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The holographic duality represents a major advance in our
understanding of string theory and quantum gravity and also
provides a powerful toolkit for studying strongly coupled
quantum field theories. Thanks to this duality, challenging
questions about dynamics in quantum phases of matter
in strong coupling regime can be mapped to processes in
theories of gravity which are tractable. It was proven to be
very useful in describing unconventional physics in many
fields, such as gauge theory, condensed matter, information
theory, and systems described by hydrodynamics.

The selected contributions to this special issue are aimed
at bringing together some of the latest developments in
this field. The special issue covers several interesting topics,
including novel black hole solutions, holographic QCD,
entanglement entropy, and the construction of the bulk
operators. The accepted articles are highlighted as follows.

The paper titled “Heavy Quark Potential with Hyperscal-
ing Violation” by Z. Zhang et al. investigates the behavior of
the heavy quark potential in the Lifshitz backgrounds with
hyperscaling violation. It shows how the potential changes in
the presence of the nonrelativistic parameters. The effect of a
constant electric field on the potential is also investigated.

The paper titled “Holographic van der Waals Phase
Transition for a Hairy Black Hole” by X.-X. Zeng and Y.-W.
Han is devoted to studying the van derWaals phase transition

in a hairy black hole by holography.The two-point correlation
function is employed to probe the phase structure of the
black hole, and some interesting behaviors are found in the
temperature-thermal entropy plane.

The paper titled “Entropic Destruction of Heavy Quarko-
nium from a Deformed AdS

5
Model” by Z. Zhang et al.

discusses the effects of the deformation parameter on the
interdistance, the entropic force, and the quarkonium disso-
ciation.

The paper by X.-M. Liu et al. is titled “Van derWaals-Like
Phase Transition from Holographic Entanglement Entropy
in Lorentz Breaking Massive Gravity.” The authors use the
entanglement entropy to probe the phase transition of AdS
black holes in Lorentz breaking massive gravity. It suggests
some potential relation between the entanglement entropy
and the Bekenstein-Hawking entropy.

In the paper titled “Bulk Local Operators, Conformal
Descendants, and Radial Quantization,” Z.-L. Wang and Y.
Yan establish a construction of the bulk local operators in
AdS by considering CFT at finite energy scale. The authors
also discuss a possible way of generalizing the construction
beyond pure AdS.

The paper titled “Note on Relation between Bottom-Up
Holographic Models and Large-𝑁

𝑐
QCD” by S. S. Afonin
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discusses a derivation of holographic actions quadratic in
fields from general properties of the large-𝑁

𝑐
limit in QCD.

The paper titled “AdS Black Hole with Phantom Scalar
Field” by L. Zhang et al. deals with an AdS black hole solution
with Ricci flat horizon in Einstein-phantom scalar theory.
After discussing the thermodynamics of the phantom black
hole, the authors present the behavior of the entanglement
entropy for a strip geometry.

In the paper titled “Reentrant Phase Transitions and
Triple Points of Topological AdS Black Holes in Born-Infeld-
Massive Gravity” by M. Zhang et al., the authors study
the critical behaviors of topological AdS black holes in
the presence of Born-Infeld nonlinear electrodynamics in
massive gravity. By considering the cosmological constant as
a dynamical pressure of the system, some interesting phase
structures are uncovered.

In summary, the holographic duality provides an invalu-
able source of physical intuition as well as computational
power to deal with strongly coupled problems. Constructing,
exploring, and categorizing the diverse states of matter
through holography are a prominent theme in this special
issue. We hope that this special issue will enrich readers with
new investigations on the current related research areas and
stimulate further studies.

Li Li
Hai-Qing Zhang

Song He
Zhang-Yu Nie

Yun-Long Zhang
Bum-Hoon Lee
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Motivated by recent developments of black hole thermodynamics in de Rham, Gabadadze, and Tolley (dRGT) massive gravity, we
study the critical behaviors of topological Anti-de Sitter (AdS) black holes in the presence of Born-Infeld nonlinear electrodynamics.
Here the cosmological constant appears as a dynamical pressure of the system and its corresponding conjugate quantity is
interpreted as thermodynamic volume. This shows that, besides the Van der Waals-like SBH/LBH phase transitions, the so-
called reentrant phase transition (RPT) appears in four-dimensional space-time when the coupling coefficients 𝑐𝑖𝑚2 of massive
potential and Born-Infeld parameter 𝑏 satisfy some certain conditions. In addition, we also find the triple critical points and the
small/intermediate/large black hole phase transitions for 𝑑 = 5.

1. Introduction

Einstein’s General Relativity (GR), which describes that the
graviton is amassless spin-2 particle, helped us to understand
the dynamics of the Universe [1–3]. However, there are some
fundamental issues, such as the hierarchy problem in particle
physics, the old cosmological constant problem, and the ori-
gin of late-time acceleration of the Universe, that still exist in
GR [4].One of the alternating theories of gravity is known as a
massive gravity, wheremass terms are added to theGR action.
A graviton mass has the advantage to potentially provide a
theory of dark energy which could explain the present day
acceleration of our Universe [5]. On the other hand, since the
quantum theory of massless gravitons is nonrenormalizable,
a natural question is whether one can build a self-consistent
gravity theory if the graviton is massive. The first attempt
toward constructing the theory of massive gravity was done
by Fierz and Pauli (FP) [6]. With the quadratic order, the FP
mass term is the only ghost-free term describing a gravity
theory with five degrees of freedom [7]. However, due to
the existence of the van Dam-Veltman-Zakharov (vDVZ)

discontinuity, this theory cannot recover linearized Einstein
gravity in the limit of vanishing graviton mass [8, 9].

In particular, Vainshtein [10] proposed that the linear
massive gravity can be recovered to GR through the “Vain-
shtein Mechanism” at small scales by including nonlinear
terms in the massive gravity action. Nevertheless, it usually
brings various instabilities for the gravitational theories on
the nonlinear level by adding generic mass terms, since this
model suffers from a pathology called a “Boulware-Deser”
(BD) ghost. Later, a newnonlinearmassive gravity theorywas
proposed by de Rham, Gabadadze, and Tolley (dRGT) [11–
13], where the BD ghost [14] was eliminated by introducing
higher order interaction terms in the action. Then, Vegh et
al. [15, 16] constructed a nontrivial black hole solution with a
Ricci flat horizon in four-dimensional dRGTmassive gravity.
The spherically symmetric solutions were also addressed in
[17–19]; the corresponding charged black hole solution was
found in [20, 21].

Recent development on the thermodynamics of black
holes in extended phase space shows that the cosmological
constant can be interpreted as the thermodynamic pressure
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and treated as a thermodynamic variable in its own right
[22, 23]:

𝑃 = − Λ8𝜋 (1)

in the geometric units 𝐺𝑁 = ℏ = 𝑐 = 1. Such operation
assumes that gravitational theories including different values
of the cosmological constants fall in the same class, with
unified thermodynamic relations. For black hole thermody-
namics, the variation of the cosmological constant ensures
the consistency between the first law of black hole thermo-
dynamics and the Smarr formula. Moreover, the classical
theory of gravity may be an effective theory which follows
from a yet unknown fundamental theory, in which all the
presently “physical constants” are actuallymoduli parameters
that can run from place to place in the moduli space of
the fundamental theory. Since the fundamental theory is yet
unknown, it is more reasonable to consider the extended
thermodynamics of gravitational theories involving only a
single action, and then all variables will appear in the
thermodynamical relations. In the extended phase space, the
charged AdS black hole black hole admits a more direct
and precise coincidence between the first-order small/large
black holes (SBH/LBH) phase transition and the Van der
Waals liquid-gas phase transition, and both systems share
the same critical exponents near the critical point [24]. More
discussions in various gravity theories can be found in [25–
46]. Recently, some investigations for thermodynamics of
AdS black holes have been also generalized to the extended
phase space in the dRGT massive gravity [47–50], which
show the Van der Waals-like SBH/LBH phase transition in
the charged topological AdS black holes. In addition, the
deep relation between the dynamical perturbation and the
Van der Waals-like SBH/LBH phase transition in the four-
dimensional dRGT massive gravity has been also recovered
in [51]. In particular, for neutral AdS black holes in all𝑑 ≥ 6 dimensional space-time, there exist peculiar behav-
iors of intermediate/small/large black hole phase transitions
reminiscent of reentrant phase transitions (RPTs) when the
coupling coefficients 𝑐𝑖𝑚2 of massive potential satisfy some
certain conditions [52]. A system undergoes an RPT if a
monotonic variation of any thermodynamic quantity results
in two (or more) phase transitions such that the final state is
macroscopically similar to the initial state.The RPT is usually
observed in multicomponent fluid systems, ferroelectrics,
gels, liquid crystals, and binary gases [53].

In Maxwell’s electromagnetic field theory, a point-like
charge which allowed a singularity at the charge position
usually brings about infinite self-energy. In order to overcome
this problem, Born and Infeld [54] and Hoffmann [55]
introduced Born-Infeld electromagnetic field to solve infinite
self-energy problem by imposing a maximum strength of the
electromagnetic field. In addition, BI type effective action
arises in an open superstring theory and D-branes are free of
physical singularities. In recent two decades, exact solutions
of gravitating black objects in the presence of BI theory
have been vastly investigated. In the extended phase space,
[56, 57] recovered the RPT in the four-dimensional Einstein-
Born-Infeld AdS black hole with spherical horizon. However,

for the higher-dimensional Einstein-Born-Infeld AdS black
holes, there is no RPT. What about AdS black holes in the
Born-Infeld-massive gravity? In this paper, we will generalize
the discussion to topological AdS black holes for 𝑑 = 4 and 5
in the Born-Infeld-massive gravity.

This paper is organized as follows. In Section 2, we review
the thermodynamics of Born-Infeld-massive black holes in
the extended phase space. In Section 3, we study the critical
behaviors of four- and five-dimensional topological AdS
black holes in context of 𝑃−𝑉 criticality and phase diagrams.
We end the paper with conclusions and discussions in
Section 4.

2. Thermodynamics of 𝑑-Dimensional
Born-Infeld AdS Black Holes

We start with the action of 𝑑-dimensional massive gravity in
presence of Born-Infeld field [58]:

I = 116𝜋 ∫𝑑𝑑𝑥√−𝑔[𝑅 − 2Λ +L (F)
+ 𝑚2 4∑
𝑖=1

𝑐𝑖U𝑖 (𝑔, 𝑓)] ,
(2)

where the last four terms are the massive potential associated
with gravitonmass, 𝑐𝑖 are the negative constants [21], and𝑓 is
a fixed rank-2 symmetric tensor. Moreover,U𝑖 are symmetric
polynomials of the eigenvalues of the 𝑑 × 𝑑 matrix K𝜇] ≡√𝑔𝜇𝛼𝑓𝛼]:

U1 = [K] ,
U2 = [K]2 − [K2] ,
U3 = [K]3 − 3 [K] [K2] + 2 [K3] ,
U4 = [K]4 − 6 [K2] [K]2 + 8 [K3] [K] + 3 [K2]2

− 6 [K4] .

(3)

The square root inK is understood as thematrix square root,
that is, (√𝐴)𝜇](√𝐴)𝜆] = 𝐴𝜇𝜆, and the rectangular brackets
denote traces [K] = K𝜇𝜇. In addition, 𝑏 is the Born-Infeld
parameter andL(F) with

L (F) = 4𝑏2(1 − √1 + 𝐹𝜇]𝐹𝜇]2𝑏2 ) . (4)

In the limit 𝑏 → ∞, it reduces to the standard Maxwell field
L(F) = −𝐹𝜇]𝐹𝜇] +O(𝐹4). If taking 𝑏 = 0,L(F) disappears.

Consider the metric of 𝑑-dimensional space-time in the
following form:

𝑑𝑠2 = −𝑓 (𝑟) 𝑑𝑡2 + 1𝑓 (𝑟)𝑑𝑟2 + 𝑟2ℎ𝑖𝑗𝑑𝑥𝑖𝑑𝑥𝑗, (5)

where ℎ𝑖𝑗𝑑𝑥𝑖𝑑𝑥𝑗 is the line element for an Einstein space
with constant curvature (𝑑 − 2)(𝑑 − 3)𝑘. The constant 𝑘
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characterizes the geometric property of hypersurface, which
takes values 𝑘 = 0 for flat, 𝑘 = −1 for negative curvature, and𝑘 = 1 for positive curvature, respectively.

By using the reference metric [21]

𝑓𝜇] = diag (0, 0, 𝑐20ℎ𝑖𝑗) (6)

with a positive constant 𝑐0, we can obtain

U1 = (𝑑 − 2) 𝑐0𝑟 ,
U2 = (𝑑 − 2) (𝑑 − 3) 𝑐20𝑟2 ,
U3 = (𝑑 − 2) (𝑑 − 3) (𝑑 − 4) 𝑐30𝑟3 ,
U4 = (𝑑 − 2) (𝑑 − 3) (𝑑 − 4) (𝑑 − 5) 𝑐40𝑟4 .

(7)

Obviously, the terms related to 𝑐3 and 𝑐4 only appear in the
black hole solutions for 𝑑 ≥ 5 and 𝑑 ≥ 6, respectively [21].

In addition, the electromagnetic field tensor in 𝑑-
dimensions is given by 𝐹tr = √𝑑2𝑑3/(1 + Γ)(𝑞/𝑟𝑑2), and the
metric function 𝑓(𝑟) is obtained as follows [58]:

𝑓 (𝑟) = 𝑘 − 𝑚0𝑟𝑑3 + (4𝑏
2 − 2Λ)𝑑1𝑑2 𝑟2 − 4𝑏2𝑟2𝑑1𝑑2 √1 + Γ

+ 4𝑑2𝑞2𝑑1𝑟2𝑑3H
+ 𝑚2𝑐0 (𝑐1𝑟𝑑2 + 𝑐0𝑐2 + 𝑑3𝑐

2
0 𝑐3𝑟 + 𝑑3𝑑4𝑐30 𝑐4𝑟2 ) ,

(8)

where 𝑑𝑖 = 𝑑 − 𝑖 and
Γ = 𝑑2𝑑3𝑞2𝑏2𝑟2𝑑2 ,
H=2𝐹1 [12 , 𝑑32𝑑2 ,

3𝑑7/32𝑑2 , −Γ] .
(9)

Moreover, 𝑚0 and 𝑞 are related to the mass𝑀 and charge 𝑄
of black holes as

𝑄 = √𝑑2𝑑3Σ𝑘4𝜋 𝑞,
𝑀 = 𝑑2Σ𝑘16𝜋 𝑚0,

(10)

where Σ𝑘 represents the volume of constant curvature hyper-
surface described by ℎ𝑖𝑗𝑑𝑥𝑖𝑑𝑥𝑗.The electromagnetic potential
difference (Φ) between the horizon and infinity reads asΦ =√𝑑2/𝑑3(𝑞/𝑟𝑑3+ )H+.

Then the mass𝑀 of the Born-Infeld AdS black hole for
massive gravity is given by

𝑀 = 𝑑2Σ𝑘𝑟𝑑3+16𝜋 [𝑘 + 16𝜋𝑃𝑑1𝑑2 𝑟2+ + 4𝑏
2𝑟2+𝑑1𝑑2 (1 − √1 + Γ+)

+ 4𝑑2𝑞2𝑑1𝑟2𝑑3+ H+

+ 𝑚2 (𝑐0𝑐1𝑟+𝑑2 + 𝑐20 𝑐2 + 𝑑3𝑐30 𝑐3𝑟+ + 𝑑3𝑑4𝑐40 𝑐4𝑟2+ )] ,
(11)

in terms of the horizon radius 𝑟+. Due to existence of the
pressure in obtained relation for total mass of the black holes,
here the black hole mass𝑀 can be considered as the enthalpy𝐻 rather than the internal energy of the gravitational system
[59].

In addition, the Hawking temperature which is related to
the definition of surface gravity on the outer horizon 𝑟+ can
be obtained as

𝑇
= 𝑑3𝑘4𝜋𝑟+ + 4𝑟+𝑑2 𝑃 + 𝑏

2𝑟+𝑑2𝜋 (1 − √1 + Γ+)
+ 𝑚2𝑐04𝜋 (𝑐1 + 𝑑3𝑐0𝑐2𝑟+ + 𝑑3𝑑4𝑐20 𝑐3𝑟2+ + 𝑑3𝑑4𝑑5𝑐30 𝑐4𝑟3+ ) ,

(12)

and the entropy 𝑆 of the Born-Infeld AdS black hole reads as

𝑆 = Σ𝑘4 𝑟𝑑2+ . (13)

It is easy to check that those thermodynamic quantities obey
the (extended phase space) first law of black hole thermody-
namics:

𝑑𝐻 = 𝑇𝑑𝑆 + 𝑉𝑑𝑃 +B𝑑𝑏 + 𝑐0𝑚2Σ𝑘𝑟𝑑2+16𝜋 𝑑𝑐1
+ 𝑑2𝑐20𝑚2Σ𝑘𝑟𝑑3+16𝜋 𝑑𝑐2 + 𝑑2𝑑3𝑐30𝑚2Σ𝑘𝑟𝑑4+16𝜋 𝑑𝑐3
+ 𝑑2𝑑3𝑑4𝑐40𝑚2Σ𝑘𝑟𝑑5+16𝜋 𝑑𝑐4,

(14)

where B, which is a quantity conjugate to 𝑏, is called the
“Born-Infeld vacuum polarization”:

B = (𝜕𝐻𝜕𝑏 )
(𝑆,𝑃,𝑐1 ,𝑐2 ,𝑐3 ,𝑐4)

= Σ𝑘𝑏𝑟𝑑1+2𝑑1𝜋 (1 − √1 + Γ+) + 𝑑2𝑑3Σ𝑘4𝜋𝑑1𝑏 H+𝑞2𝑟𝑑3+ , (15)

and the thermodynamic volume 𝑉 [60], which is the corre-
sponding conjugate quantity of 𝑃, can be written as

𝑉 = Σ𝑘𝑟𝑑11𝑑1 . (16)
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The behavior of free energy 𝐺 is important to determine
the thermodynamic phase transition in the canonical ensem-
ble. We can calculate the free energy from the thermody-
namic relation:𝐺 = 𝐻 − 𝑇𝑆

= 𝑟𝑑1+𝑑1𝑑2 (𝑃 + 𝑏
2

4𝜋√1 + Γ+) + 𝑑
2
2𝑞2H+2𝜋𝑑1𝑟𝑑3+ +

𝑟𝑑3+16𝜋
+ 𝑚2𝑐20 𝑟𝑑5+16𝜋 (𝑐2𝑟2+ + 2𝑑3𝑐0𝑐3𝑟+ + 3𝑑3𝑑4𝑐20 𝑐4) .

(17)

3. Phase Transitions of Topological AdS Black
Holes in Born-Infeld-Massive Gravity

For further convenience, we denote

�̂� = 𝑇 − 𝑐0𝑐1𝑚24𝜋 ,
𝑊2 = −𝑘 + 𝑐20 𝑐2𝑚28𝜋 ,
𝑊3 = −𝑐30 𝑐3𝑚28𝜋 ,
𝑊4 = −𝑐40 𝑐4𝑚28𝜋 ,

(18)

where �̂� denotes the shifted temperature and can be negative
according to the value of 𝑐0𝑐1𝑚2. Then, the equation of state
of the black hole can be obtained from (12):

𝑃 = 𝑑24𝑟+ [�̂� + 2𝑑3𝑊2𝑟+ + 2𝑑3𝑑4𝑊3𝑟2+ + 2𝑑3𝑑4𝑑5𝑊4𝑟3+
− 𝑏2𝑟+𝑑2𝜋 (1 − √1 + Γ+)] .

(19)

To comparewith theVdWfluid equation, we can translate the
“geometric” equation of state to physical one by identifying
the specific volume V of the fluid with the horizon radius of
the black hole as V = 4𝑟+/𝑑2. Evidently, the specific volume V
is proportional to the horizon radius 𝑟+; therefore we will just
use the horizon radius in the equation of state for the black
hole hereafter in this paper.

We know that the critical point occurs when 𝑃 has an
inflection point:

𝜕𝑃𝜕𝑟+
�̂�=�̂�𝑐 ,𝑟+=𝑟𝑐 =

𝜕2𝑃𝜕𝑟2+
�̂�=�̂�𝑐 ,𝑟+=𝑟𝑐 = 0, (20)

where the subscript stands for the quantities at the critical
point. The critical shifted temperature is obtained as

�̂�𝑐 = −2𝑑3𝑟𝑐 (2𝑤2 + 3𝑑4𝑊3𝑟𝑐 + 4𝑑4𝑑5𝑊4𝑟2𝑐 )
− 𝑑2𝑑3𝑞2𝜋𝑟2𝑑5/2𝑐 (1 + Γ+)−1/2 ,

(21)

and the equation for critical horizon radius 𝑟𝑐 is given by

𝐹 (𝑟𝑐) = 6𝑑4𝑑5𝑊4 + 3𝑑4𝑊3𝑟𝑐 +𝑊2𝑟2𝑐
+ 𝑑5/2𝑑2𝑞22𝜋𝑟2𝑑4𝑐 (1 + Γ+)−1/2
− 𝑑3𝑑32𝑞44𝜋𝑏2𝑟4𝑑3𝑐 (1 + Γ+)−3/2 = 0.

(22)

For later discussions, it is convenient to rescale some
quantities in the following way:

𝑊2 = 𝑞2/(𝑑−2) ⋅ 𝑏2(𝑑−3)/(𝑑−2)𝑤2,
𝑊3 = 𝑞3/(𝑑−2) ⋅ 𝑏(2𝑑−7)/(𝑑−2)𝑤3,
𝑊4 = 𝑞4/(𝑑−2) ⋅ 𝑏2(𝑑−4)/(𝑑−2)𝑤4,
𝑟+ = (𝑞𝑏)

1/(𝑑−2) ⋅ 𝑥,
𝑃 = 𝑏2 ⋅ 𝑝,
�̂� = 𝑞1/(𝑑−2) ⋅ 𝑏(2𝑑−5)/(𝑑−2) ⋅ 𝑡,
𝐺 = 𝑞(𝑑−1)/(𝑑−2) ⋅ 𝑏−2/(𝑑−2)Σ𝑘 ⋅ 𝑔.

(23)

In terms of quantities above, (19), (21), and (22) can bewritten
as

𝑝 = 𝑑24𝑥 [[𝑡 +
2𝑑3𝑤2𝑥 + 2𝑑3𝑑4𝑤3𝑥2 + 2𝑑3𝑑4𝑑5𝑤4𝑥3

− 𝑥𝑑2𝜋 (1 − √1 + 𝑑2𝑑3𝑥2𝑑2 )]] ,
(24)

𝑡𝑐 = −2𝑑3𝑥𝑐 (2𝑤2 + 3𝑑4𝑤3𝑥𝑐 + 4𝑑4𝑑5𝑤4𝑥2𝑐 ) − 𝑑2𝑑3𝜋𝑥2𝑑5/2𝑐 (1
+ 𝑑2𝑑3𝑥2𝑑2𝑐 )

−1/2 ,
(25)

𝐹 (𝑥𝑐) = 6𝑑4𝑑5𝑤4 + 3𝑑4𝑤3𝑥𝑐 + 𝑤2𝑥2𝑐 + 𝑑2𝑑5/22𝜋𝑥2𝑑4𝑐 (1
+ 𝑑2𝑑3𝑥2𝑑2𝑐 )

−1/2 − 𝑑3𝑑324𝜋𝑥4𝑑3𝑐 (1 + 𝑑2𝑑3𝑥2𝑑2𝑐 )
−3/2 = 0,

(26)

where 𝑥𝑐 denotes the critical value of 𝑥. For arbitrary
parameter 𝑑, it is hard to obtain the exact solution of (26).

In what follows we shall specialize to 𝑑 = 4 and 5 and
then perform a detailed study of the thermodynamics of these
black holes.
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Figure 1: Born-Infeld AdS black holes for 𝑑 = 4 and 𝑤2 = −0.1. There is one critical point, which corresponds to VdW-like SBH/LBH phase
transition when 𝑡 < 𝑡𝑐. Here the critical pressure and temperature read 𝑝 = 𝑝𝑐 ≈ 0.011986 and 𝑡 = 𝑡𝑐 ≈ 0.125087, respectively.
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Figure 2: Born-Infeld AdS black holes for 𝑑 = 4 and 𝑤2 = −0.124. (a) The 𝑝 − 𝑥 diagram shows the existence of two critical points, one
at positive pressure 𝑝𝑐1 ≈ 0.0177545, the other at negative pressure 𝑝𝑐2 ≈ −0.0084877. (b) The Gibbs free energy shows one physical (with
positive pressure) critical point and the corresponding first-order SBH/LBH phase transition, occurring for 𝑡 ∈ (𝑡𝜏, 𝑡𝑐1) and 𝑝 ∈ (𝑝𝜏, 𝑝𝑐1).
(c) There is a reentrant phase transition (RPT) corresponding to the zeroth-order phase transition at 𝑡 = 𝑡0 followed by a first-order VdW-like
SBH/LBH phase transition at the intersection 𝑡 = 𝑡1 with the swallowtail structure.

3.1. 𝑃 − 𝑉 Criticality for 𝑑 = 4. For 𝑑 = 4, (26) will reduce to
the cubic equation:

𝐹 (𝑦) = 𝑦3 − 3𝑦4 − 𝜋𝑤22 = 0 (27)

with 𝑦 = (𝑥4𝑐 + 2)−1/2.
Depending on different values of 𝑤2, (27) admits one or

more positive real roots for 𝑥, which can be also reflected by

𝜕𝐹 (𝑦)𝜕𝑦 = 3𝑦2 − 34 . (28)

When |𝑤2| ≤ 1/2𝜋, three real roots occur, which are given
by

𝑦𝑖 = cos(13 arccos (2𝜋𝑤2) − 2𝜋𝑖3 ) , 𝑖 = 0, 1, 2. (29)

Moreover, in order that 𝑥𝑐 = (1/𝑦2 − 2)1/4 be positive, we
require an additional constraint |𝑦| ≤ 1/√2. Then, we have𝑦0 > 0 in case of −1/2𝜋 ≤ 𝑤2 ≤ −1/√8𝜋, and 𝑦1 > 0 in the
region of −1/2𝜋 ≤ 𝑤2 ≤ 0, while the solution 𝑦2 is always
negative.

Now by inserting solutions of 𝑦0 and 𝑦1 into (24) and
(25), we analyze the critical behaviors. Notice that analytic
methods cannot be applied in our analysis because of the
complexity of the Gibbs free energy and equation of state, we
resort to graphical and numerical methods.

(1) 𝑤2 ∈ (−1/√8𝜋, 0). As shown in Figure 1, the 𝑝 − 𝑥
diagram displays that the dashed curve represents
critical isotherm at 𝑡 = 𝑡𝑐 and the dotted and solid
curves correspond to 𝑡 > 𝑡𝑐 and 𝑡 < 𝑡𝑐, respectively.
In the 𝑔 − 𝑡 diagram, the solid curve represents 𝑝 <𝑝𝑐, the dotted curve correspond to 𝑝 > 𝑝𝑐, and the
dashed curve is for 𝑝 = 𝑝𝑐. We observe standard
swallowtail behavior. Moreover, the 𝑝 − 𝑡 diagram
shows the coexistence line of the first-order phase
transition terminating at a critical point. These plots
are analogous to typical behavior of the liquid-gas
phase transition of the Van der Waals fluid.

(2) 𝑤2 ∈ (−0.132795, −1/√8𝜋), there only exist one phys-
ical (with positive pressure) critical point and the
corresponding VdW-like SBH/LBH phase transition,
which occurs for the pressures 𝑝 ∈ (𝑝𝜏, 𝑝𝑐1) and
temperatures 𝑡 ∈ (𝑡𝜏, 𝑡𝑐1); see Figure 2. For the 𝑝 − 𝑡
diagram in Figure 3, three separate phases of black
holes emerge in the region of 𝑝𝜏 < 𝑝 ≤ 𝑝𝑧 < 𝑝𝑐1:
intermediate black holes (IBH) (on the left), small (on
the middle), and large (on the right), where small
and large black holes are separated by the SBH/LBH
phase transition, but the intermediate and small are
separated by a finite jump in 𝑔, which is so-called
zeroth-order phase transition [61].
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Figure 4: Born-Infeld AdS black holes for 𝑑 = 4 and 𝑤2 = −0.14. There are two critical points at positive pressure.

For 𝑝 < 𝑝𝜏 only one phase of large black holes exists.
When taking 𝑤2 = −0.124, we obtain

(𝑡𝜏, 𝑡𝑧, 𝑡𝑐1) ≈ (0.12316, 0.123825, 0.175593) ,
(𝑝𝜏, 𝑝𝑧, 𝑝𝑐1) ≈ (0.0072472, 0.008104, 0.0177545) . (30)

(3) 𝑤2 ∈ (−1/2𝜋, −0.132795), there exist two critical
points with positive pressure, and the similar RPT
also occurs. As shown in Figure 4, we obtain

(𝑡𝑐2, 𝑡𝜏, 𝑡𝑧, 𝑡𝑐1)
≈ (0.187113, 0.197121, 0.198064, 0.2139999) ,

(𝑝𝑐2, 𝑝𝜏, 𝑝𝑧, 𝑝𝑐1)
≈ (0.0116313, 0.018695, 0.0194174, 0.0235228) ,

(31)

when taking 𝑤2 = −0.14.
With regard to |𝑤2| > 1/2𝜋, the solution of (27) is given

by

𝑦3 = − cosh (13 arccos (−2𝜋𝑤2)) , (32)

which violates the constraint condition |𝑦| ≤ 1/√2.

All in all, when the parameter 𝑤2 satisfies −1/2𝜋 < 𝑤2 <0, the Van derWaals-like SBH/LBH phase transition appears.
In addition, the interesting RPT happens in case of −1/2𝜋 <𝑤2 < −1/√8𝜋.
3.2. 𝑃 −𝑉 Criticality for 𝑑 = 5. Then (26) can be rewritten as

𝐹 (𝑥𝑐) = 1𝑥𝑐 (𝑥6𝑐 + 6)−3/2 − 518𝑥𝑐 (𝑥6𝑐 + 6)−1/2
− 2𝜋27 (𝑤2 + 3𝑤3𝑥𝑐 ) = 0.

