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A resilient infrastructural system is an important component
of amodern city.Themain principles are safety, sustainability,
functionality, maintainability, and fast recoverability follow-
ing natural and/or man-made hazards. This special issue
addresses new research developments in resilient infrastruc-
tural systems under dynamic loadings, for example, wind,
traffic, tsunamis, and earthquakes.

In total, 39 submissions have been received and 12 papers
have been finally selected for publication. Two papers address
the interactional response of soil and structures: “Study
on Vibration Reduction Method for a Subway Station in
Soft Ground” by Ma et al. and “Numerical Study on the
Seismic Response of Structure with Consideration of the
Behavior of Base Mat Uplift” by Wang et al. The structural
collapse behaviour and its influence on ground vibration are
addressed in “Development of Practical Finite ElementMod-
els for Collapse of ReinforcedConcrete Structures and Exper-
imental Validation” by Bermejo et al., “Study on Progressive
Collapse Behavior of SRCColumn-Steel BeamHybrid Frame
Based on Pushdown Analysis” by Chu et al., and “Mitigation
ofGroundVibration due toCollapse of a Large-Scale Cooling
Tower with Novel Application of Materials as Cushions” by
F. Lin and Q. Zhong. Three articles focus on the seismic
load estimation and seismic structural behaviour as shown
in “Source Parameter Estimation Method for Assessment
of Structural Resiliencies” by Z. Wang and B. Zhao, “High
Performance Damage-Resistant Seismic Resistant Structural
Systems for Sustainable and Resilient City” by J.Wang andH.
Zhao, and “Shake Table Study on the Effect of Mainshock-
Aftershock Sequences on Structures with SFSI” by X. Qin
and N. Chouw. Zhang et al. present the nonlinear behaviour

of transmission tower-line systems in “Wind-Induced Cou-
pling Vibration Effects of High-Voltage Transmission Tower-
Line Systems” and “Nonlinear dynamic analysis of high-
voltage overhead transmission lines.” He et al. propose a
new dynamic force reconstruction method in “Adaptive
Reconstruction of aDynamic ForceUsingMultiscaleWavelet
Shape Functions.” Z. Song and C. Su present an approach for
estimating structural damping in “Computation of Rayleigh
Damping Coefficients for the Seismic Analysis of a Hydro-
Powerhouse.”

We hope that the papers in this special issue are useful to
readers, and the publication of the special issue will stimulate
further research in the area of resilient infrastructures.

Xing Ma
Nawawi Chouw

Mohamed ElGawady
Songye Zhu
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This paper presents a review of high performance damage-resistant seismic resistant structural (DRSRS) systems for the sustainable
and resilient city. Firstly, the motivation and the basic principle as well as methodology of the developing DRSRS system are briefly
illustrated.Then, the structural detailing and the seismic behaviors of three types of existingDRSRS systems, namely, the replaceable
structural element (RSE), rocking seismic resisting structural (RSRS) system, and self-centering seismic resisting structural (SCSRS)
system, are summarized in detail. The theoretical and extensive experimental study results indicated that the three existing types of
DRSRS system canminimize the postdamage after loading. Types of energy dissipation devices and dampers, as well as fuse sections,
can largely enhance the energy dissipation capacity of the proposed structural system. Many numerical and finite element models
have been proposed to analyze the dynamic and static cyclic responses of them.The residual deformation after the dynamic response
is smaller compared to that following the cyclic response. Then, the current research challenges of DRSRS system are illustrated,
and the new research highlights that emerged in recent years are stated. Finally, the conclusions of this paper are summarized;
furthermore, the recommendations for the future studies are pointed out at the end of the paper.

1. Introduction

The majority of the world’s population, over 3.96 billion
people, lives in cities [1]. As the centers of population,
politics, and economics activity as well as culture, the natural
hazards bring more severe destructions and disasters to cities
compared to before. Therefore, the sustainable and resilient
city has been paid more and more enthusiasm in recent
years. A “resilient city” is demanded to quickly rehabilitate
or maintain its essential functions from any shock or stress
[2]. The shocks or stresses include heat waves, storms,
earthquake, flood, and an accelerated rate of sea level rise.

The Wenchuan earthquake in 2008 caused 86000 deaths
and approximately 138.33 billion USD economical loss [3].
TheGreat Kobe earthquake led 6434 deaths and caused about
170 billion USD loss in economics [4]. 15870 persons died
in the Great East Japan Earthquake which caused about 100

billion loss USD in economics [5]. The 7.8 magnitude earth-
quake in Nepal in April 2015 occurred with close to 9,000
victims and 6 billion USD estimated losses including damage
reported in India, China, and Bangladesh [6]. On 16 April
2016, a series of earthquakes hit Kumamoto, Japan, leading
to 64 deaths and infrastructure damage of approximately
5.6 billion USD. On the same day, an earthquake attacked
Ecuador andmurdered 668 people [7]. In August 2016, Italy’s
Umbria region suffered from a 6.2 earthquake that caused
293 deaths and left 4000 people homeless; the damage is
estimated at 3.96 billion USD [8]. Other invisible losses in
culture, human emotion, and quality of life are inestimable.

The earthquake caused a mass of economical loss and
destructions of infrastructures; this leads to big difficulty
for the sustainable and resilient city. Thus the American
and Japanese earthquake engineering researchers pointed
out that the resilient city needs to be the next objective of
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earthquake engineering at the seventh joint planningmeeting
of NEES/E-Defense Collaborative Research on Earthquake
Engineering [9]. Actually, to minimize the residual deforma-
tion of engineering structure after an earthquake, engineers
and researchers have developed some innovative structure
systems including replaceable structural element (RSE) and
rocking seismic resisting structural (RSRC) system as well as
self-centering seismic resisting structural (SCSRS) system in
recent decades; all the above-mentioned structural systems
are called high performance damage-resistant seismic struc-
tural (DRSS) system in this paper.

TheRSE is developed through actively artificially forming
relative weakening structural element which will be easily
failed before other protective structural elements and can be
easily replaced after an earthquake; as a result, the whole
structure can be quickly rehabilitated and desterilized. So
far, the most popular studied DRSRS systems are RCRC
system and SCSRS system that is created in accordance with
the elastic gap opening mechanisms to soften the seismic
response of the structure; posttension tendon or strand is
used to return the whole structure to a plumb position. In
order to dissipate the seismic energy, the energy dissipating
devices or types of dampers are usually included in the
DRSRS system. In addition, using the inherent strong elastic
recovery force of high strength tension longitudinal bar to
pull the structure back after loading is another new way to
develop the DRSRS system in recent years.

The objectives of this paper are to review the current
research status of high performance DRSRS systems and
to outline current research challenges for the aforemen-
tioned structural systems. First, the motivation and the
basic principles, as well as methodology of DRSRS system,
are briefly reviewed. Then, the seismic behaviors of several
current different types of DRSRS systems including the RSE,
RCRC, and SCSRS systems are overviewed in detail. Finally,
some current research challenges and the recommendations
for future studies for DRSRS system are summarized and
discussed.

2. Motivation of High
Performance DRSRS Systems

For the sake of protecting the lives of the occupants, struc-
tures are typically designed for “life-safety” performance
according to the most modern building codes and are
expected to undergo significant structural or nonstructural
damage referred as residual deformation during a severe
earthquake. Repairing damaged structureswith large residual
deformation is expensive and time-consuming, even the
structures with significant severe residual deformation have
to be demolished due to the high cost.

Since the 1990s, the performance-based design method
has been adopted by most engineers and researchers in
the world, and this designed method has been developed
three generations [10–12]. It is expected that the structure
designed according to the performance-based designmethod
can have prospective seismic behaviors to withstand the
possible earthquake and have the safety to protect the lives of
the occupants and that the seismic damage of the structure

due to the possible earthquake can be controlled within
the expectant degree. The principle of “undamaged under
minor earthquake, repairable under moderate earthquake,
and uncollapsed under large earthquake” proposed by the
Chinese seismic code and Japanese seismic code is similar
to the purpose of the performance-based design method.
However, due to the uncertainty of the earthquake, the
structures possibly suffer from larger earthquake than the
predicted level, causing the seismic damage of structure to be
more serious than the predicted damage. The structures with
severe seismic damage bring a big difficulty to the repairing
of building and the rehabilitation of the society.

The reconstruction after the Kobe Earthquake lasted 10
years and the money for reconstruction reached up to 145
billion USD [13]. After the Great East Japan Earthquake
in 2011, the first time budget fund applied from Japan
government for the reconstruction is up to 35 billion USD,
which could not satisfy the need of reconstruction; this also
caused a heavy burden on the Japanese economy [14]. The
estimated cost of rebuilding after the earthquake occurred in
Christchurch, New Zealand, in 2011 is 28 billion USD, which
is approximately 20%GDPofNewZealandwithout including
economic losses associated with business downtime, and the
Christchurch reconstruction is still underway until 2014 [15,
16]. Therefore, the importance of minimizing the residual
deformation to make the repairing of structure easier was
pointed out [17, 18].

It is understood that engineering structures with large
residual deformation are harm to the sustainable and resilient
city because it is necessary to consume lots of time and social
wealth for reconstruction after the earthquake. Consequently,
there is a consensus to develop a new generation of the seis-
mic resisting structural system to withstand the earthquake,
which has a strong resilient capacity and very small structural
damage after the earthquake.

3. Basic Principles and Methodology of
High Performance DRSRS Systems

In order to understand how to control the damage of struc-
ture, it is necessary to understand the mechanism of damage
of the conventional seismic resisting structure. The conven-
tional approach to earthquake resistant design of buildings
depends upon providing the building with strength, stiffness,
and inelastic deformation capacity. Figure 1 schematically
shows the seismic performances of the conventional seismic
structural system.

As shown in Figure 1(a), conventional seismic structural
system satisfies the demand of deformation through plastic
hinges at the bottoms of the column and the ends of the
beam. The conventional seismic resisting structural system
undertakes two responsibilities simultaneously: (1) resisting
the earthquake force through strong stiffness; (2) dissipating
the earthquake energy through inelastic buckling or yielding
of longitudinal bars and crushing of concrete at compression
zone, as shown in Figure 1(b); this leads to the hysteretic loop
of the conventional seismic resisting system is plump, shown
as in Figure 1(c).However, the plumphysteretic loop indicates
that severe damage and large residual drift are possible after
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Figure 1: Seismic performance of conventional seismic structural system: (a) seismic resisting structural frame; (b) damage of structural
element; (c) hysteretic curve of lateral force (adopted from [19], copyright 2014 JCI).

the lateral seismic force is removed, shown as in Figure 1(c).
The stations above indicate that controlling the damage of
a structure should emphasize the interface of two structural
members and the plastic hinge zones.

To reduce the damage of conventional seismic resist-
ing structural system, more advanced techniques are not
to strengthen the structure, but to soften the earthquake-
generated forces acting upon it. Among the most important
advanced techniques of earthquake resistant design and
construction are (1) energy dissipation devices and (2) base
isolation. In particular, the base-isolated structure reduces the
damage through a series of bearing pads which are placed
between the building and the foundation. The foundation
and the upper building are separated, and the connection
between them is weakened. The bearing pads dissipate the
most seismic energy, while the base-isolated structure itself
escapes the deformation and damage.

The principle of weakening the connection between
upper structure and the foundation is adopted into devel-
oping the rocking structural system. The upper structure-
foundation intersection of the rocking structure could under-
take the compressive force but could not bear the tensile force.
A certain uplift (rocking) is promised at the upper structure-
foundation intersection under the lateral earthquake load;
however, the upper structure does not bear the bending
deformation, as shown in Figure 2(a).Theweight of structure
returns the whole structure back to the vertical location
without orwith little residual deformation.Theposttensioned
tendons or strands are included to provide the restoring force
for the rocking structure, as shown in Figure 2(b). Figure 2
implies that the damage of both two structures is eliminated
by the rocking weakening behavior at the intersection;

however, the resilient forces are different. The self-centering
forces of structural systems shown in Figures 2(a) and 2(b)
are provided by the uncontrolled gravity of structure and the
controlled recovery force of tendon or strand, respectively.
In order to distinguish them, two types of structures shown
in Figures 2(a) and 2(b) are called rocking seismic resisting
structural (RSRS) system and self-centering seismic resisting
structural (SCSRS) system in this paper, respectively.

On the other hand, the RSE is based on the mechanism
that the structure fails in the relative weak location under
loading. The RSE designed at the relative weakening location
can be easily replaced after the earthquake; as a result, the
entire structure can be quickly rehabilitated and desterilized.

In order to enhance the seismic energy dissipation capac-
ity, types of energy dissipation devices and dampers, as well
as fuse sections, are included the DRSRS systems including
the RSE and RSRS system as well as the SCSRS system.

4. Replaceable Structural Elements

As is well known, there is somehow an essential mechanism
that the structure failed at the weakening structural elements
under loading condition. Consequently, it is possible that the
structure failed at one or some artificial weakening structural
elements which are called RSE. In general, RSE is used by
mechanics; application in structural engineering is limited
and focuses on the steel structure and bridge structure as well
as the precast structural system until now.

4.1. Bridge Engineering Structure. A new concept [20] for
bridge tower designs in seismic zones using sacrificial inelas-
tic shear link schemes was adopted by TY Lin International



4 Shock and Vibration

W

Uplift



(a)

PT

Uplift



(b)

Figure 2: The principles of RSS system and SCS system: (a) DRSRS system; (b) SCSRS system.
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Figure 3: Concept of shear links of San Francisco–Oakland Bay Bridge (adopted from [20], copyright 2004 ASCE).

in 2000, shown in Figure 3. The sacrificial inelastic shear
link could enable the new San Francisco–Oakland Bay Bridge
(SFOBB) signature tower shafts to remain elastic during large
seismic events and capable of carrying the large axial loads
delivered by the suspension cables. In addition, the shear
links are bolted to the tower shafts; therefore, the links are
replaceable if required after large seismic events. It was shown
that the inelastic tower links could be used to tune the
dynamic response of bridge towers in regions of high seis-
micity through global seismic time history analysis [33].

4.2. Coupling Beam of Shear Wall System. The RSE design
philosophy is most applied to coupling beam between wall
systems. Fortney et al. firstly proposed a new type of fuse cou-
pling beam (FCB) [21, 22], as shown in Figure 4. It is assumed
that all inelastic deformations will be concentrated in the
middle section (fuse section) of the beam such that the two
outer steel beam parts could be protected. The fuse section is
connected to the outer steel beam section via the flange splice
plates at top and bottom flange and web splice plate, as well as

slip critical bolted connections. The compared experimental
results showed that FCB led to early energy dissipation
and lower stiffness relative to the typical steel coupling
beam (SCB); nevertheless, postdamage repair/replacement
difficulties and expenses are minimized [22]. Additionally,
in order to enhance the stiffness and energy absorption
capacity and to reduce construction difficulties of RSE, some
innovated alternative schemes were performed [34, 35].

Lu et al. proposed three types of steel coupling beams
for the shear wall structural system with replaceable fuse
[23, 43], as shown in Figure 5. Type I fuse is a steel I-beam
whose web has a diamond-shaped hole; type II fuse is two
webs of the steel I-beam, filled with lead between the webs;
type III is two round steel tubes, filled with lead in the tube.
The experimental results indicated that the shear capacities
of shear wall systems with replaceable fuses were close to that
of the conventional shear wall system.Moreover, the inelastic
deformation and damage of specimens were concentrated in
the fuse section as expected [44, 45]. In order to reduce the
damage at the bottom of the shear wall, new replaceable foot
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Figure 5:The new replaceable coupling beams proposed by Lu: (a) type I; (b) type II; (c) type III. (adopted from [23], copyright 2013 Journal
of Earthquake Engineering and Engineering Vibration).

parts for the shear wall were proposed [46]; it was exper-
imentally revealed that the proposed foot parts wall could
greatly minimize the damage at the bottom of the shear wall.
Similar to the replaceable coupling beam type III proposed
by Deng et al., replaceable steel truss coupling beams were
developed and used into the shear wall structural system
[47, 48].

The replaceable steel coupling beam (RSCB) shown as in
Figure 6 was proposed by Ji et al. [24]. The cyclic behavior
of short shear link was experimentally studied in detail [49].
Furthermore, the scheme of proposed RSCB was further
innovated and the seismic behaviors were experimentally
numerically studied [24, 50]. The test results showed that the
wall systems with shear link had a good shear strength and
large inelastic rotation capacity; in particular, the damaged
shear link was replaced within very short time [50].

The replaceable steel coupling beams (RSCB) aforemen-
tioned can be taken as shear links with weakening section
relative to protected normal beam segment and shear walls;
the earthquake energy is dissipated by RSCB through inelas-
tic deformation. If the RSCB is attached to a damper, more
earthquake energy can be dissipated, and the shear wall can

be preferably protected. Chuang et al. used a friction damper
in the replaceable coupling beam of shear wall to enhance the
earthquake energy dissipation capacity [25]. Figure 7 shows
the configuration of the proposed friction damper which
consists of two sets of an I-beam, a gusset plate, a steel plate for
connection, and a brass plate used as the friction material, as
shown in Figures 7(a) and 7(b). The earthquake energy
is dissipated by the friction damper through the vertical
deformation of the slot hole, shown as in Figure 7(c).

Teng et al. developed a mild metallic beam damper for
coupled shear wall system [26], as shown in Figure 8; the pro-
posed beam damper is a steel plate with low yielding strength
and rectangular column holes. The experimental results
showed that the global buckling in plane occurred under
loading, and the damper behaved with great energy dissipa-
tion capacity [26]. The pseudodynamic test result indicated
that the proposed mild metallic beam damper could reduce
the seismic response of shear wall system and make the
earthquake energy larger [58].

Mao et al. proposed a type of shapememory alloy damper
(SMA) to dissipate the earthquake energy of coupling beam
in RC frame-shear wall structural system [27]; the assembly
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Figure 7: Slot bolt-type connection installed between coupled beams. (a) Elevation. (b) Sectional view. (c) Slip of slot bolt-type connection
by the flexural deformation of walls (adopted from [25], copyright 2009 Structural Design Tall Spectral Building).

of SMA is schematically shown in Figure 9.The SMA damper
contains four steel components (assembly parts I–IV) and
two groups of SMA wires (group A and B); the earthquake
energy is dissipated through tension of SMA wires located
around the ears on part II and III (or part II and IV) when
relative vertical displacement occurs between cantilever shear
wall ends.

Kumagai et al. developed a type of RC shear wall struc-
tural system with coupling beam damper [28, 29], as shown
in Figure 10.The coupling beam damper is a rectangular steel
shear plate with a low yielding point, which is connected to
the steel beam embedded in shear walls. Experimental result
showed that the proposed coupling beam damper behaved
with stable hysteretic response, and the load carrying capacity
did not deteriorate up to 1/20 drift angle. So far, there were
nine building structures adopting the proposed coupling
beam damper [59].

A new viscoelastic coupling damper (VCD) device was
developed by Lyons et al. [30] to use into the coupled wall
of the high-rise building. As shown in Figure 11, the VCD
consists of multiple layers of viscoelastic (VE) material,
placed between layers of steel plate which are anchored at
alternating ends to the coupled RC walls using a number

of different connection details. In addition, ductile “fuse”
mechanism can be added in series with the VE material. The
experimental result validated that the VE material exhibited
stable hysteretic behavior under the loading conditions that
are expected in high-rise buildings under wind and earth-
quake loading. The full-scale test results also demonstrated
the targeted viscoelastic response during the wind and low-
level earthquake loading and the targeted viscoelastic-plastic
response for extreme earthquakes, where the response is a
combination of the VE response and the nonlinear behavior
of the structural fuses [60].

Kim et al. proposed a hybrid energy dissipative device
(HEDD) applicable to RC shear wall structural system which
consists of U-shaped steel plates and high damping rubbers
[31, 32]; the HEDD is schematically shown in Figure 12. The
high damping rubber damper placed between the casings
(Casing 1 and Casing 2) is designed to accommodate shear
deformation when the rotation of building occurs. Experi-
mental investigationswere conducted to validate the excellent
seismic performances of RC shear walls connected by hybrid
energy dissipative coupling beams.

Kurama and Shen proposed unbonded posttensioned
hybrid coupled wall for shear wall structural system [36],
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Figure 8: Elevation of mild metallic damper (adopted from [26],
copyright 2010 Journal of Building Structures).

shown as in Figure 13; reinforced concrete walls are coupled
using steel beams and unbonded posttensioning, without
embedding the beams into the walls. The beam-to-wall con-
nection regions include top and bottom angles bolted to the
beam flanges and to steel plates embedded in the walls (using
welded headed studs); the angles are to yield and provide
energy dissipation during an earthquake and resist sliding of
the beams along the beam-to-wall connections. The seismic
behavior of the proposed unbonded posttensioned hybrid
coupled wall was experimentally studied in detail [67, 68].
Thenonlinear load-deformation behavior of proposed hybrid
coupled wall system was analyzed, and a simple design
method based on fiber elements to estimate the nonlinear
load-deformation was proposed. The results indicated that
unbonded posttensioned steel coupling beams with initial
stiffness similar to embedded steel beams can be designed to
provide stable levels of coupling without experiencing signif-
icant damage over large nonlinear cyclic deformations [69,
70], and the design approach was proposed for the unbonded
posttensioned hybrid coupled shear wall structural system
[71].

4.3. Frame Structural System. In order to prevent damage to
columns or infill walls and to minimize life-safety hazards
during potentially earthquakes, Aliaari et al. developed a seis-
mic infill wall isolator subframe (SIWIS) system [37, 72, 73],
shown as in Figure 14. The SIWIS system consists of two
vertical and one horizontal sandwiched light-gauge steel
studs with “rigid-brittle” elements in the vertical members.
As a “sacrificial” component or a “structural fuse” to protect
the infill wall and frame from failure, the SIWIS is designed to
allow infill wall-frame interaction under wind loading and
minor-to-moderate earthquakes for reduced building drift
but to disengage them under damaging events. The seismic
performances of SIWIS system were experimentally investi-
gated in detail [37, 74] and analyzed using nonlinear finite

element models [75, 76]. Analysis results showed that the
concept of SIWIS system works in providing initially high
stiffness followed by an isolation of infill wall from interaction
with the confining frame. Practical design guidelines are
proposed, and the result of the study demonstrates that the
proposed isolation system has merits and can potentially
improve the seismic performance of masonry infill walls by
protecting the infill wall and the frame from damage due to
their interaction [77].

5. Rocking Seismic Resisting
Structural Systems

In 1963 the first time analysis of the rocking motion of
structures was performed byHousner who found that several
golf-ball-on-a-tee types of elevated water tanks survived the
ground shaking due to the effect of uplift despite the appear-
ance of instability; on the other hand, much more stable-
appearing reinforced concrete, elevated water tanks were
severely damaged during the Chilean earthquakes of May
1960 [81].

Since the 1970s, the principle of rocking motion of struc-
ture was largely applied to research on the seismic resisting
structural system.Hukelbridge andClough studied the effects
of allowing column uplift in steel building frames on seismic
response under severe seismic loading; the table test results
indicated that allowing column uplift was shown for this
frame to significantly reduce both the seismic loading and
ductility demand [82, 83]. Priestley et al. verified the mech-
anism of energy dissipation of rocking structural system
through table test and proposed a simple design method for
assessing maximum rocking displacements, using equivalent
elastic characteristics and a response-spectra approach [84].
Basically, the analysis of the seismic response of rocking
structural system under the earthquake lateral loading was
gradually deeply studied before the 1980s [85–88].

After completing the theoretical mechanism analysis of
the seismic response of rocking structural system, the exper-
imental studies on types of engineering structural systems
such as bridge engineering and building structures were
started from the 1990s. The methodologies of rocking struc-
tural system were through not only softening the connection
between structure and foundation but softening the connec-
tion between structural elements such as beam-column joint.

5.1. Rocking Bridge Pier Structure. Aslam et al. studied the
rocking motion of a major pier in the bridge, a semirigid
seismic connection was used at the base of the pier and the
rocking of the pier was permitted to take place during the
future major earthquakes [87, 88]. Priestley et al. proposed
rocking bridge pier as a strengthened design and seismic
design schemeof bridge engineering [89].Mander andCheng
developed a new paradigm called Damage Avoidance Design
(DAD), in which the bridge piers is free to rock under large
lateral loads such that damage is avoided by the special detail-
ing of the connections [90]. Mashal et al. used dissipative
controlled rocking (DCR) systems with types of external
and internal dissipation devices into Accelerated Bridge
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Figure 9: The location and assembly parts of the SMA damper in the coupling beam: (a) location of the SMA damper; (b) assembly parts of
the damper (adopted from [27], copyright 2012 WCEE).
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Construction (ABC) to enhance the seismic behavior of
Accelerated Bridge Construction (ABC) structures [91].

5.2. Rocking Concrete Frame System. Roh used the “rock-
ing columns,” a type of double hinged gravity column or
cracked base and top column which resists vertical loads
with minimum or no lateral strength, to reduce the strength
of the part of the lateral load resisting system (i.e., weaken
the structure) for controlling the story accelerations [92].
Roh and Reinhorn firstly proposed a macroscopic analytical
approach applicable for analysis of rocking column [93]. The
proposed model is verified through the quasi-static cyclic of
1 : 3 scale rocking column and the IDARC2D computational
model [94]. Subsequently, the seismic performance of a span
prototype structure with the proposed rocking column and
damper was analyzed; the results indicated that the proposed
rocking column and damper could effectively reduce the
seismic response of structure [93].

Cao et al. [95] developed a new type of connection to
assemble the frame and concrete rocking walls; test results
showed the rocking wall with the novel connections effec-
tively controlled the interstory drift concentration and en-
dowed the structure with a uniform deformationmode when
subjected to different loading patterns.

5.3. Rocking Steel Frame System. Eatherton et al. of Stanford
University experimentally investigated the seismic behaviors
of controlled posttensioned rocking steel framed buildings
with replaceable energy dissipation fuses [38]; the rocking
steel framed building is as shown in Figure 15; the exper-
imental results indicated that the proposed rocking steel
frame exhibited excellent recovery properties, and the seismic
energy dissipation and damage were concentrated in the
replaceable fuse elements. Midorikawa et al. conducted the
three-dimensional table test of posttensioned steel frame in
2009 [96, 97], and Ma et al. performed a table test of 2 : 3
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Figure 15: Posttensioned controlled rocking steel framed building with replaceable energy dissipation fuses (adopted from [38], copyright
2008 the 14th WCEE).

scale steel frame with controlled rocking column and earth-
quake energy dissipation device in E-Defense of Japan [98],
Eatherton et al. also conducted similar test on this kind of
steel frame [99].

5.4. Rocking Concrete Shear Wall System. Anderson stud-
ied the influence of the rocking of foundation on seismic
response of the shear wall under seismic loading through
the proposed computational model [100]. Gajan and Kutter

[101, 102] proposed that using rocking footings in place of, or
in combination with, structural base isolation and energy
dissipation devices improves the performance of the structure
during seismic loading; results showed that a footing with
large 𝐴/𝐴

𝑐
ratio (𝐴 is actual footing area, and 𝐴

𝑐
is the area

required to support the vertical and shear loads) possesses a
well moment capacity that is insensitive to soil properties and
suffers small permanent settlements [101].The effects of static
vertical factor of safety (𝐹SV) and the applied normalized
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moment-to-shear ratio (𝑀/𝐻𝐿) at the footing-soil interface
on footing-soil system behavior were analyzed; the results
indicated that, for a particular 𝐹SV, footings with a large
moment-to-shear ratio dissipate considerably more energy
through rocking and suffer less permanent settlement than
footings with a low moment-to-shear ratio [103].

Ajrab et al. [39] designed a six-story rocking wall-
frame building with various supplemental system configura-
tions which include prestressed tendons and energy dissipa-
tion devices using performance-based design methodology,
shown as in Figure 16. Seismic performance and response
evaluation, using nonlinear time history analyses, suggests
that desired performance levels, minor to no damage, can be
achieved with added equivalent viscous damping, and the
seismic response was not sensitive to the prestress level in
tendons and to wall base width. However, this rocking wall-
frame building system is complicated such that it could not
be extensively applied into constructions.

Lu [104] analyzed the influences of rocking wall and wall-
neutral axis as well as the 3D effect on the seismic response
of RC wall-frame; the result indicated that uncontrolled wall
rocking could cause beam-wall connection failure, leading to
accelerated deterioration of the entire system. Pushover and
dynamic time history analyses showed that by incorporating
wall-neutral axis migration, more satisfactory prediction of
the inelastic response of the wall-frame can be made. A
systematic improvement of the wall-frame inelastic behavior
can be achieved by involving the 3D effect.

Hitaka and Sakino [40] developed a new type of hybrid
coupled wall (HCW) system which consists of rolled steel
coupling beams, reinforced concrete (RC) wall piers, and
concrete-filled tube (CFT) short columns, shown as in Fig-
ure 17. In this new system (HCW), the bases of the wall piers
are connected to the base beams only through CFT short
columns, and the yielding occurs in the coupling beams and
the short columns. The experimental results indicated that
the proposed HCW could fail in the expected location such

as the coupling beam and CFT column with ductile behavior
and large energy dissipation.

Wiebe and Christopoulos [105, 106] considered that
structural forces of the base-rocking system can be increased
significantly even when the base moment is limited because
of higher mode effects. They suggested that higher mode
effects may be substantially reduced by designing to allow
rocking to occur at multiple locations over the height of a
base-rocking system.The statistical study results showed that
the bending moment envelope above the base of the wall is
greatly reduced by providingmultiple rocking sections, while
the peak displacements do not increase in magnitude or in
variability.

Mulligan et al. [107] analyzed a scaled semiactive rocking
wall system using real-time, high-speed hybrid testing. The
results showed that the semiactive devices are controlled to
provide supplementary resistance only for the upward rock-
ing motion of the wall, providing semiactive energy dis-
sipation over half of each cycle and relying on radiation
damping for the other half. Marriott et al. [108] proposed a
displacement-based retrofit procedure based on targeting
predefined performance criteria, such as joint shear and/or
column curvature deformation limits; an extensive experi-
mental program investigating the use of rocking wall sys-
tems to retrofit existing poorly detailed frame structures is
promised.

Wada et al. [41] developed a retrofit system of prestressed
concrete rocking walls and steel dampers to control the
seismic damage mode and increase the strength and energy
dissipating capacity of an 11-story steel reinforced concrete
frame in Japan, shown as in Figure 18.The extensive nonlinear
time analyzed results showed that the rocking system can
significantly reduce both the seismic responses to different
earthquake ground motions and their scattering.

5.5. Rocking Masonry Structural Wall System. Toranzo et al.
used the principle of rocking wall system into confined



12 Shock and Vibration

Coupling girder
W.F. 150 × 150 × 7 × 10, PL-4.5

Stiffener
(N/A for WSF)

CFT

Short column

Figure 17: Rocking hybrid coupled wall (adopted from [40], copyright 2008 Earthquake Engineering and Structural Dynamics).
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Figure 18: Structural retrofitting of rocking walls and steel dampers in Tokyo Institute of Technology (adopted from [41], copyright 2009
Applied Technology Council).

masonry structural system [42, 109–111], shown as in Fig-
ure 19. A shake table investigation was conducted to validate
the concept of rocking walls as primary seismic systems; as
the inherent damping of this system was low, a pair of sup-
plemental steel hysteretic energy dissipating dampers were
used at the base of the wall. The results indicated that with
careful detailing, not only the damage was eliminated but the
structure recenters itself following a large earthquake. They
considered that the rocking wall concept can be extended to
any rocking wall system.

5.6. Rocking Timber Structural System. Loo et al. [51] used
a new concept in shear wall design into timber shear wall
structure; the new concept involves the use of slip-friction
connectors in lieu of traditional hold-down connectors [112],
as shown in Figure 20. Slip-friction connectors, originally

developed for the steel framing industry, rely on themobiliza-
tion of friction across steel plates to resist loading up to a pre-
determined threshold. Upon this threshold being exceeded,
relative sliding between the steel plates allows the shear wall
to be displaced in an inelastic manner. The numerical results
suggested that slip-friction connectors hold the promise of
being able to effectively protect sheathing, framing, and
nail connections from excessive stresses and deformations
during earthquake events of design level intensity or higher.
Kishiki andWada also utilized the philosophy of rocking into
timber structural system and designed controlled wood wall
structural system [113].

5.7. Rocking Core Wall System. The numerical results per-
formed by Nielsen et al. [114] showed that the rocking core
wall structural system possesses the recentering capacity due
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Figure 19: Three-story rocking confined masonry wall: (a) the
elevation of the wall; (b) details of the energy dissipations (adopted
from [42], copyright 2004, 13 WCEE).

to the effect of gravity, and the moment at the foundation
of rocking core wall structural system is smaller by 30%
than that of common core wall structural system having
fixed foundation. Zhou et al. also obtained similar numerical
results through compared analysis [115].

6. Self-Centering Seismic Resisting
Structural Systems

On the basis of rocking structural system, the posttensioned
tendons or strands are included into to externally provide a
self-centering capacity to the structural system. The seismic
resisting structural system with posttension is called self-
centering seismic resisting structural systems (SCSRSS).

6.1. Self-Centering RC Frame System. Priestley and Tao [52]
developed a new type of self-centering precast concrete frame
using partial debonded prestressing tendons in which the
beam can rotate; the beam-column interface is shown as in
Figure 21. Cheok and Lew [116] experimentally verified
the above-mentioned self-centering precast concrete frame
system.

In 1996, Priestley and MacRae developed precast con-
crete beam-column joint subassemblage with two ungrouted
posttensioned tendons, shown in Figure 22, and performed
experiment under cyclic reversal seismic load; the test results
showed that energy absorption of the hysteretic response was
larger than expected, and the residual displacements were
negligible [53]. El-Sheikh et al. conducted pushover analysis
and time history analysis of the developed precast concrete
beam-column joint subassemblage [117]. Cai et al. [118] devel-
oped a kind of new self-centering posttensioned precast con-
crete beam-column connection in which prestressed bar was
used to provide the self-centering capacity to structures and
the steel angle clamped at the beam-column joint was used to
dissipate the energy. Lu et al. [119] conducted a shake table test
of a self-centering reinforced concrete frame; test results indi-
cated that the designed reinforced concrete frame has good

seismic performance and self-centering capacity subjected to
earthquake groundmotions; the self-centering structures can
undergo large deformation withminor residual displacement
after the strong earthquake excitations.

Morgen and Kurama developed a new type of friction
damper for unbonded posttensioned precast concrete build-
ing moment frame structures in seismic regions, shown as in
Figure 23; the proposed friction dampers were placed at
beam-column joints. The compared test results showed that
the dampers can provide a significant amount of supple-
mental energy dissipation at the beam ends, while the self-
centering capability of the structure is preserved [54].

6.2. Self-Centering RC Shear Wall System. Kurama et al. [55,
120–122] utilized unbonded posttensioned tendon or PT bar
across horizontal joints to develop precast concrete wall,
shown as in Figure 24; the unbonded posttensioned precast
walls can soften and undergo large nonlinear lateral dis-
placements with little damage, and the nonlinear behavior is
primarily due to the opening of gaps along the horizontal
joints; however, the energy dissipation capacity was low.
Consequently, Kurama et al. [123, 124] used supplemental
viscous damping to reduce the lateral drift of unbonded
posttensioned precast concrete walls under earthquakes; the
nonlinear dynamic time history analyses showed that the
proposed energy dissipation system was effective in reducing
the maximum roof drift to prevent significant damage to
the walls, and Perez et al. [125, 126] also performed similar
experiments and analysis. Smith et al. [127, 128] used the
posttensioned tendon or PT bar technology into the hybrid
wall which was constructed by stacking rectangular precast
concretewall panels across horizontal joints at the floor levels.

Holden et al. [129, 130] innovated the unbonded postten-
sioned precast concrete wall proposed by Kurama by adding
longitudinal mild steel reinforcement crossing the joint
between the walls and the foundation to enhance energy dis-
sipation capacity. Marriott et al. [131] conducted shake table
test of the proposed wall system with variable dampers; the
test results showed that the proposed wall system had a great
self-centering capacity. Sritharan et al. [56, 132] designed
a jointed wall system in which two or more single precast
walls designed with unbonded posttensioning are connected
to each other with the help of special connectors along the
vertical joints, as shown in Figure 25.

Panian et al. [133, 134] believed that the shear wall
system with posttensioned prestressed tendon has a better
economic benefit and seismic result. Furthermore, Stevenson
et al. [135] had utilized posttensioned prestress steel bar
into the design of shear walls in David Brower Center to
resist the potential earthquake. Rahman and Sritharan [136]
proposed the calculated model of a self-centering shear wall
system. Pennucci et al. [137, 138] proposed the displacement-
based design method of precast shear walls with additional
dampers. Aaleti and Sritharan [139] proposed a simplified
method to characterize the seismic responses of unbonded
posttensioned precast wall systems. Erkmen and Schultz
[140] performed a series of compared tests to study the
self-centering capacity of precast walls. Twigden et al. [141]
investigated a single posttensioned concrete wall subjected to
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stressing tendons (adopted from [52], copyright 1993 PCI Journal).

pseudostatic cyclic loading, high-speed cyclic loading, free
vibration, and dynamic forced-vibration testing.

6.3. Self-Centering Steel Frame System. Ricles et al. [57] of
Lehigh University designed a new kind of steel beam-column
interface connection of moment resisting frames (MRFs)
with self-centering capacity using posttension high strength
strands, shown as in Figure 26; the top and seat angles
are added to provide energy dissipation and redundancy
under seismic loading. This new type of connection has the
following advantages: (1) field welding is not required; (2) the
connection stiffness is similar to that of a welded connec-
tion; (3) the connection is self-centering; and (4) signifi-
cant damage to the MRF is confined to the angles of the
connection. Time history analysis results showed that the
seismic performance of a posttensioned steel MRF subject to
the earthquake records exceeds the performance of an
MRF with typical welded connections subject to the same
earthquake records. Consequently, many other researchers
innovated this new type of steel beam-column connection
[66, 142, 143], Rojas et al. [144] added a posttensioned friction

Duct for beam 
tendonSpirals

Figure 22: Precast concrete beam-column joint subassemblage with
twoungrouted posttensioned tendons (adopted from [53], copyright
1996 PCI Journal).

damped connection (PFDC) into the above-mentioned steel
beam-column connection to enhance the earthquake energy
dissipation capacity.

Sause et al. [64, 145] developed self-centering moment
resisting frames (SC-MRFs) and self-centering concentrically
braced frame (SC-CBF) systems with the goal of providing
adequate nonlinear drift capacity without significant damage
or residual drift under the design basis earthquake. Both
experimental results and analytical results indicated that all
SC-MRFs and SC-CBF possess self-centering behavior, and
no significant structural damage occurred. In order to use
this new types of MRFs and SC-CBF into design and con-
struction, the performance-based seismic design approach
for PT steel frame systems was proposed; seismic perfor-
mance levels, seismic input levels, structural limit states and
capacities, and structural demands for PT frame systemswere
defined; the design objectives were outlined; design criteria
were given; and a step-by-step design procedure was given
[65].

Clayton [61] developed the self-centering steel plate shear
wall (SC-SPSW) system, shown schematically in Figure 27,
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Figure 24: Unbonded posttensioned precast wall: (a) elevation; (b) cross section near base. (adopted from [55], copyright 1999 PCI Journal).

which consists of thin steel web plates that resist lateral loads
and dissipate energy through the development of diagonal
tension field action, just as in conventional SPSWs. How-
ever, the moment resisting beam-to-column connections of
conventional SPSWs are replaced by posttensioned beam-
to-column connections to introduce the recentering capabil-
ity. Winkley [146] conducted comprehensively experimental

studied in detail, and Clayton et al. [147, 148] proposed
design method applicable for the SC-SPSW based on the
experiments.

6.4. Self-Centering Masonry Structural Wall System. Wight
et al. studied seismic response of partially grouted post-
tensioned concrete masonry (PCM) walls with unbonded
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tendons by means of shake table testing. The shake table
tests demonstrated the self-centering nature of posttensioned
masonrywalls and their ability to achieve large displacements
with minimal accumulation of damage [149, 150].

Laursen and Ingham [151, 152] found that the energy
dissipation capacity of the posttensioned fully grouted con-
crete masonry (PCM) wall is limited but can be enhanced by
incorporating the internal energy dissipationmild steels with
“dog-bone” shape [153, 154]. The energy dissipation device
has little influence on the decrease of the ductility capacity
[155].

Hassanli et al. investigated the influence of axial stress
ratio on seismic behaviors of unbonded posttensioned
masonry wall (PT-MW) [156–160]; both experimental and
numerical results showed that low axial stress ratio causes
higher increase in lateral strength and better displacement
ductility, but larger residual drift to PT-MW; the axial stress
ratio is limited to 0.15. The wall length is another most influ-
ential factor contributing to the rotation and the compression
zone length of unbonded PT-MW. Both axial stress ratio
and wall length are used to predict the flexural strength of
unbonded PT-MW.

6.5. Self-Centering Timber Structural System. TheNMITArts
and Media Building is the new generation of multistory
timber structures which employs an advanced damage avoid-
ance earthquake design that is the first in the world for a
timber building [62]. As shown in Figure 28, the NMIT
seismic system relies on pairs of coupled LVL shear walls
that incorporate high strength steel tendons posttensioned
through a central duct. The walls are centrally fixed to
allow them to rock during a seismic event. A series of U-
shaped steel plates placed between the walls form a coupling
mechanism and act as dissipators to absorb seismic energy.
The design allows the primary structure to remain essentially
undamaged while readily replaceable connections act as
plastic fuses.

6.6. Self-Centering Bridge Pier Structural System. Cheng
developed a self-centering bridge model that can eliminate
residual deformations after earthquakes [63]. A bridgemodel
consists of two precast RC bridge columns posttensioned to
the concrete deck and foundations by high strength rods,
as shown in Figure 29. The hybrid system is extended to
bridge engineering, in which precast elements are connected
via posttensioning techniques; self-centering and energy
dissipating properties are adequately combined to achieve the
target maximum displacement with negligible residual dis-
placements; the reliability of hybrid system was confirmed by
quasi-static cyclic and nonlinear time history analysis based
on lumped plasticity numerical models [161].

Mohanmed et al. utilized the concrete segment which has
hollow double skin cross section and situated it within the
plastic hinge zone of bridge column, to mitigate the damage
after earthquake; simultaneously, they used the unbonded PT
strands locatedwithin the void of the inner skin to provide the
self-centering force for bridge column [162–165].The shaking
table test result showed that the residual drift of the bridge
column proposed by Ayman and EIGawady was smaller than
the conventional RC bridge column [166]. However, the void
of the hollow cross section of the proposed bridge column
infilled by concrete had better seismic performance because
the twist angle was smaller when it was subjected to the
bidirectional cyclic loading [167].

Guo et al. [168, 169] developed a self-centering bridge
pier system connected by unbonded posttensioned tendons
to minimize the residual deformation after the earthquake
and mild steel to stably dissipate the earthquake energy.

Dong et al. developed a new type of brace (SC-BRB) for
bridge column system; the SC-BRB consists of the traditional
buckling restrained brace (BRB) having excellent energy
dissipation capacity and the self-centering brace (SC brace).
The numerical results demonstrated that the bridge equipped
with the SC-BRB system has smaller residual displacement
and amoderate energy dissipation capability compared to the
ones equipped with traditional BRB and SCB systems [170].

7. Analysis and Design Seismic Behavior of
DRSRS System

The high performance damage-resistant seismic resisting
structural (DRSRS) system is capable of eliminating the most
or full residual deformation when the lateral load is removed.
In general, the DRSRS system consists of posttensioned bar
(PT) and energy dissipation element (EDE) such that the
dominant structural element can be protected through the
gap opening mechanism, and the PT is used to eliminate the
residual deformation due to the self-centering capacity of it,
the EDE is used to dissipate the earthquake energy.

The PTs contain high strength strands, tendons, or bars
[57, 68, 171], and the PTs should have high strength and high
yield strain.TheEDEs consist of hysteretic damping elements,
viscous damping elements, and frictional damping elements.
Hysteretic damping elements used in self-centering systems
include buckling restrain braces [172–174], short yielding
elements similar to the buckling restrain braces [175, 176],
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Figure 27: Schematic elevation of intermediate story of SC-SPSW (adopted from [61], copyright 2010 University of Washington).

unbonded mild steel reinforcement [177, 178], steel rein-
forcement with reduced sections [129], yielding anchor bolts
[179], fuse plates [180], yielding end plates [181, 182], yielding
angles [69, 183], web hourglass pins [184], and tapered steel
cantilever plates [111]. The frictional damping elements used
contain frictional slide plate [185], frictional plates with
spring washers [186], frictional fuse angle with slotted holes

[187], and viscous fluid damper [188] embedded in the foun-
dation or mounted beside the columns above the foundation.

The hysteretic behavior of structural systems with PT
and EDE is as shown in Figure 30; the PT has strong
recentering force to pull the whole structural element back,
shown in Figure 30(a); however, it has little energy dissipation
capacity. The EDEs have great energy dissipation capacity,



18 Shock and Vibration

U-shaped flexural 
plates (ufps)

posttensioned rod

Opening to accommodate 
stressing jacks

Figure 28: LVL coupled shear walls showing posttensioning rods
and U-shape flexural plates (UFPs) energy dissipating devices
(adopted from [62], copyright 2011, 9th Pacific Conference on
Earthquake Engineering).

shown as in Figure 30(b); consequently, they are incorporated
into the DRSRS system to enhance the energy dissipation
capacity, as shown in Figure 30(c).The overall response of the
DRSRS system can be decomposed into the nonlinear elastic
contribution from the prestressed tendon or strand (PT) and
the bilinear elastoplastic hysteretic contribution from the
energy dissipation element (EDE).

7.1. Analysis of Monotonic Seismic Behavior and Design of
DRSRS System. To estimate the seismic behavior of DRSRS
system in numerical method, some works have been per-
formed. Wight [189] developed a finite element model to
assess the monotonic response of posttensioned masonry
wall; a reasonable seismic strength and postrocking behavior
could be simulated; however, the initial stiffness was overes-
timated and the strength degradation could not be predicted.
Smith et al. [127, 128] attempted to use two different analytical
models to evaluate the seismic behaviors of the test structure:
a fiber-element model (DRAIN-2DX) and a finite element
model (ABAQUS); in the models the fiber beam-column
elements are to represent the precast wall panels and truss
elements for the unbonded PT steel.

A finite elementmodel was proposed by Ryu et al. [190] to
analyze the reversed cyclic seismic response of unbonded
posttensioned (PT) fully grouted clay brick walls, and a
good comparison between the experimental results and the
numerical results was presented. The ABAQUS software was
used by Henry et al. [191] to the cyclic lateral load response
of the PreWEC which consists of a precast wall with end
columns.Theprecast wall and the end columns are connected
by some O-shape connectors. The model could predict good
results of the PreWEC system for both the global and local
responses.

The multispring element to model the opening and
closing of the gap at the critical interface section is used to

predict the seismic behavior of the hybrid pier systems
[161, 192]. Li et al. [193] utilized the ABAQUS numerically to
study the seismic performance of precast segmental concrete
columns reinforced by the posttensioned tendon at the center
of the cross section; the opening and closing between the
concrete segments are simulated by using the surface to
surface contact elements. This finite element method could
rationally estimate the self-centering behaviors of test col-
umns subjected to the cyclic loading.

Although the finite elementmethod can effectively evalu-
ate the seismic response, it involves computational difficulties
that make it unsuitable for the designer. Kurama et al.
[55] assumed that the responses of posttensioned concrete
wall can be characterized by some limit states, graphically
shown in Figure 31. As the wall displacement increases, the
limit states are summarized: (1) decompression state, which
identifies the initiation of a gap opening along the horizontal
joint between wall and foundation; (2) softening state, which
identifies the beginning of significant reduction in the lateral
stiffness of the wall due to the gap opening along the hori-
zontal joint and the nonlinear behavior of the concrete in
compression; (3) yielding state, which identifies the point at
which the posttensioned steel yields; (4) failure state, which
identifies the axial-flexure of the wall which occurs as a result
of crushing of the confined concrete. Furthermore, the design
approach, design objectives shown in Figure 31, design crite-
ria, and seismic design procedure were proposed in detail by
Kurama et al. [55].

Perez et al. [126] proposed a trilinear model to predict
the nonlinear lateral response of unbonded PT-CWs based
on the above-mentioned limit states shown as in Figure 31.
Aaleti and Sritharan [139] developed a simplified approach
using a trilinear function of the neutral axis depth at a drift of
2%. Hassanli et al. [194] developed an analysis procedure to
characterize the lateral force behavior of unbonded postten-
sioned concrete walls (PT-CWs) based on the mechanics of
rocking walls and geometric compatibility conditions; the
force-displacement curve of unbonded PT-CW could be
predicted with a very good accuracy.

Madan et al. [195] proposed an analytical approach for
predicting the nonlinear in-plane flexural behavior of lon-
gitudinally posttensioned hollow block masonry shear walls
under reversed cyclic lateral loading based on a modified
fiber-element model. Kalliontzis and Schultz [196] developed
a simplified procedure based on the equivalent stress block
analysis and the neutral axis depth (NAD) versus wall
rotation relationship proposed by Thomas and Sritharan
[197]; the comparison with the finite elementmethod showed
that the above-proposed analysis method could adequately
capture the experimental force-displacement responses. Fur-
thermore, the in-plane flexural strength of unbonded PT-CW
for the designer can be evaluated using the equation proposed
by Hassanli et al. [160].

For the self-centering posttensioned steel frame (SCPTSF)
systems, the desired limit state progressions of the SCPTSF system
using PT bars and PT strands are schematically shown in
Figures 32(a) and 32(b). Similar to the self-centering concrete
wall system, the limit states of SCPTSF system are summa-
rized as follows [64, 65]: (1) decompression and uplift of the
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Figure 30: Idealized hysteretic behavior of the DRSRS SYSTEM: (a) contribution of prestressed tendon (PT); (b) contribution of energy
dissipation element (EDE); (c) moment-drift relationship of DRSRS SYSTEM.

“tension” column at the base; (2) yielding of the PT steel: this
limit state progression depends on the type of PT steel used
and the type of self-centering system; the rocking steel braced
frames with PT bars; this limit state is due to the yielding of
PT bar, shown in Figure 32(a); for themoment resisting frame
with PT strands, the limit state is caused by system, shown in
Figure 32(b); (3) significant yielding of the beams, columns,
or braces of self-centering braced frame; (4) failure of the
beams, columns, or braces of the self-centering braced frame
or PT strand yields. Similar research works were done by
Garlock et al. for SCPTSFS [65], as shown in Figures 32(a)
and 32(b).

7.2. Residual Deformation of DRSRS System. TheDRSRS sys-
tem is developed to eliminate the residual deformation, and
its self-centering capacity is characterized by the resistances
due to the restoring force from PT and the force in the energy
dissipation element. Two independent response parameters𝛼

and 𝛽 were considered to control the self-centering capacity
ofDRSRS system, shown as in Figure 33; the coefficients𝛼 and
𝛽 reflect the postyielding stiffness and the energy dissipation
capacity of the DRSRS system, respectively. The influence of
the variation of the parameters 𝛼 and 𝛽 on the hysteretic
behavior and ductility of DRSRS SYSTEM was discussed in
detail, the displacement ductility was reduced in all cases for
increasing values of 𝛼 and 𝛽 [78]; the residual drift decreases
with increasing the postyielding stiffness𝛼 anddecreasing the
coefficient 𝛽 [198].

Christopoulos et al. [199, 200] estimated the residual
deformations of the SDOF and MDOF systems which are
representative of frame structures, the analysis results showed
that the residual deformations are significantly sensitive to
the hysteretic rules, the postyielding stiffness, the expected
global inelastic mechanisms, and the seismic intensity.

Although the response of self-centering system can be
characterized as an idealized flag-shape behavior, it is no
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possible to exist for the real entire structure system due
to (1) the interaction with other structural and/or non-
structural elements in a building [198, 201] and (2) the
fact that the responses of the PT member and energy
dissipating components cannot be simply added together
because energy dissipating elements are only engaged after
decompression followed by uplift at the tension zone
[202].

The realistic hysteresis response of a self-centering struc-
tural system needs to consider the effects of dynamic self-
centering capacity. Christopoulos et al. found that the resid-
ual drift at the end of dynamic response is typically less than
the maximum residual drift of the cyclic hysteretic loop
due to the postpeak behavior called the “shake-down” phe-
nomenon, respectively [199, 203]. Henry et al. [202] found
that the residual drift ratio, which is defined as the ratio of
the residual drift at the end of the dynamic analysis to the
maximum static or cyclic residual drift, has no significant
correlation with the fundamental period, hysteretic energy
dissipation, the ground motion parameters, and the viscous
damping of structural system by investigating the dynamic
self-centering behavior of the PreWEC concrete wall system.
Henry et al. further established the residual drift limit for
the real self-centering PreWEC concrete wall system, which
is limited to 0.2% for a design level earthquake and 0.3% for a
maximum considered earthquake, based on the recommen-
dations by Rahman and Sritharan [136, 178].

For designing the expected self-centering PT concrete
member, ACI design guidelines [204] limited the moment
contribution from energy dissipating (ED) reinforcement so
that it must be less than 50% of the probable flexural moment
of the member, and the value proposed in New Zealand
[205] is 46%. ITG-5 [206] indicated that the self-centering
capacity may be significant loss if the ED device contributes
more than 40% of the flexural capacity. Henry et al. [202]
found that the PT and ED moment contributions are only
critical when the structure is unloaded to zero, meaning
that the above-proposed value may result in conservative
and unconservative estimation of the self-centering ability of
structure.

8. Current Research Challenges in High
Performance DRSRS Systems

8.1. Floor Diaphragm Connections in DRSRS Systems. In
conventional moment resisting frame, the seismic inertial
forces are transferred from the floor diaphragm to each beam;
however, thismechanism is problematic for the self-centering
moment resisting frame, because gap opening at the connec-
tions causes a PT frame to “expand” after decompression, as
shown in Figure 34 [65]. In the deformed position, the
distance between the column centerlines is larger than in the
original undeformed position due to connection gap open-
ing, and the PT frame expansion increases with the number
of bays, shown in Figure 34(b).

To resolve this problem, many approaches were studied.
One detailed approach was proposed in which the floor
diaphragm in the moment resisting frame per floor is
attached to one beam, and the floor diaphragm and beams in
all other bays are noncomposite, which permits the beam to
move relatively to the floor diaphragm [65]. It is proposed that
the beam-column connection can rock at the beam bottom
flangewhile the beam top flangewith the column is preserved
all the time [207]. A sliding slab is used tominimize restraints
on the expansion of the PT frame, inwhich a composite slab is
rigidly connected to the beams in a single bay of the PT frame,
and a sliding device is installed between the floor beams and
the beams in other bays such that the slab is allowed to slide
[208, 209].

Henry et al. [191, 210] proposed an isolated floor connec-
tion to minimize the damage of the floor due to the rocking
wall, in which the floor is connected to the end column of the
rocking wall system, and the end column is connected with
the wall using some O-shape connectors.

8.2.HigherMode Effects. Some studies [211, 212] have demon-
strated that the higher modes contribute significantly to the
force demands of controlled rocking frame members, so
rocking does not fully limit the peak seismic forces because
of higher mode effects. To limit higher mode effects in con-
trolled rocking steel frames, Wiebe et al. [105, 213–215] pro-
posed two types of higher mode mitigation mechanisms: the
first mitigation mechanism is formed by allowing the upper
section of the frame to rock, so as to better control the mid-
height overturning moment; the second mitigation mecha-
nism is formed by replacing the conventional first-story brace
with a self-centering energy dissipative (SCED) brace, so
as to better control the base shear. Experimental and numer-
ical results suggested that the proposed mechanisms can
enable better capacity design by reducing the variability of
peak seismic force demands without causing excessive dis-
placements. Although this approach could reduce the effect,
further research is needed on this topic.

8.3. Collapse Safety Assessment. The DRSRS system is devel-
oped to reduce or eliminate residual deformation under
design seismic level; however, it is still possible to undergo the
very rare and intense earthquakes which are not included in
the predicted design seismic level, meaning that the DRSRS
system may collapse. So far studies on this topic are very
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limited [216, 217] and the research on this topic should be
ongoing.

8.4. Life Cyclic Cost Assessment. In general, the structural sys-
temof self-centering structures is different from conventional
structural system, which leads to additional complexity in
design, fabrication, and erection of the self-centering system.
For example, the anchorage construction of prestress tendon
in the foundation is difficult, which may increase construc-
tion costs; as a result, even the savings due to the damage-
free performance will offset the increased initial cost over
the life of the structural system. Thus, life-cycle cost analysis

must consider not only the structural repair costs but all
elements of the structure. Studies on quantifying the life-cycle
costs of DRSRS system are ongoing [218–221] and need to be
further researched in future.

8.5. Building Code Provision for Design. The purpose of the
DRSRS system differs from the conventional structure, so the
designmethodology and the detailing requirement of DRSRS
system will be very different from the conventional structure.
Despite the attempts to propose design approaches for the
precast posttensionedwall system and the posttensioned steel
frame system [55, 65], the entire design system which should
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Figure 33: Idealized pseudo-force-drift relationship of DRSRS
SYSTEM (adopted from [78], copyright 2002 John Wiley & Sons,
Ltd).

be included in building code provision to guide the design of
DRSRS system in the actual construction has not been
established yet.

8.6. Assessment of Influence of Prestress Lost on the Structural
System. So far the most popular DRSRS system mainly uses
the prestress tendon or strands (PT) to provide the self-
centering capacity. As is well known, the prestress methodol-
ogy has inherent shortcoming “prestress loss.” Consequently,
for the DRSRS system using the PT, how to evaluate the loss
in the stress of the PT at large lateral deformation and the
influence of the loss on seismic performances of structures is
the unavoidable problem for using the PT bar, especially the
prestress loss that lasts within the long serviceable period of
DRSRS system.

9. Current New Research Highlights in High
Performance DRSRS Systems

In order to reduce the additional constructed cost due to the
difficulties in the detailing requirement such as the anchorage
of PT and the designation and to avoid the shortcoming of
prestress methodology used in the DRSRS system, recently,
another method to develop resilient concrete structures by
using the inherent elastic resilient capacity of tensile longitu-
dinal bar was proposed, which should be paidmore attention.

In order to obtain enough ductility, Pandey et al. [222–
225] experimentally and numerically found that decreasing
properties of bond strength of longitudinal bars could greatly
improve the ductility of concrete. Tanaka et al. [226] thus
used the unbonded high strength steel bar as the tensile
longitudinal bar to reinforce the concrete columns; the
experimental result showed that the columns exhibited strong
self-centering hysteresis response performance; however, the
lateral resistance capacity is smaller than that calculated by
the current design codes.

To overcome the problems in the method of using PT or
unbonded rebars, Sun et al. [227–229] have recently proposed
using a special ultrahigh strength rebar (SBPDN 1275/1420
rebar) with low bond strength as longitudinal rebar in con-
crete members. The SBPDN rebar has a spiral groove on its
surface and has a low bond strength of about 1/5 of deformed
rebar [79]; the difference between the SBPDN bar and
conventional high strength steel bar USD 685 is shown as in
Figure 35. The structural detailing of column proposed by
Sun et al. is shown in Figure 36; the reinforcement playout of
the proposed column is the same as that of the conventional
column; however, due to the poor flexibility of SBPDN rebar,
all the SBPDN bars are anchored by steel tie plates which are
connected by nuts and bolts at both ends and middle contra-
flexure section of column. In addition, due to the ultrahigh
strength of SBPDN rebar, the column section is confined by
two semisteel plates which are connected by nuts and bolts
to enhance the shear-resisting capacity such that the shear
failure can be avoided.

In recent years, they performed extensive experimental
study on the seismic behaviors of rectangular or circular
columns reinforced by SBPDNbars; the results demonstrated
that concrete columns using SBPDN rebar and steel plates
exhibited stable cyclic behavior up to large deformation and
very small residual deformation compared to the columns
using conventional high strength steel rebar (USD685) [230–
234].

Wang et al. proposed sustainable and resilient concrete
columns with a large quantity of fly ash (LQFA) reinforced by
SBPDN bars in order to use largely fly ash into concrete
construction [19, 80]. The experimental results of resilient
LQFA concrete columns showed that columns using SBPDN
rebar having low bond strength as the longitudinal bar
had excellent drift angle up to 0.04 rad∼0.05 rad and small
residual deformation.

To assess the seismic responses of concrete columns rein-
forced by SBPDN bars having low bond strength, Funato et
al. [79] have proposed an integrated analytical method
that could evaluate reasonably cyclic behaviors of concrete
columns by considering the slippage of longitudinal bars.
Thismethod, however, involves tedious double-loop iteration
procedures to find the balanced depth of neutral axis in
the targeted column section and to obtain the slippage of
longitudinal rebars from their anchorage zones. Conse-
quently, Wang [235] proposed a simple analytical procedure
to calculate the structural performances of concrete member
reinforced by steel having different bond strength and an
equation to calculate the deformation at themaximum lateral
load. The comparison results indicated that the proposed
analytical method and equation could reasonably assess the
seismic responses of concrete column reinforced by steel with
different bond strength level.

10. Conclusions

Beacuse themajority of the population in the world lives con-
centrically in cities, basically, it is consensus to develop high
performance seismic resisting structural (DRSRS) system for
the sustainable and resilient city. The high cost of repairing
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Figure 35: The difference between conventional steel and SBPDN steel (adopted from [79], copyright 2012 JCI).

the damaged engineering structures after earthquake com-
pels engineers and researchers to develop the innovative
structural system which can eliminate the residual deforma-
tion. Based on the principles of “replaceable” and weakening
the connections between structural elements such as upper
structures and foundation, beam-column intersection, three
types ofDRSRS systems are developed and ongoingly studied:
(1) replaceable structural element (RSE); (2) rocking seismic
resisting structural (RSRS) system; (3) self-centering seismic
resisting structural (SCSRS) system.

This paper summarized the research status and achieve-
ments of the existing DRSRS systems; the main conclusions
are illustrated as follows:

(1) The test results indicated that the shear wall system
with replaceable coupling beam has smaller poste-
arthquake damage compared to the conventional
shear wall system.The energy dissipation devices can
be utilized as either an independently replaceable
coupling fuse section or jointly used with replaceable
coupling beam together into the shear wall system.

