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Aging civil infrastructural facilities like long-span bridges,
super-tall buildings, and large-scale space structures that
form the life of a country’s economy are facing a severe crisis
in some countries. Long service lives, inadequate designs, and
increasing extreme loads are responsible for the current state
of affairs. Thus, knowledge about the in-service condition
of the structures is one of the most essential parts required
for the engineering community. This opens a wide field for
structural health monitoring (SHM) systems which are set
up to assure the safe operation of structures requiring linking
sensors with computational tools able to interpret sensor data
in terms of structural performance [1]. Although intensive
development continues on innovative sensor systems, there is
still considerable uncertainty in deciding structural behavior
since there are many factors in abundant measured data from
the SHM system that may influence the health assessment
of a structure. The most appropriate and efficient way to
alleviate this multiple input problem is by the statistical and
probabilistic approach including data normalization, feature
extraction, statistical modeling, and risk management [2–4].

Therefore, in the light of these considerations, this special
issue was launched. Numerous investigators worldwide were
invited to contribute their original papers and review articles
on the theme of this special issue. A total of 27 technical
papers are included in this special issue.These papers present
the most recent advances, progress, and ideas in the field of
the statistical and probabilistic approach and its application

in structure rating and risk assessment includes data com-
pression and cleaning, data mining and fusing technology,
pattern recognition and feature extraction, damage detection
and condition assessment, and performance prediction and
risk management. All of the accepted papers were carefully
reviewed and found appropriate for the journal.

Without a doubt, the papers reflect the state-of-the-art
researches and developments of this subject.
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A new optimization method based on artificial bee colony (ABC) algorithm is presented for solving parameter identification
problems. The ABC algorithm as a swarm intelligent optimization algorithm is inspired by honey bee foraging. In this paper, for
the first time, the ABCmethod is developed to determine the optimum parameters of Bouc-Wen hysteretic systems.The proposed
method exhibits efficiency, robustness, and insensitivity to noise-corrupted data. The results of the ABC are compared with those
other optimization algorithms from the literature to show the efficiency of this technique for solving parameter identification
problems.

1. Introduction

A process of finding a feasible solution for a problem
containing an objective function to be minimized and some
restrictions to be satisfied is defined as the optimization.
In general, there are two types for solving optimization
problems: classic ormathematic-based approaches andmeta-
heuristic methods. Due to some difficulties in using math-
ematical approaches, metaheuristic optimization algorithms
have been widely utilized to solve parameter identification
problems in which the aim is to minimize the differences
between real and numerical data and identify the best set
of values for the unknown parameters [1]. Table 1 reviews
several examples of the parameters identification problems
[2].

Among the different identification problems above, due
to its highly nonlinear nature, identification of Bouc-Wen
systems constitutes a challenging problem. The Bouc-Wen
model is a smooth endochronic model that is often used to
describe hysteretic phenomena. It was introduced by Bouc [3]
and extended by Wen [4], who demonstrated its versatility
by producing a variety of hysteretic patterns. There are
different methods developed to solve this difficult problem,
such as Gauss-Newton [5], modified Gauss-Newton [6],

least squares [7], simplex [8], Levenberg-Marquardt [8, 9],
extended Kalman filters [8, 10], reduced gradient methods
[8], genetic algorithms (GAs) [11], real-coded GAs [12],
differential evolution [13, 14], adaptive laws [15], hybrid evo-
lutionary algorithm [16], particle swarm optimization [17],
simulated annealing [18], adaptive charged system search [1],
and a hybrid developed algorithm based on particle swarm
optimization and big bang-big crunch algorithms [19].

In this paper, we developed artificial bee colony (ABC)
algorithm [20, 21] to solve parameter identification of Bouc-
Wen model for the first time. The rest of the paper is orga-
nized as follows. Section 2 presents the formulation of the
parameter identification problem.The framework of theABC
algorithm is described in Section 3. Numerical examples are
presented in Section 4 and finally Section 5 concludes the
paper.

2. Problem Formulation

2.1. Standard Bouc-Wen Model. For the standard Bouc-Wen
model, nonlinear force of damper is calculated as follows:

𝐹 = 𝜑𝑧 + 𝑐
0
̇𝑥 + 𝑘
0
(𝑥 − 𝑥

0
) , (1)
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Table 1: A review on several examples of the parameters identification problems.

Description of the work Studied structure Research field Authors
Estimation bridge’s supports conditions and material
properties Bridge STR Robert-Nicoud et al. [22]

Estimation of the reliability of bridge using environmental
monitoring data (temperature and wind loads) Bridge model STR Catbas et al. [23]

Parameter identification of Bouc-Wen model for MR fluid
dampers using adaptive charged system search
optimization and a hybrid algorithm

MR fluid dampers STR Talatahari et al. [1, 19]

Use of deflections, rotation, and strain to identify the best
model of identification of geotechnical parameters
combining a metaheuristic algorithm (particle swarm
optimization), support machine vector, and numerical
analysis to integrate nonlinear relationship between
displacement and mechanical properties

Soil parameters GEO Zhao and Yin [24]

Identification of the water infiltration in an unsaturated
soil column by using a modified particle swarm
optimization algorithm

Soil parameters GEO Zhang et al. [25]

Identification of several geotechnical parameters on two
cases: an oedometer test and an application on a natural
slope

Soil parameters GEO Meir et al. [26]

Identification of equivalent stiffnesses of a structure that
mimics soil-structure interaction parameters by inverse
analysis using the particle swarm optimization algorithm

Soil-structure interaction parameters SSI Fontan et al. [2]

Identification of Mohr-Coulomb parameters combining
displacements data, the genetic algorithm, and a Plaxis
model

Mohr-Coulomb parameters SSI Levasseur et al. [27]

Application of the inverse analysis to modify excavation
project in progress using displacement data of the
buildings around the site

Excavation wall SSI Schmitt and Schlosser [28]

STR: structure; SSI: soil-structure interaction; GEO: geotechnical.

where𝜑 is the Bouc-Wenmodel parameter related to the ratio
of MRmaterial’s final and initial yield stress and 𝑘

0
and 𝑐
0
are

spring stiffness and dashpot damping coefficient, respectively,
and 𝑧 is the hysteretic deformation of the model which is
defined as

̇𝑧 = −𝛾 | ̇𝑥| 𝑧|𝑧|
𝑛−1
− 𝛽 ̇𝑥|𝑧|

𝑛
+ 𝐴 ̇𝑥, (2)

in which 𝐴, 𝛽, and 𝛾 are the Bouc-Wen model shape
parameters.

2.2. Modified Bouc-Wen Model. In this case, the nonlinear
force is calculated as

𝐹 = 𝜑𝑧 + 𝑐
0
( ̇𝑥 − ̇𝑦) + 𝑘

0
(𝑥 − 𝑦) + 𝑘

1
(𝑥 − 𝑥

0
)

= 𝑐
1
̇𝑦 + 𝑘
1
(𝑥 − 𝑥

0
) .

(3)

Here, hysteretic displacement 𝑧 is given by

̇𝑧 = −𝛾

̇𝑥 − ̇𝑦

 𝑧|𝑧|
𝑛−1
− 𝛽 ( ̇𝑥 − ̇𝑦) |𝑧|

𝑛
+ 𝐴 ( ̇𝑥 − ̇𝑦) , (4)

in which ̇𝑦 is defined by the following equation:

̇𝑦 =
1

(𝑐
0
+ 𝑐
1
)
{𝛼𝑧 + 𝑐

0
̇𝑥 + 𝑘
0
(𝑥 − 𝑦)} . (5)

2.3. Statement of the Optimization Problem. Themean square
error (MSE) of the predicted response time history 𝑓(𝑡

𝑖
| p)

(for any obtained parameters’ vector p) in comparison with
the experimentally obtained response history 𝑓(𝑡

𝑖
) at each

time step 𝑡
𝑖
is usually considered as the objective function to

be minimized as

OF (p) =
∑
𝑁

𝑖=1
(𝑓 (𝑡
𝑖
) − 𝑓 (𝑡

𝑖
| p))
2

𝑁𝜎
2

𝑓

, (6)

in which p is the vector of model’s parameters; 𝜎2
𝑓
is the

variance of experimental response time history;∑ represents
the summation of its subsequent term (𝑁 discrete values);
and 𝑁 is the number of experimental data employed in the
optimization process. It should be noticed that the opti-
mization problem involves the minimization of the objective
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function when the parameters vector is varied between the
following side constraints:

pmin ≤ p ≤ pmax, (7)
where pmin and pmax are the vectors which include the lower
and upper bounds of the model parameters, respectively.

3. Artificial Bee Colony (ABC) Algorithm

The ABC algorithm as a swarm intelligent optimization
algorithm is inspired by honey bee foraging. This section
reviews the framework of the algorithm briefly.

3.1. General Aspects [30]. The ABC algorithm utilizes a
population of artificial bees. Their locations are considered
as foods positions and modified with the time by discovering
some places with high nectars. In ABC system, artificial
bees fly around in a multidimensional search space and
some (employed and onlooker bees) choose food sources
depending on their experience and their nest mates and
adjust their positions. Some (scouts) fly and choose the food
sources randomly without using experience. If the nectar
amount of a new source is higher than that of the previous
one in their memory, they memorize the new position and
forget the previous one. Thus, ABC system combines local
search methods, carried out by employed and onlooker bees,
with global search methods, managed by onlookers and
scouts, attempting to balance the exploration and exploita-
tion processes. This model that leads to the emergence of
collective intelligence of honeybee swarms consists of three
essential components, food sources, employed foragers, and
unemployed foragers, and defines two leading modes of the
honeybee colony behavior: requirement of a food source
and abandonment of a source. The main components of this
model are as follows.

(1) Food Sources. In order to select a food source, a forager
bee evaluates several properties related to the food source
such as its closeness to the hive, richness of the energy, taste
of its nectar, and the ease or difficulty of extracting this
energy. For the simplicity, the quality of a food source can
be represented by only one quantity although it depends on
various parameters mentioned above.

(2) Employed Foragers. An employed forager carries informa-
tion about her specific source and shares it with other bees
waiting in the hive.The information includes the distance, the
direction, and the profitability of the food source.

(3) Unemployed Foragers. A forager bee that looks for a food
source to exploit is called unemployed. It can be either a scout
who searches the environment randomly or an onlooker who
tries to find a food source by means of the information given
by the employed bee.

3.2. The Algorithm. Figure 1 presents the flowchart of the
artificial bee colony algorithm. Each iteration of the search
process consists of three steps as follows (after initialization
stage) [30]:

(i) placing the employed bees onto the food sources and
calculating their nectar amounts;

(ii) placing the onlookers onto the food sources and
calculating the nectar amounts;

(iii) determining the scout bees and placing them onto the
randomly determined food sources.

In the ABC algorithm, the first half of the colony consists
of the employed artificial bees and the second half includes
the onlookers. In this algorithm, for every food source, there
is only one employed bee. In other words, the number of
employed bees is equal to the number of food sources around
the hive. The employed bee whose food source has been
abandoned becomes a scout.

The position of a food source represents a possible
solution to the considered optimization problem and the
nectar amount of the food source corresponds to the quality
or fitness of the associated solution. The number of the
employed bees or onlooker bees is equal to the number
of solutions in the population. In the first step, the ABC
algorithm generates randomly distributed predefined num-
ber of initial population, 𝑃 (position of the food sources),
of SN populations. Each position of the food source, 𝑥

𝑖𝑗𝑘
,

is three-dimensional in nature with 𝑖 = 1, 2, . . . , 𝑆𝑁; 𝑗 =
1, 2, . . . , 𝐷; and 𝑘 = 1, 2, . . . , 𝑉, where 𝐷 is the dimension
of each variable and 𝑉 is the number of variables in the
objective function. After initialization, the population of the
positions (solutions) is subjected to the repeated cycles, 𝐶 =
1, 2, . . . ,MaxIter (maximum iteration number), of the search
process of the employed bees, onlooker bees, and scout bees.
An employed bee produces a modification on the solution in
its memory depending on the local information and tests the
nectar amount (fitness value) of the new food source (new
solution). Provided that the nectar amount of the new source
is higher than that of the previous one, the bee memorizes
the new position and forgets the old one. Otherwise, it keeps
the position of the previous source in its memory. When
all the employed bees complete the search process, they
share the nectar information of the food sources and their
position information with the onlooker bees in the dance
area. An onlooker bee evaluates the nectar information taken
from all the employed bees and selects a food source with
a probability related to its nectar amount. As in the case of
an employed bee, the onlooker bee produces a modification
on the position in its memory and checks the nectar amount
of the candidate source. If its nectar amount is higher than
that of the previous one, the onlooker beememorizes the new
position and forgets the old one.

4. Numerical Investigation

The standard Bouc-Wen model needs twelve parameters (𝛼
𝑎
,

𝛼
𝑏
, 𝑐
0𝑎
, 𝑐
0𝑏
, 𝑘
0𝑎
, 𝑘
0𝑏
, 𝑥
0
, 𝛾, 𝛽, 𝐴, 𝑛, 𝜂), while 14 ones (𝛼

𝑎
,

𝛼
𝑏
, 𝑐
0𝑎
, 𝑐
0𝑏
, 𝑐
1𝑎
, 𝑐
1𝑏
, 𝑘
0
, 𝑘
1
, 𝑥
0
, 𝛾, 𝛽, 𝐴, 𝑛, 𝜂) are sufficient

for modified version. Two numerical examples for standard
and modified Bouc-Wen models of dampers are optimized
utilizing the proposed ABC method. Table 2 presents the
used experimental data [29]. The input control signal, piston
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Initialization of food sources
and the related nectar amounts

Update the new food position
for the employed bees

Determine a neighbor
food source position for

Select a food source for
the onlooker bees

All onlookers

Save the best food source

Find abandoned food source

Determine new exhausted 
 food source

distributed?

Final food position

Yes

Yes

No

No

Stop criteria
satisfied?

the onlookerCalculate nectar amounts

Figure 1: Flowchart of the ABC algorithm.

movement, and response of the MR damper for the standard
Bouc-Wenmodel are determined from numerical simulation
of a 3-storey building case study in [31], in which a direct
modulating controller was designed in order to control
the dampers’ force and mitigation of structural responses
due to the El Centro earthquake, while for the modified
model, it is determined from numerical simulation of an
11-storey example subjected to the El Centro earthquake in
[32] controlled using the clipped-optimal control algorithm.
The sample displacement and control voltage history applied
simultaneously to the MR damper and the whole data set is
considered in the optimization process.

It has been corroborated that simple Bouc-Wen model
suffers from parameter redundancy and multiple sets of
parameters could be the solution of a specified problem
resulting in similar fairly low MSE [1]. However, it should be
included that to conduct a full survey on effectiveness of the
algorithm, the redundant version of simple Bouc-Wenmodel
is considered in the current study which contains one more
parameter to be specified.

The algorithms were implemented using MATLAB to
run on a computer with an Intel Core i5 CPU, 2.53GHz
processor, and 3.00GB RAM. The standard PSO and BB-
BC methods [19] as well as the ABC algorithm are utilized
to solve the optimum parameters of Bouc-Wen models. We
use different random seeds in starting each run to perform a
strong statistical study.Thenumber of independent runs is set

Table 2: Parameters of Bouc-Wenmodels for a 1000 kNMRdamper
[29].

Parameter Unit
Standard B-W
model values
(9 parameters)

Modified B-W
model values
(13 parameters)

𝑥
0

m — —
𝛾 m−2 141 164
𝛽 m−2 141 164
𝐴 — 2075 1107.2
𝑛 — 2 2
𝛼
𝑎

kN/m 26 46.2
𝛼
𝑏

kN/m/V 29.1 41.2
𝑐
0𝑎

kN⋅s/m 105.4 110
𝑐
0𝑏

kN⋅s/m/V 131.6 114.3
𝑐
1𝑎

kN⋅s/m — 8359.2
𝑐
1𝑏

kN⋅s/m/V — 7482.9
𝑘
0

kN/m — 0.002
𝑘
1

kN/m — 0.0097
𝜂 s−1 100 100

to 20 for each scenario in this study.The initial points for each
run are changed and it is between lower and upper bounds.
The obtained results and the related MSE values for standard
and modified Bouc-Wen model are collected in Tables 3 and
4, respectively. Table 3 shows that the standard PSO and BB-
BC optimization somehow fail to find the optimal parameters
as the margin of errors of parameters rises up to 99.84% for
PSO and 61.21% for BB-BC [19]. The maximum error for
the ABC method is only 17.20% which is smaller than the
results of the other ones. Furthermore, the amount of the
MSE for the new method is 1.34𝐸 − 03 which is outweighing
its counterparts with 0.0515 and 0.0137 for PSO and BB-BC,
respectively.

The achieved results for the modified Bouc-Wen model
(Table 4) also completely demonstrate that the proposed
method outperforms those of the standard PSO and BB-BC
[19]. In this case, themeasuredMSE value is 5.71𝐸−04which
is far more less than corresponding values for the PSO and
BB-BC.

5. Conclusion

The artificial bee colony (ABC) algorithm, based on mimick-
ing the food foraging behavior of honeybee swarms, is devel-
oped to solve parameter identification of nonlinear problems.
A parameter identification task can be formulated as an
optimization problem where the objective is to obtain a set
of parameters for a model that minimize the prediction error
between the measured plant outputs and the model outputs.
The classical common parameter identification approaches,
such as the recursive least squares method and autoregressive
exogenous method, are substantially analytical and based
on a mathematical derivation of the system’s model. As
an alternative to these methods, metaheuristic algorithms
are relatively promising approaches, and a little knowledge



Mathematical Problems in Engineering 5

Table 3: Parameter sets found for standard B-Wmodel and MSE report.

PSO [19] BB-BC [19] ABC
Value Error (%) Value Error (%) Value Error (%)

𝑥
0

m — — — — — —
𝛾 m−2 264.42 87.53 138.31 1.90 165.26 17.20
𝛽 m−2 220.46 56.36 147.71 4.76 155.75 10.46
𝐴 — 2817.66 35.79 2431.44 17.18 1945.75 6.23
𝑛 — 4.00 99.84 2.56 28.01 1.970 1.48
𝛼
𝑎

kN/m 37.30 43.45 25.17 3.21 26.67 2.58
𝛼
𝑏

kN/m/V 30.59 5.12 29.39 1.00 30.209 3.81
𝑐
0𝑎

kN⋅s/m 195.34 85.33 169.91 61.21 105.19 0.20
𝑐
0𝑏

kN⋅s/m/V 252.31 91.73 170.14 29.28 131.09 0.38
𝜂 s−1 122.92 22.92 147.28 47.28 165.26 0.31

MSE of response 5.15E − 02 1.37E − 02 1.34E − 03

Table 4: Parameter sets found for modified B-Wmodel and MSE report.

PSO [19] BB-BC [19] ABC
Value Error (%) Value Error (%) Value Error (%)

𝑥
0

m — — — — — —
𝛾 m−2 160.10 2.38 176.90 7.87 156.91 4.32
𝛽 m−2 162.72 0.78 198.38 20.96 159.27 2.88
𝐴 — 1296.01 17.05 1107.59 0.04 1207.15 9.03
𝑛 — 2.10 4.95 2.05 2.41 1.92 3.83
𝛼
𝑎

kN/m 47.94 3.76 51.44 11.35 46.77 1.25
𝛼
𝑏

kN/m/V 41.43 0.55 42.25 2.55 38.71 6.03
𝑐
0𝑎

kN⋅s/m 111.02 0.92 115.53 5.03 109.63 0.33
𝑐
0𝑏

kN⋅s/m/V 115.55 1.10 139.79 22.30 115.55 1.09
𝑐
1𝑎

kN⋅s/m 8488.77 1.55 10313.72 23.38 8561.32 2.42
𝑐
1𝑏

kN⋅s/m/V 7603.31 1.61 8499.79 13.59 7556.57 0.98
𝑘
0

kN/m 0.0021 5.12 0.0021 3.59 0.0019 1.43
𝑘
1

kN/m 0.0103 5.80 0.0104 6.76 0.0100 3.13
𝜂 s−1 111.05 11.05 104.11 4.11 100.31 0.31

MSE of response 1.08E − 02 4.92E − 03 5.71E − 04

about the problem is sufficient for finding the approximate
results. In this paper, artificial bee colony as one of the
efficient metaheuristics is considered to find two series of
realistic Bouc-Wen model parameters containing standard
and modified models. Simulation results demonstrate that
the proposedmethod has good performance compared to the
PSO and BB-BC algorithms.
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suivi géotechnique au dimensionnement interactif,” Travaux,
Sols et Fondations, vol. 844, pp. 99–106, 2007.

[29] H.-J. Jung, B. F. Spencer Jr., and I.-W. Lee, “Control of seismi-
cally excited cable-stayed bridge employing magnetorheologi-
cal fluid dampers,” Journal of Structural Engineering, vol. 129, no.
7, pp. 873–883, 2003.

[30] S. Talatahari,M. Nouri, and F. Tadbiri, “Optimization of skeletal
structures using artificial bee colony algorithm,” International
Journal of Optimization in Civil Engineering, vol. 2, no. 4, pp.
557–571, 2012.

[31] B. F. Azar, N. M. Rahbari, and S. Talatahari, “Seismic mitigation
of tall buildings using magnetorheological dampers,” Asian
Journal of Civil Engineering, vol. 12, no. 5, pp. 637–649, 2011.

[32] S. J. Dyke and B. F. Spencer Jr., “A comparison of semiactive
control strategies for the MR damper,” in Proceedings of the
IASTED International Conference on Intelligent Information
Systems (IIS ’97), pp. 580–584, Grand Bahama Island, Bahamas,
1997.



Research Article
Damage Detection Based on Cross-Term Extraction from
Bilinear Time-Frequency Distributions

Ma Yuchao, Yan Weiming, He Haoxiang, and Wang Kai

Beijing Laboratory of Earthquake Engineering and Structural Retrofit, Beijing University of Technology, Beijing 100124, China

Correspondence should be addressed to He Haoxiang; hhx7856@163.com

Received 10 January 2014; Revised 3 April 2014; Accepted 3 April 2014; Published 26 June 2014

Academic Editor: Ting-Hua Yi

Copyright © 2014 Ma Yuchao et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abundant damage information is implicated in the bilinear time-frequency distribution of structural dynamic signals, which
could provide effective support for structural damage identification. Signal time-frequency analysis methods are reviewed, and the
characters of linear time-frequency distribution and bilinear time-frequency distribution typically represented by theWigner-Ville
distribution are compared. The existence of the cross-term and its application in structural damage detection are demonstrated.
A method of extracting the dominant term is proposed, which combines the short-time Fourier spectrum and Wigner-Ville
distribution; then two-dimensional time-frequency transformation matrix is constructed and the complete cross-term is extracted
finally. The distribution character of which could be applied to the structural damage identification. Through theoretical analysis,
model experiment and numerical simulation of the girder structure, the change rate of cross-term amplitude is validated to identify
the damage location and degree. The effectiveness of the cross-term of bilinear time-frequency distribution for damage detection
is confirmed and the analytical method of damage identification used in structural engineering is available.

1. Introduction

In the whole life cycle, the components in the engineering
structure will damage inevitably under the influence of the
performance changes in materials, loads, and other uncer-
tain factors. Detecting and finding the damage information
exactly and in time is an important problem in the structural
safety and life-cycle evaluation. In the structure detection
and health monitoring, the signal can be divided into sta-
tionary ones and nonstationary ones by the variation in
statistical properties in time domain or in frequency domain.
Thus, the signals analysis methods include time-domain
analysis and frequency-domain analysis and time-frequency
domain analysis. The time-frequency analysis can combine
the advantages of signals analysis in both time domain and
frequency domain, especially for common nonstationary
signals in engineering. The time-frequency analysis can
accurately reflect the changes of frequency components with
the time.The structural damage identification based on time-
frequency analysis is an important research aspect of health
monitoring.

The time-frequency analysis is a method for using time-
frequency joint functions to describe the signal energy
density or intensity in the time domain and frequency
domain. The research in time-frequency analysis began in
the 1940s, and it has become an important branch of signal
analysis and processing, which is used in a wide range of
applications such as astronomy, communications, physics,
biology, medicine, and mathematics [1]. In the 21st century,
the time-frequency analysis technology has been widely used
in various fields of civil engineering. Especially, it provided an
important analytical tool for structural dynamic analysis and
damage identification. Time-frequency analysis technology
promoted the industry’s development and progress. Study
on damage detection in engineering frequently focuses on
linear time-frequency analysis such as short-time Fourier
transform and wavelet transform; unfortunately the bilinear
time-frequency distribution is rarely discussed in this field.

The linear time-frequency analysis evolved from the
Fourier transform; the short-time Fourier transformprovides
more details than the Fourier transform and the time-varying
spectrum with a sliding time window. Once the window
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function is selected, the time-frequency resolution will not
be changed. This property makes the short-time Fourier
transform to be limited in the analysis of mutation signals
and nonstationary signals, especially for the mutation signal
in damaged structures. The wavelet transform or the wavelet
packet transform is a powerful tool for the nonstationary
signal analysis. It uses themultiscale decomposition by select-
ing the wavelet function and flex-transition calculating. The
wavelet transform can effectively obtain favorable localized
characteristics with multiresolution analysis in the time-
frequency domain from the signal. Therefore, it is widely
used in the damage detection. However, the appropriate
wavelet function for wavelet transform must be selected, and
the results are not unique; once the wavelet function and
multiscale are determined, its characteristics will be constant.

The bilinear time-frequency analysis was developed from
energy spectrum or power spectrum, and Wigner-Ville dis-
tribution (WVD) is one of the most important distributions.
WVD can be regarded as the distribution of signal energy in
two-dimensional time-frequency space with many excellent
properties such as symmetry, time shift, combinations, and
complex conjugation relationship. It contains the information
of the amplitude and the phase in the signal.The disadvantage
of WVD is that it may produce cross-term interference in
the multicomponent signals, which is the intrinsic property
of bilinear time-frequency distribution [2]. The extended
achievements have been obtained on time-frequency analysis
based on WVD, but for the study on structural damage
detection, further development of its application is needed.

The advantages and disadvantages of the linear time-
frequency analysis method should be discussed dialectically,
and as the typicalmethod in bilinear time-frequency analysis,
the improvement on WVD is a crucial problem and a
breakthrough for damage detection.

2. Time-Frequency Analysis
Methods Summary

The most classic traditional stationary signal analyzing and
processing method is Fourier transform, which establishes a
signal bridge from the time domain to the frequency domain,
and it can be showed as follows:

𝑠 (𝑓) = ∫

∞

−∞

𝑠 (𝑡) 𝑒
−𝑗2𝜋𝑓𝑡

𝑑𝑡,

𝑠 (𝑡) = ∫

∞

−∞

𝑠 (𝑓) 𝑒
𝑗2𝜋𝑡𝑓

𝑑𝑓.

(1)

However, being an overall transformation (whole time
domain or whole frequency domain), Fourier transform
decomposed the entire signal into different frequency com-
ponents. It cannot show signal’s local time-frequency char-
acteristics and some variations in the frequency components
over time. Fourier transform analysis is only suitable for
stationary signals, but signals are usually nonstationary ones
in the engineering.The combination function of time and fre-
quency is established to represent the signals and overcome
the limitations of the Fourier transform. Time-frequency
analysis is divided into linear time-frequency distribution

and bilinear time-frequency distribution depending on the
difference of the function construction.

2.1. Linear Time-Frequency Distribution. The Linear time-
frequency distribution is the time-frequency analysismethod
based on the Fourier transformwith the linear superposition.
The linear time-frequency distribution is weighted according
to the basic ingredients of decomposing the signal into the
time domain and frequency domain.

The most common method for linear time-frequency
representation includes the short-time Fourier transform and
the wavelet transform [3].

The short-time Fourier transform achieves the localiza-
tion signal in the time domain. The short-time window
function is multiplied before the Fourier transform. The
local spectrum at different times can be obtained by moving
window in the timeline, which can be understood as the
signal’s Fourier transform near the time point. Short-time
Fourier transform can be expressed as

STFT
𝑠
(𝑡, 𝑓) = ∫ 𝑠 (𝜏) ℎ

∗
(𝜏 − 𝑡) 𝑒

−𝑗2𝜋𝑓𝜏
𝑑𝜏, (2)

where the window function ℎ
∗
(𝑡) makes a great influence

on the results of short-time Fourier transform, because the
nonstationary signal is assumed stationary in the analysis
window. The selection of window function should be related
to local stationary length of the signal [4]. When a window
function is selected, the short-time Fourier transform has
only a single resolution in the time-frequency plane. For the
time-varying nonstationary signals, it is difficult to find a
perfect time window to adapt to different time segments.

The wavelet transform is a mathematical method pro-
posed by French scholar in the 1980s, which was widely
introduced to engineering application areas, especially in
signal processing, linguistic analysis, pattern recognition and
quantum physics areas, and so forth. The wavelet transform
greatly boosted the signal analysis and processing method,
because of its multiresolution characters, and eachmultiscale
segment of the signal can be identified. Scholars have con-
ducted the in-depth research in structural damage detection
[5]. The wavelet transform can be defined as

WT
𝑠
(𝑎, 𝑡) =

1

√𝑎
∫ 𝑠 (𝜏) 𝜑

∗
(
𝜏 − 𝑡

𝑎
) 𝑑𝜏, 𝑎 > 0, (3)

where 𝑎 is a scale factor and 𝑡 is the translation factor.
By selecting the appropriate retractable windows and the
wavelet function, the wavelet transform can obtain the local
characteristics of nonstationary signals in time domain and
frequency domain. The wavelet analysis is essentially a time-
scale analysis and it is suitable for analyzing self-similar
structure of the signal. Meanwhile the wavelet transform
has not the general applicability such as the signals in the
language and images; therefore the wavelet transform has
evolved into the discrete wavelet transform, the orthogonal
wavelet transform, and the wavelet packet transform. Now,
the wavelet transform is applied widely in damage detection,
but choosing the wavelet function is still difficult and a key
problem in the practical application. It is determined mainly
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through selecting by experience and experiment comparing
[6–8].

2.2. Bilinear Time-Frequency Distribution. The bilinear time-
frequency distribution is also called quadratic time-fre-
quency distribution, which can visually and reasonably reveal
the energy time-frequency distribution of the signal. The
bilinear time-frequency distribution does not satisfy the
linear superposition, at the same time there exist the inher-
ent cross-terms. The bilinear time-frequency distribution
is divided into Cohen bilinear time-frequency distribution
and affine bilinear time-frequency distribution, which are all
developed fromWVD.

In 1932, Wigner proposed Wigner distribution, which
applied to quantum mechanics initially. In 1948, Ville intro-
duced it into the signal analysis field, and thus a new chapter
in the field of signal analysis was opened. In 1970, Mark
proposed the main problem of WVD that is the cross-
interference term, which has also become a research focus in
signal processing through half a century. WVD is defined as

WVD
𝑠
(𝑡, 𝑓) = ∫ 𝑠 (𝑡 +

𝜏

2
) 𝑠
∗
(𝑡 −

𝜏

2
) 𝑒
−𝑗2𝜋𝑓𝜏

𝑑𝜏. (4)

This equation does not contain window functions and
it avoids the selection of the time-frequency resolution in
the linear time-frequency representation.The timewidth and
bandwidth attain the lower bound of uncertainty principle in
Wigner-Ville distribution, so it has the characteristic of the
highest resolution, energy concentration, and time-frequency
edges. WVD becomes an important tool for the analysis of
nonstationary time-varying signal. The problem of short-
time Fourier transform is solved and the clear physical
meaning is established.

In 1966, Cohen summarized and found that a series
of time-frequency distribution are only WVD deformation,
which can be expressed using a unified form by Kernel
function. It is called Cohen time-frequency distribution [9].
This method can be expressed as

𝑃
𝑠
(𝑡, 𝑓) = ∭𝑠(𝑢 +

𝜏

2
) 𝑠
∗
(𝑢 −

𝜏

2
)

× 𝜙 (𝜏, 𝜃) 𝑒
−𝑗2𝜋(𝑡𝜃+𝜏𝑓−𝑢𝜃)

𝑑𝑢 𝑑𝜏 𝑑𝜃,

(5)

where 𝐴
𝑠
(𝜏, 𝜃) = ∫ 𝑠(𝑢 + 𝜏/2)𝑠

∗
(𝑢 − 𝜏/2)𝑒

𝑗2𝜋𝑢𝜃
𝑑𝑢, defined

as fuzzy function. 𝜙(𝜏, 𝜃) is called Kernel function. Cohen-
time class frequency distribution is two-dimensional Fourier
transformweighted by kernel fuzzy function. So Cohen time-
frequency distribution can be considered a two-dimensional
Fourier transform of ambiguity function weighted by kernel
function. Cohen time-frequency distribution is also called
generalized bilinear time-frequency distribution. When the
kernel function 𝜙(𝜏, 𝜃) = 1 the Cohen time-frequency distri-
bution degenerates into WVD. The deficiency is that Cohen
time-frequency distribution suppresses the cross-term using
kernel function; meanwhile time-frequency resolution is
decreased in the entire distribution [10].

Cohen time-frequency distribution is the collection of
quadratic time-frequency energy distribution, which has

the time-frequency shift invariance. Another type of energy
distribution does not satisfy the time-frequency shift invari-
ance, which is called the affine bilinear time-frequency
distribution. It is achieved by time shifting and stretching
transformation. This type of distribution can be expressed as

𝑇
𝑠 (𝑡, 𝑎) = ∬Φ(

𝜏 − 𝑡

𝑎
, 𝑎𝜃)WVD

𝑠 (𝜏, 𝜃) 𝑑𝜏 𝑑𝜃. (6)

The affine time-frequency distribution is also called
scalogram [11], which is the smooth form ofWVD essentially.
Thus, WVD becomes a link of Cohen time-frequency dis-
tribution and affine time-frequency distribution. Scalogram
is smoothed by WVD and is eliminated cross-term, but
the disadvantage is the poor time-frequency resolution. One
class of affine time-frequency distribution discretely uses the
smoothing function of time domain and frequency domain.
It is called affine smoothed pseudo-Wigner distribution [2].
This type of distribution can be expressed as

ASPW
𝑠 (𝑡, 𝑎) =

1

𝑎
∬ℎ(

𝜏

𝑎
) 𝑔(

𝜃 − 𝑡

𝑎
) 𝑠 (𝜃 +

𝜏

2
)

× 𝑠
∗
(𝜃 −

𝜏

2
) 𝑑𝜃 𝑑𝜏.

(7)

By selecting the window functions 𝑔 and ℎ and determin-
ing the time and scale resolution independently, the effect
of affine smoothed pseudo-Wigner distribution is between
scalogram and WVD. Given the excellent features of the
affine bilinear time-frequency distribution, the application in
damage detection needs to be researched. Especially choosing
an adaptive window function can reflect the mutation point
in the damage signals [12].

3. Existence and Extraction of the Cross-Term

The cross-term is an inherent property of bilinear time-fre-
quency distribution. It is the cross-over effect between the dif-
ferent signal components of the multicomponent signal. For
example, WVD can explain the cross-term of bilinear time-
frequency distribution [13].The signal 𝑠(𝑡) = 𝑠

1
(𝑡)+𝑠
2
(𝑡), thus

WVD
𝑠
(𝑡, 𝑓) = ∫ [𝑠

1
(𝑡 +

𝜏

2
) + 𝑠
2
(𝑡 +

𝜏

2
)]

× [𝑠
∗

1
(𝑡 −

𝜏

2
) + 𝑠
∗

2
(𝑡 −

𝜏

2
)] 𝑒
−𝑗2𝜋𝑓𝜏

𝑑𝜏,

(8)

WVD
𝑠
(𝑡, 𝑓) = WVD

𝑠
1

(𝑡, 𝑓) +WVD
𝑠
2

(𝑡, 𝑓)

+ 2Re {WVD
𝑠
1
𝑠
2

(𝑡, 𝑓)} ,

(9)

where WVD
𝑠
1
𝑠
2

(𝑡, 𝑓) = ∫ 𝑠
1
(𝑡 + 𝜏/2)𝑠

∗

2
(𝑡 − 𝜏/2)𝑒

−𝑗2𝜋𝑓𝜏
𝑑𝜏;

the first two terms of the formula are auto-terms of signal
components. The third is the cross-term of signal compo-
nents. By (9), it is obvious that the WVD of the sum of
the two signals is not equal to the sum of the respective
WVD. If a multicomponent signal has 𝑛 components, it
will produce 𝑛(𝑛 − 1)/2 cross-term. The cross-term exists
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between the auto-term elements, it is usually oscillatory,
and its amplitude can achieve two times of the auto-term
amplitude. It is traditionally considered that the cross-term
provides the false spectrum distribution and makes the char-
acteristics of time-frequency signals blurred while affecting
the WVD physical explanation [14]. Therefore, inhibiting
the cross-term has been the core problem around bilinear
time-frequency distribution. Scholars made a lot of research
work in this area. Designing the ideal kernel function can
eliminate the effects of cross-term.The commondistributions
are the reduced cross-term distribution (RID), the pseudo-
Wigner-Ville Distribution (PWD), the smoothed Wigner-
Ville Distribution (SWD), the smoothed pseudo-Wigner-
Ville Distribution (SPWD), and so on. Some researchers
also use different methods or transform to inhibit cross-
term. Mirela and Isar [15] combine the Gabor transform with
WVD and get a new time-frequency distribution, which can
effectively inhibit and weaken the cross-term interference of
the signals.Wu et al. [16] combine the blind source separation
(BSS) to suppress the cross-term ofWVD.The above research
works are eliminating the cross-term and reducing negative
effects as springboard. On the other hand, the cross-term
existence reflects the phase relationship and the degree of
coherence between the multicomponent signal components.
For the nonstationary signals in structural health monitoring
or testing, it will be reflected in the transform of the ampli-
tude, the phase, and the local time-frequency characteristics
when the damage expands in a position of the structure from
the damaged or undamaged monitoring signals. This change
should also be reflected in the cross-term. Considering that
the cross-term contains wealthy information of the location
and the degree of structural damage, this intrinsic property of
the cross-term can find the mutation points of the structural
damage signals, which can accurately identify the location
and the degree of structural damage.

Firstly, the time-frequency analysis of the structural
damage signals should accurately extract and separate the
cross-term by using bilinear time-frequency distribution. A
method in this paper is that the difference value between
the WVD and the bilinear time-frequency analysis by the
cross-term suppression can obtain the cross-term [17]. This
method has simple algorithm and definite physical meaning,
but the cross-term will inevitably miss some important phase
information. Meanwhile, some of the main items in signal
components will be incorporated into the imprecise result,
which cannot reflect the variation of the spectral characteris-
tics through the cross-term in the damage signal. Haykin and
Bhattacharya [18] proposed that using the cross-term of the
WVD in the radar echodetects the icebergs floating in the sea,
but his document only gives judgment through the existence
of the cross-term and does not involve variation in the
cross-term. Xiaofen et al. [19] proposed that the cross-term
identification through the auto-term and the cross-term of
the WVD have possibility in theoretical formula. Chaoshan
et al. [20] established the function relationship between the
time-frequency amplitude and the structural modal param-
eters. The curvature of the time-frequency amplitude in the
signals of the measuring points by the WVD can identify the
structural damage.The numerical simulation was established

and lack of the practical application of engineering. Zhou
et al. [21] proposed that the relative variation of statistics
in the cross-term can identify the damage in the guyed
mast. The numerical simulation and experimental research
were established and proceed. This method identifies the
location of the damage in the guyed mast. Researchers have
also indicated that the cross-term can indeed reflect changes
in spectral characteristics of the damage signal, but the
extraction method of cross-term needs to be researched.

This paper proposed that the inner product is built up
between the short-time Fourier transform and the bilinear
time-frequency distribution represented by WVD. There is
no cross-term in the short-time Fourier transform as the
linear time-frequency distribution. The general results of
the time-frequency analysis in the signals are obtained, but
the resolution is worse. STFT

𝑠
(𝑡, 𝑓)
2 is called the short-time

Fourier transform spectrogram, which is real-valued and
nonnegative in the bilinear time-frequency distribution. It
has the time-frequency shift invariance and better aggrega-
tion compared with SFFT. Generally, choosing a reasonable
window function, it can significantly weaken the cross-term
and strengthen the spectrum amplitude of the auto-terms
in the damage signals [22]. In this paper, the inner product
is built up with multiplication between short-time Fourier
transform spectrogram and WVD, as shown in

𝑇
𝑠
(𝑡, 𝑓) = ⟨STFT

𝑠
(𝑡, 𝑓)
2
,WVD

𝑠
(𝑡, 𝑓)⟩ . (10)

In this equation, the multiplication of the spectrogram
and the WVD is consistent with the direction of the inner
product space in the amplitude of auto-terms in the damage
signal spectrum. It strengthens the amplitude distribution of
auto-terms. Oppositely, the inner product of the cross-term
in the damage signal is very small or negligible. It can be
seen that the amplitude magnitude of the auto-term and the
cross-term are distinctly different. To some extent, it is the
purification method that the highlighting auto-terms purify
the time-frequency distribution. After getting the 𝑇

𝑠
(𝑡, 𝑓)

distribution, comparing with the amplitudemagnitude of the
auto-term and the cross-term, then the reasonable amplitude
threshold value 𝑄

𝑇
is determined by experience and trial

method; the two-dimensional time-frequency conversion
matrix is constructed E. The time-frequency amplitude of
the auto-terms distribution in the matrix is set as 0, which
is greater than the threshold value 𝑄

𝑇
. The time-frequency

amplitude of the cross-term distribution in the matrix is
set as 1, which is smaller than the threshold value 𝑄

𝑇
. The

inner product between the two-dimensional time-frequency
conversion matrix E and the WVD is obtained. The com-
plete pseudo-cross-term is extracted finally. The cross-term
obtained by this method has the good aggregation and the
higher time-frequency resolution. The introduction of the
short-time Fourier transform spectrum highlights the auto-
term distribution in the signals, and the complete cross-term
is obtained which contains a wealth of structural damage
information. It has the higher sensitivity and applicability for
the damage identification. Flowchart of cross-term extraction
is shown in Figure 1.
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4. Numerical Example Analysis

4.1. Simple-Supported Beam Damage Simulated. In order
to study the feasibility of application of the cross-term
in the damage identification of structures and verify the
effectiveness of above purification methods, this paper uses
the finite element software ANSYS to build a simulation
model of concrete simple-supported beams with the beam
concrete grade of C30, beam section of 150mm × 300mm,
beam length of 4000mm, and effective span of 3600mm
and without considering the nonlinear behavior of steel and
concrete as well as the isotropic materials. The Rayleigh
damping is adopted to analyze the dynamic, so as to better
simulate the free vibration and attenuation process of the
concrete simple-supported beam. It is assumed that after
the simple-supported beam bottom cracks at the mid-span,
the damage of simple-supported beam mainly concentrates
on the mid-span, and other sections are in the elastic
working status.This paper simulated the cracks of the simple-
supported beam bottom at the mid-span through reducing
the cross-section dimensions in the finite element model
and the simulated different degrees of the damage at the
mid-span by setting the different sectional dimensions as
shown in Figure 2. The degrees of the damage adopted by
the finite element model are, respectively, 5%, 10%, 15%,
and 20%, corresponding to the levels D1 to D4. Arrange
the six measuring points of the acceleration along the span
direction of the beam, as shown in Figure 3. The calculations
of the model can be divided into the five working conditions,
namely, nondestructive beam and beams with four different
degrees of damage. The sudden unloading method is used
in each working condition to simulate the load incentive of
the simple-supported beam. The acceleration signals of each
measuring point on the damped simple-supported beam in
free vibration are collected.

After the time-frequency processing of the damage sig-
nals and nondestructive signals, the cross-term of the accel-
eration signals can be obtained on the basis of the purification
method proposed in this paper, and the cross-term amplitude
change rate curve of the damage signal and nondestructive
signal is shown in Figure 4. In this figure, the change rate
curve shows a peak value in the cross measuring points C3
and C4 with obvious discontinuity, where the damage part
of the simple-supported beam is located. It is indicated that
using the cross-term amplitude change rate as the damage
indicator can accurately identify the damage part of the
simple-supported beam. Judging from the relative position of
damage curves at all levels, the cross-term amplitude change
rate gradually increases along the growth of damage degree,
so that the damage degree of the simple-supported beam can
be accurately identified according to the progressive increase
relationship, thus achieving the positioning and identification
for the damage of simple-supported beam.

When the damage of the simple-supported beam is
located in the 4/5 of the span, namely, the measuring point
C5 in Figure 3, and other conditions remain the same, the
cross-term amplitude change rate of the measuring points
in different degrees of damage can be obtained, as shown
in Figure 5. It can be seen that the discontinuity curve of

Damage signals
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Figure 1: Flowchart of cross-term extraction.

X

Y

Figure 2: Simulation model of simple-supported beam.

the amplitude change rate declines significantly at the damage
position, namely, the measuring point C5, especially in the
case of 5% and 10% damage. And other measuring points
remain the same. With the growth in the degree of damage,
the cross-term amplitude change rates will be transmitted to
both sides to some extent. Since the damage is very serious,
and the dynamic characteristic of the structure changes
significantly, the auto-term distribution changes greatly by
reflecting in the data, so that the cross-term distribution far
from the damage position also changes along with the auto-
term. The structural damage degree can also be judged from
Figure 5 according to the progressive increase relationship of
change rate [23, 24].

Through the finite element modeling analysis on the
simple-supported beam, it can be concluded that the cross-
term obtained by the method described in this paper can
accurately identify the damage position and the damage
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Figure 3: Design sketch of simple-supported beam.
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Figure 4: Damaged in the middle of C3 and C4.

degree of the simple-supported beam according to its ampli-
tude change rate, which preliminarily verifies the effective-
ness of bilinear cross-term of time-frequency distribution in
the application of damage identification.

4.2. Cantilever Beam Damage Simulated. After getting the
finite element analysis data of the simple-supported beam,
this chapter further discusses the effects of cross-term on
damage identification in the cantilever beam model. The
calculation method for various parameters of the cantilever
beam is the same as that of the simple-supported beam
analyzed in the above chapter. The boundary conditions and
the position of displacement loading point is modified at
the end of the cantilever beam. The degree of damage and
working conditions are the same as that of simple-supported
beam. As one side of the cantilever beam is a free end with
one measuring point, seven measuring points are divided
into seven segments along the beam length; namely, the
measuring points C1 to C7 are shown in Figure 6. For each
working condition unit displacement to the cantilever end is
applied and then released suddenly. After that, the accelera-
tion signals of all measuring points on the cantilever beam in
the damped cantilever beam free vibration are recorded. First
when the damage is located in themiddle of C1 and C2 on the
cantilever beam, the cross-term amplitude change rate curve
of damage signal and nondestructive signal can be obtained
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Figure 5: Damaged on C5.

throughmethodsmentioned above, as shown in Figure 7.The
damage position of the cantilever beam is set as C6, as shown
in Figure 8.

It can be seen from Figures 7 and 8 that the mutation
points of the cross-term amplitude change rate curve are
the damage parts of the cantilever beam, possessing good
identification ability in different degrees of damage, which
once again verifies the effectiveness of the method described
in this paper.The cross-term amplitude change rate curve has
same rules for identifying the damage position and can also
identify the damage degree of the structure according to the
progressive increase relationship.

5. Damaged Experiment Research

5.1. Experiment. In this paper, the experimental testing is
used to further verify the effectiveness of above method.
With the reinforced concrete of simply supported beam in
rectangle section as the object, the excitation test is conducted
for the simply supported beam with the hammering method
in the case that the mid-span has different degrees of damage
[25]. The geometrical parameter of simply supported beam
is the same as the finite element simulation model with
upper main reinforcement of 2Φ10, lower of 3Φ10, and
stirrup ofΦ6@200.The acquisition system of the experiment
consists of the IMC dynamic acquisition instrument and
six ICP piezoelectricity acceleration sensors. In addition, the
measuring points C1–C6 are arranged the same as the finite
element analysis model, as shown in Figure 3. Figures 9 and
10 are the photos of the testing site.

The experiment uses the static force multistage loading
way to simulate different degrees of damage of the simply
supported beam in the cross. When gradually increasing
vertical force to the cross, the crack on the lower part of the
simply supported beam will spread continuously. And the
residual deformation after loading also shows a progressive
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Figure 6: Design sketch of cantilever beam.
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Figure 7: Damaged in the middle of C1 and C2.

increasing relationship. So the damage can be divided into
four levels from D1 to D4. There are five working conditions
in the experiment, namely, the nondestructive beam and the
simply supported beam with four kinds of damage degree.
After loading eachworking condition, the loading plate, force
sensors, and other load weights are unloaded and removed.
By measuring the increases in residual deformation of the
simply supported beam in each stage, the rubber mallet
hammers the mid-span of the beam and the acceleration
signal in each damage degree from C1 to C6 is acquired. The
time-history signal of acceleration at the measuring point C3
in different damage level is shown in Figures 11 and 12.

5.2. Data Analysis. Figures 13 to 15 are the results of the
time-frequency analysis on the acceleration signals of the
measuring point C3 at the damage level of D3 based on the
purification processing method mentioned in (10). Through
comparison, it can be seen that the time-frequency resolution
of the short-time Fourier transform is lower than the resolu-
tion after the purification treatment. Since the test uses the
hammeringmethod for vibrating, coupled with the impact of
environmental noise and the acquisition system, the clutter
waves will inevitably appear in the signal. These factors are
all presented in Figure 13, and two sides of the dominant
term frequency are very obvious especially at the beginning
of the hammering. But, in Figure 14, there are almost no other
distributions except for the auto-term, but only the individual
discrete points.When there is the environmental interference
in the complicated structure or signal in the engineering
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Figure 8: Damaged on C6.

Figure 9: Hammer load of simple-supported beam.

project, the purification treatment to the signal can help
accurately identify the dominant frequency distribution of
the structure, so as to obtain clearer results of time-frequency
analysis for signals.

Figure 15 is the distribution of the cross-term obtained
by the cross-term extraction method proposed in this paper.
It can be seen from the figure that the cross-term has very
wide frequency distribution and the quite low amplitude.
Mainly it is concentrating on the high-frequency and low-
frequency ends and satisfied the oscillation characteristics of
the cross-term. Due to the simple frequency distribution of
the simply supported beam, the cross-termmainly exists with
the unimodal distribution at the same frequency.

The cross-term amplitude change rate of the damage
signal and nondestructive signal of each measuring point
at the different damage levels is shown in Figure 16. It
can be intuitively seen from the figure that the change rate
of the measuring points C3 and C4 in the cross of the
simply supported beam is the largest. In addition, there are
significant mutations on the cross-term amplitude change
rate of the damage position, which can accurately identify
the damage position of the cross. According to the force
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Figure 10: Signal acquisition from accelerometer.
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Figure 11: Acceleration signal on C3 for D3.

characteristics of the simply supported beam as well as the
symmetry of the measuring points, the curve tendency is
basically symmetric along the beam in the figure. And only
the change rate of the measuring points C1 and C6 near the
supporting point has some differences, whose reasons are
related to the supporting conditions of the test beam. It also
can be obtained from Figure 16 that, with the growth in the
degree of damage, the cross-term amplitude change rate also
increases accordingly. The cross-term amplitude change rate
can not only accurately identify the damage position but also
determine the damage levels of the structure on the basis of
the progressive increasing relationship of the change rate.

It can be seen after summarizing above analysis results of
experimental data and combing with Figure 4 that the curve
obtained from the simulation model beam and test beam
has similarity and consistent analysis results. It shows that
the time-frequency analysis result of the signal purification
method proposed by (10) in this paper possesses with higher
time-frequency resolution; thus the dynamic characteristics
of the structure can be accurately obtained. Through the
cross-term amplitude change rate curve of damaged signal,
the damage position of the structure can be accurately
identified according to the position ofmutations. Besides, the
damage degree of the structure can also be confirmed on the
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Figure 12: Acceleration signal on C3 for D4.
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basis of the progressive increasing relationship of the change
rate.

6. Conclusion

In this paper, through the inner product between the short-
time Fourier transform spectrogram and WVD, the cross-
term of bilinear time-frequency distribution that is the
Wigner-Ville distribution as the basis method of damage
identification explores the purification of damaged signal. It
has constructed two-dimensional time-frequency conversion
matrix and extracted completeWVD cross-term distribution
and selected the cross-term amplitude change rate as the
damage indicator. Finally, the following conclusion can be
obtained through the destructive testing of the simply sup-
ported beam and two simulation examples.

(1) The cross-term of the bilinear time-frequency dis-
tribution fully reflects the degree of coherence between the
multicomponent signal components in the nonstationary
signals. The damage position and the degree of the structure

can be identified by using the variation of the cross-term in
the damage signals.

(2) Using the inner product between the short-time
Fourier conversion spectrum and WVD to purify the dam-
aged signal of the structure can get the higher time-frequency
resolution. Especially in the situation that there is environ-
ment interference in the complicated structures or signals,
the purification of signal can accurately identify the dominant
frequency distribution of the signal, so as to get clearer
analysis results of signal time frequency.

(3) When taking the cross-term amplitude change rate
as the indicator for damage identification of the structure,
there are the significant mutation points in the cross-term
amplitude change rate curve of damaged signal at the damage
position of the structure, the damage position of the structure
can be accurately judged. The analysis results of different
damage levels show that the damage degree of the structure
can be determined based on the progressive increasing rela-
tionship of the change rate curve. The change rate increases
with the damage degrees of the structure.

(4) The example analysis and the experimental analysis
show that the consistent results are obtained from the
analogue simulation and destructive test of the simply sup-
ported beam, verifying the effectiveness of the cross-term
using the bilinear time-frequency distribution on the damage
identification and providing a reliable analysismethod for the
damage identification of engineering structures.
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This paper reviews the development and application of HHT in the field of SHM in the last two decades. The challenges and future
trends in the development of HHT based techniques for the SHM of civil engineering structures are also put forward. It also
reviews the basic principle of the HHT method, which contains the extraction of the intrinsic mode function (IMF), mechanism
of the EMD, and the features of HT; shows the application of HHT in the system identification, which contains the introduction
of theoretical method, the identification of modal parameters, and the system identification on real structures; and discusses the
structural damage detection usingHHTbased approaches, which includes the detection of commondamage events, suddendamage
events, and cracks and flaws.

1. Introduction

Structural health monitoring (SHM) is the process of estab-
lishing some knowledge of the current structural conditions
or implementing a damage detection strategy for aerospace,
civil, and mechanical engineering infrastructures. The SHM
process involves the operational evaluation, data acquisition,
fusion and cleansing, and feature extraction and discrimina-
tion [1–3]. The interest in the ability to monitor a structure
and identify structural parameters and damages at the earliest
possible stage is pervasive throughout the civil, mechanical,
and aerospace engineering communities [4–6]. Doebling et
al. [7, 8] and Sohn et al. [9] gave comprehensive reviews
on system identification and damage detection. With regard
to the algorithm used, these identification methods can be
classified into index methods, model updating methods, and
signal based methods [10].

The widely used vibration based damage assessment
methods require modal properties that are obtained from
signals via the traditional Fourier transform (FT).There are a
few inherent characteristics of FT that might affect the accu-
racy of system identification and damage detection. Firstly,

the FT is in fact a data reduction process and information
about the structural health condition might be lost during
the process [8]. Also, the FT is not able to present the time
dependency of signals and it cannot capture the evolutionary
characteristics that are commonly observed in the signals
measured from naturally excited structures [11]. Damage is
typically a local phenomenon which tends to be captured
by higher frequency modes [12, 13]. These higher natural
frequencies normally are closely spaced but poorly excited
[14]. All these factors add difficulties to the implementation
aspect of the FT based damage detection techniques. To
overcome this shortcoming, many signal based identification
methods like wavelet transform (WT) [15–17], autoregressive
moving-average family models, Hilbert-Huang transform
(HHT), and so forth have been developed and applied in the
SHM in recent years.

Huang et al. [18–20] firstly developed a new method
namedHHT for analyzing nonlinear and nonstationary data.
HHT method consists of empirical mode decomposition
(EMD) and Hilbert transform (HT). The most innovative
idea is the introduction of EMD method with which any
complicated set of data can be decomposed into a finite
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and often small number of intrinsic mode functions (IMF)
that admit well-behaved HT. Since the EMD is based on
the local characteristic time scale of the original data, this
decomposition method is adaptive and highly efficient. The
HHT method has then been quickly used in many scien-
tific and engineering disciplines to give new insights into
the nonstationary and nonlinear physical phenomena [21].
The HHT method has been used in structural engineering
analysis, especially for SHM. Application of HHT to SHM
was firstly investigated by Vincent et al. [22] and then Yang et
al. [23–25] used HHT to carry out the system identification
and damage detection. After that, the application of HHT
based approaches in the SHM has attracted more and more
attention across the world and a great number of studies
are conducted from the aspects of theory and experiment
and field measurement. However, there are still many chal-
lenges and difficulties concerning the HHT based moni-
toring, detection, and assessment techniques for practical
application of SHM in various civil engineering structures.
Therefore, it is still imperative to investigate the feasibility,
validity, and applicability of the HHT based approaches in
SHM.

This paper reviews the development and application of
HHT in the field of SHM in the last two decades. The
challenges and future trends in the development of HHT
based techniques for the SHM of civil engineering structures
are also put forward. The structure of the rest of the paper is
as follows. Section 2 reviews the basic principle of the HHT
method, which contains the extraction of the intrinsic mode
function (IMF), mechanism of the EMD and the features
of HT; Section 3 reviews the application of HHT in the
system identification, which contains the introduction of
theoretical method, the identification of modal parameters,
and the system identification on real structures; Section 4
discusses the structural damage detection using HHT based
approaches, which includes the detection of commondamage
events, sudden damage events, and cracks and flaws. The
experiment and fieldmeasurement of theHHTbased damage
detection is also demonstrated. Finally, the challenges and
future trends in the development of HHT based approaches
for structural health monitoring are summarized in the
conclusions.

2. Hilbert-Huang Transform
2.1. Intrinsic Mode Function. As a new method capable of
dealing with both nonstationary and nonlinear data, the
EMD approach is intuitive, direct, a posteriori, and adaptive
[18–20]. The decomposition is conducted based on a simple
assumption that any data consist of different simple intrinsic
modes of oscillations. Each mode may or may not be linear
andwill have the same number of extrema and zero crossings.
Additionally, the oscillation will also be symmetric with
respect to the “local mean.” The mean is defined through the
envelopes without resorting to any time scale. Each mode
should be independent of the others after decomposition,
which is designated as an IMF.

An IMF is defined as a function that satisfies two
conditions: (1) within the data range, the number of extrema

and the number of zero crossings are equal or differ at most
by one and (2) at any point, the mean value of the envelope
defined by the local maxima and the envelope defined by the
local minima is zero. The intrinsic mode function is defined
to represent the oscillation mode imbedded in the signal.
An IMF is not restricted to a narrowband signal, and it can
be both amplitude- and frequency-modulated. In reality, the
signal can be nonstationary.

2.2. EmpiricalModeDecomposition. TheEMDmethod is also
named as characteristic scale decompositionmethod [19] and
is initially designed as a processing step to extract simple
oscillatory functions from the signal. Any data set can be
decomposed into several IMFs by a procedure called sifting
process. The decomposition is based on the assumptions: (1)
the signal has at least two extrema—one maximum and one
minimum; (2) the characteristic time scale is defined by the
time lapse between the extrema; and (3) if the data were
totally devoid of extrema but contained only inflection points,
then it can be differentiated once or more times to reveal the
extrema. Final results can be obtained by integration(s) of the
components.

A short segment of wind speed time history from field
measurement is shown in Figure 1(a) and is used to depict
the sifting process of the EMD. The decomposition method
can simply use the envelopes defined by the localmaxima and
minima separately. After identifying all the local extrema in
the original data𝑋(𝑡), connect all the localmaxima by a cubic
spline to produce the upper envelope. Repeat the procedure
for the localminima to produce the lower envelope.Themean
of these two envelopes (red solid line) is designated as 𝑚

1

(blue solid line) and the difference between the data and 𝑚
1

is the first component, ℎ
1
:

ℎ
1
(𝑡) = 𝑋 (𝑡) − 𝑚

1
(𝑡) . (1)

The mean of these two envelopes (red solid line) is
designated as𝑚

1
(blue solid line) and the difference between

𝑥 and𝑚
1
is designated as ℎ

11
, where the superscript indicate

the local sifting times.The component ℎ
1
(𝑡) is then examined

to see if it satisfies the above-mentioned two requirements
to be an IMF. If not, the sifting process is to be repeated by
treating ℎ

1
(𝑡) as a new time history for 𝑘 times until ℎ

1
(𝑡) is

an IMF, designated as 𝑐
1
(𝑡). Then, the first IMF is separated

from the original time history, giving a residue 𝑟
1
(𝑡) as

𝑟
1
(𝑡) = 𝑋 (𝑡) − 𝑐

1
(𝑡) . (2)

The sifting process is applied successively to each sub-
sequent residue to obtain the subsequent IMFs until either
the residue 𝑟

𝑛
(𝑡) is smaller than a predetermined value or it

becomes a monotonic function. The original time history is
finally expressed as the sum of the IMF components plus the
final residue:

𝑋 (𝑡) =

𝑛

∑

𝑗=1

𝑐
𝑗
(𝑡) + 𝑟

𝑛
(𝑡) , (3)

where 𝑐
𝑗
(𝑡) is the 𝑗th IMF component; 𝑛 is the total number

of IMF components; and 𝑟
𝑛
(𝑡) is the final residue. After
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Figure 1: Illustration of the sifting process.

the decomposition, the first IMF component obtained has
the highest frequency content of the original time history
while the final residue represents the component of the lowest
frequency in the time history.

It is clear that the process is similar to sifting: to sep-
arate the finest local mode from the data at first based on
the characteristic time scale. The sifting process should be
performed carefully for carrying out the process to extremes
could make the resulting IMF a pure frequency modulated
signal of a constant amplitude. To guarantee that the IMF
components retain enough physical sense of both amplitude
and frequencymodulations,Huang et al. proposed a criterion
for the sifting process to stop by limiting the size of the
standard deviation, SD, computed from the two consecutive
sifting results as

SD =

𝑇

∑

𝑡=1

[

ℎ1(𝑘−1) (𝑡) − ℎ
1𝑘 (𝑡)



2

ℎ
2

1(𝑘−1)
(𝑡)

] . (4)

A typical value for SD can be set between 0.2 and 0.3. During
the sifting process, a criterion called intermittency check [20]
can be imposed for each IMF component in order to limit
its frequency content. This criterion works by specifying a
frequency, termed intermittency frequency𝑓

𝑐
, for each IMF

component during its sifting process, so that the data having
frequencies lower than 𝑓

𝑐
will be removed from the resulting

IMF.

2.3. Hilbert Transform. Having obtained the IMF compo-
nents from the time history 𝑋(𝑡), the second step of the
HHT method is implemented by performing the HT to each
IMF component. HT has long been used for linear and non-
linear vibration systems identification for many years. The
amplitude, instantaneous phase, and time-varying frequency
can be determined by applying HT to vibration signals
to identify the properties of a vibration system. The HT

of a real-valued function 𝑋(𝑡) in the range −∞ < 𝑡 < ∞

is a real-valued function 𝑦(𝑡) defined by Bendat and Piersol
[26]

𝑌 (𝑡) = 𝐻 [𝑋 (𝑡)] = ∫

∞

−∞

𝑋 (𝑢)

𝜋 (𝑡 − 𝑢)
𝑑𝑢, (5)

where𝐻 denotes the HT operator.TheHT is the convolution
of 𝑦(𝑡) with 1/𝑡, which emphasizes the local properties of the
data signal.The corresponding analytical signal𝑍(𝑡) can then
be defined as

𝑍 (𝑡) = 𝑋 (𝑡) + 𝑖𝑌 (𝑡) = 𝐴 (𝑡) 𝑒
𝑖𝜃(𝑡)

,

𝐴 (𝑡) = [𝑋
2
(𝑡) + 𝑌

2
(𝑡)]
1/2

,

𝜃 (𝑡) = tan−1 [𝑌 (𝑡)

𝑋 (𝑡)
] ,

(6)

where 𝐴(𝑡) and 𝜃(𝑡) are defined as the amplitude and
instantaneous phase angle of 𝑋(𝑡), respectively and 𝑖 is the
imaginary unit. The instantaneous frequency 𝜔(𝑡) is then
given by

𝜔 (𝑡) =
𝑑𝜃 (𝑡)

𝑑𝑡
. (7)

There is only a single frequency 𝜔 at any time 𝑡 if the
general signal 𝑋(𝑡) is processed through the HT. For a
general signal 𝑋(𝑡) at any time 𝑡, there is a distribution
of frequencies at that moment rather than just a single
frequency. Consequently, Huang et al. [19] pointed out that
the definition of instantaneous frequency for a signal has
physical significance only if it is an IMF.This is the reasonwhy
a signal is decomposed into the IMFs using the EMDmethod
before applying the HT. After applying the HT to each IMF
component 𝑐

𝑗
(𝑗 = 1, 2, . . . , 𝑁), the original time history
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excluding the final residue can be then expressed as the real
part (Re) of the sum of the HT of all the IMF components:

𝑋 (𝑡) = Re
𝑁

∑

𝑗=1

𝑎
𝑗
(𝑡) 𝑒
𝑖 ∫ 𝜔
𝑗
(𝑡)𝑑𝑡

, (8)

where 𝑎
𝑗
(𝑡) and 𝜔

𝑗
(𝑡) are the amplitude and frequency of

the 𝑖th IMF component, respectively. Thus, the amplitude
is not only the function of time but also the function of
frequency. The frequency-time distribution of the amplitude
is designated the Hilbert amplitude spectrum, 𝐻(𝜔, 𝑡), or
simply the Hilbert spectrum, from which the inherent char-
acteristics of a nonlinear and/or nonstationary time history
can be identified.

3. System Identification

As a new signal processing approach, the HHT has been
widely utilized in the field of vibration engineering. The
dynamic responses can be analyzed by using EMD in con-
junction with HT to depict the structural modal responses.
Identification of system parameters from vibration measure-
ments is one of the most attractive research topics in the
structural health monitoring area. The theoretical method,
identification approaches, and application in various civil
engineering structures of the HHT-based modal identifica-
tion method are briefly reviewed in Section 3.1.

3.1.TheoreticalMethod. Yang et al. [27] proposed themethod
to identify multidegree-of-freedom (MDOF) linear systems
using measured free vibration time histories based on the
HHT.The measured dynamic responses with noise contami-
nation are decomposed into modal responses using the EMD
with intermittency criteria. The Hilbert transform is applied
to each modal response to obtain the instantaneous ampli-
tude and phase angle time histories. A linear least-square
fit procedure is utilized to identify the natural frequency
and damping ratio from the instantaneous amplitude and
phase angle for eachmodal response.Thenatural frequencies,
damping ratios, and mode shapes can be identified based on
the free vibration responses. The measured impulse acceler-
ation responses ̈𝑧

𝑝
(𝑡) at 𝑝th DOF for a 𝑛-DOF structure can

be expressed as

̈𝑧
𝑝 (𝑡) =

𝑛

∑

𝑗=1

̈𝑥
𝑝𝑗 (𝑡) + V

𝑝 (𝑡) , (9)

where ̈𝑥
𝑝𝑗
(𝑡) is the impulse acceleration response at the pth

DOF of the jth mode and V
𝑝
(𝑡) is a band-limited Gaussian

white-noise process with zero mean. The modal response
̈𝑥
𝑝𝑗
(𝑡) is restricted to a frequency band around the jth natural

frequency 𝜔
𝑗
. Hence, the approximate frequency range for

each natural frequency, 𝜔
𝑗𝐿

< 𝜔 < 𝜔
𝑗𝐻
, can be determined

based on the Fourier spectrum or Hilbert-Huang marginal
spectrum with the aiding of intermittency criteria (Yang
and Lei 1998). Firstly, the measured response signal ̈𝑧

𝑝
(𝑡) is

decomposed using EMD with an intermittency frequency
𝜔
𝑗𝐻

to obtain all IMFs that have frequencies greater than

𝜔
𝑗𝐻
. Secondly, remove all IMFs obtained from the signal

̈𝑧
𝑝
(𝑡) and the resulting signal ̈𝑧

∗

𝑝𝑗
(𝑡) contains frequencies

lower than 𝜔
𝑗𝐻
. Thirdly, process ̈𝑧

∗

𝑝𝑗
(𝑡) through EMD with

an intermittency frequency 𝜔
𝑗𝐿
to obtain the first IMF, which

is approximately the jth modal response. Then, repeat the
process successively starting from the 𝑗 = 𝑛 to 𝑗 = 1

to obtain 𝑛 modal responses ̈𝑥
𝑝𝑗
(𝑡) (𝑗 = 1, 2, . . . , 𝑛). This

process can extract the modal response ̈𝑥
𝑝𝑗
(𝑡) as an IMF and

simultaneously remove all the noises outside the frequency
range,𝜔

𝑗𝐿
< 𝜔 < 𝜔

𝑗𝐻
, of eachmode.Therefore, themeasured

response ̈𝑧
𝑝
(𝑡) can be decomposed into 𝑛 modal response

functions and many other IMFs as follows:

̈𝑧
𝑝
(𝑡) ≈

𝑛

∑

𝑗=1

̈𝑥
𝑝𝑗
(𝑡) +

𝑚−𝑛

∑

𝑗=1

𝑐
𝑝𝑗
(𝑡) + 𝑟

𝑝
(𝑡) . (10)

By introducing the logarithmic and differential operators, the
relationship between circular frequency and damping ratios
can be expressed as

ln𝐴
𝑗
(𝑡) = −𝜉

𝑗
𝜔
𝑗
𝑡 + ln𝐵

𝑗,𝑘
(𝑡) ,

𝜔
𝑗
(𝑡) =

𝑑𝜃
𝑗
(𝑡)

𝑑𝑡
= 𝜔
𝑑𝑗
(𝑡) = 𝜔

𝑗
(𝑡) √1 − 𝜉

2

𝑗
,

(11)

where 𝐴
𝑗
(𝑡) and 𝜃

𝑗
(𝑡) are the instantaneous amplitude and

instantaneous phase angle of the 𝑗th mode shape, respec-
tively;𝜔

𝑗
(𝑡) and𝜔

𝑑𝑗
(𝑡) are the circular frequency and damped

frequency of the 𝑗th mode shape; 𝜉
𝑗
is damping ratio of the

𝑗th mode shape; and 𝐵
𝑗,𝑘
(𝑡) is a constant that depends on the

intensity of impulsive loading and the mass and frequency of
the system.

3.2. Identification of System Parameters. Thedamped circular
frequency 𝜔

𝑑𝑗
(𝑡) can be identified from the instantaneous

frequency 𝜔
𝑗
(t). The damping ratio 𝜉

𝑗
can be identified with

the identified𝜔
𝑑𝑗
(𝑡) and the slope −𝜉

𝑗
𝜔
𝑗
(𝑡) of the straight line

of the decaying amplitude 𝐴
𝑗
(𝑡) in a semilogarithmic scale.

It is found that the instantaneous frequency may fluctuate
around its mean value due to the amplitude variation of
the signal [19] and the requirement for small damping ratio
may limit the application of the HT method. Therefore,
Yang and Lei [23] proposed a procedure for the system
identification based on the HT method: (1) determine the
damped frequency𝜔

𝑑𝑗
(𝑡) from the slope of the phase function

𝜃
𝑗
(𝑡) using a linear least-squares fitting technique and (2)

determine the damping ratio 𝜉
𝑗
by applying the linear least-

squares fitting technique to the decaying amplitude 𝐴
𝑗
(𝑡) in

a semilogarithmic scale.

3.2.1. Structures with Common Modal Properties. Yang et al.
[23–25, 27] examined the performance of the proposed
identification approach using three linear systems with
different dynamic characteristics. Numerical simulation
results demonstrated that the proposed system identification
method yields quite accurate results, and it offers a new and
effective tool for the system identification of linear structures
in which normal modes exist. For all the numerical examples
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Table 1: Comparison on modal identification of a shear building with light appendage.

Damped frequency (Hz) Damping ratio
Theoretical value (Hz) FFT HHT Theoretical value Bandwidth method HHT

Mode1 0.1836 0.1892 0.1838 1% 1.23% 1.01%
Mode2 0.1956 0.1953 0.1936 1% 1.52% 1.13%
Mode3 0.5419 0.5416 0.5505 1% 1.80% 1.09%
Mode4 0.5727 0.5722 0.5706 1% 1.86% 1.07%

considered, including a 3-DOF model building and a 4-DOF
mechanical system, only one measured acceleration signal
(one sensor) is sufficient to identify all the natural frequencies
and damping ratios. The variation of estimated 𝜔

𝑗
and 𝜉

𝑗

based on different measured signals is very small.
In addition, Yang et al. [28] presented a method of

identifying natural frequencies and damping ratios of in
situ tall buildings using ambient wind vibration data. The
approach is based on the combination of the EMD, the
random decrement technique (RDT), and the HHT and
requires the responses of only one acceleration sensor. The
application of the proposed methodology is demonstrated in
detail using simulated response data of a 76-story benchmark
building polluted by noise. Simulation results demonstrate
that the accuracy of the proposed method in identifying
natural frequencies and damping ratios is remarkable. This
procedure was also utilized by Poon and Chang [29, 30] and
Cui et al. [31] to identify the normal modes of an MDOF
structures.

Yan and Miyamoto [32] carried out a comparative inves-
tigation of modal parameter identification based on the
improved HHT and WT using the modified complex Morlet
wavelet function.The capabilities of these two techniques are
compared and assessed by using three examples, namely, a
numerical simulation for a damped system with two very
close modes, an impact test on an experimental model with
three well-separated modes, and an ambient vibration test on
the Z24-bridge benchmark problem. The made observations
indicate that for the system with well-separated modes both
methods are applicable when the time-frequency resolutions
are sufficiently taken into account.

In addition, Yang et al. [33] extended the identification
approach for normal modes to identify general linear struc-
tures with complex modes using the free vibration response
data polluted by noise in the similar way. Measured response
signals are first decomposed into modal responses using
the EMD with intermittency criteria. Each modal response
contains the contribution of a complex conjugate pair of
modes with a unique frequency and a damping ratio. Then,
each modal response is decomposed in the frequency-time
domain to yield instantaneous phase angle and amplitude
using the HT.The complex eigenvalues of the linear structure
can be identified based on a single measurement of the
impulse response time history at one appropriate location.

3.2.2. Structures with Closely Spaced Modal Frequencies. The
system identification problem is quite challenging for a
structure involving closely spaced modes and has attracted
attention in the vibration field. Chen and Xu [34, 35] firstly

0 1 2 3 4 5

Sp
ec

tr
um

 o
f a

cc
el

er
at

io
n

Frequency (Hz)

10
−2

10
−4

10
−6

10
−8

10
−10

10
−12

Figure 2: Power spectrum for the 2-DOF system.

explored the possibility of using the HHTmethod to identify
themodal damping ratios of the structure with closely spaced
modal frequencies. The procedure of using the HHTmethod
for modal damping ratio identification suggested by Yang
and Lei [23] is adopted with some modification in respect
of intermittency check. The dynamic response of a 2-DOF
system under an impact load (see Figure 2) is then computed
for a wide range of dynamic properties from well-separated
modal frequencies to very closely spaced modal frequencies.
The natural frequencies and modal damping ratios identified
by theHHTmethod are compared with the theoretical values
and those identified using the fast Fourier transform (FFT)
method. The results show that the HHT method is superior
to the FFT method in the identification of modal damping
ratios of the structure with closely spacedmodes of vibration.
A 36-story shear building with a 4-story light appendage,
having closely spaced modal frequencies and subjected to an
ambient ground motion, is also analyzed to investigate the
applicability of the HHT approach. It is seen from Table 1
that the detection quality of damping ratios based on the
HHT approach is much better than that using the bandwidth
method. Zheng et al. [36] developed an improved approach
by using the singular-value decomposition as a signal pre-
processing technique of HHT to extract modal parameters
for closely spaced modes and low-energy components. The
proposed method is applied to a simulated airplane model
and the results demonstrate the validity of the approach.
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(a) Di Wang Building (b) Shanghai World Financial Center

Figure 3: Elevation of supertall buildings.

3.2.3. Improved Identification Approaches. Besides the appli-
cation of the method developed by Yang et al., many
improved approaches are developed and applied in themodal
identification. A posteriori adaptive energy-based frequency-
amplitude method is proposed by Li and Bao [37] for
frequency identification. A series of bandpass filtering are
carried out first and then the forward energy weighted
frequency and the backward frequency weighted amplitude
are obtained and the natural frequencies can be identified
by plotting the obtained weighted amplitude against the
weighted frequency. Ong et al. [38] proposed an innovative
HHT based frequency identification approach designated as
adaptive magnitude spectrum algorithm. Two numerically
simulated examples, that is, the free vibration signal from a
concrete slab subjected to impact loading and the random
vibration signal generated by the Phase I ASCE structural
health monitoring analytical benchmark problem, and one
experimental example, that is, the free vibration signal based
on the Phase II ASCE structural heath monitoring exper-
imental benchmark problem, are used to demonstrate the
efficacy of the algorithm.

Bahar andRamezani [39] proposed a new enhancedHHT
to avoid mathematical limitations of the Hilbert spectral
analysis; an additional parameter is employed to reduce the
noise effects on the instantaneous frequencies of IMFs. The
efficacy of the proposed method is demonstrated based on
two case studies: a typical 3-DOF model subjected to a
random excitation and a real 15-story building under ambient
excitation. Wu et al. [40] presented a new decentralized data
processing approach for modal identification using the HHT.
It is shown that this method is suitable for implementation
in the intrinsically distributed computing environment found
in wireless smart sensor networks. The effectiveness of the
proposed techniques is demonstrated through a set of numer-
ical studies and experimental validations on an in-house

cable-stayed bridge model in terms of the accuracy of
identified dynamic properties.

3.3. System Identification on Real Structures

3.3.1. High-Rise Structures. It is difficult to artificially excite
the large-scale civil engineering structures for model test-
ing and identification. Therefore, the structural dynamic
responses subjected to ambient excitations are commonly
utilized for modal identification [41]. As mentioned above,
Yang and Lei [23, 24] successfully applied the HHT method
together with the RDT to identify the modal parameters
of linear structures. However, this approach has not been
examined yet using field measurement data of large-scale
real structures until the field measurement and identification
were conducted by Xu et al. [42, 43] by taking a 384m
super-tall building, the Di Wang Building with 69 storeys as
the example structure as shown in Figure 3(a). A wind and
structural monitoring system was installed in the Di Wang
Building. The monitoring system timely recorded wind and
structural response data during typhoon York in September
1999. Xu et al. applied the HHT method in conjunction
with the RDT to the measured data to identify dynamic
characteristics of the Di Wang Building. A series of natural
frequencies and modal damping ratios of the building under
different wind speeds in different directions are identified and
in comparison with those from the FFT based method. The
variations of natural frequency, total modal damping ratio,
and net structural modal damping ratio with wind speed and
vibration amplitude are also investigated.The results indicate
that the natural frequencies identified by the HHT method
are almost the same as those from the FFT method. The
modal damping ratios identified by theHHTmethod indicate
that the FFT based bandwidth method may significantly
overestimate the first lateral and longitudinalmodal damping
ratios of the building.
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Figure 4: Guangzhou New TV Tower.
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Figure 5: Configuration of the Tsing Ma Suspension Bridge.

Similar approach was utilized by the Shi et al. [44] to
investigate the modal properties of a 101-storey building both
from free and ambient vibration responses. The supertall
building is the Shanghai World Financial Center which is
492m above ground as shown in Figure 3(b). Three modal
identification techniques are applied to the ambient and
forced vibration measurements for identifying the dynamic
properties of the building. These methods are the peak-
picking method combined with the half-power bandwidth
method in the frequency domain, the RDTwith logarithmic-
decrementmethod in the time domain, and theHHTmethod
in the time-frequency domain. The modal frequencies from
the finite element analysis and the shaking table test are
further studied with the results of field test. The effect of the
installed active tuned mass damper on the damping charac-
teristics of the building is presented. The made observation
indicates that the discrepancy of the estimated damping ratios
under ambient vibration is relatively larger than that of the
natural frequencies.

More recently, a supertall tower with a height of 610m,
the Guangzhou New TV Tower (GNTVT), is constructed
in Guangzhou, China, as shown in Figure 4. A sophisticated
SHM system consisting of over 800 sensors was designed
and implemented for both in-construction and in-service

real-time monitoring [45]. This implemented SHM system
has monitored the structural responses of the GNTVT after
completion of its construction under different loadings,
such as typhoons and earthquakes. Ambient vibration tests
were conducted at two different construction stages and
completed stage. The modal frequencies and damping ratios
under different loadings was identified using the measured
acceleration responses [46].TheHHT technique is applied to
obtain the instantaneous frequencies and energy distribution
under different loadings in the time-frequency domain and
the results are compared with those from wavelet transform
to prove the validity.

3.3.2. Bridges. The system identification of the Di Wang
Building in southern China was performed using the HHT
under the disturbed of the typhoon York, which also attacked
the civil engineering structures in the nearbyHongKong.The
Tsing Ma Suspension Bridge has a total span of 2132m and
carries a dual three-lane highway and two railway tracks as
shown in Figure 5. AWind and Structural HealthMonitoring
System for the Tsing Ma Bridge has been devised, installed,
and operated since 1997. About 280 sensors were installed
at different locations on the bridge for collecting various
types of structural and environmental information [47, 48].
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(a) Xining Beichuan Arch Bridge (b) Nanjing Yangtze River Bridge

Figure 6: Configuration of the example bridges.

Therefore, the modal identification procedure utilized for the
Di Wang Building under typhoon York was also carried out
by Chen et al. [49] for identifying bridge modal properties
at first. Natural frequencies and modal damping ratios were
identified from both stationary and nonstationary records
showing that the consistency of the identification results
among sensors installed on deck and/or on cables is satisfied.
The modal damping ratios given by the HHT method are
lower than those given by the FFT-based method, which
may indicate that the FFT method overestimates the modal
damping ratios. The variations of natural frequency and total
modal damping ratio with vibration amplitude and mean
wind speed are also examined. The result shows that the
natural frequency decreases with the increase of wind speed
and vibration amplitude.

The modal identification approach based on HHT devel-
oped by Yang and Lei was extended by Yu and Ren [50] by
developing an EMD-based stochastic subspace identification
of structures from operational vibration measurements. The
stochastic subspace identification method is applied to the
decomposed signals and yields the modal parameters. A
large span arch bridge constructed in China as shown in
Figure 6(a) is taken as the example structure to investigate the
validity and applicability of the proposed technique. Similar
procedure was presented by Han et al. [51] for the modal
identification. Two approaches are adopted: the first one is
based on the conjunction of HHT and the RDT and the
other one is based on the EMD and stochastic subspace
identification. The original signals from the field ambient
vibration test of an arch bridge and a shaking table test of
a reinforced concrete (RC) frame model are analyzed and
modal parameters are identified for comparison. It is found
that the both the approaches are capable of identification
structuralmodal properties. Furthermore, Han et al. [52] also
investigate the performance of a detection approach based
on the EMD, RDT, and the Ibrahim time domain (ITD)
approaches for the same two cases. Additionally, the HHT
approach was also applied by Xu et al. [53] to identify the
modal properties of a large-scale cable-stayed bridge.

More recently, He et al. [54] carried out the fieldmonitor-
ing andmodal parameter identification of an existing railway
bridge in China (see Figure 6(b)) by using the EMD based
RDT approach.The identification result is compared to those
from finite element analysis as well as from the experimental

result identified with the peak-picking method. In addition,
the modal frequencies of the bridge loaded with heavy trains
are also identified and compared to the “empty” bridge. It
is found that the EMD based RDT provides an effective
and promising tool for modal parameter identification for
large bridges and other structures. It is seen that the system
identification process for the bridges and high-rise building
is similar.

4. Damage Detection

4.1. Detection on Common Damage Event
4.1.1. Benchmark Building. The International Association for
Structural Control and the Dynamics Committee of the
ASCE Engineering Mechanics Division proposed to form
task groups of SHM study, and a benchmark structure was
established to compare the feasibility and validity of the
various methods and techniques of SHM. Yang et al. [55,
56] and Lin et al. [57] conducted the damage identification
of ASCE structural health monitoring benchmark building
by using a technique based on the HHT for linear struc-
tures. The structural parameters, including the stiffness and
damping, before and after damage are identified first and
then the location and severity of the damage are assessed
by a comparison. The made observations indicate that the
accuracy of the HHT technique presented for identifying the
structural damages is very plausible, and it represents a viable
system identification and damage detection technique for
linear structures. Furthermore, ASCE benchmark building
is also taken as the example building by Liu et al. [58] to
examine the feasibility and validity of the HHT method
through comparative study on several damage scenarios.The
results demonstrate that HHT method has the capability
of recovering the actual signals’ time-frequency feature and
detecting and locating the actual structural damages.

4.1.2. Common Structures. Koh et al. [59] carried out the
damage quantification of flexurally loaded RC slab using
frequency response data. A one-way RC slab was subjected
to short-duration concentrated impact load and its dynamic
characteristics for the virgin and damaged conditions were
studied using signal processing technique HHT. Salvino et al.
[60] developed an approach based on EMD and HHT in
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conjunction with a wave-mechanics-based concept to detect
adverse changes in a structure. Damage detection applica-
tions are investigated by using numerical simulations and
a variety of laboratory experiments with simple structures.
Huang et al. [61] proposed a HHT-based bridge structural
health-monitoring method. This new method depends on a
transient test load and simple data collection and enjoysmany
advantages: no a priori data required, simple data collection,
minimum traffic disruption, and precise and nuance quanti-
tative answers. The result of a case study is presented, which
establishes the feasibility of this new approach for structural
health monitoring. Wu et al. [62] developed a new method
based on HHT to monitor the health of large civil structure
in unknown excitation. Both Hilbert-Huang spectrum and
marginal spectrum analysis based on HHT are utilized for
damage assessment.

Dong et al. [63] proposed a method based on EMD and
vector autoregressive moving average (VARMA) model for
structural damage detection. The basic idea of the method is
that the structural damages can be identified as the abrupt
changes in energy distribution of structural responses at high
frequencies. The Imperial County Services Building and the
Van Nuys Hotel are taken as the benchmark structures to
verify the effectiveness and sensitivity of the damage index in
real environments. The damage detection of a transmission
tower was conducted by Qu and Lian [64] through develop-
ing an approach based on HHT. EMD is used to decompose
response signal that has occurred in the same position on
transmission tower before and after damage. Shape factor is
used to analyze the response signal of the structural IMFs. To
contrast shape factor of the IMF of response signal that the
structure is damaged before and after. Then it can judge the
damage on the structure intuitively.

4.1.3. Composite Structures. Chen et al. [65, 66] developed a
vibration-based approach to detect the damage of composite
wingbox structures using improved HHT. The improved
HHT approach is composed of HHT with wavelet packet
transform and a simple but effective method for IMFs
selection. The dynamic responses of intact wingbox and
damaged wingbox are disposed using improved HHT and
a feature index vector of structural damage; that is, the
variation quantity of instantaneous energy, is constructed.
The obtained results show that the proposed damage feature
index vector is more sensitive to small damage than those
in traditional signal processing. Esmaeel and Taheri [67]
introduced an EMD based nondestructive damage detection
methodology for detecting delamination damage in com-
posite beams. The method uses the vibration signature of
the structure, captured through piezoelectric sensors. The
integrity of the methodology is established through both
experimental and computational investigations. The method
was successful in distinguishing lengthwise and through-the-
thickness locations of delamination, as well as the growth in
delamination size.

4.2. Detection of Sudden Damage Event. The degradation of
civil engineering structures due to harsh environment may
lead to a sudden change of stiffness in a structure associated

with the events such as weld fracture, column buckling, and
brace breakage [68, 69]. Such a sudden change of stiffness in
a structure will cause a discontinuity in acceleration response
time histories recorded in the vicinity of damage location
at damage time instant. Since most of traditional vibration-
based damage detection methods operate with structural
response data recorded before and after the occurrence of
structural damage [70], they cannot be used to detect damage
event on line and find out when the damage event occurs.
To acquire a damage feature retaining damage time instant,
the application of time-frequency data processing tool such
as HHT for analyzing measurement data is necessary.

Hou et al. [71, 72] proposed a wavelet-based approach to
identify the damage time instant and damage location of a
simple structuralmodel with breakage springs.The same idea
for detecting sudden damage was adopted by Vincent et al.
[22] and Yang et al. [25] but using EMD, to decompose the
vibration signal to capture the signal discontinuity. Salvino
and Pines [73] developed robust systems that can detect
and locate progressive deterioration in structures or abrupt
damage induced by extreme loading events in the field of
structural health monitoring. Yang et al. [74] also detected
the sudden damage event of ASEC structural health moni-
toring benchmark building. The structural damage detection
was conducted based on HHT by using the two proposed
approaches.The first method, based on the EMD, is intended
to extract damage spikes due to a sudden change of structural
stiffness from the measured data, thereby detecting the
damage time instants and damage locations. The second
method, based on EMD and Hilbert transform, is capable
of detecting the damage time instants and determining the
natural frequencies and damping ratios of the structure
before and after damage. Numerical simulation carried out in
their studies showed that EMD approach could also identify
the damage time instant and damage location using the
signal feature of damage spike. In addition to the above-
mentioned numerical studies, Xu and Chen [75] carried
out experimental studies on the applicability of EMD for
detecting structural damage caused by a sudden change of
structural stiffness.

However, the reportedmethod based onHHTmay not be
suitable for online structural health monitoring applications
because it needs great computation effort. Additionally, quan-
tization of the damage severity is still a challenging issue. To
this end, Chen and Xu [76, 77] proposed a new damage index
to detect the damage time instant, location, and severity of a
structure due to a sudden change of structural stiffness. The
signal features due to sudden damage are firstly summarized
and a new damage index, DI

𝑖
, is defined to reflect the signal

discontinuity due to sudden damage at the time instant 𝑡
𝑖
:

DI
𝑖
=
(𝐾𝑖 − 𝐾

𝑖−1
) + (𝐾

𝑖
− 𝐾
𝑖+1

)


=
2𝐾𝑖 − 𝐾

𝑖−1
− 𝐾
𝑖+1

 (𝑘 = 2, 3, . . . , 𝑛 − 1) ,

(12)

where 𝐾
𝑖
is the slope of a certain dynamic response at time

instant 𝑖. This damage index is computed in the time domain
and it is an instantaneous index suitable for online structural
health monitoring application. Chen and Xu theoretically
proved that the damage index is proportional to the extent
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Figure 7: Damage detection with noise contamination subjected to seismic excitation.
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Figure 8: Relationship between damage index and damage severity.

of the sudden stiffness reduction. The proposed damage
index is suitable for online structural health monitoring
applications. It can also be used in conjunction with the
EMD for damage detection without using the intermittency
check. Numerical simulation using a five-story shear building
under different types of excitation is executed to demonstrate
the effectiveness and reliability of the proposed damage
index and damage detection approach for the building with
noise contamination (see Figure 7). The relation between the
damage severity and the proposed damage index is linear
as shown in Figure 8. Chen et al. [78, 79] also improved
the proposed approach to detect the sudden damage events
of a reticulated shell. The dynamic responses of the shell
nodes were decomposed in both the global coordinate system
(GCS) and the local coordinate system (LCS) of damaged
members. Two detection schemes, based on the GCS and
LCS, respectively, were developed and proved to be effective
in sudden damage detection.

Most recently, Bao et al. [80] developed amultistage iden-
tification scheme for detecting damage in structures under
ambient excitations by using an improved HHT method.
Then a multistage damage detection scheme including the
detection of damage occurrence, damage existence, dam-
age location, and the estimation of damage severity was

developed. Numerical and experimental studies of frame
structures under ambient excitations were performed to
investigate the validity of the approach.

4.3. Detection of Cracks and Flaws. It is well accepted that the
ultrasonic signal analysis is one of the foremost nondestruc-
tive evaluation techniques for the detection of cracks and
flaws. However, the complex and chaotic nature of raw time
domain ultrasonic signals makes it very difficult for mean-
ingful interpretation of the unprocessed time histories. The
real challenge comes in extracting the damage information
for large amounts of raw signals. To this end, time series
approaches such as short-time Fourier transform (STFT),
WT, Stockwell transform, HHT, andWinger-Wille have been
widely adopted for the flaw detection.

4.3.1. Common Structures. Quek et al. [81] investigated the
feasibility of the HHT as a signal processing tool for locating
an anomaly, in the form of a crack, delamination, stiffness
loss, or boundary in beams and plate, based on physically
acquired propagating wave signals. The results indicate that
crack and delamination in homogeneous beams can be
located accurately and damage in a reinforced concrete slab
can be identified if it has been previously loaded beyond
first crack. A comprehensive methodology for locating and
determining the extent of linear cracks in homogeneous
plates based on the time-of-flight analysis of lambwave prop-
agation is proposed by Tua et al. [82]. Experimental results
obtained using aluminum plates with through, half-through,
and concealed cracks showed that the proposed method is
feasible and accurate. The dynamic behaviour of a cantilever
beam with a breathing crack was investigated by Douka and
Hadjileontiadis [83] theoretically and experimentally. Both
simulated and experimental response data are analysed by
applying EMD and HT to reveal the physical process of crack
breathing.

Lin et al. [84] developed a signal processing method
for the impact-echo test based on the HHT. Numerical
simulations and model tests show that the proposed method
is promising in the detection of internal cracks in concrete
even when the vibration and noise signals are strong. Yadav
et al. [85] developed a method to extract damage sensitive
features for crack detection by using flaw scattered ultrasonic
signal. A steel channel section with several rivet holes has
been considered as a physical problem to be analyzed to
generate ultrasonic wave field data. The simulation has been
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Figure 9: Simply supported beam with an open crack subjected to
a moving load.

carried out by the finite element method for two cases: a
steel plate with cracks extending from the rivet holes and an
uncracked structure.

In addition, the structures with crack damages subjected
to a moving load are also examined theoretically. Meredith
et al. [86] investigated the possibility of applying EMD to
the acceleration response of a beam with cracks subject to a
moving load to detect damage. This method has been shown
to be capable of detecting a crack of 10% of the beam depth
in a signal generated at a velocity of 10m/s and corrupted
with a signal to noise ratios of 5. Roveri and Carcaterra [87]
developed a novel HHT based method for damage detection
of bridge structures with cracks under a traveling load. The
technique uses a single point measurement and is able to
identify the presence and the location of the damage along the
beam (see Figure 9). Theoretical as well as numerical results
show that the identification is rather accurate and detection
quality is not very sensitive to the crack depth and ambient
noise, while they are sensibly affected by the damage location
and by the speed of the moving load as well.

4.3.2. Pipelines. The structural damage detection and flaw
characterization of pipelines have been investigated by many
researchers to evaluate the integrity of a structure. Cheraghi
et al. [88] assessed the vibration characteristics of plastic
pipes using piezoelectric sensors with the aiding of HHT.
A systematic experimental and analytical investigation was
carried out to demonstrate the integrity of several methods
commonly used to evaluate the damping of materials. An
experimental investigationwas also conducted and the results
were compared and verified with finite element analysis,
revealing good agreement. A new approach was developed by
Kažys et al. [89] based on a combined application of nonlinear
deconvolution and the HHT for ultrasonic detection of
defects in strongly attenuating structures. The experimental
investigations demonstrated a good performance of the
proposed technique in the case of highly attenuating plastic
pipes.

TheHHTwas combined with a local diagnostic approach
by Rezaei and Taheri [90] to identify flaws in pipeline girth
welds.This method is based on monitoring the free vibration
signals of the pipe at its healthy and flawed states and
processing the signals through the EMD. In the developed
methodologies, the pipe’s free vibration is monitored by
piezoceramic sensors and a laser Doppler vibrometer. The
effectiveness of the proposed techniques is demonstrated
through a set of numerical and experimental studies on a steel
pipe with a midspan girth weld. Results from both numerical

and experimental studies reveal that in all damage cases the
sensor located at the notch vicinity could successfully detect
the notch and qualitatively predict its severity. The HHT
approach was also adopted by Ghazali et al. [91] for the SHM
of a pipeline system while attention was paid to the pipeline
leaks and features. Both simulated and experimental pressure
signals were used and analyzed by the HHT to evaluate the
performance.

4.3.3. Special Structures. Chen et al. [92] proposed a
vibration-based approach to detect crack damage for large
structural systems by using the HHT. The proposed method
has been numerically implemented on a composite wing-
box and the examination of the results confirms that the
identification method is very robust. Ramesh Babu et al.
[93] investigated the possibility of applying HHT techniques
for crack detection and monitoring when a rotor is passing
through the critical speed. It has been found that HHT
appears to be a better tool compared to FFT and continuous
wavelet transform for crack detection in a transient rotor.
Additionally, many detection approaches based on HHT and
other time-frequency analyticalmethods have been proposed
for the damage detection of structures with cracks and flaws,
in particularly in the fields of mechanical engineering and
aerospace engineering. Pavlopoulou et al. [94] illustrated
the applicability of HHT on the postprocessing of guided
ultrasonic waves for evaluating the condition of relatively
complex structural health monitoring applications. Two case
studies are presented to demonstrate the suitability of the
techniques, namely, the damagemonitoring of an aluminium
repaired panel and the cure level monitoring of symmetric
carbon fibre-epoxy composite laminates.

4.4. Experiment and Field Testing
4.4.1. Experiment on Sudden Damage. The detection of
sudden stiffness reduction is performed through numerical
simulation and the validity is not investigated by experiment.
Therefore, Xu and Chen [75, 95] carried out experimental
studies on the applicability of EMD for detecting structural
damage caused by a sudden change of structural stiffness.
A three-story shear building model was constructed and
installed on a shaking table with two springs horizontally
connected to the first floor of the building to provide addi-
tional structural stiffness. Structural damage was simulated
by suddenly releasing two pretensioned springs either simul-
taneously or successively (see Figure 10). Various damage
severities were produced using springs of different stiffness.
A series of acceleration responses of free vibration, random
vibration, and earthquake simulation were measured on the
building with sudden stiffness changes as shown in Figure 11.
The influence of damage severity, sampling frequency, and
measured quantities on the performance of EMD for damage
detection was also discussed.

4.4.2. Experiment on Common Damage. Liu et al. [96]
proved the effectiveness and accuracy of HHT method for
system identification and damage detection through a series
of experiments. An MDOF structure model is established
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with modular members, and the columns can be replaced
or removed to simulate damages of different location and
severity under variable structural parameters. Based on a
comparison of the stiffness of each story unit prior to and
after damage, the damage location and severities can be
identified. Pines and Salvino [97] discussed the application of
the EMD to health monitoring of structures theoretically and
experimentally. The EMD method is used to process time-
series data from a variety of 1D structures with and without
structural damage. Results illustrate that the EMDmethod is
a powerful signal processing tool that tracks unique features
in the vibratory response of structures.

A newdamage index, referred to as the EMDenergy dam-
age index, was developed by Rezaei and Taheri [98] to detect
the damage in beams using EMD. Finite element simulation
of a cantilevered steel beam with a transverse notch was ana-
lyzed and various notch sizes, located at different locations
along the beam, were investigated.The effect of the boundary
conditions on the EMD energy damage index was also exper-
imentally studied. A damage detection index named the ratio
of bandwidth is proposed by Chiou et al. [99] for structural
damage detection. This index is highly correlated or approx-
imately equal to the change of equivalent damping ratio for
an intact structure incurring damage from strong ground
motions. Based on an analysis of shaking table test data from
benchmarkmodels subjected to adjusted Kobe and El Centro
earthquakes, the damage detection index is evaluated using
the HHT and the FFT methods, respectively. Furthermore,
Tang et al. [100] investigated the feasibility of detecting
structural damage using a damage detection index, the ratio
of equivalent damping ratio. The damage detection index is
evaluated using the HHT and the FFT methods for the anal-
ysis of shaking table test data obtained for benchmarkmodels.

Lin and Chu [101] utilized the HHT to characterize the
acoustic emission (AE) signals released from the offshore

structure model through experimental testing as shown in
Figure 12. The AE signals from the cracks in the welded steel
nodes of the offshore structure model are collected during
the tensile testing in water. Instantaneous frequency and
energy features based on local properties of the AE signals
are then extracted using the HHT method. The results verify
that the method based on HHT better characterizes the AE
signals than the classical AE techniques. Similar approach
based on HHT and AE is utilized by Hamdi et al. [102] to
establish a procedure for understanding damagemechanisms
withinmultilayered composite structures.The analysis is first
applied to a set of known AE signals from well-controlled
bending tests on unidirectional composite samples.Then, the
analysis is applied to random AE signals collected from a
static three-point bending test on aGFRP compositematerial.
It is found that the HHT provides encouraging results for
nonstationary AE signals features extraction.

Kunwar et al. [103] presented the health monitoring of
an experimental bridge model using the HHT as shown
in Figure 13. A 4 × 1m single span-bridge instrumented
with 10 wireless sensor nodes is used for the study. Bridge
vertical accelerations are measured as a wheel and axle is
gently rolled across its length to simulate passing vehicles.
TheHilbert spectrum for multiple runs, joint time-frequency
analysis for individual runs, marginal Hilbert spectrum, and
instantaneous phase were examined for the baseline bridge
and the three damage cases. The results demonstrate that
the method can detect and locate damage under transient
vibration loads. Hsu et al. [104] proposed a damage detection
index named as the ratio of bandwidth to detect damage of
a steel structure with the occurrence of the initial stiffness
reduction through experiment. The results of this study
also demonstrate that the HHT is a powerful method for
analyzing the acceleration data for steel structures with initial
damage from earthquakes.



Mathematical Problems in Engineering 13

0 5 10 15 20 25 30

0 5 10 15 20 25 30

0 5 10 15 20 25 30

0 5 10 15 20 25 30

0 5 10 15 20 25 30

0 5 10 15 20 25 30

−0.30

−0.15−6

−6

−6

0.00

0.15

0.30

−0.30

−0.15

0.00

0.15

0.30

−0.30

−0.15

0.00

0.15

0.30

Ac
ce

le
ra

tio
n 

(m
/s
2
)

Ac
ce

le
ra

tio
n 

(m
/s
2
)

Ac
ce

le
ra

tio
n 

(m
/s
2
)

Ac
ce

le
ra

tio
n 

(m
/s
2
)

Ac
ce

le
ra

tio
n 

(m
/s
2
)

Ac
ce

le
ra

tio
n 

(m
/s
2
)

Time (s)

Time (s)

Time (s)

Time (s)

Time (s)

Time (s)

−12

0

6

12

−12

0

6

12

−12

0

6

12

(a) Response of the 3rd floor (d) IMF1 of 3rd floor's response

(b) Response of the 2nd floor (e) IMF1 of 2nd floor's response

(c) Response of the 1st floor (f) IMF1 of 1st floor's response

Figure 11: Damage time instant and location identification.

4.4.3. Field Testing. Compared to the theoretical and experi-
mental investigation, the studies on the performance of HHT
based damage detection approach through field measure-
ment are quite limited. Zhang et al. [105, 106] carried out the
dynamic condition assessment on a bridge substructure with
HHT. Their study involved modal vibration tests combined
with the HHT to analyze previous recordings of controlled
field vibration tests of one concrete pile substructure of the
Trinity river relief bridge number 4 in Texas in its intact,
minor- and severe-damage states as shown in Figure 14. Piles
were excavated and broken to simulate flood and earth-
quake damage to a bridge substructure. The HHT algorithm
is unique in that it reveals the quantitative difference in
instantaneous frequency of sound and damaged structures,
consistent with the damage states and with what a simple
structural model predicts. This approach differs from tra-
ditional modal vibration analyses in that a short-lived shift
downward in resonant frequency can be seen in the HHT
fromadamagedmember, but this is often lost in the averaging
effect of a modal vibration analysis. They also discussed the
characteristics of an HHT-based approach in the structural
health monitoring. Liu et al. [107] investigated the charac-
teristics of aging bridges by comparison with their structural
properties under ambient vibration tests which were firstly
performed on a damaged bridge and the collected responses
were analyzed by using HHT to perform a structural health
assessment to evaluate the extent of damage.

Figure 12: Testing model of an offshore structure.

5. Performance Assessment in SHM

5.1. Performance Assessment in Wind Engineering

5.1.1. Wind Loading. Xu and Chen [108, 109] proposed a
procedure to characterize the nonstationary wind speed
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Figure 13: Experimental arrangement of the example bridge.

Figure 14: Example bridge in Texas.

using EMD. The nonstationary wind speed was modeled as
a deterministic time-varying mean wind speed component
plus a stationary random process for the fluctuating wind
speed component:

𝑈 (𝑡) = 𝑈 (𝑡) + 𝑢 (𝑡) , (13)

where 𝑈(𝑡) is the deterministic time-varying mean wind
speed reflecting the temporal trend of wind speed and 𝑢(𝑡) is
the fluctuating component of wind speed that can bemodeled
as a zero-mean stationary process. This model simply allows
themeanwind speed to vary over time in an arbitrary fashion,
providing a great flexibility for considering the variation of
mean wind speed with time.

The proposed approach is then applied to the wind
data recorded by the anemometers installed in the Tsing
Ma Suspension Bridge during Typhoon Victor to find its
time-varying mean wind speed, probability distribution of
fluctuating wind speed, wind spectrum, turbulence intensity,
and gust factor (see Figure 15). In addition, they also inves-
tigated the typhoon-induced nonstationary wind speed for
tall buildings in the same way. The proposed approach was
applied to the wind data recorded at the top of the Di Wang
building during Typhoon York. Similar works are carried out
by Li et al. [110] to investigate the time-frequency properties
of typhoon effects on the same supertall structure, the Di
Wang Building. The probability density and power spectral
density of fluctuatingwind speedwere obtained by traditional
methods and were further analyzed by considering time-
varying mean values of the measured data via the EMD
method. In addition, Li and Wu [111] also studied the wind
effects on a 391m supertall RC building inGuangzhou during
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Figure 15: Time varying and hourly mean wind speeds (WITJS01
23:00–24:00).

typhoon Damrey in 2005. It was testified that the HHT
method is a promising tool for the time-frequency analysis
of random signal and can serve as a flexible and effective
tool for analyzing field data of wind speed and wind-induced
response with non-stationary features.

Tian et al. [112] studied the statistical spectrum model
of wind velocity at Beijing meteorological tower. The wind
velocity spectra are analyzed using HHT and FFT, respec-
tively. It was concluded that the HHT spectrum describes
elaborately and accurately the spectrum values in the low
frequencies and the fitted wind velocity model provides a
reference for reconstructing the near-ground wind field of
Beijing city in wind tunnel test and for numerical simulation.
Hsieh and Dai [113] analyzed the offshore islands wind char-
acteristics inTaiwan by usingHHT.Thedailywind data for 40
years of three weather stations were investigated. The results
of rolling average analysis, FFT and HHT analyses were
presented to show the wind characteristics under various
time-scale variations. Guo et al. [114] carried out themultistep
forecasting for wind speed using a modified EMD-based
feedforward neural network (FNN) model. The prediction
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results of the modeled IMFs and residual series are summed
to formulate an ensemble forecast for the original wind speed
series. The made observations indicated that the developed
model shows the best accuracy comparedwith basic FNNand
unmodified EMD-based FNN through multistep forecasting
the mean monthly and daily wind speed.

5.1.2. Wind Induced Responses. Ma et al. [115] conducted the
time-frequency analysis of nonlinear buffeting responses of
a long-span bridge using the HHT. The time-frequency of
empirical mode component in HHT transform is compared
with the bridge natural frequency. The analysis result shows
that the nonlinear buffeting responses of a long-span bridge
present nonstationary properties andHHT is obviously better
than FT in the identification of the frequency spectrum of
buffeting responses.The aerodynamic damping properties on
Sorok Bridge, a suspension bridge in Korea, were estimated
by Park et al. [116] by using the HHT in comparison
with the extended Kalman filter. Some correlation of wind
speed, aerodynamic damping, and structural damping was
investigated. It was found that pure structural damping
ratio could be estimated using ambient vibration signals
under various wind speeds. However, it was still hard to
distinguish structural damping and aerodynamic damping
from appearance damping only using appearance damping
and wind components.

Zhang et al. [117] proposed a frequency modulated EMD
method to track the variations in the modal parameters of a
multi-DOF bridge-air system. Wind tunnel testing data of a
partially streamlined box girder sectional model of a suspen-
sion bridge was processed subsequently with the proposed
method. Instantaneous frequencies and damping ratios of
the aeroelastic system during the free decay vibration were
realized. Nonlinearity in the transient aeroelastic vibration
was identified.Most recently, Yi et al. [118] examined dynamic
characteristics and wind-induced responses of a 420m high
supertall building inHongKong during strong typhoons.The
field data such as wind speed, wind direction, acceleration,
and displacement responses were simultaneously and con-
tinuously recorded from an installed monitoring system.The
multipath effects are extracted by a combination of EMD and
wavelet method and then are removed by a high pass finite
impulsive response digital filter to improve the performance
of the GPS. The resonant and background responses of the
supertall building as well as their contributions to the total
displacements are investigated.

5.2. Performance Assessment in Earthquake Engineering. Fea-
ture extraction from seismic accelerograms is a key issue
in characterization of earthquake damage in structures. Up
to now, a number of effective classical parameters such as
peak ground acceleration and intensity have been proposed
for analyzing the earthquake motion records. The HHT
is a novel signal analysis method in seismic exploration,
which can express the intrinsic essence using simple and
understandable algorithm. In earthquake engineering, some
recent approaches proposed the use of HHT and showed that
it is able to extract more representative characteristics than
the traditional signal processing methods.

5.2.1. Earthquake Excitation. Zhang [119] used the HHT to
analyze ground acceleration recordings and then demon-
strated the role in studies of seismology and earthquake
engineering via the 1994 Northridge and 1999 Kocaeli Turkey
earthquakes. In particular, the features of HHT based ground
motion correlated to the motion’s damage potential to civil
structures were examined. Furthermore, Zhang et al. [120,
121] examined the rationale of HHT for analyzing dynamic
and earthquake motion recordings in studies of seismol-
ogy and engineering. The analysis of the two recordings
indicated that the HHT method is able to extract some
motion characteristics useful in studies of seismology and
engineering, which might not be exposed effectively and
efficiently by Fourier data processing technique. The study
illustrated that the HHT based Hilbert spectra are able to
reveal the temporal-frequency energy distribution formotion
recordings precisely and clearly. Liang et al. [122] presented a
rigorous derivation of a previously known formula for simu-
lation of one-dimensional, univariate, nonstationary stochas-
tic processes. Three methods are developed to estimate the
evolutionary power spectral density function (PSDF) of a
given time-history data by means of the STFT, the WT, and
the HHT. A comparison of the PSDF of the well-known El
Centro earthquake record estimated by these methods shows
that the STFT and the WT give similar results, whereas the
HHT gives more concentrated energy at certain frequencies.
Yinfeng et al. [123] analyzed earthquake ground motions
using an improved HHT approach by proposing a time-
varying vector autoregressive moving average model based
method to calculate the instantaneous frequencies of the
IMFs.The analysis of the length of day dataset and the ground
motion record El Centro (1940, NS component) indicated
that the proposed method offers advantages in frequency
resolution and produces more physically meaningful and
readable Hilbert spectrum than the original HHT method,
STFT, and WT.