(33)

Evidently, it is not possible to obtain analytic solution of above
equation. To see more closely the phase transition of the
Born-Infeld AdS black hole, here we analyze the asymptotic
property of the function 𝐹(𝑥𝑐). In addition, the function𝑑𝐹(𝑥𝑐)/𝑑𝑥𝑐 reads

𝑑𝐹 (𝑥𝑐)𝑑𝑥𝑐 = 72(1 − 5𝑥6𝑐24 )
2 + 135𝑥12𝑐8

+ 4𝜋𝑤3 (𝑥6𝑐 + 6)5/2 .
(34)

Evidently, (33) has more than one real roots. For different
values of 𝑤2 and 𝑤3, we will investigate the phase structure
and criticality in the extended phase space.
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Figure 5: Born-Infeld AdS black holes for 𝑑 = 5, 𝑤2 = −0.25, and 𝑤3 = 0.1. (a) The 𝑝 − 𝑥 diagram. The dashed curve represents critical
isotherm at 𝑡 = 𝑡𝑐. The dotted and solid curves correspond to 𝑡 > 𝑡𝑐 and 𝑡 < 𝑡𝑐, respectively. (b) The 𝑔 − 𝑡 diagram.The solid curve represents𝑝 < 𝑝𝑐, the dotted curve correspond to 𝑝 > 𝑝𝑐, and the dashed curve is for 𝑝 = 𝑝𝑐. We observe standard swallowtail behavior. (c) The𝑝 − 𝑡 diagram, showing the coexistence line of SBH/LBH phase transition terminating at a critical point. These plots are analogous to typical
behavior of the liquid-gas phase transition of the VdW fluid.
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Figure 6: Born-Infeld AdS black holes for 𝑑 = 5, 𝑤2 = 0.001, and 𝑤3 = −0.02.
3.2.1. 𝑤2 > 0 and 𝑤3 > 0. When 𝑥𝑐 → +∞, 𝐹(𝑥𝑐) equals−2𝜋𝑤2/27. Near the origin 𝑥 = 0, we have

𝐹 (𝑥𝑐) = −(√6 + 12𝜋𝑤3)54𝑥𝑐 ; (35)

namely, 𝐹(𝑥𝑐) approaches −∞ on account of 𝑤3 > −1/2√6𝜋.
Moreover, function 𝑑𝐹(𝑥𝑐)/𝑑𝑥𝑐 is always positive, so there is
no real solution for 𝑥+. Therefore, there is no critical point.

3.2.2. 𝑤2 < 0 and 𝑤3 > 0. Here we adopt similar discussions
above. The function 𝐹(𝑥𝑐) = −2𝜋𝑤2/27 > 0 in case of𝑤2 < 0. However,𝐹(𝑥𝑐) approaches−∞near the origin𝑥 = 0.
Evidently, there is only one positive root of (33) on account of𝑑𝐹(𝑥𝑐)/𝑑𝑥𝑐 > 0. Then, a critical point occurs. In Figure 5, we
display VdW-like small/large black hole phase transition in
the system.

3.2.3. 𝑤2 > 0 and 𝑤3 < 0. In this case, it is hard work to
discuss the asymptotic property of (33). Here we resort to
graphical and numerical methods and also find the existence
of VdW-like small/large black hole phase transition in the
system; see Figure 6.

3.2.4. 𝑤2 < 0 and 𝑤3 < 0. In [58], Hendi et al. pointed out
that the VdW-like SBH/LBH phase transition occurs when𝑤2 < 0 and 𝑤3 < 0. Actually, there are some other interesting
phase transitions.
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Figure 7: Behavior of 𝑝 as a function of 𝑥 for 𝑡 =0.495, 0.497, 0.4988, and 0.5 from bottom to top. For small
pressure, one can see that there are stable SBH and LBH branches,
which implies the occurrence of VdW-like phase transition. With
the increasing of the temperature, there appears a new stable IBH
branch. Further increasing the pressure, this branch disappears.

For the case of 𝑤2 = −0.084825 and 𝑤3 = −0.045, the
pressure 𝑝 has three critical points, that is, (𝑝𝑐1, 𝑝𝑐2,𝑝𝑐3) = (0.113983, 0.115076, 0.116354) and (𝑡𝑐1, 𝑡𝑐2, 𝑡𝑐3) =(0.496659, 0.498326, 0.499503). We plot the pressure 𝑝 as a
function of 𝑥 for 𝑡 = 0.48, 0.497, 0.4988, and 0.51 (from
bottom to top) in Figure 7. When 𝑝 < 𝑝𝑐1, there exists a
characteristic swallowtail behavior in the 𝑔 − 𝑡 diagram, and
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Figure 8: Gibbs free energy of five-dimensional AdS black holes for 𝑤2 = −0.084825 and 𝑤3 = −0.045.

a VdW-like SBH/LBH phase transition will occur. Further
increasing 𝑝 such that 𝑝𝑐1 < 𝑝 < 𝑝𝑐2, there appears
a new stable IBH branch. For the corresponding Gibbs
free energy in Figure 8, three black hole phases (i.e., small,
large, and intermediate black holes) coexist together. There-
fore, we observe a triple point characterized by (𝑝𝜏, 𝑡𝜏) =(0.01960, 0.11226). Slightly above this pressure, a standard
SBH/IBH/LBH phase transition will appear in the system
with the increase of 𝑡. And such phase transition disappears
when 𝑝𝑐2 is approached.

Further increasing 𝑝, the stable IBH branch vanishes in
case of 𝑝𝑐2 < 𝑝 < 𝑝𝑐3. And only one stable branch survives
when 𝑝 > 𝑝𝑐3. In the ranges 𝑝 < 𝑝𝑐1 and 𝑝𝑐2 < 𝑝 < 𝑝𝑐3, one
characteristic swallowtail behavior is displayed in Figure 8.
When 𝑝 > 𝑝𝑐3, there is no such behavior.

4. Conclusions and Discussions

In the extended phase space, we have studied the phase
transition and critical behavior of topological AdS black
holes in the four- and five-dimensional Born-Infeld-massive
gravity. For 𝑑 = 4, we found that when the horizon topology
is spherical (𝑘 = 1), Ricci flat (𝑘 = 0), or hyperbolic(𝑘 = −1), there always exist the Van derWaals-like SBH/LBH
phase transitions when the coupling coefficients of massive
potential are located in the region −1/2𝜋 < 𝑤2 < 0. In
addition, a monotonic lowering of the temperature yields a
large-small-large black hole transition in the region −1/2𝜋 <𝑤2 < −1/√8𝜋, where we refer to the former large state as an
intermediate black hole (IBH), which is reminiscent of RPTs.
Moreover, this process is also accompanied by a discontinuity
in the global minimum of the Gibbs free energy, referred to
as a zeroth-order phase transition.

In some range of the parameters, there are three critical
points for five-dimensional Born-Infeld AdS black hole. In
such range, the Gibbs free energy displays the behavior of
two swallowtails.This phenomenon has been never recovered
before.

Recent observations of gravitational waves have put an
upper bound of 1.2 × 10−22 eV/𝑐2 on the graviton’s mass [62].
We can find in 4-dimensional case; the interesting RPTs can
always appear as long as the parameters 𝑞 and 𝑏 take the
suitable values with the constant 𝑘 taking the values ±1.
When the constant 𝑘 = 0, the role of the graviton’s mass is
highlighted, the parameters 𝑞 and 𝑏 cannot take an acceptable
range (means in the framework of the Born-Infeld theory) to
make the parameter 𝑤2 ∈ (−1/2𝜋, −1/√8𝜋), which means
only the VdW-like phase transitions might happen. In the 5-
dimensional case, when the constant 𝑘 = 1, this interesting
phenomenon could appear as long as the parameters 𝑞 and𝑏 take the suitable values. There are no three critical points
when the constant 𝑘 takes −1 or 0, because the parameter 𝑤2
is always positive.

Reference [57] shows that the RPTs only exist in the 4-
dimensional Born-Infeld AdS black hole with a spherical
horizon and also gives the proof that there is no reentrant
phase transition in the system of higher (≥5) dimensional
Born-Infeld AdS black hole. Reference [48] demonstrated
that there only exists the Van der Waals-like phase transition
in the 4-dimensional AdS black hole in massive gravity with
Maxwell’s electromagnetic field theory.Our results reveal that
the nonlinear electromagnetic field plays an important role
in the phase transition of the 4-dimensional AdS black hole,
and the massive gravity could bring richer phase structures
and critical behavior (triple critical points) than that of the
Born-Infeld term in the 5-dimensional AdS black hole.
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Recently, the charged black hole [63], Born-Infeld black
hole [64], and black hole in the Maxwell and Yang-Mills
fields [65] have been constructed in Gauss-Bonnet-massive
gravity. Only Van der Waals-like first-order SBH/LBH phase
transition exists in these models. In addition, the RPT and
triple points also occur in the higher-dimensional rotating
AdS black holes [66, 67] and higher-dimensional Gauss-
Bonnet AdS black hole [68–70]. It would be interesting to
extend our discussion to these black holes in Gauss-Bonnet
and 3rd-order Lovelock-massive gravity.
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We present an AdS black hole solution with Ricci flat horizon in Einstein-phantom scalar theory. The phantom scalar fields just
depend on the transverse coordinates 𝑥 and 𝑦, which are parameterized by the parameter 𝛼. We study the thermodynamics of the
AdS phantom black hole. Although its horizon is a Ricci flat Euclidean space, we find that the thermodynamical properties of the
black hole solution are qualitatively the same as those of AdS Schwarzschild black hole. Namely, there exists a minimal temperature
and the large black hole is thermodynamically stable, while the smaller one is unstable, so there is a so-called Hawking-Page phase
transition between the large black hole and the thermal gas solution in theAdS space-time in Poincare coordinates.We also calculate
the entanglement entropy for a strip geometry dual to the AdS phantom black holes and find that the behavior of the entanglement
entropy is qualitatively the same as that of the black hole thermodynamical entropy.

1. Introduction

Due to its confined boundary of anti-de Sitter (AdS) space-
time, thermodynamics of black hole in AdS space and those
in flat or de Sitter space-time are very different. For example,
for a Schwarzschild AdS black hole, it is stable if its horizon
is larger than a certain value, while, for a small black hole,
the effect of cosmological constant can be neglected, the black
hole behaves just like a Schwarzschild black hole in flat space,
and it is thermodynamically unstable. In addition, it is found
that there is an AdS black hole only when the temperature of
black hole is larger than a critical value, while there is only
a thermal gas solution when its temperature is less than the
value. The first-order phase transition which occurs between
the black hole solution and the thermal gas solution in the
AdS space-time is named Hawking-Page phase transition
[1]. The phase transition gets its interpretation following the
AdS/CFT correspondence [2–5].

Another big difference between black holes in AdS space
and flat or de Sitter space-time is that the horizon of black
holes in flat or de Sitter space must have a spherical structure,
while the horizon topology of black holes in AdS space-time
could be a zero or negative constant curvature surface, except

for the case with a positive constant curvature surface. These
kinds of black holes with zero or negative constant curvature
horizon have been studied in the literature [6–19]: they are
usually called topological AdS black holes. Particularly, we
find that these so-called topological AdS black holes are
always thermodynamically stable, and there do not exist
Hawking-Page phase transitions related to those topological
black holes [18]. Of course, we shouldmention here that if one
of spatial coordinates is compacted for the Ricci flatAdS black
holes, then the AdS space-time in Poincare coordinates is no
longer a ground state with respect to the black hole solutions,
instead the so-called AdS soliton has more low energy and
then there is a Hawking-Page phase transition between the
Ricci flat black hole and AdS soliton [20–22]. The Ricci flat
black holes mean zero curvature horizon black holes.

On the other hand, since people discovered the phe-
nomenon of accelerated expansion of the universe at the
end of last century, there have been a lot of proposals to
explain the cause of this phenomenon. One way is so-called
phantom dark energy with state equation, 𝑝 = 𝜔𝜌, where
the state parameter satisfies 𝜔 < −1, and 𝑝 and 𝜌 represent
the pressure and energy density of phantom dark energy,
respectively. To realize phantom dark energy, one can alter
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themark in front of the kinetic term of a scalar field [23].This
is called phantom scalar field. Except for various studies in
cosmology, the influence of phantom scalar field in black hole
physics has also been extensively investigated. For instance,
the destiny of a black hole owing to accretion of phantom
dark energy has been studied in [24]. Thermodynamics of
spherically symmetric black holes and critical phenomenon
with phantom Maxwell field and phantom scalar field have
been discussed in [25]. Very recently, people have studied
thermodynamical geometry of AdS charged black holes with
spherical horizon in [26].

In this study, we consider Einstein gravity theory with a
negative cosmological constant and massless phantom scalar
field. The black hole will have a Ricci flat horizon and phan-
tom scalar fields only linearly depend on transverse coordi-
nates. The thermodynamics of AdS phantom black hole are
studied, and we find that although its horizon is Ricci flat
and infinitely extended, the thermodynamical properties of
the black hole and AdS Schwarzschild spherically symmetric
black hole are qualitatively the same. In particular, Hawking-
Page phase transition can emerge between phantom black
hole and the thermal gas solution in AdS space-time in
Poincare coordinates. Further, we will calculate holographic
entanglement entropy of a strip geometry which is dual to
theAdS phantomblack hole boundary following the proposal
made by Ryu and Takayanagi in [27]. In recent papers on
holographic superconductor models, it has been found that
entanglement entropy plays a good probe role in revealing
phase structure and phase transition in those systems. It can
indicate the appearance of a new phase and gives the order
of phase transition based on the behavior of entanglement
entropy [28–33]. Very recently holographic entanglement
entropy dual to a spherically symmetric AdS charged black
hole has been calculated by Johnson [34]. It was found that
the entanglement entropy can characterize the related phase
transition for a charged AdS black hole. Further studies on
holographic entanglement entropy and its relation to phase
transition have been done for various AdS black holes in [35–
38]. For the AdS phantom black hole presented in this paper,
we will further show such a relation which keeps valid even
for the case with the Ricci flat horizon black hole.

2. Phantom AdS Black Hole Solution

We first consider a Einstein-Hilbert action with phantom
massless scalar fields and a negative cosmological constant as

𝑆 = 116𝜋𝐺 ∫𝑑4𝑥√−𝑔[𝑅 − 2Λ + 12
2∑
𝑖=1

(𝜕𝜙𝑖)2] . (1)

In the above formula, 𝐺 is the Newtonian gravitational
constant and 𝜙𝑖 stands for massless phantom scalar fields. In
four dimensions, the relationship between the negative cos-
mological constant Λ and the AdS curvature radius 𝑙 can be
as follows:

Λ = − 3𝑙2 . (2)

The Einstein’s field equations corresponding with action (1)
read

𝑅𝜇] − 12𝑔𝜇]𝑅 + Λ𝑔𝜇] = 𝑇𝜇], (3)

where the energy momentum tensor is

𝑇𝜇] = 2∑
𝑖=1

[−∇𝜇𝜙𝑖∇]𝜙𝑖 + 12𝑔𝜇] (∇𝜙𝑖)2] . (4)

The motion equation of the phantom scalar field is

∇2𝜙𝑖 = 0. (5)

Now we consider a black hole solution which has a Ricci
flat horizon in this system with the metric ansatz as

𝑑𝑠2 = −𝑓 (𝑟) 𝑑𝑡2 + 1𝑓 (𝑟)𝑑𝑟2 + 𝑟2 (𝑑𝑥2 + 𝑑𝑦2) . (6)

With this metric, one has the nonzero part of Ricci tensor as
follows [18]:

𝑅𝑡𝑡 = 12𝑓𝑓 + 1𝑟𝑓𝑓,
𝑅𝑟𝑟 = −12 𝑓𝑓 − 1𝑟 𝑓𝑓 ,
𝑅𝑥𝑥 = 𝑅𝑦𝑦 = − (𝑓 + 𝑟𝑓) ,

(7)

where𝑓 = 𝑑𝑓/𝑑𝑟 and𝑓 = 𝑑2𝑓/𝑑2𝑟.The Ricci scalar can be
written as follows:

𝑅 = 𝑔𝑡𝑡𝑅𝑡𝑡 + 𝑔𝑟𝑟𝑅𝑟𝑟 + 𝑔𝑖𝑗𝑅𝑖𝑗 = −𝑓 − 4𝑟𝑓 − 2𝑓𝑟2 . (8)

We take the scalar fields to be functions of transverse coordi-
nates as follows:

𝜙1 = 𝛼𝑥,
𝜙2 = 𝛼𝑦, (9)

where 𝛼 is a constant; then it is found that the equations
of motions for both gravitational field and matter field are
satisfied if 𝑓(𝑟) takes the following form:

𝑓 (𝑟) = 𝛼2 + 𝑟2𝑙2 − 2𝑀𝑟 , (10)

in which𝑀 is a parameter relating to themass of the solution.
In fact, this solution describes an AdS black hole with a
Ricci flat horizon. As we can see that the influence of the
phantom scalar in the solution is manifested by parameter 𝛼.
In addition, note that the scalar field enters the action only
through its derivative and therefore enjoys a shift symmetry.
These scalar fields are only determined up to a constant.
When the phantom scalar fields are absent, the solution
reduces to the AdS black hole solution with Ricci flat horizon
in Einstein gravity. In that case, one has 𝛼 = 0. A natural
generalization of solution (10) is to include electric and
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magnetic charge from Maxwell field. Namely if a Maxwell
field appears in action (1), then one has a dynamic phantom
AdS black hole solution as

𝑓 (𝑟) = 𝛼2 + 𝑟2𝑙2 − 2𝑀𝑟 + 𝑒2 + 𝑔2𝑟2 , (11)

where 𝑒 and 𝑔 are electric charge and magnetic charge of the
solution, respectively. Here we mention that one can easily
generalize these black hole solutions (10) and (11) to higher
dimensional (𝑑 > 4) cases. Finally we should stress that if the
scalar fields are the usual canonical ones in (1), namely, the
sign of the kinetic term in the scalar fields formula is negative,
this AdS black hole solution was first found in [39] with the
metric function:

𝑓 (𝑟) = −𝛼2 + 𝑟2𝑙2 − 2𝑀𝑟 . (12)

In that case, the thermodynamical properties of solution (12)
and the topological black hole with a horizon of negative
constant curvature space are qualitatively the same in AdS
space-time [18].

3. Thermodynamics of the Phantom
AdS Black Hole

In this section, the thermodynamics of this AdS black hole
solution are discussed. Here we are discussing the case where
the transverse coordinates 𝑥 and 𝑦 are infinitely extended.
In other words, the directions spanned by 𝑥 and 𝑦 are not
compacted. In that case, precisely speaking, what we are
discussing is not a black hole, but a black brane. And the
vacuum of the system is no longer the AdS solution, but an
AdS space in Poincare coordinates with metric function:

𝑓 (𝑟) = 𝑟2𝑙2 . (13)

On the other hand, let us note that when 𝛼2 = 1, the metric
function in (10) is nothing, but the one for a Schwarzschild
AdS black hole is with a spherical horizon. Thus one may
expect that the thermodynamic properties of the black
hole solution (10) are essentially the same as those of AdS
Schwarzschild black holes. Here we will show this indeed
holds. To make qualitative comparison, we take that the area
spanned by 𝑥 and 𝑦 is 4𝜋. So parameter 𝑀 in (10) is just
the mass of the solution with respect to the AdS vacuum in
Poincare coordinates. In this paper we take the units with𝐺 = 𝑐 = ℎ = 𝑘𝑏 = 1.

The horizon of the black hole is given by 𝑓(𝑟)|𝑟=𝑟
+

= 0.
Thus the black hole mass can be expressed in terms of the
horizon radius 𝑟+ as

𝑀 = 𝛼22 𝑟+ + 𝑟3+2𝑙2 . (14)

As a function of the horizon radius 𝑟+, 𝑀 is a monotonically
increasing function. In other words, this equation shows that
for any positive value of 𝑀 there is a corresponding horizon.

And only when the case 𝑟+ → 0, 𝑀 → 0. The Hawking
temperature 𝑇𝐻 of the black hole can be obtained in several
ways. One way is that the Euclidean time of the black hole
solution should take a period so that the potential conical
singularity can be avoided at the horizon of the black hole and
the inverse of the period just gives the Hawking temperature.
In this way, one has the Hawking temperature of the black
hole as

𝑇 = 14𝜋𝑟+ (𝛼2 + 3𝑟2+𝑙2 ) . (15)

In Einstein’s gravity theory, the entropy of black hole obeys
the well-known Bekenstein-Hawking area formula. In our
case, the entropy of black hole can be expressed as follows:

𝑆 = 𝜋𝑟2+. (16)

Substituting (16) into (15) and eliminating 𝑟+, 𝑇 is given by

𝑇 = 𝛼2 + 3𝑆/𝜋𝑙24√𝜋√𝑆 . (17)

It is easy to show that the mass, entropy, and the temperature
of the black hole obey the first law of black hole thermody-
namics:

𝑑𝑀 = 𝑇𝑑𝑆. (18)

To study the thermodynamical stability of the black hole, let
us calculate the heat capacity:

𝐶 = 𝑇 𝜕𝑆𝜕𝑇 = 𝜕𝑀𝜕𝑇 = 2𝑙2𝜋𝑟2+ (3𝑟2+/𝑙2 + 𝛼2)3𝑟2+ − 𝑙2𝛼2 . (19)

We can see that the heat capacity is positive when 𝑟+ > 𝑙𝛼/√3,
negative when 𝑟+ < 𝑙𝛼/√3, and divergent when 𝑟+ = 𝑙𝛼/√3.
This means that the black hole is locally thermodynamically
unstable for small horizons with 𝑟+ < 𝑙𝛼/√3, while it is
locally thermodynamically stable for large horizons with 𝑟+ >𝑙𝛼/√3. Figure 1 shows the temperature-entropy relation. And
it is easy to see that the small entropy is thermodynamically
unstable, while the large entropy is thermodynamically stable.

The Hawking temperature (15) can be reexpressed as

3𝑙2 𝑟2+ − 4𝜋𝑘𝐵𝑇𝑟+ + 𝛼2 = 0. (20)

Through this relation, we can see that there exists a minimal
temperature as

𝑇min = 𝛼√32𝜋𝑙 . (21)

In that case, corresponding horizon radius is given by

𝑟0 = 𝛼𝑙√3 . (22)
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Figure 1: The black hole temperature in terms of entropy. The dashed green line represents the Hawking-Page transition temperature, while
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Figure 2: The Helmholtz free energy of the black hole as a function of temperature 𝑇. The dashed green line stands for the Hawking-Page
transition temperature, while the solid red line represents the minimal temperature.

When 𝑇 > 𝑇min, for a given temperature, there are two black
hole horizons:

𝑟𝑙,𝑠 = 𝛼2𝑇2𝜋𝑇2min
(1 + √1 − 𝑇2min𝑇2 ) . (23)

The small black hole with negative heat capacity is thermo-
dynamically unstable, while the larger one with positive heat
capacity is thermodynamically stable.

With the mass, entropy, and temperature, the Helmholtz
free energy is easily calculated as

𝐹 = 𝑀 − 𝑇𝑆 = 14𝑟+ (−𝑟2+𝑙2 + 𝛼2) . (24)

According to the above, we can easily see that the free energy
is equivalent to the Euclidean action by setting the pure AdS
vacuum in Poincare coordinates as a ground state. We can
see from the free energy that the free energy is positive when𝑟+ < 𝑙𝛼, while it is negative when 𝑟+ > 𝑙𝛼. It implies that
the black hole is globally thermodynamically unstable when𝑟+ < 𝑙𝛼, while it is globally thermodynamically stable when

𝑟+ > 𝑙𝛼. Namely, there is a Hawking-Page phase transition
when the free energy vanishes and 𝑟+ = 𝑙𝛼. The Hawking-
Page transition temperature is given by

𝑇HP = 𝛼𝜋𝑙 . (25)

When 𝑇 > 𝑇HP, the system is dominated by the black hole
solution; while it is dominated by a thermal gas solution as𝑇 < 𝑇HP. When 𝑇 = 𝑇HP, the Hawking-Page transition hap-
pens between the black hole phase and thermal gas phase.

From (21) and (25), we can see that the phantom scalar
field has some effect on the thermodynamic stability and the
Hawking-Page transition temperature through the parameter𝛼. But the ratio between these two temperatures,

𝐷 = 𝑇HP𝑇min
= 2√33 , (26)

is independent of the parameter 𝛼.The ratio is the same as the
one for the case of theAdS Schwarzschild black hole.We show
the free energy of the black hole as a function of temperature
in Figure 2.
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4. Entanglement Entropy and
Hawking-Page Transition

For a quantum mechanical system with many degrees of
freedom, we separate the total system into two subsystems 𝐴
and 𝐵. The Hilbert space of the total system can be expressed
by the direct product of the two subsystems 𝐴 and 𝐵 as𝐻total = 𝐻𝐴⨂𝐻𝐵. For the observer who is only accessible to
subsystem𝐴, because the information of 𝐵 cannot be directly
observed, the total system is described by reduced density
matrix 𝜌𝐴: 𝜌𝐴 = tr𝐵𝜌total, (27)

where the trace is taken only over the Hilbert space of
subsystem 𝐵. The entanglement entropy of the subsystem 𝐴
is defined as 𝑆𝐴 = −tr𝐴𝜌𝐴 log 𝜌𝐴. (28)

Usually it is very difficult to calculate entanglement entropy
in quantum field theory. However, the AdS/CFT correspon-
dence provides a powerful tool to calculate the entanglement
entropy for a strong coupling conformal field theory in a
simple way. Suppose that the boundary of the subsystem 𝐴 is𝜕𝐴 in the boundary of the AdS space-time.The entanglement
entropy of the subsystem 𝐴 is given by the following formula
[27]:

𝑆𝐴 = Area (𝛾𝐴)4𝐺 , (29)

where𝐺 is the Newton gravitational constant in the AdS bulk
and 𝛾 is the minimal surface extended into the bulk with
boundary 𝜕𝛾 = 𝜕𝐴.

Now we will take formula (29) to calculate the entangle-
ment entropy of the conformal field theory dual to the AdS
black hole solution given by (10). To study the entanglement
entropy, we should choose a proper region for 𝐴. Here we
consider a rectangular strip parameterized by the boundary
coordinates 𝑥 and 𝑦, and we assume 𝑦-direction is infinitely
extended and direction 𝑥 has width ℓ. Thus we can use 𝑥 to
parameterize the minimal surface.

With the help of (6) and (29), we can obtain the area of
the minimal surface for the strip geometry as follows:

Area (𝛾𝐴) = 𝐿∫ℓ/2
−ℓ/2

𝑑𝑥√ (𝑟)2𝑓 (𝑟) + 𝑟, (30)

where 𝑟 = 𝑑𝑟/𝑑𝑥 and 𝐿 is the length along 𝑦-direction,
which will be set to be unity in what follows. Note that the
integrand in (30) does not depend explicitly on 𝑥. We can
derive the equation of motion of 𝑟(𝑥) as

4𝑟 (𝑥)2 𝑓 (𝑟)2 − 2𝑓 (𝑟) 𝑟 (𝑥)2 + 𝑟 (𝑥) 𝑟 (𝑥)2 𝑓 (𝑟)
− 2𝑓 (𝑟) 𝑟𝑟 (𝑥) = 0. (31)

Due to the symmetry of the minimal surface, obviously we
have 𝑟 (0) = 𝑟0,

𝑟 (0) = 0, (32)

at the returning point 𝑟 = 𝑟0 where 𝑥 = 0. With condition
(32), we can solve (31) numerically and obtain function 𝑟(𝑥).
Then substituting 𝑟(𝑥) into (30), we can get the entanglement
entropy. It is found that the entanglement entropy is always
divergent. In order to get more meaningful physically results,
we introduce an ultraviolet cut-off. Here we are interested
in the regularized entropy 𝛿𝑆 = 𝑆 − 𝑆0, where 𝑆0 is the
entanglement entropy for the same geometry, but the bulk
is the pure AdS space in Poincare coordinates, which is also
calculated with numerical method. In Figure 3, as typical
examples, we plot the regularized entanglement entropy
versus the temperature of the black hole in the cases ℓ = 0.6,ℓ = 1.2 and 𝛼2 = 1, 𝛼2 = 2, the corresponding ultraviolet
cut-off is set to be 𝑟(0.59), 𝑟(1.19). Comparing Figure 3
with Figure 1, we find that the behavior of the entanglement
entropy is quite similar to that of the black hole entropy,
and the corresponding minimal temperatures 𝑇min, which is
shown by solid red line in Figure 3, are the same as those in
Figure 1.

In Figure 3, we also show the Hawking-Page transition
temperature with dashed green line. With (26), it shows that
the ratio between the minimal temperature and Hawking-
Page transition temperature also keeps valid in the behavior
of the entanglement entropy. In addition, we notice that, with
the change of the width ℓ, the entanglement entropy changes
consequently, but the phase structure of the entanglement
entropy does not changes and the minimal temperature does
not change.We can therefore conclude that the entanglement
entropy can indeed reveal the phase structure of the AdS
phantom black hole.

5. Discussion and Conclusions

Black hole physics is one of important topics in general
relativity and quantum gravity. Thermodynamics, quantum
mechanics, statistical physics, and information theory are
entangled with each other in black hole thermodynamics.
It is generally believed that to completely understand black
hole thermodynamics will be greatly helpful to establish a
self-consistent quantum gravity theory. In this respect, the
AdS black hole might play a central role since the AdS/CFT
correspondence relates a quantum gravity in AdS space-
time to a conformal field theory in the AdS boundary. In
this paper, we have presented an AdS black hole solution
with Ricci flat horizon in Einstein-phantom scalar theory.
The phantom scalar fields only depend on the transverse
coordinates 𝑥 and 𝑦 and are parameterized by the parameter𝛼 (see (9)). However, we noticed that the parameter 𝛼 can be
renormalized to be one by the following rescaling:

𝑡 → 𝑡𝛼 ,
𝑟 → 𝛼𝑟,

(𝑥, 𝑦) → (𝑥, 𝑦)𝛼 ,
𝑀 → 𝛼3𝑀.