(2) Rocking seismic resisting structural (RSRS) systems
have been extended into bridge engineering structure,
RC frame system, steel frame system, RC shear wall
system, masonry wall and timber structural system,
and core wall system. The extensive experimental
study results showed that RSRS systems with types of

energy dissipation devices can greatly limit the dam-
age and the residual deformation of the structural
system after loading and can possess good energy
dissipation capacity.

(3) The posttensioned prestress tendon and strand are
used to provide the self-centering capacity for the
structural system. The dissipation devices are includ-
ed to enhance energy dissipation capacity of the self-
centering seismic structural (SCSS) systems. Exten-
sive experimental programs indicated that the com-
bination of posttensioned tendon and energy dissi-
pation devices could minimize the damage and the
residual deformation after loading and behave with
good energy dissipation capacity.

(4) Types of numerical models including the finite ele-
ment method can reasonably analyze the cyclic and
dynamical responses of RSRS and SCSS systems.
Some equations have been proposed to design the
self-centering shear wall system.

(5) The residual deformation at the end dynamic re-
sponse is smaller compared to the static cyclic load-
ing; despite the attempts to propose design limit of
residual deformation for the precast concrete shear
wall system, the analyses of the residual deformation
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for other resilient structural forms and for the entire
structural system are limited.

(6) Ongoing challenges for SCSRSS include (1) address-
ing the floor diaphragm connections to beam and
column, (2) mitigating the adverse effect of higher
mode effects, (3) collapse safety assessment, (4) life
cyclic cost assessment, (5) building code provision for
design, and (6) assessment of influence of prestress
loss on seismic responses of the structural system.

(7) The new research viewpoint using high strength steel
bar with the low bond strength to develop the resilient
structural systemwhich showed stable cyclic behavior
up to large deformation and good self-centering ca-
pacity should be paid more attention and enthusiasm
due to its simple structural technology.

11. Recommendations for Future Studies

(1) The principle of the replaceable structural element
(RSE) should be extensively used to the other struc-
tural system, for example, the plastic hinge zones
of the column and beam and the foot toes of the
wall systems where concrete is crushed due to the
compression in usual. Furthermore, the analysis and
design approach of RSE should be further studied.

(2) The analysis and experiments on the response of
the entire structural system with self-centering mem-
ber and other nonstructural elements which may

decrease the self-centering capacity should be further
performed.

(3) The dynamic analysis to determine the residual defor-
mation of the DRSRS system or structural system
using other materials such as high strength FRP rebar
and SBPDN rebar should be conducted. The design
equation of the residual deformation under reversed
cyclic seismic loading should be proposed.

(4) It is not advocated to use complicated and high cost
engineering technology to develop DRSRS systems;
on the contrary, simple and low-cost technology is
encouraged when considering the future populariza-
tion specially in the poverty area or country.

(5) The potential imperfections of DRSRS system such as
higher mode effect, the connection of floor and the
self-centering member, prestress loss, and degrada-
tion in the initial stiffness should be deeply studied
and eliminated.

(6) Due to the simple structural technology anddetailing,
using high strength steel with poor bond strength
property to develop the self-centering structural
system is an alternative that should be paid more
attention and deeply studied.

Additional Points

Highlights. (i) The current research status and achievement
of existing DRSRS systems such as replaceable structural ele-
ment, rocking structural system, and self-centering structural
system for sustainable and resilient city are summarized in
detail. (ii)The current research highlights that emerged using
high strength steel bar with poor bond strength property to
develop DRSRS system are illustrated. (iii) The current
research challenges of DRSRS system and the recommenda-
tions for the future studies are pointed out and discussed.
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According to a generalized Hamilton’s principle, three-dimensional (3D) nonlinear vibration equations for overhead transmission
lines that consider geometric nonlinearity are established. Based on the characteristics of an actual transmission line, the 3D
equations are simplified to two-dimensional equations, and the nonlinear vibration behavior of transmission lines is investigated
by combining theoretical analysis with numerical simulation. The results show that transmission lines have inherently nonlinear
vibration characteristics. When in free vibration, a transmission line can undergo nonlinear internal resonance, even when its
initial out-of-plane energy is relatively low; as its initial out-of-plane energy increases, the coupling of in-plane and out-of-plane
vibration becomes stronger. When forced to vibrate by an external excitation, due to the combined action of internal and primary
resonance, the vibration energy of a transmission line transfers from the out-of-plane direction to the in-plane direction that is not
directly under the excitation, resulting in an increase in the dynamic tension and the displacement amplitude of the transmission
line. Increasing damping can consume the vibration energy of a transmission line but cannot prevent the occurrence of internal
resonance.

1. Introduction

High-voltage overhead transmission lines (HVOTLs) are
important carriers within power systems, and their safety
directly affects the normal operation of the whole power
system. Currently, aluminum conductor steel-reinforced
(ACSR) cables are the most widely used transmission lines in
engineering applications. ACSR cables, characterized by their
light weight, small damping, and long spans, can only bear
axial tension. Generally, the vibration of a transmission line
in the plane where the transmission line is located under the
action of gravity is referred to as in-plane vibration, and the
vibration in the plane vertical to the aforementioned plane
is referred to as out-of-plane vibration. A transmission line
is often considered as a single-cable structure in calculation.
According to the suspended cable theory [1], the in-plane
stiffness of a transmission line is a result of its internal
force, and the out-of-plane stiffness of a transmission line
is relatively low. Therefore, the vibration of a transmission

line exhibits conspicuous “large displacement, small-strain”
geometrically nonlinear characteristics. In particular, when
induced by wind and rain or strong wind, transmission lines
are more prone to relatively strong nonlinear vibration. In
severe cases, such vibration can cause damage to transmission
lines. Therefore, an in-depth investigation of the nonlinear
vibration of HVOTLs is of great significance.

Research on cables has progressed from statics to dynam-
ics and from the linear theory to the nonlinear theory [1–
14]. In the static theory, cables are viewed as two-force bars
with an aim to simplify calculation. As a result, the results
of calculation based on the static theory differ relatively sig-
nificantly from the actual situation [1, 2]. In comparison, the
natural frequencies of the out-of-plane and in-plane vibration
of a suspended cable obtained based on the linear dynamic
theory of cables are relatively accurate. Moreover, it can also
be derived from the linear dynamic theory of cables that
out-of-plane and in-plane modes of vibration are completely
independent of one another [3]. However, cables are flexible
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structures; consequently, their motion exhibits significantly
nonlinear motion characteristics and very complex forms
that are a result of the combined action of external and
internal resonance. In addition, the geometric and physical
parameters of cables also have an impact on their dynamic
response [4–14]. Evidently, even the linear dynamic theory
cannot accurately describe the forms of motion of cables. It is
irrefutable that the wind-induced vibration response of long-
span, lightweight, and small-damping transmission lines has
inherently nonlinear characteristics [15–24]. However, the
current design specification still requires the use of the linear
static theory of suspended cables to design transmission lines,
which clearly cannot meet the engineering demand. The
abovementioned linear design theory is easily mastered and
applied in engineering, but its shortcomings are also obvious.
For example, it assumes that the relationship between the
static load and the response of the whole line is a linear
function in calculations, which obviously does not conform
to the nonlinearmechanical properties of a transmission line.
Furthermore, there is a significant difference between the in-
plane and out-of-plane vibration of a transmission line, and
the former has obvious nonlinearity stiffness that will induce
additional tension of the transmission line.Therefore, it is not
enough to calculate the response of a transmission line only
by its first-order out-of-plane vibration. In fact, as a highly
flexible line system, it is inevitable to consider the multiorder
vibrations of a transmission line, and the dynamic tension
generated by the vibration of the transmission line under the
action of the pulsating wind is the main load that acts on the
transmission tower.

Based on the aforementioned analysis, according to a
generalized Hamilton’s principle, three-dimensional (3D)
nonlinear differential equations of motion for horizontally
suspended transmission lines that consider the initial deflec-
tion are established in this work. Based on the characteristics
of an actual transmission line, the 3D equations are simpli-
fied to two-dimensional (2D) equations. On this basis, the
method of multiple scales is employed to theoretically study
the nonlinear internal resonance behavior of transmission
lines. Moreover, a higher-order Runge-Kutta method is also
used to perform a numerical analysis of the nonlinear
vibration characteristics of transmission lines to reveal the
characteristics of the coupled action of the out-of-plane and
in-plane vibration of transmission lines when in nonlinear
vibration, with the aim of providing a basis for the reasonable
design of HVOTLs.

2. 3D Nonlinear Equations of Motion for
Elastic Transmission Lines

2.1. Establishing 3D Equations of Motion. Figure 1 shows an
elastic transmission line with its two ends hinge-supported
at the same height. The initial static equilibrium geometric
configuration 𝑆0 of the transmission line in the plane 𝑂𝑥𝑦 is
used as the reference location and is represented by function𝑥(𝑦). 𝑑𝑐, 𝐿𝑐, and 𝑇𝑐(𝑦, 𝑡) represent the sag and span of the
dynamic tension in the transmission line, respectively. 𝑆𝐷
represents the 3D dynamic configuration of the transmission
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Figure 1: Spatial configuration of a transmission line.

line under an external excitation 𝑃(𝑡). 𝑃(𝑥, 𝑡), 𝑃(𝑦, 𝑡), and𝑃(𝑧, 𝑡) represent the components of the external excitation𝑃(𝑡) in the 𝑥-, 𝑦-, and 𝑧-axes, respectively. 𝐸𝑐 and 𝐴𝑐
represent the elastic modulus and the cross-sectional area
of the transmission line, respectively. 𝛾𝑐 represents the dead
weight of the transmission line per unit length (𝛾𝑐 = 𝑚𝑐𝑔,
where 𝑔 represents the acceleration of gravity). 𝑢𝑐(𝑦, 𝑡),
V𝑐(𝑦, 𝑡), and 𝑤𝑐(𝑦, 𝑡) represent the displacements of the
transmission line along the longitudinal in-plane vibration
(𝑦-axis direction), the transverse in-plane vibration (𝑥-axis
direction), and the transverse out-of-plane vibration (𝑧-axis
direction), respectively.

To simplify analysis, the following assumptions [12, 25]
are made: (a) the flexural, torsional, and shear stiffness of the
transmission line is sufficiently low and thus negligible; (b)
the transmission line only bears tension in the axial direction,
and its axial strain, when vibrating, is sufficiently small and
thus negligible; (c) only geometric nonlinearity is considered,
whereas material nonlinearity is not considered.

When the tension in the transmission line is in the initial
static equilibrium state, the length 𝑑𝑠0 of the differential
element at any arbitrary location𝑦𝑐 along the 𝑦-axis direction
is

𝑑𝑠0 = √1 + (𝜕𝑥𝜕𝑦)2𝑑𝑦. (1)

According to the definition of Lagrangian strain, initially,
the length 𝑑𝑠 of the differential element of the transmission
line under the action of gravity is

𝑑𝑠 = √1 + (𝜕𝑥/𝜕𝑦)21 + 𝜀𝑐0 𝑑𝑦, (2)

where 𝜀𝑐0 represents the initial static strain of the transmis-
sion line, which is calculated using the following equation:

𝜀𝑐0 = 𝑇𝑐 (𝑦, 0)𝐸𝑐𝐴𝑐 , (3)

where 𝑇𝑐(𝑦, 0) represents the initial tension in the transmis-
sion line.
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The length of the differential element of the transmission
line after it has undergone dynamic deformation under an
external excitation 𝑃(𝑡) is
𝑑𝑠𝐷 = √(1 + 𝜕𝑢𝑐𝜕𝑦 )2 + (𝜕𝑥𝜕𝑦 + 𝜕V𝑐𝜕𝑦 )2 + (𝜕𝑤𝑐𝜕𝑦 )2𝑑𝑦. (4)

The total dynamic strain [12] of the transmission line in a
motion state under the external excitation is

𝜀𝑐 = 𝑑𝑠𝐷 − 𝑑𝑠𝑑𝑠 = 1 + 𝜀𝑐0√1 + (𝜕𝑥/𝜕𝑦)2
⋅ √(1 + 𝜕𝑢𝑐𝜕𝑦 )2 + (𝜕𝑥𝜕𝑦 + 𝜕V𝑐𝜕𝑦 )2 + (𝜕𝑤𝑐𝜕𝑦 )2 − 1.

(5)

The transient total tension 𝑇𝑐(𝑦, 𝑡) in the differential
element of the transmission line in a motion state is𝑇𝑐 (𝑦, 𝑡) = 𝑇𝑐 (𝑦, 0) + 𝐸𝑐𝐴𝑐𝜀𝑐 = 𝑇𝑐 (𝑦, 0)

+ ( 1√1 + (𝜕𝑥/𝜕𝑦)2
⋅ √(1 + 𝜕𝑢𝑐𝜕𝑦 )2 + (𝜕𝑥𝜕𝑦 + 𝜕V𝑐𝜕𝑦 )2 + (𝜕𝑤𝑐𝜕𝑦 )2 − 1)
⋅ 𝐸𝑐𝐴𝑐.

(6)

According to a generalized Hamilton’s principle,

𝛿∫𝑡2
𝑡1

(𝐾V − 𝑈) 𝑑𝑡 + ∫𝑡2
𝑡1

𝛿𝑊𝑑𝑡 = 0, (7)

where 𝐾V, 𝑈, 𝛿𝑊 represent the kinetic energy and the strain
energy of the transmission line and the virtual work done by
nonconservative forces (including the virtual work 𝛿𝑊𝑐 done
by the damping force and the virtual work 𝛿𝑊𝑃 done by the
external excitation), respectively.

The kinetic energy of the transmission line is

𝐾V = 12 ∫𝐿𝑐0 𝛾𝑐√1 + (𝜕𝑥/𝜕𝑦)2𝑔 (1 + 𝜀𝑐0) (�̇�2𝑐 + V̇2𝑐 + �̇�2𝑐) 𝑑𝑦, (8)

where 𝛾𝑐√1 + (𝜕𝑥/𝜕𝑦)2/𝑔(1 + 𝜀𝑐0) represents the mass of
the transmission line in the static equilibrium state per unit
length and �̇�𝑐, V̇𝑐, and �̇�𝑐 represent the vibration velocities
of the transmission line in the 𝑦-, 𝑥-, and 𝑧-axis directions,
respectively.

According to the aforementioned assumptions, the strain
energy of the transmission line can only be generated by an
axial tension. According to the principle of virtual work, the
strain energy is

𝑈 = ∫𝐿𝑐
0
𝑇𝑐 (𝑦, 0) 𝜀𝑐𝑑𝑠 + 12 ∫𝐿𝑐0 𝐸𝑐𝐴𝑐𝜀2𝑐𝑑𝑠. (9)

The virtual work done by the damping force is

𝛿𝑊𝑐 = −∫𝐿𝑐
0
𝑐𝑐 (�̇�𝑐𝛿𝑢𝑐 + V̇𝑐𝛿V𝑐 + �̇�𝑐𝛿𝑤𝑐) 𝑑𝑦, (10)

where 𝑐𝑐 represents the structural damping of the transmis-
sion line.

The virtual work done by the external excitation 𝑃(𝑡) is
𝛿𝑊𝑃
= ∫𝐿𝑐
0
(𝑃 (𝑦, 𝑡) 𝛿𝑢𝑐 + 𝑃 (𝑥, 𝑡) 𝛿V𝑐 + 𝑃 (𝑧, 𝑡) 𝛿𝑤𝑐) 𝑑𝑦. (11)

By substituting (8)–(11) into (7) and considering the bound-
ary conditions, the following is satisfied at the locations𝑦𝑐 = 0
and 𝑦𝑐 = 𝐿𝑐: 𝛿𝑢𝑐 = 𝛿V𝑐 = 𝛿𝑤𝑐 = 0. (12)

Thus, the Euler equations for the transmission line along
the virtual displacement 𝛿𝑢𝑐, 𝛿V𝑐, and 𝛿𝑤𝑐 directions are
obtained:

𝜕𝜕𝑦 (𝐸𝑐𝐴𝑐 (1 + 𝜕𝑢𝑐/𝜕𝑦)√1 + (𝜕𝑥/𝜕𝑦)2
+ (𝑇𝑐 (𝑦, 0) − 𝐸𝑐𝐴𝑐) (1 + 𝜕𝑢𝑐/𝜕𝑦)√(1 + 𝜕𝑢𝑐/𝜕𝑦)2 + (𝜕𝑥/𝜕𝑦 + 𝜕V𝑐/𝜕𝑦)2 + (𝜕𝑤𝑐/𝜕𝑦)2)
= 𝛾𝑐√1 + (𝜕𝑥/𝜕𝑦)2𝑔 (1 + 𝜀𝑐0) �̈�𝑐 + 𝑐𝑐�̇�𝑐 − 𝑃 (𝑦, 𝑡) ,

𝜕𝜕𝑦 (𝐸𝑐𝐴𝑐 (𝜕𝑥/𝜕𝑦 + 𝜕V𝑐/𝜕𝑦)√1 + (𝜕𝑥/𝜕𝑦)2
+ (𝑇𝑐 (𝑦, 0) − 𝐸𝑐𝐴𝑐) (𝜕𝑥/𝜕𝑦 + 𝜕V𝑐/𝜕𝑦)√(1 + 𝜕𝑢𝑐/𝜕𝑦)2 + (𝜕𝑥/𝜕𝑦 + 𝜕V𝑐/𝜕𝑦)2 + (𝜕𝑤𝑐/𝜕𝑦)2)
= 𝛾𝑐√1 + (𝜕𝑥/𝜕𝑦)2𝑔 (1 + 𝜀𝑐0) V̈𝑐 + 𝑐𝑐V̇𝑐 − 𝑃 (𝑥, 𝑡) ,

𝜕𝜕𝑦 (𝐸𝑐𝐴𝑐 (𝜕𝑤𝑐/𝜕𝑦)√1 + (𝜕𝑥/𝜕𝑦)2
+ (𝑇𝑐 (𝑦, 0) − 𝐸𝑐𝐴𝑐) (𝜕𝑤𝑐/𝜕𝑦)√(1 + 𝜕𝑢𝑐/𝜕𝑦)2 + (𝜕𝑥/𝜕𝑦 + 𝜕V𝑐/𝜕𝑦)2 + (𝜕𝑤𝑐/𝜕𝑦)2)
= 𝛾𝑐√1 + (𝜕𝑥/𝜕𝑦)2𝑔 (1 + 𝜀𝑐0) �̈�𝑐 + 𝑐𝑐�̇�𝑐 − 𝑃 (𝑧, 𝑡) .

(13)

Because the sag-to-span ratio 𝑑𝑐/𝐿𝑐 of a transmission line
is generally very small, 𝜕𝑢𝑐/𝜕𝑦 ≪ 1, 𝜕V𝑐/𝜕𝑦 ≪ 1, 𝜕𝑤𝑐/𝜕𝑦 ≪ 1,
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and 𝜕𝑥/𝜕𝑦 ≪ 1 under small-strain conditions. Thus, these
small quantities can each be expanded in a Taylor series, and
their higher-order terms are negligible. In other words, in the
abovementioned equations,

1√(1 + 𝜕𝑢𝑐/𝜕𝑦)2 + (𝜕𝑥/𝜕𝑦 + 𝜕V𝑐/𝜕𝑦)2 + (𝜕𝑤𝑐/𝜕𝑦)2
≈ 1 − {𝜕𝑢𝑐𝜕𝑦 − (𝜕𝑢𝑐𝜕𝑦 )2 + 𝜕𝑥𝜕𝑦 ⋅ 𝜕V𝑐𝜕𝑦 + 12 (𝜕𝑥𝜕𝑦)2
+ 12 (𝜕V𝑐𝜕𝑦 )2 + 12 (𝜕𝑤𝑐𝜕𝑦 )2} .

(14)

Let

𝜂 = 𝜕𝑢𝑐𝜕𝑦 − (𝜕𝑢𝑐𝜕𝑦 )2 + 𝜕𝑥𝜕𝑦 ⋅ 𝜕V𝑐𝜕𝑦 + 12 (𝜕𝑥𝜕𝑦)2
+ 12 (𝜕V𝑐𝜕𝑦 )2 + 12 (𝜕𝑤𝑐𝜕𝑦 )2 .

(15)

By substituting (15) into (13), nonlinear equations of motion
for the elastic transmission line that is horizontally hinge-
supported at the two ends are obtained:

𝜕𝜕𝑦 {{{{{
[[[

𝐸𝑐𝐴𝑐√1 + (𝜕𝑥/𝜕𝑦)2 + (𝑇𝑐 (𝑦, 0) − 𝐸𝑐𝐴𝑐) (1 − 𝜂)]]]
⋅ (1 + 𝜕𝑢𝑐𝜕𝑦 )}}}}} = 𝛾𝑐√1 + (𝜕𝑥/𝜕𝑦)2𝑔 (1 + 𝜀𝑐0) �̈�𝑐 + 𝑐𝑐�̇�𝑐
− 𝑃 (𝑦, 𝑡) ,

(16)

𝜕𝜕𝑦 {{{{{
[[[

𝐸𝑐𝐴𝑐√1 + (𝜕𝑥/𝜕𝑦)2 + (𝑇𝑐 (𝑦, 0) − 𝐸𝑐𝐴𝑐) (1 − 𝜂)]]]
⋅ (𝜕𝑥𝜕𝑦 + 𝜕V𝑐𝜕𝑦 )}}}}} = 𝛾𝑐√1 + (𝜕𝑥/𝜕𝑦)2𝑔 (1 + 𝜀𝑐0) V̈𝑐 + 𝑐𝑐V̇𝑐
− 𝑃 (𝑥, 𝑡) ,

(17)

𝜕𝜕𝑦 {{{{{
[[[

𝐸𝑐𝐴𝑐√1 + (𝜕𝑥/𝜕𝑦)2
+ (𝑇𝑐 (𝑦, 0) − 𝐸𝑐𝐴𝑐) (1 − 𝜂)]]]

𝜕𝑤𝑐𝜕𝑦 }}}}}
= 𝛾𝑐√1 + (𝜕𝑥/𝜕𝑦)2𝑔 (1 + 𝜀𝑐0) �̈�𝑐 + 𝑐𝑐�̇�𝑐 − 𝑃 (𝑧, 𝑡) .

(18)

In (16)–(18), �̈�𝑐, V̈𝑐, �̈�𝑐 represent the accelerations of vibra-
tion of the transmission line along the 𝑦-, 𝑥-, and 𝑧-axes,
respectively.

The above set of partial differential equations contains all
the main vibration characteristics of the initial elastic trans-
mission line continuum system, that is, the quadratic and
cubic coupling terms associatedwith the initial deflection, the
axial tension, and the spatial motion, which can be used to
analyze the nonlinear dynamic behavior of the transmission
line.

2.2. Equations of Coupled In-Plane and Out-of-Plane Motion
for a Hinge-Supported Transmission Line. Considering that
the axial stiffness 𝐸𝑐𝐴𝑐 of a transmission line is generally
relatively high and its axial elongation due to vibration is far
smaller than its transverse vibration amplitude, the axial iner-
tia force of a transmission line when in vibration is negligible.
Under normal circumstances, the axial damping of a trans-
mission line is relatively small; thus, the axial damping force
of a transmission line when in motion is negligible. In addi-
tion, in Figure 1, since there is no external excitation along
the axial direction of the transmission line (𝑦-axis direc-
tion), 𝑃(𝑦, 𝑡) = 0. Thus, (16) can be rewritten as

𝜕𝜕𝑦 {{{{{
[[[

𝐸𝑐𝐴𝑐√1 + (𝜕𝑥/𝜕𝑦)2 + (𝑇𝑐 (𝑦, 0) − 𝐸𝑐𝐴𝑐) (1 − 𝜂)]]]
⋅ (1 + 𝜕𝑢𝑐𝜕𝑦 )}}}}} = 0.

(19)

The following approximation relation is then used:

1√1 + (𝜕𝑥/𝜕𝑦)2 ≈ 1 − 12 (𝜕𝑥𝜕𝑦)
2 . (20)

By substituting (20) into (19), integrating the two sides of
(19) over the span [0, 𝐿𝑐] of the transmission line once, and
ignoring the terms unrelated to time 𝑡, we have
𝑇𝑐 (𝑦, 0) [1 − 12 (𝜕𝑥𝜕𝑦)2] ⋅ 𝜕𝑢𝑐𝜕𝑦 − (𝑇𝑐 (𝑦, 0) − 𝐸𝑐𝐴𝑐) 𝜂

− (𝑇𝑐 (𝑦, 0) − 𝐸𝑐𝐴𝑐) 𝜂 ⋅ 𝜕𝑢𝑐𝜕𝑦 = ℏ (𝑡) , (21)

where ℏ(𝑡) is an arbitrary function. By dividing the two
sides of (21) by 𝐸𝑐𝐴𝑐 and considering that the initial tension𝑇𝑐(𝑦, 0) in a transmission line is generally far smaller than its
axial stiffness 𝐸𝑐𝐴𝑐 and that the axial deformation of a trans-
mission line is a higher-order small quantity compared to its
vertical in-plane deformation and out-of-plane deformation,
we have

𝜕𝑢𝑐𝜕𝑦 + 𝜕𝑥𝜕𝑦 ⋅ 𝜕V𝑐𝜕𝑦 + 12 (𝜕𝑤𝑐𝜕𝑦 )2 + 12 (𝜕V𝑐𝜕𝑦 )2 ≈ ℏ (𝑡)𝐸𝑐𝐴𝑐 . (22)
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To determine ℏ(𝑡), the two sides of (22) are integrated
over the interval [0, 𝐿𝑐] and the transmission line boundary
conditions represented by (23) are used. After simplification,
we have (24).𝑢𝑐 (0, 𝑡) = 0,𝑢𝑐 (𝐿𝑐, 𝑡) = 0, (23)

ℏ (𝑡)𝐸𝑐𝐴𝑐 ⋅ 𝐿𝑐 = ∫𝐿𝑐0 [𝜕𝑢𝑐𝜕𝑦 + 𝜕𝑥𝜕𝑦 ⋅ 𝜕V𝑐𝜕𝑦 + 12 (𝜕𝑤𝑐𝜕𝑦 )2
+ 12 (𝜕V𝑐𝜕𝑦 )2]𝑑𝑦.

(24)

Let us set

𝜆 (𝑡) = ℏ (𝑡)𝐸𝑐𝐴𝑐 = 1𝐿𝑐 ∫𝐿𝑐0 [𝜕𝑢𝑐𝜕𝑦 + 𝜕𝑥𝜕𝑦 ⋅ 𝜕V𝑐𝜕𝑦
+ 12 (𝜕𝑤𝑐𝜕𝑦 )2 + 12 (𝜕V𝑐𝜕𝑦 )2]𝑑𝑦.

(25)

By substituting (22) and (25) into (17) and (18), respec-
tively, we have

𝜕𝜕𝑦 (𝑇𝑐 (𝑦, 0) ⋅ [1 − 12 (𝜕𝑥𝜕𝑦)2] ⋅ 𝜕V𝑐𝜕𝑦
− (𝑇𝑐 (𝑦, 0) − 𝐸𝑐𝐴𝑐) ⋅ 𝜆 (𝑡) ⋅ 𝜕𝑥𝜕𝑦)
− 𝜕𝜕𝑦 ((𝑇𝑐 (𝑦, 0) − 𝐸𝑐𝐴𝑐) ⋅ 𝜆 (𝑡) ⋅ 𝜕V𝑐𝜕𝑦 )
= 𝛾𝑐√1 + (𝜕𝑥/𝜕𝑦)2𝑔 (1 + 𝜀𝑐0) V̈𝑐 + 𝑐𝑐V̇𝑐 − 𝑃 (𝑥, 𝑡) ,

(26)

𝜕𝜕𝑦 (𝑇𝑐 (𝑦, 0) ⋅ [1 − 12 (𝜕𝑥𝜕𝑦)2] ⋅ 𝜕𝑤𝑐𝜕𝑦
− (𝑇𝑐 (𝑦, 0) − 𝐸𝑐𝐴𝑐) ⋅ 𝜆 (𝑡) ⋅ 𝜕𝑤𝑐𝜕𝑦 )
= 𝛾𝑐√1 + (𝜕𝑥/𝜕𝑦)2𝑔 (1 + 𝜀𝑐0) �̈�𝑐 + 𝑐𝑐�̇�𝑐 − 𝑃 (𝑧, 𝑡) .

(27)

For ease of analysis, by use of Galerkin’s modal trunca-
tion method, the in-plane and out-of-plane response of the
transmission line is represented by

V𝑐 (𝑦, 𝑡) = 𝑁∑
𝑖=1

𝜑𝑖 (𝑦) ⋅ 𝑞𝑖 (𝑡) ,
𝑤𝑐 (𝑦, 𝑡) = 𝑁∑

𝑖=1

𝜑𝑖 (𝑦) ⋅ 𝑞𝑖 (𝑡) .
(28)

In (28), 𝜑𝑖(𝑦) = sin(𝑖𝜋𝑦/𝐿𝑐) is the 𝑖th-order vibration
mode function (the two ends of the conductor line are

considered to be hinge-connected),𝑁 represents the retained
mode order, and 𝑞𝑖(𝑡) represents the generalized coordinates.
By substituting it into (26) and (27), (28) can be transformed
to ordinary differential equations of motion, which are
subsequently solved. Equation (28) is subjected to first-order
model truncation usingGalerkin’s modal truncationmethod;
that is, set

V𝑐 (𝑦, 𝑡) = 𝜑V (𝑦) ⋅ 𝑞V (𝑡) = sin(𝜋𝑦𝐿𝑐 ) ⋅ 𝑞V (𝑡) ,
𝑤𝑐 (𝑦, 𝑡) = 𝜑𝑤 (𝑦) ⋅ 𝑞𝑤 (𝑡) = sin(𝜋𝑦𝐿𝑐 ) ⋅ 𝑞𝑤 (𝑡) .

(29)

By substituting (29) into (26) and (27), subsequently
multiplying the two sides of (26) by 𝜑V(𝑦), integrating the
resulting equation over the interval [0, 𝐿𝑐], multiplying the
two sides of (27) by 𝜑𝑤(𝑦), and integrating the resultant equa-
tion over the interval [0, 𝐿𝑐], discrete equations of coupled in-
plane and out-of-plane motion for the transmission line are
obtained:

𝑎1 ̈𝑞V (𝑡) + 𝑎2𝑞V (𝑡) + 𝑎3𝑞2V (𝑡) + 𝑎4𝑞2𝑤 (𝑡) + 𝑎5𝑞3V (𝑡)+ 𝑎6𝑞2𝑤 (𝑡) 𝑞V (𝑡) + 𝑎7 ̇𝑞V (𝑡) = 𝑃V,𝑏1 ̈𝑞𝑤 (𝑡) + 𝑏2𝑞𝑤 (𝑡) + 𝑏3𝑞V (𝑡) 𝑞𝑤 (𝑡) + 𝑏4𝑞2V (𝑡) 𝑞𝑤 (𝑡)+ 𝑏5𝑞3𝑤 (𝑡) + 𝑏6 ̇𝑞𝑤 (𝑡) = 𝑃𝑤.
(30)

The factors in (30) are calculated as follows:

𝑎1 = ∫𝐿𝑐
0

𝛾𝑐√1 + (𝜕𝑥/𝜕𝑦)2𝑔 (1 + 𝜀𝑐0) 𝜑2V (𝑦) 𝑑𝑦,
𝑎2 = −∫𝐿𝑐

0

𝜕𝜕𝑦 [𝑇𝑐 (𝑦, 0) ⋅ (1 − 12 (𝜕𝑥𝜕𝑦)2) ⋅ 𝜑V (𝑦)
− (𝑇𝑐 (𝑦, 0) − 𝐸𝑐𝐴𝑐𝐿𝑐 ) ⋅ 𝜕𝑥𝜕𝑦 ⋅ ∫𝐿𝑐0 𝜕𝑥𝜕𝑦 ⋅ 𝜑V (𝑦) 𝑑𝑦]
⋅ 𝜑V (𝑦) 𝑑𝑦,

𝑎3 = ∫𝐿𝑐
0

𝜕𝜕𝑦 [(𝑇𝑐 (𝑦, 0) − 𝐸𝑐𝐴𝑐2𝐿𝑐 ) ⋅ 𝜕𝑥𝜕𝑦
⋅ ∫𝐿𝑐
0
𝜑2V (𝑦) 𝑑𝑦 + (𝑇𝑐 (𝑦, 0) − 𝐸𝑐𝐴𝑐𝐿𝑐 )

⋅ 𝜑V (𝑦) ∫𝐿𝑐
0

𝜕𝑥𝜕𝑦 ⋅ 𝜑V (𝑦) 𝑑𝑦]𝜑V (𝑦) 𝑑𝑦,
𝑎4 = ∫𝐿𝑐

0

𝜕𝜕𝑦 [(𝑇𝑐 (𝑦, 0) − 𝐸𝑐𝐴𝑐2𝐿𝑐 ) ⋅ 𝜕𝑥𝜕𝑦
⋅ ∫𝐿𝑐
0
𝜑2𝑤 (𝑦) 𝑑𝑦]𝜑V (𝑦) 𝑑𝑦,
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𝑎5 = ∫𝐿𝑐
0

𝜕𝜕𝑦 [(𝑇𝑐 (𝑦, 0) − 𝐸𝑐𝐴𝑐2𝐿𝑐 ) ⋅ 𝜑V (𝑦)
⋅ ∫𝐿𝑐
0
𝜑2V (𝑦) 𝑑𝑦]𝜑V (𝑦) 𝑑𝑦,

𝑎6 = ∫𝐿𝑐
0

𝜕𝜕𝑦 [(𝑇𝑐 (𝑦, 0) − 𝐸𝑐𝐴𝑐2𝐿𝑐 ) ⋅ 𝜑V (𝑦)
⋅ ∫𝐿𝑐
0
𝜑2𝑤 (𝑦) 𝑑𝑦]𝜑V (𝑦) 𝑑𝑦,

𝑎7 = ∫𝐿𝑐
0
𝑐𝑐𝜑2V (𝑦) 𝑑𝑦,

𝑃V = ∫𝐿𝑐
0
𝑃 (𝑥, 𝑡) 𝜑V (𝑦) 𝑑𝑦,

𝑏1 = ∫𝐿𝑐
0

𝛾𝑐√1 + (𝜕𝑥/𝜕𝑦)2𝑔 (1 + 𝜀𝑐0) 𝜑2𝑤 (𝑦) 𝑑𝑦,
𝑏2 = −∫𝐿𝑐

0

𝜕𝜕𝑦 [𝑇𝑐 (𝑦, 0) ⋅ (1 − 12 (𝜕𝑥𝜕𝑦)2) ⋅ 𝜑𝑤 (𝑦)]⋅ 𝜑𝑤 (𝑦) 𝑑𝑦,
𝑏3 = ∫𝐿𝑐

0

𝜕𝜕𝑦 [(𝑇𝑐 (𝑦, 0) − 𝐸𝑐𝐴𝑐𝐿𝑐 ) ⋅ 𝜑𝑤 (𝑦)
⋅ ∫𝐿𝑐
0

𝜕𝑥𝜕𝑦 ⋅ 𝜑V (𝑦) 𝑑𝑦]𝜑𝑤 (𝑦) 𝑑𝑦,
𝑏4 = ∫𝐿𝑐

0

𝜕𝜕𝑦 [(𝑇𝑐 (𝑦, 0) − 𝐸𝑐𝐴𝑐2𝐿𝑐 ) ⋅ 𝜑𝑤 (𝑦)
⋅ ∫𝐿𝑐
0
𝜑2V (𝑦) 𝑑𝑦]𝜑𝑤 (𝑦) 𝑑𝑦,

𝑏5 = ∫𝐿𝑐
0

𝜕𝜕𝑦 [(𝑇𝑐 (𝑦, 0) − 𝐸𝑐𝐴𝑐2𝐿𝑐 ) ⋅ 𝜑𝑤 (𝑦)
⋅ ∫𝐿𝑐
0
𝜑2𝑤 (𝑦) 𝑑𝑦]𝜑𝑤 (𝑦) 𝑑𝑦,

𝑏6 = ∫𝐿𝑐
0
𝑐𝑐𝜑2𝑤 (𝑦) 𝑑𝑦,

𝑃𝑤 = ∫𝐿𝑐
0
𝑃 (𝑧, 𝑡) 𝜑𝑤 (𝑦) 𝑑𝑦.

(31)

As demonstrated in (30), the in-plane and out-of-plane
motion of the transmission line exhibits cubic nonlinear-
ity, whereas the coupled in-plane and out-of-plane motion
exhibits linearity, quadratic nonlinearity, and cubic nonlin-
earity; that is, the nonlinear coupling is very strong.

3. Theoretical Analysis of the
Characteristics of the Nonlinear Coupled
In-Plane and Out-of-Plane Internal
Resonance of Transmission Lines

To further study the nonlinear coupled in-plane and out-of-
plane dynamic characteristics of an overhead transmission
line, we conducted the following analysis with the help of
themultiple-scale (MS)method [26–29], which is an effective
method for the analysis of nonlinear dynamics.

Assume that the external excitation is a harmonic excita-
tion: that is, 𝑃 (𝑥, 𝑡) = 𝐴V cos (Ω𝑥𝑡) ,𝑃 (𝑧, 𝑡) = 𝐴𝑤 cos (Ω𝑧𝑡) , (32)

where 𝐴V and 𝐴𝑤 represent the amplitudes of the in-plane
excitation and the out-of-plane excitation, respectively, on
the transmission line, and Ω𝑥 and Ω𝑧 represent the circular
frequencies of the in-plane excitation and the out-of-plane
excitation, respectively.

Here, the in-plane excitation on the transmission line is
not considered, that is, the generalized in-plane excitation
load 𝑃V is assumed to be zero. Now, the generalized out-of-
plane excitation load on the transmission line is set to 𝑃𝑤 =𝑃0 cosΩ𝑧𝑡. In addition, the parameters 𝜀, 𝛼1, 𝛼2, 𝜇1, 𝜇2, 𝜅1,𝜅2, 𝛽1, 𝛽2, 𝛾1, and 𝑓2 are introduced to transform (30) to
dimensionless equations:

̈𝑞V (𝑡) + 𝜔21𝑞V (𝑡) + 𝜀𝛼1𝑞2V (𝑡) + 𝜀𝜅1𝑞2𝑤 (𝑡) + 𝜀𝛽1𝑞3V (𝑡)+ 𝜀𝛾1𝑞2𝑤 (𝑡) 𝑞V (𝑡) + 2𝜀𝜇1 ̇𝑞V (𝑡) = 0,̈𝑞𝑤 (𝑡) + 𝜔22𝑞𝑤 (𝑡) + 𝜀𝛼2𝑞V (𝑡) 𝑞𝑤 (𝑡) + 𝜀𝜅2𝑞2V (𝑡) 𝑞𝑤 (𝑡)+ 𝜀𝛽2𝑞3𝑤 (𝑡) + 2𝜀𝜇2 ̇𝑞𝑤 (𝑡) = 2𝜀𝑓2 cos (Ω𝑧𝑡) ,
(33)

where 𝜔1 and 𝜔2 represent the circular frequencies of the
in-plane and out-of-plane vibrations of the transmission
line, respectively. The abovementioned parameters have the
following conversion relationships:

𝜔21 = 𝑎2𝑎1 ,
2𝜀𝜇1 = 𝑎7𝑎1 ,
𝜀𝛼1 = 𝑎3𝑎1 ,
𝜀𝜅1 = 𝑎4𝑎1 ,
𝜀𝛽1 = 𝑎5𝑎1 ,
𝜀𝛾1 = 𝑎6𝑎1 ,
𝜔22 = 𝑏2𝑏1 ,
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2𝜀𝜇2 = 𝑏6𝑏1 ,
𝜀𝛼2 = 𝑏3𝑏1 ,
𝜀𝜅2 = 𝑏4𝑏1 ,
𝜀𝛽2 = 𝑏5𝑏1 ,
2𝜀𝑓2 = 𝑃0𝑏1 .

(34)

The abovementioned set of nonlinear equations can be
solved using the MS method, the basic idea of which is
to regard the expansion of the response as a function with
multiple independent variables (or multiple scales) [26].

The following independent variables are introduced:

𝑇𝑛 = 𝜀𝑛𝑡 (𝑛 = 0, 1, . . .) , (35)

that is,

𝑇0 = 𝑡,𝑇1 = 𝜀𝑡, . . . . (36)

Thus, the derivative with respect to 𝑡 is transformed to the
expansion of a partial derivative with respect to 𝑇𝑛, that is,

𝑑𝑑𝑡 = 𝑑𝑇0𝑑𝑡 𝜕𝜕𝑇0 + 𝑑𝑇1𝑑𝑡 𝜕𝜕𝑇1 + ⋅ ⋅ ⋅= 𝐷0 + 𝜀𝐷1 + 𝜀2𝐷2 + ⋅ ⋅ ⋅ ,𝑑2𝑑𝑡2 = 𝑑𝑇0𝑑𝑡 𝜕2𝜕𝑇20 + 2𝜀 𝜕2𝜕𝑇0𝜕𝑇1 + ⋅ ⋅ ⋅= 𝐷20 + 2𝜀𝐷0𝐷1 + 𝜀2 (𝐷21 + 2𝐷1𝐷2) + ⋅ ⋅ ⋅ .
(37)

Hence, the solutions to (33) can be expressed as follows:

𝑞V (𝑡, 𝜀) = 𝑞V0 (𝑇0, 𝑇1, 𝑇2, . . .) + 𝜀𝑞V1 (𝑇0, 𝑇1, 𝑇2, . . .)+ 𝜀2𝑞V2 (𝑇0, 𝑇1, 𝑇2, . . .) + ⋅ ⋅ ⋅ .𝑞𝑤 (𝑡, 𝜀) = 𝑞𝑤0 (𝑇0, 𝑇1, 𝑇2, . . .) + 𝜀𝑞𝑤1 (𝑇0, 𝑇1, 𝑇2, . . .)+ 𝜀2𝑞𝑤2 (𝑇0, 𝑇1, 𝑇2, . . .) + ⋅ ⋅ ⋅ ,
(38)

By substituting (37) and (38) into (33), we have

(𝐷21𝑞V2 + 2𝜇1𝐷1𝑞V2 + 2𝜇1𝐷2𝑞V1 + 2𝐷0𝐷1𝑞V3+ 2𝜇1𝐷0𝑞V3 + 𝛽1𝑞3V1 + 2𝛼1𝑞V1𝑞V2 + 6𝛽1𝑞V0𝑞V1𝑞V2

+ 2𝛼1𝑞V0𝑞V3 + 3𝛽1𝑞2V0𝑞V3 + 𝛾1𝑞2𝑤0𝑞V3
+ 2𝛾1𝑞V2𝑞𝑤0𝑞𝑤1 + 𝛾1𝑞2𝑤1𝑞V1 + 2𝛾1𝑞V1𝑞𝑤0𝑞𝑤2+ 2𝜅1𝑞𝑤1𝑞𝑤2 + 2𝛾1𝑞V0𝑞𝑤1𝑞𝑤2 + 2𝜅1𝑞𝑤0𝑞𝑤3
+ 2𝛾1𝑞V0𝑞𝑤0𝑞𝑤3) 𝜀4 + (𝐷20𝑞V3 + 𝜔21𝑞V3 + 2𝜇1𝐷2𝑞V0+ 𝐷21𝑞V1 + 2𝜇1𝐷1𝑞V1 + 2𝐷0𝐷1𝑞V2 + 2𝜇1𝐷0𝑞V2
+ 𝛼1𝑞2V1 + 3𝛽1𝑞V0𝑞2V1 + 2𝛼1𝑞V0𝑞V2 + 3𝛽1𝑞2V0𝑞V2+ 𝛾1𝑞V2𝑞2𝑤0 + 2𝛾1𝑞V1𝑞𝑤0𝑞𝑤1 + 𝜅1𝑞2𝑤1 + 𝛾1𝑞V0𝑞2𝑤1+ 2𝜅1𝑞𝑤0𝑞𝑤2 + 2𝛾1𝑞V0𝑞𝑤0𝑞𝑤2) 𝜀3 + (𝐷20𝑞V2 + 𝜔21𝑞V2+ 𝐷21𝑞V0 + 2𝜇1𝐷0𝑞V0 + 2𝐷0𝐷1𝑞V1 + 2𝜇1𝐷0𝑞V1+ 3𝛽1𝑞2V0𝑞V1 + 2𝜅1𝑞𝑤0𝑞𝑤1 + 𝛾1𝑞2𝑤0𝑞V1+ 2𝛾1𝑞𝑤0𝑞𝑤1𝑞V0 + 2𝛼1𝑞V0𝑞V1) 𝜀2 + (𝐷20𝑞V1 + 𝜔21𝑞V1+ 2𝐷0𝐷1𝑞V0 + 2𝜇1𝐷0𝑞V0 + 𝛼1𝑞2V0 + 𝜅1𝑞2𝑤0 + 𝛽1𝑞3V0+ 𝛾1𝑞2𝑤0𝑞V0) 𝜀 + 𝐷20𝑞V0 + 𝜔21𝑞V0 = 0,

(𝐷21𝑞𝑤2 + 2𝜇2𝐷1𝑞𝑤2 + 2𝜇2𝐷0𝑞𝑤3 + 2𝐷0𝐷1𝑞𝑤3+ 2𝜇2𝐷2𝑞𝑤1 + 𝛽2𝑞3𝑤1 + 𝛼2𝑞V3𝑞𝑤0 + 2𝜅2𝑞V0𝑞V3𝑞𝑤0+ 2𝜅2𝑞V1𝑞V2𝑞𝑤0 + 𝜅2𝑞2V1𝑞𝑤1 + 𝛼2𝑞V2𝑞𝑤1+ 2𝜅2𝑞V0𝑞V2𝑞𝑤1 + 𝛼2𝑞V1𝑞𝑤2 + 2𝜅2𝑞V0𝑞V1𝑞𝑤2+ 6𝛽2𝑞𝑤0𝑞𝑤1𝑞𝑤2 + 𝛼2𝑞V0𝑞𝑤3 + 𝜅2𝑞2V0𝑞𝑤3+ 3𝛽2𝑞2𝑤0𝑞𝑤3) 𝜀4 + (𝐷20𝑞𝑤3 + 𝜔22𝑞𝑤3 + 2𝜇2𝐷2𝑞𝑤0+ 𝐷21𝑞𝑤1 + 2𝜇2𝐷1𝑞𝑤1 + 2𝐷0𝐷1𝑞𝑤2 + 2𝜇2𝐷0𝑞𝑤2+ 𝛼2𝑞V2𝑞𝑤0 + 𝜅2𝑞2V1𝑞𝑤0 + 3𝛽2𝑞𝑤0𝑞2𝑤1 + 𝛼2𝑞V1𝑞𝑤1+ 3𝛽2𝑞2𝑤0𝑞𝑤2 + 2𝜅2𝑞V0𝑞V2𝑞𝑤0 + 2𝜅2𝑞V0𝑞V1𝑞𝑤1
+ 𝜅2𝑞2V0𝑞𝑤0 + 𝛼2𝑞V0𝑞𝑤2) 𝜀3 + (𝐷20𝑞𝑤2 + 𝜔22𝑞𝑤2
+ 𝐷21𝑞𝑤0 + 2𝜇2𝐷1𝑞𝑤0 + 2𝐷0𝐷1𝑞𝑤2 + 2𝜇2𝐷0𝑞𝑤2+ 𝐷21𝑞𝑤1 + 2𝜇2𝐷1𝑞𝑤1 + 3𝛽2𝑞2𝑤0𝑞𝑤2 + 3𝛽2𝑞𝑤0𝑞2𝑤1+ 2𝜅2𝑞V0𝑞V1𝑞𝑤1 + 2𝜅2𝑞V0𝑞V2𝑞𝑤0 + 𝛼2𝑞V2𝑞𝑤0+ 𝛼2𝑞V1𝑞𝑤1 + 𝛼2𝑞V0𝑞𝑤2 + 𝜅2𝑞2V0𝑞𝑤2) 𝜀2 + (𝐷20𝑞𝑤1
+ 𝜔22𝑞𝑤1 + 2𝐷0𝐷1𝑞𝑤0 + 2𝜇2𝐷0𝑞𝑤0 + 𝛼2𝑞V0𝑞𝑤0+ 𝜅2𝑞2V0𝑞𝑤0 + 𝛽2𝑞3𝑤0) 𝜀 + 𝐷20𝑞𝑤0 + 𝜔22𝑞𝑤0 = 2𝜀𝑓2⋅ cos (Ω𝑧𝑡) .

(39)
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By setting the sum of the coefficients of the same power
of 𝜀 to zero, we have𝜀0:

𝐷02𝑞V0 + 𝜔12𝑞V0 = 0,𝐷02𝑞𝑤0 + 𝜔22𝑞𝑤0 = 0, (40)

𝜀1:
𝐷02𝑞V1 + 2𝐷0𝐷1𝑞V0 + 2𝜇1𝐷0𝑞V0 + 𝜔21𝑞V1 + 𝛽1𝑞3V0+ 𝑎1𝑞2V0 + 𝛾1𝑞2𝑤0𝑞V0 + 𝜅1𝑞2𝑤0 = 0,𝐷02𝑞𝑤1 + 2𝐷0𝐷1𝑞𝑤0 + 𝛽2𝑞3𝑤0 + 𝜔22𝑞𝑤1 + 𝑎2𝑞V0𝑞𝑤0+ 2𝜇2𝐷0𝑞𝑤0 + 𝜅2𝑞2V0𝑞𝑤0 = 2𝑓2 cos (Ω𝑧𝑡) ,

(41)

𝜀2:
𝐷20𝑞V2 + 𝜔21𝑞V2 + 𝐷21𝑞V0 + 2𝜇1𝐷0𝑞V0 + 2𝐷0𝐷1𝑞V1+ 2𝜇1𝐷0𝑞V1 + 3𝛽1𝑞2V0𝑞V1 + 2𝜅1𝑞𝑤0𝑞𝑤1 + 𝛾1𝑞2𝑤0𝑞V1+ 2𝛾1𝑞𝑤0𝑞𝑤1𝑞V0 + 2𝛼1𝑞V0𝑞V1 = 0,𝐷20𝑞𝑤2 + 𝜔22𝑞𝑤2 + 𝐷21𝑞𝑤0 + 2𝜇2𝐷1𝑞𝑤0 + 2𝐷0𝐷1𝑞𝑤2+ 2𝜇2𝐷0𝑞𝑤2 + 𝐷21𝑞𝑤1 + 2𝜇2𝐷1𝑞𝑤1 + 3𝛽2𝑞2𝑤0𝑞𝑤2+ 3𝛽2𝑞𝑤0𝑞2𝑤1 + 2𝜅2𝑞V0𝑞V1𝑞𝑤1 + 2𝜅2𝑞V0𝑞V2𝑞𝑤0+ 𝛼2𝑞V2𝑞𝑤0 + 𝛼2𝑞V1𝑞𝑤1 + 𝛼2𝑞V0𝑞𝑤2+ 𝜅2𝑞2V0𝑞𝑤2 = 0,

(42)

𝜀3:
𝐷20𝑞V3 + 𝜔21𝑞V3 + 2𝜇1𝐷2𝑞V0 + 𝐷21𝑞V1 + 2𝜇1𝐷1𝑞V1+ 2𝐷0𝐷1𝑞V2 + 2𝜇1𝐷0𝑞V2 + 𝛼1𝑞2V1 + 3𝛽1𝑞V0𝑞2V1+ 2𝛼1𝑞V0𝑞V2 + 3𝛽1𝑞2V0𝑞V2 + 𝛾1𝑞V2𝑞2𝑤0+ 2𝛾1𝑞V1𝑞𝑤0𝑞𝑤1 + 𝜅1𝑞2𝑤1 + 𝛾1𝑞V0𝑞2𝑤1 + 2𝜅1𝑞𝑤0𝑞𝑤2+ 2𝛾1𝑞V0𝑞𝑤0𝑞𝑤2 = 0,𝐷20𝑞𝑤3 + 𝜔22𝑞𝑤3 + 2𝜇2𝐷2𝑞𝑤0 + 𝐷21𝑞𝑤1 + 2𝜇2𝐷1𝑞𝑤1+ 2𝐷0𝐷1𝑞𝑤2 + 2𝜇2𝐷0𝑞𝑤2 + 𝛼2𝑞V2𝑞𝑤0 + 𝜅2𝑞2V1𝑞𝑤0+ 3𝛽2𝑞𝑤0𝑞2𝑤1 + 𝛼2𝑞V1𝑞𝑤1 + 3𝛽2𝑞2𝑤0𝑞𝑤2+ 2𝜅2𝑞V0𝑞V2𝑞𝑤0 + 2𝜅2𝑞V0𝑞V1𝑞𝑤1 + 𝜅2𝑞2V0𝑞𝑤0+ 𝛼2𝑞V0𝑞𝑤2 = 0.

(43)

By solving the set of equations in (40), we have

𝑞V0 = 𝐴V (𝑇1, 𝑇2) exp (𝑖𝜔1𝑇0)+ 𝐴V (𝑇1, 𝑇2) exp (−𝑖𝜔1𝑇0) ,

𝑞𝑤0 = 𝐴𝑤 (𝑇1, 𝑇2) exp (𝑖𝜔2𝑇0)+ 𝐴𝑤 (𝑇1, 𝑇2) exp (−𝑖𝜔2𝑇0) ,
(44)

where 𝐴V and 𝐴𝑤 are unknown complex functions and𝐴V and 𝐴𝑤 are the conjugates of 𝐴V and 𝐴𝑤, respectively.
For ease of description, conjugate terms are denoted by 𝑐𝑐.
The governing equations for 𝐴V and 𝐴𝑤 can be solved by
requiring 𝑞V0, 𝑞V1, 𝑞𝑤0, and 𝑞𝑤1 to be functions with a period
of 𝑇0.

By substituting (44) into (41), we have

𝐷20𝑞V1 + 𝜔21𝑞V1 = −2𝑖𝜔1𝐷1𝐴V𝑒𝑖2𝜔1𝑇0− 2𝑖𝜔1𝜇1𝐴V𝑒𝑖2𝜔1𝑇0− 𝛾1𝐴2𝑤𝐴V𝑒𝑖(2𝜔2+𝜔1)𝑇0
− 𝛾1𝐴2𝑤𝐴V𝑒𝑖(𝜔1−2𝜔2)𝑇0− 3𝛽1𝐴2V𝐴V𝑒𝑖𝜔1𝑇0− 2𝛾1𝐴𝑤𝐴𝑤𝐴V𝑒𝑖𝜔1𝑇0− 𝛽1𝐴3V𝑒𝑖3𝜔1𝑇0 − 𝛼1𝐴2V𝑒𝑖2𝜔1𝑇0− 2𝛼1𝐴V𝐴V − 2𝜅1𝐴𝑤𝐴𝑤− 𝜅1𝐴2𝑤𝑒𝑖2𝜔2𝑇0 + 𝑐𝑐,𝐷20𝑞𝑤1 + 𝜔21𝑞𝑤1 = −2𝑖𝜔2𝐷1𝐴𝑤𝑒𝑖2𝜔2𝑇0− 2𝑖𝜔2𝜇2𝐴𝑤𝑒𝑖2𝜔2𝑇0− 3𝛽2𝐴2𝑤𝐴𝑤𝑒𝑖𝜔2𝑇0− 2𝜅2𝐴V𝐴V𝐴𝑤𝑒𝑖𝜔2𝑇0− 𝛽2𝐴3𝑤𝑒3𝑖𝜔2𝑇0− 𝛼2𝐴V𝐴𝑤𝑒𝑖(𝜔1+𝜔2)𝑇0− 𝛼2𝐴V𝐴𝑤𝑒𝑖(𝜔1−𝜔2)𝑇0− 𝜅2𝐴2V𝐴𝑤𝑒𝑖(2𝜔1+𝜔2)𝑇0
− 𝜅2𝐴2V𝐴𝑤𝑒𝑖(𝜔2−2𝜔1)𝑇0 + 𝑓2𝑒𝑖Ω𝑧𝑇0+ 𝑐𝑐.

(45)

From (45), we can easily find that the terms that contain𝑒𝑖2𝜔1𝑇0 and 𝑒𝑖2𝜔2𝑇0 can lead to secular terms in the solutions
of the above equation. In addition, from (30), we know that
the coupling of the in-plane and out-of-plane motion of the
transmission line exhibits linearity, quadratic nonlinearity,
and cubic nonlinearity. Thus, if parameters exist that allow
the natural frequencies of the in-plane and out-of-plane
vibration of the transmission line to satisfy any of the relations𝜔1 ≈ 𝜔2, 𝜔1 ≈ 2𝜔2, and 𝜔2 ≈ 2𝜔1, the solutions to the
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abovementioned partial differential equations that describe
themotion of the transmission line will contain an additional
term that links 𝑞V1 and 𝑞𝑤1, which is exactly the secular term
caused by internal resonance. Therefore, when solving (45),
we should consider the cases of 𝜔1 ≈ 𝜔2, 𝜔1 ≈ 2𝜔2, and𝜔2 ≈ 2𝜔1. In view of the complexity of the problem-solving
and the purpose of this study, we merely take the case of𝜔1 ≈ 𝜔2 as an example to illustrate the analysis process.

Assume that the natural frequencies of the in-plane and
out-of-plane vibrations of the transmission line meet the
following relationship:

𝜔2 − 𝜔1 = 𝜀𝜎, 𝜎 = 𝑂 (1) . (46)

Thus,

(𝜔2 + 𝜔1) 𝑇0 = 2𝜔1𝑇0 + 𝜀𝜎𝑇0 = 2𝜔1𝑇0 + 𝜎𝑇1= 2𝜔2𝑇0 + 𝜎𝑇1,2𝜔2𝑇0 = 2 (𝜔1 + 𝜀𝜎) 𝑇0 = 2𝜔2𝑇0 + 2𝜎𝑇1.
(47)

By substituting (47) into (45), we can obtain the require-
ments to eliminate the secular terms as follows:

2𝑖𝜔1 (𝐷1𝐴V + 𝜇1𝐴V) + 𝛼1𝐴2V + 𝜅1𝐴2𝑤𝑒𝑖2𝜎𝑇1 = 0,2𝑖𝜔2 (𝐷1𝐴𝑤 + 𝜇2𝐴𝑤) + 𝛼2𝐴V𝐴𝑤𝑒𝑖𝜎𝑇1 = 0. (48)

The following formulas are introduced:

𝐴𝑟 = 𝑎𝑟2 𝑒𝑗𝜃𝑟 , 𝑟 = V, 𝑤. (49)

By substituting (49) into (48) and separating the real part
from the imaginary part, we have

𝐷1𝑎V + 𝜇1𝑎V + 𝛼1𝑎2V2𝜔1 sin 𝜃V
+ 𝜅1𝑎2𝑤4𝜔1 sin 2 (𝜃𝑤 + 𝜎𝑇1) sec 𝜃V = 0,𝑎V𝐷1𝜃V
− csc 𝜃V4𝜔1 [𝛼1𝑎2V cos 2𝜃V + 𝜅1𝑎2𝑤 cos 2 (𝜃𝑤 + 𝜎𝑇1)]= 0,

𝐷1𝑎𝑤 + 𝜇2𝑎𝑤 + 𝛼2𝑎V𝑎𝑤4𝜔2 cos 𝜃𝑤 sin (𝜃V + 𝜃𝑤 + 𝜎𝑇1) = 0,
𝑎𝑤𝐷1𝜃𝑤 + 𝛼2𝑎V𝑎𝑤4𝜔2 cos 𝜃𝑤 cos (𝜃V + 𝜃𝑤 + 𝜎𝑇1) = 0.

(50)

Let us introduce the new phase angle as follows:

𝜑1 = 2 (𝜃𝑤 + 𝜎𝑇1) ,𝜑2 = 𝜃V + 𝜃𝑤 + 𝜎𝑇1. (51)

By substituting (51) into (50), we have

𝐷1𝑎V + 𝜇1𝑎V + 𝛼1𝑎2V2𝜔1 sin 𝜃V + 𝜅1𝑎
2
𝑤4𝜔1 sin𝜑1 sec 𝜃V = 0,

𝑎V𝐷1𝜃V − csc 𝜃V4𝜔1 [𝛼1𝑎2V cos 2𝜃V + 𝜅1𝑎2𝑤 cos𝜑1] = 0,
𝐷1𝑎𝑤 + 𝜇2𝑎𝑤 + 𝛼2𝑎V𝑎𝑤4𝜔2 cos 𝜃𝑤 sin𝜑2 = 0,

𝑎𝑤𝐷1𝜃𝑤 + 𝛼2𝑎V𝑎𝑤4𝜔2 cos 𝜃𝑤 cos𝜑2 = 0.
(52)

When solving (52), wemust discuss whether the damping
of the system is considered. In addition, even if we can obtain
the one-order approximate steady-state solution of the equa-
tion, we must investigate its asymptotic stability to determine
whether it actually exists. Hence, we can see that the above
issue is so complicated that it should be specifically studied.
Due to the limitation of the abovementioned approximation
method, it is difficult to obtain the theoretical solutions to the
equations of coupled in-plane and out-of-plane motion for
transmission lines. Therefore, in the subsequent section, we
intend to perform the quantitative analysis of (30) by using
numerical methods.

Because the main purpose of this article is to reveal the
inherently nonlinear vibration characteristics of transmission
lines, the above MS analysis is merely used to determine the
requirements for eliminating secular terms in the solutions
of the partial differential equations of transmission lines.
Because the second-order approximation solutions can pro-
vide enough information for most practical problems, it is
usually necessary to give only the second-order approxima-
tion solutions of a nonlinear system by using the MS method
[27–29]. For this reason, we consider only the power of 𝜀
up to 2 in this paper. From the requirements for eliminating
secular terms, it is clear that internal resonance is considered
to exist in the transmission line if parameters exist that
allow the natural frequencies of the in-plane and out-of-
plane vibration of the transmission line to satisfy any of the
following relations: 𝜔1 ≈ 𝜔2, 𝜔1 ≈ 2𝜔2, and 𝜔2 ≈ 2𝜔1.
4. Numerical Analysis of the
Characteristics of the Nonlinear Coupled
In-Plane and Out-of-Plane Internal
Resonance of Transmission Lines

In numerical analysis, the Runge-Kutta method is widely
used to obtain the approximate solutions of differential
equations. This method is so accurate that most computer
packages designed to find numerical solutions for differential
equations will use it by default—the fourth-order Runge-
Kutta method. Therefore, we employ a higher-order Runge-
Kutta method to obtain the numerical solutions to these
equations, with the aim of revealing the nonlinear vibration
characteristics of transmission lines.
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Figure 2: A high-voltage transmission line.