Ni et al. [124] proposed a new modification method to
generate a modified time-history compatible with the target
design spectrum based on an actual earthquake record by
using HHT. The compatible time-history was obtained by
solving an optimization problem to minimize the difference
between the response spectrum of the modified time-history
and the target design spectrum. The HHT is used by Chen
et al. [125] to identify earthquake signals from groundwater
level records. The results indicate that the application of the
HHT can improve understanding of automatic detection of
the coseismic signals from the groundwater level. Wang et
al. [126] compared the applications of EMD and ensemble
empirical mode decomposition (EEMD) on time-frequency
analysis of seismic signal. It is found that EEMD solves the
modemixing problem by adding a white noise to the original
signal. The synthetic signal example reveals the remarkable
ability of EEMD to decompose the signal into different IMFs
and analyze the time-frequency distribution of the seismic
signal. Ni et al. [127] proposed a new approach to generate
spectrum-compatible earthquake ground motions consid-
ering intrinsic spectral variability using HHT. The spec-
trum compatible earthquake ground motions are generated
by using HHT and solving related optimization problems.
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The generation procedure preserves the nonstationary char-
acteristics of seed actual earthquake records and ensures the
intrinsic aleatory variability of real ground motions for a
given scenario earthquake.

5.2.2. Seismic Effect. Lee et al. [128] explored the vibration
mechanismof a bridge at both global and local behavior.They
proposed a combination of EMD,HHT, and a nonlinear para-
metricmodel as an identificationmethodology.The approach
was successful in identifying abnormal signals indicating
the structural condition of the bridge decks based on the
time-frequency spectrum. Zhang [129] proposed a recording-
based approach to characterize and quantify earthquake-
induced site nonlinearity, exemplified as soil nonlinearity
and/or liquefaction. With the use of the 2001 Nisqually
earthquake recordings, this study shows that the proposed
approach is effective in characterizing site nonlinearity and
quantifying the influences in seismic ground responses.
Alvanitopoulos et al. [130] studied crucial characteristic
seismic parameters which provide information pertinent to
the damage indicators of the structures. The first proposed
parameter is the maximum amplitude and the second is the
mean amplitude. Results indicate the high correlation of the
new seismic parameters with the damage indices and confirm
that HHT is a promising tool for extracting information to
characterize seismic damage in structures. The HHT was
successfully used byWei et al. [131] to characterize the seismic
responses of soil-quay wall systems using measured data in
a series of geotechnical centrifuge shaking-table tests. It was
found that the predominant instantaneous frequency at any
given instant provides a superior indicator for characterizing
the occurrence of liquefaction and the time-varying soil
dynamic property.

5.3. Other Assessment Issues in SHM. Advanced signal pro-
cessing techniques have been long introduced and widely
used in structural healthmonitoring.The analysis and extrac-
tion of the appropriate signal’s features in structural health
monitoring applications is one of the major challenges on
which the robustness of the designed systems relies. Many
strategies have been developed in the past, which utilise the
identification of amplitude-based parameters for the evalua-
tion of structural integrity.However, these parameters usually
require a baseline reference, which might be extensively
affected by noise, environmental or mounting conditions.
Therefore, the signal processing in SHM based on HHT has
attracted more and more attention across the world.

Huang [132] reviewed themethods andmany applications
for nonsteady and nonlinear data analysis by using HHT. Qin
et al. [133] studied the lawofHHTand the characteristic of the
IMFs of any signal withwhite noise and then developed a new
method to remove white noise based on EMD.The feasibility
of theHHTand the validity of the EMDbasednoise removing
method were investigated through several examples. Wang
et al. [134] applied HHT to decompose measured strain
responses of a bridge into an oscillation component and a
trend component. Simulation analysis results of a steel truss
bridge show that the trend component of the strain response
corresponds to the static effect caused by the loads, while

the oscillation component is relative to the dynamic effect.
Similar operation was conducted by Hu et al. [135] to analyze
the vibration signal based on HHT.

In addition, the HHT can be revised or improved for
vibration-based signal and data processing. Peng et al. [136]
proposed an improved HHTmethod to analyze the vibration
signal by using wavelet packet transform and a screening
process. Both simulated and experimental vibration signals
of having a rotary system with the fault of rubbing occurred
have proven that the improved HHT does show the rubbing
symptoms more clear and accurate than the original HHT.
A revised HHT is proposed by Xun and Yan [137] to
analyze vibration signals of a deployable structure in order
to overcome shortcomings of the traditional HHT, such as
the end swings problem and the undesired IMFs at the low-
frequency range. The results show that the revised HHT
method is efficient for nonlinear and nonstationary vibration
signal analysis. Lin [138] proposed an improved HHT for
the modal evaluation of structural systems or signals. A
well-designed bandpass filter is used as preprocessing to
separate and determine each mode of the signal for solving
the inherent mode-mixing problem in HHT. A screening
process is then applied to remove undesired IMFs derived
from the EMD of the signal’s mode. Numerical results prove
the efficiency of the proposed approach. Furthermore, Lin
[139] presented a hybrid algorithm based on EEMD and
EMD for multimode signal processing. A simulated two-
mode signal was tested to demonstrate the efficiency and
robustness of the approach, showing average relative errors
all equal to 1.46% for various noise levels added to the signal.
The developed approach was also applied to a real bridge
structure, showing more reliable results than the pure EMD.

Bridges are subjected to periodic environmental thermal
effects induced by solar radiation and ambient air temper-
ature. Excessive movement and stress induced by thermal
loadings may damage the bridge [47, 48]. Most recently,
Chen et al. [140] carried out the condition assessment on
thermal effects of the Tsing Ma Suspension Bridge based
on SHM oriented model by using HHT in conjunction
with spectral analysis. A new signal processing approach is
proposed to process the measured data, such as strain, tem-
perature, displacement, and acceleration, so as to extract the
static, dynamic, and noise signal components for structural
performance assessment. The responses of the bridge can
be decomposed firstly to reconstruct the noise component
𝑥noise(𝑡), dynamic component 𝑥dyn(𝑡), and static component
𝑥static(𝑡), respectively, with the aid of spectral analysis:

𝑥noise (𝑡) =
𝑚

∑

𝑗=1

𝑐
𝑗 (𝑡) ,

𝑥dyn (𝑡) =
𝑛−1

∑

𝑗=𝑚+1

𝑐
𝑗
(𝑡) ,

𝑥static (𝑡) = 𝑐
𝑛
(𝑡) + 𝑟

𝑛
(𝑡) ,

(14)

where 𝑛 is the number of all the IMFs and 𝑚 is the number
of noise IMF components. If the absolute mean value of
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Figure 16: Time histories of axial strain between 12:00 a.m. and 13:00 p.m.

a particular IMF is quite small, this IMF can be regarded as
noise component:

abs (mean (𝑐
𝑗 (𝑡))) < 𝜀

𝑚
, (15)

where abs() means to take the absolute value and 𝜀
𝑚
is the

threshold value of absolute mean value of a particular IMF
component. It is seen from Figure 16 that the original axial
strain responses are decomposed into responses induced by
traffics and temperature, respectively.

6. Concluding Remarks

An overview was presented in this paper for developments
of the HHT based approach in SHM of civil structures
with special emphasis laid upon the system identification
and damage detection. The HHT provides new insights into
the nonstationary and nonlinear signals. Research activ-
ity going on around the world in terms of development
and implementation of this technology in SHM of civil
engineering structures was reviewed. The application of
HHT in the system identification, damage detection, and
performance assessment of SHMwas presented, respectively.
Compared with the conventional monitoring techniques in
the frequency domain and the time domain, HHT based
techniques not only provide alternative tools for monitor-
ing structural performance but also have the distinguished
superiority in exploring time-frequency properties of the
structural responses. It is addressed in this review that HHT
based techniques are promising for the SHM in comparison
with traditional techniques. The development of HHT is not
over yet. A more rigorous mathematical foundation for the
general adaptivemethods for data analysis is required and the
end effects of HHT must be improved as well. In addition,
there are still difficulties in the practical application of HHT
based techniques for the SHMof civil engineering structures.
The main challenges and future development trends are as
follows.

(1) From the view, it can be seen that recently there have
been innovative applications andmajor improvement
to HHT. These improvements have spread to general
analytical approaches as well as combination applica-
tions of the HHT. The HHT can be combined with
other intelligence algorithms, like artificial neural
network, genetic algorithm, and so forth, to form
more powerful signal processing tools for analyzing
structural monitoring information. Thus, the devel-
opment and application of the HHT in conjunction
with computational intelligence for SHM are neces-
sary.

(2) The HHT is considered as a promising and powerful
approach in the SHM, which is commonly compared
with other signal processing tools in the frequency
domain, time domain, and time-frequency domain,
such as FFT, STFT, and WT. Comparative studies
of HHT, FFT, and wavelet techniques have been
addressed, but more research is needed to be con-
ducted for determining which of these approaches is
more applicable than the other in a certain issue of the
SHM.

(3) The application of HHT demonstrates that the
decomposition is subject to the limitation of being
defined by an algorithm, and therefore it does not
admit an analytical formulation that would allow for a
theoretical analysis and performance assessment.The
intermittency frequency as an additional criterion
might not always guarantee the final expected results,
since choosing the intermittency frequency is a sub-
jective task. Therefore, how to reduce or eliminate
the subjective effects of HHT based approaches on
the quality of the system identification and damage
detection should be further studied.

(4) Nowadays, a new approach referred to as bidimen-
sionalHHT is developed and employed for processing
multidimensional signals. Nunes and coworkers [141]
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developed a method for analyzing two-dimensional
(2D) time series which was used for textural analysis.
Linderhed [142] proposed a 2D EMD and presented
a coding scheme for image compression purposes.
The results indicate that the 2D HHT outperforms
traditional wavelet and Fourier analysis. Recently, the
image processing techniques are widely adopted in
the SHM. Therefore, it is important to develop new
detection approaches and carry out the monitoring
and evaluation using image analysis with the aid of
the 2D HHT.

(5) It is reported theoretically and experimentally that
the result generated by the HHT has its deficiency.
The EMD may generate undesirable IMFs at the
low-frequency region to induce misunderstanding
of the SHM result. The first obtained IMF may
cover a very wide frequency range such that the
properties of monocomponent cannot be achieved,
which maybe an important issue in the identification
of higher modal parameters and sudden damage
detection with noise contamination. In addition, the
EMD cannot separate signals that contain low-energy
components, which makes it difficult to separate low
frequency signal of structural monitoring responses
induced by temperature and ambient wind. These
disadvantages may induce the misidentification and
misunderstanding of structural condition assessment,
which deserves further investigation in the further.

Although there still exist some limitations, the benefits
of the HHT technology far outweigh the problems of not
using them. This is evident by the tremendous amount of
contributions from the scientific community for introducing
this technology into the mainstream of civil engineering.
Thus, the manifestation of the HHT technology in civil
structures is warmly expected.
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This paper presents an investigation on using the probabilistic neural network (PNN) for damage localization in the suspension
TsingMa Bridge (TMB) and the cable-stayed Ting Kau Bridge (TKB) from simulated noisy modal data. Because the PNN approach
describes measurement data in a Bayesian probabilistic framework, it is promising for structural damage detection in noisy
conditions. For locating damage on the TMB deck, the main span of the TMB is divided into a number of segments, and damage to
the deck members in a segment is classified as one pattern class. The characteristic ensembles (training samples) for each pattern
class are obtained by computing the modal frequency change ratios from a 3D finite element model (FEM) when incurring damage
at different members of the same segment and then corrupting the analytical results with random noise. The testing samples for
damage localization are obtained in a similar way except that damage is generated at locations different from the training samples.
For damage region/type identification of the TKB, a series of pattern classes are defined to depict different scenarios with damage
occurring at different portions/components. Research efforts have been focused on evaluating the influence of measurement noise
level on the identification accuracy.

1. Introduction

With the aim of assessing the performance and condition
of built structures, damage identification has gained more
popularity and has been extensively studied in the past two
decades. Visual inspection is a traditional way. However, due
to some limitations, for example, inefficient and expensive, it
is difficult to be widely used in large-scale structures such as
cable-supported bridges [1]. Damage may be hidden inside a
structure or located in inaccessible zones whichmake it invis-
ible. Furthermore, some anthropogenic and subjective factors
may also result in a large variability in visual-based condition
assessment [2]. Consequently, a variety of methods based
on field monitoring data have been developed to perform
damage detection. Mehrjoo et al. [3] presented a method to
perform damage detection of joints in truss bridges using

a neural network based on backpropagation. Hua et al. [4]
developed a method by using the measured changes in cable
forces to detect the damage in cable-stayed bridges, which
is made by minimizing the cable force error between the
measurement results and analytical model predictions. Liu
and de Roeck [5] proposed a damage detection method
in composite bridges using a damage indicator based on
the local modal curvature and wavelet transform modulus
maxima. A Bayesian probabilistic approach was proposed by
Yin et al. [6] to perform damage characterization in plate
structureswith uncertainty considered.Hilbert-Huang trans-
form (HHT) method has been applied in damage detection
by formulating a damage detection index [7]. Xia et al. [8]
proposed a reliability-based condition assessmentmethod for
in-service bridges with the use of long-term monitoring data
of strain. Recently, Chen and Nagarajaiah [9] formulated a
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detection-filter-based decentralized controller for structural
damage identification, where the genetic algorithm was used
to determine the observer gain.

Among the existing methods, neural network (NN)
method, which can simulate the human decisionmaking and
draw conclusions even when presented with complex infor-
mation, has been attracting great attention since it is efficient
to look for the similarities among large bodies of data [10–
13]. As an important form of NN method, the probabilistic
neural network (PNN) can perform the Bayesian decision
analysis with the Parzen windows estimator cast into an
artificial neural network framework. Specht [14] presented a
detailed introduction of PNN. In the original PNN, a very
large network needs to be formed which leads to a high
requirement for the computation and an extensive storage
[15]. To make the method more practical and easy to realize,
several modified PNNs were developed [16–18]. In the past
several years, PNN has been applied in many related fields,
for example, eddying current flaw characterization in tubes
[19], evaluating seismic liquefaction potential [20], freeway
incident detection [21], reliability assessment of oil and gas
pipelines [15], diagnosis of prestressed concrete pile defects
[22], earthquake magnitude prediction [23], and so on. Since
the PNN approach describes measurement data in a Bayesian
probabilistic framework, it shows great promise for structural
damage detection in noisy conditions [24–27].

This paper presents an investigation on using the PNN for
damage localization in cable-supported bridges from noisy
measurement data. Because a cable-supported bridge com-
prises at least thousands of structural members, the conven-
tional damage detection methods based on optimization and
parameter identification is very difficult, if not impossible, to
be implemented for cable-supported bridges [28]. When the
PNN is applied to damage identification, it uses exemplars
from the undamaged and damaged structure to establish
whether a new measurement of unknown origin comes
from the undamaged class or the damaged class. In the
present study, the suspension Tsing Ma Bridge (TMB) and
the cable-stayed Ting Kau Bridge (TKB) in Hong Kong, both
being instrumented with online structural health monitoring
systems [29, 30], are considered as “testbeds” for simulation
studies of damage localization using the PNN technique.
Precise 3D finite element models (FEMs) of the two cable-
supported bridges are first established to perform modal
analysis and damage simulation. In recognizing relatively
high uncertainty in measured modal shapes, only modal
frequencies identified from noisy measurement data are used
to construct the input vector in the PNN. On the TMB, the
PNN is configured to identify the damaged segment on the
main span deck of the bridge through pattern classification.
On the TKB, the PNN is configured to consist of pattern
classes which are defined by assuming damage at the main
stay cables, longitudinal stabilizing cables, transverse stabi-
lizing cables, main girders, cross-girders, and bearings of the
bridge, respectively. Different numbers of modal frequencies
are considered to construct input vector to the PNN, and
the effect of different levels of measurement noise contained
in the modal frequencies on the identification accuracy is
studied.

2. PNN for Structural Damage Identification

Cast into an artificial neural network, the PNN implements
the Bayesian decision rule by representing the probability
density functions (PDFs) of the known data sets with a
nonparametric estimator, then judges which set of known
data is the most likely source of the unknown datum [14].
Since it directly casts the PDFs of training samples in the
network, the network configuration of PNN is convenient for
dealing with the noisy and series measurement data when
applied for damage identification. A salient feature of PNN
is that it can explicitly accommodate the noise characteristic
as neuroweights in the trained network. The Bayes strategy
is a widely accepted norm for decision rules used to classify
patterns. For a multicategory classification problem with a
number of categories 𝜃

1
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, . . . , 𝜃
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, . . . , 𝜃

𝑠
, the Bayes decision

rule to decide the state of nature 𝜃 ∈ 𝜃
𝑞
based on a set of

measurements represented by a 𝑝-dimensional vector X =

{𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑖
, . . . , 𝑥

𝑝
}
𝑇 can be described as

𝑑 (X) ∈ 𝜃
𝑞

if ℎ
𝑞
𝑙
𝑞
𝑓
𝑞 (X) > ℎ

𝑘
𝑙
𝑘
𝑓
𝑘 (X) , ∀𝑘 ̸= 𝑞, (1)

where 𝑑(X) is the decision on test vector X; ℎ
𝑞
, ℎ
𝑘
are the a

priori probabilities of the categories 𝜃
𝑞
and 𝜃
𝑘
, respectively; 𝑙

𝑞

is the loss associated with misclassifying 𝑑(X) ∉ 𝜃
𝑞
when 𝜃 ∈

𝜃
𝑞
and 𝑙
𝑘
is the loss associated with misclassifying 𝑑(X) ∉ 𝜃

𝑘

when 𝜃 ∈ 𝜃
𝑘
; 𝑓
𝑞
(X) and 𝑓

𝑘
(X) are the PDFs for categories 𝜃

𝑞

and 𝜃
𝑘
, respectively.

For the damage detection problem, ℎ and 𝑙 are usually
assumed to be equal for all categories. Therefore, the key to
using (1) is the ability to estimate PDFs based on training
patterns. Here, the method of Parzen windows is used to
estimate the PDFs in terms of kernel density estimators [31]:
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whereX is the test vector to be classified; 𝑓
𝑞
(X) is the value of

the PDF of category 𝑞 at point X; 𝑛
𝑞
is the number of training

vectors in category 𝑞; 𝑝 is the dimensionality of the training
vectors; X

𝑞𝑖
is the 𝑖th training vector for category 𝑞; 𝜎 is the

smoothing parameter. Equation (2) implies that any smooth
density function can be expressed simply as the sum of small
multivariate Gaussian distributions. It is known from (2) that
it is not necessary to calculate the full PDFwhen using Parzen
windows for classification; all that is needed is its value at the
test vector point.

The PNN is designed to cast the Bayesian decision analy-
sis with the Parzenwindows estimator into an artificial neural
network configuration. Figure 1 illustrates the architecture of
the PNN configured for damage localization. It consists of
three layers: input (distribution) layer, pattern layer, and sum-
mation layer. An input vector X = {𝑥

1
, 𝑥
2
, . . . , 𝑥

𝑖
, . . . , 𝑥

𝑝
}
𝑇

to be classified is applied to the neurons of the input layer
that just supply the same input values to all the pattern units.
In this study, the input vector is taken as the frequency
change ratios for 𝑝 vibration modes of the structure before
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Figure 1: Architecture of a three-layer PNN.

and after damage. In the pattern layer, each neuron forms a
dot product of the pattern vector X with the weight vector
W
𝑗
of a given class, 𝑧

𝑗
= X ⋅ W

𝑗
, and then performs a

nonlinear operation on 𝑧
𝑗
before output to the summation

layer. Instead of the sigmoidal activation function commonly
used for backpropagation network, the activation function
used here is 𝑔(𝑧

𝑗
) = exp[(𝑧

𝑗
− 1)/𝜎

2
]. Each neuron in the

summation layer receives all pattern layer outputs associated
with a given class. For instance, the output of the summation
layer neuron corresponding to the class 𝑞 is
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It can be readily proven that if the weight vector W
𝑞𝑗

is taken as the training vector X
𝑞𝑗

corresponding to the
class 𝑞 and both X and X

𝑞𝑗
are normalized with X ⋅ X =

X
𝑞𝑗

⋅ X
𝑞𝑗

= 1, then the resulting output in the summation
layer neuron, (3), is the same form as (2). That is, the kernel
density estimators for PDFs have been cast into the PNN
by setting the weight vectors as the corresponding training
vectors. The smoothing parameter 𝜎 in (3) represents the
standard deviation of the Gaussian kernels [14]. It has been
shown that [31] with enough training data, the PNN network
is guaranteed to converge to a Bayesian classifier, despite of an
arbitrarily complex relationship between the training vectors
and the classification.

3. Finite Element Modeling and
Modal Analysis

3.1. TsingMa Bridge (TMB). TheTMB as shown in Figure 2 is
a double deck suspension bridge with a main span of 1,377m
and a total length of 2,160m. It involves about twenty thou-
sand structural members, including the framed elements,
deck plates, tower beams and columns, main cables, hang-
ers, saddles, bearings, and anchorages. In recognizing that
the conventional modeling procedure for cable-supported
bridges by approximating the bridge deck as analogous con-
tinuous beams or grids is not applicable for accurate damage
simulation studies, a precise 3D FEM of the TMB has been
developed for the present study.This model has the following
features: (i) it is comprised of 17,677 elements and 7,375

Table 1: Comparison between computed and measured modal
frequencies of Tsing Ma Bridge (TMB).

Mode type and
order

Computed
(Hz)

Measured
(Hz)

Difference
(%)

Predominantly
lateral mode

1st 0.0686 0.070 −2.00
2nd 0.1611 0.170 −5.24
3rd 0.2546 0.254 0.24
4th 0.2820 0.301 −6.34

Predominantly
vertical mode

1st 0.1154 0.114 1.23
2nd 0.1420 0.133 6.75
3rd 0.1836 0.187 −1.82
4th 0.2350 0.249 −5.62

Predominantly
torsional mode

1st 0.2584 0.270 −4.30
2nd 0.3014 0.324 −6.97
3rd 0.4942 0.486 1.69
4th 0.5660 0.587 −3.58

nodes, and the spatial configuration of the original structure
remains in the model; (ii) the geometric stiffness of cables
and hangers stemming from the large deflection has been
accurately accounted for in the model through a nonlinear
static iteration analysis; and (iii) the mass and stiffness con-
tribution of individual structural members is independently
described in the model, so the sensitivity of global and local
modal properties to any structural member can be evaluated
conveniently and accurately. Thus, damage to any structural
member can be directly and precisely simulated.

Modal analysis is then carried out with the formulated
FEM. Figure 3 shows the distribution ofmodal frequencies of
the TMB, which are found to be closely spaced.The predicted
modal frequencies of the first 67 modes are less than 1.0Hz.
The vibration modes of the TMB include global and local
modes. Most of the global modes are three-dimensional
and have coupled components in three directions, especially
the lateral bending and torsional modes. The fundamental
modal frequency of the bridge is as low as 0.069Hz which
corresponds to the first lateral bending mode with the mode
shape as a symmetric half-wave in the main span. The
first vertical bending mode, with a frequency of 0.115Hz,
is an antisymmetric integral wave in the main span. Table 1
provides a comparison between the predicted and measured
modal frequencies for the first four (predominantly) lateral,
vertical, and torsional modes, where the measurement data
were obtained by the structural health monitoring system
permanently installed on the bridge [28]. The maximum rel-
ative difference between the predicted and measured modal
frequencies for the 16 modes is 6.97%.
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Figure 3: Distribution of modal frequencies of Tsing Ma Bridge
(TMB).

Table 2: Comparison between computed and measured modal
frequencies of Ting Kau Bridge (TKB).

Mode type and
order

Computed
(Hz)

Measured
(Hz)

Difference
(%)

Predominantly
vertical mode

1st 0.1632 0.1618 0.86
2nd 0.3002 0.3145 −4.55
3rd 0.3439 0.3527 −2.50
4th 0.3701 0.3727 −0.70

Predominantly
lateral mode

1st 0.1635 — —
2nd 0.2236 0.2264 −1.24
3rd 0.2425 0.2518 −3.69
4th 0.2477 0.2591 −4.40

Predominantly
torsional mode

1st 0.4587 0.4427 3.61
2nd 0.5137 0.4809 6.82
3rd 0.5201 0.5155 0.89
4th 0.5655 0.5345 5.80

3.2. Ting Kau Bridge (TKB). The TKB as shown in Figure 4
is a cable-stayed bridge with two main spans of 448m and
475m, respectively, and two side spans of 127m each. The
TKB has three single-leg towers supporting the deck. The

critical problem of a multispan cable-stayed bridge is the
stabilization of the central tower. Therefore, longitudinal
stabilizing cables, with the length up to 464.6m, are installed
to stabilize the central tower. To reduce the vibration of the
longitudinal stabilizing cables, damping devices are installed
adjacent to the lower supporting ends of the longitudinal
stabilizing cables. Transverse stabilizing cables are also used
to strengthen each tower in sway direction. The deck com-
prises two carriageways, which are connected by I-shape
cross-girders. Each carriageway grillage is composed of two
longitudinal girders and a series of transverse girders at 4.5m
intervals. Girders have been topped by the precast concrete
deck panel. There are four main cable planes in the TKB in
supporting the carriageways.

A precise 3D FEM containing 5,581 elements and 2,901
nodes has been formulated for the TKB, in which the eight
longitudinal stabilizing cables are modeled by multielement
cable system, while the remaining 448 cables are modeled
by single-element cable system. Modal analysis is then con-
ducted with this model, from which it is found that the pre-
dicted modal frequencies of the first 125 modes are less than
1.05Hz. The modal frequencies are closely spaced as shown
in Figure 5. The first mode with a frequency of 0.1632Hz is
characterized by vertical motion of the deck, longitudinal
bending of the central tower, and in-plane vibration of the
longitudinal stabilizing cables. The vibration modes of the
TKB can be classified into five categories: (i) global vertical
bending modes, (ii) global lateral bending modes, (iii) global
torsional modes, (iv) cable local out-of-plane modes, and
(v) cable local in-plane modes. The first three categories
are global modes, and the latter two are local modes of the
longitudinal stabilizing cables. It is noted that all the global
modes are accompanied with local vibration components of
the cables to some extent. Table 2 provides a comparison
between the predicted and measured modal frequencies for
the first four (predominantly) vertical, lateral, and torsional
modes of the TKB.Themaximum relative difference between
the predicted and measured modal frequencies for the 16
modes is 6.82%.

4. Damage Localization of
Tsing Ma Bridge (TMB)

4.1. Generation of Training and Testing Samples. Numerical
simulation study of damage localization using the PNN is first
made on the TMB deck. The bridge main span is composed
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Table 3: Training and testing samples for Tsing Ma Bridge (TMB).

Pattern class
number 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

Deck units
involved 1–4 5–9 10–14 15–19 20–24 25–29 30–34 35–38 39–42 43–47 48–52 53–57 58–62 63–67 68–72 73–76

Training samples
Location 2, 4 7, 8 10, 12 15, 17 20, 22 25, 27 30, 32 36, 38 39, 41 43, 45 48, 50 53, 55 58, 60 63, 65 68, 70 73, 75
Data length 50 × 2 50 × 2 50 × 2 50 × 2 50 × 2 50 × 2 50 × 2 50 × 2 50 × 2 50 × 2 50 × 2 50 × 2 50 × 2 50 × 2 50 × 2 50 × 2

Testing samples
Location 3 6 11 16 21 26 31 37 40 44 49 54 59 64 69 74
Data length 200 200 200 200 200 200 200 200 200 200 200 200 200 200 200 200
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Figure 5: Distribution of modal frequencies of Ting Kau Bridge
(TKB).

of 76 deck units. To facilitate the damage localization, the
main span deck is divided into 16 segments (each including
4 or 5 deck units) as listed in Table 3. The damage to the
deck members within the same segment is classified as one
pattern class. As a result, there are totally 16 pattern classes;
that is, 𝑠 = 16. Because the modal frequencies can be
easily and accurately measured, in this study each pattern
class is characterized by the modal frequency change ratios
between the undamaged and damaged states. That is, the
modal frequency change ratios are used as the entries of the
input vector X = {𝑥

1
, 𝑥
2
, . . . , 𝑥

𝑖
, . . . , 𝑥

𝑝
}
𝑇. The input vector

is designed to comprise the modal frequency change ratios
for the first 20 modes; that is, 𝑝 = 20. In order to obtain the

training vectors, for each pattern class two damage scenarios
with the damage at different units of the same segment (as
shown in Table 3) are introduced in the FEM respectively
and the modal properties are evaluated accordingly. For each
scenario, the damage is assumed to occur at deckmembers on
the same deck cross-section (for the damage incurred at deck
members, the maximum modal frequency change is about
0.71% among the 20 modes concerned). When the analytical
modal frequency change ratios for each damage scenario are
obtained, they are added with a random sequence to form the
training vectors

𝑥
𝑖
= 𝑥
𝑎

𝑖
× (1 + 𝜀𝑅) , (4)

where 𝑥
𝑖
is a component of the noise polluted training vec-

tors; 𝑥𝑎
𝑖
is the analytically computed modal frequency change

ratio for a specific pattern class; 𝑅 is a normally distributed
random variable with zero mean and unity variance; and 𝜀 is
an index representing the noise level.

50 sets of modal frequency change ratios are randomly
produced for each damage scenario. There are therefore 50 ×

2 = 100 sets of training vectors for each pattern class; that
is, 𝑛
1

= 𝑛
2

= ⋅ ⋅ ⋅ = 𝑛
16

= 100. The number of neurons in
the pattern layer is∑𝑠

𝑘=1
𝑛
𝑘
= 100 × 16 = 1600. After entering

the noise-polluted training vectors of all pattern classes to the
input layer, the PNN for damage localization is trained.When
presenting on themanew input vector (test vector) consisting
of measured modal frequency change ratios of unknown
source, the configured PNN outputs in the summation layer
the PDF estimates for each pattern class at the test vector
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Table 4: Summary of correct identification for Tsing Ma Bridge (TMB).

Pattern class
number 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 IA ratio (%)
Testing sample
number 200 200 200 200 200 200 200 200 200 200 200 200 200 200 200 200

Number of correct
identification

𝜀 = 100% 23 193 27 49 68 0 6 106 42 65 86 7 31 69 38 31 26.28
𝜀 = 90% 38 121 25 50 75 36 45 143 85 36 81 36 54 99 134 56 34.81
𝜀 = 80% 55 161 70 62 91 100 68 156 81 55 55 0 55 84 130 21 38.88
𝜀 = 70% 31 189 104 62 31 28 49 157 95 63 113 118 92 57 88 60 41.78
𝜀 = 60% 50 200 89 97 98 75 105 174 126 60 103 110 89 135 79 80 52.19
𝜀 = 50% 92 183 118 115 86 67 79 192 119 123 133 146 113 128 129 110 60.41
𝜀 = 40% 123 188 146 133 107 95 147 200 148 123 160 134 123 166 137 111 70.03
𝜀 = 30% 164 199 181 164 139 143 183 200 169 170 180 186 180 193 125 111 83.97
𝜀 = 20% 186 200 199 198 192 179 197 200 196 189 198 198 192 198 142 173 94.91
𝜀 = 10% 200 200 200 200 200 200 200 200 200 200 200 200 200 200 181 197 99.31

Table 5: Simulated damage cases for Ting Kau Bridge (TKB).

Damage
type
number

Pattern
class

number
Description of damage

1
1 Damage of longitudinal stabilizing cables

(Ting Kau main span)

2 Damage of longitudinal stabilizing cables
(Tsing Yi main span)

2

3 Damage of main stay cables (Ting Kau
Region)

4 Damage of main stay cables (Central
Region)

5 Damage of main stay cables (Tsing Yi
Region)

3

6 Damage of transverse stabilizing cables
(Ting Kau Region)

7 Damage of transverse stabilizing cables
(Central Region)

8 Damage of transverse stabilizing cables
(Tsing Yi Region)

4
9 Damage of bearings (Ting Kau Region)
10 Damage of bearings (Central Region)
11 Damage of bearings (Tsing Yi Region)

5
12 Damage of main girders (Ting Kau Region)
13 Damage of main girders (Central Region)
14 Damage of main girders (Tsing Yi Region)

6

15 Damage of connecting cross-girders (Ting
Kau Region)

16 Damage of connecting cross-girders
(Central Region)

17 Damage of connecting cross-girders (Tsing
Yi Region)

point, and the damaged deck segment is identified by the
pattern class with the largest PDF.

The test vectors for damage localization simulation study
are produced in a similar way to obtaining the training
samples. A total of 16 damage scenarios, with one for each
deck segment (pattern class), are examined in the simulated
testing. As shown in Table 3, the testing damage scenario
for each pattern class is incurred at a deck unit different
from the corresponding training damage scenarios. The
analytical modal frequency change ratios when incurring
damage at each deck segment in turn are calculated and then
polluted with random noise to obtain the “measured” test
vectors. The random noise sequences used to contaminate
the training samples and the testing samples are independent
but with identical level in statistical sense. For each testing
damage scenario, 200 sets of noise-corrupted test vectors are
produced. Therefore, a total of 200 × 16 = 3200 test vectors
are used in the damage localization testing.

4.2. Identification Results Using PNN. The configured PNN
is applied to the test vectors for damage localization of the
TMB. Because the PNN describes the data in a probabilistic
approach, the identification accuracy should be evaluated
in a statistical manner. Table 4 lists the number of correct
identification and the identification accuracy (IA) results for
the total 3200 testing samples by using the PNN. Here the
value of 𝜀, which represents the noise level, is taken from 0.1
to 1.0. The IA is defined as the ratio of the total number of
correct identification for all testing damage scenarios to the
total number of the testing samples (3200). It is seen from
Table 4 that when 𝜀 ≤ 0.2, the PNN can identify the damage
segment with relatively high confidence (IA > 90%).

5. Damage Localization of
Ting Kau Bridge (TKB)

5.1. Generation of Training and Testing Samples. Numerical
simulation study is then carried out on using the PNN to
identify damage type and region in the TKB. As listed in
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Table 6: Training and testing samples for Ting Kau Bridge (TKB).

Class number Description of damaged component
Training scenarios (number of scenarios) Testing scenarios (number of scenarios)

1 Each of two LSCs in Ting Kau main span (2) Each of the other two LSCs in Ting Kau main span (2)
2 Each of two LSCs in Tsing Yi main span (2) Each of the other two LSCs in Tsing Yi main span (2)

3 Each of three outermost MSCs at the two ends of Ting
Kau Region (3)

Each of three interior MSCs in the middle of Ting Kau
Region (3)

4 Each of five outermost MSCs at the two ends of Central
Region (5)

Each of five interior MSCs in the middle of Central
Region (5)

5 Each of four outermost MSCs at the two ends of Tsing
Yi Region (4)

Each of four interior MSCs in the middle of Tsing Yi
Region (4)

6 Each of two TSCs from Ting Kau Tower (2) Each of another two TSCs from Ting Kau Tower (2)
7 Each of two TSCs from Central Tower (2) Each of another two TSCs from Central Tower (2)
8 Each of two TSCs from Tsing Yi Tower (2) Each of another two TSCs from Tsing Yi Tower (2)
9 One horizontal bearing at Ting Kau Tower (1) Same as the training sample (1)
10 One horizontal bearing at Central Tower (1) Same as the training sample (1)
11 One horizontal bearing at Tsing Yi Tower (1) Same as the training sample (1)

12 Each of two damaged locations of a main girder at the
two ends of Ting Kau Region (2)

Each of two damaged locations of another main girder
in the middle of Ting Kau Region (2)

13 Each of two damaged locations of a main girder at the
two ends of Central Region (2)

Each of two damaged locations of another main girder
in the middle of Central Region (2)

14 Each of two damaged locations of a main girder at the
two ends of Tsing Yi Region (2)

Each of two damaged locations of another main girder
in the middle of Tsing Yi Region (2)

15 Each of three connecting cross-girders at the two ends
of Ting Kau Region (3)

Each of another three connecting cross-girders in the
middle of Ting Kau Region (3)

16 Each of three connecting cross-girders at the two ends
of Central Region (3)

Each of another three connecting cross-girders in the
middle of Central Region (3)

17 Each of three connecting cross-girders at the two ends
of Tsing Yi Region (3)

Each of another three connecting cross-girders in the
middle of Tsing Yi Region (3)

Note: LSC-Longitudinal Stabilizing Cable; MSC-Main Stay Cable; TSC-Transverse Stabilizing Cable.

Table 5, six different damage types at a total of 17 locations
are introduced in the TKB. For all the cable damage cases,
the damage is simulated by a 20% reduction in tension force
of a cable; for the damage of main girders, a 75% loss of the
bending stiffness of a main girder at a connecting location is
assumed; for the damage of cross-girders, a 90% reduction
of the cross-sectional area, bending stiffness, and torsional
rigidity of a cross-girder is assumed; for the bearing damage
cases, the damage is simulated by a 90% deterioration in the
stiffness of a bearing. To facilitate the damage localization,
the bridge is roughly divided into three regions as shown in
Figure 4. In the present study, a total of 17 pattern classes are
defined; that is, 𝑠 = 17. Each pattern class is characterized by
the modal frequency change ratios between the undamaged
anddamaged state.That is, themodal frequency change ratios
are used as the entries of the input vector X = {𝑥

1
, 𝑥
2
, . . . , 𝑥

𝑖
,

. . . , 𝑥
𝑝
}
𝑇. For the purpose of comparison, the input vector is

designed to comprise the first 20, 10, and 5modal frequencies,
respectively; that is, 𝑝 = 20, 10, and 5, respectively.

In order to obtain the training vectors, for each pattern
class one or more damage scenarios of the same type and
region but at different locations are introduced, respectively,
in the FEM and the corresponding modal properties are
evaluated. For some damage scenarios (e.g., the cable tension
reduction), the damage will cause the change of bridge static

configuration. In these cases, the updated bridge static config-
uration is first achieved through a nonlinear iteration scheme
and then themodal parameters in the damaged state are com-
puted.When themodal frequency change ratios for a training
scenario are analytically obtained, they are added with ran-
dom noise according to (4) to form the training vectors.

50 sets of modal frequency change ratios are randomly
produced for each damage scenario. After entering the noise-
polluted training vectors of all pattern classes as weights
between the input and pattern layers, the PNN for damage
localization is configured. Table 6 provides a description of
the training and testing damage scenarios for each pattern
class and the number of the training and testing damage sce-
narios considered in each pattern class (given in the parenthe-
ses). If 𝑙

𝑘
training scenarios are used for the 𝑘th pattern class,

the number of training vectors for the 𝑘th pattern class is
𝑛
𝑘
= 50×𝑙

𝑘
as listed in Table 7. In this study, the total number

of training vectors is ∑17
𝑘=1

𝑛
𝑘
= 2000. Thus the total number

of neurons in the pattern layer of the configuredANN is 2000.
The testing samples for the damage localization simula-

tion study are produced in a similar way to obtaining the
training samples. As shown in Table 6, for each pattern class
the number of the testing damage scenarios is the same as
that of the training damage scenarios. However, the testing
damage scenarios are assumed at different locations from
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Table 8: Summary of correct identification for Ting Kau Bridge
(TKB).

Noise level
Identification accuracy (IA)

Using 20
frequencies

Using 10
frequencies

Using 5
frequencies

𝜀 = 100% 46.23% 33.35% 27.90%
𝜀 = 80% 57.08% 45.25% 33.05%
𝜀 = 60% 62.55% 51.85% 43.40%
𝜀 = 40% 78.15% 62.90% 51.33%
𝜀 = 20% 84.33% 71.70% 58.75%
𝜀 = 10% 86.42% 73.53% 60.83%
𝜀 = 8% 87.63% 75.08% 63.15%
𝜀 = 6% 88.90% 76.85% 65.80%
𝜀 = 4% 89.32% 77.23% 67.58%
𝜀 = 2% 89.97% 77.35% 67.33%
𝜀 = 1% 90.00% 80.05% 67.70%
Note: IA (identification accuracy) is defined as the ratio of total number of
correct identification to total number of testing samples (4000).

those of the training damage scenarioswithin the same region
of the same type. The analytical modal frequency change
ratios for each testing damage scenario are calculated and
then polluted with random noise to obtain the “measured”
testing vectors.The random noise sequences used to contam-
inate the training samples and the testing samples are inde-
pendent but with identical level in statistical sense. For each
testing damage scenario, 100 sets of noise-corrupted testing
vectors are produced.Thus a total of 4000 sets of “measured”
testing vectors for 40 testing damage scenarios are obtained.
When presenting each set of the testing vectors of “unknown”
source to the configured PNN, the PNN outputs in the
summation layer the PDF estimates for each pattern class at
the testing vector point, and the damage type and region are
identified from the pattern class with the largest PDF.

5.2. Identification Results Using PNN. By entering the 4000
sets of “measured” testing vectors into the configured PNN
in turn, the damage type and region corresponding to each
set of the testing vectors are identified. Table 8 summarizes
the damage identification results under different noise levels
from 𝜀 = 0.01 to 𝜀 = 1.00. The identification accuracy (IA) is
defined as the ratio of the total number of correct identifica-
tion for all testing damage scenarios to the total number of the
testing samples (4000). As expected, the identification accu-
racy is reduced with the increase of the noise level corrupted
in the training and test samples. The identification accuracy
is significantly increased when more modal frequencies are
included in the input vector. In the case of taking the first 20
modal frequencies as input vector to the PNN, the IA value is
86.42% when 𝜀 = 0.10, 87.63% when 𝜀 = 0.08, 88.90% when
𝜀 = 0.06, 89.32% when 𝜀 = 0.04, 89.97% when 𝜀 = 0.02, and
90.00% when 𝜀 = 0.01. Therefore, when the first 20 modal
frequencies are used and the noise level 𝜀 is less than 0.1, the
damage type and region can be identified with high confi-
dence (the probability of identifiability is greater than 85%).

6. Conclusions

In this study, the probabilistic neural network (PNN) which
uses only the modal frequency information has been for-
mulated for damage localization in the suspension Tsing Ma
Bridge (TMB) and the cable-stayed Ting Kau Bridge (TKB).
A discrete number of pattern classes to be classified were
formed to represent possible damage types/regions in the
bridges, and the noise-corrupted modal frequency data for
each pattern class were used as training samples to establish
a three-layer PNN for damage localization. The numerical
simulation results for the TMB show that the damage at deck
members can be locatedwith high confidence (the probability
of identifiability is greater than 90%) when the noise level 𝜀 is
less than 0.2. It is interesting to note that themaximummodal
frequency change is about 0.71% among the first 20modes for
the damage at deck members which was assumed to generate
the training and testing samples in the simulation study. It is
found from the simulation study of the TKB that in the noise
level 𝜀 ≤ 0.1, the damage type and region can be identified
with high confidence (the probability of identifiability is
greater than 85%) when 20 modal frequencies are used. The
results obtained are promising in recognizing the fact that the
proposed method uses only modal frequency information of
the bridge rather than using the mode shape information as
well.
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Significant changes in vehicle loads have occurred in China due to the development of the automobile industry and transportation
within the past two decades, particularly the rapid increase in traffic flow and the large-scale emergence of heavy trucks. However,
research into vehicle loadings on urban bridges is not well developed. In this study, based on traffic flow data collected using a
weigh-in-motion system installed on an expressway in an urban logistics zone, we analyzed the traffic flow, vehicle types, and gross
vehicle weight (GVW) features and developed models for the vehicle load and fatigue load. According to the axle space, axle types,
and axle number, the trucks in the traffic flow were classified into 10 representative vehicle types.The probability distribution of the
GVW was fitted to a three-class mixed log-normal distribution. Using the improved Gumbel method, we determined the extreme
value distribution of the vehicle loadings in the purpose reference period and assessed the vehicle loadings of urban bridges. In
addition, using the equivalent damage theory, six equivalent vehicle models were established according to the measurements of the
axle weight and axle space, thereby obtaining a simplified model of fatigue vehicle loadings on urban expressway bridges.

1. Introduction

The traffic load is one of the main variables that affect
bridges. The traffic load models used in the current standard
applied throughout China are based on the analysis of vehicle
data collected in 1997 on four national highways during
five daytime periods (each of 12 hours) [1]. However, rapid
economic growth, especially during the last 20 years, as
well as the development of the automobile industry and
transportation, means that the traffic flow has increased con-
tinuously, especially the number of heavy vehicles, thereby
leading to major changes in vehicle loads [2, 3]. In addition,
the traffic loads of urban bridges (bridges on urban road)
and highway bridges (bridges on highway) are quite different
(i.e., the proportion of heavy vehicles and vehicle types),
so it is not reasonable to design urban bridges using the
traffic load models of highway bridges. Compared with the
massive volumes of survey data related to highway bridges,
the study of urban bridges is very limited in China. Only a
few cities such as Shanghai and Guangzhou have carried out

such investigations [4, 5]. However, the vehicle loads of urban
bridges have not been described accurately because of the
poor technology used and the selection of inappropriate road
types. It is known that the safety of urban bridges is affected by
the traffic loads on suburban roads, logistic zone roads, and
transit roads. Therefore, it is necessary to analyze the actual
traffic loads of these roads and to develop advanced models
that are suitable for bridge design and evaluation.

Weigh-in-motion (WIM) systems are advanced traffic
investigation devices, which were designed as new tools
that allow researchers and engineers to obtain traffic flow
information. They can also be used to study the vehicle
loadings of modern bridges. The vehicle load data collected
by WIM systems can provide a comprehensive overview of
the traffic flow without considering human factors. These
data are an important basis for studying road traffic con-
ditions and for obtaining the vehicle load characteristics.
Many researchers, including Nowak et al. [6, 7], O’Brien
et al. [8–11], Fu and You [12, 13], Miao et al. [14–16], and
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Ruan et al. [17, 18], have used WIM data to analyze the
traffic flow characteristics, to develop traffic load models,
to study extreme vehicle loadings and their distributions,
and to simulate traffic flows. In the current bridge design
standard, vehicle loads and lane loads are two different
traffic load patterns, which are used for different design
purposes. In the theoretical framework based on reliability,
the vehicle load is used as a certain fractile (normally 0.95)
of the extreme value distribution of the vehicle load during
a specific reference period. Based on the parent distribution
of the GVW and using one day’s maximum distribution as
annual data, Chinese researchers, such as Mei et al. [19],
Guo et al. [20], and Lan et al. [21], obtained the extreme
value distributions for a reference period using a compound
renewal process, thereby obtaining the vehicle loadings.
Based on the probability distribution of the measured vehicle
loads as they passed and the total amount of vehicles, Gong
et al. [22] determined the probability distribution function
of the extreme value for periods of 1 day, 1 year, 20 years, 50
years, and 100 years. All of these previous approaches use the
parent distribution of the GVW to obtain the extreme value
distribution of the vehicle loads.Thus, the results were highly
dependent on the fitting accuracy of the parent distribution
of the GVW and their theoretical basis. However, these
approaches are computationally expensive and are used rarely
in practical engineering applications. In addition, the fatigue
of components (especially steel) is becoming increasingly
important and attractingmore attention in the field of bridges
with traffic growth and vehicle weight increases. With large
axle weights and high passing frequencies, the bridge decks
directly under the wheel pressure are at risk of failure due
to fatigue [23]. At present, the design codes for bridges in
the UK, USA, Japan, and European countries classify the
fatigue strength according to the structural details based
on the corresponding design spectrum and fatigue vehicle
models. However, the codes used in China are relatively
old and there are no explicit formulations for calculating
the fatigue of components with specific loading patterns,
loading values, and fatigue stress amplitudes, although some
improvements have been made. For example, Chen et al. [5]
proposed a fatigue load spectrum that considered two traffic
surveys from 1994 and 1995 on the Shanghai inner ring road
bridge number 3. Based on field measurements of vehicles on
highway bridges covering six different provinces all over the
country, Zhou et al. [24] also obtained a fatigue load spectrum
and the corresponding standard vehicle model for highway
bridges using the equivalent fatigue damage theory. However,
these traffic surveys were measured mainly by people, rather
thanmachines, whichmay have entailed unpredictable errors
when calculating the axle weight, axle space, and the numbers
of vehicles of various types.Theywere also limited to highway
bridges and studies of urban bridges have been reported only
rarely.

Based on a dynamic WIM system, the vehicle types and
gross vehicle weights were obtained from traffic flow data
collected on an urban expressway in a logistics zone, and
the improved Gumbel method based on the extreme value
theory was used to obtain the extreme value distribution
of the vehicle loadings in a specific reference period and

the vehicle loadings. This method was based on observations
of the daily extreme gross vehicle weight values, which has
the advantages of simplicity, stability, and easy application
in engineering. The fatigue load spectrum was also studied.
Based on measurements of the axle weight and axle space,
six equivalent vehicle models were established using the
equivalent fatigue damage theory and a simplified fatigue
vehicle load model was developed for urban expressway
bridges.

2. Urban Expressway Traffic Condition

2.1. DataMeasurement and Process. Several logisticsmarkets,
related to food, steel, and other commodities, are found
in the northern part of Hangzhou city, Zhejiang Province,
China, which is regarded as the area with the heaviest truck
traffic. The road pavement structure in this area has a high
damage rate because of bad traffic conditions and four serious
accidents related to bridge failure occurred in recent years.
To understand the traffic conditions of overloaded vehicles
in this area, the department of Road Management in the city
of Hangzhou placed a WIM system at the end of a bridge to
develop a real vehicle model of urban bridges, as well as to
facilitate bridge safety management and the development of
an overloading control program, (Figure 1).ThisWIMsystem
is the first example on urban roads in the province of Zhejiang
and it aims to monitor the passage of vehicles 24 hours each
day. A WIM system uses bending path pads to measure the
weights of vehicles that pass by. The magnetic loop detectors
are located on both sides of a bending path pad, which is used
to separate the vehicles and to acquire information such as the
lane and velocity. As a vehicle passes, the following data are
acquired: vehicle arriving date and time, lane number, vehicle
speed, number of axles, axle weight, axle spacing, vehicle
license, license type, and a photograph of the front of the
vehicle.

Using the WIM data records, we could extract different
traffic flow characteristic parameters and analyze the traffic
flow features. The WIM was installed and put into use in
June 2012. Full traffic data were obtained for 18 months,
which reflected the traffic conditions and vehicle information
at the monitoring location. Vehicles weighing ≥3 tons were
considered to be trucks. According to the provisions of the
highway management departments of China, a GVW >

20 t indicated 2-axle vehicles, >30 t indicated 3-axle vehicles,
GVW > 40 t indicated 4-axle vehicles, GVW > 50 t
indicated 5-axle vehicles, and GVW > 55 t indicated 6-axle
vehicles, which were considered to be overweight. The raw
data collected were preprocessed before the analysis, where
the preprocessingmethod combined the characteristics of the
original data and it used methods [25, 26] that eliminated
obvious errors and meaningless data.

2.2. Traffic Condition. We used the data from a two-week
period (July 16 to 29, 2012) to analyze the GVW character-
istics. The selection of such a period is sufficiently represen-
tative to show the statistical characteristics of the measured
road. The total number of vehicles was 176470 and vehicles
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Figure 1: Dynamic weigh-in-motion stations on an urban expressway in Hangzhou, China.

Table 1: Statistical characteristics of the gross vehicle weights.

Date Total amount Average (t) Standard deviation (t) Coefficient of variation Maximum (t) Minimum (t)
Jul. 16 16475 3.52 5.32 1.51 93.75 1.40
Jul. 17 18882 3.68 6.25 1.70 88.15 1.40
Jul. 18 13776 3.66 6.20 1.69 94.60 1.40
Jul. 19 14227 3.72 6.77 1.827 111.20 1.40
Jul. 20 12239 3.77 6.50 1.72 115.65 1.40
Jul. 21 10985 3.93 7.20 1.83 95.35 1.40
Jul. 22 9634 3.62 6.44 1.78 94.60 1.40
Jul. 23 10540 3.32 5.43 1.63 91.85 1.40
Jul. 24 10553 3.49 6.08 1.74 104.15 1.40
Jul. 25 11793 3.34 5.62 1.68 100.90 1.40
Jul. 26 9729 3.24 5.06 1.56 79.10 1.40
Jul. 27 9847 2.99 4.11 1.37 85.20 1.30
Jul. 28 11493 2.96 4.05 1.37 77.20 1.40
Jul. 29 11326 2.86 4.00 1.40 80.70 1.40

that weighed <3 tons comprised the majority (80.48%). In
total, 34447 vehicles weighed >3 tons, which accounted for
19.52% of the total number of valid vehicles. In addition, 2203
vehicles exceeded the load standard limit set by the Highway
Management Department of China, which accounted for
6.4% of all the trucks. Furthermore, 684 vehicles weighed
>55 tons and the heaviest gross vehicle weight was 115.65 tons.
The time distribution of the 2203 vehicles (Figure 2) shows
that the number of overweight vehicles at night (87%) was far
higher than that during the daytime (13%), while the second
half of the night (aftermidnight) hadmore overweight trucks
(68%) than the first half (19%, before midnight). Thus, the
overweight problem was more severe after midnight than at
other times.

A statistical analysis was performed using the GVW
to determine the average, standard deviation, coefficient
of variation, and the maximum and minimum daily gross
vehicle weights (Table 1). The daily GVWs differed little,
thereby indicating that the vehicle load was stable in the short
term.The vehicle load coefficient of variationwas always>1.0,
thereby indicating that the vehicle loads were highly discrete,
with many vehicle types and various weight ranges.

2.3. Vehicle Classification. Many vehicle types comprise road
traffic and there are some errors in the data measured using
WIM systems. Thus, extracting specific vehicle information
from the data is a challenging task. Based on the axle weight,
axle space, and axle types of different standard vehicle types
found in the China Automobile Type Handbook [27], we
classified the measured vehicle types and compared them
with standard vehicle types, using the most similar standard
vehicle types as the representative types of the actual vehicle.
Using this procedure, we determined the representative vehi-
cle types on the measured urban expressway, the data related
to the vehicle types, and the axle weights and axle spaces, as
shown in Figure 3 and Tables 2 and 3, respectively. During
the vehicle classification process, we excluded vehicles that
weighed <3 tons and the vehicle types that accounted for
<0.01% of the total trucks.

Figure 3 shows the vehicle type classifications: V21, V22,
and V23 for 2-axle vehicles; V31 and V32 for 3-axle vehicles;
V41 and V42 for 4-axle vehicles; V51 for 5-axle vehicles; and
V61 and V62 for 6-axle vehicles. Among the representative
vehicle types obtained, 2-axle heavy trucks (V22) and 2-
axle large passenger cars (V23) accounted for the highest
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Figure 2: Distribution of hourly traffic during each day in one week.

Table 2: Vehicle classification and axle-weight statistics.

Vehicle classification Average value and deviation of axle weight (t)
Classification Ratio Axle1 Axle2 Axle3 Axle4 Axle5 Axle6
V21 8.75% 1.89 (0.54) 2.30 (1.79)
V22 45.11% 3.40 (1.55) 7.74 (6.57)
V23 30.30% 5.05 (1.33) 9.84 (3.30)
V31 2.79% 4.36 (1.42) 4.48 (2.15) 10.37 (7.17)
V32 3.09% 7.68 (3.26) 13.66 (9.08) 13.74 (9.50)
V41 4.59% 6.85 (3.18) 7.44 (3.50) 13.97 (9.67) 15.25 (9.15)
V42 1.82% 4.10 (0.76) 12.03 (4.30) 11.96 (4.79) 11.87 (4.65)
V51 1.74% 5.55 (1.24) 12.53 (4.61) 11.47 (4.56) 10.75 (4.16) 11.23 (4.17)
V61 1.03% 4.24 (0.61) 4.40 (1.35) 11.29 (4.99) 9.61 (4.95) 9.71 (4.75) 10.49 (5.19)
V62 0.78% 5.59 (0.88) 8.42 (3.80) 7.96 (3.57) 9.59 (5.59) 9.24 (5.18) 10.30 (5.54)
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Figure 3: Vehicle type classifications.

Table 3: Vehicle classification and axle space statistics.

Vehicle classification Average value and deviation of axle space (m)
Classification Ratio Axle1 Axle2 Axle3 Axle4 Axle5
V21 8.75% 2.98 (0.35)
V22 45.11% 4.72 (0.73)
V23 30.30% 6.64 (0.84)
V31 2.79% 2.10 (0.74) 5.75 (1.27)
V32 3.09% 5.07 (1.40) 1.54 (0.58)
V41 4.59% 2.02 (0.52) 4.76 (1.00) 1.41 (0.25)
V42 1.82% 3.80 (0.39) 6.83 (1.01) 1.37 (0.10)
V51 1.74% 3.73 (0.76) 6.60 (1.40) 1.43 (0.70) 1.35 (0.25)
V61 1.03% 1.93 (0.34) 2.74 (0.52) 6.56 (1.37) 1.37 (0.21) 1.37 (0.22)
V62 0.78% 3.48 (0.55) 1.46 (0.22) 6.97 (1.72) 1.39 (0.21) 1.38 (0.21)
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proportion, which characterize urban road traffic. In addi-
tion, the rear axle weights had a high standard deviation,
especially for V32 and V41, thereby indicating a wide vehicle
weight distribution.

3. Probability Model of Vehicle Loads

3.1. Probability Distribution of GVW. Traffic flow has various
forms with strong regional characteristics. Many studies
have shown that the GVW probability distribution can be
represented as a multimodal distribution [19–21, 28]. This
is mainly because the traffic flow comprises light, medium,
and heavy vehicles, which are accompanied by different
load forms, that is, empty, half full, full, and overloaded. In
general, a two-class mixed normal distribution [19], inverse
normal distribution [15, 29], or two-class mixed log-normal
distribution [21] is used to model the GVW probability
distribution.

Assuming that the GVW comprises 𝑛 levels of different
vehicle weight classes and that the probability density func-
tion of level 𝑖 is 𝑓

𝑖
(𝑥), the GVW probability density function

can be expressed as

𝑓
𝑋
(𝑥) =

𝑛

∑

𝑖=1

𝑝
𝑖
𝑓
𝑖
(𝑥) , (1)

where 𝑝
𝑖
is the proportion of the level 𝑖, ∑𝑛

𝑖=1
𝑝
𝑖
= 1. The

probability distribution function is

𝐹
𝑋
(𝑥) =

𝑛

∑

𝑖=1

𝑝
𝑖
𝐹
𝑖
(𝑥) . (2)

In general, each vehicle weight class has its own prob-
ability distribution. Thus, the probability density functions
𝑓
𝑖
(𝑥) of different vehicle weight classes are different and they

depend on how the results are fitted to the data. In the present
study, the distribution type of 𝑓

𝑖
(𝑥) was the same in the

equation, for example, normal or log-normal distribution,
but different statistical parameterswere used.The expectation
maximization algorithm was used for parameter estimation,
which is the one employed the most frequently and it is
effective for estimatingmixed distributionmodel parameters,
which can yield satisfactory results [30].

Using normal, log-normal, and Weibull distributions, we
fitted a two-lane GVW distribution and the K-S test was
employed to determine the optimal cumulative distribution
function. The three-class mixed lognormal distribution had
the best fit (Figure 4), especially for the tail distribution,
which overcame the deficiencies of using unimodal and
bimodal distributions for tail fitting, and provided a good
foundation for the description of vehicle loads. The parame-
ters for the fitted distribution functions are shown in Table 4.

3.2. Extreme Value Distribution of Vehicle Load. In the relia-
bility theory framework, vehicle loads used for bridge designs
or assessments are based on the extreme value distributions
of vehicle loads within a specific reference period. At present,
the extreme value distribution is obtained mainly using

the following three methods: parent distributions, maximum
distributions, and extreme value theory [31]. The extreme
value theory is the main method used recently, which
includes the block maxima approach and the peaks over
threshold approach (POT). The former requires a large
amount of data, whereas the latter requires the selection of
an appropriate threshold, which determines the results.

Numerous studies have shown that the vehicle load types
are highly diverse with strong regional features, so methods
based on the parent distributions will include many errors.
Based on the Gumbel method derived from extreme value
theory, the extreme values of the measured data were used in
the present study, instead of the parent distribution, to obtain
the extreme value distribution of the vehicle loads. Previous
research has shown that this method has good stability and it
facilitates engineering applications [32]. Using this method,
Fu and You [12, 33] obtained the extreme value distributions
for the vehicle load effects within a reference period based on
the measured data, where they used a specific fractile as the
vehicle load effect value for bridge design applications.

According to the classic extreme value theory, if the
parent distribution of a sample follows an exponential distri-
bution, such as a Gaussian distribution, gamma distribution,
or Weibull distribution, the asymptotic distribution of the
maximum will follow an extreme value type I distribu-
tion (the Gumbel distribution). The probability function is
expressed as follows:

𝐹 (𝑥
𝑒
) = exp (− exp (−𝑦)) , (3)

where 𝑦 is a simplified variable; that is,

𝑦 = 𝛼 (𝑥
𝑒
− 𝜇) , (4)

where the fitted variables, 𝜇 and 1/𝛼, are the mode and
dispersion, respectively. To estimate the value, (3) and (4) are
usually expressed as follows:

𝑦 = − ln (− ln (𝐹 (𝑥
𝑒
))) , (5)

𝑥
𝑒
= 𝜇 +

1

𝛼
𝑦. (6)

This extreme value estimation method is based on the
extreme value theory proposed by Gumbel, which is com-
monly known as the Gumbel method. The Gumbel method
has been used widely for extreme value estimations in
wind speed and flood water level applications because of
the simplicity and practicality of the extreme value type I
distribution.

The following equivalence probability relation can be
obtained by assuming that the observed extreme values are
independent:

𝐹 (𝑇 = 𝑡
0
) = 𝐹
𝑛
(𝑇 = 𝑡

𝑑
) , (7)

where 𝐹(𝑇 = 𝑡
0
) represents the extreme value distribution for

one year and 𝐹(𝑇 = 𝑡
𝑑
) is the extreme value distribution in a

specific reference period (the reference design period for new
Chinese bridges is 100 years, i.e., 𝑡

𝑑
= 100).The extreme value
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Figure 4: Probability density and cumulative probability of the GVW.

Table 4: Estimated parameters of the mixed probability distribution for the GVWs in each lane.

Lane number
Parameter

First class Second class Third class
𝑝
1

𝜇
1

𝜎
1

𝑝
2

𝜇
2

𝜎
2

𝑝
3

𝜇
3

𝜎
3

1 0.49 1.21 0.10 0.48 2.25 0.60 0.03 4.02 0.24
2 0.56 1.27 0.14 0.39 2.42 0.65 0.05 4.05 0.26

obeys an extreme value type I distribution, so the following
equation can be obtained by plugging (3) into (7):

exp (− exp (−𝑦 (𝑇 = 𝑡
𝑑
))) = [exp (− exp (−𝑦 (𝑇 = 𝑡

0
)))]
𝑚
.

(8)

Based on (3), (4), and (8), the following expressions can be
obtained:

1

𝛼 (𝑇 = 𝑡
𝑑
)
=

1

𝛼 (𝑇 = 𝑡
0
)
,

𝜇 (𝑡 = 𝑡
𝑑
) = 𝜇 (𝑡 = 𝑡

0
) +

1

𝛼 (𝑇 = 𝑡
0
)
ln(

𝑡
𝑑

𝑡
0

) .

(9)

According to the method described above, the two
parameters of the extreme value distribution during the
specific reference period can be obtained, that is, 𝜇

𝑑
and

𝛼
𝑑
, and the extreme value distribution function is also

determined. To facilitate the application of this method, the
procedure is described as follows.

(1) The extreme values of the vehicle load are obtained for
each day based on the measured data.

(2) Arrange 𝑛 observed extreme values according to the
absolute value size from low to high, which are
denoted as {𝑥

𝑛
}, and number them according to 𝑖 =

1, 2, . . . , 𝑚.
(3) For every ranked extreme value observation, specify

a nonexceedance probability 𝑃
𝑖
, 𝑃
𝑖
≈ 𝑚/𝑛 + 1, and

𝑃 = {𝑃
𝑛
} is obtained.

(4) According to (5), determine the simplified variable
𝑦 = − ln(− ln𝑃) and denote it as {𝑦

𝑛
}.

(5) According to (6), take the extreme value {𝑥
𝑛
} as the

vertical axis and simplify the variable {𝑦
𝑛
} as the

horizontal axis by using the least squares method to
fit the data.

(6) Based on the fitted line, the parameters 𝜇
0
and 𝛼

0
can

be obtained, where 𝑦 = 0, the intercept is 𝜇
0
, and the

slope of the line is 1/𝛼
0
.

(7) Substitute the two parameters 𝜇
0
and 𝛼

0
into (9), and

obtain 𝜇
𝑑
and 𝛼
𝑑
, which are the two parameters of the

extreme value distribution in the specific reference
period.

(8) Substitute the two parameters 𝜇
𝑑
and 𝛼

𝑑
into (3) and

(4) to obtain the extreme value distribution of the
vehicle load in the specific reference period, which
can yield the requisite extreme value for each demand
guarantee rate.

According to the standards of China specifications for
the design of highway bridges and culverts [1], the maxi-
mum vehicle load distribution from one day is used as the
maximum vehicle load distribution for one year, assuming
that observations are made only one day per year. Thus, the
maximum vehicle load distribution from a design reference
period of 𝑇 years can be substituted by the maximum
vehicle load distribution from 𝑇 days. Accordingly, based on
the classic extreme value theory, it can be considered that
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Table 5: Fatigue load spectrum for urban expressway bridges.

Type of vehicle Total axles Vehicle parameters
(axle weight, t; axle space, m) Total weight (t) Frequency as a percentage

of traffic volume (%)
M1 2 (3.30)a [5.23]b (8.49) 11.79 16.43
M2 3 (4.79) [2.10] (5.63) [5.75] (14.57) 25.00 0.55
M3 3 (8.82) [5.07] (18.38) [1.54] (18.89) 46.09 0.60
M4 4 (7.45) [2.52] (10.35) [5.34] (17.77) [1.40] (18.22) 53.79 1.25

M5 5 (5.72) [3.73] (13.78) [6.60] (12.76) [1.43] (11.90) [1.35]
(12.35) 56.50 0.34

M6 6 (5.00) [2.60] (7.77) [2.19] (11.78) [6.74] (11.89) [1.38]
(11.54) [1.37] (12.57) 60.55 0.35

Amount to 19.52
aFigures in parentheses represent the equivalent axle weight.
bFigures in square brackets represent the equivalent axle space.

the extreme value distribution of the daily measured vehicle
load follows an extreme value type I distribution, so the
extreme value distribution of the vehicle load in a specific
reference design period can be obtained.

By extracting the daily extreme measured vehicle load
values for the urban expressway, parameters 𝛼

0
= 0.0902 and

𝜇
0
= 88.0879 can be obtained using the procedure described

above by parameter fitting estimation. Thus, the parameters
𝛼
𝑑
= 0.0902 and 𝜇

𝑑
= 139.1465 can also be obtained. Using

the 0.95 fractile of 𝐹
𝑋,max(𝑥) as the design vehicle load for

urban expressway bridges, 𝑥
0.95

= 172.08 tons.

4. Fatigue Load Model

In the current conditions of increasing traffic loads, the
effects of fatigue on bridge components have become increas-
ingly prominent. However, fatigue load modeling research
is progressing slowly in China. In our study, we obtained
the vehicle type classification based on the actual traffic
flow, analyzed the GVW statistical characteristics, the axle
weight and axle space, and produced a probability model to
describe theGVWdistribution.However, it is very difficult to
apply these models to engineering applications where fatigue
design is required. Therefore, it was necessary to simplify
the vehicle load statistical model we established. Based on
published methods [5, 21], we developed a practical method
for establishing the vehicle load spectrum as follows.

(1) Vehicles with gross weights of <3 tons are ignored
because these vehicles have little effect on bridge
fatigue. Thus, only trucks are considered.

(2) Based on an assumption that the vehicle axle weight
and stress amplitude have a linear relationship, the
axle weight of each axle for a vehicle model can
be determined according to the equivalent fatigue
damage theory. The equivalent gross weight of the
vehicle model is the sum of the equivalent axle
weights.Thus, the equivalent axle weight is calculated
by

𝑊
𝑒𝑗
= [∑𝑓

𝑖
⋅ 𝑊
𝑚

𝑖𝑗
]
1/𝑚

, (10)

where𝑊
𝑖𝑗
is the axle weight of the 𝑗th axle for the 𝑖th

vehicle in the same vehicle class,𝑊
𝑒𝑗
is the equivalent

axle weight of the 𝑗th axle of the vehicle model, 𝑓
𝑖
is

the relative frequency of the 𝑖th vehicle of the vehicle
model 𝑓 = 𝑛/𝑁,𝑁 is the total number of vehicles of
the same type, 𝑛

𝑖
is the number of the 𝑖th vehicle, and

𝑚 is the material constant determined by the curve,
where𝑚 = 3 for steel structures.

(3) The axle spaces are calculated by

𝐴
𝑗
= ∑𝑓

𝑖
⋅ 𝐴
𝑖𝑗
, (11)

where 𝐴
𝑖𝑗
is the axle weight of the 𝑗th axle of the 𝑖th

vehicle in the same vehicle class and𝐴
𝑗
is the 𝑗th axle

space of the vehicle model.

Based on the axle weights and axle spaces of 10 typical
vehicle types, six equivalent vehicle models can be obtained
using (10) and (11), as shown inTable 5.M1 are 2-axle vehicles;
M2 and M3 are 3-axle vehicles; and M4, M5, and M6 are
4-axle, 5-axle, and 6-axle vehicles, respectively. Although
M2 and M3 are 3-axle vehicles, their axle spaces are quite
different, which leads to different stress amplitude and cycle
numbers, so M2 and M3 are classified into two models.

Table 5 shows that the number of vehicles with effects on
bridge fatigue accounted for only 19.52% of the traffic volume,
which is similar to the previously reported figure of 20.17%
[5], although different from the level of 49.94% reported in
another study [21]. This is because the former two studies
were based on the vehicle fatigue load spectrum of urban
bridges, whereas the latter was based on highway bridges,
which received larger numbers of trucks. The equivalent axle
weightwas significantly greater than that reported in previous
studies [5, 21], especially for M2, M3, andM4 (approximately
double), which indicates that the overweight problem was
severe on the expressway where the measurements were
obtained. The gross weights estimated by the models were
higher and they exceeded the weight limits, except forM1 and
M2.
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5. Conclusion

(1) Based on the axle weight, axle space, and axle type,
10 representative vehicle types were classified on an
urban expressway, where 2-axle heavy trucks (V22)
and 2-axle motorbuses (V23) comprised the majority,
which also reflected the typical characteristics of
urban road traffic.

(2) TheGVWswere subjected to a statistical analysis.The
GVW coefficients of variation were all >1.0, which
indicated the discrete features of the truck loads. The
GVW probability distribution followed a three-class
mixed lognormal distribution.

(3) Given the daily extreme values of the measured data,
an improved Gumbel method was used instead of
the parent distribution to determine the extreme
value distribution of the vehicle loads in a specific
reference period. Thus, we determined the extreme
value distribution of the vehicle loads for urban
expressway bridges over a 100-year design reference
period and the vehicle loads (0.95 fractile) for use in
new bridge design.

(4) Based on the field measurements, six equivalent
fatigue vehicle models were established for urban
expressway bridges according to the equivalent dam-
age theory, where 19.52% of the vehicles contributed
to fatigue effects on the bridges. The axle weights
and gross weights were relatively large in this fatigue
model, and some of the gross weights were not within
the weight limits.
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This study is to develop simplified reliability estimation for optimum strengthening ratio of T-beam railway bridge strengthened
by CFRP strip. Until now, strengthening design has been usually proceeded to satisfy the target load-carrying capacity by using the
deterministic parameter of nominal property for concrete or FRP. For the optimum strengthening design, however, it is required
that reliability-based strengthening design should be applied to effectively determine the amount of strengthening material and
make sure of the safety of the structure. As applying the reliability-based strengthening ratio, more reliable strengthening design
using CFRP strip is possible as well as having a structural redundancy. The reliability-based strengthening design methodology
suggested in this study is able to contribute the optimum strengthening design for a concrete structure strengthened by CFRP strip.

1. Introduction

FHWA 2009 [1] reported that many existing reinforced con-
crete bridges, especially superstructures, have consistently
experienced deteriorations with significant loss of load-
carrying capacity. As the national budget is decreased for
the new construction, the repair and strengthening needs
have beenmajor consideration inmaintenance field of infras-
tructure. In the last decade, the conventional strengthening
materials have been replaced with fiber reinforced polymer
(FRP) materials for strengthening of the deteriorated con-
crete structures. Among these FRP strengthening material
forms, FRP laminate and sheet are widely applied on the
surface of the structure to be strengthened by the externally
bonded reinforcing (EBR) technique. For this strengthening,
however, the previous researches have raised several kinds of
problems that the EBR technique cannot sufficiently transfer
tensile strength of the FRP materials to concrete member,
due to their premature debonding [2]. Near surface mounted
(NSM) strengthening technique has many advantages for

improving the structural capacity over a conventional ERB
strengthening: less site installation work, better bonding
and structural performance, and more effective mainte-
nance point of view. For these reasons, many experimental
researches have suggested that NSM-FRP strengthening is
one of themost reliable strengthening techniques for concrete
structures [3–5]. Although EBR technique needs additional
external protection against either the fire attack or an unex-
pected collision the NSM strengthening technique provides
better protection in disaster situations than conventional EBR
[6] methods.

Also NSM using FRP strips has substantially better
bond resistance because it can be embedded in an adhesive
entirely within the narrow groove of the substrate concrete.
This advantage of FRP strips for bonding performance was
previously demonstrated by Soliman et al. [7]. In amonotonic
load test, theNSMCFRP strip demonstrated better anchorage
than the EBR CFRP strips [8, 9].

Although many studies for FRP strengthening have
been conducted previously, there are few studies to suggest
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Figure 1: Standard train load in Korea (LS-18, LS-22).

the strengthening guideline, such as a strengthening ratio,
by applying a probabilistic and reliability analysis. This
is important because of the uncertainty for material and
structural point of view on the FRP strengthening method.
A parametric study of GFRP rebar for design factors such
as cross-sectional dimension, GFRP, and concrete strength
[10] is conducted. Another research is carried out a reli-
ability assessment of an FRP-strengthened concrete beam
by Chinese codes [11]. A parametric study on the effects of
influencing factors on average reliability level shows that load
effect ratio and concrete strength are the first two dominant
influencing factors among all design variables. For design
concepts, the conventional ultimate strength design (USD)
method is changed to limit state design after 2015 in Korea.
Therefore, safety and reliability for all structures will be
regarded widely, as well as the strengthening of concrete
structures.

This study aims to propose the reliability-based determi-
nation procedure on the strengthening ratio of a deteriorated
concrete girder with CFRP strips, which has advantages for
the full composite performance with concrete members. The
target bridge in this study is a double T-beam railway bridge
originally designed by LS-18 (an old type of design load for
a railway bridge in Korea). Therefore, it is required that the
target bridge should satisfy the present design load (LS-22)
and enhance the design speed, with the high speed era in the
future. In order to assess the optimal strengthening ratio for
the target bridge in this study, the CFRP strip strengthening
method was analytically applied to the target bridge.

NSM strengthening technique is more effective for
enhancing flexural capacity of railway bridge in case vibration
of train traffic due to its superior bond performance. The
goal of this study was to calculate the reliability-based
strengthening ratio of the concrete beams strengthened by
NSM using CFRP strips by applying the reliability index
for bridge design. FE analysis, on the deteriorated and then
strengthened bridge, was performed using the design railway
load in the Korea railway specification. FEM analysis was
also used to estimate the amount of steel reinforcements of
the target bridge, due to the absence of structural design
information of this aged bridge. To consider the structural

uncertainties of the strengthening method, the probability
and reliability analysis were performed with Monte Carlo
simulation (MCS). Finally, the reliability-based strengthen-
ing ratio which satisfies the reliability index for the structural
design (𝛽 = 3.5) is estimated with the structural redundancy
for the target design strength. Finally, it is suggested that
the strengthening procedure of the applied probabilistic and
reliability approach is a reasonable strengthening design
method.

2. Estimation of the Unknown Property of
Target Bridge

The target bridge is a simply supported railway bridge in
Korea, which was built for the design load of LS-18 in 1982. In
Design Specification of Railway ofKorea [15], standard design
load is categorized as LS-18 restricted to 120 km/hr and LS-22
for high speed railway, as depicted in Figure 1. Actual speed
and dynamic behavior on the LS-18 train weremonitored and
analyzed by [16].

Figures 2 and 3 show the typical cross-section and
longitudinal view of the RC T bridge.

There are some recent diagnosis techniques [17–19]. For
this bridge, conventional inspection method was applied.
Some of deterioration defects, such as cracks, efflorescence,
steel corrosion, and concrete segregation, were visualized by
inspection. Whereas the compressive strength of concrete is
40.8MPa, the strength of steel rebar is not verified from the
field inspection.

To evaluate the requirement of strengthening amount, a
load-carrying capacity or flexural stiffness for the structural
condition in service mode should be investigated. Due to
the characteristics of this railway bridge, dynamic tests for
structural evaluation were performed using in-field moni-
toring data for the train loads passing the target point [16],
with structural stiffness as the main indicator of structural
condition. For this, acceleration data was monitored and
compared with an RC bridge with a similar span length and
size. According to Hwang et al. [16], the acceleration of the
target bridge was shown to be over 0.4 g (1 g is 980 cm/s2, gal)
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when the train passed. In Europe, it is recommended that
the acceleration should be under 0.35 g for the prevention
of turbulence on the railway in service [20, 21]. Thus, high-
level acceleration in service is considered proof of structural
performance degradation and the appropriate strengthening
means to satisfy the serviceability limit are required. To
solve the vibration problem, strengthening by FRP composite
can enhance the structural stiffness [22, 23]. For another
strengthening need, structural condition was recorded as
C-grade after an in-depth inspection conducted in 2003
[24]. During the bridge’s 30 years of service time, structural
materials such as concrete and steel reinforcement have
possibly deteriorated. Therefore, the target bridge should be
treated with structural upgrade maintenance. In this study,
FRP strip strengthening of the deteriorated target bridge

is an effective strategy, and the strengthening ratio—the
most significant factor for the strengthening design—will
be suggested through a reliability analysis of material and
structural uncertainties using a reliability index.

To assess the amount of adequate strengthening ratio to
satisfy the requirement, the unknown reinforcement ratio of
steel rebar should be reasonably estimated. Structural analysis
on the target bridge without the steel rebar was initially
performed to calculate external flexuralmoment subjected by
LS-18 design loads.The structuralmodeling and analysis were
conducted by commercial FEA program [25]. The bridge
model was built by plate and solid elements, the dead load like
gravel, rail was excepted. Figure 4 shows the analysis results
of external flexural moments for dead and live loads. The
design load factors for dead and live loads were based on the
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Figure 4: FE analyses for dead and live loads.

design specification of railway of Korea and were 1.4 and 2.0,
respectively.

The design flexural moment by FE analysis was calculated
as 761.0 kN⋅m. With this moment capacity, the area of steel
rebar can be estimated as 1,718mm2 by the moment equi-
librium equation for the rectangular beam with an effective
width of slab.

3. Limit State Function and Safety Index

3.1. Limit State Function. The conventional performance
function for flexural capacity of the bridge cross-section
consists of 𝑅,𝐷, and 𝐿, where 𝑅 is strength resistance or load
carrying capacity,𝐷 is dead load effect, and𝐿 is live load effect
including impact [26]. For consideration of the limit state, the
limit state model to express railway by Cho et al. [27] was
adapted and followed as

𝑔 (⋅) = 𝑅 − (𝑆
𝐷
+ 𝑆
𝐿
) , (1)

where 𝑅 is structural resistance and 𝑆
𝐷
and 𝑆
𝐿
are dead and

live load effect, respectively. 𝑅, 𝑆
𝐷
, and 𝑆

𝐿
are reexpressed as

follows:
𝑅 = 𝑅

𝑛
⋅ 𝐷
𝐹
⋅ 𝑁
𝑅

𝑆
𝐷
= 𝐶
𝐷
⋅ 𝐷
𝑛
⋅ 𝑁
𝐷

𝑆
𝐿
= 𝐶
𝐿
⋅ 𝐿
𝑛
⋅ 𝐾
𝑆
(1 + 𝑖) ⋅ 𝑁

𝐿
,

(2)

where 𝑅
𝑛
is estimated nominal strength of undamaged

structures (flexural moment or shear force), 𝐷
𝐹
is damage

coefficient, 𝑁
𝑅
is uncertain parameter when 𝑅

𝑁
and 𝐷

𝐹
are

estimated,𝐶
𝐷
and𝐶

𝐿
are the effect factor of flexural moment

and shear force for dead and live loads, 𝐷
𝑛
and 𝐿

𝑛
are the

nominal dead and live loads, respectively, 𝐾
𝑆
is the response

ratio (Calculation/Measure), 𝑖 is the impact factor, and 𝑁
𝐷

and𝑁
𝐿
are the calibration factors of 𝐶

𝐷
and 𝐶

𝐿
, respectively.

𝑁
𝑅
can be calculated by P⋅M⋅F⋅D: P for uncertainties of

estimation for analytical model,M formaterial strength, F for
fabrication, andD for damage factors. In this study, structural
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Figure 5: Compatibility diagram of strain and strength of the cross-section for strengthening.

failure denotes the state when the theoretical flexural capacity
is reached. Failure occurs if the function𝑔 is less than or equal
to zero.

As depicted in Figure 5, the resistancemoment (𝑀
𝑛
) used

in this reliability analysis is calculated by (3) to (6) according
to the recommendations from ACI Committee 440 [28] and
Bank [29]. In this study, the damage factor 𝐷

𝑓
was newly

applied in the steel rebar terms in (5):

𝐶
1
+ 𝐶
2
= 𝑇
1
+ 𝑇
2 (3)

0.85𝑓


𝑐
𝛽
1
𝑏
𝑒
𝑐 + 𝐴


𝑠
𝑓


𝑠
= 𝐴
𝑠
𝑓
𝑠
+ 𝐴
𝑓
𝑓
𝑓

(4)

𝑀
𝑛
= 𝐷
𝑓
𝐴
𝑠
(𝑑
1
−
𝛽
1
𝑐

2
) + 𝜓frb𝐴𝑓𝑓𝑓 (𝐻 −

𝛽
1
𝑐

2
) (5)

𝑀
𝑢
≥ Φ𝑀

𝑛
, (6)

where 𝐴
𝑠
is area of tensile steel bar (mm2), 𝑓

𝑠
is tensile

stress of steel bar (400MPa), ℎ is total height (1,250mm),
𝑑
1
is effective depth of tensile steel bar (1,200mm), 𝑑

2
is

effective depth of CFRP strip (1,220mm), 𝑑 is effective depth
of compressive steel bar (50mm), 𝐴

𝑓
is area of CFRP strip

(mm2), 𝑓
𝑓
is effective strength of CFRP strip (𝑓fu,ave − 3𝜎,

MPa), 𝜓frp is environmental reduction factor (0.85), Φ is
strength reduction factor (0.85), 𝑓

𝑐
is compressive strength

of concrete (41MPa), and 𝑏
𝑒
is effective width of rectangular

beam (1,900mm). 𝐷
𝑓
means the damage factor assumed in

the reliability analysis (Table 4).
In the case of failure mode of a concrete beam externally

bonded with CFRP materials, except in a premature failure
case, the following four failure modes are classified represen-
tatively:

(1) steel yielding and concrete compressive failure before
CFRP rupture;

(2) steel yielding and CFRP rupture after concrete com-
pressive failure;

(3) CFRP rupture and concrete compressive failure
before steel yielding;

(4) concrete compressive failure before steel yielding and
CFRP rupture.

Among the Cases 1∼4, Cases 3 and 4 are typical
overstrengthening failure, which leads to brittle failure of
strengthening beams. Cases 1 and 2, however, would result
in ductile failure, rather than that of Cases 3 and 4. For rea-
sonable failure cases, Case 1) is more suitable for preventing
the brittle failure because concrete compressive failure is less
brittle than that of CFRP strip. Balanced failure means that
a strengthened concrete member fails simultaneously with
concrete compressive failure and CFRP rupture.

Structural safety can be conveniently calculated with
respect to the reliability index 𝛽 as follows:

𝛽 =

𝜇
𝑔

𝜎
𝑔

. (7)

The variables 𝜇
𝑔
and 𝜎

𝑔
are the terms of the mean and stan-

dard deviation of the performance function 𝑔, respectively.
The reliability index for flexural capacity after strengthening
is calculated based on the effective cross-section of the target
bridge with the amount of CFRP strip required to satisfy the
strength for NSM strengthening. In this study, the reliability
index is computed by the Rackwitz-Fiessler algorithm [30].

3.2. Computational Uncertainty Factors (𝐾
𝑠
). The computa-

tional uncertainties, 𝐾
𝑠
, are adapted to be considered in pre-

dicting resistance. The statistics for randomness are defined
based on analytical results or test results. Some analytical and
test results are introduced by a literature review of previous
research papers for reliability analysis [10]. In this study, it
is assumed that statistics of the computational uncertainty
factor in concrete crushing mode are effective to estimate
the strengthening ratio by reliability analysis.Thus, from data
from a total of 91 specimens, 1.061 of mean value and 0.09 of
standard deviation resulted. The following equation denotes
the computational uncertainties in this analysis:

𝐾
𝑠
=

𝑀
𝑈,exp

𝑀
𝑈,pre

. (8)

3.3. Damage Factor. Cho et al. [31] have theoretically defined
that the damage factor is the ratio of stiffness for a non-
damaged structure to a damaged structure. For quantitative
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Figure 6: A procedure for determining the reliability-based strengthening ratio of CFRP strip with a target reliability index of 3.5.

approaches, it can be calculated by using the ratio of power
of natural frequency for a damaged structure to that for
a nondamaged structure. In actual state, however, it is not
asserted that this ratio can directly represent the degree
of damage. Estimating the damage factor is hard to be
determined without the plentiful history data so that the
damage factor in this study is assumed by previous research
[29]. Therefore, the average of damage factor is ranged from
0.6 to 0.9 anduncertainty of damage factor is considered from
0.1 to 0.3 of coefficient of variation. With this statistical data,
the probability and reliability analysis are carried out and a
result of sensitive analysis for the variation of damage factor
is discussed.

4. Characteristics of Random Variables

For reliability analyses, the statistics of random variables are
defined in advance. There are three variables considered in
this analysis: external load for dead and live ones, material
strength of concrete, steel rebar and CFRP strip, and design
of cross-section.

In the reliability analysis for structural safety, it is essential
that the load effect must be considered by combining the
variability of loads, dead and live loads. A related study was
conducted and suggested the load and resistance factors for
RC concrete design [32]. Table 1 shows the statistics of the
load effect for dead and live load for reliability analysis [33].
Among these, mean value is the external moment resulting

from FE analysis to the target bridge, and load factor is based
on the KR specification.

The statistics of resistance-related variables such as 𝑓
𝑐
, ℎ,

and 𝑑 listed in Table 2 are adopted from Ellingwood [32].
Also included in Table 2 are the statistics of the strength of
CFRP strip (𝑓fu) for Barros and Fortes [34] and of the width
(𝑏) of T-beam for Oh et al. [13]. In the case of the nominal
value of ℎ and 𝑑, the real dimension of the cross section in
the target bridge is used. For steel rebar, statistics from many
of tensile tests are summarized in Table 3 [35]. As compared
with Grade series by ASTM A 165, SD30, SD35, and SD40
rebar considered in the reliability analysis showed relatively
better coefficient of variation. The probability distribution
was considered as normal type. In this study, statistics of
SD40 in Korea were adopted in reliability analysis.

5. Reliability-Based Strengthening Ratio of
CFRP Strip

5.1. Target Safety Index in Reliability Analysis. This study
is to calculate the reliability-based strengthening ratio of
CFRP strip to the existing railway bridge, which has struc-
tural uncertainties. Therefore, it is important to define how
much structural safety should be acquired. This is simply
determined by using the reliability index, or the target safety
factor, 𝛽, in the load and resistance analysis. Previous study
has shown that 𝛽 values of 2.5∼3.0 and 3.0∼3.5 were used



Mathematical Problems in Engineering 7

Table 1: Result of FEM analysis for external railway load.

Probability distribution Mean/Nominal Mean COVa Load factor
Dead load Normal 1.05 180.0 kN⋅m 0.1 1.4
Live load Lognormal 1.00 580.8 kN⋅m 0.2–0.4 2.0
aCOV: coefficient of variation.

Table 2: Statistics of random design variables (I).

Design variable Nominal value Mean value Standard deviation Probability distribution
𝑓
𝑐

 (MPa) 41.34 46.16 1.94 Normal
𝑓fu (MPa)a — 2,790 85.7 Normal
𝑏 (mm)b 1,900 𝑏 + 0.94 6.0 Normal
ℎ (mm)c 1,250 ℎ − 3.05 6.35 Normal
𝑑 (mm)c 1,200 𝑑 − 4.70 12.70 Normal
aISO 527-3 (1997)[12], bOh et al. (1993) [13], ccross-sectional dimension of the target bridge.

Table 3: Statistics of random design variables (II).

Mean/Nominal COV Average strength Number of data Standard deviation Probability distribution
SD 30a 1.20 0.064 360.0 822 23.04 Normal
SD 35a 1.13 0.038 395.5 80 15.03 Normal
SD 40a 1.09 0.048 436.0 773 20.93 Normal
Grade 40b 1.13 0.116 317.0 — 36.72 Normal
Grade 60b 1.12 0.098 472.5 — 46.31 Normal
aKS D 3504.
bASTM A 615: Standard Specification for Deformed and Plain Carbon Steel Bars for Concrete Reinforcement-AASHTO No.: M 31 [14].

for tension failure and compression failure, respectively [36].
Kulicki et al. [37] proposed the target, or code-specified
reliability indices obtained from reliability analysis of a group
of 175 existing actual bridges designed by either ASD or LFD
method, and then suggested the range of values using the new
load and resistance factors. From this research, AASHTO
altered the reliability index to 3.5 when either a higher level
of safety or taking more risk was appropriate [38]. According
to the recent research [39], the target beta for beam is 3.5
for flexural strength of RC beams constructed with light
weight and normal weight concrete. In this study, the target
reliability index is determined with 3.5 and a reliability-based
strengthening ratio satisfying the probability index 𝛽 = 3.5
will be calculated.

5.2. Result of Reliability Analysis. To evaluate the reliability-
based strengthening ratio of the target bridge, the probability
distribution between the external load and structural resis-
tance from the limit state function was analyzed. A safety
margin was used and 𝛽

𝑇
= 3.5 of target reliability index was

specified by AASHTO [38]. Figure 6 is a process to calculate
strengthening ratio of CFRP strip by reliability analysis with
a reliability index of 3.5. FEM analysis should be conducted
to determine the external moment for dead and live loads.
Structural resistance is affected as when strengthening ratio
of CFRP strip is varied.Therefore, iteration process is needed
until safety margin of 3.5 of the strengthening bridge against
external load is acquired.
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Figure 7: Probability distribution curves for external load and
resistance.

Figure 7 is the probability distribution curves for external
load and resistance resulted from the reliability analysis.
For external loads, the probability distribution of LS-22
was additionally considered to investigate the how much
the strengthening effect of CFRP strips can decrease the
probability of failure compared LS-22 design load. 𝑄 means
the external load and 𝑅 is for the resistance moment.
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Table 4: Sensitive analysis for damage factor, standard deviation of damage factor, and live load effect.

Damage factor Standard deviation COV 𝜌CFRP at 𝛽𝑇 = 3.5 Live load moment Standard deviation COV
Case 1 0.7 0.14 0.2 0.000128 290.4 87.12 0.3
Case 2 0.8 0.16 0.2 0.000114 290.4 87.12 0.3
Case 3 0.9 0.18 0.2 0.000102 290.4 87.12 0.3
Case 4 0.8 0.08 0.1 0.000048 290.4 87.12 0.3
Case 5 0.8 0.16 0.2 0.000114 290.4 87.12 0.3
Case 6 0.8 0.24 0.3 0.000196 290.4 87.12 0.3
Case 7 0.8 0.16 0.2 0.000095 290.4 58.08 0.2
Case 8 0.8 0.16 0.2 0.000114 290.4 87.12 0.3
Case 9 0.8 0.16 0.2 0.000137 290.4 116.16 0.4
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Figure 8: Critical strengthening ratio of CFRP strip strengthened
by NSM.
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Strengthening effect is denoted as a case series. FEM analysis
was performed to calculate the external moment for LS-18
and LS-22 design railway load. For probability distribution of
LS-22, which is the present design load of railway in Korea,

probability characteristics for LS-18 were used in the same
way. In order to acquire the reliability-based strengthening
ratio for 𝛽

𝑇
= 3.5, the range of probability parameters was

roughly considered; then the final 5 cases for 𝜌cfrp from 0.0001
to 0.00013 were analyzed. Each probability distribution curve
is illustrated in Figure 7. Figure 8 is the result of reliability-
based strengthening ratio. According to the result of the
strengthening effect by probability distribution, the target
bridge strengthened by the CFRP strip strengthening ratio
resulting from the reliability analysis could be sufficiently
safe against the LS-22 present design railway load. As the
strengthening ratio of CFRP strip that could satisfy 𝛽

𝑇
= 3.5,

it was with 𝜌cfrp = 0.000114.

5.3. Sensitive Analysis for Three Important Parameters.
Figure 9 shows the result of sensitive analysis for three param-
eters such as damage factor, standard deviation of damage
factor, and live load effect. The CFRP strip strengthening
ratio resulting from the reliability analysis is plotted with
three important parameters. The purpose of this process is
to identify how sensitively the strengthening ratio will be
affected when the three parameters are varied independently.
The determination of the variation ranges of the parameters
was considered to simply but effectively apply the sensitive
characteristics. For live loads and damage factor, there were
similar degrees of sensitivity. Variation of COV of damage
factor, however, was more sensitive than that of the other
parameters. Itmight be concluded that COVof damage factor
largely affected to estimate the reliability-based strengthening
using about the CFRP strip. For more reliable estimation of
damage factor, many of structural diagnosis data should be
analyzed in future. Table 4 summarizes the input parameters
used in the sensitive analysis.

6. Conclusions

This study suggested the reliability-based strengthening ratio
for 30-year-old railway bridge using CFRP strips. Conclu-
sions are as follows.

(1) In previous strengthening schemes, it has been
uncertain to determine how much the strengthen-
ing effect should be required. The methodology for
the reliability-based strengthening ratio can improve
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these problems of the previous strengtheningmethod.
The target reliability index for CFRP strip strengthen-
ing is considered as 3.5 according to AASHTO spec-
ification. As using the reliability-based strengthening
ratio in this study,more effective strengthening design
to concrete structure, having a specified strength-
ening target as well as reflecting the structural and
material uncertainties, is possible.

(2) In the result of a sensitive analysis, variation of COV
for damage factor mostly affected to the reliability-
based strengthening ratio of CFRP strip. Therefore,
damage factor should be studied more properly on
the target bridge. This may be possible by analyzing
the database for long-term safety inspection history
and its reasonable quantification. Stabilization and
normalization processes of the damage factor are also
required.

(3) One of the important factors for determining the
safety margin against the resistance is external load
effect. In order to improve the reliability-based
strengthening ratio of CFRP strip in this study, uncer-
tainties for external load of a railway bridge should be
analytically and experimentally verified. This can be
solved by analyzing the acquired data from long-term
monitoring; then the reliability of the strengthening
ratio of CFRP strip will be promoted.
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Embedded cool-pipes are very important for massive concrete because their cooling effect can effectively avoid thermal cracks. In
this study, a data mining approach to analyzing the thermal performance of cool-pipes via in situ monitoring is proposed. Delicate
monitoring program is applied in a high arch dam project that provides a good and mass data source. The factors and relations
related to the thermal performance of cool-pipes are obtained in a built theory thermal model. The supporting vector machine
(SVM) technology is applied to mine the data. The thermal performances of iron pipes and high-density polyethylene (HDPE)
pipes are compared. The data mining result shows that iron pipe has a better heat removal performance when flow rate is lower
than 50 L/min. It has revealed that a turning flow rate exists for iron pipe which is 80 L/min.The prediction and classification results
obtained from the data mining model agree well with the monitored data, which illustrates the validness of the approach.

1. Introduction

Temperature is an important factor that affects massive
concrete structures’ health [1].When the volume of a concrete
structure is so large that it generates excessive heat and
associated expansions [2], which may lead to a risk of
temperature cracks, we can name it “massive concrete” [3, 4].
Postcooling measures, such as embedding cool-pipes, are
commonly included in the design to mitigate such effects.

The first significant application case of cool-pipes was in
a small experimental section of the Owyhee Dam in Oregon
in 1931, which was the tallest dam in the world at the time
of its completion [5]. The Bureau of Reclamation believed
the Owyhee experiment was successful and extended its
application in the construction of the Hoover Dam in 1936.
In every slab coil of 1-inch-thick-walled steel pipe running
water was embedded. More than 582-miles- (937 km) long
cool-pipes were placed within the concrete [5–7].The success
of bedding steel cool-pipes in the Hoover Dam made the
method as famous as the dam itself. The method has thus
been utilized in a number of large-scale massive concrete
projects [8–10] over the last 70 years.

Several researchers have carried out studies on the ther-
mal effect of cool-pipes [7, 8, 11–16]. The Bureau of Recla-
mation first studied a theory solution of long iron pipes [7].
Zhu and Cai have made a great effort to conduct calculation
for cool-pipes by using finite element methods [12, 14]. Much
research has focused on the calculation model and method
of cool-pipes based on assumptions (i.e., the pipe is straight;
heat transfer between pipe and concrete is constant) that
make the problem simple and solvable. However, during the
construction of amassive concrete structure, the heat transfer
process is very sophisticated.The cool-pipes are embedded in
multiple U-shapes and the heat transfer between fluid (water)
and solid (pipe) is very complicated. A recent study pointed
out that the convection coefficient cannot be considered
constant [13]. So study of in situ thermal performance of cool-
pipes is needed, which can help us acknowledge the thermal
mechanism of cool-pipes well.

To the knowledge of the authors, few studies have
reported the statistics of the thermal performance of cool-
pipes in actual concrete engineering studies, based on real
measured data, especially for large-scale projects. An impor-
tant reason for this scarcity is the lack of adequatemonitoring
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measurements and detailed field data analysis. Fortunately, a
285m high arch dam project under construction gives a per-
fect opportunity to conduct the work. During the construc-
tion period of the dam, the temperature and the flow of
every cool-pipe in every slab are monitored. A large amount
of data is produced; we implement data mining of thermal
performance of cool-pipes in this paper.

Many mathematical methods can be employed in data
mining [17–27]. Support vector machine (SVM) is a novel
machine learningmethod developed on the basis of statistical
learning theory [28, 29]. It is one of themost popularmethods
for pattern recognition, regression estimation, and time series
prediction problems [30]. A typical process of SVM training
can be summarized into four steps as follows [31]: selecting
kernel function, selecting the smoothing parameters of the
kernel function, choosing penalty factor, and solving the
quadratic problem. It has been shown that compared with
other machine learning methods, such as artificial neutral
network, SVM not only is easier to use [32] but also leads
to higher accuracy and robustness. For specific cases, it
converges 10 to 100 times faster in training [33, 34].

Our paper is organized as follows: Section 2 describes the
delicate thermal monitoring program, including the temper-
ature measurement of concrete, inlet-outlet temperature, and
flow of cool-pipes. Section 3 shows the establishment of the
thermal model to guide the data mining. Section 4 describes
the SVMmethod and its relevant concepts. Section 5 presents
the details of the monitoring database and a developed
automatic data mining program flow. Section 6 provides the
data mining results, including the calibrated parameters,
numerical model to predict outlet cool-pipe temperature, the
evaluation of the thermal performance, and pipe material
classification. And Section 7 provides our conclusions.

2. In Situ Monitoring

2.1. Engineering Description. Xiluodu Dam is located in the
middle of the Jinsha River, Yunnan Province in Southwest
China. It is designed as an arch dam with a maximum
height of 285.5m and a crest length at the top of 680m [8].
Based on the project plan, the amount of concrete utilized
was estimated to be 1315 × 104m3 during the construction
period from 2009 to 2014. The rear view of the dam being
constructed is shown in Figure 1.

Across the river flow direction, the dam is divided by
31 monoliths [35]. Vertically, each monolith consists of a
number of slabs poured at different times. Figure 2 shows the
slab zoningmap. Each slab is individually poured in a formed
hexahedron block with a vertical thickness of 3.0m or 1.5m.
The first slab was poured on March 27, 2009, and 2158 slabs
altogether had been placed byDecember 2013.These slabs are
themain study objects of the research presented in this paper.

Cool-pipes were horizontally embedded in every slab
to control the concrete temperature properly. Circulating
water was supplied via two large cooling water units, which
could stabilize the supply temperature at a constant level on
demand. Considering that water temperature increases along
the flow direction, the flow direction was changed twice a

Figure 1: Picture of the dam under construction.

day to make the concrete temperature field more uniform.
Iron pipes and high-density polyethylene (HDPE) pipes are
employed in this project.

2.2. In Situ Thermal Monitoring Setup

2.2.1. Concrete Temperatures. Since the start of the dam con-
struction, digital temperature sensors were installed during
the pouring of every concrete slab. Staggered cool-pipes
were vertically embedded every 1.5m (i.e., two layers in a
3.0m thick slab). The sensors were vertically positioned in
the middle of two cool-pipe layers, as shown in Figure 3.
Concrete temperature was measured and recorded for four
or five times per day.

2.2.2. CoolingWater Temperatures and Flows. Figure 4 shows
the schematic layout of the cool-pipes in one slab. Faucets
were connected to both ends of each cool-pipe. By letting
water run from the tap, the inlet and outlet temperatures of
the cool-pipes were measured using a mercury thermometer
and recorded four or five times per day. At one end of every
pipe, one water meter was installed (Figure 4). The cooling
water flow rate was measured and recorded.

3. Thermal Model

A simplified thermal model of cool-pipe and concrete is
sketched in Figure 5. Water flows through a pipe whose wall
clings to the concrete. Heat transfer per unit time is discussed
below.

The heat energy loss from water per unit length, which is
denoted as 𝑄

𝑤
, can be expressed as follows:

𝑄
𝑤
= 𝜌
𝑤
𝐶
𝑝,𝑤

𝑑𝑇
𝑤
𝑢𝐴
𝑝
, (1)

where 𝜌
𝑤
is the density of the water, 𝐶

𝑝,𝑤
is the specific heat

capacity of water, 𝑇
𝑤
is the water temperature, 𝑑𝑇

𝑤
is the

temperature difference along the pipe (per unit length), 𝑢 is
the water velocity, and 𝐴

𝑝
is cross section area of the pipe.

The heat energy income for the concrete per unit length,
which is denoted as 𝑄

𝑐
, can be calculated by Newton’s law of

cooling, which is also called the Robin boundary condition

𝑄
𝑐
= 𝑘 (𝑇

𝑐
− 𝑇
𝑤
) 𝑑𝐴
𝑐
, (2)

where 𝑘 is the heat transfer coefficient between water and
concrete, 𝑇

𝑐
is the concrete temperature, and 𝐴

𝑐
is the con-

tact area of pipe wall per unit length.
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Figure 2: Zoning map of slabs.

Cool-pipe

Slab interface

Slab interface

1
.5
0

m
1
.5
0

m
1
.5
0

m

0
.7
5

m

Slab 3

Slab 1

Slab 2

1.50m

Temperature sensor

Figure 3: Staggered embedding configuration of cool-pipes and
temperature sensor installed locations.

𝐴
𝑝
and 𝐴

𝑐
can be further expressed by the geometry

property of the pipe

𝐴
𝑝
=

1

4
𝜋𝐷
2

𝑑𝐴
𝑐
= 𝜋𝐷𝑑𝐿,

(3)

where 𝐷 is the diameter of the pipe and 𝐿 is the length of the
pipe.

Propose that 𝑇
𝑐
is constant along the pipe and let Δ𝑇

represent (𝑇
𝑐
− 𝑇
𝑤
). The differential of 𝑇

𝑤
can be regarded

as the differential of Δ𝑇:

𝑑Δ𝑇 = 𝑑 (𝑇
𝑐
− 𝑇
𝑤
) = −𝑑𝑇

𝑤
. (4)

Based on the conservation of energy, 𝑄
𝑤

= 𝑄
𝑐
. We can

obtain that

1

4
𝜋𝐷
2
𝐶
𝑝,𝑤

𝜌
𝑤
𝑢 (−𝑑Δ𝑇) = 𝑘Δ𝑇𝜋𝐷𝑑𝐿. (5)

Integrating (5) along the whole pipe gives

ln
Δ𝑇out
Δ𝑇in

=
−4𝑘

𝐶
𝑝,𝑤

𝜌
𝑤
𝐷

𝐿

𝑢
, (6)

where subscripts in and out represent the inlet and outlet of
the pipe, respectively. If the inlet status of the water pipe is
known, the outlet water temperature can be determined by
the following equation:

(𝑇
𝑐
− 𝑇
𝑤-out) = (𝑇

𝑐
− 𝑇
𝑤-in) exp(

−4𝑘

𝐶
𝑝,𝑤

𝜌
𝑤
𝐷

𝐿

𝑢
) . (7)

Temperature rise along the pipe 𝑇
𝑤-out−𝑇𝑤-in is an impor-

tant indicator which directly gives the total energy loss of
water. It can be obtained by (7):

𝑇
𝑤-out − 𝑇

𝑤-in = − (𝑇
𝑐
− 𝑇
𝑤-in) + (𝑇

𝑐
− 𝑇
𝑤-out)

= (𝑇
𝑐
− 𝑇
𝑤-in) [exp(

−4𝑘

𝐶
𝑝,𝑤

𝜌
𝑤
𝐷

𝐿

𝑢
) − 1] .

(8)

The physical properties of the water, 𝐶
𝑝,𝑤

and 𝜌
𝑤
, are

constant in usual environment conditions. 𝑘 is determined
by the pipe material. In engineering cases, the diameter of a
pipe material is always fixed. In China’s dam projects 𝐷 for
HDPE pipe and iron pipe are 32mm. Let 𝑇∗

𝑤
denote
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Figure 4: Schematic diagram of the cool-pipes layout.

𝑇
𝑤-out − 𝑇

𝑤-in and 𝑇
∗

𝑤
can be seen as the function of some

parameter as follows:

𝑇
∗

𝑤
= 𝑓 (Δ𝑇in, 𝑢, 𝑘, 𝐿) . (9)

With 𝑇
∗

𝑤
known, the absorbed heat power by cool-pipe,

which is denoted as 𝑃, can be calculated by the following
equation:

𝑃 = 𝜌
𝑤
𝐶
𝑝,𝑤

𝑇
∗

𝑤
𝑞
𝑤
, (10)

where 𝑞
𝑤
= 𝑢𝐴
𝑝
is the flow rate of the cooling water.

Actually, the thermal process between the concrete and
the cool-pipe is very complex, which has some differences
with the theory model proposed above.

(1) Different pipe materials have different 𝑘 values. The
value of 𝑘 is hard to determine and may change with
flow states.

(2) Concrete temperature is not constant along the pipe.
(3) Pipe is embedded in multiple U-shapes like a long

crawling snake, not in a straight line.

But (9) can give a good guide for us to conduct data
mining, which tells us that 𝑇∗

𝑤
is relevant with the inlet

temperature difference (Δ𝑇in), cooling water flow speed (𝑢),
pipe length (𝐿), and the pipe material (𝑘).

4. Data Mining Model

4.1. SVM Classification. For a classification problem of two
classes, a set of sample data 𝑆 is given as

𝑆 = {(x
1
, 𝑦
1
) , (x
2
, 𝑦
2
) , (x
3
, 𝑦
3
) , . . . , (x

𝑛
, 𝑦
𝑛
)} , (11)

Concrete

WaterD

dL

Flow direction

AP = 𝜋D
2/4 Ac = 𝜋DdL

Figure 5: Schematic diagram of cool-pipe.

where x
𝑖

∈ R𝑑 (𝑖 = 1, 2, . . . 𝑛) is a 𝑑-dimensional input
vector and 𝑦

𝑖
∈ {−1, 1} (𝑖 = 1, 2, . . . 𝑛) is the classification

label. The object is to find a function 𝑓(𝑥) ∈ R𝑑 that can
separate the two classes with a margin as large as possible.
Linear estimation function to achieve the goals can be
expressed as follows:

𝑓 (x) = w ⋅ x + 𝑏 with w ∈ R𝑑, 𝑏 ∈ R, (12)

where w and 𝑏 are weight factors to be determined. Many
possible linear classifiers exist that can separate the data. As
shown in Figure 6, 𝐻∗ is the classifier plane, and H1 and H2
are the planes that cross the nearest data point and parallel
to the classifier plane (the sample points on H1 and H2 can
be called support vector). The basic idea of SVM is to find
an optimal plane that maximizes the classification margin
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Figure 6: Optimal hyperplane for classification.

between H1 and H2. One way to ensure this is to minimize
the norm of w [36], that is, ‖w‖2:

Minimize 1

2
‖w‖2

subject to: {
𝑓 (x
𝑖
) > 0, when 𝑦

𝑖
= 1, 𝑖 = 1, 2, . . . , 𝑛

𝑓 (x
𝑖
) < 0, when 𝑦

𝑖
= −1, 𝑖 = 1, 2, . . . , 𝑛.

(13)

The constraint condition of (13) can be expressed as

𝑦
𝑖
𝑓 (x
𝑖
) ≥ 1, 𝑖 = 1, 2, . . . , 𝑛. (14)

In particular cases, data of different labels cannot be
clearly separated. A set of slack variable {𝜉

𝑖
} is introduced

that measure the amount by which the constraints are vio-
lated, as shown in Figure 6. Equation (13) is then transformed
into the following form:

Minimize 1

2
‖w‖2 + 𝐶

𝑛

∑

𝑖=1

𝜉
𝑖

subject to: {
𝑦
𝑖
𝑓 (x
𝑖
) ≥ 1 − 𝜉

𝑖
, 𝑖 = 1, 2, . . . , 𝑛

𝜉
𝑖
≥ 0, 𝑖 = 1, 2, . . . , 𝑛,

(15)

where 𝐶 is a penalty constant chosen a priori, which deter-
mines the cost of constraint violation. As is well known,
(15) is a quadratic programming optimization problem. The
method of Lagrange multipliers is a good strategy to find
the solution of an optimization problem considering the
constraint conditions. Solving (15) can be converted into
finding the saddle point of the following Lagrange function:

𝐿 (w, 𝑏, 𝛼) = 1

2
‖w‖2 + 𝐶

𝑛

∑

𝑖=1

𝜉
𝑖

−

𝑛

∑

𝑖=1

𝛼
𝑖
{[𝑦
𝑖
𝑓 (x
𝑖
)] − 1 + 𝜉

𝑖
} −

𝑛

∑

𝑖=1

𝜂
𝑖
𝜉
𝑖
,

(16)

where 𝛼
𝑖
≥ 0, 𝜂

𝑖
≥ 0 is the Lagrange factor.The saddle points

can be obtained by

𝜕𝐿

𝜕w
= 0 ⇒ w =

𝑛

∑

𝑖=1

𝛼
𝑖
𝑦
𝑖
x
𝑖

𝜕𝐿

𝜕𝑏
= 0 ⇒

𝑛

∑

𝑖=1

𝛼
𝑖
𝑦
𝑖
= 0

𝜕𝐿

𝜕𝜉
𝑖

= 0 ⇒ 𝐶 − 𝛼
𝑖
− 𝜂
𝑖
= 0

𝜕𝐿

𝜕𝛼
𝑖

= 0 ⇒ [𝑦
𝑖
𝑓 (x
𝑖
)] − 1 + 𝜉

𝑖
= 0.