(33)



6 Advances in High Energy Physics

0.04 0.06 0.08 0.100.02
S

0.25

0.30

0.35

0.40
T
＜
Ｂ

0.25

0.30

0.35

0.40

T
＜
Ｂ

0.2 0.3 0.40.1
S

0.10 0.15 0.20 0.25 0.300.05
S

0.3

0.4

0.5

0.6

0.7

T
＜
Ｂ

0.3

0.4

0.5

0.6

0.7

T
＜
Ｂ

0.4 0.6 0.8 1.00.2
S


2
= 1, l = 0.6 

2
= 1, l = 1.2


2
= 2, l = 1.2

2
= 2, l = 0.6

Figure 3: The regularized entanglement entropy versus the black hole temperature. The dashed green line represents the Hawking-Page
transition temperature, while the solid red line stands for the minimal temperature.

With the rescaling (33), the black hole solution can be
rewritten as

𝑑𝑠2 = −𝑔 (𝑟) 𝑑𝑡2 + 𝑔−1 (𝑟) 𝑑𝑟2 + 𝑟2 (𝑑𝑥2 + 𝑑𝑦2) , (34)

with

𝑔 (𝑟) = 1 + 𝑟2𝑙2 − 2𝑀𝑟 . (35)

Comparing this black hole solution with the AdS Schwarz-
schild black hole,

𝑑𝑠2 = −𝑔 (𝑟) 𝑑𝑡2 + 𝑔−1 (𝑟) 𝑑𝑟2
+ 𝑟2 (𝑑𝜃2 + sin2𝜃𝑑𝜑2) , (36)

we note that the only difference is the replacement of the 2-
dimensional Euclidean space 𝑅2 by the 2-dimensional sphere𝑆2.

Indeed we have found that although its horizon structure
is Ricci flat, the AdS black hole with phantom scalar has
qualitatively same thermodynamic properties as those of AdS
Schwarzschild black hole: there exists a minimal temperature
and small black hole is thermodynamically unstable, while
large black hole is thermodynamically stable. And in partic-
ular, the Hawking-Page phase transition can happen between
the AdS phantom black hole and the thermal gas solution in
AdS space-time in Poincare coordinate.

Further we have calculated the entanglement entropy of
dual conformal field theory for a strip geometry in the AdS
boundary by the Ryu-Takayanagi proposal. It was found that
the behavior of the entanglement entropy is also qualitatively
the same as that of the thermodynamical entropy of the
black hole. This example further supports that the black
hole entropy might indeed be interpreted as entanglement
entropy. On the other hand, it also indicates entanglement
entropy is indeed a good probe to phase structure and phase
transition in black hole thermodynamics.
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We discuss a derivation of the quadratic in fields part of action of bottom-up holographic models from some general properties
of the large-𝑁𝑐 limit in QCD.The importance of rescaling of five-dimensional fields is emphasized using the soft wall model as an
example.

1. Introduction

The physics of hadrons composed of light quarks are highly
nonperturbative as these hadrons represent strongly coupled
systems. Some time ago, an interesting proposal of analytical
approach to the strongly coupled gauge theories came from
the string theory, the hypothesis of AdS/CFT correspondence
[1] (also referred to as gauge/gravity duality or holographic
duality). It turns out that a description of certain strongly
coupled gauge theories can be given in terms of weakly
coupled higher-dimensional gravitational theories.The holo-
graphic ideas have penetrated into many branches of modern
theoretical physics. In the hadron spectroscopy, these ideas
are challenging, since the AdS/CFT correspondence provides
a practical recipe for calculation of correlation functions in
strongly coupled gauge theories.The calculation is performed
via the semiclassical expansion of the action of higher-
dimensional dual theories [2]. This can have a direct applica-
tion to the hadron spectroscopy: the masses of hadron states
appear as poles of correlation functions of QCD currents
interpolating those states.

The concrete holographic prescription is as follows [2].
All correlation functions of a 4D field theory can be obtained
from the generating functional of the connected correlators𝑊4D[𝜑0(𝑥)] which depends on the sources 𝜑0(𝑥) for the
4D field theory operators. If we know the action 𝑆5D of

dual theory, the holographic correspondence postulates the
identification:

𝑊4D [𝜑0 (𝑥)] = 𝑆5D [𝜑 (𝑥, 𝜖)] . (1)

By assumption, the 5D dual theory is in the weakly coupled
regime. This implies an important consequence: as the first
approximation, one may consider only the quadratic terms
in 𝑆5D and use the semiclassical analysis. The calculation of𝑛-point correlators consists thus in evaluation of 𝑆5D on a
solution of equation ofmotion and subsequent differentiation𝑛 times with respect to boundary values of 5D fields.

The bottom-up holographic approach represents an
attempt to apply the holographic ideas to QCD. The corre-
spondingmodels try to describe the nonperturbative dynam-
ics of strong interactions in terms of a putative semiclassical
five-dimensional theory. The first versions of bottom-up
models, the so-called Hard Wall (HW) models [3, 4], had a
problemwith description of linear Regge and radial spectrum
(𝑚𝑛 ∼ 𝑛 instead of the behavior 𝑚2𝑛 ∼ 𝑛 expected in the
phenomenology and on some theoretical grounds). The
construction of the soft wall (SW) holographic model [5]
solved this problem.

There is still no consensus on why the bottom-up holo-
graphic models turned out to be unexpectedly successful in
the phenomenology. This success looks surprising and a bit
enigmatic. An inherent property of the holographic duality
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is the large-𝑁𝑐 (planar) limit of gauge theories [6, 7]. It is
believed therefore that all AdS/QCD models are models for
the planar QCD, where mesons represent stable and freely
propagating particles (their interactions and decays are sup-
pressed by powers of 1/𝑁𝑐 [6, 7]). Within a hypothetical dual
theory, the corresponding mass spectrum should emerge in
the weak coupling regime; that is, in the first approximation,
it must be determined by a quadratic in fields part of action.

The purpose of this work is to demonstrate explicitly that
the quadratic in fields parts of actions of typical bottom-
up holographic models follows directly from some general
expectations about the behavior of correlation functions in
the large-𝑁𝑐 limit of QCD. Partly, this analysis was done
in [8]. But the derivation in [8] did not take into account
the fact that, in general case, one must use rescaled (with
respect to the holographic coordinate) fields in order to have
finite sources. This is especially important for the scalar and
tensor mesons, since it leads to different mass spectra. In
the present work, we fix this drawback and provide more
justified expressions for meson spectra of SW model. As a
byproduct, we also demonstrate the importance of “weak
gravity” approximation which allows replacing the covariant
derivatives by the usual ones and using an important relation
for the 5D mass as a function of spin.

2. The Large-𝑁𝑐 QCD as a
Kaluza-Klein Reduction

We recall some general results from the analysis of QCD in
the limit of large number of colors 𝑁𝑐 [6, 7]. The meson
masses scale as 𝑚 ∼ 𝑁0𝑐 and their full decay widths do asΓ ∼ 𝑁−1𝑐 . The decay widths thus disappear in the limit of
large 𝑁𝑐. Since the meson masses vary slightly with 𝑁𝑐,
this limit is often useful in the meson spectroscopy. In the
extreme case 𝑁𝑐 → ∞, the mesons are infinitely narrow
and noninteracting; in addition, an infinite number of states
emerge for each set of quantum numbers. Such an infinite
tower of resonance poles saturates completely the two-
point correlation function of quark currents with quantum
numbers 𝐼𝐺(𝐽𝑃𝐶) corresponding to the given tower:

⟨O𝐽 (𝑞)O𝐽 (−𝑞)⟩ ∼ ∞∑
𝑛=0

(𝐹(𝐽)𝑛 )2
𝑞2 − 𝑚2𝑛,𝐽 + 𝑖𝜀 . (2)

With the help of functional integral formalism, this is de-
scribed by the following action with source terms:

𝐼[O𝐽] = (−1)𝐽 ∫𝑑4𝑥∞∑
𝑛=0

(𝜕𝜇𝜙(𝑛)𝐽 𝜕𝜇𝜙𝐽(𝑛) − 𝑚2𝑛,𝐽𝜙(𝑛)𝐽 𝜙𝐽(𝑛)
+ ⋅ ⋅ ⋅ + 𝜙𝐽(𝑛)O(𝑛)𝐽 ) .

(3)

Here, 𝜙𝐽 ≐ 𝜙𝜇1𝜇2⋅⋅⋅𝜇𝐽 , 𝜇𝑖 = 0, 1, 2, 3 (the sign conven-
tion is (+− − −)), corresponds to a meson field of spin𝐽 and the other quantum numbers are unspecified. The
tensor 𝜙𝐽 is symmetric and traceless, 𝜙𝜇𝜇⋅⋅⋅ = 0 (to provide
the irreducible (𝐽/2, 𝐽/2) representation of the homoge-
neous Lorentz group), and satisfies the auxiliary condition

𝜕𝜇𝜙𝜇⋅⋅⋅ = 0 (to give the required 2𝐽 + 1 physical degrees
of freedom). The dots denote additional derivative terms
appearing in description of free higher spin fields. The
auxiliary conditions can be chosen in such a way that they do
not make a contribution (to be discussed below). The tensor
structure in the right-hand side of representation (2) depends
on the structure of derivative terms. The sources O(𝑛)𝐽 can be
represented as

O
(𝑛)
𝐽 = 𝐹(𝐽)𝑛 O𝐽, (4)

where the constants 𝐹(𝐽)𝑛 are defined by

⟨0 O(𝑛)𝐽  𝜙(𝑛)𝐽 ⟩ = 𝐹(𝐽)𝑛 𝜀𝐽 (5)

for a meson 𝜙(𝑛)𝐽 with “polarization” 𝜀𝐽 and O𝐽 is a common
source to which the states 𝜙𝐽

(𝑛)
are coupled with a “coupling”

𝐹(𝐽)𝑛 . Representation (4) follows from the requirement to get
the standard form for two-point correlators: integrating over
the field 𝜙𝐽 in the generating functional

𝑍 [O𝐽] = ∫D𝜙𝐽𝑒𝐼[O𝐽] , (6)

and differentiating twice with respect to O𝐽 at O𝐽 = 0, one
arrives at the sum over meson poles (2).

Our task is to rewrite expression (3) as a Kaluza-Klein
reduction of action of some free 5D theory. We will look for
the corresponding 5D actions in the form

𝑆5D = (−1)𝐽
⋅ ∫ 𝑑4𝑥 𝑑𝑧𝑓1 (𝑧) (𝜕𝑀𝜑𝐽𝜕𝑀𝜑𝐽 − 𝑚2𝐽𝑓2 (𝑧) 𝜑𝐽𝜑𝐽) , (7)

where 𝑀 = 0, 1, 2, 3, 4, 𝜑𝐽 = 𝜑𝑀1𝑀2 ⋅⋅⋅𝑀𝐽(𝑥, 𝑧), and 𝑓1(𝑧)
and 𝑓2(𝑧) are yet unknown functions of the fifth (space-like)
coordinate 𝑧.We start from a flat 5D space having boundaries
in the fifth coordinate, 𝑧min ≤ 𝑧 ≤ 𝑧max. Action (7) contains a𝑧-dependent background that is different for the kinetic and
mass terms.

We will imply the following condition for the physical
components of 5D fields,

𝜑𝑧⋅⋅⋅ = 0. (8)

With this condition, no additional quadratic terms appear in
description of free higher spin mesons [5, 9, 10].

The equation of motion for action (7) with condition (8)
is

− 𝜕𝑧 [𝑓1 (𝑧) 𝜕𝑧𝜑(𝐽)𝑛 (𝑧)] + 𝑓1 (𝑧) 𝑓2 (𝑧)𝑚2𝐽𝜑(𝐽)𝑛 (𝑧)
= 𝑚2𝑛,𝐽𝑓1 (𝑧) 𝜑(𝐽)𝑛 (𝑧) , (9)

where we used the usual plane-wave ansatz for the physical
4D particles carrying the 4D momentum 𝑞𝑛:

𝜑 (𝑥, 𝑧) = 𝑒𝑖𝑞𝑛𝑥𝜑𝑛 (𝑧) ,
𝑞2𝑛 = 𝑚2𝑛.

(10)
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After imposing boundary conditions on the fields, (9) repre-
sents a classical Sturm-Liouville (SL) problem. Consider the
following mathematical problem: given a spectrum 𝑚2𝑛,𝐽 in
(3), find the functions 𝑓1(𝑧) and 𝑓2(𝑧) which, being inserted
in (9), would lead to eigenvalues 𝑚2𝑛,𝐽. The solution of this
“inverse” SL problem constitutes the main intermediate step
in rewriting action (3) with sources as some free 5D field
theory.

First, we recall briefly the main results of the SL theory.
The SL equation is

−𝜕𝑧 [𝑝 (𝑧) 𝜕𝑧𝜑] + 𝑞 (𝑧) 𝜑 = 𝜆𝜔 (𝑧) 𝜑. (11)

Here the function 𝑝(𝑧) > 0 has a continuous derivative; the
functions 𝑞(𝑧) > 0 and 𝜔(𝑧) > 0 are continuous on the
finite closed interval [𝑧min, 𝑧max]. The SL problem consists
in finding the values of 𝜆 for which there exists a nontrivial
solution of (11) satisfying certain boundary conditions. Under
the assumptions that 𝑝(𝑧)−1, 𝑞(𝑧), and 𝜔(𝑧) are real-valued
integrable functions over the interval [𝑧min, 𝑧max], with the
boundary conditions of the form

𝜑 (𝑧min) cos𝛼 − 𝑝 (𝑧min) 𝜑 (𝑧min) sin𝛼 = 0, (12)

𝜑 (𝑧max) cos𝛽 − 𝑝 (𝑧max) 𝜑 (𝑧max) sin𝛽 = 0, (13)

where 𝛼, 𝛽 ∈ [0, 𝜋) and prime means derivative, the SL
theorem states that (i) there is an infinite discrete set of real
eigenvalues 𝜆𝑛, 𝑛 = 0, 1, 2, . . ., (ii) up to a normalization con-
stant, there is a unique eigenfunction 𝜑𝑛(𝑧) corresponding to
each eigenvalue 𝜆𝑛 and this eigenfunction has exactly 𝑛 − 1
zeros in [𝑧min, 𝑧max], and (iii) the normalized eigenfunctions
form an orthonormal basis:

∫𝑧max

𝑧min

𝜑𝑚 (𝑧) 𝜑𝑛 (𝑧) 𝜔 (𝑧) 𝑑𝑧 = 𝛿𝑚𝑛. (14)

Thus the solutions of the SL problem form a complete set of
functions in the interval [𝑧min, 𝑧max] which can be used for
expansion of arbitrary (but sufficiently smooth) functions in
that interval.

Under these conditions, the SL problem (9) has solutions𝜑(𝐽)𝑛 (𝑧) which are normalized as

∫𝑧max

𝑧min

𝑓1 (𝑧) 𝜑(𝐽)𝑚 (𝑧) 𝜑(𝐽)𝑛 (𝑧) 𝑑𝑧 = 𝛿𝑚𝑛 (15)

and form a complete set of functions. The function 𝜑𝐽(𝑥, 𝑧)
in (7) can be expanded in the 4D harmonics:

𝜑𝐽 (𝑥, 𝑧) = ∞∑
𝑛=0

𝜙(𝑛)𝐽 (𝑥) 𝜑(𝐽)𝑛 (𝑧) . (16)

Now we substitute expansion (16) into action (7):

𝑆5D = (−1)𝐽 ∫𝑑4𝑥𝑑𝑧𝑓1 (𝑧) ∞∑
𝑚,𝑛=0

{𝜑(𝐽)𝑚 𝜑(𝐽)𝑛 𝜕𝜇𝜙(𝑚)𝐽 𝜕𝜇𝜙(𝑛)𝐽
− 𝜙(𝑚)𝐽 𝜙(𝑛)𝐽 𝜕𝑧𝜑(𝐽)𝑚 𝜕𝑧𝜑(𝐽)𝑛
− 𝑚2𝐽𝑓2 (𝑧) 𝜑(𝐽)𝑚 𝜑(𝐽)𝑛 𝜙(𝑚)𝐽 𝜙(𝑛)𝐽 } .

(17)

Integrating by parts and making use of (9), the second term
in action (17) can be rewritten as (dropping the general factor−𝜙(𝑚)𝐽 𝜙(𝑛)𝐽 )

∫𝑧max

𝑧min

𝑑𝑧𝑓1 (𝑧) 𝜕𝑧𝜑(𝐽)𝑚 𝜕𝑧𝜑(𝐽)𝑛
= 𝜑(𝐽)𝑚 𝑓1 (𝑧) 𝜕𝑧𝜑(𝐽)𝑛 𝑧max

𝑧min

+ ∫𝑧max

𝑧min

𝑑𝑧 𝜑(𝐽)𝑚 𝜑(𝐽)𝑛 𝑔𝐽 (𝑧) (𝑚2𝑛,𝐽 − 𝑓2 (𝑧)𝑚2𝐽) .
(18)

Integrating over 𝑧 in action (17) with the help of (15) and (18),
we obtain

𝑆5D = (−1)𝐽 ∫𝑑4𝑥∞∑
𝑛=0

{(𝜕𝜇𝜙𝐽(𝑛))2 − 𝑚2𝑛,𝐽 (𝜙𝐽(𝑛))2

− 𝜙𝐽(𝑛)𝑓1 (𝑧) 𝜕𝑧𝜑(𝐽)𝑛 𝜑𝐽 (𝑥, 𝑧)𝑧max

𝑧min
} ,

(19)

with 𝜑𝐽(𝑥, 𝑧) given by (16). Action (19) has the form of (3) if
we identify

O
(𝑛)
𝐽 = − 𝑓1 (𝑧) 𝜕𝑧𝜑(𝐽)𝑛 𝜑𝐽 (𝑥, 𝑧)𝑧max

𝑧min
. (20)

The classical Kaluza-Klein reduction corresponds to
O
(𝑛)
𝐽 = 0. But the case O(𝑛)𝐽 ̸= 0 is possible as well. And this

very possibility turns out to be equivalent to the holographic
prescription for obtaining 4D Green’s functions.

Choosing 𝛽 = 0 or 𝛽 = 𝜋/2 in the boundary condition
(13), we can nullify the term at 𝑧 = 𝑧max in (20). Note
in passing that for the vector mesons the first possibility is
actually realized in the SW holographic models [5], where𝑧max → ∞, while the second one is realized in the HW
models [3, 4], where 𝑧max is the infrared cutoff. Thus,

O
(𝑛)
𝐽 = lim
𝑧→𝑧min+0

𝑓1 (𝑧) 𝜕𝑧𝜑(𝐽)𝑛 (𝑧) 𝜑𝐽 (𝑥, 𝑧) . (21)

3. From Large-𝑁𝑐 QCD to Bottom-up
Holographic Models

Action (7) can be rewritten as a “weakly coupled” 5D
gravitational theory of free field 𝜑𝐽 with the metric

𝑑𝑠2 = 𝑓2 (𝑧) (𝑑𝑥𝜇𝑑𝑥𝜇 − 𝑑𝑧2) , (22)

which dictates the corresponding metric tensor𝐺𝑀𝑁 and the
background function 𝑓1(𝑧):

𝑓1 (𝑧) = √det𝐺𝑀𝑁 = 𝑓5/22 (𝑧) . (23)

Wemust impose the covariant rule for contraction of indices:

𝜕𝑀𝜑𝐽𝜕𝑀𝜑𝐽
= 𝜕𝑀𝜑𝑀1 ⋅⋅⋅𝑀𝐽𝜕𝑀𝜑𝑀1 ⋅⋅⋅𝑀𝐽𝐺𝑀𝑀𝐺𝑀1𝑀1 ⋅ ⋅ ⋅ 𝐺𝑀𝐽𝑀𝐽 ,

(24)
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where

𝐺𝑀𝑁 = 𝐺−1𝑀𝑁 = 𝑓−12 (𝑧) 𝜂𝑀𝑁. (25)

This can be achieved only if the function 𝑓1(𝑧) in (23) is
replaced by the 𝐽-dependent background:

𝑓(𝐽)1 (𝑧) = 𝑓(3/2)−𝐽2 (𝑧) . (26)

All this just rearranges the notations but does not change our
discussions above.

The choice

𝑓2 (𝑧) = 𝑅2𝑧2 , 0 ≤ 𝑧 < ∞ (27)

in (22) corresponds to the AdS space of radius 𝑅. This choice
will be exploited in what follows to find connections with the
holographic approach.

Now we should identify the general source O𝐽. The
identification must provide finite and nonzero values for
constants 𝐹(𝐽)𝑛 in representation (4). Our prescription is

O𝐽 = 𝑧𝑓(𝐽)1 𝜑𝐽𝑐 ∼ 𝑧2(𝐽−1)𝜑𝐽𝑐 , (28)

𝐹(𝐽)𝑛 = lim
𝑧→+0

𝑐𝜕𝑧𝜑(𝐽)𝑛 (𝑧)
𝑧 . (29)

The eigenfunctions 𝜑(𝐽)𝑛 (𝑧) in the AdS space behave as 𝑧2
at small 𝑧 for the twist-2 operators, that is, when relation
(36) holds [8]. This ensures constant values for 𝐹(𝐽)𝑛 in (29).
The appearance of factor 𝑐 is due to freedom to redefine𝐹𝑛 → 𝑐𝐹𝑛 and O → O/𝑐, where the parameter 𝑐 can
be fixed by matching to the high energy asymptotics of
the corresponding QCD correlators. For the case of vector
mesons, our way of getting relation (29) is alternative (up to
a general factor depending on normalization of fields) to the
derivation of [3].

Relation (28) shows that if we want, following the AdS/
CFTprescriptions, to interpret the source as a finite boundary
value of a 5D field, 𝜑𝐽(𝑥, +0) = O𝐽, wemust rescale the higher
spin (𝐽 > 1) fields:

𝜑𝐽 = 𝑧2(1−𝐽)𝜑𝐽. (30)

In this sense, the physical tensor field is the rescaled one,𝜑𝐽. This statement was obtained in [9] using a different ap-
proach.

Now we see that the holographic prescription for calcula-
tion of correlation functions in a 4D theory from a “dual” 5D
theory is completely reconstructed on the level of quadratic in
fields actions. The higher vertices (describing meson decays
and scattering) are suppressed in the large-𝑁𝑐 limit and we
therefore do not consider them.

Some clarifying remarks should be made. Since the AdS
space is not flat, the usual derivatives must be replaced by the

covariant ones in the case of tensor mesons. However, the
holographic duality for strongly coupled 4D theories works
only if the dual 5D theories are weakly coupled. This means
that we should use the “weak gravity” limit (very large AdS
radius) as the first approximation. In this limit, the affine
connections are neglected as the AdS space locally is almost
flat. This justifies the use of usual derivatives for higher spin
mesons in our analysis.

The second remark concerns the standard statement that
the spectrum of the HW model depends on the boundary
conditions. Indeed, the Dirichlet boundary conditions that
have been used since the pioneering papers [3, 4] correspond
to the choice 𝛽 = 𝜋/2 in (13) and seemingly one could use any
other choice for𝛽.There is, however, a subtle point here.With
other choices, generally speaking, the boundary contribution
at 𝑧 = 𝑧max is not zero. This means the appearance of the
second source that would look strange for the standard func-
tional technics (the existence of two sources is not necessarily
senseless in the real strong interactions, where the physical
degrees of freedom at low and high energies are different
(pseudo-Goldstone bosons versus quarks and gluons). For
instance, the quark vector current 𝑞→𝜏𝛾𝜇𝑞 interpolates the 𝜌-
meson at high enough energies, where the current quarks are
well defined. At low enough energies, the 𝜌-meson could be
considered as a two-pion state interpolated by the current
𝜋𝑎→𝜏←→𝜕𝜇𝜋𝑏. The ultraviolet and infrared sources should be
then different as long as the physical degrees of freedom are
different. As far as we know, this possibility was not exploited
in the bottom-up approach).

The last remark concerns the choice of background in the
5D action. It can be shown that if we want to reproduce the
linear Regge spectrum and simultaneously the correct analyt-
ical structure of the operator product expansion of the two-
point correlators, the background is fixed unambiguously; it
corresponds to nothing but the SWmodel to be discussed in
the next section. The corresponding analysis is presented in
detail in [8].

4. Spectrum of the Soft Wall Model

An attractive feature of the SW holographic models is the
Regge spectrum formesonmasses [5].Theoriginal derivation
of [5] was based on gauge higher spin fields. Condition
(8) was interpreted as a gauge choice. A residual invariance
after imposing (8) (that canceled the additional derivative
terms) allowed eliminating the mass term for the rescaled
fields (30). Below we reproduce the Regge spectrum of [5]
using the massive higher spin fields and our discussions
above.

The action of SWmodel is a particular case of (7) written
in the AdS space:

𝑆5D = (−1)𝐽
⋅ ∫ 𝑑4𝑥𝑑𝑧√|det𝐺|𝑒𝑎𝑧2 (𝜕𝑀𝜑𝐽𝜕𝑀𝜑𝐽 − 𝑚2𝐽𝜑𝐽𝜑𝐽) , (31)
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where the dilaton background 𝑒𝑎𝑧2 was introduced to get
the Regge spectrum. Substituting the rescaled field (30) and
lowering all indices, we find

𝑆5D = (−1)𝐽 𝑅2𝐽−1 ∫𝑑4𝑥𝑑𝑧 𝑒𝑎𝑧2 {(𝜕𝑀𝜑𝐽)2 𝑧1−2𝐽
− ((2 − 2𝐽)2 + 𝑚2𝐽𝑅2) 𝑧−1−2𝐽𝜑2𝐽
− 4 (1 − 𝐽) 𝑧−2𝐽𝜑𝐽𝜕𝑧𝜑𝐽} .

(32)

The corresponding equation of motion for physical modes
(10) reads

− 𝜕𝑧 [ 𝑒𝑎𝑧2𝑧2𝐽−1 𝜕𝑧𝜑𝑛,𝐽] + 𝑚2𝐽𝑅2 − 4 (𝐽 − 1)
𝑧2𝐽+1 𝑒𝑎𝑧2𝜑𝑛,𝐽

= 𝑚2𝑛,𝐽 𝑒𝑎𝑧
2

𝑧2𝐽−1𝜑𝑛,𝐽.
(33)

The SL equation (33) has the following discrete spectrum:

𝑚2𝑛,𝐽 = 2 |𝑎|
⋅ [2𝑛 + 1 + 𝑎|𝑎| (1 − 𝐽) + √𝐽2 + 𝑚2𝐽𝑅2 − 4 (𝐽 − 1)] . (34)

This spectrum depends on the 5D mass 𝑚𝐽. The free 𝑝-form
fields in the AdS5 space have masses𝑚2𝑝𝑅2 = (Δ − 𝑝)(Δ + 𝑝 −4). As was shown in [10], condition (8) leads to decoupling
of kinematical aspects and the symmetric tensors of rank𝑝 (describing mesons of spin 𝑝) obey the same equation
as the 𝑝-form fields. In the “weak gravity” approximation,
this results in the following 5D mass of higher spin fields
propagating in the AdS5 space [10, 11]:

𝑚2𝐽𝑅2 = (Δ − 𝐽) (Δ + 𝐽 − 4) , (35)

where Δ is the canonical dimension of operator in a 4D
field theory. This operator is regarded as being dual to a
corresponding 5D field on the AdS boundary.

The spectrum of the original SW model [5] corresponds
to the operators of twist-2; that is, Δ = 𝐽 + 2. Substituting this
dimension into (35), we have

𝑚2𝐽𝑅2Δ=𝐽+2 = 4 (𝐽 − 1) . (36)

Spectrum (34) reduces then to the spectrum of [5]:

𝑚2𝑛,𝐽 = 2 |𝑎| [2𝑛 + 𝐽 + 1 + 𝑎|𝑎| (1 − 𝐽)] . (37)

As was noticed in [5], the spectrum does not depend on
spin if 𝑎 > 0. The standard SW model has 𝑎 < 0 and this
choice dictates a remarkably simple Regge spectrum 𝑚2𝑛,𝐽 =4|𝑎|(𝑛 + 𝐽) which coincides with the spectrum of poles of the
Veneziano amplitude.

In fact, only the 5Dmass (36) is to be substituted into (34)
because if the twist is different from 2, then prescriptions (28)
and (29) must be changed since a constant value of the source

on the boundary 𝑧 = 0 is provided by a different rescaling
rule. This becomes especially important in the scalar sector.
The case 𝐽 = 0 in (37) formally corresponds to the spectrum
of mesons interpolated by a scalar operator of canonical
dimensionΔ = 2. But such a gauge-invariant operator cannot
be constructed in QCD, where the simplest scalar operator
is the twist-3 quark bilinear 𝑞𝑞. The corresponding 5D mass
for Δ = 3 is 𝑚2𝐽𝑅2 = −3 and the constant boundary value
of the scalar source requires rescaling 𝜑 → 𝑧𝜑 [3]. It can be
easily checked that the scalar spectrum coincides then with
the vector one in (37):

𝑚2𝑛,0Δ=3 = 4 |𝑎| (𝑛 + 1) . (38)

A 5D field dual on the boundary 𝑧 = 0 to a scalar operator of
twist-4 (such as the gluon operator 𝛼𝑠𝐺2𝜇]) does not require
rescaling; the corresponding mass spectrum is known to be

𝑚2𝑛,0Δ=4 = 2 |𝑎| [2𝑛 + 3 − 𝑎|𝑎|] . (39)

The phenomenology again favors the choice of negative
dilaton background: 𝑎 < 0.

For the purposes of phenomenological applications, it can
be interesting to construct an extension of the SW model
which leads to a shifted Regge spectrum, 𝑚2𝑛,𝐽 = 4|𝑎|(𝑛 + 𝐽 +𝑏), where 𝑏 is a phenomenological parameter regulating the
intercept of Regge and radial trajectories. Such an extension
was constructed in [12] for the vector case.Themethod of [12]
can be generalized to higher spins. We will not display the
derivation in detail and will just give the final answer that can
be checked by a direct calculation: the dilaton background
𝑒𝑎𝑧2 must be replaced by

𝑒𝑎𝑧2 → 𝑒𝑎𝑧2𝑈2 (𝑏, − |𝐽 − 1| ; |𝑎| 𝑧2) , (40)

where 𝑈 is Tricomi’s hypergeometric function.

