem 16 are valid. Since (X, 9,,0;) and (X,, 9,,0,) are
neutro hyper BCK-algebras, there exist (x,x,), (¥}, ¥2)
(x1, %), (y1, ¥5) € X; x X, that if (x, <, y;, ¥ < %),
thenx; = y;,andif (x, <, ¥,, ¥, €,x%,), thenx, = y,. Also,
if  (x;<,y,y <1x]), then x,#y, and if (x,
"<, Y5 V5 <5X,), then x, # y,. By (i), it follows that there
exist (x1,%,), (¥1, ¥2)s (x1,%3), (y1,y) € X; x X, that if
(%1, %) < (¥15 ¥2), (V1> ¥2) < (x1,x,), we have (x;,x,) =
(v, y2), and if (x], %) < (31, ¥5), (V1> y2) < (x4, x,), we
have (x;,x,) # (1, ¥5).

Let (X;,9,,0,) and (X,, 9,,0,) be hyper BCK-alge-
bras, where X,NX, =@. For some x,y € X, define a
hyperoperations 9,, 9, as follows:

[ (x99 )0}, ifx,y € X)\X,,
x9,y, ifx,y € X,\X,
x99,y =1
t, itxeX,, yeX,,
0,, ifxeX,, yeX,,
: 2 . 2 Y 1 (18)
x9,, ifx, y € X;\X,,
(x 9,9)\{0,}, if x, y € X,\X,
x9,y =1
s, ifxeX,, yeX,,
L 0, ifxeX,, yeX,
and 0,9,0, =0, 9,0,=0,9,0,=0,,0,9.0,

=0,9,00=0,9,0, =0,, where 0,#t¢€ X,, 0;#s¢€ X;.
Thus, we have the following theorem.

We want to extend neutro hyper BCK-algebras to a
larger class of neutro hyper BCK-algebras, so we apply the
notation of union on neutro hyper BCK-algebras as
follows. O

Theorem 18. Let (X, 9,,0,) and (X,, 9,,0,) be hyper
BCK-algebras, where X, NX, =& and X = X, UX,. Then
(i) For all, AC X,,A «{0,,}
(ii) For all, ACX,,A 0,
(iii) For all, ACcX,,A « A, and for all, BC X,,B « B
(iv) For all, Ac X,, A «{0,,s}
(v) For all, ACX,,A «0,
Proof

(i) Let AcX,. Then A9,0, = U_,,(ad,0/)= U,
((a90))\{0,}). It follows that 0, ¢ A9,0;, so A «{0,}. In
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addition, A9t = U, ,(ad,t) ={t} and 0, ¢ t9,0,. It fol-
lows that 0, ¢ A9,0,, so A «{t}.

(ii) Let AcX,. Then A9,0, = U,4(a?9,0,) = {t} and
0, ¢t9,0,. It follows that 0, ¢ A9,0,, so A «{0,}. In ad-
dition, A9t = U, (a9,t) = {t} and 0, ¢ £9,0,. It follows
that 0, ¢ A9,0,, so A « {t}.

(i) Let AcX, and BCX,. Since A9, A= U, s
(@a9.a') =U,uea((@9,a)\{0,}) and BIS= U,y
(b9,b") = Uppep (b9 b)\{0,}), we get that 0, /A 9,A and
0,¢BY B. Thus A « A and B « B.

(iv) and (v) are similar to (i) and (ii), respectively. O

Theorem 19. Let (X, 9,,0,) and (X,, 9,,0,) be hyper
BCK-algebras, where X, NX, = & and X = X, UX,. Then

(i) (X, 9,,0,) is a neutro hyper BCK-algebra
(ii)) (X, 9,,0,) is a neutro hyper BCK-algebra

Proof
(i) (H;:) For some, x,y,z¢e€X,\X,,(x9,2)9,
(y9,2)< (x9,y). Since, for xe X, (((x90)\{0;})\

{0, 9,0, =t+0,, we get that
(x9,0,)9,(0,9,0,) = ((x90,)\{0,}) 9,0,
= ((x90,\{0,H)\{0,} <0, =0, 9,0,.
(19)

(Hy:) For some, x,y,z¢€X,\X,,(x9,y)9,z=
(x9,2)9,y. In addition, for x € X,
(x9,0,)9,0, = 9,0, =0, #t = ((x 90,)\{0,}) 9,0,
= (x9,0,)9,0,.
(20)
(H5: ) For some, x € X, X, x9,X=x9X,<X, =X.
Since t 9,0, = 0, and (U cx ((0;9x) {0,}))9,0; = (U ,x,
((0; 9x)\{0,}))\{0,}, we get that

0,9,X=(0,9,X,)u(0,9,X,) = <xg(1 (0, 9tx)> U (yg(z(ol ‘9ty)>

:< u (0, 9x)\{01}> Uit} «0,.

xeX;

(21)

(Hs:) Because 0,«0, and 0,€0,9,0, and
0, € 0,9,0,, while 0, #0,, we get the item (H;: ) is valid.
Therefore, (X, 9,,0,) is a neutro hyper BCK-algebra.

(ii) It is similar to item (i). O

4.1. Application of Neutro Hyper BCK-Algebras and Single-
Valued Neutrosophic Hyper BCK-Subalgebras. In this sub-
section, we describe some applications of neutro hyper BCK-
algebra and single-valued neutrosophic hyper BCK-sub-
algebra in some complex (hyper) networks.
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TaBLE 4: Neutro hyper BCK-algebra of an economic network.

9 a b c d e f
a a a a a a f
b b a,c b b a a
c c a,c a,c a,c a,c d
d d d d a,c a a
e e e e e a,c b
f c a c c c 777

TaBLE 5: Single-valued neutrosophic hyper BCK-subalgebra of a
data network.

9 a b c d e
a {a} {a} {a} {a} {a}
b {b} {a, b} {a, b} {e, b} {a, b}
c {c} {c} {a, b} {c} {c}
d {d} {d} {d} {a, b} {d}
e {e} {e} {e} {e} {a, b}
a b c d e
Ty 1 1 0.2 0.4 0.6
Iy 0.1 0.1 0.3 0.7 0.9
Fy 0.05 0.05 0.25 0.45 0.65

Example 4 (economic network). Let X = {a = China,b
= Italy, ¢ = Iran, d = Spain, e = Germany, f = USA} be a set
of top countries, which are in an economic network. Suppose
¥ is the relations on X, which is described in Table 4, and for
x#y, x* y =D means that D is the set of countries that
benefit from this economic partnership, whence the country
x starts to country y, and for x = y, it means that the country
x maintains its capital.

Clearly, (X, *,China) is a neutro hyper BCK-algebra
in this model. We obtain that the USA is main source of
this network; since if the USA starts to any other country,
it does not benefit. In addition, if the USA starts to itself,
this participation becomes indeterminate. Also, if any
country starts to China, we conclude that China loss, else
with USA, and if China starts to any other country, then
China benefit else USA.

Example 5 (data network). Let Y = {a,b, ¢, d, e} be a set of
mobile sets, which are in a data network. Suppose 9 is the
relations on Y, which is described in Table 3, and for all,
x#,x*y =D means that D is a set of mobile sets that
receive contents of messages that mobile set x starts to
mobile set y, and for x = y, it means that the mobile set x
retains its information. In addition, for any
y €Y, Tp(y),I5(y), F5(y) are the cryptographic power,
battery life, and RAM of mobile set y, respectively. Then
B = (Tg, Iy, Fp) is a single-valued neutrosophic hyper
BCK-subalgebra of (Y, 9,a) in Table 5.

Itis clear that if mobile set named “a” starts, then none of
the devices receive the message, and if other devices start to
name a mobile set “a”, then this device (mobile set a) cannot
receive their messages; hence, it is not suitable node in this

network, since furthermore to its complex cryptography, its
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battery life, and RAM is weak. Also, one can see that the
mobile set b is the best in this regard.

5. Conclusion

To conclude, the current paper has presented and analyzed
the notion of single-valued neutrosophic hyper BCK-
subalgebras and neutro hyper BCK-algebras and investi-
gated some of their new useful properties. We defined the
concept of the extended single-valued neutrosophic BCK-
subalgebras and showed that for any « € [0, 1] and a single-
valued neutrosophic subset hyper BCK-subalgebra,
A= (TyI14F,), A= (TppIpgFpa,) is a hyper BCK-
subalgebra. Through the concept of fundamental relation
C(f5), we have generated the single-valued neutrosophic
BCK-subalgebras from single-valued neutrosophic hyper
BCK-subalgebras, so some categorical properties of single-
valued neutrosophic BCK-subalgebras are investigated
based on the categorical properties of single-valued neu-
trosophic hyper BCK-subalgebras. In addition, on any
nonempty set, we have constructed at least one single-
valued neutrosophic BCK-subalgebra and one extendable
single-valued neutrosophic BCK-subalgebra. The concept
of neutro hyper BCK-algebra as a generalization of neutro
BCK-algebra is introduced in this study, and it is con-
structed the class of product of neutro hyper BCK-algebras
and union of neutro hyper BCK-algebras via hyper BCK-
algebras. In study of neutro hyper BCK-algebras, despite
having key mathematical tools, there are some limitations.
The union of two neutro hyper BCK-algebras is not nec-
essarily; a neutro hyper BCK-algebras so the class of neutro
hyper BCK-algebras is not closed under any given algebraic
operation. In addition, neutro hyper BCK-algebras are
different from single-valued neutrosophic hyper BCK-
subalgebras so could not generalize the capabilities of
single-valued neutrosophic hyper BCK-subalgebras to
neutro hyper BCK-algebras and conversely. In final, we can
apply these concepts in real world, especially in some
complex (hyper) networks.

We hope that these results are helpful for further studies
in single-valued neutrosophic logical algebras. In our future
studies, we hope to obtain more results regarding single-
valued neutrosophic (hyper) logical-subalgebras, neutro
(hyper) logical-subalgebras, and their applications.
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Nowadays, rich quantity of information is offered on the Net which makes it hard for the clients to detect necessary information.
Programmed techniques are desirable to effectively filter and search useful data from the Net. The purpose of purported text
summarization is to get satisfied content handling with information variety. The main factor of document summarization is to
extract benefit feature. In this paper, we extract word feature in three group called important words. Also, we extract sentence
feature depending on the extracted words. With increasing knowledge on the Internet, it turns out to be an extremely time-
consuming, exhausting, and boring mission to read the whole content and papers and get the relevant information on

precise topics

1. Introduction

By increasing the knowledge on the Internet, it turns out to
be an extremely time-consuming and boring mission to read
whole content and papers and get the relevant information
on precise topics. Content summarization is recognized as a
key for this matter as it generates programmed briefing of
the data. Summarization of text can be defined as an ab-
breviated version of generated text from several documents
without down core contents or impression of the original
documents and expressive summary of a certain manuscript
by covering greatest imperative part of the contents and with
smallest redundancy from different contribution resources.
There are various types of content summarization depending
on rate of recurrence of input sources, the technique of
generated summary, the goal of summary, and the input and
output language of summarization process.

Recently, the theory of neutrosophic logic and sets has
been introduced. Florentin [1, 2] presented the neutrosophic
logic. It is a decision in which each proposition is valued to
have three grades such as a grade of truth (T), a grade of
indeterminacy (I), and a grade of falsity (F). A neutrosophic
set is defined as a set where every component of the universe
has a grade of truth, indeterminacy, and falsity, respectively,

and lies between [0, 1]*, which is the nonstandard unit
interval [3-5]. There are various applications using neu-
trosophic logic as in [6, 7].

In this paper, we propose neutrosophic logic centered
multidocument summarization procedure to debrief vital
sentences to create nonredundant summary. The projected
approach is associate degree extractive primarily built ge-
neric report system, and outline within the context of this
projected work is matter outline created from one or many
news connected documents.

The paper is well-structured as follows. In Section 2, we
give some basic concepts on the text summarization system.
Section 3 introduces the proposed summarization tech-
nique. The fundamentals of neutrosophic sets are introduced
in Section 4. The basics of using neutrosophic sets based on
information retrieval are introduced in Section 5. Section 6 is
devoted to present our approach to document summari-
zation using distance between neutrosophic sets. The con-
clusion of paper is given in Section 7.

2. Text Summarization

As previously said, text summary is a condensed version
of a document that retains the major points and ideas of
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the original material(s). The goal of a summarizing
system is to offer a concise and fluid overview of a given
text by addressing the most important parts of the ma-
terial while minimizing redundancy from various in-
place sources.

There exists a range of taxonomies for text summari-
zation [8-12] supported frequency of input sources, the
means of outline generated, purpose of outline, and language
of input sources.

There are 2 varieties of algorithms regarding which
varied works are printed around text summarization. They
are extraction-based summarization and abstraction-based
summarization.

The extraction-based technique works by extracting
sentences from a document. There is no compression in any
format during this technique. It is just a matter of memo-
rizing sentences in order to create a more compact outline.

Abstraction-based reports, on the other hand, are ef-
fective. Apart from memorizing the most important sen-
tences, it alters the way a text is organized. The retrieved text
is regenerated. It is categorized as a single document or
multidocument report depending on the number of input
sources considered for generating the outline. Once a
document has been provided as an input for a text report, it
is known as a single document report, whereas a multi-
document report uses a collection of papers as input to
create the outline.

The outline of a domain-specific report is generated
using domain-specific data, whereas the outline of a domain
freelance report (generic) is generated using generic alter-
natives. Domain-specific report approaches have become
popular among academics.

In this research, we offer a document summarization
system based on neutrosophic logic for extracting relevant
sentences and generating a summary. The planned approach
is an extraction-based generic report system, and the outline
in this planned work is a matter outline created from one or
more news-related papers.

3. The Proposed Document
Summarization Technique

Summary is not sufficient to just generate words and phrases
that apprehend the source document. Summary also must be
accurate and read fluently as a new separate document.
Summarization of text [3, 13-15] is the duty of creating a
brief and fluent summary while retaining the overall
meaning and information content. The process of sum-
marization takes some steps: first is the preprocessing of
data; second is the feature word extraction; third is the
feature sentence extraction; and the last step is the orga-
nization of the set of documents to produce the summary. In
the last step, we use the neutrosophic logic, and we illustrate
it later.

3.1. Input Preprocessing. Some preprocessing activities are
required for the set of raw documents before they can be
entered into the planned technique.
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(i) Words that should be avoided or removed: The
most commonly used terms, such as “a,” “an,” and
“the,” do not have any linguistics data related to the
text area unit. All of the stop words have been
preprogrammed and saved in a separate file.

(ii) Stemming. This is the process of converting all
words to their root type by eliminating their prefix
and suffix. For the stemming procedure, we
employed a porter stemmer.

(iii) Removal of Special Characters. House character
removes all special characters from a collection of
input documents, including punctuation, interro-
gation, and exclamation.

(iv) Segmentation Process. This is a method of extracting
each sentence from a document independently. All
sentences from documents are retrieved and saved
in this manner.

(v) When a sentence is segmented, the tokenization
process is applied to all of the sentences. It is a
technique for isolating words from sentences. It is
used to define the character structure, such as the
date, time, punctuation, and number.

3.2. Feature Extraction. To perform an efficient document
summarization, we consider the feature extraction. Feature
extraction is not only limited on words but also on sentence.
In the following subsections, we illustrate our method to
extract words with different levels of strength. Also, the
sentence extraction depends on words feature.

The preprocessed knowledge in word is used to see
sentence score in the feature extraction phase. The effec-
tiveness of different sentence evaluation methods is deter-
mined by the type of text, genre of text, language, and
structure of contribution text. The main belief is that
completely distinct themes will enjoy different characteris-
tics, which can be differentiated by a variety of possibilities.

All the text selections are divided into two categories:
word level and sentence level alternatives. We have run tests
on various combinations of shallow text options on various
datasets to find the optimum mix of options that will deliver
the greatest results in terms of coverage and relevancy for the
news domain. The options that were used in the planned
strategy are listed below.

3.2.1. Word Features. The previous methods of text sum-
marization depend on word information in the whole
documents. Another way, we can extract feature that rec-
ognizes topics by using words without reading the whole
document. For example, word “algorithm” can indicate the
document field “computer science”; the appearance of this
word in any sentence means that this sentence is also
important.

The term “document field” refers to basic and mutual
information that is useful in human communication.

A field tree is a visual representation of document field
relationships. The field tree’s leaf nodes are parallel to ter-
minal fields, super-fields are nodes connected to the root,
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and other nodes are middle fields. Text field can be cleared
efficiently if there are many important words and if the
frequency rate is high. Therefore, we can define three levels
of important words (IM-W) which will be more effective
than using full documents as traditional methods. The three
levels of IM-W are defined as follows:

appearance (w, < ¢ >)

(IM-W) 1. This appears with title of document and in
one terminal field, and we can calculate it as follows: for
the root of supper field F, the child field is F/c; the
following formula is used to justify whether or not the
word w is (IM-W) 1.

>0,0<0.5,

concentration (w, c) =

appearance (w, < F>)|

(1)

the frequency number for appear the word w in the field F

appearance (w, < F >) =

(IM-W) 2. This appears with more than one terminal
field in one medium field.

(IM-W) 3. This appears only with one medium field.

3.2.2. Sentence Features. Sentence features are the most
important to construct the summary. Two features of

number of of word occuring in sentence S

total number of words in field F

sentences are identified: the first is the sentence that contains
IM-W and the second is sentence length, and the short
sentences do not give any vital information, so short sen-
tences are not recommended. Sentence length score is
computed as follows:

(2)

length of sentence (S;) =

3.3. Summarization Process. The summarization process
[16-18] is done with three steps. First, all the sentences are
arranged from the highest to lowest score achieved using the
neutrosophic approach. Sentences are chosen based on their
degree of resemblance to other sentences in the summary.
We used the following formula to determine sentence
similarity: Euclidian distance between two neutrosophic sets
which is explained in Section 6. The second step is the
optimization process; in this step, we delete the repeated
sentence and delete the similar sentence which contains the
largest number of similar words. The third step is sentences
arrangement. Sentences are organized in the final summary
in the order in which they appeared in the foundation
documents. We have laid up certain guidelines for you,
which are as follows:

(1) Sentences are arranged in declining order of their
importance

(2) If two sentences in the same document have the same
score and are at the same location, the sentence in the
earlier document is given priority over the other
sentence

4. Neutrosophic Sets

The neutrosophic set is an influential general frame that has
been recently proposed by F. Smarandache in [1, 2]. He
presented the grade of indeterminacy (I) as an independent
component. At this point, the scale of truth, indeterminacy,

number of words occuring in along sentence’

and falsity corresponds to any element of a neutrosophic set
in an ordinary unit interval [0, 1].

Neutrosophic set definition: Let D be a general set,
and a single-valued neutrosophic set is an item
W ={d,T,(d),1,(d),F,(d)): d € D that is categorized
by three membership functions. T, (d): D — [0,1] is a
truth-membership function, I,,(d): D — [0,1] is an in-
determinacy-membership function, and
F,(d): D — [0,1] is a falsity-membership function. The
total sum T, (d)+1,(d)+F,(d) of any element d € D
deceptions in the closed interval [0, 3].

5. Information Retrieval Based on
Neutrosophic Sets N

El in [19] discusses the fundamentals of information re-
trieval using neutrosophic sets as follows.

Let D be a limited set of documents, D ={d,,d,,
...,d,}. Wisaset of words, W = {wl,wl, ceos wj}, w; €d;
the neutrosophic set N in D is considered by a truth-mem-
bership function tg, an indeterminacy-membership function
iy, and a falsity-membership function fg, wherever
tioigo fre D — [0,1]  are  functions and Vd e
D, d =d(tgd (w),igd (w), fgd(w)) € N. Consider a neu-
trosophic single-valued element of N.

A neutrosophic single-valued [8-12, 20] set N over a
limited universe D ={d,,d,, ...,d,} is characterized as
follows:



N = (d,, < tgd, (w;),igd; (w;), frd; (w;)>)
+(dy, < tyd, (w;),ixd, (W), frdy (w;)>)
+ (dn’ < tNdn (wi)’ iNdn (wi)’ den (wz) >)’

(3)
where tgyd; (wj) =S-ry4 (wj)/S,
lNdi(wj) = rd[](;IUj),
Frdi(w;) = rdi(swj)’
. (4)
!
=1
M = Z rdk(wj),
k=1

where r is the number of appearance of the word w; in the
document d;, S is the number of appearance of the word w;

5,(5.5)= 3| ¥

=11 i,j=1
i#j

The Euclidian distance between S; and §; is defined as

follows:
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in the set D, and M is the number of appearance of the word
w; in the subset N.

6. Document Summarization Based on
Neutrosophic Sets

We use the distance between two Neutrosophic sets [21, 22]
to create a summary with related and closely-related sen-
tences. Single-valued neutrosophic sets [18, 23] are a type of
neutrosophic set that were motivated by a practical argu-
ment and can be employed in real-world applications like
science and engineering. Distance and similarity are im-
portant concepts in a variety of fields, including psychology,
linguistics, and computer intelligence.

6.1. Neutrosophic Summarization Technique Using Euclidian
Distance between Two Neutrosophic Sets. We introduce the
distance between two sentences as a single-valued
neutrosophic.

Let the sets S; and S, be defined over the finite universe
D =1{S.,S,, ...,S,}, and let S, and S, be two single-valued
neutrosophic sets in D = {S,,S,, ..., S,}. Then, the distance
between S, and S, is as follows:

3 {'tsi (wy) —ts, (wk)' +|isi (wy) =i, (wk)' +|fs,. (wi) = £, (wk)”’ : (5)

A
\_/
"Mﬁ

i#j

The normalized Euclidian distance between S, and S, is
defined as follows:

Zn_: {(ts (wy) —ts, (wk))2 +<ISi (wy) - Isj (wk)>2 +<fs,_ (wy) - fsj (wk)>2}.

(6)

(5 9) = |5 2, i:{(ts (w15 @) (15 w0 =15 @) +(i@0-Fs @) |

Example 1. In this example, we explain the whole method in
one document, let us have a topic called “computer and
math,” and this topic considers a field and a part from the
field tree as shown in Figure 1.

We take an article from the subfield “computer science,”
an article under title “Environmental impact of computation

and the future of green computing.” Assume that
S =1{51,5,,55,54 S5, S} is a set of extracted sentence from
the document, the set of important words are W ={ Envi-
ronmental, impact, computation, future, green, computing },
and N is a subset of sentence from N = {S,,S;,S;}. They
were selected according to the occurrence of the set of
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Computers & Math

BusiNESs & INDUSTRY

> Computers and Internet

> Markets and Finance
COMPUTER SCIENCE

> Artificial Intelligence

> Communications

> Computational Biology
> Computer Graphics

> Computer Modeling

> Computer Programming
> Distributed Computing
> Encryption

> Hacking

> Information Technology

FiGURE 1: Part from field tree.

keywords W where tgS; (wj), i S; (w;), andfgS;(w;) area  occurrence of important words,” respectively. The following
degree of ‘strong occurrence of important words,  a degreeof ~ step is to determine the Euclidean distance between two
‘indeterminacy of important words,” and a degree of ‘poor  sentences like S; and Sy:

Mz

)

ij=1

i#

1
3

N
T

8=\, (505 0) (150 15 0)) (5 ) - 75 ) |

n

-

(8)

Mz

J(ts, (w0 =15, @) + (I, (i) = Is, () +(fs, (w0) = £, ()}

=
I
—

4l
_\311

Number of occurrence of keywords in the documents is  future “3,” green “4,” and computing “13.” A single value for
as follows: Environmental “7,” impact “6,” computation “6,”  neutrosophic set N is given in Table 1.
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TABLE 1: A single value for neutrosophic set N.

D Environmental Impact Computation Future Green Computing

S, {0.67,0.18,0.023} {0.66,0.21,0.13} {0.56,0.12,0.19} {0.78,0.34,0.18} {0.49,0.32,0.21} {0.71,0.12,0.16}
S, {0.87,0.22,0.13} {0.84,0.12,0.16} {0.61,0.11,0.13} {0.52,0.41,0.13} {0.84,0.15,0.09} {0.69,0.21,0.19}
S; {0.75,0.18,0.25} {0.73,0.16,0.14} {0.67,0.32,0.04} {0.71,0.23,0.14} {0.71,0.13,0.16} {0.74,0.19,0.21}

Example 2. From the data of Example 1 and Table 1, the
normalized Euclidian distance between S, and S; is given
as follows:

1
qn (1, d5) 3n :

Il

/
=
M=

.T;v.
-

(00 w0) (1) =1, w0)) (1500 £, ) |

T
0

L=
M=

Il
/

(1 @0 =1, ) + (1, () = 1 (w0) +(£,, (w0) - £, (wo)}

L=
M=

Il
/

T
i

(6 ) =t @) (1, (w0 = 1 (w0) +(£., (w0) - 1, (wo)}

( [(0.67 —0.87)> +(0.18 — 0.22)* + (0.023 — 0.13)2]+ ]
[(0.66 —0.84)% +(0.21 - 0.12)> + (0.13 - 0.16)2]+

[(0.56 - 0.61)° +(0.12 - 0.11)” +(0.19 - 0.13)* |+

©)

1
3n [(0.78 - 0.52)* +(0.34 - 0.41)* + (0.18 - 0.13)° |+
[(0.49 - 0.84)” +(0.32 - 0.15)* + (0.21 - 0.09)°] +
\ | [(0.71-0.69)” +(0.12 - 0.21)* + (0.16 - 0.19)°]

1
= \/g (0.05304 + 0.0414 + 0.0062 + 0.075 + 0.1658 + 0.0094 )

= 0.2418.

7. Conclusions and Future Works

The aim of our work is to study another method of text
summarization based on neutrosophic sets. The benefit of
using neutrosophic sets is that they are used as a good
mathematical tool for document summarization via distance
between two neutrosophic sets.

The expected future work for our paper is to compare
this method of document summarization with other
methods like fuzzy logic and fuzzy ontology.
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Single-valued neutrosophic set (SVNS) is considered as generalization and extension of fuzzy set, intuitionistic fuzzy set (IFS), and
crisp set for expressing the imprecise, incomplete, and indeterminate information about real-life decision-oriented models. The
theme of this research is to develop a solution approach to solve constrained bimatrix games with payoffs of single-valued
trapezoidal neutrosophic numbers (SVTNNs). In this approach, the concepts and suitable ranking function of SVINNs are
defined. Hereby, the equilibrium optimal strategies and equilibrium values for both players can be determined by solving the
parameterized mathematical programming problems, which are obtained from two novel auxiliary SVTNNs programming
problems based on the proposed ranking approach of SVTNNs. Moreover, an application example is examined to verify the
effectiveness and superiority of the developed algorithm. Finally, a comparison analysis between the proposed and the existing

approaches is conducted to expose the advantages of our work.

1. Introduction

Constrained bimatrix games are nonzero-sum two-player
noncooperative games which play a dominant role in many
real-life applications such as in military, finance, economy,
strategic welfares, cartel behaviour, management models,
social problems or auctions, political voting systems, races,
and development research [1, 2]. Usually, the constrained
bimatrix game makes the assumption that the payoff values
are described with crisp elements and exactly known by each
player. However, players are not able to evaluate the games
outcomes exactly due to the unavailability and ambiguity of
information. To handle that, Zadeh [3] introduced the fuzzy
set concept and since then various researchers have extended
it to the different sets such as interval intuitionistic fuzzy set,

IFS, linguistic interval IFS, and cubic IFS. Many scholars
have studied various kinds of noncooperative games under
uncertainty. For instance, Li et al. [4] proposed a bilinear
programming algorithm for solving bimatrix games with
intuitionistic fuzzy (IF) payoffs. Figueroa et al. [5] studied
group matrix games with interval-valued fuzzy numbers
payofts. Jana et al. [6] introduced novel similarity measure to
solve matrix games with dual hesitant fuzzy payoffs. Singh
et al. [7] established 2-tuple linguistic matrix games. Zhou
et al. [8] constructed novel matrix game with generalized
Dempster-Shafer payoffs. Seikh et al. [9] solved matrix
games with payoffs of hesitant fuzzy numbers. Han et al. [10]
described new matrix game with Maxitive Belief informa-
tion. Roy et al. [11] discussed Stackelberg game with payoffs
of type-2 fuzzy numbers. Bhaumik et al. [12] solved
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Prisoners’ dilemma matrix game with hesitant interval-
valued intuitionistic fuzzy-linguistic payoffs elements.
Ammar et al. [13] studied bimatrix games with rough in-
terval payoffs. Brikaa et al. [14] developed fuzzy multi-
objective programming technique to solve fuzzy rough
constrained matrix games. Bhaumik et al. [15] introduced
multiobjective linguistic-neutrosophic matrix game with
applications to tourism management. Brikaa et al. [16]
applied resolving indeterminacy technique to find optimal
solutions of multicriteria matrix games with IF goals. So far,
as the authors are aware, there are only four articles that
studied constraint bimatrix games. Jing-Jing et al. [17]
proposed linear programming method for solving con-
strained bimatrix games with IF payofts. Koorosh et al. [18]
presented constrained bimatrix games and their application
in wireless communications. Fanyong et al. [19] applied two
approaches to solve the classical constrained bimatrix games.
Bigdeli et al. [20] discussed constrained bimatrix games with
fuzzy goals.

However, the IFS and fuzzy set theories are unable to
deal with inconsistent and indeterminate data correctly. To
consider that, Smarandache [21] introduced the theory of
neutrosophic set (NS), defining the three components of
indeterminacy, falsity, and truth; all lie in ]J0~, 1% [ and are
independent. As NS is difficult to implement on realistic
applications, Wang et al. [22] developed the single-valued
neutrosophic set (SVNS) concept, which is an extension of
the NS. Due to its importance, many scholars have applied
the SVNS theory in various disciplines. For example, Garg
[23] studied the analysis of decision-making based on sine
trigonometric operational laws for SVNSs. Murugappan
[24] presented neutrosophic inventory problem with im-
mediate return for deficient items. Garg [25] proposed new
neutrality aggregation operators with multiattribute deci-
sion-making (MADM) approach for single-valued neu-
trosophic numbers (SVNNs). Abdel-Basset et al. [26]
investigated resource levelling model in construction proj-
ects with neutrosophic information. Garai et al. [27] dis-
cussed variance, standard deviation, and possibility mean of
SVNNs with applications to MADM models. Broumi et al.
[28] solved neutrosophic shortest path model by applying
Bellman technique. Garg [29] proposed TOPSIS and clus-
tering approaches to solve SVNNs decision-making model.
Mullai et al. [30] presented inventory backorder model with
neutrosophic environment. Garg et al. [31] studied MADM
based on Frank Choquet Heronian mean operator for
SVNSs. Leyva et al. [32] introduced a new problem of in-
formation technology project with neutrosophic informa-
tion. Garg [33] presented nonlinear programming approach
for solving MADM model with interval neutrosophic pa-
rameters. Sun et al. [34] developed new SVNN decision-
making algorithms based on the theory of prospect. Garg
[35] introduced biparametric distance measures on SVNSs
and their applications in medical diagnosis and pattern
recognition.

In the imprecise data game, players may encounter some
assessment data that cannot be represented as real numbers
when estimating the utility functions or uncertain subjects.
Since SVNS has great superiority and flexibility in describing
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many uncertainties with complex environments, it is ef-
fective and convenient to represent the constrained bimatrix
games with neutrosophic data. Due to decision-making
growing requirements of expressing their judgments in a
human friendly and neatly manner, it is important to extend
the IF or fuzzy constrained bimatrix games into neu-
trosophic environment. The SVNS is an effective tool to
satisfy the increasing requirement of higher uncertain and
complicated constrained bimatrix game models. Probably,
this is the first attempt of solving constrained bimatrix game
with SVINNs payoffs. The fundamental targets of this article
are listed as follows:

(1) To propose a novel constrained bimatrix games
model with SVINNs payofts

(2) To develop an effective algorithm for SVINN con-
strained bimatrix games to obtain the optimal
strategies for such games

(3) To formulate crisp linear optimization problems
from the neutrosophic models based on the defined
ambiguity and value indexes of SVINN

(4) To present an application example to demonstrate
the effectiveness and applicability of the proposed
method

(5) To compare our results with other

approaches

existing

The remainder of the manuscript is summarized as
follows. Section 2 introduces the concept, cut sets, and
arithmetic operations of SVINNs. Section 3 gives the
concept of ambiguity and value indexes of SVTNNs and the
ranking technique of SVINNs. Section 4 formulates con-
strained bimatrix games with SVINNs payofts and the
solution approach to solve such games. The illustrative
example with comparative analysis is discussed in Section 5.
Lastly, a short conclusion is given in Section 6.

2. Preliminaries
In the following, we introduce the basic concepts of fuzzy

sets, IFSs, NSs, SVNSs, and SVNNs.

Definition 1 (see [36]). A fuzzy number B = (b, b,,b;,b,) is
said to be a trapezoidal fuzzy number (TEN), if its mem-
bership function 6 (y) is given by

(b
ﬁ, ifb,<y<b,,
1 ifb,<y<bs,
8- () = 1 (1)
by - :
b:_by; if by < y<b,,
| 0, otherwise.
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Definition 2 (see [37]). Suppose that Y is a universal set. An
IFS C is defined as follows:

C={ 8z Myz ()

where Vo Y — [0,1] and 85: Y — [0, 1] are the non-
membership degree and the membership degree of y € Y to
the set CCY, such that 0< 66()/) + ya(y) <1,VyeY.

yev} (2)

Definition 3 (see [22]). An SVNS Bin a universe Y is defined
by

B={(n T (0. Fs(y): yeY}  (3)
where Tg(y): Y — [0,1], IE(y): Y — [0,1], and
Fg(y): Y — [0,1] such that OSTE()/)+ Ig(y),+

Fg(y.) <3,VyeY. The Val.uesFE (y),IE (.y) a.nd Tg(y)‘, re-
spectively, express the falsity membership, indeterminacy
membership, and truth membership degree of y to B.

Definition 4 (see [22]). An (a,f3,y)-cut set of SVNS B a
crisp subset of R, is given by

Bipy = {y T30 za L <BFz (0 <yl (4)

where 0<a<1,0<f<1,0<y<l,and 0<a+ B +y<3.

Definition 5 (see [22]). An SVNS B-= {(y, TE()/)’
Iz (), F5(»)): y €Y} is called neutrosophic normal, if
there exist at least three points ¥, ¥,, ¥; €Y such that
T3 (y1) = I5(yy) = F3(y5) = L.

Definition 6 (see [22]). An SVNS B={(y, (),
IE ), Fg ()>: y €Y} is said to be neutrosophic convey, if,
Vy,y, €Y and &€ [0,1], the following conditions are
satisfied:

(i) T3y, + (1= 8)y,) 2min(T5 (y1), T5 (3,))
(i) I (Eyy + (1= 8 y,) <max (I3 (1), 15 (3,))
(iii) F3(&yy + (1= 8)y,) <max(F5(y,), F5(1,))

Definition 7 (see [22]). An SVNS B= {(y,TE(y),
Ig(y),FE(y»: y €Y}, is said to be single-valued neu-
trosophic number when

(1) B is neutrosophic normal

(2) B is neutrosophic convex

(3) TE (y) is upper semicontinuous, IE( y) is lower
semicontinuous, and FE () is lower semicontinuous

(4) The support of B, that is, S(B) = {(TE(y) >
0, IE(y) < 1’FE (y) <1, Vy €Y)}, is bounded

Definition 8 (see [38]). An SVTNN b = ((k,1,m, n);
U v, w;) is a special neutrosophic set on the set of real
numbers R, whose truth membership, indeterminacy
membership, and falsity membership are represented as

3
[ (y — k)u-
%, ifk<y<l,
Uy ifl<y<m,
#(y) =
(n-y)u-
ﬁ, ifm<y<n,
n—-m
L 0, otherwise,
(1= + -km;)
- ,  ifk<y<l,
v, ifi<y<m,
8,. = <
() 5)
(y—m+(n—y)v5>
, ifm<y<n,
n—-m
| 0, otherwise,
(l—y+(y—k)urg>
Ik ,  ifk<y<l,
wr, ifi<y<m,
m(¥) = 1
(y—m+(n—y)wl;>
, ifm<y<n,
n—-m
| 0, otherwise,

respectively.

Definition 9 (see [38]). Let ¢ = ((ky,l;,m,n));us, vs, ws)
and d = {(k,,1,,m,,n,); Uz v, w;) be two SVTNNs and let
A #0 be any real number. Then,

) +d =k +kyly +Lyymy +my,n, +

n,); U, VY, w;Vw{;)

(2) ¢d = { (kyky, 1y Ly, 1y my, my ) uz/u, vy, we
ng;) (n, >0, ny >0){(kyny, lymy,mly, nik,); uzAu-,
vVYS, wVw=) (ny < 0,1, > 0)X(ny 1y, mymy, llf;,
kyky ) uz s, vavvs, wvws) (ny < 0,1, <0)

(3) 1T = Ak, My, Amy, Ang); v v, wey - (A>0)

€= ((Anp, Amy, ALy AK) v v wry (A<0)

Definition 10 (see [38]). Let Ez(((kl,ll,ml, ), u-),
((ky Ly 1y, my), v5), (K3, L, mg, m3),wr)) be an SVTNK.

Then, {a,f,y)-cut set of the SVTNN b, represented by
E<oc,/3,y>’ is given as



y € R},
(6)

biapy) = {J’i () z a8 (y) < B (y) <y,

which satisfies the following conditions:

OS(xSuZ,

(7)

w;Sysl,
O<a+f+y<3.

Obviously, any {«a, 3, y)-cut set ’5<a)ﬁ)y> ofan SVINN b is
a crisp subset over the set of real numbers R.

Definition 11 (see [38]). Let b= {((k;,l;,m;, n),u)
((kys Ly 1y, m), ), ((ks, Ly, M), ws)y be an svINK.
Then, a-cut set of the SVTNN b, represented by b,, is given

as
.= {7

where « € [0, u-]. N _
Obviously, any a-cut set b, of an SVINN b is a crisp
subset over the set of real numbers R.
Here, any a-cut set of an SVINN b for the truth
membershlp function is a closed interval, represented by
= [L*(b), R* (b)].

() za,  ye R}, (8)

Definition 12 (see  [38]). Let b= {((k;,l,,m;,ny),

u=), ((ky, 1, m,, ny), v~) ((ks, L3, my, m3), w~)> be an SVTNN.
Tijlen B-cut set of the SVTNN b, represented by bﬁ, is given
as

by = {y: 5-(y)<p ye IR}, 9)

where f € [v; 1].
Obviously, any f-cut set bﬁ of an SVINN b is a crisp
subset over the set of real numbers R.
Here, any 3-cut set of an SVTNN b for the indeterminacy
membershrp function is a closed interval, represented by
= [LF (b), R ()].

Definition 13 (see  [38]). Let b= {((ky,l;,m,n),
u=), ((ky, 1, my,n,), ) ((k3, 13, my,n3), w~)> be an SVTNN.
Tiflen y-cut set of the SVTNN b, represented by by, is given

by={y: () <y, yeR}, (10)

where y € [w;, 1].
Obviously, any y-cut set b of an SVTNN b is a crisp
subset over the set of real numbers R.
Here, any p-cut set of an SVINN b for the falsity
membershlp function is a closed interval, represented by
= [LY(b), R (B)].
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3. Characteristics and the Ranking
Approach for SVTNNs

3.1. Value and Ambiguity of SVTNNs. Here, we introduce the
basic definitions of value and ambiguity indices of SVINN.

Definition 14 (see [38]). Let b={((k;,l;,mpny), ws),
((ky, L, my,my), v;), ((k3, L5, m5, 113), wz)> be an SVINN and
let b, =[L*(b),R*(b)], bg=[LF(b),RF(b)], and b, =
[LY (b), RY (b)] be any a-cut set, -cut set, and y-cut set of the
SVTNN b, respectively. Then, we have the following.

(1) The value of the SVTNN b for a-cut set, represented
by V, (b), is given as

V.0 =[O+ R @@

where h(a) € [0,1] (« € [0, u~]) h(0) =0, and
h(«)is nondecreasing and monotonlc of a € [0, u~]

(2) The value of the SVITNN b for B-cut set, represented
by Vs (b), is given as

~ 1 -~ tont
v = | (P®+RE) B a2

b

where f (B) € [0,1] (B € [v=,1]), £ (1) = 0, andf (§)

is nondecreasing and monotonrc of e [v~, ].

(3) The value of the SVTNN b for y-cut set, represented
by v, (®), is given as

vB=[ @GR ®)emd a3

b

where g(y) € [0,1] (y € [w~, 1]), g(1)=0, and
g (y) is nondecreasing and monotonic of y € w11

Definition 15 (see [38]). Let b= (ks 1, my,ny), v ) ((ky,
l_z,mz,nz) v~) ((k3, 13, m3,n3), w;)) be an SVINN and let
b, = [L* (b) R(b)], bg = [LF (b), RF (b)], and b = [LY (D),
B”(b)] be any a-cut set, S-cut set, and y-cut set of the SVNN
b, respectively. Then, we have the following.

(1) The ambiguities of the SVTNN b for a-cut set,
represented by A, (b), are given as

A, (b) = Joh(R"‘ (b) - L* (b)) h (@)dav, (14)

where h(a) € [0,1] (a € [0, u~]) h(0)=0, and
h(a)is nondecreasing and monotonlc of a € [0, u~]

(2) The ambiguities of the SVINN b for S-cut set,
represented by A, (b), are given as

45(B) = L(R’*(b) F®)f P (s

b

where f(f) € 1 (Be[v1]), f(1) = 0,andf (B)

is nondecreasmg and monétonic of Belvy,1l.



Journal of Mathematics

(3) The ambiguities of the SVINN b for y-cut set,
represented by A, (b), are given as

4,®=[ (RO-UEOROY e

b

where g(y) € [0,1] (y € [w~, 1), g(1)=0a, and
g (p) is nondecreasing and monotonic of y € [wy1].

_ (k+21+2m+n)u%

v, () = - ,

2
(k+21+2m+n)<1—vl;>
6

>

Vs (b) =

2
(k+21+2m+n)<1—w;>
6

v, () =

3.2. A Ranking Approach of an SVTNN Based on Value and
Ambiguity Indices. This section provides a ranking approach
of SVINNs based on the ambiguity and value indices of
SVTNNSs in a similar way to those of SVNNs introduced by
A. Bhaumik et al. [39].

R)11>)l2>/\3 (E) = [Alv‘u (E) + (1

with A;, 15,1, € [0, 1].

Definition 17. Let ¢ and d be two SVINNs and let
AsAy, A5 € [0, 1]. For the weighted value ambiguity index of
the SVTNNs ¢ and d, the ranking order of ¢ and d is given as
follows:

(1) if Ry 32, (© > yRy 1, (), then T> yd

(2) if RAI’)‘Z’/\f& (E) < NR/\I,/\Z,/\3 (d), then €< Nd

(3) if R)tl’)LZ’/\3 (E):NR)‘I)’\bA} (d), then E:Nd
where “
order relations “

>y~ and “<y” are neutrosophic versions of the
>” and “<” in the real line, respectively.

4. Constrained Bimatrix Games with SVINNs
Payoffs and Solution Method

Let us consider the constrained bimatrix game with
SVTNNs payoffs. Suppose that T, = {£,,&,,...,¢} and
T, = {11 ...} are pure strategies sets for two
players I and II, respectively. When player II selects pure
strategy #7; € T, and player I selects pure strategy ¢; € T},
at the situation (§;,#;), player II gains payoff and player I

A, (b) =

Here, the weighting functions h(«), f (f), and g(y) can
be supposed according to the decision-making model na-
ture. Suppose that h(a) = a, f () =1-B,and g(y) = 1 - y.

Let b = {(k,l,m,n); u=, v-,w~) be an SVTNN. Then the

L b” b .
value and ambiguity indices, using the above descriptions,
are constructed as

(n-k+2m- 21)1,%

>

6
2
(n-k+2m-2D(1-w
Ay (D) = c < b>, (17)
) (n—k+2m—2l)(1—w;>2
A, (b) = .

6

Definition 16. Let b = {(k,1,m, n); u-, vy w-) be an SVTNN.
The weighted value ambiguity indeéx for ‘an SVINN b is
given as

A, D]+ [L,V5 () + (1-1,)A;(B)] + [A,V, (B) + (1-A3)A, (B)], (18)

gains payoff, which are expressed with SVTNNs as C=
(Cij)xxeand D = (dU)Kxe, where each c] = <(a1]’b1] fiphip;
U v w~> and ((k, , lj,m,],n ) u

v;w~>(1—12 ...,K;j:12 f)areSVTNste’
firted @s above. The mixed strategles vectors are repre-
sented as r= (r,7y...,r)" and s= (s;,55,...,5,)",
where r; (i=1,2,...,%) and sj(j =1,2,...,¢) are prob-
abilities for both players selecting their pure strategies
§; € T, and n; € T,, respectively. The mixed strategies r;
and s; are affiliated with the strategies sets (convex
polyhedron) which are described by some inequalities
and equations. Let R = {r: G'r>p, r>0} represent the

strategy  constraint set of player I, where
P=(PyPr--Po)> G=(gi) e and e is a positive in-
teger. Let S = {s: Hs>q, s>0} express the strategy con-

stramt set of player II, where q= (4,9 --->9) >
(hm])bx(,” and b is a positive integer. Note that GTr >p
contams Yi,ri=1, since Y, r;=1 is equivalent to
Yi,ri>1and - Y, r;> — 1. Similarly, Hs>q contains
Zf, = 1. In the sequel, the above SVTNN constrained

b1matr1x game is simply denoted by (C, D) for short.
Without loss of generality, suppose that both players I
and II, respectively, select mixed strategiesr € Rand s € Sin



order to maximize their own payoffs; then their expected
payoffs can be obtained as follows:

M

E (r,s,C)=r CS=ZK:

i=1j

r,»Eijsj,

-
Il
—

, (19)

Ma

E,(z,s, D) =1 Ds = ri~ij5j~
1

i=1 j=

Definition 18 (see [40]). If (r*,s*) €e Rx S satisfies the
following conditions:

r*'Cs* = min r*'Cs = max min ' Cs,
€ € €
TR ) TR * ' S T (20)
r" Ds” = minr Ds" = maxminr Ds,
reR se€S  reR
for any mixed strategies r € R and s € S, then r* and s are
called equilibrium strategies, and U* = r*’Cs* and W* =
r*IDs* are called equilibrium values of players I and II,
respectively.

Theorem 1. If (r*,y*) and (s*,z") are the optimal solutions
of the following linear programming problems:

max{qu}
HTy < N(~3Tr,
G'r> p» (21)
r>0,

y=0,

max{pTz},
Gz < \Ds,
Hs>q, (22)
s>0,

z2>0,

respectively, then ¥* and s* are equilibrium strategies of the
SVTNN constrained bimatrix game (C, D), andU* = q'y* =
r*"Cs* and W* = p"z* = r*"Ds* are equilibrium values of
players I and II, respectively.

Proof.. The proof of this theorem is similar to the proof
given by Jing-Jing et al. [17].

