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The internal structure of a hadron, as a key topic in the
nuclear and particle physics, can be accessed by hadronic
scattering, production, and/or its decay. As it is known
Quantum Chromodynamics (QCD) is a nonperturbative
quantum field theory at the low-energy region, and many
approaches have been proposed for studying different aspects
of this rich dynamics, e.g., the various quark models, Bethe-
Salpeter (BS) equation approach, QCD sum rules, and low-
energy effective field theories. Flavor physics is a research
field which allows us to probe the charm and beauty quark
decays. On the other hand, the exotic heavy-quark hadron
physics becomes very fashionable since the discovery of the
X(3872). As we know QCD does not exclude the existence of
exotic hadrons (with quantum numbers that do not fit for �푞�푞
in the case of mesons and �푞�푞�푞 for baryons), but we still have
no way to predict all the exotic hadrons from first-principle
calculations (despite the advances in lattice QCD). Studies
on the �푋�푌 �푍 states certainly help our understanding on the
underlying dynamics of QCD. Based on such circumstance,
we propose a current special issue, where both theoretical and
experimental papers have been attracted.

In the paper by F. Yan and B. Zheng, a tag method is
proposed that allows a direct absolute measurement of the
decay branching fractions of the �퐽/�휓 with the data set at
the �휓(3686); namely, the �퐽/�휓 is produced from the decay
�휓(3686) �㨀→ �퐽/�휓�휋+�휋−. The next paper by P. G. Ortega et
al. develops the unquenching of the quark model, where
the quark-antiquark pair creation (or continuum coupling

effect) is incorporated, and especially, the coupling between
quark-antiquark states and meson-meson channels is treated
nonperturbatively, an improvement compared to the Cor-
nell Model. In the paper by J. Zhang et al., they make a
combined fit to the measured cross sections of �푒+�푒− �㨀→
�휔�휒
𝑐0
, �휋+�휋−ℎ

𝑐
, �휋+�휋−�퐽/�휓, �휋+�휋−�휓(3686) and �휋+�퐷0�퐷∗− + �푐.�푐.,

with the aim of better understanding the nature of the
�푌(4220), �푌(4390), and �푌(4660). They find that the two
resonances �푌(4220) and �푌(4390) are sufficient to explain
these cross sections below 4.6 GeV, and also the lower
limits of their leptonic decay widths are determined. H.
Mutuk in the following paper revisits the potential model by
using either the power potential or the logarithmic potential
and obtains many physical quantities, including the spin
averaged masses, hyperfine splittings, Regge trajectories of
pseudoscalar and vector mesons, decay constants, leptonic
decay widths, two-photon and two-gluon decay widths, and
some allowed M1 transitions. He finds a good agreement
with experimental data and other theoretical studies. In
another paper by the same author, themass spectra and decay
constants of pseudoscalar and vector heavy-light mesons
(�퐵, �퐵
𝑠
, �퐷,�퐷

𝑠
) are investigated by applying QCD sum rules

with a simple interpolating current, as well as within the
quark model using the harmonic oscillator wave functions.
Again, a good agreement with experiment is achieved. In
the paper by Z.-Y. Wang et al., the authors conclude that
the �푋(5568) cannot be a �퐵�퐾 molecular state by applying
a method based on the BS equation, which is in line with
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2 Advances in High Energy Physics

many other theoretical points of view. More specifically,
the BS equation is solved numerically in the covariant
instantaneous approximation, with the interaction potential
containing one-particle exchange diagrams and introducing
two different form factors (monopole and dipole form factor)
in the vertices.

In the next paper H. Zhou et al. study the possibly
enhanced CP violation in the singly Cabibbo-suppressed
decay�퐷0 �㨀→ �퐾+�퐾−�휋0.The authors consider the interference
between the two intermediate resonances �퐾∗(892)+ and
�퐾∗(892)− and the amplitude is calculated in the factorization-
assisted topological approach. Results show that the regional
CP asymmetry in the overlapped region of the phase space
can be an order of magnitude as large as 10−3, which may
be accessed in the future high-statistic charm factories.
In the paper by Y.-H. Chen, the author calculates the
chromopolarizability of a quarkonium, which is a quantity
describing the interaction between the quarkonium and soft
gluonic fields. In the transition �휓(3686) �㨀→ �퐽/�휓�휋�휋, the
nonperturbative �휋�휋 final state interaction (FSI) is treated
model-independently with the use of the dispersion theory.
The values of chromopolarizability are obtained, and it
turns out that the FSI plays an indispensable role. In the
paper by Z.-Y. Di and Z.-G. Wang, the �퐷�퐷∗�퐾 system is
studied by employing QCD sum rules, and a resonance with
mass 4.71+0.19

−0.11
GeV is predicted. The future measurement of

invariant mass of �퐽/�휓�휋�퐾 in the decay channel �퐵 �㨀→ �퐽/�휓�휋�휋�퐾
can test such prediction. Finally, R. Gao et al. study the nature
of the resonances �푍

𝑐
(3900), �푋(4020), �휒

𝑐1
(4140), �휓(4260),

and �휓(4660) every of which lies nearby a threshold of two
open heavy-flavor hadrons. The effective range expansion
is used and the scattering length (�푎) and effective range
(�푟) are determined by reproducing the pole positions. The
composite or elementary nature of these states is addressed
by considering the values of �푎 and �푟, as well as by calculating
the compositeness coefficient �푋. Other interpretations of the
latter coefficient in the literature are compared and critically
reviewed.
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In this work, we study the resonances near the thresholds of the open heavy-flavor hadrons using the effective-range-expansion
method. The unitarity, analyticity, and compositeness coefficient are also taken into account in our theoretical formalism. We
consider the 𝑍𝑐(3900), 𝑋(4020), 𝜒𝑐1(4140), 𝜓(4260), and 𝜓(4660). The scattering lengths and effective ranges from the relevant
elastic 𝑆-wave scattering amplitudes are determined. Tentative discussions on the inner structures of the aforementioned resonances
are given.

1. Introduction

Since the discovery of the𝑋(3872) [1], the study of the exotic
hidden heavy-flavor hadrons has become one of the most
important and active research topics in particle physics. Up
to now more than twenty of the so-called 𝑋𝑌𝑍 hadrons
are observed by experiments [2] and we refer to [3, 4] for
recent comprehensive reviews on this subject. One of the
most important features of the newly observed hadrons is that
they are usually close to the nearby thresholds of the open
heavy-flavor states. As a result typically one needs to properly
take into account the threshold effects when studying those
possible exotic states. The effective range expansion (ERE),
which is based on the three-momentum expansion near the
threshold, provides a useful tool to address the dynamics in
the energy region around the relevant threshold in question
[5, 6].

By combining the ERE, unitarity, analyticity, and the
compositeness coefficients developed in [7, 8], we have
successfully analyzed several non-ordinary hadronic states
that lie close to the thresholds of the underlying two-
particle states, including the Λ 𝑐(2595) [9], 𝑍𝑏(10610), and𝑍𝑏(10650) [10], and the newly observed pentaquark candi-
dates 𝑃𝑐(4312), 𝑃𝑐(4440) and 𝑃𝑐(4457) [11].The essential idea

of the formalism is that we construct the elastic unitarized
partial-wave amplitude using the ERE as the kernel, which
includes the scattering length 𝑎 and effective range 𝑟 as free
parameters. The latter are determined by reproducing the
values of the mass and width of the observed resonance. We
always obtain real values consistently with the assumption
of only one-channel scattering. Then the residue of the
resonance pole, which corresponds to the coupling strength
of the resonance to the interacting two-particle state, can
be obtained as well. With all of these ingredients, we can
apply the compositeness formalism to infer the probability to
find the two-particle state inside the resonance. In this work
we first briefly recapitulate the essentials of the theoretical
formalism. Then we tentatively generalize this formalism to
other newly observed hadronic states, including the𝑍𝑐(3900)
near the 𝐷𝐷∗ + 𝑐.𝑐. (denoted shortly as 𝐷𝐷∗ in the follow-
ing) threshold, the 𝑋(4020) near the 𝐷∗𝐷∗ threshold, the
𝜒𝑐1(4140)near the𝐷±𝑠𝐷∗∓𝑠 (denoted as𝐷𝑠𝐷∗𝑠 in the following)
threshold, the 𝜓(4260) near the 𝐷1𝐷 + 𝑐.𝑐. (denoted shortly
as𝐷1𝐷 in the following) threshold, and the 𝜓(4660) near the
Λ 𝑐Λ𝑐 threshold [2]. Historically, there is also a state named
𝑋(4630) that we identify with the resonance 𝜓(4660) as in
the PDG [2] and [12–14].
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2. Effective Range Expansion and
Compositeness Coefficients of Resonances

The basic staring point of our theoretical formalism is the
ERE up to the next-to-leading order:

𝑡 (𝐸) = 1
−1/𝑎 + (1/2) 𝑟𝑘2 − 𝑖𝑘 , (1)

with 𝑎 the scattering length, 𝑟 the effective range, and 𝑘 the
three-momentum in the center of mass (CM) frame. At a
given CM energy 𝐸 around the threshold, one can write the
nonrelativistic three-momentum as

𝑘 = √2𝜇𝑚 (𝐸 − 𝑚th), (2)

where the reduced mass of the system with masses 𝑚1 and𝑚2 is 𝜇𝑚 = 𝑚1𝑚2/(𝑚1 + 𝑚2) and the threshold is given by
𝑚th = 𝑚1 + 𝑚2.

We mention that a more general expression to write the
scattering amplitude near threshold is to include the so-called
Castillejo-Dalitz-Dyson (CDD) poles. The standard ERE in
(1) can be obtained by expanding the full expression with
CDD poles [9, 10]. However when the CDD pole happens to
be near the threshold, the expansion in terms of 𝑘2 will be
invalid, or at least quite limited to a tiny region. One of the
prominent features in this situation is the huge effective range
𝑟, which usually becomes much larger than its standard value
around 1 fm. If this is the case, one has to work explicitly with
the CDD pole in the full expression, as done in [9, 10, 18].

The partial-wave amplitude given in (1) corresponds to
the physical one in the first Riemann sheet (RS). Its expression
in the second RS is given by

𝑡II (𝐸) = 1
−1/𝑎 + (1/2) 𝑟𝑘2 + 𝑖𝑘 . (3)

The resonance poles only appear in the second RS. Com-
paring with (1) and (3), there is a change of sign for the 𝑘
term. Notice that, in the conventions of (1) and (3), the three-
momentum 𝑘 should be evaluated with Im 𝑘 > 0.

Let us now consider a resonance 𝑅 whose pole position
in the unphysical RS is located at 𝐸 = 𝐸𝑅, with 𝐸𝑅 =𝑀𝑅 − 𝑖Γ𝑅/2. For a conventional narrow-width resonance, one
can identify 𝑀𝑅 and Γ𝑅 as its mass and width, respectively.
The corresponding three-momentum at the resonance pole
is then given by

𝑘𝑅 = √2𝜇𝑚 (𝐸𝑅 − 𝑚th). (4)

For later convenience, we further define

𝑘𝑅 = 𝑘𝑟 + 𝑖𝑘𝑖, 𝑘𝑖 > 0. (5)

One has to be careful when evaluating 𝑘𝑅 in terms of the
threshold 𝑚th and the resonance parameters 𝑀𝑅 and Γ𝑅,
specially distinguishing the sign of 𝑀𝑅 − 𝑚th. Detailed
discussions can be found in [10].

The resonance pole corresponds to the zero of the
denominator of 𝑡II(𝐸); i.e., at the pole position one has

−1𝑎 +
1
2𝑟𝑘
2
𝑅 + 𝑖𝑘𝑅 = 0. (6)

By a straightforward algebraic manipulation, one can solve 𝑎
and 𝑟 in terms of 𝑘𝑟 and 𝑘𝑖:

𝑎 = − 2𝑘𝑖𝑘𝑅2
, (7)

𝑟 = − 1𝑘𝑖 . (8)

Substituting (7) and (8) into (3), one can write the partial-
wave amplitude around the resonance pole 𝐸𝑅 as

𝑡𝐼𝐼 (𝑘) = −𝑘𝑖/𝑘𝑟𝑘 − 𝑘𝑅 + ⋅ ⋅ ⋅ , (9)

where the ellipses stand for the neglected terms when
expanding the denominator of (3) in terms of 𝑘 − 𝑘𝑅. From
(9), we can identify the residue at the pole in the variable 𝑘,
which turns out to be

𝛾2𝑘 = − 𝑘𝑖𝑘𝑟 > 0, (10)

since 𝑘𝑟 < 0. Alternatively one can also expand the partial-
wave amplitude around the pole as

𝑡𝐼𝐼 (𝐸) = − 𝛾2
𝑠 − 𝐸2𝑅 + ⋅ ⋅ ⋅ . (11)

The residue 𝛾2 is related to 𝛾2𝑘 as

𝛾2𝑘 = −𝛾2 𝑑𝑘𝑑𝑠
𝑘𝑅 = −

𝜇𝑚𝛾2
2𝐸𝑅𝑘𝑅 . (12)

In [7], a probabilistic interpretation for the compositeness
𝑋 of the two-particle state inside the resonance is derived.The
value of𝑋 can be calculated once the resonance pole position
and the corresponding residues are provided. Around the
two-particle threshold, the probability 𝑋 reduces to the
following [10]:

𝑋 = 𝛾𝑘2 . (13)

However, we point out that the probabilistic interpretation
of 𝑋 is restricted to resonances with 𝑀𝑅 > 𝑚th [7]. In
[15–17, 19–24], other approaches to generalize theWeinberg’s
compositeness of bound states [25] to the resonances are
discussed. We compare below our results with some of them
in Section 3.

In the next section, we proceed to study several near-
threshold resonances within the present ERE approach. Let
us notice that if this type of ERE study is applied to a
near-threshold resonance which is composite of the nearby
channel (the so-called elastic one) then 𝑋 ≃ 1. From here it
also follows that if we apply this type of ERE study to a near-
threshold resonance and it results that 𝑋 ≪ 1, then one can
conclude for sure that this resonance is not a composite one of
the elastic channel. On the other hand, if it results that𝑋 ≃ 1
then the interpretation of this resonance as a composite one of
the elastic channel is favored (In a similar sense that a cloudy
sky favors rainfall.).
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Table 1: In the second and third columns, the masses and widths of the 𝑍𝑐(3900), 𝑋(4020), 𝜓(4260) and 𝜓(4660) from the PDG are given.
For the 𝜒𝑐1(4140), we have distinguished three different determinations: LHCb, the average without LHCb (LHCb) and the PDG average. To
make a conservative error estimate, the largest error bars are taken for the asymmetric ones in the values from the LHCb and PDG.We assume
that the 𝑆-wave two-particle states shown in the fourth column are responsible for the resonance poles. The corresponding thresholds are
also explicitly given.The elastic scattering lengths, effective ranges, and the compositeness coefficients are provided in the last three columns.
Since the mass of the 𝜓(4260) is below the𝐷1𝐷 threshold, the probabilistic interpretation of𝑋 does not hold in this situation [7].

Resonance Mass Width Threshold 𝑎 𝑟 𝑋
(MeV) (MeV) (MeV) (fm) (fm)

𝑍𝑐(3900) 3886.6 ± 2.4 28.2 ± 2.6 𝐷𝐷∗ (3875.8) −0.94 ± 0.12 −2.40 ± 0.21 0.49 ± 0.06
𝑋(4020) 4024.1 ± 1.9 13 ± 5 𝐷∗𝐷∗ (4017.1) −1.04 ± 0.26 −3.89 ± 1.42 0.39 ± 0.12
𝜓(4260) 4230 ± 8 55 ± 19 𝐷1𝐷 (4289.2) −1.04 ± 0.06 −0.54 ± 0.03 − − −
𝜓(4660) 4643 ± 9 72 ± 11 Λ 𝑐Λ𝑐 (4572.9) −0.22 ± 0.04 −1.98 ± 0.28 0.24 ± 0.04
𝜒𝑐1(4140) (LHCb) 4146.5 ± 6.4 83 ± 30 𝐷𝑠𝐷∗𝑠 (4080.5) −0.27 ± 0.06 −1.79 ± 0.61 0.29 ± 0.08
𝜒𝑐1(4140) (LHCb) 4147.1 ± 2.4 15.7 ± 6.3 𝐷𝑠𝐷∗𝑠 (4080.5) −0.06 ± 0.02 −9.10 ± 3.86 0.06 ± 0.02
𝜒𝑐1(4140) (PDG) 4146.8 ± 2.4 22 ± 8 𝐷𝑠𝐷∗𝑠 (4080.5) −0.09 ± 0.03 −6.49 ± 2.40 0.08 ± 0.03

3. Phenomenological Discussions

Before entering the detailed discussions, we stress that the
theoretical approach developed is based on the elastic 𝑆-wave
two-body scattering. Strictly speaking, the present formalism
applies to the scattering of two stable hadrons. A rigorous
approach to handle the presence of unstable hadrons in
the scattering process is to perform the study within three-
or even few-body scattering [26], which is clearly beyond
the scope of the present work. Another indirect way to
understand the role of the width in the unstable hadrons is
to use a complex mass (𝑚𝑖 → 𝑚𝑖 − 𝑖Γ𝑖/2) in the expression
for the three-momentum, Eq. (4), which then reads

𝑘𝑅 = √2𝜇𝑚 (𝐸𝑅 − 𝑚th + 𝑖Γ2). (14)

In this way, one can take into account the self-energy effects
of the decaying channels. This is applicable, as compared
with a full three-body study, if Γ is much smaller than
the difference between the mass of the resonance and the
threshold of the decay channel, as indicated by the results
from [26] concerning the 𝐷𝐷∗, 𝐷𝐷∗ and 𝐷𝐷𝜋 scattering
and the 𝑋(3872) resonance. This is the case for the 𝐷1
hadron, and the numerical results obtained with a complex
mass are also indicated below. Another interesting point is
that unstable hadrons could introduce additional crossed-
channel contributions, comparing with stable ones; see, e.g.,
[26].

The crossed-channel effects, such as the light-flavor
hadron exchanges, are neglected in (1), which is strictly valid
in the near-threshold region before any other branch-point
singularity, associated with the onset of crossed channels,
sets in. Nonetheless, the theoretical formalism presented here
can be used also to study the systems in which the crossed-
channel dynamics can be treated perturbatively. In [9, 10],
the resonances Λ 𝑐(2595), 𝑍𝑏(10610) and 𝑍𝑏(10650) have
been successfully addressed within this formalism. In the
following, we tentatively generalize the discussions to the

𝑍𝑐(3900), 𝑋(4020), 𝜒𝑐1(4140), 𝜓(4260) and 𝜓(4660), which
may be composed by some specific 𝑆-wave open-charm two-
body states and lie close to their thresholds.

The masses and widths of the 𝑍𝑐(3900), 𝑋(4020),𝜒𝑐1(4140), 𝜓(4260), and 𝜓(4660) and the thresholds of the
nearby two-body states are collected in Table 1. The spin
and parity of the 𝑍𝑐(3900), 𝜒𝑐1(4140), 𝜓(4260), and 𝜓(4660)
given in the PDG [2] are compatible with the 𝑆-wave elastic
scattering of 𝐷𝐷∗, 𝐷𝑠𝐷∗𝑠 , 𝐷1𝐷 and Λ 𝑐Λ𝑐, respectively.
For the 𝑋(4020), its spin and parity are not confirmed by
experiments yet. By assuming the 𝑆-wavemolecular nature of
𝐷∗𝐷∗, a possible quantumnumber 𝐽𝑃𝐶 of the𝑋(4020)would
be 1+−.

For the 𝑍𝑐(3900), we see that standard values of 𝑎
and 𝑟, corresponding to the typical scale of the long-range
force of strong interactions, result from the 𝐷𝐷∗ scattering,
according to the results in Table 1. The component of 𝐷𝐷∗
inside the 𝑍𝑐(3900) is as important as the other degrees of
freedom (d.o.f), according to the compositeness 𝑋 ∼ 0.5.
This finding qualitatively agrees with the conclusion from the
pole-counting-rule study [27]. We have used the error bars
of the masses and widths of the resonances to estimate the
uncertainties of the 𝑎, 𝑟, and 𝑋 and neglected the tiny error
bars of the thresholds. For the 𝑋(4020), a somewhat large
value for |𝑟| is obtained. Both the 𝐷∗𝐷∗ and other d.o.f play
important roles in the formation of𝑋(4020).

It is proposed in [28, 29] that the 𝜓(4260) could be a
possible 𝑆-wave 𝐷1𝐷 resonance. If one assumes that the 𝑆-
wave 𝐷1𝐷 is the only source which is responsible for the
resonance pole, the resulting scattering length and effective
range can be found in Table 1. Standard values of 𝑎 and 𝑟
around 1 fm are obtained. However, because the resonance
pole of 𝜓(4260) is below the 𝐷1𝐷 threshold, we can not
use the recipe in (13) for the probabilistic interpretation [7].
Nonetheless, since the presence of a close to threshold CDD
pole is characterized by having a small scattering length and a
big effective range inmagnitudes, the natural values for 𝑎 and
𝑟 given in Table 1 favor the interpretation offered in [28, 29].
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Table 2: Set of numbers |𝑋|, |�̃�| [15], |�̂�| [16] and 𝑈 [15–17] for the resonances considered in Table 1. No criteria for the probabilistic
interpretation of the compositeness is met in the case of the 𝜓(4260) resonance.

Asymptotic
Resonance State |𝑋| �̃� �̂� 𝑈
𝑍𝑐(3900) 𝐷𝐷∗ 0.49 ± 0.06 0.18 ± 0.02 0.30 ± 0.02 0.60 ± 0.10
𝑋(4020) 𝐷∗𝐷∗ 0.39 ± 0.12 0.16 ± 0.04 0.27 ± 0.06 0.47 ± 0.19
𝜓(4260) 𝐷1𝐷 4.5 ± 1.6 0.45 ± 0.02 0.49 ± 0.01 8.1 ± 3.2
𝜓(4660) Λ 𝑐Λ𝑐 0.24 ± 0.04 0.11 ± 0.02 0.19 ± 0.03 0.27 ± 0.05
𝜒𝑐1(4140) (LHCb) 𝐷𝑠𝐷∗𝑠 0.29 ± 0.08 0.12 ± 0.03 0.22 ± 0.05 0.33 ± 0.12
𝜒𝑐1(4140) (LHCb) 𝐷𝑠𝐷∗𝑠 0.06 ± 0.02 0.03 ± 0.01 0.06 ± 0.02 0.06 ± 0.02
𝜒𝑐1(4140) (PDG) 𝐷𝑠𝐷∗𝑠 0.08 ± 0.03 0.04 ± 0.01 0.08 ± 0.03 0.09 ± 0.03

As shown in [10] when the position of the CDD pole tends to
threshold,𝑀CDD → 𝑚th, the resulting 𝑎 and 𝑟 tend to

𝑎 → 𝑀CDD − 𝑚th
𝜆 ,

𝑟 → − 𝜆
𝜇𝑚 (𝑀CDD − 𝑚th)2

,
(15)

where𝜆 is the residue of theCDDpole.Thebigger this residue
is, the sooner this behavior sets in. When the finite width of
the𝐷1 is included via (14), the scattering length𝑎 and effective
range 𝑟 are shifted to −1.10 ± 0.07 fm and −0.55 ± 0.04 fm,
respectively, which are compatible with the results shown in
Table 1 within uncertainties. Therefore the effects from the
finite width of the 𝐷1 are indeed small. We also note that
in [30], the large coupling of 𝜓(4260) to 𝜔𝜒𝑐0 is pointed out.
Employing this coupling [7] obtained that𝑋𝜔𝜒𝑐0 ∼ 0.2.

Due to the closeness of the𝜓(4660) to theΛ 𝑐Λ𝑐 threshold
and the compatibility of its quantum numbers with the 𝑆-
wave Λ 𝑐Λ𝑐, we also explore the possibility that the elastic
𝑆-wave Λ 𝑐Λ𝑐 scattering is responsible for the 𝜓(4660) pole.
However, the small value of compositeness coefficient 𝑋 in
Table 1 indicates that the Λ 𝑐Λ𝑐 component plays a minor
role and other d.o.f plays a more important role inside the
𝜓(4660).

The quantum numbers of the 𝑆-wave 𝐷𝑠𝐷∗𝑠 scattering is
compatible with the preferred 𝐽𝑃𝐶 = 1++ of the 𝜒𝑐1(4140)
[2]. Notice that the new determinations of the masses and
widths from LHCb [31, 32] are obviously larger than the
previousmeasurements.We explicitly give different values for
the masses and widths of 𝜒𝑐1(4140) in Table 1. In all cases,
it seems that the 𝐷𝑠𝐷∗𝑠 component plays a minor role inside
𝜒𝑐1(4140).

We have employed the approach of [7, 10] which conclude
a probabilistic interpretation of |𝑋| for 𝑀𝑅 > 𝑚th. As
explained in more detail in [7, 8], this result is based on a
phase redefinition of the resonance couplings (whose phases
are affected by the non-resonant terms around the pole
[33]), and on a direct observation of the resonance-peak
signal stemming from its Laurent series for physical values
of the energy. In contrast, [15–17] propose some ad-hoc
manipulations on the complex numbers 𝑋 and 𝑍 = 1 − 𝑋

so as to end with positive definite values between 0 and 1. We
compare our results with theirs below.

References [15, 17] construct from |𝑋| and |𝑍| other
numbers �̃�, �̃� and 𝑈, which are defined as

�̃� = 12 +
|𝑋| − |1 − 𝑋|

2 ,

�̃� = 12 +
|1 − 𝑋| − |𝑋|

2 ,
𝑈 = |𝑋| + |1 − 𝑋| − 1.

(16)

By construction they fulfill that �̃� + �̃� = 1 and 0 ≤ �̃�, �̃� ≤ 1.
Theparameter𝑈measures the degree of cancellation between
the complex numbers𝑋 and 𝑍, whose sum is 1. By geometri-
cal reasoning, see Figure 1 of [15], ±𝑈/2 is interpreted as the
uncertainty in the probabilistic interpretation of �̃�.

In turn, [16] introduces other numbers �̂� and �̂� defined
by

�̂� = |𝑋|
1 + 𝑈,

�̂� = |1 − 𝑋|1 + 𝑈 .
(17)

These numbers also fulfill by construction that 0 ≤ �̂�, �̂� ≤ 1
and �̂� + �̂� = 1. This reference claims that �̂� and �̂� have a
probabilistic interpretation in connection with the weight of
the different continuum states in a resonance if 𝑈 ≪ 1. It
is also noticed that the difference between �̃� and �̂� tends to
zero linearly in 𝑈 for 𝑈 → 0.

We give in Table 2 the values of |𝑋|, �̃�, �̂� and 𝑈 for the
resonances shown in Table 1. For the last two entries of the
𝜒𝑐1(4140) one has that 𝑈 ≪ 1 and the same quantitative
conclusion on the very small size of the compositeness of
𝐷𝑠𝐷∗𝑠 results from all these numbers. Still small values for
𝑈 ≲ 0.3 results for the first entry of the 𝜒𝑐1(4140) and for
the 𝜓(4660), and a similar conclusion on the relatively small
size of the weight of the two-body continuum states results
from all the instances. Notice that it is always the case in these
examples that |𝑋| ≃ �̂�, while �̃� is different by around a factor
of 2. This is because of the following [15]:

|𝑋| − �̃� = 𝑈2 , (18)
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as it is clear from (16), and 𝑈 is as large as |𝑋| in these cases.
Thus, the approach that we follow here, based on [7, 10] and
summarized above, favors the use of �̂� of [16] over �̃� of [15].

For the resonance 𝑋(4020) one has that 𝑈 ≈ 0.5. Now,
the difference between the central values of |𝑋| and �̂� is
larger, although they drive to a similar conclusion on the
weight of the continuum state. The value of 𝑈 is larger for
the 𝑍𝑐(3900), with 𝑈/2 ≈ 0.3, and the uncertainty 𝑈/2 in
the interpretation of the numbers �̂� and �̃�, as argued in [15],
becomes very important, driving to values that differ between
each other by around a factor of 2. Finally, any of the criteria
for the probabilistic interpretation of the compositeness of the
𝜓(4260) cannot be applied since now 𝑈 is huge.

Let us also mention that the ERE for scattering up to and
including the effective range, like in our study here, drives
necessarily to purely imaginary values for 𝑋, since 𝑋 =
𝑖𝛾2𝑘 = −𝑖𝑘𝑖/𝑘𝑟. This invalidates the interpretation of Re𝑋 as
the compositeness for the case of a resonance, as advocated in
[24], because it is always equal to zero in our case, no matter
the nature of the resonance under study.

4. Summary and Conclusions

In this work, we have combined the effective range expansion,
unitarity, analyticity, and the compositeness coefficient to
study the resonance dynamics around the threshold energy
region. We only focus on the elastic 𝑆-wave scattering
throughout. In our formalism, the scattering length, effective
range, and the compositeness coefficient can be straightfor-
wardly calculated, if the mass and width of the resonance are
provided.

We have applied the theoretical formalism to the
𝑍𝑐(3900), 𝑋(4020), 𝜒𝑐1(4140), 𝜓(4260) and 𝜓(4660). The
resonance poles are assumed to be generated by the elastic
𝑆-wave scattering of 𝐷𝐷∗, 𝐷∗𝐷∗, 𝐷𝑠𝐷∗𝑠 , 𝐷1𝐷 and Λ 𝑐Λ𝑐,
respectively. According to the values in Table 1, we tentatively
conclude that both the𝐷𝐷∗ and other degrees of freedom are
equally important inside the𝑍𝑐(3900).The𝐷∗𝐷∗ component
inside the𝑋(4020) is also important, while, for the 𝜒𝑐1(4140)
and 𝜓(4660), the 𝐷𝑠𝐷∗𝑠 and Λ 𝑐Λ𝑐 components seem playing
minor roles, respectively. In addition, the natural values for
𝑎 ≃ −1 fm and 𝑟 ≃ −0.5 fm in the case of the 𝜓(4260)
are compatible with its interpretation in [28, 29] as a 𝐷1𝐷
molecular state.
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E-37008 Salamanca, Spain

Correspondence should be addressed to David R. Entem; entem@usal.es

Received 8 January 2019; Revised 17 March 2019; Accepted 7 April 2019; Published 2 May 2019

Guest Editor: Xian-Wei Kang

Copyright © 2019 Pablo G. Ortega et al.This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited. The
publication of this article was funded by SCOAP3.

In recent years, the discovery in quarkonium spectrum of several states not predicted by the naive quark model has awakened a
lot of interest. A possible description of such states requires the enlargement of the quark model by introducing quark-antiquark
pair creation or continuum coupling effects. The unquenching of the quark models is a way to take these new components into
account. In the spirit of the Cornell Model, this is usually done by coupling perturbatively a quark-antiquark state with definite
quantum numbers to the meson-meson channel with the closest threshold. In this work we present a method to coupled quark-
antiquark states with meson-meson channels, taking into account effectively the nonperturbative coupling to all quark-antiquark
states with the same quantum numbers. The method will be applied to the study of the X(3872) resonance and a comparison with
the perturbative calculation will be performed.

1. Introduction

Constituent quark models (CQM) have been extremely
successful in describing the properties of hadrons such as
the spectrum and the magnetic moments. However, since
the earliest days of the hadron spectroscopy, it was realized
[1] that such models neglect the contribution of higher Fock
components (virtual 𝑞𝑞 pairs, unitary loops, or hadron-
hadron channels) predicted byQCD. Unquenching the quark
model is a way to incorporate these components, in a sim-
ilar way as unquenched lattice theories included dynamical
quarks instead of static quarks (quenched theories). It is
worth noticing, though, that the name “unquenched quark
model” refers to different approaches to include these higher
Fock components. Thus, Tornqvist and collaborators [2, 3]
use a “unitarized” quark model to incorporate the effects of
two meson channels to 𝑐𝑐 and 𝑏𝑏 spectrum. Van Beveren and
Rupp [4, 5] showed the influence of continuum channels on
the properties of hadrons, in a model which describes the
meson as a system of one or more closed quark-antiquark
states in interaction with several two meson channels. More
recently, Bijker and Santopinto [6] developed an unquenched
quark model for baryons, in which a constituent quark

model is modified to include, as a perturbation, a QCD-
inspired quark-antiquark creation mechanism. Under this
assumption, the baryon wave function consists of a zeroth-
order three-valence quark configuration plus a sum over
baryon-meson loops.

The components beyond the naive constituent quark
model became more relevant since 2003, when the 𝑋(3872)
and other XYZ states were discovered. At that time hadron
spectroscopy begins to measure hadron states near two
particle thresholds and in this situation loop corrections are
relevant.

The 𝑋(3872) resonance has been studied using different
versions of the unquenched quark model in Ref. [7–9].
Eichten et al. [7] considered the influence of meson-meson
channels using the Cornell coupled channels scheme [10],
obtaining a perturbative mass shift of the 𝑐𝑐 configuration
below threshold and an additional decay width for config-
urations above threshold. Using the Resonance Spectrum
expansion [11] Coito et al. showed that the 𝑋(3872) is
compatible with a description in terms of a regular 23𝑃1
charmonium state with a renormalized mass, via opened and
closed decay channels. Finally, in Ref. [12], it was shown that
one can describe the 𝑋(3872) as a 𝜒�푐1(2𝑃) interpreted as a
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𝑐𝑐 core plus higher Fock components due to perturbative
coupling to the meson-meson continuum.

A different point of view from the references mentioned
above is presented in Ref. [13]. The authors of Ref. [13]
also study the coupling of the 𝑞𝑞 states with meson-meson
channels, but in this case themeson-meson interaction which
originates by the underlying quark-quark interaction is fully
taken into account, in contrast to other studies such as Ref.
[14]. The approach of Ref. [13] allows to have bound states
not only in the 𝑞𝑞 channels but, under certain circumstances,
in the meson-meson channels. They start from a coupled
channels approach for the 𝐽�푃�퐶 = 1++ channel, to study the
influence of the 𝑞𝑞 channels in themeson-mesonone. Solving
the coupling for the 𝑞𝑞 states one arrives to a Schrödinger-
type equation in which the meson-meson interaction gets
modified by the coupling with the bare 𝑞𝑞 states, generating a
resonance which can be identified with the 𝑋(3872). Besides
this state, one gets an orthogonal one which can be identified
with the 𝑋(3940). Both are different combinations of 𝑞𝑞 and
meson-meson states.

Some models, as our previous work in Ref. [13], choose
a particular 𝑞𝑞 state which gets modified by the interaction
with the two meson channels. Usually, the states “closer” to
the threshold of the meson-meson channel are chosen, but
sometimes it is difficult to decide which ones are relevant.
Moreover, in some models, this state is modified perturba-
tively.

In an attempt to improve these caveats, we have developed
a new scheme in which the contributions of the complete
tower of radial excitations corresponding to a given 𝐽�푃�퐶
value of 𝑞𝑞 states are automatically taken into account. A
similar approach was already done in Ref. [14], in which
a model that can be solved analytically was used, but with
no meson-meson interaction included. The rationale of the
method is to leave the 𝑞𝑞 radial wave function as unknown
to be determined dynamically. Afterwards, the contribution
of each “quenched” state is determined by expanding the
obtained wave function in a bare quark-antiquark base. In
this way, one incorporates from scratch all possible 𝑞𝑞 states
and also allows the deformation of the bare 𝑞𝑞 wave function
due to interactionwith themeson-meson channels. Although
the method is general for baryons and mesons, for the sake of
clarity in this paper we will develop it only for mesons.

The paper is organized as follows. In Section 2 we first
discuss the coupled channel formalism and the coupling
mechanism between the different channels and the basic
ingredients of the constituent quark model. Results and
comments are presented in Section 3. Finally, we summarize
the main achievements of our calculation in Section 4.

2. The Model

2.1. The Constituent Quark Model. The constituent quark
model used in this work has been extensively described
elsewhere [15, 16] and therefore we will only summarize here
its most relevant aspects. The chiral symmetry of the original
QCD Lagrangian appears spontaneously broken in nature
and, as a consequence, light quarks acquire a dynamical mass.

The simplest Lagrangian invariant under chiral rotations
must therefore contain chiral fields and can be expressed as

L = 𝜓 (𝑖�𝜕 − 𝑀(𝑞2)𝑈�훾5) 𝜓 (1)

where 𝑈�훾5 = 𝑒�푖(�휆𝑎/�푓𝜋)�휙𝑎�훾5 is the Goldstone boson fields
matrix and 𝑀(𝑞2) is the dynamical (constituent) mass.
This Lagrangian has been derived in Ref. [17] as the low-
energy limit in the instanton liquid model. In this model
the dynamical mass vanishes at large momenta and it is
frozen at low momenta, for a value around 300 MeV. Similar
results have also been obtained in lattice calculations [18]. To
simulate this behavior we parametrize the dynamical mass as𝑀(𝑞2) = 𝑚�푞𝐹(𝑞2), where𝑚�푞 ≃ 300 𝑀𝑒𝑉, and

𝐹 (𝑞2) = [ Λ2
�휒Λ2

�휒 + 𝑞2]
1/2

. (2)

The cut-off Λ �휒 fixes the chiral symmetry breaking scale.
TheGoldstone boson field matrix𝑈�훾5 can be expanded in

terms of boson fields,

𝑈�훾5 = 1 + 𝑖𝑓�휋 𝛾
5𝜆�푎𝜋�푎 − 12𝑓2

�휋

𝜋�푎𝜋�푎 + ⋅ ⋅ ⋅ (3)

The first term of the expansion generates the constituent
quark mass while the second gives rise to a one-boson
exchange interaction between quarks. Themain contribution
of the third term comes from the two-pion exchange which
has been simulated by means of a scalar exchange potential.