(17)

Substituting (17) into (16) yields the dual optimization
problem:

max
𝛼
𝑖

𝑄 (𝛼
𝑖
) =

𝑛

∑

𝑖=1

𝛼
𝑖
−
1

2

𝑛

∑

𝑖=1

𝑛

∑

𝑗=1

(𝛼
𝑖
𝑦
𝑖
x
𝑖
)
𝑇
⋅ (𝛼
𝑗
𝑦
𝑗
x
𝑗
)

subject to: 0 ≤ 𝛼
𝑖
≤ 𝐶, 𝑖 = 1, 2, . . . , 𝑛

𝑛

∑

𝑖=1

𝛼
𝑖
𝑦
𝑖
= 0.

(18)

The solution 𝛼
∗

𝑖
for (18) can determine the optimal

parameter w∗:

w∗ =
𝑛

∑

𝑖=1

𝛼
∗

𝑖
𝑦
𝑖
x
𝑖
. (19)

With w∗, the optimal parameter 𝑏∗ can be obtained from
the boundary condition in (17), which can be written as
follows:

[𝑦
𝑖
(w∗x
𝑖
+ 𝑏
∗
)] − 1 + 𝜉

𝑖
= 0. (20)

The optimal hyperplane decision function can be finally
written as

𝑓 (x) = sgn (w∗ ⋅ x + 𝑏
∗
) . (21)

4.2. SVM Regression. Regression can also be performed by
SVM.The goal is to find a function 𝑓(x) that can achieve the
targets for all data points and is as flat as possible. By flat, we
mean a small w, which can generate a problem as follows:

Minimize 1

2
‖w‖2

subject to: 𝑦𝑖 − 𝑓 (x) ≤ 𝜀, 𝑖 = 1, 2, . . . , 𝑛,

(22)

where 𝜀 is a loss precision, which is employed to create an
intensive band near the regression line, as shown in Figure 7.
A double-set of slack variable {𝜉

up
𝑖
}{𝜉

down
𝑖

} is introduced to
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Figure 7: Intensive band of regression.

make the constraint more feasible. Equation (13) is then
transformed into the following form:

Minimize 1

2
‖w‖2 + 𝐶

𝑛

∑

𝑖=1

(𝜉
up
𝑖

+ 𝜉
down
𝑖

)

subject to:
{{

{{

{

𝑦
𝑖
− 𝑓 (x) ≤ 𝜀 + 𝜉

up
𝑖
, 𝑖 = 1, 2, . . . , 𝑛

𝑓 (x) − 𝑦
𝑖
≤ 𝜀 + 𝜉

down
𝑖

, 𝑖 = 1, 2, . . . , 𝑛

𝜉
up
𝑖
, 𝜉

down
𝑖

> 0.

(23)

Similar to classification, (23) can be converted into a
Lagrange function

𝐿 (w, 𝑏, 𝛼) = 1

2
‖w‖2 + 𝐶

𝑛

∑

𝑖=1

(𝜉
up
𝑖

+ 𝜉
down
𝑖

)

−

𝑛

∑

𝑖=1

𝛼
up
𝑖

{𝜉
up
𝑖

+ 𝜀 − [𝑦
𝑖
− 𝑓 (x)]}

−

𝑛

∑

𝑖=1

𝛼
down
𝑖

{𝜉
down
𝑖

+ 𝜀 − [𝑓 (x) − 𝑦
𝑖
]}

−

𝑛

∑

𝑖=1

(𝜂
up
𝑖
𝜉
up
𝑖

+ 𝜂
down
𝑖

𝜉
down
𝑖

) ,

(24)

where 𝛼
up
𝑖

≥ 0, 𝛼up
𝑖

≥ 0, 𝜂up
𝑖

≥ 0, 𝜂down
𝑖

≥ 0 is the Lagrange
factor. The saddle point of (24) is the solution of (23), which
can be obtained by

𝜕𝐿

𝜕w
= 0 ⇒ w =

𝑛

∑

𝑖=1

(𝛼
down
𝑖

− 𝛼
up
𝑖
) x
𝑖

𝜕𝐿

𝜕𝑏
= 0 ⇒

𝑛

∑

𝑖=1

(𝛼
up
𝑖

− 𝛼
down
𝑖

) = 0

𝜕𝐿

𝜕𝜉
up
𝑖

= 0 ⇒ 𝐶 − 𝛼
up
𝑖

− 𝜂
up
𝑖

= 0

𝜕𝐿

𝜕𝜉
down
𝑖

= 0 ⇒ 𝐶 − 𝛼
down
𝑖

− 𝜂
down
𝑖

= 0

𝜕𝐿

𝜕𝛼
up
𝑖

= 0 ⇒ 𝜉
up
𝑖

+ 𝜀 − [𝑦
𝑖
− 𝑓 (x)] = 0.

(25)

Substituting (25) into (24) yields the dual optimization
problem

max
𝛼
up
𝑖
, 𝛼

down
𝑖

𝑄 (𝛼
𝑖
) = −

1

2

𝑛

∑

𝑖=1

𝑛

∑

𝑖=1

(𝛼
up
𝑖

− 𝛼
down
𝑖

)

× (𝛼
up
𝑗

− 𝛼
down
𝑗

) x𝑇
𝑖
x
𝑗

subject to: 𝛼
up
𝑖
, 𝛼

down
𝑖

∈ [0, 𝐶]

𝑑

∑

𝑖=1

(𝛼
up
𝑖

− 𝛼
down
𝑖

) = 0.

(26)

The solution 𝛼
up,∗
𝑖

and 𝛼
down,∗
𝑖

for (25) can determine
the optimal parameter w∗,

w∗ =
𝑛

∑

𝑖=1

(𝛼
up,∗
𝑖

− 𝛼
down,∗
𝑖

) x
𝑖
. (27)

With w∗, the optimal parameter 𝑏∗ can be calculated
from the boundary condition in (25). Then the optimal
regression function can be finally obtained.

4.3. Kernel Function. Actually the algorithms in Sections 4.1
and 4.2 are specified in linear space. Either in classifica-
tion or regression problem, the input data x is projected
into 𝑦 by function 𝑓, which is built during training. Further-
more, 𝑓(x) = w ⋅x+𝑏 can be expanded into 𝑓(x) = w ⋅𝜑(x)+
𝑏 to solve more complicated problems, such as nonlinear
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(1) Create mesh grid of 𝜀, 𝐶, 𝛾.
(2) for 𝑖, 𝑗, 𝑘 in the searching grid do
(3) for𝑚 = 1 to 𝑉 do
(4) make 𝑆

𝑚
as the testing data set, and 𝑆

𝑖
(𝑖 = 1, . . . , 𝑚 − 1,𝑚 + 1, . . . , 𝑛) as the training data set

(5) do SVM with parameters of (𝜀
𝑖
, 𝐶
𝑗
, 𝛾
𝑘
), calculate the accuracy as 𝑎

𝑚

(6) end loop𝑚

(7) obtain the highest 𝑎
𝑚
, and record it as 𝐴

𝑖𝑗𝑘

(8) end loop 𝑖, 𝑗, 𝑘

(9) obtain the highest 𝐴
𝑖𝑗𝑘

Algorithm 1: Grid-search 𝑉-fold CV method.

problems. Thus, formulas (18) and (26) can be rewritten as
follows:

max
𝛼
𝑖

𝑄 (𝛼
𝑖
) =

𝑛

∑

𝑖=1

𝛼
𝑖
−
1

2

𝑛

∑

𝑖=1

𝑛

∑

𝑗=1

𝜑(x
𝑖
)
𝑇
⋅ 𝜑 (x
𝑗
)

subject to: 0 ≤ 𝛼
𝑖
≤ 𝐶, 𝑖 = 1, 2, . . . , 𝑛

𝑑

∑

𝑖=1

𝛼
𝑖
𝑦
𝑖
= 0.

(28)

𝐾(𝑥
𝑖
, 𝑥
𝑗
) = 𝜑(x

𝑖
)
𝑇
⋅𝜑(x
𝑗
) is defined as the kernel function.

A kernel function provides a way to project data into a
higher dimensional space by manipulating in its original
space. The kernel function is chosen beforehand; then, a
subset of vectors x

𝑖
is determined during training, which is

called a “support vector.”Themost commonly adopted kernel
functions include polynomial function, radial basic function
(RBF), exponential function, and ANOVA function.The RBF
is chosen in this paper for it is suitable for nonlinear problems,
which can be written as

𝐾(x
𝑖
, x
𝑗
) = exp (−𝛾x𝑖 − x

𝑗



2

) . (29)

4.4. Parameter Calibration. As can be deduced, parameters
𝛾 in RBF and 𝜀 and 𝐶 in SVM greatly influence the classi-
fication/regression result. Proper parameters are significant
in obtaining satisfying results; thus, cross validation (CV) is
introduced. CV was first introduced to fix the overoptimistic
result [37] derived from training an algorithm and evaluating
its statistical performance on the same data [38, 39].

𝑉-fold CV is a common method used in many statistics
problems, such as biometrics [40], computational physics
[41], and artificial intelligence [42]. In this method, the data
set is divided into several subsets:

𝑆 = 𝑆
1
, . . . , 𝑆

𝑉
, (30)

where 𝑉 ⩾ 1 is a integer. Every subset becomes the test set
once, so that the training results get closer to the distribution
of original data without much increase in computing cost.

Combined with “grid-search,” 𝑉-fold CV is adopted in
this paper to identify good parameter combination of (𝜀, 𝐶,
and 𝛾) that makes the SVM model work well. The process
can be summarized in Algorithm 1.

5. Data Processor and Programming

5.1. Database. We established a database to store quan-
tities of monitoring data. Microsoft SQL Server (in Ver-
sion 10.50.1600) is applied as the database engine. All the
monitored data introduced in Section 2 were stored in the
database.

5.2. Data Cleaning. Data cleaning is carried out as a prepro-
cedure of data mining; some work is done as follows.

(1) Monitored data that has a character of instrument
failure is filtered out.

(2) The flow direction is changed every day, and each
pair of 𝑇

𝑤-out and 𝑇
𝑤-in are automatically compared

to guarantee that 𝑇
𝑤-out > 𝑇

𝑤-in.

(3) Pipe length is not studied as a variable in the data
mining process, for most pipes are 220m long in
the engineering. So for all the pipes, the length is
considered as a constant and not selected during the
data mining procedure.

(4) HDPE pipe’s diameter is identical as, in the iron pipe
in the engineering, flow rate 𝑞

𝑤
is adopted in data

mining instead of the water speed 𝑢 for convenience.

5.3. Data Extractor. A set of programs is developed in Python
language to seek the database and export data samples. Given
the massive stored data, the program is developed in parallel
to accelerate the processing speed.

Taking data mining on 𝑇
∗

𝑤
as an example, the relevant

data include pipematerial, inlet and outlet water temperature,
water flow, and the concrete temperature. They are stored
in three different data tables, the structures of which are
shown in Figure 8. Data extraction is carried out based on
Algorithm 2.

5.4. DataMining Implementation. TheSVMmethod is devel-
oped in Python programs tomodel the thermal performance.
Based on the integration of database, data extractor, and SVM
model engine, the whole program flow of data mining is
shown in Figure 9.
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(1) Select∗ from TbPipeInfo where Material = “HDPE”, record them as Pipes.
(2) for each Pipe in Pipes do:
(3) Select∗ from TbSensorInfo where SlabId = Pipe.SlabId, record them as Sensors.
(4) Select∗ from TbCoolRecord where Id = pipe.PipeId, record them as Rows.
(5) for each Row in Rows do:
(6) for each Sensor in Sensors do:
(7) Select Temperature from TbTemRecord

where TemTime nearest∗ to Row.CoolTime
and SensorId = Sensor.SensorId

(8) end loop Sensors
(9) 𝑇

𝑐
= average(sum(Temperature))

(10) output 𝑇
𝑐
, 𝑇
𝑤-in, 𝑇𝑤-out, Flow

(11) end loopRows
(12) end loop Pipes

Note ∗: all the temperature sensors’ reading in the slab are collected. If the nearest
time difference is larger than a threshold, the data of the time will not be used.

Algorithm 2: Data extraction flow (HDPE pipes as examples).

Tb pipe info Tb sensor info

Pipe IdPK

Slab Id

Material Id

Sensor IdPK

Slab IdFK

Sensor type

PK
FK Pipe Id

Cool time

Twin

Twout

Flow

PK

Tb tem. record

Sensor IdPK
FK

Tem. timePK

Temprature

Tb cool record

Figure 8: Data structures.

6. Results and Discussions

6.1. Parametric Analysis. The SVM coefficients including 𝜀,
𝐶, and 𝛾 need to be determined before utilizing the method.
To the knowledge of authors, no determinate function exists
that directly obtains the optimal coefficients for a model. So,
parametric analysis is carried out to calibrate the model.

Taking prediction of outlet temperature as a study case,
𝑇
∗

𝑤
is employed as the target variable whereas Δ𝑇in and 𝑞

𝑤

are adopted as the observed variables. The data of cool-pipes

embedded in monolith 15# is used as the training data set,
and monolith 16# is used as the testing data set. The grid
search method integrated with𝑉-fold CV is used here to find
optimal parameters, as mentioned in Section 4.4. The mean
squared error is applied to evaluate the model performance,
which is expressed as

MSE =
1

𝑛

𝑛

∑

𝑖=1

[𝑓 (x
𝑖
) − 𝑦
𝑖
]
2
, (31)
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Figure 9: Program flow chart.

Table 1: Optimal SVM coefficients.

Material 𝜀
Training data set Testing data set

𝐶 𝛾 MSE 𝐶 𝛾 MSE

HDPE

0.1 32 32 0.00915854 0.25 8 0.006821
0.01 32 32 0.00917 2 8 0.006481
0.001 16 32 0.00916964 2 8 0.006485
0.0001 32 32 0.00917025 8 8 0.006485

Iron

0.1 32 32 0.00616273 8 0.5 0.003472
0.01 32 32 0.00585564 0.25 4 0.003306
0.001 16 32 0.00586528 0.5 4 0.003299
0.0001 16 32 0.00587013 0.0625 8 0.003301

Optimal results:
HDPE 𝜀 = 0.01 𝐶 = 2 𝛾 = 8

Iron 𝜀 = 0.001 𝐶 = 0.5 𝛾 = 4

where x stands for the combination of Δ𝑇in and 𝑞
𝑤
and 𝑦

stands for 𝑇∗
𝑤
. A small MSE indicates a good fitness of the

numerical model. The ranges of 𝐶 and 𝛾 are both set to be
(2
−5

∼ 2
5
). The results of MSE of different 𝜀 are drawn in

logarithmic plots with log
2
(𝐶) and log

2
(𝛾) as the x- and y-

axis, respectively.
As shown in Figure 10, the model has a very well fit effect

when 𝛾 and 𝐶 are large for training data set. But it performs
relatively poor for the testing data set. This situation is called
the overtraining phenomenon. Optimal SVM coefficients are
chosen as the one that fits the testing data set best, in order
to avoid the phenomenon. The optimal results are listed in
Table 1.

6.2. Prediction of Water Temperature Rise. As written in
Section 3, the water temperature rise of cool-pipe, 𝑇∗

𝑤
, is

relevant to the inlet temperature difference and cooling flow
rate. We employ the data of monolith 15# as the training data
set to model the cooling performance. All the other slabs
are used as testing cases. The predicted outlet temperature

agrees well with the monitoring result. Four slabs are taken
as examples in Figure 11.

6.3. Thermal Performance Comparison. The pattern of ther-
mal performance of cool-pipes can be found in the numerical
model that hasmined the datamentioned above.Thenumeri-
cal results of 𝑇∗

𝑤
at different combination of Δ𝑇in and 𝑞

𝑤
are

listed in Table 2. Three-dimensional visualization results of
HDPE and iron pipes are also compared in Figure 12. From
the results, conclusions can be given as follows.

(1) Outlet water temperature of HDPE pipes decreases
with the water flow rate in a lower flow range, which
is less than 30 L/min. But in a higher flow range,
say more than 40 L/min, the outlet temperature is
intensive with the flow rate.

(2) Outlet water temperatures for iron pipes have sim-
ilar phenomenon with HDPE pipes in a lower flow
rate range. And an obvious turning point can be
found in the result. 𝑇∗

𝑤
increases with 𝑞

𝑤
when 𝑞

𝑤
is
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Figure 10: Mean squared errors of different parameter combinations.
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Figure 11: Prediction outlet temperature and monitoring temperature.
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Figure 12: 3D results of the numerical model.
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Table 2: Result of 𝑇∗
𝑤
(∘C) output by the numerical model.

𝑞
𝑤
(L/min) Δ𝑇in (

∘C)
2.0 4.0 6.0 8.0

5 1.69 (2.28)∗ 3.36 (4.43) 5.11 (6.65) 6.76 (8.41)
10 1.58 (1.93) 3.24 (3.82) 4.41 (5.74) 5.65 (7.25)
20 1.17 (1.47) 2.75 (2.93) 3.36 (4.29) 4.17 (5.30)
30 0.86 (1.27) 2.23 (2.44) 2.90 (3.38) 3.73 (3.99)
40 0.79 (1.18) 1.93 (2.15) 2.83 (2.86) 3.75 (3.23)
50 0.80 (1.05) 1.83 (1.87) 2.81 (2.46) 3.61 (2.77)
60 0.79 (0.87) 1.80 (1.50) 2.64 (2.02) 3.18 (2.38)
70 0.87 (0.70) 1.72 (1.12) 2.29 (1.58) 2.63 (2.03)
80 1.02 (0.72) 1.59 (0.93) 1.91 (1.31) 2.23 (1.81)
90 1.01 (1.03) 1.45 (1.08) 1.78 (1.37) 2.15 (1.84)
100 0.76 (1.62) 1.45 (1.58) 2.03 (1.78) 2.31 (2.16)
∗

The number enclosed in brackets is the iron result, and the number outside of the brackets is the HDPE result.
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Figure 13: Turning point of iron pipe.

higher than this turning point, which can be seen
in Figure 13. The turning point for iron pipe is at
80 L/min.

(3) Higher Δ𝑇in results in higher 𝑇∗
𝑤
, which is obvious

in low flow rate range. When 𝑞
𝑤

= 5 L/min, 𝑇∗
𝑤
is

almost Δ𝑇in. When 𝑞
𝑤
is large, the difference of Δ𝑇in

does not take obvious change in 𝑇
∗

𝑤
.

(4) Absorbed energy rate by cool-pipe can be calcu-
lated by (10), which is an important index for the
design of cooling procedure. For the same flow rate,
higher 𝑇∗

𝑤
means that more heat can be released by

the cool-pipe.The absorbed power byHDPE and iron
cool-pipes is plotted in Figure 14. It can be seen that
power increases with the flow rate and has a saddle
point when 𝑞

𝑤
is high.

(5) The turning point mentioned in (2) is an interesting
point. It can be seen that the absorbed power’s saddle

point locates near the point.We can name the point as
the turning flow rate. For iron pipes, the turning flow
rate is 80 L/min, the detailed reason of which will be
deep studied in our future researches.

(6) Iron pipe has a better performance when flow rate is
lower than 40 L/min. When flow rate is higher than
60 L/min, HDPE pipe can have a better performance
of absorbing heat.

(7) When Δ𝑇in = 2
∘C and 𝑞

𝑤
> 80 L/min, HDPE pipe

has a strange decline curve, which is not consistent
with other situations. The reason has not been ex-
plored by the authors by now and will be studied in
detail.

6.4. Classification of Different Pipe Materials. The pipe mate-
rial determines the value of 𝑘 in Section 3. In order to
correctly classify the pipe materials, Δ𝑇in, 𝑇

∗

𝑤
, and 𝑞

𝑤
are

adopted as the variables, and iron/HDPE is used as the
classification label. The data of monolith 15# is used as the
training data set and 108 slabs are used as the testing data set.

A large number of data exist for a slab as the product of the
monitoring program.The labels of HDPE pipes are defined as
0 and iron ones are defined as 1. Every day’s data of the slab
is tested and labeled by the SVM classifier, and the following
equation is used to estimate the pipe material of the slab:

Material =
{{

{{

{

HDPE when avg < 0.4

iron when avg > 0.6

alternative when otherwise,
(32)

where avg is the average value of the label values.The classifi-
cation result is shown in Figure 15. The detailed classification
results of two slabs are plotted as examples, as shown in
Figure 16.

From the classification result, we can see that the SVM
model can classify the different pipe materials well, with
accuracy at 83%.The HDPE pipes have higher accuracy than
iron pipes. The result shows that the classification by SVM
method is effective.
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Figure 14: Absorbed power performance.
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7. Conclusions

The heat transfer process inside the cool-pipe embedded
concrete is very complex. Most current researches focus
on the theory calculations. Statistical study on the actual
measurement is limited. Based on a delicate monitoring
program during the construction period of a super high
arch dam, data mining on the thermal performance of the
cool-pipes is carried out. SVM is applied as the data mining
method. With the direction of thermal model built in this
paper, the relative factors of outlet temperature of cool-
pipes are determined and the relationship is numerically
mined. The prediction result has a good agreement with the
monitoring data, which verifies the validation of the approach

proposed in this paper. The thermal performances between
iron pipes and HDPE pipes are also analyzed in detail in this
paper. Iron pipes have better performance when flow rate is
low, and HDPE have better performance when flow rate is
large. Iron pipes have a turning flow rate of 80 L/min. The
classification of pipe material is also conducted in this paper,
which has correctly automatically distinguished HDPE pipes
and iron pipes from monitoring data.
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As an effective and classical method about physical parameter identification, extended Kalman filtering (EKF) algorithm is widely
used in structural damage identification, but the equations and solutions for the structure with bending deformation are not
established based on EKF. The degrees of freedom about rotation can be eliminated by the static condensation method, and the
dynamic condensationmethod considering Rayleigh damping is proposed in order to establish the equivalent and simplifiedmodal
based on complex finite element model such as continuous girder bridge. According to the requirement of bridge inspection and
health monitoring, the online and convenient damage detection method based on EKF is presented. The impact excitation can
be generated only on one location by one hammer actuator, and the signal in free vibration is analyzed. The deficiency that the
complex excitation information is needed based on the traditional method is overcome. As a numerical example, a three-span
continuous girder bridge is simulated, and the corresponding stiffness, the damage location and degree, and the damping parameter
are identified accurately. It is verified that themethod is suitable for the dynamic signal with high noise-signal ratio; the convergence
speed is fast and this method is feasible for application.

1. Introduction

In civil engineering, the structures such as buildings and
bridges will inevitably be damaged due to varied natural
hazards and environmental effect. The damage includes the
change of the materials property and the geometrical feature
in the total structure or local members, besides the deteriora-
tion on the stiffness, the strength, the boundary, and the con-
nection conditions. Therefore, intelligent heath monitoring
and damage detection for structures become an important
technology to study, and detecting and predicting the struc-
tural damage in time are necessary for future engineering.
The traditional structural damage detection mainly refers to
identifying the change of physical parameters such as stiff-
ness, frequency, and damping or recognizing the damage
patterns through analyzing the characteristics of the input
and output signals in time domain or frequency domain;
the finite element model or the dynamic equations are often
needed and the damage characteristics and degree are deter-
mined finally [1].

In general, the principal stages and targets of damage
detection or structural health monitoring include four levels:
(1) the determination of the presence of damage in the
structure; (2) the determination of the damage location in the
structure; (3) the quantification of the severity of the damage;
(4) the prognosis of the remaining service life of the damaged
structure. The damage detection methods mainly include
four types: (1) methods based on modal parameters, such
as the change of the frequencies, modal shapes, and transfer
function, modal strain energy method (MSE), and flexibility
matrix method (FM) [2]; (2) methods based on signal
processing, such as wavelet analysis, wavelet packet analysis,
and empirical mode decomposition (EMD) [3]; (3) methods
based on intelligent computing and signal analysis, such as
artificial neural network method, statistical pattern recogni-
tion, fuzzy theory, and genetic algorithm [2]; (4) methods
on physical parameter identification, such as Kalman filter
method and the generalized Tikhonov regularizationmethod
[4]. In recent 20 years, various damage detection methods
have developed promptly, but each method has its own
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limitation. The modal parameter is insensitive to minor
damage and a great many sensors are needed to finish modal
analysis. As themodalmethod, the limited amount of sensors
in practice also impede the application ofMSEor FM. It needs
numerous hypothetical damage patterns for signal processing
and intelligent computing, and these patterns are always
simulated in complex finite element analysis. For themethods
above, the damage degree is determined according to the
comparison for different cases or relative parameters but not
obtained directly based on dynamic equations or physical
parameters. In contrast, the methods on physical parameter
identification aim to recognize the physical parameters in the
system mechanism and the results are adjusted constantly
according to the inputs and outputs.

The physical identification, viewed as an inverse problem,
aims to determine a set of physical parameters of the
structure.The physical parametersmight be considered as the
stiffness, damping, andmass of the structure.These estimated
parameters can then be used, among other quantities, to pre-
dict the damage information or to assess the structural condi-
tions. In essence, physical identification can be considered as
an optimization process in which the objective is to identify
a model of a system so that its predicted response to a given
input is close enough to the measured response from the real
system. The major method of physical identification aims to
estimate the system’s physical parameters using directly the
time histories of the observed structural response and tries
to create a mechanical model that simulates such response
as closely as possible. Among physical identification method,
the important method includes the Kalman filters, least-
squares methods, the particle filter, and sequential Monte
Carlo method.

The extended Kalman filtering (EKF) algorithm is a
very effective method to identify system parameter. As a
type of recursive algorithm, Kalman filtering realizes the
linear unbiased minimum variance estimation to the system
according to the discrete observation data [4]. The normal
EKF requires the complete signals of both the input excitation
and the structural response. However, in practice, the time
history of dynamic input forces, such as wind and traffic,
is often difficult to be directly measured. In addition, the
structural responses about the acceleration, velocity, and dis-
placement are all needed. In order to improve the completion
requirement of the inputs and outputs, various EFK-based
approaches have been widely investigated. Wang and Halder
developed a method combining the iterative least-squares
procedure with unknown input excitations and the EKF with
a weighted global iteration [5–7]. The unique feature of this
method is that it does not require response measurements
at all DOFs. The efficiency, accuracy, and robustness of the
method were verified by numerical examples. Ghosh et al.
proposed two novel forms of the EKF, which do not require
the computation of Jacobian matrices at any stage [8]. Other
advantages of the methods over the conventional EKF are
superior numerical accuracy and considerably less sensitive
to the choice of time-step sizes. Meiliang and Smyth used
the unscented Kalman filter (UKF) to estimate the states
and identify the parameters of a highly nonlinear system [9].
The results indicate that the UKF can achieve better state

estimation and parameter identification than the EKF. Yang
et al. proposed an EKF with unknown inputs to identify
the structural parameters and the unmeasured excitations
online, but the analytical recursive solutions are obtained by
rather complex mathematical derivations [10–12]. Recursive
solutions for structural parameters and unknown excitation
are derived simultaneously. As an improved method, an
algorithm based on sequential application of the extended
Kalman estimator and least-squares estimation is proposed
by Lei et al. for the identification of structural parameters
and unknown excitations [13–16].

However, among the examples in the above research,
the damage detection based on EKF is mostly used in
shear structural model only considering the shear effect or
a simple bending structure such as simply supported beam;
there are few studies on the parameter identification of
complex structure mainly with bending shear deformation
[17–22]. The main reasons are as follows. (1) The traditional
algorithms need to obtain all the rotational responses of
the bending shear structure, so the DOFs are large and the
state equation is complex and even hard to be established.
Meanwhile, the rotational response is hard to be accurately
measured in the actual test or monitoring. (2) In addition, in
order to realize the parameter identification with part of the
output information, rotational response of the bending shear
structure needs to be calculated with inverse algorithm, but
the calculations are complex and the precision cannot fully
meet the requirements. Furthermore, many researches focus
on the structural nonlinear response under strong earthquake
in order to detect the accumulated damage or the hysteresis
characteristics, but the slow deterioration is more important
for practical inspection and monitoring because the environ-
mental effect, fatigue, and the corrosion are the major factors
for damage. Hence, the novel approach and technique aimed
to use online monitoring which is needed to overcome the
disadvantage of current damage detection based on EKF.

In this paper, the signals of the rotation angle in the bridge
are eliminated and contained by the static-dynamic conden-
sation method instead of using the incomplete algorithm
or the inversion formula, so the dynamic state equations
are simplified in the initial stage, which provide an effective
technique on establishing the state equations for large and
complex bridges. The detection can be carried out according
to the limited amount of accelerometers.Meanwhile, for engi-
neering requirements of bridge detection and monitoring, a
damage detectionmethod for continuous girder bridge based
on EKF is proposed which merely use the free vibration
generated by one hammer action or vehicle bumping. The
imposition and acquisition of the vast excitations are effec-
tively avoided, the identification accuracy is high, and the
practicality and the convenience are evident.

2. Extended Kalman Filtering Algorithm

For the structures such as bridges and buildings, themechan-
ical model, that is, the state equation, according to the
dynamic equation is nonlinear. Hence, the nonlinear version
of the Kalman filter called extended Kalman filter (EKF)
is adopted to realize linearization, and the EKF is a linear
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filter with minimum variance estimate. In the EKF, the initial
state transition and observation state space models are many
nonlinear functions:
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random vector. Let 𝑍(𝑡
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set of system measurements. The filter aim to obtain an
estimate of the system’s state based on these measurements.
The EKF gives an approximation of the optimal estimate.
The nonlinearity of the system’s dynamics is approximated by
a linearized version of the nonlinear system model around
the last state estimate. For this approximation to be valid,
this linearization should be a good approximation of the
nonlinear model in the entire uncertainty domain associated
with the state estimate. So the filtering equations of extended
Kalman filtering are as follows.
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The filtered equations are
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Figure 1: Beam element model.
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) is known, the structural physical parameters can be

identified with the recursive iteration step by step of the
Kalman filter equations as above. Finally, the response can
also be estimated to approach the real response.

3. Static-Dynamic Condensation Method

As an important type of structure in civil engineering, the
bridge is liable to be aging and experiencing deterioration.
It is urgent to properly evaluate the structural condition and
performance of these bridges under the current traffic and
to determine the strategy about maintenance. The bridge
structure is mainly composed of beam elements and the
axial effect of the elements is generally ignored. As shown
in Figure 1, a normal beam element has two nodes and each
node has two degrees of freedom including rotation and
a translation; thus, a beam element contains four degrees
of freedom. The dynamic equation of the bridge is more
complex than the shear frame because the degrees of freedom
about rotation should be considered, and the rotation angle
data is hard to be measured in the practical application. The
condensation method is proposed to completely eliminate
rotational response in this paper, and only the translational
responses are required [23].

First, the deck of the bridge is divided intomany elements.
The mass of each element is simplified as the lumped mass
on both ends and the mass on the bearing is ignored. Each
mass point has one degree of freedom about translation and
one degree of freedom about rotation. The mass for the
translation is equal to the mass of the element; however, the
mass corresponding to rotation is zero.

In order to condense stiffness more conveniently, the
first and the second columns of the element stiffness matrix
are written as translational stiffness and the third and the
fourth columns of the element stiffness matrix are written as
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rotational stiffness. The element stiffness matrix is shown as
follows:

𝑢
1

𝑢
2

𝜃
1

𝜃
2

𝐾 =

[
[
[

[

12𝑘 −12𝑘 6𝑘𝑙 6𝑘𝑙

−12𝑘 12𝑘 −6𝑘𝑙 −6𝑘𝑙

6𝑘𝑙 −6𝑘𝑙 4𝑘𝑙
2

2𝑘𝑙
2

6𝑘𝑙 −6𝑘𝑙 2𝑘𝑙
2

4𝑘𝑙
2

]
]
]

]

,
(5)

where 𝑘 = 𝐸𝐼/𝑙
3 and 𝑙 is the length of the beam element.

The global stiffness matrix K is integrated from element
stiffness matrix 𝐾. K is a symmetric matrix whose first 𝑛

columns correspond to the translational stiffness columns of
𝑛 points and the later 𝑛 columns correspond to the rotational
stiffness columns of 𝑛 points. The global stiffness matrix K is
divided as follows:

𝐾 = [
𝐾
𝑡𝑡

𝐾
𝑡0

𝐾
0𝑡

𝐾
00

] , (6)

where 𝐾
𝑡𝑡
, 𝐾
𝑡0
, 𝐾
0𝑡
, and 𝐾

00
are the partitioned matrices of

the matrix K.
The damping is viewed as Rayleigh damping, and the

damping matrix is as follows:

𝐶 = 𝛼[
𝑀
𝑡𝑡

0

0 0
] + 𝛽 [

𝐾
𝑡𝑡

𝐾
𝑡0

𝐾
0𝑡

𝐾
00

] , (7)

where 𝛼 and 𝛽 are the Rayleigh damping coefficients.
The mass corresponding to the rotational degree of

freedom is zero, so the dynamic equation of the bridge
structure is

[
𝑀
𝑡𝑡

0

0 0
](

̈𝑢

̈𝜃
) + {𝛼 [

𝑀
𝑡𝑡

0

0 0
] + 𝛽 [

𝐾
𝑡𝑡

𝐾
𝑡0

𝐾
0𝑡

𝐾
00

]}(
̇𝑢

̇𝜃
)

+ [
𝐾
𝑡𝑡

𝐾
𝑡0

𝐾
0𝑡

𝐾
00

](
𝑢

𝜃
) = (

𝑃 (𝑡)

0
) ,

(8)

where 𝑢 and 𝜃 are the translational and rotational displace-
ment, respectively, 𝑃(𝑡) is the applied load, 𝑀

𝑡𝑡
is diagonal

matrix, and the stiffness matrix 𝐾 and Rayleigh damping
matrix 𝐶 are both symmetric matrices.

In practical application, the translational response can be
measured by displacement sensor, speed sensor, and acceler-
ation sensor, but the rotational time-history response cannot
be measured as there are not any corresponding sensors to
the rotate displacement, rotation speed, and acceleration.
However, in the damage identification with the traditional
Kalman filtering algorithm, all the time-history responses of
each point need to be obtained. For this problem, a method
based on static and damping force condensation is proposed
in this paper to eliminate rotational degree of freedom with
zero mass. The specific condensed formulas are as follows.

Equation (8) is rewritten as the following two equations:

𝑀
𝑡𝑡

̈𝑢 + (𝛼𝑀
𝑡𝑡
+ 𝛽𝐾
𝑡𝑡
) ̇𝑢 + 𝛽𝐾

𝑡0
̇𝜃 + 𝐾
𝑡𝑡
𝑢 + 𝐾

𝑡0
𝜃 = 𝑃 (𝑡) ,

(9)

𝛽𝐾
0𝑡

̇𝑢 + 𝛽𝐾
00

̇𝜃 + 𝐾
0𝑡
𝑢 + 𝐾

00
𝜃 = 0. (10)

k1 k2 k3

m1 m2

Figure 2: Simply supported beam bridge model.

Figure 3: Schematic diagram of three-span continuous girder
bridge.

Equation (10) is written as

𝛽 ̇𝜃 + 𝜃 = −𝐾
−1

00
𝐾
0𝑡
(𝛽 ̇𝑢 + 𝑢) . (11)

Substituting (11) into (9), the final dynamic equation with
force and damping condensation is

𝑀
𝑡
̈𝑢 + 𝐶
𝑡
̇𝑢 + 𝐾
𝑡
𝑢 = 𝑃 (𝑡) , (12)

where 𝑀
𝑡
= 𝑀
𝑡𝑡
is the condensed mass matrix after, 𝐶

𝑡
=

𝛼𝑀
𝑡𝑡
+𝛽𝐾
𝑡𝑡
−𝛽𝐾
𝑡0
𝐾
−1

00
𝐾
0𝑡
is condensed dampingmatrix, and

𝐾
𝑡
= 𝐾
𝑡𝑡
− 𝐾
𝑡0
𝐾
−1

00
𝐾
0𝑡
is the condensed stiffness matrix.

Seen from (12), it is evident that the damping force
and the static force can be condensed if the mass matrix,
stiffness matrix, the excitations, and translation responses for
each mass point are provided and the dynamic equation can
be obtained. Furthermore, the dynamic modal for Kalman
filtering can be established without rotational time-history
response.

4. State Equation and Observation Equation
Based on Condensation Method

The state equation and observation equation based on static-
dynamic condensation method in the identification of EKF
will be introduced by an example of simply supported beam.
As shown in Figure 2, the length of the beam is 𝐿, and the
beam is divided into three elements with equal length. The
mass of beam is equivalent to two lumped mass points at the
third of girder. Because the condensation algorithm involves
matrix inversion, for simplicity, the stiffness of the three
elements is assumed to be equal, 𝑘

1
= 𝑘
2
= 𝑘
3
= 𝑘 = 𝐸𝐼/𝑙

3.
Then the element stiffness matrix𝐾 according to formula (5)
is

𝐾 =

[
[
[

[

12𝑘 −12𝑘 6𝑘𝑙 6𝑘𝑙

−12𝑘 12𝑘 −6𝑘𝑙 −6𝑘𝑙

6𝑘𝑙 −6𝑘𝑙 4𝑘𝑙
2

2𝑘𝑙
2

6𝑘𝑙 −6𝑘𝑙 2𝑘𝑙
2

4𝑘𝑙
2

]
]
]

]

. (13)

According to the above method on static-dynamic con-
densation, the global stiffness matrix 𝐾

𝑡
only with transla-

tional degree of freedom is integrated as

𝐾
𝑡
=

[
[
[

[

48𝑘

5
−
42𝑘

5

−
42𝑘

5

48𝑘

5

]
]
]

]

. (14)
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Figure 4: Simplified model of three-span continuous girder bridge.
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Figure 5: Identification results of 𝑘
1
and 𝑘

2
in case 1 and case 3 under continuous excitation.

The integrated damping matrix is written as

𝐶
𝑡
=

[
[
[

[

𝛼𝑚
1
+

48𝛽𝑘

5
−
42𝑘𝛽

5

−
42𝑘𝛽

5
𝛼𝑚
2
+

48𝛽𝑘

5

]
]
]

]

. (15)

The dynamic equation after static-dynamic condensation
would be

𝑀
𝑡
̈𝑢 + 𝐶
𝑡
̇𝑢 + 𝐾
𝑡
𝑢 = −𝑀

𝑡
𝐼 ̈𝑢
0
, (16)

where 𝑀
𝑡
is the mass matrix, 𝑀

𝑡
= [
𝑚
1

𝑚
2
], 𝑢, ̇𝑢, and ̈𝑢

are the translational displacement, translational velocity, and
translational acceleration, respectively. 𝐼 is a diagonal matrix
defined; ̈𝑢

0
is the acceleration of applying excitation.

The state equation and observation equation can be
derived according to the dynamic equation (16). The mea-
sured signals are the acceleration, ̈𝑢

1
and ̈𝑢

2
. Hence, the state

equation is

𝑑

𝑑
𝑡

(
𝑢

̇𝑢
) = [

0 𝐼

−𝑀
−1

𝑡
𝐾
𝑡

−𝑀
−1

𝑡
𝐶
𝑡

](
𝑢

̇𝑢
) + (

0

−𝐼
) ̈𝑢
0
. (17)

The stiffness 𝑘 and the damping parameters 𝛼 and𝛽 in the
equation are regarded as the other three states of the system.
Thus, all of the seven state arguments include 𝑢

1,0
which is the

translational displacement of𝑚
1
to foundation, 𝑢

2,0
which is

the translational displacement of𝑚
2
to foundation,𝑢

3,0
which

is the translational velocity of𝑚
1
to foundation, 𝑢

4,0
which is
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Figure 6: Identification results of 𝛼 and 𝛽 in case 1 and case 3 under continuous excitation.

the translational velocity of𝑚
2
to foundation, 𝑢

5
= 𝑘, 𝑢

6
= 𝛼,

and 𝑢
7
= 𝛽. The system state equation is expressed as

̇𝑢
1,0

= 𝑓
1
= 𝑢
3,0

,

̇𝑢
2,0

= 𝑓
2
= 𝑢
4,0

,

̇𝑢
3,0

= 𝑓
3
=

𝑢
5
(42𝑢
2,0

− 48𝑢
1,0

)

5𝑚
1

−
(5𝑢
6
𝑚
1
+ 48𝑢

7
𝑢
5
𝑢
3,0

− 42𝑢
7
𝑢
5
𝑢
4,0

)

5𝑚
1

− ̈𝑢
0
,

̇𝑢
4,0

= 𝑓
4
=

𝑢
5
(42𝑢
1,0

− 48𝑢
2,0

)

5𝑚
2

−
(5𝑢
6
𝑚
2
+ 48𝑢

7
𝑢
5
𝑢
4,0

− 42𝑢
7
𝑢
5
𝑢
3,0

)

5𝑚
2

− ̈𝑢
0
,

̇𝑢
5
= ̇𝑢
6
= ̇𝑢
7
= 0.

(18)

The observation equation is given by

𝑍
1
= ℎ
1
=

𝑢
5
(42𝑢
2,0

− 48𝑢
1,0

)

5𝑚
1

−
(5𝑢
6
𝑚
1
+ 48𝑢

7
𝑢
5
𝑢
3,0

− 42𝑢
7
𝑢
5
𝑢
4,0

)

5𝑚
1

,

𝑍
2
= ℎ
2
=

𝑢
5
(42𝑢
1,0

− 48𝑢
2,0

)

5𝑚
2

−
(5𝑢
6
𝑚
2
+ 48𝑢

7
𝑢
5
𝑢
4,0

− 42𝑢
7
𝑢
5
𝑢
3,0

)

5𝑚
2

.

(19)

According to (18)-(19), the state transition matrix of EKF
equations can be obtained. Substituting the state equation and
the observation equation into EKF equations with the rea-
sonable sampling rate and calculating with iterative method,
then the stiffness parameters and damping coefficient can be
identified. Meanwhile, the velocity and the displacement can
be estimated also.
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Figure 7: Actual and estimated response of point 1 in case 3 under continuous excitation.

5. Excitation Generated by Impact Action

The complete input and output signals are required for EKF;
then the physical parameters are identified by the iteration
and fitting. However, due to the interference by environ-
mental factors, the excitation is difficult to be measured
accurately in practice. Moreover, the continuous excitation
has the disadvantages such as weak operability and worse
convenience. If the bridge health monitoring is carried out
under operationalmodal analysis when the ambient vibration
is viewed as random excitations, the excitations on different
locations are more difficult to be collected. The current solu-
tions for obtaining the incomplete excitation signals mainly
include assuming the known excitation or getting all the
excitations according to the known time-history responses
and the part of excitations, but these two methods are both
inexact and defective if the number of the unknown input and
output is large.

In the actual bridge inspection, the impact excitation
generated by a hammer action or vehicle bumping is adopted
in priority for the convenience, efficiency, and simplicity, and

the bridgewill behave as free vibration after the instantaneous
impact is applied. Drop hammer and sledge hammer are two
types of devices are often used in the test. An adjustable
heavy moving mass drops from an adjustable height and the
load cell with a medium polyurethane impact tip provides
an impact on the surface of the deck [24]. While there are
many variations in both size and force level, the hammers
allow for modification of impact conditions through the use
of impact tips with different stiffness. Because the impact
carriage bounces off the bridge deck, several impacts can
occur.The rebound control systemaims to stop thesemultiple
impacts and consists of a brake system activated by a control
system that tracks the position of the impact carriage.

In practical monitoring, the acceleration responses of
different locations are measured by accelerometers, and
the sampling frequency should be properly chosen. Then
the acceleration signals are processed by Fourier transform
and the results in frequency domain are integrated. After
the corresponding results are processed by inverse Fourier
transform, the velocity signals are obtained.Thedisplacement
signals can be calculated by the same method.
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Figure 8: Identification results of 𝑘
1
in case 1 to case 4 under free vibration.

Hence, it is possible to obtain the time-history response
of free vibration by means of only one or limited impact
excitations are imposed on the specific locations on the deck,
and the parameter can be identified by EKF as the case using
continuous excitation. This method is convenient and has
high signal-to-noise ratio because the amplitude of the pulse
is greater than the amplitude of ambient vibration or normal
exciters. Thus, the problem about incomplete excitations is
solved by simplifying the excitation ingeniously but not using
complex algorithms such as inversion and fitting.

In the equations of EKF, the pulse excitation is transient
so the force is measured and estimated in the initial time, and
then the input values in the state equations are zero.When the
excitation is generated by vehicle bumping, the mass of the
engineering truck is large and the mass should be considered
as the additional mass of the bridge once the truck landed,
so the corresponding mass matrix is modified. When the
excitation is generated by power hammers, the mass of the
hammers can be ignored. It is verified that the loading mode
nearly does not affect the identification accuracy in Kalman
filtering; thus, the technique for obtaining vibration signals by

pulse excitation is feasible and especially suitable for online
damage detection and health monitoring.

6. Damage Identification for Three-Span
Continuous Girder Bridge

In order to verify the effect of damage detection method
based on static-dynamic condensation and extended Kalman
filtering proposed in this paper, a three-span continuous
girder bridge is analyzed as an example; the results for
different locations and damage degrees are discussed, and the
effect of noise is also considered. The three-span prestressed
concrete variable box sections continuous girder bridge is
shown in Figure 3. The length of the bridge is 150m; the
cross section bending moment of inertia in the middle of
main span is 10m4; the cross section bending moment of
inertia in the end support of bridge is 12.5m4 and 87.5m4 for
the support in middle. The elasticity modulus of reinforced
concrete𝐸 is 3.1×1010N/m2, and themass of the total girderis
4.77×10

6 kg.The bridge can be simplified as themodel shown
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Figure 9: Identification results of 𝑘
2
in case 1 to case 4 under free vibration.

in Figure 4, which is divided into 15 elements. The length of
each element 𝑙 is 10m. The stiffness of each element is given
as 𝑘 = 𝐸𝐼/𝑙

3. The cross section at bearings and midspan is
the weakest according to the engineering investigation and
experience, so the stiffness 𝑘

1
of element 6-7 and𝑘

2
of element

13-1 are assumed as the identified parameters (the actual 𝑘
1

and 𝑘
2
are 3.1×10

8N/m and 3.875×10
8N/m, resp.). In addi-

tion, Rayleigh damping parameters 𝛼, 𝛽 are also identified.
The damping ratios under different damage conditions are all
assumed to be 0.05. According to the equation as follows:

(
𝛼

𝛽
) =

2𝜉

𝜔
1
+ 𝜔
3

(
𝜔
1
𝜔
3

1
) , (20)

where 𝜔
1
and 𝜔

3
are the first- and third-order modal

frequencies, 𝜉 is the damping ratio that assumed to be 0.05,
hence, the damping coefficients𝛼 and𝛽 can be calculated and
the damping coefficient 𝛼 is 1.022, 1.018, 1.011, and 1.007 for
the four cases, respectively, and 𝛽 is 0.002. Considering the
interference of the noise, the stiffness with different damage
degrees is identified under the condition that every mass

point is continuously excited or only one point is excited by
an instantaneous impact load.The sampling frequency of the
signals is 500Hz.

First, the damage cases are detected under the continuous
excitation to each mass point. The expression form of the
excitation is 𝑦 = 0.4 sin(4𝜋𝑡 + 9.96) + 0.5 cos(5𝜋𝑡 + 20). The
detailed results are shown in Table 1 and Figures 5, 6, and 7. It
is evident that the response history about the displacement
and the velocity is estimated accurately and identification
accuracy of the stiffness and the damping parameters meet
the actual requirement.

In general, if the initial covariance of the state vectors is
larger, the rate of convergence is higher, but the identification
accuracy is not stable and the final results maybe inexact.
For the signals without noise, the identification will converge
quickly, and the convergence is worse for the signals with
noise. Hence, the initial covariance is set smaller for the
signals without noise in order to obtainmore stable solutions.
On the contrary, the initial covariance is larger for the signals
with noise to ensure that the identification converges quickly
and the divergence is avoided, but the final accuracy is lower.
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Figure 10: Identification results of 𝛼 in case 1 to case 4 under free vibration.

Table 1: The parameter identification results under continuous excitation.

Case 𝑘
1
, 𝑘
2
damage No noise 5% noise

𝑘
1
(N/m) (error) 𝑘

2
(N/m) (error) 𝛼 𝛽 𝑘

1
(N/m) (error) 𝑘

2
(N/m) (error) 𝛼 𝛽

1 𝑘
1
𝑘
2
intact 3.10 × 108 (−0.03%) 3.87 × 108 (−0.18%) 1.10 2.72 × 10−3 3.06 × 108 (1.3%) 3.86 × 108 (0.5%) 1.00 3.20 × 10−3

2 𝑘
1
3%

𝑘
2
5% 3.00 × 108 (−0.1%) 3.56 × 108 (−3.1%) 1.09 2.83 × 10−3 2.93 × 108 (2.6%) 3.65 × 108 (0.9%) 0.85 3.90 × 10−3

3 𝑘
1
10%

𝑘
2
10% 2.79 × 108 (0.08%) 3.48 × 108 (0.16%) 1.08 2.77 × 10−3 2.73 × 108 (2.1%) 3.45 × 108 (1.1%) 0.84 3.90 × 10−3

4 𝑘
1
15%

𝑘
2
8% 2.63 × 108 (−0.07%) 3.56 × 108 (−0.17%) 1.08 2.75 × 10−3 2.61 × 108 (0.95%) 3.57 × 108 (0.14%) 1.10 2.75 × 10−3

Thus, at the beginning of filtering, the identification accuracy
of the stiffness in case with noise is significantly higher than
that in case without noise.

In case of no noise, the difference between the identi-
fication value and real value of stiffness, 𝑘

1
and 𝑘

2
, is very

slight and the errors can be ignored. The noise-signal ratio
is defined as the ratio of the noise amplitude to the maximum
response of the structure. When the noise-signal ratio is
5%, the identification accuracy decreased slightly but it still
meets the accuracy requirements. Since the Rayleigh damp-
ing parameters 𝛼 and 𝛽 are the values with small order of

magnitude, the identification accuracy is lower but accept-
able.

The sampling rate of the signals is 500 and it can be seen
from the results that the identification generally converged
after 500 steps, so the damage identification finished only in
one second and the accuracy is enough. Hence, the operation
time is short.

In order to reduce the influence to the identified location
when the bridge is subjected to impact load, the instanta-
neous load is separately applied on mass point 11, the damage
detection is carried out, and the damage identification results
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Figure 11: Identification results of 𝛽 in case 1 to case 4 under free vibration.

Table 2: Parameter identification results under free vibration.

Case 𝑘
1
𝑘
2
damage No noise 5% noise

𝑘
1
(N/m) (error) 𝑘

2
(N/m) (error) 𝛼 𝛽 𝑘

1
(N/m) (error) 𝑘

2
(N/m) (error) 𝛼 𝛽

1 𝑘
1
𝑘
2
intact 3.063 × 108 (1.2%) 3.858 × 108 (0.44%) 1.087 3.06 × 10−3 3.01 × 108 (2.9%) 3.81 × 108 (1.6%) 1.056 3.00 × 10−3

2 𝑘
1
3%

𝑘
2
5% 2.958 × 108 (1.6%) 3.666 × 108 (0.41%) 1.083 3.068 × 10−3 2.82 × 108 (6.6%) 3.63 × 108 (1.3%) 1.008 3.10 × 10−3

3 𝑘
1
10%

𝑘
2
10% 2.741 × 108 (1.7%) 3.474 × 108 (0.13%) 1.074 3.069 × 10−3 2.64 × 108 (5.3%) 3.45 × 108 (0.8%) 1.008 3.10 × 10−3

4 𝑘
1
15%

𝑘
2
8% 2.612 × 108 (2.3%) 3.550 × 108 (0.42%) 1.069 3.069 × 10−3 2.49 × 108 (6.1%) 3.52 × 108 (1.2%) 1.002 3.10 × 10−3

are shown in Table 2 and Figures 8, 9, 10, 11, and 12. It
is verified that the state parameter including the velocity
and the displacement is estimated accurately under free
vibration. Although the identification accuracy of stiffness is
less than the results of the continuous excitation, it also can
meet the requirement. There also exit certain errors for the
identification of Rayleigh damping coefficients 𝛼 and 𝛽, but
the error is stable and acceptable.

In order to prove the noise immunity of the damage
detection method, 20% noise is added in the signals in case 3
under the free vibration and the results are shown in Figures
13 and 14.The stiffness is estimated accurately even though the
noise-signal ratio is high, but the error for 𝛼 and 𝛽 is evident.
In general, the damage detection for locations and degree is
available for the condition with strong noise even under free
vibration.
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Figure 12: Actual and estimated response of point 1 in case 3 under free vibration.

7. Conclusions

A damage detection method based on static-dynamic con-
densation and extended Kalman filtering is presented. In
order to solve the problems on complete inputs and outputs,
the derivation about the static-dynamic condensation is
given and the degrees of freedom about rotational can be
eliminated. Furthermore, the impact load applied only on
one position is advised since it is simple, rapid, and effective.
The method is verified through an example for a three-
span prestressed continuous bridge.The results show that the
stiffness identification is accurate undermultiple point which
is actuated by trigonometric function excitation, and the
accuracy is also acceptable for impact excitation only on one
point. The damage detection method is insensitive to noise
even though the noise-signal ratio is up to 20%, so themethod
proposed in this paper can be applied in bridge fast inspection
and health monitoring, and the operation time is short and

the corresponding instruments for excitation and acquisition
are portable. There exits certain error in identifications for
Rayleigh damping factor, 𝛼 and 𝛽; it is worth further study
in particular.

The damage detection method will be improved in some
aspects as follows. (1) Large computation occurs when the
number of the elements in the structures is large; the model-
ing and the feasibility formore complex bridgewill be studied
in the future. The parallel computing technology will be
applied to enhance the computational efficiency. (2) Damage
detection experiment on the continuous girder bridge is
needed to verify the conclusion in numerical simulations, and
the environmental factors such as temperature and humidity
should be considered. The modification for identified damp-
ing factor will be studied. (3) The effect of piers and the
modal shapes in horizontal direction is ignored, the detection
capacity for combined damage cases and the modal coupling
will be considered further.
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Figure 13: Results of 𝑘
1
, 𝑘
2
, 𝛼, and 𝛽 with 20% noise under free vibration.
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Figure 14: Actual and estimated response of point 1 with 20% noise under free vibration.
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We propose a robust probability classifier model to address classification problems with data uncertainty. A class-conditional
probability distributional set is constructed based on the modified 𝜒

2-distance. Based on a “linear combination assumption” for the
posterior class-conditional probabilities, we consider a classification criterion using the weighted sum of the posterior probabilities.
An optimal robust minimax classifier is defined as the one with the minimal worst-case absolute error loss function value over
all possible distributions belonging to the constructed distributional set. Based on the conic duality theorem, we show that the
resulted optimization problem can be reformulated into a second order cone programming problemwhich can be efficiently solved
by interior algorithms. The robustness of the proposed model can avoid the “overlearning” phenomenon on training sets and thus
keep a comparable accuracy on test sets. Numerical experiments validate the effectiveness of the proposed model and further show
that it also provides promising results on multiple classification problems.

1. Introduction

Statistics classification has been extensively studied in the
field ofmachine learning and statistics. A typical classification
problem is to design a linear or nonlinear classifier based
on a known training set such that a new observation can
be assigned to one of the known classes. Many classification
models have been proposed, such as the naive Bayes classifiers
(NBC) [1, 2], artificial neural network [3], and support vector
machines (SVM) [4].

In real-world classification problems, it is often the case
that the data of training set are imprecise due to unavoidable
observational noises in the process of data collection or data
approximation from incomplete samples. One way to handle
the data uncertainty is to design a robust classifier in the
sense that it has the minimal worst-case misclassification
probability for the training sets. The idea of robustness has
been widely applied in many traditional machine learning
and statistics techniques, such as robust Bayes classifiers [5],

robust support vector machines [6], and robust quadratic
regressions [7]. Robust classifiers are highly related to the
recently flourished research on robust optimization. Formore
recent developments on robust optimization, we refer the
readers to the excellent book [8] and reviews [9, 10].

Recently [11, 12] have proposed a robust minimax
approach called the minimax probability machine to design
a binary classifier. Unlike the traditional methods, they make
no assumption on the class-conditional distributions, but
only the mean and covariance matrix of each class are
assumed to be known. Under this assumption, the designed
classifier is determined by minimizing the worst-case proba-
bility of misclassification under all possible choices of class-
conditional distributions with the givenmean and covariance
matrix. By reformulating the classifier design problem into
second order cone programming, they show that the com-
putational complexity of the proposed approach is similar
to that of SVM. Because of its computational advantage and
competitive performance with other current methods, this
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approach has been further extended to incorporating other
features. El Ghaoui et al. [13] propose a robust classification
model by minimizing the worst-case value of a given loss
function over all possible choices of the data in a bounded
hyperrectangles. Three loss functions from SVM, logistic
regressions, and minimax probability machines are studied
in [13]. Based on the same assumption of known mean
and covariance matrix, [14, 15] propose the biased minimax
probability machines to address the biased classification
problem and further generalize it to obtain the minimum
errorminimax probabilitymachines.Hoi and Lyu [16] study a
quadratic classifier with positive definite covariance matrices
and further consider the problem of finding a convex set to
cover known sampled data in one class while minimizing the
worst-case misclassification probability. The minimax prob-
ability machines have also been extended to solve multiple
classification problems; see [17, 18].

In this paper, we propose a robust probability classifier
(RPC) based on the modified 𝜒

2-distance. Specifically, for a
given training set, we first estimate the probability of each
sample belonging to each class based on a feature, which
is called a nominal class-conditional distribution. Then a 𝜖-
confidence probability distributional set 𝑃

𝜖
is constructed

based on the nominal class-conditional distributions and the
modified 𝜒

2-distance, where parameter 𝜖 controls the size of
the constructed set. Unlike the “conditional independence
assumption” in NBC, we introduce a “linear combination
assumption” for the posterior class-conditional probabilities,
and the proposed classifier takes a linear combination form
of these probabilities based on different features and it will
assign the sample to the class with the maximal posterior
probability. To get a robust classifier, we minimize the worst-
case loss function value over all possible choices of class-
conditional distributions over the distributional set 𝑃

𝜖
. The

underlying assumption is that, due to observational noises,
we cannot obtain the true probability distribution of each
class, but it can be well estimated by the nominal distribution
such that it belongs to the distributional set𝑃

𝜖
.

Our two major contributions are as follows. First in
our model, the proposed distributional set 𝑃

𝜖
is based on

the nominal distribution and the modified 𝜒
2-distance. As

pointed in [19], such distributional set can make use of more
information conveyed in the training set compared with
traditional robust approaches which only use the information
ofmean and covariancematrix. To the best of our knowledge,
this is among the first study of classification models con-
sidering complex distribution information. Although [20]
considers a 𝜖-contaminated robust support vector machine
model, its distributional set is defined by easily handled
linear constraints and its analysis is highly dependent on
characterization of the extreme points of this set. Here our
proposed distributional set is defined by nonlinear quadratic
function and is analyzed by the conic duality theorem. Second
by taking the absolute error function as the loss function,
we show how to transform our robust minimax optimization
problem into computable second order cone programming.
The absolute error function in the objective function also
distinguishes our model from other existing models, such

as the soft-margin support vector machine which uses the
Hinge loss function [21, 22] and the logistic regression which
uses the negative log likelihood function [23]. Note that the
absolute error function is essential in our model to obtain
a tractable optimization problem for the proposed model.
Numerical experiments on real-world application validate
the effectiveness of the proposed classifier and further show
that the proposed classifier also performs well for multiple
classification problems.

The paper proceeds as follows. Section 2 introduces the
proposed robust minimax probability classifier based on the
modified 𝜒

2-distance and discusses how to construct the
desired distributional set 𝑃

𝜖
. Section 3 provides an equivalent

reformulation by handling the robust constraints and robust
objective separately. Numerical experiments on real-world
data set are carried out to validate the effectiveness of the
proposed classifier in Section 4. Section 5 concludes this
paper and gives future research directions.

2. Classifier Models

In this section, a simple probability classifier is first presented
and then it is extended to handle data uncertainty by
introducing a distributional set 𝑃

𝜖
. We also discuss how to

construct this distributional set based on training data set.
Consider a multiclass multifeature classification problem

in which each sample contains |𝐿| features, and there are
|𝐽| classes and |𝐼| samples. Specifically, given a training set
(𝑋, 𝑌) ∈ R|𝐼|×|𝐿|×{0, 1}

|𝐼|×|𝐽|, where 𝑥
𝑖,𝑙
denotes the 𝑙th feature

of the 𝑖th sample and 𝑦
𝑖,𝑗

= 1 if the 𝑖th sample belongs to
𝑗th class; otherwise, 𝑦

𝑖,𝑗
= 0. In the following context, we

will also use the term 𝑥
𝑖 to denote the 𝑖th sample; that is,

𝑥
𝑖
= (𝑥
𝑖,1

, . . . , 𝑥
𝑖,|𝐿|

).

2.1. Probability Classifier. Bayes classifiers assign an observa-
tion 𝑥 to the 𝑗

∗
(𝑥)th class which has the maximal posterior

probability; that is,

𝑗
∗

(𝑥) = arg max
𝑗∈𝐽

𝑃 (𝑗 | 𝑥) , (1)

and 𝑃(𝑗 | 𝑥) is the posterior probability function, that is,
the conditional probability that the sample belongs to the 𝑗th
class, given that we know it has feature vector 𝑥.

Using Bayes’ theorem, we have

𝑃 (𝑗 | 𝑥) =
𝑃 (𝑗) 𝑃 (𝑥 | 𝑗)

𝑃 (𝑥)
∝ 𝑃 (𝑗) 𝑃 (𝑥 | 𝑗) , (2)

where 𝑃(𝑗) is the prior probability of the 𝑗th class, 𝑃(𝑥 | 𝑗)

is the conditional probability for the 𝑖th class, and 𝑃(𝑥) is
the probability that a sample has feature vector 𝑥. Note that
𝑃(𝑥) is a constant if the values of the feature variables are
known and thus can be omitted. To design an effective Bayes
classifier, the key issue is estimating the class-conditional
probability 𝑃(𝑥 | 𝑗) or the joint probability 𝑃(𝑥, 𝑗). Theoreti-
cally, using the chain rule, we have

𝑃 (𝑥, 𝑗) = 𝑃 (𝑗) 𝑃 (𝑥
1

| 𝑗) 𝑃 (𝑥
2

| 𝑗, 𝑥
1
)

⋅ ⋅ ⋅ 𝑃 (𝑥
|𝐿|

| 𝑗, 𝑥
1
, . . . , 𝑥

|𝐿−1|
) .

(3)
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However such estimating method leads to the problem of
“dimension disaster.”

To address this issue, the naive Bayes classifier makes the
following “conditional independence assumption”:

𝑃 (𝑥 | 𝑗) =

|𝐿|

∏

𝑙=1

𝑝
𝑙

𝑗
(𝑥) , (4)

where 𝑝
𝑙

𝑗
(𝑥) := 𝑃(𝑥

𝑙
| 𝑗) is the class-conditional probability

that the observation 𝑥 belongs to the 𝑗th class based on the
𝑙th feature. Here we introduce another “linear combination
assumption” for the class-conditional probability:

𝑃 (𝑥 | 𝑗) =

|𝐿|

∑

𝑙=1

𝛽
𝑙

𝑗
𝑝
𝑙

𝑗
(𝑥) , (5)

where 𝛽
𝑙

𝑗
is a coefficient. Compared with the “conditional

independence assumption,” which uses the probabilistic
information in terms of multiplication, the proposed “linear
combination assumption” uses the probabilistic information
in terms of weighted sum. We will further discuss the
rationality of this assumption at the end of this subsection.

Under this assumption, we have

𝑃 (𝑗 | 𝑥) ∝ 𝑃 (𝑗) 𝑃 (𝑥 | 𝑗) = 𝑃 (𝑗)

|𝐿|

∑

𝑙=1

𝛽
𝑙

𝑗
𝑝
𝑙

𝑗
(𝑥) =

|𝐿|

∑

𝑙=1

𝛼
𝑙

𝑗
𝑝
𝑙

𝑗
(𝑥) ,

(6)

where 𝛼
𝑙

𝑗
:= 𝑃(𝑗)𝛽

𝑙

𝑗
denotes the probability weight of the 𝑙th

feature for the 𝑗th class.
To obtain the optimal probability classifier based on the

“linear combination assumption,” it is natural to consider the
following optimization problem:

min
𝛼∈Θ

∑

𝑗∈𝐽

∑

𝑖∈𝐼

𝐿 (𝑃 (𝑗 | 𝑥
𝑖
) , 𝑦
𝑖,𝑗

) , (7)

where 𝐿(⋅, ⋅) : R ×R → 𝑅
+
is a prespecified loss function. In

the following context, we will take the absolute error function
as our loss function; that is, 𝐿(𝑥, 𝑦) = |𝑥 − 𝑦|. In view of
its probability property, it is straightforward to impose the
following constraints on the posterior probability:

0 ≤ 𝑓 (𝑗 | 𝑥
𝑖
) ≤ 1, ∀𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽. (8)

Under such constraints, we have that

∑

𝑗∈𝐽

∑

𝑖∈𝐼

𝐿 (𝑓 (𝑗 | 𝑥
𝑖
) , 𝑦
𝑖,𝑗

)

= ∑

𝑗∈𝐽

∑

𝑖∈𝐼


𝑓 (𝑗 | 𝑥

𝑖
) − 𝑦
𝑖,𝑗



= ∑

𝑗∈𝐽

∑

𝑖∈𝐼

{𝑦
𝑖,𝑗

(1 − 𝑓 (𝑗 | 𝑥
𝑖
)) + (1 − 𝑦

𝑖,𝑗
) 𝑓 (𝑗 | 𝑥

𝑖
)}

= ∑

𝑗∈𝐽

∑

𝑖∈𝐼

(1 − 2𝑦
𝑖,𝑗

) 𝑓 (𝑗 | 𝑥
𝑖
) + |𝐼| ,

(9)

where |𝐼| = ∑
𝑗∈𝐽

∑
𝑖∈𝐼

𝑦
𝑖,𝑗
.

Thus the optimal probability classifier (PC) problem can
be formulated as follows:

(PC) min ∑

𝑗∈𝐽

∑

𝑖∈𝐼

(1 − 2𝑦
𝑖,𝑗

) ∑

𝑙∈𝐿

𝛼
𝑙

𝑗
𝑝
𝑙

𝑖,𝑗
+ |𝐼|

s.t. 0 ≤ ∑

𝑙∈𝐿

𝛼
𝑙

𝑗
𝑝
𝑙

𝑖,𝑗
≤ 1, ∀𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽.

(10)

It is no doubt that the “linear combination assumption”
may not work sometimes. However, we justify the proposed
classifier by the following facts.

(1) As an intuitive interpretation, note that 𝑝
𝑙

𝑗
(𝑥) esti-

mates the probability of the observation 𝑥 belonging
to the 𝑗th class only based on the 𝑙th feature; thus
it provides partial probabilistic information of the
sample. Hence we can interpret the weight 𝛼

𝑙

𝑗
as

certain degree of trust on the information, and in this
sense, the “linear combination assumption” is a way
of combining evidence fromdifferent sources. Similar
ideas can also be found in the theory of evidence; see
the Dempster-Shafer theory [24, 25].

(2) In terms of the classification performance, in the
worst case, the proposed classifier may put all weight
on one feature; thus in such case, it is equivalent to
a Bayes classifier based on a well-selected feature. If
each class has its “typical” feature which can distin-
guish it from other classes, the proposed classifier has
the ability to learn this property by putting different
weights on different features for different classes and
thus provides better classification performance. A
real-life application on lithology classification prob-
lems also validates its classification performance by
comparison with support vector machines and the
naive Bayes classifier.

(3) Another advantage of the proposed classifier is its
high computability. As we show in Section 3, the pro-
posed classifier and its robust counterpart problems
can be reformulated as second order cone program-
ming problems and thus can be solved by interior
algorithms in polynomial time.

2.2. Robust Probability Classifier. Due to observational
noises, the true class-conditional probability distribution is
often difficult to obtain. Instead we can construct a confi-
dence distributional set which contains the true distribution.
Unlike the traditional distributional sets in minimax prob-
ability machines, which only utilize mean and covariance
matrix, we construct our class-conditional probability distri-
butional set based on the modified 𝜒

2-distance which uses
more information from the samples.
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The modified 𝜒
2-distance 𝑑(⋅, ⋅) : R𝑚 × R𝑚 → 𝑅 is

used tomeasure the distance between twodiscrete probability
distribution vectors in statistics. For given 𝑝 = (𝑝

1
, . . . , 𝑝

𝑚
)
𝑇

and 𝑞 = (𝑞
1
, . . . , 𝑞

𝑚
)
𝑇, it is defined as

𝑑 (𝑞, 𝑝) =

𝑚

∑

𝑗=1

(𝑞
𝑗

− 𝑝
𝑗
)
2

𝑝
𝑗

. (11)

Based on the modified 𝜒
2-distance, we present the following

class-conditional probability distributional set:

𝑃
𝜖

=

{

{

{

𝑞
𝑙

𝑖,𝑗
: ∑

𝑗

𝑞
𝑙

𝑖,𝑗
= 1, 𝑞
𝑙

𝑖,𝑗
≥ 0, ∑

𝑗∈𝐽

(𝑞
𝑙

𝑖,𝑗
− 𝑝
𝑙

𝑖,𝑗
)
2

𝑝
𝑙

𝑖,𝑗

≤ 𝜖,

∀𝑖 ∈ 𝐼, 𝑙 ∈ 𝐿, 𝑗 ∈ 𝐽

}

}

}

,

(12)

where 𝑝
𝑙

𝑖,𝑗
is the nominal class-conditional distribution prob-

ability for the 𝑖th sample belonging to the 𝑗th class based on
the 𝑙th feature and the prespecified parameter 𝜖 is used to
control the size of the set.

To design a robust classifier, we need to consider the effect
of data uncertainty on the objective function and constraints.
The robust objective function is to minimize the worst-
case loss function value over all the possible distributions
in the distributional set 𝑃

𝜖
; the robust constraints ensure

that all the original constraints should also be satisfied for
any distribution in 𝑃

𝜖
. Thus the robust probability classifier

problem is of the following form:

(RPC) min
{

{

{

max∑

𝑗∈𝐽

∑

𝑖∈𝐼

(1 − 2𝑦
𝑖,𝑗

) ∑

𝑙∈𝐿

𝛼
𝑙

𝑗
𝑞
𝑙

𝑖,𝑗

+ |𝐼| : {𝑞
𝑙

𝑖,𝑗
} ∈ 𝑃
𝜖

}

}

}

s.t. 0 ≤ ∑

𝑙∈𝐿

𝛼
𝑙

𝑗
𝑞
𝑙

𝑖,𝑗
≤ 1, ∀ {𝑞

𝑙

𝑖,𝑗
} ∈ 𝑃
𝜖

∀𝑖, 𝑗.

(13)

Note that the above optimization problem has an infinite
number of robust constraints and its objective function is also
an embedded subproblem. We will show how to solve such
minimax optimization problem in Section 3.

2.3. Construct the Distributional Set. To get the distributional
set 𝑃
𝜖
, we need to define the parameter 𝜖 and the nominal

probability 𝑝
𝑙

𝑖,𝑗
. The selection of parameter 𝜖 is application

based and we will discuss this issue in the numerical exper-
iment section; next we will provide a procedure to calculate
𝑝
𝑙

𝑖,𝑗
.
For the 𝑙th feature, the following procedure takes an

integer 𝐾
𝑙
indicating the number of data intervals as an input

andwill output the estimated probability𝑝
𝑙

𝑖,𝑗
of the 𝑖th sample

belonging to the 𝑗th class.

(1) Sort samples in the increased order and divide them
into 𝐾

𝑙
intervals such that each interval has at least

⌊|𝐼|/𝐾
𝑙
⌋ number of samples. Denote the 𝑘th interval

by Δ
𝑙,𝑘
.

(2) Calculate the total number of samples in the 𝑗-class,
𝑁
𝑗
, the total number of samples in the 𝑘th interval,

𝑁
𝑙,𝑘
, and the total number of samples belonging to the

𝑗-class in the 𝑘th interval, 𝑁
𝑙,𝑘,𝑗

.
(3) For the 𝑖th sample, if it falls into the 𝑘th interval, the

class-conditional probability 𝑝
𝑙

𝑖,𝑗
is calculated by

𝑝
𝑙

𝑖,𝑗
= Prob (𝑖 ∈ 𝑗 | 𝑥

𝑖,𝑙
∈ Δ
𝑙,𝑘

)

=
Prob (𝑖 ∈ 𝑗, 𝑥

𝑖,𝑙
∈ Δ
𝑙,𝑘

)

Prob (𝑥
𝑖,𝑙

∈ Δ
𝑙,𝑘

)

=
Prob (𝑖 ∈ 𝑗)Prob (𝑥

𝑖,𝑙
∈ Δ
𝑙,𝑘

| 𝑖 ∈ 𝑗)

∑
𝑗

∈𝐽
Prob (𝑖 ∈ 𝑗)Prob (𝑥

𝑖,𝑙
∈ Δ
𝑙,𝑘

| 𝑖 ∈ 𝑗)

=

(𝑁
𝑗
/ |𝐼|) ⋅ (𝑁

𝑙,𝑘,𝑗
/𝑁
𝑗
)

∑
𝑗

∈𝐽

(𝑁


𝑗
/ |𝐼|) ⋅ (𝑁

𝑙,𝑘,𝑗
/𝑁


𝑗
)

=

𝑁
𝑙,𝑘,𝑗

𝑁
𝑙,𝑘

.

(14)

Note that from the definition of 𝑃
𝜖
, we easily compute the

upper bound 𝑞
𝑙

𝑖,𝑗
and lower bound 𝑞

𝑙

𝑖,𝑗
for the true class-

conditional probability 𝑞
𝑙

𝑖,𝑗
as follows:

𝑞
𝑙

𝑖,𝑗
= max

{

{

{

𝑞
𝑙

𝑖,𝑗
: ∑

𝑠

𝑞
𝑙

𝑖,𝑠
= 1,

∑

𝑠∈𝐽

(𝑞
𝑙

𝑖,𝑠
− 𝑝
𝑙

𝑖,𝑠
)
2

𝑝
𝑙

𝑖,𝑠

≤ 𝜖, 𝑞
𝑙

𝑖,𝑠
≥ 0, ∀𝑠 ∈ 𝐽

}

}

}

,

(15)

𝑞
𝑙

𝑖,𝑗
= min

{

{

{

𝑞
𝑙

𝑖,𝑗
: ∑

𝑠

𝑞
𝑙

𝑖,𝑠
= 1,

∑

𝑠∈𝐽

(𝑞
𝑙

𝑖,𝑠
− 𝑝
𝑙

𝑖,𝑠
)
2

𝑝
𝑙

𝑖,𝑠

≤ 𝜖, 𝑞
𝑙

𝑖,𝑠
≥ 0, ∀𝑠 ∈ 𝐽

}

}

}

.

(16)

The above problems can be efficiently solved by a second
order cone solver such as SeDuMi [26] or SDPT3 [27].

3. Solution Methods for RPC

In this section, we first reduce the infinite number of robust
constraints to a finite set of linear constraints and then trans-
form the inner robust objective function into a minimization
problem by the conic duality theorem. At last, we obtain
an equivalent computable second order cone programming
for the RPC problem. The following analysis is based on the
strong duality result in [8].
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Consider a conic program of the following form:

(CP) min 𝑐
𝑇
𝑥

s.t. 𝐴
𝑖
𝑥 − 𝑏
𝑖
∈ 𝐶
𝑖
, ∀𝑖 = 1, . . . , 𝑚,

𝐴𝑥 = 𝑏,

(17)

and its dual problem

(DP) max 𝑏
𝑇
𝑧 +

𝑚

∑

𝑖=1

𝑏
𝑇

𝑖
𝑦
𝑖

s.t. 𝐴
∗
𝑧 +

𝑚

∑

𝑖=1

𝐴
∗

𝑖
𝑦
𝑖
= 𝑐,

𝑦
𝑖
∈ 𝐶
∗

𝑖
, ∀𝑖 = 1, . . . , 𝑚,

(18)

where 𝐶
𝑖
is a cone in R𝑛𝑖 and 𝐶

∗

𝑖
is its dual cone defined by

𝐶
∗

𝑖
= {𝑦 ∈ R

𝑛
𝑖 : 𝑦
𝑇
𝑥 ≥, ∀𝑥 ∈ 𝐶

𝑖
} . (19)

A conic program is called strictly feasible if it admits a feasible
solution 𝑥 such that 𝐴

𝑖
𝑥 − 𝑏
𝑖

∈ int𝐶
𝑖
, ∀𝑖 = 1, . . . , 𝑚, where

int𝐶
𝑖
denotes the interior point set of 𝐶

𝑖
.

Lemma 1 (see [8]). If one of the problems (CP) and (DP) is
strictly feasible and bounded, then the other problem is solvable,
and (CP) = (DP) in the sense that both have the same optimal
objective function value.

3.1. Robust Constraints. The following lemma provides an
equivalent characterization for the infinite number of robust
constraints in terms of a finite set of linear constraints which
can be solved efficiently.

Lemma 2. For given 𝑖, 𝑗, the robust constraint

0 ≤ ∑

𝑙∈𝐿

𝛼
𝑙

𝑗
𝑝
𝑙

𝑖,𝑗
≤ 1, ∀ {𝑞

𝑙

𝑖,𝑗
} ∈ 𝑃
𝜖 (20)

is equal to the following constraints:

∑

𝑙∈𝐿

(𝑞
𝑙

𝑖,𝑗
𝑢
𝑙,0

𝑖,𝑗
− 𝑞
𝑙

𝑖,𝑗
V𝑙,0
𝑖,𝑗

) ≥ 0,

𝛼
𝑙

𝑖,𝑗
− 𝑢
𝑙,0

𝑖,𝑗
+ V𝑙,0
𝑖,𝑗

≥ 0, 𝑢
𝑙,0

𝑖,𝑗
, V𝑙,0
𝑖,𝑗

≥ 0, ∀𝑙 ∈ 𝐿,

1 + ∑

𝑙∈𝐿

(𝑞
𝑙

𝑖,𝑗
𝑢
𝑙,1

𝑖,𝑗
− 𝑞
𝑙

𝑖,𝑗
V𝑙,1
𝑖,𝑗

) ≥ 0,

V𝑙,1
𝑖,𝑗

− 𝛼
𝑙

𝑖,𝑗
− 𝑢
𝑙,1

𝑖,𝑗
≥ 0, 𝑢

𝑙,1

𝑖,𝑗
, V𝑙,1
𝑖,𝑗

≥ 0, ∀𝑙 ∈ 𝐿.

(21)

Proof. First note that the distributional set 𝑃
𝜖,𝑖
can be repre-

sented as theCartesian product of a series of projected subsets

𝑃
𝜖

= ∏

𝑖∈𝐼

𝑃
𝜖,𝑖

, (22)

where the projected subset on index 𝑖 is defined by

𝑃
𝜖,𝑖

=

{

{

{

𝑞
𝑙

𝑖,𝑗
: ∑

𝑗

𝑞
𝑙

𝑖,𝑗
= 1, 𝑞
𝑙

𝑖,𝑗
≥ 0,

∑

𝑗∈𝐽

(𝑞
𝑙

𝑖,𝑗
− 𝑝
𝑙

𝑖,𝑗
)
2

𝑝
𝑙

𝑖,𝑗

≤ 𝜖, ∀𝑙 ∈ 𝐿, 𝑗 ∈ 𝐽

}

}

}

.

(23)

Then for given 𝑖, 𝑗, since the robust constraint is only
associated with variables 𝑞

𝑙

𝑖,𝑗
, 𝑙 ∈ 𝐿, we can further split the

projected subset 𝑃
𝜖,𝑖
into |𝐽| subsets

𝑃
𝜖,𝑖

= ∏

𝑗∈𝐽

𝑃
𝜖,𝑖,𝑗

= ∏

𝑗∈𝐽

{𝑞
𝑙

𝑖,𝑗
: 𝑞
𝑙

𝑖,𝑗
≤ 𝑞
𝑙

𝑖,𝑗
≤ 𝑞
𝑙

𝑖,𝑗
, ∀𝑙 ∈ 𝐿} , (24)

where 𝑞
𝑙

𝑖,𝑗
and 𝑞
𝑙

𝑖,𝑗
are computed by (15) and (16), respectively.

For constraint ∑
𝑙∈𝐿

𝛼
𝑙

𝑗
𝑝
𝑙

𝑖,𝑗
≥ 0, ∀{𝑞

𝑙

𝑖,𝑗
} ∈ 𝑃
𝜖
, it is equal to

the following constraint:

∑

𝑙∈𝐿

𝛼
𝑙

𝑗
𝑝
𝑙

𝑖,𝑗
≥ 0, ∀ {𝑞

𝑙

𝑖,𝑗
} ∈ 𝑃
𝜖,𝑖

⇐⇒ ∑

𝑙∈𝐿

𝛼
𝑙

𝑗
𝑝
𝑙

𝑖,𝑗
≥ 0, ∀ {𝑞

𝑙

𝑖,𝑗
} ∈ 𝑃
𝜖,𝑖,𝑗

⇐⇒ min{∑

𝑙∈𝐿

𝛼
𝑙

𝑗
𝑝
𝑙

𝑖,𝑗
: 𝑞
𝑙

𝑖,𝑗
≤ 𝑞
𝑙

𝑖,𝑗
≤ 𝑞
𝑙

𝑖,𝑗
, ∀𝑙 ∈ 𝐿} ≥ 0

⇐⇒ max{∑

𝑙∈𝐿

(𝑞
𝑙

𝑖,𝑗
𝑢
𝑙,0

𝑖,𝑗
− 𝑞
𝑙

𝑖,𝑗
V𝑙,0
𝑖,𝑗

) :

𝛼
𝑙

𝑖,𝑗
− 𝑢
𝑙,0

𝑖,𝑗
+ V𝑙,0
𝑖,𝑗

≥ 0, 𝑢
𝑙,0

𝑖,𝑗
, V𝑙,0
𝑖,𝑗

≥ 0, ∀𝑙 ∈ 𝐿} ≥ 0

⇐⇒ ∑

𝑙∈𝐿

(𝑞
𝑙

𝑖,𝑗
𝑢
𝑙,0

𝑖,𝑗
− 𝑞
𝑙

𝑖,𝑗
V𝑙,0
𝑖,𝑗

) ≥ 0,

𝛼
𝑙

𝑖,𝑗
− 𝑢
𝑙,0

𝑖,𝑗
+ V𝑙,0
𝑖,𝑗

≥ 0, 𝑢
𝑙,0

𝑖,𝑗
, V𝑙,0
𝑖,𝑗

≥ 0, ∀𝑙 ∈ 𝐿,

(25)

where the last equivalence comes from the strong duality
between these two linear programs.

For the constraint ∑
𝑙∈𝐿

𝛼
𝑙

𝑗
𝑝
𝑙

𝑖,𝑗
≤ 1, ∀{𝑞

𝑙

𝑖,𝑗
} ∈ 𝑃
𝜖
, the same

technique applies; thus we complete the proof.

3.2. Robust Objective Function. In the RPC problem, the
robust objective function is defined by an innermaximization
problem. The following proposition shows that it can be
transformed into a minimization problem over second order
cones. To prove the following result, we utilize the concept of
conjugate function 𝑑

∗ of the modified 𝜒
2-distance:

𝑑
∗

(𝑠) = sup
𝑡≥0

{𝑠𝑡 − 𝑑 (𝑡)} =
[𝑠 + 2]

2

+

4
− 1, (26)
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where the function [⋅]
+
is defined as [𝑥]

+
= 𝑥 if 𝑥 ≥

0; otherwise [𝑥]
+

= 0. For more details about conjugate
functions, see [28].

Proposition 3. The following inner maximization problem

max∑

𝑗∈𝐽

∑

𝑖∈𝐼

(1 − 2𝑦
𝑖,𝑗

) ∑

𝑙∈𝐿

𝛼
𝑙

𝑗
𝑞
𝑙

𝑖,𝑗
+ |𝐼| : {𝑞

𝑙

𝑖,𝑗
} ∈ 𝑃
𝜖 (27)

is equivalent to a second order cone programming

min ∑

𝑖∈𝐼

∑

𝑙∈𝐿

(𝜖𝜆
𝑙

𝑖
− 𝜃
𝑙

𝑖
) + ∑

𝑖∈𝐼

∑

𝑙∈𝐿

∑

𝑗∈𝐽

𝑝
𝑙

𝑖,𝑗
𝑤
𝑙

𝑖,𝑗
+ |𝐼|

s.t. (

𝑤
𝑙

𝑖,𝑗

𝑧
𝑙

𝑖,𝑗

2𝜆
𝑙

𝑖
+ 𝑤
𝑙

𝑖,𝑗

) ∈ 𝐿
3
, ∀𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽, 𝑙 ∈ 𝐿,

𝑢
𝑙

𝑖,𝑗
= 𝛼
𝑙

𝑗
(1 − 2𝐼

𝑖,𝑗
) + 𝜃
𝑙

𝑖
, ∀𝑖 ∈ 𝐼, 𝑙 ∈ 𝐿, 𝑗 ∈ 𝐽.

𝑧
𝑙

𝑖,𝑗
≥𝑟
𝑙

𝑖,𝑗
+2𝜆
𝑙

𝑖
, 𝜆
𝑙

𝑖,𝑗
, 𝑧
𝑙

𝑖,𝑗
≥0 ∀𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽, 𝑙 ∈ 𝐿,

(28)

where a second order cone 𝐿
𝑛+1 is defined as

𝐿
𝑛+1

=

{

{

{

𝑥 ∈ R
𝑛+1

: 𝑥
𝑛+1

≥ √

𝑛

∑

𝑖=1

𝑥
2

𝑖

}

}

}

. (29)

Proof. For given feasible 𝛼 satisfying the robust constraints, it
is straightforward to show that the inner maximum problem
is equal to the following minimization problem (MP):

(MP) min 𝑡

s.t. 𝑡 ≥ ∑

𝑗∈𝐽

∑

𝑖∈𝐼

{(1 − 2𝑦
𝑖,𝑗

) ∑

𝑙∈𝐿

𝛼
𝑙

𝑗
𝑞
𝑙

𝑖,𝑗
} + |𝐼| ,

∀ {𝑞
𝑙

𝑖,𝑗
} ∈ 𝑃
𝜖
.

(30)

The above constraint can be further reduced to the following
constraint:

max
{

{

{

∑

𝑗∈𝐽

∑

𝑖∈𝐼

{(1 − 2𝑦
𝑖,𝑗

) ∑

𝑙∈𝐿

𝛼
𝑙

𝑗
𝑞
𝑙

𝑖,𝑗
}

+ |𝐼| − 𝑡 : ∀ {𝑞
𝑙

𝑖,𝑗
} ∈ 𝑃
𝜖
} ≤ 0.

(31)

By assigning Lagrange multipliers 𝜃
𝑙

𝑖
∈ R and 𝜆

𝑙

𝑖
∈ R
+

to the constraints in the left optimization problem, we obtain
the following Lagrange function:

𝐿 (𝑞, 𝜃, 𝜆) = ∑

𝑖∈𝐼

∑

𝑙∈𝐿

(𝜖𝜆
𝑙

𝑖
− 𝜃
𝑙

𝑖
)

+ ∑

𝑖∈𝐼

∑

𝑙∈𝐿

∑

𝑗∈𝐽

(𝑟
𝑙

𝑖,𝑗
𝑞
𝑙

𝑖,𝑗
− 𝜆
𝑙

𝑖

(𝑞
𝑙

𝑖,𝑗
− 𝑝
𝑙

𝑖,𝑗
)
2

𝑝
𝑙

𝑖,𝑗

)

+ |𝐼| − 𝑡,

(32)

where 𝑟
𝑙

𝑖,𝑗
= 𝛼
𝑙

𝑗
(1 − 2𝑦

𝑖,𝑗
) + 𝜃
𝑙

𝑖
. Its dual function is given as

𝐷 (𝜃, 𝜆) = max
𝑞≥0

𝐿 (𝑡, 𝑞, 𝜃, 𝜆)

= ∑

𝑖∈𝐼

∑

𝑙∈𝐿

(𝜖𝜆
𝑙

𝑖
− 𝜃
𝑙

𝑖
)

+ ∑

𝑖∈𝐼

∑

𝑙∈𝐿

∑

𝑗∈𝐽

max
𝑞
𝑙

𝑖,𝑗
≥0

(𝑟
𝑙

𝑖,𝑗
𝑞
𝑙

𝑖,𝑗
− 𝜆
𝑙

𝑖
𝑝
𝑙

𝑖,𝑗
(

𝑞
𝑙

𝑖,𝑗
− 𝑝
𝑙

𝑖,𝑗

𝑝
𝑙

𝑖,𝑗

)

2

)

+ |𝐼| − 𝑡,

= ∑

𝑖∈𝐼

∑

𝑙∈𝐿

(𝜖𝜆
𝑙

𝑖
− 𝜃
𝑙

𝑖
)

+ ∑

𝑖∈𝐼

∑

𝑙∈𝐿

∑

𝑗∈𝐽

𝑝
𝑙

𝑖,𝑗
max
𝑡≥0

(𝑟
𝑙

𝑖,𝑗
𝑡 − 𝜆
𝑙

𝑖
(𝑡 − 1)

2
) + |𝐼| − 𝑡,

= ∑

𝑖∈𝐼

∑

𝑙∈𝐿

(𝜖𝜆
𝑙

𝑖
− 𝜃
𝑙

𝑖
)

+ ∑

𝑖∈𝐼

∑

𝑙∈𝐿

∑

𝑗∈𝐽

𝑝
𝑙

𝑖,𝑗
𝜆
𝑙

𝑖
max
𝑡≥0

(

𝑟
𝑙

𝑖,𝑗

𝜆
𝑙

𝑖

𝑡 − (𝑡 − 1)
2
) + |𝐼| − 𝑡,

= ∑

𝑖∈𝐼

∑

𝑙∈𝐿

(𝜖𝜆
𝑙

𝑖
− 𝜃
𝑙

𝑖
)

+ ∑

𝑖∈𝐼

∑

𝑙∈𝐿

∑

𝑗∈𝐽

𝑝
𝑙

𝑖,𝑗
𝜆
𝑙

𝑖
𝑑
∗

(

𝑟
𝑙

𝑖,𝑗

𝜆
𝑙

𝑖

) + |𝐼| − 𝑡.

(33)

Note that, for any feasible 𝛼, the primal maximization
problem (31) is bounded and has a strictly feasible solution
{𝑝
𝑙

𝑖,𝑗
}; thus there is no duality gap between (31) and the

following dual problem:

min {𝐷 (𝜃, 𝜆) : 𝜃
𝑙

𝑖
∈ R, 𝜆

𝑙

𝑖
∈ R
+
, ∀𝑖 ∈ 𝐼, 𝑙 ∈ 𝐿}

⇐⇒

{{{{{{

{{{{{{

{

min ∑

𝑖∈𝐼

∑

𝑙∈𝐿

(𝜖𝜆
𝑙

𝑖
− 𝜃
𝑙

𝑖
) + ∑

𝑖∈𝐼

∑

𝑙∈𝐿

∑

𝑗∈𝐽

𝑝
𝑙

𝑖,𝑗
𝑤
𝑙

𝑖,𝑗
+ |𝐼| − 𝑡

s.t. 𝑤
𝑙

𝑖,𝑗
≥𝜆
𝑙

𝑖
𝑑
∗

(

𝑟
𝑙

𝑖,𝑗

𝜆
𝑙

𝑖

) , ∀𝑖∈𝐼, 𝑙∈𝐿, 𝑗∈𝐽,

𝜃
𝑙

𝑖
∈ R, 𝜆

𝑙

𝑖
∈ R
+
, ∀𝑖 ∈ 𝐼, 𝑙 ∈ 𝐿

}}}}}}

}}}}}}

}

.

(34)

Next we show that the constraint about the conjugate func-
tion can be represented by second order cone constraints:

𝜆
𝑙

𝑖
𝑑
∗

(

𝑟
𝑙

𝑖,𝑗

𝜆
𝑙

𝑖

) ≤ 𝑤
𝑙

𝑖,𝑗
⇐⇒ 𝜆

𝑙

𝑖
(−1 +

1

4

[

[

𝑟
𝑙

𝑖,𝑗

𝜆
𝑙

𝑖

+ 2]

]

2

+

) ≤ 𝑤
𝑙

𝑖,𝑗

⇐⇒ 4𝜆
𝑙

𝑖
(𝜆
𝑙

𝑖
+ 𝑤
𝑙

𝑖,𝑗
) ≥ [𝑟

𝑙

𝑖,𝑗
+ 2𝜆
𝑙

𝑖
]
2

+

⇐⇒ 4𝜆
𝑙

𝑖
(𝜆
𝑙

𝑖
+ 𝑤
𝑙

𝑖,𝑗
) ≥ (𝑧

𝑙

𝑖,𝑗
)
2

,

𝑧
𝑙

𝑖,𝑗
≥ 0, 𝑧

𝑙

𝑖,𝑗
≥ 𝑟
𝑙

𝑖,𝑗
+ 2𝜆
𝑙

𝑖
,
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⇐⇒ (

𝑤
𝑙

𝑖,𝑗

𝑧
𝑙

𝑖,𝑗

2𝜆
𝑙

𝑖
+ 𝑤
𝑙

𝑖,𝑗

) ∈ 𝐿
3
,

𝑧
𝑙

𝑖,𝑗
≥ 0, 𝑧

𝑙

𝑖,𝑗
≥ 𝑟
𝑙

𝑖,𝑗
+ 2𝜆
𝑙

𝑖
.

(35)

By reinjecting the above constraints into (MP), the robust
objective function is equivalent to the following problem:

min 𝑡

s.t. ∑

𝑖∈𝐼

∑

𝑙∈𝐿

(𝜖𝜆
𝑙

𝑖
− 𝜃
𝑙

𝑖
) + ∑

𝑖∈𝐼

∑

𝑙∈𝐿

∑

𝑗∈𝐽

𝑝
𝑙

𝑖,𝑗
𝑤
𝑙

𝑖,𝑗
+ |𝐼| ≤ 𝑡,

(

𝑤
𝑙

𝑖,𝑗

𝑧
𝑙

𝑖,𝑗

2𝜆
𝑙

𝑖
+ 𝑤
𝑙

𝑖,𝑗

) ∈ 𝐿
3
,

𝑧
𝑙

𝑖,𝑗
≥𝑟
𝑙

𝑖,𝑗
+2𝜆
𝑙

𝑖
, 𝑧
𝑙

𝑖,𝑗
, 𝜆
𝑙

𝑖,𝑗
≥0, ∀𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽, 𝑙 ∈ 𝐿,

𝑢
𝑙

𝑖,𝑗
= 𝛼
𝑙

𝑗
(1 − 2𝐼

𝑖,𝑗
) + 𝜃
𝑙

𝑖
, ∀𝑖 ∈ 𝐼, 𝑙 ∈ 𝐿, 𝑗 ∈ 𝐽.

(36)

By eliminating variable 𝑡, we complete the proof.

Based on the Lemma 2 and Proposition 3, we obtain our
main result.

Proposition 4. The RPC problem can be solved as the follow-
ing second order cone programming:

min ∑

𝑖∈𝐼

∑

𝑙∈𝐿

(𝜖𝜆
𝑙

𝑖
− 𝜃
𝑙

𝑖
) + ∑

𝑖∈𝐼

∑

𝑙∈𝐿

∑

𝑗∈𝐽

𝑝
𝑙

𝑖,𝑗
𝑤
𝑙

𝑖,𝑗
+ |𝐼|

s.t. (

𝑤
𝑙

𝑖,𝑗

𝑧
𝑙

𝑖,𝑗

2𝜆
𝑙

𝑖
+ 𝑤
𝑙

𝑖,𝑗

) ∈ 𝐿
3
, ∀𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽, 𝑙 ∈ 𝐿,

𝑟
𝑙

𝑖,𝑗
= 𝛼
𝑙

𝑗
(1 − 2𝐼

𝑖,𝑗
) + 𝜃
𝑙

𝑖
, ∀𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽, 𝑙 ∈ 𝐿,

𝑧
𝑙

𝑖,𝑗
≥ 𝑟
𝑙

𝑖,𝑗
+ 2𝜆
𝑙

𝑖
, ∀𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽, 𝑙 ∈ 𝐿,

∑

𝑙∈𝐿

(𝑞
𝑙

𝑖,𝑗
𝑢
𝑙,0

𝑖,𝑗
− 𝑞
𝑙

𝑖,𝑗
V𝑙,0
𝑖,𝑗

) ≥ 0, ∀𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽,

1 + ∑

𝑙∈𝐿

(𝑞
𝑙

𝑖,𝑗
𝑢
𝑙,1

𝑖,𝑗
− 𝑞
𝑙

𝑖,𝑗
V𝑙,1
𝑖,𝑗

) ≥ 0, ∀𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽,

𝛼
𝑙

𝑖,𝑗
− 𝑢
𝑙,0

𝑖,𝑗
+ V𝑙,0
𝑖,𝑗

≥ 0, ∀𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽, 𝑙 ∈ 𝐿,

V𝑙,1
𝑖,𝑗

− 𝛼
𝑙

𝑖,𝑗
− 𝑢
𝑙,1

𝑖,𝑗
≥ 0, ∀𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽, 𝑙 ∈ 𝐿,

𝜆
𝑙

𝑖,𝑗
, 𝑧
𝑙

𝑖,𝑗
, 𝑢
𝑙,1

𝑖,𝑗
, V𝑙,1
𝑖,𝑗

, 𝑢
𝑙,0

𝑖,𝑗
, V𝑙,0
𝑖,𝑗

≥ 0, ∀𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽, 𝑙 ∈ 𝐿,

𝑟
𝑙

𝑖,𝑗
, 𝜃
𝑙

𝑖,𝑗
, 𝑤
𝑙

𝑖,𝑗
, 𝛼
𝑙

𝑖,𝑗
∈ R, ∀𝑖 ∈ 𝐼, 𝑗 ∈ 𝐽, 𝑙 ∈ 𝐿.

(37)

4. Numerical Experiments on
Real-World Applications

In this section, numerical experiments on real-world appli-
cations are carried out to verify the effectiveness of the
proposed robust probability classifier model. Specifically we
consider lithology classification data sets from our practical
application. We compare our model with the regularized
SVM (RSVM) and the naive Bayes classifier (NBC) on both
binary and multiple classification problems.

All the numerical experiments are implemented in Mat-
lab 7.7.0 and run on Intel(R) Core(TM) i5-4570 CPU. SDPT3
solver [27] is called to solve the second order cone programs
in our proposed method and the regularized SVM.

4.1. Data Sets. Lithology classification is one of the basic tasks
for geological investigation. To discriminate the lithology of
the underground strata, various electromagnetic techniques
are applied to the same strata to obtain different features, such
as Gamma coefficients, acoustic wave, striation, density, and
fusibility.

Here numerical experiments are carried out on a series
of data sets: the borehole T1, Y4, Y5, and Y6. All boreholes
are located in Tarim Basin, China. In total, there are 12 data
sets used for binary classification problems and 8 data sets
used for multiple classification problems. For each data set,
based on a prespecified training rate 𝛾 ∈ [0, 1], it is randomly
partitioned into two subsets: a training set and a test set, such
that the size of training set accounts for 𝛾 of the total number
of samples.

4.2. Experiment Design. The parameters in our models are
chosen based on the size of data set.The parameter 𝜖 depends
on the number of the classes and defined as 𝜖 = 𝛿

2
/|𝐽|, where

𝛿 ∈ (0, 1).The choice of 𝜖 can be explained in this way: if there
are |𝐽| classes and the training data are uniformly distributed,
then, for each probability 𝑝

𝑙

𝑖,𝑗
= 1/|𝐽|, its maximal variation

range is between 𝑝
𝑙

𝑖,𝑗
(1 − 𝛿) and 𝑝

𝑙

𝑖,𝑗
(1 + 𝛿). The number of

data intervals 𝐾
𝑙
is defined as 𝐾

𝑙
= |𝐼|/(|𝐽| × 𝐾) such that if

the training data are uniformly distributed, then in each data
interval there are 𝐾 samples in each class. In the following
context, we set 𝛿 = 0.2 and 𝐾 = 8.

We compare the performances of the proposed RPC
model with the following regularized support vectormachine
model [6] (take the 𝑗th class for example):

(RSVM) min ∑

𝑖∈𝐼

𝜉
𝑖,𝑗

+ 𝜆
𝑗


𝑤
𝑗



s.t. 𝑦
𝑖,𝑗

(∑

𝑙∈𝐿

𝑤
𝑙

𝑗
𝑥
𝑙

𝑖
+ 𝑏
𝑗
) ≥ 1 − 𝜉

𝑖,𝑗
, 𝑖 ∈ 𝐼,

𝜉
𝑖,𝑗

≥ 0, 𝑖 ∈ 𝐼,

(38)

where 𝑦
𝑖,𝑗

= 2𝑦
𝑖,𝑗

−1 and 𝜆
𝑗

≥ 0 is a regularization parameter.
As pointed by [8], 𝜆

𝑗
≥ 0 represents a trade-off between the

number of training set errors and the amount of robustness
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Table 1: Performances of RSVM, NBC, and RPC for binary classification problems on Y5 data set.

tr (%) RSVM NBC RPC
Train (%) Test (%) Train (%) Test (%) Train (%) Test (%)

50 90.7 88.2 63.9 66.2 88.4 90.5∗

55 89.9 88.6 69.1 72.8 89.5 89.9∗

60 89.0 85.0 70.3 72.1 91.3 86.4∗

65 86.3 85.9 72.1 72.8 88.0 92.5∗

70 92.3 84.1 70.3 75.7 90.8 86.3∗

75 88.8 87.9 74.2 74.6 88.7 91.6∗

80 88.7 93.8∗ 90.0 87.5 88.3 93.3
85 89.5 89.3 93.4 89.6 89.2 91.0∗

90 89.5 88.4 93.3 95.8∗ 89.2 92.6

Table 2: Performances of RSVM, NBC, and RPC for binary classification problems on T1 data set.

tr (%) RSVM NBC RPC
Train (%) Test (%) Train (%) Test (%) Train (%) Test (%)

50 91.4 84.8 76.5 68.9 91.3 87.5∗

55 92.5 86.6 68.0 77.0 92.0 90.3∗

60 89.8 86.1 72.9 73.8 88.9 90.9∗

65 91.0 82.3 80.5 81.6 89.8 92.9∗

70 86.8 95.5∗ 83.4 89.8 88.4 93.7
75 89.4 85.2 85.9 79.5 89.7 93.5∗

80 91.8 80.8 88.1 79.9 89.7 91.1∗

85 88.3 89.9 89.9 92.8 90.8 97.1∗

90 88.5 90.2 88.8 94.2 90.9 97.2∗

with respect to spherical perturbations of the data points.
To make a fair comparison, in the following experiments we
will test a series of 𝜆 values and choose the one with best
performance. Note that if 𝜆

𝑗
= 0, we refer to this model as the

classic support vector machine (SVM). See also [6] for more
details onRSVMand its applications tomultiple classification
problems.

4.3. Test on Binary Classification. In this subsection, RSVM,
NBC, and RPC are implemented on 12 data sets for the binary
classification problems using the cross-validation methods.
To improve the performances of RSVM, we transform the
original data by the popularly used polynomial kernels [6].

Tables 1 and 2 show the averaged classification per-
formances of RSVM, NBC, and the proposed RPC (over
10 randomly generated instances) for binary classification
problems on Y5 and T1 data sets, respectively. For each data
set, we randomly partition it into a training set and a test
set based on the parameter tr which varies from 0.5 to 0.9.
The highest classification accuracy on a training set among
these three methods is highlighted in bold while the best
classification accuracy on a test set is marked with an asterisk

Tables 1 and 2 validate the effectiveness of the proposed
RPC for binary classification problems compared with NBC
and RSVM. Specifically, for most of the cases, RSVM has
the highest classification accuracy on training sets but its
performance on test sets is unsatisfactory. For most of the
cases, the proposed RPC provides the highest classification

accuracy on test sets. NBC provides better performances
on test sets as the training rate increases. The experimental
results also show that for given training rate, PRC can provide
better performances on test sets than that on training sets;
thus it can avoid the “overlearning” phenomenon.

To further validate the effectiveness of the proposed RPC,
we test it on additional 10 data sets, that is, T41–T45 and
T61–T65. Table 3 reports the averaged performances of three
methods over 10 randomly generated instances when the
training rate is set to 70%. Except for data sets T45, T63,
and T64, RPC provides the highest accuracy on the test sets,
and, for all the data sets, its accuracy is higher than 80%. As
shown in Tables 1 and 2, the robustness of the proposed RPC
guarantees its scalability on the test sets.

4.4. Test onMultiple Classification. In this subsection, we test
the performances of on multiple classification problems by
comparison with RSVM and NBC. Since the performance of
RSVM is determined by its regularization parameter 𝜆, we
run a set of RSVM with 𝜆 varying from 0 to a big enough
number and select the one with the best performance on test
sets.

Figures 1 and 3 plot the performances of three methods
on Y5 and T1 training sets, respectively. Unlike the case of
binary classification problems, we can see that RPC provides
a competitive performance even on the training sets. One
explanation is that RSVM can outperform the proposed RPC
on training sets by finding the optimal separation hyperplane
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Table 3: Performances of RSVM, NBC, and RPC for binary classification problems on other data sets when tr = 70%.

Data set RSVM NBC RPC
Train (%) Test (%) Train (%) Test (%) Train (%) Test (%)

T41 62.0 59.7 82.4 78.5 77.9 83.5∗

T42 87.0 82.2 84.1 83.1 80.5 85.3∗

T43 68.0 61.2 80.2 75.4 85.5 86.9∗

T44 91.3 83.9 77.9 86.8 88.8 90.5∗

T45 86.5 87.0 93.2 91.0∗ 84.0 89.1
T61 80.6 79.0 80.5 83.0 83.6 87.8∗

T62 71.4 66.5 86.9 85.4∗ 86.3 85.4∗

T63 63.7 69.5 89.6 89.1∗ 82.2 84.4
T64 88.2 86.7 97.0 96.9∗ 93.4 95.5
T65 75.0 63.4 79.7 81.5 90.5 92.9∗

Table 4: Performances of RSVM, NBC, and RPC for multiple classification problems on T1 data set.

Data set RSVM NBC RPC
Train (%) Test (%) Train (%) Test (%) Train (%) Test (%)

M1 65.4 68.2 72.7 73.7 79.1 77.4∗

M2 76.9 75.3 82.6 74.8 81.7 80.9∗

M3 57.9 69.9 74.8 87.4 95.4 92.0∗

M4 70.4 64.1 97.1 92.3 95.4 92.3∗

M5 77.4 71.3 89.4 88.1∗ 92.0 88.0
M6 75.7 70.5 74.1 79.4 86.4 80.8∗
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Figure 1: Performances of RSVM, NBC, and RPC on Y5 training
set.

for binary classification problem S while RPC is more robust
to extend to solve multiple classification problems since it
uses the nonlinear probability information of the data sets.
The accuracy of NBC on the training sets also improves as
the training rate increases.

Figures 2 and 4 show the performances of both methods
on Y5 and T1 test sets, respectively. We can see that, for most
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Figure 2: Performances of RSVM, NBC, and RPC on Y5 test set.

of the cases, RPC provides the highest accuracy among three
methods. The accuracy of RSVM outperforms that of NBC
on Y5 test set while the latter outperforms the former on the
T1 test set.

To further test the performance of PRC on multiple
classification problems, we carry out more experiments on
data sets M1–M6. Table 4 reports the averaged performances
of three methods on these data sets when the training rate
is set to 70%. Except for the M5 data set, PRC always
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provides the highest classification performances among three
methods, and even for the M5 data set, its accuracy (88.0%)
is very close to the best one (88.1%).

From the tested real-life application, we conclude that the
proposed RPC has the robustness to provide better perfor-
mance for both binary and multiple classification problems
compared with RSVM and NBC. The robustness of PRC
enables it to avoid the “overlearning” phenomenon, especially
for the binary classification problems.

5. Conclusion

In this paper, we propose a robust probability classifier model
to address the data uncertainty in classification problems.

To quantitatively describe the data uncertainty, a class-
conditional distributional set is constructed based on the
modified 𝜒

2-distance. We assume that the true distribu-
tion lies in the constructed distributional set centered in
the nominal probability distribution. Based on the “linear
combination assumption” for the posterior class-conditional
probabilities, we consider a classification criterion using the
weighted sum of the posterior probabilities. The optimal
robust probability classifier is determined by minimizing
the worst-case absolute error value over all the possible
distributions belonging to the distributional set.

Our proposed model introduces the recently developed
distributionally robust optimization method into the clas-
sifier design problems. To obtain a computable model,
we transform the resulted optimization problem into an
equivalent second order cone programming based on conic
duality theorem. Thus our model has the same compu-
tational complexity as the classic support vector machine
and numerical experiments on real-life application validate
its effectiveness. On the one hand, the proposed robust
probability classifier provides a higher accuracy compared
with RSVM and NBC by avoiding overlearning on training
sets for binary classification problems; on the other hand, it
also has a promising performance for multiple classification
problems.

There are still many important extensions in our model.
Other forms of loss function, such as the mean squared
error function and Hinge loss functions, should be studied to
obtain tractable reformulations and the resulted models may
provide better performances. Probability models considering
joint probability distribution information are also interesting
research directions.
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This paper presents a new multigene genetic programming (MGGP) approach for estimation of elastic modulus of concrete. The
MGGP techniquemodels the elasticmodulus behavior by integrating the capabilities of standard genetic programming and classical
regression.Themain aim is to derive precise relationships between the tangent elastic moduli of normal and high strength concrete
and the corresponding compressive strength values. Another important contribution of this study is to develop a generalized
prediction model for the elastic moduli of both normal and high strength concrete. Numerous concrete compressive strength
test results are obtained from the literature to develop the models. A comprehensive comparative study is conducted to verify the
performance of themodels.The proposedmodels perform superior to the existing traditional models, as well as those derived using
other powerful soft computing tools.