The following state variables are introduced:

𝑌1 = 𝑞V,𝑌2 = ̇𝑞V,𝑌3 = 𝑞𝑤,�̇�4 = ̇𝑞𝑤.
(53)

Thus, (30) can be transformed to state functions:

�̇�1 = 𝑌2,�̇�2
= (𝑃V − 𝑎2𝑌1 − 𝑎3𝑌21 − 𝑎4𝑌23 − 𝑎5𝑌31 − 𝑎6𝑌23𝑌1 − 𝑎7𝑌2)𝑎1 ,
�̇�3 = 𝑌4,
�̇�4 = (𝑃𝑤 − 𝑏2𝑌3 − 𝑏3𝑌1𝑌3 − 𝑏4𝑌21𝑌3 − 𝑏5𝑌33 − 𝑏6𝑌4)𝑏1 .

(54)

4.1. Calculation of the Parameters. A relatively large single-
span transmission line in a high-voltage transmission line
system in East China (Figure 2) is selected as an example for
analysis [30].The conductors of this span of the transmission
line are composed of LGJ-630/45 ASCR cables. Table 1 lists
the design parameters of the selected transmission line. The
maximum design wind speed at a height of 10m above the
ground for safe operation of the selected transmission line
is 25.3m/s. In the actual transmission line, the conductors
of each phase are quad-bundled conductors. To simplify
calculation, in the finite element (FE) modeling process,
the quad-bundled conductors of each phase are equivalently
simplified to one conductor based on the following principles:
the bundled conductors have the same windward area, the
same total operational tension, and the same linear density.
Table 2 lists the parameters of the transmission line after
simplification.

The sag-to-span ratio 𝑑𝑐/𝐿𝑐 of the selected transmission
line is calculated based on the parameters listed in Table 1 to
be approximately 1/29,which is far smaller than 1/8.Thus, (30)
can be used to analyze the nonlinear vibration characteristics
of this transmission line.

4.2. Modal Analysis of the Transmission Line. Based on the
actual characteristics of the selected transmission line in
combination with the design parameters listed in Tables 1
and 2, LINK10 elements in ANSYS are used to construct an
FE model for the selected transmission line. First, a modal
analysis is performed to determine the natural frequency of
vibration of each order of the transmission line model; this
provides a basis for the subsequent numerical simulation. To
validate the FE model constructed for a single transmission
line, in this section, the FE simulation results with respect to
the natural vibration frequencies of the transmission line are
also compared with the theoretical solutions.

A transmission line is a typical type of suspended cable
structure, and the analytical solutions for the natural frequen-
cies of its vibration can be obtained based on the single-
cable theory. A transmission line resists external loading
primarily by self-stretching and consequently will undergo
relatively large displacement under loading. Therefore, the
geometric nonlinearity of a transmission line must be taken
into consideration in the calculation. When constructing an
FE model of a transmission line, one crucial point is to
determine the initial configuration of the cable. Specifically,
on the one hand, this means to determine the spatial location
of the transmission line by determining the equilibrium and
deformation compatibility equations for the transmission line
based on the existing suspended cable theory; on the other
hand, this means to transition the transmission line from its
initial stress-free state to an initial loaded state based on a
certain configuration-seeking approach.

The catenary and parabolic methods are the main meth-
ods used to determine the equilibrium equation for a sus-
pended cable. The former is an accurate method, whereas
the latter is an approximate method. However, when the
sag-to-span ratio 𝑑𝑐/𝐿𝑐 of a cable is less than 1/8, the
parabolic method can also yield a relatively accurate solution
for the initial configuration of the transmission line. Here,
assuming that the vertical load on a transmission line is
evenly distributed along the span, as shown in Figure 3, the
equation for the spatial configuration of the transmission line
is

𝑥 (𝑦) = 𝑞𝑐2𝑇𝑐0𝑦 (𝐿𝑐 − 𝑦) + Δ 𝑐𝐿𝑐 𝑦, (55)

where 𝑞𝑐 represents the vertical load on the transmission line,
which in this case is the dead weight of the transmission
line; 𝑇𝑐0 represents the initial horizontal tension in the
transmission line (𝑇𝑐0 = (𝑞𝑐𝐿2𝑐)/(8𝑑𝑐)); 𝐿𝑐 represents the
horizontal span of the transmission line; Δ 𝑐 represents the
difference in height between the two ends of the transmission
line; and 𝑑𝑐 represents the mid-span sag of the transmission
line.

Considering that a transmission line generally has a small
sag, the first-order natural frequency corresponding to the
out-of-plane vibration of the transmission line is the smallest
frequency of all the frequencies of its vibration. According
to the linear vibration theory of suspended cables, for a
horizontal suspended cable with two ends hinged at the same
height and whose mass is evenly distributed, the natural
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Table 2: Design parameters of the selected transmission line after simplification.

Items Diameter 𝑑
(mm)

Density 𝜌𝑐
(kg/m3)

Linear density𝑚𝑐
(kg/m)

Linear load 𝑞𝑐
(N/m)

Initial strain𝜀𝑐0
Conductors 134.4 3,090.5 8.24 80.752 0.00084

frequencies of vibration and the corresponding modes under
the action of gravity alone are as follows:

(a) The out-of-plane swing and the in-plane vibration
of the suspended cable are not coupled. Thus, the natural
circular frequencies of the out-of-plane swing and the cor-
responding modes can be expressed as follows:

𝜔𝑤 = 𝑛𝜋𝐿𝑐√𝑇𝑐0𝑚𝑐 , 𝑛 = 1, 2, 3, . . . ,
Φ𝑤 = 𝐴𝑛 sin 𝑛𝜋𝑦𝐿𝑐 , 𝑛 = 1, 2, 3, . . . , (56)

where 𝜔𝑤 represents the natural circular frequency of the
out-of-plane vibration of the suspended cable, 𝑛 represents
the modal number, 𝑚𝑐 represents the mass of the suspended
cable per unit length, Φ𝑤 represents the out-of-plane mode
of vibration of the suspended cable, and 𝐴𝑛 represents the
modal amplitude (each of the other symbols has the same
meaning as previously described).

(b) The in-plane antisymmetric vibration of the sus-
pended cable will not generate an increment in its horizontal
dynamic tension.The natural circular frequencies of its vibra-
tion and the corresponding modes can be expressed as fol-
lows:

𝜔V = 2𝑛𝜋𝐿𝑐 √𝑇𝑐0𝑚𝑐 , 𝑛 = 1, 2, 3, . . . ,
ΦV = 𝐵𝑛 sin2𝑛𝜋𝑦𝐿𝑐 , 𝑛 = 1, 2, 3, . . . , (57)

where 𝜔V represents the natural circular frequency of the
in-plane antisymmetric vibration of the suspended cable, 𝑛
represents the modal number, ΦV represents the mode of the
in-plane antisymmetric vibration of the suspended cable, and𝐵𝑛 represents themodal amplitude (each of the other symbols
has the same meaning as previously described).

(c) The in-plane symmetric vibration of the suspended
cable will generate an additional increment in its dynamic
tension. The natural circular frequencies of its vibration and
the corresponding modes can be determined by solving the
following transcendental equations:

tan𝜛2 = 𝜛2 − 4𝜆2 (𝜛2 )3 ,
𝜛 = 𝜔vant𝐿𝑐√𝑇𝑐0/𝑚𝑐 ,

O

B

y

x

qc

Lc

Δ c

Figure 3: A schematic diagram of the calculation for a single cable
when the load is evenly distributed along the span.

𝜆2 = (𝑚𝑐𝑔𝐿𝑐/𝑇𝑐0)2 𝐿𝑐𝑇𝑐0𝐿𝑐/ (𝐸𝑐𝐴𝑐) ,
Φvant = ℎ̃𝑇𝑐0𝜛2 (1 − tan 𝜛2 sin

𝜛𝑦𝐿𝑐 − cos
𝜛𝑦𝐿𝑐 ) ,

(58)

where 𝜔vant represents the natural circular frequency of the
in-plane symmetric vibration of the suspended cable, Φvant
represents the in-plane symmetric mode of vibration of the
suspended cable, 𝐸𝑐 represents the elastic modulus of the
suspended cable,𝐴𝑐 represents the cross-sectional area of the
suspended cable, and ℎ̃ represents the additional tension in
the suspended cable (each of the other symbols has the same
meaning as previously described).

By substituting the parameters listed in Tables 1 and 2 into
(55)–(58), the theoretical solutions for the natural vibration
frequencies of the first eight orders of the transmission line
in the three directions can be obtained (they are shown
in Table 3). Table 4 summarizes the linear natural vibration
frequencies of the transmission line obtained from FE simu-
lation.

A comparison of Tables 3 and 4 shows that the natural
vibration frequencies of the transmission linemodel obtained
from FE simulation are in relatively good agreement with
the theoretical values, with the largest difference being
approximately 1%. This indicates that the transmission line
model constructed in this work is relatively reliable. More-
over, Tables 3 and 4 also demonstrate that the following
relationships between the natural frequencies of the in-plane
and out-of-plane modes of vibration of the transmission line



Shock and Vibration 13

Table 3: Theoretical linear natural vibration frequencies of the transmission line model.

Calculation
equation

First
order

Second
order

Third
order

Fourth
order Fifth order Sixth order Seventh

order
Eighth
order

Out-of-plane vibration
frequency 𝑓𝑤 (Hz)

𝑓𝑤 = 𝜔𝑤(2𝜋) 0.136 0.273 0.409 0.546 0.682 0.818 0.955 1.091

In-plane symmetric vibration
frequency 𝑓V (Hz)

𝑓V = 𝜔V(2𝜋) 0.344 0.46 – – – – – –

In-plane antisymmetric
vibration frequency 𝑓vant (Hz)

𝑓vant = 𝜔vant(2𝜋) 0.273 0.546 0.818 1.091 1.364 1.637 1.91 2.182

Table 4: Natural vibration frequencies of the transmission line model obtained from FE simulation.

Calculation
equation

First
order

Second
order

Third
order

Fourth
order Fifth order Sixth order Seventh

order
Eighth
order

Out-of-plane vibration
frequency 𝑓𝑤 (Hz)

𝑓𝑤 = 𝜔𝑤(2𝜋) 0.136 0.272 0.408 0.544 0.68 0.816 0.952 1.088

In-plane symmetric vibration
frequency 𝑓V (Hz)

𝑓V = 𝜔V(2𝜋) 0.346 0.46 0.686 0.954 1.225 1.497 1.769 2.042

In-plane antisymmetric
vibration frequency 𝑓vant (Hz)

𝑓vant = 𝜔vant(2𝜋) 0.27 0.544 0.816 1.088 1.36 1.633 1.91 2.18

always exist: 𝜔V ≈ 𝜔𝑤, 𝜔V ≈ 2𝜔𝑤, and 𝜔V ≈ 3𝜔𝑤. In
other words, within the scope of the linear theory, the natural
vibration frequencies of the transmission line are always
multiples of one another.

Figure 4 shows the modes of vibration of the first nine
orders obtained from FE simulation. As demonstrated in
Figure 4, of all the modes of vibration of the transmission
line, the first-order out-of-plane vibration is the most easily
excitable. The higher-order frequencies of in-plane vibration
are approximately integer multiples of the fundamental fre-
quency, and this relationship also exists between the frequen-
cies of in-plane antisymmetric vibration and the fundamental
frequency. In addition to the relationship to the fundamental
frequency, the higher-order frequencies of the out-of-plane
vibration are also approximately equal to those of the in-
plane vibration, and the in-plane and out-of-plane modes
of vibration corresponding to the same frequency are also
similar to one another.

4.3. Numerical Analysis of the Nonlinear Internal Resonance
of the Transmission Line When in Free Vibration. When only
the free vibration of the transmission line under the action
of the initial displacement is considered, in (54), 𝑃V = 0 and𝑃𝑤 = 0.

The structural damping of a transmission line is often rel-
atively small, and it can generally be set to 0.0005. In addition,
the effects of the structural damping of a transmission line
on its vibration, particularly under strong wind conditions,
are relatively insignificant, whereas aerodynamic damping
relatively significantly affects the vibration of a transmission
line. By comprehensively considering the aforementioned
factors, in this study, when analyzing the free vibration of the
transmission line, the damping 𝑐𝑐 of its in-plane and out-of-
plane vibration is set to 0.001. In the following sections, the
effects of the initial potential energy of the transmission line
on its internal resonance are analyzed in two scenarios.

4.3.1. When the Initial Potential Energy of the Transmission
Line Is Relatively Low (i.e., When the Initial Mid-Span Dis-
placement of the Transmission Line Is Relatively Small). Let
us set the initial out-of-plane mid-span displacement and the
initial velocity of out-of-planemotion of the transmission line
to 1m and 0.00005m/s, respectively, and both its initial in-
planemid-span displacement and the initial velocity of its in-
plane motion to 0; that is, the initial conditions described in
(53) are set as follows: 𝑞V = 0, ̇𝑞V = 0, 𝑞𝑤 = 1, ̇𝑞𝑤 = 0.00005.
The displacements of the transmission line obtained from
numerical simulation are then divided by the horizontal span𝐿𝑐 to obtain dimensionless displacements.The dimensionless
velocities of in-plane and out-of-plane can also be obtained
from the numerical simulation results of the in-plane and
out-of-plane velocities multiplied by the first-order out-of-
plane vibration period 𝑇0 and then divided by the horizontal
span 𝐿𝑐. The results are presented in Figures 5–7.

As demonstrated in Figure 5, when the initial energy
of the transmission line is relatively low, its in-plane vibra-
tion displacement is relatively small, with the maximum
amplitude being approximately 1/10 that of its out-of-plane
vibration displacement; in addition, the “beat vibration”
phenomenon is inconspicuous in the response time history.
As demonstrated in the Fourier spectra of the displacement
response of the transmission line (Figure 6), the first-order
mode of vibration is the primary out-of-plane mode of
vibration.The out-of-plane vibration of the transmission line
gives rise to the first-order in-plane antisymmetric mode of
vibration and the first-order symmetric mode of vibration. In
addition, the first-order in-plane symmetric vibration energy
is also greater than the first-order in-plane antisymmetric
vibration energy, and the in-plane vibration energy amplitude
is smaller than the out-of-plane vibration energy amplitude
by one order of magnitude. This indicates that the trans-
mission line is inherently capable of generating nonlinear
internal resonance and can undergo internal resonance even
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Figure 4: Modes of vibration of the transmission line of the first nine orders obtained from FE simulation.

when its initial energy is relatively low, but energy transfer
and mode coupling are quite weak under this condition.
As demonstrated in Figure 7, the out-of-plane and in-plane
modes of vibration of the transmission line both exhibit
periodic motion characteristics.

4.3.2. When the Initial Potential Energy of the Transmission
Line Is Relatively High (i.e., When the Initial Mid-Span Dis-
placement of the Transmission Line Is Relatively Large). Let
us set the initial out-of-plane mid-span displacement of the
transmission line to a relatively large value (10m), the initial
velocity of its out-of-plane mid-span motion to 0.00005m/s,
and both its initial in-plane mid-span displacement and the
initial velocity of its in-plane motion to 0; that is, the initial
conditions described in (53) are set as follows: 𝑞V = 0, ̇𝑞V = 0,

𝑞𝑤 = 10, ̇𝑞𝑤 = 0.00005. Figures 8–10 show the numerical
simulation results.

As demonstrated in Figure 8, when the initial out-of-
plane displacement of the transmission line is relatively large,
as a result of the internal resonance the system energy
constantly transfers between the modes that are in the 𝜔V ≈𝜔𝑤, 𝜔V ≈ 2𝜔𝑤, and 𝜔V ≈ 3𝜔𝑤 relationships; in addition, the
system energy also transfers between degrees of freedom that
are similarly related to multiples of the frequency. On the one
hand, the out-of-plane vibration energy transfers to the in-
plane direction, resulting in vibration with a relatively large
amplitude. Figure 8 also demonstrates that the order of mag-
nitude of the in-plane vibration displacement amplitude is
commensurate with the out-of-plane vibration displacement
amplitude; a phenomenon similar to “beat vibration” is also
observed in the displacement response time history; that is,
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Figure 5: In-plane and out-of-planemid-span displacement time histories of the transmission linewhen its initial potential energy is relatively
low.
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Figure 6: Fourier spectra of the in-plane and out-of-plane mid-span displacements of the transmission line when its initial potential energy
is relatively low.

as the out-of-plane vibration response gradually decreases,
the in-plane vibration response at the corresponding time
gradually increases and vice versa. Furthermore, from Fig-
ures 5 and 8, we can also see that both of the maximum in-
plane and out-of-plane vibration amplitudes decrease with
time. This is principally because the damping dissipates the
free vibration energy. On the other hand, when Galerkin’s
method is employed in numerical simulation to perform
first-order modal truncation on the vibration response of
the transmission line to simplify the analytical process, the

simulation results show that the second-order out-of-plane
mode of vibration of the transmission line, as well as its first-
order symmetric mode of vibration and its first- to fourth-
order antisymmetric modes of vibration, are still excited.
As a result of the internal resonance, the first-order out-of-
plane mode of vibration, which has relatively high energy,
gives rise to the second-order out-of-planemode of vibration,
whose frequency is twice its own frequency. Because the
natural frequencies of the second-order out-of-plane mode
of vibration and the first-order in-plane antisymmetric mode
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Figure 7: Configuration of the out-of-plane motion and the phase-space response of the transmission line when its initial potential energy
is relatively low.

of vibration are closely spaced, the out-of-plane vibration
energy gradually transfers to the in-plane direction. In addi-
tion, because the natural frequency of the in-plane vibration
of each order is two or three times the in-plane fundamental
frequency, the energy also transfers between different in-
plane modes of vibration. The Fourier spectra of the dis-
placement response shown in Figure 9 clearly demonstrate
that the in-plane vibration also contains the first-order out-
of-plane mode of vibration. Similarly, as demonstrated in
Figure 10, the in-plane motion of the transmission line is
strongly coupled to its out-of-plane motion.

The aforementioned analysis shows that the out-of-plane
vibration energy of the transmission line can give rise not
only to in-plane antisymmetric vibration but also to first-or-
der in-plane symmetric vibration, whose energy is the highest

of all the in-plane modes of vibration. According to the
suspended cable theory, in-plane symmetric vibration is the
primary factor that causes changes in the dynamic tension in
a suspended cable. To further illustrate the effects of internal
resonance on the dynamic tension in the transmission line,
the dynamic tension in the transmission line is calculated
under the aforementioned two initial potential energy condi-
tions (see Figure 11 for the results). In Figure 11, the tension
is a dimensionless value obtained by dividing the dynamic
tension 𝑇𝑐 obtained from simulation by the initial tension𝑇𝑐0. As demonstrated in Figure 11, when the transmission
line vibrates with relatively low initial potential energy, the
dynamic tension in the line is always positive, indicating that
the transmission line is under tension. Meanwhile, when the
line is in vibration, the dynamic tension in the transmission
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Figure 9: Fourier spectra of the in-plane and out-of-plane mid-span displacements of the transmission line when its initial potential energy
is relatively high.

line is approximately the same as the initial tension. This
suggests that when the transmission line vibrates freely
with relatively low initial potential energy, the effects of
internal resonance on the tension in the transmission line are
negligible. The spectral distribution of the dynamic tension
shown in Figure 11(c) also demonstrates that when the initial
potential energy of the transmission line is relatively low,
the tension in the transmission line is almost unaffected
by its vibration. When the initial potential energy of the
transmission line is relatively high, the dynamic tension in
the transmission line may reach twice the initial tension.
The spectral distribution of the dynamic tension shown in

Figure 11(d) also demonstrates that the increase in the tension
in the line is related to its in-plane vibration. This indicates
that when the transmission line is in motion with a large
amplitude, its in-plane vibration is coupled to its out-of-plane
vibration; that is, when the initial out-of-plane energy of
the transmission line is relatively high, significant internal
resonance occurs in the transmission line when it starts
vibrating, resulting in the transfer of out-of-plane vibration
energy to the in-plane direction. This in turn not only gives
rise to in-plane antisymmetric vibration but also causes in-
plane symmetric vibration, ultimately leading to a significant
increase in the tension in the transmission line.
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Figure 10: Configuration of the out-of-plane motion and the phase-space response of the transmission line when its initial potential energy
is relatively high.

4.3.3. Effects of Damping on the Nonlinear Internal Resonance
of the Transmission Line. It was noted in the previous
sections that the structural damping of a transmission line
is very small. To effectively reduce the vibration responses
of transmission lines, control devices (e.g., dampers, spiral
dampers, damping spacers, and damper lines) are often
installed on transmission lines in engineering practice; these
control devices can generate relatively large damping.Thus, in
this section, the effects of damping on the internal resonance
of the transmission line are analyzed.

Here, the same initial potential energy conditions as those
used in Section 4.3.2 are used, but the initial damping is
varied. Figures 12 and 13 show the free vibration response
of the transmission line obtained in the simulation under
various damping conditions. A comparison of Figures 12 and
13 with Figures 8–10 shows that, under the same conditions,
increasing the damping of the transmission line results

in a significant decrease in the displacement of and the
tension in the transmission line as well as a decrease in the
duration of vibration of the transmission line. This indicates
that increasing the damping of the transmission line can
effectively consume its vibration energy, control its vibration
response amplitude, and prevent an increase in its dynamic
tension but cannot hamper the occurrence of its nonlinear
internal resonance.

4.4. Numerical Analysis of the Nonlinear Internal Resonance
of the Transmission Line When in Forced Vibration. Based
on the aforementioned analysis, we know that the natural
frequencies of the lower-order modes of vibration of the
overhead transmission line are relatively low. However, in an
actual environment, excitation energy (primarily wind load
energy) is mainly distributed in the 0-1Hz band, particularly
in the 0–0.2Hz band.Therefore, under an external excitation
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Figure 11: Dynamic tension in the transmission line and its Fourier spectra under two initial energy conditions.

(e.g., a wind load), there is a relatively high probability that
the transmission line will resonate with it. To further study
the effects of the internal resonance of the transmission line
on its wind-induced vibration, in this section the effects of the
internal resonance of the transmission line under a harmonic
excitation on the primary resonance are first analyzed; based
on the results, the forced vibration characteristics of the
transmission line under a wind load are investigated.

4.4.1. Analysis of the Internal Resonance of the Transmission
Line under a Harmonic Excitation. Here, it is assumed that
the transmission line is only subjected to an out-of-plane
harmonic excitation 𝑃𝑤 = 𝑃0 cosΩ𝑧𝑡. The relationship be-
tween the circular frequency Ω𝑧 of the excitation and the
natural circular frequency 𝜔𝑤 of the out-of-plane vibration

of the transmission line is characterized by introducing a
detuning parameter 𝜎1, a nonnegative real number 𝑘, and a
small parameter 𝜀:

Ω𝑧 = 𝑘𝜔𝑤 + 𝜀𝜎1. (59)

To study the primary resonance response of the system,𝑘, 𝜀, and 𝜎1 are set to 1, 0.001, and 10, respectively. By
substituting these values into (51), the frequency𝑓𝑧 of the out-
of-plane excitation is determined: 𝑓𝑧 = Ω𝑧/(2𝜋) = 0.146Hz.
The natural frequency 𝑓𝑤 of the first-order out-of-plane
vibration of the transmission line that is directly induced
by the excitation is as follows: 𝑓𝑤 = 𝜔𝑤/(2𝜋) = 0.136Hz.𝑓𝑧 approximately equals 𝑓𝑤. Thus, it can be considered thatΩ𝑧 ≈ 𝜔𝑤.
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Figure 12: Free vibration response of the transmission line when its damping 𝑐𝑐 is set to 0.01.
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Figure 13: Free vibration response of the transmission line when its damping 𝑐𝑐 is set to 0.05.
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Let us set the amplitude 𝑃0 of the generalized excitation
load to 3305N and the initial conditions for simulation to𝑞V = 0, ̇𝑞V = 0, 𝑞𝑤 = 0.1, ̇𝑞𝑤 = 0.00005. By substituting
these values into (54), the nonlinear forced vibration response
of the transmission line under various damping conditions
is determined. Figures 14–17 show the numerical simulation
results obtainedwhen the damping 𝑐𝑐 is set to 0.001, 0.01, 0.05,
and 0.1, respectively.

As demonstrated in Figure 14, the out-of-plane vibration
of the transmission line directly induced by the excitation has
a very large amplitude, suggesting that the transmission line
is forced to resonate when Ω𝑧 ≈ 𝜔𝑤. Due to the internal
resonance, the vibration energy of the transmission line
transfers from the out-of-plane direction to the in-plane
direction, which is not directly under excitation. In addition,
the in-plane vibration of the transmission line also exhibits
resonance characteristics. In other words, due to the internal
resonance, the forced resonance of the transmission line can
involve several modes of resonance. When only considering
the small structural damping, the resonance amplitude of the
transmission line will jump; that is, within a certain period
of time, the response occurs at a relatively small amplitude,
and vibration with a relatively large amplitude occurs at a
certain time and can continue steadily for an extended period
of time. This differs from the resonance of a linear system.
Due to the nonlinear coupling and internal resonance, the
forced resonance modulates the vibration frequency of the
system, and the frequencies of the out-of-plane and in-
plane vibration of the transmission line are no longer linear
natural frequencies and are also not the same as the excitation
frequency but instead are manifested as a relatively wide
distribution of vibration energy (Figures 14(c) and 14(d)). As
demonstrated in the phase diagrams of the in-plane and out-
of-plane response (Figures 14(e) and 14(f)), the in-plane and
out-of-plane response is aperiodic with an amplitude that
jumps. Considering that the external excitation has a very
large amplitude due to the nonlinear internal resonance, the
forced resonance excites the transmission line to resonate
internally, resulting in a sharp increase in the dynamic ten-
sion in the transmission line. In addition, because of the in-
plane vibration amplitude jumps, a corresponding jumping
phenomenon is also observed in the dynamic tension time
history curve (Figure 14(g)). As shown in the Fourier spec-
trum of the dynamic tension (Figure 14(h)), the dynamic ten-
sion in the transmission line is mainly significantly affected
by the in-plane vibration. Because its amplitude is far greater
than the design-breaking load, the dynamic tension may
cause the transmission to break.

Figure 15 shows the simulation results obtained by in-
creasing the damping 𝑐𝑐 to 0.01, while retaining the other con-
ditions. As demonstrated in Figure 15, amplitude jumps are
eliminated due to the damping effects, but internal resonance
still exists. The in-plane vibration of the transmission line
not directly induced by the excitation has a large amplitude,
which are of the same order of magnitude of the out-of-
plane vibration. In addition, the frequency modulation by
the forced resonance becomes more complicated compared
to the situation in which the damping is small (Figures 15(c)
and 15(d)). As demonstrated in the phase trajectory of the

steady-state response (Figures 15(e) and 15(f)), there are still
jumps in the in-plane vibration amplitude of the transmission
line and the corresponding dynamic tension amplitude, and
the maximum value of these jumps can be as high as 3 times
the initial tension.This indicates that it is still possible for the
transmission line to be broken under these conditions.

Figures 16 and 17 show the simulation results that are
obtained when the damping 𝑐𝑐 is further increased to 0.05
and 0.1, respectively, while retaining the other conditions. As
demonstrated in Figures 16 and 17, due to the large damping
effects, the vibration amplitude of the transmission line
reaches a stable state within a short period of time; however,
the large damping is unable to prevent the occurrence of
internal resonance, and the in-plane vibration still has a very
large amplitude, the numerical value of which is commensu-
rate with that of the out-of-plane vibration. The dynamic
tension in the transmission line when it is in steady-state
vibration can still reach approximately three times the ini-
tial tension. This suggests that even under relatively large
damping effects, the forced resonance of the transmission line
cannot be maintained as the steady-state mode of motion
directly induced by the excitation but is instead manifested
as the nonlinear vibration of coupled modes. Due to the fre-
quency-modulating effect of the forced resonance, the natural
frequencies of the modes of vibration of the transmission
line directly induced by the excitation more accurately
approach the excitation frequency, and, correspondingly, the
modulated frequencies inherit the relationships between the
original linear natural frequencies: they are either closely
spaced with or multiples of one another. In addition, the
vibration still contains higher-order modes of vibration.

As demonstrated in the phase trajectories of the response
(Figures 16(e), 16(f), 17(e), and 17(f)), when its damping is
relatively high, the resonance response of the transmission
line reaches saturation. In other words, because the non-
linear vibration equations for the transmission line exhibit
quadratic nonlinearity and the linear natural vibration fre-
quencies of the transmission line satisfy the 𝜔𝑤 ≈ 𝜔V and𝜔V ≈ 2𝜔𝑤 conditions, when the frequency Ω𝑧 of the external
excitation is approximately equal to 𝜔𝑤 and the excitation
amplitude meets a certain condition, the response energy
of the mode of vibration directly induced by the excitation
reaches saturation, and all the input excitation energy enters
another mode. Thus, while its damping can be increased
by installing energy dissipating equipment in engineering
practice, the motion of a transmission line exhibits coupled
in-plane and out-of-plane vibration characteristics due to the
nonlinear internal resonance; in addition, a transmission line
can still continue to vibrate with a relatively large amplitude
under an external excitation with a relatively large amplitude,
and the vibration energy continuously transfers between rele-
vant modes without being attenuated. Due to the presence of
this response saturation phenomenon, the dynamic tension
in a transmission line when in vibration can still possibly
reach a higher level evenwhen its damping is set to a relatively
large value, which is disadvantageous to practical engineer-
ing.

To compare the vibration response of the transmission
line when not in resonance with the vibration response of
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Figure 14: Primary resonance response of the transmission line when its damping 𝑐𝑐 is set to 0.001.
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Figure 15: Primary resonance response of the transmission line when its damping 𝑐𝑐 is set to 0.01.
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Figure 16: Primary resonance response of the transmission line when its damping 𝑐𝑐 is set to 0.05.
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Figure 17: Primary resonance response of the transmission line when its damping 𝑐𝑐 is set to 0.1.
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the transmission line when in resonance, the following set
of parameters is selected: frequency 𝑓𝑧 of the external exci-
tation: 0.68Hz; damping 𝑐𝑐: 0.001; all the other parameters
are the same as those used to simulate the transmission
line when in resonance. Figure 18 shows the simulation
results. A comparison of Figures 14 and 18 shows that when
the external excitation amplitude and the damping of the
transmission line remain unchanged, the vibration amplitude
of the transmission line is far smaller when not in reso-
nance than when in resonance. While an internal resonance
phenomenon can still be observed numerically when the
transmission line is not in resonance, the internal resonance-
induced in-plane vibration amplitude is very small and is
negligible. When the transmission line is not in resonance,
the vibration of the system is primarily composed of the
out-of-plane forced vibration induced by the out-of-plane
excitation (Figure 18(d)); in addition, the dynamic tension
in the transmission line changes to a relatively small extent
(Figure 18(g)). It can be seen that internal resonance has a
great influence on themain resonance of transmission line, so
the design of transmission line needs to consider its influence
reasonably.

4.4.2. Analysis of the Internal Resonance of the Transmission
Line When in Wind-Induced Vibration. Under actual oper-
ating conditions, overhead transmission lines will inevitably
undergo wind-induced vibration. Therefore, in this section,
the nonlinear vibration characteristics of the transmission
line under a wind load are studied. Considering that the
vertical in-plane wind load on a transmission line is generally
very small, to simplify the analytical process, it is assumed
that the wind load acts in the out-of-plane direction of the
transmission line. The quasi-steady hypothesis is used in cal-
culation: when calculating the wind load on the transmission
line, only the effects of the vibration of the transmission line
on the wind speed are considered, whereas the aerodynamic
coupling effects are not considered: that is, the load terms𝑃(𝑥, 𝑡) and𝑃(𝑧, 𝑡) in (26) and (27) can be expressed as follows:

𝑃 (𝑥, 𝑡) = 0.5𝜌𝑎𝐷𝑐𝐶𝐷 (V𝑎-𝑥 − V̇𝑐)2 ,
𝑃 (𝑧, 𝑡) = 0.5𝜌𝑎𝐷𝑐𝐶𝐷 (V𝑎-𝑧 − �̇�𝑐)2 , (60)

where 𝜌𝑎 represents the air density; 𝐷𝑐 represents the wind-
ward width of the transmission line; 𝐶𝐷 represents the shape
factor of the transmission line; V𝑎-𝑥 and V𝑎-𝑧 represent the
wind speeds along the 𝑥- and 𝑧-axis directions, respectively;
V̇𝑐, �̇�𝑐 represent the in-plane and out-of-plane vibration
velocities of the transmission line, respectively.

By substituting (60) into (26) and (27) and finding the
first-order modal solutions for the in-plane and out-of-plane
vibration using Galerkin’s modal truncation method, the
continuous partial differential equations can be transformed
to discrete ordinary partial equations, as shown in (30), in
which the factors 𝑎7, 𝑏6, 𝑃V, and 𝑃𝑤 are calculated using the
following equations (all the other factors are calculated using
the same equations as introduced in Section 2.2):

𝑎7 = ∫𝐿𝑐
0
(𝑐𝑐 + 𝜌𝑎𝐷𝑐𝐶𝐷V𝑎-𝑥) 𝜑2V (𝑦) 𝑑𝑦,

𝑏6 = ∫𝐿𝑐
0
(𝑐𝑐 + 𝜌𝑎𝐷𝑐𝐶𝐷V𝑎-𝑧) 𝜑2𝑤 (𝑦) 𝑑𝑦,

𝑃V = ∫𝐿𝑐
0
0.5𝜌𝑎𝐷𝑐𝐶𝐷 (V𝑎-𝑥)2 𝜑V (𝑦) 𝑑𝑦,

𝑃𝑤 = ∫𝐿𝑐
0
0.5𝜌𝑎𝐷𝑐𝐶𝐷 (V𝑎-𝑧)2 𝜑𝑤 (𝑦) 𝑑𝑦.

(61)

Wind speeds used in this section are selected from
the database of wind speeds recorded by the field wind
measurement platform installed on the transmission line
(Figure 3). Three wind speed time histories with different
average winds are selected, which are three wind speed
records with an average value 𝑈0 of 5.2, 9.56, and 20.1m/s,
respectively. These three wind speeds are equivalent to the
Beaufort Scales 3, 5, and 8, respectively. The in-plane vertical
wind load on the transmission line is converted from the
vertical fluctuating wind speed recorded by the wind speed
measurement device and its value is generally small and neg-
ligible. Figure 19 shows the frequency spectra corresponding
to the aforementioned three wind speed time histories. As
demonstrated in Figure 19, the wind speed energy is mainly
distributed in the 0-1Hz band.

Equation (30) is solved using a higher-order Runge-Kutta
method.The damping 𝑐𝑐 of the transmission line is set to 0.01,
and the initial conditions for calculation are set as follows:𝑞V = 0,̇𝑞V = 0,𝑞𝑤 = 0.5,̇𝑞𝑤 = 0.00005.

(62)

Based on Tables 3 and 4, we know that the natural
frequencies of the first-order in-plane and out-of-plane vibra-
tion of the transmission satisfy the following condition: 𝜔V ≈3𝜔𝑤. Figures 20–22 show the numerical simulation results
with respect to the vibration response of the transmission line
under a wind load.

As demonstrated in Figure 20, when 𝑈0 = 5.2m/s, the
out-of-plane mid-span vibration amplitude of the transmis-
sion line can exceed 1m, and its in-plane mid-span vibration
amplitude is far greater than its cross-sectional diameter; in
addition, the in-plane vibration is associatedwith a noticeable
jumping phenomenon (Figure 20(a)). This indicates that the
transmission line also undergoes internal resonance when
in wind-induced vibration and that the vibration energy
transfers between the out-of-plane and the in-plane modes
of vibration. The overall vibration of the transmission line
is manifested as coupled in-plane and out-of-plane vibration
(Figure 20(b)). In-plane vibration amplitude jumps can also
be found by observing the phase trajectories of the transmis-
sion line (Figures 20(c) and 20(d)). The out-of-plane vibra-
tion is a complex aperiodic motion. Due to the excitation
from the wind load and the frequency-modulating effect of
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Figure 18: Nonresonance response of the transmission line when its damping 𝑐𝑐 is set to 0.001.
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Figure 19: Fourier spectra of the wind speed.

the internal resonance, the natural characteristics of the in-
plane and out-of-plane vibration undergo relatively signifi-
cant changes, and its energy is distributed in a relatively wide
frequency band (Figures 20(e) and 20(f)). In addition, due
to the in-plane vibration, there are significant jumps in the
dynamic tension amplitude of the transmission line (Figures
20(g) and 20(h)).

Figure 21 shows the simulation results obtained when the
average wind speed 𝑈0 is increased to 9.56m/s. As demon-
strated in Figure 21, the transmission line vibrates with a large
amplitude; in addition, the out-of-plane mid-span vibration
amplitude of the transmission line can reach half of its maxi-
mum sag, and its in-plane mid-span vibration amplitude can
also reach half of its maximum out-of-plane vibration ampli-
tude (Figure 21(a)); moreover, there are also jumps in the

in-plane and out-of-plane vibration amplitudes of the trans-
mission line. However, due to the inherent randomness of
a wind load, the internal resonance of the transmission line
when in wind-induced vibration is not as conspicuous as the
internal resonance that occurs when the line is in free vibra-
tion or under a harmonic excitation. However, as demon-
strated by the response frequency spectra, changes in the nat-
ural vibration characteristics of the system are more signifi-
cant than those that occur in a linear system. Higher-order
in-plane and out-of-planemodes of vibration of the transmis-
sion line can be excited by a wind load with a relatively high
wind speed (Figures 21(e) and 21(f)); under this condition, the
phase trajectory of the response has an oval shape, and there
are jumps in the displacement amplitude (the outer and inner
trajectories represent lower-order and higher-order modes of
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Figure 20: Wind-induced vibration response of the transmission line when 𝑈0 = 5.2m/s.
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Figure 21: Wind-induced vibration response of the transmission line when 𝑈0 = 9.56m/s.
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Figure 22: Wind-induced vibration response of the transmission line when 𝑈0 = 20.1m/s.
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vibration, resp.) (Figures 21(c) and 21(d)). A comparison of
Figures 20 and 21 shows that as the wind speed increases, the
dynamic tension in the transmission line increases. Because
the dynamic tension is mainly affected by the in-plane
vibration, the jumps in the dynamic tension amplitude are
quite noticeable. If the external wind excitation lasts for a
sufficiently long period of time, the dynamic tension in the
transmission line can even surpass its breaking load limit at
some moments during the vibration process (Figures 21(g)
and 21(h)), resulting in damage to the transmission line. This
should warrant attention in practical engineering.

Figure 22 shows the simulation results obtained when the
average wind speed 𝑈0 is increased to 20.1m/s. As demon-
strated in Figure 22, the vibration amplitude of the transmis-
sion line further increases under a strong wind; in addition,
the in-plane vibration amplitude of the transmission line
is even greater than its out-of-plane vibration amplitude,
and the out-of-plane and in-plane vibration amplitudes of
the transmission line are of the same order of magnitude
as its maximum arc sag (Figures 22(a) and 22(b)) and can
even surpass its maximum arc sag, which will result in
damage to the transmission line under practical conditions.
As demonstrated in the in-plane and out-of-plane displace-
ment response time histories and phase-plane response
(Figures 22(c) and 22(d)), the wind-induced vibration of the
transmission line exhibits significant nonlinear vibration
characteristics; in addition, the out-of-plane vibration is also
coupled to the in-plane vibration, and the vibration energy of
the structure transfers from the out-of-plane modes that are
under the wind load to the in-plane modes.

A comparison of Figures 22(e) and 22(f) shows that the
energy-containing range of the out-of-plane mid-span dis-
placement response of the transmission line is 0.09–0.294Hz
and the energy-containing range of its in-plane mid-span
displacement response is 0.12–0.25Hz, whereas the main
energy-containing range of the wind load is 0.01–1Hz. Thus,
under a strong wind, the wind-induced vibration of the
transmission line modulates not only the line’s vibration
amplitude but also its vibration frequency and can cause the
transmission line to undergo high-frequency vibration; in
addition, the dynamic tension in the transmission line in-
creases significantly and can even reach or surpass its break-
ing load in a short time, which is very disadvantageous to the
transmission line under practical conditions. A comparison
of Figures 14 and 22 shows that themotion of the transmission
line under a strong wind is similar to that of a primary
resonance under harmonic excitation; that is, the amplitude
of vibration is very large, and the in-plane vibration is
strongly coupled to its out-of-plane vibration.

5. Conclusions

In this study, 3D nonlinear vibration equations for trans-
mission lines that consider geometric nonlinearity are estab-
lished. Based on the boundary conditions and the assump-
tions used formodeling, the 3D equations are simplified to 2D
equations. Galerkin’s modal truncation method is employed
to simplify the continuous partial differential equations to
discrete partial differential equations that are analyzed using

the method of multiple scales and solved by a higher-order
Runge-Kutta method. On this basis, the nonlinear dynamic
characteristics of transmission lines when in free and forced
vibration, respectively, are analyzed. The main conclusions
drawn from this study are summarized as follows:(1) A transmission line has inherent nonlinear vibration
characteristics. When in vibration, the in-plane motion of a
transmission line is coupled to its out-of-plane motion, and
linear, quadratic nonlinear, and cubic nonlinear modes of
internal resonance can easily occur.(2) When a transmission line vibrates freely, nonlinear
internal resonance can occur even when the initial out-
of-plane energy of the transmission line is relatively low;
however, under this condition, energy transfer and mode
coupling phenomena are not noticeable. As its initial out-
of-plane energy increases, the internal resonance of a trans-
mission line becomes prominent and the coupling of its in-
plane and out-of-plane vibration becomes stronger, resulting
in a transfer of out-of-plane vibration energy to the in-
plane direction and an increase in the in-plane vibration
amplitude and the dynamic tension in the transmission line.
Due to the transmission line’s mode coupling and nonlinear
internal resonance, the out-of-plane and in-plane vibration
frequencies of the line differ relatively significantly from the
natural vibration frequencies of a linear system.(3) Under a harmonic excitation, a transmission line
undergoes forced resonance. Under the combined action of
internal and primary resonance, the in-plane vibration of the
transmission line is coupled to its out-of-plane vibration and
the vibration energy transfers from the out-of-plane direction
to the in-plane direction that is not directly under the excita-
tion, resulting in a significant increase in the dynamic tension
and the displacement amplitude of the transmission line. In
addition, as the external excitation amplitude increases, the
forced resonance effects become more significant, and the
forced resonance has a modulating effect on the vibration
frequency of the transmission line. As a result of the forced
resonance, the in-plane and out-of-plane vibration energy
of the transmission line is distributed over a relatively wide
range.(4) When a transmission line is in wind-induced vibra-
tion, as the wind speed increases, the nonlinear internal
resonance of the transmission line increases; the frequency-
modulating effect of its nonlinear internal resonance also
increases, which may cause the transmission line to undergo
high-frequency vibration. Because the in-plane vibration am-
plitude of a transmission line and its dynamic tension in-
crease significantly as the wind speed increases, a noticeable
amplitude jumping phenomenon occurs; consequently, when
in vibration for a long period of time, the dynamic tension
amplitude of the transmission line may exceed the breaking
load limit, resulting in the breaking of the transmission line.(5) Regardless of whether a transmission line is in free
or forced vibration, increasing its damping can effectively
consume its vibration energy, thereby allowing the vibration
amplitude of the transmission line to reach a stable state
within a short period of time. However, increasing the
damping cannot prevent the occurrence of nonlinear internal
resonance in a transmission line. When a transmission line
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is in forced vibration and the external excitation has a relative-
ly large amplitude, even if the damping of the transmission
line is increased to a relatively large value, the transmission
line can still maintain its nonlinear vibration of coupled
modes with a large amplitude due to the nonlinear internal
resonance; in addition, the vibration energy also constantly
transfers between the coupled modes and does not decrease
significantly. When a transmission line is in vibration for
an extended period of time, this response saturation phe-
nomenon can still cause the dynamic tension in the transmis-
sion line to surpass the design-breaking load, thereby causing
damage to the transmission line.
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The shape function-based method is one of the very promising time-domain methods for dynamic force reconstruction, because it
can significantly reduce the number of unknowns and shorten the reconstruction time. However, it is challenging to determine the
optimum time unit length that can balance the tradeoff between reconstruction accuracy and efficiency in advance. To address this
challenge, this paper develops an adaptive dynamic force reconstruction method based on multiscale wavelet shape functions and
time-domain deconvolution.A concentrated dynamic force is discretized into units in time domain and the local force in each unit is
approximated by wavelet scale functions at an initial scale. Subsequently, the whole responsematrix is formulated by assembling the
responses induced by the wavelet shape function forces of all time units which are calculated by the structural finite element model
(FEM).Then, the wavelet shape function-based force-response equation is established for force reconstruction. Finally, the scale of
the force-response equation is lifted by refining the wavelet shape function with high-scale wavelets and dynamic responses with
more point data to improve the reconstruction accuracy gradually. Numerical examples of different structural types are analyzed
to verify the feasibility and effectiveness of the proposed method.

1. Introduction

Forward and inverse dynamic analyses are two typical types
of structural dynamic problems, containing three basic com-
ponents, namely, excitations, structures, and responses. The
forward analysis refers to structural response calculation
with the knowledge of excitation and structure parameters.
The inverse analysis can be classified into two types: struc-
tural parameters identification using the known excitation
and response and force reconstruction using the known
structure parameters and response. Dynamic force recon-
struction methods based on structural dynamic response
have attracted great interest in the field of structural health
monitoring (SHM), as it is often difficult or impractical to
measure a dynamic force directly. Dynamic force reconstruc-
tion methods can generally be categorized into two groups:
frequency-domain [1–4] and time-domain [5–8] methods.
The frequency- and time-domain methods estimate dynamic
forces by establishing the relationship between dynamic

forces and structural responses based on frequency response
functions [9, 10] and impulse response functions [11, 12],
respectively. Compared to the frequency-domain methods,
the time-domain methods have received increasing attention
in the past years because of their distinct physical meaning
and relatively higher accuracy [13].

Most time-domain methods are based on discretization
in the time domain. The sampling time interval size is one
main factor that affects the reconstruction accuracy and
efficiency. In general, a smaller size of sampling time interval
can achieve higher reconstruction accuracy. However, a
very small size would result in too many undetermined
coefficients, which not only increases the computation cost
but also tends to make the inverse problem ill-conditioned
[13]. Therefore, it is challenging to set an optimal sampling
time interval to balance the tradeoff between reconstruc-
tion accuracy and efficiency. Approaches based on various
basis functions were proposed to address this challenge,
in which unknown dynamic forces were approximated by
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basis functions, such as Gaussian basis functions [14], B-
spline functions [15, 16], triangle functions [17], exponential
function [18], and Daubechies wavelet [19], and subsequently
they were reconstructed by identifying the coefficients in
these basis functions. These approaches could significantly
reduce the number of unknowns (considerably less than that
of data points) and shorten the identification time.

The majority of the above-mentioned basis function-
basedmethods arewhole-domainmethods, which are similar
to the Rize method in structural analysis. Whole-domain
methods are not efficient when actual dynamic forces are
complex. Therefore, Liu et al. [20] introduced the concept of
“shape function” from finite elementmethods (FEM) into the
field of force identification. A dynamic force was discretized
into time units in the time domain and the local force in each
time unit was approximated by shape functions. Numerical
examples indicated that the shape function-based method
could provide better results than traditional methods. The
reconstruction accuracy of shape function-based methods
depends on the approximation ability of shape functions,
which is mainly determined by the length of the discrete time
unit.The shape function-basedmethods transform the task of
determining the optimal sampling time interval in traditional
time-domain force identification methods into determining
the optimal time unit length. In theory, shortening the time
unit length can enhance the identification accuracy at the cost
of an increased computation amount. However, determining
the optimum time unit length in advance that can achieve
the tradeoff between reconstruction accuracy and efficiency
is not easy.

This paper aims to develop an adaptive method for
dynamic force reconstruction based on multiscale wavelet
shape functions and time-domain deconvolution. The time
history of a concentrated dynamic force is discretized into
time units, and wavelet scale functions at an initial scale
are employed to approximate the local force within each
unit. Then, the responses induced by the forces expressed
using wavelet shape functions are computed by structural
FEM, and the whole response matrix is formulated by
assembling the responses induced by the forces expressed
using different wavelet shape functions in all time units.
This process is similar to assembling stiffness matrices in
FEM. Subsequently, the wavelet shape function-based force-
response equation is established for force reconstruction.
The scale of the force-response equation is lifted by refining
the wavelet shape functions with high-scale wavelets and
dynamic responsewithmore point datawhen necessary; con-
sequently, the reconstruction accuracy is improved gradually.
Finally, numerical examples of a simply supported beam and
a two-story frame are analyzed to verify the feasibility and
effectiveness of the proposed method. With this adaptive
method, the challenging task in determining the time unit
length can be overcome.

2. Multiscale Wavelet Shape Functions

2.1. MultiresolutionWavelet Analysis. Known as a “numerical
microscope,” wavelet was firstly applied in the field of signal
and image processing, and later its use was extended to

numerical computation in engineering [21]. Multiresolution
analysis is one of the most important characteristics of
wavelets [22]. Amultiresolution analysis𝑅 of 𝐿2 is a sequence
of closed subspaces 𝑅 = {𝑉𝑗 ⊂ 𝐿2 | 𝑗 ∈ 𝑍}, such that [22]

(1) 𝑉𝑗 ⊂ 𝑉𝑗+1;
(2) ⋃𝑗∈𝐽 𝑉𝑗 is dense in 𝐿2;
(3) for each 𝑗 ∈ 𝐽, 𝑉𝑗 has a Riesz basis given by scaling

functions {𝜑𝑗,𝑘 | 𝑘 ∈ 𝐾(𝑗)}, where 𝑗 is the level of
resolution, 𝐽 is an integer index set associated with
resolution levels, 𝐾(𝑗) is some index set associated
with the scaling functions of level 𝑗, and 𝑉𝑗 denotes
the approximation spaces of level 𝑗. For each 𝑉𝑗, a
complement of 𝑉𝑗 exists in 𝑉𝑗+1, namely, 𝑊𝑗. Let
spaces 𝑊𝑗 be spanned by wavelets 𝜓𝑗,𝑚(𝑥) for every𝑚 ∈ 𝑀(𝑗),𝑀(𝑗) = 𝐾(𝑗 + 1) \ 𝐾(𝑗), where𝑀(𝑗) is the
difference set of 𝐾(𝑗 + 1) and 𝐾(𝑗). Furthermore, let𝑙 ∈ 𝐾(𝑗 + 1) be the index at level 𝑗 + 1.

Multiresolution analysis enables wavelets to represent a
finite energy function in a dynamic multiscale manner with
different precision levels. For example, function 𝑓(𝑥) can be
approximated in 𝑉0 (low-scale space) as

𝑓 (𝑥) ≈ 𝑓0 (𝑥) = ∑
𝑘

𝑐0,𝑘𝜙0,𝑘, (1)

where 𝜙0,𝑘 is the scaling function at Scale 0 and 𝑐0,𝑘 represents
the corresponding wavelet coefficients.

𝑐0,𝑘 = ⟨𝑓 (𝑥) , 𝜑0,𝑘 (𝑥)⟩ . (2)

Approximation accuracy can be improved by adding
high-scale wavelet terms in wavelet space 𝑊0, which is
spanned by the wavelet functions 𝜓0,𝑙. Therefore, the approx-
imation in space 𝑉1 (high-scale space) is

𝑓 (𝑥) ≈ 𝑓1 (𝑥) = ∑
𝑘

𝑐0,𝑘𝜙0,𝑘 +∑
𝑙

𝑐0,𝑙𝜓0,𝑙, (3)

where 𝜓0,𝑙 is the wavelet function at Scale 0 and 𝑐0,𝑙 is the
corresponding wavelet coefficients in space𝑊0.

𝑐0,𝑙 = ⟨𝑓 (𝑥) , 𝜓0,𝑙 (𝑥)⟩ . (4)

By further increasing the approximation order, the
wavelet representation of the function approaches the exact
function when 𝑗 → ∞.

𝑓 (𝑥) ≈ 𝑓𝑗 (𝑥) = ∑
𝑘

𝑐0,𝑘𝜙0,𝑘 +∑
𝑗

∑
𝑙

𝑐𝑗,𝑙𝜓𝑗,𝑙,
𝑓 (𝑥) = 𝑓𝑗→∞ (𝑥) .

(5)

2.2. The Refinement of Lagrange Wavelet Function. Various
wavelets, including spline wavelet [23], Daubechies wavelet
[24], Hermite wavelet [25], Lagrange wavelet [26], and
trigonometric wavelet [27], have been employed in numeral
computation. In this study, the second-generation Lagrange
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Figure 1: Lagrange wavelet shape functions.

wavelet [26] with convenient computational characteristics is
adopted to fulfill the adaptive dynamic force reconstruction.

When defined within the interval [0, 1], the scaling
functions (Scale 0) of Lagrange wavelets are

𝜙0,1 = {{{
1 − 𝑥 𝑥 ∈ [0, 1]
0 otherwise

(6a)

𝜙0,2 = {{{
𝑥 𝑥 ∈ [0, 1]
0 otherwise

. (6b)

The corresponding wavelet function 𝜓𝑗,𝑙(𝑥) at scale 𝑗 is

𝜓𝑗,𝑙 (𝑥) =
{{{{{{{{{{{

2𝑗+1𝑥 − 2𝑙 + 2 𝑥 ∈ [𝑙 − 12𝑗 ,
𝑙 − 0.5
2𝑗 ]

−2𝑗+1𝑥 + 2𝑙 𝑥 ∈ [ 𝑙 − 0.52𝑗 ,
𝑙
2𝑗 ]0 otherwise

. (7)

The scale functions (𝑉0) and wavelet functions (𝑊0,𝑊1, and𝑊2) are shown in Figure 1.

3. Adaptive Dynamic Force
Reconstruction Method

Wavelet functions or scale functions are employed as ele-
mental shape functions in the wavelet FEM to analyze
structures in an adaptive manner according to actual needs.

When the wavelet FEM is employed to analyze structure
problems, initial solutions with relatively low accuracy are
obtained in low-scale models, and more accurate results can
be acquired by lifting the model scale [21]. With this adaptive
analysis, a tradeoff between the computation accuracy and
computation efficiency can be achieved. In this section, this
adaptive strategy will be further extended for dynamic force
reconstruction to overcome the challenge in determining
time unit length.

3.1. Time-Domain Deconvolution Method. Time-domain de-
convolution is one of the most widely used methods for
structural dynamic force reconstruction [28]. By assuming
zero initial conditions, the structural response 𝑦(𝑡) can be
expressed as a convolution integral of an external dynamic
force 𝑓(𝑡) and the corresponding impulse response functionℎ(𝑡 − 𝜏) [20]:

𝑦 (𝑡) = ∫𝑡
0
ℎ (𝑡 − 𝜏) 𝑓 (𝜏) 𝑑𝜏. (8)

In a real dynamic test, structural dynamic responses are
usually discrete. Suppose there are 𝑟 sampling points in total.
Equation (8) can be transformed into a discrete type:

[[[[[[
[

𝑦 (𝑡1)
𝑦 (𝑡2)
...

𝑦 (𝑡𝑟)

]]]]]]
]
=
[[[[[[
[

ℎ (𝑡1) 0 . . . 0
ℎ (𝑡2) ℎ (𝑡1) . . . 0
... ... d

...
ℎ (𝑡𝑟) ℎ (𝑡𝑟−1) . . . ℎ (𝑡1)

]]]]]]
]

[[[[[[
[

𝑓 (𝑡1)
𝑓 (𝑡2)
...

𝑓 (𝑡𝑟)

]]]]]]
]
Δ𝑡, (9)
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where Δ𝑡 is the discrete time interval. With this equation, the
time history of the dynamic force 𝑓(𝑡) can be reconstructed
by the measured structural response 𝑦(𝑡) and the impulse
response function ℎ(𝑡 − 𝜏) generally obtained from the
structural FEM.

The size of the sampling time interval Δ𝑡 affects both the
reconstruction accuracy and the efficiency. In general, a small
size of sampling time interval is required to achieve high
reconstruction accuracy. However, a very small size would
result in toomany undetermined coefficients, which not only
increase the computation cost but also tend to make the
inverse problem more ill-conditioned. In view of this, Liu et
al. [20] introduced the concept of “shape function”: the time
history of a dynamic force was discretized into local time
units and the corresponding local force was approximated
by shape functions. Then, the whole response matrix was
formulated by assembling the responses induced by the loads

corresponding to different shape functions in all time units.
Thus, the dynamic force identification model is established
through the force-response equation.

Suppose a dynamic force in the whole time domain is
discretized into 𝑝 time units, and each unit contains 𝑞 data
points, and the total sampling points are 𝑟 = 𝑝(𝑞 − 1) + 1.
Then, (9) can be further changed for shape function-based
force reconstruction as follows:

Y = KD, (10)

where Y = [𝑦(𝑡1) 𝑦(𝑡2) ⋅ ⋅ ⋅ 𝑦(𝑡𝑟)]𝑇 and D =
[𝑑1 𝑑2 ⋅ ⋅ ⋅ 𝑑𝑟]𝑇 are the response vector at 𝑟 sampling
points and the shape function coefficients, respectively. K is
the assembly of 𝐾𝑚, where the assembling process is similar
to the method of stiffness matrices assembling in FEM [20].

K = 𝑟∑
𝑚=1

𝐾𝑚

𝐾𝑚 =

[[[[[[[[[[[[[[[[
[

0 ⋅ ⋅ ⋅ 0 𝐻𝑁𝑚 (𝑡1) 0 ⋅ ⋅ ⋅ 0
0 ⋅ ⋅ ⋅ 0 𝐻𝑁𝑚 (𝑡2) 𝐻𝑁𝑚 (𝑡1) ⋅ ⋅ ⋅ 0
... ... ... d

...
0 ⋅ ⋅ ⋅ 0 𝐻𝑁𝑚 (𝑡𝑟−𝑚+1) 𝐻𝑁𝑚 (𝑡𝑟−𝑚) ⋅ ⋅ ⋅ 𝐻𝑁𝑚 (𝑡1)... ... ... d

...
0 ⋅ ⋅ ⋅ 0 𝐻𝑁𝑚 (𝑡𝑟−1) 𝐻𝑁𝑚 (𝑡𝑟−2) ⋅ ⋅ ⋅ 𝐻𝑁𝑚 (𝑡𝑖−1)
0 ⋅ ⋅ ⋅ 0 𝐻𝑁𝑚 (𝑡𝑟) 𝐻𝑁𝑚 (𝑡𝑟−1) ⋅ ⋅ ⋅ 𝐻𝑁𝑚 (𝑡𝑖)

]]]]]]]]]]]]]]]]
]

}}}}}}}}}}}}}}}
𝑚 rows

⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟⏟
𝑚−1 columns

𝑚 = 1, 2, . . . , 𝑟,
(11)

where𝐻𝑁𝑚 is the dynamic response induced by the𝑚th shape
function𝑁𝑚.

The coefficient matrix in (10) is generally ill-posed and
little perturbation may cause tremendous variation in solu-
tions. To obtain a stable and meaningful solution, it is often
transformed into a Tikhonov regularization optimization
problem [29]:

min (‖Y − KD‖22 + 𝜆 ‖D‖22) , (12)

where 𝜆 is the regularization factor. The regularization factor
weighs the norm of residual and the norm of solution. It
is determined by the 𝐿-curve method in this paper [30].
Generally, the relationship of the solution norm versus the
residual norm is plotted for different 𝜆, which looks like an
“𝐿” shape in the log-log scale, and the optimal regularization
parameter is selected at the corner of the “𝐿” shape [30].

The dynamic force can be estimated by the following
equation:

F = DN, (13)

where F and N = [𝑁1 𝑁2 ⋅ ⋅ ⋅ 𝑁𝑟]𝑇 are the dynamic force
to be identified and the shape functions, respectively.

3.2. Wavelet Shape Function-Based Method. The shape
function-based dynamic force reconstruction methods can
considerably reduce the coefficient matrix size and enhance
the computation efficiency. The accuracy of the shape
function-based reconstruction method depends on the
approximation ability of the shape functions, which is mainly
determined by the discrete time unit length. However, it is
not easy to determine the optimum time unit length that
can balance the tradeoff between reconstruction accuracy
and efficiency in advance. This section aims to develop an
adaptive method for the reconstruction of dynamic forces
based on multiresolution Lagrange wavelet shape functions
and time-domain deconvolution.

Using the scaling and wavelet functions of Lagrange
wavelets Φ𝑗 = [Φ𝑇0 ,Ψ𝑇0 ,Ψ𝑇1 , . . . ,Ψ𝑇𝑗−1] at Scale 𝑗 (described
in Section 2.2) as shape functions (𝑁), the unknown dynamic
force at each unit can be approximated as

𝑦 = ∑
𝑘

𝑐0,𝑘𝜙0,𝑘 +
𝑗−1∑
𝑚=0

∑
𝑙

𝑐𝑚,𝑙𝜓𝑚,𝑙
= Φ0c +Ψ0c0 +Ψ1c1 + ⋅ ⋅ ⋅ +Ψ𝑗−1c𝑗−1 = Φ𝑗q𝑗,

(14)
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Figure 2: Diagram of the adaptive force reconstruction scheme.

where Φ0 represents the scaling functions at Scale 0, Ψ𝑗
represents the wavelet functions at Scale 𝑗, and q𝑗 =
[c c0 c1 ⋅ ⋅ ⋅ c𝑗−1]𝑇 is the undetermined vector of wavelet
coefficients.

Substitute (14) into (10) and (12), and then the wavelet
coefficients can be obtained and the force can be recon-
structed according to (13). The corresponding solution is
denoted as Scale 𝑗 solution. Obviously, higher scale solutions
would be more accurate than lower scale ones.

Based on the multiresolution Lagrange wavelet shape
functions and time-domain deconvolution, an adaptive
method is developed for dynamic force reconstruction. Fig-
ure 2 presents the flowchart of this adaptive force reconstruc-
tion scheme. The detailed procedure is described as follows.