In the heavy quark sector chiral symmetry is explicitly
broken and this type of interaction does not act. However
it constrains the model parameters through the light meson
phenomenology and provides a natural way to incorporate
the pion exchange interaction in the open charm dynamics.

Below the chiral symmetry breaking scale quarks
still interact through gluon exchanges described by the
Lagrangian

L�푔�푞�푞 = 𝑖√4𝜋𝛼�푠𝜓𝛾�휇𝐺�휇
�푐𝜆�푐𝜓, (4)

where 𝜆�푐 are the SU(3) color generators and 𝐺�휇
�푐 is the gluon

field. The other QCD nonperturbative effect corresponds to
confinement, which prevents from having colored hadrons.
Such a term canbe physically interpreted in a picture inwhich
the quark and the antiquark are linked by a one-dimensional
color flux-tube.

Lattice calculations have shown that, as far as the quarks
get separated, virtual quark anti-quark pairs tend to modify
the confinement potential, giving rise at some scale to a
breakup of the color flux-tube [19]. Coupled channels and
screening potential represent similar physics [20]. However,
our approach is to couple those channels whose thresholds
are near to the 𝑞𝑞 states we are studying in detail; therefore
it should not be treated perturbatively, and, furthermore,
averaging the effects of the rest of the thresholds through the
following screened confinement potential,

𝑉�퐶�푂�푁 (→𝑟 �푖�푗) = {−𝑎�푐 (1 − 𝑒−�휇𝑐�푟𝑖𝑗) + Δ} (→𝜆�푐�푖 ⋅ →𝜆�푐�푗) . (5)

Explicit expressions for these interactions and the value of the
parameters are given in Ref. [15, 16].
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2.2. The Unquenched Meson Spectrum. Although over the
time the procedure to incorporate new Fock components to
the 𝑞𝑞 wave function has received several names (unitarized
quark model [2], resonance spectrum expansion [11], and
coupled channel formalism [1]) the basic idea behind the
unquenched meson model is to assume that a hadron wave
function with fixed 𝐽�푃 quantum numbers combines a zeroth-
order configuration plus a sum over the possible higher Fock
components due to the creation of 𝑞𝑞 pairs:

Ψ�퐴⟩ =N |𝐴⟩ + ∑
�퐵�퐶�푙�푗

∫𝑑→𝐾𝑘2𝑑𝑘 𝐵𝐶𝑙𝑗, →𝐾, 𝑘⟩

× ⟨𝐵𝐶𝑙𝑗,
→𝐾, 𝑘 𝑇+ |𝐴⟩

𝐸0 − 𝐸�퐵 − 𝐸�퐶

(6)

where 𝑇+ stands for the operator which couples the different
components, usually the 3𝑃0 quark-antiquark pair creator,
and |𝐴⟩ is an eigenstate of the bare Hamiltonian 𝐻0|𝐴⟩ =𝐸0|𝐴⟩.

In practice what is done is to assume that the first Fock
component, namely, the 𝑞𝑞 structure, is renormalized via
the influence of nearby meson-meson channels and, thus,
coupled channels calculation is performed including the bare𝑞𝑞 state and themeson-meson channels. Solving the coupling
with the meson-meson channels one obtains for the mass
shift of the meson |𝐴⟩

Σ (𝐸�퐴) = ∑
�퐵�퐶�푙�푗

∫𝑑𝑘2𝑑𝑘
⟨𝐵𝐶𝑙𝑗, →𝐾, 𝑘 𝑇+ |𝐴⟩

2

𝐸�퐴 − 𝐸�퐵�퐶

(7)

where 𝐸�퐵�퐶 is the kinetic energy of the meson-meson pair.
As stated in the introduction, this method has two

important shortcomings. First of all, it focuses the study
on the modification of the 𝑞𝑞 channel, avoiding the study
of the meson-meson channel where interesting structures
may appear. Second, it is chosen from the beginning one 𝑞𝑞
channel to be modified, neglecting those 𝑞𝑞 channels which
may be generated in the interaction with the meson-meson
channel.

For these reasons, we have developed a new scheme in
which the contributions of all states are initially taken into
account, being the dynamics the responsible of selecting the
contribution of each bound state.

The Hamiltonian we consider

𝐻 = 𝐻0 + 𝑉 (8)

is the sum of an “unperturbed” part𝐻0 and a second part 𝑉
which couples a 𝑞𝑞 system to a continuum made of meson-
meson states.

Instead of expanding the wave function of the 𝑞𝑞 system
in eigenstates of the 𝐻0 Hamiltonian and then solving the
coupled channels equation with the meson-meson channels,
we use a general wave function for the 𝑞𝑞 system to solve the
coupled channels problem and then develop the solution of
the 𝑞𝑞 system in the base of the bare 𝑞𝑞 states. In this way,
the dynamics of the system is the element which determines

the contribution of each bare state to the eigenstate, obtained
from the two-body Schrödinger equation which includes
the effect of the dynamics of the nearby meson-meson
channels.

The meson wave functions to be used all along this work
will be expressed using the Gaussian Expansion Method [21]
(GEM), expanding the radial wave function in terms of basis
functions

Φ�훼 (𝑟)⟩ =
�푛𝑚𝑎𝑥∑
�푛=1

𝑐�훼�푛 𝜙�퐺
�푛�푙 (𝑟)⟩ (9)

where 𝛼 refers to the channel quantum numbers and |𝜙�퐺
�푛�푙(𝑟)⟩

are Gaussian trial functions with ranges in geometrical
progression. This choice is useful for optimizing the ranges
with a small number of free parameters [21]. In addition,
the density of the distribution of the Gaussian ranges in
geometrical progression at small ranges is suitable for making
the wave function correlate with short range potentials.

To introduce higher Fock components in the 𝑞𝑞 wave
function we assume that the hadronic state is

|Ψ⟩ = Φ�훼⟩ +∑
�훽

𝜒�훽 (𝑃) 𝜙�퐴𝜙�퐵𝛽⟩ (10)

where |Φ�훼⟩ is the 𝑞𝑞 wave function, 𝜙�푀 are 𝑞𝑞 eigenstates
describing the 𝐴 and 𝐵 mesons, |𝜙�퐴𝜙�퐵𝛽⟩ is the two-meson
state with 𝛽 quantum numbers coupled to total 𝐽�푃�퐶 quantum
numbers, and 𝜒�훽(𝑃) is the relative wave function between the
two mesons in the molecule. The meson-meson interaction
will be derived from the 𝑞𝑞 interaction using the Resonating
Group Method (RGM) [22].

We must notice that, although the Gaussian Expansion
Method of the 𝑞𝑞 wave functions can be also used for the
mesons constituting the molecular states, we will assume that
thewave functions of thesemesons are simple solutions of the
Schrödinger two-body equation.

In order to couple both sectors, we use the QCD-inspired
3𝑃0 model [23], which gives a clear picture of the physical
mechanism of the coupling. In this model, a quark pair
is created from the vacuum with the vacuum quantum
numbers. After the pair creation, a recombination of the
quark-antiquark of the initial meson with the 3𝑃0 pair follows
to give the two final mesons. The 3𝑃0 quark-antiquark pair-
creation operator can be written as [24]

T = −3√2𝛾�耠∑
�휇

∫𝑑3𝑝𝑑3𝑝�耠𝛿(3) (𝑝 + 𝑝�耠)

× [Y1 (𝑝 − 𝑝�耠

2 ) 𝑏†�휇 (𝑝) 𝑑†] (𝑝�耠)]�퐶=1,�퐼=0,�푆=1,�퐽=0
(11)

where 𝜇 (] = 𝜇) are the quark (antiquark) quantum numbers
and 𝛾�耠 = 25/2𝜋1/2𝛾with 𝛾 = 𝑔/2𝑚 is a dimensionless constant
which gives the strength of the 𝑞𝑞 pair creation from the
vacuum.

Finally, in the context of the 3𝑃0 model, the transition
operator ℎ�훽�훼(𝑃) can be defined from theT operator as
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⟨𝜙�푀1𝜙�푀2𝛽T Φ�훼⟩ = 𝑃ℎ�훽�훼 (𝑃) 𝛿(3) (→𝑃 cm) (12)

where 𝑃 is the relative momentum of the two-meson state.
Now, we use Eq. (9) to decompose ℎ�훽�훼(𝑃) as

ℎ�훽�훼 (𝑃) =
�푛𝑚𝑎𝑥∑
�푛=1

𝑐�훼�푛 ℎ�푛�훽�훼 (𝑃) (13)

Then, the coefficients 𝑐�훼�푛 of the 𝑞𝑞 meson wave function
and the eigenenergy 𝐸 are determined from the coupled-
channel equations

∑
�훼,�푛

[H�훼�훼
�푛�푛 −G

0�훼�훼
�푛�푛 (𝐸)] 𝑐�훼�푛 = ∑

�푛

𝐸𝑁�훼

�푛�푛𝑐�훼�푛
∑
�훽

∫𝐻�훽�훽 (𝑃�耠, 𝑃) 𝜒�훽 (𝑃) 𝑃2𝑑𝑃 +∑
�훼

ℎ�훽�훼 (𝑃�耠)
= 𝐸𝜒�훽 (𝑃�耠)

(14)

where 𝑁�훼

�푛�푛 is the normalization matrix of the GEM trial
Gaussian functions, H�훼�훼

�푛�푛 is the interquark Hamiltonian that
defines the bare 𝑞𝑞 meson spectrum, and 𝐻�훽�훽 is the RGM
Hamiltonian for the two meson states, obtained from the 𝑞𝑞
interaction. In the previous equations we have defined the
perturbative mass shift G0�훼�훼

�푛�푛 as

G
0�훼�훼
�푛�푛 (𝐸) = −𝛿�훼�훼𝛿�푛�푛∑

�훽

∫ℎ�푛�훼�훽 (𝑃) 𝜒�훽 (𝑃) 𝑃2𝑑𝑃, (15)

which codifies the coupling with molecular states. Appar-
ently, the perturbative mass shift does not mix different 𝑞𝑞
channels, so the only operator which mixes them is the
potential 𝑉�훼�훼

�푛�푛 in H�훼�훼
�푛�푛 . However, as will be detailed below,

themolecular wave function is dependent on different meson
channels.

The previous coupled channel equations can be solved
in a more elegant way through the 𝑇 matrix, solution of the
Lippmann-Schwinger equation,

𝑇�훽�훽 (𝑃�耠, 𝑃; 𝐸) = 𝑉�훽�훽 (𝑃�耠, 𝑃; 𝐸)
+ ∑

�훽

∫𝑉�훽�훽 (𝑃�耠, 𝑃�耠�耠; 𝐸)

⋅ 1𝐸 − 𝐸�훽 (𝑃�耠�耠)𝑇�훽�훽 (𝑃�耠�耠, 𝑃; 𝐸) 𝑃�耠�耠2𝑑𝑃�耠�耠

(16)

where 𝑉�훽�훽(𝑃�耠, 𝑃) is the RGM potential.
Using the 𝑇 matrix, we end up with a Schrödinger-like

equation for the 𝑐�훼�푛 coefficients,

∑
�훼,�푛

[H�훼�훼
�푛�푛 −G

�훼�훼
�푛�푛 (𝐸)] 𝑐�훼�푛 = ∑

�푛

𝐸𝑁�훼

�푛�푛𝑐�훼�푛 . (17)

In the previous equation we identify G�훼�훼
�푛�푛 as the energy-

dependent complete mass-shift matrix

G
�훼�훼
�푛�푛 (𝐸) = ∑

�훽

∫𝑑𝑞𝑞2 ℎ
�푛

�훼�훽 (𝑞, 𝐸) ℎ�푛�훽�훼 (𝑞)𝑞2/2𝜇 − 𝐸 − 𝑖0+ , (18)

where ℎ�훼�훽 is the 3𝑃0 potential dressed by the RGM meson-
meson interaction,

ℎ�훼�훽 (𝑝, 𝐸) = ℎ�훼�훽 (𝑝)
−∑

�훽

∫𝑑3𝑞𝑇�훽�훽 (𝑝, 𝑞, 𝐸) ℎ�훼�훽 (𝑞)𝑞2/2𝜇 − 𝐸 − 𝑖0+ , (19)

which can be decomposed in the GEMbasis as ℎ�훼�훽 in Eq. (13).
In order to find molecular states above and below

thresholds in the same formalism we have to analytically
continue all the potentials for complex momenta. Therefore,
resonances are solutions of Eq. (17), with the pole position
solved by the Broyden method [25].

The molecular wave function is related with the 𝑐�훼�푛
coefficients of the meson 𝑞𝑞 state,

𝜒�훽 (𝑝) = −∑
�훼,�푛

ℎ�푛�훼�훽 (𝑝, 𝐸) 𝑐�훼�푛 (𝐸)𝑝2/2𝜇 − 𝐸 − 𝑖0+ (20)

with the normalization given by

1 = ∑
�훼,�훼 ,�푛,�푛

𝑐�훼�푛𝑁�훼�훼
�푛�푛 𝑐�훼�푛 + ⟨𝜒�훽 | 𝜒�훽⟩ (21)

The partial decay widths can be defined through the
complete S-matrix of the mix channel, as detailed in [26].

3. Calculations, Results, and Discussions

In order to compare the results of the proposed scheme with
the perturbative one we perform a similar calculation as in
Ref. [13], namely, a coupled channel calculation including the
1++ 𝑞𝑞 sector and the 𝐷0𝐷0∗ and 𝐷±𝐷∗∓ channels. We, first
of all, perform a calculation with the same parameters as [13]
in the charge basis

𝐷±𝐷∗∓⟩ = 1√2 (
𝐷𝐷∗𝐼 = 0⟩ − 𝐷𝐷∗𝐼 = 1⟩) (22)

𝐷0𝐷∗0⟩ = 1√2 (
𝐷𝐷∗𝐼 = 0⟩ + 𝐷𝐷∗𝐼 = 1⟩) (23)

Isospin symmetry is explicitly broken taking the experi-
mental threshold difference into account in our equations and
solving for the charged and the neutral components.

One can see in Table 2 that when we use the value of𝛾 = 0.26weget three stateswith energies close to the𝑋(3940),
the 𝑋(3872), and the 𝑐𝑐 𝑀 = 3510 MeV/𝑐2. The first two
states are mixtures of 𝑐𝑐 and 𝐷𝐷∗ components, being the𝑋(3940) predominantly 𝑐𝑐 and the𝑋(3872)mostly𝐷𝐷∗.The
third state is clearly a 𝑞𝑞 state. If we project the 𝑞𝑞 component
in the base of bare 𝑐𝑐 states (Table 3) we realize that this third
state is an almost pure 13𝑃1 𝑐𝑐 state whereas the other two are
predominantly 23𝑃1. In order to compare with the bare 𝐻0

spectrum we show in Table 1 the charmonium states in the
vicinity of the 𝑋(3872), only up to the first radial excitation.
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Table 1: 𝐻0 spectrum for the 𝐽�푃�퐶 = 1++ sector in the vicinity of
the 𝑋(3872) resonance. A more complete description of the bare
charmonium spectrum can be found in Ref. [27].

𝑐𝑐 State Mass [MeV]
13𝑃1 3503.923𝑃1 3947.4

One can analyze the isospin content of the 𝐷𝐷∗ com-
ponent of the different states. The only one which shows a
sizable 𝐼 = 1 component is the one we have identified with
the 𝑋(3872). The other two are basically 𝐼 = 0 states. Notice
that all the interactions are isospin conserving interactions
and the reason to have a non-zero 𝐼 = 1 component for the𝑋(3872) is that the binding energy of the 𝐷𝐷∗ component
for this state is smaller than the isospin breaking of the 𝐷(∗)0

and 𝐷(∗)± masses which enhances the 𝐷0𝐷∗0 component at
large distances.

As in Ref. [13], we have fine-tuned the 3𝑃0 parameter to
get the right binding energy of the 𝑋(3872). The results are
shown in the second part of Table 2.We get again three states.
The first one, with a mass of 𝑀 = 3943.9 MeV/𝑐2, can be
identified with the 𝑋(3940) [28] and is a mixture of 57% of𝑞𝑞 and 43% of 𝐷𝐷∗ molecule with isospin 𝐼 = 0. The 𝑞𝑞
component is basically a 23𝑃1 state. The second state has now
the right energy of the𝑋(3872) resonance.The𝐷0𝐷∗0 clearly
dominates its structure with a 94% probability, giving a 55%
probability for the isospin 0 component and 39% for isospin1, which is enhanced in this case because the binding energy
ismuch smaller compared with mass difference of the neutral
and charged 𝐷𝐷∗ components. As the isospin breaking is
a threshold effect, it grows as we get closer to the 𝑋(3872)
physical mass. The 𝑞𝑞 component is, as in the previous state,
a 23𝑃1 bare state. Finally we get an almost pure 𝐼 = 0 13𝑃1
state with a mass of𝑀 = 3480.75MeV/𝑐2.

The scenario drawn by these results consists of two bare
states (a molecule and a 23𝑃1 𝑞𝑞 state), which mix together
to give the two physical states, and a third state which
participates slightly into the game, although, as we will see,
its contribution is important. The result is similar to those
of Ref. [13], within the uncertainties of the model, but now
it appears dynamically without the need to make educated
guesses about the bare states involved in the calculation. In
this way we are confident that all the physics is included into
the model.

Although not addressed in Ref. [13], we have calculated
with our wave functions the two decay rates that represent a
challenge in the description of the𝑋(3782) structure, namely,

𝑅�퐼 = B (𝑋 (3872) → 𝜔𝐽/𝜓)
B (𝑋 (3872) → 𝜋−𝜋+𝐽/𝜓) (24)

𝑅�훾 = B (𝑋 (3872) → 𝜓 (2𝑆) 𝛾)
B (𝑋 (3872) → 𝐽/𝜓𝛾) (25)

𝑅�퐼 has been measured by BaBar Collaboration [29] obtaining𝑅�퐼 = 0.8 ± 0.3. A value of 𝑅�훾 = 2.46 ± 0.64 ± 0.29 has been
recently reported by LHCb Collaboration [30].

Whereas 𝑅�퐼, which showed a large isospin symmetry
breaking, has been used to justify that the 𝑋(3872) should
be hadronic molecule, the high value of 𝑅�훾 was interpreted as
a strong evidence that the𝑋(3872) cannot be a pure hadronic
molecule, based on the claim that the contributions of the
molecular component to this ratio should be small [31].

Our 𝑋(3872) wave function allows for a simultaneous
description of both ratios. To calculate 𝑅�훾 we have assumed
that the decay proceeds through the 𝑞𝑞 component, obtaining
the value 𝑅�훾 = 0.39 which is clearly far from the exper-
imental value. A similar result is obtained in [32], where
it is shown that if the 13𝑃1 states are neglected the ratio
approaches to the experimental value. In our approach the13𝑃1 appears automatically. Then, it seems that a more careful
calculation of this decay in the line of Ref. [33, 34] should be
done.

The obtained value for the first ratio is 𝑅�퐼 = 1.5 that is
close to the experimental result, similar to the values obtained
in Ref. [35–37].

4. Summary

In this work we present amethod to coupled quark-antiquark
states withmeson-meson channels, taking into account effec-
tively the nonperturbative coupling to all quark-antiquark
states with the same quantum numbers. Instead of expanding
the wave function of the 𝑞𝑞 system in eigenstates of the 𝐻0

Hamiltonian and then solving the coupled channels equation
with the meson-meson channels, we use a general wave
function for the 𝑞𝑞 system to solve the coupled channels
problem and then develop the solution of the 𝑞𝑞 system in
the base of the bare 𝑞𝑞 states. The method is applied to the
coupling of the 𝑋(3872) resonance to the 1++ 𝑞𝑞 states and
the results were compared with those of the perturbative
calculation of Ref. [13].
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Table 2: Mass and channel probabilities for the three states in the present approach using the two values of the 3𝑃0 strength parameter as
explained in the text.

𝛾3𝑃0 𝑀 (𝑀𝑒𝑉) 𝑐𝑐 𝐷0𝐷∗0 𝐷±𝐷∗± I=0 I=1
3948.89 56.71% 22.47% 20.82% 43.10% 0.25%

0.260 3867.36 30.22% 51.37% 18.40% 64.72% 5.06%3468.29 95.70% 2.18% 2.12% 4.30% 0.0%
3944.58 57.03% 22.07% 20.89% 42.72% 0.43%

0.218 3871.76 3.62% 93.99% 2.39% 54.98% 39.34%
3478.55 96.84% 1.60% 1.56% 3.16% 0.0%

Table 3: Decomposition of the 𝑐𝑐 component of the states in Table 2 in the bare 𝑐𝑐 basis.
𝛾3𝑃0 𝑀 (𝑀𝑒𝑉) 𝑐𝑐 13𝑃1 23𝑃1 33𝑃1 43𝑃13948.89 56.71% 1.61% 96.33% 1.28% 0.78%
0.260 3867.36 30.22% 1.80% 98.14% 0.06% 0.0%3468.29 95.70% 99.99% 0.01% 0.0% 0.0%

3944.58 57.03% 0.23% 99.49% 0.28% 0.0%
0.218 3871.76 3.62% 2.11% 97.75% 0.14% 0.0%

3478.55 96.84% 100.0% 0.0% 0.0% 0.0%
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The chromopolarizability of a quarkonium describes the quarkonium’s interaction with soft gluonic fields and can be measured
in the heavy quarkonium decay. Within the framework of dispersion theory which considers the 𝜋𝜋 final state interaction (FSI)
model-independently, we analyze the transition 𝜓�耠 → 𝐽/𝜓𝜋+𝜋− and obtain the chromopolarizability 𝛼�휓�휓 and the parameter𝜅. It is found that the 𝜋𝜋 FSI plays an important role in extracting the chromopolarizability from the experimental data. The
obtained chromopolarizability with the FSI is reduced to about 1/2 of that without the FSI. With the FSI, we determine the
chromopolarizability |𝛼�휓�휓| = (1.44 ± 0.02) GeV−3 and the parameter 𝜅 = 0.139 ± 0.005. Our results could be useful in studying
the interactions of charmonium with light hadrons.

1. Introduction

The chromopolarizability 𝛼 of a quarkonium parametrizes
the quarkonium’s effective interaction with soft gluons, and it
is an important quantity in the heavy quark effective theory.
Within themultipole expansion inQCD in terms of the chro-
mopolarizability, many processes can be described, including
the hadronic transitions between quarkonium resonances
[1, 2] and the interaction of slow quarkonium with a nuclear
medium [3]. A recent interest of the chromopolarizabilities
of 𝐽/𝜓 and 𝜓�耠 comes from the hadrocharmonium [3–8]
interpretation of the 𝑃+�푐 (4380) and 𝑃+�푐 (4450) observed by the
LHCbCollaboration, and it is found that the 𝑃+�푐 (4450) can be
interpreted as a 𝜓�耠-nucleon bound state if 𝛼�휓/𝛼�퐽/�휓 ≃ 15 [9].

There are a few studies of the chromopolarizabilities
of 𝐽/𝜓 and 𝜓�耠, some of which are not in line with each
other. Calculated in the large-𝑁�푐 limit in the heavy quark
approximation, the values of the chromopolarizabilities of
the 𝐽/𝜓 and 𝜓�耠 are obtained: 𝛼�퐽/�휓 ≈ 0.2 GeV−3 and
𝛼�휓 ≈ 12 GeV−3 [6, 7, 10, 11]. Within a quarkonium-
nucleon effective field theory, the chromopolarizability of
the 𝐽/𝜓 is determined through fitting the lattice QCD data
[12] of the 𝐽/𝜓-nucleon potential, and the result is 𝛼�퐽/�휓 =0.24 GeV−3 [13, 14]. Based on an effective potential formalism

given in [15] and a recent lattice QCD calculation [16], the
chromopolarizabilities of 𝐽/𝜓 are extracted to be 𝛼�퐽/�휓 =
(1.6 ± 0.8) GeV−3 [9]. On the other hand, the determination
of the transitional chromopolarizability 𝛼�휓�휓 ≡ 𝛼�휓�㨀→�퐽/�휓 is of
importance since it acts a reference benchmark for either of
the diagonal terms due to the Schwartz inequality: 𝛼�퐽/�휓𝛼�휓 ≥𝛼2�휓�휓 [4]. The perturbative prediction in the large 𝑁�푐 limit is
𝛼�휓�휓 ≈ −0.6 GeV−3 [6, 7, 10, 11]. While being extracted from
the process of 𝜓�耠 → 𝐽/𝜓𝜋𝜋, the result is |𝛼�휓�휓| ≈ 2 GeV−3
[4, 17]. Taking account of the 𝜋𝜋 FSI in a chiral unitary
approach, it is found that the value of |𝛼�휓�휓| may be reduced
to about 1/3 of that without the 𝜋𝜋 FSI [18].

Since the FSI plays an important role in the heavy quarko-
nium transitions and modifies the value of 𝛼�휓�휓 significantly,
it is thus necessary to account for the FSI properly. In this
work we will use the dispersion theory to take into account
of the 𝜋𝜋 FSI and extract the value of 𝛼�휓�휓. Instead of
the chiral unitary approach [18, 19], in which the scalar
mesons (𝜎, 𝑓0(980), and 𝑎0(980)) are dynamically generated,
in the dispersion theory the 𝜋𝜋 FSI is treated in a model-
independent way consistent with 𝜋𝜋 scattering data. Another
update of our calculation is that we consider the FSIs of
separate partial waves, namely, the 𝑆- and 𝐷-waves, instead
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of only accounting for the 𝑆-wave as in the parametrization
in [17, 18].

The theoretical framework is described in detail in
Section 2. In Section 3, we fit the decay amplitudes to the
data for the 𝜓�耠 → 𝐽/𝜓𝜋+𝜋− transition and determine
the chromopolarizability 𝛼�휓�휓 and the parameter 𝜅. A brief
summary will be presented in Section 4.

2. Theoretical Framework

First we define the Mandelstam variables of the decay process𝜓�耠(𝑝�푎) → 𝐽/𝜓(𝑝�푏)𝜋(𝑝�푐)𝜋(𝑝�푑)
𝑠 = (𝑝�푐 + 𝑝�푑)2 ,
𝑡 = (𝑝�푎 − 𝑝�푐)2 ,
𝑢 = (𝑝�푎 − 𝑝�푑)2 .

(1)

The amplitude for the 𝜋+𝜋− transition between 𝑆-wave
states 𝐴 and 𝐵 of heavy quarkonium can be written as [4, 13]

𝑀�퐴�퐵 = 2√𝑚�퐴𝑚�퐵𝛼�퐴�퐵⟨𝜋+ (𝑝�푐) 𝜋− (𝑝�푑)  12E�푎 ⋅ E�푎 0⟩
= 8𝜋2𝑏 √𝑚�퐴𝑚�퐵𝛼�퐴�퐵 (𝜅1𝑝0�푐𝑝0�푑 − 𝜅2𝑝�푖�푐𝑝�푖�푑) ,

(2)

where the factor 2√𝑚�퐴𝑚�퐵 appears due to the relativistic
normalization of the decay amplitude, 𝛼�퐴�퐵 is the chromopo-
larizability, and E�푎 denotes the chromoelectric field. 𝑏 is the
first coefficient of the QCD beta function, 𝑏 = (11/3)𝑁�푐 −(2/3)𝑁�푓, where 𝑁�푐 = 3 and 𝑁�푓 = 3 are the number of
colors and of light flavors, respectively. 𝜅1 = 2 − 9𝜅/2, and𝜅2 = 2 + 3𝜅/2, where 𝜅 is a parameter that can be determined
from the data.

The above result of the QCD multipole expansion
together with the soft-pion theorem can be reproduced by
constructing a chiral effective Lagrangian for the 𝜓�耠 →𝐽/𝜓𝜋𝜋 transition. Since the spin-dependent interactions are
suppressed by the charm mass, the heavy quarkonia can be
expressed in terms of spin multiplets, and one has 𝐽 ≡ 𝜓 ⋅
𝜎 + 𝜂�푐, where 𝜎 contains the Pauli matrices and 𝜓 and 𝜂�푐
annihilates the 𝜓 and 𝜂�푐 states, respectively [20].The effective
Lagrangian, at the leading order in the chiral as well as the
heavy quark nonrelativistic expansion, reads [21–23]

L�휓�휓�휋�휋 = 𝑐12 ⟨𝐽†𝐽�耠⟩ ⟨𝑢�휇𝑢�휇⟩ + 𝑐22 ⟨𝐽†𝐽�耠⟩ ⟨𝑢�휇𝑢]⟩ V�휇V]

+ h.c., (3)

where V�휇 = (1, 0) is the velocity of the heavy quark. The
Goldstone bosons of the spontaneous breaking of chiral
symmetry can be parametrized according to

𝑢�휇 = 𝑖 (𝑢†𝜕�휇𝑢 − 𝑢𝜕�휇𝑢†) ,
𝑢2 = 𝑒�푖Φ/�퐹𝜋 , Φ = ( 𝜋0 √2𝜋+

√2𝜋− −𝜋0 ) , (4)

where 𝐹�휋 = 92.2MeV denotes the pion decay constant.

The amplitude obtained by using the effective Lagrangi-
ans in (3) is

𝑀 (𝑠, 𝑡, 𝑢) = − 4𝐹2�휋 (𝑐1𝑝�푐 ⋅ 𝑝�푑 + 𝑐2𝑝0�푐𝑝0�푑) . (5)

Matching the amplitude in (2) to that in (5), we can express
the low-energy couplings in the chiral effective Lagrangian in
terms of the chromopolarizability 𝛼�퐴�퐵 and the parameter 𝜅

𝑐1 = −𝜋2√𝑚�휓𝑚�휓𝐹2�휋𝑏 𝛼�휓�휓 (4 + 3𝜅) ,
𝑐2 = 12𝜋2√𝑚�휓𝑚�휓𝐹2�휋𝑏 𝛼�휓�휓𝜅.

(6)

Thepartial-wave decomposition of𝑀(𝑠, 𝑡, 𝑢) can be easily
performed by using the relation

𝑝0�푐𝑝0�푑 = 14 (𝑠 + q2) − 14q2𝜎2�휋cos2 𝜃, (7)

where q is the 3-momentum of the final vector meson in the
rest frame of the initial state with |q| = {[(𝑚�휓 + 𝑚�휓)2 −
𝑠]/[(𝑚�휓 − 𝑚�휓)2 − 𝑠]}1/2/(2𝑚�휓), 𝜎�휋 ≡ √1 − 4𝑚2�휋/𝑠, and 𝜃
is the angle between the 3-momentum of the 𝜋+ in the rest
frame of the 𝜋𝜋 system and that of the 𝜋𝜋 system in the rest
frame of the initial 𝜓�耠.

Parity and 𝐶-parity conservations require the pion pair
to have even relative angular momentum 𝑙. We only consider
the 𝑆- and 𝐷-wave components in this study, neglecting the
effects of higher partial waves. Explicitly, the 𝑆- and 𝐷-wave
components of the amplitude read

𝑀�휒0 (𝑠)
= − 2𝐹2�휋 {𝑐1 (𝑠 − 2𝑚2�휋) + 𝑐22 [𝑠 + q2 (1 − 𝜎2�휋3 )]} ,

𝑀�휒2 (𝑠) = 23𝐹2�휋 𝑐2q
2𝜎2�휋.

(8)

There are strong FSI in the 𝜋𝜋 system especially in the
isospin-0 S-wave, which can be taken into account model-
independently using dispersion theory [22–31]. We will use
the Omnès solution to obtain the amplitude including FSI.
In the region of elastic 𝜋𝜋 rescattering, the partial-wave
unitarity conditions read

Im𝑀�푙 (𝑠) = 𝑀�푙 (𝑠) sin 𝛿0�푙 (𝑠) 𝑒−�푖�훿0𝑙 (�푠). (9)

Below the inelastic threshold, the phases 𝛿�퐼�푙 of the partial-
wave amplitudes of isospin 𝐼 and angular momentum 𝑙
coincide with the 𝜋𝜋 elastic phase shifts modulo 𝑛𝜋, as
required by Watson’s theorem [32, 33]. It is known that the
standard Omnès solution of (9) is as follows:

𝑀�푙 (𝑠) = 𝑃�푛�푙 (𝑠) Ω0�푙 (𝑠) , (10)
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Figure 1: Simultaneous fit to the 𝜋𝜋 invariant mass distributions and the helicity angle distributions in 𝜓�耠 → 𝐽/𝜓𝜋+𝜋−. The red solid and
blue dashed curves represent the theoretical fit results with 𝜋𝜋 FSI and without 𝜋𝜋 FSI cases, respectively. The data are taken from [37].

where the 𝑃�푛�푙 (𝑠) is a polynomial, and the Omnès function is
defined as [34]

Ω�퐼�푙 (𝑠) = exp{ 𝑠𝜋 ∫∞
4�푚2
𝜋

d𝑥𝑥
𝛿�퐼�푙 (𝑥)
𝑥 − 𝑠 } . (11)

At low energies, 𝑀0(𝑠) and 𝑀2(𝑠) can be matched to the
chiral representation. Namely, in the limit of switching off
the 𝜋𝜋 FSI, i.e., Ω0�푙 (𝑠) ≡ 1, the polynomials 𝑃�푛�푙 (𝑠) can be
identified exactly with the expressions given in (8).Therefore,
the amplitudes including the FSI take the form

𝑀0 (𝑠)
= − 2𝐹2�휋 [𝑐1 (𝑠 − 2𝑚2�휋) + 𝑐22 (𝑠 + q2 (1 − 𝜎2�휋3 ))]
⋅ Ω00 (𝑠) ,

(12)

𝑀2 (𝑠) = 23𝐹2�휋 𝑐2q
2𝜎2�휋Ω02 (𝑠) . (13)

Nowwediscuss the𝜋𝜋 phase shifts used in the calculation
of the Omnès functions. For the 𝑆-wave, we use the phase of
the nonstrange pion scalar form factor as determined in [35],
which yields a good description below the onset of the 𝐾𝐾
threshold. For the 𝐷-wave, we employ the parametrization
for 𝛿02 given by the Madrid–Kraków collaboration [36]. Both
phases are guided smoothly to 𝜋 for 𝑠 → ∞.

It is then straightforward to calculate the 𝜋𝜋 invariant
mass spectrum and helicity angular distribution for 𝜓�耠 →𝐽/𝜓𝜋+𝜋− using

dΓ
d√𝑠d cos 𝜃

= √𝑠𝜎�휋 |q|128𝜋3𝑚2
�휓

𝑀0 (𝑠) + 𝑀2 (𝑠) 𝑃2 (cos 𝜃)2 ,
(14)

where the Legendre polynomial 𝑃2(cos 𝜃) = (3 cos2 𝜃 − 1)/2.
3. Phenomenological Discussion

Theunknown parameters are the low-energy constants 𝑐1 and𝑐2 in the chiral Lagrangian (3), which can be expressed in

Table 1: The parameter results from the fits of the 𝜓�耠 → 𝜓𝜋𝜋
processes with and without the 𝜋𝜋 FSI.

Without 𝜋𝜋 FSI With 𝜋𝜋 FSI
|𝛼�휓�휓| (GeV−3) 2.37 ± 0.02 1.44 ± 0.02
𝜅 0.135 ± 0.005 0.139 ± 0.005
𝜒2
d.o.f

115.3120 − 2 = 0.98 117.6120 − 2 = 1.00

terms of the chromopolarizability 𝛼�휓�휓 and the parameter𝜅 as in (6). In order to determine 𝛼�휓�휓 and 𝜅, we fit the
theoretical results to the experimental 𝜋+𝜋− invariant mass
spectra and the helicity angular distribution from the BES𝜓�耠 → 𝐽/𝜓𝜋+𝜋− decay data [37] and the corresponding decay
width Γ(𝜓�耠 → 𝐽/𝜓𝜋+𝜋−) [38]. The fit results are plotted in
Figure 1, where the red solid and blue dashed curves represent
the results with or without the 𝜋𝜋 FSI, respectively. The fit
parameters as well as the 𝜒2/d.o.f . are shown in Table 1. One
observes that the experimental data can be well described
regardless of whether the FSI is included. This is due to
the simple shapes of the 𝜋𝜋 invariant mass distribution and
the helicity angular distribution in this process and does
not mean the FSI is not important. Since the dipion mass
invariant mass reaches about 600MeV in such a decay, the𝜋𝜋
FSI is known to be strong in this energy range and needs to be
considered. On the other hand, one can readily see from (6)
and (8) that while the chromopolarizability 𝛼�휓�휓 determines
the overall decay rate, the parameter 𝜅 characterizes the 𝐷-
wave contribution, and we do not find significant correlation
between 𝛼�휓�휓 and 𝜅.