It is obvious that the two players often cannot calculate
the payoffs accurately in each situation, and the game values
of the SVINN constrained bimatrix games are not equal to
q"y in (21) and p*z in (22). The two players may allow some

T T
violations on the set of constraints H'y<,C'r and
Gz < \Ds.

Therefore, the equilibrium strategies r* and s* and
equilibrium values U* and W* of the SVTNN constrained
bimatrix games are equal to the optimal values and optimal
solutions of (23 and 24) as follows:

*
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max{qu},

H'y - C'r< (1 - p)i,

GTrzp, (23)
r>0,

Y20,

ax{pTz},
Gz - Ds< (1 -p)i,
Hs>q, (24)
$>0,

>0,

s.t.

reslzectively, where i = (71, 7y, . .., 71,) A = (7 7y - . »
i), and all the vectors elements of m and fi are SVTNNs
that are approximately equal to zero, which represent the
maximum violations that the two players may permit on the
set of constraints. The parameter p (0<p<1) is a real
number.

Applying the ranking approach of SVINNs, as proposed
in Subsection 3.2, the SVTNN mathematical programming
problems (equations (23) and (24)) can be transformed into
the following parameterized programming problems:

T
max{q y},
( T =T —
Hy- RAI,/\Z,)L3<C )fS N (L=pIR) j ,, (M),
T
s.t. 4 Grzp,
r>0,
L y=>0,
(25)
max{pTz},
Gz - RA]’A’Z’/\G (ﬁ)s < N (1 - P)RA1>A2>’13 (ﬁ),
Hs>q, (26)
s.t.
s>0,
>0,
respectively.

For given 1,,1,,4; € [0,1], solving equations (25) and
(26) we can obtain the optimal game values q* y (p) and
2" (p) and the optimal solutions (r* (p),y* (p)) and

(s (p), z* (p)), respectively.

Theorem 2. If (" (p),y* (p) and
(s*(p),z* (p)) (41,45, A5 € [0,1]) are optimal solutions of
equations (25) and (26), respectively, then r* (p) and s* (p)
are equilibrium  strategies, and U* =q'y*(p) and
W* =pTz* (p) are equilibrium values of both players for
SVTNN constrained bimatrix games, respectively.
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TaBLE 1: The equilibrium strategies and the equilibrium values of
player I and player II when (A,,1,,4;) = (0.2,0.3,0.5).

TaBLE 4: The equilibrium strategies and the equilibrium values of
player I and player II when (A,,1,,1;) = (0.6,0.4,0.7).

Player I Player II PlayerI Player II

P r* U* s* w* p r* U* s* w*

0 (0.75,0.25) 4.868 (0.4,0.6) 4.855 0 (0.75,0.25) 6.785 (0.4,0.6) 7.309
0.1 (0.75,0.25) 4.854 (0.4,0.6) 4.849 0.1 (0.75,0.25) 6.765 (0.4,0.6) 7.301
0.2 (0.75,0.25) 4.839 (0.4,0.6) 4.844 0.2 (0.75,0.25) 6.746 (0.4,0.6) 7.292
0.3 (0.75,0.25) 4.825 (0.4,0.6) 4.838 0.3 (0.75,0.25) 6.726 (0.4,0.6) 7.283
0.4 (0.75,0.25) 4811 (0.4,0.6) 4.832 0.4 (0.75,0.25) 6.706 (0.4,0.6) 7.274
0.5 (0.75,0.25) 4.797 (0.4,0.6) 4.827 0.5 (0.75,0.25) 6.687 (0.4,0.6) 7.265
0.6 (0.75,0.25) 4,782 (0.4,0.6) 4.821 0.6 (0.75,0.25) 6.667 (0.4,0.6) 7.256
0.7 (0.75,0.25) 4.768 (0.4,0.6) 4.815 0.7 (0.75,0.25) 6.647 (0.4,0.6) 7.247
0.8 (0.75,0.25) 4.754 (0.4,0.6) 4.809 0.8 (0.75,0.25) 6.628 (0.4,0.6) 7.238
0.9 (0.75,0.25) 4.739 (0.4,0.6) 4.804 0.9 (0.75,0.25) 6.608 (0.4,0.6) 7.229
1.0 (0.75,0.25) 4.725 (0.4,0.6) 4.798 1.0 (0.75,0.25) 6.588 (0.4,0.6) 7.219

TasLE 2: The equilibrium strategies and the equilibrium values of
player I and player II when (1,,1,,4;) = (0.4,0.5,0.6).

TaBLE 5: The equilibrium strategies and the equilibrium values of
player I and player II when (1,,1,,4;) = (0.7,0.6,0.8).

Player I Player II PlayerI Player II
0 (0.75,0.25) 6.223 (0.4,0.6) 6.666 0 (0.75,0.25) 7.861 (0.4,0.6) 8.732
0.1 (0.75,0.25) 6.204 (0.4,0.6) 6.658 0.1 (0.75,0.25) 7.838 (0.4,0.6) 8.721
0.2 (0.75,0.25) 6.186 (0.4,0.6) 6.649 0.2 (0.75,0.25) 7.815 (0.4,0.6) 8.709
0.3 (0.75,0.25) 6.168 (0.4,0.6) 6.642 0.3 (0.75,0.25) 7.792 (0.4,0.6) 8.699
0.4 (0.75,0.25) 6.149 (0.4,0.6) 6.634 0.4 (0.75,0.25) 7.769 (0.4,0.6) 8.688
0.5 (0.75,0.25) 6.132 (0.4,0.6) 6.626 0.5 (0.75,0.25) 7.746 (0.4,0.6) 8.677
0.6 (0.75,0.25) 6.113 (0.4,0.6) 6.617 0.6 (0.75,0.25) 7.723 (0.4,0.6) 8.666
0.7 (0.75,0.25) 6.095 (0.4,0.6) 6.609 0.7 (0.75,0.25) 7.7 (0.4,0.6) 8.655
0.8 (0.75,0.25) 6.076 (0.4,0.6) 6.601 0.8 (0.75,0.25) 7.678 (0.4,0.6) 8.644
0.9 (0.75,0.25) 6.059 (0.4,0.6) 6.593 0.9 (0.75,0.25) 7.655 (0.4,0.6) 8.633
1.0 (0.75,0.25) 6.04 (0.4,0.6) 6.585 1.0 (0.75,0.25) 7.632 (0.4,0.6) 8.622

TaBLE 3: The equilibrium strategies and the equilibrium values of
player I and player II when (1,1,,43) = (0.5,0.5,0.5).

PlayerI Player II

P r’ U s* w*

0 (0.75,0.25) 6.232 (0.4,0.6) 6.801
0.1 (0.75,0.25) 6.214 (0.4,0.6) 6.792
0.2 (0.75,0.25) 6.196 (0.4,0.6) 6.784
0.3 (0.75,0.25) 6.178 (0.4,0.6) 6.776
0.4 (0.75,0.25) 6.16 (0.4,0.6) 6.767
0.5 (0.75,0.25) 6.143 (0.4,0.6) 6.759
0.6 (0.75,0.25) 6.125 (0.4,0.6) 6.751
0.7 (0.75,0.25) 6.107 (0.4,0.6) 6.743
0.8 (0.75,0.25) 6089 (0.4,0.6) 6.735
0.9 (0.75,0.25) 6.071 (0.4,0.6) 6.726
1.0 (0.75,0.25) 6.054 (0.4,0.6) 6.718

5. Application Example

In this section, an example of the company development
strategy choice model adapted from Jing-Jing et al. [17] is
used to illustrate the solution procedure of a constrained
bimatrix game with payoffs of SVTNNG.

5.1. The Company Development Strategy Choice Model.
“We consider two companies E; and E, (i.e., players I and
II). In order to improve the two companies competitiveness,
both players have two strategies: introducing the advanced
equipment &, or #, and introducing the senior talent &, or
#,- When player I chooses pure strategies &; and &,, he wants
to invest 7 million and 5 million dollars, respectively. Due to
a lack of fund, player I can invest up to 6.5 million dollars,
which means that player I has a constraint, 7r; + 5r, <6.5,
when selecting strategy. Likewise, player II wants to invest 4
million and 6.5 million dollars when he chooses pure
strategies #, and #,, respectively. However, due to a lack of
fund, player II can invest up to 5.5 million dollars. Namely,
player II has a constraint, 4s, + 6.5s, <5.5, when choosing
strategies.” This is a typical SVIN constrained bimatrix
game. According to the previous description of the matrix
game model, the two players’ constrained strategy sets are
given as follows:

R={r|7r, +5r,<6.5,r; +r, =1, 1 >0,r,>0},

(27)

S ={sl4s, + 6.55,<5.5,s, +s, =1, s;>0,5,>0},

respectively. The SVTNNs payoff matrices of the two players
are given by
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{(6,7,9,1):0.9,0.2,0.4> {(3.5,5,7,9);0.5,0.4,0.2) Let the two players select m, = m, = {(0.18,0.1,0.21,
((3,5,6,8):0.6,0.5,0.1) ((5,6.5,8,10);0.7,0.3,0.5) > 0.13);0.7,0.2,0.1) and n =n,= {(0.04,0.1,0.13,0.02);

0.8,0.2,0.3), respectively.
_ < ((5,6.5,8,9);0.8,0.2,0.3) <(4,5,7,8.5);0.8,0.3,0.1))

{(3.5,4.5,6,7.5);0.6,0.4,0.2) {(6,7,8,9);0.9,0.1,0.4)
(28)  5.2. The Solution Procedure. Applying the ranking approach
presented in Section 3 to the SVIN constrained bimatrix

The vectors of the constraints and the coefficient ma-  game, we have
trices are given by

71 -1
(1o )

51 -1

4 1 -1
T_
H _<—6.5 1 -1 ) (29)

p=(-651-1),
q=(-551 -1)".

2@ ( 5.4), +4.267), + 241, +2.715  1.125), + 1.62), + 2.8, + 1.979 )
MAAEE T 1561, + 10831, + 3.510, + 1.657  2.94), +2.941, + 1.5 + 1.64
_ [ 3.84), +3.84), + 2,941, + 2.065 2.987), + 2.287A, + 3.781, + 2.748
RAI)/\Z’AS (D) = .
1.5, + 1.5, + 2.6671; + 1.587 5.4A; + 5.4A, + 2.4 + 1.65

(30)

According to equations (25) and (26), we can formulate
the optimization problems with four parameters
A Ay, Az € [0,1], and p € [0,1] as follows:

maximize{-5.5y; + ¥, — y3},

—4y, + 9, — v — (5.4), +4.267A, + 2.41; + 2.715)r, — (1561, + 1.083), + 3.51), + 1.657)r,

< (0.062), +0.0811, + 0.1031; + 0.055) (1 — p),

—6.5y, + ¥, — ¥5 — (11251, + 1624, + 2.88); + 1.979)r, — (2.94A, + 2.941, + 151, + 1.64)r, 1)
subject to < (0.0621, +0.0811, + 0.1031, + 0.055) (1 — p),

7r{ + 51, <6.5,

ri+ry=1,

Y1 Y2 Y3 7151220,
maximize{—6.5z, + z, — z;},

~72, + 2, — 25 — (3.84), + 3.841, + 2.941, + 2.065)s, — (2.987A, + 2.287A, + 3.781, + 2.748)s,

< (0.0511, +0.051, + 0.0391, + 0.012) (1 — p),

=5z, + 2, — 23 — (L.5A; + 1.5), + 2.6671; + 1.587)s, — (5.4, + 5.4), + 2.4); + 1.65)s, (32)

subjectto < (0.051A, +0.051A, + 0.0394; + 0.012) (1 - p),

4s, +6.55,<5.5,

s;ts,=1,

21525, 2351,5, 20.
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TaBLE 6: The equilibrium strategies and the equilibrium values of
player I and player II when (A,,1,,4;) = (0.7,0.7,0.7).

TaBLE 9: The equilibrium strategies and the equilibrium values of
player I and player II when (1,,1,,1;) = (0.9,0.8,0.8).

Player I Player II PlayerI Player II

P r* U* s* w* p r* U* s* w*

0 (0.75,0.25) 7.856 (0.4,0.6) 8.866 0 (0.75,0.25) 8.946 (0.4,0.6) 10.288
0.1 (0.75,0.25) 7.833 (0.4,0.6) 8.855 0.1 (0.75,0.25) 8.92 (0.4,0.6) 10.275
0.2 (0.75,0.25) 7.81 (0.4,0.6) 8.844 0.2 (0.75,0.25) 8.894 (0.4,0.6) 10.262
0.3 (0.75,0.25) 7.787 (0.4,0.6) 8.833 0.3 (0.75,0.25) 8.869 (0.4,0.6) 10.249
0.4 (0.75,0.25) 7.765 (0.4,0.6) 8.822 0.4 (0.75,0.25) 8.843 (0.4,0.6) 10.236
0.5 (0.75,0.25) 7.742 (0.4,0.6) 8.811 0.5 (0.75,0.25) 8.817 (0.4,0.6) 10.223
0.6 (0.75,0.25) 7.719 (0.4,0.6) 8.799 0.6 (0.75,0.25) 8.791 (0.4,0.6) 10.21
0.7 (0.75,0.25) 7.696 (0.4,0.6) 8.789 0.7 (0.75,0.25) 8.765 (0.4,0.6) 10.197
0.8 (0.75,0.25) 7.674 (0.4,0.6) 8.778 0.8 (0.75,0.25) 8.739 (0.4,0.6) 10.184
0.9 (0.75,0.25) 7.651 (0.4,0.6) 8.767 0.9 (0.75,0.25) 8.714 (0.4,0.6) 10.171
1.0 (0.75,0.25) 7.628 (0.4,0.6) 8.756 1.0 (0.75,0.25) 8.688 (0.4,0.6) 10.158

TaBLE 7: The equilibrium strategies and the equilibrium values of
player I and player II when (1,,14,,4;) = (0.8,0.7,0.9).

TaBLE 10: The equilibrium strategies and the equilibrium values of
player I and player II when (1,,1,,4;) = (0.9,0.9,0.9).

PlayerI Player II Player I Player I

P r U ¢ w* P r U* & w*

0 (0.75,0.25) 8.673 (0.4,0.6) 9.765 0 (0.75,0.25) 9.479 (0.4,0.6) 10.932
0.1 (0.75,0.25) 8.648 (0.4,0.6) 9.752 0.1 (0.75,0.25) 9.452 (0.4,0.6) 10.918
0.2 (0.75,0.25) 8.622 (0.4,0.6) 9.739 0.2 (0.75,0.25) 9.424 (0.4,0.6) 10.904
0.3 (0.75,0.25) 8.597 (0.4,0.6) 9.727 0.3 (0.75,0.25) 9.397 (0.4,0.6) 10.89
0.4 (0.75,0.25) 8.571 (0.4,0.6) 9.715 0.4 (0.75,0.25) 9.369 (0.4,0.6) 10.876
0.5 (0.75,0.25) 8.546 (0.4,0.6) 9.703 0.5 (0.75,0.25) 9.341 (0.4,0.6) 10.862
0.6 (0.75,0.25) 8.521 (0.4,0.6) 9.690 0.6 (0.75,0.25) 9.314 (0.4,0.6) 10.848
0.7 (0.75,0.25) 8.495 (0.4,0.6) 9.678 0.7 (0.75,0.25) 9.286 (0.4,0.6) 10.835
0.8 (0.75,0.25) 8.469 (0.4,0.6) 9.665 0.8 (0.75,0.25) 9.258 (0.4,0.6) 10.821
0.9 (0.75,0.25) 8.444 (0.4,0.6) 9.653 0.9 (0.75,0.25) 9.231 (0.4,0.6) 10.807
1.0 (0.75,0.25) 8.419 (0.4,0.6) 9.641 1.0 (0.75,0.25) 9.203 (0.4,0.6) 10.793

TaBLE 8: The equilibrium strategies and the equilibrium values of
player I and player II when (1;,1,,1;) = (0.8,0.8,0.8).

TaBLE 11: The equilibrium strategies and the equilibrium values of
player I and player II when (1;,1,,4;) = (1.0,0.9,0.8).

PlayerI Player II PlayerI Player I

P r* U* s* W* p r* U* s* W*

0 (0.75,0.25) 8.667 (0.4,0.6) 9.899 0 (0.75,0.25) 9.488 (0.4,0.6) 11.066
0.1 (0.75,0.25) 8.642 (0.4,0.6) 9.887 0.1 (0.75,0.25) 9.461 (0.4,0.6) 11.052
0.2 (0.75,0.25) 8.617 (0.4,0.6) 9.874 0.2 (0.75,0.25) 9.434 (0.4,0.6) 11.038
0.3 (0.75,0.25) 8.591 (0.4,0.6) 9.862 0.3 (0.75,0.25) 9.407 (0.4,0.6) 11.024
0.4 (0.75,0.25) 8.567 (0.4,0.6) 9.849 0.4 (0.75,0.25) 9.379 (0.4,0.6) 11.01
0.5 (0.75,0.25) 8.542 (0.4,0.6) 9.837 0.5 (0.75,0.25) 9.352 (0.4,0.6) 10.996
0.6 (0.75,0.25) 8.516 (0.4,0.6) 9.824 0.6 (0.75,0.25) 9.325 (0.4,0.6) 10.982
0.7 (0.75,0.25) 8.491 (0.4,0.6) 9.812 0.7 (0.75,0.25) 9.298 (0.4,0.6) 10.968
0.8 (0.75,0.25) 8.466 (0.4,0.6) 9.799 0.8 (0.75,0.25) 9.27 (0.4,0.6) 10.954
0.9 (0.75,0.25) 8.441 (0.4,0.6) 9.787 0.9 (0.75,0.25) 9.243 (0.4,0.6) 10.94
1.0 (0.75,0.25) 8.416 (0.4,0.6) 9.774 1.0 (0.75,0.25) 9.216 (0.4,0.6) 10.926

For different values A,,1,,1;, and p, the equilibrium
strategies and the equilibrium values of both players can be
obtained by solving equations (31) and (32), as depicted in
Tables 1-12.

It can be easily seen from Table 1 that when
A =02,1,=03,1; =05, and p=0, the equilibrium
value and the equilibrium strategy for player I are U* =

q"y* = 4.868 and r* = (0.75,0.25)7, respectively; and the
equilibrium value and the equilibrium strategy for player
II are W* =pTz* =4.855 and s* = (0.4, 0.6)7, respec-
tively. The results indicate that different optimal solu-
tions can be obtained for different values of 1;,1,, 1, and
p. Thus, it is essential to take all the parameters into
consideration.
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TaBLE 12: The equilibrium strategies and the equilibrium values of
player I and player II when (A,,1,,1;) = (1.0, 1.0, 1.0).

Journal of Mathematics

TaBLE 15: The equilibrium strategies and the equilibrium values of
player I and player II when 6 = 0.4.

Player I Player II PlayerI Player II
P r U~ s” wr P re U~ s* wr
0 (0.75,0.25) 10.291 (0.4,0.6) 11.965 0 (0.75,0.25) 5.478 (0.4,0.6) 6.285
0.1 (0.75,0.25) 10.261 (0.4,0.6) 11.949 0.1 (0.75,0.25) 5.462 (0.4,0.6) 6.277
0.2 (0.75,0.25) 10.231 (0.4,0.6) 11.934 0.2 (0.75,0.25) 5.445 (0.4,0.6) 6.269
0.3 (0.75,0.25) 10.201 (0.4,0.6) 11.919 0.3 (0.75,0.25) 5.429 (0.4,0.6) 6.261
0.4 (0.75,0.25) 10.171 (0.4,0.6) 11.903 0.4 (0.75,0.25) 5.412 (0.4,0.6) 6.253
0.5 (0.75,0.25) 10.141 (0.4,0.6) 11.888 0.5 (0.75,0.25) 5.396 (0.4,0.6) 6.245
0.6 (0.75,0.25) 10.111 (0.4,0.6) 11.873 0.6 (0.75,0.25) 5.379 (0.4,0.6) 6.237
0.7 (0.75,0.25) 10.081 (0.4,0.6) 11.858 0.7 (0.75,0.25) 5.363 (0.4,0.6) 6.228
0.8 (0.75,0.25) 10.051 (0.4,0.6) 11.842 0.8 (0.75,0.25) 5.346 (0.4,0.6) 6.220
0.9 (0.75,0.25) 10.021 (0.4,0.6) 11.827 0.9 (0.75,0.25) 5.329 (0.4,0.6) 6.212
1.0 (0.75,0.25) 9.99 (0.4,0.6) 11.812 1.0 (0.75,0.25) 5.313 (0.4,0.6) 6.204
- 1

TaBLE 13: The equilibrium strategies and the equilibrium values of $(b) = 16 (kot L m+ ’”(”Z * (1 - V5> + (1 B w;))
player I and player II when 6 = 0. (33)

PlayerI Player II

P r* U* S* W*

0 (0.75,0.25) 6.809 (0.4,0.6) 7.496
0.1 (0.75,0.25) 6.787 (0.4,0.6) 7.486
0.2 (0.75,0.25) 6.764 (0.4,0.6) 7.476
0.3 (0.75,0.25) 6.742 (0.4,0.6) 7.467
0.4 (0.75,0.25) 6.719 (0.4,0.6) 7.457
0.5 (0.75,0.25) 6.697 (0.4,0.6) 7.447
0.6 (0.75,0.25) 6.674 (0.4,0.6) 7.438
0.7 (0.75,0.25) 6.652 (0.4,0.6) 7.427
0.8 (0.75,0.25) 6.629 (0.4,0.6) 7.418
0.9 (0.75,0.25) 6.607 (0.4,0.6) 7.408
1.0 (0.75,0.25) 6.585 (0.4,0.6) 7.398

TaBLE 14: The equilibrium strategies and the equilibrium values of
player I and player II when 6 = 0.2.

PlayerI Player II

P r* U* S* W*

0 (0.75,0.25) 6.144 (0.4,0.6) 6.891
0.1 (0.75,0.25) 6.124 (0.4,0.6) 6.882
0.2 (0.75,0.25) 6.105 (0.4,0.6) 6.873
0.3 (0.75,0.25) 6.085 (0.4,0.6) 6.864
0.4 (0.75,0.25) 6.066 (0.4,0.6) 6.854
0.5 (0.75,0.25) 6.046 (0.4,0.6) 6.846
0.6 (0.75,0.25) 6.027 (0.4,0.6) 6.837
0.7 (0.75,0.25) 6.007 (0.4,0.6) 6.828
0.8 (0.75,0.25) 5.988 (0.4,0.6) 6.819
0.9 (0.75,0.25) 5.968 (0.4,0.6) 6.810
1.0 (0.75,0.25) 5.949 (0.4,0.6) 6.801

5.3. Comparison Analysis. In this subsection, the proposed
ranking approach is compared with three other approaches
that were introduced by Khalifa [41], Ye [42], and Garai et al.
[43].

We compare our results with those of Khalifa [41], where
a score function is described by

Here, b = {(k,I,m, n);uz, v w;> expresses an SVINN.

Based on this score function, we obtain a set of linear op-
timization models as follows:

max{-5.5y; + y; = y3},

(—4y, +y, — y3 — 47447, - 2.75r, <0,
—6.5y, + ¥, — ¥3 — 2.909r; — 3.503r, <0,
s.t.q 7r; +5r,<6.5,

ri+r,=1,

[ Y15 Y25 Y3 1151220,
max{-6.5z, + z, — z3},

(~7z, + 2, — 2, — 4.097s, — 3.675s, <0,

(34)

=5z, + 2, — 23 — 2.688s; —4.55, <0,
s.t.q 4s; + 6.5, <5.5,

s;+s, =1,

Z1529,2351,5, 20.

L

Using the Simplex technique, we can obtain that the
equilibrium value and the equilibrium strategy for player I
are U* = qu* =3.533 and r* = (0.75,0.25)", respectively;
and the equilibrium value and the equilibrium strategy for
player II are W* = pTz* =3.775 and s* = (0.4,0.6), re-
spectively, although this approach provides the same opti-
mal solutions as our results.

We compare our results with those of Jun Ye [42], where
the score function is given by

S(E)=%(k+l+m+n)<2+u;—v§—w;). (35)

Here, b = {k,1l,m,n); U V5 w;) expresses an SVINN.
Based on this score function, we obtain the following
mathematical programming models:
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TaBLE 16: The equilibrium strategies and the equilibrium values of
player I and player II when 6 = 0.6.

Player I Player II

p r* U* S* W*

0 (0.75,0.25) 4.813 (0.4,0.6) 5.679
0.1 (0.75,0.25) 4.799 (0.4,0.6) 5.672
0.2 (0.75,0.25) 4.786 (0.4,0.6) 5.665
0.3 (0.75,0.25) 4.772 (0.4,0.6) 5.658
0.4 (0.75,0.25) 4.759 (0.4,0.6) 5.651
0.5 (0.75,0.25) 4.745 (0.4,0.6) 5.643
0.6 (0.75,0.25) 4.732 (0.4,0.6) 5.636
0.7 (0.75,0.25) 4718 (0.4,0.6) 5.629
0.8 (0.75,0.25) 4.704 (0.4,0.6) 5.622
0.9 (0.75,0.25) 4.691 (0.4,0.6) 5.614
1.0 (0.75,0.25) 4.677 (0.4,0.6) 5.607

max  {-5.5y, + y, - ys}

(—4y, + y, — y; — 6.3257, — 3.667r, <0,
—6.5y, + ¥, — 3 — 3.879r; —4.671r, <0,
s.t. q 7ry +5r,<6.5,

ri+r,=1,

[ V1> Y2 V31572 20,

max {-6.5z, +z, — 23},

[ -7z, +z, — 23 — 5.463s; — 4.9s5, <0,
z3 — 3.583s; — 65, <0,
s.t. 1 4s; +6.5s, <5.5,

=5z, +z,—

S;t+s,=1,

Z1>25,2351,5, 20.
(36)

maximize

{=5.501 + ¥, - 3}
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Using the Simplex technique, we can obtain the equi-
librium value and the equilibrium strategy for player I as
U* =q"y* = 4.71 and r* = (0.75,0.25)", respectively; and
the equilibrium value and the equilibrium strategy for player
I are W* = pTz* =5.033 and s* = (0.4,0.6), respectively,
although this approach provides the same optimal solutions
as our results.

Finally, we compare our results with those of Garai et al.
[43], where the ranking function is described by

~ 1 3 2
M(®) =g(k+21+2m+n)<0u;+ (1 —9)<1 -vl;>

e —9)(1—%)2).
(37)

Here, b = {(k,I,m, n); U vy w;> represents an SVINN.
Based on this ranking function, we can get a set of opti-

mization models as follows:

—4y, + y, — y5 — (8.16667 — 1.551670)r, — (5.83 — 3.850)r, < (0.22475 — 0.14886) (1 — p),
—6.5y, + ¥, — y5 — (6.08333 — 4.56250)r, — (5.42667 — 1.833330)r, < (0.22475 — 0.14886) (1 — p),

subjectto  7r; + 51, <6.5,
rit+ry,=1,
Y1 Y2 Y3112 20.

maximize {-6.5z; + 2, — 23},

(38)

~72, + 2, — 2, — (8.09833 — 3.511676)s, — (7.90833 — 4.0150)s, < (0.0979333 — 0.04246676) (1 — p),
—52, + 2, — 23 — (5.33333 — 3.413330)s, — (8.775 — 2.70)s, < (0.0979333 — 0.04246676) (1 — p),

subjectto  4s, + 6.5s, <5.5,
Spt+s, =1,

Z152552381,5, 2 0.

By solving the above mathematical programming
models, we obtain the following tabulated optimal solutions,

given in Tables 13-18. From the results shown in
Tables 1-18, the optimal strategies obtained by different
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TaBLE 17: The equilibrium strategies and the equilibrium values of
player I and player II when 6 = 0.8.

Player I Player II

p r* U* S* W*

0 (0.75,0.25) 4.147 (0.4,0.6) 5.017
0.1 (0.75,0.25) 4.137 (0.4,0.6) 5.010
0.2 (0.75,0.25) 4.126 (0.4,0.6) 5.003
0.3 (0.75,0.25) 4116 (0.4,0.6) 4.997
0.4 (0.75,0.25) 4.105 (0.4,0.6) 4.991
0.5 (0.75,0.25) 4.094 (0.4,0.6) 4.985
0.6 (0.75,0.25) 4.084 (0.4,0.6) 4.978
0.7 (0.75,0.25) 4.073 (0.4,0.6) 4.972
0.8 (0.75,0.25) 4.063 (0.4,0.6) 4.965
0.9 (0.75,0.25) 4.052 (0.4,0.6) 4.959
1.0 (0.75,0.25) 4.042 (0.4,0.6) 4.953

TaBLE 18: The equilibrium strategies and the equilibrium values of
player I and player II when 6 = 1.0.

PlayerI Player I

p r* U* S* W*

0 (0.75,0.25) 3.482 (0.4,0.6) 4287
0.1 (0.75,0.25) 3.474 (0.4,0.6) 4281
0.2 (0.75,0.25) 3.467 (0.4,0.6) 4.276
0.3 (0.75,0.25) 3.459 (0.4,0.6) 4270
0.4 (0.75,0.25) 3.451 (0.4,0.6) 4.265
0.5 (0.75,0.25) 3.443 (0.4,0.6) 4259
0.6 (0.75,0.25) 3.436 (0.4,0.6) 4.253
0.7 (0.75,0.25) 3.429 (0.4,0.6) 4.248
0.8 (0.75,0.25) 3.421 (0.4,0.6) 4242
0.9 (0.75,0.25) 3.413 (0.4,0.6) 4.237
1.0 (0.75,0.25) 3.406 (0.4,0.6) 4231

ranking approaches are the same as those of the proposed
approach. So, the proposed approach is feasible and
effective.

6. Conclusion

The constrained bimatrix games with payoffs of SVTNNs are
studied and constructed in this article. The ranking order re-
lation, important theorems, and arithmetic operations of
SVINNs are outlined. Novel neutrosophic optimization
problems for both players are established from the arithmetic
operations of SVINNs and solution method for SVTNNs
constrained bimatrix games. Based on the ranking approach of
SVTNNSs presented in this article, the neutrosophic optimization
problems for both players are converted into crisp parameterized
problems, which are solved to obtain the equilibrium optimal
strategies and equilibrium values for two players. Moreover, the
ranking approach proposed in this article is demonstrated with a
numerical simulation. Finally, our article is the first to study the
constrained bimatrix games under neutrosophic environment
and provide algorithm and practicable application for SVTNNs
constrained bimatrix games.

In the future, we will study game theory under other
types of uncertain environment such as linguistic

Journal of Mathematics

neutrosophic, interval neutrosophic, linguistic interval
neutrosophic, and linguistic interval intuitionistic neu-
trosophic. Furthermore, we will apply the proposed ranking
approach to other areas such as pattern recognition, supply
chain, risk evaluation, teacher selection, and optimization
models.
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Hypersoft set is a generalization of soft sets, which takes into account a multiargument function. The main objective of
this work is to introduce fuzzy semiopen and closed hypersoft sets and study some of their characterizations and also to
present neutrosophic semiopen and closed hypersoft sets, an extension of fuzzy hypersoft sets, along with few basic
properties. We propose two algorithms based on neutrosophic hypersoft open sets and topology to obtain optimal
decisions in MAGDM. The efficiency of the algorithms proposed is demonstrated by applying them to the current

COVID-19 scenario.

1. Introduction

Fuzzy set theory [1] is an important tool for dealing with
vagueness and incomplete data and is much more
evolving and applied in different fields. Fuzzy set, which is
an extension of general sets, has elements with mem-
bership function within the interval [0, 1]. In view of other
options of human thinking, fuzzy set along with some
conditions is extended to the intuitionistic fuzzy set [2].
The intuitionistic fuzzy set assigns membership and
nonmembership functions to each object which satisfies
the constraint that the sum of both membership functions
is between 0 and 1.

Fuzziness was improved and extended from intui-
tionistic sets to neutrosophic sets. Smarandache [3] pro-
posed neutrosophic sets, an essential mathematical tool
which deals with incomplete, indeterminant, and incon-
sistent information. Neutrosophic set is characterized by
the elements with truth, indeterminacy, and false

membership functions which assume values within the
range of 0 and 1. Wang et al. [4] proposed the concept of
single-valued neutrosophic sets, a generalization of intui-
tionistic sets and a subclass of neutrosophic sets, which
comprise elements with three membership functions which
they belong to interval [0, 1]. Under this neutrosophic
environment, many researchers have worked on their
extensions and developed many applications and results. A
ranking approach based on the outranking relations of
simplified neutrosophic numbers is developed in order to
solve MCDM problems. Practical examples are provided to
illustrate the proposed approach with a comparison
analysis [5]. A comparison analysis is performed for this
method with two examples [6], and the developed single-
valued neutrosophic TOPSIS extension is demonstrated on
a numerical illustration of the evaluation and selection of
e-commerce development strategies [7].

Molodtsov [8] introduced the idea of soft theory as a new
approach to dealing with uncertainty, and now, there is a
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rapid growth of soft theory along with applications in
various fields. Maji et al. [9] defined various basic concepts of
soft theory, and the study of soft semirings by using the soft
set theory has been initiated, and the notions of soft sem-
irings, soft sub-semirings, soft ideals, idealistic soft semir-
ings, and soft semiring homomorphisms with several related
properties are investigated [10, 11]. Maji et al. [12] developed
the fuzzy soft set theory, which is a combination of soft and
fuzzy sets.

The idea of soft sets was generalized into hypersoft sets
by Smarandache [13] by transforming the argument
function F into a multiargument function. He also intro-
duced many results on hypersoft sets. Saqlain et al. [14]
utilized this notion and proposed a generalized TOPSIS
method for decision-making. Neutrosophic sets [15], from
their very introduction, have seen many such extensions
and have been very successful in applications. A new hybrid
methodology for the selection of offshore wind power
station location combining the Analytical Hierarchy Pro-
cess and Preference Ranking Organization Method for
Enrichment Evaluations methods in the neutrosophic
environment has been proposed [16], a neutrosophic
preference ranking organization method for enrichment
evaluation technique for multicriteria decision-making
problems to describe fuzzy information efficiently was
proposed and applied to a real case study to select proper
security service for FMEC in the presence of fuzzy infor-
mation [17], and a model is proposed based on a plitho-
genic set and is applied to differentiate between COVID-19
and other four viral chest diseases under the uncertainty
environment [18].

In 2019, Rana et al. [19] introduced the plithogenic fuzzy
hypersoft set (PFHS) in the matrix form and defined some
operations on the PFHS. Single- and multivalued neu-
trosophic hypersoft sets were proposed by Saqlain et al. [20],
who also defined tangent similarity measure for single-
valued sets and an application of the same in a decision-
making scenario. In another effort, Saglain et al. [21] also
introduced aggregation operators for neutrosophic hyper-
soft sets. A recent development in this area of research is the
introduction of basic operations on hypersoft sets in which
hypersoft points in different fuzzy environments are also
introduced [22].

Fuzzy topology, a collection of fuzzy sets fulfilling the
axioms, was defined by Chang [23]. A new definition of
fuzzy space compactness and observed to have
a—compactness along with a Tychonoft theorem for an
arbitrary product of a—compact fuzzy spaces and a 1-point
compactification [24], filters in the lattice IX, where I is the
unit interval and X an arbitrary set, have all been studied
and using this study the convergence is defined in fuzzy
topological space which leads to characterise fuzzy con-
tinuity and compactness [25]. Then, the basic concepts of
intuitionistic fuzzy topological spaces were constructed,
and the definitions of fuzzy continuity, fuzzy compact-
ness, fuzzy connectedness, and fuzzy Hausdorff space and
some characterizations concerning fuzzy compactness
and fuzzy connectedness were defined [26]. Neutrosophic
topological spaces were introduced by Salama and
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Alblowi [27], and further concepts such as connectedness,
semiclosed sets, and generalized closed sets [28] were
developed.

The concept of fuzzy soft topology and some of its
structural properties such as neighborhood of a fuzzy soft
set, interior fuzzy soft set, fuzzy soft basis, and fuzzy soft
subspace topology were studied [29]. The soft topological
spaces, soft continuity of soft mappings, soft product
topology, and soft compactness, as well as properties of
soft projection mappings, have all been defined [30], and a
relationship between a fuzzy soft set's closure and its fuzzy
soft limit points has been constructed on fuzzy soft to-
pological spaces [31]. Subspace, separation axioms,
compactness, and connectedness on intuitionistic fuzzy
soft topological spaces were defined along with some base
theorems [32], some important properties of intuitionistic
fuzzy soft topological spaces and intuitionistic fuzzy soft
closure and interior of an intuitionistic fuzzy soft set were
introduced, and an intuitionistic fuzzy soft continuous
mapping with structural characteristics was studied [33].
A topology on a neutrosophic soft set was constructed,
neutrosophic soft interior, neutrosophic soft closure,
neutrosophic soft neighbourhood, and neutrosophic soft
boundary were introduced, some of their basic properties
were studied, and the concept of separation axioms on the
neutrosophic soft topological space was introduced [34].
The concept of fuzzy hypersoft sets was applied to fuzzy
topological spaces, and fuzzy hypersoft topological spaces
were presented by Ajay and Charisma in [35]. In the same
work, fuzzy hypersoft topology has been extended to
intuitionistic and neutrosophic hypersoft topological
spaces along with their properties. In this paper, we define
the idea of semiopen sets in fuzzy hypersoft topological
spaces with their characterization and extend to semiopen
sets in intuitionistic and neutrosophic hypersoft topo-
logical spaces.

The paper is structured as follows: Section 2 recalls few
basic terminologies and definitions of fuzzy hypersoft
topological spaces. In Section 3, we define semiopen sets
in fuzzy hypersoft topological spaces along with some of
their properties. Sections 4 and 5 elaborate the logical
extension of fuzzy hypersoft semiopen sets to intuition-
istic and neutrosophic hypersoft semiopen sets. In Section
6, we present an application of the neutrosophic hypersoft
open set and topology in an MAGDM and conclude in
Section 7.

2. Preliminaries

Definition 1 (see [35]). Let (@, X) be an element of B (V, E)
(where X = X xX,xX;...xX, with each X; a subset of
E;(i=1,2,...,n)),and let the set of all fuzzy hypersoft (FH)
subsets of (@,%) be P(®, %) and 7, a subcollection of
P(@,X%).

(1) Qx) (‘D) x) €T

(i) (0,3), (1. B) e =(0,F)N (1. B) €7

(ii)) {(©, Il € L} € == U1 (6, F) € 7
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If the above axioms are satisfied, then 7 is a fuzzy
hypersoft topology (FHT) on (®@, X) - (X, 7) which is called
a fuzzy hypersoft topological space (FHTS). Every member
of 7 is called an open fuzzy hypersoft set (OFHS). A fuzzy
hypersoft set is said to be a closed fuzzy hypersoft set (CFHS)
if its complement is OFHS.

Example 1. Let V = {xy,x,,x;,x,} and the attributes be
E, ={ay,a,}, E, ={as,a,}, and E; = {as,as}. Then, the
fuzzy hypersoft set is

X2 ﬁ})

0.4’0.6) /°

<( 1’a3" 5)’
.1}>
07

(ay, a3, a6); 1
(ar,a4,a5), 1
(1,4, ), ]

(1)
(az,a3,a6), 1

(a2 a4,a5), 1 0

(
(
( _
(@ asas) {725
(
(
(

(a2 a4, a6); 1

T= gx; (®7 x);

X X

X, Xy X

X
<(a"a3’a5)’{ 3706

of P(@,%) is a FHT on (@, X).

Definition 2 (see [35]). Let 7 be a FHT on (@, X) € P(V,E)
and (x,%B) be a FH set in P(®,%). A FH set (®,J) in
P(®, X) is a neighbourhood of the FH set of (y,3B) if and
only if there exists an OFHS ({,€) such that
(x-B) c (§,6) c (0,F).

Definition 3 (see [35]). Let (¥X,,7) be a FHTS and
(0,3), (x,B) be FH sets in P(®,%) such that
(x-B) ¢ (0,F). Then, (y,B) is said to be an interior fuzzy
hypersoft set (IFHS) of (®,) if and only if (©,J) is a

Xy X3

<(a"a3’“5)’{0.3’6]§}>’<(a2’a3’a5)’{0.4’635

X3

x5 X X
0.6}>’((a1’“4’a6)’{0.5’0.7

(s 52 s 35 s 3]s 22

D {(evavad {55 ((wmaves) 55531

Let us consider this fuzzy hypersoft as (®, X). Then, the
subfamily

X, X3

(2)

v

D (evavad {55 (o) 5o3))

neighbourhood of (y, ). The union of the whole IFHS of
(0,%) is named the interior of (®, ) and denoted as
(0, )" or FHint (O, ).

Definition 4 (see [35]). Let (X, 7) be a FHTS and
(©,3) € B(V,E). The fuzzy hypersoft closure (FHC) of
(0, &) is the intersection of all CFH sets that contain (0, )
which is denoted by (®, ) or FHcl(O, ).

Definition 5 (see [35]). Let (@, X) be an element of B (V, E)
(where ¥ = X ,xX,xX;...xX, with each X; a subset of
E;(i=1,2,...,n). Let the set of all neutrosophic hypersoft



(NH) subsets of (@, X) be P(®, X) and 7, a subcollection of
P(®, %X).

(i) Dy, (@,%) € T

(i) (0,F), (1, B) e =0, FJ)N (,B) et
(iii) {(©, F)ll € L} € =>U,, (0,F), € T

If the above axioms are satisfied, then 7 is a neutrosophic
hypersoft topology (NHT) on (@, %) (¥4, 7) which is
called a neutrosophic hypersoft topological space (NHTS).
Every member of 7 is called an open neutrosophic hypersoft
set (ONHS). A neutrosophic hypersoft set is called a closed
neutrosophic hypersoft set (CNHS) if its complement is an
ONHS.

For example, {@y, (®,%)} and P(®,X) are neu-
trosophic hypersoft topologies on (@, %) and are called
indiscrete NHT and discrete NHT, respectively.

Definition 6 (see [35]). Let tbea NHT on (@, X) € P(V,E)
and (y,B) be a NH set in P(®, X). A NH set (0, ) in
P (@, X) is a neighbourhood of the NH set of (y, 8B) iff there
exists an ONHS (&, €) such that (x,3B) c (§,€) c (O,).

Definition 7 (see [35]). Let (¥, 1) be a NHTS and
(0,8), (x,B) be NH sets in P(®d,%) such that
(- B) c (0,F). Then, (x,B) is said to be an interior
neutrosophic hypersoft set (INHS) of (®, J) if and only if
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is a FSOHS.

Theorem 1. Let (X5,7) be a FHTS and

(0, 3) € FSOHS (X); then,

(i) Arbitrary fuzzy hypersoft union of FSOHS is FSOHS

(ii) Arbitrary fuzzy hypersoft intersection of FSCHS is
FSCHS

Proof

(i) Let {(®,F);: j € J}CFSOHS (¥).
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\] w
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(0, ¥) is a neighbourhood of (y, B). The union of the whole
INHS of (0, §§) is named the interior of (®, ) and denoted
as (O, ) or FHint (O, ).

Definition 8 (see [35]). Let (X,,7) be a NHTS and
(©,3) € B(V,E). The neutrosophic hypersoft closure
(NHCQC) of (0,$) is the intersection of all CNH sets that
contain (O, §) which is denoted by (O, ) or FHcl(O, ).
Thus, (O, ) is the smallest CNHS which has (0, ), and
(0, ) is the CNHS.

3. Fuzzy Semiopen and Closed Hypersoft Sets

Definition 9. Let (X, 7) be a FHTS and (0, ) € P(®, X).
If (®,F)cFHc(FHint(®, §)), then (O,J) is called the
fuzzy semiopen hypersoft set (FSOHS). We denote the set of
all fuzzy semiopen hypersoft sets by FSOHS (¥).

Definition 10. A fuzzy hypersoft set (®, ) in the FHST
space is a fuzzy semiclosed hypersoft set (FSCHS) if and only
if its complement (O©, J)C is FSOHS. The class of FSCHS is
denoted by FSCHS (X).

Example 2. Let X ={y,y,,y;} and the attributes be
E, = {ay, a5, a3}, E, = {b), by}, and E; = {c}, c,}.
The fuzzy hypersoft topological space is T

——
N

—

——

(3)

s G2t 2l

Then, Vj € ], (O, S)J-CFHCI(® l5)

Hence, Uj(®,3) U{FHclPHmt}(@ l5) .CFHcl
(FHint (U ;(®, 3)))).

Therefore, U]-(®, S)]- € FSOHS (%).

Similarly, (ii) is proved. O

Theorem 2. Let (X,,7) be a FHTS and (0, J) € P(®, X).
Then,

(i) (©,3) € FSOHS(X) if and only if there exists
(x> B) € 7 such that (y,B)<(O, F)<FHcl(x, B)

(i) If (©,F) € FSOHS(X) and (0,F)<(&C€)c
FHcl(O, ), then (&,C) € FSOHS (%)

Proof

(i) Let (©,F) € FSOHS (X).
Then, (0, §)CFHcl (FHint (O, J)).

We know that FHint(®,$)c(0,S);
FHint (©, )< (0, §)<FHcl (FHint (O, J)).

thus,
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Let(y,B) = FHint (O, J); thus, we get (y,B)cC
(®, J)<FHdl (x, B).
Conversely, let (x, B)< (0, F)<FHcl(y, B) for some
(x> B) € 7. Then, (y, B)<FHInt (O, F)< (O, J).
=FHcl(y, B)<FHcl (FHint (O, J)).
Thus, (O, §)<FHcl (FHint (O, §)).
Therefore, (O, J) € FSOHS (X).

(ii) Let (®,J) € FSOHS(X). Then, for some (y,B) €
7, (1, B)<(O, F)CFHcl (y, B). If (x,B)<(O, F)<
(§,€), then (y, B)< (&, €)cFHcl (O, F)<FHcl (y, B).

Hence, (y,B)<(§, C)cFHCl(y,B). Thus, by (i),
(£,6) € FSOHS (%). O

Definition 11. Let (X4, 7) be a FHTS and (0, ¥) € P(®, X).
Then, the largest fuzzy semiopen hypersoft set con-

tained in (O, ) is called the fuzzy semi-hypersoft inte-

rior of (®,J) and denoted by FSHSint(®, ), i.e.,

FSHSint (0,

3) = U{(,B): (x,B)<(O,F) (x, B) € FSOHS (X)}.

And the smallest fuzzy semiclosed hypersoft set con-
taining (®, ) is called the fuzzy semi-hypersoft closure of
(0, F) and denoted by FSHScl (O, J).

FSHSc (0, F) = n{(§,€): (£,6)2(0,F), and (§,€) €
FSCHS (%).