1. Introduction

The importance of elastic modulus of concrete in structural
and material engineering is well understood. This parameter
has been widely used for the analysis of structure deforma-
tions, concrete creep, shrinkage, crack control, and so forth
[1–3]. The elastic modulus of concrete can easily be obtained
from the slope of a tensile test stress-strain curve. In practical
cases, the elasticmodulus ismostly calculated using empirical
equations proposed by various codes of practice, rather than
performing time-consuming laboratory tests. The existing
empirical equations are commonly derived via traditional
statistical analyses such as regression, which have major
drawbacks [3–5]. For instance, the regression modeling is
based on predefining the structure of themodel with a limited
number of linear or nonlinear equations. To cope with such
limitations, several alternative soft computing approaches
have emerged. One of themain features of the soft computing

techniques is that they learn from experience and extract
the knowledge contained in the experimental data [4, 5].
Artificial neural networks (ANNs), fuzzy logic (FL), adaptive
neurofuzzy inference system (ANFIS), and support vector
machine (SVM) are thewell-known soft computingmethods.
These techniques have been utilized for the prediction of the
elastic modulus of normal and high strength concrete [6–10].
The major disadvantage of the ANNs, FL, ANFIS, and SVM
is that they are not capable of providing practical prediction
equations. To overcome the limitations of such techniques, a
new approach, called genetic programming (GP), is proposed
by Koza [11]. GP generates simplified prediction equations
without assuming prior form of the existing relationship
[5, 12–15]. GP and its variants such as linear genetic pro-
gramming (LGP), gene expression programming (GEP), and
multiexpression programming (MEP) have been successfully
applied to the behavioral modeling of elastic modulus of
concrete [3, 16, 17].
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Figure 1: A typical program evolved by MGGP.

This study proposes a new multigene genetic program-
ming (MGGP) approach to derive prediction models for the
elastic modulus of concrete. MGGP combines the modeling
capabilities of both GP and statistical regression methods.
Despite remarkable prediction capabilities of the MGGP
approach [18], there have been very limited studies focusing
on the application of MGGP to civil engineering tasks
[19–24]. However, three MGGP-based models are obtained
relating the tangent elasticmodulus and compressive strength
of concrete. A comparative study is conducted between the
results obtained by MGGP and those obtained from the
buildings codes (i.e., ACI-318-95 [25], NBS [26], CEB-FIB
[27], BS-8110 [28], CSA-A23.3 [29], NS-3473 [30], and TS-500
[31]), compatibility aided (i.e.,Wee et al. [32] andGardner and
Zhao [33]), FL [6], ANN [7], LGP [3], GEP [16], andMEP [17]
models.

2. Multigene Genetic Programming

GP creates computer programs to solve a problem by simu-
lating the biological evolution of living organisms [11]. The
genetic operators of genetic algorithm (GA) and GP are
almost the same. The difference between GA and GP is that
the former gives the solution as a string of numbers, while
the solution generated by the latter is computer programs
represented as tree structures [3, 5, 11]. A comprehensive
description of GP can be found in Alavi and Gandomi [5]
and Koza [11]. MGGP [18, 34] is a new variant of GP. As
discussed, the traditional GP representation is based on the
evaluation of a single tree (model) expression. In MGGP, a
single GP individual (program) is derived from a number of
genes, each of which is a tree expression [18, 19]. In other
words, each model evolved by MGGP is a weighted linear
combination of the outputs from a number of GP trees.
The tress are called “gene.” Figure 1 shows a typical program
evolved by MGGP. The inputs of the model are 𝑎, 𝑏, and
𝑐 and the functions used for the evolution process are ×,
−, +, Log, and √. The model is linear in the parameters
with respect to the coefficients 𝛼

0
, 𝛼
1
, and 𝛼

2
despite using

nonlinear terms. As it is seen, the evolved model is a linear
combination of nonlinear transformations of the predictor
variables [18, 19]. Two important MGGP parameters that
need notable control are the maximum allowable number of
genes and maximum tree depth. Restricting the tree depth
mostly results in generating more compact models [18, 19].

In order to obtain the linear coefficients, an ordinary least
squares analysis is performed on the training data. Besides,
it is possible to embed multigene approach within a partial
least squares method [34]. The initial population generated
by MGGP contains GP trees with different randomly gen-
erated genes. In addition to traditional GP’s recombination
operators, MGGP uses a tree crossover operator, called two-
point high level crossover to acquire and delete the genes
[18, 19]. As an example, assume that two parent programs
evolved by MGGP contain two (Gene 1 Gene 2) and three
genes (Gene 3 Gene 4 Gene 5). The genes enclosed by
the crossover points are denoted by {} as follows: (Gene 1
{Gene 2}) and (Gene 3 {Gene 4 Gene 5}). Thus, during the
crossover operation the genes are exchanged to create two
new programs: (Gene 1 Gene 4 Gene 5) and (Gene 3 Gene 2).
InMGGP, standard GP subtree crossover is referred to as low
level crossover. In this case, a gene is chosen at random from
each parent individual. Then, the standard subtree crossover
is applied and the created trees replace the parent trees in
the unaltered individual in the next generation. Moreover,
there are different types ofmutation inMGGP such as subtree
mutation, mutation of constants using an additive Gaussian
perturbation, and set of a randomly selected constant to
zero [18, 19]. Further details about MGGP can be found in
[18, 19].

3. MGGP Modeling of Elastic
Modulus of Concrete

The modulus of elasticity is frequently formulated as a
function of the compressive strength of concrete. Most of the
national and international codes use this way to express the
modulus of elasticity of concrete (e.g., American Concrete
Code (ACI-318-95) [25], British Concrete Code (BS-8110)
[28], and Canadian Concrete Code (CSA-A23.3) [29]). Thus,
this study is aimed at developing explicit formulas for the tan-
gent elastic modulus (𝐸

𝑐
) of normal strength concrete (NSC)

and high strength concrete (HSC) in terms of compressive
strength (𝑓

𝑐
) as follows:

𝐸
𝑐
= 𝑓 (𝑓

𝑐
) . (1)

Hence, one parameter is used for the MGGP models as the
input variable. The NSC and HSC databases are separately
used to derive two different MGGP-based formulas for the
𝐸
𝑐
of each of NSC and HSC. In order to propose a generic

model for both of NSC and HSC, another MGGP model is
developed based on the entire test results. Various parame-
ters are involved in the MGGP predictive algorithm. These
parameters selected are based on some previously suggested
values [18–24], and after making several preliminary runs
and observing the performance behavior. The parameter
settings are shown in Table 1. In this study, basic arithmetic
operators and mathematical functions are utilized to get
the optimum MGGP models. The number of programs in
the population is set by the population size. The number
of generation sets the number of levels the algorithm uses
before the run terminates [18–20]. The proper number of
population and generation often depends on the complexity
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Figure 2: Predicted versus experimental 𝐸
𝑐
of NSC using the MGGP I model.
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Figure 3: Variation of the best and mean fitness with the number of
generations for MGGP I.

of problems and on the number of possible solutions. A fairly
large number of population and generations are tested to find
models with minimum error. The programs are run until
the runs automatically terminated. The maximum allowable
number of genes in an individual and the maximum tree
depth directly influence the size of the search space and the
number of solutions explored within the search space [18–
20]. The success of the MGGP algorithm usually increases
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Figure 4: Statistical properties of the evolved MGGP I model (on
training data).

with increasing these parameters. In this case, the complexity
of the evolved function increases and the speed of the
algorithm decreases. The allowable number of genes and
tree depth are, respectively, set to optimal values as tradeoffs
between the running time and the complexity of the evolved
solutions [18–20]. There are 3 × 3 × 3 × 2 × 2 × 2 =
216 different combinations of the parameters. All of these
parameter combinations are tested and 2 replications for each
were carried out. Therefore, the overall number of optimal
individual runs is equal to 216× 2 = 432.GPTIPS toolbox [35],
in conjunction with subroutines coded in MATLAB, is used
to implement MGGP. Fitness function evaluates the evolved
expressions to designate the best encoded expressions [19].
The default GPTIPS multigene symbolic regression function
is used to minimize the error (root mean squared error).

The best MGGP models are chosen on the basis of
providing the best fitness value on the training data as well
as the simplicity of the models [3]. Correlation coefficient
(𝑅) and mean absolute error (MAE) are used to evaluate the
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Figure 5: Predicted versus experimental 𝐸
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of HSC using the MGGP II model.
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Figure 6: Variation of the best and mean fitness with the number of
generations for MGGP II.

performance of the models. 𝑅 and MAE are calculated using
the following equations:
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Figure 7: Statistical properties of the evolved MGGP II model (on
training data).

3.1. Experimental Database. An experimental database of the
previously published test results [36–39] is utilized to develop
the models. This database has been previously employed by
Demir [6], Demir [7], Gandomi et al. [3], Gandomi et al.
[16], and Gandomi et al. [17] to develop the FL, ANN, LGP,
GEP, andMEPmodels, respectively.The database contains 70
and 89 test results for the elastic modulus of NSC and HSC,
respectively.The concrete specimens are tested at the age of 28
days. In the present study, a generalmodel is further proposed
for both of NSC and HSC using the entire data. For NSC, the
ranges of the 𝐸

𝑐
and 𝑓

𝑐
are between 15.6–36.8GPa and 14–

47.7MPa, respectively. The ranges of the 𝐸
𝑐
and 𝑓

𝑐
for HSC

are between 35.2–53.2GPa and 46.4–125.6MPa, respectively.
One of the data sets in the HSC database has a compressive
strength lower than 50MPa, which is mistakenly considered
in the development of the other existingmodels.This data set
is also included in the HSC database in order to conduct a
fair comparison between the predictions provided by MGGP
and other existing models. For the analysis, the data sets are
divided into the training and testing subsets. Out of the 89
data sets for HSC, approximately 78% of the data (69 values)
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of NSC and HSC using the MGGP III model.
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Figure 9: Variation of the best and mean fitness with the number of
generations for MGGP III.

are taken for the training of the MGGP algorithm and the
remaining 22% (20 values) are used to test the generalization
capability of the models. For NSC, approximately 80% of the
data (57 values) are taken to train and the remaining 20% (13
values) are used to test the models. Out of the total 159 data
sets for NSC and HSC, almost 80% of the data (126 values)
are taken for the training of the MGGP algorithm and the
remaining 20% (33 values) are used for the testing of the
proposed NSC and HSC generic model [3, 16, 17].
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Figure 10: Statistical properties of the evolvedMGGP III model (on
training data).

Table 1: Parameter settings for the MGGP algorithm.

Parameter Settings

Population size 200, 500, 1000

Number of generations 200, 500, 1000

Maximum number of genes allowed
in an individual

1, 3, 6

Maximum tree depth 4, 6

Tournament size 12

Elitism 0.01% of population

Crossover events 0.1, 0.85

High level crossover 0.2

Low level crossover 0.8

Mutation events 0.1, 0.85

Subtree mutation 0.9

Function set +, −, ×, /, ✓, exp, ln, sin, cos
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Figure 11: A comparison of the ratio between the predicted and experimental 𝐸
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of NSC using different models. (Vertical axis:
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3.2. MGGP Prediction Model for the 𝐸
𝑐
of NSC. The optimal

formulation of the 𝐸
𝑐
of NSC in terms of 𝑓

𝑐
is as given below.

The population size, number of generations, maximum num-
ber of genes, and maximum tree depth for the MGGP I
model are 500, 500, 6, and 4, respectively. The crossover and
mutation rates are, respectively, equal to 0.85 and 0.85:

𝐸
𝑐,MGGP I (GPa) = 1.272√


√𝑓
𝑐
− 2𝑓
𝑐
+ 24.26



− 1.288√
33.21 − 𝑓𝑐

 + 24.98.

(3)

Figure 2 shows a comparison between the predicted and
experimental 𝐸

𝑐
values for NSC. As it is seen, the perfor-

mance of the model on the testing data is better than training
data. Figure 3 shows the variation of the best (log values)
and mean fitness with the number of generations. It can be
observed from this figure that the fitness value decreases

with increasing the number of generations. The best fitness
is found at the 197th generation.The statistical significance of
each of the three genes of the derived model is visualized in
Figure 4. According to Figure 4, the weight of the bias term is
higher than the other genes. Figure 4 also depicts the degree
of significance of each gene evaluated using 𝑃 values. As it is
seen, the contribution of the genes to explain variations in 𝐸

𝑐

is very high, as their relevant 𝑃 values are very low and are
approximately equal to 0. The statistical significance of the
second gene (Gene 2) is lower than the bias term and the first
gene.

3.3. MGGP Prediction Model for the 𝐸
𝑐
of HSC. The optimal

formulation of the 𝐸
𝑐
of HSC in terms of 𝑓

𝑐
is as follows.

The population size, number of generations, maximum num-
ber of genes, and maximum tree depth for the MGGP II
model are 500, 1000, 3, and 4, respectively. The crossover
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Figure 12: A comparison of the ratio between the predicted and experimental 𝐸
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of HSC using different models. (Vertical axis:
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𝑐,Predicted/𝐸𝑐,Experimental; horizontal axis: test number.)

and mutation rates are, respectively, equal to 0.85 and
0.85:

𝐸
𝑐,MGGP II (GPa) = 42.2√√

2𝑓𝑐 − 2.245


− 3.655√
52.84 − 𝑓𝑐

 − 85.67.

(4)

Figure 5 presents a comparison between the predicted and
experimental 𝐸

𝑐
values for HSC. As it is seen, performance

of the model on the training data is better than testing data.
Although there is a probability that the model is slightly
overfitted, it has been the best model obtained through the
conducted runs. As can be seen in Figure 6, the fitness value
decreaseswith increasing the number of generations.Thebest
fitness is found at the 199th generation. According to Figure 7,
the weight of the bias term is higher than the other genes.
Figure 7 indicates that the contribution of the Genes 1 and 2

to explain variations in𝐸
𝑐
is higher than the bias term, as their

relevant 𝑃 values are lower.

3.4. MGGP Prediction Model for the 𝐸
𝑐
of NSC and HSC.

The best prediction model for the 𝐸
𝑐
of NSC and HSC in

terms of 𝑓
𝑐
is as given below. The population size, number

of generations, maximum number of genes, and maximum
tree depth for the MGGP III model are similar to those for
the MGGP II model:

𝐸
𝑐,MGGP III (GPa) = 0.8275𝑓𝑐 + 0.8783√𝑓𝑐

− 0.05251𝑓
𝑐
√𝑓
𝑐
+ 8.562.

(5)

A comparison of the MGGP predicted values against exper-
imental 𝐸

𝑐
of NSC and HSC is shown in Figure 8. As can

be seen in this figure, the performance of the model is very
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Figure 13: A comparison of the ratio between the predicted and experimental 𝐸
𝑐
of NSC and HSC using different models.

good on both of the training and testing data. As can be seen
in Figure 9, the best fitness is found at the 190th generation.
According to Figure 10, the weight (coefficients) of the bias
term is higher than the other genes. Figure 10 indicates that
the contribution of the Genes 1 and 2 to explain the variations
of 𝐸
𝑐
is higher than the bias term, as their relevant 𝑃 values

are lower.

4. Performance Analysis

Figures 11 and 12 illustrate the prediction performance of
the MGGP models, American (ACI-318-95 [25]), Iranian
(NBS [26]), European (CEB-FIB [27]), British (BS-8110 [28]),
Canadian (CSA-A23.3 [29]), Norwegian (NS-3473 [30]), and
Turkish (TS-500 [31]) codes, two compatibility aided models
(i.e.,Wee et al. [32] andGardner and Zhao [33]), FL [6], ANN
[7], LGP [3], GEP [16], and MEP [17] models for the 𝐸

𝑐
of

NSC and HSC, respectively. Moreover, the predictions made
by available generalized models for the 𝐸

𝑐
of both NSC and

HSC are presented in Figure 13. These figures visualize the
ratio of the predicted to experimental 𝐸

𝑐
values. Apparently,

a ratio closer to 1 indicates a more precise prediction. It
can be seen from Figures 11 to 13 that the proposed MGGP
models provide a significantly better performance than the
available codes and empirical models. Moreover, MGGP
makes better predictions than the robust soft computing tools
(FL, ANN, LGP, GEP, and MEP). As shown in Figure 13,

the proposed MGGP model for both of NSC and HSC
yields very good results on the entire database. The superior
performance of the generic model implies the reasonability
of developing comprehensive models for the 𝐸

𝑐
of both NSC

and HSC rather than developing separate models for each of
them.

5. Parametric Analysis

For further verification of the MGGP models, a parametric
analysis is performed in this study. The parametric analysis
investigates the response of the predicted 𝐸

𝑐
by the MGGP

models to a set of hypothetical input data. The robustness of
the design equations is determined by examining how well
the predicted 𝐸

𝑐
values agree with the underlying physical

behavior of NSC and HSC [40]. Figure 14 presents the
tendency of the predictions to the 𝑓

𝑐
variations. The results

indicate that the 𝐸
𝑐
of NSC and HSC continuously increases

due to increasing 𝑓
𝑐
. The parametric analysis results are

expected cases from a structural engineering viewpoint [41].
The results confirm that the proposed design equations are
robust and can confidently be used.

6. Conclusion

In this paper, a promising extension of the classical GP,
namely, MGGP, is employed for the analysis of the tangent
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Figure 14: Parametric analysis of the 𝐸
𝑐
of NSC and HSC.

𝐸
𝑐
of NSC and HSC. MGGP integrates the capabilities of

the GP and linear regression methods to formulate the
nonlinear behavior of 𝐸

𝑐
. Three design formulas are obtained

for the prediction of 𝐸
𝑐
. The proposed models are developed

upon several test results obtained from the literature. The
MGGP models provide reliable estimations of the 𝐸

𝑐
of NSC

and HSC and outperform the existing empirical and other
soft computing-based models. The generic MGGP model
provides significantly accurate determinations of the 𝐸

𝑐
of

both NSC and HSC. In addition to the acceptable accuracy,
the MGGP-based prediction equations are very simple. The
robustness of the proposed MGGP models is confirmed
with the results of the parametric study. With the use of
the MGGP approach, 𝐸

𝑐
can be estimated without carrying

out sophisticated and time-consuming laboratory tests. The
models can be easily retrained and improved to make more
accurate predictions for a wider range by including the data
for other test conditions [42].
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Although various types of tilt sensors have been proposed in the past decade, it is still essential to develop rugged, cheap, simple-
structured tilt sensors with widemeasuring range and high sensitivities for efficientmonitoring of infrastructures and early warning
of natural disasters. It has been investigated that stereocilia in some fishes’ inner ear organs are the basic sensory units of nature’s
inertial sensors and are highly sensitive over broad dynamic range because of a combination of adaptation and negative stiffness
mechanisms. In this paper, a bioinspired tilt sensor model is proposed that mimics the mechanism of stereocilia in adaptive signal
amplification to mechanical stimuli, leading to high sensitivity to weak input and low sensitivity to high input, thus expanding the
dynamic range through adaptive amplification.The negative stiffness mechanism is implemented by magnet forces.The tilt motion
is measured by the strain gauge at the end of the flexible cantilever beam element in the model. Measurements of both static and
dynamics tilt motion are investigated. Numerical simulation results are used to demonstrate the capability of the proposed model
for the measurements of tilt motions with adaptive amplification and enhanced sensitivity.

1. Introduction

Tilt sensors, also known as inclinometers, are used tomeasure
the angular deflection of an object against a reference plane
or line. Tilt angle measurements have wide applications in
many fields [1, 2]. In the past decade, various types of tilt
sensors were reported based on the principles and imple-
mentations such as resistive, capacitive, inductive, magnetic,
optical, mechanics, thermodynamics, fiber-optic, and elec-
trolyte [2–8]. However, with the measurement tilt increases,
the sensitivity of a tilt sensor usually decreases seriously;
that is, the larger tilt it measures, the lower sensitivity it
becomes. Therefore, how to improve the sensitivity of tilt
sensor is the technical difficulty to achieve an accurate and
wide range measurement in tilt [9]. It is still essential to
develop rugged, cheap, simple-structured tilt sensors with
widemeasuring range and high sensitivities for early warning
of natural disasters; for example, it is still changing to develop
tilt with high-sensitive and wide range measurement for
monitoring geological disasters, such as landslides [10, 11].
Also, it is important to measure the dynamic rotational angle

responses of buildings, bridges, and other civil infrastruc-
tures, but it is still difficult to accurately measure these small
dynamic rotational responses in practice. Commonly, tilt or
inclination has been mathematically derived from another
measurement response; however, there is inherent error in
any indirect measurements [12–14]. Therefore, there is also
a need to develop tilt sensors with high-precision to small
dynamic rotational angles for efficient health monitoring of
infrastructures [15–19].

In marine biology, some experiments have shown that
some fishes can detect very weak motion with their inner ear
organs [20, 21]. Stereocilia in these inner ear organs are the
basic sensory units of nature’s inertial sensors and are highly
sensitive over broad dynamic range because they display
adaptive signal amplification to mechanical stimuli, leading
to high sensitivity to weak input and low sensitivity to high
input, thus expanding the dynamic range through adaptive
amplification [21, 22]. Some researchers have explored that
the high sensitivity that is maintained by stereocilia is
hypothesized to exist due to a combination of adaptation
and negative stiffness mechanisms, which shift the region of
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highest sensitivity toward the active operation range of the
stereocilia [23, 24]. Based on such adaptation and negative
stiffness mechanisms, some bioinspired sensor model has
been developed [25, 26]. The authors also have investigated
the mechanism of a hair cell bioinspired sensor with ultra-
sensitivity to weak and low frequency vibration signals [27].

In this paper, based on the combination of adaptation
and negative stiffness mechanisms of the stereocilia in some
fishes’ inner ear organs, a bioinspired mechanical model of
tilt sensor with adaptive gain and enhanced sensitivity is
proposed. The negative stiffness mechanism is implemented
by amagnet pair attached to the top of a fixed cantilever beam
element and a rigid bar, respectively, which emulates the
negative resistance of the tip-link due to the transient stiffness
softening by the gating ion channel [24]. The tilt motion is
measured by the strain gauge at the end of the cantilever
beam element. Measurement of the static tilt motion is first
studied. Then, the measurement of the dynamic tilt motion
is investigated. Both numerical simulation results are used
to demonstrate the capability of the proposed model for the
measurements of tiltmotionswith adaptive amplification and
high sensitivity.

2. The Bioinspired Mechanical Model of
the Tilt Sensor

As shown in Figure 1(a), the proposed model consists of
a fix light weight flexible cantilever beam (right) with a
concentrated mass at the tip, which mimics the stereocilia
bundle and the otolith in some fish’s inner ear organs, and a
fix rigid bar (left). The bending stiffness of the beam in the
𝑥-𝑧 plan is much larger than that in the 𝑥-𝑦 plan, so the
beam is assumed to be deflected in the 𝑥-𝑦 plan. To generate
the stiffness softening by the gating spring [27], a magnet
pair facing the same pole is attached to the top of the beam
element and rigid bar, respectively, to generate a repulsive
force against each other. When the base is not tilted in the
𝑥-𝑦 plan, the magnet pair is perfectly aligned such that there
is no net force to bend the beam element in the 𝑥-𝑦 plan;
this represents a closed ion channel without gating. However,
when the base is tilted in the 𝑥-𝑦 plan as shown in Figure 1(b),
there is a force at the top mass due to the fact that gravity
increases in horizontal direction of the 𝑥-𝑦 plan; the beam
element deflects in the 𝑥-𝑦 plan accordingly. The repulsive
magnetic force enhances the bending movement of the
beam element in the plan until the repulsive force is in
equilibrium with the elastic restoring force. This mimics the
negative resistance of the stereocilia bundle in response to the
miniscule stimuli during the channel opening by the gating.

The magnet pair generates repulsive forces that are
inversely proportional to the distance squared [28]; that is,

F =
𝐽 × 𝐽
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Table 1: Parameters of mechanical model.

Item Value Definition
𝑙 0.1m Length of the beam element

𝐸 9 × 10
5N/m2 Young’s modulus of beam

element

𝐼
𝑧

6.36 × 10
−11m4 Moment of inertia in 𝑧

direction of beam element

𝐼
𝑦 inf Moment of inertia in 𝑦

direction of beam element
𝑚 0.002 kg Tip mass

𝜁 0.865

Damping ratio of model,
the otolith and hair cells are
surrounded by endolymph,
the damping is simplified as
a large value viscous
damping

𝑧
0

0.02m
The relative coordinate of
the two magnets in 𝑧

direction

where F is the vector of magnet force, 𝜇
0
is the permeability

of vacuum,

𝜇
0
= 4𝜋 × 10

−7N/A2
, (2)

𝐽 and 𝐽
 are the magnetizations of the two magnets on the

top of the rigid bar and the flexible beam, respectively. 𝜑 is a
vector with the component of 𝜑

𝑦
and 𝜑

𝑥
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in which (𝑥
0
, 𝑦
0
, 𝑧
0
) is the relative coordinates between the

two centers of the magnet pair. 𝐴, 𝐵, 𝐶 and 𝑎, 𝑏, 𝑐 are the size
of the two magnets in the 𝑥, 𝑦 and directions, respectively.

In the model, the sizes of the two magnets are selected
as 2𝐴 = 2𝑎 = 0.006m, 2𝐵 = 2𝑏 = 0.006m, 2𝐶 = 2𝑐 =

0.006m, and the twomagnetizations are 𝐽 = 𝐽

= 0.38. Other

parameters are shown in Table 1.
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Figure 1: The bioinspired model of the tilt sensor.
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Figure 2: Measurement results of the model under static tilt angle.

3. Measurements of Tilt Motions

The proposed model in Figure 1(a) is used to measure the
tile motion 𝜃 of the base in Figure 1(b). The tilt motion
is measured by the strain gauge at the end of the flexible
cantilever beamelement in themodel as shown in Figure 1(b).

3.1. Measurements of Static Tilt Motions. A static tilt angle is
applied at the base shown in Figure 1(b). The equations of
motion for the two models with magnet and without magnet
can be obtained as (4) and (5), respectively,

𝑘𝛿 = (𝑚𝑔 + 𝐹
𝑥
) sin(𝜃 + 𝛿

𝑙
) + 𝐹
𝑦
cos(𝜃 + 𝛿

𝑙
) (4)

𝑘𝛿 = 𝑚𝑔 sin(𝜃 + 𝛿

𝑙
) (5)

in which 𝛿 is the vertical deflection at the tip of the beam,
𝑘 is its stiffness, and 𝐹

𝑥
and 𝐹

𝑦
are the components of the

magnetic force in the 𝑥 and 𝑦 direction, respectively, which
are determined by (1)–(3).

To examine the adaptive amplification of the model with
magnet, the base is tilted angle 𝜃 from 0 to 60 degree with an
interval of 0.01 degree. Figure 2(a) shows the comparisons of
strain at the bottom of beam element subject to tilt angle 𝜃

with and without the magnetic force. It is shown that the
measured strains in model with magnet are more sensitive
to small tilt angles than those in the model without magnet.
The amplification sensitivity is defined as the ratio of strain
of model with magnet and that of model without magnet.
As shown in Figure 2(b), the amplification sensitivity is high
for small tilt angles and the sensitivities decrease for larger
tilt angles. Therefore, the model has adaptive amplification
with high sensitivity to slight tilt motion and low sensitivity
to large tilt motion due to the negative stiffness contributed
by magnet force.

3.2. Measurements of Dynamic Rotational Motions. The two
mechanical models are subject to the dynamic rotational
motion 𝜃(𝑡) of the base.Then, the equations ofmotion for two
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Figure 3: Time histories of strains under dynamic base rotations with varying amplitudes.

models with magnet and without magnet can be obtained as
(6)

𝑘𝛿 (𝑡) = − 𝑚 ̈𝛿 (𝑡) − 𝑐 ̇𝛿 (𝑡) − 𝑚𝑙 ̈𝜃 (𝑡)

+ (𝑚𝑔 + 𝐹
𝑥
) sin [𝜃 (𝑡) + 𝛿 (𝑡)

𝑙
]

+ 𝐹
𝑦
[cos 𝜃 (𝑡) + 𝛿 (𝑡)

𝑙
]

𝑘𝛿 (𝑡) = −𝑚 ̈𝛿 (𝑡) − 𝑐 ̇𝛿 (𝑡) − 𝑚𝑙 ̈𝜃 (𝑡) + 𝑚𝑔 sin [𝜃 (𝑡) + 𝛿 (𝑡)

𝑙
] ,

(6)

where ̈𝜃(𝑡), ̇𝜃(𝑡), and 𝜃(𝑡) are the angular acceleration, angular
velocity, and angular displacement of tiltmotion, respectively,
and 𝑐 is the viscous damping as shown in Table 1.

3.2.1. Measurements of Dynamic Rotational Motions with
Varying Amplitudes. To examine the adaptive amplification
of the model with magnet to the rotational motion with
varying amplitudes, it is assumed that the base has the
sinusoidal rotation motion; that is, 𝜃(𝑡) = 𝜃

0
sin𝜔t. The

amplitude of rotational angle 𝜃
0
ranges from 0 to 60 degrees.

Figures 3(a)–3(d) show the time history of the strain at
the bottom of flexible beam under base rotation motion with
frequency equal to 0.1 Hz and with different amplitude 𝜃

0
.
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Figure 4: Measurement results of the model under dynamic tilt motion with varying amplitudes.
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Figure 5: Time histories of strains under dynamic base rotations with varying frequencies.

Figure 4(a) shows the comparisons of the amplitudes of
strain at the bottom of the flexible beam in two models with
and without magnets under dynamic base tilt motions with
varying amplitudes 𝜃

0
.

It is shown that the measured strains in model with
magnet are more sensitive to slight tilt motion than those
in the model without magnet. The amplification sensitivity
is defined as the ratio of amplitude of strain of model with
magnet and that of model without magnet. As shown in
Figure 4(b), the amplification sensitivity is in highly rising
tendency for small amplitude of base rotation angles and

is in descent tendency for large amplitude of base rotation
angles. This confirms the adaptive amplification capability of
the proposed model due to the negative stiffness effect by the
magnet forces.

3.2.2. Measurements of Dynamic Rotational Motions with
Varying Frequencies. The twomodels with magnet and with-
out magnet are subject to dynamic base sinusoidal rotational
motion with varying frequencies.The amplitude of rotational
displacement 𝜃

0
is assumed as 0.1 rad (5.7∘). Figures 5(a)-

5(b) compare the time histories of the strain responses at
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Figure 6: The amplification sensitivities for base rotational motion
with varying frequencies.

the bottom of the flexible beam in the two models subject
to dynamic base sinusoidal rotational motions with varying
frequency ratios 𝜔/𝜔

𝑛
, in which 𝜔

𝑛
is the natural frequency

of the model.
The amplification sensitivities defined under dynamic

base rotational motions with varying frequencies are shown
in Figure 6. It is clear that the amplification sensitivities are
high for base rotational motions with low frequency (0 ≤

𝜔/𝜔
𝑛
≤ 0.6) than those for base rotational motions with high

frequency (𝜔/𝜔
𝑛
> 0.6). Therefore, it is demonstrated that

proposedmodel ismore sensitive to low frequency tiltmotion
due to the negative stiffness effect by the magnet forces.

4. Conclusions

In this paper, based on the mechanisms of adaptation and
negative stiffness of the stereocilia in some fishes’ inner
ear organs, a bioinspired mechanical model of tilt sensor
with adaptive gain and enhanced sensitivity is proposed. The
negative stiffness effect is implemented by magnet forces and
tilt motion can bemeasured by the strain at the end of flexible
cantilever beam element in the model. Numerical simulation
results of the measurements of the static and dynamic tilt
motions have demonstrated that the proposed tilt model
is more sensitive to slight and low frequency tilt motion.
Therefore, the proposed tilt model has the capability of
adaptive gain and enhanced sensitivity.

The proposed model can be used for the design of
bioinspired tilt sensors with adaptive amplification and high
sensitivity. More investigations on practical implementation
issues of the design of such tilt sensors with small sizes by
Micro-Electro-Mechanical System (MEMS) are necessary.
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[4] B. Andò, A. Ascia, and S. Baglio, “A ferrofluidic inclinometer in
the resonant configuration,” IEEE Transactions on Instrumenta-
tion and Measurement, vol. 59, no. 3, pp. 558–564, 2010.

[5] H. Bao, X. Dong, C. Zhao, L.-Y. Shao, C. C. Chan, and P.
Shum, “Temperature-insensitive FBG tilt sensor with a large
measurement range,”Optics Communications, vol. 283, no. 6, pp.
968–970, 2010.

[6] M. Norgia, I. Boniolo, M. Tanelli, S. M. Savaresi, and C. Svelto,
“Optical sensors for real-time measurement of motorcycle tilt
angle,” IEEETransactions on Instrumentation andMeasurement,
vol. 58, no. 5, pp. 1640–1649, 2009.

[7] L. M. N. Amaral, O. Frazão, J. L. Santos, and A. B. Lobo
Ribeiro, “Fiber-optic inclinometer based on taper Michelson
interferometer,” IEEE Sensors Journal, vol. 11, no. 9, pp. 1811–1814,
2011.

[8] J. C. Choi, Y. C. Choi, J. K. Lee, H. R. Kim, and S. H. Kong, “A
dual-axis tilt sensor using electrolyte,” AIP Conference Proceed-
ings, vol. 1476, pp. 74–78, 2012.

[9] W. Su and J. Q. Fu, “The study of variable sensitivity in dual-axis
tilt sensor,” Procedia Engineering, vol. 29, pp. 2605–2609, 2011.

[10] T. Uchimura, I. Towhata, T. T. L. Anh et al., “Simple monitoring
method for precaution of landslides watching tilting and water
contents on slopes surface,” Landslides, vol. 7, no. 3, pp. 351–357,
2010.

[11] H. Kao, C. Kan, R. Chen et al., “Locating, monitoring, and char-
acterizing typhoon-linduced landslides with real-time seismic
signals,” Landslides, vol. 9, pp. 557–563, 2012.

[12] Y. Lei, Y. Jiang, and Z. Xu, “Structural damage detection with
limited input and output measurement signals,” Mechanical
Systems and Signal Processing, vol. 28, pp. 229–243, 2012.

[13] T.-H. Yi, H.-N. Li, and M. Gu, “Optimal sensor placement
for health monitoring of high-rise structure based on genetic
algorithm,” Mathematical Problems in Engineering, vol. 2011,
Article ID 395101, 12 pages, 2011.

[14] G. D. Zhou and T. H. Yi, “Recent developments on wireless
sensor networks technology for bridge health monitoring,”
Mathematical Problems in Engineering, vol. 2013, Article ID
947867, 33 pages, 2013.

[15] J. Rungamornrat and P. Tangnovarad, “Analysis of linearly
elastic inextensible frames undergoing large displacement and



Mathematical Problems in Engineering 7

rotation,” Mathematical Problems in Engineering, vol. 2011,
Article ID 592958, 37 pages, 2011.

[16] S. D. Glaser, M. Li, M. L. Wang, J. Ou, and J. Lynch, “Sensor
technology innovation for the advancement of structural health
monitoring: a strategic program of US-China research for the
next decade,” Smart Structures and Systems, vol. 3, no. 2, pp. 221–
244, 2007.

[17] T.-H. Yi, H.-N. Li, and M. Gu, “Optimal sensor placement for
structural health monitoring based on multiple optimization
strategies,” Structural Design of Tall and Special Buildings, vol.
20, no. 7, pp. 881–900, 2011.

[18] Z. W. Chen, Y. L. Xu, and X. M. Wang, “SHMS-based fatigue
reliability analysis of multiloading suspension bridges,” Journal
of Structural Engineering, vol. 138, no. 3, pp. 1–10, 2012.

[19] Z. W. Chen, Y. L. Xu, Y. Xia, Q. Li, and K. Y. Wong, “Fatigue
analysis of long-span suspension bridges under multiple load-
ing: case study,” Engineering Structures, vol. 33, no. 12, pp. 3246–
3256, 2011.

[20] N. Popper, R. R. Fay, C. Platt, and O. Sand, “Sound detection
mechanisms and capabilities of teleost fishes,” in Sensory Pro-
cessing in Aquatic Environments, S. Collin andN.Marshall, Eds.,
pp. 3–38, Springer, New York, NY, USA, 2003.

[21] A. N. Popper and R. R. Fay, “Rethinking sound detection by
fishes,” Hearing Research, vol. 273, no. 1-2, pp. 25–36, 2011.

[22] A. J. Hudspeth, “How the ear’s works work: mechanoelectrical
transduction and amplification by hair cells,” Comptes Rendus
Biologies, vol. 328, no. 2, pp. 155–162, 2005.

[23] A. J. Hudspeth, Y. Choe, A. D. Mehta, and P. Martin, “Putting
ion channels to work: mechanoelectrical transduction, adapta-
tion, and amplification by hair cells,” Proceedings of the National
Academy of Sciences of the United States of America, vol. 97, no.
22, pp. 11765–11772, 2000.

[24] C. Lee and S. Park, “A mechanical model of stereocilia that
demonstrates a shift in the high-sensitivity region due to the
interplay of a negative stiffness and an adaptation mechanism,”
Bioinspiration & Biomimetics, vol. 7, no. 4, Article ID 046013,
2012.

[25] Q. Zheng, Y. Zhang, Y. Lei, J. Song, and Y. Xu, “Haircell-
inspired capacitive accelerometer with both high sensitivity and
broad dynamic range,” in Proceedings of the 9th IEEE Sensors
Conference (SENSORS ’10), pp. 1468–1473, Waikoloa, Hawaii,
USA, November 2010.

[26] C. Smith, A. Villanueva, and S. Priya, “Aurelia aurita bio-
inspired tilt sensor,” Smart Materials and Structures, vol. 21, no.
10, Article ID 105015, 2012.

[27] L. J. Liu and Y. Lei, “Mechanism of a hair cell bioinspired
sensorwith ultrasensitivity toweak and low frequency vibration
signals,” International Journal of Distributed Sensor Networks,
vol. 2013, Article ID 278151, 10 pages, 2013.

[28] H. Allag, J.-P. Yonnet, and M. E. H. Latreche, “3D analytical
calculation of forces between linear halbach-type permanent-
magnet arrays,” in Proceedings of the 8th International Sympo-
sium on Advanced Electromechanical Motion Systems and Elec-
tric Drives Joint Symposium (ELECTROMOTION ’09), pp. 1–6,
July 2009.



Research Article
A Real-Time Location-Based Services System Using
WiFi Fingerprinting Algorithm for Safety Risk Assessment of
Workers in Tunnels

Peng Lin,1 Qingbin Li,1 Qixiang Fan,2 Xiangyou Gao,1 and Senying Hu1

1 State Key Laboratory of Hydroscience and Engineering, Tsinghua University, Beijing 100084, China
2 China Yangtze Three Gorges Group Corporation, Beijing 100038, China

Correspondence should be addressed to Peng Lin; celinpe@tsinghua.edu.cn

Received 27 December 2013; Accepted 17 February 2014; Published 17 April 2014

Academic Editor: Ying Lei

Copyright © 2014 Peng Lin et al.This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

This paper investigates the feasibility of a real-time tunnel location-based services (LBS) system to provideworkers’ safety protection
and various services in concrete dam site. In this study, received signal strength- (RSS-) based location using fingerprinting
algorithm and artificial neural network (ANN) risk assessment is employed for position analysis. This tunnel LBS system achieves
an online, real-time, intelligent tracking identification feature, and the on-site running system has many functions such as worker
emergency call, track history, and location query. Based on ANN with a strong nonlinear mapping, and large-scale parallel
processing capabilities, proposed LBS system is effective to evaluate the riskmanagement onworker safety.Thefield implementation
shows that the proposed location algorithm is reliable and accurate (3 to 5 meters) enough for providing real-time positioning
service. The proposed LBS system is demonstrated and firstly applied to the second largest hydropower project in the world, to
track workers on tunnel site and assure their safety. The results show that the system is simple and easily deployed.

1. Introduction

Over the past decade, there was a surge of accidents in
underground constructions worldwide [1–3]. Consequently,
safety is a critical issue in construction industry, especially
for the underground construction workplace. Currently the
health and safety management of the human on a large
hydroelectric power construction site mainly depends on the
contractor supervision and owner inspection on an irregular
basis. Without modern information technology and effective
management, this traditional method can hardly assure
workers’ safety. The construction industry has the poorest
Health and Safety (H&S) records in anymajor industry [4, 5].
In China, the probability of constructionworkers being killed
and injured is higher than the average figures for all other
industries, with billion RMB Yuan of economic losses being
measured each year [1].

As a consequence, some studies [6–13] have been focused
on the development of intelligent control systems, adopt-
ing advanced communication technologies and intelligent

algorithms as the means for developing new automated
manage systems. These are expected to be capable of provid-
ing support toH&S tasks in various circumstances. For exam-
ple, some advanced technologies, such as intelligent response
and rescue systems, have significantly contributed to the
reduction of mining fatalities and accidents [14, 15]. A real-
time tracking service forworkers, equipment, andmaterials is
the important information for various construction activities
such as safety management [15, 16], material management
[17], and work planning. Accurate and reliable information
of workers’ location can lead to better decision making.

Positioning system technologies can be divided into two
categories, that is, outdoor [18, 19] and indoor [17, 20–
25] positioning. The most popular and established outdoor
positioning system is Global Positioning System (GPS) [18].
The current indoor positioning systems technology is WiFi,
radio frequency identification (RFID) [20], laser, infrared,
and ultrasound. Modern localization systems use various
techniques and algorithm such as received signal strength
indicator (RSSI) [16], time of arrival (TOA), time difference
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of arrival (TDOA) and angle of arrival (AOA). GPS is well-
known to work independently (defined as a device that does
not require any installation of technology on a construction
site other than a device on the resource to position it)
for tracking service [19]. RFID technology [20] enables a
seamless link between any physical tagged entity and the
business information infrastructure providing lightweight
computational and communication capabilities. Currently,
the RFID technology that is used for personnel localization
is actually only an attendance recording system rather than
the real location tracking system. Using it, not the exact point
of the target but only an area with bigger scope than the
target can be known.This does not satisfy the requirement of
real-time precision positioning. When the accidents happen
in the tunnels, it will be very difficult to rescue the trapped
workers because of low positioning accuracy.Wireless sensor
networks (WSN) have attracted more and more research
interest in tunnel applications for their advantages of self-
organization, low cost, and high reliability [24, 26]. Wireless
sensor networks for location tracking would allow for a wide
deployment of sensors across construction sites and, as a
consequence, a chance for ubiquitous computing capable of
implementing even complex applications such as integrated
project monitoring to identify the real state of construction
site execution.

With the development of IEEE802.11 technology, WiFi
spreads all over the world. Its coverage becomes wider and
wider. Although WiFi is not designed for positioning, the
signal that access point (AP) or station regularly sends con-
tains the information of RSS, which provides the possibility
for locating mobile station. The academia and industry pay
great attentions to applyingWiFi technology to locate points.
RFID has a history of demonstrated ability and market
dominance, yet it also has a key disadvantage—the fact
that it is nowadays populated with proprietary solutions,
including expensive readers. WiFi-based real-time locating
system (RTLS) has recently become just such an opportunity,
with RTLS functions being handled by specialized software.
Compared with the existing positioning technology such as
GPS, cellular localization, RFID, and ZigBee, the positioning
based onWiFi has the following advantages [11]: (1) can work
on different occasions, such as indoor and outdoor, providing
the possibility of the ubiquitous positioning; (2) only depends
on the existing WiFi network, does not need to make any
changes, and is of low cost, which means the existing IT
infrastructure can be reused; (3) effect of non-line-of-sight
(NLOS) on WiFi signal is small, even in the situations where
there are obstacles. With the advances in data mining with
big data, wireless communication technologies and smart
mobile devices, a real-time LBS, which provide personalized
services based on users’ location information and the grow-
ing accumulation of industry knowledge, have been widely
applied in military, transportation, logistics, construction
site, and so forth. Realization of environment monitoring
and worker localization in underground constructions plays
an important role in construction and worker’s safety. In
order to safeguard the workers, firstly, need to know where
they are, then we can carry out effective implementation of

LBS that provides rich and extensible services, especially after
the catastrophic accidents, and so the rescue team can reach
the disaster scene accurately and carry out the rescue work
timely by acquiring accurate location information. Thus, in
some industry like underground mining, installing localiza-
tion system is enforced by Chinese Government’s law. In
hydropower industry, leading corporations likeThree Gorges
Corporation not only actively adopt sensory technologies in
monitoring health of hydraulic structural engineering [7, 9,
11], which makes a great contribution to cracking control of
mass concrete [9], but also pay more and more attention to
LBS system to protect workers’ safety and various services.

In this study, the positioning system based onWiFi using
RSS is introduced. The LBS system provides data based on
the location of the mobile client and can be segmented
into “push” and “pull” models. The risk management is also
proposed. This paper studies the feasibility of an LBS system
to provide workers’ safety and protection and various services
in tunnels of high arch dam site. The proposed system was
tested and deployed inmain tunnels of Xiluodu arch dam site.

2. Methodology and Model

2.1. Position Calculation Method. Currently the methods of
most positioning systems based on WiFi using RSS are
divided into two main categories: trilateration algorithm [27,
28] and fingerprinting [25] technique. Trilateration algorithm
estimates the target position by measuring the distance
between target and at least three known reference points,
while fingerprinting technique gets the target location by
matching the fingerprint information, which is the character-
istic of signals.

2.1.1. Trilateration Algorithm. Trilateration [27, 28] is a
method of calculating the coordinates based on geometry,
which can be trivially expressed as the problem of finding
the intersection of three spheres that involves a system
of quadratic equations [28]. There are many algebraic and
numerical methods to solve this problem in 2D [29] and
in 3D positioning [28, 30]. The precondition of a simplified
geometric algorithm is that estimated distances from a node
to at least three of the anchor nodes are known. This method
is utilized in the three anchor nodes as the intersection of
a circle centered at the position of the unknown node, as
shown in Figure 1. The coordinates of the three anchor nodes
𝐴
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Figure 1: Schematic diagram of spherical trilateration.

Equation (2) is derived from (1), and the coordinates of𝐴
are calculated:
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(2)

WiFi positioning based on trilateration algorithm can
be divided into two phases: distance and location. Firstly,
the target point receives RSS of three different specific APs
whose positions are known, and then it is converted into
the distances between the target and the corresponding APs
in accordance with the transmission loss model of wireless
signal. Wireless signals are commonly affected by path loss,
shadow fading, and so on in the transmission process. The
relationship between receiving signal power and the distance
can be given by signal transmission loss model.

The location of target point is calculated through the
trilateration algorithm; namely, the three APs are centers,
respectively. The distances between the target and the cor-
responding APs are the drawn radiuses of three circles. The
intersection of three circles is exactly the target point. The
WiFi positioning based on the trilateration algorithm relies
heavily on known AP location information and accurate
signal transmission loss model. However, due to reasons such
as increasingly complicated electromagnetism environment
in tunnels of arch dam, it is hard to rely on the signal trans-
mission loss model. Therefore, the wireless location based on
trilateration algorithmhas difficulties in this implementation,
and it is used as an auxiliary means.

2.1.2. Fingerprinting Technique. RSS-based location finger-
printing is based on statistical theory and proven industry
practice. Location fingerprinting refers to techniques that
match the fingerprint of some characteristic of a signal that
is location dependent [31]. Position fingerprint identification
depends on the database of characteristics of the target.
Figure 2 illustrates that its process is mainly divided into
two phases: offline phase or training phase and online
phase or positioning phase. The goal of training phase is
to establish a location fingerprinting database. Firstly, the
reasonable reference point’s distribution needs to be selected.

Locations Fingerprints

Location 1 Fingerprint 1

Location 2 Fingerprint 2

Fingerprint 
database

Fingerprint collecting

Off-line

Fingerprint matching

Estimated location

· · ·

Figure 2: Schematic flow of RSS fingerprint technique.

It is ensured that they can provide enough information for
estimating position accurately at the positioning stage. Then,
in each reference point, we measure the RSS values from
different APs in turn, making the corresponding unique
identity (usually MAC address) and position information
of reference point recorded in the database. Due to the
environmental effect, the strength of wireless signals is not
stable. In order to overcome the influence of unstable RSS on
positioning, several measurements on each reference point
are usually collected and averaged [25].The accurate position
is increased with collecting data; however, it means more
labor consumed.

In this study, the received specific RSS is comprised
of existing data in the database. The position is calculated
according to certainmatching algorithm.𝐾-nearest neighbor
algorithm is often used to compare data in fingerprinting
system [16, 25].𝐾-nearest neighbor (KNN) method is one of
the simplest ways to determine the location of the unknown
position by using the fingerprint map. This algorithm is
a location fingerprinting method that considers 𝐾 CPs
(calibration points) to calculate the approximate position of
the target. The idea is to compare the fingerprints in the
fingerprint map to the observed measurements and to select
𝐾 calibration points with the “nearest” RSS values. In the
KNN approach [32], the vector is used as a measurement and
compared to the fingerprint map, which includes only the
sample averages. Let the list [32]
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and the function 𝑑(⋅) is a
chosen distancemeasure.The Euclidean norm is widely used.
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The most common choice as a user’s location estimator 𝑥 is
the average of the coordinates of the𝐾 “nearest” fingerprints;
that is,

𝑥 =
1

𝑘

𝐾

∑

𝑖=1

𝑃
𝑖
, 𝑃
𝑖
∈ 𝐿
1:𝑘
. (6)

The estimator is a very restricted approach to compute the
location estimation, because the number of possible estimates
is always finite and is a function of the number of CPs. The
location estimation is done by using the value 𝐾 = 1, which
leads to the nearest neighbor (NN) method. The Euclidean
norm is used as a distance measure, but the estimate is
rejected if


𝑦
𝑗
− 𝑎
𝑖𝑗


> 2�̂�
𝑖𝑗
, (7)

where CPi is the “nearest” calibration point.

2.2. Risk Management on Worker Safety. Many studies
[1, 2, 33] relative to risk management are conducted for
underground mining industry. In China the probability of
construction worker fatalities in underground industries is
higher than that of all other industries, with the economic
losses being measured each year in billions [1]. Similar
situations have been recorded worldwide. Health and safety
control are inadequate in terms of preventing risks which,
because of their specific nature, are unpredictable. To better
assure the H&S of people in construction such sole depen-
dence on patrolling officers for control purposes should be
reduced and in part replaced by amore objective evaluation of
worker effort. Techniques, such as the tracking of the location
of workers and analysis of workers’ behavior would be a
helpful site control inclusion [8].Worker safetymonitoring at
dam site is a complex multi-index nonlinear process, which
requires monitoring system has some intelligent information
processing capabilities in order to ensure the reliability. The
risk management is also very important to proposal classifi-
cation of safety risk of worker, equipment and environment,
and so forth. Artificial neural network (ANN) [34] has a
strong nonlinear mapping, large-scale parallel processing
capabilities, as well as adaptive, self-training, self-learning,
self-organization and fault tolerance, and so forth. It is
suitable to be adopted in this LBS system.

As shown in Figure 3, the 3-layer model [35] is the most
widely studied and applied model among many different
types of artificial neural networks. The first layer has input
neurons, which send data via synapses to the second layer
of neurons, and then via more synapses to the third layer
of output neurons. More complex systems will have more
layers of input neurons and output neurons. The synapses
store parameters called “weights” manipulate the data in the
calculations. In this study, the output represents the solution
to the problem, that is, worker safety assessment or risk index.

Where (𝑋
𝑛
) is the input and (𝑊

𝑛
) is the corresponding

array of weights, the activation layer is given by
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Figure 3: The architecture of neural network model.

Finally, the output value can be calculated as

𝑦 = 𝑓 (𝑎 − 𝜃) . (9)

In this model, the weight revision method can greatly
affect the network behavior, which is shown in the follwoing:
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where 𝑎 is the impulse coefficient, 𝑊
𝑗ℎ

is the connected
weight between the input layer’s node and the middle layer’s
node, and 𝑊

ℎ𝑖
is the connected weight between the middle

layer’s node and the output layer’s node.

3. Description of the Real-Time LBS System

3.1. Overview of System. This system focuses mainly on pro-
viding a real-time LBS system that can automatically capture,
transfer, and analyze the positions of workers inworking zone
and can provide various location based services. Figure 4
shows the system main structural. (1) fixed reference nodes
in tunnels, which are normalWiFi APs but the mechanics are
changed to fit for tunnel environments; (2) installed gateway;
(3) moving nodes are Android smart phones running mobile
LBS client; (4) router firewall; (5) database server; (6) client
of showing map and workers’ realtime; (7) location server
of running RTLS engine; (8) location app server of running
safety management software; (9) GIS server which serves
digital map; (10) fingerprint data server, which is a fingerprint
data store.

The system’s main functions include the following.

(1) Worker’s positioning service: worker’s position data
can be stored persistently utilizing any modern
databases such as Oracle and Microsoft SQL Server.
Other systems can use the positioning service via
standard web service. Thanks to load balancing tech-
nology, this system is designed to be flexible and has
a quick response even in case that the demands are
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Figure 4: Component overview of the real-time monitoring system.

in a heavy load. Particularly, the system can real-time
handle large amounts of worker’s position on-site.

(2) Bidirectional alarm and warning service: worker can
issue critical alarm actively by pressing emergency
button of tag; control center can show the region and
the warning information. When a worker goes into
the zone where it is dangerous or is forbidden, alarm
message will be alerted to the worker as well as his
worker mates or the supervisor near him.

(3) Risk management: safety issues are collected and
managed by risk management module in LBS system.
An important part of issue tracking is to classify issues
as per their status. LBS system assumes that an issue
can be in one of the three stages: opened, resolved,
and closed. Hence, all listed statuses will be matched
to these three stages. The following statuses are
predefined: new, acknowledged, confirmed, assigned,
resolved, and closed.

LBS system provides data based on the location of the
mobile client and can be segmented into “push” and “pull”
models. The “push” model is the one in which information
is proactively sent to subscribers. On arch dam construction
site, there ismuch ofwarning and notice information needing
to be delivered to works in certain areas in time, so “push”
model is very useful. “Pull” services are used by subscribers
to retrieve area information. Workers can get information
from LBS according to their interest. In order to strengthen
the robustness of data transmission, the application offers a
temporary storage function if communication with the base
station is broken. The data is able to be uploaded when the
network is again available.

Performance of the location-based service system in site
application is very important, especially where there are
hundreds of workers. The following technical means are uti-
lized for contributing high performance in this decentralized
and scale-out system: (1) 3 up-to-date IBM xSeries servers
powered by multiway, multicore Intel Xeon processors with
hyper thread enabled; (2) main data (system users, worker’s
information, and WiFi finger print) load into memory and
main task happed there instead of store in Disk and avoid
of frequently IO exchange. A high-efficient key-value search
subsystem which is similar to nowadays NOSQL database is
developed.

3.2. Software Architecture. This is typical client-server archi-
tecture. The service side is mainly responsible for location
request from terminal and positioning calculation. Consider-
ing the load balancing, the web server and positioning server
running the position calculation are separate both logically
and physically. The client is mainly responsible for gathering
around AP wireless signal strength and will submit those
data to the server side, the server using the data to calculate
terminal position based on predefined algorithm.

Using the standard HTTP client and server communi-
cation protocol, programming is convenient and scalable.
Figure 5 illustrates the information interaction diagram of
proposed software system. Mobile terminal submits GET
request to web server; GET request information includes
signal characteristic strength vector. Web server receives
those requests and forwards them to positioning server.
Positioning server queries fingerprint database and does
certain calculation. A best estimation for position works
out.
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Figure 5: Information interaction diagram of proposed software system.
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Figure 6: LBS web client interface.

3.3. The LBS Software Interface. The LBS software includes
server software, web client, and mobile interface. Detailed
introduction is illustrated as follows.

Server Software. The server software consisted of (1) loca-
tion engine server to calculate real-time position of mobile
terminals using fingerprint mapping algorithm; (2) mobile
terminals management for management of all the mobile
terminals’ configuration, diagnosing functions; (3) system
administration for user management, system level parame-
ters, and so forth; (4) data import and export for backup
and restore; (5) web mapping service (WMS) standards
compliant map server, store sand displays spatial data. Any
client can use map service by embedding JavaScript snippet
into standard html page; (6) log and diagnosis, the entire log
and diagnose information can be configured into different
catalogs and levels; the output destination can be selectable
from local disk file, TCP/IP socket to restful web services;
(7) fault tolerance and load balancing, one server’s fault
cannot lead to failure of whole system; fault server can be
detected and isolated from the whole system; system load
can be distributed into servers according to resource usage

(CPU, memory, disk, etc.); (8) enterprise message server,
system and user-defined messages including warning and
alert information to workers are delivered and dispatched.
Both SMS and LBS system message are supported.

LBS Web Client Software Interface. As shown in Figure 6, the
proposed LBS web client interface consisted of nine modules:
(1) usermanagement, whichmanages system users, including
a RBAC based rights management; (2) worker management,
which manages all workers under LBS system’s monitor-
ing; (3) virtual electrical fence system, which can monitor
workers in and out certain area; (4) map view, web GIS
system, which shows digital map; (5) alarm system, which
collects all system alarms and notifications; (6) attendance
management system, which generates reports and analyzes
the working time sheet of all workers; (7) report system,
which reports and queries module for LBS; (8) SMS system,
where SMS can be sent out automatically or manually;
(9) safety issuesmanagement, whichmanages all safety issues,
such as unsafe worker behavior and unsafe facility in work
area.
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(a) One tunnel view (b) WiFi AP (c) Wireless base station

Figure 7: A snapshot of RTLS devices in tunnel site.

Table 1: The three-main-factor matrix.

Risk probability (L) Risk frequency (E) Factor weight (C)

Score
Probability of an
accident or dangerous
occurrence

Score
Probability of an
accident or dangerous
occurrence

Score Probability consequence

10 Absolutely possible 10 Always 100 Tragedy Many death
6 Possible 6 Everyday 40 Very severe Some death

3 Possible, but not often 3 Every week or
occasionally 15 Severe Loss of life or injured

seriously
1 Almost not possible 2 Every month 7 Serious Injured

0.5 Possible rarely 1 Every year 3 Normal Injured slightly and
can be recovered

0.2 Hardly possible 0.5 Hardly happen 1 Concern Not healthy basically
0.1 Impossible in realty

LBS Web Client software interface is in modern UI style.
Popular web browsers including IE 8.0+,Mozilla Firefox, and
Google Chrome are tested and verified.

Mobile Client Interface. The typical mobile GUI application
also is consisting of nine modules: (1) location search, which
provides search function; (2) web client, which can invoke
mobile web browser; (3) warning and notice, which mainly
shows all the warnings and notices from system; (4) system
information, which shows current system status such as CPU
load and memory usage; (5) setting, where reporting interval
value can be set; server IP address can also be set; (6) control
center, which can use some utility of control center, for exam-
ple, to broadcast an SMS to all users; (7) 3G communication
(both voice and video call); (8) emergency help, which when
touched, control center will receive an emergency message;
(9) help, where help and tutorial information are provided.

4. On-Site Application Cases

4.1. Site Setup. Xiluodu hydroelectric power station [36, 37]
is the second largest one which can output 13.86 million kW
power, and it is close to Three Gorges hydroelectric power
station in China.The project site is located on the Jinshajiang
River in Leibo county of Sichuan Province.The total pouring
concrete is about 600 million cubic meters, and total length
of tunnel is about 100,000m. There are hundreds of workers
working in the tunnels of arch dam in order to control

construction quality of dam grouting, dam reinforcement,
and worker’ safety [8]. The implementation of the proposed
system is of important significance. At 2013, WIFI-RTLS
infrastructure was deployed in all six main tunnels in arch
dam. The installed snapshot is shown in Figure 7. In the
tunnels site, there is already complete WiFi network, which
is used as backbone network for monitoring equipment and
devices to be used as communication tools.

4.2. Discussion on Worker’s Trajectory and LBS Service Risk.
The system monitored the worker’s activities in the tunnel.
Track lines illustrated that the worker was doing his routine
on-site safety supervision job, while in the middle of tunnel,
there is a place which is classified as “dangerous.” So LBS
system pushes an alert message to him, which is shown in
Figure 8(c). This case shows the feasibility of a real-time
monitoring system for worker’s trajectory, which functions
by checking whether any worker operates within a classified
place (work, forbidden, or dangerous area). If emergency
situations happened, the worker can trigger an emergency
call for help. On the other hand, the system can pushmessage
to worker. By using this bidirectional communication, LBS
system functions are demonstrated andworker’s on- sitework
safety is ensured.

4.3. Discussion on Safety Risk Management. Table 1 demon-
strates current main risk factor matrix using Xiludu arch
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Drainage tunnel

Grouting tunnel
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Grouting tunnel
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Monitoring tunnel

Monitoring tunnel

Monitoring tunnel
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(a) Behavior trajectory
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674 360 11:23.3
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376 486 15:56.1
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453 491 15:56.1
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672 362 16:07.9
672 362 16:07.9
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(b) Detail record of trajectory information

Close to the elevator shaft, please pay attention to safety

(c) Alert message to worker

Figure 8: Worker’s trajectory process.

dam construction site. The table includes three-main-factor
matrix: risk probability (𝐿), risk frequency (𝐸), and factor
weight (𝐶). The different score represents various probabil-
ities of an accident or dangerous occurrence.

The static risk assessment basis of following equation:

Risk (𝐷) = 𝐿 × 𝐸 × 𝐶. (11)

There are twenty categories and many items in catalog
for source of risk in dam site. Table 2 shows risk assessment
and regulation in tunnel site. Every day, total risk assess-
ment is analyzed following the methodology as illustrated
in Section 2.2 and an SMS (short message) is sent out to
be subscribed via the LBS system to deliver the summary
message about risk management.

The internal mechanism of ANN (artificial neural net-
work) module of LBS system includes two stages: one is
“training” and the other is “applying.” As Figure 9 illustrated,
in the training stage, historical data which was collected prior
to the application of the LBS system was input into ANN
modules. They are in 20 categories and more than 200 items,
according to Section 2.2, 𝑋

1
, 𝑋
2
, . . . 𝑋

𝑛
(where 𝑛 > 200). And

𝑊
1
,𝑊
2
, . . .𝑊

𝑛
from history data (paper record or Excel files)

Table 2: Risk assessment and regulation.

Score Action
>320 Dangerous, all on-site operations need to be stopped
160–320 Very dangerous, need change immediately
70–160 Dangerous, need change
20–70 Possible dangerous, pay attention
<20 A bit dangerous, it is acceptable

are extracted and normalized. The corresponding output
(safety assessment) is also normalized. So after training stage,
all the parameters such as 𝑎 and 𝜃 are generated from 𝑁

(total days of history data) times of iteration computing. The
more the data, the more accurate 𝑎 and 𝜃. Once the ANN is
done and ready to work, some of the history data is kept for
verification purpose; then any new input which are gathered
from LBS data acquiring subsystem can get the output data
using the trained ANN. Thanks to the LBS system, there is
a trend showing total safety situation for workers, which are
getting better and better. The conclusion is supported by the
following risk statistics diagram; see Figure 10.
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Initialization

Input training data

Computing

Get error value

E < limit value

End

Change weight value

Figure 9: Training flowchart for ANN module.
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Figure 10: Risk assessment of Xiluodu tunnel in October 2013.

5. Conclusions

Thepaper presents the realization of real-time LBS system for
monitoring worker’s location with the use of WiFi tracking
technology to provide service base on the location. Based
on the study results, the most influential factors contributing
to the successful implementation of the real-time LBS for
workers are identified.

To achieve an online, real-time, intelligent tracking iden-
tification feature, the on-site running system satisfies worker
emergency call, track history, and location query, and so
forth. Based on ANN with a strong nonlinear mapping
and large-scale parallel processing capabilities, proposed LBS
system is effective to evaluate the risk management on
worker’s safety.

The site operation case also shows that the RSS-based
localization algorithm implemented by WiFi RTLS is reli-
able and accurate enough in some cases, but in other few
cases which require more accurate (less than 1m, at cm
level) positioning, WiFi RTLS is not the final solution.
So hybrid positioning technology which includes different
precision measurement needs to be developed on arch dam
construction site and more further researches need to be
conducted.Moreover, LBS is in rapid development nowadays,
both in industry and in academia, especially in 3D virtual

reality environment. It can provide more vivid and perfect
experience to arch dam construction management firm.
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Parameter sensitivity analyses have been widely applied to industrial problems for evaluating parameter significance, effects on
responses, uncertainty influence, and so forth. In the interest of simple implementation and computational efficiency, this study
has developed two sensitivity analysis methods corresponding to the situations with or without sufficient probability information.
The probabilistic method is established with the aid of the stochastic response surface and the mathematical derivation proves that
the coefficients of first-order items embody the parameter main effects on the response. Simultaneously, a nonprobabilistic interval
analysis basedmethod is brought forward for the circumstance when the parameter probability distributions are unknown.The two
methods have been verified against a numerical beam example with their accuracy compared to that of a traditional variance-based
method. The analysis results have demonstrated the reliability and accuracy of the developed methods. And their suitability for
different situations has also been discussed.

1. Introduction

Numerical modeling has shown its critical usage in industrial
simulations for the purpose of cost saving in product R&D. In
scientific research, mathematical models are also frequently
used to approximate complex engineering, social, and eco-
nomic phenomena [1, 2]. For simulation models having
numerous uncertain parameters, an unabridged involvement
of all the parameters would often produce plausible results
with a waste of computational expenses [3]. Due to it,
a parameter sensitivity analysis (SA) procedure is often
essential before formal analyses in the interest of determining
(a) uncertainties of which parameters contribute the most to
output (i.e., response) variability; (b) insignificant parameters
that can be eliminated from the analysis model; and (c)
interaction effects among different parameters [4]. The main
goals of an SA concern parameter effect evaluation andmodel
simplification. To be more specific, SA feedbacks always
provide useful information for identifying parameters whose
uncertainties highly influence the variances of the response.
On the other hand, insignificant parameters are abandoned
or fixed to their deterministic values in order to reduce the

model complexity. Meanwhile, interaction effects can also be
evaluated once strong correlations exist among parameters.

Presently there are many SA methods that place par-
ticular emphasis on certain aspects of model sensitivities
[1, 2, 5]. Mathematical or statistical techniques are popularly
employed for such analyses and different methods may
provide different judgments. According to [6], SA methods
can be addressed in three groups: (a) those which evaluate
an individual parameter at a time, (b) those which utilize
random sampling methods, and (c) those which require a
partitioning of a particular parameter vector. Alternatively,
Saltelli et al. [2] give more specific categories represented by
scatterplots, derivatives, and regression coefficients, as well
as variance-based methods. Different methods correspond
to linear and nonlinear model assumptions. Scatterplots
may provide visualized inferences for parameter-response
relationships; however, such judgments are subjective and
cannot be made automatically with comparable indices [7].
Therefore, mathematical or statistical treatments should be
involved for practicability. The fundamental treatment relies
on partial differentiation if the parameter-response relation-
ship can be formulized. For linear models, sigma-normalized
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derivatives [8] are computationally efficient but they are
only informative at design points without providing global
sensitivity information. Regression methods [9] search for
the entire parameter space and the standardized regression
coefficients can be regarded as the sensitivity indices. Their
SA results are similar to those of derivative-based methods
but are more robust and reliable when nonlinear models
are detected. Unfortunately such methods require numerous
samples for regression if one wants to guarantee the SA
precision, which might result in unendurable computation
time.More recently variance-based approaches have revealed
their value in providing a better comprehension of the
model’s sensitivity patterns [10, 11], especially for a model
of unknown linearity, monotonicity, and additivity. These
approaches are based on the analysis of conditional variances
and high-order interaction effects can be studied. However,
the implementation of variance-based methods is often
complex and requires a high computational cost. It is found
that for complex problems traditional SA methods often
fall into trouble with analysis complexity and computational
costs. Therefore metamodels like the Kriging model can be
used to alleviate the computational burden [12, 13]. Using
the metamodels uncertainties can be efficiently propagated
between parameters and responses. And metamodels can be
constructed through regression of some samples generated
by Monte Carlo sampling or other algorithms, which forms
another superiority over “classical” variance-based methods
requiring some ad hoc sampling [2]. Unfortunately, the total
effect estimation is a weak element of metamodelling since
the precision of a metamodel is often not adequate for
the estimation of high-order interaction terms [2]. Hence,
suitable metamodeling techniques should be developed for
such analyses. Until now, the aforementioned methods are
mostly probabilistic indicating that parameter uncertainties
follow certain probability distributions such as a normal
distribution. But in the real world it is often difficult to acquire
sufficient probability information of parameters. Hence non-
probabilistic SA methods play a role at this moment. SA
procedures incorporated with interval analysis (IA) [14]
received attentions recently which do not focus on local first-
or second-order behavior of the response [15]. Interval SA
methods explore the full range of parameter uncertainties
and the interval sensitivities represent a measure for the
individual effect of each interval parameter. Such methods
require a linear variation of parameter values within their
intervals [16, 17] and the sensitivity calculation is relatively
easy to implement.

From the context one can conclude that a qualified
SA method should provide global sensitivity information
with respect to the full range of parameter uncertainties.
Meanwhile, for the purpose of practical application the
sensitivity calculation should be efficient without the need of
extensive sampling or heavy computation. Due to such con-
siderations, this study develops two SAmethods belonging to
probabilistic and nonprobabilistic strategies, respectively.The
probabilistic method relies on the stochastic response surface
(SRS) theory [18] and the sensitivity indices are obtained from
the derivation of SRS expressions. Then the nonprobabilistic
method employs the IA theory and is suitable for the solution

of uncertain interval parameters.The feasibility and accuracy
of the two methods have been verified against a numerical
example and also compared with the traditional analysis
of variance (ANOVA) based method [19, 20]. Lastly, it is
mentioned that so far most SA methods concern problems
such as risk assessments, environmental evaluations, and
economic predictions. But this study attempts to apply SA to
the civil field where large-scale structures having numerous
components and complicated material properties frequently
appear. Unfortunately, systematic research has not been
found in the literature.

2. Probabilistic Sensitivity Analysis

As aforementioned, probabilistic SA methods usually
demand numerous samples for adequate precision. Evenwith
the assistance of metamodels, sometimes high computational
cost still cannot be avoided. Hence this study attempts to
embrace parameter uncertainties in a so-called stochastic
response surface modeled through regression of a limited
number of samples (also called “collocation points” (CPs))
[18]. The SRS theory is extended from the deterministic
response surface methodology in order to correlate
uncertain parameters 𝑥 with the response 𝑦. An SRS is
expressed as a polynomial chaos expansion in terms of
Hermite polynomials [18]:
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denotes a set of standard random variables

following a normal distribution of 𝑁(0, 1) and it is the
transformation of the original parameter vector x, 𝑎
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the deterministic coefficient to be estimated by regression,
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Transforming x to 𝜉 aims to maintain the orthogonal
property of Γ

𝑝
(⋅), namely, 𝐸[Γ

𝑝
⋅ Γ
𝑞
] = 0 for 𝑝 ̸= 𝑞, which is

important for equal evaluation of different parameters. Then
with the predefined form of an SRS, the CPs can be generated
using the probabilistic collocationmethod and 𝑎

𝑖
is estimated

by regression of all the CPs. After that, the explicit polynomial
expression of the SRS is determined.

The subsequent analysis is to explore the parameter sen-
sitivity based on (1), which starts from the partial derivatives
of 𝑦 with respect to 𝜉, instead of x. The benefit of doing so
lies in the fact that different types of parameters may have
distinct dimensions.Therefore the operations on the standard
random variables guarantee the equal evaluation of all the
parameters. On the other hand, partial differentiation of
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parameter-response equations is theoretically comprehensive
but also difficult to solve for complicated problems where
complex numerical procedures are often necessary [5]. The
employment of SRS can at least partially avoid such difficulty.
Furthermore, the full range of parameter uncertainties can be
explored for a global SA purpose. For example, the popularly
used second-order SRS is demonstrated and expressed as

𝑦 = 𝑎
0
+

𝑛

∑

𝑖=1

𝑎
𝑖
𝜉
𝑖
+

𝑛

∑

𝑖=1

𝑎
𝑖𝑖
(𝜉
2

𝑖
− 1) +

𝑛−1

∑

𝑖=1

𝑛

∑

𝑗>𝑖

𝑎
𝑖𝑗
𝜉
𝑖
𝜉
𝑗
. (3)

The expectation of the partial derivative of 𝑦 with respect
to 𝜉
𝑖
is

𝐸(
𝜕𝑦

𝜕𝜉
𝑖

)

=𝐸(

𝜕 [𝑎
0
+∑
𝑛

𝑖=1
𝑎
𝑖
𝜉
𝑖
+∑
𝑛

𝑖=1
𝑎
𝑖𝑖
(𝜉
2

𝑖
− 1)+∑

𝑛−1

𝑖=1
∑
𝑛

𝑗>𝑖
𝑎
𝑖𝑗
𝜉
𝑖
𝜉
𝑗
]

𝜕𝜉
𝑖

)

= 𝐸(0 + 𝑎
𝑖
+ 2𝑎
𝑖𝑖
𝜉
𝑖
+

𝑛

∑

𝑗>𝑖

𝑎
𝑖𝑗
𝜉
𝑗
)

= 𝐸 (𝑎
𝑖
) + 2𝑎

𝑖𝑖
𝐸 (𝜉
𝑖
) +

𝑛

∑

𝑗>𝑖

𝑎
𝑖𝑗
𝐸 (𝜉
𝑗
) = 𝑎
𝑖
.

(4)

For the response vector y = (𝑦
𝑘
) (𝑘 = 1, 2, . . . , 𝑚), the

derivative matrix 𝜃 can be written as

𝜃 = (

𝜃
11

. . . 𝜃
1𝑛

... d
...

𝜃
𝑚1

⋅ ⋅ ⋅ 𝜃
𝑚𝑛

) = (

𝜕𝑦
1

𝜕𝜉
1

. . .
𝜕𝑦
1

𝜕𝜉
𝑛

... d
...

𝜕𝑦
𝑚

𝜕𝜉
1

⋅ ⋅ ⋅
𝜕𝑦
𝑚

𝜕𝜉
𝑛

) (5)

with its expectation written as

𝐸 (𝜃) = (

𝐸[
𝜕𝑦
1

𝜕𝜉
1

] . . . 𝐸 [
𝜕𝑦
1

𝜕𝜉
𝑛

]

... d
...

𝐸[
𝜕𝑦
𝑚

𝜕𝜉
1

] ⋅ ⋅ ⋅ 𝐸 [
𝜕𝑦
𝑚

𝜕𝜉
𝑛

]

) = (

𝑎
11

. . . 𝑎
1𝑛

... d
...

𝑎
𝑚1

⋅ ⋅ ⋅ 𝑎
𝑚𝑛

),

(6)

where the coefficients of the first-order terms in (1) embody
the parameter main effects on the response. This observation
can be easily demonstrated using a second-order SRS having
three uncertain parameters of 𝑥

𝑖
= 𝜇
𝑖
+ 𝜎
𝑖
𝜉
𝑖
(𝑖 = 1, 2, 3):

𝑦 = 𝑎
0
+ 𝑎
1
𝜉
1
+ 𝑎
2
𝜉
2
+ 𝑎
3
𝜉
3
+ 𝑎
11
(𝜉
2

1
− 1)

+ 𝑎
22
(𝜉
2

2
− 1) + 𝑎

33
(𝜉
2

3
− 1)

+ 𝑎
12
𝜉
1
𝜉
2
+ 𝑎
13
𝜉
1
𝜉
3
+ 𝑎
23
𝜉
2
𝜉
3
.

(7)

It is easy to obtain

𝐸[
𝜕𝑦

𝜕𝜉
1

] = 𝑎
1
; 𝐸 [

𝜕𝑦

𝜕𝜉
2

] = 𝑎
2
; 𝐸 [

𝜕𝑦

𝜕𝜉
3

] = 𝑎
3
. (8)

Meanwhile, the partial derivatives of 𝑦with respect to the
original parameters (𝑥

1
, 𝑥
2
, 𝑥
3
) are

𝜕𝑦

𝜕𝑥
1

=
𝜕𝑦

𝜕𝜉
1

𝜕𝜉
1

𝜕𝑥
1

=
1

𝜎
1

(𝑎
1
+ 2𝑎
11
𝜉
1
+ 𝑎
12
𝜉
2
+ 𝑎
13
𝜉
3
) ;

𝜕𝑦

𝜕𝑥
2

=
𝜕𝑦

𝜕𝜉
2

𝜕𝜉
2

𝜕𝑥
2

=
1

𝜎
2

(𝑎
2
+ 2𝑎
22
𝜉
2
+ 𝑎
12
𝜉
1
+ 𝑎
23
𝜉
3
) ;

𝜕𝑦

𝜕𝑥
3

=
𝜕𝑦

𝜕𝜉
3

𝜕𝜉
3

𝜕𝑥
3

=
1

𝜎
3

(𝑎
3
+ 2𝑎
33
𝜉
3
+ 𝑎
13
𝜉
1
+ 𝑎
23
𝜉
2
) ,

(9)

where 𝜎
𝑖
(𝑖 = 1, 2, 3) is the standard deviation of parameter

𝑥
𝑖
. Then one has

𝐸[
𝜕𝑦

𝜕𝑥
1

] =
𝑎
1

𝜎
1

; 𝐸 [
𝜕𝑦

𝜕𝑥
2

] =
𝑎
2

𝜎
2

; 𝐸 [
𝜕𝑦

𝜕𝑥
3

] =
𝑎
3

𝜎
3

. (10)

Since the probability distribution of 𝑥
𝑖
is known before-

hand, the expectation of 𝜕𝑦/𝜕𝑥
𝑖
is in fact a constant (say 𝑏

𝑖
)

corresponding to the mean of 𝑥
𝑖
. Therefore, one has

𝐸[
𝜕𝑦

𝜕𝑥
1

] =
𝑎
1

𝜎
1

= 𝑏
1
→ 𝑎
1
= 𝑏
1
𝜎
1
;

𝐸 [
𝜕𝑦

𝜕𝑥
2

] =
𝑎
2

𝜎
2

= 𝑏
2
→ 𝑎
2
= 𝑏
2
𝜎
2
;

𝐸 [
𝜕𝑦

𝜕𝑥
3

] =
𝑎
3

𝜎
3

= 𝑏
3
→ 𝑎
3
= 𝑏
3
𝜎
3
.

(11)

It can be seen that the coefficient 𝑎
𝑖
simultaneously takes

into account 𝑥
𝑖
’s mean and standard deviation (uncertainty).

Hence, 𝐸[𝜕𝑦/𝜕𝜉
𝑖
] = 𝑎

𝑖
embodies the response sensitivity to

parameter uncertainty. Meanwhile, it should be noted that
the coefficient 𝑎

𝑖
is from a robust approximation and its value

changes a little when a higher-order SRS is constructed.Thus
the use of a second-order SRS is adequate for the SA of first-
order (main) effects.

Lastly, it is mentioned that, for the SRS based method,
parameters are assumed to follow normal (Gaussian) distri-
butions, which has been proved to be reasonable for most
engineering problems. In case of nonnormal distributions,
some transformation techniques such as the Rosenblatt
transformation can be adopted in order to transform random
variables into uncorrelatedGaussian variables [21].Therefore,
the normal distribution assumption can be regarded as a
general one for our method.

3. Interval Sensitivity Analysis

The SRS based method is suitable for uncertain parame-
ters following normal distributions. However, for real-world
problems, sufficient probability information of structural
parameters is often unsatisfied indicating that only param-
eter uncertainty intervals are known. At this moment, IA
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should be involved in the SA implementation, which defines
a nonprobabilistic strategy seldom reported in the literature.
Due to it, this study extends the interval SA method of the
previous research [16] for considering the situation when
extreme points exist within the parameter interval.

Suppose an interval vector x𝐼 = (𝑥
𝐼

𝑖
) (𝑖 = 1, 2, . . . , 𝑛)

where the superscript 𝐼 denotes an interval number; its lower
and upper bounds together with the median and interval
radius can be written as

x𝐼 = [x, x] = [x𝑐 − x𝑟, x𝑐 + x𝑟] , (12)

where x and x denote the lower and upper bounds and x𝑐 and
x𝑟 represent the median and interval radius, respectively.The
normalized variability of x𝐼 can be defined as

𝛿x𝐼 = x𝑟

x𝑐
. (13)

Then for the response vector y𝐼 = [y, y], there exists a
mapping relationship between x𝐼 and y𝐼 [16]:

𝑦
1
≤ 𝜃
11
𝑥
1
+ 𝜃
12
𝑥
2
+ ⋅ ⋅ ⋅ + 𝜃

1𝑛
𝑥
𝑛
≤ 𝑦
1

𝑦
2
≤ 𝜃
21
𝑥
1
+ 𝜃
22
𝑥
2
+ ⋅ ⋅ ⋅ + 𝜃

2𝑛
𝑥
𝑛
≤ 𝑦
2

...

𝑦
𝑚
≤ 𝜃
𝑚1
𝑥
1
+ 𝜃
𝑚2
𝑥
2
+ ⋅ ⋅ ⋅ + 𝜃

𝑚𝑛
𝑥
𝑛
≤ 𝑦
𝑚
,

(14)

where 𝜃
𝑗𝑖
(𝑗 = 1, 2, . . . , 𝑚) can be regarded as the compositive

effect coefficient of 𝑥
𝑖
on 𝑦
𝑗
. The determination of 𝜃

𝑗𝑖

is unpractical since different parameters may have differ-
ent dimensions. Therefore, the evaluation of an individual
parameter’s effect on a single response could bemore feasible.
Namely, if the effect of 𝑥

𝑖
= [𝑥
𝑖
, 𝑥
𝑖
] on 𝑦

𝑗
is [𝑦
𝑗𝑖
, 𝑦
𝑗𝑖
], which is

actually a subinterval of [𝑦
𝑗
, 𝑦
𝑗
], then 𝜃

𝑗𝑖
can be defined as

𝜃
𝑗𝑖
=

𝑦
𝑗𝑖
− 𝑦
𝑗𝑖

𝑦
𝑗
− 𝑦
𝑗

(15)

with 0 ≤ 𝜃
𝑗𝑖

≤ 1. Here 𝜃
𝑗𝑖

→ 0 indicates a decreasing
sensitivity of 𝑦

𝑗
to the variation of 𝑥

𝑖
; 𝜃
𝑗𝑖

→ 1 presents
an increasing sensitivity. (𝑦

𝑗
− 𝑦
𝑗
) can be defined by using

the combination method which first establishes the different
combinations of 𝑥

𝑖
’s bounds and then calculates the corre-

sponding response intervals. Subsequently the largest interval
is regarded as (𝑦

𝑗
− 𝑦
𝑗
).

The above handling is comprehensive and easy to imple-
ment. However, a linear and monotonic assumption of the
parameter-response relationship within the interval should
be satisfied. In case of a nonlinear relationship or existence
of extreme points, (15) may fail. Due to it, this study extends
the method for considering the existence of extreme points.

The basic idea is to divide the original intervals into several
subintervals at 𝑘 extreme points of (𝑥1

𝑖
, 𝑥
2

𝑖
, . . . , 𝑥

𝑘

𝑖
):

𝑥
𝑖
= [𝑥
𝑖
, 𝑥
1

𝑖
] ∪ [𝑥

1

𝑖
, 𝑥
2

𝑖
] ∪ ⋅ ⋅ ⋅ [𝑥

𝑘

𝑖
, 𝑥
𝑖
]

(𝑥
𝑖
≤ 𝑥
1

𝑖
≤ ⋅ ⋅ ⋅ ≤ 𝑥

𝑘

𝑖
≤ 𝑥
𝑖
) .

(16)

And the lower and upper bounds of the response corre-
sponding to each subinterval are calculated as

𝑦
1

𝑗𝑖
= [𝑓 (𝑥

𝑖
) , 𝑓 (𝑥

1

𝑖
)] = [𝑦

1

𝑗𝑖
, 𝑦
1

𝑗𝑖
]

𝑦
2

𝑗𝑖
= [𝑓 (𝑥

1

𝑖
) , 𝑓 (𝑥

2

𝑖
)] = [𝑦

2

𝑗𝑖
, 𝑦
2

𝑗𝑖
]

...

𝑦
𝑘

𝑗𝑖
= [𝑓 (𝑥

𝑘−1

𝑖
) , 𝑓 (𝑥

𝑘

𝑖
)] = [𝑦

𝑘

𝑗𝑖
, 𝑦
𝑘

𝑗𝑖
]

𝑦
𝑘+1

𝑗𝑖
= [𝑓 (𝑥

𝑘

𝑖
) , 𝑓 (𝑥

𝑖
)] = [𝑦

𝑘+1

𝑗𝑖
, 𝑦
𝑘+1

𝑗𝑖
] ,

(17)

where 𝑓(⋅) denotes the mapping function between 𝑥
𝑖
and 𝑦
𝑗𝑖
.

Subsequently, the maximum and minimum values of 𝑦
𝑗𝑖
can

be easily obtained as

𝑦
𝑗𝑖
= min
𝑘

(𝑦
1

𝑗𝑖
, 𝑦
2

𝑗𝑖
, . . . , 𝑦

𝑘+1

𝑗𝑖
) ,

𝑦
𝑗𝑖
= max
𝑘

(𝑦
1

𝑗𝑖
, 𝑦
2

𝑗𝑖
, . . . , 𝑦

𝑘+1

𝑗𝑖
) .

(18)

After that, (15) can be again used to evaluate the interval
sensitivity. It should be mentioned that in fact the interval
SA can be regarded as a special case of probabilistic method
whose probability distribution tails can be used as the bounds
(intervals).

4. ANOVA Based Sensitivity Analysis

The reliability and accuracy of the proposed two methods
should be validated. For this aim, the 2𝑘 factorial design (FD)
[19, 20] has also been adopted for SA analyses. The core of
FD is the analysis of variance and such designs have been
used for parameter screening purposes [22–24].TheANOVA
analyzes the difference between themeans of different sample
groups using the statistical 𝐹-test. The variances of particu-
lar responses can be decomposed into several components
attributable to different sources of parameter variations.
By this means parameters whose uncertainties significantly
affect the responses can be identified. In implementation, the
2
𝑘 FD establishes a linear additivemodel closely related to the
ANOVAwith coefficient estimates and standard errors. In the
2
𝑘 FD each parameter has only two levels representing the
lower and upper bounds of the parameter. The linear model
is obtained from the regression of some samples generated
using the design of experiment [19, 20]. The samples come
from a random population following a normal distribution.
Then the main and interaction effects are simultaneously
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Figure 1: The numerical cantilever beam.
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Figure 2: Vibrational modes of the cantilever beam.

evaluated. This method is traditional and well known; thus
more details can be found in the literature and will not be
described here.

5. Validation

The performance of the proposed SA methods has been
validated using a numerical cantilever beam with its length
of 2 meters (Figure 1). The beam had a uniform cross
section of 0.2m × 0.2m (nominal values). And its nominal
material properties were defined as Young’ modulus (𝐸) of
30GPa, density (𝐷) of 2400 kg/m3, and Poisson’s ratio (𝑃)
of 0.2. The FE model was divided into 20 identical elements
and element 10 was assumed to have uncertain geometric
and material properties. The uncertainty effects of 𝐸, 𝐷,
𝑃, and 𝐼 (the section inertia) on the first five frequencies
were investigated with the corresponding vibrational modes
illustrated in Figure 2. It is seen that there are four flexural
vibrational modes and one axial mode (the deformation
shape of this mode is plotted with its undeformed edge for
a clear illustration).

Two scenarios were analyzed including an identical
parameter uncertainty level and two different levels. In the
first scenario each parameter had a variability level of 1%
variation to its nominal value. To give an illustration, for the
probabilistic method, the parameter means were the nominal
values of 𝐸, 𝐷, 𝑃 and 𝐼. And the corresponding standard
deviations of the four parameters were defined as 0.01. Mean-
while for the interval SA method, the nominal values were
also used as the parameter medians while the corresponding
interval radii were 0.01 multiplying the medians. In the
second scenario the variability of 𝐼 was increased up to 2%

Table 1: Parameter effect percentage contributions to frequency
variations (scenario 1: probabilistic).

Mode E I D P
𝑓
1

36.97 36.69 26.34 0
𝑓
2

32.81 32.81 34.38 0
𝑓
3

53.93 0 46.07 0
𝑓
4

28.46 0.35 71.19 0
𝑓
5

34.46 34.03 31.51 0

Table 2: Parameter effect percentage contributions to frequency
variations (scenario 1: interval).

Mode E I D P
𝑓
1

36.97 36.68 26.34 0
𝑓
2

32.81 32.81 34.38 0
𝑓
3

53.92 0 46.08 0
𝑓
4

28.46 0.34 71.20 0
𝑓
5

34.46 34.02 31.51 0

Table 3: Parameter effect percentage contributions to frequency
variations (scenario 1: ANOVA).

Mode E I D P
𝑓
1

36.97 36.69 26.34 0
𝑓
2

32.81 32.81 34.38 0
𝑓
3

53.92 0 46.08 0
𝑓
4

28.46 0.35 71.20 0
𝑓
5

34.46 34.02 31.51 0

while that of the rest of the parameters remained unchanged.
Meanwhile for the sake of better comparison, the parameter
effects on the frequencies were expressed by their percentage
contributions to a unit variation of each frequency.

5.1. Scenario 1. In this scenario, a second-order SRS having 4
parameterswas constructed through the regression of 20CPs.
And the coefficients of the first-order terms were considered
to reflect parameter main effects. Meanwhile, the interval SA
was performed by assuming the upper and lower bounds
of each parameter to be 𝑥 = 0.99𝑥

0
and 𝑥 = 1.01𝑥

0
,

where 𝑥
0
denotes the parameter nominal value. Then the

individual parameter effect was compared to the total effects
for evaluating the effect contribution to the unit frequency
variations. The SA results for the two methods are listed in
Tables 1 and 2. Simultaneously, a 24 FD was also carried out
for comparison with its results given in Table 3.

It is observed that the three methods present equal SA
results for this simple beam example, demonstrating the cor-
rectness of the proposed probabilistic and interval methods.
For the first frequency, the main effect contributions of 𝐸 and
𝐼 are identical and 40% larger than that of 𝐷. For 𝑓

2
and 𝑓

5
,

the contributions of 𝐸, 𝐼, and 𝐷 are almost the same. But
it is found that 𝑃 shows no effects on all the frequencies.
The above observations can be explained by the theoretical
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expressions for the natural frequencies of a cantilever beam
[25]:

𝑓
1
=
3.516

2𝜋𝐿2
√

𝐸𝐼

𝐷𝐴
; 𝑓

2
=
22.03

2𝜋𝐿2
√

𝐸𝐼

𝐷𝐴
;

𝑓
4
=
61.70

2𝜋𝐿2
√

𝐸𝐼

𝐷𝐴
; 𝑓

5
=
120.9

2𝜋𝐿2
√

𝐸𝐼

𝐷𝐴

𝑓
3
≈
3 (2𝑖 − 1)

2𝜋𝐿2
√
𝐸

𝐷
(𝑖 = 1, 2, . . .) → axial frequency.

(19)

It can be seen that for the flexural frequencies, 𝐸, 𝐼, and𝐷
(𝐴 denotes the section area) should present the same effects,
while Poisson’s ratio (𝑃) does not appear in these expressions
indicating no influence on the frequencies. And the slight
difference among 𝑓

1
, 𝑓
2
, and 𝑓

5
is caused by the positions of

the uncertain element 10 at the corresponding mode shapes,
which affects the parameter significance. This point can be
testified by the SA results of 𝑓

4
in which the contribution of

𝐼 turns to be zero since at this moment element 10 locates at
the modal node, as illustrated in Figure 2. Moreover, for 𝑓

4
,

the effect of 𝐷 is around 2.5 times over that of 𝐸 implying
that the influence of the bending stiffness variability has been
highly weakened due to the element location at the modal
node.Meanwhile for the first axial frequency𝑓

3
, only𝐸 and𝐷

show effects due to the fact that the section area, instead of the
section inertia, controls the axial vibration. This observation
can be proved by both the theoretical expression and the
analysis results in Tables 1, 2, and 3.

Lastly, it should be mentioned that the interaction effects
among the four parameters were not taken into account in
this example since they are pretty small.The sum effects of𝐸𝐼,
𝐸𝐷, and 𝐼𝐷were only 0.40%, 0.28%, 0.02%, 0.51%, and 0.31%
for the 5 frequencies, respectively.Therefore, the involvement
of the interaction effects is unnecessary and would increase
the SA complexity.

5.2. Scenario 2. The first scenario evaluates the parameter
effects in equal variability. But in practice different structural
parametersmay have various uncertainty levels, whichmeans
that the parameter effects should be investigated according
to the true variability. As such, the second scenario assumed
the variability of 𝐼 to be 2% while that of 𝐸 and 𝐷 remained
1% (𝑃 was discarded here due to its insignificance). The SA
results are given in Tables 4, 5, and 6 demonstrating that for
𝑓
1
, 𝑓
2
, and 𝑓

5
the main effect of 𝐼 is nearly double compared

with the effects of 𝐸 and 𝐷. This is rational since the three
parameters have equal weights in (19). And for 𝑓

3
and 𝑓

4
,

the effect of 𝐼 still does not exist. For 𝑓
3
especially, although

𝐼’s variability increases twice the effect evaluations do not
change after being compared with Tables 1–3. Meanwhile,
with respect to𝑓

4
, the effect of𝐷 is also around 2.5 times over

that of 𝐸.

5.3. Discussions. TheSA results of this beam example demon-
strate that all the three methods can accurately evaluate the
parameter effects on the frequencies. Then one may raise

Table 4: Parameter effect percentage contributions to frequency
variations (scenario 2: probabilistic).

Mode E I D
𝑓
1

27.05 53.70 19.25
𝑓
2

24.70 49.42 25.87
𝑓
3

53.93 0 46.07
𝑓
4

28.35 0.74 70.90
𝑓
5

25.71 50.79 23.50

Table 5: Parameter effect percentage contributions to frequency
variations (scenario 2: interval).

Mode E I D
𝑓
1

27.04 53.68 19.27
𝑓
2

24.70 49.41 25.88
𝑓
3

53.92 0 46.08
𝑓
4

28.35 0.70 70.94
𝑓
5

25.71 50.77 23.51

Table 6: Parameter effect percentage contributions to frequency
variations (scenario 2: ANOVA).

Mode E I D
𝑓
1

27.05 53.74 19.21
𝑓
2

24.70 49.42 25.88
𝑓
3

53.93 0 46.07
𝑓
4

28.34 0.73 70.93
𝑓
5

25.71 50.78 23.51

a question: why develop the SRS and IA based methods if
the ANOVA based method can provide satisfactory perfor-
mance? This query can be explained by three aspects. Firstly,
the 2𝑘 FD and the SRS based method are both probabilistic
methods suitable for uncertain parameters following normal
distributions. But in case only the bounds, instead of the
probability information, of uncertain parameters can bemea-
sured, the IA method embodies its superiority. Secondarily,
the computational and analysis expenses form a critical
point. For example, when there are 10 uncertain parameters,
the 2

𝑘 FD requires at least 2
10

= 1024 samples for a
complete evaluation without losing precision. But the SRS
method needs only 132 samples (namely, CPs), which ismuch
fewer. Thirdly, although the IA method is relatively simple
in implementation, it loses sight of the distributions within
the intervals. And the interaction effect analysis should
be implemented in a more complex form than (15). As
a conclusion, it is suggested that in practical applications
suitable SAmethods should be chosen on the basis of specific
problems. And two or evenmore methods are recommended
for better judgment.

6. Conclusions

A probabilistic SA method and an interval SA method have
been developed and verified against the traditional ANOVA
based method. The developed methods focus on solving
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problems with or without sufficient probability information
of uncertain parameters. Via the study on a numerical beam,
the uncertainty effects of different geometric and material
parameters on the beam frequencies were investigated. It is
found that the three methods present the same effect eval-
uations proving the correctness of the developed methods.
And the sensitivity of different parameters can be analyzed
in rational way. Finally, the applicability of the developed
methods has also been discussed and cross verification
between different methods is suggested for the sake of better
SA evaluations.
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The shift ofmodal parameters induced by temperature fluctuationmaymask the changes of vibration properties caused by structural
damage and result in false structural condition identification. Thoroughly understanding the temperature effects on vibration
properties of long-span bridges becomes an especially important issue before vibration-based damage detection methodologies are
applied in real bridges. This paper presents an overview of current research activities and developments in the field of correlations
between temperatures and vibration properties of long-span bridges. The theoretical derivation methods using classical structural
dynamics and closed-form formulations are first briefly introduced. Then the trend analysis methods that are intended to extract
the degree of variability in vibration property under temperature variation for different bridges by numerical analysis, laboratory
test, or field monitoring are reviewed in detail. Following that, the development of quantitative models to quantify the temperature
influence on vibration properties is discussed including the linear model, nonlinear model, and learning model. Finally, some
promising research efforts for promoting the study of correlations between temperatures and vibration properties of long-span
bridges are suggested.

1. Introduction

The long-span bridges which represent the key elements in
terms of the safety and functionality of the entire trans-
portation system are susceptible to the combined action of
environmental conditions (e.g., temperature, winds, rains,
and humidity), service loads (e.g., railway loads, highway
loads), and catastrophic events (e.g., earthquakes, hurricanes,
floods, and vehicle collision) [1–3]. In the United States, 15%
of 595,000 bridges were rated as being deficient for structural
reasons by the US Federal Highway Agency (FHWA) in
2005 and more than 134 bridges were reported to have
partially or totally collapsed between 1989 and 2000 [4–
6]. Therefore, how to maintain structural safety becomes
a challenging task. Structural health monitoring (SHM),
which aims at monitoring structural behavior in real-time,
evaluating structural performance under various loads, and
identifying structural damage or deterioration, provides a

better solution for this problem [7–10]. Recent advances in
sensing, data acquisition, computing, communication, and
data and informationmanagement have greatly promoted the
applications of SHM technology in bridge structures [11]. At
present, SHM has been extensively implemented on existing
or newly built bridges in Europe, USA, Canada, Japan, Korea,
China, and other countries [12, 13].

For a sophisticated bridge SHM system, one of the
extremely important functions is damage detection, which is
also the original intention of developing SHM technology. In
order to fulfill this requirement, a variety of damage detection
methods have been proposed for different types of long-span
bridges. Among them, the vibration-based methodology is
dominant [14–16]. The basic concept underlying the use of
vibration-based damage detection is that global vibration
properties, notably natural frequencies, mode shapes, and
modal damping, are functions of the physical parameters
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of the structural mass, damping, and stiffness. Changes in
the physical parameters will cause detectable changes in
the vibration properties [17]. Up to now, various damage
detection methods that are based on the vibration properties
or their derivatives have been developed, such as coordinate
modal assurance criterion (COMAC), enhanced coordinate
modal assurance criterion (ECOMAC), damage index (DI)
method, mode shape curvature (MSC) method, modal flexi-
bility index (MFI), changes in stiffness matrix obtained from
measured mode shapes, and changes in the curvature of
uniform load surface [18–21]. However, the application of
vibration-based damage detection methods for real long-
span bridges is complicated, because vibration properties of
a real structure are strongly affected by factors other than
structural damages [22]. Environmental changes, especially
temperature, also cause changes in vibration properties,
such as frequency, mode shapes, and damping ratio, which
may mask the changes caused by structural damage [23].
To avoid false condition assessments, the variability of the
vibration properties due to temperature must be thoroughly
understood and quantified so that it can be discriminated
from changes caused by damage [17]. As a matter of fact, the
variation of temperatures affects vibration properties of long-
span bridges in a complicated manner. Firstly, the tempera-
ture distribution and its variation in a bridge are generally
nonuniform and time dependent, which induces that the
changes of physical parameters among different structural
parts are asynchronous [24]. Secondly, all members of a
bridge change their size under different temperatures for the
effect of thermal expansion and contraction [25].Thirdly, the
Young’s modulus and the shear modulus of material, which
are the main parameters determining vibration properties
of bridges, vary because of the fluctuation of temperature.
Fourthly, daily or seasonal variations in temperature may
change the stiffness of bridge expansion joints or supports
and thus strengthen or weaken the constraints, resulting
in an apparent shift of vibration properties [26]. Lastly,
temperature variations result in considerable thermal stresses
or stress redistribution in structure, which may change the
vibration properties of bridges. Numerous investigations
indicate that temperature is the critical source causing the
variability of vibration properties of long-span bridges, and
the variations of modal frequencies caused by temperature
may reach 5% to 10% for highway bridges, which inmost cases
exceed the changes of frequencies due to structural damage or
deterioration [12].

During the past decades, considerable effort has been
devoted to investigating the correlations between tempera-
tures and vibration properties of long-span bridges. Accord-
ing to the approach of researching, the existing achievements
can be categorized into three types, termed as theoretical
derivation, trend analysis, and quantitative model. The the-
oretical derivation is used to establish closed-form formu-
lations of the correlations between temperatures and vibra-
tion properties of long-span bridges by classical structural
dynamic methods. The trend analysis is applied to analyze
the variation of vibration properties of long-span bridges
caused by temperature changes through numerical simula-
tion, laboratory test, and field monitoring. The quantitative

model is intended to develop no physical blindmodels, which
can quantificationally forecast changes in vibration properties
based on the input of time series of new temperatures
through a large amount of measurement data. This paper
aims to present a summary review of correlations between
temperatures and vibration properties of long-span bridges.
Although Xia et al. [30] gave a literature review concerning
variations in vibration properties of civil structures under
changing temperature conditions before, the content is too
sketchy to give reference for later research. Furthermore,
some important contributions were omitted. In the fol-
lowing sections, research progress of correlations between
temperatures and vibration properties of long-span bridges
is extensively described from theoretical derivation method,
trend analysis approach, and quantitative model. In addition,
some existing problems and promising research efforts about
this topic are expected to be extracted through pertinent
assessment. This paper is not intended to list all the literature
about the effects of temperature on vibration properties of
bridges but exhibit some representative achievements, which
are expected to provide reference for future research.

2. Progress of Theoretical Derivation Method

A long-span bridge is a complex multi-degree-of-freedom
nonlinear system. This makes it is extremely difficult to
formulate the vibration properties by closed-form equa-
tions. Furthermore, temperature change affects a bridge in a
complicated way. It not only affects mechanical properties,
but also geometrical features, constraint conditions, and
boundary conditions. As a result, only a few researchers
have investigated the correlations between temperatures and
vibration properties of long-span bridges through the theo-
retical derivation methods.

In order to simplify the problem, Xia et al. [34] assumed
that mass and the boundary conditions remain unchanged,
and temperature affects only the geometry and mechanical
properties. A single-span beammade of an isotropic material
was used as an example to model the effect of temperature
on natural frequencies. For this beam, its undamped flexural
vibration frequency of order n is [35]

𝑓
𝑛
=
𝑛
2
𝜋ℎ

2𝑙2
√

𝐸

12𝜌
, (1)

where𝑓
𝑛
denotes the 𝑛th frequency, ℎ and 𝑙 are the height and

length of the beam, respectively, 𝐸 represents the modulus
of elasticity, and 𝜌 denotes the density of the material. The
variation of the above equation can be expressed as
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where 𝛿 represents an increment in the corresponding
parameter. Assuming the thermal coefficient of linear expan-
sion of the material is 𝜃

𝑡
and the temperature coefficient of

modulus is 𝜃
𝐸
, one obtains

𝛿ℎ
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= 𝜃
𝑡
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= −3𝜃

𝑡
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𝛿𝐸

𝐸
= 𝜃
𝐸
𝛿𝑡,

(3)

where 𝑡 is the temperature of the beam. Here it is assumed
that the Young’s modulus variation with temperature is linear
for small temperature changes. Consequently (2) yields

𝛿𝑓
𝑛

𝑓
𝑛

=
1

2
(𝜃
𝑡
+ 𝜃
𝐸
) 𝛿𝑡. (4)

For prismatic multispan beams, the natural frequencies can
be expressed in a similar form to those of a simply supported
beam as [30, 34]

𝑓
𝑛
=
𝜆
2

𝑛
𝜋ℎ

2𝑙2
√

𝐸

12𝜌
, (5)

where 𝜆
𝑛
is a dimensionless parameter and is a function

of the boundary conditions. Consequently, (2)–(4) are still
applicable for multispan beam structures.

The thermal axial force that arises because of changes
in the support bearings alters the natural frequencies by
changing the longitudinal bending stiffness. The frequencies
of the beam under constant axial force are, based on the
analysis of Clough and Penzien [35],

𝑓


𝑛
= 𝑓
𝑛
√1 +

𝐹𝑙
2

𝑛2𝜋2𝐸𝐼
, (6)

where 𝑓
𝑛
denotes the modal frequency including axial force,

F represents the constant axial force, and I is the moment of
inertia.

Equation (4) estimates the dimensionless rate of the
frequency variation with the temperature change. For steel
or concrete, 𝜃

𝐸
is obviously much larger than 𝜃

𝑡
, which

indicates that variations in natural frequency subjected to
temperature change are controlled by 𝜃

𝐸
. It also shows that

the variation percentage of natural frequency is a function of
the modulus thermal coefficients only, regardless of modes,
spans, and beam types (simply supported, multispan, or
cantilever beam).

3. Developments of Trend Analysis Approach

For a real bridge, it is impossible to describe its vibration
properties by theoretical formulations exactly except by
introducingmany rigorous hypotheses. Trend analysis, which
intends to assess the trend and degree that the vibration
properties of long-span bridges change with the fluctuation
of temperature, becomes an indispensable alternative. Three
approaches can be used to conduct the trend analysis: the

numerical simulation approach, the laboratory test approach,
and the field monitoring approach. The SHM system obtains
long-term bridge vibration data and corresponding tempera-
tures of the structure, which provides a wonderful opportu-
nity to extracting the correlations between temperatures and
vibration properties of long-span bridges.

3.1. Numerical Simulation Approach. Fu and DeWolf [36]
developed a nonlinear dynamic finite element (FE) analysis
to assess the changes of frequencies in a two-span skewed
composite bridge due to the partially restrained bearings.The
FE model was based on use of beam elements for the girders
and diaphragms and shell elements for the slab.The field data
in the unrestrained state was used to calibrate the FE model
to account for the nonlinear cracking behavior in the slab and
diaphragm interaction. The FE model was then modified to
account for changes in the vibrational behavior due to the
eccentrically applied bearing forces, which occurred when
the bearings were partially restrained in colder weather.With
this analysis, it was confirmed that the variations of boundary
conditions due to temperature fluctuation cause a change in
the natural frequencies.

Macdonald and Daniell [37] established a detailed FE
model for a cable-stayed bridge with a main span of 456m.
The reinforced concrete (RC) slab of the deck was modeled
with four shell elements and the longitudinal girder was
modeled with beam elements. The transverse trusses and
cable anchorage beams were represented by beam elements.
The bearings were modeled as fixed in all translational
directions, whilst being free to rotate. Modal analyses were
performed on the FE model for two different temperature
conditions. The first condition was a uniform temperature
change of 5∘C to the whole structure, and the second was
a temperature differential of +10∘C for the top of the deck
compared to the rest of the structure. It was found that,
for both conditions, the natural frequencies of about one
third of the modes shifted by up to ±0.2%, while there was
no noticeable change in the others. This analysis indicated
that the modal parameters of the bridge are not influenced
significantly by normal temperature changes, which is a little
bit different with the following outcomes.

Xu and Wu [38] implemented a systemic investigation
about the frequency and mode shape curvature variations of
a cable-stayed concrete box girder bridge caused by uniform
temperature changes and nonuniform temperature changes
through three-dimensional FE analysis. The FE model
employs beam elements, link elements, contact elements,
spring elements, and mass elements. Three factors including
the size thermal effect induced bymaterial thermal expansion
coefficient, the change of elastic modulus of concrete, and
the cables sag induced by cable gravity were considered. The
results showed that the variation behavior of frequency and
mode shape curvature caused by nonuniform temperature
change is similar to those caused by uniform temperature
change. The maximum variation ratio of frequency could be
2% as uniform temperature increases from −20 to +40∘C.
The effect of temperature on frequencies corresponding to
bending mode type is more obvious, especially for the
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vertical bending mode. Changes of mode shape curvature
due to ambient temperature variations usually happen at
the midspan and one-fourth span of the central span, the
midspan of the side span, and in supports in the cable-stayed
bridge.The corresponding variation ratio is approximately 1–
8%.

In order to outline the temperature effect, an FE model
of bridge deck was developed by Balmès et al. [39]. The
whole bridge span is modeled using 9600 standard 8-
node isoparametric volume elements and 13,668 nodes.
The temperature variations were modeled using a uniform
temperature elevation. It was found that the first frequency
increases while the temperature decreases. Miao et al. [40]
analyzed the dynamic characteristics of a three-tower and
two-span suspension steel-box girder bridge at different
global temperatures by spatial FE method. This bridge is
the first multitower suspension bridge whose span exceeds
1000 m in the world. An equivalent cable force method was
proposed to simulate temperature effects, and the effects of
environmental temperature on dynamic characteristics of
the bridge were studied. The result revealed that the effects
of temperature cannot be neglected in dynamic analysis of
suspension bridges. The relationship between temperature
and frequency is negative.

As the temperature of an entire structure is gener-
ally nonuniformly distributed, using the air temperature
or surface temperatures alone may not sufficiently capture
the relation between the bridge vibration properties and
temperatures. Xia et al. [28] proposed a new approach to
investigate the variation of bridge vibration characteristics
with respect to structural temperatures. In contrast to the
conventional studies that use air temperature or temperatures
at a few points of the structure, this study aims to obtain the
thermal distribution of the entire structure from the ther-
modynamic models. As the material mechanical properties
are temperature dependent, the structure was regarded as
a composite structure consisting of elements with different
Young’s module. At first, an FE model was established to
conduct a transient thermal analysis and estimate the tem-
perature distribution of the slab. And then, the temperature
data at all components and thermal properties of the material
were inputted to the model to calculate the frequencies.
Consequently, the relation between the frequencies and the
temperature at the whole structure was established. A simply
supported RC slab model was constructed and used as
a proof-of-concept example. The outcomes of this study
verified that the frequencies are global properties and are
associated with the temperature distribution of the entire
structure. Therefore, consideration of the temperature distri-
bution of a whole structure will lead to more accurate results
of the temperature effect on the vibration properties of the
structure.

3.2. Laboratory Test Approach. When the numerical
approach is adopted in trend analysis of the temperature
effect on structural vibration properties, many hypotheses
and simplifications must be employed and the outcomes
depend on the input parameters. Therefore, the results

obtained by the numerical approach may deviate from
actual occasions. Contrarily, laboratory test can reveal the
variations of structural vibration properties under different
climates and provides more rational conclusions.