We observe that the 𝜋𝜋 FSI modifies the value of the
chromopolarizability 𝛼�휓�휓 significantly, and resultant value
with the FSI is almost 1/2 of that without the FSI.The obtained
value with the FSI, |𝛼�휓�휓| = (1.44 ± 0.02) GeV−3, coincides
with the suspicion 𝛼�퐽/�휓 ≥ |𝛼�휓�휓| [3] with the value 𝛼�퐽/�휓 =
(1.6±0.8) GeV−3 from the calculation [9] based on the recent
lattice QCD data of 𝐽/𝜓-nucleon potential [16]. It should be
mentioned that the value of 𝛼�휓�휓 with the FSI obtained here
is different from the one in [18], |𝛼�휓�휓| = (0.83±0.01) GeV−3,
and also our result without the FSI slightly differs from those
in [17, 18]. The reasons are that the chiral unitary approach
instead of dispersion theory is used to account for the FSI
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in [18], and we use the updated experimental data [37, 38]
and a general theoretical amplitude rather than the one only
containing the 𝑆-wave as employed in [17, 18].

For the parameter 𝜅, as shown in Table 1 its value is
affected little by the 𝜋𝜋 FSI. One notes that a detailed study
of the 𝜓�耠 → 𝐽/𝜓𝜋+𝜋− process using the Novikov-Shifman
model [2] has been performed by BES [39], and based
on the joint 𝑚�휋+�휋−-cos 𝜃�휋+ distribution this parameter was
determined as 𝜅 = 0.183 ± 0.002± 0.003. We have tried fitting
the same old BES data [39] and our 𝜅 changes slightly and is
still much smaller than the BES one. In the Novikov-Shifman
model, the 𝜓�耠 → 𝐽/𝜓𝜋+𝜋− amplitude reads [2]

𝑀 ∝ {𝑠 − 𝜅 (𝑚�휓 − 𝑚�휓)2 (1 + 2𝑚2�휋𝑠 )

+ 32𝜅 [(𝑚�휓 − 𝑚�휓)2 − 𝑠] 𝜎2�휋 (cos2 𝜃 − 13)} .
(15)

If we make the same approximation, namely, neglect the𝑂(𝑚2�휋) terms except the 𝑚2�휋/𝑠 ones, as in [2] and set (𝑚�휓 +
𝑚�휓)2 − 𝑠 ≈ (𝑚�휓 + 𝑚�휓)2 in the expression of 3-momentum
q, our amplitude without the 𝜋𝜋 FSI agrees with (15). While
numerically we find that some neglected 𝑂(𝑚2�휋) terms are at
the same order as the 𝜅(𝑚�휓 − 𝑚�휓)2 term in (15), this may
account for the difference of 𝜅 between ours and that in [39].
On the other hand, we have checked that the contribution of
the 𝐷-wave, which is characterized by the parameter 𝜅, to the
total rate is less than two percent, and the same observation
has been made in [39].

4. Conclusions

We have used dispersion theory to study the 𝜋𝜋 FSI in the
decay 𝜓�耠 → 𝐽/𝜓𝜋+𝜋−. Through fitting the data of the 𝜋𝜋
mass spectra and the angular cos 𝜃 distributions, the values
of the chromopolarizability 𝛼�휓�휓 and the parameter 𝜅 are
determined. It is found that the effect of the 𝜋𝜋 FSI is quite
sizeable in the chromopolarizability 𝛼�휓�휓, and the one with
FSI is almost 1/2 of that without FSI. The parameter 𝜅, which
accounts for the 𝐷-wave contribution, is affected little by the𝜋𝜋 FSI.The results obtained in this work would be valuable to
understand the chromopolarizability of charmonia and will
have applications for the studies of the nucleon-charmonia
interaction.
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In this article, we construct the color singlet-singlet-singlet interpolating current with 𝐼(𝐽�푃) = (3/2)(1−) to study the𝐷𝐷∗𝐾 system
through QCD sum rules approach. In calculations, we consider the contributions of the vacuum condensates up to dimension-16
and employ the formula 𝜇 = √𝑀2�푋/�푌/�푍 − (2M�푐)2 to choose the optimal energy scale of the QCD spectral density. The numerical

result𝑀�푍 = 4.71+0.19−0.11 GeV indicates that there exists a resonance state𝑍 lying above the𝐷𝐷∗𝐾 threshold to saturate the QCD sum
rules. This resonance state𝑍may be found by focusing on the channel 𝐽/𝜓𝜋𝐾 of the decay 𝐵 → 𝐽/𝜓𝜋𝜋𝐾 in the future.

1. Introduction

Since the observation of the 𝑋(3872) by the Belle collab-
oration in 2003 [1], more and more exotic hadrons have
been observed and confirmed experimentally, such as the
charmonium-like𝑋,𝑌,𝑍 states, hidden-charm pentaquarks,
etc. [2–4].Those exotic hadron states, which cannot be inter-
preted as the quark-antiquarkmesons or three-quark baryons
in the naive quark model [5], are good candidates of the
multiquark states [6, 7]. The multiquark states are color-
neutral objects because of the color confinement and provide
an important platform to explore the low energy behaviors
of QCD, as no free particles carrying net color charges
have ever been experimentally observed. Compared to the
conventional hadrons, the dynamics of the multiquark states
is poorly understood and calls for more works.

Some exotic hadrons can be understood as hadronic
molecular states [8], which are analogous to the deuteron
as a loosely bound state of the proton and neutron. The
most impressive example is the original exotic state, the𝑋(3872), which has been studied as the 𝐷𝐷∗ molecular
state by many theoretical groups [9–17]. Another impressive
example is the 𝑃�푐(4380) and 𝑃�푐(4450) pentaquark states
observed by the LHCb collaboration in 2015, which are good
candidates for the 𝐷Σ∗�푐 , 𝐷∗Σ�푐, 𝐷∗Σ∗�푐 molecular states [8]. In

additional to the meson-meson type and meson-baryon type
molecular state, there may also exist meson-meson-meson
type molecular states; in other words, there may exist three-
meson hadronic molecules.

In [18, 19], the authors explore the possible existence of
three-meson system𝐷𝐷∗𝐾molecule according to the attrac-
tive interactions of the two-body subsystems 𝐷𝐾,𝐷𝐾, 𝐷∗𝐾,𝐷∗𝐾, and 𝐷𝐷∗ with the Born-Oppenheimer approximation
and the fixed center approximation, respectively. In this
article, we study the 𝐷𝐷∗𝐾 system with QCD sum rules.

The QCD sum rules method is a powerful tool in
studying the exotic hadrons [20–25] and has given many
successful descriptions; for example, the mass and width
of the 𝑍�푐(3900) have been successfully reproduced as an
axial vector tetraquark state [26, 27]. In QCD sum rules,
we expand the time-ordered currents into a series of quark
and gluon condensates via the operator product expansion
method. These quark and gluon condensates parameterize
the nonperturbative properties of the QCD vacuum. Accord-
ing to the quark-hadron duality, the copious information
about the hadronic parameters can be obtained on the
phenomenological side [28, 29].

In this article, the color singlet-singlet-singlet interpolat-
ing current with 𝐼(𝐽�푃) = (3/2)(1−) is constructed to study
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the 𝐷𝐷∗𝐾 system. In calculations, the contributions of the
vacuum condensates are considered up to dimension-16 in
the operator product expansion and the energy-scale formula
𝜇 = √𝑀2

�푋/�푌/�푍
− (2M�푐)2 is used to seek the ideal energy scale

of the QCD spectral density.
The rest of this article is arranged as follows: in Section 2,

we derive the QCD sum rules for themass and pole residue of
the𝐷𝐷∗𝐾 state; in Section 3, we present the numerical results
and discussions; Section 4 is reserved for our conclusion.

2. QCD Sum Rules for the 𝐷𝐷∗𝐾 State

In QCD sum rules, we consider the two-point correlation
function,

Π�휇] (𝑝) = 𝑖 ∫ 𝑑4𝑥𝑒�푖�푝⋅�푥 ⟨0| 𝑇 {𝐽�휇 (𝑥) 𝐽†] (0)} |0⟩ , (1)

where

𝐽�휇 (𝑥)
= 𝑢�푚 (𝑥) 𝑖𝛾5𝑐�푚 (𝑥) 𝑐�푛 (𝑥) 𝛾�휇𝑑�푛 (𝑥) 𝑢�푘 (𝑥) 𝑖𝛾5𝑠�푘 (𝑥) , (2)

and the 𝑚, 𝑛, and 𝑘 are color indexes. The color singlet-
singlet-singlet current operator 𝐽�휇(𝑥) has the same quantum
numbers 𝐼(𝐽�푃) = (3/2)(1−) as the 𝐷𝐷∗𝐾 system.

On the phenomenological side, a complete set of interme-
diate hadronic states, which has the same quantum numbers
as the current operator 𝐽�휇(𝑥), is inserted into the correlation
function Π�휇](𝑝) to obtain the hadronic representation [28,
29]. We isolate the ground state contribution 𝑍 from the pole
term, and get the result:

Π�휇] (𝑝) = 𝜆2�푍𝑀2�푍 − 𝑝2 (−𝑔�휇] +
𝑝�휇𝑝]𝑝2 ) + ⋅ ⋅ ⋅

= Π (𝑝2) (−𝑔�휇] + 𝑝�휇𝑝]𝑝2 ) + ⋅ ⋅ ⋅ ,
(3)

where the pole residue 𝜆�푍 is defined by ⟨0|𝐽�휇(0)|𝑍(𝑝)⟩ =𝜆�푍𝜀�휇, the 𝜀�휇 is the polarization vector of the vector hexaquark
state 𝑍.

At the quark level, we calculate the correlation functionΠ�휇](𝑝) via the operator product expansion method in per-
turbative QCD. The 𝑢, 𝑑, 𝑠, and 𝑐 quark fields are contracted
with the Wick theorem, and the following result is obtained:

Π�휇] (𝑝) = −𝑖 ∫𝑑4𝑥𝑒�푖�푝⋅�푥 {T𝑟 [𝛾�휇𝐷�푛�푛 (𝑥) 𝛾]𝐶�푛�푛 (−𝑥)]
⋅ Tr [𝑖𝛾5𝐶�푚�푚 (𝑥) 𝑖𝛾5𝑈�푚�푚 (−𝑥)]Tr [𝑖𝛾5𝑆�푘�푘 (𝑥)
⋅ 𝑖𝛾5𝑈�푘�푘 (−𝑥)] − Tr [𝛾�휇𝐷�푛�푛 (𝑥) 𝛾]𝐶�푛�푛 (−𝑥)]
⋅ Tr [𝑖𝛾5𝐶�푚�푚 (𝑥) 𝑖𝛾5𝑈�푚�푘 (−𝑥) 𝑖𝛾5𝑆�푘�푘 (𝑥)
⋅ 𝑖𝛾5𝑈�푘�푚 (−𝑥)]} ,

(4)

where the 𝑈�푖�푗(𝑥),𝐷�푖�푗(𝑥), 𝑆�푖�푗(𝑥), and 𝐶�푖�푗(𝑥) are the full 𝑢, 𝑑, 𝑠,
and 𝑐 quark propagators, respectively. We give the full quark
propagators explicitly in the following, (the 𝑃�푖�푗(𝑥) denotes the𝑈�푖�푗(𝑥) or 𝐷�푖�푗(𝑥)),

𝑃�푖�푗 (𝑥) = 𝑖𝛿�푖�푗�𝑥2𝜋2𝑥4 −
𝛿�푖�푗 ⟨𝑞𝑞⟩12 − 𝛿�푖�푗𝑥2 ⟨𝑞𝑔�푠𝜎𝐺𝑞⟩

192
− 𝑖𝑔�푠𝐺�푛�훼�훽𝑡�푛�푖�푗 (�𝑥𝜎�훼�훽 + 𝜎�훼�훽�𝑥)32𝜋2𝑥2 − 18 ⟨𝑞�푗𝜎�훼�훽𝑞�푖⟩ 𝜎�훼�훽
+ ⋅ ⋅ ⋅ ,

(5)

𝑆�푖�푗 (𝑥) = 𝑖𝛿�푖�푗�𝑥2𝜋2𝑥4 −
𝛿�푖�푗𝑚�푠4𝜋2𝑥2 −

𝛿�푖�푗 ⟨𝑠𝑠⟩12 + 𝑖𝛿�푖�푗�𝑥𝑚�푠 ⟨𝑠𝑠⟩48
− 𝛿�푖�푗𝑥2 ⟨𝑠𝑔�푠𝜎𝐺𝑠⟩

192 + 𝑖𝛿�푖�푗𝑥2�𝑥𝑚�푠 ⟨𝑠𝑔�푠𝜎𝐺𝑠⟩
1152

− 𝑖𝑔�푠𝐺�푛�훼�훽𝑡�푛�푖�푗 (�𝑥𝜎�훼�훽 + 𝜎�훼�훽�𝑥)32𝜋2𝑥2 − 18 ⟨𝑠�푗𝜎�훼�훽𝑠�푖⟩ 𝜎�훼�훽 + ⋅ ⋅ ⋅ ,

(6)

𝐶�푖�푗 (𝑥) = 𝑖
(2𝜋)4 ∫𝑑4𝑘𝑒−�푖�푘⋅�푥{{{

�𝑘 + 𝑚�푐𝑘2 − 𝑚2�푐 𝛿�푖�푗

− 𝑔�푠𝑡�푛�푖�푗𝐺�푛�훼�훽 (�𝑘 + 𝑚�푐) 𝜎�훼�훽 + 𝜎�훼�훽 (�𝑘 + 𝑚�푐)
4 (𝑘2 − 𝑚2�푐)2

− 𝑔2�푠 (𝑡�푛𝑡�푚)�푖�푗 𝐺�푛�훼�훽𝐺�푛�휇] (𝑓�훼�훽�휇] + 𝑓�훼�휇�훽] + 𝑓�훼�휇]�훽)
4 (𝑘2 − 𝑚2�푐)5

+ ⋅ ⋅ ⋅}}}
,

(7)

𝑓�휆�훼�훽 = (�𝑘 + 𝑚�푐) 𝛾�휆 (�𝑘 + 𝑚�푐) 𝛾�훼 (�𝑘 + 𝑚�푐) 𝛾�훽 (�𝑘 + 𝑚�푐) ,
𝑓�훼�훽�휇] = (�𝑘 + 𝑚�푐) 𝛾�훼 (�𝑘 + 𝑚�푐) 𝛾�훽 (�𝑘 + 𝑚�푐) 𝛾�휇 (�𝑘 + 𝑚�푐)

⋅ 𝛾] (�𝑘 + 𝑚�푐) ,
(8)

and 𝑡�푛 = 𝜆�푛/2; the 𝜆�푛 is the Gell-Mann matrix [29].
We compute the integrals in the coordinate space for the
light quark propagators and in the momentum space for
the charm quark propagators and obtain the QCD spectral
density 𝜌(𝑠) via taking the imaginary part of the correlation
function: 𝜌(𝑠) = lim�휀�㨀→0(ImΠ(𝑠+𝑖𝜀)/𝜋) [26]. In the operator
product expansion, we take into account the contributions
of vacuum condensates up to dimension-16 and keep the
terms which are linear in the strange quark mass 𝑚�푠. We
take the truncation 𝑘 ≤ 1 for the operators of the order
O(𝛼�푘�푠 ) in a consistent way and discard the perturbative
corrections. Furthermore, the condensates ⟨𝑞𝑞⟩⟨𝛼�푠𝐺𝐺/𝜋⟩,⟨𝑞𝑞⟩2⟨𝛼�푠𝐺𝐺/𝜋⟩, and ⟨𝑞𝑞⟩3⟨𝛼�푠𝐺𝐺/𝜋⟩ play a minor important
role and are neglected.

According to the quark-hadron duality, we match the
correlation function Π(𝑝2) gotten on the hadron side and
at the quark level below the continuum threshold 𝑠0 and
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perform Borel transform with respect to the variable 𝑃2 =−𝑝2 to obtain the QCD sum rule:

𝜆2�푍 exp(−𝑀2�푍𝑇2 ) = ∫�푠0
4�푚2
𝑐

𝑑𝑠𝜌 (𝑠) exp (− 𝑠𝑇2) , (9)

where the QCD spectral density is

𝜌 (𝑠) = 𝜌0 (𝑠) + 𝜌3 (𝑠) + 𝜌4 (𝑠) + 𝜌5 (𝑠) + 𝜌6 (𝑠) + 𝜌8 (𝑠)
+ 𝜌9 (𝑠) + 𝜌10 (𝑠) + 𝜌11 (𝑠) + 𝜌12 (𝑠) + 𝜌13 (𝑠)
+ 𝜌14 (𝑠) + 𝜌16 (𝑠) ,

(10)

and the subscripts 0, 3, 4, 5, 6, 8, 9, 10, 11, 12, 13, 14, and
16 denote the dimensions of the vacuum condensates, the𝑇2 is the Borel parameter, and the lengthy and complicated
expressions are neglected for simplicity. However, for the
explicit expressions of the QCD special densities, the inter-
ested readers can obtain them through emailing us.

We derive (9) with respect to 1/𝑇2 and eliminate the pole
residue 𝜆�푍 to extract the QCD sum rule for the mass:

𝑀2�푍 = ∫�푠0
4�푚2
𝑐

𝑑𝑠 (𝑑/𝑑 (−1/𝑇2)) 𝜌 (𝑠) exp (−𝑠/𝑇2)
∫�푠0
4�푚2
𝑐

𝑑𝑠𝜌 (𝑠) exp (−𝑠/𝑇2) . (11)

3. Numerical Results and Discussions

In this section, we perform the numerical analysis. To extract
the numerical values of𝑀�푍, we take the values of the vacuum
condensates ⟨𝑞𝑞⟩ = −(0.24 ± 0.01GeV)3, ⟨𝑠𝑠⟩ = (0.8 ±0.1)⟨𝑞𝑞⟩, ⟨𝑞𝑔s𝜎𝐺𝑞⟩ = 𝑚20⟨𝑞𝑞⟩, ⟨𝑠𝑔�푠𝜎𝐺𝑠⟩ = 𝑚20⟨𝑠𝑠⟩, 𝑚20 =(0.8 ± 0.1)GeV2, ⟨𝛼�푠𝐺𝐺/𝜋⟩ = (0.33GeV)4 at the energy
scale 𝜇 = 1GeV [28–30], choose the 𝑀𝑆 masses 𝑚�푐(𝑚�푐) =(1.275 ± 0.025)GeV, 𝑚�푠(𝜇 = 2GeV) = (0.095+0.009−0.003)GeV
from the Particle Data Group [2], and neglect the up and
downquarkmasses, i.e.,𝑚�푢 = 𝑚�푑 = 0.Moreover, we consider
the energy-scale dependence of the input parameters on the
QCD side from the renormalization group equation,

⟨𝑞𝑞⟩ (𝜇) = ⟨𝑞𝑞⟩ (1GeV) [𝛼�푠 (1GeV)𝛼�푠 (𝜇) ]4/9 ,

⟨𝑠𝑠⟩ (𝜇) = ⟨𝑠𝑠⟩ (1GeV) [𝛼�푠 (1GeV)𝛼�푠 (𝜇) ]4/9 ,
⟨𝑞𝑔�푠𝜎𝐺𝑞⟩ (𝜇)
= ⟨𝑞𝑔�푠𝜎𝐺𝑞⟩ (1GeV) [𝛼�푠 (1GeV)𝛼�푠 (𝜇) ]2/27 ,

⟨𝑠𝑔�푠𝜎𝐺𝑠⟩ (𝜇) = ⟨𝑠𝑔�푠𝜎𝐺𝑠⟩ (1GeV) [𝛼�푠 (1GeV)𝛼�푠 (𝜇) ]2/27 ,

𝑚�푠 (𝜇) = 𝑚�푠 (2GeV) [ 𝛼�푠 (𝜇)𝛼�푠 (2GeV)]
4/9 ,

𝑚�푐 (𝜇) = 𝑚�푐 (𝑚�푐) [ 𝛼�푠 (𝜇)𝛼�푠 (𝑚�푐)]
12/25 ,

𝛼�푠 (𝜇)
= 1𝑏0𝑡 [1 − 𝑏1𝑏20

log 𝑡𝑡 + 𝑏21 (log2 𝑡 − log 𝑡 − 1) + 𝑏0𝑏2𝑏40 𝑡2 ] ,
(12)

where 𝑡 = log(𝜇2/Λ2), 𝑏0 = (33 − 2𝑛�푓)/12𝜋, 𝑏1 = (153 −
19𝑛�푓)/24𝜋2, 𝑏2 = (2857 − (5033/9)𝑛�푓 + (325/27)𝑛2�푓)/128𝜋3,Λ = 213MeV, 296MeV and 339MeV for the flavors 𝑛�푓 = 5,4 and 3, respectively [2].

For the hadron mass, it is independent of the energy
scale because of its observability. However, in calculations,
the perturbative corrections are neglected, the operators of
the orders O�푛(𝛼�푘�푠 ) with 𝑘 > 1 or the dimensions 𝑛 > 16
are discarded, and somehigher dimensional vacuumconden-
sates are factorized into lower dimensional ones; therefore,
the corresponding energy-scale dependence is modified. We
have to take into account the energy-scale dependence of the
QCD sum rules.

In [26, 31–34], the energy-scale dependence of the QCD
sum rules is studied in detail for the hidden-charm tetraquark
states and molecular states, and an energy-scale formula 𝜇 =
√𝑀2�푋/�푌/�푍 − (2M�푐)2 is come up with to determine the optimal
energy scale. This energy-scale formula enhances the pole
contribution remarkably, improves the convergent behaviors
in the operator product expansion, and works well for the
exotic hadron states. In this article, we explore the 𝐷𝐷∗𝐾
state 𝑍 through constructing the color singlet-singlet-singlet
type current based on the color-singlet 𝑞𝑞 substructure. For
the two-meson molecular states, the basic constituent is also
the color-singlet 𝑞𝑞 substructure [33, 34]. Hence, the previous
works can be extended to study the 𝐷𝐷∗𝐾 state. We employ
the energy-scale formula 𝜇 = √𝑀2

�푋/�푌/�푍
− (2M�푐)2 with the

updated value of the effective 𝑐-quark mass M�푐 = 1.85GeV
to take the ideal energy scale of the QCD spectral density.

At the present time, no candidate is observed experi-
mentally for the hexaquark state 𝑍 with the symbolic quark
constituent 𝑐𝑐𝑑𝑢𝑠𝑢. However, in the scenario of four-quark
states, the 𝑍�푐(3900) and 𝑍(4430) can be tentatively assigned
to be the ground state and the first radial excited state of
the axial vector four-quark states, respectively [35], while the𝑋(3915) and 𝑋(4500) can be tentatively assigned to be the
ground state and the first radial excited state of the scalar
four-quark states, respectively [36, 37]. By comparison, the
energy gap is about 0.6GeV between the ground state and
the first radial excited state of the hidden-charm four-quark
states. Here, we suppose the energy gap is also about 0.6GeV
between the ground state and the first radial excited state
of the hidden-charm six-quark states and take the relation√𝑠0 = 𝑀�푍 + (0.4 − 0.6)GeV as a constraint to obey.

In (11), there are two free parameters: the Borel parameter𝑇2 and the continuum threshold parameter 𝑠0. The extracted
hadron mass is a function of the Borel parameter 𝑇2 and the
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Figure 1: The pole contribution with variation of the Borel param-
eter 𝑇2.

continuum threshold parameter 𝑠0. To obtain a reliable mass
sum rule analysis, we obey two criteria to choose suitable
working ranges for the two free parameters. One criterion
is the pole dominance on the phenomenological side, which
requires the pole contribution (PC) to be about (40 − 60)%.
The PC is defined as

PC = ∫�푠0
4�푚2
𝑐

𝑑𝑠𝜌 (𝑠) exp (−𝑠/𝑇2)
∫∞
4�푚2
𝑐

𝑑𝑠𝜌 (𝑠) exp (−𝑠/𝑇2) . (13)

The other criterion is the convergence of the operator product
expansion. To judge the convergence, we compute the con-
tributions of the vacuum condensates 𝐷(𝑛) in the operator
product expansion with the formula:

𝐷(𝑛) = ∫�푠0
4�푚2
𝑐

𝑑𝑠𝜌�푛 (𝑠) exp (−𝑠/𝑇2)
∫�푠0
4�푚2
𝑐

𝑑𝑠𝜌 (𝑠) exp (−𝑠/𝑇2) , (14)

where the 𝑛 is the dimension of the vacuum condensates.
In Figure 1, we show the variation of the PC with respect

to the Borel parameter 𝑇2 for different values of the contin-
uum threshold parameter 𝑠0 at the energy scale 𝜇 = 2.9GeV.
From the figure, we can see that the value √𝑠0 ≤ 5.0GeV
is too tiny to obey the pole dominance criterion and result
in sound Borel window for the state 𝑍. To warrant the Borel
platform for the mass 𝑚�푍, we take the value 𝑇2 = (2.8 −3.2)GeV2. In the above Borel window, if we choose the value√𝑠0 = (5.1 − 5.3)GeV, the PC is about (39 − 63)%. The pole
dominance condition is well satisfied.

In Figure 2, we draw the absolute contribution values
of the vacuum condensates |𝐷(𝑛)| at central values of the
above input parameters. From the figure, we can observe

1.0

0.8

0.6

0.4

0.2

0.0

−0.2

|＄
(Ｈ

) |

−2 0 2 4 6 8 10 12 14 16 18

n

Figure 2: The absolute contributions of the vacuum condensates
with dimension 𝑛 in the operator product expansion.

that the contribution of the perturbative term 𝐷(0) is not
the dominant contribution; the contributions of the vacuum
condensates with dimensions 3, 6, 8, 9, and 11 are very great.
If we take the contribution of the vacuum condensate with
dimension 11 as a milestone, the absolute contribution values
of the vacuum condensates |𝐷(𝑛)| decrease quickly with
the increase of the dimensions 𝑛, and the operator product
expansion converges nicely.

Thus, we obtain the values 𝑇2 = (2.8 − 3.2)GeV2 , √𝑠0 =(5.1 − 5.3)GeV and 𝜇 = 2.9GeV for the state 𝑍. Considering
all uncertainties of the input parameters, we get the values of
the mass and pole residue of the state 𝑍:

𝑀�푍 = 4.71+0.19−0.11GeV,
𝜆�푍 = (4.60+1.15−0.69) × 10−4GeV8, (15)

which are shown explicitly in Figures 3 and 4. Obviously,
the energy-scale formula 𝜇 = √𝑀2

�푋/�푌/�푍
− (2M�푐)2 and the

relation √𝑠0 = 𝑀�푍 + (0.4 − 0.6)GeV are also well satisfied.
The central value𝑀�푍 = 4.71GeV is about 337MeV above the
threshold 𝑀

�퐾+�퐷+�퐷
∗ = 497.6 + 1865 + 2010 = 4372.6MeV,

which indicates that the 𝑍 is probably a resonance state.
For some exotic resonances, the authors have combined the
effective range expansion, unitarity, analyticity, and com-
positeness coefficient to probe their inner structure in [38,
39]. Their studies indicated that the underlying two-particle
component (in the present case, corresponding to three-
particle component) plays an important or minor role; in
other words, there are the other hadronic degrees of freedom
inside the corresponding resonance. Hence, a resonance state
embodies the net effect. Considering the conservation of
the angular momentum, parity and isospin, we list out the
possible hadronic decay patterns of the hexaquark state 𝑍:

𝑍 → 𝐽/𝜓𝜋𝐾, 𝜂�푐𝜌 (770)𝐾,𝐷𝐷∗𝐾. (16)
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Figure 3: The mass with variation of the Borel parameter 𝑇2.
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Figure 4: The pole residue with variation of the Borel parameters𝑇2.

To search for the X(3872), Belle, BaBar, and LHCb have
collected numerous data in the decay 𝐵 → 𝐽/𝜓𝜋𝜋𝐾. Thus,
the hexaquark state𝑍maybe found by focusing on the easiest
channel 𝐽/𝜓𝜋𝐾 in the experiment.

4. Conclusion

In this article, we construct the color singlet-singlet-singlet
interpolating current operator with 𝐼(𝐽�푃) = (3/2)(1−) to
study the 𝐷𝐷∗𝐾 system through QCD sum rules approach
by taking into account the contributions of the vacuum

condensates up to dimension-16 in the operator product
expansion. In numerical calculations, we saturate the hadron
side of the QCD sum rule with a hexaquark molecular state,
employ the energy-scale formula 𝜇 = √𝑀2

�푋/�푌/�푍
− (2M�푐)2 to

take the optimal energy scale of theQCDspectral density, and
seek the ideal Borel parameter 𝑇2 and continuum threshold𝑠0 by obeying two criteria of QCD sum rules for multiquark
states. Finally, we obtain the mass and pole residue of the
corresponding hexaquark molecular state 𝑍. The predicted
mass, 𝑀�푍 = 4.71+0.19−0.11GeV, which lies above the 𝐷𝐷∗𝐾
threshold, indicates that the 𝑍 is probably a resonance state.
This resonance state 𝑍 may be found by focusing on the
channel 𝐽/𝜓𝜋𝐾 of the decay 𝐵 → 𝐽/𝜓𝜋𝜋𝐾 in the future.
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In this work, we study the 𝐵𝐾 molecule in the Bethe-Salpeter (BS) equation approach. With the kernel containing one-particle-
exchange diagrams and introducing two different form factors (monopole form factor and dipole form factor) in the vertex, we
solve the BS equation numerically in the covariant instantaneous approximation. We investigate the isoscalar and isovector 𝐵𝐾
systems, and we find that𝑋(5568) cannot be a 𝐵𝐾molecule.

1. Introduction

The physics of exotic multiquark states has been a subject of
intense interest in recent years. One reason for this is that the
experimental data are being accumulated on charmonium-
like 𝑋𝑌𝑍 states and 𝑃�푐 pentaquark states (see the review
papers [1–3] for details) and more and more experimental
data will be found in near future.

In 2016, the D0Collaboration announced a new enhance-
ment structure 𝑋(5568) with the statistical significance of
5.1𝜎 in the 𝐵0�푠𝜋± invariant mass spectrum, which has the
mass 5567.8 ± 2.9(stat)+0.9−1.9(syst) MeV and width Γ = 21.9 ±6.4(stat)+5.0−2.5(syst) MeV [4]. The observed channel indicates
that the isospin of the 𝑋(5568) is 1 and if it decays into 𝐵0𝜋±
via a S-wave, the quantum numbers of the𝑋(5568) should be𝐽�푃 = 0+. Subsequent analyses by the LHCb [5], CMS [6], and
ATLAS [7] Collaborations have not found evidence for the𝑋(5568) in proton-proton interactions at √𝑠= 7 and 8 TeV.
The CDF Collaboration has recently reported no evidence
for 𝑋(5568) in proton-antiproton collisions at √𝑠 = 1.96 TeV
[8] with different kinematic. Recently, the D0 Collaboration
reported a further evidence about this state in the decay of𝐵 with a significance of 6.7𝜎 [9] which is consistent with
their previous measurement in the hadronic decay mode [4].

Therefore, the experimental status of the 𝑋(5568) resonance
remains unclear and controversial.

No matter whether the structure exists or not, it has
been attracting a lot of attention from both experimental
and theoretical sides. Many theoretical groups have studied
possible ways to explain 𝑋(5568) as a tetraquark state,
a molecular state, etc., within various models, and they
obtained different results. In Refs. [10–18], the authors based
on QCD sum rules obtained the mass and/or decay width
which are in agreement with the experimental data. In Refs.
[19, 20], the authors showed that 𝑋(5568) or 𝑋(5616) could
not be assigned to be an 𝐵𝐾 or 𝐵∗𝐾molecular state.𝑋(5568)
is also disfavored as a 𝑃-wave coupled-channel scattering
molecule involving the states 𝐵�푠𝜋, 𝐵∗�푠 𝜋, 𝐵𝐾, and 𝐵∗𝐾 in Ref.
[21]. The authors of Ref. [22] pointed out that the 𝐵�푠𝜋 and𝐵𝐾 interactions were weak and 𝑋(5568) could not be a 𝑆-
wave 𝐵�푠𝜋 and 𝐵𝐾molecular state. Based on the lattice QCD,
there is no candidate for 𝑋(5568) with 𝐽�푃 = 0+ [23]. The
authors found that threshold, cusp,molecular, and tetraquark
models were all unfavoured for𝑋(5568) [24].𝑋(5568) as 𝐵𝐾
molecule and diquark-diquark model are considered in Ref.
[25] using QCD two-point and light-cone sum rules, and
their results strengthen the diquark-antidiquark picture for
the 𝑋(5568) state rather than a meson molecule structure.
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But the authors of Ref. [26] found that the𝑋(5568) signal can
be reproduced by using 𝐵�푠𝜋 − 𝐵𝐾 coupled channel analysis,
if the corresponding cutoff value was larger than a natural
value Λ ∼ 1 GeV. In Ref. [27], the authors demonstrated that𝑋(5568) could be a kinematic reflection and explained the
absence of𝑋(5568) in LHCb and CMSCollaborations. Based
on the quark model, 𝑋(5568) could exist as a mixture of a
tetraquark and hadronic molecule [28].

By this chance, we will systematically study the 𝐵𝐾
molecular state in the BS equation approach. We investigate
the 𝑆-wave 𝐵𝐾 systems with both isospins 𝐼 = 0, 1 being
considered. We will vary 𝐸�푏(𝐸�푏 = 𝐸 − 𝑀�퐵 − 𝑀�퐾) in a much
wider range and search for all the possible solutions. In this
process, we naturally check whether 𝑋(5568) can exist as 𝑆-
wave 𝐵𝐾molecular state, or not.

The remainder of this paper is organized as follows. In
Section 2, we discuss the BS equation for two pseudoscalar
mesons and establish the one-dimensional BS function for
this system. The numerical results of the 𝐵𝐾 systems are
presented in Section 3. In the last section, we give a summary
and some discussions.

2. The Bethe-Salpeter
Formalism for 𝐵𝐾 System

In this section, we will review the general formalism of the
BS equation and establish the BS equation for the system of
two pseudoscalarmesons. Let us start by defining the BSwave
function for the bound state |𝑃⟩ as the following:𝜒 (𝑥1, 𝑥2, 𝑃) = ⟨0| 𝑇𝐵 (𝑥1)𝐾 (𝑥2) |𝑃⟩ , (1)

where 𝐵(𝑥1) and 𝐾(𝑥2) are the field operators of the 𝐵 and𝐾mesons at space coordinates 𝑥1 and 𝑥2, respectively, and 𝑃
denotes the total momentum of the bound state with mass𝑀
and velocity V. The BS wave function in momentum space is
defined as𝜒�푃 (𝑥1, 𝑥2, 𝑃) = 𝑒−�푖�푃�푋∫ 𝑑4𝑝(2𝜋)4 𝑒−�푖�푝�푥𝜒�푃 (𝑝) , (2)

where 𝑝 represents the relative momentum of the two
constituents and 𝑝 = 𝜆2𝑝1 − 𝜆1𝑝2 (or 𝑝1 = 𝜆1𝑃 + 𝑝, 𝑝2 =𝜆2𝑃 − 𝑝). The relative coordinate 𝑥 and the center-of-mass
coordinate 𝑋 are defined by𝑋 = 𝜆1𝑥1 + 𝜆2𝑥2,𝑥 = 𝑥1 − 𝑥2, (3)

or inversely, 𝑥1 = 𝑋 + 𝜆2𝑥,𝑥2 = 𝑋 − 𝜆1𝑥, (4)

where 𝜆1 = 𝑚�퐵/(𝑚�퐵 +𝑚�퐾) and 𝜆2 = 𝑚�퐾/(𝑚�퐵 +𝑚�퐾), and𝑚�퐵
and𝑚�퐾 are the masses of 𝐵 and 𝐾mesons.