5. Conclusion

In essence, we tried to demonstrate that the bottom-up
holographic approach to QCD represents nothing but a five-
dimensional language for expressing some general expecta-
tions from the large-𝑁𝑐 limit in QCD. This interpretation is
valid only for holographic actions quadratic in fields.

We emphasized the importance of rescaling of five-
dimensional fields for correct derivation of meson spectra.
The simplest SW holographic model was used as a typical
example.The action of SWmodel is purely phenomenological
and is constructed with the aim of getting the linear Regge
spectrum. It is not known which 5D dynamical model results
in the background 𝑒𝑎𝑧2 as a solution of 5D Einstein equations.
An “intermediate” dynamical model that leads to such a
background could look as follows:

𝑆 = ∫𝑑4𝑥 𝑑𝑧√𝑔 (𝜕𝑀𝜙𝜕𝑀𝜙 − 𝑚2𝜙2 + 𝑒𝜙L) , (41)

where the action is written in the AdS5 space and L
represents a Lagrangian density for the meson sector. The
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dilaton coupling in the form 𝑒𝜙L is typical in the string
theory. If the 5D mass squared𝑚2 of the dilaton field 𝜙 takes
the minimal value permitted in the AdS5 space, 𝑚2𝑅2 = −4
(the Breitenlohner-Freedman stability bound [13]) and one
neglects back-reaction fromL; then the equation of motion
for 𝜙will have a solution 𝜙 = 𝑎𝑧2.This solution leads to the 𝑧-
dependent background of SWmodel. Onemay speculate that
the dilaton field 𝜙 in (41) mimics the nonperturbative gluo-
dynamics. In the large-𝑁𝑐 limit, the gluon sector dominates.
For instance, the probability of creation of glueballs scales as
O(𝑁2𝑐 ), while that of mesons scales asO(𝑁𝑐) [6, 7]. We do not
see an abundant production of glueballs in the real world just
because we cannot create experimentally the corresponding
gluon currents. But theoretically the scaling O(𝑁2𝑐 ) of gluon
sector justifies neglecting back-reaction from L in the first
approximation. In any case, the simplest SW model should
be viewed as an approximation in which a dynamical dilaton
field is replaced by a static dilaton background dictated by the
phenomenology.

The use of the bottom-up models is much broader than
just modelling the hadron spectra; it includes description of
the spontaneous chiral symmetry breaking in QCD, hadron
form factors, QCD phase diagram, and so forth. The cor-
responding applications usually contain certain extensions
of simple bottom-up models that go beyond the large-𝑁𝑐
limit or have no clear connections with the planar QCD.
Establishing these connections is an open problem.
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We establish a construction of the bulk local operators in AdS by considering CFT at finite energy scale. Without assuming any
prior knowledge about the bulk, the solution to the bulk free field equation automatically appears in the field theory arguments.
In the radial quantization formalism, we find a properly regularized version of our initial construction. Possible generalizations
beyond pure AdS are also discussed.

1. Introduction

The AdS/CFT correspondence [1–4] implies a duality
between the quantumgravity in𝑑+1-dimensional anti-de Sit-
ter space and the𝑑-dimensional conformal field theorywhich
is defined on the boundary of AdS�푑+1. The AdS metric in the
Poincaré patch is given by

d𝑠2 = 1𝑧2 (d𝑧2 + 𝜂�휇]d𝑥�휇d𝑥]) , (1)

where the boundary is the 𝑑-dimensional flat space at 𝑧 =0. The relations between the boundary data of AdS and
the CFT quantities have been well established in [4] by the
field-operator correspondence. That is, the correlators of a
conformal primary operatorO(𝑥) in the CFT are reproduced
by the asymptotical data of a bulk field 𝜙 near the boundary.
However, the explicit CFT construction of the bulk local
degree of freedoms 𝜙(𝑥, 𝑧) inside the AdS space is not
well understood yet. The earlier attempts [5–7] suggested to
reconstruct 𝜙(𝑥, 𝑧) by propagating the bulk modes from the
bulk to the boundary, and then [8–10] showed that it is equiv-
alent to the smearing operator construction. In this letter,
we suggest a different construction based on almost purely
CFT arguments. In Section 2.1, we establish the construction
by considering CFT at finite energy scale. The possible

divergence and the prescription of regulator are discussed in
Section 2.2. Then in Section 3, we find that our construction
can get improved in the radial quantization formalism. We
summarize our main results in Section 4, and a possible way
of generalizing the construction beyond pure AdS is also
proposed there.

2. CFT Construction of Bulk Local Operators

2.1. Renormalized Primary at Finite Energy Scale. It has
been pointed out qualitatively [1–4, 11] that the bulk radial
direction 𝑧 is related to the energy scale in the dual field
theory. In order to reconstruct 𝜙(𝑥, 𝑧), the first candidate is to
consider in CFT the renormalized primary operator O(𝑥, 𝜇)
which is defined at a finite energy scale 𝜇. On the other hand,
the behaviors of a primary operator under the conformal
transformation have already been encoded in its conformal
family. Thus it is natural to expect, at least in the leading
order, that the renormalization of the primary operator at a
finite energy scale will lead to a mixing between the primary
operator and its descendants

O (𝑥, 𝜇) = 𝑍 (𝜇, 𝜕)O (𝑥) . (2)

For simplicity, we will only consider the scalar operator from
now on. It is also natural to require that the renormalized
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primary operator recovers the Lorentz properties and the
scaling dimension of the original primary.Thenwe find it can
only be in the following form:

O (𝑥, 𝜇) = 𝑍 (𝜇−2◻)O (𝑥) . (3)

Is it possible to fix the explicit form of 𝑍(𝜇−2◻) by
imposing certain renormalization condition? The idea is to
give the word “primary” a renormalized meaning. In the
usual CFT language, the definition of a primary operator
is equivalent to requiring that it transforms as a tensor
under conformal transformations. We also notice that the
renormalization scale 𝜇 will transform nontrivially under
conformal transformations. Thus a direct guess is that the
proper renormalization condition should be the following.
The renormalized primary transforms as a tensor under the
generalized conformal transformations including the energy
scale.

To address the generalized conformal transformations
including the energy scale, let us firstly review the realization
of conformal algebra on the 𝑥-space. Acting on the coordi-
nates𝑥�휇, the conformal generator can be expressed as follows:

𝑃�휇∘ = −𝑖𝜕�휇,
𝑀�휇]∘ = −𝑖 (𝑥�휇𝜕] − 𝑥]𝜕�휇) ,
𝐷∘ = −𝑖𝑥�휇𝜕�휇,
𝐾�휇∘ = −𝑖 (𝑥2𝜕�휇 − 2𝑥�휇𝑥]𝜕]) .

(4)

It implies the standard conformal algebra

[𝑃�휇, 𝑃]] = 0,
[𝑀�휇],𝑀�휌�휎]
= 𝑖 (𝜂�휇�휌𝑀]�휎 + 𝜂]�휎𝑀�휇�휌 − 𝜂]�휌𝑀�휇�휎 − 𝜂�휇�휎𝑀]�휌) ,

[𝑀�휇], 𝑃�휌] = 𝑖 (𝜂�휇�휌𝑃] − 𝜂]�휌𝑃�휇) ,
[𝑀�휇], 𝐾�휌] = 𝑖 (𝜂�휇�휌𝐾] − 𝜂]�휌𝐾�휇) ,
[𝐷,𝑀�휇]] = 0,
[𝐷,𝐾�휇] = −𝑖𝐾�휇,
[𝐷, 𝑃�휇] = 𝑖𝑃�휇,
[𝐾�휇, 𝐾]] = 0,
[𝐾�휇, 𝑃]] = −2𝑖𝑀�휇] − 2𝑖𝜂�휇]𝐷.

(5)

To include the energy scale (for different approaches of
introducing the finite energy scale, see [12, 13].), a straight-
forward way is to add 𝜕/𝜕�휇 as well as 𝜇-dependent coefficients
into the realization (4). For latter convenience, we define 𝑧 ≡1/𝜇 and equivalently consider 𝑧 instead. From the fact that
the energy scale is Poincaré invariant, we conclude that the

forms of 𝑃�휇 and𝑀�휇] remain intact. The scaling dimension of
energy scale is obviously 1; thus we can easily write down the
following generalized form of dilatation𝐷:

𝐷∘ = −𝑖 (𝑧𝜕�푧 + 𝑥�휇𝜕�휇) . (6)

For the special conformal generator, the strategy is to take its
most general ansatz

𝐾�휇∘ = −𝑖 [𝑥2𝛿]�휇 − 2𝑥�휇𝑥] + 𝑓�휇] (𝑧, 𝑥)] 𝜕] − 𝑖𝑔�휇 (𝑧, 𝑥) 𝜕�푧 (7)

and then try to find the explicit form which satisfies the
conformal algebra.

From [𝐾�휇, 𝑃]] = −2𝑖𝑀�휇] − 2𝑖𝜂�휇]𝐷, we get
2𝜂�휇]𝑧𝜕�푧 = −𝜕]𝑓�휇�휌 (𝑧, 𝑥) 𝜕�휌 − 𝜕]𝑔�휇 (𝑧, 𝑥) 𝜕�푧. (8)

It implies that

𝑓�휇] (𝑧, 𝑥) = 𝛿]�휇𝑓 (𝑧) ,
𝑔�휇 (𝑧, 𝑥) = −2𝑥�휇𝑧. (9)

From [𝐷,𝐾�휇] = −𝑖𝐾�휇, we further get

𝑓 (𝑧) = 𝛼𝑧2, (10)

where 𝛼 is an arbitrary constant. Finally, we can check that
the above results satisfy [𝐾�휇, 𝐾]] = 0. In conclusion, we have

𝑃�휇∘ = −𝑖𝜕�휇,
𝑀�휇]∘ = −𝑖 (𝑥�휇𝜕] − 𝑥]𝜕�휇) ,
𝐷∘ = −𝑖 (𝑧𝜕�푧 + 𝑥�휇𝜕�휇) ,
𝐾�휇∘ = −𝑖 [(𝑥2 + 𝛼𝑧2) 𝜕�휇 − 2𝑥�휇𝑥�휌𝜕�휌 − 2𝑥�휇𝑧𝜕�푧] .

(11)

In fact, this is exactly the isometry generator of the AdS space
when𝛼 > 0 and it suggests to identify√𝛼𝑧 herewith the stan-
dardAdS radial coordinate.We also notice that it corresponds
to dS�푑+1 when 𝛼 is negative, but we will only concentrate
on the AdS case in this paper.

Given the generalized conformal transformation includ-
ing the energy scale (11), we can try to decide the form of𝑍(𝑧2◻) by our renormalization condition on primary. For a
scalar in the {𝑥, 𝑧} space, we can expand it by powers of 𝑧

Φ (𝑧, 𝑥) = 𝑧Δ ∞∑
�푛=0

𝑧�푛Φ�푛 (𝑥) . (12)

The scalar transformation rule

Φ̃ (�̃�, 𝑥) = Φ (𝑧, 𝑥) (13)
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implies that the terms appearing in the power expansion
should transform as follows:

[𝑃�휇, Φ�푛 (𝑥)] = 𝑖𝜕�휇Φ�푛 (𝑥) ,
[𝑀�휇], Φ�푛 (𝑥)] = 𝑖 (𝑥�휇𝜕] − 𝑥]𝜕�휇)Φ�푛 (𝑥) ,
[𝐷,Φ�푛 (𝑥)] = 𝑖 (Δ + 𝑛 + 𝑥�휇𝜕�휇)Φ�푛 (𝑥) ,
[𝐾�휇, Φ0 (𝑥)] = 𝑖 [𝑥2𝜕�휇 − 2𝑥�휇𝑥]𝜕] − 2𝑥�휇Δ]Φ0 (𝑥) ,
[𝐾�휇, Φ1 (𝑥)]
= 𝑖 [𝑥2𝜕�휇 − 2𝑥�휇𝑥]𝜕] − 2𝑥�휇 (Δ + 1)]Φ1 (𝑥) ,

[𝐾�휇, Φ�푛 (𝑥)]
= 𝑖𝛼𝜕�휇Φ�푛−2 (𝑥)
+ 𝑖 [𝑥2𝜕�휇 − 2𝑥�휇𝑥]𝜕] − 2𝑥�휇 (Δ + 𝑛)]Φ�푛 (𝑥)

(𝑛 > 1) .

(14)

Now the task is to construct Φ�푛(𝑥) by the primary O and its
scalar descendants ◻�푚O. From the conformal transformation
rules of the primary we can deduce that

[𝑃�휇, ◻�푛O (𝑥)] = 𝑖𝜕�휇◻�푛O (𝑥) ,
[𝑀�휇], ◻�푛O (𝑥)] = [𝑖 (𝑥�휇𝜕] − 𝑥]𝜕�휇) + Σ(O)]�휌 ] ◻�푛O (𝑥) ,
[𝐷, ◻�푛O (𝑥)] = 𝑖 (Δ + 2𝑛 + 𝑥�휇𝜕�휇) ◻�푛O (𝑥) ,
[𝐾�휇,O (𝑥)] = [𝑖 (𝑥2𝜕�휇 − 2𝑥�휇𝑥]𝜕] − 2𝑥�휇Δ) − 2𝑥]Σ(O)�휇] ]
⋅ O (𝑥) ,

[𝐾�휇, ◻�푛O (𝑥)] = 2𝑛 [𝑑 − 2 (Δ + 𝑛)] 𝑖𝜕�휇◻�푛−1O (𝑥)
− 4𝑛Σ(O)�휇] 𝜕]◻�푛−1O (𝑥)
+ [𝑖 (𝑥2𝜕�휇 − 2𝑥�휇𝑥�휌𝜕�휌 − 2𝑥�휇 (Δ + 2𝑛)) − 2𝑥�휌Σ(O)�휇�휌 ]
⋅ ◻�푛O (𝑥)

(𝑛 ≥ 1) .

(15)

Comparing with (14), it implies the unique identification

Φ2�푛+1 = 0,
Φ2�푛 = (−1)�푛 𝛼�푛Γ (Δ − 𝑑/2 + 1)4�푛𝑛!Γ (Δ − 𝑑/2 + 𝑛 + 1) ◻�푛O.

(16)

In conclusion, up to an overall constant, our arguments show
that the renormalized primary at energy scale𝜇 = 1/𝑧 is given
by

O (𝑥, 𝑧) = 𝑍 (𝑧2◻)O (𝑥)
= 0𝐹1 (; Δ − 𝑑2 + 1; −𝛼𝑧

2

4 ◻)O (𝑥) , (17)

and 𝑧ΔO(𝑥, 𝑧) corresponds to a bulk scalar field 𝜙(𝑥, 𝑧). In
the 𝛼 = 0 limit, it actually comes back to the usual language
of CFT.

We notice that 𝑍(𝑧2◻) obtained in (17) is nothing but the
Fourier transformation of the solutions to the bulk free field
equation withΦ(𝑧 → 0) ∼ 𝑧Δ behavior at the boundary.This
construction is different from the one suggested in [5–10].The

approach there encountered only the 𝑘2 = →𝑘 2 − 𝑤2 < 0 part
of the bulkΦ(𝑧 → 0) ∼ 𝑧Δ modes, and thus it cannot be gen-
eralized to the Euclidean AdS case. Instead, our construction
encounters all the bulk Φ(𝑧 → 0) ∼ 𝑧Δ modes since it is the
honest Fourier transformation. Obviously, (17) is applicable
for both signatures.

2.2. Two-Point Correlators: The Divergent Regime and the
Regulator. As a consistency check, let us use (17) to recover
the well-known bulk-boundary propagator. We find

𝑧Δ ⟨O (𝑧, 𝑥)O (𝑥�耠)⟩
= ⟨𝑧Δ 0𝐹1 (; Δ − 𝑑2 + 1; −𝛼𝑧

2

4 ◻)O (𝑥)O (𝑥�耠)⟩
= 𝑧Δ(𝑥 − 𝑥�耠)2Δ

∞∑
�푛=0

Δ (Δ + 1) ⋅ ⋅ ⋅ (Δ + 𝑛 − 1)𝑛!
⋅ ( −𝛼𝑧2(𝑥 − 𝑥�耠)2)

�푛 .

(18)

In the regime |𝑥−𝑥�耠|2 > 𝛼𝑧2, the series is convergent and gives
rise to the expected form of the bulk-boundary propagator

𝐾(𝑥, 𝑧; 𝑥�耠) = ( 𝑧𝛼𝑧2 + (𝑥 − 𝑥�耠)2)
Δ . (19)

However, in the regime |𝑥−𝑥�耠|2 < 𝛼𝑧2, the series (18) is diver-
gent. In fact, this result is not surprising.The𝑍(𝑧2◻) given in
(17) is just the Φ(𝑧 → 0) ∼ 𝑧Δ modes of the bulk solution,
while the Fourier transformation of (19) is a linear combina-
tion of the Φ(𝑧 → 0) ∼ 𝑧Δ modes and the Φ(𝑧 → 0) ∼ 𝑧�푑−Δ
modes [14] which regulate the divergence of (18). The exis-
tence of theΦ(𝑧 → 0) ∼ 𝑧�푑−Δ constituent in (19) can be easily
seen from the 𝑧 → 0 limit [15]

lim
�푧→0

( 𝑧𝛼𝑧2 + (𝑥 − 𝑥�耠)2)
Δ ∼ 𝑧�푑−Δ𝛿 (𝑥 − 𝑥�耠) . (20)

Although both the Φ(𝑧 → 0) ∼ 𝑧Δ and Φ(𝑧 → 0) ∼ 𝑧�푑−Δ
modes diverge exponentially as 𝑧 → ∞, the combination
is well-behaved in the interior since the two divergences
cancel with each other.The explicit computation of the corre-
sponding Fourier transformations is performed in Appendix.

In order to understand the above issue better, let us
recall a simple fact in field theory. That is, the correlation
function for composite operators always has zeroth-order
UV divergence due to its composite natural. For example,
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consider the composite operator O š 𝜙�푎𝜙�푎:. The two-point
correlator ⟨OO⟩ receives zeroth-order UV divergence from
the following loop diagram even in the free theory.

•

k

•

p−k

In the coordinate space, the corresponding divergence
takes the following form:

𝑓 (Λ, 𝜇, ◻) 𝛿�푑 (𝑥 − 𝑥�耠) , (21)

where 𝜇 is the renormalization scale and Λ is the cut-
off scale. This divergence cannot be canceled by any local
counterterm in the original action. Instead, we need to define
the regularized two-point function directly and remove it
by hand. Or equivalently speaking, we need to add a local
counterterm in the free energy𝑊[𝐽]
𝑒�푊[�퐽] = ⟨𝑒�퐽O⟩ ,
𝑊 [𝐽] → 𝑊�푅 [𝐽]

= 𝑊 [𝐽] − ∫ d�푑𝑥∫ d�푑𝑥�耠𝑐 (𝑥 − 𝑥�耠) 𝐽 (𝑥) 𝐽 (𝑥�耠) ,
(22)

where 𝑐(𝑥 − 𝑥�耠) = 𝑐(Λ, 𝜇, ◻)𝛿�푑(𝑥 − 𝑥�耠). In principle, after the
cancelation of the divergent part, a possible remnant term in
the form𝑅(𝜇, ◻)𝛿�푑(𝑥−𝑥�耠)would still be there, and its explicit
form depends on the prescription of the regularization.

We notice that the Φ(𝑧 → 0) ∼ 𝑧�푑−Δ modes of (19) in the
coordinate space are given by

𝑧�푑−Δ 0𝐹1 (; 𝑑2 − Δ + 1; −𝛼𝑧
2

4 ◻)𝛿�푑 (𝑥 − 𝑥�耠) . (23)

It is right in the form of 𝑅(𝜇, ◻)𝛿�푑(𝑥 − 𝑥�耠) appearing above.
This fact suggests that one can understand it as the possible
remnant term.Theonly special point is that there is an infinite
order derivative operator acting on 𝛿�푑(𝑥 − 𝑥�耠). Thus it is
no longer a local function but a quasi-local term which is
identically vanishing in the outer region |𝑥 − 𝑥�耠|2 > 𝛼𝑧2.
Adding such a termdoes not affect the result (18) in the region|𝑥 − 𝑥�耠|2 > 𝛼𝑧2, and it is possible to cancel the divergence
in the region |𝑥 − 𝑥�耠|2 < 𝛼𝑧2. If we take the continuity at|𝑥 −𝑥�耠|2 = 𝛼𝑧2 as the prescription of the regularization of the
two-point function, it will pick the correct ratio between theΦ(𝑧 → 0) ∼ 𝑧Δ modes and the Φ(𝑧 → 0) ∼ 𝑧�푑−Δ modes and
then recovers (19) everywhere.This prescription is equivalent
to the momentum space IR regularity condition used in the
literatures [14]. Since it is natural to expect that effective oper-
ators defined at finite energy scale have some ambiguity in
probing the distance shorter than its typical scale, the depen-
dence on the prescription of regularization above is actually
acceptable.

One can also check that the bulk-bulk propagator can be
recovered by computing

𝑧Δ𝑧�耠Δ ⟨O (𝑧, 𝑥)O (𝑧�耠, 𝑥�耠)⟩ . (24)

Again, there is a divergent regime at short distance. If the
continuity prescription is imposed, it implies that one should
take the following regulator:

𝑧�푑−Δ�푀 𝑧Δ�푚 0𝐹1 (; 𝑑2 − Δ + 1; −𝛼𝑧
2
�푀4 ◻)

⋅ 0𝐹1 (; Δ − 𝑑2 + 1; −𝛼𝑧
2
�푚4 ◻)𝛿�푑 (𝑥 − 𝑥�耠) ,

(25)

where 𝑧�푀 = max{𝑧, 𝑧�耠} and 𝑧�푚 = min{𝑧, 𝑧�耠}.
3. Radial Quantization

3.1. Radial Quantization in CFT. In Section 2, we have
constructed the bulk local operator and also explained its
divergent regime with the regularization prescription there.
However, the present formula is not convenient in discussing
the bulk physics since the regulator should always be added
by hand. It will be pretty nice if one can find a smart formula
in which the regulator has been automatically built in. To
achieve such a formula, let us discuss the radial quantization
in usual CFT language firstly.

The radial quantization for CFT was detailedly reviewed
in [16, 17]. We will equivalently reexpress the results there by
introducing the radial expansion for the operators. Again, we
will just consider scalar primary here. The radial expansion
of a scalar primary operator O(𝑥) is given by

O (𝑥) = ∞∑
�푚=0

1𝑚!𝑥�휇1 ⋅ ⋅ ⋅ 𝑥�휇𝑚𝑂�휇1 ⋅⋅⋅�휇𝑚

+ ∞∑
�푛=0

1𝑛! �̌�2Δ�̌�]1 ⋅ ⋅ ⋅ �̌�]𝑛�̌�]1 ⋅⋅⋅]𝑛 ,
(26)

where �̌� is the inversion of 𝑥
�̌��휇 = I ∘ 𝑥�휇 = 𝑥�휇𝑥2 . (27)

In a unitary theory, its Hermitian conjugation is induced by
the inversion

O
† (𝑥) = �̌� (−𝑥) = 1𝑥2ΔO (−�̌�)

= ∞∑
�푛=0

(−1)�푛𝑛! 𝑥]1 ⋅ ⋅ ⋅ 𝑥]𝑛�̌�]1 ⋅⋅⋅]𝑛

+ ∞∑
�푚=0

(−1)�푚𝑚! �̌�2Δ�̌��휇1 ⋅ ⋅ ⋅ �̌��휇𝑚𝑂�휇1 ⋅⋅⋅�휇𝑚
.

(28)

In terms of the component operators, it is given by

𝑂†
�휇1 ⋅⋅⋅�휇𝑛

= (−1)�푛 �̌��휇1 ⋅⋅⋅�휇𝑛
,

�̌�†
�휇1 ⋅⋅⋅�휇𝑛

= (−1)�푛 𝑂�휇1 ⋅⋅⋅�휇𝑛
. (29)
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The vacuum |1⟩ is defined by

�̌�]1 ⋅⋅⋅]𝑛 |1⟩ = 0,
⟨1| 𝑂�휇1 ⋅⋅⋅�휇𝑚

= 0. (30)

It is equivalent to requiring that the state O(𝑥)|1⟩ and all its
descendants are regular at 𝑥 = 0, while the conjugated state⟨1|�̌�(𝑥) and all its descendants are also regular at 𝑥 = 0.
One can check that the vacuum |1⟩ defined in (30) is actually
conformal invariant. The conformal transformation rules of
the component operators can be deduced from the standard
rules for primary O(𝑥). We find

[𝑃�휇, 𝑂�휇1 ⋅⋅⋅�휇𝑚
] = 𝑖𝑂�휇�휇1 ⋅⋅⋅�휇𝑚

,
[𝑃�휇, �̌�]1 ⋅⋅⋅]𝑛] = 𝑖 [𝑛 (𝑛 − 1) 𝜂(]1]2�̌�]3 ⋅⋅⋅]𝑛)�휇

− 2𝑛 (Δ + 𝑛 − 1) 𝜂�휇(]1�̌�]2 ⋅⋅⋅]𝑛)] ,
[𝑀�휇], 𝑂�휇1⋅⋅⋅�휇𝑚

] = 𝑖𝑚 [𝜂�휇(�휇1𝑂�휇2 ⋅⋅⋅�휇𝑚)] − 𝜂](�휇1𝑂�휇2 ⋅⋅⋅�휇𝑚)�휇] ,
[𝑀�휇], �̌�]1 ⋅⋅⋅]𝑛] = 𝑖𝑛 [𝜂�휇(]1�̌�]2 ⋅⋅⋅]𝑛)] − 𝜂](]1�̌�]2 ⋅⋅⋅]𝑚)�휇] ,
[𝐷,𝑂�휇1 ⋅⋅⋅�휇𝑚

] = 𝑖 (Δ + 𝑚)𝑂�휇1 ⋅⋅⋅�휇𝑚
,

[𝐷, �̌�]1 ⋅⋅⋅]𝑛] = −𝑖 (Δ + 𝑚) �̌�]1 ⋅⋅⋅]𝑛 ,
[𝐾�휇, 𝑂�휇1 ⋅⋅⋅�휇𝑚

] = 𝑖 [𝑚 (𝑚 − 1) 𝜂(�휇1�휇2𝑂�휇3 ⋅⋅⋅�휇𝑚)�휇

− 2𝑚 (Δ + 𝑚 − 1) 𝜂�휇(�휇1𝑂�휇2 ⋅⋅⋅�휇𝑚)] ,
[𝐾�휇, �̌�]1 ⋅⋅⋅]𝑛] = 𝑖�̌��휇]1 ⋅⋅⋅]𝑛 .

(31)

Given the input data

⟨O�耠 (0) | O (0)⟩ = ⟨1| �̌��耠
0𝑂0 |1⟩ = 𝐶OO, (32)

one can decide the inner product between the states|𝜕�휇𝑛 ⋅ ⋅ ⋅ 𝜕�휇1O(0)⟩ = 𝑂�휇1 ⋅⋅⋅�휇𝑛
|1⟩ by using (31) and the conformal

invariance of the vacuum.The result is

⟨1| �̌��耠
]𝑛⋅⋅⋅]1𝑂�휇1 ⋅⋅⋅�휇𝑚 |1⟩

= 𝛿�푚�푛𝐶OO

⌊�푛/2⌋∑
�푘=0

(−1)�푛−�푘 2�푛 (𝑛!)2 Γ (Δ + 𝑛 − 𝑘)(𝑛 − 2𝑘)!𝑘! (2!)2�푘 Γ (Δ) 𝛿(�휇1(]1

⋅ ⋅ ⋅ 𝛿�휇𝑛−2𝑘]𝑛−2𝑘 𝜂]𝑛−2𝑘+1]𝑛−2𝑘+2 ⋅ ⋅ ⋅ 𝜂]𝑛−1]𝑛)𝜂�휇𝑛−2𝑘+1�휇𝑛−2𝑘+2
⋅ ⋅ ⋅ 𝜂�휇𝑛−1�휇𝑛).

(33)

Now we can reproduce the well-known two-point correlator
by the “silly” computation

⟨1|O (𝑥)O�耠 (𝑥�耠) |1⟩ = ∞∑
�푚=0

∞∑
�푛=0

1𝑚!𝑛!
⋅ 𝑥�휇1 ⋅ ⋅ ⋅ 𝑥�휇𝑚𝑥�耠]1 ⋅ ⋅ ⋅ 𝑥�耠]𝑛𝑥2(Δ+�푚) ⟨1| �̌��휇1 ⋅⋅⋅�휇𝑚

𝑂�耠
]1 ⋅⋅⋅]𝑛 |1⟩

= 𝐶OO

∞∑̂
�푛=0

∞∑
�푘=0

(−1)�푛+�푘 2�푛Γ (Δ + 𝑛 + 𝑘)𝑛!𝑘!Γ (Δ)
⋅ (𝑥 ⋅ 𝑥�耠)�푛 𝑥�耠2�푘𝑥2(Δ+�푛+�푘) .

(34)

The convergence of the series requires that |𝑥| > |𝑥�耠|. (Strictly
speaking, the convergence argument is accurate only for the
Euclidean case. For the Lorentzian case, proper analytical
continuations are needed as what usually happened in the
quantum field theory computations.) It means that the usual
CFT correlator is reproduced by the radial ordered function⟨1|R̂O(𝑥)O�耠(𝑥�耠)|1⟩. In the radial quantization where the
dilatation operator𝐷 is treated as the Hamiltonian, the radial
ordered function is the natural analogy of the time ordered
function in the usual quantum field theory.