Step 1. Install a sensor on the concerned structure and
measure its dynamic response (e.g., displacement, velocity,
acceleration, or strain), and discretize the full dynamic
response time history into 𝑝 time units with an equal length.

Step 2. Use the structural FEM to calculate the response
corresponding to wavelet shape functions at Scale 0.

Step 3. Establish the Scale 0 force-response equation, and
obtain the corresponding solution.

Step 4. Refine the wavelet shape functions by adding high-
scale wavelets, and refine dynamic responses by adding more
data points. Establish the Scale 1 force-response equation
and obtain the corresponding solution. Consequently, the
reconstruction accuracy can be enhanced.

Step 5. Check the convergence of the solutions, and stop if the
difference is smaller than a prescribed threshold. Otherwise,
repeat Step 4.

During the scale lifting process for the force-response
equation, the submatrices/vectors of the current scale can be
retained, and only a few rows and columns need to be added.
The new results can be quickly obtained via iteration, with
the initial values equal to the results at the previous scale.
With this adaptive strategy, the force reconstruction accuracy
can be enhanced by lifting the scale of the force-response
equation gradually when necessary, and thus determining the
time unit length in advance, which is often a challenging task,
is not required.

4. Numerical Study

Numerical examples of a simply supported beam and a
double-story frame are analyzed to verify the feasibility
and effectiveness of the proposed adaptive dynamic force
reconstruction method. The dynamic responses and wavelet
shape function responses are calculated by structural FEM
in which Rayleigh damping is considered. The Newmark-𝛽
method is employed for the dynamic analysis with a time
increment of 0.001 s.

To simulate a practical measurement condition environ-
ment, 5% noise is introduced by adding zero-mean Gaussian
noise to the accurate displacement responses [31]:

u = ucal + 5% × Tnoise × 𝜎 (ucal) , (15)
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Figure 3: Example of the adaptive force reconstruction process.

where u and ucal are the displacement responses with and
without noise, respectively. Tnoise is a vector of independent
random variables following a standard normal distribution,
and 𝜎(ucal) is the standard deviation of the response.

A simple example is employed to illustrate the adaptive
force reconstruction procedure (Figure 3). The full dynamic
response time history is divided into 3 time units with
equal length. In Scale 0, the responses (0, 𝑡01, 𝑡02, and 𝑡03)
and Scale 0 Lagrange wavelet scaling functions (𝜙0,1 and𝜙0,2) are adopted to establish the force-response equation
(denoted as Scale 0 force-response equation) as (10). The size
of the coefficient matrix is 4 × 4. Then, the Scale 0 force-
response equation is changed into a Tikhonov regularization

optimization problem as (13). By solving this regularization
optimization problem, the Scale 0 solutions can be obtained.
Subsequently, the Scale 0 equation is lifted into Scale 1
force-response equation by adding Scale 0 Lagrange wavelet
functions (𝜓0,1) and responses at time 𝑡1,𝑖 (𝑖 = 1, 2, 3).The size
of the coefficient matrix in Scale 1 force-response equation is
extended to 7 × 7 accordingly. Further, the responses at time𝑡2,𝑖 (𝑖 = 1, 2, . . . , 6) and the Scale 1 Lagrange wavelet functions
(𝜓1,1 and 𝜓1,2) and the response at time 𝑡3,𝑖 (𝑖 = 1, 2, . . . , 12)
and the Scale 2 Lagrange wavelet functions (𝜓2,1, 𝜓2,2, 𝜓2,3,
and𝜓2,4) are added to formulate the Scale 2 and Scale 3 force-
response equations gradually. The sizes of the coefficient
matrix in Scale 2 and Scale 3 force-response equation are
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Figure 4: The simulated simply supported beam.

Table 1: Scenarios considered in the numerical simulations.

Structure type Scenarios Force Measurement location
Time history (N) Location

Simply supported beam Case B1 sin(𝜋𝑡) + cos(2𝜋𝑡) + sin(4𝜋𝑡) BF1 BP1
Case B2 sin(𝜋𝑡) + cos(2𝜋𝑡) + cos(3𝜋𝑡) + cos(4𝜋𝑡) BF2 BP2

Double-story frame Case F1 sin(𝜋𝑡) + sin(2𝜋𝑡) + cos(2𝜋𝑡) + sin(4𝜋𝑡) FF1 FP1
Case F2 cos(𝜋𝑡) + sin(2𝜋𝑡) + cos(2𝜋𝑡) + sin(4𝜋𝑡) FF2 FP2

Table 2: Reconstruction parameters in numerical simulations.

Item Scale 0 Scale 0 Scale 0 Scale 3
Time unit number 50 50 50 50
Coefficient matrix size 51 × 51 101 × 101 201 × 201 401 × 401

13 × 13 and 25 × 25, respectively. The size of the coefficient
matrix and the reconstruction accuracy would be enhanced
with the scale number.

Figure 4 shows a simply supported beam with a length
of 𝐿 = 16m, Young’s modulus of 3.3 × 1011N/m2, density of2.5×103 Kg/m3, and cross-sectional area of𝐴 = 1×4m2.The
scenarios, dynamic force time histories, applied locations,
and measurement locations are listed in Table 1. The whole
beam is divided into 16 beam elements equally, and the FEM
is established accordingly.

For Case B1, the beam is excited by applying the following
dynamic force at the middle span (BF1) (Figure 4):

FB1 (𝑡) = sin (𝜋𝑡) + cos (2𝜋𝑡) + sin (4𝜋𝑡)KN
(0 ≤ 𝑡 ≤ 10) . (16)

Thedisplacement response at Point BP1 in the𝑦-direction
is used to reconstruct the dynamic force. The total response
time history is discrete in 50 time units with equal length.
Following the procedures presented above, the dynamic force
is reconstructed adaptively. The reconstruction parameters
are listed in Table 2. The solutions and relative errors with
respect to the maximal real force obtained at different scales
are plotted in Figures 5 and 6, respectively. It can be seen
that the reconstruction accuracy increases with the scale. For
example, the maximal relative errors in Scale 0 to Scale 3
are about 30%, 10%, 2.5%, and 0.5% (except several starting
points), respectively.

Considering the fact that the Scale 3 solution has suf-
ficient precision, only three scales are calculated in the
following cases. If higher precision is required, a higher scale

force-response equation could be formulated through the
lifting process.

For Case B2, the dynamic force (BF2) with the following
expression is applied at the section which is 4 m from the left
end (Figure 4):

FB1 (𝑡) = sin (𝜋𝑡) + cos (2𝜋𝑡) + cos (3𝜋𝑡)
+ cos (4𝜋𝑡)KN (0 ≤ 𝑡 ≤ 10) . (17)

The displacement response at Point BP2 is employed to
perform the proposed adaptive dynamic force reconstruction
method. The reconstruction parameters are listed in Table 2,
and the solutions and relative errors of different scales are
shown in Figures 7 and 8, respectively. Similar conclusions
can be drawn in Case B2 as well.

Furthermore, a single-bay two-story frame is simulated,
as shown in Figure 9. Young’s modulus and the density of the
material are 3.3×1011N/m2 and 2.5×103 Kg/m3, respectively.
The cross sections are 𝐴 = 1 × 1m2 for all the beams and
columns. Each beam and column is divided into 4 beam
elements equally in developing the FEM.The scenarios, force
time histories, applied locations, and measurement locations
are listed in Table 1, and the reconstruction parameters are
listed in Table 2. The solutions of different scales in Case F1
and Case F2 are shown in Figures 10 and 12, respectively. The
corresponding relative errors are compared in Figures 11 and
13, respectively.

The simulation results of the simply supported beam
and the two-story frame indicate that the reconstruction
accuracy could be enhanced by lifting the scale of the wavelet
shape function-based force-response equation gradually.This
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Figure 5: The reconstructed dynamic force in Case B1.
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Figure 6: The reconstructed error in Case B1.
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Figure 7: The reconstructed dynamic force in Case B2.

adaptive strategy can avoid determining the time unit length
in advance, which is often a challenge in practice. The
reconstruction scale that affects both the accuracy and the
efficiency can be determined adaptively according to the
actual needs.
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Figure 8: The reconstructed error in Case B2.

5. Conclusion

As usually dynamic forces can hardly be measured, recon-
structing them via structural dynamic response is essential
in the field of SHM. Shape function-based methods with the
ability to reduce the number of unknowns and shorten the
reconstruction time significantly have attracted great interest.
However, determining the optimum time unit length limits
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Figure 9: The simulated double-story frame.
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Figure 10: The reconstructed dynamic force in Case F1.

often presents a challenging task. In view of this, this paper
developed an adaptive method for dynamic force reconstruc-
tion based on multiscale wavelet shape functions and time-
domain deconvolution.Theproposedmethod consists of four
stages: (1) discretize the dynamic force into several time units
in time domain, and approximate the local force in each unit
by using wavelet scale functions at Scale 0; (2) formulate
the whole response matrix by assembling the responses
induced by the wavelet shape function-based forces in all
time units; (3) establish the wavelet shape functions based
force-response equation and obtain the Scale 0 solution; (4)
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Figure 11: The reconstructed error in Case F1.
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Figure 12: The reconstructed dynamic force in Case F2.
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Figure 13: The reconstructed error in Case F2.

lift the scale of the wavelet shape functions based force-
response equation and improve the reconstruction accuracy.
A simply supported beam and a two-story frame subjected
to different dynamic forces are simulated to verify the feasi-
bility and effectiveness of the proposed method. The results
indicate that the proposed method can significantly reduce
the number of unknowns and shorten the reconstruction
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time, and the reconstruction accuracy can be enhanced by
lifting the scale of the wavelet shape function-based force-
response equation gradually. This adaptive strategy avoids
the challenging task of determining the time unit length
in advance. The experimental validation of the proposed
method needs to be systematically investigated in the future.
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This paper describes two practical methodologies for modeling the collapse of reinforced concrete structures. They are validated
with a real scale test of a two-floor structure which loses a bearing column. The objective is to achieve accurate simulations of
collapse phenomena with moderate computational cost. Explicit finite element models are used with Lagrangianmeshes, modeling
concrete, and steel in a segregated manner. The first model uses 3D continuum finite elements for concrete and beams for steel
bars, connected for displacement compatibility using a penalty method. The second model uses structural finite elements, shells
for concrete, and beams for steel, connected in common nodes with an eccentricity formulation. Both are capable of simulating
correctly the global behavior of the structural collapse. The continuum finite element model is more accurate for interpreting local
failure but has an excessive computational cost for a complete building.The structural finite elementmodel proposed has amoderate
computational cost, yields sufficiently accurate results, and as a result is the recommended methodology.

1. Introduction

In recent years a number of civil buildings have collapsed
after losing one or several bearing elements, due to explosive
or impact loads, from accidental events or terrorist attacks.
These buildings are oftenmade of reinforced concrete and the
redistribution of loads when an element is removed had not
been taken into account in their design.

The terrorist attack in Oklahoma City USA [1] on the
Alfred P. Murrah Federal Building on April 19, 1995, is a well-
known example of these loads. The attack claimed 168 lives
and injured more than 680 people. 2300 kilograms of ANFO
explosive were used resulting in enormous damage in the
building and the collapse of a large part of it. Another example
is the attack on the Argentine Israelite Mutual Association
building in Buenos Aires on July 18, 1994 [2]. In this attack 85
people were killed and hundreds were injured. 275 kilograms
of ANFO were used in this attack. The blast totally destroyed
the exposed load-bearing walls and led to progressive failure
of the floor slabs and collapse of the building. In Spain,
the parking of the Madrid-Barajas Airport was attacked on

December 30, 2006, when a van bomb exploded, killing two
and injuring 52 people; 500 to 800 kilograms of an unknown
kind of explosive were used, resulting in the demolition of
the five-floor structure [3]. An explosion from an accidental
event occurred on February, 2012, inAstrakhan, Russia, in the
fourth floor of a building, whose ten floors collapsed causing
ten deaths and twelve injuries. In all these cases the damage in
the structurewas not only by the direct effect of the explosions
but also by the subsequent collapse due to the loss of bearing
elements.The damage in the structure can be catastrophic, so
it is convenient to develop a practical methodology that can
evaluate this phenomenon.

Several studies have been carried out on the progressive
collapse of civil structures in recent years [4–6]. Some of
them analyze reduced parts of the structure with detailed
finite element models [7], while others propose an analytic
approach [8, 9]. The most common technique used for
large buildings is finite element models with a homogeneous
material for reinforced concrete [10–12].

In this paper we develop, apply, and discuss two different
types of finite element models for studying the collapse
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of reinforced concrete structures subject to blast loads.
LS-DYNA code [13] is employed for dynamic computer
simulation, with Lagrangian Finite Elements, explicit time
integration, and considering concrete and steel in a segre-
gated manner. The focus of this work is on the structural
collapse phenomenon; a more detailed explanation of the
consideration of blast loading effects may be found in [14].

The first model uses 3D continuum finite elements for
concrete and beams for steel bars, connected for displacement
compatibility using a penalty method. This model is very
detailed but has a high computational cost.The secondmodel
uses structural finite elements, that is, shells for concrete
and beams for steel, connected in common nodes with an
eccentricity formulation to take account of the position of the
reinforcement. This model is less detailed than the previous
one; however it reproduces themain structural features of the
collapse with much lower computational cost. Both models
are compared with a real scale test in order to validate the
employed techniques.

2. Test Description

A six-column and two-floor structure of reinforced concrete
was constructed for this test. The objective was to analyze the
behavior of the structure when the bottom half of one of the
central columns in the lower floor was removed.The removal
was performed by blast charges located inside the column, in
perforations previously disposed in the construction phase.
When the charge was exploded the structure lost static equi-
librium in a matter of milliseconds, entering into dynamic
motion. Figure 1 shows the structure before the blast. The
characteristics are as follows:

(a) Columns:

(i) Dimensions: 35 cm × 35 cm × 300 cm.
(ii) Longitudinal reinforcement: 9 ribbed bars of
𝜙12mm diameter.

(iii) Shear reinforcement: 𝜙6mm diameter bars
every 15 cm.

(iv) Concrete cover: 3.5 cm.

(b) Slabs:

(i) Solid concrete, 22 cm thickness.
(ii) Dimensions of floor slabs: 1100 cm × 1435 cm ×
22 cm.

(iii) Longitudinal reinforcement, top and bottom
layers: according to Table 1 and Figure 2.

(iv) Punching shear reinforcement:𝜙8mmdiameter
bars every 15 cm in a zone of 90 cm × 90 cm
centered in the columns.

(v) Concrete cover: 3.5 cm.

The foundation of the structure was made with a
reinforced concrete slab of 40 cm thickness. The materials
employed in the construction were 25MPa concrete and
500MPa ribbed steel bars. The structure was loaded with

Figure 1: Photograph of the studied structure.

x
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y
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14.35 m

Figure 2: Plan view of test structure, which is symmetric with
respect to 𝑥 and 𝑦 axes. The reinforcement of the shadowed quarter
is defined in Table 1.

sandbags in the overhangs, in an 200 cm × 1435 cm area for
each. The weight of sandbags was 7 kN/m2.

The process of collapse was recorded with a high-speed
camera in the front of the removed column. A reel guide
was 230 cm at the left of central column axis. In this guide
two points were marked (1 and 2), with the 50 cm separation.
The times when two points (A and B) of the first slab
reach points 1 and 2 (Figure 3) were annotated and having
measured the displacement an average velocity was obtained.
The measured displacements and velocities are shown in the
results Section 5.

3. Continuum Finite Element Model

In this model the geometry of the studied structure is
reproduced accurately.The concrete is represented using con-
tinuum elements and the steel with beam type elements in a
segregated manner. The two meshes are overlapped and the
rebar to concrete connection is modeled via the Constrained
Lagrange in Solid [15] feature in LS-DYNA, based on penalty
constraints.

Eight node continuum elements with one Gauss point
and hourglass control are used for concrete in the FE model.
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Table 1: Distribution of reinforcement in a quarter of a slab (Figure 2) of the test structure.

Direction (see Figure 2) Lines and separation Length of reinforcement lines
Top layer reinforcement

𝑥 direction

2 lines @ 14 cm 𝜙10: 𝑥 = 0m to 𝑥 = 2.55m; 𝜙8: 𝑥 = 4.50m to 𝑥 = 7.15m
5 lines @ 14 cm 𝜙12: 𝑥 = 0m to 𝑥 = 2.55m; 𝜙8: 𝑥 = 4.50m to 𝑥 = 7.15m
2 lines @ 14 cm 𝜙16: 𝑥 = 0m to 𝑥 = 2.55m; 𝜙10: 𝑥 = 4.50m to 𝑥 = 7.15m
2 lines @ 14 cm 𝜙10: 𝑥 = 0m to 𝑥 = 2.55m; 𝜙16: 𝑥 = 4.50m to 𝑥 = 7.15m
6 lines @ 14 cm 𝜙16: 𝑥 = 0m to 𝑥 = 2.55m; 𝜙16: 𝑥 = 4.50m to 𝑥 = 7.15m
2 lines @ 14 cm 𝜙12: 𝑥 = 0m to 𝑥 = 2.55m; 𝜙16: 𝑥 = 4.50m to 𝑥 = 7.15m
5 lines @ 14 cm 𝜙12: 𝑥 = 0m to 𝑥 = 2.55m; 𝜙8: 𝑥 = 4.50m to 𝑥 = 7.15m
5 lines @ 14 cm 𝜙10: 𝑥 = 0m to 𝑥 = 2.55m; 𝜙8: 𝑥 = 4.50m to 𝑥 = 7.15m
10 lines @ 14 cm 𝜙8: 𝑥 = 0m to 𝑥 = 2.55m; 𝜙8: 𝑥 = 4.50m to 𝑥 = 7.15m

𝑦 direction

1 line @ 14.5 cm 𝜙16: 𝑦 = 1.00m to 𝑦 = 5.47m
6 lines @ 14.5 cm 𝜙12: 𝑦 = 1.00m to 𝑦 = 5.47m
7 lines @ 14.5 cm 𝜙10: 𝑦 = 1.00m to 𝑦 = 5.47m
23 lines @ 14.5 cm 𝜙8: 𝑦 = 1.00m to 𝑦 = 5.47m
5 lines @ 14.5 cm 𝜙10: 𝑦 = 1.00m to 𝑦 = 5.47m
6 lines @ 14.5 cm 𝜙12: 𝑦 = 1.00m to 𝑦 = 5.47m

Bottom layer reinforcement

𝑥 direction
10 lines @ 15 cm 𝜙10: 𝑥 = 0.55m to 𝑥 = 7.15m
7 lines @ 12 cm 𝜙10: 𝑥 = 0m to 𝑥 = 7.15m
20 lines @ 15 cm 𝜙10: 𝑥 = 0.55m to 𝑥 = 7.15m

𝑦 direction 44 lines @ 15 cm 𝜙10: 𝑦 = 0m to 𝑦 = 3.10m; 𝜙10: 𝑦 = 4.00m to 𝑦 = 5.47m
3 lines @ 15 cm 𝜙10: 𝑦 = 0m to 𝑦 = 5.47m

1

1

B
A

P2

2,3 m
3m

0,5 m

Figure 3: Picture of the points of measure in the slab. 𝑃2 is the half
of the column before it was removed.

An hourglass formulationwith Flanagan-Belytschko stiffness
form of artificial viscosity [16] is used to avoid zero energy
modes of deformation in the underintegrated elements.

The mesh size is composed by 5 cm × 5 cm × 5.5 cm
elements for the slabs and 5 cm × 5 cm × 5 cm elements for
the columns. Every single bar of the steel reinforcement is
reproduced with Hughes-Liu beam type elements using 2 × 2
Gauss points in the cross section and located in the exact
position within the concrete mesh.

The concrete behavior is represented using the Con-
tinuous Surface Cap Model (CSCM) [17] material model

Table 2: Parameters for CSCMmaterial model for concrete.

Parameter Value
Mass density 2300 kg/m3
Unconfined compression strength 25MPa
Maximum aggregate size 19mm
Erode parameter 1.05

implemented in LS-DYNA. This material model is isotropic
and has different response in tension and compression,
three plasticity surfaces (TXE tensile, TOR shear, and TXC
compression), softening in compression, damage in tension,
and erosion formulation for elimination of material. Figure 4
shows the material response for unconfined uniaxial tension
and compression. The damage formulation models both
strain softening and modulus reduction (𝜎𝑑𝑖𝑗 = (1 − 𝑑)𝜎V𝑝𝑖𝑗 )
where 𝑑 is a scalar damage parameter that transforms the
stress tensor without damage (𝜎V𝑝) into the stress tensor
with damage (𝜎𝑑). Damage initiates and accumulates when
strain-based energy terms exceed the damage threshold for
brittle damage (𝜏𝑏 = √𝐸𝜀2max) and ductile damage (𝜏𝑑 =
√0.5 ⋅ 𝜎𝑖𝑗𝜀𝑖𝑗). Elements are eroded when damage exceeds 𝑑 =
0.99 and the maximum principal strain exceeds an erosion
parameter value. The CSCM material model [17] is defined
by the basic parameters shown in Table 2.

The steel behavior is represented using the Piecewise
Linear Plasticity material model (Figure 5), which is an
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Figure 4: Stress-strain diagram for 25MPa CSCM material model.
Unconfined uniaxial tension and compression.
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Figure 5: Stress-strain diagram for 500MPa yield stress Piecewise
Linear Plasticity material model.

elastoplastic material model with hardening, equal response
in tension and compression, and failure when effective plastic
strain reaches the ultimate strain.Thematerial parameters are
shown in Table 3.

Although distinct meshes are employed for concrete and
steel, using continuum and beam type elements, respectively,
their degrees of freedom are coupled with kinematic con-
straints which achieve full deformation compatibility. This
is performed using the option Constrained Lagrange in Solid
within LS-DYNA.

The bases of the columns are fixed and the ground is
modeled as a fixed rigid slab. A penalty formulation is used
for the contact between different parts of the structure, which
considers the collisions between columns, slabs, and the

Table 3: Parameters for Piecewise Linear Plasticity material model
for steel rebars.

Parameter Value
Mass density 7850 kg/m3
Young’s modulus 210GPa
Poisson’s ratio 0.3
Yield stress 500MPa
Tangent modulus 420MPa
Effective plastic strain to failure 0.11

ground. The loads applied on the structure are the gravity
loads caused by the sandbags and the self-weight. The load
of the sandbags in the overhangs is modeled as a vertical
distributed weight of 7 kN/m2 (200×1435 cm each).The self-
weight of the structure is modeled through prescribed gravity
loading applied on the lumped nodal masses.

The initial state of equilibriumunder the permanent loads
is achieved through a dynamic relaxation step [18]. Next, the
half column is eliminated, triggering the collapse process.

The LS-DYNA commands and nondefault used, respec-
tively, for contact constraints, load of the sandbags, self-
weight, and dynamic relaxation are Contact Automatic
General (𝑠𝑠𝑡𝑦𝑝: 2, 𝑚𝑠𝑡𝑦𝑝: 2); Load Segment Set (𝑠𝑖𝑑𝑟: 2,
7000 Pa); Load Body Z (𝑠𝑖𝑑𝑟: 2, 9.8m/s2); Dynamic Relax-
ation (𝑛𝑟𝑐𝑦𝑐𝑘: 250, 𝑑𝑟𝑓𝑐𝑡𝑟: 0.9, 𝑑𝑟𝑡𝑒𝑟𝑚: 0.49, 𝑖𝑑𝑟𝑓𝑙𝑔: −1)

The results obtained with this model are discussed in
Section 5.

4. Structural Finite Element Model

In thismodel shell elements are used to represent the concrete
and the steel is modeled with beam type elements in a
segregated manner. The connection between the rebars and
the shells is performed in the nodeswith an offset formulation
that takes into account the eccentricity of the reinforcement
[19].

The concrete for the slabs and the columns is modeled
with shell elements using twoGauss points through the thick-
ness. The steel rebars are modeled with Hughes-Liu beam
type elements using 2×2Gauss points in the cross section.The
individual rebars included in themodel represent realistically
the actual quantity of reinforcement in the structure.

For the columns 17.5 cm × 15 cm shells are used forming
a section with cross form, with the same mass and inertia as
the real column section (Figure 6).This modeling scheme for
the columns provides a correct representation of the stiffness
and strength under bending and compression, including
nonlinear response and collapse, and includes simultaneously
an active surface on which the blast loads will act in the case
of an explosion event.

The nine bars of the longitudinal reinforcement are mod-
eled independently, located overlapped within the longitudi-
nal column axis, and connected to the nodes of the column
concrete shell elements with the appropriate geometrical
offset.

The shear reinforcement is modeled also independently
with 6mm diameter bars, their nodes being connected with
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(a)

(b)

(c)

Figure 6: Column for structural finite element model: (a) real
geometry of column section, (b) sketch of crossed shells, each
with its corresponding virtual thickness, and with nine longitudinal
bars overlapped at the column axis and their virtual position with
geometrical offset, and (c) detail of model mesh.

the concrete shells at the nodes farther away from the column
axis. Figure 6 shows the real section and the equivalent
section formed by cross shells and offset reinforcement.

The slabs are modeled with flat shell elements of 20 cm ×
20 cm size. The distribution of reinforcement in the slabs
distinguishes between support zone, central zone, top and

Table 4: Parameters for EC2 material model and Mat Add Erosion
formulation for concrete.

Parameters for EC2 material model Value
Mass density 2300 kg/m3
Unconfined compression strength 25MPa
Tensile stress to cause cracking 2.5MPa
Tension stiffening 1.2GPa
Parameters for Mat Add Erosion Value
Minimum principal strain at failure −0.032
Maximum principal strain at failure 0.025

bottom layers, and the two perpendicular directions (𝑥, 𝑦)
in the slab, following the coordinates in Figure 2:

(i) Top layer, equivalent bars:

(a) 𝑥 direction, with 20 cm of separation: 14 lines of
𝜙15.7, 𝑥 = 0m to 𝑥 = 2.60m and 𝑥 = 4.60m
to 𝑥 = 7.20m; 13 lines of 𝜙10.9, 𝑥 = 0m to
𝑥 = 2.60m and 𝑥 = 4.60m to 𝑥 = 7.20m.

(b) 𝑦 direction, with 20 cm of separation: 10 lines
of 𝜙13.4, 𝑦 = 1.10m to 𝑦 = 5.50m; 17 lines of
𝜙9.4, 𝑦 = 1.10m to 𝑦 = 5.50m; 8 lines of 𝜙13.4,
𝑦 = 1.10m to 𝑦 = 5.50m.

(ii) Bottom layer, equivalent bars:

(a) there is no distinction between central and
support zones.

(b) 𝑥 direction, with 20 cm of separation: 27 lines of
𝜙11.5, 𝑥 = 0m to 𝑥 = 7.20m.

(c) 𝑦 direction, with 20 cm of separation: 35 lines of
𝜙11.6, 𝑦 = 0m to 𝑦 = 5.50m.

Additionally, the shells of the slabs near the columns, in
an 80 cm × 80 cm area (4 × 4 shells), are modeled with 4% of
transverse reinforcement to take account of punching shear
reinforcement.

The concrete is modeled using the Eurocode 2 (EC2)
[20]materialmodel implemented in LS-DYNA.Thismaterial
model is isotropic, with different response in tension and
compression, softening in compression, damage in tension,
hardening, and failure.

The steel reinforcement can be included homogenized
with the concrete. This option is only used for the shear
reinforcement of the slabs. This material model does not
include by itself erosion, but this capability may be added
with Mat Add Erosion formulation. Figure 7 shows the
material response for unconfined uniaxial displacement. The
parameters used for erosion were previously calibrated [14,
21] for the mesh size used in order to obtain equivalent
erosion in both finite element models.

The material parameters used are shown in Table 4.
The boundary conditions, contact constraints, and loads

are identical to the continuum model: columns fixed in their
base, the ground as rigid slab, contact between different parts
of the structure, and gravity loads for the sandbags and self-
weight.

The response of themodel is discussed in the next section.
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Figure 7: Stress-strain diagram for 25MPa EC2 material model.
Unconfined uniaxial tension and compression. Material model
without homogeneous steel reinforcement and with 1% of steel
reinforcement.

5. Results and Discussion

5.1. Test Results. Discrete measurements were performed for
material points A and B (Figure 3), as follows:

(i) Point A: position 1 at 0.16 s, position 2 at 0.54 s.
(ii) Point B: position 1 at 0.33 s, position 2 at 0.71 s.
Measuring the position of these two points an average

velocity of 1.3m/s for both is obtained. Unfortunately the
accelerometers that were located on the structure failed, so
the displacement is the only reliable measure. The cloud of
dust caused by the blast prevented reliable measures beyond
one second from the collapse initiation.

5.2. Comparison between Test and Models. Figures 8 and 9
show the comparison between the measured displacements
and velocities and the calculated ones for both the continuum
and structural finite element models. The difference between
points A and B in the calculatedmodels is negligible and only
one curve for both pointsA andB is drawn.Consequently, the
four displacementsmeasured in the test can be represented in
one figure.

Figure 8 shows a good correlation between the four
measured displacements and the displacement histories of
the finite element models.

In Figure 9 the velocity histories of the continuum finite
element model and the structural finite element model are
compared with the measured average velocity, resulting in a
good agreement between average values.

Figures 10, 11, and 12 show the evolution of the structural
collapse, comparing the pictures obtained from the slow
motion videowith themeshes of themodels at corresponding
times.
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Figure 8: Comparison of displacements between finite element
models and test.
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Figure 9: Comparison of velocities between finite element models
and test.

In the first figure, at time 0.6 s, the slabs of the two floors
show a large displacement because of the loss of support of
the removed column. Despite these large displacements only
cracking in the concrete is obtained and the reinforcement
is still capable of maintaining the integrity of the slabs.
The columns also maintain their structural integrity. In the
second figure, at time 1.1 s, the displacements have increased
in the zone of the removed column; the unions between the
slabs and the columns acquire large rotations andbegin to fail.
However, the velocity is still low due to the contribution of the
rest of the structure, and the columns keep their integrity. In
the third figure, at time 2.6 s, the central column located in
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Figure 10: Comparison between test, continuummodel, and struc-
tural model at 0.6 s after column removal.

the back and in the bottom fails due to the additional load it
must support, and the complete structure collapses. Several
unions between slabs and columns fail completely and the
slabs fall independently of the columns. The type of collapse
is the failure of concrete and reinforcement of the slabs in the
center of the structure. As may be observed in the figures, the
global behavior of the structure is adequately represented.

5.3. Discussion. The models used for the reinforced con-
crete structure have proven their capacity to reproduce
the complete process of the progressive collapse. The con-
tinuum finite element model is the most accurate model,
with more precision in the displacement and velocity and
better prediction of concrete failure, especially in the zone
where the columns support the slabs. The structural finite
element model is slightly less accurate than the continuum
finite element model in terms of displacement and velocity.
The local failures are not represented in detail, but it has
enough precision to reproduce accurately the global collapse
phenomenon.The great advantage of structural finite element
model is a much smaller computational cost. Table 5 shows
the comparison between both models in terms of number of
elements, calculation time, andmemory.The structural finite
element model is much more efficient.

Bearing in mind a realistic model for a complete building
would be of much greater size and computational cost, for

Figure 11: Comparison between test, continuum model, and struc-
tural model at 1.1 s after column removal.

the continuum finite element model the computer resources
required render it difficult to afford. On the contrary, the
structural finite element model can be used with moderate
computational cost.

The same conclusion may be reached for analysis of blast
loads on concrete buildings [14] and its subsequent collapse.

6. Conclusions

This paper discusses the modeling of reinforced concrete
structures collapse with explicit finite element models. Two
different methodologies are proposed. The finite element
code LS-DYNA is used in the analysis.

The first type of model uses continuum elements for
concrete and beam elements for reinforcement in a segre-
gated way. The connection between rebars and concrete is
modeled using a penalty formulation (Constrained Lagrange
in Solid). CSCM and Piecewise Linear Plasticity material
models are used for concrete and steel, respectively. Damage
formulation and erosion parameters are shown in Section 3.
Contact constraints, load of the sandbags, self-weight, and
dynamic relaxation formulations are modeled with Contact
Automatic General, Load Segment Set, Load Body Z, and
dynamic relaxation commands of LS-DYNA.

The second type of model uses shell elements for concrete
and beamelements for reinforcement in a segregatedway.The
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Table 5: Computational cost comparison between continuum FE model and structural FE model for four parallel processors Intel(R)
Core(TM) i7-2600 CPU @ 3.40GHz.

Number of elements
Continuum FE model 540,000 continuum elements and 67,000 beams
Structural FE model 8,600 shells and 14,600 beams

Calculation time
Continuum FE model 98 h and 23min
Structural FE model 29min and 24 s

Memory (in LS-DYNA words)
Continuum FE model 192,000,000
Structural FE model 7,500,000

Figure 12: Comparison between test, continuum model, and struc-
tural model at 2.6 s after column removal.

connection between rebars and concrete is modeled using
common nodes of the meshes. EC2 and Piecewise Linear
Plasticity material models are used for concrete and steel,
respectively. Contact constraints, load of the sandbags, self-
weight, and dynamic relaxation formulations are identical to
the continuum model.

Themodeling techniques have been validated through the
comparison with a real scale test of a two-floor structure.The
numerical values formodel parameters are shown in Sections
3 and 4.

Based on the results presented in this paper, the following
conclusions are drawn:

(i) The methodologies used in the two proposed finite
element models have enough precision to reproduce
the global collapse phenomenon in an accurate way.

(ii) The continuum finite element model has a high
precision in displacements and velocities, and in
the prediction of local failures of the concrete. The
structural finite element model has enough precision
with lower computational cost than the continuum
element model and can be used with advantage for
simulation of a large frame-type building.

(iii) For modeling the collapse of full buildings, structural
finite element models with concrete shells including
segregated steel beam elements coupled using com-
mon nodes are recommended.
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A three-dimensional finite element model of a 500 kV high-voltage transmission tower-line coupling system is built using ANSYS
software and verified with field-measured data. The dynamic responses of the tower-line system under different wind speeds and
directions are analyzed and compared with the design code. The results indicate that wind speed plays an important role in the
tower-line coupling effect. Under the low wind speed, the coupling effect is less obvious and can be neglected. With increased wind
speed, the coupling effect on the responses of the tower gradually becomes prominent, possibly resulting in the risk of premature
failure of the tower-line system. The designs based on the quasi-static method stipulated in the current design code are unsafe
because of the ignorance of the adverse impacts of coupling vibration on the transmission towers. In practical engineering, when
the quasi-static method is still used in design, the results for the design wind speed should be multiplied by the corresponding
tower-line coupling effect amplifying coefficient 𝛿.

1. Introduction

High-voltage transmission tower-line systems are impor-
tant lifeline engineering infrastructures, which are vital to
the harmony and sustainable development of society. A
high-voltage transmission tower-line system is composed
of the transmission towers and transmission lines with a
large difference in stiffness between them. Because of their
characteristics, including their geometric nonlinearity and
closely spaced modes of vibration, the dynamic behavior of
transmission lines has significant effects on thewind-induced
vibration response of transmission towers. Damage to high-
voltage overhead transmission lines caused by environmental
impacts, especially by wind-induced vibration, has been an
important issue for engineers and researchers in the power
industry throughout the world [1–8]. Since the introduction
of the first high-voltage transmission lines, this issue has been
studied continually, but reasonable solutions have not yet
been obtained. Transmission line damage caused by strong
winds (the average wind speed at a height of 10m is greater
than 10.8m/s, corresponding to a Beaufort number greater

than 6) still frequently happens. In Argentina, Australia,
Brazil, Canada, Japan, South Africa, and the United States,
more than 80% of the transmission lines damage in these
countries is caused by extreme winds [9]. For example, in
September 1961, Hurricane Carla caused over $1.5 million
in damage to utility companies in Houston, USA [10]. In
September 1989, Hurricane Hugo seriously damaged the
power lines from Guadeloupe Island to Virginia, USA. The
most severely affected area was the Montserrat region, where
all high-voltage and low-voltage transmission lines were
destroyed by the hurricane [11]. On October 1, 2002, typhoon
number 21 landed in Japan and caused severe accidents,
leading to the collapse of the 10 high-voltage transmission
towers in Ibaraki prefecture [2]. In 2005, Hurricane Katrina
landed in the United States and caused outages to 2.9 million
customers. HurricaneWilma also caused 6million customers
to lose power supply [2]. On November 10, 2009, a severe
thunderstorm hit the transmission lines in southern Brazil,
which resulted in the collapse of three transmission lines con-
necting the Itaipu hydropower station to Sao Paulo, causing
power outages across large areas;more than 60million people
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were affected in 12 states in Brazil [12]. China’s situation is not
better. From 1988 to 2009, more than 105,500 kV high-voltage
transmission lines collapsed [2, 3]. Therefore, wind-induced
failure of high-voltage transmission line structures has been
a common issue around the world. The problems uncovered
by the above-mentioned accidents are profound warnings to
the power sector and national security agencies throughout
the world.

Researchers inChina and other countries have performed
experimental research and theoretical analysis regarding the
wind-induced dynamic response of high-voltage transmis-
sion tower-line coupling systems. Using aeroelastic wind
tunnel models, the experimental studies have focused on
the wind-induced response characteristics of tower-line cou-
pling systems [13–19], aerodynamic damping of wires [20],
dynamic tension of ice-covered wires [21], and wind-induced
responses in ice-covered line structures [22–26]. Researchers
have also conducted field dynamic measurement studies of
transmission line structure [27–32], but due to field test
conditions, the existing field tests have mostly focused on
the dynamic characteristics of transmission tower structure
[27–30]. The existing field measurement studies regarding
wind-induced responses of tower-line coupling systems are
still insufficient. At present, finite element analysis is the
most frequently used method for theoretical analysis of
wind-induced vibration responses of transmission tower-line
coupling systems because, compared with wind tunnel tests
and field measurement technology, finite element analysis
not only considers the coupling vibration effect between
transmission towers and cables but also better characterizes
the geometric nonlinear vibration in transmission lines.
Moreover, finite element analysis can be used to conveniently
analyze the wind-induced vibration responses of transmis-
sion tower-line systems under different wind speeds. For
these reasons, finite element analysis has been widely used
in the study of wind-induced vibration of transmission line
structures [33–37]. However, because the test data and the
measured field wind-induced response data are limited, the
applicability of finite element analysis models for tower-line
systems has not been validated. Therefore, building reliable
finite element analysis models for high-voltage transmission
tower-line coupling systems is a common goal.

Due to the increase in power demandworldwide, the volt-
age levels of transmission lines continue to increase. Trans-
mission tower-line systems have gradually been developed to
use larger spans and higher overhead hanging structures, and
thus the wind-induced vibration effect of the transmission
lines has become even more prominent. In contrast, because
of the frequent occurrence of extreme winds associated with
global climate change, the probabilities of large-scale power
outages caused by transmission line trips and tower collapses
under strong winds are further increasing. Therefore, it is
especially important to conduct detailed dynamic analysis
and design of transmission lines to ensure that transmission
towers can operate safely within their design service periods.

At present, the design of transmission tower-line struc-
tures as stipulated in the current codes of most countries
requires that transmission towers and transmission lines
to be designed separately. The adverse impacts of coupling

vibration on the transmission towers in tower-line systems
under the design wind loadings are not considered. Under
the action of fluctuating wind loads, the dynamic tension
of the transmission lines will change continuously, which
may cause the forces of the transmission tower members to
be in a complex stress state and may cause the members
to yield before their designed bearing capacity is reached,
due to dynamic characteristics and failure mode of the
tower changed. Furthermore, the dynamic characteristics
and failure modes [38] of the tower are changed. Therefore,
the study of the coupled vibration behavior of high-voltage
transmission tower-line systems under wind load is of great
theoretical significance. At the same time, it can provide
guidance for the design of transmission line structures.

In recent years, researchers have realized that the effects of
coupling between the towers and lines in transmission tower-
line systems on the dynamic response of the transmission
towers cannot be neglected. It has been suggested that the
disadvantage effect of the coupling between the towers and
lines should be considered when designing transmission line
structures.However, studies of the specific characteristics and
influence of the coupling vibration responses of tower-line
systems under wind load remain limited.

To address the topics discussed above, in this study,
using a 500 kV high-voltage transmission tower-line system
in East China as an engineering example, a finite element
analysis model matching the practical tower-line system is
developed. Based on the wind speed and pressure conversion
theory, the wind speeds recorded on the transmission lines
are converted into wind loads. A finite element analysis of
the wind-induced vibration response of the tower-line system
is conducted. The results are compared with the measured
data to verify the accuracy of the finite element model of
the transmission tower-line system. On this basis, using the
modified Davenport spectrum to simulate the wind speed
time history, the dynamic responses of the transmission
towers in the tower-line system under different wind speeds
are analyzed.The results are comparedwith those provided by
the static calculationmethod stipulated in China’s “Technical
Codes for Designing 110 kV–750 kV Overhead Transmission
Lines” (GB50545-2010) [39]. Based on the results of this
analysis, the ratio of the tower members’ stress in the tower-
line system to the quasi-static stress of themembers of a single
tower is defined as the tower-line coupling effect amplifying
coefficient, 𝛿. The variation in this coefficient under different
wind speeds anddirections is discussed.Aquantitative design
methodology is proposed. The purpose of this study is to
provide technical support for the wind resistance design of
high-voltage transmission tower-line systems.

2. Finite Element Model of High-Voltage
Transmission Tower-Line Systems

2.1. Engineering Background andCalculation Parameters. The
500 kV high-voltage transmission line in this study is located
in Jiangsu Province, China. Along the transmission line, a
tower-line system consisting of 3 transmission towers (towers
numbers 159, 160, and 161) and 2-span transmission lineswere
selected for this study, as shown in Figure 1. Transmission
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Figure 1: A high-voltage transmission tower-line system (tower
number 160).

tower number 160 has a height of 47.1m with cross arm
42m above ground. The spacing between the middles of
number 159 and number 160, crossing a flat field, is 280m,
and the spacing between the middles of number 160 and
number 161, crossing a river with complex terrain, is 380m.
The transmission lines are in two layers. The upper layer is
the lightning wires, and the lower is the electric conductors.
Between number 159 and number 160, the maximum sags
of the lightning wires and electric conductors are 4.3m and
5.6m, respectively, whereas between number 160 andnumber
161, the maximum sags of the lightning wires and electric
conductors are 7.92m and 10.32m, respectively.

The transmission towers are angle steel towers. Their
main members, model, and locations are shown in Table 1.
Themainmembers areQ345 steel, whereas the obliquemem-
bers are Q235. The design parameters of the transmission
lines are shown inTable 2. One end of the porcelain insulators
is hinged at the end of the conductors.The other end is hinged
in the cross arm of the tower.Three umbrella-shaped hanging
insulator strings are used. Each string is composed of 27
pieces, with each piece weighing 12.0 kg. The total length of
string is 4m, the diameter is 330mm, and the total weight is
370.29 kg.

The average wind speed at a height of 10m is 25.3m/s.
This is used as the design wind resistance condition for these
transmission lines.

2.2. The Establishment of the Finite Element Analysis Model.
To accurately calculate the wind-induced vibration response
of the transmission tower-line system, a precise and reason-
able finite elementmodel of themulti-tower-line coupled sys-
tem is required. Zhang [40] numerically studied the finite ele-
ment modeling of transmission tower-line systems using the
ANSYS software package and compared the wind-induced
vibration responses of a four-tower three-wire system with
those of a three-tower two-wire system. The results indicate

Table 1: Parameters of the main members of the transmission tow-
ers.

Number Members
specification Applications in the tower

(1) L180 × 16 Junction connecting insulator and
crossbar, ground bracket

(2) L100 × 10 Low crank arm in tower head
(3) L100 × 8 Tower and tower legs (bottom)
(4) L90 × 8 Tower head

(5) L90 × 7 Tower oblique members, upper crank
arm in tower

(6) L80 × 7 Cross arm

(7) L80 × 6 Tower head, crossbars; tower oblique
members

(8) L70 × 5 Oblique members, connector between
tower head and crossbars

(9) L63 × 5 Tower head, tower oblique members

(10) L56 × 5 Tower oblique members, tower head
bracing

(11) L50 × 5 Tower bracing
(12) L45 × 5 Tower legs (bottom), tower bracing

that the three-tower two-line model can meet the accuracy
requirements for calculation with the lower computational
cost. Therefore, in this study, the ANSYS software package
is still used to establish the spatial finite element analysis
model for the three-tower two-line systembased on the actual
characteristics of the transmission lines.

In the model, the angle steel member in the transmission
tower is simulated using the BEAM24 element. This element
is a three-dimensional thin-walled plastic beam element. All
cross-sections of the beam have tensile, bending, and torsion
bearing capabilities, and the model can simulate the beam
element with any openings. The element has plastic, creep,
and expansion bearing capacities in the axial and customized
cross-section opening directions.Thematerial of the element
is simulated based on a double linear model, as the elastic
andplastic properties are accommodated simultaneously.The
detailed materials parameters are as follows: before the yield,
the elastic modulus is 2.06 × 105MPa, the Poisson ratio is
0.3, and the design yield strength is 310MPa (Q345 steel) or
215MPa (Q235 steel). After the yield, the tangent modulus is
4120MPa.

The transmission line is a typical type of suspended cable
structure. Any given conductor (ground wire) with arbitrary
deflection can be discretized into a series of interconnected
cable elements. After the discretization, the span-to-sag ratio
of each cable element is less than that of the original cable.
Therefore, the small deflection cable theory can be used to
analyze each cable element. There are generally two methods
currently in use to simulate the cable element. In one
approach, the cable element is regarded as a straight bar with
only a tensile force, and all the loads act on the nodes. This
method is comparatively simple andwill work accurately only
when the cable pretension is far greater than the tension
caused by cable deadweight (i.e., the span-to-sag ratio of the
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Table 2: Design parameters of the transmission lines.

Item Diameter
d (mm)

Cross
sectional
area 𝐴 𝑐
(mm2)

Line
density𝑚𝑐
(kg/m)

Elastic
modulus
𝐸𝑐 (MPa)

Average
operating
tension
(N)

Tension
under
design
wind

speed (N)

Rupture
force
(N)

Span 𝐿 𝑐
(m)

Sag 𝑑𝑐
(m)

Electric
conductor 33.6 666.55 2.06 63000 35316 43688 141265 280 (380) 5.6

(10.32)
Lightning
wire 16 152.81 0.639 91100 14275 21929 79306 280 (380) 4.3

(7.92)

Table 3: Parameters of the transmission lines after equivalent processing.

Items Diameter
d (mm)

Density
𝜌𝑐 (kg/m3)

Line density
𝑚𝑐 (kg/m)

Linear load
𝑞𝑐 (N/m)

Initial strain
𝜀𝑐0

Electric conductor 134.4 3090.5 8.24 80.752 0.00084
Lightning wire 16 4182 0.639 6.262 0.0010254

cable element is sufficiently small, often less than 1/12). The
other method is to consider each cable element as a parabolic
cable element, assuming that the vertical load (including
the deadweight) is evenly distributed along the cable span.
Similarly, this method also requires a small rise-to-span ratio
of the cable element, usually less than 1/8. Considering that
the maximum span sag ratio (𝑑𝑐/𝐿𝑐) of the transmission line
in this study is approximately 1/37, much less than 1/12, we
chose the first method to model the transmission line using
the LINK10 element. Each element covers 1m of length. This
element can simulate rod members under axially applied
tension or compressive loadings, and it can also be used to
simulate relaxed suspension or chain structures.This element
also has stress stiffening and geometric nonlinear analysis
capabilities and can thereforemeet the requirements ofmodel
building for transmission lines. The cable span between the
middles of number 159 and number 160 is discretized into 280
LINK10 elements, and the cable span between the middles of
number 160 and number 161 is discretized into 380 LINK10
elements. Compared with the other studies (see Gani and
Légeron [34] and Fei et al. [41]), the mesh is comparatively
intensive.

In practical transmission lines, each phase wire is com-
posed of four-split wires; to simplify the calculations, in the
finite element analysis model, each four-split phase wire is
simplified as one piece of wire, assuming each split wire has
the same windward cross-section, and thus, the operating
tension of this piece of wire should be equivalent to the total
operating tension, and its density should be equivalent to the
averaged density of each split. The parameters of this simpli-
fied transmission line are presented in Table 3.

When establishing the finite element model of the trans-
mission line, it is very important to determine its initial
configuration. On the one hand, the balance equation and
the deformation coordination equation of the transmission
line should be determined based on the catenary theory, to
determine the spatial location of the transmission line. On
the other hand, it is necessary to transfer the transmission
line from the initial stress-free state to the initial load state

in accordance with certain shape-determining methods. The
main methods for determining the cable balance equation
are the catenary theory method and the parabolic theory
method. The former is an exact method, whereas the latter
is an approximate method, but when the span-to-sag ratio of
the cable is less than 1/8, the parabolic theory method also
provides a relatively accurate solution. Because themaximum
span sag ratio (𝑑𝑐/𝐿𝑐) of the transmission line in this study is
approximately 1/37, much less than 1/8, the parabolic method
can be used to determine the initial shape of the transmission
line. Assuming that the vertical load on the transmission line
is evenly distributed along the span, as shown in Figure 2, the
spatial shape equation of the transmission line is

𝑦 (𝑧) =
𝑞𝑐

2𝑇𝑐0
𝑧 (𝐿𝑐 − 𝑧) + Δ 𝑐

𝐿𝑐
𝑧. (1)

In (1), 𝑞𝑐 is the vertical load applied on the transmission
line, with only the transmission line’s own weight being
considered in this study;𝑇𝑐0 is the initial horizontal tension of
the transmission line, 𝑇𝑐0 = (𝑞𝑐𝐿2𝑐)/(8𝑑𝑐); 𝐿𝑐 is the horizontal
span of the transmission line (half the distance between the
two adjacent towers); Δ 𝑐 is the height difference between the
two ends of the transmission line; and 𝑑𝑐 is the sag in themid-
dle of the transmission line. Using the parameters listed in
Tables 2 and 3, the spatial shape equation can be determined.
The initial strain that always exists in the transmission line
results in the existence of the initial stress and the initial
tension within the system. Therefore, the shape-determining
analysis is conducted on the wire element when the finite
element model is built. The purpose is to establish the initial
stress state to ensure that the subsequent analysis results are
correct.

The insulator is simulatedwith the rigid elementMPC184,
with rigid rod properties to simulate the spatial rigid body
motion of the insulator. This choice is made because the
porcelain insulator has higher stiffness than the transmission
lines. The MPC184 element can be used to model a rigid
constraint between two deformable bodies or as a rigid com-
ponent used to transmit forces and moments in engineering
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Figure 2: Diagram of evenly distributed vertical loadings along the
span of the transmission line.

applications. This element is well suited for linear, large-
rotation, and/or high-strain nonlinear applications.

To simplify the analysis, the model of the three trans-
mission towers is built based on the parameters of tower
number 160. The three-dimensional finite element models
of the single tower and the tower-line coupling system are
shown in Figure 3. In themodel, the four nodes at the bottom
of each transmission tower are rigidly constrained, and the
displacement constraints in the 𝑍 coordinate direction are
imposed on the connecting junctures between the transmis-
sion lines and the transmission tower.The single towermodel
has 1971 elements and 839 nodes in total, whereas the tower-
line system model has 9210 elements and 5972 nodes in total,
with 25936 degrees of freedom.

3. Analysis of the Free Vibration of
the Transmission Tower-Line System

In the transmission tower-line coupling system, the tower
and the line work together.The basic dynamic characteristics
of the tower-line system can be obtained based on modal
analysis. The dynamic characteristics include the vibration
mode and frequency. Through modal analysis, the vibration
response of the system when subjected to external excitation
can be predicted.

The free vibrations of the transmission tower and the
tower-line system discussed above are analyzed individually
using the finite element model. The initial 300 orders of
the natural frequency of the tower-line coupling system and
the corresponding vibration modes are analyzed. The first 5
orders in the results are the rigid bodymotion of the insulator
in the system, whose natural frequency is close to zero.Then,
orders 6 to 15 are the vibration of the transmission lines,
whose natural frequency is between 0.232 and 0.323Hz. The
16th, 17th, 19th, 40th, 112th, 119th, 120th, 128th, and 161st
orders represent the overall vibration model of the tower-
line coupling system. The results of the rest of the higher-
order vibration modes are not listed. Among the vibration
models, the 16th-order mode mainly represents the vibration
of the lightning wires and of the transmission towers along
the 𝑧-direction (Figure 4(a)), with a corresponding frequency
of 0.38Hz. The 17th-order vibration mode is the torsion
vibration of the lightning wires and of the transmission
towers (Figure 4(b)), with a corresponding frequency of
0.39Hz.The 19th-order vibrationmode is the vibration of the

transmission lines and the torsion vibration of the transmis-
sion towers (Figure 4(c)), with a corresponding frequency of
0.467Hz. The 40th-order vibration mode also represents the
torsion vibrations of the tower-line transmission lines and the
transmission towers (Figure 4(d)), with a corresponding fre-
quency of 0.724Hz.The 112th-vibrationmode is the vibration
of the transmission lines and of the transmission towers along
𝑥-direction (Figure 4(e)), with a corresponding frequency of
2.228Hz. The 119th-order vibration mode also represents the
vibration of the power transmission lines and of the transmis-
sion towers along the 𝑥-direction (Figure 4(f)), with a cor-
responding frequency of 2.295Hz. The 120th-order vibration
mode is the vibration of the transmission lines and the trans-
mission towers along the 𝑧-axis (Figure 4(g)), with a corre-
sponding frequency of 2.318Hz. The 128th-order vibration
mode is the vibration of the transmission lines and transmis-
sion towers along the 𝑥-direction (Figure 4(h)), with a corre-
sponding frequency of 2.384Hz. The 161st-order vibration
mode is the vibration of the transmission lines and the torsion
vibration of the transmission towers (Figure 4(i)), with a cor-
responding frequency of 3.138Hz.

The results for the natural frequencies and characteristics
of the vibration modes of the tower-line system are listed in
Table 4.When the tower-line coupling system is vibrating as a
whole, the dynamic characteristics of the transmission tower
are pronouncedly different from that of an individual single
transmission tower. The natural frequency of the transmis-
sion tower in the tower-line coupling system is much lower
than that of the individual single tower in the corresponding
vibration direction. In the tower-line system, the vibration
of the transmission tower in the 𝑧- and torsion directions is
more prone to occur at low frequencies, whereas the vibration
in the 𝑥-direction still occurs at high frequencies. In the
tower-line system, the overall vibration of the tower and the
line is characterized by low-frequency, dense-mode vibration,
which is different from the vibration characteristics of a single
tower, demonstrating that, in the design of transmission
tower-line structures, the tower-line coupling effect on the
dynamic characteristics of transmission tower should be
considered.

4. Comparison of Field Measurements
and Finite Element Simulation of
the Wind-Induced Vibration Response of
the Transmission Tower-Line System

4.1. Introduction to the Field Measurements. The anemome-
ters are placed at vertical heights of 10, 20, 28, and 43m
on tower number 160 to record the wind speed on the
different parts of the transmission tower. Three wind towers
were installed between transmission towers number 159 and
number 160. Two ultrasonic anemometers are installed on
each wind tower at heights of 10m and 20m. The 1st wind
tower is 40m from transmission tower number 160, the 2nd
wind tower is 80m from the 1st wind tower, and the 3rd wind
tower is 120m from the 2nd wind tower and 40m from trans-
mission tower number 159. The layout diagram of all wind
instruments is shown in Figure 5. The acceleration sensors
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Figure 3: Finite element analysis model of the high-voltage transmission tower-line system.

Table 4: Comparison of the natural frequencies of the transmission tower-line system and a single transmission tower.

Model
Natural frequency of the
transmission tower in
tower-line system (Hz)

Characteristics of the
vibration of the

transmission tower in
tower-line system

Natural frequency of a
single tower (Hz)

Characteristics of the
vibration of a single tower

(1) 0.38 Bending vibration in the
𝑧-direction 1.7497 Bending vibration in the

𝑧-direction

(2) 0.39 Torsion vibration 2.1481 Bending vibration in the
𝑥-direction

(3) 0.467 Torsion vibration 2.8720 Torsion vibration
(4) 0.724 Torsion vibration 4.1825 Local vibration in the tower

(5) 2.228 Vibration in the 𝑥-direction 5.0337
Coupling vibration in the
𝑧-direction and the tower’s

local vibration

are mounted vertically at different heights on tower number
160, noted as locations A, B, C, and D in Figure 5(a). When
conducting the field measurements, the sampling frequen-
cy of the anemometers is 10Hz, and the sampling frequency
of the acceleration sensors is 100Hz. A total of 165 seconds of
acceleration response were recorded for each sample.

In September 2007, when Typhoon Wipha hit East
China, the measuring equipment discussed above success-
fully recorded thewind speed in these locations and the accel-
eration response of transmission tower number 160 under the
effects of the typhoon. Typhoon Wipha’s strength attenuated
quickly after landfall. Therefore, the average field wind
speeds at heights of 10, 20, and 28m were 6.03, 7.43, and
8.13m/s, respectively. Figure 6 shows a dataset of wind speed
time history recorded by the anemometers at 10 and 20m on
transmission tower number 160. Figure 7 shows the fluctuat-
ing wind speed power spectrum density (PSD) recorded by
anemometers at 20m on the transmission tower and on the
wind tower.

4.2. Calculation of the Wind Load on Various Locations of
the Measured Transmission Lines. To provide the basis for
the finite element simulation of the wind-induced vibration
response of the measured transmission lines, the wind speed
recorded in the fieldmust be converted into thewind loads on
the lines. When calculating the wind loads on the measured
transmission lines for transmission tower number 160, con-
sidering the influence of the change of wind speed along the
height of the transmission tower, as shown in Figure 8, the
tower can be divided into eight sections vertically. The wind
speed recorded by the anemometer at a height of 43m is
selected as the wind speed for sections 1 to 3, that at a height
of 28m is used for sections 4 and 5, that at a height of 20m is
used for section 6, and that at 10m is employed for sections 7
and 8.

The wind loadings on the transmission lines should be
calculated separately in accordance with the actual layout of
the anemometers and wind towers. Because the three wind
towers are installed between transmission towers number
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(b) The 1st-order vibration mode in the tower-line system in the torsion
direction (the 17th-order, 𝑓 = 0.39Hz)

X
X

Side view of tower
number 160

Overall side view

Y
Z Y

Z

(c) The 2nd-order vibrationmode in the tower-line system in the torsion
direction (the 19th-order, 𝑓 = 0.467Hz)
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(d) The 3rd-order vibrationmode in the tower-line system in the torsion
direction (the 40th-order, 𝑓 = 0.724Hz)
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(e) The 1st-order vibrationmode in the tower-line system in the 𝑥-direc-
tion (the 112th-order, 𝑓 = 2.228Hz)
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(f) The 2nd-order vibration mode in the tower-line system in the 𝑥-
direction (the 119th-order, 𝑓 = 2.295Hz)
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(g) The 2nd-order vibration mode in the tower-line system in the 𝑧-
direction (the 120th-order, 𝑓 = 2.318Hz)
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(h) The 3rd-order vibration mode in the tower-line system in
the 𝑥-direction (the 128th-order, 𝑓 = 2.384Hz)
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(i) The 4th-order vibrationmode in the tower-line system in the
torsion direction (the 161st-order, 𝑓 = 3.138Hz)

Figure 4: Vibration modes of the transmission tower-line system.
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Figure 5: Arrangements of wind instruments and acceleration sensors in the field.
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(b) Wind speed time history at a height of 20m

Figure 6: Wind speed data recorded by the anemometers on tower number 160.

160 and number 159, as shown in Figure 5, this span of the
transmission lines can be divided into four sections from
tower number 160 to tower number 159, and the wind loading
can then be calculated section by section. Among them, the
wind speed recorded by the anemometers at a height of 43m
on tower number 160 is used as the wind speed for the 1st
section and that at a height of 20m on the 1st wind tower

is used for the 2nd section; the speed at a height of 20m
on the 2nd wind tower is employed for the 3rd section and
that at a height of 20m on the 3rd wind tower is used for the
4th section. For the transmission lines between transmission
towers number 160 and number 161, no wind-measuring
devices are installed because of the watercourse between
them and the complex terrain conditions. When calculating
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(a) Wind speed PSD at a height of 20m on transmission tower number 160
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(b) Wind speed PSD at a height of 20m on the 1st wind tower
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(c) Wind speed PSD at a height of 20m on the 2nd wind tower
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(d) Wind speed PSD at a height of 20m on the 3rd wind tower

Figure 7: The fluctuating wind speed PSD recorded by the anemometers at each field measuring location of the transmission lines.

the wind loadings on the transmission lines in this section,
the wind speed recorded by the anemometers at a height of
43m on transmission tower number 160 is used.

The wind load applied on the insulators can be calculated
based on the wind speed recorded at the corresponding
height on the transmission towers.

In the matrix of field wind-measuring devices, every ane-
mometer can record the wind speed in the main direction,
the wind speed perpendicular to the main direction, and
the vertical wind speed at its location. Under normal cir-
cumstances, the wind speed in the main direction is much
greater than the speeds in the perpendicular and vertical
directions. Considering that the transmission tower has a
large stiffness, the focus should be on the impact of the
horizontal wind speed, whereas the impact of vertical wind
load can be neglected. For the relatively flexible transmission

lines, the effects of both the horizontal and vertical wind
loads should be considered. Because the angle between the
actual measured direction of the dominant wind and that
of the transmission lines is approximately 106∘, the main
dominant wind speed and the wind speed perpendicular to
the dominant wind direction can be decomposed into the
wind speed perpendicular to the line direction and the wind
speed parallel to the line direction.

After obtaining the wind speed vector, the wind loading
on a unit length of a slender structure can be calculated based
on the method proposed by Dyrbye and Hansen [42]. The
wind load 𝐹(𝑡) on the tower-line structure can be expressed
as follows:

𝐹 (𝑡) = 1
2
𝜌 (𝑈 (𝑧) + 𝑢 (𝑧, 𝑡) − �̇� (𝑧, 𝑡))2 𝐵 (𝑧) 𝐶 (𝑧) . (2)
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Figure 8: Vertical division of sections on transmission tower num-
ber 160.

