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Over the past decade, rapid advances in imaging technologies
have enabled state-of-the-art image-based analysis of cardiac
function at a variety of scales and from multiple aspects,
such as cardiac electrophysiology, cardiac biomechanics, and
cardiovascular system. This special issue aims to showcase
developments in cardiac image computing over the past five
years, with a special emphasis given to novel computing
techniques used to analyze cardiac anatomy and functions
for better understanding of cardiac diseases. The final issue
includes 8 high quality manuscripts that addressed some very
interesting and timely research questions faced by researchers
worldwide. The topics range from the improvement of realtime imaging acquisition, through the design of novel image
analysis techniques and image-guided surgical planning
tools, to cardiovascular risk assessment and detection.
Studying the evolution of heart formation has become
an active research area [1]. Embryonic heart morphogenesis
(EHM) is a complex and dynamic process where the heart
transforms from a single tube into a four-chambered pump.
Conventional imaging techniques fail to capture this process
due to limited penetration depth. H. Mao et al. utilized
confocal microscopy imaging with tissue optical immersion
clearing technique to image the heart at different stages of
development for an EHM study of quail. This area of study
not only showed promising results in obtaining snapshots of
hearts during growth, but also laid the foundation to investigate data-driven modeling of heart growth, which in turn
could deepen our understanding of the cause, progression,
treatment, and prevention of diseases related to cardiac
growth.

Improving the speed of image reconstruction directly
enhances the abundance of the data. In the work of N. Cai
et al., a new method was developed to improve compressive
sensing (CS) based reconstruction for dynamic cardiac MRI
leveraging the theory of structured sparse representation.
Their experimental results demonstrated that the proposed
method improved the reconstruction quality of dynamic
cardiac cine MRI over the state-of-the-art CS method [2].
Whilst numerous researches have been dedicated to
imaging cardiac structure and mechanical function, noninvasive imaging of cardiac electrical activities remains to
be a challenging task which entails the use of sophisticated
mathematical models and optimization techniques [3, 4].
A. Rahimi et al. presented the superiority of an Lp-norm
model over its L1 and L2 counterparts in imaging cardiac
current sources with various spatial extents and distributions.
Through computer-simulated and real-data experiments,
they further demonstrated the feasibility of the proposed
method in imaging the complex structure of excitation
wavefront, as well as current sources distributed along the
postinfarction scar border—the region that plays a critical
role in the triggering and sustaining of lethal arrhythmias.
Extracting anatomical and physiological information of
the heart from cardiac images requires robust yet simple segmentation techniques that suit different application
purposes and different image qualities [5]. The work of J.
Bayer et al. attempted to fit continuous parametric surfaces to scattered geometric data points forming frontiers
delimiting physiologic structures in segmented images, and
they successfully verified their methods by reconstructing
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a geometric model of a mouse’s ventricles from a CT scan.
This type of segmentation technique provides useful means
of visualizing anatomical structures from low-quality images.
C. Zhong et al. also investigated model-based image segmentation technique to reconstruct coronary artery (CA)
segments that correspond to myocardial segments typically
shown in conventional echocardiographic sectional images.
By incorporating the existing Chinese visible human (CVH)
data and 5 sets of clinical CT data, they established 3D CA
models and studied their application in localization of CA
segments. The fully reconstructed 3D model allowed virtual
dissection to simulate convectional sections of transthoracic
echocardiography. A preliminary study involving 170 patients
was also undertaken to assess their proposed technique.
With coronary artery disease (CAD) becoming one of the
most frequent causes of heart failure, there continues to be an
urgent need to design prompt and accurate clinical diagnosis
for CAD [6]. For example, noncalcified plaques (NCPs)
on coronary artery trees are associated with the presence
of lipid-core plaques that are prone to rupture. Thus, it is
important to detect and monitor the development of NCPs.
Y. Li et al. proposed a mathematical morphological approach
to quantitatively analyze the noncalcified plaques on a threedimensional coronary artery wall model (3D-CAWM). This
work combined Voxel-Map analysis techniques, plaque locating, and anatomical location related labeling, which was
demonstrated to achieve more detailed and comprehensive
coronary tree wall visualization.
Image-guided surgery has now become one of the most
active research topics in cardiac imaging computing [7]. Y.
Wu et al. reconstructed a three-dimensional digitized visible
model of human thoracic structures to provide morphological data for imaging diagnosis and thoracic-cardiovascular
surgery. This research provided an efficient learning platform
for medical students or junior surgeons to better interpret
human thoracic anatomy and practice virtual thoracic and
cardiovascular surgery.
This special issue concludes with a clinical study that
examined the relationship between blood pressure variation
(BPV) and carotid intima-media thickness (IMT) for 60
subjects (aged between 33 and 79) in Shenzhen. H. Xiong
et al. found that both the daytime systolic BPV and 24hour systolic BPV evaluated by three indices are positively
associated with IMT. They conclude that daytime systolic
BPV is the best variable to represent the increasing of
carotid IMT. In addition, after adjusting by age, sex, smoking,
hypertension, and mean blood pressure (BP) and peak-topeak values, 24 h diastolic BPV evaluated with standard
deviation also presents the favorable performance.
Overall, the 8 manuscripts included in this special issue
provide a sample of the current state in image-based computational cardiology, including the classic topics such as image
segmentation and image reconstruction, the relatively young
areas such as growth modeling and electrophysiological
imaging, and the use of computational techniques in imagebased understanding, diagnosis, and surgery planning of cardiac diseases. The continuing effort in all these expanding and
interconnected areas will likely improve our understanding
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of the mechanism, treatment, and prevention of cardiac
diseases.
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We present a technique to fit 𝐶2 continuous parametric surfaces to scattered geometric data points forming frontiers delimiting
physiologic structures in segmented images. Such mathematical representation is interesting because it facilitates a large number
of operations in modeling. While the fitting of 𝐶2 continuous parametric curves to scattered geometric data points is quite trivial,
the fitting of 𝐶2 continuous parametric surfaces is not. The difficulty comes from the fact that each scattered data point should be
assigned a unique parametric coordinate, and the fit is quite sensitive to their distribution on the parametric plane. We present
a new approach where a polygonal (quadrilateral or triangular) surface is extracted from the segmented image. This surface is
subsequently projected onto a parametric plane in a manner to ensure a one-to-one mapping. The resulting polygonal mesh is then
regularized for area and edge length. Finally, from this point, surface fitting is relatively trivial. The novelty of our approach lies in
the regularization of the polygonal mesh. Process performance is assessed with the reconstruction of a geometric model of mouse
heart ventricles from a computerized tomography scan. Our results show an excellent reproduction of the geometric data with
surfaces that are 𝐶2 continuous.

1. Introduction
High-resolution in vivo imaging has become an essential tool
for the practice of modern day medicine. As a matter of
fact, hospitals have upgraded their infrastructure to acquire
and visualize terabytes of digital medical data and to make
these data readily available to the clinician. Prompted by this
success, more and more clinicians introduce cutting edge
technology in diagnosis. We can say we witnessed the rise of
what we have come to term computational medicine.
In this trend, among various options to capitalize on
the wealth of medical data is the simulation of biophysical
processes. This option is particularly appealing as it equips the
clinician with advanced means to make elaborate interpretations from data collected non- or semi-invasively, which can
potentially lead to a better understanding of the molecular
mechanisms of diseases, detection of trends in a population,
and risk/benefit analysis of various therapeutic options.

A major facet of computational medicine is the reconstruction of image-based computer models of physiologic
structures, for example, tissue, organs, and limbs, in order to
effectively interface with the clinician. In cardiology, we count
a number of contributions in heart model reconstruction [1–
5] that enable us to be optimistic in terms of practical clinical
applications in the near future. Clearly, the same applies to
neuroscience [6–8].
A very important step in the reconstruction of imagebased models is the mathematical description of surfaces
bounding the physiologic structure of interest. Here our goal
is to generate a compact 𝐶2 continuous representation of
surfaces. We elect to use dimension 3 (3 physical coordinates)
and codimension 2 (2 parametric coordinates) parametric Bsplines. Such surfaces have a number of advantages for modeling; that is, they are compact and facilitate the calculation of
areas, volumes, curvatures, crests, tangent planes, and many
other operations which are useful by themselves and essential
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in several modeling phases, like mesh generation, application
of boundary conditions, and coupling with several field
equations.
While the fitting of curves to scattered geometric data
points is quite trivial, the fitting of surfaces to scattered
geometric data points is not. Surface fitting is problematic
because a unique parametric coordinate should be assigned
to each geometric data point, and the precision of the fit
is quite sensitive to the distribution of these parametric
coordinates. To our knowledge, there are no documented
techniques to assign unique parametric coordinates and to
distribute them in a manner that guarantees a precise fit.
There has been significant work on this question. So far
two different approaches have been proposed. In the first
approach, the surface in question is the zero level set of a
three-dimensional function that is fitted to the data. This
avoids the mapping of the geometric data onto a parametric
plane since the function in question is defined in the same
space as the original image. Most algorithms have been
implemented with polygonal surfaces, but could also be
implemented with B-splines [9].
The second approach, deformable models, deforms an
initial template model until it matches the target geometric
data points. The technique initially introduced by Kass et al.
[10] has been given considerable attention. The contributions
of McInermey and Trezopouloz [11, 12] and Yoo [13] are particularly remarkable to the subject. The template model can
be defined with a polygonal or parametric B-Spline surface,
and various rules can be used to guide the deformations, for
example, intensity gradient, point-to-surface signed distance,
mechanical properties of the surface, inertia in displacement,
and others like energy, which depends on the physics of the
problem. In a version of this approach, the conventional rules
to guide deformation (e.g., intensity gradient) are replaced
by a function based on the comparison of pixel intensity
with the average intensity of pixels inside and outside regions
delimited by the displaced boundary [14]. This version is
particularly robust (no manual assistance required) in the
presence of noise and low contrast. Although this advantage
comes at the expense of an additional computational load due
operations performed on all image pixels at each iteration,
which may be acceptable in a number of cases. Finally, see
Park et al. [15] for a recent extensive application, and the
review of image segmentation by Ma et al. [16] for a summary
of applications.
Here we propose a different approach, that is, a direct fit
of codimension 2 parametric B-splines to a polygonal surface
extracted from a segmented image. After its extraction, the
polygonal surface is projected onto a parametric plane. The
projection preserves vertex connectivity and ensures a oneto-one mapping between the physical and parametric spaces.
Afterward, the projected polygonal surface is regularized
for polygonal area and edge length. The spatial variation in
polygonal area and edge length is quantified by a function, the
minimization of which governs the regularization. Finally,
from this point parametric surface fitting, constrained or not,
is quite trivial. The main advantages of our technique are its
accuracy and computational simplicity.
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The method is applied to an X-ray computerized tomography scan of a mouse heart. The results show that 𝐶2 continuous parametric surfaces with only 9 × 9 degrees of
freedom can accurately fit convoluted geometries like the
endocardial surface of the heart.

2. Methods
2.1. Acquisition of Test Medical Imaging Data. An adult mouse
heart is excised, Langendorff perfused, fixed in diastole, and
then embedded in vegetal grease. It is subsequently imaged
with an X-ray laboratory scanner (SkyScan) at 7.5 𝜇m resolution. A computerized tomography (CT) scan is generated
with 720 projections. Each projection is integrated over 1.8 s.
The background is subtracted; the signal is compensated
for fluctuations and converted on a logarithmic scale. The
signal is finally postprocessed with a modified Feldkamp
tomographic reconstruction algorithm [17]. See Methods in
Bayer et al. [18] for more details on the specimen preparation
and CT imaging.
The same heart is also imaged for tissue microstructure
with a laser scanning confocal microscope. To this end, the
heart is sliced every 20 𝜇m along its short axis with a vibrotome. Each slice is stained for myofibrils with rhodamine
phalloidin. They are subsequently imaged with a Zeiss 510
META confocal microscope. The images are acquired on
optical planes separated by 5 𝜇m. Further details on staining
and imaging are given in Slamani et al. [19]. Acquisition at
this high resolution requires assembling the images in order
to appropriately visualize the physiologic structure, which we
perform with a Fourier transform [19, 20].
2.2. Polygonal Surfaces Extraction. The CT data is composed
of gray scale images (pixel intensities 0–255) stacked along the
long axis of the heart. They comprise a total of 860 planes. The
contrast is excellent, and the edges of the heart cavities, as well
as the epicardium, are simply delineated with thresholding.
Specifically, all voxels crossing a threshold intensity of 100
are labeled as edge voxels. The external faces of these voxels
(quads) constitute the polygonal surface we project onto the
parametric plane.
When we need to extract a triangulated surface for
visualization purposes, or because a very high precision is
required, we extract it from the boundary voxels with the
marching cube algorithm of Lorensen and Cline [21], along
with modifications introduced by Lewiner et al. [22].
We denote the set of vertices and triangles or quadrilaterals generated from the surface extraction by 𝑉(𝑥, 𝑦, 𝑧)
and 𝑇(𝑉) or 𝑄(𝑉), respectively. Then the inverse connectivity
vertices-triangles 𝑉(𝑇) or vertices-quads 𝑉(𝑄) is generated.
Finally, a graph of the nodes 𝐶(𝑉) (table of vertices adjacent
to a vertex) is readily generated from the connectivity table
𝑇(𝑉) or 𝑄(𝑉).
2.3. Polygonal Surface Projection onto a Parametric Plane.
Direct parametric surface fitting requires that we first assign
a unique parametric coordinate to each of the 𝑁 vertices
of 𝑉(𝑥, 𝑦, 𝑧). We achieve this by projecting the polygonal
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surface onto a 𝑢 − V parametric plane; 𝑢 ∈ [𝑢min , 𝑢max ], V ∈
[Vmin , Vmax ]. The projection assigns parametric coordinates
V(𝑢, V) to each vertex in 𝑉(𝑥, 𝑦, 𝑧). We then refer to the
projected surface by 𝑇(V) or 𝑄(V). To project the polygonal
surfaces, the user selects a region to map onto the polygonal
surface, which is delimited by 4 anchor points joined by
4 segments. Each of the 4 anchor points are mapped to
one corner of the parametric plane, and the vertices on the
segments joining them are equidistributed along the edges
Γ ∈ [Γ𝑎 , Γ𝑏 , Γ𝑐 , Γ𝑑 ], that we label 𝑎−𝑑 while following a boolean
order, that is, 𝑢min , 𝑢max , Vmin , Vmax . We denote the set of
indices of the vertices mapped to the edges of the parametric
plane by 𝑔. The region inside the 4 segments is mapped onto
the parametric plane. The rule employed to perform a oneto-one mapping is deduced from the function
𝑁−1 𝑀𝑛 −1

2

2

(𝑛)
(𝑛)
) + (V𝑛 − V𝑚
),
𝜗 (u, k) = ∑ ∑ (𝑢𝑛 − 𝑢𝑚

(1)

𝑛=0 𝑚=0

where (u, k) denote the 𝑢 and V parametric coordinates of
the vertices of 𝑉(𝑥, 𝑦, 𝑧). Throughout this paper we denote
vectors and matrices by lower- and uppercase bold letters,
respectively. Therefore, the parameter 𝑀𝑛 is the number of
adjacent vertices to vertex 𝑛 with coordinates (𝑢𝑛 , V𝑛 ). The
(𝑛) (𝑛)
𝑀𝑛 adjacent vertices to 𝑢𝑛 , V𝑛 are denoted by 𝑢𝑚
, V𝑚 . These
indices correspond to line 𝑛 in the graph 𝐶(𝑉).
The function 𝜗(u, k) expresses for each vertex
of 𝑉(𝑥, 𝑦, 𝑧) the sum of squared distance to its neighbors.
The Min{𝜗(u, k)} with respect to (u, k),
𝑀 −1

𝛼
𝜕𝜗 (u, k)
𝛼
= 𝑀𝛼 𝑢𝛼 − ∑ 𝑢𝑚
= 0,
𝜕𝑢𝛼
𝑚=0

𝑀

−1

𝛼−1
𝜕𝜗 (u, k)
𝛼
= 𝑀𝛼 V𝛼 − ∑ V𝑚
=0
𝜕𝑢𝛼
𝑚=0

(2)

leads to the matrix systems
AV k = c(V) .

(3)

Since we fix the coordinates of the vertices along the edges
of the parametric plane, the lines and columns of (3)
corresponding to indices 𝑔 are moved to the right hand side,
which lead to the reduced matrix systems
̂𝑢 u
̂ = ̂c(𝑢)
A

̂V k̂ = ̂c(V) .
A

2.4. Regularization of a Polygonal Mesh. While the mapping
of the polygonal surface to the parametric plane is a one-toone mapping, this does not guarantee the size of the polygons
(triangles or quadrilaterals) to be regular. Irregularity in
size dramatically affects the quality of the final parametric
surface fit because areas that are extensively compressed in
the parametric plane are given less weight, if not totally
ignored, in the fit. This may be alleviated by increasing the
number of elements of the final parametric surface, but this
does not solve the problem.
We address this problem by regularizing the polygons of
the mesh for area and edge length. To do so, we borrow a mesh
regularization concept introduced by Jacquotte in [23]. The
concept consists of adjusting the grid-point coordinates in a
manner that minimizes polygonal element deformations with
respect to a reference element.
First, we define a transformation or a mapping from the
space 𝜉 − 𝜂 to the parametric space 𝑢 − V,
T (𝜉, 𝜂) = [𝑈 (𝜉, 𝜂) , 𝑉 (𝜉, 𝜂)] ,

∀𝛼 ∈ [0, 𝑁 − 1] ,

A𝑢 u = c(𝑢)

in each line is given by the number of neighbors in the
parametric plane. The diagonal is 𝑀𝑛 , 𝑛 ∈ [0, 𝑁−1], 𝑛 ∋ 𝑔 and
the off diagonal elements are −1. The matrices are diagonally
dominant, and thus positive definite. Furthermore, since the
coefficients are constant we need only to store in memory
their diagonal. Such matrices have a small condition number
and can be readily solved with a conjugate gradient method.
When the point cloud is really dense, we may sometimes
need to postprocess the map to avoid a collision between
vertices. If the bounding box of two segments intersects in the
parametric plane, we replace the endpoint on each segment
closest to the intersection by their intersection. Finally, when
segments sharing one vertex are nearly parallel, we fuse them.
Note that such postprocessing is necessary only when the
point cloud is really dense. In most applications this can be
avoided by decomposing the reconstruction.

(4)

̂𝑢 , A
̂V are nonsingular, this matrix system generates
Since A
a one-to-one mapping. The coordinates obtained in this
manner correspond to a distribution where each vertex tends
to be at an equal distance from all its immediate neighbors.
This confers interesting properties to the map, but does
not mean all points are equidistant from one another. This
property is desirable at the expense of additional processing.
̂V .
̂𝑢 , A
Note the particular structure of the matrices A
First, they are sparse and the number of nonzero coefficients

(5)

where 𝑈(𝜉, 𝜂), 𝑉(𝜉, 𝜂) are two functions mapping the 𝜉, 𝜂
coordinates of a reference element defined on 𝜉, 𝜂 ∈ [−1, 1]
to the (𝑢, V) coordinates of the parametric plane, respectively.
The reader is referred to Appendix A for details regarding
the construction of mapping functions for both quadrilateral
and triangular meshes. The transformation T(𝜉, 𝜂) maps a
reference quadrilateral to a mesh element according to solid
mechanics, where the element deformation gradient is given
by
∇T (𝜉, 𝜂) = [

𝑈𝜉 𝑈𝜂
],
𝑉𝜉 𝑉𝜂

∇=[

𝜕 𝜕
, ],
𝜕𝜉 𝜕𝜂

(6)

and the subscripts indicate derivative with respect to this
variable. Note from (6), the deformation gradient is also the
Jacobian matrix J of the mapping between the 𝜉 − 𝜂 and 𝑢 − V
spaces. This quantity is precisely what we wish to minimize;
that is, a regularization is nothing else than a minimization of
the variation in element deformation. However, performing
this minimization over the 𝑢 − V parametric domain is not
trivial. For the function to reach the condition we are looking
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for, that is, V(𝑢, V) having polygons with quasi-equal areas
and edges length in the parametric plane, the function should
be convex with one minimum reflecting that condition.
This implies our measure of deformation to be invariant of
rotation, since rotation does not change area and edge length.
Jacquotte in [23] addressed this problem by minimizing
the Matrix H = J𝑇 J with respect to three invariants. From
this point, our approach differs from Jacquotte’s approach
since we find new parametric grid coordinates (u , k ) satisfying,
𝑁𝑒 −1

Adj (J𝑒 ) 
 } ,
(u , k ) : Min { ∑ J𝑒 −
|J𝑒 | 𝐹,Ω𝑒

𝑒=0 

(7)

where 𝑁𝑒 is the number of elements in the polygonal surface,
J𝑒 is the Jacobian of element 𝑒, Adj{⋅} is the adjugate, | ⋅ | is
the determinant, Ω𝑒 is the domain of an element in the 𝜉 − 𝜂
plane, and ‖ ⋅ ‖𝐹Ω is a modified Frobenius norm
2

‖(⋅)‖𝐹,Ω = ∑ ∑ ∫ [(⋅)𝑖,𝑗 (Ω)] 𝑑Ω,
𝑖

Ω

𝑗

(8)

which needs to be introduced because the matrix coefficients
are a function of (𝜉, 𝜂). Recall, the rightmost term is nothing
else than J−1 . The motivation for this condition is that when
the reference element is subjected only to a translation, J = 𝐼.
In this case J = J−1 , and condition (7) is strictly met. The
modified Frobenius norm of J − J−1 increases with scaling,
and changes slightly with rotation. Thus, the minimization of
(7) tends to keep all elements shapes closed to the reference
one.
2.5. Constrained Parametric Surface Fitting. The final surface
is represented with a codimension 2, dimension 3 parametric
B-Spline. The parametric plane is subdivided into 𝑁𝑏𝑥 × 𝑁𝑏𝑦
elements of equal size. This subdivision defines (𝑁𝑏𝑥 + 1) ×
(𝑁𝑏𝑦 + 1) junction points that we term the control points.
Functions 𝑋(𝑢, V), 𝑌(𝑢, V), 𝑍(𝑢, V) mapping the 𝑢 − V space to
the 𝑥 − 𝑦 − 𝑧 space, one for each of the (𝑥, 𝑦, 𝑧) coordinates,
respectively, are defined with an expansion of codimension
2 B-Splines, one B-spline 𝐵𝑠 (𝑢, V) for each control point,
“𝑠” indexing them. To the control points defined in the
parametric plane, we add a row and a column at each end so
the elements bordering the parametric plane have the same
degree of freedom as the elements inside the plane. Thus,
the total number of control points is (𝑁𝑏𝑥 + 3) × (𝑁𝑏𝑦 + 3).
Parametric surface fitting consists in finding the coefficients
𝜁(𝑥) , 𝜁(𝑦) , 𝜁(𝑧) of the expansion
𝑠

𝑠

𝑠

𝑍 (𝑢, V) = ∑𝜁𝑠(𝑧) 𝐵𝑠 (𝑢, V) ,
𝑠=0

(10)

At control point “𝑛” of a one-dimensional axis, we define the
elementary B-spline by
(1 − 3𝑢 + 3𝑢3 − 𝑢3 )
{
{
{
=
,
𝑏
(𝑢)
{
0
{
48
{
{
{
(𝑢 + 𝑢𝑛+1 )
{
{
{𝑢 = 2𝑢 − 𝑛+2
,
{
{
(𝑢𝑛+2 − 𝑢𝑛+1 )
{
{
{
{
{
for 𝑢𝑛+1 < 𝑢 > 𝑢𝑛+2 ,
{
{
{
{
{
{
{
{
(23 − 15𝑢 − 3𝑢2 + 3𝑢3 )
{
{
{
𝑏1 (𝑢) =
,
{
{
48
{
{
{
{
{𝑢 = 2𝑢 − (𝑢𝑛+1 + 𝑢𝑛 ) ,
{
{
{
(𝑢𝑛+1 − 𝑢𝑛 )
{
{
{
{
for
𝑢
{
𝑛 < 𝑢 > 𝑢𝑛+1 ,
{
𝑏(𝑢)3 = {
{
{
(23 + 15𝑢 − 3𝑢2 − 3𝑏𝑢3 )
{
{
{
=
𝑏
,
(𝑢)
{
2
{
{
48
{
{
{
(𝑢 + 𝑢𝑛−1 )
{
{
𝑢 = 2𝑢 − 𝑛
,
{
{
{
(𝑢𝑛 − 𝑢𝑛−1 )
{
{
{
{
for 𝑢𝑛−1 < 𝑢 > 𝑢𝑛 ,
{
{
{
{
{
{
{
{
(1 + 3𝑢 + 3𝑢2 + 3𝑢3 )
{
{
{
𝑏
,
=
(𝑢)
{
3
{
{
48
{
{
(𝑢 + 𝑢𝑛−2 )
{
{
{
𝑢 = 2𝑢 − 𝑛−1
,
{
{
{
(𝑢𝑛−1 − 𝑢𝑛−2 )
{
{
{ for 𝑢𝑛−2 < 𝑢 > 𝑢𝑛−1 ,

(11)

where it should be clear that the support (range where the
function is nonnull) of an elementary 1D B-spline extends
over 4 segments, and the support of a 2-D B-spline over 4 × 4
elements. The B-Spline (1-D or 2-D) and its first 2 derivatives
vanish at the border of the support. This way any linear
combination remains 𝐶2 continuous. More information on
B-splines can be found in Bartels et al. [24].
Least square fitting for this case is quite trivial. It consists
to find 𝜁(𝑥) , 𝜁(𝑦) , 𝜁(𝑧) that minimizes
‖x − 𝑋 (u, k)‖2 ,



y − 𝑌 (u, k)2 ,

‖z − 𝑍(u, k)‖2 ,

𝑠=0

𝑠=0

𝐵 (𝑢, V) = b (𝑢) ⊗ b (V) .

(12)

𝑋 (𝑢, V) = ∑𝜁𝑠(𝑥) 𝐵𝑠 (𝑢, V) ,
𝑌 (𝑢, V) = ∑𝜁𝑠(𝑦) 𝐵𝑠 (𝑢, V) ,

𝑠 = (𝑁𝑏𝑥 + 2) × (𝑁𝑏𝑦 + 2) such that the distance between the
geometric data points and points on the surface with the same
parametric coordinate is minimized.
The 𝐵𝑠 (𝑢, V) are indexed according to a boolean order, 𝑢coordinate first then the V-coordinate. They are built with a
tensor product of elementary 1-D B-Splines,

(9)

with x, y, z being the vectors of 𝑥, 𝑦, 𝑧 coordinates of
the geometric data points. This leads to solving 3 matrix
systems, each of small dimension. Excellent results were
obtained with 9 × 9 elements. In addition, the matrices are
sparse with nonnull coefficients in each row and are well
conditioned as a result of the regularization. Thus, they can be
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readily solved with an iterative method like the Generalized
Mimimal Residual (GMRES) [25, Chapter 6].
For practical reasons the fit is constrained in two ways.
First, we impose a degree of stiffness to the surface. Second,
we sometimes require the parametric surface to exactly match
a predefined contour. After visual inspection a user may wish
to limit the excursion of a surface in zones not having enough
geometric data points. This can be done by imposing the
surface to be more stiff. The second constrains allows to
decompose of the reconstruction of a complex physiological
structure. This version of our reconstruction technique does
not allow imposing 𝐶1 continuity at the junction between
parametric surfaces, but this could be added by extending the
treatment presented in Appendix B.
Stiffness is added by constraining the fit with curvature
and twist. In this case the objective function to optimize the
𝑥-component becomes
Θ𝑥 = (1 − 𝜆) ‖x − 𝑋 (u, k)‖2
2
2
2
+ 𝜆 ∫ (𝑋𝑢𝑢
+ 2𝑋𝑢V
+ 𝑋VV
) 𝑑Ω𝑝 ,
Ω𝑝

Ω𝑝 : parametric plane, and similarly for the (𝑦, 𝑧) components.
To clamp the parametric surface along any of its edges,
we fit the contour with a codimension 1 B-spline. The
codimension 1 B-spline should have exactly the same number
of control points as the codimension 2 B-spline along the axis
of the clamp. Also, the parametric segments should be exactly
the same length as the sides of the quads of the codimension
2 B-splines along the axis of the clamp. To guarantee an
exact clamp, we remove some coefficients from the expansion
of the codimension 2 B-spline and fix them with algebraic
relations that guarantee the parametric surface to match the
codimension 1 B-spline along the clamped edge. Details of
this calculation are given in Appendix B.
2.6. Distance Metrics. We assessed the performance of our
fitting algorithm by measuring the distance between the
target geometric data points and the model surface. For
a data point “𝑛” in 𝑉(𝑥, 𝑦, 𝑧), the distance between this
point and the model 𝐷𝑛 (𝑢, V) is the closest distance from
this point to the model surface. Determination of minimal
distance by sweeping points on the parametric surface can
be time consuming and even inaccurate since the surface
can undergo significant excursion between the sampled data
points. On the other hand, bicubic B-Splines are too complex
for analytical determination of minimal distance.
Here we explore the flexibility of the parametric surface
representation to tackle this problem. First, we seek the
minimal distance along 𝑢 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 and V = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡
coordinate lines, 4 in each direction on any element. The
derivatives
𝜕𝐷𝑛2 (𝑢, V)
,
𝜕V

̂𝑛 (𝑢, V) = [(𝑢 − 𝑢𝑐 ) , (V − V𝑐 )] H [(𝑢 − 𝑢𝑐 )]
𝐷
(V − V𝑐 )
(𝑢 − 𝑢𝑐 )
] + 𝐷𝑛 (𝑢𝑐 , V𝑐 ) ,
+g[
(V − V𝑐 )

(13)

𝜆 ∈ [0, 1] ,

𝜕𝐷𝑛2 (𝑢, V)
,
𝜕𝑢

along a V or 𝑢 coordinate line is a 5th degree polynomial.
We find its zeros with an eigenvalue method [26]; that is,
we write a companion matrix, the eigenvalues of which are
the polynomes zeros. The eigenvalues in question are found
with the method outlined in LAPACK [27, Section 2.4.5]. The
companion matrix is transformed into an upper Hessenberg
form, which is subsequently reduced to a tridiagonal form,
the diagonal of which contains the eigenvalues. Our implementation exploits the sparsity pattern of the companion
matrix which makes the root finding fast, but still accurate.
𝐷𝑛 (𝑢, V) is evaluated on all roots of the 8 coordinate lines if
the corresponding 𝑢, V coordinate is in the B-spline element.
It is also evaluated on the 4-element vertices.
The search is further refined with a fixed point method,
starting from the closest of the above distances 𝑢𝑐 , V𝑐 . The
̂𝑛 (𝑢, V)) at 𝑢𝑐 , V𝑐 , with
surface 𝐷𝑛 (𝑢, V) is approximated (𝐷

(14)

(15)

where H and g are the Hessian and gradient of 𝐷𝑛 (𝑢, V)
at 𝑢𝑐 , V𝑐 . The minimum of (15) is found by solving the
2 × 2 matrix system expressing the minimum condition,
(𝑢, V) → (𝑢𝑐 , V𝑐 ), whose operation is repeated until |g| < 𝜖, a
predetermined threshold, or when the line segment joining
the current minimum to the new one crosses an element
edges. The final minimal distance is the minimum of the
minimal distance over all elements.