3.2. Radial Quantization at Finite Energy Scale. Now let us
consider the CFT radial quantization in the presence of the
finite energy scale 𝜇. A direct idea is acting upon the radial
expansion (26) with the 𝑍(𝜇−2◻) in (17). We get

0𝐹1 (; Δ − 𝑑2 + 1; −𝛼𝑧
2

4 ◻)O (𝑥)
= ∞∑

�푠=0

∞∑
�푘=0

(−𝛼𝑧2)�푘 Γ (Δ − 𝑑/2 + 1)22�푘𝑘!𝑠!Γ (Δ − 𝑑/2 + 𝑘 + 1)
⋅ 𝑥]1 ⋅ ⋅ ⋅ 𝑥]𝑠𝑂�휇1 ⋅⋅⋅�휇𝑘

�휇1 ⋅⋅⋅�휇𝑘
]1⋅⋅⋅]𝑠

+ ∞∑
�푠=0

∞∑
�푙=0

(−𝛼𝑧2)�푙 Γ (Δ − 𝑑/2 + 1)22�푙𝑙!𝑠!Γ (Δ − 𝑑/2 + 𝑙 + 1)
⋅ 1𝐹0 (Δ + 2𝑙 + 𝑠; ; −𝛼𝑧2𝑥2 ) 𝑥

]1 ⋅ ⋅ ⋅ 𝑥]𝑠𝑥2(Δ+2�푙+�푠)
⋅ �̌� �휇1 ⋅⋅⋅�휇𝑙

�휇1 ⋅⋅⋅�휇𝑙 ]1 ⋅⋅⋅]𝑠 .

(35)

We notice that when |𝑥|2 > 𝛼𝑧2
1𝑥2(Δ+2�푙+�푠) 1𝐹0 (Δ + 2𝑙 + 𝑠; ; −𝛼𝑧

2

𝑥2 )
= 1(𝑥2 + 𝛼𝑧2)Δ+2�푙+�푠 ,

(36)

and it is divergent in the regime |𝑥|2 < 𝛼𝑧2. The structure
of the divergent regime is quite similar to what we have seen
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in Section 2. Thus it is natural to expect the following as the
regularized radial expansion at finite energy scale

O (𝑥, 𝑧) = ∞∑
�푚=0

1𝑚!𝑥�휇1 ⋅ ⋅ ⋅ 𝑥�휇𝑚𝑂�휇1 ⋅⋅⋅�휇𝑚
(𝑧)

+ ∞∑
�푛=0

1𝑛! 𝑥]1 ⋅ ⋅ ⋅ 𝑥]𝑛(𝑥2 + 𝛼𝑧2)Δ+�푛 �̌�]1 ⋅⋅⋅]𝑛 (�̌�) ,
(37)

where the component operator at finite energy scale is a linear
combination of the original ones

𝑂�휇1 ⋅⋅⋅�휇𝑚
(𝑧)

= ∞∑
�푘=0

(−𝛼𝑧2)�푘 Γ (Δ − 𝑑/2 + 1)22�푘𝑘!Γ (Δ − 𝑑/2 + 𝑘 + 1)𝑂]1 ⋅⋅⋅]𝑘
]1⋅⋅⋅]𝑘

�휇1⋅⋅⋅�휇𝑚
,

�̌��휇1 ⋅⋅⋅�휇𝑚
(�̌�)

= ∞∑
�푘=0

(−𝛼�̌�2)�푘 Γ (Δ − 𝑑/2 + 1)22�푘𝑘!Γ (Δ − 𝑑/2 + 𝑘 + 1) �̌� ]1 ⋅⋅⋅]𝑘
]1 ⋅⋅⋅]𝑘 �휇1 ⋅⋅⋅�휇𝑚

,

(38)

and the inversion of 𝑥 and 𝑧 in the generalized scene is given
by

�̌��휇 = I ∘ 𝑥�휇 = 𝑥�휇𝑥2 + 𝛼𝑧2 ,
�̌� = I ∘ 𝑧 = 𝑧𝑥2 + 𝛼𝑧2 .

(39)

Correspondingly, the inversion of O(𝑥, 𝑧) is
�̌� (𝑥, 𝑧) = 1(𝑥2 + 𝛼𝑧2)ΔO (�̌�; �̌�)

= ∞∑
�푛=0

1𝑛!𝑥]1 ⋅ ⋅ ⋅ 𝑥]𝑛�̌�]1 ⋅⋅⋅]𝑛 (𝑧)
+ ∞∑
�푚=0

1𝑚! 𝑥�휇1 ⋅ ⋅ ⋅ 𝑥�휇𝑚(𝑥2 + 𝛼𝑧2)Δ+�푛𝑂�휇1 ⋅⋅⋅�휇𝑚
(�̌�) .

(40)

From (29), we can see that theHermitian conjugation relation
keeps intact at finite energy scale

O
† (𝑥, 𝑧) = �̌� (−𝑥, 𝑧) . (41)

Simply by using (31), one can write down the conformal
transformation rule for the component fields at finite energy
scale directly as follows:

[𝑃�휇, 𝑂�휇1 ⋅⋅⋅�휇𝑚
(𝑧)] = 𝑖𝑂�휇�휇1 ⋅⋅⋅�휇𝑚

(𝑧) ,
[𝑃�휇, �̌��휇1 ⋅⋅⋅�휇𝑚

(𝑧)] = 𝑖 [𝛼𝑧2�̌��휇1 ⋅⋅⋅�휇𝑚�휇
(𝑧)

+ 𝑚 (𝑚 − 1) 𝜂(�휇1�휇2�̌��휇3 ⋅⋅⋅�휇𝑚)�휇 (𝑧)
− 2𝑚 (Δ + 𝑚 − 1 + 𝑧𝜕�푧) 𝜂�휇(�휇1�̌��휇2 ⋅⋅⋅�휇𝑚) (𝑧)] ,

[𝑀�휇], 𝑂�휇1 ⋅⋅⋅�휇𝑚
(𝑧)] = 𝑖𝑚 [𝜂�휇(�휇1𝑂�휇2 ⋅⋅⋅�휇𝑚)] (𝑧)

− 𝜂](�휇1𝑂�휇2 ⋅⋅⋅�휇𝑚)�휇 (𝑧)] ,
[𝑀�휇], �̌��휇1 ⋅⋅⋅�휇𝑚

(𝑧)] = 𝑖𝑚 [𝜂�휇(]1�̌�]2 ⋅⋅⋅]𝑚)] (𝑧)
− 𝜂](]1�̌�]2 ⋅⋅⋅]𝑚)�휇 (𝑧)] ,

[𝐷,𝑂�휇1 ⋅⋅⋅�휇𝑚
(𝑧)] = 𝑖 (Δ + 𝑚 + 𝑧𝜕�푧) 𝑂�휇1 ⋅⋅⋅�휇𝑚

(𝑧) ,
[𝐷, �̌��휇1 ⋅⋅⋅�휇𝑚

(𝑧)] = −𝑖 (Δ + 𝑚 + 𝑧𝜕�푧) �̌��휇1 ⋅⋅⋅�휇𝑚
(𝑧) ,

[𝐾�휇, 𝑂�휇1 ⋅⋅⋅�휇𝑚
(𝑧)] = 𝑖 [𝛼𝑧2𝑂�휇1 ⋅⋅⋅�휇𝑚�휇

(𝑧)
+ 𝑚 (𝑚 − 1) 𝜂(�휇1�휇2𝑂�휇3 ⋅⋅⋅�휇𝑚)�휇 (𝑧)
− 2𝑚 (Δ + 𝑚 − 1 + 𝑧𝜕�푧) 𝜂�휇(�휇1𝑂�휇2 ⋅⋅⋅�휇𝑚) (𝑧)] ,

[𝐾�휇, �̌��휇1 ⋅⋅⋅�휇𝑚
(𝑧)] = 𝑖�̌��휇�휇1 ⋅⋅⋅�휇𝑚

(𝑧) .

(42)

Similar to the arguments in Section 2.1, we can show that a
bulk scalar field Φ(𝑥, 𝑧) expanded as

Φ (𝑥, 𝑧) = ∞∑
�푚=0

𝑧Δ𝑚!𝑥�휇1 ⋅ ⋅ ⋅ 𝑥�휇𝑚Φ�휇1⋅⋅⋅�휇𝑚
(𝑧)

+ ∞∑
�푛=0

1𝑛! 𝑧
Δ𝑥]1 ⋅ ⋅ ⋅ 𝑥]𝑛(𝑥2 + 𝛼𝑧2)Δ+�푛 Φ̌]1⋅⋅⋅]𝑛 (�̌�)

(43)

indeed requires the transformation rules (42) for its compo-
nents. Thus, the regularized version (37) of primary at finite
energy scale satisfies our basic renormalization condition for
primary operators.

Parallel with (34), the standard bulk-boundary as well
as bulk-bulk propagator can be reproduced by computing
the radial ordered function ⟨1|R̂𝑂(𝑥, 𝑧)O�耠(𝑥�耠, 𝑧�耠)|1⟩. In our
present case where energy scales are introduced, the radial
order is defined by 𝑥2 + 𝛼𝑧2. Providing this radial order,
there is no ambiguity everywhere in reproducing the bulk-
boundary and bulk-bulk propagator.Therefore, (37) is indeed
the smart formula which we are looking for.

Since our construction directly comes back to the stan-
dard CFT language in the 𝛼 → 0 limit, it is possible that (37)
will not suffer from the problem about bulk locality appearing
in the smearing operator construction [18]. In order to
address it properly, one should generalize the standard results
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about OPE to the cases with finite energy scales. We hope to
report on this issue in a future work.

Formula (37) also suggests that one could define the finite
energy scale effective Hilbert space H�푧 by acting on the
vacuum |1⟩with𝑂�휇1 ⋅⋅⋅�휇𝑚

(𝑧). An interesting observation is that
H�푧 actually contains less information than the UV Hilbert
spaceH =H�푧=0. For example, considering the scalar sector,
one can construct the following state:

|𝜆⟩
= ∞∑

�푛=0

𝜆�푛Γ (Δ) Γ (Δ − 𝑑/2 + 1) Γ (𝑑/2)24�푛𝑛!Γ (Δ + 𝑛) Γ (Δ − 𝑑/2 + 𝑛 + 1) Γ (𝑛 + 𝑑/2)
⋅ 𝑂�푛 |1⟩ ,

(44)

where we denote 𝑂�푛(𝑧) = 𝑂]1 ⋅⋅⋅]𝑛
]1⋅⋅⋅]𝑛(𝑧). It is a well-defined

state inH since the norm is finite

⟨𝜆 | 𝜆⟩
= 𝐶O

∞∑
�푛=0

𝜆�푛Γ (Δ) Γ (Δ − 𝑑/2 + 1) Γ (𝑑/2)24�푛𝑛!Γ (Δ + 𝑛) Γ (Δ − 𝑑/2 + 𝑛 + 1) Γ (𝑛 + 𝑑/2) . (45)

The inner product between the state |𝜆⟩ and the states inH�푧

is given by

⟨𝜆| 𝑂�푚 (𝑧) |1⟩ = 𝐶O𝜆�푚 ∞∑
�푘=0

(−𝛼𝜆𝑧2)�푘 Γ (Δ − 𝑑/2 + 1)22�푘𝑘!Γ (Δ − 𝑑/2 + 𝑘 + 1) . (46)

Since the 0𝐹1 function has infinite number of zeros, the
inner product will be zero for infinite many 𝜆’s providing𝑧 ̸= 0. Therefore, there are an infinite number of states inH
perpendicular to the finite energy scale effectiveHilbert space
H�푧 ̸=0. Although this observation is something one could
expect for effective descriptions at finite energy scale, it may
have some possible advantages in discussing the 𝑐-theorem
and the entanglement entropy.

4. Discussions

In the previous sections, we suggest a CFT construction of
the bulk local operators in pure AdS space. The construction
is based on considering CFT at finite energy scale. The basic
result is that bulk operator is given by acting upon the original
CFT primary with an infinite order differential operator𝑍AdS(𝜇, 𝜕). Although we do not assume any knowledge about
the bulk in advance, our arguments automatically show that𝑍AdS(𝜇, 𝜕) should be the Fourier transformation of theΦ(𝑧 →0) ∼ 𝑧Δ solution to the bulk free field equation. We also dis-
cuss the relation between the regulator of the two-point func-
tion and the Φ(𝑧 → 0) ∼ 𝑧�푑−Δ modes. In Section 3, based on
the radial quantization in CFT, we find an improved formula
of our construction in which the regulator is automatically
built in.

The next challenge is how to generalize our construction
to geometries beyond pure AdS. A naive guess is that the bulk
local operator is also effectively given by acting upon the orig-
inal CFT primary with the infinite order differential operator

𝑍Geom(𝜇, 𝜕), which is the Fourier transformation of the bulkΦ(𝑧 → 0) ∼ 𝑧Δ modes in the corresponding geometry. On
the other hand, our CFT arguments in Section 2.1 seem state
independent. Thus, it suggests that the bulk local operator
should always be given by 𝑍AdS(𝜇, 𝜕) for all asymptotic AdS
geometries which are basically very heavy excited states
in the CFT. We conjecture that these two possibilities are
actually complementary to each other. The explicit proposal
[19] for the underlying mechanism can be summarized as the
following.

Bulk geometries are actually dual to the coherent states|Geom⟩ = 𝐹(𝑇�휇])|1⟩ which is created by acting on the
vacuum |1⟩ with certain function 𝐹(𝑇�휇]) of stress tensor and
its descendants.

The bulk correlators of the dual field 𝜙(𝑥, 𝑧) can be
reproduced by computing

⟨Geom| ⋅ ⋅ ⋅ 𝑍AdS (𝜇, 𝜕)O (𝑥) ⋅ ⋅ ⋅ |Geom⟩
= ⟨1| 𝐹† (𝑇�휇]) ⋅ ⋅ ⋅ 𝑍AdS (𝜇, 𝜕)O (𝑥) ⋅ ⋅ ⋅ 𝐹 (𝑇�휇]) |1⟩ . (47)

On the other hand, by using the local conformal Ward iden-
tity [20–22], onemay convert (at least in the two-dimensional
CFT) the effects of 𝐹(𝑇�휇]) to a differential operator F̂[𝐹]
acting on the operator 𝑍AdS(𝜇, 𝜕)O(𝑥) as follows:

⟨1| 𝐹† (𝑇�휇]) ⋅ ⋅ ⋅ 𝑍AdS (𝜇, 𝜕)O (𝑥) ⋅ ⋅ ⋅ 𝐹 (𝑇�휇]) |1⟩
= ⟨1| ⋅ ⋅ ⋅ F̂ [𝐹] 𝑍AdS (𝜇, 𝜕)O (𝑥) ⋅ ⋅ ⋅ |1⟩ . (48)

The new differential operator F̂[𝐹]𝑍AdS(𝜇, 𝜕) is expected
to be exactly 𝑍Geom(𝜇, 𝜕) of the corresponding geometry.
For the black hole geometry, the horizon is the position
where the series in𝑍Geom(𝜇, 𝜕) becomes ill-defined.However,
everything could be still well defined after coming back to
the |Geom⟩ description and one can explore the black hole
interior in this formalism.

Finally, it is also possible thatmultiple states with different𝐹(𝑇�휇]) give rise to the same differential operator𝑍Geom(𝜇, 𝜕).
Thus it could be a dual CFT way to explain the entropy of
AdS black hole. If indeed so, it means that all the black hole
microstates should correspond exactly to the same geometry,
and thus one does not need to take any average over different
microgeometries. This picture seems different from what
people usually expected for quantum gravity and may offer
new possibilities to the discussions of the black hole firewall
problem [23, 24].

As the early version of this work was drawing a conclu-
sion, [25] appeared with results which partially overlap with
Section 2.1 in this manuscript. We also realized that the two-
dimensional version of their results has already appeared in
[26].
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Appendix

A. The Momentum Space Formula

In the momentum space, the general solutions to the bulk
free scalar equation are given by the linear combination of
theΦ(𝑧 → 0) ∼ 𝑧Δ modes

𝑧Δ𝑘2Δ−�푑 0𝐹1 (; Δ − 𝑑2 + 1; 𝑧
2𝑘24 )

= Γ(Δ − 𝑑2 + 1) 𝑧�푑/2 (2𝑘)Δ−�푑/2 𝐼Δ−�푑/2,
(A.1)

as well as theΦ(𝑧 → 0) ∼ 𝑧�푑−Δ modes

𝑧�푑−Δ 0𝐹1 (; 𝑑2 − Δ + 1; 𝑧
2𝑘24 )

= Γ(𝑑2 − Δ + 1) 𝑧�푑/2 (𝑘2)
Δ−�푑/2 𝐼�푑/2−Δ.

(A.2)

In the following, let us derive the Fourier transformation of
them, respectively.

A.1. Φ(𝑧 → 0) ∼ 𝑧Δ Modes. The Fourier transformation of
theΦ(𝑧 → 0) ∼ 𝑧Δ mode is

lim
Λ→∞

𝑧�푑/2(2𝜋)�푑 ∫ d�푑𝑘e−(�푧�푘)2/Λ2𝐼Δ−�푑/2 (𝑧𝑘) 𝑘Δ−�푑/2e�푖�푘(�푥−�푥)
= lim

Λ→∞

𝑧�푑/2(2𝜋)�푑 2𝜋(�푑−1)/2Γ ((𝑑 − 1) /2) √𝜋Γ ((𝑑 − 1) /2)Γ (𝑑/2)
⋅ ∫∞

0
d𝑘e−(�푧�푘)2/Λ2𝐼Δ−�푑/2 (𝑧𝑘)

⋅ 𝑘Δ+�푑/2−1 0𝐹1 (; 𝑑2 ; −𝑘
2𝑟24 ) = lim

Λ→∞

𝑧�푑/2(2𝜋)�푑
⋅ 2𝜋(�푑−1)/2Γ ((𝑑 − 1) /2) √𝜋Γ ((𝑑 − 1) /2)Γ (𝑑/2)
⋅ ∞∑
�푚=0

1𝑚!Γ (Δ + 𝑚 − 𝑑/2 + 1) ∫
∞

0
d𝑘

⋅ e−(�푧�푘)2/Λ2 (𝑧𝑘2 )
2�푚+Δ−�푑/2

⋅ 𝑘Δ+�푑/2−1 0𝐹1 (; 𝑑2 ; −𝑘
2𝑟24 ) = lim

Λ→∞

1(2𝜋)�푑
⋅ 2𝜋(�푑−1)/2Γ ((𝑑 − 1) /2) √𝜋Γ ((𝑑 − 1) /2)2Γ (𝑑/2)
⋅ ∞∑
�푚=0

2−2�푚−Δ+�푑/2𝑧−Δ𝑚!Γ (Δ + 𝑚 − 𝑑/2 + 1)Γ (Δ + 𝑚)
⋅ Λ2(Δ+�푚)

1𝐹1 (Δ + 𝑚; 𝑑2 ; −Λ
2𝑟24𝑧2 ) ,

(A.3)

where we have used the fact that the convergence radius of
0𝐹1 and 1𝐹1 is∞ and

∫�휋
0
d𝜃 (sin 𝜃)�푑−2 e�푖�푘�푟 cos �휃
= √𝜋Γ ((𝑑 − 1) /2)Γ (𝑑/2) 0𝐹1 (; 𝑑2 ; −𝑘

2𝑟24 ) ,
∫∞
0

d𝑘e−�푘2/Λ2𝑘2Δ−1+2�푛 = 12Λ2(Δ+�푛)Γ (Δ + 𝑛)
(Δ + 𝑛 > 0) .

(A.4)

By using the asymptotic expansion of confluent hypergeo-
metric function

1𝐹1 (𝛼; 𝛾; 𝑧)
= Γ (𝛾)Γ (𝛾 − 𝛼)e�푖�휋�훼𝑧−�훼 2𝐹0 (𝛼, 𝛼 − 𝛾 + 1; ; − 𝑧−1)
+ Γ (𝛾)Γ (𝛼)e�푧𝑧�훼−�훾 2𝐹0 (𝛾 − 𝛼, 1 − 𝛼; ; 𝑧−1)

for − 𝜋2 < arg 𝑧 < 3𝜋2

(A.5)

we find in the regime (𝑥 − 𝑥�耠)2 > 𝑧2
lim
Λ→∞

1(2𝜋)�푑 2𝜋(�푑−1)/2Γ ((𝑑 − 1) /2) √𝜋Γ ((𝑑 − 1) /2)2Γ (𝑑/2)
⋅ ∞∑
�푚=0

2−2�푚−Δ+�푑/2𝑧−Δ𝑚!Γ (Δ + 𝑚 − 𝑑/2 + 1)Γ (Δ + 𝑚)
⋅ Λ2(Δ+�푚)

1𝐹1 (Δ + 𝑚; 𝑑2 ; −Λ
2𝑟24𝑧2 )

= 2Δ−�푑/2𝑧−Δsin (((𝑑 − 2Δ) 𝜋) /2) Γ (Δ)𝜋�푑/2+1
⋅ ∞∑
�푚=0

(−1)�푚 Γ (Δ + 𝑚)𝑚!Γ (Δ) 𝑧2(Δ+�푚)(𝑥 − 𝑥�耠)2(Δ+�푚)
= 2Δ−�푑/2sin (((𝑑 − 2Δ) 𝜋) /2) Γ (Δ)𝜋�푑/2+1 ( 𝑧𝑧2 + (𝑥 − 𝑥�耠)2)

Δ .

(A.6)

Thus theΦ(𝑧 → 0) ∼ 𝑧Δ mode reproduces𝐾(𝑧, 𝑥; 𝑥�耠) for the
region (𝑥 − 𝑥�耠)2 > 𝑧2 as expected.

For (𝑥 − 𝑥�耠)2 < 𝑧2, we exchange the order of summations
and find

lim
Λ→∞

1(2𝜋)�푑 2𝜋(�푑−1)/2Γ ((𝑑 − 1) /2) √𝜋Γ ((𝑑 − 1) /2)2Γ (𝑑/2)
⋅ ∞∑
�푚=0

2−2�푚−Δ+�푑/2𝑧−Δ𝑚!Γ (Δ + 𝑚 − 𝑑/2 + 1)Γ (Δ + 𝑚)
⋅ Λ2(Δ+�푚)

1𝐹1 (Δ + 𝑚; 𝑑2 ;
− Λ2𝑟24𝑧2 ) = lim

Λ→∞

1(2𝜋)�푑 2𝜋(�푑−1)/2Γ ((𝑑 − 1) /2)
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⋅ √𝜋Γ ((𝑑 − 1) /2)2Γ (𝑑/2)
∞∑
�푚=0

∞∑
�푛=0

2−2�푚−Δ+�푑/2𝑧−Δ𝑚!Γ (Δ + 𝑚 − 𝑑/2 + 1)
⋅ Γ (Δ + 𝑚 + 𝑛) Γ (𝑑/2)𝑛!Γ (𝑑/2 + 𝑛) Λ2(Δ+�푚) (−Λ2𝑟24𝑧2 )

�푛

= lim
Λ→∞

1(2𝜋)�푑 2𝜋(�푑−1)/2Γ ((𝑑 − 1) /2) √𝜋Γ ((𝑑 − 1) /2)2Γ (𝑑/2)
⋅ ∞∑
�푛=0

2−Δ+�푑/2Λ2Δ𝑧−ΔΓ (Δ − 𝑑/2 + 1) Γ (Δ + 𝑛) Γ (𝑑/2)𝑛!Γ (𝑑/2 + 𝑛) 1𝐹1 (Δ
+ 𝑛; Δ − 𝑑2 + 1; Λ

2

4 )(−Λ
2𝑟24𝑧2 )

�푛 = 1(2𝜋)�푑
⋅ 2𝜋(�푑−1)/2Γ ((𝑑 − 1) /2) √𝜋Γ ((𝑑 − 1) /2)2Γ (𝑑/2)
⋅ 2Δ+�푑/2𝑧−ΔΓ (Δ) sin (𝑑𝜋/2) Γ (𝑑/2)𝜋

∞∑
�푛=0

Γ (Δ + 𝑛)𝑛!Γ (Δ)
⋅ (− 𝑟2𝑧2)

�푛 [e�푖�휋Δ + lim
Λ→∞

(−1)�푛 Γ (1 − 𝑑/2 − 𝑛)Γ (Δ + 𝑛)
⋅ eΛ2/4 (Λ2

4 )
Δ+�푑/2+2�푛−1

⋅ 2𝐹0 (1 − 𝑑2 − 𝑛; 1 − Δ − 𝑛; 4Λ2
)]

= 2Δ−�푑/2Γ (Δ)𝜋�푑/2+1 e�푖�휋Δsin(𝑑𝜋2 )( 𝑧𝑧2 + (𝑥 − 𝑥�耠)2)
Δ

+ 2Δ−�푑/2𝜋�푑/2 lim
Λ→∞

∞∑
�푛=0

(−𝑟2/𝑧2)�푛𝑛!Γ (𝑑/2 + 𝑛)
⋅ eΛ2/4 (Λ2

4 )
Δ+�푑/2+2�푛−1

2𝐹0 (1 − 𝑑2 − 𝑛; 1 − Δ
− 𝑛; 4Λ2

) .
(A.7)

The result is divergent and the divergent parts are expressed
as terms with positive powers of Λ.
A.2. Φ(𝑧 → 0) ∼ 𝑧�푑−Δ Modes. For the Φ(𝑧 → 0) ∼ 𝑧Δ
modes, in the regime (𝑥 − 𝑥�耠)2 > 𝑧2, we have

lim
Λ→∞

𝑧�푑/2(2𝜋)�푑 ∫ d�푑𝑘e−(�푧�푘)2/Λ2𝐼�푑/2−Δ (𝑧𝑘) 𝑘Δ−�푑/2e�푖�푘(�푥−�푥)
= lim

Λ→∞

𝑧�푑/2(2𝜋)�푑 2𝜋(�푑−1)/2Γ ((𝑑 − 1) /2) √𝜋Γ ((𝑑 − 1) /2)Γ (𝑑/2)

⋅ ∫∞
0

d𝑘e−(�푧�푘)2/Λ2𝐼�푑/2−Δ (𝑧𝑘)
⋅ 𝑘Δ+�푑/2−1 0𝐹1 (; 𝑑2 ; −𝑘

2𝑟24 ) = lim
Λ→∞

𝑧�푑/2(2𝜋)�푑
⋅ 2𝜋(�푑−1)/2Γ ((𝑑 − 1) /2) √𝜋Γ ((𝑑 − 1) /2)Γ (𝑑/2)
⋅ ∞∑
�푚=0

1𝑚!Γ (−Δ + 𝑚 + 𝑑/2 + 1) ∫
∞

0
d𝑘e−(�푧�푘)2/Λ2

⋅ (𝑧𝑘2 )
2�푚−Δ+�푑/2 𝑘Δ+�푑/2−1 0𝐹1 (; 𝑑2 ; −𝑘

2𝑟24 )
= lim

Λ→∞

1(2𝜋)�푑 2𝜋(�푑−1)/2Γ ((𝑑 − 1) /2) √𝜋Γ ((𝑑 − 1) /2)2Γ (𝑑/2)
⋅ ∞∑
�푚=0

2−2�푚+Δ−�푑/2𝑧−Δ𝑚!Γ (−Δ + 𝑚 + 𝑑/2 + 1)Γ (𝑑2 + 𝑚)
⋅ Λ�푑+2�푚

1𝐹1 (𝑑2 + 𝑚; 𝑑2 ; −Λ
2𝑟24𝑧2 )

= ∞∑
�푚=0

2−2�푚+Δ−�푑/2𝑧−Δ𝑚!Γ (−Δ + 𝑚 + 𝑑/2 + 1) 2
�푚Γ (𝑑/2 + 𝑚)𝜋�푑/2Γ (−𝑚)

⋅ 𝑧�푑+2�푚(𝑥 − 𝑥�耠)�푑+2�푚 = 0,
(A.8)

where we have also used the asymptotic expansion (A.6)
of confluent hypergeometric function 1𝐹1. The above result
shows that the Φ(𝑧 → 0) ∼ 𝑧�푑−Δ mode is a quasi-local
function which is identically vanishing when (𝑥 − 𝑥�耠)2 > 𝑧2.

In the (𝑥 − 𝑥�耠)2 < 𝑧2 regime, we have

𝑧�푑/2(2𝜋)�푑 ∫ d�푑𝑘e−(�푧�푘)2/Λ2𝐼�푑/2−Δ (𝑧𝑘) 𝑘Δ−�푑/2e�푖�푘(�푥−�푥)
= 2Δ−�푑/2𝑧�푑−ΔΓ (𝑑/2 − Δ + 1) 0𝐹1 (; 𝑑2 − Δ + 1; −𝑧

2

4 ◻)
⋅ 𝛿�푑 (𝑥 − 𝑥�耠) = lim

Λ→∞

2Δ−�푑/2𝑧�푑−ΔΓ (𝑑/2 − Δ + 1) 0𝐹1 (; 𝑑2
− Δ + 1; −𝑧24 ◻) Λ�푑

2�푑𝜋�푑/2𝑧�푑 e−(�푥−�푥)2Λ2/4�푧2

= lim
Λ→∞

2Δ−�푑/2𝑧�푑−ΔΓ (𝑑/2 − Δ + 1) Λ�푑

2�푑𝜋�푑/2𝑧�푑 0𝐹1 (; 𝑑2 − Δ
+ 1; −𝑧24 ◻)

∞∑
�푚=0

1𝑚! (− (𝑥 − 𝑥
�耠)2 Λ2

4𝑧2 )
�푚

= lim
Λ→∞

2Δ−�푑/2𝑧�푑−ΔΓ (𝑑/2 − Δ + 1) Λ�푑

2�푑𝜋�푑/2𝑧�푑
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⋅ ∞∑
�푚=0

�푚∑
�푛=0

Γ (𝑑/2 − Δ + 1)𝑛!Γ (𝑑/2 − Δ + 1 + 𝑛)
⋅ Γ (𝑑/2 + 𝑚)Γ (𝑚 − 𝑛 + 1) Γ (𝑑/2 + 𝑚 − 𝑛) (Λ

2

4 )
�푚

⋅ (−(𝑥 − 𝑥�耠)2𝑧2 )
(�푚−�푛)

= lim
Λ→∞

2Δ−�푑/2𝑧�푑−ΔΓ (𝑑/2 − Δ + 1)
⋅ Λ�푑

2�푑𝜋�푑/2𝑧�푑
∞∑
�푘=0

1𝑘! 1𝐹1 (𝑑2 + 𝑘; 𝑑2 − Δ + 1; Λ
2

4 )

⋅ (−Λ2 (𝑥 − 𝑥�耠)24𝑧2 )
�푘

= 2Δ−�푑/2𝑧−Δ𝜋�푑/2
∞∑
�푘=0

[[[
e�푖(�푑�휋/2)

⋅ sin (𝜋Δ)𝜋 Γ (Δ) Γ (Δ + 𝑘)𝑘!Γ (Δ) (−(𝑥 − 𝑥�耠)2𝑧2 )
�푘

+ lim
Λ→∞

(− (𝑥 − 𝑥�耠)2 /𝑧2)�푘
𝑘!Γ (𝑑/2 + 𝑘) eΛ

2/4 (Λ2

4 )
Δ+�푑/2+2�푘−1

⋅ 2𝐹0 (1 − Δ − 𝑘, 1 − 𝑑2 − 𝑘; ; 4Λ2
)]]]

= 2Δ−�푑/2Γ (Δ)𝜋�푑/2+1 e�푖(�푑�휋/2)sin (𝜋Δ)( 𝑧𝑧2 + (𝑥 − 𝑥�耠)2)
Δ

+ lim
Λ→∞

2Δ−�푑/2𝑧−Δ𝜋�푑/2
∞∑
�푘=0

(− (𝑥 − 𝑥�耠)2 /𝑧2)�푘
𝑘!Γ (𝑑/2 + 𝑘)

⋅ eΛ2/4 (Λ2

4 )
Δ+�푑/2+2�푘−1

2𝐹0 (1 − Δ − 𝑘, 1 − 𝑑2
− 𝑘; ; 4Λ2

) .
(A.9)

As in the Φ(𝑧 → 0) ∼ 𝑧Δ case, the result is divergent and the
divergent parts are expressed as terms with positive powers
of Λ.