In (2), 𝜌 is the air density;𝑈(𝑧) and 𝑢(𝑧, 𝑡) are the average
wind speed and the fluctuatingwind speed at height 𝑧, respec-
tively; �̇�(𝑧, 𝑡) is the vibration velocity at height 𝑧; 𝐵(𝑧) is the
height of the structure perpendicular to the wind direction;
and 𝐶(𝑧) is the wind load shape coefficient of the structure at
height 𝑧.

Equation (2) shows that the wind load on the structure
depends on the aerodynamic coupling between the wind and
the motion of the structure. To simplify the analysis, this
study does not consider this coupling effect in the calcula-
tions. Therefore, the wind loading is calculated based on a
quasi-steady hypothesis. Equation (2) can be simplified as
follows:

𝐹 (𝑡) = 1
2
𝜌 (𝑈 (𝑧) + 𝑢 (𝑧, 𝑡))2 𝐵 (𝑧) 𝐶 (𝑧) . (3)

In the detailed calculations, the wind loadings applied on
the transmission towers and each section of the transmission
lines can be calculated based on (3). When calculating the
wind loads on the transmission towers, the towers’ windward
width can be calculated using its windward areas, 𝐴 𝑠. The
windward areas corresponding to each segment of transmis-
sion tower number 160 in Figure 8 are listed in Table 5.

4.3. Finite Element Simulation of the Wind-Induced Vibration
Response of the Field-Measured Transmission Tower-Line Sys-
tem. The analysis of the wind-induced dynamic response of
the transmission tower-line system can be summarized as the
solutions to dynamic equations.

4.3.1. Principles of Calculation. Based on the finite element
analysis method and the boundary conditions, the dynamic
response of the actual transmission tower-line system can
be expressed as the initial solutions of the discrete dynamic
equations

[M] {�̈� (𝑡)} + [C] {�̇� (𝑡)} + [K] {𝑢 (𝑡)} = {F (𝑡)} , (4)

where [M], [C], and [K] are the structure’s mass matrix,
damping matrix, and stiffness matrix, respectively; {𝑢(𝑡)},
{�̇�(𝑡)} and {�̈�(𝑡)} are the structure’s displacement vectors,
velocity vectors, and acceleration vectors, respectively; and
{F(𝑡)} is the wind’s nodal load force vector.

The solution can be discretized in the time domain. The
equation of motion can be divided into the equations of dif-
ferent discrete moments, and through stepwise integration,
the responses of the structure in a series of discrete moments
can be obtained. This method not only considers the non-
linear factors of the structure but also addresses the response
of the different structural modes.Therefore, the calculation is
highly accurate.

When calculating the damping of the transmission tower-
line system, the Rayleigh damping matrix based on the
orthogonal damping assumption is used. It is expressed as

[𝐶] = 𝛼 [𝑀] + 𝛽 [𝐾] , (5)

where 𝛼 and 𝛽 are the system’s mass and stiffness coefficients,
respectively. The equations are as follows:

𝛼 =
2𝜔𝑖𝜔𝑗 (𝜉𝑗𝜔𝑖 − 𝜉𝑖𝜔𝑗)

𝜔𝑖2 − 𝜔𝑗2
;

𝛽 =
2 (𝜉𝑖𝜔𝑖 − 𝜉𝑗𝜔𝑗)

𝜔𝑖2 − 𝜔𝑗2
.

(6)

In (6), 𝜔𝑖 and 𝜔𝑗 are system’s 𝑖th-order and 𝑗th-order cir-
cular frequencies, and 𝜉𝑖 and 𝜉𝑗 are system’s 𝑖th-order and 𝑗th-
order damping ratios. As long as any two modes are deter-
mined, the coefficients 𝛼 and 𝛽 can be calculated.

Because the sampling frequency of the measuring ane-
mometers in the field is 10Hz and the corresponding wind
speed recorded is 165 s, 1650 load steps are designed in the
finite element analysis. The wind loads calculated for each
section of the measured transmission lines are used as input
for the finite element model. The wind-induced dynamic
response of the tower-line coupling system is calculated
using the implicit Newmark-𝛽 stepwise integration method.
The geometrical nonlinearity of the transmission lines is
considered in the calculation. To accurately obtain the high-
order vibration response of the structure, 0.0025 s is selected
as the integral time step, and 66000 loading substeps must be
calculated.

4.3.2. Comparison of Finite Element (FE) Results and Field
Measurement (FM) Values. Figure 9 shows a comparison of
the finite element calculation results with the field measure-
ment results at the locations A, B, C, and D on transmission
tower number 160. The left side is a comparison of the
acceleration time history, and the right side is a comparison of
the acceleration PSD. By and large, the finite element calcula-
tion results are clearly in good agreement with the measured
results. The calculated acceleration time history and the PSD
at location A are in good agreement with the measured
results. At locations B, C, and D, the acceleration time history
results of the finite element analysis are in good agreement
with the measured results. However, the acceleration PSD
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Figure 9: Continued.
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Figure 9: Comparison of the results of the finite element analysis calculation and the field measurements at the different measurement loca-
tions.

Table 5: Windward area of number 160 transmission tower.

Segment
numbering

Actual area (mm2) Projected area (mm2)
Perpendicular to the

transmission line direction
Parallel to the transmission

line direction
Perpendicular to the

transmission line direction
Parallel to the transmission

line direction
(1) 865392 1528774 752023.1 1328632
(2) 1011444 5622524 410159.4 5606444
(3) 1615828 3236466 1597591 3227210
(4) 3293370 4854699 2913509 4847745
(5) 2373116 2373116 2340374 2340374
(6) 5107037 5107037 5036575 5036575
(7) 7623368 7623368 7518187 7518187
(8) 2675226 2675226 2638316 2638316

exhibits relatively large errors, which could occur because
of errors in the loads input or because the responses at
these locations are affected by multiple-vibration-mode in
the structure and by the influence of the measurement
noise.

To vividly compare the results of the finite element anal-
ysis calculation and the measured vibration characteristics in
the field, theHilbert-Huang Transform (HHT)method is used
in this study to identify the measured dynamic response and
the dynamic response calculated by the finite element analysis
method. The frequency and damping results obtained are
listed in Table 6. The vibration frequency in the table is the
main frequency of the structural vibration caused by thewind
load at these measurement locations. Because the vibration
at locations B and C is the cumulative vibration of multiple
vibration modes, only the results of the high-order vibration
models at these two locations are given in Table 6. Table 7
presents a comparison of the maximum acceleration and the
root-mean-square responses at each measurement location.

Table 6 reveals that the vibration frequencies given by
the finite element calculation method in this study are
in agreement with the field measurement values, but the
identified damping ratios from the two methods are quite
different from each other. This difference is mainly because
the Rayleigh damping formula is used in the finite element
analysis, whereas when the actual transmission tower-line
system sustains wind-induced vibration, it is affected not only
by the structure damping but also by the impact of pneu-
matic damping, thereby resulting in larger damping ratio
differences between the finite element analysis and the field
measurements. However, Table 7 presents that the maximum
deviation of the acceleration response at these locations does
not exceed 11%, and the maximum deviation of root-mean-
square response does not exceed 20%, which are acceptable
deviations in engineering practice. Therefore, the finite ele-
ment model for the tower-line transmission system estab-
lished in this study is reliable and can be used to simulate
more engineering cases.
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Table 6: Comparison of vibration characteristics from the finite element analysis and field measurements.

Measurement
location

Vibration frequency (Hz) Damping ratio (%)

Finite element
calculation (a)

Field
measurement

(b)

Deviation
((a) − (b)/(b))

Finite element
calculation (a)

Field
measurement

(b)

Deviation
((a) − (b)/(b))

A 1.98 1.97 0.51% 1.18 1.54 −23.4%
B 5.93 5.62 5.52% 2.61 6.28 −58.4%
C 6.47 6.22 4.02% 1.30 3.00 −56.7%
D 5.41 5.41 0.00% 1.95 2.90 −32.8%

Table 7: Comparison of the maximum acceleration and root-mean-square responses obtained from the finite element calculation and field
measurements.

Measurement
location

Maximum acceleration (m/s2) Root mean square root (m/s2)

Finite element
calculation (a)

Field
measurement

(b)

Deviation
((a) − (b)/(b))

Finite element
calculation (a)

Field
measurement

(b)

Deviation
((a) − (b)/(b))

A 0.1091 0.1125 −3.02% 0.0250 0.0228 9.65%
B 0.1346 0.1212 11.06% 0.0197 0.0228 −13.60%
C 0.0475 0.0438 8.45% 0.007 0.008 −12.50%
D 0.0298 0.0276 7.97% 0.0038 0.0047 −19.15%

5. Comparison of the Dynamic
Response of Transmission Towers in
the Tower-Line System with That of
a Corresponding Single Tower

Transmission tower-line systems are complex coupling sys-
tems. The coupling effect between the towers and the lines
under strong wind has a great influence on the force applied
on the transmission towers. However, the existing design
codes for overhead transmission lines separate the design of
the transmission towers and lines. The wind loads sustained
by the transmission lines are applied as static loads on the
hanging points of the transmission towers, whereas the wind
load adjustment factor is used to approximate the effect
of wind-induced vibration on the transmission lines and
towers.This linear design theory is easily implemented, but it
underestimates the negative effect of the tower-line coupling
vibration on the transmission towers, cannot truly reflect
the loading conditions of the tower-line system under strong
wind loads, and may result in designs that are unsafe. To
quantitatively analyze the effect of the tower-line coupled
vibration on the transmission tower, this section further cal-
culates the dynamic response of the transmission tower in the
transmission tower-line system under different wind speed
conditions. The results are compared with those calculated
based on the quasi-static design method stipulated in the
current design codes for the corresponding single tower.

5.1. Simulation of the Wind Fields in the Transmission Tower-
Line System. Because the wind speed data recorded by the
wind towers in the field measurements are limited, the wind
speed data equivalent to the design wind speed are not
recorded. Therefore, to determine the dynamic response of
the transmission tower-line system under the design wind

speed, to compare it with the response obtained based on the
quasi-static method stipulated in the current design codes,
and to understand the characteristics of wind-induced vibra-
tion in the tower-line system under different wind speeds, the
wind fields of the tower-line system must be simulated.

Based on the description of the basic characteristics of
winds by Simiu and Scanlan [43], we know that the wind
speed at a certain height can be expressed as the sum of the
average wind speed and the fluctuating wind speed.The aver-
age wind is a stable wind that does not change for a certain
period of time. Its cyclic period is longer than the funda-
mental natural vibration period of most structures, and its
loading effect on a structure can be treated as a static load.The
fluctuating wind is characterized by being highly random,
with a cyclic period similar to the fundamental natural vibra-
tion period of a common structure and a dynamic loading
effect on the structure.The fluctuating wind is essentially that
of three-dimensional turbulent winds, including the wind
parallel to the blowing direction, the wind transverse to the
blowing direction, and the perpendicular turbulence. How-
ever, in general, the values of the transverse wind and the
turbulence are relatively small, and they can generally be
ignored in high-rise structures. Therefore, in this study, the
simulation of the wind fields focuses on the simulation of the
wind speed time history of the fluctuatingwind parallel to the
blowing direction.

In accordance with China’s “Load Code for the Design
of Building Structures” GB50009-2012 [44], the terrain
roughness of the measured transmission tower-line system is
category B. The index of terrain roughness, 𝑧0, is 0.24.
According to the long-term survey data collected by the
wind tower array in the field, the turbulence intensity at a
height of 10m is 10%. In this study, the modified Davenport
spectrum is used to simulate the wind speed time history of
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Figure 10: The representative nodal positions of the transmission tower-line system in the wind fields.

the transmission tower-line system. When simulating wind
speed, the sampling frequency, 𝑓, is 10Hz, and the simulated
average wind speeds at a height of 10m are 14, 16, 17, 18, 19,
20, 21, 22, 23, 24, and 25.3m/s. These selected speeds include
the design wind speed and, for engineering purposes, also
strong wind speeds that have high probability of occurring.
Therefore, these speeds can be used to analyze the char-
acteristics of the wind-induced vibration of the tower-line
system under different wind speeds. Because of the large
geometric scale of the actual measured transmission lines, to
simplify the workload of the calculation model, this study
only simulates the wind speed for selected representative
nodes of the tower-line system.The position and distribution
of the representative nodes are shown in Figure 10. The
direction of the fluctuating wind speed in the simulation is
taken as the 𝑥-direction, that is, vertical to the transmission
lines.

Wind speed is simulated at 8 nodal positions along the
vertical direction of each transmission tower. Because of the
large horizontal distance between the transmission towers,
the correlation between thewind speeds at the adjacent trans-
mission towers is weak, and thus only the vertical correlation
is considered when simulating the wind speed time history
of the transmission towers.

For the transmission lines, because the horizontal dis-
tances on either side of the tower-line system are not equal,
to simulate the wind speed, the transmission lines between
transmission towers number 160 and number 159 are divided
into 7 sections, and the lines between transmission towers
number 161 and number 160 are divided into 9 sections. The
height difference between the two ends of the transmission
lines is usually small, and both sides of the transmission lines
satisfy the small sag assumption. Therefore, the difference in
wind speeds caused by the height difference in the transmis-
sion lines can be ignored, and only the horizontal correlation
of the wind speeds is considered. Additionally, the wind is
regarded to be at the same speed between the two represen-
tative nodes of the transmission lines, as shown in Figure 10.

To verify the accuracy of the simulation results of the
wind velocity field, the wind speeds at heights of 10 and 20m
on transmission tower number 160 are also simulated and
comparedwith the fieldmeasurements, as shown in Figure 11.
The simulated average field wind speeds at heights of 10 and
20mare 6.03 and 7.15m/s, respectively. It can be observed that
the simulated results are generally in good agreementwith the
measurement results.

Based on the conditions discussed above, when the design
wind speed, 𝑈10 = 25.3m/s (i.e., the average wind speed at
10m in height is 25.3m/s), is set as the target wind speed,
the wind speed time history at certain representative nodes
in the tower-line system is shown in Figures 12 and 13.
Figure 14 shows the wind speed power spectrum density at
some representative nodes simulated in this study, when the
design wind speed is set as the target. The energy dissipation
region of the wind fields in this transmission line section is in
the 0–0.2Hz frequency band.

5.2. Wind-Induced Vibration Response of the Transmission
Tower in the Tower-Line System under Two Different Wind
Speeds. After the calculations of the wind speed time history,
it can be converted into the wind loads on the tower-line
system based on the method discussed in Section 4.2. The
direction that the wind loads are applied is assumed to be per-
pendicular to the transmission lines (the 𝑥-direction); that is,
thewind angle is 90 degrees. In such circumstances, thewind-
ward members of the transmission tower mainly sustain ten-
sile stress, whereas the leeward side members mainly sustain
compressive stress.

By using the implicit Newmark-𝛽 stepwise integration
method, a transient dynamic time history analysis can be
performed. Because the design wind load is so large that it
might result in inelastic response of the angle members, the
material nonlinearity of the angle members and the geomet-
ric nonlinearity of the transmission lines are accounted for
simultaneously in the analysis. To more accurately determine
the high-order response of the structure, the integration time
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Figure 11: Comparison of the simulated results and the field measurements of wind velocity at heights of 10 and 20m on transmission tower
number 160.

step is set to 0.0025 s. For the input load with a sampling
frequency of 10Hz and a collection period of 150 s, a total of
60,000 load substeps are calculated.

To better understand the calculation results of the wind-
induced vibration response of the tower in the tower-line
system and to compare them with the calculation results of
the corresponding single tower under different wind speeds,
in this section, the measuring positions on transmission
tower number 160 in the tower-line system are described.
As shown in Figure 15, the letter “N” indicates the node,
“E” represents the element, the number after the letter is the
sequence number of the node or element, and the letters
in brackets correspond to the placement locations of the
acceleration sensors on tower number 160 (see Figure 5).

5.2.1. Responses of the Transmission Tower under the LowWind
Speed (𝑈10 = 6.03m/s). Thepresentedwork ismainly focused
on the displacement and acceleration responses on the top of
the tower and on the maximum stress of the tower members.

(1) The Displacement and Acceleration Responses of the Nodes
at the Top of the Tower.The node displacement and accelera-
tion time history responses and the corresponding PSD at the
top of transmission tower number 160 under a wind speed of
𝑈10 = 6.03m/s at two different nodes on the top of the tower
are shown in Figures 16 and 17.

It can be observed from the figures shown above that the
displacement at the top of the tower in the tower-line system
is much greater than that for the corresponding single tower.
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Figure 12: The simulated wind speed time history of the transmission lines between transmission towers number 159 and number 160.

The 𝑥-direction acceleration time history curves indicate that
there is no obvious difference between the tower in the tower-
line system and the corresponding single tower under the low
wind speed (𝑈10 = 6.03m/s), whereas the 𝑧-direction results
differ greatly between the two. From the frequency spectrum
diagrams, we can also see that the tower vibration energy
in the 𝑥-direction is mainly distributed in the frequency
band of 1.8–2.2Hz, which is very close to the fundamental
natural frequency of the corresponding single tower in the
𝑥-direction. However, in the 𝑧-direction, there is a large
difference, indicating that the vibration of the transmission
tower is more complicated in the tower-line system than in
the single tower.

(2) Stress Responses of the Tower Members. The stress time
history and the PSD at several different elements of the tower
in the tower-line system wind speed of 𝑈10 = 6.03m/s are
shown in Figures 18 and 19, respectively.

Figure 18 shows that, under the low wind speed (𝑈10 =
6.03m/s), the maximum stress of multiple members of the
tower in the tower-line system is much less than the material
design yield strength. Figure 19 shows that the maximum
tensile stress (or compressive stress) of the main members of
the tower in the tower-line system is caused by multimode
vibration. The vibration energy is mainly distributed in the
frequency band of 0–0.5Hz, which is far from the funda-
mental natural frequency of the corresponding single tower.
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Figure 13: The simulated wind speed time history at the representative nodes on transmission tower number 160.

The frequency of the peak value of each high-order vibration
model has an approximately multiplying relationship with
the frequency of the peak value of its 1st model. Even the
frequencies of the peaks of some high models also have an
approximately multiplying relation.

5.2.2. Responses of the Transmission Tower under
the Design Wind Speed, 𝑈10 = 25.3m/s

(1) The Displacement and Acceleration Responses of the Nodes
at the Top of the Tower. The node displacement and acceler-
ation time history responses and the corresponding PSD at
the top of transmission tower number 160 under the design

speed wind (𝑈10 = 25.3m/s) at two different nodes at the top
of the tower are shown in Figures 20 and 21.

To demonstrate the influence of wind-induced vibration
on the transmission tower in the tower-line system, the
dynamic steady-state response of the corresponding single
tower under the design wind speed (𝑈10 = 25.3m/s) is also
calculated. Comparisons of the displacement and accelera-
tion responses at the corresponding nodes are presented in
Tables 8 and 9, respectively.

Table 8 reveals that, under the design wind speed (𝑈10 =
25.3m/s), the displacement at the top of the tower in the
tower-line system is much greater than that for the corre-
sponding single tower. The maximum displacement in the
𝑥-direction for the tower-line system is approximately 5.2
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Figure 14: The simulated wind speed PSD on certain representative nodes on the transmission tower-line system.

Table 8: Comparison of the dynamic analysis results of the displacement at the top of the transmission tower for the single tower and the
tower-line system under a wind speed of 𝑈10 = 25.3m/s.

Node number Maximum value Average Root mean square
TL ST TL/ST TL ST TL/ST TL ST TL/ST

𝑥-direction displacement at the top of the tower (m)
727 0.26 0.05 5.2 0.20 0.03 6.7 0.01 0.004 2.5
660 0.20 0.04 5.0 0.16 0.03 5.3 0.01 0.003 3.3

𝑧-direction displacement at the top of the tower (m)
727 0.07 0.0008 87.5 0.02 0.0004 50 0.02 0.0001 200
660 0.04 0.0008 50 0.01 0.0005 20 0.01 0.0001 100
Note. In the table, TL represents the response value of the tower in the tower-line system, and ST represents the response value of the corresponding single
tower.

times that for the single tower. The displacement in the 𝑧-
direction at the top of the tower can be as great as 7 cm,
whereas in the corresponding single tower, this value is close
to 0. The results presented in Table 9 demonstrate that the
maximum acceleration and root-mean-square values in the

𝑥-direction at the top of the tower in the tower-line system
are less than the response values of the corresponding single
tower, whereas the time history curves in Figures 20 and 21
reveal no obvious difference between the two. In addition,
the maximum acceleration in the 𝑧-direction at the top of the
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Figure 15: Measuring locations of the nodes and elements on trans-
mission tower number 160.

Table 9: Comparison of the dynamic analysis results of the acceler-
ation at the top of the transmission tower for the single tower and
the tower-line system under a wind speed of 𝑈10 = 25.3m/s.

Node number Maximum value Root mean square
TL ST TL/ST TL ST TL/ST

𝑥-direction acceleration at tower top (m/s2)
727 1.10 1.98 0.56 0.34 0.50 0.68
660 0.87 1.56 0.56 0.26 0.39 0.67

𝑧-direction acceleration at tower top (m/s2)
727 0.59 0.10 5.9 0.13 0.03 4.3
660 0.45 0.08 5.63 0.09 0.03 3.0
Note. In the table, TL represents the response value of the tower in the tower-
line system, and ST represents the response value of the corresponding single
tower.

tower in the tower-line system is 5.9 times that in the corre-
sponding single tower, and the root-mean-square response
value is 4.3 times that in the single tower.

Similar to the results described in the previous section,
we can also find that, from the frequency spectrum diagrams
in Figures 20 and 21, the main frequency band of the tower
vibration energy in the 𝑥-direction is narrow and the peak
value is close to the fundamental natural frequency of the
corresponding single tower in the 𝑥-direction, whereas the
one in the 𝑧-direction is distributed in a wide range, with
obvious peak values in the lower frequency range.

(2) Stress Responses of the Tower Members. The stress time
history and the PSD at several different elements of the tower
in the tower-line system under the design wind speed (𝑈10 =
25.3m/s) are shown in Figures 22 and 23, respectively.

Figure 22 shows that, under the design wind speed (𝑈10 =
25.3m/s), the maximum compressive stress of multiple
members of the tower in the tower-line system can reach
310MPa, close to thematerial design yield strength. Figure 23

demonstrates that the maximum stress of the main members
of the tower in the tower-line system is caused by multimode
vibration. The vibration energy is mainly distributed in
the frequency band of 0-1Hz, which is also far from the
fundamental natural frequency of the corresponding single
tower. Similarly, the frequency of the peak value of each
high-order vibrationmodel has an approximatelymultiplying
relationship with the frequency of the peak value of its 1st-
model.

To further understand the influence of the vibration of
the transmission lines on the main members of the tower in
the tower-line system, the steady-state time history response
of the main members in the corresponding single tower
under the design wind speed (𝑈10 = 25.3m/s) is calculated
in this section. When calculating the dynamic response of
the corresponding single tower, the wind loads are applied
along the height of the tower, as shown in Figure 8. At the
same time, the deadweights of the conductors, the ground
wires, the insulators, and the fittings are applied on the
hanging points of the tower. In addition, the wind loads
sustained by the transmission lines under the design wind
speed should also be applied on the hanging points of the
tower simultaneously.The stress PSD of themainmembers of
the corresponding single tower is also calculated (Figure 24).

Figure 24 shows that the peak frequencies corresponding
to the stress PSD of elements number 3800 and 3944 in the
single tower are 0.05 and 2.07Hz, respectively. The vibration
energy is mainly concentrated in the mode corresponding
to 2.07Hz, which is very close to the free vibration mode
frequency of 2.1481Hz, caused by the single tower bending
along the 𝑥-direction, indicating that the stress increase in
the members of the single tower is mainly caused by the wind
load and the vibration of the tower itself.

Comparing Figures 23 and 24, the stress PSD of the tower
in the tower-line system is mainly distributed in the range of
0–0.5Hz, and the frequency corresponding to the peak of the
PSD is close to the 1st–4th low-order natural frequencies of
the tower-line system and far from the natural frequency of
the single tower (see Table 4), thus indicating that the stress
increase in the transmission tower in the tower-line system is
mainly caused by the vibration of the transmission lines.

Table 10 presents a comparison of the dynamic stress of
the tower in the tower-line system and the corresponding
single tower under the design wind speed (𝑈10 = 25.3m/s).
The results summarized in Table 10 demonstrate that, under
the same design wind speed, the maximum stress of multiple
members in the tower-line system can reach the design yield
strength of the steel.The stress values in the tower-line system
are much greater than those of the corresponding single
tower. Therefore, under the design wind speed, the transmis-
sion tower in the tower-line system could be destroyed, but
the corresponding single tower remains safe, demonstrating
that the amplifying effect of the dynamic coupling between
the transmission line and the transmission tower in the
tower-line system on the dynamic response of the transmis-
sion tower cannot be neglected.

In general, the coupling effect between the transmission
lines and the transmission tower is the intrinsic property of
the tower-line system. Because of the coupling effect in the
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Figure 16: Steady-state response of Node 727 of the tower under a wind speed of 𝑈10 = 6.03m/s.
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Figure 17: Steady-state response of Node 660 of the tower under a wind speed of 𝑈10 = 6.03m/s.
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Figure 18: Stress time history of the main members of the transmission tower in the tower-line system under a wind speed of𝑈10 = 6.03m/s.
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Figure 19: The stress PSD of the main members of the transmission tower in the tower-line system under a wind speed of 𝑈10 = 6.03m/s.

tower-line system, the vibration of the transmission tower
is more complicated and stronger in the tower-line system
than in the single tower; that is, the coupling effect between
the tower and the lines amplifies the vibration effect on
the transmission tower. Comparing the frequency spectrum
results in Figures 16, 17, 20, and 21, the coupling effect is
less obvious under the low wind speed (i.e., 𝑈10 = 6.03m/s)
than that under the strong wind speed (i.e., 𝑈10 = 25.3m/s).
Although the results shown in Figure 19 demonstrate that

the maximum stress of multiple members of the tower in
the tower-line system contains significant coupling vibration
contributions, the coupling effect is too often neglected due
to the small absolute value of the stress. However, under the
strong wind speed (i.e.,𝑈10 = 25.3m/s), the coupling effect on
the responses of the tower becomes very prominent, resulting
in the potential premature failure of the tower-line system,
which indicates that wind speed plays an important role in
the tower-line coupling effect.
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Figure 20: Steady-state response of Node 727 of the tower under the design wind speed (𝑈10 = 25.3m/s).

5.3. The Comparative Analysis of the Wind-Induced Vibration
Response of the Transmission Tower in the Tower-Line System
and the Quasi-Static Response of the Corresponding Single
Tower. At present, in the structural design of transmis-
sion tower-line systems, the transmission tower is usually

separated from the transmission lines. In the design of a
transmission tower, the quasi-static method is used. In this
method, the wind loads sustained by the transmission lines
are applied to the transmission tower as the external con-
centration force.The influence of the wind-induced vibration
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Figure 21: Steady-state response of Node 660 of the tower under the design wind speed (𝑈10 = 25.3m/s).

of the transmission lines on the dynamic characteristics
of the transmission tower is disregarded. To quantitatively
analyze the influence of the coupled vibration in the tower-
line systemon the structural design of the transmission tower,

based on the design method stipulated in China’s “Technical
Codes for Designing 110 kV–750 kV Overhead Transmission
Lines” (GB50545-2010) [39], in this section, the wind loads
of different strong wind speeds on the transmission lines are
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Figure 22: Stress time history response of the mainmembers of the transmission tower in the tower-line system under the design wind speed
(𝑈10 = 25.3m/s).

applied on the hanging locations of the transmission tower as
external forces.The wind loads on the transmission tower are
again divided into 8 segments, as shown in Figure 10.

The different wind speed conditions in the comparison
include the following: average wind speeds at 10m in height
of 14, 16, 17, 18, 19, 20, 21, 22, 23, 24, and 25.3m/s; to facilitate
the identification of wind speed in the following analysis, the

following symbols are used: 𝑈10 = 14m/s, 𝑈10 = 16m/s,
𝑈10 = 17m/s, 𝑈10 = 18m/s, 𝑈10 = 19m/s, 𝑈10 = 20m/s,
𝑈10 = 21m/s, 𝑈10 = 22m/s, 𝑈10 = 23m/s, 𝑈10 = 24m/s, and
𝑈10 = 25.3m/s, respectively.

In the actual environment, the directions of the wind
loads aremore complex, and various angles between thewind
and transmission lines exist. Therefore, to understand the
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Figure 23: The stress PSD of the main members of the transmission tower in the tower-line system under the design wind speed (𝑈10 =
25.3m/s).

extent of the influence of the complexity of wind directions,
in this section, the wind loads applied perpendicularly to
the transmission line (i.e., wind angle of 90 degrees) is first
calculated and analyzed, and the results are directly compared

to the dynamic calculation results of the tower-line system
discussed previously. Then, wind direction angles of 60, 45,
and 0 degrees (i.e., parallel to the transmission line direction)
are analyzed and compared.
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Figure 24: Stress PSD of the main members of the corresponding single transmission tower under the design wind speed (𝑈10 = 25.3m/s).

Table 10: Comparison of the dynamic stress results of the main members of the transmission tower in the tower-line system with the
corresponding single tower under a wind speed of 𝑈10 = 25.3m/s.

Element number
Stress of transmission tower members (MPa)

Maximum value Average Root mean square
TL ST TL/ST TL ST TL/ST TL ST TL/ST

3682 −310 −78.6 3.9 −246 −55 4.5 15.1 3.3 4.6
3800 251 30.5 8.2 187 27 6.9 15.7 2.9 5.4
3860 −310 −70.5 4.4 −306 −49 6.2 6.7 3.0 2.2
3944 167 41 4.1 113 10 11.3 11.2 3.2 3.5
Note. In the table, TL represents the response value of the transmission tower in the tower-line system, and ST represents the response value of the corresponding
single tower. The minus sign stands for the compressive stress.

5.3.1. Comparison of the Wind-Induced Response of the Trans-
mission Tower in the Tower-Line System and the Quasi-Static
Response of the Corresponding Single-Tower under Different
Wind Speeds. The results of the dynamic analysis of the tower
in the tower-line system are compared with the quasi-static
(QS) calculation results for the corresponding single tower
under different wind speeds. A comparison of the displace-
ments at the top of the tower is presented in Table 11. A com-
parison of the stress results of the tower members is provided
in Table 12.

Tables 11 and 12 reveal that, under different wind speeds,
the displacements at the top of the tower and the stress of
tower members provided by the dynamic analysis of the
tower-line system are greater than those of the quasi-static
method for the corresponding single tower, demonstrating
that coupling vibration between the transmission lines and
the transmission tower occurs. This coupling effect increases
both the lateral displacement of the tower and the axial
compressive stress of the tower members. Therefore, the
coupling vibration effect on the tower should be considered in
the design of high-voltage transmission tower-line systems.

Because engineers are more concerned during the design
process with the internal stress of the transmission tower
members, to facilitate analysis, the ratio of the member stress
of the tower by the dynamic analysis for the tower-line system
and by the quasi-static (QS) calculation for the corresponding
single-tower is defined as the dynamic amplifying coefficient,
𝛿.

As evident fromTable 12, when thewind speed is less than
𝑈10 = 18m/s, at the tower bottom (0m) and on the tower
(a height of 19.8m), the tower-line coupling effect increases
with the wind speed. When the wind speed is greater than
𝑈10 = 18m/s, 𝛿 decreases as the wind speed increases. When
the wind speed reaches 𝑈10 = 19m/s, the maximum axial
compressive stress of the main member on compressive side
of the tower bottom (0m) reaches the design yield strength
(310MPa). When the wind speed reaches the design wind
speed 𝑈10 = 25.3m/s, the maximum compressive stress of
more members reaches or exceeds the yield strength
(310MPa). At still higher wind speeds, 𝛿 decreases with
increasing wind speed, likely because of the redistribution
of the stress after the members yield. As the wind speed
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Table 11: Comparison of the displacements of the tower calculated by dynamic analysis in the tower-line system and the displacement given
by the quasi-static calculations for the corresponding single tower.

Wind speed Node number Displacement in the 𝑥-direction (m) Displacement in the 𝑧-direction (m)
TL QS TL/QS TL QS TL/QS

𝑈10 = 14m/s 727 0.091 0.071 1.28 −0.053 0.001 −53
660 0.070 0.055 1.27 −0.032 0.0002 −160

𝑈10 = 16m/s 727 0.123 0.093 1.32 0.059 0.001 59
660 0.096 0.072 1.33 0.036 0.0004 90

𝑈10 = 17m/s 727 0.145 0.105 1.38 0.080 0.001 80
660 0.112 0.081 1.38 0.050 0.001 50

𝑈10 = 18m/s 727 0.170 0.117 1.45 0.102 0.001 102
660 0.133 0.091 1.46 −0.062 0.001 −62

𝑈10 = 19m/s 727 0.202 0.131 1.54 −0.100 0.001 −100
660 0.157 0.102 1.54 −0.062 0.001 −62

𝑈10 = 20m/s 727 0.192 0.145 1.32 0.116 0.001 116
660 0.150 0.113 1.33 0.070 0.001 70

𝑈10 = 21m/s 727 0.221 0.160 1.38 0.096 0.002 48
660 0.172 0.124 1.39 0.061 0.001 61

𝑈10 = 22m/s 727 0.258 0.175 1.47 −0.211 0.002 −105.5
660 0.201 0.136 1.48 −0.129 0.001 −129

𝑈10 = 23m/s 727 0.286 0.186 1.54 −0.185 0.002 −92.5
660 0.223 0.144 1.55 −0.116 0.001 −116

𝑈10 = 24m/s 727 0.301 0.202 1.49 −0.241 0.002 −120.5
660 0.235 0.157 1.50 −0.151 0.002 −75.5

𝑈10 = 25.3m/s 727 0.426 0.225 1.89 −0.271 0.002 −135.5
660 0.334 0.175 1.91 −0.168 0.002 −84

Note. In the table, TL represents the dynamic calculation results of the tower in the tower-line system, and QS represents the quasi-static calculation results as
stipulated by the design code for the corresponding single tower.

increases, the stress of the main members by the quasi-
static analysis continues to increase but remains within the
elastic range.However, according to the dynamic time history
analysis results, the stress of the corresponding members
in tower-line system approaches or has already reached the
material yield strength, and thus the range of stress increase
is relatively small. Therefore, 𝛿 will decrease as the wind
speed increases.Moreover, the stress distribution of the tower
will result in the yielding of more members, especially the
members near the tower bottom (0m). For these reasons, 𝛿
for the tower bottom (0m) will decrease further compared
with that on the upper tower (e.g., height of 19.8m).

In engineering design, the actual stress of main members
plays decisive role. When the wind speed, 𝑈10, increases
from 14 to 18m/s, even though the increasing magnitude
of the stress of the main members caused by the coupling
vibration effect in the tower-line system is pronounced (the
corresponding 𝛿 value changes from 1.19 to 1.48), Table 12
indicates that the stress remains within the elastic range; that
is, the tower remains safe. In such circumstances, even if
the design is still based on the quasi-static method in the
current design code, the results remain safe. When the wind
speed is in the range of 𝑈10 = 19 to 25.3m/s, the absolute
value of the member stress caused by the effects of the tower-
line coupling vibration is high (the corresponding 𝛿 value is

between 1.39 and 1.06). The stresses of some main members
are approaching or have already reached the material yield
strength, whereas the absolute stress values calculated by the
quasi-static method stipulated in the design code show that
the members remain within the elastic range. Therefore, the
tower-line coupled vibration effect will cause the stress of
the main members in the transmission tower to reach the
material yield strength, even if the wind speed is lower than
the design wind speed. In such circumstances, the design
based on the quasi-static analysis method in the current
design code is not safe. In otherwords, the transmission tower
designed in accordance with the existing quasi-static method
stipulated in the current design code can only nominally
withstand the wind load equivalent to that of the design
wind speed (i.e., 𝑈10 = 25.3m/s), but in practice it can only
withstandwind loads that are less than that of the designwind
speed (i.e., 𝑈10 < 25.3m/s).

Because the quasi-static analysis method in the current
design codes is relatively simple, it is easy for designers
to follow. Therefore, based on the present results, when
designing transmission towers, to accommodate the adverse
effects of tower-line coupling vibration, the results given by
the quasi-static method in design code should simply be
multiplied by the corresponding tower-line coupling effect
dynamic amplifying coefficient, 𝛿. As indicated in Table 12,
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Table 12: Comparison of the stress at the top of the tower calculated by dynamic analysis in the tower-line system and by the quasi-static
calculation for the corresponding single tower.

Wind speed Distance from the
tower bottom (m) Element number

Axial compressive stress of the main members of the transmission tower
(MPa)

TL QS 𝛿 = TL/QS

𝑈10 = 14m/s

0 3682 183.19 154.59 1.19
9 3273 154.57 128.84 1.20
15 2994 106.71 88.53 1.21
19.8 2991 152.40 126.47 1.21
23.4 2882 97.46 78.96 1.23
25.8 2880 115.32 92.15 1.25

𝑈10 = 16m/s

0 3682 221.35 179.40 1.23
9 3273 187.72 150.63 1.25
15 2994 131.50 104.96 1.25
19.8 2991 185.81 148.35 1.25
23.4 2882 121.75 94.06 1.29
25.8 2880 145.17 109.63 1.32

𝑈10 = 17m/s

0 3682 259.80 193.05 1.35
9 3273 222.67 162.63 1.37
15 2994 157.27 114.00 1.38
19.8 2991 222.00 160.40 1.38
23.4 2882 147.30 102.36 1.44
25.8 2880 177.26 119.25 1.49

𝑈10 = 18m/s

0 3682 306.27 207.47 1.48
9 3273 262.84 175.31 1.50
15 2994 187.08 123.55 1.51
19.8 2991 262.94 173.13 1.52
23.4 2882 176.51 111.11 1.59
25.8 2880 214.15 129.40 1.65

𝑈10 = 19m/s

0 3682 310.00 222.94 1.39
9 3273 265.24 188.91 1.40
15 2994 189.66 133.79 1.42
19.8 2991 263.83 186.79 1.41
23.4 2882 175.59 120.47 1.46
25.8 2880 206.87 140.27 1.47

𝑈10 = 20m/s

0 3682 310.01 239.17 1.30
9 3273 276.54 203.18 1.36
15 2994 197.09 144.52 1.36
19.8 2991 276.08 201.12 1.37
23.4 2882 185.27 130.29 1.42
25.8 2880 225.51 151.67 1.49

𝑈10 = 21m/s

0 3682 310.02 256.14 1.21
9 3273 288.76 218.12 1.32
15 2994 206.41 155.75 1.33
19.8 2991 288.17 216.12 1.33
23.4 2882 192.63 140.53 1.37
25.8 2880 232.08 163.58 1.42
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Table 12: Continued.

Wind speed Distance from the
tower bottom (m) Element number

Axial compressive stress of the main members of the transmission tower
(MPa)

TL QS 𝛿 = TL/QS

𝑈10 = 22m/s

0 3682 310.12 273.53 1.13
9 3273 310.05 233.45 1.33
15 2994 258.15 167.26 1.54
19.8 2991 310.03 231.52 1.34
23.4 2882 240.35 150.99 1.59
25.8 2880 289.32 175.70 1.65

𝑈10 = 23m/s

0 3682 310.18 286.04 1.08
9 3273 310.11 244.57 1.27
15 2994 280.94 175.59 1.60
19.8 2991 310.07 242.66 1.28
23.4 2882 265.35 158.47 1.67
25.8 2880 304.39 184.38 1.65

𝑈10 = 24m/s

0 3682 310.18 290.20 1.07
9 3273 310.11 261.25 1.19
15 2994 281.28 188.10 1.50
19.8 2991 310.07 259.40 1.20
23.4 2882 271.52 169.82 1.60
25.8 2880 307.75 197.60 1.56

𝑈10 = 25.3m/s

0 3682 311.69 294.05 1.06
9 3273 310.74 284.45 1.09
15 2994 310.07 205.48 1.51
19.8 2991 310.47 282.72 1.10
23.4 2882 310.00 185.53 1.67
25.8 2880 304.34 215.91 1.41

Note. In the table, TL represents the dynamic calculation results for the tower in the tower-line system, and QS represents the quasi-static calculation results
as stipulated by the design code for the corresponding single tower.

for example, under the designing wind speed (𝑈10 =
25.3m/s), from the bottom to the top of the tower, the 𝛿
value is 1.06, 1.09, 1.51, 1.10, 1.67, and 1.41, corresponding to
the towermembers at heights of 0, 9, 15, 19.8, 23.4, and 25.8m,
respectively. Because the absolute stress value of themembers
near the tower bottom is large, it is the controlling stress of
the design. Therefore, to meet these requirements, the quasi-
static analysis result of the whole tower must be multiplied by
the tower-line coupling effect dynamic amplifying coefficient,
𝛿 (e.g., 𝛿 ≥ 1.06), at the bottom of the tower.

5.3.2. Comparison of theWind-Induced Response of the Trans-
mission Tower in the Tower-Line System and the Quasi-Static
Response of the Corresponding Single Tower under Different
Wind Directions. In the actual environment, different angles
exist between the directions of the transmission lines and
the wind. To analyze the influence of these different wind
directions on the stress of the main members of the tower,
in this section, based on two engineering cases where the
wind speed,𝑈10, is 20m/s and 25.3m/s, the axial compressive
stresses of the main members (see Table 12) are calculated

using the dynamic analysis of the tower-line system under
different wind direction angles (i.e., 90, 60, 45, and 0 degrees).
The results are shown in Figure 25. As the wind direction
angle increases, the axial compressive stress of the main
members of the tower also increases.Therefore, the 90-degree
wind angle creates the most adverse effects.

Because the members near the tower bottom (see
Table 12) are usually dominant in design, the changes of the
tower-line coupling effect dynamic amplifying coefficient, 𝛿,
under different wind directions (i.e., 90, 60, and 45) are also
shown in Figure 26. As the wind direction angle decreases,
𝛿 also decreases, thus indicating that the amplifying effect of
the tower-line coupling vibration is weakened. Overall, as the
wind speed increases, the 𝛿 value curve develops, following a
folding line-like pattern. However, at the design wind speed
𝑈10 = 25.3m/s, the 𝛿 values corresponding to the three wind
directions are approximately equal, indicating that the tower-
line coupling effect dynamic amplifying coefficient, 𝛿, is
more sensitive to wind speed changes. Therefore, the actual
engineering design can be safely completed assuming a wind
direction angle of 90 degrees.
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Figure 25: Comparison of the axial compressive stress of the main members of the tower in the tower-line system calculated using dynamic
analysis under different wind directions.
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Figure 26: Comparison of the 𝛿 results of the members near the tower bottom under different wind speeds and wind directions.

6. Conclusions

In this study, a finite element model for transmission tower-
line systems is established based on actual high-voltage
transmission lines in East China.Thewind-induced vibration
responses of the tower-line system are analyzed using the
established finite element model, and the accuracy of the
finite element model is verified by comparing the results
with field measurements. Based on the wind speed and
wind pressure conversion theory and themodifiedDavenport
spectrum, the wind load time history is simulated. The

dynamic responses of the transmission tower in the tower-
line system under different wind speeds and directions are
analyzed, and the results are compared with those calculated
using the quasi-staticmethod stipulated inChina’s “Technical
Codes for Designing 110 kV–750 kV Overhead Transmission
Lines” (GB50545-2010) for the corresponding single tower.
The following are the main conclusions drawn from this
study:

(1) The coupling effect between the transmission lines
and the transmission tower is an intrinsic property
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of the tower-line system. When the transmission
tower-line vibrates freely as a whole system, the
fundamental natural frequency of the tower is much
less than that of the corresponding single tower in the
corresponding direction, and the overall vibrations
of the tower and the lines are characterized by low
frequencies and dense modes.

(2) Wind speed plays an important role in the tower-line
coupling effect. The wind-induced vibration of the
transmission tower in the tower-line system is more
complicated than that in the single tower because of
the coupling effect. Under the low wind speed, the
coupling effect is less obvious and can be neglected.
However, under the strong wind speed (i.e., the
average wind speed at a height of 10m is greater
than 10.8m/s, corresponding to a Beaufort number
greater than 6), the coupling effect on the responses
of the tower gradually becomes prominent, possibly
resulting in the risk of premature failure of the tower-
line system.

(3) Under the same design wind speed, the stress of the
main members of the tower in the tower-line system
increases more than that of the single tower. The
maximum stress of the multiple members approaches
or reaches the design yield strength of the steel.
However, in the corresponding single tower, the stress
of the members is much less than the design yield
strength of the steel, and the tower remains safe.
Under the same designwind speed, themember stress
increase in the tower-line system is mainly caused
by the vibration of the transmission lines due to the
coupling effect, whereas the stress increase in the
single tower is mainly caused by its self-vibration.

(4) Under a 90-degree wind of varying speeds, the dis-
placement of the tower top and the stress of the main
members are greater than the results of the quasi-
static analysis for the corresponding single tower,
demonstrating that the amplifying effect of dynamic
coupling on the response of the transmission tower
cannot be neglected in the tower-line system. The
member stress in the tower decreases as the wind
direction angle decreases, thus indicating that the
wind direction angle of 90 degrees (perpendicular to
the direction of the transmission lines) is the most
adverse wind direction.

(5) The designs based on the quasi-static method stipu-
lated in the current design code are unsafe because
of the ignorance of the adverse impacts of coupling
vibration on the transmission towers. In practical
engineering, when the quasi-static method in the
specifications is still used, the internal forces of the
tower members given by the quasi-static analysis
under the designwind speed can simply bemultiplied
by the tower-line coupling effect dynamic amplifying
coefficient, 𝛿, to approximate the adverse effects of the
tower-line coupling on the transmission tower. For
instance, the recommended value of 𝛿 is ≥1.06 based

on the design parameters of the tower-line system
presented in this paper. Accordingly, the cross-section
of the tower members should be designed based on
the internal stress adjusted by using the amplifying
coefficient to ensure the safety of the tower.
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With the rapid development of metro system in urban areas, vibration and its impact on adjacent structures caused by metro
operation have drawn much attention of researches and worries relating to it have risen. This paper analyzed the vibration
attenuation and the environment impact by a case study of a subway station in soft ground with adjacent laboratory building.
A method of setting a compound separation barrier surrounding the station is checked and different materials used in the barrier
have been tried and tested through numerical analysis. Key parameters of the material and the effects of vibration reduction are
studied with the purpose that similar methodology and findings can be referenced in future practices.

1. Introduction

In the operation of large-scale metro system in modern
cities around the world, vibration caused by running trains
of metro system and its impact on environment have
become increasingly problematic, especially in big cities with
densely built structures and overcrowded population in both
developed countries and emerging economies. Attentions
of scholars in many countries have been drawn on this
issue and vibration separation and reduction measures to
tackle the subway vibration impact have been studied, among
which barriers are usually assumed to be one of the effective
ways.

Since 1960s, scholars including Barkan et al. [1–9] car-
ried out researches on vibration isolation by barriers and
proposed preliminary strategies relating to it. Qiu et al. [10]
have also conducted relevant researches since 1998 in terms of
efficiencies and environmental impacts of vibration barrier.
Notwithstanding the above efforts, vibration barrier theory
and some findings remain conditionally applicable, partly
due to the complexity of the boundary value problems on
site. Nowadays, researches on vibration isolation by barriers
have been mainly based on numerical methods such as finite

element method and boundary element method, as well as
indoor model tests or in situ tests. Useful findings have
been obtained and some results have also been proposed on
vibration isolation using barrier, but many of them still fall
short of application on site due to insufficient calculation
conditions or incomplete test cases on many occasions.
On the other hand, in most of these researches, single
material was employed in vibration isolation, while there
are very few researches on the effect of using compound
material in vibration isolation though there would be enough
chances for compound material to be beneficial both tech-
nically and economically in vibration separation and reduc-
tion.

In this paper, a case study on vibration reductionmethod-
ology for a subway station in Shanghai is reported, aiming to
answer the need of reducing the vibration impact on a physics
laboratory building in close proximity to the station. The
method includes a vibration separation trench surrounding
the station structure and isolation materials that would
be filled into the trench. The effects of different isolation
materials were checked using numerical analysis and the
results helped to guide the practice of vibration reduction for
subway stations in Shanghai soft ground.
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Figure 1: Layout of Guofan Road station and the adjacent building.

2. Subway Station Studied in This Paper

The station studied in this paper is Guofan Road subway
station, which is under construction in phase two project of
Shanghai Metro Line number 10. Due to the restrictions of
the planning and site selection, Guofan Road station is set
to be located at Songhu Road, and the west side is adjacent
to New Jiangwan Campus of Fudan University, as shown
in Figure 1. Inside the New Jiangwan Campus, there is a
State Key Physical Chemistry Laboratory which is about 50m
away from the subway station. With consideration of strict
vibration requirements for the surrounding environment
needed for laboratory operation,measures have to be taken to
ensure that there will be no adverse effect on daily operation
of the laboratory after the station would be put into service.
So the main issue is how to separate and reduce the vibration
caused by the metro operation in the station.

3. Numerical Study on
Vibration Separation Scheme

3.1. Comparison and Selection of Vibration Reduction Materi-
als. After preliminary studies, it is decided to build a trench
filled with softmaterials surrounding the subway station wall
to separate the vibration for the laboratory. Investigation on
applicable materials that can be used in vibration reduction
shows the following list: sand cushion, soil sandbag, STC
reinforced sand, foam polyurethane, polymer, and foam
concrete. Taking durability and cost aspect into consideration
as well as the effect of reducing vibration, foam concrete and
yellow sand were selected as the filling materials used in the
trench separating Guofan Road station from surrounding
ground. Several combinations of the two materials were
studied in this research to achieve the required vibration
reduction effect, while the cost could be controlled at the
same time.

3.2. Barrier Filling Scheme for the Trench Surrounding the Sta-
tion. In order to work out a reasonable filling scheme for the
barrier to reduce and separate the vibration from the Guofan
Road station, three alternatives were proposed for further

Top slab

First slab
underground

underground

Sand

Second slab
Underground diaphragm

Foam concrete

Bottom slab

wall

Figure 2: Sketch map of Scheme 1.

study, and selection was made based on comparison among
them considering the feasibility of construction, economic
aspect, and the effect of vibration isolation and reduction.
The following part describes the three filling schemes for
vibration reduction materials.

(1) Scheme 1. The space in trench between the side wall of
the station structure and the diaphragm retaining wall will
be filled by foam concrete at the depth of the third level of the
station structure, and the rest space in the trench will be filled
with sand, as shown in Figure 2.

(2) Scheme 2. The space in the trench at the depth of the
second and third levels will be filled with foam concrete and
the rest is filled with sand.

(3) Scheme 3. The space between the station structure’s
external walls and the diaphragm wall are all filled with sand.

During the process of numerical simulation, in order to
acquire a better comparison among potential measures, some
other schemes were added for further analysis. The added
schemes include the following alternatives: all of the trench
filled with foam concrete (Scheme 4); all trench filled with
normal concrete (Scheme 5); and an open-air trench without
any filling material (Scheme 6). Considering that the range
of elasticity modulus of foam concrete is within 40Mpa∼
1200Mpa [11–13], the elasticity modulus is taken as param-
eters together with Poisson ration and the damping ration of
foam concrete, for the purpose of carrying out parametric
study to find out the more effective case. Each group of the
parameters makes up one calculation case and thus there are
six calculation cases altogether, and each of them includes
six schemes of filling barrier material described above. So
comparison between cases will help to decide which kind of
foam concrete is more effective, while comparison between
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Table 1: Calculation cases.

Cases 1 2 3 4 5 6
Parameters of foam concrete𝐸 (Mpa) 40 40 40 40 40 1000𝑐 0.05 0.5 0.95 0.05 0.05 0.05

] 0.21 0.21 0.21 0.31 0.48 0.21

each scheme of a specific case is useful to decide which
scheme is more effective and economical at the same time.
Table 1 shows parameters in calculation cases.

3.3. Numerical Calculation Parameters. Theexcavation depth
of the Guofan Road station is about 23.32mwith the width of
about 21.5m and the length of about 156.5m. The thickness
of the underground diaphragm wall is 1m and its depth is
41.5m. The soil layers encountered during the excavation of
the station are as follows: layerA1, layerB1, layerC, layerD,
and layerE1, whose names are officially designated according
to the sequence they are encountered from the surface to a
deeper layer. Ground at the bottom level of the station is in the
E2 layer. According to the ground investigation report and
the shear wave velocity of Shanghai soil layer in Table 3, the
physical and mechanical parameters of soil layer in Shanghai
can be obtained taking into consideration (1), as is shown
in Table 2. The physical and mechanical parameters of C30
concrete which is used in the subway station, as well as the
parameters of foam concrete, can be referred to Qiu-Huan et
al.’s paper [14]. The parameters of medium sand refer to the
literature [15, 16]. The constitutive relationship of soil, foam
concrete, and medium sand is adopted as Mohr-Coulomb
model, and the parameters are given in Table 3.

𝜆 = ]𝐸(1 + ]) (1 − 2]) ,
𝜇 = 𝐺 = 𝐸2 (1 + ]) ,
𝐸 = ] (3𝜆 + 2])𝜆 + ] ,
] = 𝜆2 (𝜆 + ]) ,

𝐶𝑃 = √𝜆 + 2𝐺𝜌 ,

𝐶𝑆 = √𝐺𝜌 = √ 𝐸2 (1 + ]) 𝜌 .

(1)

It is well known that, in analyzing dynamic problems,
in order to eliminate the adverse effect of the reflection of
the vibration wave on the boundary, the artificial boundary
condition should be set at the boundary. The boundary
conditions for this numerical calculation are viscous-spring
artificial boundaries, which can be referred to Gu et al.’s
[17].
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Figure 3: Acceleration time histogram.

Figure 4: Details of station and location of acceleration.

3.4. Three-Dimensional Model, Applied Excitation, and Mon-
itoring Nodes. The commercial software ABAQUS is used
in this numerical calculation. Considering that the subway
vibration is very small compared to the earthquake wave and
thus no large relative displacement could be caused between
soil and station structure, soil and diaphragmwall, and filling
materials and surrounding structures, so these interfaces
were assumed to be in displacement coordination condition,
namely, binding constraints in the ABAQUS. Station, soil,
diaphragm wall, and filling materials are modeled by solid
element C3D8 in the software. The viscous-spring artificial
boundary is applied to the boundary of the model, and the
measured acceleration time-history at the rail ballast of a
subway station in Shanghai was set to be the input excitation
on the ballast (Figure 3). Based on the above model, filtering
and spectrum analyses were performed. The excitation is
applied by the boundary condition, and the applied position
is shown in Figure 4. The finite element three-dimensional
model with vertical depth of 60m, horizontal length of
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Table 2: Parameters of Shanghai soil.

Soil layers Depth (m) 𝐶𝑆 (m/s) 𝐸𝑑 (MPa) 𝜌 (kg/m3) ] 𝑐 (kPa) 𝜑 (∘)
A1,B1 6.9 101.80 52.43 1902.20 0.33 21 16
C,D 10.6 136.22 84.64 1689.43 0.35 13 12.5
E1 4.8 178.65 155 1710 0.42 16 12.5
E2 13.9 211.21 218 1810 0.35 4 30.5
E3,E4 4.1 275.94 379.68 1888.78 0.32 33 17
G1,G2 4.8 335.61 556.5 1930 0.28 8 32.5
H1 8.9 352.06 589 1800 0.32 23 18
H2 6 376.39 685.1 1860 0.3 24 18.5
Note. 𝐶𝑆 = shear wave velocity; 𝐸𝑑 = dynamic modulus of elasticity; 𝜌 = density; ] = Poisson ratio; c = cohesion; 𝜑 (∘) = inner friction angle.

Table 3: Parameter of foam concrete, medium sand, and C30 concrete.

Materials 𝐸 (MPa) 𝜌 (kg/m3) ] 𝑐 (kPa) 𝜑 (∘)
C30 concrete 30000 2500 0.2 / /
Foam concrete 40 600 0.21 1 15
Medium sand 448 1950 0.3 0.1 38
Note. 𝐸 = modulus of elasticity.

Figure 5: Three-dimensional model of Guofan Station.

112.77m, and the longitudinal length of 8m is established,
as shown in Figure 5. The reason to take 8m in longitudinal
direction is that the longitudinal space of columns is 8m,
and building a 3D model in the whole length of 113.77m
would make computation time too long to be accepted in the
analysis.

Considering the whole calculation model, monitoring
nodes were set from the position of underground diaphragm
wall till the location 60m away from the underground
diaphragm wall, with an interval of 5m roughly between two
neighboring points.

4. Calculation Results and Analysis

4.1. Calculation Results of Cases 1, 2, and 3. As seen from
Table 1, it is clear that case 1 has a low Young’s Modulus of
about 40MPa, a low damping of about 0.05, and a Poisson’s
ratio of 0.21. This case represented a relatively soft foam
concrete. By monitoring the time domain and frequency
domain results of the point, the acceleration level of each
monitoring point can be calculated according to the vibration
evaluationmethod.The relationship between the acceleration
level and the distance from the vibration epicenter under the
condition of case 1 is shown in Figure 6.
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Figure 6: The relationship between the acceleration level and
distance under case 1.

In order to facilitate the comparison among various
results, Scheme 1 is renamed as one layer and Scheme 2 is
renamed as two layers, while Schemes 3, 4, 5, and 6 are
renamed as sand, foam concrete, concrete, and open trench,
respectively. As seen from Figure 6, it is clear that vibration
attenuates with the increase of distance. When the distance
is about 60m away from the vibration epicenter, the acceler-
ation level of all the schemes falls below 45 dB. Comparison
between schemes of case 1 shows that concrete trench scheme
has the biggest vibration and open trench cut the vibration
most effectively. Foam concrete trench performs better than
the other two schemes left, while two-layer scheme is slightly
better than one-layer sand scheme in terms of vibration
reduction.

The relationship between the acceleration level and the
distance under case 2 is shown in Figure 7, which shows a
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Figure 7: The relationship between the acceleration level and
distance under case 2.
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Figure 8: The relationship between the acceleration level and
distance under case 3.

similar trend in case 1. This indicates that change of damping
parameter of foam concrete did not change the calculation
results much.

Figure 8 shows the relationship between the accelera-
tion level and the distance from vibration epicenter under
calculation case 3. Generally speaking, case 3 has a much
bigger damping for foam concrete and thus has slightly
more reduction of vibration especially for all foam concrete
schemes.

4.2. Calculation Results of Case 4. The relationship between
the acceleration level and the distance under the condition 4
is shown in Figure 9. Case 4 is slightly different from case 1
in that its Poisson’s ratio is 0.31, which is slightly larger than
0.21 in case 1. While the general trend is the same as that in
the above three cases, reduction degree seems to be bigger in
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Figure 9: The relationship between the acceleration level and
distance under case 4.
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Figure 10: The relationship between the acceleration level and
distance under case 5.

case 4 than that in case 1. The trend is that open trench has
the highest effectiveness in reducing vibration, while trench
filled with concrete has the highest acceleration level.

4.3. Numerical Result under Case 5. Case 5 (Figure 10) has
the biggest Poisson’s ratio for foam concrete, which is about
0.48. However, the trend among different schemes is the same
as other schemes. Schemes 1, 2, and 4 which represent one
layer, two layers, and no layer of foam concrete performed
almost the same during the construction.

4.4. Numerical Result under Case 6. The relationship be-
tween the acceleration level and the distance under case 6
is shown in Figure 11. This case is another extreme situation,
where the foam concrete’s elastic rigidity is 25 times higher
than other schemes in order to observe the effects of Young’s
Modulus on vibration reduction. It is clear that, in this
case, vibration reduction curve is almost the same as that of
Schemes 1 and 2. It means that stiff foam concrete is not so
good in reducing vibration.
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Figure 11: The relationship between the acceleration level and
distance under case 6.
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Figure 12: The comparison of acceleration between case 1 and case6 in Scheme 1.

4.5. Parameter Sensitivity Analysis

4.5.1. Effect of Foam Concrete’s Elasticity Modulus. The elas-
ticity modulus of foam concrete is affected by the fabrication
process, foaming agent, and other factors and will change
within a larger range. Figures 12–14 checked the trends
how the elasticity modulus of foam concrete influences the
vibration reduction.

From Figures 12–14 it can be seen that the vibration
reduction effect becomes lower as the elasticity modulus
of the foamed concrete increases. This is because, with the
increase of the elasticity modulus of the foam concrete, its
wave impedance and wave impedance ratio both increase.
The vibration reduction effect of different foamed concrete
in Scheme 1 and Scheme 2 is slightly different, but there
is a significant difference in Scheme 4. From Figures 6 and
11, it can be seen that when the elasticity modulus of the
foam concrete increases, the difference in vibration reduction
effect in Schemes 1, 2, and 3 basically disappeared. Besides,
the wave impedance of foam concrete is closer to that of
sand, meaning that when wave impedance ratio of materials
is close, its vibration reduction effect is quite similar.
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Figure 13: The comparison of acceleration level between case 1 and
case 6 in Scheme 2.
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Figure 14: The comparison of acceleration between case 1 and case6 in Scheme 4.

4.5.2. Effect of Foam Concrete’s Poisson Ratio. In accordance
with knowledge about wave impedance and wave impedance
ratio, material’s vibration reduction effect depends on these
two parameters.The calculation of wave impedance is related
to density, elasticity modulus, and Poisson Ratio of the mate-
rial. The influence of the elasticity modulus of the concrete
has been analyzed in the previous section. Since density
of material can be uniquely determined, the effect degree
of Poisson Ratio on the vibration reduction can thus be
discussed here. The relationships between the acceleration
level and the distance in Schemes 1, 2, and 4 under case 1,
case 4, and case 5 are shown in Figures 15–17.

As can be seen from Figures 15–17, the change in Poisson’s
ratio of foam concrete has no significant effect on the vi-
bration reduction effect in Schemes 1, 2, and 4. The wave
impedance ratio under cases 1, 2, and 3 is very close, and
the relation curve of acceleration level and the distance is
basically coincident.

4.5.3. Effect of Foam Concrete’s Damping Ratio. The effect of
wave impedance ratio on the vibration reduction has been
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Figure 15: The comparison of acceleration level among cases 1, 4,
and 5 in Scheme 1.
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Figure 16: The comparison of acceleration among cases 1, 4, and 5
in Scheme 2.

analyzed in the previous two sections, and this section
mainly examines the effect of damping ratio on the vibration
reduction. Damping ratio of material is generally between 0
and 1, where the damping ratio of the foam concrete has been
set, respectively, to be 0.05, 0.5, and 0.95, and the calculation
results under cases 1, 2, and 3 are shown in Figures 18–20.