It can be shown that the BS wave function of 𝐵𝐾 bound
state satisfies the following BS equation [29]:𝜒�푃 (𝑝) = 𝑆�퐵 (𝑝1)∫ 𝑑4𝑞(2𝜋)4𝐾(𝑃, 𝑝, 𝑞) 𝜒�푃 (𝑞) 𝑆�퐾 (𝑝2) , (5)

where 𝑆�퐵 and 𝑆�퐾(𝑝2) are the propagators of 𝐵 and 𝐾,
respectively, and 𝐾(𝑃, 𝑝, 𝑞) is the kernel, which is defined
as the sum of all the two particle irreducible diagrams with
respect to 𝐵 and𝐾mesons. For convenience, in the following
we use the variables 𝑝�푙(= 𝑝 ⋅ V) and 𝑝�푡(= 𝑝 − 𝑝�푙V) to be
the longitudinal and transverse projections of the relative
momentum (𝑝) along the bound state momentum (𝑃).Then,
the propagator of 𝐵mesons can be expressed as𝑆�퐵 (𝜆1𝑃 + 𝑝) = 𝑖(𝜆1𝑀+ 𝑝�푙)2 − 𝜔21 + 𝑖𝜖 , (6)

and the propagator of the 𝐾 is𝑆�퐾 (𝜆2𝑃 − 𝑝) = 𝑖(𝜆2𝑀− 𝑝�푙)2 − 𝜔22 + 𝑖𝜖 , (7)

where 𝜔1(2) = √𝑚2�퐵(�퐾) + 𝑝2�푡 (we have defined 𝑝2�푡 = −𝑝�푡 ⋅ 𝑝�푡).
As discussed in the introduction, we will study the 𝑆-

wave bound state of 𝐵𝐾 system. The field doublets (𝐵+, 𝐵−),(𝐵0, 𝐵0), (𝐾+, 𝐾−), and (𝐾0, 𝐾0) have the following expan-
sions in momentum space:𝐵1 (𝑥) = ∫ 𝑑3𝑝(2𝜋)3√2𝐸±�퐵 (𝑎�퐵+𝑒−�푖�푝�푥 + 𝑎†�퐵−𝑒�푖�푝�푥) ,𝐵2 (𝑥) = ∫ 𝑑3𝑝(2𝜋)3√2𝐸0�퐵 (𝑎�퐵0𝑒−�푖�푝�푥 + 𝑎†�퐵0𝑒�푖�푝�푥) ,𝐾1 (𝑥) = ∫ 𝑑3𝑝(2𝜋)3√2𝐸±�퐾 (𝑎�퐾−𝑒−�푖�푝�푥 + 𝑎†�퐾+𝑒�푖�푝�푥) ,𝐾2 (𝑥) = ∫ 𝑑3𝑝(2𝜋)3√2𝐸0�퐾 (𝑎�퐾0𝑒−�푖�푝�푥 + 𝑎†�퐾0𝑒�푖�푝�푥) ,

(8)

where 𝐸�퐵(�퐾) = √𝑝21(2) + 𝑚2�퐵(�퐾) is the energy of the particle.
The isospin of 𝐵𝐾 can be 0 or 1 for 𝐵𝐾 system, and the

flavor wave function for the isoscalar bound state can be
written as |𝑃⟩0,0 = 1√2 𝐵+𝐾− + 𝐵0𝐾0⟩ , (9)

and the flavor wave functions of the isovector states for 𝐵𝐾
system are |𝑃⟩1,1 = 𝐵+𝐾0⟩ ,|𝑃⟩1,0 = 1√2 𝐵+𝐾− − 𝐵0𝐾0⟩ ,|𝑃⟩1,−1 = 𝐵0𝐾−⟩ .

(10)

Let us now project the bound states on the field operators𝐵1(𝑥), 𝐵2(𝑥), 𝐾1(𝑥), and 𝐾2(𝑥). Then we have⟨0| 𝑇𝐵�푖 (𝑥1)𝐾�푗 (𝑥2) |𝑃⟩�퐼,�퐼3 = 𝐶�푖�푗(�퐼,�퐼3)𝜒(�휇)�퐼�푃 (𝑥1, 𝑥2) , (11)
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where𝜒�퐼�푃 is the commonBSwave function for the bound state
with isospin 𝐼which depends only on 𝐼 but not 𝐼3 of the state|𝑃⟩�퐼,�퐼3 .The isospin coefficients 𝐶�푖�푗

(�퐼,�퐼3)
for the isoscalar state are𝐶11(0,0) = 𝐶22(0,0) = 1√2 , else = 0, (12)

and for the isovector states we have𝐶12(1,1) = 𝐶21(1,−1) = 1,𝐶11(1,0) = −𝐶22(1,0) = 1√2 ,
else = 0. (13)

Now considering the kernel, Eq. (5) can be written down
schematically,𝐶�푖�푗
(�퐼,�퐼3)
𝜒(�휇)�퐼�푃 (𝑝) = 𝑆�퐵 (𝜆1𝑃 + 𝑝)⋅ ∫ 𝑑4𝑞(2𝜋)4𝐾�푖�푗,�푙�푘 (𝑃, 𝑝, 𝑞) 𝐶�푙�푘(�퐼,�퐼3)𝜒�퐼�푃 (𝑞) 𝑆�퐾 (𝜆2𝑃 − 𝑝) . (14)

Then, from Eq. (12), for the isoscalar case, we have (take 𝑖𝑗 =11 as an example)𝜒0�푃 (𝑝) = 𝑆�퐵 (𝜆1𝑃 + 𝑝)⋅ ∫ 𝑑4𝑞(2𝜋)4 [𝐾11,11 + 𝐾11,22] 𝜒0�푃 (𝑞) 𝑆�퐾 (𝜆2𝑃 − 𝑝) . (15)

Similarly, for the isovector case, taking the 𝐼3 = 0 component
as an example, we have𝜒1�푃 (𝑝) = 𝑆�퐵 (𝜆1𝑃 + 𝑝)⋅ ∫ 𝑑4𝑞(2𝜋)4 [𝐾11,11 − 𝐾11,22] 𝜒1�푃 (𝑞) 𝑆�퐾 (𝜆2𝑃 − 𝑝) . (16)

In the BS equation approach, the interaction between𝐵 and 𝐾 mesons can be due to the light vector-meson (𝜌
and 𝜔) exchanges. The corresponding effective Lagrangians
describing the couplings of 𝐵𝐵𝜌(𝜔) [30, 31] and 𝐾𝐾𝜌(𝜔)
[32, 33] are

L�퐵�퐵V = −𝑖𝑔�퐵�퐵V𝐵†�푎←→𝜕 𝐵�푏V�휇�푏�푎,
L�퐾�퐾�휌 = 𝑖𝑔�퐾�퐾�휌 [𝐾†→𝜏 (𝜕�휇𝐾) − (𝜕�휇𝐾†)→𝜏𝐾] ⋅ →𝜌 �휇,
L�퐾�퐾�휔 = 𝑖𝑔�퐾�퐾�휔 [𝐾† (𝜕�휇𝐾) − (𝜕�휇𝐾†)𝐾]𝜔�휇, (17)

where the nonet vector meson matrix reads as

V =( 𝜌0√2 + 𝜔√2 𝜌+ 𝐾∗+𝜌− − 𝜌0√2 + 𝜔√2 𝐾∗0𝐾∗− 𝐾∗0 𝜙 ). (18)

In addition, the coupling constants involved in Eq. (17) are
taken as 𝑔�퐵�퐵V = 𝛽𝑔V/√2 with 𝑔V = 5.8, 𝛽 = 0.9, while the
coupling constants 𝑔�퐾�퐾V satisfy the relations 𝑔�퐾�퐾�휌 = 𝑔�퐾�퐾�휔 =𝑔�휌�휋�휋/2 in the 𝑆𝑈(3)�푓 limit, and 𝑔�휌�휋�휋 ≃ 𝑚�휌/𝑓�휋 ≃ 5.8 [32].

From the above observations, at the tree level, in the 𝑡-
channel the kernel for the BS equation of the interaction
between 𝐵 and 𝐾 in the so-called ladder approximation is
taken to have the following form:𝐾�푉 (𝑃, 𝑝, 𝑞) = (2𝜋)4 𝛿4 (𝑞1 + 𝑞2 − 𝑝1 − 𝑝2)⋅ 𝑐�퐼𝑔�퐵�퐵�푉𝑔�퐾�퐾�푉 (𝑝1 + 𝑞1)�휇 (𝑝2 + 𝑞2)]⋅ Δ�휇] (𝑘, 𝑚�푉) , (19)

where𝑚�푉 represent the masses of the exchanged light vector
mesons 𝜌 and 𝜔, and 𝑐�퐼 is the isospin coefficient: 𝑐0 = 3, 1 and𝑐1 = 1, 1 for 𝜌,𝜔, and Δ�휇] represents the propagator for vector
meson.

In order tomanipulate the off shell effect of the exchanged
mesons 𝜌 and 𝜔 and finite size effect of the interacting
hadrons, we introduce a form factor F(𝑘2) at each vertex.
Generally, the form factor has the monopole form and dipole
form as shown in Ref. [34]:

F�푀 (𝑘2) = Λ2 − 𝑚2Λ2 − 𝑘2 , (20)

F�퐷 (𝑘2) = (Λ2 − 𝑚2)2(Λ2 − 𝑘2)2 , (21)

whereΛ,𝑚, and 𝑘 represent the cutoff parameter, mass of the
exchanged meson, and momentum of the exchanged meson,
respectively. These two kinds of form factors are normalized
at the on shell momentum of 𝑘2 = 𝑚2. On the other hand,
if 𝑘2 were taken to be infinitely large (−∞), the form factors,
which can be expressed as the overlap integral of the wave
functions of the hadrons at the vertex, would approach zero.

For the 𝐵𝐾 system, substituting Eqs. (6), (7), and (19)
and aforementioned form factors Eqs. (20) and (21) into
Eq. (5) and using the so-called covariant instantaneous
approximation [35], 𝑝�푙 = 𝑞�푙 (which ensures that the BS
equation is still covariant after this approximation). Then one
obtains the expression

𝜒 (𝑝) = 𝑖𝑐�퐼𝑔�퐵�퐵�푉𝑔�퐾�퐾�푉[(𝜆1𝑀+ 𝑝�푙)2 − 𝜔21 + 𝑖𝜖] [(𝜆2𝑀− 𝑝�푙)2 − 𝜔22 + 𝑖𝜖]⋅ ∫ 𝑑4𝑞(2𝜋)4 4 (𝜆1𝑀+ 𝑝�푙) (𝜆2𝑀− 𝑝�푙) + (𝑝�푡 + 𝑞�푡)2 + (𝑝2�푡 − 𝑞2�푡 )2 /𝑚2�푉− (𝑝�푡 − 𝑞�푡)2 − 𝑚2�푉 F
2 (𝑘�푡) 𝜒 (𝑞) . (22)
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Figure 1: Relation of the cutoffΛ and the binding energy 𝐸�푏 with (a) the monopole form factor and (b) the dipole form factor for 𝐼 = 0.
In Eq. (22) there are poles in−𝜆1𝑀−𝜔1−𝑖𝜖,−𝜆1𝑀+𝜔1−𝑖𝜖,𝜆2𝑀+𝜔2−𝑖𝜖, and 𝜆2𝑀−𝜔2+𝑖𝜖. By choosing the appropriate

contour, we integrate over 𝑝�푙 on both sides of Eq. (22) in the
rest frame, and we will obtain the following equation:

𝜒 (𝑝�푡) = 𝑐�퐼𝑔�퐵�퐵�푉𝑔�퐾�퐾�푉2 (𝑀 + 𝜔1 − 𝜔2) ∫ 𝑑3𝑝�푡(2𝜋)3⋅ [[−4𝜔1 (𝑀 + 𝜔1) + (𝑝�푡 + 𝑞�푡)2 + (𝑝2�푡 − 𝑞2�푡 )2 /𝑚2�푉𝜔1 (𝑀 + 𝜔1 + 𝜔2) [− (𝑝�푡 − 𝑞�푡)2 − 𝑚2�푉]− 4𝜔2 (𝑀 − 𝜔2) + (𝑝�푡 + 𝑞�푡)2 + (𝑝2�푡 − 𝑞2�푡 )2 /𝑚2�푉𝜔2 (𝑀 − 𝜔1 − 𝜔2) [− (𝑝�푡 − 𝑞�푡)2 − 𝑚2�푉] ]]⋅F2 (𝑘�푡) 𝜒 (𝑞�푡) ,
(23)

where 𝜒(𝑝�푡) = ∫ 𝑑𝑝�푙𝜒(𝑝).
3. Numerical Results

In this part, we will solve the BS equation numerically and
study whether the S-wave 𝐵𝐾 bound state exists or not.
It can be seen from Eq. (23) that there is only one free
parameter in our model, the cutoff Λ, it cannot be uniquely
determined, and various forms and cutoff Λ are chosen
phenomenologically. It contains the information about the
nonpoint interaction due to the structures of hadrons. The
value of Λ is near 1 GeV which is the typical scale of
nonperturbative QCD interaction. In this work, we shall treat
the cutoff Λ in the form factors as a parameter varying in a
much wider range 0.8-4.8 GeV, in which we will try to search
for all the possible solutions of the 𝐵𝐾 bound states. For each
pair of trial values of the cutoff Λ and the binding energy 𝐸�푏
of the 𝐵𝐾 system (which is defined as 𝐸�푏 = 𝐸 − 𝑚1 −𝑚2), we
will obtain all the eigenvalues of this eigenvalue equation. The
eigenvalue closest to 1.0 for a pair of Λ and 𝐸�푏 will be selected
out and called the trial eigenvalue. Fixing a value of the cutoff

Λ and varying the binding energy 𝐸�푏 (from 0 to -220MeV)
we will obtain a series of the trial eigenvalues.

Since the BS wave function for the ground state is in fact
rotationally invariant, 𝜒(𝑝�푡) depends only on |𝑝�푡|. Generally,|𝑝�푡| varies from 0 to +∞ and 𝜒(𝑝�푡) would decrease to zero
when |𝑝�푡| → +∞. We replace |𝑝�푡| by the variable, 𝑡:𝑝�푡 = 𝜖 + 𝑤 log [1 + 𝑦1 + 𝑡1 − 𝑡] , (24)

where 𝜖 is a parameter introduced to avoid divergence in
numerical calculations, 𝑤 and 𝑦 are parameters used in
controlling the slope of wave functions and finding the proper
solutions for these functions, and 𝑡 varies from -1 to 1. We
then discretize Eq. (23) into 𝑛 pieces (𝑛 is large enough)
through the Gauss quadrature rule. The BS wave function
can be written as 𝑛-dimension vectors, 𝜒(𝑝�푡). The coupled
integral equation becomes a matrix equation 𝜒(|𝑝�푡|(𝑛)) =𝐴(𝑛×𝑛)⋅𝜒(|𝑞�푡|(𝑛)) (𝐴(𝑛×𝑛) corresponding to the coefficients
in Eq. (23)). Similar methods are also adopted in solving
d Lippmann-Schwinger equation for 𝑝𝑝 [36–41] and Λ �푐Λ�푐
[42].

In our calculation, we choose to work in the rest frame
of the bound state in which 𝑃 = (𝑀, 0). We take the
averaged masses of the mesons from the PDG [43], 𝑀�퐵 =5279.41MeV, 𝑀�퐾 = 494.98MeV, 𝑀�휌 = 775.26MeV, and𝑀�휔 = 782.65MeV. With the above preparation, we try to
search for the all the possible solutions by solving the BS
equation. The relations between Λ and 𝐸�푏 for the 𝐵𝐾 with𝐼 = 0, 1 are depicted in Figures 1 and 2, respectively.

4. Summary

Stimulated by 𝑋(5568), which is recently discovered by the
D0 Collaboration, we carried out a study of the interaction
of 𝐵𝐾 system with isospin 𝐼 =0, 1 in the Bethe-Salpeter
equation approach. In order to solve the BS equation, we
have used the ladder approximation and the instantaneous
approximation. The value of Λ is near 1 GeV which is the
typical scale of nonperturbative QCD interaction. Thus, if
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Figure 2: Relation of the cutoffΛ and the binding energy 𝐸�푏 with (a) the monopole form factor and (b) the dipole form factor for 𝐼 = 1.
strictly considering this criterion of the value of Λ, we
conclude that there does not exist isovector 𝐵𝐾 molecular
state. And the 𝑋(5568) cannot be the 𝐵𝐾 molecular state.
The relations between Λ and 𝐸�푏 for the 𝐵𝐾 with 𝐼 = 0, 1 are
depicted in Figures 1 and 2, respectively.
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To take the full advantage of the 𝜓(3686) data set collected at 𝑒+𝑒− collider at 𝜏−charm energy region, a tag method is developed to
directly measure the 𝐽/𝜓meson decay branching fractions absolutely. The 𝐽/𝜓meson decay can be measured with the 𝐽/𝜓 sample
tagged by the two soft charged pions from the decay 𝜓(3686) → 𝐽/𝜓𝜋+𝜋−. This method is illustrated by comparing the input and
output branching fractions of 𝐽/𝜓 → 𝛾𝜂 with 106 million inclusive 𝜓(3686)Monte Carlo samples. The consistent result confirms
the validity of the tag method.

1. Introduction

The firstly discovered charmonium 𝐽/𝜓 [1, 2], 𝐽PC = 1−−, is
the lowest one among those which can be produced directly
in 𝑒+𝑒− annihilation. Many experiments [3–14] have been
performed to study its production and decay properties.
However, the summation of the measured 𝐽/𝜓 decay branch-
ing fraction is not more than 60% [15] without considering
the interference between resonance and continuum ampli-
tudes until now, which hampers the understanding of its
properties. The precisely measured branching fractions of
𝐽/𝜓 decay not only provide information to understand the
𝐽/𝜓 properties, but also can test OZI (Okubo-Zweig-Iizuka)
rule, flavor SU(3) symmetry, and perturbative QCD [16].

The 𝐽/𝜓 production and decay property are studied by
using the data collected from 𝑒+𝑒− collisions at the 𝐽/𝜓
resonance traditionally. At this energy, the events consist
mostly of 𝑒+𝑒− → 𝐽/𝜓, 𝑒+𝑒− → 𝑙+𝑙− (𝑙 represents 𝑒, 𝜇), with
small amounts of three-flavor continuum and other processes
such as 𝛾𝑉, where 𝑉 represents vector meson. Due to
some unavoidable influences, such as interference effect and
undistinguishable backgrounds, some 𝐽/𝜓 decay channels
can not be studied by using this kind of data sample. An
energy scan experiment performed around the 𝐽/𝜓 resonance

can solve the problem induced by interference effect, while
it is not effective for the final states with undistinguishable
backgrounds from other processes. Usually, a large data set
will be taken at 𝜓(3686) resonance for 𝜏−charm factory.
Taking the Beijing Spectrometer III (BESIII) [17] at the
Beijing Electron Positron Collider II (BEPCII) [17] as an
example, a goal of 3.2 billion 𝜓(3686) events is set to be taken
before its closure. Considering the large branching fraction of
𝜓(3686) → 𝐽/𝜓𝜋+𝜋−, (34.67 ± 0.30)% [15], this sample can
naturally be used to study the 𝐽/𝜓 decay.

In this paper, we propose a method to construct a 𝐽/𝜓
sample by tagging the 𝐽/𝜓 meson with the two soft charged
pions from 𝜓(3686) → 𝐽/𝜓𝜋+𝜋−(called tag method for
convenient) in the 𝜓(3686) data sample. The feasibility of the
method is then verified by examining the input and output
branching fractions of 𝐽/𝜓 → 𝛾𝜂 in the inclusive 𝜓(3686)
Monte Carlo (MC) sample.

2. BESIII Detector and Simulation

There are four subdetectors at BESIII detector, which has
been described elsewhere [17]. From the inner to the outside
is Main Drift Chamber (MDC), Time of Flight (TOF),
Electromagnetic Calorimeter (EMC), and Muon Counter

Hindawi
Advances in High Energy Physics
Volume 2019, Article ID 2567070, 5 pages
https://doi.org/10.1155/2019/2567070

http://orcid.org/0000-0002-6544-429X
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2019/2567070


2 Advances in High Energy Physics

(MUC). The information from four subdetectors is used to
identify and select candidate particles. The Superconducting
Magnet, between EMC and MUC, provides 1 T magnetic
field.

The work is performed in the framework of the BESIII
Offline Software System (BOSS) [18], the GAUDI [19] based,
which contains five subprojects such as framework, simula-
tion, calibration, reconstruction, and analysis tools. Monte
Carlo (MC) simulations are used to optimize the event selec-
tion and background estimation. The simulation software,
the GEANT4-based, includes the geometric and material
description of the BESIII detector, the detector response,
running conditions, and performance. The production of
𝜓(3686) is simulated by the KKMC [20, 21] generator, while
its decay is generated by EVTGEN [22, 23] for known decay
channels with branching fractions being set to the PDG [15]
values, and by LUNDCHARM [24, 25] for the remaining
unknown decay. In this work, 106 million inclusive 𝜓(3686)
events generated by data production group of BESIII are used.
In addition, 100 000 exclusive 𝜓(3686) → 𝐽/𝜓𝜋+𝜋− with
𝐽/𝜓 → 𝛾𝜂 and 𝜂 → 𝛾𝛾 events are generated with JPIPI
generator [22, 23] for 𝜓(3686) → 𝐽/𝜓𝜋+𝜋− and phase space
generator for 𝐽/𝜓 → 𝛾𝜂 and 𝜂 → 𝛾𝛾.

3. Introduction of the Method

Usually, the 𝜓(3686) → 𝐽/𝜓𝜋+𝜋− is used to study 𝐽/𝜓
decay experimentally by calculating the branching fraction of
𝐽/𝜓 → 𝑓 (𝑓 denotes the studied final states) with formula

B (𝐽/𝜓 → 𝑓)

= 𝑁obs

𝜖 × 𝑁tot
𝜓(3686)

×B (𝜓 (3686) → 𝐽/𝜓𝜋+𝜋−) ,
(1)

whereB,𝑁obs, 𝜖, and𝑁tot
𝜓(3686) represent the branching frac-

tion, the number of observed events, the detection efficiency
for the whole process (𝜓(3686) → 𝐽/𝜓𝜋+𝜋−) with 𝐽/𝜓 →
𝑓), and the total number of𝜓(3686) events.This is an indirect
measurement, which replies on the input B(𝜓(3686) →
𝐽/𝜓𝜋+𝜋−). While an update measurement ofB(𝜓(3686) →
𝐽/𝜓𝜋+𝜋−) is made, the B(𝐽/𝜓 → 𝑓) should be updated
accordingly.

To solve this problem, a tag method can be employed to
determine the B(𝐽/𝜓 → 𝑓), which is a direct measure-
ment method. With the dominant 𝜓(3686) decay channel,
𝜓(3686) → 𝐽/𝜓𝜋+𝜋−, the 𝐽/𝜓 meson can be tagged with
the two soft opposite charged pions. If the two pions are
reconstructed correctly, there must be a 𝐽/𝜓 meson in the
event, then the 𝐽/𝜓 decay can be studied. With this method,
the branching fraction can be calculated directly by

B (𝐽/𝜓 → 𝑓) = 𝑁obs

𝜖 × 𝑁tag
𝐽/𝜓

, (2)

where𝑁tag
𝐽/𝜓

is the number of tagged 𝐽/𝜓 mesons in 𝜓(3686)
sample and 𝜖 is the detection efficiency of 𝐽/𝜓 → 𝑓. In the
following, we take the determination ofB(𝐽/𝜓 → 𝛾𝜂) as an
example to illustrate and validate this method.
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Figure 1: The 𝑀rec
𝜋+𝜋− spectra of candidate events from inclusive

𝜓(3686)MC sample (the dots with error bars). The solid line shows
the best fit to the spectra and the dashed line shows the background.
The 𝐽/𝜓 signal region is shown between the two arrows.

4. General Track Selection

To be accepted as a good photon candidate, a neutral
electromagnetic shower in the EMC must satisfy fiducial
and shower-quality requirement. The good photon candidate
showers reconstructed from the barrel EMC (| cos 𝜃| < 0.80)
must have a minimum energy of 25 MeV, while those in the
end caps (0.86 < | cos 𝜃| < 0.92) must have at least 50
MeV, where the energies deposited in nearby TOF counters
are included. Showers in the region between the barrel and
the end caps are poorly measured and excluded. To eliminate
showers from charged particle, a photon candidate must be
separated by at least 10∘ from any charged track. The time
of EMC cluster (𝑇EMC) requirements is used to suppress
electronic noise, which is 0 ≤ 𝑇EMC ≤ 14 (in unit of 50 ns).

Charged tracks in BESIII detector are reconstructed from
MDC hits. Each charged track is required to satisfy 𝑉𝑧 < 10
cm, 𝑅𝑥𝑦 < 1 cm and | cos 𝜃| < 0.93, where 𝑉𝑧 and 𝑅𝑥𝑦 are
the closest approach to the beam axis in 𝑧 direction and 𝑥−𝑦
plane and 𝜃 is the polar angle.

5. Reconstruction of Tag Side

The two charged tracks in the tag side are required to satisfy
|→𝑝| < 0.45 GeV/𝑐 and cos 𝜃+− < 0.95, where →𝑝 is the
momentum of the candidate track and 𝜃+− is the angle
between positive and negative charged tracks. The candidate
tracks are assumed to be pions. The recoil mass of 𝜋+𝜋−,
𝑀rec
𝜋+𝜋− , is calculated by

𝑀rec
𝜋+𝜋− = √(𝑝tot − 𝑝𝜋+ − 𝑝𝜋−)2, (3)

where 𝑝tot, 𝑝𝜋+ , and 𝑝𝜋− are the four momenta of 𝑒+𝑒−, 𝜋+,
and 𝜋−. To reject the obvious background events, we only
keep the events satisfying 3.03 < 𝑀rec

𝜋+𝜋− < 3.17 GeV/𝑐2 .
The𝑀rec

𝜋+𝜋− spectra of candidate events are shown in Figure 1,
which shows a clear 𝐽/𝜓 peak over a smooth background.

We fit the distribution of 𝑀rec
𝜋+𝜋− with the signal

shape obtained from exclusive decay of 𝜓(3686) →
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Figure 2: The 𝑀rec
𝜋+𝜋− spectra of the signal events from pure

𝜓(3686) → 𝐽/𝜓𝜋+𝜋−, 𝐽/𝜓 → 𝜇+𝜇− sample (the dots with error
bars) and the signal shape (the solid blue line).

𝐽/𝜓𝜋+𝜋−, 𝐽/𝜓 → 𝜇+𝜇−, which is shown in Figure 2, and
a polynomial background. In Figure 2, the dots with error
bar show the distribution of 𝑀rec

𝜋+𝜋− from pure 𝜓(3686) →
𝐽/𝜓𝜋+𝜋−, 𝐽/𝜓 → 𝜇+𝜇− MC events, and the solid line shows
the extracted shape. Fitting the 𝑀rec

𝜋+𝜋− spectra of candidate
events from 106 million inclusive 𝜓(3686)MC samples with
maximum likelihood method, the number of tagged 𝐽/𝜓
mesons can be obtained. The fitting results are shown in
Figure 1, where the dots with error bar represent the numbers
of events, the solid curve shows the total fitting result, and the
dashed line shows the background. The fitting results given
(2.2515 ± 0.0005) × 107 tagged 𝐽/𝜓mesons. Considering the
input B(𝜓(3686) → 𝐽/𝜓𝜋+𝜋−) = 32.6%, the tag efficiency
is 65.2%.

To study the 𝐽/𝜓 decay in the recoil side, the 𝑀rec
𝜋+𝜋− is

required to be located in 𝐽/𝜓 signal region, which is defined
as from 3.082 to 3.112 GeV/𝑐2 according to the resolution
of𝑀rec
𝜋+𝜋− from the fitting. Integrating the signal distribution

in the signal region, we obtain (2.1120 ± 0.0005) × 107𝐽/𝜓
mesons.

6. Analysis of the 𝐽/𝜓 Decay

We choose the channel 𝐽/𝜓 → 𝛾𝜂 to study the validation
of this method. The 𝜂 meson is reconstructed with 𝜂 →
𝛾𝛾 and therefore there are three photons in the final states,
one energetic radiative photon (denote by 𝛾1) and other
two relative soft photons (denote by 𝛾2 and 𝛾3). Exactly
three photons are required in each candidate event. For the
energetic radiative photon, the deposited energy in EMC is
required to be greater than 1.0 GeV in 𝐽/𝜓 rest frame. For
the other two photons, the invariant mass of them (𝑀𝛾2𝛾3) is
required to satisfy 0.45 < 𝑀𝛾2𝛾3 < 0.65 GeV/𝑐2 . To exclude
the background from 𝜓(3686) → 𝛾𝜂, 𝜂 → 𝜂𝜋+𝜋−,
the invariant mass of 𝛾2𝛾3 and two soft pions (𝑀𝛾2𝛾3𝜋+𝜋−) is
required to be greater than 1.0 GeV/𝑐2. A four-momentum
constraint kinematic fit is performed to the candidate tracks
and the 𝜒2 of the kinematic fit is required to be less than 40.
The survived events are treated as 𝐽/𝜓 → 𝛾𝜂 candidates.

Table 1: The background of 𝐽/𝜓 → 𝛾𝜂, 𝜂 → 𝛾𝛾. 𝑁 denotes the
number of events passed from each decay chain.

decay chain 𝑁
𝜓(3686) → 𝐽/𝜓𝜋+𝜋−, 𝐽/𝜓 → 𝛾𝜂, 𝜂 → 𝛾𝛾 51
𝜓(3686) → 𝐽/𝜓𝜋+𝜋−, 𝐽/𝜓 → 𝛾𝜋0 20
𝜓(3686) → 𝐽/𝜓𝜋+𝜋−, 𝐽/𝜓 → 𝛾𝑓4, 𝑓4 → 𝜋0𝜋0 7
𝜓(3686) → 𝛾𝐹𝑆𝑅𝑒+𝑒−𝛾𝐹𝑆𝑅 1
𝜓(3686) → 𝐽/𝜓𝜋+𝜋−, 𝐽/𝜓 → 𝛾𝜂𝜋0, 𝜂 → 𝛾𝛾 1
𝜓(3686) → 𝐽/𝜓𝜋+𝜋−, 𝐽/𝜓 → 𝛾𝑓2, 𝑓2 → 𝜋0𝜋0 1
𝜓(3686) → 𝛾𝜂, 𝜂 → 𝜋+𝜋−𝜂, 𝜂 → 𝛾𝛾 1
𝜓(3686) → 𝜋+𝜋−𝜋0𝜂, 𝜂 → 𝛾𝛾 1
𝜓(3686) → 𝜋0ℎ1, ℎ1 → 𝜌+𝜋−, 𝜌+ → 𝜋+𝜋0 1
𝜓(3686) → 𝜌+𝑎−0 , 𝜌+ → 𝜋+𝜋0, 𝑎−0 → 𝜋−𝜂, 𝜂 → 𝛾𝛾 1

Table 2: The input and output results.

input output
𝑁tag (2.1120 ± 0.0005) × 107
𝑁obs 3399 ± 60
𝜖 (41.49 ± 0.39)%
B(𝐽/𝜓 → 𝛾𝜂) 9.8 × 10−4 (9.9 ± 0.2) × 10−4

The𝑀𝛾2𝛾3 spectra are examined to determine the number of
signal events.

There are backgrounds from other decay channels. The
MC truth information is used to study the background.
Table 1 shows the decay chain of background channels for
𝐽/𝜓 → 𝛾𝜂, 𝜂 → 𝛾𝛾, and the number of background events
from each channel is listed in the last column. The 𝑀𝛾2𝛾3
spectra of background events are shown in Figure 3, where
the signal region is between two arrows.Thefigure shows that
there is no peak background contribution to 𝐽/𝜓 → 𝛾𝜂; the
𝛾2𝛾3 spectra from background events can be described with
smooth function.

7. Results

The 𝑀𝛾2𝛾3 distribution from signal MC sample is shown in
Figure 4 in dots with error bar, and the solid curve in the
figure shows the probability density function extracted from
the shape. The 𝑀𝛾2𝛾3 spectra for the candidate events from
inclusive 𝜓(3686) sample are shown in Figure 5. We fit the
spectra with the shape of 𝑀𝛾2𝛾3 from signal MC sample to
describe the signal and 1st order Chebychev polynomial to
describe the background. The fitting results are shown in
Figure 5, where the dots with error bars represent the number
of events, the solid curve shows the total fit results, and the
dashed line shows the background. The detection efficiency 𝜖
can be determined with signal MC sample, which is listed in
the Table 2. Inserting the numbers into (2), considering the
input B(𝜂 → 𝛾𝛾) = 0.3925, we can calculate B(𝐽/𝜓 →
𝛾𝜂),

B (𝐽/𝜓 → 𝛾𝜂) = 3399 ± 60
0.4149 × 2.1120 × 107 × 0.3925

= (9.9 ± 0.2) × 10−4
(4)
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Figure 3:The𝑀𝛾2𝛾3 spectra of background events.The signal region
of𝑀𝛾2𝛾3 is shown between the two arrows.
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Figure 4: The𝑀𝛾2𝛾3 spectra of signal events from 𝐽/𝜓 → 𝛾𝜂 MC
sample (dotswith error bar) and the shape used to fit the𝑀𝛾2𝛾3 (solid
blue line).

which is consistent with the input branching fraction 9.8 ×
10−4.

When considering the systematic uncertainty in the
measurement of 𝐽/𝜓 → 𝛾𝜂, three sources, which are from
the total number of 𝜓(3686), the tracking efficiency of two
soft pions, and the B(𝜓(3686) → 𝐽/𝜓𝜋+𝜋−), should be
considered when the traditional method is used, but will not
present in the tagmethod.Thenumbers for theses sources are
0.7% [26], 2.0% [27] in the BESIII experiment, and 0.9% [15],
respectively. Therefore the total systematic uncertainty of the
branching fraction measurement of this channel by using the
tag method will be less than that of the traditional one.

8. Conclusion

In conclusion, we have developed a method to study the
𝐽/𝜓 decay with the 𝜓(3686) data set. The two soft opposite
charged pions from𝜓(3686) → 𝐽/𝜓𝜋+𝜋− are used to tag the
𝐽/𝜓 meson. With the tagged 𝐽/𝜓 mesons from 106 million
inclusive𝜓(3686)MC samples, the output branching fraction
of 𝐽/𝜓 → 𝛾𝜂 is in good agreement with the input one, which
gives a solid validation of this method. By employing this
method, the 𝐽/𝜓 decay branching fractions can be precisely
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Figure 5: The 𝑀𝛾2𝛾3 spectra of candidate events from 106 million
inclusive 𝜓(3686)MC samples (dots with error bar). The solid line
shows the best fitting to the spectra and the dashed line shows the
background.

measured absolutely with the large data set accumulated
with BESIII and other detectors which will be run in charm
energy region in the future [28] for the channels affected by
interference effect or with undistinguishable background.
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In this paperwe revisited phenomenological potentials.We studied S-wave heavy quarkonium spectra by two potentialmodels.The
first one is power potential and the second one is logarithmic potential. We calculated spin averaged masses, hyperfine splittings,
Regge trajectories of pseudoscalar and vector mesons, decay constants, leptonic decay widths, two-photon and two-gluon decay
widths, and some allowed M1 transitions. We studied ground and 4 radially excited S-wave charmonium and bottomonium states
via solving nonrelativistic Schrödinger equation. Although the potentials which were studied in this paper are not directly QCD
motivated potential, obtained results agree well with experimental data and other theoretical studies.

1. Introduction

Heavy quarkonium is the bound state of 𝑏𝑏 and 𝑐𝑐 and one
of the most important playgrounds for our understanding
of the strong interactions of quarks and gluons. Quantum
chromodynamics (QCD) is thought to be the true theory of
these strong interactions. QCD is a nonabelian local gauge
field theory with the symmetry group 𝑆𝑈(3). In principle,
one should be able to calculate hadronic properties such as
mass spectrum and transitions by using QCD principles. But
QCD does not readily supply us these hadronic properties.
This challenge can be attributed to the several features that
are not present in other local gauge field theories.

Foremost, being a nonabelian gauge theory, gluons which
are gauge bosons, have color charge and interact among
themselves. Unlike from quantum electrodynamics (QED),
where a photon does not interact with other photon, in
QCD one must consider interactions among gluons. This
nonabelian nature of the theory makes some calculations
complicated, for example, loops in propagators.

There are three other important features of QCD: asymp-
totic freedom, confinement, and dynamical breaking of chiral
symmetry. Asymptotic freedom says that strong interaction
coupling constant, 𝛼𝑠, is a function of momentum transfer.
When the momentum transfer in a quark-quark collision

increases (at short distances), the coupling constant becomes
weaker whereas it becomes larger when momentum transfer
decreases (at large distances). The idea behind confinement
is that, there are no free quarks outside of a hadron; i.e., color
charged particles (quarks and gluons) cannot be isolated out
of hadrons. Flux tube model gives a reasonable explanation
of confinement. When the distance between quark-antiquark
(or quarks) pair increases, the gluon field between a pair of
color charges forms a flux tube (or string) between them
resulting a potential energy which depends linearly on the
distance, 𝑉(𝑟) =∼ 𝜎𝑟 where 𝜎 is the string constant. As
distance increases between quarks, the potential energy can
create new quark-antiquark pairs in colorless forms instead of
a free quark. Up to now, nobody has been able to prove that
confinement from QCD. Lattice QCD calculations simulate
this confinement well and give a value for the string tension
[1]. The last feature of QCD is the dynamical breaking of
chiral symmetry. The QCD Lagrangian with 𝑁 quark flavor
has an exact chiral 𝑆𝑈(𝑁) × 𝑆𝑈(𝑁) symmetry but breaks
down to 𝑆𝑈(𝑁) symmetry because of the nonvanishing
expectation value of QCD vacuum [2, 3]. The Goldstone
bosons corresponding to this symmetry breaking are the
pseudoscalar mesons.

The present aspects of the QCD caused other approaches
to deal with these challenges. QCD sum rules, Lattice QCD,
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and potential models (quark models) are examples of these
approaches. These approaches are nonperturbative since the
strong interaction coupling constant, which should be the
perturbation parameter of QCD is of the order one in low
energies, hence the truncation of the perturbative expansion
cannot be carried out. Since perturbation theory is not appli-
cable, a nonperturbative approach has to be used to study
systems that involve strong interactions. QCD sum rules
and lattice QCD are based on QCD itself whereas in poten-
tial models, one assumes an interquark potential and solves a
Schrödinger-like equation. The advantage of potential model
is that, excited states can be studied in the framework of
potentialmodels whereas inQCD sum rules and latticeQCD,
only the ground state or in some exceptional cases excited
states can be studied.