3. Results
3.1. The Cardiac Imaging Data. The test data set (Figure 1) is
an X-ray computerized tomography scan of an excised mouse
heart fixed in diastole. The data were collected on a laboratory
microscanner (CT) at 7.5 𝜇m resolution. See the Methods for
specimen preparation and data acquisition. Figure 1 shows
three sections across this data set: one longitudinal section
perpendicular to the septum and two cross sections along the
short axis of the heart. The right and left ventricles are labeled
RV and LV, respectively. The blue and green lines indicate the
height of the section. The longitudinal section is 1.125 mm
from the epicardial surface, and the two cross sections are
2.475 mm (blue) and 2.775 mm (green) from the atrial apex,
respectively. The distance from the base to the ventricular
apex is 7.050 mm, and the diameter at the base is 1.880 mm.
The longitudinal view exposes a papillary muscle (red
rectangle) extending from the left endocardial surface to the
aortic valve. The cross section at 2.775 mm shows the root of
the papillary muscle. The other section at 2.475 mm clearly
delineates a cross section of the papillary muscle which is
detached from the endocardial surface. We believe papillary
muscles play an important role in the initiation of abnormal
beats since cardiac fiber changes rapidly in such region.
Therefore, accurate modeling of these structures is a main
motivation for the geometric modeling technique developed
here.
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(b)

Figure 1: Computerized tomography scan of a mouse heart fixed in diastole. (a) Longitudinal section of the heart perpendicular to the septum.
(b) Two sections along the short axis of the heart.

Two other masses are visible in the cross section at
2.475 mm of the right ventricle. These are probably papillary
muscles thorn during the heart preparation. The injection of
grease, although done at relatively low pressure, may have
damaged the fragile papillary muscles.
Finally, from this image the reader can appreciate the
fact that contrast is excellent. No additional processing was
performed after the tomographic reconstruction; still the
edges of the cavity and epicardium are clearly visible.
3.2. Polygonal Surface Extraction. The ventricular cavities
and epicardium of the heart CT scan of Figure 1 were delineated with a thresholding algorithm. Figure 2 shows the external faces of hexahedra with vertices crossing the 100 gray
level. This results in a brick wall texture, but, as shown
in constrained surface fitting below, the polygonal surface
becomes quite smooth when triangles are extracted with a
marching cube algorithm [21, 28] from the hexahedra.
Figure 2(a) illustrates the practicality of geometric model
reconstruction. The two holes in the edges of the right
ventricular cavity are clearly artifacts. They appeared because
we did not have any voxels crossing the prescribed threshold

value. There are limits to CT, which could be compared
to shadows in visible light. The reconstruction problem
is partly a local operation and partly a global one. Local
operations are needed to detect edges in general, but global
information with a priori knowledge of the physiology is
necessary to overcome limitations of local operations. Here
the holes in the frontier of the RV cavity could be filled
with user-assisted operations, which is time consuming.
Alternatively, our approach prescribes rules to fit a smooth
parametric surface on the polygonal surface. The RV displays
this problem since the surfaces bounding the geometry are
close to one another. However, for many problems including
modeling and simulation, a smooth representation along
this edge is quite adequate. Note that this problem could
have potentially been eliminated by thresholding the intensity
gradient instead of the absolute intensity value, or by using a
more elaborate surface extraction method. However, at this
stage the precision is sufficient to meet modeling needs.
As shown in Figure 2(b), when the edges of the structure
imaged are not too close to one another, the surface can
be accurately delineated. For example, we see very well the
endocardial surface of the left ventricular cavity, even in
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Figure 2: Polygonal surfaces delineating the right ventricular cavity (a) the left ventricular cavity (b), and the epicardium (c) of the mouse
heart shown in Figure 1. The surfaces were extracted automatically by thresholding.

the papillary muscle region despite the fact that it is quite
convoluted.
Finally, the delineation of the epicardial surface is quite
trivial. Thus, as long as the imaging modality offers good
contrast and surfaces are not too close to one another, they
can be delineated relatively accurately with thresholding.
3.3. Polygonal Surface Projection onto a Parametric Plane.
Figure 3 shows 𝑄(V) obtained by projecting 𝑄(𝑉) of Figure 2
onto (𝑢 − V) parametric planes. Each parametric axis has 100
units, which is arbitrary. For the projections in Figure 3, line
segments of 𝑄(V) do not intersect and a one-to-one mapping
was achieved. The epicardial surface is relatively regular and,
as a result, the polygonal mesh generated by the projection
is also relatively regular. The quads are more dense around
the center compared to the periphery, but the difference is
not very large. This is in contrast to the RV and LV surfaces.
In these 2 cases, the density of quads is much larger around
the center. In addition, the RV surface has several epicenters.
The difference in quad density between these epicenters and
the periphery is quite large, which is typical for convoluted
geometries.
The RV and LV polygonal meshes illustrate well the parametric surface fitting problem. When we fit a codimension 2
parametric B-spline, the 𝑢 − V parametric plane is subdivided
into elements of equal size. A set of geometric data points
is associated to each element based on their position in the
plane. This way, the coordinates of the geometric data points
in high density regions are averaged, and the parametric
surface cannot accurately mold the geometric data points in
these regions. An increase in the number of control points
can alleviate the problem, but does not solve it.
The RV polygonal mesh is particularly interesting,
because the holes in the endocardial surface simply disappeared. This happened because the mapping algorithm
generates a point distribution that expands in a manner to
maximally fill the 𝑢 − V parametric plane. The outer boundary

is constrained but not the contours delimiting the holes. Thus,
they are filled during the projection.
3.4. Polygonal Mesh Regularization. In order to accurately fit
a parametric B-spline surface to the geometric data points,
𝑄(V) was regularized with respect to polygon area and edge
length. To this end, we minimized a measure of variation in
polygon deformation with respect to a reference polygon (7).
See Appendix A for the details of this approach.
Figure 4 shows the polygonal mesh of Figure 3 after
regularization. The regularized meshes are now quite uniform
in polygon area and edge length. This is quite remarkable
considering the initial variation in polygon density and the
nonlinearity of the minimization problem. As a result of this
regularization, the mapping is more conformal, and each
element of the polygonal surface is given the same weight in
the parametric surface fit (compare Figure 6 with Figure 5).
The polygon density of the regularized mesh is slightly
higher along a diagonal in the RV surface. In order to
refine regularization, one could reduce 𝜖 in the termination
criteria ‖g‖2 < 𝜖, though the increased number of iterations
to solve the matrix system could dramatically increase the
computation time (see Appendix A).
A note is in order regarding the computation time associated to with the regularization. Excluding regularization, the
algorithm is quite fast; the projection and parametric surface
fitting requires solving relatively simple matrix systems, both
of which could be solved in the order of a second. On the
other hand, the regularization is more demanding computationally since the procedure is iterative and the matrix
expressing the minimization problem needs to be rebuilt at
each iteration (see Appendix A). However, this task is not
very time consuming if the algorithm is well implemented
since most of the operations can be preprocessed.
3.5. Constrained Parametric Surface Fitting. Figures 5–8 show
the parametric surfaces fitted to the geometric data points.
In each panel of Figure 5, the red surfaces are composed
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(a)

(b)

(c)

Figure 3: Polygonal surfaces (Figure 2), projected onto the (𝑢 − V) parametric plane. The surfaces delineate the endocardial surface of the
right ventricular cavity (a), the endocadial surface of left ventricular cavity (b), and the epicardial surface (c).

(a)

(b)

(c)

Figure 4: Polygonal meshes shown in Figure 3, regularized for polygons area and edges length.

of a triangle array extracted from the brick wall texture of
Figure 2. The grey surfaces are the codimension 2 B-splines
fitted on the geometric data points of 𝑄(V) of Figure 4. The
fit is performed according to the algorithm presented in the
Methods. Table 1 gives the parameter for the surface fits. All
fits were performed by imposing a relatively low stiffness.
This parameter is assigned by trial and error during visual
inspection. It is convenient to proceed this way since, once the
regularization completed, the fit is practically instantaneous.
As judged by Figure 5, the match between the parametric surfaces and the geometric data points is excellent.
Convoluted surfaces, are accurately represented with only
9 × 9 elements, which is remarkable for the LV. Statistics
on the distances between the parametric surface and the
geometric data points are given in Table 2. Considering the
number of polygons in each case (Table 1), this constitutes a
dramatic reduction in the complexity of the representation
and significantly impacts the computational labor of any task
aiming to evaluate geometric information on this physiologic
structure. Note the fit of the epicardial surface seems to be less
accurate; that is, minimal, maximal, and averaged distances
are larger than the one of the left and right ventricular cavities.
However, also remark the variance is larger. The epicardial

Table 1: Parameters of the surface fitting. Number of polygons:
number of polygons in the polygonal surfaces of Figure 2. 𝑁𝑢 , 𝑁V :
number of elements along the 𝑢 and V coordinates of the parametric
plane. Stiffness: parameter 𝜆 in (13).
Surface
Right ventricle
Left ventricle
Epicardium

Number of polygons
374,369
377,863
1,013,085

𝑁𝑢
7
9
11

𝑁V
7
9
11

Stiffness
0.3
0.2
0.1

surface from CT is not as smooth as the surface of the cavities.
There are local variations that could not be captured with the
number of elements we used.
The right side of the RV parametric surface is smoother
than the triangulated surface, but this result was desirable.
The computerized tomography and the surface extraction are
not highly accurate in this region since the surfaces nearly
intersect one another. It was judged here that the smooth
surface corrects some of these errors. Note that the holes in
the RV polygonal surface (Figure 5) have been filled in the
parametric surface without any manual interventions. There
is a steep transition in the 𝑥−𝑦−𝑧 coordinates near the holes,
but they are smoothed out by the fit.
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Figure 5: Parametric surfaces fitted to the 𝑥 − 𝑦 − 𝑧 coordinates of the regularized polygonal meshes shown in Figure 4. (a) Right ventricular
cavity; (b) left ventricular cavity; (c) epicardium. Gray: parametric surface. Red: Surface composed of triangles array generated from the brick
wall texture of Figure 2.

Figure 6: Parametric surface fitted to the 𝑥 − 𝑦 − 𝑧 coordinates of
the RV polygonal mesh before regularization, that is, Figure 3(a).

Table 2: Min., Max., Avg. dist: minimal, maximal, and averaged
distances, respectively. Distances refer to the distance between the
geometric data points and the model surface, as calculated with the
metric presented in Section 2. Rightmost column, variance of the
distances. All distances and variance are in 𝜇m.
Surface
Right ventricle
Left ventricle
Epicardium

Min. dist.
0.0334
0.0214
0.1198

Max. dist.
25.9825
32.1468
51.9895

Avg. dist.
8.0064
5.2053
13.8509

Variance
15.5450
16.4575
53.3334

The fit of the LV surface is the most striking. The
reproduction is excellent using only 9 × 9 elements in the
parametric B-spline; this despite the fact that the surface
is quite convoluted. The papillary muscle was accurately
reproduced from its root in the endocardial surface all the
way up to its tip near the aortic valve. Clearly the parametric
surface fit is excellent. On average, the distance between

a geometric data point and the surface is less than 8.0 𝜇m,
5.2 𝜇m, and 13.8 𝜇m for the surfaces bounding the RV cavity,
LV cavity, and endocardium, respectively. In addition, we
can observe the triangulated surface crossing in and out the
parametric surface all around due to their proximity.
Figure 6 is a fit of the parametric surface of the RV
polygonal mesh before its regularization (Figure 3). In this
case, the apex is not well reproduced and important details are
missed along the right side of the RV. In addition, the distance
between the triangulated and parametric surfaces is larger.
In this case, the triangulated and parametric surfaces do not
cross one another as in Figure 5. Without regularization, the
distance between the parametric surface and the geometric
data can be quite large; that is, a convoluted geometry is
smoothed out.
It is interesting to examine several views of the LV cavity
in order to appreciate the accuracy of the reproduction,
despite the convoluted nature of the geometry. Panel (a) of
Figure 7 is a top view of the LV cavity exposing the papillary
muscle. The surface is starting to close in its upper part
because it is getting close to the heart valves. In panels (b)
and (c), we have an outside view of several ridges, cavities,
and protrusions.
Finally, Figure 8(a) shows a cut open view of the LV
endocardial surface. The model includes protrusions, invagination, and a papillary muscle, while the surface remains
smooth. Clearly, the representation is sufficiently flexible
to generate a realistic model of the heart ventricles, with
as few as 9 × 9 elements. We have not constrained the
fit to the base, but could have done so. With the ability
to constrain the fit on specific contours, we could have
decomposed the geometric reconstruction to address more
complex reconstruction problems.
Figure 8(b) is a confocal laser microscopy image of a
cross-section of the heart near the root of the papillary
muscle. The image was obtained at a 4x enlargement and after
staining the cardiac fibers (see Methods). It illustrates how
complex the subendocardial layer is. The cardiac fibers follow
a feather-like pattern. They are oriented along the periphery
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Figure 7: Multiple views of the parametric B-Spline surface fitted to the edge of the left ventricular cavity (Figure 2(b)).

(a)

(b)

Figure 8: (a) Cut open view of the left ventricular cavity model, same as Figure 5(b). The view exposes the papillary muscle. (b) Laser scanning
confocal microscopy image (4x enlargement) of a cross section of the same heart near the papillary muscle.

in midmyocardium, but fan out as we move toward the
periphery. The fibers enter the large protrusions along their
long axis. In the papillary muscle we observe dots instead of
lines, because at this level the fibers are oriented along the
long axis of the papillary muscle. A detailed histology study
by Robinson et al. [29] corroborates this result. We can also
remark that the fibers are more separated in the protrusions
and papillary muscle, thereby suggesting more collagen in
these areas. Thus, clearly the ventricular walls have a complex
structure. The interested reader is invited to consult Slamani
et al. [19], Poddar et al. [20], and Subramanian et al. [30]
for a high resolution three-dimensional reconstruction of
cardiac fiber orientations based on laser scanning confocal
microscopy data.

4. Discussion
4.1. Motivation for the Developed Technique. What motivated
the developed technique was the specifications for geometric

models employed to study problems in cardiac electrophysiology with computer simulations. Now that we illustrated
a reconstruction with our method, we can elaborate on its
application in investigative cardiology.
Several cardiac arrhythmias are initiated by an abnormal
heart beat originating in the ventricles. The initiation site
of these beats remains mysterious for a number of arrhythmias like congenital arrhythmias (e.g., Long QT syndrome),
idiopathic ventricular tachycardias (IVT), cathecolaminergic
ventricular tachycardias (CVT), and many others. It is likely
that the triggering of abnormal beats occurs at sites displaying
steep changes in electrical conduction because such sites
are associated with local changes in propagation velocity,
action potential duration (wave may pivot), and spatiotemporal distribution of intracellular calcium. All of which may
favor wavefront and wavetail interactions, and in turn, the
triggering of abnormal beats.
The root of large protrusions, the root of heart valves, the
fascicles, the outflow tract, or any other convoluted region
can display the above mentioned characteristics. There are
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two main reasons for this. First, these sites exhibit rapid
changes in fiber orientation. For example, cardiac fibers are
oriented along the tangent to the heart circumference in
midmyocardium, but along the long axis of the protrusions,
which implies a steep change in cardiac fiber orientation
around the root of the protrusions. Second, in many instances
these sites have higher collagen density because they play
a structural role. Therefore, there is a need to investigate
the role played by these sites in electrical conduction at a
mesoscopic scale.
Cardiac modeling is definitively a good instrument for
such investigation as it allows reconstructing electrical excitation from the ground up, and then studying the interplay between several contributing factors. The technique
presented here offers the flexibility necessary for geometric
heart reconstruction at the mesoscopic scale and all elements required for the formulation of an accurate electrical
conduction model. Note that to perform simulations, one
should add to the geometry a mathematical description of
fiber and lamina orientations. An interesting technique to
accomplish this, also based on 𝐶2 parametric representation,
was documented by Bayer et al. [31].
4.2. Advantages and Limitations of Our Geometric Modeling
Technique. We have presented a method to fit 𝐶2 continuous
parametric surfaces to scattered geometric data points on
frontiers delimiting physiologic structures. Such surfaces
meet the modeling needs stated above. So far the best way
to generate them was through deformable models or level set
methods. The approach we presented here is more direct and
is likely to perform better. Briefly, once a polygonal surface
is extracted from a segmented image, it is projected onto a
parametric plane. The resulting polygonal mesh is regularized
for polygon area and edge length. Then a parametric surface is
fitted to the projected geometric data points, whose operation
also assigns a unique parametric coordinate to each data
point. The fit requires to adjust the control points of a
codimension 2 B-spline in a manner to minimize the distance
between the geometric data point and points on the surface
with the same parametric coordinate. The computational load
is relatively small. The projection and parametric surface fit
necessitate solving a symmetric sparse matrix system with
small bandwidth. When the polygonal surface is composed
of quads, Nd × 9 coefficients, Nd: number of data points for
the projection and Nb × 49 coefficients Nb: number of Bspline coefficients for the fit. These matrix systems can be
solved in the order of seconds. The regularization is the time
limiting step. It requires finding a function minimum. This
is done with an iterative method, where each step includes
the calculation of matrix coefficients and matrix-to-vector
multiplications. The matrix in question is sparse and has a
small bandwidth (dimension: Nd × 9 coefficients with quads).
Our results show it is possible to represent convoluted
geometries in a compact manner with codimension 2 parametric B-splines. Specifically, a representation with 9 × 9
elements, or 121 control points, are sufficient to accurately
describe the LV, including protrusions, invaginations, and
even a papillary muscle.
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The examination of advantages and disadvantages of this
approach has to be contexted. A reconstruction technique
can serve several purposes, for example, visualize a structure,
detect features, measure areas and volumes, or investigate
the role played by geometry with modeling and simulations.
Obviously, each technique has advantages with respect to the
targeted use. For visualization, when the image is not noisy
and the contrast is high, thresholding with polygonal surface
extraction is simple and fast, which meets the needs of this
task. However, when the image is noisy the manual assistance
required may make the technique too time consuming to
be practical. A deformable model or a level set method
would be more appropriate in this case. When there is too
much noise, or the contrast is low, a technique replacing
or adding to the function to minimize a comparison of
each pixel’s intensity with the averaged intensity of pixels
inside and outside regions delimited by the moving boundary
[14] is quite effective. However, this is done at the cost of
a significant additional computational load. Still, this may
be beneficial considering the manual labor involved by the
alternative. In addition, for many tasks batch processing is
quite acceptable. When one needs to perform measurements
on the geometric reconstruction, as in oncology since the rate
of uptake of a compound may depend on surface and dose
on volume, then a mathematical representation amenable
to such computation offers important advantages. Surfaces
can be easily computed with triangle arrays. Deformable
and level set methods can both provide such representation;
however, the level set method necessitates an additional step
to extract the surface. The calculation of volumes is more
delicate. In this case a parametric representation dramatically
facilitates this calculation. This also applies to the calculations required in modeling and simulations. Indeed, in this
case the availability of 𝐶2 continuous surfaces is a great
advantage since in addition to volume, precise calculations
of curvature, distances on curved surfaces, and areas of
curvilinear surfaces are needed. Such representation can be
built with the deformable model or level set methods, but
could significantly complicate the process. Alternatively, it
could be included as a postprocessing operation, but as
explained in the Introduction and Methods, it is not trivial to
generate the 𝐶2 continuous parametric surface even when we
know the frontier of the object in question. This is precisely
the problem our technique addresses.
When the noise level is low and the contrast is high,
which is the case for a large number of medical imaging
modalities, the geometric reconstruction can be performed
with thresholding and polygonal surface extraction followed
with a fit of a 𝐶2 continuous surface like we did here. The
computational load is minimal, results are obtained rapidly,
and as illustrated here, accuracy is excellent. When the noise
level is high or contrast is low, it would become advantageous
to replace thresholding and polygonal surface extraction
with a deformable model or a level set method. No need
to say automaticity and robustness will come at the price of
significant additional computational load.
Lastly, another limitation of our method is that the computational load rapidly increases with problem size. However,
this can be addressed by decomposing the reconstruction
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problem. This means identifying, from the surface extraction,
critical sections where the geometric model could be split,
then fitting the border of these sections with 𝐶2 codimension
1 parametric B-splines to fit each portion separately by
imposing the fitted surface to match the boundary curves.
This could be further constrained by imposing a continuous
surface normal orientation.
4.3. The Future of Medicine. With the use of imaging and
genomic data, medicine is becoming more and more quantitative. This is to our benefice since it has significantly
advanced diagnostics and the optimization of a number of
therapeutic interventions. Nevertheless, there may be even
more with the introduction of advanced computation; that is,
modeling and simulations can provide unprecedented means
to discover mechanisms of diseases.
As stated in “motivation for the technique developed”, we
expect heart geometry and cardiac tissue microstructure to
play an important role in the initiation of fatal arrhythmias. However, this role needs to be precisely discovered.
Considering the unknown, it is appealing to approach this
problem from the population scale, that is, finding in the population trends between symptoms or triggering conditions,
with geometry and microstructure features. Considering the
clinical data and the computational resources available to
date, it is not unrealistic to attempt to tackle the problem this
way.
First, it is common practice for any patient displaying
recurrent episodes of tachycardia or syncopies to have a
CT or MR or both scans. We could perform geometric
heart reconstructions for this population, but this would
require the reconstruction procedure to be automatic. Fortunately, such problem has been previously addressed. Few
reconstructions are performed for cases displaying different
geometries/microstructures. These reconstructions form an
atlas which constitutes a basis of information that drives
the automatic reconstructions. The approach is based on
the active shape modeling introduced by Cootes et al. [32].
The variance of predefined markers coordinates are captured
in a covariance matrix (our reconstruction method would
facilitate this task). The first few eigenvectors corresponding
to the largest eigenvalues of the covariance matrix provide
axes to guide the constrained deformations. Indeed Frangi et
al. [33] and Zheng et al. [34] built on this concept to develop
elaborate computational infrastructure to reconstruct heart
models automatically. Zheng et al. [34] even supplemented
the technique with learning algorithms to generate classes of
geometric models semiautomatically.
Once the reconstruction is performed at the population
scale, features associated to electrophysiologic properties
could be captured in several parameters. Then based on these
parameters, model categories can be generated automatically
with a classifier. In a subsequent step, correlations could
be drawn between categories and conditions of initiation
of arrhythmias. This specifies a number of parameters for
the performance of elaborate simulations aiming at finding the causes triggering life threatening arrhythmias. The
computational resources required for such an endeavor are
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considerable, but available at supercomputer centers. Such
efforts could lead to the systematic discovery of mechanisms
of arrhythmias, and in turn equip clinicians with new means
to prevent life threatening arrhythmias and to optimize
medical devices.

Appendix
A. Numerical Solution of the Grid
Regularization Equation
A.1. Quadrilateral Mesh. We minimize 𝐹(u, k)
𝑁𝑒 −1 1 1

2

(𝑒)
𝐹 (u, k) = ∑ ∑∑ ∫ [𝑟𝑖,𝑗
] 𝑑Ω,
𝑒=0 𝑖=0 𝑗=0 Ω𝑒

R(𝑒)

(A.1)

Adj {J(𝑒) }
(𝑒)
= J −  (𝑒)  ,
J 



where
J

(𝑒)

𝑈𝜉(𝑒) 𝑈𝜂(𝑒)
[
],
=
𝑉𝜉(𝑒) 𝑉𝜂(𝑒)
[
]

𝑉𝜂(𝑒)
[
Adj {J} =
−𝑉𝜉(𝑒)
[

−𝑈𝜂(𝑒)
𝑈𝜉(𝑒)

],
]

J(𝑒) = 𝑈𝜉(𝑒) 𝑉𝜂(𝑒) − 𝑈𝜂(𝑒) 𝑉𝜉(𝑒) ,
(A.2)
with respect to (u, k). Above the mapping functions are
described with degree 1 Lagrange polynomials,
3

𝑈(𝑒) (𝜉, 𝜂) = ∑𝑢𝑖(𝑒) Ψ𝑖 (𝜉, 𝜂) ,
𝑖=0
3

(A.3)

𝑉(𝑒) (𝜉, 𝜂) = ∑V𝑖(𝑒) Ψ𝑖 (𝜉, 𝜂) ,
𝑖=0

built with tensor product of one-dimensional Lagrange polynomials,
Ψ (𝜉, 𝜂) = 𝜓 (𝜉) ⊗ 𝜓 (𝜂) ,
𝜓 (𝜉) = [𝜓0 (𝜉) , 𝜓1 (𝜉)] ,

(A.4)
1−𝜉
𝜉−1
𝜓0 (𝜉) =
,
𝜓1 (𝜉) =
.
2
2
We find this minimum with a fixed point method. To this
̃ k)) around (u0 , k0 ) with a
end, 𝐹(u, k) is approximated (𝐹(u,
multidimensional quadratic
𝐹̃ (u, k)
=

1
𝑇
(u − u0 , k − k0 ) H (u − u0 , k − k0 )
2

(A.5)

+ g𝑇 (u − u0 , k − k0 ) + 𝐹 (u0 , k0 )
admitting its minimum at
u
H [ ] = g,
k

(A.6)
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where H and g are the Hessian (also called the Jacobian) and
gradient of 𝐹(u, k) evaluated at (u0 , k0 ).
The gradient g(𝑒) ∈ R8 of an element “𝑒”
g

(𝑒)
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is obtained taking the derivative of (A.9) with respect to
u(𝑒) , k(𝑒) ,
𝜕

𝑇

𝜕𝐹(𝑒) 𝜕𝐹(𝑒)
= ( (𝑒) , (𝑒) ) ,
𝜕𝑢𝛼 𝜕V𝛼

𝛼 ∈ [0, 3]

𝜕𝑢𝛽(𝑒)

(A.7)

𝑉𝜂(𝑒)
(𝑈𝜉(𝑒) 𝑉𝜂(𝑒)

(𝑒)
𝑟1,0

=

𝑈𝜉(𝑒)

−

𝑈𝜂(𝑒) 𝑉𝜉(𝑒) )

𝑈𝜂(𝑒)

(𝑒)
𝑟0,1
= 𝑈𝜂(𝑒) −

(𝑈𝜉(𝑒) 𝑉𝜂(𝑒)

−

𝑈𝜂(𝑒) 𝑉𝜉(𝑒) )

𝑉𝜉(𝑒)

−

(𝑈𝜉(𝑒) 𝑉𝜂(𝑒) − 𝑈𝜂(𝑒) 𝑉𝜉(𝑒) )
(𝑈𝜉(𝑒) 𝑉𝜂(𝑒)

𝜕𝑢𝛼(𝑒)

(𝑒)
(𝑒)
𝜕𝑟𝑖,𝑗
𝜕𝑟𝑖,𝑗
[
= ∑∑ ∫ ∫ 2 ( (𝑒) (𝑒) )
𝜕𝑢𝛽 𝜕𝑢𝛼
𝑖 𝑗 −1 −1
[

−

𝜕𝐹

𝜕𝑢𝛼(𝑒)
𝜕𝐹(𝑒)
𝜕V𝛼(𝑒)

1

1

𝜕

,

𝜕𝑢𝛽(𝑒)

(A.8)

(

=

𝑗

−1 −1
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(𝑒)
𝜕𝑟𝑖,𝑗

𝜕
𝜕V𝛽(𝑒)

(A.9)
𝑑𝜂,

𝜕V𝛼(𝑒)

(𝑒)
(𝑒)
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𝜕Ψ𝛼 𝜕𝑟𝑖,𝑗 𝜕Ψ𝛼
=
+
.
𝜕𝑉𝜉(𝑒) 𝜕𝜉
𝜕𝑉𝜂(𝑒) 𝜕𝜂

H(𝑒)

𝛼, 𝛽 ∈ [0, 3] ,

)] 𝑑𝜉 𝑑𝜂,
]

(

(𝑒)
𝜕2 𝑟𝑖,𝑗

𝜕𝑢𝛽(𝑒) 𝜕V𝛼(𝑒)

)] 𝑑𝜉 𝑑𝜂,
]

𝜕𝐹(𝑒)

𝜕
𝜕𝐹(𝑒)
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𝜕𝑢
𝜕V𝛼
[ 𝛽
]

𝜕𝐹(𝑒)
𝜕V𝛼(𝑒)

𝑇

)

(𝑒)
(𝑒)
1
1
𝜕𝑟𝑖,𝑗
𝜕𝑟𝑖,𝑗
= ∑∑ ∫ ∫ 2 [( (𝑒) (𝑒) )
𝜕V𝛽 𝜕V𝛼
𝑖 𝑗 −1 −1
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(𝑒)
(
+ 𝑟𝑖,𝑗

(𝑒)
𝜕2 𝑟𝑖,𝑗

𝜕V𝛽(𝑒) 𝜕V𝛼(𝑒)

)] 𝑑𝜉 𝑑𝜂
]
(A.12)

(A.10)
with
(𝑒)
𝜕2 𝑟𝑖,𝑗

Once g(𝑒) is evaluated, it is added to g with appropriate
embedding based on 𝐶(𝑄).
Similarly, the Hessian H(𝑒) ∈ R8 × 8 of an element “𝑒,”
𝜕𝐹(𝑒)
𝜕
𝜕𝐹(𝑒)
𝜕
(
)]
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𝜕𝑟𝑖,𝑗

1

+

with respect to u(𝑒) , k(𝑒) , that is,
(𝑒)

)

,

𝑈𝜉(𝑒)

(𝑒)
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= 𝑈𝜉(𝑒) −

𝜕𝐹(𝑒)

1

is calculated taking the derivative of each component of R(𝑒)
(𝑒)
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= 𝑈𝜉(𝑒) −
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𝜕𝑢𝛽(𝑒) 𝜕𝑢𝛼(𝑒)
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𝜕Ψ𝛽 𝜕Ψ𝛼
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)
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+(

𝜕Ψ𝛽 𝜕Ψ𝛼
𝜕𝜂 𝜕𝜂

)

(𝑒)
𝜕2 𝑟𝑖,𝑗

𝜕𝑈𝜂(𝑒) 𝑈𝜂(𝑒)

Ψ is built with a tensor product of elementary Lagrange
polynomials. Instead with triangles,

,

2

𝑈(𝑒) (𝜉, 𝜂) = ∑𝑢𝑖(𝑒) Ψ𝑖 (𝜉, 𝜂) ,
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∫
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𝜕𝜂 𝜕𝜂

(𝑒)
𝜕2 𝑟𝑖,𝑗

𝜕𝑉𝜉(𝑒) 𝜕𝑉𝜉(𝑒)
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𝜕𝑉𝜉(𝑒) 𝜕𝑉𝜂(𝑒)

𝜕𝑉𝜂(𝑒) 𝑉𝜂(𝑒)

𝜉=1−𝜂

𝜉=0

𝑓 (𝜉, 𝜂) 𝑑𝜉 𝑑𝜂.