It can be seen from Figures 18–20 that, with the change
of the damping ratio in Scheme 1 and Scheme 2, the relation
curve of the acceleration level and distance has no significant
difference, which means that the change of the damping ratio
has little effects on vibration reduction. As for Scheme 4, the
bigger the damping ratio of the foamed concrete, the better
the vibration reduction effect, but the difference is not that
large, which indicates that the damping ratio has only slight
effect on the vibration reduction.
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Figure 17: The comparison of acceleration level among cases 1, 4,
and 5 in Scheme 4.
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Figure 18: The comparison of acceleration level among cases 1, 2,
and 3 in scheme 1.

It can be seen from the relation curve of acceleration
level and distance from vibration epicenter in Figures 6–10
that, for Guofan Road station whose structure is surrounded
by separated retaining wall, the vibration can be reduced
by the trench between station structure and underground
diaphragm wall, and the reduction effect is best with an
open trench. The vibration reduction effect of the trench
filled with foam concrete is obviously better than the trench
filled with concrete; namely, Scheme 4 is obviously better
than Scheme 5. The greatest reduction of acceleration level of
the underground diaphragm wall is up to 14 dB, the average
is about 8 dB, and the acceleration level decay is 9.4%. In
addition, the vibration reduction effect in Scheme 1, Scheme2, and Scheme 3 is better than that of Scheme 5 butworse than
that of Scheme 4. The vibration reduction effect in Scheme
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Figure 19: The comparison of acceleration level among conditions
1, 2, and 3 in Scheme 2.
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Figure 20: Comparison of acceleration level among cases 1, 2, and3 in Scheme 4.

2 is slightly better than that in Scheme 1, and the vibration
reduction effect in Scheme 1 is slightly better than Scheme 3,
with about 2 dB decrement of acceleration level.

For this project, by filling vibration reduction material
into the gap trench between station structure and under-
ground diaphragm wall, vibration reduction and separation
can be achieved. Severalmaterials have been checked on their
effect of reducing vibration and different parameters were
considered. In this case where the gap trench is surrounded
by concrete which has large wave impedance, filling in
the trench with foam concrete which has relatively small
wave impedance is most effective in reducing and separating
vibration from the ground. In this meaning, Scheme 4 is
the best filling scheme and can achieve a good vibration
isolation and reduction effect. However, considering the
balance between vibration reduction effect and the cost or

construction feasibility, one-layer scheme (Scheme 1) turned
out to be the best one.

Based on the above analysis, Scheme 1 has been adopted
in the design and construction work for Guofan Road station
project. Further field measurement data is highly expected
after the service start.

5. Conclusion

In this paper, the vibration separation and reduction effect
of compound materials filled in a trench has been discussed
in the scope of Guofan Road station in Shanghai Metro Line
10, phase two project. Foam concrete and sand materials are
considered as barrier materials. Elasticity modulus, Poisson’s
ratio, and damping ratio of foam concrete are taken as
sensitive parameters influencing the reduction effect, and
series of numerical analysis have been conducted on different
conditions to analyze their vibration reduction effect. The
conclusions are as follows:

(1) Separation trench surrounding subway station struc-
tures is effective in separating vibration of the station
from adjacent environment. Foam concrete and sand
can act as barrier materials.

(2) In this project, when elasticity modulus, Poisson
ratio, or wave impedance ratio of the foam concrete
increases, the vibration reduction effect is lowered.

(3) The changes of Poisson ratio show little influence on
foam concrete’s wave impedance and vibration reduc-
tion.
The damping ratio of foam concrete has an impact on
vibration reduction but the impact is not obvious.

(4) The barrier should be composed of a material with
significant vibration reduction effect. When the bar-
rier consists of two kinds of materials with differ-
ent vibration reduction effect, the reduction effect
depends on the material with the lower vibration
reduction effect, and the combined effect will be
obviously lowered.
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To investigate the progressive collapse behavior of Steel ReinforcedConcrete (SRC) column-steel beamhybrid frame after the failure
of key structural elements, a PQ-Fiber model for an 8-storey structure is established in ABAQUS program. Nonlinear dynamic
and static pushdown analysis are carried out after the failure and removal of the bottom-middle and bottom-corner columns.
Numerical results of both methods agree well with each other. Results show that SRC column-steel frame has good resistance to
progressive collapse under dynamic instantaneous load. After sudden removal of a bottom middle column, the development of
structural collapse exhibits two mechanisms, the beam mechanism and the catenary mechanism. When the structure is within
small deformation range, the collapse resistance of the residual frame is provided by the beam bending moment capacity, which is
beam mechanism. For large deformation situation, the collapse resistance is mainly provided by the beam tensile strength, which
is catenary mechanism. However, with the removal of a bottom corner column, the residual structure only undergoes the beam
mechanism even for large deformations. For future practical applications, the influence of the steel ratio, steel section size, and the
vertical position of the removed key components are investigated through a detailed parametric study.

1. Introduction

After the progressive collapse of the Ronan Point apartment
due to gas explosion in London in 1968 [1], the structure
progressive collapse behavior has attracted great interests
from designers and researchers. ASCE07-05 [2] defined the
progressive collapse behavior as the spread of an initial local
failure between members, eventually resulting in collapse
of large part or even entire of the structure. Apart from
the United States, Britain, and Europe, other countries and
regions also introduced the corresponding structure progres-
sive collapse design specifications [2–7].

Many experimental and theoretical studies on the pro-
gressive collapse behavior of reinforced concrete frame and
steel frame have been reported, including structural collapse
mode and dynamic increasing factor. Tsai and Lin [8] con-
ducted nonlinear static and nonlinear dynamic analyses on
the progressive collapse behavior of the reinforced concrete
building subjected to column failure. By using alternate path
methods, J. Kim and T. Kim [9] studied the progressive

collapse-resisting capacity of steel frame. The results showed
that the progressive collapse risk was highest when a corner
column was suddenly removed. For practical applications,
Liu [10] proposed an empirical formula through calculating
the dynamic increasing factor (DIF), which can be used with
nonlinear static analysis to assess the potential of progressive
collapse for steel frames. Masoero et al. [11] presented an
analytical model for the collapse of a 2D frame after column
removal, which could be used to estimate the loads of collapse
initiation. Based on DOD2010 [3] design process Liang et al.
[12] investigated the progressive collapse behavior of a three-
storey steel frame structure which was designed according to
Chinese Design Code. Yi et al. [13] conducted a quasi-static
test method to analyze the progressive collapse process of
a RC frame structure after the failure of one of the bottom
columns. Li et al. [14] conducted a nonlinear static pushdown
analysis on the progressive collapse bearing capacity of the
whole cast-in-place reinforced concrete frame loaded under
different seismic intensities. The results showed that the
seismic design improved the progressive collapse capacity of
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Figure 1: Finite element model of a hybrid frame.

the frame structure under the beam mechanism but has a
limited increase when the structure is under the catenary
mechanism. Fascetti et al. [15] proposed a new procedure
from nonlinear static and dynamic analyses to evaluate the
robustness of RC frame to progressive collapse after a sudden
loss of vertical load carrying.

From the above literature, it can be seen that the current
theory or experiment studies on progressive collapse are
mostly about reinforced concrete structures (RC) and steel
structures. In practical engineering, other than just steel
structure or RC structures, more and more hybrid structures
are developed to meet higher requirement of structure dura-
bility, performance, and economic and other aspects. A type
of hybrid frame which consists of Steel Reinforced Concrete
(SRC) column and structural steel beam is one of the widely
used hybrid structures. It was proved to have good seismic
performance and economic advantages compared with just
structure steel frame or RC frame structure. However, there
is little research on the progressive collapse ability of this SRC
column-steel beam hybrid frame structure. It is most likely to
occur under occasional impact loads such as explosion.

This paper addresses the progressive collapse behavior of
SRC column-steel beam hybrid frame. An 8-storey hybrid
frame structure was designed according to the current Seis-
mic Code of China, and the pushdown analysis was carried
out by using alternate pathmethod under the occasional load.
Based on the analysis results, the progressive collapse ability
and collapse mechanism of the hybrid frame were studied,
and the influence of the parameters such as the steel ratio of
SRC column, steel section size, and the vertical position of
removing key components were also investigated.

2. Calculation Method and Verification

2.1. FEMModeling of Steel Reinforced Concrete (SRC) Column-
Steel Beam Hybrid Frame Structure. In this study, ABAQUS
program was employed for structure analysis. The hybrid
frame components are all modeled by the two-dimensional
plane element. This type of unit allows shear deformation,
and takes into account the limited axial strain. The finite
element model of a hybrid frame is shown in Figure 1. The
reinforcing bars are defined by the ∗ rebar keyword, and the
number, position, and size of the each rebar are modeled

Figure 2: Discretization of the steel in the SRC column.

fc,r

ft,r



cuc,r

t,r

0.5fc,r

Figure 3: Stress-strain curve of concrete.

according to the actual situation.The steel in the SRC column
will be separated into several steel fibers, as shown in Figure 2.

The concrete 03 in PQ-Fiber was used for the concrete
constitutive model. This model is based on the concrete
skeleton curve in current Chinese Code [16], in which the
tensile strength of the concrete model can be considered.
The stress-strain curve (Figure 3) of concrete under uniaxial
tension can be determined by (1a), (1b), (1c), and (1d).

𝜎 = (1 − 𝑑𝑡) 𝐸𝑐𝜀, (1a)

𝑑𝑡 =
{{
{{
{

1 − 𝜌𝑡 [1.2 − 0.2𝑥5] 𝑥 ≤ 1
1 − 𝜌𝑡
𝛼𝑡 (𝑥 − 1)1.7 + 𝑥

𝑥 > 1, (1b)

𝑥 = 𝜀𝜀𝑡,𝑟 , (1c)

𝜌𝑡 = 𝑓𝑡,𝑟𝐸𝑐𝜀𝑡,𝑟 , (1d)
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where 𝑑𝑡 is tensile damage evolution parameters of concrete,
𝛼𝑡 is decreasing parameters of concrete tensile constitutive
curve, 𝑓𝑡,𝑟 is uniaxial tensile strength of concrete, 𝜀𝑡,𝑟 is the
concrete strain corresponding with 𝑓𝑡,𝑟 , and the parameter
values in the formula are taken as in Chinese Code.

The stress-strain curves of concrete under uniaxial com-
pression (Figure 3) can be determined by (2a), (2b), (2c), (2d),
and (2e):

𝜎 = (1 − 𝑑𝑐) 𝐸𝑐𝜀, (2a)

𝑑𝑐 =
{{
{{
{

1 − 𝜌𝑐𝑛𝑛 − 1 + 𝑥𝑛 𝑥 ≤ 1
1 − 𝜌𝑐
𝛼𝑐 (𝑥 − 1)2 + 𝑥

𝑥 > 1, (2b)

𝜌𝑐 = 𝑓𝑐,𝑟𝐸𝑐𝜀𝑐,𝑟 , (2c)

𝑛 = 𝐸𝑐𝜀𝑐,𝑟𝐸𝑐𝜀𝑐,𝑟 − 𝑓𝑐,𝑟 , (2d)

𝑥 = 𝜀𝜀𝑐,𝑟 , (2e)

where 𝑑𝑐 is the compressive damage evolution parameter, 𝛼𝑐
is decreasing parameters,𝑓𝑐,𝑟 is uniaxial compressive strength
of concrete, and 𝜀𝑐,𝑟 is the concrete strain at peak stress. The
parameter values in the formula are taken as in Chinese Code
[16].

USTEEL02 model of PQ-FIBER is used for the consti-
tutive model of steel and rebar. Figure 3 shows the uniaxial
stress-strain curve, where 𝑘 is the hardening stiffness coeffi-
cient which represents the ratio of the second stage stiffness
and the elastic modulus of the steel and is taken as 0.01 in this
model.

In order to verify the applicability of the modeling in
ABAQUS program of the SRC column-steel beam hybrid
frame, the seismic behavior of the hybrid frame experiment
conducted by Li and Zhao [17] was simulated. A one-way
horizontal load is applied to the planar frame in the finite
element model in Figure 1, with the analysis results shown
in Figure 5. It indicated that the rigidity of the analysis curve
is consistent with the stiffness of the test curve in the elastic
stage. Beyond elastic stage the analyzed stiffness is slightly
larger than the test value. The main reason is that the load on
the structure in experimental test is cyclic load, while in the
analysis it is monotonically horizontal load. Another possible
reason is that the slip between the steel section and the
concrete is not considered in the simulation, hence resulting
in a faster drop in stiffness value than the tested value.
However, it can be concluded that the two curves fit well.

The good agreement between the FEM method and the
experimental results shows that it is feasible to carry out
the elastoplastic simulation analysis to the SRC column-steel
beam hybrid frame in the ABAQUS with PQ-FIBER.

2.2. Direct Dynamic Analysis. The straightforward progres-
sive collapse capacity analysis of a frame is dynamic analysis
on the remaining structure under the instantaneous load

from the force redistribution due to sudden collapse or failure
of one column (Khandelwal and El-Tawil, 2011 [18]). How-
ever, the direct dynamic analysis method is time consuming
and the massive data obtained during the analysis is not easy
to interpret into design procedure. In this paper, a simplified
pseudostatic analysis method is proposed to analyze the
remaining structural system through applying a downward
static load at the column collapsing point to represent the
unbalanced reaction force from the column. This method is
also named pushdown method. The direct dynamic analysis
method here will be used as verification for the presented
pushdown method.

2.3. Pushdown Method (Nonlinear Static Analysis). For the
model considered in this paper, the material nonlinearity
of steel and concrete needs to be considered in the analysis
due to the large deformation estimated. In addition, due
to the large number of elements involved in this model,
the displacement-controlled nonlinear static method will be
employed to improve the efficiency and accuracy of analysis.
The structure dynamic effect will be considered and the
dynamic increasing factor will be investigated.

In accordance with DOD2010 [3] and GSA2003 [4], after
some structural components are removed and the initial
destruction occurs, the residual structure damage is allowed.
However, this damage should be restricted to avoid the
progressive collapse damage in the residual structure.There is
also a need to analyze the capacity of the remaining structure,
and its progressive collapse ability.

According to US specification GSA2003 [4], if using the
alternate load path method for progressive analysis, some
of the specific vertical load-bearing components of structure
need to be removed, and the overall structure damage should
be controlled within the specified allowable range. In this
paper, nonlinear static pushdown analysis of SRC column-
steel beam hybrid frame is carried out using this method,
removing SRC columns here in our case. In the pushdown
analysis process, load is gradually applied to the structure
and increased until the damage occurs.Then the relationship
between structural resistance and deformation is able to be
obtained, which will be used to determine the progressive
ability of the structure.

Specifically in the ABAQUS program, the failure com-
ponent is firstly removed by using life and death unit
method, which can be achieved by the command of ∗
MODELCHANGE, TYPE = ELEMENT, REMOVE.Then the
linear loadwill be gradually applied to the beamuntil the final
destruction of the structure.

As a verification pushdown method is used to simulate a
1/3 reinforced concrete frame experiment, which is designed
according to the reinforced concrete design specification [13].
The gradual failure of the column in the bottom of the
frame (Figure 6) is simulated by decreasing the load which
was applied by jack. Based on concrete material model (the
PQ-Fiber unit, in Figure 3) and steel constitutive model
(Figure 4), the above-mentioned experimental progressive
process was simulated by ABAQUS program. The middle
column unloading force-unloading displacement curves of
experimental and simulation are shown in Figure 6. It can be
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Figure 4: Stress-strain curve of steel.
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Figure 5: Load-displacement curve of SRC hybrid frame.

seen from the figure that the simulation results of both the
elastic section and the plastic section are in good agreement
with the experimental results, which shows that the progres-
sive collapse of the structure can be effectively simulated, and
the PQ-FIBERmodel can be used to simulate the progressive
collapse behavior of concrete.

Assuming the relationship between applied load 𝐹𝐹𝐿 and
the vertical deflection𝑦 at the collapse columnpoint obtained
from above static analysis is

𝐹𝐹𝐿 = 𝑓 (𝑦) . (3)

The maximum dynamic displacement 𝑦𝑑 after considering
the impact effect due to sudden collapse of the column can
be obtained through solving the following equation:

𝐹𝐹𝐿𝑦𝑑 = ∫
𝑦
𝑑

0
𝑓 (𝑦) 𝑑𝑦, (4)

where the 𝐹𝐹𝐿𝑦𝑑 on the left side of the equation means the
work down by the applied load 𝐹𝐹𝐿, and the integral term
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Figure 6: Load-displacement curves of pushdown analysis and test
results.

∫𝑦𝑑
0
𝑓(𝑦)𝑑𝑦 on the right side means the deformational energy

stored in the structure. Considering the damping effect, the
maximum dynamic displacement 𝑦𝑑 can be expressed as

𝑦𝑑 =
[1 + 𝑒−𝜉𝜋] 𝑦𝑑
2 , (5)

where 𝜉 is the damping ratio for the system, 𝜉 = 0.02 for
steel structures, and 𝜉 = 0.05 for concrete structures. For the
hybrid structure in this paper, 0.02 is used for damping ratio
for conservative analysis.

In order to make the analysis result more clear, this paper
adopts the concept of the load resistance coefficient proposed
by Khandelwal and El-Tawil [18], which was defined as the
ratio of the vertical incremental load on the beam to the
normal load on it, as shown in the following formula:

𝐹𝑂𝐿 = 𝐹𝐹𝐿𝐹𝑂 , (6)

where 𝐹𝑂𝐿 is the load resistance coefficient, 𝐹𝑂 is initial
axial force in the collapsed column, and 𝐹𝐹𝐿 is the vertical
incremental load on the beam.

Considering (6), (4) can be normalized as

𝐹𝑂𝐿𝑦𝑑 = ∫
𝑦
𝑑

0
𝑓𝑂𝐿 (𝑦) 𝑑𝑦, (7)
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Figure 7: The planar arrangement of the hybrid frame structure.

where 𝑓𝑂𝐿 is the static relationship function between load
resistance coefficient and vertical displacement at the collapse
column point.

According to DOD2010 [3], the subsequent destruction
of structural residual components should be strictly limited,
which means that the residual structural components cannot
exceed the ultimate plastic deformation of the component.
In this paper, the progressive collapse failure criterion of the
structure followsDOD2010 [3] requirement and the displace-
ment difference at both ends of the steel beam is limited to
1/10 of span.

As for the removal of key components in progressive
collapse analysis, GSA2003 [4] suggested four types of typical
bottom frame columns, including internal columns, mid-
column in long side, mid-column in short side, and corner
columns. DOD2010 [3] also requires removal of the side
column of the upper structure. This is because the bottom
columns are more likely to have accidental loads, while the
upper side columns are more likely to be exposed to gas
explosion and the impact of flying objects. According to Chi-
nese progressive collapse specification, bottom columns and
upper floor columns where the cross sections change are the
key components to be removed.

In this paper, pushdown analysis will be carried out by
removing the bottom corner column and themiddle column.
Their effect on structure progressive collapse behavior was
analyzed and parameters analysis was investigated.

3. Main Parameters and Calculation Principles

3.1. Design Parameters. The calculation model is 8-storey
SRC column-steel beam hybrid frame structure. The plan
drawing is shown in Figure 7.The storey height is 3.6 meters.
There are 6 continuous spans along 𝑋 direction and 3 span
along 𝑌 direction. Column cross sections in storeys 1–4 are
550mm × 550mm and in storeys 5–8 are 500mm × 500mm.
Concrete compressive strength is 40MPa, and steel yield
strength is 235MPa.

3.2. Load and Member Details. Dead loads on both floor and
roof are 5.0 kN/m2, live loads on floor and roof are 2.0 kN/m2
and 0.5 kN/m2, respectively. The combination of load effects

Table 1: Cross section of SRC column.

SRC
column

Section size
(mm)

Steel size (mm)
(height × width ×
web × flange)

Longitudinal
reinforcement

1–4
storey 550 × 550 300 × 300 × 12 × 16 12Φ18
5–8
storey 500 × 500 240 × 240 × 10 × 17 12Φ16

1 2 3 4 5 6 7
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Figure 8: Elevation drawing of the hybrid frame structure.

in this paper is calculated according to the Code for Anti-
Collapse Design of Building Structures [19] issued by the China
Engineering Construction Association in 2014. The detail of
the SRC column is listed in Table 1.

3.3. Analysis of Progressive Collapse Behavior. As shown in
Figure 8, for the structure being considered, the bottom
middle column B4 was removed and the structure was
subjected to pushdown analysis.The second analysis is where
the bottom corner column B1 was removed.

3.4. Progressive Collapse Behavior after Removal of Bottom
Middle Column B4. Themiddle column B4 is removed from
the frame and the column top is used as control node. Both
dynamic analysis and pseudostatic pushdown analysis were
carried out using ABAQUS program.

3.4.1. Dynamic Analysis Results. The dynamic displacement
of themiddle columnupper node and the bendingmoment of
the connecting beam are shown in Figures 9 and 10. It can be
seen that the maximum dynamic response (at the beginning
of the loading) is nearly double the value of the stable static
response, which is similar to previous studies [10, 12, 14]. It
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Figure 9: The displacement of middle column upper node versus
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Figure 10: The bending moment of connecting beam to middle
column upper node versus time in dynamic model.

indicates that the impact increasing effect cannot be ignored
for structures with sudden column failure or collapse.

3.4.2. Pushdown Analysis Method. The deformation of frame
after collapse of column B4 is shown in Figure 11. Figure 12(a)
shows the relationship between the vertical displacement
and the resistance coefficient of the column top node after
the failure of the bottom middle column B1 from static
analysis. Based on (5) and (7) and Figure 12(a), the dynamic
displacement-resistance coefficient curve can be obtained as
shown in Figure 12(b). It can be seen from the figure that
the residual structure after removal of the column has a
strong vertical stiffness and remaining capacity.The dynamic
vertical displacement of the node is around 0.037m, which
is exactly the same as shown in the dynamic analysis results
of Figure 8. Considering Figure 12(a), the pseudostatic load
coefficient is 1.94. If the dynamic displacement reaches the
standard limit of 0.48m, which is equivalent to 1/10 of beam
span, the load resistance coefficient is 2.62. It is obvious
that the structure does not collapse after the removal of the
column B1 from this SRC column-steel beam hybrid frame.

Figure 13 shows the bending moment-resistance coeffi-
cient curve of the steel beam which is connected with the
removed column B4 after static analysis. It can be seen that

the bendingmoment of the steel beam increases abruptlywith
the increase of the resistance coefficient at the beginning of
loading, with compressive axial force which increases linearly
at a slow rate. The residual structure mainly depends on the
bending capacity of the beam, and this stage is the beam
mechanism stage.When the resistance coefficient is increased
to 1.8 at the bending moment of 429.5 kNm the beam reaches
its ultimate plastic moment. After that point, the bending
moment gradually becomesmore stable. Considering the fact
that the pseudostatic load coefficient is 1.94 after removal of
the column, the maximum dynamic ending moment within
the steel beam can be considered as 430MPa, which is exactly
the same as the dynamic analysis result in Figure 10.

Figure 14 shows the axial force-resistance coefficient
curve of the steel beam which is connected with the removed
columnB1.These figures show that, after resistance coefficient
of 1.8, the slope of the curve becomes larger and the axial
force in the beam increases rapidly. The hybrid frame enters
the catenary phase gradually through the transition phase,
and its anticollapse abilitymainly depends on the axial tensile
bearing capacity of the steel beam.

3.5. Progressive Collapse Behavior after Removal of Bottom
Corner Column. The corner column B1 is removed from the
frame and the column top is used as control node. Both
dynamic analysis and pseudostatic pushdown analysis were
carried out using ABAQUS program. From the pseudostatic
pushdown analysis the deformation of overall structure is
analyzed and shown in Figure 15.

Figure 16(a) shows the static analysis results for resis-
tance coefficient-displacement curve of the frame after the
bottom corner column is removed. Similar to the bottom
middle column failure, the dynamic displacement-resistance
coefficient curve for the corner column collapse mode can
be obtained based on Figure 16(a) and (5) and (7) as shown
in Figure 16(b). It can be seen from the figure that the
residual structure after removal of the column has a strong
vertical stiffness and remaining capacity. The dynamic ver-
tical displacement of the node is around 0.065m. Consid-
ering Figure 16(a), the pseudostatic load coefficient is 1.51 at
the displacement of 0.065m. If the dynamic displacement
reaches the standard limit of 0.48m, which is equivalent
to 1/10 of beam span, the load resistance coefficient is 1.79
(Figure 16(b)). It is obvious that the structure does not
collapse after the removal of the corner column from this SRC
column-steel beam hybrid frame.

The relationships of the beam bending moment versus
resistance coefficient of the structure after bottom corner
column removed are given in Figure 17. It can be seen from
Figure 17 that themoment of the beam at the beginning of the
loading increases sharply, which shows a very obvious “beam
mechanism.”Then, when the resistance coefficient increased
to 1.01, the plastic hinge began to develop in the beam ends
section with the bending moment changing more slowly.
After this point the residual structure has been unable to
continue to withstand more loads. Because the pseudostatic
load coefficient is 1.51, the beam already comes into plasticity
during the impact procedure due to sudden collapse of corner
column.
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Figure 11: Deformation cloud diagram of the hybrid frame after the failure of the bottom middle column.
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Figure 12: Vertical displacement-resistance coefficient curve of the hybrid structure after the failure of the bottom middle column.

The relationship of the axial force versus resistance coeffi-
cient of the structure after bottom corner column is removed
is given in Figure 18. It can be seen that the beam is always in
compression during the loading process, while in the bottom
middle column removal case the beam is mainly in axial
tensile strengh (Figure 14). In summary, after the removal of

the bottom corner column, the upper residual structure (the
part related to the removed column) becomes a geometrically
variable system. When the bending moment of the beam
reaches the ultimate moment, the residual structure cannot
bear any more vertical load, and there is no “catenary mech-
anism” system formed after the “beam mechanism” stage.
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Table 2: Different SRC column-steel ratio parameters for models (1)–(3).

Model
Steel size in 1–4 storeys
(mm) (height × width ×

web × flange)
Steel size in 5–8 storeys
(mm) (height × width ×

web × flange)
Steel ratio in 1–4

storeys (%)
Steel ratio in 5–8

storeys (%)

(1) 300 ∗ 300 ∗ 8 ∗ 12 240 ∗ 240 ∗ 8 ∗ 12 3.2 3.1
(2) 300 ∗ 300 ∗ 12 ∗ 16 240 ∗ 240 ∗ 10 ∗ 17 4.7 4.8
(3) 300 ∗ 300 ∗ 16 ∗ 28 240 ∗ 240 ∗ 18 ∗ 24 7.4 6.9
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Figure 13: Bending moment-resistance coefficient curve of the steel
beam connected with the removed middle column.
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Figure 14: Axial force-resistance coefficient curve of the steel beam
connected with the removed middle column.

From the above discussion, it can be seen that there are
two stages in the progressive collapse process of SRC column-
steel beam hybrid frame: “beam mechanism” and “catenary
mechanism,” which is similar to the failure process of
RC frame and steel frame [8, 9, 11–15]. As the catenary
mechanism mainly depends on the tensile force of the steel
beam, it is important to improve the tensile capacity of the
beam section to improve the progressive collapse ability of the
structure. At the same time, since the catenary mechanism
can not be formed in the hybrid frame after the removal of
the corner columns, its progressive collapse ability is weak.
So the bottom corner column should be strengthened in the
progressive collapse design.

4. Parametric Analysis of Progressive
Collapse Behavior of SRC Column-Steel
Beam Hybrid Frame

4.1. Effect of Steel Ratio of SRC Column. SRC column is the
basic vertical load-bearing component in a hybrid frame.
According to the design rules of steel composite structure
[20]: the minimum steel ratio of SRC components is 3%, the
appropriate steel ratio can be 5% to 8%, and thickness of steel
component should be not less than 6mm. Based on the above
requirements, the steel ratio in this paper is increased by
increasing the thickness of the flange plate and the thickness
of the web without changing the flange width and section
height. Table 2 shows the three different SRC column-steel
ratio parameters for the model.

The SRC column-steel beam hybrid frame analysis model
was established according to the three different column-steel
ratio parameters in Table 2; then the SRC column of the same
position was removed and the pushdown analysis was carried
out, respectively.

4.1.1. Removing Bottom Middle Column. Figure 18 shows the
displacement-resistance curve of the three hybrid frame
models with different steel ratio after the bottom middle
column was removed.

It can be seen from Figure 19 that when the limit of dam-
age criterion is reached (i.e., the vertical displacement of 0.48
points), the resistance coefficients of the three models are
2.73, 3.02, and 3.36, respectively. This shows that the pro-
gressive collapse behavior of the system increases with the
increase of steel ratio. This is because the vertical load is the
main control load after the removal of vertical components.
Increasing the steel ratio of SRC column can improve the
overall stiffness of the structure and hence slightly improve
the anticollapse bearing capacity of the structure.

4.1.2. Removing Bottom Corner Column. Figure 20 shows
the displacement-resistance curve of the three models with
different steel ratio after the bottom corner column was
removed.

As can be seen from the figure, with the increase of steel
ratio in the SRC columns, the resistance coefficient growth
rate is very small.This is a similar conclusion as the removal of
middle column. Increasing the steel ratio of the SRC column
has a slight effect on the anticollapse ability of hybrid frame
structure.

4.2. Effect of Cross Section Size of Steel Beam. The beam
mechanism stage is the first stage of the progressive collapse



Shock and Vibration 9

(Avg: 75%)
BEAM_STRESS, Mises

+2.1e + 05
+2.7e + 07
+5.5e + 07
+8.2e + 07
+1.1e + 08
+1.4e + 08
+1.6e + 08
+1.9e + 08
+2.2e + 08
+2.5e + 08
+2.7e + 08
+3.0e + 08
+3.3e + 08

X

Y

Z

Figure 15: Deformation of the hybrid frame after the failure of the bottom corner column.
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Figure 16: Vertical displacement-resistance coefficient curve of the hybrid structure after the failure of the bottom corner column.

process of the SRC column-steel beam hybrid frame. In
that stage the anticollapse ability of the structure is mainly
provided by the bearing capacity of the beam. Therefore the
cross-sectional size of the beam has a direct effect on the
progressive collapse of the structure. In addition, changing
the beam cross-sectional dimensions, the beam-to-column
linear stiffness ratio of the frame will also change. Also
the beam-to-column linear stiffness ratio is an important
factor in determining the integrity of the structure, which
will affect the structure ductility, internal force distribution

and energy consumption, and other properties. Therefore,
this paper presents a parametric analysis for the hybrid
frame with different beam cross-sectional dimensions and
corresponding beam-to-column linear stiffness ratios, which
is shown in Table 3.

4.2.1. Removing Bottom Middle Column. The curves of the
vertical displacement versus resistance coefficient of the
hybrid frame with different beam parameters (Table 3) after
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Figure 17: Bending moment-resistance coefficient curve of the steel
beam connected with the removed corner column.
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Figure 18: Axial force-resistance coefficient curve of the steel beam
connected with the removed corner column.

Table 3: Beam dimension and corresponding beam-to-column
linear stiffness ratios (models (4)–(7)).

Model
Beam dimension (mm)
(height × width × web
× flange)

Beam-to-
column linear
stiffness ratios
in storeys 1–4

(𝑖𝑏/𝑖𝑐)

Beam-to-
column linear
stiffness ratios
in storeys 5–8

(𝑖𝑏/𝑖𝑐)
(4) 350 ∗ 250 ∗ 12 ∗ 16 0.143 0.218
(5) 400 ∗ 250 ∗ 14 ∗ 16 0.195 0.292
(6) 400 ∗ 250 ∗ 16 ∗ 24 0.266 0.401
(7) 450 ∗ 250 ∗ 16 ∗ 24 0.421 0.562

removing the bottom middle column are presented in
Figure 21.

It can be seen from Figure 21 that the trend of the
four curves is consistent. When the structure reaches the
failure criterion with the vertical displacement of 0.48m, the
resistance coefficients of the four models are 2.07, 2.58, 2.97,
and 3.76, respectively. It indicates that the steel cross section
size is closely related to the final progressive collapse bearing
capacity of the hybrid frame. The larger the cross section is,
the stronger the ultimate resistance of progressive collapse
will be. The reason is that the ultimate progressive collapse
bearing capacity of the hybrid frame is greatly influenced by
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Figure 19: Displacement-resistance curve of the three models with
different steel ratio after the bottom middle column was removed.
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Figure 20: Displacement-resistance curve of the three models with
different steel ratio after the bottom corner column was removed.

the ultimate moment of the “beam mechanism” stage, which
is closely related to the beam section size.

4.2.2. Removing Bottom Corner Column. The curves of the
vertical displacement versus resistance coefficient of the
hybrid structure from the threemodels (Table 3) after remov-
ing the bottom corner column are given in Figure 22. It
shows similar trend as Figure 21. With the increase of the
cross-sectional dimension of the steel beam, the resistance
coefficient of the model increases correspondingly, at values
of 0.95, 1.47, 1.96, and 2.63 when the frame reaches the failure
criterion. Again it indicates that the progressive collapse
behavior of the SRC column-steel beam hybrid frame has a
very close relationship with the cross section of the beam.
It is worth noting that when the section of steel beam is
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Figure 21: Vertical displacement-resistance coefficient relationship
ofmodels with different beamparameters after removing the bottom
middle column.
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Figure 22:The vertical displacement-resistance coefficient relation-
ship of models with different beam parameters after removing the
bottom corner column.

350 ∗ 250 ∗ 12 ∗ 16 (the stiffness ratio of beam and column is
0.143), the resistance coefficient is 0.95.That is, after removing
the vertical member, the progressive collapse of the hybrid
frame will occur under normal load.

4.3. Effect of the Different Vertical Demolition Positions. The
effects of the removal of the middle column and the corner
column on the progressive collapse behavior and the cor-
responding collapse mechanism are studied in the previous
section; however, both analyses are about removal of the
bottom storey column elements. To investigate more the
effect of the vertical position of the removal column on the
progressive collapse behavior, further pushdown analysis was
conducted on the first, fourth, and seventh storey columns to
represent the lower, middle, and upper parts of the structure.

Figures 23 and 24 are the curves of the vertical displace-
ment versus the resistance coefficient at the control node for
removal of the middle column and the corner column in
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Figure 23: Vertical displacement-resistance coefficient curves
obtained by removing the middle column in different floors.
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Figure 24: Vertical displacement-resistance coefficient curves
obtained by removing the corner column in different storeys.

different floors. It can be seen from the curves that, for both
middle column and corner column removal, the lower the
vertical position of the removed column is, the greater the
load resistance coefficient of the structure is at the limit of
the failure criterion. It also indicates that the cross section
of the column needs to be designed stronger if the lower
columns are considered. In addition, the more the beam and
column components which can form pull system are in the
upper structure, the larger the redundancy is and the more
the load transferring path that could be obtained is, and hence
more elements can be inbolved in the process of internal force
redistribution.

5. Conclusion

In this paper, the ABAQUS program is used to establish the
SRC column-steel beam hybrid frame model, of which the
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progressive collapse behavior is studied by both dynamic
analysis and the pseudostatic pushdown method. The results
of bothmethods agreewell with each other. Some conclusions
can be drawn from this investigation.

(1) For the bottommiddle column removal case, the SRC
column-steel frame has good resistance to progressive col-
lapse under dynamic instantaneous load (impact effect from
sudden column collapse). At the beginning of the loading, the
progressive collapse resistance of hybrid frame is provided by
the bending capacity of the steel beam (beam mechanism).
And after the beam reaches its ultimate moment, the frame
collapse resistance is provided by the tensile capacity of steel
beam (catenary mechanism).

(2) For the bottom corner column removal case, the SRC
column-steel frame does not collapse under dynamic instan-
taneous load (impact effect from sudden column collapse).
But its resistance to progressive collapse is relatively smaller
than that ofmiddle columnbeing removed. In addition, when
the steel beam reaches the ultimate moment, the residual
structure cannot bear any more vertical load, and there
is no catenary mechanism system formed after the beam
mechanism system.

(3) Increasing the steel ratio in the SRC column can
slightly improve the progressive collapse bearing capacity of
the SRC column-steel beam hybrid structure.

(4) Because the ultimate progressive collapse bearing
capacity of the hybrid frame is greatly influenced by the
ultimate moment of the “beammechanism” stage, increasing
the cross section of the steel beam can significantly improve
the progressive collapse behavior of the hybrid frame.

(5) The lower the position of the removed column in
the structure, the better the progressive collapse behavior of
hybrid structure system and the greater the load resistance
coefficient of the structure.
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Assessing structural integrity and sustainability during natural hazards, for instance, strong earthquakes, is an effective way to
reduce or even avoid large losses of life and property damage. With the established vulnerability relationships between source
parameter and building damage, the seismic resilience of structures can be obtained after the source parameter is estimated in
the early stage of an earthquake. For this purpose, we propose a method that employs the P wave displacement parameter to
estimate earthquake magnitude in real time to quick assess the structural resiliencies. By selecting period and amplitude parameter
as comparisons, the magnitude estimation formulas are derived, respectively, where the proposed P wave displacement parameter
method is of the highest precision. Through the evolutionary estimation of the P wave displacement parameter as a function of
the time window used, we show that the existing regression relationships can be extended to the large earthquake. Therefore, this
paper provides a quick earthquakemagnitude estimationmethod for the establishment of amore reasonable and accurate resilience
assessment system for structures.

1. Introduction

Assessing the structural integrity and sustainability during
natural hazards, for instance, strong earthquakes, is an
effective way to reduce or even avoid large losses of life and
property damage.With the established vulnerability relation-
ships between source parameter and building damage, if we
can estimate the earthquake’s magnitude before the high-
intensity shaking occurs, the seismic resilience of structures
can be obtained. Earthquake early warning systems [1–4] can
provide alerts of impending ground motions within a few
seconds to tens of seconds after an earthquake occurs so that
appropriate measures can be immediately taken to mitigate
seismic risks.

Strong earthquakes occur frequently in Mainland China,
where more than 500 earthquakes with magnitude above 6.0
have occurred within 28 provinces from 1900 to the present
day. Moreover, the region of earthquake occurrence has
increased in size, and events occurred with greater intensity
and frequency, meaning that the period of active earthquakes
has arrived. These earthquakes destroy buildings and cause

severe losses of life and property. For example, more than
eighty thousand deaths or disappearances occurred in the
2008 𝑀𝑠 8.0 Wenchuan earthquake, which was a major
tragedy for the Chinese people. Therefore, it is of great
significance to seek an approach through scientific research
to mitigate the potential threats associated with earthquake
hazards.

In this paper, the P wave displacement parameter (MI𝑑)
method, which uses data from a single station, is then
proposed. We additionally select the representative period
(𝜏𝑐) and the amplitude (𝑃𝑑) parameters, and we compare the
relationships between each of these 3 parameters and the
magnitude of the aftershocks of the 2008𝑀𝑠 8.0 Wenchuan
earthquake. In addition, magnitude estimation formulas are
derived and the accuracy of these formulas is explored by
comparing the estimated magnitude with the catalog magni-
tude. Furthermore, we investigate to what degree the initial
parameters indicate the Wenchuan mainshock magnitude
and analyze the relationships among the expanding time
window, the proposed MI𝑑 parameter, and the estimated
magnitude. With the established vulnerability relationships
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between magnitude and building damage, by quickly pre-
dicting the early structural antiseismic capacity from the
estimated magnitude, this paper can provide a scientific basis
for the establishment of a more reasonable and accurate
resilience assessment system for structures.

2. Dataset

A robust input database is essential in identifying reliable
regression functions for magnitude estimation using a statis-
tical approach. According to the China Strong Motion Net
Centre (CSMNC), after the𝑀𝑠 8.0 Wenchuan earthquake on
May 12, 2008, a total of 383 aftershocks were recorded by the
end of 30 September 2008. These events were generated over
a rupture length of approximately 300 km with focal depths
ranging from 2 to 20 km, and the records were obtained by
strong motion seismographs with a dynamic range of ±2 g,
which were mainly installed at free-field sites. The sampling
rate was 200 sps.

In this study, we select the mainshock and 43 aftershocks
of the 2008 𝑀𝑠 8.0 Wenchuan earthquake. As criteria, we
specify that the selected earthquakes should have magnitude
greater than 𝑀𝑠 = 4.0 and hypocentral distances less than
150 km. Furthermore, each selected event is required to have
at least three records to ensure good station coverage and
avoid the path effects.Thus, we use a total of 306 acceleration
waveforms from the selected events, which demonstrate a
large range of focal depths and mechanisms varying from
thrust to strike slip.

Since correct picking of P arrivals and ensuring the
exclusion of S waves from the analysis are prerequisites
for accurately calculating the characteristic parameters, we
use the three-step P phase detection method proposed by
Wang and Zhao [5], and we double-check the arrival time
via manual inspection for each waveform. After performing
baseline error correction for the acceleration records, the
signals are integrated to velocity records. Moreover, the
velocity records are integrated to displacement records, which
are required to calculate the parameter values.Then, for real-
time applications, a high-pass recursive Butterworth filter
with a cutoff frequency of 0.075Hz is applied to the vertical
components to remove the long-period drift that occurs after
integration [6].

3. Source Parameter Estimation

3.1. Magnitude Estimation Method. The proposed P wave
displacement parameter (MI𝑑) is defined as the integral of
the squared high-pass filtered displacement of the vertical
component groundmotion, which ranges from0 to 3 seconds
of the initial P wave. The definition of MI𝑑 shows that it is
an integral of the squared displacement within the selected
time window, which can reflect information with different
periods carried by an advancing rupture on a fault plane.
As a magnitude estimator, MI𝑑 is a physically fundamental
and source-dependent property. Nielsen [7] concluded that
the flow rate of elastic energy controls earthquake fracture
development and propagation. Fractures with higher initial

energy are more likely to continue propagating over long
distances and grow into earthquakes with large magnitude.

To verify the validity of the proposed method, we select
the two characteristic parameters that have so far proved to
be the most robust, namely, 𝜏𝑐 and 𝑃𝑑 [8, 9], for comparison.
To correct the calculated MI𝑑 and 𝑃𝑑 values for the effects of
distance, we normalize them to a reference distance of 80 km,
which is the average of the hypocentral distances from the
analyzed data set, as the way followed by Zollo et al. [10] and
Festa et al. [11].Thefinal values ofMI𝑑 and𝑃𝑑 are referred to as
MI𝑑

Ref and 𝑃𝑑Ref , and they can be obtained after preliminary
locations are available. Such locations can be determined
using real-time procedures and data from a single station; for
example, see the methods proposed by Odaka et al. [12] and
Horiuchi et al. [13]. We average the characteristic parameters
MI𝑑

Ref , 𝜏𝑐, and 𝑃𝑑Ref from the multiple observation records
associated with each event and assume a linear regression
model between the catalog magnitude𝑀𝑠 and the averaged
parameters as log(parameter) = 𝐴 + 𝐵 × 𝑀𝑠, where A and B
are constants that are to be determined from the regression
analysis.

3.2. Relationships between Magnitude and 𝑀𝐼𝑑, 𝜏𝑐, and 𝑃𝑑.
Using the current analytical form, the resulting best-fitting
regression relationship between MI𝑑

Ref and the magnitude is
given by

log (MI𝑑
Ref) = −11.175 + 1.218 ×𝑀𝑠 ± 0.399. (1)

The individual data points and the average values of
log(MI𝑑

Ref ) as a function of magnitude 𝑀𝑠 are shown in
Figure 1(a), where SDV means the standard deviation and R
stands for the correlation coefficient (similarly hereinafter).
The logarithm of the P wave displacement parameter shows a
striking linear correlation with earthquake magnitude within
the magnitude range considered (4 ≤ 𝑀𝑠 ≤ 6.5).

The average period of groundmotion 𝜏𝑐 is ameasurement
of the average period of the P wave within the first few
seconds, which is frequently used to estimate magnitude [1].
According to the dataset, the regression relationship between
𝜏𝑐 and magnitude𝑀𝑠 is described by

log (𝜏𝑐) = −1.362 + 0.246 ×𝑀𝑠 ± 0.148. (2)

Since 𝜏𝑐 approximately represents the P wave pulse width,
there is a good relationship between the average period
of ground motion and the final earthquake magnitude in
Figure 1(b).

As for the peak displacement amplitude 𝑃𝑑 method, the
linear regression relationship between the logarithm of 𝑃𝑑Ref
and earthquake magnitude𝑀𝑠 is established as follows:

log (𝑃𝑑
Ref) = −5.076 + 0.548 ×𝑀𝑠 ± 0.275. (3)

The regression curve in Figure 1(c) shows that𝑃𝑑Ref is well
correlated with earthquake magnitude.
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Figure 1: (a)–(c) show MI𝑑
Ref , 𝜏𝑐, and 𝑃𝑑Ref calculated from the first 3 seconds of P wave data (grey squares) and the averaged values (red

squares). Themagnitude regression relationships determined by this study are shown as solid lines, and the standard deviations are shown as
dashed lines.

3.3. Estimated Magnitude Comparison. We can invert the
regression results in (1)–(3) to obtain equations for estimat-
ing earthquake magnitude from the above 3 characteristic
parameters as follows:

𝑀MI𝑑Ref = 9.175 + 0.821 × log (MI𝑑
Ref) ± 0.328

𝑀𝜏𝑐 = 5.537 + 4.065 × log (𝜏𝑐) ± 0.603

𝑀
𝑃𝑑

Ref = 9.262 + 1.824 × log (𝑃𝑑
Ref) ± 0.502.

(4)

We call these 3 estimated magnitude values 𝑀𝑒 the P
wave displacement parametermagnitude𝑀MI𝑑Ref , the average
period of ground motion magnitude 𝑀𝜏𝑐 , and the peak
displacement amplitude magnitude 𝑀

𝑃𝑑
Ref . Figure 2 shows

that the𝑀𝑒 values calculated from (4) display approximately
1 : 1 relationships with the catalog magnitude 𝑀𝑠 using the
selected data.

On the 45∘ line,𝑀𝑒 = 𝑀𝑠, and the dashed lines illustrate
the one-standard-deviation envelopes. Most of the estimated
magnitude values fall within one standard deviation of the
regression line. The proposed MI𝑑

Ref is associated with the
smallest deviation, that is, 0.328, whereas the corresponding
values for𝑀𝜏𝑐 and𝑀𝑃𝑑Ref are 0.603 and 0.502, respectively.

Based on the prediction equations (4), we calculate the
differences Δ between the estimated and catalog magnitude
values for each record (i.e., Δ = 𝑀𝑒 − 𝑀𝑠), which obey

normal distributions. Figure 3 shows histograms that reflect
the corresponding frequency distributions. According to the
computed probability density curves, the standard deviation
associated with the proposed parameter MI𝑑

Ref is the lowest
within the effective estimated range, demonstrating that the
MI𝑑 method displays the highest reliability and has apparent
advantages over the 𝜏𝑐 and 𝑃𝑑 methods.

4. Magnitude Estimation for
Large Earthquakes

The results above imply that the parameters determined
from the first 3-second P wave agree well with the catalog
magnitude in the considered range (4 ≤ 𝑀𝑠 ≤ 6.5);
thus, the regression equations are practicable to estimate the
magnitude for earthquakes under 6.5 reliably. However, for
large earthquakes, the use of a limited portion of signals
allows capturing only the slip contributions from a limited
fault portion, whichmay result in the underestimation of final
earthquake magnitude (i.e., the saturation problem) [11, 14].

For the 2008𝑀𝑠 8.0Wenchuan mainshock, there were 32
records available within the criteria (hypocentral distance less
than 150 km), which provided us with a unique opportunity
to investigate the methodologies up to great earthquakes. We
first check the extent to which these characteristic parameters
could link the mainshock magnitude using the initial 3-
second P wave. Then, we analyze the relationships among
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Figure 2: Magnitude determined using the 3 characteristic parameters versus the catalog magnitude𝑀𝑠. Solid lines show the least squares
fits, whereas the two dashed lines show the range of one standard deviation.

the increased time window, proposed MI𝑑, and predicted
magnitude.

Together with the mainshock and aftershock records, we
establish the correlations betweenMI𝑑

Ref , 𝜏𝑐, 𝑃𝑑Ref , andmag-
nitude, respectively (see Figure 4), using the procedure dis-
cussed above. According to the regressions, the characteristic
parameters derived for the mainshock using the 3-second P
wave were all located without the one standard deviation and
the anticipatedmagnitude valueswere calculated as𝑀MI𝑑Ref =
7.18,𝑀𝜏𝑐 = 7.05, and𝑀𝑃𝑑Ref = 6.91, respectively. Although
these three parameters all exhibited a saturation problem, the

proposed parameter MI𝑑 was relatively more accurate and
of the lowest standard deviation, meaning that it could be a
reliable and robust magnitude estimator in the earthquake’s
early stage.

For the saturation problem in predicting large earth-
quakes, theoretically, a trade-off strategy between time and
accuracy can be consideredwhere better estimations could be
obtained by enlarging the observation timewindow to update
the characteristic parameters [15–17]. Since our proposed
MI𝑑 had the most accurate estimation for the mainshock
with 3-second P wave compared with 𝜏𝑐 and 𝑃𝑑, we further
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Figure 3: Frequency distribution histograms and the corresponding probability density curves of the estimated magnitude differences using
each of the 3 characteristic parameters.

investigate MI𝑑 using different time windows ranging from 3
to 10 seconds for all of the available records.

To avoid the S wave contamination while increasing the
timewindow, we compute the theoretical S wave arrival times
and exclude from our analysis all the stations for which
the estimated S wave arrival occurred within the considered
time window. Figure 5 shows that the MI𝑑

Ref magnitude

for the Wenchuan mainshock increases with the length of
the P wave records used in determining MI𝑑

Ref . The MI𝑑
Ref

growth pattern implies that MI𝑑
Ref determined from the first

6-7 seconds of P wave data may be sufficient to estimate
the magnitude of earthquakes of magnitude 8.0. As the
window length continues to grow, the magnitude converges
at around 8.2. Since the magnitude is estimated only by the
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Figure 4: Reestablished regressions of catalog magnitude𝑀
𝑠
with the 3 characteristic parameters (based on 3 seconds of P wave data) and

considering the Wenchuan mainshock (red stars) concurrently. Solid lines show the least squares fits, whereas the two dashed lines show the
one-standard-deviation envelopes.
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Figure 5: Growth in the MI
𝑑

Ref parameter (averaged values) for the
Wenchuanmainshock versus the lengths of the initial Pwave records
used. The corresponding magnitude scale is also represented; this
scale is derived using the equation shown in Figure 4(a).

initial P wave, the results above illustrate that the parameter
MI𝑑 may be an accurate and rapid magnitude estimator for
earthquakes with magnitude under 6.5. Moreover, it can also
provide stable and accurate estimates for large earthquakes if
an appropriately increased time window is used.

5. Discussion and Conclusion

We proposed a method in terms of the P wave displacement
parameter (MI𝑑) to anticipate the magnitude in real time
in order to quick assess the seismic resilience of structures.
The MI𝑑, 𝜏𝑐, and 𝑃𝑑 values for the 43 aftershocks of the
2008 Wenchuan earthquake were calculated and the mag-
nitude estimation formulas from these 3 parameters were
derived, respectively. Our result showed that the magnitude
obtained from MI𝑑 of 3-second initial P wave agreed well
with the catalog magnitude, where the smallest uncertainty
was acquired compared with those of 𝜏𝑐 or 𝑃𝑑. With the

established vulnerability relationships between magnitude
and building damage, by quickly predicting the early struc-
tural antiseismic capacity from the estimated magnitude, this
paper can provide a scientific basis for the establishment of
a more reasonable and accurate resilience assessment system
for structures.

Using only a small portion of the initial P wave signals
may cause saturation problems in predicting large earth-
quakes [18]. In the case of the Wenchuan𝑀𝑠 8.0 mainshock,
using the first 3-second P wave may underestimate the
magnitude by about 0.8 to 1.0 unit with the investigated
parameters (𝑀MI𝑑Ref = 7.18,𝑀𝜏𝑐 = 7.05, and𝑀𝑃𝑑Ref = 6.91);
however, the proposed MI𝑑 was of the best performance. To
mitigate this problem, several methodologies use a longer
time window of P wave to update magnitude estimates [17,
19]. The evolutionary estimation of MI𝑑 as a function of
the time window shows that the existing methodologies and
regression relationships can be extended to large earthquakes,
and the saturation effect can be removed through the use
of time windows of approximately 6-7 seconds with the
investigated MI𝑑 parameter.
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Ground vibration induced by the collapse of large-scale cooling towers in nuclear power plants (NPPs) has recently been realized
as a potential secondary disaster to adjacent nuclear-related facilities with demands for vibration mitigation. The previous concept
to design cooling towers and nuclear-related facilities operating in a containment as isolated components in NPPs is inappropriate
in a limited site which is the cases for inland NPPs in China. This paper presents a numerical study on the mitigation of ground
vibration in a “cooling tower-soil-containment” system via a novel application of two materials acting as cushions underneath
cooling towers, that is, foamed concrete and a “tube assembly.” Comprehensive “cooling tower-cushion-soil”models were built with
reasonable cushion material models. Computational cases were performed to demonstrate the effect of vibration mitigation using
seven earthquake waves. Results found that collapse-induced ground vibrations at a point with a distance of 300m were reduced
in average by 91%, 79%, and 92% in radial, tangential, and vertical directions when foamed concrete was used, and the vibrations
at the same point were reduced by 53%, 32%, and 59% when the “tube assembly” was applied, respectively. Therefore, remarkable
vibration mitigation was achieved in both cases to enhance the resilience of the “cooling tower-soil-containment” system against
the secondary disaster.

1. Introduction

A quantity of nuclear power plants (NPPs) will be built in
inland China in the next several years to meet the rapidly
increasing energy demand [1]. Consequently, cooling towers
were planned for construction as indispensable heat rejection
devices in inland NPPs. Most of these cooling towers are
large-scale and adjacent to a nuclear island due to economic
benefit and site limitations. Their heights have usually been
designed to be more than 200m and the typical spacing to
the adjacent nuclear islands is about 300m [2]. At present,
the highest cooling tower worldwide is 200m high and
located at Niederaussem, Germany [3]. For safety’s sake, it
is reasonable to realize that these huge towers may collapse
under accidental loads, for example, earthquakes or strong
winds far beyond the design level [4]. The collapse of the
towers can induce secondary disasters, for example, intensive
ground vibrations featuredwith amass of uncertain positions
of vibratory sources distributing throughout a large area of

ground surface. For typical case using strongly weathered
sandy slate as foundation soil, the maximum acceleration
amplitude of ground vibration in radial direction at a distance
of 350m can reach as high as 0.29 g [4]. This will detrimen-
tally affect the safe operation of the close-by nuclear-related
facilities and have critical implications of nuclear accidents, as
illustrated in Figure 1.However, these risks are not included in
the current design concepts of NPPs in which cooling towers
and nuclear-related facilities operating in a containment have
been designed as fully isolated components [5, 6].

Vibration-related potential risks can be appropriately
controlled by reducing the ground vibration to a limited
level in the framework of a “cooling tower-soil-containment”
system. In practice, several measurements are available to
reduce impact-induced ground vibration, for example, soft
soil acting as a cushion, an isolation trench, and a recipient
isolator [7–9]. Among them, the application of soft materials
acting as a cushion layer proved to be both efficient and eco-
nomical under specific circumstances and was widely used in
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engineering. For instance, in high-speed railway engineering,
rubber bearings were used as resilient elements to reduce
train-induced vibrations transmitting to surrounding areas
[10, 11]. In similar scenarios of shelters subjected to rock-
fall impacts, the dynamic response of the shelters can be
significantly reduced when sand cushion or used tire cushion
layers were applied [12, 13].

To enhance the resilience of the “cooling tower-soil-
containment” system in a disaster scenario, two energy
dissipation materials were innovatively applied and acted
as a cushion in this study. Figures 2 and 3 illustrate the
schematic arrangement of the two materials, that is, foamed
concrete and a “tube assembly,” which means a mass of
thin-walled circular steel tubes were horizontally arranged
to form a type of cellular material. Foamed concrete is a
kind of porous material and has been used as soft ground

arresters for an aircraft overrunning the runway accident
[19]. As illustrated in Figure 2, both the leading and trailing
wheels were hindered by horizontal drag forces provided by
the arrestor bed. Compared to clay, sand, and water, foamed
concrete is appropriate for arresting overrunning aircraft
due to its stable mechanical properties over a broad range
of temperature, negligible crushing-rebounding behavior,
durability, and chemically inert composition [20, 21]. On
the other hand, thin-walled circular steel tubes could buckle
in a form of progressive folds and fail in concertina mode
when subjected to uniaxial compression, as illustrated in
Figure 3. The crushing behavior of tubes is associated with
high energy absorption capacity [15, 22]. Plastic buckling and
the resulting failure modes mainly depend on geometrical
parameters, for example, ratios of height to diameter and
diameter to thickness. In other words, different geometric
parameters can result in failuremodes rather than concertina
mode, for example, diamond failure mode and Euler failure
mode [23]. As far as the authors know, neither material has
been used tomitigate impact-related ground vibration in civil
infrastructure.

This paper presents a numerical study of novel applica-
tion of two materials (i.e., foamed concrete and the “tube
assembly”) acting as cushions to reduce collapse-induced
ground. To achieve this, the behavior of the materials was
first investigated.Then, numerical approach to build “cooling
tower-cushion-soil” models was presented in detail. Using
these models, the collapse of a cooling tower was finally
simulated and comparative computation was performed to
demonstrate ground vibration reduction by using each cush-
ion. In the simulation, the commercial finite element program
ANSYS/LS-DYNA was used [24].

2. Cushion Materials

The ground vibration reduction closely depends on the
properties of the cushion material. In case of a cushion
impacted by falling fragments of a collapsed tower, the stress-
strain relationship of the cushion material under uniaxial
compression is critical because the cushion is dominantly
under vertical loads. In this study, proper stress-strain rela-
tionships of foamed concrete and the “tube assembly” were
obtained based on experimental studies in the literature and
trial computations using the models presented in Section 3
to achieve appropriate effect of vibration reduction. Cushion
heights were adopted as 4m and 2.4m for foamed concrete
and the “tube assembly,” respectively.
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Figure 4: Stress-strain curve of foamed concrete under uniaxial
compression in tests [14].

2.1. Foamed Concrete. Studies have indicated that the
mechanical behavior of foamed concrete under uniaxial
compression is primarily dependent on its density and tem-
perature, while being insensitive to strain rate [14]. Foamed
concrete with a density of 0.37 g/cm3 in [14] was chosen
for use in this study for vibration mitigation based on trial
computations. Figure 4 illustrates the tested stress-strain
curves under uniaxial compression, which was chosen for
foamed concrete applied in this study.The curve was featured
with three stages: the linear elastic stage, crushing plateau
stage, and densification stage. The crushing plateau stage is
not flat but actually has a negative slope.

A material model with the keyword ∗MAT
CRUSHABLE FOAM was used, which was provided by
the program ANSYS/LS-DYNA and especially applicable
to crushable foam-like materials. Poisson’s ratio and the
damping coefficient of foamed concrete were both set to
0. Its tensile strength was adopted as 0.3MPa based on the
studies in [25]. Elastic behavior was assumed for unloading.

2.2. Tube Assembly. Different from foamed concrete, exper-
imental data or expressions are presently not available to
describe the stress-strain relationship of the “tube assem-
bly” under uniaxial compression. Alternatively, its stress-
strain relationship was obtained using a numerical approach
including following four steps: (1) confirming the finite
element method (FEM) based model of the thin-walled
tube presented in [15]; (2) determining the material and
dimension of an individual thin-walled tube used in the
“tube assembly”; (3) understanding the mechanical behavior
of individual thin-walled tube under uniaxial compression
using the confirmed FEM model; (4) obtaining the stress-
strain relationship of an “equivalent tube” in the form of a
hexahedron which was actually used in models in Section 3
for the sake of numerical efficiency.

Step 1 (FEM model in [15]). A FEM-based model for small-
scale thin-walled steel tubes under uniaxial compression was
developed in [15] and verified using experimental results.The
modelling approach was rebuilt by the authors to obtain a

Table 1: Material parameters for low carbon steel ST12 [15].

Parameter Value
Density (g/mm3) 7.85 × 10−3
Elastic modulus (MPa) 2.1 × 105
Tangent modulus (MPa) 560
Yield strength (MPa) 285
Poisson’s ratio 0.3
Parameter 𝐶 in Cowper-Symonds model (ms−1) 2.6
Parameter 𝑃 in Cowper-Symonds model 5.7

reliable numerical tool. Table 1 presents the material prop-
erties of low carbon steel ST12 used in [15]. As an example,
Figure 5 compares the force-displacement curve simulated by
the authors with the experimental results of the circular tube
in [15]. It was found that the concertina failure mode was well
simulated and both curves featured the folding or sawtooth
form. This feature was due to axisymmetric and sequential
folding starting at one end of the thin-walled steel tube under
uniaxial compression [15, 23]. In general, the forcemagnitude
in each folding and the amount of foldingwere well simulated
and agreed well with the test data, indicating the efficiency of
the FEMmodel.

Step 2 (material and dimension of individual thin-walled tube
used in “tube assembly”). Large-scale thin-walled steel tubes
were assumed to construct the “tube assembly” and have
the identical material properties to those of low carbon steel
ST12 in [15]. Each large-scale tube had an outer diameter of
850mm, a wall thickness of 20mm, and a height of 2400mm.
These dimensions were intentionally chosen to have almost
identical geometric scales (i.e., ratios of height to diameter
and diameter to thickness) to those of circular tubes in
[15] to ensure the occurrence of the concertina mode of
deformation.