Theorem 3. Let (¥,,7) be a FHTS and (0,3F), (x
B) € P(®, X). Then, the following properties hold:
(i) FSHSint (D) = Oy and FSHSint (@, X) = (@, X)
(ii) FSHSint (@, §)< (0, §)
(iii) FSHS int (®, ) is the largest fuzzy semiopen
hypersoft set contained in (O, )
(iv) If (0,3)<(x, B), then
FSHSint(y, B)
(v) FHSHint (FHSHint (®, §)) = FHSHint (0, )
(vi) FHSHint(®, ¥) U FHSHint(y, B)CFHSHint
(@, 3)u (x, B)]
(vii) FHSHint[(®, ) N (x,
FHSHint(y, B)

FSHSint (©, )

B)|<FHSHint (0, ) N

Theorem 4. Let (X¥y5,1) be a FHTIS and
(0,3), (x»B) € P(®, X). Then, the following properties hold:
(i) FSHScl(Dy) = Dy, and FSHScl(®, X) = (@, X)
(ii) FSHScl(0, 3)< (0, )
(iii) FSHScl(®, §) is the smallest fuzzy semiclosed
hypersoft set that contains (0O, F)
(iv) If (©, )< (g, B), then FSHScl(O®, F)<FSHScl (x, B)
(v) FHSHcl(FHSHcl (O, 3)) = FHSHcl (0, )
(vi) FHSHcl(®©, ) U FHSHcl (x, B)CFHSHcl (O, F)U
(x> B)]
(vii) FHSHcI[(©, I) N (x, B)]SFHSHcI (O, 3)N
FHSHcl(x,B)

Theorem 5. Every fuzzy open (closed) hypersoft set in a
FHTS (%4, 1) is a fuzzy semiopen (closed) hypersoft set.

Proof. Let (©,3F) be a fuzzy open hypersoft set. Then,
FHint(®, J) = (0, J). Since (®, J)CFH (O, J),
(®, §)<FHc (FHint (©, J)). Thus,
(®,3) € FSOHS (X). O

Theorem 6. Let (¥X,,7) be a FHTS and (0,5), (x
B) e P(®,%). If either (0,3) € FSOHS(X) or
(x»B) € FSOHS(X), then FHcl(FHint(®,J)N (y,B)) =
FHcl(FHint(®, §) N FHcIFHint(y, B)).

Proof. Let (0,3), (x,B) € P(®, X).
Then, we have

FHcl (FHint (©, §) N (x, B))<

FHcl (FHint (©, ) N FHcIFHint (y, B))

FHcl (FHint (©, §) N FHclFHint (y, B))<

FHcl[FHcl (FHint (0, §)) N FHcl (FHint (x, B))]
= FHcl[FHcl[FHint (@, §) N FHint (x, B)]] (5)
= FHcI[FHCcI[FHint [(®, F) N (y, B)11]
CFHcl[FHint (@, §) N (x, B)]

—=FHcl (FHint (0, §)) N FHcl (FHint (y, B))

CFHcl (FHint (®©, ) N (x, B)).

Thus, FHcl (FHint (©, &) N (x, B)) = FHcIFHint
(®, 3) N FHcl (FHint (y, B)). O

Theorem 7. Let (X,,7) be a FHTS, (©,3) be a fuzzy
hypersoft open set, and (x,B) € FSOHS(X). Then,
(®,3)N (x,B) € FSOHS(X).

Proof. Let (O, F) be a FOHS and (y, %) be a FSOHS.

Then, (0, 3)n (x, B)2FHint ((0, F) N (x, B)) =
FHint ((®, ) N (y, B))< (0, I) N (x, B).

Then, FHint (0, ) N (y, B))< (O, F) N (x, B)\<
FHcIFHint ((®, §) N (y, B)) FHint ((®, ) N (y, B))<
(®,3) N (x, B)\cFHclFHint ((®, F) N (x, B)) (O, F) N (v
B)cFHcIFHint ((©, §) N (x, B)).

Therefore, (®, F)N (y,B) is a FSOHS. O

Proposition 1. Let (0, ) be a fuzzy hypersoft set in the
FHTS (X4, 7). Then, (©, ) is the FSCHS if and only if there
exists an FCHS set £5) such that
FHint (&, 3)< (0, F)< (&, J).

Proposition 2. Every fuzzy hypersoft closed set is a FSCHS in
a FHTS (X, 1), but the converse need not be true.

Theorem 8. Let (O, ) be a FHS in a FHTS (X, 7). Then,
(0, ) is a FSCHS if and only if FHint (FHcl (©, §))< (0, J).

Proof. Suppose (0©,F) is a FSCHS. Then, there exists a
FHCS (©,F) such that FHint(¢ )< (0, F)<(E, F).
FHcl(®, F)CFHl (8, 3) = (£, )



Thus, FHint (FHcl(®, ¥))<FHint (§, )< (0, )=
FHint (FHcl (¢, §))< (O, ).
Conversely, let (0, ) be a fuzzy hypersoft set in (¥, 1)

such that FHint (FHcl (O, J))< (O, J). Let
FHcl(®, ) = (£, F). Then, FHint(®,F)< (0O, F)< (&, J).
Thus, (O, ) is a FSCHS. O

Theorem 9. Let { (0,3)p: P e I} be a family of FSCHS in a
FHTS (%X4,7). Then, the intersection N ger (6, 3’)/5 is a
FSCHS in (X4, 7).

Proof. Since each B €1, (®,)g is a FSCHS. Then, there
exists a FCHS (§J)p such that FHint((h, A)g)C
(0, )6 Thus, N gy (FHint (€ F)g)ENges
(O, S)ﬁg 0 ger (?, S)ﬁ. Consider 0 ger (&, S)ﬁ = (¢, 5). Then,
(¢, %) is a FCHS, and hence, N ger (6, S)ﬁ isa FSCHS. 0O

Theorem 10. Let (®, ) be a FSCHS and (9, §) be a FCHS
in (X4, 7). If FHint(0, )< (9, J)< (O, F), then (0,F) isa
FSCHS.

Proof. Since (0O, ) is a FSCHS, there exists a FCHS (&, &)
such that FHint (¢, §)< (@, F)< (&, §). Then, (9, )< (&, F).
Also,  FHintFHint (&, §)CFHint (£, §)CFHint (0, ) =
FHint (&, )< (9, §). Therefore, FHint (¢, §)< (9, )< (€, ).
Hence, (O, ) is a FSCHS. O

Remark 1. For any FCHS (0, ), FSHScl(0, §) = (0, F).
And for any FOHS ({, &), FSHSint({, ¥) = ({, §).

Remark 2. If (O, J) is a fuzzy hypersoft set in (¥, 7), then
FHint (O, §)<FSHSint (0, F)< (0, F)SFSHScl (0, F)<
FHdl (0, ).

Theorem 11. Let (®, ) be a FHS in (X, 7). Then,
(i) (FSHSint(®,3))C = FSHScI((®, 5)°)
(ii) (FSHScl(®, 5))C = FSHSint ((©, F)°)

(i1i) FSHSint (FHint (O, )) = FHint (FSHSint(0®, J)) =
FHint(©, §)

(iv) FSHScl(FHcl(®, §)) = FHcl (FSHScl(®, §))\\ =
FHcl(©, F)

Proof
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(i) FSHSint (0, )< (0, §)= (0O, )“< (FSHSint (O,
3))°.
Since (FSHSint(®, )¢ is a FSCHS,FSHScI(®,
)CCcFSHSc ((FSHSint (0, §))¢) = (FSHSint (O,
3)°.
Conversely, (O, §)“<FSHSC ((0, §)°)=—
FSHScl((©,3)9)°<((0,F))° = (0,F).

FSHScl ((0, §)°) being FSCHS implies that
FSHScl (0, §)°) is a FSOHS set.

Thus, FSHScl((®, §)©)<FSHSint (0, ).

And hence, (FSHSint(®, §))°<
(FSHScl((®, 5)9)9)¢ = (FSHSCl((O, §)©)).

(ii) The proof is the same as that of (i).

(iii) FHint(®, ) is FOHS implying that it is FSOHS.
Therefore, FSHSint (FHint (®, {)) = FHint (O, ).
Now, FHint(®, §)CFSHSint(®, §) = (O, J).
Thus, FSHSint (FHint(®, §)) = FHint (0, ).

(iv) FHcl(O, ) is fuzzy closed hypersoft implying that

is FSCHS. Therefore, FSHScl(FHcl(®,)) =
FHcl (O, ). Now, (0, )CFSHSc (O, )
FHcl (O, 5).
Hence, FSHScl (@, §)CFHAFSHSC (0, §))<
FSHScl (O, ).
This implies IHcl (ISHScl (O, §))<IHcl (O, J). O

4. Intuitionistic Semiopen and Closed
Hypersoft Sets

Definition  12. Let (¥X5,7) be an IHTS and
(0,F3) € P(@,%). If (O, F)<IHd(IHint(®,F)), then
(©,3) is called an intuitionistic semiopen hypersoft set
(ISOHS). We denote the set of all intuitionistic semiopen
hypersoft sets by ISOHS (%).

Definition. 13An intuitionistic hypersoft set (®, ) in the
IHST space is an intuitionistic semiclosed hypersoft set
(ISCHS) if and only if its complement (O, S)C is ISOHS. The
class of ISCHS is denoted by ISCHS (X).

Example 3. Let X ={y,y,,y;} and the attributes be
E, = {ay, a5, a5}, E; = {b, by}, and E; = {c;,¢,}.
The intuitionistic hypersoft topological space is 7:

Y1 V2 V3 Y1 V2 V3
= ’b b b b b b )b b b bl b b
’ {<(a1 1) {0.9,0.1 02,04 0.2,0.7}> <(a1 262) {0.8,0.3 0.7,0.2 0.4,0.8}> ]’

. (apby,c,) Y1 , Y2 ) V3
0.8,0.2°0.6,0.4 0.3,0.2

b4 )2 Y3
5 ab > > > ?
}> <(“3 1) {0.6, 0.5°0.5,0.4 0.7,0.2}> }
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<(a1’b1’cz)’{ -

N ((al,bz,cz),{ )1 )2 Vs

0.8,0.3°0.7,0.2°0.4,0.8

((a3,b1,c1),{

The intuitionistic hypersoft set

Y1 Y2 e Y1 Y2 Y3
(@ bl’CZ){og, 0.1°0.3,0.3 0.5, 0.5}>’ (an b CZ){ }>’

7
Y2 Y3 3
0.9,0.1°0.2,0.4°0.2,0.7 |~

Y1 Y2 Y3

, by, , , .t 6

}> (@b Cl){o.s,o.z 0.6,0.4 0.3,0.2}> [ ©
y2 y3 >

0.6,0.5 0.5,0.4°0.7,0.2
0.9,0.2°0.8,0.1°0.5,0.7, 0.5
(7)

Y1 Va2 Y3 Y1 V2 V3
’b bl bl bl bl bl ’b bl bl bl bl
(@bre1) {0.9,0.1 07,03 0.5,0.1}> (@zbre) {0.7,0.3 0.6,0.3 0.8,0.1}>

is ISOHS.
Theorem 12. Let (¥X,,7) be an IHTS and
(0, F) € ISOHS (X); then,

(i) Arbitrary intuitionistic hypersoft union of ISOHS is
an ISOHS

(ii) Arbitrary intuitionistic hypersoft intersection of
ISCHS is an ISCHS

Proof

(i) Let {(©,3);: j € J}ISOHS (¥).

Then, Vje], (O, fj')ngHcl(@,S)j.

Hence, U (O, fj’)]-g UIHc (IHint(®, 3)]-) CIHcl
(IHint(U ;(©, F);)).

Therefore, Uj(®, S)j € ISOHS (X%).

Similarly, (ii) is proved. O

Theorem 13. Let (X, 7) bean IHTS and (0, J) € P(®, X).
Then,

(i) (©,3) € ISOHS(X) if and only if there exists
(x>, B) € 1 such that (y,B)< (O, F)<IHcl(y, B)

(i) If  (©,3) € ISOHS(X) and (@, 3)<(,
C)<Icl(O, ), then (&, C) € ISOHS (X)

Proof

(i) Let (O, ) € ISOHS(X).
IHcl (IHint (O, g)). We
IHint (0, )< (0, J);

IHint (0, )< (0, J)<IHcl (IHint (O, )).
Let(y, B) = IHint(®, §); thus, we get
(0, F)<IHcl (x, B).

Then, (©,F) ¢
know that
thus,

(x-B) <

Conversely, let (y, B)< (0, F)<IHcl(y, B) for some
(1,B) er.  Then, (y,B)CIHint(O, J)<(O, ).
=—=IHcl (y, B)<IHcl (IHint (O, J)).

Thus, (O, §)<IHcl (IHint (O, J)).

Therefore, (O, J) € ISOHS (¥X).

(ii) Let (O, F) € ISOHS (¥X). Then, for some (y,B) €
7, (1, B)C(O, F)<IHcl (., B). If (1, B)< (O, F)<
(§,€), then (y,B)c (& €)cIHC (O, F)<IHcl (y, B).
Hence, (x,B)<(& C)<IHl(y,B). Thus, by (i),
(&,6) € ISOHS (%). O

Definition 14. Let (¥4, 1) be an IHTS and (O,3) €
P(®, %).

Then, the largest intuitionistic semiopen hypersoft set
contained in (O,{) is called the intuitionistic semi-
hypersoft interior of (0, §) and denoted by ISHSint (0, ),
ie, ISHSint(®,J) = U{(x,B): (1, B)<(O,F), (x,B) €
ISOHS (%X)}.

And the smallest intuitionistic semiclosed hypersoft set
containing (0, ) is called the intuitionistic semi-hypersoft
closure of (®,F) and denoted by ISHScl(O®,).
ISHScl (O, F) = n{(&,6): (£,6)2(0,5F) and
(&,€) € ISCHS(%).

Theorem 14. Let (¥X,,7) be an IHTS and
(0,3), (1, B) € P(, X). Then, the following properties hold:
(i) ISHSIint (D y) = Dy and ISHSint (@, X) = (@, X)
(ii) ISHSint (®, )< (O, )
(iii) ISHSIint(®, &) is the largest intuitionistic semiopen
hypersoft set contained in (©, )
(iv) If (0,3)<(x. B), then
J)CISHSint (y, B)
(v) IHSHint (IHSHint (©, §)) = IHSHint (©, )

ISHSint (O,



(vi) IHSHint (©, ) U THSHint (y, B)CIHSHint
(©,3)U (x,B)]

(vii) IHSHint[(®, J) N (y, B)]CIHSHint (O, F) N
IHSHint (y, B)

Theorem 15. Let (X,,7) be an IHTS and
(0,3), (x»B) € P(®, X). Then, the following properties hold:

(i) ISHScl(Dy) = Dy and ISHScl(®@, X) = (@, X)
(ii) ISHScl (O, F)< (0, )

(iii) ISHScl(©, ) is the smallest intuitionistic semiclosed
hypersoft set that contains (©, )

(iv) If (©, Z)< (g, B), then ISHScl(®, F)<ISHScL (y, B)
(v) IHSHcl(IHSHcl(®, )) = IHSHcl (O, )
(vi) IHSHcl(®, §) UTHSHCcl (y, B)SIHSHCI[(©, F) U (
1 B)]
(vii) IHSHcI[(®, F) N (v, B)ISIHSHcl (O, ) N IHSHcl
(x-B)

Theorem 16. Every intuitionistic open (closed) hypersoft set
in an IHTS (X, 1) is an intuitionistic semiopen (closed)
hypersoft set.

Proof. Let (O, ) be an intuitionistic open hypersoft set.
Then, IHint(®,J) = (0, ). Since (O, F)<IHcl(O,F),
(0, F)<IHcl (IHint (0, ])). Thus, (O, F) € ISOHS(X). O

Theorem 17. Let (X,,7) be an IHTS and
(0,3), (1, B) € P(®,%X). If either (0,F) € ISOHS(X) or
(x»B) € ISOHS(X), then IHcI(IHint(®,F)N (y,B)) =
IHcl(IHint (®, §) N FHclIHint (x, B)).
Proof. Let then, we have
IHcl (IHint (O, ) N (y, B))<
[Hcl (IHint (0®, ) N IclIHint (x, B))
FHcl (IHint (©, §) N IHclIHint (x, B))<
[Hcl[IHcl (IHint (@, 3¥)) N IHcl (IHint (y, B))]
= IHcl[IHcl[IHint (®©, §) N IHint (x, B)]]
= IHcl[IHcI[IHint[(®, F) N (y, B)11]
CIHcl[IHint (®, F) N (x, B)]
=IHcl (IHint (@, §)) N IHcl (IHint (y, B))
CIHcl (IHint (®, F) N (x, B)).
- (0,9), (1.B) € P(@,%)

Thus, IHcl (IHint (O, §) N (y, B)) = IHclIHint (O, F) N
IHcl (IHint (y, B)). O

Theorem 18. Let (X, 1) be an IHTS, (O, ) be an intui-
tionistic hypersoft open set, and (y,B) € ISOHS(X). Then,
(©,3)N (x,B) € ISOHS(X).

Proof. Let (©, ) be an IOHS and (y, B) be an ISOHS.
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Then, (©,3F)N (v, B)2IHint (0, F) N (7, B))==IHint
(®,3)N (x. B))<(O,F) N (x, B).

Then, IHint ((0, F) N (y, B))< (O, ) N (x, B)<
[HclIHint ((®, F) N (. B)). = (0, F) N (y, B)<IHclIHint
(8, 3)n (x, B)).

Therefore, (0, F)N (x,B) is an ISOHS. O

Proposition 3. Let (©,F) be an intuitionistic hypersoft set
in the IHTS (X, 7). Then, (O, §) is ISCHS if and only if there
exists an ICHS set &3 such that
IHint (&, F)< (O, )< (€, F)-

Proposition 4. Every intuitionistic hypersoft closed set is an
ISCHS in an IHTS (X, 1), but the converse need not be true.

Theorem 19. Let (O, ) be an IHS in an IHTS (X, 7).
Then, (©,F) is an ISCHS if and only if
IHint (IHcl (0, §))< (0, ).

Proof. Suppose (0, ) is an ISCHS; then, there exists an
[HCS(®,5) such that IHint(¢ §)<(0,F)<(E, ).
IHcl(®, F)<IHl (£, F) = (£, ).

Thus, IHint (IHcl(®, §))<IHint (&, )<
(0, §)=IHint(IHcl (¢, §))< (O, §).

Conversely, let (®, &) be an intuitionistic hypersoft set
in (¥,,7) such that IHint(IHcl(®,J))c(O,F). Let
[Hc(0,5) = (£,5F). Then, IHint(0®, )< (0, F)<(E, ).
Thus, (O, ) is an ISCHS. O

Theorem 20. Let {(@, Sp: P e I} be a family of ISCHSs in
an IHTS (X, 1). Then, the intersection U ger (@,S)ﬁ is an
ISCHS in (Xg, 7).

Proof. Since each f € I, (®,F)g is an ISCHS. Then, there
exists an ICHS (E,S)B such  that IHint((h,
A),g)g(@, 3)59(5)3)5-

Thus, N ger (IHint ( (¢, 3)5))§n[g€1(®> S)ﬁg N ger (& 3);;
Consider N ger (&, 3 = (&, ). Then, (¢, ) is an ICHS, and
hence, N g (O, )4 is an ISCHS. O

Theorem 21. Let (®, ) be an ISCHS and (9, ) be an ICHS
in (X4, 7). If IHint (O, )< (9, F)<(O, F), then (O, F) is an
ISCHS.

Proof. Since (0O, J) is an ISCHS, there exists an ICHS (&, J)
such that IHint (¢, §)<(®, )< (&, ). Then, (9, F)< (&, F).
Also, IHintIHint (¢, §)<IHint (¢, §)<IHint (©, §)==IHint
(6,39, 5).  Therefore, IHint(& F)< (9, F)S (€, F).
Hence, (O, ) is an ISCHS. O

Remark 3. For any ICHS (0, ), ISHS (0, F) = (0, F).
And for any IOHS (¢, §), ISHSint({, J) = ((, J).

Remark 4. If (©,) is an intuitionistic hypersoft set in
(X4, 1), then [Hint(©, )<ISHSIint (O, J)<
(O, F)SISHSC (O, J)<IHc (O, ).

Theorem 22. Let (O, ) be an IHS in (X, 7). Then,
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(i) (ISHSint(®, 5))° = ISHScI((O, §)°)
(i) (ISHScl(©, 5))¢ = ISHSint ((©, §)°)
(iii) ISHSint (IHint(©, §)) =
[Hint (ISHSint (©, §))\\ = IHint (0, )
(iv) ISHScl(IHcl (©, 5)) = IHcl (ISHScl (O, )\ =
IHcl (O, )

Proof

(i) ISHSIint(®, )< (0, F)= (0, ) < (ISHSint (O,
).
Since (ISHSint(®, )¢ is an ISCHS, ISHScl(®,
) cISHScl ( (FSHSint (©, ))¢) = (ISHSint (O,
).
Conversely, (0, S)CQISHSCI( (O, S)C):>
(ISHSc(®, F))“<((0, F)9)° = (0, F).

ISHScl((O, S)C) being ISCHS implies that
ISHSCI((®,F)°)¢ is an ISOHS set. Thus,
ISHScl ((®, §)©)“cISHSint(®,F). And  hence,

(ISHSint (O, ))“< (ISHS ((®,
FI)C = (ISHScl ((®, F)°)).

(ii) The proof is the same as that of (i).

(iii) IHint(®, ) is IOHS which implies that it is ISOHS.
Therefore, ISHSint (IHint(®, )) = [Hint(0©, J).
Now, IHint(®, §)<ISHSint(®, J) = (O, J).

N1 Y2 Y3

Thus, ISHSint (IHint (0, §)) = IHint (O, ).

(iv) IHcl (O, ) is an intuitionistic closed hypersoft set,
and this implies that it is an ISCHS. Therefore,
ISHScl (IHc(®, §)) = IH (O, F). Now,
(0, F)SISHSc (O, F)<IHcl (0, ).

Hence, ISHScl (0O, §)SIHCISHSc ((O, §))SISHScl
(©,3).
This implies IHcl (ISHScl (O, §))<IHcl (O, J). O

5. Neutrosophic Semiopen and Closed
Hypersoft Sets

Definition 15. Let (¥4, 7)beaNHTS and (0, F) € P(®, X).
If (O,F)SNHc(NHint(0, ¥)), then (0,) is called a
neutrosophic semiopen hypersoft set (NSOHS). We repre-

sent the collection of all neutrosophic semiopen hypersoft
sets by NSOHS (¥X).

Definition 16. A neutrosophic hypersoft set (®,F) in the
NHST space is a neutrosophic semiclosed hypersoft set
(NFSCHY) iff its complement (O, )€ is NSOHS. The class
of NSCHS is denoted by NSCHS (%).

Example 4. Let X ={y,y,,y;} and the attributes be
E, = {ay, a5, a3}, E, = {b), by}, and E; = {c}, c,}.
The neutrosophic hypersoft topological space is

Y1 Y2 e

T =11 a ;b »Cy)s 5 5 5 a 7b »Cy ), 5 5
{ (arbic) {0.9,0.2,0.1 0.2,0.2,0.4 0.2,0.1,0.7}> (anbeca) {0.8,0.4,0.3 0.7,0.4,0.2 0.4,0.6,0.8}>H

)1 Y2 Y3

A

) <(“1’b1’51)> 1

-

Y1 Y Y3

)1 Y2 V3

> > >> <(a3) blacl)) > > >
0.8,0.5,0.2°0.6,0.5,0.4 0.3,0.6,0.2 0.6,0.4,0.5 0.5,0.7,0.4 0.7,0.3,0.2

9
Y1 Y Y3

<(a1’b1’62)’{

<(al)b1)C1)"[

0.9,0.2,0.1°0.2,0.2,0.4°0.2,0.1,0.7

Y1 V2 V3

}>’ <(“1’ b, Cz)’ {

0.8,0.5,0.2°0.6,0.5,0.4’0.3,0.6,0.2

The neutrosophic hypersoft set

V1 Y Y3

<(a1, bpcz){o.g

)1 Y2 e

<(al’bl’cl){

0.9,0.6,0.1°0.7,0.7,0.3"0.5,0.7, 0.1}>

bl b bl ,b bl
,0.3,0.1'0.3,0.4,0.3 0.5,0.2,0.5]’> (@15, CZ){0.9,

}>) (a3, b1, ¢y), ‘[

0.8,0.4,0.3°0.7,0.4,0.2’0.4,0.6,0.8

Y1 Y2 Y3

b

0.6,0.4,0.5 0.5,0.7,0.4’0.7,0.3,0.2

1 V2 Y3

0.5,0.2’0.8,0.5,0.1°0.5,0.7, 0.5}>’

)1 Y2 Y3

’<(a3>b1>61)1

0.7,

0.5,0.3’0.6,0.8,0.3’0.8,0.4,0.1}> J

i

(10)
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is NSOHS.

Theorem  23. Let (X, 7) be a NHTS and

(©,F) € NSOHS (X); then,

(i) Arbitrary neutrosophic hypersoft union of NSOHS is a
NSOHS

(ii) Arbitrary neutrosophic hypersoft intersection of
NSCHS is a NFSCHS

Proof

(i) Let {(®,F);: j € J}CNSOHS (¥).

Then, Vj € ], (®, F),SNHcl(O, F);.

Hence, U, (6, {'s)jg U NHcl (NHint (O, S)j)g\\NHcl
(NHint (U ;(®, 5),))-

Therefore, U (0, S)j € NSOHS (%).

Similarly, (ii) is proved. O

Theorem 24. Let (X, 1) be a NHTS and (0, F) € P(®, X).
Then,

(i) (©,F) € NSOHS(X) if and only if there exists
(x> B) € 7 such that (y,B)<(O, F)SNHcl(y, B)

(i) If (©,3F) € NSOHS(X) and (O,F)<(& C)c
Ncl(©, ), then (&,€) € NSOHS (X)

Proof

(i) Let (0, 5) € NSOHS (X). Then, (®,3)c
NHcl (NHint (©, §)). We know that NHint (O,
3)<(0,3); thus, NHint (0, )< (0, )<
NHcl (NHint(®, )). Let(y, B) = NHint (0, ¥);
thus, we get (y, B)< (0, F)SNHcl(y, B).
Conversely, let (y, B)< (0, F)<NHccl (y, B) for some
(x,B) e r.  Then, (y,B)<NHint(O, F)< (O, F).
=NHcl (y, B)SNHcl (NHint (0, ¥)). Thus,
(0, F)SNHcl (NHint (0O, )).

Therefore, (O, J) € NSOHS (¥%).

(i) Let (®©,F) € NSOHS(¥X). Then, for some
(- B) €71, (v, B)< (O, F)SNHcl (y, B). If (y,B)<
(0,F)c(§,6),  then (x, B)< (&, €)cNHc (O,
J)SNHcl (y, B). Hence, (x, B)< (&, €)SNHcl (y, B).
Thus, by (i), (§,€) € NSOHS (X). O

Definition 17. Let (¥4, 7)beaNHTS and (O, F) € P(®, X).
Then, the largest neutrosophic semiopen hypersoft set
contained in (@, ) is known as the neutrosophic semi-
hypersoft interior of (®,) and is denoted by
FSHSint (0, ), ie., FSHSint(®, J) = U{(y, B):
(- B)<(0,F), (x, B) € FSOHS (¥X)}.

And the smallest neutrosophic semiclosed hypersoft set
containing (®, J) is called the neutrosophic semi-hypersoft
closure of (®, ) and is denoted by NSHScl (O, J).
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NSHScl (@, §) = n{(£,6): (£6)2(®,F)and (£ ) € NSCHS (¥)}.
(11)

Theorem 25. Let (X,,7) be a NHTS and (0,),
(1, B) € P(®, X). Then, the following properties hold:
(i) NSHSint(Dy) = Dy and NSHSint(®, X) = (@, X)
(ii) NSHSint(®, §)< (0, )
(iii) NSHSint (0, {§) is the largest neutrosophic semiopen
hypersoft set contained in (O, F)
) If  (0,F)<(x,B), then
NSHSint(x, B)
(v) NHSHint (NHSHint (®, §)) = NHSHint (0, )
(vi) NHSHint (0, §) U NHSHint (y, B)SNHSHint[(O,
3V (x> B)]
(vii) NHSHint[(®, J) N (x, B)]SNHSHint (O, F) N
NHSHint (y, B)

NSHSint (0, §)c

Theorem  26. Let (X,7) be a NHTS and
(0,3), (x,B) € P(@, X). Then, the following properties hold:
(i) NSHScl(Dy) = Dy and NSHScl(®, X) = (@, %)
(ii) NSHScl(®, F)< (0, §)
(iii)) NSHScl(®, J) is the minutest neutrosophic semi-
closed hypersoft set that holds (©, )
(iv) If (®,3)<(x, B), then NSHScl (O, )
NSHScl (x, B)
(v) NHSHcl(NHSHcl(®, §)) = NHSHcl (O, )
(vi) NHSHcl(®, ) U NHSHcl (y, B)< NHSHcl
[(©,3)U (x,B)]
(vii) NHSHcI[(®, I) N (x, B)]c
NHSHcl(®, §) N NHSHcl (x,B)

Theorem 27. Every neutrosophic open (closed) hypersoft set
in a NHTS (X4, 1) is a neutrosophic semiopen (closed)
hypersoft set.

Proof. Let (®, ) be a neutrosophic open hypersoft set.
Then, NHint(®, ) = (0, ). Since (0, F)NH(O, ),

(0, F)SNHcl (NHint(®, §)).  Thus, (©,5) € NSOHS
(%). O
Theorem 28. Let (X,7) be a NHTS and

(0,3), (x,B) € P(®, X). If either (©,F) € NSOHS (X) or
(x> B) € NSOHS(X), then NHcl(NHint(®,F)n (y,B)) =
NHcl(NHint (O, ) N NHcINHint (y, B)).

Proof. Let (O, ), (x,B) € P(®, X). Then, we have
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NHcl(NHint(®, F) N (y, B))<

NHcl (NHint (0, ) N NHcINHint (y, 8))

11

NHcl (NHint (@, §) N NHcINHint (y, B))<

NHcl[NHcl (NHint(®, §)) N NHcl (NHint (y, 8))]

(12)

= NHcl[NHcl[NHint(®, ) N NHint (y, B)]]

= NHcl[NHcl [NHint [(®, F) N (y, B)]]]

CNHCcI[NHint (0, §) N (y, B)]

==NHc(NHint (0, §)) N NHcl (NHint (y, B))<NHcl (NHint (0, F) N (y, B)).

Thus, NHc(NHint(®, F)N (y,B)) = NHcINHint
(®,3) N NHcl (NHint (y, B)). O

Theorem 29. Let (X,,7) be a NHTS, (©,3) be a neu-
trosophic hypersoft open set, and (x,B) € NSOHS (X). Then,
(®,3)N (x, B) € NSOHS (X).

Proof. Let (®,J) be a NOHS set and (x,3B) be a NSOHS.
Then, (O, J)N (y, B)2NHint (0, F) N (y, B)) = NHint
(0, 3)N (1, B)<(O,3)N (x.B). Then, NHint((O,
3) N (1 B)<(O, F) N (x, B)SNHcINHint (O,  F) N (x,
B)). = (0, F) N (y, B)SNHcINHint ((®, F) N (x, B)).
Therefore, (0, )N (x,B) is a NSOHS. O

Proposition 5. Let (O, ) be a neutrosophic hypersoft set in
the NHTS (X4, 7). Then, (©, ) is NSCHS if and only if there
exists a NCHS set (&%) such that NHint(é,
3)<(0, )< (& J).

Proposition 6. Every neutrosophic hypersoft closed set is a
NSCHS set in a NHTS (X, 1), but the converse need not be
true.

Theorem 30. Let (®, J) bea NHS ina NHTS (X, 7). Then,
(0, 3) is NSCHS if and only if NHint (NHcl (©, §))< (O, F).

Proof. Suppose (0, ) is a NSCHS set; then, there exists a
NHCS(®,F) such that NHint(& §)<S(0,F)S(E ).
NHcl(®, F)SNHcl (§, F) = (£, 3).

Thus, NHint(NHcl(®, F))SNHint(§, F)<(0, F)=
NHint(NHcl (¢, §))< (O, F).

Conversely, let (0, J) be a neutrosophic hypersoft set in
(%X,, 7) such that NHint (NHcl(®, §))< (0, ).

Let NHcl(O, F) = (£, 3).

Then, NHint (0, )< (0, )< (&, F).

Thus, (O, ) is a NSCHS. O

Theorem 31. Let { (0,3)p: B¢ I} be a family of NSCHSs in
a NHTS (X, 7). Then, the intersection ﬂﬁd(®, S)ﬁ is a
NSCHS in (X4, 7).

Proof. Since each f € I, (®, F)g is a NSCHS.
Then, there exists a NCHS (¢, 3);; such that
NHint ( (, A)p)< (O, F)s¢ (& F);.

Thus, ﬂﬁEI(NHint((f, I N per (O, F)g N ger
(NHint ( (&, F)p))< N per (0, F)E N per (6, F)g- Consider
nﬁel(f’ S)ﬁ = (E) 3)

Then, (&, 5) is a NCHS, and hence, ﬂ/}d(®,3)ﬁ is a
NSCHS. O

Theorem 32. Let (O, ) be a NSCHS and (9, §) be a NCHS
in (X4, 7). If NHint (0, J)< (9, J)<(0, F), then (9, F) isa
NSCHS.

Proof. Since (©, J) is a NSCHS, there exists a NCHS (&, )
such that NHint (&, §)< (0, F)< (&, F). Then, (9, )< (&, F).
Also, NHintFHint (¢, §)SNHint (¢, §)SNHint (0, §). =

NHint(§, §)<(9, ).  Therefore, NHint (&, §)<(9, )<
&3
Hence, (0, ) is a NSCHS. O

Remark 5. For any NCHS (0, ), NSHScl (0, F) = (0, F).
And for any NOHS (, ¥), NSHSint({, ¥) = (¢, F)-

Remark 6. If (©,) is a neutrosophic hypersoft set in
(X4, 1), then NHint(®,J)SNSHSint(®, F)< (0O, F)<
NSHScl(®, F)SNH(O, ).

Theorem 33. Let (O, ) be a NHS in (X,,1). Then,
(i) (NSHSint (0, §))¢ = NSHScI((®, 5)°)
(i) (NSHScI(®, )¢ = NSHSint ((0, §))
(iii) NSHSint (FHint(®, §))\\ = NHint
(FSHSint (O, )) = NHint (0, )

(iv) NSHScl(FHcl(®, ¥)) = NHcl (FSHScl (0, )\
= NHcl(0©, )

Proof

(i) NSHSint (0, )< (0, §)= (0, )“< (NSHSint (0,
).
Since (NSHSint(®,F))¢ is a NSCHS, NSHSc
(0, §)“cNSHSc ( (NSHSint (0, §))¢) = (NSHS int
(©,3))°.
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Conversely, (0, J)“<NSHSc ( (0, F))==NSHScI
((0,3)9°c((0,3)9)° = (0, ).
NSHScl((@,S)C) being FSCHS implies that
NSHScl ((©, §)°)¢ is a FSOHS.

Thus, NSHScl ((©, §)¢)“cNSHSint (0, ).

And  hence,  (NSHSint(®, 3))°c (NSHSd
((®,F)9)9)° = (NSHSc((®, F)°)).

(ii) The proof is the same as that of (i).

(iii) NHint (0, ¥) is FOHS implying that it is FSOHS.
Therefore,
NSHSint (NHint (0, §)) = NHint (0, ).
Now, NHint (®, §)cNSHSint (0, ) = (O, ).
Thus, NSHSint (NHint (0, §)) = NHint (0, ).

(iv) NHcl(®, §) is neutrosophic closed hypersoft im-
plying that it is NSCHS.

Therefore, NSHScl (NHcl(©, §)) = NHcl (0, ).

Now, (0, F)SNSHScl (0, §)SNHd (O, ).

Hence, NSHScl(®, )SNHINSHScl ((0, F)\\<
NSHScl (O, ).

This implies NHcl (NSHScl (O, §))SNHcl(0, F). O

6. Application

In this section, we present a multiattribute group decision-
making (MAGDM) application of the NHS and NHS to-
pology using two different algorithms, and the results of
both algorithms are compared at the end. The algorithms
proposed in [36] are considered, and some of their tech-
niques are followed. Hypersoft sets are more feasible than
soft sets and are more advantageous to use for applications
since they can be dealt with more uncertainties. There are
many methods proposed for multiattribute group decision-
making applications, but the proposed method is feasible
than the methods which were proposed beforehand and
done by using the more advanced recent work.

6.1. Numerical Example. We propose to analyse the risk of
COVID-19 by two MAGDM methods described by Algo-
rithms 1 and 2 based on neutrosophic hypersoft sets and
topology. We have all been affected by the current COVID-
19 pandemic. However, the impact and consequences of the
pandemic vary depending on our status as individuals and
members of the society. We all find it difficult to be treated in
hospitals because COVID affects everyone regardless of age.
As a result, determining who should be treated first and
assisting the most affected in becoming cured are difficult.
The following method proposes methods for reducing the
risk and treating patients based on their high risk of virus
infection. Suppose that a committee of doctors have to give a
report on patients having risk of COVID-19 in a particular
area or hospital.

Let X = {p}, p»> P3> Pa» P5} be the patients reported to
the hospital. Suppose that the doctors consider the following
set of attributes: E = {e;, e,, 5, ,, 5}, where the attributes
are e; = age, e, =illness, and e; =symptoms of the patients.
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The attributes are subclassified as E; = {e;;, e}, €3,
e14 €15) = age, where ell is people of age 0 to 17, el2 is
people of age 18 to 44, el3 is people of age 45 to 64, el4 is
people of age 65 to 74, and el5 is people of age 75+.

E, = {e,1, €, €33, €54} = illness, where e, €22, e,3, and
ey4 represent the patients with diabetes and hypertension,
cardiovascular disease, chronic respiratory disease, and
cancer, respectively.

E; = {es;, €55, €33} = immune level, where €31, €32, and
€33 represent people with low, medium, and high level of
immune count.

E, = {eq, €4, €43} = symptoms, where ey is the person
having most common symptoms (fever, dry cough, and
tiredness), ey, is the person having less common symptoms
(aches and pain, sore throat, diarrhoea, headache, and loss of
taste or smell), and ey; is the person having serious
symptoms (shortness of breath, chest pain, and loss of
speech or movement).

Doctors divide the criteria into two subsets, 2 (category
1, for higher risk) and 8B (category 2, for medium risk).

Category 1: 2 represents attributes e; and e,

Category 2: B represents attributes e,, e;, and e,

First, we solve the problem by using the NHS-MAGDM
method as described in Algorithm 1.

Step 1: two NHSs, namely, (f, ) and (g, B) over X,
are constructed after receiving all the required data
from the committee.

(f, ) ={a, 2,05}, where o) = f(es,ep3),a =
f (e e43), anday = f (51, ey), and (g,B) = {ﬁpﬁza
Bsh, where By =gley,es,e43).0, = gley, e en),
and 85 = g(ey,, €35, €4;). The values for the NHS (f, )
and (g, B) are given in Tables 1 and 2.

Step 2: we are now constructing the NHS topology
given by 7={3, X, (f,A), (g, B)}, where &, X are
NHS empty and full sets. The neutrosophic hypersoft
open set (f, ) and (g, B) are formed in Tables 3 and
4, respectively, by taking the average for each element
from Tables 1 and 2.

Step 3: the score matrix of NHS sets (f, ) and (g, 3B)
is calculated in Tables 5 and 6, respectively.

Step 4: we are now calculating the decision table of
(f,A) and (g, B) by averaging the score values cor-
respondingly. Table 7 gives the decision values of
(f,) and (g,B).

Step 5: now, by adding the decision values of ( f, ) and
(g, B), we find the final decision value. Table 8 is the
required final decision table.

Step 6: using Table 8, the final ranking of the patients is
given by

P2> P3>Ps> P12 Py (13)

We see that patient 2 has the maximum value. So, patient
2 is selected for the immediate treatment.
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Step 1: input NHS(f, ) and (g, B).

Step 2: construct NHS topology 7 such that (f, ) and (g, 8B) are ONHS in 7. Construct the hypersoft open set ( f, ) such that, for
each element, the average is taken to form the table.

Step 3: calculate the score matrix corresponding to each ONHS. (f,2) denotes the neutrosophic hypersoft set; then, the
neutrosophic set (fy,2) in which each entry in the set fi (e) is the score function of the respective entries in the hypersoft
set f (e) is called the score matrix. For each hypersoft element f (x), s(f) = (1/n(f))z(p€f(x)<p is the score function of f (x), where
n(f) is the number of values in f (x).

Step 4: calculate the average of each ONHS for each p;, and let it be denoted by d; and ¢'. This is the decision table for each ONHS.
Step 5: add the decision table of ONHS (f,2) and (g, %). This is the final decision table.

Step 6: select the optimal alternative p; using max{d; + ¢,}.

ALGORITHM 1:

Step 1: input NHS (f,2) and (g,B).

Step 2: construct NHS topology 7 such that ( f, ) and (g, B) are ONHS in 7. Construct the hypersoft open set ( f, 2) such that, for
each element, the average is taken to form the table.

Step 3: calculate the score matrix corresponding to each ONHS. ( f, 2) denotes the neutrosophic hypersoft set; then, the neutrosophic
set (fp, ) in which each entry in the set f (e) is the score function of the respective entries in the hypersoft set f (e) is called the
score matrix. For each hypersoft element f (x), s(f) = (I/n(f))z¢ef(x><p is the score function of f (x), where n( f) is the number of
values in f (x).

Step 4: find the cardinality of all ONHSs by using C(f, ) = {Cf (a)/a: a € A}, where Cf (a) = ¥ ,ex f (p)/{X).

Step 5: find the aggregate fuzzy set of the score matrix by using |E|"M (o) = M (5,90 * Mg 591> Where My o0y, M (.90, and M s oy
represent the aggregate fuzzy matrix, score matrix, and transpose of the cardinal set, respectively.

Step 6: add (f,A)"and (g, B)" to find decision NHS.

Step 7: determine the optimal choice given by max{(f,20)" + (g,8)" (p)}.

ALGORITHM 2:

TaBLE 1: Values for (f,2).

(f,4) a [29) %3

X €31 €43 €32 €43 €31 €42

P (0.5, 0.4, 0.1) (0.1, 0.1, 0.1) (0.5, 0.3, 0.2) (0.1, 0.1, 0.1) (0.5, 0.4, 0.1) (0.8, 0.2, 0.1)
P2 (0.7, 0.2, 0.2) (0.7, 0.2, 0.1) (0.6, 0.4, 0.2) (0.7, 0.2, 0.1) (0.7, 0.2, 0.2) (0.6, 0.1, 0.2)
P (0.1, 0.4, 0.4) (0.8, 0.4, 0.2) (0.8, 0.1, 0.1) (0.8, 0.4, 0.2) (0.1, 0.4, 0.4) (0.5, 0.2, 0.1)
Da (0.1, 0.4, 0.1) (0.5, 0.2, 0.1) (0.1, 0.2, 0.1) (0.5, 0.2, 0.1) (0.1, 0.4, 0.1) (0.3, 0.2, 0.1)
ps (0.8, 0.3, 0.1) (0.6, 0.4, 0.2) (0.6, 0.2, 0.1) (0.6, 0.4, 0.2) (0.8, 0.3, 0.1) (0.4, 0.1, 0.1)

TaBLE 2: Values for (g, B).

B B, Bs

€21 €31 €43 €21 €32 €42 €22 €32 €41

p1 (0.8,02,01) (0.5, 04,01) (0.1,0.1,0.1) (0.8, 02 01) (0.5, 03,0.2) (0.8, 0.2 01) (0.4,0.2,0.2) (0.5 0.3,0.2) (0.9,0.,0.1)
p> (0.9,0.2,0.1) (0.7,0.2,02) (0.7,0.2,0.1) (0.9,0.2,0.1) (0.6,0.4,0.2) (0.6,0.1,02) (0.6,0.3,02) (0.6,04,02) (0.8,0.2,0.2)
ps (0.5,03,04) (0.1,04,04) (0.8, 0.4,0.2) (0.5 0.3,04) (0.8,0.1,0.1) (0.5 0.2, 0.1) (0.8,0.2,0.2) (0.8, 0.1,0.1) (0.6, 0.4, 0.2)
pa (0.6, 0.4,0.2) (01,04, 0.1) (05,02, 01) (0.6,0.4,0.2) (0.1,0.2,0.1) (03,02, 0.1) (0.7,0.3,0.2) (0.1,0.2,0.1) (0.5, 0.3, 0.2)
ps (03,02,01) (0.8,03,01) (0.6,0.4,0.2) (03,02 01) (0.6,02,01) (0.4,0.1,0.1) (0.4,0.2,0.1) (0.6, 0.2, 0.1) (0.6, 0.3, 0.2)

TaBLE 3: The tabular representation of ( f,2[).

X % a, [

P (0.3, 0.25, 0.1) (0.3, 0.2, 0.15) (0.65, 0.30, 0.1)
P2 (0.7, 0.2, 0.15) (0.65, 0.3, 0.15) (0.65, 0.15, 0.2)
s (0.45, 0.4, 0.3) (0.8, 0.2, 0,1) (0.3, 0.3, 0.25)
Da (0.3, 0.3, 0.1) (0.3,0.2,0.1) (0.2, 0.3, 0.1)

s (0.7, 0.35, 0.15) (0.6, 0.3, 0.15) (0.6, 0.2, 0.1)
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TaBLE 4: The tabular representation of (g, B).

X Py B, Ps
p (047,023, 01) (0.7, 0.23, 0.13) (0.6, 0.2, 0.17)
P2 (0.77, 0.2, 0.13) (0.7, 0.23, 0.17) (0.67, 0.3, 0.2)
ps (047, 0.37, 0.33) (0.6, 0.2, 0.2) (0.73, 0.23, 0.17)
Pa (0.4, 0.33, 0.13) (0.33, 0.27, 0.13) (0.43, 0.27, 0.17)
ps (057,03, 0.13) (0.43,0.17, 0.1) (053, 0.23, 0.13)
TABLE 5: Score matrix of (f,2).
X a, a, o
ya 0.217 0.217 0.35
P2 0.35 0.37 0.33
P3 0.38 0.37 0.28
Pa 0.23 0.2 0.2
Ps 0.4 0.35 0.3
TABLE 6: Score matrix of (g, B).
X P P Bs
P1 0.27 0.35 0.32
P2 0.37 0.37 0.39
Ps 0.39 0.33 0.38
Pa 0.29 0.24 0.29
Ps 0.33 0.23 0.29
TaBLE 7: Decision table.
(f>20) (9.%B)
d; Values e; Values
d, 0.261 e 0313
d, 0.35 e, 0.376
d, 0.34 e, 0.367
d, 0.21 e, 0.273
ds 0.35 es 0.283
TasLE 8: Final decision table.
d; +e Values
d, +e 0.574
dy +e, 0.726
dy + e 0.707
d, +e 0.483
ds + e 0.633
Using Algorithm 2, we are now solving the same
problem.

Steps 1, 2, and 3 are identical to those in Algorithm 1.
Step 4: the cardinal is computed by the formula given
above in the algorithm. The cardinal for (f,%) is

C(f, ) ={0.315,0.301,0.292}. (14)

Similarly, the cardinal for (g, B) is
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C(g,B) ={0.33,0.304, 0.334}, (15)

and the cardinal for empty and full sets is completely 0
and 1, respectively.