(A.15)

B. Imposition of Boundary Conditions on
Codimension 2 B-Splines

(𝑒)
𝜕2 𝑟𝑖,𝑗

(𝑒)
𝜕2 𝑟𝑖,𝑗

∫

This is quite conventional in finite element computation. The
reader is referred to a finite element method textbook for
more details on the subject. Indeed a good coverage of the
subject can be found in Huebner et al. [35, Chapter 5]. Then
embedding of the elementary vectors and matrices in the
global matrix is done as specified by 𝐶(𝑇). All the rest of the
algorithm is the same as for the treatment of the quadrilateral
mesh.

𝜕V𝛽(𝑒) 𝜕V𝛼(𝑒)
=(

𝜂=1

𝜂=0

(𝑒)
𝜕2 𝑟𝑖,𝑗

𝜕Ψ𝛽 𝜕Ψ𝛼

(A.14)

.
(A.13)

Once evaluated, H(𝑒) is added to H with appropriate embedding as specified by 𝐶(𝑄). The derivatives with respect to
𝑈𝜉(𝑒) , 𝑈𝜂(𝑒) , 𝑉𝜉(𝑒) , 𝑉𝜂(𝑒) are known analytically from (A.8) and
derivatives of Ψ(𝜉, 𝜂) with respect to 𝜉, 𝜂 are linear in 𝜂, 𝜉.
All integrals are evaluated numerically with a GaussLegendre quadrature. We use 5 sampling points in each
direction. The Vectors Ψ and their derivative are evaluated
once and stored in memory. Then the solution proceeds as
follows. Solve (A.6) for (u − u0 , k − k0 ), (u, k) → (u0 , k0 ),
rebuild g, H, and keep iterating until ‖g‖2 < 𝜖.
A.2. Triangular Mesh. The algorithm for a triangular mesh
is obtained replacing the quad mapping functions with
triangle mapping functions (triangle to triangle). With quads

Consider the specific case illustrated in Figure 9. The parametric plane (𝑢 − V) is subdivided in 7 elements. The control
points (blue) and elements (red) are numbered according
to the directions of the 𝑢 − V axes, 𝑢-ccordinate first then
V. Two additional rows and columns of control points are
added along the edges of the plane to ensure the B-Spline
on boundary elements are represented with the same degrees
of freedom as the other elements inside the plane. When
assigning boundary conditions we fix values on these control
points.
We clamp the edge 𝑢 = 0 of the parametric plane with
a contour ℓ(V). A codimension 1 B-spline is fitted to this
contour. The parametric axis of this B-Spline is displayed
on the left side, with elements and control points number
in orange and green, respectively. This parametric axis is
identical to the edge 𝑢 = 0 of the 𝑢 − V plane, that is, same
length, same number of segments, each of them having the
same length. The reader’s attention is drawn to element 1 of
the contour which corresponds to 7 in the plane. The part
of the codimension 1 B-spline expansion contributing to this
edge ℓ(1) (V) is
ℓ(1) (V) = 𝜌1 𝑏0 (V) + 𝜌2 𝑏1 (V) + 𝜌3 𝑏2 (V)
+ 𝜌4 𝑏3 (V) ,
V + V2
V = 2V − 3
.
(V3 − V2 )

(B.1)
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in the codimension 2 B-spline, eliminating the boundary
layer from the codimension 2 expansion. The surface is fitted
with this new system of equations. This condition guarantees
the surface to exactly match the contour. As a rule we
reintroduced the boundary layer coefficients in the original
form of the codimension 2 expansion where each 𝜁𝑠 factors
a 𝐵𝑠 (𝑢, V). This way all B-spline expansions always have the
same format no matter what boundary conditions have been
imposed to them.
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Figure 9: Parametric plane subdivided into 7 × 7 elements. Red
labels: elements number. Blue labels: control points number. The
border of the 𝑢 − V parametric plane is in magenta.

On any horizontal line, b(𝑢 = 0) take the values (1/6, 2/3,
1/6, 0). Thus the part of codimension 2 B-Spline expansion
contributing to this edge is
ℓ(1) (V)
=

1
2
1
𝜁10 𝑏0 (V) + 𝜁11 𝑏0 (V) + 𝜁12 𝑏0 (V)
6
3
6
+

2
1
1
𝜁 𝑏 (V) + 𝜁21 𝑏1 (V) + 𝜁22 𝑏1 (V)
6 20 1
3
6

+

1
2
1
𝜁 𝑏 (V) + 𝜁31 𝑏2 (V) + 𝜁32 𝑏2 (V)
6 30 2
3
6

+

2
1
1
𝜁40 𝑏3 (V) + 𝜁41 𝑏3 (V) + 𝜁42 𝑏3 (V) .
6
3
6

(B.2)

We Fix the coefficients on the boundary layer of the codimension 2 B-spline such that the coefficients factoring the
same 𝑏𝑖 (V)𝑖 ∈ [0, 3] in the codimension 1 and 2 B-splines are
identical. This leads to
𝜁10
2
𝜁11 +
[ 6 ]
[
3
[ ]
[
[ ]
[2
[ 𝜁20 ]
𝜌1
[ 𝜁 +
[ ]
[ 6 ] [𝜌2 ] [
3 21
[ ]=[ ]−[
[ 𝜁 ] [𝜌3 ] [
[2
[ 30 ]
[ 𝜁31 +
[ ]
𝜌
4
[ 6 ] [ ] [
[3
[ ]
[2
[𝜁 ]
40
𝜁 +
[ 3 41
[ 6 ]

1
𝜁
6 12 ]
]
1 ]
𝜁 ]
]
6 22 ]
]
1 ]
𝜁32 ]
]
6
]
1 ]
𝜁
6 42 ]

(B.3)

a similar condition applies to the sides of the boundary
elements along 𝑢 = 0. An elementary B-spline on the codimension 1 contour has exactly 3 matching elementary Bsplines on the codimension 2 surface, and their coefficients
should be equal.
The boundary coefficients as determined by algebraic
relation (B.3) for each boundary elements are introduced
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Large blood pressure variability (BPV) will not only harm the target organ but also increase the possibility of the cardiovascular
events. Since the damage of vascular system always leads to the alteration of the carotid wall, the structure and function of the carotid
artery have been extensively examined in previous studies. In this work we conduct a study (60 subjects, aged 33–79) to evaluate
the relationship between BPV and carotid intima-media thickness (IMT) in Shenzhen, which is one large city in the southern area
of China. In our study, the blood pressure (BP) was collected using the 24 h ambulatory BP monitoring, and the BPV was evaluated
using standard deviation (SD), coefficient of variation (CV), and average real variability (ARV) during 24 h, daytime and nighttime.
All the IMT measurements are collected by ultrasound. The results show that both the daytime, and 24 h systolic BPV evaluated
by three indices are positively associated with IMT. Among them, daytime systolic BPV evaluated with ARV is the best variable
to represent the increasing of carotid IMT. In addition, after adjusting by age, sex, smoking, hypertension, and mean BP and PP
values, 24 h diastolic BPV evaluated with SD also presents the favorable performance.

1. Introduction
A large number of studies have suggested that hypertension
can be the potential cause of cardiovascular disease (CVD)
[1–3]. Therefore, the blood pressure (BP) level becomes one
risk factor that has been frequently examined in the previous
studies [4, 5]. Recently, blood pressure variability (BPV) has
been proved to be promising in providing potential regulatory mechanisms of the cardiovascular system [6], and it can
be simply classified as the short-term BPV and long-term
BPV. Although the long-term BPV is strongly prognostic
of cardiovascular morbidity and mortality [7], it is a very
time-consuming process to collect the visit-to-visit BP measurements from the patients and calculate the BPV for each
of them, and it may take more than several years to finish
the whole study. However, for the short-term BPV analysis,

we could obtain the extensive information on BP profile and
identify the patterns of circadian BP variation using the
ambulatory blood pressure measurement (ABPM) [8]. Therefore, researchers are looking for the BPV analysis on ABPM;
for example, from the analysis of ABPM, 24 h mean BP,
different indices of BPV, and day-to-night BP changes can
be obtained. Indeed, some studies have found that the BPV
calculated from ABPM data could be a valuable predictor for
progression of subclinical organ damage and also a risk factor
for cardiovascular mortality in the Japanese population [9,
10]. Because of high economical development speed in China,
the CVD and stroke are more often found in the southern area
of China, which is traditionally considered as low endemic
area. Hence, it is worthy to conduct a study to examine the
prognostic significance of ABPM and its BPV over the population in the southern area of China.
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In order to evaluate the effect of BPV on the carotid artery
alteration or the damage progress of organ, one straightforward way is to examine the correlation between the BPV and
the structure of vascular vessel [11, 12]. For the change of
vascular structure, B-mode ultrasound is one widely applied
tool to assess the carotid artery imaging and measure the
carotid intima-media thickness (IMT). The increased IMT
can be used as one predictor of the atherosclerosis and it is
also a predictor for the cardiovascular events associated with
the incident stroke [13, 14].
Accordingly, it will be one meaningful topic to examine
the effects of different indices of BPV on the carotid artery
alteration especially in the vascular structures over the
population of the southern area in China. Stabouli et al. have
reported that the carotid IMT was positively correlated to systolic ABPM value, but not the diastolic value [15]. It indicates
that the systolic blood pressure (SBP) has a strong relation to
the vascular lesions. In the study of Garcı́a-Garcı́a et al. [16],
they found that systolic blood pressure variability (SBPV)
had positive relationship with pulse wave velocity, and
ambulatory arterial stiffness index in hypertensive patients.
Zakopoulos et al. evaluated the time rate of BP and the
extent of common carotid artery IMT in the normotensive
and hypertensive subjects [17]. Although several studies have
suggested that the increased BPV is associated with an
increase in subsequent cardiovascular events, there are other
studies where the cited association was not found [18, 19]. An
explanation for these apparently contradictory results may be
the selection of the index used for quantifying variability.
Thus, the aim of this study is to find out the possible
relationship between the 24 h ambulatory BPV and carotid
IMT over the population of the southern area in China.
Furthermore, IMT has been well recognized as one predictive
factor of CVD, and the change of BPV will definitely affect the
structure and function of the carotid artery. Hence, it is worthy to evaluate the correlation between the carotid IMT and
the BPV and compare the prognostic significance of different
indices of BPV.

2. Methods
2.1. Study Design and Population. The study was conducted
in the Second Peoples’ Hospital of Shenzhen, Guangdong
Province, China. 60 individuals aged 33–79 years (53.3%
male gender) were enrolled in this study. They fulfilled the
following inclusion criteria: (1) no history or clinical evidence
of diabetes mellitus (fasting serum glucose <7.0 mmol/L;
nonfasting serum glucose <11.1 mmol/L); (2) both 24 h BP
monitoring and carotid artery ultrasound measurement were
performed; (3) the valid BP measurements within 24 h ≥90%.
This study was approved by the Institutional Ethics Committee of the Second Peoples’ Hospital of Shenzhen (China), and
the informed consent was obtained from every subject.
2.2. Ambulatory Blood Pressure Measurement. All of the
subjects underwent 24 h ABPM on a day of daily activity.
A proper cuff was selected according to the size of subject’s
arm and placed on the nondominant arm. The subjects were
asked to keep their arms still at the time of measurements.
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The ambulatory BP was recorded automatically using a commercial device (Mobil Graph 24 h ABP-Control). The daytime
BP monitoring was from 7:00 to 22:59, measured automatically every 30 minutes, and during the nighttime, from
23:00 to 6:59, the BP was measured once an hour.
According to the recorded 24 h BP measurements, BPV
was evaluated through the standard deviation (SD), coefficient of variation (CV), and average real variability (ARV) of
the SBP and diastolic BP (DBP) during daytime, nighttime,
and over 24 hours. For the short-term (with 24 h) BPV
analysis, SD, CV, and ARV are the common indices of BPV
in time domain. SD is calculated by the following formula
SD = √

1 𝑘=𝑁
2
∑ (BP𝑘 − BPmean ) ,
𝑁 − 1 𝑘=1

(1)

where 𝑁 is the number of valid BP measurements. The average SD of BP can also be divided by the corresponding mean
BP and multiplied by 100 to express a normalized measure of
BPV as a CV; the formula is as follows
CV =

SD
× 100%.
mean

(2)

ARV showed the average of the absolute differences between
consecutive BP measurements, which was calculated as follows:
ARV =

1 𝑁−1 

∑ BP − BP𝑘  ,
𝑁 − 1 𝑘=1  𝑘+1

(3)

where 𝑁 is also the number of valid BP measurements.
2.3. Carotid Artery Ultrasound Examination. The carotid
artery ultrasound was examined using a high-resolution
ultrasound Doppler system (iU22, Philips Ultrasound, Bothell, WA, USA), with a 7.5 MHz liner array transducer. During
the examination, the subjects were supine in the bed, with the
head turned 45∘ away from the examined side. The left and
right common carotid arteries, carotid bulbs, and internal
carotid arteries were scanned in three angles (lateral, anterior,
and posterior). Thus, we can assess the mean IMT in each
position from the three measurements in different angles.
The specific places we measured in the carotid artery were
defined as follows: the IMT at the common carotid artery was
measured on the far wall of blood vessel, 10–20 mm proximal
to the carotid bifurcation. The carotid bulb we measured
was in the carotid bifurcation, and the IMT at the internal
carotid artery was measured over a distance of 10–20 mm
from the bifurcation. In our study, the correlation analysis
will focus on the common carotid artery, and thus carotid
IMT in this paper represents the IMT at the common carotid
artery, which is an average of right and left IMT. Besides, the
abnormal IMT is defined that the IMT at the common carotid
artery is more than 1.0 mm.
2.4. Statistical Analysis. The correlation between the BPV and
the IMT was analyzed using a two-tailed Pearson’s test. When
the correlation coefficient 𝑟 was close to 1, it indicated that

Computational and Mathematical Methods in Medicine

3

Table 1: Clinical characteristics of all the subjects and the two subgroups: normal IMT group and abnormal IMT group.
Characteristics
Age (years)
Male gender (%)
Smoking (%)
IMT ≥ 1.0 mm (%)
Presence of plaque (%)
Hypertensive patients (%)
CCA IMT (mm)
Bulb IMT (mm)
ICA IMT (mm)
24 h SBP (mmHg)
24 h DBP (mmHg)
24 h PP (mmHg)
Daytime SBP (mmHg)
Daytime DBP (mmHg)
Daytime PP (mmHg)
Nighttime SBP (mmHg)
Nighttime DBP (mmHg)
Nighttime PP (mmHg)
SBP decrease (%)
DBP decrease (%)

All subjects (𝑁 = 60)
58.7 ± 12.1
53.3
23.3
56.7
46.7
76.7
0.9 ± 0.2
0.8 ± 0.3
0.6 ± 0.1
120.2 ± 16.3
76.6 ± 12.9
43.6 ± 9.2
121.2 ± 16.0
77.5 ± 12.8
43.7 ± 9.1
116.7 ± 18.7
73.5 ± 13.6
43.2 ± 10.4
3.6 ± 6.8
5.0 ± 6.9

IMT < 1.0 mm (𝑁 = 26)
52.4 ± 10.6
38.5
11.5
0
19.2
69.2
0.76 ± 0.11
0.62 ± 0.10
0.54 ± 0.08
121.3 ± 17.4
78.4 ± 14.4
42.8 ± 7.6
122.1 ± 17.0
79.2 ± 14.2
43.0 ± 7.8
118.6 ± 19.2
76.1 ± 15.1
42.4 ± 8.0
3.5 ± 5.5
4.5 ± 5.0

IMT ≥ 1.0 mm (𝑁 = 34)
63.2 ± 11.1
64.7
32.4
100
67.6
82.4
1.08 ± 0.15
0.89 ± 0.29
0.64 ± 0.10
119.3 ± 15.6
75.2 ± 11.6
44.1 ± 10.4
120.4 ± 15.4
76.2 ± 11.7
44.2 ± 10.1
115.2 ± 18.4
71.5 ± 12.2
43.8 ± 11.9
3.8 ± 7.8
5.3 ± 8.1

P value
0.000∗∗
0.273
0.573
<0.001∗∗
<0.001∗∗
0.196
<0.001∗∗
<0.001∗∗
<0.001∗∗
0.813
0.148
0.142
0.763
0.131
0.125
0.860
0.204
0.234
0.838
0.723

IMT: intima-media thickness; CCA: common carotid artery; ICA: internal carotid artery; SBP: systolic blood pressure; DBP: diastolic blood pressure; PP: pulse
pressure. ∗∗ Correlation is significant at the 0.01 level.

the BPV had highly positive correlation with IMT. On the
contrary, when 𝑟 was close to −1, the relativity about BPV and
IMT was negative. 𝑃 value < 0.05 was considered statistically
significant. Furthermore, simple linear regression analysis
was applied to detect the linear relationship between the BPV
indices and IMT. Besides, multiple linear regression analysis
was performed to estimate the relation between different
indices of BPV and IMT. We defined the carotid IMT as
the dependent factor and the BPV estimated with SD, CV,
and ARV as the independent factors, respectively. Finally, we
carried out a multiple linear regression analysis using the
backward selection method to verify which BPV index was
independent of the baseline characteristics, mean BP, and
pulse pressure (PP) values. All of the analyses were performed
using SPSS 15.0 statistical package (SPSS Inc., Chicago,
Illinois, USA).

3. Results
Among all of the participants, we excluded the cases that
had the incomplete or invalid measurements. Finally, a total
of 60 patients aged 33–79 (male 53.3%) were successfully
obtained in the study. Of those, 26 subjects had the normal
carotid IMT, and 34 subjects had a carotid IMT more than
1.0 mm, which is defined as the abnormal IMT. Table 1
summarized the clinical characteristics of all the subjects
and two subgroups: the subjects with the normal IMT and
the subjects with the abnormal IMT. The data of clinical
characteristics were expressed as means ± SDs or percentages.
In this table, mean SBP, DBP, and PP values in different

periods of time, BP decreasing percent from day to night,
IMTs at different carotid arteries, the plaque, and smoking
status were reported. No significant differences were documented between the normal IMT group and abnormal IMT
group regarding the BP values. However, for the baseline
characteristics, the subjects in the abnormal IMT group were
significantly older than the subjects in the normal IMT group
(𝑃 < 0.001). Besides, in the abnormal IMT group, 67.6% of
subjects had the plaques, which is higher than that in the
normal IMT group (𝑃 < 0.001). Moreover, the abnormal IMT
group had a significantly greater IMT both at bulb and internal carotid artery than the normal IMT group (𝑃 < 0.001),
and most of them tended to suffer from the prevalence of the
atherosclerotic plaques (𝑃 < 0.001).
We evaluated the BPV using SD, CV, and ARV, and the
average BPV values quantified with three indices in 24 h were
reported in Table 2. We compared the correlations of these
BPV values in each group of the two using Pearson’s test. No
significant differences were found among the three indices
of BPV; they had strongly positive correlation (𝑃 < 0.01).
Moreover, we found that all of the SBPV values were greater
than those of DBPV when evaluated using SD and ARV. In
contrast, the DBPV values were found to be greater than
SBPV when using CV as a measure.
Table 3 depicted the correlation coefficients between different indices of BPV and carotid IMT in all subjects. As the
results showed, for all the subjects, the SD, CV, and ARV of
daytime SBP showed a positive correlation with IMT (𝑟 =
0.408, 𝑃 = 0.001; 𝑟 = 0.381, 𝑃 = 0.003; 𝑟 = 0.396, 𝑃 =
0.002, resp.). Similarly, all of the indices of 24 h SBPV were
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Table 2: The blood pressure variabilities evaluated with SD, CV, and ARV in all of the subjects (𝑁 = 60).

Variables
Daytime SBPV
Daytime DBPV
Nighttime SBPV
Nighttime DBPV
24 h SBPV
24 h DBPV

SD (mmHg)
Mean ± SD
r (P)1
11.5 ± 3.7
0.879 (<0.001)
9.0 ± 2.3
0.458 (<0.001)
9.8 ± 3.7
0.765 (<0.001)
8.4 ± 2.8
0.526 (<0.001)
11.7 ± 3.5
0.889 (<0.001)
9.2 ± 2.0
0.449 (<0.001)

CV (%)
Mean ± SD
9.6 ± 2.7
13.6 ± 4.6
9.2 ± 3.5
13.9 ± 5.4
9.9 ± 2.8
14.0 ± 4.5

ARV (mmHg)
Mean ± SD
r (P)3
9.5 ± 3.1
0.819 (<0.001)
8.0 ± 2.2
0.660 (<0.001)
10.0 ± 4.1
0.805 (<0.001)
9.3 ± 3.1
0.734 (<0.001)
9.5 ± 2.9
0.880 (<0.001)
8.3 ± 2.0
0.675 (<0.001)

r (P)2
0.717 (<0.001)
0.439 (<0.001)
0.643 (<0.001)
0.383 (0.002)
0.773 (0.001)
0.390 (0.002)

SD: standard deviation; CV: coefficient of variation; ARV: average real variability; SBPV: systolic blood pressure variability; DBPV: diastolic blood pressure
variability. 1 The correlation between the BPV evaluated with SD and CV; 2 the correlation between the BPV evaluated with CV and ARV; 3 the correlation
between the BPV evaluated with SD and ARV.

Table 3: The correlation between the blood pressure variability (evaluated with SD, CV, and ARV) and carotid intima-media thickness in all
the subjects.
Variables
Daytime SBPV
Daytime DBPV
Nighttime SBPV
Nighttime DBPV
24 h SBPV
24 h DBPV

SD
r
0.408
0.293
0.087
0.159
0.399
0.328

CV
P value
0.001∗∗
0.023∗
0.508
0.226
0.002∗∗
0.010∗∗

r
0.381
0.302
0.192
0.234
0.376
0.323

ARV
P value
0.003∗∗
0.019∗
0.142
0.072
0.003∗∗
0.012∗

r
0.396
0.177
0.075
0.123
0.339
0.214

P value
0.002∗∗
0.177
0.567
0.351
0.008∗∗
0.101

Abbreviations as in Table 2. ∗ Correlation is significant at the 0.05 level. ∗∗ Correlation is significant at the 0.01 level.

0.45
Correlation between BPV and IMT

significantly associated with the IMT (𝑟 = 0.399, 𝑃 = 0.002;
𝑟 = 0.376, 𝑃 = 0.003; 𝑟 = 0.339, 𝑃 = 0.008, resp.). Conversely,
there is no significant correlation between the nighttime BPV
and carotid IMT. In addition, for the daytime DBPV and 24 h
DBPV, both SD and CV indices were significantly related to
IMT (for daytime DBPV, 𝑟 = 0.293, 𝑃 = 0.023; 𝑟 = 0.302,
𝑃 = 0.019, resp.; for 24 h DBPV, 𝑟 = 0.328, 𝑃 = 0.010; 𝑟 =
0.323, 𝑃 = 0.012, resp.), which differed from those evaluated
with ARV. To further compare the results, we described these
correlations in Figure 1. As Figure 1 showed, the SBPV during
daytime and 24 h had greater correlation than DBPV during
daytime and 24 h. Moreover, the correlations of the SBPV
(evaluated with SD, CV, and AVR) and IMT were almost the
same. However, for the DBPV during the daytime and 24 h,
the SD and CV indices of BPV had greater correlation with
IMT than ARV index.
The correlations between the average BP values and
carotid IMT/number of plaques were analyzed using Pearson’s test. The results were shown in Table 4. It indicated
that there was no significant correlation between these BP
variables and carotid IMT, whereas, 24 h PP, daytime PP, and
nighttime PP are positively associated with the number of
plaques (𝑟 = 0.349, 𝑃 = 0.006; 𝑟 = 0.332, 𝑃 = 0.01; 𝑟 = 0.370,
𝑃 = 0.004, resp.). Moreover, a negative correlation was found
between the nighttime average DBP and the number of
plaques (𝑟 = −0.254, 𝑃 = 0.05).
Before evaluating the effects of different indices of BPV
on the carotid IMT, a simple linear regression analysis was
performed for each BPV index. 24 h SBPV (SD), 24 h DBPV
(CV), and daytime SBPV (ARV) presented the highly linear
correlations with carotid IMT, which were shown in Figure 2.

0.4
0.35
0.3
0.25
0.2
0.15
0.1
0.05
0
SBPVd

DBPVd

SBPVn

DBPVn SBPV24 h DBPV24 h

SD
CV
ARV

Figure 1: The correlation of the blood pressure variability and
carotid intima-media thickness in all subjects. BPV, blood pressure variability; IMT, intima-media thickness; CV, coefficient of
variation; ARV, average real variability; SBPV, systolic blood pressure variability; DBPV, diastolic blood pressure variability; SBPVd,
daytime SBPV; DBPVd, daytime DBPV; SBPVn, nighttime SBPV;
DBPVn, nighttime DBPV; SBPV24 h, 24 h SBPV; DBPV24 h, 24 h
DBPV.

To further compare the effects of different indices of BPV
on IMT, multiple linear regression analyses were performed
using the backward selection method for different models
in Table 5. 𝑃 value of 0.1 or less was the criterion for
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1
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0.4

1
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0.6
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IM T = 0.024 ∗ 24 h SBPV(CV) + 0.662
2

R = 0.159
0.2

IM T = 0.015 ∗ 24 h DBPV(CV) + 0.733

0.2

0

R2 = 0.104

0
0.0

5.0

10.0

15.0

20.0

25.0

30.0

0.0

5.0

10.0

24-h SBPV (SD) (mmHg)
(a)
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Figure 2: Linear correlation between common carotid artery intima-media thickness (IMT) and 24 h systolic blood pressure variability
(SBPV) (SD), 24 h diastolic blood pressure variability (DBPV) (CV) and daytime systolic blood pressure variability (SBPV) (ARV).

a variable to remain in the model, and 𝑃 value less than
0.05 was considered statistically significant. In the multiple
regression models (model 1 to model 3), we set carotid IMT
as dependent variable and daytime, nighttime, 24 h SBPV, and
DBPV evaluated with different BPV indices as independent
variables, respectively. The results showed that, for the SD
index, 24 h SBPV was the only variable maintained in model 1
(𝑃 = 0.002, 𝑅2 = 0.159). For the CV index, 24 h SBPV
remained in model 2 (𝑃 = 0.003; 𝑅2 = 0.141). For the ARV

index, daytime SBPV is the most associated with carotid IMT
(𝑃 = 0.002, 𝑅2 = 0.157). Afterward, these significant independent factors from model 1 to model 3 entered into the
mixed model as the independent factors and carotid IMT
also as the dependent variable. We found that daytime SBPV
(ARV) was the only significant factor (𝑃 = 0.002) remaining
in the mixed model. In addition, every BPV variable entered
into the multiple linear regression models which are after
adjusting for the baseline characteristics and corresponding
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Table 4: The correlation between mean blood pressure values
and carotid intima-media thickness/number of plaques in all the
subjects.
Variables
24 h SBP
24 h DBP
24 h PP
Daytime SBP
Daytime DBP
Daytime PP
Nighttime SBP
Nighttime DBP
Nighttime PP
SBP decrease (%)
DBP decrease (%)

r
0.017
−0.099
0.169
0.016
−0.099
0.171
0.006
−0.105
0.157
−0.031
−0.007

IMT
P value
0.895
0.451
0.196
0.904
0.454
0.191
0.963
0.423
0.231
0.816
0.959

Number of plaques
r
P value
0.005
0.972
−0.245
0.059
0.349
0.006∗∗
−0.006
0.964
−0.244
0.060
0.332
0.010∗∗
0.016
0.901
−0.254
0.050∗
0.370
0.004∗∗
−0.075
0.570
0.051
0.700

Note: correlation coefficients (r) by Pearson’s test are shown.
The abbreviations as in Table 1.
∗
Correlation is significant at the 0.05 level (2-tailed). ∗∗ Correlation is
significant at the 0.01 level (2-tailed).

mean BP and PP values (please see Table 6, and the SBPV and
DBPV values are displayed in bold fonts). We found that there
were no obvious differences among three SBPV variables.
However, the SD index of 24 h DBPV revealed better performance unexpectedly.