Xia et al. [34] carried out periodical vibration tests on a
reinforced concrete slab for nearly two years. The slab, which
measures 6400mm × 800mm × 100mm with 3000mm
spans and 200mm overhang on each end, was constructed
and placed outside the laboratory exposed to weather condi-
tions. Its vibration properties, namely, vibration frequencies,
mode shapes, and damping, were measured together with
the temperature during each measurement. It was found that
the frequencies of first four modes have a strong negative
correlation with temperature, damping ratios have a positive
correlation, but no clear correlation of mode shapes with
temperature change can be observed. The three bending
modes gave similar results, namely, that the modal frequen-
cies decrease 0.13%–0.23% when temperature increases by
one degree, and the torsional mode that is affected by the
shear rigidity of the structure has different sensitivity to
temperature than bending rigidity does. The damping ratio
increases slightly with the increase of temperature.

Kim et al. [27] performed a series of forced vibration tests
on a model bridge for about 7 months from December 1999
to July 2000. The test model bridge is a single-span, stainless
steel, plate girder bridge.The bridge spans 2.0m and is simply
supported with a set of pin supports at the left edge and a
set of roller supports at the other edge. The superstructure
of the bridge consists of the deck, the deck supporting
systems, and piers. The substructure consists of four steel
blocks and a system of steel frame bases. Environmental
factors other than temperature were not considered during
the tests. Experimental setups for locations and arrangements
of accelerometers and excitation sources on the test structure
were designed as shown in Figure 1. When these tests were
performed, temperatures varied between a low of −3∘C and
a high of 23∘C. The results demonstrated that, in all modes,
natural frequencies go down as the temperature goes up.
Bending modes are more sensitive than torsional modes. As
one progresses to lowermodes, the temperature has relatively
greater effects on the change in natural frequency. Natural
frequencies at 6 different temperatures are listed in Table 1.
The first four frequencies decreased by about 0.64, 0.33, 0.44,
and 0.22%, respectively, when temperature increased per unit
degree. Two levels of damage were inflicted on a girder near
the center of the structure: the bottom flange was cut halfway
in from outside and the bottom flange was cut completely
in from either side. The variations of vibration properties
induced by damages are almost the same level as that caused
by temperature changes.

Balmès et al. [41] carried out an aluminum beam experi-
ment in a climatic chamber.The results demonstrated that the
axial prestress of this beam because of thermal change varied
significantly and led to changes in the first four frequencies by
16, 8, 5, and 3%, respectively. The variations in mode shapes
were invisible when temperature decreased by about 17∘C.
The effect of temperature on damping was also concerned,
but no consistent conclusion was drawn. They stated that
one possible reason is that the damping of structures is more
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Table 1: Predamage natural frequencies of model bridge at various
temperatures (Kim et al. [27]).

Mode
number

Frequency (Hz) of undamaged structure at various
temperatures

0∘C 10∘C 20∘C 30∘C 40∘C 50∘C
1 76.150 71.822 68.034 66.194 65.328 63.164
2 101.455 98.320 95.185 94.244 93.617 92.050
3 212.223 203.694 195.165 192.606 190.901 186.636
4 295.347 289.123 282.899 281.031 279.787 276.674

difficult tomeasure accurately comparedwith the frequencies
and the mode shapes. A large uncertainty in modal damping
might mask the temperature effects.

Xia et al. [28] constructed a simply supported RC slab
which measures 3200mm long, 800mm wide, and 120mm
thick with 100mm overhang at each end, as shown in
Figure 2. This study aims to investigate the variation of the
structural vibration characteristics with respect to different
temperatures. Sets of modal testing were carried out hourly
from 8:00 am to 22:00 pm on February 11, 2009. The
locations of the acceleration sensors are shown in Figure 3.
At the same time, structural temperatures were automatically
recorded from the embedded thermocouples every 2min.
Figure 4 illustrates the variation of the measured first natural
frequency with respect to temperatures measured from the
thermocouples. It clearly shows that the frequency of the
structure decreases when temperature goes up before noon
while the frequency increases as temperature drops down in
the afternoon, as observed by many researchers. However,
the temperature effect on damping ratios is not so obvious.
Figure 5 illustrates the variation of the first two modal
damping ratios extracted from measurement with respect to
time. It was found that damping ratios increase slightly when
the temperature rises. Since the variation of temperature here
is not significant and the uncertainty level of measurement
of damping is relatively high, the change of damping may be
masked by the measurement noise.

Xia et al. [30] examined the effect of temperature on
vibration properties of different structures made of different
materials, in particular, steel, aluminum, and RC, through
laboratory studies. An RC slab, a steel beam, and an alu-
minum beam were constructed outside the laboratory and
exposed to solar irradiation.The RC slab is simply supported
while the support conditions of the two metallic beams
are cantilever. Temperature variations were recorded from
the installed thermocouples. Modal testing was carried out
using an instrumented hammer.The outcomes indicated that
all natural frequencies of the three beams decreased with
an increase in surface temperature and increased with a
decrease in surface temperature.The variation trendmatched
the surface temperature very well although the frequency
variations were very small. The frequency variations of the
RC slab are much larger than those of the metallic beams. No
clear correlation between damping ratios of the three beams
and temperature can be found, indicating that temperature
has little effect on damping ratios.

In addition, Sun et al. [42, 43] performed an experi-
mental study on correlation between dynamic properties of
a cable-stayed bridge model and its structural temperature.
The results indicate a tendency that the frequency of the
cable-stayed bridge model decreases with the increase of
temperature.

3.3. Field Monitoring Approach. The temperature variations
in bridges are affected by air temperature, wind, humidity,
intensity of solar radiation, material type, and so forth [44].
The vibration properties of bridges are governed not only
by material characteristics and geometrical configurations
but also by boundary conditions and load cases. The above
two reasons make the correlations between temperatures and
vibration properties of long-span bridges difficult to extract
by theoretical derivation, numerical simulation, and labora-
tory test. Fieldmeasurement thatmonitored the temperatures
and vibration responses of a bridge by sensors installed
on it can give the most objective data subjected to real
service circumstance.The correlations between temperatures
and vibration properties deduced from those data may be
in turn more convincing. With the development of sensor
and computer technology, continuous field measurements of
temperatures and vibration responses in structures have been
carried out extensively in various bridges.

In the 1980s, being limited to the measurement instru-
ments, long-termdynamic tests of bridges are seldom. Turner
[45] tested a three-span concrete foot-bridge which consists
of one central 16m and two 8m side spans. Results showed
that the natural frequencies of this small bridge appeared
unaffected by temperature changes. Then, he further studied
a highway bridge and stated that there is “some evidence”
to show that the natural frequencies of the bridge structure
they tested did not change more than 0.5% as a result of
environmental effects [46]. In 1988, Askegaard and Mossing
[47] tested a three-spanRC footbridge for a three-year period,
and about 10% seasonal changes in the frequencies were
repeatedly observed for each year. The authors concluded
that the changes were partially attributed to the variation of
ambient temperature.

Wood [48] reported that bridge responses were closely
related to the structural temperature based on vibration
tests of five bridges in the United Kingdom. Here, the test
results are different from those obtained by Turner. This is
because the span of the bridge tested by Turner is small,
and the effect of temperature on the dynamic characteristics
of the bridge is slight, while the bridges tested by Wood
are long-span bridges, and the effect of temperature on the
dynamic characteristics of these bridges is obvious. Analyses
based on the data compiled suggested that the variability of
the asphalt elastic modulus due to temperature effects is a
major contributor to the changes in the structural stiffness.
Temperature variation not only changes the material stiffness
but also alters the boundary conditions of a system.

Rohrmann et al. [49, 50] presented the results of tests
performed on a 7-span highway bridge in Berlin over a six-
month time period. Those studies showed that the temper-
ature effects on the dynamics bridge cannot be neglected.
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Figure 1: Test setup for model plate-girder bridge [27].

Figure 2: The RC slab [28].
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Figure 3: Locations of the acceleration sensors [28].

The natural frequencies increase as the mean temperature
decreases. On a time scale of days these tests indicated the
first mode frequency varying from 2.3 to 2.8Hz. DeWolf
et al. [51, 52] studied the interaction between the variable
temperature and the governing natural frequencies of a two
span skewed composite steel-girder bridge. It was found that
the maximum changes in the natural frequencies, based on
comparison with the baseline frequencies at 55∘F (12.8∘C),
were 11.6% for the first frequency, 15.4% for the second fre-
quency, and 9.4% for the third frequency, respectively. These
occurred at the temperatures of 4∘F (−15.6∘C), 4∘F (−15.6∘C)
and 15∘F (−9.4∘C), respectively. As noted previously, the
natural frequency increased with decreasing temperature.
Between the temperature at 55∘F (12.8∘C) and 10∘F (−12.2∘C),
the maximum percent difference of modal displacements for
the first bending mode, the first torsional mode, and the
second bendingmode are 22.1, 100, and 47.1%, and the percent
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Figure 4: Variation of the first frequency versus temperatures [28].

difference in the diagonal terms of the modal flexibility
is 20.8, 34.1, and 22.3% for the first, second, and third
mode.Themodal flexibility for the two different temperature
levels produces significantly larger changes than the natural
frequencies.

Researchers from Los Alamos National Laboratory [53–
55] performed several tests on the Alamosa Canyon Bridge
located in southern New Mexico. This bridge has seven
independent spans and each span consists of a concreted
deck supported by six W30 × 116 steel girders. The results
revealed that the first three natural frequencies of the bridge
varied about 4.7%, 6.6%, and 5.0% during a 24 h period as
the temperature of the bridge deck changed by approximately
22∘C. The temperature gradient largely influences the vari-
ation of the fundamental frequency. They also found that
a significant artificial cut in the I-40 Bridge over the Rio
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Figure 5: Variation of the damping ratios [28].

Grande caused only insignificant frequency changes [56].
Wahab and De Roeck [57] investigated the seasonal effect of
temperature variations on natural frequencies of a concrete
bridge and found that changes in natural frequencies of the
bridges can be up to 5-6% during a year. Roberts and Pearson
[58] described a monitoring program on a 9-span, 840m
long bridge. It was found that normal environmental changes
could account for changes in frequencies of as much as 3-4%
during the year.

Alampalli [59] conducted several tests over nine months
on a steel-stringer bridge with a concrete deck to examine
the sensitivity of measured modal parameters to variations
resulting from test and in-service environmental conditions.
The results confirmed that, for the bridge with a span of
6.76m and a width of 5.26m, the natural frequency changes
caused by the freezing of the bridge supports were an order
of magnitude larger than the variation introduced by an arti-
ficial saw cut across the bottom flanges of both girders. It was
suggested that bridges should be monitored for at least one
complete cycle of in-service conditions before establishing
warning triggers or using damage assessment algorithms so
that the influence of temperature can be well understood.
Rohrmann et al. [60] further studied the thermal effect
on modal frequencies of an eight-span prestressed concrete
bridge by using three-year continuous monitoring data in
an attempt to establish functional proportionality between
the temperature variations and changing natural frequencies.
They concluded that vibration frequencies decrease with the
temperature increase.

Peeters et al. [61–63] conducted a study devoted to
monitoring the effect of changing environmental conditions
on structural vibration properties on the Z24 Bridge in
Switzerland. It was continuously monitored for nearly a year.
It was reported that the first four vibration frequencies varied
by 14%–18% during the 10 months. It was also found that
the frequencies of all the modes analyzed, except the second
mode, decreased with the temperature increase. The second

mode frequency, however, increased with increasing temper-
atures (for positive temperatures). In particular, a bilinear
relationship was observed between the measured frequencies
and temperature. There was a clear linear relationship above
the freezing temperature (0∘C) and a different linear corre-
lation below the freezing temperature. It was demonstrated
that this bilinear behavior was attributed to the asphalt layer
on the deck. Although the asphalt layer did not contribute to
the overall stiffness atwarm temperatures, it added significant
stiffness to the bridge at cold temperatures. Similar outcomes
were also found in a ballasted railway bridge in Sweden by
Gonzales et al. [29]. The natural frequencies of the bridge
increase by 15% and 35% for the first vertical bending and
first torsional modes during the cold period of the year,
respectively. Furthermore, the increase in natural frequencies
took place only after the temperatures had dropped below0∘C
for a number of days, as shown in Figure 6.

Ni et al. [64] investigated the influence of temperature
on modal frequencies for the cable-stayed Ting Kau Bridge
(Hong Kong) which has been instrumented with a long-term
SHM system. Based on one-year measurement data obtained
from 45 accelerometers and 83 temperature sensors, the
modal frequencies and temperatures of the bridge at various
locations were obtained at one-hour intervals to cover a full
cycle of in-service/operating conditions. It was found that
the environmental temperature changes from 2.83 to 53.46∘C
account for variation in modal frequencies with variance
from 0.20% to 1.52% for the first ten modes, which may mask
the modal changes caused by structural damage. Desjardins
et al. [65] examined the variations in frequencies of the
Confederation Bridge (made of prestressed concrete) over a
6-month period. They reported a clear trend of reduction
in the modal frequencies by about 4%, when the average
temperature of the concrete of the bridge varied from −20 to
+25∘C.

Liu and DeWolf [17, 66] explored how temperature
variations influence themodal properties based on frequency
and temperature measurements obtained over the period of
one year from a long-term SHM system that was installed on
an in-service curved bridge.The curved bridge is 235m long,
with three unequal-length continuums of 58, 88, and 88m,
respectively.The superstructure is a five-cell curved prismatic
box girder.The results indicated that the long-term variations
of modal frequencies have a reciprocal relation with respect
to the variation in the in situ concrete temperature for all
three measured modes. The natural frequencies varied by
a maximum of 6% in a peak to peak temperature range
of 70∘F during one full year. The higher modal frequency
is less sensitive to temperature changes and the bending
modes are more easily affected by temperature than torsion
modes, which is similar to that obtained by Kim et al. [67]
in an experimental study of a model plate-girder bridge. In
addition, the results reported in this study argued that use
of the natural frequencies alone is not sufficient for damage
detection because of their sensitivity to temperature and the
influence of temperature on the natural frequency is likely
structure specific.

Ding et al. [68, 69] observed the daily and seasonal
correlations of frequency-temperature using 215 days of
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Figure 6:The variation in the frequency of the first vertical bending
mode as function of temperature [29].

health monitoring data obtained on the Runyang Suspension
Bridge. The bridge is a single-span steel suspension bridge
with the main span 1,490m. The aerodynamically shaped
closed box steel girder is 36.3m wide and 3.0m high.
From the daily correlations of temperature-frequency, it was
reported that an overall decrease in modal frequency was
observed with the increase in temperature of the bridge
and measured modal frequencies of higher modes are more
sensitive to ambient temperatures. About 2% variation in the
first six modal frequencies during a period of 10 months
was found, as the ambient temperature of the steel bridge
varied from −5 to +50∘C. Moreover, the conclusion that
the daily averaged modal frequencies of vibration modes
have remarkable seasonal correlationswith the daily averaged
temperature was also deduced.

Moser and Moaveni [32] presented results from a con-
tinuous monitoring system installed on the Dowling Hall
Footbridge on the campus of Tufts University. The bridge is
a two-span continuous steel frame bridge of 44m long and
3.7m wide. It was observed that (1) the identified natural
frequencies increase as temperatures decrease, (2) this effect
is more significant when the temperatures are below the
freezing point resulting in a nonlinear relationship, and
(3) Modes 1, 3, and 4 show more clear correlation with
temperature while Modes 2, 5, and 6 show more scatter.
One explanation for the third observation is that Modes 2,
5, and 6 are identified with larger estimation uncertainties.
The natural frequencies of the first six identified modes
varied by 4–8% while temperatures ranged from −14 to 39∘C,
and the relationship between identified natural frequencies
and measured temperatures was nonlinear. However, no
obvious variation in damping ratios and mode shapes was
observed. One possible reason is that those parameters are
not identified with enough precision.

Xia et al. [30] investigated the correlations between
temperatures and vibration properties of the Tsing Ma Sus-
pension Bridge, which has a total span of 2,132m and carries
highway and railway tracks. Figure 7 shows the variations in
the first four vertical frequencies and temperature on January
17, 2005. It was found that all frequencies generally decrease
when the temperature goes up before noon, whereas they
increase as the temperature drops in the afternoon although
the variations are quite small. The results are consistent
with that obtained from the laboratory model [28]. The

minimum frequencies and the maximum temperatures do
not occur at the same time, and the time difference is about
3 h. Two reasons were deduced. The first one is that the
temperature is nonuniformly distributed across the bridge
and the frequencies are global properties and are associated
with the temperature distribution of the entire structure. And
the second one is that the variations in temperature caused
internal stresses of the components changes, for example, the
cables. The variation trends of the vertical modal frequencies
are very similar and the maximum variations are about
1–1.5%. No clear correlation between damping ratios and
temperature was observed.

Mosavi et al. [70] monitored the response of a skewed
two-span steel-concrete composite bridge in North Carolina
during a 24 h period to address possible reasons for the daily
variations inmodal frequencies of the bridge. An almost 1-2%
change in natural frequencies was investigated in all modes of
the bridge from night to noon, while the natural frequencies
did not change significantly from night to morning. The
shifts in the natural frequencies from night to noon were
coincident with an inversion of the temperature gradients in
the composite cross section of the bridge from night to noon.
It was argued that this inversion of the temperature gradients
from night to noon is the main reason for a relatively large
upward deformation of the steel girders and variations of the
measured natural frequencies during this time.

Besides, other research groups, like Lloyd et al. [71, 72],
Kullaa et al. [73], Breccolotti et al. [74], Song and Dyke [75],
Siddique et al. [26], Yang et al. [76], Di, et al. [77], Zabel
et al. [78], Wang et al. [79], Cury et al. [80], and Koo et al.
[81], also carried out structural vibrations and temperatures
tests on different types of bridges.The similar conclusion that
vibration properties of long-span bridges are significantly
impacted by varying temperatures was drawn.

4. Progress of Quantitative Model

The trend analysis can reveal the degree that the vibra-
tion properties are affected by temperature variations. Most
studies in the above literature indicate that the natural
frequencies decrease as the temperature rises. Those results
that are directly deduced from simulated or measurement
data are bridge-dependent and time-dependent. For different
bridges, the changes of natural frequencies per temperature
unit are different. Even using the data obtained from an
identical bridge at different times, the extracted outcomes
may be different. To eliminate the environmental effects in
vibration-based damage detection, the quantitative model
that is used to quantify the variations of vibration properties
under temperature changes becomes necessary. The SHM
systems installed on large-scale bridges permanently obtain
long-term vibration data and corresponding temperature
data, which provides a great opportunity for quantitative
understanding and modeling of the effect of temperature
on modal properties. Three types of quantitative models
including linearmodel, nonlinearmodel, and learningmodel
were developed in the past few years.
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Figure 7: Variations in frequencies with respect to the temperature of the TsingMaBridge on January 17, 2005 ((a) 1st vertical, (b) 2nd vertical,
(c) 3rd vertical, and (d) 4th vertical) [30].

4.1. Linear Model. The linear model assumes that the vibra-
tion properties change with temperature linearly. The coeffi-
cients of the linear model are usually estimated by regression
methods. This model is consistent with simplified theoretical
formulation and very easy to implement.

Sohn et al. [31, 82] proposed a linear adaptive filter that
accommodates the changes in temperature to the damage
detection system of a large-scale bridge by introducing the
assumption that changes in themodal parameters are linearly
proportional to changes in temperature.The linear filtermod-
els the relationship between the selected bridge temperature
inputs 𝑥 and its measured fundamental frequency 𝑦 as a
linear function

𝑦 = 𝑥𝑤 + 𝜀, (7)

where 𝑤 is a column vector of coefficients that weighs each
temperature input and 𝜀 is the filter error.With 𝑛 observations

𝑦 =

[
[
[
[

[

𝑦 (1)

𝑦 (2)

...
𝑦 (𝑛)

]
]
]
]

]

, 𝑋 =

[
[
[
[

[

1 𝑥
1 (1) 𝑥

2 (1) ⋅ ⋅ ⋅ 𝑥
𝑟 (1)

1 𝑥
1 (2) 𝑥

2 (2) ⋅ ⋅ ⋅ 𝑥
𝑟 (2)

...
...

... ⋅ ⋅ ⋅
...

1 𝑥
1
(𝑛) 𝑥

2
(𝑛) ⋅ ⋅ ⋅ 𝑥

𝑟
(𝑛)

]
]
]
]

]

,

𝜀 =

[
[
[
[

[

𝜀 (1)

𝜀 (2)

...
𝜀 (𝑛)

]
]
]
]

]

,

(8)

where 𝑟 represents the number of inputs.
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Figure 8: Reproduction of the first mode frequency using a linear
filter [31].

The Least-Mean-Squares (LMS) error minimization was
employed to estimate the filter coefficients. Data from the
AlamosaCanyonBridge in the state ofNewMexicowere used
to demonstrate the effectiveness of the adaptive filter.The first
dataset from 1996 was used to train the adaptive filter, while
the second dataset from 1997 was used to test the prediction
performance. A linear filter with two spatially separated and
two temporally separated temperature measurements was
then developed.The reproduction of the firstmode frequency
is shown in Figure 8. It indicates that a linear adaptive filter
with four temperature inputs could reproduce the natural
variability of the frequencies with respect to time of day
reasonably well. Then, the regression model can be used to
establish confidence intervals of the frequencies for a new
temperature profile.

Peeters et al. [62, 63] proposed a dynamic linear
regression model called ARX to filter out the temperature
effects from the measured frequencies using monitoring data
obtained from the healthy Z24-Bridge in Switzerland. Single-
input and single-output (SISO) ARX models were con-
structed for the first four fundamental frequencies, describing
the relation between one input temperature and one output
frequency. The loss function value and the final prediction
error were used as the quality criteria to find a good model.
The measurement data of the Z24-Bridge were split in two
parts: an estimation part and a validation part.The estimation
data were used to estimate the ARX model, whereas the
validation data were applied to validate the model. It was
validated that an ARX model that includes the thermal
dynamics of the bridge is superior to a “static” regression
model. Also, it turned out that a temperature measurement
at one location was sufficient to find an accurate model. The
ARXmodel can be used for simulating the frequencies when
new temperaturemeasurements are fed to themodel. If a new
measured frequency lies outside the estimated confidence
intervals, it is likely that the bridge is damaged. In case of the
Z24-Bridge and the applied damage scenarios, the damage
was successfully detected.

It is interesting that the regression approaches performed
by Sohn et al. [31] and Peeters et al. [62] were compared
by Sohn [83]. It was pointed out that the Peteers’ work

emphasizes the thermal dynamics of the bridge by using a
single temperature measurement with multiple time lags (the
temporal variation of temperature), while the work by Sohn
et al. uses temperature readings frommultiple thermocouples
to take into account the temperature gradient across the
bridge (the spatial variation of temperature) as well as the
temporal variation. The comparison of these two approaches
clearly demonstrated that the two models are problem-
specific. Because the temperature of the Alamos Canyon
Bridge can easily go above 45∘C, the bridge experiences a large
temperature gradient across the bridge throughout the day.
Therefore, it is feasible that the spatial variation of the bridge
temperature might have been the main driving factor for the
frequency variation. On the other hand, the magnitude of the
Z24 Bridge, which had a 30m long main span and two 20m
long side spans with 8.6m width, is certainly larger than the
Alamos Canyon Bridge. Therefore, it is possible that it takes
a longer time before the temperature affected the dynamic
properties of the bridge and the time-lag information of the
temperature is more important for the Z24 Bridge than the
Alamos Canyon Bridge.

A reinforced concrete slab, which was constructed and
placed outside the laboratory, has been periodically vibration
tested by Xia et al. [34] for nearly two years. Linear regression
models between modal properties and temperature were
proposed.The corresponding linear regressionmodel is taken
as

𝑞 = 𝛽
0
+ 𝛽
𝑡
𝑡 + 𝜀
𝑓
, (9)

where 𝑞 represents the dynamic parameter such as frequency
and percentage damping ratio, 𝛽

0
(intercept) and 𝛽

𝑡
(slope)

are regression coefficients, and 𝜀
𝑓
is the error. 𝛽

𝑡
/𝛽
0
indicates

the percentage of the frequency change when the structural
temperature increases by unit degree Celsius. With least-
squares fitting, the regression coefficients and confidence
bounds are obtained. The correlation coefficient was used to
examine the goodness of fit of the linear relation between
frequencies and temperature. The results implied that there
is a good linear correlation between the two variables. It is
worth noting that the estimated linear regression function
agrees well with the theoretical model of (4), which demon-
strates the reliability of the theoretical derivation. Then, this
linear regression model was utilized to examine the relation
between the frequencies and the structural temperature of
three beam models that are made of steel, aluminum, and
reinforced concrete (RC) [30]. The correlation coefficients of
the first four natural frequencies of the steel beam are −0.93,
−0.99, −0.96, and −0.97, respectively, implying a very good
linear correlation between the average temperature and the
natural frequencies. The regression coefficients of the three
structures were also obtained and listed in Table 2 for each
mode. The variations of modal frequencies per degree are
very close to half of the modulus thermal coefficients of
the material. Subsequently, the linear regression model was
applied to the first four vertical modal frequencies of the
Tsing Ma Suspension Bridge in 4 days, as shown in Figure 9.
Good linear correlation can be observed from the figure.The
averaged value (𝛽

𝑡
/𝛽
0
) for the four modes is very close to
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Figure 9: Relation of natural frequencies to temperature of the Tsing Ma Bridge [30].

that of the laboratory tested steel beam and also to half of the
modulus thermal coefficients of steel. Both laboratory model
results and real bridge results demonstrated that variations in
the bending frequencies of the structures are mainly caused
by the change in the modulus of the material although the
two structures are quite different in terms of size, type, and
boundary conditions. Besides, applying the linear regression
model to the damping data showed that their correlation
coefficients are 0.10, 0.07, −0.11, and −0.33, respectively.

Similarly, Liu and DeWolf [17, 84] developed a linear
regression model with a 5% estimate error to represent
the three natural frequencies of a three-span curved post-
tensioned box concrete bridge located in Connecticut as
a function of temperature. The model is mathematically
described as

𝐹
𝑖
= 𝑓
𝑖
+ 𝑎𝑇, (10)

where 𝑓
𝑖
is mean natural frequency, 𝑇 denotes concrete

temperature, and 𝐹
𝑖
represents natural frequency at temper-

ature 𝑇. The parameter 𝑎 is determined from the measured
monitoring data. Based on a full year data beginning with
January 2002 recorded by a long-term health monitoring
system, the functions of the first three natural frequencies are

𝐹
1

= 1.5588 − 0.007𝑇 (first natural frequency : 1.519Hz) ,

𝐹
2

= 2.1584 − 0.008𝑇 (second natural frequency : 2.11Hz) ,

𝐹
3

= 3.6391 − 0.007𝑇 (third natural frequency : 3.59Hz) .
(11)
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Table 2: Regression coefficients of the models (Xia et al. [30]).

Mode number Steel beam Aluminum beam Concrete beam
𝛽
0

𝛽
𝑡

𝛽
𝑡
/𝛽
0

𝛽
0

𝛽
𝑡

𝛽
𝑡
/𝛽
0

𝛽
0

𝛽
𝑡

𝛽
𝑡
/𝛽
0

1 3.69 −0.0014 −3.78 × 10
−4 3.28 −0.0024 −7.31 × 10

−4 20.65 −0.029 −1.4 × 10
−3

2 23.79 −0.0035 −1.47 × 10
−4 20.37 −0.0086 −4.22 × 10

−4 83.74 −0.089 −1.1 × 10
−3

3 66.64 −0.0132 −1.98 × 10
−4 60.01 −0.0163 −2.72 × 10

−4

4 140.06 −0.0253 −1.81 × 10
−4 117.63 −0.0470 −4.00 × 10

−4

The proposed models were used for comparison with data
collected in 2005. Results of the hypothesis test showed that
they both conform to the normality distribution, but they do
not always have identical medians.

4.2. NonlinearModel. Although linearmodels are simple and
intuitionistic, the responses of long-span bridges, particularly
cable-supported bridges, are nonlinear. The error that gen-
erates from linear models may mask the shift of vibration
properties caused by structural damages. From this point of
view, the nonlinear models are more reasonable.

Ding andLi [68] proposed a polynomial regressionmodel
to describe the frequency-temperature seasonal correlations
of the Runyang Suspension Bridge, which can be mathemat-
ically described as

𝑓 (𝑇, 𝑛) = 𝑝𝑛𝑇
𝑛
+ 𝑝
𝑛−1

𝑇
𝑛−1

+ ⋅ ⋅ ⋅ + 𝑝
2
𝑇
2
+ 𝑝
1
𝑇
1
+ 𝑝
0
, (12)

where 𝑇 is the daily averaged value of temperature, 𝑓 denotes
the daily averaged values of the frequency, 𝑛 means the
order of polynomial regression model, and 𝑝

𝑖
(𝑖 = 0∼n)

represents the coefficient of the regression model. The 175-
day monitoring data were discontinuously extracted from
the total 215-day data for training the model and the other
40-day monitoring data were used for testing the prediction
capability. By increasing the number of 𝑛 from 1 to 10, the
regression models were formulated and the relative errors of
measured and predicted frequencies were obtained. The best
order n of the regression model was selected as 6 for this
bridge.The 40-day temperature data were fed into the trained
regression model to generate the prediction values of modal
frequency which were compared with the measured values
to evaluate the prediction capability.The result demonstrated
that the developed polynomial regression model exhibits
good capabilities for mapping between the temperature and
measured modal frequency.

Using results from a vibration-based continuous mon-
itoring system deployed on the Dowling Hall Footbridge
at Tufts University in Medford, Moaveni et al. [32, 85]
proposed four models including a static linear model, an
ARX model, a bilinear model, and polynomials of various
orders to represent the relationship between the identified
natural frequencies and measured temperatures. Through
correlation coefficient, three records were used to model the
relationship between the identified natural frequencies and
the measured temperatures. The estimation error variance
and two objective criteria including the Akaike’s Information
Criterion (AIC) and the Bayesian Information Criterion

(BIC) were employed as the model quality metric. After eval-
uating those candidate models, the fourth-order polynomial
without cross terms was selected as the final model, while
the bilinear model also performs well and shows promise
for environmental modeling near the freezing point. The
validity of the selected fourth-ordermodelwas assessed based
on separate sets of validation data from two different data-
splitting methods. Figure 10 displays one of the comparisons.
It was demonstrated that the model can be applied to the
future data with almost the same accuracy that it fits the
modeling data as long as future temperatures are not outside
the range of modeling temperatures.

4.3. LearningModel. Thetemperature distribution in a bridge
is governed by air temperature, solar radiation, wind speed,
and so on, all of which vary in a random manner. As a
result, the temperature distribution in a bridge is random.
The measurement error caused by uncertainties in actual
tests are stochastic, which induces the tested vibration prop-
erties of a bridge, notably natural frequency, are scattered
under the same temperature. For these two reasons, the
reliability is questionable when the relationship between
temperatures and vibration properties of long-span bridges
is described by simple linear regression model or polynomial
regression model. To discriminate the variations of vibration
properties due to temperature changes from those caused
by structural damage, the sophisticated models should be
developed, which are called learning models in this paper.
The learning models integrated intelligent algorithm and
show a better robustness and performance to predict the
vibration properties of bridges under different temperatures.

Ni et al. [64] applied the support vector machine (SVM)
technique to formulate regression models which quantify the
effect of temperature on modal frequencies for the cable-
stayed Ting Kau Bridge (Hong Kong) based on long-term
monitoring data. In order to achieve a trade-off between
simulation performance and generalization, only a portion
of the measurement data was employed to train the SVM
models, and the remaining measurement data was used
for model validation. A squared correlation coefficient was
defined for optimizing the SVM coefficients to obtain good
generalization performance. The results obtained by the
SVM models were compared with those produced by a
multivariate linear regression model and showed that the
SVM models exhibit good capabilities for mapping between
the temperature and modal frequencies. In this model, the
average temperature was used, but several studies showed
that the measured temperatures from different locations of
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Figure 10: Time-variation of identified and fourth-order model simulated natural frequencies of all six modes [32].

a structure are highly correlated. The correlated features
could seriously deteriorate the generalization performance
of regression model. Subsequently, the principal component
analysis (PCA) was added before conducting SVM algorithm
[86].The PCA is first applied to extract principal components
from the measured temperatures for dimensionality reduc-
tion. The predominant feature vectors in conjunction with
the measured modal frequencies are then fed into an SVM
algorithm to formulate regression models that may take into
account thermal inertia effect. The proper hyperparameters
to formulate SVR models with good generalization perfor-
mance were chosen. The proposed method was compared
with the method directly using measurement data to train
SVM models through the use of long-term measurement
data. It was shown that PCA-compressed features make

the training and validation of SVM models more efficient
in both model accuracy and computational costs. When
continuously measured data is available, the dynamic SVR
model, which is trained using the augmented temperature
vector to account for temporal correlation, provides more
accurate frequency prediction than the static SVR model
without considering temporal correlation.

With one year of measurement data from the instru-
mented Ting Kau Bridge, a comparative study of evaluating
the effectiveness of four statistical regression/learning meth-
ods including linear regression, nonlinear regression, neural
network, and SVM for modeling the effect of temperature
on modal frequencies was conducted by Ko and Ni [12]. The
predicted results are plotted in Figure 11. It was observed
that the linear model reproduces the training data well but
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Figure 11: The comparison of prediction performance of different models [12].

is poor in predicting fresh validation data. The nonlinear
regression model shows stronger generalization capability
than the linearmodel but is still short of accurately predicting
the frequency variations. The neural network and SVM
models exhibited good capabilities in both reproduction and
prediction. It was found that a perception neural network
with a single hidden layer is sufficient for modeling the
correlation and an appropriate number of hidden nodes is
crucial to achieve superior prediction performance of the
trained model (excessive hidden nodes may cause serious
attenuation of the prediction capability). When an SVM is
used for modeling the correlation, the prediction capability
of the trained model is heavily dependent on the selection of
the SVM coefficients. An advisable way is to determine the
model parameters of the SVM model by means of training
data while optimizing the SVM coefficients with the use of
independent validation data.

Considering that the variations of frequencies of real
bridges may be induced by the combined action of tempera-
ture andwind, Li et al. [22] investigated the effects of tempera-
ture andwind velocity onmodal parameters includingmodal
frequencies, modal shapes, and the associated damping ratios
of cable-stayed bridges based on nonlinear principal compo-
nent analysis (NLPCA) and artificial neural network (ANN).

The NLPCA was first employed as a signal preprocessing
tool to distinguish temperature and wind effects on struc-
tural modal parameters from other environmental factors.
Then, the ANN technique was introduced to model the
relationship between the preprocessedmodal parameters and
environmental factors. Sixteen-day continuousmeasurement
of acceleration, temperature, and wind velocity, which was
recorded by a sophisticated long-term SHM system, were
used in this study. Numerical results indicated that modal
parameters preprocessed by NLPCA can retain the most
features of original signals.The ANN regression models have
good capacities for mapping the relationship of environmen-
tal factors and modal frequency. The proposed regression
models showed that the preprocessed modal frequency and
damping ratios are dramatically affected by temperature.
However, temperature effects on the entire modal shapes are
insignificant. A similar method was then adopted by Loh and
Chen [87].

Ni et al. [33, 88] studied the prediction capability of neural
network models, established using long-term monitoring
data, for correlation between themodal frequencies and envi-
ronmental temperatures. A total of 770 h modal frequency
and temperature data obtained from an instrumented bridge
are available for this study, which are further divided into
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Figure 12: Comparison between BPNN-predicted and measured frequencies for testing data [33].

three sets: training data, validation data, and testing data.
Two new back-propagation neural networks (BPNNs) were
configured with the same data by applying the early stop-
ping technique and the Bayesian regularization technique,
respectively. The reproduction and prediction capabilities of
the two new BPNNs were examined with respect to the
training data and the unseen testing data and compared
with the performance of the baseline BPNN model. The
results are shown in Figure 12. It validated that both the early
stopping and Bayesian regularization techniques can signif-
icantly ameliorate the generalization capability of BPNN-
based correlation models, and the BPNN model formulated
using the early stopping technique outperforms that using
the Bayesian regularization technique in both reproduction
and prediction capabilities. Then they addressed the con-
struction of appropriate input to neural networks with intent
to enhance the reproduction and prediction capabilities of
the formulated correlation models [89]. Making use of the
temperature data measured from different portions of the

bridge, three kinds of input, that is, mean temperatures,
effective temperatures, and principal components (PCs) of
temperatures were constructed. It was revealed that the tem-
perature profile characterized by the effective temperatures
is insufficient for formulating a good correlation model
between the modal frequencies and temperatures. When a
sufficient number of PCs are used, the BPNN with input of
the PCs of temperatures performs better than the BPNNwith
input of the mean temperatures in both reproduction and
prediction capabilities.

5. Conclusions and Recommendations

The variations in vibration properties of long-span bridges
are not only caused by structural damage or deterioration
but also caused by environmental conditions, especially tem-
perature. Inappropriately estimating the temperature effects
on the changes of vibration characteristics of a bridge may
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result in false-positive or false-negative damage detection. To
solve this problem, considerable efforts have been devoted
to investigating the correlations between temperatures and
vibration properties in different types of bridges with the
aim of eliminating the temperature effect in vibration-based
structural damage detection.However, it is far from sufficient.
The temperature distribution in a bridge that is affected by
air temperature, wind, humidity, intensity of solar radiation,
material type, and so forth changes in a complex way. The
more and more complicated configuration of bridges makes
the vibration properties multivariate. So at least the following
existing problems and promising efforts need particular
attention.

(1) The changes of vibration properties in long-span
bridges induced by structural damage or temperature are
only several percentages. So the extraction of temperature-
caused vibration property variability and damage-caused
vibration property variability relies heavily on the accuracy
of model parameters. How to identify bridge model param-
eters, notably mode shape and damping ratio, with a high
resolution in noise environment is the fundamental problem
of studying the temperature effects on vibration proper-
ties of long-span bridges and executing damage detection
algorithms. Improving the precision of structural vibration
properties identification is a significant work not only for
studies of the temperature effect but also for the research of
damage detection.

(2) Many new bridges with complicated geometric con-
figuration and novel materials are constructed. The thermal
dynamic characteristics such as conduction, emissivity, and
absorptivity of those new structures are different fromgeneral
cases. Besides, modern transport system has extended to
extraordinary climate regions.The temperature in those areas
is particularly high or particularly low. It was already found
that two different relationships between frequencies and
temperatures existed below and above freezing. Therefore,
studying the correlations between temperatures and vibration
properties of various bridges in broad regions is helpful
in understanding the activity of temperature on vibration
property variations.

(3) Although numerical simulation approach has insuf-
ficient accuracy for quantifying the effect of temperature
variations on the vibration properties of long-span bridges, it
is characterized by high efficiency and easy implementation.
This method is an advisable choice when field measurement
data are unavailable. The development of the thermody-
namics simulation makes the calculation of temperature
distribution in bridges by the FE method more reliable.
Therefore, studying the correlations between temperatures
and vibration properties by the coupled thermomechanics
simulation is a promising work.

(4) Successful implementation and operation of long-
term SHM systems on bridges have been widely reported,
which provide a large number of structural vibration data
and corresponding temperature records. But the observa-
tion of the correlations between temperatures and vibration
properties focuses on only a few bridges. Manymeasurement
results are unused, which induces the potentiality of SHM
is considerably reduced. Carrying out an intensive study of

temperature influence on bridge vibration properties from
SHM data should be encouraged, and particular emphasis
should be placed on extracting quantitative models for
damage detection.

(5) Fromfieldmeasurement data of acceleration and tem-
perature, many promising models were trained to describe
the temperature effects on the variation of vibration proper-
ties. However, previous prediction models have been effec-
tive when they were used for a specific bridge type. They
have not been shown to be applicable to different bridge
types. Understanding the potential mechanism of vibration
property variability because of the temperature variations can
help in developing more rational mathematical relationships
between the measured vibration properties and temperatures
that are suitable for a wide range of bridge types. In addition,
establishing parametric stochastic models are beneficial for
predicting temperature-induced variations in the vibration
properties of new bridges when temperature data are avail-
able.

(6) Advanced statistical methods such as the Bayesian
probabilistic framework and the Markov chain Monte Carlo
simulation provide effective approaches for establishing sta-
tistical models of temperatures and vibration properties.
Modern signal processing technologies like the wavelet
transform and the Hilbert-Huang transform can extract
significant information from complicated and unsystematic
measurement data. So developing the correlations between
temperatures and vibration properties by advanced statistical
methods and modern signal processing technologies may be
more robust against uncertainties.
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The thermal boundary conditions in the construction and operation phases of a concrete arch dam are always complex. After
sealing, differences between the arch dam temperature and its sealing temperature can cause compressive or tensile stresses. Based
on measured temperature of an arch dam located in China, a temperature rise phenomenon (TRP) is found in the after-sealed
regions of the arch dam. By mining and analyzing the temperature data of various monitoring apparatus embedded in the arch
dam, higher environment temperature is considered to be the main cause for the occurrence of the TRP.Mathematical methods for
complex thermal boundary conditions, including external boundary conditions and internal heat source conditions, are proposed
in this paper. A finite element model is implemented with the concern of the construction phase and operation phase of the arch
dam. Results confirm good agreement with themeasured temperature and verify the conjecture that the TRP occursmainly because
the external temperature of the arch dam is higher than its sealing temperature.

1. Introduction

Thermal effects have frequently been associated with the
damage to concrete structures, particularly to massive con-
crete structures such as concrete bridges and dams. Temper-
ature in concrete dams can affect creep and alkali aggregate
reaction and has direct effects on the thermoelastic properties
of concrete. Therefore, temperature variation and the asso-
ciated thermal stresses must be evaluated to define loading
conditions for development of a defensive measure in dam
safety analysis.

Temperature effects on arch dams can be studied in
two distinct phases: construction and operation [1]. In the
construction phase, the temperature field of a concrete
arch dam is subjected to variation of ambient temperature,
solar radiations variation, hydration reaction of cement, and
water cooling of cooling pipes. In the operation phase, the
temperature field of a concrete arch dam is subjected to the
ambient temperature and reservoir temperature variations as
well as solar radiation variations. The arch dams are always
sealed by layer during the construction phase. Before sealing,
temperature of concrete is reduced to sealing temperature to

open the transverse joints. After sealing the dam is considered
to be a continuous system, consequently differences between
temperature of the arch dam and the sealing temperature can
cause compressive or tensile stresses [2].

Leger et al. [3, 4] proposed a numerical two-dimensional
(2D) model to calculate the temperature field in a concrete
gravity dam during its operation period. They found that the
temperature gradient near the exposed surface of the dam
generates tensile stresses, which can cause surface cracks.
Agullo and Aguado [5] presented an analytical model for
the simulation of the thermal behaviour of dams that are
subjected to environmental thermal action during operation.
They found that themean temperature of the section depends
on the annual mean ambient temperature, the annual mean
temperature of the water, and the annual mean of total daily
solar radiation at the site. Zhang and Garga [6] found that the
highest temperature and temperature gradient are induced
in a very thin region close to the exposed surface, and the
stress concentration can be reduced by changing the property
of concrete and the heat transfer coefficient as a curing
condition. Daoud et al. [7] described a numerical analysis
of the periodic temperature field in a concrete gravity dam.
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They considered ambient temperature variation, solar radi-
ation, snow cover, geothermal gradient, and ice formation
in the reservoir water as well as different conductivities for
saturated and unsaturated parts of the dam. Sheibany and
Ghaemian [2] intensively studied the environmental effect of
heat transfer in arch dam engineering. They observed that
thermal loads have the most significant effects that induce
the occurrence of downstream cracks compared with self-
weight and hydrostatic loads. Jin et al. [8] investigated the
solar effect on exposed dam surfaces during the operation
phase. A practical model for predicting the nonuniform
temperature of the exposed face is presented by consider-
ing both solar radiation and shading effects in the paper.
However, the objects of these studies were dams that had
already been built; that is, the dams were already under the
operation phase, where the situation of the external surface
boundary regions barely changes. Temperature variations
after sealing of the arch dams were not discussed in the above
studies.

Kuzmanovic et al. [9], based on 2D and three-dime-
nsional (3D) numerical models, described an unsteady
phased thermal analysis of roller compacted concrete (RCC)
gravity dams. A long-term modeling study taking both
construction phase and operation phase into account was
considered and a parametric study was proposed. They
found that the 2D model accurately describes the RCC dam
thermal field and the thermal properties of the mixture
and the boundary conditions have the greatest influence on
the thermal behavior of RCC dams. However, the sealing
process was not designed in the RCC gravity dam and water
temperature in the reservoir was simplified as constant.

In the dam-foundation-reservoir system, the foundation
of the arch dam can be mathematically treated as an infinite
domain, compared with the size of an arch dam [10, 11].
However, conventional finite element method can be only
used to effectively simulate the problem of a finite domain. To
overcome this difficulty, Zhao and Valliappan [12] developed
transient infinite elements for simulating transient heat trans-
fer in infinite media. This means that the coupled method
of finite elements and transient infinite elements is already
available for simulating transient heat transfer process in an
arch dam foundation. However, due to the limitation of our
current computer code, the infinite extension of the arch
dam is approximately truncated as a finite domain so that
the conventional finite element method can be used in this
study.

In this paper, we focus on a long-term temperature rise
phenomenon (TRP) in the after-sealed regions of the Xiluodu
concrete arch dam, which also occurred in several other
similar dams.This phenomenon can affect the stress field and
safety of the arch dams, but few studies have been conducted
to access the situation and predict development pattern of
the TRP. After analyzing measured temperature of the arch
dam, a higher environment temperature is considered to be
the most possible cause for the TRP. Real thermal boundary
conditions are studied and a numerical model taking both
construction phase and operation phase of the arch dam into
account is presented to verify our conjecture.

2. TRP Based on Measured Data

Xiluodu arch dam is located in the lower reach of the Jinsha
River, Yunnan Province, in Southwest China. The project is
designed as a dome dam with a maximum height of 285.5m
and a crest length of 700m.The footing sits upon the riverbed
foundation on a 324.5m elevation. The arch dam body is
designed with seven 12.5m × 13.5m surface spillways and
eight 6m × 6.7m deep outlet holes.Thirty-onemonoliths are
planted across the river. The transversal section of the dam is
curve-shaped and is 14m wide at the crest and 60m wide at
the footing.The dam started casting concrete onMarch 2009
and the reservoir was impounded on March 2012 while the
damwas still under construction.The arch dam seals the joint
layer by layer and starts cooling the sealed regions before the
sealing time.Thefirst sealed region of the arch damwas sealed
on August 2010.

Various electrical equipments have been embedded in
the arch dam and its foundation to monitor its working
condition, including thermometer, strain meter, nonstress
meter, and joint meter (see Figure 1). Not only do the ther-
mometers measure the temperature of concrete, but also the
other electrical equipment to eliminate the effect of thermal
expansion. Figure 2 shows typical temperature history of the
arch dam, the data of which is from thermometers and joint
meters embedded in the concrete of the first sealed region
and the foundation. Obvious TRP occurs in the concrete of
the dam after sealing through the measured data. The deep
foundation appears to have a stable temperature field, relative
to a high temperature of nearly 25.6∘C.

To observe the global temperature rise situation of the
arch dam, temperature data of various monitoring apparatus
were mined and analyzed.We groupedmonitoring apparatus
by sealed region as the TRP occurred right after sealing,
same sealed regions had the same sealing time and higher
sealed regions were sealed after the lower regions. Average
amplitudes of temperature rise until July 2013 after sealing
at different sealed regions are shown in Figure 3, including
the locations of galleries and outlets of the arch dam. Several
sealed regions do not have enough measured data, and
their situations are marked as empty in the figure. General
sealing temperature of the arch dam is 12∘C to 13∘C and
amplitudes of temperature rise in higher sealed regions are
generally smaller than the lower regions. The amplitudes of
temperature rise in the first two sealed regions are the biggest
at an average of 7.7∘C, which is nearly two times bigger than
the fourth sealed region.We also observed that sealed regions
with galleries or outlet holes have relativly bigger amplitudes
of temperature rise.

Determining the cause for the TRP is important and
necessary. Higher environment temperature is the most pos-
sible cause for the occurrence of the TRP. The mean annual
temperature of the Xiluodu dam site is 20∘C and the mean
temperature of deep foundation is approximately 25.6∘C, 7∘C,
and 12∘Chigher than the sealing temperature of the arch dam,
respectively. This higher environment temperature explains
why the concrete close to the riverbed foundation, galleries,
and outlets have rather bigger amplitudes. If this is true,
the temperature field of the arch dam would rise matching
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(b) Temperature history in foundation of different elevations

Figure 2: Typical temperature development process.

that of the environment and then stabilizes. However, this
conjecture requires verification in numerical model with real
thermal boundary conditions taking both construction and
operation phase into account. Section 3 proposed methods
to study real thermal boundary conditions of arch dam,
and Section 5 provides verification of this numerical model,
which is implemented based on the measured temperature
data of the arch dam.

3. Real Thermal Boundary Conditions

As discussed in Section 1, temperature effects on arch dams
can be studied in construction phase and operation phase.
One of the significant differences between thermal boundary
conditions in the two phases is that during the construction
phase there is internal hydration heat and cooling effect
of cooling pipes. In addition, the upstream air-side surface
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changes to become water-side surface when the reservoir is
impounded. Figure 4 shows the thermal boundary conditions
adopted in this study. Mathematical methods to describe
thermal boundary conditions with various influencing fac-
tors are proposed in this section.

3.1. External Boundary Conditions

3.1.1. Concrete-Air Interface. The heat transfer between the
dam and the air boundary layer is a function of air and con-
crete temperatures, wind speed, and solar radiation intensity
[3]. Therefore, boundary conditions including heat convec-
tion, absorbed radiation from the sun, and electromagnetic
radiation should be considered at the concrete-air interface.

The air-side convective flux 𝑞
𝑎
is proportional to the tem-

perature difference between the concrete and the surround-
ing air. Heat convection can be given by Newton’s law of
cooling:

𝑞
𝑎
= 𝛽
𝑎
(𝑇 − 𝑇

𝑎
) , (1)

where 𝑇 is the temperature of the surface; 𝑇
𝑎
is the tem-

perature of surrounding air; 𝛽
𝑎
is the convective coefficient,

which is considered constant in some previous studies on
dams [8, 13, 14].However, the convective coefficient is actually
affected by numerous factors, among which wind speed was
highlighted in recent studies as the major factor [15, 16]. As
arch dams are usually built in canyonswherewind is naturally
strong, the wind effect on convective coefficient should be
considered in the thermal simulation of arch dams. Nusselt-
Jürges correlation [15], a well-established form of convective
coefficient that considerswind speed, is used in this paper and
can be defined as

𝛽
𝑎
= 5.678 {𝑎 + 𝑏[(

294.26

𝑇
𝑎

)
𝑤

0.3048
]

𝑚

} , (2)

where 𝑤 is the wind speed; 𝑎, 𝑏, and 𝑚 are the parameters
to be decided based on the applied condition. 𝑇

𝑎
is the

ambient temperature (in Kelvin). The amount by which the
surface temperature lags behind the air temperature depends
on the convection coefficient. The surface temperature will
follow the air temperature exactly when a large convection
coefficient (𝛽

𝑎
= 10
10) is used [17].

Solar radiation was not considered in numerous thermal
studies on dams [13, 14, 18] because proper calculation of the
absorbed solar radiation of the structure surface is complex,
whichmust consider the sun position, environmental factors,
and surface conditions. However, solar radiation is an impor-
tant source of energy to reach the surface of the dam not
covered by water. A recent work [8] showed that irradiation
has a great thermal effect on the exposed surfaces of a dam.
The total solar radiation𝐸

𝑠
reaching a surface comprises three

components including beam radiation, sky diffuse radiation,
and ground diffuse radiation. Beam radiation 𝐸beam reaches
the face of the damdirectly from the sun. Sky diffuse radiation
𝐸diff is the solar radiation that reaches the dam surface after
its direction has been scattered by the atmosphere. Ground
diffuse radiation 𝐸refl is the solar radiation reflected by the
ground. Based on the above absorbed solar radiation by the
surface, 𝑞

𝑠
can be expressed as

𝑞
𝑠
= 𝛼𝐸
𝑠
,

𝐸
𝑠
= 𝛼beam𝐸beam + 𝛼diff𝐸diff + 𝐸refl,

(3)

where 𝛼 is the solar absorptivity of the surface; 𝛼beam and
𝛼diff denote the irradiation coefficient, considering the surface
angle. These components can be obtained through mathe-
matical and geometry relations with the extraterrestrial solar
radiation from a clear-sky model proposed by ASHRAE [19].
Solar radiation input occurs only during daytime with a clear
sky. 𝑞

𝑠
is small during night and rainy days and can be

neglected. In engineering applications, the daily energy can
be summed up based on the hourly 𝐸

𝑠
value:

𝑞
𝑠
(𝐷) = 𝛼

𝐻Set−𝐻Rise

∑

𝐻=𝐻Rise

𝐸
𝑠
(𝐻) = 𝛼𝐸

𝑠
(𝐻Set − 𝐻Rise) , (4)

where 𝐷 is the day of year; 𝐻Rise and 𝐻Set denote the sunrise
and sunset hours, respectively; and 𝐸Sun denotes the time
average value of 𝐸Sun during daytime [20].

Electromagnetic radiation is released from the exposed
surface of the dam due to temperature differences between
the surface and the air. This radiation can be calculated using
the Stefan-Boltzman law:

𝑞
𝑟
= 𝑒𝐶
𝑠
(𝑇
4
− 𝑇
4

𝑎
) , (5)

where 𝑒 is the emissivity of the surface, also named as
blackness, ranging from 0 to 1; 𝐶

𝑠
= 5.669 × 10

−8Wm−2 K−4,
which is referred to as the Stefan-Boltzmann constant [21].
The temperatures applied in (5) should notably be used in
degrees Kelvin.

3.1.2. Concrete-Water Interface. When the reservoir impou-
nds, the upstream concrete-air interface under water level
will change to concrete-water interface. This convection
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Figure 4: Thermal boundary conditions for an arch dam.

boundary with liquid fluid can also be described by Newton’s
law of cooling:

𝑞
𝑤

= 𝛽
𝑤
(𝑇 − 𝑇

𝑤
) , (6)

where 𝑇 is the temperature of the surface; 𝑇
𝑤
is the water

temperature; and 𝛽
𝑤
is the convective coefficient. Coefficient

𝛽
𝑤
is relatively large for water-side convection in contrast to

air-side convection. The water-side convection coefficient is
20 to 1,000 times that of the air-side convection [22, 23]. In
this situation, the boundary can also be dealt with as first-type
boundary condition:

𝑇 = 𝑇
𝑤
, (7)

where 𝑇
𝑤
can be obtained by monitoring the water tem-

perature or through empirical prediction method [24, 25].
However, several dams begin to fill the reservoir during the
construction phase to improve the performance of power
production. Thermometer to monitor the water temperature
of the reservoir may not be set as an urgent casting schedule
of the dam. The empirical method is only suitable for the
reservoir in operation phase when a relative stable temper-
ature field has formed. The water level of the reservoir rises
rapidly during the first impoundment and water temperature
of the upper reach has a significant effect on the reservoir

temperature field. Meanwhile heat transfer exits between
reservoir water and the rock foundation as high ground
temperature shown in Figure 1. Based on the above con-
ditions, we propose an interpolation equation considering
both ground temperature andwater temperature of the upper
reach:

𝑇
𝑤
(ℎ, 𝜏) = [1 − (

ℎ

𝐻 (𝜏)
)

𝜂

]𝑇
𝑔
+ (

ℎ

𝐻 (𝜏)
)

𝜂

𝑇
𝑟
, (8)

where ℎ denotes height to reservoir bottom; 𝐻(𝜏) denotes
water depth on time 𝜏; 𝑇

𝑔
denotes ground temperature; 𝑇

𝑟

denotes water temperature of the upper reach of the river;
and 𝜂 denotes environmental parameter. 𝑇

𝑟
can be obtained

through measured hydrological data of a river or calculated
by meteorological data [26].

Transformation of boundary conditions from first-type
to second-type is difficult to achieve in a numerical model
during its calculating process. Since a long-term simulation
of the arch dam including the impounding process of the
reservoir is considered, the concrete-water interface is dealt
with as a convection boundary in this paper.

3.1.3. Concrete-Insulation Interface. Theconcrete surfacemay
be covered with insulation protections during construction
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to prevent thermal cracks induced by atmospheric tem-
perature shock. Materials with high thermal resistances,
such as cotton quilts, polystyrene foam plastic boards, and
sprayed polyurethane, are ideal options for protection in
engineering applications. Figure 5 shows two typical ther-
mal protections used in dams. Tiling the cotton quilt on
horizontal surfaces, such as the top faces of new-cast lifts,
is convenient, and polystyrene foam boards are suitable for
pasting clung to the nonhorizontal surfaces. We can consider
the boundary condition as a composite wall comprising
miscellaneous materials in a series. Similar to the air-side
convection, we can apply the following Robin boundary
condition:

𝑞
𝑝

= 𝛽
𝑝
(𝑇 − 𝑇

𝑎
) , (9)

where 𝛽
𝑝
denotes the equivalent convection coefficient of the

protection series and is expressed as the reciprocal of the sum
of thermal resistances:

𝛽
𝑝

=
1

1/𝛽
𝑐
+ ∑ (𝑏

𝑝
/𝜆
𝑝
)

, (10)

where 𝛽
𝑐
denotes the nonprotective convective coefficient in

a nonwind condition [𝑤 = 0 in (2)], 𝑏
𝑝
denotes the width

of each protection, and 𝜆
𝑝
denotes the thermal conduction

coefficient of each insulation layer.

3.1.4. Concrete-Foundation Interface. In thermal simulation
of concrete dam, heat transfer at the concrete-foundation
interface is assumed to occur only by conduction. The
temperature at the bottom surface of the foundation 𝑇

𝑓
is

assumed to be constant

𝑇
𝑓

= const, (11)

and thermal boundary condition at the side surfaces of the
foundation is defined as the adiabatic side surface.

Note that the use of this dam-foundation interface model
means that the detailed heat transfer mechanisms in the
foundation were neglected in this study. When the reservoir
is impounded, the reservoir water seepage can take place in
the arch dam foundation, especially in the upstreamdirection
of the arch dam. As demonstrated by the existing studies
[27, 28], the resulting seepage flow is fully coupled with
heat transfer processes, leading to convective and advective
heat transfer in the arch dam foundation. In addition, flow
focusing [29, 30] and convection may also take place in
the large cracks and fault zones [31, 32], if any, within
the arch dam foundation, resulting in strong temperature
localization of the arch dam foundation. This indicates that
the temperature distribution in the arch dam foundation
is a complicated phenomenon, so that the coupled model
of seepage flow and heat transfer (including conductive,
advective, and convective heat transfer), which has been well
developed in the emerging computational geoscience [33],
should be used to simulate this complicated phenomenon in
the future research.

3.2. Internal Heat Source Conditions

3.2.1. Hydration Heat. The hydration heat property of con-
crete can be considered by a mathematic model in ther-
mal simulation of the concrete arch dam. Many types of
model describe the relationship between heat release rate
of concrete and its age, such as single exponential model,
double exponential model, and hyperbolic model. However,
not all the models above have considered the low heat release
rate of fly ash which has been an important component of
cementitiousmaterial inmassive concrete in recent years.We
use a combination exponential model to describe low heat
release rate of fly ash concrete:

𝜃 = 𝜃
0
[𝑠 (1 − 𝑒

−𝑚
1
𝜏
) + (1 − 𝑠) (1 − 𝑒

−𝑚
2
𝜏
)] , (12)

where 𝜃
0
is adiabatic the temperature rise of concrete,𝑚

1
and

𝑚
2
are both heat release coefficients, 𝜏 is age of concrete, and

𝑠 is constant.

3.2.2. Cooling Pipes. Many researchers studied cooling effect
of cooling pipe. Zhu [34] proposed a simulation formula to
describe cooling effect of pipe

𝜙 = 𝑒
−𝑘
1
(𝑎

𝜏/𝐷
2
)
𝑠

, (13)

where 𝑘
1
, 𝑠 denote coefficients that are related to thermal

properties of concrete, length of pipe, and water flow; 𝑎


denotes equivalent concrete thermal diffusivity; 𝜏 denotes
time; and𝐷 denotes diameter of cooling area.When 𝑛 (𝑛 > 1)

layers of pipes made of different materials are laid in one cast,
the following modifier formula is promoted [35]:

𝜙 = 𝑒
−𝑘
1
(𝑎


𝑛
𝜏/𝐷
2
)
𝑠

,

𝑎


𝑛
=

𝐷
2

𝜏
[
1

𝑛

𝑛

∑

𝑖=1

(𝑎


𝑖
𝜏/𝐷
2
)
𝑠

]

1/𝑠

,

(14)
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where 𝑎


𝑖
denotes equivalent concrete thermal diffusivity of

the 𝑖th layer of cooling pipes.

4. Numerical Method

The governing equation of 3D unsteady heat transfer can
be derived from the energy conservation principle and
the Fourier law of heat conduction, which is written as
follows:

𝜌𝐶
𝑝

𝜕𝑇

𝜕𝜏
= (𝜆
𝑥

𝜕
2
𝑇

𝜕𝑥2
+ 𝜆
𝑦

𝜕
2
𝑇

𝜕𝑦2
+ 𝜆
𝑧

𝜕
2
𝑇

𝜕𝑧2
) + 𝑓, (15)

where 𝜌 is the density; 𝐶
𝑝
is the heat capacity; 𝑇 is the

temperature; 𝜆 is the thermal conductivity, which is always
considered isotropic in concrete material; that is, 𝜆 = 𝜆

𝑥
=

𝜆
𝑦

= 𝜆
𝑧
; and 𝑓 is the internal heat source produced per

volume, homogeneously distributed over the concrete.𝑓 gen-
erally consists of two main parts: hydration heat generation
and the cooling effect of embedded cool-pipes as discussed
in Section 3.

The external heat transfer of the boundary surfaces can
generally be expressed as

𝑞 = 𝜆
𝜕𝑇

𝜕𝑛
= 𝑓 (𝑞

𝑎
, 𝑞
𝑟
, 𝑞
𝑠
, 𝑞
𝑤
, 𝑞
𝑝
) , (16)

where 𝑛 is the normal direction of the external surfaces and
𝑞 is the external heat flux, which is a combination of five
components. These components were discussed in detail in
Section 3.

The FE method, which is the most widely applied
numerical tool in engineering fields, is selected as the
numerical approach to solve the heat transfer problem of
the arch dam in this study. The following equation can be
obtained by finite element discretization of the governing
equation:

𝜌𝐶
𝑝
∫
𝑉

[𝑁]
𝑇
[𝑁] 𝑑𝑉{

𝜕𝑇

𝜕𝜏
} + 𝜌𝐶

𝑝
∫
𝑉

[
𝜕𝑁

𝜕𝑥
𝑖

]

𝑇

𝜆
𝑖𝑗

𝜕𝑁

𝜕𝑥
𝑗

𝑑𝑉 {𝑇}

= ∫
𝑉

[𝑁]
𝑇
𝑓𝑑𝑉 + ∫

Γ

[𝑁]
𝑇
𝑞 𝑑Γ,

(17)

in which [𝑁] denotes the interpolation function matrix; Γ
represents the external surface regions, which have various
types.

5. Case Study

Project introductionwas proposed in Section 2, and although
the first impoundment of the reservoir started in March
2012, the dam now is still under construction. Obvious TRP
occurred after sealing by measured data of various apparatus.
Based on the aforementioned data analysis and research work
on real thermal boundary conditions and with the help of a
numerical analysis software [36], results of model calculation
and verification are proposed in the current section.
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Figure 6: Measured data of air temperature, wind speed, and water
level process.

5.1. Calculation Conditions. Air temperature and wind speed
of the dam site have been recorded since the beginning of
the project by a local meteorological station, and the data
are stored in a database. The water level of the reservoir
has also been recorded since the upstream cofferdam was
demolished on March 2012 (see Figure 6). A meteorological
station is located near the dam site in Zhaotong, and the
fundamental solar measurement data were used as the ref-
erence for the simulation. Air temperature in the galleries
of the arc dam is not recorded, and as the galleries that
are parallel to transversal section curve are long and air-
tight, respectively, air temperature is set as constant at 20∘C
which is equal to the mean annual temperature of the dam
site.

Technical reports of the material experiments reveal
that three main types of concrete are used in the dam
construction. The material properties are listed in Table 1.

5.2. Calculation Results and Discussions

5.2.1. Verification. Temperature results of the numerical
model must be calibrated with monitored data to verify
correctness. The calculated temperature history of nodes
that are near the positions of the embedded monitoring
equipment are extracted by the program and compared
with the monitored data. Both middle nodes which are
at the center of the dam, and upstream (or downstream)
nodes, which are underneath boundary surfaces of the arch
dam, are shown in Figure 7. The calculated temperature and
monitored data make a good agreement, which verifies the
correctness of the numerical model.
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Figure 7: Calculation results.
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As the impoundment started during the construction
phase of the dam project, no thermometers were set in
the reservoir to monitor the water temperature. Fortunately,
several surface thermometers were embedded in concrete,
which are approximately 0.1m from the upstream surface,
and the monitored data was recorded. The proposed inter-
polation, (8), in Section 3 is used to calculate water-side
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Figure 9: Calculated results of absorbed radiations from the sun.

boundary temperature 𝑇
𝑤
. Ground temperature 𝑇

𝑔
is set to

be constant at 25.6∘C as monitored (see Figure 2(b)) and
water temperature of the upper river 𝑇

𝑟
is calculated by

meteorological data. Calculated water temperature by inter-
polation method and empirical prediction method proposed
in [25] are compared with the monitored data of surface
thermometers (see Figure 8). The interpolation method is
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Figure 10: Calculated temperature distributions of monolith 16.

considered more suitable to calculate water temperature
of reservoir during its first impoundment period than the
empirical method.

5.2.2. Calculation of Absorbed Radiations from Sun. As
proposed in Section 1, solar irradiation has a significant
impact on temperature distribution of the dam surface. This
solar irradiation effect on the surface of the dam can be
evaluated by heat flux per unit area. As the angles between
sunlight and surfaces are different, the effect shows an
obvious difference on horizontal and nonhorizontal surfaces
of the arch dam. Meanwhile, hours between sunrise and
sunset in summer are longer than in winter, differently
affecting solar irradiation. The calculated results of absorbed
radiations from the sun are shown in Figure 9. Absorbed
radiations from the sun by horizontal surfaces in summer
are quite large, reminding us that protection from sun-
shine for concrete surfaces in summer is reasonable and
necessary.

5.2.3. Temperature Distribution. Figure 10 shows the temper-
ature section of monolith 16 since the sealing of the first
sealed region.The area beneath the black solid line in Figure 9
denotes the sealed regions. The following conclusions can be
drawn from the temperature distributions.

(1) Boundary conditions have a significant impact on
temperature distribution of the arch dam, especially
under the boundary surfaces.

(2) The surface temperature gradient of the arch dam is
larger in summer than in winter (see Figures 10(b),
10(c), 10(e), and 10(f)), as the sealing temperature of
the dam is 12∘C to 13∘C, which is much lower than
the average summer air temperature and close to the
average winter air temperature.

(3) The galleries and outlet holes have obvious impact
on the temperature distribution of the arch dam. As
the air temperature in galleries is set to be constant
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Table 1: Material properties of dam concrete.

Material property Type I Type II Type III
Basic heat transfer

𝐶
𝑝
(J/kg⋅∘C) 943.0 934.0 860.0

𝜌 (kg/m3) 2663 2663 2663
𝜆 (W/m⋅

∘C) 2.14 2.14 2.14
Hydration model

𝜃
0
(∘C) 27.5 26.0 25.0

𝑚
1

0.3 0.3 0.252
𝑚
2

0.03 0.03 0.025
𝑠 0.6 0.6 0.6

Radiation
𝑒 0.88 0.88 0.88

Air-side convection
𝑎 0.99 0.99 0.99
𝑏 0.21 0.21 0.21
𝑚 1.0 1.0 1.0

Protection
𝜆
𝑝
for quilt covers (W/m⋅

∘C) 0.045 0.045 0.045
𝜆
𝑝
for PFP boards (W/m⋅

∘C) 0.036 0.036 0.036

at 20∘C, larger than the sealing temperature, temper-
ature gradient is generated in concrete close to the
galleries after sealing as the sealing temperature is
12∘C to 13∘C (see Figures 10(b) to 10(e)). The surfaces
of the outlet holes are in contact with the air, and
temperature gradient is also generated under the
surface (see Figure 10(e)).

(4) The ground temperature has impact on the tem-
perature distribution of the arch dam. Measured
temperature at 25.6∘C in deep foundation is much
higher than the sealing temperature of the arch dam
and the concrete contacted to the foundation is kind
of heated by the warmer foundation.

(5) Temperature in the internal concrete of after-sealed
regions is gradually rising as the results of a higher
outside temperature. The existence of galleries and
outlet holes accelerate the process of temperature rise.
With temperature rise in the internal concrete of the
lower sealed regions, temperature gradient around
the galleries decreases.

5.2.4. Calculated Temperature Rise after Sealing. Qualita-
tive temperature rise can be found from the temperature
distributions of the arch dam as previously proposed. To
compare calculated temperature rise with measured data
quantitatively, mean amplitudes of temperature rise in sealed
regions are derived from simulation results and plotted in
Figure 11, in which case 1 considers the existence of outlet
holes and galleries of the arch dam but case 2 does not.
The calculated amplitudes of temperature rise in case 1 and
monitored data are shown to be in good agreement, which
verifies our conjecture that the TRP occurs mainly because
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Figure 11: Calculated amplitudes of temperature rise.

the external temperature of the arch dam is higher than its
sealing temperature.Themechanism of TRP occurring in the
arch dam is explained in Figure 12. The temperature in the
surface layer of the arch dam has seasonal variation along
with air temperature of which the average annual value is
approximately 20∘C, which is much higher than the sealing
temperature. Meanwhile, the ground temperature and air
temperature in galleries are constant at 25.6∘C and 20∘C,
respectively. An outer shell with higher average temperature
than the sealing temperature develops and heats continuously
the inner concrete of the arch dam, showing up as TRP.

6. Conclusions

Based on the measured temperature, a TRP is found to occur
in the after-sealed regions of an arch dam. Temperature data
recorded by various monitoring apparatus embedded in the
arch dam are mined and analyzed in this study. Mathemat-
ical methods for different thermal boundary conditions of
the arch dam, including external boundary conditions and
internal heat source conditions, are proposed to simulate
the real boundary conditions. A finite element model is
implemented considering both the construction and opera-
tion phase of the arch dam. Results show good agreement
with the measured temperature, which verifies the validity of
the proposed method and also our conjecture that the TRP
occurs mainly because the external temperature of the arch
dam is higher than its sealing temperature. The mechanism
of TRP occurring in the arch dam can be simply described
as that an outer shell with higher average temperature than
sealing temperature develops and continues heating the inner
concrete of the arch dam.Galleries and outlet holes of the arch
dam have obvious impacts on the temperature distribution of
the dam, and these holes in the dam accelerate the process
of temperature rise. As a prediction depends on the above
analysis, the temperature in the after-sealed regions of the
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arch dam will continue rising before reaching the mean
annual temperature of the external environment.
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This paper proposes an approach to identifying time-varying structural modal parameters using the Hilbert transform and
empiricalmode decomposition.Definition of instantaneous frequency and instantaneous damping ratio based onHilbert transform
for single-degree-of-freedom (SDOF) system is first introduced.The following is the definition of Hilbert damping spectrum from
which the time-varying damping ratio of multi-degree-of-freedom (MDOF) system can be calculated. Identification procedures
for both instantaneous frequency and damping ratios based on their definition are then introduced. Applicability of the proposed
identification algorithm has been validated through several numerical examples. The instantaneous frequency and damping ratios
of SDOF system under free vibration and under sinusoidal and white noise excitation have been identified.The proposedmethod is
also applied toMDOF system with slow and sudden changing structural parameters.The results demonstrate that when the system
modal parameters are slowly changing, the instantaneous frequency could be easily andwell identifiedwith satisfied accuracy for all
cases. However, the instantaneous damping ratio could be extracted only when the system is lightly damped. The damping results
are better for free vibration situation than for the forced vibration cases. It is also shown that the suggested method can easily track
the abrupt change of system modal parameter under free vibration. The proposed method is then applied to a 12-story short-lag
shear wall structure model tested on a shaking table. The instantaneous dynamic properties of the structure were identified and
were then introduced as known parameters into a finite element model. Comparisons with the numerical results using constant
structural parameters demonstrate that the calculated structural responses using the identified time-varying parameters are much
closer to the experimental results.

1. Introduction

Quite some structures exhibit intrinsically time-varying
behavior when subjected to strong excitations as earthquake
or wind or when they are damaged. However, most existing
structural identification techniques rest on the assumption
that the structures are linear or time invariant. They are
not readily applicable to examine the possible time-varying
behavior during online monitoring of some civil structures.
It is therefore necessary to develop identification techniques
that can quantify the time-varying structural behavior for the
purpose of damage detection, health monitoring, reliability,
and safety evaluation of structures.

A mount of research has been carried out regarding the
online estimation (tracking) technique of systems with time-
varying parameters. Smyth et al. [1] had obtained online
estimation of the parameters of multi-degree-of-freedom
(MDOF) nonlinear hysteretic systems based on the measure-
ment of restoring forces. Zhang et al. [2] identified dynamic
properties of linear single-degree-of-freedom (SDOF) system
with gradual changing stiffness based on empirical mode
decomposition (EMD) plus Hilbert transform (HT) method
and pointed out that the steady part and transient part of
structural dynamic responses could be separated through
Hilbert spectrum analysis when the system is under sinewave
excitation. Pines and Salvino [3] proposed Hilbert damping

Hindawi Publishing Corporation
Mathematical Problems in Engineering
Volume 2014, Article ID 568637, 15 pages
http://dx.doi.org/10.1155/2014/568637

http://dx.doi.org/10.1155/2014/568637


2 Mathematical Problems in Engineering

spectrum based on intrinsic mode functions decomposed by
the EMDmethod.The damping loss factor was first proposed
as a joint distribution function of time and frequency;
afterwards Hilbert marginal spectrum was developed and
applied to identify the damage of a 3-story shearing building
in a shaking table test. Shi and Law [4] addressed the iden-
tification of linear time-varying multi-degrees-of-freedom
systems by HT+EMD.They used several numerical examples
to demonstrate the effectiveness and accuracy of the proposed
method. Basu et al. [5] developed online identification of
linear time-varying stiffness of structural systems based on
wavelet analysis. L-P wavelet was adopted in their study
to identify MDOF system with slowly varying stiffness and
sudden changing stiffness. Pai et al. [6] compared EMD
plus Hilbert transform method with sliding window in time-
frequency analysis of nonlinear signal. They pointed out
that EMD plus Hilbert transform method as a self-adaptive
method needs no basis function and has high frequency
resolution dealing with nonstationary and nonlinear signal.
However, they also pointed out that Gibbs phenomenon
could lead to inaccuracy at the ends. Wang and Genda [7]
suggested a recursive Hilbert transformmethod for the time-
varying property identification of shear-type buildings under
base excitation. With known floor masses, the stiffness and
damping coefficients of each floor were identified one by one
from the top to bottom. It is worth noting that the Hilbert
transform plus EMD method has also been widely used in
parameter identification of linear structures [8, 9].The author
also has applied the HT+EMD approach for linear identifica-
tion problems as parameters identification of structures with
closed space modal properties [10], structural damage detec-
tion [11], and parameter identification of an existing long-
span bridge [12]. We further demonstrated in Chen et al. [13]
that EMD is a very powerful tool in processing nonstationary
signal which is frequently encountered in time-varying iden-
tification problem. Though successful in numerical exam-
ples, experimental verifications of the abovementioned tech-
niques, especially for time-varying system, are still rare.

Inspired by the previous researches regarding the time-
varying structural parameter identification problem, this
paper presents an approach for identifying time-varying
structural parameters using HT+EMD. Definitions of instan-
taneous frequency and damping ratios based on Hilbert
transform in SDOF with time-varying parameters are first
introduced. For SDOF, the time-varying parameters can be
easily obtained by its definition. ForMDOF system, the struc-
tural responses will be first processed by EMD to obtain the
modal response based on which the time-varying parameters
can be identified using the same procedure for SDOF system.
Extensive numerical examples and experimental measure-
ments of a large-scale 12-story building model, which was
tested on a shaking table, have been employed to demonstrate
the applicability and effectiveness of the proposed method.

2. Definitions of Instantaneous
Parameters by Hilbert Transform

Traditionally frequency is defined as the number of occur-
rences of a repeating event per unit time. In the classical

Fourier transform analysis, the repeating event is regarded as
sine or cosine wave that has constant amplitude. According to
this definition, any sine or cosine wave whose duration is less
than one period cannot lead to ameaningful frequency value.
However, as we know, lots of random processes in nature are
nonstationary such as earthquake wave or wind speed, it is
difficult for us to capture the local modulation properties of
nonstationary signals.

In order to depict local properties of nonstationary
signals, Leon Cohen proposed the instantaneous frequency
systematically and defined it as the first derivative of phase
angle. For an arbitrary time series, 𝑢(𝑡), we can always have
its Hilbert transform, 𝜐(𝑡), as

𝜐 (𝑡) =
1

𝜋
𝑃.𝑉. ∫

∞

−∞

𝑢 (𝑡)

𝑡 − 𝜏
𝑑𝜏, (1)

where 𝑃.𝑉. indicates the Cauchy principal value integral.
According to this definition, 𝑢(𝑡) and 𝜐(𝑡) are actually the
complex conjugate pair, so we can have an analytic signal,
𝑥(𝑡), as

𝑥 (𝑡) = 𝑢 (𝑡) = 𝑗𝜐 (𝑡) = 𝑎 (𝑡) 𝑒
𝑗𝜃(𝑡)

, (2)

in which

𝑎 (𝑡) = √𝑢(𝑡)
2
+ 𝜐(𝑡)

2
= |𝑥 (𝑡)| , (3a)

𝜃 (𝑡) = arctan [ V (𝑡)
𝑢 (𝑡)

] . (3b)

Equation (1) defines the Hilbert transform as the convolution
integral of 𝑢(𝑡) with 1/𝑡, and it therefore emphasizes the
local properties of 𝑢(𝑡). In (2) the polar coordinate expression
further clarifies the local nature of this representation: it is the
best local fit of amplitude and phase varying trigonometric
function to 𝑢(𝑡).

With the above Hilbert transform in (1), the instanta-
neous frequency 𝑓

𝑖
is defined as

𝑓
𝑖
=
1

2𝜋

𝑑𝜃

𝑑𝑡
. (4)

Equation (4) can be further deduced as follows:

𝑓
𝑖
=
1

2𝜋
[
𝜐

(𝑡) 𝑢 (𝑡) − 𝑢


(𝑡) 𝜐 (𝑡)

𝑢2 (𝑡) + 𝜐
2
(𝑡)

] =
1

2𝜋
Im[

𝑥

(𝑡)

𝑥 (𝑡)
]

=
1

2𝜋
[
𝑥

(𝑡) 𝑥
∗
(𝑡)

|𝑥 (𝑡)|
2

] .

(5)

In order to clarify themeaning of (4) physically, Cohen intro-
duced the term “monocomponent function” as a limitation
on the original signal 𝑢(𝑡), which means that only when 𝑢(𝑡)
is a narrow band signal could the instantaneous frequency
reflect the local vibration property.

Based on the Hilbert transform and definition of instan-
taneous frequency, instantaneous damping ratio of SDOF
system could also be deduced from the equation of motion.
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Consider the equation of motion of a SDOF system with
time-varying parameters as follows:

𝑚(𝑡) ̈𝑢 (𝑡) + 𝑐 (𝑡) ̇𝑢 (𝑡) + 𝑘 (𝑡) 𝑢 (𝑡) = 0. (6)

After normalization by themass property, (6) could be rewrit-
ten as

̈𝑢(𝑡) + 2𝜉 (𝑡) 𝜔
0
(𝑡) ̇𝑢 (𝑡) + 𝜔

2

0
(𝑡) 𝑢 (𝑡) = 0, (7)

where 𝜔
0
(𝑡) and 𝜉(𝑡) indicate the time-dependent frequency

and damping ratio; through Hilbert transform we know that
the analytical signal of 𝑢(𝑡) could be formed as

𝑧 (𝑡) = 𝑢 (𝑡) + 𝑗�̃� (𝑡) = 𝐴 (𝑡) 𝑒
𝑗𝜓(𝑡)

, (8)

where𝐴(𝑡) and𝜓(𝑡) are regarded as the instantaneous ampli-
tude and instantaneous phase angle, respectively.Thefirst and
second derivatives of analytical signal 𝑧(𝑡) could be easily got
as follows:

̇𝑧 (𝑡) = 𝑧 (𝑡) [

̇𝐴 (𝑡)

𝐴 (𝑡)
= 𝑖𝜔 (𝑡)] ,

̈𝑧 (𝑡) = 𝑧 (𝑡) [

̈𝐴 (𝑡)

𝐴 (𝑡)
− 𝜔
2
(𝑡) + 2𝑖

̇𝐴 (𝑡) 𝜔 (𝑡)

𝐴 (𝑡)
+ 𝑗 ̇𝜔 (𝑡)] .

(9)

Apply HT to (7) leading to

̈𝑧 (𝑡) + 2𝜉 (𝑡) 𝜔
0
(𝑡) ̇𝑧 (𝑡) + 𝜔

2

0
(𝑡) 𝑧 (𝑡) = 0. (10)

Introducing (9) into (10) we get

𝑧 [

̈𝐴

𝐴
− 𝜔
2
+ 𝜔
2

0
+ 2𝜉𝜔

̇𝐴

𝐴
+ 𝑖(2𝜔

̇𝐴

𝐴
+ ̇𝜔 + 2𝜉𝜔

0
𝜔)] = 0.

(11)

Let the real part and imaginary part in (11) be equal to zero,
respectively; we can finally determine the time-dependent
damping ratio 𝜉(𝑡) as follows:

𝜉 (𝑡) =

−2 ( ̇𝐴/𝐴) − ( ̇𝜔/𝜔)

2√𝜔2 − ( ̈𝐴/𝐴) + 2 (
̇

𝐴2/𝐴2) + ( ̇𝐴 ̇𝜔/𝐴𝜔)

, (12)

where 𝐴 and 𝜔 are instantaneous amplitude and frequency,
respectively. Therefore, the instantaneous damping ratio of
SDOF systemunder zero excitation could be defined as a joint
function of amplitude and frequency.

3. Identification Methodology

With definitions of the instantaneous frequency and damping
ratio for SDOF system in the previous section, identifi-
cation algorithms are proposed based on empirical mode
decomposition method in this part. The empirical mode
decomposition (EMD)method was proposed by Huang et al.
in 1998 [14]. EMD can decompose any measured signal into
intrinsic mode function (IMF) that admits a well-behaved
Hilbert transform. EMD is a self-adaptive data processing

0.0 0.5 1.0 1.5 2.0

A
m

pl
itu

de

−3
−2
−1
0
1
2
3

Time (s)

Figure 1: Nonlinear signal 𝑥(𝑡) consists of two frequency compo-
nents.

method and has higher frequency resolution compared with
traditional signal processing tools in dealingwith nonstation-
ary signals.

Firstly, in order to obtain the “monocomponent function”
as required byHT, it is necessary to apply EMD to the original
signal 𝑢(𝑡) to decompose it into summation of several IMF
components plus the final residue. That is,

𝑢 (𝑡) =

𝑁

∑

𝑖=1

𝑐
𝑗
(𝑡) + 𝑟

𝑁
(𝑡) , (13)

where 𝑐
𝑗
(𝑡) is intrinsicmode function, which is a narrow band

signal and 𝑟
𝑁
(𝑡) is residual. Therefore, the multicomponent

signal 𝑢(𝑡) is represented by several monocomponent signals
IMFs. Each IMF corresponds to one mode; in this way,
dynamic responses of MDOF system could be decoupled
into several intrinsic mode responses like 𝑐

𝑗
(𝑡). Details of the

implementation of EMDcan be found inHuang et al. [14] and
Chen and Xu [10, 12].

Having 𝑐
𝑗
(𝑡) obtained, HT can be used to calculate the

instantaneous phase angle as defined in (3a)-(3b). Then,
according to (4) three difference algorithms are introduced
here to estimate 𝑓

𝑖
, and the first is forward difference:

𝑓
𝑖 (𝑛) =

1

2𝜋
[𝜃 (𝑛 + 1) − 𝜃 (𝑛)] . (14)

The second is backward difference:

𝑓
𝑖 (𝑛) =

1

2𝜋
[𝜃 (𝑛) − 𝜃 (𝑛 − 1)] . (15)

The third is central difference:

𝑓
𝑖 (𝑛) =

1

4𝜋
[𝜃 (𝑛 + 1) − 𝜃 (𝑛 − 1)] . (16)

These three algorithms almost have the same accuracy, and
they are all sensitive to noise.Therefore, necessary smoothing
or fitting techniques could be taken on 𝑓

𝑖
(𝑛) to eliminate

numerical errors. It should be noted that the identification
results are also sensitive to calculating parameters adopted in
EMD algorithm. In general, a stricter decomposing standard
should be takenwhen the input signal is highly contaminated.

Take a nonlinear signal 𝑥(𝑡) as example; Figure 1 shows
the time history of 𝑥(𝑡):

𝑥 (𝑡) = √2 ⋅ sin [2𝜋 ⋅ (4𝑡 + 3𝑡2)] + √2 sin [2𝜋 ⋅ (𝑡 + 2𝑡2)] .
(17)
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Table 1: Identification error of frequency and damping ratio at different time instant (SDOF Example 1).

Time instant (sec.) Natural frequency (Hz) Damping ratio (%)
Theory Identify Error (%) Theory Identify Error (%)

2 4.044 4.009 0. 91 6.186 6.413 3.69
4 3.761 3.742 0.49 4.472 4.435 0.86
6 5.623 5.645 0.37 3.488 3.369 3.42
8 4.486 4.480 0.13 5.954 5.823 2.18
10 3.572 3.597 0.69 5.249 5.214 0.72
12 5.627 5.606 0.37 3.382 3.408 0.78
16 3.444 3.443 0.35 6.054 5.901 2.58
20 5.294 2.795 47.0 5.320 5.510 3.48
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Figure 2: EMD decomposition result of signal in Figure 1.

Equation (17) indicates that 𝑥(𝑡) has two modal components,
and the theoretical value of instantaneous frequency of each
component is given in the following:

𝑓
1
(𝑡) = 4 + 6𝑡,

𝑓
2
(𝑡) = 1 + 4𝑡.

(18)

After empirical mode decomposition we got seven IMFs as
depicted in Figure 2. The amplitude of the first two IMFs is
significantly larger than the last five IMFs, which are actually
due to the numerical calculation error of EMD. By applying
Hilbert transform to the first two IMFs, we can get the instan-
taneous phase angle fromwhich the instantaneous frequency
can be estimated by the forward difference algorithm given
(14). Figure 3 shows the identified results compared with
theoretical ones. It could be observed that identified results
fit well with the theoretical ones.

Identification of instantaneous damping ratios for SDOF
system has been derived in (12); however, it could be used
only in free vibration cases; when the system is forced
vibration, EMD in conjunction with random decrement
technique should be used first to extract the free responses.
In order to extend this method to MDOF systems Pines
and Salvino, 2006 [3] proposed Hilbert damping spectrum
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Figure 1.

to evaluate damping; he defined damping lose factor 𝜂(𝑡) =
2𝜉(𝑡) and demonstrated that 𝜂 is a function of both frequency
and time as follows:

𝜂
2
(𝜔, 𝑡) = (−

2 ̇𝐴 (𝜔, 𝑡)

𝐴 (𝜔, 𝑡)
)

2

(𝜔
2
+ (

̇𝐴 (𝜔, 𝑡)

𝐴 (𝜔, 𝑡)
)

2

)

−1

. (19)

According to (19), each IMF has a time-dependent damping
loss factor 𝜂(𝑡), and as already mentioned each IMF corre-
sponds to each single mode. In this sense, the instantaneous
damping ratios can be estimated from (19) as a marginal
distribution of time or frequency from (19). The time-
dependent damping ratio, for instance, will be

𝜉 (𝑡) =
1

2
[𝑁∫

𝑁

0

𝜂
2
(𝜔, 𝑡) 𝑑𝜔]

1/2

. (20)

In summary, the procedure of time-varying parameter iden-
tification of MDOF system consists of the following three
steps. First, decompose the measured response of the system
by EMD into summation monocomponent signal. Then, for
each monocomponent signal, the instantaneous frequency
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Figure 4: Dynamic responses of SDOF system with time-varying
parameters (Example 1).

can be estimated by (14), (15), or (16). The instantaneous
damping ratio can be estimated by (20).

4. Numerical Simulations

In order to illustrate the proposed algorithm for identification
of SDOF and MDOF systems with time-varying parameters,
several numerical examples are discussed in this section
including SDOF system with slow varying and fast varying
parameters andMDOF systemwith slow varying and sudden
change parameters.

4.1. SDOF: Free Vibration. SDOF system with time-varying
mass stiffness and damping is considered as follows:

𝑚(𝑡) ̈𝑥 + 𝑐 (𝑡) ̈𝑥 + 𝑘 (𝑡) 𝑥 = 0, (21)

in which the time-varying parameters are

𝑚(𝑡) = (2 + 0.5𝑒
−0.1𝑡

) × 10
3 kg,

𝑘 (𝑡) = (2 + cos (𝑡)) × 106N ⋅ s/m,

𝑐 (𝑡) = (1 + 0.25 sin (𝑡)) × 103N/m.

(22)

The initial velocity and displacement of the system are
10mm/s and 10mm, respectively, and time interval is set as
0.001 sec. The free response time histories of displacement,
velocity, and acceleration, as shown in Figure 4, were calcu-
lated by fourth-order Runge-Kutta method.

Take the acceleration response as the measured signal
𝑢(𝑡); the instantaneous phase angle 𝜃(𝑡) and amplitude 𝐴(𝑡)
can be obtained by Hilbert transform. The instantaneous
frequency and damping ratios can then be identified by (14)
and (12). Second-order five-point smoothing was applied to
the identified instantaneous damping ratios to reduce the
numerical noise due to difference calculation. Figures 5(a)
and 5(b) compare, respectively, the identified instantaneous
frequency and damping ratio with theoretical value.

It is found that the identified instantaneous frequency
agrees very well with the theoretical value, excluding the
results at endpoints. The difference at endpoints is called end
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Figure 5: Comparison of identified time-varying parameter with
theoretical value (SDOF Example 1).

effect that is caused by Hilbert transform itself, since the
signal is always cut limited while the convolution integral in
theory is from −∞ to +∞. Therefore, inaccuracy will occur
at endpoints according to numerical difference methods.
Figure 5(b) shows that the identified damping ratios are
fluctuating around the theoretical value. Table 1 further gives
the relative error of identified and theoretical parameters at
different time instants. Note that the average identification
error of frequency and damping ratio is less than 0.5% and
3%, respectively.

4.2. SDOF: Excited Vibration. The equation of motion of a
SDOF system under external excitation can be expressed as
follows:

̈𝑢(𝑡) + 2𝜉 (𝑡) 𝜔 (𝑡) ̇𝑢 (𝑡) + 𝜔
2
(𝑡) 𝑢 (𝑡) = −

𝑎 (𝑡)

𝑚 (𝑡)
, (23)
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Figure 6: Dynamic responses of SDOF system (Example 2).
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where 𝑎(𝑡) is system input and 𝜉(𝑡) and 𝜔(𝑡) are time-
dependent damping ratios and frequency, respectively. For
the first case, we assume the external input as 𝑎(𝑡) =

2𝑒
−0.04𝑡 sin(20𝜋𝑡+0.1𝜋𝑡2) and the initial velocity anddisplace-

ment are zero. The time-varying parameters were set as 0.01
times that in Example 1 and the time step was 0.001 sec. The
dynamics responses of the system are shown in Figure 7.

Figure 8 gives the Hilbert energy spectrum of the accel-
eration response. It can be easily observed from Figure 8 that
there are two time scales in the response; one is in the fre-
quency range from 10 to 12Hz and the other is from 3 to 6Hz.
The second one is in accordance with the natural frequency
of the SDOF system. Therefore, we take the second IMF as
the free vibration response of SDOF system, and following
the above steps in the first example, instantaneous frequency
and damping ratios could be easily identified. The results are
compared with theoretical values as in Figures 9(a) and 9(b).

Table 2 shows relative errors at several calculation time
instants. It is found in Table 2 that identified results for fre-
quency are relatively stable in the middle part of the response
with relative error around 1%. Significant errors occur at
the end due to the end effect the same as Example 1. For
damping ratios, it should be mentioned that the results are
fitted by second-order 5 points smoothing method, although
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Table 2: Identification error of frequency and damping ratio at different time instant (SDOF Example 2).

Time instant (sec.) Natural frequency (Hz) Damping ratio (%)
Theory Identify Error (%) Theory Identify Error (%)

2 4.044 4.057 0.31 0.0618 0.0601 2.81
4 3.761 3.79 0.74 0.0447 0.0358 19.8
6 5.623 5.477 2.68 0.0348 0.0471 35.2
8 4.486 4.547 1.37 0.0595 0.0562 5.57
10 3.572 3.573 0.024 0.0524 0.0482 8.08
12 5.627 5.584 0.77 0.0338 0.04 18.3
16 3.444 3.484 1.11 0.0605 0.059 2.51
20 5.294 20 73.5 0.0532 0.05 5.99

Table 3: Identification error of frequency and damping ratio at different time instant (MDOF Example 1).

Time instant (sec.) Freq. (1st) Freq. (2nd) Damp. (1st) Damp. (2nd)
Theory Identify Theory Identify Theory Identify Theory Identify

2 6.057 6.016 14.642 14.592 0.149 0.149 0.012 0.012
4 4.516 4.578 12.046 11.988 0.088 0.083 0.010 0.011
6 5.616 5.606 17.177 17.171 0.109 0.109 0.012 0.014
8 6.478 6.502 15.769 15.934 0.150 0.150 0.013 0.013
10 4.776 4.743 11.974 11.974 0.100 0.102 0.011 0.011
12 5.336 5.332 17.032 17.054 0.106 0.106 0.012 0.011
16 5.003 4.928 12.161 12.109 0.117 0.117 0.010 0.010
20 6.980 2.977 17.603 20.00 0.145 0.137 0.015 0.016

C1

C2

K1

K2

K1

K2

Figure 10: 2-DOF shear building model.

the identified results are not ideal; with average relative error
5%, the trend of time-varying damping ratios could be clearly
tracked by this method. White noise excitation was also
considered in this example. The identification accuracies for
frequency and damping were similar.

4.3. MDOF System with Slowly Varying Parameter. To illus-
trate the application of the identifying methodology for
MDOF systems, an example of a 2DOF system has been
considered. The system considered is a shear-building model
(as shown in Figure 10) with 2 mass lumped at the two nodes,
𝑚
1
= 𝑚
2
= 2 + 0.5𝑒

−0.05𝑡 kg; the floor stiffness for the first
and second floor is 𝑘

1
= (2 + sin(𝑡)) × 10

6N/m, 𝑘
2
=

4 × (2 + cos(𝑡)) × 106N/m, respectively. The damping ratios
are assumed as time dependent with 𝑐

1
= 0.1 × (1 +

0.5 sin 𝑡) × 103N⋅s/m, 𝑐
2
= 0.05 × (1 + 0.5 cos 𝑡) × 103N⋅s/m.

With initial condition {𝑋(0)} = {10 0 10 0}, (unit:
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Figure 11: Dynamic responses of the first floor.

mm), dynamic responses of system can be calculated by
fourth-order Runge-Kutta method, Δ𝑡 = 0.001 s, and the
results of the first floor are shown in Figure 11. Apply EMD
to the acceleration response of the first floor leading to
three IMF components as shown in Figure 12. The first
IMF corresponds to the modal response of the second
vibration mode and the second IMF corresponds to the
first vibration mode. Following the identification procedures
of SDOF system, taking the two IMFs decomposed as free
responses of SDOF system, the instantaneous frequency and
damping ratios could be easily identified. Figures 13(a), 13(b),
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Figure 13: Comparison of identified time-varying parameter with theoretical value (MDOF Example 1).
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Table 4: Identified natural frequency damping ratio of the 12-story
building model.

Case Natural
frequency

Damping
ratio

Frequency
reduction

Initial state 5.127 0.0352 0%
Case 1 4.883 0.0405 −4.76%
Case 2 2.930 0.0628 −42.85%
Case 3 2.441 0.1106 −52.39%

and 13(c) compare, respectively, the identified time-varying
frequencies, damping ration of the first, and second vibration
mode with the theoretical values. Table 3 further shows the
relative identification error at several time instants. Note that
the frequency results fit very well with the theoretical values,
while the damping ratio results are less ideal, especially at the
curve peak or valley.The variation trend of the instantaneous
damping can be tracked by the identification results.

4.4.MDOF Systemwith Sudden-Change Parameter. To check
the effectiveness of the method for structures with sudden-
change parameter, the same 2DOF system above is adopted
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Figure 16: Comparison of identified frequency with real values
(MDOF Example 2).

Figure 17: Panoramic view of the building model.

Table 5: Root mean square value of measured and calculated
responses.

Wall
number Real value Constant damping Time-dependent

damping
Q7 0.779 0.4961 (36.32%) 0.7077 (9.15%)
Q8 0.6992 0.3781 (45.92%) 0.5391 (22.9%)
Q10 0.7153 0.4677 (34.61%) 0.6555 (8.36%)

but assume that an abrupt change of the first floor’s stiffness
happens, which is

𝑘 = {
2 × 10

6N/m, 0 s ≤ 𝑡 ≤ 10 s,
1 × 10

6N/m, 10 s ≤ 𝑡 ≤ 15 s,
(24)
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Figure 18: Experimental setup.

with the initial conditions {𝑋(0)} = {10 0 10 0}, (unit:
mm); then responses of the structure are obtained by fourth-
order Runge-Kutta method, time interval Δ𝑡 = 0.001 s.
Figure 14 shows the first floor’s displacement, velocity, and
acceleration response, from which three IMF components
and one residual can be obtained by EMD (Figure 15).
Figure 16 compares the identified instantaneous frequency
with the theoretical values. Note that the change of frequency
can be well identified before and after the sudden change of
stiffness.

5. Experimental Investigation

5.1. Description of the Experiment. A 12-story short-lag
shear wall reinforced concrete building model was tested
on shanking table (see Figure 17). The structural model
was 3.51m high, 2.81m wide, and 3m long as indicated in
Figure 18(a). Schematic plan of standard floor of the model
with wall numbering and measurement sensor arrangement
is illustrated in Figures 18(a) and 18(b).The sensors adopted in
this test were piezoelectric accelerometers and displacement
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Figure 19: Measured acceleration and displacement responses of wall Q7 Q8 and Q10.

gauge. Earthquake wave adopted in this test was El Centro
earthquakewave. Acceleration anddisplacement responses of
shear wall No. Q7, Q8 Q10 (refer to number in Figure 18(a))
on the top floor under El Centro wave are shown in Figure 19.
It should be noted that the displacementsmeasured in the test
were relative displacements with respect to the shake table.

5.2. Parameter Identification. White noise sweep frequency
tests were carried out in the test after each loading case.
Using the acceleration records of wall Q7, the constant natural
frequency and damping ratio can be identified by method
previously suggested by the author of [12]. The identification
results are given in Table 4, in which the amplitude of input
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Figure 20: The response records and identified results for Q7 and Q8 (subplot ((A), (B), and (C)) denotes the displacement, time-varying
frequency, and damping ratio).
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Figure 21: The displacement record of Q7 (a) and identified instantaneous frequency (b) and damping ratio (c).

earthquake increased from Case 1 to Case 3 (low, moder-
ate, and high earthquake intensity). Note that the natural
frequency has a sharp decrease from 5.127Hz of the intact
structure to 2.441Hz after Case 3, indicating occurrence and
accumulation of damage from test Case 1 to Case 3. It is
interesting that from Case 1 to Case 3 the damping ratio
increases from 3.5% to 11.06%, implying that the structure has
increased energy dissipating capacity when damaged.

For test Case 1 the instantaneous frequencies and damp-
ing ratios are identified by the proposed method using
displacement responses at the top of walls Q7 and Q8, and
the identified results are given in Figure 20. It is seen that,
at most part of the time duration, except near the two
ends of the record, the identified instantaneous frequency
varies slightly around 5Hz. Test Case 2, the instantaneous
frequency, and damping ratio are identified using response

of wall Q7, and the results are shown in Figure 21. It is
seen that the instantaneous frequency drops quickly from
6Hz to 2Hz at the beginning and then varies around 2Hz
for the rest period. As for the damping ratio, it goes down
from 8% at the very beginning and varies in a range from
2% to 6% and then in a range from 4% to 6%. Figure 22
compares the marginal damping-frequency spectrum (by
integrating (19) over time) of response of Q7 at Case 1
(low level earthquake intensity) with that at Case 2 (high
level earthquake intensity). It is observed that, for low level
earthquake excitation, the damping ratio changes not much
from 2Hz to 5Hz. For high level earthquake excitation
the damping ratio is higher in lower frequency region as
1Hz to 3Hz than other regions, indicating that the input
energy is mainly dissipated in vibration modes with lower
frequency. The conclusion agrees well with the experimental
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Figure 22: Comparison of Hilbert marginal spectrum of high and
low level earthquake excitation.

observations that when the structure model was damaged
more energy will be dissipated during opening and closing
of existing cracks and development of new cracks.

Time-varying frequency and damping ratio of a struc-
tural model under various earthquake excitations are identi-
fied with the method proposed, in order to testify the identi-
fied results; 3D finite element simulation of the shaking table
test is performed. First, a 3D FE model is established, with
different inputs of earthquake waves, the displacements 𝐷 at
different shearing walls on top floor are calculated, then, with
the identified real time frequency and damping ratios under
different earthquake cases, the original FEmodel is modified,
and the displacements are recalculated as 𝐷; then 𝐷 and 𝐷
are compared, respectively, with real experimental values; it
is easily found that 𝐷 is closer in amplitude to experimental
results, particularly in free vibration piece after main shock.

5.3. FE Simulation. To further compare the effect of con-
stant parameters with the time-varying parameters on struc-
tural response prediction, a three-dimensional finite ele-
ment model of the building was established as shown in
Figure 23. Beam 188 element, Shell63 element, and Shell43
element were employed to simulate beam, floor, and shearing
wall, respectively. Concrete material properties were deter-
mined from control specimens cast during the construction
procedure of themodel. Floor densitywas adjusted to account
for the additional mass added to the building model in the
test. Model analysis on the FEmodel was performed.The cal-
culated natural frequencies of the first three vibration modes
are 5.075Hz, 6.204Hz, and 6.785Hz in the 𝑋 translational
direction, torsional direction, and 𝑌 translational direction,
respectively. The relative error of the first frequency between
FE model (5.075Hz) and real model (5.127Hz) is only 1.2%
which means the mass/stiffness ratio of the FE model is very
close to the real one.

Taking the actual record of earthquake wave in test Case
1 as input to the FE model, the structural responses can

X
Y

Z

Figure 23: 3D finite element model of the test structure.

be calculated for two situations: first, a constant damping
ratio 5% is adopted, and second, the identified time-varying
parameters (Figure 20(a)) are used. Since Rayleigh damping
model is used in ANSYS, for the first situation the two damp-
ing coefficients alpha and beta are determined as follows;

𝛼 =
2𝜔
1
𝜔
2

𝜔
1
+ 𝜔
2

𝜉 =
2 × 5.07 × 6.78

5.07 + 6.78
× 2𝜋 × 0.05 = 1.82,

𝛽 =
2

𝜔
1
+ 𝜔
2

𝜉 =
2

(5.07 + 6.78) × 2𝜋
× 0.05 = 0.0013.

(25)

For the second situation the identified instantaneous param-
eters are introduced into the above two equations to calculate
the instantaneous damping coefficient.

Figures 24 and 25 compare, for the constant damping
situation and time-varying damping, respectively, the cal-
culated displacements of walls Q7, Q8, and Q10 with the
measured responses. It is found that when constant damping
is adopted the response amplitude calculated by FE model
is much smaller than the measured value, which indicates
that the constant damping ratio of 5% is overestimated. The
significant difference occurs in duration of 2–4 second where
the calculated amplitude is only about half of the measured
ones. When time-varying damping is considered, on the
other hand, the calculated responses are much closer to the
measured responses especially for the duration 6–10 seconds
when the structural responses could be broadly treated as
free vibration response. The root-mean-square value (RMS)
of the calculated responses and the measured responses
are computed and given in Table 5. The relative prediction
error for time-varying damping situation is much smaller
compared to that of the constant damping situation. For
response of wall Q7 andQ10 the relative error is nomore than
10%.This comparison shows that time-dependent parameters
by the proposed method are reasonable.



14 Mathematical Problems in Engineering

2 4 6 8 10

0

2

4

ANSYS
Real value

Time (s)

D
isp

la
ce

m
en

t (
m

m
)

−4

−2

(a) Displacement at top of wall Q7

2 4 6 8 10

0

2

4

ANSYS
Real value

Time (s)

D
isp

la
ce

m
en

t (
m

m
)

−2

(b) Displacement at top of wall Q8

2 4 6 8 10

ANSYS
Real value

Time (s)

D
isp

la
ce

m
en

t (
m

m
)

−4

−3

−2

−1

0

1

2

3

4

(c) Displacement at top of wall Q10

Figure 24: Displacement responses for constant damping situation.
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Figure 25: Displacement responses for constant damping situation.
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6. Conclusions

This paper suggests an approach to identifying instantaneous
parameters of structures with time-dependent properties.
The instantaneous frequency is identified by its defini-
tion according to Hilbert transform. For single-degree-of-
freedom system, the instantaneous damping ratio is iden-
tified by equation derived from equation of motion with
consideration of time-varying frequency. For multi-degree-
of-freedom system, the instantaneous damping ratio can be
obtained asmarginal spectrumofHilbert damping spectrum.
The empirical mode decomposition method is necessary to
decompose themeasured structural response intomonocom-
ponent signal, thus making the calculation of instantaneous
frequency and damping spectrum reasonable. The effective-
ness and applicability of the proposed identification approach
have been validated by extensive numerical examples and
experimental example. The results demonstrate that the
suggested method can be applied to identify instantaneous
modal features of SDOF or MDOF systems with slowly
varying parameters.
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Based on the basic theory of wavelet neural networks and finite element model updating method, a basic framework of damage
prognosis method is proposed in this paper. Firstly, a damaged I-steel beam model testing is used to verify the feasibility and
effectiveness of the proposed damage prognosismethod.The results show that the predicted results of the damage prognosismethod
and the measured results are very well consistent, and the maximum error is less than 5%. Furthermore, Xinyihe Bridge in the
Beijing-Shanghai Highway is selected as the engineering background, and the damage prognosis is conducted based on the data
from the structural health monitoring system. The results show that the traffic volume will increase and seasonal differences will
decrease in the next year and a half. The displacement has a slight increase and seasonal characters in the critical section of mid
span, but the strain will increase distinctly. The analysis results indicate that the proposed method can be applied to the damage
prognosis of girder bridge structures and has the potential for the bridge health monitoring and safety prognosis.

1. Introduction

Currently, Structural Health Monitoring (SHM) systems are
widely used in bridge monitoring and maintenance manage-
ment. However, they focus on the data accumulation, safety
assessment, and so forth. Then the SHM systems can not
satisfy the demands of proprietors, because they are generally
limited to the damage detection (DD) level, in which the
damage in a structural ormechanical system is herein defined
as intentional or unintentional changes to its material and/or
geometric properties, including variations of its bound-
ary conditions, which adversely affect its performance [1].
According to Farrar et al. and Inman et al. [2–4], damage
prognosis (DP) is the theme of future structural health
monitoring and can be defined as the estimate of a system’s
remaining useful life. In other words, damage prognosis
attempts to forecast the performance of a system by assessing
its current state of damage through NDE measurements, by
estimating the future loading environments for that system,
and by predicting through simulation and past experience
its remaining useful life. The damage prognosis problem

includes three main critical areas: (i) sensing and processing
hardware, (ii) data interrogation, and (iii) modeling and
simulation.The essential differences betweenDP andDD can
be distinguished as follows: DD can only find out the existing
damage; on the other hand,DP canpredict damagewhichwill
occur and its consequences. However, DP is more practical
than DD, and its successful implementation will allow the
owners to take the necessary protections and maintenances
in time to avoid the catastrophic failures, rather than waiting
until the occurrence of structural damage or failure [5].

The structural uncertainty and prognosis reliability are
the basic topics ofDP.Current prognosismethods for predict-
ing structural failures are classified as conventional reliability
models, model-based prognosis models, and data-driven
prognosis model [3, 6, 7].The conventional reliability models
are used in complex engineering systems, such as rotating
machinery [8] and aircraft structures [9, 10]. A physical-based
prognostics model begins by constructing a finite element
model, and then it is verified or validated using structural
monitoring information, and these information along with
outputs from the physics-based models will be used to assess
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the current state of the structure (e.g., existence, location, and
type and extent of damage), which has been proved to predict
effectively [11–15]. For most structural applications, physics-
basedmodelsmay not be themost practical solution since the
fault type in question is often not unique from component to
component. However, physics-basedmodelsmay be themost
suitable approach for cost-justified applications in which
accuracy outweighs most other factors and physics models
remain consistent across structural systems, such as bridge
structures. They also generally require less data than data-
driven models.

Data-driven approaches attempt to derivemodels directly
from routinely collecting condition-monitored (CM) data
instead of building models based on comprehensive system
physics and human expertise. They are built based on histor-
ical records and produce prediction outputs directly in terms
of CM data [16], including the DP methods based on wavelet
artificial neural network [17], Bayesian framework [18–20],
Kalman estimator [21, 22], fuzzy theory [23], and probability
analysis [24, 25]. The DP methods based on data-driven can
detect the structural damage with limited input and output
measurement signals; however, the integrity of the data
cannot be guaranteed. The wavelet artificial neural network
method, which combines denoising ability of wavelet analysis
and forecasting ability of neural network, is a fast and rapidly
convergent iterative optimization algorithm, and it is widely
used in various fields [26–29].

In this paper, the theoretical basis of wavelet neu-
ral network algorithm and its implementation process are
described. Then, the wavelet neural network method and
model updating method are combined to conduct the DP
of structure. Subsequently, the framework of DP is proposed
and applied to the DP of a damaged I-steel beam and six-span
continuous beam bridge, which means the initial realization
of the second step ofDP-predicting the future structural loads
and structural properties. It also laid a solid foundation to the
realization of the third step-predicting the remaining life of
the structure.