Step 5: we are now finding the fuzzy matrix aggregate
M (g

10.217 0.217 0.357
0.35 0.37 0.33|10.315
M (roy- =+ 0.38 0.37 0.28 [} 0.301

0.23 0.2 0.2 |L0.292

L 0.4 035 0.3
(16)
02367 [ 0.059 7
0.318 0.0795
1
=2 0.313 [ = 0.07825
0.191 0.04775
L 0.319 1 L 0.07975 J

Thus, we obtain aggregate fuzzy set (f, )" given by

(f, )" = {(p1,0.059), (p,,0.0795), (p3,0.07825), (py
0.04775), (ps,0.07975)}.

We can also find an aggregate fuzzy matrix, M (, @)

[0.27 0.35 0.327

0.37 0.37 0.39 |1 0.33
1

M ;) =1 0.39 0.33 0.38 ]| 0.304

0.29 0.24 0.29 |L0.334

[ 0.33 0.23 0.29 ]
1 0.35257 1 0.076 7
(17)
0.3649 0.091
1
=—1 0. =| 0.089 |
1 0.356
0.2657 0.066
[ 0.2758 1 L 0.0689 J

(9:8B)" ={(p1,0.076), (p,,0.091), (ps,0.089),

(P> 0.066), (ps,0.0689)}.

Step 6: now, by adding the aggregate fuzzy sets, we find
the final decision set (f,2A)" and (g,B)":
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TaBLE 9: Comparison of the final ranking obtained by both algorithms.

Method Ranking Optimal decision
Algorithm 1 P2>P3>Ps>P1> Py P2
Algorithm 2 P2>P3>Ps>P1> Py Py

(f, )" (p) ={(p1,0.059), (p,,0.0795), (p3,0.07825), ( p,, 0.04775), (ps,0.07975)}, (18)
(9.8B)" (p) ={(p1,0.076), (p,,0.091), (p3,0.089), (p,,0.066), (ps,0.0689)}.

Thus, {(£,20°(p) + (3.B)" (p)} = {(p,,0.135)

performed formal analysis, developed the methodology,

(P, 0.170), (ps,0.167), (p,,0.114), (ps,0.149)}.

Step 7: by using the optimal decision function
max{ (f,2)" + (g,B)" (p)}, we have the ranking of the
patients who are of high risk of COVID-19. The final
ranking according to Algorithm 2 is given by

P2>P3>Ps>P1> Pa (19)

6.2. Comparison Analysis. Using NHS, cardinal sets, score
matrices, and aggregate fuzzy sets, we produced two
MAGDM techniques. Table 9 provides a comparison of both
algorithms, showing the optimal alternative and results.
Both algorithms provide the same optimum decision, as can
be seen in the comparison table.

7. Conclusion

The idea of hypersoft sets is a newly emerging technique in
dealing with problems in the real world. Herein, we have
defined the new concept of semi-hypersoft sets of the fuzzy
hypersoft topological space. Then, it has been extended to
intuitionistic and neutrosophic semisets of intuitionistic and
neutrosophic hypersoft topological spaces along with basic
characterizations. Also, a real-life example in the current
scenario of COVID-19 to make decision on the critical stage
of medical diagnosis has been projected in MAGDM. This
hypersoft topological space will also be extended to Py-
thagorean hypersoft topological spaces, as well as various
forms of open sets, and more fuzzy topological space
properties will be investigated. The concept of open sets
introduced in this work may be extended to pre-, alpha-open
neutrosophic hypersoft sets and strong open neutrosophic
hypersoft sets based on which more such applications to
real-world problems can be explored.
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In order to simplify the complex calculation and solve the difficult solution problems of neutrosophic number optimization
models (NNOMs) in the practical production process, this paper presents two methods to solve NNOMs, where Matlab built-in
function “fmincon()” and neutrosophic number operations (NNOs) are used in indeterminate environments. Next, the two
methods are applied to linear and nonlinear programming problems with neutrosophic number information to obtain the optimal
solution of the maximum/minimum objective function under the constrained conditions of practical productions by neu-
trosophic number optimization programming (NNOP) examples. Finally, under indeterminate environments, the fit optimal
solutions of the examples can also be achieved by using some specified indeterminate scales to fulfill some specified actual
requirements. The NNOP methods can obtain the feasible and flexible optimal solutions and indicate the advantage of simple

calculations in practical applications.

1. Introduction

Traditional inventory models [1-4] and production planning
models [5-7] involve deterministic constrained functions
and/or objective functions in deterministic environments.
Nevertheless, uncertainty is nearly universal in real world.
Therefore, many uncertain optimization methods were
proposed for optimization problems with uncertain vari-
ables, interval numbers, stochastic, and fuzzy logics [8-15].
In many applied fields, such as management, engineering,
and design problems, uncertain programming has been
broadly carried out so far. In order to obtain the optimal
crisp values of the objective function and the optimal feasible
crisp solutions of the decision variables, the constrained
tunctions and/or objective functions are usually changed
into some crisp or deterministic programming problems in
existing uncertain programming approaches. So, the
aforementioned transformed methods are not really
meaningful indeterminate approaches because the real in-
determinate optimization problems can only indicate

indeterminate solutions rather than optimal crisp solutions
in indeterminate environments. Nevertheless, indeterminate
programming problems imply the corresponding indeter-
minate optimal values of the objective function and inde-
terminate optimal solutions for the decision variables under
indeterminate environments. So, it is necessary to find some
fit optimization approaches for dealing with indeterminate
programming problems with indeterminate solutions.

Smarandache [16-18] is a pioneer of indeterminacy
theories which provide the new minds to solve indetermi-
nacy problems. He adopted the imaginary value denoted by I
and then introduced a neutrosophic number (NN) z=x + yI
for x, y € R (R: the set of all real numbers) composed of the
determinate part x and indeterminate part yI. As for de-
scribing indeterminate and incomplete information, obvi-
ously, NNs in the indeterminacy theories are a useful
mathematical tool. With the development of indeterminacy
theories, NNs were also applied to fault diagnosis [19, 20]
and decision making [21, 22] under indeterminate
environments.


mailto:susanbwang@shu.edu.cn
https://orcid.org/0000-0002-9300-1808
https://orcid.org/0000-0002-0871-7984
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2021/6668711

Further, thick function or interval function named
neutrosophic function, neutrosophic precalculus, and neu-
trosophic calculus were provided by Smarandache [23] in
2015, where thick function e: S — E(S) (E(S) is the set of all
interval functions) as the form of an interval function e(x) =
[e1(x), ex(x)]. The indeterminate function was applied in
engineering problems successfully. For example, Ye et al.
[24, 25] and Chen et al. [26, 27] proposed expressions of
neutrosophic function and applied NNs in analyzing the
joint roughness coeflicient. Later, Ye [28] used neutrosophic
linear equations of NNs to solve traffic flow problems.

At present, neutrosophic linguistic numbers, hesitant
neutrosophic linguistic numbers, and their aggregation
operators were applied to multiattribute decision making
[29-31].

But in real situations, affected by each kind subjective
and objective reasons, such as absences of precise infor-
mation judged by decision makers or experts, loss of data,
and measurement errors, there exist some indeterminate
problems. As for the concepts of NNs, NN functions con-
taining indeterminacy I can represent the indeterminate
problems with partial certainty and partial uncertainty
under indeterminate environments. Ye [32] and Jiang and
Ye [33] introduced NN nonlinear and linear programming
models and their preliminary solution methods. However,
existing methods for solving complex NN optimization
problems imply some difficulty and calculational complexity
in their solution process. Inspired by the previous solution
methods, this paper first selects the models of practical
applications in production process, such as inventory
models and production planning models. Then, NN non-
linear and linear mathematical models and their solution
methods (Matlab built-in function “fmincon()” and oper-
ations of NNs) are built with indeterminacy I as our pre-
liminary application study. Finally, real examples of NN
linear programming (NN-LP) and NN nonlinear pro-
gramming (NN-NP) problems illustrate the feasibility of the
proposed methods. The advantage of the proposed methods
is that the optimization calculations are simple and effective
in practical applications.

The remainder of this paper is organized as follows.
Section 2 depicts some concepts and their operations of
NNs. Section 3 first introduces NN-NP problems with an
inventory mathematical model and model formation and
then uses two methods (Matlab built-in function “fmin-
con()” and operations of NNs) to solve the NN-NP problems
in indeterminate setting. Section 4 presents NN-LP prob-
lems with the production planning mathematical model and
model formation and then applies two methods regarding
the Matlab built-in function “fmincon()” and operations of
NNs to solve the solutions in the NN-NP problems and to
show the simplicity and effectiveness of the proposed NN-LP
methods. Conclusions and future research are provided in
Section 5.

2. Mathematical Preliminaries

2.1. Some Concepts and Their Operations of Neutrosophic
Numbers (NNs). The concept of NN was first proposed by
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Smarandache [34, 35], which consists of two parts (a de-
terminate part and an indeterminate part). He defined the
mathematical expression form z=x+ yI for x, y € R, where R
represents all real numbers and I is indeterminacy. So, it is
conveniently used in indeterminate environments.

For example, consider that a NN is z=13 + 5I. Then, its
determinate part value is 13 and its indeterminate part value
is 5I. When I € [0, 0.5], it is equivalent to z € [13, 15.5] for
sure z>13.

Let z;=x;+y,I and z,=x,+y,] be two NNs. Then,
Smarandache [34, 35] gave their operations of NNs in the
following:

(1) Z1+Z2=X1+ X + ()’1 +y2)I.

(2) z1- Zp=x1= X2+ (y1- y2) L.

(3) Z1 X Zp=X1Xy + (x1y2 + X201 +y1y2)1, in particular,
when z;=0 and z,=1, we get the equation with
0xI=0.

(4) 22=(x + D’ =x2+(2x, + y})], in  particular,
when z; =1, we get the equation with 2=1.

(5) zy/zy =x; + yiIlxy + y,] = x1/x, + X, ¥, —

X1 V2/%5 (x5 + y,) I for x, # 0 and x, # -y,

VEL = (VED A+ EF Y

VEr = (VD = EF )T

=X+ (VD + EF)D

—x + (Vx = X F I

(6) vz = Vxy + il =

2.2. Example

There are two NNs z, =5+ 31 and z, =2 + 5I. Then, we
can obtain the following results according to the above
operations:

1) z1+z=x1+%+ (1 +y2)[=5+2+(3+5)=7+8L

(2) Z 172 =X1—X + (}’1—)’2)I= 5-2+ (3—5)12 3-21.

(3) z 1X22:xle+(xly2+ny1 +y1y2)I:5X2+(5X5
+3%x2+3x5)I=10+46I.

(4) 22 = (i + D) =52+ + y)I=5"+(2x 5%3
+31 =25+391, 2% = (5 + 1,07 = %3+ (2,9, + ¥2)
[=2+(2%x2x5+5%)[=4+45].

(5) zylzy =x; + i 1lx, + y,] = x,/x%, + X%, 9, -X, V2 /X,
(X34 ¥,)I =5/2+2%x3-5%x5/2(2+ 5= 25-

1.35711.
V& = (VD + VE YD
_ _ I vE - E - yEEOD
© VE = T = X e Y Y
—VEL+ (VE - VR
V5 = (V5 +V5+3)I = 22361 — 5.06451
V5 = (V5 =5+ 3)I =2.2361 + 0.5924]
—/5 + (/5 +/5+3)I = -2.2361 + 5.06451
-5 + (/5 = V5 +3)I = -2.2361 — 0.5924]
V& = (VX + VE Ty
_ o _ ) V& - (VX - F )
VZ2 = VXt ol = —\/ic_2+(\/§c_2+1/§cz+§/2)l -
—VE + (V& - VX F )T
V2 = (V2 + V2 +5)1 =1.4142 — 4.06001
V2 = (V2 =2 +5)I =1.4142 + 1.23151
V2 + (V2 +V2+5)I = -1.4142 + 4.0600I
—V2 + (V2 = V2+5)] = -1.4142 — 1.2315]
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3. Neutrosophic Number Nonlinear
Programming (NN-NP)

3.1. NN-NP Mathematical Model. The usual mathematical
model of NN-NP is represented in the following form
[36, 37]:

Min F (x, I)

stgi(x,)<¢;, i=12..,p, 0
, 1

hi(x,1)=0, j=12..,q,

xeZ",

where g1 (x,1), g, (x, 1), ..., 9p (x,1),hy (x, 1), hy (x,1):
Z"—Z(Z is the set of all NNs), and I € [I*, IV](the interval
range of I).

3.2. Inventory Mathematical Model [38]

3.2.1. Notations. The following notations are used in the
inventory model.
Three decision variables:
(i) D: demand/unit/time
(i) Qp: production quantity/batch
(iii) Cs: setup cost/unit/time
Except the above cost variable CS, three other cost
variables are
(i) Cy,: total average cost/unit/time
(ii) Cyp: total production cost/cycle
(iii) Cp,: time depending on holding cost/unit/item
Other time and space variables:

(i) T: every cycle of length
(ii) Q(t): inventory level at time ¢ (t>0)
(iii) S: total storage space area

(iv) so: space area/unit/quantity.

3.2.2. Assumptions. The inventory model is developed by
considering the following assumptions:
(i) Only one item is involved in the inventory system.

(ii) The replenishment occurs with the near instanta-
neous response.

(iii) The startup time can be ignored.
(iv) The demand rate at any time is constant.

(v) The total production cost Cy, is related to the setup
cost CS and production quantity Qp.

(vi) Holding cost is the time depended function.

3.3. Model Formation. As shown in Figure 1, in every time
period T, the value of the production quantity Q(, decreases
from Q, to zero. The slope of the line is constant negative D
and denoted by (dQ(t)/dt) = -D(0<t<T).

Q(t) A

T 2T 3T

FiGure 1: Crisp inventory model.

The total average cost of the cycle T (denoted by C,,)
consists of three sections: setup cost (denoted by C,),
holding cost (denoted by C,), and production cost (denoted

Cu=C+C+Cs (2)

Because we have the equation Q(f) = Q,~Dt, we obtain
the cycle T, T = (QP/D).

_C, CD
1= T - Qp >
[yCQdr [ etQ(v)dr (eQ)/6D”)
C2 = 0 = 0 = (3)

T T T

2

o Gy fCIQ fD
’ C'Q,” 6D’

T T

Based on equations (2) and (3), we obtain the following
equation:

2
C.D eQ D
NS i | 4)

C pragn e
QP 6D Cst+y

So, the inventory model is constructed as follows:

2
. CD eQ, fD
s=p

(5)
s.t.5Q, <,

D, C,, Q,>0.

3.4. Solution Corresponding to Matlab Built-In Function
“fmincon()”. In order to conveniently calculate the solu-
tions, we simplify some parameters and set some con-
stants with history records, where e=18, f=5,x=1, y=3,
So=200, and S=1100. When we assume D =x;, C;=x»,
and Q,=x3, we can obtain the following mathematical
model:



. X%, 18x§ 5x,
Min C,, (x, %5, x3) = + +—
X, X5

X3 6x,
. . (6)
s.t. 200x; < 1100 with maximum allowable tolerance

400 x,, x,, x5 >0.

Assume a; =x;-40.4961, a, = x, + 0.0581, and a; = x3—2I;
then, equation (6) can be expressed in the following form:
5.£.200 (x3 — 2I) > 1100 with maximum allowable tolerance 400,
x; — 404961 > 0,

X, +0.0581 >0,
x3—=21>0.

(7)

According to the de-neutrosophication technique pro-
posed by Ye [39] and considering I=0 or 0.5 or 1 as the
minimum or moderate or maximum indeterminacy, we can
obtain three optimal solutions as follows:

a,a, 18“? 5a; (% + 1) (x, + p,1) 18(x3+y31)2

MinC,, (a;,a,,a;) = + + =
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(1) x7 =80.615, x5=0.097, x;=7.500, and f(x*,I)
=4.187 for I=0.

(2) x; =60.367, x;=0126, x3=6.5, and f(x*,I)
=4.343 for I=0.5.

(3) x; =40.119, x3=0.155, x;=5.5, and f(x",1I)
=4.525 for I=1.

Clearly, using the indeterminacy I€[0, 1], different
optimal results are revealed. The optimal solutions of the
optimization problem are x| = [40.119, 80.615], x; = [0.097,
0.155], and xj =[5.5, 7.5] for f(x*,I) =[4.187, 4.525],
which show the interval optimal ranges.

3.5. Solution Corresponding to Operations of NNs.
According to the front optimal solutions, we assume
a, = x, + y,]=80.615-40.4961, a, =x, + y,I =0.097 +0.058I,
and a; =x3—y3]=7.500-2I, and then we give the results by
equation (9):

5(x; + 1)

4
(/'13 6a1 a2a3

X3+ ¥l

6 (x; + 1) (x2+y21)(x3+y31)4

5(x; + y,1)

_Xi% T (%192 + X0, + y1p0)] + 3[x§ +(2x3y3 + yi)]] n

X3+ y3l

(x + 1) (%, + ,1) [X§ +(2x3y3 + yg)l]z

_Xi% T (%19 + X0, + Y1 30)] + 3[x§ +(2x3y3 + yg)l]

X3+ ¥l (%1 + 1)
. 5(x; + 1) (8)
2
(%, + }’21){";1 + [2(2x3y3 + yﬁ)xi +(2x3y3 + )’g) ]I}
i 2
X, [2(2x3y3 + yﬁ)xﬁ +(2x3y3 + )’g) ]
4 4
XpX3Y1 — X1 7 +)2X; [
2
5%, . A +y2[2(2x3y3 + J’g)xg +(2x3y3 +3) ] ),
xzxg xzx;l (%2 + y2) [(xg +y5(2x; + y3))(2x§ +2x3)3 + yg)]
18 (x5 + y5I)°
Because a, =80.615-40.496I, a,=0.097+0.058 I, and = M =2.093 +0.1691 (10)

a;=7.500-2I, we can get x;=380.615 y, =-40.496,
x,=0.097, y,=0.058, x3=7.5, and y;=-2. Then, we cal-
culate the three costs, respectively, as follows:

Setup cost:

C. = (51 + y11) (x5 + p,1) _
L= =

1.407 + 0.0871. (9)
X3+ y3l

Holding cost:

? 6(x, + y,1I)
Production cost:
_ 5(x; + y,1)
s =
(%3 + yoI) (x5 + J’3I)4

Then, we add the three costs and obtain the total cost C,,
with equation (2) as follows:

= 1.047+0.082]  (11)
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C,=C +C,+Cs= (%, +y11)(x2+y21)+ 18 (x5 + ys 1)’

5(x; + y,1)

X3+ ysl

(%2 + yoI) (25 + )’31)4

6(x, + y,1I)

(12)

= (1.047 + 0.087I) + (2.093 + 0.169I) + (1.047 + 0.082I)

=4.187 + 0.3381.

So, the calculational results validate that the same so-
lution is obtained by using the two methods of both the
Matlab built-in function “fmincon” and the operations of
NNs, which are x} =[40.119, 80.615], x5 =[0.097, 0.155],
and xj =[5.5, 7.5] for f(x*,I) =[4.187, 4.525]. We also
obtain every cost C; = [1.047, 1.134], C,=[ 2.093, 2.262], and
C;=[1.047, 1.129], which are the interval optimal ranges.

4. Production Planning Mathematical Model

4.1. NN-LP Mathematical Model. The usual mathematical
model of NN-LP is similar to mathematical model (1), so we
omit it.

4.2. Production Planning Mathematical Model

4.2.1. Notations. The following notations are used in the
production planning model.
Nine decision variables:

(i) a, to a4 product quantities of six plans of type I
(ii) a; to ag: product quantities of two plans of type II
(iif) ay: product quantities of two plans of type III

Objective function:

(1) b: maximum profit

4.2.2. Assumptions. The production planning model is de-
veloped by considering the following assumptions:

(i) Every product must pass two working procedures: A
and B.

(ii) The startup time of two working procedures can be
ignored.

(iii) Product quantities are only affected by validity time
of machines.

(iv) The demand rate at any time is constant.

4.3. Model Formation. As shown in Table 1, we consider an
application in production planning studied by Hu [40]. A
company manufactures three types of products: Types I, II,
and III. All types must pass two working procedures: A and
B. We consider that procedure A can be operated on ma-
chine A; or A, and procedure B can be operated on the
machines B;, B,, and B;. Type I can be operated on all
machines of procedure A and procedure B; Type II can be
operated on all machines of procedure A and only machine
B, of procedure B; Type III can be operated on only machine
A, of procedure A and machine B, of procedure B. Our aim
is to schedule the optimal production planning, which can
pursue for the maximum profits. All used data are listed in
Table 1, including required procedure time of every working
procedure, processing fees, material cost, and selling price
per unit. So, Type I has six plans to produce products, along
with (A, B;) or (A}, B,) or (A}, Bs) or (A,, B;) or (A,, B,) or
(A,, Bs), respectively. Similarly, we consider the product
quantities of the six plans a,, a,, a;, a4, as, and a,, re-
spectively. Type II has two plans to produce products, along
with (A;, By) or (A, B;), and Type III has one plan to
produce products, along with (A,, B,). We consider the
product quantities of the remaining three plans a,, ag, and
aq, respectively. So, we can get the following objective
function.

b =[(1.20 + 0.03) — (0.23 + 0.03I)] x (a, + a, + as + a, + as + ag) + [(1.60 + 0.5I) — (0.30 + 0.071)]

x (a; + ag) +[(2.30 + 0.3I) — (0.30 + 0.05I)] x a9 — (0.04 + 0.02I) x [(4.5+ 1.7I) X (a; + a, + a;) + (8 + I) x a,]

—(0.02 +0.01I) X [(0.67 + 0.81) x (a, + as + ag) + (8.6 + 1.4I) x ag + (11 — I) x a,] — (0.05 + 0.02I) (13)

x[(5.6 = 0.1I) x (al + a4) + (7.8 + 1.2I) x (a, + ag)]| — (0.10 + 0.02I) x [(3.5 + 2.5I) x (a, + as) + (10 + 2I) X a,|

—(0.04 +0.02) x [(6.7 + 1.3) x (a5 + ag)]-

So, we get the followed production planning mathe-
matical model:
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TasLE 1: All data of three types of products.

) Product e . . .
Machine I " - Validity time (hours/machine) Processing fees ($/hour/machine)
A, 4.5+ 1.71 8+1 — 5600 + 7001 0.04 +0.021
A, 6.7+ 1.81 8.6+ 141 11-1 9000 + 7001 0.02+0.011
B, 5.6-0.11 7.8+ 1.21 — 3700 + 11001 0.05+0.021
B, 3.5+2.51 — 10+21 6000 + 10001 0.10 +0.021
B3 6.7+ 1.31 — — 3500 + 15001 0.04 +0.021
Material cost ($/piece) 0.23+0.03] 0.30+0.07I 0.30+0.05] . o
Selling price ($/piece)  1.20+0.03]  1.60+0.5]  2.30+0.3]

max b

st (45+ L.71) x (x; + x5 + x3) + (8 + I) x x7 <5600 + 7001,

(6.7 + 1.8I) X (x4 + x5 + x¢) + (8.6 + 1.4I) x xg + (11 — I) X x4 <0.02 + 0.01],

(14)

(5.6 = 0.11) x (x; + x,) + (7.8 + 1.2I) X (x; + x4) <0.05 + 0.021,

(3.5+2.5I) X (x, + x5) + (10 + 2I) X x4 <0.10 + 0.021,

(6.7 + 1.31) x (x5 + x4) < 0.04 + 0.021.

4.4. Solution regarding Matlab Built-In Function “fmincon()”.
According to the de-neutrosophication technique proposed
by Ye [37] and considering I=0 or 0.5 or 1 as the minimum
or moderate or maximum indeterminacy, we can obtain
three optimal solutions as follows:

(1) x; =0, x}=778.508, x}=465936, x;=0, xi=
677.953, X! =56.452, xi=0, x=474.359, x =0,
and f(x*,I) =1297.389 for I=0.

(2) x; =0, x5 =0, x5=578.231, x; =0, xZ=0, x{ =0,
xt=167.732, x;=338221, x;=590.909, and
f(x*,I) =940.871 for I=0.5.

(3) x7 =0, x5 =0, x5 =625, x; =0, xI =0, x; =0, xj =
146.667, x; =386.667, x5 =583.333, and f(x*,1)
=762.717 for I=1.

Clearly, using the indeterminacy I€[0, 1], different
optimal results are revealed. The optimal solutions of the
optimization problem are xj=[0, 0], x5 =[0, 778.508],
x% = [465.936, 625], x} =[0, 0], xI =[0, 677.953], x; =0,
56.452], x5 = [0, 146.667], x; = [386.667, 474.359], andx; =
[0, 583.333] for f (x*,I) =[762.717,1297.389], which shows
the interval optimal ranges.

4.5. Solution regarding Operations of NNs. According the
front optimal solutions, we next calculate the nine relation
formulas of the indeterminacy I and variables a,, a,, as, a,,
as, dg , a;, dg, and a,. For example, let us calculate
a; =465.936 + 159.0641. Firstly, according to three points (0,
465.936), (0.5, 578.231), and (1, 625), we obtain the linear
equation (a; =159.06I +476.86). Next we amend the inter-
cept of trend curve on the vertical coordinate. The other
linear equations are obtained in the same way. So,
a;=x;+yI1=0+0I=0, a,=x,+y,I=778.508-778.5081,
az=x3+y31=465.936 +159.064], a,=x4+yJJ=0+0I=0,

as =xs5+ys]=677.953-677.9531, ag =Xs+yel =56.452
—56.4521, a;=x;—y,1=0+146.667], ag=xs+ysl=474.359
—87.6921, and ay = X9 + yoI = 0 + 583.3331; then, we calculate
the results of equation (13) as follows:

b=[(1.2+0.03]) - (0.23+0.03)] x (a, +a, +a; +a, +as
+ag) + [(1.60+0.5) — (0.30+0.071)] x (a, +ag) +[(2.30+
0.3I) — (0.30+0.05I)] x aq—(0.04+0.02I) x [(4.5+ 1.7]) x
(a, +ay+as) + (8+I)xa,] — (0.02+0.011) x [(6.7 + 1.8]) x
(ag+as+ag) + (8.6+1.40) x ag + (11 — I) x ag] — (0.05+
0.021) x [(5.6 - 0.1]) x(a, + ay)+(7.8+1.2]) x (a; +ag)] -
(0.10+0.02) x [(3.5+2.5)x(a, + as) + (10+2I) xay] -
(0.04 +0.021) x [(6.7+1.3I) x (az+ag)] = 0.97 x(a, +a, +
as+a,+as+ag)+(1.30+0.431) x (a, +ag) + (2.0 +0.25]) x
ag—(0.04+0.02]) x [(4.5+1.7]) x(a; + a,+a;)+(8+])x
a;]—(0.02+0.011) x [(6.7+1.8]) x (as+ a5+ ag) + (8.6 +
1.4I) x ag + (11 - I) X ag] — (0.05 + 0.02I) x [(5.6 - 0.1I) x (a,
+ay)+(7.8+1.21) x (a; +ag)] — (0.10 + 0.02I) x [(3.5+2.5])
x (ay +as)+(10+2I) x ay] - (0.04 + 0.02I) x [(6.7 + 1.3]) x
(a3 +ag)] =097 x(a, +as+as+ag) + (1.30+0.431) x (a, +
ag) +(2.0+0.25I) x ag — (0.04 + 0.02I) x [(4.5+ 1.7]) x (a, +
as)+(8+1)xa;]—(0.02+0.011) x [(6.7 + 1.8]) x (a5 +as) +
(8.6+1.4)xag+(11-1)xaye] — (0.05+0.02I) x [(7.8 + 1.2])
x (a; +ag)] — (0.10+0.021) x [(3.5+2.5) x (a, + as) + (10 +
2I) X ag] — (0.04 +0.02I) x [(6.7 + 1.31) x (as+ag)] = 0.97 x
(778.508 — 778.5081 + 465.936 + 159.0641 + 677.953 —
677.9531 + 56.452 - 56.452I) + (1.30 + 0.431) x (0 + 146.667I
+474.359 — 87.692I) + (2.0 + 0.25I) x (0 + 583.3331) — (0.04
+0.021) x [(4.5+ 1.71) x (778.508 — 778.508] + 465.936 +
159.0641) + (8 +I) x (0 + 146.6671)] — (0.02 + 0.011) X [(6.7 +
1.81) x (0 + 677.953 — 677.9531 + 56.452 — 56.452]) + (8.6 +
1.4) x (474.359 — 87.692I) + (11 — I) x (0 + 583.3331)] —
(0.05 + 0.021) x [(7.8 + 1.2I) x (0 + 146.667] + 474.359 —
87.692I)] — (0.10 + 0.02) x [(3.5+2.51) x (778.508 —
778.5081 + 677.953 — 677.9531) + (10 + 2I) x (0 +583.3331)]
— (0.04 + 0.021) x [(6.7 + 1.3]) x (465.936 + 159.064] +
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56.452 —56.452I)] = 0.97 x (1978.849 — 1353.8491) + (1.3 +
0.431) x (474.359 + 58.975I) + (2 +0.25I) x (0 + 583.3331) —
(0.04 + 0.02I) x (5599.998 — 404.995I) — (0.02 + 0.011) x
(9000.001 + 699.99911) — (0.05 +0.02I) x (3700 + 1100.0061)
—(0.10+0.02I) x (5097.614 + 1902.383I) — (0.04 + 0.02I) x
(3500 + 15001) = 1919.484 — 1313.2341 + 616.6667 + 306.0011
+1312.4991 —224 —-87.71 — 180 — 111.000I — 185 —509.761
—330.2381 - 140 -160.0001 = 1297.389 — 534.6721.

So, these calculational results validate that the same
solution is obtained by using the two methods of both the
Matlab built-in function “fmincon()” and the operations of
NNs, which are x} = [0, 0], x 5 =[0, 778.508], x} =[465.936,
625, x; = [0, 0], x% = [0, 677.953], x; = [0, 56.452], x3 = [0,
146.667], x;, = [386.667, 474.359], andx; = [0, 583.333] for
f(x*,I) =[762.717, 1297.389] and show the interval opti-
mal ranges.

5. Conclusion

This paper first introduced some concepts and their oper-
ations of NNs with indeterminacy I. Next, we built a
mathematical model with constrained conditions and then
constructed the corresponding inventory model and pro-
duction planning model. Finally, we obtained the optimal
solutions by using the two methods of the Matlab built-in
function “fmincon()” and the operations of NN to solve the
NN-NP and NN-LP problems with constrained conditions
as preliminary application study in indeterminate setting.
The final results show that the two methods obtained the
same effective solutions, but the former needs the Matlab
built-in function along with the simple calculational process,
while the latter needs a lot of operations of NNs along with
the complex calculational process. Some contributions in
this study are that (1) different methods can obtain the same
optimal results, (2) the NN-NP and NN-LP methods pro-
vided the new application ways for engineering manage-
ment, (3) the NN-NP and NN-LP methods are more suitable
than other ones under uncertain environments as the
generalization of traditional programming methods, and (4)
the two approaches can obtain the interval solutions for
avoiding determinate solutions of traditional programming
methods.

Obviously, the proposed NN-LP and NN-NP methods
can handle indeterminate and/or determinate mathematical
programming problems, which are the generalization of
existing uncertain or certain linear and nonlinear pro-
gramming methods. As the preliminary application study in
this paper, however, there exist a lot of mathematical so-
lution methods and proof problems along with some
complexity/difficulty in the nonlinear programming prob-
lems which need to be studied further. Hence, as our future
works, one is to further analyze the two presented methods
of this paper from the mathematical problems, such as the
convexity problem in the nonlinear programming, the
stability and solution range problems regarding the
changeability of NNs, and the sensitivities of NNs on the
solution results, and then NN-LP and NN-NP approaches
will be extended to other fields, such as engineering design
and management science.
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The decision-making trial and evaluation laboratory (DEMATEL) has been used to solve numerous multicriteria decision-making
(MCDM) problems, where real numbers are utilised in defining linguistic variables. Although the DEMATEL has shown its
success in solving many decision-making problems, researchers have not fully understood how the DEMATEL works on non-
real-number linguistic variables. Recent discovery of single-valued neutrosophic sets (SVNSs) can offer a new method to solve
decision-making problems, where three memberships of SVNSs are used to define experts’ linguistic judgment. This paper aims to
propose a novel MCDM method, where SVNSs and the DEMATEL are fully utilised. Different from the DEMATEL, which
directly utilises real numbers, this proposed method introduces SVNSs to better deal with truth, indeterminacy, and falsity in
solving MCDM problem. As an application of the proposed method, subcontractors’ selection problem is investigated using the
proposed method, where four types of criteria are developed. A group of experts were invited to provide opinions and linguistic
judgment regarding the degree of influence between criteria of subcontractors’ selection. The linguistic evaluations defined in
SVNSs were computed using the eight-step procedures of the proposed method. Based on the degree of influence, the com-
putational results successfully segregated all ten criteria into four types, in which two to three criteria are grouped in each type. The
results also suggest that “Experience” and “Quality” are the most influential criteria in subcontractors’ selection. The segregation
based on degree of influence would be greatly significant for the practical implementation of the subcontractors’ selection.

concept of contextual relationships and the strengths of
influence among the elements or criteria [1]. This method
has been applied in analysing and developing the cause-and-

The decision-making trial and evaluation laboratory
(DEMATEL) method is one of the many multicriteria de-
cision-making (MCDM) methods available in literature. The
DEMATEL was initially developed by the Science and
Human Affairs Program of the Battelle Memorial Institute of
Geneva between 1972 and 1976 to resolve the complicated
and intertwined problems. Compared with other MCDM
techniques such as the analytic hierarchy process (AHP),
where evaluation criteria are independent, this method is
one of the structural modelling techniques that can identify
the interdependencies of criteria through causality diagram
and unidirectional analysis. The causal diagram uses di-
graphs rather than directionless graphs to portray the basic

effect relationship among evaluation criteria [2]. In other
words, the DEMATEL is used to derive interrelationship
among evaluation criteria or factors [3]. In other words, the
DEMATEL is a comprehensive method for developing a
basic model that contains causal connections between a
number of complex criteria of decision problems. Using the
DEMATEL, all evaluation criteria are partitioned into two
groups, in which the first group is known as cause group and
the second group is called as effect group. Owing to these
positive features, the DEMATEL has been successfully ap-
plied in many recent decision-making problems (see [4-7]).
It is good to note that pairwise comparisons between criteria
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in DEMATEL are measured using a scale of real numbers
accompanied by five linguistic terms.

Despite all these advantages, the linguistic terms used in
DEMATEL suffer from several limitations. The linguistic
scales based on real numbers are insufficient to provide a
good evaluation or judgment because information is regu-
larly exorbitant and, more importantly, many are vague and
incomplete. In addition, elicitation of decision-makers’
opinions using these linguistic scales could be misconstrued
due to the restricted or incomplete information. In fact, the
fuzziness in decision-makers’ opinions or insufficient
knowledge about an issue could make the decision-making
process complicated [8]. In response to the limitation in
dealing with incomplete information, neutrosophic sets
were introduced [9]. A year later, neutrosophic sets were
extended to single-valued neutrosophic sets (SVNSs) as to
ease their applications to real scientific and engineering areas
[10]. With the simplicity of SVNSs, these sets have been
assimilated with other scientific knowledge such as aggre-
gation operators, correlation studies, score functions, dis-
tance, and similarity measures. Ye [11], for example,
presented the correlation coefficient between SVNSs and
applied the proposed method to an illustrative example.
Peng et al. [12] pointed out that some SVNS operations
defined by Ye [11] may also be invalid and they defined novel
operations and aggregation operators and applied them to
similarity-measures problems. Peng et al. [13] also defined
the multivalued neutrosophic sets and proposed two ag-
gregation operators for the sets. Liu and Wang [14] defined a
normalised weighted Bonferroni mean aggregation operator
of SVNS. Sahin and Kiigiik [15] proposed the concept of
neutrosophic subsethood based on distance measures for
SVNSs. Majumdar and Samanta [16] studied the notions of
distance and several similarity measures between two SVNSs
as well as entropy of a SVNS. A hybrid model of score
accuracy functions and SVNS was developed by Mondal and
Pramanik [17], where this hybrid model was applied in
teacher recruitment. Ye and Fu [18] proposed similarity
measures between SVNSs based on tangent function and
applied them to medical diagnosis problems. Very recently,
Zhao et al. [19] and Tian et al. [20] proposed some new
power Heronian aggregation operators for SVNNs and
introduced a novel decision-making method using the
proposed operators. Garai et al. [21] presented a new ranking
method of SVN numbers based on possibility theory for
solving a decision-making problem. The concept of possi-
bility mean of SVN numbers was defined and the properties
of single-valued trapezoidal neutrosophic (SVTN) numbers
were studied. Finally, they developed a new ranking ap-
proach using the concept of weighted possibility mean, and
Qin and Wang [22] studied the similarity and entropy
measures of SVNS by proposing the axiomatic definitions of
similarity and entropy for single-valued neutrosophic values
(SVNVs) with respect to a new kind of inclusion relation
between SVNVs. On the basis of Hamming distance, cosine
function, and cotangent function, three similarity measures
and three entropies for SVNVs were constructed. Other
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related researches about SVNS and its application in mul-
ticriteria decision-making, matrices operations, and similarity
measures can be retrieved from [23, 24] and [25], respectively.
It can be seen that all these related researches have discussed
the theoretical decision analyses or pattern recognition
methods such as similarity measures, entropy, accuracy
functions, aggregation operators, and distance measures
without really applying to a real case data or experiment.

Turning now to related research of neutrosophic sets
integrated with a specific MCDM method, Nabeeh et al. [26],
for example, developed an integration of AHP-triangular
neutrosophic numbers and applied it to estimate influential
factors for a successful IoT enterprise. Abdel-Basset et al.
[27] proposed a novel type-2 neutrosophic number-TOPSIS
strategy by combining type-2 neutrosophic numbers and
TOPSIS for supplier selection. Abdel Basset et al. [28]
proposed an integration of bipolar neutrosophic numbers
with Technique for Order Preference by Similarity to Ideal
Solution (TOPSIS) and applied it to medical device selection.
However, the extent of integration between specific type of
neutrosophic sets and DEMATEL is yet to be fully under-
stood. The following section provides a brief of latest re-
search that elucidates the merging of neutrosophic sets and
DEMATEL. These reviews would provide an insight into the
research gap between the recently published works and the
proposed work.

2. Related Research and Identification of
Research Gap

This section summarises the latest research that elucidates
the integration of neutrosophic sets and DEMATEL. These
reviews highlighted the type of neutrosophic numbers used,
the integration of DEMATEL with other methods, and the
fields of applications. Table 1 provides the recent researches
that were carried out as well as research gaps.

It seems that little information is available on direct
integration of SVNS linguistic variables to DEMATEL
method. In addition, there were no researches that applied to
subcontractors’ selection and, more importantly, the ab-
sence of quadrant analysis in the analysis of their respective
applications. To bridge these research gaps, this paper aims
to propose an integration of SVNS and the DEMATEL
(SVN-DEMATEL), where linguistic variables defined in
SVNS are merged into the DEMATEL procedures. The
integration of DEMATEL and SVNS ensued when linguistic
variables used are now defined in three independent
memberships of SVNS. In the SVN-DEMATEL framework,
the eight-step computational procedures are characterised
by truth-membership function, indeterminacy-membership
function, and falsity-membership function. To illustrate the
proposed method, a case of subcontractors’ selection is
investigated, where a quadrant analysis supplemented the
other typical analysis in DEMATEL. Detailed descriptions of
the subcontractors’ selection problem, related definitions of
SVNS, and the proposed SVN-DEMATEL method are
presented in the subsequent sections.
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TaBLE 1: Summary of related researches and research gaps.

Authors Type of NS Method DEMATEL Application Research gap
Nabeeh Neutrosophic DEMATEL method and . Did not consider SVNS
. Technology selection process .
[29] sets data envelopment analysis -No quadrant analysis
Abdel- Trapezmda.l Integration of DEMATEL . . An integration method
Basset neutrosophic Project selection .
and TOPSIS No quadrant analysis
et al. [30] number
Awang n;ftfrt(_):i)gh}:ic Multiplicative inverse of Coastal erosion Hocused Onrilr:'g;((wmg e
et al. [31] p decision matrix in DEMATEL .
numbers No quadrant analysis
Trapezoidal Many other methods were integrated
Tan and ?uzz DEMATEL, fuzzy distance, Tyohoon disaster evaluation to DEMATEL
Zhang [32] Y and linear assignment method P Did not consider SVNS
neutrosophic .
No quadrant analysis
Tian Smgle—value.d DEMATEL with quality Market segment evaluation -An integration of DEMATEL with
neutrosophic . . two other methods
et al [33] function deployment TODIM and selection .
sets No quadrant analysis
Feng Neutrosophic  DEMATEL with VIKOR, TOPSIS, Photovoltaic plan selection e lnti%rritéo(i}?jr]fxlﬁgf b
et al. [34] sets and ELECTRE III P

No quadrant analysis

3. Preliminaries

In light of the idea of big data as branch of information
theory, it is essential to have a tool that can be used for
managing vulnerability and irregularity of information.
Therefore, Wang et al. [10] coined the concept of SVNS
because SVNS is a subclass of the neutrosophic set and is
very valuable in engineering application models. To ease the
computation of SVNS in real-life applications, theoretical
operations between two SVNSs are defined and some
fundamental properties of these tasks are studied. This
section provides the related definitions of SVNS and its
operations.

Definition 1 (see [9]). Let X be a space of points (objects)
with generic elements in S denoted by x. A neutrosophic set
S in X is characterised by truth-membership function T's (x),
indeterminacy-membership function Ig(x), and falsity-
membership function Fg(x). The functions
Ts(x),Ig(x)and Fg(x) are real standard or nonstandard
subsets of ]07,1*[. That is, Tg(x)— 107,17,
I¢(x) — ]07,17[, and Fg(x) — ]07,1%[. Thus, there is
no restriction on the sum of Tg(x),I¢(x)andF¢(x), so
0™ <supT(x) + suplg(x) + sup Fg(x) <3*.

Obviously, it is difficult to apply in real scientific and
engineering areas because of the nonstandard subsets of
neutrosophic set. Hence, Wang et al. [10] introduced the
definition of SVNS as follows.

Definition 2 (see [10]). Let X be a space of points (objects)
with generic elements in X denoted by x. An SVNS S in X is
characterised by truth-membership function T¢(x), inde-
terminacy-membership function Ig(x), and falsity-mem-
bership function F(x). Then, an SVNS S can be denoted by
S={(x,Tg(x),I(x),Fg(x))x € X}, where Tg(x),I(x),
F(x) € [0,1] for each point x in X. Therefore, the sum of
Ts(x),Ig(x)and Fg(x) satisfies the condition 0<Tg(x)+
Ig(x) + Fg(x)<3.

In decision-making, human language, commonly re-
ferred to as linguistic variables, is normally used. Ratings of
criteria of decision problems can be expressed using lin-
guistic variables that can be transformed into SVNNs. These
SVNNSs are a subset or a special case of SVNSs and defined as
follows.

Definition 3 (see [10]). If an SVNS S can be denoted by
S={(x,Tg(x),Ig(x), Fg(x))x € X}, where Tg(x),Is(x),
Fy(x) € [0,1] for each point x in X and the sum of
T(x),Ig(x)and Fg(x) satisfies the condition 0<Tg(x)+
Is(x) + Fg(x) <3, for convenience, a=(TI3F) to rep-
resent a SVNN.

These three membership functions work under specific
arithmetic operations. The basic arithmetic operations of
SVNN s are defined as follows.

Definition 4 (see [14]). Arithmetic operations between two
SVNNSs are defined as follows.

Let x = (T'},I,,F,) and y = (T,,I,,F,) be two SVNNs;
then the arithmetic operations are defined as follows:

)xey=(T,+T,-T,,T,,1,,1,,F,F,)

(i) x® y = (T,T,, I, + I, ~ I, I,,F, + F, — F, F,)

(iii) Ax = ((1- (1-T)" 1}, F})

(iv) x* = (T 1= (1= 1) 1- (1= F})

Definition 5 (see [10]). If x= (T4, 1, F,) and y=(T,,I,,F,)
are two SVNNSs, then some properties of set theoretic op-
erators are defined as follows:

(i) Commutative:
xUy=(T,I,,F)U(T,,1,,F,)= (T, 1,,F;))U
(Ty,I,,F))=yux

(ii) Idempotent:
xUx=(T,,I,F))U(T,,I,,F,)=(T},I,F))=x,
yNy= (T, 1, F)N (Ty, 1, F) = (T, I, Fy) =y



(iii) Absorption: xUxny= (T,,I;,F,)U (T},I,,F,)Nn
(T, 1,,F,)=(Ty,I,F;)=x

(iv) De Morgan’s laws: k (xUy)=k ((T,,I,,F,)nk
(T 1,,Fy));  k (xny)=k  (T},I,,F))Uk
((T,,I,,F,)), where k is a constant

(v) Involution: k (kK (x))=k (k
F\))=(T,,I,,F,)=x, where k is a constant

(T, 14,

The definitions of complement, union, and intersection
of SVNS satisfy most properties of sets. In this paper, the
SVNS is integrated with the DEMATEL with some of the
above definitions and properties being prevalently used in
the computational procedures. Detailed description of this
integration is presented in the following section.

4. Proposed SVN-DEMATEL

The algorithm of DEMATEL, proposed by Fontela and
Gabus [35] and Gabus and Fontela [36], is used as a basis in
proposing the SVN-DEMATEL. Different from DEMATEL
where real numbers are used in defining linguistic scales, the
proposed method used SVNSs instead. Several new inno-
vations are made in this proposed method compared to the
DEMATEL and the existing SVN-DEMATEL. Apart from
substitution of real numbers with SVNS, the proposed
method also includes relative importance of decision-
makers’ weight. The importance of each decision-maker is
measured using the proportion equation proposed by Boran
et al. [37]. Instead of taking equal weights for decision-
makers, this proposed method introduced relative weights,
where each decision-maker has different weight. Another
innovation is the way of transforming SVNN into real
numbers. In this proposed method, the concept of average
using the equation proposed by Radwan and Fouda [38] is
used. The three memberships of SVNS are averaged to obtain
areal number. This step would avoid the invalidity of finding
multiplicative inverse of matrix in DEMATEL. Detailed
discussion of validity of multiplicative inverse matrix can be
retrieved from Awang et al. [31]. Different from most of the
DEMATEL-based methods where the last computational
step is drawing a causal-effect diagram, this proposed
method extends with another step to establish four types of
criteria. In summary, the framework of the proposed
method is illustrated in Figure 1.

This flowchart is translated into stepwise algorithm. Our
proposed algorithm of SVN-DEMATEL is presented as
follows.

Step 1. Construct direct-relation matrix (DRM).

Each DM judgment is collected and pooled into a direct
relation matrix X, (total number of criteria is n) which is
an assessment of interrelationship between elements uti-
lising a 5-linguistic rating scale. The table indicates the
interrelationship of selection of subcontractors and per-
formances on each other.