After the discovery of charmonium (𝑐𝑐) states, potential
models have played a key role in understanding of heavy
quarkonium spectroscopy [4, 5]. These potentials were in
type of Coulomb plus linear confining potential with spin
dependent interactions. The discovery of bottomonium (𝑏𝑏)
states were well described by the potential model picture
which was used in the charmonium case. Heavy quarkonium
spectroscopy was studied since that era with fruitful works
[6–18]. A general review about potential models can be found
in [19, 20] and references therein.

In the potential models, many features such as mass
spectra and decay properties of heavy quarkonium could
be described by an interquark potential in two-body
Schrödinger equation. Interquark potentials are obtained
both from phenomenology and theory. In the phenomeno-
logical method, it is assumed that a potential exist with
some parameters to be determined by fits to the data. In
the theory side, one can use perturbative QCD to determine
the potential form at short distances and use lattice QCD at
long distances [19].These potentials can be classified as QCD
motivated potentials [21–25] and phenomenological poten-
tials [26–31]. The most commonly used phenomenological
potentials are power-law potentials, for example [26] and log-
arithmic potentials, for example [30].The detailed properties
of these type potentials are studied extensively in [29]. All
the potentials which are mentioned here have almost similar
behaviour in the range of 0.1 fm ≤ 𝑟 ≤ 1 fmwhich is charac-
teristic region of charmonium and bottomonium systems [32,
33]. Outside the range, the behaviour of potentials differ. Up
to now, no one was able to obtain a potential which is compat-
ible at the whole range of distances by using QCD principles.

The potential model calculations have been quite suc-
cessful in describing the hadron spectrum. Most of the
phenomenological potentials must satisfy the following con-
ditions: 𝑑𝑉𝑑𝑟 > 0,

𝑑2𝑉𝑑𝑟2 ≤ 0. (1)

It means that static potential is a monotone nondecreasing
and concave function of 𝑟 which is a general property of gauge
theories [34].

The great success of quarkonium phenomenology was
somehow cracked at 2003 after the observation of 𝑋(3872)
[35]. The properties of this exotic particle are not compatible
with the conventional quark model, the reason why it is
named exotic. For example in [36], the authors studied𝑋(3872) near threshold zero in the 𝐷0𝐷∗0 S-wave. There
are other exotic states, 𝑋𝑌𝑍, and the exotic particle zoo is
growing. In this paper we will present some exotic states in
the framework of quark model.

Energy spectra of heavy quarkonium are a rich source of
the information on the nature of interquark forces and decay
mechanisms. The prediction of mass spectrum in accordance
with the experimental data does not verify the validity
of a model for explaining hadronic interactions. Different
potentials can produce reliable spectra with the experimental
data. Thus other physical properties such as decay constants,
leptonic decay widths, radiative decay widths, etc. need to be
calculated.

A specific formof theQCDpotential in thewhole range of
distances is not known. Therefore one needs to use potential
models. In this work we revisited a power-law potential
[26] and a logarithmic potential [30] to study S-wave heavy
quarkonium. These potentials satisfy Eqn. (1), i.e. having
nonsingular behaviour for 𝑟 → 0. For our purposes, it must
be mentioned that power-law and logarithmic potentials
have nice scaling properties when used with a nonrelativistic
Schrödinger equation [19]. We generated S-wave charmo-
nium and bottomonium mass spectrum with the decays and
M1 transitions. At Section 2 we give out theoretical model.
In Sections 3 and 4, we generate S-wave heavy quarkonium
spectrum, decays and transitions. In Section 5 we discuss our
results and in Section 6 we conclude our results.

2. Formulation of the Model

When quark model was proposed, many authors treated
baryons in detail with the harmonic oscillator quark model
by using harmonic oscillator wave functions [37–39].Mesons
comparing to baryons are simpler objects since they are
composites of two quarks. The reason for using harmonic
oscillator wave function is that they form a complete set for a
confining potential [40].

In order to obtain mass spectra, we solved Schrödinger
equation by variational method. The variational method
by using harmonic oscillator wave function gave successful
results for heavy and light meson spectrum [15, 41, 42]. The
procedure for this method is calculating expectation value of
the Hamiltonian via the trial wave function:

𝐸 = ⟨Ψ |𝐻|Ψ⟩⟨Ψ|Ψ⟩ . (2)

Themass of the meson is found by adding two times the mass
of quark to the eigenenergy𝑀 = 2𝑚𝑞 + 𝐸. (3)

The Hamiltonian we consider is

𝐻 = 𝑀 + 𝑝22𝜇 + 𝑉 (𝑟) (4)
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Table 1: Spin-averaged mass spectrum of charmonium (in MeV).

State Power Logarithmic [15] [12]
1S 3067 3067 3067 3117
2S 3701 3655 3667 3684
3S 4054 3980 4121 4078
4S 4306 4204 4513 4407
5S 4504 4376 4866

where 𝑀 = 𝑚𝑞 + 𝑚𝑞, 𝑝 is the relative momentum, 𝜇 is the
reduced mass, and 𝑉(𝑟) is the potential between quarks. The
spectrum can be obtained via solving Schrödinger equation

𝐻Ψ𝑛⟩ = 𝐸𝑛 Ψ𝑛⟩ (5)

with the harmonic oscillator wave function defined as

Ψ𝑛𝑙𝑚 (𝑟, 𝜃, 𝜙) = 𝑅𝑛𝑙 (𝑟) 𝑌𝑙𝑚 (𝜃, 𝜙) . (6)

Here 𝑅𝑛𝑙 is the radial wave function given as

𝑅𝑛𝑙 = 𝑁𝑛𝑙𝑟𝑙𝑒−]𝑟2𝐿𝑙+1/2(𝑛−𝑙)/2 (2]𝑟2) (7)

with the associated Laguerre polynomials 𝐿𝑙+1/2
(𝑛−𝑙)/2

and the
normalization constant

𝑁𝑛𝑙 = √√2]3𝜋 2 ((𝑛 − 𝑙) /2)!]𝑙((𝑛 + 𝑙) /2 + 1)!! . (8)

𝑌𝑙𝑚(𝜃, 𝜙) is the well-known spherical harmonics.
Armed with these, the expectation value of the given

Hamiltonian can be calculated. In the variational method,
one chooses a trial wave function depending on one or more
parameters and then finds the values of these parameters
by minimizing the expectation value of the Hamiltonian. It
is a good tool for finding ground state energies but as well
as energies of excited states. The condition for obtaining
excited states energies is that the trial wave function should be
orthogonal to all the energy eigenfunctions corresponding to
states having a lower energy than the energy level considered.
In (7), ] is treated as a variational parameter and it is
determined for each state by minimizing the expectation
value of the Hamiltonian.

In the following sections we study power-law and loga-
rithmic potentials in order to obtain full spectrum.

3. Mass Spectra of Power-Law and
Logarithmic Potentials

Power-law potential is given by [26]

𝑉(𝑟) = −8.064 GeV + 6.898 GeV 𝑟0.1. (9)

They showed that upsilon and charmonium spectra can be
fitted with that potential. The small power of 𝑟 refers to a
situation in which the spacing of energy levels is independent
of the quark masses. This situation is also valid for the purely
logarithmic potential [30]

𝑉 (𝑟) = −0.6635 GeV + 0.733 GeV ln (𝑟 × 1 GeV) . (10)

At first step we obtained spin averaged mass spectrum
for 𝑐𝑐 and 𝑏𝑏 systems, respectively. The constituent quark
masses are 𝑚𝑐 = 1.8 GeV and 𝑚𝑏 = 5.174 GeV for power-
law potential and 𝑚𝑐 = 1.5 GeV and 𝑚𝑏 = 4.906 GeV
for logarithmic potential. Table 1 shows the charmonium
spectrum and Table 2 shows the bottomonium spectrum.

Since the interquark potential does not contain the spin
dependent part, (2) gives the spin averaged mass for the
corresponding states. The calculated masses agree well with
the available experimental data and with the values obtained
from other theoretical studies. A general potential usually
includes spin-spin interaction, spin-orbit interaction, and
tensor force terms. To obtain whole picture, it is necessary
to consider spin dependent terms within the potential. For𝑙 ≥ 1, there are spin-orbit and tensor force terms which
contribute to the fine structure. For equal mass 𝑚, the spin-
orbit interaction is given by

𝑉𝑆𝑂 = 2 𝛼𝑠𝑚2𝑞𝑟3 (3 (S1 + S2) ⋅ L) (11)

and is responsible for the 𝑃 wave splittings. Again for equal
mass𝑚, the tensor potential is given by

𝑉𝑇 = 43 𝛼𝑠𝑚2𝑞𝑟3 (
3 (S1 ⋅ r) (S2 ⋅ r)𝑟2 − S1 ⋅ S2) . (12)

For 𝑙 = 0, there is spin-spin term which we will consider
in the present work. In the model of the spin averaged mass
spectra discussion, all the spin dependent effects are ignored
and hence it fails to take into account the splittings due to
spin. For example, such splitting exist between the 𝜂𝑐(1S) and𝐽/𝜓 mesons by Δ𝑚 ≃ 110 MeV. These mesons occupy the𝑙 = 0 level. The 𝑐𝑐 in the 𝜂𝑐(1S) have 𝑠 = 0, while in the 𝐽/𝜓,𝑠 = 1. As a result of this, the mass difference should be related
to spin dependent interaction.

3.1. Spin-Spin Interaction. Mass splitting is closely connected
with the Lorentz-structure of the quark potential [45]. The
origin of the spin-spin interaction term lies in the one-gluon
exchange term which is related to 1/𝑟. Spin is proportional
of the magnetic moment of a particle. Magnetic moments
generate short range fields ∼ 1/𝑟3. In the case of heavy
quarkonium systems which are nonrelativistic, wave func-
tions of two particles overlap in a significant amount. This
means that particles are very close to each other. So spin-spin
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Table 2: Spin-averaged mass spectrum of Bottomonium (in MeV).

State Power Logarithmic [15] [12]
1S 9473 9444 9443 9523
2S 10049 10033 9729 10035
3S 10384 10357 10312 10373
4S 10624 10581 10593
5S 10813 10753 10840
6S 10986 10964 11065

Table 3: Charmonium mass spectrum (in MeV). In [18] LP denotes linear potential and SP denotes screened potential.

State Exp. [43] Power Logarithmic [13] [11] [18] LP [18] SP𝜂𝑐(1S) 2984 2980 2954 2979 2982 2983 2984𝜂𝑐(2S) 3639 3624 3555 3623 3630 3635 3637𝜂𝑐(3S) 3983 3887 3991 4043 4048 4004𝜂𝑐(4S) 4240 4117 4250 4384 4388 4264𝜂𝑐(5S) 4441 4294 4446 4690 4459𝐽/𝜓 3097 3096 3104 3097 3090 3097 3097𝜓(2S) 3686 3727 3689 3673 3672 3679 3679𝜓(3S) 4040 4078 4011 4022 4072 4078 4030𝜓(4S) 4328 4233 4273 4406 4412 4281𝜓(5S) 4525 4403 4463 4711 4472

interactions play a significant role in the dynamics. The spin-
spin interaction term of two particles can be written as

𝑉𝑆𝑆 (𝑟) = 32𝜋𝛼𝑠9𝑚𝑞𝑚𝑞 Sq ⋅ Sq𝛿 (r) . (13)

This term can explain 𝑠 wave splittings and has no contri-
bution to 𝑙 ̸= 0 states. Putting this term into Schrödinger
equation we get

𝐸𝐻𝐹 = 32𝜋𝛼𝑠9𝑚𝑞𝑚𝑞 ∫𝑑3𝑟Ψ⋆ (r)Ψ (r) 𝛿 (r) ⟨Sq ⋅ Sq⟩ . (14)

Implementing Dirac-delta function property

∫𝑓 (𝑥) 𝛿 (𝑥) 𝑑𝑥 = 𝑓 (0) , (15)

we obtain

𝐸𝐻𝐹 = 32𝜋𝛼𝑠9𝑚𝑞𝑚𝑞 |Ψ (0)|2 ⟨Sq ⋅ Sq⟩ . (16)

The matrix element of spin products can be obtained via

S1 ⋅ S2 = 12 (S2 − S21 − S22) = 12 (𝑆 (𝑆 + 1) − 32) (17)

so that

⟨Sq ⋅ Sq⟩ = {{{{{
14 , for →𝑆 = 1
−34 , for →𝑆 = 0. (18)

Therefore we obtain hyperfine splittings energy as

𝐸𝐻𝐹 = {{{{{{{
8𝜋𝛼𝑠9𝑚𝑞𝑚𝑞 |Ψ (0)|2 , for →𝑆 = 1

− 8𝜋𝛼𝑠3𝑚𝑞𝑚𝑞 |Ψ (0)|2 , for →𝑆 = 0. (19)

Here Ψ(0) is the wave function at the origin and can be
obtained by the following relation:

|Ψ (0)|2 = 𝜇2𝜋ℎ ⟨𝑑𝑉 (𝑟)𝑑𝑟 ⟩ . (20)

Expectation value is obtained by the wave function given in
(6). S-wave charmonium and bottomonium masses can be
seen in Tables 3 and 4. In this calculation, 𝛼𝑠 is taken to be
0.37 for charmonium and 0.26 for bottomonium [15].

The mass differences are shown in Tables 5 and 6 for
charmonium and bottomonium, respectively.

As can be seen from Tables 3, 4, 5, and 6 our results are
compatible with both experimental and theoretical results.

The Regge trajectories for pseudoscalar and vector
mesons are shown in Figures 1 and 2 for charmonium and
in Figures 3 and 4 for bottomonium.

As can be seen from figures, Regge trajectories show
nonlinear behaviour.

4. Dynamical Properties

4.1. Decay Constants. Leptonic decay constants give infor-
mation about short distance structure of hadrons. In the
experiments this regime is testable since the momentum
transfer is very large. The pseudoscalar (𝑓𝑝) and the vector
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Table 4: Bottomonium mass spectrum (in MeV).

State Exp. [43] Power Logarithmic [14] [18] [44] [16]𝜂𝑏(1S) 9399 9452 9420 9389 9390 9402 9455𝜂𝑏(2S) 9999 10030 10011 9987 9990 9976 9990𝜂𝑏(3S) 10367 10338 10330 10326 10336 10330𝜂𝑏(4S) 10608 10562 10595 10584 10623𝜂𝑏(5S) 10798 10735 10817 10800 10869𝜂𝑏(6S) 11005 10990 11011 10988 11097Υ(1S) 9460 9480 9452 9460 9460 9465 9502Υ(2S) 10023 10055 10040 10016 10015 10003 10015Υ(3S) 10355 10393 10364 10351 10343 10354 10349Υ(4S) 10579 10629 10588 10611 10597 10635 10607Υ(5S) 10865 10818 10759 10831 10811 10878 10818Υ(6S) 11019 11019 11006 11023 10997 11102 10995

Table 5: Mass differences of S-wave charmonium states (in MeV).

State Exp. [43] Power Logarithmic [13] [11] [18] LP [18] SP𝐽/𝜓-𝜂𝑐(1S) 113 116 150 118 108 114 113𝜓(2S)-𝜂𝑐(2S) 47 103 134 50 42 44 42𝜓(3S)-𝜂𝑐(3S) 95 124 31 29 30 26𝜓(4S)-𝜂𝑐(4S) 88 116 23 22 24 17𝜓(5S) - 𝜂𝑐(5S) 84 109 17 21 13
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Figure 1: Regge trajectories of pseudoscalar charmonium in (𝑛,𝑀2)
plane. The polynomial fit is 𝑀2 = −0.397857 n2 + 5.04014 n +4.356 (GeV2) for power potential and 𝑀2 = −0.382143 n2 +4.65786 n + 4.55 (GeV2) for logarithmic potential.

(𝑓V) decay constants are defined, respectively, through the
matrix elements [12]

𝑝𝜇𝑓𝑝 = 𝑖 ⟨0 Ψ𝛾𝜇𝛾5Ψ 𝑝⟩ (21)

and

𝑚V𝑓V𝜖𝜇 = ⟨0 Ψ𝛾𝜇Ψ V⟩ . (22)

In the first relation, 𝑝𝜇 is meson momentum and |𝑝⟩ is
pseudoscalar meson state. In the second relation, 𝑚V is mass,𝜖𝜇 is the polarization vector, and |V⟩ is the state vector of
meson.
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Figure 2: Regge trajectories of vector charmonium in (𝑛,𝑀2) plane.
The polynomial fit is𝑀2 = −0.405 n2 + 5.091 n + 4.986 (GeV2) for
power potential and𝑀2 = −0.403571 n2+4.80643 n+5.316 (GeV2)
for logarithmic potential.

The matrix elements can be calculated by quark model
wave function in the momentum space. The result is

𝑓𝑝 = √ 3𝑚𝑝 ∫ 𝑑3𝑘(2𝜋)3√1 + 𝑚𝑞𝐸𝑘 √1 + 𝑚𝑞𝐸𝑘 (1
− 𝑘2(𝐸𝑘 + 𝑚𝑞) (𝐸𝑘 + 𝑚𝑞))𝜙 (→𝑘)

(23)
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Table 6: Mass differences of S-wave bottomonium states (in MeV).

State Exp. [43] Power Log [14] [18] [44] [16]Υ(1S)-𝜂𝑏(1S) 61 28 32 71 70 63 47Υ(2S)-𝜂𝑏(2S) 24 25 29 29 25 27 25Υ(3S)-𝜂𝑏(3S) 26 26 21 17 18 19Υ(4S)-𝜂𝑏(4S) 21 26 16 13 12Υ(5S)-𝜂𝑏(5S) 20 24 14 11 9Υ(6S)-𝜂𝑏(6S) 14 16 12 9
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Figure 3: Regge trajectories of pseudoscalar bottomonium in(𝑛,𝑀2) plane. The polynomial fit is 𝑀2 = −0.79 n2 + 11.5586 n +79.36 (GeV2) for power potential and 𝑀2 = −0.636071 n2 +10.3054 n + 80.92 (GeV2) for logarithmic potential.

for pseudoscalar meson and

𝑓V = √ 3𝑚V
∫ 𝑑3𝑘(2𝜋)3√1 + 𝑚𝑞𝐸𝑘 √1 + 𝑚𝑞𝐸𝑘 (1

+ 𝑘23 (𝐸𝑘 + 𝑚𝑞) (𝐸𝑘 + 𝑚𝑞))𝜙 (→𝑘)
(24)

for the vector meson [12].
In the nonrelativistic limit, these two equations take a

simple form which is known to be Van Royen andWeisskopf
relation [46] for the meson decay constants

𝑓2𝑝/V = 12 Ψ𝑝/V (0)2𝑚𝑝/V . (25)

The first-order correction which is also known as QCD
correction factor is given by

𝑓2𝑝/V = 12 Ψ𝑝/V (0)2𝑚𝑝/V 𝐶2 (𝛼𝑠) (26)

where 𝐶(𝛼𝑠) is given by [47]

𝐶 (𝛼𝑠) = 1 − 𝛼𝑠𝜋 (Δ𝑝/V − 𝑚𝑞 − 𝑚𝑞𝑚𝑞 + 𝑚𝑞 ln
𝑚𝑞𝑚𝑞) . (27)

－
2
(G

eV
2
)

Power
Logarithmic

n
1 2 3 4 5 6

125

120

115

110

105

100

95

90

85

Figure 4: Regge trajectories of vector bottomonium in (𝑛,𝑀2)
plane. The polynomial fit is 𝑀2 = −0.809286 n2 + 11.6401 n +79.812 (GeV2) for power potential and 𝑀2 = −0.7475 n2 +11.1579 n + 79.936 (GeV2) for logarithmic potential.

Here Δ𝑝 = 2 for pseudoscalar mesons and Δ V = 8/3 for
vector mesons. Decay constants are given in Tables 7 and 8
for pseudoscalar and vector mesons, respectively.

4.2. LeptonicDecayWidths. Leptonic decay of a vectormeson
with 𝐽𝑃𝐶 = 1−− quantum numbers can be pictured by the
following annihilation via a virtual photon

𝑉 (𝑞𝑞) → 𝛾 → 𝑒+𝑒−. (28)

This state is neutral and in principle can decay into a different
lepton pair rather than electron-positron pair. The above
amplitude can be calculated by the Van Royen andWeisskopf
relation [46]

Γ (𝑛3S1 → 𝑒+𝑒−) = 16𝜋𝛼2𝑒2𝑞 |Ψ (0)|2𝑚2𝑛
× (1 − 16𝛼𝑠3𝜋 + ⋅ ⋅ ⋅) ,

(29)

where 𝛼 = 1/137 is the fine structure constant, 𝑒𝑞 is the
quark charge, 𝑚𝑛 is the mass of 𝑛3S1 state, and |Ψ𝑝/V(0)| is
the wave function at the origin of initial state. The term in
the parenthesis is the first-order QCD correction factor while⋅ ⋅ ⋅ represents higher corrections. The obtained values for
leptonic decay widths can be found in Tables 9 and 10 for
charmonium and bottomonium, respectively.
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Table 7: Pseudoscalar decay constants (in MeV).

State Exp. [43] Power 𝑓𝑝 Power 𝑓𝑝 Logarithmic 𝑓𝑝 Logarithmic 𝑓𝑝 [15] 𝑓𝑝 [15] 𝑓𝑝 [12]𝜂𝑐(1S) 335 ± 75 543 415 578 442 471 360 402𝜂𝑐(2S) 473 362 497 380 374 286 240𝜂𝑐(3S) 330 252 442 338 332 254 193𝜂𝑐(4S) 325 248 412 315 312 239𝜂𝑐(5S) 253 193 387 304𝜂𝑏(1S) 517 431 585 488 834 694 599𝜂𝑏(2S) 479 400 535 447 567 472 411𝜂𝑏(3S) 345 288 504 421 508 422 354𝜂𝑏(4S) 313 261 482 402 481 401𝜂𝑏(5S) 283 236 465 388𝜂𝑏(6S) 208 186 434 374

Table 8: Vector decay constants (in MeV).

State Exp. [43] Power 𝑓V Power 𝑓V Logarithmic 𝑓V Logarithmic 𝑓V [15] 𝑓𝑝 [15] 𝑓𝑝 [12]𝐽/𝜓 335 ± 75 529 363 563 386 462 317 393𝜓(2S) 279 ± 8 463 318 487 334 369 253 293𝜓(3S) 174 ± 18 324 222 436 299 329 226 258𝜓(4S) 319 219 406 279 310 212𝜓(5S) 248 170 382 262 290 199Υ(1S) 708 ± 8 516 402 584 455 831 645 665Υ(2S) 482 ± 10 482 373 535 416 566 439 475Υ(3S) 346 ± 50 350 269 504 393 507 393 418Υ(4S) 325 ± 60 316 243 482 375 481 373 388Υ(5S) 369 ± 93 285 222 464 362 458 356 367Υ(6S) 241 203 442 354 439 341

Table 9: Charmonium leptonic decay widths (in keV). The widths calculated with and without QCD corrections are denoted by Γ𝑙+ 𝑙− andΓ0𝑙+𝑙− .
Power Logarithmic [13] [15] Exp. [43]

State Γ0𝑙+ 𝑙− Γ𝑙+ 𝑙− Γ0𝑙+ 𝑙− Γ𝑙+ 𝑙− Γ0𝑙+𝑙− Γ𝑙+ 𝑙− Γ0𝑙+ 𝑙− Γ𝑙+ 𝑙−𝐽/𝜓 3.435 1.277 3.154 1.173 11.8 6.60 6.847 2.536 5.55 ± 0.14 ± 0.02𝜓(2S) 2.880 1.071 2.362 0.878 4.29 2.40 3.666 1.358 2.33 ± 0.07𝜓(3S) 2.153 0.800 1.888 0.702 2.53 1.42 2.597 0.962 0.86 ± 0.07𝜓(4S) 1.839 0.684 1.642 0.610 1.73 0.97 2.101 0.778 0.58 ± 0.07𝜓(5S) 1.590 0.591 1.551 0.576 1.25 0.70 1.710 0.633

Table 10: Bottomonium leptonic decay widths (in keV). The widths calculated with and without QCD corrections are denoted by Γ𝑙+ 𝑙− andΓ0𝑙+𝑙− .
Power Logarithmic [25] [15] Exp. [43]

State Γ0𝑙+ 𝑙− Γ𝑙+𝑙− Γ0𝑙+ 𝑙− Γ𝑙+ 𝑙− Γ0𝑙+𝑙− Γ𝑙+𝑙− Γ0𝑙+𝑙− Γ𝑙+𝑙−Υ(1S) 0.817 0.456 0.847 0.473 2.31 1.60 1.809 0.998 1.340 ± 0.018Υ(2S) 0.686 0.383 0.709 0.396 0.92 0.64 0.797 0.439 0.612 ± 0.011Υ(3S) 0.610 0.340 0.630 0.352 0.64 0.44 0.618 0.341 0.443 ± 0.008Υ(4S) 0.557 0.311 0.576 0.322 0.51 0.35 0.541 0.298 0.272 ± 0.029Υ(5S) 0.526 0.294 0.535 0.299 0.42 0.29 0.481 0.265 0.31 ± 0.07Υ(6S) 0.492 0.278 0.501 0.282 0.31 0.22 0.432 0.238 0.130 ± 0.030
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4.3. Two-Photon Decay Width. 1S0 states with 𝐽𝑃𝐶 = 0−+
quantum number of charmonium and bottomonium can
decay into two photons. In the nonrelativistic limit, the decay
width for 1S0 state can be written as [48]

Γ (1S0 → 𝛾𝛾) = 12𝜋𝛼2𝑒4𝑞 |Ψ (0)|2𝑚2𝑞 × (1 − 3.4𝛼𝑠𝜋 ) . (30)

The term in the parenthesis is the first-order QCD radiative
correction. The results are listed in Table 11.

4.4. Two-Gluon Decay Width. Two-gluon decay width is
given by [48]

Γ (1S0 → 𝑔𝑔) = 8𝜋𝛼2𝑠 |Ψ (0)|23𝑚2𝑞
× {{{

(1 + 4.8𝛼𝑠𝜋) for 𝜂𝑐(1 + 4.4𝛼𝑠𝜋) for 𝜂𝑏.
(31)

The terms in the parenthesis refer to QCD corrections.
The obtained results are given in Table 12.

4.5. M1 Transitions. M1 (magnetic dipole transition) decay
widths can give more information about spin-singlet states.
Moreover M1 transition rates show the validity of theory
against experiment [11]. Magnetic transitions conserve both
parity and orbital angular momentum of the initial and final
states but in the M1 transitions the spin of the state changes.
M1 width between two S-wave states is given by [51]

Γ (𝑛3S1 → 𝑛1S0 + 𝛾)
= 4𝛼𝑒2𝑞𝐸3𝛾3𝑚2𝑞 (2𝐽𝑓 + 1) ⟨𝑓 𝑗0 (𝑘𝑟2 ) 𝑖⟩


2 , (32)

where 𝐸𝛾 = (𝑀2𝑖 − 𝑀2𝑓)/2𝑀𝑖 is the photon energy and𝑗0(𝑥) is the zeroth-order spherical Bessel function. In the case
of small 𝐸𝛾, spherical Bessel function 𝑗0(𝑘𝑟/2) tends to 1,𝑗0(𝑘𝑟/2) → 1. Thus transitions between the same principal
quantum numbers, 𝑛 = 𝑛, are favored and usually known to
be allowed. In the other case, when 𝑛 ̸= 𝑛 the overlap integral
between initial and final state is 0 and generally designated
as forbidden transitions. The obtained transition rates for the
allowed ones of S-wave charmoniumand bottomonium states
are given in Tables 13 and 14, respectively.

5. Results and Discussion

In the present paper we studied S-wave heavy quarkonium
spectra with two phenomenological potentials. We have
computed spin averaged masses, hyperfine splittings, Regge
trajectories for pseudoscalar and vector mesons, decay con-
stants, leptonic decay widths, two-photon and gluon decay
widths, and allowed M1 partial widths of S-wave heavy
quarkonium states.

In general, most of the quark model potentials tend to
be similar, having a Coulomb term and a linear term. For
example, in [11] they used standard color Coulomb plus
linear scalar form, and also included a Gaussian smeared
contact hyperfine interaction in the zeroth-order potential. In
[13], the authors used a nonrelativistic potential model with
screening effect. In [18] nonrelativistic linear potential and
screened potential, in [14, 16, 44] amodified of nonrelativistic
potential models and in [15] Hulthen potential are used.
Potential models give reliable results with the appropriate
parameters in themodel.Therefore, the shape of the potential
at the limits 𝑟 → 0 and 𝑟 → ∞ have similar behaviours.

Spin averaged mass spectra give idea about the formu-
lation of model since the results are close to experimental
values due to contributions from spin dependent interactions
are small compared to contribution from potential part. If
one ignores all spin dependent interactions, obtained results
under this assumption are thought to be averages over
related spin states for principal quantum number. Including
hyperfine interaction, we obtained the mass spectra for pseu-
doscalar and vector mesons. The obtained spectra for both
charmonium and bottomonium are in good agreement with
the experimentally observed spectra and other theoretical
studies.

Both power and logarithmic potentials produced approx-
imately same mass differences and are in agreement with
experiment for the lowest state in charmonium sector. But
for the highest states, the shift is not compatible with the
references. The reason for this should be the behaviour of
linear part of the potential. In the case of bottomonium sector,
mass differences of both power and logarithmic potentials are
in accord with the given studies except the lowest state.

The fundamental point in the Regge trajectories is that
they can predictmasses of unobserved states. For the hadrons
constituting of light quarks, the Regge trajectories are approx-
imately linear but for the heavy quarkonium case Regge
trajectories can be nonlinear. In the present work, we found
that all Regge trajectories show nonlinear properties.

The decay constants are calculated for pseudoscalar and
vector mesons by equating their field theoretical definition
with the analogous quark model potential definition. This is
valid in the nonrelativistic and weak binding limits where
quark model state vectors form good representations of
the Lorentz group [52, 53]. For pseudoscalar mesons, the
corrected value of power and logarithmic potentials are a few
MeV above than the available experimental data. For the rest
of the pseudoscalar mesons, obtained results are compatible
with other studies. In the case of vector mesons, logarithmic
potential gave higher values than power potential. In the Υ
meson,when the radially states are excited, both twopotential
gave similar results within the error of experimental value.
Computations of the vector decay constant beyond the weak
binding limit can be important in the quark potential model
frame and need more elaboration [12].

Obtained leptonic decay widths are comparable with the
experimental values and other theoretical studies. The QCD
corrected factors are more close to experimental values for
power and logarithmic potential and this can be referred as
the importance of the QCD correction factor in calculating
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Table 11: Two-photon decay widths (in keV). The widths calculated with and without QCD corrections are denoted by Γ𝛾𝛾 and Γ0𝛾𝛾.
Power Logarithmic [15] [8] [12] Exp. [43]

State Γ0𝛾𝛾 Γ𝛾𝛾 Γ0𝛾𝛾 Γ𝛾𝛾 Γ0𝛾𝛾 Γ𝛾𝛾 Γ𝛾𝛾 Γ𝛾𝛾𝜂𝑐(1S) 1.10 0.664 1.450 0.869 11.17 6.668 3.69 7.18 7.2 ± 0.7 ± 0.2𝜂𝑐(2S) 0.987 0.592 1.291 0.774 8.48 5.08 1.4 1.71𝜂𝑐(3S) 0.907 0.543 1.184 0.710 7.57 4.53 0.930 1.21𝜂𝑐(4S) 0.847 0.508 1.105 0.662 0.720𝜂𝑐(5S) 0.801 0.480 1.044 0.620𝜂𝑏(1S) 0.277 0.199 0.277 0.199 0.58 0.42 0.214 0.45𝜂𝑏(2S) 0.212 0.153 0.246 0.177 0.29 0.20 0.121 0.11𝜂𝑏(3S) 0.195 0.142 0.226 0.162 0.24 0.17 0.09 0.063𝜂𝑏(4S) 0.188 0.136 0.211 0.151 0.07𝜂𝑏(5S) 0.176 0.129 0.199 0.143𝜂𝑏(6S) 0.164 0.116 0.182 0.134

Table 12: Two-gluon decay widths (in MeV).The widths calculated with and without QCD corrections are denoted by Γ𝑔𝑔 and Γ0𝑔𝑔.
Power Logarithmic [15] [49] Exp. [43]

State Γ0𝑔𝑔 Γ𝑔𝑔 Γ0𝑔𝑔 Γ𝑔𝑔 Γ0𝑔𝑔 Γ𝑔𝑔 Γ0𝑔𝑔 Γ𝑔𝑔𝜂𝑐(1S) 32.04 50.15 41.93 32.44 50.82 66.68 15.70 26.7 ± 3.0𝜂𝑐(2S) 28.55 44.70 37.32 24.64 38.61 5.08 8.10 14 ± 7𝜂𝑐(3S) 26.22 41.04 34.23 53.59 21.99𝜂𝑐(4S) 24.50 38.35 31.96 50.03𝜂𝑐(5S) 23.15 36.24 30.18 47.24𝜂𝑏(1S) 5.50 7.50 12.82 17.49 13.72 18.80 11.49𝜂𝑏(2S) 4.90 6.69 11.41 15.56 6.73 9.22 5.16𝜂𝑏(3S) 4.50 6.14 10.46 14.28 5.58 7.64 3.80𝜂𝑏(4S) 4.20 5.74 9.77 13.33𝜂𝑏(5S) 3.97 5.42 9.22 12.58𝜂𝑏(6S) 3.62 5.18 8.68 10.86

Table 13: Radiative M1 decay widths of charmonium. In [18] LP stands for linear potential and SP stands for screened potential.

Initial Final Power Logarithmic [15] [18] Exp. [43]𝐸𝛾 (MeV) Γ (keV) 𝐸𝛾 (MeV) Γ (keV) Γ (keV) Γ𝐿𝑃 (keV) Γ𝑆𝑃 (keV) Γ (keV)𝐽/𝜓 𝜂𝑐(1S) 114.9 1.96 113.8 2.83 3.28 2.39 2.44 1.13 ± 0.35𝜓(2S) 𝜂𝑐(2S) 111.5 1.39 101.5 2.01 1.45 0.19 0.19𝜓(3S) 𝜂𝑐(3S) 93.8 1.10 93.8 1.59 0.051 0.088𝜓(4S) 𝜂𝑐(4S) 87.1 0.88 87.1 1.27𝜓(5S) 𝜂𝑐(5S) 83.2 0.74 83.2 1.10

Table 14: Radiative M1 decay widths of bottomonium.

Initial Final Power Logarithmic [10] [44] [16] Exp. [43]𝐸𝛾 (MeV) Γ (eV) 𝐸𝛾 (MeV) Γ (eV) Γ (eV) Γ (eV) Γ (eV) Γ (eV)Υ(1S) 𝜂𝑏(1S) 27.9 0.88 31.9 1.46 5.8 10 9.34Υ(2S) 𝜂𝑏(2S) 24.9 0.62 28.9 1.09 1.4 0.59 0.58Υ(3S) 𝜂𝑏(3S) 25.9 0.54 25.9 0.78 0.8 0.25 0.66Υ(4S) 𝜂𝑏(4S) 20.9 0.37 20.9 0.41Υ(5S) 𝜂𝑏(5S) 19.9 0.32 19.9 0.35Υ(6S) 𝜂𝑏(6S) 14.3 0.29 14.4 0.27
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Table 15: Exotic states. Experimental data are taken from [43] unless stated.The units for mass and strong decays are inMeV and two-photon
decay is in keV.

Mass Strong decay Two-photon decay
Power Logarithmic Experiment Power Logarithmic Experiment Power Logarithmic Experiment𝑋(3940) 3942+7−6 ± 6 37+26−15 ± 8𝜂𝑐(3S) 3983 3887 41.04 53.59 0.543 0.710𝑋(4160) 4191 ± 5 70 ± 10 0.48 ± 0.22 [50]𝜂𝑐(4S) 4240 4117 38.35 50.03 0.508 0.612𝜓(4415) 4421 ± 4 62 ± 20 0.58 ± 0.07𝜂𝑐(5S) 4441 4297 36.24 47.24 0.480 0.620

the decay constants and other short range phenomena using
potential models.
1𝑆0 levels of charmonium and bottomonium states can

decay into two photons or gluons. Especially two- photon
decays of these levels are important for understanding the
accuracy of theoretical models. Obtained results are smaller
than the nonrelativistic widths including the one-loop QCD
correction factor. For example, results of power and logarith-
mic potentials in 𝜂𝑐(1S) are not in accord with experimental
data. The reason of these differences can be due to the static
potential between quarks that we used in the solution of
two-body Schrödinger equation. For higher states, power
and logarithmic potentials results are comparable with other
studies. Two-photon decays are complicated processes such
as pseudoscalar meson decay to two photons is governed by
an intermediate vector meson followed by a meson domi-
nance transition to a photon [12]. These schematic diagrams
must be added to calculations to obtain a whole picture. For
two-gluon decay widths, two phenomenological potentials
gave comparable results with the available experimental data.
Notice that in some cases QCD corrected factor is in accord
with the experimental data whereas in some cases it is not.
The reason for this can be that, there are significant radiative
corrections from three-gluon decays so computing only two-
gluon decay width could not explain the mechanism in all
details.