2. The Wavelet Neural Networks

2.1. The Wavelet Neural Networks Model. Many problems are
nonlinear in the field of civil engineering. The relationships
between variables are so complicated that a large number
of practical engineering problems are difficult to have exact
solutions in math. However, the wavelet neural networks
model is relying on an artificial intelligence algorithm, which
uses wavelet unit to replace neuron. The model is composed
of many interconnected wavelet units, which are used to
simulate the formal structure of the human mind. Then the
nonlinear dynamical system based onwavelet network can be
obtained. Due to the learning ability, the weight parameters
of the network can be updated continuously according to
the setting rules, and then the wavelet neural network has
the abilities of fitting function and dealing with information
[30, 31].

A wavelet neural networks model is shown in Figure 1; it
has 𝑛 nodes in the input layer, 𝑙 nodes in hidden layer, and
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Figure 1: The wavelet neural network model.

only one in the output layer; the network topology is 𝑛-𝑙-1, in
which the relationship between the inputs and output can be
expressed as
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where 𝑥
𝑖
is the input value of the wavelet neural network;𝑤

𝑘𝑖

is the weight function between the 𝑘th neuron in hidden layer
and the 𝑖th unit in input layer; ]

𝑘
is the weight parameter

between the 𝑘th neuron in hidden layer and the unit in output
layer; 𝜓(⋅) is the excitation function of wavelet function; 𝑎

𝑘

and 𝑏
𝑘
are the scaling and translation parameters; 𝑦 is the

output value of wavelet neural network.

2.2. A Learning Algorithm of Wavelet Neural Network. The
learning algorithm is the core of wavelet neural network,
and its purpose is to establish mapping relationship between
inputs and outputs by function fitting. A widely applied
iterative algorithm called Stochastic Gradient Algorithm
(e.g., [26, 32]) is introduced in this paper.

2.2.1. Principle of the Stochastic Gradient Algorithm. A learn-
ing sample is given as (𝑥

1𝑠
, 𝑥
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, . . . , 𝑥
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the parameter 𝑖 is the vector components serial number of
input value, the parameter 𝑠 is the learning sample serial
number, and 𝑑
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output corresponding to the inputs (𝑥
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error function𝐸 of the wavelet neural network can be defined
as follows:
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The principle of wavelet neural network is to get the min-
imum of 𝐸 by updating the parameters of wavelet neural
network, and then the output 𝑦

𝑠
which is obtained by fitting

can be approximately employed as mapping function to
contact inputs and outputs.
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2.2.2. The Learning Algorithm. As shown in (1) and (2), the
network parameters can be solved based on the Stochastic
Gradient Algorithm, and they can be calculated as follows:

𝑤
𝑘𝑖
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+ 𝛼Δ𝑤

𝑘𝑖
𝑖 = 1, 2, . . . , 𝑛; 𝑘 = 1, 2, . . . , 𝑙,

]
𝑘
= ]
𝑘
+ 𝛽Δ]

𝑘
𝑘 = 1, 2, . . . , 𝑙,

𝑎
𝑘
= 𝑎
𝑘
+ 𝛾Δ𝑎

𝑘
𝑘 = 1, 2, . . . , 𝑙,

𝑏
𝑘
= 𝑏
𝑘
+ 𝜂Δ𝑏

𝑘
𝑘 = 1, 2, . . . , 𝑙,

(3)

where 𝛼, 𝛽, 𝛾, 𝜂 are learning rates. For simplicity,
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where 𝜓(𝑢) is the first derivative of𝜓(𝑢), and then the calcu-
lated error, relative error, and the new network parameters
can be obtained analytically by substituting (3) into (5). If
the relative error can meet the requirements of calculation,
the output value will be the optimal solution.The calculation
process can be summarized as in Figure 2.

2.2.3. Wavelet Networks and Their Parameterizations

(1) The Excitation Functions of Wavelet Neural Network.
There are various wavelet functions, such as Harr wavelet,
Mever wavelet, Mever Daubechies wavelet, Morlet wavelet,
and spline wavelet. Due to the flexibility of choices, there is no
uniform standard.Morlet wavelet is a Gaussian wave, and it is
widely used and allows adjustment of the relative resolution
in time and scale [33, 34]. Morlet wavelet basis function (e.g.,
[35]) is chosen as the excitation function of wavelet neural
network in this paper.

(2) The Number of Wavelet Units. At present, there is no
theoretical guidance about choosing the number of wavelet

Start
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Determine the inputs and outputs

Network training
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relative error ratio (ErrRate)

Obtain a new weight 𝜃i
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Figure 2: The flow chart of wavelet neural network. Note: 𝜃
0
and

𝜃
𝑖
are the network parameters matrices and 𝑚 is determined by the

owner’s requests.

units in hidden layer [25]. However, there are lots of empirical
formulas, and they can be expressed as

𝑙 = √𝑚 × 𝑛 (6a)

𝑙 = √𝑚 + 𝑛 + 𝑡 (6b)

𝑙 = √0.43𝑚𝑛 + 0.12𝑛2 + 2.54𝑚 + 0.77𝑛 + 0.35 + 0.51 (6c)

𝑙 =

𝑚𝑛 + (1/2) 𝑛 (𝑛
2
+ 𝑛) − 1

𝑚 + 𝑛
, (6d)

where 𝑛 is the number of input nodes, 𝑚 is the number of
output nodes, and 𝑡 is a constant between 1 and 20.

Theoretically, there should be an optimal number of
wavelet units in hidden layer. However, these empirical
formulas are always gained from experiments in other fields,
and they can only get a range or approximation instead of an
exact figure. Therefore, the experience formulas can only be
taken as a reference to determine the number of wavelet units
in hidden layer in the field of civil engineering.

(3) Parameters Initialization of Wavelet Neural Network. As
an example, 𝑙 is the number of nodes in hidden layer, 𝑛 is the
number of nodes in input layer, 𝑤

𝑘𝑖
is the weight parameters

between the 𝑘th neuron of hidden layer and the 𝑖th neuron
of input layer, and ]

𝑘
is weight parameters between the 𝑘th
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Figure 3: A general damage prognosis solution procedure based on wavelet neural network and model updating.

Table 1: Comparison of updated frequencies and measured frequencies, MAC values (unit, Hz).

Model number Measured frequenciesA Updated frequenciesB Relative error
(B −A)/A (%) MAC values (%)

beam-0
First order 33.62 32.78 −2.5 93.1
Second order 135.03 130.78 −3.1 91.4
Third order 293.03 293.02 0 95.5

beam-1
First order 20.71 22.02 6.3 95.1
Second order 131.02 130.04 −0.7 93.4
Third order 231.18 232.69 −0.7 90.9

beam-2
First order 18.90 19.46 2.9 96.7
Second order 85.94 90.67 5.5 94.3
Third order 202.54 203.07 0.3 90.8

beam-3
First order 17.02 17.29 1.6 94.7
Second order 66.69 67.14 0.7 94.9
Third order 148.33 149.68 0.9 90.2
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Table 2: Training samples of the experimental design.

𝑁
Inputs of section stiffness (×10−6m4) Output of the fundamental frequency (Hz)

Damage section-1 Damage section-2 Damage section-3
1 0.93 0.92 2.2 30.67
2 0.05 0.05 1.58 14.07
3 1.21 1.4 0.45 29.91
...

...
...

...
...

28 0.05 2.23 0.72 20.18
29 0.05 0.73 2.23 19.91
30 0.05 0.05 0.05 12.56

Table 3: The test samples.

𝑁 Inputs of section stiffness (×10−6m4) Outputs of fundamental frequency (Hz)
1 2.23 0.105 2.23 22.018
2 0.105 0.105 2.23 19.455
3 0.105 0.105 0.105 17.288
Note: “𝑁” is the number of the samples.

Table 4: The results of damage prognosis.

𝑁
Themeasured values

𝑓
0

Theoretical values
𝑓
1

Output
values
𝑓
2

The error rate with
theoretical values
|(𝑓
2
− 𝑓
1
)/𝑓
1
|

The error rate with
measured values
|(𝑓
2
− 𝑓
0
)/𝑓
1
|

1 20.713 22.018 21.72 1.35% 4.86%
2 18.903 19.455 19.59 0.70% 3.63%
3 17.017 17.288 16.76 3.02% −1.51%

Table 5: Parameters change before and after updating based on the response surface method.

Updated parameters 𝐸
0

𝐸
1

𝐸
2

𝐸
3

𝐾
1

𝐾
2

𝐾
3

(×104 MPa) (×104 MPa) (×104 MPa) (×104 MPa) (×106 N/m) (×106 N/m) (×106 N/m)
2012 3.6 3.5 3.2 2.5 0.6 3.1 3.1
2013 3.3 2.8 3.2 2.2 0.9 4.7 1.7
Rate (%) −8.8 −19.8 −1.9 −12.4 50.0 48.4 −43.3
Notice: 𝐸1 is the elasticity modulus of webs in the 2nd, 3rd, and 5th spans; 𝐸2 is the elasticity modulus of web in the 4th span; 𝐸3 is the elasticity modulus of
bottom slab in the 2nd, 5th spans; 𝐸0 is the elasticity modulus of the other parts;𝐾1 is transverse spring stiffness at the support and expansion joints;𝐾2 is the
longitudinal spring stiffness at the support;𝐾3 is the longitudinal spring stiffness at the expansion joints.

Table 6: Comparison of updated frequencies and measured frequencies (unit, Hz).

Vibration mode Frequency (Hz)
Measured value-1 (SSI) Updated value-1 Error-1 (%) Measured value-2 (SSI) Updated value-2 Error-2 (%)

Vertical
First order 2.89 2.88 0.43 2.87 2.77 3.48
Second order 3.03 3.081 1.84 3.16 2.89 8.66
Third order 3.79 3.61 0.51 3.67 3.34 8.99
Fourth order 4.26 4.32 1.27 4.25 4.02 5.37

Transverse
First order 0.83 0.73 0.16 0.92 0.87 4.90
Second order 1.43 1.47 2.84 1.45 1.48 1.45

Longitudinal
First order 1.79 1.74 2.45 1.30 1.28 1.61

Notice: measured value-1, updated value-1, and error-1 were the updated results in February 2012; measured value-2, updated value-2, and error-2 were the
updated results in June 2013.
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Table 7: Training samples.

𝑁 𝐸
0
(×104 MPa) 𝐸

1
(×104 MPa) 𝐸

2
(×104 MPa) 𝐸

3
(×104 MPa) Vehicle load 𝐹 Themaximum value of

displacement
The maximum value of

strain
1 2.5 1.5 2 1.5 2.0 35.700 443.51
2 2.5 3.3 2 3 2.0 28.316 347.75
...

...
...

...
... ...

...
30 3.5 1.5 2.6 1.5 1.1 16.164 198.27
31 2.5 3.3 3.5 1.5 2.0 28.969 352.76
Notice: the value of vehicle load (𝐹) is the 𝑛 times of highway-𝐼 load.

Table 8: Verification of the results of damage prognosis model.

Measure value Measured values Outputs of network Error (%)
The maximum value of displacement (mm) 15.37 16.77 9.11
The maximum value of strain (𝜇𝜀) 534 475.2 11.01

neuron of hidden layer and the unit of output layer. Initial
parameters of 𝑤

𝑘𝑖
, ]
𝑘
, 𝑎
𝑘
, 𝑏
𝑘
can be obtained by the experi-

ential analysis of signals; reasonable parameters can reduce
the number of iterations; however, the empirical formulas
have not been verified widely. Compared with the circulation
signals in mechanical engineering, the measured signals
from real civil engineering structures are more discrete and
stochastic, so initial parameters cannot be defined as those
from mechanical engineering [26, 32, 35]. The empirical
formulas have been tried to select the initial parameters,
but the results are not satisfactory. It is not easy to describe
a parameter which contains discreteness and randomness
by a deterministic formula. A standard normal distribution
random matrix is herein used as the initial parameters; the
results were conformed to be accurate and effective.

3. The Framework of Damage
Prognosis Based on Wavelet Neural
Network and Model Updating

Damage prognosis combinesmodel-basedmethodwith date-
driven method. Namely, the structural responses are calcu-
lated based on the updated finite element model and used
as sample values which are needed by data-driven method
[2–4]. Thus, the advantages of the two methods can be
combined effectively in order to get a suitable DP model.
It can be applied to evaluate the structure safety and to
put forward the best maintenance plan. The basic process
is shown in Figure 3. The process begins by collecting as
much initial system information as possible.This information
is used to develop model-based numerical model of the
structure as well as to define the system that will be used
for state awareness assessments and whatever sensors needed
to monitor operational and environment conditions. As the
data become available from the SHM system, they will be
used to validate and update the FE model, and the updated
and validated model can be used to develop the DP model
based on the wavelet neural network method, which is
the key part of the framework; the other part is damage

identification, where the data of SHMsystemwill also be used
to assess the current state of the structure (existence, location,
type, and extent of damage). Data from the operational and
environmental sensors will be used to predict the future
system loading.The output of the future loading model, state
awareness model, and the DP model will be used to estimate
the future state of the structure. As is indicated, the solution
process will be iterative, relying on experience gained from
past predictions to improve future predictions.

4. Damage Prognosis of Steel Beam Model

At present, there are rarely experiments about DP in the field
of civil engineering. In this paper, through a damaged I-steel
beam model testing, the damage evolution of the dynamic
property is explored. Finally, the prediction results based on
the wavelet neural networks method are compared with the
ambient vibration testing results in order to verify the validity
of the proposed DP method.

4.1. The Model Testing. This testing includes four I-steel
beams, each one with a length of 3 meters. The density of
the steel material is 7800 kg/m3, and the elasticity modulus
is 2.1 × 105MPa. In the I-section, area is 14.33 cm2, inertia
moment is 223 cm4, and the damage section inertia moment
is 10.5 cm4. Among the four beams in this testing, one beam is
undamaged, marked as beam-0; one has a notch in the 𝐿/2 of
the beam, marked as beam-1; one has two notches in the 𝐿/2
and the 𝐿/4 of the beam, marked as beam-2; and the last one
has 3 notches in the middle, a quarter, and 3 quarters of the
beam, marked as beam-3. The notches of the beams got the
same length of 0.1m and a height of 0.05m (half of the beam
height) (Figure 4). The ambient vibration testing of beam-2
is shown in Figure 5; data was sampled at 1000Hz, and each
setup for all tests was recorded for duration of 15 minutes.
The vertical frequencies can be obtained by testing, as shown
in Table 1.
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Figure 4: The notch of steel beam.

Figure 5: The environmental vibration testing.

4.2. The Finite Element Model Updating of Steel Beam. Using
ANSYS finite element (FE) analysis software, these FE beam
models are established by beam-3 elements, and it is com-
posed of 60 elements and 61 nodes, as shown in Figure 6.
The first three order frequencies are selected as the response
features; 𝐼

1
, 𝐼
2
, and 𝐼

3
are the inertia moment of damage

elements in the middle, a quarter, and 3 quarters of the beam.
Then FE model updating is conducted based on third-order
response surface method [36], and the updated frequencies,
measured frequencies, andMAC values are shown in Table 1.

4.3. Determine the Network Structure and Initial Parameters.
Wavelet neural network training is conducted according to
the method of this paper, and Morlet wavelet is selected as
the excitation function; the network training is effective when
the number of wavelet units in hidden layer is 3 (as (6b), 𝑙 =
√3 + 1 + 1 = 3, and 𝑡 = 1), the number of training is set as
10000 times, error 𝑚 = 0.001, and the training rate 𝛼 = 𝛽 =

0.01; 𝛾 = 𝜂 = 0.001.
According to the standard normal distribution, the initial

parameters are selected randomly as follows:

𝑊 =

{

{

{

−0.824 2.288 −0.852

1.874 0.375 0.072

−4.427 −1.939 4.941

}

}

}

;

𝑉 = {1.125 −1.352 3.647} ;

𝐴 = {1.807 −0.042 0.404} ;

𝐵 = {0.572 −0.170 1.985} .

(7)

1 8 16 24 32 40 48 56

1 8 16 24 32 40 48 61

60

3.0

Figure 6: Numerical model (unit, m).

Note: “𝑊,” “𝑉,” “𝐴,” and “𝐵” are the parameters of𝑤
𝑘𝑖
, ]
𝑘
, 𝑎
𝑘
,

and 𝑏
𝑘
.

4.4. Wavelet Neural Network Training and Damage Prognosis
Model. The future fundamental frequency of a damaged I-
steel beam was selected as the output value in this paper.
Firstly, the experimental samples were selected by D-optimal
designmethod, and the damage degree was simulated by cut-
ting section stiffness.Then fundamental frequencies of beams
under different damage degrees were calculated through the
updated FE model. In order to validate the network, three
beams were employed as the test samples, as shown in Tables
2 and 3.

The training samples and test samples are put into the
wavelet neural networks solution procedure based on MAT-
LAB 7.0 software. Then adaptive training was realized, and
suitable weight parameters can be obtained. Furthermore, the
DP function model can be established.

4.5. The Result of Damage Prognosis. As the DP function
model has been established, the fundamental frequencies
of these three steel beams can be predicted relying on the
function model. The DP results based on wavelet neural
network are shown in Table 4. It is shown that the predicted
results based on wavelet neural network and the measured
results from model testing are very well consistent, and the
error is less than 5%.

5. Damage Prognosis Analysis of
Xinyihe Bridge

5.1. Engineering Background. Xinyihe Bridge (Figure 7) of
the Beijing-Shanghai Highway is located in Shuyang, Jiangsu
province. The upper structure is a six-span continuous beam
bridge, and design loads are car-super level 20 and trailer-120.
It was built in 2001 and has served for 12 years.

5.2. Load Prediction. The traffic data usedweremonthly aver-
age number of cars during June 2012 to June 2013 (Figure 8);
the DP model based on wavelet neural network method
could provide short-term predictive traffic information (one
month). According to the historical traffic data, it is obvious
that the traffic intensity in a given month (𝑛) is related to
the last 3 months’ (𝑛-1, 𝑛-2, and 𝑛-3) traffic intensity (𝑄

𝑛-1,
𝑄
𝑛-2, and 𝑄𝑛-3) and the given month (𝑛), so the 4 parameters

(𝑄
𝑛-1, 𝑄𝑛-2, 𝑄𝑛-3, and 𝑛) could be the input values, and the

traffic intensity 𝑄
𝑛
will be the output value. Based on the

wavelet neural networkmethod and the traffic data, the traffic
intensity prediction could be realized. As shown in Figures 8
and 9, within the next year and a half, the traffic intensity will
increase and seasonal differences will decrease; the prediction
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(a) Xinyihe Bridge panorama photo (b) The weigh-in-motion (WIM)

Figure 7: Xinyihe Bridge.
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Figure 8: Historical traffic intensity (2012.06–2013.06).
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Figure 9: The future traffic intensity (2013.07–2014.12).

Figure 10: The static and dynamic test of Xinyihe Bridge.
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Figure 11: The maximum value of displacement (2013.07–2014.12).
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Figure 12: The maximum value of strain (2013.07–2014.12).

model can be employed for the bridge safety evaluation of
Beijing-Shanghai Highway. As the WIM continues to collect
the newdata, the samples will be refreshed constantly, and the
load prediction model could be updated continuously.

5.3. The Model Updated of Xinyihe Bridge. According to the
design papers, the FE model was built. Based on the twice
ambient vibration testing in 2012 and 2013, the FE model
was updated according to the third-order response surface
method [36]. The updated frequencies are shown in Table 5,
and the updated parameters are shown in Table 6.

As mentioned above, the FE model could be updated
continuously based on the results of ambient vibration testing
in the future. If there are enough frequencies samples, the
wavelet neural networkwill be used for themodel parameters
prediction, namely, the prediction of the FE model. Due to
that there is no real-time dynamics monitoring, we could not
have enough samples, and then themodel parameters change
rate between the two updated FE models will be used as the
actual structure performance degradation rate in this paper.

5.4. The Damage Prognosis Model. The maximum values of
displacement and strain were separately selected as outputs of
the prognosismodel in this paper, and the parameters (𝐸

0
,𝐸
1
,

𝐸
2
, and 𝐸

3
) and load (𝐹) were selected as the inputs. Similarly

to the previously damaged I-steel beams, the parameters
samples were selected by D-optimal design method, and
the training samples could be obtained based on the finite
element analysis model, as shown in Tables 7 and 8.

The training samples are substituted into the MATLAB
model based on wavelet neural network; the DP model can
be established relying on the self-training of the prognosis
model, and the goal is the error parameter 𝐸 < 𝑚.

5.5. Validation and Application of Prognosis Results. The
accuracy of the prognosis model is verified by comparing the
prediction results with the static test results in June 2013, as
shown in Figure 10. The maximum values of displacement
and strain under highway-I load can be obtained based on
the static test, and this damage degree is similar to the state of
the second ambient vibration test.The results were compared
with the prognosis results based on wavelet neural network,
as shown in Table 8. It is clear that the prediction results of DP
and themeasured results of static test are very well consistent,
and the errors of the maximum values of displacement and
strain are less than 12% (seen in Table 8).

As shown in Table 8, the DP model can be used in the
bridge health monitoring system, and then based on the load
prognosis model and the updated model, the maximum val-
ues of displacement and strain underworking load conditions
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can be predicted from July 2013 to December 2014, as shown
in Figures 11 and 12. The results show that the traffic volume
will increase and seasonal differences will decrease in the next
year and a half; the displacement has a slight increase and
seasonal characters in the critical section of mid span, but the
strain increases distinctly, and timely remedial actions need
to be taken.

6. Conclusions

(1) A damage prognosis framework for bridge structure
is proposed combining the wavelet neural network
method with the finite element model updating.
The effectiveness of the proposed method is verified
through a damaged I-section steel beam testing, and
the maximum error is less than 5%.

(2) The prognosis method can be used to predict future
traffic load volume based on the traffic load monitor-
ing.The traffic intensity predictions of Xinyihe Bridge
show that the traffic volumewill increase and seasonal
differences will decrease in the next year and a half.

(3) The prognosis prediction results agree very well with
those from static load testing of Xinyihe Bridge. The
errors between the predicted and measured results
were within the range of 12%. The displacement has
slight seasonal characters in the mid span, and the
strains increase distinctly. The prognosis model can
be used for the bridge safety prognosis and future
maintenance.

(4) This paper only solves the problemof the predicting of
the future structural loads and structural properties.
The remaining life prediction of real bridge structure
is the next attention of our research. The proposed
damage prognosis method can be incorporated into
the structure health monitoring system, for the pur-
pose of the online safety prognosis, and cost-efficient
condition based maintenance of bridge structures.
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The nonlinear constitutive relations of clay are investigated considering different initial conditions. Highly compressible clay is
selected as the test sample. Two groups of tri-axial compression tests are performed, respectively, after𝐾

0
consolidation and isotropic

consolidation. On the basis of the framework of 𝐸 ∼ V model, a uniform nonlinear constitutive model is proposed by fitting the
test data. With the average slope of the unloading-reloading curve selected as the unloading modulus, the unloading function is
constructed as the loading-unloading criterion. Moreover, a comparison between the experimental stress-strain curves and the
results predicted by the constitutive model is made. It is shown that the prediction is reasonable, which can reflect the stress-strain
behavior of the soil under the 𝐾

0
consolidation and isotropic consolidation conditions. The maximum relative error of the two

series of curves is not remarkable, less than 6%.

1. Introduction

In geotechnical engineering, the nonlinearity nature of soil
not only is influenced by a stress path but also has a close
relationship with a load and a loadingmethod.Therefore, it is
a key to choose a suitable mechanical model of the medium
material in geotechnical calculation.

Duncan [1, 2] presented an incremental nonlinear elastic
model based on this relationship curve, which was generally
called the Duncan-Chang model. A hyperbolic function was
adopted to fit the tri-axial experiment stress-strain curve
of soil [3]. The hyperbolic model has been a widely used
nonlinear constitutive relationship for clay because of its
simple model structure and accessible parameters [4]. This
constitutive model was based on the data of tri-axial shear
tests [5] under regular loading path. Thus, it had a simple
framework and can raise the calculation efficiency.

Subsequently, some researchers attempted to improve the
Duncan-Chang model and studied different soil constitutive
models and their influence on results [6–8]. They concluded

that themodified Duncan-Changmodel was a good compro-
mise between prediction accuracy and availability of param-
eters from conventional tri-axial compression testing. It was
developed for cohesionless soils that had two parts [9, 10]:
an elastic nonlinear part and two mechanisms of plasticity.
It was allowed to take into account the nonlinearity of the
behavior at low stress level for overconsolidated materials
[11]. The description of the model and its parameters are
given [12]. To consider the effect of different stress paths,
some scholars [13, 14] developed the Duncan-Chang model,
derived a formula of tangent elastic modulus under different
stress paths, and provided approximate elastic-plastic models
for clay [15, 16]. Lode parameterwas introduced intoDuncan-
Chang model to reflect the effect of intermediate principal
stress [17]. To consider the soil structural damage during
loading, the concept of damage ratewas introduced tomodify
Duncan-Chang model [18, 19].

In these modified models, the initial stress state was
assumed to be isotropic. However, the initial stress state
of naturally deposited clay is usually anisotropic, known
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Figure 1: Experiment testing machine and sample.
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Figure 2: Stress path of compression experiment.

as 𝐾
0
consolidation [20]. The anisotropic initial stress and

strain states result in different strength and deformation
characteristics, and the constitutive relationship was different
from that of isotropic stress states [21]. To overcome these
differences, a unified nonlinear constitutive model was pro-
posed for clay under different initial conditions. Two groups
of tri-axial compression tests for highly compressible clay are
performed, as 𝐾

0
consolidation and isotropic consolidation.

By fitting the test data, a factor of anisotropic consolidation
is introduced into the framework of 𝐸 ∼ 𝑣 model to
construct a uniform nonlinear constitutive model. With the
average slope of the unloading-reloading curve selected as the
unloadingmodulus, the unloading function is constructed as
the loading-unloading criterion. Furthermore, the rationality
of this model is checked. A comparison is made between
the experimental stress-strain curves and the computational
results predicted by the constitutive model. It is shown
that the model can reflect the stress-strain behavior of the
soil under the 𝐾

0
consolidation and isotropic consolidation

conditions.

2. Experiment Analysis

2.1. Sample Preparation. In this study, natural saturation clay
sampled fromWuhan is studied. Considering the anisotropic
initial stress and strain state, two parallel drain tri-axial tests
were carried out. In these tests, the static lateral pressure

coefficient𝐾
0
= 𝜎
3
/𝜎
1
was set to 0.562 [22].Then, two parallel

lateral confinement compression tests were carried out to
acquire the natural compression coefficient 𝑎, and it equals
0.567MPa−1. Some other physical properties of the studied
clay are shown in Table 1.

Considering the inevitable influence of disturbance and
the difference characteristics in mechanics and physics of
undisturbed soil sampling from different place, definite
divergence was inevitable. Therefore, the moisture content is
decided by field investigation. The remodeling soil sample of
test passed by a series process: the undisturbed soil samples
are made into uniform saturation samples, then tamping in 5
layers in tramper, and then extraction air before test. After the
sample is installed, counter-pressure saturation is carried out
until the saturation reaches larger than 99%. Then tri-axial
shear test can be carried out under specified stress path.

2.2. Tri-Axial Test Paths. Consolidated trained tri-axial com-
pression tests (𝐶𝐷) were carried out in two different stress
paths, by using SJ-1AG conventional tri-axial testingmachine
(shown as Figure 1). One test path is drained tri-axial com-
pression tests under𝐾

0
consolidation conditions (𝐶𝐾

0
𝐷). As

comparison, the other is chosen as isotropic consolidation
(𝐶𝐷). The stress paths of the two group tests are shown in
Figure 2.

In the 𝐶𝐷 test, prophase average consolidation pressures
𝑝
𝑎
were varied from 50 to 300 kPa, and the interval between
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Table 1: Physical properties of the studied clay.

Physical property w (%) 𝜌/(g/cm3) 𝐺
𝑆

𝑤
𝑃
(%) 𝑤

𝐿
(%) 𝑒 𝑆

𝑟
(%)

Value 28.53 1.961 2.697 28.18 47.82 0.897 98.9

Table 2: Initial stresses of 𝐶𝐾
0
𝐷 tests.

𝑝
𝑎
/kPa 𝜎

1
/kPa 𝜎

3
/kPa

50 70.6 39.7
100 141.3 79.4
150 211.9 119.1
200 282.4 158.7
250 353.1 198.4
300 423.9 238.2

every single test was 50 kPa. The tri-axial compression test
cannot be carried out unless the pore pressure dissipation
reaches 95%; otherwise consolidation will be sustained.
Similarly, 𝐶𝐾

0
𝐷 tests also consist of 6 series of parallel tests

with different consolidation pressures. In consolidation, the
axial pressure and lateral pressure are added step by step until
initial consolidation pressure 𝑝

𝑎
reaches 50∼300 kPa. Unlike

the 𝐶𝐷 test, the initial 𝜎
3
is different from 𝜎

1
in the 𝐶𝐾

0
𝐷

tests. As 𝑝
𝑎
= (𝜎
1
+ 2𝜎
3
)/3, the initial stresses of 𝐶𝐾

0
𝐷 tests

are determined and shown in Table 2.

2.3. Result of Test. Figure 3 is the relationship between
generalized shear stress 𝑞 and generalized shear strain ̄𝜀 as
initial consolidation pressure is 200 kPa of two different stress
paths. Similarly, Figure 4 shows the relationship between
generalized shear stress 𝑞 and generalized volumetric strain
𝜀V.

The two figures indicate that there are different stress-
strain relationships for different stress paths. In the initial
stage of load, the stress in isotropic pressure test (𝐶𝐷 test)
increases slower than that of𝐾

0
consolidation (𝐶𝐾

0
𝐷 test). In

the later stage, both ̄𝜀 and 𝜀V in𝐶𝐷 test increase faster. Finally,
the peak values in the 𝐶𝐾

0
𝐷 test are slightly above those of

𝐶𝐷 test. It is because the lateral deformation constraints in
𝐶𝐾
0
𝐷 test are less than 𝐶𝐷. Thus, it is also shown that the

influence of initial anisotropy on the constitutive relationship
cannot be neglected.

3. Framework of Model

3.1. Tangent Elastic Modulus 𝐸
𝑡
. Assuming that the elastic

relationship of (𝜎
1
− 𝜎
3
) ∼ 𝜀

1
is hyperbolic based on the

generalized Hooke law and test data, we choose the tangent
elasticmodel (E∼vmodel) as themodel framework. In viewof
initial anisotropy, we introduce the lateral pressure coefficient
into this model. Thus, it can be expressed as

𝐸
𝑡
= 𝐸
𝑖
[

[

1 −

𝑅
𝑓
(1 − sin𝜑) (𝜎

1
− 𝜎
3
)
0.85/𝐾

0

2𝑐 cos𝜑 + 2𝜎
3
sin𝜑

]

]

2

, (1)

where 𝐾
0
is the lateral pressure coefficient; 𝐸

𝑡
is the tangent

elastic modulus;𝑅
𝑓
is the damage ratio,𝑅

𝑓
= (𝜎
1
−𝜎
3
)
𝑓
/(𝜎
1
−

𝜎
3
)ult; (𝜎1−𝜎3)ult is the asymptotic value of curve (𝜎

1
−𝜎
3
) ∼ 𝜀
1
;

(𝜎
1
−𝜎
3
)
𝑓
is the breakdown strength and it can be determined

by the Mohr Coulomb failure criterion:

(𝜎
1
− 𝜎
3
)
𝑓
=
(2𝑐 cos𝜑 + 2𝜎

3
sin𝜑)

(1 − sin𝜑)
. (2)

In the equation above, 𝑐 denotes the cohesive strength of
soil; 𝜑 denotes the internal friction angle of soil; 𝜎

1
and

𝜎
3
denote the axial and radial stresses, respectively, based

on the nonlinear regression analysis method [23]; the initial
modulus of the curve 𝐸

𝑖
can be determined by the following:

𝐸
𝑖
= 𝐾𝑝
𝑎
(
𝜎
3

𝑝
𝑎

)

𝑛

, (3)

where𝑝
𝑎
is the atmospheric pressure;𝐾 and 𝑛 are experiment

parameters. In log-log coordinates, there is linear relationship
between 𝐸

𝑖
and 𝜎
3
and the slope is 𝑛.𝐾 is the intercept of the

line when 𝜎
3
= 𝑝
𝑎
.

3.2. Tangent Poisson Ratio ]
𝑡
. The relationship between 𝜀

1

and 𝜀
3
is always hyperbolic. Equation (4) shows the expres-

sion of the Poisson ratio ]
𝑡
deduced as

]
𝑡
=

]
𝑖

(1 − 𝐷𝜀
1
)
2
, (4)

where 𝐷 is a test parameter determined by the slope of the
linear relationship between 𝜀

𝑟
/𝜀
1
and 𝜀
𝑟
, 𝜀
𝑟
= (3𝜀V − 𝜀1)/2;

𝜀V, 𝜀1 represent the volumetric strain and the axial strain,
respectively; ]

𝑖
is the Poisson ratio and can be determined by

the following:

]
𝑖
= 𝐺 − 𝐹 log(

𝜎
3

𝑝
𝑎

) . (5)

In the equation above, 𝐺 and 𝐹 are experiment parameters
and can be determined according to the curve between ]

𝑖
and

𝜎
3
in semilog coordinates. 𝐹 is the slope of the ]

𝑖
− log𝜎

3
line

and 𝐺 is the intercept of the line when 𝜎
3
= 𝑝
𝑎
. Axial strain

𝜀
1
can be determined by the following:

𝜀
1
= (𝜎
1
− 𝜎
3
)

× (𝐸
𝑖
[

[

1 −

𝑅
𝑓
(1 − sin𝜑) (𝜎

1
− 𝜎
3
)
0.85/𝐾

0

2𝑐 cos𝜑 + 2𝜎
3
sin𝜑

]

]

)

−1

.

(6)

3.3. Unloading Modulus 𝐸
𝑢𝑟
. Based on experimental data,

Duncan assumed that the unloading modulus 𝐸ur does not
change with the change of 𝜎

1
− 𝜎
3
. It is only related to 𝜎

3
.
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Figure 4: 𝑞 ∼ 𝜀V curves of different compression experiments.

According to experimental unloading-reloading curves,
based on the nonlinear regression analysis method [23],
the relationship between 𝐸ur and 𝜎

3
can be drawn. It is

approximately linear in the logarithmic coordinates, as shown
in in the following:

𝐸ur = 𝐾ur𝑝𝑎(
𝜎
3

𝑝
𝑎

)

𝑛

, (7)

where 𝐾ur is an empirical constant and can be expressed as
the intercept of the line between log(𝐸ur/𝑝𝑎) and log(𝜎

3
/𝑝
𝑎
)

when 𝜎
3
= 𝑝
𝑎
.

4. Constitutive Model

4.1. Parameters for the Model. In 𝐾
0
consolidation, the clay

appears to be anisotropic state. For 𝑝 equals 100, 200, and
300 kPa, the lateral pressure 𝜎

3
can be determined from

𝐾
0
. The corresponding values are 79.4, 158.7, and 238.1 kPa.

By the relationship between 𝜀
1
/(𝜎
1
− 𝜎
3
) and 𝜀

1
(shown in

Figure 5), the intercept 1/𝐸
𝑖
can be determined. The Initial

elastic modulus 𝐸
𝑖
can be calculated correspondingly. It is

shown in Table 3.

Table 3: Initial tangent elastic modulus 𝐸
𝑖
.

𝜎
3
/100 kPa 1/𝐸

𝑖
𝐸
𝑖
/100 kPa 𝐸

𝑖
/100 kPa

0.794 0.0045 222.2
242.81.587 0.0040 250.0

2.381 0.0039 256.0

In log-log coordinates, the relationship between𝐸
𝑖
and 𝜎
3

is almost linear, and it is shown in Figure 6.
Figure 6 indicates when 𝜎

3
= 100 kPa, the corresponding

vertical coordinate 𝐾 = 230.1, and the slope 𝑛 of the line
equals 0.139.

Based on the result of test, axial strain 𝜀
1
and volumetric

strain 𝜀V are determined; after conversion between strains,
the relationship curve can be drawn between 𝜀

𝑟
/𝜀
1
and 𝜀
𝑟
. In

view of that we can determine the parameter 𝐺 in fitting line
(Figure 8) only when 𝜎

3
= 100 kPa, and we choose some test

data which can cover 100 kPa.That is, 𝜎
3
= 39.7 kPa, 79.4 kPa,

and 158.7 kPa (as Table 1). Thus, the curve of 𝜀
𝑟
/𝜀
1
∼ 𝜀
𝑟
is

shown in Figure 7.
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Based on (5), the linear relationship between ]
𝑖
and 𝜎

3
in

semilog coordinates is shown in Figure 8.The figure indicates
that corresponding straight slope and unit intercept are 𝐹 =
0.09 and 𝐺 = 0.0642.

Mohr’s circle can be drawn based on parameters of limit
states for different ambient pressures. It is shown in Figure 9
that 𝑐 equals 21 kPa and 𝜑 equals 31.3∘.

(𝜎
1
−𝜎
3
)ult and 𝑅𝑓 are determined by the curve relation-

ship between 𝜎
1
− 𝜎
3
and 𝜀
1
. The calculation result is shown

in Table 4.
Similar to the solution to elastic modulus 𝐸

𝑡
, the relation-

ship between 𝐸ur and 𝜎3 can be drawn in log-log coordinates.
It is shown in Figure 10. When 𝜎

3
equals 100 kPa, the

corresponding vertical coordinate 𝐾ur equals 295.8, and the
slope 𝑛 equals 0.362.
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Table 4: Limit state parameter.

𝜎
3
/100 kPa (𝜎

1
− 𝜎
3
)
𝑓

(𝜎
1
− 𝜎
3
)ult 𝑅

𝑓
̄𝑅
𝑓

0.794 264.1 286.0 0.9140
0.8201.587 446.0 600.0 0.7433

2.381 630.7 786.0 0.8024

4.2. Constitutive Model. Integrating the results of the above
calculation, the 𝐸 ∼ 𝑣 model can be obtained for 𝐾

0
con-

solidation. The tangent elastic modulus is shown in the
following:

𝐸
𝑡
= 230.1[1 −

0.394(𝜎
1
− 𝜎
3
)
0.85/𝐾

0

0.403 + 1.039𝜎
3

]

2

𝑝
𝑎
(
𝜎
3

𝑝
𝑎

)

0.139

. (8)
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The tangent Poisson ratio is shown in the following:

]
𝑡
= {0.064 − 0.09 log(

𝜎
3

𝑝
𝑎

)}

×

{{

{{

{

1 −((3.13 (𝜎
1
− 𝜎
3
))

× (230.1[1 −
0.394(𝜎

1
− 𝜎
3
)
0.85/𝐾

0

0.403 + 1.039𝜎
3

]

2

×𝑝
𝑎
(
𝜎
3

𝑝
𝑎

)

0.139

)

−1

)

}}

}}

}

−2

.

(9)

The coefficient 𝐾
0
is determined by stress values in (8)

and (9). Correspondingly, the uniform relationship between
the stress and strain increments is shown in the following:

{𝑑𝜎} = [𝐷] {𝑑𝜀} , (10)

Z

8
.0

cm

1.95 cm

r

Figure 11: Computation diagram of FEA.

where {𝑑𝜎} = {𝑑𝜎
𝑥(𝑟)
, 𝑑𝜎
𝑦(𝜃)
, 𝑑𝜎
𝑍
, 𝑑𝜏
𝑥𝑦(𝑟𝑧)

}
𝑇; {𝑑𝜀} =

{𝑑𝜀
𝑥(𝑟)
, 𝑑𝜀
𝑦(𝜃)
, 𝑑𝜀
𝑧
, 𝑑𝜀
𝑥𝑦(𝑟𝑧)

}
𝑇.

In (10), [𝐷] can be described as follows:

[𝐷] =
𝐸

(1 + ]
𝑡
) (1 − 2]

𝑡
)

[
[
[

[

1 − ]
𝑡

]
𝑡

]
𝑡

0

]
𝑡

1 − ]
𝑡

]
𝑡

0

]
𝑡

]
𝑡

1 − ]
𝑡

0

0 0 0 1 − 2]
𝑡

]
]
]

]

,

(11)

where𝐸 represents the elasticmodulus of clay. In the equation
above, loading and unloading states can be determined by (7)
and (8). At loading stage, 𝐸 = 𝐸

𝑡
; at unloading stage 𝐸ur =

295.8𝑝
𝑎
(𝜎
3
/𝑝
𝑎
)
0.362; at reloading stage,𝐸 = 𝐸ur.Thismodulus

is used to separate elastic strain from plastic one.

5. Numerical Analysis

To verify the validity of the model proposed in this paper, the
authors have implemented the constitutive relationship into
a finite element program and made a numerical simulation
of tri-axial tests. The height and diameter of the clay sample
are 8 cm and 3.91 cm, respectively. Taking the symmetry
of the sample into consideration, a half of the sample is
adopted in the numerical simulation. In view of symmetry,
horizontal displacement of nodes on the axes of symmetry
is zero. Similarly, because of rigid fastening of test base,
vertical constraints are applied to all the nodes of the sample.
Moreover, the other two boundaries are force boundaries.The
upper boundary is applied with 𝜎

1
and the right is 𝜎

3
. The

computation model is shown in Figure 11. There are 45 nodes
and 64 3-node triangular elements in the simulation.

The relationship of 𝑞 ∼ 𝜀
1
is obtained, in which, 𝑞 is the

shear stress of the sample and 𝜀
1
is the average axial strain of

the sample. Comparison between the numerical results and
that of the corresponding test has been made. The part of
comparison is shown in Figure 12.

Figure 12 indicates that the nonlinear model proposed in
this paper can reflect the relationship of tri-axial shear test
for 𝐾
0
consolidation (in 𝐶𝐾

0
𝐷 test, 𝐾

0
= 0.562; in 𝐶𝐷 test,

𝐾
0
= 1). Separation appears only at the later stage when the
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Figure 12: Comparison between numerical simulation and test curves.

sample is close to failure. At this stage, the result from test is
slightly larger than that of simulation, but themaximumerror
is only 6.0%.

6. Conclusion

The initial condition of natural clay is usually under𝐾
0
stress

states. To display the differentmechanical characteristics, two
series of initial consolidation condition tri-axial compress
experiments are done. It is shown that there are some differ-
ences of a soil under isotropic conditions. In the initial stage
of load, the stress in isotropic pressure test increases slower
than that of 𝐾

0
consolidation. In the later stage, the shear

strain in 𝐾
0
consolidation increases faster. It indicates that

the influence of stress paths to the constitutive relationship
cannot be neglected.

According to the tests, a factor of lateral pressure coeffi-
cient is introduced into the 𝐸 ∼ 𝑣 model. A uniform non-
linear constitutive model is proposed by fitting of the stress-
strain behavior of clay with different initial conditions. Based
on nonlinear regression analysis, somemodel parameters are
provided.

With the average slope of the unloading-reloading curve
selected as the unloading modulus, the constitutive relations
can be promoted to an elastoplastic model. The proposed
model can reflect the stress-strain relationship under 𝐾

0

conditions. Some discrepancy between the model prediction
and the test data occurs at the stage close to failure. The
maximum error is just 6.0%.
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In this paper, a portable PZT interface for tension force monitoring in the cable-anchorage subsystem is developed. Firstly, the
theoretical background of the impedance-basedmethod is presented. A few damage evaluation approaches are outlined to quantify
the variation of impedance signatures. Secondly, a portable PZT interface is designed to monitor impedance signatures from
the cable-anchorage subsystem. One degree-of-freedom analytical model of the PZT interface is established to explain how to
represent the loss of cable force from the change in the electromechanical impedance of the PZT interface as well as reducing the
sensitive frequency band by implementing the interface device. Finally, the applicability of the proposed PZT-interface technique
is experimentally evaluated for cable force-loss monitoring in a lab-scaled test structure.

1. Introduction

Recently, structural health monitoring (SHM) has been spot-
lighted in aerospace and civil infrastructures [1–3]. Among
a variety of SHM studies, many researchers have focused
on monitoring prestressed structures by using global and
local dynamic characteristics [4–10]. For global methods, the
acceleration response of low frequency range has been usually
utilized to monitor the change in structural characteristics.
However, the low-frequency vibration responses are not
very sensitive to local prestress loss occurring in cable-
anchorage subsystem. For local methods, on the other hand,
the electromechanical (EM) impedance response of a high
frequency range has been very promising to monitor small
incipient change of structural characteristics.

The impedance-based method was first proposed by
Liang et al. [11]. Since then, many researchers have improved
the method and applied it into various damage detection
problems such as pipeline system [12], thin circular plate
[13], concrete beam and frame [14, 15], plate girder bridge
[16], and bolted connection [17]. The method utilizes the EM
impedance of a coupled PZT-structure system to detect the
change in structural characteristics at local critical region.
For damage monitoring, the change in impedance is usually

quantified by the statistical pattern recognition or simply by
the impedance shift at resonance [8, 13, 17–19].

Recently, Kim et al. [8] applied the impedance-based
method for prestress-loss monitoring in tendon-anchorage
connection by detecting the change in pattern of the
impedance responses at the anchorage. Although themethod
has shown the excellent performance to detect prestress loss
in tendon anchorage, it still has a few limitations for practical
applications. Firstly, the effective frequency band which is
sensitive to the variation of prestress force could be very
significant, even above 800 kHz for a monotendon anchorage
[8], as shown in Figure 1. In this case, a high performance
impedance analyzer is needed to capture signals from such a
high frequency range. Due to its bulky size, this device is not
convenient to be implemented out of laboratory. Moreover,
the price associated with the instrument system is very costly.
To overcome these disadvantages, many efforts have been
carried out by adopting wireless impedance device [9, 20]. In
order to apply the new approach, however, the measurable
frequency range of 10 kHz–100 kHz of the wireless sensors
should be dealt appropriately for impedance measurement as
well as feature extraction. Secondly, the impedance frequency
bands which are sensitive to prestress loss should be prede-
termined before employing the impedance-basedmethod for
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Figure 1: Prestress-loss monitoring by anchorage’s impedance [8].

the damage detection job. Generally, the effective frequency
range is varied dependent on target structures and usually
determined by trial and error. This causes difficulty when
dealing with real structures since the effective frequency
range is almost unknown and may take much effort to obtain
it by trial and error.

In order to overcome the above-mentioned limitations,
Nguyen and Kim [21] proposed an impedance-sensitive PZT
interface for monitoring prestress loss in tendon-anchorage
subsystem. The interface device is a thin aluminum plate
equipped with a PZT patch. As shown in Figure 2(a), the
PZT-interface is partly clamped at one end by a bearing
plate and an anchor block and freely vibrated at another end.
The implementation of the PZT interface was successful in
indicating various prestress losses in the tendon-anchorage
connection. Also, the sensitive frequency range to prestress
loss was reduced to below 100 kHz (Figure 2(b)) which
was measurable by a wireless impedance sensor system.
However, this design of PZT interface must be installed
during the construction of the cable-anchorage subsystem.
So it is impossible to apply it into existing cable-supported
structures. Also, the presence of this aluminum interface
device between anchor and bearing plate may reduce bearing
capacity of cable-anchorage system due to its low stiffness.

In order to overcome the drawbacks of the newly
designed interface device, a portable PZT interface is devel-
oped for the impedance-based cable force monitoring in
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Figure 2: Prestress-loss monitoring using PZT-interface [21].

tendon anchorage. Firstly, the principle of the impedance-
basedmonitoring technique is presented. A few damage eval-
uation approaches are outlined to quantify the variation of
impedance signatures. Secondly, a portable PZT interface is
designed for monitoring impedance signatures from postin-
stallation into existing cable-anchorage connections. A one
degree-of-freedomanalyticalmodel of PZT interface is estab-
lished to explain how to represent the loss of cable force from
the change in the EM impedance of PZT interface as well
as reducing the sensitive frequency band by implementing
the interface device. Finally, the applicability of the proposed
PZT-interface technique is evaluated experimentally for cable
force-loss monitoring in a lab-scaled test structure.

2. Impedance-Based Monitoring Technique

2.1. Electromechanical Impedance. To monitor structural
change, a piezoelectric material (e.g., PZT) is surface bonded
to structure at examined region. The interaction between
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the PZT and the structure is simply explained by 1D free-
body diagram of PZT-structure system as shown in Figure 3.
Due to inverse piezoelectric effect, an input harmonic voltage
𝑉(𝜔) induces a deformation of PZT. Because the PZT is
bonded to the structure, a force𝐹(𝜔) against that deformation
is induced into the structure and the PZT as well. For 1
dof system, the structural mechanical impedance of the host
structure 𝑍

𝑠
(𝜔) is obtained by the ratio of force 𝐹(𝜔) to

velocity ̇𝑢(𝜔) as follows [11]:

𝑍
𝑠
(𝜔) =

𝐹 (𝜔)

̇𝑢 (𝜔)
= 𝑐 + 𝑚

𝜔
2
− 𝜔
2

𝑛

𝜔
𝑖, (1)

where 𝑐 and 𝑚 are the damping coefficient and the mass of
the structure, respectively;𝜔

𝑛
is the angular natural frequency

of the structure; and 𝜔 is the angular frequency of the
excitation voltage. As shown in (1), the structural mechanical
impedance is a function of mass, damping, and stiffness (i.e.,
stiffness is introduced from natural frequency, 𝑘 = 𝑚𝜔

2

𝑛
).

Thus, the change in structural parameters can be represented
by the change in the structural mechanical impedance.

In practice, the electric current 𝐼(𝜔) is measured and then
it is utilized to calculate the EM impedance as follows [11, 22]:

𝑍 (𝜔) =
𝑉

𝐼

= {𝑖𝜔
𝑤
𝑎
𝑙
𝑎

𝑡
𝑎
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33
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,

(2)

where �̂�
𝐸

𝑥𝑥
= (1 + 𝑖𝜂)𝑌

𝐸

𝑥𝑥
is the complex Young’s modulus

of the PZT patch at zero electric field; 𝜀𝑇
𝑥𝑥

= (1 − 𝑖𝛿)𝜀
𝑇

𝑥𝑥

is the complex dielectric constant at zero stress; 𝑑
3𝑥

is
the piezoelectric coupling constant in 𝑥-direction at zero
stress; 𝑘 = 𝜔√𝜌/�̂�𝐸

𝑥𝑥
is the wave number where 𝜌 is the

mass density of the PZT patch; and 𝑤
𝑎
, 𝑙
𝑎
, and 𝑡

𝑎
are the

width, length, and thickness of the piezoelectric transducer,
respectively. The parameters 𝜂 and 𝛿 are structural damping
loss factor and dielectric loss factor of piezoelectric material,
respectively. As shown in (2), the EM impedance, 𝑍(𝜔), is a
combining function of the mechanical impedance of the host
structure, 𝑍

𝑠
(𝜔), and that of the piezoelectric patch, 𝑍

𝑎
(𝜔).

Therefore, the change in structural parameters (𝑘,𝑚, 𝑐) can
be represented by the change in the EM impedance.

For damage monitoring using the impedance-based
method, the frequency range which should be utilized is
an important issue. The frequency band should be selected
appropriately in order to realize the structural change in
the EM impedance. Generally, if the excitation frequency is
not identical to the natural frequency of the structure (i.e.,
𝜔 ̸=𝜔
𝑛
), the structural mechanical impedance takes the full

term of (1). In this case, the impedance of the structure is very
significant compared with the mechanical impedance of the
PZT (i.e.,𝑍

𝑠
(𝜔) ≫ 𝑍

𝑎
(𝜔)). As a result, the term𝑍

𝑎
(𝜔)/𝑍

𝑠
(𝜔)

is neglected and the EM impedance is approximated as

𝑍 (𝜔) ≈ {𝑖𝜔
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−1

. (3)

In (3), the contribution of the structural mechanical
impedance to the EM impedance is filtered out. Therefore,
the structural change may not be identified sensitively by
the EM impedance. On the other hand, if PZT sensor is
excited by a frequency matching with the natural frequency
of the structure (i.e., 𝜔 = 𝜔

𝑛
), and the structural mechanical

impedance takes only the term of damping coefficient (i.e.,
𝑍
𝑠
(𝜔) = 𝑐). Therefore, the structural impedance for that

frequency is comparable with the mechanical impedance of
the PZT, and the EM impedance is expressed as

𝑍 (𝜔) = {𝑖𝜔
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In (4), the contribution of the structural mechanical
impedance to the EM impedance is the damping coefficient
𝑐. This contribution causes resonant response in the EM
impedance signature at the correspondent frequency. In other
words, the EM impedance at resonance represents not only
the modal damping but also the natural frequency of the
structure.Therefore, the structural change could be identified
sensitively by the change in the EM impedance at a resonant
frequency.

2.2. Damage Evaluation Approach

2.2.1. RootMean Square Deviation. To quantify the change in
the EM impedance, the root mean square deviation (RMSD)
index is utilized [18]. RMSD index is calculated as

RMSD (𝑍, 𝑍
∗
) = √

∑
𝑁

𝑖=1
[𝑍
∗
(𝜔
𝑖
) − 𝑍 (𝜔

𝑖
)]
2

∑
𝑁

𝑖=1
[𝑍 (𝜔
𝑖
)]
2

, (5)

where𝑍(𝜔
𝑖
) and𝑍

∗
(𝜔
𝑖
) are the impedances measured before

and after damage for the 𝑖th frequency, respectively, and 𝑁

denotes the number of frequency points in the sweep.
Basically, the RMSD is equal to 0 if no damage occurs and

larger than 0 if damage occurs. However, due to experimental
and environmental errors, the RMSD may be larger than 0
although damage does not occur. To deal with the uncertain
conditions, the control chart analysis is used for decision-
making out of RMSD values. The upper control limit of
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the RMSD (UCLRMSD) is adopted for alarming damage
occurrence as follows:

UCLRMSD = 𝜇RMSD + 3𝜎RMSD, (6)

where 𝜇RMSD and 𝜎RMSD are mean and standard deviation
of RMSD data set at undamaged condition, respectively. In
(6), the UCLRMSD is determined by three standard deviations
of the mean, which is corresponding to 99.7% confidence
level. The calculation of the UCLRMSD is outlined in three
steps: firstly, 𝑛 impedance signals aremeasured at undamaged
condition; secondly, RMSD values for 𝑛 impedance signals
are computed by (5), and then a set of RMSD values is
obtained; and finally, the UCLRMSD is calculated using (6).
The occurrence of damage is indicated when the RMSD
values are larger than the control limit. Otherwise, there is
no indication of damage occurrence.

2.2.2. Correlation Coefficient Deviation. Thecorrelation coef-
ficient deviation (CCD) index can also be used to quantify
the change of the whole impedance signatures [13]. The CCD
index is calculated as follows:

CCD = 1 −
1

𝜎
𝑍
𝜎
∗

𝑍

𝐸 {[Re (𝑍
𝑖
) − Re ( ̄𝑍)]

× [Re (𝑍∗
𝑖
) − Re ( ̄𝑍

∗
)]} ,

(7)

where 𝐸[⋅] is the expectation operation; Re(𝑍
𝑖
) signifies

the real parts of the EM impedances of the 𝑖th frequency
before and after damage; Re( ̄𝑍) signifies the mean values of
impedance signatures (real part) before and after damage;
and 𝜎

𝑍
signifies the standard deviation values of impedance

signatures before and after damage. Note that the asterisk (∗)
denotes the damaged state.

Similarly, the upper control limit of the CCD (UCLCCD)
with 99.7% confidence level is computed to deal with the
experimental and environmental errors, as follows:

UCLCCD = 𝜇CCD + 3𝜎CCD, (8)

where 𝜇CCD and 𝜎CCD are mean and standard deviation of
CCD data set at undamaged condition, respectively. The
calculation of the UCLCCD is also outlined in three steps:
firstly, 𝑛 impedance signals are measured at undamaged
condition; secondly, CCD values for 𝑛 impedance signals are
computed by (7), then a set of CCD values is obtained; and
finally, the UCLCCD is calculated using (8). When the CCD
values are larger than the UCLCCD, the occurrence of damage
is alarmed. Otherwise, there is no warning sign of damage
occurrence.

3. Portable PZT Interface for
Impedance-Based Monitoring

3.1. Cable Force Monitoring by Impedance Response of Bearing
Plate. A system of tendon anchorage under prestress force
can be modeled by connection components (i.e., bearing
plate, anchor block, and tendon) and contact forces in

equilibrium condition, as shown in Figure 4(a). Prestress
force is modeled by tendon force acting on the anchor block
and transformed to contact pressure and bearing stress in
the interface of anchor block and bearing plate. According
to contact mechanism [23], the interaction in the contact
interface can be simplified by two-dimensional damping and
spring stiffness in normal and transverse axes, as shown
in Figure 4(b). Basically, the interfacial spring stiffness and
damping values represent the amount of contact pressure and
stress field acting at the interface. In the previous study by
Ritdumrongkul et al. [24], it was reported that the variation
of interfacial stiffness and damping parameters is associated
with the variation of contact pressure which is generated
from bolt torque. Hence, the variation of tendon force can be
treated as the variation of those structural parameters at the
contact interface.

On the other hand, the change in the structural contact
parameters can be identified sensitively by the change in the
EM impedance at a resonant frequency, and an approach for
cable force-loss monitoring is conducted by examining the
EM impedance of anchorage. Due to that, the bearing plate is
relatively more elastically deformable than the anchor block
(i.e., assuming the anchor block as rigid body), and it is easier
to capture the change in the structural contact parameters
if the PZT patch is attached on the bearing plate, as shown
in Figure 4(b). The main idea is that the EM impedance of
the bearing plate is monitored to detect the change in the
structural parameters at the contact interface, since these
parameters represent the contact pressure (bearing stress) or
tendon force.

Based on the analytical models of the interaction between
piezoelectric patch and host structure [21, 22, 25], the bearing
plate and the PZT patch are simply modeled as 1 dof system
by bearing plate’s mass (𝑚𝑏), bearing plate’s stiffness and
damping (𝑘𝑏, 𝑐

𝑏), contact stiffness (𝑘𝑐
1
, 𝑘
𝑐

2
), and contact

damping (𝑐𝑐
2
, 𝑐𝑐
2
), as shown in Figure 4(c). For simplification,

the seriesmodel is selected since the bearing plate is the target
structure and the contact parameters are considered as the
boundary conditions, as schematized in Figure 4(b).

The equivalent structural stiffness (𝑘
𝑒
)
𝐴 of the simplified

model can be computed as

(𝑘
𝑒
)
𝐴

=
(𝑘
𝑐

1
+ 𝑘
𝑐

2
) 𝑘
𝑏

(𝑘
𝑐

1
+ 𝑘
𝑐

2
) + 𝑘𝑏

=
𝑘
𝑐
𝑘
𝑏

𝑘𝑐 + 𝑘𝑏
, (9)

where 𝑘
𝑐

= 𝑘
𝑐

1
+ 𝑘
𝑐

2
is the total contact stiffness; suppose

𝛼 = 𝑘
𝑏
/𝑘
𝑐 is the ratio of the bearing plate’s stiffness to the

total contact stiffness; then the equivalent structural stiffness
is rewritten as follows:

(𝑘
𝑒
)
𝐴

=
𝛼𝑘
𝑐

1 + 𝛼
= 𝛾𝑘
𝑐 where 𝛾 =

𝛼

(1 + 𝛼)
. (10)

It is worth noting that for cable-supported structures,
the bearing plate’s stiffness 𝑘

𝑏 and the total contact stiffness
𝑘
𝑐 are very considerable resulting in an enormous value of

the equivalent structural stiffness. Consequently, the nat-
ural frequency of the system would be significantly high.
Figure 1 illustrates the experimental setup and monitoring
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Figure 4: Schematic of cable force monitoring by bearing plate’s impedance.

results carried out by Kim et al. [8] on a lab-scale tendon
anchorage. As shown in the figure, the EM impedance of the
anchorage varied according to tendon force loss. However,
the impedance response must be monitored in a very high
resonant frequency range, above 800 kHz in that study. The
experimental result proves that if the PZT is bonded at a very
stiff region, the resonant response of the structure must be
obtained at a very high frequency excitation.

3.2. Portable PZT Interface for Impedance-Based Monitoring.
In order to reduce the high resonant frequency and deal
with wireless impedance measurement, a PZT interface was
given by Nguyen and Kim [21], as previously described in
Section 1. The drawbacks of this PZT-interface design are
preinstalled in the construction and affecting the bearing
capacity of the cable-anchorage subsystem. In consideration
of these disadvantages for the impedance-based cable force
monitoring, a portable PZT interface is proposed as shown
in Figure 5(a). The interface device is a thin-walled beam-
like member with a PZT patch mounted on it. A partial free
surface in the bottomof the interface is intentionally designed
to make the PZT patch freely vibrating when being mounted
on the bearing plate.

Figure 5(b) schematizes an analytical model of cable-
anchorage connection with equivalent structural parameters
at contact boundary surfaces. Since the EM impedance

technique is very sensitive to structural changes in near
field boundary condition, any change in structural variables
due to cable force loss would lead to the change in the
EM impedance response of PZT interface. By this way, the
loss of cable force can be monitored by the portable PZT
interface. The primary advantages of this interface design are
its mobility and its adaptability to be applied in any existing
cable-anchorage connections.

As shown in Figure 5(c), the PZT interface is simply
modeled as 1 dof system by PZT interface’s mass (𝑚𝑖), PZT
interface’s stiffness and damping (𝑘𝑖,𝑐𝑖), contact stiffness (𝑘𝑐

1
,

𝑘
𝑐

2
), and contact damping (𝑐𝑐

1
, 𝑐𝑐
2
) [21, 22, 25]. The equivalent

structural stiffness (𝑘
𝑒
)
𝐵 is then computed as

(𝑘
𝑒
)
𝐵
=

𝛾𝑘
𝑐
𝑘
𝑖

𝛾𝑘𝑐 + 𝑘𝑖
. (11)

Suppose 𝛽 = 𝑘
𝑖
/𝑘
𝑐
is the ratio of the PZT interface’s

stiffness to the total contact stiffness; the equivalent structural
stiffness is rewritten as follows:

(𝑘
𝑒
)
𝐵
=

𝛽𝛾𝑘
𝑐

𝛽 + 𝛾
. (12)
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Figure 5: Schematic of cable force monitoring by portable PZT interface’s impedance.

Substituting (12) into (10) leads to the ratio of the
equivalent stiffness of the PZT interface (𝑘

𝑒
)
𝐴 to that of the

bearing plate (𝑘
𝑒
)
𝐵 as follows:

(𝑘
𝑒
)
𝐵

(𝑘
𝑒
)
𝐴

=
𝛽

𝛾 + 𝛽
=

1

𝛾/𝛽 + 1
<

1

𝛾/𝛽
=

𝛽

𝛾
. (13)

If the PZT interface’s stiffness 𝑘
𝑖 is much smaller than

the bearing plate’s stiffness 𝑘
𝑏 (𝛽 ≪ 𝛼), then 𝛽 ≪ 𝛾; and

therefore the equivalent structural stiffness of PZT-interface
system will become much smaller than that of bearing plate
system, (𝑘

𝑒
)
𝐵

≪ (𝑘
𝑒
)
𝐴 according to (13). Assume the

mass of the PZT interface (𝑚𝑖) is comparable with that of
the bearing plate (𝑚𝑏); the natural frequency of the PZT-
interface system would be significantly reduced. It should be
experimentally proved that the effective frequency range of
the EM impedance is smaller than 100 kHz by implementing
a portable aluminum PZT interface.

4. Experimental Evaluation of Portable PZT
Interface for Cable Force Monitoring

4.1. Experimental Setup. An experiment was carried out for a
lab-scale cable-anchorage system to validate the implemen-
tation of proposed PZT interface for the impedance-based
cable force monitoring. As shown in Figure 6, a cable in
length of 6.4m was anchored by two bearing plates at two
ends; and tension force was introduced into the cable by a

Cable
Bearing plate

PZT
interface

Load cellStressing 
jack

6.4m

Figure 6: Schematic of cable-anchorage system.

stressing jack. A load cell was installed at one cable anchorage
to measure the actual cable force. The experimental setup on
tendon anchorage is also described in Figure 7. An aluminum
interface equipped with a PZT-5A patch (Lead Zirconate
Titanate) was installed on the bearing plate of tendon-
anchorage connection (Figure 7(b)). The PZT sensor was
excited by a harmonic excitation voltage with 1 V amplitude,
and the impedance signature was measured by a commercial
impedance analyzer HIOKI 3532 (Figure 7(c)).The cable was
first pretensioned to 𝑇0 = 49.5 kN which was considered as
the healthy state. For cable damage simulation, the tension
force was reduced to 𝑇1 = 39.2 kN, 𝑇2 = 29.4 kN,
and 𝑇3 = 19.6 kN, as listed in Table 1. For each damage
case, five repeated measurements were conducted. During
the measurements, the stressing jack was removed from
the cable-anchorage system to avoid the influence of the
jack weight on the actual cable force. Although the upper
control limit could be used to deal with the experimental
and environmental errors, not all environmental errors could
be excluded such as temperature change. In the scope of
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(b) PZT interface
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Figure 7: Experimental setup for impedance-based cable force monitoring.

Table 1: Cable force-loss monitoring by frequency shift.

Case Cable force Resonant frequency
𝑇 (kN) Δ𝑇 (%) 𝑓

1
(kHz) Δ𝑓

1
(%) 𝑓

2
(kHz) Δ𝑓

2
(%)

𝑇0 49.05 0 19.63 0 82.23 0
𝑇1 39.2 −20.1 19.63 0 82.15 −0.1
𝑇2 29.4 −40.1 19.57 −0.3 82.03 −0.2
𝑇3 19.6 −60 19.53 −0.5 — —

this study, therefore, room temperature was kept as close as
constant of 23-24∘C by air conditioners during the tests.

4.2. Cable Force versus Impedance Response. As stated previ-
ously, the primarymotivation to invent the interfacing device
is to fulfill the specification of wireless impedance sensors.
According to the specification of wireless impedance devices
[9, 20], the frequency sweep should be within 10–100 kHz to
ensure the accuracy of impedance measurement as well as
feature extraction.Therefore, the frequency range 10–100 kHz

was examined to evaluate the feasibility of the portable PZT
interface on cable forcemonitoring usingwireless technology.
In general, real part of EM impedance contains much more
information of structural behaviors than imaginary part [18,
26]. Hence, real part of impedance response was examined
for tendon force-loss monitoring.

Figure 8(a) shows real impedance signatures of the PZT
interface in the wide frequency range 10 kHz–100 kHz (901
interval points) for the healthy state 𝑇0 and three damage
cases 𝑇1 − −𝑇3. From this figure, two resonant frequency
bands of 15–25 kHz (501 interval points) and 75–95 kHz
(501 interval points) are taken into account, as respectively
shown in Figures 8(b) and 8(c). It is observed that the
impedance signatures in the resonant bands of 15–25 kHz
and 75–95 kHz are sensitively varied when cable force
decreases. This implies that the contribution of the structural
impedance to the EM impedance is considerable in the
two resonant frequency ranges, which are explained in (4).
By contrast, the impedance signatures in the nonresonant
region 25–75 kHz are almost unchanged according to cable
force loss. That is because impedance signatures in those
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Figure 8: Impedance signatures of PZT interface under various cable forces.

ranges are associated with only PZT properties as clarified
in (3).

The resonant frequencies tend to shift left according to
the decrement of cable force (Figures 8(b) and 8(c)). This
indicates that modal stiffness of the whole system including
the PZT interface and bearing plate is decreased with the
reduction of cable force. For the four tension levels, the
resonant frequencies corresponding to two resonant bands
are outlined in Table 1. It is found that the frequency shift
is very small, not greater than 0.5% for the first resonant
frequency (𝑓

1
) and 0.2% for the second one (𝑓

2
). For the

damaged case 𝑇3, moreover, the second resonant frequency
could not be identified. Therefore, the frequency shift is not
reliable to quantify the impedance variation in this study.

Generally, the CCD is sensitive to the horizontal shift and
less sensitive to the vertical shift of the impedance signature
while the RMSD is sensitive to both. As observed in Figure 8,

the cable force loss causes not only the vertical shift but also
the horizontal shift of the impedance response. Therefore,
both RMSD and CCD indices are examined for four tension
levels. The cable force monitoring results are summarized in
Table 1. Figures 9 and 10, respectively, show the RMSD and
CCD indices calculated according to the increment of cable
force loss for the wide frequency band (i.e., 10–100 kHz) and
the narrow ones (i.e., 15–25 kHz and 75–95 kHz). It is worthy
to note that the RMSD and CCD indices are the mean values
obtained from five repeated measurements of each damage
case.

Both RMSD and CCD indices increase proportionally
with the reduction of cable force. Obviously, RMSD and
CCD indices of the wide frequency range of 10–100 kHz
show good indication of cable force loss as the sensitive
frequency range of 75–95 kHz and even better than that of
15–25 kHz. It is found that RMSD indices are higher than
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Figure 9: Cable force-loss monitoring by RMSD index.

CCD indices for all considered frequency bands (i.e., 10–
100 kHz, 15–25 kHz, and 75–95 kHz).This result indicates that
the RMSD damage indicator can better indicate the change in
impedance response due to the loss of cable force.

By implementing the proposed PZT interface, the good
results of cable force monitoring were achieved not only
for the sensitive frequency range but also for the whole
measurable frequency band of 10–100 kHz.

5. Concluding Remarks

In this study, a portable PZT interface was developed to deal
with the problems of the frequency range selection for the

impedance-based cable force monitoring in tendon anchor-
age. Firstly, the principle of the impedance-based monitoring
method was presented. A few damage evaluation approaches
were outlined to quantify the variation of impedance sig-
natures. Secondly, a portable PZT interface was designed
for monitoring impedance signatures from postinstallation
into existing cable-anchorage members. A one degree-of-
freedom analytical model of PZT interface was established
to explain how to represent the loss of cable force from the
change in the electromechanical (EM) impedance of PZT
interface as well as reducing the sensitive frequency band by
implementing the interface device. Finally, the applicability
of the proposed PZT-interface technique was experimentally
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Figure 10: Cable force-loss monitoring by CCD index.

evaluated for cable force-loss monitoring in a lab-scaled test
structure.

The implementation of the portable PZT interface was
successful in indicating various cable force losses in the lab-
scaled tendon anchorage. The EM impedance of the PZT
interface was sensitive to the tendon force loss, even when
the examined frequency range was smaller than 100 kHz.
Both RMSD and CCD damage indicators were successfully
employed to quantify the impedance variation due to the loss
of cable force. The good monitoring results were achieved
not only for the sensitive frequency range but also for the
whole measurable frequency band of wireless impedance

sensors (i.e., 10–100 kHz). According to the experimental
verification, RMSD was chosen as the best damage indicator
for cable force-loss monitoring in tendon anchorage using
the portable PZT interface. Since the PZT interface is mobile
and adaptable to be applied in any existing cable-anchorage
connections, it is very promising for practical applications.

Despite the feasibility of the portable PZT interface
for the impedance-based cable force monitoring in cable
anchorage, further studies are still remaining: (1) the amount
of the prestress loss should be quantitatively estimated via
the relationships between the prestress loss and the RMSD
and CCD indices; (2) since the variation of the contact
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stiffness quantitatively represents the cable force loss, the
identification of this structural parameter should be carried
out; (3) for the practical use of the PZT interface, there is a
need to examine the environmental effects on the accuracy of
the impedance-based technique.
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Deterioration of concrete bridge decks affects their durability, safety, and function. It is therefore necessary to conduct structural
rehabilitation of damaged concrete decks by strengthening them with fiber-reinforced polymer. Of the recent studies on the
strengthened structures, most have focused on static behavior; only a few studies have investigated fatigue behavior. Accurate
analysis of fatigue in concrete deck performance requires amore realistic simulatedmoving load.This study developed a theoretical
live-load model to reflect the effect of moving vehicle loads, based on a statistical approach to the measurement of real traffic
loads over various time periods in Korea. It assessed the fatigue life and strengthening effect of bridge decks strengthened with
either carbon fiber sheets or grid carbon fiber polymer plastic using probabilistic and reliability analyses. It used extrapolations and
simulations to derivemaximum load effects for time periods ranging from 1 day to 75 years. Limited fatigue testswere conducted and
probabilistic and reliability analyses were carried out on the strengthened concrete bridge deck specimens to predict the extended
fatigue life. Analysis results indicated that strengthened concrete decks provide sufficient resistance against increasing truck loads
during the service life of a bridge.

1. Introduction

Upgrading existing concrete structures has been an impor-
tant issue over the last 30 years. Many studies have focused
on developing new technologies to strengthen and retrofit
deteriorated structures [1–5]. Within this field, techniques
have been developed based on fiber-reinforced polymer
(FRP) composites, leading to new and promising develop-
ments in civil engineering. In particular, external bonded
reinforcement (EBR) using FRP can resist flexural and shear
stress; it is a valuable strengthening technique and its use
has been well established in many design specifications and
references [6, 7].

Many researchers have investigated structural perfor-
mance, such as the ultimate limit and serviceability limit of

strengthened material, but few have focused on the service
life cycle or durability of the strengthened structure. Strength-
ening of a concrete structure is mainly intended to improve
load-carrying capacity or serviceability. Concrete gradually
fails due to fatigue loads, but under service loading states
rather than ultimate loading states [10–13]. It is important to
clarify how reinforced structures deteriorate and to identify
the causes of structural failure, but these issues are sometimes
neglected when engineering reinforced structures.

Improving load-carrying capacity and serviceability are
undoubtedly important design factors, but extended service
life is also important. If the strengthening method used to
reinforce a structure ensures the required performance, does
it also ensure improved structural performance over its life-
cycle? It is important to confirm the long-term performance
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of a reinforced structure in addition to its load-carrying
capacity and serviceability [14]. In reinforced concrete (RC)
strengthenedwith externally bondedFRPs, fatigue failurewill
be initiated by failure of the reinforcing steel and followed
by debonding of FRP [8]. Fatigue failure of reinforcing steel
can be avoided by limiting FRP stress levels for fatigue
loading, but a preferred design technique to prevent fatigue
debonding failure has not yet been established. Concrete
fatigue performance can be verified either using empirical
methods based on test results or analytical methods based on
fracture mechanics [8, 15–20].

Many assessments of the fatigue performance of strength-
ened concrete have been limited to laboratories, where tests
are conducted under pulsating loading conditions. In the
case of bridge deck panels, one main cause of deterioration
is deck fatigue failure caused by excessive repeated heavy
traffic loads. Continuous static and fatigue tests have verified
the failure mechanisms for bridge decks strengthened with
fiber-reinforced polymers (FRPs), and simplified flexural and
punching shear design procedures and semiempirical fatigue
life cycle assessment techniques have been proposed based
on the cumulated damage theory [14, 17, 21]. It is difficult to
estimate the extended service life for a rehabilitated bridge
deck subjected to real moving traffic loads, because to date
no practical design methodology for strengthened decks has
been developed [16]. Therefore, it is important to develop a
model to simulate fatigue loads for both fatigue analysis and
fatigue design of bridge decks.

This study developed a semiempirical methodology for
fatigue analysis, using a live-load model derived from prob-
abilistic analysis of real traffic data in South Korea and
previously obtained fatigue test results. The proposed live
traffic model was then tested based on real Korean traffic
conditions. Probabilistic approaches and reliability analyses
based on restricted test results for the strengthened concrete
bridge decks were also applied to verify the strengthening
effect and to predict the extended fatigue life. This informa-
tion is especially important because investigations of bridge
deck fatigue performance conducted under laboratory or real
bridge deck conditions provide limited data and invariably
involve large uncertainties and extensive variations in results.

2. Live-Load Model

2.1. Truck Axle Loads. To predict the fatigue life of a bridge,
the fatigue analysis should apply the axle loads that pass over
the bridge. Land load data can be used to simulate fatigue
conditions, including traffic jams, over long periods, but these
data are rare and generally not used for fatigue analysis
of a bridge structure [22, 23]. This study developed a live-
load model by measuring the crossing frequency and heavy-
vehicle lane load on the Banpo Bridge in Seoul, Korea. As
shown in Figure 1, the Banpo Bridge is located in the middle
of Seoul and consists of two separate bridge systems. The
upper bridge, used for this analysis, was constructed in 1982,
and the lower Jamsu Bridge, which was submerged during a
flood, was built from steel plates and RC slabs in 1976. The
traffic data used in this study were based on the assumption

Figure 1: Banpo Bridge consists of steel box girder and concrete
deck.

that one load cycle equals one heavy vehicle crossing the
bridge.

The Banpo Bridge is classified as a Class 2 bridge by
the Korean Highway Bridge Design Specification DB-18 [21].
Korea has three classes of standard truck loading: DB24,
DB18, and DB13.5. The load for DB24 is similar to that of
HS15, which is classified in standard specifications for high-
way bridges by AASHTO [24]. Figure 2 shows the standard
trucks used in Korea, and Table 1 summarizes the detailed
specifications.

Yoon [8] classified the six representative vehicles used
in Korea as T2, TT3, ST4, ST5, ST6, and FT5, as shown in
Figure 3. For the live-load model used in this study, TT3
and ST5 trucks were used for heavy traffic modeling because
they generally provide more traffic volume than other truck
types, based on average traffic volume. Both normal and
overloaded trucks were considered when applying a fatigue
load to the bridge deck. To determine normal and overloaded
truck loads, a traffic frequency analysis was conducted for
both TT3 and ST5 truck types. On the basis of these results,
the TT3 truck type was selected as the standard axle load
based on traffic frequency (𝑁 = 2,137 normal, 𝑁 = 330

overloaded) and the rear axle loads were determined (84 kN
normal, 133.9 kN overloaded). Table 2 lists the rear axle loads
used in this study, for both normal and overloaded states.

Figure 4 shows the distribution of axle weight for a TT3
truck. The fatigue life of reinforced concrete deck slabs is
mainly related to the upper tail parts of the axle weight
distribution. The impact load factor was calculated using
𝑖 = 20/(50 + 𝐿) based on the Korean Highway Design
Specification [25] because no factor was available for fatigue
conditions related to reinforced concrete bridge decks.

This study used the average daily truck traffic (ADTT)
on the Banpo Bridge provided by the Korean Ministry of
Construction andTransportation [9] (see Table 3) to simulate
the actual traffic frequency. The coefficient of variation was
0.85 based on ASSHTO [24] for a one-way three-lane road,
but given the critical condition of fatigue load, this model
applied a 1.0 coefficient of variation,making theADTT4,400.

2.2. Live-LoadModel. It has been studied that themoving and
cyclic load can affect reinforced concrete bridge deck more 4
to 7 times than that of static cyclic load. In present, however,
only static cyclic load has been adopted for fatigue analysis
of the bridge deck. Therefore, the live-load model for fatigue
analysis of the bridge deck was developed by using Type I
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Figure 2: The scheme of standard design truck in Korea.

Table 1: Detailed specification of standard truck loads in Korea.

Bridge grade Load grade Total truck load 1.8W (kN) Front axle load 0.1W (kN) Rear axle load 0.4W (kN)
Class 1 DB-24 432 24 96
Class 2 DB-18 324 18 72
Class 3 DB-13.5 243 13.5 54

Table 2: Actual truck axle loads [9].

Truck Axle loads
(a) Axle loads in the normal state

TT3 (N: 2,137)
58.4 kN
84.1 kN
84.0 kN

ST5 (N: 948)

49.4 kN
65.2 kN
65.7 kN
82.2 kN
68.1 kN

(b) Axle loads in an overloaded state

TT3 (N: 330)
58.4 kN
133.9 kN
84.0 kN

ST5 (N: 97)

49.4 kN
65.2 kN
112.4 kN
82.2 kN
68.1 kN

extreme function, based on the well-established assumptions
by Collins and Nowak [26] and Nowak et al. [27], adopting
actually measured lane load from Table 2. Using the classifi-
cation set out by Gumbull [28], the cumulative distribution
function (CDF) of Type I asymptotic form for the largest
value distribution is

𝐹
𝑌
𝑛

(𝑦
𝑛
) = exp [−𝑒−𝛼𝑛(𝑦𝑛−𝑢𝑛)] , (1)

where 𝑢
𝑛
and 𝑎

𝑛
are the location and scale parameters,

respectively, defined as follows:

𝑢
𝑛

= characteristic largest value of the initial
variate 𝑋,
𝑎
𝑛
= inverse measure of the𝑋

𝑛
dispersion.

The corresponding probability of density function (PDF) is

𝑓
𝑌
𝑛

(𝑦
𝑛
) = 𝛼
𝑛
𝑒
−𝛼
𝑛
(𝑦
𝑛
−𝑢
𝑛
) exp [−𝑒−𝛼𝑛(𝑦𝑛−𝑢𝑛)] ,

− ∞ < 𝑦
𝑛
< ∞.

(2)

Parameters 𝑢
𝑛
and 𝑎
𝑛
represent the relationship between the

average and standard deviation and can be determined using

𝑢
𝑛
= 𝜇
𝑌
𝑛

−
0.5772

𝛼
𝑛

, 𝛼
𝑛
=

1

√6

(
𝜋

𝜎
𝑌
𝑛

) . (3)

For the smallest value from an initial variate 𝑋 with an
“exponential tail,” the corresponding Type I asymptotic form
for the CDF is

𝐹
𝑌
𝑙

= 1 − exp [−𝑒−𝛼𝑙(𝑦𝑙−𝑢𝑙)]

𝑓
𝑌
𝑙

= 𝛼
𝑙
𝑒
−𝛼
𝑙
(𝑦
𝑙
−𝑢
𝑙
) exp [−𝑒−𝛼𝑙(𝑦𝑙−𝑢𝑙)] , −∞ < 𝑦

𝑙
< ∞,

(4)

where the parameters are

𝑢
𝑙
= characteristic smallest value of the initial variate

𝑋,
𝑎
𝑙
= inverse measure of 𝑋

1
dispersion.

Parameters 𝑢
𝑙
and 𝑎
𝑙
also represent a relationship between

the average and standard deviation and can be determined
using

𝑢
𝑙
= 𝜇
𝑌
𝑙

+
0.5772

𝛼
𝑙

, 𝛼
𝑙
=

1

√6

(
𝜋

𝜎
𝑌
𝑙

) . (5)

Therefore, the maximum axle load formed as a standard
distribution can be determined by generating pseudorandom
numbers for the axle load.This study assumed that the values
of the coefficient of variation and average nominal ratio for
an adopted axle load to an extreme function were 0.25 and
1.24, respectively, based on Collins and Nowak [26].

Figures 5 and 6 show the live-load model results for axle
loads based on the extreme function of a bridge and a service
life of 75 years required by the Design Specifications for
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Figure 3: Various truck types considered for live-load model [8].
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Figure 4: Probability frequency of a TT3 truck.

Table 3: Average daily truck traffic (ADTT) of Banpo Bridge.

Passenger vehicle Bus Truck
Normal state truck Overloaded state truck

Six-lane road 121,954 17,510 23,405 3,200

ADTT 20,326 2,918 3,901 533
4,434 (4,400)
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Figure 5: Live-load model (normal state tandem load: 84.0 kN).
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Figure 6: Live-load model (overloaded state tandem load: 133.9 kN).

Highway Bridges in Korea [21]. Figures 5(a) and 6(a) indicate
the axle load effects for normal state design truck loads and
overloaded state truck loads, respectively, as a probability
density function (PDF) at 1 day, 1 and 6 months, and 1, 5, 25,
50, and 75 years. Figures 5(b) and 6(b) show the cumulative
distribution function (CDF); this function produced a shape
similar to that of Nowak’s live-load model.

The probabilistic analysis revealed that the load effect
of a normal state, in which the tandem load was only
84.0 kN, increased to 170.0 kN at 1 day and 281.5 kN at 75
years, respectively, as shown in Figure 5. For an overloaded
truck with an axle load of 133.9 kN, the loading effect was
298.0 (1 day) and 461.0 kN (75 years), respectively. Therefore,

the live-load effect should be incorporated when estimating
the fatigue life of a bridge deck.

3. Structural Performance of Strengthened
Deck Panels

3.1. Experimental Program and Summary of Results. Some
previous researchers have found that the fatigue life of a
deck panel under a moving load is four to seven times less
than when it is under a pulsating load and that this has a
large effect on real bridge decks [10, 18]. Only a few studies
have investigated the fatigue test results of ordinary decks
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Figure 7: Specimen details (unit: cm).

and strengthened decks under a moving load, so the fatigue
analyses of bridge decks in this study are based on the author’s
previous fatigue testing on ordinary and strengthened decks
under pulsating loads.

To assess the static and fatigue behavior of strengthened
deck panels, a total of 12 deck specimens were prepared,
and carbon fiber sheet (CFS) and grid typed carbon fiber-
reinforced polymer (GCFRP) were used as strengthening
materials. During the experimental test program, a prototype
160 × 240-cm (63 × 94.5-in) deck panel was used to simulate
a real bridge deck supported by two girders, as described in
previous studies [14, 17]. In order to simulate the structural
behavior of real bridge deck, 3-dimensional nonlinear finite
element analyses were carried out before and after the
physical experiments. The concrete slab was modeled with
8-node solid elements, reinforcing bars with beam elements.
The dimension of FE model and sectional properties of
deck panel were varied and analyzed to simulate the similar
behavior with real deck. The selected deck section for test is
depicted in Figure 7 and is simulated in the secondary bridge
deck used inKorea, in which design traffic loads are similar to
HS20 truck. As a result, the dimensions selected for the deck
were similar to the size of actual decks used in Korea.

Deck panels were fabricated using ordinary Portland
cement, natural sand, and crushed coarse aggregate with a
maximum size of 25mm (0.984 in).The compressive strength
of the concrete was 22.5MPa (3262.5 psi) after curing for 28
days. Deformed bars with a diameter of 15.9mm (0.626 in)
and average yield strength of 300MPa (43500 psi) were

used in the deck panels and beams. Table 4 summarizes the
properties of the materials used during testing.

The slab thickness was 18 cm (7.09 in), identical to that of
secondary bridge decks in Korea. The tensile rebar spacing
was 10 cm in the transverse direction, and the reinforcement
spacing was 15 cm (5.91 in) in the longitudinal direction. Fig-
ures 7 and 8 show details of the specimens and strengthening
methods. A cyclic loading of 2Hz was applied to the center of
the deck panel, and the loading areawas 25× 50 cm, similar to
the tire contact area. Linear variable differential transformers
(LVDTs) and electric strain gages were installed to determine
the deflection and strain of rebar and strengtheningmaterials
during testing.

In Table 5, CON indicates an unstrengthened reference
deck specimen, and CFS and GCFRP indicate deck panels
strengthened with CFS and GCFRP, respectively. The stress
level of each specimen (with the exception of CON-40,
which was designed to verify structural response in a service
state) was designed to assess the endurance limit of deck
specimens and compare the structural response with that
of deck specimens strengthened with other materials and
undergoing similar loads. “Stress level” refers to the ratio of
the load applied in fatigue testing to the ultimate strength,
whichwas acquired fromprevious research [14]. CFSmaterial
was bonded to the prototype deck panel in an upside-down
position. Each fiber sheet was attached to the epoxy-coated
surface by pressing it into the epoxy.TheGCFRPmaterial was
first fixed to the concrete surface in an upside-down position
using 2.5 cm (0.98 in) anchor bolts spaced every 50 cm
(19.7 in). Subsequently, the manufacturer’s recommended
repair mortar was overlain on the concrete surface.

3.2. Summary of Fatigue Test Results. Failure patterns of deck
panels subjected to less stress appeared to be dominated by
initial microcracking at the midpoint, but the failure patterns
of deck panels subjected to more stress were similar to those
of decks subjected to monotonic loads. Therefore, when
designing real concrete decks, it is also important to consider
the stress level to control cracking either by strengthening the
pattern or the amount.

The failure surface of panels subjected to more stress
had a greater angle than that of panels subjected to less
stress. In the case of decks strengthened with FRP sheets,
complete debonding could not occur because the FRP sheets
distributed tensile stresses and kept flexural cracks relatively
small. Major cracks on the sheet branched out into numerous
minor cracks, because the FRP reinforcement arrested the
cracks. As shown in Table 5, all specimens strengthened with
FRP sheets failed eventually after repeated cyclic loads due
to shear mode punching after transverse sheet ruptures. In
the case of decks strengthened with GCFRP, cracking was
considerably denser than in decks strengthened with sheet-
type material, but the crack spacing was similar to that of
FRP. No spalling of overlayed mortar was observed before
deck panels failed, but themortar separated from the concrete
during testing. Deck panels strengthened with GCFRP failed
due to shear punching and the detachment of perfectly
overlain mortar. Panel GCFRP 60 failed abruptly due to
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Table 4: Physical properties of the materials.

Thickness or
diameter

Yield strength
(MPa)

Ultimate strength
(MPa)

Elastic modulus
(MPa) Ultimate strain

Concrete — 22.5 0.232 × 105 —
Rebar 13mm 300 400 1.96 × 105 —
Epoxy — 88.3 0.07 × 105 —
Carbon fiber sheet 0.11mm — 3,500 2.31 × 105 0.015
GCFRP (grid typed
carbon fiber-reinforced) 4.0mm — 1,170 1.00 × 105 0.0117

Mortar for GCFRP 27.0 0.14 × 105 —

concrete girder collapse prior to deck slab failure. In Figure 9,
load-displacement relationships of deck specimens subjected
to static load and 70% cyclic loading of ultimate strength
are depicted. Residual displacement of deck panel caused by
cyclic loading is linearly increased in initial cyclic loading
state and then, as the cumulated fatigue damage reached
failure state, increment of residual displacement is abruptly
amplified.

Fatigue damage in strengthened and traditional RC
samples consisting of concrete, rebar, and strengthening
material cannot be defined using these strain concepts and a
numerical approach based on nonlinear fracture mechanics.
The residual life cycle of deteriorated RC bridge deck panels
is repeatedly subjected to an unknown number of traffic
loads and external aggressive effects, so it is difficult to
evaluate them using the local strain concepts applied by
other researchers. Here, fatigue damage to deck panels before
and after strengthening was evaluated based on the load-
displacement relationship represented by an overall struc-
tural response. Fatigue damage will be defined here as 𝛿/𝛿max,
where 𝛿 is the cumulative displacement at any load cycle

and 𝛿max is the maximum displacement prior to failure. As
pointed out earlier, 𝛿max for cyclic loading was slightly higher
than the maximum displacement observed during static
testing, for both unstrengthened and strengthened panels,
provided they were subjected to the same strengthening
method.

Figure 10 presents the ratios of cumulative displacement
to deflection at ultimate static loads for each specimen. Initial
displacement of CFS60 and GCFRP60 (data not shown)
appeared to be similar to that of CON70, which received
almost the same load size as strengthened specimens with a
stress level of 60%. As the number of loading cycle increased,
cumulative displacement of CON60 increased more than did
that of strengthened panels. Other strengthened specimens
had a stress level of 80%; these are not shown in the figure,
but they appeared to exhibit greater structural stiffness than
unstrengthened deck panels. The structural stiffness of the
GCFRP series was smaller than that of other strengthened
deck panels, but these deck panels failed due to ductile
properties, with the exception of the GCFRP60 panel.
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Figure 9: Load-displacement relationship of deck specimens under 70% stress level.

4. Fatigue Analysis Based on
the Probabilistic Approach

This study conducted probabilistic fatigue analyses to eval-
uate the fatigue characteristics of bridge deck specimens
strengthened with FRP. This probabilistic analysis applied
the Weibull distribution to evaluate the probability of failure

and hazard function for the specimens. Oh [15] found that
the Weibull distribution function may be compatible with
the fatigue behaviour. The Weibull distribution is based on
physically more convincing arguments. The applicability of
the Weibull distribution to concrete fatigue is, therefore,
investigated in the following section [29]. TheWeibull distri-
bution has been widely applied in fatigue analysis because it
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Table 5: Stress level and test results.

CON CFS GCFRP

Static test Ultimate loads 633 (kN) 732 (kN) 710 (kN)
Failure mode PSa PSa PSa

Fatigue test

Stress level (%) 40 70 90 60 70 80 60 70 80
Loads (kN) 260 450 580 440 510 590 430 500 570

Number of cyclic
loading 106 68,834 10 106 90,074 19,836 501,982 864,408 20,023

Failure mode PSb PSc PSc PSb PSc PSc PSd PSc PSc

Typical failure
pattern

Note: PSa: punching shear failure after yielding of rebar, PSb: punching shear failure due to static loading, PSc: fatigue punching shear, and PSd: fatigue punching
shear failure after girder collapse.

can explain the physical phenomena of fatigue response well
[15, 16].

The probability of density function (PDF) and cumulative
distribution function (CDF) obtained using the Weibull
distribution are defined by

PDF : 𝑓
𝑁
(𝑛) =

𝑘

𝑢 − 𝑛
0

(
𝑛 − 𝑛
0

𝑢 − 𝑛
0

)

𝑘−1

exp[−(
𝑛 − 𝑛
0

𝑢 − 𝑛
0

)

𝑘

] ,

𝑛 ≥ 𝑛
0
,

CDF : 𝐹
𝑁 (𝑛) = 1 − exp[−(

𝑛 − 𝑛
0

𝑢 − 𝑛
0

)

𝑘

] , 𝑛 ≥ 𝑛
0
,

(6)

where 𝑢 is a scaling parameter or the characteristic life at
stress level 𝑆, 𝑘 is a shape parameter, 𝑛 is the fatigue life, and
𝑛
0
is theminimum fatigue life. Previous studies have reported

that 𝑛
0
= 0 is an appropriate value for predicting the fatigue

response [15, 26, 27, 29–31]. This study obtained parameters
𝑘 and 𝑢 from the 𝑆-𝑁 relationship in fatigue testing.

The hazard function, which represents the fatigue charac-
teristics of a given concrete specimen, increases harmonically
with accumulated fatigue damage [15]. The hazard function
indicates the probability that the specimen will collapse
between time (0, 𝑡) and (𝑡, 𝑡 + 𝑑𝑡) and can be expressed as

ℎ (𝑡) = lim
Δ𝑡→0

𝐿 (𝑡) − 𝐿 (𝑡 + Δ𝑡)

Δ𝑡𝐿 (𝑡)
=

1

𝐿 (𝑡)
(−

𝑑

𝑑𝑡
𝐿 (𝑡)) =

𝑓 (𝑡)

𝐿 (𝑡)
,

(7)
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Figure 10: Ratio of cumulated deflection to maximum deflection at
ultimate strength at cyclic loading.

where 𝑓(𝑡) is the probability of density function. Therefore,
the hazard function for the Weibull distribution can be
obtained by substituting (6) into (7):

ℎ
𝑁
(𝑛) = 𝑘(

𝑛 − 𝑛
0

𝑢 − 𝑛
0

)

𝑘−1

, 𝑛 ≥ 𝑛
0
. (8)



10 Mathematical Problems in Engineering

0 10 20 30 40 50 60 70 80
Years

0.0

0.2

0.4

0.6

0.8

1.0

pf

100%
80%

60%

40%

30%

20%

(a) CON

0.0

0.2

0.4

0.6

0.8

1.0

0 10 20 30 40 50 60 70 80
Years

pf

100%
90%

80%

70%

60%
50%

(b) CFS

0.0

0.2

0.4

0.6

0.8

1.0

0 10 20 30 40 50 60 70 80
Years

pf

100%

90%

80%

70%
60%

(c) CGFRP

Figure 11: Failure probability of test specimens.

Based on test results, the stress level (𝑆) and fatigue life (𝑁
𝑓
)

were 𝑁
𝑓
× 𝑆
𝐴
= 𝐵, and parameters 𝑘 and 𝑢 were calculated

using [16]

𝑘
2
=

𝜋
2

6𝑠2
, ln 𝑢 =

0.5772

𝑘
+ ln (𝐵 × 𝑆

−𝐴
) , (9)

where 𝑆 is the standard deviation of ln(𝑁
𝑓
), 𝑘 is a Weibull

distribution shape parameter, and 𝐴 and 𝐵 are experimental
constants. 𝑆, 𝑘, 𝐴, and 𝐵 were calculated based on test results
and are listed in Table 6.

The 𝑆-𝑁 relationships can be acquired from the fatigue
test results using regression analysis:

CON specimen : 𝑁
𝑓
𝑆
30.279

= 1.795,

CFS specimen : 𝑁
𝑓
𝑆
33.254

= 1.962,

CGFRP specimen : 𝑁
𝑓
𝑆
38.948

= 1.392.

(10)

Table 6: A probabilistic coefficient of specimens.

CON CFS CGGFP
K 2.827 1.325 2.702
A 30.279 33.254 38.948
B 1.795 1.962 1.392
S 0.454 0.968 0.475

Samplemoments in the expected fatigue life may also be used
to estimate the distribution parameters. Moments in Weibull
distribution can be expressed as follows:

𝐸 [𝑁] = 𝑢Γ (1 +
1

𝑘
) = 𝐵 × 𝑆

−𝐴 exp [0.5772
𝑘

] Γ (1 +
1

𝑘
) ,

(11)

where 𝐸[] indicates an expected value and Γ() represents the
gamma function.
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Figure 12: Reliability indexes of the rate of overloaded trucks to the total trucks.

Table 7: Axle load for the mixed rate of overloaded trucks (kN).

Mixed rate of overloaded trucks 0% 10% 20% 30% 40% 50% 60% 70% 80% 90% 100%
Axle loads (kN) 84.0 89.0 94.0 99.0 104.0 109.0 113.9 118.9 123.9 128.9 133.9

Table 8: Random variables for reliability analysis.

Variables Mean COV Distribution
Traffic 4,400 0.20 Normal
Axle load 1.24 × axle load 0.25 Lognormal

The appropriate selection of the design fatigue life (𝑁
𝐷
)

should result in a small probability of fatigue failure. Once the
distribution function has been determined, an appropriate
design fatigue life can be selected subsequent to an acceptable
𝑃[𝑁 < 𝑁

𝐷
] = 1 − 𝑝

𝑓
, where 𝑝

𝑓
is the probability of

failure. Given that 𝑃[𝑁 > 𝑁
𝐷
] = 𝑝

𝑓
, the design fatigue

life corresponding to a permissible probability 𝑝
𝑓
can be

determined using the following relationship:

𝑝
𝑓
= 1 − exp(−(

𝑛 − 𝑛
0

𝑢 − 𝑛
0

)

𝑘

) , (12)

𝑁
𝐷
= 𝑢[ln( 1

1 − 𝑝
𝑓

)]

1/𝑘

. (13)

If both the load effect (𝑅) and resistance (𝑄) are continuous
random variables, the safety of a structure can be expressed
as 𝑍 = 𝑅 − 𝑄 [15, 26, 27]. If 𝑍 ≤ 0, it represents a failure
condition. Therefore, the probability of failure is

𝑝
𝑓
= 𝑃 [𝑅 < 𝑄] = 𝑃 [𝑍 = 𝑅 − 𝑄 < 0] = Φ

𝑧
(−𝛽)

𝛽 =
𝜇
𝑅
− 𝜇
𝑄

√𝜎
2

𝑅
+ 𝜎
2

𝑄

,
(14)

where the reliability index𝛽 can be calculated using geometry
[26, 27]; 𝛽 is the inverse of the coefficient of variation of
function 𝑍 when 𝑅 and 𝑄 are uncorrelated.

Table 7 lists the mixing rate of overloaded trucks on the
bridge deck of Class 2 bridge; (12) can be used to calculate
the probability of failure of the deck panel. Table 8 shows the
coefficients of variation and distribution based on the Monte
Carlo simulation method.

Figure 11 shows the probability of failure for each test vari-
able. CON bridge deck panels had less than a 1% probability
of failure at a 75-year service life and a 20% mixing rate of
overloaded trucks. However, the results indicated that, if the
mixing rate exceeded 70%, CON specimens would fail in
10 years. CFS-strengthened deck panels had less than a 4%
probability of failure at a 75-year service life and a 60%mixing
rate of overloaded trucks. However, the results for mixing
rates greater than 70% indicated that the probability of failure
would increase gradually to almost 100%.

CGFRP-strengthened bridge decks had a 20% probability
of failure at a 75-year service life and an 80% mixing rate
of overloaded trucks; when approaching a failure condition,
these decks also had a greater margin of probability of failure
than did bridges strengthened with CFS. This probability
analysis demonstrated that increased truck loads caused
increased rates of damage to bridge decks strengthened
with CGFRP, more than for bride decks strengthened with
CFS when bridge decks approached failure conditions. CFS
and CGFRP specimens had failure probabilities of 98% and
92%, respectively, indicating that both CFS and CGFRP
strengthening can provide sufficient safety margins for a 75-
year service life.
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Figure 12 shows the reliability index for the mixing rate
of overloaded trucks to total trucks for each test specimen.
Figure 12 shows how a 50% mixing rate would affect bridge
decks: in this case, the CON specimen failed after about
an 18-year service life. The reliability of the CFS specimen
approached the safety margin (𝛽 = 3), indicating that this
rate of increase in overloaded trucks could be considered the
specimen’s strengthening limit. Under conditions of a 90%
mixing rate, the reliability indexes fell rapidly: CON,CFS, and
CGFRP bridge decks all had service lives of less than 50 years.
The results of this analysis indicate that CGFRP-strengthened
bridge decks are more reliable than CFS-strengthened bridge
decks.

5. Conclusions

This study proposed another approach to fatigue design
for strengthened structures. The test results and considered
variables were limited to the proposed fatigue design tech-
nique, so more research will be required for more reliable
strengthening of deteriorated concrete structures.The bridge
deck reliability index evaluation indicated that both CFS
and CGFRP strengthening methods could strengthen bridge
decks with increased rates of overloaded trucks. Bridge decks
strengthened with CFS or CGFRP extended bridge deck
fatigue life by 1.2–1.5 times compared to a nonstrengthened
bridge deck. The CGFRP strengthening method resulted in
a better reliability index than did the CFS strengthening
method with regard to both strengthening and extended
fatigue lives. Therefore, CGFRP is a more effective strength-
ening method than CFS for concrete bridge decks.
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In the context of performance-based earthquake engineering, reliability method has been of significant importance in performance
and risk assessment of structures or soil-structure interaction (SSI) systems. The finite element (FE) reliability method combines
FE analysis with state-of-the-art methods in reliability analysis and has been employed increasingly to estimate the probability of
occurrence of failure events corresponding to various hazard levels (e.g., earthquakes with various intensity). In this paper, crucial
components for FE reliability analysis are reviewed and summarized. Furthermore, recent advances in both time invariant and time
variant reliability analysis methods for realistic nonlinear SSI systems are presented and applied to a two-dimensional two story
building on layered soil. Various time invariant reliability analysis methods are applied, including the first-order reliability method
(FORM), importance sampling method, and orthogonal plane sampling (OPS) method. For time variant reliability analysis, an
upper bound of the failure probability is obtained from numerical integration of the mean outcrossing rate (MOCR).TheMOCR is
computed by using FORM analysis and OPS analysis. Results by different FE reliability methods are compared in terms of accuracy
and computational cost. This paper provides valuable insights for reliability based probabilistic performance and risk assessment
of SSI systems.

1. Introduction

In the context of performance-based earthquake engineering
(PBEE), a challenging task for structural engineers is to
provide performance and risk assessment for structures or
soil-structural interaction (SSI) systems over their design life-
time. In order to fulfill this task successfully, all pertinent
sources of aleatory and epistemic uncertainties must be
accounted for during the design process. Thus, proper meth-
ods are required for the study of uncertainty propagations
frommodel parameters describing the geometry, thematerial
behaviors, and the applied loadings to structural responses
used in defining performance limit states. These methods
need also to be integrated with methodologies already well-
known to engineers for structural response simulations, such
as the finite element (FE) method [1–4]. In this context, the
FE reliability method combines FE modeling and seismic
response analysis of structures or SSI systems with state-of-
the-art methods in reliability analysis and has been employed
increasingly to estimate the probability of occurrence of

failure events corresponding to various hazard levels (e.g.,
the failure probabilities of the system under earthquakes
with various intensities). Recently, the FE reliability analysis
method has been implemented in a general-purpose software
frameworks for nonlinear FE response analysis, that is,
OpenSees [5]. OpenSees is an open source object-oriented
software framework written in C++ programming language
for static and dynamic, linear and nonlinear finite element
(FE) analysis of structural and/or geotechnical systems. This
framework has been under development by the Pacific
Earthquake Engineering Research Center (PEER) since 1997
and has been increasingly widely used in academic society.
OpenSees provides capabilities for response, response sensi-
tivity, and reliability analyses of structural, geotechnical, and
soil-foundation-structure interaction (SFSI) systems [5].

This paper presents reliability analysis methods for per-
formance and risk assessment of SSI systems. The focus is
on comparing and verifying the various reliability methods,
that is, FORM, IS, OPS, and so forth. As well known, the
SSI effect plays a very crucial role in nonlinear FE analysis.
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The SSI effect may have beneficial or detrimental effects on
the responses of superstructures, depending on the charac-
teristics of earthquake motion, soil, foundation, and super
structures. It is almost impossible to draw general conclusions
about the SSI effect on the system during seismic motions
[6–9]. Based on the study not shown in this paper, similar
observation can bemade for reliability of SSI systems.That is,
the SSI effect plays very crucial role in the reliability analysis
of a nonlinear soil-structure systems, and it is not possible
to predict whether the SSI effect has beneficial or detrimental
effects on the superstructures, depending on the probabilistic
properties of the earthquake motion, soil, foundation, and
super structures. It is almost impossible to draw general
conclusions about the SSI effect on the system unless a fully
reliability analysis is performed.

In this background, the paper presents a brief summary
of crucial components of FE reliability analysis theory and
recent advances in extending the FE reliability theory to
realistic complicated geotechnical and SSI systems. For time
invariant reliability analysis, various methods are imple-
mented/adopted/developed in OpenSees, that is, the first-
and second-order reliability method (FORM and SORM),
importance sampling (IS) method, orthogonal plane sam-
pling (OPS) method, and crude Monte Carlo Simulation
(MCS) method [10–12]. For time variant reliability analysis,
an upper bound of the failure probability is obtained from
numerical integration of the mean outcrossing rate (MOCR)
[13]. The MOCR is computed by using FORM analysis
combining the Koo’s equation [14], as well as the OPS
analysis [10], respectively. Results obtained from different FE
reliability methods are compared in terms of accuracy and
computational cost. This paper provides valuable insights for
probabilistic performance and risk assessment of SSI systems
based on FE reliability analysis.

2. Crucial Components in Time Invariant FE
Reliability Analysis

2.1. Random Variable and Performance Function 𝑔(𝜃) and
Failure Probability. In general, structural reliability problem
consists of computing the probability of failure 𝑃

𝑓
of a given

structure, which is defined as the probability of exceeding
a specified limit state (or damage state) when the model
uncertain quantities are modeled as random variables (RVs).
In finite element (FE) reliability methods, it is important to
define appropriate RVs for measuring the uncertainties in
the FE model. A vector of basic RVs 𝜃 = [𝜃

1
, 𝜃
2
, . . . , 𝜃

𝑛
] are

used to characterize the probabilistic characteristics of the
computation model, for example, loads and environmental
actions, material properties, geometric properties, boundary
conditions, model uncertainty parameters, and so forth.
Every RV 𝜃 has a probability distribution function (PDF)
𝑓
𝜃
(or marginal PDF, e.g., normal distribution, lognormal

distribution, beta distribution, etc.).The relationship between
two random variables 𝜃

𝑖
and 𝜃
𝑗
is specified by the correlation

coefficient, 𝜌
𝑖𝑗
, with a value between −1 and 1, defined as

𝜌
𝑖𝑗
= cov[𝜃

𝑖
, 𝜃
𝑗
]/√var[𝜃

𝑖
]var[𝜃

𝑗
], where the covariance of 𝜃

𝑖

and 𝜃
𝑗
is defined as cov[𝜃

𝑖
, 𝜃
𝑗
] = E[(𝜃

𝑖
− 𝑢
𝑖
)(𝜃
𝑗
− 𝑢
𝑗
)]. The E[]

is the expectation; 𝑢
𝑖
is the mean of RV 𝜃

𝑖
. The variance of

is 𝜃
𝑖
is defined as var[𝜃

𝑖
] = E[(𝜃

𝑖
− 𝑢
𝑖
)
2
] = (𝜎

𝜃
𝑖

)
2, where

𝜎
𝜃𝑖
is the standard deviation of 𝜃

𝑖
. It is easy to show that the

covariance matrix 𝐶
𝜃

= cov[𝜃
𝑖
, 𝜃
𝑗
], correlation coefficient

matrix𝑅
𝜃
, and𝐷

𝜃
= diag(𝜎

1
, 𝜎
2
, . . . , 𝜎

𝑛
) have the relationship

as 𝐶
𝜃
= 𝐷
𝜃
𝑅
𝜃
𝐷
𝜃
[11, 15].

In reliability analysis, the performance criteria are very
important in describing the failure of a structures or geotech-
nical systems. The failure is generally defined as not meeting
performance criteria. In order to define the failure, a perfor-
mance function is defined in terms of engineering demand
parameters (EDPs), damage measures, or decision variables.
The performance function, also called Limit state function
(LSF), is commonly denoted as 𝑔 = 𝑔(r, 𝜃), where r denotes
a vector of response quantities of interest and 𝜃 is the vector
of all basic RVs. The LSF 𝑔 is chosen such that 𝑔 ≤ 0 defines
the failure domain/region. A general form taken by LSF is

𝑔 (𝜃) = rlimit − r (𝜃) , (1)

where rlimit is the threshold defining failure event. The
response quantity r is computed from FE analysis, which
may involve stresses, strains, displacements, accumulated
damages, and so forth and usually is an implicit function
of the RVs 𝜃. This paper focuses on component reliability
problems, that is, the problem is described by a single LSF 𝑔.
Thus, the time invariant component reliability problem takes
the following mathematical form:

𝑃
𝑓
= 𝑃 [𝑔 (r, 𝜃) ≤ 0] = ∫

𝑔(r,𝜃)≤0
𝑝𝜃 (𝜃) 𝑑𝜃, (2)

where 𝑝𝜃(𝜃) denotes the joint PDF of random variables 𝜃. In
time variant reliability problems, the objective is computing
the time variant failure probability, 𝑃

𝑓
(𝑇), corresponding to

the probability of at least one outcrossing of the LSF during
the time interval [0, 𝑇]. An upper bound of 𝑃

𝑓
(𝑇) is given by

(for small failure probability [16])

𝑃
𝑓
(𝑇) ≤ ∫

𝑇

0

]
𝑔
(𝑡) 𝑑𝑡, (3)

where ]
𝑔
(𝑡) denotes the mean downcrossing rate of level zero

of the LSF 𝑔 and 𝑡 represents the time.