Step 3 (mechanical behavior of individual thin-walled tube
under uniaxial compression). The modelling approach in
Step 1 was used to build a FEM model for the thin-walled
steel tube in Step 2 to understand its mechanical behavior
under uniaxial compression. Figure 6 illustrates the FEM
model for the thin-walled tube with top and bottom rigid
planes. Brick elements (SOLID164) were used to discretize
the tube with reduced integration. To control zero energy
mode, hourglass control type 4 was adopted with a coefficient
set to 0.005. The tube was meshed into 150 vertical “levels,”
160 circumferential “strips,” and four “layers” in the thickness
direction. This resulted in a maximum mesh size of about
16.0mm × 16.7mm × 5.0mm. The material model with the
keyword ∗MAT PIECEWISE LINEAR PLASTICITY used
in Step 1 was also applied for steel with consideration of
strain rate effect. The bottom rigid plane was fixed and
the top one was movable with constant downward veloc-
ities of 0.5m/s, 20m/s, 40m/s, and 60m/s, respectively.
These velocities fully covered the velocity range of the
fragments which impacted ground after the disintegration of
the cooling tower in Section 3. The mass and thickness of
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both planes were negligible. Automatic single surface con-
tact (∗CONTACT AUTOMATIC SINGLE SURFACE) was
defined between all the parts with friction coefficient set to
0.3 [15]. Figure 7 presents the force-displacement curves of
the thin-walled tube under uniaxial compression at different
velocities applied by the top plane. The force was the total
response of the bottom plane which was critical for ground
vibration in Section 3. Results found a regular fluctuation
of the forces with increases in compressive deformation,
which is a typical response for a thin-walled steel tube under
uniaxial compression [15]. In addition, the forces generally
increase with increases in compressive velocities, which was
also confirmed in [15].

Step 4 (stress-strain relationship of an “equivalent tube”).
It was not rational to directly incorporate the refined FEM
model for thin-walled tubes in Step 3 in “cooling tower-
cushion-soil” models established in Section 3, because this
resulted in 4.6 × 109 elements of the cushion associated
with enormous numerical consumption. Alternatively, a
reasonable solution was to construct an “equivalent tube”

which had the characteristics of (1) discretization with fewer
elements, (2) almost identical mechanical behavior to that of
thin-walled tube under uniaxial compression, and (3) almost
identical impact-induced ground vibration to that of thin-
walled tube.

Figure 8(a) illustrates the profile of the “equivalent tube”
in the form of a solid hexahedron with a dimension of
850mm× 850mm× 2400mm.The density of the “equivalent
tube” was set to 5.66 × 10−4 g/mm3 to ensure that the total
mass of an “equivalent tube” was identical to that of a thin-
walled tube. Figure 8(a) also presents the force-displacement
curves for the “equivalent tube” under uniaxial compres-
sion at different velocities of 0.5m/s, 20m/s, 40m/s, and
60m/s, respectively. These curves are simplified from those
in Figure 7 with consideration of (1) retaining the folding
characteristic; (2) approximate amount of the folding; and
(3) loading-speed-dependent responses. Based on Figures
8(a) and 8(b), the stress-strain curves of the “equivalent
tube” under uniaxial compression at different velocities are
illustrated.

Impact-induced ground vibrations were compared
between the “thin-walled tube-soil” model and “equivalent
tube-soil” model, which were illustrated in Figures 9(a)
and 9(b), respectively. A rigid plane was set on each tube
head with initial downward velocities of 20m/s, 40m/s,
and 60m/s, respectively. Their tube feet were tied to
the soil surface using the keyword ∗CONTACT TIED
SURFACE TO SURFACE. The thin-walled tube was
modelled using the approach presented in Step 3. The
“equivalent tube” was discretized using brick elements with
full integration and divided into four elements in vertical
direction, resulting in a mesh size of 850mm × 850mm ×
600mm. The soil model has a dimension of 120m × 120m
in plane and 40m thickness with its modelling strategy
described in Section 3 in detail. As an example, Figure 9(c)
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Figure 7: Force-displacement curves of thin-walled tube under uniaxial compression at different velocities applied by top plane.
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Figure 9: (a) “Thin-walled tube-soil” model; (b) “equivalent tube-soil” model; (c) acceleration histories of observation ground point 𝐴 at a
distance of 32m in radial and vertical directions for the case of initial velocity of 60m/s.

Table 2: Maximum accelerations of observation ground point 𝐴 in radial and vertical directions at different initial velocities.

Number Loading of rigid plane Tube type Max. acceleration (m/s2)
Velocity (m/s) Kinetic energy (J) Mass (kg) Radial Vertical

1 20 1.80 × 107 9.00 × 104 Thin-walled tube 1.49 4.20
Equivalent tube 1.49 4.20

2 40 1.80 × 107 2.25 × 104 Thin-walled tube 1.87 4.96
Equivalent tube 1.56 4.73

3 60 1.80 × 107 1.00 × 104 Thin-walled tube 1.63 5.75
Equivalent tube 1.93 5.68

illustrates the computed acceleration histories of observation
ground point 𝐴 at a distance of 32m in radial and vertical
directions for the case of initial velocity of 60m/s. Table 2
presents the maximum acceleration of point 𝐴 in radial and
vertical directions at different loading velocities. Ground
acceleration in tangential direction was too small due
to central symmetry and thereby ignored. Results found
that similar ground vibrations were achieved using the
“thin-walled tube-soil” model and “equivalent tube-soil”
model which meant that the “equivalent tubes” could be

incorporated in the “cooling tower-cushion-soil” model in
Section 3 to replace the thin-walled tubes.

3. (Cooling Tower-Cushion-Soil) Model

3.1. Computational Cases. Three computational cases illus-
trated in Figure 10 were conducted to compare the vibration
reduction by using two materials acting as cushions. Case
1 contained a cooling tower and homogeneous soil with
finite dimension to provide a baseline of ground vibration.
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No cushion was used in Case 1, while in Cases 2 and
3 foamed concrete and the “tube assembly” were applied
as cushion material, respectively. These models did not
contain the modelling of nuclear-related facilities and a
containment. Actually, a big model to describe the behav-
ior of the integral “cooling tower-soil-containment” system
could be built without technical difficulty, however, at the
cost of enormous numerical consumption. Alternatively, the
containment including nuclear-related facilities could be
separately modelled using the ground vibration obtained
from “cooling tower-cushion-soil” model as input data with
less computational cost.This was beyond the study scope and
not demonstrated in this paper.

Figure 11 illustrates the dimension and material parame-
ters of a reinforced concrete cooling tower.The cooling tower
was excerpted from a practical project as described in [26]
at the Jidong Nuclear Power Station with a height of 185m
including a shell body and supporting columns.The cushions
of foamed concrete and the “tube assembly,” with a height
of 4m and 2.4m, respectively, were both in the planar form
of an octagon with an in-circle radius of 120m. The choice
of the planar size was based on the debris area in the col-
lapse simulation of the cooling tower. Foamed concrete was
homogeneously constructed to build the cushion and lateral
deformation was generally negligible for foamed concrete
under uniaxial compression [27]. However, for the cushion

Table 3: Soil parameters.

Parameter Value
Density (g/mm3) 2.5 × 10−3
Dynamic shear modulus (MPa) 5150
Poisson’s ratio 0.33
Internal friction angle (rad) 0.64
Cohesion (MPa) 1.64
Damping ratio (%) 1.50

of the “tube assembly,” the thin-walled circular tubes with
each diameter of 0.85m were independently arranged with
a center-to-center spacing of 1m, resulting in a minimum
gap of 0.15m between two neighboring tubes, as illustrated in
Figure 10. This gap was intentionally reserved so that (1) the
folds of a tube under uniaxial compression could freely form
without lateral restraint caused by neighboring tubes; thus,
(2) the uniaxial compression state of “equivalent tubes” was
properly achieved in numerical simulation.The soil belonged
to the commonly usedmoderatelyweathered sandy slate [28].
Soil parameters are presented in Table 3.

3.2. Modelling. Two “cooling tower-cushion-soil” models
were developed for Cases 2 and 3, respectively, based on a
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Table 4: Brief description of “cooling tower-soil” model [2, 4, 8].

Region Element Material model Meshing Remark

Tower shell SHELL163 Material models in Eurocode 2 Part 2.1
108 vertical “levels” and 384

meridional “strips,” max. size of
1.2m × 1.5m

Proper technique was used to
connect shell elements in tower

shell and solid elements in
columns

Column

Concrete SOLID164 Holmquist-Johnson-Cook model
26 vertical “levels” and 4

elements in each “levels,” max.
size of 0.6m × 1.0m × 1.3m

Perfect bond between concrete
and rebars

Rebar BEAM161 Plastic kinematic model Max. size of 1.3 m

Soil SOLID164 Drucker-Prager model

Sizes of 4m × 4m × 4m were
meshed in soil model with a
dimension of 800m × 800m
(plane) × 40m (thickness)

Nonreflecting boundaries and
damping were set in the soil

model

“cooling tower-soil” model which was applicable to Case 1.
Previously, the “cooling tower-soil” model was established by
the first author and his collaborators to predict the collapse-
induced ground vibration using the program ANSYS/LS-
DYNA [2, 4, 8]. Table 4 briefly describes the modelling
approach for the cooling tower and soil, and more details
can be found in [2, 4, 8]. For modelling the cushion of
foamed concrete, brick elements with full integration were
used to achieve numerical stability with a mesh size of
1m × 1m × 1m. The material model used in Section 2.1
was also applied. For modelling the cushion of the “tube
assembly,” 47660 “equivalent tubes” were arranged with each
dimension of 0.85m × 0.85m × 2.4m and separated from
each other with a center-to-center spacing of 1.0m. The
modelling approach was identical to that presented in Step 4
in Section 2.2. Poisson’s ratio of “equivalent tube” was set
to 0. Each cushion was appropriately connected to the soil
(∗CONTACT TIED SURFACE TO SURFACE).

Several considerations were also addressed to make the
calculation reasonable and efficient [2, 4, 8]. First, the column
feet were numerically separated from the soil surface. By
doing this, the earthquake wave was input at the element
nodes on column feet. Second, collisions acted among shell
fragments as well as between a shell fragment and soil during
the collapse process. To simulate these, the commonly
used penalty function method was used. The parameters
were calibrated using impact test results of concrete blocks
[29]. Third, for each tube, the top nodes were constrained
(∗CONSTRAINED NODE SET&∗BOUNDARY SPC SET)
so that they move simultaneously only in vertical direction.
Fourth, reduced integration was applied in solid elements
in the tower column and in the soil model to make the
computation efficient, however, accompanied by undesired
zero energy modes. To appropriately control these modes,
hourglass control type 4 was applied. Finally, in a FEM-based
dynamic analysis of wave propagation, the maximum mesh
size of the soil model, 𝑙𝑒, should fit the following Eq. (1) [30]:

𝑙𝑒 ≤ ( 112 ∼
1
6) ⋅ 𝜆𝑇 = (

1
12 ∼
1
6) ⋅

V
𝑓𝑇 , (1)

where 𝜆𝑇 is the wave length corresponding to the dominant
wave frequency, 𝑓𝑇; V denotes the propagation velocity of the
wave under consideration.

Seven ground motion waves were individually used to
cause the cooling tower to collapse and investigate the ground
vibration. One of these waves was an artificial earthquake
wave that is commonly used in nuclear engineering for
seismic design in China. This earthquake wave matched
the standard RG1.60 response spectrum proposed by the
US Atomic Energy Commission [16] and was denoted as
earthquake wave RG1.60 in this study. Figure 12 presents the
acceleration history of the earthquake wave RG1.60 in two
horizontal directions (𝑋 and 𝑌) and vertical direction (𝑍)
with the PGAnormalized to 1.0 g.Other six earthquakewaves
were obtained from the Pacific Earthquake Engineering
Research Center [31] with consideration of the soil properties
commonly used in NPPs, that is, Coyote Lake (Gilroy Array
#1 station), Kobe (Kobe University station), Loma Prieta
(Gilroy Array #1 station), Northridge (LA Dam station), San
Fernando (Pacoima Dam station), and Whittier Narrows
(LA-Wonderland Ave station). The peak ground acceleration
(PGA) of these earthquakewaves in two horizontal directions
and in the vertical directions was first set to 0.3 g, 0.3 g, and
0.2 g (g denotes the acceleration of gravity), respectively. The
resulting ratio 0.3 : 0.3 : 0.2 = 1 : 1 : 0.67 was in agreement with
the code GB 50267-97 [28]. Each earthquake wave was input
on the bottom nodes of the elements on the column feet
to shake the cooling tower model. Eventually, incremental
inputs were performed gradually with a fixed step increment
for PGAs of 0.1 g in two horizontal directions and 0.067 g
in the vertical direction until the tower collapsed. In the
computation, central differencemethod was used to solve the
dynamic equations with time step controlled by the program
and the maximum value of time step being 4 × 10−5 s.
3.3. Model Verification. The “cooling tower-soil” model was
verified in several aspects, including (1) the collapse process
analysis of a cooling tower model in a column failure test [32]
and in a shaking table test [33]; and (2) the in situ monitoring
of ground vibration caused by falling weight [8]. In addition,
an on-site monitoring of ground vibration induced by the
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Figure 12: Artificial earthquake wave in accordance with RG1.60 response spectrum [16].
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Figure 14: On-site monitored and simulated acceleration history of ground vibration at point 𝐵 in radial and vertical directions [18].

demolition of a reinforced concrete chimney was recently
performed by the first author and his collaborators and used
herein for model verification [18]. The chimney, located in
Shanghai, China, was 200m high and demolished by con-
trolled blasting. A “chimney-soil” model was built to predict
the ground vibration using the identical modelling approach
in the “cooling tower-soil” model. Figure 13 presents the
bird’s eye view of the chimney, the chimney dimension,
and the position of ground point 𝐵 where ground vibration
was monitored [17]. The uniaxial compressive strength of
concrete was 23.4MPa and the yield strength of the rein-
forcing steel bars was 400MPa. The reinforcement ratios in
the inner and outer sides in circumferential direction were
0.31%–1.1% and 1.1%–3.3%, respectively. Those in meridional

direction were 0.33%–1.3% and 1.1%–2.4%, respectively. The
soil density, shear wave velocity, dynamic shear modulus,
Poisson’s ratio, cohesion, and internal friction angle were
2200 kg/m3, 244m/s, 190MPa, 0.33, 1.64MPa, and 36.42∘,
respectively. The chimney was meshed using 64 “levels” in
vertical direction and 157 “strips” in meridional direction,
resulting in total of 9678 shell elements. The soil model
with a dimension of 600m × 600m × 35m was discretized
using 20000 solid elements. The elements actually destroyed
by blasting were numerically achieved by a “killing” tech-
nique provided by the program ANSYS/LS-DYNA. Figure 14
compares the on-site monitored and simulated acceleration
histories of ground vibration at point 𝐵. Table 5 presents the
on-site monitored and simulated acceleration amplitudes of
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Table 5: Comparison of the on-site measured and simulated maximum acceleration amplitudes of ground vibration at point 𝐵∗ [18].

Direction Stage Amplitude (×10−2m/s2)
On-site monitored Simulated Error#

Vertical Falling down 19.10 19.65 2.88%
Impacting ground 10.19 9.93 −2.55%

Radial Falling down −10.92 −11.16 2.20%
Impacting ground 9.06 9.00 −0.67%

∗The position of field monitoring point 𝐵 was indicated in Figure 13. #Error = (simulated value − on-site monitored value)/on-site monitored value.

Bird’s eye view

Observation
point CY

X

45
∘

3
0
0

m

Figure 15: Collapse process of the cooling tower under the earthquake wave RG1.60.

ground vibration at point 𝐵. Results found that the vibration
in the “falling down” and “impacting ground” stages was well
predictedwith themaximumerror of acceleration amplitudes
in a range from −2.55% to 2.88%. However, the comparison
on the vibration in ”blasting” stage was unavailable because
the blasting effect was not simulated.

4. Vibration Mitigation

4.1. Collapse of Cooling Tower. The cooling tower survived
until a certain PGA of an individual earthquake was reached.
As an example, Figure 15 illustrates the collapse process
of the cooling tower under the earthquake wave RG1.60
featured with the collapse mode of “collapse in integrity” [8].
A dominant collapse direction and point 𝐶 at a distance of
300m for observing ground vibration are also indicated in
Figure 15.

4.2. Vibration Mitigation Effect. Figure 16 illustrates the
acceleration histories of collapse-induced ground vibrations
at point 𝐶 in radial, tangential, and vertical directions in
Cases 1, 2, and 3 for the cooling tower under the earthquake
wave RG1.60. Table 6 compares the maximum acceleration
amplitudes in radial, tangential, and vertical directions at
different distances in Cases 1, 2, and 3 for the cooling
tower under seven earthquake waves. In the computation,
individual dominant collapse direction for the collapse of the
cooling tower under each earthquake wave was used when
evaluating ground vibration. Results found that collapse-
induced ground vibrationwas remarkably reducedusing each
cushion. For the observation point𝐶with a distance of 300m,
which is typical spacing between a cooling tower and adjacent
nuclear island in China, the averaged maximum acceleration
amplitudes were reduced by 91%, 79%, and 92% in radial,
tangential, and vertical directions in Case 2 and 53%, 32%,

and 59% for those in Case 3, respectively. Evidently, in the
concerned cases, foamed concretewasmore effective than the
“tube assembly.” In addition, the vibration reduction became
weak with increases in distances.

4.3. Discussion. Three issues are discussed in this subsection,
that is, mitigation effect of ground vibration, cushion heights,
and comparison of mitigation effect with those in previous
studies. The different mitigation effects are attributed to
related physical properties (e.g., strength and deformability)
and associated dynamic responses of the cushions (e.g., com-
paction height and energy absorption). Firstly, as illustrated
in Figures 4 and 8(b), the strength of foamed concrete aver-
aged about 0.61MPa and the corresponding values approx-
imately ranged from 13.6 to 20.8MPa for the “equivalent
tube” at different loading velocities. Both cushions had an
ultimate strain of about 0.7. In appropriate conditions, a
“soft” cushion (e.g., foamed concrete) commonly resulted in
a better mitigation effect than a “hard” cushion (e.g., “tube
assembly”) did.This has been generally accepted in engineer-
ing practice and was confirmed in [4]. In other words, the
mitigation effect of two cushionswill be similar if their related
physical properties (e.g., strength and deformability) are
comparable. However, detailed studies are beyond the scope
of this study. Secondly and consequently, compaction heights
of two cushions compressed by fallen shell fragments were
significantly different. Figure 17 illustrates the distribution
of compaction heights of two cushions for the cooling
tower under the earthquake wave RG1.60. Foamed concrete
with a height of 4m was maximumly compacted by about
3.80m which meant that the foamed concrete was almost
fully compressed in the densification stage in certain places.
However, the “tube assembly” wasmaximumly compacted by
about 0.61m which was remarkably less than the compaction
height of the foamed concrete of 3.80m. Thirdly, the energy
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Figure 16: Acceleration histories of collapse-induced ground vibration at point 𝐶 in radial, tangential, and vertical directions at a distance of
300m in (a) computational Case 1; (b) computational Case 2; (c) computational Case 3 for cooling tower under earthquake wave RG1.60.
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Figure 17: Distribution of compaction heights of cushions in (a) computational Case 2 and (b) computational Case 3 for cooling tower under
earthquake wave RG1.60.
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Figure 18: Development histories of total energy of the “cooling
tower-cushion-soil” system, energy absorbed by cushions, and
remaining energy of the system under earthquake wave RG1.60.

absorption capacities of the two cushions were different.
Figure 18 illustrates the development histories of the total
energy of the “cooling tower-cushion-soil” system, energy
absorbed by each cushion, and the remaining energy of the
system under the earthquake wave RG1.60. Results revealed
that, in the concerned cases, foamed concrete had a higher
energy absorption capacity and a less remaining energy than
the “tube assembly” did, resulting in a more significant
vibration reduction.

The cushion heights of 4m for foamed concrete and 2.4m
for the “tube assembly” were chosen with consideration of
the possible heights of cushions used in practice, available
experimental data, and compaction heights impacted by
fallen shell fragments. The height of the “tube assembly”
was also in conformity with the geometrical parameters of
tubes used in previous studies [15], that is, ratios of height
to diameter and diameter to thickness. Variation of the
geometrical parameters probably led to failure modes rather
than concertina failure mode adopted in this study and,
therefore, these geometrical parameters were not changed.

The effect of ground vibration reduction using foamed
concrete was comparedwith that using othermethods. In [4],
a “soft” soil (clay) with a depth of 5m acting as overlying
soil above rock, an active isolation trench with a depth of
20m, and a passive isolation trench with a depth of 20m
were used to reduce collapse-induced vibration, respectively.
The maximum acceleration amplitudes were reduced in a
range of 28%−54%, 39%−57%, and 12%−32% at a point with a
distance of 350m, respectively. Generally speaking, for one-
time impact-induced ground vibration, the effect of vibration
reduction using foamed concrete is more efficient than those
using methods of overlying “soft” soil and isolation trenches.

5. Conclusions

A numerical study was performed to investigate the mitiga-
tion of collapse-induced ground vibration using two materi-
als acting as cushions, that is, foamed concrete and the “tube
assembly” to enhance the resilience of the “cooling tower-
soil-containment” system against the postearthquake disaster

in NPPs. These two materials have high energy dissipation
capacity and, however, were not found to be used in the field
of vibration control. This study demonstrates the enormous
potential of the two materials in vibration reduction using
seven earthquake waves. For foamed concrete with a height
of 4m, collapse-induced ground vibration at the point at a
distance of 300m was reduced by 91%, 79%, and 92% in
radial, tangential, and vertical directions. These values were
53%, 32%, and 59% for the “tube assembly” with a height
of 2.4m. Clearly, a remarkable effect of vibration mitigation
was achieved. In the concerned cases, foamed concrete was
more efficient than the “tube assembly” and other methods,
for example, using overlying “soft” soil and isolation trenches
in the previous studies.

An optimization approach is possible, for example, in
terms of material properties and height of each cushion.
This approach was not performed in this study and will be
addressed in future research.
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Observations from recent earthquakes have emphasised the need for a better understanding of the effects of structure-footing-soil
interaction on the response of structures. In order to incorporate the influences of soil, a laminar box can be used to contain the soil
during experiments. The laminar box simulates field boundary conditions by allowing the soil to shear during shake table tests. A
holistic response of a structure and supporting soil can thus be obtained by placing amodel structure on the surface of the soil in the
laminar box.This work reveals the response of structure with SFSI under mainshock and aftershock earthquake sequences. A large
(2m by 2m) laminar box, capable of simulating the behaviour of both dry and saturated soils, was constructed. A model structure
was placed on dry sand in the laminar box. The setup was excited by a sequence of earthquake excitations. The first excitation
was used to obtain the response of the model on sand under the mainshock of an earthquake. The second and third excitations
represented the first and second aftershocks, respectively.

1. Introduction

During an earthquake, the movement of soil causes move-
ment of structures and this structural response, in turn,
influences the movement of soil. This structure-footing-
soil interaction (SFSI) can cause the seismic response of a
structure to be different from that of an identical structure
with an idealised fixed base assumption. This process may
also cause the response of the soil to be different from
what would be measured under free-field conditions, that is,
without the structure. Observations from recent earthquakes,
including those from the 2010-2011 Canterbury earthquakes,
have identified a significant influence that the behaviour of
soil can have on the overall seismic performance of structures.

By carrying out experiments, a more realistic simulation
of the structural response with SFSI can be achieved. This
not only allows researchers to understand the effects of SFSI
but also it enables validation and improvement of numerical
models. An early contribution to the understanding of SFSI
was the presented example by Taylor et al. [1], where cyclic
displacements were applied to a number of model footings
seated on clay and sand. The results suggested that the soil

beneath the footing can be intentionally designed to deform
beyond the elastic limit in strong earthquakes.This nonlinear
soil behaviour can activate rigid body movements of the
structure. As a consequent, a development of plastic hinge
in the structure could be avoided. As discussed by Veletsos
and Meek [2], the flexible ground can act as a damper by
absorbing a large part of the vibration energy arising from
earthquakes and thus can reduce the seismic response of
a structure. Larkin [3] also concluded that the flexibility
of the supporting soil can lengthen the vibration period of
the structure-footing-soil system and result in a variation of
structural response when compared to those obtained from
analyses without considering SFSI.

On the other hand, the deformation of soil under footing
rotation can sometimes result in the temporary uplift of
footings. Deng et al. [4, 5] conducted centrifuge tests on
single-degree-of-freedom (SDOF) bridge structures of vari-
ous footing sizes, and Algie et al. [6] carried out dynamic
field tests on a rocking shallow footing. The results of these
investigations emphasised that footing uplift and nonlinear
soil behaviour should be taken into consideration in seismic
design. Recently, the effects of uplift on the response of liquid
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storage tanks structures and nuclear plants have also been
studied [7–11]. Qin et al. [12] studied the influence of footing
uplift on the induced vibration of secondary structures. It
was reported that footing uplift can not only reduce the
response of structures but also reduce the induced vibrations
of secondary structures. Larkin et al. [13] studied the response
of structure considering adjacent structures.

Experimental simulation of the structural response with
uplift on soil support depends on the correct replication
of soil response during earthquakes. This can be achieved
throughout the use of a laminar box. Laminar boxes are
designed to simulate soil deformation conditions in situ and
thus allow the soil to undergo shear deformation during
a shake table test. Some of the characteristics that make
laminar box tests preferable to other experimental methods,
for example, field tests, are as follows [14]:

(i) The ability to simulate boundary conditions of soil in
situ

(ii) The capacity to test soil specimens that are larger
than the typical small-scale laboratory experiments
like triaxial test

(iii) Being able to explore the behaviour of soils in nonuni-
form, layered, and sloping sites

(iv) The ability to reproduce the seismic response of
structure and soil as one holistic system

Researchers have designed various types of laminar boxes
in the past. A very simple laminar box was utilised by Latha
andKrishna [15] in their study.This small boxwas rectangular
in plan with internal dimensions of 0.5m × 1m × 0.8m. The
box consisted of 15 laminar layers, constructed from pieces
of hollow aluminium rectangular sections. The layers were
separated by linear roller bearings to minimise friction. A
more complicated laminar box was described by Ueng et
al. [16]. This box was designed to undergo two-dimensional
shaking and hence was called a biaxial laminar box. The box
was rectangular in plan and had internal dimensions of 1.88m× 1.88m × 1.52m. It was made up of 15 horizontal layers and
had a special sliding system which allowed movements in
the horizontal plane. The layers were supported by a rigid
steel structure which surrounded the entire box.The inside of
this biaxial box was sealed with a 2mm thick silicone rubber
membrane which allowed for the testing of both dry and wet
soils.

Study of structural response with SFSI focuses on the
effect of the mainshock of the earthquake. Although the
consequence of aftershock has been reported after many
earthquake events, the structural response with SFSI in the
aftershock event has not been studied. In this study, which is
a part of the doctoral thesis of Qin [14], a laminar box large
in horizontal areal extent was constructed. A SDOF model
placed on sand in the box was considered. The responses
of the model under the mainshock and aftershocks of an
earthquake were compared.

Excitation

Figure 1: The laminar box on the shake table.

2. Design of Large Laminar Box

A laminar box should accommodate the movement of soil
and neither resists nor promotes soil displacement. The
design of the large laminar box involved identification and
consideration of the issues important to the performance of
the box. These included inertia, friction, membrane effects,
and boundary/corner effects [17]. The inertia of a heavy
container can alter the movement of soil within the container
that the soil-container system no longer simulates the soil
movements in free-field condition. To minimise this effect,
the laminar layers should be of relatively low mass [16]. In
view of this, a lightweight material had to be chosen for the
laminar layers. To ensure that the box would not resist soil
movements, a sliding system had to be developed to allow the
layers to move with as little frictional resistance as possible.
Since the laminar box will also be used to test saturated soils
to study the effect of soil liquefaction, awaterproofmembrane
was used. It had to be designed of sufficiently high flexibility
to avoid any influence on the response of the soil [17].

The boundary effects are typically localised along the
edges of the box. At the centre of the soil mass, the effects
are usually not significant at the centre. Thus, the laminar
box was designed with a large surface area to ensure that a
suitable volume of soil at the centre of the overall mass would
remain unaffected by boundary/corner effects. Other factors
such as the availability ofmaterials, cost, and ease of construc-
tion/repair were also considered during the design process.
Active earth pressures [18, 19] were computed assuming that
the entire box was filled with saturated soil. All components
of the box were then designed to withstand the predicted
loading. The final assembly of the large laminar box is shown
in Figure 1. This box will be placed on a shake table and
excited along its longitudinal axis.The final part of the design
involved evaluating the structural integrity of all components
of the box.

The laminar box has internal dimensions of 2m × 2m ×
2m. Each laminar layer can move horizontally, in the direc-
tion of the excitation, up to 175mm. The soil inside the box
can undergo a maximum shear strain of approximately 9%,
which is enough to simulate the in site epicentral displace-
ment of soil under a large earthquake event. The box consists
of three major components, that is, the base including barrier
columns, the stack of laminar layers, and the membrane.
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Figure 2: Details of the base and barrier columns.

2.1. Base and Barriers. The details of the base are shown in
Figure 2. The base has internal dimensions of 2m × 2m ×
0.235m and is made of 10mm steel plate. Steel I-sections
(200UB22.3) are welded horizontally on the transverse sides
of the base. Three columns are welded onto the I-sections.
These 2.45m high 150UB14.0 columns also provide the main
structural strength of the box. This height is selected for the
preparation of soil specimen (discussed in Section 2.4).

Rigid steel L sections brace the three columns (see red-
dashed line in Figure 2). These members minimise vibration
of the columns in the longitudinal shaking direction. A row of
M6 holes, at 53mm c/c, is drilled on the flange of the columns
that face the inside of the box. Each hole will be used to fix a
ball bearing for supporting a laminar layer. An 8mm thick
gusset is welded on the horizontal I-section directly under
each column to facilitate load transfer to the base.

2.2. Laminar Layers. Thirty thin laminar layers are used.
Each of these layers is composed of a lightweight aluminium
alloy that minimises the mass. Figure 3 shows the construc-
tion of the laminar layers. Each laminar layer is a framemade
of a combination of x-shaped sections and 250mm × 50mm× 3mm rectangular hollow sections. It was decided to use x-
shaped sections as these sections have built-in tracks inwhich
ball bearings are used to support the laminar layer. In this
way, ball bearings are not installed between laminar layers,

and the gap between the laminar layers is thusminimised.The
x-shaped sections and rectangular hollow sections are bolted
together using M12 bolts to form each layer.

Each layer is separated and supported by ball bearings
fixed on the external columns. The ball bearings allow the
layers to move relative to one other with little frictional
resistance. A Teflon washer is provided between the x-shaped
sections and the columns in order to reduce friction, thereby
minimising resistance from the columns to the sliding of
the laminar layers. As described in the previous section, the
spacing between the holes for the ball bearings is 53mm.The
total thickness of the laminar layer is 50mm (i.e., the height
of the hollow section). Thus the gap between laminar layers
is controlled to within 3mm.

2.3. Membrane. The third major component of the large
laminar box is the membrane that lines the inside of the box.
While most other laminar boxes, such as the one developed
by Ueng et al. [16], have utilised a silicone rubber membrane,
the membrane in this box is made of a flexible and durable
PVC fabric. It was chosen to minimise the resistance to the
movement of sand during shear. The fabric was designed to
fold/unfold as sandmoves against it rather than to stretch like
a conventional silicone rubber membrane. The membrane is
made from a trapezium-shaped piece of fabric.The bottom of
the trapezium has a length equal to the inner perimeter of the
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box, while the top of the trapezium is about 1.25 times longer
than the bottom (Figure 4(a)). The bottom of the fabric is
clamped to the steel base of the box, while the top of the fabric
is pegged to the top laminar layer.The result is a fabric system
that has increasing leeway near the top of the box where the
laminar layers are expected to move the most during testing
(Figure 4(b)). This leeway allows the flexible membrane to
fold/unfold easily to accommodate the movement of sand.

2.4. Preparation of the Sand. The laminar box was filled with
1m depth of dry sand. This was achieved by raining the
sand through a vertical distance higher than that required
for the sand reaching terminal velocity (Figure 5(a)). Raining
of sand is a common technique that is used to prepare sand
samples for laboratory testing [16, 20]. A number of studies
were conducted to calibrate this technique [21–23]. It was
reported that raining sand above the terminal falling height,

determined to be above 400mm, would allow for consistency
in relative density at various locations of the sand layer [21,
22]. In this study, a timber box with a base area of 2m × 2m
was used to rain the sand.The base of the boxwas drilled with
1800 holes of 9mm diameter with c/c spacing of 40mm.This
means that 2.8% of the area of the base consists of openings
(Figure 5(b)). During the raining process, the timber box was
supported by the barrier columns of the laminar box. The
maximum depth of sand in the laminar box is 2m, and thus
the clear distance between the base of the raining box and the
maximumelevation of the sand surface is 450mm.According
to the data presented by both Rad and Tumay [22] and Vaid
and Negussey [21], the relative density of the sand formed
in the laminar box was about 35%. Figure 5(c) shows the
particle size distribution of the sand. The parameters of the
sand used in this study are shown in Table 1. The parameters
were obtained according to NZS 4402 [24].
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Figure 5: Test setup: (a) laminar box with (b) the raining box and (c) particle size distribution.

Table 1: Soil parameters.

Parameters Quantities
Density (𝜌) 1451 kg/m3
Unit weight (𝛾) 14.2 kN/m3
Max. void ratio (𝑒max) 0.93
Min. void ratio (𝑒min) 0.6
Specific gravity (𝐺𝑠) 2.67
2.5. Shake Table Test Setup. The laminar box with 1m depth
of sand was placed on the shake table as shown in Figure 6. A
frame model was placed on the sand surface. The model was
assumed to be a SDOF model with a fixed base fundamental
frequency of 2.8Hz. The mass at the top was 19.2 kg and
the height of the model was 580mm. The footing size was
475mm × 475mm. The footing was assumed to be rigid.
Sand paper was attached under the footing to increase the
friction at the footing-sand interface and thus minimise
sliding. The accelerations at the top (𝑎𝑇) and at the footing
(𝑎𝐹) of themodel weremeasured.The acceleration of the sand
beneath the model (𝑎𝑆) was measured by embedding another

accelerometer in the sand directly beneath the centre of the
footing of the model. Two laser transducers were used to
measure the settlement at the sand surface and 250mm away
from the footing edge (Figure 6). The acceleration at the base
of the laminar box (𝑎𝐵) was also recorded. Strain gauges were
attached at the base of the columns to measure the strain for
calculating the bending moment development. The bending
moments were used to calculate the base shears (𝑉).

The excitation was simulated based on the Japanese
Design Spectrum for a hard soil condition [25, 26]. Fig-
ure 7(a) shows the acceleration time history of the excitation.
The peak ground acceleration (PGA) of the excitation is
0.79 g. The shake table used for this study was displace-
ment controlled with a maximum allowable movement of±120mm. The displacement time histories of the excitations
were obtained by double integration of the acceleration time
history (Figure 7(c)). Because themaximumgrounddisplace-
ment (335.57mm) was larger than the allowable range of
the shake table, it was decided to reduce the displacement
of the excitation by a factor of four so that the maximum
displacement of the ground motion is within the limit of
the shake table. The ground acceleration is also reduced
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Figure 7: Ground excitation. ((a) and (c)) original and ((b) and (d)) scaled time history.

by a factor of four. The reduction leads to a loading that
is not strong enough to excite the structure. To keep the
magnitude of ground acceleration according to Buckingham𝜋 theory [27], the scale factor of the duration of the ground
excitation needs to be two, because the scale factor of the
ground acceleration depends on the dimension length and
the dimension time power two.The relationship between the
scale factors of length (𝑆𝐿), times (𝑆𝑇), and acceleration (𝑆𝑎)
is 𝑆𝑇 = √𝑆𝐿/𝑆𝑎. To keep the acceleration magnitude, the
acceleration scale factor needs to be 1. Consequently, the scale
factor for time is √4/1 = 2. After scaling, the magnitude of
the ground displacement is only 25% of the original magni-
tude (see Figure 7(d)), while the magnitude of the ground
acceleration time history has the same magnitude of the
original ground acceleration (see Figure 7(b)). The duration

of the ground excitation is only 50% of the original duration
(see Figures 7(b) and 7(d)). To investigate the effect of
aftershock earthquake on the structure with soil, a sequence
of three excitations was applied to the laminar box.The effect
of mainshock was represented by the first excitation. The
second and third excitations were used to represent the first
and second aftershocks, respectively. For simplification, it is
assumed that the time history of aftershocks is the same as
that of the mainshock.

3. Accelerations of the Structure,
Footing, and Soil

Figure 8, derived from the mainshock, shows the response
spectrum of accelerations at three different locations. The
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dotted line represents the response spectrumat the base of the
laminar box (𝑎𝐵). The dashed and solid lines are the response
spectra of acceleration at the centre (𝑎𝐹) and immediately
beneath (𝑎𝑆) the footing, respectively. In the long period
range (greater than 0.3 s), the spectrum values of 𝑎𝑆 are larger
than those of 𝑎𝐵. In contract, in the short period range (less
than 0.2 s), the spectrum values of 𝑎𝑆 are lower than those of𝑎𝐵.

Comparing the response spectrum of acceleration at the
footing (𝑎𝐹) and under the footing (𝑎𝑆), the spectrum values
of 𝑎𝐹 are higher than those of 𝑎𝑆 in the period range between
0.03 s and 0.2 s. In the long period range (greater than 0.7 s)
the spectrum values of 𝑎𝐹 and 𝑎𝑆 are similar. Other than that,
the spectrum values of 𝑎𝐹 are lower than those of 𝑎𝑆.

The difference between the response spectrum values of𝑎𝐹 and 𝑎𝑆 can be attributed to the interaction between the
response of the model, the footing, and the soil. A part of
the footing was observed to be temporarily separated from
the supporting soil during all experiments. Because of the
separation, the response spectrum values of 𝑎𝐹 around the
fixed base fundamental period of the model (0.36 s) reduce.

Figure 9(a) shows the acceleration of the soil beneath
the model footing (𝑎𝑆) during the mainshock and the first
aftershock. While the solid line represents the case of the
mainshock, the dashed line illustrates that of the first after-
shock. As shown, the amplitude of the soil acceleration due
to the mainshock was larger than that due to the aftershock.
The maximum sand acceleration beneath the footing due
to mainshock and the first aftershock was 0.75 g and 0.62 g,
respectively, that is, a 17.33% difference. Figure 9(b) compares
the acceleration of the soil beneath the model footing during
the first (dotted line) and second (solid line) aftershocks. In
general, the soil accelerations during the first and second
aftershocks were similar. The maximum soil acceleration
due to the second aftershock was 0.64 g. The difference in
maximum soil acceleration between the first and second
aftershocks was only 0.02 g. It is shown that acceleration of
soil in the event of aftershocks is smaller than that in the
mainshock, even though both mainshock and aftershocks
have the same magnitude.

Figure 10 compares the response spectrum of the soil
acceleration (𝑎𝑆) under the footing during the mainshock
and the aftershocks. The response spectra of 𝑎𝑆 obtained
from the aftershocks are very similar. However, some notable
differences can be found when these response spectra are
compared to those obtained from the mainshock. At periods

around 0.35 s and 0.6 s, the spectrum accelerations from the
mainshock are higher than those of the aftershocks.

The difference in the response spectrum value of 𝑎𝑆
among tests is attributed to the soil density beingmuchhigher
in the aftershock events. Extensive soil settlement took place
during the mainshock, and thus the soil density increased.
Figure 11 shows the settlement at the soil surface in the
mainshock and aftershocks. As shown, the final settlement at
the soil surface due to the mainshock was 42.8mm, while the
final settlement caused by the first and second aftershockswas
7.4mm and 6.2mm, respectively. Most of the soil settlement
took place during the mainshock. Thus, the soil densities in
the events of the aftershocks were much higher than those
of the mainshock. In the aftershocks, the settlements at the
soil surface were very similar, leading to approximately equal
changes of soil density. Consequently, the response spectrum
values of 𝑎𝑆 in the first and second aftershocks were similar
(Figure 10).With lower soil density in themainshock, the soil
had the largest spectrum amplitude for periods in the vicinity
of the fixed base fundamental period (0.36 s) of the structure.

Figure 12 compares the horizontal acceleration developed
at the footing (𝑎𝐹) during the mainshock and aftershocks.
While Figure 12(a) shows the effect of aftershock by com-
paring the footing response obtained from the mainshock
and the first aftershock, Figure 12(b) illustrates the effect of
subsequent aftershock on the footing acceleration. Although
the excitations were the same, the developments of footing
acceleration during the mainshock and the first and the
second aftershocks were different from each other. Figure 13
shows the response spectrumof soil and footing accelerations𝑎𝑆 and 𝑎𝐹 obtained from the aftershocks. For most periods,
the spectrum values of 𝑎𝐹 are close to or larger than those of𝑎𝑆. Except in the period range (approximately 0.3 s and 0.6 s)
covering the fixed base fundamental period of the model
(0.36 s), the spectrum value of 𝑎𝐹 is smaller than that of 𝑎𝑆.
This finding is consistent with the results of the mainshock.

Figure 14 shows a comparison of the horizontal acceler-
ation at the top of the model (𝑎𝑇). The acceleration of the
model during the mainshock was larger than that during the
aftershocks. The maximum horizontal acceleration at the top
of the model in the mainshock and the first aftershock was
0.92 g and 0.67 g, respectively, that is, a 27%difference.On the
other hand, the maximum horizontal acceleration at the top
of the model during second aftershock was 0.68 g, similar to
that of the first aftershock (see Figure 15(b)).The results show
that, in the event of the aftershocks, the response of structure
with SFSI can be reduced. This could be attributed to the fact
that the density of sand of the aftershockwas greater than that
of the mainshock.

Figure 15 shows the Fourier spectrum of the struc-
tural horizontal acceleration due to the mainshock and the
aftershocks. There is a noticeable difference between the
Fourier amplitude of the mainshock and that of the first
aftershock (Figure 15(a)). The maximum Fourier amplitude
for case of the mainshock is 1.11 gs. However, the maximum
Fourier amplitude obtained from the first aftershock was
significantly lower (only 0.78 gs). Also, the majority of the
Fourier amplitudes within the range of 1.6Hz and 3Hz
obtained from the first aftershock were lower than those from
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Figure 11: Settlement of the soil surface during the mainshock and
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themainshock.The Fourier amplitude obtained from the first
aftershock was also significantly different from that obtained
using the second aftershock (Figure 15(b)). This result shows
that although the excitations of the mainshock and the first
and the second aftershocks were assumed to be the same,
the aftershock can cause amplification or reduction on the
response of structure with SFSI.

4. Calculating the Base Shear
of the Structure with SFSI

Strain gauge was used to measure the strain at the column
base of the model. The development of base shear in the
model during the earthquake can be calculated using the
strain gauge measurement. Figure 16 shows a comparison
of the base shear development in the model due to the
mainshock and the aftershocks. As shown, the maximum
base shear in themodel due to themainshock was larger than
that due to the first aftershock. On the other hand, although
the maximum horizontal acceleration at the top of the model
due to the mainshock was the largest, the largest maximum

base shear (𝑉) was found in the second aftershock event
(Figure 16). The maximum base shear due to the mainshock
was 169.5N. The maximum base shear due to the first and
second aftershocks was 159.2N and 179N, respectively. The
maximum base shear due to the second aftershock was 5.6%
and 12.4% larger than that due to the mainshock and the
first aftershock, respectively. Although the mainshock and
aftershock were the same, the development of maximum
acceleration and base shear shows a different trend when
subjected to the mainshock and the aftershocks.

Chopra and Yim [28] developed an equation of motion to
calculate the response of a structure with a flexible support.
The deformation of the support was modelled using two-
spring support. They developed a set of formulas to calculate
the maximum base shear (𝑉max) of structures on flexible
supports:

𝑉max = 𝑉cr{{{{{
ℎ2𝑅𝑜2

+ 𝑒−𝜉𝜙√ 𝑏4𝑅𝑜4 + 𝑏2𝑅𝑜2 [(𝑆𝑎𝑔 )
2 (ℎ𝑏)

2 𝑒𝜉𝜋 − 1]}}}}}
,

(1)

where

𝜙 = 𝜋2 − tan−1
{{{{{{{{{
𝑏𝑅𝑜 [(𝑆𝑎𝑔 )

2 (ℎ𝑏)
2 𝑒𝜉𝜋 − 1]−

12}}}}}}}}}
; (2)

and 𝑏 is half of the base width and ℎ is the height of the
model; 𝑔 is the gravitational acceleration; 𝑅𝑜 = √ℎ2 + 𝑏2 and𝑉cr = 𝑚𝑔 × 𝑏/ℎ is the base shear to initial footing uplift. 𝑆𝑎
is the spectrum acceleration corresponding to the effective
vibration period �̃�.

The effective vibration period of a structure with a flexible
support is

�̃� = 𝑇√1 + 𝑘ℎ𝑘𝜃 , (3)

where 𝑇 is the fundamental period of the structure with a
fixed base, 𝑘 is the lateral bending stiffness of structure, and
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𝑘𝜃 is the rotational assumed static stiffness of the footing on
uniform soil:

𝑘𝜃 = 𝐺𝜋8 (1 − 𝜐)𝐵2, (4)

where 𝐺 and 𝜐 are the shear modulus and Poisson’s ratio of
the soil, respectively; 𝐵 is the base width (2𝑏).

An empirical equationwas developed by Larkin [29] such
that the shear wave velocity (𝑉𝑠) of sand can be calculated
using the relative density (𝐷𝑟), mass density (𝜌), and mean
effective confining stress (𝜎𝑀):

𝑉𝑠 = √𝐷𝑟 + 25100 × [√0.422 × 103 × 𝜎𝑀𝜌 ]0.5 . (5)

The shear wave velocity can be used to calculate the shear
modulus of soil:

𝐺 = 𝜌𝑉𝑠2. (6)

By combining (5) and (6), (7) can be obtained to estimate the
shear modulus (𝐺) of sand using the relative density 𝐷𝑟 and
effective confining stress 𝜎𝑀:

𝐺 = 𝐷𝑟 + 25100 × √0.422 × 103 × 𝜎𝑀. (7)

The shearmodulus of the sand at depth of 59mm is 0.45MPa.
This depth, calculated from 1/8 of the footing width, is
the appropriate depth for a characteristic soil element to
represent the stress conditions of soil involved in providing
resistance to moment and shear [3]. The effective vibration
frequency of the model on sand is calculated to be 2.74Hz
(see (3)). The effective vibration period of the model is very
similar to the fixed base fundamental period.This is because,
in shake table experiments, the sand cannot be scaled. As a
consequence of this, the sand has larger stiffness than that
of scaled sand. Consequently, the unscaled sand has a higher
shear modulus, that is, higher sand stiffness.

Figure 17 shows a comparison of themaximumbase shear
(𝑉max) of the model obtained using experimental data and
(1). Strain gauge measurements are used to determine the
maximumbendingmoment at the base of themodel and thus
the experimental maximum base shear can be calculated.The
spectrum acceleration 𝑆𝑎(�̃�) is derived from the acceleration
measured in the soil beneath the footing (Figure 10). It
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Figure 17: Calculation of the maximum base shear.

can be seen that (1) overestimates the maximum base shear
of the model. The experimentally obtained maximum base
shear for the model due to the mainshock and the first
and the second aftershocks is 169.5N, 159.2N, and 179.0N,
respectively. With (1), the corresponding maximum base
shear is 249.4N. Equation (1) overestimates the maximum
base shear of model by 47%, 57%, and 39%, respectively.

The accuracy of (1) is associated with the estimation of
the effective vibration period of the model on sand. In (3),
the rotational stiffness of footing on soil is modelled using
elastic springs. Footing uplift and soil plastic deformation are
not considered. Therefore, the effective vibrational period of
the model is underestimated.

As shown in Figure 15, the maximum Fourier amplitude
is found at 2.22Hz considering the mainshock and the
second aftershock. This indicates that the corresponding
vibration periods (�̃�) are 0.45 s. Compared to the theoretical
calculation (�̃� = 0.36 s), (3) underestimates the effective
vibration period by 20%. For the case of the first aftershock,
the maximum Fourier amplitude is found at 1.64Hz, that is,
26% lower than that in the case of the mainshock. When �̃�
is used to obtain the spectrum value, the accuracy of (1) can
be improved. The maximum base shear of the model due to
the mainshock and the aftershocks, estimated using 𝑆𝑎(�̃�),
is 200.2N, 170.6N, and 200.2N, respectively. Although (1)
overestimates the maximum base shears by 18%, 7%, and
12%, the calculations are closer to the experimental results. To
further improve the accuracy of (1), the spectrumacceleration
derived using footing acceleration (𝑎𝐹) in conjunction with�̃� can be used. The maximum base shear obtained from (1)
using �̃�(�̃�) is 178.3N, 169.4N, and 190.3N for the case of the
mainshock, the first aftershock, and the second aftershock,
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respectively.The corresponding errors reduce to 5%, 6%, and
6%.

5. Conclusions

This work addresses the response of a model structure on
sand using a large laminar box which is square in plan. The
laminar box can accommodate a depth of 2m of soil, with
a surface area of 4m2. The design and construction of the
relatively large laminar box are presented. Shake table tests are
conducted. An excitation was applied three times to simulate
the effect of the mainshock and aftershocks of an earthquake.

The results reveal the following:

(i) A relatively large laminar box can be used to inves-
tigate the structural response with SFSI and produce
meaningful outcomes.

(ii) The development of soil settlement in the mainshock
was much larger than that in the aftershocks. As a
result, the development of spectrum acceleration of
soil acceleration was affected.

(iii) Although the mainshock and aftershock were
assumed to be the same, the densification of the
sand in the aftershocks affects the development of
structural top accelerations.

(iv) With SFSI, the maximum horizontal acceleration in
the structure when subjected to the mainshock was
larger than that due to the aftershock. However, the
maximum base shear of structure due to the after-
shock can be larger than that due to the mainshock.

(v) When comparing experimental results against those
from an existing theoretical method, the accuracy
of the method is sensitive to the effective vibration
period of the SFSI system and the spectrum accelera-
tion of the footing.
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The foundation might be separated from the supporting soil if the earthquake is big enough, which is known as base mat uplift.
This paper proposed a simplified calculation model in which spring element is adopted to simulate the interaction between soil
and structure. The load-deformation curve (𝐹-𝐷 curve) of the spring element can be designated to represent the base mat uplift,
in which the pressure can be applied while tensile forces are not allowed. Key factors, such as seismic wave types, seismic wave
excitation directions, seismic wave amplitudes, soil shear velocities, structure stiffness, and the ratio of structure height to width
(𝐻/𝐵), were considered in the analysis. It is shown that (1) seismic wave type has significant influence on structure response due
to different frequency components it contained; (2) the vertical input of seismic wave greatly affected structure response in vertical
direction, while it has little impacts in horizontal direction; (3) base mat uplift is easier to take place in soil with higher shear
velocity; (4) structure𝐻/𝐵 value has complicated influence on base mat uplift. The outcome of this research is assumed to provide
some references for the seismic design of the structure due to base mat uplift.

1. Introduction

There have been two ways to deal with the soil-structure
interaction (SSI) effect in seismic design of structures: one is
treating the soil as rigidmedium and neglecting the SSI effect;
the other is assuming the foundation to be fully bonded to
soil so that the foundation uplift cannot occur. However, the
importance of the SSI in the dynamic response of structure
has been realized recently by researchers, though foundation
uplift has not gotten enough attention yet, partly due to the
fact that interfacial behavior between foundation and soil
cannot be directly observed after earthquake. However, the
phenomenon of foundation uplift can be verified indirectly in
some earthquakes such as that of Chile 1960, Alaska 1964, San
Fernando 1971, Kocaeli 1999, and Athens 1999 [1], in which
snow was observed under the structural base mat.

Housner [2] found that several golf-ball-on-a-tee type
of elevated water tanks survived from ground shaking
whereas the reinforced concrete structures of elevated water
tanks were severely damaged during the Chilean earthquake
in 1960. Motivated by this phenomena, Housner further
investigated dynamic response of rigid block rocking on
rigid horizontal base to establish the relationship between
structure and foundation uplift. After that, the impact of
foundation uplift on the dynamic response of structures had
attracted much interest of earthquake related researchers.
Early research works focused on rigid block rocking on
rigid base [3] or elastic/Winkler base [4, 5], in which the
influence of structure flexibility on dynamic response of
structure is neglected. Later, calculation models for flexible
blocks/structure rocking on rigid base [6, 7] and elastic base
[8, 9] were proposed (see Figure 1).
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Figure 1: Four calculation models. (a) Rigid block rocking on rigid base [3]; (b) rigid block rocking on Winkler base [4]; (c) flexible block
rocking on rigid base [6]; (d) practical structure rocking on elastic base [8]; (e) SR model [10].

With the construction of nuclear power plant (NPP)
structures in Japan and America, much attention had been
paid to the impact of base mat uplift on the seismic response
of structure. The SR (Away-Rocking) model (as shown in
Figure 1(e)) was developed and used widely for the analysis
of the dynamic response of NPP due to its complicate
property. Kennedy et al. [13] established a simplified dynamic
mathematical model for a typical High Temperature Gas-
cooled Reactor (HTGR) plant. The results showed that linear
analysis may be used to determine all structural response
for rock sites even when there is substantial base slab
uplift. However, for soil sites, nonlinear analyses on structure
should be conducted if base mat uplift occurs. Taking a
reactor building of Pressurized Water Reactor (PWR) plant
as an example, Sotomura and Kase [10] investigated the
impact of the vertical and horizontal ground motion on

the seismic response of structure due to base mat uplift.
With the development of computing resource, numerical
simulation methods have been employed to conduct the
three-dimensional nonlinear calculation. Naohiro et al. [14]
established a three-dimensional nonlinear FEM model to
calculate the seismic response of a nuclear power plant
with consideration of base mat uplift during earthquake.
The ultimate displacement of structure and its fragility were
then evaluated. Bolisetti and Whittaker [15] analyzed the
influence of adjacent structures on foundation uplift in NPP
structures by finite element method, in which the contact
element or joint element was used to represent the behavior
of the base mat uplift. Yabushita et al. [16] and Naohiro et
al. [17] studied the nonlinear behavior of base mat uplift by
arranging joint elements between the reactor building base
mat and the underneath soil in 3D FE model. However, such
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FE method suffered two key problems, that is, the difficulty
in determination of constitutive models for contact/joint
element and convergent issue in FE analysis.

Recently, Gazetas et al. [11, 12] proposed a concept of
rocking isolation, in which the influence of foundation uplift
on seismic response of structure can be investigated. Prelim-
inary results showed that foundation uplift was beneficial to
dynamic behavior of structure during earthquake. Compared
to the current prevailing “capacity design” philosophy, Gaze-
tas proposed the idea of rocking isolation, taking advantage
of the nonlinear characteristics of surrounding soil in the
phenomenon of SSI, and then they intentionally induced
the plastic hinging in the element of foundation and soil
(as shown in Figure 2) to mobilize the strength of the
surrounding soil. Anastasopoulos et al. [18, 19] analyzed the
impact of rocking isolation on an asymmetric frame structure
and a retrofitted three-story building, and it is observed that
the rocking isolation in structure can offer increased safety
margins. Gazetas et al. [11, 12] suggested that seismic safety
factors can be reduced to 1 by adopting the idea of rocking
isolation.

From the initial study on the rigid block rocking at the
rigid base to the up-to-data conception of rocking isolation,
one crucial problemhas not been solved perfectly, that is, how
to establish a suitable calculation model to compute seismic
response of block/structure due to base mat/foundation
uplift. It is obvious that the nonlinear property of surrounding
soil cannot be considered in the traditional analysis model
as shown in Figures 1(a), 1(b), and 1(c), and the three-
dimensional effect cannot be included in the SR model as
shown in Figure 1(e). The real three-dimension FE model,
as given in Figures 1(d) and 2, might overcome the above
shortcomings; however, there are highly demanding com-
putational time and resource, and hence it is unsuitable for
practical designers. Most importantly, the rocking system is
a time varying system, which means the stiffness, frequency,
period, and damping are changing with the amount and area
of foundation uplift. In order to establish a robust calculation

method with consideration of the foundation uplift, the
“stress redistribution phenomenon” must be considered. In
this paper, a spring element method is proposed to avoid the
convergence issue in the contact/joint element method and
then the seismic response of structure due to the foundation
uplift can be analyzed systematically. Although this method
cannot consider nonlinear character of surrounding soil, the
research work here can give some insight to the seismic
response of structure due to foundation uplift and then
provides the theoretical foundation for further work with
consideration of the nonlinear property of soil. At same time,
some key factors impact on the seismic structural response
and foundation uplift ratio are also discussed.

2. New Computational Method
Using Spring Element

2.1. Traditional Method. The development of the calculation
method for seismic response of structure considering base
mat uplift has experienced three stages. The first stage was
focusing on block rocking on soil surface. Chopra and Yim
[20] established analytic formulae for a rigid andflexible body
rocking on rigid foundation, from which the classic Winkler
foundation model and simplified two-element foundation
model were proposed. The SR model was then proposed in
the second stage to analyze the linear seismic responses of
structure [21]. It should be noticed that only 2D analyses
were conducted in first two stages. The 3D FE method was
employed in the third stage, in which the contact element
or joint element was used to consider the soil-structure
interaction and the behavior of base mat uplift [17, 22]. It
should be mentioned that the 3D FE model can be used to
conduct nonlinear analysis since the nonlinear property of
material and geometry can be incorporated in a 3DFEmodel.

2.2. The Basic Principle of the NewMethod. The computation
efficiency for contact element and joint element is usually
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F
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Figure 3: 𝐹-𝐷 curve for COMBIN39 element.

very low due to the difficulty of convergence in nonlinear
analysis. In order to overcome this deficiency, a new com-
putational method is suggested in this paper, in which the
contact or joint element is replaced by spring element. The
spring elements, COMBIN39 in the FE software ANSYS,
can provide pressure by setting its load-deformation curve
(𝐹-𝐷 curve) as shown Figure 3, and the tensile forces are not
allowed. It is obvious that the base mat uplift will occur if the
vertical displacement of node at base mat is larger than zero.
The values of spring stiffness and damping ratio or damping
coefficient can be determined by classic empirical formulae
for soil impedance, which will be given in the following
section.

2.3. Implementation of the New Method. The spring element
in FE software ANSYS has the feature of “no length,” which
means that the two nodes at each end of the spring element
will locate at the same position. It should be noticed that
the nodes in Figure 4 are layered deliberately for the sake of
explanation of the occurrence of base mat uplift. The process
of simulation can be classified into four phases.

(a) Before the Phase of Computation. The point 𝑂 is set as the
original coordinate to establish the FE model of structure,
in which the positive direction is assumed to be upwards
(Figure 4(a)).

(b) Phase of Static Analysis. The spring element will be
compressed under the self-weight of the structure and reach
the static equilibrium at certain position (see the dotted line
in Figure 4(a)).

(c) Phase of Seismic Excitation. The structure will rock left
and right under the seismic excitation. Critical state is defined
as the situation when the vertical displacement of the corner
node at base mat is equal to zero (see Figure 4(b) and node 1
in Figure 6).

(d) Phase of BaseMat Uplift.The vertical displacement of base
mat will increase with the increase of the amplitude of input
seismic wave, and, accordingly, the base mat uplift will occur
due to no tensile force being allowed in the spring element
(see Figure 4(c)).

The base mat will touch the soil again if the peak
acceleration of the seismic wave passes through. It should be

noted that the shock effect between soil and base mat will not
be considered here for the sake of simplicity.

3. Calculation Model

3.1. Simplified Calculation Model. In current study, a four-
story frame structure (as shown in Figure 5) is taken as a
typical structure in the analysis. The base mat is 12m square
and the height of each story is 3m.The section of each column
is 0.6m in both width and length. The mass density of the
concrete is set to 2600Kg/m3, modulus of elasticity is 36GPa,
and the Poisson ratio is 0.2. The total weight of the structure
is calculated to be 7.38 × 106N.

In the FE model, the beam is simulated with BEAM188
element, and the wall and slab are represented by SHELL181
element. The total number of element and node are 2274 and
1326, respectively. The axes of 𝑋 and 𝑍 are set in horizontal
directions and 𝑌 is in vertical direction.

3.2. Soil Model. Soil is modelled by spring-damping element
(COMBIN39 element), which has six degrees of freedom in
each node: two horizontal directions, one vertical direction,
two rocking directions, and one torsion direction. The shear
wave velocity, mass density, and Poisson ratio of the soil are
1100m/s, 2350Kg/m3 and 0.4, respectively.

3.3. Soil Impedance Computation. In current research, the
rigid foundation is considered to be rested on the surface of a
half space.The embedded depth of foundation H is neglected
for a conservative treatment.

The formulae suggested by Veletsos and Verbic [23] are
employed in this research as the expressions are frequency-
dependent, which is much more rational. The formulae are
given in Tables 1 and 2, and the calculation results are listed
in Table 4.

The recommended formulae in ASCE code (Table 3) are
also used to verify Table 2’s calculation results.

It can be seen from Table 4 that the calculated stiffness
and damping by two methods are almost the same.

3.4. Damping. The damping in a soil-structure interaction
system mainly consists of two parts: soil damping and
structure damping. Soil damping can be calculated by soil
impedance functions, that is, the formulae listed in Table 1 or
Table 3. According to the results from Rotaru et al. [25] and
German standards [26], it is suggested that if the calculated
damping values of soil are too big, the damping value in
horizontal and vertical direction for soil can be cut off by 15%
and 30%, respectively. Structure damping is considered to be
Rayleigh damping, which can be expressed by the following
formulae:

𝐶 = 𝛼 [𝑀] + 𝛽 [𝐾] ,
𝛼 = 2𝜔1𝜔2𝜉𝜔1 + 𝜔2 ,

𝛽 = 2𝜉
𝜔1 + 𝜔2 ,

(1)
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(1)

(2)

(3)

Y

O

(a) Before analysis and static equilibrium phase (b) Critical state (c) Base mat uplift phase

Figure 4: Schematic diagram of the working state of spring element. (1) base mat plane, (2) static equilibrium plane, and (3) copied plane
(for the establishment of spring element).

Table 1: Soil impedance functions for circular foundation on a half-space [23].