4. Discussion
The previous studies found that the short-term BPV had some
effects on the carotid artery alteration (increased IMT and
arteriosclerosis) and plaque formation [20–22]. However, the
BPV within 24 h can be evaluated by different indices. It is
unclear if the effects induced by different indices of BPV
can be equal. In our present study, we have found that the
SBP fluctuations during daytime and 24 h were significantly
associated with the increased carotid IMT. Moreover, from
the multiple linear regression models using different indices
of BPV as the independent factors, we pointed out that daytime SBPV in ARV index had generally stronger relationship
with IMT than SD or CV. It indicated that BPV evaluated
with ARV was easier to reflect the effects on the carotid
IMT. After adjusting by age, sex, smoking, hypertension, and
corresponding mean BP and PP values, we found that the 24 h
DBPV evaluated with SD presents the favorable performance
in the regression model.
Our first finding corroborates the recently reported
results of Garcı́a-Garcı́a et al. [16], who examined the relationship of 24 h BPV with vascular structure and function
using SD and CV. In their study, both SD and CV of SBP
during daytime had significant correlation with IMT (𝑟 =
0.260, 𝑃 < 0.001; 𝑟 = 0.187, 𝑃 < 0.001); on the contrary,
the significant correlations had not been found in DBPV and
IMT. The similar conclusions were proposed from the European Lacidipine Study on Atherosclerosis (ELSA) [23]. They
indicated that the IMT positively associated with not only

24 h, day, and night average SBP and PP but also the SD of
24 h SBP and PP. However, the relationships between DBPV
and IMT were not referred in both of their studies. In our
study, the results of correlation analysis were in agreement
with their studies, mainly for the relationship between SBPV
and IMT. Besides, a new finding in our study is that both
daytime DBPV and 24 h DBPV evaluated with SD and CV are
associated with IMT. These findings are consistent with some
of the conclusions of Shintani et al. [24]. General Japanese
population was analyzed in their Ohasama study, and they
found that daytime and nighttime DBPV (SD) were both
significantly related to the mean IMT (𝑟 = 0.17, 𝑃 < 0.0001;
𝑟 = 0.15, 𝑃 < 0.0001, resp.). However, only daytime DBPV
(𝑃 = 0.015) maintained the significant correlation with the
mean IMT after adjustment for BP level and the 24 h DBPV
analysis was not referred.
Besides, one major contribution of our study is to compare the effects on the carotid artery structure for different
indices of BPV. Firstly, we found that no significant differences in means ± SDs were documented among three indices
of BPV. However, their correlations with IMT were mostly
different, which was further demonstrated in the multiple
linear regression analysis. Overall, these findings support
the view that the prognostic importance of BPV will be
affected by the indices of BPV [25]. Nowadays, most of the
studies explored the prognostic significance of BPV for the
cardiovascular events, but not the carotid artery alteration
or arteriosclerosis. In the population-based study in Latin
America [26], Mena et al. found that the commonly used SD
index may be more sensitive to the sampling frequency of the
ABPM devices, and ARV index (𝑅𝑅 = 1.611, 𝑃 = 0.004) is
a more reliable representation of time series variability than
SD (𝑅𝑅 = 1.103, 𝑃 = 0.571) for the prognostic significance of
BPV. The similar conclusions have been shown in the study
of Stolarz-Skrzypek et al. [27] and Hansen et al. [28]. In
our present study, we not only found the most significant
BPV variable to reflect the alteration of carotid IMT for
each BPV index but also compared the effects of these BPV
variables in the mixed model. Only daytime SBPV (ARV)
remained after the backward selection regression. Moreover,
the association remainned significant even after adjusting for
the baseline characteristics and the corresponding mean BP
values. Besides, 24 h DBPV and daytime DBPV (SD and CV)
were also correlated with the IMT and contributed to the
multiple linear regression models after adjustment, which is
the new finding of our present study. We speculated the reasons from the calculating formulae of different indices of BPV.
SD can only reflect the fluctuation of the BP value. The CV
allows the measurement of BPV and eliminates the measurement magnitude effect [16]. However, ARV can reflect the
beat-to-beat variation, which is a reliable index for the time
series variability [26], especially for the high-sampling BP
measurements. However, SD and CV could better present the
prognostic significance of DBPV than ARV.
Other findings of our study also deserve to be discussed.
Firstly, daytime PP, nighttime PP, and 24 h PP are positively
associated with the number of plaques but not with carotid
IMT. Moreover, the nighttime average DBP had negative
correlation with the number of plaques in the carotid artery. It
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Table 5: Multiple linear regression analyses performed by backward regression.
Model
Model 1a (SD)
Model 2b (CV)
Model 3c (ARV)
Model 4d (Mix)

Independent factor
24 h SBPV
Constant
24 h SBPV
Constant
Daytime SBPV
Constant
Daytime SBPV (ARV)
Constant

𝛽
0.024
0.662
0.028
0.671
0.027
0.689
0.027
0.689

Lower 95% interval
0.009
0.486
0.010
0.488
0.010
0.527
0.010
0.527

Upper 95% interval
0.038
0.838
0.045
0.853
0.043
0.851
0.043
0.851

P value
0.002
0.000
0.003
0.000
0.002
0.000
0.002
0.000

𝑅2
0.159
0.141
0.157
0.157

a

Model 1: using the SDs of blood pressure as the independent factors. b Model 2: using the coefficients of variation of blood pressure as the independent factors.
Model 3: using average real variabilities of blood pressure as the independent factors. d Model 4: backward regression using the significant independent factors
from model 1 to model 3.

c

Table 6: Adjusted multiple regression analysis of carotid intimamedia thickness and blood pressure variabilities∗ .
Factors
𝛽 (95% CI)
+
Age
0.069 (0.033–0.105)
Smoking
0.150 (0.049–0.251)
Hypertension
0.148 (0.047–0.249)
24 h SBPV (SD)
0.016 (0.004–0.029)
Age+
0.066 (0.029–0.103)
Smoking
0.150 (0.048–0.251)
Hypertension
0.166 (0.064–0.268)
24 h SBPV (CV)
0.019 (0.004–0.035)
Age+
0.073 (0.036–0.109)
Smoking
0.136 (0.032–0.240)
Hypertension
0.133 (0.027–0.238)
Daytime SBPV (ARV) 0.015 (0.000–0.029)
Age+
0.081 (0.047–0.116)
Smoking
0.124 (0.020–0.228)
Hypertension
0.136 (0.033–0.239)
24 h DBPV (SD)
0.026 (0.004–0.048)
Age+
0.071 (0.034–0.107)
Smoking
0.150 (0.047–0.253)
Hypertension
0.163 (0.060–0.267)
24 h DBPV (CV)
0.010 (0.000–0.020)

P value
0.061
0.004
0.005
0.012
0.001
0.005
0.011
0.017
0.000
0.012
0.015
0.050
0.000
0.020
0.011
0.020
0.000
0.005
0.003
0.042

𝑅2
0.449

0.402

0.424

0.440

0.427

CI: confidence interval. ∗ Adjusted by age, sex, smoking, hypertension, and
mean BP values. + Per 10-year increase.

is consistent with the conclusions of Shintani et al.; nighttime
BPV reflects the prevalence of carotid plaque more precisely
than daytime BPV in general population [24]. We previously
showed that the increased PP is of prognostic importance in
the target-organ damage and plaque formation, especially for
the cases with the high SBP in the daytime and low DBP in
the nighttime. It can be speculated from the physiological
mechanism. Oscillatory shear stress had a major effect on
regulating the function of human endothelial cell and it
stimulates mononuclear leukocyte adhesion and migration in
the arterial wall, which is the initiation of the atherosclerotic
lesions [29]. Thus, the increased BP variation is assumed to
increase oscillatory shear stress in the walls of the carotid

artery. Moreover, the blood vessels are damaged by the oscillatory shear stress and it will finally lead to the carotid plaque
formation [24].
Secondly, weather the BPV can be treated as one risk
factor independent to the average BP level for arteriosclerosis
or cardiovascular events are still not clear in previous studies.
Mancia et al. have found that the end-organ damage was
determined not only by the degree of the high BP level but
also by the magnitude of the BPV occurring over the 24 h
period [9, 11]. In addition, Kikuya et al. mentioned that BPV
was an independent predictor for cardiovascular mortality
in the general population [9]. However, Hansen et al. stated
that BPV remained an elusive predictor of cardiovascular outcome, as it was strongly associated with the BP level [30]. In
a recent published paper, Nagai et al. found that SD, CV, and
delta (maximum-minimum) in visit-to-visit SBP were associated with the max-IMT for the high-risk elderly, whereas only
delta SBP had significant correlation with max-IMT independently of average SBP [31]. In our multiple linear regression
analysis, it has been demonstrated that all of the BPV variables were not independent of the mean BP and PP values for
evaluating the increased carotid IMT but independent of the
well-known confounding factors, such as age, smoking, and
hypertension. Despite all this, more evidence is still required
to assess whether the BPV is an independent predictor of
arteriosclerosis or cardiovascular events.
Finally, certain limitations of our study should be briefly
discussed. First, the relatively small size of the subjects is the
main limitation in our present preliminary study. Although
the statistically significant results were obtained in our
study and the results can be explained by the physiological
mechanism, the number of subjects could be still too small
to extrapolate the study findings to general population in the
southern area of China. The second limitation is the precision
of calculating BPV during nighttime. We set the sampling
frequency of ABPM according to the BP monitoring protocol
constituted by the Cardiac Electrocardiogram Room, the Second Peoples’ Hospital of Shenzhen. Although one-hour interval sampling during nighttime may not disturb the sleeping
of patients, it is really an exceedingly low sampling frequency.
Once one or more measurements are invalid or lost, the calculated results of BPV will be affected to some extent. Lastly,
in our present study, the independent factors are limited
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to the baseline characteristics (age, sex, hypertension, and
smoking status), average BP values, and BPV variables. It
may lose some significant variables which can contribute to
the carotid artery alteration. Meanwhile, the influences of
confounding variables deserve to be discussed, although we
utilized the backward regression to reduce the influence of the
confounding variables.
In conclusion, though the number of samples in this
compared study was limited, we also obtained the suggestive
conclusions on the relationship between ambulatory BPV
and carotid IMT. Our findings extended the validation of the
correlation of ambulatory BPV and carotid artery alterations
from western population study to the population in the
southern area of China.

5. Conclusions
In this study, we provide the evidence that, for the subjects
from the southern area of China, all of the indices of SBPV
for daytime and 24 h had significant correlation with IMT.
Among them, daytime SBPV evaluated with ARV can be the
best variable to explain the increase of carotid IMT in linear
regression model. In addition, daytime DBPV and 24 h DBPV
(SD and CV) are also found to be related to the increased
IMT. We consider that ARV is a better representation of BPV
than SD and CV for the prognostic significance of carotid
artery alteration. However, a longitudinal study is needed to
verify the prognostic value of different indices of BPV for the
cardiovascular events. In the future, we will conduct the largescale trials and perform multivariate analysis to investigate
how to predict the risks of CVD and mortality from the
alteration of carotid structure and function.
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Embryonic heart morphogenesis (EHM) is a complex and dynamic process where the heart transforms from a single tube into a
four-chambered pump. This process is of great biological and clinical interest but is still poorly understood for two main reasons.
On the one hand, the existing imaging modalities for investigating EHM suffered from either limited penetration depth or limited
spatial resolution. On the other hand, current works typically adopted manual segmentation, which was tedious, subjective, and
time consuming considering the complexity of developing heart geometry and the large size of images. In this paper, we propose
to utilize confocal microscopy imaging with tissue optical immersion clearing technique to image the heart at different stages of
development for EHM study. The imaging method is able to produce high spatial resolution images and achieve large penetration
depth at the same time. Furthermore, we propose a novel convex active contour model for automatic image segmentation. The
model has the ability to deal with intensity fall-off in depth which is characterized by confocal microscopy images. We acquired the
images of embryonic quail hearts from day 6 to day 14 of incubation for EHM study. The experimental results were promising and
provided us with an insight view of early heart growth pattern and also paved the road for data-driven heart growth modeling.

1. Introduction
The heart is the first functioning organ in the embryo.
Although the morphology of the heart changes dramatically
during development where it transforms from a single tube
into a four-chambered pump, the heart functions without
interruption to serve the metabolic needs of the rapidly growing embryo [1]. Embryonic heart morphogenesis (EHM) is
critically important for long-time survival, and any defects
in the developmental mechanism during embryogenesis may
result in congenital cardiac anomalies. In fact, congenital
heart disease is relatively frequent which affects from 19 to 75
per 1000 births worldwide and has been an important cause
of childhood morbidity and mortality [2]. Understanding
EHM in normal and malformed hearts, therefore, has been
of considerable clinical and biological interest.
Despite a large body of research in the last decades [3–
8], EHM is still poorly understood mainly because of the
complexity of the growing geometry and extremely small size
of the developing heart. Thanks to the rapid development

of imaging techniques, 3D reconstruction of embryonic
hearts from biomedical images has dramatically improved
our ability to visualize EHM. Several imaging modalities
have been proposed for the study of EHM; however, each
of them has its own limitations. Histological sectioning was
one of the most widely used approaches for rendering 3D
structure of the developing heart [6]. Nevertheless, it needed
sophisticated manual alignment of all the sections which
was difficult and labor-intensive and therefore left it only
for lab researchers. Optical scanning techniques were also
used for rendering 3D/4D volumes of embryonic hearts
[7, 9], but low penetration depth limits their application
in imaging late stages of embryonic heart development
[8]. There were also other imaging modalities used for
understanding EHM which, unfortunately, provided very
limited spatial resolution [10]. Recently, micro-CT technique
was used to image the chambers of embryonic hearts [8].
However, the sophisticated polymerization process ignored
the structure of the peripheral luminal space which is actually
very important for EHM understanding. Last but not least,
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all the aforementioned works adopted manual segmentation
for 3D heart segmentation due to the lack of appropriate
automatic segmentation approaches. Nevertheless, manual
segmentation is tedious, subjective, and time consuming
considering the complexity of the developing heart and high
resolution images. Thus, an automatic image segmentation
method is badly needed.
In view of the problems, we propose a new imaging
approach for studying EHM, utilizing tissue optical immersion clearing and 3D confocal microscopy imaging, which
can produce high spatial resolution images and achieve
large penetration depth at the same time. Furthermore,
considering the intensity fall-off in depth nature of confocal
microscopy images, we propose a convex active contour
model with image depth information for automatic image
segmentation. A recently proposed Split Bregman method
was used to minimize the objective function of the model
[11, 12]. Embryonic quail hearts at different stages of development were scanned and segmented. Initial heart growth
pattern was found through comparison of the structure of
hearts at different stages of development. We also quantified
the volume change of the whole heart and luminal space
from day 6 to day 14 of incubation to provide an insight
view of embryonic heart development. Furthermore, realistic
continuous growth modeling of the living organs from data
sparsely distributed in time has been an emerging field in
biomedical field [13, 14], with potential applications to the
analysis and prediction of evolving pathologic structures.
Thus, this work can be also considered as the first step for
data-driven heart growth modeling.

2. Methodology
The human heart becomes a four-chambered organ by
approximately week 8, which is almost the same time the
embryo can be visualized through ultrasound, a point that is
too late to visualize EHM [15]. We chose quail embryos as our
model to study EHM because of their rapid development and
short embryonic gestation period (a hatch time of 16.5 days
of incubation). Except for the time scale, the development of
the quail heart parallels that of the human heart.
2.1. Image Acquisition. Optical imaging method has been
widely used as a tool for clinical functional imaging owing
to its unique informative features, simplicity, safety, and low
cost compared to conventional X-ray, MRI, and ultrasound
imaging. However, the main limitations of optical imaging
techniques, including confocal microscopy, are low contrast
and spatial resolution, as well as a small probing depth due
to strong light scattering in tissue layers [16]. To utilize
its strengths and overcome its weaknesses, we combined
confocal microscopy imaging with tissue optical immersion
clearing. Optical clearing technique has been used in many
areas [16]. However, to the best of our knowledge, this is the
first time to use optical clearing with confocal microscopy
imaging for EHM study.
In this paper, all the experiments conformed to the Guide
for the Care and Use of Laboratory Animals (NIH publication
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no. 85-23, revised 1996). Embryonic hearts were obtained
after incubation of Coturnix japonica (GQF Manufacturing
Co., Savannah, GA) or Japanese quail eggs to different
stages of development. The hearts were stained with di4-ANBDQBS which was voltage sensitive fluorescent dyes
and then were dehydrated by a graded ethanol series. After
dehydration, the hearts were cleared using a 1 : 2 benzyl
alcohol to benzyl benzoate mixture. The cleared heart, which
appeared virtually transparent, was stored in the clearing
solution until imaging. For image acquisition, the cleared
hearts were mounted in a special cuvette and scanned by
a Zeiss LSM 510 confocal microscope, with its numerical
aperture being equal to 0.5 and the radius of back-projected
pinhole equal to 2.53 nm. The dye was excited at wavelength
of 543 nm and fluorescence recorded the wave length above
560 nm using a long-pass filter. For more details of heart
preparation and imaging, we refer the readers to [17].
High spatial resolution images were obtained after heart
scanning, which had an intraslice pixel size of 1.75 𝜇 m
× 1.75 𝜇m and interslice pixel size 12.9000 𝜇m. In Figure 1,
we present 3D view of three hearts at days 6, 8, and 14,
respectively. From the images, the evolution of the luminal
space of the heart from spongy structure to well-separated
chamber structure can be clearly observed.
2.2. Image Formation. In a confocal microscope, a pinhole
is used to reject most out-of-focus light. Thus, the amount
of light reaching the detector is low, and the noise statistics
can be well described by a Poisson process [18]. A general
image formation model can be represented as the following
equation:
𝐼0 (𝑥) = 𝑛 ([ℎ ∗ 𝐼] (𝑥)) ,

(1)

where 𝑥 ∈ Ω is a point in the image domain. 𝐼0 is an observed
image. 𝐼 is an ideal image. ℎ is a point spread function
(PSH). ∗ means convolution operation. 𝑛 models the noise
distribution. Based on our imaging setting, the PSF of the
microscope is very small compared to our voxel size, and
therefore the effect of convolution by PSF can be ignored.
In the work, we used median filter to smooth the observed
image and assume the noise in the smoothed image can be
considered as additive zero mean Gaussian distribution. Thus
the final image formation can be represented as the following
equation:
𝐼̃0 ≈ 𝐼 + n,

(2)

where 𝐼̃0 and n represent smoothed image and image noise,
respectively.
2.3. Image Segmentation. The purpose of image segmentation
is to find a partition 𝜓(Ω) of the image domain Ω and recover
the ideal image 𝐼 as well. Under the assumption that the
intensity distribution of the ideal image is piecewise constant,
Chan-Vese (CV) model with level set implementation was
proposed and has been widely used for image segmentation
[19]. Later on, this model was further extended to global
CV (G-CV) model by transforming it into a global convex
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(a)

(b)

(c)

Figure 1: 3D view of embryonic quail hearts. From left to right: day 6, day 8, and day 14.

optimization problem [20]. However, confocal microscopy
images are characterized by intensity fall-off in depth, which
makes G-CV model unsuitable for this purpose. To solve this
problem, we further assume the ideal image can be described
as the multiplication of an intensity piecewise constant image
𝑐 and a depth-related bias field 𝑏
𝑁

𝐼 = ∑ (𝑐𝑖 ⋅ 𝑢𝑖 ) ⋅ 𝑏𝑖 ,

(3)

𝑧-direction and 𝛾 is an experimentally determined decreasing
constant.
There are total three unknown variables in our model: 𝑐1 ,
𝑐2 , and 𝑢. By using first variation with respect to 𝑐1 and 𝑐2 , we
can obtain
𝑐1 =

∫𝑥∈Ω 𝑢 (𝑥) 𝐼̃0 (𝑥) 𝛾𝑧(𝑥) 𝑑𝑥
∫𝑥∈Ω 𝑢 (𝑥) 𝛾2𝑧(𝑥) 𝑑𝑥

𝑖=1

where 𝑁 is number of regions in the image and 𝑢𝑖 is an image
partition function. Under this assumption, we developed a
new convex active contour model for automatic segmentation
of confocal microscopy images. The model can be represented
as the following equation:
min 𝐸 (𝑐1 , 𝑐2 , 𝑢) = ∫ |∇𝑢 (𝑥)| 𝑑𝑥

𝑢∈[0,1]

Ω

2

+ 𝜆 ∫ (𝐼̃0 (𝑥) − 𝐼1 (𝑥)) 𝑢 (𝑥) 𝑑𝑥
Ω

𝑐2 =

,

∫𝑥∈Ω (1 − 𝑢 (𝑥)) 𝐼̃0 (𝑥) 𝛾𝑧(𝑥) 𝑑𝑥
∫𝑥∈Ω (1 − 𝑢 (𝑥)) 𝛾2𝑧(𝑥) 𝑑𝑥

(5)
.

To minimize (4) with respect to 𝑢, we adopt the fast
and efficient Split Bregman method proposed in [11, 12].
Split Bregman method does not require regularization, continuation, or the enforcement of inequality constraints, and
it is very efficient for solving L1-regularized optimization
problems like (4). For easier description of Split Bregman
method, we rewrite the form of (4):

2

+ 𝜆 ∫ (𝐼̃0 (𝑥) − 𝐼2 (𝑥)) (1 − 𝑢 (𝑥)) 𝑑𝑥.
Ω

(4)

The first term on the right side of (4) is a L1 total variation
(TV) norm which is used for smoothing the variable 𝑢. The
second and third terms are data fidelity terms which keep
the intensity distribution of the ideal images close to the
original image. Here, 𝑢 is a partition variable and 𝜆 is a
weighting constant to keep the balance among the three terms
on the right side of (4). 𝐼1 (𝑥) = 𝑐1 ⋅ 𝛾𝑧(𝑥) and 𝐼2 (𝑥) =
𝑐2 ⋅ 𝛾𝑧(𝑥) are two ideal images that represent the intensity
on two different subregions. 𝛾𝑧(𝑥) is a depth-dependent bias
field to characterize the intensity fall-off in depth property
of the images, where 𝑧 is the position of the point 𝑥 in

min 𝐸 = ∫ |∇𝑢 (𝑥)| + 𝜆𝑒𝑟 (𝑥) 𝑢 (𝑥) 𝑑𝑥,

𝑢∈[0,1]

Ω

(6)

where 𝑒𝑟 (𝑥) = (𝐼̃0 (𝑥) − 𝐼1 (𝑥))2 − (𝐼̃0 (𝑥) − 𝐼2 (𝑥))2 . Here, the
term 𝜆 ∫Ω (𝐼̃0 (𝑥) − 𝐼2 (𝑥))2 𝑑𝑥 has been ignored because it does
not include the variable 𝑢.
To minimize (6) with respect to 𝑢, we introduce an
auxiliary variable 𝑑, such that 𝑑 = ∇𝑢. Thus, the problem of
minimizing the energy function of (6) becomes to minimize
the following energy function:
min ∫ |𝑑| + 𝜆𝑒𝑟 (𝑥) 𝑢 (𝑥) 𝑑𝑥,

𝑢∈[0,1],𝑑 Ω

with 𝑑 = ∇𝑢.

(7)

4

Computational and Mathematical Methods in Medicine

To solve the constrained problem in (7), we use Split Bregman method. The problem becomes to solve the following
sequence of optimization problems:

(5) Update 𝑏𝑘+1 by solving (9).

(𝑢𝑘+1 , 𝑑𝑘+1 ) = arg min ∫ |𝑑| + 𝜆𝑒𝑟 (𝑥) 𝑢 (𝑥)
𝑢∈[0,1],𝑑 Ω

𝜇
2
+ 𝑑 − ∇𝑢 − 𝑏𝑘  𝑑𝑥,
2
𝑏𝑘+1 = 𝑏𝑘 + ∇𝑢𝑘+1 − 𝑑𝑘+1 .

(8)

𝑢 ∈ [0, 1] .

(10)

By using Gauss-Seidel iterative scheme, we can get an approximate solution for a 3D variable 𝑢𝑘+1 . (𝑖 = 0, 1, 2, . . .):
𝑥,𝑘
𝑥,𝑘
𝑥,𝑘
𝑥,𝑘
− 𝑑𝑙,𝑚,𝑛
− 𝑏𝑙−1,𝑚,𝑛
+ 𝑏𝑙,𝑚,𝑛
𝜁𝑙,𝑚,𝑛 = 𝑑𝑙−1,𝑚,𝑛
𝑦,𝑘

𝑦,𝑘

𝑦,𝑘

𝑦,𝑘

+ 𝑑𝑙−1,𝑚,𝑛 − 𝑑𝑙,𝑚,𝑛 − 𝑏𝑙−1,𝑚,𝑛 + 𝑏𝑙,𝑚,𝑛
𝑧,𝑘
𝑧,𝑘
𝑧,𝑘
𝑧,𝑘
+ 𝑑𝑙−1,𝑚,𝑛
− 𝑑𝑙,𝑚,𝑛
− 𝑏𝑙−1,𝑚,𝑛
+ 𝑏𝑙,𝑚,𝑛
,

𝜙𝑙,𝑚,𝑛 =

1 𝑘+1,𝑖
𝑘+1,𝑖
𝑘+1,𝑖
𝑘+1,𝑖
+ 𝑢𝑙+1,𝑚,𝑛
+ 𝑢𝑙,𝑚−1,𝑛
+ 𝑢𝑙,𝑚+1,𝑛
(𝑢
6 𝑙−1,𝑚,𝑛
𝑘+1,𝑖
𝑘+1,𝑖
+𝑢𝑙,𝑚,𝑛−1
+ 𝑢𝑙,𝑚,𝑛+1
+ 𝜁𝑙,𝑚,𝑛 −

(11)

𝜆
),
𝑒
𝜇 𝑟(𝑙,𝑚,𝑛)

𝑘+1,𝑖+1
𝑢𝑙,𝑚,𝑛
= max {min {𝜙𝑙,𝑚,𝑛 , 1} , 0} ,

where 𝑖 is the iteration index for Gauss-Seidel iterative
method and 𝑙, 𝑚, 𝑛 are the indices of the voxel in axes 𝑥, 𝑦,
𝑘+1,0
𝑘
and 𝑧, respectively. One has 𝑢𝑙,𝑚,𝑛
= 𝑢𝑙,𝑚,𝑛
.
𝑘+1
After calculating an approximate 𝑢 , we can obtain 𝑑𝑘+1
by minimizing (8) with respect to 𝑑
∇𝑢𝑘+1 + 𝑏𝑘

 1
max (∇𝑢𝑘+1 + 𝑏𝑘  − , 0) .
𝑑𝑘+1 =  𝑘+1
∇𝑢 + 𝑏𝑘 
𝜆



(12)

Once 𝑢𝑘+1 and 𝑑𝑘+1 are available, the Bregman vector 𝑏𝑘 can
be updated according to (9). For more details of 2D Split
Bregman method, we refer the readers to [11].
As a summary, the procedures of using Split Bregman
method to solve (7) contain the following steps.
(1) Initialization: 𝑏0 , 𝑑0 and 𝑢0 .
(2) Fix 𝑢, calculate 𝑐1 and 𝑐2 according to (5), and further
calculate 𝑒𝑟 .
(3) Update 𝑢𝑘+1 by solving (11).
(4) Update 𝑑𝑘+1 by solving (12).

(7) The objects are detected by thresholding Σ = {𝑥 :
𝑢(𝑥) > 𝛼}, where 𝛼 ∈ [0, 1]. In this paper, we choose
𝛼 = 0.5.

3. Experimental Results
(9)

Here, 𝑘 = 0, 1, 2, . . ., the third term on the right side of (8) is
used to enforcing the constraint 𝑑 = ∇𝑢. 𝑏𝑘 is the Bregman
vector. 𝜇 and 𝜆 are two constant weighting parameters to keep
a balance of two terms. To solve (8), we adopt the alternating
minimization scheme. First, we consider the minimization
of (8) with respect to 𝑢. The minimizing solution 𝑢𝑘+1 is
characterized by the optimality condition
𝜆∇𝑢 = 𝜆𝑒𝑟 + 𝜇 div (𝑏𝑘 − 𝑑𝑘 ) ,

(6) Convergence test: test whether a stable solution 𝑢 has
reached. If not, go to step (2).

3.1. Data. In this study, we selected three groups of quail
hearts. Each group had five embryonic quail hearts at the
development stage of days 6, 7, 8, 9, and 14, respectively. All the
hearts were processed and imaged according to Section 2.1.
The image size varied from 768 × 768 × 112 (day 6) to
3075 × 2560 × 478 (day 14). To build a database of manual
segmentation for reference, we invited two biologists to
independently segment the hearts manually with the software
ITK-SNAP [21]. Due to the large size of the image and the
complexity of the heart geometry, it typically took a biologist
more than one week to finish one heart segmentation. For
this reason, we currently only selected one group for manual
segmentation.
3.2. Evaluation of Automatic Segmentation. Figure 2 shows
one 3D and three 2D slice views of the quail heart at
day 14 with two manual segmentations and one automatic
segmentation. Although the image exhibits severe intensity
inhomogeneity, visual inspection of the results shows that
automatic segmentation can correctly capture most of the
structures of the heart as manual segmentation. The most
difference between manual and automatic segmentation
occurs at the regions above the atrioventricular valve which
can be observed in both 3D and 2D views. Because the
contrast is very low at this region, automatic segmentation
algorithm only uses image information can not detect the
boundary precisely, while biologists using their knowledge
can manually locate the boundary. What is more, we have
also observed the presence of small objects within the heart
chambers only detected by automatic segmentation. These
small objects could be papillary muscle that can be considered
as either a part of the myocardium or a part of the blood
pool. As a result, both manual and automatic segmentation
for these small objects are acceptable.
We also quantitatively evaluate our algorithm by measuring the overlap of automatic segmentation and manual
segmentation by using Dice’s similarity coefficient (DSC).
For two segmentations 𝑆1 and 𝑆2 , the DSC value is defined
as 2|𝑆1 ∩ 𝑆2 |/(|𝑆1 | + |𝑆2 |). The DSC value is normalized,
where 0 indicates complete dissimilarity and 1 indicates complete agreement. The overlap values reflecting the variability
between the manual segmentations by two biologists are
listed in the second row of Table 1. Except for days 6 and
7, all the DSC values are greater than 0.85, which means
there is sufficient level of reliability for the two manual
segmentations. The reason of low DSC values at days 6
and 7 is that the geometry of the hearts at these days is
very complex as shown in Figure 3, and thus it is difficult
for the biologists to achieve high agreement. The overlap
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(b)

(c)

(d)

Figure 2: Visual comparison between manual segmentation and automatic segmentation. (a) Original 3D image and three slices in
different views. (b) Manual segmentation done by the first biologist. (c) Manual segmentation done by the second biologist. (d) Automatic
segmentation.

(a)

(b)

(c)

(d)

(e)

Figure 3: 3D segmentation of one group of the hearts. Columns from left to right are the heart at days 6, 7, 8, 9, and 14. For visualization
purpose, the outer boundary is rendered as transparent (L: left ventricle. R: right ventricle).

comparison between automatic and manual segmentations
is listed in the third and fourth rows of Table 1. Similarly,
we can find the DSC values are low at days 6 and 7 and
high at the rest. Overall, the overlap measures show that
the automatic segmentation method has similar level of
variability to the manual segmentation, which means our
automatic segmentation method is applicable to EHM study.
3.3. EHM Study. Figure 3 shows automatic segmentation
results of one group of hearts. As we can see, an obvious
phenomenon of early heart development is the morphology

evolution of the ventricles. The left and right ventricles
are merged together and exhibit sponge network structure
at days 6 and 7 as the result of cardiac looping [4]. The
interventricular septum starts to grow between day 7 and day
8, as the ventricles are partially separated at day 8. At day 9,
the interventricular septum eventually forms and divides the
ventricles into the left and right ventricle. However, the two
ventricles still present some sponge structure at day 9. The
shape of the ventricles eventually becomes mature at day 14.
We also quantify the average volume of the whole heart
and the luminal space at different stages of development
based on the segmentation results. We use the open source
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Table 1: DSC values that measure the overlap between the two manual segmentations, the first manual segmentation against automatic
segmentation and the second manual segmentation against automatic segmentation.
Day 6
0.75
0.65
0.68

Biologist 1 versus biologist 2
Automatic versus biologist 1
Automatic versus biologist 2

Day 7
0.79
0.72
0.75

Day 8
0.85
0.78
0.79

Day 9
0.87
0.85
0.81

Day 14
0.93
0.88
0.91

Table 2: Average volume of the whole heart and the luminal space at different stages of development (mm3 ).