Comparing (A.7) and (A.9), we notice that the divergence
in the region (𝑥 − 𝑥�耠)2 < 𝑧2 can only be canceled in the
combination 𝐼Δ−�푑/2 − 𝐼�푑/2−Δ ∼ 𝐾Δ−�푑/2, (A.10)
which coincides with the answer obtained in [14] by requiring
the 𝑧 → ∞ regularity of the momentum space solution. We
also notice that the remnant finite term gives rise to exactly
the analytical continuation of the result in (𝑥 − 𝑥�耠)2 > 𝑧2
region. Thus one can take the continuity at |𝑥 − 𝑥�耠|2 = 𝑧2 as
the prescription of the regularization in the coordinate space.

The above derivations are performed under the Euclidean
signature. For the Minkowskian signature, the 2-point prop-
agator is not unique due to the existence of the light cone
singularity. Depending on which kind of 2-point propagator
was considered, the corresponding bulk momentum space
formulae are different. These different formulae are related
to the different choices of quantum states of the boundary
QFT [27, 28]. For example, as pointed in [29–31], the retarded
propagator is related to take the ingoing boundary condition
at the horizon 𝑧 → ∞, while the advanced propagator is
related to take the outcoming boundary condition at the hori-
zon 𝑧 → ∞. In these two cases, the relevant bulk momentum
space formulae are still linear combinations of the Φ(𝑧 →0) ∼ 𝑧Δ mode and the Φ(𝑧 → 0) ∼ 𝑧�푑−Δ mode. It is also pos-
sible to have the bulk momentum space formulae with purely
normalizable modes where Φ(𝑧 → 0) ∼ 𝑧Δ and 𝑘2 < 0. This
case is in fact the one being discussed in [5–7]. In our present
consideration, the formula is related to the radial quantiza-
tion which is initially well established under the Euclidean
signature. Therefore, the relevant bulk momentum space for-
mula is taken to be the simple analytical continuation of the
Euclidean one [14] which is uniquely fixed by requiring the
regularity at 𝑧 → ∞ since 𝑘2 > 0 for the Euclidean signature.
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Phase transition of AdS black holes in Lorentz breaking massive gravity has been studied in the framework of holography. We find
that there is a first-order phase transition (FPT) and second-order phase transition (SPT) both in Bekenstein-Hawking entropy-
(BHE-) temperature plane and in holographic entanglement entropy- (HEE-) temperature plane. Furthermore, for the FPT, the
equal area law is checked and for the SPT, the critical exponent of the heat capacity is also computed. Our results confirm that the
phase structure of HEE is similar to that of BHE in Lorentz breaking massive gravity, which implies that HEE and BHE have some
potential underlying relationship.

1. Introduction

The study of HEE and quantum phase transitions of black
holes has attracted a lot of interest in recent years. On one
hand, HEE can be used as a perfect probe to study quantum
information science [1–3], strongly correlated quantum sys-
tems [4–13], and Many-Body Systems [14, 15]. On the other
hand, investigation on HEE of black holes may shed some
light on understanding the nature of BHE [16, 17].

Nearly ten years ago, a holographic derivation of the HEE
in conformal quantum field theories was proposed by Ryu
and Takayanagi using the famous AdS/CFT correspondence
[18, 19]. Recently the HEE has been used as a probe to
investigate the phase structure of the Reissner-Nordstrom
AdS black hole [20]. The results showed that there is a
Van der Waals-like (VDW) phase transition at the same
critical temperature in both the fixed charge ensemble and
chemical potential ensemble in the HEE-temperature plane.
They also found that the SPT occurs for the HEE at the
same critical point as the BHE with nearly the same critical
exponent. This work was soon generalized to the extended
phase space where the cosmological constant is considered

as a thermodynamical variable [21]. Very recently, the equal
area law of HEE was proved to hold for the FPT in the HEE-
temperature plane [22]. Based on [20], VDWphase transition
of HEE in various AdS black holes has been studied in [23–
32]. All of these works showed that the HEE undergoes the
same VDW phase transition as that of the BHE.

Massive gravity theories have attracted considerable
interest recently. One of these reasons is that these alternative
theories of gravity could explain the accelerated expansion
of the universe without dark energy. The graviton behaves
like a lattice excitation and exhibits a Drude peak in this
theory. Current experimental data from the observation of
gravitational waves by advanced LIGO require the graviton
mass to be smaller than the inverse period of orbital motion
of the binary system; that is, 𝑚𝑔 < 1.2 × 10−22 eV/c2
[33]. Another important reason for the interest in massive
gravity is that the possibility of the mass graviton could
help to understand the quantum gravity effect. The first
to introduce a mass to the graviton is in [34]. However
this primitive linear massive gravity theory contains the so-
called Boulware-Deser ghosts problem [35] that was solved
by a nonlinear massive gravity theory [36, 37], where the
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mass terms are obtained by introducing a reference metric.
Recently Vegh proposed a new reference metric to describe
a class of strongly interacting quantum field theories with
broken translational symmetry in the holographic framework
[38]. The recent progress in massive gravity can be found in
[39, 40].

Here, we consider AdS black holes in Lorentz breaking
massive gravity. In themassive gravity, the graviton acquires a
mass by Lorentz symmetry breaking, which is very similar to
the Higgs mechanism. A review of Lorentz-violating massive
gravity theory can be found in [41, 42]. In this paper, we focus
on the study of the VDW phase transition of AdS black holes
in Lorentz breakingmassive gravity using the HEE.Themain
motivation of this paper is to explore whether the BHE phase
transition can also be described by HEE in Lorentz breaking
massive gravity. Firstly, we would like to extend proposals
in [20] to study VDW phase transitions in AdS black hole
with a spherical horizon in Lorentz-violating massive gravity
with the HEE as a probe. What is more, we also would like
to checkMaxwell’s equal area law and critical exponent of the
heat capacity, which are two characteristic quantities in VDW
phase transition.

The organization of this paper is as follows. In the
next section, we shall provide a brief review of the black
hole solution in Lorentz breaking massive gravity firstly.
Then we will study the VDW phase transitions and critical
phenomena for the AdS black hole in the BHE-temperature
plane. In Section 3, wemainly concentrate on theVDWphase
transition and critical phenomena in the framework of HEE.
The last section is devoted to our discussions and conclusions.

2. Phase Transition and Critical
Phenomena of AdS Black Holes in Lorentz
Breaking Massive Gravity

2.1. Review of AdS Black Holes in Lorentz Breaking Massive
Gravity. The four-dimensional Lorentz breaking massive
gravity can be obtained by adding nonderivative coupling
scalar fields to the standard Einstein gravity theory. As a
matter field is considered, the theory can be described by the
following action [41, 42]:

𝑆 = ∫𝑑4𝑥√−𝑔 [−𝑀2Pl𝑅 + 𝐿𝑚 + ℓ4Ψ(𝑋,Π𝑖𝑗)] ; (1)

here the first two terms are the curvature and ordinarymatter
minimally coupled to gravity, respectively, and the third termΨ contains two functions 𝑋 and Π𝑖𝑗 which relate to the four
scalar fields, Ξ0 and Ξ𝑖 as

𝑋 = 𝜕𝜇Ξ0𝜕𝜇Ξ0ℓ4 ,
Π𝑖𝑗 = 𝜕𝜇Ξ𝑖𝜕𝜇Ξ𝑗ℓ4 − 𝜕𝜇Ξ𝑖𝜕𝜇Ξ0𝜕]Ξ𝑗𝜕]Ξ0ℓ8𝑋 .

(2)

When the four scalar fields get a space-time depending
vacuum expectation value, the system will break the Lorentz
symmetry. What is more, the action can also be taken as a

low-energy effective theory with the ultraviolet cutoff scale ℓ.
Here the scale parameter ℓ has the dimension of mass and is
in the order of √𝑚𝑔𝑀Pl, where 𝑚𝑔 and 𝑀Pl are the graviton
mass and the Plank mass, respectively.

The AdS black hole solutions can be obtained from the
above theory [43, 44]. The metric corresponding to the AdS
black holes is given by

𝑑𝑠2 = −𝑓 (𝑟) 𝑑𝑡2 + 𝑓 (𝑟)−1 𝑑𝑟2 + 𝑟2 (𝑑𝜑2 + sin2𝜑𝑑𝜙2) , (3)

with

𝑓 (𝑟) = 1 − 2𝑀𝑟 − 𝛾𝑄2𝑟𝜆 − Λ𝑟23 . (4)

Here, the four scalar fields, Ξ0 and Ξ𝑖, for this particular
solution are given by

Ξ0 = ℓ2 (𝑡 + 𝜂 (𝑟)) ,
Ξ𝑖 = ℓ2𝛼𝑥𝑖, (5)

in which

𝜂 (𝑟) = ±∫ 𝑑𝑟𝑓 (𝑟)
⋅ [[1 − 𝑓 (𝑟)(𝛾𝑄2𝜆 (𝜆 − 1)12𝑚2𝑔𝛼6 1𝑟𝜆+1 + 1)−1]]

1/2

,
(6)

in which the scalar charge 𝑄 is related to massive gravity
and the constant 𝛼 which is determined by the cosmological
constant Λ and the graviton mass 𝑚𝑔 with the relation Λ =2𝑚2𝑔(1 − 𝛼6). In this paper, we will set 𝛼 > 1 such thatΛ < 0 leading to Anti-de Sitter black holes. The constant 𝜆 is
a positive integration constant. When 𝜆 < 1, the ADM mass
of the black hole solution diverges. For 𝜆 > 1, the metric
approaches the Schwarzschild-AdS black holes with a finite
mass 𝑀 as 𝑟 → ∞. Thus we set 𝜆 > 1 in this paper. The
constant 𝛾 = ±1. When 𝛾 = 1, the black hole only has a
single horizon 𝑟ℎ, which is the root of the equation 𝑓(𝑟ℎ) = 0.
The function 𝑓(𝑟) for this case is given in Figure 1, which
is similar to the Schwarzschild-AdS black hole. For 𝛾 = −1,
the black hole is very similar to the Reissner-Nordstrom-AdS
black hole.The function𝑓(𝑟) for this case is given in Figure 2.
The black hole event horizon 𝑟ℎ is the largest root of the
equation 𝑓(𝑟ℎ) = 0.

At the event horizon, the Hawking temperature and BHE
can be written as

𝑇 = 14𝜋𝑓 (𝑟ℎ) = 14𝜋 ( 1𝑟ℎ − 𝑟ℎΛ + 𝛾 (𝜆 − 1)𝑄2𝑟𝜆+1
ℎ

) , (7)

𝑆 = 𝜋𝑟2ℎ. (8)

The chemical potential in this black hole is

Φ = −𝛾 𝑄𝑟𝜆−1
ℎ

. (9)
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Figure 1: The figure shows 𝑓(𝑟) versus 𝑟 for 𝛾 = 1 for varying 𝑄.
Here 𝜆 = 2.4, Λ = −3, and 𝑀 = 1.5.
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Figure 2: The figure shows 𝑓(𝑟) versus 𝑟 for 𝛾 = −1 for varying 𝑄.
Here 𝜆 = 2.4, Λ = −3, and 𝑀 = 1.5.
We can check the first law of the black hole, which is given by

𝑑𝑀 = 𝑇𝑑𝑆 + Φ𝑑𝑄. (10)

There have been some works to study the thermodynamics
and phase transitions of black holes in Lorentz breaking
massive gravity [45–48].

2.2. Van der Waals-Like Phase Transition of Bekenstein-
Hawking Entropy. In this subsection, we focus on the VDW
phase transition of BHE. Substituting (8) into (7) and elimi-
nating the parameter 𝑟ℎ, one can get the relation between the
Hawking temperature 𝑇 and BHE 𝑆 of the AdS black holes in
massive gravity as

𝑇
= 𝑆(1/2)(−𝜆−1) (𝛾𝜋𝜆/2+1 (𝜆 − 1)𝑄 − Λ𝑆𝜆/2+1 + 𝜋𝑆𝜆/2)4𝜋3/2 . (11)

This is the state equation of the AdS black hole thermody-
namics system in massive gravity. Using (11), we investigate
the phase diagram of the AdS black holes in massive gravity.
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Figure 3: The figure shows 𝑇 versus 𝑆 for 𝛾 = 1. Here 𝜆 = 2.4,Λ = −3, and 𝑄 = 0.3.
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Figure 4:The figure shows𝑇 versus 𝑆 for 𝛾 = −1 for varying𝑄. Here𝜆 = 2.4, Λ = −3. The top dashed curve is at 𝑄 = 0 and the rest have𝑄 = 0.6𝑄𝑐, 𝑄𝑐, 1.2𝑄𝑐, where 𝑄𝑐 = 0.12346.

The temperature𝑇 is plotted as a function of the BHE 𝑆 in
Figures 3 and 4 for 𝛾 = 1 and 𝛾 = −1, respectively. In Figure 3,
the temperature is plotted for 𝛾 = 1 where only one event
horizon exists.This behavior of temperature is very similar to
the behavior in the Schwarzschild-AdS black hole. That is to
say, there is a minimum temperature 𝑇min which divides the
thermodynamics systems into small and large black holes. It is
shown that, above theminimum temperature, small and large
black holes coexist. In fact, this behavior will break for there is
a first-order transition, which is similar to the Hawking-Page
thermodynamic transition in [49].

In Figure 4, the temperature is plotted for 𝛾 = −1 where
event horizon and inner horizon exist. Various values of 𝑄
are used to plot the relations between the temperature and
horizons. The top curve corresponds to 𝑄 = 0. The system
of this case is similar to the case 𝛾 = 1 described above.
When the scalar charge 𝑄 increases, the temperature has
two turning points. Further increasing of the scalar charge𝑄 makes these two turning points merge to one. It is shown
that there exists a critical point 𝑄𝑐. Above the critical point,
the curve does not have any turning points. Thus we find
that the phase structure is very similar to that of the Van der
Waals gas-fluid phase transition. It should be noted that we
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Figure 5: The figure shows the critical temperature 𝑇𝑐, the critical entropy 𝑆𝑐, and the critical charge 𝑄𝑐 versus 𝜆 for 𝛾 = −1. Here Λ = −3.
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Figure 6: The figure shows the critical temperature 𝑇𝑐, the critical entropy 𝑆𝑐, and the critical charge 𝑄𝑐 versus Λ for 𝛾 = −1. Here 𝜆 = 1.2.
mainly concentrate on this type of phase structure in this
paper. Furthermore using the definition of the specific heat
capacity 𝐶𝑄, that is,

𝐶𝑄 = 𝑇( 𝜕𝑆𝜕𝑇)
𝑄

, (12)

one can see that the specific heat capacity is divergent at the
critical point and it is obvious that this phase transition is a
SPT. At this critical point, the critical charge 𝑄𝑐 and critical
entropy 𝑆𝑐 can be obtained by the following equations:

(𝜕𝑇𝜕𝑆 )
𝑄𝑐 ,𝑆𝑐

= (𝜕2𝑇𝜕𝑆2 )
𝑄𝑐 ,𝑆𝑐

= 0. (13)

After some calculation and using (11), 𝑄𝑐, 𝑆𝑐, and the
corresponding 𝑇𝑐 can be also got as

𝑄𝑐 = −2 (−𝜆/ (𝜆 + 2) Λ)𝜆/2𝛾 (𝜆 + 2) (𝜆2 − 1) , (14)

𝑆𝑐 = − 𝜋𝜆(𝜆 + 2)Λ , (15)

𝑇𝑐 = 𝜆2𝜋 (𝜆 + 1)√−𝜆/ (𝜆 + 2) Λ . (16)

Obviously, these critical parameters depend only on the
internal parameters of the systems 𝜆 and Λ. One can also
see that 𝑇𝑐 and 𝑆𝑐 increase with 𝜆 and 𝑄𝑐 decreases with 𝜆 as
shown in Figure 5; 𝑆𝑐 and𝑄𝑐 increase withΛ and𝑇𝑐 decreases
with 𝜆 as shown in Figure 6. So the results show that the
parameter 𝜆 promotes the thermodynamic system to reach
the stable state.
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Figure 7: The figure shows 𝐹 versus 𝑇 for 𝛾 = −1. Here 𝜆 = 2.4,Λ = −3, and 𝑄 = 0.6𝑄𝑐.

For the FPT, we will also check whether Maxwell’s equal
area law holds in this thermodynamic system. As is known to
all, the first-order transition temperature 𝑇∗ plays a crucial
role for Maxwell’s equal area law. Thus in order to get 𝑇∗,
we first plot the curve about the free energy with respect
to the temperature 𝑇, where the free energy is defined by𝐹 = 𝑀 − 𝑇𝑆. The relation between 𝐹 with 𝑇 is plotted in
Figure 7. One can see that there is a swallowtail structure,
which corresponds to the unstable phase in Figure 8. The
nonsmoothness of the junction implies that the phase transi-
tion is a FPT. The critical temperature 𝑇∗ is apparently given
by the horizontal coordinate of the junction. From Figure 7,
we get 𝑇∗ = 0.2750. Substituting this temperature 𝑇∗ into
(11), one can obtain three values of the entropy, 𝑆1 = 0.1563,
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Figure 8: The figure shows 𝑇 versus 𝑆 for 𝛾 = −1. Here 𝜆 = 2.4,Λ = −3, and 𝑄 = 0.6𝑄𝑐.
𝑆2 = 0.5277, and 𝑆3 = 1.394. With these values, we can now
check Maxwell’s equal area law

𝑇∗ (𝑆3 − 𝑆1) = ∫𝑆3
𝑆1

𝑇 (𝑆, 𝑄) 𝑑𝑆. (17)

After some calculation, we find that both the left and right
sides of (17) are equal to 0.3404 exactly.Thus, our results show
that Maxwell’s equal area law is satisfied in this background.

For the SPT, we will study the critical exponent associated
with the heat capacity definition in (12). Near the critical
point, expanding the temperature as the very small amount𝑆 − 𝑆𝑐, we find

𝑇 = 𝑇𝑐 + (𝜕𝑇𝜕𝑆 )
𝑄𝑐,𝑆𝑐

(𝑆 − 𝑆𝑐) + (𝜕2𝑇𝜕𝑆2 )
𝑄𝑐,𝑆𝑐

(𝑆 − 𝑆𝑐)2
+ (𝜕3𝑇𝜕𝑆3 )

𝑄𝑐 ,𝑆𝑐

(𝑆 − 𝑆𝑐)3 + 𝑜 (𝑆 − 𝑆𝑐)4 .
(18)

Using (13), the second and third terms vanish.Thenusing (11),
(14), and (15), we get

𝑇 − 𝑇𝑐 = 𝜆16𝜋4 (−𝜆/ (𝜆 + 2) Λ)7/2 (𝑆 − 𝑆𝑐)3 . (19)

With the definition of the heat capacity (12), we further get𝐶𝑄 ∼ (𝑇 − 𝑇𝑐)−2/3. So one can find that the critical exponent
of the heat capacity is −2/3, which is the same as the one from
the mean field theory in Van der Waals gas-fluid system.

3. Van der Waals-Like Phase Transition
and Critical Phenomena of Holographic
Entanglement Entropy

In this section, our target is to explore whether the HEE has
the similar VDW phase structure and critical phenomena
as those of the BHE in massive gravity. For simplicity,
here we only consider the case 𝛾 = −1. Now we will
investigate whether there is VDW phase transition in the
HEE-temperature phase plane.

Firstly, we review some basic knowledge about HEE. For
detailed introduction of HEE, one can refer to [18, 19]. For a
given quantum field theory described by a density matrix 𝜌,
HEE for a region 𝐴 and its complement 𝐵 are

𝑆𝐴 = −𝑇𝑟𝐴 (𝜌𝐴 ln 𝜌𝐴) , (20)

where 𝜌𝐴 is the reduced density matrix. However, it is
usually not easy to get this quantity in quantum field theory.
Fortunately according to AdS/CFT correspondence, [18, 19]
propose a very simple geometric formula for calculating 𝑆𝐴
for static states with the area of a bulk minimal surface as 𝜕𝐴;
that is,

𝑆𝐴 = Area (𝛾𝐴)4 , (21)

where 𝛾𝐴 is the codimension-2 minimal surface according to
boundary condition 𝜕𝛾𝐴 = 𝜕𝐴.

Subsequently using definition (21), we will calculate the
HEE and study the corresponding phase transition. It is noted
that the space on the boundary is spherical in the AdS black
hole in massive gravity and the volume of the space is finite.
Thus in order to avoid the HEE to be affected by the surface
that wraps the event horizon, we will choose a small region as𝐴. More precisely, as done in [23, 25–27], we choose region𝐴
to be a spherical cap on the boundary given by 𝜑 ≤ 𝜑0. Here
the area can be written as

𝐴 = 2𝜋∫𝜑0
0

Θ(𝑟 (𝜑) , 𝜑) 𝑑𝜑,
Θ = 𝑟 sin𝜑√ (𝑟)2𝑓 (𝑟) + 𝑟2,

(22)

where 𝑟 = 𝑑𝑟/𝑑𝜑. Then according to the Euler-Lagrange
equation, one can get the equation of motion of 𝑟(𝜑); that is,

0 = 𝑟 (𝜑)2 [sin𝜑𝑟 (𝜑)2 𝑓 (𝑟) − 2 cos𝜑𝑟 (𝜑)]
− 2𝑟 (𝜑) 𝑓 (𝑟) [𝑟 (𝜑) (sin𝜑𝑟 (𝜑) + cos𝜑𝑟 (𝜑))
− 3 sin𝜑𝑟 (𝜑)2] + 4 sin𝜑𝑟 (𝜑)3 𝑓 (𝑟)2 .

(23)

After using the boundary conditions 𝑟(0) = 0, 𝑟(0) = 𝑟0, we
can get the numeric result of 𝑟(𝜑).

It is worth noting that the HEE should be regularized by
subtracting off the HEE in pure AdS, because the values of
the HEE in (21) are divergent at the boundary. Now let us
label the regularized HEE as 𝛿𝑆. Here we choose the size of
the boundary region to be 𝜑0 = 0.10, 0.16 and set the UV
cutoff in the dual field theory to be 𝑟(0.099) and 𝑟(0.159),
respectively. The numeric results are shown in Figures 9 and
10. One can see that, for a given scalar charge 𝑄, the relation
between the HEE and temperature is similar to that between
the BHE and temperature. That is to say, the AdS black holes
thermodynamic systemwith theHEE undergoes the FPT and
SPT one after another as the scalar charge𝑄 increases step by
step.
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Figure 9: The figure shows 𝑇 versus 𝛿𝑆 for 𝛾 = −1, 𝜑0 = 0.10. Here 𝜆 = 2.4, 𝑄 = 0.6𝑄𝑐, 𝑄𝑐, 1.2𝑄𝑐 from (a) to (c).
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Figure 10: The figure shows 𝑇 versus 𝛿𝑆 for 𝛾 = −1, 𝜑0 = 0.16. Here 𝜆 = 2.4, 𝑄 = 0.6𝑄𝑐, 𝑄𝑐, 1.2𝑄𝑐 from (a) to (c).

For the FPT of theHEE, we now check whetherMaxwell’s
equal area law is satisfied. Firstly, we get the interpolating
function of the temperature 𝑇(𝛿𝑆) using the data obtained
numerically. At the first-order phase transition point, we get
the smallest and largest roots for the equation 𝑇(𝛿𝑆) = 𝑇∗,
which are 𝛿𝑆1 = 8.06165, 𝛿𝑆3 = 8.06191 for 𝜑0 = 0.10 and𝛿𝑆1 = 7.07492, 𝛿𝑆3 = 7.07599 for 𝜑0 = 0.16. Then using these
values and the equal area law

𝑇∗ (𝛿𝑆3 − 𝛿𝑆1) = ∫𝛿𝑆3
𝛿𝑆1

𝑇 (𝛿𝑆) 𝑑𝑆, (24)

we find the left side equals 0.00007137, 0.00029425 and the
right side equals 0.00007135, 0.00029446 for 𝜑0 = 0.10, 0.16,
respectively. Obviously both the left and the right sides are
equal within our numerical accuracy and the relative errors
are less than 0.022%, 0.071 for 𝜑0 = 0.10, 0.16, respectively.

Now let us consider the critical exponent of the SPT in
the HEE-temperature phase plane. Here comparing with the
definition of specific heat capacity 𝐶𝑄 in (12), one can also
define a specific heat capacity for the HEE as

𝐶𝑄 = 𝑇(𝜕𝛿𝑆𝜕𝑇 )
𝑄

. (25)

Then providing a similar relation of the critical points that
in (13) is also working and using (25), we can get the critical
exponent of SPT of in the HEE-temperature phase. Here we
employ the logarithm of the quantities 𝑇 − 𝑇𝑐, 𝛿𝑆 − 𝛿𝑆𝑐. The

relation between log |𝑇 − 𝑇𝑐| and log |𝛿𝑆 − 𝛿𝑆𝑐| is plotted in
Figure 11.The analytical results of these straight lines can also
be fitted, which are for 𝜑0 = 0.10,

log 𝑇 − 𝑇𝑐 = 23.469 + 3.00654 log 𝛿𝑆 − 𝛿𝑆𝑐 , (26)

and for 𝜑0 = 0.16,
log 𝑇 − 𝑇𝑐 = 19.2089 + 3.00477 log 𝛿𝑆 − 𝛿𝑆𝑐 . (27)

The results show that the slopes are all around 3 and the
relative errors are less than 0.218%, 0.159% for 𝜑0 = 0.10,0.16, respectively, which are consistent with that of the BHE.
Then one can find that the critical exponent of the specific
heat capacity 𝐶𝑄 is also approximately −2/3. That is to say,
the HEE has the same SPT behavior as that of the BHE. Both
of them are consistent with the result in themean field theory
of VDW gas-fluid system.

4. Conclusions

In this paper, we have investigated the VDWphase transition
with the use of HEE as a probe. Firstly, we investigated the
phase diagrams of the BHE in the 𝑇-𝑆 phase plane and found
that the phase structure depends on the scalar charge 𝑄 and
the parameter 𝛾 of the AdS black holes in this massive gravity.
For the case that 𝛾 = 1 or 𝑄 = 0, we found that there
always exists the Hawking-Page-like phase transition in this
thermodynamic system, while for the case 𝛾 = −1, we found
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Figure 11: The figure shows log |𝑇 − 𝑇𝑐| versus log |𝛿𝑆 − 𝛿𝑆𝑐| for 𝛾 = −1. Here 𝜆 = 2.4, 𝑄 = 𝑄𝑐, where 𝜑0 = 0.10 in (a) and 𝜑0 = 0.16 in (b).

for the small scalar charge𝑄, there is always an unstable black
hole thermodynamic system interpolating between the small
stable black hole system and large stable black hole system.
The thermodynamic transition for the small hole to the large
hole is a first-order transition and Maxwell’s equal area law
is valid. As the scalar charge 𝑄 increases to the critical value𝑄𝑐 in this space-time, the unstable black hole merges into an
inflection point. We found there is a SPT at the critical point.
When the scalar charge is larger than the critical charge, the
black hole is stable always. That is to say, we found that there
exists the VDW gas-fluid phase transition in the 𝑇-𝑆 phase
plane of the AdS black hole in massive gravity.

The more interesting thing is that we found the HEE also
exhibits the VDW phase structure in the 𝑇-𝛿𝑆 plane when𝛾 = −1 and the scalar charge 𝑄 ̸= 0. In order to confirm
this result, we further showed that Maxwell’s equal area law is
satisfied and the critical exponent of the specific heat capacity
is consistent with that of the mean field theory of the VDW
gas-fluid system for the HEE system. These results show that
the phase structure of HEE is similar to that of BHE and the
HEE is really a good probe to the phase transition of AdS
black holes in Lorentz breaking massive gravity. This also
implies that HEE and BHE exhibit some potential underlying
relationship.
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The van der Waals (VdW) phase transition in a hairy black hole is investigated by analogizing its charge, temperature, and entropy
as the temperature, pressure, and volume in the fluid, respectively. The two-point correlation function (TCF), which is dual to
the geodesic length, is employed to probe this phase transition. We find the phase structure in the temperature-thermal entropy
plane besides the scale of the horizontal coordinate (geodesic length plane resembles that in the temperature). In addition, we find
the equal area law (EAL) for the first-order phase transition and critical exponent of the heat capacity for the second-order phase
transition in the temperature-thermal entropy plane (geodesic length plane is consistent with that in temperature), which implies
that the TCF is a good probe to probe the phase structure of the back hole.

1. Introduction

Phase transition of the black holes is always a hot topic
in theoretical physics for it provides a platform to relate
the gravity, thermodynamics, and quantum theory. Phase
transition in AdS space is more fascinated owing to the
AdS/CFT correspondence. The Hawking-Page phase tran-
sition [1], which portrays the transition of thermal gas to
the Schwarzschild black hole, can be used to describe the
confinement to deconfinement transition of the quark-gluon
plasma in Yang-Mills theory [2]. The phase transition of a
scalar field condensation around chargedAdS black holes can
be used to describe the superconductor transition [3–5]. In
particular, one often can use the nonlocal observables such
as holographic entanglement entropy, Wilson loop, and TCF
to probe these phase transitions [6, 7].