Mode 𝐾st 𝑘 𝑐
Horizontal 8𝐺𝑅

2 − ] 𝑘𝑥 = 𝑘𝑦 = 1 𝑐𝑥 = 𝑐𝑦 = 𝛼1
Vertical 4𝐺𝑅

1 − ] 𝑘𝑧 = 1 − 𝛾1 (𝛾2𝑎0)2
1 + (𝛾2𝑎0)2

− 𝛾3𝑎20 𝑐𝑧 = 𝛾4 + 𝛾1𝛾2 (𝛾2𝑎0)2
1 + (𝛾2𝑎0)2

Rocking 8𝐺𝑅3
3(1 − ]) 𝑘𝜓 = 1 − 𝛽1 (𝛽2𝑎0)2

1 + (𝛽2𝑎0)2
− 𝛽3𝑎20 𝑐𝜓 = 𝛽1𝛽2 (𝛽2𝑎0)2

1 + (𝛽2𝑎0)2

Torsion 16𝐺𝑅3
3 𝑘𝜃 = 1 − 0.425 (0.687𝑎0)2

1 + (0.687𝑎0)2
𝑐𝜃 = 0.425 × 0.687 (0.687𝑎0)2

1 + (0.687𝑎0)2
𝛼1, 𝛽𝑖, and 𝛾𝑖 are numerical coefficients which depend on Poisson’s ratio V as shown in Table 2.

Table 2: Values for fitting parameters of 𝛼1, 𝛽𝑖, and 𝛾𝑖 [23].
Quantity V = 0 V = 1/3 V = 0.45 V = 0.5
𝛼1 0.775 0.65 0.6 0.6
𝛽1 0.8 0.8 0.8 0.8
𝛽2 0.525 0.5 0.45 0.4
𝛽3 0 0 0.023 0.027
𝛾1 0.25 0.35 — 0
𝛾2 1.0 0.8 — 0
𝛾3 0 0 — 0.17
𝛾4 0.85 0.75 — 0.85

where 𝜉 is the damping ratio and𝜔1 and𝜔2 are system natural
frequencies. Generally, the damping is set to be 0.05, and
structure first-order natural frequency and the tenth-order
natural frequency are selected for 𝜔1 and 𝜔2 in current study.

3.5. Computation Time Step. As high frequency contents
will be generated in the occurrence of base mat uplift, the
time step is selected to be 0.002 s, which is small enough to
consider the influence of high frequency contents.

4. Influencing Factors

There are many factors that impact the seismic response of
structure, like velocity of shear wave, type and amplitude of
seismic wave, structure stiffness, the ratio of structure height

to width, and so on. The following factors are considered in
this papers.

(1) Amplitude of Seismic Wave. According to Chinese code
[27], the amplitude of seismic wave in terms of ultimate safety
in groundmotion is 0.15 g and should not be bigger than 0.5 g
for seismic design of nuclear power plants. Therefore, three
amplitudes are considered: 0.15 g, 0.5 g, and 1 g (1 g is for the
sake of comparison).

(2) Direction of Seismic Waves. According to Chinese code,
the direction of input seismic wave in model should be
applied at two horizontal and one vertical direction simul-
taneously. Due to the symmetry of the structure, the seismic
waves are input only in one horizontal (𝑋) and one vertical
(𝑌) directions in current study.The amplitude of seismicwave
in vertical direction is set to be two-thirds of that in horizontal
direction. Furthermore, in order to analyze the influence of
vertical seismic wave on the dynamic response of structure,
the case having only horizontal seismic wave input is also
considered.

(3) Type of Seismic Wave. EL-Centro wave is selected as first
input wave, and Songpan wave is used as the second one,
which is recorded inWenchuan earthquake in 2008 in China,
and Taft wave is then used for comparison purpose.The time
history and Fourier spectrum curves for above three types of
seismic wave are illustrated in Figure 7, and their amplitudes
are scaled to be 0.15 g, 0.5 g, and 1 g, respectively.
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Table 3: Soil impedance functions recommended in ASCE code [24].

Motion Equivalent spring constant Damping coefficient

Horizontal 𝐾𝑥 = 32 (1 − V) 𝐺𝑅
7 − 8V 𝐶𝑥 = 0.576𝐾𝑥𝑅√ 𝜌𝐺

Rocking 𝐾𝜓 = 8𝐺𝑅3
3 (1 − V) 𝐶𝜓 = 0.3

1 + 𝐵𝜓𝐾𝜓𝑅√
𝜌
𝐺

Vertical 𝐾𝑧 = 3𝐺𝑅1 − V 𝐶𝑧 = 0.85𝐾𝑧𝑅√ 𝜌𝐺
Torsion 𝐾𝑡 = 16𝐺𝑅

3

3 𝐶𝑡 = √𝐾𝑡𝐼𝑡
1 + 2𝐼𝑡/𝜌𝑅5

Note. V, 𝐺, and 𝜌 are soil Poisson ratio, shear modulus, and mass density and 𝑅 is the equivalent radius of structure base mat. 𝐵𝜓 = [3(1 − V)𝐼0]/(8𝜌𝑅
5), in

which 𝐼0 is the mass moment of inertia about the rocking axis at structure base mat and 𝐼𝑡 is structure polar mass moment of inertia.

Node 103

Node 18

Figure 5: Computation model.

Table 4: Calculation results comparison between two methods.

Motion 𝐾 𝑐
Veletsos ASCE Veletsos ASCE

Horizontal/N/m 9.01𝐸10 9.73𝐸10 0.63 0.58
Rocking/N∗m 1.96𝐸12 1.81𝐸12 0.15 0.11
Vertical/N/m 8.97𝐸10 9.63𝐸10 0.83 0.72
Torsion/N∗m 2.33𝐸12 2.09𝐸12 0.16 0.12

(4) Soil Parameters.Based onChinese code, the soil-structure
interaction effect can be neglected if the velocity of shearwave
in soil is bigger than 1100m/s. In this study, three velocities
of shear wave in soil are considered: 2000m/s, 1100m/s, and
400m/s.

Node 1

Figure 6: Plan view of base mat.

5. Modal Analysis

Modal analysis is firstly conducted on structure system.
The first five natural frequencies and their corresponding
vibration modes are given in Table 5.

6. Analysis of the Standard Case

The standard case is defined as that where the structure
is excited by the EL wave in horizontal direction with
peak acceleration of 0.5 g and vertical direction with peak
acceleration of 0.33 g simultaneously (labeled as HV case),
and the velocity of shear wave is set to be 1100m/s.

6.1. Floor Acceleration and Corresponding Fourier Spectrum.
Thetimehistory of horizontal and vertical acceleration and its
corresponding Fourier spectrum curves for the fourth floor
(the node 103 in Figure 4) and the first floor (node 18 in Fig-
ure 4) are given in Figures 8 and 9, respectively. It is observed
that the amplitudes of acceleration are different for different
floors, and the amplitude of acceleration increases with the
structure height. It is also found that horizontal acceleration
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Table 5: The first five natural frequencies and corresponding vibration mode.

Order 1 2 3 4 5
Frequency/Hz 1.9581 7.4998 10.961 12.309 14.572
Vibration Mode Horizontal Horizontal Structure torsion about vertical axis Floor torsion about vertical axis Vertical
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Figure 7: Time history and Fourier spectrum curves of input waves.
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Figure 8: Horizontal acceleration time history and corresponding Fourier spectrum curves at node 103 on the 4th floor and node 18 on the
1st floor under standard case (HV).
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Figure 9: Vertical acceleration time history and corresponding Fourier spectrum curves at node 103 on the 4th floor and node 18 on the 1st
floor under standard case (HV).

is mainly concentrated in low frequency, especially at the
structure natural frequency (1.958Hz), while the spectrum
of the frequency for vertical acceleration is much wider than
that of horizontal acceleration.

6.2. Floor Response Spectrum. Figure 10 reports the response
spectrum curves of horizontal and vertical acceleration for
the fourth and first floor.The predominant period of horizon-
tal acceleration (as shown in Figure 10(a)) ismuch longer than
that of the vertical acceleration (as shown in Figure 10(b)).
From Figure 10, it is also found that, in lower floor, the
predominant period is shorter, which is consistent with the
result obtained from Figures 8 and 9.

6.3. BaseMat Vertical Displacement and Rotation. According
to the prescribed method shown in Figure 4, the base mat
will be separated from the underlying soil if the vertical
displacement at node 1 (See Figure 4) is larger than zero. The
uplifted time and its related uplifted amount can be seen in

Figure 11 for foundation corner. The peak vertical displace-
ment at node 1 under theHVcase is 0.334mmwith the trigger
time at 2.4549 s, and, accordingly, it can be calculated that
the rotation angle of foundation is 0.334/12000, which is so
small that the influence of basemat uplift on seismic response
of structure can be neglected. The above result can also be
verified by the time history curves of horizontal acceleration
and its corresponding Fourier spectrum curves for node
103 for the case of base mat uplift allowed and restricted
(Figure 12). From Figure 12, it is found that for both cases the
curves are almost identical.

6.4. Uplift Area Ratio. The ratio of uplift area is defined as the
ratio of the maximum uplifted area to the total area of base
mat.This value is a key parameter to evaluate the effect of base
mat uplift on the seismic response of structure. In current
study, the maximum uplifted area can be determined by the
following procedures: (a) extract the time history curve of
vertical displacement at node 1; (b) determine the trigger time
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Figure 13: Schematic diagram of uplifted nodes under standard
case: 52 nodes uplifted and uplift area ratio is 25.0%.

of the base mat uplift; and (c) select the nodes whose vertical
displacement is bigger than zero at this time or substep.These
selected nodes are seen as the uplifted nodes and the area
consisted by these nodes is then defined as the maximum
uplifted area.

Figure 13 is the selected uplifted nodes at the base mat for
the standard case (HV case). It can be observed that there are
52 uplifted nodes and hence the uplift area ratio is calculated
as 25% for the HV case.

7. Analysis of Influence Factors

Key factors affecting the dynamic response of structure
are analyzed in this section, including seismic wave (input
direction, amplitude, and type), velocity of shear wave in
soil, and structure related factors (stiffness and the ratio of
height to width, 𝐻/𝐵). The calculated results are compared
with those of the standard case (HV case). For the sake of
simplicity, the H case represents the one that the structure is
merely excited in horizontal direction.

7.1. Influence of Input Seismic Wave Directions. Figure 14
shows the time history curve of horizontal acceleration and
its corresponding Fourier spectrum curves at node 103 both
for the H case and the HV case. It can be seen that the
horizontal acceleration and spectrum curves for both cases
are almost the same, which means the seismic wave input at
vertical direction has little impact on the structural response
at horizontal direction.

From Figure 15, it is found that the vertical acceleration
is greater in HV case than that in the H case. The higher
frequency contents are observed for the HV case due to the
base mat uplift as shown in Figure 16.

Figure 17 illustrates the horizontal and vertical accelera-
tion response spectrum curves at node 103 on the fourth floor
for HV and H cases.

Figure 18 is the time history curves of vertical displace-
ment at node 1 (see Figure 4) for the HV and H cases.
It can be seen that the variation of vertical displacement
response under two cases is identical, and there are only small
difference in peak values for both cases. It is found that the
peak value for theH case is 0.189mmat time of 2.4089 s, while
the peak value forHV case is 0.334mmat the time of 2.4549 s,
which is almost twice of that in the H case.

Figures 19 and 13 are the uplifted nodes at the base mat
for H case and HV case, respectively. It can be seen that there
are 39 uplifted nodes and the uplift area ratio is about 16.7%,
while for HV case the uplift area ratio is 25%.

Based on above analysis, it can be concluded that the
seismic wave input at vertical direction has little influence
on structural response at horizontal direction, while mainly
having impact on the structural response at vertical direction
and the maximum base mat uplift area ratio.

7.2. Influence of Input Seismic Wave Amplitudes. The maxi-
mum vertical displacements at node 1 for the HV case with
amplitudes of 0.15 g, 0.5 g, and 1 g are −0.42mm, 0.334mm,
and 2.91mm, respectively, and its corresponding maximum
uplift area ratios are determined as 0%, 25%, and 75%, respec-
tively. It can be seen that the maximum vertical displacement
at base mat is negative in the case that the amplitude of
seismic wave is small (0.15 g), which means the base mat
uplift does not occur. Meanwhile, for the HV case with the
amplitude of 0.4 g, the maximum vertical displacement at
node 1 is found to be 0.02mm, which can be treated as the
critical amplitude for the base mat uplift in current study.

7.3. Influence of Input Seismic Wave Types. It is well known
that the different seismic waves have different frequency
components and in turn generate different seismic responses
of structure. In this section, three types of seismic waves are
selected with consideration of the distance effect, that is, the
EL wave (near-field wave), Taft wave (middle-distance wave),
and Songpan wave (long-distance wave) which is recorded
during the Wenchuan earthquake in 2008 in China. Their
acceleration time history and Fourier spectrum curves are
shown in Figure 7.

Due to the difference in computational times (EL wave
30 s, Taft wave 50 s, and Songpan wave 150 s), the results
from different seismic waves are shown separately. Figures
8, 20, and 21 show the time history curve of horizontal
acceleration and its corresponding Fourier spectrum curves
at node 103 under EL, Taft, and Songpan waves (with HV
input), respectively. It can be seen that for Songpan wave
the acceleration has bigger value (22.09m/s2) while the
acceleration for Taft wave is smaller (18.44m/s2). This is
reasonable as the dominant frequency of Songpan wave is
about 2Hz (as shown in Figure 7), which is very close
to structural first natural frequency of 1.96Hz. And from
Table 4, it is observed that the first-order vibration mode for
structure is horizontal vibration.
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Figure 14: Horizontal acceleration time history and spectrum curves at node 103 under EL wave for H and HV case.
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Figure 15: Vertical acceleration time history at node 103 under EL wave for H case and HV case.
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Figure 16: Normalized vertical acceleration Fourier spectrum
curves at node 103 under EL wave for H case and HV case.

The vertical displacement response at node 1 (Figure 22)
under Songpan wave has bigger value of 0.436mm, while,
for the Taft wave, smaller value is observed (0.0488mm),

which is only one-tenth of that in the case of Songpan
wave. However, more importantly, based on the red dotted
line in Figure 22, it is found that the vertical displacements
under the EL and Taft wave exceeded zero value at several
moments, while for Songpan wave, the vertical displacement
went beyond zero value at concentrated moments. It can
be postulated that under Songpan wave the base mat uplift
occurs at concentrated moment, while base mat uplift hap-
pens at several moments under the EL and Taft wave.

Figures 23, 24, and 25 report the time history curve of
vertical acceleration and its corresponding Fourier spectrum
curves at node 103 for the case of EL, Taft, and Songpan
waves with the standard HV input wave, respectively. It can
be seen that the acceleration under Songpan wave is bigger
while the acceleration under EL wave is smaller. From the
figure, it is also observed that the Fourier spectrum curve
under Songpan wave consists of many higher frequency
components between 40Hz and 100Hz, at which the bigger
uplift displacement occurred.

Figures 13, 26, and 27 give the schematic diagrams of
uplifted nodes under EL, Taft, and Songpan wave with the
standard HV input, respectively. From Figure 27, it is found
that the maximum uplifted area ratio under Songpan wave
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Figure 17: Normalized horizontal and vertical acceleration spectrum curves at node 103 under EL wave for HV and H case.
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Figure 18: Vertical displacement time history curves at node 1 under
EL wave for H case and HV case.

has a bigger value of 25.6%, while the ratio under Taft wave is
as small as 5.6%.

From the above analysis, it can be concluded that the
different seismic waves have a significant influence on the
dynamic response of structure due to different frequency
components from each seismic wave.When the predominant
frequency of seismic wave is closer to that of the natural
frequency of structure, the seismic response of structure will
be excited significantly.

7.4. Influence of Shear Wave in Soil. Figures 28, 13, and 29
illustrate the schematic diagrams of uplifted nodes under the
EL wave with the velocity of shear wave in soil of 400m/s,
1100m/s, and 2000m/s, respectively. The maximum uplifted
area ratios under the above three velocities are found to be
5.6%, 25%, and 33.3%, respectively, which means that the
stiffer the soil, the easier the occurrence of the basemat uplift.

7.5. Influence of Structure Stiffness. Two cases were consid-
ered in this section. For the first case, the stiffness of the

Figure 19: Schematic diagram of uplifted nodes under H case: 39
nodes uplifted and uplift area ratio is 16.7%.

structure is increased: the thickness of side wall is increased
from 0.2m to 0.4m, and the section of the column is
enhanced from 0.6m ∗ 0.6m to 1.0m ∗ 1.0m. Consequently,
the structural natural frequency is increased from 1.958Hz
to 3.033Hz. For simplicity, this case is labeled as Bigger
Section. Figure 30 reports the time history curve of vertical
displacement at node 1 on the base mat for the Bigger Section
case. It can be found that the vertical displacement is less
than zero during all time, which means that the base mat was
not uplifted during the earthquake. This is because that the
increase of structural section size will significantly increase
the total mass of the structure, and in turn the heavier weight
of structure will be beneficial to resist the occurrence of
base mat uplift. For the second case, in order to investigate
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Figure 21: Horizontal acceleration time history and Fourier spectrum curves at node 103 under Songpan wave (HV case).

D
isp

la
ce

m
en

t (
m

m
)

D
isp

la
ce

m
en

t (
m

m
)

SongpanEL
Taft

10 20 30 40 500
Time (s)

−0.6

−0.4

−0.2

0.0

0.2

0.4

−0.6

−0.4

−0.2

0.0

0.2

0.4

0.6

30 60 90 120 1500
Time (s)

Figure 22: Comparison of vertical displacement time history curves at node 1 under EL, Taft, and Songpan waves.

the influence of structure stiffness on the dynamic response
of structure, the total structural mass remains unchanged,
while the structural stiffness is strengthened by increasing
material modulus. In this case, the modulus of material is
set to 75GPa after using trial and error method to make the
natural frequency of structure close to that in the first case.

The second case is labeled as BiggerModulus. FromFigure 30,
it is found that the base mat uplift occurs. Hence, it can be
concluded that the base mat is easier to occur under bigger
structural stiffness.

The spectrum curves of horizontal and vertical accelera-
tion at node 103 on the fourth floor for Standard and Bigger



14 Shock and Vibration

EL

0.000

0.002

0.004

0.006

A
m

pl
itu

de
 (m

2
/s

3
)

20 40 60 80 1000
Frequency (Hz)

EL

5 10 15 20 25 300
Time (s)

−1.5

−1.0

−0.5

0.0

0.5

1.0

1.5

Ac
ce

le
ra

tio
n 

(m
/s

2
)

Figure 23: Vertical acceleration time history and Fourier spectrum curves at node 103 under EL wave (HV case).
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Figure 25: Vertical acceleration time history and Fourier spectrum curves at node 103 under Songpan wave.

modulus case are given in Figure 31. From the figure, it can
be found that the structural stiffness affects the horizontal
acceleration in shorter period, while it impacts on the vertical
acceleration in longer period.

The schematic diagram of uplifted nodes under the case
of Bigger Modulus is given in Figure 32. It can be seen that
only 34 nodes were uplifted and then the maximum uplift
area ratio is found to be 12.5%, which is much smaller than
that in standard case (52 uplifted nodes with the maximum
uplift area ratio of 25%).

7.6. Influence of the Ratio of Structure Height to Width. The
ratio of structural height to width (𝐻/𝐵) is set to 1 in the
standard case. In this section, the values for𝐻/𝐵 are set to 0.5
and 2 bymodifying the structure to two-story and eight-story,
respectively. And other material parameters remain the same
as those in Standard case. The time history curves of vertical
displacement for two𝐻/𝐵 values are given in Figure 33. It is
observed that the base mat uplift did not occur for these two
cases; however, the base mat uplift is relatively easier to occur
for smaller𝐻/𝐵 value.
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Figure 26: Schematic diagram of uplifted nodes under Taft wave for
HV case (23 nodes uplifted and uplift area ratio is 5.6%).

Figure 27: Schematic diagram of uplifted nodes under Songpan
wave for HV case (54 nodes uplifted and uplift area ratio is 25.6%).

The comparisons of the structural natural frequency and
its related structural stiffness are also conducted. The first
natural frequencies for 𝐻/𝐵 values of 2, 1, and 0.5 are found
to be 0.851Hz, 1.958Hz, and 4.746Hz, respectively, and their
related masses are 1.363𝑒6Kg, 7.375𝑒5Kg, and 4.249𝑒5Kg,
respectively. Therefore, based on the empirical formula 𝑘 =
𝑚∗(2𝜋𝑓)2, the corresponding structural stiffness for different
𝐻/𝐵 values can be calculated as 3.9𝑒7N/m, 11.16𝑒7N/m, and
37.79𝑒7N/m, respectively. It is obvious that with the increase

Figure 28: Schematic diagram of uplifted nodes with the soil shear
wave 2000m/s under EL wave for HV case (65 nodes uplifted and
uplift area ratio is 33.3%).

Figure 29: Schematic diagram of uplifted nodes with the soil shear
wave 400m/s under El wave for HV case (23 nodes uplifted and
uplift area ratio is 5.6%).

of 𝐻/𝐵 ratio, the structural masses increase while the first-
order natural frequency decreases. It is then postulated that
the structure tended to be softer with the increase of 𝐻/𝐵
ratio.

The base mat uplift is found easier to occur for small𝐻/𝐵
ratio value by comparing the case of 𝐻/𝐵 ratio of 0.5 and
2, while the conclusion is contrary by comparing the case of
𝐻/𝐵 ratio of 0.5 and 1. This can be explained in two aspects:
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Figure 31: Spectrum curves of horizontal and vertical acceleration
at node 103 under standard case and Bigger Modulus case.

Figure 32: Schematic diagram of uplifted nodes under the Bigger
Modulus case (34 nodes uplifted and the maximum uplift area ratio
is 12.5%).
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Figure 33: Vertical displacement time history curves at node 1 on
the structure base mat under two cases: structure 𝐻/𝐵 ratios are
equal to 0.5 and 2.

firstly, the bigger inertial force and overturningmoment tend
to be generated for higher structure and then result in the
uplifting of base mat. Secondly, it is well known that the
structure will perform more stable for larger width, which is
beneficial to resist the occurrence of base mat uplift.

7.7. Influence of the Concentrated Mass. It should be noted
that the existence of the machine, furniture, or accessory
equipment can be simplified as a concentrated mass on the
floor in general. Theoretically, the influence of concentrated
mass on the base mat uplift should be investigated in three
aspects: firstly, greater inertial force will be applied on
the structure, and hence the base mat uplift is easier to
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Figure 34: Vertical displacement time history curves at node 1 on
the structure base mat under two cases: concentrated mass located
on the fourth and first floor.

occur. Secondly, the concentrated mass has little influence
on structural stiffness, and then the heavier structure can
prevent basemat uplift.Thirdly, the structure will be assumed
to be an unsymmetrical structure and then the torsion
force will affect the dynamic response of structure. However,
the effect of torsion force is decided by the weight of the
concentrated mass. This means whether the base mat uplift
can be prevented or not is determined by the weight and
location of the concentrated mass. However, the influence of
the location of concentrated mass is discussed in this section
because the weight can be changed a lot in the practical
situation.

A concentrated mass with the one-tenth of the total
weight of the structure is located on the middle point in
the fourth and the first floor, respectively. The time history
curves of vertical displacement for the two cases are shown
in Figure 34. It is observed that the maximum vertical
displacements for the Mass on 4th Floor and Mass on 1st
Floor are about 0.647mm and 0.2836mm, respectively, and
its corresponding maximum uplift ratios are found be to
be 33.3% (65 uplifted nodes as shown in Figure 35) and
22.2% (49 uplifted nodes as shown in Figure 36), respectively,
while, for the standard case (No Concentrated Mass), the
maximumvertical displacement is found to be 0.334mmwith
themaximumuplift ratio of 25% (52 uplifted nodes). It can be
found that the location of concentrated mass on the higher
floor (4th floor) tends to make the base mat uplift easier to
occur, while the existence of concentrated mass on the lower
floor (1st floor) will prevent the base mat uplift. The final
result depends on which factor is dominant: the overturning
moment caused by inertial force or structure total weight.

8. Conclusions

In order to overcome the computational convergence issue in
traditional contact and joint element method, a new method
based on the spring element is proposed in this paper to
consider the impact of basemat uplift on the seismic response

Figure 35: Schematic diagram of uplifted nodes under the concen-
trated mass located on the fourth floor (65 nodes uplifted and the
maximum uplift area ratio is 33.3%).

Figure 36: Schematic diagram of uplifted nodes under the concen-
trated mass located on the first floor (49 nodes uplifted and the
maximum uplift area ratio is 22.2%).

of structure. Some key factors, such as seismic waves, velocity
of shear wave in soil, and structural characters, are analyzed
and discussed. The following conclusions can be drawn from
the above analysis and comparison:

(1) The vertical direction of input seismic wave has little
influence on the seismic response of structure at horizontal
direction, while it significantly affects the seismic response
of structure in vertical direction, and the maximum uplifted
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area ratio of structure.This result is consistent with the earlier
research results by Joe (1993) and Kennedy et al. (1976) and in
turn verified the rational of the proposed method in current
study.

(2) The seismic response of structure tends to be larger
with the increase of the amplitude of input seismic wave.

(3) The type of seismic wave has a notable effect on
structural responses. Regarding the structure and selected
seismic waves in current paper, the seismic response of
structure for the long-distance Songpan wave turns out to
be tenser due to the fact that the dominant frequency of
the seismic wave is very close to the natural frequency of
structure.

(4)The velocity of shear wave in soil has certain influence
on seismic response of structure. It is found that the stiffer the
soil is, the easier the occurrence of the base mat uplift is.

(5) The ratio of structural height to width (𝐻/𝐵) has a
complicated influence on the base mat uplift. It is found that
higher structure with smaller width theoretically tends to
make base mat uplift easier. However, in higher structure,
the structural stiffness tends to decrease and total weight of
structure tends to increase, which in turn prevents the base
mat uplift. Therefore, the net effect will be determined by the
factor which is dominant.

(6) The influence of auxiliary equipment on the seismic
response of structure mainly depends on its weight and
location.

As has been stated previously, simulation of rocking
system in seismic analysis obviously involves nonlinearity of
soils and the interface between structure and soil in terms
of both stress-strain relationship and geometry aspects. For
the sake of simplicity, only geometry nonlinearity has been
considered in this paper. In case of strong earthquake where
nonlinear stress-strain relationship is prominent in material
response, such property will absorb certain amount of energy
and thus benefit the structure in terms of earthquake-
proof capability. Further analysis should be carried out in
light of more accurate simulation on nonlinearity in future
researches.
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Themass and stiffness of the upper and lower structures of a powerhouse are different. As such, the first two vibrationmodesmostly
indicate the dynamic characteristics of the upper structure, and the precise seismic response of a powerhouse is difficult to obtain
on the basis of Rayleigh damping coefficients acquired using the fundamental frequencies of this structure. The damping ratio
of each mode is relatively accurate when the least square method is used, but the accuracy of the damping ratios that contribute
substantially to seismic responses is hardly ensured. The error of dynamic responses may even be amplified. In this study, modes
that greatly influence these responses are found on the basis of mode participation mass, and Rayleigh damping coefficients are
obtained. Seismic response distortion attributed to large differences in Rayleigh damping coefficients because of improper modal
selection is avoided by using the proposedmethod,which is also simpler andmore accurate than the least squaremethod.Numerical
experiments show that the damping matrix determined by using the Rayleigh damping coefficients identified by our method is
closer to the actual value and the seismic response of the powerhouse is more reasonable than that revealed through the least
square method.

1. Introduction

With the exploitation of water resources in southwest China,
large-scale hydropower stations have been established in
regions frequently hit by earthquakes. The antiseismic safety
of powerhouses is essential for water turbine generators
and operators in powerhouses. The seismic responses of
powerhouse structures are often analyzed with time his-
tory method. For example, structural dynamic time his-
tory analysis includes modal superposition and step-by-step
integration methods. Multi-degree-of-freedom vibration is
decoupled in multiple single-degree-of-freedom vibrations
in modal superposition method. Single-degree-of-freedom
systems can be subjected to a precise dynamic response anal-
ysis through Duhamel’s integration. With this method, input
damping is accurate and high-speed calculation is achieved.
However, modal superposition time history analysis method
is only applicable to linear elastic structure systems because
a structure possesses different decomposition modes at var-
ious times due to nonlinear structural material, nonlinear

contact state, and other parameters.Therefore, a step-by-step
integration dynamic time history analysis method can be
used for a nonlinear system, which requires damping matrix
establishment.

Unlike the formation of stiffness and mass matrixes, the
formation mechanism of damping is complicated; that is, a
damping matrix can be calculated by using a construction
method but cannot be directly determined by identifying
the material, size, and characteristics of structures [1]. Con-
sequently, different damping matrix construction theories
have been proposed [2–9]. For instance, a Rayleigh damping
model is widely used because of its excellent advantages [10–
13]. (1) In this model, the damping matrix of a structure
is a linear combination of mass and stiffness matrixes. As
such, Rayleigh damping models can provide a clear physical
meaning and present a convenient expression. Thus, these
models can be easily applied. (2) A Rayleigh damping
matrix must be orthogonal to mode shapes. Consequently,
decoupling the dynamic equations of multiple degree-of-
freedom systems viamode superposition become convenient.
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Mode damping ratios can be directly used in single degree-
of-freedom systems (generated by decoupling) dynamic
response calculation. Therefore, damping input shows an
enhanced accuracy and a reduced calculation scale. (3)
Rayleigh damping coefficients can be determined by the
orthogonality of a damping matrix for a modal shape. (4)
With appropriate Rayleigh damping coefficients, results of
a dynamic response analysis of a multi-degree-of-freedom
system are the same as experimental data. A damping model
is also embedded in commercial finite element software,
and Rayleigh damping models are considered as a basis
for damping matrix construction commonly utilized in the
seismic time history analysis of hydraulic structures.

The damping matrix of a structure is the linear combina-
tion of the mass and stiffness matrixes of a Rayleigh damping
model:

[𝐶] = 𝛼 [𝑀] + 𝛽 [𝐾] , (1)

where 𝛼 and 𝛽, respectively, represent the mass and stiffness
proportional damping coefficients, which are collectively
known as Rayleigh damping coefficients. [𝑀], [𝐶], and [𝐾]
are the mass, damping, and stiffness matrixes, respectively.
In traditional methods, two reference vibration modes (𝑖-
and 𝑗-order) are selected, and their damping ratios 𝜁𝑖 and 𝜁𝑗
obtained through measurement or reliable test data estima-
tion and their frequencies 𝜔𝑖 and 𝜔𝑗 are used to calculate 𝛼
and 𝛽:

{𝛼𝛽} = 2𝜔𝑖𝜔𝑗𝜔2𝑗 − 𝜔2𝑖 (
𝜔𝑗 −𝜔𝑖− 1𝜔𝑗 1𝜔𝑖 ){

𝜁𝑖𝜁𝑗} . (2)

This equation can be simplified as follows when 𝜁𝑖 = 𝜁𝑗 = 𝜁:
{𝛼𝛽} = 2𝜁𝜔𝑖 + 𝜔𝑗 {𝜔𝑖𝜔𝑗1 } . (3)

Two orders of the reference frequency can be easily
and appropriately selected to determine Rayleigh damping
coefficients when the degree of freedom of a structure is low
or the dynamic response of this structure is controlled by
some low-order modes. For example, the first two orders
are generally obtained as reference frequencies in traditional
methods. For complex structures and structures with a num-
ber of modes that contribute greatly to dynamic responses,
difficulties in selecting two orders of reference frequencies to
obtain reasonable Rayleigh damping coefficients 𝛼 and 𝛽 are
encountered. If damping coefficients are chosen inappropri-
ately, a slight difference in damping may seriously distort the
calculation of the seismic response of a given structure [14–
17].

Many scholars investigated the calculation of Rayleigh
damping coefficients. Pan et al. [18] proposed a constrained
optimization method to determine Rayleigh damping coef-
ficients for the accurate analysis of complex structures.
An objective function is defined as a complete quadratic
combination of the modal errors of a peak base reaction

evaluated through response spectral analysis. An optimiza-
tion constraint is enforced to determine the exact damping
ratio of modes that contribute greatly to dynamic responses.
This method is based on Duhamel’s integral formula, which
is suitable for linear elastic systems. Yang et al. [19] studied
the application of a multi-mode-based computation method
in single-layer cylindrical latticed shells because the tradi-
tional two-mode Rayleigh damping method is unsuitable.
Yang et al. [19] also suggested that the multi-mode-based
computation method is preferable when many dominant
modes are distributed loosely and found in a wide range
of frequencies under some ground motions. Jehel et al.
[20] comprehensively compared the initial structural stiffness
and updated tangent stiffness of Rayleigh damping models
to allow a practitioner to objectively choose the type of
Rayleigh damping models that satisfy his needs and be
provided with useful analytical tools for the design of these
models with good control on their damping ratios during
inelastic analysis. Erduran [21] evaluated the effects of a
Rayleigh damping model based on the engineering demand
parameters of two steel moment-resisting frame buildings.
Rayleigh dampingmodels, which combinemass and stiffness
proportional components, are anchored at reduced modal
frequencies, which create reasonable damping forces and
floor acceleration demands for both buildings but do not
suppress higher-mode effects. Zhe et al. [22] developed an
improved method to calculate Rayleigh damping coefficients
for the seismic response time history analysis of powerhouse
structures by considering the spectrum characteristics of
the ground motion and the frequency characteristics of
these structures. Using the improved method, Zhe et al.
[22] obtained calculation results that are consistent with
experimental findings.

Hongshi [23] initially compared and analyzed several
methods of calculating Rayleigh damping coefficients and
subsequently proposed the least square method to minimize
the difference between the calculated damping ratio and the
actual damping ratio within the cutoff frequency. Li et al. [24]
then established the corresponding method for the seismic
response analysis of powerhouse structures by calculating the
proportional damping coefficient through the weighted least
square method.

Analyzing the seismic dynamic response of long-span
arch bridges and super high structures with long periods, Lou
[15, 25] found that Rayleigh damping coefficients determined
by traditional methods involving the first two orders of
frequencies as reference frequencies inaccurately reflect the
actual damping effect of long-period structures in a dynamic
process and even create a large deviation. Hence, calculation
methods of the Rayleigh damping coefficients of long-period
structures in dynamic processes should be further discussed.

The definition of long- and short-period structures is a
relative concept depending on the relationship between the
basic period of a structure and the characteristic period of
dynamic loads. A short-period structure is characterized as
a structure whose basic period is less than or close to the
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characteristic period of external loads. Otherwise, a given
structure is called a long-period structure. The basic charac-
teristic period is usually 10−1 s or higher because the stiffness
of the upper frame structure is relatively weak.Therefore, this
weak structure is also described as a long-period structure
because of the characteristic period of seismic waves. The
mass and stiffness of the upper and lower structures of
powerhouses are different. As such, the first two modes of
vibration often indicate the dynamic characteristics of the
upper structure. The damping matrix obtained by traditional
methods of calculating Rayleigh damping coefficients does
not easily reveal the actual damping of the whole powerhouse
structure. Hence, the influence of the calculation methods of
Rayleigh damping coefficients on the dynamic response of a
powerhouse under seismic actions should be investigated. In
this study, the calculation of Rayleigh damping coefficients is
examined to analyze the seismic responses of a powerhouse.

To calculate Rayleigh damping coefficients, Chopra [1]
suggested that “in dealing with practical problems, it is
reasonable to select the modes of vibrations 𝑖 and 𝑗 with
specific damping ratios to ensure that the damping ratios
of all modes of vibration that contribute greatly to the
dynamic response are reasonable.” Differences in the mass
and stiffness of the upper and lower structures of a pow-
erhouse remarkably create the dynamic characteristics of a
powerhouse structure. The first two vibration modes often
involve the relatively soft upper structure of the powerhouse,
whose mode participation mass is quite smaller than that of
thewhole powerhouse.The damping of these buildings under
seismic actions is mainly due to various interior frictions and
deformations of components and the ones between them.
Therefore, mode participation mass should be considered as
a key factor affecting the calculation of damping. The modes
that contribute greatly to dynamic responses are found on the
basis of mode participation mass. In this study, the Rayleigh
damping coefficient is calculated.

This paper is organized as follows. Section 2 introduces
the finite element models of a powerhouse and several
methods of calculating Rayleigh damping coefficients. The
two modes that remarkably affect the dynamic responses are
determined on the basis of mode participation mass, and
the Rayleigh damping coefficients are calculated. Section 3
presents the results of the dynamic response obtained by
different methods. Numerical results show that the proposed
method accurately reveals the two modes contributing to
the dynamic response of the powerhouse, and the calculated
Rayleigh damping coefficients are consistent with actual
results. The calculated results are also closer to the exact
solutions and even higher than those acquired by the least
square method. Section 4 provides the conclusion.

2. Seismic Analysis Model of
Powerhouses and Calculation Method of
Rayleigh Damping Coefficients

2.1. Three-Dimensional Finite Element Model and Seismic
Inputs. In Figure 1, the three-dimensional finite element
model of a typical unit of the hydropower station is estab-
lished. The depth of the foundation is about twice the

X

Y

Z

Figure 1: Finite element model of the powerhouse.

height of the powerhouse, and the upstream and downstream
and the left and right sides extend twice the height of
the powerhouse because of the elastic coupling effect of
the foundation. The foundation boundary condition is that
the bottom is fixed and the four boundaries are normally
constrained. Turbine generators, cranes, roof loads, and
hydrodynamic pressures are simulated as the additional mass
at corresponding locations. A linear elastic model is used
in the structure, and the local strengthening effects of the
volute steel plate and the seating ring are neglected. The
damage cracks of the concrete around the volute are also
disregarded. Zhang et al. [26] observed that cracks on thin
parts of the concrete of a volute greatly change the local
stiffness of the volute but slightly alter the displacement,
speed, and acceleration of the upper structure compared with
those without cracks. The nonmass foundation, which does
not affect the response peaks of the structure, is adopted for
calculation convenience.

In engineering designs, a single seismic time history
does not generally influence the dynamic response of a
structure. Different factors, such as site characteristics, forti-
fication intensity, and probability of ground motion, should
be considered in accordance with the requirements of the
antiseismic codes of various types of structures. Therefore,
seismic time history is simulated in this paper according to
the response spectrum of the standard design in literature
[27].

Under actual conditions, the site type is 𝐼0, the character-
istic period 𝑇𝑠 is 0.02 s, the representative of the maximum
value of the response spectrum of the standard design is
2.25, the seismic intensity is increased from degrees 7 to 8
according to requirements of the grade and importance of
structures, the peak acceleration of the horizontal ground
motion is increased from 0.05 g to 0.1 g, the time step of
the ground motion is 0.01 s, and the total time is 20 s.
Figure 2 shows the generated seismic time histories, in which
the correlation coefficients of 𝑥 and 𝑦 directions, 𝑥 and 𝑧
directions, and 𝑦 and 𝑧 directions are 0.0011, 0.1737, and
0.0002, respectively.These coefficients are less than 0.3, which
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Figure 2: Calculation of the time history of seismic acceleration.

satisfies the requirements [26] that the time histories in the
three directions should be independent of one another.

2.2. Calculation Method of Rayleigh Damping Coefficients.
A reasonable proportional damping matrix based on the
Rayleigh damping model is necessary when the step-by-step
integration method is used to conduct dynamic time history
analysis. In this case, Rayleigh damping coefficients directly
affect the results of dynamic analysis.

A linear elastic powerhouse structure is presented as an
example and the response of the modal superposition time
history method (referred to as modal method thereafter)
is used as a reference, which is the standard of measure-
ment, to evaluate the influence of various Rayleigh damping
coefficients obtained by different methods on the seismic
response in the step-by-step integrationmethod.The relevant
specification [27] requires that the damping ratio of the
powerhouse under the action of ground motion is 0.07,
which is substituted into the following Rayleigh damping
coefficients to obtain the corresponding damping matrix of
eachmethod and then applied to the step-by-step integration
method to solve the seismic response of the powerhouse.

The finite element model of the powerhouse is ini-
tially analyzed to determine the natural frequency of some
orders of the structure, which is required for the calculation
of Rayleigh damping coefficients. The first 80 orders are

obtained. The mode participation masses of 𝑥, 𝑦, and 𝑧
directions are 92.1%, 90.8%, and 91.0% of the total mass
of the model, respectively. These values are more than
90% of the total mass of the model and thus satisfy the
requirement of calculation accuracy. Figure 3 illustrates some
orders of the vibration modes of the hydro-powerhouse
and the typical vibration characteristics of the ground-type
powerhouse structure. The frequencies are low and dense,
and the frequencies of the first 10 orders range from0.55Hz to
6.21Hz.The natural period of the vibration of the first order is
1.83 s, which is much larger than the characteristic period of a
seismic wave, and this finding indicates that the powerhouse
is a long-period structure. The first-order vibration mode is
mainly the vibration of the frame columns and roof grids in
the upstream and downstream directions. Most of the modal
shapes of the low orders are mainly the bending and torsional
vibration of the upper frame structure and the vibration of the
weak parts of the generator floor and windshield. The two-
order vibration modes with the largest mode participation
masses of the three directions are the 13th (7.72Hz) and
25th (12.81Hz), whose mode participation masses are 14.6%
and 25.3%, respectively. The vibration modes correspond to
the whole vibration of the powerhouse and the higher-order
bending vibration of the superstructure.

According to the natural frequency of the structure of the
powerhouse and the characteristic of each mode of vibration,
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(a) First order (b) Second order (c) Third order (d) Fourth order

(e) Fifth order (f) Sixth order (g) Seventh order (h) Eighth order

(i) Ninth order (j) Tenth order (k) Thirteenth order (l) Twenty-fifth order

Figure 3: Vibration modes of the hydro-powerhouse.

the methods widely used and the proposed calculation
method of Rayleigh damping coefficients can be summarized
as follows:

(1) In method 1 or the traditional method, the first
two orders of natural frequency are used to determine
Rayleigh damping coefficients. This method is based on
the assumption that low-order vibration modes contribute
greatly to structural dynamic responses. Many orders of
vibration modes are also complex, and low-order modes
mainly correspond to the vibrations of the weak parts of the
upper structure. Therefore, this assumption is inapplicable.
The damping ratios of the vibration modes obtained in this
method are too large, but the first two orders are equal to the
actual values. Consequently, the contributions of the third-
order vibration modes to dynamic responses become weak-
ened and induce a low total structural response. Designing

an antiseismic powerhouse based on these response results is
risky. The first two natural frequencies are 0.55 and 2.96Hz
according to the calculation of the finite element structure
of the powerhouse. The damping coefficients obtained by
method 1 are 𝛼1 = 0.4053 and 𝛽1 = 0.0064 (3).

(2) Inmethod 2, the frequency band of interest is selected;
that is, the natural frequencies of the first order and the last
order (80th order) are used as the parameters. The mode
participation masses of x, y, and z directions are larger than
90% of the total mass of the model and thus satisfy the
calculation accuracy requirements. The natural frequency of
the 80th order is 27.96Hz. According to (3), the damping
coefficients acquired by this method are 𝛼2 = 0.4709 and 𝛽2
= 0.0008.

According to the calculation principle of Rayleigh damp-
ing coefficients, the frequencies𝜔𝑖 and𝜔𝑗 of the two constants
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Table 1: Rayleigh damping coefficients obtained by different methods.

Methods 𝛼 𝛽 According to Involved orders
Modal methods \ \ Constant damping ratio: 0.07 1–80
Case 1 0.4053 0.0064 First and second orders 1, 2
Case 2 0.4709 0.0008 First and last orders 1, 80
Case 3 0.9553 0.0010 Optimization by least square method 1–80
Case 4 0.5286 0.0012 Weighted least squares, weight coefficients: 1/𝜔i 1–80
Case 5 0.4064 0.0063 Weighted least squares, weight coefficients: exp(−𝜔i) 1–80
Case 6 4.2364 0.0011 Two orders have largest mode participation masses 13, 25
Case 7 0.7878 0.0015 Weighted least squares, weight coefficients:m𝑖/M 1–80

𝛼 and 𝛽 should cover the target frequency band in the struc-
tural analysis. The calculation of the specific frequency band
should be considered in terms of the frequency components
of the loads acting on a particular structure and the dynamic
characteristics of this structure.

However, this method may cause several problems. (1)
The selection of target frequency band relies on experience.
(2)The set damping ratios within the band may be too small.
As such, the calculated structural responsemay be excessively
large and inappropriate if the deviation is overly large.

(3) In method 3, the least square method without
weighting coefficients is used. The damping coefficients are
calculated by applying the least square method to determine
the least square sum of the difference between the calculated
damping ratio of each order and the actual damping ratio
within the cutoff frequency. The formula is expressed as
follows:

min
𝛼,𝛽

𝑛∑
𝑖=1

( 𝛼2𝜔𝑖 + 𝛽𝜔𝑖2 − 𝜁)
2 . (4)

(4) In method 4, given weighting coefficients, the orders
that contribute greatly to the damping effect will become
more dominant, while the ones that contribute a little are less
important. The objective function is

min
𝛼,𝛽

𝑛∑
𝑖=1

1𝜔𝑖 ( 𝛼2𝜔𝑖 + 𝛽𝜔𝑖2 − 𝜁)
2 . (5)

The weighting coefficient is the reciprocal of the natural
frequency of each order. Therefore, low orders correspond
to high weight coefficients and contribute to the dynamic
responses of structures.

(5) Method 5 is almost the same as method 4. These
methods differ in terms of their weight coefficients; that is,
the weight coefficient of method 5 is the negative exponential
function of the natural frequency of each order:

min
𝛼,𝛽

𝑛∑
𝑖=1

exp (−𝜔𝑖) ( 𝛼2𝜔𝑖 + 𝛽𝜔𝑖2 − 𝜁)
2 . (6)

(6) Method 6 is our proposed approach. The orders that
contribute greatly to the responses are selected on the basis
of mode participation mass. The two orders with the largest
total mode participation masses in the three directions are
considered as references to calculate the damping coefficients.

According to the results of the self-vibration characteristics of
the structure of the powerhouse, these two orders are the 13th
(7.72Hz) and 25th (12.81Hz), and their masses are 14.6% and
25.3%, respectively.

(7) Method 7 is based on method 6, and the least square
method involving mode participation masses as coefficients
is established and expressed as follows:

min
𝛼,𝛽

𝑛∑
𝑖=1

𝑚𝑖𝑀 ( 𝛼2𝜔𝑖 + 𝛽𝜔𝑖2 − 𝜁)
2 . (7)

The mode orders and damping coefficients obtained by each
method are shown in Table 1.

3. Seismic Analysis of Different
Rayleigh Damping Coefficients
Obtained Using Various
Calculation Methods for the Powerhouse

Five typical points in the powerhouse are selected to reveal
the representative seismic response of the powerhouse com-
prehensively: 8079 in themiddle of the top of the downstream
wall, 6636 in the middle of the joint between the generator
floor and the downstream wall, 8255 in the mid-span of the
generator floor, 8088 in the downstream side of the cover fan,
and 2889 in the downstream side of the seating ring. The
relative peak acceleration of each typical point determined
by different calculation methods is listed in Table 2, and the
direction of acceleration is disregarded and the maximum
absolute value is considered. The peak acceleration of each
point acquired by the modal superposition method is set
as the standard value. The results of methods 1 to 7 are
normalized and the percentages of deviation from the results
acquired by the modal superposition method are obtained
(Figure 4).

In Table 2 and Figure 4, different calculation methods
of damping coefficients significantly affect the calculation
results of the seismic response of the powerhouse.

In method 1, the relative peak acceleration of each typical
point in different directions is smaller than the exact values
because the damping ratios of the 1st and 2nd orders of the
vibration modes are equal to 0.07 and the damping ratios
of the 3rd to the 80th orders are greater than 0.07. These
findings indicate that damping ratios increase significantly as
the order increases and thus yield high damping ratios and
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Table 2: Peak accelerations of typical points determined by different methods (m/s2).

Node Direction Modal method Case 1 Case 2 Case 3 Case 4 Case 5 Case 6 Case 7
2889

𝑥 0.482 0.423 0.732 0.623 0.603 0.424 0.483 0.535𝑦 1.368 1.239 1.835 1.680 1.675 1.245 1.437 1.617𝑧 0.442 0.380 0.834 0.725 0.707 0.383 0.558 0.641

6636
𝑥 2.947 2.193 5.407 4.665 4.642 2.208 3.133 4.108𝑦 2.186 1.996 2.898 2.522 2.595 1.999 2.112 2.357𝑧 1.360 0.852 2.333 2.031 1.929 0.860 1.559 1.706

8079
𝑥 3.971 2.807 7.310 5.983 5.944 2.829 4.179 5.139𝑦 4.163 3.457 4.971 4.902 4.913 3.475 3.892 4.831𝑧 2.844 1.534 4.898 4.459 4.354 1.555 3.395 3.901

8088
𝑥 1.919 1.541 3.349 2.999 2.989 1.551 2.212 2.707𝑦 1.864 1.744 2.757 2.421 2.465 1.747 1.811 2.239𝑧 1.167 0.792 1.703 1.556 1.534 0.800 1.233 1.422

8255
𝑥 2.830 2.141 5.207 4.501 4.483 2.156 3.030 3.971𝑦 2.168 1.967 2.955 2.557 2.622 1.971 2.077 2.370𝑧 1.666 1.060 2.536 2.301 2.243 1.069 1.798 2.060

Note. 𝑥 represents the upstream and downstream direction, 𝑦 shows the direction perpendicular to the stream direction, and 𝑧 denotes the vertical direction.

52
.0

%

83
.5

%

84
.1

%

74
.5

%

84
.0

%

29
.4

%

58
.3

%

50
.7

%

56
.3

%

59
.0

%

25
.1

%

57
.5

%

49
.7

%

55
.8

%

58
.4

%

0.
2% 6.
3%

5.
2% 15

.3
%

7.
1%11

.0
%

39
.4

%

29
.4

% 41
.1

%

40
.3

%

Node 2889 Node 6636 Node 8079 Node 8088 Node 8255
Node number

Case 1
Case 2
Case 3
Case 4

Case 5
Case 6
Case 7

Re
lat

iv
e e

rr
or

 p
er

ce
nt

ag
e

−60

−40

−20

0
20
40
60
80

100
120

−
2
3
.8
%

−
2
4
.4
%

−
1
9
.2
%

−
1
9
.7
%

−
2
8
.8
%

−
2
9
.3
%

−
2
5
.1
%

−
2
5
.6
%

−
1
1
.9
%

−
1
2
.1
%

(a) 𝑥-direction

Re
lat

iv
e e

rr
or

 p
er

ce
nt

ag
e

34
.1

%

32
.6

%

19
.4

%

47
.9

%

36
.3

%

22
.8

%

15
.4

%

17
.8

% 29
.9

%

18
.0

%

22
.4

%

18
.7

%

18
.0

% 32
.2

%

21
.0

%

5.
0%

18
.1

%

7.
8% 16

.1
%

20
.1

%

9.
3%

Node 2889 Node 6636 Node 8079 Node 8088 Node 8255
Node number

Case 1
Case 2
Case 3
Case 4

Case 5
Case 6
Case 7

−60

−40

−20

0

20

40

60

80

−
4
.2
%

−
9
.1
%

−
9
.3
%

−
2
.8
%

−
6
.3
%

−
6
.4
%

−
6
.5
%

−
1
6
.5
%

−
1
7
.0
%−
3
.4
%

−
8
.5
%

−
8
.7
%

−
9
.0
%

−
9
.5
%

(b) 𝑦-direction

Re
la

tiv
e e

rr
or

 p
er

ce
nt

ag
e

88
.8

%

71
.5

%

72
.2

%

45
.9

%

52
.2

%64
.3

%

49
.3

%

56
.8

%

33
.3

%

38
.1

%60
.2

%

41
.8

%

53
.1

%

31
.4

%

34
.6

%

26
.3

%

14
.6

%

19
.4

%

5.
6% 7.
9%

45
.1

%

25
.4

% 37
.2

%

21
.8

%

23
.7

%

Node 2889 Node 6636 Node 8079 Node 8088 Node 8255
Node number

Case 1
Case 2
Case 3
Case 4

Case 5
Case 6
Case 7

−80

−60

−40

−20

0
20
40
60
80

100

−
3
5
.8
%

−
3
6
.4
%

−
3
1
.5
%

−
3
2
.1
%

−
4
5
.3
%

−
4
6
.1
%

−
3
6
.8
%

−
3
7
.4
%−
1
3
.2
%

−
1
3
.9
%

(c) 𝑧-direction

Figure 4: Error of the peak acceleration.
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Figure 5: Displacement envelope figures of the whole powerhouse.

low seismic responses. Low-ordermodes, such as the first and
second orders, are not the main contributors to the structural
dynamic response when the mass and stiffness of the upper
and lower structures of the powerhouse differ greatly. The
low-order modes of vibration often indicate the dynamic
characteristics of the upper structure because of the low
mode participationmass.Therefore, designing an antiseismic
powerhouse by using the results calculated with this method
is risky. In the example, the acceleration in the 𝑧 direction
differs from the exact solution to a greater extent than those
in the 𝑥 and 𝑦 directions. The relative peak acceleration in
the 𝑧 direction of the point in the middle of the top of the
downstream wall also deviates from the exact value by up to
46%.

In method 2, the relative peak acceleration of each typical
point in different directions is greater than the exact value
because the damping ratios of the 1st and 80th orders of the
vibrationmode are equal to 0.07 and the damping ratios of the
2nd to the 79th orders are smaller than 0.07. Therefore, low
damping ratios and high seismic responses are obtained. In
the example, the relative peak acceleration in the 𝑧 direction
of the point in the downstream side of the seating ring
deviates from the exact value by up to 89%. Numerous
solutions that are greater than the exact values account for the
increase in construction costs, which fail to satisfy the current
requirements of performance-based antiseismic designs.

Method 3 is based on the least square method. In the
example, the relative peak acceleration of each point in
different directions is larger than the exact solutions, but the
overall deviation is lower than that of method 2. The relative
peak acceleration in the 𝑧 direction of point 2889 deviates
from the exact value by up to 64%.

Method 4 is based on the weighted least square method.
In the example, the relative peak acceleration of each point
in different directions is larger than the exact solutions

and slightly lower than that of method 3. The solutions
obtained by this method are closer to the exact values, and
the numerical distribution is similar to that in method 3.
Similarly, the relative peak acceleration in the 𝑧 direction of
point 2889 deviates from the exact value by up to 60%.

Method 5 is also based on the weighted least square
method. In the example, the relative peak acceleration of each
point in different directions is close to and slightly larger
than those acquired in method 1 and is less than the exact
solutions. The seismic response is lower than the exact value.
The relative peak acceleration in the 𝑧 direction of point 8079
also deviates from the exact value by up to 45%.

In method 6, the mode orders with a remarkable con-
tribution to the structure dynamic responses are selected
according to the mode participation mass. The mode partic-
ipation mass is the most important factor that influences the
damping coefficients of the powerhouse. The 13th and 25th
orders yield the largest vibration mode participation mass.
The Rayleigh damping model shows that the damping ratios
of the 13th and 25th orders are 0.07, the damping ratios of
the 1st–12th and the 26th–80th orders are greater than 0.07,
and the damping ratios of the 14th–24th orders are less than
0.07. The relative peak acceleration of each typical point in
different directions is quite close to the exact values; that is,
the differences from the exact data of most of the points are
within 10%. The relative peak acceleration in the 𝑧 direction
of point 2889 deviates from the exact value by 26%.

The displacement envelope figures of the whole power-
house in the 𝑥 and 𝑦 directions via method 6 are presented
in Figure 5. The peak displacement of the lower structure
appears uniform. The peak displacement of the upper struc-
ture is larger because of the whiplash effect. The larger
stiffness of the powerhouse transversal to the flow direction
leads to a smaller peak displacement than that along the flow
direction.
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In method 7, the damping coefficients are obtained on
the basis of the weighted least square method. In contrast to
methods 4 and 5, method 7 considers the mode participation
masses as the weighting coefficients; that is, the orders that
contribute greatly to the dynamic response are selected on
the basis of the mode participation mass. The damping
coefficients of most of themodes obtained by this method are
closer to the exact values, whereas the damping coefficients
of the modes that contribute greatly to the dynamic response
are less accurate.The relative peak acceleration of each typical
point in different directions is closer to the exact solution
determined bymethod 7 than those obtained bymethods 2–5
but less accurate than the one acquired by method 6.

The relative peak acceleration of each typical point in
different directions obtained by methods 3, 4, 5, and 7,
which were based on the least square method, is closer to
the exact value than that identified by methods 1 and 2.
Therefore, the solutions provided by the least square method
or the weighted least square method are more accurate than
those established by methods 1 and 2. Methods 4 and 5
are based on the weighted least square method and on
the assumption that low-order modes contribute greatly to
seismic responses. However, the results calculated by the
two methods differ greatly. In particular, the response of
the powerhouse acquired by method 4 is greater than the
exact value, whereas the response determined by method 5 is
smaller than the exact finding. The relative peak acceleration
of point 8079 detected by method 4 is also 2.8 times greater
than that revealed by method 5. The mode participation
mode is thus regarded as an important factor influencing the
damping coefficients of the powerhouse in methods 6 and 7.
By comparison, the solutions frommethod 7 are less accurate
than those from method 6.

These comparisons and analyses reveal that the draw-
backs of the least square method and the weighted least
square method are inevitable. On the one hand, the weight
coefficients remarkably influence the calculation results.
Therefore, the damping coefficients of all orders can be
considered to reduce the uncertainty caused by the two
chosen modes, but the uncertainty attributed to the selection
of the weight coefficients cannot be removed. On the other
hand, we have yet to verify importance of the orders that
contribute greatly to the response during calculation to obtain
the optimal objective function in the least square method
and the weighted least square method. The accuracy of the
damping ratios of the orders that remarkably contribute may
be severely reduced. Therefore, the least squares method and
the weighted least squares method are slightly uncontrollable
and should be used cautiously in practical engineering.

Table 3 and Figure 6 show the relative peak displacements
for each typical point obtained by different methods, in
which the direction of displacement is disregarded and the
maximum absolute value is considered, and the percentage
of deviation from values obtained by modal superposition
method. The relative peak displacements of the points in
different directions are similar to those of the relative peak
acceleration analyzed in the preceding sections. Only few
values obtained by methods 1 and 5 are closer to the exact
values because changes in damping affect the distribution of

the relative displacements of the structure in time history
under the same seismic input. As such, peak displacements
are influenced cumulatively. Overall, the results determined
by method 6 are still the closest solutions to the exact values
because they aremore stable and reliable than those identified
by othermethods. In the example, the largest deviations from
the exact relative peak acceleration determined by methods
1–7 in different directions are −28.39%, 63.61%, 41.59%,
41.44%, 27.83%, 30.37%, and 28.67%, respectively.

The solutions obtained by method 6 are slightly larger
than and closer to the exact values.Themodes that contribute
greatly to the dynamic response are found on the basis of
the mode participation mass, and the damping coefficients
are calculated using method 6. These findings are consistent
with the calculationmethod of Rayleigh damping coefficients
proposed by Chopra [1]: “In dealing with practical problems,
it is reasonable to select the modes of vibration 𝑖 and 𝑗 with
specific damping ratios to ensure that damping ratios of all
modes of vibration that contribute greatly to the dynamic
response are reasonable.” Therefore, we verify that mode
participation mass is related to the contribution of orders to
seismic responses. Our numerical experiments demonstrate
that the Rayleigh damping coefficients determined by this
method are closer to the actual values and the seismic
response of the structure is more reasonable.

4. Conclusions

Calculationmethods of Rayleigh damping coefficients greatly
affect the results of the seismic responses of powerhouses and
buildings with similar structural characteristics. In method
1 or the traditional method, the damping ratios except the
first two values are larger than the exact ratios. As a result,
the structural dynamic response is significantly smaller. The
first two vibration modes often indicate the dynamic charac-
teristics of the upper structure, not the whole structure. The
damping ratios of most of the vibration modes in the middle
are smaller than the exact values. As such, the structural
dynamic response inmethod 2 is significantly larger than that
in method 1. To obtain the optimal objective function, we can
use the least square method and the weighted least square
method for an accurate calculation of damping coefficients.
However, whether the orders that contribute greatly to
responses play an important role in the calculation remains
uncertain.The errors of the damping ratios of the orders with
a significant contribution may be severely increased. Thus,
the dynamic response of a structure is unable to satisfy the
required accuracy in practical engineering.

In the method proposed in this study, the mode orders
that influence the dynamic responses are found on the
basis of mode participation mass, and Rayleigh damping
coefficients are determined by using the natural frequencies
of the two mode orders, whose mode participation masses
are the largest. The seismic response distortion attributed to
large differences in Rayleigh damping coefficients caused by
improper modal selection is avoided by using the proposed
method, which is also simpler and more accurate than the
least square method. Our numerical experiments show that
the damping matrix determined by using Rayleigh damping
coefficients in this method is closer to the actual value, and
the seismic response of the powerhouse is more acceptable.
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Table 3: Peak displacements of each point obtained by different methods (cm).

Node Direction Modal method Case 1 Case 2 Case 3 Case 4 Case 5 Case 6 Case 7
2889

𝑥 0.020 0.022 0.027 0.026 0.025 0.022 0.026 0.024𝑦 0.121 0.112 0.138 0.137 0.136 0.113 0.133 0.134𝑧 0.016 0.015 0.025 0.022 0.022 0.015 0.019 0.020

6636
𝑥 0.134 0.120 0.214 0.187 0.187 0.120 0.173 0.170𝑦 0.191 0.188 0.230 0.209 0.213 0.188 0.218 0.206𝑧 0.033 0.026 0.054 0.046 0.045 0.026 0.037 0.040

8079
𝑥 6.882 7.287 7.429 6.164 7.116 7.289 7.739 6.431𝑦 0.527 0.502 0.597 0.583 0.580 0.503 0.541 0.573𝑧 0.302 0.307 0.326 0.278 0.308 0.308 0.317 0.287

8088
𝑥 0.093 0.082 0.143 0.129 0.128 0.082 0.118 0.117𝑦 0.164 0.157 0.194 0.180 0.181 0.157 0.184 0.177𝑧 0.028 0.021 0.043 0.038 0.038 0.021 0.032 0.034

8255
𝑥 0.129 0.116 0.208 0.182 0.182 0.116 0.168 0.166𝑦 0.186 0.183 0.228 0.205 0.212 0.183 0.212 0.201𝑧 0.042 0.030 0.065 0.058 0.058 0.030 0.045 0.052

Note. 𝑥 represents the upstream and downstream direction, 𝑦 corresponds to the direction perpendicular to the stream direction, and 𝑧 indicates the vertical
direction.
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Figure 6: Error of peak displacements.
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