Total heart
Luminal space

Day 6
2.6
0.41

Day 7
3.4
0.62

Day 8
6.0
0.75

Day 9
10.2
1.74

Day 14
77.5
20.2

VTK library (http://www.vtk.org/) to calculate the average
volume and list the average volume values in Table 2. We find
that the average volume of the whole heart and the luminal
space increased from 2.6 mm3 to 77.5 mm3 and 0.41 mm3
to 20.2 mm3 , respectively, which is nearly two orders of
magnitude increase in an incubation period of approximately
10 days. This finding is similar in range to the findings in
[8]. Furthermore, we also find that the average volume of the
whole heart grows faster than the luminal space, which means
that the myocardium grows towards both inside and outside.

5. Conclusion

4. Discussion
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Compressed sensing (CS) has produced promising results on dynamic cardiac MR imaging by exploiting the sparsity in image
series. In this paper, we propose a new method to improve the CS reconstruction for dynamic cardiac MRI based on the theory
of structured sparse representation. The proposed method user the PCA subdictionaries for adaptive sparse representation and
suppresses the sparse coding noise to obtain good reconstructions. An accelerated iterative shrinkage algorithm is used to solve the
optimization problem and achieve a fast convergence rate. Experimental results demonstrate that the proposed method improves
the reconstruction quality of dynamic cardiac cine MRI over the state-of-the-art CS method.

1. Introduction
Dynamic cardiac cine MR imaging aims at simultaneously
providing a series of dynamic magnetic resonance image in
spatial and temporal domains (𝑥-𝑡 space) at a high frame rate.
It usually acquires the 𝑘-space at each time frame and collects
the raw data in the spatial frequency and temporal domain,
the so called 𝑘-𝑡 space. Therefore, it is necessary to reconstruct
each time frame and get a series of dynamic images. However,
the relatively low acquisition speed of the dynamic MRI is
an important factor to limit its application in clinics. How to
accelerate 𝑘-space sampling for each time frame and reconstruct them without sacrificing spatial resolution is a challenging problem.
In recent years, many advanced techniques [1–10] were
proposed to effectively address this issue and can be divided
into two categories. One is based on compressed sensing (CS)
theory [11, 12] utilizing the sparsity in dynamic images to be
reconstructed, and the other is based on the partial separable
theory [13] exploiting the low-rank property of images in 𝑥-𝑡
space. The application of CS in dynamic MRI has drawn a lot
of attention, since this theory demonstrates that the signal

can be accurately reconstructed from a small amount of linear undersampled measurements by exploiting the inherent
sparsity in signal. For example, Jung et al. [7, 9] uncovered an
intriguing link between the compressed sensing and 𝑘-𝑡
BLAST/SENSE and proposed the 𝑘-𝑡 FOCUSS algorithm
to achieve high spatiotemporal resolution in cardiac cine
imaging. Liang et al. [5] developed 𝑘-𝑡 iterative support
detection (𝑘-𝑡 ISD) method to further utilize the detected
partial support information besides the sparsity in cardiac
cine images.
Recently, image restoration with patch-based sparse representations has attracted a lot of attention. The similarity of
works in this topic is seeking for a more appropriate way to
sparsify the image patches than conventional fixed transform.
One approach is to provide additional information when
using fixed transform on patches. For example, Qu et al.
[14] presented to provide the sparsest representation for each
image patch by estimating geometric directions. In [15], the
nonlocal patches with intensity similarity, instead of those
from neighbors, are grouped and then transformed by using a
3D Haar wavelet to produce sparser representation. These two
patch-based methods exhibited consistent improvements in

2
reconstruction accuracy over conventional CS-MRI methods. Another approach is based on the dictionary learning
technique which aims to learn an adaptive basis from image
patches and has shown impressive image restoration results
[16]. The essential difference between these two approaches is
that the latter uses adaptive learned dictionary instead of fixed
basis, such as temporal Fourier transform, as the sparsifying
transform. Ravishankar and Bresler [17] have applied the dictionary learning technique to static MR image reconstruction
and obtained better reconstruction results than the state-ofthe-art methods using fixed sparsifying transform. Liu et al.
[18] presented to train dictionaries from the patches of
the horizontal and vertical gradient images instead of the
pixel domain image. The sparser training samples from
the gradient images that are already sparsified by gradient
operators result in sparser representation. In [19], a two-level
Bregman method with dictionary learning updating is developed by applying the outer-level and inner-level Bregman
iterative procedures to update the whole image and image
patches, respectively. Experimental results on static MR images demonstrate the superiority of the presented algorithm to
the state-of-the-art reconstruction methods.
However, dictionary learning based optimization is a
large-scale and highly nonconvex problem, which requires
high computational complexity. The coherence of the dictionary and the large degree of freedom may become sources of
instability and errors. Structured sparse representation model
was proposed to reduce the degree of freedom in the estimations and was thus more stable than conventional sparse representation model. The structured learned overcomplete dictionary, composed of a union of bases of principal component
analysis (PCA), was widely used in image restoration [20, 21].
Recently, Dong et al. [22] proposed nonlocally centralized
sparse representation (NCSR) model for single natural image
restoration, specifically, clustering image patches by 𝐾-means
algorithm at first and then learning PCA subdictionary of
each cluster to sparsely represent image patches. Finally,
the so-called sparse coding noise (SCN) was minimized to
improve the performance of sparsity-constrained image restoration. This model has gotten the satisfactory results on
image deblurring, image denoising, and image super resolution.
In this work, motivated by the effective representation
ability of NCSR, a novel method based on the NCSR model
is proposed to accelerate dynamic cardiac MRI applications.
The method utilizes structured sparse dictionary learning to
adaptively represent image sequence and reduces the error
between the sparse coding coefficients learned by such dictionary and true sparse coding. Improvement of the proposed
method over the basic CS approach is demonstrated using
retrospectively undersampled in vivo cardiac cine MR datasets.
The rest of the paper is organized as follows. In Section 2,
the NCSR model is briefly described and a detailed account of
structured sparse representation-based dynamic cardiac MR
imaging method is provided. We present experimental validation of our method and compare it to previous state-of-theart method in Section 3. Conclusions are drawn in Section 4.
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2. Materials and Methods
2.1. Nonlocally Centralized Sparse Representation (NCSR).
Image restoration often requires solving an inverse problem.
It amounts to estimate original image vector 𝑥 from a vector
of measurements 𝑦; that is, we have
𝑦 = H𝑥 + V,

(1)

which is obtained through the noninvertible linear degradation operator H and is contaminated by the additive noise V.
Mathematically, image vector 𝑥 ∈ 𝐶𝑁 can be represented
as 𝑥 ≈ Φ𝛼 under the sparse representation framework, where
Φ ∈ 𝐶𝑁×𝑀, 𝑁 < 𝑀 is a dictionary, and 𝛼 ∈ 𝐶𝑀 represents
the sparse coefficients. The sparse decomposition of 𝑥 can be
obtained by solving a convex 𝑙1 -minimization problem:
𝛼𝑥 = arg min {‖𝑥 − Φ𝛼‖22 + 𝜆‖𝛼‖1 } .
𝛼

(2)

In the scenario of image restoration, to recover 𝑥 from the
degraded image, 𝑦 is first sparsely coded with respect to Φ by
solving the following optimization problem:
2

𝛼𝑦 = arg min {𝑦 − HΦ𝛼2 + 𝜆‖𝛼‖1 } .
𝛼

(3)

And then 𝑥 is reconstructed by 𝑥̂ = Φ𝛼𝑦 . In order to achieve
an effective image restoration, 𝛼𝑦 are expected to be as close as
possible to approach the true sparse codes 𝛼𝑥 of the original
image 𝑥. Dong et al. defined the sparse coding noise (SCN) as
the difference between 𝛼𝑦 and 𝛼𝑥 :
V𝛼 = 𝛼𝑦 − 𝛼𝑥 .

(4)

Thus, the quality of image restoration can be improved by
suppressing SCN. However, 𝛼𝑥 is unknown so SCN cannot be
directly measured. To address this issue, a good estimation
𝛽 of 𝛼𝑥 is necessary. There are various ways to obtain an
accurate estimate of 𝛼𝑥 . Dong et al. tried to learn the estimate
𝛽 by computing the weighted average of the sparse codes of
nonlocal similar patches.
The NCSR model was proposed as follows:
2



𝛼𝑦 = arg min {𝑦 − HΦ𝛼2 + 𝜆∑𝛼𝑖 − 𝛽𝑖 1 } ,
𝛼

(5)

𝑖

where dictionary Φ can be designed as a PCA-based structured sparse dictionary, 𝛼𝑖 denotes the sparse coding vector of
𝑖th image patch on a certain subdictionary, and 𝜆 is the regularization parameter controlling the tradeoff between data
consistency and sparse coding noise. To solve this problem,
firstly, the training patches extracted from the given image are
clustered into 𝐾 clusters, and a PCA subdictionary is learned
for each corresponding cluster. Then one PCA subdictionary
is adaptively selected to code a given patch. Finally, an
iterative shrinkage algorithm [23] can be used to solve the
NCSR objective function in (5).
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(1) Initialization:
̂(1) = Y, X
̂(0) = 0 and the regularization parameter 𝜆;
Set the initial estimate X
(2) Outer loop (dictionary learning and clustering): iterate on 𝑙 = 1, 2, . . . , 𝐿
(a) Update the dictionaries {Φ𝑘 } via 𝑘-means and PCA;
(b) Inner loop (clustering): iterate on 𝑗 = 1, 2, . . . , 𝐽
(b.1) 𝑎 (𝑗) = 1 + (𝑗 − 1) / (𝑗 + 2), 𝑏 (𝑗) = − (𝑗 − 1) / (𝑗 + 2)
(b.2) Compute 𝑔𝑠(𝑗) = 𝑎 (𝑗) 𝑥𝑠(𝑗) + 𝑏 (𝑗) 𝑥𝑠𝑗−1 and
𝑔𝑠(𝑗+1/2) = 𝑔𝑠(𝑗) + 𝜆F𝑇u𝑠 (𝑦𝑠 − Fu𝑠 𝑔𝑠(𝑗) ) for 𝑠 = 1, 2, . . . , 𝑆;
(𝑗+1/2)

(b.3) Compute V(𝑗) = [Φ𝑇𝑘1 x 1

(𝑗+1/2)

, . . . , Φ𝑇𝑘𝑁 x 𝑁

], where Φ𝑘𝑛 is the dictionary assigned to patch;

(𝑗+1)
𝛼𝑖

(b.4) Compute the
using the shrinkage operator given in (8);
(b.5) Update the estimate {𝛽𝑖 };
(b.6) Image matrix estimate update: X(𝑗+1) = Φ𝛼𝑦(𝑗+1) .
Algorithm 1: NCSR-based dynamic cardiac cine MR imaging.

(a)

(b)

Figure 1: Experiment results in (a) 𝑅 = 3 and (b) 𝑅 = 4. Reconstructions at the 4th frame using 𝑘-𝑡 FOCUSS (the 1st column) and proposed
method (the 3rd column) and their corresponding difference images (2nd and 4th columns).

2.2. NCSR-Based Dynamic Cardiac MR Imaging. When the
degradation operator H is the under-sampled Fourier encoding operator and 𝑦 is the acquired 𝑘-space data, we can modify the above model to MR image reconstruction. Based on
the NCSR model, we propose a new method to reconstruct a
time series of dynamic cardiac cine MR images which have
high correlations in the spatial- and temporal-domain.
We define a matrix of image series X = [𝑥1 , . . . , 𝑥𝑆 ] ∈
𝐶𝑁×𝑆 , whose columns are the image vectors {𝑥𝑠 }, 𝑠 = 1, . . . , 𝑆.
𝑆 denotes the number of image frames. In order to reconstruct
the image series, we propose the following cardiac cine MRI
reconstruction model:
𝑁

2
Y − FuΩ Φ𝛼 + 𝜆∑𝛼𝑖 − 𝛽𝑖 1 ,
min
2
𝛼 
𝑖=1

(6)

where X = Φ𝛼 and Y ∈ 𝐶𝑁×𝑆 is the acquired 𝑘-space data
matrix, whose columns are the vector form of 𝑘-space data of
images {𝑥𝑠 }. Matrix operator FuΩ performs the undersampled
Fourier encoding, and set Ω = {1, 2, . . . , 𝑆} indicates that the
undersampling masks are different for each frame to enforce
incoherence. For the selection of the dictionary Φ, we adopt
the PCA-based structured sparse dictionary like in NCSR.
However, the way to get the patches from the image series {𝑥𝑠 }
is different from NCSR. We first transform the image series
{𝑥𝑠 } to the image matrix X defined above and then regard
the transpose vector of each row x𝑛 , 𝑛 = 1, . . . , 𝑁, of
X as a patch vector. In other words, we learn the PCA
subdictionaries along the temporal dimension to exploit the
inherent correlation in dynamic image series. After getting
the patches, we use the 𝐾-means algorithm to partition the

4
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(a)

(b)

(c)

Figure 2: Experiment results of the second dataset in (b) 𝑅 = 3 and (c) 𝑅 = 4. Reconstructions at the 15th frame using 𝑘-𝑡 FOCUSS (the 1st
column) and proposed method (the 3rd column) and their corresponding difference images. (a) is the full FOV and ROI reference.

patch set into 𝐾 clusters {𝐶1 , 𝐶2 , . . . , 𝐶𝐾 } and then compute
the covariance matrix Σ𝑘 of each cluster 𝐶𝑘 . An orthogonal
transformation matrix P𝑘 can be obtained by applying PCA to
Σ𝑘 . We set P𝑘 as the PCA subdictionary which can constitute
the dictionary Φ.
The iterative shrinkage algorithm is used to solve this
problem and the final image series can be obtained from the
solved sparse coding vector. Specifically, at each iteration, we
use the same method as in NCSR to compute 𝛽𝑖 . For each local
patch, the Euclidean distance was used to search for the first
𝑃 (𝑃 = 13 in our experiments) closest patches. We applied
the corresponding subdictionary to these nonlocal similar
patches to obtain their sparse codes. 𝛽𝑖 was estimated by computing the weighted average of these sparse codes. This nonlocal method can produce accurate enough estimates of true
sparse codes. Finally, the following minimization problem
can be solved for a given 𝛽𝑖 :
{
2

}
𝛼𝑦 = arg min {Y − FuΩ Φ𝛼2 + ∑∑𝜆 𝛼𝑖 (𝑗) − 𝛽𝑖 (𝑗)} ,
𝛼
𝑖 𝑗
}
{
(7)
where 𝛼𝑖 (𝑗) and 𝛽𝑖 (𝑗) are the𝑗th elements of 𝛼𝑖 , 𝛽𝑖 . We adopted
the surrogate algorithm in [23] to solve (7). In the (𝑙 + 1)th
iteration, the proposed shrinkage operator for the 𝑗th elements of 𝛼𝑖 is
(𝑙)
𝛼𝑖(𝑙+1) (𝑗) = 𝑆𝜏 (V𝑖,𝑗
− 𝛽𝑖 (𝑗)) + 𝛽𝑖 (𝑗) ,

(8)

where 𝑆𝜏 (⋅) is the classic soft thresholding operator. V(𝑙) =
K𝐻(Y − K𝛼(𝑙) )/𝑐 + 𝛼(𝑙) , where K = FuΩ Φ, 𝜏 = 𝜆/𝑐, and 𝑐
is a parameter guaranteeing the convexity of the surrogate
function (𝑐 = 1 in our experiments).
Since one drawback of this iterative framework is the
slow convergence rate of 𝑂(1/𝑛), we introduce an accelerated
method described in [24] to achieve a fast 𝑂(1/𝑛2 ) convergence rate. In this method, two prior iterates are used to
obtain the next updated solution in the soft thresholding
framework. The detailed design is described in Algorithm 1
(b.1) and (b.2).

3. Experimental Results
The feasibility of the proposed method was validated on two
sets of in vivo dynamic cardiac cine data. Informed consent
was obtained from the volunteer in accordance with the
institutional review board policy. The full k-space data with
the size of 256 × 256 × 25 (number of frequency encoding ×
number of phase encoding × number of frames) of the first
dataset was acquired using a steady-state free precession
(SSFP) sequence on a 1.5 T Philips scanner. The flip angle
was 50 degrees and TE/TR = 1.7/3.45 msec. The field of view
(FOV) was 345 mm × 270 mm and the slice thickness was
10 mm. Retrospective cardiac gating was used with a heart
rate of 66 bpm. The second dataset was acquired on a 3 T
Siemens Trio scanner (Siemens Medical Solutions, Erlangen,
Germany) with a flip angle of 44 degrees and TE/TR =
42.5/1.22 msec. The fully acquired 𝑘-𝑡 measurements were of
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Figure 3: Frame-by-frame plots of NMSE for 𝑘-𝑡 FOCUSS and our method with (a) 𝑅 = 3 and (b) 𝑅 = 4 in the first dataset (the 1st row) and
the second dataset (the 2nd row). The dotted lines are for our method and dashed lines for 𝑘-𝑡 FOCUSS.

size 304 × 165 × 26 × 12. The FOV was 340 mm × 276 mm and
the slice thickness was 6 mm.
The image series reconstructed from the full 𝑘-𝑡 data was
used as the reference for comparison, while, for the dataset
acquired using multiple coils, the image from each channel
was reconstructed from full samples and combined using
square root of sum-of-squares (SOS) as the reference. To
simulate the undersampled 𝑘-space data, the sampling masks
corresponding to reduction factors, 𝑅 = 3 and 4, were generated using the function provided in the 𝑘-𝑡 FOCUSS toolbox, where the central 8 phase encoding lines were fully
sampled. The fully sampled data were then retrospectively
undersampled using the designed sampling masks.

The proposed NCSR-based method and 𝑘-𝑡 FOCUSS
were used to reconstruct the desired image series with the
same sampling patterns for a given undersampled dataset.
All methods were implemented in Matlab and
the code for 𝑘-𝑡 FOCUSS was obtained from
http://bisp.kaist.ac.kr/ktFOCUSS.htm. Simulations run
on a dual core 2.6 GHz CPU laptop with 4 GB RAM. The
running time of our program is about 30 minutes. This time
is relatively long due to slow speed in dictionary learning
and 𝐾-means clustering and can be reduced by optimizing
the code and utilizing GPU for acceleration.
The reconstructions with reduction factors of 𝑅 = 3 and
4 and the corresponding difference images at the fourth

6

Computational and Mathematical Methods in Medicine

(a)

(b)

Figure 4: The temporal profiles in 𝑥-𝑡 plane of different reconstruction methods with (a) 𝑅 = 3 and (b) 𝑅 = 4 in the first experiment. The
results are from reference (left), 𝑘-𝑡 FOCUSS (middle), and our method (right) for each reduction factor.

frame of the first dynamic cardiac dataset are shown in
Figures 1(a) and 1(b), respectively. In Figure 1, the first row
shows the results of 𝑘-𝑡 FOCUSS (the left two) and proposed
method (the right two) in 𝑅 = 3, and the second row is
the results of two methods in 𝑅 = 4. It can be seen from
the reconstructed images that the 𝑘-𝑡 FOCUSS presents more
undersampling artifacts along the phase encoding direction.
Our method greatly suppresses the artifacts and obtains high
quality reconstructions. The superiority of structured sparse
representation based method is also clearly seen in the difference images as shown by the red arrows. Figures 2(b) and 2(c)
show the region-of-interest (ROI) reconstructions using 𝑘-𝑡
FOCUSS and the proposed method (from left to right) with
𝑅 = 3 and 4 (from top to left) of the second dynamic cardiac
dataset. We can find some artifacts appearing in the 𝑘-𝑡
FOCUSS result especially with a reduction factor of 4.
To quantify the improvement of the proposed method
over 𝑘-𝑡 FOCUSS, the normalized mean-squared error
(NMSE) between the reconstruction and the reference at
𝑅 = 3 and 4 was calculated and plotted as a function of time
frame in Figures 3(a) and 3(b), respectively. The nRMSE was
calculated using the following formula:
nRMSE = √

2

∑𝑁
𝑖=1 (xrec (𝑖) − x (𝑖))
2
∑𝑁
𝑖=1 x(𝑖)

,

(9)

where xrec is the reconstructed images from the undersampled data, x is the reference, and 𝑁 is the image size. The
dotted lines are for our method and dashed lines for 𝑘-𝑡
FOCUSS, respectively. Our method is seen to have a lower
MSE than 𝑘-𝑡 FOCUSS for all frames at specified reduction
factors.
The ability to catch the dynamic motion along temporal
direction is a key factor for comparing different dynamic

reconstruction methods. To evaluate the temporal fidelity, we
show in Figure 4 the reconstructions in 𝑥-𝑡 plane of the first
dataset with 𝑅 = 3 and 4 for a fixed position in the frequencyencoding direction. It is seen that 𝑘-𝑡 FOCUSS shows
some loss of contrast. In comparison, the proposed method
preserves more temporal variations especially in regions
indicated by red arrows.
In our algorithm, a regularization parameter 𝜆 was introduced. This parameter controls the tradeoff between the data
fidelity and the accuracy of the sparse codes, and it also affects
the thresholds 𝜏 in (8). In this work, 𝜆 was elaborately tuned
in a parameter range. To show the effects of this parameter
on final reconstructions, the curves of NMSE with respect to
parameter 𝜆 for the 10th frame of the first dynamic cardiac
dataset at 𝑅 = 3 and 4 were plotted in Figure 5. We can find
that the reconstructions are relatively robust to this parameter. Results with least NMSE are obtained when 𝜆 = 0.0015
with 𝑅 = 3 and 𝜆 = 0.002 with 𝑅 = 4. In our experiments, we
empirically set 𝜆 = 0.002.
The convergence behavior is an important factor in
evaluating the performance of the proposed method. The corresponding NMSE-iteration plots are shown in Figure 6 when
𝑅 = 3 and 4 for the first dataset. It can be seen that the NMSE
decreases fast at the first few iterations and then becomes
flatter and reaches the convergence zone after 6 outer iterations.
From the above experimental results, we can find that
our method produces more accurate reconstruction on image
sequence than 𝑘-𝑡 FOCUSS. It is because we force the sparse
coefficients of dictionary learning to approach the true sparse
coding, which is estimated through the nonlocal similarity
technique. This technique was proved to be an effective
method using image redundancy and therefore the accurate
sparse representation promotes the quality of reconstruction.
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4. Conclusions
In this work, we propose a novel dynamic cardiac MR imaging method based on the NCSR model. This method sparsely
codes the image sequence by adaptively learning PCA-based
structured sparse dictionary and recovers the true sparse coding coefficients with a centralized sparse constraint, which
effectively exploits the image nonlocal redundancy. An accelerated iterative shrinkage method was presented for solving
the proposed model. From the experimental results from
in vivo dynamic cardiac cine MR imaging, it is proved that the
proposed method could produce fewer artifacts and preserve
contrast than the state-of-the-art method.
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We managed to establish three-dimensional digitized visible model of human thoracic structures and to provide morphological data
for imaging diagnosis and thoracic and cardiovascular surgery. With Photoshop software, the contour line of lungs and mediastinal
structures including heart, aorta and its ramus, azygos vein, superior vena cava, inferior vena cava, thymus, esophagus, diaphragm,
phrenic nerve, vagus nerve, sympathetic trunk, thoracic vertebrae, sternum, thoracic duct, and so forth were segmented from
the Chinese Visible Human (CVH)-1 data set. The contour data set of segmented thoracic structures was imported to Amira
software and 3D thorax models were reconstructed via surface rendering and volume rendering. With Amira software, surface
rendering reconstructed model of thoracic organs and its volume rendering reconstructed model were 3D reconstructed and can
be displayed together clearly and accurately. It provides a learning tool of interpreting human thoracic anatomy and virtual thoracic
and cardiovascular surgery for medical students and junior surgeons.

1. Introduction
The thorax is an important chamber of human body and is
protected by the thoracic wall including thoracic cage and
associated skin, muscle, and fascia. It is separated from the
abdominal cavity by the diaphragm and the upper limit is
formed by the manubrium in front, the first ribs laterally, and
the spine posteriorly. It contains the main organs relative to
respiration and circulation including lung, trachea, bronchia,
heart, aorta, superior vena cava, inferior vena cava, and so
forth, which nearly control human life. The thoracic diseases
including lung cancer, thymus neoplasm, cardiac surgery disease, aortic aneurysm, and mediastinal tumor of nervous tissue are prevalent. If the cardiovascular and thoracic surgeons
cannot master the anatomy of human thoracic structures,
they may injure thoracic structures such as pulmonary lobe,
pericardium, aorta, esophagus, trachea, bronchia, and vagus
nerve during operation, leading to pneumothorax, hematorrhea, vagus nerve injury, or many other unwanted sever

consequences. Previous anatomical data of lung and mediastinum including clinical image examinations are mostly
two-dimensional (2D) images such as CT, CTA, MRI, MRA,
and anatomical atlas, obviously, but 2D data cannot fully and
faithfully reveal the three-dimensional (3D), full-scale information of the thoracic organs, and sometimes ambiguous
conclusions may be reached. This kind of situation cannot
efficiently meet the clinical requirement [1–4].
In recent years, theoretical and applied anatomical studies
have been carried out on the basis of the American Visible
Human Project (VHP) data sets, and visible human models
have also been playing an important role in surgical teaching
and clinical practice [5–11]. At present, there are several data
sets of adult Chinese men and women in China, which lay the
foundation for the research on the visible thoracic structures
of Chinese people; so far the report of detailed 3D visible
thoracic structures’ model including lung and mediastinal
structures is still not described. So in our study, a 3D visible
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Figure 1: Segmentative image of CVH thorax.
Figure 2: Amira software’s interface.

model of the thoracic structure was established using CVH1 data set. The study aims to help medical students and
surgeons to master the complicated thoracic structures and
to provide a basis for building dynamic thoracic structure and
performing virtual cardiovascular and thoracic operations.

2. Materials and Methods
2.1. Retrieval of Sectional Anatomical Images of Thoracic Structures. The serial cross-sectional images of thoracic structures
were prepared by using the first Chinese visible human
(CVH-1) data sets. The cadaver of CVH-1 is a middle-aged,
middle-sized, well-developed cadaver (sex: male; age: 35 years
old; body height: 1,700 mm; body weight: 65.0 kg) without
organic lesions and has been enrolled into the cadaver donation program. Both donor and his relatives will donate his
body to the visible human program, which follows scientific
ethic rules of Third Military Medical University and Chinese
Ethics Department.
Successive cross-sectional images from the neck (1400) to
the upper abdomen (1700) were retrieved from CVH-1 data
set. The slice was 1.0 mm thick, and the cross-sections were
photographed by digital camera (Canon, made in Japan) at a
high-resolution of 6,291, 456 (3,072 × 2,048) pixels [1]. Every
cross-section can successively and fully reveal the thoracic
organs such as lung, heart, aorta, and so forth. There are 301
slices which we used in our study.
2.2. Segmentation on 2D Images. After registration through
four reserved fiducial rods, segmentation was used to outline
the thoracic structures on the 2D images with Photoshop 8.0
software (interface is shown in Figure 1). During segmentation, lung, heart, aorta and its ramus, trachea, bronchia,
azygos vein, superior vena cava, inferior vena cava, thymus,
esophagus, diaphragm, phrenic nerve, vagus nerve, sympathetic trunk, thoracic vertebrae, sternum, and thoracic duct
were outlined on 2D sections with magnetic lasso tool. Then
each structure was established as a layer and was filled
with different RGB colors. Each image layer of segmental
anatomical structure was assigned an anatomical name and
the files were saved as PSD format. As to some structures such
as phrenic nerve, vagus nerve, and sympathetic trunk which
were difficult to distinguish where nervous tissue and the
adjacent connective tissue mix, contour lines were extracted
in some slices where nervous tissue can be observed.

2.3. Three-Dimensional Reconstruction and Visualization.
After segmentation, the segmented structures were surface
rendering reconstructed with Amira 5.2 software (interface is
shown in Figure 2). Surface rendering is outlining the contour
of the anatomical structures from 2D images and forming 3D
surface with triangle grid. As to nervous tissue, interpolation
was used in some slices where the nervous tissue cannot be
observed clearly, which can be helpful to form consecutive
tissue structures. The 3D reconstructed model of nervous
tissue was imported to MAYA software and 3D reconstructed
to smooth NURBS model.
2.4. Combining Surface Rendering and Volume Rendering Reconstruction. Preserving 3D surface rendering reconstructed model of thoracic organs, above 301 serial transverse
cross-sectional images of thoracic structures from CVH1 data set were imported to Amira software and threedimensional reconstructed via volume rendering. The 3D
reconstructed surface and volume rendering model of thoracic structures were observed clearly and directly using the
orthoslice and oblique slice features of the software.

3. Results
3.1. A Three-Dimensional Model Established by Using Amira
Software. The thorax model including lung, heart, aorta and
its ramus, azygos vein, superior vena cava, inferior vena cava,
trachea, bronchia, thymus, esophagus, diaphragm, phrenic
nerve, vagus nerve, sympathetic trunk, thoracic vertebrae,
sternum, and thoracic duct, which can represent Asia population, was 3D surface-rendering and volume-rendering
reconstructed by using Amira software and presented no data
loss. The resolution of the cross-section images reached up
to 6.3 × 106 pixels. The serial digital images allowed a
unique anatomical insight into the thoracic cavity, showing
preferably the subtle anatomical structures of thorax. The
three-dimensional model can be displayed partially or as a
whole or with some structures being transparent and can be
observed from any orientation, angle, or position of view. The
reconstructed three-dimensional images can demonstrate
two-dimensional sectional anatomical structure, which can
provide the correct anatomical information, measure the
volume and surface area of any reconstructed structure, and
also simulate thoracic anatomy from any plane.
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Figure 3: Three-dimensional surface rendering reconstructed model of thoracic structures with thoracic cage (anterior aspect) (1) left
lung, (2) heart, (3) diaphragm, (4) liver, (5) sternum, (6) costal cartilage, (7) costal bone, (8) thymus, (9) inferior vena cava, (10) common
carotid artery, and (11) intercostal artery and vein.
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Figure 4: Three-dimensional reconstructed model of thoracic
structures without thoracic cage (anterior aspect) (1) heart, (2) right
lung, (3) left lung, (4) lingula of left lung, (5) abdominal aorta, (6)
aorta arch, (7) trachea, (8) intercostal artery and vein, (9) inferior
vena cava, (10) brachiocephalic trunk, (11) right subclavian artery,
(12) right common carotid artery, (13) left common carotid artery,
and (14) left subclavian artery.