VdW phase transition is another important property of
the charged AdS black hole. It was observed that a charged
black hole will undergo a first-order phase transition and

a second-order phase transition successively as the charge
of the black hole increases from small to large, which is
analogous to the van der Waals liquid-gas phase transition
[8].This phase transition was perfected recently by regarding
the cosmological constant as the pressure for in this case we
need not any analogy [9, 10].

Whether the VdW phase transition of the charged black
hole can be probed by the nonlocal observables thus is worth
exploring. Recently, Chamblin et al. [11] investigated theVdW
phase transition of the Reissner-Nordström AdS black hole
from the viewpoint of holography and found that the phase
structure in the temperature-entanglement entropy plane
resembles that in temperature-thermal entropy plane. There-
after Nguyen [12] investigated exclusively the EAL in the
temperature-entanglement entropy plane and found that the
EALholds regardless of the size of the entangling region.Now
there have been some extensive studies [13–19] and all the
results show that, in the case of thermal entropy, the entan-
glement entropy exhibits the similar VdW phase transition.
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In this paper, we are going to use the equal time TCF
to probe the phase structure of the hairy black holes. It has
been shown that the TCF has the same effect as that of the
holographic entanglement entropy as it was used to probe the
thermalization behavior [20–33]; thus, it will be interesting
to explore whether this observable can probe the phase
structures of the black holes. The hairy AdS black hole is a
solution of Einstein-Maxwell-Λ theory conformally coupled
to a scalar field [34]. This model has at least two advantages.
One is that it is an ordinary and tractable model for studying
superconducting phase transition with consideration of the
back-reaction of the scalar field. Another is that it exhibits
more fruitful phase transition behavior, namely, not only the
VdW behavior in both the charged and uncharged cases, but
also reentrant phase transition in the charged case [35]. In this
paper, we mainly concentrate on the VdW phase transition
behavior. Beside the thermal entropy-temperature plane, we
will also study the EAL and critical exponent of the heat
capacity in the geodesic length-temperature plane. We find
that the results obtained in both frameworks are consistent.

Our paper is outlined as follows. In Section 1, we present
the hairy AdS black hole solution and study the VdW phase
transition in the thermal entropy-temperature plane. In Sec-
tion 2, we employ the TCF to probe theVdWphase transition.
In particular, we study the EAL and critical exponent of
the heat capacity in the framework of holography and find
that the result is similar as that obtained in the thermal
entropy-temperature plane. The conclusion and discussion
are presented in Section 3. Hereafter in this paper we use
natural units (𝐺 = 𝑐 = ℏ = 1) for simplicity.

2. Thermodynamic Phase Transition of
the Hairy Black Hole

Thefive-dimensional hairy black hole solution can be written
as [34]

𝑑𝑠2 = −𝑓 (𝑟) 𝑑𝑡2 + 𝑑𝑟2𝑓 (𝑟)
+ 𝑟2 [𝑑𝜃2 + sin2𝜃 (𝑑𝜙2 + sin2𝜃𝑑𝜓2)] ,

(1)

in which

𝑓 (𝑟) = 𝑒2𝑟4 + 𝑟2𝑙2 − 𝑚𝑟2 − 𝑞𝑟3 + 1, (2)

where 𝑒 is the electric charge,𝑚 is the mass parameter, 𝑙 is the
AdS radius that relates to the cosmology constant Λ, and 𝑞 is
related to the coupling constants of the conformal field 𝑏0, 𝑏1,
and 𝑏2. For the planar solution, 𝑞 = 0, while for the spherical
symmetric black hole, 𝑞 can be expressed as

𝑞 = 64𝜋5 𝜀𝑏1 (−18𝑏15𝑏0 )3/2 , (3)

in which 𝜀 takes the values −1, 0, and 1. In addition, to satisfy
the field equations, the scalar coupling constants should obey
the constraint

100𝑏0𝑏2 = 9𝑏21 . (4)
As stressed in [34, 35], the hair parameter 𝑞 is not a conserved
charge corresponding to some symmetry; it is a variable
provided that the scalar field coupling constants are dynamic.
In this paper, we will fix 𝑞 to investigate the phase structure
of this black hole for 𝑞 has little effect on the phase structure.

The black hole event horizon 𝑟ℎ is the largest root of
the equation 𝑓(𝑟ℎ) = 0. At the event horizon, the Hawking
temperature can be expressed as

𝑇 = −2𝑒2𝑙2 + 𝑙2𝑟ℎ (𝑞 + 2𝑟3ℎ) + 4𝑟6ℎ4𝜋𝑙2𝑟5
ℎ

, (5)

in which we have used the relation

𝑚 = 𝑒2𝑙2 − 𝑙2𝑞𝑟ℎ + 𝑙2𝑟4ℎ + 𝑟6ℎ𝑙2𝑟2
ℎ

. (6)

In terms of the AdS/CFT correspondence, the tem-
perature in (5) can be treated as the temperature of the
dual conformal field theory. The Maxwell potential in this
background is given by

𝐴 𝑡 = √3𝑒𝑟2
ℎ

. (7)

The entropy of the black hole is

𝑆 = 𝜋2𝑟3ℎ2 − 5𝜋2𝑞4 . (8)

Substituting (8) into (5), we can get the following relation:

𝑇 = −2𝜋4𝑒2𝑙2 + 3 22/3𝜋10/3𝑙2𝑞 3√5𝜋2𝑞 + 4𝑆 + 2 22/3𝜋4/3𝑙2𝑆 3√5𝜋2𝑞 + 4𝑆 + 25𝜋4𝑞2 + 40𝜋2𝑞𝑆 + 16𝑆2
3√2𝑙2 (5𝜋3𝑞 + 4𝜋𝑆)5/3 . (9)

Next, we will employ this equation to study the phase
structure of the hairy black hole. The Helmholtz free energy
of this system is given by [34]

𝐹 = 𝑀 − 𝑇𝑆

= −5𝜋𝑒2𝑞8𝑟5
ℎ

+ 5𝜋𝑒28𝑟2
ℎ

+ 5𝜋𝑞𝑟ℎ4𝑙2 − 𝜋𝑟4ℎ8𝑙2 + 5𝜋𝑞216𝑟4
ℎ

+ 𝜋𝑞8𝑟ℎ
+ 𝜋𝑟2ℎ8 ,

(10)
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Figure 1: Relations between temperature and thermal entropy for different 𝑒 with 𝑞 = 0.05; curves from top to down correspond to cases 𝑒
varying from 0.1 to 0.2 with step 0.01.
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Figure 2: Relations between temperature and thermal entropy for different 𝑒 with 𝑞 = 0.05; curves from top to down correspond to cases 𝑒
varying from 0.1385 to 0.139 with step 0.0001.

in which 𝑀 = 3𝜋𝑚/8𝐺, where 𝐺 is the gravitational con-
stant.

Now we concentrate on studying the phase structure of
the hairy AdS black holes. In fluid, the VdW phase transition
is depicted in the 𝑃-𝑉 plane, where 𝑃,𝑉 correspond to
pressure and volume of fluid. In black holes, there are
two schemes to produce the VdW phase transition. One
is presented in [9, 10] where the cosmology constant and
curvature are treated as pressure and volume. The other is
presented in [8] in which one should adopt analogy shown
in Table 1.

In this paper, we will follow the later scheme. In this case,
the phase structure depends on the charge of the black hole,
and we know that there is a critical charge, for which the
temperature satisfies the following relation:

(𝜕𝑇𝜕𝑆 )
𝑒

= (𝜕2𝑇𝜕𝑆2 )
𝑒

= 0. (11)

In this paper, we will get the critical charge numerically.
We will set 𝑙 = 1. We first plot a bunch of curves by taking
different values of 𝑒 in the 𝑇-𝑆 plane in Figure 1. From this
figure, we can read off the rough critical value of the charge
which satisfies the condition (𝜕𝑇/𝜕𝑆)𝑒 = 0. Having obtained
this rough value, we plot several curves in the 𝑇-𝑆 plane

Table 1

Analogy
Fluid AdS black hole
Temperature, 𝑇 Charge, 𝑒
Pressure, 𝑃 Temperature, 𝑇(𝑆, 𝑒)
Volume, 𝑉 Entropy, 𝑆

further with smaller step so that we can get the probable
critical value of 𝑒. From Figure 2, we find that the probable
critical value is 0.1388, which is labeled by the red solid
line. Finally, we adjust the value of 𝑒 by hand to find the
exact value of 𝑒 that satisfies (𝜕𝑇/𝜕𝑆)𝑒 = 0, which produces𝑒𝑐 = 0.13888. With this critical value and (11), we can get the
critical entropy 𝑆𝑐 = 0.533926. Having obtained the critical
charge and critical entropy, the critical temperature and criti-
cal free energy also can be produced by relations (9) and (10)
directly.

As the critical charge 𝑒 is given, we can set different
charges to show the VdW phase transition in the 𝑇-𝑆 plane,
which is shown in Figure 3. From this figure, we know that
as the value of the charge is smaller than the critical charge, a
small black hole, large black hole, and an intermediate black
hole coexist.There is a critical temperature, labeled as 𝑇1. For
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the case 𝑇 < 𝑇1, the small black hole dominates while for
the case 𝑇 > 𝑇1, the large black hole dominates. The phase
transition for the small black hole to the large black hole is
first order. For the case 𝑒 = 𝑒𝑐, we find that the unstable region
vanishes and an inflection point emerges. The heat capacity
in this case is divergent, which implies that the phase transi-
tion is second order, and the corresponding phase transition
temperature is labeled as 𝑇2. For the case 𝑒 > 𝑒𝑐, the black
hole is stable always.

The phase structures can also be observed in the 𝐹-𝑇
plane. From the green curve of Figure 4, we know that the
swallowtail structure corresponds to the unstable phase in
the top curve of Figure 3. The value of the first-order phase
transition temperature, 𝑇1 = 0.4628, can be read off from the
horizontal coordinate of the junction. From the blue curve
of Figure 4, we also can read off the second-order phase
transition temperature 𝑇2 = 0.4477.

The first-order phase transition temperature 𝑇1 also can
be obtained from the EAL:

𝐴𝐿 ≡ ∫𝑆3
𝑆1

𝑇 (𝑆, 𝑒) 𝑑𝑆 = 𝑇1 (𝑆3 − 𝑆1) ≡ 𝐴𝑅, (12)

in which 𝑇(𝑆, 𝑒) is the analytical function in (9) and 𝑆1 and 𝑆3
are the smallest and largest roots of the equation 𝑇(𝑆, 𝑒) =𝑇1. On the contrary, as 𝑇1 is given, we can use it to check
the EAL numerically. In fact, this relation holds always in
thermodynamics. We give the numerical check here in order
to compare with the result which will be produced in the
framework of holography in the next section.

For the case 𝑞 = 0.05, we know that 𝑇1 = 0.4628, 𝑆1 =0.40247, and 𝑆3 = 2.62429. Substituting these values into (12),
we find 𝐴𝐿 = 1.01677, 𝐴𝑅 = 1.02826. It is obvious that 𝐴𝐿
and 𝐴𝑅 are equal nearly, which implies that the EAL holds in
the 𝑇-𝑆 plane within our numerical accuracy.
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For the second-order phase transition, we know that
near the critical temperature 𝑇2, there is always a relation
[11]

log 𝑇 − 𝑇2 = 3 log 𝑆 − 𝑆𝑐 + constant, (13)

inwhich 𝑆𝑐 is the critical entropy corresponding to the critical
temperature 𝑇2. With the definition of the heat capacity,

𝐶𝑒 = 𝑇 𝜕𝑆𝜕𝑇
𝑒 . (14)

One can get further that𝐶𝑒 ∼ (𝑇−𝑇2)−2/3; namely, the critical
exponent is −2/3 [11]. Next, we will check whether there is a
similar linear relation and critical exponent in the framework
of holography.

3. Probe the Phase Transition with
Two-Point Correlation Function

Having obtained the thermodynamic phase structure of the
hairy black hole, we will check whether this property can be
probed by the TCF. In terms of theAdS/CFT correspondence,
we know that, for the case that the conformal weight Δ is
large, the equal time two-point function of operators O can
be computed by the length of space-like geodesics in the bulk
geometry; that is [36],

⟨O (𝑡, 𝑥𝑖)O (𝑡, 𝑥𝑗)⟩ ≈ 𝑒−ΔL, (15)

in which L is the length of the bulk geodesic connecting
two points (𝑡, 𝑥𝑖) and (𝑡, 𝑥𝑗) on the AdS boundary. For
the spherically symmetric black hole, we will choose (𝜙 =𝜋/2, 𝜃 = 0, 𝜓 = 0) and (𝜙 = 𝜋/2, 𝜃 = 𝜃0, 𝜓 = 𝜋) as the two
boundary points. Then with 𝜃 to parameterize the trajectory,
the proper length can be written as

L = ∫𝜃0
0

√ 𝑟2𝑓 (𝑟) + 𝑟2𝑑𝜃, (16)

in which 𝑟 = 𝑑𝑟/𝑑𝜃. Treating the integral as a Lagrangian,
we can get the motion equation of 𝑟; namely,

12𝑟 (𝜃) 𝑟 (𝜃)2 𝑔 (𝑟 (𝜃)) − 𝑟 (𝜃) 𝑔 (𝑟 (𝜃)) 𝑟 (𝜃)
+ 2𝑔 (𝑟 (𝜃)) 𝑟 (𝜃)2 + 𝑟 (𝜃)2 𝑔 (𝑟 (𝜃))2 = 0. (17)

With the boundary conditions

𝑟 (0) = 0,
𝑟 (0) = 𝑟0, (18)

we can get the numeric result of 𝑟(𝜃) and further get L by
substituting 𝑟(𝜃) into (16). As in [11], we are interested in the
regularized geodesic length as 𝛿𝐿 ≡ L − L0, in which L0 is the
geodesic length in pure AdS. As the value of 𝛿𝐿 is given, we
can get the relation between 𝛿𝐿 and 𝑇 for different charge𝑒. In this paper, we will also explore whether this relation
is 𝜃0 independent. Without loss of the generality, we choose𝜃0 = 0.1, 0.2 and set the corresponding UV cutoff in the
dual field theory to be 𝑟(0.099), 𝑟(0.199), respectively. The
corresponding pictures are shown in Figure 3. It is obvious
that both Figures 5 and 6 resemble Figure 3 besides the scale
of horizontal coordinate, which implies that the geodesic
length owns the same phase structure as that of the thermal
entropy. To confirm this conclusion, we will check the EAL
for the first-order phase transition and critical exponent for
the second-order phase transition in the 𝑇-𝛿𝐿 plane.

The EAL in the 𝑇-𝛿𝐿 plane can be defined as

𝐴𝐿 ≡ ∫𝛿𝐿max

𝛿𝐿min

𝑇 (𝛿𝐿, 𝑒) 𝑑𝛿𝐿 = 𝑇1 (𝛿𝐿max − 𝛿𝐿min)
≡ 𝐴𝑅,

(19)

in which (𝛿𝐿, 𝑒) is an interpolating function obtained from
the numeric data, and 𝛿𝐿min, 𝛿𝐿max are the smallest and
largest values of the equation 𝑇(𝛿𝐿, 𝑒) = 𝑇1. For different 𝜃0,
the calculated results are listed in Table 2. From this table,
we can see that, for the unstable region of the first-order
phase transition in the 𝑇-𝛿𝐿 plane, the EAL holds within
our numeric accuracy. This conclusion is independent of the
boundary separation 𝜃0.

We also can investigate the critical exponent of the heat
capacity for the second-order phase transition in the 𝑇-𝛿𝐿
plane by defining an analogous heat capacity

𝐶 = 𝑇𝜕𝛿𝐿𝜕𝑇 . (20)

Provided a similar relation as shown in (13) is satisfied, one
can get the critical exponent of the analogous heat capacity
immediately.

So next, we are interested in the relation between log |𝑇 −𝑇2| and log |𝛿𝐿−𝛿𝐿𝑐|, inwhich 𝛿𝐿𝑐 is the solution that satisfies
the relation 𝑇(𝛿𝐿, 𝑒) = 𝑇2. For different 𝜃0, the numeric
results are shown in Figure 7. By data fitting, the straight lines
in Figure 7 can be fitted as

log 𝑇 − 𝑇2 = {28.2901 + 3.05999 log 𝛿𝐿 − 𝛿𝐿𝑐 , for 𝑞 = 0.05, 𝑒 = 𝑒𝑐, 𝜃0 = 0.1,19.3767 + 3.07505 log 𝛿𝐿 − 𝛿𝐿𝑐 , for 𝑞 = 0.05, 𝑒 = 𝑒𝑐, 𝜃0 = 0.2. (21)

Obviously, for all the lines, the slope is about 3, which
resembles that in (13). That is, the critical exponent of

the analogous heat capacity in 𝑇-𝛿𝐿 plane is the same as
that in the 𝑇-𝑆 plane, which confirms the conclusion that
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Figure 7: Relations between log |𝑇 − 𝑇2| and log |𝛿𝐿 − 𝛿𝐿 𝑐| for the case 𝑞 = 0.05, 𝑒 = 𝑒𝑐. (a) corresponds to the case 𝜃0 = 0.1 while (b)
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Table 2: EAL in the 𝑇-𝛿𝐿 plane; here relative error = (𝐴𝐿 − 𝐴𝑅)/𝐴𝑅.
Boundary size 𝑇1 𝛿𝐿min 𝛿𝐿max 𝐴𝐿 𝐴𝑅 Relative error
𝜃0 = 0.1 0.4628 0.0000014 0.0000259 0.0000111 0.0000113 1.8869%𝜃0 = 0.2 0.4628 0.0000354 0.0004267 0.0001812 0.0001811 0.4549%

the TCF can probe the phase structure of the hairy black
hole.

4. Conclusion and Discussion

As the usual charged black hole, we find that the hairy black
hole also exhibits the VdWphase transition.That is, the phase
structure of the hairy black hole depends on the charge of the
spacetime. For the case where the charge is smaller than the
critical charge, the small black hole, immediate black hole,
and large black hole coexist. The small black hole will transit
to the large black hole as the temperature reaches the critical
temperature 𝑇1. The order of this phase transition is first for
the nonsmoothness of the free energy in the 𝐹-𝑇 plane. As
the charge equals the critical charge, the immediate black hole
vanishes and the order for the small black hole transit to the
large black hole is second for the heat capacity is divergent
in this case. We also check the EAL numerically for the first-
order phase transition and get the critical exponent of the heat
capacity for the second-order phase transition.

With the TCF, we also probe the phase structure of
the black hole. For the TCF in the field theory is dual
to the geodesic length in the bulk, we thus employ the
geodesic length to probe the phase structure of the hairy
black hole. We find that the phase structure in the 𝑇-𝛿𝐿
plane resembles that in the 𝑇-𝑆 plane, regardless of the
size of the boundary separation. In addition, we find in the
framework of holography that the EAL still holds and the
critical exponent of the analogous heat capacity is the same
as that in the usual thermodynamic system.

In this paper, we fix the parameter 𝑞 = 0.05 to investigate
the phase structure of the black hole. For other values of 𝑞, we
find that the phase structure is similar as the case 𝑞 = 0.05. To
avoid encumbrance, we will not list these values. In addition,
we employ the analogy in Table 1 to study the VdW phase
transition. In fact, as the cosmological constant is treated
as a thermodynamic pressure, 𝑃, and its conjugate quantity
as a thermodynamic volume, 𝑉, the VdW phase transition
also can be constructed in the 𝑃-𝑉 plane [13]. In [35], the
holography entanglement entropy has been used to probe the
phase structure in this case. For the hairy black hole, the TCF
also can be used to probe its phase structure in the𝑃-𝑉 plane.
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We study the destruction of heavy quarkonium due to the entropic force in a deformed AdS5 model.The effects of the deformation
parameter on the interdistance and the entropic force are investigated. The influence of the deformation parameter on the
quarkonium dissociation is analyzed. It is shown that the interdistance increases in the presence of the deformation parameter.
In addition, the deformation parameter has the effect of decreasing the entropic force. These results imply that the quarkonium
dissociates harder in a deformed AdS background than in a usual AdS background, in agreement with earlier findings.

1. Introduction

It is well-known that the dissociation of heavy quarkonium
can be regarded as an important experimental signal of the
formation of strongly coupled quark-gluonplasma (QGP) [1].
It was argued earlier that the quarkonium suppression is due
to the Debye screening effects induced by the high density of
color charges in QGP. But the recent experimental research
showed a puzzle: the charmonium suppression at RHIC
(lower energy density) is stronger than that at LHC (larger
energy density) [2, 3]. Obviously, this is in contradiction
to the Debye screening scenario [1] as well as the thermal
activation through the impact of gluons [4, 5]. To explain
this puzzle, some authors suggested that the recombination
of the produced charm quarks into charmonia may be a
solution. This argument was based on the results [6, 7] that
if a region of deconfined quarks and gluons is formed, the
quarkonia (or bound states) can be formed from a quark
and an antiquark which were originally produced in separate
incoherent interactions. Recently, Kharzeev [8] argued that
this puzzle may be related to the nature of deconfinement
and the entropic force would be responsible for melting
the quarkonium. This argument originated from the Lattice
results that a large amount of entropy associated with the
heavy quarkonium placed in QGP [9–11].

AdS/CFT, which maps a 𝑑-dimensional quantum field
theory to its dual gravitational theory, living in 𝑑 + 1-
dimensional, has yielded many important insights into the
dynamics of strongly coupled gauge theories [12–14]. In this
approach,Hashimoto andKharzeev have studied the entropic
destruction of static heavy quarkonium in N = 4 SYM
theory and a confining YM theory firstly. They found that in
both cases the entropy grows as a function of the interquark
distance giving rise to the entropic force [15]. Recently, these
studies have been extended to the case ofmoving quarkonium
[16]. It was shown that the velocity has the effect of increasing
the entropic force, thus making the quarkonium melt easier.
In amore recentwork, we have analyzed the effect of chemical
potential on the entropic force and observed that the moving
quarkonium dissociates easier at finite density [17].

Now, we would like to give such analyses fromAdS/QCD.
The motivation is that AdS/QCD models can provide a nice
phenomenological description of hadronic properties as well
as quark-antiquark interaction; see [18–26] and references
therein. In this paper, we will study the entropic force in
the Andreev-Zakharov model [21], one of “soft wall” models.
The Andreev-Zakharov model has some properties: (1) the
positive quadratic term modification in the deformed warp
factor ℎ(𝑧) = 𝑒(1/2)𝑐𝑧2 produces linear behavior of heavy
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flavor potential; namely, it can provide confinement at low
temperature. (2)The value of 𝑐 can be fixed from the 𝜌meson
trajectory, so that the metric contains no free parameter.
Actually, this model has been used to investigate some
quantities, such as thermal phase transition [27], thermal
width [28, 29], and heavy quark potential [30]. Likewise,
it is of interest to study the entropic force in this model.
Besides that, we have several other reasons: first, we want
to know what will happen if we have meson in a deformed
AdS background or how the deformation parameter affects
the quarkonium dissociation? Moreover, evaluation of the
entropic force helps us to understand the “usual” or “unusual”
behavior of meson, because one can compare the results of𝑐 ̸= 0 with 𝑐 = 0, while the “usual” behavior of meson
can be recovered in the limit 𝑐 → 0. On the other hand,
such an investigation can be regarded as a good test of
AdS/QCD.

The paper is organized as follows. In the next section,
we briefly review the action of holographic models and then
introduce the Andreev-Zakharov model. In Section 3, we
study the effects of the deformation parameter on the inter-
distance aswell as the entropic force and then analyze how the
deformation parameter affects the quarkonium dissociation.
The last part is devoted to discussion and conclusion.

2. The Andreev-Zakharov Model

Before reviewing the Andreev-Zakharov model, let us briefly
introduce the holographic models in terms of the action
[26]:

𝑆 = 116𝜋𝐺5 ∫𝑑5𝑥√𝑔(R − 12 (𝜕𝜙)2

− 𝑉 (𝜙) − 𝑓 (𝜙)4 𝐹𝑀𝑁𝐹𝑀𝑁) ,
(1)

where𝐺5 is the five-dimensional Newton constant. 𝑔 denotes
the determinant of the metric 𝑔𝑀𝑁. R refers to the Ricci
scalar. 𝜙 is called the scalar and induces the deformation
away from conformality. 𝑓(𝜙) represents the gauge kinetic
function. 𝐹𝑀𝑁 stands for the field strength associated with an
Abelian gauge connection 𝐴𝑀. 𝑉(𝜙) is the potential which
contains the cosmological constant term 2Λ and some other
terms.

To obtain an AdS-black hole space-time, one considers a
constant scalar field 𝜙 (or called dilaton) and assumes that𝑉(𝜙) = 2Λ as well as 𝑓(𝜙) = 1. Then the action of (1) can be
simplified as

𝑆 = 116𝜋𝐺5
⋅ ∫ 𝑑5𝑥√𝑔(R − 2Λ − 14𝐹𝑀𝑁𝐹𝑀𝑁) ,

(2)

with the equations of motion

R𝑀𝑁 − 12R𝑔𝑀𝑁 + Λ𝑔𝑀𝑁
= 12 (𝐹𝑀𝐴𝐹𝐴𝑁 − 14𝑔𝑀𝑁𝐹𝐴𝐵𝐹𝐴𝐵) ,

(3)

∇𝑀𝐹𝑀𝑁 = 0, (4)

where ∇𝑀 is the Levi-Civita covariant derivative with respect
to the metric 𝑔𝑀𝑁.

Supposing that the horizon function 𝑓(𝑧) vanishes at the
point 𝑧 = 𝑧ℎ, then the solution of (3) (with vanishing right-
hand side) becomes the AdS5-Schwarzschild metric:

𝑑𝑠2
= 𝑅2𝑧2 (−𝑓 (𝑧) 𝑑𝑡2 + 𝑑�⃗�2 + 1𝑓 (𝑧)𝑑𝑧2) ,

(5)

with

𝑓 (𝑧) = 1 − 𝑧4𝑧4
ℎ

, (6)

where 𝑧ℎ can be related to the temperature as 𝑇 = 1/(𝜋𝑧ℎ).
Notice that, in the limit 𝑧ℎ → ∞ (correspond to zero
temperature), the metric of (5) reduces to the AdS5 metric,
as expected.

To emulate confinement in the boundary theory, one
can introduce a quadratic dilaton, 𝜙 ∝ 𝑧2, similar to the
manipulation mentioned in [20]. To this end, the Andreev-
Zakharov model can be defined by the metric of (5) multi-
plied by a warp factor, ℎ(𝑧) = 𝑒𝜙 = 𝑒(1/2)𝑐𝑧2 , where 𝑐 is the
deformation parameter whose value can be fixed from the 𝜌
meson trajectory as 𝑐 ∼ 0.9GeV2 [27].Then the metric of the
Andreev-Zakharov model is given by [21]

𝑑𝑠2 = 𝑅2ℎ (𝑧)𝑧2 (−𝑓 (𝑧) 𝑑𝑡2 + 𝑑�⃗�2

+ 1𝑓 (𝑧)𝑑𝑧2) .
(7)

If one works with 𝑟 = 𝑅2/𝑧 as the radial coordinate, the
metric of (7) turns into

𝑑𝑠2 = 𝑟2ℎ (𝑟)𝑅2 (−𝑓 (𝑟) 𝑑𝑡2 + 𝑑�⃗�2)
+ 𝑅2ℎ (𝑟)𝑟2𝑓 (𝑟) 𝑑𝑟2,

(8)

with

𝑓 (𝑟) = 1 − 𝑟4ℎ𝑟4 . (9)

Now, the wrap factor becomes ℎ(𝑟) = 𝑒𝑐𝑅4/2𝑟2 and the
temperature is 𝑇 = 𝑟ℎ/(𝜋𝑅2) with 𝑟 = 𝑟ℎ as the horizon.
Note that the two metrics (7) and (8) are equal but only with
different coordinate systems.
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3. The Entropic Force

The entropic force is an emergent force. According to the
second law of thermodynamics, it stems from multiple
interactions which drive the system toward the state with a
larger entropy. This force was originally introduced in [31]
many years ago and proposed to responsible for the gravity
[32] recently. In amore recent work, Kharzeev [8] argued that
it would be responsible for dissociating the quarkonium.

In [8], the entropic force is expressed as

F = 𝑇𝜕𝑆𝜕𝐿 , (10)

where 𝑇 is the temperature of the plasma, 𝐿 represents the
interdistance of 𝑄𝑄, and 𝑆 stands for the entropy.

On the other hand, the entropy is given by

𝑆 = −𝜕𝐹𝜕𝑇, (11)

where 𝐹 is the free energy of 𝑄𝑄, which is equal to the on-
shell action of the fundamental string in the dual geometry
from the holographic point of view. In fact, the free energy
has been studied, for example, in [33–35].