2.2. Design Point, FORM, and SORM. The problem in
Formulas (2) and (3) is extremely challenging for real-
world structures and is usually solved numerically. A well-
established method consists of introducing a one-to-one
mapping between the physical space of variables 𝜃 and the
standard normal space (SNS) of variables u [11] and then
computing the probability of failure 𝑃

𝑓
as

𝑃
𝑓
= 𝑃 [𝐺 (u) ≤ 0] = ∫

𝐺(u)≤0
𝜑U (u) 𝑑y, (4)

where 𝜑U(u) denotes the standard normal joint PDF and
𝐺(u) = 𝑔(r(𝜃(u)), 𝜃(u)) is the LSF in the SNS. Solving
the integral in Formula (4) remains a formidable task, but
this new form of 𝑃

𝑓
is suitable for approximate solutions
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Figure 1: DP, FORM, and SORMmethods.

taking advantage of the rotational symmetry of 𝜑U(u) and
its exponential decay in both the radial and tangential
directions. An optimum point at the limit state surface (LSS)
𝐺(u) = 0 is the so-called “design point” (DP), u∗ (see
Figure 1), which is defined as the most likely failure point on
the LSS in SNS, that is, the point on the LSS that is closest to
the origin. If the LSS in the SNS 𝐺(u) = 0 is approximated by
its linearized plane-/second-order polynomial surface at DP
u∗ (see Figure 1), then the first-/second-order estimate of the
failure probability can be computed, and the corresponding
methods are called first-/second-order reliability method
(FORM/SORM), respectively. As shown in Figure 1, since
most of the contribution to failure probability is from the
shaded region close to the DP and in the failure domain,
and considering that the PDF exponentially decay in both
the radial and tangential direction, it is clear that FORM and
SORMmaybe accurate enoughwhen the LSS is not extremely
highly nonlinear close to the DP. The first order estimate of
the failure probability is usually expressed as an equivalent
reliability index 𝛽 as

𝑃
𝑓
= Φ (−𝛽) =

u
∗ . (5)

Figure 1 shows the contours of joint PDFs of RVs in
physical space and in SNS, respectively. The DP is the point
on LSS in SNS which is closest to the origin (i.e., u∗) and
FORM/SORM are first-/second-order approximation of the
LSS at DP.

2.2.1. Joint Distribution Model and Probability Transforma-
tion. In engineering problems, usually only the information
of the marginal distributions and the correlation structures
of the random variables are available. In this case, several
models can be used to obtain the joint PDF in SNS by using

this incomplete information, including Rosenblatt, Nataf,
Hermite, or Morgenstern and so forth [17, 18]. The Nataf
model is used in this paper since it allows a relatively wide
range of correlation values. In Nataf model, the joint distri-
butions are completely defined by the marginal distributions
and the correlation structures of the RVs. The joint normal
distribution 𝑓𝜃(𝜃) obtained by the marginal PDF 𝑓

𝜃𝑖
(𝜃
𝑖
) and

correlation coefficient matrix is 𝑅

𝑓𝜃 (𝜃) = 𝑓
𝜃
1

(𝜃
1
) ⋅ ⋅ ⋅ 𝑓

𝜃
𝑛

(𝜃
𝑛
)

𝜑
𝑛
(𝑍, 𝑅

)

𝜑 (𝑧
1
) ⋅ ⋅ ⋅ 𝜑 (𝑧

𝑛
)
, (6)

where 𝜑
𝑛
(𝑍, 𝑅

) is an n-dimensional joint PDF of variables

with zero mean, unit variance, and correlation coefficient
matrix 𝑅

, 𝜑
𝑈
𝑖

(𝑢
𝑖
) is the standard normal PDF, and 𝑧

𝑖
=

Φ
−1
[𝐹
𝜃
𝑖

(𝜃
𝑖
)] is the one-to-one mapping of RV 𝜃

𝑖
with any

PDF to RV 𝑧
𝑖
with standard normal distribution. 𝐹

𝜃
𝑖

(𝜃
𝑖
) and

Φ
𝑈
𝑖

(𝑢
𝑖
) denote the cumulative distribution function (CDF) of

variables with any distribution 𝑓
𝜃
𝑖

(𝜃
𝑖
) and standard normal

PDF 𝜑
𝑈
𝑖

(𝑢
𝑖
). Here 𝑅 = 𝜌



𝑖𝑗
, while 𝜌

𝑖𝑗
and 𝜌
𝑖𝑗
are related by

𝜌
𝑖𝑗
= ∬

∞

−∞

(
𝑥
𝑖
− 𝑢
𝑖

𝜎
𝑖

)(

𝑥
𝑗
− 𝑢
𝑗

𝜎
𝑗

)𝜑
2
(𝑧
𝑖
, 𝑧
𝑗
, 𝜌


𝑖𝑗
) 𝑑𝑧
𝑖
𝑑𝑧
𝑗
.

(7)

𝜑
2
(𝑧
𝑖
, 𝑧
𝑗
, 𝜌


𝑖𝑗
) is a bivariate normal pdf with zero means, unit

variances, and correlation coefficient 𝜌
𝑖𝑗
. By iteration, 𝜌

𝑖𝑗
can

be solved for in terms of given values of 𝜌
𝑖𝑗
[19].

2.2.2. Design Point (DP) SearchAlgorithm. InDPbased struc-
tural reliability analysis methods, like FORM and SORM, an
efficient and robust DP searching algorithm is very crucial.
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The DP searching is also an optimization problem, because
the DP u∗ is the point on the LSS that has the closest distance
from the origin in the standard normal space (SNS):

u∗ = (
min 1

2
u𝑇u

s.t. 𝐺 (u) = 0

) . (8)

Several methods exist to obtain the DPs. The so-called
HLRF algorithm originally developed by [20] and later
extended to nonnormal random variables by [21] is a one of
the most popular methods. Recently, the author and cowork-
ers have adopted into OpenSees a general purpose sparse
nonlinear optimization toolbox (SNOPT, a state-of-the-art
numerical optimization software [22, 23]). The extended
OpenSees-SNOPT framework is general and flexible and can
be used to solve a wide range of FE-based optimization prob-
lems (including DP search) in structural and geotechnical
engineering. SNOPT has several distinguishing features that
make it particularly suitable for DP search problems: (1)
applicability for large scale problems especially those with
large amount of constraints and variables and a moderate
number of degrees of freedom; (2) economical computation
since SNOPT uses techniques like early termination of
the quadratic programming (QP) subproblems and requires
relatively few evaluations of the problem functions; (3) robust
and reliable features, such as dealing with unfeasible points
(e.g., when FE analysis does not converge) and tolerance of
discontinuities in the function gradients; and (4) Flexible
options allow customizing SNOPT for design point searching
problems [23].

2.2.3. FE Response Sensitivity Computation. FE response sen-
sitivity analysis is an essential ingredient for providing func-
tion gradients in the DP search process. It is also a necessary
step for gradient-based optimization methods required in
various subfields of structural and geotechnical engineering
such as structural optimization, system identification, and
FE model updating [11, 24, 25]. In addition, FE response
sensitivities are invaluable for gaining insight into the effects
and relative importance of system and loading parameters
on system response. If 𝑟 denotes a generic scalar response
quantity, the sensitivity of 𝑟 with respect to the geometric,
material, or loading parameter 𝜃 is the partial derivative of 𝑟
with respect to parameter 𝜃, that is, 𝜕𝑟/𝜕𝜃, evaluated at 𝜃 = 𝜃

0
,

where 𝜃
0
denotes the nominal value taken by the sensitivity

parameter 𝜃 in the FE response analysis.
Several methodologies are available for response sensi-

tivity computation, such as the Finite Difference Method
(FDM), the Adjoint Method (AM), the Perturbation Method
(PM), and the Direct Differentiation Method (DDM) [24–
32]. The FDM is the simplest method for response sensitivity
computation but is computationally expensive and can be
negatively affected by numerical noise. The AM is extremely
efficient for linear andnonlinear elastic structuralmodels, but
is not competitive with other methods for path-dependent
(i.e., nonlinear inelastic) problems. The PM is computation-
ally efficient but generally not very accurate.TheDDM, on the
other hand, is general, efficient, and accurate and is applicable

to any material constitutive model. These advantages can be
obtained at the one-time cost of differentiating analytically
the space- and time-discrete equations describing the struc-
tural response and implementing these “exact” derivatives in
a FE program.

In the DDM, the consistent FE response sensitivities are
computed at each time step, after convergence is achieved
for the response computation. This requires the exact or
analytical differentiation of the FE algorithm for the response
calculation with respect to each sensitivity parameter. Conse-
quently, the response sensitivity calculation algorithm affects
the various hierarchical layers of FE response calculations,
namely, the structure level, the element level, the integration
point (section for frame/truss elements) level, and the mate-
rial level. Details on the derivation of the DDM sensitivity
equation can be found in the literature [12, 25, 27]. Recently,
the DDM based response sensitivity algorithms are greatly
extended for complicated structures or SSI systems, which
closes gaps between FE response sensitivity computation
using the DDM and state-of-the-art FE response-only anal-
ysis. These extensions, corresponding to various hierarchical
layers, include (1) DDM for linear and nonlinear FE models
withmultipoint constraints (MPCs), namely, the transforma-
tion equation method, the Lagrange multiplier method, and
the penalty function method, respectively [30, 31]; (2) DDM
for various elements, such as frame elements, four-node
quadratic element, eight-node brick elements, and so forth;
(3)DDM for sections like fiber section; (4)DDM formaterial
models, including various one dimensional (1D) concrete and
steel constitutive models, 3D multi-yield surface soil model,
3D bound surface soil model, and 3D Cap concrete plasticity
model, and so forth [12, 32].These extensions enable DDM to
be extended to complicated realistic SSI systems, providing an
efficient and accurate response gradient computationmethod
for DP search algorithms (e.g., SNOPT).

2.3. Sampling Techniques. Asmentioned above, an important
goal of structural reliability analysis is estimating the failure
probability for a given performance function or LSF. Unlike
DP-based analytical methods like FORM and SORM, the
sampling techniques achieve this goal by sampling a PDF
based on computer generated random numbers. The most
commonly used method is Monte-Carlo simulation (MCS),
in which the failure probability is obtained by

𝑃
𝑓
= ∫
𝑔(𝜃)<0

𝑓 (𝜃) 𝑑𝜃 = ∫
𝜃

𝐼 (𝜃) ⋅ 𝑓 (𝜃) 𝑑𝜃

= 𝐸 [𝐼 (𝜃)] =
1

𝑁

𝑁

∑

𝑖=1

𝑝
𝑖
,

(9)

where 𝑝
𝑖
= 𝐼(𝜃), and 𝐼(𝜃) is defined as

𝐼 (𝜃) = {
0 The system is safe, or 𝑔 (𝜃) > 0

1 The system fails, or 𝑔 (𝜃) ≤ 0.
(10)

In this paper, the sampling is performed in standard
normal space (SNS, orU space) and the sampling distribution
is centered at the origin of SNS for simplicity. In MCS,
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Figure 2: Importance sampling combined with the design point in
standard normal space.

the variance of the 𝑃
𝑓
can be computed by var[𝑃

𝑓
] = ((𝑃

𝑓
⋅

(1 − 𝑃
𝑓
))/𝑁) and the coefficient of variation by c.o.v.[𝑃

𝑓
] =

√((1 − 𝑃
𝑓
)/𝑁𝑃
𝑓
). The MCS is usually treated as the “actual”

or “true” solution of a failure probability. However, MCS is
often unfeasible due to the fact that the failure probability
is usually small (i.e., 1e-2 to 1e-8), and a large number of
samples may be required in order to obtain a good estimation
of failure probability. This in practice may cause extremely
high computational cost considering that the nonlinear FE
analysis of realistic SSI systems is very time consuming.Thus,
several improved simulation methods are adopted, including
importance sampling (IS), orthogonal plane sampling (OPS),
and so forth.

2.3.1. Importance Sampling Method (IS). IS improves the
simulation efficiency by biasing the choice of the random
vectors through using a designed sampling distribution ℎ(𝜃),
called the importance sampling distribution [33], which has
a greater portion of the PDF than the actual PDF of 𝑓(𝜃) in
the failure domain (i.e., in the region 𝑔(𝜃) < 0). Then,

𝑃
𝑓
= ∫
𝑥

𝐼 (𝜃)
𝑓 (𝜃)

ℎ (𝜃)
ℎ (𝜃) 𝑑𝜃 =

1

𝑁

𝑁

∑

𝑖=1

𝑝
𝑖
, (11)

where 𝑝
𝑖

= 𝐼(𝜃
𝑖
)(𝑓(𝜃
𝑖
)/𝑔(𝜃
𝑖
)). The variance of the 𝑃

𝑓
is

var[𝑃
𝑓
] = (1/𝑁)𝐸[(𝐼(𝜃)(𝑓(𝜃

𝑖
)/𝑔(𝜃)) − 𝑃

𝑓
)
2
], which can be

simplified as var[𝑃
𝑓
] ≈ (1/𝑁(N − 1))∑

𝑁

𝑖=1
(𝐼(𝜃
𝑖
)(𝑓(𝜃
𝑖
)/

𝑔(𝜃
𝑖
)) − 𝑃
𝑓
)
2 while the coefficient of variation is c.o.v.[𝑃

𝑓
] =

√var[𝑃
𝑓
]/𝑃
𝑓
. In this paper, the sampling is performed in the

SNS (U space) instead of the 𝜃 space, and the ℎ(𝜃) is selected
to be a Gauss distribution centered at the design point (DP);
see Figure 2.

It is worth mentioning that IS may not be suitable for
FE reliability analysis due to the possible nonconvergence
in nonlinear FE analysis. From Formula (11), it is clear that
even one point in failure domain could possibly significantly
change the entire failure probability result if 𝑓(𝜃

𝑖
)/𝑔(𝜃
𝑖
) is

large; however, it may cause serious underestimation of

T
·u = 0

u1

u2 DP u∗

un

un

u1

un−1 un = h(u

n−1)

Sampling
space un−1

G(u) = 0

𝛼

Figure 3: Sampling in the orthogonal plane.

failure probability if this point is not available due to the FE
nonconvergence. Unfortunately, this does happen in some
cases in practice, according to the author’s experience not
shown in this paper. The orthogonal plane sampling method
may overcome this shortcoming.

2.3.2. Orthogonal Plane SamplingMethod (OPS). In standard
normal space (SNS), the OPS requires the information of DP
u∗ and its corresponding unit vector 𝛼. The orthogonal plane
is defined as the plane normal to 𝛼, that is, 𝛼𝑇 ⋅ u = 0,
and passing through the origin O (see Figure 3). Let u =
(𝑢


1
, 𝑢


2
, . . . , 𝑢



𝑛
) be a transformation of a sampling point u in

the SNS, such that the axis 𝑢
𝑛
coincides with 𝛼. Assume that

the limit state surface (LSS) 𝐺(u) = 0 can be written in
the form of a single-valued function defined as the distance
from the orthogonal plane to the limit state surface after
this transformation. This assumption sometimes does not
hold (i.e., when the limit state surface is spherically shaped;
there are two values satisfying u

𝑛
= ℎ(u

𝑛−1
)). However this

assumption may hold over a reasonable neighborhood of the
DP [14]. For points far from the DP (e.g., if the distance of
this point to the orthogonal plane is more than 𝛽 + 3, where
𝛽 is reliability index) in the failure domain, the contribution
of this point to the failure probability is negligibly small (less
than Φ[−𝛽 + 3]). In the SNS, for any sampling point u, the
first step is to project the point u

𝑛
onto the orthogonal plane

𝛼
𝑇
⋅ u = 0 to obtain the projection point u

𝑛−1
. The distance

from the orthogonal plane to the LSS u
𝑛
is computed by

solving 𝐺(u) = 0 after which the failure probability can be
computed as

𝑃 [𝐺 (u
𝑛
) ≤ 0] = ∫

𝐺(u
𝑛
)≤0

𝜑 (u
𝑛
) 𝑑u
𝑛

= ∫
ℎ(u
𝑛−1
)≤u
𝑛

𝜑 (𝑢


𝑛
) 𝜑 (u

𝑛−1
) 𝑑𝑢


𝑛
𝑑u
𝑛−1
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= ∫
u
𝑛−1

[∫

∞

ℎ(u𝑛−1)
𝜑 (𝑢


𝑛
) 𝑑𝑢


𝑛
]𝜑 (u

𝑛−1
) 𝑑u
𝑛−1

= ∫
u
𝑛−1

𝜑 [−ℎ (u
𝑛−1

)] 𝜑 (u
𝑛−1

) 𝑑u
𝑛−1

= 𝐸
𝜑(u
𝑛−1
)
[Φ [−ℎ (u

𝑛−1
)]] ,

(12)

where 𝐸
𝜑(u
𝑛−1
)
[ ] denotes the expectation of the argument

with respect to the distribution of𝜑(u
𝑛−1

). Define the random
quantity 𝑝 as 𝑝 = [Φ[−ℎ(u

𝑛−1
)]], then the failure probability

is computed as 𝑃
𝑓

= (1/𝑁)∑
𝑁

𝑖=1
𝑝
𝑖
, where 𝑝

𝑖
is the 𝑖th

sampling point. The variance of the 𝑃
𝑓
can be computed

by var[𝑃
𝑓
] = (1/𝑁)𝐸

𝜑(u
𝑛−1
)
[(𝑃
𝑖
− 𝑃
𝑓
)
2
], and the coefficient

of variation is c.o.v.[𝑃
𝑓
] = √var[𝑃

𝑓
]/𝑃
𝑓
. In practice, the

orthogonal plane sampling method has five steps as follows:
(1) in U space, simulate n-D standard normal vector u

𝑛
; (2)

project this point u
𝑛
onto the orthogonal plane 𝛼𝑇 ⋅ u = 0

to get u
𝑛−1

, where the subscript n denotes the dimension
of u; (3) along the DP direction, compute the projection
point of u

𝑛
onto the LSS along DP, ℎ(u

𝑛−1
), by solving

G(𝑢
𝑛
, u
𝑛−1

) = 0 using a one dimensional linear search zero-
finding algorithm; (4) compute𝑝 = [Φ[−ℎ(u

𝑛−1
)]] and failure

probability as shown in Formula (12). (5) Repeat steps 1–4
until the maximum number of the simulation is reached or
the designed coefficient of variation is satisfied.

The advantage of the orthogonal plane sampling method
is that theDP is not necessary to be very accurate, which saves
steps in the DP searching process. For each sampling point,
the limit state function has to be evaluated repeatedly in order
to get the point on the LSS. Thus, it is necessary to adopt an
efficient and practical (in the sense that it is able to deal with
FE nonconvergence) zero-finding algorithm for reducing the
number of evaluations of the LSF [12].

3. Time Variant FE Reliability Analysis

There are two types of failures caused by random vibrations:
(1) first excursion failures (or yield failures), defined by the
stochastic structural response “𝑟(𝑡)” first reaching an upper
level; (2) fatigue failures, defined as that the accumulated
damage due to response cycles of small or moderate ampli-
tudes reaching a total limit criteria.This paper emphasize the
first type of failure, in which the failure probability can be
defined as

𝑃
𝑓
= 𝑃 [min (g (𝑟 (𝑡) , 𝑡)) ≤ 0] (0 < 𝑡 < T) . (13)

Solving (13) analytically is extremely difficult, if it is
not completely impossible. Usually the time variant failure
probability is estimated by an upper bound using Formula
(3). The mean outcrossing rate of level 𝜉+ at time 𝑡 is defined
as V(𝜁+, 𝑡) = 𝐸[𝑑𝑁/𝑑𝑡], where𝑁 is the number of outcrossing
events. To compute the mean outcrossing rate is still a
formidable task. Rice gives an analytical solution as V(𝑡) =

− ∫
0

−∞
| ̇𝑔|𝑓
𝑔 ̇𝑔
(𝑔 = 0, ̇𝑔, 𝑡)𝑑 ̇𝑔,Where𝑓

𝑔 ̇𝑔
is the joint probability

density function of the limit state function𝑔[r(𝑡), ̇r(𝑡)] at time
𝑡 [34].This joint density function is still extremely difficult or
nearly impossible to obtain for a general nonlinear inelastic
system. Alternatively, the numerical evaluation of the mean
outcrossing rate reduces to a time invariant two-component
parallel system reliability analysis [13]:

V (𝑡) = lim
𝛿𝑡→0

𝑃 {𝑔
1
(r) > 0 ∩ 𝑔

2
(r) < 0}

𝛿𝑡
, (14)

where 𝑔
1
(r) = 𝐺[r(𝜃, 𝑡)] and 𝑔

2
(r) = 𝐺[r(𝜃, 𝑡 + 𝛿𝑡)]. This

equation is understood as one or more outcrossing events
having happened during the time [𝑡, 𝑡+𝛿𝑡]. In practice, (14) is
solved using a perturbation method, that is, V(𝑡) ≈ 𝑃{𝑔

1
(r) >

0 ∩ 𝑔
2
(r) < 0}/𝛿𝑡 for small 𝛿𝑡. To get an accurate result,

the perturbation 𝛿𝑡must be small enough. However, the two
events 𝑔

1
(r) > 0 and 𝑔

2
(r) < 0 occur nearly at the same time

(only 𝛿𝑡 apart from each other) and with opposite inequality
signs. If we use a too small 𝛿𝑡, the correlation coefficient
between the two linearized events approaches −1, causing a
singularity in solving the 𝑃[𝑔

1
(r) > 0 ∩ 𝑔

2
(r) < 0] and a loss

in accuracy. In practice, 𝛿𝑡 = Δ𝑡/10 ∼ Δ𝑡/100may be a good
enough choice.WhereΔ𝑡 is the interval used to discretize the
excitation [14].

3.1. Estimation of Mean Outcrossing Rate Using FORM and
Koo’s Formula. To solve (14), the first order reliabilitymethod
(FORM) is employed for computing the𝑃{𝑔

1
(r) > 0∩𝑔

2
(r) <

0}. As shown in Figure 4, in standard normal space (SNS),
the FORM approximation and exact region of {𝑔

1
(r) > 0 ∩

𝑔
2
(r) < 0} are plotted, respectively. The two DPs at time 𝑡

and 𝑡 + 𝛿𝑡 are u∗
1
and u∗

2
, with DP directions 𝛼

1
and 𝛼

2
. In

the FORM approximation, the two limit state surfaces (LSS)
linearized at design points u∗

1
and u∗

2
are (𝐺

1
)linearized = 0 and

(𝐺
2
)linearized = 0. The real region of {𝑔

1
(r) > 0 ∩ 𝑔

2
(r) < 0}

is then approximated by the area between these two planes as
shown in Figure 4.

The probability content in the failure domain defined by
the intersection of the two linearized limit state surfaces is
given by [35]

𝑃 ≈ Φ (−𝛽
1
)Φ (−𝛽

2
) + ∫

𝜌
12

0

𝜙
2
(−𝛽
1
, −𝛽
2
, 𝜌) 𝑑𝜌, (15)

where 𝜌
12

= 𝛼
1
⋅ 𝛼
2
is the correlation coefficient between

the two linearized failure modes, and 𝜙
2
(−𝛽
1
, −𝛽
2
, 𝜌) is the

bivariate normal joint PDF with zero means, unit variances,
and correlation coefficient 𝜌, that is, 𝜙

2
(−𝛽
1
, −𝛽
2
, 𝜌) =

1/[2𝜋(1−𝜌
2
)]⋅exp(−(𝛽2

1
+𝛽
2

2
−2𝜌𝛽
1
𝛽
2
)/(2(1−𝜌

2
))). In practice,

𝑔
1
(r) = 𝐺[r(𝜃, 𝑡)] and 𝑔

2
(r) = 𝐺[r(𝜃, 𝑡 + 𝛿𝑡)]. The second LSF

𝑔
2
(r) can be computed by using its first order approximation

as 𝑔
2
(r) ≈ 𝐺[r(𝜃, 𝑡)]+∇r𝐺[r(𝜃, 𝑡)] ̇r(r, 𝑡)𝛿𝑡, and the gradient of

the second LSF may be computed in the same way by using
a chain rule. In this way, only the first LSF and its gradient
need to be computed by using FE analysis, greatly reducing
the computational cost.

Despite these advantages, as mentioned before, the high
correlation between 𝑔

1
and 𝑔

2
(or, 𝜌
12

= 𝛼
1
⋅ 𝛼
2
≈ 1.0) and

the fact 𝛽
1
≈ 𝛽
2
will cause the 𝜙

2
(−𝛽
1
, −𝛽
2
, 𝜌) in Formula
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Figure 4: Failure domain of the parallel system for computing the mean outcrossing rate.

(15) to be almost singular, thus the integration in Formula
(15) requires the two DPs to be extremely accurate. In real
engineering problems, this requirement is very difficult to
meet. Considering the close relation of the two LSFs 𝑔

1
(r) =

𝐺[r(𝜃, 𝑡)] and 𝑔
2
(r) = 𝐺[r(𝜃, 𝑡 + 𝛿𝑡)], the problem can be

solved in another manner. The second LSF 𝑔
2
(x) is almost

identical to the first one except a very small time shift 𝛿𝑡.
Thus the second DP can be approximated by shifting the first
DP by the small time increment 𝛿𝑡. This is the case for the
stationary excitation since theDP excitations at different time
points have the same shape but are shifted by the time interval
𝛿𝑡 between these time points. For the nonstationary case,
this equation also gives a good approximation when time
interval 𝛿𝑡 is much smaller than the time scale of changes of
the probabilistic structure of the nonstationary process [14].
Under this assumption, the second reliability index is𝛽

1
≈ 𝛽
2
,

and the second DP direction 𝛼
2
is obtained by shifting 𝛼

1
in

time by 𝛿𝑡. The analytical solution to Formula (15) can then
be estimated directly by computing the limit value when 𝛿𝑡

tend to zero [14],

𝜙
2
(−𝛽
1
, −𝛽
2
, 𝜌) ≈

1

2𝜋
exp(−

𝛽
2

2
) [sin−1 (𝜌) − sin−1 (−1)] ,

(16)

where 𝜌 = 𝛼
1
⋅ 𝛼
2
. Compared with the method of separately

obtaining the two DPs for two LSFs, Koo’s equation (16) has
tremendous advantage, that is, the DP is computed only once,
cutting computational costs in half, and does not need to
be extremely accurate as required by the “two DPs method.”
This method is especially useful for real world large scale
SSI problems, where the tolerance of the convergence for
FE analysis is relatively large (e.g., for norm of incremental
displacement vector, the tolerance may be set to 1.0E-4 [m],
for satisfying the engineer’s requirement). In this case the DP

is not accurate, and Koo’s equation is an effective way to get
the mean outcrossing rate of these problems.

3.2. Estimation of Mean Outcrossing Rate Using OPS. Al-
though Koo’s equation makes the integration of Formula (15)
feasible and is able to solve a large range of practical problems,
it still has shortcomings, that is, it is not accurate enough
especially when applying to highly nonlinear systems. This
is due to the fact that the analytical solution in Formula
(16) is based on the linearization of the two LSSs at the
two DPs. As shown in Figure 4, although the standard
normal PDF exponentially decay in both the radial and
tangential direction, the real failure region (Figure 4) is such
a very narrow wedge shape that the failure probability is
not dominantly contributed from a small region close to
DP (like time invariant case). Furthermore, as shown in
Figure 4, the FORM approximation (i.e., the wedge shape
in Figure 4) may be significantly different from the real
𝑃[𝑔
1
(r) > 0 ∩ 𝑔

2
(r) < 0] for highly nonlinear LSSs.

Thesemake the estimation in Formula (16) inaccurate. In this
background, the paper adopted a new algorithm based on
the two DPs and orthogonal plane sampling (OPS) methods,
denoted as “DP+OPS” method. The steps of “DP+OPS”
method are similar to the OPS method, except that step
(4) is replaced by the following two steps: (i) along the
DP direction, compute the projection point of u

𝑛
on the

second LSS ℎ(u
𝑛−1

) by solving 𝐺
2
(𝑢


𝑛
, u
𝑛−1

) = 0 using
a one-dimensional zero-finding line search algorithm; (ii)
compute 𝑝 = [Φ[−ℎ(u

𝑛−1
)]] − [Φ[−ℎ(u

𝑛−1
)]] and then add

its contribution to the failure probability. In this way, the
exact shape of the two LSSs is considered. Compared with
the FORM approximation of the mean outcrossing rate, the
DP+OPS gives a much more accurate solution.
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Figure 5: A 2D model of SFSI system: geometry, section properties, and soil.

3.3. Discrete Representation of Stochastic Excitation. To solve
structural random vibration problems, the input processes
are usually represented by a stochastic process. In this paper,
a general nonstationary stochastic processes 𝑄(𝑡) process is
modeled by using a finite number of random variables as

𝑄 (𝑡) = 𝑢 (𝑡) + 𝑐
1

𝐾

∑

𝑘=1

𝑞
𝑘 (𝑡)

𝑁

∑

𝑖=1

𝑦
𝑖𝑘
ℎ
𝑘
(𝑡 − 𝑡
𝑖
) , (17)

where 𝑢(𝑡) is a deterministic time-varying mean function
and parameter 𝑐

1
is a deterministic constant. The sequence

𝑦
1
𝑦
2
, . . . , 𝑦

𝑁
is a train of pulses in which each 𝑦

𝑖
is defined

as a standard normal random variable at time point; 𝑡
𝑖
, and

𝑦
𝑖
are equally spaced along the time axis. The sequence

𝑦
1
𝑦
2
, . . . , 𝑦

𝑁
represents the intermittent ruptures at the fault

and approaches aGaussianwhite noise process as the number
𝑁 approaches infinity. 𝑞

𝑘
(𝑡) is 𝑘th deterministic modulating

function, used to control the variance of the process along
the time axis. The deterministic filter function ℎ(𝑡 − 𝑡

𝑖
),

generally selected as the unit impulse response function
with damping, can represent the ground medium through
which the wave travels. [14, 36]. In this paper, the Gaussian
white noise is employed to represent the earthquake input.

By selecting 𝑢(𝑡) = 0, 𝑘 = 1, and 𝑞
𝑘
(𝑡) = 1.0 in Formula

(17), 𝑄(𝑡) is simplified to a Gaussian white noise with zero
mean and standard deviation 𝑐

1
. In practice, the integration

time step of the FE analysis is often shorter than the time
interval Δ𝑡 between two neighboring impulses. In this case,
the linear interpolation for discrete Gaussian white noise is
employed. Assuming the random excitation process varies
linearly between the values 𝑦

𝑖
(𝑖 = 1, 2, . . .), it can be shown

that the standard deviation of the white noise, the time
interval Δ𝑡, and the intensity 𝜙

0
are related by 𝜎2Δ𝑡/2𝜋 = 𝜙

0

[37].

4. Application Examples

4.1. Time Invariant Reliability Analysis of a 2D SSI System.
The first application example is a 2D two-story two-bay
RC frame with RC footing foundation on layered clay. The
frame structure is modeled using displacement-based Euler-
Bernoulli frame element with distributed plasticity, each with
four Gauss-Legendre integration points. Section stress resul-
tants are computed by using a 2D fiber section discretization.
Foundation footings and soil layers are modeled through
isoparametric four-node quadrilateral plane strain elements
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Table 1: Probabilistic properties of structure material (all have
lognormal distribution except for the ones without c.o.v., unit: kPa).

Concrete Steel

Mat Core Cover Mat Mean c.o.v
Mean c.o.v Mean c.o.v

𝑓
𝑐

3.447𝑒4 0.2 2.758𝑒4 0.2 𝐸 2.1𝑒8 0.33
𝑓cu 2.572𝑒4 0.2 1.0𝑒3 — 𝑓

𝑦
2.482𝑒5 0.106

𝜀
𝑐

0.005 0.2 0.002 0.2 𝑏 0.02 0.2
𝑒
𝑐

0.02 0.2 0.012 0.2
𝐸
𝑐

2.875𝑒7 — 2.491𝑒7 —

(with thickness 4.0m) with bilinear displacement interpola-
tion (Figure 5). The constitutive behavior of the reinforcing
steel is modeled using a one-dimensional 𝐽

2
plasticity model

with kinematic linear hardening [28]. The concrete is mod-
eled using the smoothed popovics-saenz model [12]. The soil
is modeled using a pressure-independent multiyield-surface
𝐽
2
plasticity material model [31], specialized for plane strain

condition. The soil is assumed to be under a simple shear
condition with its bottom nodes fixed and the corresponding
boundary nodes at same depth horizontally tied together.The
nodes of the beam (with two translation DOFs and a rotation
DOF) and the corresponding nodes at the same location
on the foundation concrete block (with only two translation
DOFs) at the same location are tied together in both the
horizontal and vertical directions to connect the structures
and soils. The structure is subjected to horizontal pushover
condition with an upper triangular loading pattern. Different
material parameters are used for the confined (core) and
unconfined (cover) concrete in the columns and beams and
for the four soil layers.Thirteen material parameters are used
to characterize the various structural materials employed in
the frame model, in which ten parameters are modeled as
RVs, that is, (1) strength of cover concrete 𝑓

𝑐
, (2) strain

at the strength of cover concrete 𝜀
𝑐
, (3) strain at residual

strength of cover concrete 𝜀cu, (4) strength of core concrete
𝑓
𝑐
, (5) residual strength of core concrete 𝑓cu, (6) strain at

strength of core concrete 𝜀
𝑐
, (7) strain at residual of concrete

concrete 𝜀cu, (8) strength of steel 𝑓
𝑦
, (9) stiffness of steel 𝐸

𝑠
,

and (10) kinematic hardening parameter of steel 𝐻kin. The
mean and coefficient of variation of these RVs are listed in
Table 1. The residual strength of cover concrete, the stiffness
of the concrete, and the properties of concrete foundation
block are modeled as a deterministic number instead of RVs.
For the soil, two parameters in each of the four soil layers
are modeled as RVs, that is, low-strain shear modulus 𝐺

and shear strength tmax are modeled as RVs. These RVs
are numbered from top layer to bottom layers as (11) 𝜏max,1,
(12) 𝐺

1
, (13) 𝜏max,2, (14) 𝐺2, (15) 𝜏max,3, (16) 𝐺3, (17) 𝜏max,4,

and (18) 𝐺
4
(Table 2).The poisson’s ratio of the soil is taken as

0.35. The maximum value of the distributed loading, that is,
𝑃 in Figure 5, is modeled as RV with number (19) as shown
in Table 3. The correlation between various RVs is listed in
Table 4.TheNataf model [11] was used to generate samples of
the random modeling parameters.

Table 2: Probabilistic properties of soil material (all have lognormal
distributions, unit: kPa).

layer Mean c.o.v

#1 (top) 𝐺 54450 0.3
𝜏max 99.0 0.25

#2 𝐺 33800 0.3
𝜏max 78.0 0.25

#3 𝐺 61250 0.3
𝜏max 105.0 0.25

#4 (bottom) 𝐺 96800 0.3
𝜏max 132.0 0.25

Table 3: Probabilistic properties of load pattern (lognormal distri-
bution, unit: kN).

Mean c.o.v
𝑃max 250.0 0.2

Table 4: Correlation between RVs.

RV RV Correlation
𝑓
𝑐,core 𝑓

𝑐,cover 0.8
𝜀
𝑐,core 𝜀

𝑐,cover 0.8
𝑒cu,core 𝑒cu,cover 0.8
𝜀
𝑐,core 𝜀

𝑐,core 0.8
𝑓
𝑐,core 𝑓cu,core 0.8

𝜀
𝑐,cover 𝜀

𝑐,cover 0.8
𝜀
𝑐,core 𝜀

𝑐,cover 0.8
𝜀cu,core 𝜀cu,cover 0.8
𝑓cu,core 𝑓

𝑐,cover 0.64
𝐺
1

𝜏max,1 0.4
𝐺
2

𝜏max,2 0.4
𝐺
3

𝜏max,3 0.4
𝐺
4

𝜏max,4 0.4
𝜏max,1 𝜏max,2 0.4
𝜏max,2 𝜏max,3 0.4
𝜏max,3 𝜏max,4 0.4

After application of the static gravity loads, the structure
is subjected to a quasi-static pushover analysis. Two types of
limit state functions (LSFs) are considered, that is,

𝑔
1
= Δ limit − Δ

1
= Δ limit − (𝑢

2
− 𝑢
3
) ,

𝑔
2
= 𝑢limit − (𝑢

1
− 𝑢
3
) ,

(18)

where Δ
1
is the first interstory drift and Δ limit is the displace-

ment threshold, taken as 2.5, 5.0, and 7.5 cm, respectively;
the parameters 𝑢

1
and 𝑢

3
are the displacements of top and

bottom of the building, respectively, and thus quantity (𝑢
1
−

𝑢
3
) denotes the “total” displacement of the structures. The

criterion 𝑢limit is taken as 5.0 cm, 7.5 cm, 10 cm, and 14.4 cm
(2% of the height of the building), respectively. The SNOPT-
based DP search algorithm is used to find the DPs. In this
paper, a “sequential DP searching method” is used; that is,
the DP obtained from a LSF with lower threshold is used as
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a “warm” starting point for the DP search of the subsequent
LSFwith higher criterion.TheDPs normalized by theirmean,
of the two LSFs, are shown in Figures 6 and 7. Note that the
horizontal axis is the number of DVs.

From Figures 6 and 7, it is observed that as the limit
criterion increase, the DPs “evolved” along same directions
(i.e., some RVs always increase while others always decrease).
This path is also marked out by arrows denoted as “evolution
direction” in Figures 6 and 7.This shows that theDP fromLSF
with lower criterion is very suitable for the “warm starting
point” of DP search with higher criterion. This searching
method is also called the “sequential DP searching method”
by Gu [12]. From the numerical experiments not shown in
this paper, when the DP search algorithm fails to find the
optimum, onemay define another LSF (denoted as LSF2 here)
which has higher threshold whose DP (denotes as DP2) may
be computed relativelymore easily.TheDPof the original LSF
may be solved using the “sequential DP searching method,”
taking advantage of the DP2 to be a warm starting point.
In this way, a complicated DP search problem can be solved
by sequential DP search problems. It is also observed from
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Figures 6 and 7 that the loading parameter moves towards
higher-value direction, whose change becomes dominant
among the RVs.

The responses of the first floor drift at DPs for the LSF 𝑔
1

and𝑔
2
at variousΔ limit and 𝑢limit are shown in Figures 8 and 9,

respectively. It is obvious that the system yields significantly
at the DPs. Furthermore, the system exhibits more nonlinear
behavior with larger criterion in the LSFs.

After obtaining the DPs, IS and OPS analyses are per-
formed based on the information of DPs. The computation
results are reported in Tables 5 and 6 for the LSF defined
by first interstory drift and total structure displacement,
respectively.

From these results, it is observed that (1) the failure
probability is consistent when using FORM, IS, OPS, and
MCS except thatMCS cannot reach a required accuracywhen
the threshold is large enough such that the failure becomes an
eventwith extremely small probability. It is worthmentioning
that although MCS is usually treated as true or actual
solution, it is often unfeasible when it takes unacceptable
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Table 5: Comparison of various methods for computing the 𝑃
𝑓

(LSF: 𝑔
1
= Δ limit − Δ

1
).

Δ limit (cm) 5.0 7.5 10.0

FORM
𝑃
𝑓

8.94𝑒 − 2 8.19𝑒 − 4 1.59𝑒 − 4

Number of
evaluations 19 18 18

MCS

𝑃
𝑓

9.03𝑒 − 2 5.00𝑒 − 4 0

c.o.v 0.032 0.447 —
Number of
evaluations 10000 10000 10000

IS

𝑃
𝑓

8.62𝑒 − 2 8.27𝑒 − 4 1.42𝑒 − 4

c.o.v 0.1 0.1 0.1
Number of
evaluations 185 397 524

OPS

𝑃
𝑓

8.85𝑒 − 2 7.01𝑒 − 4 1.05𝑒 − 4

c.o.v 0.1 0.1 0.1
Number of
samplings 109 128 168

Number of
evaluations 586 860 1454

Table 6: Comparison of various methods for computing the 𝑃
𝑓

(LSF: 𝑔
2
= 𝑢limit − (𝑢

1
− 𝑢
3
)).

Δ limit (cm) 5.0 7.5 10.0 14.4

FORM
𝑃
𝑓

1.07𝑒 − 2 5.37𝑒 − 4 8.10𝑒 − 4 1.69𝑒 − 4

Number of
evaluations 10 10 12 18

MCS

𝑃
𝑓

1.08𝑒 − 1 5.7𝑒 − 3 5.0𝑒 − 4 0

c.o.v 0.029 0.132 0.045 —
Number of
evaluations 10000 10000 10000 10000

IS

𝑃
𝑓

1.1𝑒 − 1 5.17𝑒 − 3 7.65𝑒 − 4 1.53𝑒 − 4

c.o.v 0.1 0.1 0.1 0.1
Number of
evaluations 185 397 404 506

OPS

𝑃
𝑓

9.13𝑒 − 2 4.94𝑒 − 4 7.39𝑒 − 4 1.27𝑒 − 4

c.o.v 0.1 0.1 0.1
Number of
samplings 123 119 120 150

Number of
evaluations 613 696 784 1270

computational cost (i.e., 10000 times FE simulations). (2)
FORM gives fairly reasonable results but requires much less
number of evaluations of LSF than IS and OPS. However it is
not guaranteed to be sufficiently accurate, especially when the
LSS is highly nonlinear [12]. (3) IS requires fewer evaluations
of LSF thanOPS and gives nearly consistent results with OPS.
However based on other numerical tests not shown in this
paper, IS may not converge when the system reaches highly
nonlinear state and FE analysis is not guaranteed to converge.

(4) The “sequential DP searching method” is practically a
robust method in DP searching process.

4.2. Time Variant Reliability Analysis of a 2D SSI System.
The same 2D SSI example in Section 4.1 is used for time
variant reliability analysis, except that the concrete model is
replaced by a nonsmooth Kent-Scott-Park model with zero
tension stiffening [38] since this model is very efficient. The
properties of the SSI system are considered to be determinant,
while the only uncertainties are assumed in the earthquake
input. This stochastic excitation takes the simple form of
white noise, that is, an impulse train with constant time
interval Δ𝑡 = 𝑡

𝑖
− 𝑡
𝑖−1

= 0.02 sec (refer to Formula (17)).
The system is initially at rest. The integration time step is
taken as 0.005 sec, and the time increment perturbation used
to evaluate the mean outcrossing rate is taken as 𝛿𝑡 =

0.001 sec (Formula (14)). The intensity of the white noise is
𝜙
0
= 0.0275. The system does not have Rayleigh damping;

however, equivalent damping is observed by the strongly
cyclic nonlinear plastic behavior of the soil and structure
systems. If assuming the damping ratio of the SSI system is
between 10% and 20%, usingMile’s equation [39, 40], the root
mean square acceleration in 𝑔’s is

̈𝑢
𝑔
= √

𝜋

4𝜁
⋅ 𝑓 ⋅ 𝜙

0
= 0.7 ∼ 1.1 [𝑔] . (19)

The LSF is the same as the first LSF of the time invariant
case (i.e., 𝑔

1
in Formula (18)) with the displacement threshold

Δ limit taken as 1% of the first story height (i.e., Δ limit =

3.6 cm). The mean outcrossing rate analysis is performed
with a fixed time interval Δ𝑡 = 0.5 s (i.e., 𝑡

𝑖
= 𝑖 ⋅ Δ𝑡, 𝑖 =

1, 2, 3, 4, 5, 6). A similar “sequential DP searching method”
is used herein to guarantee the convergence of DP searching
process; that is, the DP obtained at time 𝑡 is shifted along the
time axis to 𝑡 + Δ𝑡 (the DP values form 0 to Δ𝑡 is set to be
zero) and used as a “warm” starting point of the DP searching
algorithm at 𝑡 + Δ𝑡. The DPs corresponding to various time
points are shown in Figure 10 and the first interstory drift
responses at DPs are shown in Figure 11. From Figure 10,
it is obvious that the shapes of the DPs at two sequential
times are very similar except the values are shifted along
the time axis. This provides a proof that the “sequential DP
searching method” is appropriate in DP searching process. It
is also observed that the responses have the shape of “opposite
damped free vibrations” in which the “opposite” denotes that
the time changes from 𝑡 to 0 instead of 0 to 𝑡. Furthermore,
the responses at the end of time are equal to 3.6 cm for all DPs
(Figure 11). For each of the six DPs, the moment-curvature
responses at point K (Figure 5) and shear stress shear strain
responses at pointN (Figure 5) are shown in Figures 12 and 13,
respectively. It is obvious that the systems have yielded at the
DPs.

The FORM, OPS, and MCS results are compared in
Table 7 and Figure 14. From Table 7, it is clear that after
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Table 7: Comparison of mean outcrossing rate and mean outcrossing events obtained by using FORM, OPS, and MCS.

Time (sec) Mean outcrossing rate Failure probability (%) Number of simulations
FORM OPS FORM OPS MCS OPS MCS

0.5 2.62𝑒 − 2 1.57𝑒 − 2 0.66 0.39 0.14 1631 2800

1.0 7.99𝑒 − 2 5.56𝑒 − 2 3.31 2.17 1.99 1809 2800

1.5 1.28𝑒 − 1 5.37𝑒 − 2 8.51 4.91 4.05 2398 2800

2.0 1.61𝑒 − 1 6.47𝑒 − 2 15.73 7.87 6.75 2300 2800

2.5 1.22𝑒 − 1 7.34𝑒 − 2 22.81 11.32 9.24 3058 2800

3.0 1.25𝑒 − 1 6.57𝑒 − 2 28.98 14.80 12.37 2800
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Figure 10: Design points.

2.0 sec, themean outcrossing rates obtained by bothmethods
tend to be stable (i.e., mean outcrossing rate does not
change anymore); however, FORMandOPS give significantly
different mean outcrossing rates. This difference is due to the
fact that the LSS is highly nonlinear close to the DPs, the
FORM results consider only the first order approximation
of the mean outcrossing rate and could be inaccurate. It
is also noticed that the mean outcrossing rate obtained by
FORM at point 𝑡 = 2.5 sec is higher than its neighbors
because at this point, the DP cannot be obtained with the
same accuracy (1.0e-5) as at other points due to the FE

nonconvergence, instead a relaxed criterion (1.0e-4) is used to
obtain an approximate DP.TheOPS does not require a highly
accurate DP, and thus the results by OPS at DP at 𝑡 = 2.5 sec
are still acceptable although they are not accurate.

A Crude MCS method is used to check the mean of
the outcrossing events and the time variant failure prob-
ability. In this paper, in order to compare the different
methods, the example is purposely designed such that the
mean outcrossing rate is relatively high and the MCS is
able to obtain an accurate enough failure probability with
acceptable computational cost (i.e., 2800 FE simulations).
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Figure 11: The first interstory drift response histories at design points.

The comparison results for themeanof the outcrossing events
and the failure probability by different methods are shown
in Figure 14. From these results, it is clear that the DP+OPS
method gives a much better approximation of the mean
outcrossing rate and failure probability than those obtained
by FORM while requires limited extra computations. For
example, at time 𝑡 = 3.0 sec, the tolerance of failure
probability by OPS is 19.64%, while that by FORM is 208%.
It is also noticed that the “sequential DP searching method”
is practically a robust method in time variant DP searching
process.

5. Conclusions

This paper presents recent advances of performance and risk
assessment methods based on finite element (FE) reliabil-
ity analysis for complicated soil-structure interaction (SSI)
systems. The FE reliability method combines FE analysis
with state-of-the-art methods in reliability analysis and has
been employed increasingly in the performance assessment
to estimate the failure probability of a nonlinear system

under earthquakes. The paper briefly summarizes the cru-
cial components for FE reliability analysis and presents
recent advances in both time invariant and time variant
reliability analysis methods. These methods are employed
to a benchmark example consisting of a two-dimensional
(2D) two story building on layered soil. For time invariant
reliability analysis, the first-order reliabilitymethod (FORM),
importance sampling (IS) method, and orthogonal plane
sampling (OPS) method are employed to compute the failure
probabilities corresponding to various threshold in the limit
state function (LSF). These few methods give consistent
results, while FORM gives slightly less accurate results but
requires much fewer evaluations of LSF than IS and OPS.
For time variant reliability analysis, an upper bound of the
failure probability is obtained from numerical integration
of the mean outcrossing rate. The mean outcrossing rate
is computed by using FORM analysis and OPS analysis
respectively. The OPS method greatly improved the accuracy
of the mean out-crossing events obtained by FROM with
limited extra computation. For both time invariant and time
variant reliability methods, a novel “sequential DP searching
method” is presented and demonstrated to be practically
very robust in DP searching process. This paper provides
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Figure 12: Moment curvature responses of point K (Figure 5) at DP (at the six time points).
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valuable insights for probabilistic performance and risk
assessment of structures or SSI systems based on FE reliability
analysis.
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This paper presents a retrospective investigation into the performance of a new type of flexible-arch configurations in Shimenzi arch
dam based on the past ten-year-long field measurements. The flexible-arch configurations are mainly comprised of artificial short
joints at themiddle downstream surface and amiddle contraction joint with hingedwell and enlarged arch endswith bending joints.
Fundamental design considerations of these components are provided, and their contributions to the performance of Shimenzi
arch dam are discussed in detail using the monitoring data from joint meters, strain gauges, and thermometers. Some elementary
numerical studies have been conducted on a typical arch structure with different arrangements of artificial joints. Both the field
data and numerical results prove well the effectiveness of the purposely built short joints and the middle contraction joint on the
relaxation of tensile stressmobilization. Field survey data also clearly demonstrate the significance of the hingedwell at the upstream
side of the middle joint for a continuous arch force transfer.

1. Introduction

After a long development history of arch dams, which goes
back to the Romans in the 1st century BC [1], relative
uniformitywas achieved for arch damdesigns and techniques
in the 20th century. As given in many textbooks, arch dam is
a type of dam curved in the shape of an arch, with the top
of the arch pointing back into the reservoir. For taking the
advantage of an arch that is strong in resisting the pushing
force of the upstream pool water, arch dams are usually
constructed in narrow, steep sided valleys, and they have a
high requirement of rock foundations as compared to another
widely used type of concrete gravity dam. Commonly, a solid
and intact arch has been adopted during the design of most
existing arch dams around the world as such a configuration
may make best use of the high compressive strength of
concrete material.

Field measurements of many arch dams, such as Buffalo
Bill dam in America [2], Kolnbrein dam in Austria [3–5],
Dragan arch dam [6] and Glen Canyou arch dam [7] in
Romania, Cabril dam in Portugal [8], and Xiangshui arch
dam [9] in China, demonstrate that the heel and toe regions

along a cross-section, as well as the downstream middle part
and both ends of an arch layer from a plan view, are most
vulnerable to cracks under actual working conditions. The
occurrences of these cracks indicate that the development
of new configurations in arch is necessary and of great
importance, which will definitely lower the risk of cracks and
potential failures by water pressure and thermal loads in the
operations of arch dams.

Regarding the cause of cracks commonly found in many
arch dams, a review of the relevant literature shows that the
main factors contributing to the fracture may include (1)
inappropriateness of structural design; (2) large and uneven
ground settlement due to weak foundations; (3) excessive
temperature loads beyond the standard level; (4) shortage of
temperature control measures during construction; (5) lack
of thermal insulationmeasures during and after construction.
It is one or a combination of the above factors that caused the
cracks in these arch dams of various degrees. Rehabilitation
activities, more or less, have been undertaken to restore the
design functions of these dams.

In order to minimize the occurrence of cracks in arch
dams, some new configurations of flexible-arch type have
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Figure 1: The vertical layout of Shimenzi arch dam-foundation system (upstream view).

been developed and implemented in Shimenzi arch dam, a
roller compacted concrete arch dam located in the northwest
of China. The arch dam was designed and supervised by the
Department of Hydraulic Engineering, Tsinghua University,
China. The flexible-arch configurations are based on the
incorporation of short joints and related treatments at some
critical positions of an arch dam, which form a type of
partially precracked arch along the elevation direction and
make a significant contrast to the intact arch configurations
commonly adopted in lots of arch dams. This paper presents
a detailed description of the new flexible-arch configurations
and investigates their improvement mechanism based on
the previous ten-year-long field measurements. Some dis-
cussions are then given based on a simple two-dimensional
numerical study of arch structure with various short joint
arrangements under pressure and thermal loads. In the final
section, some concluding remarks are provided.

2. New Flexible-Arch Configurations in
Shimenzi Arch Dam

2.1. Briefs about Shimenzi Arch Dam. Shimenzi hydraulics
project is located in the middle stream of Taxihe River, Xin-
jiang Province, China. While the main target of this project
is for irrigation, it also serves a host of other functions such
as flood control, power generating, and ecological balance.
The project consists of a roller compacted concrete arch dam,
an auxiliary rock fill dam with an inclined clay core, the
channels for water diversion and power generation diversion,
spillways, and operation buildings. The maximum height of
the arch dam is 109m, with its dam crest being 176.5m long

and 5m wide. The total volume of the reservoir is 5.0 ×
107m3 and normal pool level is 1390m. A type of double-
curved arch dam is adopted considering the U-shaped valley
with a bottom width of 70∼86m. The foundation rocks are
mainly made up of conglomerates characterized by loose
consolidation and poor cohesion. Particularly, the survey
data showed that the saturated compression strength is rather
low.The left abutment is cut by an ancient river running in an
SNdirection, and both sides of the sites are surficially covered
by thick loess soils. The site stability condition is poor and a
high seismic intensity of 8 degrees is suggested.

Figure 1 shows the layout of the dam-foundation system
along the verticaldirection. It can be seen that several main
faults and weak layers cut the bedrocks under the concrete
dam. Particularly, their strike directions are along the stream
direction, which are unfavorable for the antisliding stability
of dam abutments. The geometry and typical material zone
distributions for the crown cantilever section and the arch
layer at 1360m level are given in Figure 2. From the width of
the base, 31m, it is indicated that Shimenzi arch dam takes
a medium ratio of base width/height ratio (0.284). It can
also be seen from Figure 2(a) that the dam cantilever section
does not curve downstreamquitemuch, with a nearly vertical
boundary near the dam heel, which means lower pressure
relief on the stronger, curved arches at lower levels near the
abutment, as the foundation rocks are of relatively weak prop-
erties from geological survey data. For the lower half of the
upstream surface (1286∼1345m level), a 150 cm thick layer of
C-type impermeable roller compacted concrete was adopted
for improving the antiseepage property in the vicinity of
upstream side. For the upper half, more attention was given
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Figure 2: The geometry and material zone distribution of Shimenzi arch dam.

to its freezing resistance capability and a layer of 150 cm thick
B-type antifreeze (polyurethane insulation coating) roller
compacted concrete was applied, on the upstream surface of
which one can also note that a 1.5mm thick layer of XYPEX
was glued for better antiseepage property. Similarly, a layer
of polystyrene board was applied at the lower downstream
surface (1315m level below), whilst the upper portion was
covered by a 50 cm thick layer of polyurethane insulation
coating.

In the dam construction process, the concrete placement
started from early May 1999 on the cushion layer and was
followed by consolidation grouting of the rock foundation.
The concrete dam reached an elevation of 1308m on Novem-
ber 5. Considering the cold weather, the concrete placement
was paused from November 1999 to March 2000, and the
poured concrete dam parts were cured in water or by a cover
of sandy soils. The construction of the dam was restarted

again from the end of March 2000 and reached an elevation
of 1365m at the end of October 2000. It should be noted that
the hinged well, which is described in the next section, was
grouted at this stage up to an elevation of 1340m, such that
an impoundment of reservoir ahead of schedule could be
achieved. From the spring of 2001, the reservoir started the
function of water supply for irrigation purpose.

It should be noted that as the Shimenzi hydraulic project
is located in the northern part of Tianshan Mountains, the
mean atmospheric temperature presents a great variation
from the previous long-termmeasured data. Based on survey
data, the mean temperature value can be as high as 18.9∘C in
July and as low as −12.2∘C in January of one year, which indi-
cates that amean gap of 31.1∘Ccanbe expected for the ambient
temperature around the dam structure. Reasonably, it can be
inferred from the meteorological data that a great thermal
load has to be considered in the construction and operation



4 Mathematical Problems in Engineering

Table 1: Fundamental material parameters for the roller compacted
concrete and foundation rock of Shimenzi arch dam.

Material parameters Material
Concrete Rock

Density (kg/m3) 2.4 × 10
3
2.4 × 10

3

Modulus of elasticity (Gpa) 20.0 4.0∼10.0
Poisson’s ratio 0.17 0.28
Specific heat (Kcal/kg⋅∘C) 0.2242 0.200
Thermal conductivity (m2/d) 0.0984 0.100
Maximum adiabatic temperature rise (∘C) 12.0 —
Coefficient of linear expansion (1/∘C) 6.5 × 10

−6
8 × 10

−6

design of the arch dam. Particularly, the thermal loads caused
by an abrupt temperature drop may trigger cracks in the
dam and harm its intactness and strength. Table 1 gives a
summary of the fundamental material parameters for the
dam concrete and foundation rock. It can be seen that, for
the roller compacted concrete, both the elastic modulus and
maximumadiabatic temperature rise are relatively low, which
can benefit the control of stress concentration, particularly at
the tensile region in the dam, and lower the thermal loads by
hydration heat generation.

2.2. New Flexible-Arch Configurations. The main content of
this paper is on the contributions of flexible-arch config-
urations introduced in Shimenzi arch dam practice, which
are mainly comprised of three components: (1) artificial
short joints located near the trisection points of downstream
surface; (2) a contraction joint along the cantilever section
with hinged well configuration; (3) enlarged arch ends with
bending joints. Details of these configurations and their
underlying mechanism are to be provided below.

2.2.1. Artificial Short Joints at Downstream Surface. Contrast-
ing to the conventional intact and stiff arch configuration,
short joints were purposely built in Shimenzi arch dam
contributing to the formation of flexible-arch configurations.
The locations of these joints were carefully designed and the
two trisection points of the downstream surface (Figure 3)
were considered in the actual practice. These two short
joints were aligned along the radial direction and took a
depth of 1.5m. The purpose of the arrangements of these
two artificial joints is to decrease the tensile stress along
the arch direction on the central downstream surface under
the reservoir pressure and temperature drop loads in cold
seasons.

2.2.2. Hinged Well Configuration at the Middle Contraction
Joint. Normally, quite a number of contraction joints are to
be implemented during the construction of arch dams for
the purpose of temperature control and the minimization
of thermal cracks induced damage to the integrity of the
whole dam.However, these contraction joints will impede the
construction process and increase the length of schedule. In
order to achieve a continuous placement of roller compacted
concrete using a large working area, only one transverse

joint along the crown cantilever section was implemented
in Shimenzi arch dam, which can improve the temperature
control and in turn the thermal stress buildup in the dam
concrete to a certain extent. Furthermore, a hinged well
configuration made of expansive-type concrete was applied
in the upstream part of the contraction joint (Figure 3).

Such a configuration, together with water-stop measure
on its upstream side, can enhance the continuous force
transfer along the arch direction under the reservoir loads;
hence, an earlier impounding of reservoir can be achieved
ahead of schedule. It should also be noted that, for increasing
the integrity of the arch structure, the main portion of the
middle contraction joint (below 1380m level) was grouted
after the heat generation by hydration process dissipated
sufficiently and fulfilled the sealing requirements, whilst a
small portion near the dam crest (1380∼1394m level) has
not been sealed by grouting finally, serving the purpose
of lowering thermal stress in the upper dam part during
operation stage and the improvement of cantilever tensile
stress distribution on the middle downstream surface by the
reservoir pressure induced bending deformation.

2.2.3. Enlarged Arch Ends with Bent Joints. The thirdmeasure
for achieving flexible-arch configurations is to enlarge the two
sides of each arch layer close to the abutments and to arrange
two bending joints at the upstream corners (Figure 4). Two
pads made of normal concrete were built between the dam
concrete and the abutment rocks, and the directions of the
two joints forming a contact surface with the pads turned
from radial direction to nearly streamline direction. The
length of these side joints was in a range of 2∼4m. It should
be emphasized that a specific type of soft material, which was
mainlymade up of architectural asphalt, was installed into the
above purposely built short joints.

Reasonably the enlargement of the arch ends can increase
the contact surface area between the dam and the rock
abutments, which can provide additional safety margin in
terms of sliding along the dam-abutment interface. The aim
of the two short joints arrangements near both abutments
was to lower the tensile stress concentration caused by
upstream water pressure and thermal loads. Importantly, the
length of these two joints was chosen to be long enough
extending downwards into the low tension zone. On the
function of the soft materials embedded into the joints, they
are relatively more deformable due to their lower stiffness
and can adjust easily to the localized response near the dam
abutments, which can significantly improve the tensile arch
stress distribution. On the other hand, it should be noted that
such a band of soft materials may induce greater dam dis-
placements as compared to the common case of an intact arch
configuration. Furthermore, such a configuration of enlarged
arch ends with bending joints can lower the discrepancy of
the displacements between adjacent arch layers, which can
in turn benefit the control of tensile cantilever stress in the
downstream part of the dam.

Similarly as other artificial joints, water-stop measures
were installed near the upstream openings of the joints, and a
channel steel beam (no. 16 of theGB50017-2003 standard)was
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Figure 4: Detailed layout of enlarged arch ends with bending joints.

embedded into the dam concrete for minimizing the possible
propagation of the joints into downstream dam part.

3. Contributions of Flexible-Arch
Configurations by Field Measurements

3.1. The Effect of Artificial Short Joints. As mentioned above,
the installment of artificial joints on the downstream face
was aimed at lowering the mobilized tensile stress along
the arch direction by the upstream reservoir pressure and
thermal drop loads. Here, we will look into the contributions
of these joints by the field measurements of joint meters and
strain gauges, which were, respectively, installed at themouth
of the joints and at the upstream side of the channel steel
beam (Figure 3). Particularly, the strain gauges were arranged
normally to the joint direction.

The joint meter measurements demonstrated that as the
impounding began, the two artificial joints were prompted
with openings instantly. Some of the joint meters failed due
to large magnitudes of opening that exceeded the measuring
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Figure 5: Time variation of joint opening at the left short joint at
1360m elevation.

span. Figure 5 illustrates the readings of one successful joint
meter from August 2008 to May 2012, and the temperature
of the concrete nearby is shown with them. It can be seen
that the time variations of joint openings and concrete
temperature are reasonably out of phase. With the concrete
temperature dropping in the winter seasons, the dam showed
a deformation trend of contraction and the two artificial
joints showed larger openings. Easily a contrary trend can
be seen from the readings in the hot summer seasons. It can
also be observed from the measurements that the maximum
joint openings remained basically the same during the past
several years, which may indicate that the channel steel beam
can efficiently retard the propagation of the joints, which is
really important for the overall safety of Shimenzi arch dam.

A typical range of the strain gauge readings at the
upstream side of the channel steel beam from June 2003 to
July 2008 is shown in Figure 6. The concrete temperature
around is also shown for comparison. It can be seen that as
the location of the strain gauge was relatively deeper into
the dam in comparison to the joint meter (Figure 3), the
temperature here showed a prominent lag with the change of
air temperature. However, it can also be seen that the strain
gauge readings and the concrete temperature data are again
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Figure 6: Time variation of strain gauge readings at the upstream
side of the left short joint at 1360m elevation.

out of phase as the above joint meter data. The observations
are reasonable considering the significant influence of ther-
mal loads induced volumetric deformation within the whole
arch dam. One can note that the measured strain component
normal to the joint direction kept compressive, falling in a
range of 80∼115 𝜇𝜀, which may again imply the effectiveness
of the channel steel beam measure in resisting the extension
of the artificial joints.

3.2. The Effect of Middle Joint with Hinged Well. Similarly a
set of joint meters were installed at both the upstream and
downstream sides of the middle contraction joint. From the
readings during the construction stage, it was found that joint
openings at the upstream side presented an increase trend
until the initiation of impounding (December 2000), and
the peak value was 2.0mm, which was deemed to be mainly
induced by temperature drop loads. In the subsequent stages,
the upstream openings presented a minor fluctuation, falling
in a range of 0.4mm in amplitude, and the following data fell
on a nearly horizontal line after the reservoir was impounded
to a certain water level.

For the joint meters at the downstream side, the readings
also presented an obvious increase during the early con-
struction stage, which resulted from temperature drop loads.
These readings continued to increase after the impounding
began. In May 2001, the maximum reading was 3.41mm.The
measurements then returned to a certain extent in response
to the lowering of water level. From April 2002, the openings
reached a peak value of 3.8mm and the subsequent data only
showed minor changes (lower than 0.5mm in amplitude)
with the increase of water level in winter seasons.

Figure 7 presents a comparison of typical joint readings
fromAugust 2008 toMay 2012, and the concrete temperature
in the vicinity of the joint meters was shown also for
comparison. It can be clearly seen that, with the impounded
reservoir, the upstream openings of the middle joint were
significantly lower than those of downstream side. The
upstream data remained nearly on one horizontal line, which
may indicate that, with the hinged well component installed,
the relative deformation near the upstream side of themiddle
dam portion remained stable under various water levels
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Figure 7: Time variation of joint openings at the upstream and
downstream sides of the middle contraction joint at 1360m eleva-
tion.

during the aforementioned four years. On the other hand, the
downstream readings showed that a prominent increase was
mobilized annually during the winter seasons, which can be
a combined effect of temperature drop loads and water level
uplift in the cold seasons. It seems that the annual increase
amplitude of joint openings at the downstream side remained
nearly constant in the four years.

3.3. The Effect of Enlarged Arch Ends with Bending Joints.
For the bending joints across the interface between the arch
ends and the pads on the rock abutments, joints meters have
also been arranged for monitoring the possible openings
(Figure 4). Figure 8 presents a comparison of the joint
opening data and the adjacent concrete temperature at the
left arch end of 1360m level. The typical data from June 2000
to June 2004 were chosen and plotted in the figure. Strong
relativity can be seen from the variations of the two curves.
When the concrete temperature decreased, the measured
joint openings were prompted with an increase and vice
versa. The measurement data prove the effectiveness of the
bending joints for stress release along the arch direction
under temperature drop loads. It can be seen that the joint
readings started to be positive from October 2000, in which
month the impounding process was initiated. During the
following half year the opening increased abruptly and up to
0.6mm. The fluctuation amplitude of the opening remained
at about 0.2mm during the following years, which may
indicate the good working conditions of these bending joints.

Moreover, it was found from the readings of the strain
gauges at the downstream side of the channel steel beam that
the corresponding concrete portion remained compressive.
This indicated that the channel steel beammeasure can retard
the propagation of the prescribed bending joints, even under
the worst working conditions during the past ten-year-long
operations.

4. Discussions

Through a comprehensive investigation into the field mon-
itoring data, including the readings from joint meters,
strain gauges, thermometers, and water level recorders, the
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Figure 8: Time variation of joint openings at the short joint at the
left arch end of 1360m elevation.

flexible-arch configurations developed by the Department
of Hydraulic Engineering have been shown to be working
properly and can effectively improve the stress performance
of Shimenzi arch dam. The artificial short joints presented
openingswithin a certain limit, even under theworst working
conditions, which showed the effectiveness of the joints for
tensile stress relaxation in the middle downstream portion.
The middle joint also performed well at the critical situation
under temperature drop loads, whilst the hinged well config-
uration can support the arch force transfer under reservoir
loads. The effectiveness of the bending joints at both arch
ends could also be proved by the finite opening that remained
stable during the long-term operations. Particularly, the
potential extension of these purposely built short joints, plane
or with bending, may severely threaten the safety of the
arch dam. The monitoring data showed that the channel
steel beam measure arranged ahead of the joint tips could
effectively resist the development of crack propagation.More-
over, recent field survey data showed that the occurrence of
cracks is quite low in the dam. Overall, Shimenzi arch dam
performed well with the flexible-arch configurations during
the construction and long-time operation stages.

For a better look at the contributions of artificial joints on
the stress redistribution, a set of plane-strain arch structure
models were established based on the finite element method.
The arch layer at 1360m level was chosen, and a fixed
boundary condition was assumed at the arch-foundation
boundaries. Three numerical cases were considered. In Case
I model, an intact arch structure with no joint was assumed.
Case II model incorporated a short joint of 1.0m long at the
middle downstream side and two side joints of 1.5m long at
both arch ends. In Case III model, the side joints remained,
whilst the middle joint was extended to 1.5m length and
another short joint of 0.5m was arranged at the middle
upstream side.

A temperature drop load of 10∘C constantly distributed
in the arch structure was considered for each model, and the
resultant principal tensile stress distributions are compared
in Figure 9. It was found that the different arrangements of
the short joints can significantly influence the tensile stress
mobilization. As given by Figure 9(a), the tensile stress zones
for Case I model are located at both ends of the arch structure

and themiddle downstreamportion.Thepattern is consistent
with the distribution of thermal cracks that are commonly
observed in prototype arch dams.Themaximum tensile stress
is 3.0MPa for such an intact arch structure and located at
both upstream corners. FromCase II model, the tensile stress
zones are also at the upstream arch ends and the middle
downstream portion (Figure 9(b)). The maximum tensile
stress, again mobilized at both upstream corners at a value of
2.8MPa, is relatively smaller. It should be noted that the stress
distribution is improved and the tension zones in the vicinity
of all joints are much smaller than in Case I. Figure 9(c)
presents the results for Case III model. A comparatively
smaller tension zone is mobilized at the middle downstream
side, and the effect of a longer downstream middle joint and
the addition of a short joint at the upstream counterpart is
shown to be limitedwithin the local central part. On the other
hand, the short middle joint at the upstream surface does not
introduce any unfavorable tension zone as expected.

The above analysis results again demonstrate the effec-
tiveness of artificial joints on the improvements of tensile
stress distribution and in turn the lowering of cracks poten-
tial. These findings are also consistent with the previous
reports by Liu et al. [10, 11]. Their modeling on a plane
arch structure subjected to upstream water pressure and
temperature drop loads also proved that the introduction of
short joints at both arch ends could lower the tensile stress
concentration near the upstream arch corners, and the stress
intensity factor can be lowered to below 0.4MPa⋅m1/2 by an
arrangement of 10m long joint at the middle downstream
face.

It should be emphasized here that much attention should
be paid to the choices of joint location and length, which
can definitely influence the contributions of such type of
artificial joints. The selection criteria of the joint location
will be based on the geometry of arch dam and the extreme
working conditions. For a joint of tiny length, its function
for tensile stress relaxation may be minor and not effective.
But a joint too long in length may induce instability of
crack propagation and threaten the safety of dam structure.
Optimization numerical study based on the finite element
method is recommended for the selections of joint location
and length in each dam individually.

5. Concluding Remarks

A retrospective study at the flexible-arch configurations in
Shimenzi arch dam is given in this paper. The past ten-year-
long field measurement data, particularly those from joint
meters, strain gauges, and thermometers, have been chosen
for an investigation into the contributions of the main com-
ponents forming the flexible-arch configurations. Based on
the monitoring data as well as some fundamental numerical
analyses, the following remarks have been concluded.

(1) The arrangement of short joints at the trisection
points of the downstream surface can effectively lower
the tensile stress mobilized at this zone by the tem-
perature drop loads. The bending joints embedded at
both arch ends can significantly weaken the strong
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Figure 9: Comparison of principal tensile stress distribution for a plane arch structure with different joint arrangements subjected to constant
temperature drop loads.

constraint from rock abutments and can in turn
decrease the tensile stress concentration.

(2) The middle contraction joint with hinged well con-
figuration can increase the flexibility of each arch
layer, lower the tensile stress caused by upstream
reservoir loads, and maintain a continuous arch force
transfer during construction stages, which resultantly
can shorten the time schedule and achieve early
impounding.

(3) The treatments of these purposely built short joints
need careful consideration to avoid potential crack
propagation. The installments of channel steel beams
ahead of the tips of each joint in Shimenzi arch dam
were shown to be successful in resisting extension of
artificial joints into the dam concrete.

There is a huge amount of field measurement data
from Shimenzi arch dam, such as the dam displacements,
internal stress, and temperature distributions. More in-
depth investigation into the past long-term operation of this
dam is still necessary and can be of great significance for
understanding the performance of the developed flexible-
arch configurations, which are to be presented in the coming
publications.
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This paper aims to carry out the condition assessment on solar radiation model and thermal loading of bridges. A modification
factor is developed to change the distribution of solar intensities during a whole day. In addition, a new solar radiation model for
civil engineering structures is proposed to consider the shelter effects induced by cloud, mountains, and surrounding structures.
The heat transfer analysis of bridge components is conducted to calculate the temperature distributions based on the proposed
new solar radiation model. By assuming that the temperature along the bridge longitudinal direction is constant, one typical
bridge segment is specially studied. Fine finite element models of deck plates and corrugate sheets are constructed to examine the
temperature distributions and thermal loading of bridge components. The feasibility and validity of the proposed solar radiation
model are investigated through detailed numerical simulation and parametric study. The numerical results are compared with the
field measurement data obtained from the long-term monitoring system of the bridge and they shows a very good agreement in
terms of temperature distribution in different time instants and in different seasons. The real application verifies effectiveness and
validity of the proposed solar radiation and heat transfer analysis.

1. Introduction

Civil engineering structures are subjected to long-term ther-
mal effects induced by solar radiation and ambient air tem-
perature.The structural components may receive heat energy
from the direct radiation, diffuse radiation, and reflected
radiation to cause seasonal and daily temperature changes [1,
2]. The time varying thermal loadings in the structures may
induce the structural deformation and thermal stresses due
to the indeterminacy, which may cause the damage events of
the components, even the entire structures [3, 4]. Therefore,
the thermal loading and thermal effects have attracted great
attention across the world for the past decades. The thermal
effects on civil engineering structures have been investigated
to simulate the temperature distribution and predict the
structural responses by using solar radiation model and heat
transfer analysis with the aid of finite element (FE) method
[5].

The temperature effects of civil engineering structures
have been investigated extensively since the 1960s. The

research on structural thermal effects has been firstly carried
out in the early stages through field measurement and testing
due to the limitation of theoretical approaches. Zuk [6]
investigated the thermal behavior of several highway bridges
and found that the temperature distribution was affected
by many factors such as air temperature, wind, humidity,
intensity of solar radiation, and material type. Capps [7]
assessed the thermal effects of a steel box bridge in the UK
through measuring structural temperature and longitudinal
movements. Churchward and Sokal [8] carried out the
condition assessment of structural thermal effects by testing
temperature profiles at different time instants of a section of
poststressed concrete bridge. In reality, it is widely accepted
that the temperature distribution with a body is governed by
heat conduction, heat convection, and solar radiation from
the surrounding environment. In 1822, Fourier proved that
the rate of heat transfer is proportional to the temperature
gradients which can be depicted by the well-known Fourier
partial differential equation. Nevertheless, the theoretical
analyses of thermal loading and effects of civil engineering
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structures are quite rare due to the difficulties in large scale
numerical computation.The investigations of structural tem-
perature distribution and thermal effects have been substan-
tially carried out since the 1970s with the rapid developments
in computer techniques with the finite element method in
the thermal analysis [9]. The pioneer work on the thermal
effects of bridges dates back to Kehlbeck [10]. He proposed
the theoretical approach for the thermal analysis and system-
atically examined the thermal effects of bridges. The thermal
effects were investigated in detail by taking the solar radiation
and surrounding convection into consideration. The detail
parametric study is performed to examine the effects of solar
radiation, convex, conduction, heat of hydration, member
size and geometry, and so forth. Elbadry andGhali [11] exam-
ined the temperature distribution and estimated stresses of a
concrete bridge by developing a two-dimensional finite ele-
ment model. Branco and Mendes [12] proposed an approach
to define temperature design values for concrete bridges.

In the past two decades, the field measurement and
monitoring of temperature distribution and thermal effects
of civil engineering structures have been widely carried out
due to the rapid development and application of structural
health monitoring (SHM) system and technology [13–15].
Shahawy and Arockiasamy [16] compared the measured
time-dependent strains of the Sunshine Skyway Bridge with
the analytical predictions. Fu and DeWolf [17] carried out
field measurement and numerical simulation on a curved
concrete bridge concerning the temperature effects on the
tilt and natural frequencies. Xu et al. [18] investigated the
temperature-induced displacement responses of Tsing Ma
Bridge based on field monitoring data from 1997 to 2005.
Xia et al. [19] examined the temperature effect on vibration
properties of civil structures by taking a concrete structure,
the Tsing Ma Suspension Bridge, and the Guangzhou New
TV tower as example structures. Xia et al. [20] investigated
the temperature distribution in a long span suspension bridge
through finite element analysis. Similar studies in the field
include those of Wong et al. [21, 22], Tong et al. [23], Au et al.
[24], Roberts-Wollman et al. [25], and Desjardins et al. [26].

Current investigation mainly focuses on the thermal
deformation and the effects of small concrete bridges. The
configurations and performance of long span bridges such as
suspension bridges are quite different from those of common
concrete bridges. In addition, the solar radiation model in
the field of astronomy is directly utilized in the thermal
analysis civil engineering structures. It is reported that the
thermal loading and the effect of large scale structures are
different due to the shelter effects of the solar radiation.
The collected data from health monitoring system indicate
that the measured temperature distribution does not agree
with that from the field measurement. Consequently, the
solar radiation model and heat transfer analysis techniques
suitable for the civil engineering structures are expected. In
this regard, the condition assessment of solar radiationmodel
and thermal loading of bridges are actively carried out in this
study. Amodification factor is developed to change the distri-
bution of solar intensities during a whole day. Furthermore,
a new solar radiation model for civil engineering structures
is proposed to consider the shelter effects induced by cloud,

mountains, and surrounding structures. The heat transfer
analysis of bridge components is conducted to calculate the
temperature distributions based on the proposed new solar
radiation model. By assuming that the temperature along the
bridge longitudinal direction is constant, one typical bridge
segment is specially studied. Fine finite element models of
deck plates and corrugate sheets are constructed to examine
the temperature distributions and thermal loading of bridge
components.The feasibility and validity of the proposed solar
radiation model are investigated through detailed numerical
simulation and parametric study. The numerical results are
compared with the fieldmeasurement data obtained from the
long-term monitoring system of the bridge and it shows a
very good agreement, in terms of temperature distribution
in different time instants and in different seasons. The real
application verifies effectiveness and validity of the proposed
solar radiation and heat transfer analysis.

2. Solar Radiation Effect

2.1. Solar Radiation Model. The rate of heat absorbed by the
bridge surface due to solar radiation 𝑞

𝑠
is [27]

𝑞
𝑠
= 𝛼𝐼, (1)

where 𝛼 (0 < 𝛼 < 1) is absorptivity coefficient of the
surface material and 𝐼 is solar radiation including direct solar
radiation, diffuse solar radiation, and reflected solar radiation
on a surface, respectively.

The spatial position of the sun and bridge is displayed in
Figure 1, where 𝜓 is solar altitude; 𝜃 is the incidence angle of
sun rays; 𝛾

𝑠
is the azimuth angle; vector

→

𝑛 is perpendicular
to the surface; surface azimuth angle 𝛾 is measured from the
south, positively toward the west; and 𝛽 is the tilt angle from
the horizontal, which is positive for south-facing surfaces; the
solar incidence angle 𝜃 is defined as the angle between the
surface normal

→

𝑛 and a line collinear with the sun’s rays.
The solar radiation is affected by several factors such as

the hour of the day, the day of the year, the latitude and
the altitude of the bridge, and the cloudiness of the sky. The
radiation can be simulated considering analytical expressions
for the effects of these factors or considering the evolution
during any day as a function of themaximum daily radiation.
The direct and indirect solar radiation on a surface can be
computed separately in order to consider the evolution of the
shadow zones during the day and the effects of surface tilt
angle [12, 27]. Consider

𝐼 = 𝐼
𝑑
+ 𝐼
𝑖
+ 𝐼
𝑟
, (2)

in which 𝐼
𝑑
, 𝐼
𝑖
, and 𝐼

𝑟
are the direct solar radiation, diffuse

solar radiation, and reflected solar radiation on a surface,
respectively. In reality, the information of direct, diffuse,
and reflected solar radiation on the ground can be obtained
through field measurement or simulation. Then, 𝐼

𝑑
, 𝐼
𝑖
, and 𝐼

𝑟

can be determined by considering the tilt angle of the surface.

2.2. Solar Radiation Component. The direct radiation energy
to heat up the bridge structure depends on the solar constant
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Figure 1: Definition of spatial position of the sun and structure.

𝐼sc and the absorption of the solar energy in the atmosphere.
The earth’s atmosphere acts as a filter for the solar radiation
so that only a fraction of the total solar radiation reaches the
surface of the earth. The energy reaching the earth’s surface
by direct radiation can be expressed by

𝐼
𝑑0
= 𝐼sc𝐾𝑇, (3)

in which 𝐾
𝑇
denotes the transmittance factor and depends

on the atmospheric conditions and the length of the path the
radiation has to travel through the air mass.𝐾

𝑇
expresses the

scatter of the light in a pure atmosphere, as well as the absorp-
tion of certain wave lengths by the atmosphere.When the sun
raysmake an incidence angle 𝜃with the normal to the surface,
the rate of the bridge tower radiation of bridge tower becomes

𝐼
𝑑
= 𝐼
𝑑0
cos 𝜃 = 𝐼sc𝐾𝑇 cos 𝜃. (4)

The direct solar radiation is accompanied by radiation
that has been scattered or remitted, called diffuse solar radi-
ation. The energy reaching the earth’s surface by diffuse solar
radiation can be estimated using Berlage’s equation

𝐼
𝑖0
=
1

2
⋅

1 − 𝑃
𝑚

1 − 1.4 ln𝑃
𝐼sc sin𝜓, (5)

in which

𝑃 = 0.9
𝑘
𝑎
𝑡
𝑢 , (6)

where 𝑘
𝑎
is the ratio of atmospheric pressure to pressure at

sea level and 𝑡
𝑢
is turbidity factor which is used to express the

attenuation of radiation in different atmospheric conditions.
The direct and diffuse solar radiation may also be

reflected onto a surface from nearby surfaces which is the so-
called reflected solar radiation

𝐼
𝑟0
= 𝑟
𝑒
(𝐼
𝑑
+ 𝐼
𝑖0
) , (7)

where 𝑟
𝑒
is the reflected coefficient of ground. The reflected

solar radiation on a surface with tilt angle 𝛽 is

𝐼
𝑟
=
1 − cos𝛽

2
𝐼
𝑟0
. (8)

3. New Solar Radiation Model

3.1. Solar Radiation. The duration in which the bridge com-
ponent can receive solar radiation in one day is expressed as

𝑡solar = 𝑡ss − 𝑡sr, (9)

in which 𝑡ss and 𝑡sr are corresponding hours of sunset and
sunrise, respectively. The peak solar radiation is observed at
time 𝑡

𝑝0

𝑡
𝑝0
= 𝑡sr +

𝑡solar
2
. (10)

In the traditional solar radiation models, the hour with peak
solar radiation intensity 𝑡

𝑝0
is very close to 12:00 pm, and the

solar radiation intensity before and after peak solar intensity
hour 𝑡

𝑝0
is almost the same. This assumption may differ

from the practical situation due to the diversity of cloud
shading and topographical features. For instance, the field
measurement on Tsing Ma Suspension Bridge shows that
the hour with peak solar intensity 𝑡

𝑝0
in summer is about

13:00 pm and the solar intensity before time 𝑡
𝑝0

is smaller
than that over time 𝑡

𝑝0
. In this regard, the solar radiation

model is modified here to simulate the solar radiation on
bridges. In the modified model, the ratio of solar radiation
intensity before and after the peak solar radiation time is
revised while the total solar radiation intensity in one day
remains unchanged. The modification factor 𝑐 is defined as
the combination of sinusoidal functions

𝑐 =

{{{{

{{{{

{

sin𝑝 (𝜋 (𝑡 − 𝑡sr) /𝑡𝑘1)
sin (𝜋 (𝑡 − 𝑡sr) /𝑡solar)

𝑡sr < 𝑡 ≤ 𝑡𝑝

sin1/𝑞 (𝜋 (𝑡 − 𝑡ss + 𝑡𝑘2) /𝑡𝑘2)
sin (𝜋 (𝑡 − 𝑡sr) /𝑡solar)

𝑡
𝑝
< 𝑡 ≤ 𝑡ss,

(11)

in which

𝑡
𝑘1
= 𝑡ss − 𝑡sr + 2 (𝑡𝑝 − 𝑡𝑝0) ,

𝑡
𝑘2
= 2 (𝑡ss − 𝑡𝑝) ,

(12)

in which 𝑡 denotes hour in a day and 𝑝 and 𝑞 are two positive
exponential parameters for modulating the solar intensity
ratio before and after 𝑡

𝑝
. The total solar radiation intensity

in a day for the original prediction model can be obtained by
summarizing the solar intensities at all the hours

𝑆
𝐼
=

𝑡ss

∑

𝑖=𝑡sr

𝐼
𝑖
. (13)

The total solar radiation intensity in a day for the modified
prediction model is

𝑆
𝑚

𝐼
=

𝑡ss

∑

𝑖=𝑡sr

𝑐
𝑖
𝐼
𝑖
. (14)

The difference ratio between the original and modified pre-
diction models is

𝑆err0 =
𝑆
𝑚

𝐼
− 𝑆
𝐼

𝑆
𝑚

𝐼

. (15)
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To keep the total daily solar intensity unchanged, the modi-
fied solar intensity is 𝐼

𝑚

𝐼
𝑚
= 𝐼 ⋅ 𝑐 ⋅ (1 − 𝑆err0) . (16)

It is observed that the modification factor 𝑐 indicated in
(11) is the combination of many sinusoidal functions. By
changing the properties of the sinusoidal function, the values
of modification factor 𝑐 before and after 𝑡

𝑝
may alter, which

may thereby lead to the changes in solar radiation intensity
before and after 𝑡

𝑝
. To demonstrate the effectiveness of

modification parameter 𝑐, a sine function is utilized for
numerical indication as follows:

𝑓 (𝑥) = sin
𝜋 (𝑡 − 𝑡sr)

𝑡solar
(𝑡sr < 𝑡 < 𝑡ss) . (17)

The date for calculating parameters in (11), such as 𝑡solar,
𝑡ss, and 𝑡sr, is July, 17, 2005. The time instant of peak solar
radiation hour 𝑡

𝑝
is assumed as 13:00 pm. Figure 2 shows

the modification factor 𝑐 with different parameters. It is
observed that the application of modification parameter 𝑐
can change the solar intensity ratio before and after the
peak solar radiation hour 𝑡

𝑝
. Different 𝑝 and 𝑞 can alter the

distribution of daily solar intensity of a structure at a certain
place. Relatively large 𝑝 and 𝑞 may cause the smaller solar
radiation intensity before 𝑡

𝑝
and vice versa. It is noted that

the actual peak solar radiation hour 𝑡
𝑝
and two parameters,

𝑝 and 𝑞, can be determined based on direct measurement
of solar intensities or be numerically estimated based on the
measured temperature information of structural components
with direct solar radiation.

3.2. Boundary Condition for Heat Transfer Analysis. The
flow of heat in a solid is governed by the well-known
Fourier equation. For a bridge component subjected to solar
radiation, it can be assumed that there is no thermal variation
along the bridge longitudinal direction [11, 17]. Consequently,
the temperature field 𝑇 of a bridge cross-section at any time
can be expressed by a two-dimensional heat flow equation as

𝑘(
𝜕
2
𝑇

𝜕𝑥2
+
𝜕
2
𝑇

𝜕𝑦2
) + 𝑞 = 𝑐𝜌

𝜕𝑇

𝜕𝑡
, (18)

in which 𝑘 is the isotropic thermal conductivity coefficient, 𝜌
is the density of material, 𝑐 is the heat of the material, and 𝑞
denotes the rate of heat transferred between the surface and
the environment.The thermal energy transferred between the
bridge surface and the environment consists of convection 𝑞

𝑐
,

thermal irradiation 𝑞
𝑟
, and solar radiation 𝑞

𝑠

𝑞 = 𝑞
𝑐
+ 𝑞
𝑟
+ 𝑞
𝑠
. (19)

The rate of heat transfer by convection 𝑞
𝑐
is associated

with the movement of the air particles and depends on the
convection heat transfer coefficient ℎ

𝑐
and difference between

the air temperature 𝑇
𝑎
and the bridge surface temperature 𝑇

𝑠
.
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Figure 2: Comparison of modification factor 𝑐.

The energy transferred between the surface elements and the
environment can be expressed as

𝑞 = ℎ (𝑇
∗
− 𝑇
𝑠
) ,

𝑇
∗
= 𝑇
𝑎
+
𝛼𝐼
𝑚

ℎ
,

(20)

where ℎ is the heat transfer coefficient.

4. Bridge Configuration and Health
Monitoring System

The Tsing Ma Bridge is a suspension bridge with an overall
length of 2160m and a main span of 1377m (see Figure 3). It
carries a dual three-lane highway on the upper level of the
deck and two railway tracks and two carriageways on the
lower level within the deck box. The box deck is of a hybrid
steel structure that is 41m wide and 7.643m high. The height
of the two reinforced concrete bridge towers is about 206m.
The lengths of the Tsing Yi side span and the Ma Wan side
span are 300m and 455m, respectively. The structural trans-
lational movements at the Ma Wan abutment are restrained
in three translational directions. At the Tsing Yi abutment,
the vertical (𝑧-axis) and lateral (𝑦-axis) movements of the
bridge deck are restrained while the deck can move freely
along the longitudinal direction (𝑥-axis). The bridge deck
at the main span is a suspended deck and the structural
configuration is typical for every 18m segment. The major
structural components of 18m deck module include a main
cross frame and four neighboring intermediate cross frames.
Two symmetrical bays of top orthotropic deck plates (left and
right) are connected to the top chords of cross frames. Two
railway tracks lay on the central bay of the deck in addition
to two bays of orthotropic deck plates on the two outer sides
that are all supported on the bottom chords of cross frames.
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Figure 3: Bridge configuration and distribution of temperature sensors.
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Figure 4: Location of temperature sensors for deck plate at Detail 12.

The detailed introduction on the configuration of a typical
suspended deck module can be referred to [5].

A Wind and Structural Health Monitoring System
(WASHMS) for the Tsing Ma Bridge has been devised,
installed, and operated since 1997. About 280 sensors were
installed on the bridge to monitor the loading and structural
responses. 115 temperature sensors are divided into three
categories tomeasure the ambient and structural temperature
information as shown in Figure 3: (1) ambient temperature
(𝑇1 and 𝑇2); (2) section temperature (𝑇3, 𝑇4, and 𝑇5); and
(3) cable temperature (𝑇6,𝑇7, and𝑇8).The sensorwith signal
channel number of 81 (𝑇1) is located in themiddle of themain
span and the other five air temperature sensors (Ch. 82 to Ch.
86,𝑇2) aremounted at a section close to Tsing Yi tower.There
are seven groups of temperature sensors (Details numbers 10
to 16, 28 sensors in total) mounted on the orthotropic deck
plates 2.25m away from the section. At each detail, one sensor
measures the temperature of steel plate and the other three
sensors measure the temperature distribution over the deck
trough as shown in Figure 4.The sampling frequency of all of
the temperature sensors is 0.07Hz [5].

5. Thermal Loading and
Temperature Distribution

5.1. Model and Parameter of Deck Plate. Thermal variation of
the bridge deck in the longitudinal direction of the bridge can
be assumed insignificant and thus one typical segment can be
taken as example (Chen et al., 2013). The deck plate consists
of steel deck plates, asphalt concrete cover, and deck troughs
as shown in Figure 4. The thickness of the upper and lower
deck plates is 13mm while the counterparts for upper deck
trough and lower deck trough are 8mm and 10mm thick,

Table 1: Thermal properties of material.

Parameters Asphalt Concrete Steel
𝑘 (W/(m⋅C)): thermal conductivity 2.50 1.54 55
𝜌 (kg/m3): density 2100 2400 7800
𝑐 (J/(kg⋅C)): heat capacity 960 950 460
𝛼: absorptivity coefficient 0.90 0.65 0.685
𝜀: emissivity coefficient 0.92 0.88 0.80

Figure 5: Finite element of a typical deck plate.

respectively.The steel deck plates are covered by 40mm thick
asphalt concrete. The finite element model of a typical deck
plate is established using three-dimensional thermal elements
by using the commercial package [28, 29] as shown in
Figure 5. The thermal properties of materials utilized in heat
transfer analysis are listed in Table 1.

5.2. Temperature Distribution of Deck Plate in the Summer.
The variations of hourly mean ambient temperature collected
in channel 81 in year 2005 are displayed in Figure 6(a). In
addition, variations of hourly mean ambient temperature for
all the six ambient temperature sensors at July, 17, 2005, are
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Figure 6: Variation of hourly mean ambient temperature.

examined for investigating the effects of sensor locations on
the ambient temperature as shown in Figure 6(b). It is seen
that all curves show similar variation trends despite their
different location. It is observed that the ambient temperature
out of bridge deck section (ch. 81) is larger than that within
the deck section (chs. 82, 83) during the day and smaller than
those in the night.The ambient temperature of ch. 83 is larger
than that of ch. 82 for all the day because ch. 83 ismore close to
top plates receiving solar radiation. To compare the variation
of ambient temperature in deck width, one can find that the
temperature variation trends in different lateral positions are
quite similar. The mean temperature of sensors close to the
south deck plate is a little larger than that close to north
plates due to the effects of thermal conductivity induced by
solar radiation. The transient heat transfer analysis is carried
out to determine the temperature distribution of the deck
plate based on the actual thermal boundary conditions. The
convection heat transfer coefficient can be computed in line
with the wind speed and geometric configuration of deck
plate by using an empirical formula [23]. The variation of
solar intensity of Tsing Ma Bridge is observed and the field
measurement indicates that the peak temperature hour is at
about 13:00 pm in summer [18]. Therefore, the hour 𝑡

𝑝
for

peak temperature is set as 13:00 pm and the two parameters
𝑝 and 𝑞 are set as 5 and 5, respectively, for the new solar
radiation model. The comparisons of solar intensities of the
original radiation model and new radiation model for four
seasons are displayed in Figure 7.

The calculated temperature of the deck plate of Detail
12 on July, 17, 2005, is compared with the measurement
counterparts (Ch. 66 to Ch. 68) shown in Figure 8. It is
observed that the variation trend of temperature obtained
with the original radiation model is similar to that of the
field measurement, while the peak temperature occurs a
little earlier than the measurement by about 2 hours. This

Table 2: Peak temperature of the deck plate on July, 17, 2005 (Unit:
∘C).

Component Minimum Maximum
Measured Simulated Measured Simulated

Bottom of trough
(Ch. 66) 27.70 28.26 41.96 40.83

Middle of trough
(Ch. 67) 27.58 28.27 45.74 44.74

Deck plate
(Ch. 68) 27.12 28.25 49.95 51.28

indicates that the peak solar radiation used in the model
might occur earlier than the practical one. By using the
new radiation model proposed in this paper, the simulated
temperature at the three points agrees with the measurement
very well at all time points, which validates the effectiveness
of the proposed solar radiation model and the heat transfer
analysis. Table 2 lists the peak temperature of the deck plate
on July, 17, 2005 (Unit: ∘C). It is observed that the simulated
results are quite close to those from field measurement. The
maximum temperature of the bottom of the deck plate is
larger than that of steel trough.This is because the top surface
of deck plate receives direct solar radiation and themaximum
temperature is dominantly controlled by the solar radiation as
well as the ambient temperature. Nevertheless, the minimum
temperatures are observed at night and no solar radiation
acts on the bridge components. Therefore, the minimum
temperature at different parts of the deck plate is quite close
to each other.

5.3. Temperature Distribution of Deck Plate in Other Seasons.
The temperature variations of the deck plate in the other three
seasons are also calculated and compared with those from
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Figure 7: Variation of solar intensity of deck plates.

fieldmeasurement.The parameters of the improved radiation
model are the same as those adopted in summer calculations
except that the radiation intensity varies in different seasons.
The temperature distributions of the deck plate based on
the original and new solar radiation models are analyzed
and compared as shown in Figure 9. It is observed that the
peak temperature occurs at about 16:00 pm while the time
for the simulated peak temperature using the original model
is about 14:00 pm. Similar to the observations made for the
summer day, the simulated temperature distributions using
the new solar radiationmodel agree well with those fromfield
measurement in comparison with those using the original
solar radiation model.

The same conclusion can be drawn out from the tem-
perature variations of the deck plate in the spring and
winter as shown in Figures 10 and 11, respectively. It is
found that the variation trend of temperature obtained with
the original radiation model is similar to that of the field
measurement in both spring and autumn. However, the peak
temperatures are observed several hours earlier than the
actual one based on filed measurement data. The simulated
temperature variation at the three positions of the deck plate
agrees with the measured data very well for the whole day.
Therefore, the validity of the new solar radiationmodel can be
proved through the comparison between the measured and
simulated results. Similar to the summer day, the temperature
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Figure 8: Comparison of the measured and simulated temperature in summer (July, 17, 2005).

variations in other seasons based on the new solar radiation
model agree well with the measurement better than those
from the original solar radiation model. The temperature
distribution of the bridge plate at other deck details has also
been obtained and it shows that the new solar radiation
model can remarkably improve the simulation results. The
comparison is not shown here for brevity.

5.4. Temperature Gradient of Deck Plate. The simulated
temperature gradients of the deck plate at Detail 12 in
different seasons are summarized and displayed in Figure 12.

It is observed that the temperature of the asphalt concrete
cover can reach as high as about 61∘C in the summer. The
temperature of the asphalt concrete cover is much higher
than that of the steel plate and the difference in the afternoon
can be as high as 11∘C in the summer. The difference of
temperature between the top and bottom of the steel plate
is small during the whole day. This is because the thermal
conductivity of steel is much higher than that of the asphalt.

Similar observations can be made from the temperature
gradients of the deck plate in spring, autumn, and winter,
respectively. Listed in Table 3 is the peak temperature of the
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Figure 9: Comparison of the measured and simulated temperature in winter (January, 17, 2005).

deck plate in different seasons. The peak temperature of the
asphalt concrete cover is larger than that of interface by about
10.5∘C in the summer day. The temperature variation ranges
of the cover surface and bottom plate in the summer day
are 33.3∘C and 22.5∘C, respectively. The difference of peak
temperature between the top and bottom of steel plate is
only about 0.08∘C in the summer day. It is also seen that
the time for minimum and maximum temperature of the
cover is 6:00 am and 15:00 pm, respectively. The temperature
differences in the other three seasons are smaller than those in
the summer as displayed in Table 3. No matter which season

is considered, the temperature gradients of the steel plate in
the vertical direction are quite small.

5.5. Temperature Distribution of Other Bridge Components.
Similar to the deck plate at Detail 12, the heat transfer analysis
of other bridge components such as deck plates on the upper
chord and bottom chord and the corrugated sheets is also
carried out. Many detailed finite element models of these
components are constructed by using three-dimensional
thermal analytical elements. The corrugated sheets are mod-
elled based on the design with minor simplification due to
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Table 3: Peak temperature of the deck plate in different seasons (unit: ∘C).

Component Spring Summer Autumn Winter
Top of asphalt cover 52.14 61.85 52.04 33.01
Middle of asphalt cover 48.94 56.91 47.88 29.47
Interface of cover and plate 46.02 51.36 43.52 26.48
Middle of steel plate 45.93 51.32 43.45 26.43
Bottom of steel plate 45.68 51.28 43.27 26.31
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Figure 10: Comparison of the measured and simulated temperature in spring (April, 18, 2005).
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Figure 11: Comparison of the measured and simulated temperature in autumn (October, 27, 2005).

the omission of accessory components. The cross frame is
enclosed by the deck plates and corrugate sheets and the heat
exchange occurs between the plates and the section frame.
Therefore, the temperaturemeasured at the interface between
the cross frame and enclosed plates (sheets) is used as a
thermal boundary condition for heat transfer computation.
Other surfaces of the deck plates and corrugated sheets are
exposed to air and do not receive solar radiation directly.
Figure 13 displays the temperature variations of many deck
plates on the upper chord of the cross frame on July, 13, 2005.
The calculated temperature variations on the upper chord are

compared with the measured results as shown in Figure 13.
It can be found that the numerical results agree very well
with themeasurement counterparts at different times. Similar
observations can be made from components of the upper left
chord, lower chord, and vertical truss members. The results
are not shown here due to page limitation.

Temperature variations of deck plates on the bottom
chord in summer are displayed in Figure 14. It is noted that
the deck plates on the bottom chord cannot receive direct
solar radiation due to the shelter of the deck module. There-
fore, the heat transfer of these components is dominantly
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Figure 12: Temperature gradients of the deck plates at Detail 12.

controlled by the ambient temperature and flowing air.There-
fore, it is clearly found from Figure 14 that the maximum
temperatures of channels 15 and 25 are much smaller than
those on the deck plates on the upper chord, which are
exposed to the sun and receive direct solar radiation during
the day. In addition, the variation ranges of daily temperature
of the channels 15 and 25 are no more than 4∘C for the
whole day, which is also much smaller than those of the
deck plates on the upper chords. Temperature variations

of corrugated sheets in summer are displayed in Figure 15.
Channel 38 is located on the upper corrugated sheet and
it can receive direct solar radiation. However, channel 42 is
located on the bottom corrugated sheet and it can only receive
the diffuse radiation and reflected radiation instead of the
direct radiation.Therefore, the maximum temperature of the
channels 38 and 42 are 35.47∘C and 33.18∘C, respectively. The
former is larger than the latter by about 2.3∘C. It is clear that
the predicted temperature variations agree well with those
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Figure 13: Temperature variations of deck plates on the upper chord (July, 17, 2005).

from field measurement no matter where the sensors are
located, which demonstrate the validity and effectiveness of
the proposed new solar radiation model.

6. Concluding Remarks

The thermal loading of a bridge deck plate is actively investi-
gated in this study. A new solar radiation model for bridges
is proposed to consider the shelter effects induced by cloud,
mountains, and surrounding civil engineering structures.
Fine finite elementmodels of deck plates and corrugate sheets
are constructed to examine the temperature distributions and
thermal loading of bridge components. The feasibility and

validity of the proposed new solar radiation model are exam-
ined through detailed numerical simulation and comparison.

The made observations indicate that by using the pro-
posed approach, the simulated temperature in the summer
at the testing points agrees with the measurement very
well, which validates the effectiveness of the proposed solar
radiationmodel and the heat transfer analysis.Themaximum
temperature of the bottom of the deck plate is larger than that
of steel trough and the minimum temperatures at different
parts of the deck plate are quite close to each other. Similar to
the observations made for a summer day, the simulated tem-
perature distributions using the new solar radiation model
agree well with those from field measurement. It should be
pointed out that the parameters and results are valid only
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Figure 14: Temperature variations of deck plates on the bottom chord (July, 17, 2005).
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Figure 15: Temperature variations of corrugated sheets (July, 17, 2005).

for the example structure examined in this study. For other
structures with different parameters, the methodology for
the solar radiation and thermal loading demonstrated in this
study is still valid.
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The temperature difference between mass concrete inside and outside is an important index to prevent the structure surface
cracking, but the definition and the application criterion are not very clear till now. In this paper, the surface concrete temperature
spatial gradient in 0.5mdeep is found as amore reasonable and feasible index.Then a newmodel, which can be used to calculate the
surface safety factor simply, is deduced in three steps. First, a basic model is created under the simplest boundary condition. Then
the feasibility of the basic model is analyzed under different boundary conditions and the model is improved. At last, according to
the comparison of different concrete materials, the improved model is calibrated further. With the help of the proposed model, the
surface safety factor can be adjusted by observing and controlling the temperature spatial gradient dynamically, which will bring
convenience to designer and constructor.

1. Introduction

One of the hard tasks of concrete structure in research
and application is cracking prevention or mitigation. In the
running period, concrete structure tends to become damaged
and cracked because of some extreme conditions, such as fire
or freeze-thaw, which may cause obvious strength reduction
[1, 2]. On the other hand, many cracks usually tend to form
in the early age of concrete [3, 4], even under well-designed
construction conditions. The early age cracking reasons
include many factors, such as humidity gradient, autogenous
shrinkage, temperature gradient, structure restraint, and
casting block shape and size. According to the observation
on some concrete dams, the surface cracks of mass concrete
caused by humidity gradient are not severe as thin concrete
structure. The material researchers have created many meth-
ods to reduce the drying and autogenous shrinkage [5, 6].
The structure and construction researchers of mass concrete
put more emphasis on the later three factors, especially
the temperature gradient [7, 8]. Some effective temperature
control methods have been implemented in mass concrete

structure, such as pipe cooling, surface covering, and low
casting temperature. Pipe cooling can decrease the inside
temperature of mass concrete. Some researchers proposed
pipe simulation models to predict the inside temperature
and stress, which increase the reliability of inner cracking
prevention of mass concrete [9–11].

The surface cracking of concrete in early age is related
to the temperature difference between inside and outside.
In fact, as the index of the temperature control and crack
prevention, the control of the temperature difference between
inside and outside is the control of the influence of concrete
temperature spatial gradient on concrete thermal stress. As
for some mass concrete, especially the concrete dam pouring
blocks which are not in the base restraint area, the inside
temperature in early age may be high, but the inside stress
may not be so high because its temperature spatial gradient
is not large. For the surface concrete, the large temperature
spatial gradient always leads to large tensile stress which
will cause fracture [12–15]. The reason is the inharmonious
deformation in different areas.
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Figure 1: Assumed relation of temperature and distance to surface.
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Figure 3:The temperature development curves of the survey points
with different distances from surface in 60.0 days.

Although the temperature difference between inside and
outside is an important index, the definition and the appli-
cation criterion are not very clear till now, even in the
design standard or construction standard. According to the
experience of author, the definition and the criterion are
correlative. Because of the unclear definition, the different
criteria suggested by different researchers for a same object
always cause puzzle in engineering application. This paper
tries to deduce a new model which is simple to solve such
problem.

In the published literatures, it is difficult to find a con-
venient and scientific prediction model for surface cracking
control of mass concrete. A common used model in US
Bureau of Reclamation to calculate the stress caused by
temperature gradient is recommended [16]. The model can

predict the stress caused by the temperature gradient in a
certain thickness. An example with some data was shown in
a table of this book. In this sample, some basic data and an
assumed temperature distribution along concrete thickness
was shown in a table; then the stresses were computed in the
table with the recommendedmodel. We plot the temperature
and stress of the sample in Figures 1 and 2. Figure 1 shows
the relationship of temperature and distance to surface, and
Figure 2 shows the relationship of stress and distance to
surface. It can be found that the stress distribution near
surface changes from tensile stress to pressure stress with the
temperature increasing, which is similar to the finite element
solution. However, the stress inside concrete becomes from
pressure stress to tensile stress with the temperature keeping
increasing, which is sharply different with finite element
solution. The common solution of nowadays is that, in the
early age, when the surface temperature is lower than inside,
tensile stress will occur near surface and pressure stress
will occur inside, while in the later age, when the surface
temperature is higher than inside, pressure stress will occur
near surface and tensile stress will occur inside. On the other
hand, the assumed temperature gradient in this example can
only describe the mature age. Actually, in the early age, the
temperature gradient near surface will be much greater than
inside and it should be nonlinear as well.

In order to control the tensile stress developing in early
age on concrete surface, a cracking safety factor 𝐾 can be
defined as the ratio of tensile strength to tensile stress. This
definition means when the 𝐾 is lower than 1.0, the obvious
crack can be found by human eye.

As for the common situation, the main influence factors
of the surface cracking safety for mass concrete in early
age include concrete elastic module, tension strength, and
temperature spatial gradient in surface layer.

The relation between temperature spatial gradient and
surface cracking safety in different situations is researched in
this paper.The results show that the safety factor will decrease
when the concrete elastic module and the temperature spatial
gradient increase, while it will increase when the concrete
tension strength increases.The last proposedmodel is feasible
to control the surface safety by observing and controlling the
temperature spatial gradient, which will make it easier for
the designer or constructor to get the reasonable index of
temperature spatial gradient.
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Figure 4: Temperature contours in 1.0m deep area at different ages (∘C).

Table 1: Main concrete material parameters in basic model deduction.

Material parameters
Adiabatic temperature rising (∘C)
𝜃(𝜏) = 𝑇

0
× (1 − 𝑒

−𝑎𝜏
𝑏

)

Elastic module (GPa)
𝐸(𝜏) = 𝐸

0
× (1 − 𝑒

−𝑎𝜏
𝑏

)

Tensile strength (MPa)
𝑓
𝑡
(𝜏) = 𝑓

0
× (1 − 𝑒

−𝑎𝜏
𝑏

)

𝜃
0

𝑎 𝑏 𝐸
0

𝑎 𝑏 𝑓
𝑡

𝑎 𝑏

20.0 0.50 1.00 35.0 0.75 0.50 3.25 0.75 0.50
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Figure 5: The finite element test model.

Table 2: The detailed condition of case series 1.

Case
Air

temperature
𝑇
𝑎
(∘C)

Pouring
temperature
𝑇
0
(∘C)

Note

1-1 30.0

20.0

No pipe cooling, no
surface insulation, no
daily variation of air
temperature

1-2 25.0
1-3 20.0
1-4 15.0
1-5 10.0
1-6 5.0

The deduction of the new model can be separated into
three steps which will be shown in the following paragraphs.
At first, the basic model is created under the simplest
boundary condition.Then the feasibility of the basic model is
analyzed under different boundary conditions and the model
is improved. At last, according to the comparison of different
concrete materials, the improved model is calibrated further
and then the practical formula of the concrete surface safety
factor model is proposed.

2. Deduction of Basic Model

2.1. The Research Object. After the calculation of a concrete
pouring block in 60.0 days with finite element method
(FEM), the temperature field in the 1.0m deep area near
surface is gotten. Figure 3 shows the temperature develop-
ment curves of the survey points with different distances
from surface during 60.0 days. The distance of the 16 points
to surface varies from 0.00m to 1.00m with an increment
of 0.05m. It can be seen form Figure 3 that the deeper
points have higher temperature and lower temperature spatial
gradient. Figure 4 shows the temperature contours near
surface in different ages. It can be seen when the age is over
10.0 d the temperature spatial gradient in the surface of 1.0m
deep area is nearly same; else the temperature field in the area
of only 0.5m deep changes evenly. Therefore, the research
object of this paper will be selected as the area of 0.5m deep.

2.2.The Finite Element Test Model and Calculation Case Series
1. Thefinite element testmodel is a large-scale concrete block
with the dimension of 40m × 20m × 20m on a base, which

is shown in Figure 5. In order to improve the calculation
precision, the surface concrete mesh is refined.

The main material parameters of the concrete can be
found in Table 1. During the deduction course of the basic
formula, some factors are not considered to simplify the
boundary conditions, including the daily variation of air
temperature, pipe cooling, and surface insulation measures.
The influence of these factors will be analyzed further in the
later paragraphs.

Table 2 shows 6 cases of series 1 with the same initial
temperature 20∘C, in which the air temperature is changed to
form the different temperature spatial gradient in the surface
concrete.

The three-dimensional finite element method for
unsteady temperature field and stress field [9] are applied in
the construction simulation for the test block.

2.3. Deduction of the Basic Formula. On the basis of calcula-
tion result of case series 1, the relation between the surface
safety factor 𝐾 and concrete temperature spatial gradient
𝜕𝑇/𝜕𝑙 at different ages is described in Figure 6. The safety
factor 𝐾 equals 𝜎

𝑡
/𝜎
1
, where 𝜎

1
is the first principle stress of

surface point and 𝜎
𝑡
is the tensile strength at the same age.