Finally M1 transitions are calculated. The M1 radiative
decay rates are very sensitive to relativistic effects. Even
for allowed transitions relativistic and nonrelativistic results
differ significantly. An important example is the decay of𝐽/𝜓 → 𝜂𝑐𝛾. The nonrelativistic predictions for its rate are
more than two times larger than the experimental data [10].
In the charmonium sector, the available experimental data
for 𝐽/𝜓 → 𝜂𝑐(1S) is comparable with the power potential
result, while logarithmic potential result is 1 eV higher. In the
bottomonium sector, there is no experimental data available
on M1 transitions. Since photon energies and transition
rates are very small, the detection of these transitions is an
objection. And this can be a reason why no spin-singlet
S-wave levels 𝜂𝑏(𝑛1S0) have been observed yet [10]. The
obtained values for M1 transitions are comparable with the
references.

Some states in the charmonium and bottomonium sector
show properties different from the conventional quarkonium

state. Some examples are 𝑋(3940), 𝑋(4160), and 𝜓(4415).
For 𝑋(3940), there is not much available experimental
data and more is needed. Wang et al. studied two-body
open charm OZI-allowed strong decays of 𝑋(3940) and𝑋(4160) considered as 𝜂𝑐(3S) and 𝜂𝑐(4S), respectively, by
the improved Bethe-Salpeter method combined with the 3P0
[54]. They calculated strong decay width of 𝑋(3940) as Γ =(33.5+18.4−15.3) MeV and 𝑋(4160) as Γ = (69.9+22.4−21.1) MeV where
the experimental values are Γ = (37+26−15 ±8) MeV for𝑋(3940)
and Γ = (70 ± 10) MeV for 𝑋(4160) [43]. They concluded
that 𝜂𝑐(3S) is a good candidate of 𝑋(3940) and 𝜂𝑐(4S) is a
not good candidate of 𝑋(4160) due to larger decay width ofΓ(𝐷𝐷∗)/Γ(𝐷∗𝐷∗) comparing to experimental data. We give
our results comparing to these exotic states in Table 15.

Looking at Table 15, we can deduce that, according to our
model and results, we can assign 𝑋(3940) as 𝜂𝑐(3S),𝑋(4160)
as 𝜂𝑐(4S), and 𝜓(4415) as 𝜂𝑐(5S). To be more accurate,
more data is needed to corroborate whether these states are
conventional quarkonium or not.

6. Conclusions

Quark potential models have been very successful to study on
various properties of mesons. The short distance behaviour
of interquark potential appears to be similar where QCD
perturbation theory can be applied where at large distance
the potential is linear in 𝑟 where nonperturbative methods
are need to be used. The improvements on the potentials
can be made and spin-spin, spin-orbit type interactions can
be added to model to arrive high accuracy. The potential
model approach is a valuable task, which has given to usmany
insights into the nature of both heavy and light quarkonium
physics. Using a relativistic approach together with a model
in which 𝐵𝐵 and 𝐷𝐷 thresholds are taken into account,
detailed analysis can be made on various aspects of heavy
quarkonium.
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We study the 𝐶𝑃 violation induced by the interference between two intermediate resonances𝐾∗(892)+ and𝐾∗(892)− in the phase
space of singly-Cabibbo-suppressed decay 𝐷0 → 𝐾+𝐾−𝜋0. We adopt the factorization-assisted topological approach in dealing
with the decay amplitudes of𝐷0 → 𝐾±𝐾∗(892)∓.The𝐶𝑃 asymmetries of two-body decays are predicted to be very tiny, which are(−1.27 ± 0.25) × 10−5 and (3.86 ± 0.26) × 10−5, respectively, for𝐷0 → 𝐾+𝐾∗(892)− and𝐷0 → 𝐾−𝐾∗(892)+, while the differential𝐶𝑃 asymmetry of 𝐷0 → 𝐾+𝐾−𝜋0 is enhanced because of the interference between the two intermediate resonances, which can
reach as large as 3×10−4. For someNPswhich have considerable impacts on the chromomagnetic dipole operator𝑂8𝑔 , the global𝐶𝑃
asymmetries of𝐷0 → 𝐾+𝐾∗(892)− and𝐷0 → 𝐾−𝐾∗(892)+ can be then increased to (0.56±0.08)×10−3 and (−0.50±0.04)×10−3,
respectively. The regional 𝐶𝑃 asymmetry in the overlapped region of the phase space can be as large as (1.3 ± 0.3) × 10−3.

1. Introduction

Charge-Parity (𝐶𝑃) violation, whichwas first discovered in𝐾
meson system in 1964 [1], is one of themost important pheno-
mena in particle physics. In the Standard Model (SM), 𝐶𝑃
violation originates from the weak phase in the Cabibbo-
Kobayashi-Maskawa (CKM) matrix [2, 3] and the unitary
phases which usually arise from strong interactions. One rea-
son for the smallness of𝐶𝑃 violation is that the unitary phase
is usually small. Nevertheless, 𝐶𝑃 violation can be enhanced
in three-body decays of heavy hadrons, when the correspond-
ing decay amplitudes are dominated by overlapped interme-
diate resonances in certain regions of phase space. Owing to
the overlapping, a regional 𝐶𝑃 asymmetry can be generated
by a relative strong phase between amplitudes correspond-
ing to different resonances. This relative strong phase has
nonperturbative origin. As a result, the regional 𝐶𝑃 asym-
metry can be larger than the global one. In fact, such kind
of enhanced 𝐶𝑃 violation has been observed in several three-
body decay channels of 𝐵 meson [4–7], which was followed
by a number of theoretical works [8–19].

The study of 𝐶𝑃 violation in singly-Cabibbo-suppressed
(SCS) 𝐷 meson decays provides an ideal test of the SM and

exploration of New Physics (NP) [20–23]. In the SM, 𝐶𝑃 vio-
lation is predicted to be very small in charm system. Experi-
mental researches have shown that there is no significant𝐶𝑃 violation so far in charmed hadron decays [24–33]. 𝐶𝑃
asymmetry in SCS 𝐷meson decay can be as small as

𝐴𝐶𝑃 ∼ 𝑉∗
𝑐𝑏𝑉𝑢𝑏

𝑉∗
𝑐𝑠𝑉𝑢𝑠


𝛼𝑠𝜋 ∼ 10−4, (1)

or even less, due to the suppression of the penguin diagrams
by the CKM matrix as well as the smallness of Wilson coef-
ficients in penguin amplitudes. The SCS decays are sensitive
to new contributions to the Δ𝐶 = 1 QCD penguin and chro-
momagnetic dipole operators, while such contributions can
affect neither the Cabibbo-favored (CF) (𝑐 → 𝑠𝑑𝑢) nor the
doubly-Cabibbo-suppressed (DCS) (𝑐 → 𝑑𝑠𝑢) decays [34].
Besides, the decays of charmed mesons offer a unique oppor-
tunity to probe 𝐶𝑃 violation in the up-type quark sector.

Several factorization approaches have been wildly used
in nonleptonic 𝐵 decays. In the naive factorization approach
[35, 36], the hadronic matrix elements were expressed as a
product of a heavy to light transition form factor and a decay
constant. Based on Heavy Quark Effect Theory, it is shown
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in the QCD factorization approach that the corrections to
the hadronic matrix elements can be expressed in terms of
short-distance coefficients andmeson light-cone distribution
amplitudes [37, 38]. Alternative factorization approach based
on QCD factorization is often applied in study of quasi two-
body hadronic 𝐵 decays [19, 39, 40], where they introduced
unitary meson-meson form factors, from the perspective of
unitarity, for the final state interactions. Other QCD-inspired
approaches, such as the perturbative approach (pQCD) [41]
and the soft-collinear effective theory (SCET) [42], are also
wildly used in 𝐵meson decays.

However, for 𝐷 meson decays, such QCD-inspired fac-
torization approaches may not be reliable since the charm
quarkmass, which is just above 1GeV, is not heavy enough for
the heavy quark expansion [43, 44]. For this reason, several
model-independent approaches for the charm meson decay
amplitudes have been proposed, such as the flavor topological
diagram approach based on the flavor 𝑆𝑈(3) symmetry
[44–47] and the factorization-assisted topological-amplitude
(FAT) approach with the inclusion of flavor 𝑆𝑈(3) breaking
effect [48, 49]. One motivation of these aforementioned
approaches is to identify as complete as possible the dominant
sources of nonperturbative dynamics in the hadronic matrix
elements.

In this paper, we study the 𝐶𝑃 violation of SCS 𝐷meson
decay 𝐷0 → 𝐾+𝐾−𝜋0 in the FAT approach. Our attention
will bemainly focused on the region of the phase space where
two intermediate resonances, 𝐾∗(892)+ and 𝐾∗(892)−, are
overlapped. Before proceeding, it will be helpful to point out
that direct 𝐶𝑃 asymmetry is hard to be isolated for decay
process with 𝐶𝑃-eigen-final-state. When the final state of
the decay process is 𝐶𝑃 eigenstate, the time integrated 𝐶𝑃
violation for 𝐷0 → 𝑓, which is defined as

𝑎𝑓 ≡ ∫∞

0
Γ (𝐷0 → 𝑓) 𝑑𝑡 − ∫∞

0
Γ (𝐷0 → 𝑓)𝑑𝑡

∫∞

0
Γ (𝐷0 → 𝑓) 𝑑𝑡 + ∫∞

0
Γ (𝐷0 → 𝑓)𝑑𝑡 , (2)

can be expressed as [34]

𝑎𝑓 = 𝑎𝑑𝑓 + 𝑎𝑚𝑓 + 𝑎𝑖𝑓, (3)

where 𝑎𝑑𝑓, 𝑎𝑚𝑓 , and 𝑎𝑖𝑓 are the 𝐶𝑃 asymmetries in decay, in
mixing, and in the interference of decay and mixing, respec-
tively. As is shown in [34, 50, 51], the indirect 𝐶𝑃 violation𝑎ind ≡ 𝑎𝑚 + 𝑎𝑖 is universal and channel-independent for two-
body 𝐶𝑃-eigenstate. This conclusion is easy to be generalized
to decay processes with three-body 𝐶𝑃-eigenstate in the final
state, such as 𝐷0 → 𝐾+𝐾−𝜋0. In view of the universality of
the indirect 𝐶𝑃 asymmetry, we will only consider the direct𝐶𝑃 violations of the decay 𝐷0 → 𝐾+𝐾−𝜋0 throughout this
paper.

The remainder of this paper is organized as follows. In
Section 2, we present the decay amplitudes for various decay
channels, where the decay amplitudes of𝐷0 → 𝐾±𝐾∗(892)∓
are formulated via the FAT approaches. In Section 3, we study
the 𝐶𝑃 asymmetries of 𝐷0 → 𝐾±𝐾∗(892)∓ and the 𝐶𝑃
asymmetry of 𝐷0 → 𝐾+𝐾−𝜋0 induced by the interference

between different resonances in the phase space. Discussions
and conclusions are given in Section 4. We list some useful
formulas and input parameters in the Appendix.

2. Decay Amplitude for 𝐷0
→ 𝐾+𝐾−𝜋0

In the overlapped region of the intermediate resonances𝐾∗(892)+ and𝐾∗(892)− in the phase space, the decay process𝐷0 → 𝐾+𝐾−𝜋0 is dominated by two cascade decays,𝐷0 →𝐾+𝐾∗(892)− → 𝐾+𝐾−𝜋0 and 𝐷0 → 𝐾−𝐾∗(892)+ →𝐾−𝐾+𝜋0, respectively. Consequently, the decay amplitude of𝐷0 → 𝐾+𝐾−𝜋0 can be expressed as

M𝐷0→𝐾+𝐾−𝜋0 = M𝐾∗+ + 𝑒𝑖𝛿M𝐾∗− (4)

in the overlapped region, where M𝐾∗+ and M𝐾∗− are the
amplitudes for the two cascade decays and 𝛿 is the relative
strong phase. Note that nonresonance contributions have
been neglected in (4).

The decay amplitude for the cascade decay 𝐷0 →𝐾+𝐾∗(892)− → 𝐾+𝐾−𝜋0 can be expressed as

M𝐾∗− = ∑𝜆 M
𝜆
𝐾∗−→𝐾−𝜋0 ⋅M𝜆

𝐷0→𝐾∗−𝐾+𝑠𝜋0𝐾− − 𝑚2
𝐾∗−

+ 𝑖𝑚𝐾∗−Γ𝐾∗− , (5)

where M𝜆
𝐾∗−→𝐾−𝜋0 and M𝜆

𝐷0→𝐾+𝐾∗− represent the ampli-
tudes corresponding to the strong decay 𝐾∗− → 𝐾−𝜋0 and
weak decay 𝐷0 → 𝐾+𝐾∗−, respectively, 𝜆 is the helicity
index of 𝐾∗−, 𝑠𝜋0𝐾− is the invariant mass square of 𝜋0𝐾−

system, and 𝑚𝐾∗− and Γ𝐾∗− are the mass and width of𝐾∗(892)−, respectively. The decay amplitude for the cascade
decay, 𝐷0 → 𝐾−𝐾∗(892)+ → 𝐾−𝐾+𝜋0, is the same as (5)
except replacing the subscripts𝐾∗− and𝐾± with𝐾∗+ and𝐾∓,
respectively.

For the strong decays 𝐾∗(892)± → 𝜋0𝐾±, one can ex-
press the decay amplitudes as

M𝐾∗±→𝜋0𝐾± = 𝑔𝐾∗±𝐾±𝜋0 (𝑝𝜋0 − 𝑝𝐾±) ⋅ 𝜀𝐾∗± (𝑝, 𝜆) , (6)

where 𝑝𝜋0 and 𝑝𝐾± represent the momentum for 𝜋0 and 𝐾±

mesons, respectively, and 𝑔𝐾∗±𝐾±𝜋0 is the effective coupling
constant for the strong interaction, which can be extracted
from the experimental data via

𝑔2
𝐾∗±𝐾±𝜋0 = 6𝜋𝑚2

𝐾∗±Γ𝐾∗±→𝐾±𝜋0𝜆3
𝐾∗±

, (7)

with

𝜆𝐾∗± = 12𝑚𝐾∗±

⋅ √[𝑚2
𝐾∗±

− (𝑚𝜋0 + 𝑚𝐾±)2] ⋅ [𝑚2
𝐾∗±

− (𝑚𝜋0 − 𝑚𝐾±)2],
(8)

and Γ𝐾∗±→𝐾±𝜋0 = Br(𝐾∗± → 𝐾±𝜋0) ⋅ Γ𝐾∗± . The isospin
symmetry of the strong interaction implies that Γ𝐾∗±→𝐾±𝜋0 ≃(1/3)Γ𝐾∗± .

The decay amplitudes for the weak decays, 𝐷0 →𝐾+𝐾∗(892)− and 𝐷0 → 𝐾−𝐾∗(892)+, will be handled with
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Figure 1: The relevant topological diagrams for 𝐷 → 𝑃𝑉 with (a) the color-favored tree amplitude 𝑇𝑃(𝑉), (b) the 𝑊-exchange amplitude𝐸𝑃(𝑉), (c) the color-favored penguin amplitude 𝑃𝑇𝑃(𝑉), (d) the gluon-annihilation penguin amplitude 𝑃𝐸𝑃(𝑉), and (e) the gluon-exchange
penguin amplitude 𝑃𝐴𝑃(𝑉).

the aforementioned FAT approach [48, 49]. The relevant to-
pological tree and penguin diagrams for 𝐷 → 𝑃𝑉 are dis-
played in Figure 1, where 𝑃 and𝑉 denote a light pseudoscalar
and vector meson (representing 𝐾± and 𝐾∗± in this paper),
respectively.

The two tree diagrams in first line of Figure 1 represent the
color-favored tree diagram for𝐷 → 𝑃(𝑉) transition and the𝑊-exchange diagram with the pseudoscalar (vector) meson
containing the antiquark from the weak vertex, respectively.
The amplitudes of these two diagrams will be, respectively,
denoted as 𝑇𝑃(𝑉) and 𝐸𝑃(𝑉).

According to these topological structures, the amplitudes
of the color-favored tree diagrams 𝑇𝑃(𝑉), which are domi-
nated by the factorizable contributions, can be parameterized
as

𝑇𝑃 = 𝐺𝐹√2𝜆𝑠𝑎2 (𝜇) 𝑓𝑉𝑚𝑉𝐹𝐷→𝑃
1 (𝑚2

𝑉) 2 (𝜀∗ ⋅ 𝑝𝐷) , (9)

and

𝑇𝑉 = 𝐺𝐹√2𝜆𝑠𝑎2 (𝜇) 𝑓𝑃𝑚𝑉𝐴𝐷→𝑉
0 (𝑚2

𝑃) 2 (𝜀∗ ⋅ 𝑝𝐷) , (10)

respectively, where𝐺𝐹 is the Fermi constant,𝜆𝑠 = 𝑉𝑢𝑠𝑉∗
𝑐𝑠, with𝑉𝑢𝑠 and 𝑉𝑐𝑠 being the CKM matrix elements, 𝑎2(𝜇) = 𝑐2(𝜇) +𝑐1(𝜇)/𝑁𝑐, with 𝑐1(𝜇) and 𝑐2(𝜇) being the scale-dependentWil-

son coefficients, and the number of color 𝑁𝑐 = 3, 𝑓𝑉(𝑃) and𝑚𝑉(𝑃) are the decay constant and mass of the vector (pseu-
doscalar) meson, respectively, 𝐹𝐷→𝑃

1 and 𝐴𝐷→𝑉
0 are the

form factors for the transitions 𝐷 → 𝑃 and 𝐷 → 𝑉,
respectively, 𝜀 is the polarization vector of the vector meson,
and 𝑝𝐷 is the momentum of 𝐷 meson. The scale 𝜇 of
Wilson coefficients is set to energy release in individual decay
channels [52, 53], which depends onmasses of initial and final
states and is defined as [48, 49]

𝜇 = √Λ𝑚𝐷 (1 − 𝑟2𝑃) (1 − 𝑟2𝑉), (11)

with the mass ratios 𝑟𝑉(𝑃) = 𝑚𝑉(𝑃)/𝑚𝐷, where Λ represents
the soft degrees of freedom in the 𝐷 meson, which is a free
parameter.

For the 𝑊-exchange amplitudes, since the factorizable
contributions to these amplitudes are helicity-suppressed,
only the nonfactorizable contributions need to be considered.
Therefore, the𝑊-exchange amplitudes are parameterized as

𝐸𝑞
𝑃,𝑉 = 𝐺𝐹√2𝜆𝑠𝑐2 (𝜇) 𝜒𝐸

𝑞 𝑒𝑖𝜙𝐸𝑞𝑓𝐷𝑚𝐷

𝑓𝑃𝑓𝑉𝑓𝜋𝑓𝜌 (𝜀∗ ⋅ 𝑝𝐷) , (12)

where 𝑚𝐷 is the mass of 𝐷 meson, 𝑓𝐷, 𝑓𝜋, and 𝑓𝜌 are the
decay constants of the 𝐷, 𝜋, and 𝜌 mesons, respectively, and𝜒𝐸
𝑞 and 𝜙𝐸

𝑞 characterize the strengths and the strong phases of
the corresponding amplitudes, with 𝑞 = 𝑢, 𝑑, 𝑠 representing
the strongly produced 𝑞 quark pair. The ratio of 𝑓𝑃𝑓𝑉 over𝑓𝜋𝑓𝜌 indicates that the flavor 𝑆𝑈(3) breaking effects have
been taken into account from the decay constants.

The penguin diagrams shown in the second line of Fig-
ure 1 represent the color-favored, the gluon-annihilation, and
the gluon-exchange penguin diagrams, respectively, whose
amplitudes will be denoted as 𝑃𝑇𝑃(𝑉), 𝑃𝐸𝑃(𝑉), and 𝑃𝐴𝑃(𝑉),
respectively.

Since a vector meson cannot be generated from the scalar
or pseudoscalar operator, the amplitude 𝑃𝑇𝑃 does not include
contributions from the penguin operator 𝑂5 or 𝑂6. Conse-
quently, the color-favored penguin amplitudes 𝑃𝑇𝑃 and 𝑃𝑇𝑉

can be expressed as

𝑃𝑇𝑃 = −𝐺𝐹√2𝜆𝑏𝑎4 (𝜇) 𝑓𝑉𝑚𝑉𝐹𝐷→𝑃
1 (𝑚2

𝑉) 2 (𝜀∗ ⋅ 𝑝𝐷) , (13)

and

𝑃𝑇𝑉 = −𝐺𝐹√2𝜆𝑏 [𝑎4 (𝜇) − 𝑟𝜒𝑎6 (𝜇)] 𝑓𝑃𝑚𝑉𝐴𝐷→𝑉
0 (𝑚2

𝑃)
⋅ 2 (𝜀∗ ⋅ 𝑝𝐷) ,

(14)
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respectively, where 𝜆𝑏 = 𝑉𝑢𝑏𝑉∗
𝑐𝑏 with 𝑉𝑢𝑏 and 𝑉∗

𝑐𝑏 being the
CKM matrix elements, 𝑎4,6(𝜇) = 𝑐4,6(𝜇) + 𝑐3,5(𝜇)/𝑁𝑐, with𝑐3,4,5,6 being the Wilson coefficients, and 𝑟𝜒 is a chiral factor,
which takes the form

𝑟𝜒 = 2𝑚2
𝑃(𝑚𝑢 + 𝑚𝑞) (𝑚𝑞 + 𝑚𝑐) , (15)

with 𝑚𝑢(𝑐,𝑞) being the masses of 𝑢(𝑐, 𝑞) quark. Note that the
quark-loop corrections and the chromomagnetic-penguin
contribution are also absorbed into 𝑐3,4,5,6 as shown in [49].

Similar to the amplitudes 𝐸𝑃,𝑉, the amplitudes 𝑃𝐸 only
include the nonfactorizable contributions as well. Therefore,
the amplitudes 𝑃𝐸𝑃,𝑉, which are dominated by 𝑂4 and 𝑂6

[48], can be parameterized as

𝑃𝐸𝑞
𝑃,𝑉 = −𝐺𝐹√2𝜆𝑏 [𝑐4 (𝜇) − 𝑐6 (𝜇)] 𝜒𝐸

𝑞 𝑒𝑖𝜙𝐸𝑞𝑓𝐷𝑚𝐷

⋅ 𝑓𝑃𝑓𝑉𝑓𝜋𝑓𝜌 (𝜀∗ ⋅ 𝑝𝐷) .
(16)

For the amplitudes𝑃𝐴𝑃 and𝑃𝐴𝑉, the helicity suppression
does not apply to the matrix elements of 𝑂5,6, so the factor-
izable contributions exist. In the pole resonance model [54],
after applying the Fierz transformation and the factorization
hypothesis, the amplitudes 𝑃𝐴𝑃 and 𝑃𝐴𝑉 can be expressed as

𝑃𝐴𝑞
𝑃 = −𝐺𝐹√2𝜆𝑏 [(−2) 𝑎6 (𝜇) (2𝑔𝑆)

⋅ 1𝑚2
𝐷 − 𝑚2

𝑃∗
(𝑓𝑃∗𝑚0

𝑃∗)(𝑓𝐷𝑚
2
𝐷𝑚𝑐

) + 𝑐3 (𝜇)
⋅ 𝜒𝐴

𝑞 𝑒𝑖𝜙𝐴𝑞 𝑓𝐷𝑚𝐷

𝑓𝑃𝑓𝑉𝑓𝜋f𝜌 ] (𝜀∗ ⋅ 𝑝𝐷) ,
(17)

and

𝑃𝐴𝑞
𝑉 = −𝐺𝐹√2𝜆𝑏 [(−2) 𝑎6 (𝜇) (−2𝑔𝑆)

⋅ 1𝑚2
𝐷 − 𝑚2

𝑃∗
(𝑓𝑃∗𝑚0

𝑃∗)(𝑓𝐷𝑚
2
𝐷𝑚𝑐

) + 𝑐3 (𝜇)
⋅ 𝜒𝐴

𝑞 𝑒𝑖𝜙𝐴𝑞 𝑓𝐷𝑚𝐷

𝑓𝑃𝑓𝑉𝑓𝜋𝑓𝜌 ] (𝜀∗ ⋅ 𝑝𝐷) ,
(18)

respectively, where 𝑔𝑆 is an effective strong coupling constant
obtained from strong decays, e.g., 𝜌 → 𝜋𝜋, 𝐾∗ → 𝐾𝜋,
and 𝜙 → 𝐾𝐾, and is set as 𝑔𝑆 = 4.5 [54] in this work, 𝑚𝑃∗

and 𝑓𝑃∗ are the mass and decay constant of the pole resonant
pseudoscalar meson 𝑃∗, respectively, and 𝜒𝐴

𝑞 and 𝜙𝐴
𝑞 are the

strengths and the strong phases of the corresponding ampli-
tudes.

From Figure 1, the decay amplitudes of 𝐷0 →𝐾+𝐾∗(892)− and 𝐷0 → 𝐾−𝐾∗(892)+ in the FAT approach
can be easily written down

M
𝜆
𝐷0→𝐾+𝐾∗− = 𝑇𝐾∗− + 𝐸𝑢

𝐾+ + 𝑃𝑇𝐾∗− + 𝑃𝐸𝑠
𝐾∗− + 𝑃𝐸𝑢

𝐾+

+ 𝑃𝐴𝑠
𝐾∗− , (19)

and

M
𝜆
𝐷0→𝐾−𝐾∗+ = 𝑇𝐾− + 𝐸𝑢

𝐾∗+ + 𝑃𝑇𝐾− + 𝑃𝐸𝑠
𝐾− + 𝑃𝐸𝑢

𝐾∗+

+ 𝑃𝐴𝑠
𝐾− , (20)

respectively, where 𝜆 is the helicity of the polarization vector𝜀(𝑝, 𝜆). In the FAT approach, the fitted nonperturbative
parameters, 𝜒𝐸

𝑞,𝑠, 𝜙𝐸
𝑞,𝑠, 𝜒𝐴

𝑞,s, 𝜙𝐴
𝑞,𝑠, are assumed to be universal

and can be determined by the data [49].
In Table 1, we list the magnitude of each topological

amplitude for 𝐷0 → 𝐾+𝐾∗(892)− and 𝐷0 → 𝐾−𝐾∗(892)+
by using the global fitted parameters for 𝐷 → 𝑃𝑉 in [49].
One can see from Table 1 that the penguin contributions
are greatly suppressed. 𝑃𝑇 is dominant in the penguin
contributions of 𝐷0 → 𝐾−𝐾∗(892)+, while 𝑃𝑇 is small
in 𝐷0 → 𝐾+𝐾∗(892)−, which is even smaller than the
amplitude 𝑃𝐴. This difference is because of the chirally
enhanced factor contained in (14) while not in (13). The
very small 𝑃𝐸 do not receive the contributions from the
quark-loop and chromomagnetic penguins, since these two
contributions to c4 and 𝑐6 are canceled with each other in
(16). Besides, the relations 𝑃𝐸𝑠

𝑉 = 𝑃𝐸𝑠
𝑃, 𝑃𝐸𝑢

𝑉 = 𝑃𝐸𝑢
𝑃, and𝑃𝐸𝑠

𝑉 ̸= 𝑃𝐸𝑢
𝑉 can be read from Table 1; this is because that the

isospin symmetry and the flavor 𝑆𝑈(3) breaking effect have
been considered.

Since the form factors are inevitably model-dependent,
we list in Table 2 the branching ratios of𝐷0 → 𝐾+𝐾∗(892)−
and 𝐷0 → 𝐾−𝐾∗(892)+ predicted by the FAT approach, by
various form factor models. The pole, dipole, and covariant
light-front (CLF) models are adopted. The uncertainties in
Table 2 mainly come from decay constants. The CLF model
agrees well with the data for both decay channels, and other
models are also consistent with the data. However, themodel-
dependence of form factor leads to large uncertainty of the
branching fraction, as large as 20%. Because of the smallness
of the Wilson coefficients and the CKM-suppression of the
penguin amplitudes, the branching ratios are dominated by
the tree amplitudes. Therefore, there is no much difference
for the branching ratios whether we consider the penguin
amplitudes or not.

3. 𝐶𝑃 Asymmetries for 𝐷0
→ 𝐾±𝐾∗(892)∓ and𝐷0

→ 𝐾+𝐾−𝜋0

The direct 𝐶𝑃 asymmetry for the two-body decay 𝐷 → 𝑃𝑉
is defined as

𝐴𝐷→𝑃𝑉
𝐶𝑃 = M𝐷→𝑃𝑉

2 − M𝐷→𝑃𝑉
2M𝐷→𝑃𝑉

2 + M𝐷→𝑃𝑉
2 , (21)

where M𝐷→𝑃𝑉 represents the decay amplitude of the 𝐶𝑃
conjugate process 𝐷 → 𝑃𝑉, such as 𝐷0 → 𝐾+𝐾∗(892)−
or 𝐷0 → 𝐾−𝐾∗(892)+. In the framework of FAT approach,
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Table 1:Themagnitude of tree and penguin contributions (in unit of 10−3) corresponding to the topological amplitudes in (19) and (20).The
factors “(𝐺𝐹/√2)𝜆𝑠(𝜀∗ ⋅ 𝑝𝐷)” and “−(𝐺𝐹/√2)𝜆𝑏(𝜀∗ ⋅ 𝑝𝐷)” are omitted in this table.

Decay modes 𝑇𝐾∗− 𝐸𝑢
𝐾+ 𝑃𝑇𝐾∗− 𝑃𝐸𝑠

𝐾∗− 𝑃𝐸𝑢
𝐾+ 𝑃𝐴𝑠

𝐾∗−𝐷0 → 𝐾+𝐾∗(892)− 0.23 −0.02 + 0.15i 3.83 + 4.32i 0.96 − 0.03i 0.13 − 0.81i 6.73 + 8.22i𝑇𝐾− 𝐸𝑢
𝐾∗+ 𝑃𝑇𝐾− 𝑃𝐸𝑠

𝐾− 𝑃𝐸𝑢
𝐾∗+ 𝑃𝐴𝑠

𝐾−𝐷0 → 𝐾−𝐾∗(892)+ 0.44 −0.02 + 0.15i −23.3 − 19.3i 0.96 − 0.03i 0.13 − 0.81i −8.53 − 5.53i
Table 2: Branching ratios (in unit of 10−3) of singly-Cabibbo-suppressed decays 𝐷0 → 𝐾+𝐾∗(892)− and 𝐷0 → 𝐾−𝐾∗(892)+. Both
experimental data [55–57] and theoretical predictions of FAT approach of the branching ratios are listed.

Form factors Br(𝐷0 → 𝐾+𝐾∗(892)−) Br(𝐷0 → 𝐾−𝐾∗(892)+)
Pole 1.57 ± 0.04 3.73 ± 0.17
Dipole 1.69 ± 0.04 4.02 ± 0.19
CLF 1.45 ± 0.04 4.44 ± 0.20
Exp. 1.56 ± 0.12 4.38 ± 0.21

we predict very small direct 𝐶𝑃 asymmetries of 𝐷0 →𝐾+𝐾∗(892)− and 𝐷0 → 𝐾−𝐾∗(892)+ presented in Table 3.
The uncertainties induced by the model-dependence of form
factor to the 𝐶𝑃 asymmetries of 𝐷0 → 𝐾+𝐾∗(892)− and𝐷0 → 𝐾−𝐾∗(892)+ are about 30% and 10%, respectively.

The differential 𝐶𝑃 asymmetry of the three-body decay𝐷0 → 𝐾+𝐾−𝜋0, which is a function of the invariant mass of𝑠𝜋0𝐾+ and 𝑠𝜋0𝐾− , is defined as

𝐴𝐷0→𝐾+𝐾−𝜋0

𝐶𝑃 (𝑠𝜋0𝐾+ , 𝑠𝜋0𝐾−)
= M𝐷0→𝐾+𝐾−𝜋0

2 − M𝐷
0
→𝐾−𝐾+𝜋0

2M𝐷0→𝐾+𝐾−𝜋0
2 + M𝐷

0
→𝐾−𝐾+𝜋0

2
, (22)

where the invariant mass 𝑠𝜋0𝐾± = (𝑝𝜋0 + 𝑝𝐾±)2. As can be
seen from (4), the differential 𝐶𝑃 asymmetry 𝐴𝐷0→𝐾+𝐾−𝜋0

𝐶𝑃
depends on the relative strong phase 𝛿, which is impossible
to be calculated theoretically because of its nonperturbative
origin. Despite this, we can still acquire some information
of this relative strong phase 𝛿 from data. By using a Dalitz
plot technique [55, 58, 59], the phase difference 𝛿exp between𝐷0 decays to𝐾+𝐾∗(892)− and 𝐾−𝐾∗(892)+ can be extracted
from data. One should notice that 𝛿exp is not the same as the
strong phase 𝛿 defined in (4).The strong phase𝛿 is the relative
phase between the decay amplitudes of 𝐷0 → 𝐾+𝐾∗(892)−
and 𝐷0 → 𝐾−𝐾∗(892)+. On the other hand, the phase 𝛿exp
is defined through

M𝐷0→𝐾+𝐾−𝜋0 = (M𝐾∗+
 + 𝑒𝑖𝛿exp M𝐾∗−

) 𝑒𝑖𝛿𝐾∗+ (23)

in the overlapped region of the phase space, where 𝛿𝐾∗± is the
phase of the amplitudeM𝐾∗± :

M𝐾∗± = M𝐾∗±
 𝑒𝑖𝛿𝐾∗± . (24)

Therefore, neglecting the CKM suppressed penguin ampli-
tudes, 𝛿exp and 𝛿 can be related by

𝛿exp − 𝛿 ≈ 𝛿𝐾∗−𝐾+ − 𝛿𝐾∗+𝐾− , (25)

where 𝛿𝐾∗∓𝐾± = arg(𝑇𝐾∗∓ + 𝐸𝑢
𝐾±) are the phases in tree-level

amplitudes of𝐷0 → 𝐾±𝐾∗(892)∓ and are equivalent to 𝛿𝐾∗∓
if the penguin amplitudes are neglected. With the relation
of (25), and 𝛿exp = −35.5∘ ± 4.1∘ measured by the BABAR
Collaboration [56], we have 𝛿 ≈ −51.85∘ ± 4.1∘.

In Figure 2, we present the differential 𝐶𝑃 asymmetry of𝐷0 → 𝐾+𝐾−𝜋0 in the overlapped region of 𝐾∗(892)− and𝐾∗(892)+ in the phase space, with 𝛿 = −51.85∘. Namely, we
will focus on the region 𝑚𝐾∗ − 2Γ𝐾∗ < √𝑠𝜋0𝐾− , √𝑠𝜋0𝐾+ <𝑚𝐾∗ + 2Γ𝐾∗ of the phase space. One can see from Figure 2
that the differential 𝐶𝑃 asymmetry of 𝐷0 → 𝐾+𝐾−𝜋0 can
reach 3.0 × 10−4 in the overlapped region, which is about 10
times larger than the 𝐶𝑃 asymmetries of the corresponding
two-body decay channels shown in Table 3.

The behavior of the differential 𝐶𝑃 asymmetry of𝐷0 →𝐾+𝐾−𝜋0 in Figure 2 motivates us to separate this region into
four areas, area A (𝑚𝐾∗ < √𝑠𝜋0𝐾− < 𝑚𝐾∗+2Γ𝐾∗ , 𝑚𝐾∗−2Γ𝐾∗ <√𝑠𝜋0𝐾+ < 𝑚𝐾∗), area B (𝑚𝐾∗ < √𝑠𝜋0𝐾− < 𝑚𝐾∗ + 2Γ𝐾∗ , 𝑚𝐾∗ <√𝑠𝜋0𝐾+ < 𝑚𝐾∗ + 2Γ𝐾∗), area C (𝑚𝐾∗ − 2Γ𝐾∗ < √𝑠𝜋0𝐾− <𝑚𝐾∗ , 𝑚𝐾∗ −2Γ𝐾∗ < √𝑠𝜋0𝐾+ < 𝑚𝐾∗), and area D (𝑚𝐾∗−2Γ𝐾∗ <√𝑠𝜋0𝐾− < 𝑚𝐾∗ , 𝑚𝐾∗ < √𝑠𝜋0𝐾+ < 𝑚𝐾∗ + 2Γ𝐾∗). We further
consider the observable of regional 𝐶𝑃 asymmetry in areas
A, B, C, and D displayed in Table 4, which is defined by

𝐴Ω
𝐶𝑃 = ∫

Ω
(Mtot

2 − Mtot
2) d𝑠𝜋0𝐾−𝑠𝜋0𝐾+

∫
Ω
(Mtot

2 + Mtot
2) d𝑠𝜋0𝐾−𝑠𝜋0𝐾+

, (26)

whereΩ represents a certain region of the phase space.
Comparingwith the𝐶𝑃 asymmetries of two-body decays,

the regional 𝐶𝑃 asymmetries, from Table 4, are less sensitive
to the models we have used. We would like to use only the
CLF model for the following discussion. The uncertainties
in Table 4 come from decay constants as well as the relative
phase 𝛿exp. In addition, if we focus on the right part of area A,
that is, 𝑚𝐾∗ < √𝑠𝜋0𝐾− < 𝑚𝐾∗ + 2Γ𝐾∗ , 𝑚𝐾∗ − Γ𝐾∗ < √𝑠𝜋0𝐾+ <𝑚𝐾∗ , the regional 𝐶𝑃 violation will be (1.09 ± 0.16) × 10−4.