We now follow the calculations of [15] to analyze the
entropic force with the metric (8). The Nambu-Goto action
is

𝑆 = 𝑇𝐹 ∫𝑑𝜏 𝑑𝜎L = 𝑇𝐹 ∫𝑑𝜏 𝑑𝜎√𝑔, (12)

where 𝑇𝐹 = 1/2𝜋𝛼 is the fundamental string tension and𝛼 can be related to the ’t Hooft coupling constant by 𝛼 =𝑅2/√𝜆. 𝑔 denotes the determinant of the inducedmetric with

𝑔𝛼𝛽 = 𝑔𝜇] 𝜕𝑋𝜇𝜕𝜎𝛼 𝜕𝑋
]

𝜕𝜎𝛽 , (13)

where𝑋𝜇 is the target space coordinates and 𝑔𝜇] is themetric.
Parameterizing the static string coordinates by

𝑋𝜇 = (𝜏, 𝜎, 0, 0, 𝑟 (𝜎)) , (14)

one finds the induced metric as

𝑔00 = 𝑟2𝑅2 ℎ (𝑟) 𝑓 (𝑟) ,𝑔01 = 𝑔10 = 0,
𝑔11 = 𝑟2𝑅2 ℎ (𝑟) + 𝑅

2

𝑟2 ℎ (𝑟) 𝑓 (𝑟)−1 ̇𝑟2,
(15)

with ̇𝑟 = 𝜕𝑟/𝜕𝜎.
Then the Lagrangian density is found to be

L = √𝑎 (𝑟) + 𝑏 (𝑟) ̇𝑟2, (16)

with

𝑎 (𝑟) = ℎ2 (𝑟) 𝑓 (𝑟) 𝑟4𝑅4 ,
𝑏 (𝑟) = ℎ2 (𝑟) . (17)

Note that L does not depend on 𝜎 explicitly, so the
Hamiltonian density is a constant:

H =L − 𝜕L𝜕 ̇𝑟 ̇𝑟 = constant. (18)

Applying the boundary condition at 𝜎 = 0,
̇𝑟 = 0,
𝑟 = 𝑟𝑐, (19)

one finds

H = √ℎ2 (𝑟𝑐) 𝑓 (𝑟𝑐) 𝑟4𝑐𝑅4 , (20)

with

𝑓 (𝑟𝑐) = 1 − 𝑟4ℎ𝑟4𝑐 ,
ℎ (𝑟𝑐) = 𝑒𝑐𝑅4/2𝑟2𝑐 ,

(21)

where 𝑟𝑐 is the lowest position of the string in the bulk.
From (16), (18), and (20), one gets

̇𝑟 = 𝑑𝑟𝑑𝜎 = √ 𝑎
2 (𝑟) − 𝑎 (𝑟) 𝑎 (𝑟𝑐)𝑎 (𝑟𝑐) 𝑏 (𝑟) . (22)

By integrating (22), the interquark distance is obtained:

𝐿 = 2∫∞
𝑟𝑐

𝑑𝑟√ 𝑎 (𝑟𝑐) 𝑏 (𝑟)𝑎2 (𝑟) − 𝑎 (𝑟) 𝑎 (𝑟𝑐) , (23)

with

𝑎 (𝑟𝑐) = ℎ2 (𝑟𝑐) 𝑓 (𝑟𝑐) 𝑟4𝑐𝑅4 . (24)

To analyze the effect of the deformation parameter on the
interdistance, we plot 𝐿𝑇 as a function of 𝜀 with 𝜀 ≡ 𝑟ℎ/𝑟𝑐
for 𝑐 = 0 and 𝑐 = 0.9GeV2 in Figure 1. From the figures,
one can see that 𝐿𝑇 increases in the presence of 𝑐. Namely,
the deformation parameter has the effect of increasing the
interdistance.

Moreover, one finds that for each plot 𝐿𝑇 is an increasing
function for 𝜀 < 𝜀max but a decreasing one for 𝜀 > 𝜀max. In
fact, in the latter case, some new configurations [36] should
be taken into account. However, these configurations are not
solutions of theNambu-Goto action so that the range of 𝐿𝑇 >𝐿𝑇max is not trusted. In other words, we have more interest
in the range of 𝐿𝑇 < 𝐿𝑇max. For convenience, we write 𝑏 =𝐿𝑇max. With numerical methods, we find 𝑏 ≃ 0.31 for 𝑐 =0.9GeV2 and 𝑏 ≃ 0.27 for 𝑐 = 0.

Next, we discuss the free energy. There are two cases.(1) If 𝐿 > 𝑏/𝑇, the fundamental string will break in two
pieces implying that the quarks are completely screened. For
this case, the choice of the free energy 𝐹(2) is not unique [37],
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Figure 1: 𝐿𝑇 versus 𝜀 with 𝜀 ≡ 𝑟ℎ/𝑟𝑐. From top to bottom, 𝑐 = 0.9GeV2 and 𝑐 = 0, respectively. Here, we take 𝑅 = 1.

and we here choose a configuration of two disconnected
trailing drag strings [38]; that is,

𝐹(2) = 2𝑇𝐹 ∫∞
𝑟ℎ

ℎ (𝑟) 𝑑𝑟. (25)

In terms of (11), one finds

𝑆(2) ≃ 𝑒𝑐/2𝑟2ℎ (1 − 𝑐𝑟2
ℎ

)√𝜆𝜃(𝐿 − 𝑏𝑇) . (26)

Notice that the results of [15] can be reproduced if one
neglects the effect of the reformation parameter by plugging𝑐 = 0 in (26).(2) If 𝐿 < 𝑏/𝑇, the fundamental string is connected. The
free energy of the quark-antiquark pair can be obtained by
substituting (22) into (12); that is,

𝐹(1) = 1𝜋𝛼 ∫
∞

𝑟𝑐

𝑑𝑟√ 𝑎 (𝑟) 𝑏 (𝑟)𝑎 (𝑟) − 𝑎 (𝑟𝑐) . (27)

Likewise, using (11), one finds

𝑆(1) = −√𝜆2𝜋 ∫
∞

𝑟𝑐

𝑑𝑟[𝑎 (𝑟) 𝑏 (𝑟) + 𝑎 (𝑟) 𝑏 (𝑟)] [𝑎 (𝑟) − 𝑎 (𝑟𝑐)] − 𝑎 (𝑟) 𝑏 (𝑟) [𝑎 (𝑟) − 𝑎 (𝑟𝑐)]√𝑎 (𝑟) 𝑏 (𝑟) [𝑎 (𝑟) − 𝑎 (𝑟𝑐)]3 , (28)

where the derivatives are with respect to 𝑟ℎ and we have used
the relation 𝛼 = 𝑅2/√𝜆.

To analyze the effect of the deformation parameter on
the entropic force, we plot 𝑆(1)/√𝜆 as a function of 𝐿𝑇 for𝑐 = 0 and 𝑐 = 0.9GeV2 in Figure 2, respectively. One can see
that increasing 𝑐 leads to smaller entropy at small distances.
In addition, from (10), one knows that the entropic force is
related to the growth of the entropy with the distance, so one
finds that increasing 𝑐 leads to decreasing the entropic force.
On the other hand, the entropic force is responsible for melt-
ing the quarkonium. Thus, one concludes that the presence
of the deformation parameter tends to decrease the entropic
force, thus making the heavy quarkonium dissociates harder.
These results can be understood as follows. Increase of the
interdistance can be regarded as decrease of 𝑟ℎ or decrease
of the system temperature. Since the deformation parameter
has the effect of increasing the interdistance, it will cool the
system temperature, thusmaking the quarkoniumdissociates

harder. Interestingly, it was argued [29] that the deformation
parameter has the effect of increasing the thermal width,
thus increasing the dissociation length, in agreementwith our
findings.

4. Summary and Discussions

In heavy ion collisions, the dissociation of heavy quarkonium
is an important experimental signal for QGP formation.
Recently, the destruction of heavy quarkonium due to the
entropic force has been discussed in the context of AdS/CFT
[15]. It was shown that a sharp peak of the entropy exists near
the deconfinement transition and the growth of the entropy
with the distance is responsible for the entropic force.

In this paper, we have investigated the destruction of
heavy quarkonium in a deformed AdS5 model. The effect
of the deformation parameter on the interdistance was
analyzed. The influence of the deformation parameter on
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Figure 2: 𝑆(1)/√𝜆 against 𝐿𝑇. Here, we take 𝑅 = 1.

the entropic force was also studied. It is shown that the
interquark distance increases in the presence of the defor-
mation parameter. Moreover, the deformation parameter has
the effect of decreasing the entropic force. Since the entropic
force is responsible for destroying the bound quarkonium
states, we conclude that the presence of the deformation
parameter tends to decrease the entropic force, thus making
the quarkonium melt harder, consistent with the findings
of [29]. Also, we have presented a possible understanding
to this result: increase of the interdistance is equivalent to
decrease of 𝑟ℎ or decrease of the system temperature. As the
deformation parameter can increase the interdistance, it will
cool the system temperature, thus making the quarkonium
dissociate harder.

In addition, to understand the “usual” or “unusual”
behavior of meson, we have compared the results between𝑐 ̸= 0 and 𝑐 = 0. It is found that the quarkonium dissociates
harder in a deformed AdS background than in a usual AdS
background.

Finally, it would be interesting to study the entropic force
in some other holographic QCD models, such as the Sakai-
Sugimoto model [18] and the Pirner-Galow model [24]. This
will be left as a further investigation.
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We investigate the behavior of the heavy quark potential in the backgrounds with hyperscaling violation.Themetrics are covariant
under a generalized Lifshitz scaling symmetry with the dynamical Lifshitz parameter 𝑧 and hyperscaling violation exponent 𝜃. We
calculate the potential for a certain range of 𝑧 and 𝜃 and discuss how it changes in the presence of the two parameters. Moreover,
we add a constant electric field to the backgrounds and study its effects on the potential. It is shown that the heavy quark potential
depends on the nonrelativistic parameters. Also, the presence of the constant electric field tends to increase the potential.

1. Introduction

AdS/CFT [1–3], which relates a 𝑑-dimensional quantum field
theory with its dual gravitational theory, living in (𝑑 + 1)
dimensions, has yielded many important insights into the
dynamics of strongly coupled gauge theories. For reviews, see
[4–15] and references therein.

Due to the broad application of this characteristic, many
authors have considered the generalizations of the metrics
dual to field theories. One of such generalizations is to use
metric with hyperscaling violation. Usually, the metric is
considered to be an extension of the Lifshitz metric and has a
generic Lorentz violating form [16–20]. As we know, Lorentz
symmetry represents a foundation of both general relativity
and the standardmodel, so onemay expect new physics from
Lorentz invariance violation. For that reason, themetricswith
hyperscaling violation have been used to describe the string
theory [21–25] and holographic superconductors [26–29] as
well as QCD [30–32].

The heavy quark potential of QCD is an important
quantity that can probe the confinement mechanism in the
hadronic phase and the meson melting in the plasma phase.
In addition, it has been measured in great detail in lattice

simulations. The heavy quark potential for N = 4 SYM
theory was first obtained by Maldacena in his seminal work
[33]. Interestingly, it is shown that for the 𝐴𝑑𝑆5 space the
energy shows a purely Coulombian behavior which agrees
with a conformal gauge theory. This proposal has attracted
lots of interest. After [33], there are many attempts to address
the heavy quark potential from the holography. For example,
the potential at finite temperature has been studied in [34, 35].
The subleading order correction to this quantity is discussed
in [36, 37]. The potential has also been investigated in some
AdS/QCD models [38, 39]. Other important results can be
found, for example, in [40–44].

Although the theories with hyperscaling violation are
intrinsically nonrelativistic, we can use them as toy models
for quarks from the holography point of view. In addition,
one can expect that the results obtained from these theories
provide qualitative insights into analogous questions inQCD.
In this paper, we will investigate the heavy quark potential
in the Lifshitz backgrounds with hyperscaling violation. We
want to know what will happen to the potential if we have the
quark-antiquark pair in such backgrounds?More specifically,
wewould like to see how the potential changes in the presence
of the nonrelativistic parameters. In addition, we will add a
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constant electric field to the backgrounds and study how it
affects the potential. These are the main motivations of the
present work.

We organize the paper as follows. In the next section,
the backgrounds of the hyperscaling violation theories in
[25] are briefly reviewed. In Section 3, we study the heavy
quark potential in these backgrounds in terms of the 𝑧 and𝜃 parameters. In Section 4, we investigate a constant electric
field effect on the heavy quark potential. The last part is
devoted to conclusion and discussion.

2. Hyperscaling Violation Theories

Let us begin with a brief review of the background in [25].
It has been argued that the Lorentz invariance is broken in
this background metric. Although charge densities induce a
trivial (gapped) behavior at low energy/temperature, there
still exist special cases where there are nontrivial IR fixed
points (quantum critical points) where the theory is scale
invariant. Usually, the metric is expressed as [21]

𝑑𝑠2 = 𝑢𝜃 [−𝑑𝑡2𝑢2𝑧 + 𝑏0𝑑𝑢2 + 𝑑𝑥𝑖𝑑𝑥𝑖𝑢2 ] , (1)

where 𝑏0 = ℓ2 with ℓ being the IR scale. The above metric is
covariant under a generalized Lifshitz scaling symmetry; that
is, 𝑡 → 𝜆𝑧𝑡,𝑢 → 𝜆𝑢,𝑥𝑖 → 𝜆𝑥𝑖,

𝑑𝑠2 → 𝜆−𝜃𝑑𝑠2,
(2)

where 𝑧 is called the dynamical Lifshitz parameter or the
dynamical critical exponent which characterizes the behavior
of systemnear the phase transition. 𝜃 stands for the hyperscal-
ing violation exponent which is responsible for the nonstand
scaling of physical quantities and controls the transformation
of the metric. The scalar curvature of these geometries is

𝑅 = −3𝜃2 − 4 (𝑧 + 3) 𝜃 + 2 (𝑧2 + 3𝑧 + 6)𝑏0 𝑢−𝜃. (3)

The geometries are flat when 𝜃 = 2 and 𝑧 = 0, 1. The
geometry is Ricci flat when 𝜃 = 4 and 𝑧 = 3. The geometry
is in Rindler coordinates when 𝜃 = 0 and 𝑧 = 1. Usually, the
above special solutions violate the Gubser bound conditions
[25]. In addition, the pure Lifshitz case is related to 𝜃 = 0.

By using a radical redefinition

𝑢 = (2 − 𝑧) 𝑟1/(2−𝑧) (4)

and rescaling 𝑡 and 𝑥𝑖, we have the following metric:

𝑑𝑠2 ∼ 𝑟(𝜃−2)/(2−𝑧) [−𝑓 (𝑟) 𝑑𝑡2 + 𝑑𝑟2𝑓 (𝑟) + 𝑑𝑥𝑖𝑑𝑥𝑖] ,𝑓 (𝑟) = 𝑓0𝑟2(1−𝑧)/(2−𝑧), (5)

with 𝑓0 = (2 − 𝑧)2(1−𝑧).

In the presence of hyperscaling violations, the energy
scale is

𝐸 ≃ 𝑢(𝜃−2𝑧)/2 ≃ 𝑟(𝜃−2𝑧)/2(2−𝑧). (6)

For the generalized scaling solutions of (5), the Gubser
bound conditions are as follows:2𝑧 + 3 (2 − 𝜃)2 (𝑧 − 1) − 𝜃 > 0,

𝑧 − 12 (𝑧 − 1) − 𝜃 > 0,
2 (𝑧 − 1) + 3 (2 − 𝜃)2 (𝑧 − 1) − 𝜃 > 0.

(7)

Also, to consider the thermodynamic stability, one needs𝑧2 (𝑧 − 1) − 𝜃 > 0. (8)

More discussions about other generalized Lifshitz geome-
tries can be found in [25].

The generalizations of (5) to include finite temperature
can be written as

𝑑𝑠2 ∼ (𝑟ℓ)−𝛼 [−𝑓 (𝑟) 𝑑𝑡2 + 𝑑𝑟2𝑓 (𝑟) + 𝑑𝑥𝑖𝑑𝑥𝑖] ,
𝑓 (𝑟) = 𝑓0 (𝑟ℓ)2𝛽 ℎ,

ℎ = 1 − ( 𝑟𝑟ℎ)
𝛾 ,

(9)

where 𝛼 = (𝜃 − 2)/(𝑧 − 2), 𝛽 = (𝑧 − 1)/(𝑧 − 2), and 𝛾 =(2𝑧 + 3(2 − 𝜃))/2(2 − 𝑧).
The Hawking temperature is

𝑇 = 𝑓08𝜋ℓ (𝑟ℎℓ )𝑧/(𝑧−2)  2𝑧 − 3𝜃 + 6𝑧 − 2  . (10)

3. Heavy Quark Potential

In the holographic description, the heavy quark potential is
given by the expectation value of the static Wilson loop

𝑊(𝐶) = 1𝑁Tr𝑃𝑒𝑖 ∫𝐴𝜇𝑑𝑥𝜇 , (11)

where 𝐶 is a closed loop in a 4-dimensional space time and
the trace is over the fundamental representation of the SU(N)
group. 𝐴𝜇 is the gauge potential and 𝑃 enforces the path
ordering along the loop 𝐶. The heavy quark potential can
be extracted from the expectation value of this rectangular
Wilson loop in the limitT →∞:

⟨𝑊 (𝐶)⟩ ∼ 𝑒−T𝑉. (12)

On the other hand, the expectation value of Wilson loop
in (12) is given by

⟨𝑊 (𝐶)⟩ ∼ 𝑒−𝑆𝑐 , (13)
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where 𝑆𝑐 is the regularized action.Therefore, the heavy quark
potential can be expressed as

𝑉 = 𝑆𝑐
T
. (14)

We now analyze the heavy quark potential using the
metric of (9). The string action can reduce to the Nambu-
Goto action:

𝑆 = − 12𝜋𝛼 ∫𝑑𝜏 𝑑𝜎√− det𝑔𝛼𝛽, (15)

where𝑔 is the determinant of the inducedmetric on the string
world sheet embedded in the target space; that is,

𝑔𝛼𝛽 = 𝐺𝜇] 𝜕𝑋𝜇𝜕𝜎𝛼 𝜕𝑋]𝜕𝜎𝛽 , (16)

where 𝑋𝜇 and 𝐺𝜇] are the target space coordinates and the
metric, and 𝜎𝛼 with 𝛼 = 0, 1 parameterize the world sheet.

Using the parametrization 𝑋𝜇 = (𝑡, 𝑥, 0, 0, 𝑟), 𝜎 = 𝑥,𝜏 = 𝑡 and 𝑟 = 𝑟(𝑥), we extremize the open string worldsheet
attached to a static quark at 𝑥 = +𝐿/2 and an antiquark at𝑥 = −𝐿/2.Then the inducedmetric of the fundamental string
is given by

𝑔𝛼𝛽 = 𝑏 (𝑟)(−𝑓 (𝑟) 0
0 1 + ̇𝑟2𝑓 (𝑟)) , (17)

with 𝑏(𝑟) = (𝑟/ℓ)−𝛼, ̇𝑟 = 𝑑𝑟/𝑑𝑥.
Plugging (17) into (15), the Euclidean version of Nambu-

Goto action in (9) becomes

𝑆 = T2𝜋𝛼 ∫𝑑𝑥√𝑏2 (𝑟) [𝑓 (𝑟) + ̇𝑟2]. (18)

We now identify the Lagrangian as

L = √𝑏2 (𝑟) [𝑓 (𝑟) + ̇𝑟2]. (19)

Note that L does not depend on 𝑥 explicitly, so the
correspondingHamiltonianwill be a constant ofmotion; that
is,

𝐻 = 𝜕L𝜕 ̇𝑟 ̇𝑟 −L = Constant = 𝐶. (20)

This constant can be found at special point 𝑟(0) = 𝑟𝑐,
where 𝑟𝑐 = 0, as

𝐻 = −√𝑓 (𝑟𝑐) 𝑏2 (𝑟𝑐), (21)

and then a differential equation is derived:

̇𝑟 = √𝑓2 (𝑟) 𝑏2 (𝑟) − 𝑓 (𝑟) 𝑓 (𝑟𝑐) 𝑏2 (𝑟𝑐)𝑓 (𝑟𝑐) 𝑏2 (𝑟𝑐) , (22)

with

𝑓 (𝑟𝑐) = 𝑓0 (𝑟𝑐ℓ )2𝛽 ℎ1,
ℎ1 = 1 − ( 𝑟𝑐𝑟ℎ)

𝛾 ,
𝑏 (𝑟𝑐) = (𝑟𝑐ℓ )−𝛼 .

(23)

By integrating (22) the separation length 𝐿(𝜃, 𝑧) of quark-
antiquark pair becomes

𝐿 (𝜃, 𝑧)
= 2∫𝑟𝑐
0
𝑑𝑟√ 𝑓 (𝑟𝑐) 𝑏2 (𝑟𝑐)𝑓2 (𝑟) 𝑏2 (𝑟) − 𝑓 (𝑟) 𝑓 (𝑟𝑐) 𝑏2 (𝑟𝑐) .

(24)

On the other hand, plugging (22) into the Nambu-Goto
action of (18), one finds the action of the heavy quark pair:

𝑆 = T𝜋𝛼 ∫𝑟𝑐0 𝑑𝑟𝑏2 (𝑟)√ 𝑓 (𝑟)𝑓 (𝑟) 𝑏2 (𝑟) − 𝑓 (𝑟𝑐) 𝑏2 (𝑟𝑐) . (25)

This action is divergent, but the divergences can be
avoided by subtracting the inertial mass of two free quarks,
given by

𝑆0 = T𝜋𝛼 ∫𝑟ℎ0 𝑑𝑟𝑏 (𝑟) . (26)

Subtracting this self-energy, the regularized action is
obtained:

𝑆𝑐 = 𝑆 − 𝑆0. (27)

Applying (14), we end up with the heavy quark potential
with hyperscaling violation:

𝑉 (𝜃, 𝑧) = 1𝜋𝛼 ∫𝑟𝑐0 𝑑𝑟
⋅ [𝑏2 (𝑟)√ 𝑓 (𝑟)𝑓 (𝑟) 𝑏2 (𝑟) − 𝑓 (𝑟𝑐) 𝑏2 (𝑟𝑐) − 𝑏 (𝑟)]
− 1𝜋𝛼 ∫𝑟ℎ𝑟𝑐 𝑑𝑟𝑏 (𝑟) .

(28)

Note that the potential𝑉(𝑧) in the Lifshitz space-time [45,
46] can be derived from (28) if we neglect the effect of the
hyperscaling violation exponent by plugging 𝜃 = 0 in (28).
Also, in the limit (𝜃 = 0, 𝑧 = 1), (28) can reduce to the finite
temperature case in [34, 35].

Before evaluating the heavy quark potential of (28), we
should pause here to determine the allowed region for 𝑧
and 𝜃 at hand. The space boundary is considered at 𝑟 = 0,
consequently 𝛼 > 0. To avoid (28) being ill-defined, it is
required that 𝛾 > 0. Moreover, one should consider the
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Figure 1: Plots of 𝑉(𝜃, 𝑧) versus 𝐿(𝜃, 𝑧). (a) 𝑧 = 1.5; from top to bottom 𝜃 = −1, 0, 1, respectively; (b) 𝜃 = 1; from top to bottom 𝑧 =1.75, 1.7, 1.6, respectively.
Gubser conditions of (7) and the thermodynamic stability
condition of (8). With these restrictions, one finds1 < 𝑧 < 2,𝜃 < 2,𝜃 < 𝑧, (29)

and then one can choose the values of 𝑧 and 𝜃 in such a range.
In Figure 1, we plot the potential 𝑉(𝜃, 𝑧) versus distance𝐿(𝜃, 𝑧) with different 𝑧, 𝜃. In Figure 1(a), the dynamical

exponent is 𝑧 = 1.5 and from top to bottom the hyperscaling
violation exponent is 𝜃 = −1, 0, 1, respectively. In Figure 1(b),𝜃 = 1 and from top to bottom 𝑧 = 1.75, 1.7, 1.6, respectively.
From the figures, we can see clearly that by increasing 𝜃
the potential decreases. One finds also that increasing 𝑧
leads to increasing the potential. In other words, increasing𝑧 and 𝜃 had different effects on the potential. Then one
can change the potential by changing the values of these
parameters. Therefore, the heavy quark potential depends on
the nonrelativistic parameters.

To study how the potential changes with the temperature𝑇, we show 𝑉(𝜃, 𝑧) as a function of 𝐿(𝜃, 𝑧) with 𝑧 = 1.6,𝜃 = 1 in Figure 2. From (10), we can see that 𝑇 is a
decreasing function of 𝑧ℎ for 𝑧 = 1.6. So one finds in Figure 2
that increasing 𝑇 (or decreasing 𝑧ℎ) leads to increasing the
potential.This result is consistent with the finding of [34, 35].

Moreover, to see the short distance behavior of the
potential, we take the limit 𝐿(𝜃, 𝑧)𝑇 → 0 and find the
following approximate formula:

𝐿 (𝜃, 𝑧) ≃ 2𝑓−1/20𝛼 − 2𝛽 + 1𝑟1−𝛽𝑐 ,
𝑉 (𝜃, 𝑧) ≃ √𝜆𝜋 (1 − 𝛼)𝑟1−𝛼𝑐 , (30)

which yields 𝑉 (𝜃, 𝑧) ∝ 𝐿 (𝜃, 𝑧)𝜃−𝑧 . (31)
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Figure 2: Plots of 𝑉(𝜃, 𝑧) versus 𝐿(𝜃, 𝑧) with 𝑧 = 1.6, 𝜃 = 1. From
top to bottom 𝑟ℎ = 3.2, 3.5, 3.8, respectively.

One can see that the potential is dependent on 𝑧 and 𝜃. In
the special case of 𝜃 = 0, 𝑧 = 1 (or 𝛼 = 2, 𝛽 = 0), one finds
that the potential is of Coulomb type:

𝑉 (𝜃, 𝑧) ≃ − √𝜆1.5𝜋𝐿 (𝜃, 𝑧) , (32)

but for other cases, the potential may not be Coulombian.

4. Effect of Constant Electric Field

In this section, we study the effect of a constant electric field
on the heavy quark potential following the method proposed
in [12]. The constant B-field is along the 𝑥1 and 𝑥2 directions.
As the field strength is involved in the equations of motion,
this ansatz could be a good solution to supergravity as well as
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a simple way of studying the B-field correction. The constant
B-field is added to the metric of (9) by the following form:

𝐵 = 𝐵01𝑑𝑡 ∧ 𝑑𝑥1 + 𝐵12𝑑𝑥1 ∧ 𝑑𝑥2, (33)

where 𝐵01 and 𝐵12 are assumed to be constants with 𝐵01 = 𝐸
being the NS-NS antisymmetric electric field and 𝐵12 = 𝐻
being the NS-NS antisymmetric magnetic field.

The constant B-field considered here is only turned on 𝑥1
direction, which implies𝐻 = 0. After adding an electric field
to this background metric of (9), the string action is given by

𝑆 = − 12𝜋𝛼 ∫𝑑𝜏 𝑑𝜎√− det (𝑔 + 𝑏)𝛼𝛽, (34)

where 𝑔𝛼𝛽 is given in (17). 𝑏𝛼𝛽 = 𝐵𝜇]𝜕𝛼𝑋𝜇𝜕𝛽𝑋] is obtained as

𝑏𝛼𝛽 = (0 00 𝜉) , (35)

and then the string action in (34) reads

𝑆 = T2𝜋𝛼 ∫𝑑𝑥√𝑏2 (𝑟) 𝑓 (𝑟) + 𝑏 (𝑟) 𝑓 (𝑟) 𝜉 + 𝑏2 (𝑟) ̇𝑟2. (36)

Parallel to the case of the previous section, we have

̇𝑟 = √𝐴2 (𝑟) − 𝐴 (𝑟) 𝐴 (𝑟𝑐)𝐴 (𝑟𝑐) 𝑏2 (𝑟) , (37)

with 𝐴 (𝑟) = 𝑏2 (𝑟) 𝑓 (𝑟) + 𝑏 (𝑟) 𝑓 (𝑟) 𝜉,
𝐴 (𝑟𝑐) = 𝑏2 (𝑟𝑐) 𝑓 (𝑟𝑐) + 𝑏 (𝑟𝑐) 𝑓 (𝑟𝑐) 𝜉. (38)

We call again the separation length and the heavy quark
potential as 𝐿 and 𝑉, respectively. One finds

𝐿 = 2∫𝑟𝑐
0
𝑑𝑟√ 𝐴 (𝑟𝑐) 𝑏2 (𝑟)𝐴2 (𝑟) − 𝐴 (𝑟) 𝐴 (𝑟𝑐) ,

𝑉 = 1𝜋𝛼 ∫𝑟𝑐0 𝑑𝑟 [√ 𝐴 (𝑟) 𝑏2 (𝑟)𝐴 (𝑟) − 𝐴 (𝑟𝑐) − 𝑏 (𝑟)]
− 1𝜋𝛼 ∫𝑟ℎ𝑟𝑐 𝑑𝑟𝑏 (𝑟) .

(39)

To see the effect of the constant electric field 𝜉 on the
heavy quark potential in the backgrounds with hyperscaling
violation, we plot the heavy quark potential as a function
of the interdistance for 𝑧 = 1.7, 𝜃 = 1 with three
different 𝜉 in Figure 3. In the plots from top to bottom 𝜉 =3.0, 1.5, 0.1, respectively. From the figures, we can see that the
heavy quark potential increases with increasing 𝜉. In other
words, the presence of the constant electric field leads to
a smaller screening radius. This result can be understood
by considering the relation between the potential and the
viscosity of the medium. It was argued [47] that, increasing
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Figure 3: Plots of𝑉 versus𝐿with different 𝜉. Here 𝑧 = 1.7 and 𝜃 = 1.
From top to bottom 𝜉 = 3.0, 1.5, 0.1, respectively.

the viscosity, the screening of the potential due to the thermal
medium weakens and so the potential decreases. On the
other hand, the presence of the constant electric field tends
to weaken the viscosity [12]. Thus, increasing the constant
electric field leads to weakening the viscosity or increasing
the potential.

5. Conclusion and Discussion

In this paper, we have investigated the heavy quark potential
in the backgrounds with hyperscaling violation at finite tem-
perature.These theories are strongly coupledwith anisotropic
scaling symmetry in the time and a spatial direction.
Although the theories are not directly applicable to QCD,
the features of them are similar to QCD. Therefore one can
expect that the results obtained from these theories provide
qualitative insights into analogous questions in QCD. In
addition, an understanding of how the heavy quark potential
changes by these theories may be useful for theoretical
predictions.

In Section 3, we used the holographic description to
calculate the heavy quark potential at finite temperature. We
considered the space boundary at 𝑟 = 0 and discussed
the potential for a certain range of 𝑧 and 𝜃 which satisfies
the Gubser conditions and the thermodynamic stability
condition. In is shown that increasing 𝑧 and 𝜃 had different
effects: the potential increases as 𝑧 increases but it decreases
as 𝜃 increases. As a result, the heavy quark potential depends
on the nonrelativistic parameters. In Section 4, we added a
constant electric field to the background metrics and study
its effect on the heavy quark potential. We observed that
the potential rises as the constant electric field increases. In
other words, the presence of the constant electric field leads
to increasing the heavy quark potential.

Finally, it is interesting to mention that the drag force
[4] can also be studied in the backgrounds with hyperscaling
violation. We will leave this for further study.
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