Step 2. Find relative weights of decision-makers.
Each decision-maker’s judgment has a particular weight
that must be considered to determine total averaged crisp
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|Obtain the individual direct relation matrices (DRM) | B

| Find relative weights of DMs |
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| Construct the total-relation matrix |

¥

| Plot the causal diagram |

'

| Segregate the criteria into four types |

FiGUre 1: Framework of the proposed method.

matrix. As the work experience and knowledge of decision-
makers’ fluctuate, we assume distinctive overall weights for
decision-makers’ opinions in deciding the total averaged
crisp matrix. Table 2 shows the linguistic variable used for
relative importance weights of decision-makers and its re-
spective SVNN.

Assume that A, = (T, I, F;) is the SVNN for relative
importance weights of kth expert. The value of kth expert can
be obtained using the following equation:

_ Tk (x) +Ik (X)((Tk (x)/Tk (x) +Fk (x)))
Y T (%) + I ()((T (X)/ T (x) + Fy.(x)))

where 1, >0, Z;C:l A =1

(1)

k

Step 3. Construct aggregated DRM.

Each decision-maker’s opinions need to be aggregated to
assemble a collective neutrosophic set decision matrix. Let
foj = (Tf‘j,Iﬁ-‘j,Ff-‘j) be the SVN given by kth expert on the
assessment of criterion i on j. The single-valued neu-
trosophic set weighted aggregation (SVNSWA) operator is
used to aggregate single-valued neutrosophic number rating,

and x;; represents the influence level of criterion i on j.

a;; = SVNSWA(z},, 2}, .., 25;)

ij> iy J
l 1 1 1
= Y= (- T10-m)" 110" 1))
k=1 k=1 k=1 k=1
i=1,2,...,m; j=1,2,...,n,

(2)

where A, is the importance weight of k thexpert; a,-jk is
corresponding to SVN of k h expert’s opinion when com-
paring i to j.
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TaBLE 2: Linguistic variable for relative importance weight of DM
[39].

SVNN (T, I, F)
€0.90,0.10,0.10)

Linguistic variable

Very important

Important <0.80,0.20,0.15)
Medium {0.50,0.40, 0.45)
Unimportant {0.35,0.60,0.70)

Very unimportant {0.10,0.80,0.90)

Step 4. Construct DRM with real numbers

Transform the aggregated single neutrosophic relation
matrix into real number matrix using the following
equation:

(3+T-21-F)

1 (3)

E(z) =

Step 5. Construct normalised DRM.
Calculate the normalised DRM (matrix X) using the
following equation:

X=kxA, (4)
where
, 1 1 .
k=min - , - i,j€{1,2,3,...,n},
max )’ 'aij| max); 'aij|
l<i<n 1<j<n

(5
and A is the normalised DRM.

Step 6. Obtain total-relation matrix (TRM).
The TRM, T, is then calculated using the following
equation:

T=XI-X)", (6)

where I is an identity matrix.

Step 7. Plot causal diagram.

Compute R and D from TRM, T, using equation (7) and
equation (8).

Given T,

T=[t) ., bi=1L2....n (7)
w=[30] -l

i=1
D= [ ty} = [ti]nxl’
nx1

where R denotes the total of rows for the matrix and D
denotes the total of columns for the matrix.A criterion is
considered as a cause-and-effect criterion if (R — D) is
positive and (R — D) is negative, respectively.

(8)

C
U M:
L

Step 8. Identify types of criteria.

Coordinates of (R + D, R — D) in Cartesian plane are used
to segregate criteria into four types.

The proposed eight-step computational procedures are
used to establish four types of criteria based on the degree of
influence. Detailed implementation of the case of subcon-
tractors’ selection is presented in the following section.

4.1. A Case of Subcontractors’ Selection. Subcontractors’
selection is a critical part of construction or industrial
management, where a major challenge is the existence of
multiple criteria that the project management team needs to
evaluate in the selection process [40, 41]. Subcontractors
usually help main contractor to overcome problems related
to the need for special expertise, limitation in finances, and
shortage in resources. Specialist subcontractor can be uti-
lised, when the main contractor acquires products or ad-
ministrations, which the main contractor does not deliver or
cannot deliver by his own company. Therefore, selecting the
deliverable subcontractors is critical in making sure the
implementation of the project is successful and completed
within the stipulated times.

In solving subcontractors’ selection problem, informa-
tion about criteria, linguistic terms are required other than
the algorithm of SVNS-DEMATEL. It is presented in the
following sections.

4.2. Criteria, Linguistic Scale, and Decision-Makers.
Criteria that influence subcontractors’ selection are retrieved
from literature (see [42-44]). In this experiment, ten criteria
are Price (C,), Completing on Time (C,), Experience (C;),
Financial Stability (C,), Compliance with Regulations (Cs),
Quality (Cg), Performance History (C,), Safety Manage-
ment (Cy), Timely Payment to Labour (C,), and Length of
Time in Industry (C,,). These evaluation criteria are judged
by a group of decision-makers using a five-point linguistic
scale. The judgments are made in pairwise comparison
manner, in which one criterion is compared to the other
criteria in terms of degree of influence. Table 3 presents
linguistic variable of “influence,” five linguistic terms and
their respective SVNS.

In this study, five decision-makers denoted as DMI,
DM2, DM3, DM4, and DMS5, respectively, are assigned to
provide pairwise comparative linguistic judgments of cri-
teria using the defined linguistic scale. All decision-makers
are experts in selecting subcontractors and currently hold
key positions in a construction company. A formal letter was
sent to the decision-makers and they were requested to rate a
criterion with respect to other criteria in terms of degree of
influence of selecting subcontractors using the linguistic
scale. Linguistic data obtained from decision-makers are
implemented to the proposed SVNS-DEMATEL.

4.3. Implementation. In accordance with the proposed al-
gorithm (see Section 3), the following computations are
implemented.



TaBLE 3: Five-point linguistic scale [39].

Linguistic terms SVNS (T, I, F)

No influence (NI)

Extremely low influence (ELI)
Low influence (LI)

High influence (HI)

Extremely high influence (EHI)

{0.00, 1.00, 1.00)
(0.20,0.85,0.80)
(0.40, 0.65,0.60)
{0.60,0.35,0.40)
(0.80,0.15,0.20)

Step 1: construct DRM

All individual decision-makers’ DRM are constructed.

Table 4 summarises the judgments of DM1 regarding

the influences of the criteria on subcontractors’
selection.

1
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Similar DRM matrices are constructed for DM2, DM3,
DM4, and DM5. It is good to recall that the linguistic
terms in the matrices indicate the interrelationship
between criteria in subcontractors’ selection.

Step 2: find relative weight of decision-makers
Relative weights of the decisionmakers A are computed
using equation (1). They are presented in Table 5.
Step 3: construct aggregated DRM

The aggregated DRM is constructed usingequation (2).
For example,

A
apl=[J(1=1;)" = 1-((1-0.00)A0.2913 % (1 - 0.00)A0.2849 * (1 - 0.00)A0.2090 * (1 = 0.00)A0.1618 (1 — 0.00)A0.0530)

k=1

= 0.000,

- -

=~
Il

1

a1l -

:IN

=~
I

1

=0.6327,

-

0.3174,

:|~

A
L

=0.3673,

Part of the aggregated DRM is shown in Table 6.
Step 4: construct DRM with real numbers

1.)™ = 1A(0.2913) * 1A (0.2849) # 1A (0.2090) * 1A (0.1618) # 1A (0.0530) = 1.000,
J
A
(F;)™ = 1A(0.2913)  1A(0.2849) * 1A (0.2090) % 1A (0.1618)  1A(0.0530) = 1.000,

A
(1-T;)" =1-((1-0.60)A0.2913 x (1 — 0.80)A0.2849 * (1 — 0.60)A0.2090 * (1 — 0.20)A0.1618 * (1 — 0.60)A0.0530)

A
(I;)™ = 0.35A(0.2913) * 0.15A(0.2849) * 0.35A (0.2090) * 0.85A (0.1618) * 0.35A(0.0530)

(Fj)A" = 0.40A (0.2913) * 0.20A (0.2929) # 0.40A (0.2090) * 0.80A (0.1618) * 0.40A (0.0530)

(9)

Transform the aggregated SVNS matrix into aggregated
real number DRM using equation (3).
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TaBLE 4: Judgments of criteria (DMI).

Criteria Cl1 C, Cs C, Cs Cs C, Cq Cy Cy

C1 HI NI ELI ELI HI ELI NI NI NI

C2 LI ELI NI NI ELI LI ELI ELI LI

C3 HI HI ELI ELI HI LI NI ELI HI

Cio ELI LI HI NI NI ELI LI ELI NI LI
TaBLE 5: Relative weights of decision-makers.

Decision-makers DM1 DM2 DM3 DM4 DM5
Lambda, A 0.2913 0.2849 0.2090 0.1618 0.0530
TABLE 6: Aggregated DRM.

Criteria C,
0.0000, 0.5742 0.2566 0.2630, 0.6289, 0.2566,

G, < 1.0000, > < 0.3947 > < 0.7754 > < 0.7875, > < 0.3296, > < 0.7754, >
1.0000 0.4258 0.7434 0.7370 0.3711 0.7434
0.6327, 0.0000, 0.3475 0.2643, 0.5269, 0.5777,

G < 0.3174, > < 1 0000,> < 0.6867 > < 0.7861, > < 0.4592, > < 0.3796, >
0.3673 1.0000 0.6525 0.7357 0.4731 0.4223
0.7611, 0.7925, 0.0000, 0.5759, 0.4444, 0.6622,

(O < 0.1902, > < 0.1569, > < 1.0000, > < 0.3861, > < 0.5577, > < 0.2870, >
0.2389 0.2075 1.0000 0.4241 0.5556 0.3378
0.6424, 0.6553, 0.7522, 0.3908, 0.4130, 0.0000,

Co < 0.3184, > < 0.2918, > < 0.1989, > < 0.6593, > < 0.5718, > < 1.0000, >
0.3576 0.3447 0.2478 0.6092 0.5870 1.0000

For C;, the computations are

(3 4+ 0.0000 — 2 % 1.0000 — 1.0000)

a, = = 0.0000,
4
(3 +0.6327 — 2 % 0.3174 — 0.3673)
a, = = 0.6577,
4
(3 +0.7611 — 2 % 0.1902 — 0.2389)
ay = = 0.7855,
4
(3 +0.4444 — 2 % 0.5577 — 0.5556)
g = = 0.4433,
4
(3 +0.4610 — 2 % 0.5185 — 0.5390)
as, = = 0.4713,
4
(3+0.7688 — 2 % 0.1791 — 0.2312)
ag, = = 0.7949
4
(3 +0.6731 — 2 % 0.2735 — 0.3269)
a; = = 0.6998,
4
(3 +0.6150 — 2 % 0.3455 — 0.3850)
ag, = = 0.6347,
4
(3 +0.4405 — 2 % 0.5406 — 0.5595)
ag; = = 0.4499,
4
(3 +0.6424 — 2 % 0.3184 — 0.3576)
o1 = i = 0.6620,

(10)

This matrix is presented in Table 7.

Step 5: construct normalised DRM

In order to construct normalised DRM, summation of
rows and summation of columns of DRM are com-
puted first. The summation of rows and summation of
columns are shown in Table 8.

The maximum numbers from summation of rows and
summation of columns are identified (bold). With these
maximum numbers, k is calculated using equation (4).

k =0.1586. (11)

The DRM in Table 6 is normalised by multiplying with k.

The maximum numbers from summation of rows and
summation of columns have been chosen, respectively,
as

VA ]
k= m1n< ,7>
5.8834° 6.3056
— min (0.1700, 0.1586) (12)
— 0.1586.

Multiply the Direct-Relation Matrix with k to nor-
malise it.
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TaBLE 7: Aggregated DRM with real numbers. TaBLE 9: Normalised DRM.

Criteria  C, C, C, T ON C, Cio Criteria  C,; C, (ON N ON C, Cio
C, 0.0000 0.5898 0.2406 ... 0.2378 0.6496 0.2406 C 0.0000 0.0935 0.0382 ... 0.0377 0.1030 0.0382
C, 0.6577 0.0000 0.3304 ... 0.2391 0.5339 0.5991 C, 0.1043 0.0000 0.0524 ... 0.0379 0.0847 0.0950
Cs 0.7855 0.8178 0.0000 ... 0.5949 0.4433 0.6876 Cs 0.1246 0.1297 0.0000 ... 0.0943 0.0703 0.1090
C, 0.4433 0.7484 0.1870 ... 0.5345 0.6818 0.2378 C, 0.0703 0.1187 0.0297 ... 0.0848 0.1081 0.0377
Cs 0.4713 0.7333 0.3295 ... 0.7738 0.6152 0.5373 Cs 0.0747 0.1163 0.0523 ... 0.1227 0.0976 0.0852
Cs 0.7949 0.7727 0.5391 ... 0.5019 0.3798 0.4959 Cs 0.1261 0.1225 0.0855 ... 0.0796 0.0602 0.0786
C, 0.6998 0.6797 0.7018 ... 0.4959 0.5165 0.5535 C, 0.1110 0.1078 0.1113 ... 0.0786 0.0819 0.0878
Cq 0.6347 0.6922 0.4657 ... 0.0000 0.2489 0.4250 Cq 0.1007 0.1098 0.0739 ... 0.0000 0.0395 0.0674
Cy 0.4499 0.5901 0.4235 ... 0.2300 0.0000 0.3919 C, 0.0714 0.0936 0.0672 ... 0.0365 0.0000 0.0621
Cio 0.6620 0.6818 0.7766 ... 0.3657 0.4206 0.0000 Co 0.1050 0.1081 0.1232 ... 0.0580 0.0667 0.0000

TaBLE 8: Summation of rows and columns. For example, total-relation matrix can be found by

. . . -1
Criteria Summation of rows Summation of columns multiplying X with (I-X)"".
C, 41834 5.5991 a,; = 0.0000(1.2174) + 0.0935(0.3262)
C, 4.1228 6.3056
Cs 5.8834 3.9943 +0.0382(0.1934) + 0.1032(0.2559)
C, 3.8961 4.0049
Cs 4.8499 3.9644 +0.0667(0.2172) + 0.1246(0.2854)
Cs 5.4122 4.3552 (14)
C, 5.0220 5.4200 +0.0584(0.2620) + 0.0377(0.1899)
Cq 4.6333 3.9735
C, 3.4352 4.4896 +0.1030(0.2751) + 0.0382(0.2020)
Co 4.8369 41686
=0.2174.
C;: Table 10 shows the TRM.

Step 7: plot causal diagram

a1 = 0.0000 + 0.1586 = 0.0000, Cause-and-effect diagram is obtained by calculating the

ay, = 0.5898 % 0.1586 = 0.0935, sum of rows, R, and the sum of columns, D. These two

sums are used to compute R+ D and R — D values.
as; = 0.2406 + 0.1586 = 0.0382, We have the following example.
a,, = 0.6508 % 0.1586 = 0.1032, Summation of rows:
as; = 0.4206 % 0.1586 = 0.0667, (13) C; =0.2174 + 0.3262 + 0.1934 + 0.2559 + 0.2172
ag; = 0.7855 % 0.1586 = 0.1246, +0.2854 + 0.2620 + 0.1899 + 0.2751 + 0.2020
a,; = 0.3682 % 0.1586 = 0.0584, = 2.4247.

(15)

ag; = 0.2378 % 0.1586 = 0.0377,

S ti f col :
ao; = 0.6496 % 0.1586 = 0.1030, Hmmation of cotumns

413, = 0.2406 % 0.1586 = 0.0382. C, = 0.2174 + 0.3147 + 0.4201 + 0.2660 + 0.3248

+0.3954 + 0.3646 + 0.3402 + 0.2512 + 0.3548
The normalised DRM is shown in Table 9.

The ten-by-ten matrix represents the normalised DRM = 3.2492.
with real numbers. (16)

Step 6: obtain total-relation matrix (TRM)

The TRM is obtained using equation (6). This is the ‘ ‘
matrix obtained as a result of multiplicative inverse of The results can be obtained by mapping the data set of
DRM with differences of identity matrix and DRM. (R+D,R~-D) into Cartesian plane, in which the

Table 11 presents these values according to criteria.
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Tasre 10: TRM.

Criteria  C, C, C, T ON C, Cio

C, 0.2174 0.3262 0.1934 0.1899 0.2751 0.2020
C, 0.3147 0.2411 0.2108 0.1897 0.2588 0.2531
Cs 0.4201 0.4540 0.2236 0.3014 0.3180 0.3324
C, 0.2660 0.3276 0.1751 0.2164 0.2645 0.1896
Cs 0.3248 0.3843 0.2372 0.2886 0.2963 0.2733
Cs 0.3954 0.4205 0.2819 0.2712  0.2905 0.2862
C, 0.3646 0.3885 0.2918 0.2582 0.2934 0.2820
Cq 0.3402 0.3718 0.2483 0.1746 0.2427 0.2522
Cy 0.2512 0.2886 0.1964 0.1646 0.1526 0.1995
Cio 0.3548 0.3823 0.2988 0.2365 0.2751 0.1979

TasLe 11: R, D, R+ D, and R — D for criteria.

Criteria R D R+D R-D
C, 2.4247 3.2492 5.6739 —0.8245
C, 2.4327 3.5848 6.0176 -1.1521
Cy 3.4056 2.3573 5.7628 1.0483
C, 2.2383 2.3834 4.6218 -0.1451
Cs 2.8249 2.3416 5.1665 0.4833
Cq 3.1288 2.5993 5.7281 0.5295
C, 2.9301 3.0943 6.0244 -0.1642
Cq 2.7429 2.2910 5.0339 0.4519
C, 2.0477 2.6672 4.7149 -0.6195
Cho 2.8608 2.4683 5.3291 0.3925

performance of each criterion of the entire subcontrac-
tors” selection system can be measured or interpreted.

5. Results

The (R+ D) and (R — D) values are translated into a
causal diagram. Figure 2 shows the causal diagram
where cause group and effect group of criteria are
separated by R+ D axis.

The above causal diagram visualises the cause criteria
and the effect criteria. The cause criteria are Experience,
Quality, Length of Time in Industry, Compliance with
Regulations, and Safety Management as their values of
(R — D) are positives. On the other hand, the effect
criteria are Financial Stability, Performance History,
Timely Payment to Labour, Price, and Completing on
Time as their values of (R — D) are negatives. It is
suggested that the criteria in cause group ought to be
given priority as these criteria influence other criteria in
suggesting the best subcontractors. This result also
indicates that “Experience” is the most influential factor
in subcontractors’ selection owing to the largest value
of (R - D).

Step 8: identify types of criteria

The interpretation of this diagram can be further made
based on the coordinates of (R+ D, R — D). Tsai et al. [45]
suggest that criteria can be divided into four types. In this
analysis, all criteria are mapped into four quadrants based on
the coordinates of (R+D, R — D). The first type is ensued
when (R — D) is positive and (R + D) is large. This indicates
that the criteria are the cause criteria which are also driving

9
Causal diagram
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FIGURE 2: Causal diagram of criteria.

J—

Type II: Scarcely influencing
other criteria
(i) Length of time in industry
(ii) Compliance with regulations
(iii) Safety management

Type I: Simply
influencing other criteria
(i) Experience

(i) Quality

Type III: Simply influenced
by other criteria
(i) Performance history

Type IV: Scarcely

influenced by other criteria
(i) Financial stability

(ii) Timely payment to labour

(ii) Price
(iii) Completion on time

FIGURE 3: Quadrant analysis.

cause for solving problems. Therefore, the criterion “Ex-
perience” is the most important cause in influencing sub-
contractors’ selection. The second type happens when (R —
D) is positive and (R+ D) is small. This indicates that the
criteria are independent and can influence only a few other
criteria. In this subcontractors’ selection, the criterion
“Safety Management” is an independent criterion and does
not influence other criteria much. The third type is ensued
when (R — D) is negative and (R + D) is large. This indicates
that the criteria are effect-type in which can be directly
improved. The criterion “Completing on Time” is an effect
criterion, where it depends heavily on other criteria. Finally,
the interpretation can be made when (R — D) is negative and
(R+ D) is small. This indicates that the criteria are inde-
pendent and hardly influenced by other criteria. In the case
of subcontractors’ selection, the criterion “Financial Sta-
bility” is seen as an independent criterion. Summarily, these
types of criteria and their respective criteria of subcon-
tractors’ selectors are divided into four quadrants.

Figure 3 depicts the quadrant analysis in which four
types of criteria are identified.

Looking at the results from the two figures, it is shown
that “Experience” and “Quality” are the driving factors of
influencing the selection of subcontractors. Therefore,
subcontractors who had vast experience and produced
quality works would have an advantage to be chosen as
subcontractors. This result is different from that of [46]
which suggested that “on-time delivery of materials,”
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“failure to complete contract,” and “reputation” are the most
influencing criteria. Perhaps the different research frame-
works used in these studies contributed to the different
results.

6. Conclusions

Multicriteria decision-making methods under neutrosophic
environment are an active research area and many relevant
integration methods have been investigated over the years.
However, real applicability of the decision-making methods
can be achieved when the detailed integration of the decision-
making method and neutrosophic sets is well understood. In
this paper, an extended neutrosophic set is integrated with a
decision-making method to gain better understanding about
the use of neutrosophic sets in decision-making. The SVNS
was proposed to substitute the neutrosophic sets due to its
complexity in computations, particularly in real scientific and
engineering case applications. The SVNS also has no direct
integration with causal analysis decision-making methods
such as DEMATEL despite the advantages of its three
memberships in dealing with indeterminacy information.
This paper proposed the SVNS-DEMATEL method, where
the real numbers in DEMATEL are substituted with SVNN.
This proposed method is applied to subcontractors’ selection,
where ten criteria are evaluated. The aim of the proposed
method is a plot of causal diagram. In this paper, we identified
the cause criteria and the effect criteria that could be used in
subcontractors’ selection. Truth membership, indeterminacy
membership, and falsity membership of SVNS provide a
comprehensive evaluation of criteria, in which all criteria are
successfully separated into two groups. The proposed SVN-
DEMATEL method is a valuable instrument to decide the key
criteria that could become cause criteria and effect criteria.
The experimental results show that the proposed method can
successfully capture the important result of decision-making,
where the criteria “Experience” and “Quality” are the main
causes that need to be highly considered in subcontractors’
selection, while “Completing on Time” is a criterion that has
no effect in subcontractors’ selection. Differentiating the
important criteria while choosing subcontractors would really
help the main contractor in ensuring the success of con-
struction projects.
The contributions of this paper are fivefold:

(1) We propose using relative weights of decision-
makers based on three memberships of SVNS in-
stead of considering equal weights among the five
decision-makers. The proposed method uses a
proportion equation that makes the weights of de-
cision-makers more suitable for real-life application.

(2) We propose using a weighted averaging operator to
find aggregated direct relation matrix, where a series
of multiplications of assessment scales and relative
weights of decision-makers are accounted.

(3) We propose introducing a transformation equation
instead of typical averaged defuzzification method to
transform three memberships of SVNS to single real
numbers.

Journal of Mathematics

(4) We propose an extension to the computational
procedures of DEMATEL, where all criteria under
investigation are segregated into four types based on
degree of influence.

(5) We extend the analysis in the application part with
quadrant analysis, where all criteria are mapped onto
one of the four quadrants. This analysis is in addition
to the causal diagram, which is typically used in the
analysis of DEMATEL. These five contributions are
embedded in the proposed SVNS-DEMATEL, in
which ten criteria of subcontractors’ selection are
segregated into four types. In future studies, we
would like to extend the SVN-DEMATEL beyond
the scope of causal diagram. As the SVN-DEMATEL
can effectively identify the criteria, the two obtained
groups of criteria contain useful information about
which criteria specifically influenced other criteria.
These unidirectional relationships can be explored as
part of future research direction.
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In this paper, we extend the notion of semi-hypergroups (resp. hypergroups) to neutro-semihypergroups (resp. neutro-
hypergroups). We investigate the property of anti-semihypergroups (resp. anti-hypergroups). We also give a new alternative of
neutro-hyperoperations (resp. anti-hyperoperations), neutro-hyperoperation-sophications (resp. anti-hypersophications).

Moreover, we show that these new concepts are different from classical concepts by several examples.

1. Introduction

A hypergroup, as a generalization of the notion of a group,
was introduced by F. Marty [1] in 1934. The first book in
hypergroup theory was published by Corsini [2]. Nowadays,
hypergroups have found applications to many subjects of
pure and applied mathematics, for example, in geometry,
topology, cryptography and coding theory, graphs and
hypergraphs, probability theory, binary relations, theory of
fuzzy and rough sets and automata theory, physics, and also
in biological inheritance [3-7]. The first book in semi-
hypergroup theory was published by Davvaz in 2016 (see
[8]). In recent years, several other valuable books in
hyperstructures have been written by Davvaz et al. 6, 9, 10].

M. Al-Tahan et al. introduced the Corsini hypergroup
and studied its properties as a special hypergroup that was
defined by Corsini. They investigated a necessary and suf-
ficient condition for the productional hypergroup to be a
Corsini hypergroup, and they characterized all Corsini
hypergroups of orders 2 and 3 up to isomorphism [3]. Semi-
hypergroup, hypergroup, and fuzzy hypergroup of order 2
are enumerated in [7, 11, 12]. S. Hoskova-Mayerova et al.
used the fuzzy multisets to introduce the concept of fuzzy
multi-hypergroups as a generalization of fuzzy hypergroups,
defined the different operations on fuzzy multi-hypergroups,
and extended the fuzzy hypergroups to fuzzy multi-
hypergroups [13].

In 2019 and 2020, within the field of neutrosophy,
Smarandache [14-16] generalized the classical algebraic
structures to neutroalgebraic structures (or neutroalgebras)
(whose operations and axioms are partially true, partially
indeterminate, and partially false) as extensions of partial
algebra and to antialgebraic structures (or antialgebras)
(whose operations and axioms are totally false). Furthermore,
he extended any classical structure, no matter what field of
knowledge, to a neutrostructure and an antistructure. These
are new fields of research within neutrosophy. Smarandache
in [16] revisited the notions of neutroalgebras and anti-
algebras, where he studied partial algebras, universal algebras,
effect algebras, and Boole’s partial algebras and showed that
neutroalgebras are the generalization of partial algebras. Also,
with respect to the classical hypergraph (that contains
hyperedges), Smarandache added the supervertices (a group
of vertices put together to form a supervertex), in order to
form a super-hypergraph. Then, he extended the super-
hypergraph to n-super-hypergraph, by extending the power
set P(V) to P" (V) that is the n-power set of the set V' (the n-
super-hypergraph, through its n -super-hypergraph-vertices
and n -superhypergraph-edges that belong to P"(V), can be
the best (so far) to model our complex and sophisticated
reality). Furthermore, he extended the classical hyperalgebra
to m-ary hyperalgebra and its alternatives n -ary neutro-
hyperalgebra and # -ary anti-hyperalgebra [17]. The notion of
neutrogroup was defined and studied by Agboola in [18].
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Recently, M. Al-Tahan et al. studied neutro-ordered algebra
and some related terms such as neutro-ordered subalgebra
and neutro-ordered homomorphism in [19].

In this paper, the concept of neutro-semihypergroup and
anti-semihypergroup is formally presented. And, new al-
ternatives are introduced, such as neutro-hyperoperations
(resp. anti-hyperoperations), neutro-hyperaxioms, and anti-
hyperaxioms. We show that these definitions are different
from classical definitions by presenting several examples.
Also, we enumerate neutro-hypergroup and anti-hyper-
group of order 2 (see Table 1) and obtain some known results
(see Table 2).

2. Preliminaries

In this section, we recall some basic notions and results
regarding hyperstructures.

Definition 1 (see [2, 8]). A hypergroupoid (H, ) is a
nonempty set H together with a map o: H x H — P* (H)
called (binary) hyperoperation, where P* (H) denotes the set
of all nonempty subsets of H. The hyperstructure (H, o) is
called a hypergroupoid, and the image of the pair (x, y) is
denoted by xo y.

If A and B are nonempty subsets of H and x € H, then by
AoB, Aox, and xoB we mean AoB= U, ,pa°b,
Aox =Ao{x}, and xoB = {x}oB.

Definition 2 (see [2, 8]). A hypergroupoid (H, o) is called a
semi-hypergroup if it satisfies the following:

(A) (Va,b,ceH) (ac(boc)= (aob)oc) (associativity).

Definition 3 (see [2, 8]). A hypergroupoid (H, o) is called a
quasi-hypergroup if reproduction axiom is valid. This means
that, for all a of H, we have

(R) (WaeH)(Hea=a-H=H) (ie.
(3c,d e H) st.becoa,beaod).

(Va,b € H)

Definition 4 (see [2, 8]). A hypergroupoid (H, o) which is
both a semi-hypergroup and a quasi-hypergroup is called a
hypergroup.

Example 1 (see [2, 8])

(i) Let H be a nonempty set, and for all x, y € H, we
define xoy = H. Then, (H, ) is a hypergroup,
called the total hypergroup.

(ii) Let G be a group and H a normal subgroup of G, and
for all x, y € G, we define x o y = xyH. Then, (G, )
is a hypergroup.

Definition 5 (see [2, 12]). Let (H, o) be a hypergroupoid.
The commutative law on (H, o) is defined as follows:

(C) (Va,be H) (aecb=boa).

(H, o) is called a commutative hypergroupoid.
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TaBLE 1: Classification of the hypergroupoids of order 2.

A NA AA

NR — — —
AR — — —
Etc. 3

NR — — —
AR — — —
Etc. — — —

NC

NR — — —
AR —
Etc. 6 10 4

AC

TaBLE 2: Classification of the semi-hypergroups of order 2.

Com Noncom N
Semigroup 3 2 5
Group 1 — 1
Semi-hypergroup 9 8 17
Hypergroup 6 2 8

Example 2 (see [13]). Let Z be the set of integers, and define
°, on Z as follows. For all x, y € Z,

27,
X o =
1y 27 + 1, otherwise.

if x, y have same partiy, } 0

Then, (Z, »,) is a commutative hypergroup.

3. On Neutro-hypergroups and Anti-
hypergroups

F. Smarandache generalized the classical algebraic structures
to the neutroalgebraic structures and antialgebraic struc-
tures. Neutro-sophication of an item C (that may be a
concept, a space, an idea, a hyperoperation, an axiom, a
theorem, a theory, an algebra, etc.) means to split C into
three parts (two parts opposite to each other, and another
part which is the neutral/indeterminacy between the op-
posites), as pertinent to neutrosophy (({A),(neutA),
{antiA)), or with other notation (T,I,F)), meaning cases
where C is partially true (T'), partially indeterminate (I), and
partially false (F), while antisophication of C means to
totally deny C (meaning that C is made false on its whole
domain) (see [14, 15, 17, 20]).

Neutrosophication of an axiom on a given set X means
to split the set X into three regions such that, on one region,
the axiom is true (we say the degree of truth T of the axiom),
on another region, the axiom is indeterminate (we say the
degree of indeterminacy I of the axiom), and on the third
region, the axiom is false (we say the degree of falsehood F of
the axiom), such that the union of the regions covers the
whole set, while the regions may or may not be disjoint,
where (T, I, F) is different from (1,0,0) and from (0,0, 1).

Antisophication of an axiom on a given set X means to
have the axiom false on the whole set X (we say total degree
of falsehood F of the axiom) or (0,0, 1).
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Neutrosophication of a hyperoperation defined on a
given set X means to split the set X into three regions such
that, on one region, the hyperoperation is well-defined (or
inner-defined) (we say the degree of truth T of the hyper-
operation), on another region, the hyperoperation is inde-
terminate (we say the degree of indeterminacy I of the
hyperoperation), and on the third region, the hyper-
operation is outer-defined (we say the degree of falsehood F
of the hyperoperation), such that the union of the regions
covers the whole set, while the regions may or may not be
disjoint, where (T, I, F) is different from (1,0,0) and from
(0,0, 1).

Antisophication of a hyperoperation on a given set X
means to have the hyperoperation outer-defined on the
whole set X (we say total degree of falsehood F of the axiom)
or (0,0,1).

In this section, we will define the neutro-hypergroups
and anti-hypergroups.

Definition 6. A neutro-hyperoperation is a map
o. Hx H — P(U), where U is a universe of discourse that
contains H that satisfies the below neutrosophication
process.

The neutrosophication (degree of well-defined, degree of
indeterminacy, and degree of outer-defined) of the hyper-
operation is the following neutrohyperoperation (NH):

(NR) (Ix,yeH)(xeyeP*(H)) and (Ix,yc¢€
H)(x o y is an indeterminate subset, or xo y ¢ P* (H)).
The neutrosophication (degree of truth, degree of in-
determinacy, and degree of falsehood) of the hyper-
group axiom of associativity is the following
neutroassociativity (NA):

(NA) (3a,b,c € H) (ao (boc) = (aob)oc) and (Id,e,
fe H)deo(eof)#(doe)of or do(eof)= inde-
terminate, or (dece)o f = indeterminate).
Neutroreproduction axiom (NR):

(NR) (daeH)(Hoa=aoH=H) and (3be H)
(Hob,boH, and H are not all three equal, or some of
them are indeterminate).

Also, we define the neutrocommutativity (NC) on
(H, o) as follows:

(NC) (Ha,be H)(aocb=boa) and
(cod#doc, or cod= indeterminate,
indeterminate).

(3¢, d € H)
or doc=

Now, we define a neutro-hyperalgebraic system
S = (H,F, A), where H is a set or neutrosophic set, F is a set
of the hyperoperations, and A is the set of hyperaxioms, such
that there exists at least one neutro-hyperoperation or at
least one neutro-hyperaxiom and no anti-hyperoperation
and no anti-hyperaxiom.

Definition 7. The anti-hypersophication (totally outer-
defined) of the hyperoperation defines anti-hyperoperation
(AH): (AH) (Vx, y € H) (xoy ¢ P* (H)).

The anti-hypersophication (totally false) of the hyper-
group is as follows:

(AA) (Vx,y,z € H) (xo (yoz)# (x0y)oz)
(antiassociativity)

(AR) (Va€ H)(Heoa, a-H, and H are not equal)
(antireproduction axiom)

Also, we define the anticommutativity (AC) on (H, )
as follows:

(AC) (Va,b € H with a#b) (acb#b-a).

Definition 8. A neutro-semihypergroup is an alternative of
semi-hypergroup that has at least (NH) or (NA), which does
not have (AA).

Example 3

(i) Let H = {a,b,c} and U = {a, b, c,d} be a universe of
discourse that contains H. Define the neutro-
hyperoperation °, on H with Cayley’s table.

o | a b c

al| a a a

b| b {ab} {abd
c| c 2 H

Then, (H, o,) is a neutro-semihypergroup. Since
ao,be P*(H), bo,c={ab,d}¢P*(H), and
co, b = indeterminate, so (NH) holds.

(ii) Let H = {a, b, ¢}. Define the hyperoperation o5 on H
with Cayley’s table.

o3| a b c
ala a a
b|b {ab} {ab}

c| ¢ {bc H

Then, (H, o) is a neutro-semihypergroup. (NA) is valid,
since  (bosc)esa={a,blesa= (acya)U(beya)={alu
{b} = {a,b} and bo;(coza) =bos{c} =bosc = {a,b}.

Hence, (bejc)oza=bos(cosa). Also, {beja}o,
c={b}osc=bosc={a,b} and boj(ac;c)= bo{a}=
bosa=1{b}, s0 (besa)esc+bos (ae;c).

Definition 9. A neutrocommutative semi-hypergroup is a
semi-hypergroup that satisfies (NC).

Example 4. Let H = {a, b, c}. Define the hyperoperation o,
on H with Cayley’s table.

N a b c
a | {a, c} a a
b a b c

c a {b,ct  {b, ¢}
Then, (H,°,) is a semi-hypergroup, but not a hyper-

group, since a°y H = H°, a = {a, c} # H. (NC) is valid, since
aosb={a} =boyaand co,b={b,c}#bo,c={c}.



Definition 10. A neutrocommutative hypergroup is a
hypergroup that satisfies (NC).

Example 5. Let H = {a,b,c,d, e, f}. Define the operation °;
on H with Cayley’s table.

os|a b ¢ d e f
e|le a b c d f
ala b e d f
blb e a [ ¢
clc f d e b a
d ¢ f a e b
flf d c b a e

Then, (H, o5,€) is a group and so is a natural hyper-
group. Also, it is a neutrocommutative hypergroup, since
aosb=e=bosaand aesc=d#cosa=f.

Definition 11. A neutrohypergroup is an alternative of
hypergroup that has at least (NH) or (NA) or (NR), which
does not have (AA) and (AR).

Example 6. Let H = {a, b, c}. Define the hyperoperation o,
on H with Cayley’s table.

Then, (H, o;) is a neutrohypergroup. The hyper-
operation o, is associative. (NR) 1is wvalid, since
aocH = (acga)U (aogb)U (aesc) =H = (acga)U (boga)
U(coga)= Hoga, bogH = (boga)U (bogb)U (bogc) =
by #H#{c,b} = (acgb)U (bogb)U (cogb) = Hogb, and
cogH = (coga)U (cogb)U (cogc) ={a,c} +H, but Heyzc =
(aogc)U (bogc)U (cogc) ={a,b,c} = H.

Note that every neutro-semihypergroup, neutro-
hypergroup, neutrocommutative semi-hypergroup, and
neutrocommutative hypergroup are neutro-hyperalgebraic
systems.

Definition 12. An anti-semihypergroup is an alternative of
semi-hypergroup that has at least (AH) or (AA).

Example 7

(i) Let N be the set of natural numbers except 0. Define
hyperoperation o, on N by xo,y = {(x*/x* + 1), y}.
Then, (N, o;) is an anti-semihypergroup. (AH) is
valid, since, for all x,y € N, xo,y ¢ P*(N). Thus,
(AH) holds.

(ii) Let H = {a, b}. Define the hyperoperation o on H
with Cayley’s table.
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og|la b
al|lb a
b|b a

Then, (H, og) is an anti-semihypergroup. (AA) is
valid, since, for all x,y,z€ H, xog(yogz)#
(xog¥)og 2.

(iii) Let H = {a, b}. Define the hyperoperation oy on H
with Cayley’s table.

Then, (H, 4) is an anticommutative semi-hypergroup.
(AC) is valid, since acqgb = H#boga = {a}.
Definition ~ 13. An  anti-hypergroup is an anti-
semihypergroup, or it satisfies (AR).

Example 8

(i) Let R be the set of real numbers. Define hyper-
operation o, on R by xo,y={x*+1,x*-1}.
Then, (R, ¢,,) is an anti-semihypergroup, since, for
all x,y,z€eR, xo;5(yo02)# (X079 ¥)002. Be-
cause xop(yerg2) = xop{y” + Ly’ —1} =
{xo10(¥*+ 1),x00(y* = 1)} = {x* + 1, x* — 1}, but
(x019y) 0102 = {x* + Lx? —=1}oyz = (x* +1)
o02)U (X =1)op2) = {2 +1)"+1, (x*-1)
+ 1}. Hence, (AA) is valid.

(ii) Let H = {a, b, c}. Define the hyperoperation o;; on
H with Cayley’s table.

Then, (H, o;;) is an anti-semihypergroup. The
hyperoperation o, is associative. Also, (AR) holds,
since aoy H = (aej;a)U (ao b)U (acjc) = {c} #
H#{b,c} = (aey;a)U (boy;a)U (coya) = Hoypa,
boj;H = (beyja)U (bo;1b)U (boeyic) = {b} #+ H +
{b,c} = (ao;1b)U (be;1b)U (coy;b) = Hopyb, and
cop H = (copja)U (cop b)U  (cop0) = {c}#H#
{b.c} = (@, 0)U (e 0)U (coyc) = Heyye

(iii) Let R be the set of real numbers. Define hyper-
operation ¢, on R by xeo,y={x,1}. Then,
(R, o;,) is an anti-semihypergroup. The hyper-
operation o, is associative, since, for all x, y,z € R,
we have xop(yep;2)=xop{y, 1} = (xo y)U
(x0,1) ={x,1}U{x,1} = {x, 1} and (x0,¥) 0,2 =
{x,1} oz = (x0,2)U (Lo, 2) ={x,1}U {1,1} =
{x,1}, s0 xo01,(yo,2) = (x°, ¥) o, 2. However,
for a € R, we have ac ,R = U, pac ,x = U,g
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{a,1} ={a,1}#R and Re,a= U, ,pgXea=
U eri® 1} = R. Thus, ae ,R#Roe a.

Definition 14. An anticommutative semi-hypergroup is a
semi-hypergroup that satisfies (AC).

Example 9

(i) Let H = {a, b}. Define the hyperoperation o ,; on H
with Cayley’s table.

o3 [ a b
a a a
b |H b

Then, (H, o3) is a semi-hypergroup and (AC) is
valid, sinceao ;b = {a} #be 30 = H. Thus, (H, ;)
is an anticommutative semi-hypergroup.

(ii) Let H = {a, b}. Define the hyperoperation o, on H
with Cayley’s table.

oy | @ b
a |b a
b |b a

Then, (H, o;,) is an anticommutative semi-hypergroup,
and the hyperoperation o, is not associative, since
(aey4a)eya={blea={bl+aey, (ac,a)=ae,,{b} = {a}.

(ACQ) is valid, since ao ;b = {a} #be,a = {b}.

Definition 15. An anticommutative hypergroup is a
hypergroup that satisfies (AR).

Example 10

(i) Let H = {a, b}. Define the hyperoperation 5 on H
with Cayley’s table.

o;s | a b
a |H a
b |H H

Then, (H, ¢5) is an anticommutative hypergroup.
(AC) is valid, since ao sb = {a}#beo sa=H.

(ii) Let H = {a, b, c}. Define the hyperoperation o, on
H with Cayley’s table.

S
S5
T T T

Then, (H, o) is an anticommutative hypergroup.
The hyperoperation °, is associative. Also, (AC)
holds, since aeo;b={al#bo,ga=1{b}, aec =
H#coga={c}, and bo,sc = H#co b = {c}.

(iii) Let H = {a, b, c}. Define the hyperoperation o ; on
H with Cayley’s table.

Then, (H, ;) is an anticommutative hypergroup, (AC)
holds, since ac;b={b}+bo;a={a}, aec,c={c}#
co,a=H,and be ;¢ = {c}#ce;b=H.

Note that every anti-semihypergroup, antihypergroup,
anticommutative semi-hypergroup, and anticommutative
hypergroup are anti-hyperalgebraic systems.

In the following results, we use hyperoperation instead of
neutro-hyperoperation.

Note that if (H, o) is a neutro-semihypergroup and
(G, °) is an anti-semihypergroup, then (HNG, ») is not a
neutro-semihypergroup, but it is an anti-semihypergroup.
Also, let (H, o) be a neutro-semihypergroup, (G, ) be
an anti-semihypergroup, and HNG = &. Define hyper-
operation o on HWG by

xoyy, ifx,y € H,

Xoy= Xog), ifx,yeG, . (2)

{x,y}, otherwise.

Then, (HWG, ») is a neutro-semihypergroup, but it is
not an anti-semihypergroup.

Proposition 1. Let (H, o) be an antisemihypergroup and
e € H. Then, (HU{e}, =) is a neutrosemihypergroup, where
* is defined on HU {e} by

. _{ony, ifx,yeH,}
¢ le,x, y}, otherwise. |

(3)

Proof. 1t is straightforward.

Proposition 2. Let (H, o) be a commutative hypergroupoid.
Then, (H, o) cannot be an anti-semihypergroup.

Proof. Let a € H. Then, ae (aca) = (aca)ea, so (H, o)
cannot be an anti-semihypergroup.

Corollary 1. Let (H, o) be a hypergroupoid, and there exists
a € H such that a’a commuted with a. Then, (H, o) cannot
be an anti-semihypergroup.

Corollary 2. Let (H, o) be a hypergroupoid with a scalar
idempotent, i.e., there exists a € H such that a’a = a. Then,
(H, o) cannot be an anti-semihypergroup.

Proposition 3. Let (H, o) and (G, o) be two neutro-
semihypergroups (resp. anti-semihypergroups). Then, (H x



G, %) is a
hypergroups), where *
(x5, y1), (x5, ¥,) € HXG,

(1 y1) * (%2, ¥2) = (X1 0 X2, Y1 06Y2)- (4)

neutro-semihypergroup (resp. anti-semi-
is defined on HxG. For any

Note that if (H, ) is a neutro-semihypergroup, then if
there is a nonempty set H,;CH, such that (H,, o) is a semi-
hypergroup, we call it Smarandache semi-hypergroup.

Suppose (H, o) and (G, » ) are two hypergroupoids.
A function f: H — G is called a homomorphism if, for all
a,b e H, f(aoyb) = f(a)osf (b) (see [21, 22], for details).

Proposition 4. Let (H, o ) be a semi-hypergroup, (G, o)
be a neutro-hypergroup, and f: H — G be a homomor-
phism. Then, (f(H), ;) is a semi-hypergroup, where
f(H) ={f(h): he H}.

Proof. Assume that (H, o) is a semi-hypergroup and
x, ¥,z € f(H). Then, there exist h,, h,, h; € f (H) such that
f(h) =x, f(hy) =y, and f(h;) =z, so we have

xog(yogz) = f(h)eg(f(h)eg(hs))
= f(h)ocf (hyorhs) = f(hy oy (hyophs))
= f((hyophy) o mhs) = f (hyoyhy) o f (h)
=(f(h)ocf (hy))ocf (h3) = (x°6y)ecz
(5)
Then, (f(H), o) is a semi-hypergroup. O

Definition 16. Let (H, o) and (G, o5) be two hyper-
groupoids. A bijection f: H — G is an isomorphism if it
conserves the multiplication (i.e., f (aoyzb) = f(a)ogf (b))
and write H = G. A bijection f: H — G is an antiiso-
morphism if for all a,be H, f(aeyb)# f(b)ogf(a). A
bijection f: H — G is a neutroisomorphism if there exist
a,be H, f(aoyb) = f(b)osf (a), ie, degree of truth (T),
there exist ¢,d € H and f(copyd) or f(c)osf(d) are in-
determinate, i.e., degree of indeterminacy (I), and there
exist e,h € H, f(eoyh)# f(e)ogf(h), ie, degree of
falsehood (F), where (T, I, F) are different from (1,0, 0) and
(0,0,1), and T, L, F € [0,1].

Let ° be a hyperoperation on H ={ag,b} and
(A}, Ay Ay, Ayy) inside of Cayley’s table.

Lemma 1 (see [5]). Let (H=1{a,b},oy) and
(G=1{a',b'}, o) be hypergroupoids with Cayley’s tables
(A,B,C,D)and (A',B',C',D'"), respectively. Then, H = G if
and only if, for all i, j € {1,2}, A; = Ai'j or

Al ifA;=H
bl J bl
Ai=4 7 : (6)
GNAjj 1fAl-j:#H,
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where A% = Ay, AL = A, AY = Ay, and A%, = Ay,

Lemma 2 (see [6]). If (H, ) is a hypergroupoid, then
(H, =) is a hypergroupoid when x=xy=yox for all
x,y € H.