The energy dependence of the propagator of the inter-
mediate resonances can lead to a small correction to 𝐶𝑃
asymmetry. For example, if we replace the Breit-Wigner
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Table 3: 𝐶𝑃 asymmetries (in unit of 10−5) of𝐷0 → 𝐾+𝐾∗(892)− and𝐷0 → 𝐾−𝐾∗(892)+ predicted by the FAT approach with pole, dipole,
and CLF models adopted. The uncertainties in this table are mainly from decay constants.

Form factors 𝐴𝐶𝑃(𝐷0 → 𝐾+𝐾∗(892)−) 𝐴𝐶𝑃(𝐷0 → 𝐾−𝐾∗(892)+)
Pole −1.45 ± 0.25 3.60 ± 0.23
Dipole −1.63 ± 0.26 3.70 ± 0.24
CLF −1.27 ± 0.25 3.86 ± 0.26

A B
C D
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Figure 2: The differential 𝐶𝑃 asymmetry distribution of 𝐷0 → 𝐾+𝐾−𝜋0 in the overlapped region of 𝐾∗(892)− and 𝐾∗(892)+ in the phase
space.

propagator by the Flatté Parametrization [60], the correction
to the regional 𝐶𝑃 asymmetry will be about 1%.

Since the 𝐶𝑃 asymmetry of𝐷0 → 𝐾+𝐾−𝜋0 is extremely
suppressed, it should be more sensitive to the NP. For
example, some NPs have considerable impacts on the chro-
momagnetic dipole operator 𝑂8𝑔 [34, 61–66]. Consequently,
the 𝐶𝑃 violation in SCS decays may be further enhanced.
In practice, the NP contributions can be absorbed into the
corresponding effective Wilson coefficient 𝑐eff8𝑔 [67, 68]. For
comparison, we first consider a relative small value of 𝑐eff8𝑔 (as
in [48, 64]) lying within the range (0, 1) and the global 𝐶𝑃
asymmetry of𝐷0 → 𝐾∗(892)±𝐾∓ are no larger than 5×10−5 .
Moreover, if we follow [49] taking 𝑐eff8𝑔 ≈ 10 (while 𝑐eff8𝑔 = 10,
which is extracted from Δ𝐴𝐶𝑃 measured by LHCb [69], is a
quite large quantity even for the coefficients corresponding
tree-level operators, however, such large contribution can
be realized if some NPs effects are pulled in. For example,
the up squark-gluino loops in supersymmetry (SUSY) can
arise significant contributions to 𝑐8𝑔. More details about the
squark-gluino loops and other models in SUSY can be found
in [34, 62, 70–72]), the global 𝐶𝑃 asymmetries of 𝐷0 →𝐾+𝐾∗(892)− and𝐷0 → 𝐾−𝐾∗(892)+ are then (0.56±0.08)×10−3 and (−0.50 ± 0.04) × 10−3, respectively.

We further display the𝐶𝑃 asymmetry of𝐷0 → 𝐾+𝐾−𝜋0

in the overlapped region of 𝐾∗(892)− and 𝐾∗(892)+ in Fig-
ures 3(a) and 3(b) for 𝑐eff8𝑔 = 1 and 𝑐eff8𝑔 = 10, respectively. After
taking the interference effect into account, the differential 𝐶𝑃

asymmetry of 𝐷0 → 𝐾+𝐾−𝜋0 can be increased as large as5.5×10−4 and 2.8×10−3 for 𝑐eff8𝑔 = 1 and 𝑐eff8𝑔 = 10, respectively.
The regional ones (in phase space of √0.74 GeV < √𝑠𝜋0𝐾− <√0.81 GeV, √0.84 < √𝑠𝜋0𝐾+ < 𝑚𝐾∗ + 2Γ𝐾∗ ) can reach(2.7±0.5)×10−4 and (1.3±0.3)×10−3 for 𝑐eff8𝑔 = 1 and 𝑐eff8𝑔 = 10,
respectively.

4. Discussion and Conclusion

In this work, we studied 𝐶𝑃 violations in 𝐷0 →𝐾∗(892)±𝐾∓ → 𝐾+𝐾−𝜋0 via the FAT approach. The 𝐶𝑃
violations in two-body decay processes 𝐷0 → 𝐾+𝐾∗(892)−
and 𝐷0 → 𝐾−𝐾∗(892)+ are very small, which are (−1.27 ±0.25) × 10−5 and (3.86 ± 0.26) × 10−5, respectively. Our
discussion shows that the 𝐶𝑃 violation can be enhanced by
the interference effect in three-body decay 𝐷0 → 𝐾+𝐾−𝜋0.
The differential 𝐶𝑃 asymmetry can reach 3.0× 10−4 when the
interference effect is taken into account, while the regional
one can be as large as (1.09 ± 0.16) × 10−4.

Besides, since the chromomagnetic dipole operator 𝑂8𝑔

is sensitive to some NPs, the inclusion of this kind of NPs
will lead to a much larger global 𝐶𝑃 asymmetries of 𝐷0 →𝐾+𝐾∗(892)− and 𝐷0 → 𝐾−𝐾∗(892)+, which are (0.56 ±0.08) × 10−3 and (−0.50 ± 0.04) × 10−3, respectively, while
the regional 𝐶𝑃 asymmetry of 𝐷0 → 𝐾+𝐾−𝜋0 can be
also increased to (1.3 ± 0.3) × 10−3 when considering the
interference effect in the phase space. Since the O(10−3) of
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Table 4: Three from factor models: the pole, dipole, and CLF models are used for the regional 𝐶𝑃 asymmetries (in unit of 10−4) in the four
areas, A, B, C, and D, of the phase space.

Form factors 𝐴A
𝐶𝑃 𝐴B

𝐶𝑃 𝐴C
𝐶𝑃 𝐴D

𝐶𝑃 𝐴All
𝐶𝑃

Pole 0.87 ± 0.11 0.42 ± 0.08 0.39 ± 0.07 −0.30 ± 0.08 0.33 ± 0.05
Dipole 0.87 ± 0.11 0.41 ± 0.08 0.38 ± 0.07 −0.30 ± 0.08 0.32 ± 0.05
CLF 0.84 ± 0.10 0.45 ± 0.08 0.42 ± 0.07 −0.25 ± 0.08 0.36 ± 0.06
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Figure 3: The differential 𝐶𝑃 asymmetry distribution of 𝐷0 → 𝐾+𝐾−𝜋0 for (a) 𝑐eff8𝑔 = 1 and (b) 𝑐eff8𝑔 = 10, in the overlapped region of𝐾∗(892)− and𝐾∗(892)+ in the phase space.

𝐶𝑃 asymmetry is attributed to the large 𝑐eff8𝑔 , which is almost
impossible for the SM to generate such large contribution, it
will indicate NP if such 𝐶𝑃 violation is observed. Here, we
roughly estimate the number of𝐷0𝐷0 needed for testing such
kind of asymmetries, which is about (1/𝐵𝑟)(1/𝐴2

𝐶𝑃) ∼ 109.
This could be observed in the future experiments at Belle II
[73, 74], while the current largest 𝐷0𝐷0 yields are about 108
at BABAR and Belle [75, 76] and 107 at BESIII [77].
Appendix

Some Useful Formulas and Input Parameters

(1) Effective Hamiltonian and Wilson Coefficients. The weak
effective Hamiltonian for SCS 𝐷 meson decays, based on
the Operator Product Expansion (OPE) and Heavy Quark
Effective Theory (HQET), can be expressed as [78]

Heff = 𝐺𝐹√2 [
[
∑
𝑞=𝑑,𝑠

𝜆𝑞 (𝑐1𝑂𝑞
1 + 𝑐2𝑂𝑞

2)

− 𝜆𝑏 ( 6∑
𝑖=3

𝑐𝑖𝑂𝑖 + 𝑐8𝑔𝑂8𝑔)]]
+ h.c.,

(A.1)

where 𝐺𝐹 is the Fermi constant, 𝜆𝑞 = 𝑉𝑢𝑞𝑉∗
𝑐𝑞, 𝑐𝑖 (𝑖 = 1, . . . , 6)

is the Wilson coefficient, and 𝑂𝑞
1 , 𝑂𝑞

2 , 𝑂𝑖 (𝑖 = 1, . . . , 6),
and 𝑂8𝑔 are four-fermion operators which are constructed
fromdifferent combinations of quark fields.The four-fermion
operators take the following form:

𝑂𝑞
1 = 𝑢𝛼𝛾𝜇 (1 − 𝛾5) 𝑞𝛽𝑞𝛽𝛾𝜇 (1 − 𝛾5) 𝑐𝛼,

𝑂𝑞
2 = 𝑢𝛾𝜇 (1 − 𝛾5) 𝑞𝑞𝛾𝜇 (1 − 𝛾5) 𝑐,

𝑂3 = 𝑢𝛾𝜇 (1 − 𝛾5) 𝑐∑
𝑞

𝑞𝛾𝜇 (1 − 𝛾5) 𝑞,
𝑂4 = 𝑢𝛼𝛾𝜇 (1 − 𝛾5) 𝑐𝛽∑

𝑞

𝑞𝛽𝛾𝜇 (1 − 𝛾5) 𝑞𝛼,
𝑂5 = 𝑢𝛾𝜇 (1 − 𝛾5) 𝑐∑

𝑞

𝑞𝛾𝜇 (1 + 𝛾5) 𝑞,
𝑂6 = 𝑢𝛼𝛾𝜇 (1 − 𝛾5) 𝑐𝛽∑

𝑞

𝑞𝛽𝛾𝜇 (1 + 𝛾5) 𝑞𝛼,
𝑂8𝑔 = − 𝑔𝑠8𝜋2

𝑚𝑐𝑢𝜎𝜇] (1 + 𝛾5) 𝐺𝜇]𝑐,

(A.2)

where 𝛼 and 𝛽 are color indices and 𝑞 = 𝑢, 𝑑, 𝑠. Among all
these operators, 𝑂𝑞

1 and 𝑂𝑞
2 are tree operators, 𝑂3 − 𝑂6 are

QCD penguin operators, and 𝑂8𝑔 is chromomagnetic dipole
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operator.The electroweak penguin operators are neglected in
practice. One should notice that SCS decays receive contribu-
tions from all aforementioned operators while only tree
operators can contribute to CF decays and DCS decays.

The Wilson coefficients used in this paper are evaluated
at 𝜇 = 1GeV, which can be found in [48].

(2) CKM Matrix. We use the Wolfenstein parameterization
for the CKM matrix elements, which up to order O(𝜆8) read
[79, 80]

𝑉𝑢𝑠 = 𝜆 − 12𝐴2𝜆7 (𝜌2 + 𝜂2) ,
𝑉𝑐𝑠 = 1 − 12𝜆2 − 18𝜆4 (1 + 4𝐴2)

− 116𝜆6 (1 − 4𝐴2 + 16𝐴2 (𝜌 + 𝑖𝜂))
− 1128𝜆8 (5 − 8𝐴2 + 16𝐴4) ,

𝑉𝑢𝑏 = 𝐴𝜆3 (𝜌 − 𝑖𝜂) ,
𝑉𝑐𝑏 = 𝐴𝜆2 − 12𝐴3𝜆8 (𝜌2 + 𝜂2) ,

(A.3)

where 𝐴, 𝜌, 𝜂, and 𝜆 are the Wolfenstein parameters, which
satisfy following relation:

𝜌 + 𝑖𝜂 = √1 − 𝐴2𝜆4 (𝜌 + 𝑖𝜂)√1 − 𝜆2 [1 − 𝐴2𝜆4 (𝜌 + 𝑖𝜂)] . (A.4)

Numerical values ofWolfenstein parameters which have been
used in this work are as follows:

𝜆 = 0.22548+0.00068−0.00034,
𝐴 = 0.810+0.018−0.024,
𝜌 = 0.145+0.013−0.007,
𝜂 = 0.343+0.011−0.012.

(A.5)

(3) Decay Constants and Form Factors. In (17) and (18),
the pole resonance model was employed for the matrix
element ⟨𝑃𝑉|𝑞1𝑞2|0⟩ in the annihilation diagrams. By con-
sidering angular momentum conservation at weak vertex
and all conservation laws are preserved at strong vertex,
the matrix element ⟨𝑃𝑉|𝑞1𝑞2|0⟩ is therefore dominated by a
pseudoscalar resonance [54],

⟨𝑃𝑉 𝑞1𝑞2 0⟩ = ⟨𝑃𝑉 | 𝑃∗⟩ ⟨𝑃∗ 𝑞1𝑞2 0⟩
= 𝑔𝑃∗𝑃𝑉 𝑚𝑃∗𝑚2

𝐷 − 𝑚2
𝑃∗
𝑓𝑃∗ , (A.6)

where 𝑔𝑃∗𝑃𝑉 is a strong coupling constant and 𝑚𝑃∗ and 𝑓𝑃∗
are the mass and decay constant of the pseudoscalar reso-
nance 𝑃∗. Therefore, 𝜂 and 𝜂 are the dominant resonances

for the final states of𝐾∗±𝐾∓, which can be expressed as flavor
mixing of 𝜂𝑞 and 𝜂𝑠,

(𝜂
𝜂) = (cos 𝜙 − sin 𝜙

sin 𝜙 cos 𝜙 )(𝜂𝑞𝜂𝑠) (A.7)

where 𝜙 is the mixing angle and 𝜂𝑞 and 𝜂𝑠 are defined by

𝜂𝑞 = 1√2 (𝑢𝑢 + 𝑑𝑑) ,
𝜂𝑠 = 𝑠𝑠.

(A.8)

The decay constants of 𝜂 and 𝜂 are defined by

⟨0 𝑢𝛾𝜇𝛾5𝑢 𝜂 (𝑝)⟩ = 𝑖𝑓𝑢
𝜂 𝑝𝜇,

⟨0 𝑢𝛾𝜇𝛾5𝑢 𝜂 (𝑝)⟩ = 𝑖𝑓𝑢
𝜂𝑝𝜇,

⟨0 𝑑𝛾𝜇𝛾5𝑑 𝜂 (𝑝)⟩ = 𝑖𝑓𝑑
𝜂 𝑝𝜇,

⟨0 𝑑𝛾𝜇𝛾5𝑑 𝜂 (𝑝)⟩ = 𝑖𝑓𝑑
𝜂𝑝𝜇,

⟨0 𝑠𝛾𝜇𝛾5𝑠 𝜂 (𝑝)⟩ = 𝑖𝑓𝑠
𝜂𝑝𝜇,

⟨0 𝑠𝛾𝜇𝛾5𝑠 𝜂 (𝑝)⟩ = 𝑖𝑓𝑠
𝜂𝑝𝜇,

(A.9)

where

𝑓𝑢
𝜂 = 𝑓𝑑

𝜂 = 1√2𝑓𝑞
𝜂 ,

𝑓𝑢
𝜂 = 𝑓𝑑

𝜂 = 1√2𝑓𝑞

𝜂
.

(A.10)

According to [81, 82], the decay constants of 𝜂 and 𝜂 can be
expressed as

𝑓𝑞
𝜂 = 𝑓𝑞 cos 𝜙,

𝑓𝑞

𝜂
= 𝑓𝑞 sin 𝜙,

𝑓𝑠
𝜂 = −𝑓𝑠 sin 𝜙,

𝑓𝑠
𝜂 = 𝑓𝑠 cos 𝜙,

(A.11)

where 𝑓𝑞 = (1.07 ± 0.02)𝑓𝜋 and 𝑓𝑠 = (1.34 ± 0.02)𝑓𝜋 [81], and
themixing angle 𝜙 = (40.4±0.6)∘ [83]. Other decay constants
used in this paper are listed in Table 5.

The transition form factors𝐴𝐷0→𝐾∗−

0 and 𝐹𝐷0→𝐾−

1 , based
on the relativistic covariant light-front quark model [85], are
expressed as amomentum-dependent, 3-parameter form (the
parameters can be found in Table 6):

𝐹 (𝑞2) = 𝐹 (0)
1 − 𝑎 (𝑞2/𝑚2

𝐷) + 𝑏 (𝑞2/𝑚2
𝐷)2 . (A.12)

(4) Decay Rate.The decay width takes the form

Γ𝐷→𝐾𝐾∗ =
p138𝜋𝑚2

𝐾∗


M𝐷→𝐾𝐾∗𝜀∗ ⋅ 𝑝𝐷


2 , (A.13)
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Table 5: The meson decay constants used in this paper (MeV) [57, 84].

𝑓𝐾∗ 𝑓𝜌 𝑓𝐾 𝑓𝜋 𝑓𝐷220(5) 216(3) 156(0.4) 130(1.7) 208(10)

Table 6: The parameters of𝐷 → 𝐾∗, 𝐾 transitions form factors in
(A.12).

Form factor 𝐴𝐷→𝐾∗

0 𝐹𝐷→𝐾
1𝐹(0) 0.69 0.78𝑎 1.04 1.05𝑏 0.44 0.23

where p1 represents the center of mass (c.m.) 3-momentum
of each meson in the final state and is given by

p1
= √[(𝑚2

𝐷 − (𝑚𝐾∗ + 𝑚𝐾)2) (𝑚2
𝐷 − (𝑚𝐾∗ − 𝑚𝐾)2)]2𝑚𝐷

. (A.14)

M is the corresponding decay amplitude.
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asymmetries of three-body B decays in perturbative QCD,”
Physical Review D, vol. 89, Article ID 074031, 2014.

[15] Z.-H. Zhang, C.Wang, andX.-H. Guo, “Possible large CP viola-
tion in three-body decays of heavy baryon,” Physics Letters B,
vol. 751, pp. 430–433, 2015.

[16] C. Wang, Z.-H. Zhang, Z.-Y. Wang, and X.-H. Guo, “Localized
direct CP violation in B± → 𝜌0(𝜔)𝜋± → 𝜋+𝜋−𝜋±,” �e
European Physical Journal C, vol. 75, p. 536, 2015.

[17] J. H. A. Nogueira, I. Bediaga, A. B. R. Cavalcante, T. Frederico,
and O. Lourenço, “CP violation: Dalitz interference, CPT, and
final state interactions,” Physical Review D, vol. 92, Article ID
054010, 2015.

[18] J. Dedonder, A. Furman, R. Kamiński, L. Leśniak, and B.
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Many vector charmonium-like states have been reported recently in the cross sections of 𝑒+𝑒− → 𝜔𝜒𝑐0, 𝜋+𝜋−ℎ𝑐, 𝜋+𝜋−𝐽/𝜓,𝜋+𝜋−𝜓(3686), and 𝜋+𝐷0𝐷∗− + 𝑐.𝑐. To better understand the nature of these states, a combined fit is performed to these cross
sections by using three resonances𝑌(4220), 𝑌(4390), and 𝑌(4660). The resonant parameters for the three resonances are obtained.
We emphasize that two resonances 𝑌(4220) and 𝑌(4390) are sufficient to explain these cross sections below 4.6 GeV. The lower
limits of 𝑌(4220) and 𝑌(4390)’s leptonic decay widths are also determined to be (36.4 ± 2.0 ± 4.2) and (123.8 ± 6.5 ± 9.0) eV.

In the last decade, charmonium physics has gained renewed
strong interest from both the theoretical and the experimen-
tal side, due to the observation of a series of charmonium-
like states, such as the 𝑋(3872) [1], the 𝑌(4260) [2], and
the 𝑌(4360) [3]. These states do not fit in the conventional
level system of charmonium states and are good candidates
for exotic states not encompassed by the naive quark model
[4]. Moreover, many charged charmonium-like states or their
neutral partners [5] were observed, which might indicate the
presence of new dynamics in this energy region.𝑌(4260) is the first charmonium-like state, which was
observed in the process 𝑒+𝑒− → 𝜋+𝜋−𝐽/𝜓 by the 𝐵𝐴𝐵𝐴𝑅
experiment using an initial-state-radiation (ISR) technique
[2]. This observation was immediately confirmed by the
CLEO [6] and Belle experiments [7] in the same process.
Being produced in 𝑒+𝑒− annihilation, the𝑌 state has quantum
numbers 𝐽𝑃𝐶 = 1−−. 𝑌(4360) is the second 𝑌 state, which was
observed in the 𝑒+𝑒− → 𝛾ISR𝑌(4360) → 𝛾ISR𝜋+𝜋−𝜓(3686)
by 𝐵𝐴𝐵𝐴𝑅 [3] and subsequently confirmed by Belle experi-
ment [8]. Belle also observed another structure, 𝑌(4660), in
the 𝜋+𝜋−𝜓(3686) [8]. The observation of these 𝑌 states has
stimulated substantial theoretical discussions on their nature
[4].

Recently, with higher statistic data, the 𝑒+𝑒− → 𝜋+𝜋−𝐽/𝜓
cross section was measured by BESIII experiment more
precisely [9]. The fine structure was observed for 𝑌(4260) in𝑒+𝑒− → 𝜋+𝜋−𝐽/𝜓. The 𝑌(4260) structure is a combination

of two resonances: the lower one is 𝑌(4220) and the higher
is 𝑌(4320). Using the results for 𝑒+𝑒− → 𝜋+𝜋−𝜓(3686)
fromBelle [10], 𝐵𝐴𝐵𝐴𝑅 [11], and BESIII experiments [12], the
authors of [13] also observed the fine structure for𝑌(4360) in𝑒+𝑒− → 𝜋+𝜋−𝜓(3686), inferring that the 𝑌(4360) structure
is also a combination of two resonances: the lower one is𝑌(4220) and the higher is 𝑌(4360). The 𝑌(4220) state also
is observed in the processes 𝑒+𝑒− → 𝜔𝜒𝑐0 [14, 15], 𝜋+𝜋−ℎ𝑐
[16], and 𝜋+𝐷0𝐷∗− + 𝑐.𝑐. [17] by BESIII experiment. In the𝑒+𝑒− → 𝜋+𝜋−ℎ𝑐 and 𝜋+𝐷0𝐷∗− + 𝑐.𝑐., besides the 𝑌(4220),
another 𝑌 state 𝑌(4390) is observed [16, 17]. The parameters
for𝑌(4220),𝑌(4320),𝑌(4360), and𝑌(4390) states in different
processes are listed in Table 1. In addition, the authors of
[18] have performed a combine fit to the cross sections of𝑒+𝑒− → 𝜔𝜒𝑐0, 𝜋+𝜋−ℎ𝑐, 𝜋+𝜋−𝐽/𝜓, and 𝜋+𝐷0𝐷∗− + 𝑐.𝑐. to
obtain the resonant parameters for 𝑌(4220), 𝑌(4320), and𝑌(4390) states.

These states challenge the understanding of charmonium
spectroscopy as well as QCD calculations [4, 19, 20]. Accord-
ing to potential models, there are five vector charmonium
states between the 1𝐷 state 𝜓(3770) and 4.7 GeV/𝑐2, namely,
the 3𝑆, 2𝐷, 4𝑆, 3𝐷, and 5𝑆 states [4]. Besides the three
well-established structures observed in the inclusive hadronic
cross section [21], i.e., 𝜓(4040), 𝜓(4160), and 𝜓(4415), five 𝑌
states, i.e.,𝑌(4220),𝑌(4320),𝑌(4360),𝑌(4390), and 𝑌(4660),
have been observed.These newly observed𝑌 states exceed the
number of vector charmonium states predicted by potential
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Table 1: The parameters for 𝑌(4220) (𝜔𝜒𝑐0, 𝜋+𝜋−ℎ𝑐, 𝜋+𝜋−𝐽/𝜓, 𝜋+𝜋−𝜓(3686) and 𝜋+𝐷0𝐷∗− + 𝑐.𝑐. ), 𝑌(4320) (𝜋+𝜋−𝐽/𝜓), 𝑌(4360)
(𝜋+𝜋−𝜓(3686)), and 𝑌(4390) (𝜋+𝜋−ℎ𝑐 and 𝜋+𝐷0𝐷∗− + 𝑐.𝑐.) states in different processes. The first uncertainties are statistical, and the second
systematic.

𝑌(4220) 𝑌(4320)/𝑌(4360)/𝑌(4390)𝑀 (MeV/𝑐2) Γ (MeV) 𝑀 (MeV/𝑐2) Γ (MeV)
𝜔𝜒𝑐0 [15] 4226 ± 8 ± 6 39 ± 12 ± 2𝜋+𝜋−ℎ𝑐 [16] 4218.4+5.5−4.5 ± 0.9 66.0+12.3−8.3 ± 0.4 4391.5+6.3−6.8 ± 1.0 139.5+16.2−20.6 ± 0.6𝜋+𝜋−𝐽/𝜓 [9] 4222.0 ± 3.1 ± 1.4 44.1 ± 4.3 ± 2.0 4320.0 ± 10.4 ± 7.0 101.4+25.3−19.7 ± 10.2𝜋+𝜋−𝜓(3686) [13] 4209.1 ± 6.8 ± 7.0 76.6 ± 14.2 ± 2.4 4383.7 ± 2.9 ± 6.2 94.2 ± 7.3 ± 2.0𝜋+𝐷0𝐷∗− + 𝑐.𝑐. [17] 4224.8 ± 5.6 ± 4.0 72.3 ± 9.1 ± 0.9 4400.1 ± 9.3 ± 2.1 181.7 ± 16.9 ± 7.4
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Figure 1: Cross sections of 𝑒+𝑒− → 𝜔𝜒𝑐0, 𝜋+𝜋−ℎ𝑐, 𝜋+𝜋−𝐽/𝜓,𝜋+𝜋−𝜓(3686), and 𝜋+𝐷0𝐷∗− + 𝑐.𝑐. measured by Belle, 𝐵𝐴𝐵𝐴𝑅,
CLEO, and BESIII experiments.

models in this energy region. They are thus good candidates
for exotic states, such as hybrid states, tetraquark states, and
molecule states [5].

Figure 1 shows the cross sections of 𝑒+𝑒− → 𝜔𝜒𝑐0 [14, 15],𝜋+𝜋−ℎ𝑐 [16, 22], 𝜋+𝜋−𝐽/𝜓 [9, 23, 24], 𝜋+𝜋−𝜓(3686) [10–12],
and 𝜋+𝐷0𝐷∗− + 𝑐.𝑐. [17] measured by Belle, 𝐵𝐴𝐵𝐴𝑅, CLEO,
and BESIII experiments. For data from BESIII, “XYZ” data
sample refers to the energy points with integrated luminosity
larger than 40 pb−1 and “scan” data sample refers to the ener-
gy points with integrated luminosity smaller than 20 pb−1. In
this paper, we perform a combined fit to these cross sections.

These vector charmonium-like states in the fit are as-
sumed to be resonances. We parameterize the cross section

with the coherent sum of a few amplitudes, either resonance
represented by a Breit-Wigner (BW) function or nonresonant
production term parameterized with a phase space function
or an exponential function. The BW function used in this
article is [18]

𝐵𝑊(√𝑠) = √12𝜋Γ𝑒+𝑒−B𝑓Γ
𝑠 −𝑀2 + 𝑖𝑀Γ √𝑃𝑆 (√𝑠)

𝑃𝑆 (𝑀) , (1)

where𝑀 and Γ are the mass and total width of the resonance,
respectively; Γ𝑒+𝑒− is the partial width to 𝑒+𝑒−, B𝑓 is the
branching fraction of the resonance decays into final state 𝑓,
and 𝑃𝑆(√𝑠) is the phase space factor that increases smoothly
from the mass threshold with the √𝑠 [21]. In the fit, Γ𝑒+𝑒− and
B𝑓 can not be obtained separately; we can only extract the
product Γ𝑒+𝑒−B𝑓.

Ref. [18] has performed a combine fit to the cross sections
of 𝑒+𝑒− → 𝜔𝜒𝑐0, 𝜋+𝜋−ℎ𝑐, 𝜋+𝜋−𝐽/𝜓, and 𝜋+𝐷0𝐷∗− + 𝑐.𝑐.,
while the cross section of 𝑒+𝑒− → 𝜋+𝜋−𝜓(3686) is not
included. In Ref. [18], the resonances 𝑌(4320) and 𝑌(4390)
are regarded as different states in the fit, while, from Table 1,
we notice that the parameters for 𝑌(4320), 𝑌(4360), and𝑌(4390) are relatively close. Although there are some differ-
ences in the obtained mass and width in different channels,
there are only a few data points with small errors around 4.4
GeV. It is not reasonable that there are three states in such a
close position. In addition, the analysis in [25] also indicates
that the charmonium-like states 𝑌(4360) in the 𝜋+𝜋−𝜓(3686)
and 𝑌(4320) in the 𝜋+𝜋−𝐽/𝜓 should be the same state.
Therefore, we consider 𝑌(4320), 𝑌(4360), and 𝑌(4390) as the
same state, which has been suggested in [26]. The same state
is marked as “𝑌(4390)” in this paper. A least 𝜒2 fit method is
used to perform a combined fit to the five cross sections using
three resonances 𝑌(4220), 𝑌(4390), and 𝑌(4660), assuming
the two resonances 𝑌(4220) and 𝑌(4390) are the same two
states in these processes. The fit functions are

𝜎𝜔𝜒𝑐0 (√𝑠) = 𝐵𝑊1 (√𝑠)2 , (2)

𝜎𝜋+𝜋−ℎ𝑐 (√𝑠) = 𝐵𝑊1 (√𝑠) + 𝐵𝑊2 (√𝑠) 𝑒𝑖𝜙1 2 , (3)

𝜎𝜋+𝜋−𝐽/𝜓 (√𝑠)
= 𝑐1√exp (√𝑠) + 𝐵𝑊1 (√𝑠) 𝑒𝑖𝜙2 + 𝐵𝑊2 (√𝑠) 𝑒𝑖𝜙3 

2 , (4)



Advances in High Energy Physics 3

𝜎𝜋+𝜋−𝜓(3686) (√𝑠)
= 𝐵𝑊1 (√𝑠) + 𝐵𝑊2 (√𝑠) 𝑒𝑖𝜙4 + 𝐵𝑊3 (√𝑠) 𝑒𝑖𝜙5 2 ,

(5)

𝜎𝜋+𝐷0𝐷∗−+𝑐.𝑐. (√𝑠)
= 𝑐2√𝑃𝑆 (√𝑠) + 𝐵𝑊1 (√𝑠) 𝑒𝑖𝜙6 + 𝐵𝑊2 (√𝑠) 𝑒𝑖𝜙7


2 , (6)

where 𝐵𝑊1, 𝐵𝑊2, and 𝐵𝑊3 denote the resonances 𝑌(4220),𝑌(4390), and𝑌(4660), respectively; 𝑃𝑆(√𝑠) is the phase space
factor; exp(√𝑠) = 𝑒−𝑝0(√𝑠−𝑀𝑡ℎ)𝑃𝑆(√𝑠) is an exponential
function, where 𝑝0 is free parameter, 𝑀𝑡ℎ = 2𝑚𝜋 + 𝑚𝐽/𝜓
is the mass threshold of the 𝜋+𝜋−𝐽/𝜓 system; 𝜙1, 𝜙2, 𝜙3, 𝜙4,𝜙5, 𝜙6, and 𝜙7 are relative phases; 𝑐1 and 𝑐2 are amplitudes of
exponential function term and phase space term.

We fit to the cross sections of 𝑒+𝑒− → 𝜔𝜒𝑐0 , 𝜋+𝜋−ℎ𝑐,𝜋+𝜋−𝐽/𝜓, 𝜋+𝜋−𝜓(3686), and 𝜋+𝐷0𝐷∗− + 𝑐.𝑐. simultaneously.
The fits for 𝑒+𝑒− → 𝜔𝜒𝑐0, 𝜋+𝜋−ℎ𝑐, 𝜋+𝜋−𝐽/𝜓, 𝜋+𝜋−𝜓(3686),
and 𝜋+𝐷0𝐷∗− + 𝑐.𝑐. are found to have one solution, two
solutions, four solutions, four solutions, and four solutions
with the sameminimumvalues of𝜒2 , respectively.Themasses
and widths of the resonances are identical, but the Γ𝑒+𝑒−B𝑓
vary with the different solutions for each process.

Figure 2 shows the fit results with a goodness of the fit
being 𝜒2/𝑛𝑑𝑓 = 460/474 = 0.97, corresponding to a confi-
dence level of 67%.The good fit indicates that the assumption
that the two resonances 𝑌(4220) and 𝑌(4390) are same two
states in these processes is reasonable. From fit results, we can
get𝑀𝑌(4220) = (4216.5 ± 1.4)MeV/𝑐2, Γ𝑌(4220) = (61.1 ± 2.3)
MeV;𝑀𝑌(4390) = (4383.5±1.9)MeV/𝑐2, Γ𝑌(4390) = (114.5±5.4)
MeV;𝑀𝑌(4660) = (4623.4 ± 10.5)MeV/𝑐2 , Γ𝑌(4660) = (106.1 ±16.2)MeV. The all obtained resonant parameters from fit are
listed in Table 2.

From the fit results, the obtained parameters of 𝑌(4660)
are quite different from Belle’s results [10]. There are two
main reasons. One is that the interference between 𝑌(4390)
and 𝑌(4660) has large influence on 𝑌(4660)’s parameters. We
can see the obtained combined 𝑌(4390)’s parameters are very
different from the 𝑌(4360)’s parameters from Belle’s results;
it will lead to the fact that 𝑌(4660)’s parameters are also
different. Another is that the data point at 4.6 GeV from
BESIII has very small error, so the fitted 𝑌(4660)’s BW curve
is influenced greatly by this data point. From Figure 2, we
can see that, in order to cover the data point, the 𝑌(4660)’s
BW curve has to have some deviations from Belle data points
around 4.66 GeV.

The systematic uncertainties on the resonant parameters
in the combined fit to the cross sections of 𝑒+𝑒− → 𝜔𝜒𝑐0,𝜋+𝜋−ℎ𝑐, 𝜋+𝜋−𝐽/𝜓, 𝜋+𝜋−𝜓(3686), and 𝜋+𝐷0𝐷∗− + 𝑐.𝑐. are
mainly from the uncertainties of the center-of-mass energy
determination, parametrization of the BW function, back-
ground shape, and the cross section measurements.

Since the uncertainty of the beam energy is about 0.8
MeV at BESIII, so the uncertainty of the resonant parameters
caused by the beam energy is estimated by varying√𝑠within
0.8 MeV for BESIII data. Instead of using a constant total
width, we assume an energy dependent width to estimate

the uncertainty due to parametrization of BW function. To
model the 𝑒+𝑒− → 𝜋+𝜋−𝐽/𝜓 cross section near 4 GeV,
a BW function is used to replace the exponential function,
and the differences of the fit results in the two methods
are taken as the uncertainty from background shape. The
uncertainty of the cross section measurements will affect the
resonant parameters in fit, we vary the cross sections within
the systematic uncertainty, and the differences in the final
results are taken as the uncertainty. By assuming all these
sources of systematic uncertainties are independent, we add
them in quadrature. The systematic uncertainty from the
parametrization of the BW function for the parameters mass
andwidth is dominant, while the systematic uncertainty from
the cross section measurements for the parameter Γ𝑒+𝑒−B𝑓 is
dominant.

The leptonic decay width for a vector state is an important
quantity for discriminating various theoretical models [27–
29]. By considering the isospin symmetric modes of the
measured channels, we can estimate the lower limits on the
leptonic partial width of the𝑌(4220) and𝑌(4390) decays. For
an isospin-zero charmonium-like state, we expect

B (𝑌 → 𝜋𝜋ℎ𝑐) = 32 ×B (𝑌 → 𝜋+𝜋−ℎ𝑐) ,
B(𝑌 → 𝜋𝜋𝐽𝜓 ) = 32 ×B(𝑌 → 𝜋+𝜋−𝐽𝜓 ) ,
B (𝑌 → 𝜋𝜋𝜓 (3686))

= 32 ×B (𝑌 → 𝜋+𝜋−𝜓 (3686)) ,
B (𝑌 → 𝜋𝐷𝐷∗) = 3 ×B (𝑌 → 𝜋+𝐷0𝐷∗− + 𝑐.𝑐.) ,

(7)

so we have

Γ𝑌(4220)
𝑒+𝑒−

= ∑
𝑓

B (𝑌 (4220) → 𝑓) × Γ𝑌(4220)
𝑒+𝑒−

= B (𝑌 (4220) → 𝜔𝜒𝑐0) × Γ𝑌(4220)𝑒+𝑒−

+B (𝑌 (4220) → 𝜋𝜋ℎ𝑐) × Γ𝑌(4220)𝑒+𝑒−

+B(𝑌 (4220) → 𝜋𝜋𝐽𝜓 ) × Γ𝑌(4220)
𝑒+𝑒−

+B (𝑌 (4220) → 𝜋𝜋𝜓 (3686)) × Γ𝑌(4220)𝑒+𝑒−

+B (𝑌 (4220) → 𝜋𝐷𝐷∗) × Γ𝑌(4220)
𝑒+𝑒−

+ ⋅ ⋅ ⋅

(8)

and

Γ𝑌(4390)
𝑒+𝑒−

= ∑
𝑓

B (𝑌 (4390) → 𝑓) × Γ𝑌(4390)
𝑒+𝑒−

= B (𝑌 (4390) → 𝜋𝜋ℎ𝑐) × Γ𝑌(4390)𝑒+𝑒−

+B(𝑌 (4390) → 𝜋𝜋𝐽𝜓 ) × Γ𝑌(4390)
𝑒+𝑒−
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Figure 2: The results of the combined fit to the cross sections of 𝑒+𝑒− → 𝜔𝜒𝑐0, 𝜋+𝜋−ℎ𝑐, 𝜋+𝜋−𝐽/𝜓, 𝜋+𝜋−𝜓(3686), and 𝜋+𝐷0𝐷∗− + 𝑐.𝑐. (from
the top to the bottom row). The solid red curves show the best fits, and the dashed green ones are individual components.