Two lungs are nearly embedded by bony thoracic cage.
The apex of both lungs is a little above the clavicle and the
base of lung is concave. The lingual of left lung is in front of
the left border of the heart. The heart is located in the middle
mediastinum of the thorax and rest upon the diaphragm.
Nearly two-third of the heart lies on the left of the median
sagittal plane and the whole heart is nearly embedded by the
thoracic cage but that only some part of the heart can show
in the intercostal space (as shown in Figures 3 and 4).
All segmental bronchi of two lungs are 3D reconstructed
and detailed relationship of lobar bronchi and segmental
bronchi can be observed and the ramus of pulmonary artery
and vein accompany corresponding bronchi (as shown in
Figures 5 and 6).
Right lung is divided into superior, middle, and inferior
lobe by a horizontal fissure and an oblique fissure of right
lung. Apical, posterior, and anterior segmental bronchus
(BI + BII + BIII) enter superior lobe, and lateral and medial
segmental bronchus (BIV + BV) enter middle lobe, superior
(it cannot be observed clearly because of organs wrapping),
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Figure 5: Three-dimensional model of trachea and bronchi (anterior aspect). (1) Trachea, (2) left bronchi, (3) right bronchi, (4) right
superior lobar bronchus, (5) anterior segmental bronchus (BIII)
(right lung), (6) posterior segmental bronchus (BII) (right lung),
(7) apical segmental bronchus (BI) (right lung), (8) lateral segmental bronchus (BIV) (right lung), (9) medial segmental bronchus
(BV) (right lung), (10) superior segmental bronchus (BVI) (right
lung), (11) right inferior lobar bronchus, (12) medial basal segmental bronchus (BVII) (right lung), (13) posterior basal segmental
bronchus (BX) (right lung), (14) anterior basal segmental bronchus
(BVIII) (right lung), (15) lateral basal segmental bronchus (BIX)
(right lung), (16) apicoposterior segmental bronchus (BI+BII) (left
lung), (17) anterior segmental bronchus (BIII) (left lung), (18)
superior lingular bronchus (BIV) (left lung), (19) inferior lingular
bronchus (BV) (left lung), (20) superior segmental bronchus (BVI)
(left lung), (21) left superior lobar bronchus, (22) left inferior lobar
bronchus, (23) anterior basal segmental bronchus (BVIII) (left lung),
(24) medial basal segmental bronchus (BVII) (left lung), (25) lateral
basal segmental bronchus (BIX) (left lung), (26) posterior basal
segmental bronchus (BX) (left lung), and (27) right middle lobar
bronchus.

medial basal, anterior basal, lateral basal, and posterior basal
segmental bronchus (BVI + BVII + BVIII + BIX + BX) enter
inferior lobe (As shown in Figure 7).
Left lung is divided into superior and inferior lobe by
an oblique fissure of left lung. Apical, posterior, anterior,
superior lingual, and inferior lingual segmental bronchus
(BI+BII+BIII +BIV+BV) enter superior lobe, and superior
(it cannot be observed clearly because of organs wrapping),
medial basal, anterior basal, lateral basal, and posterior basal
segmental bronchus (BVI + BVII + BVIII + BIX + BX) enter
inferior lobe (As shown in Figure 8).
After left lung is hidden, the apex of the heart, left auricle
of the heart, and the root of left lung can be seen. Among the
triangle of ductus arteriosus, which is made up of left vagus
nerve, left phrenic nerve, and superior border of pulmonary
artery, arterial ligament can be observed clearly. Thymus is
located in anterior mediastinum, which is between sternum
and pericardium. Esophagus is right and anterior to thoracic
aorta. Sympathetic trunk is in front of and close to the
transverse process of the thoracic vertebra. Hemiazygos and
accessory hemiazygos are located in the anterior and left
surface of the thoracic vertebrae and receive many posterior
intercostal veins. Left vagus nerve descends between left common carotid and left subclavian arteries, crosses in front of
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the aortic arch, passes behind the root of left lung, and reaches
the anterior side of esophagus (as shown in Figure 9).
From the right view and posterior view of mediastinum,
the heart, superior vena, inferior vena cava, and lung root
of right lung can be observed clearly. At the upper part of
thorax, esophagus is located between the trachea and thoracic
vertebrae and deviates to the left. At the level of tracheal
bifurcation, the esophagus lies posterior to trachea and anterior and left to the azygos vein. At the lower part of thorax
(at the level of 8th to 9th thoracic vertebrae), the esophagus
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Figure 6: Three-dimensional model of trachea, bronchial tree,
pulmonary artery and its ramus, and pulmonary vein and its ramus
(anterior aspect). (1) Pulmonary artery, (2) right pulmonary artery,
(3) trachea, (4) right bronchi, (5) superior lobar branches of right
pulmonary artery, (6) anterior segmental bronchus (BIII) and its
corresponding branch of pulmonary artery and vein (right lung), (7)
posterior segmental bronchus (BII) and its corresponding branch
of pulmonary artery and vein (right lung), (8) apical segmental
bronchus (BI) and its corresponding branch of pulmonary artery
and vein (right lung), (9) lateral segmental bronchus (BIV) and its
corresponding branch of pulmonary artery and vein (right lung),
(10) medial segmental bronchus (BV) and its corresponding branch
of pulmonary artery and vein (right lung), (11) superior segmental
bronchus (BVI) and its corresponding branch of pulmonary artery
and vein (right lung), (12) anterior basal segmental bronchus
(BVIII) and its corresponding branch of pulmonary artery and vein
(right lung), (13) medial basal segmental bronchus (BVII) and its
corresponding branch of pulmonary artery and vein (right lung),
(14) lateral basal segmental bronchus (BIX) and its corresponding
branch of pulmonary artery and vein (right lung), (15) posterior
basal segmental bronchus (BX) and its corresponding branch of pulmonary artery and vein (right lung), (16) apicoposterior segmental
bronchus (BI + BII) and its corresponding branch of pulmonary
artery and vein (left lung), (17) anterior segmental bronchus (BIII)
and its corresponding branch of pulmonary artery and vein (left
lung), (18) superior lingular bronchus (BIV) and its corresponding
branch of pulmonary artery and vein (left lung), (19) inferior lingular
bronchus (BV) and its corresponding branch of pulmonary artery
and vein (left lung), (20) superior segmental bronchus (BVI) and its
corresponding branch of pulmonary artery and vein (left lung), (21)
anterior basal segmental bronchus (BVIII) and its corresponding
branch of pulmonary artery and vein (left lung), (22) medial
basal segmental bronchus (BVII) and its corresponding branch of
pulmonary artery and vein (left lung), (23) lateral basal segmental
bronchus (BIX) and its corresponding branch of pulmonary artery
and vein (left lung), and (24) posterior basal segmental bronchus
(BX) and its corresponding branch of pulmonary artery and vein
(left lung).
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Figure 7: Three-dimensional model of right lung and its corresponding bronchial tree, pulmonary artery, pulmonary vein (right
aspect). (1) Superior lobe of right lung, (2) middle lobe of right lung,
(3) inferior lobe of right lung, (4) apical segmental bronchus (BI) and
its corresponding branch of pulmonary artery and vein (right lung),
(5) posterior segmental bronchus (BII) and its corresponding branch
of pulmonary artery and vein (right lung), (6) anterior segmental
bronchus (BIII) and its corresponding branch of pulmonary artery
and vein (right lung), (7) medial segmental bronchus (BV) and its
corresponding branch of pulmonary artery and vein (right lung), (8)
lateral segmental bronchus (BIV) and its corresponding branch of
pulmonary artery and vein (right lung), (9) medial basal segmental
bronchus (BVII) and its corresponding branch of pulmonary artery
and vein (right lung), (10) anterior basal segmental bronchus
(BVIII) and its corresponding branch of pulmonary artery and vein
(right lung), (11) lateral basal segmental bronchus (BIX) and its
corresponding branch of pulmonary artery and vein (right lung),
(12) posterior basal segmental bronchus (BX) and its corresponding
branch of pulmonary artery and vein (right lung), (13) horizontal
fissure of right lung, and (14) oblique fissure.

inclines to the left in front of the thoracic aorta. Thoracic duct
ascends between the thoracic aorta and the azygos vein and
then posterior to the esophagus. At the level of 4th thoracic
vertebrae, it passes obliquely behind the esophagus to reach
its left side. Right vagus nerve descends along the right side
of the trachea, then passes behind the root of right lung, and
reaches the posterior side of esophagus (as shown in Figures
10 and 11).

4. Discussion
4.1. Significance of CVH Male Data Set. Since visible threedimensional reconstruction is based on two-dimensional
images, the quality of original data provided by two-dimensional images is correlated to the fidelity of the reconstructed
three-dimensional images. This CVH-1 data set can represent
normal Asia-population thoracic anatomy and was more
representative than the American VHP data set in terms of
anatomical structures [12, 13]. Since most of structures in
thorax are parenchyma, it is difficult to set up an archetypal
male thorax model through CT, MRI, and ultrasound. However, on the high-resolution CVH 2D cross-sections, normal
structures of the pericardium, bronchia, thymus, nervous
tissue, and so forth can be displayed distinctly. Moreover,
through artery perfusion with 20% red gelatin and the body
frozen at −25∘ C, the CVH male project achieved greater
integrity of images and easier blood vessel identification and
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Figure 8: Three-dimensional model of left lung and its corresponding bronchial tree, pulmonary artery, and pulmonary vein (left
aspect). (1) Superior lobe of left lung, (2) inferior lobe of left lung, (3)
apicoposterior segmental bronchus (BI + BII) and its corresponding
branch of pulmonary artery and vein (left lung), (4) anterior segmental bronchus (BIII) and its corresponding branch of pulmonary
artery and vein (left lung), (5) superior lingular bronchus (BIV) and
its corresponding branch of pulmonary artery and vein (left lung),
(6) inferior lingular bronchus (BV) and its corresponding branch of
pulmonary artery and vein (left lung), (7) anterior basal segmental
bronchus (BVIII) and its corresponding branch of pulmonary artery
and vein (left lung), (8) lateral basal segmental bronchus (BIX) and
its corresponding branch of pulmonary artery and vein (left lung),
(9) posterior basal segmental bronchus (BX) and its corresponding
branch of pulmonary artery and vein (left lung), (10) oblique fissure,
and (11) superior segmental bronchus (BVI) and its corresponding
branch of pulmonary artery and vein (left lung).

Figure 10: Three-dimensional model of mediastinal organs (right
aspect). (1) Heart, (2) diaphragm, (3) sternum, (4) thoracic vertebrae, (5) thoracic aorta, (6) thoracic duct, (7) esophagus, (8) inferior
vena cava, (9) superior vena cava, (10) pulmonary artery, (11) sympathetic trunk, (12) right vagus nerve, (13) phrenic nerve, (14) right
lung, (15) thymus, (16) trachea, (17) azygos vein, (18) posterior intercostal vein, and (19) posterior intercostal artery.
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Figure 9: Three-dimensional model of mediastinal organs (left
aspect). (1) Sternum, (2) thoracic vertebrae, (3) trachea, (4) heart,
(5) aorta, (6) pulmonary artery, (7) diaphragm, (8) phrenic nerve,
(9) vagus nerve, (10) left lung, (11) sympathetic trunk, (12) left auricle
of the heart, (13) arterial ligament, (14) thoracic duct, (15) esophagus,
(16) superior vena cava, (17) parasternal lymph nodes, (18) thymus,
(19) accessory hemiazygos vein, (20) posterior intercostal artery, (21)
posterior intercostal vein, and (22) hemiazygos vein.

were free of organic lesion (unlike the other visible human
projects).
4.2. Three-Dimensional Reconstruction of Thorax. After registered and segmented with Photoshop 7.0 software, the
sectional images of the data set of anatomical structures in
thorax were 3D reconstructed via surface rendering based
on marching cubes algorithm and volume rendering with
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Figure 11: Three-dimensional model of mediastinal organs (posterior aspect). (1) Thoracic aorta, (2) esophagus, (3) thoracic duct,
(4) sympathetic trunk, (5) ganglia of sympathetic trunk, (6) heart,
(7) inferior vena cava, (8) diaphragm, (9) trachea, (10) left superior
lobar bronchus, (11) left inferior lobar bronchus, (12) left lung, (13)
right superior lobar bronchus, (14) right middle lobar bronchus and
its corresponding ramus of pulmonary artery and vein, (15) right
inferior lobar bronchus, (16) right lung, (17) posterior intercostal
artery, (18) posterior intercostal vein, (19) azygos vein, (20) hemiazygos vein, and (21) accessory hemiazygos vein.

Amira software. With surface rendering, structures can be
freely visualized and displayed in three-dimensional space on
personal computer partially or as a whole or with some of the
structures being transparent. Surface rendering reconstruction needs only organic contour data, so it can save much
disc space and can run faster than volume reconstruction.
Using voxel as the basic modeling unit, volume rendering can
show the rich internal details of object, which has become the
preferred method of 3D medical visualization.
Volume rendering reconstruction can preserve the information of the original images and overcome the defects of the
surface rendering (lacking internal anatomical information).
The image of the volume rendering is of high quality, but
the quantity of operation is too much and the computation
cost of visualization is very high.

6
Combining surface rendering and volume rendering
reconstruction, thoracic structures can be displayed clearly
and truly. Comparing with surface rendering reconstruction
or volume rendering reconstruction solely, this method can
overcome above defects.
4.3. Significance of Establishment of Human Thorax Models.
Many scientists 3D reconstructed tracheal tree, pulmonary
artery, and pulmonary tree using CTA\MRA images [14–18],
while there is still no study reporting reconstruct of mediastinal parenchyma such as thymus, thoracic duct, lymph
nodes, zygos vein, phrenic nerve, vagus nerve, and sympathetic nerve. Our 3D thorax model can provide detailed 3D
reconstructed model of lung and mediastinal structures.
To familiarize and master the anatomy of lung and
mediastinum and their relationship is critical to improve thoracic and cardiovascular surgical techniques and to increase
the success rate of thoracic surgery. Mediastinum contains
so many important structures such as heart, aorta and its
ramus, azygos vein, superior vena cava, inferior vena cava,
thymus, esophagus, diaphragm, phrenic nerve, vagus nerve,
and sympathetic trunk, and the relationship of the thoracic
structures is difficult and it is hard to touch. Prior to a thoracic
surgery, combing with pathological information, surgeon can
know the size and location of the thoracic lesion and its spatial
relations to its surrounding structures, so as to design an
individualized surgical plan. Otherwise, the accuracy of the
plan of a thoracic surgery will be decreased greatly and it
may lead to pneumothorax, hematorrhea, nerve, or thoracic
duct injury. This three-dimensional reconstructed model of
thoracic structures combining surface rendering with volume
rendering can provide detailed and average information of
Asian thorax. It can cut from any angle or any direction and
display any sectional image including orthoslice and oblique
slice.
Traditional anatomical study of thorax includes cadaver
dissection and reading two-dimensional sectional images
such as X-ray, CT, MRI, and anatomical atlas. In cadaver
dissection, the anatomical structures and situation of some
slim vessels and nerves in thorax are liable to be destroyed;
moreover donated cadavers used in anatomical practice are
scarce and limited. Two-dimensional images such as Xray, CT, MRI, and anatomical atlas cannot 3D display the
anatomical structures in the thorax, so medical students
need more time to understand the anatomy of thorax. This
3D reconstructed anatomical model of thorax can provide
detailed and integrated 3D anatomy in thorax for medical
students learning gross anatomy and sectional anatomy [1, 2].
Detailed 3D anatomy may be observed from any direction or
any angle. Medical students can dissect virtual thorax freely at
any cut plane and can make any 3D reconstructed structures
transparent, so it is helpful to observe its internal structure in
a personal computer.
4.4. VR of Thorax. Virtual reality (VR) surgical simulation increasingly appears to be a promising aspect of the
clinical anatomical education. The 3D reconstructed model
of thoracic structures is a framework for simulating thoracic operation, thoracic radiotherapy, thoracoscopy and
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mediastinoscopy operation, and thoracic surgery rehearsal
[19]. Junior surgeon can manipulate VR program of thorax to deeply master the detailed anatomy of thorax and
thoracic surgical basic skills. For example, thoracoscopy
and mediastinoscopy can be facilitated greatly by preclinical
operation training by using a model-based simulation. In
radical lobectomy or mediastinal tumour dissection, tumors
should be identified and dissected, and adjacent normal
structures are important and needed and should be carefully
protected to some extent. Thoracic surgery rehearsal model
based on this 3D reconstructed model will help thoracic and
cardiovascular rehearse operation in virtual thorax, which is
helpful to maximal tumor tissue dissection and to minimize
operational trauma [20].
4.5. Some Problems. The 3D reconstructed models based on
CVH data set can provide detailed thoracic anatomy and have
a broad range of potential applications for modern medical
diagnosis and therapy for thoracic diseases [21]. Nevertheless,
lung and heart have their own movements, and the 3D
geometric anatomic shapes are only initialized basement of
constructing dynamic model of thorax and virtual reality. A
huge amount of work still has to be done. The ultimate goal
of our study is to produce a virtual dynamic photorealistic
human model which has physical and even physiological
function.
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Advances in computer vision have substantially improved our ability to analyze the structure and mechanics of the heart. In
comparison, our ability to observe and analyze cardiac electrical activities is much limited. The progress to computationally
reconstruct cardiac current sources from noninvasive voltage data sensed on the body surface has been hindered by the ill-posedness
and the lack of a unique solution of the reconstruction problem. Common L2- and L1-norm regularizations tend to produce a
solution that is either too diffused or too scattered to reflect the complex spatial structure of current source distribution in the heart.
In this work, we propose a general regularization with Lp-norm (1 < 𝑝 < 2) constraint to bridge the gap and balance between an
overly smeared and overly focal solution in cardiac source reconstruction. In a set of phantom experiments, we demonstrate the
superiority of the proposed Lp-norm method over its L1 and L2 counterparts in imaging cardiac current sources with increasing
extents. Through computer-simulated and real-data experiments, we further demonstrate the feasibility of the proposed method in
imaging the complex structure of excitation wavefront, as well as current sources distributed along the postinfarction scar border.
This ability to preserve the spatial structure of source distribution is important for revealing the potential disruption to the normal
heart excitation.

1. Introduction
Advances in medical imaging modalities have led to an explosion in the quantity and quality of cardiac data available for
analysis. Together with the progress in computer vision, there
has been a substantial improvement in our ability to assess
the structure [1], the kinematics (such as the deformation)
[2], and the mechanics (such as the strain distribution) [3] of
the heart. Nevertheless, the heart is an electromechanically
coupled organ. An efficient contraction of the heart must be
preceded by a coordinated electrical current flow throughout
the heart muscle. Otherwise a disrupted current flow will
directly compromise the ability of the heart to contract and
pump effectively. Unfortunately, there is a considerable inadequacy in our ability to observe and analyze the electrical
activity and property of the heart.
Electrical currents in the heart, similar to those in the
brain, work as bioelectric sources to produce bioelectromagnetic fields that can be sensed as small voltages in the volume
conductor of the torso. This voltage change over time is
measured on the body surface as electrocardiogram (ECG),

similar to the electroencephalogram (EEG) measured for the
brain. Biophysical models of this bioelectrical field can be
derived from the quasistatic electromagnetism [4] where, at
any time instant, the 𝑚-dimensional ECG measurements b
are described as linear combination of the 𝑛-dimensional
spatial distribution of current source k: b = Hk. Note that the
biophysical model between the current sources in the brain
and the EEG signals can be derived from the same physical
principle but on a different anatomical region (heart-torso
versus brain-skull).
Because there is a lack of experimental techniques to
physically measure cardiac electrical signals k deep into the
thickness of the myocardium, many computational strategies
are developed which, analogous to computed tomography,
aim to computationally reconstruct the three-dimensionally
distributed, time-varying bioelectrical currents by solving
the inverse problem on b = Hk, using noninvasive signals
b collected at different body-surface locations. However,
solving this computational inverse problem is afflicted with
two sources of challenges. First, this problem is ill-posed
and underdetermined because of the limited number of field
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measurements compared to the large degree of freedom in
the unknowns (the possible location of current sources).
Errors in the measurement data or the anatomical modeling
(reflected in H) could highly affect the stability of the solution. Second, even with virtually continuous measurements
on the surface, this problem still suffers from the lack of a
unique solution as determined by the underlying biophysics:
different configurations of 3D source distributions may produce the same field measurements on the external surface
[4]. Therefore, if the solution is sought transmurally, this
inverse problem is intrinsically ill-posed without a unique
solution in its most unconstrained form. Proper assumptions
of the solutions must be made in order to guarantee a unique
solution.
Even though the inverse problem of source reconstruction in the heart (using ECG) and in the brain (using EEG)
essentially deals with the same physics problem, developments in the two fields have seen substantial difference
in progress. In the latter, numerous approaches have been
developed to estimate three-dimensionally distributed current sources [5–7]. In the former, on the contrary, the most
commonly used approach is to restrain the solution on
the epicardium [8] and/or endocardium [9], sacrificing the
information into the depth of the myocardium in exchange
for a unique solution. There are few successes in imaging the
cardiac electrical sources deep into the myocardium, which
often involve complex, physiological prior knowledge from
computational electrical propagation models of the heart
[11, 27]. The question is: if the two inverse problems are essentially founded on the same physics, what is the obstacle that
hinders the progress of cardiac source reconstruction towards
a volumetric solution? We hypothesize that this is, at least in
part, caused by the unique spatial property of cardiac current
sources. Neural current sources are often focal and compact,
and the research focus is to find out which regions in the
brain are activated at any given condition. For this purpose,
the widely used minimum norm solution (minimum 𝐿2norm) [5] was proved to be feasible to provide a solution with
minimum overall energy that fits the measured EEG data.
Though the solutions are often overly diffused/smoothed,
the maximum magnitude in the solution still suffices to
approximate the source location. Later, sparse methods such
as minimum 𝐿1-norm [7] and 𝑝-norm (𝑝 ≤ 1, realized
through recursive weighting scheme) [6] were proposed to
obtain sparse solutions that can more accurately pinpoint the
location of focal sources.
In comparison, cardiac current source starts from a few
focal sites but then propagates throughout the atrial and ventricular myocardium during the cardiac cycle. As a result, the
structure of cardiac current sources undergoes a much more
complex spatiotemporal change during the cardiac excitation, as illustrated by the two examples given in Figure 1. In
a normal depolarization phase of the cardiac excitation, the
current sources form an excitation wavefront between depolarized and resting cells (Figure 1(a)). After all the cells are
depolarized, the heart goes through a stage without current
flow (ST-segment in an ECG cycle). Afterwards, the repolarization phase starts and a similar repolarization wavefront
can be observed to flow throughout the myocardium. In a
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Figure 1: Illustration of the spatial structure of ventricular current
sources during a healthy (a) or pathological (b) cardiac cycle.

diseased heart with an infarct, this normal excitation process
will be disrupted. For example, during the ST-segment, there
will be a voltage difference between healthy myocardium
and the center of the infarct, and active current sources
will be concentrated along the scar border (Figure 1(b)).
This time-varying spatial structure of the current source is
important because it reveals the potential disruption to a
normal excitation of the heart.
This unique spatial property of cardiac current sources
decides that 𝐿2 or 𝐿1 regularization will produce a solution
that is either too smeared or too focal to reveal the underlying
source distribution, even though they have been successful
with a similar inverse problem in the brain. Based on this
observation, we propose a general regularization with 𝐿𝑝norm (1 < 𝑝 < 2) constraint to cardiac source reconstruction. Balancing between a smeared and a focal solution,
𝐿𝑝-norm constraint bridges the gap between 𝐿1- and 𝐿2norm regularizations. The nonlinear 𝐿𝑝-norm regularization
is solved after being cast to second-order cone programming
(SOCP) problem. In a set of phantom experiments, the
proposed method is shown to outperform its 𝐿1 and 𝐿2
counterparts in imaging cardiac current sources with increasing extents. We further demonstrate the feasibility of the
proposed method in imaging the complex structure of excitation wavefront during a normal propagation (Figure 1(a)),
as well as that of the scar border during a ST-segment in an
infarcted heart (Figure 1(b)). An initial real-data experiment
also attests to its feasibility in detecting scar border in a
postinfarction human subject.
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2. Related Works
As mentioned earlier, the quasi-static electromagnetism governs the relation between cardiac current sources and bodysurface voltage measurements. Employing proper numerical
methods such as mesh-free and boundary element methods,
this relationship can be rendered to b = Hk, where H
is built on a subject-specific heart-torso model in ECG
source localization problem. To overcome the ill-posedness
of the inverse problems on these bioelectric fields, proper
regularization needs to be employed:
min
‖b − Hk‖22 + 𝜆𝐶 (k) ,
k

(1)

where the first term in the objective function describes the
least square minimization of data-fitting error (data fidelity
term) and the second term defines the regularization constraint. 𝜆 is the regularization parameter that controls the
trade-off between fitting to the data and comforting to the
constraint.
2.1. 𝐿2 Regularization: Smooth Constraints. The most common constraint used in (1) is 𝐿2 or weighted-𝐿2 norm to
enforce the smoothness of the source distribution: 𝐶(k) =
‖Fk‖22 , where F is usually defined as identity matrix, gradient
operator, and Laplace operator for 0-order, 1-order, and 2order regularization, respectively. In 𝐿2-norm regularization,
regularization parameter 𝜆 is typically determined using the
generalized cross-validation, the discrepancy principle, and
the L-curve method [12].
The mainstream approaches, addressing the inverse problem of ECG source localization on the heart surfaces, are
mainly based on 𝐿2-norm regularization using different
spatial and/or temporal constraints. These methods include
Tikhonov regularization method [8], least squares QR
(LSQR) [13], truncated total least square (TTLS) [14], Kalman
filter [15], generalized minimal residual [16], and level-set
[17] and statistical approaches [18]. Although incorporating
the 𝐿2-norm-based constraint handles the ill-posedness of
this inverse problem and provides stability in the presence
of noise, it ultimately diffuses the source reconstruction
solution. The smoothing nature of 𝐿2 regularization makes
it infeasible to trace the complex spatial distribution of the
cardiac current sources using the region with maximum
energy (as shown in Section 4.2).
𝐿2-norm-based regularization was later extended to a 3D
setting in order to image volumetric current sources in the
heart [19, 20]. Employing a weighted 𝐿2-norm regularization
on the intramural solution, these methods successfully estimate the active sources during the initiation sites and activation sequence [19] and the ST segment of an ECG cycle [20].
Because of the simplicity of the constraint, these methods
can only be utilized to recover the source activity during one
stable period of cardiac excitation cycle where the source
distribution does not go through notable temporal changes.
To consider the complete temporal changes of the cardiac
sources in a complete excitation cycle, more complex prior
knowledge in terms of 3D intramural electrical excitation
model of the heart was included in [11, 27]. 𝐿2 penalty is

then used to enforce the solution to be close to that predicted
by the computer model. While being able to reconstruct
the complete spatiotemporal changes of the current sources,
this type of approaches is influenced by the prior knowledge
produced by the excitation model; furthermore, due to
the 𝐿2-norm penalty, the solution only renders patternwise
qualitative accuracy but loses quantitative accuracy in the
distribution of 3D current sources [21].
2.2. 𝐿1 Regularization: Sparse Methods. The most popular
approach to circumvent the smoothing effect of 𝐿2-norm
constraint is to employ 𝐿1-norm penalty during regularization [22] 𝐶(k) = ‖Fk‖1 , where F is defined similar to that
in the 𝐿2-norm constraint. For this type of approaches, there
is no established methods to objectively set the value of the
regularization parameter 𝜆, and common practice resorts to
empirical methods depending on the dataset.
As explained earlier (Figure 1), cardiac current sources
are often localized, but not focal, during the course of a
cardiac cycle. Therefore, sparse methods are rarely considered
in the ECG inverse problem. Recently, 𝐿1 regularization was
introduced for the first time to improve the sharp features of
the source reconstruction on the epicardium [23, 24]. While
it has been shown to numerically improve the resolution
of the solution, it is unknown if the sparsity assumption is
tied to the physiological property of the epicardial equivalent
source models. In another work, 𝐿1-norm was extended to
the data term in order to improve the solution in terms of
outliers [25]. Most recently, we developed and demonstrated
the efficacy of a 𝐿𝑝 regularization (𝑝 ≤ 1) based on recursive
weighting scheme to successfully pinpoint the focal sources
in the beginning of an electrical propagation cycle [26].
However, as explained earlier, such focal sparsity of cardiac
current sources is quickly lost as the current flows throughout
the heart muscle, and the same sparse method is no longer
applied. The regularization method that imposes sparsity at
the early stage of electrical excitation, therefore, must be able
to adapt to this change of spatial property of the current
sources for the rest of the cardiac cycle.

3. Methodology
Based on the quasi-static electromagnetism [4], the potential
distribution within torso volume conductor is produced by
the cardiac current sources according to
𝜎blk ∇2 𝜙𝑒 (r) = ∇ ⋅ (−Dint V (r)) ,
𝜎∇2 𝜙 (r) = 0,

∀r ∈ Ωℎ ,

∀r ∈ Ω𝑡/ℎ ,

(2)
(3)

where the Poisson equation (2) describes, on a bidomain
heart model, how the extracellular potential 𝜙𝑒 within the
heart volume Ωℎ originates from the current sources V modulated by the anisotropic intracellular conductivity tensor
Dint . 𝜎blk is the bulk conductivity assumed to be isotropic.
The Laplace equation (3) describes, on the monodomain
torso model, how the potential 𝜙 distributes within the torso
volume Ω𝑡/ℎ external to the heart with conductivity 𝜎.
We have previously shown that, using mesh-free and
boundary element methods, we can numerically solve (2) and
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(a)

(b)

Figure 2: (a) Mesh-free nodes (black points) that represent the 3D myocardium. (b) Coupled heart-torso model.