(H, *) in Lemma 2 is called dual hypergroupoid of
(H, ).

Theorem 1. Let (H ={a,b}, o). Then, (H, o) = (H, =) if
and only if (H, o) is anticommutative.

Lemma 3. There exist 4 anticommutative anti-semi-
hypergroup of order 2 (up to isomorphism).

Proof. Let (H,o) be an anticommutative anti-
semihypergroup. By Corollary 2, we have aca#a and
bob#b. Also, acb+bea. Consider the following.

If aca=H, then aoc(aca)=acH=H= Hoa=
(aeca)oa, a contradiction. Then, we get aca=> and
bob=a.

Now, we have

Casel.Ifacb=a,thenboa=Horboa =b, so we get
(b,a,b,a) and (b,a,H,a) are two anti-
semihypergroups

Case2.1faob="b,thenboa = Horbea = a, so we get
(b,b,a,a) and (b,b,H,a) are two anti-
semihypergroups

Case3.Ifaob=H,thenbea=aorboa =b, so we get

(by,H,a,a) and (b,H,b,a) are two anti-
semihypergroups
It can be see that (b,a,H,a)= (b,H,b,a) and

(b,H,a,a) = (b,b,H,a). Therefore, (b,b,a,a), (b,a,b,a),
(b,a,H,a), and (b,H,a,a) are 4 nonisomorphic anti-
semihypergroups of order 2. O

Corollary 3. There exists two nonisomorphic anti-
semigroups of order 2:(b,b,a,a) and (b,a,b,a). Anti-
semigroup (b,b,a,a) is the dual form of the anti-semigroup
(b,a,b,a).

Corollary 4. There exists two nonisomorphic anti-
semihypergroups of order 2: (b,a,H,a) and (b,H,a,a).
Anti-semihypergroup (b,a, H, a) is the dual form of the anti-
semihypergroup (b, H,a,a).

Theorem 2. Let (H, o) be a hypergroupoid of order 2. Then,
(H, o) does not have (NR) or (AR).

Proof. Let H ={a,b}. Suppose Ha#H, aH+H, and
Ha #aH.Hence, Ha = {a} or Ha = {b}. First, give Ha = {a},
then aH # H and Ha+#aH implies that aH = {b}. Then,
aoaCHa = {b} and acaCHa = {a}. Therefore, {b} =aoaca
= {a}, and this is a contradiction. In the similar way, we
obtain Hb+# H, bH + H, and Hb # bH, a contradiction.

Using Lemmas 1 and 2 and Theorem 1, we can find 45
nonisomorphic classes hypergroupoids of the order 2. We
characterize these 45 classes in Table 1.
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Note that semi-hypergroups, hypergroups, and fuzzy
hypergroups of order 2 are enumerated in [7, 11, 12].

We obtain anti-semihypergroups and neutro-
semihypergroups of order 2 and the classification of the
hypergroupoids of order 2 (classes up to isomorphism).

R, NR, AR, A, NA, AA, C, NC, and AC in Table 1 are
denoted in Sections 2 and 3.

A result from Table 1 confirms the enumeration of the
hyperstructure of order 2 [11, 23, 24], which is summarized
as follows. O

4. Conclusion and Future Work

In this paper, we have studied several special types of hyper-
groups, neutro-semihypergroups, anti-semihypergroups, neu-
tro-hypergroups, and anti-hypergroups. New results and
examples on these new algebraic structures have been inves-
tigated. Also, we characterize all neutro-hypergroups and anti-
hypergroups of order two up to isomorphism. These concepts
can further be generalized.
Future research to be done related to this topic are

(a) Define  neutro-quasihypergroup,  anti-quasihy-
pergroup, neutrocommutative quasi-hypergroup,
and anticommutative quasi-hypergroup

(b) Define  neutro-hypergroups, anti-hypergroups,
neutrocommutative  hypergroups, and anti-
commutative hypergroups

(c) Define and investigate neutroHv-groups, antiHv-
groups, neutroHv-rings, and antiHv-rings

(d) It will be interesting to characterize infinite neutro-
hypergroups and anti-hypergroups up to
isomorphism

(e) These results can be applied to other hyper-
algebraic structures, such as hyper-rings, hyper-
spaces, hyper-BCK-algebra, hyper-BE-algebras,
and hyper-K-algebras.
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Abel-Grassmann’s groupoid and neutrosophic extended triplet loop are two important algebraic structures that describe two
kinds of generalized symmetries. In this paper, we investigate quasi AG-neutrosophic extended triplet loop, which is a fusion
structure of the two kinds of algebraic structures mentioned above. We propose new notions of AG-(,r)-Loop and AG-(r,])-Loop,
deeply study their basic properties and structural characteristics, and prove strictly the following statements: (1) each strong AG-
(l,r)-Loop can be represented as the union of its disjoint sub-AG-groups, (2) the concepts of strong AG-(I,+)-Loop, strong AG-(L,])-
Loop, and AG-(L,Ir)-Loop are equivalent, and (3) the concepts of strong AG-(r,l)-Loop and strong AG-(r,r)-Loop are equivalent.

1. Introduction

The so-called left almost semigroup (LA-semigroup) was
actually the concept of an Abel-Grassmann’s groupoid (AG-
groupoid), which was put forward by Kazim and Naseer-
uddin [1] at the first time in 1972. Different classes of AG-
groupoids and their concerned characteristics have been
studied in [2-5].

Neutrosophic set (NS) was first put forward by Smar-
andache in [6]. Then, it has been growing promptly over the
previous 15 years. Nowadays, NS theory is widely used in a
couple of sectors such as professional selection [7], integrated
speech and text sentiment analysis [8], finite automata [9],
clustering methods [10], and deep learning [11]. Besides, more
new theoretical studies on NS in [12-17] have been conducted
and a few significant results have been gained.

The concept of Abel-Grassmann’s neutrosophic ex-
tended triplet loop (AG-NET-Loop), which plays a signif-
icant role in neutrosophic triplet algebraic structures, was
proposed in [18], that is, an AG-NET-Loop is both an AG-
groupoid and a neutrosophic extended triplet loop (NET-
Loop). In [19], the concept of neutrosophic triplet elements
(NT-elements) and quasi neutrosophic triplet loops were

introduced. In [20], two kinds of quasi AG-NET-Loops
(AG-(LI)-Loop and AG-(r,r)-Loop) were proposed and their
basic properties were investigated. As a continuation of [20],
we propose two other kinds of quasi AG-NET-Loops, which
are the AG-(,r)-Loop and the AG-(r,])-Loop. We study their
properties and analyze their relationship.

The rest of this paper is arranged as follows. In Section 2,
some definitions and properties on quasi AG-NET-Loop are
given. Some properties and structures about the AG-(L,r)-
Loop are discussed in Section 3. The relations among four
kinds of quasi AG-NET-Loops are analyzed in Section 4.
Some properties about the alternative quasi AG-NET-Loops
are discussed in Section 5. Lastly, Section 6 presents the
summary and the direction of future efforts.

2. Preliminaries

A groupoid (G, * ) is called an AG-groupoid if it holds the
left invertive law, that is, for all x,y,z¢€G,
(x*y)*xz=(z*y)*x. In an AG-groupoid (G, *) the
medial law  holds, for all  x;,x,,x5,%x, €G,
(g % x,) % (x5 % x,) = (x; %x3) % (X, *x,). An  AG-
groupoid (G, =) is called locally associative if for all
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x €G, (x*x)*x=x=* (x*x). Inan AG-groupoid (G, =),
for all x € G, k € Z*, x* is defined as follows: x!' = x, x* =

xxx,x0 =xtxx,xt=xP e, xk = X e x

Definition 1 (see [21]). Let G be a nonempty set together
with a binary operation *. Then, G is called a neutrosophic
extended triplet set if, for all x € G, there exist a neutral of
”x” and an opposite of ’x” (denoted by neut (x) and anti (x),
respectively), such that neut(x),anti(x) € G, and
neut(x) * x = x * neut(x) = x,anti (x) * x = x * anti(x) =
neut(x). The triplet (x,neut(x),anti(x)) is called a neu-
trosophic extended triplet (NET).

Definition 2 (see [18]). An NETset (G, =) is called an NET-
Loop, if, for all x, y € G, one has x * y € G.

Definition 3 (see [18]). An AG-groupoid (G, =) is called an
AG-NET-Loop if it is an NET-Loop.

An AG-NET-Loop G is called a commutative AG-NET-
Loopifforall x,y €e G,x* y = y*x.

Theorem 1 (see [18]). Let (G, ) be an AG-NET-Loop.
Then,

(1) For all x € G, neut(x) is unique
(2) For all x € G, (neut(x))* = neut (x)

Definition 4 (see [2]). AG-groupoid (G, * ) is called regular
if, for all a € G, there exists m € G, a = (a * m) * a.

Definition 5 (see [20]). Let (G, % be an AG-groupoid.
Then, G is called an AG-(1,1)-Loop if, for all a € G, there exist
a local (I])-neutral element of’a” and a local (,])-opposite
element of’a” (denoted by nll(a) and oll(a), respectively),
such that nll(a) € G,oll(a) € G, and nll(a) *a=a and

oll(a) * a = nll(a).

Definition 6 (see [20]). Let (G, *) be an AG-groupoid.
Then, G is called an AG-(r,r)-Loop if, for all a € G, there
exist a local (r,r)-neutral element of “a” and a local (r,r)-
opposite element of “a” (denoted by nrr(a) and orr(a),
respectively), such that wnrr(a) € G,orr(a) € G, and

axnrr(a) =a and a * orr (a) = nrr(a).

Definition 7. Let (G, =) be an AG-groupoid. Then, G is
called an AG-(L,r)-Loop if, for all a € G, there exist a local

« _»

(Lr)-neutral element of “a” and a local ([,r)-opposite element
of ”a” (denoted by nlr (a) and olr (a), respectively), such that
nlr(a) € G,olr(a) € G, and nlr(a)*xa=a and

a * olr (a) = nlr (a).

Remark 1. For quasi AG-NET-Loop, we will use the no-
tations such as AG-NET-Loop. If nir (a) and olr (a) are not
unique, then the set of all local (/,r)-neutral elements of’a”
and the set of all local (/,r)-opposite elements of “a” are
denoted by {nlr (a)} and {olr (a)}, respectively.
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Definition 8. Let (G, =) be an AG-groupoid. Then, G is
called an AG-(r,])-Loop if, for all a € G, there exist a local
(r,))-neutral element of "a” and a local (r,])-opposite element
of’a” (denoted by nrl(a) and orl(a), respectively), such that
nrl(a) € G,orl(a) € G, and a=*nrl(a) =a and orl(a)*a
=nrl(a).

Definition 9. Let (G, %) be an AG-(],r)-Loop. Then, G is
called an AG-(LIr)-Loop if, for all a € G, olr(a)«a =
a *olr(a) = nlr (a).

Definition 10 (see [22]). An AG-groupoid G with a left
identity is called an AG-group if each a € G has an inverse
element a’.

3. AG-(l,r)-Loop and Strong AG-(l,r)-Loop

Theorem 2. Let (G, *) be a groupoid. Then, G is an AG-
(Lr)-Loop iff it is a regular AG-groupoid.

Proof. Necessity: if G is an AG-(l,r)-Loop, from Definition 7,
for all a € G, there exist nlr(a),olr (a) € G,nlr(a) *a = a,
and a * olr (a) = nir (a). We have (a *olr(a)) = a = a. By
Definition 4, G is a regular AG-groupoid.

Sufficiency: if G is a regular AG-groupoid, from Defi-
nition 4, for all a€G, there exists meG and
a = (a*m)=*a. Set nlr (a) = a * m, by Definition 7, G is an
AG-(L,r)-Loop.

Example 1 illustrates that an AG-groupoid may be
neither an AG-(L,])-Loop nor an AG-(l,r)-Loop nor an AG-
(r,r)-Loop nor an AG-(r,l)-Loop. O

Example 1. LetG ={1,2,3,4,5,6,7, 8}, and the definition of
operation * on G is shown in Table 1. There is no
oll(2),olr (2),0rr(2), and orl(2) in G. That is, the element
“2” in G has no local (I))-opposite element, no local (},r)-
opposite element, no local (r,7)-opposite element, and no
local (r,[)-opposite element. From Definitions 5-8, G is
neither an AG-(1,])-Loop nor an AG-(l,r)-Loop nor an AG-
(r,r)-Loop nor an AG-(r,1)-Loop.

Example 2 illustrates that an AG-(Ir)-Loop may be
neither an AG-(1,1)-Loop nor an AG-(r,r)-Loop nor an AG-
(r,)-Loop.

Example 2. Let G ={1,2,3,4,5,6,7}, and the definition of
operation * on G is shown in Table 2. From Definition 7, G is
an AG-(l,r)-Loop. However, there is no oll(2),nrr(2), and
nrl(2) in G. From Definitions 5, 6, and 8, G is neither an AG-
(L,1)-Loop nor an AG-(r,r)-Loop nor an AG-(r,1)-Loop.

Definition 11. An AG-(L,r)-Loop (G, *) is called a strong
AG-(L,r)-Loop if, for all a € G, nlr (a)? = nlr (a).

Example 3 illustrates that an AG-(],r)-Loop is not always
a strong AG-(I,r)-Loop.

Example 3. Let G ={1,2,3,4,5,6,7}, and the definition of
operation * on G is shown in Table 3. From Definition 7, G is
an AG-(L,r)-Loop. However, nlr (2) = 3,3 % 3 = 1; thus, G is
not a strong AG-(l,r)-Loop.
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TaBLE 1: Table of Example 1.

* 1 2 3 4 5 6 7 8
1 1 1 1 1 1 1 1 1
2 1 1 1 2 1 1 1 1
3 1 1 3 1 1 1 1 1
4 1 2 1 4 1 1 1 1
5 1 1 1 1 5 1 1 1
6 1 1 1 1 1 6 8 8
7 1 1 1 1 1 8 7 8
8 1 1 1 1 1 8 8 8
TaBLE 2: Table of Example 2.
* 1 2 3 4 5 6 7
1 1 1 1 1 1 1 1
2 1 1 1 4 4 1 1
3 1 1 3 1 3 3 7
4 1 2 1 1 2 1 1
5 1 2 3 4 5 3 7
6 1 1 3 1 3 6 7
7 1 1 7 1 7 7 7
TaBLE 3: Table of Example 3.
* 1 2 3 4 5 6 7
1 1 1 1 1 1 1 1
2 1 1 3 3 1 3 3
3 1 2 1 2 1 2 2
4 1 2 3 4 5 6 7
5 1 1 1 5 5 1 1
6 1 2 3 6 1 6 6
7 1 2 3 7 1 6 7

Example 4 illustrates that a strong AG-(I,r)-Loop is not
always an AG-NET-Loop.

Example 4. Let G ={1,2,3,4,5,6,7}, and the definition of
operation * on G is shown in Table 4. By Definition 11, G is
a strong AG-(I,r)-Loop. However, since 1 * 4 #4 = 1, G is not
an AG-NET-Loop.

Theorem 3. Let (G, * ) be a strong AG-(L,r)-Loop. Then,

(1) For all a € G, nlr(a) is unique
(2) For all a € G, nlr (nlr (a)) = nlr (a)

(3) For all aeG and for any
r € {olr (a)},nlr (a) = r € {olr (a)}
(4) For all a,b € G, nlr(a * b) = nlr (a) * nlr (b)

Proof
(1) If (G, # is a strong AG-(l,r)-Loop, suppose a € G,

there exist nlr,,nlr, € {nlr(a)}. By Definition 11,
nlryxa=a,nlr,xa=a, nlry*nlr,=nl ry, and

TaBLE 4: Table of Example 4.

*

NG W

— e = Q0 R e |
e e N S I

W W Wk = W Ww|lw
L L S I
— o= U1 W R = =G
AN O\ = W R = = | O\
N O\ = W R = =N

nlr, = nlr, = nlr,, and there exist olr,, olr, € G which
satisty a = olr; = nlr, anda * olr, = nlr,. We have

nlry * nlry = (nlry * nlr)) * nlr,
= (nlr, * nlr,) = nlr,
= (nlr, * nlr,) % (a = olr,)
= (nlr, * a) = (nlr, = olr,)
(by the medial law)
= (nlr, * a) = (nlr, = olr,)
= (nlr, *nlr,) * (a *olr,)
(by the medial law)
=nlry = nlry = nlr,,
nlry * nlry = (nlr, * nlr,) * nlr,|
= (nlr, * nlr,) % nlr,
_ (1)
= (nlr, * nlr,) % (a * olr,)
= (nlr, * a) = (nlr, * olr,)
(by the medial law)
= (nlr, * a) = (nlr, * olr,)
= (nlry * nlr,) * (a * olr,)
(by the medial law)
=nlry «nlry = nir,,
nlry = nlr, * nlr,
= (nlr, * nlr,) % nlr,
= (nlr, * nlr,) % nlr,
=wnlry = nlr, = nlr,.

We know that nlr, = nlr,, and nlr (a) is unique.

(2) If (G, =) is a strong AG-(,r)-Loop, from Definition
11, we have, for all a € G, nlr(a)* = nlr (a). Thus,
nlr (nlr (a)) = nlr (a).

(3) Suppose r € {olr (a)}; then,

ax* (nlr(a) =r) = (nlr (a) *a) * (nlr(a) *r)

= (nlr (a) = nlr(a)) * (a*r) (bythe medial law)
= nlr (a) = nlr (a)
=nlr(a).

(2)

So, we get nlr (a) = r € {olr (a)}.

(4) From Definition 11, we have, for all a,b € G,



axb=(nlr(a)*a)* (nlr (b) * b)
= (nlr (a) * nlr (b)) * (a *b),

nlr (a) = nlr (b) = (a * olr (a)) * (b * olr (b)) 3
= (a * b) * (olr (a) = olr (b)).
Therefore, nlr (a * b) = nlr (a) = nlr (b). O

Example 5. Let G ={1,2,3,4,5,6,7}, and the definition of
operation * on G is shown in Table 5. It is a strong AG-(,7)-
Loop. We have (corresponding to the results of Theorem 3)

(1) For all a € G, we can verify that nlr (a) is unique.

(2) Being wnlr(nlr (1)) = nir (1), nlr (nlr (2)) = nlr (2),
nlr (nlr (3)) = nlr (3), nlr (nlr (4)) = nlr (4), nlr (nlr
(5)) = nlr (5), nlr (nlr (6)) = nlr (6), and nlr (nlr (7))
=nlr (7), that is, for all a € G, nlr (nlr (a)) = nlr (a).

(3) For any a € G, let a = 1, and we can get nlr (1) =1
and {olr(1)} ={1,2,5,6,7}. Being 1%x1=1%2=
1x«5=1%x6=1+7=1 € {olr (1)}, thatis, nlr (1) x 0
Ir (1) € {olr (1)}, let a = 3, and we can get nir (3) = 1,
olr(3) =3. Being 1%3=3=o0lr(3), that is,
nlr (3) = olr (3) € {olr (3)}, we can verify other cases;
thus, nlr (a) = r € {olr (a)}.

(4) For any a,b € G, without loss of generality, let
a=1landb = 3; we can get
nlr (1% 3) =nlr (1) * nlr (3). We can verify other
cases; thus, nlr (a * b) = nlr (a) * nlr (b).

Theorem 4. Let (G, =) be a strong AG-(l,r)-Loop. A binary
= on G is introduced as follows:

foralla,b € G,a = bonlr (a) = nlr (b). (4)
Then,

(1) The binary = on G is an equivalence relation, and the
equivalent class contained x is denoted by [x]

(2) For all x € G, [x]. is a sub-AG-group

(3) G = U lxl., that is, each strong AG-(L,r)-Loop can
be represented as the union of its disjoint sub-AG-
groups

Proof

(1) From the binary = definition, it is easy to verify
that = has the properties of reflexive, symmetric,
and transitive. Thus, it is an equivalence relation.

(2) For all a e [x]., let nlr(x) =e,, and we have
nlr(a) =nlr(x) =e,. From Theorem 3 (2),
nlr (e,) = e,, and we have e, € [x]_:

(i) By Definition 11, we have e, = a = nlr(a) * a = a;
thus, e, is a left identity of [x]..

(ii) For all a,b,c € [x]., the left invertive law holds
directly.
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(iii) For all a,be [x]., nlr(a) =nlr(b) =e,; from
Theorem 3 (4), nir(a*b) =nlr(a) «nlr(b) = e,;
thus, a x b € [x]..

(iv) For all ae [x]., let nlr(a) =e,, and suppose
p € {olr(a)},q = nlr (a) = p; by Theorem 3 (3), we
have g € {olr (a)},a = q = nlr (a) = e,, and

nlr (q) = nlr (nlr (a) = p)

=nlr (nlr (a)) = nlr (p)  (by Theorem 3 (4))

=wnlr(a) =nlr(p) (by Theorem 3(2))

=nlr(a*p) (byTheorem 3(4))

= nlr (nlr (a))

=mnlr(a) (byTheorem3(2))

=e,.

(5)

(V) gxa=(nlr(q) =q)xa= (e, *q)*a=
(a*q)*e, =e, Thus, q € [x]. and q is an inverse
element of a. From Definition 10, [x]. is a sub-AG-
group of G.

(3) By Theorem 3 (1), for all a € [x]_, nir (a) is unique.
Then, G = U lx].. O

Example 6. LetG ={1,2,3,4,5,6,7, 8}, and the definition of
operation * on G is shown in Table 6. [1]. = {1,2, 3,4} and
[5]. ={5,6,7,8}.G = [1]_. U [5].,and [1]. and [5]. are sub-
AG-groups of G.

Let G be an AG-groupoid; then, a is an idempotent in G
ifa € G, a*> = a. The set of all idempotents in G is denoted by
E(G). An AG-groupoid G is called an AG-band if G = E(G).

From now on, we assume that G is a strong AG-(L,r)-
Loop, which is the same as Theorem 4. Let Y be an AG-band,
Y ¢ G, and for any « € Y, the equivalent class [«]., which is
defined in Theorem 4, will be denoted by S,, and the ele-
ments of S, will be denoted by a

a P> v oo

Theorem 5. Let (G, %) be a groupoid, Y be an AG-band,
Y cG. G=U_,yS, (S *) is a strong AG-(l,r)-Loop with a
left identity e, for each a€Y, and S,NS=6,
aw,fpeYanda#p. If, for all a, €S, for all bgeS,
a, *bg =a, *e, andbg x a, = a,, then G is a strong AG-

(Lr)-Loop.
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* 1 2 3 4 5 6 7 8 * 1 2 3 4 5 6 7 8 9 10 11 12 13
1 1 2 3 4 1 1 1 1 1 1 2 3 4 1 1 1 1 1 1 1 1 1
2 2 1 4 3 2 2 2 2 2 2 1 4 3 2 2 2 2 2 2 2 2 2
3 4 3 2 1 4 4 4 4 3 4 3 2 1 4 4 4 4 4 4 4 4 4
4 3 4 1 2 3 3 3 3 4 3 4 1 2 3 3 3 3 3 3 3 3 3
5 1 2 3 4 5 6 7 8 5 1 2 3 4 5 6 7 8 5 5 5 5 5
6 1 2 3 4 6 5 8 7 6 1 2 3 4 6 5 8 7 6 6 6 6 6
7 1 2 3 4 8 7 6 5 7 1 2 3 4 8 7 5 6 8 8 8 8 8
8 1 2 3 4 7 8 5 6 8 1 2 3 4 7 8 6 5 7 7 7 7 7
9 1 2 3 4 5 6 7 8 9 10 11 12 13
. . . 0 1 2 3 4 5 6 7 8 10 11 12 13 9
Proof. Suppose G = U ,yS, is the groupoid, Y is an AG- 1 1 2 3 45 6 7 8 11 12 13 9 10
banc.l, for .each a€Y,andS,isa strong A.G—( L,r)-Loop with a 2 1 2 3 4 5 6 7 8 12 13 9 10 11
left identity e, and S, NSg =9 ifatfinY. 31 2 3 4 5 6 7 8 13 9 10 11 12
We first prove that G is an AG-groupoid. Let a, € S,,
bg € Sg, and ¢, € S, be arbitrary elements. Since S, Sg, and
S, are strong AG-(L,r)-Loops, we have AG-band Y ={1,5,9} and S, ={1,2,3,4},¢; =1,

(aa*bﬁ) xc, = (a,xe,) *c,
= (atx*ea) * €y

= (e, *e,) *a, (bytheleftinvertive law)

=e, %0, = ay

(6)

where (c, * bp) * a, = bg * a, = a, = (a, * bg) *c,. Since S,
is a strong AG-(I,r)-Loop, the left invertive law holds directly
for elements a,,b,,c, € S,. Thus, G is an AG-groupoid.
For any b/; €8s we have nlr(bﬁ) =ep and olr(bﬁ)
* bﬁ = bﬂ * olr(bﬁ) = eg. Let x € G — S5, we denote e, is the
left identity in [x]., LSg = {xlx * bﬁ =X * ex,bﬁ *X = X,
X € G—Sﬁ}, and RSg = {xlx*bﬁ =b ,bﬂ*x=bﬁ*eﬁ,x €
G- Sph. Being S,NSy=@ if a#f in Y, we can get
Depending on S, we have three cases to discuss. [

case I. LSy =G —Sp, RSy = &, x € LS, x # bg = x * e, and
bg#x =x. Being S§,NSg =0 if a#P in Y, we can get
x%e, € [x].,xx* bﬁ ¢ Sg. That is, there is no element x ¢ Sp
such that x = bﬁ = bﬁ.

case 2. LSI; =, RSI; =G- Sﬁ,x € RSI;, X * bﬁ = bﬁ, and bﬁ
*x = bpg * e Being S, NSy = if a#f in Y, we can get
bﬁ *x = b; x e; € S, That is, there is no element x ¢ S/3 such
that x = bg = byand by * y = x, and there exists y € G - Sg.

case 3. LSg# O andRSﬂ +J, when x¢€ LSg, x * bﬁ =Xx*
e, ¢ Sg,andbg + x = x ¢ RS;; when x € RSp, x * bg = by,
bﬁ * X = b/s *€g ¢ RSﬁ. That is, there is no element x ¢ SB
such that x#bg=bgandbg*y=x, and there exists

From all the above cases, bﬁ has a unique nir (bﬁ) =e
and {olr(bﬁ)}gsﬁ. Consequently, G is a strong AG-(r)-
Loop.

Example 7. Let G ={1,2,3,4,5,6,7,8,9,10,11,12,13}, and
the definition of operation * on G is shown in Table 7. An

S; =15,6,7,8},e5 =5,and Sy = {9,10,11,12,13},e5 = 9. For
any a, € S;,b; € S5, and¢g € Sy, without losing generality,
let a, =3,b;=7,andcy =10, and we have 3x%7=
3%xland7%3=3,3%x10=3%1land 10%x3=3,7%10=
7+5and10x7 =7, and (3%7)%10= (10%7)*3. The
other cases can be verified; thus, G is an AG-groupoid.

Let ¢, =10, LSy =G-S, ={1,2,3,4,5,6,7,8} and RS,
= ; for all x € LS,, there is no element x such that
x % 10 = 10. That is, the element “10” has a unique nlr (10) =
9 and {olr (10)} = {13}<S,.

Let a,=3, LS, =@,RS, =G-S,=1{5,6,7,8,9,10,11,12,13};
for all xeRS;, 3xx=3%e;=3*1= 4¢RS;; thus, there is no
element x such that there exists y€RS;,x%3=3,3%y=x.
That is, the element “3” has a unique nlr(3)=1 and
{olr (3)}={4}<S,.

Let by =7, LS5 = {1,2,3,4}, and RS; = {9,10,11, 12, 13},
when x €LS;,x*7=x%e, ¢S5,7%x=x¢RS;; when
X €RSq,x%7=77%«x=7%e;=7%5=8¢RS;. That is,
there is no element x ¢ S; such thatx %7 =7,7 % y = x, and
there exists y € G—-S;. The element “7” has a unique
nlr (7) = 5 and {olr (7)} = {7}<Ss;.

The other cases can be verified; thus, G is a strong AG-
(I,r)-Loop.

Theorem 6. Let (G, =) be a groupoid, Y be an AG-band,
Y €G.G = U,yS, (S, *)beastrong AG-(l,r)-Loop with a
left identity e, for each «€Y, and S,NS;=0,
apeY,a#p If, for all a, €S, for all bgeSy,
a, *bg =bg,bg*a, =bgxep then G is a strong AG-(L,r)-
Loop.

Proof. Theorem 6 is proved similarly to Theorem 5.

The strong AG-(l,r)-Loop constructed by Theorem 5 is
not isomorphic to the strong AG-(l,r)-Loop constructed by
Theorem 6. O

Definition 12 (see [20]). An AG-(L])-Loop (G, =) is called a
strong AG-(L,])-Loop if for all a € G, nll(a)? = nll (a).

Example 8 illustrates that an AG-(/,])-Loop is not always
a strong AG-(,])-Loop.



Example 8. Let G ={1,2,3,4,5,6,7, 8}, and the definition of
operation * on G is shown in Table 8. From Definitions 5
and 7, G is both an AG-(l,])-Loop and an AG-(l,r)-Loop.
However, nll (1) = nlr (1) = 3,3 * 3 = 4 # 3; thus, it is neither
a strong AG-(,])-Loop nor a strong AG-(I,r)-Loop.

Theorem 7. Let (G, %) be an AG-groupoid. Then, the fol-
lowing three statements are equivalent:

(1) G is a strong AG-(L,r)-Loop
(2) G is a strong AG-(,1)-Loop
(3) G is an AG-(l,Ir)-Loop

Proof

(1) = (2). Suppose G is a strong AG-(I,r)-Loop; from
Definition 11, for all ae€G, there exist
nlr(a),olr(a) € G, nlr(a) *a =a, ax*olr(a)=nlr
(a), and nlr (a)* = nlr (a). Let d = nlr (a) * olr (a),
and we have d x a = (nlr (a) * olr (a)) *a = (a * olr
(a)) *nlr (a) = nlr (a)* = nlr (a). From Definition
12, G is a strong AG-(1,])-Loop.

(2) = (3). Suppose G is a strong AG-(1,])-Loop; from
Definition 12, for all ae€G, there exist
nll(a),oll(a) € G, nll(a) *a = a, oll (a) * a = nll (a),
and nll(a)? =nll(a). So, a=*oll(a) = (nll(a) * a)
xoll  (a) = (oll(a) * a) = nll(a) = nll(a)* = nll (a).
By Definition 9, G is an AG-(],Ir)-Loop.

(3) = (1). If G is an AG-(1Ir)-Loop, from Definition 9,
for all aeG, there exist nlr(a),olr(a) € G,
nlr (a) * a = a, and olr (a) * a = a * olr (a) = nlr (a).
So, nlr (a) * nlr (a) = (olr (a) * a) * nlr (a) = (nlr (a)
*a) * olr (a) = a * olr (a) = nlr (a). By Definition
11, G is a strong AG-(1,r)-Loop.

Figure 1 shows the relationships among AG-(,1)-Loop
and AG-(L,r)-Loop. Here, A stands for AG-NET-Loop, B
stands for strong AG-(l,r)-Loop shown in Example 4 rather
than AG-NET-Loop, C stands for AG-(/,r)-Loop and AG-
(L1)-Loop shown in Example 8, which is, however, not strong
AG-(l,r)-Loop, D stands for AG-(l,I)-Loop rather than AG-
(Lr)-Loop, E stands for AG-(I,r)-Loop shown in Example 2
rather than AG-(L])-Loop, and F stands for AG-groupoid
shown in Example 1, which is, however, not either AG-([,)-
Loop or AG-(Lr)-Loop. A+ B stands for strong AG-(Lr)-
Loop, A+ B+ C+D stands for AG-(,])-Loop, A+B+C+E
stands for AG-(L,r)-Loop, and A+B+C+D+E+F stands
for AG-groupoid. O

4. AG-(r,r)-Loop and AG-(r,1)-Loop

Theorem 8. Let (G, *) be an AG-(r,r)-Loop. Then,

(1) G is an AG-(1,1)-Loop
(2) G is an AG-(L1)-Loop
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Figure 1: The relationships among AG-(Ll)-Loop and AG-(Lr)-
Loop.

Proof

(1) Suppose G is an AG-(r,r)-Loop; from Definition 6,
for all aeG, there exist nrr(a),orr(a) € G,
axnrr(a)=a, and a=xorr(a)=nrr(a). Let
q = orr(a) = nrr(a), and we have g=*a = (orr(a)
xnrr(a)) *a = (a*nrr(a)) xorr(a) =a=*orr(
a) = nrr(a). By Definition 8, G is an AG-(r,])-Loop.

(2) Suppose G is an AG-(r,r)-Loop; from Definition 6,
for all ae€G, there exist nrr(a),orr(a) € G,
axnrr(a)=a, and a=xorr(a)=nrr(a). Let
d = nrr(a)? and g = nrr(a) = orr(a), and we have
dxa= (nrr(a) *nrr(a)) *a= (a*xnrr(a)) *nrr(a)
=a *nrr(a) =aandq=*a = (nrr(a)*orr(a)) xa=
(axorr(a))*nrr(a) =nrr(a) *nrr(a) =d.

By Definition 5, G is an AG-(1,])-Loop. O

Definition 13. An AG-(r,r)-Loop (G, ) is called a strong
AG-(r,r)-Loop if for all a € G, nrr (a)? = nrr(a).

Definition 14. An AG-(r,1)-Loop (G, *) is called a strong
AG-(r,])-Loop if for all a € G, nrl (a)? = nrl(a).

Example 9 illustrates that an AG-(,r)-Loop is not always
a strong AG-(r,r)-Loop and an AG-(r,l)-Loop is not always a
strong AG-(r,1)-Loop.

Example 9. Let G ={1,2,3,4,5,6,7, 8}, and the definition of
operation * on G is shown in Table 9. From Definitions 6, 8,
5, and 7, G is both an AG-(r,r)-Loop and an AG-(r,1)-Loop
and an AG-(L])-Loop and AG-(Lr)-Loop. However,
nrr(1) =4,nrl(1) =4,4%«4=3+4;nll(1) =3,nlr(1) = 3,3
* 3 = 4# 3. Thus, G is neither a strong AG-(r,r)-Loop nor a
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* 1 2 3 4 5 6 7 8
1 2 4 3 1 3 1 2 4
2 3 1 2 4 2 4 3 1
3 1 3 4 2 4 2 1 3
4 4 2 1 3 1 3 4 2
5 1 3 4 2 6 8 7 5
6 4 2 1 3 7 5 6 8
7 2 4 3 1 5 7 8 6
8 3 1 2 4 8 6 5 7

strong AG-(r,])-Loop nor a strong AG-(Ll)-Loop nor a
strong AG-(l,r)-Loop.

Theorem 9. Let (G, ) be an AG-groupoid. Then, the fol-
lowing three statements are equivalent:

(1) G is a strong AG-(r,r)-Loop
(2) G is a strong AG-(r,1)-Loop
(3) G is an AG-NET-Loop

Proof

(1) ==(2). Suppose G is a strong AG-(,r)-Loop; from
Definition 13, for all a € G, there exist nrr(a),
orr(a) € G,a *nrr(a) = a,a = orr (a) = nrr(a), and
nrr(a)® = nrr(a). Let q = orr(a) * nrr(a), and we
have g*a = (orr(a) =nrr(a))*a = (a*nrr(a))
xorr (a) = a *orr(a) = nrr (a). By Definition 14, G
is a strong AG-(r,1)-Loop.

(2) ==(3). Suppose G is a strong AG-(r,l)-Loop; from
Definition 14, for all a€ G, there exist
nrl(a),orl(a) € G, axnrl(a) = a,
orl(a) xa=nrl(a) , and nrl(a)?* =nrl(a). So,
nrl(a) *a = (nrl(a) * nrl
(a)) *a = (a*nrl(a)) *nrl(a) = ax*nrl(a) = aand
axorl(a) = (nrl(a) * a) * orl(a) = (orl(a) xa) xn
rl(a) = nrl(a)? = nrl(a). By Definition 3, G is an
AG-NET-Loop.

(3) =(1). It is obvious that an AG-NET-Loop is a
strong AG-(r,r)-Loop.

Figure 2 shows the relationships among AG-(r,l)-Loop
and AG-(L,r)-Loop. Here, A stands for AG-NET-Loop, B
stands for AG-(r,I)-Loop and strong AG-([,)-Loop shown in
Example 4, which is, however, not AG-NET-Loop, C stands
for AG-(r,])-Loop and AG-(,r)-Loop shown in Example 9,
which is, however, not strong AG-(l,r)-Loop, D stands for
AG-(r,])-Loop rather than AG-(Lr)-Loop, E stands for
strong AG-(L,r)-Loop rather than AG-(r,])-Loop, F stands for
AG-(L,r)-Loop shown in Example 2, which is, however, not
either AG-(r,])-Loop or strong AG-(I,r)-Loop, and G stands
for AG-groupoid shown in Example 1, which is, however,
not either AG-(l,r)-Loop or AG-(r,])-Loop. A + B + E stands
for strong AG-(I,r)-Loop, A + B + C+ D stands for AG-(r,)-
Loop, A+B+C+E+F stands for AG-(lr)-Loop, and
A+B+C+D+E+F+G stands for AG-groupoid.

FIGURe 2: The relationships among AG-(r,])-Loop and AG-(Lr)-
Loop.

FiGure 3: The relationships among AG-(r,])-Loop and AG-(LI)-
Loop.

Figure 3 shows the relationships among AG-(r,l)-Loop
and AG-(Ll)-Loop. Here, A stands for AG-NET-Loop, B
stands for AG-(r,1)-Loop and strong AG-([,])-Loop shown in
Example 4, which is, however, not AG-NET-Loop, C stands
for AG-(r,r)-Loop shown in Example 9 rather than strong
AG-(L)-Loop, D stands for AG-(r,l)-Loop and AG-(L])-
Loop rather than AG-(r,7)-Loop, E stands for AG-(r,])-Loop
rather than AG-(L,l)-Loop, F stands for strong AG-(1,])-Loop
rather than AG-(r,/)-Loop, and G stands for AG-(l,/)-Loop,
which is, however, not either AG-(#,[)-Loop or a strong AG-
(L)-Loop. A+B+C stands for AG-(r,r)-Loop, A+B+F
stands for strong AG-(L1)-Loop, A + B+ C + D +E stands for
AG-(r,])-Loop, and A+B+C+D+F+G stands for AG-
(L1)-Loop. O

5. Alternative Quasi AG-NET-Loop

Definition 15. Let (G, *) be an AG-NET-Loop (AG-(L])-
Loop, AG-(l,r)-Loop, AG-(r,r)-Loop, and AG-(r,])-Loop).
Then, G is called a right alternative AG-NET-Loop (AG-(L1)-
Loop, AG-(L,r)-Loop, AG-(r,r)-Loop, and AG-(r,])-Loop) if
bx (axa)= (b*a)=*a, for all a,b € G.

Definition 16. Let (G, % be an AG-NET-Loop (AG-(L])-
Loop, AG-(L,r)-Loop, AG-(r,r)-Loop, and AG-(r,])-Loop).
Then, G is called an alternative AG-NET-Loop (AG-(L])-
Loop, AG-(L,r)-Loop, AG-(r,r)-Loop, and AG-(r,]1)-Loop), if
for all a,b e G, (axa)xb=a=* (axb), ax (bxb) = (a=*
b) = b.

Example 10 illustrates that an AG-NET-Loop is not
always an alternative AG-NET-Loop.

Example 10. Let G = {1,2,3,4,5,6,7}, and the definition of
operation * on G is shown in Table 10. By Definition 3, G is
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TaBLE 10: Table of Example 10.

* 1 2 3 4 5 6 7
1 1 4 2 3 3 1 2
2 3 2 4 1 1 3 4
3 4 1 3 2 2 4 3
4 2 3 1 4 4 2 1
5 2 3 1 4 5 2 1
6 1 4 2 3 3 6 2
7 4 1 3 2 2 4 7

an AG-NET-Loop. However, G is not an alternative AG-
NET-Loop because (3 %4)*4+3 % (4x%4).

a * neut(b) = a * (neut(b) * neut (b))
= (a * neut(b)) * neut (b)
= (neut(b) * neut(b)) * a

= neut(b) * a,

SO

a* b = (neut(a) * a) * (b * neut (b))
= (neut(a) * b) * (a * neut(b))
= (b * neut (a)) * (neut(b) * a)

(by the medial law)

= (b * neut (b)) * (neut(a) * a)
=bxa.

(8)

Consequently, G is a commutative AG-NET-Loop.

(2) =(3). If G is a commutative AG-NET-Loop, for all
mneG, mxnxn)=(nm*xn)sxm= (m=*n)=*n
and (msm)xn=
(nxm)sxm=m= (n*xm)=mx* (m=*n). By Defi-
nition 16, G is an alternative AG-NET-Loop.

(3) =(). It is obvious that an alternative AG-NET-Loop
is a right alternative AG-NET-Loop. O

Theorem 11 (see [23]). Let (G, =) be a locally associative
AG-groupoid. If G is finite, then there exists a € G,a* = a.

Theorem 12. Let (G, ) be a right alternative AG-(r,])-
Loop. If G is finite, then, for all a € G, there exist
sspeGaxs=a,pxa=s,ands’ =s.

Proof. If G is a finite right alternative AG-(,[)-Loop. Then,

for all a € G, there exist s,pe G,a*s=a,andp*a=s,

and we have axs>=a# (sxs)=(a*s)*s=ax*s=a.
When k € Z*, k> 2,
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Theorem 10. Let (G, =) be an AG-NET-Loop. Then, the
following three statements are equivalent:

(1) G is a right alternative AG-NET-Loop
(2) G is a commutative AG-NET-Loop
(3) G is an alternative AG-NET-Loop

Proof

(1) =(2). Suppose G is a right alternative AG-NET-
Loop; from Definition 15, for all a,b € G,

(by Theorem 1 (2))
(by the right alternative law)

7
(by the left invertive law) @
axst =(axs)* (sz*skfz)
= (a * 52) * (s * skiz) (by the medial law)
=a=x ski1 )

Thus, s,5%,5%,...,s5, ... are all right neutral element.
By Theorem 11, we get that there is an idempotent right
neutral element in G. O

Theorem 13 (see [23]). Let (G, %) be a finite alternative
AG-(L1)-Loop. Then, G is a strong AG-(L1)-Loop.

Theorem 14. Let (G, %) be an AG-groupoid. Then, the
following three statements are equivalent:

(1) G is a finite right alternative AG-(r,1)-Loop

(2) G is a finite alternative AG-NET-Loop

(3) G is a finite alternative AG-(1,1)-Loop
Proof

(1) =(2). If G is a finite right alternative AG-(r,1)-Loop,
applying Theorem 12, we get that G is a strong AG-
(,1)-Loop. From Theorem 9, we get that G is a right
alternative AG-NET-Loop. Applying Theorem 10, G
is a finite alternative AG-NET-Loop.

(2) =(3). It is obvious that a finite alternative AG-NET-
Loop is a finite alternative AG-(1,])-Loop.

(3) =(1). If G is a finite alternative AG-(,/)-Loop, ap-
plying Theorem 13, we get that G is a strong AG-(L,1)-
Loop. From Definition 12, for all a € G, there exist
nll(a),oll(a) € G, nll(a) * a = a, oll(a) * a = nll(a),
and nll (a)* = nll (a). We have
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TaBLE 11: Table of Example 11.

* 1 2 3 4 5 6 7
1 2 5 4 1 3 1 1
2 5 3 1 2 4 2 2
3 4 1 5 3 2 3 3
4 1 2 3 4 5 4 4
5 3 4 2 5 1 5 5
6 1 2 3 4 5 6 4
7 1 2 3 4 5 4 7
Right alternative AG - NET - Loop Commutative AG - NET - Loop Alternative AG - NET - Loop
Finite right alternative AG - (r, I) - Loop Finite alternative AG - (I, I) - Loop Finite alternative AG - NET - Loop

FIGURE 4: The relationships among alternative AG-NET-Loop and other alternative quasi AG-NET-Loops.

Strong AG—(l, r)-Loop, strong AG—(l, [)-Loop

and AG—(], Ir)-Loop are equivalent

Each strong AG—(1, r)-Loop can be represented

AG—(l, 1)-Loop as the union of its disjoint sub—AG-groups

Strong AG—(r, [)-Loop, strong AG—(r, r)-Loop
and AG-NET-Loop are equivalent

Strong AG—(l, r)~Loop

N

AG-NET-Loop

>

Commutative AG-NET-Loop, alternative AG-NET-Loop

Commutative AG-NET-Loop

Two different composition methods of

strong AG—(1, r)-Loop are obtained

and right alternative AG-NET-Loop are equivalent

FIGURE 5: The main results of this paper.

a*nll(a) = ax* (nll(a) = nll(a))
= (a*nll(a)) *nll(a) (by theright alternative law)
= (nll(a) *nll(a)) *a (by theleft invertive law)
=nll(a)*a=a.

(10)

By Definition 15, G is a finite right alternative AG-(r,])-
Loop. O

Example 11. Let G = {1,2,3,4,5,6,7}, and the definition of
operation # on G is shown in Table 11. We can easily verify
that G satisfies the alternative law. Being each element in G
has a neutral element and an opposite element; by Definition
16, G is a finite alternative AG-NET-Loop. Obviously, a
finite alternative AG-NET-Loop is both a finite right al-
ternative AG-(r,l)-Loop and a finite alternative AG-(L])-
Loop. Since for all a,b € Ganda b = b * a, we have G as a
commutative AG-NET-Loop.

Figure 4 shows the relationships among alternative AG-
NET-Loop and other alternative quasi AG-NET-Loops. In
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Figure 4, we prove that the right alternative AG-NET-Loop
is equivalent to the commutative AG-NET-Loop, and the
commutative AG-NET-Loop is equivalent to the alternative
AG-NET-Loop. As the finite right alternative AG-(r,l)-Loop
is equivalent to the finite alternative AG-(,1)-Loop, the finite
alternative AG-(1,])-Loop is equivalent to the finite alter-
native AG-NET-Loop; therefore, they are equivalent to each
other.