+B (𝑌 (4390) → 𝜋𝜋𝜓 (3686)) × Γ𝑌(4390)𝑒+𝑒−

+B (𝑌 (4390) → 𝜋𝐷𝐷∗) × Γ𝑌(4390)
𝑒+𝑒−

+ ⋅ ⋅ ⋅
(9)

By inserting the numbers from Table 2, considering the
solutions with the smallest B(𝑌(4220) → 𝑓) × Γ𝑌(4220)

𝑒+𝑒−
and

B(𝑌(4390) → 𝑓) × Γ𝑌(4390)
𝑒+𝑒−

, we obtain

Γ𝑌(4220)
𝑒+𝑒−

= (3.5 ± 0.4 ± 0.5) + 32 × (3.1 ± 0.2 ± 0.8)
+ 32 × (3.1 ± 0.3 ± 0.6) + 32
× (1.5 ± 0.3 ± 0.3) + 3 × (7.1 ± 0.6 ± 1.3)
+ ⋅ ⋅ ⋅ eV = (36.4 ± 2.0 ± 4.2) + ⋅ ⋅ ⋅ eV

> (36.4 ± 2.0 ± 4.2) eV,

(10)
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and

Γ𝑌(4390)
𝑒+𝑒−

= 32 × (7.5 ± 0.6 ± 1.8) + 32 × (0.3 ± 0.1 ± 0.1)
+ 32 × (9.9 ± 1.0 ± 1.2) + 3
× (32.4 ± 2.1 ± 2.8) + ⋅ ⋅ ⋅ eV

= (123.8 ± 6.5 ± 9.0) + ⋅ ⋅ ⋅ eV
> (123.8 ± 6.5 ± 9.0) eV,

(11)

where the first uncertainties are statistical, and the second
systematic.

On the other hand, if we take the results with the largest
B(𝑌(4220) → 𝑓)×Γ𝑌(4220)

𝑒+𝑒−
andB(𝑌(4390) → 𝑓)×Γ𝑌(4390)

𝑒+𝑒−

in Table 2, we obtain Γ𝑌(4220)
𝑒+𝑒−

= (206.6 ± 9.1 ± 18.7) + ⋅ ⋅ ⋅
and Γ𝑌(4390)
𝑒+𝑒−

= (1001.7 ± 41.8 ± 79.5) + ⋅ ⋅ ⋅ eV. This means
that the leptonic partial widths of 𝑌(4220) and 𝑌(4390) can
be as large as 200 and 1000 eV or even higher based on
current information, because maybe there are some other
decay channels for 𝑌(4220) and 𝑌(4390) that we have not
observed.

In summary, a combined fit is performed to the cross
sections of 𝑒+𝑒− → 𝜔𝜒𝑐0, 𝜋+𝜋−ℎ𝑐, 𝜋+𝜋−𝐽/𝜓, 𝜋+𝜋−𝜓(3686),
and 𝜋+𝐷0𝐷∗− + 𝑐.𝑐. by using three resonances 𝑌(4220),𝑌(4390), and 𝑌(4660). The parameters are determined to be𝑀𝑌(4220) = (4216.5±1.4±3.2)MeV/𝑐2 , Γ𝑌(4220) = (61.1±2.3±3.1)MeV;𝑀𝑌(4390) = (4383.5 ± 1.9 ± 6.0)MeV/𝑐2, Γ𝑌(4390) =(114.5 ± 5.4 ± 9.9) MeV; 𝑀𝑌(4660) = (4623.4 ± 10.5 ± 16.1)
MeV/𝑐2, Γ𝑌(4660) = (106.1 ± 16.2 ± 17.5)MeV, where the first
uncertainties are statistical and the second systematic. We
emphasize that two resonances 𝑌(4220) and 𝑌(4390) are
sufficient to explain these cross sections below 4.6 GeV. The
resonances 𝑌(4320), 𝑌(4360), and 𝑌(4390) should be one
state. The lower limits of 𝑌(4220) and 𝑌(4390)’s leptonic
decay widths are also determined to be (36.4 ± 2.0 ± 4.2)
and (123.8 ± 6.5 ± 9.0) eV. These results will be useful in
understanding the nature of charmonium-like states in this
energy region. Higher precision measurements around this
energy region are desired, and this can be achieved in BESIII
and BelleII experiments in the further.
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We visited mass spectra and decay constants of pseudoscalar and vector heavy-light mesons (𝐵, 𝐵�푠, 𝐷, and 𝐷�푆) in the framework
of QCD sum rule and quark model. The harmonic oscillator wave function was used in quark model while a simple interpolating
current was used in QCD sum rule calculation. We obtained good results in accordance with the available experimental data and
theoretical studies.

1. Introduction

The ultimate objective of particle physics is to investigate
and examine the structure and the origin of matter. For this
purpose many theoretical and experimental endeavors are
made, and a resulting model was theorized, which we call
the Standard Model of particle physics. Quark model which
was proposed by Gell-Mann and Zweig in 1964 [1] is a part of
the Standard Model, and interprets hadrons fairly compatible
with the experimental data. According to the quark model,
mesons are made of quark-antiquark pairs (𝑞𝑞) and baryons
are made of three quarks 𝑞𝑞𝑞 or antiquarks 𝑞 𝑞 𝑞. These
quarks interact with each other via emitting and/or absorbing
gluons.The resulting theorywhich explains these interactions
is the Quantum Chromodynamics (QCD).

The interaction of quarks is described by QCD, which
is part of the Standard Model of particle physics. QCD is
thought to be the true theory of strong interactions. QCD is a
SU(3) gauge theory describing the interactions of six quarks
which transform under the fundamental representation of
SU(3) group via the exchange of gluons that transform
under the adjoint representation. Although it has been more
than 50 years that QCD has been proposed, a solution has
been evaded. Contrary to electroweak theory, where it is
possible to obtain precise results using perturbation theory,
the order of precision obtained in QCD has been lower
by orders of magnitude. The main reason for this is that

the coupling constant (which should be the perturbation
parameter) of QCD is of the order one in low energies;
hence the truncation of the perturbative expansion cannot be
carried out. However, it is an important subject to study the
spectrum of particles predicted by QCD.

Since perturbation theory is not applicable, a nonpertur-
bative approach has to be used to study systems that involve
strong interactions. Some of the nonperturbative approaches
to strongly interacting systems are the QCD sum rules, quark
models, and lattice QCD. The advantage of QCD sum rules
and latticeQCD is that they are based onQCD itself, whereas,
in quark models, one assumes a potential energy between the
quarks and solves a Schrödinger-like equation. The advantage
of quark models, on the other hand, is that it allows one to
study also the excited states, whereas, in QCD sum rules and
lattice QCD, only the ground state or in some exceptional
cases the first excited state can be studied.

In quark models one assumes a potential interaction
among quarks which makes model as a nonrelativistic
approach.Therefore, the systems that are best suited for study
in quark models are the heavy quark system which contain 𝑐
or 𝑏 quarks. The bare masses of 𝑢, 𝑑, and 𝑠 quarks are 2MeV,
4MeV, and 96MeV, respectively [2]. At a first look, quark
model seems rather difficult to apply to light quarks. Capstick
et al. presented reasonable explanations to link quark models
including a minimal amount of relativity to the basics of
QCD [3]. Although the pole masses of 𝑢, 𝑑 and 𝑠 quarks are
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very low and hence they are relativistic, in constituent quark
models, instead of treating the physical 𝑢,𝑑, and 𝑠 quarks, one
treats the so-called constituent quarks, which are nothing else
than quarks dressed by gluons and other sea quarks inside
the hadron. The masses of constituent quarks are around
300MeV and hence they can also be treated in nonrelativistic
quark models. Such an approach has been applied to light
quark systems with a surprising success [4–6], leading to that
model so-called Constituent Quark Model (CQM), which,
based on the Gell Mann-Zweig idea, explains meson and
baryon bound systems.

A different situation is for heavy-light quark systems(𝑄𝑞). For example an electron is more relativistic in the
hydrogen atom (𝑝, 𝑒−) than in the positronium atom (𝑒+𝑒−)
[7]. Positronium can be taken as a naive model for quarko-
nium. The binding energy of the positronium is half of the
hydrogen atom and is small compared to the electron mass.
For this reason the positronium bound state can be described
by nonrelativistic quantum mechanics. But the decay of the
positronium resonance is a purely relativistic phenomenon.
Nevertheless, we can attempt to apply the quark model to
heavy-light mesons. The outcome of this attempt is not
directly using of Heavy Quark Symmetry (HQS), but one
aspect of it. Mesons are two particle systems and the reduced
mass is dominated by the light quark mass, 1/𝜇 = 1/𝑚 +1/𝑀 ≃ 1/𝑀 if 𝑀 ≫ 𝑚. The spectra for (𝑐𝑞) and (𝑏𝑞)
should be very similar under this assumption [7]. Indeed
reasonable spectroscopy of 𝐷 and 𝐵 mesons can be obtained.
There is a rich literature for the spectrum and dynamics of the
heavy-light mesons, for example [8–25]. In [26], they studied
semileptonic 𝐷 and 𝐷�푠 decays based on the predictions of
the relevant form factors from the covariant light-front quark
model. In [27], the authors studied the Cabibbo-Kobayashi-
Maskawamatrix element |𝑉�푢�푏| which is not determined up to
now in inclusive or exclusive 𝐵 decays.

Light quark physics is a key topic to understand the
nature of QCD. They can be thought of a probe of the strong
interactions bymeans of nonperturbative effects [28]. Heavy-
light meson systems (𝑄𝑞) is also central to enlighten the
nature of QCD and strong interactions. Heavy-light meson
spectroscopy has been the subject of both theoretical and
experimental studies since the 2000s. Especially in the charm
sector, new excited states were observed in 𝐷 and 𝐷�푠 mesons
[28–32].

An important feature of B meson physics is that it is
sensitive to New Physics (NP) Beyond the Standard Model
(BSM) via rare decays. Furthermore hadronic decay channels
of B mesons might have more systematic uncertainties due to
the model indetermination, compared to the lepton/photon
decay channels. Thus studying 𝐵 → 𝑙𝑒𝑝𝑡𝑜𝑛/𝑝ℎ𝑜𝑡𝑜𝑛 decays
present a play field for the search of NP. Besides that, B factory
experiments BaBar and Belle were built to test the description
of quark mixing in the Standard Model. The first theoretical
description of quark mixing was proposed by Cabibo in 1963
[33]. One year later in 1964, Christenson et al. discovered
CP violation in neutral kaon decays with a tiny friction
[34]. This phenomenon is referred to as conclusion that
matter and antimatter might behave differently. Kobayashi
and Maskawa generalized Cabibbo’s idea by adjusting new

quarks to the model [35]. In the framework of Standard
Model, CP violation can be accommodated by introducing
a complex phase in the 3 × 3 unitary Cabibo-Kobayashi-
Maskawa (CKM) matrix. Indeed this phase can be measured
in experiments. The cost of adding a parameter is to use a
third generation of quarks. CP violation also occurs in B
decays. The B factories were built to test for this purpose. B
factories gave a substantial contribution to particle physics
such as first observation of CP violation apart from the kaon,
measurements of CKM matrix elements, measurements of
purely leptonic Bmesondecays, and searches for newphysics.

In this work, we obtained mass spectrum and decay
constants of the 𝐷 and 𝐵 mesons via QCD Sum Rule and a
Quark Model potential. We also predicted decay constant for
the 𝐵�푠 meson where there are no specific experimental data.
Harmonic oscillator wave function is used in the quarkmodel
and a sufficiently trivial interpolating current is used in QCD
Sum Rule calculations. We studied ground states since they
are accessible in the framework of QCD Sum Rules.

2. QCD Sum Rule Formalism

In perturbation theory we assume that the eigenvalues and
eigenfunctions can be expanded in a power series as follows:

𝐸�푛 = 𝐸0�푛 + 𝜆𝐸1�푛 + 𝜆2𝐸2�푛 + ⋅ ⋅ ⋅
| 𝑛⟩ =  𝑛0⟩ + 𝜆  𝑛1⟩ + 𝜆2 𝑛2⟩ + ⋅ ⋅ ⋅ , (1)

where 𝑛 is the principal quantum number and 𝜆 is a
parameter. These series are in principle divergent, but they
are asymptotic. This means that when the perturbation
parameter is small, the first two or three terms are convergent
so that the rest of the series can be ignored. In the case of
QCD, due to the largeness of the parameter in lower energies,
such a truncation, cannot be performed.Thenonperturbative
aspect of QCD makes it almost impossible to study bound
states in terms of perturbation theory. For this reason, there
is a need of nonperturbative methods to overwhelm this
situation and study bound states. Among others such as
Effective Field Theory and Lattice QCD, QCD Sum Rule is
maybe the most popular nonperturbative method.

QCD SumRule is first formulated by Shifman, Vansthein,
and Zakharov for mesons in [36] and generalized to baryons
by Iofe in [37]. The basic idea of the this formalism is to
study bound state phenomena in QCD from the asymptotic
freedom side, 𝑖.𝑒., to start evaluation of correlation function
at short distances, where quark-gluondynamics are perturba-
tive andmove to larger distanceswhere hadronization occurs,
including nonperturbative effects and using some approxi-
mate procedure to get information on hadronic properties
[38].

To obtain physical observables from QCD sum rules,
a correlator of two hadronic currents which is defined as
follows

Π = 𝑖 ∫ 𝑑4𝑥𝑒�푖�푝�푥 ⟨0 T𝑗 (𝑥) 𝑗† (0) 0⟩ , (2)

is studied. Here 𝑝 is momentum and 𝑗(𝑥) is a current
composed of quarks and gluon fields with the hadron’s
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quantum numbers. When this operator is applied to vacuum,
it can create the hadron that we study. Equation (2) is
known as correlation function. The fundamental assumption
of the QCD sum rules is that there is a region of 𝑝 where
correlation function can be equivalently described at both
quark and hadron sector. The former is known as QCD or
OPE (Operator Product Expansion) side, and the latter is
known as the phenomenological side. Matching these two
sides of the sum rule, one can obtain information about
hadron properties [38].

For 𝑝2 > 0, resolution of identity operator of hadron
states can be written between the operators. This results in
correlation function as follows:

Π = ∑
ℎ

⟨0 𝑗 ℎ (𝑝)⟩ 1𝑝2 − 𝑚2
ℎ

⟨ℎ (𝑝) 𝑗† 0⟩
+ higher states. (3)

It can be seen from (3) the poles in the correlation function,
which indicates the presence of hadrons, created by operator𝑗(𝑥).

For −𝑝2 ≫ Λ2�푄�퐶�퐷(𝑝2 < 0), major contribution to the
correlation function will come from the 𝑥 ∼ 0 region [39].
In this case the product of two operators can be written in
terms of OPE:

T𝑗 (𝑥) 𝑗† (0) = ∑
�푑

𝐶�푑 (𝑥) 𝑂�푑. (4)

Here 𝐶�푑(𝑥) are the coefficients, which can be calculated by
the perturbation theory, and 𝑂�耠�푑𝑠 are the operators with the
mass dimension 𝑑. If Fourier transformation applies to (4),
correlation function can be written as follows:

Π = ∑
�푑

𝐶�푓�푑 (𝑝) ⟨𝑂�푑⟩𝑝�푑 , (5)

where ⟨𝑂�푑⟩ are the vacuum condensates that cannot be
calculated by perturbation theory except 𝑑 = 0. 𝑑 = 0
corresponds to unitary operator and can be calculated via
perturbation theory. Other operators can be written as ⟨𝑞𝑞⟩
(𝑑 = 3); 𝑚�푞⟨𝑞𝑞⟩ (𝑑 = 4), ⟨𝐺�휇]𝐺�휇]⟩ (𝑑 = 4), ⟨𝑞𝑔𝜎𝐺𝑞⟩ (𝑑 = 5).
For 𝑑 = 1 and 𝑑 = 2 there exists no operator. As a result of
this, the expansion converges quickly although it is an infinite
summation.

In order to get sum rules we must equate (3) and (5).
But these two expressions are obtained in different regions
of 𝑝. By using spectral density representation of correlation
function, this matching can be made:

Π (𝑝2) = ∫∞
0

𝜌 (𝑠)𝑠 − 𝑝2 + polynomials of 𝑝2. (6)

Spectral density 𝜌(𝑠) can be acquired from (3). Inserting𝜌(𝑠) into (6), an expression of correlation function can
be obtained from (3) for 𝑝2 < 0 region. If we denote

𝜌�푝ℎ�푒�푛(𝑠) as spectral density from (3) and 𝜌�푄�퐶�퐷(𝑠) from (5), we
get

∫∞
0

𝑑𝑠𝜌�푝ℎ�푒�푛 (𝑠)𝑠 − 𝑝2 + polynomials

= ∫∞
0

𝑑𝑠𝜌�푄�퐶�퐷 (𝑠)𝑠 − 𝑝2 + polynomials.
(7)

In order to extract physical properties from this expres-
sion, one must eliminate the polynomial terms, for example,
by using derivatives. In principle, no one knows the poly-
nomial degree and how many polynomials are. The correct
procedure is then to use the Borel transformation, which
contains infinite derivative:

B
2
�푀 [Π (𝑞2)]
= lim
−�푞2,�푛�㨀→∞,−�푞2/�푛=�푀2

− (𝑞2)�푛+1𝑛! ( 𝑑𝑑𝑞2)
�푛Π (𝑞2) . (8)

Here 𝑀2 is defined as the Borel parameter [36]. This trans-
formation effectively removes the polynomials and makes

1𝑠 − 𝑝2 → 𝑒−�푠/�푀2 . (9)

Then,

∑
ℎ

⟨0 𝑗 ℎ (𝑝)⟩2 𝑒−�푚2ℎ/�푀2 + higher states

= ∫∞
0

𝜌�푄�퐶�퐷 (𝑠) 𝑒−�푠/�푀2 , (10)

which resembles QCD parameters and hadronic properties.
This equation still shows presence of unknown parameters.
The 𝑒−�푚2ℎ/�푀2 factor makes the contribution of small masses
dominant. To parameterize contributions of higher states,
quark-hadron duality approximation is used. According to
quark-hadron duality, for 𝑠 > 𝑠0, 𝜌�푝ℎ�푒�푛(𝑠) ≃ 𝜌�푄�퐶�퐷(𝑠). 𝜌�푝ℎ�푒�푛(𝑠)
has contribution of higher states and heavier hadrons when𝑠 > 𝑠0. 𝑠0 is called as continuum threshold and is related mass
of the hadron that is studied in sum rules. So, we can write
(10) as follows:

⟨0 𝑗 𝑚ℎ (𝑝)⟩2 𝑒−�푚2ℎ/�푀2 = ∫�푠0
0

𝜌�푄�퐶�퐷 (𝑠) 𝑒−�푠/�푀2 . (11)

In this equation 𝑚ℎ is the hadron of the smallest mass which
can be created by 𝑗.

Physical properties extracted from the sum rules must
be independent of Borel parameter, (𝑀2). Here we assume
that there exist a range of 𝑀2, called Borel window, in which
two sides have a good overlap and information on the lowest
state can be extracted. Minimum and maximum values of
Borel window can be extracted in a way that QCD side
convergence gives the minimum value, and the condition
that pole contribution should be bigger than the continuum
contribution gives the maximum value of Borel window [38].
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2.1. Mass Sum Rule. The mass sum rule can be obtained by
matching QCD and phenomenological sides of correlation
function [36, 38, 39]. Here we will give the following formula:

𝑚2 = ∫�푠0
�푠𝑚𝑖𝑛

𝑑𝑠𝑒−�푠/�푀2𝑠𝜌�푄�퐶�퐷 (𝑠)
∫�푠0
�푠𝑚𝑖𝑛

𝑑𝑠𝑒−�푠/�푀2𝜌�푄�퐶�퐷 (𝑠) . (12)

2.2. Decay Constant. The decay constant can be obtained
from the formula [40] as follows:

𝑓2�푚ℎ = 𝑒�푚ℎ/�푀2 1𝑚2
ℎ

∫�푠0
�푠𝑚𝑖𝑛

𝑑𝑠𝑒−�푠/�푀2𝜌�푄�퐶�퐷 (𝑠) , (13)

where 𝑚ℎ is the hadron mass extracted from sum rules.

3. Quark Model

Also known as potential model or quark potential model,
quark model considers one or more interacting particles
under a given potential. In the early 60s quarksweremodelled
and experimental evidences were found subsequently. This
approach provided a reliable basis to study and investigate
particle physics and gave compatible results with the exper-
iments.

Themost important part of the quark model is the poten-
tial. After theNovember revolution of particle physics in 1974,
the year in which charmonium states were observed, new
models were proposed to calculate spectrum and radiative
transitions [41–43].The so-called Cornell potential, proposed
in [42], reads as

𝑉 (𝑟) = −𝑎𝑟 + 𝑏𝑟 + 𝑐, (14)

where 𝑎, 𝑏, and 𝑐 are some parameters to extract from
fit to the experimental data. This potential is still used with
some modifications to account, for example, for hyperfine
splittings in the energy levels. The other potentials such
as power law potential [44], logarithmic potential [45],
Richardson potential [46], Buchmüller-Tye potential [47],
and Song-Lin potential [48] were used to fit quarkonium
spectra and gave good results in agreement with experiments.
These were phenomenological spin-independent potentials
and not directly QCD motivated. The interquark potential
was not derived from first principles of QCD in the early
quarkonium phenomenology. This means, in terms of QCD,
that potential is universal (flavour independent) and since
quarks are colorless particles, it was reasonable to assume
the universality as valid, despite the fact that gluons couple
to color charge. These spin-independent potential models
performed good but not complete explanation of the energy
level splittings. If we want to accommodate these splittings in
the theory, we have to take care, 𝑖.𝑒., of spin-spin and spin-orbit
interactions in the model. Reference [49] reports an example
of a QCD-motivated, spin- and velocity-dependent potential.
These potentials deliver reliable results.

Table 1: Mass spectra of heavy-light mesons in MeV. QM denotes
quark model and SR denotes sum rule calculations. The parameters
are 𝜅 = 0.471, 𝑎 = 0.192 𝐺𝑒𝑉2, 𝑚�푐 = 1.320 𝐺𝑒𝑉, 𝑚�푏 = 4.740 𝐺𝑒𝑉
[52], ⟨𝑞𝑞⟩ = 0.241 𝐺𝑒𝑉3, 𝑚�푢 = 𝑚�푑 = 0.340 𝐺𝑒𝑉, and 𝑚�푠 =0.600 𝐺𝑒𝑉.

Meson Exp. [2] QM SR [9] [14]𝐷0/𝐷+ 1869.3 ± 0.4 1859 1972 ± 94 1870.82 1854.7𝐷+�푠 1968.2 ± 0.4 2056 2118 ± 75 1966.62 1974.5𝐵+/𝐵0 5279.0 ± 0.5 5260 5259 ± 109 5273.50 5277.2𝐵0�푠 5367.7 ± 1.8 5442 5488 ± 76 5365.99 5384.8

4. Elaboration of the Problem

4.1. QCD Sum Rules. In QCD sum rules, the choice of the𝑗(𝑥) current is important, since it creates hadrons from
vacuum. We used the following current:

𝑗 (𝑥) = 𝑖𝑄�푎 (𝑥) 𝛾5𝑞�푎 (𝑥) , (15)

where 𝑄 is heavy quark, 𝑞 is light quark, 𝑎 is the color
index, and 𝛾5 is the Dirac matrix. We take care of 𝑚�푞 →0 limit. In the limit of 𝑚�푞 → 0, there appears a flavor
symmetry between 𝑏 and 𝑐 quarks. By this symmetry it is
possible to extract information about 𝑐 and 𝑏 sector with
the same current. 𝑏 and 𝑐 quarks are heavy quarks so that it
cannot be expected to be in the vacuum by themselves. So it
is possible to ignore such condensate terms like ⟨𝛼�푠(𝐺𝐺/𝜋)⟩
and ⟨𝑞𝑔�푠𝜎𝐺𝑞⟩. By introducing the current term into (2), one
can obtain the following spectral density:

𝐹 (𝑠0, 𝑀2) = − ⟨𝑞𝑞⟩ 𝑒−�푚2𝑄/�푀2𝑚�푄
+ 6𝑒−�푠0/�푀2𝑒−�푠𝑢/�푀2 (𝑢1 − 𝑢2)
× [𝑒−�푠0/�푀2𝑀2 (𝑚2�푄 + 𝑠 (𝑢) + 𝑀2)
− 𝑒−�푠𝑢/�푀2 (𝑚4�푄 + 𝑀2 (𝑠0 + 𝑀2))]

(16)

where ⟨𝑞𝑞⟩ is the condensate, and 𝑢1 and 𝑢2 are solutions
of 𝑠(𝑢) = 𝑚2�푄/(1 − 𝑢) + 𝑚2�푞/𝑢 = 𝑠0.

The mass sum rule can be obtained by taking derivative
with respect to 1/𝑀2 and dividing the result by (16):

𝑚2ℎ = 𝑀4 1𝐹 (𝑠0, 𝑀2)
𝑑𝐹 (𝑠0, 𝑀2)𝑑𝑀2 . (17)

The decay constant sum rule can be obtained as follows:

𝑓2�푚ℎ = 𝑒�푚2ℎ/�푀2 1𝑚2
ℎ

𝐹 (𝑠0, 𝑀2) . (18)

The mass values and decays constants for heavy-light
mesons are presented in Tables 1 and 2 and Figures 1–8.

4.2. Quark Model. Energy eigenvalues can be obtained by
solving the Schrödinger equation in the quark model. The
Schrödinger equation reads as follows:

𝐻 Ψ�푛⟩ = 𝐸�푛 Ψ�푛⟩ , (19)
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Table 2: Pseudoscalar and vector decay constants of heavy-light mesons in MeV. QM denotes quark model and SR denotes sum rule
calculations.

Meson Exp. QM SR [9] [16] [53]𝐷0/𝐷+ 206 ± 8.9 199 210.25 ± 11.60 205.14 206.2 ± 7.3 ± 5.1 207.53𝐷+�푠 249 253 245.70 ± 7.46 241.84 245.3 ± 15.7 ± 4.5 262.56𝐵+/𝐵0 204 ± 31 209 223.45 ± 12.4 201.09 193.4 ± 12.3 ± 4.3 208.13𝐵0�푠 275 277.22 ± 11 292.04 232.5 ± 18.6 ± 2.4 262.39
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Figure 1: Borel parameter dependence of the 𝐷0/𝐷+ masses.
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Figure 2: Borel parameter dependence of the 𝐷+�푠 mass.

where 𝑛 denotes the principal quantum number. We can
separate the wave function into radial 𝑅�푛�푙 and angular parts𝑌�푙�푚(𝜃, 𝜙) as follows:

Ψ�푛�푙�푚 (𝑟, 𝜃, 𝜙) = 𝑅�푛�푙 (𝑟) 𝑌�푙�푚 (𝜃, 𝜙) . (20)
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Figure 3: Borel parameter dependence of the 𝐵+/𝐵0 masses.
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Figure 4: Borel parameter dependence of the 𝐵0�푠 mass.

𝑅�푛�푙 is the radial wave function given as follows:

𝑅�푛�푙 = 𝑁�푛�푙𝑟�푙𝑒−]�푟2𝐿�푙+1/2(�푛−�푙)/2 (2]𝑟2) , (21)
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Figure 5: Borel parameter dependence of the 𝐷0/𝐷+ decay con-
stants.
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Figure 6: Borel parameter dependence of the 𝐷+�푠 decay constant.

with the associated Laguerre polynomials 𝐿�푙+1/2
(�푛−�푙)/2

and the
normalization constant:

𝑁�푛�푙 = √√ 2]3𝜋 2 ((𝑛 − 𝑙) /2)!]�푙((𝑛 + 𝑙) /2 + 1)!! . (22)

With the wave function in hand one can obtain masses
as well as decay constants for heavy and light mesons.
The mass spectra can be obtained by solving (19). For
the decay constants we employ the following formu-
las:
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Figure 7: Borel parameter dependence of the 𝐵+/𝐵0 decay con-
stants.
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Figure 8: Borel parameter dependence of the 𝐵0�푠 decay constant.
The results are as follows:

𝑓�푝 = √ 3𝑚�푝 × ∫ 𝑑3𝑘(2𝜋)3√1 + 𝑚�푞𝐸�푘 × √1 + 𝑚�푞𝐸�푘
× (1 − 𝑘2(𝐸�푘 + 𝑚�푞) (𝐸�푘 + 𝑚�푞)) 𝜙 (→𝑘 ) ,

(23)

for pseudoscalar mesons and

𝑓V = √ 3𝑚V
× ∫ 𝑑3𝑘(2𝜋)3√1 + 𝑚�푞𝐸�푘 × √1 + 𝑚�푞𝐸�푘

× (1 + 𝑘23 (𝐸�푘 + 𝑚�푞) (𝐸�푘 + 𝑚�푞)) 𝜙 (→𝑘 ) , (24)

for the vector mesons [50].
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In the nonrelativistic limit, these two equations take a
simple form, which is known to be Van Royen andWeisskopf
relation [51]. For the meson decay constants,

𝑓2�푝/V = 12 Ψ�푝/V (0)2𝑚�푝/V . (25)

Here 𝑚�푝/V denotes the pseudoscalar and vector mass of the
related meson.

The results are shown in Tables 1 and 2.

5. Summary and Conclusions

In this paper, we calculated mass spectra and decay constants
of pseudoscalar and vector heavy-light mesons (𝐵, 𝐵�푠, 𝐷,
and 𝐷�푆) in the framework of QCD sum rule and quark
model. Obtained results for masses of 𝐵 and 𝐷 mesons are in
good agreement with the available experimental data. In the
mass spectra, the extrapolation via quark model gave close
results to experimental data compared to the QCD sum rule
consideration.TheQCD sum rules approach gives reasonable
but not very good-matching results compared to the experi-
mental values, because of the adopted approximation when
evaluating the current, whereas the higher dimension of that
operator could improve the estimates. Other potentials and
further studies should be taken into consideration for a better
understanding.

The heavy-light mesons under study in this paper are
well established indeed, and any prediction or reproduction
of mass spectrum does not directly guarantee the validity of
the model, but shows a possible path to follow for a further
investigation. Therefore other physical observables such as
decay constants should be experimentally investigated to give
more inputs to the theory. For example the only precise value
of decay constant is known for 𝐷 mesons, and systematics
are evaluated. The other mesons in this study need more
experimental data. For 𝐵�푠 there is no available experimental
data. We predicted for the first time decay constant value for𝐵�푠 in this manner.

Decay constants give information about short distance
structure of hadrons.The obtained results for decay constants
are in agreement with the other studies and available data. We
did not consider in this work relativistic corrections.

InQCDSumRule calculations, physical observablesmust
be independent of the Borel parameter. In Figures 1–8 the
smoothness of the graphs is compatible with existing data.
It is worthy to note that in Figures 1 and 5 the ’slope’ of
the two curves of 𝐷0/𝐷+ is not in the same range. The
reason for that could be the smallness of the Borel parameter
and continuum threshold energy, since correlation function
receives main contribution at 𝑠 ̸= 𝑀2. On the other hand, the
smallness of Borel parameter can blow up the corrections to
the perturbative part of the correlation function.

In summary, we obtained good results in accordance
with the available data and theoretical studies. As mentioned
before, other potential models and interpolating currents can
be used to study mass spectra and decay constants. Heavy-
light systems in view of the quark model are important to
study hadronic interactions. In particular, Heavy Quark Spin

Symmetry can play an essential role in heavy-light systems.
The higher dimensions of the operators in interpolating
currents would deliver more accurate results.
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[17] J. Liu and C. Lü, “Spectra of heavy–light mesons in a relativistic
model,” The European Physical Journal C, vol. 77, no. 5, p. 312,
2017.

[18] T. Lesiak, “B Meson Spectroscopy,” Acta Physica Polonica, vol.
29, pp. 3379–3386, 1998.

[19] H. A. Alhendi, T. M. Aliev, and M. Savcı, “Strong decay con-
stants of heavy tensor mesons in light cone QCD sum rules,”
Journal of High Energy Physics, vol. 2016, no. 4, 2016.

[20] Z. Wang, “Analysis of the masses and decay constants of
the heavy-light mesons with QCD sum rules,” The European
Physical Journal C, vol. 75, no. 9, p. 427, 2015.

[21] A. K. Rai, R. H. Parmar, and P. C. Vinodkumar, “Masses and
decay constants of heavy-light flavour mesons in a variational
scheme,” Journal of Physics G: Nuclear and Particle Physics, vol.
28, no. 8, pp. 2275–2282, 2002.

[22] T. Huang and C. Luo, “Decay constants of heavy-light mesons
in heavy quark effective theory,” Physical Review D: Particles,
Fields, Gravitation and Cosmology, vol. 53, no. 9, pp. 5042–5050,
1996.

[23] A. Duncan, E. Eichten, J. M. Flynn, B. R. Hill, and H. Thacker,
“Masses and decay constants of heavy-light mesons using the
multistate smearing technique,” Nuclear Physics B (Proceedings
Supplements), vol. 34, no. C, pp. 445–452, 1994.

[24] P. Gelhausen, A. Khodjamirian, A. A. Pivovarov, and D. Rosen-
thal, “Erratum: Decay constants of heavy-light vector mesons
fromQCD sum rules (Phys. Rev.D (2013) 88 (014015)),”Physical
Review D: Particles, Fields, Gravitation and Cosmology, vol. 91,
no. 9, 2015.

[25] S. Narison, “Decay Constants of Heavy-Light Mesons from
QCD,”Nuclear andParticle Physics Proceedings, vol. 270-272, pp.
143–153, 2016.

[26] H.-y. Cheng and X.-W. Kang, “Branching fractions of semilep-
tonic D and Ds decays from the covariant light-front quark
model,” European Physical Journal C, vol. 77, no. 9, p. 587, 2017.

[27] X. Kang, B. Kubis, C. Hanhart, and U. Meissner, “Bl4 decays
and the extraction of —Vub—,” Physical Review D, vol. 89, no.
5, Article ID 053015, 2014.

[28] N. Brambilla, S. Eidelman, P. Foka et al., “QCD and strongly
coupled gauge theories: challenges and perspectives,”The Euro-
pean Physical Journal C, vol. 74, no. 10, 2014.

[29] B. Aubert, R. Barate, M. Bona et al., “Observation of a New
Ds Meson Decaying to DK at a Mass of 2.86GeV/c2,” Physical
Review Letters, vol. 97, Article ID 222001, 2006.

[30] J. Brodzicka, H. Palka, I. Adachi et al., “Observation of a New
D�푠�퐽 Meson in B+ →D0D0K+ Decays,” Physical Review Letters,
vol. 100, Article ID 092001, 2008.

[31] R. Aaij, B. Adeva, M. Adinolfi et al., “Dalitz plot analysis of
B0�푠 →D0K−𝜋+ decays,” Physical Review, vol. 90, Article ID
072003, 2014.

[32] R. Aaij, B. Adeva, M. Adinolfi et al., “Observation of Overlap-
ping Spin-1 and Spin-3 D0K- Resonances at Mass 2.86GeV/c2,”
Physical Review Letters, vol. 113, Article ID 162001, 2014.

[33] N. Cabibbo, “Unitary symmetry and leptonic decays,” Physical
Review Letters, vol. 10, no. 12, pp. 531–533, 1963.

[34] J. H. Christenson, J. W. Cronin, V. L. Fitch, and R. Turlay,
“Evidence for the 2𝜋 Decay of the K02 Meson,” Physical Review
Letters, vol. 13, no. 4, pp. 138–140, 1964.

[35] M. Kobayashi and T. Maskawa, “CP violation in the renormal-
izable theory of weak interaction,” Progress of Theoretical and
Experimental Physics, vol. 49, pp. 652–657, 1973.

[36] M. A. Shifman, A. I. Vainshtein, and V. I. Zakharov, “QCD and
resonance physics applications,” Nuclear Physics B, vol. 147, no.
5, pp. 448–518, 1979.

[37] B. L. Ioffe, “Calculation of baryon masses in quantum chromo-
dynamics,” Nuclear Physics B, vol. 188, no. 2, pp. 317–341, 1981.

[38] M. Nielsen, F. S. Navarra, and S. H. Lee, “New charmonium
states in QCD sum rules: a concise review,” Physics Reports, vol.
497, no. 2-3, pp. 41–83, 2010.

[39] P. Colangelo and A. Khodjamirian, “QCD sum rules, a modern
perspective,” in at The Frontier of Particle Physics, M. Shifman,
Ed., vol. 3, pp. 1495–1576, 2001.

[40] H. Sundu, “The Mass and Current-Meson Coupling Constant
of the Exotic X(3872) State from QCD Sum Rules,” Süleyman
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