(3) on a given heart-torso model of a subject (Figure 2) and
obtain a linear relationship between ECG measurements (b)
and the current sources (k): b = Hk [10].
3.1. 𝐿𝑝-Norm Regularization. As mentioned earlier, reconstructing 3D current sources from ECG data is a highly illposed inverse problem with nonunique solutions in its most
unconstrained form. However, complex spatial distribution
of cardiac current sources conflicts with a focal 𝐿1 or smooth
𝐿2 constraint. To estimate the special structure of current
sources, we apply 𝐿𝑝-norm regularization:
min
‖b −
k

Hk‖22

+ 𝜆‖k‖𝑝 ,
𝑛

𝑝

V𝑗𝑟 ⩽ 𝑢𝑗𝑠 𝑡𝑟−𝑠 ,

𝑢𝑗 ⩾ 0,
𝑛

𝑡 ⩾ ∑ 𝑢𝑗 .

𝑗 = 1, . . . , 𝑛
(6)

𝑗=1

1 < 𝑝 < 2,
1/𝑝

‖k‖𝑝 = (∑[V𝑖 ] )

(4)
,

𝑖=1

where 𝑛 is the dimension of k, that is, the number of meshfree nodes used to represent the ventricular myocardium.
𝐿𝑝-norm penalty term promotes different forms of structural sparsity as often observed in the heart. It offers the
potential to outperform sparse 𝐿1-norm and diffused 𝐿2norm for localizing sources with different extents/sizes.
3.2. p-Order Cones and Second-Order Cones Programming.
Solving this 𝐿𝑝-norm regularization is not possible using
linear or quadratic programming. Here we adopt SOCP
that allows minimization of linear objective functions with
quadratic cone constraints based on interior point methods. Furthermore, it provides flexibility to incorporate an
arbitrary number of constraints while providing an efficient
solution. To do so, we need to first reformulate our inverse
problem (4) into a 𝑝-order cone programming (p-OCP) problem, which can be obtained by introducing two intermediate
variables 𝜉, 𝜂 into the objective function:
min 𝜉 + 𝜆𝜂
𝜉,𝜂

s.t. ‖b − Hk‖22 ⩽ 𝜉
‖k‖𝑝 ⩽ 𝜂.

Assuming 𝑝 as a positive rational number (𝑝 = 𝑟/𝑠),
this p-OCP problem can then be transformed into a set of
linear inequalities and 3D SOC constraints and be handled
by SOCP methods [28]. In this way, the conic constraint
𝑝
(V1 + ⋅ ⋅ ⋅ + V𝑛𝑝 )1/𝑝 ⩽ 𝜂 is equivalent to

(5)

Each constraint is then represented by a sequence of
3D rotated SOC constraints that can be expressed with
inequalities of the form 𝑧2 ⩽ 𝑥𝑦.

4. Results
4.1. Imaging Current Sources with Various Extents. First, we
consider synthetic experiments on a heart-torso model derived from a human subject as shown in Figure 2. The torso
surface is represented by triangulated elements with 370
vertices. The ventricular myocardium is represented by total
1019 nodes distributed in a cubic grid with 7 mm intergrid
distance and confined by the ventricular surface.
In the first set of experiments, we investigate the performance of 𝐿𝑝-norm regularization in localizing current
sources with different sizes. In total, 44 settings are studied,
considering a region of active current sources sized from 1%
to 45% of the left ventricle. These sources form a region with
structural sparsity located randomly inside the ventricular
myocardium. The nodes lying within the region of active
sources are assigned with values 1, while the rest of the
ventricular nodes are set to be 0. For each setting, the
corresponding ECG measurements are simulated on the 370
vertices on the body surface and are corrupted with white
Gaussian noise before being input to the 𝐿𝑝-norm method to
reconstruct the region of active current sources. The accuracy
of 3D source estimation is evaluated using the source overlap
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Figure 3: Source estimation using 𝐿𝑝-norm regularization for 1 ≤ 𝑝 ≤ 2. (a) 58 active sources are located at left ventricle mid-anterior. (b)
127 active sources are located close to the right ventricle apex. Increasing the 𝑝 value increases the source extent such that 𝐿1-norm obtains
too scattered source distribution while 𝐿2-norm provides overly diffused solution. Current magnitudes are normalized to 1.

(SO) defined as the intersection divided by the union between
the estimated and the true region of current sources:
simulated sources ∩ estimated sources
(7)
.
simulated sources ∪ estimated sources
Setting 𝑝 value to 1 and 2, we also perform 𝐿1- and 𝐿2norm estimation of the 3D current source distribution and
compare the results with the proposed 𝐿𝑝-norm method.
SO =

4.1.1. Values of 𝑝 versus Source Extents. For every
source setting, 𝐿𝑝-norm estimation is obtained using
𝑝 ∈ {1.1, 1.3, 1.5, 1.7, 1.9} and is compared to that obtained
by 𝐿1 and 𝐿2 solutions. 30 dB noise is considered.
Figure 3(a) shows an example of source estimation using
𝐿𝑝-norm regularization for 1 ≤ 𝑝 ≤ 2, where the active region
is located at mid-inferior of the left ventricle. The 𝐿1-norm
estimation of active sources results in a very sparse source
reconstruction (SO = 0.05) scattered in the true region of
active sources, and nearly no active sources were detected
close to the endocardium. Increasing the 𝑝 value for the 𝐿𝑝norm regularization, the detected source extent increases. At
𝑝 = 1.3, we obtain an accurate estimation of source extent
(SO = 0.38), which is located very close to the true region
of active sources. As 𝑝 continues to increase, the estimated
source region becomes more extended but still has a relatively
compact center. There is a sudden change of pattern in
the solution when 𝑝 equals 2, where the estimated source
region (𝐿2 solution) becomes very diffused (SO = 0.22).
Another example is presented in Figure 3(b), where the active
current sources are located close to the right ventricle apex.
Similar pattern can be observed in the source estimation by
increasing the 𝑝 value from 1 to 2.
Figure 4(a) summarizes the mean SO (vertical axis) between the true and estimated source regions obtained using

𝐿𝑝-norm regularization, as 𝑝 increases from 1 to 2 (horizontal
axis 1) and as the size of active region increases (horizontal
axis 2). As shown, for source regions of all sizes, similar trend
of SO change can be observed as 𝑝 increases from 1 to 2 in
the 𝐿𝑝-norm regularization: the sparse solution produced by
𝐿1-norm regularization, though produces low false-positives,
also has a high underestimation (low numerator in the
calculation of the OS) and therefore a low value of OS.
On the other extreme, the smeared solution of 𝐿2-norm
regularization, though is able to detect the majority of the
true active sources, tends to have a high overestimation (high
denominator in the calculation of the OS) and thus leads
to again a low OS value. Therefore, for source region of all
sizes (as the 3 examples shown in Figures 4(b)–4(d)), we
can observe an increase followed by a decrease of the OS
value when 𝑝 increases from 1 to 2, with the maximum OS
obtained when 1.5 ≤ 𝑝 ≤ 1.6. Such benefits of the 𝐿𝑝norm regularization with 1 < 𝑝 < 2 are particularly evident
when the source region is of medium size (≤30% of the left
ventricle).
4.1.2. Noise Effect on 𝐿𝑝-Norm Source Estimation. Next, we
investigate the performance of our proposed 𝐿𝑝-norm regularization in presence of noise with different SNR levels (50–
20 dB), using 𝑝 = 1.5 as an example. Here we consider a
region of size 1–52% of the left ventricle. As shown in Figure 5,
increasing the noise level leads to minor decreasing of the
OS value, and the trend of change is similar for sources of
all sizes. The mean SO calculated for different source extents
in presence of 50 dB noise is 0.35 and starts to decrease
to 0.28, 0.25, and 0.2 as the SNR decreases to 40, 30, and
20, respectively. Again, the advantage of 𝐿𝑝 regularization is
more evident when the source is of medium size (∼30% of
LV).
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Figure 4: (a) Source overlap (SO, vertical axis) obtained by 𝐿𝑝-norm reconstruction (1 ≤ 𝑝 ≤ 2, horizontal axis 1) for active sources with
different extents (ranging from 1 to more than 80 active sources in the region, horizontal axis 2). (b)–(d) Examples of SO mean and standard
deviation obtained by 𝐿𝑝-norm reconstruction (1 ≤ 𝑝 ≤ 2) for a region of (b) 1–10, (c) 20–30, and (d) 40–50 active sources.
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4.2. Computer-Simulated Electrical Activity. As explained
earlier, one critical feature of cardiac current sources that
differs from neural current sources is the complex spatial
structure they exhibit during the cardiac cycle of electrical
propagation, which is likely to be the cause of the difficulty
of using 𝐿1 or 𝐿2 regularization for faithful reconstruction.
In this set of experiments, we increase the complexity of the
experimental settings and consider realistic structures of current sources, which are generated by computer simulations
of the spatiotemporal propagation of electrical waves in the
ventricles.

0.1

Figure 5: Source overlap (SO, vertical axis) obtained by 𝐿𝑝-norm
reconstruction (𝑝 = 1.5) for active sources with different extents
(horizontal axis 1) in presence of white Gaussian noise with different
SNR levels (horizontal axis 2).

4.2.1. Imaging Excitation Wavefront. First, we consider the
ability of the proposed 𝐿𝑝-norm regularization in reconstructing the complex structure of excitation wavefront.
Figure 6(a) shows an example of an excitation wavefront
during a normal propagation in a healthy ventricle at 33 ms
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Figure 6: Excitation wavefront estimation using 𝐿𝑝-norm regularization versus 𝐿1- and 𝐿2-norm counterparts.
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Figure 7: Estimation of current sources localized along the scar border using 𝐿𝑝-norm regularization versus 𝐿1- and 𝐿2-norm counterparts.

after the onset of ventricular excitation. Similar to our earlier
observations, the 𝐿1 reconstruction produces scattered solution where the spatial structure of the excitation wavefront
is lost (Figure 6(b)). The 𝐿2 reconstruction, on the other
extreme, produces a blurred region of activation where the
structure of excitation wavefront is smeared (Figure 6(d)). In
comparison, the 𝐿𝑝 reconstruction (𝑝 = 1.5) better preserves
the excitation wavefront (Figure 6(c)). Quantitatively, the 𝐿𝑝
regularization obtains OS = 0.26, while the 𝐿1 solution
provides OS = 0.07, and the 𝐿2 solution produces OS = 0.23.
The ability to properly capture the spatial structure of the
excitation wavefront, with a solution neither too scattered
nor too diffused, is important because tracing the excitation
wavefront can reveal the existence and location of obstacles
that disrupt the normal propagation of electrical waves.
4.2.2. Imaging Source Localization along the Scar Border.
Second, we examine the feasibility of the proposed method in
estimating the current source activity along the scar border
in an infarcted heart. As explained earlier, during the STsegment of an ECG cycle, there is no current flow in a healthy
heart. In an infarcted heart, in comparison, only the viable
myocardium would exhibit coherent high voltage, while the
necrotic tissue in the scar core will exhibit low voltage. These
two regions will be separated by the scar border where the
active current sources are localized.
Figure 7 shows an example of current source distributed
along the border of an infarct that extends from basal to

mid-anterior and anterolateral LV. 𝐿𝑝 regularization (𝑝 =
1.5) detects an active sources region consistent with the
true scar border, reporting an SO = 0.35. In comparison,
the 𝐿1 regularization produces a scattered solution (SO =
0.08) and the 𝐿2 regularization produces a diffused solution
(SO = 0.26), neither of which is able to capture the structure topology of the current sources along the scar border.
This ability of the proposed 𝐿𝑝 reconstruction to faithfully
reconstruct the current sources distributed along the scar
border is of great importance because the scar border is
known as the common site for triggered electrical activity
and reentrant circuits that can initiate and maintain lifethreatening ventricular arrhythmias.
4.3. Real-Data Experiments: Imaging Scar Border for a Postinfarction Patient. Because of the important therapeutic value
of scar border, and the promising results obtained from our
initial synthetic experiments, we continue to conduct an
initial real-data experiment on a real post-infarction human
subject to assess the feasibility of the proposed 𝐿𝑝-norm
method in detecting current sources along the scar border.
Experimental data were collected from a patient with
prior myocardial infarction and made available to this study
by 2007 PhysioNet/Computers in Cardiology Challenges [29].
MRI scan of the patient has 8 mm interslice spacing and
1.33 mm/pixel in-plane resolution. Body surface ECG maps
were recorded by Dalhousie University standards [30] at 123
known anatomical sites and interpolated to 370 nodes of the

8

Computational and Mathematical Methods in Medicine

Min

Max
(a) 𝐿1-norm

Min

Max
(b) 𝐿1.5-norm

Min

Max
(c) 𝐿2-norm

Figure 8: Estimation of current sources localized along the scar border using 𝐿𝑝, 𝐿1- and 𝐿2-norm regularizations for a post-infarction
human subject.

Dalhousie torso model; each BSP recording consists of a single
averaged PQRST complex sampled at 2 kHz. Gold standards
of the scar were provided by cardiologists who examined the
late Gadolinium enhanced (LGE) MR scans of the patient,
and were provided in terms of the location and size of the scar
with regard to the 17-segment division of the LV according
to AHA standards [31]. Specifically, according to the gold
standard, the scar center is located at segments 10 and 11,
between mid-inferior and mid-inferolateral of the subject’s
left ventricle (highlighted with black contour in Figure 8).
ECG data collected at the 192 ms during the ST-segment
are selected as the input data. As shown in Figure 8(a), the 𝐿1
regularization results in a very sparse solution scattered far
from the infarct center. Regions of current sources provided
by 𝐿2 regularization (Figure 8(c)) are diffused and cover the
scar center; that is, the structure of the scar border cannot be
discerned by the reconstruction. The proposed 𝐿𝑝 solution
(𝑝 = 1.5) (Figure 8(b)) provides a more accurate estimation
of the current sources, which can be seen to distribute around
the center of the scar.

5. Discussions and Conclusions
The inverse problem of cardiac source reconstruction is notoriously ill-posed without a unique solution. Progress towards
volumetric cardiac source reconstruction is further hindered
by the complex structure of current source distribution in
the heart because of which the common 𝐿1- and 𝐿2-norm
constraints are no longer proper because they make an
assumption that is either too focal or too smooth regarding
the source distribution.
Our experiments’ results on localization of current source
activity (Section 4.1.1) show that 𝐿1-norm constraint only
works well in recovering focal sources. As a result, it can be
employed in the applications where the target source is sparse
and focal such as detecting the pacing sites as described in
[23–25]. Increasing the size of active source region decreases
the performance of 𝐿1-norm such that the detected sources

are too sparse to provide any information about the structure
of source region. These extended source regions occur, for
example, as activation and repolarization wavefronts during
depolarization and repolarization stages of a cardiac cycle, as
shown in Figure 1. In comparison, 𝐿2-norm regularization
provides better approximation of extended source regions
while it provides an overly smeared estimation of focal and
compact source regions. Because of 𝐿2-norm smoothing
effect, it fails to distinguish multiple proximal active current
sources.
We proposed a general 𝐿𝑝-norm regularization to bridge
the gap between the scattered and smeared solutions of 𝐿1
and 𝐿2 regularizations and show its potential in imaging
cardiac current source distributions that are of important
therapeutic information, such as the excitation wavefront,
and the source distribution along the myocardial scar border
in an infarcted heart. 𝐿𝑝-norm provides a solution that
better reflects different spatial properties of cardiac current
sources. Our results show its better performance in detecting
current sources with different extents compared to 𝐿1- and
𝐿2-norms.
It should be noted that our work focuses on estimation
of volumetric current sources whose spatial and temporal
properties are different from those of an equivalent source
model such as the potential distribution on the epicardium
[23–25]; while the spatiotemporal dynamics and properties
of volumetric current sources (true cardiac sources) are well
known and can be well deduced from our knowledge of
the physiology of cardiac excitation [32], the spatiotemporal
physiological property of epicardial potential as an equivalent
source model is not clear. Therefore, the conclusion drawn
for one source model regarding which types of regularization
would achieve the best performance cannot be directly
extended to the other. In addition, in this work the accuracy
of source localization is presented in terms of source overlap
compared to other surface-based approaches that use relative
error and correlation coefficient as accuracy measures [23–
25].
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At the current stage, the 𝐿𝑝-norm reconstruction is
separately performed at each time instant of the measured
ECG data. Therefore, temporal information of the electrical
current flow in the heart is not taken into account. Because
the current flow follows a diffusion process, temporal relation between consecutive time instants has the potential to
improve the stability and accuracy of the reconstruction and
will be studied in the next step of this research.
It is also observed that, when 𝑝 increases from 1 to 2, the
accuracy of source reconstruction increases then decreases.
Our experimental results show that the optimal solutions are
obtained at 𝑝 = 1.5–1.6 for sources with different sizes, though
a larger 𝑝 is often needed as the size of the source increases
(Figure 4). In this feasibility study, 𝑝 = 1.5 is considered for
the computer-simulated and real-data experiments. Because
it is not possible to foresee the size of the source before the
reconstruction, in the future we will investigate the possibility
to simultaneously estimate the value of 𝑝 during the 𝐿𝑝-norm
regularization, where the optimal value of 𝑝 can be decided
by the datasets under study.
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Objectives. To establish 3D models of coronary arteries (CA) and study their application in localization of CA segments identified
by Transthoracic Echocardiography (TTE). Methods. Sectional images of the heart collected from the first CVH dataset and
contrast CT data were used to establish 3D models of the CA. Virtual dissection was performed on the 3D models to simulate
the conventional sections of TTE. Then, we used 2D ultrasound, speckle tracking imaging (STI), and 2D ultrasound plus 3D CA
models to diagnose 170 patients and compare the results to coronary angiography (CAG). Results. 3D models of CA distinctly
displayed both 3D structure and 2D sections of CA. This simulated TTE imaging in any plane and showed the CA segments that
corresponded to 17 myocardial segments identified by TTE. The localization accuracy showed a significant difference between 2D
ultrasound and 2D ultrasound plus 3D CA model in the severe stenosis group (𝑃 < 0.05) and in the mild-to-moderate stenosis
group (𝑃 < 0.05). Conclusions. These innovative modeling techniques help clinicians identify the CA segments that correspond
to myocardial segments typically shown in TTE sectional images, thereby increasing the accuracy of the TTE-based diagnosis of
CHD.

1. Introduction
The incidence of coronary heart disease (CHD) has increased
in China. Due to technical advances, transthoracic echocardiography (TTE) and new TTE-based techniques (such
as myocardial contrast echocardiography and myocardial
quantitative analysis) have become important diagnostic and
prognostic modalities in CHD [1]. In contrast to CAG, TTE
indicates myocardial ischemia by identifying abnormal segmental movements of the ventricular wall in CHD patients
and cannot directly display the occluded coronary arteries.
Therefore, the use of TTE is limited in the diagnosis and
assessment of CHD [2, 3]. In addition, TTE has difficulty in
displaying the blood flow in the coronary arteries due to the
complicated paths, narrow lumina, and frequent anatomic
variations of the coronary arteries. In the present study, 3D

visible models of human coronary arteries were established
based on the Chinese visible human (CVH) datasets and
coronary CT images. These models provide 2D and 3D
anatomical bases for the localization of coronary artery
segments that correspond to the 17 myocardial segments
identified by conventional TTE. This work may help directly
identify occluded coronary arteries by using TTE to display
myocardial segmental abnormalities in CHD patients.

2. Materials and Methods
2.1. Acquisition of Heart Slice Images. The CVH datasets
comprised 286 successive sections of the heart from the
first female CVH. The slice thickness was 0.5 mm, and the
image resolution was 3072 × 2048 pixels. The CT datasets

2
comprised 266 CT images of the heart obtained during CAG.
The subjects included 3 men and 2 women without any
heart disease, who were aged 25–48 years and had a medium
body height. The slice thickness was 0.5 mm, and the image
resolution was 512 × 512 pixels.
2.2. 3D Reconstructions of the Coronary Arteries
2.2.1. Data Partitioning. The “magnetic lasso” and the “polygonal lasso” in Photoshop CS2 9.0 were used to permit data
partitioning of the coronary artery imaging data in the CVH
datasets. Then, different gray values were assigned to different
branches of the coronary arteries. These images were saved in
PNG format.
Partitioning tools such as “threshold segmentation,”
“magnetic lasso,” and “semiautomatic identification” in the
Amira 5.2.1 software were used to segment the coronary
arteries in duel source computed tomography angiography
(DSCTA). Then, different branches of the coronary arteries
were labeled. The labels were colored with different RGB
values and saved in AM format.
2.2.2. Reconstruction. The hardware used in our research
included the following equipment: a dual-core CPU with
AMD Hyper Transport TM technology, a 64-bit Windows XP
operating system, a Dual Graphic Quadro FX 4500 graphics
card, 64 MB of video memory, support for OpenGL1.4,
16.0 GB of physical memory, and 4.0 GB of virtual memory.
We also used Amira 5.2.1 software.
A total of 286 layers of CVH partitioning data were
imported into the Amira 5.2.1 software, and the “Channel 1”
mode was selected as the gray value channel. The selected
voxel parameter values were 0.167/0.167/1.0 in the X/Y/Z
directions, respectively, and surface rendering was started by
the software. Color layers were imported into the “color field,”
and volume rendering was completed. Surface rendering and
volume rendering were obtained from the same data and
used the same coordinates, allowing the software to match
them together without errors. The “am” DSCTA datasets
were imported into Amira 5.2.1. We then clicked the “File”
button to choose the correct “am” file, which was renamed,
and completed the surface rendering. All the “am” files were
selected and opened in Amira 5.2.1, and volume rendering
was then completed.
The software could reconstruct 3D models automatically
by right clicking on the surface rendering mode, choosing
“Labeling—Label field,” and clicking the “SurfaceGen” button. Then, “SurfaceView” was clicked to display the models.
Clicking the “OrthoSlice” button displayed three planes in the
xy/xz/yz directions. “Display—ObliqueSlice” was chosen to
control the virtual spin ball and to choose any desired angle
and slice.
2.3. Establishment of 3D Visible Models of the Coronary Arteries. Coronary artery images from the surface and volume
renderings were displayed in combination to establish the 3D
models of the coronary arteries. According to the myocardial
segmentation method stipulated by the American Heart
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Association, virtual dissection was performed using Amira
5.2.1 on the 3D visible models to simulate conventional TTE
sections, including a long-axis view of the left ventricle, a 4chamber apical view, a 2-chamber apical view, and a shortaxis view of the left ventricle (including a short-axis view of
the basal segment, a short-axis view of the left ventricular
papillary muscle, a short-axis view of the apex, and a top view
of the apex).
2.4. Acquisition of Normal Ultrasound Images. Fifteen healthy
medical students underwent TEE using a Philips IE33 color
Doppler scanner with an S5-1 heart probe to obtain conventional sectional images including a long-axis view of the left
ventricle, a four-chamber apical view, a two-chamber apical
view, and a short-axis view of the left ventricle (including a
short-axis view of the basal segment, a short-axis view of the
left ventricular papillary muscle, a short-axis view of the apex,
and a top view of the apex). All images were stored in AVI or
DICOM format on compact discs (CDs).
2.5. Clinical Application
2.5.1. Studying Objects. A total of 170 patients (95 males and
75 females), aged between 40 and 82 years (61.2 ± 8.9), with
a positive history or clinical suspicion of CHD, were treated
at the Southwest Hospital between January 2011 and October
2011.
2.5.2. 2D Ultrasound Images. Ultrasound images were
acquired according to the methods described in Section 2.4.
Coronary lesions were diagnosed by the sonographic
identification of abnormal segmental ventricular wall
motion. The examiners were unaware that ultrasonography
was being performed for the purposes of this study.
2.5.3. Location of Coronary Artery Lesions Using STI. After
image acquisition, CMQ in the QLab software was used to
open a 4-chamber apical view in diastole. In these images, 3
points (the anterior mitral valve annulus, the posterior mitral
valve annulus, and the apex cordis) were selected and then
divided into 7 segments (segments 3, 6, 9, 12, 14, 16, and 17)
automatically using the AP4 mode. The shape and direction
of these areas of interest were adjusted to conform to the
myocardial thickness. The same methods were used with
AP2 mode in a 2-chamber apical view to identify 7 segments
(segments 1, 4, 7, 10, 13, 15, and 17). The same methods were
then used with the AP3/LAX mode in the long-axis view of
the left ventricle to view segments 2, 5, 8, 11, 14, 16, and 17.
2.5.4. Locating Coronary Artery Lesions Using 3D Models
of the Coronary Arteries. For slices with echocardiographic
evidence of abnormal segmental ventricular wall motion,
“ObliqueSlice” was clicked in the volume rendering of the
coronary arteries to simulate different ultrasound image
angles by rotating the spin ball in the software. For each
patient, an average of 25 minutes was needed to analyze the
lesioned coronary artery and its branches.
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Figure 1: 3D visible models of the coronary arteries based on the CVH and cardiac CT datasets. (a) Coronary artery model based on the
CVH dataset. (b) Coronary artery model based on the cardiac CT dataset.

2.5.5. CAG Examination. The CAG examination was performed to confirm the results of the ultrasound and 3D
coronary artery models. The Judkin method was used for
the CAG examination. When >50% stenosis was present, the
CAG examination was considered positive; otherwise, it was
considered negative.
2.5.6. Statistical Analysis. The diagnostic accuracy rates were
compared between the following: 2D ultrasound and 2D
ultrasound plus 3D coronary artery models and STI and
2D ultrasound plus 3D coronary artery models. The data
were analyzed using SPSS 13.0 software. Numerical data were
compared using the 𝜒2 test. A 𝑃 value of <0.05 was deemed
statistically significant.

3. Results
In the present study, 3D visible models of the human coronary
arteries were established on the basis of the CVH and clinical
CT image datasets (Figures 1(a) and 1(b)). These models
were right dominant, which is representative of the coronary
artery anatomy in approximately 2/3 of Chinese people. These
models can distinctly display the trunk and main branches of
the normal human coronary arteries. The CT-based coronary
artery model can display most of the tertiary branches of the
coronary arteries. Moreover, these models combined the 3D
structure of the coronary arteries and their branches with
gross anatomic and 2D sections of the heart to simulate
conventional TTE sections. In these models, the coronary
artery segments corresponding to the 17 myocardial segments
identified by conventional TTE can be displayed distinctly
and recognized accurately (Figure 2).
3.1. Dissection of the Parasternal Short-Axis View of the Left
Ventricle on 3D Visible Models of the Coronary Arteries and
Comparison with TTE. The parasternal short-axis view of
the left ventricle usually displayed blood supply to the left

ventricular wall, helping to identify the site of myocardial
ischemia and infarction. Various parts of the left ventricular
wall could be displayed along the short axis. At the mitral
leaflet level, the left ventricular wall near the cardiac base
was displayed, and the middle and apical parts of the left
ventricular wall were displayed at the papillary muscle and
apical levels, respectively.
3.1.1. Parasternal Short-Axis View of the Left Ventricle at the
Level of the Mitral Leaflet Segments 1–6 of the Left Ventricular
Myocardium Was Displayed. On the CVH-based coronary
artery model, the upper and middle segments of the anterior
descending branch of the left coronary artery supplied blood
to segments 1 and 2 (i.e., the anterior septal base and the
anterior wall base, resp.), the middle and inferior segments
of the left circumflex branch supplied blood to segments
3 and 4 (i.e., the base of the lateral wall and the base
of the posterolateral wall, resp.), and the right coronary
artery supplied blood to segments 5 and 6 (i.e., the base
of the posteroinferior/inferior wall). The CT-based coronary
artery model showed that the anterior left ventricular branch
supplied blood to segment 1, the diagonal branch supplied
blood to segment 2, the posterior interventricular branch
supplied blood to segments 3 and 4, the left intermediate
artery supplied blood to segment 5, and the left marginal
branch supplied blood to segments 5 and 6 (Figures 3(a) and
3(b)).
3.1.2. Parasternal Short-Axis View of the Left Ventricle at
the Level of the Papillary Muscle. Myocardial segments 7–
12 of the left ventricle were displayed, including the posterior septal base, the septal base, the anterior septum, the
anterior wall, the lateral wall, and the posterolateral wall.
On the CVH-based coronary artery model, the middle and
inferior segments of the anterior descending branch of the
left coronary artery supplied blood to segments 7 and 8,
respectively, the left circumflex branch supplied blood to
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14, and 17, the inferior right coronary artery supplied blood to
segment 15, and the posterior left ventricular branch supplied
blood to segment 16 (Figures 5(a) and 5(b)).
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Figure 2: Our identification of the coronary artery segments
corresponding to the 17 myocardial segments.

segments 9 and 10, and no vessels penetrated segments 11 and
12. On the CT-based coronary artery model, the middle and
inferior segments of the anterior descending branch trunk
supplied blood to segment 7, the interior segment of the
diagonal branch supplied blood to segment 8, the posterior
interventricular branch supplied blood to segment 9, the inferior right coronary artery supplied blood to segment 10, the
inferior segment of the left intermediate atrial artery supplied
blood to segment 11, and the posterior left ventricular branch
supplied blood to segment 12 (Figures 4(a) and 4(b)).
3.1.3. Parasternal Short-Axis View of the Left Ventricle at the
Level of the Apex. Myocardial segments 13–17 of the left
ventricle were displayed, including the posteroinferior wall,
the inferior wall, the posterior septum, the septum, and the
apex of the anterior wall. Coronary artery models based on
the CVH and CT datasets showed that the distal end of the left
anterior descending branch supplied blood to segments 13,

3.2. Visualization of the Heart in a 4-Chamber Apical View
Using the Coronary Artery Model and Comparison with TTE
Studies. Myocardial segments 3, 9, 13, 16, and 17 of the
left ventricle were displayed in the 4-chamber apical view.
This view usually displays the posterior septum and clearly
displays the morphology and motion of the anterolateral wall
of the left ventricle. On the coronary artery models based
on the CVH and CT datasets, the posterior interventricular
branch supplied blood to segments 3 and 9, the distal end of
left anterior descending branch supplied blood to segments
13 and 17, and the posterior left ventricular branch supplied
blood to segment 16 (Figures 6(a) and 6(b)).
3.3. Localization Accuracy of the 3 Methods for Lesions in
the Coronary Arteries. The CAG showed that there were
141 patients with coronary stenosis and 29 patients without
stenosis. In these 141 patients, 43 patients were classified
as having severe stenosis, with at least 75% blockage of
1 coronary artery. This group contained 65 males and 14
females. The other 97 patients were classified as having mildto-moderate stenosis. This group contained 65 males and 33
females, who ranged in age from 40 to 82 years. The results of
all 4 diagnostic methods in each group are shown in Tables
1 and 2. The localization accuracy of the 2D ultrasound, STI
and, the 2D ultrasound plus 3D coronary artery model was
69.8% (30/43), 88.4% (38/43), and 88.4% (38/43), respectively, in the severe stenosis group (Table 3). The localization
accuracy in the mild-to-moderate stenosis group was 66.3%
(65/98) for 2D ultrasound, 90.8% (89/98) for STI, and 89.8%
(88/98) for the 2D ultrasound plus 3D coronary artery model
(Table 4). The results showed a significant difference between
the 2D ultrasound and 2D ultrasound plus 3D coronary
artery model in the severe stenosis group (𝑃 < 0.05) and
in the mild-to-moderate stenosis group (𝑃 < 0.05). Additionally, there was no significant difference between the STI
and 2D ultrasound plus 3D coronary artery model.