6. Conclusion

In this paper, the AG-(I,r)-Loop and AG-(,])-Loop have
been introduced, the structure of the quasi AG-NET-Loops
have been studied further, and some important results have
been obtained. We prove that the strong AG-(l,r)-Loop, the
strong AG-(,])-Loop, and the AG-(LIr)-Loop are equivalent
(see Theorem 7); the strong AG-(r,])-Loop, the strong AG-
(r,r)-Loop, and the AG-NET-Loop are equivalent (see
Theorem 9); the commutative AG-NET-Loop, the alterna-
tive AG-NET-Loop, and the right alternative AG-NET-Loop
are equivalent (see Theorem 10). Furthermore, the de-
composition theorem of strong AG-(],r)-Loop (see Theorem
4) and two different ways how to make a strong AG-(I,r)-
Loop are obtained (see Theorem 5 and Theorem 6), thus
illuminating the structure of strong AG-(l,r)-Loop. Figure 5
shows the main results of this paper. Future efforts will be
directed towards discussing the relationship between strong
AG-(I,r)-Loop and other related AG-groupoid bands, such
as root of band, AG-4-band, and AG-3-band (see [24]).
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The information expression and modeling of decision-making are critical problems in the fuzzy decision theory and method.
However, existing trapezoidal neutrosophic numbers (TrNNs) and neutrosophic Z-numbers (NZNs) and their multicriteria
decision-making (MDM) methods reveal their insufficiencies, such as without considering the reliability measures in TrNN and
continuous Z-numbers in NZN. To overcome the insufficiencies, it is necessary that one needs to propose trapezoidal neu-
trosophic Z-numbers (TrNZNs), their aggregation operations, and an MDM method for solving MDM problems with TrNZN
information. Hence, this study first proposes a TrNZN set, some basic operations of TrNZNs, and the score and accuracy functions
of TrNZN and their ranking laws. Then, the TrNZN weighted arithmetic averaging (TrNZNWAA) and TrNZN weighted
geometric averaging (TTNZNWGA) operators are presented based on the operations of TrNZNs. Next, an MDM approach using
the proposed aggregation operators and score and accuracy functions is established to carry out MDM problems under the
environment of TrNZNSs. In the end, the established MDM approach is applied to an MDM example of software selection for
revealing its rationality and efficiency in the setting of TrNZNs. The main advantage of this study is that the established approach
not only makes assessment information continuous and reliable but also strengthens the decision rationality and efficiency in the

setting of TrNZNs.

1. Introduction

In fuzzy decision-making problems, various new fuzzy
decision-making methods [1-3] have received many ap-
plications under neutrosophic, simplified neutrosophic
hesitant fuzzy, and bipolar neutrosophic environments.
Then, triangular and trapezoidal fuzzy numbers are usually
used for real decision-making problems because they can be
depicted by the continuous fuzzy numbers of membership
functions rather than exact/discrete fuzzy values. Hence,
some researchers extended triangular fuzzy numbers to
intuitionistic fuzzy sets (IFSs) and presented triangular
intuitionistic fuzzy sets (TIFSs), where the values of the
membership and nonmembership functions are triangular
fuzzy numbers, and some triangular intuitionistic fuzzy
aggregation operators for multicriteria decision-making
(MDM) problems with triangular intuitionistic fuzzy

information [4-7]. As the extension of TIFSs, Ye [8] in-
troduced a trapezoidal intuitionistic fuzzy set (TrIFS), in
which the values of its membership and nonmembership
functions are trapezoidal fuzzy numbers rather than trian-
gular fuzzy numbers, and some prioritized weighted ag-
gregation operators of trapezoidal intuitionistic fuzzy
numbers (TrIFNs) for MDM problems with TrIFNs.
However, TIFSs and TrIFSs cannot depict inconsistence and
indeterminacy information. Hence, Ye [9] generalized TrIFS
and proposed a trapezoidal neutrosophic set (TrNS), in
which the values of its truth, falsity, and indeterminacy
membership functions are trapezoidal fuzzy numbers, to
express incomplete, indeterminate, and inconsistent infor-
mation, and then he presented some basic operations of
trapezoidal neutrosophic numbers (TrNNs), score and ac-
curacy functions of TrNNs, and TrNN weighted arithmetic
averaging (TrNNWAA) and TrNN weighted geometric
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averaging (IT'NNWGA) operators for MDM problems in the
setting of TrNNs. Then, some researchers utilized the in-
tegrated approach [10] and defuzzification method [11] for
the evaluation and MDM problems with interval-valued
TrNNs. Further, Giri et al. [12] applied TOPSIS method in
MDM problems with interval-valued TrNNs. Also, Jana et al.
[13] and Khatter [14] presented some basic operations of
interval-valued TrNNs, score and accuracy functions of an
interval-valued TrNN, and the interval-valued TINNWAA
and T'TNNWGA operators for MDM problems in the setting
of interval-valued TrNNs.

The notion of a Z-number introduced by Zadeh [15] is
described by a fuzzy number and its reliability measure to
strengthen the reliability of the fuzzy information. After that,
Z-numbers have been used for many areas [16-22]. Based on
the truth, falsity, and indeterminacy Z-numbers, Du et al.
[23] extended the Z-number concept and proposed neu-
trosophic Z-numbers (NZNs) to enhance the reliability of
the neutrosophic information, and then they presented basic
operations of NZNs, score and accuracy functions of NZN,
and the NZN weighted geometric averaging (NZNWGA)
and NZN weighted arithmetic averaging (NZNWAA) op-
erators and further established their MDM method under
the environment of NZNs.

However, TrNN is described only by the trapezoidal fuzzy
numbers of its truth, falsity, and indeterminacy membership
functions without considering their reliability measures, while
NZN is depicted only by exact/discrete truth, falsity, and in-
determinacy Z-numbers rather than continuous Z-numbers.
Hence, TrNN and NZN and their MDM methods reveal their
insufficiencies in their information expressions and applica-
tions. To express both the continuous Z-numbers of truth,
falsity, and indeterminacy membership functions and the re-
liability measures in MDM problems, it is necessary that this
study needs to propose an MDM method based on trapezoidal
neutrosophic Z-numbers (TrNZNs) to make up such insuffi-
ciencies of existing information expressions and MDM methods
in the environments of TrNNs and NZNs. To do so, the main
aims of this article are (1) to propose a TrNZN set and some
basic operations of TrNZNS, (2) to introduce score and accuracy
functions of TrNZN for ranking TrNZNss, (3) to put forward the
TINZNWAA and TrNZNWGA operators for aggregating
TrNZNs, (4) to develop a MDM approach using the proposed
aggregation operators and score and accuracy functions for
solving MDM problems under the environment of TrNZNs,
and (5) to apply the established MDM approach to an MDM
example of software selection for revealing its efficiency in the
setting of TrNZNs.

The rest of the article is composed of the following
sections. Section 2 introduces some basic notions of TrNNs
as preliminaries of this study. Section 3 proposes a TrNZN
set, basic operations of TrNZNs, the score and accuracy
functions of TrNZN, and their ranking laws of TrNZNs.
Then, the TrNZNWAA and TrNZNWGA operators and
their relative properties are presented in section 4. Section 5
develops an MDM approach using the TINZNWAA and
TrNZNWGA operators and score and accuracy functions of
TrNZNs. In Section 6, the developed MDM approach is
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applied to an MDM example of software selection to indicate
its efficiency in the setting of TrNZNs. In the end, con-
clusions and further study are contained in Section 7.

2. Preliminaries of TrNSs

In this section, we introduce preliminaries of TrNSs, in-
cluding TrNNs, operations of TrNNs, two TrNN weighted
aggregation operators, and score and accuracy functions of
TrNNs for ranking TrNNs.

Ye [9] first proposed TrNS in a universe set U, which is
denoted as

¥ ={(u NG (), INg (), ENg (), weU}, (1)

where TN; (u)c(o, 1], IN; (u)<[0,1],and FNz (u)c[0, 1] are
the truth, indeterminacy, and falsity membership functions;
then their values are three trapezoidal fuzzy numbers
TN;(u) = (TN, (u), TN, (1), TN;5 (1), TN, (u)): U — [0,
1], IN;(u) = (INy (), IN, (1), IN5 (1), IN, (u)): U — [0,
1], and FN; (u) = (FN, (1), FN, (1), FN; (1), FN, (u)): U
— [0, 1] with the condition
0<TN, (1) + IN, (u) + FN, (1) <3 for u € U. For conve-
nience, a TrNN in Y is simply denoted by 7 = <(TN1, TN2,
TN3, TN4), (IN1, IN2, IN3, IN4), (FN1, FN2, FN3, FN4)>.

Regarding two TrNNs 3, = <(TNy;, TNy, TNy3, TNyy),
(IN115 IN13, INy3, INyy), (ENyy, FNy, FNs, ENpg)> and y, =
<(TN21) TNZZ’ TNZ?» TN24)> (INZI’ INZZ’ IN23’ IN24)’ (FNZD
ENy,, FN,3, FN,4)>, Ye [14] defined the following basic
operations:

(1) 7,8y, = ( (TN, + TN, = TN, TN,,, TN+
TN, ~TN,,TN,,  TNys+ TNy~ TNsTNys,
TN, +TN,, —-TN,TN,,), (IN;;IN,;,IN{,IN,,,
IN 31Ny, IN 14 IN,,), (FN FN,, FN(,FN,,,
FN3;FN,;, FN,FN,,)>

(2) 7,85, = ( (TN}, TNy, TN |, TN, TN3TN,;,
TN,,TN,,), IN; + IN,; —IN;IN,;,IN,, +
IN,, — IN,INy, IN3 + IN,s — IN;IN 5, IN,, +
IN,, —IN, IN,,), (FN;; + FN,; = FN;FN,,,
FN,, + EN,, — FN,FNy,, EN 5 + FNy; - FN
FN,;,FN,, + FN,, - FN,,FN,,))

@A =((1-0-TN 1= (1-TN), 1- (-
TN )Y 1 - (1-TN )Y, (IN},, IN},, IN},, INY)),
(FN},,FN},, ENL, FN1,), 150

@ 7 = ((TN},, ATN’I‘Z,TN’IQ,TN;L‘), (1-(1- INu;*,
1-(1-IN)1-(1-IN), 1-(1-IN)"),
(1-(1-FN;)Y, 1= (1-FN,), 1= (1-FNy),
1- (1-FN, )", 120

Regarding a group of TrNNs y; = <(TNj;, TNj, TNjs,

TI\’j4)) (Il\ljlr Il\ij) II\IjS) IZ\]j4)) (FI\le) FI\IjZ» FZ\IjS) FI\]j4)> (j: 1)
2,..,n) with their weights /1]- (i=1,2,...,n)for )Lj €[0,1] and
YiaAj=1 Ye [9] proposed the TrNNWAA and
TrNNWGA operators:
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—_~ —~ o~ n —~
TINNWAA (3, Vo - -5 V) = jefl Ay

n

_ <<1 TNy TN - T (- TN -

TINNWGA (71,72,...,%) =&y

n L PP P Iy
=< [TrNG TN TTrN [TTNG ),
j=1 j=1 j=1 j=1
(i moba it

j=1 j=1

1 A 1 by
1- (1 —FN]-I) i1- (1 -FN,)",

=1 i1

Then, the score and accuracy functions of the TrNN 3 =
<(TN,, TN,, TN, TN,), (INy, IN,, INs, IN,), (FN,, FN,, FN;,
FN,)> were defined as follows [9]:

12+TN1+TN2+TN3+TN4 IN, +IN, +IN;+IN, FN;+FN,+FN;+FN,

1-T](1-1N,)",1 -

n n

1.
(1-TN) ]>’ 2)

i1 i1

(3)

n 1. n 1.
1-[J(1-FNj) 1= (1 -FNj,)” >

S@)=§< 4 4

TN,+TN,+TN;+TN, FN,+FN,+FN;+FN,

. ) SG)elo1], (4

, H(®) e [-1,1]. (5)

H() = y

Based on the score and accuracy functions of TrNNs, the
ranking relations between two TrNNs 3, = <(TNy;, TNy,
TN13’ TN14)> (INII’ IN12> IN133 IN14)) (FNID FN]Z’ FNI?»
FN14)> and ¥, = <(TN3;, TNy, TNp3, TNp4), (IN2;, INp,
IN23, IN24), (FNZD FN22, FN23, FN24)> were defined as
follows [9]:

(1) ¥,>y, for S(¥;) = S(¥,)
(2) 7,>9, for S(3,) = S(¥,) and H(3,) > H (3,)
(3) y1 =y, for S(¥,) =S(¥,) and H(y,) = H(¥,)

4

3. Trapezoidal Neutrosophic Z-Number
(TrNZN) Sets

To make trapezoidal neutrosophic information reliable, this
section gives the following definitions of a TrNZN set,
operations of TrNZNs, score and accuracy functions of
TrNZN, and ranking laws of TrNZNss.

Definition 1. Set U as a universe set; then, a TrNZN set in U
is defined as the following mathematical representation:

Z ={u, (T2 W), TZz W), (12 (), 125 (W), (FZ; (w), FZ7 () )lu € U}, (6)

where (TZi;(u), TZ~(u)), (IZ; (u),IZE(u)), and (FZ\~/ (u),
FZ~(u)) are the truﬁq, indeterminacy, and falsity trapezoidal
Z-numbers that are composed of the truth, indeterminacy, and
falsity trapezoidal fuzzy numbers and their reliability measures,
denoted as (TZ;(u),TZ~(u)) = ((Ty, (u), Ty, (w), Tys (1),
Ty (1)), (Tay (1), Ty (4), Ty (), Ty () U— [0, 1] x
0, 1], (125 (W), 1Z5 (u) = ((Tyy (), Ly (), T3 (w), Iy (1)),

(Igy (u), Tpy (1), 15 (1), Ipy(u))): U — [0, 1]%[0, 1], and
(FZ“/’ (U)>FZ§ (u)=( (Fv1 (U):sz (u)>Fv3 (u), Fy, (u)), (FRl
(1), Fry (1), Fps(u),Fpy(u))): U — [0, 1]x[0, 1] with the
conditions 0<T'y, (u)+Iy, (u)+Fy,(u)<3 and 0<Tp, (u)+
Ipy (W)+Fpy (u)<3 for ueU.

For convenience, the three trapezoidal Z-numbers in Z
are simply denoted as (TZ; (u), TZE(u)) = ((Tyy,



Ty Ty Tya)s (Tri> Tros Tras Tra))s (IZ (), IZ* (u) =
((Iyy Iy Iyss Iypa)s (Ipys Tros Lras Tra))s and (FZ~ (u) FZ~
() = (Fyy> Fya, Fys, Fyy)s (Fris Fros Frss Fry)). Thus, a
TrNZN in Z is simply denoted as Z = <((Ty1, Tva, Tvs> Tva)s
(TRI) TRZ’ TR3’ TR4))’ ((IVI) IV2) IV3’ IV4)’ (IRI) IR2) IRS) TR4)))
((FVD FV2> FV3’ FV4)> (FRD FRZ’ FR3’ FR4))>-

If Ty, =Tvs, Tra = Tr3s Iv2=1Iv3, Iy = Irs, and Fy, = Fys,
Fro = Fgs hold in the TrNZN Z; it is reduced to the triangular
neutrosophic Z-number, which is a special case of TrNZN.

Definition 2. Set Z,= <((Tvi1, Tviz Tviz» Tvia)s (Tri1> Tri2s
TR13) TR14))) ((IVII’ IV12’ IV13: IV14)) (IR11> IR12’ IR13’ TR14))’
((Fvi1> Fvia, Fviss Fyvia)s (Frits Frizs Frizs Fria))> and z,=
<((Tva1> Tvazs Tvazs Tvza)s (Trats Trozs Trozs Troa))s ((Tvais
Ivazs Tvazs Tvaa)s (Irats Irozs Irass Troa))s ((Fvars Fvaas Fyos,
Fy24), (Fra1> Froa, Frass Froa))> as two TrNZNs. Then they
are defined as the following basic operations:

1) 2,2, = ( (Tyy, + Tyay = Ty Tyars Typy + Tyay —
Ty, Ty Tyis + Tyas = Tyi3Tyos Tyvig+Typy—
TyviaTvaa), (Triy + Trat = TrinTro> Triz + Troa —

T ri2T Ro2s T3+ Tros = TrisTrozs Tria + Troa—

TR14TR24))’ ((IVIIIVZI’ IVIZIVZZ’IV13IV23’IV14IV24)’
(IRHIRZI’ IR121R22’ IR13IR23’ IR14IR24))’ ((FVIIFVZD
FVIZFVZZ’ FV13FV23’ FV14FV24)’ (FRllFRZI’ FRIZFRZZ’
FR13FR23’ FR14FR24))>

(2) z1 ®z2 = < ((TVIITVZI’ TV12TV22’TV13TV23’TV14

Tyou) (Tri T ro1> Tri2 T Ro2s Tri3Tro3 TriaT Ro4))>
((Tyyy + Iyyy = Ty Lygs Ly + Iya = Lyl
Lyist Iy = Iyislyass Iyig + Ty — Iyiadyas), gy +
Iror = Ipiidpors  Iriz + Ireo = Iriodgoos Iris + 1ros —

+ Ty +Tyia+ Ty + Ty y
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Iri3Iross Tria + Iroa = Irialgoa))s ( (Fyyy + Fy -
Fyvi1Fvars Fyiat Fyay = FyiaFyags Fyis + Fyps — Fygs
Fyos Fyig + Fyoy = FyiaFypy),  (Fpryg + Fryy — Fryy
Frot» Fria + Frao = FrizFroos Fris + Fras = FrizFross
Fria + Frog = FrisFroa))?

()1Z = ( (- (-Ty', 1-0 - Ty 1- (1=

Ty 1- (1 —Tm) ), (1= (1- TRFY& 1-0-
Tr)s1-(1- TRAB) , 11— (1- TRAM) )s ((ﬂm,IAVlz,
A

IV13’ V14)> (IR11’1R12’1R13> IR14))’ ((FVII’FVIZ’

1 gk DI S S |
Fyi3 Fyia)s (Frip Frip Frizs Frig)))» A>0

(4) z} =

A
1;\ <((TV11’ v12’T%3)T¢14) (TRll’ R12’TR13’

R14)) (- -1y, 1-01 —Ivu) 1-(1-
Iv13) 1- (1—1\/14) ), (1= (1- }311) 1= (1-
IRlz) 1- (1-Ipy) 1-(1 _IRl‘i) ), (1= (1=
FVll) I- (I—Fvn) 1 (1_FV13) 1-(1-
FV14) ), (1—(1-Fg 1) -(1- FRIZ) 1-(1-
FR13) I- (I_FR14) NS A>0

For ranking TrNZNss, the score and accuracy functions of
TrNZN are defined according to the expected value of a
trapezoidal fuzzy number and score and accuracy functions
of TrNN [9].

Definition 3. Set Z,= <((Tvi1, Tviz Tviz» Tvia)s (Tri1> Trizs
TR137 TR14))’ ((IVlla IV123 IV13: IV14)a (IRll’ IR12> IR13r TR14))’
((Fvi1> Fyiz, Fyis, Fyia)s (Frits Frizs Fris» Fria))> as TINZN.
Then the score and accuracy functions of the TrNZN Z, can
be defined as follows:

Triy+Trip+ Triz+ Triy

4 4
S(z,) :% Iyy +IV1ZZIV13+IV14X1R11 +IR12;:IR13+IR14 ., S(z) e [0,1], 7)
Fyp +FV12+FV13+FV14XFR11 + Frip + Friz + Fryy
4 4
H(Z,) = Ty +Tyip+ Ty + Ty % Triy +Trip + Tris + Triy Fyyy + Fyp + Fyis + Fyyy
! 4 4 4 (8)
XFRll +FR121FR13+FR14) HZ) e [-1,1].

Based on equations (7) and (8), ranking laws between
two TrNZNs are given by the following definition.

Definition 4. Set Z,= <((Tv11, Tviz Tviz» Tvia)s (Tri1> Tr12s
TR13) TR14))’ ((IVII’ IVIZ’ IV13’ IV14)’ (IR11> IR12’ IR13’ TR14))’
((Fvi1> Fvia, Fviss Fyvia)s (Frits Frizs Friszs Fria))> and z,=
<((Tva1> Tvazs Tvazs Tvza)s (Trats Trazs Trozs Troa))s ((Tyars
IV227 IV237 IV24): (IR21’ IR22> IR233 TR24))> ((FVZI) FV22) FV233
Fyv»4)s (Frots Frozs Frass Froa))> as two TrNZNs. Then, the
ranking laws between two TrNZNs are defined as follows:

(1) If SZ,) > S(Z,), then Z,>Z,
(2) If Sz,) =S(Z,) and H(Z,) > H(Z,), then Z,>Z,
(3) If S(,) = S(Z,) and H(Z,) = H(Z,), then Z, = Z,

4. Weighted Aggregation Operators of TrNZNs

Regarding information aggregation in MDM problems, one
usually utilizes the weighted arithmetic and geometric av-
eraging operators as the most basic information aggregation
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approaches. To aggregate TrNZNs, therefore, this section
proposes the two following weighted aggregation operators
of TrNZNs based on the basic operations of TrNZNs in
Definition 2.

4.1. Weighted Arithmetic Averaging Operator of TrNZNs

Definition 5. Set Z;= <((Tvj1i, Tvjz Tvjs> Tvja)s (Trjt> Trjo>
Trj3» Tria))> ((Lvjis Lvias Tviss Tvia)s URji> Irjs Irjas Irja))s ((Fyjns
Fyja, Fyjs, Fyja), (Frj1> Friz» Frjs Frja))> (j=1, 2,...,n) as a
series of TrNZNs. Then, the TTNZNW AA operator is defined
as

TINZNWAA (Z,,2,, . . .,Z,)

((171_[(1’71%)%’1 (1) =TT (1-Te) 1 - (l—Tvﬂ)A/)’
1

-
il

Jj=1 Jj=1

5

whered; (j=1,2,.. ,n) is the weight of the jth TINZN Z; (j = I,

2, .., n)forA]- e [o, 1] andzj 1/1]—1

TINZNWAA (Z,,Z,) = L,Z, ® A,Z,

= ((1— 1—TV11)*1+1—(1—TV21)
-(1- \/12))Ll +1- vzz
-(1- V13) +1-( l_TV23
(1 _TV14) +1- 1 _TV24

1-

M
(1 ~(1=Tgry)" +1-(1~ TR21)

TINZNWAA (2,2, . . ., Z,) = e AZ; (9)

SR
where A; (j=1, 2,...,n) is the weight of the jth TINZN Z;
(=1, 2 . ,n)for/\ € [0, 1] andZ,I/\ =1.

Based on the bas1c operations of TrNZNs in Definition 2
and equation (9), we have the following theorem.

Theorem 1. Set Z.= <((TVj1’ TVjZ) TVjS) TVj4)’ (TRjI’ TRjZ:
Trjs Tria) ((Ivj Lvjz Tvis Ivia)s (Ikjns Irj Irjs Irja))s ((Fvjn
Fij, F\/j3, FVj4)’ (FRjI’ FRjZ) FRj3’ FRj4))> (j= 1, 2,. . .,]’1) as a
series of TrNZNs. Then, the aggregated value of equation (9) is
also TrNZN, which is yielded by the following equation:

L noon noom o noon nooon
HIV]l HIV/]Z nlua l_! Vid HIR]l n Rjz> HIR]" HIRﬂ Eyis | | Fvps | FV/jS’l__! Via > | Fris | F/I‘lij’ | Fris | Fria
= =

(10)

Proof. The proof of equation (10) can be given by mathe-
matical induction.

(1) Set n=2. Then there is the following result:

(1 -(1-Tyy,) ‘)(1 -(1- Tvzl)Az)
( (1 - v12 )(1 (1 - V22 )
—(1= (1 =Typ)" ) (1= (1= Tys)"),
(1—(1—TV14 Al)( —(1=Ty,,) Az))
(1 -(1-Tgry) A‘ (1 (1 _TRZI) )

A A A

)
1- (I_TRIZ) ' +1_(1_TR22) (1_(1_TR12 1)(1 (I_TRzz )
1_(1_TR13))Ll +1_(1_TR23) (1_(1_TR13 )(1 (I_TR23 )
1_(1_Tv14))Ll +1_(1_TR24) (1_ 1_TRl4) )( - 1_TRz4) )))
Iy

1
A, A A A A
R22 R13IR223’IR14IR24))’ (11)

((I/\\/llll%/zzpI/\\/llzlvzzrI\}13I\/223’I)\\/114I)\L/224)> (1;12111;\221’1212 o

((F/\\/IIIF/\\/ZZI’ Féflle/\\/zzz’ F%/113F)‘L/223’F%/114F%/224)> (FllglllF%Zl’ F?elle?zzzza F?2113F?2223a F?2114F?2224))>
= ((1 -(1- TVH))Ll (1- Tvzl))Lz’ 1-(1- TVIZ)AI (1- Tsz)AZ’

L= (1= Typa)" (1= Tys) %1 = (1= Tyy) " (1= Ty) ™)

(1 - (1 - TRH)/\l (1 - TRzl))LZ’ 1- (1 - TRIZ)AI (1 - TR22)A2>

M A 28 =
1_(1_TR13) (I_Tst) ’1_(1_TR14) (I_TR24) ))’

(1111

2 2 2 2 2
e[ 11 f%sﬂf’éfﬂ) (Hfiepmezﬂ w1 ))
(GESIERIE
j

e S

<

e

J

j=1 j=1 j=1 j=1 =1 =1
2 2 2 2 2 2
A A A A A 1. 1. 1.
j j j j j j j
Fle’l |FVj2’| |FVj3’| |FVj4>’<| |FRj1’| |FRj2’| |FRj3>| |FRj4>>>'
1 . " - ; "

Il
—



(2) Set n=k. Then, equation (10) can hold in the fol-
lowing equation:
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j=1 j=1 j=1
k k k k
A : A A
P= [T =Tagn) =TT (0= Taie) 1 =TT (0= Tria) 5 1 =TT (1= Tip)” ) ) (12)
j=1 j=1 j=1 j=1
k \ k \ k | k A\ ko, ok y k y k 1y
[T TTW [T [T ) { TTE e T T R [ TR [ T2 ) )
IS T N U = A
k k k k k k k k
1 A A iy N 1 1. iy
J J 7 ] 7 J 7 J
[T TTR TTE o [T o\ TTF i [T PR T Fils [ T >
j=1 j=1 j=1 j=1 j=1 j=1 j=1 j=1
(3) Set n=k+1. By equations (11) and (12), we can
obtain
TINZNWAA (2,2, .. Z1 By ) = é‘aﬂ;gﬁhim
E
5 i o A , A - . e £ 3
L= [T (=) 1= Tygan))™ = (1= TT(=T)" )0 == Togan)) ™ |1 =TT =Tw) "+ 1=(1=Tygn)™ = ( (1= [T (1= )" J(1=(1= Tygnn))
j=1 =1 j=1 j=1
£ Yoo £ 1 e £ . - p
I*H(I*Tv,a) +1=(1= Ty ) ’<<1 H(l ijs)j)(lf(l’Tv(ku)z)) ! >,1 H(l Ty 74) 1’(1’Tv(k+1>4) . *<<1’H(1*T\/,4) /> 1 1 Ty (k+1)4 )
=1 j=1 J=1 =1
k k " K A k ),
:< (1 (1- TRJ!) +1=(1 = Ty d’<<1 [T(-Twy) ) (1=(1 = Trgean)) ”>’1 [10- TR;Z) (1= Treernn) “*((171_[(17%2)’) (1=(1 = Treernn) ) >
=1 j=1 j=1 j=1
k k k k A
10T+ 11 Taons) 7<<17n<17rm) )(v(mm ) ) 10T+ 11 Tans) “‘—((1—1'[(1—T.<j4) ) (1 Ty )
j=1 j=1 j=1 j=1
k+1 k+1 k+1 k+1 k+1 k+1 k+1 k+1 41 k+1 k+1 k+1 k+1 k+1 k+1 k+1
(Tt e e T ) (L F o o Fo) ) ((Fot 0 E e Pt ) (F e Hov e ))
j=1 j=1 j=1 j=1 j=1 j=1 j=1 j=1 -1 =1 =1 j=1 j=1 j=1 j=1 =1
k+1 k+1 k+1 k+1 k+1 k+1 k+1 k+1
((-Hia=ranta-Fa-rota-fa-rota-fo-rot ) (i-Fo-rat - o fo-mera-flo-n))
< j=1 j=1 j=1 j=1 j=1 j=1 j=1 j=1 >
k+1 k+1 k+1 k+1 k+1 k+1 k+1 k+1 k+1 k+1 k+1 k+1 k+1 k+1 k+1 k+1 ’
(e T ) (i E T o Fo) D (F ot B E e Bt ) (E e Hr i F ))
J=1 J=1 J=t J=1 J=1 J=1 j=t J=t j=1 j=t j=t Jj=t J=1 j=1 Jj=t Jj=t
(13)

Regarding the above results, equation (10) can hold for
any n. Thus, the proof is completed.

Especially when A;=1/n (j=1,2, ..., n), the TNZNWAA
operator is reduced to the TrNZN arithmetic averaging
operator. O

Theorem 2. The TrNZNWAA operator contains the three
following properties:

(P1) Idempotency: set Z;= <((Tvjp Tvj» Tvjs Tvja)s
(Trjp Triz Trjz Trid))s ((Ivjs Tviz Tvjs Tvia), (Igjs Irjz
IRj3) IRj4))’ ((FV]b FVjZ) FVjS) FVj4)> (FRjI’ FRjZ) FRj3) FR]4))
>(j=1,2,...,n)asaseries of TINZNs. IfZ; = Z for j =1,
2, ..., n, then there exists TrNZNWAA(Z,,Z,,...,
Z,) =Z

(P2) Set Z;= <((Tvj> Tvi> Tvis Tvia) (Trjn> Tri> Triz
Tris)) ((Lvji, Lvjz Lviz Tvja)s (Irj Irjz iz Irjia))s ((Fyjs
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Fvjz, Fyjs, Fyja), (Frji> Frio Frjs Frjd)) > (j=1,2, ..., n)
as a series of TrNZNs; then, set the minimum and
maximum TrNZNs as

min Ty, m1n TRJZ,m]m Tgjs 1’1’1]1n TR]4)>

((mlnTVﬂ,mmTV]Z,m]lnTVﬁ,mln Ty ) ;

J

< <maxIV]1,maxlvjz,mjelxlvj3,maxlvj4> (m xIRﬂ,maxIRjz,m]elxIRJ3,maxIR]4>) >

((maxFVﬂ, maxFVJZ, m]axFV]3, maxFV]4) (maXFle, maxFRjz, m]axFRﬁ, maXFR]4 )

(14)
( maxTVﬂ,maxTVﬂ,maxTV]3,maxTVJ4> (m XTRJI,maxTRJZ,maXTRJS,maxTRJ4))
i j i j
z" =< ( mlnIVﬂ,mlnIVﬂ,mlnIV]3,m1nIV]4> (mlnIRﬂ,mlnIRJZ,mlnIR]3,m1nIRJ4>> >
j j j j j j
((mmFVﬂ,mmFVﬂ,m1nFV]3,m1nFVJ4> (mmFR]l,m1nFR12,m1nFRJ3,m1nFRJ4>)
j j i j j
Then, there is Z~ < TrNZNWAA(Z,,2,,...,2,)<Z". Proof.
(P3) Monotony: set z;= <((TVj1, TVj2, TVj3, TVjd),
(TR'J.L TR]Q’ TRj3> TRj4))» ((IWI) IY]Q’ I‘/?3’ IVJ:4)’ (P1) Owing to z; =z for j=1, 2, ..., n, there is the
(IRj1, IRj2, IRj3, IRj4)), ((FVjl, FVj2, FVj3, FVjd), following result:
(FRjl, FRj2, FRj3, FRj4))> (j=1, 2, ..., n) as a series of
TrNZNs. If 2;<Z; for j=1, 2, ..., n, then there is
TrNZNWAA(Z,,2,, .. .,2,) < TrNZNWAA (z7,
Z5s s 2p).
TINZNWAA (2,2, 2,) = © A2
j=
2 A o by & A 2 A
=<<<1 1O -Ton) 5 =TT -Tu) 1 - T[(1-Tos) 1 - T (1- o) >
j=1 j=1 j=1 j=1

n A] n A n J n A] n A] n AJ n /\) n AJ
Iv]pl_[[v]2> I Iv]'4 > Ile’ . IRjZ’ IR]'3’ . IRj4 >
j

j= j=1 J=1

<<<1—(1—TVl)JZ;n)L (I—Tvz);n/\j,l (I—TV3)Zn/1 1- (I—TV4)JZ{MJ~>,

<1—(1—TR1);MJ.,1 (1 TRZ)Zn)tl (1—TR3)jZInAj,1—(1—TR4)]Zln/1j>>,



>

>
>

(
(
(
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<I\;_] = lnw]'; I‘;_] = lnw]‘, Iv3 ] = lnw]‘) I\;] = lnw]‘>)
Igj = 1”w].,1gj = 1”w].,11§j = 1”wj,1}§j = I”w]->>,
V =

<<FZ;‘] 1"wj FVZZ:]—lw],Fw]—lw F‘;]—l w>

Firj=1w;Fizj= I"wj,Fg’j = 1nwj’F1§j = 1"wj>>>

<((TV1’TV2’TV3’TV4) (TRI’TRZ’TR3’TR4))’ ((IVI’IV2’1V3’1V4)’ (IR1’1R2’1R3’1R4))’

((IVI’IVZ’IV3’IV4)’ (IRI’IR2’1R3’IR4))> =Z (15)

(P2) Duetoz” <Z; < Z* for j =1, 2, ..., n, there exists series of TrNZNs. Then, the TINZNWGA operator is defined
@112 <@ /\]z] <@ ,AZ" So, the inequality  as
Zz <o 71)L]z] <z' can flold accordlng to (P1); that is,

Z~ <TINZNWAA (Z,, 7y, ..., 7,)<Z".

(P3) DuetoE]<E;‘ forj=1,2,...,mn, therelsEB;’ AZ;
<@ Az], that is, TrNZNWAA(zl, Zys -
TrNZNWAA(z],Z5,...,Z,,).

TINZNWGA (2,25, +,3,) = & Z,  (16)
2

Nl
\/&
AL

where A; (j=1,2,...,n) is the weight of the jth TrNZN Z; for
A; €0, 1] andz_l/\]—l

Regarding the basic operations of TrNZNs in Definition
Thus, the proof of these properties is completed. [ 2 and equation (16), we can give the theorem below.

4.2. Weighted Geometric Averaging Operator of TrNZNs Theorem 3. Set Z;= <((Tvj, Tviz Tvjs Tvja) (Trjp Trjz
TRj3) TRj4))) ((IV_]I) IVjZ’ IVjS) I\/j4)) (Iij IRjZ’ IRj3) IRj4))) ((FV_]I)
Fvis Fyis, Fyja)s (Frjis Friz Fris Frig))> (j=1,2, ..., n)asa
series of TrNZNs. Then, the aggregated value of the

TrNZNWGA operator is also TrNZN, which is obtained by

Definition 6. Set Z;= <((Tvji, Tvjz Tvjs Tvja)s (Trjis Trin
TRj3s TRj4))> ((Iij IVjZ) IVj3> IVj4)’ (Iij IRj2> IRj3’ IRj4))r ((Fles
Fyj, Fyjs, Fyja), (Frji> Fri» Frjs Fria))> (j=1,2, ..., n) asa

TINZNWGA (Z,,Z,, . . .

—
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whereA; (j=1, 2, ..., n) is the weight of the jth TrNZN z; for
)L € [0, I]andz /\ =1.
Based on the szmzlar proof process of Theorem 1, we can
verify Theorem 3, which is omitted.
In particular, the TINZNWGA operator is reduced to the
TrNZN geometric averaging operator when A;=1/n (j=1, 2,
. ).

Theorem 4. The TrNZNWGA operator also contains the
three following properties:

j

< (maXIVﬂ,maXIV]z,m]a)(I‘,]3,meL)(IV]4

((maxFVﬂ, maxFVJZ, mjax Fyjs, maxFVJ4) (maxFle, maxFRJZ, m]axFR]3, maxFR]4)>

( min Ty, mjln Ty m]m Tyjs mm Tyj,

(P1) Idempotency: set z;= <((Tvj1» Tviz Tvjs Tvia),
(Trji> Trj> Trjz» Trid)) ((Lvjn Tvjz Lvis Tvia)s (IRjs Irj
I3 Irja)), (Fvji, Fvia Fyjs, Fyja), (Frji Friz Frjs Fria))
>(j=12,...n)as aseries of TT'NZNs. If Z; = Z for j=1,
2, ..., n, then there exists TINZNWGA (Z,,2,, ..., Z,) =

Z.
(P2) Boundedness: set Zi= <((Tvjp Tvi Tvjz Tvja)s
(Trjp Triz Trizs Trjd), ((Tvjp Lviz Lviz Tvid), (Irjs i
Igjs, Irja))s ((Fvji, Fvjo Fyjs Fyja), (Frjp, Friz Fris Frja))
> (j=1, 2, ..., n) as a series of TrNZNs; then set the
minimum and maximum TrNZNs as

) <m1n TRJI,mm T'gjp> min T'gj3, mm TRJ4>>
i i

m xIRJI,maxIRjz,mJaXIRp,maxIRﬂ) >

( max Ty, max Ty max Tyjs max Tyjs | max Trj1> max TR mJax Tyjs max TRJ4>)

J

((mjm Fyip m]m Fy s m]m Fy 3 mm Fyi ),

Then, there is = < TrNZNWGA(Z,,2,,...,2,) <Z".
(P3) Monotony: set Z;= <((Tvj» Tvijz Tvjz Tvja)s (Tgjss
Tri> Trip Trjd))s ((Ivjns Iviz Tvjs Ivia) (Irjn> Irjz Irjs
Iria), ((Fvji Fyja Fyjs Fyja), (Frjs Friz Fris Fria))>
(i=12 ... n)asaseries of TrNZNs. If Z; < Z] for j=1,
2, ..., n, then there exists TINZNWGA (Z1,2,, . . ., 2,,) <
TINZNWGA (21,25, .. ., Z°).

By the same proof process of Theorem 2, the properties of
the TINZNWGA operator can be also verified, which are not
repeated here.

5. MDM Approach Using the TTNZNWAA and
TrNZNWGA Operators and Score and
Accuracy Functions

This section establishes an MDM approach by using the
TINZNWAA and TrNZNWGA operators and score and
accuracy functions to handle MDM problems with TrNZN
information.

Regarding an MDM problem with TrNZN information,
a set of alternatives Q=1{Q;, Q,, ..., Q,} are commonly
presented and satisfactorily assessed by a set of criteria S=
{s1> s, ... s,}. Each alternative over criteria is assessed by

z" =< ((mm[vﬂ,rnJlnIV]z,rnJlnIVﬁ,mmIVﬂ) <m]1nIR]1,m1nIR]2,m]1nIR]3,n1]1nIR]4)) >

m]mFR]l,mmFR]z,m]m FR]3,m]1n FRJ4))

decision makers and then their given assessment values are
expressed in the form of TrNZNs Z;,= <((Tvij, Tvips Tvija
TVij4)’ (TRijla TRijZ: TRij3: TRij4))3 ((IVijb IVij2’ IVij37 IVij4)7 (IRijb
IRij2> IRij3> IRij4))) ((FVijb FVijZ) FVijS) Fsz4)> (FRijl’ FRijZ) FRijS)
FRij4))> (i= 1, 2,. R i= 1, 2,. . .,m), Where (TVijl) TVijZi TVij37
TVij4) - [0, 1] and (TRijl! TRijZS TRij3> TRij4) < [0, 1] indicate the
truth degrees and reliability measures of the alternative Q; over
the criteria Sj, (IVijl) IVijZ) IVij3) Isz4) Cc [0, l] and (IRijl’ Iszz, IRij3)
Iria) € [0, 1] indicate the indeterminate degrees and reliability
measures of the alternative Q; over the criteria s;, and (Fy;,
Fyij, Fyijs Fyia) € [0, 1] and (Fgj1, Frija» Frijz Frija) € [0, 1]
indicate the falsity degrees and reliability measures of the al-
ternative  Q; over the criteria s, along  with
0< TVij4+IVij4+FVij4S3 andOS TRij4+IRij4+FRij4S3 fOrj: 1,
2,..,nandi=1,2,..., m. Then, all the specified TrNZNs are
constructed as their decision matrix Z = (Zi)) mscn-

Thus, the TTNZNWAA and TrNZNWGA operators
and the score and accuracy functions can be applied to
MDM problems with TrNZN information, and then their
MDM approach can be indicated by the following
procedures:

Step 1: the aggregated TINZN z, for Q; (i=1, 2, ..., m)

is obtained by applying the TrNZNWAA or
TrNZNWGA operator:
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Z; = TINZNWAA (Z;1,Z, - - -

(- T10 - Fla -]

Jj=1 Jj=1

2= Bz,
;
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Step 2: by equation (7), we calculate the score values of
S(z;). If necessary, we calculate the accuracy values of
H(z;,) (i=1, 2, ..., m) by equation (8).

Step 3: all the alternatives Q; (i=1, 2, .. ., m) are ranked
corresponding to the score values (the accuracy values)
and the best one(s) is chosen in the set of alternatives.

Step 4: end.

6. MDM Example and Comparison with Existing
MDM Approaches

6.1. MDM Example of Software Selection. This section in-
dicates an MDM example of software selection adapted from
[9] to reveal the usability and efliciency of the established
MDM approach under the environment of TrNZNs.

In an MDM example, an investment company needs to
select a suitable software system from potential software
systems, where five candidate software systems are provided
preliminarily and denoted as a set of five alternatives Q=
{Q1, Qz, Q3, Qu, Qs}. Then, these alternatives must satisfy the
requirements of the four criteria: s; (the contribution to

’Ein) = éé E‘f
n Y n 1. n 1.
= <<<HTV]ij1’HTVJij2’HTV}ij3’ T
j=1 j=1 j=1
A
(1 _I\/ijz) 1= .

(1 1)1 -

(1= 1) =TT =) )

j=1 j=1

. o N (20)
(-t 110 )}

j=1 j=1
n n

B (AR (W

=1 J=1

organization performance), s, (the effort to transform from
current system), s; (the costs of hardware/software invest-
ment), and s, (the outsourcing software developer reli-
ability). Regarding the importance of the four criteria, the
weight values of the four criteria are specified as the weight
vector A =(0.25, 0.25, 0.3, 0.2). Thus, decision makers/ex-
perts assess the satisfiability of the five alternatives over the
four criteria by TrNZNs Z= <((Tviji> Tvijz> Tvigss Tvija)s
(TRijl: TRij2) TRijS’ TRij4))> ((IVijb IVij2> IVijS) IVij4)) (IRijb IRij2)
Irijz Irija))> (Fviji> Fvijas Fvijss Fyija)s (Friji> Frijos Frijs» Frija))
> (] = 1, 2, 3, 4; i= 1, 2, 3, 4, 5), Where (TVijIS TVijZ) TVij3S TVij4)
- [0, 1] and (TRijl’ TRijZ) TRij3> TRij4) c [0, 1] indicate that the
alternative Q; satisfies the degrees and reliability measures of
the criteria Sj, (IVijD IVij2> IVij3’ IVij4) - [0, 1] and (IRijl) IRijZ!
Igij3 Irija) < [0, 1] indicate the indeterminate degrees and
reliability measures of the alternative Q; over the criteria sj,
and (FVijb FVijz, FVijS) FVij4) c [0, 1] and (FRijl) FRijZ) FRij?v
Frijs) € [0, 1] indicate that the alternative A; does not satisfy
the degrees and reliability measures of the criteria s;, along
with 0< TVij4 + IVij4 + FVij4 <3and 0< TR,']‘4 + IRij4 + FRij4 <3.
Hence, all the specified TrNZNs can be constructed as the
following decision matrix Z = (Z; )5t
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Z:

((0.4,0.5,0.6,0.7), (0.4,0.5,0.6,0.7)), ((0.0,0.1,0.2,0.3), (0.3,0.4,0.5,0.6)), ((0.1,0.1,0.1,0.1), (0.3,0.4,0.5,0.6))
(((0.3,0.4,0.5,0.5), (0.5,0.6,0.7,0.8)), ((0.1,0.2,0.3,0.4), (0.4,0.5,0.6,0.7)), ((0.0,0.1,0.1,0.1), (0.5, 0.6,0.7,0.8)))
¢((0.1,0.1,0.1,0.1), (0.5,0.6,0.7,0.8)), ((0.1,0.1,0.1,0.1), (0.6,0.7,0.8,0.9)), ((0.6,0.7,0.8,0.9), (0.5, 0.6,0.7,0.8)))
((0.7,0.7,0.7,0.7), (0.4,0.5,0.6,0.7)), ((0.0,0.1,0.2,0.3), (0.4,0.5,0.6,0.7)), ((0.1,0.1,0.1,0.1), (0.3,0.4,0.5,0.6)))
{((0.0,0.1,0.2,0.2), (0.4,0.5,0.6,0.7)), ((0.1,0.1,0.1,0.1), (0.3,0.4,0.5,0.6)), ((0.5,0.6,0.7,0.8), (0.5,0.6,0.7,0.8)))
{((0.0,0.1,0.2,0.3), (0.3,0.4,0.5,0.6)), ((0.0,0.1,0.2,0.3), (0.4,0.5,0.6,0.7)), (0.2,0.3,0.4,0.5), (0.3, 0.4, 0.5,0.6))
€((0.2,0.3,0.4,0.5), (0.6,0.7,0.8,0.9)), ((0.0,0.1,0.2,0.3), (0.5,0.6,0.7,0.8)), ((0.0,0.1,0.2,0.3), (0.4, 0.5, 0.6,0.7))
€((0.0,0.1,0.1,0.2), (0.5,0.6,0.7,0.8)), ((0.0,0.1,0.2,0.3), (0.5,0.6,0.6,0.7)), ((0.3,0.4,0.5,0.6), (0.3,0.4,0.5,0.6)))
{((0.4,0.5,0.6,0.7), (0.5,0.6,0.7,0.8)), ((0.1,0.1,0.1,0.1), (0.6,0.7,0.7,0.8)), ((0.0,0.1,0.2,0.2), (0.5, 0.6,0.7,0.8)))
(((0.4,0.4,0.4,0.4), (0.3,0.4,0.5,0.6)), ((0.0,0.1,0.2,0.3), (0.4,0.5,0.6,0.7)), ((0.0,0.1,0.2,0.3), (0.5, 0.6,0.7,0.8)))
(((0.3,0.4,0.5,0.6), (0.4,0.5,0.6,0.7)), ((0.0,0.1,0.2,0.3), (0.4,0.5,0.5,0.6)), ((0.1,0.1,0.1,0.1), (0.4, 0.5, 0.5, 0.6)))
{((0.0,0.1,0.1,0.2), (0.5,0.6,0.7,0.8)), ((0.1,0.1,0.1,0.1), (0.4,0.5,0.6,0.7)), ((0.5,0.6,0.7,0.8), (0.3,0.4,0.5,0.6)))
(((0.2,0.3,0.4,0.5), (0.3,0.4,0.5,0.6)), ((0.0,0.1,0.2,0.3), (0.5,0.6,0.7,0.8)), ((0.1,0.2,0.2,0.3), (0.4,0.5,0.6,0.7)))
{((0.2,0.3,0.4,0.5), (0.5,0.6,0.6,0.7)), ((0.0,0.1,0.2,0.3), (0.5,0.6,0.7,0.8)), ((0.1,0.2,0.3,0.3), (0.3,0.4,0.5,0.6)))
{((0.6,0.7,0.7,0.8), (0.5,0.5,0.5,0.5)), ((0.1,0.1,0.1,0.1), (0.5,0.6,0.7,0.8)), ((0.0,0.1,0.1,0.2), (0.4, 0.5, 0.5, 0.6))
(((0.3,0.4,0.5,0.6), (0.3,0.4,0.5,0.6)), ((0.1,0.1,0.1,0.1), (0.4,0.5,0.6,0.7)), ((0.1,0.2,0.3,0.4), (0.5, 0.6, 0.6,0.7)))
(((0.3,0.4,0.5,0.5), (0.5,0.6,0.6,0.7)), ((0.0,0.1,0.2,0.3), (0.3,0.4, 0.5, 0.6)), ((0.0,0.1,0.1,0.2), (0.4, 0.5, 0.6,0.7))
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((0.1,0.2,0.3,0.4), (0.6,0.7,0.8,0.9)), ((0.1,0.1,0.1,0.1), (0.5,0.6,0.7,0.8)), ((0.3,0.4,0.5,0.6), (0.4,0.5,0.6,0.7))) |

((0.1,0.2,0.3,0.4), (0.5,0.6,0.7,0.8)), ((0.1,0.1,0.1, 0.1), (0.4,0.5,0.5,0.6)), ((0.4,0.5,0.6,0.6), (0.3,0.4,0.5,0.6)))
((0.1,0.2,0.3,0.3), (0.4,0.5,0.6,0.7)), ((0.1,0.2,0.3,0.4), (0.4,0.5,0.5,0.6)), ((0.2,0.3,0.4,0.5), (0.4,0.5,0.6,0.7)))

Thus, we utilize the established MDM approach to obtain
the most suitable software system(s), which can be depicted
by the following decision process.