𝜕𝑇/𝜕𝑙 is the average temperature spatial gradient in the 0.5m
deep area, which can be measured easily by the temperature
sensors in concrete. The following conclusion can be gotten
according to Figure 6.

(1) With the growing of concrete age, the temperature
spatial gradient increases first and then decreases.
The concrete inside temperature keeps rising after
concrete pouring because of hydration reaction, while
the air temperature is assumed to be steady. So
the temperature spatial gradient keeps rising. When
the inside temperature arrives at the peak, it begins
to drop. So temperature spatial gradient begins to
decrease, too.

(2) With the growing of concrete age, the concrete surface
safety factor decreased first and then increases a little.
At the beginning of the age, the concrete elastic
module and the stress are very small, so the surface
safety factor is of large value. The growth of both the
elastic module and the temperature spatial gradient
induces the thermal stress increase rapidly, while
the tensile strength increases relatively slowly. So the
safety factor goes down fast. With the developing of
concrete strength and the dropping of temperature
spatial gradient, the safety factor grows gently in the
later age.

(3) In every case, the relation curves between the tem-
perature spatial gradient and the safety factor have
the regular rule. The curves’ shape is very similar and
shows significant grading rule with the change of the
air temperature.

Table 3 shows the safety factor and temperature spatial
gradient at age 10 d in every case. The data in Table 3 can be
fitted by a curvewhich can be described by different functions
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Figure 6: Relation between safety factor and temperature spatial gradient in case series 1.

Table 3: Safety factor and temperature spatial gradient at age 10 d in case series 1.

Case number Case 1-1 Case 1-2 Case 1-3 Case 1-4 Case 1-5 Case 1-6
𝜕𝑇/𝜕𝑙 (∘C/m) 6.562 9.387 12.209 15.033 23.964 26.787
𝐾 1.906 1.526 1.258 1.070 0.656 0.601
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Figure 7: Relation between safety factor and temperature spatial
gradient at age 10 d in case series 1.

well. To simplify the new model, the power function is
adopted. The fit line can be seen in Figure 7.

From Figure 7 the temperature spatial gradient function
𝑓(𝜕𝑇/𝜕𝑙) can be expressed by

𝑓(
𝜕𝑇

𝜕𝑙
) = 9.9166 × (

𝜕𝑇

𝜕𝑙
)

−0.8438

. (1)

Equation (1) is based on the relation curve of age 10 d
only. Then the age factor will be introduced into the basic
formula. If the relation curves as Figure 7 at every calculation
step are drawn, the safety factor 𝐾 corresponding to the
temperature spatial gradient of 10∘C/m can be interpolated.
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Figure 8: Relation between age and standardize safety factor 𝐾
when temperature spatial gradient is 10∘C/m in case series 1.

Then these𝐾 values can be divided by the𝐾 value of age 10 d;
a standardized safety factor𝐾 will be obtained.The values of
the interpolated 𝐾 and the standardized 𝐾 at different ages
are shown in Table 4. Based on Table 4, the relation between
age and 𝐾 can be described by another power function,
which is shown in Figure 8.

From Figure 8, the expression 𝑔(𝜏) to describe the age
factor can be expressed by

𝑔 (𝜏) = 1.8245 × 𝜏
−0.2557
. (2)
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Table 4: The interpolated 𝐾 and standardized 𝐾 at different ages.

Age (d) 0.25 0.5 0.75 1 1.25 1.5 1.75 2 2.25 2.5 2.75 3
𝐾 / 2.80 2.87 2.68 2.65 2.52 2.39 2.30 2.25 2.18 2.11 2.05
𝐾
 1.91 1.96 1.83 1.81 1.72 1.63 1.57 1.53 1.49 1.44 1.40

Age (d) 3.5 4 4.5 5 5.5 6 6.5 7 8 9 10 12
𝐾 1.94 1.86 1.81 1.77 1.72 1.68 1.65 1.62 1.56 1.51 1.47 1.41
𝐾
 1.32 1.27 1.24 1.20 1.17 1.15 1.12 1.10 1.06 1.03 1.00 0.96

Age (d) 14 16 20 25 30 35 40 45 50 55 60
𝐾 1.35 1.30 1.24 1.18 1.14 1.10 1.06 1.02 0.98 0.94 0.90
𝐾
 0.92 0.88 0.85 0.80 0.78 0.75 0.72 0.70 0.67 0.64 0.62
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Figure 9: The safety factor comparison between two methods. (a) Results of Cases 1-1, 1-3, and 1-5. (b) Results of Cases 1-2, 1-4, and 1-6.
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Figure 10: Surface layer concrete temperature change with the daily
variation of air temperature.
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Figure 11: Relation between concrete surface safety factor and
temperature spatial gradient in case series 2.



Mathematical Problems in Engineering 7

Table 5: Calculation condition in case series 2.

Case Air temperature
𝑇
𝑎
(∘C) Note

2-1 25 ± 5

The other condition is same
as case 1

2-2 20 ± 5

2-3 15 ± 5

2-4 10 ± 5
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Figure 12: Relation between concrete surface safety factor and
temperature spatial gradient at different times of every day in case
2-1.

Table 6: Calculation condition in case series 3.

Case
Air

temperature
𝑇
𝑎
(∘C)

Pipe inlet water
temperature 𝑇

𝑤

(∘C)
Note

3-1 30.0

15.0 The other condition is
same as case 1

3-2 25.0
3-3 20.0
3-4 15.0
3-5 10.0
3-6 5.0

Table 7: Calculation condition of case series 4.

Case
Air

temperature 𝑇
𝑎

(∘C)

Pipe inlet water
temperature 𝑇

𝑤

(∘C)
Note

4-1 25.0 ± 5.0

15.0

The other
calculation
condition is same as
case series 1.

4-2 20.0 ± 5.0

4-3 15.0 ± 5.0

4-4 10.0 ± 5.0
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Figure 13: Relation between minimum surface safety factor and
temperature spatial gradient in case series 2.
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Figure 14: Comparison between calculated values by FEM and (3).

Multiplying (1) and (2), the basic formula (3) can be
obtained, which is based on assuming the same developing
law of concrete elastic module and tensile strength:

𝐾 (𝜏) = 𝑓(
𝜕𝑇

𝜕𝑙
) 𝑔 (𝜏) . (3)

Comparing the calculated safety factor 𝐾 with (3) and
with finite element method in Figure 9, it can be seen that
they have a good agreement inmost areas. To show the curves
of the 6 cases more clearly, they are separately shown in two
plots in Figure 9.
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Table 8: Calculation condition of case series 5.

Case Air temperature 𝑇
𝑎

(∘C)
Pipe inlet water

temperature 𝑇
𝑤
(∘C) Surface insulation Note

5-1 25.0 ± 5.0

15.0 2.0 cm EPE material on all free face The other condition is same as case
series 1

5-2 20.0 ± 5.0

5-3 15.0 ± 5.0

5-4 10.0 ± 5.0

Table 9: Main materials’ parameters of different concrete materials.

Material number
Adiabatic temperature (∘C)
𝜃(𝜏) = 𝑇

0
× (1 − 𝑒

−𝑎𝜏
𝑏

)

Elastic module (GPa)
𝐸(𝜏) = 𝐸

0
× (1 − 𝑒

−𝑎1𝜏
𝑏1

)

Tensile strength (MPa)
𝑓
𝑡
(𝜏) = 𝑓

0
× (1 − 𝑒

−𝑎2𝜏
𝑏2

)

𝜃
0

𝑎 𝑏 𝐸
0

𝑎
1

𝑏
1

𝑓
0

𝑎
2

𝑏
2

1 23.0 0.202 0.900 33.72 0.652 0.219 2.96 0.078 0.749
2 28.0 0.209 0.936 47.64 0.545 0.270 4.20 0.100 0.700
3 27.5 0.385 0.613 44.64 0.287 0.408 2.73 0.252 0.500
4 17.5 0.198 0.804 38.88 0.431 0.307 2.39 0.040 0.880
5 21.4 0.302 0.689 43.80 0.428 0.315 2.57 0.060 0.825
6 22.9 0.221 0.665 47.04 0.269 0.436 2.76 0.087 0.737
7 20.4 0.282 0.621 45.96 0.245 0.450 2.62 0.064 0.805

Table 10: The calculation condition of case series 6.

Case
Air

temperature
𝑇
𝑎
(∘C)

Initial
temperature 𝑇

0

(∘C)
Note

6-1
20.0

25.0
No pipe cooling and no
surface insulation measure6-2 20.0

6-3 15.0

3. The Feasibility of the Basic Formula under
Different Boundary Conditions

3.1. Considering Daily Variation of Air Temperature. In the
practical site situation, the air temperature always keeps
changing every day and night. A daily variation of air
temperature of about 10∘C is considered in case series 2 which
is based on case series 1. The detailed conditions can be seen
in Table 5.

Figure 10 shows the influence of daily variation of air
temperature on the surface layer concrete. It can be seen
that although the temperature of the point in 0.5m deep has
nearly no daily wave, the temperature of the point in 0.05m
deep keeps changing with the air temperature. Consequently,
the temperature spatial gradient defined in the basic model
will be influenced by the daily variation of air temperature.
The surface safety factor will be influenced accordingly.

Figure 11 shows the relation between concrete surface
safety factor and temperature spatial gradient in case series
2. In this case series, the time step is 0.25 d. When the
calculation result in one case is observed separately by 0.0 d,
0.25 d, 0.50 d, and 0.75 d in every day, it can be found in
Figure 12 that the maximum temperature spatial gradient
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Figure 15: Comparison between calculated values by FEM and (4).

or the minimum safety factor always appears at the time of
0.25 d every day, whichmeans this time is themost dangerous
moment. For this reason, if the concrete at this time does not
crack, then at other times the concrete will be safe enough. So
the calculation result of 0.25 d in every day from every case of
series 2 is extracted to be studied further in Figure 13.

The minimum safety factor of case series 2 calculated by
FEM and (3) is compared in Figure 14. It can be seen that they
meet well in most areas. In order to increase the precision
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Table 11: The relation between model parameter value and concrete material.

Material number 1 2 3 4 5 6 7
Parameter 𝛼 0.8 0.85 0.85 0.75 0.7 0.95 1.1
Parameter 𝛾 0.9 0.9 1.0 1.0 1.0 1.0 1.2

(a) (b)

Figure 16: The layout of cooling pipe in the test model. (a) Local mesh section with pipe inlets and outlets. (b) Three-dimensional pipeline
layout.

further, a parameter 𝛼 is introduced into the model. The new
formula is expressed by

𝐾 (𝜏) = 𝛼𝑓(
𝜕𝑇

𝜕𝑙
) 𝑔 (𝜏) . (4)

Figure 15 shows that when 𝛼 equals 1.05, the calculated
values by FEM and (4) meet better. In fact, the value by (3)
is a little less than FEM which will cause a little more safety
measure in engineering. Therefore, it will be safer to set the
value of 𝛼 between 1.0 and 1.05.

3.2. Considering Pipe Cooling. Cooling pipe is used widely in
the construction of mass concrete [17, 18]; will it influence
obviously the calculation result of the proposed model? It is
necessary to research this feasibility further.

The unsteady temperature field including cooling pipe
is always a hard problem. An explicit cooling pipe iterative
algorithm [19] is applied in the simulation of this paper.

Insert four pipes into the finite element test model. The
inlet and outlet of pipes can be seen in the local mesh on the
left of Figure 16 and the three-dimensional pipelines on the
right.Thedistance between concrete surface and pipe is 1.0m.
Both of the horizontal and vertical distances of pipelines are
2.0m. The pipe is adopted as one of the most common types
in concrete engineering with an inner diameter of 0.028m
and the material of high-density polyethylene.

Based on case series 1, pipe cooling measure is added in
case series 3 with the inlet water temperature of 15.0∘C. In
order to analyze the influence of pipe cooling separately, the
daily variation of air temperature will not be considered in
case series 3. The detailed condition is shown in Table 6.

Figure 17 shows the comparison between the calculation
results of case series 3 by FEM and (3). Figure 18 shows the

comparison between the calculation results of case series 3
by FEM and (4) in which 𝛼 equals 1.10.

3.3. Considering Both Daily Variation of Air Temperature and
Pipe Cooling. In order to meet the requirement of practical
situation, daily variation of air temperature and pipe cooling
should be considered in the test block at the same time. In
case series 4, pipe cooling measure is added on the basis of
case series 2 calculation condition.Thedetailed condition can
be seen in Table 7.

Figure 19 shows the relation between the temperature
spatial gradient and the surface safety factor at different
ages in case series 4. To observe it clearly, the results of
the four times in every day of case 4-1 are drawn separately
in Figure 20. It can be found that the temperature spatial
gradient of 0.25 d is maximum and the safety factor of the
time isminimum.Therefore, the results of 0.25 d in every case
are drawn in Figure 21; the calculated value of (3) is shown as
well. From this figure, the results by FEM and (3) do not meet
very well, especially in the later age. While in Figure 22, the
results become better when (4) is applied and 𝛼 equals 1.10.

3.4. Considering Both Daily Variation of Air Temperature,
Pipe Cooling, and Surface Insulation. In winter or cold wave
time, surface insulation measure is always taken to protect
the concrete in early age. In case series 5, a layer of 2.0 cm
thick expandable polyethylene (EPE), which is one of the
most common application concrete insulation materials in
construction, is added on the basis of case series 4 calculation
condition. The detailed calculation condition is shown in
Table 8.

Figure 23 shows the relation between the temperature
spatial gradient and the surface safety factor at different
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Figure 17: Comparison of case series 3 results between FEM and (3).

0

1

2

3

4

5

6

7

0 5 10 15 20 25

𝛼 = 1.10

FEM

FEM

FEM

Eq. 4

Eq. 4

Eq. 4

Case 3-1:

Case 3-5:

Case 3-3:

Sa
fe

ty
 fa

ct
or
K

Temperature spatial gradient dT/dl (∘C/m)

(a)

0

1

2

3

4

5

6

7

0 5 10 15 20 25 30

𝛼 = 1.10

FEM

FEM

FEM

Eq. 4

Eq. 4

Eq. 4

Case 3-2:

Case 3-4:

Case 3-6:

Sa
fe

ty
 fa

ct
or
K

Temperature spatial gradient dT/dl (∘C/m)

(b)

Figure 18: Comparison of case series 3 results between FEM and (4).

ages in case series 5. To observe it clearly, the results of the
four times in every day of case 5-1 are drawn separately in
Figure 24. Being similar to case 4-1, the most dangerous
situation appears at 0.25 d of every day. Therefore, the results
of 0.25 d in every case are drawn in Figure 25; the calculated
value of (3) is shown as well. From the figure, the results by
FEM and (3) have obvious difference. When (4) is applied
and 𝛼 equals 1.15, the results become much closer, as shown
in Figure 26.

4. The Applicability of the Model for Different
Concrete Materials

4.1.The Limitation of BasicModel and Calibration. Thedevel-
oping laws of concrete elastic module and tensile strength are
assumed same as in Section 3. In most concrete engineering,
their developing laws are different, which will influence the
concrete surface safety factor obviously. In this section, (4) is
calibrated further to adapt the authentic different concrete.
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Figure 19: Relation between concrete surface safety factor and
temperature spatial gradient in case series 4.
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Figure 20: Relation between concrete surface safety factor and
temperature spatial gradient at different times of every day in case
4-1.

A calibration factor 𝜂𝛾 is introduced into (4) to consider
the influence of tensile strength and elastic module.
𝜂 is the ratio of axial tensile strength and elastic module

developing law, as shown in

𝜂 =

(1 − 𝑒
−𝑎
1
𝜏
𝑏1

)

(1 − 𝑒−𝑎2𝜏
𝑏2

)

, (5)

in which (1 − 𝑒−𝑎1𝜏
𝑏1

) is the developing law of axial tensile
strength, and (1 − 𝑒−𝑎2𝜏

𝑏2

) is the developing law of elastic
module. 𝑎

1
, 𝑏
1
, 𝑎
2
, 𝑏
2
are the parameters of the composite

index formula. As for different age strength, the rebound
number method [20] can be easily applied to obtain the
values which will decide the parameters. For some prediction
cases, concrete creep effect must be included. As in the
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Figure 21: Comparison of case series 4 results at 0.25 d every day
between FEM and (3).

0.5

1

1.5

2

2.5

3

3.5

3 8 13 18 23

FEM Eq. 4

FEM Eq. 4

FEM Eq. 4

FEM Eq. 4

Case 4-1:

Case 4-2:

Case 4-3:

Case 4-4:

𝛼 = 1.10

Sa
fe

ty
 fa

ct
or
K

Temperature spatial gradient dT/dl (∘C/m)

Figure 22: Comparison of case series 4 results at 0.25 d every day
between FEM and (4).

finite element method simulation, the creep effect can always
be considered in the expression of elastic module with an
equivalent formula whose form is same but parameters’
values are different. In calculation, the essential function of
the creep effect is to lower the elastic module to a certain
extent.
𝛾 is a constant for a certain concrete material. Its value

usually is between 0.9 and 1.2, which will vary with concrete
material. The detailed information will be shown in later
content of this paper.
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Figure 23: Relation between concrete surface safety factor and
temperature spatial gradient in case series 5.

2

3

4

5

6

0 2 4 6 8

Case 5-1:
0.25 d
0.50d

0.75d
0.00 d

Sa
fe

ty
 fa

ct
or
K

Temperature spatial gradient dT/dl (∘C/m)

Figure 24: Relation between concrete surface safety factor and
temperature spatial gradient at different times of every day in case
5-1.

After the above modification, the proposed model can be
expressed by

𝐾 (𝜏) = 𝛼𝑓(
𝜕𝑇

𝜕𝑙
) 𝜂
𝛾
𝑔 (𝜏) , (6)

in which 𝑓(𝜕𝑇/𝜕𝑙), 𝑔(𝜏), and 𝜂 can be obtained separately by
(1), (2), and (5). The definition of the parameters is same as
the above equations, which will not be repeated again.

4.2. Verification of the Calibrated Model. Based on two mass
concrete engineering in West China [21, 22], 7 types of
concrete material are selected to verify the applicability of
(6). Table 9 shows the detailed parameters’ values of different
concrete materials, in which materials 1∼3 are the normal
concrete; materials 4∼7 are the rolled compacted concrete
(RCC). Case series 6 is planned in Table 10.
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Figure 25: Comparison of case series 4 results at 0.25 d every day
between FEM and (3).
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Figure 26: Comparison of case series 5 results at 0.25 d every day
between FEM and (4).

4.3. Test Results and Analysis. The 7 kinds of material in
Table 9 are separately applied in the 3 different calculation
conditions in Table 10. Therefore there are indeed 21 calcula-
tion cases in total. Figures 27, 28, 29, 30, 31, 32, and 33 are
the comparison of calculation result by FEM and (6) with
different materials and different calculation conditions.

According to the comparison, it is found that the calcula-
tion result by FEM and (6) meet well, especially in early age.

Table 11 lists the values of parameter 𝛼 and 𝛾 in different
conditions. It can be seen that the value of𝛼 ranges from0.7 to
1.1 and the value 𝛾 ranges from 0.9 to 1.2. For normal concrete
materials 1∼3, the parameter value varies little, while for the
RCC materials 4∼7, the parameter value changes more.
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Figure 27: Comparison of case series 6 results using material 1
between FEM and (6).
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Figure 28: Comparison of case series 6 results using material 2
between FEM and (6).

In the engineering application, the two parameters can
be decided from Table 11 by comparing the concrete material
properties with the value in Table 9. And the concrete
temperature spatial gradient 𝜕𝑇/𝜕𝑙 can be obtained by two
sensors in 0.05m deep and 0.50m deep. Then the surface
safety factor to prevent crack at any age can be calculated by
(6) easily. The precision of the equation calculation result is
high as FEM, especially in early agewhen the surface cracking
appears most often. During the dynamic observation and
calculation in construction, if the safety factor tends to be
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Figure 29: Comparison of case series 6 results using material 3
between FEM and (6).
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Figure 30: Comparison of case series 6 results using material 4
between FEM and (6).

lower than the expected value, necessary temperature control
method should be taken to reduce the temperature difference
between concrete inside and outside, such as thickening cover
insulation material or enhancing the pipe cooling.

5. Conclusion

The reasonable definition and criteria of the temperature
difference between concrete inside and outside are researched
in this paper in order to prevent the surface cracking in
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Figure 31: Comparison of case series 6 results using material 5
between FEM and (6).
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Figure 32: Comparison of case series 6 results using material 6
between FEM and (6).

early age. The surface concrete temperature spatial gradient
in 0.5m deep is found as a more reasonable and feasible
index. Then a new model, which can be used to calculate
the surface safety factor simply, is deduced. If the necessary
parameters are known, the surface safety factor of a certain
age can be obtained according to the concrete temperature
spatial gradient of the age. During concrete construction
the concrete temperature spatial gradient can be recorded
easily by two or more temperature sensors. With the help
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Figure 33: Comparison of case series 6 results using material 7
between FEM and (6).

of the proposed model, the surface safety factor can be
adjusted by observing and controlling the temperature spatial
gradient dynamically. The precision of the model under
different conditions is tested and improved by comparison
with FEM.The last proposedmodel (6) canmeet the practical
engineering requirement, which will bring convenience to
designer and constructor. In the future, it will be further
verified in more engineering applications.
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Theprimary aimof the study presented in this paper is to propose a real-time temperature data transmission approach for intelligent
cooling control of mass concrete. A mathematical description of a digital temperature control model is introduced in detail. Based
on pipe mounted and electrically linked temperature sensors, together with postdata handling hardware and software, a stable,
real-time, highly effective temperature data transmission solution technique is developed and utilized within the intelligent mass
concrete cooling control system. Once the user has issued the relevant command, the proposed programmable logic controllers
(PLC) code performs all necessary steps without further interaction.The code can control the hardware, obtain, read, and perform
calculations, and display the data accurately. Hardening concrete is an aggregate of complex physicochemical processes including
the liberation of heat. The proposed control system prevented unwanted structural change within the massive concrete blocks
caused by these exothermic processes based on an application case study analysis. In conclusion, the proposed temperature data
transmission approach has proved very useful for the temperature monitoring of a high arch dam and is able to control thermal
stresses in mass concrete for similar projects involving mass concrete.

1. Introduction

In hydraulic engineering, due to the poor conductivity of
concrete, high temperature gradients may occur between the
interior and the surface of the structural elements or between
parts of an element due to processes of sequential concreting
in phases [1, 2]. The temperature gradients may easily cause
tensile stresses, which exceed the tensile strength and result
in the cracking of early age mass concrete [3, 4]. Much engi-
neering practice has showed that it is difficult to control its
highest temperature within an allowable range when pouring
concrete in the hot season. This is because pouring concrete
is affected by the pouring temperature, solar radiation, and
cooling pipes. As the thermal control of mass concrete is a
common problem in civil engineering, sensor technologies
have developed quickly and are much utilized in structural
health monitoring in civil and hydraulic engineering [5–9].
Accurate real-time field control must be achieved.

Data communication plays an important role in the rapid
development of intelligent cooling control systems. Intelli-
gent cooling control systems [1, 10–12] enable units of con-
crete poured during dam construction to cool appropriately.

Making data communication possible between all cooling
control information from all field control systems is also
provided to top-level management. The current temperature
digital data collectionmethods and the control exercisedwith
the use of manual records are very rudimentary due to poor
accuracy and lack of data reliability [10, 13]. The main factors
supporting accurate temperature control are real-time mea-
surements, accurate collection in real time of dam internal
temperature data, cooling pipe inlet and outlet water temper-
atures, and weather temperature data.Thus, the development
of a real-time temperature data transmission approach for
intelligent cooling control of mass concrete is of important
academic and engineering significance.

Digital computers were first applied to industrial process
control in the late 1950s [14]. The individual temperature,
pressure, flow, and the like and feedback loops were locally
controlled by electronic or pneumatic analog controllers.
Each individual loop operated can optimize the overall oper-
ation. In 1962, imperial chemical industries made a drastic
departure from this approach and a direct digital control
(DDC)was coined to emphasize that the computer controlled
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the process directly. In DDC systems, analog controllers were
no longer used. In 1970s, microcomputers have already made
a great impact on the process control field.They are replacing
analog hardware even as single loop controllers [15]. Multiple
loop single computer systems have variability interface and
software design. The distributed computer control system
(DCCS) was developed, which is facilitated by adopting a
multilevel or hierarchical viewpoint of control strategy. On
the lowest level of control, main tasks handled acquisition
of process data and collection of data. For complex process
plant monitoring, supervisory control and data acquisition
(SCADA) systems are available. The basic functions of
SCADA system include data acquisition and communication,
events and alarms reporting, data processing, and partial
process control. The other main and early application area
of digital methods was machine tool numerical control,
which developed at about the same time as computer control
in process industries, for example, numerically controlled
(NC), computerized numerical control (CNC), and direct
numerical control (DNC). One of the most ingenious devices
ever devised to advance the field of industrial automation is
the PLC. The PLC, a microprocessor-based general-purpose
device, provides a “menu” of basic operations that can be
configured by programming to create logic control system for
any application [16]. Thus, the recent appearance of powerful
and inexpensive microcomputers has made digital control
practical for a wide variety of applications. In fact, now every
process is a candidate for digital control [17].

Digital data transmission technologies have attracted the
attention of many researchers and engineers in recent years
[18–27]. For example, Italiano et al. [19] developed the SMM,
sea-floormonitoringmodule, for real-time data transmission
from the sea bottom, equipped with multidisciplinary sen-
sors. Bayindir and Cetinceviz [20] describe a water pumping
control system designed for production plant and imple-
mented experimentally in a laboratory. An intelligent system
for distributed control of an anaerobic wastewater treatment
process was developed by Flores et al. [21]. Language of
temporal ordering specification (LOTOS) was used in the
specification of industrial bus communication protocols [22].
Communication structures have been used for sensory data
inmobile robots [23], and the network is used as a bus system
for long discharge data acquisition and data processing [24].
The timing behaviour of real-time stations in legacy bus based
industrial Ethernet networks has been enforced [25]. A study
on real-time sensor signal transmission based on polynomial
predictive filtering technology has also been carried out
by Dong et al. [27]. Connecting PLC to control and data
acquisition enabled a comparison of the Joint European
Torus (JET) and Wendelstein 7-X approaches to be made
[26]. These studies have demonstrated convenient solutions,
reliable operation, and robust and flexible construction suit-
able for industrial applications. However, few studies were
concerned with the cooling control of mass concrete in a
dam under complex electromagnetic environment, especially
the problem of the large quantity of temperature digital data

to be transmitted in relation to temperature control during
concrete block pouring.

This paper, relating to a real-time temperature data trans-
mission approach at a super high arch dam site, presents a
detailed description of certain aspects of a control system
that is intended to ensure the structural integrity of massive
concrete structures during the construction process. The
cooling control system prevents unwanted structural changes
within massive concrete blocks by carrying away the heat
generated by the exothermic processes of cement hydration.
The proposed temperature transmission approach collects
temperature data from many sensors and prevents the hard-
ening concrete from overheating by controlling the water
flow inside the cooling pipes constructed within the concrete
structure. The temperature transmission system includes
the acquisition of temperature data, management of vari-
ous intelligent modules, temperature data handling, sorting
and filtering, and temperature data transfer to the module
control server. The detailed PLC software configuration and
programming are also illustrated. An application case of
temperature monitoring of the Xiluodu arch dam during the
construction period is discussed in detail. The paper aims
to provide a convenient solution to the process of cooling
control via the pipes in a situation where the laying of cables
is not possible.

2. Temperature Digital Data
Transmission Approach

2.1. Mathematical Description of Digital Temperature Control
Model. In this study, each basic poured block temperature
control unit has a fixed structure (see Figure 1): one electric
solenoid proportional valve, one outlet water flow transmitter
and two or more temperature sensors installed at the water
pipe inlet and outlet, adjacent concrete temperature, and so
forth.Themass concrete temperature control kernel collected
all the data and commanded the execution of individual
control actions indirectly via the PLC system, which was
easily set up to handle the field bus.

In this study, a prerequisite signal processing technique
was used [10, 11] as the proposed closed-loop digital control
system for mass concrete cooling on a construction site.
The digital control system with analog sensors (flow sensor,
thermometer) included an analog prefilter placed between
the sensor and the sampler (A/D converter) as antialiasing
device, shown in Figure 2.The prefilters are low-pass, and the
simplest transfer function is used:

𝐻pf (𝑠) =
𝑎

𝑠 + 𝑎
, (1)

so that the noise above the prefilter breakpoint 𝑎 was attenu-
ated. The design goal is to provide enough attenuation at half
the sample rate (𝜔

𝑠
/2) so that the noise above 𝜔

𝑠
/2, when

aliased into lower frequencies by the sampler, will not be
detrimental to the control-system performance.
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Figure 2: Block diagram for control process.

For this cooling control system, the basic configuration
and block diagram are shown in Figure 2, where

𝐺(𝑠) = transfer function of the controlled system
(continuous-time system);
𝐻(𝑠) = transfer function of the analogue sensor;
𝐷(𝑧) = transfer function of the digital control algo-
rithm.

The analogue and digital parts of the system are con-
nected through D/A and A/D converters. The server with
its internal clock drives the D/A and A/D converters. It
compares the command signal 𝑟(𝑘) with the feedback signal
𝑏(𝑘) and generates the control signal 𝑢(𝑘) to be sent to the
final control elements of the cooling control system. These
signals are computed fusing the digital control algorithm
𝐷(𝑧), stored in the memory of the compute server.

To suit the complications of a real construction site,
the field bus is designed to link the sensors and actuators:
the Profibus network links all the analogue signal input and

output modules which are cyclically converting the A/D
or D/A signals. Mathematical models generally are used to
represent the digital control devices and the system. The
A/D converter model [14] used in this system is shown
in Figure 3(a). For the field temperature control process, a
continuous-time function𝑓(𝑡), 𝑡 ≥ 0, is the input and the
sequence of real numbers 𝑓(𝑘), 𝑘 = 0, 1, 2, . . ., is the output.
The following relationship holds between input and output:

𝑓 (𝑘) = 𝑓 (𝑡 = 𝑘𝑇) , (2)

where 𝑇 is the sampler time interval between enquiring flow
or temperature and acquiring the result. The sequence 𝑓(𝑘)
can be treated as a train of impulses represented by the
continuous-time function 𝑓(𝑡):

𝑓

(𝑡) = 𝑓 (0) 𝛿 (𝑡) + 𝑓 (1) 𝛿 (𝑡 − 𝑇)

+ 𝑓 (2) 𝛿 (𝑡 − 2𝑇) + ⋅ ⋅ ⋅ =

∞

∑

𝑘=0

𝑓 (𝑘) 𝛿 (𝑡 − 𝑘𝑇) .
(3)
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Figure 3: A model of an A/D or D/A converter.

The model of D/A converter is shown in Figure 3(b). A
sequence of numbers 𝑓(𝑘), 𝑘 = 0, 1, 2, . . ., is the input, and
the continuous-time function 𝑓(𝑡), 𝑡 ≥ 0, is the output. The
following relationship holds between input and output:

𝑓

(𝑡) = 𝑓 (𝑘) ; 𝑘𝑇 ≤ 𝑡 < (𝑘 + 1) 𝑇. (4)

Each sample of the sequence 𝑓(𝑘) may be treated as an
impulse function of the form𝑓(𝑘)𝛿(𝑡 − 𝑘𝑇). The zero-order
hold (ZOH) of Figure 3(b) can thus be viewed as a linear
time-invariant system that converts the impulse𝑓(𝑘)𝛿(𝑡−𝑘𝑇)
into a pulse of height 𝑓(𝑘) and width 𝑇. The D/A converter
may, therefore, be modelled by Figure 3(b), where the ZOH
is a system whose response to a unit impulse 𝛿(𝑡) is a unit
pulse 𝑔

ℎ0
(𝑡) of width 𝑇.The Laplace transform of 𝑔

ℎ0
(𝑡) is the

transfer function of the hold operation; namely,

𝑔
ℎ0
(𝑠) =
1 − 𝑒
−𝑠𝑇

𝑠
. (5)

2.2. Temperature Digital Data Transmission. For dam tem-
perature control system, shown in Figure 1, the temperature
sensors sampling time could be as long as one minute. A
Profibus network and corresponding modules would domi-
nate the control cost unnecessarily and therefore a lower cost
field bus called ITU was engaged. An intelligent module can
transfer the ITU signals into RS485 protocol, which most
kinds of PLC support. The intelligent temperature module,
which has 8 channels, can link a maximum of 256 different
ITU sensors usually via three core cables. After initialization,
the module can exchange the digital data with PLC basis of
RS485 protocol. One RS485 master can communicate with
127 slaves and this means one PLC CPU can acquire up to
32,512 ITU temperature sensors. In this control system, the
Siemens Simatic S7-300 PLC was used as the data bridge
between the control model computer and the field sensors
and actuators. The specified PLC programming language
FBD (function block diagram) and standard function library

provided the software engineering basic environment. The
software tasks were condensed into the three parts of col-
lecting the temperature and flow data, communicating with
the model server, and the water flow proportional integral
derivative (PID) control.

2.2.1. Data Inquiring and Acquiring. There are a number of
commands defined to fetch the status or data from the intel-
ligent temperature module LTM8663 via the RS485 protocol,
which are in ASCII format. The most important commands
from PLC to the intelligent module are as follows.

(1) ∗AAN (CR).The command name: to read all the sensors’
ID linked to the channel “𝑁” of the specified intelligent
module “𝐴𝐴” (ranging from 00 h to FF h); here “CR” is the
carriage return character (ASCII code “0Dh”).

Each ID is preset by a handy tool or PC software to escape
the same numbering on the same channel.

(2) #AAN (CR). The command name: similar to the above
“∗𝐴𝐴𝑁;” this command tries to read all the sensors’ data
linked to the channel “𝑁” of the specified intelligent module
“𝐴𝐴.”

The above two frequently used commands enable PLC to
get exactly the total numbers and numbering of linked sen-
sors, as well as their current temperature values.

2.2.2. Data Handling, Sorting, and Filtering. As long as there
is a valid response from the intelligent module, the temper-
ature digital data will be first transferred into a data buffer,
which is previously defined in the PLC, and then analyzed
according to the predefined data format. The standard func-
tion block for the PLC will copy the data from the RS485
network to that buffer and generate a pulse indicating that
new data is coming; the user program will fetch the channels
related data and copy them to corresponding data block
according to the current counter.

Since channel data sets are separated, the PLC decides
whether they are valid or not on the basis of the received
telegramheader (here “>”means data are valid).Theprogram
will then transfer the raw temperature data into standardized
format (floating type). For the specific LTM8663module used
in this system, the original temperature data format is 16# A
(byte 1) B (byte 2), and the conversion formula is

𝑡 =
[256 (𝐵&16#7) + 𝐴]

16
. (6)

According to the LTM8663 specification, the RS485 com-
munication protocol is ASCII, and the parameters should be
configured in the hardware interface as; the speed transmis-
sion rate is 9,600 bps, data bits are 8, stop bits is 1, and the
operating mode is half duplex (RS485) two-wire mode.

After the PLC program has distinguished the total num-
ber of sensors of the module, each ID, and actual data, it is
not difficult to sort and copy them to the right offset location
in the summary data block. Obviously, each sensor ID in
one module must be unique. The summary data block is the
transmission information to the module control server.
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Figure 4: Function blocks for communication between CP341 and LTM8663 modules.

2.3. Management of Various Intelligent Modules. On the dam
construction site, thousands of sensors were installed on the
cooling pipes or cast inside the concrete, enabling various
identified intelligent modules to be linked to PLC via RS485
network; PLC software autodecided the polling strategy for
the whole network to avoid data acquisition conflicts. To poll
each module and channel cyclically, a counter is utilized to
differentiate the time frames for each task. In addition, the
PLC sends twodifferent commands for each channel since the
time interval must be considered. The brief polling sequence
is illustrated in [10].

To achieve communication between CP343-1 and the
module server, the server must be configured in the Simatic
manager. The module server is taken as “another station”
here, and in the net two connections should be established
for sending and receiving. For the Transmission Control
Protocol (TCP) connection; the port addresses of both parties
should be fixed.

The real-time data transmission from concrete construc-
tion site to the remote module control server was achieved
using an industrial Ethernet communication board, with
TCP/IP protocol. Depending on the distance, a fibre optic
converter or a wireless AP can be used for the data bridge.
The standard PLC Ethernet communication function block
can easily transfer the data block contents to the target server.
The network structure is independent of the sensors. If one
or several sensors fail, the master can still read data from
other sensors. After replacement, the sensors can be accessed
again as the master collects the data on the whole network
repeatedly.

3. PLC Code Configuration

In this study, the structured control language (SCL) was used
as the PLC code.The FBD and the Standard Template Library
(STL) included communication with the intelligent module

(RS485), temperature digital data treatment, filtering and
sorting, communication with the module server (TCP/IP),
and the cooling water PID control.

3.1. Communication with the Intelligent Module LTM8663.
The standard function block FB7 and FB8 (P SND RK)
are designed for RS485 communication structure, shown in
Figure 4.

The CP341 module is an extended communication pro-
cessor which supports RS422 and RS485 protocol. The data
block DB20 stores the inquiring command (5 bytes) to the
intelligentmodule, andDB30 is the receiving data buffer from
the module. The execution of FB7 and FB8 is separated by
logic.

3.2. Temperature Digital Data Analysis. When the specific
channel temperature digital data is recognized, it is trans-
ferred from DB30 to another data block for handling. For
example, DB31 handles raw data coming from channel 1,
module 0. As the total number of sensors and each ID is
known by the program, each temperature value can be con-
verted into target floating format.The source code below con-
verts the data according to (6).

After the treatment, the sensor actual values are copied to
a summary data block (e.g., DB10 for module 0). The offset
in the data block will follow the ID. For example, the offset
address for the sensor ID 3 is 12 as in Table 1.

3.3. Communication with the Module Server. Two other
standard functions (FC50 and FC60) are used for the TCP/IP
communicationwith themodule server, as shown in Figure 5.
The Ethernet port is integrated in the CPU module. The DB1
is the sending buffer which collects all the sensor information
and telegram time stamp, shown in Table 2.

The telegram length is 2022 bytes, including the title, tele-
gram label, length, telegram type, sending time, total circuit
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Table 1: The PLC data structure of DB10 for communication with intelligent module.

Number Address offset Name Data type Comments
1 0 Module SN Integer Module serial number
2 2 Total sensors Real Total sensors number
3 4 Value ID1 Real SensorValue ID1
4 8 Value ID2 Real SensorValue ID2
5 12 Value ID3 Real SensorValue ID3
6 16 Value ID4 Real SensorValue ID4
...

...
...

...
...

256 1016 Value ID254 Real SensorValue ID254
257 1020 Value ID255 Real SensorValue ID255
258 1024 Value ID256 Real SensorValue ID256

Table 2: The PLC data structure of DB1 for sending telegram to module server.

Number Address offset Name Data type Comments
1 0 Label String(4) Fixed as “EDAM”
2 4 Length Integer Telegram length
3 6 Tel type INT Telegram type
4 8 SendTime String(12) Format: YYYYMMDDHHMM
5 20 TotalNumber INT Total circuits
6 22 Telegram1 UDT1 User defined data type
...

...
...

...
...

𝑛 + 5 (𝑛 − 1) ∗ 10 + 22 Telegram(𝑛) UDT1 User defined data type
...

...
...

...
...

Table 3: The user defined type (UDT) for each circuit value as a template.

Number Address offset Name Data type Comments
1 0 Number Integer The circuit number
2 2 Mode Byte Mode, 1 = auto, 2 = manual
3 3 AlarmWarnning Byte 0 = OK, 1 = warning, 2 = alarm
4 4 InletTemp Integer Water inlet tmperature
5 6 OutletTemp Integer Water outlet temperature
6 8 ActFlow Integer Actual water flow

numbers, and every item of circuit data. Here a special UDT
(user data type, 10 bytes) is defined for each water cooling
circuit, including the serial number, auto- or manual mode,
status, inlet and outlet temperature, and actual water flow,
shown in Table 3. Correspondingly, the DB2 is the receiving
buffer containing the commands for each circuit from the
module server’s control strategy system.

Similarly, the receiving telegram contains the label,
length, type, and command for each circuit and the personal-
ized control solution is then realized in this way. Every circuit
can have its own cooling water flow target set point or fixed
water valve opening output.

4. Application Case Study

4.1. Brief Introduction toDamSite. Theproposedmethodwas
applied to the temperature control of the Xiluodu arch dam

during construction [28, 29].The project is located on the Jin-
shajiang River, in the Leibo County of Sichuan province. The
principal structures consist of a double-curvature arch dam
285.5 meters high, crest length about 700 meters, spillway,
underground powerhouse, and logway. A total of 6,000,000
cubic meters of concrete were poured. Because of the high
stresses in an arch dam structure and the construction
process control difficulties, the basic temperature control
principlewas tomaintain ultimately small temperature differ-
ences betweenneighbouring areas of concrete by slow cooling
and early cooling. The cooling process should be based on
the concrete temperature measurement results taking into
consideration the partitioning of the concrete, pouring
temperature, water pipes, density of concrete, and ambient
temperature. The cooling water flow is adjusted in a timely
manner to meet the targeted temperature requirements.

A flexible network structure for field temperature mon-
itoring of the super high arch dam during construction was
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developed based on the state of the art intelligence control
technology [8]. By employing flexible network structure
architecture, the bus was also connected to other types
of sensors such as dam strain measurement meters, dam
compressive stress measurement meters, meters for moni-
toring joint openings, rock-deformations, and piezometers
for seepage flow, all of which were are designed to suit
this network specification. Thus, the measurement scope
utilized covered a wide spectrum as well as themany concrete
temperature measurements sufficient for a super high arch
dam.

4.2. Site Control System Arrangement. The control cabinets
were prepared in the workshop. Because of the complex
electromagnetic environment on the construction site, wiring
to the site flow valves and sensors were employed. Figure 6
shows a preassembled cabinet for digital data transmission.
Here is the brief description of the main parts of PLC control
cubicle.

BOX1: The intelligent temperature module. The cir-
cuit connection diagrams for connecting the temper-
ature sensors to the module are shown in Figure 7.
PS307: The Simatic S7-300 PLC power module.
CPU315: The Simatic S7-300 PLC CPU with inte-
grated Profibus and Ethernet interfaces.
CP341: The Simatic RS485 communication processor
for the intelligent temperature module.
IM153: The Simatic interface module, which can
extend the CPU control to remote areas by Profibus
network.
AI8:TheSimatic analog inputmodule, which can read
8 analogue signals (current, voltage, resistor, or PT100
sensors). The circuit diagram for connecting the flow
meters to the analogue input module is shown in
Figure 8. The symbol “SM331” is the analogue input
module, which is able to read 8 water flow transduc-
ers; please refer to “(6) AI8” of Figure 6.
AO8: The Simatic analogue output module, which
can drive 8 analog valves. The circuit diagram for
connecting the electric valves to the analogue output
module is shown in Figure 9. The symbol “SM332” is
the analogue output module, which is able to control
8 proportional valves; please refer to “(7) AO8” of
Figure 6.

On the dam site, the operators connect the valves, flow
meters, and temperature sensors into the PLC cabinets as
required according to construction progress.

4.3. Temperature Field Analysis Basis of Real-Time Temper-
ature Data. On the Xiluodu arch dam site, the intelligent
cooling control system used modern field bus technology
extensively and Siemens PLC devices to comprehensively
track the temperature data change at the pouring of every
block in real time. Adjustment of the valves and control of
water flowwere performed using the PID algorithm based on
temperature control requirements and key factors such as the
highest temperature reached, cooling rate, and temperature
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Figure 8: The circuit diagram for connecting the temperature sensors to the module.

gradient. A web graphical user interface (GUI) was provided
for integrated query, analysis, and prewarning [1].

Based on the proposed temperature data transmission
system, the intelligent cooling system overcomes the short-
comings in traditional manually collected data systems,
providing an effective dam concrete temperature control and
cracking prevention technology both advanced and more
intelligent. In particular the advances consist of (1) changing
simple manual data collection to real-time data acquisition
and feedback, (2) automatically obtaining large quantities
of thermodynamic parameters with respect to every block
of poured concrete enabling a more customized control

function, and (3) enabling a 3D real-time temperature field
analysis be carried out, as illustrated in Figure 10. Based on
the real-time temperature field analysis, further stress fields
can be analyzed to study alternative temperature control
plans, not only limited to water flow, but the whole pipework
scheme can be adjusted to more optimal configurations.

5. Conclusions

This paper presents a real-time temperature data transmis-
sion approach for intelligent cooling control of early agemass
concrete based onA/D convertermodel and PLC technology.
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Figure 9: The circuit diagram for connecting the electric valves to the analog output module.
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Figure 10: Real-time three-dimensional temperature field.

The proposed approach offers an effective and efficient alter-
native for acquiring temperature digital data useful for sup-
porting the decision-making processes regarding the control
of cooling of just poured mass concrete in real time.

A mathematical description of the digital temperature
control model has been developed. Use of this model for
temperature values acquisition, filtering, sorting, treating,
and their real-time transfer for cooling control purposes is
proved effective. A stable, real-time, high volume capacity
of the temperature data transmission solution developed
utilized an intelligent cooling control system.

Using this system on the Xiluodu arch dam site enabled
some key problems to be solved including huge quantities of
raw data interchange with the module server, personalized
and flexible control for each water cooling circuit, and
accurate and punctual water conditional control data collec-
tion instead of traditional manual checking. The proposed
approach provides a convenient solution in process cooling
control pipes where cabling is not possible. The system
also has lower installation and maintenance costs, operates
reliably, and is of robust and flexible construction. It is proved

suitable for heat of hydration control in dam construction
concreting applications.

Based on this study, the future research will be focused
on the combination of real-time site monitoring analysis and
numerical simulation on thermal stress for control cracking
of mass concrete in construction period.
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Numerical manifold method (NMM) was originally developed based on linear elastic constitutive model. For many problems it
is difficult to obtain accurate results without elastoplasticity analysis, and an elastoplasticity version of NMM is needed. In this
paper, the incremental endochronic theory is extended into NMM analysis and an endochronic NMM algorithm is proposed for
elastoplasticity analysis. It is well known that endochronic theory is one of the widely used elastoplasticity theories which can deal
with elastoplasticity problems without a yield surface and loading or unloading judgments. Numerical tests show that the proposed
algorithm of endochronic NMMpossesses a good accuracy.The proposed algorithm is also applied to analyze a crack problem and
a soft clay foundation under traffic loading problem. Results demonstrate the convenience of the endochronic NMM in analyzing
elastoplasticity discontinuous problems.

1. Introductions

The numerical manifold method (NMM) was proposed by
Shi [1, 2]. It is a numerical analysis method for integrating
the discontinuous deformation analysis (DDA) and the finite
element method (FEM). The NMM is based on the finite
cover approximation theory and approximate displacement
by solving the equation on covers. Comparing with FEM,
the NMM has the following advantages [3]: (1) the geometry
of a model can be discontinuous; (2) it can solve problems
with large deformation; (3) for quasistatic problems, the
condition of equilibrium is automatically satisfied; (4) there
is no need for Gauss integration points by using the simplex
integration. Since the original version of NMM proposed,
various developments and applications have been achieved
during these years [4]. Ma et al. [5] and Gao and Cheng [6]
applied NMM to analyze fracture problems. Zhang et al. [7]
extended it to predict the growth of complex cracks. Terada
and Kurumatani [8] proposed a version of NMM called the
finite cover method. Li and Cheng [9] developed meshless
NMM based on unit partition. Meshless NMMwas extended
into crack problems by Li and Cheng [10]. Zhang and Zhou
[11] appliedNMMto analyze the saturated porousmedia. Gao
and Cheng [12] introduced the complex variable into NMM.

Already developedNMMalgorithmsmainly adopted a linear
elastic constitutive model. However, it is difficult to obtain
accurate results without elastoplasticity analysis for many
problems, and an elastoplasticity version of NMM is needed.

Endochronic theory is an elastoplasticity constitutive
theory derived from thermo concepts by Valanis [13, 14] in
1971. It is widely used in metal, sand, concrete, and so on [15,
16]. Comparing with other plasticity theories, endochronic
theory has neither conception of a yield surface nor the
specification of the loading or unloading rules and can take
the effects of the strain history into account by using intrinsic
time. Unfortunately, endochronic FEM is not good at dealing
with discontinuous problems and mass movement problems
which NMM is expert in.

In this paper, we introduce the endochronic theory into
NMM and apply the proposed algorithm to analyze a crack
problemand a soft clay foundation under traffic loading prob-
lem.This paper is organized as follows. In Section 2, the basic
conception ofNMMand the algorithmof endochronicNMM
are described. In Section 3, the accuracy of endochronic
NMM is verified by numerical tests. In Section 4, numerical
examples are taken to prove the availability of the algorithm.
In Section 5, conclusions are given.
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2. Endochronic NMM

2.1. The Basic Conceptions of NMM. There are three main
components that form the heart of NMM: block kinematics,
simplex integration method, and finite covering systems.The
block kinematics theory is developed from DDA which can
deal with the problems of contact, large deformation, and
mass movement. The integration of a function in NMM is
evaluated by simplex integration method. This integration
method can be implemented on any shape without Gauss
integration points. In NMM, there are two sets of covers. One
is called physical cover (PC) which contains all the physical
features such as the internal face, the domain which needs
to be simulated, and the geometries on which the boundary
conditions are loaded. Another kind of cover is called
mathematical cover (MC) which must cover the physical
cover. For example in Figure 1(a), Ω

1
and Ω

2
are the physi-

cal domains for analysis and Figure 1(b) shows the mathe-
matical domain. In Figure 1(c), the MC

1
and MC

2
are the

mathematical covers and Figure 1(d) shows the physical cov-
ers (PC

1−4
).Themanifold elements (MEs) are the intersection

of mathematical covers and physical covers.
NMM is a numerical method based on the principle of

minimum total potential energy.Theweak form of governing
equation is defined as

∫
Ω

𝛿𝜀
𝑇
Δ𝜎𝑑𝑉+∫

Ω

𝛿𝑢
𝑇
𝜌 ̈𝑢 𝑑𝑉=∫

Ω

𝛿𝑢
𝑇
Δ𝑏 𝑑𝑉+∫

Γ
𝑡

𝛿𝑢
𝑇
Δ𝑡 𝑑Γ,

(1)

where𝜎 is theCauchy stress tensor, 𝜀 is the small strain tensor,
𝑢 is the displacement vector, ̈𝑢 is the acceleration vector, 𝜌 is
the density of the material, 𝑏 is the body force vector, and 𝑡 is
the traction vector applied to boundary Γ

𝑡
.

2.2. The Incremental Constitutive Equations. Constitutive
equations of endochronic theory for homogeneous and
isotropic materials could be described as follows:

𝜎dev = 2∫

𝑧

0

𝜌 (𝑧 − 𝑧

)
𝜕𝜀
𝑃

dev
𝜕𝑧

𝑑𝑧

, (2)

𝑑𝜀
𝑝

dev = 𝑑𝜀dev −
𝑑𝜎dev
2𝜇

, (3)

where 𝜇 is the elastic shear modulus, 𝜎dev is the deviatoric
stress, and 𝜀

𝑝

dev is the deviatoric plastic strain. In (2), 𝑍 is the
intrinsic time measure which can be defined as follows:

𝑑𝑧 =
𝑑𝜉

𝑓 (𝜉)
,

𝑑𝜉
2
= 𝑑𝜀
𝑝

dev : 𝑑𝜀
𝑝

dev,

(4)

where𝑓(𝜉) is called scale function, and it decides the behavior
of material softening or hardening. By this function, the
contribution of the plastic strain history can be taken into
account. 𝜌(𝑧) is a kernel function and the 𝑚-term Dirichlet

series are introduced into this function by Lee [17], which can
be written as

𝜌 (𝑧) =

𝑛

∑

𝑖=1

𝐶
𝑖
𝑒
−𝛼
𝑖
𝑧 (5)

with the requirement that 𝐶
𝑖
and 𝛼

𝑖
are positive for all 𝑖 and

∞

∑

𝑖=1

𝐶
𝑖
= ∞,

∞

∑

𝑖=1

𝐶
𝑖

𝛼
𝑖

< ∞, (6)

where 𝐶 and 𝛽 are material parameters.
The incremental form of endochronic NMM which is

used in the numerical simulation can be deduced from the
integral constitutive equations mentioned above. We assume
that the variables at step 𝑛 − 1 are known, and the increment
of deviatoric stress in step 𝑛 can be described as

Δ𝜎dev (
𝑛
𝑧) = 𝜎dev (

𝑛
𝑧) − 𝜎dev (

𝑛−1
𝑧) . (7)

Substituting (2) and (5) to (7),

Δ𝜎dev (
𝑛
𝑧) = 2

𝑛
Δ 𝜀
𝑃

dev
𝑛
Δ𝑧

𝑚

∑

𝑟=1

𝐶
𝑟

𝛼
𝑟

(1 − 𝑒
−𝛼
𝑟

𝑛
Δ𝑧

)

+

𝑚

∑

𝑟=1

𝜎
𝑟

dev (
𝑛−1

𝑧) (𝑒
−𝛼
𝑟

𝑛
Δ𝑧

− 1) .

(8)

It can be easy derived that

Δ𝜎dev (
𝑛
𝑧) = 2

𝑛
Δ 𝜀dev
𝑛
Δ𝑧
𝑛
𝑀

𝑚

∑

𝑟=1

𝐶
𝑟

𝛼
𝑟

(1 − 𝑒
−𝛼
𝑟

𝑛
Δ𝑧

)

+
1

𝑛
𝑀

𝑚

∑

𝑟=1

𝜎
𝑟

dev (
𝑛−1

𝑧) (𝑒
−𝛼
𝑟

𝑛
Δ𝑧

− 1)

(9)

𝑛
𝑀 = 1 +

1

𝑛
Δ𝑧𝜇

𝑚

∑

𝑟=1

𝐶
𝑟

𝛼
𝑟

(1 − 𝑒
−𝛼
𝑟

𝑛
Δ𝑧

) . (10)

We assume that the material is plastic incompressibility
and the hydrostatic response can be expressed as

Δ𝜎
ℎ
= 3𝐾Δ𝜀vol, (11)

where𝐾 is the elastic bulkmodulus.The total stressΔ𝜎 is that

Δ𝜎 = Δ𝜎dev + Δ𝜎
ℎ
𝐼. (12)

Substituting (9) and (11) to (12), the incremental stress
vector can be represented as follows:

𝑛
Δ𝜎 = 3𝐾

𝑛
Δ 𝜀vol𝐼 + 2

𝑛
Δ 𝜀dev
𝑛
Δ𝑧
𝑛
𝑀

𝑚

∑

𝑟=1

𝐶
𝑟

𝛼
𝑟

(1 − 𝑒
−𝛼
𝑟

𝑛
Δ𝑧

)

+
1

𝑛
𝑀

𝑚

∑

𝑟=1

𝜎
𝑟

dev (
𝑛−1

𝑧) (𝑒
−𝛼
𝑟

𝑛
Δ𝑧

− 1) .

(13)
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Figure 1: Mathematical covers and physical covers.

2.3. Discrete Equations for Endochronic NMM. In a manifold
element, the relationship of the displacement vector and the
strain tensor in (1) can be written as

𝑢 = 𝑁𝑑,

𝜀 = 𝐿𝑁𝑑 = 𝐵𝑑,

(14)

where 𝑁 is the shape function, 𝐿 is the differential operator
matrix, and 𝑑 is the unknown vector. From the constitutive
equations, the stress tensor can be written as follows:

Δ𝜎 = 𝐷
ep
Δ𝜀 + 𝑓


, (15)

where the elastoplasticitymatrix𝐷ep and vector𝑓 arewritten
as follows:

𝐷
ep
=

[
[
[
[
[
[
[

[

𝐴
1

𝐴
2

𝐴
2

0

0

0

𝐴
2

𝐴
1

𝐴
2

0

0

0

𝐴
2

𝐴
2

𝐴
1

0

0

0

0

0

0

𝐴
3

0

0

0

0

0

0

𝐴
3

0

0

0

0

0

0

𝐴
3

]
]
]
]
]
]
]

]

,

𝐴
1
= 𝐾 +

4∑
𝑚

𝑟=1
(𝐶
𝑟
/𝛼
𝑟
) (1 − 𝑒

−𝛼
𝑟

𝑛
Δ𝑧

)

3
𝑛
Δ𝑧
𝑛
𝑀

,

𝐴
2
= 𝐾 −

2∑
𝑚

𝑟=1
(𝐶
𝑟
/𝛼
𝑟
) (1 − 𝑒

−𝛼
𝑟

𝑛
Δ𝑧

)

3
𝑛
Δ𝑧
𝑛
𝑀

,

𝐴
3
=

∑
𝑚

𝑟=1
(𝐶
𝑟
/𝛼
𝑟
) (1 − 𝑒

−𝛼
𝑟

𝑛
Δ𝑧

)

𝑛
Δ𝑧
𝑛
𝑀

,

𝑓

=

1

𝑛
𝑀

𝑚

∑

𝑟=1

𝜎
𝑟

dev (
𝑛−1

𝑧) (𝑒
−𝛼
𝑟

𝑛
Δ𝑧

− 1) .

(16)

Substituting (14) and (15) to (1), we finally obtain the
discrete equations for endochronic NMM analysis:

𝐾Δ𝑑 +𝑀Δ ̈𝑑 = Δ𝐹, (17)

where the stiffness matrix 𝐾, mass matrix 𝑀, and the
incremental load Δ𝐹 can be represented as:

𝐾 = ∫
Ω

𝐵
𝑇
𝐷

ep
𝐵𝑑Ω,

𝑀 = ∫
Ω

𝜌𝑁
𝑇
𝑁𝑑𝑉,

Δ𝐹 = ∫
Ω

𝑁
𝑇
Δ𝑏 𝑑Ω + ∫

Γ

𝑁
𝑇
Δ𝑡 𝑑Γ + ∫

Ω

𝐵
𝑇
𝑓

𝑑Ω.

(18)

To consider the dynamic problems, the total time is
divided into limited number of periods. By using the New-
mark scheme, the acceleration vector can be written as

𝑑
𝑛+1

= 𝑑
𝑛
+ Δ𝑡
𝑛

̇𝑑
𝑛
+
Δ𝑡
2

𝑛

2
((1 − 𝛽) ̈𝑑

𝑛
+ 𝛽 ̈𝑑
𝑛+1

)

̇𝑑
𝑛+1

= ̇𝑑
𝑛
+ Δ𝑡
𝑛
((1 − 𝛾) ̈𝑑

𝑛
+ 𝛾 ̈𝑑
𝑛+1

)

(19)
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Table 1: Description of the algorithm.

Step Description

1 Assume the state at step 𝑛 − 1 is known, and step 𝑛 is
the current step

2
The prediction solution is obtained by calculation with

elastic constitutive. Update the incremental stress
matrix

4 Initialize Δ𝜉

5 Use the Newton-Raphson technique to calculate 𝑛Δ𝑧 by
(8)

6 Substitute 𝑛Δ𝑧 to (15) and calculate𝐷epand 𝑓


7 Solve (22) for Δ𝑑. Update the global displacements Δ𝑢
and the global incremental strain matrix Δ𝜀

8 Go to the next step.

Element 1

Element 2

10 cm

1
0

cm

F1F2

Figure 2: Geometry and mathematic mesh for cyclic loading.

and then

̈𝑑
𝑛+1

=
2

Δ𝑡2𝛽
(Δ𝑑 − Δ𝑡 ̇𝑑

𝑛
−
Δ𝑡
2

2
(1 − 𝛽) ̈𝑑

𝑛
) . (20)

Herewedefined𝛽 and 𝛾 equal to 1.The acceleration vector
is transformed as

̈𝑑
𝑛+1

=
2

Δ𝑡2
(Δ𝑑 − Δ𝑡 ̇𝑑

𝑛
) . (21)

The discrete equations for dynamic problemderived from
(17) and (21) can be written as

𝐾Δ𝑑 = Δ𝐹, (22)

where

𝐾 = 𝐾 +
2

Δ𝑡2
𝑀, Δ𝐹 = Δ𝐹 +

2𝑉
𝑛

Δ𝑡
𝑀. (23)

The details of the algorithm used in the program are
described in Table 1.
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Figure 3: The axial stress versus strain relation of element 1.

3. Performance of Endochronic NMM

3.1. Test A: Behaviors under Cyclic Loading. This example
is taken from Lee [17]. He applied the endochronic theory
to an oxygen-free high-conductivity copper plate under
cyclic loading with FEM and the results coincide with the
experimental data [18] very well. In this section, a number
of experiments are performed to test the accuracy of the
endochronic NMM. The geometry and mathematic mesh of
the problem are shown in Figure 2. 𝐹

1
and 𝐹

2
are the forces

which are applied on the node of the model and the values of
𝐹
1
and 𝐹

2
are adjusted to ensure that the axial stress is equal

to the date from literature [17]. In order to overlook the effect
of mathematic covers, we let the mathematic domain have
the same area as physical domain. The material parameters,
which are provided by Lee, are listed in Table 2 and the
material functions: 𝜌(𝑧) and 𝑓(𝜉) are defined as follows:

𝜌 (𝑧) =

7

∑

𝑖=1

𝐶
𝑖
𝑒
−𝛼
𝑖
𝑧
,

𝑓 (𝜉) = {
1 − 0.84𝑒

−16.4𝜉
, 𝜁 ≤ 0.035,

1 − 0.637𝑒
−8.48𝜉

, 𝜁 > 0.035.

(24)

Figure 3 shows that the results from endochronic NMM
are identical to the data from Lee [17]. This example can
demonstrate that when the mathematic mesh fits with the
physical covers, the endochronic NMM will produce exactly
the same result as endochronic FEM.

3.2. Test B: The Influence of Mathematical Covers. In FEM,
the mesh is identical with the geometric figure, but in NMM
the mathematic mesh is arbitrary and the integral form is
different from FEM. In this section, as shown in Figure 4, we
study the influences of the mathematical mesh by changing
the length and position of mathematical cover. We apply a
single force on the highest point of the model. Figure 5 is the
cyclic loading diagram. The parameters of the endochronic
model are shown in Table 3 and 𝑓(𝜉) = 1 − (𝜉/20).
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Figure 4: Models for test B (m).

Table 2: Material properties [17] for the cyclically loaded elements.

Parameter Value
𝐶
1
𝐶
1
(MPa) 2.067 × 10

7

𝐶
2
(MPa) 6.545 × 10

6

𝐶
3
(MPa) 2.138 × 10

6

𝐶
4
(MPa) 6.890 × 10

5

𝐶
5
(MPa) 2.103 × 10

5

𝐶
6
(MPa) 4.49 × 10

4

𝐶
7
(MPa) 6.95 × 10

3

𝐸 (MPa) 1.15 × 10
5

𝛼
1

3.077 × 10
7

𝛼
2

5.961 × 10
6

𝛼
3

1.172 × 10
6

𝛼
4

2.024 × 10
5

𝛼
5

2.851 × 10
4

𝛼
6

2.276 × 10
3

𝛼
7

4.140 × 10
2

V 0.33

The values of the intrinsic times, displacement, and
residual strain of endochronic NMM are compared with
the corresponding values of endochronic FEM in Table 4. It
can be easily found that the displacements and the intrinsic

times in models 1–4 are exactly the same as those in FEM.
The computational results of the stress-strain by endochronic
NMM and FEM are shown in Figure 6. The results indicate
that the response of a physical cover in a mathematical cover
will not be affected by the size, relative position, and shape of
mathematical cover in endochronic NMM.

4. Numerical Examples

4.1. Simulation of Crack Problems with Endochronic NMM.
This section is devoted to the demonstration of the capabili-
ties of endochronic NMM in simulating the crack problems.
A rectangular plate of 40m wide and 40m high with a
piercing crack of 10m in the centre is illustrated in Figure 7.
Three different meshes, which are shown in Figure 8, have
been considered. Tensions are applied on the top and bottom
of the model with the maximum being equal to 12.8 (MPa ×
m). We adopt the same parameters for the endochronic
model which are adopted in test A.

The distributions of von-Mises plastic strain with differ-
ent DOFs are shown in Figure 9, which cannot be obtained
by the original NMM. The distributions of von-Mises stress
are also shown in Figure 9. It can be observed that the three
results are almost the same despiteminor discrepancies being
found. It seems fair to claim that the endochronic NMM is
capable of dealing with the elastoplasticity crack problems.
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Table 3: Material properties for test B.

Parameter Value
𝐶
1
𝐶
1
(MPa) 5000

𝐶
2
(MPa) 200

𝐸 (MPa) 1.15 × 10
5

𝛼
1

500
𝛼
2

15
V 0.3

4.2. Soft Clay Foundation under Traffic Loading Problem. In
this section, a numerical investigation on the mechanical
behavior of soft clay under the traffic moving loads is carried
out to demonstrate the convenience of the endochronic

NMM. The geometry and mesh of the example are shown
in Figure 10. Vehicle tire is modeled as a circle of radius
0.5m. 𝐹 is a concentrated force which is equal to 12.5 kN
and applied on the center of the tire. We let the tire move on
the foundation five times with 1.00m/s. In vertical direction,
there is one observation point for every 0.5m. Figure 12 is
the stress-strain relations of soil in a particular place under
cyclic loading which is tested by Peng et al. [19]. We use the
parameters of endochronic model which are listed in Table 5
and 𝑓(𝜉) = 1 − 0.65𝑒

−2.1𝜉. Figure 11 is the comparison of the
results from numerical and test. To study the disturbing force
generated by the tire, effect of the pore water pressure will be
ignored.

Figure 12 shows the displacement of point E generated
by endochronic NMM and conventional NMM. It could
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Figure 7: Geometric figure for crack problem.
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Figure 8: Three different meshes for crack problem.

Table 4: Aggregate of computational results.

Intrinsic time at step A Residual strain at step A Intrinsic time at step B Displacement at step B
Endochronic FEM 0.022082 0.013895 0.039685 0.031449
Model 1

Endochronic NMM (𝐿 = 2) 0.022082 0.013895 0.039685 0.031449
Endochronic NMM (𝐿 = 20) 0.022082 0.013895 0.039685 0.031449

Model 2
Endochronic NMM (𝐿 = 2) 0.022082 0.013895 0.039685 0.031449
Endochronic NMM (𝐿 = 20) 0.022082 0.013895 0.039685 0.031449

Model 3
Endochronic NMM (𝐿 = 2) 0.022082 0.013895 0.039685 0.031449
Endochronic NMM (𝐿 = 20) 0.022082 0.013895 0.039685 0.031449

Model 4
Endochronic NMM (𝐿 = 2) 0.022082 0.013895 0.039685 0.031449
Endochronic NMM (𝐿 = 20) 0.022082 0.013895 0.039685 0.031449
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Figure 10: Mesh and geometry of the example.

be observed that the endochronic NMM can calculate the
land subsidence after the tire rolling through the foundation
which cannot be simulated by conventional NMM. Figure 13
shows the additional stress generated by tire at points A–
E. It could be found that the curves of additional stress
over time are similar to sine curves, which coincide with
the conclusion by Hyodo and Yasuhara [20]. Figure 14 is the
distribution of equivalent plastic strain when the tire passes
the foundation for the first time. The results demonstrate

that the endochronic NMM can deal with the elastoplasticity
problems conveniently, especially at the problems which the
mass movement and contact are in charge of.

5. Conclusions

The endochronic NMM, as an integration of the numerical
manifold method and endochronic theory, is developed
especially for elastoplasticity problems. Endochronic theory,
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Table 5: Parameters of endochronic model for soft clay foundation
under traffic loading problem.

Parameter Value
𝐶
1
𝐶
1
(Pa) 4.00 × 10

8

𝐶
2
(Pa) 1.20 × 10

8

𝐸 (Pa) 8 × 10
7

𝛼
1

7.00 × 10
3

𝛼
2

4.00 × 10
2

V 0.3

which is one of the most typical elastoplasticity theories for
modelingmaterial behavior, has been successfully introduced
into the presented version of NMM in this paper. Results

of tests show that the endochronic NMM is a very useful
and accurate method for plasticity analysis. The numerical
examples of crack problem and soft clay foundation under
traffic loading problem demonstrate the convenience of the
endochronic NMM in analyzing elastoplasticity discontinu-
ous problems.
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Environment is the external factor that affects the durability of concrete structures. Buildings in different regions with different
climates will respond to durability deterioration in different ways. For macroenvironmental regionalization, the dominant
factor analysis method of the climatic zonation was applied into the environmental regionalization in this paper. Based on the
environmental characteristics in China and the effect of environmental factor on the durability of concrete structure, the proper
regionalization indexes are chosen, and the environmental regionalization is made. For microenvironmental regionalization, fuzzy
set and rough set theories were used in date mining on discrete measured data, and the weight determination of various factors
affecting durability was transformed into evaluation of the significance of attributes among rough sets. The method of durability
environmental regionalization is established by analyzing the degree of influence that various factors have on the durability of
concrete structures. The result of durability environmental regionalization for concrete structures in Shenzhen city shows that the
proposed approach is reasonable.

1. Introduction

The concrete structures are located in a changeable environ-
ment, different regional environment leads to different dam-
agemechanism and different damage level, and the structural
durability degradation form has its regional characteristics.
It means a lot to insure the concrete construction durability
and to extend the service life if a reasonable durability design
method combing with the various environmental conditions
can be found.

Durability environmental regionalization is to divide a
region into different areas according to the environmental
conditions which influence the durability of the concrete
structure. The influence of the environment on the architec-
ture is involved inmanyprofessional fields, fromarchitectural
planning, design, and construction to the building operation
and management. The architects have long ago realized the
influence of the climate on the architectural design. Early
in 1949–1952, the American Institute of Architects (AIA)
proposed the principle of the architectural design under the
influence of different climates in the main areas of the USA

[1]. The research on the weather in China began in the 1950s,
and “Standard of Climatic Regionalization for Architectural”
was issued in 1993 [2], but these research achievements was
aimed at the influence of climate condition on the function
of the building. Jin and Lü [3] had made durability environ-
mental regionalization on Zhejiang Province; however, the
regionalization doesnot have uniform indexes; only cursory
regionalization according to the influence of the environment
on the durability of the concrete structure was proposed.

Thedurability environmental regionalization for concrete
structures is a problem of complex multiparameter and mul-
tiindex evaluation, and the selection and determination of
the regionalization index directly relate to the accuracy of the
regionalization. In the macroenvironmental regionalization,
this paper will introduce the combination of dominant factor
and comprehensive analysis method of the climatic zona-
tion into durability environmental regionalization and select
property indexes according to the environmental character-
istics in each area of China, while in the microenvironmen-
tal regionalization, instead of macroscopic regionalization
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methods, a new way, which is based on the fuzzy sets and
rough sets to determine the weight distribution, is proposed
in this paper to make a quantitative calculation for durabil-
ity regionalization indexes and improve the regionalization
quality and precision. This method allowed the durability
environment regionalization to be done in specific city or
area, which can reflect the durability influencing factors in
the microenvironment around the buildings.

2. Macroenvironmental Regionalization

2.1. Regionalization Method. According to the climate con-
dition and erosion medium characteristics in China, the
environment around engineering structure can be divided
into atmospheric environment, water environment, and soil
environment. Moreover, the atmospheric environment can
be divided into general atmospheric environment (including
rural area and urban area),marine atmospheric environment,
and industrial atmospheric environment; the water environ-
ment can be divided into seawater environment, freshwater
environment, and industrial water environment, and the soil
environment can be divided into alkaline soil, acid soil, inland
saline soil, and coastal saline soil.

The principle of climate regionalization generally
includes principle of dominant factor, principle of
comprehensive analysis and combination of the both. The
dominant factor principle advocates using uniform indexes,
while the principle of comprehensive analysis laid stress on
the climate similarity among regions instead of uniform
indexes. In the durability environmental regionalization,
factors influencing concrete durability such as the
atmospheric temperature and humidity, the distance from
coastline, and the acid rain situation. should be considered.
Therefore, it would be necessary to employ the combination
of dominant factor and comprehensive analysis method of
the climatic zonation to make the durability environmental
regionalization. Due to the various distribution of spatial
and temporal of the environment elements and the different
influence of each environmental element on the durability
environmental regionalization, this paper will use two-level
regionalization approach to make durability environmental
regionalization for concrete structures.

2.2. Regionalization Index. The environmental factors that
affect concrete durability include (1) climate condition, such
as atmospheric temperature, relative humidity, and precipi-
tation, which are closely related to freeze-thaw damage, con-
crete carbonization, reinforcing steel corrosion, and chloride
ion penetration; (2) Erosionmedium, such as carbon dioxide,
chloride, acid rain, and sulfate. The selection of environ-
mental index is the key issue of durability environmental
regionalization.Herewewill choose the regionalization index
for each grade of regionalization, respectively.

(1) Primary Regionalization Index. The primary regional-
ization is made mainly according to the environmental
factor that affects the durability in the overall country. The
atmospheric CO

2
concentration has little contrasts, and the

atmospheric Cl− content shows large gradient only in the
coastal area. Therefore, the density of CO

2
and the Cl−

content will not be used as the main index. The distribution
of environmental temperature and relative humidity, which
reflects the main difference of climate characteristic, has
large difference throughout the country and has significant
influence on the concrete carbonization, reinforcing steel cor-
rosion and freeze-thaw damage of concrete [4–9]. Therefore,
the temperature and relative humidity are selected as the
primary regionalization index.

The annual average temperature can comprehensively
reflect the influence of the temperature on the durability
of concrete structures; the average temperature in January
reflects the coldest degree of the area and determines whether
frost freeze-thaw cycle damage occurs in concrete.Therefore,
the annual average temperature and average temperature in
January are chosen as the primary index.

July has the highest relative humidity and temperature in
the overall year in China, therefore leading to the fastest rein-
forcing steel corrosion. Hence, the average relative humidity
in July is chosen as the humidity index.

(2) Secondary Regionalization Index. The secondary region-
alization index was chosen according to the environmental
characteristic of each primary area. For coastal environment,
the distance from the costal line can well reflect the change
of atmospheric Cl− content. Besides, due to the different
industrialization in each city, the emission of acid gases such
as SO

2
, CO
2
, NO
2
, and H

2
S is different, which leads to

different pH levels of acid rain. Therefore, the distance from
the costal line or the annual average pH of acid precipitation
is chosen as the secondary regionalization index, depending
on the area location.

2.3. Regionalization Standard. The primary regionalization
indexes include annual average temperature (𝑇), January
average temperature (𝑇

1
), and July average relative humidity

(RH
7
).𝑇
1
is related towhether frost freeze-thaw cycle damage

occurs in the concrete. If 𝑇
1
is lower than −10∘C, freeze-thaw

damage is serious; if it is around 0∘C, freeze-thaw damage
may be occur; if 𝑇

1
is higher than 10∘C, frost and freeze-

thaw will not occur in the concrete structure [9]. Therefore,
𝑇
1
is divided into four parts: 𝑇

1
≤ −10

∘C, [−10∘C∼0∘C],
[0∘C∼10∘C], and >10∘C. Relative humidity has large effect on
concrete carbonation and reinforcing steel corrosion process.
The carbonation will have a highest speed when relative
humidity is 50%. Besides, the relative humidity is a decisive
factor for the degree of pore saturation which, in turn, will
influence the transportation of oxygen and chloride ion [10,
11], so 50% is chosen as critical relative humidity.

The secondary regionalization indexes include the dis-
tance from coastline (𝑆) and the annual average pH of
acid precipitation (pH

𝑤
). Researches show that if 𝑆 is more

than 3 km, chlorine-ion erosion could be ignored [12], so
the critical 𝑆 can be selected as 3 km. Since rain that has
equilibrated with atmospheric CO

2
has a pH

𝑤
value of about

5.6 and if pH
𝑤
value is less than 4.5, acid rain becomes a

serious regional environmental problem [13]. Therefore, 5.6
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Table 1: Regionalization standard.

Regions Primary regionalization criteria Secondary regionalization criteria

I Ia
𝑇
1
≤ −10∘C; 𝑇: −4.8∼8∘C; RH7 ≥ 50% pH

𝑤
> 5.6

Ib 4.5 < pH
𝑤
≤ 5.6

II
IIa

𝑇
1
: −10∼0∘C; 𝑇: 8∼14∘C; RH7 ≥ 50%

pH
𝑤
> 5.6 and 𝑆 > 3 km

IIb 4.5 < pH
𝑤
≤ 5.6 and 𝑆 > 3 km

IIc 4.5 < pH
𝑤
≤ 5.6 and 𝑆 ≤ 3 km

III
IIIa

𝑇
1
: 0∼10∘C; 𝑇: 14∼20∘C; RH7 ≥ 50%

4.5 < pH
𝑤
≤ 5.6 and 𝑆 > 3 km

IIIb pH
𝑤
≤ 4.5 and 𝑆 > 3 km

IIIc pH
𝑤
≤ 4.5 and 𝑆 ≤ 3 km

IV
IVa

𝑇
1
> 10∘C; 𝑇: 20∼25∘C; RH7 ≈ 80%

4.5 < pH
𝑤
≤ 5.6 and 𝑆 ≥ 3 km

IVb pH
𝑤
≤ 4.5 and 𝑆 ≥ 3 km

IVc 4.5 < pH
𝑤
≤ 5.6 and 𝑆 ≤ 3 km

V V 𝑇
1
≤ −10∘C; 𝑇: 2∼9∘C; RH7 ≤ 50% pH

𝑤
> 5.6

VI VI 𝑇
1
: −10∼0∘C; 𝑇: 10∼14∘C; RH7 ≤ 50% pH

𝑤
> 5.6

Ia
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Figure 1: Regionalization map of durability environment for concrete structures in China.

and 4.5 are chosen as critical pH
𝑤
of acid rain. Detailed

regionalization standard is shown in Table 1.

2.4. Regionalization Result. According to the primary and
secondary regionalization criteria of durability environmen-
tal regionalization standard, China can be divided into six
primary regions and thirteen secondary regions.The result is
shown in Figure 1, and the environmental character andmain
reason of durability degradation of every regions are provided
in Table 2.

3. Microenvironmental Regionalization

For Macroenvironmental regionalization, the method men-
tioned above can give a qualitative division for a large-scale
environment. For microenvironmental regionalization of a
small-scale environment, the following method will give a
precise division based on quantitative indicators.

3.1. Fuzzy Cluster Analysis and the Rough Set

3.1.1. Fuzzy Cluster Analysis. Traditional cluster analysis is
a hard regionalization method, which divided each object
into a certain category, and it cannot satisfy the field require-
ment. With the intermediary in their properties, the type of
objective things is often not very clear. However, fuzzy cluster
analysis can effectively deal with these problems [14–16],
Fuzzy clustering methods allow objects to belong to several
clusters simultaneously with different degrees of member-
ship. Inmany field situations, fuzzy clustering is more natural
than hard clustering, as objects on the boundaries between
several classes are not forced to fully belong to one of the
classes.

For durability environmental regionalization, let X =

{𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑛
} be all buildings to be tested; these build-

ings will be divided into different categories according
to their durability degradation causes; each sample x

𝑖
=

{𝑥
𝑖1
, 𝑥
𝑖2
, . . . , 𝑥

𝑖𝑚
} consists of 𝑚measured testing value of the



4 Mathematical Problems in Engineering

Table 2: Environmental character and main reason of durability degradation of every regions.

Regions Environmental character of primary regions Environmental character
of secondary regions Main reason of durability degradation

I

Ia This region has a long frigid winter which
lasts 6 months or more; the January average
temperature is −31∼−10∘C; and the number
of annual snowfall days is 5∼100 days with a
long freezing period.

No acid rain, far from
coastline

Serious freeze-thaw damage, concrete
carbonation, and reinforcing steel

corrosion

Ib 4.5 < pH
𝑤
≤ 5.6, far

from coastline

Serious freeze-thaw damage, slightly acid
rain corrosion, concrete carbonation,

and reinforcing steel corrosion

II

IIa

This region has a long dry-cold winter; the
January average temperature and minimum
temperature in January are −10∼0∘C and
−20∼−30∘C, respectively; the number of
annual snowfall days is usually less than 50
days.

No acid rain, far from
coastline

Freeze-thaw damage, concrete
carbonation, reinforcing steel corrosion

IIb 4.5 < pH
𝑤
≤ 5.6, far

from coastline

Freeze-thaw damage, concrete
carbonation, and reinforcing steel

corrosion, slightly acid rain corrosion

IIc 4.5 < pH
𝑤
≤ 5.6, closer

to the coast

Chloride ion corrosion, freeze-thaw
damage, concrete carbonation,

reinforcing steel corrosion, slightly acid
rain corrosion

III

IIIa Most of the parts of this region have a cold
and clammy winter; the January average
temperature is 0∼10∘C; the minimum
temperature can drop below −10∘C; the
number of annual rainy days and snowfall
days is about 150 days and 0∼15 days,
respectively.

4.5 < pH
𝑤
≤ 5.6, far

from coastline

Slightly acid rain corrosion, concrete
carbonation, reinforcing steel corrosion,

and slightly freeze-thaw damage

IIIb pH
𝑤
≤ 4.5, far from
coastline

Severe acid rain, concrete carbonation,
reinforcing steel corrosion, and slightly

freeze-thaw damage

IIIc pH
𝑤
≤ 4.5, closer to the

coast

Chloride ion corrosion, severe acid rain,
concrete carbonation, reinforcing steel

corrosion

IV

IVa This region has a long summer and no
winter; the January average temperature is
higher than 10∘C, and average annual
temperature is higher than 20∘C; there is no
significant difference among the four
seasons, the average annual rainfall day is
about 120∼200 days.

4.5 < pH
𝑤
≤ 5.6, far

from coastline

Concrete carbonation, slightly acid rain
corrosion, and reinforcing steel

corrosion

IVb pH
𝑤
≤ 4.5, far from
coastline

Severe acid rain, concrete carbonation,
and reinforcing steel corrosion

IVc 4.5 < pH
𝑤
≤ 5.6, closer

to the coast

Chloride ion corrosion, concrete
carbonation, slightly acid rain corrosion,

and reinforcing steel corrosion

V V

This region has a cold winter and hot dry
summer; the January average temperature is
−10∼−22∘C, and minimum temperature is
lower than −40∘C; the July average relative
humidity is lower than 50%; the annual

snowfall days is 5∼100 days.

No acid rain, far from
coastline

Serious freeze-thaw damage, concrete
carbonation,

VI VI

This region has a dry-cold winter and hot
summer; the January average temperature is
0∼−10∘C; the July average relative humidity
is lower than 50%; the annual snowfall days

is 5∼20 days.

No acid rain, far from
coastline

Freeze-thaw damage and concrete
carbonation

durability factor. Then, we can obtain the raw 𝑛 × 𝑚 data
matrix.

Fuzzy clustering analysis as follows [16].

Step 1 (data standardization). In order to compare different
testing values with different dimensions, the measured data
should be standardized. A collection of numeric data is stan-
dardized by subtracting a measure of central location (such
as the mean or median) and dividing it by some measure of
spread (such as the standard deviation or range). The com-
monly methods of standardization are Translation⋅Standard

Deviation Transformation and Translation⋅Range Transfor-
mation,

𝑥


𝑖𝑗
=

𝑥
𝑖𝑗
− 𝜇
𝑗

𝑠
𝑗

,

𝑥


𝑖𝑗
=

𝑥
𝑖𝑗
−min {𝑥

𝑖𝑗
}

max
1≤𝑖≤𝑛

{𝑥
𝑖𝑗
} −min

1≤𝑖≤𝑛
{𝑥
𝑖𝑗
}

,

(1)

where 𝜇
𝑗
and 𝑠
𝑗
are the mean value and standard deviation of

𝑥
𝑖𝑗
, respectively; and 𝑖 = 1, 2, . . . , 𝑛, 𝑗 = 1, 2, . . . , 𝑚.
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Step 2. Establish the fuzzy similar matrix R. The correlation
coefficient 𝑟

𝑖𝑗
= R(𝑥

𝑖
, 𝑥
𝑗
) between 𝑥

𝑖
and 𝑥

𝑗
can be calculated

using standardized data and build the fuzzy similar matrix.

Step 3. Establish the fuzzy equivalent matrix R∗. Fuzzy
similarmatrixR is a fuzzymatrix andmaynot be transferable.
In order to cluster these objects, the square method can be
used in finding the equivalent matrix R∗. Stepwise compute
R2,R4, . . ., until R𝑘 = R2𝑘 = R2.

Step 4. Cluster analysis. According to different confidence
level 𝜆 ∈ [0, 1], the ranks of the fuzzy equivalent matrix
R∗ obtained in Step 3 can be gradually merged into different
clustering results. when 𝑟

𝑖𝑗
≥ 𝜆, the correlation between the

samples is strong enough, and the samples can be classified as
the same class. For durability environmental regionalization,
factors influencing durability of concrete can be treated as
similar. The greater the value of 𝜆 is, the higher the stability
of sample element is, and more details can be distinguished.
However, the smaller the value of 𝜆 is, the less accurate the
classification results is. Therefore, the variance of 𝜆 causes
different classification results and forms a dynamic cluster
result. In order to determine the optimal threshold 𝜆, F-
statistics method is used in this paper. In the process of
cluster analysis, first obtain the center vector through raw
data matrix:

x = (𝑥
1
, 𝑥
2
, . . . , 𝑥

𝑘
, . . . , 𝑥

𝑚
) ,

𝑥
𝑘
=
1

𝑛

𝑛

∑

𝑖=1

𝑥
𝑖𝑘
, 𝑘 = 1, 2, . . . 𝑚,

(2)

where x is the center vector of the sample space.

Assume that there are 𝑟 kinds of classes for certain 𝜆, and
samples size of the 𝑗th class is 𝑛

𝑗
. The samples in the 𝑗th class

are recorded as 𝑥(𝑗)
1
, 𝑥
(𝑗)

2
, . . . , 𝑥

(𝑗)

𝑛
𝑗

and the center vector of the

𝑗th class is x(𝑗) = (𝑥(𝑗)
1
, 𝑥
(𝑗)

2
, . . . , 𝑥

(𝑗)

𝑘
, . . . , 𝑥

(𝑗)

𝑚
), where 𝑥(𝑗) is the

mean value of 𝑘th feature. Consider

𝑥
(𝑗)

𝑘
=
1

𝑛
𝑗

𝑛
𝑗

∑

𝑖=1

𝑥
(𝑗)

𝑖𝑗
, 𝑘 = 1, 2, . . . , 𝑚. (3)

The random variable

𝐹 =

∑
𝑟

𝑗=1
𝑛
𝑗


x(𝑗)−x

2

/ (𝑟 − 1)

∑
𝑟

𝑗=1
∑
𝑛
𝑗

𝑖=1


x(𝑗)
𝑖
− x(𝑗)



2

/ (𝑛 − 𝑟)

(4)

is a F-distribution with (𝑛 − 1, 𝑛 − 𝑟) degrees of freedom.

Here ‖x(𝑗)−x‖ = √∑𝑚
𝑘=1
(𝑥
(𝑗)

𝑘
− 𝑥
𝑘
)
2

is the distance between

x(𝑗) and x, and ‖x(𝑗)
𝑖
− x(𝑗)‖ is the distance between sample

x(𝑗)
𝑖

and center vector x(𝑗)
𝑖

in 𝑗th class. Numerator of F-
distribution suggests the distances between different classes,
and denominator of F-distribution suggests the distances
between samples in the same class. Hence the larger F, the
longer the distances between different classes, and the better
the cluster result.

3.1.2. The Theory of the Rough Set. The theory of rough
set, which is proposed by the mathematician Pawlak some
30 years ago, is a new approach to decision making in the
presence of uncertainty and vagueness. The main idea of this
theory is tomake determination or regionalization by knowl-
edge reduction on the basis of maintain resolving ability. Due
to the feature that it does not make any presumptions or
require a priori knowledge about the data, rough set has been
widely used in the fields of data mining, pattern recognition,
machine learning, and intelligent control successfully [17–21].

With the development of testing methods [22, 23], we
can easily get the durability environmental data of concrete
structures; however, due to the randomness of the practical
project, statistical analysis for the factors affecting structural
durability cannot be proposed. To solve this problem, the
rough set theory is introduced to obtain the significance
of various environmental factors affecting the durability of
concrete structures.

Definition 1. Knowledge representation system is as follows:

𝑆 = (𝑈,𝐴, 𝑉, 𝑓) , (5)

where 𝑈 is the sample set; 𝐴 = 𝐶 ∪ 𝐷 is the attribute set, in
which 𝐶 and 𝐷 are the condition attributes and the decision
attributes of the samples, respectively; 𝑉 = ∪

𝑎∈𝐴
𝑉
𝑎
is the

set of attribute values; and 𝑓 : 𝑈 × (𝐶 ∪ 𝐷) → 𝑉 is an
information functions which specifies the property value for
each sample of𝑈. Each subset of attributes 𝑅 ⊆ 𝐴 determines
an indistinguishable binary relation IND(𝑅):

IND (𝑅) = {(𝑥, 𝑦) ∈ 𝑈 × 𝑈 | ∀𝑎 ∈ 𝑅, 𝑓 (𝑥, 𝑎) = 𝑓 (𝑦, 𝑎)} .
(6)

Definition 2. Given knowledge representation system 𝑆 =

(𝑈, 𝐴, 𝑉, 𝑓), for each subset 𝑋 ⊂ 𝑈 and an indistinguishable
relation 𝑅 ⊂ 𝐴, the upper approximation set and lower
approximation set of𝑋 can be defined as follows:

𝑅
−
(𝑋) = ⋃{𝑌 ⊂

𝑈

IND (𝑅)
| 𝑌⋂𝑋 ̸=0} ,

𝑅
−
(𝑋) = ⋃{𝑌 ⊂

𝑈

IND (𝑅)
| 𝑌 ⊂ 𝑋} .

(7)

Definition 3. The dependence between the two attribute sets
𝐶 and𝐷 can be defined as follows:

𝛾 (𝐶,𝐷) =

POS𝐶 (𝐷)


|𝑈|
, (8)

where POS
𝐶
(𝐷) = 𝐶 (𝐷), and |𝑈| is the number of the set

element.

Definition 4. Attribute 𝑎 ∈ 𝐶, the significance to 𝐷 of
attribute 𝑎 can be defined as follows:

SGF (𝑎, 𝐶,𝐷) = 𝛾 (𝐶,𝐷) − 𝛾 (𝐶 − {𝑎} , 𝐷) , (9)
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where 𝛾(𝐶−{𝑎}, 𝐷) is the dependence degree of the condition
attribute on the decision attribute when remove attribute 𝑎
from 𝐶.

3.2. Method of Index Weight Allocation for the Durability
Environmental Regionalization. Whendoing regionalization,
the weight of indexes should be allocated due to the durability
of concrete structures affected by various factors. Using
rough set theory to determine the weight of the various
regionalization indexes is that using attributes reduction of
the rough set to determine the significance of each index
under the premise of maintaining the ability of classification.
Specific steps are as follows.

Step 1. Taking all samples tested as objects set 𝐶 =

{𝑐
1
, 𝑐
2
, . . . , 𝑐

𝑛
}, the durability environmental regionalization

index (𝑐
𝑖1
, 𝑐
𝑖2
, . . . , 𝑐

𝑖𝑚
) as condition attributes, the component

durability damage level (𝑑
1
, 𝑑
2
, . . . , 𝑑

𝑚
) as decision attributes,

we can obtain the raw data matrix as follows:

𝐴 =

[
[
[
[

[

𝑐
11
𝑐
12
⋅ ⋅ ⋅ 𝑐
1𝑚

𝑑
1

𝑐
21
𝑐
22
⋅ ⋅ ⋅ 𝑐
2𝑚

𝑑
2

...
... d

...
...

𝑐
𝑛1
𝑐
𝑛2
⋅ ⋅ ⋅ 𝑐
𝑛𝑚

𝑑
𝑚

]
]
]
]

]

, (10)

and then, make classification according to the traditional
fuzzy clustering analysis.

Step 2. Determine the threshold value 𝜆 of the best confi-
dence level by F-statistic, thenmake equivalence partitioning
of the detected buildings according to the durability environ-
mental regionalization index and the durability damage level,
and then obtain the best classification,

𝑌 = {𝑌
1
, 𝑌
2
, . . . , 𝑌

𝑠
} , (11)

where𝑌
𝑖
represents a compressible set, which can be regard as

a set of equivalence relations that corresponds to a durability
damage level.

Step 3. In order to find out the significance of index 𝑐
𝑖
(𝑖 =

1, 2, . . . , 𝑚), we can first remove the index and then take fuzzy
cluster analysis to the data matrix using the Step 2 method;
then we can get the category set after removing the index 𝑐

𝑖
in

turn:

𝐸 = {𝐸
1
, 𝐸
2
, . . . , 𝐸

𝑚
} , (12)

where 𝐸
𝑖
= {𝑌
(𝑖)

1
, 𝑌
(𝑖)

2
, . . . , 𝑌

(𝑖)

𝑘
} is the classification equiva-

lence set after removing the 𝑖th regionalization index, and
for different 𝑖, 𝑘 is different. And 𝑌(𝑖)

𝑙
(1 ≤ 𝑙 ≤ 𝑘) is the 𝑖th

classification equivalence set.

Step 4. Using rough set theory to solve the significance
of each index. First solve the union lower of approximate
set of each equivalence set of each durability damage level
respectively. Cobsider

POS
𝐶−{𝑐
𝑖
} (𝐷) = {𝐶 − {𝑐𝑖}} (𝐷) = ⋃{{𝐶 − {𝑐

𝑖
}} 𝑌
𝑙
} .

(13)

For each regionalization index 𝑐
𝑖
, the dependence degree

of durability damage level 𝐷 on the regionalization index
set 𝐶 and the regionalization index set 𝐶 − 𝑐

𝑖
were solved,

respectively, by Definition 3 of rough set. Consider

𝛾 (𝐶,𝐷) =

POS𝐶 (𝐷)


|𝑈|
,

𝛾 (𝐶 − {𝑐
𝑖
} , 𝐷) =


POS
𝐶−{𝑐
𝑖
} (𝐷)



|𝑈|
.

(14)

Then solve the significance SGF (𝑐
𝑖
, 𝐶, 𝐷) of the regional-

ization index set 𝑐
𝑖
according to Definition 4 of rough set.

Step 5. According to the significance of each regionalization
index, allocate weight using the normalization method and
get more intuitive results:

𝑊
𝑖
=

SGF (𝑐
𝑖
, 𝐶, 𝐷)

∑
𝑚

𝑘=1
SGF (𝑐

𝑘
, 𝐶, 𝐷)

. (15)

The knowledge systemwas established through the estab-
lishment of relational data model and the characterization of
attribute value; then calculate the factor weight through the
support degree and significance analysis of evaluation object
under the data driven. This is an objective allocation method
of the index weights of durability regionalization proposed in
this paper.

3.3. Durability Environmental Regionalization for Concrete
Structures in Shenzhen City. The influence factors detection
and damage level assessment of durability was taken for 515
in-service concrete structures in Shenzhen city. Considering
the operability of field detection, the concrete carbonation
depth, chloride ion content of the concrete surface, ambient
temperature, and relative humidity are taken as the index of
durability environmental regionalization. In order to express
the weights allocation process, the detect results of the
outdoor trestle of Yantian fishing port, the teaching building
of ShenZhen Donghe primary school, and the Bio entertain-
ment center of sea world are taken for examples. Select 20
detected samples as the sample space 𝑈 = {1, 2, . . . , 20},
and the condition attribute set 𝐶 = {𝑐

1
, 𝑐
2
, 𝑐
3
, 𝑐
4
} are four

durability environmental regionalization indexes, which are
the concrete carbonation depth, surface chloride concentra-
tion, ambient temperature, and ambient relative humidity,
respectively. The decision attribute set 𝐷 = {𝑑} is the
durability damage level of the concrete components, which
can be calculated according to “standard for durability assess-
ment of concrete structures CECS 220:2007” [24]. Where
(1) represents that components almost have no durability
damage; (2) represents that components have mechanical
damage or slight durability damage; (3) represents that
components have some relatively serious durability damage;
and (4) represents that components have serious durability
damage. The detecting data are show in Table 3.

In order to eliminate the impact of dimension, the
standard derivation method is used to obtain standardized
sample matrix R; and the Euclidean distance method is
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Table 3: Detecting data of concrete structures (extract).

Sample number

Durability environmental regionalization index
Concrete

carbonation
depth (mm)

Surface chloride
concentration (%)

Ambient temperature
(∘C)

Ambient relative
humidity (%)

Durability
damage level

1 17 1.39 23.91 80 3
2 27 0.80 23.25 72 1
3 18 2.18 23.5 79 3
4 16 1.59 23.94 83 4
5 9 1.98 23.31 85 4
6 22 0.80 23.25 75 2
7 20 2.18 23.67 80 3
8 28 0.01 22.46 74 2
9 26 0.20 22.59 72 1
10 17 2.78 23.28 79 3
11 25 0.39 22.32 74 2
12 7 2.18 23.17 86 4
13 12 2.97 23.88 84 4
14 16 1.19 22.66 84 4
15 21 0.60 23.12 78 3
16 26 0.99 22.47 73 2
17 21 2.58 22.9 80 3
18 10 2.18 23.55 85 4
19 22 0.99 22.41 80 3
20 10 2.38 22.74 86 4
𝑥
𝑘 18.50 1.52 23.12 79.45 2.95
𝑠
𝑘 6.26 0.88 0.51 4.76 0.97

used to establish fuzzy similar matrix R. Through the square method, we get the transitive closure of R and then obtain
fuzzy equivalent matrix R∗

[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[
[

[

1 0.783 0.859 0.91 0.817 0.783 0.859 0.783 0.783 0.859 0.783 0.817 0.817 0.783 0.783 0.783 0.859 0.817 0.783 0.817

0.783 1 0.783 0.783 0.783 0.87 0.783 0.818 0.818 0.783 0.818 0.783 0.783 0.818 0.87 0.818 0.783 0.783 0.818 0.783

0.859 0.783 1 0.859 0.817 0.783 0.937 0.783 0.783 0.898 0.783 0.817 0.817 0.783 0.783 0.783 0.874 0.817 0.783 0.817

0.91 0.783 0.859 1 0.817 0.783 0.859 0.783 0.783 0.859 0.783 0.817 0.817 0.783 0.783 0.783 0.859 0.817 0.783 0.817

0.817 0.783 0.817 0.817 1 0.783 0.817 0.783 0.783 0.817 0.783 0.936 0.854 0.783 0.783 0.783 0.817 0.931 0.783 0.875

0.783 0.87 0.783 0.783 0.783 1 0.783 0.818 0.818 0.783 0.818 0.783 0.783 0.818 0.896 0.818 0.783 0.783 0.818 0.783

0.859 0.783 0.937 0.859 0.817 0.783 1 0.783 0.783 0.898 0.783 0.817 0.817 0.783 0.783 0.783 0.874 0.817 0.783 0.817

0.783 0.818 0.783 0.783 0.783 0.818 0.783 1 0.921 0.783 0.911 0.783 0.783 0.821 0.818 0.899 0.783 0.783 0.823 0.783

0.783 0.818 0.783 0.783 0.783 0.818 0.783 0.921 1 0.783 0.911 0.783 0.783 0.821 0.818 0.899 0.783 0.783 0.823 0.783

0.859 0.783 0.898 0.859 0.817 0.783 0.898 0.783 0.783 1 0.783 0.817 0.817 0.783 0.783 0.783 0.874 0.817 0.783 0.817

0.783 0.818 0.783 0.783 0.783 0.818 0.783 0.911 0.911 0.783 1 0.783 0.783 0.821 0.818 0.899 0.783 0.783 0.823 0.783

0.817 0.783 0.817 0.817 0.936 0.783 0.817 0.783 0.783 0.817 0.783 1 0.854 0.783 0.783 0.783 0.817 0.931 0.783 0.875

0.817 0.783 0.817 0.817 0.854 0.783 0.817 0.783 0.783 0.817 0.783 0.854 1 0.783 0.783 0.783 0.817 0.854 0.783 0.854

0.783 0.818 0.783 0.783 0.783 0.818 0.783 0.821 0.821 0.783 0.821 0.783 0.783 1 0.818 0.821 0.783 0.783 0.821 0.783

0.783 0.87 0.783 0.783 0.783 0.896 0.783 0.818 0.818 0.783 0.818 0.783 0.783 0.818 1 0.818 0.783 0.783 0.818 0.783

0.783 0.818 0.783 0.783 0.783 0.818 0.783 0.899 0.899 0.783 0.899 0.783 0.783 0.821 0.818 1 0.783 0.783 0.823 0.783

0.859 0.783 0.874 0.859 0.817 0.783 0.874 0.783 0.783 0.874 0.783 0.817 0.817 0.783 0.783 0.783 1 0.817 0.783 0.817

0.817 0.783 0.817 0.817 0.931 0.783 0.817 0.783 0.783 0.817 0.783 0.931 0.854 0.783 0.783 0.783 0.817 1 0.783 0.875

0.783 0.818 0.783 0.783 0.783 0.818 0.783 0.823 0.823 0.783 0.823 0.783 0.783 0.821 0.818 0.823 0.783 0.783 1 0.783

0.817 0.783 0.817 0.817 0.875 0.783 0.817 0.783 0.783 0.817 0.783 0.875 0.854 0.783 0.783 0.783 0.817 0.875 0.783 1

]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]
]

]

(16)
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F-statistics method is used to determine the optimum
threshold value 𝜆 = 0.91, and the classification results
for 20 detected samples according to condition attributes 𝐶
(four durability environmental regionalization indexes) and
decision attributes 𝐷 (the durability damage level of the
concrete components) are

𝑈

IND (𝐶)
= {{1, 4} , {2} , {3, 7} , {5, 12, 18} , {6} , {8, 9, 11} ,

{10} , {13} , {14} , {15} , {16} , {17} , {19} , {20}} ;

𝑈

IND (𝐷)
= {{2, 9} , {6, 8, 11, 16} , {1, 3, 7, 10, 15, 17, 19} ,

{4, 5, 12, 13, 14, 18, 20}} .

(17)

Similarly, after removing the condition attribute 𝑐
𝑖
, clas-

sify the condition attribute set 𝐶 by the fuzzy clustering
methods, and all the best classifications were as follows:

𝑈

IND (𝐶 − {𝑐
1
})
= {{1, 4} , {2, 6, 15} , {3, 7, 10, 17} ,

{5, 12, 18} , {8, 9, 11, 16} ,

{13} , {14} , {19} , {20}} ;

𝑈

IND (𝐶 − {𝑐
2
})
= {{1, 3, 4, 7, 10, 13, 15, 17} , {2} ,

{5, 12, 18} , {6} ,

{8, 9, 11, 16} , {14} , {19} , {20}} ;

𝑈

IND (𝐶 − {𝑐
3
})
= {{1} , {2, 16} , {3, 7, 17} , {4, 14} ,

{5, 12, 18, 20} ,

{6, 8, 9, 11} , {10} , {13} , {15, 19}} ;

𝑈

IND (𝐶 − {𝑐4})
= {{1, 4} , {2, 6, 15} {3, 7} , {5, 12, 18} ,

{8, 9, 11, 16, 19} , {10} ,

{13} , {14} , {17} , {20}} .

(18)

Then solve the union lower of approximate set of each
equivalence set of each durability damage level, respectively.
Consider

POS
𝐶
(𝐷) = {2, 3, 5, 6, 7, 10, 12, 13, 14, 15, 16, 17, 18, 19, 20} ,

POS
𝐶−{𝑐
1
} (𝐷) = {3, 5, 7, 10, 12, 13, 14, 17, 18, 19, 20} ,

POS
𝐶−{𝑐
2
}
(𝐷) = {2, 5, 6, 12, 14, 18, 19, 20} ,

POS
𝐶−{𝑐
3
} (𝐷) = {1, 3, 4, 5, 7, 10, 12, 13, 14, 15, 17, 18, 19, 20} ,

POS
𝐶−{𝑐
4
} (𝐷) = {3, 5, 7, 10, 12, 13, 14, 17, 18, 20} .

(19)

Then calculate the significance SGF(𝑐
𝑖
, 𝐶, 𝐷) of each

regionalization index 𝑐
𝑖
through the dependence degree of

durability damage level 𝐷 on the regionalization index set 𝐶
and the regionalization index set 𝐶 − 𝑐

𝑖
. Consider

SGF (𝑐
1
, 𝐶, 𝐷) = 𝛾

𝐶
(𝐷) − 𝛾

𝐶−{𝑐
1
}
(𝐷)

=

POS𝐶 (𝐷)


|𝑈|
−


POS
𝐶−{𝑐
1
}
(𝐷)



𝑈

=
15

20
−
11

20
−
4

20
,

SGF (𝑐
2
, 𝐶, 𝐷) = 𝛾

𝐶 (𝐷) − 𝛾𝐶−{𝑐
2
} (𝐷)

=

POS𝐶 (𝐷)


|𝑈|
−


POS
𝐶−{𝑐
2
}
(𝐷)



𝑈

=
15

20
−
8

20
−
7

20
,

SGF (𝑐
3
, 𝐶, 𝐷) = 𝛾

𝐶
(𝐷) − 𝛾

𝐶−{𝑐
3
}
(𝐷)

=

POS𝐶 (𝐷)


|𝑈|
−


POS
𝐶−{𝑐
3
} (𝐷)



𝑈

=
15

20
−
14

20
−
1

20
,

SGF (𝑐
4
, 𝐶, 𝐷) = 𝛾

𝐶
(𝐷) − 𝛾

𝐶−{𝑐
4
}
(𝐷)

=

POS𝐶 (𝐷)


|𝑈|
−


POS
𝐶−{𝑐
4
}
(𝐷)



𝑈

=
15

20
−
10

20
−
5

20
.

(20)

Finally, normalize the significance of each regionalization
index 𝑐

𝑖
and we can obtain the weight of the durability

influencing factors:

(𝜔
𝑐
1

, 𝜔
𝑐
2

, 𝜔
𝑐
3

, 𝜔
𝑐
4

) = (0.2353, 0.4118, 0.0588, 0.2941) .

(21)

From Formula (21) we can see that, among the factors
influencing concrete durability in Yantian district, the sur-
face chloride concentration has the most influential effect,
followed by the ambient relative humidity and concrete
carbonation depth, while the ambient temperature had the
least influence. After assessing the durability damage level of
the 515 in-service concrete structures in Shenzhen city, the
weight of each affecting factors for building’s durability is
obtained.

Considering the administrative division of Shenzhen
city and roads regionalization of Longda Express highway,
Guangshen Express highway, Jihe Express highway, Huishen
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Table 4: Result of durability environmental regionalization for concrete structures in Shenzhen city.

Regions

Weight of durability environmental regionalization indexes

Geographical areaSurface chloride
concentration

Concrete
carbonation

depth

Ambient
temperature

Ambient relative
humidity

I 0.3154∼0.4250 0.1803∼0.2560 0.0154∼0.1737 0.0213∼0.3125
A narrow distribution along the coastline,

mainly in the south of
Guangzhou-Shenzhen highway

II 0.2758∼0.3239 0.2445∼0.3460 0.0758∼0.1239 0.0250∼0.2375

Central of Bao’an district, northern of
nanshan and Futian District, most parts

of the Luohu and Yantian district,
southern of Longgang district

III 0.1762∼0.2618 0.3219∼0.4795 0.0758∼0.1998 0.0219∼0.1843
Mainly in the north of Longda

expressway, huiyan Highway, and
Shenzhen-Shantou expressway

Nanshan

22.8

22.7

22.6

22.5

114.6114.5114.4114.3114.2114.1114.0113.9

Lingdingyang

Mirs Bay

Huizhou
Dongguan

Hong Kong
Shenzhen

Bay

113.8

Futian
Luohu

Yantian

Longgang

Baoan

�
I

II

III

Figure 2: Regionalization map of durability environment for concrete structures in Shenzhen City.

Express highway, Huiyan Express highway, and so forth, the
durability environmental regionalization can be made based
on the weight of each influencing factor and deterioration
characteristics of detected structures. The Shenzhen city is
divided into three areas: Chloride Erosion area (I); Adja-
cent Sea Air area, which makes chloride erosion as main
action and carbonization supplementary (II); and Common
Air area, which makes carbonization as main action (III)
(Table 4). According to the regionalization results, the dura-
bility regionalization map of concrete structures in Shenzhen
city can be plotted as Figure 2.

Table 2 and Figure 1 show that, among the factors
affecting the durability of concrete structures from Chloride
Erosion area (I) to Common Air area (III), the effect of
chloride erosion is gradually weakened, while the effect of
carbonization gradually become the dominant.

In the Chloride Erosion area (I), the relative humidity
and atmospheric Cl−content are relatively high, steel rein-
forcement in concrete has severely deteriorated, and concrete
cover exhibits a large number of cracks along the longitude
rebar or even a large area of spalling. More attention should
be paid on chloride erosion when doing structural durabil-
ity design, and appropriate durability protective measures
should be taken in this region.

Adjacent Sea Air area (II) covers most areas of the
Shenzhen special economic zone. With the distance from
costal line increasing, atmospheric Cl− content decreases
rapidly.This is because themaritime air is forced to uplift due
to the block of Lotus mountains, and the salt spray carried by
the air is absorbed bymost of the rocks and trees; besides, the
air flow is blocked by the tall buildings in south of Shenzhen
city, andmost salt particles in the air were settled.The effect of
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chloride ion penetration and concrete carbonation should be
considered during structural durability design in this region.

After salt particle settlement in Region I and Region
II, the chloride concentration of the components surface
decreased. Reinforced concrete structures in Common Air
area (III) has mild rust occasionally, the concrete protective
layer of reinforcement has a small amount longitude cracks
due to insufficient thickness. concrete carbonation is the
major factor that influences the durability of concrete in this
area.

4. Conclusion

(1) The combination of dominant factor and compre-
hensive analysis method of the climatic zonation can
be used in the macroenvironmental regionalization.
Taking China for example, after comprehensive anal-
ysis of climate condition and erosion medium char-
acteristics of China, property regionalization indexes
can be selected, and China can be divided into six
primary regions and thirteen secondary regions.

(2) A new way based on the fuzzy sets and rough sets
to determine the weight distribution can be used
in the microenvironmental regionalization. Based on
discretization of the measured data, the significance
of attributes among rough sets can be estimated
instead of weight determination, and a relational
data model about the durability effecting factors of
concrete structures can be established. A knowledge
system can be built through making attribute value
into eigenvalue. After that, the method of durability
environmental division for microenvironment can
be established by analyzing the degree of influence
various factors have on the durability of concrete
structures.

(3) After researching on durability environmental
regionalization for concrete structures in China and
Shenzhen city, the proposed approach improved the
accuracy and efficiency of comprehensive evaluation
of the subjectivity of traditional environmental
regionalization method, and the regionalization
result, which will agree with the field situation of
concrete durability degradation, is proved much
more to be scientific and practical. Moreover, the
recommended method provides a scientific basis
to durability design and maintenance of reinforced
concrete structures.
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