4. Discussion
CHD is a common cardiovascular disease and the leading
cause of death in western countries. The incidence of CHD
has tended to increase in China. Therefore, the early diagnosis
and posttreatment assessment of CHD are clinically significant. TTE provides important diagnostic and prognostic
information for CHD because of its lack of invasiveness,
simple examination technique, and ability to provide ample
anatomical and hemodynamic information. Abnormal segmental ventricular wall motion is a sensitive and specific
indicator for myocardial ischemia. To facilitate data exchange
among various imaging modalities, including ultrasonography, radionuclide imaging, MRI, and CT, the American Heart
Association (AHA) has suggested a myocardial segmentation
method that divides the myocardium into 17 segments [4].
In contrast to other imaging modalities, TTE suggests the
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Figure 3: Short-axis sections of left ventricle at the level of the mitral leaflet. (a) Fusion display of the CVH dataset and the coronary artery
model. (b) Fusion display of the cardiac CT dataset and the coronary artery model. (c) Short-axis section of the left ventricle at the level of
the mitral leaflet revealed by echocardiography.

(a)

(b)

(c)

Figure 4: Short-axis sections of the left ventricle at the level of the papillary muscle. (a) Fusion display of the CVH dataset and the coronary
artery model. (b) Fusion display of the cardiac CT dataset and the coronary artery model. (c) Short-axis section of the left ventricle at the
level of the papillary muscle revealed by echocardiography.

presence of an occluded coronary artery by detecting the
abnormal motion of the ventricular wall. The identification
of the coronary artery segments that correspond to the
myocardial segments directly on TTE 2D sections is difficult.
Therefore, 3D visible models of the human coronary arteries
were established in the present study on the basis of the CVH
dataset and a normal cardiac CT dataset, thereby providing
both 2D and 3D anatomic bases for localizing the coronary
artery segments corresponding to the 17 myocardial segments
identified by conventional TTE.

4.1. Establishment of 3D Visible Models of the Coronary
Arteries. The coronary arteries are the first pair of branches
originating from the ascending aorta and provide the primary
supply of blood to the heart. The trunk of the left coronary
artery originates from the left coronary sinus. The left
coronary artery passes between the pulmonary artery and left
auricle and bifurcates into the anterior descending branch
and the left circumflex branch. The anterior descending
branch divides into the left arterial cone, the right ventricular
anterior branch, the left ventricular anterior branch, the
anterior septal artery, and the diagonal branch. The left
circumflex branch divides into the left ventricular anterior
branch, the marginal branch, the left atrial branch, and the

left ventricular posterior branch. The right coronary artery
originates from the anterior aortic sinus; its branches include
the right arterial cone, the right ventricular anterior branch,
the right marginal branch, the right ventricular posterior
branch, the right atrial branch, the atrioventricular nodal
artery, the posterior descending branch, and the left atrial
posterior branch. Three-dimensional visualizations of the
coronary arteries are challenging because of the large number
of thin branches from these vessels, which have a highly
variable anatomy. The CVH has been demonstrated to help
individuals master medical imaging technologies. Based on
the CVH, virtual human organs and tissues with real anatomical information can be modeled, thereby facilitating 3D
visualizations of human anatomy [5–7]. In the present study,
we used the cardiac dataset from the first CVH reported by
the Computerized Medicine Laboratory of the Third Military
Medical University in February 2003 [8, 9]. The 3D visible
model of the coronary arteries that was based on the CVH
dataset clearly displayed the 3D structure of the left and
right coronary arteries and their major branches, such as
the anterior interventricular branch, left circumflex branch,
arterial cone, and posterior interventricular branch. Because
the CVH dataset contains delicate anatomical information in
2D sections, the courses and locations of the coronary arteries
can be displayed distinctly on the 3D visible model using

6

Computational and Mathematical Methods in Medicine

(a)

(b)

(c)

Figure 5: Short-axis sections of the left ventricular apex. (a) Fusion display of the CVH dataset and the coronary artery model. (b)
Fusion display of the cardiac CT dataset and the coronary artery model. (c) Short-axis section of the left ventricular apex revealed by
echocardiography.

(a)

(b)

(c)

Figure 6: Four-chamber heart sections. (a) Fusion display of the CVH dataset and the coronary artery model. (b) Fusion display of the cardiac
CT dataset and the coronary artery model. (c) Two-chamber heart section revealed by echocardiography.
Table 1: Number of lesioned coronary artery branches detected by the 4 imaging methods (severe stenosis group).
Method
2D ultrasound
STI
2D ultrasoundplus 3D model
CAG

LAD
6
7
9
9

LCX
2
3
4
4

RCA
3
5
5
6

Multivessel lesion
32
28
25
24

Total
43
43
43
43

LAD: left anterior descending branch; LCX: left circumflex branch; RCA: right coronary artery; CAG: coronary angiography; STI: speckle tracking imaging.

Table 2: Number of lesioned coronary artery branches detected by the 4 imaging methods (light-moderate stenosis group).
Method
2D ultrasound
STI
2D ultrasound plus 3D model
CAG

LAD
20
21
23
24

LCX
5
7
6
6

RCA
11
11
11
11

Multivessel lesion
62
61
58
57

Total
98
98
98
98

LAD: left anterior descending branch; LCX: left circumflex branch; RCA: right coronary artery; CAG: coronary angiography; STI: speckle tracking imaging.

Table 3: Accuracy of localization for lesioned coronary arteries using 3 different imaging methods (severe stenosis group).
Methods
2D ultrasound
STI
2D ultrasound plus 3D model
∗

CAG results
True
30
38
38

P < 0.05 for 2D ultrasound versus 2D ultrasound plus 3D model.

False
13
5
5

Accuracy of localization (%)
69.8∗
88.4
88.4
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Table 4: Accuracy of localization for lesioned coronary arteries using 3 different imaging methods (severe stenosis group).
Methods
2D ultrasound
STI
2D ultrasound plus 3D model
∗

CAG results
True
65
89
88

False
33
9
10

Accuracy of localization (%)
66.3∗
90.8
89.8

P < 0.05 2D ultrasound versus 2D ultrasound plus 3D model.

software-based dissection, suggesting that the CVH dataset
can provide high-quality, well-aligned 2D data for establishing 3D visible models of the human coronary arteries.
Due to the highly variable anatomy of the coronary
arteries, a single CVH dataset is not adequate for a 3D visualization study of the coronary arteries. Computed tomography
angiography (CTA) of the coronary arteries has been shown
to clearly display the trunk and branches of the coronary
arteries, particularly the trunk of the main coronary artery,
the proximal segment of the right coronary artery, the
proximal segment of the anterior descending branch, and the
proximal segment of the left circumflex branch [10, 11]. CTA
is less effective than CAG in displaying the distal segment
of the right coronary artery, the distal segment of the left
anterior descending branch, and the distal segment of the
circumflex branch. The CTA dataset complements the CVH
dataset to display the 3D structure of the coronary arteries.
Based on CTA datasets from 5 subjects without heart disease,
5 3D visible models of the coronary arteries were established.
Compared with the 3D visible model based on the CVH
dataset, the models based on the CTA datasets displayed the
coronary arteries and their branches clearly, including the
trunk and branches of the left and right coronary arteries.
The CTA-based models combined with the CT-based 2D
sectional images complement the 3D model that was based
on the CVH dataset, showing the delicate course of the
coronary artery branches and providing a basis for fusing and
converting cardiac CT and echocardiographic images to 3D
models.

corresponding to the 17 segments of the left ventricle and
compared these results with conventional TTE sectional
images. To the best of our knowledge, this report is the
first 3D visualization study of the coronary arteries that was
based on CVH and CT imaging datasets and a comparison
with TTE. In our research, combining 2D ultrasound and
3D coronary artery models can significantly improve the
accuracy with which lesioned coronary arteries are located.
The accuracy of 2D ultrasound plus the 3D coronary artery
model was similar to that of STI. Thus, we can include these
models in a diasonograph to display the coronary arteries
in 2D ultrasound images without image postprocessing. This
technique could permit the diagnosis of coronary artery
disease using 2D ultrasound imaging.
In summary, 3D visible models of the coronary arteries
can simulate conventional TTE imaging. These models can
clearly display the coronary artery branches corresponding
to the 17 segments of the left ventricle, thereby providing
anatomical landmarks for 2D echocardiography and helping
clinicians identify coronary artery segments through myocardial segments displayed by TTE.
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3D courses and spatial relationships of the coronary arteries
and can be dissected and rotated in any direction with the
use of 3D reconstruction software. We further simulated
conventional TTE imaging of the left ventricle in various
views to display the coronary arteries with their branches
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Noncalcified plaques (NCPs) are associated with the presence of lipid-core plaques that are prone to rupture. Thus, it is important
to detect and monitor the development of NCPs. Contrast-enhanced coronary Computed Tomography Angiography (CTA) is a
potential imaging technique to identify atherosclerotic plaques in the whole coronary tree, but it fails to provide information about
vessel walls. In order to overcome the limitations of coronary CTA and provide more meaningful quantitative information for
percutaneous coronary intervention (PCI), we proposed a Voxel-Map based on mathematical morphology to quantitatively analyze
the noncalcified plaques on a three-dimensional coronary artery wall model (3D-CAWM). This approach is a combination of VoxelMap analysis techniques, plaque locating, and anatomical location related labeling, which show more detailed and comprehensive
coronary tree wall visualization.

1. Introduction
Noncalcified plaque (NCP, referred to as “soft plaque”) [1]
usually shows lower attenuation values than calcified plaque
in a CT image, which has been associated with the presence
of lipid-core plaques [2]. Retrospective studies have shown an
association between plaques containing non-calcified components and acute coronary syndrome (ACS) [3, 4]. Therefore, it is important to detect and monitor the progress of
NCPs.
According to whether or not the body has to be injured
during detection of a lesion, the imaging techniques for
detection and quantitative analysis of NCPs are classified into
two categories: invasive methods and noninvasive methods
[5]. Imaging techniques, such as intravascular ultrasound
(IVUS) and optical coherence tomography (OCT), provide
detailed visualization of luminal and plaque morphology and
reliable quantification of the atheroma burden and its composition [5]. Although intravascular techniques have good
discriminability for NCPs, they are invasive and expensive
and can only be performed in proximal vessel segments [6].
Therefore, they are not appropriate to monitor the progress of

NCPs of the whole coronary tree over a short time interval.
Compared with intravascular ultrasound (IVUS), contrastenhanced coronary Computed Tomography Angiography
(CTA) has the advantages of being noninvasive, convenient,
and economical and offers excellent diagnostic accuracy for
coronary plaques [6–10]. The potential of these imaging
techniques to identify atherosclerotic plaques in the whole
coronary tree has raised the interest of radiologists [11]. The
range of attenuation relevance to different types of plaque in
CTA has been a concern over recent years. For example, there
are three typical plaques that include non-calcified plaque
(NCP, referred to as “soft plaque”), partially calcified plaque
(PCP, also called “mixed plaque”), and calcified plaque (CP).
Further details about CT attenuation value can be found in
review [1].
The main limitation of traditional methods in a CTA
image for the visualization of coronary artery disease is the
inability to provide information about vessel walls [1]. In
order to recognize NCPs, a radiologist needs to detect stenosis through various reconstruction methods and then quantitatively analyze plaques by manually drawing the boundaries
of the wall and plaques [8, 10]. The current standard for

2
coronary CT angiography plaque quantification is automatic
but requires manual tracing of contours, separating epicardial
fat from the vessel wall and enclosing non-calcified and
calcified plaque components; this contribution promotes the
plaque quantitative accuracy by accurately describing the
wall border but is time consuming and may be prone to
intraobserver variability [12–14]. In order to automatically
trace the wall border, a previous study proposed an interactive
approach that radiologists have to mark the initial and end
points of the plaque in a curved multiplanar reformatted
(CMPR). Further, an automated algorithm for unsupervised
computer detection of coronary artery lesions has been
proposed [15], but plaques are prone to be missed if they
do not belong to “stenosis” by their definition. Therefore, the
identification of the wall and plaques is still a challenging
area.
In addition, with the development of PCI, more meaningful quantitative information is necessary to plan the path
of the percutaneous coronary intervention and to assess the
outcome. It is important to predict the potential location
related danger in the process of PCI and also whether the
catheter is able to pass through the vessel where plaque is
located in the coronary tree. Higher requirements are put
forward on further information of quantitative plaques such
as size, type, and location quantification in a 3D space.
Above all, in order to overcome the limitations of coronary CTA and provide more meaningful quantitative information for PCI, we propose a quantitative analysis approach
based on a mathematical morphology named Voxel-Map for
non-calcified plaque based on a three-dimensional coronarytree model. This method is a combination of Voxel-Map
analysis techniques, plaque locating, and anatomical location
related labeling that show more detailed and comprehensive
coronary tree wall visualization.

2. Materials and Methods
2.1. Imaging Acquisition. All patients were scanned with a
DSCT scanner (Somatom Definition, Siemens Medical Solutions, Germany). No beta-blockers were administered for
the scan irrespective of the individual heart rate. The ECG
was continuously recorded and stored throughout the scan.
A nonenhanced DSCT was carried out from 1 to 1.5 cm
below the level of the tracheal bifurcation to the diaphragm
in the craniocaudal direction. For contrast-enhanced scans,
intravenous bolus (60–80 mL) of a contrast agent with 370 mg
of iodine per milliliter (iopromide, 370 mg of iodine/mL;
Ultravist 370, Bayer-Schering, Berlin, Germany) was injected
at a flow rate of 6 mL/sec, and a 50 mL chaser saline bolus
was achieved with an automated injection through a power
injector (Ulrich, USA). Estimation of individual circulation
times was based on the test bolus technique with 20 mL bolus
tracking. Data acquisition parameters for CT angiography
were 0.6 mm collimation, 330 ms rotation time, 120 kV tube
voltage, and 400 m as tube current. A contrast-enhanced volume data set was acquired with retrospective electrocardiogram (ECG) gating to allow reconstructions during all phases
of the cardiac cycle. Transaxial images were reconstructed
with 0.75 mm section thickness, 0.4 mm increment, and
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a medium-soft convolution kernel (B26f). The position of the
reconstruction window in the cardiac cycle was individually
selected to minimize artifacts.
Through Voxel-Map analysis and quantification algorithms implemented by Matlab software version 8.0 (R2012b),
we treated each image as a vector. All images of one patient
are treated as a set of vectors. The processing is in parallel in
Matlab without complex conditions and loop operations. Segmentation, 3D reconstruction, and centerline were extracted
and labeled by Amira software (V. 5.4).
2.2. Segmentation and 3D Coronary Tree Model. According to
recent pieces of literature on the attenuation cutoffs between
the arterial wall and lumen [6, 10, 15–17], a voxel with an
attenuation value greater than 160 Hounsfield units (HU)
was defined as being the first voxel within the lumen. Based
on this assumption and according to our experiment results
(see Figure 1), which showed that the CT attenuation value
gradient decreased from the inside to the outside the arterial
wall, we can conclude that most of the voxel of the inner
lumen will be greater than 160 HU. On the other hand, the
attenuation values outside of lumen will be less than 160 HU.
As such, we set 160 HU values as the threshold to segment
highlight voxels in lumen. Then we refined the coronary tree
by a region growing method to fill small holes and obtained
lumen boundaries, which are well satisfied to connective
relationships. After that, we obtained the segmentation of
the three-dimensional coronary tree, which set 1 as foreground and 0 as background. We then used this data for
centerline extraction. After an array multiply was performed
on segmentation images and original CTA images, a threedimensional coronary tree model (3D-CTM) was generated, which maintained the original attenuation values and
excluded approximate attenuation values belonging to other
regions. We used this model for Voxel-Map analysis.
2.3. Centerline Extraction. We imported the segmentation of
the 3D coronary tree data into Amira software and selected
“skeleton” and “centerline,” and then the 3D centerline of
the coronary tree was generated automatically. After setting
the segment with a minimum value of z-coordinate as root,
we identified the tree as hierarchical relations and manually
labeled all segments by anatomical names referring to the 17segment model defined by the American Heart Association
(AHA) [18]. We then exported the information for the centerline as a data structure which includes the start point, length,
label, and the connect relationship of each segment, along
with the x-, y-, and z-coordinates of each point and its radius.
2.4. Morphological Voxel-Map. We developed a Voxel-Map
based on mathematical morphology [19], which is a broad set
of image processing operations that process objects based on
shape. The Voxel-Map includes two parts: one is dilation that
reflected the voxel changes from lumen to wall, and the other
is erosion that reflects the voxel changes inside the lumen.
The dilated vessel lumen by original pixel values at the
morphological edge by formula is as follows:
̂ ∩ 𝐴 ≠
𝜙} ,
𝐴 ⨁ 𝐵 = {𝑧 | (𝐵)
𝑍

𝐵 = {𝐵1 , 𝐵2 , 𝐵3 } ,

(1)
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(a)

(b)

(c)

(d)

Figure 1: 3D-CTM reconstruction and creating Voxel-Map. The reconstruction of 3D-CTM (a); the horizontal plane in the position of 3DCTM where lined in panel a (b) and a local region of the horizontal plane (c); more detailed values of pixels are shown in Figure 1(d). Positive
and negative signs represent dilation and erosion, respectively, and the values represent the distance off lumen.

where 𝐵̂ is the reflection of the pixel locations 𝐵. In other
words, it is the set of pixel locations 𝑧, where the reflected
pixel locations of 𝐵 overlap with foreground pixels in 𝐴
when translated to 𝑧. 𝐴 and 𝐵, respectively, represent original
lumen pixel locations, and its surrounding pixels. The boundaries forming lumen to outside are represented as 𝐵1 , 𝐵2 , and
𝐵3 , with each point in boundary only having one pixel.
The morphological erosion of the edge returned nearest
pixels of inside boundary. The operations are defined as
follows with the formula
𝐴Θ𝐵 = {𝑧 | (𝐵)Z ⊆ 𝐴} ,

𝐵 = {𝐵−1 , 𝐵−2 , . . . , 𝐵−𝑛 } .

(2)

𝐵−1 , 𝐵−2 , . . . , 𝐵−𝑛 represent the 1, 2, . . . , 𝑛 boundaries from
the border of lumen to the center, and 𝑛 is the thickness of the
lumen. The voxel with an orientation to the outer lumen has
an inner wall that is defined as positive and on the contrary
wall, is defined negative. After performing morphological
erosion on the current lumen region each time, the region is
smaller by one pixel in every direction.

2.5. Quantification
2.5.1. Classified Attenuation Values. We divided attenuation
values on the wall into six levels from one to six to describe the
various severities of plaques: 0–49, 50–99, 100–199, 200–299,
300–399, and ≥400, which was extracted from the 3D-CTM
and assigned a different color for each range (illustrated in
Figure 6). The first three and the last three ranges describe
the severity of NCP and CP, respectively. As the contrastenhanced CTA does not offer the best images for detection
of CP, which can easily be identified and quantified, we do
not consider discussing CP in this paper.
2.5.2. Plaques Location and Anatomical Location Related
Labeling. Traditional quantification parameters can refer to
pieces of literature [6, 10, 14, 15, 17, 20]. We want to emphasize
on a new type of quantitative information: the plaques location and anatomical location related label, which is useful in
planning pathway, guiding procession, and assessing results
for PCI. The steps are as follows.
Step 1. A 3D surface reconstruction method was used to
reconstruct non-calcified plaques (see Figure 7). Then plaque
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model was generated, which not only can be used in visualization in 3D space but also can be saved as “obj” format,
which is a standard 3D object file format consisting of vertex’s
geometric position in space by x-, y-, and z-coordinates.

lumen and the boundary of wall
500
450
400
350
Hu values

Step 2. Anatomical labeling: the segmentation of CTM was
used as a bridge associating the 3D location of plaque with
their anatomical labels, by finding the intersection set of 3D
coordinates of plaque, in the segmentation of CTM, and the
intersection set of 3D coordinates of the segmentation of
CTM and labeled centerline tree, respectively, and intersecting the two sets.

The CT attenuation values differences between

3. Results

300
250
200
150

3.1. Voxel-Map Approach. After processing by Voxel-Map on
3D-CTM, from the outer border of lumen to the outer border
of wall, four layers are labeled as −1, 1, 2, and 3, respectively,
as shown in Figure 1. Any voxels whose attenuation values are
less than 0 HU are considered as epicardial fat [6] and will
be set as 0 Hu. If a voxel’s position not in the Voxel-Map was
excluded from the 3D-CTM, a 3D-CAWM was generated.

100
50
0
1

Inner lumen
Adjacent layer

3.2. CT Attenuation Values

3.2.2. The Gradient Changes of Attenuation Values on Various
Layers of Vessel Wall. As shown in Figure 3, the mean CT
attenuation values of various layers on a wall are at a gradient
decreasing from inside to outside. Our experimental results
show that after being dilated three times, most voxel values
are equal or less than 0, which means that those voxels cross
the outer borders of the wall [6], so we set the maximum as B3
and set the negative values included in the wall as 0. Artery
walls were divided into three layers: inside, middle, and
outside. The reason we divided attenuation values on the wall
into six levels to describe the various severities of plaques is
also based on the gradient distribution of attenuation values.
As shown in Figure 3, the first three levels, 0–49, 50–99, and
100–199, included most of voxels in each layer, respectively.
The attenuation values of vessel walls on the range of the
last three levels, 200–299, 300–399, and ≥400, should be
considered as calcified plaques with the various severities.
The results of attenuation values belonging to various levels
are shown in the right column of Figure 6.
3.3. Quantitative Analysis
3.3.1. Anatomical Labeling. The result is that centerline extraction of 3D-CTM, as shown in Figure 4(a), was organized

Figure 2: The blue and red lines represent the mean CT attenuation
values of inner lumen and the border of lumen nearby wall, respectively. The y-axis is the range of CT attenuation values; the x-axis is
slice number of CTA images.

The gradient changes of CT Hu values
from lumen to outside of wall
300

250

200

Hu value

3.2.1. The Difference of Attenuation Values between Vessel
Lumen and the Boundary Layer of Vessel Wall. The attenuation values between vessel lumen and the boundary layer of
vessel wall have different characteristics, as shown in Figure 2;
in a whole coronary tree, the mean attenuation values for
inner lumen are sharply increasing while closing to the aorta,
but for the boundary layer adjacent lumens are relatively stable. This means that different individuals might have different
CT attenuation values with different doses of contrast media
for the inner lumen in various positions of the coronary tree
but hold relatively stable values with nearby artery walls.

21 41 61 81 101 121 141 161 181 201 221 241

150

100

50

0
1

23

45

67

89 111 133 155 177 199 221 243

−50

Inside of lumen
Inside of wall

Middle of wall
Outside of wall

Figure 3: The mean CT attenuation values of various layer on wall
are gradient decreased from inside to outside. The y-axis is the range
of CT attenuation values; the x-axis is slice number of CTA images.
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(a)

(b)

Figure 4: Centerline extraction (a) and anatomical labeling (b).

(a)

(b)

(d)

(c)

(e)

Figure 5: The three-dimensional coronary tree model (3D-CTM) and coronary artery wall model (3D-CAWM). The original 3D-CTM (a);
the 3D-CAWM (b); the top view of 3D-CAWM (c); the stenosis of coronary tree in 3D-CTM (d) and 3D-CAWM (e).

by tree graph, and Figure 4(b) shows the resulting anatomical
labeling based on the tree graph. The different colors represent different segments. Once we obtain the x-, y-, and zcoordinates of plaque, the computer will obtain which label
the segment belongs to.
3.3.2. The 3D-CAWM Analysis. The result of 3D-CAWM, as
shown in Figure 5, provided the shape and details of the

whole coronary artery wall including the proximal, middle,
and distal segments. Compared with the original 3D-CTM,
the output of the 3D-CAWM processed by a Voxel-Map
focusing on the morphology and details of the wall and
the stenosis is more remarkable. On contrast-enhanced CTA
images (the left column in Figure 6), the lumen can be easily
identified as areas of high attenuation, while it is difficult to
identify the wall and plaque. Compared with original images,
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(A1)

(A2)

(A3)

(a)

(B1)

(B2)

(B3)

(b)

(C1)
>400
300–399
200–299

(C2)

(C3)

100–199
50–99
1–50
(c)

Figure 6: Quantitative analysis of 3D-CAWM. The left column shows that the original CTA images, A1, B1, C1, are horizontal plane, sagittal
plane, and coronal plane, respectively. The middle column figures of A2, B2, and C2 show the corresponding planes in 3D-CAWM, and A3,
B3, and C3 show the corresponding quantitative results based on Voxel-Map.

the 3D-CAWM (the right column in Figure 6), after having
the Voxel-Map applied, is able to provide details of the nearby
wall, and the different colors represent different severities.
3.4. Plaques Visualization and Location. The visualization of
plaques in 3D-CAWM is shown in Figure 7. The locations of
various NCPs on the coronary tree are recorded by computer
automatically in the form of x-, y-, and z-coordinates. At
the same time, anatomical labeling of plaque is generated
by comparing these coordinates to the coordinates of the
centerline in the 3D-CTM that were assigned an anatomical
label.
The computer analysis results showed that the plaque
consisted of level 1 and level 2, and the volume and percent of each level of plaque were 0.9834 mm3 and 33.29%,
1.9703 mm3 and 66.71%, respectively, and the location label
belongs to RMA (right marginal artery). The location results
of stenosis are consistent with the CMPR review results by an
experimental radiologist. Compared with the stenosis views

in CMPR (shown in Figure 8), the characteristic of NCPs is
more directly related to the results of quantitative analysis.

4. Discussion
4.1. Voxel-Map’s Function. The key feature in quantitative
analysis of NCP is recognition of artery walls. Manually
describing the wall and plaque by a radiologist is timeconsuming and may be prone to intraobserver variability [12–
14] that influences the accuracy of quantitative analysis. In
traditional automatic quantitative methods, the reader marks
starting and ending positions of the plaque in the CMPR and
then displays and adjusts attenuation thresholds for NCP and
CP [13, 21], which is based on the hypothesis that before you
quantitatively analyze plaques, you must first find their wall
border. The positions of the start and end marked by reader
also influence the computation of the mean attenuation
values in various types. In order to solve this problem, we
developed a Voxel-Map based on mathematical morphology
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>400
300–399
200–299

100–199
50–99
1–50
(a)

100–199
50–99
1–50
(b)

>400
300–399
200–299

100–199
50–99
1–50
(c)

Figure 7: Plaques visualization. The reconstruction of coronary tree and NCPs (a); the transparent coronary tree to observe plaques (b); the
analysis results in horizontal plane (c). The different colors represent different severities.

[19] to structurally and quantitatively analyze coronary artery
walls on a 3D-CTM, which detects walls in a similar approach
as IVUS but overcomes its limitation of only being able to be
performed in proximal segments [6].
4.2. The 3D-CAWM Analysis. A 3D-CTM only includes the
HU values of lumen and thus does not satisfy the need to
analyze NCPs, as the attenuation values of NCPs are lower
than the lumen,which were often excluded in the process of
segmenting for 3D-CTM. Compared with original 3D-CTM,
the stenosis is more remarkable on the 3D-CAWM that was
processed by the Voxel-Map. The analysis method focuses on
the morphology and details of wall, which can directly show
the composition of plaque attenuations that are associated
with its severity. The advantage of 3D-CAWM is that it can
analyze the details of distal vessels and provide meaningful
information for a radiologist’s diagnostic decision, which is
impossible in previous methods. The obtained 3D-CAWM
allows comprehensive visualization of vessel geometry and
plaque distribution and can be further used in research to
study the association between local plaque types and the
progression of atherosclerosis.

4.3. Attenuation Values of Plaque. Recently, many studies had
shown different ranges of the attenuation values in various
compositions of plaque [6, 10, 14, 15, 17, 20]. However, according to previous studies, even IVUS has some limitations in
the assessment of the true composition and vulnerability
of plaque, due to substantial overlap of the corresponding
attenuation values [17, 21]. As such, we further subdivided
attenuation values on the wall into six levels to describe the
various severities of the plaques. The outliers that located
within one layer but not belonging to its level might be considered as various severities of NCPs, which should be paid
more attention by radiologist. Our group proposed the VoxelMap as a new approach for analyzing and deep understanding
attenuation changes in different degrees on the vessel wall in
3D space. Using our approach, early diagnosis and process
monitor of the slight NCPs in vessel walls for patients become
possible.
4.4. Plaques Location and Anatomical Location Related Label.
Through the 3D surface reconstruction of non-calcified
plaques, we can directly observe the location of plaque in
the coronary tree and also can recognize its composition
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(b)

(a)

(c)

Figure 8: CMPR vessel representation (by AW Volume Share 4 software, GE, America). Longitudinal straightened views (a); the left rotated
284 degree views (b) and the left rotated 295 degree views (c).

(see Figure 7). Information about the locations that have
plaques and to which branch they belong benefits doctors
and will improve the success rate of percutaneous coronary
intervention by evaluating the degree of danger and allowing
for planning the pathway before operation and for assessing
the outcome after operation. An anatomical location-related
label is linked to plaque location, and its properties, such
as per artery or per segment, can be used for reporting
pathological findings according to CCTA image guidelines by
radiologists and cardiologists [22, 23].

5. Conclusions
We proposed a Voxel-Map quantitative analysis approach,
overcame the drawbacks of a CTA image regarding analysis
of non-calcified plaque, and provided information regarding
vessel walls based on a 3D coronary tree model. In this paper,
we presented the Voxel-Map design and related quantitative
analysis. The approach we proposed can provide details about
the morphology from lumen to outer wall border, the types
of plaques, and its location. This noninvasive, convenient,
and economical approach can also be used for advantage of
asymptomatic patients and to identify predictors of future

cardiovascular events. Furthermore, it can be used in planning and assessing the outcome of percutaneous coronary
intervention.
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