First, by equation (19) or equation (20), we obtain the
following aggregated TrNZNs z; (i=1, 2, 3, 4, 5):

Z,= <((0.2636, 0.3656, 0.4682, 0.5719), (0.3569, 0.4572,
0.5577, 0.6585)), ((0, 0.1000, 0.1741, 0.2408), (0.3722,
0.4729, 0.5428, 0.6431)), ((0.1189, 0.1512, 0.1762,
0.1973), (0.3622, 0.4638, 0.5186, 0.6188))>

Z,= <((0.1945, 0.2958, 0.3758, 0.4243), (0.5271, 0.6278,
0.7129, 0.8176)), ((0, 0.1189, 0.1798, 0.2319), (0.3993,
0.5005, 0.6012, 0.7018)), ((0, 0.1712, 0.2132, 0.2821),
(0.3880, 0.4894, 0.5904, 0.6911))>

Z,= <((0.1081, 0.1848, 0.2421, 0.3245), (0.4710, 0.5735,
0.6776, 0.7856)), ((0, 0.1000, 0.1464, 0.1830), (0.5233,
0.6236, 0.6964, 0.7969)), ((0.2566, 0.3737, 0.4272,
0.5393), (0.3936, 0.4949, 0.5958, 0.6964))>

Z,= <((0.4035, 0.4652, 0.5298, 0.5983), (0.4767, 0.5771,
0.6486, 0.7500)), ((0, 0.1000, 0.1464, 0.1830), (0.4733,
0.5745, 0.6297, 0.7305)), ((0, 0.1699, 0.2366, 0.2366),
(0.3409, 0.4427, 0.5439, 0.6447))>

Zs= <((0.3454, 0.4287, 0.4599, 0.5218), (0.4096, 0.4767,
0.5478, 0.6242)), ((0, 0.1149, 0.1481, 0.1737), (0.3980,
0.4995, 0.5789, 0.6798)), ((0, 0.1950, 0.2552, 0.3760),
(0.4472, 0.5477, 0.6136, 0.7145))>

Or we obtain the following aggregated TrNZNs Z; (i=1,
2,3, 4, 5):

Z,= <((0, 0.2991, 0.4162, 0.5244), (0.3514, 0.4522,
0.5527, 0.6531)), ((0.0209, 0.1000, 0.1809, 0.2639),
(0.3764, 0.4767, 0.5478, 0.6486)), ((0.1261, 0.1745,
0.2266, 0.2835), (0.3751, 0.4762, 0.5218, 0.6224))>

(21)

zZ,= <((0, 0.2456, 0.2918, 0.3798), (0.5233, 0.6236,
0.7018, 0.8022)), ((0.0563, 0.1261, 0.1984, 0.2737),
(0.4088, 0.5096, 0.6108, 0.7129)), ((0.1877, 0.2944,
0.3715, 0.4743), (0.3996, 0.5005, 0.6020, 0.7045))>

Z;= <((0, 0.1597, 0.1888, 0.2543), (0.4449, 0.5479,
0.6499, 0.7513)), ((0.0463, 0.1000, 0.1565, 0.2162),
(0.5271, 0.6278, 0.7087, 0.8139)), ((0.3437, 0.4500,
0.5422, 0.6655), (0.4042, 0.5051, 0.6064, 0.7087))>

Z,= <((0.2832, 0.3885, 0.4807, 0.5658), (0.4729, 0.5733,
0.6431, 0.7434)), ((0.0463, 0.1000, 0.1565, 0.2162),
(0.4867, 0.5884, 0.6430, 0.7458)), ((0.1480, 0.2276,
0.3109, 0.3109), (0.3565, 0.4578, 0.5599, 0.6636))>

Zs= <((0, 0.2912, 0.3756, 0.3910), (0.3980, 0.4729,
0.5428, 0.6089)), ((0.0760, 0.1210, 0.1690, 0.2206),
(0.4096, 0.5106, 0.5943, 0.6976)), ((0.1958, 0.3012,
0.3877, 0.5020), (0.4523, 0.5528, 0.6296, 0.7330))>

Then, the results of the MDM approach based on the
TINZNWAA and TrNNWGA operators and the score
function are shown in Table 1.

From the results of Table 1, the ranking orders based on
the TTINZNWAA and TrNZNWGA operators are identical
and the best one indicates the same selection as the software
system Q.

6.2. Comparison with Existing MDM Approaches. For con-
venient comparison with existing MDM approach in the
setting of TrNN’s [9], we may ignore the reliability measures
in TrNZNs and only contain the decision matrix of TrNNs in
the MDM example as its special case. Thus, existing MDM
approach in the setting of TrNNs [9] can be used for the
special case of the MDM example. In this case, the decision
results based on the TINNWAA and TTNNWGA operators
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TaBLE 1: Results of the MDM approach based on the TINZNWAA
and TrNZNWGA operators and the score function.

Aggregation Score value Ranking
operator
0.6892, 0.6845, 0.6154, Q4 > Q1 > Q2 >
TINZNWAA 0.7207, 0.6824 Q5 > Q3
0.6607, 0.6257, 0.5750, Q4 > Ql > Q2 >
TINZNWGA 0.6848, 0.6158 Q5 > Q3

TABLE 2: Results of the MDM approach based on the TINNWAA
and T'NNWGA operators and the score function [9].

Aggregation Score value Ranking
operator
0.7092, 0.6744, 0.5694, Q4 > Ql > Q5 >
TINNWAA 0.7437, 0.7077 Q2 > Q3
0.6553, 0.5779, 0.5069, Q4 > Ql > Q5 >
TINNWGA 0.6835, 0.5904 Q2 > Q3

(equations (2) and (3)) and the score function of TrNNs
(equation (4)) are introduced from [9], which are shown in
Table 2.

Based on the decision results in Tables 1 and 2, we can see
that the ranking orders based on the established MDM
approach and the existing MDM approach [9] reveal their
difference, but the best alternative Q, (the best software
system) is identical. Then, the reason for their ranking
difference is that decision information in the existing MDM
approach [9] only contains TrNNs without considering the
reliability measures of TrNNs in this MDM example, while
decision information in the established MDM approach
contains both TrNNs and their reliability measures. Hence,
different decision information can result in different ranking
results. It is obvious that the reliability measures in this
example can affect the ranking order of alternatives, which
shows the efficiency and rationality of the established MDM
approach under the environment of TrNZNs.

However, the different decision information and deci-
sion methods can have an impact on the ranking of alter-
natives in the MDM problem, which reveals their
importance in MDM applications. Thus, existing MDM
methods [11-14, 23] only contain the TrNN or NZN in-
formation without considering the reliability measures in
TrNNs or continuous Z-numbers in NZNs; they may lose
some useful decision information so as to result in decision
distortion/unreasonable decision results, which reveal some
insufficiencies, while the new established approach can
contain much more information than existing MDM
methods and overcome the insufficiencies. Furthermore,
existing methods [11-14, 23] also cannot deal with such
MDM problems with TrNZNss.

Based on the above comparative analysis, the new
established approach in setting of TrNZNs not only makes
assessment information of TrNNs more reliable but also
strengthens the effectiveness and continuity of decision
information by comparison with existing MDM methods
with TrNN and NZN information [9, 11-14, 23], which
reveals the highlighting advantages of the new established
approach in the information representation and MDM
applications. Therefore, the new established approach not
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only extends existing methods but also demonstrates its
superiority over them.

7. Conclusion

To make TrNN reliable, this paper presented a TrNZN set
based on the truth, falsity, and indeterminacy trapezoidal
Z-numbers as the generalization of the Z-number concept
and then defined basic operations of TrNZNs, score and
accuracy functions of TrNZNs, and ranking laws of TrNZNs.
Next, the TTNZNWAA and TrNZNWGA operators were
proposed to aggregate the TrNZN information. Further-
more, an MDM approach based on the two aggregation
operators and score and accuracy functions was established
in the setting of TrNZNs, in which the assessment values of
alternatives over the criteria take the form of TrNZNs
containing TrNNs and their reliability measures. Finally, an
MDM example of software selection was provided to reveal
the suitability and efficiency of the established MDM ap-
proach in the setting of TrNZNss.

The main advantage of this study is that the established
method not only makes assessment information of TrNNs
more reliable but also strengthens the decision rationality
and efficiency in solving MDM problems with TrNZN in-
formation. However, the established method only uses the
basic aggregation algorithms of TrNZNWAA and
TrINZNWGA for MDM problems without considering the
interactions of some evaluation criteria with each other,
which implies the limitation of the proposed method in
MDM applications. For capturing these relationships, the
future study is to develop other aggregation algorithms and
to use them for some other MDM problems including slope
design schemes, energy and environmental managements,
and medicine options.
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The objective of this paper is to study the representation of neutrosophic matrices defined over a neutrosophic field by neu-
trosophic linear transformations between neutrosophic vector spaces, where it proves that every neutrosophic matrix can be
represented uniquely by a neutrosophic linear transformation. Also, this work proves that every neutrosophic linear trans-

formation must be an AH-linear transformation; i.e., it can be represented by classical linear transformations.

1. Introduction

Neutrosophy is a new branch of philosophy founded by
Smarandache [1, 2] to deal with uncertainty in real-life
problems.

Neutrosophic concepts found their way in many other fields,
such as classification [3, 4], number theory [5, 6], algebraic
equations [7, 8], Boolean algebra [9] and optimization [10].

Neutrosophic algebra began with Smarandache and
Kandasamy in [11], where they defined neutrosophic rings
and fields for the first time. Lately, neutrosophic fields [12]
were used in the study of neutrosophic vector spaces [13-16].

Neutrosophic matrices were defined to deal with inde-
terminacy problems, and many applications and theorems
can be found in [17-19].

If V is a vector space over the field F, then
V() ={x+yl;x,y €V} is the corresponding strong
neutrosophic vector space over the neutrosophic field F(I).

In [4, 20-24], Abobala et al. proposed the concept of AH
substructures in groups, rings, spaces, and modules as a
neutrosophic structures with two classical parts; for exam-
ple, in the strong neutrosophic vector space V(I), an AH
subspace is the set W (I) = T + SI, where T and S are two
classical subspaces of V. In a similar way, an AH linear
transformation is a function f between two neutrosophic
vector spaces V(I)andW (I) with two classical parts

f =g +hl, where gandh are classical linear transforma-
tions between V and W.

It is known that classical matrices can be represented by
linear transformations; from this point of view, we will study
this problem in single valued neutrosophic systems.

In this work, we study neutrosophic matrices as linear
neutrosophic functions. In particular, we prove that every
linear transformation between two neutrosophic vector
spaces must have an AH structure.

2. Preliminaries

Definition 1 (see [16]). Let (V, +,.) be a vector space over the
field K, then (V(I), +, .) is called a weak neutrosophic vector
space over the field K, and it is called a strong neutrosophic
vector space if it is a vector space over the neutrosophic field
K().

A neutrosophic field K(I) is a triple (K(I), +, .), where K is
a classical field. A neutrosophic field is not a field by classical
meaning, but it is a ring.

Elements of V(I) have the following form: x + yI;x,
y € V; ie., V(I) can be written as V(I) = V + VL

Definition 2 (see [16]). Let V(I) be a strong neutrosophic
vector space over the neutrosophic field K(I) and W(I) be a
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nonempty set of V(I), then W(I) is called a strong neu-
trosophic subspace if W(I) itself is a strong neutrosophic
vector space.

Definition 3 (see [16]). Let v,,v,.v, € V(I),and x € V(I) we
say that x is a linear combination of {v;;i = 1,..,s} if

x=a,v; +...+agv,sucha; € K(I). (1)

The set {v;;i = 1,..,s} is called linearly independent if
a v, +---+agv, =0 implies a; = 0 for all i.

Definition 4 (see [18]). Let M, = {( a;;): aj; EK(I)}
where K(I) is a neutrosophic field. We call it the neu-
trosophic matrix.

3. Main Discussion

Theorem 1. Let V,W be two vector spaces over the field F
with dim(V) =n, dim(W)=m and V(I),W(I) be the
corresponding neutrosophic vector spaces over the corre-
sponding neutrosophic field F(I). Let g,h: V — W be two
linear transformations, then there exists a neutrosophic linear
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transformation f = g+ hl: V(I) — W (I), where f is de-
fined as follows:

Je+yl) =gx)+(g+h)(x+y)-gx)]L (2)

Proof. We define f = g+ hl: V(I) — W (I), where
flx+yD)=g(x)+[(g+h)(x+y)—gx)]I, (3)

in which f is a linear transformation, that is, because for
every m =x + yI,n =z +tl € V(I), we have

fm+n)=f(lx+z]+I[y+t]) =g(x+2)
+I[(g+h)(x+y+z+t)—g(x+2)]

=(gx)+(g+h)(x+y)—gx)]D) 4
+(g@)+[(g+h)(z+1t) - g(2)]I)
= f(m) + f (n).

On the contrary, consider an arbitrary neutrosophic
number a + bl € F(I), then

f(la+0bllm) = f([la+bll[x+ yI]) = f(ax+Ilay +bx+byl) = f(ax+I[(a+Db)(x+y)—ax])
=g(ax) +1[(g+h(a+b)(x+y)]-glax)]
=ag(x)+I[(a+b)(g+h)[x+y]-ag(x)]
=(a+bl)(g(x)+I[(g+h)(x+y)—g(x)] =(a+bl)f(m).

Thus, f is a neutrosophic linear transformation. O

Definition 5. The neutrosophic linear transformation f
defined in Theorem 1 is called a full AH-linear
transformation.

Definition 6. Let f = g+ hI: V(I) — W (I) be a full AH-
linear transformation and M = A + BI be an n xm neu-
trosophic matrix over F (I), and we call M the neutrosophic
matrix of f if and only if f(x + yI) = M (x + yI) for every
x+yl e V(D).

(5)

Theorem 2. Let f=g+hl: V(I) — W(I) be any full
AH-linear transformation, then M = A+ BI is the corre-
sponding neutrosophic matrix if and only if A is the matrix of
g and B is the matrix of h.

Proof. We assume that A is the matrix of g and B is the
matrix of h; hence, Ax=g(x),By=h(y),(A+B)
(x+y)=(g+h)(x+y). We have

M.(x+yI)=(A+BI)(x+yI) =(Ax+I[Ay + Bx + By]) = (Ax + I[(A+ B) (x + y) — Ax])
=g(x)+I[(g+h)(x+y)-gx)]=f(x+yl).

Thus, M is the neutrosophic matrix of f.

Conversely, suppose that M is the neutrosophic matrix
of f, and we shall prove that A is the matrix of g and B is the
matrix of h.

According to the assumption, we have M (x + yI) =
f (x + yI); hence,

(6)

(Ax+1I[(A+B)(x+y) - Ax])
=gx)+I[(g+h)(x+y)-g(x)]

This implies that Ax = g(x), (A+B)(x+y) = (g+h)
(x+ y) so that B(x+ y) =h(x+ y). By considering the
arbitrariness of x and y, we get that A is the matrix of g and
B is the matrix of h. O

(7)
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Example 1

(@) Let  V(I)=R*(I) ={(a,b)+ (¢.; ) = (a+cl,b+
dl); a,b, c,d € R}, consider the following neu-

1+1 I

trosophic ~ matrix M = < I a-1 ) The

a+cl
+ yl) = M.
flx+yD <b+dl

):(a+I[c+a+c+b+d],—a1—c[+2b+2 dl — bl —dI)

corresponding neutrosophic linear transformation is
defined as follows:

=(a+Ila+2c+b+d),2b+I[-a-c-b+d])=(a,2b)+I(a+2c+b+d,—a—c-b+d).

(b) f=g+hl; g(x,¥)=(x,2y), h(x,y)= (x+ y,—x—¥),
where g,h: V—V.

Theorem 3. Let V,W be two vector spaces over the field F,
with dim (V) = n, dim(W) = m, and let M = A + BI be any
n x m neutrosophic matrix over F (I). Then, M can be rep-
resented by a unique full AH-linear transformation
f =g+ hl, where A is the matrix of g and B is the matrix of
h.

Proof. According to Theorem 2, the neutrosophic matrix M =
A + BI can be represented by a neutrosophic full AH-linear
transformation f = g + hl, where A is the matrix of g and B is
the matrix of 4. For the uniqueness condition, we suppose that
F =G+ HI is another linear AH-transformation with the
property.

M (x + yI) = F(x + yI). We have

M.(x+yl)=F(x+yl) = f(x+ yl),

9
forall x + yI e V(I).

Thus, F = f and f is unique.

The following theorem shows an algorithm to find a basis
for the neutrosophic vector space V(I) from any basis of the
corresponding classical vector space V. O

Theorem 4. Let V(I) be any neutrosophic vector space over
the neutrosophic field F(I) and V be its corresponding classical
vector space over the field F. Let S ={v|,v,,...,v,} be a basis
of V over F, then L = {lij =vi+ (v, =)L ISi,an} is a
basis of V(I) over F(I).

Proof. First of all, we must prove that L generates V(I) over
F(I). Let x + yI be any element of V (I), where x, y € V, and
we have

n
X=)av,x+y= ijvj,Weputrij
= (10)

=a,+(b; —a;)I € F(I).

M=

1

]
—_

Now, we compute Z?Fl r; jlij.

(8)
'Zn‘,l rijli; = .Zn‘,l(ai +(bj - ai)I)(v,» +(V] - Vi)I)
i,j= i,j=
= i a;v; + I[ijj - a,-vi]
i,j=1 (11)

x+I[(x+y)-x]=x+yL

Thus, L generates V(I) over F(I).
Now, we prove that L is linearly independent. For this
purpose, we assume that ZZj=1 (a; + b;D)l;; = 0; thus, we get

i (a,-v,- + I[(ai + bj)vj - a,-vl-) =0, hence, Zn:aivi
i=1

i,j=1
= E (ai + b])v] = 0, thus, a;=a; + b] = 0, so that, b] 0.
i,j
(12)

This implies that L is linearly independent, and then it is
a basis. O

Example 2. It is well known that {x=(1, 0), y=(0, 1)} is a
basis of V=R?. The corresponding basis of V(I)=R*(I) is

{x, v, x+(y—-x)1, y+(x-yI}
={(1,0), (0,1), (1,0) + (-1, 1)1, (0,1) + (1,-1)I}.
(13)

The following theorem shows that every linear trans-
formation between V (I) and W (I) must be a full AH-linear
transformation.

Theorem 5. Let V,W be two vector spaces over the field F,
with dim (V) = n, dim(W) =m and let V (I), W (I) be the
corresponding neutrosophic vector spaces over F(I). Let
f: V(1) — W) be any linear transformation, then f is a
full AH-linear transformation.

Proof. Let f: V(I) — W (I) be any linear transformation,
and we must prove that there exists two classical linear
transformations g,q: V. — W, where f = g +gl.



Suppose that S ={v,,v,,...,v,} is a basis of V, then L =
{l,-j =vi+ (v, =)L lgi,an} is a basis of V (I). It is
known that f (L) ={f (v + (v; = v)I) = w; + (w; - w))
I w,w; € W} is a basis of W (I) and that is because the
direct image of a basis by any linear transformation is a gain
a basis.

Define g: V—W;g(v;)) =w;,h: V—W;h (vj) =w;. It
is clear that f (v;+ (vj -v)I) =g(vi)+1[h(vj) —g(v;)]. This
means that f=g+ql=g+ (h—g)I. Now, we must prove
that g,q=h—g are classical linear transformations.
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Let x,y be any two elements of V, we have
x=x+0I,y=y+0I € V(I). We have

fx+y)=f(x+0I]+[y+0I]) = g(x+y)=g(x)+g(y).
(14)

For any m € F, wehaverm = m + 0l € F(I),and f ([m +
0I1[x + 0I]) = f (mx + 0I) = g(mx) = mg(x), and thus, g
is a linear transformation.

On the other hand, we have

xI,yI e V(I),and f (xI + yI) = f([x+ y]) = f(O+[x+ y]) = g(0) +I[(g + q) (x + ¥) —g(0)] = I[h(x + y)]
=h(x)]+h(y),thush(x + y) = h(x) + h(y),
flm+0I][0+xI] = f(0+mxI)=g(0)+I[(g+q)(mx)—g(0)] =I[h(mx)]
= mh (x)I, so that h (mx) = mh(x).

This implies that g, h are two classical linear transfor-
mations; thus, g, g are linear transformations, which implies
that f = g+ gl is a full AH-linear transformation. O

Remark 1. From Theorem 5 and Theorem 3, we get the
following interesting result: every neutrosophic linear
transformation f: V(I) — W (I) can be represented by a
unique neutrosophic matrix M = A + BI.

3.1. Further Applications. According to this work, we can use
linear functions to study any problem that needs neu-
trosophic matrices. From this point of view, single-valued
neutrosophic matrices used in [19] can be turned into al-
gebraic linear functions.

4. Conclusion

In this paper, we have proved that every neutrosophic matrix
can be represented uniquely by a neutrosophic linear vector
space transformation. Also, we have showed that the linear
property of any neutrosophic vector space function implies
the AH-structure of this function.

This work opens a wide door to use neutrosophic vector
spaces and matrices in classical representation theory of
groups since it is well known that classical groups are
represented by linear transformations from a vector space to
itself. According to our results, we can find an important
application of neutrosophic algebraic theory in the classical
representation theory of groups. This application can be
summarized by the following open question.

5. Open Problem

Determine the algebraic structure of all groups which can be
represented by neutrosophic linear transformations from a
neutrosophic vector space V(I) to itself.

(15)
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The D’Agostino test has been widely applied for testing the normality of the data. The existing D’Agostino test cannot be applied
when the data have some indeterminate observations or observations which are obtained from the complex systems. In this paper,
we present a D’Agostino test under neutrosophic statistics. We propose the D’ Agostino test to test the normality of the data having
indeterminate observations. The design of the proposed test is given and implemented with the help of real data. From the
comparison, it is concluded that the proposed test is effective, adequate, and suitable to be applied in the presence

of indeterminacy.

1. Introduction

The data obtained from various fields such as medical, phys-
iological, education, and chemical process are assumed to
follow the approximately normal distribution. Therefore, be-
fore some estimation and forecasting, the normality of the data
in hand is checked first. If the data follow the normal distri-
bution, the statistical techniques based on normal distribution
are used; otherwise, the nonparametric methods are applied for
the analysis of the data. Among many statistical tests, the
D’Agostino test has been widely applied for testing the nor-
mality of the data. This test is used to test the null hypothesis
that the data do not significantly differ from the normal dis-
tribution versus the alternative hypothesis that the data sig-
nificantly differ from the normality. D’Agostino and Stephens
[1] introduced statistical tests when the data follow the normal
distribution. Oztuna et al. [2] studied the power of the test and
type-I error rate for various tests under normality assumptions.
Yap and Sim [3] discussed various statistical tests and showed
that the D’Agostino test has better power. Chen and Xia [4]
presented tests when data are nonnormal. Mishra et al. [5]
presented the descriptive statistic for the test. More details on
the statistical test for normality can be seen in [6-9].

The traditional statistical tests are applied to test the hy-
pothesis that the data follow approximately normal distribution
with exact mean and variance. In some situations, such as the
measure of the water level, a lifetime of a product and melting
of a material cannot be expressed in the exact form and have
approximate mean and variances. In this case, the statistical test
using the fuzzy logic is preferable to apply for the analysis of the
data [10]. Hesamian and Akbari [11] presented the tests using
fuzzy logic. Chachi and Taheri [12] worked on the optimal test
using the fuzzy approach. Haktanir and Kahraman [13] dis-
cussed the role of tests in decision-making issues. For details,
the reader may refer to [14-24].

The neutrosophic logic which is more efficient than the
fuzzy logic and interval-based analysis was proposed by
Smarandache [25]. This logic estimates the measures of truth,
falsehood, and indeterminacy, while the fuzzy logic is unable to
estimate the measure of indeterminacy. More applications of
neutrosophic logic can be read in [26-36]. Based on the idea of
neutrosophic logic, Smarandache [37] introduced the de-
scriptive neutrosophic statistics which are applied for the
analysis of the data having indeterminate observations. Kan-
dasamy and Smarandache [38] introduced the neutrosophic
numbers for the first time. Chen et al. [39] applied the
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neutrosophic numbers in rock measuring. Aslam [40] intro-
duced a new branch of statistical quality control under neu-
trosophic statistics. Kolmogorov-Smirnov tests and Bartlett
and Hartley tests using neutrosophic statistics were developed
by Aslam [41, 42], respectively. More details on the application
of neutrosophic statistics can be seen in [43, 44].

Although the D’Agostino test under classical statistics is
available in the literature, the existing D’Agostino test
cannot be applied if observations are imprecise, vague, and
indeterminate. By exploring the literature and according to
the best of our knowledge, there is work on the D’Agostino
test. In this paper, we will propose and design the D’Ag-
ostino test under indeterminacy. The operational process of
the proposed test is explained. The application of the pro-
posed test will be given with the help of water data. We
expect that the proposed test will be informative and
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adequate than the existing D’Agostino test under classical
statistics in the indeterminate environment.

2. Preliminary

Suppose that a; and b;I; Iyell;, ;] are determinate and
indeterminate parts of neutrosophic random variable
zy =a; + bl Iyell;, Iyl, i=1,2,...,ny, where ny de-
notes the neutrosophic sample size. The values of z, reduce
to a; when Iy = 0. Based on this information, compute the
neutrosophic average for variable zye[z;, 2] as follows:

Zy = a+bly, Iye[I;, Iy], (1)
where @ = (1/ny) Y a; and b= (1/ny) Y b,

The neutrosophic sum of squares (NSS) by following
[39] is computed as follows:

InelIL Iy). (2)

3. Design of the Proposed D’Agostino Test under
Neutrosophic Statistics

The main objective is to design D’Agostino test under
neutrosophic statistics for testing the null hypothesis H
that the neutrosophic data follow the neutrosophic normal
distribution versus the alternative hypothesis H,, that the
data do not belong to the neutrosophic normal distribution.
The acceptance of the null hypothesis means that the data are
not significantly away from the normal distribution. The
operational procedure of the proposed test is stated as
follows.

Z i (z - EiN)Z = Z

Step 4: Compute the neutrosophic numerator
TyelT,, Tyl of the proposed test as follows:

. ny +1
Ty = Z(’N _<NT>)XiNTN€[TL’ Tyl, (5)
where iy denotes the rank of neutrosophic observations
Xy fora;(i=1,2,...,n;) and b; (i = 1,2,...,my).

Step 5: Compute the neutrosophic test statistic
Dyel[Dy, Dy] of the proposed test as follows:

i min( (a, - ) ((a; — @) (@, - @) + 1 x(b, = b)), (@, —a@) + 1 (b -E)Z))
5| max( (- @) (@, - @) (@, - @) + 1 x(b, - B)), (@~ @) + 1 x(6,-B)') ) |

Step 1: Compute the neutrosophic averages of lower
values a;(i=1,2,...,n;) and upper values
bi(i=1,2,...,my) as follows: a = (1/ny) Y a; and.
b= (Unyg) X2 by

Step 2: Find neutrosophic average as follows:
Zy = a+bly, Iye[l, I]. (3)
Step 3: The neutrosophic sum of squares (NSS) by

following [39] is calculated using the following
expression:

(4)

Ty

Dy =
\/n?\I(Z:’:Ml (zi - EiN)z)

Tye [TL> TU]> Dye [DL’ DU]'

(6)

Step 6: Decide the level of significance « and select the
critical values from the D’Agostino table. The null
hypothesis will be accepted if Dye[D;, D] lies within
the range of the tabulated values.
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TaBLE 1: The PMW data.

. n.1 n. 2 n. 3 n. 4 n. 5

Portuguese mineral
a; b; a; b; a; b; a; b; a; b;
HCO3 21 41 113 119 2.2 4.2 8 11.6 4.6 5
CI” 7 9 16.5 17.5 3.6 4 4.1 4.7 6.6 7.4
N¥ 10 16 10.3 10.7 2.8 3.8 2.8 3.6 5.4 5.6
Ci* 3 4 15 21 0.01 1.01 1.9 2.9 0.72 0.84
Si0o, 23 29 13.7 14.9 1.01 7.8 5.8 6.8 16.7 18.3
pH 6.1 6.5 6.7 7.1 5.71 5.81 5.9 6 54 5.8
TaBLE 2: Neutrosophic means of five different types of water.

Water ay EN Zy
n 1 11.68 17.58 [11.68, 29.26]
n.2 29.2 31.7 [29.2, 60.9]
n3 2.55 443 [2.55, 6.98]
n. 4 4.75 5.93 [4.75, 10.68]
n5 5.57 7.15 [5.57, 12.72]

4. Application for Portuguese Mineral Water

In this section, we will give the application of the proposed test
using the Portuguese mineral water (PMW) data. D’Urso and
Giordani [45] used the same data and analyzed them using
classical statistics. D’Urso and Giordani [45] conidered six
mineral concentrations such as six mineral concentrations of
HCO;3, CI', N}, C2*, SiO,, and pH. The PMW data are re-
ported in Table 1. Table 1 clearly indicates that the data are
reported in intervals. Before any prediction or estimation is
given for the data, it is necessary to see that the data do not
significantly differ from the normal distribution. Therefore, we
will apply the proposed test on these data to test whether the six
variables are from the neutrosophic normal distribution or not.

The necessary computations for PMW data are given in
the following steps.

Step 1: The neutrosophic averages of lower values a; (i =
1,2,...,n;) and upper values b;(i =1,2,...,ny) of
PMW data of five different types of water are given in
Table 2.

Step 2: The neutrosophic averages z; Iy€[0, 1]for the
water data are also shown in Table 2.

Step 3: The values of NSS are given in Table 3 by
following [39]:

" o[ min( (a,~ @), ((a,-3) (@, - @) + 1 x(5,-B)), (- @) + 1 x(5, - B)" )

Z (zi - ziN)z = Z

= 5| max( (@ - @) (@~ @) (@~ @) + 1x (D)), (a,-2) + 1 (b, 5)') ) |

Step 4: The values Tye[T,Ty] and Dye[D;, D] are
also shown in Table 3.

Step 5: Let a = 0.05; the range of the tabulated values is
0.2513, 0.2849. The null hypothesis that the data follow
the normal distribution is accepted if Dye[D;, Dy;] is
within the range of the tabulated values. The acceptance
or rejection of H is shown in Table 3. From Table 3, it
is clear that the PMW data for all waters do not follow
the neutrosophic normal distribution.

5. Comparative Study and Discussion

The proposed D’Agostino test under neutrosophic statistics is
the extension of the D’Agostino test under classical statistics.

(7)

The proposed test reduces to D’Agostino test under classical
statistics when Dy = D; = 0. We compare the proposed test
with the existing D’Agostino test using the PMW data of five
types of water with the same values of a. The values of statistic
D for the existing test and the proposed test along with the
measure of indeterminacy are shown in Table 4. From Table 4,
it can be seen that the proposed test statistic Dye[D;, Dy;] has
the results in the neutrosophic form with the probability of the
indeterminacy. On the contrary, the existing test provides only
the determined values of statistic D. For example, when
a=0.05 and 7.1, the null hypothesis Hy will accepted the
probability of 0.95, the chance to do not accept H, is 0.05, and
the probability of indeterminacy is 0.0621. From the proposed
test, it can be seen that 0.95 +0.05 + 0.062 > 1 which shows the
case of paraconsistent neutrosophic probability, see [37].
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TaBLE 3: The values of NSS of five waters.
Water NSS TyelT, Tyl Dye[D;, Dyl Decision
n1 [811.01, 4915.23] [73.85, 117.75] [0.1764, 0.1142] Do not accept Hyy
n2 [7858.36, 33176.61] [274.2, 296.5] [0.2104, 0.1107] Do not accept Hyy
n3 [54.55, 268.79] [18.43, 20.09] [0.7847, 0.6489] Do not accept Hyy
n.4 [84.73, 521.31] [20.75, 27.2] [0.1533, 0.0810] Do not accept Hy
ns [385.16, 1686.90] [42.95, 47.35] [0.1489, 0.0784] Do not accept Hyy
TaBLE 4: The comparison of two tests.
Water The proposed test The existing test
Dye[Dy, Dyl Measure of indeterminacy Iye(I, L] D
n. 1 [0.1764, 0.1142] 0.1764-0.1142 I,; [0, 0.0621] 0.1764
n2 [0.2104, 0.1107] 0.2104-0.1107 I,; [0, 0.90] 0.2104
n3 [0.7847, 0.6489] 0.7847-0.6489 I; [0, 0.21] 0.7847
n4 [0.1533, 0.0810] 0.1533-0.0810 I; [0, 0.892] 0.1533
n.5 [0.1489, 0.0784] 0.1489-0.0784 I,; [0, 0.0.899] 0.1489

On the contrary, the existing test provides only the determined
value which is not adequate when the data have interval,
uncertain, and indeterminate values or the data are obtained
from the complex system. From this comparison, it is con-
cluded that the proposed test provides the values of statistic in
the indeterminate interval, and this theory is the same as in
[39]. Therefore, the use of the proposed test is adequate under
an indeterminate environment.

6. Concluding Remarks

In this paper, we presented a D’Agostino test under neu-
trosophic statistics. We proposed the D’Agostino test to
test the normality of the data having indeterminate ob-
servations. The design of the proposed test was given and
implemented with the help of real data. The proposed test
was the extension of an existing D’Agostino test under
classical statistics. From the comparison, it was concluded
that the proposed test is effective, adequate, and suitable to
be applied in the presence of indeterminacy. The devel-
opment of software for the proposed test will be a fruitful
area of research. The application of the proposed test for big
datasets such as testing the normality of ocean data,
Facebook user data, and rail data can be considered as
future research.
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The objective of this paper is to introduce the concept of refined neutrosophic matrices as matrices such as multiplication,
addition, and ring property. Also, it determines the necessary and sufficient condition for the invertibility of these matrices with

respect to multiplication. On the contrary, nilpotency and idempotency properties will be discussed.

1. Introduction

Neutrosophy is a new branch of generalized logic found by
Smarandache to deal with indeterminacy in all fields of
human knowledge. Neutrosophic sets were applicable in
decision-making [1], number theory [2, 3], and space theory
[4, 5].

The concept of refined neutrosophic structure was
supposed firstly in [6] by splitting indeterminacy I into two
levels of subindeterminacies I, and I,. This idea was used in
the study of refined neutrosophic rings [7-9], modules
[10, 11], and groups [6]. Recently, the concept of n-refined
neutrosophic structures was defined and used in [12-14].

Neutrosophic matrices were a useful tool to deal with
indeterminacy in many studies; we find their basic definition
and properties such as ring structure, multiplication, and
other applications in [15, 16].

Through this work, we define, for the first time, the
concept of refined neutrosophic matrices as a direct ap-
plication of the refined neutrosophic set. Also, we determine
the necessary and sufficient condition for the invertibility of
these matrices with many related examples. On the contrary,
we build an example to show how refined matrices can be
used in refined neutrosophic equations defined in [17].

All refined neutrosophic matrices through this paper are
defined over a neutrosophic field F (I, I,).

The structure of refined neutrosophic numbers is taken
asa + bl + cI, instead of (a,bl,, cI,). This representation is

based on the theory of n-refined neutrosophic rings pro-
posed in [12], where refined neutrosophic numbers can be
represented by this form without any loss of generality or
algebraic properties.

2. Preliminaries

Definition 1 (see [7]). Let K be a field, the neutrosophic field
generated by K UI, which is denoted by K(I) = KUI.

Definition 2 (see [7]). Classical neutrosophic number has
the form a + bl, where aand b are real or complex numbers
and I is the indeterminacy such that 0-1=0 and I> =1
which results in I" = I for all positive integers n.

Definition 3 (neutrosophic matrix; see [15]). Let M, ., =
{( a;;): a;j € K(I)}, where K (I) is a neutrosophic field. We
refer this to be the neutrosophic matrix.

Remark 1 (see [6]). The element I can be split into two
indeterminacies I, and I, with conditions

2

11 =1,

2

=1, (1)
LI =LI,=1I,.
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2
Definition 4 (see [1]). If X is a set, then
X(I,,1,) = {(a,bI,cl,): a,b,c € X} is called the refined

neutrosophic set generated by X, I,, and I,.

Definition 5 (see [7]). Let (R, +, x) bearing; (R(I;,1,),+, )
is called a refined neutrosophic ring generated by R,
I, and I,.

Theorem 1 (see [7]). Let (R(I,I,),+,x) be a refined
neutrosophic ring then, it is a ring.
It is called a neutrosophic field if R is a classical field.

Theorem 2 (see [17]). Let A X, +---+A,X,=C,
= (co,c I,6,L), X; = (x”, xl')Il,xz')Iz) andA (a(')
I)Il,az I,), be a lmear equation with n- varzables over a

refined neutrosophic field F (1,,1,). Then, it is equivalent to

the following system of classical linear equations over the

classical field F:

(a) Zz 1“0 xo =¢C
(b) Y 1(%‘ +al?) (x{? + x {7 )—c0+c2
() Y, ao +a1(’)+a§'))( @) +x1(’) +x2 )) = Cote +¢

3. Main Concepts

Definition 6 (refined neutrosophic matrix)

Journal of Mathematics

ay .. Gy
Let A= Lot be an nxm matrix; if

An Aym
a;j=x+yly +zl, € R,(I), then it is called an refined
neutrosophic matrix, where R, (I) is an refined neutrosophic
field.

_ I, +1,
Example 1. X = 3.1, 2l

( L ) is a 2 x 2 refined neu-
trosophic matrix.

Remark 2 (addition and multiplication, ring structure)

(a) If A is an m x n matrix, then it can be represented as
an element of the refined neutrosophic ring of
matrices such as the following: A = B+ CI, + DI,,
where D, B, andC are classical matrices with ele-
ments from ring R and from size m x n.

241, +3I, 1—11—12> B

For example, A= 344l 1+1,

(1) e (35 )

(b) The addition operation can be defined by using the
representation in Remark 2 as follows:

(A+BI, +CL)+(X+YI, + ZI,) = (A+ X) + (B+ Y)I, + (C + Z)1,. (2)
(c) Multiplication can be defined by using the same
representation as a special case of multiplication on
refined neutrosophic rings as follows:
(A+BI, +CIL,) (X +YI, + ZI1,) = (AX) + (AY + BX + BY + BZ + CY)I, + (AZ + CZ + CX)I,. (3)

This method of multiplication is exactly equivalent to the
normal multiplication between matrices, but it is easier to
deal with in this way.

Example 2. LetX:< 5L I‘+Iz>andY:< -1 11>

3-1, 2I, 1+1, 31,
be two refined neutrosophic matrices over the refined
neutrosophic field of reals. We have

00 11
(a)X—A+B11+C12,A—(3 0), B-(_1 0),

01
andC—<0 2).

O Y=M+NI+sI; M= 2 0), ~=(01)
10 03

00

andS =

10
_ -1+1I, 2I,+1,
©X+Y =\ 41 +1, 31, +2I,
_( L+ +1)(A+L) LI+ (I +1,)(3) ):
(d) XY <*3+11+(212)(1+Iz) (3-I)I)+ (21,)(31,)

I,+21, 7I,
~3+1,+41,81, )
(e) If we compute the multiplication using the repre-
sentation of Remark 2, we get
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00
AM = ,
-3 0
00
AN = ,
03
00
BM = ,
10
0 4
BN = ,
0 -1
10
BS:< ) @
00
03
CN = ,
06
00
AS = ,
00
10
CS:< )’
20

Hence, XY =AM +1,(AN + BN +BM + BS+CN)

00 17 20
+1,(AS + CS+CM) = (_3 0)+Il<1 8>+12(4 0)
B I, +2I, 71,
S\ -3+1,+41, 81, )
Theorem 3. The set of all square n x n refined neutrosophic
matrices together makes a ring.

Proof. The proof holds directly from the definition of n-
refined neutrosophic rings by taking n = 2. O

Remark 3. The identity with respect to multiplication is the
normal unitary matrix.

Definition 7. Let A be a square n x n refined neutrosophic
matrix; then, it is called invertible if there exists a refined
square #n x n neutrosophic matrix B such that AB=U,,,,

where U, is the unitary classical matrix.

Theorem 5. Let X = A + BI, + CI, be a square n x n refined
neutrosophic matrix; then, it is invertible if and only if A, A +
C, and A + B + C are invertible. The inverse of X is X ! =
A '+ (A+B+O) "= (A+C) '+ (A+CO) ' = A DI,

Proof. The proof holds as a special case of invertible ele-
ments in refined neutrosophic rings [8]. O

Definition 8. We define the determinant of a square n xn
refined neutrosophic matrix as detX = detA + [det(A + B +
C) —det(A + O)[I,+ [det(A + C) — detA]I,.

This definition is supported by the condition of
invertibility.

Theorem 6. Let X = A + BI, + CI, be a square n x n refined
neutrosophic matrix; we have the following:
(a) X is invertible if and only if det X #0

(b) If Y = M + NI, + 81, is a square n X n refined neu-
trosophic matrix, then detXY = detXdetY

(c) detX™! = (detX)!

Proof

(a) If detX+#0, this will be equivalent to
detA#0, det(A+C)+#0, anddet(A+B+C)+#0,
ie, A, A+ C, and A + B + C are invertible; thus, X is
invertible according to Theorem 5.

b) XY =AM+ [(A+B+C)(M+N+S)-(A+C)

M+8)]+1 2[(A+C)(M+S)—- AM]. Hence,
detXY = det(AM) + I, [det((A+B+C) (M+ N+
SN] +IL[det((A+C)(M +8))] =detAdetM + I,

[det(A+B+C)det(M + N +8)]+1 2[det(A+C)
det(M +S)] = (detA + I, [det(A + B+ C) —det(A +
O) +I,[det(A +C) —detA]) (detM + I, [det(M+
N +S)—det(M+8)] + I,[det(M +S) — detM]) =
detXdetY.

(c) It holds directly from (b). O

Theorem 7. Let X = A + BI, + CI, be a square n x n refined
neutrosophic matrix; we have the following:

(a) X is nilpotent if and only if A, A+C, and A+ B+C
are nilpotent

(b) X is idempotent if and only if A, A+C, and A+ B +
C are idempotent

Proof

(a) First of all, we will prove that X" = A" + I, [(A+ B+
O - (A+O)] +L[(A+C) - A"].

We use the induction, for = 1, it is clear. Suppose
that it is true for r = k, we prove it for k + 1.
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X = XX = (A + L[(A+ B+ Of - (A+ O] + L[ (A + C)f - A"]) (A + BI, + CL)

= A"+ [ [A'B+(A+B+O)fA+(A+B+C)'B+(A+B+C)C-(A+C)A-(A+C)'B

(5)

—(A+O)C+(A+C)'B- A'B] + L, [A*C+ (A + C)'C - A*C + (A + C)*A - A*4A]

=AM +Il[(A+B + O — (A + C)k”] +12[(A+C)k+1 —Ak”].

4
X is nilpotent if there is a positive integer r such that
X" = O,,,. This is equivalent to
A'=(A+C) =(A+B+C) =0, ©
which implies the proof.
(b) The proof is similar to (a). O

Example 4. Consider the following refined neutrosophic

matrix A= 244430 1-1—1 ; we have the
. 3+4I, 1+1,
following:

_(2+1,+3], 1—11—12>_ 21 1 -1
(a)A‘( 3+a, 1+1, ) (31 )" o1
3 -1
Il+<4 0 I,.
21 1 -1 3 -1
B—<31>, C—(O 1), and D—(4 0).

50 6 -1
B+D—(7 1),andB+C+D—(7 ) )

(-1 0 (150
(b) B _<3 L) B =( L) and
(219 119
(B+C+D) ‘(—7/19 6/19)'

() Al =

-1 _po1y_ (-1 1 -9/95 1/19
[(B+D) B ]_< 3 —2>+11<98/95 —13/19)+
I 6/5 =1\ _ ([ -1-(9/95)1, + (6/5I, 1+ (1/19)1, -1,

2\ —22/5 3 ) 7 \ 34 (98/95)I, - (22/5)I, -2 - (13/19)I, + 31, }*

B'+I,[(B+C+D) '~ (B+D) ']+1,

01
(d) detB = —1,det(B+ D) = 5,det(B+C+ D) =19,
detA=-1+1,[19-5]+1,[5- (-1)] = -1 + 14I,
+61,.

It is easy to find that A™'A = AA™! = ( ; 0)'

If we compute the determinant of A by using the classical
way, we will get the same result.

Now, we illustrate an example to clarify the application
of refined neutrosophic matrices in solving refined neu-
trosophic algebraic equations defined in [17].

Example 5. Consider the following system of refined neu-
trosophic linear equations:

2+1,+3L)X+(1-1, - L)Y = -, (%),

(7)
(B+4L)X +(1+1,)Y =1, (* ).

The corresponding refined neutrosophic matrix is
A= 2+1,+31, 1-1, -1,
3+4I, 1+1, '

Since A is invertible, we get the solution of the previous
system by computing the product:

9 6 1
e e A

(—11 ) 95 19 (—11 )
A—l
I, 98 22 13 I,

3+ -0, -2, -2——I, +3I
951 572 19! 2
9 6 1
nfie 28]
95 5 19

98 22 13

Il[—3—— g ]+12[—2+3]
95 5 19

-1, (1/19) .
= .Thus, X = —Ell,
—(6/19)I, + I,
6
Y=-0l+ L

(8)

4. Conclusion

In this paper, we have used the concept of refined neu-
trosophic set to build the corresponding refined neu-
trosophic matrix. On the contrary, many interesting
properties have been studied and proved such as idempo-
tency, nilpotency, determinants, and invertibility of these
matrices.

Also, a direct application of these matrices was proposed
in solving refined neutrosophic equations.

As a future research direction, we aim to study the di-
agonalization properties with eigenvectors of these matrices.
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